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LAGRANGE MULTIPLIERS IN STOCHASTIC PROGRAMMING*

SJUR D. FLAM*

Abstract. A Fritz John multiplier rule is given for discrete time, finite horizon, stochastic programs.
Particular emphasis is placed on constraint qualifications that allow for the application of this rule in normal
Lagrange form.
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1. Introduction. Finite horizon, stochastic programs typically come in the
following general form:

(P1) minimize the overall expected cost Ef (w, x,(w), - - -, Xr(w))

by making, sequentially, at each stage t=1,2,---, T, a decision x,(w)€R", under
imperfect information about the exact state w of the world. Formally,

(1.1) x,(+) should be X,-measureable,

where X, t=1,2,---, T, are known sub-sigma-algebras of a given probability space
(Q, =, Pr). Most often, in practice, knowledge about the generic outcome w in the
sample space () becomes more refined with the passage of time, or, at least, does not
deteriorate. To model such step-wise reduction of uncertainty we naturally assume that

(1.2) EICZZC"'CZT.

By way of example, let the information flow be generated by a stochastic process
&, -+, & on Q. Then x, should depend only on the actual realization of &, - - -, &;
i.e., X, is, in this case, the smallest o-algebra rendering all (possibly vector) variates
&, +, & measurable, and (1.2) holds.

In addition to imposing the informational constraints (1.1) and (1.2), we also
require that

(1.3) g(w, x(w), -+, x(w))=0 almost surely (a.s.) for t=1,---, T,

where g,(-, x,(+), - -+, x,(+)) is £,-measurable with values in R™, and inequality (1.3)
is understood to hold component-wise.

This completes the heuristic description of the multistage stochastic optimization
problem. More formal assumptions are relegated to § 2.

The purpose of this paper is to characterize locally optimal solutions to problem
(P1) in terms of the so-called Lagrange multipliers or Kuhn-Tucker conditions. It is
well known, at least in deterministic programming, that such multipliers serve several
ends expediently: They are prominent in optimality conditions, dominate much of
stability analysis, play major roles in methods involving duality or decomposition, and
are, not to forget, keys to the design of exact penalty functions. Thus, there is ample
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motivation for exploring their existence and nature in the context of stochastic program-
ming. However, stochasticity present, the multipliers take on new features; they become
random vectors, or they are measures. This has all been clearly brought to the fore by
Rockafellar and Wets in a series of papers; see [17]-[19] and the references therein.
Much of their analysis is confined to the case when f(w,-) and each component of
g/(w, +) is convex, with special attention paid to conditions that ensure existence of
primal-dual optimal pairs of solutions. Their approach is the min-max theory of
Lagrangian saddle-functions, such functions arising naturally from Rockafellar’s
scheme of conjugate duality and optimization of perturbed criteria [13].

By contrast, we will dispense with convexity assumptions and take existence of a
locally optimal solution to (P1) for granted. Our main concern is to identify the precise
nature of multipliers, to guarantee their existence, and finally, to provide constraint
qualifications that imply that the multiplier rule has the desired normal form.

Our vehicle is the nonsmooth calculus of Clarke [2]. Hiriart-Urruty [7] has already
applied this apparatus to 2-stage versions of our problem. He prefered to treat (P1)
in its dynamic form and did not explore to what function space the second stage
multipliers belong. As a difference, we avoid dynamic programming and instead analyze
(P1) in its extended “‘static” form. The merit of this approach is that a multiplier rule
emerges that completely parallels familiar results for deterministic programs.

To invoke the toolkit of nonsmooth calculus we need that strategies x,(-) and
constraint functions g,(-, x;(+), ., x,(-)),t=1, - - -, T,belong to specified Banach spaces
of measurable functions on (Q, 2, Pr). In this regard we choose to steer away from
two notable problem versions; namely,

(i) when g,(-,x,(-), - -,x(-)), t=1,---, T, are essentially bounded, and

(ii) the case when strategies x,, and constraints g, are continuous with (1.3)

sharpened to hold for all w.

The reason for avoiding (i) and (ii) here is threefold. First, we plan to complement
the studies of Rockafellar and Wets [17]-[19] by focusing on spaces of perturbations
that have more pleasant duality properties than L™(Q) and C(Q). Thus, [4] and [20]
may be regarded as predecessors of this paper. Second, it may often be difficult, or
even unnatural, to argue a priori that all g, (and possibly also x,) are essentially
bounded or continuous on ). Frequently, larger spaces such as L?(Q)), 1=p <o, are
more convenient and realistic. Third, since L*(Q) and C(Q) are “too small,” we are
left with “too many” multipliers. Not only are many of these hard to interpret, but
computations may also become very demanding. To illustrate this, consider a closed
ball in the continuous dual L™(Q)*, large enough to contain all optimal multipliers
and relevant approximations of these. Unless the sample space ({, X) is finite, this
ball is neither w*-metrizable nor w*-sequentially compact. Then maximizing sequences
of multipliers can, in principle, escape our control. The essential difficulty here stems
from the fact that L™(Q) is either finite-dimensional (trivial case) or nonseparable
(interesting case). By contrast, as we will see, all spaces L”(Q), 1=p <o, and some
generalizations of these, are very well behaved. Thus, this paper serves both as a
warning against the popular, quite common choice L”(Q), and as an invitation to
consider alternative, more tractable spaces of perturbations.

In all events, we acknowledge that problem (P1) is very challenging when it comes
to efficient computation. Even linear, 2-stage versions can often be solved only approxi-
mately; see [1] and [10]. Computational concerns are, however, beyond the scope of
this paper, which is organized as follows. Section 2 provides some necessary technical
prerequisites. Section 3 gives the multiplier rule, and the paper is concluded by briefly
addressing the effect of standard constraint qualifications.
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2. Preliminaries. This section collects all assumptions that are imposed to make
problem (P1) well defined.

2.1. On probability spaces. We require that all o-algebras 3, - - -, 31, mentioned
in (1.1) and (1.2), be complete. If some X, is not, it should be completed in the standard
way: Include in X, all subsets of X,-measurable zero-sets. This done, we identify
measurable functions (or events) that coincide almost surely. We also demand that
3, -, 21 be separable in the sense that each X, becomes a separable metric space
when endowed with the distance function

d(A, B):=Pr(A\B)+Pr(B\A).

2.2. On strategy spaces. First, we require that the decision x, at stage ¢ belongs
to a space X, of R™-valued, X,-measurable random vectors. Thus, the restriction that
strategies should be nonanticipative is implicit in our problem formulation. In addition,
we insist that X, be Banach. This amounts possibly to a stronger condition than (1.1).
Also, we add here a constraint

(2.1) xeC,

where the set C < X, X - - X X7 is closed and nonempty. The abstract constraint (2.1)
typically accounts for fairly tractable restrictions, for instance, upper and lower bounds,
that may be imposed in addition to (1.2). We will give no further details on the precise
nature of the set C.

2.3. On spaces of perturbations and their duals. The standard (and canonical) way
to perturb problem (P1) is to replace (1.3) by

(2.2) g(w, x((w), ", x(w))=u(w) as. fort=1,---,T,

where the perturbation u,(w) € R™ belongs to some subspace U, of measurable random
vectors. We now proceed to identify an appropriate class of such function spaces U,.
In general, when X is a o-algebra on (), denote by L°(X) the linear space of all
3-measurable, real-valued functions on . A linear subspace OCBFc L°(X) is said
to be an order continuous Banach foundation space if there exists a norm | - || (making
OCBF complete) such that

(a) ®c L°(Z), ' OCBF, |0(w)|=|0'(w)| almost surely implies ® € OCBF and

[e]=o;

(b) 8"z 0""", ®"(w)| 0 almost surely and ®” € OCBF imply lim,_ ., [|®"| =0;

(c¢) The essential support of the entire space OCBF equals ().

Examples include the L?(Q) spaces, 1= p <+o00, and their generalization to Orliz
spaces where the A,-condition holds [6], [10]. Also, when  is countable, the spaces
(", 1=p <+, and ¢, are of this type. Important properties of OCBF-spaces here are
the following: convergence in norm implies convergence in probability, and continuous
linear functionals are representable as integrands; that is, for the continuous dual OCBF*
we have

OCBF* ={@%¢c L°(3): E|0® - ©* <+ for all ® e OCBF}

with the action of ®* € OCBF* being defined by (@, @*):= E® - ©*. For details see
[10]. In the following we will speak of OCBF-spaces whose elements are random
vectors inR™, say. On such occasions we tacitly assume that the OCBF-space in question
arises as the product of m identical OCBF-spaces of real-valued functions. We assume
that the perturbation u, in (2.2) belongs to an OCBF-space U, for each t=1,---,T.
Note that since L™(£) is not an OCBF-space, this choice is excluded.
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2.4. On the constraint functions g,. A crucial assumption is that each g, must map
X, X+ +x X, into an OCBF-space U, of R™--valued, 3 ,-measurable random vectors, i.e.,

xleXl,. : ',xtEXt:gl(',xl('),' * 'axl('))e Ul fort:la' T T
As an example, suppose g,(w, z) is affinely bounded, i.e.,

”gt(wa Z)” éIat(“')) : z+B,(w)| a.s.

with a,e L?(Q), X, X+ - -x X, LY(Q),1<p<+4,1/p+1/q=1,and B, L'(Q). Then
U,=L'(Q) would be a suitable choice. We remark that for the measurability of
g, x;(+), -+, x/(-)) it suffices that g, is X,-normal [14].

2.5. On Lipschitz continuity. We assume that the criterion Ef (w, x(®)) is locally
Lipschitz on an open set that contains C. For example, if X is a closed subspace of
L*(Q) and

[f(@, x) = f(w, x")| = k(w)|x — x|

for every pair of constant vectors x, x’ with k € L'(2), then the above assumption holds
with Lipschitz constant Ek, see [7, Lemma 3]. We also assume that each

gl: XIX”’XXI_)UI, t:1,.'.a7—;
is locally Lipschitz continuous on an open set containing C.

3. The multiplier rule. In keeping with the duality scheme of Rockafellar [13],
suppose the perturbation u, € U, in (2.2) becomes available only at an extra expense

Ves )= E(y, - u,).

Here y, belongs to the dual space Y,:= UF (reflexiveness is not assumed, e.g., U, =
L'(Q), Y,= L*(Q)), and y, should be interpreted as a random, exogenous price regime
revealed only at stage . It is appropriate to contemplate now what kind of measurability
u, and y, could reasonable enjoy. For this purpose recall that our knowledge about
the identity of w is given, at stage ¢, only up to X,. That is, we can discern for any
event in £,, and only such events, whether it has actually happened or not. Also, by
assumption, each g,(-,x;(:),---,x(-)) is =,-measurable. Thus, when evaluating
various perturbations u,, it is impossible to discriminate between different candidates
with finer precision than allowed for by X,. This amounts to having u, measurable
with respect to X,. The price y,, unveiled in period ¢ and prior to the choice of x,,
should, for the same reason, also be £,-measurable. In summary, the opportunity to
procure ourselves with perturbation profiles

u=(u, - ,ur)eU=Ux"-xUr

at the additional cost (y, u)=(y,, u)+- - +{yr, ur), with y:=(y,, -+, yr) and y, €
Y, = U¥, leads naturally to the Lagrangian

L(x, y) = inf {Ef (x)+(y, w)|g(x,, - -, x)=u,e Uas,t=1,---, T}

Trivially, L(x, y)= -0 if for some ¢t we have y,<0 on a set of positive measure.
Therefore, only nonnegative prices y, = 0 almost surely are worthy of further consider-
ation, and then the Lagrangian takes on the familiar form

L(x, y) = Ef (x) +(y, g(x)),
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where

()’, g(x» = tgl (yt’ gt(xla Y xt))'

The original (primal) problem (P1) can be compactly restated as

(P2) inf sup L(x, y),

xeC yeYsy
where Y, denotes the nonnegative cone of Y=Y, x:--x Yy Its value inf (P2)
majorizes that of the associate dual problem
(D) sup inf L(x, y).

yeY, xeC
A saddle point (x, y) of L would solve (P2) and (D) optimally with equal values and
must necessarily satisfy the Kuhn-Tucker conditions:

(3.1) 0=y, g(x)),
(3.2) 0ea[L(x, y)+b6c(x)],

where 9, denotes the partial subdifferential of convex analysis and & is the extended
indicator of C. y is then called a Lagrange multiplier at x. However, when problem
(P2) is nonconvex, it is often unrealistic to search for global saddle points. Instead we
may have to contend, at best, with local versions of such points. Yet, as we plan to
show, it is not wishful thinking to maintain (3.1) and (3.2) with 4, signifying the Clarke
subdifferential [2]. Indeed, the following result offers close to complete evidence that
local solutions to (P2) are supported by Lagrange multipliers. For the statement we
need the following definition.

DEeFINITION. The correspondence (x, y)—>d,(y, g(x)) is said to be closed if for
every sequence (x*, y*, V¥)e X x Y xa.(y*, g(x*)) where x*- x in norm, and y* -y,
V* >V in the w*-topologies, we have V ed,(y, g(x)).

Note in particular that this holds if g is C'.

THEOREM 3.1 (Fritz John rule in stochastic programming). Under the hypothesis
of § 2, let x be a locally optimal solution to problem (P2). Suppose that the correspondence
(x,¥)=>0.(y, g(x)) is closed. Then for every 8, m >0 sufficiently small there exists a
nonzero, nonnegative multiplier

(Yo, Vi, ", ¥y1)ERXY X+ X Yr

such that

(3.3) (o) gl x(w), -, x(0)=0 as. fort=1,---,T,
and

(3.4) 0eo, [yo Ef (x)+ ; Ve (X1, -, x N +n 7 p(y) d(x)],

where d denotes the distance function to
Cs(x)={x'e C: ||x'—x| =8},

and p is a strict norm on the dual of Rx U such that the p-topology on bounded sets
coincides with the w*-topology.
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Remark. The role of the parameter § is to restrict attention to a part Cs(x) of C
within which x is globally optimal. The other parameter n should be chosen so small
that ' exceeds the Lipschitz constant of the function

(EFC, x(+)), &, xi(4), -+ -, gr (e, xa(), - -, xr ()]

near X.

The proof of Theorem 3.1 will be simplified if we isolate and divorce some central
arguments from their specific context of the theorem. Therefore, we will focus first on
the generalized program

(P3) minimize fo(x) subject to fi(x)=0 and xeC,

and argue later that problem (P2) is only a special instance of (P3). In (P3) the set C
is again a nonempty closed part of some Banach space X, and f,: X >R, f;: X > U
are both locally Lipschitz near any point in C. The space U (of perturbations) is
normed separable (not necessarily complete) and ordered by a relation =, defined, as
usual, via a closed convex cone U, having

U*:={u*e U*:inf (u*, U,)=0}

as positive dual (polar cone).
We say that a local solution x to the generalized program (P3) is supported by a
multlpher (J’o, y1)€R+X Ui lf (y09 yl);éoa <,V1,f1(x)>=0, and

(3.5) 0€d.[yofo(x)+ i, (XN +71 " p(y) d(x)],

where d is the distance function to
Cs(x)={x"eC: ||x'—x| =8},

8> 0 being so small that x becomes a global solution to (P3) when restricted to Cs(x)
instead of C, and 5" is greater than the Lipschitz constant of ( fg, f;) near x. In (3.5)
p is, as in (3.4), a strict norm on the dual of Rx U generating the w*-topology on
bounded sets.

THEOREM 3.2 (Fritz John rule). Under the above hypothesis on (P3) suppose that
the correspondence (x, y,)— 0.{y,, f1(x)) is closed. Then every local solution to (P3) is
supported by a multiplier.

Proof. The statement is close to a transcription of Clarke’s multiplier rule [2]. He
deals, however, with only finitely many explicit restrictions (i.e., U is finite-
dimensional). We must therefore carefully arrange the situation so that his method of
proof carries over.

The main object is the pointwise maximum function F : X - R defined, for arbitrary
fixed parameter € >0, by

(3.6) F(x") = max (y, (fo(x') =fo(x) + &, i(x))),

where M < Rx U%* is an appropriate set of multipliers. Specifically, since U is normed
separable, there exists, by the Clarkson-Rieffel renorming lemma [9], a strict norm p,
on the continuous dual space U*, which is weaker than the usual dual norm, and such
that the p,-topology on any bounded subset of U* coincides with the w*-topology.
Now define a strict norm p on R*x U* by

p (Yo, y1) = (,V(z)+P1(y1)2)1/2,
and let
M={yeR, xU%:p(y)=1}.
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Note that y € M implies ||y|| =B for some uniform bound B. We claim that F, as
defined in (3.6), is Lipschitz near any x’ € C. Indeed, F being the pointwise maximum
of the function family (y,¢(+)), y € M, with

(3.7 e(x"):= (fo(x) = fo(x) + &, fi(x)),
it suffices to show that this family is equi-Lipschitz. That property follows readily from
[y, e (N =, e NI= Yo (x) — @ (x)]
=Bllex)—e ("],

and the Lipschitz continuity of ¢ (3.7).

We claim that F(x') >0 for all x'e C sufficiently near x. In fact, F(x') =0 would
imply, in the first place, that f;(x’) =0, because if —f,(x’') £ U, , then for some u*e U*
we have (u*, —f,(x')) <0, and this contradicts F(x')=0. Second, to posit the three
conditions: F(x')=0, x'e C is near x, and f;(x')=0, would entail the following
contradiction:

Jo(x") = fo(x) —&.

Since x is locally e-optimal, there exists by Ekeland’s variational principle [2], a
point x,, within v -distance from x, that minimizes

F(x)+Ve ||x' = x|

over Cs(x). Now the distance (function) d to Cs(x) can be used for the purpose of
exact penalization [2, Prop. 2.4.3]: To wit, x, is an unconstrained minimum for the
function

F(x)+Ve |x'=x.[[+n " d(x).
Therefore, letting B* denote the closed unit ball in X*, we have
(3.8) 0€0G(x,)+Ve B*,
where, using (3.7) and the fact that F is positive near x,
(3.9) G(x'):=max [(y, o(x) + n”'p(y) d(x)].

We next intend to employ Theorem 2.8.2 of Clarke [2] for the estimation of dG(x').
For this, observe that the spaces R x U and R* x U* are placed in duality by the natural
pairing

{(r, w), (r*, u®)) = rr* +{u, u*).

Endow M, under this pairing, with the (relative) w*-topology. Then M, being closed
bounded, is compact by the Alaoglu-Bourbaki theorem. Moreover, M is metrizable
because U is separable [9]. In particular,
(i) M is sequentially compact.
In addition we observe that
(ii) the map (y, ¢(x"))+n 'p(y) d(x’), which occurs in (3.9), is w*-continuous
in y on M for every fixed x';
(iii) each function (y, ¢(x'))+ 1 'p(y) d(x'), y€ M, in (3.9) is locally Lipschitz
in x’, and the set

{3, e(xN+7n""p(y) d(x): ye M}
is bounded.
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The upshot of (i)-(iii) and the metrizability of M is that Theorem 2.8.2 of Clarke [2]
is indeed applicable for the estimation of dG(x,). Since F(x.) and G(x,) are positive,
any maximizing multiplier y, € M in (3.6), as well as in (3.9), for x'= x,, must satisfy
p(y.) =1. Moreover, since p is strict this y, is unique. It follows from (3.8) and (3.9)
and the closedness of (x, y;) = d,{(y,, f1(x)) that

(3.10) 0€9:[{ye, e(xN+71 " d(x.)].

Now the arguments of Clarke [2, Thm. 6.1.1] apply verbatim and we contend with
a sketch: Let some sequence ¢(k), k=1,2,- -, tend downward to 0. Then x4~ x,
and some subsequence y, ), k € K, will w*-converge to a point y € M. Since p(y)=1
we have y#0. Letting ke K pass to infinity in (3.10) we obtain the desired
conclusion. a

Remarks. 1t is crucial in the above proof that closed bounded subsets of Y= U*
be w*-compact and metrizable. For this, it is both necessary and sufficient that the
normed space U is separable [9]. In particular, a nonseparable space U = L™({)) does
not fit our framework.

Evidently, we can identify p with the usual dual norm whenever the latter is
strictly convex and U is reflexive. In particular, the proof can be simplified when
U=L"(Q), pe(1,0). We wish, however, to accomodate for the nonreflexive space
U =L'Q) as well as c,, and then the dual norm is unsuitable.

The case when U equals the space C({}) of continuous functions on a compact
set ) in an Euclidean space, falls under the hypothesis of Theorem 3.2. Thus, in
particular, we may give multiplier rules for semi-infinite programming.

Proof of Theorem 3.1. Recall that perturbations u, in (2.2) are to be selected from
an OCBF-space U, of X,-measurable random vectors in R™. The associated convex
cone U,, is, of course, the set of all u, e U, such that u, =0 almost surely. Since X, is
separable, so is U, (see [10]) as well as

U=Ux"-+-xXUr.

The said convex cone U,, is closed because convergence in norm implies convergence
in probability. Hence

U+:= U1+X‘ e X UT+
is also closed. Now let fi(x) = Ef (w, x(w)),

fl(x):': (gt(.a xl(')’ Y xt(.)))te{l,v--,T}

and appeal to Theorem 3.2. 0
Remarks. As in Clarke [2, Thm. 2.7.5] conditions can be given that, when C = X,
ensure that (3.4) holds almost surely; that is,

0€9x[yof (0, x(w)) + gl y(@)gi(o, x(w), -, x(w))]as.

By appropriately redefining the cones U,,, t=1,- - -, T, there is no problem in
accomodating for equality constraints.

As mentioned, we could design a more direct proof especially adapted to the
instance U = L”(Q), pe(1,). However, the important spaces L'(Q) and ¢, would
then call for separate discussion.

4. Constraint qualifications. For the purpose of duality theory, stability analysis,
exact penalty methods [5], and the like we need to ensure that the only multiplier
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y=o,¥1, -, yr) satisfying (3.3) and (3.4) with y,=0, is the origin 0. We then say
that the multiplier rule holds in normal Lagrange form.

Conditions guaranteeing the existence of Lagrange multipliers have been exten-
sively studied in the literature on programming in Banach spaces: With reference to
(P3) [21] offers the following sufficient condition:

(4.1) Ocint [f1(x) Tex — Ty_fi(x)]

provided C < X is closed convex, f, is Frechet differentiable, and f; is continuously
Frechet differentiable. Here Tex and Ty,_f;(x) denote the usual tangent cone (of convex
analysis) of C at x, and U_:= — U, at f,(x), respectively. In particular [12], (4.1) would
hold if

(4.2) xeint C and f(x) is surjective,
or if
(4.3) there exists x’' € T-x such that f(x)x'eint Ty _fi(x).

These conditions are stringent; however, (4.2) requires that the constraint x € C is not
binding and that fi(x) has full rank; (4.3) implies that U, has nonempty interior
whereas in our context int L”(Q),. = for all pe[1, ). Also, it is desirable to avoid
the strong differentiability assumption behind (4.1).

For our approach, recall that in smooth deterministic programming, with C = X,
a minimal hypothesis for existence of Lagrange multipliers is the well-known
Mangasarian-Fromowitz (M-F) constraint qualification. In fact, (4.1) is then equivalent
to M-F. If, moreover, data are convex, the M-F-qualification reduces to the Slater
condition. The M-F-condition has also been taken into the context of nondifferentiale
programming [2], [8], [15], and [16]. Our purpose here is twofold: first, we show that
the M-F and Slater conditions carry easily over to program (P3), second, that they
come naturally in terms of each realization w, rather than intervening at the level of
the functional spaces.

We begin with the M-F-constraint qualification, which is most general. According
to this there should exist a direction d =(d,, - - -, dr) € X in the Clarke tangent cone
Tc(x) of C at x such that g(w, x;(w), - - -, x,(w)) =0 implies

2w, x;(w), -+, x(w); di(w), - -,d(w))<0 as.fort=1,---,T

Here g denotes, for each given w, the Clarke directional derivative of
g(ow, x(w), -+, x(w)) at the point (x(w), ,x(w)) in the direction
(di(w), -, d(w)). We tacitly assume that g,(w, z) is Lipschitz in z almost surely.
ProposiTiON 4.1. Under the hypothesis of Theorem 3.1 and the M-F-constraint
qualification, all multipliers at the local solution x to P have normal form.
Proof. Suppose not. Then there exists (y,," - -, yr) =0, and different from zero,
such that (for 8, n > 0 sufficiently small)

0€eo, [ ; e &GN+ 7"y d(x)] .

Consequently,

0§|:El SO AQ R ] d('):l (x; d)

A

T
Z <ylag?(x17' : ',xl;dla' : .ad!)><0;
t=1

a contradiction. Here, the penultimate inequality follows from two facts: First, the
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directional derivative of a sum minorizes the sum of directional derivatives [2, Prop.
2.3.3], and second, the derivative of the distance function in a tangent direction equals
zero [2, § 2.4]. O

Next we discuss the Slater condition.

PrROPOSITION 4.2. Suppose there exists some X € C such that

(4.1) g, % (w), -+, %(0))<0 as fort=1,---,T,

with C and g,, - - -, gr being starshaped with respect to X. Then the M-F-constraint
qualification holds.

Proof. Starshapedness of a set with respect to a point means that the set can be
entirely illuminated by a source of light placed at the point in question. Correspond-
ingly, a function is starshaped at a point if and only if its epigraph is starshaped at
that point. Select the direction d:=X—x and note that g, (o, x;(w),-, x,(w))=0
implies, together with (4.1) and the star-shapedness that

gl(w, x (), "+, x(0); di(w), -+, d(0)) <0 as.
An appeal to Proposition 4.1 completes the proof. 0
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ALGEBRAIC GEOMETRIC ASPECTS OF FEEDBACK STABILIZATION*

SHIVA SHANKARY AND V. R. SULE%

Abstract. This paper develops a theory of feedback stabilization for SISO transfer functions over a
general integral domain which extends the well-known coprime factorization approach to stabilization.
Necessary and sufficient conditions for stabilizability of a transfer function in this general setting are obtained.
These conditions are then refined in the special cases of unique factorization domains (UFDs), Noetherian
rings, and rings of fractions. It is shown that these conditions can be naturally interpreted geometrically in
terms of the prime spectrum of the ring. This interpretation provides a natural generalization to the classical
notions of the poles and zeros of a plant.

The set of transfer functions is topologized so as to restrict to the graph topology of Vidyasagar [IEEE
Trans. Automatic Control, AC-29 (1984), pp. 403-418], when the ring is a Bezout domain. It is shown that
stability of a feedback system is robust in this topology when the ring is a UFD.

This theory is then applied to the problem of stabilization of multidimensional systems. The above
stabilizability criterion is interpreted geometrically in terms of affine varieties in C" when the stability region
is the complement of a compact polynomially convex domain I'. This criterion restricts to the well-known
result for two-dimensional systems when I' is the unit polydisc; it also allows the resolution of an open
problem of Guiver [ Multidimensional Systems Theory, D. Reidel, 1985]. Finally it is shown that while
feedback stabilizability is robust, it is not, however, a generic property.

Key words. stabilization, graph topology, unique factorization domain (UFD)

AMS(MOS) subject classifications. 93D15, 93D25, 93B27, 93B25

1. Introduction. In this paper we develop a general theory for feedback stabiliz-
ation of plants whose transfer functions are described by fractions over a general
integral domain. This ring theoretic stabilization problem is patterned after Desoer et
al. [4], Vidyasagar, Schnider, and Francis [10] and is defined as follows.

1.1. The stabilization problem. Let A be an integral domain that represents the
ring of stable causal SISO transfer functions. Denote by F the field of fractions of A
consisting of all possible transfer functions. Define the subset # of FxF as follows:

F={(p, c)e FxF|1+pc#0}.

For a given transfer function p in F the fibre over p, denoted %,, is the set of all
transfer functions ¢ for which (p, ¢) belongs to #. Note that %, is never empty; indeed
%, equals F, and %, for every nonzero p is the complement of a singleton in F.

DEerINITION. The pair (p, ¢) in F is said to be stable if (1+pc)”', p(1+pc)”",
and c(1+ pc)~" all belong to the subring A of F. In this case c is said to stabilize the
transfer function p.

THE STABILIZATION PROBLEM. Given p in F determine the set of all ¢ in the fibre
over p that stabilizes p.

Remark. The above ‘“ring theoretic” stabilization problem specializes to the
classical input/output stabilization of a dynamical system when A is a ring of operators
on the space of bounded functions (called inputs) to another space of bounded functions

* Received by the editors October 20, 1989; accepted for publication (in revised form) October 26, 1990.
+ Department of Electrical Engineering, Indian Institute of Technology, Powai, Bombay 400076, India.
i Department of Electrical Engineering, Indian Institute of Technology, Kanpur 208016, India.
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(called outputs); define the map:
H: F->F>

( c)‘_)[(HPC)”' —p(1+p0)“‘]
P c(l+pc)™"  (+pe)™t |

(1)

The map H represents the input/output map
[uy, “2]T'_>[91, ez]T
of the feedback system ( p, c¢) shown in Fig. 1 with p and ¢ denoting the transfer functions

of the plant and controller, respectively, where u,, u, are bounded inputs.

u

+ +
u, C P .
€ + e,

F1G. 1. Feedback system.

The feedback system (p, c) is said to be stable if the image H(p, c), belongs to A>*?,
in which case c is called a stabilizing controller of p.

Note that for some p, the set of ¢ in %, that stabilize it could be empty. This
situation is more general than those considered in (Desoer et al. [4], Vidyasagar [9])
where the plant is always assumed to have coprime fractions, and because of which
the set of stabilizing controllers is always nonempty.

1.2. Motivation. The above ring theoretic stabilization problem is solved in Desoer
et al. [4] for those p admitting coprime fractions over the ring A. Its subsequent
extensions by Desoer and Gustavson [3] and Vidyasagar [9] also relied on the existence
of coprime fractions for p. Moreover, a basis for the graph topology on the set of plants
introduced by Vidyasagar [8] to study robustness of stability is defined again via
coprime fractions. Thus coprime factorizability is central to the stabilization theory
developed so far.

In many engineering situations, for instance multidimensional systems [2],
spatially distributed systems (see Kamen [2]) etc., plant transfer functions do not
always admit coprime fractions. Thus from these examples, as well as from a theoretical
point of view, it is desirable to have a more general theory of stabilization which
subsumes the existing theory whenever coprime fractions do indeed exist. It is also
important to be able to interpret geometrically this general algebraic theory. For
instance, in the case of plants whose transfer functions are fractions of functions
holomorphic in some domain in C, the stabilizability of the plant is determined
geometrically in terms of its poles and zeros. This is the case with linear time invariant
(LTI) lumped or distributed plants. Similarly, for two-dimensional (2-D) plants it is
now well known (Bose [2]) that the stabilizability of the plant depends on whether
the pole-zero sets of the plant intersect within the unit bidisc. What then are the
geometric objects in general rings (which are the generalizations of the poles and zeros
of the above special cases) in terms of which the stabilizability conditions of this more
comprehensive theory could be expressed? It is also necessary to topologize the set of
plants which will specialize to the graph topology of Vidyasagar in order to study
robustness of stability. These considerations motivate the following questions:
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(1) What are necessary and sufficient conditions for stabilizability of a plant with
fractions over a general integral domain, (a question originally posed by Vidyasagar,
Schnider, and Francis [10])? For instance, in the study of 2-D systems by Guiver and
Bose [2] existence of rational coprime fractions is also necessary for stabilizabilty.

(2) How can the above conditions be interpreted in special cases such as Bezout
domains, unique factorization domains (UFDs), Noetherian rings, rings of fractions,
etc.?

(3) What are the geometric interpretations of the above algebraic criteria?

(4) What is a natural topology on the set of all plants? Is stabilizability robust
with respect to this topology? Does the set of stabilizable plants form a dense set in
the set of all plants?

(5) How can the above results be interpreted geometrically for the special case
of the n-D stabilization problem?

In this paper we answer the above questions for SISO plants. Though we restrict
ourselves to the SISO case, more for clarity and for the natural geometric interpretations
that can be obtained, the results nevertheless provide a stabilizability theory for a
diverse class of linear systems including n-D, distributed, and infinite-dimensional
systems. We have recently obtained corresponding algebraic criteria for feedback
stability in the MIMO case over integral domains. Its ramifications such as tracking,
disturbance rejection, among others, will be reported elsewhere.

1.3. Outline of results. As the main body of the paper is somewhat technical we
provide a detailed preview of the main results of this paper. This outline also serves
to fix notation. For general background in commutative algebra we refer the reader to
Atiyah and McDonald [1]; for algebraic geometry, refer to Hartshorne [6, Chap. 1].

1.3.1. General stabilizability conditions. In § 2.1 we present the following necessary
and sufficient condition for stabilizability of a plant with fractions over a general
integral domain. Let p=nd ' be a transfer function in F. Define the following ideal
quotients of the principal ideals (n) and (d):

a=((n): d) denoted hereafter as (n: d),
b=(d: n).

These ideals are independent of the fraction representing p.

One of our principal results is the following theorem (cf. Theorem 2.1.1).

THEOREM 2.1.1". The transfer function p=nd~" is stabilizable if and only if the
ideals a and b are coprime (i.e., a+b=A).

We next consider the interpretation of this result for the following special cases.

(1) The ring A is a Bezout domain: Here we show that a and b are always coprime;
hence every transfer function is stabilizable (Corollary 2.1.4).

(2) When A is a UFD the transfer function p is stabilizable if and only if p has
coprime fractions (Corollary 2.1.5).

(3) When A is a Noetherian ring the stabilizability condition can be directly
expressed in terms of the primary decompositions of (n) and (d) (Corollary 2.1.7).

(4) Let A be a ring of fractions S™'B of a ring B with respect to a multiplicatively
closed subset S of B. Then the above ideals a and b in A are extensions of ideals I,
and I, in B, respectively. The stabilizability condition is now as in the following
corollary (cf. Corollary 2.1.8).

CoROLLARY. The transfer function p is stabilizable if and only if

(L+L,)NS# .
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1.3.2. Geometric interpretations. In § 2.2 we discuss the geometric implications of
the above results. By “geometric” we mean interpretations in terms of prime ideals of
the ring. In the well-known case of linear time invariant (lumped as well as distributed)
plants, the set of stable transfer functions is a ring of functions holomorphic in some
subset of C. In such cases the zeros of a stable transfer function correspond to pfrime
ideals of the ring containing the transfer function. Hence for a general ring A the
interpretation of the stabilizability condition in terms of prime ideals of A is a natural
generalization of the interpretation of stabilizability in terms of poles and zeros. This
point is developed in Sule [7].

Let spec A denote the prime spectrum of the ring A. For an ideal ¢ of A let
V(c) = spec A denote the set of all prime ideals of A containing c. Clearly, Theorem
2.1.1 is equivalent to

V(a)N V(b)=C.

We show that when A is a Noetherian ring V(a) and V(b) can be determined from
the algebraic criteria obtained above. Thus in this case the stabilizability condition is
interpreted directly in terms of n and d (Corollary 2.1.7) and hence, in light of the
above remarks, directly in terms of notions which are generalizations of the poles and
zeros of the plant.

We then consider the special case when A =S"'B. Define the subset Q< spec B

Q={pespecB|pNS=0}.

The geometric equivalent of Corollary 2.1.8 is the following.
CoRrROLLARY 2.1.8'. The transfer function p is stabilizable if and only if

VI)NV(I)NQ=.

This is a key result in our development since it is this result that we interpret in
the special case of n-D systems in terms of the geometry of affine varieties in C".

1.3.3. Robustness results. In § 2.2 we topologize the set of all transfer functions
with the purpose of studying genericity questions. Here we consider the field F of
transfer functions as a quotient space arising from an equivalence relation on A X
(A\{0}):= A x A*. Hence the natural topology to consider is the quotient topology
inherited from a topology (not necessarily the product topology) on A x A*. We show
that in the special case of a Bezout domain this is just the well-known graph topology.

For a topological ring A satisfying additional conditions we show that stability
of a feedback system is a robust property in the quotient topology.

1.3.4. Multidimensional stabilization. In § 3 we apply the above theory to obtain
necessary and sufficient conditions for stabilizability of n-D plants, as well as study
the robustness of stabilizability. This problem belongs to one of the above special
cases, namely when the ring A is a ring of fractions S™'B where B is the polynomial
ring in n indeterminates over a subfield K of C, denoted K[ X, - - - X, ]. We show here
that the central issue in geometrically interpreting the stabilizability condition is that
of characterizing affine varieties corresponding to prime ideals of B that do not meet
S. We resolve this problem by showing that such a characterization is possible whenever
the complement of the region of stability I' in C" which defines S is a compact
polynomially convex domain. This generalises the work of Guiver and Bose in [2] on
2-D systems with I being the closed unit bidisc U”. We also answer a question of
Guiver [2, Open Prob. 6].

Next the robustness questions in n-D stabilization are studied by specialising the
general theory developed in § 2. From there it follows that the stabilizing feedback is
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robust in the quotient topology. On the other hand we show that there exist nonstabiliz-
able plants which remain nonstabilizable under arbitrary small perturbations. From
this it follows that the set of stabilizable plants, although open, is not dense in the set
of all plants.

Finally we wish to emphasise here that an important feature of our theory is that
it is in terms of the ideals a and b, which are intrinsic to the transfer function p, i.e.,
they are invariant with respect to the fraction nd ' representing p. This is in contrast
to previous work in this subject where the results are stated in terms of some special
(usually coprime) fractional representation of p. Our development could therefore be
considered the “‘coordinate-free’” approach to stabilizability theory.

2. General theory. Recall from the Introduction the stabilization problem over an
integral domain A; namely, given a transfer function p in F the field of fractions of A,
determine those ¢ in %,, the fibre over p, which stabilize p. In the following section
we develop necessary and sufficient conditions for the solution of this problem.

2.1. General stabilizability conditions. Since p is an element of the field of fractions
of an integral domain it corresponds to an equivalence class of pairs in A X A*, i.e.,
two fractions nd ' and n,d;" represent the same plant p if and only if nd, = n,d. Thus
in the following, although we sometimes state results in terms of a particular fraction,
we need to show, and we do, that they are independent of this representation of p.

Recall from § 1.3.1 the definitions of the ideals a and b of A denoted, respectively,
by (n:d) and (d : n). Observe that these ideals are in fact independent of the fraction
representing p. For if p=nd~'=n,d;’, then

xe(n:d) xd=kn for some k in A
& xdd,=knd, as d, is nonzero
& xdd, = kn,d
& xd, = kn, as d is nonzero
Sxe(nd);

so a=(n:d)=(n,: d,) and similarly for the ideal b.

Our main resuult on stabilizability is the tollowing theorem.

THeEOREM 2.1.1. The transfer function p is stabilizable if and only if the ideal quotients
of p are coprime, i.e., a+b=A.

Let p=nd ™" be any (fixed) representation of p. Then all the stabilizing transfer
Sfunctions c of p are of the form

c=x3x7",
where X, X,, X3 satisfy
2) nx, =dx,,
3) nx;=d(1-x,).

Proof. Suppose p=nd ™' is stabilized by ¢ =at™' in %,. Then by definition there
exist x,, X,, X3 in A such that

(4) (1+pc) '=x,,
(5) p(1+pe) ' =x,,
(6) c(1+pc) ' =x;.
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First, (4) implies that x, is nonzero. Next, (5) < px, = x, (substituting from (4)) & nx, =
dx, which is (2). Now (6) & ¢x, =x; S ax, = tx;; i.e.,, c=at ' =x;x;'. Finally, (4) &
x,(1+pc) =1 x,+nx;d '=1 (as c=x,x7 " from above) & dx,+nx;=d; i.e., nx;=
d(1—x,) which is (3). Thus, from (2) x,€(d: n)=b and from (3) (1—x,)e(n: d)=a.
Hence, 1=x,+(1—x,)€a+b, i.e.,, a and b are coprime.

Conversely, suppose a and b are coprime, i.e., suppose there exists x; in b such
that (1 —Xx,) is in a. We first claim that there exists a nonzero x, in b such that (1—x,)
is in a. For if a# A, then 1 is not in a. So if x, =0 is the only element in b for which
1—x, is in a, then 1 is in a which is absurd. On the other hand suppose a= A. Now
b= (d: n) is not the zero ideal as d, which is nonzero, belongs to b. Then for any x,
in b, 1 —Xx, is in a. So for any nonzero x, in b with 1 —x, in a let x, and x; be elements
in A such that

nx, = dx,, nx;=d(1—x,).
Let ¢ = x;x;". Then a simple computation shows that
(1+pe)'=x1, p(l+pe)'=x;, c(1+pe) ' =xs;

i.e., p is stabilized by c. 0
In applications it is of interest to determine whether there exist stabilizing control-
lers for a given plant which are in A. We call such a plant strongly stabilizable. A
necessary and sufficient condition for this follows from the above theorem.
COROLLARY 2.1.2. Let nd™" be any representation of a stabilizable plant p. Then p
is strongly stabilizable by a controller c in A if and only if

(7) (d)< ((nc+4d)).

Proof. From the above theorem it follows that the stabilizing controller of p is
given by ¢ = x;x; . Hence, ¢ belongs to A if and only if x; = cx, & (nc+d)x, = d (from
(3). O

DeriNiTION. Let T be a saturated multiplicatively closed subset of A. A transfer
function is said to be weakly causal if it belongs to the subring T™'A of F and to be
strictly causal if it belongs to the Jacobson radical of T™'A. The subring T™'A will be
called a causal structure defined by T.

The above definition is motivated by engineering considerations where a plant is
weakly causal if its output at time ¢ =0 is dependent on the input for time ¢ =0, and
is strongly causal if it is dependent on the input for time ¢ <0 (see Bose [2]).

ProrosiTiON 2.1.3. All the stabilizing transfer functions of a strictly causal transfer
function are weakly causal.

Proof. Let p=nd ™' be a strictly causal transfer function; i.e., let p belong to j,
the Jacobson radical of T 'A. Hence n belongs to j. As every stabilizing transfer
function ¢=x;x;' of p satisfies (2) and (3), it follows that (1 —x,) belongs to j
(as d being a unit in T™'A does not). Now if x, were not to belong to T, it then would
be in a maximal ideal m of T™'A to which also (1—x,) belongs. Then x,+(1—x,) =1
would belong to m, which is absurd. 0

2.1.1. Special cases. We now specialize the above general results, which are valid
for arbitrary integral domains, to rings of interest in applications.

1. Bezout domains. We show here that Theorem 2.1.1 specializes to the well-known
result on stabilization (Vidyasagar, Schnider, and Francis [10]).

COROLLARY 2.1.4. If A is a Bezout domain then every transfer function is stabilizable.
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Proof. Recall that in a Bezout domain every finitely generated ideal is principal.
So for p=nd ™", let (n,d)=(g) for some g in A where (g) is the smallest ideal that
contains both (n) and (d). Hence n=n’'g and d =d'g for some n’, d' in A.

We claim that (n’, d’) = A. For if not then (n’, d’) is a proper ideal in A and hence
equals (g’) for some g’ not a unit. Then (gg’) is a principal ideal strictly contained in
(g) and which contains (n) and (d), which is a contradiction.

Clearly (n')< (n': d')=(n: d)=a; similarly (d') < b. Hence, a+b=A. ]

Remark. In general, even if A is not a Bezout domain, the above argument shows
that if p can be represented by nd ' where (n) and (d) are coprime then p is stabilizable.

2. Unigque factorization domains. These rings are of interest in distributed systems
and n-D problems. For instance the rings K[ X, - - - X, ] and K[[ X - - - X, ]] are UFDs
but not Bezout domains. In this case for p=nd ' there exist relatively prime n’ and
d’ such that p=n'd’"". Then clearly (n: d)=(n’) and (d: n)=(d’). Hence we have
the following corollary.

CoroLLARY 2.1.5. Let A be a UFD. Then p is stabilizable if and only if

(n)+(d")=A.

Remark. For a general ring A, it follows from (3) that every stabilizing controller
of p=nd'is of the form ¢ = x;x7 ' where x; and x, are elements of the ring A that satisfy
nx;+dx, =d.

In the special case of a UFD if n and d are relatively prime, it follows from (2) and
(3) that
x;=td and x;=ad.
Hence the above equation becomes
nad +dtd = d,
which, as d is nonzero, is equivalent to
na-+dt=1.

Thus every stabilizing controller ¢ of p=nd ™' (n and d relatively prime) is of the
form c=at™' where a and t are elements of A that solve na+dt=1 or equivalently
na+dt=u, for u a unit in A.

With reference to the strong stabilizability problem described above we have the
following corollary.

COROLLARY 2.1.6. Let A be a UFD. Then a stabilizable transfer functionp =n'd’™",
where n' and d' are relatively prime, is strongly stabilizable by a c in A if and only if

((n'c+d"))=A.

Proof. From (2) above we get x, = yd' for some y in A (since n’ and d’ are relatively
prime). Hence, from (3) and the fact that x; = cx; (which is equivalent to the strong
stabilizability of p) we have (n'c+d')yd'=d' & (n'c+d’') is a unit. 0

3. Noetherian rings. We now consider the case when A is a Noetherian ring since
this ring is of importance to many applications. As there exist many Noetherian rings
that are not UFDs this case merits separate treatment.

Consider the primary decompositions of (n) and (d),

(n)=gq; and (d)=ﬂlq,'~,
i=1 j=



18 S. SHANKAR AND V. R. SULE

where the indices i and j are ordered such that

deq;, fori=1---k,=m,
and

ngq; forj=1---k,=my.

Let rad q; = p; and rad q; = p;. (Here rad denotes the radical.) In this notation we
have the following corollary.
COROLLARY 2.1.7. Let A be a Noetherian ring. Then p=nd ™" is stabilizable if and

only if
pitpi=A Vi=1---k, j=1---k,.

Proof. Since a and b coprime is equivalent to rada and rad b coprime, p is
stabilizable if and only if

(8) rada+radb=A.
Since for a primary ideal q and an element x in A

rad (q: x)=radq ifxgq

=A ifxeq
we have
m Ky
9) rada=rad N (q;:d)= N p;
i=1 i=1
and similarly
kZ
radb= N p;.
j=1

Hence (8) implies that p,+pj=A forall i=1---k,and j=1---k,.
Conversely suppose p is not stabilizable. Then the ideal

pj#A,

1

[ e

kl
N p;+

i=1 j

and hence is contained in some prime ideal p of A. Thus, N2, p,<pand N2, picp =
p:cp for some i =k, and p;< p for some j=k, & p;+p;<p. O

Remark. Note that for a different fraction n'd’ "' representing the transfer function
p the associated prime ideals of (n’) and (d') will in general be different from those
of (n) and (d). However, in light of the comment preceding Theorem 2.1.1 the
intersections in (9) will be independent of these representations and so will therefore
be the condition of the above corollary.

4. Ring of fractions. Now consider the case when A itself arises as a ring of
fractions of some other ring B, i.e., A=S"'B, Sc B is a multiplicatively closed subset
(not containing 0). This case is of importance to applications and one such application,
namely the multidimensional stabilization problem, is considered later in this paper.
There B is the polynomial ring C[X, - - x,] and S is a set of polynomials whose
varieties do not intersect some fixed region I' in C". We now interpret our basic
stabilization theorem in terms of ideals of B.



FEEDBACK STABILIZATION 19

Let I, and I, be ideals of B such that
a=S"'I, and b=S7"I,.

Theorem 2.1.1 now translates to the following corollary.
CoRrOLLARY 2.1.8. The transfer function p is stabilizable if and only if

(10) (L+L)NS#J.
Proof. As a+b=S"'(I,+1,) it follows that
atb=Ao (L+1,)NS#D. O

Note that I, and I, need not be unique. However, we determine one such pair in
terms of a suitable fraction representing p.

Let p=nd™', n,d in S'B, i.e., n=f'h""' and d =g'h""" for h’, h" in S. Then
p=nd '=(f'h"/1)(g'h’'/1)"". This is well-defined for as h” is in S, h"/1 is nonzero.
Hence g'/1=(g'h" ')(h"/1) is nonzero, which implies that g’h’/1 is nonzero.

Let f=f'h", g=g'h’ so that

(11) p=(f/1)(g/D"

In this notation we have the following proposition.
ProposiTION 2.1.9. I,=(f: g) and 1I,=(g: f) extend to a and b, respectively.
Proof. Let he(f: g). Then (g/1)(h/1) belongs to the ideal (f/1), which implies
that h/1 is in a. (This follows from the representation of p in (11).) Thus S™'I,< a.
Conversely let a/s be in a. Then

(a/s)(g/1)=(a'/s")(f/1)
for some a’/s’ in A. This implies that
as'e(f:g)=as'/(s's)=a/seS'1,,

ie,acSL,.

The proof for b=S7"I, is identical. O

Remark. In the case where B is a UFD there exist f and g in B that are relatively
prime such that (f/1)(g/1)"'=p. Then I,=(f) and I, = (g). Hence condition (10) is
equivalent to

(12) p is stabilizable iff (f, g) NS # .

Remark. Causal structures in this case will be defined via saturated multiplicatively
closed subsets T of A=S""'B which contain the image of S under the natural injection
i: B>S7'B. Then T™'A will be naturally identified with T 'B.

2.2. Geometric interpretations. In this section we interpret the above algebraic
criteria of stabilizability in concrete geometric terms. Recall from § 1.3.2 that spec A
denotes the prime spectrum of the ring A and for an ideal ¢ in A, V(c¢) denotes the
subset of spec A consisting of all prime ideals that contain c. Clearly the geometric
equivalent of Theorem 2.1.1 is the following corollary.

CoroLLARY 2.2.10. The transfer function p is stabilizable if and only if

V(a)N V(b) = .

The equivalents of the above geometric interpretation for the special cases of
Bezout domains, UFDs, and Noetherian rings are straightforward. We consider there-
fore only the case when A is a ring of fractions S™'B and determine the geometric
equivalent of Corollary 2.1.8.
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Corresponding to the multiplicatively closed subset S of B, define
Q={pespecB|pNS=0}.

In this case we have the following corollary.
COROLLARY 2.2.11. The transfer function p is stabilizable if and only if

VIDNVI,)NQ=.
Proof. Assume p stabilizable, which implies by Corollary 2.1.8 that
L+L)NS#Z=pNS#Z forallpe V(I,+I,) = VI)N VI,)NQ=.

Conversely suppose p is not stabilizable. Then again by Corollary 2.1.8 (I,+1,) N
S =, which implies that S™'(I,+1,) is a proper ideal in S™'B. Let m be a maximal
ideal in S™'B containing S”'(I,+1,). Let p and i be the contractions in B of ideals m
and S7'(I,+1,), respectively. Then (I,+1I,)<i<p. Since pNS = and p belongs to
V(I,+1,), the result follows. 0

Observe that Corollary 2.2.10 requires the determination of the (Zariski) closed
subsets V(a) and V(b) in terms of the given data V(n) and V(d). Note that whenever
the plant can be represented by a relatively prime fraction nd ' (for instance whenever
A is either a Bezout domain or a UFD) V(a)= V(n) and V(b)= V(d). Also in the
Noetherian case it is clear from (9) in Corollary 2.1.7 that

kl k2

V(a)= U V(p) and V(b)= U V(p)).

j=

i=

Thus again V(a) and V(b) are expressed in terms of n and d (i.e., in terms of the
primary decompositions of (n) and (d)). Note that similar expressions can be derived
for V(I,) and V(I,) in Corollary 2.2.11 when A is a ring of fractions of a Noetherian
ring B. However, while in general there does not seem to be such a simple way of
expressing V(a) and V(b), we show below that for certain transfer functions which
we call simple a geometric characterization of V(a) and V(b) is indeed possible.
DEerFINITION. A transfer function p is said to be simple if it has a representation
nd " with rad (n) = (n) and rad (d) = (d). We call such a representation simple.
Remark. This definition is motivated by the fact that in many practical situations
transfer functions of plants have simple (i.e., nonrepeated) nonminimum phase poles
and zeros. Thus in view of our remarks in § 1.3.2 concerning the prime spectrum of
the ring the above definition is a natural generalization of transfer functions with
simple poles and zeros. Note that in the special case of a simple n-D plant fg~'
described above in subsection 4 of § 2.1, those irreducible factors of the polynomials
f and g that do not belong to S are nonrepeated. In fact it can be shown that in the
quotient topology defined in the next section simple transfer functions are open and
dense in the set of all transfer functions, i.e., most transfer functions are in fact simple.
For such transfer functions we have the following proposition.
PROPOSITION 2.2.12. Let p have a simple representation nd . Define I, and T, to
be the families of closed subsets of spec A given by

I.={y|V(n)cyUV(d)},
I,={6|V(d)< 60U V(n)}.

Then V(a) and V(b) are the unique minimal elements of T, and T, respectively.
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Proof. First we show that V(a) belongs to I',. So let x be in a, which implies that
(x)(d)=(n). Hence

V(n)e V(x)U V(d) forallxea= V(n)g( N V(x)) UV(d)=V(a)U V(d).
Thus V(a) belongs to I',.
We claim that if ¢ belongs to I', then V(a) < ¢. For as ¢ is closed there exists an
ideal i in A such that ¢ = V(i). Then

V(n)c V@H)U V(d)=V(i(d)) = i(d)crad (n)=(n) (aspissimple)
=ic(n:d)=a= V(a)c V(i).

A similar reasoning shows that V(b) is minimal in T',. 0
Thus it clearly follows that the geometric stabilizability condition of Corollary
2.1.10 can now be expressed for simple transfer functions as

p is stabilizable iff ¢, N Opin =,
where ,;, and 6,,;, are minimal elements of the families I, and T, respectively.

2.3. Robustness of stabilizability. In this section we investigate the robustness of
feedback stability over general rings. For this purpose we need a notion of when one
transfer function is close to another, i.e., we need to topologize the set of transfer
functions. In the special case of a Bezout domain the graph topology defined by
Vidyasagar [8] serves this purpose. However, since this topology is defined in terms
of coprime fractional representations of the transfer function it cannot be carried over
to our more general setting. Our first purpose therefore is to topologize the set of
transfer functions in such a way so as to be independent of any choice of fractional
representations. This is in keeping with the spirit of this paper as the above developments
have been in terms of the ideals a and b, which are indeed independent of the
representation.

Motivated by the above considerations we topologize the set of transfer functions
in this general setting in such a way so as to specialise to the graph topology whenever
coprime fractions exist. Our development here is also guided by genericity questions
in the multidimensional stabilization problem, which is treated in detail in the next
section.

Now let the ring A be a topological ring (A, 7g). The field of fractions F arises
as a quotient of A X A* by the equivalence relation ~ where

a t)~(a',t') iff at'=a't
(a,1)~(a,

Consider A X A to be a topological space with some topology 7 (not necessarily
the product topology). We consider F to be a topological space with the quotient
topology 7, induced by the subspace topology, also denoted by 7, on AXA*c AXA,
i.e., if

(13) 7w AXA*->F

is the natural projection, then U < F is open in 7, if and only if 7~ '(U) belongs to .
Our choice of the topology 7 on A XA is motivated by genericity questions and is
required to satisfy the following conditions. These conditions as well as others that
we introduce in this section will be shown to be satisfied in the special case of n-D
systems in the next section.

Condition C1. Every element of A is closed in 7x.
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Condition C2. Let ay = bx. Then given a neighborhood N(x, y) of (x, y) (i.e., in
7) there exists a neighborhood N(a, b) of (a, b) such that for all (a’,b’) in N(a, b);
there exists (x’, y') in N(x, y) with a'y’'=b'x".

Condition C3. The product topology 7, on A X A is weaker than the topology 7
on AXA,ie., 7pS T

Remark. Clearly under assumptions C1 and C3, AXA* is open in AXA with
respect to the topology 7. Then Condition C2 is satisfied by the subspace A xA*| i.e.,
if (a, b) and (x, y) belong to A x A* then the neighborhoods N(a, b) and N(x, y) in
C2 can be chosen to be open subsets of Ax A*. We then say that A x A* satisfies C2.

Remark. 1t is important to note that 7, in general, is not the product topology 7p.
The open sets of 7, are usually much too large to allow robustness of stabilizability.
This will become clear in the section on n-D systems below.

ProrosITION 2.3.13. The mapping m in (13) is open if and only if AXA*
satisfies C2.

Proof. Suppose 7 is open. Then given a neighborhood N(x, y) of (x, y), wN(x, y)
is open, which implies that 7 '7N(x, y) is open (as F has the quotient topology).

Let (a, b)~(x,y),i.e., (a, b)e 7w 'wN(x,y). As w 'wN(x, y) is open, there exists
a neighborhood N(a, b) of (a, b) contained in 7~ '7N(x, y). Hence for all (a’, b’) in
N(a, b) there exists (x',y') in N(x, y) such that (a’, b')~(x',y’), i.e., C2 is satisfied.

Conversely suppose that A x A* satisfies C2. Let N = A X A* be open. We need to
show that 7~ '#N is open. So let (a, b) be in 7 '7N. Clearly there exists (x, y) in N
such that (a, b) ~(x, y). By C2 there exists a neighborhood N(a, b) of (a, b) such that
for all (a’,b') in N(a, b), there exists (x',y') in N with (a’, b')~(x', y'). Hence
N(a, b)< 7w 'awN. 0

Remark. Clearly by the above proposition a basis of neighborhoods containing
a transfer function p in F can be obtained as follows.

Let (a, b) in AX A* belong to 7~ 'p. Consider the collection 7U, where U varies
over all basic neighborhoods of (a, b) in Ax A* and (a, b) varying over 7 'p. Then
this collection is a basis of neighborhoods about p. Moreover, it follows from C2 that
this basis can actually be obtained by fixing any (a, b) in 7 'p.

From this it follows that whenever every p has coprime fractions, the quotient
topology on F is just the graph topology.

We now investigate the following questions:

1. Given a stabilizable transfer function p is there a neighborhood in the quotient
topology defined above consisting of stabilizable transfer function?

2. Given such a neighborhood does there exist a controller that stabilizes every
transfer function in it?

Consider the topological ring (A, 7z) With a topology 7 on A X A satisfying the
above conditions C1, C2, and C3. Assume further that the following condition holds.

Condition C4. The set of units in A is open in the topology 7x.

Under Conditions C1 to C4 we have the following proposition.

ProPOSITION 2.3.14. Let p in F be stabilizable. Then there exists a neighborhood of
p in the quotient topology such that every transfer function in this neighborhood is
stabilizable.

Proof. Let p=nd '. Then by Theorem 2.1.1 p is stabilizable if and only if there
exist x;, x,, x; in A such that the following equations hold:

nx, =dx,, nx;=d(1—x,).

Observe that x,+(1—x,)=1 is contained in the open set of units. Hence as A is a
topological ring there exist neighborhoods Np(x,, x,) and Np(1—x,, x3) of (x,, X;)
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and (1—x,, x;) in the product topology 7, such that for all (x5, x}) in Np(x,, x,) and
(x4, x3) in Np(1—xy, x3)

(14) xX\+xi,=u

where u is a unit.
Now choose neighborhoods N(x,, x;) and N(1-x;, x3) in the topology 7 on
A X A such that

N(x;, x,) = Np(x,, x1)
and

N1 =x;, %) S Np(1—xy, X3)

which is possible by Condition C3. Given these neighborhoods, by C2 there exists a
neighborhood N(n, d) in A x A* such that for all (n’, d’) in N(n, d), there exist (x5, x})
in N(x,, x,) and (x}, x3) in N(1—x,, x;) with

n'xi=d'x;,
n'xi=d'x}.

But by (14) u 'x}+u 'x,=1. Hence multiplying both the above equations by u~"' we
obtain

n'(xju")=d'(xhu™"),
n'(xiuN=dQ-xu?)..

Hence, n'd'" is also stabilizable for all (n’, d’) in N(n, d). 0

While this proposition answers question 1 above, the controller x;x;' of p may
not be the same as the stabilizing controller x;x;' of n'd’”"'. We answer question 2
in the affirmative in the special case when A is a UFD satisfying Conditions C1-C4.

THEOREM 2.3.15. Let A be a UFD satisfying C1-C4. Suppose c stabilizes a transfer
function p in F. Then there exists a neighborhood of p in the quotient topology such that
¢ stabilizes every plant in it.

Proof. Let p=nd " where now n and d are relatively prime. Then from (2) and
(3) of Theorem 2.1.1 with these n and d, ¢ = x;x]"'. Furthermore,

x;=rd and 1-x,=sn

for some r, s in A.
By Conditions C3 and C4 there exists a neighborhood N(n, d) of (n,d) in the
topology 7 on A X A such that for all (n',d’) in N(n, d)

rd'+sn' = u,
where u is a unit in A.

Define

xi=rd'u', xt=rn'u”', xi=sd'u”', and x,=sn'u"’.

Then
n'xi=d'x}, n'xiy=d'(1-x}).
Thus n'd’"" is stabilized by xjx| '=x;x;'=¢c. 0O
While the above theorem answers question 2 in the special case of a UFD, the
corresponding answer for the general case is not known.
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By the above the set of stabilizable transfer functions is open in the quotient
topology. Is it also dense in the set of all transfer functions? Although the answer to
this is in the affirmative in the case of LTI systems (as is well known), this is not so
in'the more general setting of this paper. In fact we show in the special case of n-D
systems in the next section that there exist nonstabilizable transfer functions with
neighborhoods consisting of transfer functions that are also not stabilizable.

For related results regarding the graph topology see Zhu [11].

3. Stabilization of multidimensional systems. In this section we use the above
theory to analyse stabilizability of multidimensional systems.

DEFINITION OF THE PROBLEM. With respect to the general formulation of the
stabilization problem in the introduction, the problem here is defined as follows:

Let A=S™'B where B=K[X, - - - X,]], the polynomial ring in n indeterminates
with coefficients in a subfield K of C.

Let S be the multiplicatively closed subset of B consisting of all polynomials
whose (affine) varieties in C" do not intersect some fixed compact region 'c C".

We define a causal structure via closed subsets of I" as follows:

Let I be some fixed closed subset of I.

Let T be the saturated multiplicatively closed subset of A consisting of rational
functions fg~' such that the variety of f does not intersect I". (Note that the natural
injection i:B—> A maps S into T; viz., the remark at the very end of § 2.1.)

Thus this is a special case of the general problem considered in part 4 of
§ 2.1, namely when A is a ring of fractions. Also observe that as B is a UFD so is
S'B.

The main purpose of this section is to interpret the results developed above in
this concrete setting of the polynomial ring K[ X, - - - X,,] in terms of affine varieties
in C".

The motivation for considering this special case stems from the 2-D stabilization
problem treated by Guiver and Bose in [2, Chap. 3]. In our formulation their problem
is as follows:

B=C[X,, X,], I'= U? the closed unit polydisc in C>. The causal structure is
defined by I'" = (0, 0).

They prove that a plant p=f/g, f and g in C[X,, X,] is stabilizable if and only
if £ and g do not have a common zero in U?. Their proof makes critical use of the
fact that f and g, when relatively prime, have a finite number of common zeros (which
is not the case for n-D systems, n>2), and that the region I' defining S is the unit
polydisc.

We on the other hand treat n-D systems for general n and where the region I is
any arbitrary compact region in C". The motivation for generalizing from 2-D to n-D
is clear. Replacing the polydisc U" by an arbitrary compact region I" follows from
applications and is in fact posed as an open problem by Guiver in [2, Open Prob. 6].

In the following section we arrive at geometric criteria based on the theory
developed in the previous sections and which also allows us to settle this open problem.

3.1. Stabilizability conditions. Consider the n-D transfer function p in F. Since B
here is a UFD, by the remark following Proposition 2.1.9 p admits a representation
(f/1)(g/1)7", where f and g are relatively prime. Then I,=(f) and I,=(g). Recall
also from § 2.2 that () is the set of all prime ideals of B that do not intersect S. Hence,
by Corollary 2.2.11, we have

(15) p is stabilizable iff V(f, g)NQ=.
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Since ) is a set of prime ideals of K[X;--- X,], and since by the Hilbert
Nullstellensatz these prime ideals correspond to irreducible varieties in C" (as C is
the algebraic closure of IK), we can think of Q) as a collection of irreducible varieties.
(As our entire discussion is with respect to the fixed subfield K of C, by variety we
always mean a K-variety, i.e., the zero set in C" of an ideal in K[ X, - - - X,,].) Now
the affine variety of the ideal (f, g), also denoted V(f, g), is a (finite) union of irreducible
varieties as well (corresponding to the minimal primes belonging to the ideal (f, g)).
Hence (15) above can be interpreted to mean that none of the irreducible varieties in
V(f, g) belongs to Q) considered now as a collection of irreducible varieties.

This interpretation of the stabilizability condition in terms of affine varieties forces
on us the need to characterize the irreducible varieties in the collection ). In general,
since () is just a set of prime ideals which do not intersect some given multiplicatively
closed subset S, such a characterization may not be possible. However, note that in
the above stabilizability problem S arises in a special way, namely as a set of polynomials
whose varieties do not intersect some given region I'c C". For such S we show that a
geometric characterization of () is indeed possible, and the nature of this characteriz-
ation is suggested by the following condition.

LeEMMA 3.1.16. Let p be a prime ideal in K[ X, - - - X,,]. Then

Vip)NI'#F=peq.

Proof. The proof is obvious. (Here V(p) is the variety of p in C".) O
The question therefore is: under what conditions on I" does every p in () satisfy
V(p) NT # &? Note that for such I" the stabilizability condition would reduce to the
following:

The transfer function p = fg~' (f, g relatively prime) is stabilizable if and only if the
varieties V(f) and V(g) do not intersect in T.

Remark. Note that as f and g are relatively prime no irreducible component of
V(f) coincides with an irreducible component of V(g). Hence, the dimension of every
irreducible component of V()N V(g) is strictly less than n —1. On the other hand as
codimension V(f)+codimension V(g)=codimension (V(f)N V(g)) it follows that
the dimension of every irreducible component of V(f)N V(g) is greater than or equal
to n-2. Hence the dimension of every irreducible component of V(f) N V(g) equals
n-2,1i.e., V(f)N V(g) is a variety of pure codimension 2.

Thus actually it suffices, as far as the stabilizability condition is concerned, to
obtain properties of I' under which the reverse implication in Lemma 3.1.16 holds for
prime ideals of height 2 in Q.

To repeat, the question now is that if V(p) NI'=¢J, then is it true that pg (), i.e.,
is pNS# J. If this were true then there is a polynomial f in pNS. But

feS= V(f)NT=@ and fep= V(p)< V(f)

in which case there is a codimension 1 variety, namely V(f'), that contains V(p) and
that does not intersect I'. This motivates the following.

DEFINITION. A region I'c C” is said to be codimension k-convex if given a
codimension k irreducible variety V with VNI =, there exists a codimension 1
variety V' such that

(16) VeV and VNI'=U.

Remark. If the region I' is codimension k-convex then clearly for any variety V
of pure codimension k with VNI = there exists a codimension 1 variety V' such
that (16) holds.
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We now show that the codimension k-convexity of the region I" allows the reverse
implication in Lemma 3.1.16 for primes of height n— k.

ProOPOSITION 3.1.17. Let i be the ideal in K[ X, - - - X, ] of a pure codimension k
variety Vin C". Then

(17) VA= © iNS#Y iff T is codimension k-convex.

Proof. That (17) implies codimension k-convexity of I is clear. So suppose now
that I' is codimension k-convex. Then given the variety V of the ideal i with VN T'=,
by the remark following the definition above, there exists a codimension 1 variety
V'=V(h), where h is a polynomial in K[ X, - - - X, ], such that V< V'and V' NI ={.
By the Nullstellensatz, h' belongs to i for some t=1. Since V'=V(h'), VNI =
implies that h’ belongs to SNi. |

Specialising the above result for k=2 we have the geometric equivalent of the
stabilizability result.

THEOREM 3.1.18. Let I' be codimension 2-convex. Then the transfer function p = fg '
(where f and g are relatively prime) is stabilizable if and only if

VifHiNV(gNI'=2.

The above property of codimension k-convexity of a region I" is a geometric one.
The region I', however, defines an algebraic object, namely the multiplicatively closed
subset S of B. It is therefore natural to expect that this geometric property of I' is
captured by some algebraic property of the ring S™'B. The next proposition reveals this.

ProrosITION 3.1.19. Let I" be a region in C".

(i) If T is codimension k-convex then the following statement holds:

(18) Let p; be a prime ideal of height k in S™'B. Then p is contained in an ideal m;,
of height n.

(ii) Conversely, if T is codimension n-convex, then statement (18) implies codimension
k-convexity of T.

Proof. (i) Let p be the contraction of p, to B. Clearly p is of height k which
implies that V(p) is of codimension k. As p(1'S = &, by Proposition 3.1.17 V(p) NT" # &.
So let x be a point in V(p) NT. Then I(x), the maximal ideal in B with V(I(x)) 2 {x},
is of height n containing p and such that I(x) NS = . Let m, be the extension in S™'B
of I(x). Clearly m, is of height n and contains p;.

(ii) Now assume that I" is codimension n-convex. Suppose to the contrary that
I' is not codimension k-convex. Then there exists a prime ideal p of height k with
V(p) NI' = and such that for all fe p, V(f) NI # . This further implies that pNS=
@ and hence that its extension p;, is a prime ideal in S™'B. We claim that p; is not
contained in an ideal of height n. For if m,; were such a height n ideal containing py
then its contraction m is a maximal ideal in B with mNS =J. As m is of height n and
I' is codimension n-convex, by Proposition 3.1.17 V(m)NI'# . So let
xe Vim)NT. As V(m) is contained V(p), x belongs to V(p)NI' which is a
contradiction. a

Remark. The above proposition has the following important consequence when
K =C. Let I" be a region in C" which is codimension k-convex for all 2= k = n. Then
the maximal ideals of S™'C[X, - - - X,] are in one-to-one correspondence with the
points of T'.

We now address the multidimensional stabilization problem considered by Guiver
and Bose explained in the beginning of this section.

Here B=C[X, - - - X,,], ['= U", the closed unit polydisc and the causal structure
is defined by I" which is the origin in C". By Theorem 3.1.18 the geometric condition
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for stabilizability holds if U" is codimension 2-convex. We now show that in fact U”"
is codimension k-convex for all 2=k=n.

We make use of the following well-known results (see, for instance, Gunning and
Rossi [5]).

T1 (Corollary to Cartan’s theorem B). Suppose f; - - - f; are holomorphic func-
tions on a pseudoconvex domain I'c C" such that the {f;} have no common zeros in
I'. Then there exist holomorphic functions g, - - - g, such that } fig,=1.

T2 (Oka-Weil approximation theorem). Let = C" be a polynomially convex
domain. Then any holomorphic function on I' is uniformly approximable on compact
subsets of I' by polynomials.

PROPOSITION 3.1.20. The polydisc U" is codimension k-convex for all 2=k =n.

Proof. Given any variety V with VN U" =, we need to find a polynomial
heC[X, - X,]such that V< V(h) and V(h)NU"=.

As U™ and V are closed subsets (in the C- topology) there is an open set W > U”
with WN V=. In fact W can be chosen to be geometrically convex with smooth
boundary. Clearly W is also pseudoconvex.

Now let the ideal I(V) = (f, - - - fi) be the ideal of the variety V. As VN U" =
the polynomials {f;} do not all vanish at any point in U". Hence by T1 we can find
g1 * &, holomorphic on W, such that ) fig;=1. As W is also polynomially convex,
by T2 we can uniformly approximate on the compact set U", the holomorphic functions
g1 -+ g by polynomials h, - - - h; so that

k
Y fi(x)hi(x)#0 forall xe U".
1

Let h=Y fh;. Clearly V(h)N U" =& and h belongs to I(V) which implies that
V< V(h). 0

Thus it follows from the above proposition that the geometric stabilizability
condition of Theorem 3.1.18 holds for the n-D stabilization problem described above.
Furthermore, if p=fg~' is a stabilizable transfer function with f, g relatively prime in
C[X, - - - X,,] then by the above result there exist h,, h, in C[ X - - - X, ] such that

hf+hg=heS.

As h belongs to S, it is a unit in A=S""B. Hence by the remark following Corollary
2.1.5, a stabilizing controller of p is given by h,h5".

Consider now the causal structure defined via I"', the origin in C"; i.e., let T be
the saturated multiplicatively closed subset of A consisting of rational functions fg~'
such that the variety of f does not contain the origin. By Proposition 2.1.3 all the
stabilizing controllers of a strictly causal transfer function are weakly causal. In this
case (of n-D systems) we can further conclude that every stabilizable transfer function
p=fg~' has a weakly causal controller. This is because if h,f+ h,g is in S, then by
perturbing h, (slightly) to h} we can ensure that h, f+ h5g is still in S as well as that
h5(0) #0. Then h,h5 " is in T'A and is therefore a weakly causal controller of p.

In Open Problem 6 in [2] Guiver poses the following question: Given the plant
p=fg " with f, g in K[X, - - - X,,], is there a stabilizing controller ¢ = h,h;" with h,,
h, also in K[ X, - - - X,,], K=R or Q? We now answer this question in the affirmative.

THEOREM 3.1.21. Let p=fg~ "' be a stabilizable transfer function with f, g relatively
prime and in R[X, - - - X,,]. Then there exists a stabilizing controller ¢ = h,h;" with h,,
hy, in Q[ X, --- X,]

Proof. As p is stabilizable and as U" is codimension 2-convex the geometric
criterion of Theorem 3.1.18 implies that there is a polynomial h belonging to the ideal
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(f,g)=C[X,- - X,] with V(h)NU"=@. Consider now the polynomial hh* in
R[X, - - - X,] (here h* denotes the complex conjugate of h). Clearly as U" = U",
V(hh*)N U" = &. Equally clearly hh* belongs to the contraction of the ideal (f] g) to
R[X, - - - X,]. Hence there exist polynomials h,, h, in R[ X, - - - X,,] such that

fh,+gh, = hh*€S.

As Q is dense in R it is possible to perturb h; and h, to h} and h5 in Q[ X, - - - X,]
such that

fhi+ghseS.

Thus, hih5" is the desired stabilizing controller. O

Remark. 1t follows from the above proofs that any compact polynomially convex
domain I' in C" is codimension k-convex for all 2=k =n. Hence the geometric
stabilizability condition of Theorem 3.1.18 for the case when KK =C holds for all such
I'. Furthermore, the polydisc U" in Theorem 3.1.21 can be replaced by such I' which
are also symmetric about the real axis.

Note that this is more than what is necessary for the stabilizability problem as it
suffices for I to be only codimension 2-convex. Thus it is desirable to characterize
geometrically such regions. Note that an algebraic characterization of codimension
2-convex regions is available via Proposition 3.1.19.

However, it is not possible to replace I' by any compact region, for instance, by
those that are not holomorphically convex (because of Hartog’s phenomenon). Thus,
even in the 2-D case the above geometric criteria for stabilizability will not hold with
the polydisc U’ replaced by a compact annular region. This negatively answers a
question raised by Guiver in [2].

3.2. Robustness of stability. We consider here the robustness of stabilizability of
n-D systems, i.e., we wish to define a topology on the set of transfer functions F, the
field of fractions of A (where now A=S7'C[X, - -+ X,] and S is the multiplicatively
closed subset of B defined with respect to the polydisc U") with respect to which
Conditions C1 to C4in § 2.3 are satisfied. This will enable us to carry over the robustness
results obtained in the general setting there to the special case of n-D systems here.
This is accomplished in a series of steps as follows.

(i) The ring A here is a topological (in fact, normed) ring with respect to the
following norm:

17" 1= sup [f(2)g()7"],  fg 'eA.
ze 0"

Note that this is well defined since fg ' is holomorphic in U", and is a norm since
U" has nonempty interior. It is an easy check that A is a normed ring under the above
norm. Clearly it also follows that if the sequence f,g,' converges to fg ' in this norm
topology then the variety V(f,) converges uniformly to V(f) in U”". A is Hausdorff
being a normed ring; hence C1 is satisfied.

(ii) We now (in the notation of § 2.2) impose a topology 7 on A X A such that
Condition C2 is satisfied. We describe this topology via a basis of neighborhoods about
each (x, y) in AXA as follows:

As A is a UFD express (x, y) as h(x', y') = (hx', hy’) where x', y" in A are relatively
prime. Let N(h), N(x'), and N(y') be neighborhoods of h, x’, and y' in the norm
topology of A. Obtain a neighborhood N(x, y) of (x, y) as

(19) N(x,y)={h"(x", y")|h"€ N(h), x"e N(x'), y"€ N(y")}.
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The collection N(x, y) obtained this way as N(h), N(x'), and N(y') vary over all
neighborhoods of A, x’, and y' is a basis for a topology 7 on A x A. We now show that
Condition C2 is satisfied with respect to this topology.

Let (x, y) and (q, b) in A X A satisfy

ay = bx.

Let (x, y)=h(x’, y') and (a, b) = g(a’, b’), where the pairs (x', y’) and (a’, b’) are each
relatively prime. Hence the above equation is equivalent to
alyl — blxl.
Therefore (a’, b') = u(x’', y') for some (unit) u in A.
Now let N(x, y) be a given neighborhood of (x, y) specified by neighborhoods
N(h), N(x'), and N(y') as in (19). (Clearly it suffices to check Condition C2 for such

neighborhoods since they form a basis for the topology 7.) Let N(u) be a neighborhood
of u. Then

N(a',b")={u"(x", y")|u"e N(u), x"e N(x), y"€ N(y')}
is a neighborhood of (a’, b’). Let N(g) be a neighborhood of g. Then
N(a, b)={g"(a”", b")|(a", b")e N(a, b) and g"e N(g)}

is a neighborhood of (a, b).
Now let (x”, ") be in the above given neighborhood N(x, y). Then define

(all, bl!) = (guxll, guyl/).
Clearly (a”, b") is in N(a, b) and satisfies a”"y"” = b"x". This shows that Condition C2
is satisfied.

(iii) Give Ax A*c A X A the subspace topology with respect to 7, also denoted 7.
Topologize the set of transfer functions by the quotient topology 7, via the projection

m: AXA*->F.

(iv) Clearly from (19) it follows that the product topology 7, on Ax A induced
by the norm topology on A is weaker than the topology 7, i.e., Condition C3 is satisfied.

(v) For any x in A with ||x|| <1, 1+ x is a unit in A. Hence the set of units in A
is open, i.e., C4 is satisfied.

Thus it follows by (i)-(v) above that all the results of § 2.2 on robustness hold in
this special case of n-D systems. We therefore have the following theorem.

THEOREM 3.2.22. (1) Let ¢ be a stabilizing controller of an n-D transfer function
p. Then there is a neighborhood of p in the quotient topology 7, such that every transfer
function in this neighborhood is stabilized by the same controller c.

(2) Stabilizability is not a generic property of the set of n-D transfer functions.

Proof. Part (1) follows from the above discussion, i.e., from Theorem 2.3.15.

(2) Consider polynomials f, g #0 in C[X; - - - X,,] such that (a) the singular loci
of V(f) and V(g) do notintersect U"; (b) V(f) and V(g) have a nonempty transversal
intersection in U".

Obviously such f and g exist. Consider the transfer function p = fg '. By the above
theory p is not stabilizable. Clearly, there exists a § > 0 such that for all xx'~" and yy'™"
in ST'C[X; - - - X, ] with

If—xx""<s, |g—yy'7'<8,

V(x) and V(y) intersect transversally in U". Then the collection of all such transfer
functions xy'(x'y)”' is clearly open in 7, and therefore in 7,, and are all non-
stabilizable. 0
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Remark. We emphasize here once again that the topology 7 on AX A is not the
product topology 7p. In fact the robustness result is not valid with respect to 7p.
Actually even more is true, viz., with respect to 7p every neighborhood of a stabilizable
transfer function contains nonstabilizable ones as the following simple argument
demonstrates.

Let p=fg~', where f and g are relatively prime be stabilizable, i.e., V(f) and
V(g) do not intersect in U”". In the product topology every neighborhood of p will
contain transfer functions of the kind hf(kg)~', where hf and kg are relatively prime
but where V(h) and V(k) intersect in U". Such plants are clearly not stabilizable.

Remark. From the above proof it is clear that every neighborhood of an n-D
transfer function p = fg ', with f g relatively prime and such that V(f) N V(g) contains
points of the boundary of U” but not its interior U”, contains stabilizable transfer
functions. Thus such transfer functions belong to the boundary of the closed subset
of nonstabilizable transfer functions and can therefore be perturbed and made stabiliz-
able. A more detailed study of this boundary will appear elsewhere.
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UNBOUNDED SOLUTIONS TO THE LINEAR QUADRATIC CONTROL
PROBLEM*

G. DA PRATOt aND M. C. DELFOUR#

Abstract. Examples are presented to show that the solution of the operational algebraic Riccati equation
can be an unbounded operator for infinite dimensional systems in a Hilbert space even with bounded control
and observation operators. This phenomenon is connected to the presence of a continuous spectrum in one
of the operators. The object of this paper is to fill up the gap in the classical linear quadratic theory. The
key step is the introduction of the set of stabilizable initial conditions. Then a new simple approach to the
linear-quadratic problem is presented that provides the connection with the notion of approximate stabiliza-
bility for the triplet (A, B, C).

Key words. linear quadratic, stabilizability, Riccati equation
AMS(MOS) subject classifications. 49A22

1. Introduction. The infinite time, linear quadratic, optimal control theory for
infinite-dimensional systems in Hilbert spaces with bounded control and observation
operators has been extensively studied (see, for instance, the book by Curtain and
Pritchard [1]). Typically, let H (state space), U (control space), and Y (observation
space) be three Hilbert spaces. Let A: D(A) < H > H be the infinitesimal generator of
a strongly continuous semigroup e and let B: U~ H and C: H - Y be continuous
linear operators. The state x(¢) at time =0 is given by

(1.1) x(t)=e’Ah+J "4 Bu(s) ds, tz0,

0

and the cost function by

(1.2) J(u,h)=J‘0oo {|Cx(s)]*+|u(s)|?} ds.

Under the standard (A, B, C) stabilizability hypothesis for the triplet (A, B, C),
(1.3) Vhe H, Jue L?*(0,00; U) such that J(u, h) <o,

it is well known that the corresponding algebraic operator Riccati equation
(1.4) A*P+ PA— PBB*P+C*C =0

has a minimum positive symmetrical bounded solution P; that is,

(1.5) P:H - H is linear and continuous (bounded),

(1.6) P*=P (symmetry), Vhe H, (Ph, h)=0 (positivity),

and for any other solution of (1.4) verifying (1.5) and (1.6)
(1.7) Vhe H, (Qh, h)=(Ph, h) (minimality).
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The authors have recently constructed examples where the system is not stabiliz-
able, and yet the algebraic Riccati equation has a positive selfadjoint unbounded
solution (cf. [2]). This phenomenon is intimately related to the fact that only a dense
subset of initial conditions are (A, B, C) stabilizable. This has many interesting implica-
tions for infinite-dimensional control systems. For instance, it points out that definitions
of stabilizability (here, (A, B, I) stabilizability) that assume the existence of a bounded
feedback operator really contain two hypotheses in one: the existence of a feedback
operator that stabilizes all initial conditions in H, and the boundedness of this operator.
Example 6.1 in § 6 describes a control system that can only be stabilized by an
unbounded feedback operator for all initial conditions in H.

The object of this paper is to fill the gap in the theory. Under no stabilizability
hypothesis, we a priori define the set X of initial states that can be (A, B, C) stabilized
and show that it can be given a natural Hilbert space structure. When X is dense in
the space of initial conditions, we construct the smallest or minimum positive self-
adjoint unbounded solution to the algebraic Riccati equation. A new technique is
introduced to directly obtain the semigroup associated with the closed loop system
and the properties of the feedback operator. If the usual detectability hypothesis is
added, we recover that the closed loop system is exponentially stable. Examples are
also included to illustrate the theoretical considerations. Extensions to systems with
unbounded control and observation operators are possible and will be reported in a
forthcoming paper. We felt that it was more instructive to first illustrate the phenomenon
and the main features of the theory for the bounded case.

Notation. The space of continuous linear operators from a Hilbert space X to
another Hilbert space Y will be denoted by £(X; Y). When X =Y, the cone of
continuous linear operators in £(X; X) verifying conditions (1.5) and (1.6) will be
denoted =" (X). R will be the field of all real numbers and N the set of integers greater
than or equal to 1.

2. Problem formulation. Let H, U, Y, A, B, and C be as defined in § 1. Consider
the mild solution of the system

x'(s)=Ax(s)+ Bu(s), s=0,
x(0)=h,

and the associated cost function

(2.1)

(22) I )= j (Cx()P+ (s ds.

A mild solution of (2.1) is a continuous function x :[0, co[ > H verifying (1.1). Denote
by V the value function

(2.3) V(h)=inf{J(u, h): ue L*(0,0; U)}
with domain
(2.4) dom V={he H: V(h) <o},

which will be referred to as the domain of stabilizability for the triple (A, B, C). Observe
that under the (A, B, C) stabilizability condition (1.3) dom V = H.

3. An example of unbounded solution to the Riccati equation. Let H = ¢° be the
Hilbert space of all sequences x ={x,},.n, With norm

(3.1) IxP= Y xi.
k=1
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Let {e,} be the orhonormal basis in ¢?
(32) (ek)n=8kn7 keN.

Define the bounded operators

k V2k+1
3.3) Aek=mek, Be, = 1 e, keN

Note that their spectra are made up of a point and a continuous part

k
(3.4) a,,(A)={-k—ﬁ;keN}, o (A)={1},
V2k+1
(3.5) 0',,(B)={ P :keN}, o.(B) ={0}.

Associate with A and B the control system
x'(s)=Ax(s)+ Bu(s), s=0,
(3.6)
x(0)=nh,
and the cost function

(3.7) J(u, h)= L {lx(s)]+]u(s)?} ds.

Here the observation operator C is the identity operator on H. If the pair (A, B)
was stabilizable, there would exist a symmetric positive bounded linear operator P,
on H that would be the minimum solution of the algebraic operator Riccati equation

(3.8) P,A+A*P,—P.,BB*P +1=0,

in the sense of conditions (1.5) and (1.6). Here A, B, and I are diagonal operators,
and it is easy to check that the only positive selfadjoint solution to (3.8) is the diagonal
unbounded operator

(39) Pooek:(k+1)ek, keN.

This means that only initial conditions h in the domain D(PY?) of PY?
D(PY%) = {xefzz y (k+1)xi<oo},
k=1

P;{zek:v k+1 €
can be stabilized, and that for all others
(3.11) J(u h)y=00,  hg D(PY?.

Hence dom V = D(PX?) in this example.

The interpretation of this phenomenon is that, for initial conditions h ¢ D(PX?),
the corresponding state x cannot be stabilized with a finite energy control u in
L*(0,00; H). Yet the closed loop system is given by the operator

(3.12) A-BB*P =1,

which is exponentially stable in H, and for all h in H the solution x* of the closed
loop system

(3.10)

x'(s)=[A—BB*P,]x(s), s=0,

(3.13) A0)=
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is given by x*(s)= e *h, which belongs to L*(0, c; H), whereas the optimal control
u* is given by

(3.14) u*(s)=—B*P.x*(s)=—B*P, e °h.

So u belongs to L*(0, c0; H) if and only if he D(PY?).
Finally, it is useful to note that

(3.15) B*P. e, =v2k+1e,  D(B*P,)=D(PY?
and that

2k+1
(3.16) BB*P. e, = e, D(BB*P,)=H.

k+1
4. Asymptotic behaviour of the solution P(¢) to the associated differential operator
Riccati equation. It is well known that for any fixed T >0, we can associate with the

control problem (2.1)-(2.2) the mild solution P e C,([0, co[; Z"(H)) of the differential
operator Riccati equation

P'(t)= A*P(t)+ P(t)A— P(t)BB*P(t)+ C*C in]0, T],
P(0)=0.

We say that P in C,([0, T]; =¥ (H)) is a mild solution of the Riccati differential equation
(4.1) if P verifies the integral equation

(4.1)

P(t)x = J't {2 [C*C — P(s)BB*P(s)] " 94x} ds

for all x in H (for example, see Curtain and Pritchard [1] for basic results on existence
and uniqueness). We have denoted by C,([0,0[; =*(H)) the set of all mappings
T:[0,00[ >2"(H), such that T(-)x is continuous for all x e H.

For each h € H the function (P(-)h, h) is nondecreasing. Moreover, the following
identity holds:

t

(P(t)h, h)+J

0

lu(s)+ B*P(t—s)x(s)]* ds = Jr {|Cx(s)P+|u(s)|} ds,

4.2
(4.2) Yue L} (0,00; U).

To obtain identity (4.2) fix 1> 0, multiply both sides of (4.1) evaluated at t —s, t = s =0,
by x(s), use (2.1) to eliminate x'(s), and integrate with respect to s from 0 to ¢.
Define the function

(4.3) h—>¢(h)=}i_)r£10(P(t)h,h):H—)[O,OO].

The function ¢ is convex, proper,' and lower semicontinuous with domain
(4.4) S={he H: ¢(h)<}.

LemMaA 4.1. The following properties are verified :
(i) For all hand kin 2, (P(-)h, k) is bounded;
(ii) X is a vector subspace of H,

(iii) For all h and k in X, the following limit exists

(4.5) ¢ (h, k) =1lim (P(t)h, k).

' A convex function f: H - [0, o] is said to be proper if f(x) <o for at least one x and f(x)> —oo for
every x (cf. R. T. Rockafellar [7, p. 24]).
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Moreover, ¥ is a bilinear form on XX and

(4.6) Y(h, h)=a¢(h), Vhe H
Proof. (i) For all h and k in £ and t=0, we have
(4.7) |(P(2)h, k)[*= (P(1)h, h)(P(t)k, k)= ¢(h)p(k),

and the conclusion follows.
(ii) For all h in ¥ and A in R, ¢(Ah)=A’¢(h), and hence AheX. For all h and
kin X

(P(t)(h+k), h+k)=(P(t)h, h)+(P(t)k, k) +2(P(t)h, k)

and from (i), ¢(h+k)=[¢(h)"*+ ¢(k)"/*]*. Thus = is a linear subspace of H. Part
(iii) is an immediate consequence of parts (i) and (ii). 0
Define the following inner product on X

(4.8) (h, k)x=(h, k)+¢(h, k),

which makes it a pre-Hilbert space.
LEMMA 4.2. The space 3 endowed with the inner product (4.8) is a Hilbert space.
Proof. 1t is sufficient to show that X is complete with respect to the norm

(4.9) lhls=[|hl+&(h)]"2

Let {h,} be a Cauchy sequence in X. Then there exists h€ H such that h, - h.
Moreover, there exists A =0 such that

(4.10) [P >+ & (h,) > A
and
(4.11) ¢ (h,)> A —|h[*.

By lower semicontinuity of ¢, we have

(4.12) A=[nl=1im ¢(h,)= ¢(h),

and, by definition of 2, h belongs to 2. Finally, for each & > 0, there exists a positive
integer N(¢) such that

|k, = hy|3=|h, — B[+ & (B, —h,) =, Vm,n= N(eg).
As n goes to infinity, we get
|h—h, |+ d(h—h,)=e, Vm=N(e),

by continuity of the norm in H and lower semicontinuity of ¢. This shows that h, > h
in £ and completes the proof. 0

We have constructed the space X of initial conditions for which the expression
(P(t)h, h) has a limit. In general, its closure in H will not be dense, and it will be
natural to decompose H as a direct sum

(4.13) H=3®3",

where X is the closure of = in H, and 3" is the orthogonal complement to = in H. In
the following, we identify the elements of the dual H' of H with those of H. We denote
by X' the dual of X.
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PrROPOSITION 4.3. Assume that I is dense in H. Then there exists a unique linear
operator P,e ¥(X; X') such that

(4.14) (Pwh, kys = ¢(h, k), Vh keX.
P, can also be viewed as a closed selfadjoint positive operator on H with dense domain
(4.15) D(P,.)={heX: ¢(h, ") is continuous in H}.
We have
(4.16) ¢(h)=(Pyh, h), Vhe D(P,),
(4.17) y(h, k)= (Psh, k), Vhe D(P,),VkeH,

and the subdifferential of ¢ is given by

POOh, l.fhED(Poo)a

(4.18) 53‘1’(”):{@, ifhe D(P.);

that is,
d¢(h)={pe H|Vve D(P,),{p, v)=d¢(h; v)},

where d¢ (h; v) is the Gateaux semiderivative at h in the direction v.
Moreover, PY? is well defined and

(4.19) D(P{*)=2=[D(P.), H]),

where [ X, Y1,,, denotes the interpolation space between Y and its dense subspace X (see
Lions and Peetre [6] or Lions and Magenes [5] for the theory of interpolation spaces).

Proof. By definition of the inner product on X, the symmetrical bilinear form ¢
on XXX is continuous, and there exists a unique P, £(Z;X’) such that (4.14) is
verified. Moreover, ¢ is X-H coercive and P, is a self-adjoint operator in H with
domain D(P,). Expression (4.18) follows from the fact that ¢ is lower semicontinuous.
Hence d¢( - ) is maximal monotone on H as a set-valued function. Finally, the positive

self-adjoint operator P, has a positive square root PY?, which is a closed linear
operator on H with dense domain D(PY?), which coincides with X. 0

Assume now that ¥ is not dense in H, and denote by = the closure of = in H.
Then we have the following similar result.
CoROLLARY. There exists a unique linear operator P,€ ¥(X;X') such that

(4.20) (Poh, kys=¢(h, k), Vh keX.
P, can also be viewed as a closed selfadjoint positive operator on S with dense domain
(4.21) D(P.)={heX: y(h,-) is continuous in Z}.
We have
(4.22) ¢(h)=(Pyh, h), Vhe D(P,),
(4.23) ¢(h, k)= (Pyh, k), Yhe D(P,), VkeX,

and the subdifferential of ¢ is given by
P.h, ifhe D(Py),
<, ifhe D(P,,).
Moreover, P> is well defined and

(4.25) D(PY?) =3 =[D(P.), %] O

(4.24) %ad)(h):{
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5. Existence of the optimal control and optimal closed loop system. In this section
we use the asymptotic properties obtained in § 4 to solve the optimal control problem
(2.1)-(2.2). In addition, we study the mapping between the initial conditions and the
optimal state and control.

THEOREM 5.1. The following statements hold:

(i) Given any h in H, either h¢ 3 and

(5.1) J(u, h)=+00, VYueL*0,00; U) and V(h)=¢(h)=+0,
or heX and there exists a unique optimal control #i( -, h) in L*(0, c0; U) such that
(5.2) J((-, h), h)y=V(h)=¢(h).
(ii) The mapping
(5.3) 2> L%(0,00; U), h> (-, h)

is linear and continuous.
(iii) Denote by X( -, h) the optimal state corresponding to the optimal control ii( -, h)
and set

(5.4) Ss(t)h=%(t,h), t=0, hex.

Then Ss(-) is a strongly continuous semigroup in X.
(iv) Let As be the infinitesimal generator of Sx(+). For all he D(As), we have that

(5.5) @(-,h)e H'(0,00, U) and #&'(-, h)=1(-, Ash),
(5.6) Cx(-,h)e H'(0,00; Y), X'(-,h)=%(-, Ash), and D(As)< D(A).
(v) For all hin D(Ay) the map

(5.7) h->(0,h): D(Ay)> U
is linear and continuous. Its closure in X generates an unbounded linear operator
(5.8) K:D(K)cX2-> U such that D(As)< D(K)
and
(5.9) D(As)=D(A)N D(K), Ash = Ah+ BKh.
Moreover, for all h in D(Ay) and t€[0, o[, £(t, h) € D(Ay),
(5.10) AsX(t, h) = A%(t, h)+ Bi(t, h) =[ A+ BK1%(t, h),
(5.11) i(t, h)= Kx(t, h).
(vi) For all h in D(As),
(5.12) Kh= }1_)1‘2) —B*P(t)h,

and for all h in 3 and almost all t in [0, co[
i(t, h)=KxX(t, h), x(t, h)e D(K).

When X = H the closure K, of the operator —B*P,, in 3 coincides with K on D(As).
Proof. (i). By definition of X, for all h¢ X lim,, . (P(t)h, h) =00 and, in view of
identity (4.2),

(P(t)h, h)=J(u, h), YueL*(0,00; U), Vt=0.
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By letting ¢ go to infinity, we obtain (5.1). When h € X, identity (4.2) yields
d(h)=J(u, h), YueL*0,00; U).

For each t>0, let (x,, u,) be defined by

s x;(s)=Ax,(s)— BB*P(t—s)x,(s), in]O0, t], x,(0)=h,

19 u,(s)=—B*P(t—s)x,(s), in[0,t].

The pair (x,, u,) is the optimal solution on the interval [0, t]. Consider the extension
i, of u, from [0, t] to [0, oof

u(s), ifo=s=1,
0, if s>t

(5.14) ﬁ,(s)z{

and let X, be the corresponding extension of the solution x, of the state equation on [0, ¢]

x.(s), if0=s=1¢,
0, if s>t

fl(s) ={
Again by (4.2) and (5.14)

(5.15) (P(t)h, h)= J‘o’ {1Cx. ()] +|u,(s)]} ds = LOO |, (s)|? ds.
Hence for any sequence {t,}, 1, > %, the sequence {4, } is bounded in L*(0, c0; U). So
there exists @ in L*(0,0; U) and a subsequence of {t,} (still denoted {t,}) such that
(5.16) 4, > in L*(0,c0; U)-weak.

Denote by £ the solution of
(5.17) X'(s)=AX(s)+ Bii(s), fors=0, %(0)=nh.
Then for any fixed T>0and ¢,>T

4, »d inL*0, T, U)-weak, %, >% in L*(0, T; H)-weak.

For t,> T, however,

(P(t,)h, h) = J {ICx,, ()" +]u,, ()} ds

and by weak lower semicontinuity

T

b(h)= j 1CE(s)P+ i)} d.

0

As T goes to infinity

[ee]

(5.18) ¢(h)éj {ICR(s)P+[i(s)I} ds = J (@, h).

0

Combining (5.18) and (5.13) it follows that there exists @ = (-, h) e L*(0, c; U)
such that

J(G, h)=¢p(h)=J(u h), Vue L*0,00; U).
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It follows that V(h)=J(d, h) = ¢(h) = V(h). This establishes (5.2). As for the unique-
ness of 4, assume that @, and i, are two optimal controls in L*(0,0; U). Then
J(ﬁl, h) =](ﬁ2, h) = V(h) So for ﬁl # ﬁ2

J((y+5)/2, h) =3[ (i, h)+ T (s, h)]=J (i, — i)/2, h)
= V(h)=J((i, = ,)/2, h) = V(h) =gllid, — i ||* < V(h),

which contradicts the optimality of i, and ,.
(ii) Let #@, be defined by (5.13), then

(5.19) 14,1 320.00:0) = (P(t)h, h) =|h|3.
Moreover, since the optimal control is unique, we have proved in part (i) that

lim @, =4 in L*(0,00; U)-weak, for any heX.

t—=>00

We now prove that 4, > @ in L*(0, c0; U)-strong. By optimality of the pair (x,, u,) on

[0, 1]
J'(u,, h)=inf {J'(v, h): ve L*0, c0; U)},

where

J' (v, h) = J" {|Cx(s; v)]*+]|v(s)|?} ds.

We want to prove that lim,. J'(u, h)=J(d, h). By definition of the minimizing
element u, on [0, t]

J'(u,, h)=J'(G(-, h), h) =J {|CR(s, d(-, b)) +d(s, h)|} ds
0
and necessarily

lim sup J'(u,, h) = Jm{|C£(s, G(-, h)P+|d(s, b)) ds = J(a(-, h), h).

t->00 0

We have shown in (i) that @, > @, in L*(0, c; U)-weak, and we can show by the
same technique that {CX,} is bounded in L*(0,c; Y), and that weak subsequences
{CX, } converging to some y in L*(0,0; Y) can be extracted as follows:

C%, >y, inL*0,00; Y)-weak.

By continuity of the state x(-; u) with respect to the control u on a finite time
interval [0, T], T>0, the map u—x(-; u):L*(0, T; U)~ L*(0, T; H) is weakly con-
tinuous and, finally,

u->Cx(-;u):L*0, T; U)-> L%0, T; Y)

is also weakly continuous. This implies that for all T>0, y = CX(ii, h) in L*(0, T; Y)
and hence in L*(0, 0; Y). As a result,

#,~>d, inL*0,0; U)-weak and CX,-> Cx%, in L*0,; Y)-weak.

The functional

(v,y)~> J {ly(s)+|v(s)]’} ds): L*(0, 00; U) x L*(0,0; Y) >R
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is, however, weakly lower semicontinuous and necessarily
o0 o)
lim ian [|Cx [+ i, ] dséJ [|C£P+]al*] ds;
t—>00 0 0

that is,
liminf J'(u,, h) = J(4, h).
t—>00

Finally,
J(4, h)=liminf J'(u,, h) =lim sup J'(u,, h) = J (4, h),
—>00

t>c0
and this proves that lim,_ .. J'(u,, h) = J (i, h).
The strong continuity will now be obtained by the following simple computation:
I1C%, = CRIP+ ||, — | = | CZ. 1+ | &, + | CEI* + || @]|* - 2(CK,,, CF) —2(d,, i)
=J"(u,, h)+J (@, h)—2(CX,, Cx)-2(i,, ).
As t goes to o, J'(u,, h)>J(u, h) and, by weak convergence,
(CX,, CX) > (CX, CX)=||CX||> and (4, d)~> (@4, 4)=|d|"
So we conclude that

lim {|| C%, = CX|*+ ||, — u ||’} =2J (i, h) = 2[ || CX|* + | @[*1 =0
t—>00

and that
@, >4, in L*(0,00; U)-strong and CX,~ CX, in L*(0,0; Y)-strong.

By (5.18) and by the uniform boundedness theorem, it follows that the mapping
h- (-, h):=- L*0,00; U) is linear and continuous.

(iii) First, note that, by Bellman’s optimality principle, we have x£(t, h) € 2 for all
heX and

(5.20) X(t+s, h)=%x(t; X(s, h)), Vt=0, Vs=0,

[o o)

(5.21) V(X(t, h))= J {|CX(s, h)[>+]di(s, h)|*} ds.

Thus Ss(t) is a linear operator in X for all t=0. We prove now that Ss(¢) is bounded
in 2. By (5.17) we have

(5.22) £(t, h)y=e"h +J‘ e Bii(s, h) ds.

0

It follows that for any T >0 there exists C> 0 such that
(5.23) |£(t, W)|;y=Crlh|}, O0=t=T

Moreover, from (5.21), ¢(X(t, h)) = ¢(h) and the continuity of Ss(t) follows. We
now prove that lim,,, X(t, h) =h,Vh e 2. By (5.22) we have lim,, £(t, h) =h in H. It
remains to show that X(t) is continuous at ¢ =0 with respect to the seminorm ¢(h)"/2.
By the linearity of £(-, h) and (-, h) in h, we have

o)

¢(X(t,h)—h)= J {|CL(t+s, h)— Cx(s, W) +|ii(t+s, h)— (s, h)|*} ds.

0
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Since CX(-, h)e L*(0,00; Y) and (-, h) e L*(0,00; U), we have lim,_, ¢(£(t, h)—h) =
0. This proves (iii).

(iv) For any he D(As), £(-, h)e C'([0,[; =) and £'(0, h) = Ash. Denote by
w(-)=1(-, Ash) the optimal control corresponding to Ash. So for all >0

o[Fe=tan] -]

a(t+s,h)—id(s, h) 2(s)
; W(s

Cx(t+s, h)— Ci(s, h)
t

} ds.

As t goes to zero, the first two terms go to zero and necessarily

0
limJ
-0 0

which implies w =14’ and e H'(0,; U), Yhe D(As). By (5.22) we conclude that
he D(A), and (5.6) follows.

(v) We have shown in (ii) that the map h - #(-, h): 2 L*(0,; U) is linear and
continuous. In particular,

2
CxX'(s, h)

+

2

ﬁ(t-i—s)—ﬁ(s)_A ds—0

. w(s)

h->@'(-, h)=14(-, Ash): D(As)~> L*(0, 0; U)
is also continuous. Hence
h— (-, h): D(As)~> H'(0,0; U)

is linear and continuous when D(As) is endowed with the following graph norm
topology:

Al bay = 13+ | Ash|.

In particular, éi(c0) =0, i € C([0, 0]; U) and the map h - (0, h): D(As)~ U is linear
and continuous. We denote it by K. Equivalently, K is a closed linear unbounded
operator from X to U with domain

D(K)={heX: Khe U}> D(Asy).
In view of this and identity (5.6)
Vhe D(As), Ash=Ah+Bi(0,h)=[A+ BK]h.
Conversely, if he D(A)N D(K), then
Ash=Ah+ BKh=>he D(Asy),

and D(Ag) = D(A)N D(K).
(vi) To relate K and the limit of P(¢), we go back to formula (4.2) with he X,
u=14(-,h) and x=%(-, h):

(P(t)h, h)s+ J |ii(s, h)+ B*P(1—s5)%(s, h) ds
(5.24) ’

_ j (1CE(s, WP +]a(s, WP} ds.
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As t goes to infinity, we obtain

t
lim J lii(s, h)+ B*P(t—s)X(s, h)|> ds =0.

1—>00 0

Setting P(r) =0 for r=0, then

(5.25) limJ lii(s, h)+ B*P(t—s)X(s, h)|> ds =0,
—>00 0

since
limj |éi(s, h)|* ds =0.
=00 1

Now repeat the same estimate with Ash instead of h and £(:, Ash)=X'(-, h),
ii(-, Ash)=1'(-, h). Then by the same argument

(5.26) lim I |&i'(s, h)+ B*P(t—s)%'(s, h)|* ds =0.

0
Introduce the notation, and use (5.25) and (5.26) as follows:
v,(s)=1d(s, h)+B*P(t—s)X(s, h), v,~0 in L*(0, c0; U),
w,(s)=1'(s, h)+ B*P(t—s5)%'(s, h), w,~0 in L*0, c0; U).
For h in D(Ay), differentiate (5.24) with respect to ¢

%(P(t)h, hy+1i(0, h)+ B*P(t)h|*+2 J" (v,(s), w,(s)) ds =|CX(t, h)|>+]d(t, h)].
For t'=t, however,
(P(t"Yh, h)—(P(t)h, h)%O-—é%(P(t)h, hy=0,

and note that

[o o)

}ir}.gj‘r(v,(S), wi(s)) ds=}£rgoj (vi(s), w,(s)) ds>0 as -0,

0 0

Hence

d
0=1lim sup - < P(t)h, hy=lim sup {|C£(t, h)[*+|ii(t, h)[*},

1—>00 1—>00

0=1lim sup |#(0, h) + B*P(t)h|* =lim sup {|C£(t, h)[*+|d(t, h)[*},
t—>00 1—>00
and the lim inf are positive. Recall, however, that C£(-, h) e H'(0,00; Y) and #(-, h) €
H'(0,00; U), and this implies that lim,,, C£(-, h) =0 and lim,_, é(+, h) =0, and the
limit of the two terms exists and is equal to 0. So, finally, for all h in D(Asy)
Kh=lim,,,[—-B*P(t)h]. a
Remark 5.1. Theorem 5.1 shows that

(o o)

(5.27) V(h)=¢(h)=V(X(0, h)) = J {|CR (s, h)*+]d(s, h)|} ds.

0
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Hence dom V=dom ¢ =X, and X coincides with the domain of stabilization of the
triple (A, B, C).
Moreover, by the linearity of X(s, h) and #(s, h) in h, it follows that

(5.28) (h k)= J {(Cx(s, h), CX(s, k))+ (di(s, h), d(s, k))} ds, Vh keX.
0
6. The algebraic Riccati equation. Recall that we have identified the elements of
the dual H' of H with those of H. Our first task is to give a meaning to a solution of
the operator algebraic Riccati equation. Let Q be a positive selfadjoint closed linear
operator from H to H with a dense domain D(Q). Define

(6.1) 3o =D(Q"?) endowed with its graph norm topology,
(6.2) Ao=A-BB*Q on D(A)N D(Q), and
(6.3) Ao =closure of A, in =, (closure of the graph of A in 24X 3o).

DEerFINITION 6.1. We say that a positive selfadjoint closed linear operator Q with
dense domain in H is a solution of the operator algebraic Riccati equation if

(i) Ag is the infinitesimal generator of a strongly continuous semigroup {So(#)}
of class C, on X, and
(ii) Q verifies the following equation:

(Qh, Ak)+(Qk, Ah)— (B*Qh, B*Qk)y, +(Ch, Ck)y =0,
Vh, ke D(A)N D(Q).

DEFINITION 6.2. We say that the triplet (A, B, C) is approximately stabilizable
(respectively, stabilizable) if £ = H (respectively, == H).

Remark 6.1. Note that our definition of approximate stabilizability does not
assume the existence of a bounded linear feedback operator. In the literature on the
control of infinite dimensional systems, many papers use a definition of stabilizability
that assumes the existence of a bounded feedback operator (cf., for instance, Jacobson
and Nett [8]). As we will see in Example 6.1, there are simple control systems for
which there exists only an unbounded feedback operator, which makes the closed loop
system stable for all initial conditions in the state space H. So for infinite dimensional
control systems a hypothesis using the existence of a bounded feedback really contains
two hypotheses in one. To clarify this question we would have to systematically go
over this literature. However, this is not the objective of this paper.

Proposition 6.1. (i) If the triplet (A, B, C) is approximately stabilizable, then the
operator P, on H defined by (4.15) is a positive selfadjoint closed linear solution of
the operator algebraic Riccati equation (6.4). Moreover, for any other positive self-
adjoint closed linear solution Q to (6.4), P, is the minimum solution, that is,

(6.5) D(Q'*)= D(PY?), and Vhe D(Q),(Qh, h)=(Pgch, h).
(ii) The operator algebraic Riccati equation (6.4) has a positive selfadjoint
solution in the sense of Definition 6.1 if and only if the triplet (A, B, C) is approximately

stabilizable.
Proof. (i) Recall that from (5.28) for all h and k in D(Ay)

(6.4)

(PoAsh, k)= Jm{(Cf'(s, h), CL(s, k))y +(@'(s, h), d(s, k) v} ds,

[ee]

(Puoh, Ask) = J {(C£(s, h), CL'(s, k) y +(i(s, h), @'(s, k) u} ds.

0
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Now C%(-, h) and CX(-, k) belong to H'(0,00; Y); (-, h) and (-, k) belong to
H'(0,0; Y), and their limits as ¢ goes to infinity are 0. Therefore

o0

(PoAsh, k) +(Poch, Ask) = J i{(ca?(s, h), C£(s, k) y +(i(s, h), d(s, k) u} ds
=—(Ch, Ck)y —(i1(0, h), @(0, k)) .

In view of expression (5.10) to (5.12) in Theorem 5.1 we readily obtain (6.4) by
specializing to h and k in D(Q) N D(A).

Let Q be another posiitve selfadjoint solution of the operator algebraic Riccati
equation (6.4). Then we can rearrange the terms in the following way:

(IA—=BB*Q]h, Qk)+(Qh,[A— BB*Qlk)+ (B*Qh, B*Qk), +(Ch, Ck), =0,
Vh, ke D(Q)N D(A).
By hypothesis
(6.6) (Aoh, Qk)+ (Qh, Agk)+(B*Qh, B*Qk), +(Ch, Ck)y =0
and
(B*Qh, B*Qk)y =—[(Ch, Ck)y —(Q"*Agh, Q"?k) = (Q"*h Q*Agk)].

However, D(Q) N D(A)<= D(A,) and, by linearity and density, the above equation
extends to all h and k in D(AQ). In particular, the operator K, =—B*Q has a
continuous linear extension Ko: D(Ky)< H > U such that D(Ky) = D(Ap).

For all h in D(A,),

2(AoSo(1)h, Qh)+|B*QSo(1)h|y, +|CSo(t)h]5 =0

and for all t=0

Q"800+ [ (1B*QSats L +]CSats M) ds =1 *hP
Therefore
(6.7) Vt=0, Vhe D(A,), L’ {luo ()1 +]Cxo ()3} ds =|Q"*h|?,

where
uo(s)=—B*Qxo(s) and xo(s)=So(s)h, s=0.
Using the monotone increasing property of the integral, inequality (6.7) holds
with =00 and extends to all h in D(Q"?). Recall that for all h in 3= D(PY?)
|| tests, mplacs mpy as =P
0

for the control, and state
ii(s,h)=—B*Qx(s,h) and X(s,h)=Ss(s)h, s=0.
Hence, by minimality of the optimal control (-, h),
[PX2h[P=J(#(-, h), h) =T (ug, h) =|Q"?h[?
and, necessarily, D(Q"?) = D(PX?) =3.



UNBOUNDED SOLUTIONS TO THE LQ CONTROL PROBLEM 45

(ii) From part (i) we have already established that (6.4) has a positive selfadjoint
solution if (A, B, C) is stabilized. Conversely, if Q is a positive selfadjoint solution
to the operator algebraic Riccati equation (6.4), then we can repeat the step in part
(i) and obtain (6.7), which says that the dense subset D(A,) of initial conditions is
(A, B, C) stabilizable. In particular, D(A,)<= = and £ = H. O

Example 6.1. Recall the example in § 3. We have seen that

(6.8) H=D(A)=2¢, E={hef2: S (k+1)hi<oo}, S=H,
k=

1

(6.9) D(Pw)={he/2: ¥ (k+1)2hi<oo}, P.e,=(k+1)e,, keN.
k=

1
Moreover, D(As) =2, and K is the closed operator in H
(6.10) D(K)=X, Ke =v2k+1 e, keN.

The space X is the set of all initial conditions that can be stabilized with a finite energy.
However, for all h in H

(6.11) Imlx(s)|% ds <o,

0

and for all h in X
(6.12) I [x(s)|S ds = J {[x($)[ 2+ (Pox(s), x(s))s} ds = c[].
0 0
We remark that, in general, the closed loop system is not exponentially stable, as

the following example shows.
Example 6.2. Let H=D(A)= (>,

1
(6.13) Ae, =0, Bek=Eek, Ce, = ey.
Then
(614) Pooek=kek, kEN,
(6.15) Z={hef2: ¥ khi<oo}, S=H,
k=1

1

(6.16) Fek=(A—BB*POO)ek=~—l;ek.

Thus F is stable but not exponentially stable both in H and in X.
ProrosiTioN 6.2. If the triplet (A, B, C) is approximatively stabilizable and the
pair (A*, C*) is stabilizable, then

(6.17) J |£(¢, h)|% dt<co, forallhes
0

and the triplet (A, B, I) is approximatively stabilizable.
Proof. If (A*, C*) is stabilizable, then there exists a minimum positive bounded
solution to the Riccati equation

(6.18) AQ+ QA*—QC*CQ+1=0
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and the closed loop system
(6.19) y()=[A*-C*CQly(1), y(0)=k

is L’-stable. Denote by T(t) the semigroup associated with the above system. For all
h in = consider the optimal state X(-, h) and control (-, h), then

(6.20) X'(t, h) =[A*— C*CQI*X(1, h)+ QC*Cx(t, h)+ Bii(t, h), £(0,h)=h

and

t

(6.21) xX(t, h)=T*(t)h +J T*(t—s)[QC*Cx(s, h)+ Bii(s, h)] ds.

0
It follows that

”f(t; h)”l_z(o,oo-,l-l)é “ T*(- )h”Lz(0,00;H)+ || T*(- )h”Lz(O,oo;H)”QC*CJ?( - h)
+Bﬁ(‘, h)”Lz(O,oo;H)‘

The right-hand side is finite since T* is exponentially decreasing, QC* and B are
bounded, and Cx(-, h) and (-, h) are L*(0, c0; H) functions. d

Remark 6.2. To show the L°-stability with respect to the = norm, we would have
to prove that

(6.22) rmof(t; h), £(t, h))s dt = J r [|CR(s, h)P+ii(s, h)[] ds dt < co.

0 0

7. A condition for approximative stabilizability. In this section we examine the
connection between the (A, B, I) approximative stabilizability and the Hautus condi-
tion. We present a set of conditions (Hypothesis 7.1) under which the equivalence is
verified (Proposition 7.1). We complete this section with an application of Hypothesis
7.1 to the nerve axon system (Example 7.1).

Hypothesis 7.1. Let A be the infinitesimal generator of an analytic semigroup on
H. Denote by o(A) the spectrum of A, and by p(A) the resolvent set of A. Assume
that the following properties are verified:

(i) o(A) consists of a convergent sequence {);} of semisimple® eigenvalues plus
the limit point A, =1lim;_ o A;;

(ii) o(A)=0"(A)Uc*(A), where o (A)={A:Rer<0} and o"(A)=
{A: Re A>0}. We set P, =1/(2i) j'y (A—A)"" dA, where v is a suitable
curve around o (A) and define P=1-P,

(iii) Setting P;=1/(2mi) [c(,.., (A—A)"" dA, where C(A;, €;) is a circle in p(A),

we have e“P,x =Y _ e"Px.

ProposiTION 7.1. Assume that Hypothesis 7.1 is verified and that Be $(U; H).
Then the following statements are equivalent:

(i) The triple (A, B, I) is approximatively stabilizable,

(ii) Ker (B*)NKer (A*—A1)={0} for all \;c " (A).

Proof. (i) = (ii). Assume, by contradiction, that (A, B, I) is approximatively
stabilizable and that there exists A€ o(A) and h in H, |h|=1, such that A*h = Ah,
B*h =0. By (A, B, I) approximative stabilizability for any k in = there exists a control
u in L*(0, 00; U) such that the corresponding solution x of (2.1) belongs to L*(0, c; U).
Define the function g(¢) =(h, x(¢)). Then g is the solution of the equation

g'()=2ag(t), t=0, g(0)=(hk)=g(t)=(h k)e", t=0.

% An eigenvalue is said to be semisimple if it is an isolated point of the spectrum and a simple pole of
the resolvent operator (cf. T Kato [4, p. 41]).
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Hence

|(h, k)] J':o "M dt =g 120000 = Bl 1% 20,00, ) < 0.
However,
(7.1) J:O efMdt=0o=Vke3X, (hk)=0,

and by density of X in H, h =0, which is in contradiction with our hypothesis.
(ii) = (i). Let he H and ue L*(0,0; U). We can write the solution of problem
(2.1) as

t 0
x(t)=e"Ph +J’ e""*P_Bu(s) ds —I e""*P. Bu(s) ds
0 t

(1.2) )
+ e’A{PJn +J e P, Bu(s) ds}.

0

Thus the control u is admissible if and only if P, h +j“5° e **P, Bu(s) ds = 0. Consider
now the mapping

(7.3) u-vy(u)= J' e P,Bu(s) ds:L*(0,00, U)y>P,H=H,
0

and its adjoint

(7.4) h-(y*h)(s)= B* e **"h: H* > L*(0, o0; U).

Clearly the triple (A, B, I) is approximatively stabilizable if and only if Ker (y*) ={0}.
Now assume that (ii) holds and, by contradiction, that Ker (y*)# {0}. In view of
Hypothesis 7.1 (iii) for any h € Ker (y*) we have

(7.5) B* e h=B*Y e “P*h=0,

i=1

which implies P¥h e Ker (B¥). Since P¥he Ker (A*—\,I) (because A; is semisimple)
we have found a contradiction with (ii). 0

Example 7.1 (The nerve axon system). Let () be an open bounded set in R and
consider the system (introduced in [3])

% (t, &) = alx,(1,)+ by x,(t, £) + bioxy(t, x) + é F(D¢;(1, %),

t>0, £€Q,

(7.6) % (t, &) = by x,(t, x) + bapxy(2, x) + é gj(t)(»l/j(t’ x), t>0, ¢€Q,

J=
xl(oyx)zhl(x)’ §EQ,
xZ(O, x) = hZ(x)’ ge Qy
x,(t,€)=0, x,(1,£&)=0, t>0, ¢£€4Q,

where we assume that «, b;: R—> R are given real numbers, with a >0, b;,b,, # 0, and
Gryeoy by Uy, ..., ;€ C(Q) are linearly independent functions.
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Choose H = L*(Q) x L*(Q), U =R’ xR’. Setting

5 i)
(7.7) x=[x1], h=[h1], u=[(f1"”’f1)], Bu=|""

X h (g1,...,8) J
2 2 & & 5 gﬂ/fj(t,‘)
j=1
and
by blZ]
7.8) b= [ 5
( by, by

we can write system (7.6) in the abstract form (2.1). The spectrum o(A) of A consists
in two sequences of semisimple eigenvalues {A.(k)},.n and the accumulation point

(7.10) Aoo=by,.
The eigenvalues A.(k) are defined by

(7.11) A (k) =H—epm+Tr (b) £V —ap +Tr (b)) + 4L apaib,, — det ()1},

where the wu,’s are the eigenvalues of the Laplacian with Dirichlet boundary conditions.
Now it is easy to check Hypothesis 7.1, so that we can apply Proposition 7.1.
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Abstract. Several new concepts dealing with the convergence of convex sets and functionals in various
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are established. Then three general existence results of optimal shapes for variational inequalities are obtained.
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1. Introduction. In [5]-[8] and [11]-[13], some existence results of optimal shape
design for partial differential equations and variational inequalities hae been estab-
lished. In that work, the original problem is transformed to establish existence results.
However, it is now realized that we can study domain optimization problems directly
by introducing some concepts dealing with the convergences in various spaces, and
thus establish more general results.

The plan of our paper is as follows. In § 2 we introduce some general results that
will be used later, and we treat the local convergences of functionals in various spaces.
Then some compactness and lower-semicontinuity results with respect to the convergen-
ces are established. In § 3 we introduce and study some new Mosco convergences of
closed convex sets in various spaces. Finally, in § 4, as examples of some applications
of the new concepts, we establish some general existence results of optimal shapes for
variational inequalities, which can cover some results in [5]-[8] and [11]-[13].

2. Notation and preliminaries. In this section, we introduce and prove some results
that will be used later.
Let A and B be two subsets of R™ and define § as follows (see [13]):

3(A, B)=max {p(A, B), p(B, A)}, where p(A, B)=sup inf ||x —y| r~.
X€EA yeB

Then it is well known that § is a metric on the closed subsets of R™, the Hausdorft
metric. A very useful property is presented in the following theorem.

THEOREM 2.1 ([13]). Let {A,} be a sequence of closed sets of R™ such that A, < C,
a bounded closed set of R™. Then there are a subsequence of {A,}, still denoted as {A, },
and a closed set A< C such that §(A,, A)— 0.

By using the matric 8, we can also study the convergence of open sets [13].

DerFINITION 2.1. Let {Q,} (n=0,1, - - - ) be a sequence of open sets contained in
an open set C < R™ We say that Q,S Q, if 6(Q5, Q§) -0, where Q°=C\Q and C
is the closure of C in R™.

It follows from Theorem 2.1 that if {Q,} (n=1,2,- ), a sequence of open sets
in R™, is contained in C bounded open set of R™, then there are subsequence of {Q,,},
still denoted as {Q,}, and a closed F in C such that §(C\Q, F)-0. It is easy to see
that C\F is open because C\F < C (note that C\C < F from Lemma 3.1 [3]) and so
R™\(C\F)=FU(R™\C) is closed. Therefore, there is an open set Qo= C\F< C
such that Q, S Q,.

* Received by the editors October 23, 1989; accepted for publication (in revised form) November 30, 1990.
T School of Mathematics, University of Leeds, Leeds LS2 9JT, England.
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LEmmA 2.1. Let {Q,} (n=0,1, ) be a sequence of open sets of R™, contained
in a bounded set of R™. If {Q,} is contained in C, an open set of R™ and Q, S Q,,
then for any open set G € Q, (that is, G is compact and G < ), there is N(G)> 0 such
that G Q, (n= N(G)) (see the proof of Proposition 3.1 in [13]).

Remark 2.1. We can give another proof for Lemma 2.1 by the fact that
S(C\Q,, C\Qy) = p(x, C\Q,) if x€ G and x £ Q,. We also note that C is not necessarily
bounded in the above lemma. It follows from this lemma that for any open set G €},
we find that N(G)> 0 such that GE€(), for n= N(G) because we find that another
open set G, € (), such that G € G,.

We say that the open set sequence {Q,} (n=0,1,2,- ) has the property G if,
for any open set G €(),, there is N(G)> 0 such that G< Q, (n= N(G)). Thus, if
Q,5Q,(n=1,2,---), then {Q,} (n=0, 1, -, ) has the property G.

It is clear that such a convergence is too weak, as it cannot even guarantee that
the Lebesgue measure of £, tends to that of Q, when Q, S Q,, and, furthermore, we
cannot get much information about 4(), from what we know about {6(,}. So we
introduce a stronger convergence.

TueoREM 2.2 ([5], [13]). Let O, ={Q open, Q< C a fixed bounded open of R™,
and Q has the e-cone property} (see [5] and [13]) for some € > 0. Then O, is a compact
metric space where the following distance is defined :

dC(As B):S(AE9 BE)+<J IXA_XBl dx)9
RrR™

where x4 is the characteristics function of A.

Note that the compactness and the property in Lemma 2.1 for O, can be established
without introduction of 8§ (see [5] and [6]).

THeoREM 2.3 ([5]). If Q€ O,, then it has a Lipschitz boundary and there is an
extension operator jo, from H'(Q) to H'(R™) such that

lioull i rmy = cllul| 1y, foranyue H'(Q),

where the constant c is independent of ().
Remark 2.2. Let C be a fixed open set in R™ with a W"* boundary (see [11]).
We can introduce (see [11] and [12]), for k=1,

O**={T(C); Te F**},

where F“°={T; T is a bijective from R™ to R™ and I - T, I - T ' [ W*°(R™)]™}.
It can be shown that for any k=1 there is a topology 7 on O*%, which is finer than
the topology given by the distance dgm in Theorem 2.2, such that any bounded closed
sets in O are compact in O* " (see [11] and [12]). There are some other classes
of open sets with topologies finer than that introduced by the distance d- such that
the topology spaces are compact. These classes do not belong to O, or O*®.

Finally, we introduce some concepts of local convergences that are similar to
those in [14] and prove some results on compactness and lower-semicontinuity with
respect to the convergences.

DEFINITION 2.2. Assume that {Q,} is a bounded set sequence in R™ with
the property G and that u, € H'(Q,) for n=0,1,2,- - -. If the sequence {||u,| ')}
is bounded and for any open set G €, there is N(G)>0 such that u,c H'(G)
(n= N) and |lu, — uo|| 12y~ 0 (J|u, — o] ' (6)~> 0), then we say that {u,} locally weakly
(strongly) converges to u, in H'(Q,), or

u, = u, weakly (strongly) in H'(Q,).
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THEOREM 2.4. Let {Q,} be a sequence of bounded open sets of R™ with the property
G and u,e H'(Q,) for n=0,1,- - -. If for any fixed open set G €Q,, the functional
u— IG h(x, u,Vu) dx is weakly lower-semicontinuous (Ls.c.) in H'(G), where h is a
nonnegative function measurable on R™ x R X R™, then

J h(x, uy, Vug) dxémJ' h(x, u,,Vu,) dx,
Qo n->oo Q,
if u, & uy weakly in H'(Q,).

Proof. Let {G;} be a sequence of bounded open sets such that G, € Q,, G, < G;,,,
and U7 G;=Q,. Then we see that xg, — X, almost everywhere in R™. Let u %> u,
weakly in H'(Q,). First, for any fixed G;, we prove that

(2.1) J h(x,uo,Vuo)dxéli_mJ‘ h(x, u,, Vu,) dx.

G; n->co ¢ Gj

To this end, let {u,}, a subsequence of {u,}, satisfy

lim J h(x, Uory, Vidniy) dx=li_mJ’ h(x, u,,Vu,) dx.
k> Jg, n>co 4 Gj

Then we suppose that u,,— u, weakly in H'(G)) as {||u,|| n'«0,)} is bounded and
U, — Uy in LZ(Gj) (note that if G; € G, a bounded open set of R™, and u, > u, weakly
in H'(G), then u, — u, strongly in L?(G;) without any assumptions on 8G;). So we
get (2.1) from the l.s.c. assumption. Next, from Fatou’s lemma, we have

J h(x, uy, Vuy) dx =J‘ lim x h(x, uy, Vu,) dx
Qo Qo_]—)oo i

él_imj h(x, uy, Vuy) dx
G

Jj= i

éli_mli_mj h(x, u,, Vu,) dx
G;

Jj—>0 n—>c0 '

éli_mli_m_J h(x, u,,Vu,) dx
Q,

J—>00 n>00

=1i_mJ h(x, u,, Vu,) dx,
n-ooo ¢ 2y

because for fixed Gj, there is N>0 such that G;=Q, (n=N) and h is non-
negative. 0

CoROLLARY 2.1. Let {Q,} (n=0,1,---) be a sequence of bounded open sets in
R™ with the property G. Let the nonnegative function h be measurable on R™ x R X R™,
h(x, -, ) be continuous on Rx R™ and h(x, t,-) be convex. Then

J h(x’ uO’VuO) dxéll_m‘[ h(x, unyvun) dx’
Q9 n->co vy,
if u, & u, weakly in H'(Q,).

Proof. 1t is well known that under the assumption of this corollary, the functional
u->[, h(x,u,Vu) dx is weakly Ls.c. in H'(G) for any fixed bounded open set G in
R™. O

From Theorem 2.4 we also prove some ls.c. results in [6] and [14] without the
continuity assumption in x, which is restrictive in boundary problems. The following
result establishes the weak compactness of the local convergence in H'.
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THEOREM 2.5. Let ), be an open set contained in a bounded open set C of R™ for
n=0,1,---. If Q,5Q,, then for any sequence {u,} so that u,c H'(Q,) and
lunll i1, = d, there is a subsequence of {u,}, still denoted as {u,}, and u,e H'(Q,),
such that u, & u, weakly in H'(Q,).

Proof. Let G; (j=1,2,-,-) be the open set such that G,€Q, for j=
1,2, -, G;< Gy, and | G; = Q,. For G, there is {u,}, a subsequence of {u,}, and
ug such that u,; — ug strongly in L*(G,), u,; € H'(Qy), uoe H'(G)), and | ug|| 16,y = d
as G;€Q, (n= N(G))) from Lemma 2.1 and Remark 2.1. For G,, we also have such
{u,2}, a subsequence of {u,:}, and ug such that u,z — ugin L*(G,) strongly, ||ud|| 1'(q, =
d, and uj|s, = ug, and so on. Let uy(x) = u}(x) where x € G;. Then u, is well defined
and in L*(Q,), since we have | u,|| 12g)=d for any j=1,2,- - -. On the other hand,
for any ¢ € D(€),) there is j, such that ¢ € (G, ), and thus (Vu,, ¢) = ~(Vu,, ¢); that
is, Vuo=Vu; when xe G, so that use H'(). Thus put ne=ns and u,, = u,+ for
k=1,2,-- -, and weobtain u, € H'(Q,,) suchthatu, € H'(G;)(n = N(G))), u,, — u,
in L*(G;) and |ug| s'(g, = d for any fixed j. Then for any G € (), such that G < Q,=
U G;, G G, for a fixed j since {G;} is an open cover of G, which is a compact set.
Thus, we infer that u,, — u, strongly in L*(G). O

We now turn to the evolution case. Let T be a positive number and the spaces
L*(0, T; H'(Q))) be the same as in [9]. For fixed 6=0, let G°(0, T; H'(Q))=
{u:ue L*(0, T; H'(Q)), t°u’e L*(0, T; L*(Q)), 6 =0} with the norm

T

T 1/2
lullororman=| [ Tl det [ Nt ar)

0 0
and let W(0, T)={ue L*(0, T; H'(Q)); u'e L*0, T; [H'(Q)1*)} [9], where u' = du/dt
is its vector-valued generalized derivative in [9].

DEerINITION 2.3. Let {Q,} (n=0,1, -, ) be a sequence of bounded open sets in
R™ with the property G. Let u, € L*(x, T; H'(Q,)) (x=0) for n=0,1,---. We say
that {u,} locally strongly (weakly) converges to u, in the space L*(k, T; H'({,)), or

L
u, — u, strongly (weakly) in L*(x, T; H'(Q,)),

if {||unll 2. 1:1'q, )} is bounded and for any G €, there is N(G)>0 such that
u,€ Lk, T; H'(G)) after n=N, and u,— u, strongly in L*(x; T; H'(G))
(L*(x, T; L*(G))).

We now combine the weak compactness and lower-semicontinuity with respect
to this convergence in the following theorem.

THEOREM 2.6. Let {Q,} (n=0,1,---) be a sequence of bounded open sets in R™
with the property G. Let Q,, 5 Q, and the sequence {||u, || G*.7.1'«,} be bounded. Then
there are uye G°(0, T; H'(Q,)) and a subsequence of {u,}, still denoted as {u,}, such
that u, & u, weakly in L*(88, T; H'(Q,)) for any fixed §>0 and

T

T
J J h(t, x, uy, Vug) dxdtémj J h(t, x, u,,Vu,) dxdt,
0 JQq Q,

n-oo v0

where h is nonnegative and measurable on R* X R™ x R x R™. We suppose that for any
fixed GEQ, and t>0, the functional u — jc h(t, x, u, Vu) dx is lower-semicontinuous
with respect to L*(G) convergence in H'(G).

Proof. By Lions’ compactness result in Theorem 5.1 of [10] and a similar method
used in the proof of Theorem 2.5, we find that u,e G(0, T; H'(Q,)) and u, & u,
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weakly in L*(08, T; H'(£,)) for any 8 > 0. Let {u,,} be a subsequence of {u,} such that

T

T
limj J h(t,x,u,,k,Vu,,k)dxdt=l_imJ
Q

k> 0

J h(t, x, u,, Vu,) dx dt.
" now J0 Ja,

Then for any G €{), there is a subsequence of {u,,} (depending on G), still denoted
as {u,,}, such that u, (t)— uy(t) strongly in L*(G) almost everywhere for t € (0, T).

Therefore, for fixed G,

j‘ h(t,x,uO,VuO)dxéﬁ_mJ h(t, x, u, ,Vu,)dx ae.forte(0,T).
G

n—>00 G

Thus, as in the proof of Theorem 2.4,

J h(t, x, uy, Vu,) dx = lim J h(t,x, u,,,Vu, )dx ae. forte(0,T).
G Q,

k—>co

Thus,

T T [
J J h(t, x, uy, Vug) dxdt-f-J lim h(t, x, u, ,Vu,, ) dxdt
0 G

0 ksoco J

T
éli_mj h(t, x, u,, , Vu,, ) dx dt

k—->o0 slnk

T e
= lim J h(t, x, u,, Vu,) dx dt,
nooo v0

Q,

due to Fatou’s lemma. However, G is any open set such that G €(},,. Thus we get our
conclusion. 0

Remark 2.3. If h(t, q, s, p) = h(t, q, s) and h, is nonnegative and continuous with
respect to s, then h satisfies all the conditions in Theorem 2.6. On the other hand, if
h(t,q,s, p) = hy(q, s, p), the nonnegative function h, is continuous on R™ x R x R"™,
and hy(q, s, -) is strictly convex in R, then from [14] we see that h satisfies all the
conditions in Theorem 2.6.

3. Convergences of convex sets. We now study the convergence of closed convex
sets in various spaces. Before doing so, we will first examine a further property of our
local convergences, which is important to establish existence of optimal shapes.

3.1. Uniformly absolute continuity. We first note a fact about our local convergen-
ces. If u,e H'(Q) for n=0,1,- -+ and u,— u in H'(Q) strongly, then it is known
that the sequence of integrals {J,, [|u,|+|Vu,|*] dx} is uniformly absolutely continuous;
that is, for any & > 0 there is § >0 such that

J (Ju >+ |Vu,[*) dx=¢, forn=1,2, - provided mes (E)=8.
E

For our local convergences, however, this is not necessarily true.
Example 3.1. Let Qy=Q,=(0,1) forn=1,2, -+, u,=0, and

—-n/t+1/n, 0<t<1/n*
u,(t)= N .
0 1/n"=t<1

1/n?

Then u, % u, strongly in H'(Qo). It is true that [,"" (Ju,|*+|Vu,|*) dt = 1, however.
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Because of this, i, —IQ (Vv,,, Vu,) dx does not necessarlly converge to iy=
IQ (Voo, Vi) dx, even if u, %> u, and v, & v, strongly in H'(Q,), and this makes it
difficult to establish any existence results for optimal shapes. Thus, we now introduce
the following result.

DEeFINITION 3.1. Let u, € H'(Q,) for n=1,2, - . We say that {u,} is uniformly
absolutely continuous (U.A.C.) if

| Gupsrvu ax—o,
where the measurable sets E, €, for n=1,2,---, and mes (E,) — 0. We have a
similar definition for u,e L*(«; T; H'(©2,)) («k=0); {u,} is U.A.C. if ITIE [|u,)*+
|Vu,|’] dx dt — 0, where E, satisfies the same conditions. In the same way, we say that
{u,} is weakly uniformly absolutely continuous if |, (|u P+|Vu,|?) dx (or ;[ [l.]>+
|Vu,|*] dx dt) is replaced by IE |u,|? dx (or JT IE |u,,| dx dt) in the above definition.
Example 3 2. If Q,=C and there is a extension operator j, from H'(Q,) to
H'(C) (n=1,2,- ) such that sup, |j,|| <o [5], where C is a bounded open set of
R™ with a Lipschitz boundary, then for any {u,} with u,e H'(Q,) for n=1,2,- -+,
which is locally weakly convergent to an elementin H'(Q,), thereis {u,, }, a subsequence
of {u,}, such that it is weakly U.A.C. To see this, we note that j, u, — u, in L*(C)
strongly (see [1]) and IE lu, |2 x<jE ljnithn,|> dx — 0, while mes (E, )— 0. In
fact, we can prove that {u,} ‘itself is weakly U.A.C. To do this, we just note that from
Sobolev’s embedding results [1] (note that C is bounded), there is 6 > 0, p > 1 such that

1/2p
(] v as) ™ = obiauaticr = sup Vil
C n

1/p 1-1/p
I |u,|* dx = j |ntha]® dx = (j ot dx) (J dx) )
E E c E,

n n

Thus {u,} is weakly U.A.C.

On the other hand, we can prove a similar conclusion for {u,} with u,€
G’(0, T; H'(Q,)); that is, [, [g undxdi—0(E,=Q,), provided {||u,[l o, 7;1' 0}
is bounded and mes (E,) — 0, because

T T
J J ul dxdt= J J (Jiuttn)? dx dt
o JE, o JE,

T
= J J ljnttall20(cy dx dt mes (E,)'™"*
0 C

so that

.
= & sup ||j,|| mes (E,)' """ J J w13, dx dt.
n 0 Q,

Finally, we note a useful fact: the operator J,, (J,u)(t, x) = (j,u(t,°))(x) is also
an extension operator from G°(0, T; H'(Q,)) to G°(0, T; H'(C)) for n=1,2,- - -,
and {||J, ||} is bounded if j, is also an extension operator from L*(Q2,) to L*(C) with
sup, |ljull 2cr2cq,).12(cy <. To see this, we must note that J,u is strongly measurable
to t>0,

T T
| AT
0
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and

T T
J 12° CGttn)' | 22y dt = J Winll 2c2@.2con Uil 12, dt.
0 0

Remark 3.1. It can be proved by the integral transform formula that if {Q,} is
bounded in O*°(kz=1) and {||u,| n(q,} is bounded, then {u,} is weakly U.A.C.

3.2. Local Mosco convergence. We now give a definition of the convergence of
convex sets in some various spaces, similar to the Mosco convergence in [2].

DeFINITION 3.2. Let {Q,} (n=0,1,- - ) be a sequence of bounded open sets in
R™ with the property G. Let K, be a nonempty closed convex set in H'(Q,) for
n=0,1,---. We say that {K,} locally Mosco converges to K, in H'(€Q,) (denoted as
K, > K, in H'(Q,)), if and only if

(i) Ue K,, provided there is {n,}, a subsequence of {n}, such that u, € K,, and
u,, = u weakly in H'(Q,).

(ii) For any u € K,, there are u,€ K, (n=1,2, - - - ) such that u, & u strongly in
H'(Q,), and {u,} is U.A.C.

It is clear that even if 1, =Q,, n=1,2,- - -, this concept is not the same as the
Mosco convergence of closed convex sets in [2]. To see this, we take Q,=Q,=(0,1)
and K, = Ky={ue H(Q,); u|50, = 0}. Then it follows that K, Mosco converges to K.
It is easy to find u, € K,, such that u, &> —1 weakly in H'(Q,), which is not in K.

In the following examples, O, ={Q: Q open, Q= C a bounded open set of R™
with a Lipschitz boundary,  has the e-cone property for a fixed £¢>0}, Q,€ O,
(n=0,1,--+), and Q, — Q, in the distance d.(-, ).

Example 3.3. Let K,=H'(Q,) for n=0,1,---. We prove that K, 2 K, in
H'(Q,). First, if u, € K,, and u, % u weakly in H'(€,), then ue H'(Q,). Next, for
any ue H'(Q,), let j, be an extension operator from H'(Q,) to H'(C) and {u,}=
{jou|q,}, which is U.A.C. Then, from G<Q, (n= N) for any fixed G €Q, (see §2),
we see that u, = u strongly in H'(Q,).

Example 3.4. Let K, =Hy(Q,) for n=0,1,---. If u, — u, with u,. € H'(Q,,),
it follows that u,e Hy(Q,) by passing the limits in (x(Q,,)—1)u,, =0 and by using
the fact that x(Q,) — x(Qo) in L>(R™) strongly and 9}, is Lipschitz, where u, is the
zero extension of u, on R™. Let u € Hy(Q,). Then there are v, € D(,) such that v, — u
strongly in H(£,). For any v;, there is an integer N, > 0 such that v, € H(')(Qj) (j=N)
and N;;;> N; because v; has a compact support in {),. We now take u;=v; if
N,=j< N, where j= N;, N;+1, - - -. Then we construct {u,} such that u, € Hy(Q,)
and u, & u strongly in Hy(Q,). We see that K, = K, in H'(Q,) if we can prove
that {u,} obtained above is U.A.C. To this end, we must note that {u,} < 9(Q,) and
u, — u in H{(Q,) implies that u, — u in Hy(C), where u is the zero extension of u
on C.

Example 3.5. Let K, ={u: ue Hy(Q,), u=0 almost everywhere in Q,} for n=
0,1,---. We now prove that K, > K, in H'(Q,). First, if u, € K,, and u, = u,
then we see that for any g €Q,, u|s=0 so that ue K,. Next, for any ue K,, from
Example 3.4, there are u, € Hy(Q),) such that u, — u in H'(G) strongly for any G €,
and {||u,|| n'ca,)} is bounded. Let u, = max (u,, 0) € K,,. Then from [4], we know that
u, — u strongly in H'(G) since u=0 and that ||u,| u',) = ||tn| n',)- On the other
hand, from the inequality

j (P + V) dx = j (P + V0, ?) dx
E, E,

and the fact that {u,} is U.A.C. (see Ex. 3.4), we see that {u,} is U.A.C,, also.
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By the same method we can prove that K, **> K, where K, ={u: ue H'(Q,),
u= ¢ almost everywhere in Q,,, ®ec H'(R")} or K,={u:ue H'(Q,), |[u|=1 almost
everywhere in Q,} for n=0,1,- - -.

Example 3.6. Let K,={u:ueH' (Q ), IQ [Vul dx<1} for n=0,1,2,---. We
prove here that K, =25 K. First, if Uy, Ly weakly in H'(£,), then for any GCQO,
u,, — u weakly in H'(G). Thus, IG [Vu| dx =1; that is, u € K,. Next, for any u € K,
let u =j,u, where j, is an extension operator from H'(QO) to HI(C). We then have

J |Vy|dx§J' |Vu|dx+J |[Vu|dx=1+¢,,
Q, Q A©,NQ0)

where &, — 0 because o, — xq, strongly in L*(R™), as seen before. Let u, = u,,/1+¢, €
K,, where u, = ulo, . Then, we have that u, — u strongly in H'(G) for any G €Q,,
and {u,} is U.A.C.

In a similar method, we show that K,-** K, in H' (QO) where K, =
{u: ue Hy(Q,), |Vu|=1 almost everywhere in Q,,} forn=0,1, -

Remark 3.2. It can easily be proved that the conclusions for Examples 3.3-3.6
still hold if we replace the condition {Q,}< O, and Q, — Q, in the distance d., by
{Q,}= 0% and Q, — O, in O** (k=1). We can also prove the conclusions for some
other classes of open sets by the fact that Q, > Q, and Xa, —> Xa, as &, — Q, (see
Remark 2.2).

We now study the evolution case. First, we give the following definition.

DerFINITION 3.3. Let {Q,} (n=0,1, -, -) be a sequence of bounded open sets in
R™ with the property G. Let K,, be a nonempty close convex set in the space
L*0, T; H'(Q,)) forn=0,1,---. We say that {K,,} locally Mosco converges to K, in
L*(0, T; H'(Q,)) (to be denoted as K, 2> K, in L*(0, T; H'(Q,)) if

(i) ue K, provided there is {u,, }, where {n,} is a subsequence of {n}, such that
u, €K, and u, & u weakly in L*(0, T; H'(Q)).

(ii) For any ue K,, there are u, € K, (n=1,2, - - - ) such that u, & u strongly in
L*(0, T; H'(Q)) and {u,}is U.A.C.

Example 3.7. Let K,=L*0,T; H(Q,)) for n=0,1,- - -. As in Example 3.3, we
can prove that K, > K, in L*(0, T; H'(Q,)) if we note that there is an extension
operator J; L*(0, T; H'(Q,)) to L*(0, T; H'(R")). To see this, let j, be an extension
operator from H'(QO) to H'(C) and (Jou)(t, x) =[jou(t, x)1(x). Then, J, is one from
L*(0, T; H'(Q,)) to L*(0, T; H'(R™)), as in Example 3.2. We can also prove a similar
conclusion for K, = L*(0, T; H)(Q,))) forn=0, 1,2, - - - if we note that 2((0, T) x Q)
is dense in L*(0, T; Hy(Q,)) and (0, T) x Q,, “21=E5 (0, T) x Q4 as Q,, S Q.

Example 3.8. Let K, ={u: ue L*(0, T; H'(L,)), u = ¢y almost everywhere where
¥ is in L*(0, T H'(R™))}. We now prove that K, = K, in L*(0, T; H'(Q,)). If
u, € K, and u, > u weakly in L*(0, T; H'(Q,)), then for any G €Q,, u, — u weakly
in L*(0, T; L*(G)). Thus u = ¢ almost everywhere in (0, T) X Q,; that is, u € K,. Next,
for any u e K,, let u, =max (Jou, ¥)|o, € K, for n=1,2,---. Then, for any G €Q,,
there is N >0 such that u,e L*(0, T; H'(G)) (n= N(G)) and u, — u strongly in
L*(0, T; H'(G)) because there is N(G) >0 such that G= Q, (n= N(G)). It is clear
that {u,} is U.A.C.

In the same way, we can also prove that K, K, where K,=
{u:ue L’(0, T; H)(Q,)), u= ¢, y=0, ye L*0, T; H'(R™))}.

Remark 3.3. For Examples 3.7 and 3.8, we have the same remark as Remark 3.2.

4. Existence of optimal shape design for variational inequalities. In this section, %
will be a class of bounded open sets in R™, which are contained in a fixed bounded
open set. We further suppose that there is an open set C of R™ and a topology 7 on
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B, which is finer than the topology given by the distance d, such that (%, 7) is compact
in the sense that every sequence in B has a convergent subsequence. Let K, be a
nonempty closed convex set in H'(Q) for any Q€ %. For any u, ve H'(Q), let

a(u, v)= J [(A(x)Vu(x), Vo(x))gm +a(x)u(x)v(x)] dx,

(fiu) =J S(x)u(x) dx,

where Ae[L*(R™)]™*™ is a positive matrix, a€ L°(R™), a(x)=0, and fe L*(R™).
We suppose that a(u, u) is uniformly coercive; that is, a(u—v, u—v)Z c|lu—v||} @)
for any u, ve K, where the constant ¢ is independent of Q).

4.1. Existence of optimal shape design for elliptic variational inequalities. We now
consider the following optimal shape design problem (OSD):

QeRB

min J g(x, u, Vu) dx,
Q

subject to
(4.1) a(u,v—u)=(f, v—u), ue Kg, foreveryve Kg,

where g is a nonnegative measurable function on R" x RX R™, g(x, t, -) is convex on
R™ and g(x, -, -} is continuous on Rx R™.

We now give a general existence result for the optimal shapes.

THEOREM 4.1. If Ko > K, when Q, — Q in the topology 7, then (OSD) has
at least one solution.

Proof. Let {Q,} (n=1,2,---) be a minimizing sequence of (OSD) and u, be the
solution of (4.1) on Q,. From the condition, we know that there is a subsequence of
{Q,}, still denoted as {Q,}, and Qy€ B such that Q, — Q, in the topology 7. Thus
Q,5 Q and xq, — xo, strongly in L'(R™) (so in L*(R™)). From

(4.2) a(u,,v—u,)=(f,v—u,), u,e K, , forallve Kg ,

Schwartz’s inequality, and the uniform coercivity of a(-, -), we see that there is M >0
such that

cllu, = v 30y = aluy — v, u, = 0) = (M|l 1) + 1A 2w 100 = 0]l 100 »

for any ve Kq . Let v, be a fixed element in Kq_ and v, L v, strongly in H'(Q,) with
v, € Kq,. We see that {||v,|| uq,)} is bounded and thus, by letting v =1, forn=1,2, - - -
in the inequalities above, it follows that {||u, | 1'«,)} is also bounded. By Theorem 2.5,
we know that there are u,e H'(Q,) and a subsequence of {u,}, still denoted as {u,},
such that u, & u, weakly in H'(Q,). We now show that u, is the solution of (4.1) on
Q. To this end, we first note that u, € K, because Ko, —*> K, . For the same reason,
for any ve Kq,, there are v, € K, such that v, £ v strongly in H'(£,). Next, for any
€ >0 there are G €, and N >0 such that G e Q, and mes (Q,\G)+mes (Q,\G)=¢
for n= N because xq, —> xq, strongly in L*(R™). For such fixed GEQ,,

(4.3) limj f(u"—vn)dx=j (f, up—v) dx,
n=>%Jg G

n->00o

(4.4) lim J’ [(AVu,, Vv,)gm + au,v,] dx = J [(AVu,y, Vo) rm + auyv] dx,
G G
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for any ve K, where u, £ u, weakly, v, £ v strongly in H'(€,), and {v,} is U.A.C.
We now estimate j, = |]Q"\G [(AVu,, Vv,)au,v,] dx| and j,= |IQ”\Gf(u,, —v,) dx|. We
see that j, can be arbitrary small since

L=l 2ot e Flvall i2en6)-

From the fact that {v,} is U.A.C. and from the same reasons as above, we also know
that j, can be arbitrarily small from Schwartz’s inequality. Combining (4.3) and (4.4),
we get

(4.5) J f(v—1ug) dx=1imJ f(v, —u,) dx,
Q n>%Ja,

n—>oo

(4.6) J [(AVu,, Vo) + augv] dx = lim J [(AVu,, Vv,)+ au,v,] dx.
Q Q,
On the other hand, from Corollary 2.1,

J [(AVuy, Vug) + auguy] dx = lim J [(AVu,, Vu,)+ au,u,] dx.
Qo

n->oo v,

Together with (4.5) and (4.6), we infer that, for any ve Kq,

(f “0_0)=J

Q9

f(uy—v) dx =lim J f(u, —v,) dx
n-—>oo Qn

= lim a(u,, u, —v,) = a(ug, up— ).
That is, u, is the solution of (4.1) on €. To see that (), is an optimal shape, we only
need to use Corollary 2.2, that u,, & u, weakly in H'(,), and that {Q,} is a minimizing
sequence of (OSD). ]

COROLLARY 4.1. Let B = 0O, and {Ky} in (OSD) be the same as one in Examples
3.3-3.6. Then (OSD) has at least one solution.

Remark 4.1. If B is a closed bounded set in O (k=2) (see §2) in (OSD),
Theorem 4.1 and Corollary 4.1 are still true, from Remarks 2.2. and 3.2.

Remark 4.2. Theorem 4.1 is a very general existence result, and it can be used in
some other classes of open sets. Furthermore, we see from the theorem that in many
cases (see, e.g., Example 3.3) we still have existence results without assuming the
condition that there are uniform extension operators (Theorem 2.3), which was assumed
in other works [5]-[7], [13].

4.2. Existence of optimal shape design for evolution variational inequalities. Let B
have the same meaning as above and K, be a nonempty closed convex set in
L*(0, T; H'(Q)) for every Q € 8. We consider the following evolution optimal shape
design problem:

o
(OSE) min J J h(t, x, u, Vu) dx dt,
QeB 0 Q
subject to
T T T
(u’,v—u)dt+J a(u,v—u dtéj fv—u) dt,
(47) J e

u(0, x) = (x), ue KoNW(0, T; H'(Q)) for any ve Ko,
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where ¢ € L*(R™), fe L*(R™"), (u, v) =(u’, v) (1)< H'(), and h satisfies conditions
in Theorem 2.6. Furthermore, we suppose that A(-) and a(+) in a(u, v) are continuous
on R™ Thus, we give the following result.

THEOREM 4.2. If (4.7) has a unique solution for any Q€ B and the solution ug, is
in G°(0, T; H'(Q)) such that the following uniform boundedness condition holds:

luall oo, 1.1y =d, where d is independent of Q€ %,
then (OSE) has at least one solution if Ko, %' Kg, in L*(0, T; H'(Q,)) as Q, — Q in
(B, 7).

Proof. We use the same method as in the proof of Theorem 4.1. Let {Q,} be a
minimizing sequence of (OSE). From Theorem 2.6 and the uniform boundedness
condition, we know that there is a subsequence of {u,}, still denoted as {u,}, and
uye G°0, T; H'(Q,)) such that u, & u, weakly in L*(0, T; H'(£,)), where u, is the
solution of (4.7) on Q,. We only need to prove that u, is the solution of (4.7) on Q,
due to Theorem 2.6. First, by the same method in the proof of Theorem 4.1, we have,
for any ve Kq,,

(4.8) JT f(uy—v) dxdt=li_)n;JTJ‘ f(u, —v,) dxdt,

0
where {v,} is U.A.C., v, & v strongly in L*(0, T; H'(£,)). Similarly, from Theorem
2.6, Remark 2.1, and Example 3.2,

J . [(AVugy, V(uy—v)) + aug(uy,—v)] dx dt

(4.9) PR

élimj J [(AVu,, V(u,—v,))+au,(u, —v,)] dxdt.
n-oo ¢0 Q,

We now prove that

T T
(4.10) J (ug, v) dt =1lim J (u), v,) dt.
0 n>%Jo

To see this, we first note that for any G €},

T T
j J uyv dx dt = lim j J u,v, dx dt,
o JG n>oJo JG

since u/, — u} weakly in L*(0, T; L*(G)) from the fact that u, — u, in L*0, T; L*(G))
strongly and that {||u, || 120,7.12(G))} is bounded. Next, we note that for any & >0 there
are GE(Q, and N>0 such that G Q, (n=N) and mes (Q,\G)+mes (Q,\G)=¢

such that
T T

j J ui,v,,dxdt‘+ J J uy vdxdt
0 Q.\G 0 Q\G

= [|un|l 20, 7:22,) | Un I Lo,1:u eyt Ul L2<0,T;L2<no))|| U||L2(0,T;H‘<no\c)) >

which can be arbitrarily small if mes (Q,\ G) is small enough, because {v,} is U.A.C.
and {||u, || 60,7, 1"y} is bounded. So we get (4.10) from

T T
J (un, v,) dt=J J u,v, dxdt.
0 o Ja,

T T
(4.11) J (uo, uo) dtéli_mj (un, uy) dt.

0 n->oo 40

Finally, we prove that
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To do this, we note that since u, — u, strongly in L*(0, T; L*(G)) for any G € Q, and
{ll 4|l 6°0, 7.1, 1y} is bounded, then it follows from Lions’ compactness embedding
result in [10] that u, — u, weakly in W(0, T) for any G €(),. On the other hand,
W(0, T) is embedded in C(0, T; L*(G)) [9], so u,(T, x) & u(T, x) weakly in L*(Q,).
Thus (see the proof of Theorem 2.4),

T
2J (uo, uo) dt=J u(T, x) dx—J’ $*(x) dx
0 Qo Qo

§1_i_rgj u%(T, x) dx — lim J P2(x) dx
no>oo Qn n—->o00 ﬂ"

T
=1i_m_J [ui(T, x) = ¢*(x)] dx=21i_mJ’ (un, u,) dt.
nod 4 Q, noco 90

Combining (4.8)-(4.11), we infer that u, is the solution of (4.7) on ,. Thus £, is an
optimal shape from Theorem 2.6. 0

COROLLARY 4.2. Let ¢y=0, fe C(0, T; H'(R"))NL*(R™") and f(0)=0 in
(OSE). Suppose for every fixed Q€ B, that there is a constant p >0, independent of (Q,
such that, for any ve K, and s =0,

G(s)v+G*(s)v—G*(s)G(s)v+(p—1)ve pKg,

where G(s) is the semigroup introduced in [10, p.294]. Then (OSE) has at least one
solution, provided K, > K, as Q, = Q,.

Proof. We only need to note that the uniform boundedness condition holds from
the proof of Theorem 9 in [10, p. 294]. O

Remark 4.3. We have the same remark for Theorem 4.2 and Corollary 4.2 as
Remark 4.1.

Another important case where the uniform boundedness condition holds can be
found in [3, p. 124]. However, this condition is somewhat restrictive. In some important
cases, we can replace it by the common condition that {||uq|| 6% 1.1y} is bounded.

Before giving further results in this direction, we first give a definition.

DEFINITION 4.1. Let K, be a closed convex set in H'(Q) for any Qe B. We say
that {KQ}(QG RB) is L*-locally closed if for any {Q,}<®B (n=0,1,---) such that
Q0,5 Q,, wehave ue Kq,, provided there are u,, € Kq, sat1sfy1ng that for any G €,
there is N(G)>0 such that u, e L*(G) (k= N) and’ u,, —> u strongly in L*(G) (in
Definition 3.2(i), we have an additional requirement that {||u,, || n'(q, )} be bounded).

We note that all {K,} in Examples 3.3-3.6 are L’-locally closed.

In the following, & = O, and the condition that ue Ko N W(0, T) in (OSE) will
bereplaced by u € Ko N G*(0, T; H'(Q)), and we further require that a(u, v) = a(v, u)
for any u, ve H'(Q) to ensure that we can use the existence theorem of solutions for
evolution variational inequalities in [3].

THeEOREM 4.3. In (OSE), let B=0, and K,={ve L*(0, T; H'(Q)); v(t)e Kq
almost everywhere for t € (0, T)}, where Ky, is a closed convex set in H'(Q) and | € Kq
for every Q€ O,. Then (OSE) has at least one solution, provided {Kq} is L*-locally
closed and Ko 2" Kq, in H'(Qy) as Q, — Q, in O,.

Proof. First we note that (OSE) now is the same as

.
minJ' I h(t, x, u, Vu) dx dt,
Q

QeO,

(4.12) T T
J'O [(u'(2), v—u(t)) + a(u(1), v—u(1))]p(1) dtéj (f v—u(1))p(t) dt,
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where u(t) e K, almost everywhere, ue G0, T; H'(Q)), for any ve K, and pe
9(0, T), p=0. From [3] we see that for any Q € O,, (4.12) has a unique solution in
G'?(0, T; H'(Q)) and that {||uq | 6'/>0.7:1' )} is bounded. Suppose {Q,,} is a minimiz-
ing sequence of (OSE) and Q, — Q€ O,. Then we find a subsequence of {u,}, still
denoted as {u,}, and a function u, in G"?(0, T; H'(€,)) such that u, £ u, weakly in
L*(8, T; H'(Q,)) for any 6 > 0, where u,, is the solution of (4.12) onQ, forn=1,2, - - - .
Thus for any G €(),, there is a subsequence of {u,}, still denoted as {u,}, such that
u,(t) — uy(t) strongly in L*(G) almost everywhere for ¢ € (0, T). Therefore, as in the
proof of Theorem 2.5 in § 2, there is {u,, ()} (k=1,2, - - - n), a subsequence of {u, (1)},
such that u, (t)€ K, almost everywhere for t€(0, T), and for any fixed GEQ,,
u,, (1) = uy(t) strongly in L*(G) almost everywhere for te (0, T). Thus uo(t) € Ko,
almost everywhere for t € (0, T) because of the L*-closeness assumption of {K,}; that
is, up€ Kq,. We prove that u, is the solution of (4.12) on Q,. First, for any ve K,
there is v,€ Ko for n=1,2, - - such that v, % v strongly in H'(Q,) (thus, v, % v
strongly in L*(0, T; H'(Q,))) and that {v,} is U.A.C. Next, from the fact that
{lluall 6720, 711700, )} is bounded, we infer that for any 6>0, {||u,| cos 7.1, 18
bounded. So, as in the proof Theorem 4.2, we have, from the fact that p =0 and that
p has a compact support in (0, T),

T T
(4.13) J (f, v—up)p dt =1lim J' (f, v, —u,)pdt,
0 n>° Jo
T T
(4‘14) J a(an uO_U)pdtéan_J a(una un—vn)pdt9
0 nsco 90

for any fixed ve K, . Next, note pe 2(0, T). Thus we have for any fixed G€Q,
T

T
2 J (uo, Up) 2(Gyp dt = _J‘ p'IIuonﬁ(m dt

0 0

T
—-tim | ol a

T
= lim 2 J' (u:la “n)LZ(G)P dt,
0

n-—>o00

because u, &> u, weakly in L*(8, T; H'(Q,)) for any 6 > 0. On the other hand, we have
uniformly bounded extension operators j, from H'(Q,) to H'(C) (see §2). From
Example 3.2, we know, as mes (Q,\G) — 0,
T
J j pu,u, dx dt‘
& Q,\G

T
J J puju, dx dt
& Q\G

can be arbitrarily small for fixed p because

and

T T
2 I pulu, dxdt| = J J p'ul dtdx
s JQNG s JONG
for a 6§ >0. Thus, we infer that
P‘T T
(4.15) (uy, ug)p dt = lim J (u),, u,)pdt
Jo nosoo ¥ 0
It only remains to prove that
T T
(4.16) (ugy, v)p dt =lim J‘ (u;,, v,)pdt
Jo n=>o Jo
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To show this, we note that for any 8>0, {f; ||lu.|32q,, dt} is bounded. Thus,
I+ (uh, v)pdt=lim,. [, (4, v,)p dt, as before. On the other hand, p has a compact
support in (0, T), so we get (4.16). We see now that u,e G*(0, T; H'(,)), and u,
satisfies (4.12). Thus we know that (), is an optimal shape from Theorem 2.6. 0

Combining Theorem 4.3 and Examples 3.7 and 3.8, we can easily give many
examples about the existence of optimal shapes in the evolution case.

5. Discussion. It seems that we cannot deal with such cases as Kg=
{ve H'(Q), v|,0=0}. However, we must realize that the local convergences given in
this paper are only some special cases of a general local convergence theory. In further
papers we will develop a general local convergence theory, which seems very useful
in the studies of domain optimization. We will see that by using some suitable local
convergences, we can treat much wider ranges of domain optimization problems.

Acknowledgments. The authors thank the referees for their valuable comments
and suggestions.
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STABLE SOLUTIONS OF REAL ALGEBRAIC MATRIX
RICCATI EQUATIONS*

ANDRE C. M. RAN+t AND LEIBA RODMANt#

Abstract. Various stability properties of real symmetric solutions of algebraic matrix Riccati equations
with real coefficients are studied. The stability is understood in the sense of robustness, i.e., a solution is
stable if, roughly speaking, every nearby equation has a nearby solution.

Key words. Riccati equations, stability, Lipschitz-stability
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1. Introduction. We consider the algebraic matrix Riccati equations
(1.1) XDC +XA+A"X - C =0,

where A, D, and C are given n X n real matrices with C=C", D=D", and D=0 (we
use the notation X = Y for real symmetric matrices X and Y to indicate that the
difference X — Y is positive semidefinite; the superscript “ 7" stands for the transposed
matrix). Only real symmetric solutions X of (1.1) will be considered in this paper.
Such solutions, and especially the maximal solution, play a crucial role in the classical
quadratic control problems in continuous time (see, e.g., [KS], [Br], [K], or practically
any book on linear control systems). In recent years, many new important applications
of (1.1) have appeared (we mention only one of them here: H* control; see, e.g.,
[GGLD], [ZK], and [BC]), and numerical algorithms for finding real symmetric
solutions of the algebraic matrix Riccati equation are being developed (see, e.g., [BM],
[By], and [L]). Also, real symmetric solutions that are not maximal appear in the
optimal feedback control for certain linear quadratic problems (see [T] and [ST]).

In this paper we characterize real symmetric solutions X, of (1.1) with various
stability properties. We say that a solution X, is stable if, roughly speaking, any
equation with slightly perturbed coefficients A’, D', and C' (the perturbed coefficients
D' and C’ must satisfy the same symmetry conditions as (1.1), i.e., C'=C'", D'z 0)
will have a real symmetric solution as close as we wish to X,. (The precise definitions
of various notions of stability are given in §3.) As a byproduct, we also obtain
descriptions of stably disconjugate Hamiltonian systems of differential equations Jx’'=
Hx, where H=H" is a given constant matrix and J =[] ']. Often we will assume
that the pair (A, D) is controllable, i.e., the rank of the nxn®> matrix
[D AD --- A""' D]is n. In the framework of complex matrices (in this case, A” in
(1.1) is replaced by the conjugate transpose A*), the study of stability properties of
Hermitian solutions was done in [RR2]. The approach we take in this paper to stability
problems of solutions X, of (1.1) is based on reduction to corresponding stability
problems of the graph subspace
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The graph subspace is M-invariant and J-neutral, where M is the Hamiltonian for
(1.1). Various stability properties of such subspaces have been studied in [RR1].

The perturbation and stability properties of the solution of the algebraic Riccati
equations have been studied in the literature in a somewhat different framework.
Namely, assuming that the coefficients A, D, and C are C" or analytic functions of a
parameter (or several parameters), it can be shown under appropriate hypotheses that
certain solutions of the algebraic Riccati equation are again C” or analytic functions.
See [D], [Ro2], and [RR4], where analytic dependence on parameters is assumed,
and the main focus is on the stabilizing solution (in [RR4] the C'-dependence is
studied as well), and [Bu], where the C'-dependence is assumed (see also the last
paragraph in § 3).

The paper is organized as follows. In the next section (which is of a preliminary
character), we characterize (1.1) for which there is a real symmetric solution in terms
of the canonical form of pair of matrices

[ S|

The main results on stability and Lipschitz stability of real symmetric solutions of (1.1)
are described in §§ 3 and 4, respectively. Some properties of stable solutions, particularly
in relation to stability of nearby solutions of nearby equations and with isolatedness,
are described in § 5. Finally, in the last section we apply these results to characterize
stably disconjugate Hamiltonian systems.

We use the following notation and conventions throughout the paper. The spectrum
(i.e., the set of eigenvalues, possibly complex) of an n x n real matrix T is denoted
o(T). The algebraic multiplicity of an eigenvalue A of T is defined to be the dimension
of Ker (T — AI)" (understood as a subspace in the complex space C"), and the geometric
multiplicity is dim Ker (T — AT). The partial multiplicities of T corresponding to A are,
by definition, the sizes of the Jordan blocks with eigenvalue A in the Jordan form of
T. Finally, Im Z ={Zx: xeR"}cR™ denotes the column space of a real mxn
matrix Z.

2. Existence of real symmetric solutions. A standard approach to the investigation
of (1.1) is by introducing the 2n X 2n real matrices

A D 0 -
(2.1) M:[C —AT:I; J=[I O]'

We check that J=—J" and that JM =—M"J. So (M, J)e L,,(—1,—1), where we
borrow the notation L,(—1, —1) from [RR1] to designate the set of all ordered pairs
(B, H) of pxp real matrices B and H such that H is invertible, H=—-H", and
HB=—B"H. (Observe that p must be even so that L,(—1, —1) # &.) Such pairs (B, H)
can be reduced to a canonical form (described, for example, in [DPWZ]) by simul-
taneous real congruence and similarity, as follows. We denote by J,(a) the lower
triangular g X q Jordan block with eigenvalue a (which is assumed to be real), and by
J,(% b the 2g x 2q matrix

zZ 0 0 0
N E A R
N=b a) | 7 ZO, b al
0 o --- L Z

here a and b are real numbers with b # 0, and I, denotes the 2 x 2 identity matrix.
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THEOREM 2.1 ([DPWZ], [Th]). Let (B, H)e L,(—1,—1). Then there exists a real
invertible matrix S such that the pair (S™'BS, STHS) € L,(—1, —1) decomposes into a
simultaneous direct sum

P P
(2.2) ST'BS=@ B, STHS=@® H,,
j=1 j=1
where (B;, H;) € L, (—1,—1) and each pair (B;, H;) is one of the following S types.
Type 1.
Bj:Jan(o); I—Ij:KjF2njs

where k; = +1 and F, is the k X k matrix given by

0 ) 0 1
0 0 -1 0
F. = 0 1 0 0
(_l)k—l 0 0 0
Type 2.
0 I,
Bj=J2nj+1(0)®(_12ni+1(0))T; HJ:[ I 26“].
- 2n+1
Type 3.

B =1, (a)® (], (a)"; H;=[° ’]

where a is a positive real number.

Type 4.
0 N 0 F3i
B_J (0 b>' Hew 0 —1.:;1- o
I\ =p 0/’ s : : -
(- Fy --- 0 0

where b>0, k; =1, and F,=[_] {].
Type 5.

a b a b\\" 0 Iz,,j]
nen(ly o5 0): Hj—l:—lznj )

Moreover, the blocks (B;, H;) in (2.2) are uniquely determined by (B, H) up to a
permutation.

The signs «; = +1 that are attached to partial multiplicities corresponding to the
pure imaginary (#0) eigenvalues of B and to even partial multiplicities corresponding
to the zero eigenvalue of B are also uniquely determined (up to permutation of signs
attached to equal partial multiplicities corresponding to the same eigenvalue of B)
and form the sign characteristic of (B, H).

We now return to the Riccati equation (1.1) and the matrices (M, J) given by
(2.1). The basic existence result is given by the following theorem.

THEOREM 2.2. AssumethatC = C”", D= D" =0, and the pair (A, D) is controllable,
i.e., therankofthen x n” matrix[D AD --- A""' D] isn. Then the following statements
are equivalent:

(i) there exists a real symmetric solution X of (1.1);
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(ii) all pure imaginary and zero eigenvalues of M (if any) have only even partial
multiplicities and the signs «; in the sign characteristic of (M, J) corresponding
to the (nonzero) pure imaginary eigenvalues are all —1, while the sign k; attached
to the even partial multiplicity m corresponding to the zero eigenvalue is (—1)™'?;

(iii) all pure imaginary and zero eigenvalues of M (if any) have only even partial

multiplicities.

The equivalence (i)& (iii) in Theorem 2.2 is well known (see [Cu], [LR], and
[S]). The implication (ii)=>(iii) is evident, and, finally, the implication (i)=>(ii) follows
from Lemma 2.3 below. The proof of this lemma uses basically known ideas. Close
results are found in [Rol] and [GLR4], but in this form the result of Lemma 2.3
appears to be new.

LeEMMA 2.3. Let A, D, and C be real n x n matrices with C = C”, D= D", D positive
semidefinite and (A, D) controllable. If there is a real matrix X = X" such that

XDX +XA+A"X - C =0,

then every pure imaginary or zero eigenvalue of

M._<A D)
“\c -AT

has even partial multiplicities, and the signs in the sign characteristic of (M, [} 1)
corresponding to pure imaginary nonzero eigenvalues are all —1, while the sign «; attached
to the partial multiplicity m corresponding to the zero eigenvalue is (—1)™/>.

Proof. Let
0 —_
J= .
[I 0 ]
We verify that

(2.3) (—;’ 2)M(; 2)=<A+0DX —(A+DDX)T)

and

()

Furthermore, let Z=S"'(A+ DX)S be the real Jordan form of A+ DX (here S is
some real invertible matrix). We verify that

(2.5) (S_l 0 )(A-l—DX D )(S 0 )_(Z D, )
‘ 0o ST 0 —(A+Dx)")\o s'T) \o -z")
where D,=S""'DS™'" is symmetric and positive semidefinite; and
ST 0 S 0
(26) < 0 S—l)"(o S—lT) _J'

It is easily seen that the pair (Z, D,) is controllable as well. Because of formulas
(2.3)-(2.5), we can consider the pair

[ 29)
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in place of the original pair (M, J). Let ib (b=0) be a pure imaginary (or zero)
eigenvalue of Z. Without loss of generality we can write Z = Z,® Z,, where o(Z,) =
{£ib}; o(Z,) N{xib}= . Partition D, accordingly as follows:

oe(2 ™)
Dy, Dy,

Z D
Apply the following similarity transformation to [ 0 ]:

0o -z7
I 0 0 -U\[z, 0 D,, Du,\[I 0 0 U
oI -U" o 0 Z, DL, Dgsllo I UT o
0 0 I 0 0o 0 -z o 00 I 0
0 0 0 I 0 0 o -zIf\lo o I

Z, 0 D, Dy
0 2z, Dj, Dy
0o o -zI' o)
0 0 0 —ZzT

where the real matrix U is chosen so that 1302 =0 (it is easy to see that such choice is
possible because o (Z;,) N o(Z,) = ). We verify that

(v 26 1)

0o U
V:VT=( T )’
U 0

where

and that the pair (Z,, D,,) is controllable.
We have reduced the proof of the lemma to the following situation: either

P 0 b
5,00 o
(2.7) M=|"" , 0 BT
0 —J,
1@1( ”(—b 0))
(where b>0), or
14
‘ J,,(0) D
(2.8) M=|"""

0 @ (=1, (0)7

First, consider the case where M is given by (2.8). Using Lemma 8.4 of [GLRI1]
or Lemma 3.4 of [GLR2] we verify that the partial multiplicities of M are 2n,, - - -, 2n,.
Observe that, for a given real n x n matrix K, the set ¥ of all real symmetric positive
semidefinite n X n matrices V such that (K, V) is controllable, is connected (this follows,
for example, from the easily verified fact that (K, V) is controllable if and only if the
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matrix
vV o 0 I
o kx| YV o0 K'
0 0 - v]LxTH)m

is positive definite). Let K =(—Bj.':, J,,(0). Because of the connectivity of ¥, Theorem
I1.1.1 of [GLR3] implies that the sign characteristic of

(R

is independent of Ve ¥ (Theorem II.1.1 of [GLR3] is stated for the framework of
complex matrices; however, Proposition 3.3 of [RR1] makes it possible to apply this
theorem for the real case as well). Thus, the sign characteristic of (M, J) is the same
as that of

K V,
(2.9) ([0 —KT]’J>’

where Vo=ee] +e, 1€t Feniin +1€n+in,_+1- (We denote by e the
column vector with 1 in the kth position and zeros elsewhere; the dimension of e is
clear from the context.)

By inspection, we verify that the signs «; in the sign characteristic of the pair (2.9)
are (—1)™, - - -, (—1)". (This part of the proof follows the arguments used in the proof
of Theorem 4 in [Rol].)

Consider now the case where M is given by (2.7). Let

p 0 b
K =,»6=91 J"»"[—b 0] (b>0).

The existence of a Hermitian solution (namely, the zero solution) of the Riccati equation
XDX + XK + KX =0 implies (in view of the results of [Cu], [LR], and [S]; see also
Theorem I1.4.3 in [ GLR4]) that all the partial multiplicities of M are even. Actually,
the proof of Theorem I1.4.3 in [GLR4] shows that the partial multiplicities of M
corresponding to the eigenvalue *ib are 2n,,---,2n,. Theorem 4 in [Rol] and
Proposition 1.6.8 in [GLR4] combined tell us that the sign characteristic of the pair

P R )

(as defined in, e.g., [GLR4]), for complex matrices selfadjoint in a complex indefinite
scalar product, consists entirely of —1’s. Proposition 3.3 in [RR1] implies that all the
signs in the sign characteristic of

(s = 7 5D
i 1> i

0 -K I 0
are —1’s. O

The conditions (i)-(iii) in Theorem 2.2 are equivalent to the existence of an
M-invariant J-Lagrangian subspace (see, e.g., [F], where several other equivalent
conditions are stated under the somewhat milder assumption of sign-controllability of
(A, D)). In general, given a real matrix N such that JN = — N 7J, criteria for existence
of an N-invariant J-Lagrangian subspace are given in [CD] (the context in [CD] is
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different from ours) and in [RR1]. The criterion given in [RR1] states that there is an
N-invariant J-Lagrangian subspace if and only if for every eigenvalue ib (b>0) of N
the number of odd partial multiplicities corresponding to ib is even, and the sum of
the signs «; attached to these odd partial multiplicities is zero. However, the situation
in Theorem 2.2 is special (because of the hypotheses that D =0 and (A, D) is control-
lable, which need not be satisfied for a general matrix

wo[2 2]
L -AT

such that JN = — N "J), and therefore the criterion given in Theorem 2.2(ii) for existence
of an M-invariant J-Lagrangian subspace also takes a special form.

3. Stable symmetric solutions. We introduce the concept of stable solutions of the
algebraic Riccati equation (1.1). It is convenient to first introduce some notation. Let
€, be the set of all triples of real n x n matrices (A, C, D) suchthat C=C" D=D";
D is positive semidefinite, and the pair (A, D) is controllable. For (A, C, D)€ €, let
X (A, C, D) be the set of real symmetric solutions (possibly an empty set) of the algebraic
Riccati equation

(3.1) XDX +XA+A™X - C=0.

A solution X € (A, C, D) will be called conditionally stable if for every £ >0
there is 6 > 0 such that every triple (A’, C’, D') e €, for which y(A’, C’, D') # & and
for which

A=A f+|C~C|+|D-D'| <8

has a solution X'€ y(A’, C’, D') with | X' — X| <e. If the condition y(A’, C', D') # &
is omitted from the above definition, we obtain the definition of an unconditionally
stable solution X.

A standard approach (also adopted here) to study the solutions X of (3.1) is by
way of the graph subspaces

(3.2) N(X)=Im [}I(] cR*".

Itis easy to see that /'(X) is M-invariant and J- Lagrangian for every real symmetric
solution X of (3.1); here
0 —
=[]
I 0

33 M= [A b ]
(33) =le _arl
Conversely (see [Cu], [LR], and [S], and also Theorem 2.2), if (A, D) is controllable,
then every M-invariant J-Lagrangian subspace is of the form Im[+] for some real
symmetric solution of (3.1).

Next, we need the notion of (un)conditionally stable invariant Lagrangian sub-
spaces, introduced and studied in [RR1]. For subspaces , /' R?, we let (M, N')
be the gap metric defined by

where P,(P,) is the orthogonal projection on #(/N'), with respect to the standard
inner product

P
(X, x) L,y = L X
E-
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in R”. Let (B, H)e L,(—1, —1), and let & be a B-invariant H-Lagrangian subspace in
R”. We say that N is conditionally stable if for every & > 0 there is 8 > 0 such that every
pair (B, H')e L,(—1,—1) with |B-B'|+||H—-H'|<é has a B'-invariant H'-
Lagrangian subspace N’ with @(WN, /') <e provided the set of B’-invariant H'-
Lagrangian subspaces is not empty. If this proviso is removed, we obtain the definition
of an unconditionally stable B-invariant H-Lagrangian subspace V.

In the following, for a given m X m real matrix %, we denote by R(Z, A) the root
subspace of & corresponding to its real eigenvalue A, and by R(Z, a +ib) the real root
subspace of & corresponding to the pair of complex conjugate nonreal eigenvalue
a=xib as follows:

R(Z, A)=Ker (Z—-AI)",
R(Z, a+ib)=Ker (¥*—2a% + (a*+ b>)I)™.
LEmMmaA 3.1. Let (A, C, D)€ €,, and let

A D 0o -
M‘[c —AT]’ J‘[I 0 ]
Then X € x(A, C, D) is an (un)conditionally stable solution of (3.1) if and only if N'(X)
is (un)conditionally stable as an M-invariant J-Lagrangian subspace.

Proof. Clearly, if /(X)) is (un)conditionally stable, then X is an (un)conditionally
stable solution of (3.1).

Conversely, assume A'(X) is not (un)conditionally stable. We must prove that X
is not (un)conditionally stable. Let X, be a real symmetric solution of (3.1) such that
o(A+ DX,) lies in the closed left half-plane. (The existence of such X, is ensured
because x(A, C, D) is nonempty; see, e.g., [GLR4]. Note also that X, is unique, by
Theorem 2.1 and Theorem 3.2 in [RR1].) Furthermore, let

. [A+DXO D ]
M= .
0 —(A+ DX,)

Applying similarity (2.3) (with X replaced by X,) it is easy to see that the M-invariant
J-Lagrangian subspace

I
No=Im [X—XO]

is not (un)conditionally stable.
At this point, it is convenient to separately consider the two concepts of stability.
So first assume that A, is not conditionally stable. By Theorem 3.4 of [RR1], we
conclude that at least one of three following conditions holds:
(@) (0)# NyNR(M, A,) # R(M, A,) for some real nonzero eigenvalue A, of M
such that dim Ker (M Ad)>1;
(b) NN R(M Ao) is odd dlmenswnal for some real nonzero eigenvalue A, of M
such that dim Ker (M - Aol) =1 and R(M, \,) is even- -dimensional;
(c) 0NN R(M ay+ iby) # R(M a,t 1b0) for some nonreal nonpure imaginary
eigenvalues ao+ iby(a,# 0, by>0) of M with geometric multiplicity at least 2.
Observe that since (M, J) e L(—1, —1) (see also Theorem 3.4 in [RR1]), if any of
the conditions (a), (b), or (¢) is satisﬁed for A, or ay=*ib, as appropriate, then the
same condition is satisfied for —A, or —a,+ib,. So we can assume A, <<0 or a,<0, as
appropriate.
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Because of our choice of X|,, the subspace R(M, \,), or R(M, a,* ib,), is contained
in Im [4]. In view of the description of stable invariant subspaces for real matrices (see
[BGK], [GLR2], or [GLRS5]), there is a sequence of real matrices {A,,}—, such that
A,, > A+ DX, as m— o and for every A,,-invariant subspace &,,(cR")

(3.4) @([A(;m], NoN 9**);.90,

where &, is independent of m, and % is the sum of all root subspaces of M corresponding
to the eigenvalues in the open left half-plane. Clearly, (A,,, 0, D)€ €, for m large
enough and x(A,,,0, D) # . Let

. A, D
(3.5) Mm=[ 0 _AL].
We claim that for any M,,-invariant J-Lagrangian subspace N, the inequality
(3.6) O(N.n, No) Z &)
holds (here, and in the following, we denote by &¢,, &,, - - - positive constants indepen-
dent of m). Indeed, if (3.6) were false, then we would have
(3.7) ON,, N F,, NyNF)>0 as m- oo,

where %,, is the M,,-invariant subspace equal to the sum of all root subspaces of M,,
corresponding to eigenvalues that converge (as m—>0) to the open left half-plane
eigenvalues of M. The form (3.5) of M easily implies that

I
gm I b
cm [0]

(i.e., we can consider NN F, as an A,-invariant subspace), and (3.7) clearly
contradicts (3.4).
We conclude from (3.6) that every solution X,, = X[ of the equation

(3.8) YDY + YA, + ALY =0
satisfies
(3.9) [ X — (X = Xo)|| Z €.

Consider now the equation

(3.10) ZDZ+Z(A,,— DX,)+(A,,—DX,)"Z
3.10
+ XoDXo— XoA,, — AL X,=0.

We easily verify that Y is a symmetric solution of (3.8) if and only if Y+ X, is a
symmetric solution of (3.10). Also, A,, — DX,—> A and

XoDXo— XoA,, — AL Xy~ —C

as m->o0. Now (3.9) implies that X is not conditionally stable.

Consider now the unconditional stability. So let ¥, not be unconditionally stable.
If o(M)NiR =, then, in view of Theorem 3.4 of [RR1], we can argue as above to
prove that X is not unconditionally stable. It remains to be proved (by the same
Theorem 3.4 of [RR1]) that if M has pure imaginary or zero eigenvalues, then there
is no unconditionally stable solution X.



72 A. C. M. RAN AND L. RODMAN

It is convenient to reformulate the statement that we will prove in the following
form: Given (A, 0, D)€ €, with Re 0(A) =0, and such that A has pure imaginary or
zero eigenvalues. For every €>0 find (A, C', D') e 6, such that |A'—A|+|C'||+
|D'—D| <e¢and x(A, C', D') = J. Applying the reductions as in the proof of Lemma
2.3, we can assume without loss of generality that the matrix

D
M = [A T]
0 A
is given by (2.7) or (2.8).

First, consider the case where M is given by (2.8). Because of the controllability
condition, the top left corner entry d of D is positive. Let C'(e) be the n X n matrix
with —¢ in the top left corner and zeros elsewhere, and let

A d
LR |

Clearly, (A, C'(g), D)€ %,. It is not difficult to check that for £ >0 the matrix M(¢)
has 2n —2 zero eigenvalues (counting multiplicities) and the simple eigenvalues +ived.
Indeed, by an appropriate similarity, M (e) can be reduced to the form

0 d 0 .
- 0
p
0 Jn1—1(0)®® Jn,(o) *
j=2
14
0 0 ~Jo1(0)T®D J,—(0)"
L Jj=2 J

By Theorem 2.2, x(A, C'(¢), D)= for ¢ >0.
Finally, assume M is given by (2.7). Let us first verify that for any positive definite

real symmetric matrix
4
d, d,

and for any b> 0 the 4 X 4 matrix

0 b 4, d,
_ _b 0 d2 d3
Qe)=1__ o o b

has four distinct pure imaginary (nonzero) eigenvalues different from +ib when £ >0
is sufficiently close to zero. Indeed, we can assume without loss of generality that b=1;
then the characteristic polynomial of Q(e¢) is

AM+2202(1+eq)+1-2eq+e’r=(A*+(1+eq))*+e*(r— q°) —4eq,
where
q=3(d,+dy); r=dds—d;.
Since ¢ >0,

e’ (r—q*)—4eq<0 (fore>0)
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and
(1+eq)*>e*(r—q°)—4eq (for all real ¢),

the conclusion concerning eigenvalues of Q(¢) follows. We now apply a perturbation
similar to that applied in the case M, given by (2.8). Let C’'(¢) be the nx n matrix
with —e in the (1, 1) and (2,2) positions, and zeros elsewhere (here &> 0). Again,
(A, C'(g), D)€ €,, and the matrix

M(e) [ A D ]
8 =
C'(e) —-AT
can be reduced by a suitable similarity to the form
[0 b d, d, |
-b 0 d, d, o i}
- 0 0
0 —-e& -b
0 b /4 0 b
° J"“‘[—b 0]@1@2%[% 0] "
0o b]" _» o b]"
0 - —
L ¢ Jn'_l[“b 0] ®j€=92 Jn'[—b 0]
Here

[d, d2]
d, d;
is the top left 2 x 2 corner of D, which is positive definite in view of the controllability
condition. Now M (¢) has simple pure imaginary eigenvalues (when & >0 is close to
zero), so x(A, C'(g), D)= by Theorem 2.2, and we are done. 0

With the results of Lemma 3.1, the proof of the following descriptions of all stable
symmetric solutions of the algebraic Riccati equation is done simply by appealing to
Theorem 3.4 of [RR1].

THEOREM 3.2. Let

(3.11) XDX+XA+A"X-C=0

be an algebraic Riccati equation with real n x n matrices A, C=C", and D= D" such
that D is positive semidefinite and (A, D) is a controllable pair, and let

vl 2]
lc -AT)
A solution X = X" (X is a real matrix) of (3.11) is conditionally stable if and only if
the following conditions are satisfied :
(i) Im [x]N R(M, A) is either zero or R(M, \) whenever A # 0 is a real eigenvalue
of M with geometric multiplicity greater than 1,
(ii) Im[x]N R(M, A) is an even-dimensional subspace whenever A #0 is a real
eigenvalue of M of geometric multiplicity 1 and even algebraic multiplicity,
(iii) Im[x]N R(M, a +ib) is either zero or R(M, a = ib) whenever a + ib is a conju-
gate pair of nonreal nonpure imaginary eigenvalues of M with geometric multi-
plicity at least 2.
THeEOREM 3.3. In the notation and under the hypotheses of Theorem 3.2, there exists
an unconditionally stable real symmetric solution X if and only if M has no pure imaginary
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or zero eigenvalues. If this condition is satisfied, then X is unconditionally stable if and
only if it is conditionally stable.

The first part of this theorem also follows from Corollary 3 in [F2].

Of special interest are the maximal solution X, and the minimal solution X_ (i.e.,
X, and X_ are real symmetric solutions of (3.11) such that X, —X and X — X_ are
positive semidefinite for every real symmetric solution X). If the set of real symmetric
solutions is nonempty, then X, and X_ always exist and are characterized by the
properties that (A + DX,) lies in the closed left half-plane, and o(A+ DX_) lies in
the closed right half-plane (see [K], [KS], [LR], and [S]).

COROLLARY 3.4. The maximal and minimal solutions X, and X_ are conditionally
stable. If M has no pure imaginary or zero eigenvalues, then X and X _ are unconditionally
stable.

Actually, in the case where M has no pure imaginary or zero eigenvalues, the
solutions X, and X_ are unconditionally Lipschitz stable as well (see Theorem 4.2 in
the next section).

It is instructive to compare Theorems 3.2 and 3.3 with the results on structural
stability of solution of the algebraic Riccati equations proved in [Bu]. A (real symmetric)
solution X of (1.1) is called structurally stable if the following holds: Given any
continuously differentiable functions A(t), C(t)= C(t)*, and D(t) = D(t)* such that
A(ty) = A, C(ty) = C, and D(t,) = D, for [t — t,| sufficiently small there exists a unique
(in a sufficiently small neighborhood of X) solution X (¢) of the equation YD(¢)Y +
YA(t)+ A(t)"Y — C(t) =0, and, moreover, the number of eigenvalues (counted with
multipliciites) of A(t)+ D(¢)X (t) in each of the three regions—open left half-plane,
imaginary axis, open right half-plane—coincides with the number of eigenvalues of
A+ DX in the corresponding region. The crucial difference with our definition of
unconditionally stable solutions is that in the case of a structurally stable solution X,
the perturbed equation must have a unique solution in a neighborhood of X. As proved
in [Bu], a solution X is structurally stable if and only if o(A+DX)No(-A" — XD) =
, i.e., if and only if X is a Lipschitz stable solution (see Theorem 4.2 in the next
section). In this connection we point out that an invariant subspace # of a complex
matrix A is Lipschitz stable if and only if every nearby matrix has a unique invariant
subspace in a suitable neighborhood of # (see [RR3] and Theorem 15.5.1 in [GLRS5]);
no symmetries are assumed here.

4. Lipschitz stability. Consider (3.1) with the usual (in this paper) assumption
that (A, C, D)€ %,. A real symmetric solution X of (3.1) will be called conditionally
Lipschitz stable if there exist positive constants K, & such that for every triple
(A,C',D")e%¥, satisfying |JA-A'|+||C-C'|+|D-D'|<e, and with
x(A', C', D) # O there is a real symmetric X' with the properties that X'D'X'+ X'A’+
A"'X'—=C'=0 and |X-X'||=K(|A-A|+]|C-C'|+]|D-D’|). If the statement
“and with x(A’, C’, D) # & is omitted from this definition, we obtain the notion of
unconditionally Lipschitz stable X.

THEOREM 4.1. Assume (A, C, D)€ 6,. Then the following statements are
equivalent:

(i) there exists a conditionally Lipschitz stable real symmetric solution of (3.1);
(ii) there exists an unconditionally Lipschitz stable real symmetric solution of (3.1);

(iii) the matrix
A D
M =
&3]

has no pure imaginary or zero eigenvalues.



STABLE SOLUTIONS OF ALGEBRAIC RICCATI EQUATIONS 75

Proof. Clearly (ii)=(i). Assume that (iii) holds. By Theorem 3.5 of [RR1], there
exists an unconditionally Lipschitz stable M-invariant J-Lagrangian subspace N (as
before, J=[} ']). The subspace & must be of the form Im[x], where X is a real
symmetric solution of (3.1) (cf. the proof of Theorem 2.2). Then X is unconditionally
Lipschitz stable, thereby proving (ii).

It remains to be proved that (i) implies (iii). Let X be a conditionally Lipschitz
stable solution of (3.1), put

. I ol[A DI[I1 o A+DX D A D
M= T = T|~ T |-
-X IJLC -A X I 0 —(A+ DX) 0 —-A
Then 0 is a conditionally Lipschitz stable solution of XDX +XA+ATX =0.
So we can restrict our attention to the case C =0 and the zero solution of

(4.1) XDX +XA+ATX =0.

We assume that A has pure imaginary or zero eigenvalues, and it will be proved that
the zero solution of (4.1) is not conditionally Lipschitz stable.
Let E; =0 and E, <0 be n X n real symmetric matrices such that the 2n X 2n matrix

[ 0 E,]
_E2 0
has 2n distinct eigenvalues. Consider the Riccati equation

(4.2) X(D+aE)X +XA+A"X + aE,=0,

foreverya = 0.Put R(X)=-X(D+ aE;)X —XA—A"X —aE,.Then R(0) = —aE,=0.
By Theorem 2.1 in [RV] it follows that (4.2) has Hermitian solutions, and therefore
also has real symmetric solutions. Note in this connection that the controllability of
(A, D) implies the controllability of (A, D+ aE,). Let

A D+aE,]

M(a)=[—aE —AT

be the matrix corresponding to (4.2). Since for large o the matrix M («) has 2n distinct
eigenvalues, by a general result on the Jordan structure of a matrix analytically
depending on a parameter (see [B], [GLR2]), for a,> 0 sufficiently small the matrix
M(a),0<a = a,, also has 2n distinct eigenvalues.

In particular, the number of M («)-invariant J-Lagrangian subspaces is finite and
is independent of «, for 0 < a = a,. So the number of real symmetric solutions X («)
of (4.2) is also finite and independent of a(0<a =a,). Moreover, the Puiseux
expansions of eigenvalues, eigenvectors, and generalized eigenvectors of a matrix
depending analytically on a parameter (see [B] and [GLR2]), together with the formula

I
N(a)=Im [X(a)]’

where N(a) is any M(a)-invariant J-Lagrangian subspace, show that X (a) is given
by a fractional power series

(4.3) X(a)= § a’?X;,
j=—k

for some choice of the pth root a'/” (here k is a nonnegative integer, and X;are nXn
matrices that may depend on the choice of a'/?). Arguing by contradiction, assume
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that 0 is a conditionally Lipschitz stable real symmetric solution of (4.1). Then there
is K >0 such that for every a € (0, a,] there is a solution X (a) of (4.2) satisfying

(4.4) IX - X ()] = Ka.

As the number of branches in (4.3) is finite, there will be a sequence {;};2, of
positive numbers such that lim;,. ;=0 and X(e;) belongs to the same branch
in (4.3). For this branch (4.4) implies that k=0, X,=X, and X;=---=X,_,=01in
(4.3). In particular, X («) is differentiable at « =0 along this branch, and X'(0) = X,,.
Differentating equality (4.2) with respect to « and evaluating at a =0 gives

(4.5) X,A+A"X,=—E,.

We have assumed, however, that A has pure imaginary or zero eigenvalues. Let
iB € 0(A), and denote by y € C" the corresponding eigenvector. Then we have Ay = i8y,
y*AT = —iBy*, and (4.5) implies —y* E,y =0, a contradiction with the negative definite-
ness of E,. ]

Using Theorem 4.1, we can now describe the Lipschitz stable real symmetric
solutions of (3.1).

THEOREM 4.2. Assume (A, C, D)€ 6, and assume that the matrix

M= [A D ]
c -AT
has no pure imaginary or zero eigenvalues. Then the following statements are equivalent
for a real symmetric solution X of

(4.6) XDX+XA+A™X-C=0:

(i) X is conditionally Lipschitz stable;

(i) X is unconditionally Lipschitz stable;

(iii)) o(A+DX)No(-AT-XD)=0.

Proof. 1f condition (iii) holds, then the corresponding M-invariant J-Lagrangian
subspace &'=Im[x] is spectral (i.e., sum of root subspaces). Then, clearly, W is
unconditionally Lipschitz stable as an M-invariant J-Lagrangian subspace (even as
an M-invariant subspace); so (ii) follows. The implication (ii)=>(i) is evident. Finally,
assume (i). Let X, be the maximal real symmetric solution of (4.6). We have

[ I O]M[I 0]_[A+DXO D ]

-X, I X, IJ 0 —(A+DXx,)T

so without loss of generality we can (and will) assume that C =0 and the spectrum
of A lies in the open left half-plane (as o(M) N iR = J, we must have also o(A) N iR =
). Arguing by contradiction, let Aoe o0(A+DX)No(-AT —XD), and assume
(without loss of generality) that A, lies in the open left half-plane. The corresponding
M-invariant subspace & = Im[x] is then not a spectral subspace. Let Vo= Im [4] and
let P:R*" > R" be the projection on the first n coordinates (so P[;]= x, where x, y e R").
The subspace ' = P(N N N;) =R" is clearly A-invariant; moreover, % is not a spectral
subspace for A. Consequently (see [KMR] and [GLR5]), % is not Lipschitz stable as
an A-invariant subspace. So there exists a sequence of real matrices {A,},_, such that
A,> A as p-> but

., dist (%, Inv (A,))
(46) lim P77 00,
o [lA, - A
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where Inv (A,) stands for the set of all real A,-invariant subspaces, and

dist (%, Inv (A,)) = N Iinf

nf (A

)@(9[, %)

is the distance from % to Inv (A,) in the gap metric. For p large enough, we have
(A,,0,D)e %, but (4.6) implies

dist (X, R(A
i GSLGR(A)
e [|A, - Al
where
dist (X, R(A,))= inf || X-Y|,
YeR(A,)

and R(A,) stands for the (nonempty) set of real symmetric solutions of the equation
YDY + YA, + A, Y =0. We have obtained a contradiction to the conditional Lipschitz
stability of X. O

The last part of the proof of Theorem 4.2 uses similar ideas to those in the proof
of Theorem 4.5 in [RR2].

We conclude this section with an improved version of Theorem 4.9 in [RR2]
concerning Lipschitz stable complex Hermitian solutions of the Riccati equation with
complex coefficients

4.7) XDX + XA+ A*X - C =0,

where A, D, and C are complex n X n matrices with D= D*=0, C = C*, and (A, D)
controllable. The definitions of conditionally and unconditionally Lipschitz stable
Hermitian solutions X of (4.7) are given analogously to the real case (allowing
perturbed equations with complex coefficients as well).

THEOREM 4.3. Assume that D=D*=0, C=C¥*, and (A, D) controllable.

There exists an (un)conditionally Lipschitz stable Hermitian solution X of (4.7) if

and only if the matrix
A D

has no pure imaginary or zero eigenvalues. In this case a Hermitian solution X of (4.7)
is (un)conditionally Lipschitz stable if and only if

c(A+DX))a(—A*—-XD)=.

The proof of Theorem 4.3 is obtained in the same way as the proofs of Theorems
4.1 and 4.2.

5. Further properties of stable solutions of the Riccati equation. In this section we
indicate some properties of the stable solutions that follow from Theorems 3.2, 3.3,
4.1, and 4.2. Given the algebraic Riccati equation

(5.1) XDX +XA+A"X -C=0,

with (A, C, D)€ €,. Denote by &.,, ¥,,, and ¥, the classes of conditionally stable,
unconditionally stable, and Lipschitz stable real symmetric solutions of (5.1), respec-
tively (by Theorems 4.1 and 4.2, the classes of conditionally and unconditionally
Lipschitz stable real symmetric solutions coincide).
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COROLLARY 5.1. We have

yLsCyusCyCS'
Furthermore, assuming the set of real symmetric solutions of (5.1) is nonempty, we
have &, = &, if and only if the matrix

M_[A D]
“lc -AT

has no pure imaginary or zero eigenvalues. The equality &, = %, holds if and only if
every nonreal nonpure imaginary eigenvalue of M with geometric multiplicity 1 has
algebraic multiplicity 1, and every nonzero real eigenvalue of M with geometric multiplicity
1 has algebraic multiplicity at most 2.

Next, we show that the stable solutions (with the exception of conditionally stable
ones) are persistent in the sense that any sufficiently close solution of a nearby equation
is again stable.

COROLLARY 5.2. Let X, belong to one of the classes &, and &,;. Then there
exists € >0 such that every solution Y, of

YD'Y+YA+ATY-C'=0
belongs to the same stability class, provided (A’, C', D') € 6, and
A=Al + | C"=C| +]|D'= D[+ Yo— X,|| < &.
For the conditional stability, this corollary is generally false, as the following

example shows.
Example 5.1. Let

11 0 0
01 0 0
A= =0
00 -1 -1 €%
00 0 -1

and D any 4 X 4 positive semidefinite Hermitian matrix such that (A, D) is controllable
and the (2, 4) entry of D is nonzero. Then the zero solution of XDX + XA+ A"X =0
is conditionally stable by Theorem 3.2. However, for real & # 0 such that || is small,
the matrix

A(g) D ]

M(e)= [ 0 —A(e)”

where

1 1 -1 -1
A =
(&) [0 1+£]®[ 0 —1—5]
has geometric multiplicity 1 and algebraic multiplicity 2 corresponding to the eigenvalue

1. By the same Theorem 3.2 the zero solution of XDX + XA(g)+ A(e)"X =0 is not
conditionally stable (for real £ # 0 close to zero).
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Our last observation relates the notions of stability with isolatedness of the
solutions. A real symmetric solution X, of (5.1) is called isolated if there is no other
real symmetric solution in a sufficiently small neighborhood of X, in other words, if
there is £ >0 such that any real symmetric solution X # X, of (5.1) (if such exists)
satisfies the inequality | X — X,|| = &. It is easy to see (via the isolatedness properties
of M-invariant J-Lagrangian subspaces, see [RR1]) that every conditionally stable
real symmetric solution is isolated. The converse is generally not true, as the following
example shows.

Example 5.2. Let A(e), C, D be as in Example 5.1. Then for fixed real £ # 0 with
|e| small, the zero solution of XDX + XA(g)+ A(g)"X =0 is isolated but not condi-
tionally stable.

The following result describes the situation where every isolated solution is
conditionally stable.

CoRrOLLARY 5.3. Every isolated real symmetric solution of (3.1) is conditionally
stable if and only if every real nonzero eigenvalue of M of geometric multiplicity 1 has
odd algebraic multiplicity.

The proof of this corollary follows by combining Theorem 3.2 and the description
of isolated real invariant subspaces for real matrices (see [BGK]). Analogous statements
concerning the case where every isolated solution is unconditionally stable, or Lipschitz
stable, can be given as well. We omit these statements.

6. Disconjugacy of Hamiltonian systems. Consider the linear Hamiltonian equation

(6.1) Jx'= Hx,

0 -I A BT
J= " H =
[I., 0 ] [B C ]
are constant real matrices and x = x(#), —00 <t <00, is an unknown 2n-dimensional
real vector function. Equation (6.1) is called disconjugate if it has no nontrivial solutions
x(t)=[4(}] such that the vector y(t) has zeros at two distinct points. We have the
following result (see [C]).

THEOREM 6.1. Assume that C = C" is positive semidefinite, A= A", and (C, B) is
controllable. Then (6.1) is disconjugate if and only if the Riccati equation

where

(6.2) XCX+B"™X+XB+A=0

has real symmetric solutions X.
We say that (6.1) is stably disconjugate if there exists £ > 0 such that all equations

(6.3) Jx'= Hx
with real matrices
~ [A BT
[} 2
B C
satisfying C = C7 positive semidefinite, A= A7, and ||A— A||+||B—B||+|C - C| <&
are disconjugate. The criterion for stable disconjugacy is given in the following theorem.
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THEOREM 6.2. Equation (6.1) is stably disconjugate if and only if the matrix

(6.4) [_Z _i]

has no pure imaginary or zero eigenvalues.

Proof. Assume that (6.3) has no pure imaginary eigenvalues. By Theorem 2.2,
(6.2) has real symmetric solutions, and this is also true for (6.3) if £ > 0 is small enough.
By Theorem 6.1, (6.1) is stably disconjugate.

Conversely, assume that (6.4) has pure imaginary or zero eigenvalues, and that
(6.1) is disconjugate. We will show that it is not stably disconjugate. To this end (in
v1ew of Theorem 6. 1), it is sufficient to exhlblt for every >0 real matrices A C and
Bsuchthat C=CT is positive semidefinite, A=AT ||[A-A||+|B-B||+|C-C|<e,
and the equation XCX +B"X +XB+ A=0 has no real symmetric solutions. This can
be done by using the same perturbations as in the proof of the unconditional stability
part of Lemma 3.1. O

The theorem can also be easily obtained from Corollary 3 in [F2].
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SUFFICIENCY CRITERIA VIA FOCAL POINTS AND VIA
COUPLED POINTS*

VERA ZEIDANTY

This paper is dedicated to the memory of W. T. Reid.

Abstract. Considered in this paper is a general quadratic functional J(7n) with constraints of the form
n(a)= Dn(b)=0, where D is an r X n-matrix (r=n) and of full rank. It is shown that the nonexistence of
focal points to b in [a, b) is equivalent to the existence of a solution to the corresponding Riccati equation
with associated boundary conditions. Thus, it is equivalent to the positivity of J(n). This result generalizes
W. A. Coppel, Proceedings of the Royal Society of Edinburgh, 73A, 18, 1974-1975, pp.271-289; V. B. Haas,
Systems and Control Letters, 5 (1984), North-Holland, Amsterdam, pp. 55-57; and W. T. Reid, Academic
Press, New York, 1972, in which either D = I or 0 is assumed. Moreover, it is proven that the nonexistence
of “coupled points with a” in (a, b] is also equivalent to the positivity of J(n), proving that for this problem,
the notion of a “coupled point with a” is the one searched for to extend that of a “conjugate point to a”
from D = I to a general D. Each of these conditions is proved to be sufficient for optimality in the nonlinear
calculus of variations problem with fixed initial state but variable final endpoints.

Key words. calculus of variations, focal points, coupled points, Riccati equations, sufficient conditions
AMS(MOS) subject classification. 49B36

1. Introduction. Consider the following functional:
1 1 (" ,
J(n)=5n(b)rrn(b)+ij {n"(s)P(s)n(s)+297(s)Q(s)n(s)

+1)7(s)R(s)7(5)} ds,
where () is absolutely continuous 7:[a, b]>R" and satisfies
n(a)=0, Dn(b)=0;

and P(-), Q(-), and R(-) are given n x n-matrix functions such that, for all t€[a, b],
P(t) and R(t) are symmetric. The functions P, Q, and R are essentially bounded on
[a, b]. The matrix I' is symmetric, and D € M, ,(r=n) is of full rank.

Set

%=D"(DD")'D,;
then @ is a projection, symmetric, Z(I —2D) =0, and Pa =0 if and only if Da =0.
Thus, without loss of generality, the boundary condition Dn(b)=0 can be replaced
by @7 (b)=0. Furthermore, due to the boundary conditions on n(b), I" in J(7n) can

be assumed of the form (I —2)I'(I — D).
The Euler-Lagrange equation associated with the problem is

d
(1.1) o [R(D7(N+Q()n()]=Q" ()7 ()+P(t)n(t), tela blae.

Assume throughout the paper the strengthened Legendre condition, i.e., R(t) = BI, for
te[a, b] almost everywhere, and for some B>0. Then, following Cesari [3], by a
solution of (1.1) we mean a function n( ) absolutely continuous (AC) for which there

* Received by the editors September 11, 1989, accepted for publication (in revised form) November
27, 1990. The author thanks Consiglio Nazionale delle Ricerche (Italy) and the Natural Sciences and
Engineering Research Council of Canada, whose support made this research possible.
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exists a function &(-) € AC satisfying for ¢ € [a, b] almost everywhere the Jacobi system
n(1) = A()n(1)+ B(2)£(1),

(1.2) ) =C()n(t)—AT()¢&(r),

where
A=-R7'Q, B=R'!, C=P-Q"R'Q.

Since the initial condition of 7 is fixed, corresponding to b there is the notion of
a focal point introduced for the case of smooth data by Knesser in 1898 (see [1] and
[16]). Such a point ce€[a, b) is characterized by the existence of a nonzero solution
(m, &) of (1.2) satisfying

(1.3) n(c)=Pn(b)=0 and (n(b), &(b)+In(b))=0,

where {"= (I-9)(I—-9).

Sufficient conditions for the positivity of J(n) are known in terms of the corre-
sponding Riccati equation. See, for instance, [2], where the result is proved for the
more general situation, that is, the linear optimal regulator problem. The question of
relating focal point theory directly to the Riccati equation with a corresponding
boundary condition is of theoretical and practical interest. In addition to providing
us with a sufficiency criterion in terms of a first-order linear system of ordinary
differential equations (1.2), it allows us to see how we can explicitly construct a solution
to the Riccati equation. Much work has been done in that direction but only for the
special case when @ =0 or @ = I. In fact, it is shown in [5], [8], and [12] that in those
cases the nonexistence of focal points (when 9 = I focal points are conjugate points)
to b in [a, b) is equivalent to the existence of a solution to the corresponding Riccati
equation and, hence, to the positivity of J(7n). This is proved by constructing a
“conjoined basis’’ to the Jacobi system in terms of which the solution for the Riccati
equation is obtained. On the other hand, it is a well-known fact (when % =0 see [10]
and [12], and for a general &, see [20]) that the nonexistence of focal points b in
(a, b) is a necessary condition for the nonnegativity of J(#n). Thus, for @ =1 or 0, the
gap between necessary and sufficient conditions is as small as possible.

In [7] there is a transformation from a variable endpoint problem to one with a
free endpoint. Hence, the Riccati solution to the original problem is given in terms of
the one for the free endpoint case. This idea would not work here since P(b) is
undefined through that transformation, and thus the boundary condition in (3) of
Theorem 2.1 cannot be recaptured.

Recently, in collaboration with Zezza, the author developed in [17]-[19] the notion
of a coupled point that is an extension of the focal point to the case of variable
endpoint(s). Since the final endpoint of 5 in the above problem is varying, we have
here the notion of a point coupled with a. To such a point c, corresponds a nonzero
solution (7, £) of the Jacobi system satisfying

n(-)#n(c) on [¢b] (dropif c=»b)

n(a)=2n(c)=0 and <n(0),§(0)+fn(0)+J P(S)dsn(0)>=0,

where I'= (I - 2)I'(I-9).

It is shown in [18] and [19] that the nonexistence of points in (a, b) coupled with
a is necessary for the nonnegativity of J(n) subject to n(a)= Pn(b)=0.

This paper focuses on two issues. First, we show that for a general &, the
nonexistence of focal points to b in [a, b) is equivalent to the existence of a solution
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to the corresponding Riccati equation and boundary condition, and hence it is
equivalent to the strict positivity of J(n) over n(a)= 27 (b) =0. The proof we employ
is of a constructive nature. We show how the nonexistence of focal points to b in [a, b)
produces an explicit formula for the solution of the Riccati equation with associated
boundary conditions. Thus, we extend the result in [5], [8], and [15] to a general case,
i.e., when the right endpoint is restricted to belong to any linear subspace £ =ker &
of the state space. The second goal is to show that the definition of a coupled point
is, in fact, the right one that extends the notion of a focal point to the variable
endpoint(s) problem. To accomplish this aim, it is only natural to consider the above
problem, that is, the problem with one endpoint fixed and the other varying on a linear
subspace. Then we show that the nonexistence of coupled points to a also allows us
to construct a solution to the corresponding Riccati equation with associated boundary
condition, and hence is equivalent to the strict positivity of J(n) over n(a) = Pn(b)=0.
This also means that the nonexistence of focal points to b in [a, b) is equivalent to
the nonexistence of coupled points with a in (a, b]. In the last section, we show that
the nonexistence of focal points to b in [a, b), or the nonexistence of coupled points
with a in (a, b] is sufficient for optimality in the nonlinear calculus of variations
problem with fixed initial and variable final endpoints. Finally, we provide a numerical
example to illustrate the utility of our results.

2. Sufficiency and focal points. Consider the quadratic functional J(7n) given in
the Introduction. The following definition can be found in [1] and [16].

DEFINITION 2.1. A point ¢ is focal to b if there exists a nonzero solution (7, £)
of the Jacobi system

)= An + B¢,
(2.1) = A B
E=Cn-AT¢
where A=—R7'Q, B=R™!, C=P-Q"R'Q, with
(2.2) n(c)=Pn(b)=0 and (n(b), £(b)+In(b))=0,

where ['= (I - 2)I'(I - 9).

The main goal of this section is to establish the equivalence between the positivity
of J(n) over n: n(a)=Pn(b)=0 and the nonexistence of focal points to b in [a, b).
This is done by constructing a certain ‘“‘conjoined basis” (U, V) of (2.1) having a
certain property that leads to the construction of a solution to the corresponding Riccati
equation.

Following Reid [15], we make the following definition.

DEFINITION 2.2. A pair (U, V) of n x n-matrix functions on [a, b] is a conjoined
basis of the Jacobi system (2.1) if (U, V) solves the Jacobi matrix system, and the
columns (U;, V;) of (U, V) form a set of linearly independent solutions of (2.1) such
that

U'v=vTU.

The following theorem forms the main result of this section.

THEOREM 2.1. The following are equivalent.

(1) There exists no point in [a, b) focal to b,

(2) There exists a conjoined basis (U, V) to (2.1) such that det U # 0 on [a, b] and

(I-9)[V(b)+TUb)]=0,
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(3) There exists a Lipschitz symmetric matrix function W(-):[a, b]> M,,,
solution of

W+ WBW+AT™W+ WA—-C=0 forte[a b]ae.,
with
(I-2)[W(b)+T1=0,

b

4) J(n)sz’ [n(6)>dt Vn:nm(a)—Dy(b)=0, forsomee>0.

a

Remark. When @ =1 or 9 =0, Theorem 2.1 reduces to well-known results by
Reid [15, Chap. IV, Thm. 7.1]; respectively [15, Chap. IV, Thm. 7.3]. Thus, our result
here extends that of Reid to a general setting. Reid has also tackled the case where
subspace constraints at both endpoints are allowed. In Chapter IV of [15, Thm. 7.4]
he established the relationship between the positivity of the quadratic functional and
the corresponding Riccati equation. Here, in Theorem 2.1, we extend his result to also
include the focal point theory for the case where the initial endpoint is zero and the
final endpoint is constrained to a subspace.

Proof of Theorem 2.1. We will show the following implications: (2) = (3) = (4) =
(1)=(2).

(2)=(3): Let (U, V) be the conjoined basis in (2). Since U is invertible on [a, b],
define W= VU™". Using UV = V'U, we obtain the symmetry of W. It is easily shown
that W satisfies the Riccati equation of (3) and (I —9)[ W(b)+f] =0.

(3)=1(4): Let W be the Lipschitz symmetric function satisfying condition (3).
Since R(t)=pl, for te[a, b] almost everywhere, then for 0<e=B/2, R.(t):=
R(t)—el=(B/2)I for almost all ¢ in [a, b]. Consider the Riccati equation in condition
(3) with B replaced by B, = R;"'. Since R, =(B8/2)I almost everywhere, then R,'e
L™[a, b] and, hence, by the embedding theorem of differential equations or the
continuous dependence on a parameter (see, e.g., Theorem 4.1 in the Appendix of
[9]), there exists a Lipschitz symmetric matrix function W, satisfying

W.+ W.B.W,+ATW. + WA, —C.=0 a.e.
with
W.(b)= W(b)+el,

where B,=R;', A,=-R.'Q, C,=P—Q'R.'Q. Let n#0 be any absolutely con-
tinuous function satisfying n(a) = 2n(b) =0. Then

1 bd
0=5 nT(b)We(b)n(b)—% j E{nr(t)WE(t)n(t)} dt

and hence
b
J(n) =% n(b)T(Wa(b)+F)n(b)+%J {nT()(P(t)— W.(2))n(t)
+207 T ()(Q(1) = W (1)) n(t) + %" (1)R(1) (1)} dt

7" (b)(I = D) (W, (b)+T)(I - D)n(b)

_1
2
b

+%j [n"(QT - W,)+7%"R.IR,'[(Q— W.)n+ R, 7] dt

b
+e J‘ |5 ()] at.

a
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Thus, if J.(7n) is the second term of the last equation, then J,(n)=0 and
J.(n)=0 if and only if n=—R;"(Q— W,)n.

Since n(a)=0, it follows that J,(n) is positive definite. Since (I—@)(We(b)+f‘) =
e(I —9), condition (4) holds.

(4)=>(1): If there exists a point c€[a, b) focal to b then there exists (7, £) #0
satisfying (2.1) and (2.2). Define

5( )_{n(S) on (¢, b]
=0 onl[a,c]’

then

b

s =1 e+ [ et a

1 . 1
=5 nT(b)Fn(b)+5 £l

=0,

and hence, using (4), 7=0. Since B is invertible, (2.1) yields £ =0 on [c, b]. Therefore,
(m, £)=0 and we have a contradiction, proving that (1) holds.
Let us define (U,, V,) and (U,, V,) to be the solutions to the Jacobi matrix system
U=AU+ BY,
(2.3) .
V=CU-A",
with boundary conditions, respectively,
Ua(a)zoa Ub(b)=1_@a
and .
V.(a)=1, Vy(b)=-T—-9.

It is easy to see that (U,, V,) and (U,, V,) satisfy d/dt{[U"V—V'U]=0 for t in
[a, b] almost everywhere. Thus, by using the boundary conditions on (U,, V,) and
(U, V,) and the fact that "= (I — @)['(I - 9), it results that UTV, = VIU,, a = a, b.

To prove that (1) = (2) the following lemmas will be needed.

LeEmMMA 2.1. Forall te[a, b],

(2.4) VIt U,(t)— UX(t) Vy(t) = constant = U, (a).

If, in addition, we assume condition (1) of Theorem 2.1, then det U,(t)#0 Vite
[a,b) and det U,(b)#0.
Proof of Lemma 2.1. Using system (2.3) for (U,, V,) and (U, V,), we obtain

d
E[Vl(t)Ub(t)— Ui()V,(1)]=0

and hence
VI(t)Uy(t)— UX(t) V,(t) = constant = M.

Evaluating ¢ = a, we get that M = U, (a).
If there exists c€[a, b) and a(#0)€R" such that U,(c)a =0, define

(n(1), £(1)) = (Up()a, Vp(1)).
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Thus, (7, &) and c satisfy the Jacobi system (2.1) and (2.2). Moreover, (7, &) # 0, since
otherwise (n(b), £(b))=((I - D)a, (—f—@)a) =0 and hence, (I - 9)a =0 and Da =
0. Therefore, @ =0, contradicting a # 0. Thus, ¢ is focal to b, but this contradicts (1).
We have proved that det U,(t) # 0 for all te[a, b).

Now, if det U,(b)=0, then U,(b)a=0 for some a#0, acR" Define
(n(t), £(1))=(U,(t)a, V,(t)a). It follows that (2.1) holds, and n(a)=n(b)=0; i.e.,
(2.2) is also satisfied for ¢ =a. Moreover, (n(a), £&(a))=(0, a) #0 yields (7, &) #0.
Therefore, a is focal to b, and a contradiction with (1) is obtained. 0

LEMMA 2.2. Let

25 U(t)= U, (1)UL (a)D + Uy(1),
' V(1) = V() UI (@)D + Vi(t),

then (U, V) satisfies (2.3), UT()V(t)=VT(1)U(1), (I—@)(V(b)+f“U(b))=0,
det U(a)#0 and det U(b) #0.

Proof of Lemma 2.2. Using the definition of (U,, V,), (Us, V;), (2.4), and the
invertibility of U,(a), it results that

UT() V()= VT()U(1) = DU, (a) (U (1) V(1) = Va(t) Uy(1))
+HU () Vu() = V() U () U}y (@)D
——9+3
=0.

Since (U,, V,) and (U, V,) satisfy (2.3), then so does (U, V) defined by (2.5).
Let us calculate

(I-2)(V(b)+TU(b))=(I-2)V,(b)UT ()2 T
+(I-2)TU(b)UT '(a)D+T.
But, from (2.4) evaluated at t = b we obtain
(I-2)Vu(b)+T U, (b) = (I1-D) U (a);
therefore,
(I-2)(V(b)+TU(b))=0.

Note that U(a)= U,(a), which is invertible. Now we show that U(b)=
U,(b)UT '(a)@+ (I - D) is invertible. If there exists a(#0)€R" with

(26) U(b)U; (a)Pa =~(1-D)a,
then, from (2.4) at t = b we have
(I—D)V,(b)+T U, (b)+DU,(b) = Uj(a)
and thus
DU,(b)=DU;(a),
which yields
DU, (b)U; (a)=9.
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Using this in (2.6), we get Da =0, but from (2.6) we obtain that (I —%)a =0. Hence
a =0 and a contradiction results. Therefore U(b) is invertible. 0

Let us return to the proof of Theorem 2.1.

(1)=(2): From Lemma 2.1 we have U,(a) invertible. Let (U, V) be defined by
(2.5). Using Lemma 2.2, it remains to show that U is invertible on (a, b). If this is
false, then there exists ce(a, b) and a # 0 with U(c)a =0, that is,

(2.7) U,(c) U (a)Da = —U,(c)e.
Define

(U UL (a)Da, V(1)UL (a)Da) te(a, c]

It is clear that 7 is absolutely continuous with n(a) = %n(b)=0. Let us compute J(n)
by taking into account that (U,, V,) and (U,, V,,) satisfy (2.3). It follows that

c

J(m) =% ana+J %[aT@U;’(a)VZ(t)Ua(t) Ul (a)Pa] dt

a

ri Ul d
+ ) dt[a b (1) Vi(t)a] dt.

Using (2.7) we obtain
J(n)=3a"[-2U,"(a) Vi(c)Uy(c)+ DU, (@) Ua(e) Vi(c)]a
and hence from (2.4) we have
(2.9) J(n)=—3a"Pa =0.
Set
MO:{EJ; (OHU, (UL (a)PDa ii%:;}

From (2.7) it results that h( - ) is absolutely continuous and 7 (¢) = U,(t)h(t). From
the corollary on p. 138 of [15] and the fact that n(a) =0, it follows that

I =3 a et BT OULOV (D).

b
+-;-J BT (U (DR U(D)A(1) dt

a

1(°.
=5J RT()UT()R(t)U(t)h(t) dt =0,
since R(t)>0 for all . Thus, (2.9) gives Pa =0. But from (2.7) and the invertibility
of U,(c) for ce[a, b), we obtain @ =0, which is a contradiction. 0

3. Sufficiency and coupled points. Consider here the same quadratic form as in
§ 2. In [17]-[19], the notion of coupled points was introduced. It is an extension of
that of focal (and conjugate) points to the case of variable endpoint(s). Since the final
endpoint n(b) is varying in our problem, we have the notion of points coupled with
a. It has been shown in the above-mentioned references that the nonexistence of points
in (a, b) coupled with a is a necessary condition for the nonnegativity of the functional
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J(m) over the constraints n(a) =%7n(b)=0. It is an important question whether the
notion of coupled points exactly replaces in the variable endpoint(s) problem that of
focal or conjugate points known for the fixed endpoint(s) case. In this section, we
answer this question for the problem studied in the previous sections. We show that
the nonexistence of points in (a, b] coupled with a is equivalent to the positivity of
the functional J(n) over n(a)=0= Pn(b). This result, combined with that of the
previous section, tells us that the nonexistence of points focal to b in [a, b) is in fact
equivalent to the nonexistence of points coupled with a in (a, b]. The approach we
use here is analogous to that in § 2. However, the main difficulty resides in showing
that the nonexistence of points in (a, b] coupled with b implies condition (2) of
Theorem 2.1.

DerINITION 3.1. A point ce (a, b] is coupled with a if there exists a pair (7, £) #0
satisfying the Jacobi system (2.1) with n(-)% n(c) on [¢, b] (drop if ¢ =b),

b

(3.1)  n(a)=2n(c)=0 and <n(0),§(0)+fn(0)+j P(S)dsn(0)>=0,

where ['= (I-2)'(I-9).

Remark. When & = I, condition (3.1) reduces to n(a)=n(c)=0. Moreover, in
this case, ()% n(c) on [c, b] is trivially satisfied since otherwise (7, £)=(0,0) on
[a, b]. Thus, when & # I and n(c) # 0, the last of (3.1) says that in the definition of
a coupled point a certain penalty term [° P(s) ds n(c) should be added to the transver-
sality condition at c.

The following result is the objective of this section.

THEOREM 3.1. Condition (1) in Theorem 2.1 can be replaced by

(i) there exists no point in (a, b] coupled with a,
which is equivalent to

(ii) there is no c € (a, b] for which there exists (n, £) # 0 satisfying (2.1) on [a, b]
and (3.1).

To prove the theorem we need to study two issues. The first concerns the impact
of the strengthened Legendre condition on the problem with “penalized” functional
J([a, 11, 1) (see below). Then, we derive important properties of condition (i) of
Theorem 3.1.

For t€[a, b], define

b

J([a,1], n)i=% nT(t)(F+J P(s) dS> n (1)

t

2 P61 600

+1 7 (s)R(s)7(s)} ds,
where n:[a, b]>R" is absolutely continuous and satisfies
n(a)=Pn(1) =0.

LemMA 3.1. The strengthened Legendre condition yields the existence of t,€ (a, b]
such that

J(la, t],7)>0 Vn#0: n(a)=Dn(1)=0.
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Proof of Lemma 3.1. Let B be the positive number satisfying the strengthened
Legendre condition. The essential boundedness of P(-) and Q(-) yields the existence
of M >0 such that, for t€[a, b] almost everywhere,

b
IP(O=M, ||Q()|=M, forallt, I P(s) ds

=M, and|[|=M,

where “||-||” is the matrix 2-norm. Choose f,€ (a, b] close enough to a such that
—~M(ty—a)*~4M (t,—a)+B>0.

Let n(-) #0: n(a) = Dn(t,) = 0. We will show that J([a, t,], n)>0. In fact, from
the Cauchy-Schwartz inequality it follows that, for all s €[a, t,],

1 N 1/2
o= [ il ar=o-a( [k )

Thus,

77 (1) (f+J P(s) dS> n(to)+j {0 (s)P(s)m(s)+297(5)Q(s)m(s)} ds

={2M(ty—a)+M(ty—a)*+2M(t,— a)} Ilo |9 (s)]? ds.
Then,

fo
J([a, to], ) >{-4M(t,— a)~ M (t,— a)*+ B} J |7 (s)|* ds > 0. a
Let (U,, V,) be the solution of (2.3) satisfying; asin § 2, U,(a) =0, and V_(a) =L
COROLLARY 3.1. Under the conditions of Lemma 3.1 we have det U,(t,) # 0, where
to is the value in Lemma 3.1, and, for all B #0: 98 =0,
b
ﬁT[Va(to)U;‘(to)+f+J P(s) ds]ﬁ>0.
Proof. If for a #0 U,(t,)a =0, define on [a, t,] the functions (n(t), &(t))=
(U,(t) e, V,(t)a). Then (m, &) satisfy the Jacobi system (2.1) and (75, &) #0, since
&(a)=a #0. Moreover, n(a)=n(t,) =0 and hence, using the Jacobi system,

J([a, o], ) =n(1)- £(1)|g=0.
This contradicts Lemma 3.1.
Now, if there exists 8#0: 2B =0 and B[V, (t) U;l(t0)+F+jf’0 P(s)ds]B=0,

define on [a, 1], (n(1), (1) = (U () U (t)B, Vo (1) UZ'(t)B). Since £(a)=
U, (t,)B #0, then (7, £) #0. Also, n(a)= Dn(t,) =0 and

b
J([a, 1], n)=%BT[F+j P(s) dS]B+n(t)'§(t)|L°

b
BT [ﬁj P(s) ds+ V,(1) U;‘(to)]B

S M-

A

This contradicts Lemma 3.1. 0

Let us now study the properties of the nonexistence of coupled points.

LeEMMA 3.2. Assume that b is not coupled with a, then in the definition of ¢ coupled
with a (Definition 3.1) the condition n(-)% n(c) on [c, b] can be eliminated.
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Proof of Lemma 3.2. The result will be proved by contradiction. If there exist
ce(a, b] and (7, £) # 0 satisfying (2.1) and (3.1) with n(-)=n(c) on [c, b], then on
[c, b], (2.1) yields

£(1)=Q(t)n(c)

and

£(t)=P(t)n(c).
Thus
b

£(by=£(c) +J P(s) dsn(c)

c

and hence (3.1) becomes
n(a)=0=2n(b) and (n(b), &(b)+In(b))=0,

that is, b is coupled with a. Therefore, we obtain a contradiction. ]

Let (U,, V,,) be the pair as in § 2, that is, the solution of (2.3) with U,(b)=1-2
and V,(b)= -f-a

LEMMA 3.3. If there exists no c € (a, b] coupled with a then det U,(t) # 0 on (a, b]
and det U,(a)#0.

Proof of Lemma 3.3. If for some c<(a, b] and a #0 we have U,(c)a =0, then
(n(1), £(1)) = (U,(t)a, V,(t)a) # 0 satisfies (2.1) and n(a) = n(c)=0. This contradicts
the hypothesis that no c€(q, b] is coupled, and hence conjugate to a.

If Uy(a)a =0 for a #0, then

(n(1), £(1)) = (Up() e, Vi (1))

satisfies n(a)=P7n(b)=0 and (n(b), §(b)+f‘n(b))=0. Moreover, (n(b), é&(b))=
((I—-D)a, —fa—@a)#O (otherwise a =0). Thus, we have b coupled with a, and
hence a contradiction follows. 0

The following results say that if (i) of Theorem 3.1 holds, then in the definition
of a coupled point not only n(-)# n(c) on [c, b] can be removed but the last equality
in (3.1) can be replaced by “=.”

LemMA 3.4. Assume that there are no points in (a, b] coupled with a, then there
exist no c€ (a, b] and (n, £) # 0 solution of (2.1) with
b

n(a)=%m(c)=0 and <n(6),§(6)+f’n(0)+J' P(S)dsn(0)>§0-

Proof of Lemma 3.4. From Definition 3.1 and the assumption of Lemma 3.4, we
only need to show that the strict inequality above cannot happen. Let us argue by
contradiction. Assume there exist ce(a, b] and (7, £) #0 satisfying system (2.1),
n(a)=Pm(c)=0and {(n(c), f(c)+f“n(c) +[% P(s) ds n(c))<0. We can easily see that
since n(a)=0 and (7, £) is nonzero and satisfies (2.1), there exists a,# 0 such that
(1), £&(1)) =(U,(t)ay, V.(t)ay). Thus, also DU, (c)a,=0 and

c

b
agUZ(c)[Va(c)+fUa(c)+J P(s) ds Ua(c)] a,<0.
Set Bo= U,(¢)a,. Then from Lemma 3.3 we have B,# 0, also 9B,=0 and

Bd [ V. (c)UZ'(c)+ f+J P(s) ds] Bo<0.

c



92 V. ZEIDAN

Define

b
()= V,,(t)UZ'(t)+f‘+J P(s) ds,
t
then /() is continuous on (a, b]. From Corollary 3.1, 8" s(t,)8 > 0 forall 8 # 0: BB =
0. Since, we know Bo5(c)B, <0, there exists ¢ € (a, b] such that B &£(&)B,= 0. Define
on [a, b]

(1), &)= (U (U, (&)Bo,  Va(t) U, '()Bo)-

We have n(a)=9n(¢)=0, (n, £)#0 because B,#0, and (n(¢), £(¢) +f‘n(c‘)+
{2 P(s) dsm(¢))=Bg A(E)Bo=0. Hence, ¢ is coupled with a, which is a
contradiction. 0

Now we will provide the proof of the main result of this section.

Proof of Theorem 3.1. From Theorem 2.1 and Lemma 3.2, we only need to prove
that condition (4) of Theorem 2.1 implies (ii), and (ii) implies condition (2) of Theorem
2.1. Assume condition (4) of Theorem 2.1. If (ii) is false, there exist (7, ¢) # 0 solution
of (2.1) and c e (a, b] such that

b

n(a)=2n(c)=0 and <n(0),§(0)+fn(0)+J P(S)dsn(0)>=0-

c

Define

n(c) onlc b];

then 7(c) is absolutely continuous, 7(a) = 97(b)=0, and

ﬁ(t)¢={

J(7) =% nT(C)(f+J P(s) dS> n(0)+% n(t)- &)

=0.

Also 71 # 0, since otherwise (2.1) gives that (5, £)=0 on [a, ¢] and hence on [aq, b].
Thus, we have a contradiction with condition (4).

Finally, assume that (ii) holds and let us show that condition (2) of Theorem 2.1
is satisfied. From Lemma 3.3 it follows that U,(a) is invertible. Thus, define (U, V)
by (2.5). Using Lemma 2.2, it only remains to show that U is invertible on (a, b).
Suppose not, then there exist ce(a,b) and a #0 such that U(c)a =0, that is,
U,(c) U,JT_I(a)QDa = —U,(c)ea, which is (2.7). Define (7, £¢) exactly as in (2.8),

(U(NU} (a)Pa, V(1)UL (a)Ba)  tela,cl,

(n (), g(t)):{—(Ub(t)a, Vo(t)a) te[c bl

Then, computations identical to those that led to (2.9) give that J(n)=—3a " Pa=0.
Now, we know by Lemma 3.3 that U, is invertible on (a, b]. Thus, define

(t)_{UZ_'(a)@a tela,cl,
=UZ (U tele b,

then
n(t) = U,(t)y(1).
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Using the corollary on p. 138 of [11] to compute J(n), we get that

I =30 BB +3 Y O VI ULy

+§J FTOUT(OR Ua(1)9(1) di

a

yT(B)UL(B)[T U, (b)+ V,(b)]y(b)

N |

1. .

+5J Y (UL (DR Uy(1)y(1) dt.

Since (U,, V,) is a principal solution to (2.1) with n(a) =0, then Lemma 3.4 means that
b

wTUT(1) [ Va(t)+f'Ua(t)+J P(s) ds Ua(t)] w>0

t
for all w#0 and te(a, b] such that U, (t)w=0. In particular, y" (b)UL(b)x
[Va(b)+f‘Ua(b)]y(b)_Z_0, since QU,(b)y(b)=0.Thus, J(n)=0. We know that J(n) =
—3a"%Pa =0, then J(n) =0. Thus, Da =0 and y(b) =0, that is, @ =0. Hence a contra-
diction follows. O

4. Application to nonlinear problems. In this section we consider the following
general problem of calculus of variations with fixed initial state but variable final
endpoints:

b

(V) minimize I(x):= y(x(b))+J L(t, x(t), x(t)) dt,

a

over all absolutely continuous functions x: [a, b]>R" satisfying
x(a)=A,  $(x(b))=0,

where AeR", ¢:R">R"(r=n), y:R">R, and L:[a, b]xXR" xR" > R.

In the special case where ¢ () is affine (¢(y) =y — B) this problem reduces to
the classical calculus of variations about which intensive literature can be found (see,
for instance, [1], [9], [14], and [16]). Recently, the interest in the problem was renewed,
due to its close connection to the optimal control problem [16] and to the multiple
integral calculus of variations problem [6]. Two of the main questions that are now
the center of attention are the existence of Lipschitz solutions to the classical problem
(see [4] and the references therein) and the study of the variable endpoint(s) case
(see [12]-[14] and [21], and the references therein). As is the case with the conjugate
point theory for the classical setting, we would like to obtain for the variable endpoint(s)
problem necessary conditions for optimality that are almost sufficient. In [17]-[19], it
is shown that in the variable endpoints case the nonexistence of coupled points with
b in (a, b) is necessary for weak local minimality. On the other hand, given that in
(V) the left-hand point x(a) is fixed, it is known (see, for instance, [20]) that the
nonexistence of focal points to a in (a, b) is necessary. Using the results of previous
sections, we show here that each of these necessary conditions can be strengthened to
become sufficient for the weak local optimality in (V).

Let z(-):[a, b]-R* be in L™[a, b]. The tube of radius ¢ about z(-) is defined by
T(z()re)={(t,y)e[a, b]xR":|y—z(t)|<e}. A function y(-) is said to be in
T(z(-); e) if (t,y(t))e T(z(-); ) for te[a, b] almost everywhere.
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DEFINITION 4.1. An absolutely continuous function X( ) :[a, b]—> R" that satisfies
the constraints £(a) = A, ¢(X(b)) =0 is said to be admissible. An admissible function
%(-) is a weak local minimum for (V) if there exists £ > 0 such that I(x) = I(X) for all
admissible x(-): (x(-), X(-))e T(X, £; €).

Let £(-) be admissible and Lipschitz. We make the following nonrestrictive
assumptions on the data.

(i) There exists € >0 such that y(-) and ¢(-) are C? on the g-neighborhood of
%(b), and, for almost all t€[a, b], L(t, -, -) is C* on the £-neighborhood of (£(t), £(1)).

(i) L(t, x, v) and its derivatives in (x, v) up to second order are integrable along
(%, X).

(iii) V?;,U)L(t, -,+) is continuous at (X, )é) uniformly in ¢, and va(t) =
L,.(t,%(t), (1)) is essentially bounded on [aq, b].

Given that we are interested in finding a sufficiency criterion for weak local
minimality of a Lipschitz candidate X, it is natural to assume that X satisfies the
necessary conditions for optimality: in particular, the Euler-Lagrange equation:

(%) %ﬁu(t)=ﬁx(t) te[a,blae.,

the transversality condition:
there exists a vector /€R” such that

(7) —L,(b) = I"[V$(£(b)]+Vy(5(b)),

and the Legendre condition:

(&) L,(1)=0 fortela,blae.
Define

P(s)= Ly(s), Q(s):=Ly(s), R(s)=Ly(s),
I =[V?¢(£(b))]TI+V>y(£(b)),
D=V¢(X(b)), @2=D"(DD")'D,
and
f=I-2)r4-a).

The second variation corresponding to the problem (V) (see, for instance, [20]) is

185 m) =m0 Tr) 2 [ 1076 PGIn +207 ()00 )

a

+5 7 (s)R(s)7(s5)} ds,

where n(-):[a, b]->R" is absolutely continuous and satisfies n(a) = 27 (b)=0.

This functional is exactly of the form considered in the previous sections. Thus,
as in §§ 2 and 3, we have the notions of focal points to b and coupled points with a.
In terms of these notions, necessary conditions for optimality in (V) were developed
in [18] and [19]. The corresponding sufficiently criterion are given by the following
theorem, where (£)' denotes the strengthened Legendre condition.

THEOREM 4.1. Let X be a Lipschitz admissible function for (V). Assume that X
satisfies (€), (T), and (&Y. Then X provides a strict weak local minimum for (V) if one
of the following conditions holds.

(1) There are no points in [a, b) focal to b.
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(2) There are no points in (a, b] coupled with a.
(3) There exists a Lipschitz symmetric matrix function W(-) solution of

W+ WBW+ATW+WA—-C=0 te[a blae,
(I-2)[W(b)+171=0,

(where A, B, and C are defined as in § 2).
Proof. From Theorems 2.1 and 3.1, each of the above conditions is equivalent to:
there exists 8 > 0 such that

b
J(%; n)éﬁj |9 ()] dt Vn: n(a)=Dn(b)=0.

Using [10, Thm. 12.2.7], we can find a >0, 8 >0 such that, for all n: n(a) =0,

b
(4.1) J(%;m)+a|Dn(b)’zB J ln(2)f dr.
Define M =min {3/8, 8/(8(b—a)), B/(8(b—a)?)}. Since ¢(-) and y(-) are C>
in the e-neighborhood of X(b), then there exist K >0, 0<g,(=¢), such that, for all
x:|x—%(b)|<ey,

V26 (x) 1= V¢ (2(b) 1] < M,

(4.2) [V2y(x) = V2y(£(b))|| < M,
IV?¢(x) =K,
where |- || is any matrix norm. Using the fact that V’L(t, -, -) is continuous at (X, %)

uniformly in f, we can find £,(=e,) such that for all absolutely continuous functions
x(-): (x(+), %(+))e T(X, X, £,) we have

(4.3) V2., L(t, x(2), %(1)) =V ,L()|<M ae.

Set go=min {e,, \/ﬁ/(aKz(b - a)3)}, and take x(-)(#X) be any admissible func-
tion for (V) with (x(-), x(-)) e T(X, X; &,). We will show that I(x)> I(%X).
Using ¢(x(b)) = ¢(X(b)) =0 and Taylor’s expansion we get the following:

I(x) = I(£) = y(x(b)) + ¢ (x(b)) "I = (y(£(b)) + ¢(£(b)) 1)

(b

+ | {L(, x(1), () — L(2)} dt

Ja

=[I"V¢(£(b))+Vy(£(b))](x(b) - £(b))
x(t)—y?(t)) dt

%(t)—%(1)

+| (Lo(1), L‘um)(

+%(x(b)—f(b))T(szb(x’)THVzv(x”))(x(b)—f(b))
1 b T AT . T AT
+5 (x"()=x" (1), x" (1) —%x"(1))

V2L(1, %(1), f(:))(x(’)_’e(')) dr,

%(1)—%(t)
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where x" and x" are between x(b) and X(b), and (X(-), X(+)) is between (x(+), x(+))
and (%(-), X(+)). Integrating by parts the second term and using conditions (&) and
(9), we are left with the last two terms. Since x(a)=x(a) =0, Holder’s inequality
yields that, for all s€[a, b]

b
(4.4) |x(s)—£(s)|2§(b-a)J |%(£) —x(t)| dt.
Using the first two inequalities of (4.2)-(4.4), and the definition of M, we obtain

B(° A
I(x)-I(X)=J(%; (x—f))—zj |x — x| dt,

a

and from (4.1) it follows that
b
I(x)—I(X) 2373 J | — % dt — a| D(x(b) — £(b))|.

We also have

0=¢(x(b)) —d(x(d))
=V¢(£(b))(x(b) —f(b))+% (x(b) = £(b)) V¢ (%)(x(b) — X(b)),
and thus,

ID(x(b) =) =7 () = £ (b

2 b 2
g%(b—a)z(L |x—aé|2) .

Therefore, using |%(1) — £(1)]> < e2= B/(aK>(b—a)), it results that
b
I(x)—I(f)zgj |x — £|? dt. 0
To illustrate the utility of the previous result we consider the following example.
Example. The question is to find a weak local minimum for the problem

@ wmimine 100 =3 51 (§) +34(5) +1(5) 3 (5)

/4
+% L {x3+x3—x}—x3—x,x3— x3x,} dt
over all absolutely continuous functions x(-)= (’;;E:;) satisfying x,(0) = x,(0) =0,
x,(m/4) = x5(m/4).

Take )?(-)=(§;f:;) =(J). We can then easily check that £(-) satisfies the Euler-
Lagrange equation, and the transversality condition for / =0, as well as the strengthened
Legendre condition. To prove that £(-) is a weak local minimum for (V) we will use
Theorem 4.1 with condition (2).

For this problem,

P(s)s[_(l) _(1’] Q(s)=0, R(s)=[(1) (1)]

1 0
I'= d D=(-1,1).
9] s oo
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The Jacobi system is.
m=é, élz_ﬂl,
n2= &, éz=_ﬂ2,
whose solution is

45) n(t)=Asin t+ B cos t, &(t)=Acost—Bsint,
n(t)=Msint+Ncost, &(t)=Mcost— Nsint

Let us search for the coupled point with 0 in (0, 77/4].

From Definition (3.1), ce (0, /4] is coupled with 0 if there exists (7, £) # 0 solving
(4.5)  with  1,(0)=1,(0)=0, n(c)=mx(c), and mn,(c)[&(c)+&(c)+2n(c)—
2(m/4—c)n,(c)]=0. This is equivalent to B=N=0, A=M, and Asinc=0 or
A[cos c+sin c(1+c—m/4)]=0. But A#0, since otherwise (7, £) =(0,0). Thus, we
must have cos ¢ = —sin ¢(1+ ¢ — w/4). However, ¢ € (0, w/4] and hence the last equation
cannot happen. Therefore, there exists no ¢ € (0, w/4] coupled with 0, and by Theorem
4.1, £=0 is a weak local minimum for (V).

Acknowledgments. The author thanks the conscientious referees, whose comments
helped improve the readability of the paper.
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PROPERTIES OF ENERGY-MINIMIZING SEGMENTATIONS*

JAYANT SHAHTY

Abstract. In Computer Vision, one approach to segmenting an image consists in minimizing an energy
functional that is defined over a set of all possible segmentations in terms of penalties for deviations from
ideal properties. Studied here are the smoothing properties of such a formulation defined with two parameters,
which are the weights associated with the penalty measures. This paper deals with only the one-dimensional
case. It is shown that the effect of these parameters is to set two local thresholds, one for the intensity
gradient and one for the difference between the maximum and the minimum values of image intensity in a
region. If one of the thresholds is not exceeded in a region, the region is regarded as uniform and will not
be broken up. Thus, low intensity noise and low gradients are filtered out. Conversely, if the image intensity
changes rapidly in a region so that both the thresholds are exceeded, the region will be broken up.

Key words. nonconvex minimization, free boundary problem, image segmentation, piecewise smooth
approximations

AMS(MOS) subject classification. 35R35

1. Introduction. In Computer Vision, the segmentation problem is the problem
of subdividing an image into regions so that in each region, the image properties are
relatively uniform. We have been studying the problem by a variational approach. This
approach is motivategl in part by occasional failures of traditional methods, which are
based on either local edge operators or on histogram partitioning and in part by a
desire to integrate the preprocessing and postprocessing steps associated with the
traditional methods into one global formulation. The general idea is that we should
define an energy functional over a set of all possible segmentations in terms of penalty
measures that correspond to various desired properties of a good segmentation. Our
approach is a modification of one due to Geman and Geman [5] and subsequently
developed by Marroquin [6] and by Blake and Zisserman [2]. The particular functional
that we have studied is the following: i

= [[ -graxas+ [ pvpacar-vin

where

R is the image domain,

g is the grey level function, g: R->R,,

B denotes the union of region boundaries; thus B is the segmenting curve,

f is the smoothed image which need not be continuous across B,

|B| =the length of B,

W, v are the weights.

The problem is to find f and B that minimize E(f, B). While the first term imposes
penalty for deviation of f from g, the second term forces f to be as smooth as possible.
By minimizing the length of the segmenting curve, the third term tries to avoid
segmenting the image into too many regions with wildly zigzagging boundaries. Thus
the formulation is designed to find a minimal segmentation such that in every region,
the image intensity g is approximately constant. The formulation is minimal in the
sense that by dropping any one of the three terms, we get inf E =0: without the first

* Received by the editors March 12, 1990; accepted for publication (in revised form) January 23, 1991.
+ Mathematics Department, Northeastern University, Boston, Massachusetts 02115. This work was
supported by National Science Foundation grant IRI-8704467.
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term, take f =0 and B empty; without the second, take f=g and B empty; without
the third, take B to be a fine grid of N horizontal lines and vertical lines, segmenting
R into tiny squares and f = average of g in each square.

For a fixed segmenting curve B, let fz denote the minimizer of E (f, B) with respect
to f. In the interior of R — B, f} satisfies the equation V>fz = u’(fz — g). If B is sufficiently
regular, say piecewise C', then f; satisfies the boundary condition 9fz/dn =0 along B
and along the boundary of R. Thus in each component S of R — B, fp is a smoothed
version of g. The amount of smoothing depends on w. fy > g as u|S|> and fp > gs
as u|S|~>0, where gs is the constant function with value equal to the average of g in
S. 1/u may be thought of as the nominal smoothing radius. For reasonably regular
curves B, properties of f; are well understood, and f; may be calculated easily by
methods such as the finite element method combined with a multigrid relaxation
procedure. The real problem is to show the existence and regularity of curves B that
minimize E(fg, B). This is a difficult problem, both theoretically and practically,
because of nonlinearity and the existence of many local minima. The questions that
arise naturally are

1. Is the problem of minimizing E(fz, B) with respect to B well posed? In
particular, does it have a solution that is not too wild, say, a solution that is piecewise
Cc*?

2. Is there a practical algorithm for minimizing E (f3, B)?

3. Is the formulation well suited for solving vision problems? For example, how
is the segmenting curve placed? How does it behave in the presence of noise? How
should one choose and vary w and » in the context of the vision problem?

All of these questions are still open. We have reported in [7] our initial numerical
experiments based on steepest gradient descent. We have also extensively analyzed
the limiting cases of the formulation, namely, the limit as u - c0 and the limit as u >0
in [8]. We have also discussed the nature of singularities of the segmenting curve B.
Asymptotic behavior of the model has also been studied by Richardson in [9]. A very
deep analysis of the question of the weak existence of the minimizing curve B has
been carried out by Ambrosio [1]; De Giorgi, Carriero, and Leaci [4]; and Dal Maso,
Morel, and Solimini [3].

In this paper, we begin to study segmentations obtained when u and v are arbitrary.
Here, we deal only with the one-dimensional case. That is, we assume that R is
one-dimensional and B consists of a set of breakpoints.

The existence of a minimizing segmentation in the one-dimensional case is very
easy to see. We note that inf; 3 E(f, B)= E(f,, ¢) where f; is the solution of the
Neumann problem with B empty. Therefore, there exists a minimizing sequence { f;, B;}
for E(f, B) such that |B;|= E(f,,, ¢)/v. Hence there exists a subsequence { B, } converg-
ing to B¥, with |B*|=inf|B, | Let f« satisfy the equation f§= u’(fz+—g) in R— B*
and the boundary condition f5+«=0 at each breakpoint in B* and at the endpoints of
R. Because the elliptic boundary value problem for fg- is well posed with respect to
deformation of B*, it follows that E( fg«, B*) =lim E(f;, B;); hence (f3+, B¥) minimizes
E(f, B).

The interesting question in the one-dimensional case is how u and v control the
segmentation of R. We show that the role of u and v may be interpreted as follows.
These parameters set, in effect, two local thresholds. The smaller the region, the higher
are the thresholds for the region. A region in which

(i) either the maximum intensity gradient is below its threshold,

(ii) or the difference between the maximum intensity and the minimum intensity
is below its threshold,
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is regarded as uniform and will not be broken up. In other words, low intensity noise
and low gradients will be filtered out. In a region of R where the intensity changes
rapidly such that both the thresholds are exceeded, the region will tend to be broken
up such that in each piece, gma.x— &min roughly equals its threshold value. Figure 1
illustrates this behavior.

ARROVS INDICATE THE
“N_AL*\\\\ LIKELY BREAK-POINTS
T\W TT

FiG. 1

In § 2, we derive an a priori lower bound on the length of each segment in a
minimizing segmentation. From this, we deduce the smoothing properties. We illustrate
how the number of segments in a minimizing segmentation varies as we vary u and
v. In § 3, we derive an upper bound on the segment length to show that the lower
bound is qualitatively correct. In the last two sections, we analyze the behavior as
u—>0or u->oo0.

The main technique in deriving these results is obtaining estimates for the reduction
in energy due to a single additional cut. Consequently, the upper and lower bounds
that we derive hold under much weaker conditions. This allows us to consider segmenta-
tions by sets of breakpoints, B, which satisfy conditions
- E(fs, B)<E(fs, B)

for all B< Bsuch that |B|=|B|-1
and
o) E(fs, B)=E(fs, B)

for all B> B such that|B|=|B|+1.
In particular, if B minimizes E(fz, B), then B satisfies (*) and (#*). However, all the
conclusions stated above still hold for any B that satisfies (*) and (#%*), thus indicating
that such a set B may already provide an acceptable segmentation.

Notation. For any interval D < R, define

dpg =maxp g —minp g,

Lipyg = {Lipschitz constant of g in D if g is Lipschitz,
00 otherwise,
aD=max{ v/ 3> ,’uj 2}
2(8pg)”" 2(Lipp g)

2. A lower bound.

THEOREM 1. Let B be a set of breakpoints satisfying the condition (*). If B is not
empty, then the following must hold:

(i) agr<1,

(ii) for all segments S,

|S|>llog
m 1

Proof. Suppose that B is not empty and satisfied (*). Let S be a segment. Let S’
be an adjoining segment. We adopt the notation and the coordinate x as shown in
Fig. 2.
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0 P Q

—¥ i

FiG. 2

N2
»

v

Let B’ be the set of breakpoints obtained by removing the breakpoint at P.
Integration by parts (see [8, § 6, Lemmal]) gives us

0<E(fy, B)—E(fs, B)=fup(P)Lf5(P)—fs(P)]—¥

where the superscripts + and — refer to the values of f; on the two sides of a breakpoint.
Therefore,

v< "f;B’HOO,SUS’If;(P) _fE(P)i-

We need the following lemma.
LEmMA 1. Let D =[0, a] and g: D— R be a bounded function. Let u satisfy u" =
w*(u—g) and u'(0)=u'(a)=0. Then,

gminéu(x)égmax’
. 1 .
lu(x) - g(x)|=min Sog,;Ltng ,

|u'(x)|=min {2udpg, Lipp g}(1—e ™).

Proof of Lemma 1. Extend g to all of R by successive reflections of D. Let g
denote also this extension.

Then,
u(x) =§ J:Z e *g(y)dy where r=|y—x|.
Therefore,
&min =§ Ji e " gmin dy = u(x) ég f € ""Zmax dY = Gmax -
Moreover,

[ee)

lu(x) —g(x)| é% J' e *|g(y) — g(x)| dy =min {50& i Lipp g}-

=00

Let g. =g —c, where ¢ is some fixed constant. Since u'(x) remains unchanged, if we
add a constant to g,

o [T d
u(x)=5‘[ ol *g.(y) dy
2 x 2 00
[ —ur [t —r
=5 e “g.(y) dy+*2~J e "g.(y)dy
2 o M2 x
=-E ) ety dy~—J R A O
2 J 2 Jo

18]

[ o

e 0 ¥g () dy.

+
N [F

[

X
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Since g(—y)=g(y),

2 oo 2 [ x

’ fd —m(x —u(x—

u(x)=—7j e g () dy——’;—J g (y) dy
0 0

2 oo
[T [
+7J e O Vg (y) dy

=—ple J' (cosh uy)g.(y) dy+ u’(sinh ux) J e "g.(y) dy.

0 x
Setting ¢ = (gmax+ min)/2 s0 that |g.|=3(5pg), we get
[u'(x)| = w(1—e ) (8pg) =2u(1— e ) (8pg).

Setting ¢ = g(x) so that |g.(y)| = (Lipp g)|y — x|, we get

00

|u’(x)|§u2(Ling)[e‘“" J (cosh wy)(x —y) dy + (sinh ux) J e (y—x) dy]

0 x
=(1-e*)(Lipp g)- 0

We continue now with the proof of the theorem. Applying the lemma to each
segment of R, we get

|f5(P)—f5(P)|= g
Also,
lf5(P)=fa(P)|=|(f3(P)—g(P))—(f5(P)—g(P))|

2.,
=—Lipr g
M

Applying the lemma to SU S’, we get

|| 5|l sus = min {2udrg, Lipg g}H(1— e HIshy,

Therefore
. > 1 . 2 —uls]
v <2 min { u(8gg)", — (Lipr g)" ((1—e™*")
m
. » 1 . 2
<2 min {u(8Rg) " (Lipr 8) }
The theorem follows. O

Since the smallest segment must have length less than or equal to |R|/|B|, part
(ii) of Theorem 1 may be restated as follows.

COROLLARY 1. Let B be a nonempty set of breakpoints satisfying the condition (*).
Then

&

1
v <2min {u(ng)z,  (Lip g)z}(l — eTHIRIE),
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Thus, the (u, v) space is laminated by a series of curves, marking regions corre-
sponding to the number of possible breakpoints in a minimizing segmentation as shown
in Fig. 3. An upper bound derived in the next section shows that these curves are
qualitatively correct in depicting curves with | B| constant.

To see where the actual breakpoints are likely to occur, we have Corollary 2.

COROLLARY 2. Let D be a connected interval in R. If

ap>1—e P2,
then any set of breakpoints satisfying (*) cannot have more than two breakpoints in D
that is, D can contain at most one whole segment.

Proof. Suppose that there are more than two breakpoints in D. Then, apply the
theorem to the union of two adjacent segments contained in D in order to get a
contradiction. 0

We may think of Corollary 2 as setting local thresholds (that depend on |D|) for
épg and Lipp g. In particular, if

either 8pg <vv/2u or Lippg<vur/2,

then there cannot be more than two breakpoints in D. That is, low intensity noise and
low gradients are filtered out.

3. An upper bound. We now derive an upper bound on the segment length as a
function of w and v to show that the lower bound in Theorem 1 is reasonable. An
upper bound cannot exist in terms of the global quantities 6gg and Lipg g used in
Theorem 1. To see this, just take g to be a step function. If we keep u fixed and require
a breakpoint at the discontinuity of g, then v >0 as we move the discontinuity closer
and closer to one of the endpoints of R. Therefore, to get an upper bound, we have
to make some assumptions regarding the profile of g. It is easy to see that with w and
g fixed and g sufficiently general, we get more and more breakpoints as we decrease
v. Corollary 2 indicates that most of these breakpoints will occur in regions of high
gradient. Therefore, we derive an upper bound for segments within which g has high
gradient everywhere.

THEOREM 2. Let B be a set of breakpoints satisfying the condition (x*). Suppose
that g is C' in a segment S and |g'(x)|= c for all x€ S. Then

NE “—V>
ulsi=u(25),

NO BREAK-POINTS ( #=0 )

k<
k<2

—__)/\‘..L

F1G. 3. k=|B|.
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where s is a monotonically increasing function: lim,.. ¢(z) =1 and y(z)=2z>/32 for
small z.

To prove the theorem, we need Lemma 2.

LEMMA 2. Let D=[0,a] and g: D->R be a C"' function such that g'(x) =0 for all
x € D. Let u satisfy u"= u*(u—g) and u'(0)=u'(a)=0. Then u'(x)=0 for all x € D.

Proof. Let v=u'. Then, v satisfies v"—u*(v—g’), v(0)=1v(a)=0. Therefore, v
minimizes

von=p [ v+
D D

subject to the condition w(0) = w(a)=0. Define

50x) = {v(x) if v(x)=0,

otherwise.

Then, U(%)= U(v) and hence 0 = v. Now let

u(x)=u(0)+ J'x vdx where u(0)= U:g)

0

Proof of Theorem 2. Choose the coordinate x so that the origin is at one of the
end points of S and g'(x)=c Let g, be the linear function with slope ¢ such that

g:(0)= g(O) Write g = g1+g In S, let f, satisfy f} =u’(fi—g1), fil;s=0, and letf
satisfy f"=u(f—§), f'l,s=0. Let £=|S|. Since gi(x)=c and §'(x)=0, f'(¢/2)=
f1(€/2)=0 by Lemma 2. It is easy to construct f; explicitly:

¢ sinh (x—(1/2))

)= == h(al)2)
and

o _ _ccosh(x—(I/2))

filx)=c cosh (ul/2) ~
Therefore,

' - _ _—1
f(’/z)zc[l cosh (,d/z)]'

Let B be a set of breakpoints satisfying (**). Consider introduction of an additional
breakpoint, P, at the center of the segment S. Let B'= BU{P}. Let h=fg — f5. Then
h satisfies the equation h”=u’h in S— P and the boundary condition h'=0 at the
endpoints of S, and h'=—f} at P. By solving explicitly for h, we easily obtain

W (1/2)=~h~(1/2) =if£;(l/2) coth (ul/2)

Therefore, the change in energy due to the extra breakpoint
=E(fs, B)—E(fs, B')
=fs(P)[f5(P)~f5(P)]—v
=fs(P)[h"(P)—h (P)]-v
=2 LFa(l/DF coth (u1/2) =

=0 by the condition (**).
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Therefore
vé%[fé(lﬂ)]z coth (ul/2)
z% LF(1/2) coth (ul/2)
=2 2y (u),
“m
where
_ 8sinh* (ul/4)
Yl === (ul)

To compare the lower bound A, given by Theorem 1, with the upper bound A,
given by Theorem 2, assume that g is linear in a fixed R. Let

782
0= .
2(g')

Suppose that the minimizing B is not empty so that 6 <1. Then,

1 1 -z
A=—¢ | 6 maxy—5—3,1 where o(z)=1—e"7
n #*[R|

We must consider the following two cases.

Case 1. wA—oo.

Note that uA - 00& ud > 00> 0> 1. Moreover, uw—> as 6§ > 1. We have
e () 1

() 2

. AL
llmg_)l X = llmg_)l

Case 2. uA—0 or ur - 0.

wA—>0&60-0and wA =~ 7326 when 6 is small. In order to estimate wA, we have
to consider two subcases.

Case 2a. w|R|=1.Then uA = ¢ '(6) = 0if 6issmall. Hence A >0 A >0& - 0;
however,

A 02/3
0= limg_,o Ké limg_,() E =0.

Case 2b. w|R|=1. Then

A—go"( 6 >~ d if 4 is small
# wIRP) Wi R R '

Hence A>0&A >0 60/u’~0; but,

A 1 6 \**
0=l so— =1l Lot—=\—=3=5 =0.
1mg, 3 OA 1My, ,, O\S/?E<M3|R|3)

Thus, although both bounds tend to zero simultaneously, the lower bound given by
Theorem 1 is too low when g is linear and the segment sizes tend to zero. The reason
for this is that in the proof of Theorem 1, we had to use the global estimate drg in
place of 85,58, because the set of breakpoints B need not be maximal among the sets
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satisfying the condition (*), and hence |S’| need not be small when |S| is. However,
as A >0, 8susg 0 if B satisfies (*+), and |g'(x)|= ¢> 0 for all x € R. We can use the
upper bound A in this special case to estimate |S U S’| and thus estimate 8558 Using
this estimate, we can obtain a better lower bound, A, for segmentations that satisfy
(*) and (**) such that A,/A is uniformly bounded from above and below by positive
constants.

4. Behaviour when p is small. By Theorem 1, in a nontrivial minimizing seg-
mentation,

}<1(L—aﬂﬂyqﬂ§Uﬂ
M

max { V//Lz v
2(8x8)* 2(Lipr g)’

Hence, as u -0, we must bound »/u” in order to have nontrivial segmentations. We
thus impose the condition

5

v
—=v0<|R|(8xg)’
m

when u is small. Let

E,(B) =J (g_gB)2+ V0|B|’

where gp is the piecewise constant function that, in each segment, equals the average
value of g in that segment. By expressing f and g as cosine series, it is easy to show that

__E(B) _1 =

(#) rGARE ) = B U B) = Eol B)

(See [8, 8 4] for a similar estimate when R is two-dimensional.) Consequently, we

expect the behavior of E(fg, B) to be controlled by Ey(B) as u—>0. Notice that E,

has a well-defined minimum. Like Theorem 1, we have the following lemma.
LeEMMA 3. Let B, be a nonempty set of breakpoints such that Ey(B,) < Ey(Bg) for

all By< B with |Bj|=|Bo|—1. Then, for every segment S,

Vo
(3Rg)2.

Proof. We proceed as in Theorem 1. Consider a segment S. Let S’ be an adjoining
segment, meeting S at P. Let s =S| and s'=|S’|. Let a, a’ and b be the average values
ofgin S, S’,and SU §’, respectively. Note that b = (as+a’s')/(s +s’). Let By= B,—{P}.
Then

|S|>

Eo(Ba>—Eo(Bo>=f (g—b)Z—L (g—a)Z—L (g-a) =

S

(a—a')’ss’
=7, W
s+s
=0
Therefore,
' a2 2

11,1 s+’ _(a—a) _(8eg)"
s s s ss Vo Vo



108 JAYANT SHAH

As in Corollary 2, if

in a connected interval D, then D cannot contain more than one whole segment of
the segmentation that minimizes E,. Thus, minimizing of E, is akin to the schemes
that segment images by partitioning histograms.
For each positive integer k, let D, = R be the subspace corresponding to the sets
of k breakpoints that result in segments of length greater than v,/{2(9zg)°}. E(f, B)
and Ey(B) achieve their global minima over the space D =1I,-,, Dy, where k is a
fixed integer. To compare the global minima of E(fg, B) and E,(B), we may restrict
them to D. E(fp, B) and E\(B) are continuous over D, where D has the induced
topology from I, =y, R* with the standard topology. By (#), (1/ u*) E(fs, B) converges
uniformly to Eyo(B) over D. From this, it is easy to see Theorem 3.
THEOREM 3. Let B, be a set of breakpoints belonging to D.
A. Suppose that B, minimizes E,(B) locally. Then, there exist a sequence of sets
{B;}i=, of breakpoints belonging to D and a sequence of numbers {u;};~, such that
a. Bi» By and u;~0 as i—> o,
b. B; minimizes E(fg, B) locally with u= w; and v = vou’,
c. E(fg, B)»> Ey(B) as i— 0.
B. Conversely, suppose that B, does not locally minimize E,(B). Then there exists
a constant w, such that for all u= u,, E(fg, B) does not achieve its global minimum at
B,.
By analyzing the convergence of the derivatives of E(fz, B) and Ey(B) as in [8],
it is possible to obtain stronger statements.

5. Behavior when p is large. By Theorem 1 again, in a nontrivial minimizing
segmentation,

(9:€)°= = and (Liprg)’=2".
2u 2

Hence as u > 00, we must bound wr. We impose the condition

14 .
%= Vo = (Lipr g)°

when u is large. Let

Eoo(B) = 2 [Voo_{g’(x)}z]'

xeB

In [7] we show that for a fixed set B of breakpoints and ge C"'(R),
2 1

(This follows easily from Lemma 4 below.) This indicates that as u — 00, it becomes
advantageous to place more and more breakpoints in the vicinity of points where
|g'(x)| is maximum. Note however that although E.(B) may have stationary points
(where g”=0), unlike Ey(B), it has no minima unless v 7> ||g'|lw.r- Thus we should
expect |B|> 00 as - oo,
Let B, , denotes a set of breakpoints that minimizes E(fp, B) with fixed x and ».
THEOREM 4. Suppose that g€ C"'(R). Then, the following hold.
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i. For every €>0, there exists a constant w,>0 such that for all u> u. and
v =2ve/ W,
B,,<{x:|g'(x)|=Vvo—¢}.
il. If [|g'o,r > Ve, then
IB,..., N{x:]g'(x)|>Vve}| >0 asu->c0.

CoROLLARY 3. Let ge C"'(R). Instead of assuming that uv is fixed as p - %, fix
a positive integer k and suppose that for each u we choose v such that |B, ,|=k. If B,
is nonempty for all u, then as pu— 0,

/.,LV , . . ' '
—2——>IlgII§o,R and’ 1im, .o B, < {x:[g'(x)| = |&’[l.r}.

Proof of Theorem 4. Let ¢ =v.. Let R, ={x:|g'(x)|=c—¢/2}. Choose u, such

2 2
€ c
(C“'2'> <1—e4“0|R|'

By Corollary 2, each connected component of R, contains at most two breakpoints
of B, , for all u=pu,. We show now that for sufficiently large u, the breakpoints in
R, can occur only at points where |g’'|= ¢ — &. Consider a connected component W of
R, which contains at least one point, P, of B, , where |g'|<c—e. Since W can have
at most two points of B, ,, it has an interval containing no breakpoints in which
c—¢e=|g'(x)|=c—¢/2. (This is true even if W contains an endpoint of R.) Let Q be
a point in this interval such that |g'(Q)|=c—2¢/3. We claim that if w is sufficiently
large, we can reduce the energy by removing the cut at P and placing it at Q. We need
the following lemma, which is an extension of Lemma 1.

LEMMA 4. Let D=[0,a] and let g: D>R be a C"' function. Let u satisfy the
equation u" = p*(u—g) in D and the boundary condition u'(0)=u'(a)=0. Then there
exists a constant C such that

(0
u(0)—g(0)— £ ’ =L [(%w) g lop+ S (Ling')],
W wL\2 W

that

’ ’ 3 —ma ’ C b ’
)= 0l= (34 ) el o (Lipog)

Proof of the Lemma. Extend g to all of R by successive reflections of D. As in
the proof of Lemma 1,

u(x)—g(x) =§j e " g(y)—g(x)]dy

—0o0

=pe J (cosh wy)[g(y)—g(x)] dy

o0

+ w(cosh ux) J e "g(y)—g(x)]dy.

X

Also from the proof of Lemma 1, we have

u'(x)=—ple ™™ J'O (cosh uy)[g(y)—g(x)] dy

+ u’(sinh px) J' e M g(y)—g(x)] dy.

X
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The required estimates are now obtained by substituting
gy)—g(x)=g'(x)(y-x)+&(y)(y—x)* if0=y=a,
le»)-g)|=alg'lep ifyza,

where |g(y)|=Lipg g’, and evaluating the integrals. 0O
We continue now with the proof of Theorem 4. We may assume that the points

P and Q are in the same segment S. Let s = ¢/(Lipg g'). Note that |S|=s/2. Choose
Me = uo such that

3 ,us) -
4+ e Y g o g +— (Llp g)——
(2 12 Rop, " FR

where C is the constant defined in Lemma 4. Let S’ be the other segment with P as
one of its endpoints. Let f;, fi, and f, be the solutions of the Neumann problem
f'=up*(f—g) in SUS". SUS'—{P}, SUS’ —{Q}, respectively, with homogeneous
boundary conditions. Let v;=f;—g for i=0, 1,2. Then the reduction in energy by
moving the cut from P to Q equals

fi(Q)v3(Q) = v (A1 - fo(P) 7 (P) — vy (P)].
By Lemma 4,

Q@ -g@l=g

e e

11e

|fo(P)| =g’ (P)|+—< -

1 11
i Pl= g Pl3) =2 (- 55).

1 11e
|Ul (P)l— <c—1—2—)

If |S'| = s/2, then

by Lemma 4. If |S'|=s/2, then
s €
Neo.s=|g'(P)|+ (Li N—=|g +—
lg'll=.s=lg'(P)|+ (Lipk g) ;=g (P)|+15

and hence, by Lemma 1

N <l ! £ <l _lb:
|U1(P)|=M<|g(P)|+12)=,u<c 12)

again. Therefore

2 2 2
Reduction in energyz—\|c——) ——|c——) >0.
w W

To prove part (ii) of the theorem, choose «>0 such that N=
{x: c+a<|g'(x)<|g'llor} is not empty. Then, using Lemma 4, show in the same
way as in part (i) that for every £ >0, there exists u, such that for all u>u,,if Ic N
is an interval of length= ¢, not containing a point of B, ,, we can reduce the energy
by placing a cut at the center of L 0
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THE REVENGE OF THE LINEAR SEARCH PROBLEM*

ANATOLE BECKt AND MICAH BECK#

Abstract. The linear search problem is the name for several problems motivated by the same external
reality. At times, the search for a goal can proceed in two (or more) directions. Looking in one direction
is at the expense of time and effort, which can be used elsewhere. More specifically, it might actually be
moving further from the goal. This is modeled by a physical search along an infinite straight line, where
the object of the search might be in either direction. Faced with a (known or unknown) probability
distribution, this paper attempts to minimize the expected loss, where the loss is a function of the time of
the search and the location of the object. In this variant of the problem, known distributions are dealt with,
and the loss function is a known power of the time spent.

Key words. linear search, search games
AMS(MOS) subject classifications. 90B40, 90D45, 90D26, 93B40, 93C15, 93E20

Introduction. In 1972, the senior author, with the assistance of one of his students,
took up the linear search problem under the assumption that the “‘cost” of each unit
of distance increases with the time spent in search [4]. One way of defining the problem
is to define the cost function X, (x) as |~ (X(x, t))* dF(t), where x ={x,};> _ is a
search strategy, and X(x, ) is defined as follows. for t lying between x,,_, and x,.,,
X(x, t)=t|+¥!__2|x]|, and F is the (known or unknown) distribution of the target.
Much has been written on the case where @ =1[1,2,3,5,6,7]. Among the values of
a>1, a=2 is special. This reflects not only the general mathematical interest in
square-summable functions, but also the naive assumption that the function multiplying
each new dF(t) (possibly reflecting the degree of impatience) is proportional to the
time already spent.

It will be the purpose of this paper to duplicate some of the results of [5] and [6]
for the cases a>1 and especially a =2.

1. Definitions and fundamental notion. Let « > 1 be arbitrarily fixed for the remain-
der of the paper and B =a —1. We will consider probability distributions F on the
real line R for which the absolute a-moment M, = M, (F)=["_ |¢t|* dF(t) <. F is
taken continuous from the left in R™, the negative reals, continuous from the right in
R*, and thus continuous at 0, for reasons set out in [1]. In [2], we define a generalized
search procedure as a sequence {x;};—_,, with

CEXEX=EX L= S0 =X EXEXRSE .

We denote the set of generalized search plans as &,. For each point teR, if ¢ lies
between x,_, and x,.,, we consider that the search plan x envisions a path beginning
at 0 and consisting of the intervals - - -, [x_,, x_;]1, [x,, x_1], [x0, %11, -+, up to the
point x,, followed by the interval between x, and t. The length of this path is |t|+2s,,
where 5,=Y"___|x|. If ¥i___ |x] =00, then X(x, 1) =00, for all 1R, and x is a very
unsatisfactory search procedure. Since the search procedure y={—(-2)"} yields

* Received by the editors November 28, 1989; accepted for publication (in revised form) February 11,
1991.
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X (x,t)<9|t|, for all teR, we see that X, (y)=[" X (y, t)* dF(t) =9“M,(F). Thus
we have at least one strategy giving a finite value for X, if M, <co. On the other hand,
X (x, t)=|t| for all search procedures x and all t€R, giving X,(x)= M, (F) for all
search procedures. By [4, Thm. 17], if M, (F) <o, then there is a search procedure z
such that X, (z) = X, (x) for all search procedures x. By [4, Thm. 29], if either F*(0)
or F(0) is finite, then there exists a k€ Z such that all the turning points z; of z are
0 for i =k, where
F*(0) =1lim sup {(F(t)— F(0))/ |1} 0}
and
F~(0) =lim sup {(F(t)— F(0))/t|t10}.

At this point, we will also prove'the following lemma.

LemMa 1.1. Ifxis a minimizing search procedure for the distribution F and exponent
a >0, then |x,_,| <|x,,| unless the search has not really begun (x,, = x,,,, =0) or is really
already over (|F(x,)— F(x,_,)|=1).

Proof. Assume without loss of generality that x, =0; the other case is similar,
mutatis mutandis. If x,,_; = x,,,, let y be the search procedure

Vi =X, Vj<n,
Vi = Xj+z, Vjizn

Then X(y, t)=X(x, t) =2(|x,|+|x,_1]), V& (x,,%,-1). Thus X, (y)<X,(x) if
F(x,)>0or F(x,_;)<1. O

2. Uniform distribution. We begin with the distribution F, defined by F'(t)=
1/(b—a), for all a<t<b, F'(t) =0 elsewhere. If a>0 or b <0, the problem is trivial,
so we take a <0< b. To simplify the notation, we will rewrite the left-hand endpoint
of (a, b) as (—a, b) with a >0, and rewrite each search strategy by omitting as turning
points all x; that are 0 or lie outside [—a, b].

THEOREM 2.1. If a>b, then X,(x) is minimized by x ={b, —a}. If a<b, then
X, (x) is minimized by {—a, b}.

We begin with the following lemma.

LemmMAa 2.2. If 0<a<b, then

b

a b a
J t“dt+J Ra+1)*dt< t”‘dt+J’ 2b+1)* dt.
0

0 JOo 0
Proof. We must show that

b (fa

J QRa+t)*—t*dt<| (b+1)*—1t*dt,
0 JO

ie.,

b (f2a (a 2b
J a (t+s)Pdsdt< aJ (t+s)Pdsdt

(1] JO JO 0
Ignoring the common factor a and subtracting the common domain [0, a] X[0, b], we
must show that

b (2a fa (2b
J (t+s)Pdsdt< (t+s)Pdsdt,
b

0 Ja JO
ie.,

b a fa (b
j J (a+t+s)Pdsdt< (b+t+s)dsdt
0 JO JO
b (a
= (b+t+s)Pdsdt,
JO JO
which is clear since a+t+s<b+t+s, for all s, teR. 0
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LemMa 2.3. If 0<a<b<c, then
b c a b

J t"‘dt+J (2b+t)“dt<J t“dt+j (2a+t)"‘dt+J
0 0

(2a+2b+1)*dt.

a

0 0
Proof. We must show that

a b c
j (2b+t)“—t“dt<J Qa+1t)*—1t* dt+,[
0

0 a
ie.,

 a 2b b 2a c 2a
J (s+t)Bdsdt<I J (s+t)Bdsdt+J J
JO 0

0 Jo 0

(2a+2b+1)* —(2b+1)* dt,

(2b+s+t)? dsdt,

a

c fa a+b a
J (2b+s+t)Bdsdt>a(2b+a)5(c—a)>a(2a+b)5(b—a)>J J (s+1)Pdsdt,
a JO

[ c

2a 0

2a 2b
J (2b+s+t)B>a(2b+2a)’3(c—a)>a(2b+a)’3(b—a)>J J

a+b
b 2a 2a a

I J (s+t)Bdsdt>J‘ j (s+ 1) dsdt

0 0

0 0

(s+1t)?dsdt,
0

Adding the extremes,

c 2a b (2a 2b a
J J (2b+s+t)Bdsdt+J J (s+t)’3dsdt>j J
a JO 0

(s+ )P dsdt

0 0 0
a (*2b
=J J (s+1)? dsat.
0 Jo

LEMMA 2.4. If 0<b=a<c, then the same conclusion holds as in Lemma 2.3.
Proof. The inequality

b a a b
J t“dt+J (2b+t)"dt§f t“dt+J (2a+1)* dt
0 0 0 0
holds by Lemma 2.2, while

J 2b+1)” dt<J' (2a+2b+1)* dt. O

CoROLLARY 2.5. If 0<a<c and 0<b<c, then the same conclusion holds.
LeMMA 2.6. If 0<a<c=b<d, then

c d a b c
I t"‘dt+J (2c+t)"‘dt<J t“dt+I (2a+t)"dt+I
0 0

(2a+2b+ 1) dt
0 0

a

d
+j (2a+2b+2c+1t)* dt.
b

Proof. Note that

d d
J (2a+2b+20+t)°‘dt>J (2c+1t)* dt,
b

b

I t"‘dt—J t"‘dt=J t* dt,
0 0

a
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and

c [2a+2b

J (2a+2b+t)°‘-—t°‘dt=aj (s+t)Pdsdt

a a JO

¢ (2a+2b ¢ 2a+b
>aj (s+t)’3dsdt+aJ J (s+t)Pdsat.

a J2a+b a J2a

On the other hand,

b b (2c
J' Qc+t)*—QRa+t)*dt=a J (s+t)Pdsdt
0 2a

0 J

b a+c b 2¢
=a J (s+t)3dsdt+aJ'J' (s+1t)P dsdt.

0 a+c

Also,

c 2a+2b fc (b
J J (s+t)Pdsdt= (2a+b+s+1t)Pdsdt

a J2a+b Ja JO

fc (b

> (c+s+t)?dsdt
Ja JO

rb (2c

= (s+t)Pdsdt

JO Ja+c

and

c 2a+b fc b
J J (s+0)Pdsdt= (2a+s+1)? dsdt

a J2a Ja JO

fc (b

> (a+s+t)Pdsdt
Ja JO

(b (a+c

= (s+1)*dsat.

JO J2a

Adding the first two inequalities gives us

c (4

(2a+2b+1)* dt—j t* dt

a

b

d
I (2a+2b+2c+1)” dt+J

a

d c 2a+2b c 2a+b
>J (2c+t)°‘dt+aJ' J (s+t)Bdsdt+aJ I (s+1t)P ds dt.

b a J2a+b a J2a

Incorporating the first equality gives us

c a

(2a+2b+1)* dt+j t* dt

0

d
I (2a+2b+2c+1t)” dt+J

b a

c rd ¢ [2a+2b
>J t* di+ (2c+t)°‘dt+aj

0 Jb a J2a+b

c 2a+b
(s+t)ﬂdsdt+aI j (s+1)Pdsdt

a J2a

It remains to show that

b b ¢ [2a+2b c 2a+b
I 2a+1t)* dt> (2c+t)°‘dt—-aj (s+t)Bdsdt—aJ J (s+t)°dsdt,

0 Jo a J2a+b a J2a
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which, by the second equality, means

c 2a+2b c 2a+b
aJ J (s+t)ﬂdsdt+aj I (s+1)dsdt

a J2a+b a J2a

b a+c b 2¢
>aIJ (s+t)Bdsdt+aII (s+1)Pdsdt,

0 2a 0 a+c

which follows from the last two inequalities. g

Proof of Theorem 2.1. By [4, Thm. 29], there is a minimizing strategy {x;} with
x; =0, for all i=0. We cannot have 0# x, € (—a, b) and |x,| <|x;], since in that case,
by either Lemma 2.3 (if |x,| <|x,|) or Lemma 2.4 (if |x,|=|x,|), the substitution of 0
for x; would reduce X, (x). If |x,|>|x;| and x,€(—a, b), then by Lemma 2.6, the
substitution of 0 for x, and x, would reduce X, (x). Finally, if |x,| > |x;| and x, & (—a, b),
the substitution of 0 for x; and x,, and of the endpoint (either —a or b) of the same
sign for x, would reduce X, (x). Thus, in all cases, X, (x) is not minimized if 0 # x, €
(—a, b). It follows that the first nonzero turning point is one of the endpoints, from
which we see at once that the second is the other endpoint. By Lemma 2.2, x, must
be the endpoint with the smaller absolute value. 0

3. Symmetric distributions. A distribution F is called symmetric if F(x)+ F(—x)=
1, for all x € R. For these distributions, we take the notational convenience of writing
our search strategies with positive entries (i.e., {|x;|} for {x;}) with the understanding
that the actual turning points alternate in sign. Clearly, x and —x give the same value
of X,.

THeoREM 3.1. If F is a symmetric distribution, x is a minimizing search strategy,
and x, satisfies 0 <x;, and F(x,) <1, then X;,> Xx;.

Proof. The proof of this theorem is a modification of the proof of Lemma 3.2.

LEMMA 3.2. On the hypothesis of Theorem 3.1, X, # X;.

Proof. Assume that x; = x;.,,. Then when the search reaches the (k+ 1)th turning
point, the strategy x calls for crossing back to x, before searching new territory.
However, because of symmetry, the same search effectively can be accomplished
without crossing back. More explicitly, define the strategy y by

Vn = X, Vn=k,

Vi = Xp+1, Yn> k.
Note that all turning points after the kth are in the opposite half of R. Indeed, we see
that X(x, t)=X(y, t), for all |t|=x,, X(x,t)=X(y, —t)+2|x|, for all |¢|> x,. Thus
X, (y) <X,(x), contrary to the minimality of x. 0

Proof of Theorem 3.1. In the proof of Lemma 3.2, we drop the entry x,,,. In this
proof, we assume that x;.; = x;, which means x,.; <Xx,. Let j be the largest value of
n for which x, =x,. Thus j= k+1 and is of opposite parity to k. Then x; <x;.,, and
we drop all the x, for k <n =j. Thus, as before, if y = (- -+, Xi_1, Xic, X1, Xju2, * * *), all
the entries after the kth lie in the opposite half of R. Theén we have

k=1 [ X4y (" i+t
X, (x)= Y (2s,+t)*dF(t)+ (28, + 1) dF(1)
+-~+J " Qs dF(D+ Y J (25, + 1) dF (1),
X n=j+2 Jx,
R " %41 Xj+2
X, (y)= Y (2s,+1)* dF(t)+ 28+ )" dF(t)+I (2ri + 1) dF (1)

n=-0 Jx,_; J X X

+ oy J Q2r.+1)* dF(1),

n=j+2 Jx,_,
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where
$»= ¥ X, VneZ, and r,=st+x.,t - +tx,<s8,,Vn>j

Then

7 (25p4a+ 1) dF(1)
+-- -+J ' (25, +1)* dF(t)+J k(2sj+1+t)”‘ dF (1)

J

X,,(x)—X,,(y)=J h (2s+ 1) dF(t)+J

Xk—1

(X, X

+ T @stne dF(t)+J

Xk

(28 +1)* dF (1)
J xp
(" Xyta X;

+ 2speat t)*dF(t)+- - -+J

Y Xk+2

" (25,+ )" dF (1)

| (2sk+t)“dF(t)—J " 25+ 1)% dF (1)
T era+0TdF()+ Y Jn+l(2s,,+t)"‘—(2r,,+t)"dF(t)

o xi n=j+2

>J - (2sk+t)“dF(t)+J " Qs+ D)% dF (1)

‘.. .+r" (25, + 1)° dF(t)+J " (25 + 1) dF (1)

Xj-2 X;
X

+ J’x"” (25,01 + 1) dF (1) + J " @2sc+ 1) dE(1)

Xk Xk

X

" s+ 1) dF (1)

Xk—1

+.. .+ij+' (25 +1)° dF(t)—J

- J (250 +1)* dF (1) J (250 + 1) dF (1)

Xg 41 Xk

—J " @r+ 1) dF(1)

Xk

=J ' (2sk+t)“dF(t)+J " (2504 1) dF (1)

X,

+J‘x"+' (25, + 1) dF(t)—J (2540 dF (1)

Xi Xk+1

X,

_ J (2141 + )" dF (1) —J " s+ 07 dF(1)

Xk Xk

xj+2
= J' (281 +1)* — (21 +1)* dF(1)>0,

Xk

contrary to the assumed minimality of X, (x). O
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4. The triangular distribution. We define the triangular distribution T by the
condition that T(t)=1—|t|, for all —1<t<1, T(¢t)=0, for all |¢|> 1. The only result
in this section is Theorem 4.1.

THEOREM 4.1. If x is a minimizing search strategy for T, then x; <1, for all ie Z.

Proof. Suppose that k is the least value of n for which x,=1, ie, x=
{x1, ", %k, 1,1, -} Let y={xq, -+, x1,51,1,1,- - -}. Then

k=2 [ *p41 1
X, (x)= Y J 2s,+1)*(1—1) dt+J Q2sp_1+)*(1—1t) dt
n=0Jx,_, Xi—2

1
+I 281 +2+)*(1—1) dt

Xk—1

and
k=2 [ Xp41 s
Xa(y)=ZI (2s,,+t)°‘(1—t)dt+J s +1)*(1—1) dt
n=0 Jx,_, Xp—2
1
+J (281 +2s+1)*(1—1t) dt
1
+I (28,1 +2s+2+1)*(1—1) dt.
Thus

1

Xo(x) = Xa(y) = J s+ 0)*(1—1) dt

s
1

+Jl (@281 +2+1)* — (25 +2s+1)*)(1—1) dt—J' (281 +2s+2+1)*(1—1t) dt

Xj—1 s

= Jl (281 +2+18)* — (283 +2s+1)*)(1—1t) dt

Xk—1

- J'l (281 +2s+2+1)* —(2se_+1)*)(1—1) dt.

By the mean value theorem,
(s +2+ 1) = 2sp_ 25+ 1)* =2a(1—5) (28, +25)° > 2a (1 — 5)(25,_1)",
while
(2831 +25+2+ 1) — 28+ 1)* <4a(1+5) (25, +25+3)? <8a(2s._,+5)".
Hence,
X, (%)= X (»)> a(1=5)(28x-1) (1 = xi_1)* — 4 (25, +5)P (1 - 5)*> 0,
if 1—s is sufficiently small, contrary to the assumed minimality of X, (x). O

5. The special case a =2. For a symmetric distribution F, define the function H
in R* by H(s)=];tdF(t). Then for any search plan x ={x,}y-_», we have

[e o)

X,(x)= Y, I (25, + 1)? dF (1) = My(F) + 44, + 44,

n=—oo0 Xp—1
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where
Mz(F)=jw 1 dF (1) = OZO r * dF (1),
A = OZO rnﬂsntdF(t)
= :Zi S"(H(xn+1)_H(xn—l))
= i ~=§'_ X, (H(x,11) — H(x,-1))
—_—_ ;-s xj(H(xn+1)_H(xn‘1))
= ¥ %QHe—H(x.,) - H(x)),
where
Hw:JwtdF(t)%Ml(F),
0
and
= 3 [Taar0= T S -Fe),

If F is differentiable, then a minimizing search strategy x would satisfy 9A/dx, =0,
for all ke Z, where A=A,+A,. The corresponding formula in the case where a =1
involves only the three turning points x,_,, x;, and x,.,, thus enabling it to be used
easily as a computing tool. For a =2, however, the matter is more complicated; see
below:
dA,

=(2H— H(x—y) — H(x)) — H'(x)xic — H'(X;) X 44
09Xy

=2H— H(xc—1) — H(x) = xiF' (%) (X + X 41),

dA ®
a—xzz Zk 2sn(F(xn+l)_F(xn—l))+F,(xk)si—l_F,(xk)si+l
k n=

= OZ:Ok 285 (F(xps1) — F(x,-1)) + %::k z(sn_Sk)(F(xn+1)_F(xn—l))_F,(xk)(si+l_si—~l)

~25(GOx )+ GO+ T 2 T x(F(xyn) = Fxy1)

n=k j=k+
= F' (%) (81 + Sic—1) (Sie1 — Sk—1)

=25.(G(xi—1) + G(xi)) +2 . Y X(F(xp41) = F(x,-1))

<j=n

= F' (%) (81 + Sic—1) (K + %)

=285, (G(x—1) + G(xi)) +2 .=§+1 xj(G(xj—l) + G(xj)) = F'(% ) (Sks1 + Sk—1) (g + %),

J
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where
G(x)=1-F(x), Vx>0.
Thus, our necessary condition becomes
A

—a_x—= 2H.— H(x,—1) — H (%) = % F' (%) (X + Xiee1) = (Siear + 8ic21) /() (X + Xpe1)
k

+25,(G(x )+ G +2 T x%(Glx)+Glx))

=2H— H(x—1) = H(x) = (i1 + 51) F'(50) (X1 + %) + 28 (G (x-1) + G(x1))

2 3 x(Glx)+Gx)).

j=k+1
Since this is true for all ke Z,
0A  9A ,
0=————"—"—"=H(xx1) = H(x—1) = (Sce1F ) F' (%) (Xpe-1 + i)
Xy 09X+

+ (2t Sic0) F (1) (s a + Xi1) 280 (G (i) + G(x))
= 285141 (G (i) + G(Xp41)) + 22011 (G () + G (X41))
= H (Xr1) = H(%—1) = (Sice1 + 81 F' (360 (X + )
F (2t Sk ) F' (1) (2 Xi11) + 28 (G (X0 -1) — G(xiei1)),

which has the advantage that it involves only finitely many values of x,. We can, in
principle, use this formula to calculate x,,, when x,, - - -, X+, are known. Actually,
the calculation is very delicate, depending on the size of F'(x,.,). However, for every
choice for x, and x,, we can generate values for all the other x,,. Thus, what would
be a one-dimensional search in the case where & = 1 becomes a two-dimensional search
for @« =2. We will carry out a numerical analysis for the triangular and normal
distributions.

6. Numerical approximations. To obtain the turning points for the triangular
distribution, we start with the search strategy (1,1, 1, 1, - - -). In line with Theorem 4.1,
we modify x, =1 to x,;, which satisfies the equation for 9A/dx, =0, with x,=0 and
X, = x; = 1. Then we modify the strategy (x,,,1, 1, 1, - - -) by applying the equation for
9A/dx, =0, with x, = x,; and x5 = x, = 1. The solution is called x,,, and we then modify
X1, to X5, using X, =0, X, = X,,, and x; = x,= 1. We continue in this way, generating
X33, X32, X315 Xa4, CLC.

Actually, solving for x;; will give us x;;=1 for quite small values of k and j
because of the limitations of the machine, so we alter our algorithm to yield 8;;=1— x,;
instead. Then we obtain 6§, =lim;_ . 8,, for all neN. This procedure will give us the
values shown in Table 1. For a =1,

Xi(x)=M(T)+ § sn((l_xn~1)2_(1_xn+1)2)=Ml(T)+ OZO: (xn+xn+1)(1"xn)2~

n= n—

Thus, the condition 0=3X,/dx, = (1—x,)> —2(x, + X,+,)(1 = x, ) + (1 —x,_,)” translates
as 0=362—(4—26,,,)+62_,. We then seek a sequence {8,} satisfying this equation,
for all neN, and 8,=1—x,=1. For other values o<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>