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LAGRANGE MULTIPLIERS IN STOCHASTIC PROGRAMMING*
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Abstract. A Fritz John multiplier rule is given for discrete time, finite horizon, stochastic programs.
Particular emphasis is placed on constraint qualifications that allow for the application of this rule in normal
Lagrange form.

Key words, nonsmooth analysis, constraint qualifications, Kuhn-Tucker conditions

AMS(MOS) subject classification. 49.B60

1. Introduction. Finite horizon, stochastic programs typically come in the
following general form:

(P1) minimize the overall expected cost Ef (to, x (to),. , xT(to))

by making, sequentially, at each stage 1, 2,..., T, a decision xt(to) E n,, under
imperfect information about the exact state to of the world. Formally,

(1.1) xt(. should be E,-measureable,

where Et, 1, 2,..-, T, are known sub-sigma-algebras of a given probability space
(gl, E, Pr). Most often, in practice, knowledge about the generic outcome to in the
sample space l) becomes more refined with the passage of time, or, at least, does not
deteriorate. To model such step-wise reduction of uncertainty we naturally assume that

(1.2)

By way of example, let the information flow be generated by a stochastic process
1," ", r on . Then x should depend only on the actual realization of ,..., ;
i.e., Et is, in this case, the smallest tr-algebra rendering all (possibly vector) variates,..., measurable, and (1.2) holds.

In addition to imposing the informational constraints (1.1) and (1.2), we also
require that

(1.3) g,(to, x(to),’’’,x,(to))<-_O almost surely(a.s.) for t=l,...,T,

where g,(., x(. ), , x,(. )) is E ,- measurable with values in E’,, and inequality (1.3)
is understood to hold component-wise.

This completes the heuristic description of the multistage stochastic optimization
problem. More formal assumptions are relegated to 2.

The purpose of this paper is to characterize locally optimal solutions to problem
(P1) in terms of the so-called Lagrange multipliers or Kuhn-Tucker conditions. It is
well known, at least in deterministic programming, that such multipliers serve several
ends expediently: They are prominent in optimality conditions, dominate much of
stability analysis, play major roles in methods involving duality or decomposition, and
are, not to forget, keys to the design of exact penalty functions. Thus, there is ample
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motivation for exploring their existence and nature in the context of stochastic program-
ming. However, stochasticity present, the multipliers take on new features; they become
random vectors, or they are measures. This has all been clearly brought to the fore by
Rockafellar and Wets in a series of papers; see [17]-[19] and the references therein.
Much of their analysis is confined to the case when f(w,. and each component of
g,(oo,.) is convex, with special attention paid to conditions that ensure existence of
primal-dual optimal pairs of solutions. Their approach is the min-max theory of
Lagrangian saddle-functions, such functions arising naturally from Rockafellar’s
scheme of conjugate duality and optimization of perturbed criteria [13].

By contrast, we will dispense with convexity assumptions and take existence of a
locally optimal solution to (P1) for granted. Our main concern is to identify the precise
nature of multipliers, to guarantee their existence, and finally, to provide constraint
qualifications that imply that the multiplier rule has the desired normal form.

Our vehicle is the nonsmooth calculus of Clarke [2]. Hiriart-Urruty [7] has already
applied this apparatus to 2-stage versions of our problem. He prefered to treat (P1)
in its dynamic form and did not explore to what function space the second stage
multipliers belong. As a difference, we avoid dynamic programming and instead analyze
(P1) in its extended "static" form. The merit of this approach is that a multiplier rule
emerges that completely parallels familiar results for deterministic programs.

To invoke the toolkit of nonsmooth calculus we need that strategies x,(.) and
constraintfunetions g,( Xl( ),., x,( )), 1,. , T, belong to specified Banach spaces
of measurable functions on (, , Pr). In this regard we choose to steer away from
two notable problem versions; namely,

(i) when g,(., xl(" )," , x,(. )), t= 1,. ., T, are essentially bounded, and
(ii) the case when strategies x,, and constraints g, are continuous with (1.3)

sharpened to hold for all w.

The reason for avoiding (i) and (ii) here is threefold. First, we plan to complement
the studies of Rockafellar and Wets [17]-[19] by focusing on spaces of perturbations
that have more pleasant duality properties than L(l)) and C(l)). Thus; [4] and [20]
may be regarded as predecessors of this paper. Second, it may often be difficult, or
even unnatural, to argue a priori that all g, (and possibly also x,) are essentially
bounded or continuous on fl. Frequently, larger spaces such as U’(l)), 1 __<p <oo, are
more convenient and realistic. Third, since L(l)) and C() are "too small," we are
left with "too many" multipliers. Not only are many of these hard to interpret, but
computations may also become very demanding. To illustrate this, consider a closed
ball in the continuous dual L()*, large enough to contain all optimal multipliers
and relevant approximations of these. Unless the sample space (l), ) is finite, this
ball is neither w*-metrizable nor w*-sequentially compact. Then maximizing sequences
of multipliers can, in principle, escape our control. The essential difficulty here stems
from the fact that L(l)) is either finite-dimensional (trivial case) or nonseparable
(interesting case). By contrast, as we will see, all spaces U’(l)), 1-<_p < oo, and some
generalizations of these, are very well behaved. Thus, this paper serves both as a
warning against the popular, quite common choice L(l)), and as an invitation to
consider alternative, more tractable spaces of perturbations.

In all events, we acknowledge that problem (P1) is very challenging when it comes
to efficient computation. Even linear, 2-stage versions can often be solved only approxi-
mately; see [1] and [10]. Computational concerns are, however, beyond the scope of
this paper, which is organized as follows. Section 2 provides some necessary technical
prerequisites. Section 3 gives the multiplier rule, and the paper is concluded by briefly
addressing the effect of standard constraint qualifications.
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2. Preliminaries. This section collects all assumptions that are imposed to make
problem (P1) well defined.

2.1. On probability spaces. We require that all or-algebras El," ", Er, mentioned
in (1.1) and (1.2), be complete. If some Et is not, it should be completed in the standard
way: Include in E, all subsets of E ,- measurable zero-sets. This done, we identify
measurable functions (or events) that coincide almost surely. We also demand that
El,.-., E be separable in the sense that each E, becomes a separable metric space
when endowed with the distance function

d(a, ):= Pr (A\) + Pr (B\A).

2.2. On strategy spaces. First, we require that the decision xt at stage belongs
to a space X, of E",-valued, E ,- measurable random vectors. Thus, the restriction that
strategies should be nonanticipative is implicit in our problem formulation. In addition,
we insist that X, be Banach. This amounts possibly to a stronger condition than (1.1).
Also, we add here a constraint

(2.) xC,

where the set C c X . X- is closed and nonempty. The abstract constraint (2.1)
typically accounts for fairly tractable restrictions, for instance, upper and lower bounds,
that may be imposed in addition to (1.2). We will give no further details on the precise
nature of the set C.

2.3. On spaces of perturbations and their duals. The standard (and canonical) way
to perturb problem (P1) is to replace (1.3) by

(2.2) g,(co, x(co),..., x,(o))=< u,(to) a.s. for t= 1,..., T,

where the perturbation u, (o) E", belongs to some subspace U, of measurable random
vectors. We now proceed to identify an appropriate class of such function spaces U,.
In general, when E is a o--algebra on , denote by L(E) the linear space of all
Z-measurable, real-valued functions on f. A linear subspace OCBFc L(Z) is said
to be an order continuous Banach foundation space if there exists a norm (making
OCBF complete) such that

(a) (R) L(E), (R)’ OCBF, almost surely implies (R)OCBF and
IlOll-<_ IIo’ll;

(b) O_->O"+, O’(oJ)$0 almost surely and O OCBF imply lim_oo IIo 11-0;
(c) The essential support of the entire space OCBF equals f.
Examples include the LP(f) spaces, _-< p < +oo, and their generalization to Orliz

spaces where the A2-condition holds [6], [10]. Also, when f is countable, the spaces
EP, p < +oo, and Co are of this type. Important properties of OCBF-spaces here are
the following" convergence in norm implies convergence in probability, and continuous

linearfunctionals are representable as integrands; that is, for the continuous dual OCBF*
we have

OCBF* {O* L(E) E]O. O’1< +00 for all O OCBF}

with the action of (R)* OCBF* being defined by (19, 19"):= E19.19". For details see
[10]. In the following we will speak of OCBF-spaces whose elements are random
vectors in E’, say. On such occasions we tacitly assume that the OCBF-space in question
arises as the product of m identical OCBF-spaces of real-valued functions. We assume
that the perturbation ut in (2.2) belongs to an OCBF-space Ut for each 1,’", T.
Note that since L(12) is not an OCBF-space, this choice is excluded.
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2.4. On the constraint functions gt. A crucial assumption is that each gt must map
X1 x. x Xt into an OCBF-space Ut of N’t-valued, Et-measurable random vectors, i.e.,

xX,. .,xtXtgt(.,x(.),. .,xt(.)) Ut fort=l,. ., T.

As an example, suppose g,(to, z) is affinely bounded, i.e.,

llgt(, Z)I ]at( z +t() a.s.

with a LP(), X1 x Xt Lq(), 1 p , 1/p+ 1/q 1, and fit L() Then
U LI() would be a suitable choice. We remark that for the measurability of
gt(’, Xl(’)," ", x(.)) it suces that gt is t-normal [14].

2.5. On Lipschitz continuity. We assume that the criterion Ef (, x()) is locally
Lipschitz on an open set that contains C. For example, if X is a closed subspace of
L() and

IS(, x)-S(, x’)l k()lx- x’l
for every pair of constant vectors x, x’ with k e L(fl), then the above assumption holds
with Lipschitz constant Ek, see [7, Lemma 3]. We also assume that each

gt" Xl X" x Xt Ut, t= l, T,

is locally Lipschitz continuous on an open set containing C.

3. The multiplier rule. In keeping with the duality scheme of Rockafellar [13],
suppose the peurbation ut U, in (2.2) becomes available only at an extra expense

(Yt, ut):= E(y," ut).

Here Yt belongs to the dual space := U (reflexiveness is not assumed, e.g., Ut
L(), Y L()), and Yt should be interpreted as a random, exogenous price regime
revealed only at stage t. It is appropriate to contemplate now what kind of measurability
u and y, could reasonable enjoy. For this purpose recall that our knowledge about
the identity of is given, at stage t, only up to E. That is, we can discern for any
event in E,, and only such events, whether it has actually happened or not. Also, by
assumption, each g(.,x(.),... ,x(.)) is Ermeasurable. Thus, when evaluating
various peurbations ut, it is impossible to discriminate between different candidates
with finer precision than allowed for by E,. This amounts to having u measurable
with respect to Et. The price Yt, unveiled in period and prior to the choice of xt,
should, for the same reason, also be E ,- measurable. In summary, the oppounity to
procure ourselves with peurbation profiles

u:=(u,,..., u) U:= U,x...x U

at the additional cost (y,u)=(yl,Ul)+" "+(yT, UT), with y:=(y,"" ",YT) and
Yt U, leads naturally to the Lagrangian

L(x, y):= inf {Ef (x) + (y, u)]g,(x,. ., xt) u, U, a.s., 1,...., T}.

Trivially, L(x, y)=- if for some we have y, <0 on a set of positive measure.
Therefore, only nonnegative prices y, 0 almost surely are wohy of fuher consider-
ation, and then the Lagrangian takes on the familiar form

L(x, y) Ef (x) + (y, g(x)),
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where

T

(y, g(x)) := (y,, g,(xl, x,)).
t=l

The original (primal) problem (P1) can be compactly restated as

(P2) inf sup L(x, y),
C y y+

where Y+ denotes the nonnegative cone of Y= YI"" YT. Its value inf(P2)
majorizes that of the associate dual problem

(D) sup inf L(x, y).
y6 y+ C

A saddle point (x, y) of L would solve (P2) and (D) optimally with equal values and
must necessarily satisfy the Kuhn-Tucker conditions"

(3.1) O=(y,g(x)),

(3.2) o e ox[/4x, y)+ (x)],

where 0x denotes the partial subdifferential of convex analysis and 6c is the extended
indicator of C. y is then called a Lagrange multiplier at x. However, when problem
(P2) is nonconvex, it is often unrealistic to search for global saddle points. Instead we
may have to contend, at best, with local versions of such points. Yet, as we plan to
show, it is not wishful thinking to maintain (3.1) and (3.2) with 0x signifying the Clarke
subdifferential [2]. Indeed, the following result offers close to complete evidence that
local solutions to (P2) are supported by Lagrange multipliers. For the statement we
need the following definition.

DEFINITION. The correspondence (x, y)-Ox(y, g(x)) is said to be closed if for
every sequence (x k, yk, Vk) X Y O(yk, g(xk)) where xk-- X in norm, and yk_ Y,
vk- V in the w*-topologies, we have V O(y, g(x)).

Note in particular that this holds if g is C 1.
THEOREM 3.1 (Fritz John rule in stochastic programming). Under the hypothesis

of 2, let x be a locally optimal solution to problem (P2). Suppose that the correspondence
(x, y)-O(y, g(x)) is closed. Then for every 6, r >0 sufficiently small there exists a

nonzero, nonnegative multiplier

such that

(3.3)

and

(3.4)

(Yo,Yl,’’’,Yr) 6RXYlX’’’xYr

yt(w) gt(w,x(w), ,x,(w))=O a.s. fort= l," T,

r
-lp060 yoEf(x)+ Z (y,,g,(x,,. .,x,))+r/ (y) d(x)

t=l

where d denotes the distance function to

C(x) := {x’ c. IIx’-xll },

and p is a strict norm on the dual of R U such that the p-topology on bounded sets
coincides with the w*-topology.
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Remark. The role of the parameter 8 is to restrict attention to a part C(x) of C
within which x is globally optimal. The other parameter 7 should be chosen so small
that /- exceeds the Lipschitz constant of the function

[wf (., x(. )), g,(., x,(. )),..., g(., x,(. ),..., x(. ))]

near x.
The proof of Theorem 3.1 will be simplified if we isolate and divorce some central

arguments from their specific context of the theorem. Therefore, we will focus first on
the generalized program

(P3) minimizefo(x) subject to f(x)<=O and x C,

and argue later that problem (P2) is only a special instance of (P3). In (P3) the set C
is again a nonempty closed part of some Banach space X, and fo’X , f" X- U
are both locally Lipschitz near any point in C. The space U (of perturbations) is
normed separable (not necessarily complete) and ordered by a relation =<, defined, as
usual, via a closed convex cone U+ having

U+*:= {u* U*" inf(u*, U+) 0}

as positive dual (polar cone).
We say that a local solution x to the generalized program (P3) is supported by a

multiplier (Yo, y,)R+ x U*+ if (Yo, Yl) 0, (y,,f(x)) 0, and

(3.5) O6Ox[Yofo(x)+(y,f(x))+rl-lp(y) d(x)],

where d is the distance function to

C(x) := (x’ c. IIx’- xll },

6 > 0 being so small that x becomes a global solution to (P3) when restricted to Cs(x)
instead of C, and r/- is greater than the Lipschitz constant of (fo,fl) near x. In (3.5)
p is, as in (3.4), a strict norm on the dual of R x U generating the w*-topology on
bounded sets.

THEOREM 3.2 (Fritz John rule). Under the above hypothesis on (P3) suppose that
the correspondence (x, Yl) - O,{yl,f (x)} is closed. Then every local solution to (P3) is
supported by a multiplier.

Proof The statement is close to a transcription of Clarke’s multiplier rule [2]. He
deals, however, with only finitely many explicit restrictions (i.e., U is finite-
dimensional). We must therefore carefully arrange the situation so that his method of
proof carries over.

The main object is the pointwise maximum function F" X - R defined, for arbitrary
fixed parameter e > 0, by

(3.6) F(x’):=max{y,(fo(x’)-fo(x)+e,L(x’))),
y Wl

where M c R x U+* is an appropriate set of multipliers. Specifically, since-U is normed
separable, there exists, by the Clarkson-Rieffel renorming lemma [9], a strict norm pl

on the continuous dual space U*, which is weaker than the usual dual norm, and such
that the p-topology on any bounded subset of U* coincides with the w*-topology.
Now define a strict norm p on R*x U* by

O (Y0, Y,):= (y0 - o,(yl)2) 1/2,
and let

M:= {y+ U+*" p(y)-< 1}.
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Note that y M implies Ilyl[ 3 for some uniform bound/3. We claim that F, as
defined in (3.6), is Lipschitz near any x’ C. Indeed, F being the pointwise maximum
of the function family (y, 0(. )), y M, with

(3.7) q(x’) := (fo(x’)-fo(x) + e, fl(x’)),

it suffices to show that this family is equi-Lipschitz. That property follows readily from

[(y, q(x’))-(y, q(x"))[-<_ Ilyll

--tll(x’)- (x")ll,
and the Lipschitz continuity of q (3.7).

We claim that F(x’)> 0 for all x’e C sufficiently near x. In fact, F(x’)<-_ 0 would
imply, in the first place, that f(x’)_<- 0, because if -f(x’)e! U/, then for some u* U*+
we have (u* x’ < F _-<fl( )) 0, and ths contradicts (x’) 0. Second, to posit the three
conditions" F(x’)<-_O, x’e C is near x, and f(x’)<-O, would entail the following
contradiction"

fo(x’)<-fo(x)-e.

Since x is locally e-optimal, there exists by Ekeland’s variational principle [2], a
point x, within --distance from x, that minimizes

F(x’) / ,/- llx’- x
over C(x). Now the distance (function) d to C(x) can be used for the purpose of
exact penalization [2, Prop. 2.4.3]" To wit, x is an unconstrained minimum for the
function

F(x’)+,/-i [[x’-xll + n-’ d(x’).

Therefore, letting B* denote the closed unit ball in X*, we have

(3.8) ooG(x)+4- *,
where, using (3.7) and the fact that F is positive near x,

(3.9) G(x’) := max [(y, q(x’)) + rl-lp(y) d(x’)].
yeM

We next intend to employ Theorem 2.8.2 of Clarke [2] for the estimation of OG(x’).
For this, observe that the spaces U and * U* are placed in duality by the natural
pairing

((r, u), (r*, u*)):= rr* +(u, u*).

Endow M, under this pairing, with the (relative) w*-topology. Then M, being closed
bounded, is compact by the Alaoglu-Bourbaki theorem. Moreover, M is metrizable
because U is separable [9]. In particular,

(i) M is sequentially compact.
In addition we observe that

(ii) the map (y, q(x’))+ ,q-p(y) d(x’), which occurs in (3.9), is w*-continuous
in y on M for every fixed x’;

(iii) each function (y, q(x’))+rl-p(y)d(x’), y M, in (3.9) is locally Lipschitz
in x’, and the set

{(y, q(x’))+ rl-’p(y) d (x’)" y M}

is bounded.



8 SJUR D. FL/M

The upshot of (i)-(iii) and the metrizability of M is that Theorem 2.8.2 of Clarke [2]
is indeed applicable for the estimation of OG(x). Since F(x) and G(x) are positive,
any maximizing multiplier y c M in (3.6), as well as in (3.9), for x’= x, must satisfy
p(y) 1. Moreover, since p is strict this y is unique. It follows from (3.8) and (3.9)
and the closedness of (x, yl)-Ox(Yl,fl(X)) that

(3.10) Oc Ox{(y, q(x)) + "q-’ d(x)].

Now the arguments of Clarke [2, Thm. 6.1.1] apply verbatim and we contend with
a sketch: Let some sequence e(k), k 1, 2,. ., tend downward to 0. Then x()--> x,
and some subsequence y(, k c K, will w*-converge to a point y c M. Since p(y)= 1
we have y C0. Letting k cK pass to infinity in (3.10) we obtain the desired
conclusion.

Remarks. It is crucial in the above proof that closed bounded subsets of Y U*
be w*-compact and metrizable. For this, it is both necessary and sufficient that the
normed space U is separable [9]. In particular, a nonseparable space U L() does
not fit our framework.

Evidently, we can identify p with the usual dual norm whenever the latter is
strictly convex and U is reflexive. In particular, the proof can be simplified when
U= LP(), pc(l, ). We wish, however, to accomodate for the nonreflexive space
U LI(I)) as well as Co, and then the dual norm is unsuitable.

The case when U equals the space C(I)) of continuous functions on a compact
set in an Euclidean space, falls under the hypothesis of Theorem 3.2. Thus, in
particular, we may giv.e multiplier rules for semi-infinite programming.

Proofof Theorem 3.1. Recall that perturbations ut in (2.2) are to be selected from
an OCBF-space U, of E,-measurable random vectors in m,. The associated convex
cone U,+ is, of course, the set of all u, c Ut such that ut >= 0 almost surely. Since Z is
separable, so is Ut (see [10]) as well as

U:=Ux...xU.
The said convex cone U,+ is closed because convergence in norm implies convergence
in probability. Hence

U+:= Ul+X’"x U+
is also closed. Now let fo(x):= Ef (to, x(to)),

fl(x) :- (gt(’, x,(" ),’’’, Xt(" )))tE{I,...,T
and appeal to Theorem 3.2.

Remarks. As in Clarke [2, Thm. 2.7.5] conditions can be given that, when C -X,
ensure that (3.4) holds almost surely; that is,

T

OcOx[yof(w,x(to))+ Y y,(to)g,(o,x,(to),.’’ ,x,(w))] a.s.
t-----1

By appropriately redefining the cones U,+, 1,..., T, there is no problem in
accomodating for equality constraints.

As mentioned, we could design a more direct proof especially adapted to the
instance U= LP(), pc(l, ). However, the important spaces LI() and c0 would
then call for separate discussion.

4. Constraint qualifications. For the purpose of duality theory, stability analysis,
exact penalty methods [5], and the like we need to ensure that the only multiplier
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Y (Yo, Yl,"" ", Yr) satisfying (3.3) and (3.4) with yo=0, is the origin 0. We then say
that the multiplier rule holds in normal Lagrange form.

Conditions guaranteeing the existence of Lagrange multipliers have been exten-
sively studied in the literature on programming in Banach spaces" With reference to
(P3) [21] offers the following sufficient condition:

(4.1) 0 int [f(x)Tcx- Tc,_f(x)]
U

provided C c X is closed convex, fo is Frechet differentiable, and f is continuously
Frechet differentiable. Here Tcx and Tt_f(x) denote the usual tangent cone (of convex
analysis) of C at x, and U_:= -U/ atf(x), respectively. In particular [12], (4.1) would
hold if

(4.2)
or if

x int C and f(x) is surjective,

(4.3) there exists x’ Tcx such that f(x)x’ int Tc_f(x).
These conditions are stringent; however, (4.2) requires that the constraint x C is not
binding and that f(x) has full rank; (4.3) implies that U/ has nonempty interior
whereas in our context int LP(12)/ for all poll, oe). Also, it is desirable to avoid
the strong differentiability assumption behind (4.1).

For our approach, recall that in smooth deterministic programming, with C X,
a minimal hypothesis for existence of Lagrange multipliers is the well-known
Mangasarian-Fromowitz (M-F) constraint qualification. In fact, (4.1) is then equivalent
to M-F. If, moreover, data are convex, the M-F-qualification reduces to the Slater
condition. The M-F-condition has also been taken into the context of nonditterentiale
programming [2], [8], [15], and [16]. Our purpose here is twofold: first, we show that
the M-F and Slater conditions carry easily over to program (P3), second, that they
come naturally in terms of each realization to, rather than intervening at the level of
the functional spaces.

We begin with the M-F-constraint qualification, which is most general. According
to this there should exist a direction d =(dl,’’ ", dr) X in the Clarke tangent cone
Tc(x) of C at x such that g,(w, x(oo),..., x,(w)) =0 implies

g(w,x(oo),...,x,(w);d(w),...,d,(w))<O a.s. for t=l,...,T.

Here g,0 denotes, for each given w, the Clarke directional derivative of
g,(w, x(oo),. ., xt(w)) at the point (x(w),., x,(w)) in the direction
(d(w),..., d,(w)). We tacitly assume that gt(w, z) is Lipschitz in z almost surely.

PROPOSITION 4.1. Under the hypothesis of Theorem 3.1 and the M-F-constraint
qualification, all multipliers at the local solution x to P have normal form.

Proof Suppose not. Then there exists (yl,..., Yr)->-0, and different from zero,
such that (for 6, 7 > 0 sufficiently small)

oox E <y,, g,(x)>/,/-llyll d(x)
t=l

Consequently,

]00--< (Y,, g,(" ))+ 7-’IlYll d(.) (x; d)
t=l

T

<-- E (y,, g,(x,," ", x,; a,,..., a,)) < 0,
t=l

a contradiction. Here, the penultimate inequality follows from two facts" First, the
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directional derivative of a sum minorizes the sum of directional derivatives [2, Prop.
2.3.3], and second, the derivative of the distance function in a tangent direction equals
zero [2, 2.4].

Next we discuss the Slater condition.
PROPOSITION 4.2. Suppose there exists some C such that

(4.1) gt(w,l(to),’",t(to))<0 a.s. for t= l,. T,
with C and gl,..., gT-being starshaped with respect to . Then the M-F-constraint
qualification holds.

Proof Starshapedness of a set with respect to a point means that the set can be
entirely illuminated by a source of light placed at the point in question. Correspond-
ingly, a function is starshaped at a point if and only if its epigraph is starshaped at
that point. Select the direction d’=-x and note that g(w,x(w),...,x,(w))=O
implies, together with (4.1) and the star-shapedness that

g(w,x,(to),... ,x,(w); d,(to),..., d,(w))<O a.s.

An appeal to Proposition 4.1 completes the proof.
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ALGEBRAIC GEOMETRIC ASPECTS OF FEEDBACK STABILIZATION*

SHIVA SHANKAR’ AND V. R. SULE:

Abstract. This paper develops a theory of feedback stabilization for SISO transfer functions over a

general integral domain which extends the well-known coprime factorization approach to stabilization.
Necessary and sufficient conditions for stabilizability of a transfer function in this general setting are obtained.
These conditions are then refined in the special cases of unique factorization domains (UFDs), Noetherian
rings, and rings of fractions. It is shown that these conditions can be naturally interpreted geometrically in
terms of the prime spectrum of the ring. This interpretation provides a natural generalization to the classical
notions of the poles and zeros of a plant.

The set of transfer functions is topologized so as to restrict to the graph topology of Vidyasagar [IEEE
Trans. Automatic Control, ACo29 (1984), pp. 403-418], when the ring is a Bezout domain. It is shown that
stability of a feedback system is robust in this topology when the ring is a UFD.

This theory is then applied to the problem of stabilization of multidimensional systems. The above
stabilizability criterion is interpreted geometrically in terms of affine varieties in C" when the stability region
is the complement of a compact polynomially convex domain F. This criterion restricts to the well-known
result for two-dimensional systems when F is the unit polydisc; it also allows the resolution of an open
problem of Guiver [Multidimensional Systems Theory, D. Reidel, 1985]. Finally it is shown that while
feedback stabilizability is robust, it is not, however, a generic property.

Key words, stabilization, graph topology, unique factorization domain (UFD)

AMS(MOS) subject classifications. 93D 15, 93D25, 93B27, 93 B25

1. Introduction. In this paper we develop a general theory for feedback stabiliz-
ation of plants whose transfer functions are described by fractions over a general
integral domain. This ring theoretic stabilization problem is patterned after Desoer et
al. [4], Vidyasagar, Schnider, and Francis [10] and is defined as follows.

1.1. The stabilization problem. Let A be an integral domain that represents the
ring of stable causal SISO transfer functions. Denote by F the field of fractions of A
consisting of all possible transfer functions. Define the subset 0% of F F as follows:

: {(p, c) 1 vl +pc 0}.

For a given transfer function p in F the fibre over p, denoted 0%p, is the set of all
transfer functions c for which (p, c) belongs to 0%. Note that 0% is never empty; indeed

0%o equals F, and 0%p for every nonzero p is the complement of a singleton in F.
DEFINITION. The pair (p, c) in 0% is said to be stable if (1 +pc) -1, p(1 +pc) 1,

and c(1 +pc)- all belong to the subring A of F. In this case c is said to stabilize the
transfer function p.

THE STABILIZATION PROBLEM. Given p in F determine the set of all c in the fibre
over p that stabilizes p.

Remark. The above "ring theoretic" stabilization problem specializes to the
classical input/output stabilization of a dynamical system when A is a ring of operators
on the space ofbounded functions (called inputs) to another space ofbounded functions

Received by the editors October 20, 1989; accepted for publication (in revised form) October 26, 1990.
t Department of Electrical Engineering, Indian Institute of Technology, Powai, Bombay 400076, India.
$ Department of Electrical Engineering, Indian Institute of Technology, Kanpur 208016, India.



12 S. SHANKAR AND V. R. SULE

(called outputs); define the map:

H: ---> F22,
(1)

[ (1.+pc)_1 _p(l+pc) ](p, c)-
c(1 +pc) -1 (1 +pc)-

The map H represents the input/output map

[u,u2]r[el,e2] r

of the feedback system (p, c) shown in Fig. 1 with p and c denoting the transfer functions
of the plant and controller, respectively, where u, u2 are bounded inputs.

U2

FIG. 1. Feedback system.

The feedback system (p, c) is said to be stable if the image H(p, c), belongs to A22,
in which case c is called a stabilizing controller of p.

Note that for some p, the set of c in ,p that stabilize it could be empty. This
situation is more general than those considered in (Desoer et al. [4], Vidyasagar [9])
where the plant is always assumed to have coprime fractions, and because of which
the set of stabilizing controllers is always nonempty.

1.2. Motivation. The above ring theoretic stabilization problem is solved in Desoer
et al. [4] for those p admitting coprime fractions over the ring A. Its subsequent
extensions by Desoer and Gustavson [3] and Vidyasagar [9] also relied on the existence
of coprime fractions for p. Moreover, a basis for the graph topology on the set of plants
introduced by Vidyasagar [8] to study robustness of stability is defined again via
coprime fractions. Thus coprime factorizability is central to the stabilization theory
developed so far.

In many engineering situations, for instance multidimensional systems [2],
spatially distributed systems (see Kamen [2]) etc., plant transfer functions do not
always admit coprime fractions. Thus from these examples, as well as from a theoretical
point of view, it is desirable to have a more general theory of stabilization which
subsumes the existing theory whenever coprime fractions do indeed exist. It is also
important to be able to interpret geometrically this general algebraic theory. For
instance, in the case of plants whose transfer functions are fractions of functions
holomorphic in some domain in C, the stabilizability of the plant is determined
geometrically in terms of its poles and zeros. This is the case with linear time invariant
(LTI) lumped or distributed plants. Similarly, for two-dimensional (2-D) plants it is
now well known (Bose [2]) that the stabilizability of the plant depends on whether
the pole-zero sets of the plant intersect within the unit bidisc. What then are the
geometric objects in general rings (which are the generalizations of the poles and zeros
of the above special cases) in terms of which the stabilizability conditions of this more
comprehensive theory could be expressed? It is also necessary to topologize the set of
plants which will specialize to the graph topology of Vidyasagar in order to study
robustness of stability. These considerations motivate the following questions:
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(1) What are necessary and sufficient conditions for stabilizability of a plant with
fractions over a general integral domain, (a question originally posed by Vidyasagar,
Schnider, and Francis [10])? For instance, in the study of 2-D systems by Guiver and
Bose [2] existence of rational coprime fractions is also necessary for stabilizabilty.

(2) How can the above conditions be interpreted in special cases such as Bezout
domains, unique factorization domains (UFDs), Noetherian rings, rings of fractions,
etc.?

(3) What are the geometric interpretations of the above algebraic criteria?
(4) What is a natural topology on the set of all plants? Is stabilizability robust

with respect to this topology? Does the set of stabilizable plants form a dense set in
the set of all plants?

(5) How can the above results be interpreted geometrically for the special case
of the n-D stabilization problem?

In this paper we answer the above questions for SISO plants. Though we restrict
ourselves to the SISO case, more for clarity and for the natural geometric interpretations
that can be obtained, the results nevertheless provide a stabilizability theory for a
diverse class of linear systems including n-D, distributed, and infinite-dimensional
systems. We have recently obtained corresponding algebraic criteria for feedback
stability in the MIMO case over integral domains. Its ramifications such as tracking,
disturbance rejection, among others, will be reported elsewhere.

1.3. Outline of results. As the main body of the paper is somewhat technical we
provide a detailed preview of the main results of this paper. This outline also serves
to fix notation. For general background in commutative algebra we refer the reader to
Atiyah and McDonald [1]; for algebraic geometry, refer to Hartshorne [6, Chap. 1].

1.3.1. General stabilizability conditions. In 2.1 we present the following necessary
and sufficient condition for stabilizability of a plant with fractions over a general
integral domain. Let p nd -1 be a transfer function in F. Define the following ideal
quotients of the principal ideals (n) and (d):

a ((n): d) denoted hereafter as (n: d),

b=(d: n).

These ideals are independent of the fraction representing p.
One of our principal results is the following theorem (cf. Theorem 2.1.1).
THEOREM 2.1.1’. The transfer function p nd- is stabilizable if and only if the

ideals a and b are coprime (i.e., a+ b= A).
We next consider the interpretation of this result for the following special cases.
(1) The ring A is a Bezout domain: Here we show that a and b are always coprime;

hence every transfer function is stabilizable (Corollary 2.1.4).
(2) When A is a UFD the transfer function p is stabilizable if and only if p has

coprime fractions (Corollary 2.1.5).
(3) When A is a Noetherian ring the stabilizability condition can be directly

expressed in terms of the primary decompositions of (n) and (d) (Corollary 2.1.7).
(4) Let A be a ring of fractions S-1B of a ring B with respect to a multiplicatively

closed subset S of B. Then the above ideals a and b in A are extensions of ideals I,
and Ib in B, respectively. The stabilizability condition is now as in the following
corollary (cf. Corollary 2.1.8).

COROLLARY. The transfer function p is stabilizable if and only if
(I -k- Ib) S # .
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1.3.2. Geometric interpretations. In 2.2 we discuss the geometric implications of
the above results. By "geometric" we mean interpretations in terms of prime ideals of
the ring. In the well-known case of linear time invariant (lumped as well as distributed)
plants, the set of stable transfer functions is a ring of functions holomorphic in some
subset of C. In such cases the zeros of a stable transfer function correspond to pi’ime
ideals of the ring containing the transfer function. Hence for a general ring A the
interpretation of the stabilizability condition in terms of prime ideals of A is a natural
generalization of the interpretation of stabilizability in terms of poles and zeros. This
point is developed in Sule [7].

Let spec A denote the prime spectrum of the ring A. For an ideal c of A let
V(c)_ spec A denote the set of all prime ideals of A containing c. Clearly, Theorem
2.1.1 is equivalent to

V(a) V(b) .
We show that when A is a Noetherian ring V(a) and V(b) can be determined from
the algebraic criteria obtained above. Thus in this case the stabilizability condition is
interpreted directly in terms of n and d (Corollary 2.1.7) and hence, in light of the
above remarks, directly in terms of notions which are generalizations of the poles and
zeros of the plant.

We then consider the special case when A S-lB. Define the subset f___ spec B

{p spec B]p f"l S }.

The geometric equivalent of Corollary 2.1.8 is the following.
COROLLARY 2.1.8’. The transfer function p is stabilizable if and only if

V(Ia) V(b) .
This is a key result in our development since it is this result that we interpret in

the special case of n-D systems in terms of the geometry of affine varieties in C ".

1.3.3. Robustness results. In 2.2 we topologize the set of all transfer functions
with the purpose of studying genericity questions. Here we consider the field F of
transfer functions as a quotient space arising from an equivalence relation on A
(A\{0}) := AA*. Hence the natural topology to consider is the quotient topology
inherited from a topology (not necessarily the product topology) on A A*. We show
that in the special case of a Bezout domain this is just the well-known graph topology.

For a topological ring A satisfying additional conditions we show that stability
of a feedback system is a robust property in the quotient topology.

1.3.4. Multidimensional stabilization. In 3 we apply the above theory to obtain
necessary and sufficient conditions for stabilizability of n-D plants, as well as study
the robustness of stabilizability. This problem belongs to one of the above special
cases, namely when the ring A is a ring of fractions S-1B where B is the polynomial
ring in n indeterminates over a subfield K of C, denoted IK[X X, ]. We show here
that the central issue in geometrically interpreting the stabilizability condition is that
of characterizing affine varieties corresponding to prime ideals of B that do not meet
S. We resolve this problem by showing that such a characterization is possible whenever
the complement of the region of stability F in C" which defines S is a compact
polynomially convex domain. This generalises the work of Guiver and Bose in I-2] on
2-D systems with F being the closed unit bidisc /. We also answer a question of
Guiver [2, Open Prob. 6].

Next the robustness questions in n-D stabilization are studied by specialising the
general theory developed in 2. From there it follows that the stabilizing feedback is
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robust in the quotient topology. On the other hand we show that there exist nonstabiliz-
able plants which remain nonstabilizable under arbitrary small perturbations. From
this it follows that the set of stabilizable plants, although open, is not dense in the set
of all plants.

Finally we wish to emphasise here that an important feature of our theory is that
it is in terms of the ideals a and b, which are intrinsic to the transfer function p, i.e.,
they are invariant with respect to the fraction nd- representing p. This is in contrast
to previous work in this subject where the results are stated in terms of some special
(usually coprime) fractional representation of p. Our development could therefore be
considered the "coordinate-free" approach to stabilizability theory.

2. General theory. Recall from the Introduction the stabilization problem over an
integral domain A; namely, given a transfer function p in F the field of fractions of A,
determine those c in ffp, the fibre over p, which stabilize p. In the following section
we develop necessary and sufficient conditions for the solution of this problem.

2.1. General stabilizability conditions. Since.p is an element ofthe field of fractions
of an integral domain it corresponds to an equivalence class of pairs in A A*, i.e.,
two fractions nd -1 and nd-( represent the same plant p if and only if nd nd. Thus
in the following, although we sometimes state results in terms of a particular fraction,
we need to show, and we do, that they are independent of this representation of p.

Recall from 1.3.1 the definitions of the ideals a and b of A denoted, respectively,
by (n:d) and (d n). Observe that these ideals are in fact independent of the fraction
representing p. For if p nd-= nd-( then

x (n: d) : xd kn for some k in A

=> xddl kndl as d is nonzero

:> xdd kn d

:> xd kn as d is nonzero

x (n: d);

so a=(n: d)= (n: d) and similarly for the ideal b.
Our main resuult on stabilizability is the tollowing theorem.
THEOIEM 2.1.1. The transferfunction p is stabilizable ifand only ifthe ideal quotients

ofp are coprime, i.e., a + b A.
Let p nd -1 be any (fixed) representation of p. Then all the stabilizing transfer

functions c ofp are of the form
-1

C X3X

where xl, x2, X3 satisfy

(2) nx dx,

(3) nx3= d(1 -x).

Proof Suppose p nd- is stabilized by c at- in @p. Then by definition there
exist Xl, x2, x3 in A such that

(4) (1 q- pc) -1
Xl,

(5) p(l+pc)-l=x2,

(6) c(1 +pc)-= x3.
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First, (4) implies that X is nonzero. Next, (5) :> pXl X:z (substituting from (4)) nxl
dx2 which is (2). Now (6) <::> cx x3 ax tx3; i.e., c at-1= x3x-. Finally, (4)
x(1 +pc) e x + nx3d -1= 1 (as c x3x-( from above) <=> dXl + nx3 d; i.e., nx3
d(1-xl) which is (3). Thus, from (2) x(d" n)=b and from (3) (1-x) (n" d)=a.
Hence, 1 Xl + (1- Xl) a+ b, i.e., a and b are coprime.

Conversely, suppose a and I are coprime, i.e., suppose there exists xl in b such
that (1- x) is in a. We first claim that there exists a nonzero x in b such that (1- x)
is in a. For if a A, then is not in a. So if x 0 is the only element in b for which
1- x is in a, then 1 is in a which is absurd. On the other hand suppose a A. Now
la (d" n) is not the zero ideal as d, which is nonzero, belongs to b. Then for any xl
in b, 1- xl is in a. So for any nonzero xl in b with 1- Xl in a let x2 and x3 be elements
in A such that

nx dx2 nx3 d (1 x).

Let c x3x-( . Then a simple computation shows that

(l+pc)-l=x, p(l+pe)-=x2, c(l+pc)-1=x3;

i.e., p is stabilized by c. D
In applications it is of interest to determine whether there exist stabilizing control-

lers for a given plant which are in A. We call such a plant strongly stabilizable. A
necessary and sufficient condition for this follows from the above theorem.

COROLLARY 2.1.2. Let nd- be any representation of a stabilizable plant p. Then p
is strongly stabilizable by a controller c in A if and only if

(7) (d)_((nc+d)).

Proof From the above theorem it follows that the stabilizing controller of p is
given by c XaX-. Hence, c belongs to A if and only if x3 cx :> (nc+ d)x d (from
(3)). O

DEFINITION. Let T be a saturated multiplicatively closed subset of A. A transfer
function is said to be weakly causal if it belongs to the subring T-A of F and to be
strictly causal if it belongs to the Jacobson radical of T-A. The subring T-A will be
called a causal structure defined by T.

The above definition is motivated by engineering considerations where a plant- is
weakly causal if its output at time t--0 is dependent on the input for time =< 0, and
is strongly causal if it is dependent on the input for time < 0 (see Bose [2]).

PROPOSITION 2.1.3. All the stabilizing transferfunctions of a strictly causal transfer
function are weakly causal.

Proof Let p--nd- be a strictly causal transfer function; i.e., let p belong to j,
the Jacobson radical of T-A. Hence n belongs to j. As every stabilizing transfer
function c=x3x- of p satisfies (2) and (3), it follows that (1-x) belongs to
(as d being a unit in T-A does not). Now if x were not to belong tO T, it then would
be in a maximal ideal m of T-A to which also (1-x) belongs. Then x + (1- x)= 1
would belong to m, which is absurd.

2.1.1. Special eases. We now specialize the above general results, which are valid
for arbitrary integral domains, to rings of interest in applications.

1. Bezout domains. We show here that Theorem 2.1.1 specializes to the well-known
result on stabilization (Vidyasagar, Schnider, and Francis [10]).

COROLLARY 2.1.4. IfA is a Bezout domain then every transferfunction is stabilizable.
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Proof Recall that in a Bezout domain every finitely generated ideal is principal.
So for p= nd -1, let (n, d)= (g) for some g in A where (g) is the smallest ideal that
contains both (n) and (d). Hence n n’g and d d’g for some n’, d’ in A.

We claim that (n’, d’) A. For if not then (n’, d’) is a proper ideal in A and hence
equals (g’) for some g’ not a unit. Then (gg’) is a principal ideal strictly contained in
(g) and which contains (n) and (d), which is a contradiction.

Clearly (n’)_ (n’: d’)=(n: d)-a; similarly (d’)_ b. Hence, a+b=A. I-1
Remark. In general, even if A is not a Bezout domain, the above argument shows

that ifp can be represented by nd- where (n) and (d) are coprime then p is stabilizable.
2. Uniquefactorization domains. These rings are of interest in distributed systems

and n-D problems. For instance the rings [X X,] and [[X1 X,]] are UFDs
but not Bezout domains. In this case for p nd- there exist relatively prime n’ and
d’ such that p= n’d’-. Then clearly (n: d)=(n’) and (d: n) (d’). Hence we have
the following corollary.

COROLLARY 2.1.5. Let A be a UFD. Then p is stabilizable if and only if
(n’) + (d’) A.

Remark. For a general ring A, it follows from (3) that every stabilizing controller
ofp nd- is of the form c x3x-( where x3 and x are elements ofthe ring A that satisfy

nx3-t- dx d.

In the special case of a UFD if n and d are relatively prime, it follows from (2) and
(3) that

x td and x ad.

Hence the above equation becomes

nad+ dtd d,

which, as d is nonzero, is equivalent to

na + dt 1.

Thus every stabilizing controller c of p nd- (n and d relatively prime) is of the
form c at -1 where a and are elements of A that solve na + dt 1 or equivalently
na + dt u, for u a unit in A.

With reference to the strong stabilizability problem described above we have the
following corollary.

COROLLARY 2.1.6. Let A be a UFD. Then a stabilizable transferfunction p n’d’-,
where n’ and d’ are relatively prime, is strongly stabilizable by a c in A if and only if

((n’c+d’))=A.

Proof From (2) above we get xl yd’ for some y in A (since n’ and d’ are relatively
prime). Hence, from (3) and the fact that x3 cx (which is equivalent to the strong
stabilizability of p) we have (n’c+ d’)yd’=d’ : (n’c+ d’) is a unit.

3. Noetherian rings. We now consider the case when A is a Noetherian ring since
this ring is of importance to many applications. As there exist many Noetherian rings
that are not UFDs this case merits separate treatment.

Consider the primary decompositions of (n) and (d),
in! m2

(n)=qi and (d)=qj,
i=1 j----1
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where the indices and j are ordered such that

d qi for 1 kl < m

and

nqj forj= 1 k2<=m2
Let rad qi Pi and rad q--p:j. (Here rad denotes the radical.) In this notation we

have the following corollary.
COROLLARY 2.1.7. Let A be a Noetherian ring. Then p nd -1 is stabilizable if and

only if

pi+p=A Vi=l’"kl, j=l"" k2.

Proof Since a and b coprime is equivalent to rad a and rad b coprime, p is
stabilizable if and only if

(8) tad a+rad b= A.

Since for a primary ideal q and an element x in A

rad(q:x)=radq ifxq

=A ifxq

we have

m k
(9) rad a rad 0 (qi" d) (-I Pi

i=1 i=1

and similarly
k

radb= (3 pj.
j:l

Hence (8) implies that p+pj A for all i= 1 k and j= 1 k2.
Conversely suppose p is not stabilizable. Then the ideal

k k

["] pi-+- ("]
i=1 j=l

and hence is contained in some prime ideal p of A. Thus, f3/,_ P P and f3 - P P
Pi -c p for some < kl and p c_ p for some j < k2 <::> Pi + P:j _c p. [-1

Remark. Note that for a different fraction n’d ’- representing the transfer function
p the associated prime ideals of (n’) and (d’) will in general be different from those
of (n) and (d). However, in light of the comment preceding Theorem 2.1.1 the
intersections in (9) will be independent of these representations and so will therefore
be the condition of the above corollary.

4. Ring of fractions. Now consider the case when A itself arises as a ring of
fractions of some other ring B, i.e., A -S-’B, S c B is a multiplicatively closed subset
(not containing 0). This case is of importance to applications and one such application,
namely the multidimensional stabilization problem, is considered later in this paper.
There B is the polynomial ring C[X... x,] and S is a set of polynomials whose
varieties do not intersect some fixed region F in C". We now interpret our basic
stabilization theorem in terms of ideals of B.
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Let la and Ib be ideals of B such that

a-- S-11a and b: S-11b"
Theorem 2.1.1 now translates to the following corollary.

COROLLARY 2.1.8. The transfer function p is stabilizable if and only if
(10) (I + Ib) [ S #

Proofl As a + b s-l(la + Ib) it follows that

a+b= A <==> (la+ Ib) [S .
Note that la and Ib need ncrt be unique. However, we determine one such pair in

terms of a suitable fraction representing p.
Let p nd -1, n, d in S-1B, i.e., n =f’h’- and d g’h ’’- for h’, h" in S. Then

p= nd-=(f’h"/1)(g’h’/1)-. This is well-defined for as h" is in S, h"/1 is nonzero.
Hence g’/1 =(g’h"-)(h"/1) is nonzero, which implies that g’h’/1 is nonzero.

Let f=f’h", g g’h’ so that

(11) p=(f/1)(g/1)-’.

In this notation we have the following proposition.
PROPOSITION 2.1.9. la (f: g) and Ib (g: f) extend to a and b, respectively.
Proof Let he(f: g). Then (g/1)(h/1) belongs to the ideal (f/l), which implies

that h/1 is in a. (This follows from the representation of p in (11).) Thus S-liar_ a.
Conversely let a/s be in a. Then

a / s)(g/1 a’/ s’)(f/1

for some a’/s’ in A. This implies that

as’ (f: g):: as’/(s’s)= a/s S-Ia,
i.e., a

_
The proof for b S-|b is identical. [3

Remark. In the case where B is a UFD there exist f and g in B that are relatively
prime such that (f/1)(g/1)-=p. Then la= (f) and Ib= (g). Hence condition (10) is
equivalent to

(12) p is stabilizable if[ (f, g)(3 S # .
Remark. Causal structures in this case will be defined via saturated multiplicatively

closed subsets T of A S-1B which contain the image of S under the natural injection
i: B--> S-B. Then T-1A will be naturally identified with T-B.

2.2. Geometric interpretations. In this section we interpret the above algebraic
criteria of stabilizability in concrete geometric terms. Recall from 1.3.2 that spec A
denotes the prime spectrum of the ring A and for an ideal c in A, V(c) denotes the
subset of spec A consisting of all prime ideals that contain c. Clearly the geometric
equivalent of Theorem 2.1.1 is the following corollary.

COROLLARY 2.2.10. The transfer function p is stabilizable if and only if
V(a) VI V(b) .

The equivalents of the above geometric interpretation for the special cases of
Bezout domains, UFDs, and Noetherian rings are straightforward. We consider there-
fore only the case when A is a ring of fractions S-B and determine the geometric
equivalent of Corollary 2.1.8.
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Corresponding to the multiplicatively closed subset S of B, define

f {p spec B[p fq S }.

In this case we have the following corollary.
COROLLARY 2.2.11. The transfer function p is stabilizable if and only if

V(la) 71 V(Ib)

Proof Assume p stabilizable, which implies by Corollary 2.1.8 that

(la+Ib)fqSpfqS forallpV(L+Ib) V(L)fqV(Ib)f=.

Conversely suppose p is not stabilizable. Then again by Corollary 2.1.8 (I + I)
S , which implies that S-1(I+ Ib) is a proper ideal in S-lB. Let m be a maximal
ideal in S-B containing S-(la + I). Let p and be the contractions in B of ideals m
and s-l(l + Ib), respectively. Then (I + I)

_
p. Since pfq S and p belongs to

V(I+ I), the result follows.
Observe that Corollary 2.2.10 requires the determination of the (Zariski) closed

subsets V(a) and V(b) in terms of the given data V(n) and V(d). Note that whenever
the plant can be represented by a relatively prime fraction nd- (for instance whenever
A is either a Bezout domain or a UFD) V(a)= V(n) and V(b)= V(d). Also in the
Noetherian case it is clear from (9) in Corollary 2.1.7 that

k k

V(a)= t_J V(p,) and V(b)= t_J V(p).
i=1 j=l

Thus again V(a) and V(b) are expressed in terms of n and d (i.e., in terms of the
primary decompositions of (n) and (d)). Note that similar expressions can be derived
for V(I,) and V(Ib) in Corollary 2.2.11 when A is a ring of fractions of a Noetherian
ring B. However, while in general there does not seem to be such a simple way of
expressing V(a) and V(b), we show below that for certain transfer functions which
we call simple a geometric characterization of V(a) and V(b) is indeed possible.

DEFINITION. A transfer function p is said to be simple if it has a representation
nd- with rad (n)= (n) and rad (d)= (d). We call such a representation simple.

Remark. This definition is motivated by the fact that in many practical situations
transfer functions of plants have simple (i.e., nonrepeated) nonminimum phase poles
and zeros. Thus in view of our remarks in 1.3.2 concerning the prime spectrum of
the ring the above definition is a natural generalization of transfer functions with
simple poles and zeros. Note that in the special case of a simple n-D plant fg-
described above in subsection 4 of 2.1, those irreducible factors of the polynomials
f and g that do not belong to S are nonrepeated. In fact it can be shown that in the
quotient topology defined in the next section simple transfer functions are open and
dense in the set of all transfer functions, i.e., most transfer functions are in fact simple.

For such transfer functions we have the following proposition.
PROPOSITION 2.2.12. Let p have a simple representation nd -1. Define F. and [’b to

be the families of closed subsets of spec A given by

r {q,lV(n) =_ q, V(d)},

r (olv(d)=_ o V(n)}.

Then V(a) and V(b) are the unique minimal elements of Fa and Fb, respectively.
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Proof First we show that V(a) belongs to Fa. So let x be in a, which implies that
(x)(d)

_
(n). Hence

V(n)_ V(x)U V(d) forallxa V(n)_( a V(x)) U V(d) V(a)U V(d).

Thus V(a) belongs to Fa.
We claim that if q belongs to F then V(a)__ O. For as q is closed there exists an

ideal in A such that q V(i). Then

V(n)_ V(i)UV(d)=V(i(d))i(d)__rad(n)=(n) (as p is simple)

i__ (n: d)=a V(a)__ V(i).

A similar reasoning shows that V(b) is minimal in Fb.
Thus it clearly follows that the geometric stabilizability condition of Corollary

2.1.10 can now be expressed for simple transfer functions as

p is stabilizable iff min f 0min ,
where tmi and. 0mi are minimal elements of the families F and Fb, respectively.

2.3. Robustness of stabilizability. In this section we investigate the robustness of
feedback stability over general rings. For this purpose we need a notion of when one
transfer function is close to another, i.e., we need to topologize the set of transfer
functions. In the special case of a Bezout domain the graph topology defined by
Vidyasagar [8] serves this purpose. However, since this topology is defined in terms
of coprime fractional representations of the transfer function it cannot be carried over
to our more general setting. Our first purpose therefore is to topologize the set of
transfer functions in such a way so as to be independent of any choice of fractional
representations. This is in keeping with the spirit ofthis paper as the above developments
have been in terms of the ideals a and b, which are indeed independent of the
representation.

Motivated by the above considerations we topologize the set of transfer functions
in this general setting in such a way so as to specialise to the graph topology whenever
coprime fractions exist. Our development here is also guided by genericity questions
in the multidimensional stabilization problem, which is treated in detail in the next
section.

Now let the ring A be a topological ring (A, ’R)- The field of fractions F arises
as a quotient of A A* by the equivalence relation where

(a, t)--.(a’, t’) iff at’=a’t.

Consider A A to be a topological space with some topology " (not necessarily
the product topology). We consider F to be a topological space with the quotient
topology ’q induced by the subspace topology, also denoted by % on A A*c A A,
i.e., if

(13) ’n’: A x A*-> F

is the natural projection, then U F is open in -q if and only if r-l(U) belongs to ’.

Our choice of the topology - on A x A is motivated by genericity questions and is
required to satisfy the following conditions. These conditions as well as others that
we introduce in this section will be shown to be satisfied in the special case of n-D
systems in the next section.

Condition C1. Every element of A is closed in ’n.
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Condition C2. Let ay bx. Then given a neighborhood N(x, y) of (x, y) (i.e., in
-) there exists a neighborhood N(a, b) of (a, b) such that for all (a’, b’) in N(a, b);
there exists (x’, y’) in N(x, y) with a’y’= b’x’.

Condition C3. The product topology ’p on A A is weaker than the topology -on A A, i.e., ’/’p .
Remark. Clearly under assumptions C1 and C3, AA* is open in A A with

respect to the topology -. Then Condition C2 is satisfied by the subspace A A*, i.e.,
if (a, b) and (x, y) belong to A A* then the neighborhoods N(a, b) and N(x, y) in
C2 can be chosen to be open subsets of A A*. We then saythat A A* satisfies C2.

Remark. It is important to note that ’, in general, is not the product topology ’p.

The open sets of ’p are usually much too large to allow robustness of stabilizability.
This will become clear in the section on n-D systems below.

PROPOSITION 2.3.13. The mapping 7r in (13) is open if and only if A xA*
satisfies C2.

Proof Suppose 7r is open. Then given a neighborhood N(x, y) of (x, y), 7rN(x, y)
is open, which implies that 7r-17rN(x, y) is open (as F has the quotient topology).

Let (a, b)---(x, y), i.e., (a, b) 7r-17rN(x, y). As 7r-17rN(x, y) is open, there exists
a neighborhood N(a, b) of (a, b) contained in 7r-17rN(x, y). Hence for all (a’, b’) in
N(a, b) there exists (x’, y’) in N(x, y) such that (a’, b’)---(x’, y’), i.e., C2 is satisfied.

Conversely suppose that A A* satisfies C2. Let N A A* be open. We need to
show that 7r-17rN is open. So let (a, b) be in 7r-17rN. Clearly there exists (x, y) in N
such that (a, b)-- (x, y). By C2 there exists a neighborhood N(a, b) of (a, b) such that
for all (a’, b’) in N(a, b), there exists (x’,y’) in N with (a’, b’)---(x’,y’). Hence
N(a, b)

_
7r-17rN.

Remark. Clearly by the above proposition a basis of neighborhoods containing
a transfer function p in F can be obtained as follows.

Let (a, b) in A A* belong to 7r-lp. Consider the collection 7rU, where U varies
over all basic neighborhoods of (a, b) in A x A* and (a, b) varying over r-lp. Then
this collection is a basis of neighborhoods about p. Moreover, it follows from C2 that
this basis can actually be obtained by fixing any (a, b) in 7r-lp.

From this it follows that whenever every p has coprime fractions, the quotient
topology on F is just the graph topology.

We now investigate the following questions"
1. Given a stabilizable transfer function p is there a neighborhood in the quotient

topology defined above consisting of stabilizable transfer function?
2. Given such a neighborhood does there exist a controller that stabilizes every

transfer function in it?
Consider the topological ring (A, ’g) with a topology " on A A satisfying the

above conditions C1, C2, and C3. Assume further that the following condition holds.
Condition C4. The set of units in A is open in the topology ’g-

Under Conditions C1 to C4 we have the following proposition.
PROPOSITION 2.3.14. Let p in F be stabilizable. Then there exists a neighborhood of

p in the quotient topology such that every transfer function in this neighborhood is
stabilizable.

Proof Let p nd -1. Then by Theorem 2.1.1 p is stabilizable if and only if there
exist Xl, x2, x3 in A such that the following equations hold:

nx dx2 nx3 d (1 x).

Observe that xl 4-(1-x)- 1 is contained in the open set of units. Hence as A is a

topological ring there exist neighborhoods Np(x2, x) and Np(1-x, x3) of (x2, xl)
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and (1- xl, x3) in the product topology re such that for all (x, x) in Np(X2, Xl) and
(x, x) in Np(1 xl, x3)

(14) x+ x4 u

where u is a unit.
Now choose neighborhoods N(Xz,X) and N(1-x,x3) in the topology z on

A A such that

N(x2, x)
_
Ne(x2, xl)

and

N(1 x, x3) = Ne(1 Xl, X3)

which is possible by Condition C3. Given these neighborhoods, by C2 there exists a
neighborhood N(n, d) in Ax A* such that for all (n’, d’) in N(n, d), there exist (x, x)
in N(x2, x) and (x, x) in N(1-x, x3) with

t Xl--d x2,

=d,x,4l’l X

--1 --1But by (14) u x + u x]= 1. Hence multiplying both the above equations by u
obtain

where u is a unit in A.
Define

X
--1l’dtbl

Then

for some r, s in A.
By Conditions C3 and C4 there exists a neighborhood N(n, d) of (n, d) in the

topology z on A A such that for all (n’, d’) in N(n, d)

rd + sn u,

x’ rn’u- sd’u- U--1x3 and X4 sn

n’x’ d n d (1 -X’l)X2, X3

Thus n’d ’- is stabilized by x’3x’- X3X C.

While the above theorem answers question 2 in .the special case of a UFD, the
corresponding answer for the general case is not known.

n’(xu-)=d’(xu-’),

-1) --1n’(xau =d’(1-XlU ).’

Hence, n’d ’-1 is also stabilizable for all (n’, d’) in N(n, d). [3

While this proposition answers question 1 above, the controller x3x-( of p may
not be the same as the stabilizing controller x’3x’- of n’d ’-. We answer question 2
in the affirmative in the special case when A is a UFD satisfying Conditions C1-C4.

THEOREM 2.3.15. Let A be a UFD satisfying C1-C4. Suppose c stabilizes a transfer
function p in F. Then there exists a neighborhood ofp in the quotient topology such that
c stabilizes every plant in it.

Proof Let p nd- where now n and d are relatively pri.me. Then from (2) and
(3) of Theorem 2.1.1 with these n and d, c= x3x-[ 1. Furthermore,

x=rd and 1-x=sn
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By the above the set of stabilizable transfer functions is open in the quotient
topology. Is it also dense in the set of all transfer functions? Although the answer to
this is in the affirmative in the case of LTI systems (as is well known), this is not so
in’the more general setting of this paper. In fact we show in the special case of n-D
systems in the next section that there exist nonstabilizable transfer functions with
neighborhoods consisting of transfer functions that are also not stabilizable.

For related results regarding the graph topology see Zhu [11].

3. Stabilization of multidimensional systems. In this section we use the above
theory to analyse stabilizability of multidimensional systems.

DEFINITION OF rI-IE r’IOBLZM. With respect to the general formulation of the
stabilization problem in the introduction, the problem here is defined as follows"

Let A =S-B where B=[X... Xn], the polynomial ring in n indeterminates
with coefficients in a subfield of C.

Let S be the multiplicatively closed subset of B consisting of all polynomials
whose (affine) varieties in C do not intersect some fixed compact region F c C ".

We define a causal structure via closed subsets of F as follows:
Let F’ be some fixed closed subset of F.
Let T be the saturated multiplicatively closed subset of A consisting of rational

functions fg- such that the variety of f does not intersect F’. (Note that the natural
injection i’B- A maps S into T; viz., the remark at the very end of 2.1.)

Thus this is a special case of the general problem considered in part 4 of
2.1, namely when A is a ring of fractions. Also observe that as B is a UFD so is

S-lB.
The main purpose of this section is to interpret the results developed above in

this concrete setting of the polynomial ring [X X] in terms of affine varieties
in C n.

The motivation for considering this special case stems from the 2-D stabilization
problem treated by Guiver and Bose in [2, Chap. 3]. In our formulation their problem
is as follows"

B=C[X, X2], F 2 the closed unit polydisc in C2. The causal structure is
defined by F’= (0, 0).

They prove that a plant p =f/g, f and g in C[X, X2] is stabilizable if and only
if f and g do not have a common zero in 2. Their proof makes critical use of the
fact that f and g, when relatively prime, have a finite number of common zeros (which
is not the case for n-D systems, n > 2), and that the region F defining S is the unit
polydisc.

We on the other hand treat n-D systems for general n and where the region F is
any arbitrary compact region in C ". The motivation for generalizing from 2-D to n-D
is clear. Replacing the polydisc U" by an arbitrary compact region F follows from
applications and is in fact posed as an open problem by Guiver in [2, Open Prob. 6].

In the following section we arrive at geometric criteria based on the theory
developed in the previous sections and which also allows us to settle this open problem.

3.1. Stabilizability conditions. Consider the n-D transfer function p in F. Since B
here is a UFD, by the remark following Proposition 2.1.9 p admits a representation
(f/1)(g/1)-, where f and g are relatively prime. Then la (f) and Ib (g). Recall
also from 2.2 that f is the set of all prime ideals of B that do not intersect S. Hence,
by Corollary 2.2.11, we have

(15) p is stabilizable iff V(f, g) 71
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Since 12 is a set of prime ideals of [XI’’’ Xn] and since by the Hilbert
Nullstellensatz these prime ideals correspond to irreducible varieties in C (as C is
the algebraic closure of ), we can think of 12 as a collection of irreducible varieties.
(As our entire discussion is with respect to the fixed subfield of C, by variety we
always mean a K-variety, i.e., the zero set in C" of an ideal in [X1""" X,].) Now
the affine variety ofthe ideal (f, g), also denoted V(f, g), is a (finite) union ofirreducible
varieties as well (corresponding to the minimal primes belonging to the ideal (f, g)).
Hence (15) above can be interpreted to mean that none of the irreducible varieties in
V(f, g) belongs to 12 considered now as a collection of irreducible varieties.

This interpretation of the stabilizability condition in terms of affine varieties, forces
on us the need to characterize the irreducible varieties in the collection 12. In general,
since 12 is just a set of prime ideals which do not intersect some given multiplicatively
closed subset S, such a characterization may not be possible. However, note that in
the above stabilizability problem S arises in a special way, namely as a set ofpolynomials
whose varieties do not intersect some given region F c C n. For such S we show that a
geometric characterization of 12 is indeed possible, and the nature of this characteriz-
ation is suggested by the following condition.

LEMMA 3.1.16. Let p be a prime ideal in [X1 Xn]. Then

Proof The proof is obvious. (Here V(p) is the variety of p in Cn.)
The question therefore is: under what conditions on F does every p in f satisfy

V(p) f’)F ? Note that for such F the stabilizability condition would reduce to the
following:

The transfer function p fg-1 (f, g relatively prime) is stabilizable if and only if the
varieties V(f) and V(g) do not intersect in F.

Remark. Note that as f and g are relatively prime no irreducible component of
V(f) coincides with an irreducible component of V(g). Hence, the dimension of every
irreducible component of V(f)f-) V(g) is strictly less than n- 1. On the_ other hand as
codimension V(f) + codimension V(g) >= codimension (V(f) f) V(g)) it follows that
the dimension of every irreducible component of V(f) f’) V(g) is greater than or equal
to n-2. Hence the dimension of every irreducible component of V(f)f-) V(g) equals
n-2, i.e., V(f)f’l V(g) is a variety of pure codimension 2.

Thus actually it suffices, as far as the stabilizability condition is concerned, to
obtain properties of F under which the reverse implication in Lemma 3.1.16 holds for
prime ideals of height 2 in 12.

To repeat, the question now is that if V(p)f-)F 3, then is it true that p f, i.e.,
is p f)S . If this were true then there is a polynomial f in p f-)S. But

fS :=> V(f)fqF=3 and fp =:> V(p)_ V(f)

in which case there is a codimension 1 variety, namely V(f), that contains V(p) and
that does not intersect F. This motivates the following.

DEFINITION. A region F c C" is said to be codimension k-convex if given a
codimension k irreducible variety V with V fq F , there exists a codimension 1
variety V’ such that

(16) Vc V’ and V’fqF=.

Remark. If the region F is codimension k-convex then clearly for any variety V
of pure codimension k with Vf)F there exists a codimension 1 variety V’ such
that (16) holds.
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We now show that the codimension k-convexity of the region F allows the reverse
implication in Lemma 3.1.16 for primes of height n k.

PROPOSrrON 3.1.17. Let be the ideal in [Xl" Xn] of a pure codimension k
variety V in C. Then

(17) V 0 F ( : CI S Q3 iff F is codimension k-convex.

Proof That (17) implies codimension k-convexity of F is clear. So suppose now
that F is codimension k-convex. Then given the variety V of the ideal with V
by the remark following the definition above, there exists a codimension 1 variety
V’= V(h), where h is a polynomial in
By the Nullstellensatz, h’ belongs to for some t_-> 1. Since V’ V(h’), V’
implies that h’ belongs to S

Specialising the above result for k-2 we have the geometric equivalent of the
stabilizability result.

THEOREM 3.1.18. Let F be codimension 2-convex. Then the transferfunction p fg-1
(where f and g are relatively prime) is stabilizable if and only if

V(f) 71 V(g) f) F (.

The above property of codimension k-convexity of a region F is a geometric one.
The region F, however, defines an algebraic object, namely the multiplicatively closed
subset $ of B. It is therefore natural to expect that this geometric property of F is
captured by some algebraic property of the ring S-lB. The next proposition reveals this.

PROPOSITION 3.1.19. Let F be a region in (_n.

(i) If I" is codimension k-convex then the following statement holds"
(18) Let pf be a prime ideal of height k in S-lB. Then pf is contained in an ideal mf

of height n.
(ii) Conversely, ifF is codimension n-convex, then statement (18) implies codimension

k-convexity of F.
Proof (i) Let p be the contraction of Ps to B. Clearly p is Of height k which

implies that V(p) is of codimension k. Asp S , by Proposition 3.1.17 V(p) (3 F
So let x be a point in V(p)f-)F. Then I(x), the maximal ideal in B with V(I(x))_ {x},
is of height n containing p and such that I(x) S 3. Let mr be the extension in
of I(x). Clearly mr is of height n and contains py.

(ii) Now assume that F is codimension n-convex. Suppose to the contrary that
F is not codimension k-convex. Then there exists a prime ideal p of height k with
V(p) f-) I" and such that for allf p, V(f) CI F # . This further implies that pS=

and hence that its extension Ps is a prime ideal in S-lB. We claim that Ps is not
contained in an ideal of height n. For if ms were such a height n ideal containing
then its contraction m is a maximal ideal in B with m f)S--. As m is of height n and
F is codimension n-convex, by Proposition 3.1.17 V(m)F#Q3. So let
x V(m)f3F. As V(m) is contained V(p), x belongs to V(p)f3F which is a
contradiction.

Remark. The above proposition has the following important consequence when
C. Let F be a region in C" which is codimension k-convex for all 2_-< k_-< n. Then

the maximal ideals of S-1C[X1 X,] are in one-to-one correspondence with the
points of F.

We now address the multidimensional stabilization problem considered by Guiver
and Bose explained in the beginning of this section.

Here B=C[X X], F Un, the closed unit polydisc and the causal structure
is defined by F’ which is the origin in C ". By Theorem 3.1.18 the geometric condition
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for stabilizability holds if U is codimension 2-convex. We now show that in fact U
is codimension k-convex for all 2 =< k =< n.

We make use of the following well-known results (see, for instance, Gunning and
Rossi [5]).

T1 (Corollary to Cartan’s theorem B). Suppose fl "fk are holomorphic func-
tions on a pseudoconvex domain F = C such that the {f} have no common zeros in
F. Then there exist holomorphic functions gl"’" gk such that fgi 1.

T2 (Oka-Weil approximation theorem). Let F c C" be a polynomially convex
domain. Then any holomorphic function on F is uniformly approximable on compact
subsets of F by polynomials.

PROPOSITION 3.1.20. The polydisc U is codimension k-convex for all 2 -<- k <= n.

Proof Given any variety V with Vf-)U" =, we need to find a polynomial
h6C[X1...X,] such that Vc V(h) and V(h)Un=.

As U and V are closed subsets (in the C- topology) there is an open set W U"
with Wfq V-. In fact W can be chosen to be geometrically convex with smooth
boundary. Clearly W is also pseudoconvex.

Now let the ideal I(V)= (f... fk) be the ideal of the variety V. As V f3 U"=
the polynomials {f} do not all vanish at any point in U". Hence by T1 we can find
gl"" gk, holomorphic on W, such that fgi 1. As W is also polynomially convex,
by T2 we can uniformly approximate on the compact set Un, the holomorphic functions
g’’’gk by polynomials hl... hk SO that

k

fi(x)hi(x) 0 for all x e U".

Let h fihi. Clearly V(h)f3 U"= f and h belongs to I(V) which implies that
V V(h). [3

Thus it follows from the above proposition that the geometric stabilizability
condition of Theorem 3.1.18 holds for the n-D stabilization problem described above.
Furthermore, if p =fg-1 is a stabilizable transfer function with f, g relatively prime in
C[X1 X,] then by the above result there exist hi, h2 in C[X Xn] such that

hf+ h2g h S.

As h belongs to S, it is a unit in A--S-lB. Hence by the remark following Corollary
2.1.5, a stabilizing controller of p is given by hh.

Consider now the causal structure defined via F’, the origin in C"; i.e., let T be
---Ithe saturated multiplicatively closed subset of A consisting of rational functions fg

such that the variety of f does not contain the origin. By Proposition 2.1.3 all the
stabilizing controllers of a strictly causal transfer function are weakly causal. In this
case (of n-D systems) we can further conclude that every stabilizable transfer function
p __fg-1 has a weakly causal controller. This is because if hf/ h2g is in S, then by
perturbing h2 (slightly) to h we can ensure that hf/ h.g is still in S as well as that
h(0) 0. Then hh- is in T-1A and is therefore a weakly causal controller of p.

In Open Problem 6 in [2] Guiver poses the following question: Given the plant
p =fg- with f, g in [[X Xn] is there a stabilizing controller c hh with h,
h2 also in [X Xn ], or Q ? We now answer this question in the affirmative.

THEOREM 3.1.21. Let p fg- be a stabilizable transfer function with f, g relatively
prime and in [X1""" Xn]. Then there exists a stabilizing controller c hh with hi,
h2 in Q[X X ].

Proofi As p is stabilizable and as U" is codimension 2-convex the geometric
criterion of Theorem 3.1.18 implies that there is a polynomial h belonging to the ideal
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(f,g) cC[X1...Xn] with V(h)Un=. Consider now the polynomial hh* in
[[X1 X] (here h* denotes the complex conjugate of h). Clearly as /."*-- U-",
V(hh*)f-I U" =. Equally clearly hh* belongs to the contraction of the ideal (f, g) to
[X1... Xn]. Hence there exist polynomials hi, h2 in [[X... Xn] such that

fh + gh2 hh* S.

As Q is dense in it is possible to perturb h and h2 to h and h in Q[X... Xn]
such that

fh’ +gh’S.
v--1Thus, hlh2 is the desired stabilizing controller.

Remark. It follows from the above proofs that any compact polynomially convex
domain F in C" is codimension k-convex for all 2_-< k=< n. Hence the geometric
stabilizability condition of Theorem 3.1.18 for the case when G C holds for all such
F. Furthermore, the polydisc U in Theorem 3.1.21 can be replaced by such F which
are also symmetric about the real axis.

Note that this is more than what is necessary for the stabilizability problem as it
suffices for F to be only codimension 2-convex. Thus it is desirable to characterize
geometrically such regions. Note that an algebraic characterization of codimension
2-convex regions is available via Proposition 3.1.19.

However, it is not possible to replace F by any compact region, for instance, by
those that are not holomorphically convex (because of Hartog’s phenomenon). Thus,
even in the 2-D case the above geometric criteria for stabilizability will not hold with
the polydisc r2 replaced by a compact annular region. This negatively answers a
question raised by Guiver in [2].

3.2. Robustness of stability. We consider here the robustness of stabilizability of
n-D systems, i.e., we wish to define a topology on the set of transfer functions F, the
field of fractions of A (where now A =S-C[X X,] and S is the multiplicatively
closed subset of B defined with respect to the polydisc U") with respect to which
Conditions C 1 to C4 in 2.3 are satisfied. This will enable us to carry over the robustness
results obtained in the general setting there to the special case of n-D systems here.
This is accomplished in a series of steps as follows.

(i) The ring A here is a topological (in fact, normed) ring with respect to the
following norm"

]]fg-l] sup If(z)g(z)-l, fg- A.

Note that this is well defined since fg-1 is holomorphic in U and is a norm since
U" has nonempty interior. It is an easy check that A is a normed ring under the above
norm. Clearly it also follows that if the sequence f,g- converges to fg- in this norm
topology then the variety V(f,) converges uniformly to V(f) in U". A is Hausdortt
being a normed ring; hence C1 is satisfied.

(ii) We now (in the notation of 2.2) impose a topology r on AA such that
Condition C2 is satisfied. We describe this topology via a basis of neighborhoods about
each (x, y) in A x A as follows"

As A is a UFD express (x, y) as h (x’, y’) (hx’, hy’) where x’, y’ in A are relatively
prime. Let N(h), N(x’), and N(y’) be neighborhoods of h, x’, and y’ in the norm
topology of A. Obtain a neighborhood N(x, y) of (x, y) as

(19) N(x, y)= {h"(x", y")lh" N(h), x" N(x’), y" N(y’)}.
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The collection N(x, y) obtained this way as N(h), N(x’), and N(y’) vary over all
neighborhoods of h, x’, and y’ is a basis for a topology " on A x A. We now show that
Condition C2 is satisfied with respect to this topology.

Let (x, y) and (a, b) in A x A satisfy

ay= bx.

Let (x, y)= h(x’, y’) and (a, b) g(a’, b’), where the pairs (x’, y’) and (a’, b’) are each
relatively prime. Hence the above equation is equivalent to

a’y’ b’x’.

Therefore (a’, b’)= u(x’, y’) for some (unit) u in A.
Now let N(x, y) be a given neighborhood of (x, y) specified by neighborhoods

N(h), N(x’), and N(y’) as in (19). (Clearly it suffices to check Condition C2 for such
neighborhoods since they form a basis for the topology ’.) Let N(u) be a neighborhood
of u. Then

N(a’, b’) {u"(x", y") u" N(u), x" N(x’), y" N(y’)}

is a neighborhood of (a’, b’). Let N(g) be a neighborhood of g. Then

N(a, b)= {g"(a", b")l(a" b") N(a, b) and g" N(g)}

is a neighborhood of (a, b).
Now let (x", y") be in the above given neighborhood N(x, y). Then define

(a", b") (gux", guy").

Clearly (a", b") is in N(a, b) and satisfies a"y"= b"x". This shows that Condition C2
is satisfied.

(iii) Give A x A*c A x A the subspace topology with respect to ’, also denoted -.
Topologize the set of transfer functions by the quotient topology ’q via the projection

r: A x A*- F.

(iv) Clearly from (19) it follows that the product topology ’p on A x A induced
by the norm topology on A is weaker than the topology -, i.e., Condition C3 is satisfied.

(v) For any x in A with Ilxll < a, 1/ x is a unit in A. Hence the set of units in A
is open, i.e., C4 is satisfied.

Thus it follows by (i)-(v) above that all the results of 2.2 on robustness hold in
this special case of n-D systems. We therefore have the following theorem.

THEOREM 3.2.22. (1) Let c be a stabilizing controller of an n-D transfer function
p. Then there is a neighborhood ofp in the quotient topology ’q such that every transfer
function in this neighborhood is stabilized by the same controller c.

(2) Stabilizability is not a generic property of the set of n-D transfer functions.
Proof Part (1) follows from the above discussion, i.e., from Theorem 2.3.15.
(2) Consider polynomials f, g 0 in C[X Xn] such that (a) the singular loci

of V(f) and V(g) do not intersect Un; (b) V(f) and V(g) have a nonempty transversal
intersection in Un.

Obviously such f and g exist. Consider the transfer function p =fg-1. By the above
theory p is not stabilizable. Clearly, there exists a 8 > 0 such that for all xx’-l and yy,-1
in S-’C[X... Xn] with

If- xxt-1 < 8, Ig YY’-I < 8,

V(x) and V(y) intersect transversally in U. Then the collection of all such transfer
functions xy’(x’y)- is clearly open in ’p and therefore in rq, and are all non-
stabilizable.
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Remark. We emphasize here once again that the topology z on A x A is not the
product topology Zp. In fact the robustness result is not valid with respect to Zp.

Actually even more is true, viz., with respect to ’p every neighborhood of a stabilizable
transfer function contains nonstabilizable ones as the following simple argument
demonstrates.

Let p =fg-, where f and g are relatively prime be stabilizable, i.e., V(f) and
V(g) do not intersect in Un. In the product topology every neighborhood of p will
contain transfer functions of the kind hf(kg)-, where hf and kg are relatively prime
but where V(h) and V(k) intersect in Un. Such plants are clearly not stabilizable.

Remark. From the above proof it is clear that every neighborhood of an n-D
transfer function p =fg-1, with f, g relatively prime and such that V(f) ["1 V(g) contains
points of the boundary of U" but not its interior U", contains stabilizable transfer
functions. Thus such transfer functions belong to the boundary of the closed subset
of nonstabilizable transfer functions and can therefore be perturbed and made stabilizo
able. A more detailed study of this boundary will appear elsewhere.
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UNBOUNDED SOLUTIONS TO THE LINEAR QUADRATIC CONTROL
PROBLEM*

G. DA PRATO AND M. C. DELFOUR$

Abstract. Examples are presented to show that the solution of the operational algebraic Riccati equation
can be an unbounded operator for infinite dimensional systems in a Hilbert space even with bounded control
and observation operators. This phenomenon is connected to the presence of a continuous spectrum in one
of the operators. The object of this paper is to fill up the gap in the classical linear quadratic theory. The
key step is the introduction of the set of stabilizable initial conditions. Then a new simple approach to the
linear-quadratic problem is presented that provides the connection with the notion of approximate stabiliza-
bility for the triplet (A, B, C).

Key words, linear quadratic, stabilizability, Riccati equation
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1. Introduction. The infinite time, linear quadratic, optimal control theory for
infinite-dimensional systems in Hilbert spaces with bounded control and observation
operators has been extensively studied (see, for instance, the book by Curtain and
Pritchard [1]). Typically, let H (state space), U (control space), and Y (observation
space) be three Hilbert spaces. Let A" D(A) H -> H be the infinitesimal generator of
a strongly continuous semigroup etA and let B" U-> H and C" H-> Y be continuous
linear operators. The state x(t) at time t-> 0 is given by

(1.1) x(t)=e’h+ e(’-’Bu(s) ds, t>-O,

and the cost function by

io(1.2) J(u, h): {ICx(s)l /lu(s)l2} ds.

Under the standard (A, B, C) stabilizability hypothesis for the triplet (A, B, C),

(1.3) VhH, :luLZ(0, oo; U) such that J(u,h)<oe,

it is well known that the corresponding algebraic operator Riccati equation

(1.4) A*P + PA PBB*P + C*C 0

has a minimum positive symmetrical bounded solution _P; that is,

(1.5) _P’H-> H is linear and continuous (bounded),

(1.6) _P*=_P (symmetry), Vh H, (_Ph, h)_->0 (positivity),

and for any other solution of (1.4) verifying (1.5) and (1.6)

(1.7) VhH, (Qh, h)>-(_Ph, h) (minimality).
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The authors have recently constructed examples where the system is not stabiliz-
able, and yet the algebraic Riccati equation has a positive selfadjoint unbounded
solution (cf. [2]). This phenomenon is intimately related to the fact that only a dense
subset of initial conditions are (A, B, C) stabilizable. This has many interesting implica-
tions for infinite-dimensional control systems. For instance, it points out that definitions
of stabilizability (here, (A, B, I) stabilizability) that assume the existence of a bounded
feedback operator really contain two hypotheses in one: the existence of a feedback
operator that stabilizes all initial conditions in H, and the boundedness of this operator.
Example 6.1 in 6 describes a control system that can only be stabilized by an
unbounded feedback operator for all initial conditions in H.

The object of this paper is to fill the gap in the theory. Under no stabilizability
hypothesis, we a priori define the set Z of initial states that can be (A, B, C) stabilized
and show that it can be given a natural Hilbert space structure. When E is dense in
the space of initial conditions, we construct the smallest or minimum positive self-
adjoint unbounded solution to the algebraic Riccati equation. A new technique is
introduced to directly obtain the semigroup associated with the closed loop system
and the properties of the feedback operator. If the usual detectability hypothesis is
added, we recover that the closed loop system is exponentially stable. Examples are
also included to illustrate the theoretical considerations. Extensions to systems with
unbounded control and observation operators are possible and will be reported in a
forthcoming paper. We felt that it was more instructive to first illustrate the phenomenon
and the main features of the theory for the bounded case.

Notation. The space of continuous linear operators from a Hilbert space X to
another Hilbert space Y will be denoted by (X; Y). When X Y, the cone of
continuous linear operators in (X; X) verifying conditions (1.5) and (1.6) will be
denoted Z+(X). R will be the field of all real numbers and N the set of integers greater
than or equal to 1.

2. Problem formulation. Let H, U, Y, A, B, and C be as defined in 1. Consider
the mild solution of the system

x’(s) Ax(s) + Bu(s), s >= O,
(2.1)

x(0) h,

and the associated cost function

(2.2) J(u, h)= fo {Ic (s)l + I (s:>l ds.

A mild solution of (2.1) is a continuous function x:[0, [-H verifying (1.1). Denote
by V the value function

(2.3) V(h)=inf{J(u, h): u L2(0, ; U)}

with domain

(2.4) dom V={hH: V(h)<oo},

which will be referred to as the domain ofstabilizability for the triple (A, B, C). Observe
that under the (A, B, C) stabilizability condition (1.3) dom V= H.

3. An example of unbounded solution to the Riccati equation. Let H {2 be the
Hilbert space of all sequences x {Xn}nN, with norm

(3.1) Ixl2- x.
k=l
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Let {ek} be the orhonormal basis in {2

(3.2) (G),=G,, keN.

Define the bounded operators

k x/2k+ 1
(3.3) Aek ek, Bek ek, k N.

k+l k+l

Note that their spectra are made up of a point and a continuous part

{ k "kN}, os(A)={1},(3.4) rn(A) k + 1

v/2k+ }(3.5) o-p(B)=( i "kN O’c(B)={0}.

Associate with A and B the control system

x’(s) Ax(s) + Bu(s), s >= O,
(3.6)

x(0) h,

and the cost function

(3.7) J(u, h): {Ix(s)12+iu(s)l} ds.

Here the observation operator C is the identity operator on H. If the pair (A, B)
was stabilizable, there would exist a symmetric positive bounded linear operator P
on H that would be the minimum solution of the algebraic operator Riccati equation

(3.8) PA+ A*Po- PoBB*P+ I =0,

in the sense of conditions (1.5) and (1.6). Here A, B, and I are diagonal operators,
and it is easy to check that the only positive selfadjoint solution to (3.8) is the diagonal
Unbounded operator

(3.9) Pek k + 1) ek k N.

This means that only initial conditions h in the domain D(P2) of Pz

D(p%2) X 2. Z (k + 1)x, < oe
k=l

(3.10) p l/Z"k v’k + 1 ek

can be stabilized, and that for all others

(3.11) J(u, h)=oo, h

_
D(p%2).

Hence dom V= D(P2) in this example.
The interpretation of this phenomenon is that, for initial conditions h D(plc,/2),

the corresponding state x cannot be stabilized with a finite energy control u in
L2(0, 00; H). Yet the closed loop system is given by the operator

(3.12) A-BB*P=-I,
which is exponentially stable in H, and for all h in H the solution x* of the closed
loop system

x’(s) [a- BB*Poo]x(s), s >= O,
(3.13)

x(0)=h,
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is given by x*(s)= e-’h, which belongs to L2(0, 0(3; H), whereas the optimal control
u* is given by

(3.14) u*(s) =-B*Poox*(s) =-B*P e-’h.

So u belongs to L2(0, oe; H) if and only if h D(p2).
Finally, it is useful to note that

B*Pe /2k + 1 e, D(B*P) D(PZ)(3.15)

and that

2k+l
(3.16) BB*Pe- k’+ 1

e, D(BB*P) H.

4. Asymptotic behaviour of the solution P(t) to the associated differential operator
Riccati equation. It is well known that for any fixed T> 0, we can associate with the
control problem (2.1)-(2.2) the mild solution P Cs([0, [; /(H)) of the differential
operator Riccati equation

P’(t)=A*P(t)+P(t)A-P(t)BB*P(t)+C*C in[0, T],
(4.1)

P(0) =0.

We say that P in Cs([0, T]; ;+(H)) is a mild solution of the Riccati differential equation
(4.1) if P verifies the integral equation

ioP(t)x= {e(’-’)A*[c*c-P(s)BB*P(s)] e(’-’)Ax} ds

for all x in H (for example, see Curtain and Pritchard 1 for basic results on existence
and uniqueness). We have denoted by C([0, oe[; Z+(H)) the set of all mappings
T:[0, ee[--> 2;+(H), such that T(.)x is continuous for all xeH.

For each h e H the function (P(.)h, h) is nondecreasing. Moreover, the following
identity holds:

(P(t)h, h)+ [u(s) + B*P(t-s)x(s)l= ds: {[Cx(s)lZ+lu(s)l} ds,

(4.2)
Vu e Loc(O, ; U).

To obtain identity (4.2) fix > 0, multiply both sides of (4.1) evaluated at s, _>- s => 0,
by x(s), use (2.1) to eliminate x’(s), and integrate with respect to s from 0 to t.

Define the function

(4.3) h --> b(h)= lim (P(t)h, h):H --> [0, c].

The function b is convex, proper, and lower semicontinuous with domain

(4.4)

LEMMA 4.1. The following properties are verified:
(i) For all h and k in ,, (P(.)h, k) is bounded;
(ii) Z is a vector subspace of H;
(iii) For all h and k in E, the following limit exists

(4.5) 0(h, k)- lim (P(t)h, k).
t-oO

1A convex function f: H [0, oe] is said to be proper iff(x) < oc for at least one x and f(x) > -ee for
every x (cf. R. T. Rockafellar [7, p. 24]).
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Moreover, q is a bilinear form on E x E and

(4.6) @(h, h)= ck(h), Vh H.

Proof. (i) For all h and k in and => 0, we have

(4.7) ](P(t)h,k)[2<-(P(t)h,h)(P(t)k,k)<=ck(h)dp(k),

and the conclusion follows.
(ii) For all h in and A in R, 4(,h)=,24,(h), and hence Ah. For all h and

kin

(P(t)(h + k), h +. k)= (P(t)h, h)+(P(t)k, k)+ 2(P(t)h, k)

and from (i), ok(h+ k)<=[ck(h)/+ ck(k)/]2. Thus is a linear subspace of H. Part
(iii) is an immediate consequence of parts (i) and (ii). [

Define the following inner product on E

(4.8) (h, k)x= (h, k)+ O(h, k),

which makes it a pre-Hilbert space.
LEMMA 4.2. The space E endowed with the inner product (4.8) is a Hilbert space.
Proof It is sufficient to show that Z is complete with respect to the norm

(4.9) [h[x [[h[:+ b(h)] 1/2.

Let {hn} be a Cauchy sequence in E. Then there exists h H such that hn--> h.
Moreover, there exists h _-> 0 such that

Ihnl2 q- d(hn)- A(4.10)

and

(4.11)

By lower semicontinuity of b, we have

lim 6(h,,)>-_ch(h),

and, by definition of , h belongs to E. Finally, for each e > 0, there exists a positive
integer N(e) such that

Vm, n>-_N(e).

As n goes to infinity, we get

[h- hml2q- c/)(h- hm) e, Vrn >= N(e),

by continuity of the norm in H and lower semicontinuity of b. This shows that h. - h
in Z and completes the proof. El

We have constructed the space Z of initial conditions for which the expression
(P(t)h, h) has a limit. In general, its closure in H will not be dense, and it will be
natural to decompose H as a direct sum

(4.13) H ,@Z-
where , is the closure of E in H, and E+/- is the orthogonal complement to E in H. In
the following, we identify the elements of the dual H’ of H with those of H. We denote
by E’ the dual of E.
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PROPOSITION 4.3. Assume that , is dense in H. Then there exists a unique linear
operator Pc* (; E’) such that

(4.14) (Pc*h,k).=O(h,k), Vh, kE.

Pc* can also be viewed as a closed selfadjoint positive operator on H with dense domain

D( PC*) { h : O( h, is continuous in H}.(4.15)

We have

(4.16) ch(h) (Pc*h, h),

(4.17) q(h, k)=(Pc*h, k),

and the subdifferential of ch is given by

(4.18) 1/20b(h) ,
that is,

VhD(Pc*),

VheD(Pc*),VkeH,

ifh D(PC*),
ifh e D( Pc*);

Och(h)={P HlVv D(Poo), (p, v)<-dch(h; v)},

where dch( h v) is the Gteaux semiderivative at h in the direction v.
Moreover, P2 is well defined and

(4.19) D(plc*/2) E [D(PC*), S]l/2,
where [X, Y]1/2 denotes the interpolation space between Y and its dense subspace X (see
Lions and Peetre [6] or Lions and Magenes [5] for the theory of interpolation spaces).

Proof By definition of the inner product on E, the symmetrical bilinear form q
on Z xE is continuous, and there exists a unique Pc*Le(E; E’) such that (4.14) is
verified. Moreover, q is E-H coercive and Pc* is a self-adjoint operator in H with
domain D(PC*). Expression (4.18) follows from the fact that b is lower semicontinuous.
Hence 04(" is maximal monotone on H as a set-valued function. Finally, the positive
self-adjoint operator Pc* has a positive square root p2, which is a closed linear
operator on H with dense domain D(P2), which coincides with E. V1

Assume now that E is not dense in H, and denote by the closure of E in H.
Then we have the following similar result.

COROLLARY. There exists a unique linear operator Pc, (E; E’) such that

(4.20) (Pc*h,k)=q(h,k), Vh, kE.

Pc* can also be viewed as a closed selfadjoint positive operator on E with dense domain

(4.21)

We have

(4.22)

(4.23)

and the subdifferential of ch is given by

Pooh,
(4.24) 1/204)(h) ,

Moreover, P2 is well defined and

(4.25)

D(PC*) { h Y" tp( h, is continuous in }.

di)(h) (Pc*h, h), Vh

tp(h,k)=(Pc*h,k), VheD(Pc*), VkE,

D(Plc*/2) D(PC*), ’Z,] 1/2, E]

ifh D(Pc*),
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5. Existence of the optimal control and optimal closed loop system. In this section
we use the asymptotic properties obtained in 4 to solve the optimal control problem
(2.1)-(2.2). In addition, we study the mapping between the initial conditions and the
optimal state and control.

THEOREM 5.1. The following statements hold:
(i) Given any h in H, either h : Z and

(5.1) J(u, h)=+, Vu L2(0, c; U) and V(h) oh(h)=+,

or h and there exists a unique optimal control ft(., h) in L2(0, ; U) such that

(5.2) J(ff(., h), h)= V(h)= &(h).

(ii) The mapping

(5.3) - (o, ; u), h- a(., h)

is linear and continuous.
(iii) Denote by (., h) the optimal state corresponding to the optimal control (., h)

and set

(5.4) S(t)h=(t,h), t>-O, h,.

Then Sy.(. is a strongly continuous semigroup in ,.
(iv) Let A. be the infinitesimal generator ofS.(. ). For all h D(Az), we have that

(5.5) (.,h)H’(O, oo, U) and B’(.,h)=(.,azh),

(5.6) C(’,h)H(O, eo;Y), ’(.,h)=,(.,a.h), and D(ay.)cD(a).

(v) For all h in D(Ay.) the map

(5.7) h--> a(O, h) D(a)-> U

is linear and continuous. Its closure in generates an unbounded linear operator

K D(K) --> U such that D(As) D(K)(5.8)

and

(5.9) D(A) D(A) (q D(K), Ay.h Ah + BKh.

Moreover, for all h in D(Ay) and [0, o[, (t, h) D(A),

(5.10) A)( t, h) A2( t, h) + B(t, h) [A + BK]( t, h),

(5.11)

(vi) For all h in D(Az),

(5.12)

(t, h)= K;(t, h).

Kh lim -B*P( t)h,

and for all h in , and almost all in [0,

t(t, h)= K;(t, h), ;(t,h)6D(K).

When Z H the closure Koo of the operator -B*Po in , coincides with K on D(A.).
Proof (i). By definition of Z, for all hZ lim,_. (P(t)h, h)=oo and, in view of

identity (4.2),

(P(t)h,h)<-J(u,h), VuL2(O, cx3;U), Vt-->O.
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By letting go to infinity, we obtain (5.1). When h Z, identity (4.2) yields

c(h)<-J(u,h), VuL2(0, oo; U).

For each > 0, let (x,, u,) be defined by

x’t(s) Ax,(s) BB*P(t- s)xt(s), in [0, t], x,(0) h,
(5.13)

u(s) -B*P(t- s)x(s), in [0, t].

The pair (x,, u) is the optimal solution on the interval [0, t]. Consider the extension
tt of ut from [0, t] to [0, [

lu,(s), if0=<s -< t,(5.14) u,(s) =.0, if s > t,

and let , be the corresponding extension ofthe solution x, of the state equation on [0,

x,(s), if0-<s -<t,
(s)

1.0, if s > t.

Again by (4.2) and (5.14)

io(5.15) (P(t)h, h)= {]Cx,(s)12+lu,(s)]2} ds>= ]a,(s)l ds.

Hence for any sequence {tn}, tn - ec, the sequence {,,,} is bounded in L2(0, oo; U). So
there exists in L2(0, oo; U) and a subsequence of {t,} (still denoted {t,}) such that

(5.16) ,. in L2(0, oo; U)-weak.

Denote by ) the solution of

(5.17) ’(s) A(s) + Ba(s), for s->_ 0, .(0) h.

Then for any fixed T> 0 and t, > T

t,,,- t in L2(0, T; U)-weak, ,,,- in L2(0, T; H)-weak.

For t > T, however,

Io(e(t,)h, h)>= {ICx,o(s)]2/lu,(s)]2} ds

and by weak lower semicontinuity

fT ]2 2}4(h) > {IC;(s) +lt(s)l ds.
3o

As T goes to infinity

(5.18) I]) (h) -- {1C(s)]2 -t- I(s)l2} ds=J(,h).

Combining (5.18) and (5.13) it follows that there exists = (., h) L2(0, oo; U)
such that

J(, h) <= c(h) <- J(u, h), VuL2(0, o; U).
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It follows that V(h)<-J(, h)<-oh(h)<-_ V(h). This establishes (5.2). As for the unique-
ness of t, assume that 1 and 2 are two optimal controls in L2(0, c; U). Then
J(, h) J(, h): V(h). So for

J((fi, + fi2)/2, h)= 1/2[J(fil, h)+ J((t2, h)]-J((fil- t2)/2, h)

V(h)-J((,-)/2, h)<-_ V(h)-lla,- a211< V(h),

which contradicts the optimality of 1 and .
(ii) Let t, be defined by (5.13), then

(5 19) 11 ,112 <
I (o,.;u)=(P(t)h, h)<-lh[.

Moreover, since the optimal control is unique, we have proved in part (i) that

lim,= inL2(0,

We now prove that - in LZ(0, o; U)-strong. By optimality of the pair (x,, u,) on
[0, t]

Jt(u,, h)= inf{J(v, h)" v L(0, c; U)},

where

Jr(v, h)- {ICx(s; v)12+ I(s)[}

We want to prove that lim_J’(u, h)=J(t, h). By definition of the minimizing
element u, on [0, t]

IoJ’(u,, h)<-J’(( ., h), h)= {[C:(s, a(., h))l+ la(s, h)l} ds

and necessarily

lim sup J’(u,, h) <- {IC(s, a(., h))l+la(s, h)l} ds= J((., h), h).

We have shown in (i) that ,- , in L(O, oe; U)-weak, and we can show by the
same technique that {C,} is bounded in L(O, oe; Y), and that weak subsequences
{C,,,} converging to some y in L2(O, oe; Y) can be extracted as follows:

C:,,,--> y, in L2(0, oo; Y)-weak.

By continuity of the state x(.; u) with respect to the control u on a finite time
interval [0, T], T> 0, the map u--> x( .; u): L(0, T; U)-> L2(0, T; H) is weakly con-
tinuous and, finally,

u - Cx( .; u): L(0, T; U) - L(0, T; Y)

is also weakly continuous. This implies that for all T>0, y= C(B, h) in Lz(0, T; Y)
and hence in Le(0, ; Y). As a result,

ff- B, in Le(0, ; U)-weak and C,- C, in L2(0, o; Y)-weak.

The functional

io(v, y)- ds)" LZ(O, ; U)x L(O, ; Y)- R
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is, however, weakly lower semicontinuous and necessarily

liioonf rloe, la, rlc l lal d,;

that is,

Finally,

lim inf J’(u,, h -> J(t, h).

J(t, h)lim inf J’(u,, h)lim sup J’(u,, h)<=J(, h),

and this proves that lim,_ J’(u,, h) J(fi, h).
The strong continuity will now be obtained by the following simple computation:

IIc-c.ll2+ll,,-ull:= IIc11:+ la, l12+ IIc; 12+ Ila112-2(c, C.)-2(,, )

=J’(u,,h)+J(,h)-2(C;,, C) 2(fi,, t).

As goes to co, J’(u,, h) - J(u, h) and, by weak convergence,

(CS,, C;)-.(C;, C:)= ]C; and (,, fi)-(fi, fi)= ]]]]2.
So we conclude that

lim {I] C),- C)II2-t II/t ull2} 2J(tT, h)-2[]l cll2+ llll2] 0
t-->

and that

,- , in L(0, oo; U)-strong and C,- C, in L2(0, oo; Y)-strong.

By (5.18) and by the uniform boundedness theorem, it follows that the mapping
h -> a(., h)" -> L2(0, co; U) is linear and continuous.

(iii) First, note that, by Bellman’s optimality principle, we have (t, h) Z for all
h Z and

(S.20) (t+s,h)=,(t;,(s,h)), Vt>-O, Vs>-_O,

(5.2) g((, h))- {IC(s, h)l/ I(s, h)l} ds.

Thus Sy.(t) is a linear operator in ; for all _>-0. We prove now that S(t) is bounded
in ;. By (5.17) we have

io(5.22) (t,h)=e’ah+ e(’-’AB(s,h) ds.

It follows that for any T> 0 there exists CT > 0 such that

(5.23) .(t, h)l < Clhl H, 0 =<t=<T.

Moreover, from (5.21), b((t, h))-b(h) and the continuity of S(t) follows. We
now prove that limt_o(t,h)=h, VhE. By (5.22) we have lim,_.o(t,h)=h in H. It
remains to show that (t) is continuous at =0 with respect to the seminorm q(h) 1/2.
By the linearity of (., h) and (., h) in h, we have

ch((t,h)-h)= {JC(t+s,h)-C(s,h)J2+la(t+s,h)-a(s,h)[2} ds.
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Since C(., h) L2(0, co; Y) and if(., h) L2(0, co; U), we have lim,_,o &()(t, h)- h)
0. This proves (iii).

(iv) For any h D(As), (’, h) CI([0, co[; ;) and ’(0, h)= Ash. Denote by
(. )= (., Ash) the optimal control corresponding to Ash. So for all > 0

;(t, h)-h
Ashdp

C(t +s, h)-C(s, h)
C’(s, h)

(t+s,h)-(s,h)
-(s)

As goes to zero, the first two terms go to zero and necessarily

(t+s)-(s)
-(s)

which implies = ’ and HI(O, co; U), Vh D(Ay.). By (5.22) we conclude that
h D(A), and (5.6) follows.

(v) We have shown in (ii) that the map h- (., h)" E--> L2(0, co; U) is linear and
continuous. In particular,

h -> ’(., h)= (., Ah)" D(As)- L2(O, co; U)

is also continuous. Hence

h -> (., h)" D(As) -> Hi(O, co; U)

is linear and continuous when D(As) is endowed with the following graph norm
topology:

In particular, (co) 0, C([0, co]; U) and the map h-> (0, h):D(As)- U is linear
and continuous. We denote it by K. Equivalently, K is a closed linear unbounded
operator from E to U with domain

D(K) {h: Kh U} D(A).

In view of this and identity (5.6)

VhD(As), Ay.h=Ah+B(O,h)=[A+BK]h.

Conversely, if h D(A) fl D(K), then

Ash Ah + BKh h D(As),

and D(As) D(A) CI D(K ).
(vi) To relate K and the limit of P(t), we go back to formula (4.2) with

u=(.,h) and x=(.,h)"

(5.24)

(P(t)h,h)y.+ I(s,h)+B*P(t-s)(s,h)l ds

{IC(s, h)12+l(s, h)l2} ds.
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As goes to infinity, we obtain

lim I(s,h)+N*P(-s)(s,h)l ds=O.

Setting P(r) 0 for r =< O, then

(5.25) lina I(s, h)+ B*P(t-s);(s, h)[2 ds=0,

since

lim [t(s, h)l ds =0.

Now repeat the same estimate with Azh instead of h and (., Ay.h)= ’(., h),
(., Azh)= t/’(., h). Then by the same argument

(5.26) }i la’(s, h)+ B*P(t-s);’(s, h)[ ds=O.

Introduce the notation, and use (5.25) and (5.26) as follows:

v,(s)=(s,h)+B*P(t-s)(s,h), v,-O inL2(0, ; U),

w,(s)=’(s,h)+B*P(t-s)5’(s,h), w-O inL2(0, c; U).

For h in D(Ax), differentiate (5.24) with respect to

Iod---(P(t)h,h)+l(O,h)+B*P(t)h[2+2 (v,(s), w,(s)) ds=lC(t,h)l+l(t,h)].
For ’>-- t, however,

d
(P( t’)h, h)-(P( t)h, h) >= 0 => (P(t)h, h) >= O,

at

and note that

lirn (v,(s), w,(s)) ds= ]irn (v,(s), w,(s)) ds0 as - o.

Hence

d
O=<lim sup- < P(t)h, h)_-< lim sup {IC(t, h)l+ la(t, h)[2},

0 _-< lim sup t(O, h) + B’P( t)hl <-lim sup {I C)( t, h)l + ItS( t, h)12},

and the lim inf are positive. Recall, however, that C)(., h) H(0, ec; Y) and (., h)
H(0, oe; U), and this implies that lim,_ C)(., h)=0 and lim,_ (., h)=0, and the
limit of the two terms exists and is equal to 0. So, finally, for all h in D(A)
Kh =lim,_.o[-B*P(t)h]. [3

Remark 5.1. Theorem 5.1 shows that

V(h) ,;b(h)= V(;(O, h))= {IC)(s, h)l+ ]a(s, h)l2} ds.
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Hence dom V dom th E, and E coincides with the domain of stabilization of the
triple (A, B, C).

Moreover, by the linearity of :(s, h) and t(s, h) in h, it follows that

(5.28) 4,(h,k)= {(C(s,h),C(s,k))+((s,h),(s,k))}ds, Vh, keE.

6. The algebraic Riccati equation. Recall that we have identified the elements of
the dual H’ of H with those of H. Our first task is to give a meaning to a solution of
the operator algebraic Riccati equation. Let Q be a positive selfadjoint closed linear
operator from H to H with a dense domain D(Q). Define

(6.1) 5;o D(Q1/2) endowed with its graph norm topology,

(6.2) Ao=A-BB*Q on D(A)[3D(Q), and

(6.3) Ao closure of Ao in Eo (closure of the graph of Ao in Eo Eo).
DEFINITION 6.1. We say that a positive selfadjoint closed linear operator Q with

dense domain in H is a solution of the operator algebraic Riccati equation if

(i) Ao is the infinitesimal generator of a strongly continuous semigroup {So(t)}
of class Co on Eo, and

(ii) Q verifies the following equation:

(6.4)
(Qh, Ak)+(Qk, Ah)-(B*Qh, B*Qk)c+(Ch, Ck)y=O,

Vh, k D(A) f3 D(Q).

DEFINITION 6.2. We say that the triplet (A, B, C) is approximately stabilizable
(respectively, stabilizable) if 5; H (respectively, 5; H).

Remark 6.1. Note that our definition of approximate stabilizability does not
assume the existence of a bounded linear feedback operator. In the literature on the
control of infinite dimensional systems, many papers use a definition of stabilizability
that assumes the existence of a bounded feedback operator (cf., for instance, Jacobson
and Nett [8]). As we will see in Example 6.1, there are simple control systems for
which there exists only an unbounded feedback operator, which makes the closed loop
system stable for all initial conditions in the state space H. So for infinite dimensional
control systems a hypothesis using the existence of a bounded feedback really contains
two hypotheses in one. To clarify this question we would have to systematically go
over this literature. However, this is not the objective of this paper.

Proposition 6.1. (i) If the triplet (A, B, C) is approximately stabilizable, then the
operator P on H defined by (4.15) is a positive selfadjoint closed linear solution of
the operator algebraic Riccati equation (6.4). Moreover, for any other positive self-
adjoint closed linear solution Q to (6.4), P is the minimum solution, that is,

(6.5) D(Q/2)D(PI/2), and VhD(Q),(Qh, h)>-(Ph,h).

(ii) The operator algebraic Riccati equation (6.4) has a positive, selfadjoint
solution in the sense of Definition 6.1 if and only if the triplet (A, B, C) is approximately
stabilizable.

Proof (i) Recall that from (5.28) for all h and k in D(A)

io(PAh, k)= {(C’(s, h), C(s, k))v + (t’(s, h), t(s, k))c} ds,

io(Ph,Ak)= {(C(s,h),C’(s,k))y+(a(s,h),a’(s,k))c}ds.



44 G. DA PRATO AND M. C. DELFOUR

Now C(.,h) and C(.,k) belong to Hl(0, oe; Y); t(.,h) and (.,k) belong to
Hi(0, o; Y), and their limits as goes to infinity are 0. Therefore

{PA.h,k}+{Poh,A.k}= -{(C(s,h), C(s,k))+((s,h),(s,k))c}ds

=-(Ch, Ck)y-((O, h), a(O, k))c.

In view of expression (5.10) to (5.12) in Theorem 5.1 we readily obtain (6.4) by
specializing to h and k in D(Q) D(A).

Let Q be another posiitve selfadjoint solution of the operator algebraic Riccati
equation (6.4). Then we can rearrange the terms in the following way"

([A- BB*Q]h, Qk)+(Qh, [A- BB*Q]k)+(B*Qh, B*Qk)c +(Ch, Ck)y =0,

Vh, kD(Q)D(A).

By hypothesis

(6.6) (Aoh Qk)+(Qh, Aok)+(B*Qh B*Qk)c +(Ch, Ck)y=O

and

(B*Qh, B*Qk)c =-[(Ch, Ck)w-(Q1/oh Q1/k)-(Q1/h Q/ok)].
However, D(Q) D(A)c D(Ao) and, by linearity and density, the above equation
extends to all h and k in D(Ao). In paicular, the operator Ko=-B*Q has a
continuous linear extension Ko" D(Ko) H U such that D(Ko) D(Ao).

For all h in D(Ao)

2(oSo(t)h, Qh + IB* QSo( t)hl + ICSo( t)hl 0

and for all t0

ioIQ1/2SQ(t)hl2+ {IB*QSo(s)hl+lCSQ(S)hl} ds=lQ’/2hl2.

Therefore

(6.7) Vt >= O, Vh D(AQ),

where

fo’  lUo( )l + ds [Q’/2hl,
blQ(S)----B*QXQ(S) and XQ(S)--SQ(S)h, sO.

Using the monotone increasing property of the integral, inequality (6.7) holds
with t= and extends to all h in D(Q1/2). Recall that for all h in Z D(P2)

o’{lC(s,

h) 2+l(s, h)} ds)=lPhl

for the control, and state

(s,h)=-B*Q(s,h) and (s,h)=S(s)h, s>-O.

Hence, by minimality of the optimal control (., h),

Ip2h J(t(’, h), h) <- J(uo, h) <- lQ’/2hl2

and, necessarily, D(Q1/2) c D(p2) Z.
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(ii) From part (i) we have already established that (6.4) has a positive selfadjoint
solution if (A, B, C) is stabilized. Conversely, if Q is a positive selfadjoint solution
to the operator algebraic Riccati equation (6.4), then we can repeat the step in part
(i) and obtain (6.7), which says that the dense subset D(A() of initial conditions is
(A, B, C) stabilizable. In particular, D(AQ)C , and E= H.

Example 6.1. Recall the example in 3. We have seen that

(6.8) H=D(A)={2, = hE{2" 2 (k+l)h,<ee =H,
k=l

(6.9) D(P)= begS" 2 (k+l)h<oe Pe=(k+l)e,
k=l

Moreover, D(Ay.)= E, and K is the closed operator in H

(6.10) D(K)=E, Kek v/2k + ek, kEN.

The space E is the set of all initial conditions that can be stabilized with a finite energy.
However, for all h in H

(6.11) Ix(s)[ ds < o,

and for all h in E

(6.12) Ix(s)l ds {Ix(s)l /<Px(s), x(s)>} ds <- c[hl2.

We remark that, in general, the closed loop system is not exponentially stable, as
the following example shows.

Example 6.2. Let H D(A)

(6.13) Aeg O, Bek
K

Then

(6.14) Pek kek, k E N,

(6.15) E= h E {2: Z khZk < c ,= H,
k=l

1
(6.16) Fek (a- BB*Poo)ek -- ek.

Thus F is stable but not exponentially stable both in H and in .
PROPOSITION 6.2. If the triplet (A, B, C) is approximatively stabilizable and the

pair (A*, C*) is stabilizable, then

(6.7) I(, h) dt<ee, for all hEE

and the triplet (A, B, I) is approximatively stabilizable.

Proof. If (A*, C*) is stabilizable, then there exists a minimum positive bounded
solution to the Riccati equation

(6.18) AQ + QA* QC*CQ + I 0
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and the closed loop system

(6.19) y’(t) [A* C* CQ]y(t), y(0) k

is L2-stable. Denote by T(t) the semigroup associated with the above system. For all
h in E consider the optimal state (., h) and control (., h), then

(6.20) ’(t,h)=[A*-C*CQ]*(t,h)+QC*C(t,h)+B(t,h), (0, h) h

and

(6.21) (t, h) T*(t)h+ T*(t-s)[QC*C(s,h)+B(s,h)]ds.

It follows that

]];(t; h)II o,;.) liT*(" )h 0,;,)+ liT*(" )hll,.o,;.llQC*C( ", h)

The right-hand side is finite since T* is exponentially decreasing, QC* and B are
bounded, and C(., h) and (., h) are L2(0, ; H) functions.

Remark 6.2. To show the LZ-stability with respect to the Z norm, we would have
to prove that

(6.22) (P(t;h),(t,h))dt= [IC;(s,h)12+la(s,h)12]dsdt<.

7. A condition for approximative stabilizability. In this section we examine the
connection between the (A, B, I) approximative stabilizability and the Hautus condi-
tion. We present a set of conditions (Hypothesis 7.1) under which the equivalence is
verified (Proposition 7.1). We complete this section with an application of Hypothesis
7.1 to the nerve axon system (Example 7.1).

Hypothesis 7.1. Let A be the infinitesimal generator of an analytic semigroup on
H. Denote by (r(A) the spectrum of A, and by p(A) the resolvent set of A. Assume
that the following properties are verified"

(i) o-(A) consists of a convergent sequence {Ai} of semisimple eigenvalues plus
the limit point

(ii) o-(A)- o--(A) (_J tr+(A), where (t-(A)- {A" Re A <0} and +(A)
{A. Re A>0}. We set P+= 1/(27ri) (A-A)- dA, where 3/ is a suitable
curve around cr+ A and define P I P+

(iii) Setting Pi= 1/(27ri)c.,)(A-A)-1 dA, where C(A, e,) is a circle in p(A),
we have etAp+x=i=l etiPix.

PROPOSITION 7.1. Assume that Hypothesis 7.1 is verified and that B ( U; H).
Then the following statements are equivalent"

(i) The triple (A, B, I) is approximatively stabilizable,
(ii) Ker (B*) fq Ker (A* AiI) {0} for all Ai E cr+(A).
Proof (i)(ii). Assume, by contradiction, that (A,B, I) is approximatively

stabilizable and that there exists A E r(A) and h in H, Ihl-1, such that A*h--h,
B*h 0. By (A, B, I) approximative stabilizability for any k in there exists a control
u in L2(0, c; U) such that the corresponding solution x of (2.1) belongs to L2(0, ; U).
Define the function g(t)=(h,x(t)). Then g is the solution of the equation

g’(t)=Ag(t), t>_-0, g(0)=(h,k)==>g(t)=(h,k)ex’, t->_0.

An eigenvalue is said to be semisimple if it is an isolated point of the spectrum and a simple pole of
the resolvent operator (cf. T Kato [4, p. 41]).
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Hence

However,

I(h,k)l eRe’ dt-]]g]lL2(O,oo)lhl]lX]]t2(O,oc);U)<QX

(7.1) eRe;’ dt oo Vk ,, (h, k) O,

and by density of Z in H, h 0, which is in contradiction with our hypothesis.
(ii) =:> (i). Let h H and u e L2(0, o; U). We can write the solution of problem

x( t) etAph nt- e(’-")ap_Bu(s) ds e(’-)Ap+Bu(s) ds

(7.2)

+ e ’A P+h + e-’Ap+Bu(s) ds

Thus the control u is admissible if and only if P+h+ e-’Ap+Bu(s) ds=O. Consider
now the mapping

(7.3) u - y(u)= e-’Ap+Bu(s) ds" L(O, ; U) P+H= H+

and its adjoint

(7.4) h (*h)(s)= B* e-’A*h" g L:(O, ; U).

Clearly the triple (A, B, I) is approximatively stabilizable if and only if Ker (y*) {0}.
Now assume that (ii) holds and, by contradiction, that Ker(y*) {0}. In view of
Hypothesis 7.1 (iii) for any h e Ker (y*) we have

(7.5) B* e-sA*h B* e-’aeh O,
i=1

which implies Ph Ker (B*). Since Ph Ker (A*-AI) (because A is semisimple)
we have found a contradiction with (ii).

Example 7.1 (The nerve axon system). Let be an open bounded set in R and
consider the system (introduced in [3])

Jox,
(t, ) 6Xl(t,) + b, lX,(t, ) + b,x(t, x) + 2 (t)O(t, x),

Ot j=

t>0, e,
J

(7.6) Ox t, ) bzx( t, x) + b2zxz( t, x) +
Ot j--

Xl(0, x) h,(x), ,
x(O, x) h(x), a,
x,(t, )=0, x(t,)=O, t>0, e0a,

where we assume that a, b" R R are given real numbers, with a > 0, bl2b2 0, and,..., Oj; ,..., Oj C() are linearly independent functions.

(2.1) as
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Choose H L2(-) L2(), U RJ RJ. Setting

(7.7) x= h= u=
x2 h2 (gl, ,gJ)

and

j=lBu

gq{( t,

(7.8) b=[ bll b12]b21 b22
we can write system (7.6) in the abstract form (2.1). The spectrum or(A) of A consists
in two sequences of semisimple eigenvalues {A+(k)}kN and the accumulation point

(7.10) A= b22
The eigenvalues A+(k) are defined by

(7.11) A(lc)=1/2{-clk +Tr(b)+/[-cl +Tr (b)]2+4[clb22-det (b)]},

where the/.’s are the eigenvalues of the Laplacian with Dirichlet boundary conditions.
Now it is easy to check Hypothesis 7.1, so that we can apply Proposition 7.1.
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Abstract. Several new concepts dealing with the convergence of convex sets and functionals in various
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are established. Then three general existence results of optimal shapes for variational inequalities are obtained.
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1. Introduction. In [5]-[8] and [11]-[13], some existence results of optimal shape
design for partial differential equations and variational inequalities hae been estab-
lished. In that work, the original problem is transformed to establish existence results.
However, it is now realized that we can study domain optimization problems directly
by introducing some concepts dealing with the convergences in various spaces, and
thus establish more general results.

The plan of our paper is as follows. In 2 we introduce some general results that
will be used later, and we treat the local convergences of functionals in various spaces.
Then some compactness and lowerosemicontinuity results with respect to the convergen-
ces are established. In 3 we introduce and study some new Mosco convergences of
closed convex sets in various spaces. Finally, in 4, as examples of some applications
of the new concepts, we establish some general existence results of optimal shapes for
variational inequalities, which can cover some results in [5]-[8] and [11]-[13].

2. Notation and preliminaries. In this section, we introduce and prove some results
that will be used later.

Let A and B be two subsets of R and define 6 as follows (see [13])"

6(A, B) :max {p(A, B), p(B,A)}, where p(A, B) :sup inf [Ix-yll.
xA yB

Then it is well known that 6 is a metric on the closed subsets of R m, the Hausdorff
metric. A very useful property is presented in the following theorem.

THEOREM 2.1 ([13]). Let {A,} be a sequence ofclosed sets ofR such that An c C,
a bounded closed set ofR ’. Then there are a subsequence of {A,}, still denoted as {An},
and a dosed set A C such that ,5(An, A)--> O.

By using the matric 6, we can also study the convergence of open sets [13].
DEFINITION 2.1. Let {n} (n 0, 1,. be a sequence of open sets contained in

an open set C R m. We say that n li0 if 6(1,, li)--> 0, where II e-- \li and
is the closure of C in R m.

It follows from Theorem 2.1 that if {lin} (n 1, 2,... ), a sequence of open sets
in R", is contained in C bounded open set of R m, then there are subsequence of {n},
still denoted as {lin}, and a closed F in C such that 6(C\lin F)- 0. It is easy to see
that C\F is open because C\Fc C (note that C\C c F from Lemma 3.1 [3]) and so
R’\(C\F)=F(.J(Rm\C) is closed. Therefore, there is an open set lio=C\F C
such that lin c__> li0.
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LEMMA 2.1. Let {l-n} (n 0, 1,... be a sequence of open sets of R’, contained
in a bounded set of R ". If {n} is contained in C, an open set of R and
then for any open set G o (that is, G is compact and G c 1)o), there is N( G) > 0 such
that G 1) (n >= N(G)) (see the proof of Proposition 3.1 in 13 ]).

Remark 2.1. We can give another proof for Lemma 2.1 by the fact that
(C\,, C\o) >= p(x, C\o) if x e G and x e ,. We also note that C is not necessarily
bounded in the above lemma. It follows from this lemma that for any open set G o,
we find that N(G)> 0 such that G , for n >= N(G) because we find that another
open set Go o such that G Go.

We say that the open set sequence {fin} (n =0, 1, 2,... has the property G if,
for any open set Go, there is N(G)>0 such that Gc, (n> N(G)). Thus, if
fl, c_ flo (n= 1,2,. ), then {} (n=0, 1,., .) has the property G.

It is clear that such a convergence is too weak, as it cannot even guarantee that
the Lebesgue measure of , tends to that of o when n c_ flo, and, furthermore, we
cannot get much information about Oo from what we know about {On}. SO we
introduce a stronger convergence.

THEOREM 2.2 ([5], [13]). Let 0 { open, 1)c C a fixed bounded open of R
and has the e-cone property} (see [5] and [13]) for some e > O. Then O is a compact
metric space where the following distance is defined"

dc(A, B) (A, Be) + ( fR
where XA is the characteristics function of A.

Note that the compactness and the property in Lemma 2.1 for O can be established
without introduction of (see [5] and [6]).

THEOREM 2.3 ([5]). If f 0, then it has a Lipschitz boundary and there is an
extension operatorj from H () to H (R such that

foranyu H(),
where the constant c is independent of .

Remark 2.2. Let C be a fixed open set in R" with a Wr’ boundary (see [11]).
We can introduce (see [11] and [12]), for k => 1,

Ok’-- { T(C); T k’},
where o’-= { T; T is a bijective from R" to R and I T, I- T- wk’(Rm)]m}.
It can be shown that for any k > there is a topology " on O’, which is finer than
the topology given by the distance dm in Theorem 2.2, such that any bounded closed
sets in O’ are compact in O-’ (see [11] and [12]). There are some other classes
of open sets with topologies finer than that introduced by the distance dc such that
the topology spaces are compact. These classes do not belong to O or Ok’.

Finally, we introduce some concepts of local convergences that are similar to
those in [14] and prove some results on compactness and lower-semicontinuity with
respect to the convergences.

DEFINITION 2.2. Assume that {,} is a bounded set sequence in R with
the property G and that Un H(,) for n =0, 1,2,. . If the sequence {]]Un[]H’(I,,)}
is bounded and for any open set Go, there is N(G)>O such that u, H(G)
(n _-> N) and ]]un Uo]]0 (]]u, Uoll ’)-*0), then we say that {u,} locally weakly
(strongly) converges to Uo in H(o), or

L
U U0 weakly (strongly) in H(o).
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THEOREM 2.4. Let {l)n} be a sequence ofbounded open sets ofR" with the property
G and un H1(n) for n O, 1, . Iffor any fixed open set G (C) 1)o, the functional
u -. h(x, u, Vu) dx is weakly lower-semicontinuous (l.s.c.) in HI(G), where h is a
nonnegative function measurable on R" R R r,, then

h(x, Uo, Vuo) dx<= lime | h(x, u., Vu.) dx,
f
l

if u, Uo weakly in H (o).
Proof. Let { Oj} be a sequence of bounded open sets such that Gj o, Gj Gj+I,

and 1 Oi o. Then we see that Xo Xao almost everywhere in R. Let u Uo
weakly in H(o). First, for any’fixed G), we prove that

(2.1) I h(x, uo, Vuo) dx lim l h(x, u, Vun) dx.

To this end, let {U,k)}, a subsequence of {u,}, satisfy

limf h(x, u.(k), VU.(k)) dx= lim f h(x, u., Vu.) dx.
k Gi Gl

Then we suppose that Uk) Uo weakly in H’(G) as is bounded and
u Uo in L(G) (note that if G G, a bounded open set of R, and u Uo weakly
in Hi(G), then u Uo strongly in L(G) without any assumptions on OG). So we
get (2.1) from the 1.s.c. assumption. Next, from Fatou’s lemma, we have

n h(x, uo, Vuo) dx= L lim xh(x, uo, Vuo) dx
j

lim [ h (x, Uo, V Uo) dx

lim lim [ h (x, u, Vu) dx
j dGj

lira li h (x, u., V u.) dx

lim h(x, u., Vu.) dx,

because for fixed Gj, there is N>0 such that GjC’ (n N) and h is non-
negative. [3

COROLLARY 2.1. Let {f,} (n =0, 1,... be a sequence of bounded open sets in
R" with the property G. Let the nonnegative function h be measurable on R" R R m,
h x, be continuous on R R and h x, t, be convex. Then

h(x, Uo, Vuo) dx <- lim h(x, u,,, Vu.) dx,
"

if u, Uo weakly in H (1o).
Proof It is well known that under the assumption of this corollary, the functional

u- h(x, u, Vu) dx is weakly 1.s.c. in Hi(G) for any fixed bounded open set G in
R". [3

From Theorem 2.4 we also prove some 1.s.c. results in [6] and [14] without the
continuity assumption in x, which is restrictive in boundary problems. The following
result establishes the weak compactness of the local convergence in H.
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THEOREM 2.5. Let n be an open set contained in a bounded open set C of R for
n=O, 1,.... If c_l-o, then for any sequence {u,} so that u,HI(n) and

there is a subsequence of {un}, still denoted as {u,}, and Uo nl(o),
such that u Uo weakly in Hl(lo).

Proof Let Gj (j= l, 2, ., be the open set such that Gjo for j=
1, 2,. ., Gj c G+I, and _J G o. For G1 there is {ud,}, a subsequence of {u,}, and

H <dUosuchthatu,- UostronglyinL2(G1),unnl(h,),Uo (G),andiluol[,,,--
as G1 (C)1) (n >-_ N(G1)) from Lemma 2.1 and Remark 2.1. For G2, we also have such
{u}, a subsequence of {un.}, and u such that ug, -- Uo

2 in L(G2) strongly,
and so on. Let Uo(X)= Uo(X) where x G. Then Uo is well definedd, and u[,= Uo,

and in L2(1)o), since we have d any j= 1, 2,.... On the other hand,
for any @(o) there is jo such that q @(Go), and thus (V Uo, q) -(V uj, q); that
is, Vuo=Vu when x G so that uoHl(o). Thus put rig=--n and unk--un for
k= 1, 2,..., and we obtain u,k Hl(n) such that un HI(G)(nk >- N(G)), u, - Uo
in Lz(G) and I[Uoll,,<-_d for any fixed j. Then for any G(C)o such that (o
_J Gj, G c @ for a fixed j since { G} is an open cover of (, which is a compact set.
Thus, we infer that u Uo strongly in L(G).

We now turn to the evolution case. Let T be a positive number and the spaces
L2(0, T; Hi(l-l)) be the same as in [9]. For fixed 0->0, let G(O, T;
{u" u L(O, T; Hl(t))), tu L2(0, T; LZ(tl)), 0 >= 0} with the norm

i4’) dt + Iltu L2(fl) dt

and let W(0, T)= {u L2(0, T; H’(D.)); u’ L2(O, T; [Hl(")]*)} [9], where u’= du/dt
is its vector-valued generalized derivative in [9].

DEFINITION 2.3. Let {n} (n =0, 1, .,.) be a sequence of bounded open sets in
R" with the property G. Let u L(, T; HI(F)) (_->0) for n =0, 1,.... We say
that {u} locally strongly (weakly) converges to Uo in the space L(, T; Hl(fo)), or

L
u, --> Uo strongly (weakly) in L(, T; HI(lid)),

if {[[Un[[L2(,T;n’(a,,))} is bounded and for any Gfo there is N(G)>0 such that
unL2(,T;HI(G)) after n>-N, and u--Uo strongly in L2(;T;HI(G))
(L2(t, T; L2(G))).

We now combine the weak compactness and lower-semicontinuity with respect
to this convergence in the following theorem.

THEOREM 2.6. Let {lln} (n 0, 1,... be a sequence of bounded open sets in R
with theproperty G. Let II, c__> lid and the sequence {llUnllO(o,T;t_lm.))} be bounded. Then
there are Uo G(O, T; HI(rio)) and a subsequence of {un}, still denoted as {u,}, such
that u, r__> Uo weakly in Lz(Ot, T; H(l-lo)) for any fixed 6 > 0 and

h(t, x, Uo, Vuo) dx dt <- li_m_ h(t, x, un, Vu,) dx dt,
no

where h is nonnegative and measurable on R+x Rmx R x R m. We suppose that for any
fixed G 12o and > O, the functional u -- h t, x, u, V u) dx is lower-semicontinuous
with respect to L( G) convergence in HI(G).

Proof By Lions’ compactness result in Theorem 5.1 of [10] and a similar method
used in the proof of Theorem 2.5, we find that Uo G(O, T; H(l)o)) and un -- Uo
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weakly in L2(Ot, T; Hl(fo)) for any 3>0. Let {unk} be a subsequence of{un} such that

lim h t, x, u.k V u. dx dt lim h t, x, u., V u. dx dr.
k--oo n

Then for any Go there is a subsequence of {u} (depending on G), still denoted
as {u}, such that Unk(t) Uo(t) strongly in L(G) almost everywhere for t(O, T).
Therefore, for fixed G,

h(t,X, Uo, Vuo) dxif h(t,x, unk,unk)dx a.e. fort(0, T).
G G

Thus, as in the proof of Theorem 2.4,

G k

Thus,

h t, x, Uo, V Uo) dx dt <= lim h t, x, Unk 7 Unk dx dt
G

=< lim h t, x, un Vu dx dt

lim h(

due to Fatou’s lemma. However, G is any open set such that G o. Thus we get our
conclusion.

Remark 2.3. If h(t, q, s, p) h(t, q, s) and h is nonnegative and continuous with
respect to s, then h satisfies all the conditions in Theorem 2.6. On the other hand, if
h(t, q, s, p) h(q, s, p), the nonnegative function h is continuous on R x R x R
and h(q, s,.) is strictly convex in R, then from [14] we see that h satisfies all the
conditions in Theorem 2.6.

3. Cergeees f eex sets. We now study the convergence of closed convex
sets in various spaces. Before doing so, we will first examine a further propey of our
local convergences, which is important to establish existence of optimal shapes.

3.1. Uifrly bslte etiity. We first note a fact about our local convergen-
ces. If u gl() for n =0, 1,... and u u in H() strongly, then it is known
that the sequence of integrals {I [lu. + IVu] dx} is uniformly absolutely continuous;
that is, for any e > 0 there is > 0 such that

(lul+ul)dx, for=,2,.., providedmes(E)N&

For our local convergences, however, this is not necessarily true.
Example 3.1. Let o (0, 1) for n 1, 2, , uo 0, and

-n/
u(t)

0 1/nNt<l"

Then u& Uo strongly in H’(ao). It is true that however.
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Because of this, in=Ia. (Vvn, Vu.)dx does not necessarily converge to io
Iao (Vv0, VUo) dx, even if u. Uo and v. r__> Vo strongly in H1(1o), and this makes it
difficult to establish any existence results for optimal shapes. Thus, we now introduce
the following result.

DEFiNITiON 3.1. Let u. HI(.) for n 1, 2,.... We say that {u.} is uniformly
absolutely continuous (U.A.C.) if

(lu.l+lv.l) 0,dx

where the measurable sets E,, for n 1, 2,..., and mes (E,) 0. We have a
similar definition for u, L2(; T; H(,)) ( 0); {u,} is U.A.C. if T ,, [1.12+
[7 u,]] dx dt O, where E, satisfies the same conditions. In the same way, we say that

is weakly uniformly absolutely continuous if E (lu.lZ+lvu.I) dx (or T. [I.12 +
[V"U.[ 2] dxdt)is replaced by ,, Ju.}dx (or ,, ].2 dxdt)in the above definition.

Example 3.2. If . C and there is a extension operator j. from H(.) to
H(C) (n 1, 2,... such that sup. ]]j.[[ < [53, where C is a bounded open set of
R with a Lipschitz boundary, then for any {u.} with u. H(.) for n 1, 2,. .,
which is locally weakly convergent to an element in H(o), there is {u.}, a subsequence
of {u.}, such that it is weakly U.A.C. To see this, we note that j.u. Uo in L(C)
strongly (see [1]) and ]u.] dx= ]j.u. dxO, while mes(E.)0. In

nk
fact, we can prove that {Un} tself s weakly U.A.C. To do this, we just note that from
Sobolev’s embedding results [1] (note that C is bounded), there is 6 > 0, p > 1 such that

Ijul dx IILUIIHI(C sup LII IluII Hl,
C

so that

lUnl dx Ijnltnl dx<= ]jnUnl2 dx dx
E,, E,, C

Thus {u.} is weakly U.A.C.
On the other hand, we can prove a similar conclusion for {Un} with

G(O, T; Hl(f.)); that is, 5 5E,, U2n ax a, o (En =an), provided
is bounded and mes (En) O, because

u. dx dt= (j.u.)2 dx dt
E,, En

]]j,u,]]o(c) dxdt mes (E,)
C

sup IlJ IImes (E,) l-’/ [[Un[[l() dxdt.

Finally, we note a useful fact: the operator L, (Lu)(t,x)=(j,u(t,o))(x) is also
0an extension operator from G(O, T; H (a,)) to G (0, T; H (C)) for n= 1,2,...,

and {IlL[l} is bounded if j, is also an extension operator from L2(a,) to L(C) with
sup IlL ]]((a,,),(c))< . To see this, we must note that Lu is strongly measurable
to t>0,

[[JnU][l(c) dt IILll Ilul[5,()tit,
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and

I[t(Lu)’]] IoL(C) dt <=

Remark 3.1. It can be proved by the integral transform formula that if {fn} is
bounded in O"(k >= 1) and {lluoll,,l.o)) is bounded, then {un} is weakly U.A.C.

3.2. Local Mosco convergence. We now give a definition of the convergence of
convex sets in some various spaces, similar to the Mosco convergence in [2].

DEFINITION 3.2. Let {fn} (n 0, 1,... be a sequence of bounded open sets in
R with the property G. Let Kn be a nonempty closed convex set in Hi(fin) for
n 0, 1,. .. We say that {Kn} locally Mosco converges to Ko in Hi(rio) (denoted as

Kn /4> Ko in Hl(l-lo)), if and only if
(i) U Ko, provided there is {nk}, a subsequence of {n}, such that unk Knk and

un u weakly in Hl(l)o).
(ii) For any u Ko, there are un Kn (n 1, 2, such that un u strongly in

H(Do), and {un} is U.A.C.
It is clear that even if fin 11o, n 1, 2,. ., this concept is not the same as the

Mosco convergence of closed convex sets in [2]. To see this, we take On rio (0, 1)
and Kn Ko {u H(fo); uloao-> 0}. Then it follows that Kn Mosco converges to Ko.
It is easy to find un Kn such that un -1 weakly in H(fo), which is not in Ko.

In the following examples, O {fl" f open, fl c C a bounded open set of R
with a Lipschitz boundary, fl has the e-cone property for a fixed e > 0},
(n--0, 1,... ), and fin ---> 11o in the distance dc(’," ).

Example 3.3. Let Kn H(fn) for n =0, 1,.... We prove that Kn /M> Ko in
H(fo). First, if un Kn and u, u weakly in H(12o), then u H(fo). Next, for
any u Hl(Oo), let jo be an extension operator from Hl(fo) to H(C) and {u,}=
{joulao}, which is U.A.C. Then, from G c 12n (n -> N) for any fixed G (C) 11o (see 2),
we see that un u strongly in Hi(rio).

Example 3.4. Let K,- H(f,) for n =0, 1,.... If unk Uo with un
it follows that Uo H(flo) by passing the limits in (X(f,)-1)_un--0 and by using
the fact that X(l)n) X(12o) in L2(R r") strongly and 0o is Lipschitz, where _u is the
zero extension of u, on R m. Let u H(flo). Then there are v, @(fo) such that vn u
strongly in H(Oo). For any vi, there is an integer Ni > 0 such that vi I-I(O9) (j >- Ni)
and Ni/> Ni because vi has a compact support in Ilo. We now take U= vi if

Ni <=j < Ni/, where j N, N + 1,. .. Then we construct {un} such that un
and un u strongly in H(l)o). We see that Kn /4> Ko in Hl(l)o) if we can prove
that {un} obtained above is U.A.C. To this end, we must note that {un} @(fo) and
un --> u in H(12o) implies that _un - _u in H(C), where _u is the zero extension of u
on C.

Example 3.5. Let Kn--{u’u H(l)n), u >=0 almost everywhere in 12n} for n
0, 1,.... We now prove that Kn /> Ko in H(12o). First, if u Knk and u u,
then we see that for any g o, ul >=0 so that u Ko. Next, for any u. Ko, from
Example 3.4, there are un H(f) such that un --> u in H(G) strongly for any G
and {llun .’.,, is bounded. Let _u max (un, 0) Kn. Then from [4], we know that
_un---> u strongly in HI(G) since u=>0 and that II_u.ll.,<._-< I[u.ll.,<.). On the other
hand, from the inequality

dE,, dE,,

and the fact that {un} is U.A.C. (see Ex. 3.4), we see that {_un} is U.A.C., also.
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By the same method we can prove that K, LM Ko, where K, {u" u
u _-> q almost everywhere in 1),, cI) Hi(R")} or K, {u" u H(1),), ]u[ =< 1 almost
everywhere in 1),} for n =0, 1,..-.

Example 3.6. Let K,={u’uHl(,),an]Vuldx<=l} for n-0,1,2,.... We
prove here that Kn LM Ko. First, if u, u weakly in H(1)o), then for any G (C) 1)o,
u,k -- u weakly in H(G). Thus, ]Vul dx<=l; that is, uKo. Next, for any uKo,
let _u-jou, where jo is an extension operator from Hl(o) to H(C). We then have

fa ,Vu_, dx < fa ,Vu, dx+ fa ,V_u] dx<=l+e.,
\

where e, --> 0 because X,. Xo strongly in LZ(R m), as seen before. Let u, _u,/1 + en
K,, where _u, _ul,.. Then, we have that Un ---> U strongly in HI(G) for any G
and {u,} is U.A.C.

In a similar method, we show that K, /M Ko in H(l)o), where K,=
{u" u H(n), ]Vul<-I almost everywhere in 1),} for n=0, 1,. ..

Remark 3.2. It can easily be proved that the conclusions for Examples 3.3-3.6
still hold if we replace the condition {,} c O and 1), o in the distance dc, by
{1),} c O’ and , ----> 1)o in O’ (k _-> 1). We can also prove the conclusions for some
other classes of open sets by the fact that 1), 1o and X,, Xno as , 1)o (see
Remark 2.2).

We now study the evolution case. First, we give the following definition.
DFNTON 3.3. Let {1),} (n 0, 1, ",’) be a sequence of bounded open sets in

R" with the property G. Let K, be a nonempty close convex set in the space
L2(0, T; H(1),)) for n 0, 1,. .. We say that {Kn} locally Mosco converges to Ko in
L(0, T; H(1)o)) (to be denoted as K, /M Ko in L(0, T; H(o)) if

(i) u Ko provided there is {u,}, where {n} is a subsequence of {n}, such that
u, K, and u, L__> U weakly in L(0, T; H(l)o)).

(ii) For any u Ko, there are u, K, (n 1, 2, such that u, u strongly in
L2(0, T; H’(o)) and {u,} ’is U.A.C.

Example 3.7. Let K, L2(0, T; H(n)) for n =0, 1," .. As in Example 3.3, we
can prove that K, LM Ko in L2(0, T; H(-o)) if we note that there is an extension
operator J; L(0, T; H(o)) to L2(0, T; H(R")). To see this, let jo be an extension
operator from H(o) to H(C) and (Jou)(t, x)= [jou(t, x)](x). Then, Jo is one from
L2(0, T; Hl(o)) to L2(0, T; H(Rm)), as in Example 3.2. We can also prove a similar
conclusion for K, L2(0, T; H(,)) for n 0, 1, 2, if we note that @((0, T) 1)o)
is dense in L2(0, T; H(1)o)) and (0, T) 1), (o,)c (0, T)o as n 0.

Example 3.8. Let Kn {u" u L2(0, T; H(n)), u d/ almost everywhere, where
is in L(0, T; H(R"))}. We now prove that K, LM Ko in L(0, T; H(o)). If

u, K, and u, u weakly in L(0, T; H(1)o)), then for any G 1)o, un --> u weakly
in L2(0, T; L(G)). Thus u-_>q almost everywhere in (0, T) 1o; that is, u Ko. Next,
for any uKo, let u,=max(Jou, e/)l.,K, for n--l,2,. .. Then, for any
there is N>0 such that u,L(O, T;H(G)) (n>-N(G)) and u,-->u strongly in
L2(0, T; H(G)) because there is N(G)>0 such that G, (n>=N(G)). It is clear
that {u,} is U.A.C.

In the same way, we can also prove that Kn LM> Ko, where K,
{u" u L(O, T; H(1),)), u >= , b <=O, d/ L(O, T; H’(Rm))}.

Remark 3.3. For Examples 3.7 and 3.8, we have the same remark as Remark 3.2.

4. Existence of optimal shape tlesign for variational inequalities. In this section,
will be a class of bounded open sets in R m, which are contained in a fixed bounded
open set. We further suppose that there is an open set C of R and a topology on
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, which is finer than the topology given by the distance dc, such that (, z) is compact
in the sense that every sequence in has a convergent subsequence. Let Ka be a
nonempty closed convex set in HI(f) for any f Y3. For any u, v HI(f), let

a(u, v) fa [(A(x)Vu(x), Vv(x))R,. + a(x)u(x)v(x)] dx,

(f u)= faf(x)u(x) dx,

where A[L(R")] is a positive matrix, a L(Rm), a(x)>=O, and f L2(Rm).
We suppose that a(u, u) is uniformly coercive; that is, a(u-v, u-v)>= c[[u-v[[z,(a)
for any u, v K, where the constant c is independent of f.

4.1. Existence of optimal shape design for elliptic variational inequalities. We now
consider the following optimal shape design problem (OSD):

f g(x, u, Vu) dx,min

subject to

(4.1) a (u, v u) => (f v u), u e Ka, for every v e K,

where g is a nonnegative measurable function on R" x R x R", g(x, t, is convex on
R", and g(x, .,. is continuous on R x R m.

We now give a general existence result for the optimal shapes.
THEOREM 4.1. If Ka,, LM) Kao when fn o in the topology z, then (OSD) has

at least one solution.

Proof Let {,} (n 1, 2,... be a minimizing sequence of (O.SD) and u, be the
solution of (4.1) on fn. From the condition, we know that there is a subsequence of
{f,}, still denoted as {f,}, and 1o such that f,-- fo in the topology z. Thus
f, fo and Xa,,--* Xao strongly in L(R") (so in L:(Rm)). From

(4.2) a (u,, v u,) => (f v u,), u, e Ka., for all v e Ka,,,
Schwartz’s inequality, and the uniform coercivity of a (-, ), we see that there is M > 0
such that

cllu.- lll() -< a(u.-v, u.- )--< (MI[II ’<)/
for any v Ka,,. Let Vo be a fixed element in Kao and v. Vo strongly in Hl(o) with
v. Ka,,. We see that {11 ’(,,)} is bounded and thus, by letting v v. for n 1, 2,-..
in the inequalities above, it follows that {llu ’<.)} is aso bounded. By Theorem 2.5,
we know that there are Uo H(o) and a subsequence of {u.}, still denoted as {u.},
such that u. Uo weakly in H(fo). We now show that Uo is the solution of (4.1) on
fo. To this end, we first note that Uo Kao because Ka. c4) Kno. For the same reason,
for any v Kao, there are v. Ka. such that v. v strongly in Hl(fo). Next, for any
e > 0 there are G (C) fo and N > 0 such that G f. and mes (fo\G) + mes (f\G) _-<
for n _-> N because Xa,, Xao strongly in L2(R). For such fixed

(4.3) lim I f(u-v) dx= I (f, uo-v) dx,
G G

(4.4) limf [(AVu.,Vv.)+au.v.]dx=f [(AVuo, Vv)Rm+auov]dx,
n-oo G G



58 W. LIU AND J. E. RUBIO

for any v Ko, where un Uo weakly, vn v strongly in Hl(fo), and {v,} is U.A.C.
We now estimate j, [,,\ [(AVu,, Vv,)au,v,] dx[ and jz=la,,\f(u,-v,) dx I. We
see that j2 can be arbitrary small since

j2 [[/[[ L2(I’)n\G)([[ Un L2(n,,\G) -[- Vn L2(g,,\G))

From the fact that {v,} is U.A.C. and from the same reasons as above, we also know
that jl can be arbitrarily small from Schwartz’s inequality. Combining (4.3) and (4.4),
we get

(4.5)

(4.6)

On the other hand, from Corollary 2.1,

[(AVuo, VUo)+aUoUo] dx <- lim fa [(AVu,, Vu,)+au,u,] dx.

Together with (4.5) and (4.6), we infer that, for any v 6 Ko,

(f, uo-v)= f f(uo-v) dx= lim f(u-v) dx

>= lim a(u,, u, v,) >-_ a(uo, Uo- v).

That is, Uo is the solution of (4.1) on fo. To see that fo is an optimal shape, we only
need to use Corollary 2.2, that u Uo weakly in H(fo), and that {f,} is a minimizing
sequence of (OSD). [3

COROILAR 4.1. Let O and {K} in (OSD) be the same as one-in Examples
3.3-3.6. Then (OSD) has at least one solution.

Remark 4.1. If is a closed bounded set in O’ (k=>2) (see 2) in (OSD),
Theorem 4.1 and Corollary 4.1 are still true, from Remarks 2.2. and 3.2.

Remark 4.2. Theorem 4.1 is a very general existence result, and it can be used in
some other classes of open sets. Furthermore, we see from the theorem that in many
cases (see, e.g., Example 3.3) we still have existence results without assuming the
condition that there are uniform extension operators (Theorem 2.3), which was assumed
in other works [5]-[7], [13].

4.2. Existence of optimal shape design for evolution variational inequalities. Let
have the same meaning as above and K be a nonempty closed convex set in
L2(0, T; H(I)) for every 1 6 . We consider the following evolution optimal shape
design problem"

(OSE) min h( t, x, u, Vu) dx dt,

subject to

(4.7)
(u’, v-u) dt + a(u, v-u) dt >= (f, v-u) dt,

0

u(O, x)-- q,(x), u K f3 W(0, T; H(f)) for any v Ka,
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where q, L2(R’),f L2(Rm+l), (u’, v) (u’, V)(H())*H1(O), and h satisfies conditions
in Theorem 2.6. Furthermore, we suppose that A(. and a(. in a(u, v) are continuous
on R ". Thus, we give the following result.

THEOREM 4.2. If (4.7) has a unique solution for any and the solution u, is
in G(0, T; H()) such that the following uniform boundedness condition holds"

[U[]G(O,T;HI(a)) d, where d is independent of ,
then (OSE) has at least one solution if Ka. Ko in L2(0, T; H(o)) as o in
(, ).

Proof We use the same method as in the proof of Theorem 4.1. Let {,} be a
minimizing sequence of (OSE). From Theorem 2.6 and the uniform boundedness
condition, we know that there is a subsequence of {u,}, still denoted as {u,}, and
Uo G(0, T; Hl(n)) such that u, Uo weakly in L2(0, T; H(o)), where u, is the
solution of (4.7) on ,. We only need to prove that Uo is the solution of (4.7) on o
due to Theorem 2.6. First, by the same method in the proof of Theorem 4.1, we have,
for any v Ko,

(4.8) f( Uo v) dx dt i f( u, v, dx dt,

where {v,} is U.A.C., v, v strongly in L2(0, T; H(o)). Similarly, from Theorem
2.6, Remark 2.1, and Example 3.2,

foTf [(AVuo, V(Uo-V))+auo(Uo-v)]dxdt
(4.9)

!i [(AVu,V(u-v))+au(u-v)]dxdt.

We now prove that

v) de= lim (u’ v) dr.(4.o (uo,
0

To see this, we first note that for any G o,

uv dx dt lim uv dx dr,
O O

since u u weakly in L:(0, T; L:(G)) from the fact that u Uo in L(0, T; L:(G))
strongly and that (lluLII (o,;(G) is bounded. Next, we note that for any 0 there
are Go and N0 such that Gc (nN) and mes(G)+mes(oG)e
such that

u.v. dxdt + u vdxdt
nG OG

which can be arbitrarily small if mes (oG) is small enough, because {v,} is U.A.C.
and {l.llGoo,;H,} is bounded. So we get (4.10) from

io (u,, v,) dt uv, dx dt.

Finally, we prove that

(4.11) (Uo, Uo) dt <= lim (u’,, u,,) dr.
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To do this, we note that since un ---* Uo strongly in L2(0, T; L2(G)) for any G (C) fo and
{[]u, llO(o,-;n,(,,,)} is bounded, then it follows from Lions’ compactness embedding
result in [10] that un -- Uo weakly in W(0, T) for any Gfo. On the other hand,
W(0, T) is embedded in C(0, T; L2(G)) [9], so u,(T, x) uo(T, x) weakly in LZ(fo).
Thus (see the proof of Theorem 2.4),

2 (u, Uo) dt u( T, x) dx- 02(x) dx

I 2 2=< li_m_ u( T, x) dx- lim (x) dx

li_m_ [u( T, x)- O(x)] dx 2 lim (u, u) dr.

Combining (4.8)-(4.11), we infer that u0 is the solution of (4.7) on fo. Thus fo is an

optimal shape from Theorem 2.6. [3

COROLLARY 4.2. Let 0=0, f C(O, T; H-I(R"))f-ILZ(R"+) and f(0)=0 in

(OSE). Suppose for every fixed f Y3, that there is a constant p > O, independent of f,
such that, for any v Kn and s > O,

G(s)v + G*(s)v G*(s)G(s)v + (0 1)v pK.,

where G(s) is the semigroup introduced in [10, p. 294]. Then (OSE) has at least one

solution, provided Kn,, LM K as f, fo.
Proof We only need to note that the uniform boundedness condition holds from

the proof of Theorem 9 in [10, p. 294].
Remark 4.3. We have the same remark for Theorem 4.2 and Corollary 4.2 as

Remark 4.1.
Another important case where the uniform boundedness condition holds can be

found in [3, p. 124]. However, this condition is somewhat restrictive. In some important
cases, we can replace it by the common condition that {[[ual[o(o,r;n,(a)} is bounded.

Before giving further results in this direction, we first give a definition.
DEFINITION 4.1. Let K be a closed convex set in HI() for any . We say

that {K}( ) is L2-1ocally closed if for any {l)n}c (n=0, 1,... such that
c_. o, we have u Ko, provided there are u, K. satisfying that for any G o,

there is N(G)> 0 such that u, L2(G) (k >= N) and u,- u strongly in L2(G) (in
Definition 3.2(i), we have an additional requirement that {[[u, H’(.} be bounded).

We note that all {K} in Examples 3.3-3.6 are L2-1ocally closed.
In the following, O and the condition that u K 71 W(0, T) in (OSE) will

be replaced by u K f) G/2(0, T; H()), and we further require that a(u, v) a(v, u)
for any u, v H() to ensure that we can use the existence theorem of solutions for
evolution variational inequalities in [3].

THEOREM 4.3. In (OSE), let Y3 O and Ka= {v L2(O, T; H(f)); v(t) _K
almost everywherefor (0, T)}, where _K is a closed convex set in Hl(f) and1 _K
for every f 0. Then (OSE) has at least one solution, provided {_K} is LZ-locally
closed and _K, _Kao in Hl(fo) as f, --, fo in 0.

Proof First we note that (OSE) now is the same as

(4.12)

min h t, x, u, V u) dx dt,
O

[(u’(t), v-u(t))+a(u(t), v-u(t))]p(t) dt - (f, v-u(t))o(t)dt,



OPTIMAL SHAPE DESIGN 61

where u(t) _Kn almost everywhere, u G1/2(0, T; Hi(O)), for any v _Kn and p
@(0, T), p =>0. From [3] we see that for any O, (4.12) has a unique solution in
G1/2(0, T; Hl(f)) and that {11 unll l/20.T;Hln)} is bounded. Suppose {1,} is a minimiz-
ing sequence of (OSE) and f, fo O. Then we find a subsequence of {u,}, still
denoted as {un}, and a function Uo in G1/2(0, T; HI(-o)) such that un Uo weakly in
L2(6, T; Hl(o)) for any 6>0, where u, is the solution of (4.12) on12, for n 1,2,. ..
Thus for any G lqo, there is a subsequence of {u,}, still denoted as {u,}, such that
u,(t)--. Uo(t) strongly in LZ(G) almost everywhere for (0, T). Therefore, as in the
proof of Theorem 2.5 in 2, there is { u, (t) } (k 1, 2, n), a subsequence of { u, t)},
such that u,k(t) _K, almost everywhere for (0, T), and for any fixed
u,(t) Uo(t) strongly in LZ(G) almost everywhere for (0, T). Thus Uo(t) _Kn
almost everywhere for (0, T) because of the LZ-closeness assumption of {_Kn}; that
is, Uo Kno. We prove that Uo is the solution of (4.12) on fo. First, for any v _Kno,
there is v, _Kn. for n 1, 2,... such that v, v strongly in H(fo) (thus, vn v
strongly in L2(0, T; H(’o))) and that {v,} is U.A.C. Next, from the fact that
{]]ltnllGl/2(O,T;Hl(fl,,))} is bounded, we infer that for any 6>0, {IIUnIIG(6, T;HI(an))} is
bounded. So, as in the proof Theorem 4.2, we have, from the fact that p-> 0 and that
p has a compact support in (0, T),

(4.13) (f v- uo)p dt lim (f v, u,)p dt,

(4.14) a(uo, Uo-v)pdt<- lim a(u,, un-v,)pdt,
0

for any fixed v _K,o. Next, note p @(0, T). Thus we have for any fixed G fo

io2 (U’o, Uo) l2<Gp dt p’ll uoll %<) dt
o

T

=-lim p’ll u 2)dt

lim 2 (u’, bln)L2(G)p dt,
0

because u, & Uo weakly in L2(, T; H(fo)) for any 6 > 0. On the other hand, we have
uniformly bounded extension operators j, from H(f) to HI(C) (see 2). From
Example 3.2, we know, as mes (o\G)-- 0,

fr f puuo dx dt
o\G

and fT f pUnUn dx dt

can be arbitrarily small for fixed p because

f7- f puu, dx dt
T In 2p u, dt dx

\G

for a 3 > 0. Thus, we infer that

(4.15) (U’o, uo)p dt <- lim (u’,, u,)p dt.

It only remains to prove that

(4.16) (Uo, v)p dt= lim (u’ v,)p dt.
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TTo show this, we note that for any 3>0, {a I1 ’.11  dr} is bounded. Thus,L
TjT (U, V)p dt= lim._oo J, (u’., v.)p dr, as before. On the other hand, p has a compact

support in (0, T), so we get (4.16). We see now that u06 G1/2(0, T; HI(-0)), and Uo
satisfies (4.12). Thus we know that 1o is an optimal shape from Theorem 2.6.

Combining Theorem 4.3 and Examples 3.7 and 3.8, we can easily give many
examples about the existence of optimal shapes in the evolution case.

5. Discussion. It seems that we cannot deal with such cases as K=
{v HI(), vloa>=O}. However, we must realize that the local convergences given in
this paper are only some special cases of a general local convergence theory. In further
papers we will develop a general local convergence theory, which seems very useful
in the studies of domain optimization. We will see that by using some suitable local
convergences, we can treat much wider ranges of domain optimization problems.

Acknowledgments. The authors thank the referees for their valuable comments
and suggestions.
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Abstract. Various stability properties of real symmetric solutions of algebraic matrix Riccati equations
with real coefficients are studied. The stability is understood in the sense of robustness, i.e., a solution is
stable if, roughly speaking, every nearby equation has a nearby solution.
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1. Introduction. We consider the algebraic matrix Riccati equations

(1.1) XDC + XA+ ATX C 0,

where A, D, and C are given n n real matrices with C C, D D, and D >= 0 (we
use the notation X >- Y for real symmetric matrices X and Y to indicate that the
difference X- Y is positive semidefinite; the superscript "T" stands for the transposed
matrix). Only real symmetric solutions X of (1.1) will be considered in this paper.
Such solutions, and especially the maximal solution, play a crucial role in the classical
quadratic control problems in continuous time (see, e.g., [KS], [Br], [K], or practically
any book on linear control systems). In recent years, many new important applications
of (1.1) have appeared (we mention only one of them here: H control; see, e.g.,
[GGLD], [ZK], and [BC]), and numerical algorithms for finding real symmetric
solutions of the algebraic matrix Riccati equation are being developed (see, e.g., IBM],
[By], and [L]). Also, real symmetric solutions that are not maximal appear in the
optimal feedback control for certain linear quadratic problems (see IT] and [ST]).

In this paper we characterize real symmetric solutions Xo of (1.1) with various
stability properties. We say that a solution Xo is stable if, roughly speaking, any
equation with slightly perturbed coefficients A’, D’, and C’ (the perturbed coefficients
D’ and C’ must satisfy the same symmetry conditions as (1.1), i.e., C’= C’, D’=> 0)
will have a real symmetric solution as close as we wish to Xo. (The precise definitions
of various notions of stability are given in 3.) As a byproduct, we also obtain
descriptions of stably disconjugate Hamiltonian systems of differential equations Jx’=
Hx, where H--H is a given constant matrix and J [0 -]. Often we will assume
that the pair (A,D) is controllable, i.e., the rank of the nn2 matrix
[D AD An-1 D] is n. In the framework of complex matrices (in this case, A in
(1.1) is replaced by the conjugate transpose A*), the study of stability properties of
Hermitian solutions was done in [RR2]. The approach we take in this paper to stability
problems of solutions Xo of (1.1) is based on reduction to corresponding stability
problems of the graph subspace

XE
Xo x
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The graph subspace is M-invariant and J-neutral, where M is the Hamiltonian for
(1.1). Various stability properties of such subspaces have been studied in [RR1].

The perturbation and stability properties of the solution of the algebraic Riccati
equations have been studied in the literature in a somewhat different framework
Namely, assuming that the coefficients A, D, and C are C or analytic functions of a

parameter (or several parameters), it can be shown under appropriate hypotheses that
certain solutions of the algebraic Riccati equation are again C or analytic functions.
See [D], [Ro2], and [RR4], where analytic dependence on parameters is assumed,
and the main focus is on the stabilizing solution (in [RR4] the C-dependence is
studied as well), and [Bu], where the Cl-dependence is assumed (see also the last
paragraph in 3).

The paper is organized as follows. In the next section (which is of a preliminary
character), we characterize (1.1) for which there is a real symmetric solution in terms
of the canonical form of pair of matrices

A D 0

C -Ar I

The main results on stability and Lipschitz stability of real symmetric solutions of (1.1)
are described in 3 and 4, respectively. Some properties of stable solutions, particularly
in relation to stability of nearby solutions of nearby equations and with isolatedness,
are described in 5. Finally, in the last section we apply these results to characterize
stably disconjugate Hamiltonian systems.

We use the following notation and conventions throughout the paper. The spectrum
(i.e., the set of eigenvalues, possibly complex) of an n x n real matrix T is denoted
o-(T). The algebraic multiplicity of an eigenvalue I of T is defined to be the dimension
ofKer T- AI) (understood as a subspace in the complex space Cn), and the geometric
multiplicity is dim Ker (T- AI). The partial multiplicities of T corresponding to A are,
by definition, the sizes of the Jordan blocks with eigenvalue A in the Jordan form of
T. Finally, ImZ-{Zx:x}cm denotes the column space of -a real mn
matrix Z.

2. Existence of real symmetric solutions. A standard approach to the investigation
of (1.1) is by introducing the 2n 2n real matrices

A D 0
(2.1) M=

C -Ar J=
I

We check that j:_jT" and that JM=-MrJ. So (M, J) L2,,(-1, -1), where we
borrow the notation Lp(-1,-1) from [RR1] to designate the set of all ordered pairs
(B, H) of pp real matrices B and H such that H is invertible, H=-H, and
HB -BTH. (Observe that p must be even so that Lp(-1, -1) .) Such pairs (B, H)
can be reduced to a canonical form (described, for example, in [DPWZ]) by simul-
taneous real congruence and similarity, as follows. We denote by Jq(a) the lower
triangular q q Jordan block with eigenvalue a (which is assumed to be real), and by
Jq( ) the 2q 2q matrix

Z 0 0 0

12 Z 0 0

Jq
-b

0 /2
". Z 6

0 0 1 z
here a and b are real numbers with b 0, and I2 denotes the 2 2 identity matrix.
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THEOREM 2.1 ([DPWZ], [Th]). Let (B, H) Lp(-1,-1). Then there exists a real
invertible matrix S such that the pair (S-1BS, SrHS)6 Lp(-1,-1) decomposes into a
simultaneous direct sum

P P

(2.2) S-1BS Bj, SrHS I-t,
j=l j=l

where (Bj, ) Lpj (- 1, 1 and each pair (Bj, H) is one of the following 5 types.
Type 1.

where Kj + and Fk is the k k" matrix given by

Type 2.

0 0 0 1

0 0 -1 0

0 1 0 0

.."
(-1 k-1 0 0 0

E J.+,(0)(R) (-J..,+,(0));

Type 3.

Bj J,j(a) @ (-J,(a)) r;

where a is a positive real number.
Type 4.

(o

0

0

2n)+ 110

o ]where b > 0, Kj + 1, and F2 [_
Type 5.

0 F’
-FJ 0

0 0

I2n
Moreover, the blocks B I-I in (2.2) are uniquely determined by B, H) up to a

permutation.
The signs ; +1 that are attached to partial multiplicities corresponding to the

pure imaginary (S0) eigenvalues of B and to even partial multiplicities corresponding
to the zero eigenvalue of B are also uniquely determined (up to permutation of signs
attached to equal partial multiplicities corresponding to the same eigenvalue of B)
and form the sign characteristic of (B, H).

We now return to the Riccati equation (1.1) and the matrices (M, J) given by
(2.1). The basic existence result is given by the following theorem.

THEOREM 2.2. Assume that C C, D Dr >- O, and thepair (A, D) is controllable,
i.e., therankofthen x n 2 matrix [D AD An-1 D] isn. Then thefollowingstatements
are equivalent:

(i) there exists a real symmetric solution X of (1.1);
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(ii) all pure imaginary and zero eigenvalues ofM (if any) have only even partial
multiplicities and the signs Kj in the sign characteristic of M, J) corresponding
to the (nonzero) pure imaginary eigenvalues are all 1, while the sign attached
to the even partial multiplicity m corresponding to the zero eigenvalue is (--1)m/Z;

(iii) all pure imaginary and zero eigenvalues ofM (if any) have only even partial
multiplicities.

The equivalence (i)(iii) in Theorem 2.2 is well known (see [Cu], [LR], and
IS]). The implication (ii)(iii) is evident, and, finally, the implication (i)(ii) follows
from Lemma 2.3 below. The proof of this lemma uses basically known ideas. Close
results are found in [Roll and [GLR4], but in this form the result of Lemma 2.3
appears to be new.

LEMMA 2.3. Let A, D, and C be real n x n matrices with C C , D DT, Dpositive
semidefinite and (A, D) controllable. If there is a real matrix X XT such that

XDX + XA +ArX C 0,

then every pure imaginary or zero eigenvalue of

(AC -AT

has even partial multiplicities, and the signs in the sign characteristic of (M, [ -I])
corresponding to pure imaginary nonzero eigenvalues are all -1, while the sign attached
to the partial multiplicity m corresponding to the zero eigenvalue is (-1) m/2.

Proof. Let

We verify that

(2.3)
-X X 0 -(A+DX)T

and

Furthermore, let Z S-(A+ DX)S be the real Jordan form of A+ DX (here S is
some real invertible matrix). We verify that

0 Sr 0 -(A+ DX) T 0 S-1T 0 -IT

where Do S-1DS-1 is symmetric and positive semidefinite; and

0 S- J
0 S-1 T

J"

It is easily seen that the pair (Z, Do) is controllable as well. Because of formulas
(2.3)-(2.5), we can consider the pair
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in place of the original pair (M, J). Let ib (b>=O) be a pure imaginary (or zero)
eigenvalue of Z. Without loss of generality we can write Z ZIZ2, where r(Z1)=
{+ib}; or(Z2)r’] {+ib}=. Partition Do accordingly as follows:

(Dol Do2)Do \D Do3]

Z
Apply the following similarity transformation to

0

I 0 0 U Z1 0 Dol Do2 \ I 0 0 U

0 0 I 0 0 -Z 0 0 I 0

o o o o o -z;] o o o

Z1 0 Do )o:z \
0 Z2 Do2 /0310 0 -Zl
0 0 0

where the real matrix U is chosen so that Doe 0 (it is easy to see that such choice is
possible because r(Z1)(q o’(Z2)= ). We verify that

V I 0 I =J’

where

and that the pair (Z1, Do) is controllable.
We have reduced the proof of the lemma to the following situation: either

(2.7) M= =

(where b > 0), or

(2.8) M
+ J.; (0) D

P
0 (R) (-L,(0))

First, consider the case where M is given by (2.8). Using Lemma 8.4 of [GLR1]
or Lemma 3.4 of [GLR2] we verify that the partial multiplicities of M are 2nl, , 2np.
Observe that, for a given real n n matrix K, the set V of all real symmetric positive
semidefinite n n matrices V such that (K, V) is controllable, is connected (this follows,
for example, from the easily verified fact that (K, V) is controllable if and only if the
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matrix

V 0 0 I

[I K" K"-]
0 V 0 KT

0 0 V (K -1

is positive definite). Let K =@=1J,j(o). Because of the connectivity of F, Theorem
II.1.1 of [GLR3] implies that the sign characteristic of

is independent of V OF (Theorem II.l.1 of [GLR3] is stated for the framework of
complex matrices; however, Proposition 3.3 of [RR1] makes it possible to apply this
theorem for the real case as well). Thus, the sign characteristic of (M, J) is the same
as that of

0 -K r ’J

T Twhere Vo=eler+e,,+lenl+l+...+e,,+...+n_,+e,l+...+np_,+. (We denote by e the
column vector with in the kth position and zeros elsewhere; the dimension of e is
clear from the context.)

By inspection, we verify that the signs N in the sign characteristic of the pair (2.9)
are (-1)l,..., (_ 1)% (This pa of the proof follows the arguments used in the proof
of Theorem 4 in [Rol].)

Consider now the case where M is given by (2.7). Let

j=l

The existence of a Hermitian solution (namely, the zero solution) ofthe Riccati equation
XDX +XK + KX 0 implies (in view of the results of [Cu], [LR], and [S]; see also
Theorem II.4.3 in [GLR4]) that all the paial multiplicities of M are even. Actually,
the proof of Theorem II.4.3 in [GLR4] shows that the paial multiplicities of M
corresponding to the eigenvalue ib are 2n,-.. ,2np. Theorem 4 in [Rol] and
Proposition 1.6.8 in [GLR4] combined tell us that the sign characteristic of the pair

0 -K r I 0

(as defined in, e.g., [GLR4]), for complex matrices selfadjoint in a complex indefinite
scalar product, consists entirely of-l’s. Proposition 3.3 in [RR1] implies that all the
signs in the sign characteristic of

0 -K r I

are -l’s. [3

The conditions (i)-(iii) in Theorem 2.2 are equivalent to the existence of an
M-invariant J-Lagrangian subspace (see, e.g., [F], where several other equivalent
conditions are stated under the somewhat milder assumption of sign-controllability of
(A, D)). In general, given a real matrix N such that JN NTj, criteria for existence
of an N-invariant J-Lagrangian subspace are given in [CD] (the context in [CD] is
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different from ours) and in [RR1]. The criterion given in [RR1] states that there is an
N-invariant J-Lagrangian subspace if and only if for every eigenvalue ib (b > 0) of N
the number of odd partial multiplicities corresponding to ib is even, and the sum of
the signs Kj attached to these odd partial multiplicities is zero. However, the situation
in Theorem 2.2 is special (because of the hypotheses that D _-> 0 and (A, D) is control-
lable, which need not be satisfied for a general matrix

N=
C -Ar

such that JN -NrJ), and therefore the criterion given in Theorem 2.2(ii) for existence
of an M-invariant J-Lagrangian subspace also takes a special form.

3. Stable symmetric solutions. We introduce the concept of stable solutions of the
algebraic Riccati equation (1.1). It is convenient to first introduce some notation. Let

be the set of all triples of real n n matrices (A, C, D) such that C C, D D;
D is positive semidefinite, and the pair (A, D) is controllable. For (A, C, D) c let
x(A, C, D) be the set of real symmetric solutions (possibly an empty set) of the algebraic
Riccati equation

(3.1) XDX+XA+ATX-C=O.
A solution X (A, C, D) will be called conditionally stable if for ever5, >0

there is 8 > 0 such that ever5, triple (A’, C’, D’) (n for which x(A’, C’, D’) # and
for which

J J’ / c c’ / IID D’ <

has a solution X’ x(A’, C’, D’) with Ilx’-xll < . If the condition x(A’, C’, D’) ;g
is omitted from the above definition, we obtain the definition of an unconditionally
stable solution X.

A standard approach (also adopted here) to study the solutions X of (3.1) is by
way of the graph subspaces

(3.2) V(X) Im
X

It is easy to see that (X) is M-invariant and J- Lagrangian for every real symmetric
solution X of (3.1); here

(3.3) M=
C -At J=

I

Conversely (see [Cu], [LR], and [S], and also Theorem 2.2), if (A, D) is controllable,
then every M-invariant J-Lagrangian subspace is of the form Im [x] for some real
symmetric solution of (3.1).

Next, we need the notion of (un)conditionally stable invariant Lagrangian sub-
spaces, introduced and studied in [RR1]. For subspaces , 3c P, we let (R)(, )
be the gap metric defined by

o(, x)-- IIP PII,
where P(Px) is the orthogonal projection on j//(r), with respect to the standard
inner product

p

((Xl,""", Xp) T (Yl,"" ", yp) T)= E xjyj
j=l
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in NP. Let (B, H) Lp(-1,-1), and let N be a B-invariant H-Lagrangian subspace in
N P. We say that N is conditionally stable if for every e > 0 there is 3 > 0 such that every
pair (B’, H’) Lp(-1, -1) with lIB- B’]I + IIH- H’II < 6 has a B’-invariant H’-
Lagrangian subspace N’ with (R)(N, N’)<e provided the set of B’-invariant H’-
Lagrangian subspaces is not empty. If this proviso is removed, we obtain the definition
of an unconditionally stable B-invariant H-Lagrangian subspace N.

In the following, for a given m x m real matrix Lr, we denote by R(Y, A) the root
subspace of Y corresponding to its real eigenvalue A, and by R(, a + ib) the real root
subspace of corresponding to the pair of complex conjugate nonreal eigenvalue
a +/- ib as follows:

R(Y,h)=Ker(Y-hI)m,
R(Y, a+/-ib)=Ker(Y2-2aY+(aZ+b2)I).

LEMMA 3.1. Let (A, C, D) c8,, and let

M=
C -Ar’

J=
I

Then X x(A, C, D) is an (un)conditionally stable solution of (3.1) if and only ifN(X)
is (un)conditionally stable as an M-invariant J-Lagrangian subspace.

Proof. Clearly, if N(X) is (un)conditionally stable, then X is an (un)conditionally
stable solution of (3.1).

Conversely, assume N(X) is not (un)conditionally stable. We must prove that X
is not (un)conditionally stable. Let Xo be a real symmetric solution of (3.1) such that
o’(A+ DXo) lies in the closed left half-plane. (The existence of such Xo is ensured
because x(A, C, D) is nonempty; see, e.g., [GLR4]. Note also that Xo is unique, by
Theorem 2.1 and Theorem 3.2 in [RR1].) Furthermore, let

](,I [A + DXo D ]0 -(A + DXo) "
Applying similarity (2.3) (with X replaced by Xo) it is easy to see that the//-invariant
J- Lagrangian subspace

is not (un)conditionally stable.

N=Im X-Xo

At this point, it is convenient to separately consider the two concepts of stability.
So first assume that No is not conditionally stable. By Theorem 3.4 of [RR1], we
conclude that at least one of three following conditions holds"

(a) (0) No R(AT’/, ho) R(M, o) for some real nonzero eigenvalue ,o of
such that dim Ker (M- ol) > 1;

(b) No R(AT/, o) is odd-dimensional for some real nonzero eigenvalue ho of//
such that dim Ker (M oI) and R(M, o) is even-dimensional;

(c) 0 No f-] R (i(I, ao +/- ibo) R 1(,1, ao +/- ibo) for some nonreal nonpure imaginary
eigenvalues ao+/- ibo(ao O, bo> 0) of M with geometric multiplicity at least 2.

Observe that since (M, J)e L(-1,-1) (see also Theorem 3.4 in [RR1]), if any of
the conditions (a), (b), or (c) is satisfied for ,o or ao+/- ibo as appropriate, then the
same condition is satisfied for -o or -ao + ibo. So we can assume ,o < 0 or ao < 0, as
appropriate.
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Because of our choice of Xo, the subspace R (/Q, Ao), or R (_1(4, ao + ibo), is contained
in Im []. In view of the description of stable invariant subspaces for real matrices (see
[BGK], [GLR2], or [GLR5]), there is a sequence of real matrices {Am}_- such that
A, A + DXo as m - c and for every Am-invariant subspace Vm (cn)

where eo is independent of m, and o% is the sum of all root subspaces of hT/corresponding
to the eigenvalues in the open left half-plane. Clearly, (A,,, 0, D) n for rn large
enough and X(Am, O, D) (,. Let

We claim that for any hT/m-invariant J-Lagrangian subspace m the inequality

(3.6) (R)(m, VO)_>-- e

holds (here, and in the following, we denote by e, e2, positive constants indepen-
dent of m). Indeed, if (3.6) were false, then we would have

(3.7) (R)(,,f3o%,,,o)0 as m-c,

where ,, is the//m-invariant subspace equal to the sum of all root subspaces of hT/m
corresponding to eigenvalues that co.nverge (as rn c) to the open left half-plane
eigenvalues of//. The form (3.5) of M easily implies that

(i.e., we can consider AZmfqm as an Am-invariant subspace), and (3.7) clearly
contradicts (3.4).

We conclude from (3.6) that every solution Xm X rrn of the equation

(3.8)

satisfies

(3.9)

YDY+ YA, + Ar Y O

Consider now the equation

(3.10)
ZDZ + Z(A,, DXo) + (A,, DXo)Z

+ XoDXo- XoAm AmXo O.

We easily verify that Y is a symmetric solution of (3.8) if and only if Y+Xo is a
symmetric solution of (3.10). Also, Am-DXo- A and

XoDXo- XoA,, AXo -C

as rn . Now (3.9) implies that X is not conditionally stable.
Consider now the unconditional stability. So let Vo not be unconditionally stable.

If r(M)fq i--, then, in view of Theorem 3.4 of [RR1], we can argue as above to
prove that X is not unconditionally stable. It remains to be proved (by the same
Theorem 3.4 of [RR1]) that if M has pure imaginary or zero eigenvalues, then there
is no unconditionally stable solution X.
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It is convenient to reformulate the statement that we will prove in the following
form: Given (A, 0, D) c, with Re r(A)-< 0, and such that A has pure imaginary or
zero eigenvalues. For every e >0 find (a’, C’, D’) , such that [[a’-a[[+ [[C’[[+
lID’- DI[ < e and x(A’, C’, D’) . Applying the reductions as in the proof of Lemma
2.3, we can assume without loss of generality that the matrix

M:= AT
is given by (2.7) or (2.8).

First, consider the case where M is given by (2.8). Because of the controllability
condition, the top left corner entry d of D is positive. Let C’(e) be the n x n matrix
with -e in the top left corner and zeros elsewhere, and let

M(e)=
C’(e) -AT

Clearly, (A, C’(e), D) c,. It is not difficult to check that for e >0 the matrix M(e)
has 2n -2 zero eigenvalues (counting multiplicities) and the simple eigenvalues +ix/.
Indeed, by an appropriate similarity, M(e) can be reduced to the form

0

p

o J.,_,(o)(R) @ L(o)
j=2

P
0 0 -J.l-,(0) (R) (R) J.,- (0)

j---=2

By Theorem 2.2, x(A, C’(e), D)= for e >0.
Finally, assume M is given by (2.7). Let us first verify that for any positive definite

real symmetric matrix

[d d2]d2 d3
and for any b > 0 the 4 4 matrix

Q(e)

0 b dl d2
-b 0 d2 d3
-e 0 0 b

0 -e -b 0

has four distinct pure imaginary (nonzero) eigenvalues different from +ib when e > 0
is sufficiently close to zero. Indeed, we can assume without loss of generality that b 1;
then the characteristic polynomial of Q(e) is

h4 + 2A2( 1 + eq) + 1 2eq + e 2 r (h + (1 + eq)) + e2(r q2) -4eq,

where

Since q > 0,

q 1/2(dl + d3); r= d, d3- d.

eZ(r- q2) -4eq < 0 (for e > 0)
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and

(1 + eq)2> eZ(r q2)-4eq (for all real e),

the conclusion concerning eigenvalues of Q(e) follows. We now apply a perturbation
similar to that applied in the case M, given by (2.8). Let C’(e) be the n n matrix
with -e in the (1, 1) and (2, 2) positions, and zeros elsewhere (here e > 0). Again,
(A, C’(e), D) c,, and the matrix

M(e)=
C’(e) -Ar

can be reduced by a suitable similarity to the form

Here

0 b d d

-b 0 d d

-e 0 0 b

0 -e -b 0

0

0 Jnl-1 ( Jnj

0 0

[d d2]d2 d3

-J.,_ @ -J.,
j=2 -b

is the top left 2 2 corner of D, which is positive definite in view of the controllability
condition. Now M(e) has simple pure imaginary eigenvalues (when e > 0 is close to
zero), so x(A, C’(e), D)= by Theorem 2.2, and we are done. V]

With the results of Lemma 3.1, the proof of the following descriptions of all stable
symmetric solutions of the algebraic Riccati equation is done simply by appealing to
Theorem 3.4 of [RR1].

THEOREM 3.2. Let

(3.11) XDX + XA+ A7‘X C 0

be an algebraic Riccati equation with real n n matrices A, C C r, and D DT" such
that D is positive semidefinite and (A, D) is a controllable pair, and let

A D
M=

C -AT‘
A solution X X 7‘ (X is a real matrix) of (3.11) is conditionally stable if and only if
the following conditions are satisfied:

(i) Im [x]VI R(M, A) is either zero or R(M, A) whenever A SO is a real eigenvalue
ofM with geometric multiplicity greater than 1;

(ii) Im [x]f’)R(M, A) is an even-dimensional subspaee whenever A SO is a real
eigenvalue ofM of geometric multiplicity 1 and even algebraic multiplicity;

(iii) Im [x] (’1R(M, a + ib) is either zero or R(M, a + ib) whenever a + ib is a conju-
gate pair of nonreal nonpure imaginary eigenvalues ofM with geometric multi-
plicity at least 2.

THEOREM 3.3. In the notation and under the hypotheses of Theorem 3.2, there exists
an unconditionally stable real symmetric solution X ifand only ifM has no pure imaginary
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or zero eigenvalues. If this condition is satisfied, then X is unconditionally stable if and
only if it is conditionally stable.

The first part of this theorem also follows from Corollary 3 in IF2].
Of special interest are the maximal solution X/ and the minimal solution X_ (i.e.,

X/ and X_ are real symmetric solutions of (3.11) such that X/-X and X- X_ are
positive semidefinite for every real symmetric solution X). If the set of real symmetric
solutions is nonempty, then X/ and X_ always exist and are characterized by the
properties that tr(A + DX/) lies in the closed left half-plane, and tr(A + DX_) lies in
the closed right half-plane (see [K], [KS], [LR], and [S]).

COROLLARY 3.4. The maximal and minimal solutions X/ and X_ are conditionally
stable. IfMhas nopure imaginary or zero eigenvalues, then X/ andX_ are unconditionally
stable.

Actually, in the case where M has no pure imaginary or zero eigenvalues, the
solutions X/ and X_ are unconditionally Lipschitz stable as well (see Theorem 4.2 in
the next section).

It is instructive to compare Theorems 3.2 and 3.3 with the results on structural
stability of solution ofthe algebraic Riccati equations proved in [Bu]. A (real symmetric)
solution X of (1.1) is called structurally stable if the following holds: Given any
continuously differentiable functions A(t), C(t)= C(t)*, and D( t) D( t)* such that
A(to) A, C(to) C, and D(to) D, for It- tol sufficiently small there exists a unique
(in a sufficiently small neighborhood of X) solution X(t) of the equation YD(t) Y+
YA(t) + A(t) Ty_ C(t) 0, and, moreover, the number of eigenvalues (counted with
multipliciites) of A(t)+ D(t)X(t) in each of the three regions--open left half-plane,
imaginary axis, open right half-plane--coincides with the number of eigenvalues of
A+ DX in the corresponding region. The crucial difference with our definition of
unconditionally stable solutions is that in the case of a structurally stable solution X,
the perturbed equation must have a unique solution in a neighborhood of X. As proved
in [Bu], a solution X is structurally stable if and only if tr(A + DX) f-) r(-AT XD), i.e., if and only if X is a Lipschitz stable solution (see Theorem 4.2. in the next
section). In this connection we point out that an invariant subspace of a complex
matrix A is Lipschitz stable if and only if every nearby matrix has a unique invariant
subspace in a suitable neighborhood of (see [RR3] and Theorem 15.5.1 in [GLR5]);
no symmetries are assumed here.

4. Lipschitz stability. Consider (3.1) with the usual (in this paper) assumption
that (A, C, D) n. A real symmetric solution X of (3.1) will be called conditionally
Lipschitz stable if there exist positive constants K, e such that for every triple
(A’, C’,D’) satisfying IIA-A’II+IIC-C’II+IID-D’II<e, and with
x(A’, C’, D’) there is a real symmetric X’ with the properties that X’D’X’+ X’A’+
A’TX’- C’= 0 and IIx x’ll--< g (IIA- a’l] + C C’ll / liD- D’II). If the statement
"and with x(A’, C’, D’)" is omitted from this definition, we obtain the notion of
unconditionally Lipschitz stable X.

THEOREM 4.1. Assume (A, C,D),. Then the following statements are

equivalent:
(i) there exists a conditionally Lipschitz stable real symmetric solution of (3.1);
(ii) there exists an unconditionally Lipschitz stable real symmetric solution of (3.1);
(iii) the matrix

[’4191//:=
C -AT

has no pure imaginary or zero eigenvalues.
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Proof. Clearly (ii)=>(i). Assume that (iii) holds. By Theorem 3.5 of [RR1], there
exists an unconditionally Lipschitz stable M-invariant J-Lagrangian subspace A; (as
before, j=[o -i]). The subspace A; must be of the form Im [x], where X is a real
symmetric solution of (3.1) (cf. the proof of Theorem 2.2). Then X is unconditionally
Lipschitz stable, thereby proving (ii).

It remains to be proved that (i) implies (iii). Let X be a conditionally Lipschitz
stable solution of (3.1), put

[ I O][A D ][ O]=[A+DX D ]=[0 D ]M=
-X I C --AT I 0 -(A + DX) :r" _r

Then 0 is a conditionally Lipschitz stable solution of XDX +X+.,rX O.
So we can restrict our attention to the case C 0 and the zero solution of

(4.1) XDX +XA + ArX O.

We assume that A has pure imaginary or zero eigenvalues, and it will be proved that
the zero solution of (4.1) is not conditionally Lipschitz stable.

Let E1 => 0 and E2 < 0 be n x n real symmetric matrices such that the 2n x 2n matrix

-E2 0

has 2n distinct eigenvalues. Consider the Riccati equation

(4.2) X(O+ozE1)X+XA+ATX+F_.2=O,
for every c => 0. Put R(X) -X(D + oE)X XA ArX E2. Then R (0) -ere2 > 0.
By Theorem 2.1 in [RV] it follows that (4.2) has Hermitian solutions, and therefore
also has real symmetric solutions. Note in this connection that the controllability of
(A, D) implies the controllability of (A, D+ ceE). Let

[ A D+ aE,]M(ce)
-erE2 -A

be the matrix corresponding to (4.2). Since for large ce the matrix M(ce) has 2n distinct
eigenvalues, by a general result on the Jordan structure of a matrix analytically
depending on a parameter (see [B], [GLR2]), for Co> 0 sufficiently small the matrix
M(c), 0 < ce < Co, also has 2n distinct eigenvalues.

In particular, the number of M(cr)-invariant J-Lagrangian subspaces is finite and
is independent of or, for 0 < ce -< Ceo. So the number of real symmetric solutions X(ce)
of (4.2) is also finite and independent of ce(0<cr-<Ceo). Moreover, the Puiseux
expansions of eigenvalues, eigenvectors, and generalized eigenvectors of a matrix
depending analytically on a parameter (see [B] and [GLR2]), together with the formula

(c)=Im
X(c)

where (c) is any M(c)-invariant J- Lagrangian subspace, show that X(c) is given
by a fractional power series

(4.3) X(ce) oJ/PXj,

for some choice of the pth root c /’ (here k is a nonnegative integer, and Xj are n x n
matrices that may depend on the choice of c/P). Arguing by contradiction, assume
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that 0 is a conditionally Lipschitz stable real symmetric solution of (4.1). Then there
is K > 0 such that for every c (0, a0] there is a solution ,(c) of (4.2) satisfying

(4.4)

As the number of branches in (4.3) is finite,.there will be a sequence {ce;};=l of
positive numbers such that lim;_.oo a; =0 and X(a;) b.elongs to the same branch
in (4.3). For this branch (4.4) implies that k =0, Xo X, and X1 Xp_l =0 in
(4.3). In particular, X(a) is ditterentiable at a =0 along this branch, and X’(0)= Xp.
Ditterentating equality (4.2) with respect to a and evaluating at c 0 gives

(4.5) xpa + a’xp -E2

We have assumed, however, that A has pure imaginary or zero eigenvalues. Let
i/3 o-(A), and denote by y C" the corresponding eigenvector. Then we have Ay iy,
y*Ar= -iy*, and (4.5) implies -y*Ezy--0, a contradiction with the negative definite-
ness of E.

Using Theorem 4.1, we can now describe the Lipschitz stable real symmetric
solutions of (3.1).

THEOREM 4.2. Assume (A, C, D) %, and assume that the matrix

M=
C -Ar

has no pure imaginary or zero eigenvalues. Then the following statements are equivalent
for a real symmetric solution X of

(4.6) XDX +XA+ ACX C 0:

(i) X is conditionally Lipschitz stable;
(ii) X is unconditionally Lipschitz stable;
(iii) r(a + DX)
Proof If condition (iii) holds, then the corresponding M-invariant J-Lagrangian

subspace N= Im [] is spectral (i.e., sum of root subspaces). Then, clearly, N is
unconditionally Lipschitz stable as an M-invariant J-Lagrangian subspace (even as
an M-invariant subspace); so (ii) follows. The implication (ii)(i) is evident. Finally,
assume (i). Let Xo be the maximal real symmetric solution of (4.6). We have

Xo I Xo I 0 A + DXo r

so without loss of generality we can (and will) assume that C =0 and the spectrum
of A lies in the open left half-plane (as tr(M) ffl i , we must have also or(A) f’l i[
). Arguing by contradiction, let Aocr(A+DX)cr(-Ar-XD): and assume
(without loss of generality) that Ao lies in the open left half-plane. The corresponding
M-invariant subspace At= Im [x] is then not a spectral subspace. Let W’o Im [] and
let P"2 _. [ be the projection on the first n coordinates (so P[y] x, where x, y ").
The subspace P(W" A/’o)= [ is clearly A-invariant; moreover, { is not a spectral
subspace for A. Consequently (see [KMR] and [GLRS]), is not Lipschitz stable as
an A-invariant subspace. So there exists a sequence of real matrices {Ap}p= such that
Ap A as p-c but

(4.6) lim
dist
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where Inv (An) stands for the set of all real An-invariant subspaces, and

dist (Y{, Inv (ap))-- inf (R)(Y{, )
Inf (Ap)

is the distance from Y{" to Inv (An) in the gap metric. For p large enough, we have
(An, 0, D) ,, but (4.6) implies

lim
dist (X, R(Ap))= oe,

p-oo Ilap-a[

where

dist (X, R(Ap))= inf Ilx- Nil,
Ye R(Ap)

and R(Ap) stands for the (nonempty) set of real symmetric solutions of the equation
TYDY+ YAp + Ap Y 0. We have obtained a contradiction to the conditional Lipschitz

stability of X. [3

The last part of the proof of Theorem 4.2 uses similar ideas to those in the proof
of Theorem 4.5 in [RR2].

We conclude this section with an improved version of Theorem 4.9 in [RR2]
concerning Lipschitz stable complex Hermitian solutions of the Riccati equation with
complex coefficients

(4.7) XDX + XA+ A*X C 0,

where A, D, and C are complex n x n matrices with D D*_-> 0, C C*, and (A, D)
controllable. The definitions of conditionally and unconditionally Lipschitz stable
Hermitian solutions X of (4.7) are given analogously to the real case (allowing
perturbed equations with complex coefficients as well).

THEOREM 4.3. Assume that D D*>-_ O, C C*, and (A, D) controllable.
There exists an (un)conditionally Lipschitz stable Hermitian solution X of (4.7) if

and only if the matrix

C -A*

has no pure imaginary or zero eigenvalues. In this case a Hermitian solution X of (4.7)
is un )conditionally Lipschitz stable if and only if

o-(A + DX))o-(-A* XD)

The proof of Theorem 4.3 is obtained in the same way as the proofs of Theorems
4.1 and 4.2.

5. Further properties of stable solutions of the Riccati equation. In this section we
indicate some properties of the stable solutions that follow from Theorems 3.2, 3.3,
4.1, and 4.2. Given the algebraic Riccati equation

(5.1) XDX +XA+ArX C O,

with (A, C, D) (9no Denote by owc,, 5eus, and 0L. the classes of conditionally stable,
unconditionally stable, and Lipschitz stable real symmetric solutions of (5.1), respec-
tively (by Theorems 4.1 and 4.2, the classes of conditionally and unconditionally
Lipschitz stable real symmetric solutions coincide).
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COROLLARY 5.1. We have

Furthermore, assuming the set of real symmetric solutions of (5.1) is nonempty, we

have 9us bcs if and only if the matrix

has no pure imaginary or zero eigenvalues. The equality Ls bu, holds if and only if
every nonreal nonpure imaginary eigenvalue of M with geometric multiplicity 1 has
algebraic multiplicity 1, and every nonzero real eigenvalue ofM with geometric multiplicity
1 has algebraic multiplicity at most 2.

Next, we show that the stable solutions (with the exception of conditionally stable
ones) are persistent in the sense that any sufficiently close solution of a nearby equation
is again stable.

COROLLARY 5.2. Let Xo belong to one of the classes L, and ,s. Then there
exists e > 0 such that every solution Yo of

YD’Y+ YA’ + A’rY C’ 0

belongs to the same stability class, provided (A’, C’, D’) n and

A’ AII + c’- c + O’- D + Yo- Soil < .
For the conditional stability, this corollary is generally false, as the following

example shows.
Example 5.1. Let

1 1 0 0

0 1 0 0

0 0 -1 -1

0 0 0 -1

and D any 4 x 4 positive semidefinite Hermitian matrix such that (A, D) is controllable
and the (2, 4) entry of D is nonzero. Then the zero solution of XDX + XA+Arx 0
is conditionally stable by Theorem 3.2. However, for real e 0 such that lel is small,
the matrix

M(e)=[A(e) D ]0 -A(e) T

where

A(e)=
l+e 0 -1-e

has geometric multiplicity 1 and algebraic multiplicity 2 corresponding to the eigenvalue
1. By the same Theorem 3.2 the zero solution of XDX+XA(e)+A(e)rX =0 is not
conditionally stable (for real e 0 close to zero).
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Our last observation relates the notions of stability with isolatedness of the
solutions. A real symmetric solution Xo of (5.1) is called isolated if there is no other
real symmetric solution in a sufficiently small neighborhood of Xo, in other words, if
there is e >0 such that any real symmetric solution X # Xo of (5.1) (if such exists)
satisfies the inequality IIx-Xoll--> It is easy to see (via the isolatedness properties
of M-invariant J-Lagrangian subspaces, see [RR1]) that every conditionally stable
real symmetric solution is isolated. The converse is generally not true, as the following
example shows.

Example 5.2. Let A(e), C, D be as in Example 5.1. Then for fixed real e # 0 with
[e small, the zero solution of XDX +XA(e)+A(e)rX=O is isolated but not condi-
tionally stable.

The following result describes the situation where every isolated solution is
conditionally stable.

COROLLARY 5.3. Every isolated real symmetric solution of (3.1) is conditionally
stable if and only if every real nonzero eigenvalue ofM of geometric multiplicity has
odd algebraic multiplicity.

The proof of this corollary follows by combining Theorem 3.2 and the description
of isolated real invariant subspaces for real matrices (see [BGK]). Analogous statements
concerning the case where every isolated solution is unconditionally stable, or Lipschitz
stable, can be given as well. We omit these statements.

6. Disconjugacy of Hamiltonian systems. Consider the linear Hamiltonian equation

(6.1) Jx’ Hx,

where

J=
L B C

are constant real matrices and x x(t),-< <, is an unknown 2n-dimensional
real vector function. Equation (6.1) is called disconjugate if it has no nontrivial solutions
x(t)--[ y(t)z,] such that the vector y(t) has zeros at two distinct points. We have the
following result (see [C]).

TI-IZORZM 6.1. Assume that C C 7 is positive semidefinite, A A, and (C, B) is
controllable. Then (6.1) is disconjugate if and only if the Riccati equation

(6.2) XCX + BTX + XB + A =0

has real symmetric solutions X.
We say that (6.1) is stably disconjugate if there exists e > 0 such that-all equations

(6.3) Jx’ Hx

with real matrices

satisfying T positive semidefinite, A= fi., and IIA-AII + II-BII + II-cII <
are disconjugate. The criterion for stable disconjugacy is given in the following theorem.
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THEOREM 6.2. Equation (6.1) is stably disconjugate if and only if the matrix

-A -B

has no pure imaginary or zero eigenvalues.
Proof. Assume that (6.3) has no pure imaginary eigenvalues. By Theorem 2.2,

(6.2) has real symmetric solutions, and this is also true for (6.3) if e > 0 is small enough.
By Theorem 6.1, (6.1) is stably disconjugate.

Conversely, assume that (6.4) has pure imaginary or zero eigenvalues, and that
(6.1) is disconjugate. We will show that it is not stably disconjugate. To this end (in
view of Theorem 6.1), it is sufficient to exhibit for every e > 0 real matrices ., , and
/ such that (r is positive semidefinite, , =/r, I1,_ All + ii/} BI + i1( C I< e,
and the equation X;X +/rX + X/} +/ 0 has no real symmetric solutions. This can
be done by using the same perturbations as in the proof of the unconditional stability
part of Lemma 3.1.

The theorem can also be easily obtained from Corollary 3 in [F2].
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SUFFICIENCY CRITERIA VIA FOCAL POINTS AND VIA
COUPLED POINTS*

VERA ZEIDAN-

This paper is dedicated to the memory of W. T. Reid.

Abstract. Considered in this paper is a general quadratic functional J(r/) with constraints of the form
r/(a) Dr/(b) 0, where D is an r n-matrix (r- n) and of full rank. It is shown that the nonexistence of
focal points to b in [a, b) is equivalent to the existence of a solution to the corresponding Riccati equation
with associated boundary conditions. Thus, it is equivalent to the positivity of J(r/). This result generalizes
W. A. Coppel, Proceedings of the Royal Society of Edinburgh, 73A, 18, 1974-1975, pp. 271-289; V. B. Haas,
Systems and Control Letters, 5 (1984), North-Holland, Amsterdam, pp. 55-57; and W. T. Reid, Academic

Press, New York, 1972, in which either D I or 0 is assumed. Moreover, it is proven that the nonexistence
of "coupled points with a" in (a, b] is also equivalent to the positivity of J()), proving that for this problem,
the notion of a "coupled point with a" is the one searched for to extend that of a "conjugate point to a"
from D I to a general D. Each of these conditions is proved to be sufficient for optimality in the nonlinear
calculus of variations problem with fixed initial state but variable final endpoints.

Key words, calculus of variations, focal points, coupled points, Riccati equations, sufficient conditions

AMS(MOS) subject classification. 49B36

1. Introduction. Consider the following functional:

1 I f
b

J(r/)=- r/(b)rFr/(b)+- {r/r(s)P(s)r/(s)+2Clr(s)Q(s)r/(s)

+T(s)R(s)iI(s)} ds,

where r/(. is absolutely continuous r/: [a, b] - n and satisfies

r/(a) 0, Dr/(b) O;

and P(. ), Q(. ), and R(. are given n x n-matrix functions such that, for all [a, b],
P(t) and R(t) are symmetric. The functions P, Q, and R are essentially bounded on

a, b]. The matrix F is symmetric, and D Mrn (r--< n) is of full rank.
Set

9 := Dr(DDT)-ID;
then 9 is a projection, symmetric, 9(1-9)= 0, and 9a 0 if and only if Da 0.
Thus, without loss of generality, the boundary condition Dr/(b)= 0 can be replaced
by 9r/(b) =0. Furthermore, due to the boundary conditions on r/(b), F in J(r/) can
be assumed of the form (I-9)F(I-9).

The Euler-Lagrange equation associated with the problem is

d
(1.1) d--[R(t)Ct(t)+Q(t)r/(t)]=QT(t)j(t)+P(t)r/(t), t[a,b]a.e.

Assume throughout the paper the strengthened Legendre condition, i.e., R(t) >_-/31, for
[a, b] almost everywhere, and for some /3>0. Then, following Cesari [3], by a

solution of (1.1) we mean a function r/(. absolutely continuous (AC) for which there
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exists a function :(. AC satisfying for [a, b] almost everywhere the Jacobi system

(1.2)
r}(t) A(t)r/(t) + B(t):(t),
( t) C( t)rl( t) AT( t)( t),

where

A -R-’ Q, B R-1, C P- QTR-’ Q.

Since the initial condition of r/ is fixed, corresponding to b there is the notion of
a focal point introduced for the case of smooth data by Knesser in 1898 (see [1] and
[16]). Such a point c [a, b) is characterized by the existence of a nonzero solution
r/, ) of (1.2) satisfying

(1.3) r/(c)=@r/(b)=0 and (q(b),(b)+’q(b))=O,
where ’= (I- @)F(I- @).

Sufficient conditions for the positivity of J(r/) are known in terms of the corre-
sponding Riccati equation. See, for instance, [2], where the result is proved for the
more general situation, that is, the linear optimal regulator problem. The question of
relating focal point theory directly to the Riccati equation with a corresponding
boundary condition is of theoretical and practical interest. In addition to providing
us with a sufficiency criterion in terms of a first-order linear system of ordinary
differential equations (1.2), it allows us to see how we can explicitly construct a solution
to the Riccati equation. Much work has been done in that direction but only for the
special case when @ =0 or @ L In fact, it is shown in [5], [8], and [12] that in those
cases the nonexistence of focal points (when 9 I focal points are conjugate points)
to b in [a, b) is equivalent to the existence of a solution to the corresponding Riccati
equation and, hence, to the positivity of J(r/). This is proved by constructing a
"conjoined basis" to the Jacobi system in terms of which the solution for the Riccati
equation is obtained. On the other hand, it is a well-known fact (when 9 0 see [10]
and [12], and for a general 9, see [20]) that the nonexistence of focal points b in
(a, b) is a necessary condition for the nonnegativity of J(r/). Thus, for 9 I or 0, the
gap between necessary and sufficient conditions is as small as possible.

In [7] there is a transformation from a variable endpoint problem to one with a
free endpoint. Hence, the Riccati solution to the original problem is given in terms of
the one for the free endpoint case. This idea would not work here since P(b) is
undefined through that transformation, and thus the boundary condition in (3) of
Theorem 2.1 cannot be recaptured.

Recently, in collaboration with Zezza, the author developed in 17]-[ 19] the notion
of a coupled point that is an extension of the focal point to the case of variable
endpoint(s). Since the final endpoint of r/ in the above problem is varying, we have
here the notion of a point coupled with a. To such a point c, corresponds a nonzero
solution (r/, :) of the Jacobi system satisfying

r/(.)/(c) on [c,b] (drop ifc=b)

n(a)=n(c)=0 and n(c),(c)+’n(c)+ P(s)dsn(c) =0,

where = (I- )F(I- ).
It is shown in [18] and [19] that the nonexistence of points in (a, b) coupled with

a is necessary for the nonnegativity of J(rt) subject to r/(a) 9rt (b) 0.
This paper focuses on two issues. First, we show that for a general 9, the

nonexistence of focal points to b in [a, b) is equivalent to the existence of a solution
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to the corresponding Riccati equation and boundary condition, and hence it is
equivalent to the strict positivity of J(r/) over (a)= @r/(b)=0. The proof we employ
is of a constructive nature. We show how the nonexistence of focal points to b in a, b)
produces an explicit formula for the solution of the Riccati equation with associated
boundary conditions. Thus, we extend the result in [5], [8], and [15] to a general case,
i.e., when the right endpoint is restricted to belong to any linear subspace
of the state space. The second goal is to show that the definition of a coupled point
is, in fact, the right one that extends the notion of a focal point to the variable
endpoint(s) problem. To accomplish this aim, it is only natural to consider the above
problem, that is, the problem with one endpoint fixed and the other varying on a linear
subspace. Then we show that the nonexistence of coupled points to a also allows us
to construct a solution to the corresponding Riccati equation with associated boundary
condition, and hence is equivalent to the strict positivity of J(/) over r/(a @r/(b) 0.
This also means that the nonexistence of focal points to b in [a, b) is equivalent to
the nonexistence of coupled points with a in (a, b]. In the last section, we show that
the nonexistence of focal points to b in [a, b), or the nonexistence of coupled points
with a in (a, b] is sufficient for optimality in the nonlinear calculus of variations
problem with fixed initial and variable final endpoints. Finally, we provide a numerical
example to illustrate the utility of our results.

2. Sufficiency and focal points. Consider the quadratic functional J(7) given in
the Introduction. The following definition can be found in [1] and [16].

DEFINnqON 2.1. A point c is focal to b if there exists a nonzero solution (7, :)
of the Jacobi system

(2.1)
a

where A R-1 Q, B R-1, C P QrR-1 Q, with

(2.2) r/(c)=@,I(b)=0 and (q(b),(b)+Fr(b))=O,

where F= (I- @)F(I- @).
The main goal of this section is to establish the equivalence between the positivity

of J(r) over r/" /(a) @r/(b) 0 and the nonexistence of focal points to b in a, b).
This is done by constructing a certain "conjoined basis" (U, V) of (2.1) having a

certain property that leads to the construction of a solution to the corresponding Riccati
equation.

Following Reid [15], we make the following definition.
DEFINITION 2.2. A pair (U, V) of n x n-matrix functions on In, b] is a conjoined

basis of the Jacobi system (2.1) if (U, V) solves the Jacobi matrix system, and the
columns (Ui, V) of (U, V) form a set of linearly independent solutions of (2.1) such
that

UrV VrU.

The following theorem forms the main result of this section.
THEOREM 2.1. The following are equivalent.
(1) There exists no point in a, b) focal to b,
(2) There exists a conjoined basis U, V) to (2.1) such that det U 0 on a, b and

(I- @)[ V(b) + F U(b)] =0,



SUFFICIENCY CRITERIA VIA FOCAL AND COUPLED POINTS 85

(3) There exists a Lipschitz symmetric matrix function W(.)’[a, b]-Mn,
solution of

IV+ WBW+ATW+ WA-C=O for t[a, b] a.e.,

with

(I-@)[W(b)+F]=O,

I b

(4) J(’q)>- e I(t)] dt Vrl" rl(a)-Drl(b)=O, for some e >0.

Remark. When @ I or @ =0, Theorem 2.1 reduces to well-known results by
Reid [15, Chap. IV, Thm. 7.1]; respectively [15, Chap. IV, Thm. 7.3]. Thus, our result
here extends that of Reid to a general setting. Reid has also tackled the case where
subspace constraints at both endpoints are allowed. In Chapter IV of [15, Thm. 7.4]
he established the relationship between the positivity of the quadratic functional and
the corresponding Riccati equation. Here, in Theorem 2.1, we extend his result to also
include the focal point theory for the case where the initial endpoint is zero and the
final endpoint is constrained to a subspace.

Proofof Theorem 2.1. We will show the following implications: (2) =:> (3) = (4) ::
(1) = (2).

(2) :=> (3): Let U, V) be the conjoined basis in (2). Since U is invertible on [a, b],
define W VU-. Using UrV VrU, we obtain the symmetry of W. It is easily shown
that W satisfies the Riccati equation of (3) and (I-@)[W(b)+’]=O.

(3) = (4): Let W be the Lipschitz symmetric function satisfying condition (3).
Since R(t)>=I, for t[a,b] almost everywhere, then for 0<e=</3/2, R(t):=
R(t)- el >= (/3/2)1 for almost all in [a, b]. Consider the Riccati equation in condition
(3) with B replaced by B R-1. Since R >= (fl/2)I almost everywhere, then R-I
L[a, b] and, hence, by the embedding theorem of differential equations or the
continuous dependence on a parameter (see, e.g., Theorem 4.1 in the Appendix of
[9]), there exists a Lipschitz symmetric matrix function W satisfying-

fV+ WBW+AW+ WA-C=O a.e.

with

W(b) W(b)+ eI,
where B R-1, A =-R-Q, C P-QrR-Q. Let r/30 be any absolutely con-
tinuous function satisfying r/(a) @r/(b) O. Then

I f bd 7-0= r/r(b) W(b)q(b)-- -t {rl (t) W(t)rl(t)} dt

and hence

1
r(J(r/)= r/(b) W(b)+F)n(b)

2
{qr(t)(P(t)-- (V(t))7(t)

+2) r(t)(Q(t)- W(t))(t)+ ) r(t)R(t)j(t)} dt

1

-2 rl (b)(I-@)(W(b)+F)(I-@)n(b)

1J
"b

+- [Tr(Q- W)+’R]R-I[(Q W)7 +R] dt
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Thus, if J (r/) is the second term of the last equation, then J (r/)_-> 0 and

L(n)=0 if and only if j =-R-’(Q- W)q.

Since 7(a)=0, it follows that J(7) is positive definite. Since (I-@)(W(b)+’)=
e(I-), condition (4) holds.

(4)=#(1): If there exists a point c[a, b) focal to b then there exists (7, )#0
satisfying (2.1) and (2.2). Define

then

{r/(s) on[c, b]
r/(s)

0 on [a, c]’

=0,

and hence, using (4), =0. Since B is invertible, (2.1) yields =0 on [c, b]. Therefore,
(r/, :)= 0 and we have a contradiction, proving that (1) holds.

Let us define Ua, Va) and Ub, Vb) to be the solutions to the Jacobi matrix system

O=AU+BV,
(2.3)

" CU ATV,
with boundary conditions, respectively,

U(a) 0, Ub(b)=I--@,
and

V(a) I, Vb(b) ---- .It is easy to see that (U, Vo) and (Ub, Vb) satisfy d/dt[UrV VrU] =0 for in
[a, b] almost everywhere. Thus, by using the boundary conditions on (Ua, V) and
(Ub, Vb) and the fact that P= (I-@)F(I-), it results that UrV VrU, a =a, b.

To prove that (1)=# (2) the following lemmas will be needed.
LEMMA 2.1. For all [a, hi,

(2.4) Vf(t)Ub(t)- Ura(t) Vb(t)=constant= Ub(a).

If, in addition, we assume condition (1) of Theorem 2.1, then det Ub(t)#0 V
[a, b) and det U,(b) O.

Proof of Lemma 2.1. Using system (2.3) for (U, V) and (Ub, Vb), we obtain

d
d-- V( t) Ub( t) U( t) Vb( t)] 0

and hence

V[( t) Ub( t) U( t) Vb( t) constant= M.

Evaluating a, we get that M Ub (a).
If there exists c[a, b) and a(0)R such that Ub(C)a =0, define

(rl(t) (t))=(Ub(t)a, Vb(t)a).
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Thus, (r/, ) and c satisfy the Jacobi system (2.1) and (2.2). Moreover, (r/, :) 0, since
otherwise (r/(b), (b))=((I-)a, (-F- @)or) 0 and hence, (I- )cr =0 and a
0. Therefore, ce 0, contradicting a 0. Thus, c is focal to b, but this contradicts (1).
We have proved that det Ub(t) 0 for all [a, b).

Now, if detUa(b)=0, then Ua(b)c=0 for some a C0, aRn. Define
(r/(t), (t))=(U(t)a, V(t)a). It follows that (2.1) holds, and r/(a)= r/(b)=0; i.e.,
(2.2) is also satisfied for c=a. Moreover, (r/(a), sO(a))= (0, a)0 yields (r/, )0.
Therefore, a is focal to b, and a contradiction with (1) is obtained.

LEMMA 2.2. Let

U(t)= U(t)U[-’(a)+ Ub(t),
(2.5)

V(t)= V,(t)U-(a)+ Vb(t),

then (U, V) satisfies (2.3), Ur(t)V(t)=Vr(t)U(t), (I-@)(V(b)+’U(b))=O,
det U(a) 0 and det U(b) O.

Proof of Lemma 2.2. Using the definition of (U V), (U, V), (2.4), and the
invertibility of U(a), it results that

Ur(t)V(t) Vr(t)U(t)=U-(a)(U[(t)Vb(t) V(t)U(t))

+(Uf(t)V(t) V[(t)U(t))U[-(a)
=-@+@

=0.

Since (U,, Va) and (Ub, Vb) satisfy (2.3), then so does (U, V) defined by (2.5).
Let us calculate

(I- )( V(b)+ ’U(b)) (I- ) V(b)U[-’(a)@ -"
+(I- )’Uo(b) U-’(a) +.

But, from (2.4) evaluated at b we obtain

(I- ) V(b)+ ’U(b) (I-) Ur(a);

therefore,

(I- @)( V(b)+ U(b)) =0.

Note that U(a)= U(a), which is invertible. Now we show that U(b)=
Ua(b)Uf-’(a)@+(I-@) is invertible. If there exists a(#0)eR" with

(2.6) Ua(b) U-’(a)a -(I- @)a,

then, from (2.4) at b we have

(I-)V,(b)+’Uo(b)+U,(b)-- U(a)

and thus

which yields

@Ua(b)=@U[(a),

Ua(b)U[-’(a)=@.



88 V. ZEIDAN

Using this in (2.6), we get @a =0, but from (2.6) we obtain that (I-@)a =0. Hence
a =0 and a contradiction results. Therefore U(b) is invertible. [3

Let us return to the proof of Theorem 2.1.
(1):=>(2): From Lemma 2.1 we have Ub(a) invertible. Let (U, V) be defined by

(2.5). Using Lemma 2.2, it remains to show that U is invertible on (a, b). If this is
false, then there exists c(a, b) and a 0 with U(c)a =0, that is,

Ua(C U[-’(a)@a U(c)a.(2.7)

Define

j(t))=
(U(t)U[-’(a)a, Va(t)U[-’(a)a) t6[a, c]

(2.8) ((t),
-(U(t)a, V(t)a) t[c, b].

It is clear that r/is absolutely continuous with r/(a)= @7(b) O. Let us compute J(r/)
by taking into account that (U Va) and (Ub, Vb) satisfy (2.3). It follows that

1
J(r/) =2 r’a+ -[aWu-’(a)V(t)U(t)U[-’(a)a] dt

b d U+ t[a (t) Vb(t)a] dt.

Using (2.7) we obtain

__1 TJ(rl) a [-@U (a)V[(c)U(c)+@U-’(a)U(c)V(c)]a
and hence from (2.4) we have

(2.9) J(r/) -Set

h(t)={u-l(t)Ua(t)u-l(a)a t[a, c]
-a t[c,b].

From (2.7) it results that h(. is absolutely continuous and r/(t) Ub(t)h(t). From
the corollary on p. 138 of [15] and the fact that r/(a)=0, it follows that

1 1
hT(t)U(t)vT(t)h(t)[ bJ()=+

1j
-b

+- l(t)U(t)R(t)U(t)h(t) dt
2

1j
-b

lT(t) uT(t)R(t)U(t)h(t) dt>=O,
2

since R(t)> 0 for all t. Thus, (2.9) gives @a =0. But from (2.7) and the invertibility
of Ub (c) for c [a, b), we obtain a 0, which is a contradiction. D

3. Sufficiency and coupled points. Consider here the same quadratic form as in
2. In [17]-[19], the notion of coupled points was introduced. It is an extension of

that of focal (and conjugate) points to the case of variable endpoint(s). Since the final
endpoint ?(b) is varying in our problem, we have the notion of points coupled with
a. It has been shown in the above-mentioned references that the nonexistence of points
in (a, b) coupled with a is a necessary condition for the nonnegativity of the functional
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J(r/) over the constraints r/(a)= 9r/(b) =0. It is an important question whether the
notion of coupled points exactly replaces in the variable endpoint(s) problem that of
focal or conjugate points known for the fixed endpoint(s) case. In this section, we
answer this question for the problem studied in the previous sections. We show that
the nonexistence of points in (a, b] coupled with a is equivalent to the positivity of
the functional J(rt) over r/(a)=0=gr/(b). This result, combined with that of the
previous section, tells us that the nonexistence of points focal to b in [a, b) is in fact
equivalent to the nonexistence of points coupled with a in (a, b]. The approach we
use here is analogous to that in 2. However, the main difficulty resides in showing
that the nonexistence of points in (a, b] coupled with b implies condition (2) of
Theorem 2.1.

DEFINITION 3.1. A point c (a, b] is coupled with a if there exists a pair (r/, ) 0
satisfying the Jacobi system (2.1) with 7(’) r/(c) on [c, b] (drop if c--b),

(3.1) r/(a)=gr/(c)=0 and q(c),(c)+Prl(c)+ P(s) ds’q(c) =0,

where F= (I- 9)F(I- 9).
Remark. When 9= I, condition (3.1) reduces to rt(a)= rt(c)=O. Moreover, in

this case, rt(’) rt(c) on [c, b] is trivially satisfied since otherwise (rt, :)--- (0,0) on
[a, b]. Thus, when 9 # I and rt(c) # O, the last of (3.1) says that in the definition of
a coupled point a certain penalty term P(s) ds q(c) should be added to the transver-
sality condition at c.

The following result is the objective of this section.
THEOREM 3.1. Condition (1) in Theorem 2.1 can be replaced by
(i) there exists no point in (a, b] coupled with a,

which is equivalent to

(ii) there is no c (a, b for which there exists (rl, ) 0 satisfying (2.1) on a, b
and (3.1).

To prove the theorem we need to study two issues. The first concerns the impact
of the strengthened Legendre condition on the problem with "penalized" functional
]([a, t], r/) (see below). Then, we derive important properties of condition (i) of
Theorem 3.1.

For [a, b], define

7"( (J([a, t], r/):= r/ t) j.b )F+ P(s) ds rl(t)

{qT"(s)P(s)rl(s) +2 7"(s)Q(s)rl(s)

+T(s)R(s)il(s)} ds,

where r/" [a, b] n is absolutely continuous and satisfies

r/(a) 9r/(t) 0.

LEMMA 3.1. The strengthened Legendre condition yields the existence of to a, b]
such that

.([a, to], r/)>0 Vr/S0" r/(a)= @r/(to)=0.
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Proof of Lemma 3.1. Let /3 be the positive number satisfying the strengthened
Legendre condition. The essential boundedness of P(. and Q(. yields the existence
of M > 0 such that, for [a, b] almost everywhere,

IIP(t)II<-_M, IIQ(t)II<-M, for all t, P(s) ds <-M, and IIII_-<M,

where "ll" II" is the matrix 2-norm. Choose to e (a, b] close enough to a such that

-M(to- a)2-4M(to a)+ > O.

Let r/(.) 0: r/(a) r/(to) 0. We will show that J([a, to], r)> 0. In fact, from
the Cauchy-Schwaz inequality i follows that, for all s e [a, to],

I (s)l dr<(to a)/

Thus,

qr(to) ’+ P(s) ds r/(to)+ ’{rlr(s)P(s)rl(s)+2W(s)O(s)rl(s)} ds
to

fa ds.<{2M(to a)+M(to a)2+2M(to a)} I, (s)l

Then,

1"|o ds>O.J([a, to] r/)>{-4M(to a) M(to a)2+fl} I, (s)l

Let Ua, Vo) be the solution of (2.3) satisfying, as in 2, Uo (a) 0, and Vo (a) L
COROLLARY 3.1. Under the conditions ofLemma 3.1 we have det Uo( to) # O, where

to is the value in Lemma 3.1, and, for all # 0: fl 0,

vo(oUXl(o+P+ e(ss >o.
o

Proo If for 0 U(to)=0, define on [a, to] the functions ((t),(t))=
(U(t), V(t)). Then (, ) satisfy the Jacobi system (2.1) and (, )0, since
(a) 0. Moreover, (a) (to) =0 and hence, using the Jacobi system,

Y([a, to], n): n(t)"
This contradicts Lemma 3.1.

Now, if there exists 0:=0 and r[V(to)USl(to)++ P(s)ds] <0,
define on [a, to], (n(t), (t))=(U,(t)US(to), V(t)US’(to)). Since (a)=
US(to) 0, then (n, )0. Also, n(a)=n(to)=O and

J([a, to],n)= r F+ P(s) ds +(t).(t)l’

o

This contradicts Lemma 3.1. [3

Let us now study the properties of the nonexistence of coupled points.
LEMMA 3.2. Assume that b is not coupled with a, then in the definition of c coupled

with a (Definition 3.1) the condition rl (") rl c on c, b can be eliminated.
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Proof of Lemma 3.2. The result will be proved by contradiction. If there exist
c(a,b] and (r/, )0 satisfying (2.1) and (3.1) with r/(.)-= r/(c) on [c,b], then on
[c, b], (2.1) yields

(t)= Q(t)l(c)

and

( t) P( t)rl(c).

Thus
b

:(b) :(c) + P(s) ds q(c)

and hence (3.1) becomes

?(a) O= n(b) and (?(b), (b)+rl(b))=O,
that is, b is coupled with a. Therefore, we obtain a contradiction.

Let (Ub, Vb) be the pair as in 2, that is, the solution of (2.3) with Ub(b)= I-
and Vb(b) --’-- @.

LEMMA 3.3. If there exists no c a, b coupled with a then det Ua 0 on a, b
and det Ub(a) O.

Proof of Lemma 3.3. If for some c (a, b] and a 0 we have Ua(c)a 0, then
((t), (t)) Ua(t)a, Vo(t)a) 0 satisfies (2.1) and rt(a) rt(c)=0. This contradicts
the hypothesis that no c (a, b] is coupled,, and hence conjugate to a.

If Ub (a) a 0 for a 0, then

(vl(t), (t))=(Ub(t)a, Vb(t)a)

satisfies ,/(a)= ,/(b)=O and (/(b), :(b)+’/(b))=O. Moreover, (/(b), :(b))=
((I-@)a,-Fa-a)O (otherwise a=O). Thus, we have b coupled with a, and
hence a contradiction follows.

The following results say that if (i) of Theorem 3.1 holds, then in the definition
of a coupled point not only r/(. ) r/(c) on [c, b] can be removed but the last equality
in (3.1) can be replaced by "_<-."

LEMMA 3.4. Assume that there are no points in (a, b] coupled with a, then there
exist no c (a, b and (rl, ) # 0 solution of (2.1) with

r(a)=r(c)=O and r(c),(c)+[’r(c)+ P(s) dsr(c) <-_0.

Proof of Lemma 3.4. From Definition 3.1 and the assumption of Lemma 3.4, we
only need to show that the strict inequality above cannot happen. Let us argue by
contradiction. Assume there exist c(a,b] and (r/,sc)s0 satisfying system (2.1),
r/(a) r/(c) 0 and (r/(c), sO(c) + ’r/(c) +c P(s) ds r/(c)) < 0. We can easily see that
since r/(a)=0 and (r/, so) is nonzero and satisfies (2.1), there exists ao#0 such that
(rl(t), (t))=(U(t)ao, Va(t)ao). Thus, also U(c)ao=O and

o U2(c Vo(c+f’U(c+ P(s ds Uo(c o<0.

Set/30 U,,(C)ao. Then from Lemma 3.3 we have/30 0, also 9/30 0 and

[ Vo(cU-x(c+f’+ e(s ds o<0.
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Define

I b

xg(t) := Va(t) u-l(t)+’+ P(s) ds,

then 5(. is continuous on (a, b]. From Corollary 3.1,/3 rxg(to)fl > 0 for all/3 0:@/3
0. Since, we know fl05g(c)fl0 < 0, there exists e (a, b] such that flrxg(g)/3o 0. Define
on [a, b]

(r/(t), (t))=(U(t)u-l()flo, Va(t)U-()flo).

We have r(a)= @r/(g)=O, (r/, :)0 because /o0, and (,q(g), (g)+r/(g)+
P(s) ds n(e)) fiTO()flo=O. Hence, f is coupled with a, which is a

contradiction. [3

Now we will provide the proof of the main result of this section.
Proof of Theorem 3.1. From Theorem 2.1 and Lemma 3.2, we only need to prove

that condition (4) of Theorem 2.1 implies (ii), and (ii) implies condition (2) of Theorem
2.1. Assume condition (4) of Theorem 2.1. If (ii) is false, there exist (rt, ) # 0 solution
of (2.1) and c e (a, b] such that

( Ic7(a)=@(c)=O and q(c),(c)+q(c)+ P(s) ds(c) =0.

Define

rl(t) on[a, c],
(t) :=

[ n(c) on[c, b];

then (c) is absolutely continuous, O(a)= @(b)=0, and

( )TJ(O)=7 (c) ’+ P(s) ds q(c)+- q(t). (t)l

Also /30, since otherwise (2.1) gives that (rt, )=0 on [a, c] and hence on [a, b].
Thus, we have a contradiction with condition (4).

Finally, assume that (ii) holds and let us show that condition (2) of Theorem 2.1
is satisfied. From Lemma 3.3 it follows that Ub(a) is invertible. Thus, define (U, V)
by (2.5). Using Lemma 2.2, it only remains to show that U is invertible on (a, b).
Suppose not, then there exist c(a,b) and a0 such that U(c)a=O, that is,
Ua(c)U-’(a)@a =--Ub(C)a, which is (2.7). Define (r/, () exactly as in (2.8),

(rl(t) sc(t))={(U(t)U[-’(a)a Vo(t)U{-’(a)a)
-( Ub(t)a, Vb(t)a)

t[a,c],
t6[c,b].

Then, computations identical to those that led to (2.9) give that J(r/)=-1/2ara <=0.
Now, we know by Lemma 3.3 that Uo is invertible on (a, b]. Thus, define

a)a
T(t)

u--l(
U-( t) Ub( t)a

te[a,c],
t[c,b],

then

rl(t)= U(t)y(t).
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Using the corollary on p. 138 of [11] to compute J(r/), we get that

1 T +l__ 7"J(r/)=r/ (b)rl(b)
2
y (t)V(t)U’(t)y(t)lb

+- (t)g(t)R(t)go(t)(t) dt
2

1= y(b)U(b)[Uo(b)+ Vo(b)]y(b)

+ (t)U2(t)R(t)Uo(t)(t) dt.
2

Since Uo, Vo) is a principal solution to (2.1) with (a) =0, then Lemma 3.4 means that

wu2( v(+Pu(+ e(s s g( >0

for all we0 and t(a,b] such that U(t)w=0. In paicular, 7r(b)U2(b)x
V(b) + PU(b)](b) 0, since U(b)7(b) 0. Thus, J() 0. We know that J()
_5r N0, then J() 0. Thus, =0 and (b)=0, that is, =0. Hence a contra-
diction follows.

4. Application to nonlinear problems. In this section we consider the following
general problem of calculus of variations with fixed initial state but variable final
endpoints"

(V) minimize I(x) := y(x(b))+ L(t, x(t), (t)) dt,

over all absolutely continuous functions x’[a, b] satisfying

x(a)=a, $(x(b)) 0,

where AGn, .nr(r n), 7.n, and L’[a, b]Xnx .
In the special case where &(.) is affine (&(y)=y-B) this problem reduces to

the classical calculus of variations about which intensive literature can be found (see,
for instance, [1], [9], [14], and [16]). Recently, the interest in the problem was renewed,
due to its close connection to the optimal control problem [16] and to the multiple
integral calculus of variations problem [6]. Two of the main questions that are now
the center of attention are the existence of Lipschitz solutions to the classical problem
(see [4] and the references therein) and the study of the variable endpoint(s) case
(see [12]-[14] and [21], and the references therein). As is the case with the conjugate
point theory for the classical setting, we would like to obtain for the variable endpoint(s)
problem necessary conditions for optimality that are almost sufficient. In [17]-[19], it
is shown that in the variable endpoints case the nonexistence of coupled points with
b in (a, b) is necessary for weak local minimality. On the other hand, given that in
(V) the left-hand point x(a) is fixed, it is known (see, for instance, [20]) that the
nonexistence of focal points to a in (a, b) is necessary. Using the results of previous
sections, we show here that each of these necessary conditions can be strengthened to
become sufficient for the weak local optimality in (V).

Let z(. )’[a, b] be in L[a, b]. The tube of radius e about z(. is defined by
T(z(.);e)={(t,y)e[a,b]xN’ly-z(t)l<e}. A function y(.) is said to be in
T(z(.); e) if (t,y(t)) T(z(.); e) for t[a, b] almost everywhere.
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DEFINITION 4.1. An absolutely continuous function (. )’[a, b] -" that satisfies
the constraints (a)--A, 4((b))=0 is said to be admissible. An admissible function
(. is a weak local minimum for (V) if there exists e > 0 such that I(x) >- I() for all
admissible x(. )" (x(.), (. )) T(, ; e).

Let (.) be admissible and Lipschitz. We make the following nonrestrictive
assumptions on the data.

(i) There exists e > 0 such that y(. and &(. are C2 on the e-neighborhoo.d of
(b), and, for almost all [a, b], L(t, .,. is C 2 on the e-neighborhood of ((t), :(t)).

.(ii) L(t, x, v) and its derivatives in (x, v) up to second order are integrable along
(, ).

(iii) V 2 L(t," ") is continuous at (,) uniformly in t, and /x(t):=(.x,v)
Lx(t, (t), (t)) is essentially bounded on [a, b].

Given that we are interested in finding a sufficiency criterion for weak local
minimality of a Lipschitz candidate , it is natural to assume that satisfies the
necessary conditions for optimality" in particular, the Euler-Lagrange equation:

d(t)=/(t) t[a,b]a.e.,

the transversality condition:
there exists a vector 16 r such that

(-) -(b) lr[Vch((b))]+Vy((b)),

and the Legendre condition:

() (t)>-_O fort[a,b]a.e.

and

Define

P(s) := xx(S), Q(s) := x(s), R(s) := (s),
F [vZth ((b))]Tl + vZy((b)),

D =Vb()(b)), DT(DDr)-’D,

(I- )F(I- ).

The second variation corresponding to the problem (V) (see, for instance, [20]) is

J(:; r/)= q(b)rrq(b)+- {qr(s)P(s)(s)+2j r(s)Q(s)7(s)

+it T(s)R(s)Cl(s)} ds,

where r/(. a, b] " is absolutely continuous and satisfies /(a) @r/(b) 0.
This functional is exactly of the form considered in the previous sections. Thus,

as in 2 and 3, we have the notions of focal points to b and coupled points with a.
In terms of these notions, necessary conditions for optimality in (V) were developed
in [18] and [19]. The corresponding sufficiently criterion are given by the following
theorem, where ()’ denotes the strengthened Legendre condition.

THEOREM 4.1. Let be a Lipschitz admissible function for (V). Assume that
satisfies (), -), and ()’. Then provides a strict weak local minimum for (V) if one
of the following conditions holds.

(1) There are no points in [a, b) focal to b.
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(2) There are no points in a, b] coupled with a.

(3) There exists a Lipschitz symmetric matrix function W(. solution of
/ WBW/ATW/ WA-C-O t[a, b] a.e.,

(I-@)[W(b)/]-O,
(where A, B, and C are defined as in 2).

Proof. From Theorems 2.1 and 3.1, each of the above conditions is equivalent to"
there exists 5 > 0 such that

J(; r/)t (t) dt V" (a)=D(b)=O.

Using [10, Thm. 12.2.7], we can find a>0, fl>0 such that, for all " (a) =0,

(4.1) J(; W)+alDw(b)l I(t)l2dt.

Define M man {fl/8, fl/(8(b- a)), fl/(8(b a))}. Since (. and y(. are C
in the e-neighborhood of (b), then there exist K >0, 0< el(e), such that, for all

(4.2) ]]TZy(x)-7y((b))]] < M,

IIv(x)ll K,

where I1" is any matrix norm. Using the fact that VL(t, .,. is continuous at (, )
uniformly in t, we can find e2(e) such that for all absolutely continuous functions
x(. )- (x(.), (. )) T(, ; ) we have

(4.3) IIv L(t, x(t) (t))-V,> (t)ll < M a.e.(x,)

Set e0= min {e2, fl/(aK(b-a)}, and take x(. )(#) be any admissible func-
tion for (V) with (x(.), (. )) T(, ; eo). We will show that I(x)> I().

Using &(x(b))= &((b)) =0 and Taylor’s expansion we get the following"

(x) I() (x(b)) + (x(b))-(((b)) + ((b)))

+ {(,x(,(-(}

[/rV((b)) + V((b))](x(b)- (b))

+ (x(,( (_(

+ (x(bl- (bll((x’l +(x"ll(x(b- (bll

1J"b+ (x( (,( (

(,(,((x(-() e,(-(
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where x’ and x" are between x(b) and (b), and ((.), )(. )) is between (x(.), 2(. ))
and ((.), )(. )). Integrating by parts the second term and using conditions (g) and
(-), we are left with the last two terms. Since x(a)= (a)=0, H61der’s inequality
yields that, for all s [a, b]

(4.4) Ix(s)-(s)12<-(b-a) 12(t)-(t)[: dt.

Using the first two inequalities of (4.2)-(4.4), and the definition of M, we obtain

i(x) i() J(; (x- ))- I-
and from (4.1) it follows that

I(x)-I()e = dt-alD(x(b)-(b))l2.

We also have

O=(x(b))-((b))
1

=V((b))(x(b)-(b))+(x(b)-(b)) (ff)(x(b)-(b)),

and thus,

K2
14]D(x(b)- .(b)) 2 _<-- Ix(b)- ,(b)

=<(b_a)2 [:_ 2.
2

Therefore, using 12(t)-)(t)l2 < e2o_-< /(oK2(b-a)3), it results that

I(x) I() >-- - 12 12 dt.

(v)

To illustrate the utility of the previous result we consider the following example.
Example. The question is to find a weak local minimum for the problem

Minimize I(x) x, + x2 + x, + x
1 [ rr/4

2__ 231_ 232_ XlX2)_ X21X2} dt{X21-l- X2+2 ao

over all absolutely continuous functions x(.)=(x’())) satisfying Xl(0)--X2(0)--0x2(

x,(rr/4) x2(’rr/4).
Take 2(.)= (Xl()))= () We can then easily check that )(.) satisfies the Euler-X2(

Lagrange equation, and the transversality condition for 0, as well as the strengthened
Legendre condition. To prove that (. is a weak local minimum for (V) we will use
Theorem 4.1 with condition (2).

For this problem,

e(s) Q(s)O, R(s)
0 -1 0
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The Jacobi system is.

whose solution is

(4.5)
r/l(t) A sin + B cos t,

r/2(t) M sin + N cos t,

l(t) A cos t-B sin t,

2(t) M cos t- N sin t.

Let us search for the coupled point with 0 in (0, zr/4].
From Definition (3.1), e (0, 7r/4] is coupled with 0 if there exists (r/, ) 0 solving

(4.5) with r/i(0)=r/2(0)=0, r/l(C)=r/2(c), and qi(e)[i(e)+2(e)+Zl(C)-
2(Tr/4-c)rll(c)]=O. This is equivalent to B=N=0, A=M, and A sinc=0 or
A[cose+sine(l+c-Tr/4)]=O. But A0, since otherwise (r/, so)=(0,0). Thus, we
must have cos c -sin c(1 + e 7r/4). However, c (0, 7r/4] and hence the last equation
cannot happen. Therefore, there exists no c (0, zr/4] coupled with 0, and by Theorem
4.1, ---0 is a weak local minimum for (V).

Acknowledgments. The author thanks the conscientious referees, whose comments
helped improve the readability of the paper.
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PROPERTIES OF ENERGY-MINIMIZING SEGMENTATIONS*

JAYANT SHAHt

Abstract. In Computer Vision, one approach to segmenting an image consists in minimizing an energy
functional that is defined over a set of all possible segmentations in terms of penalties for deviations from
ideal properties. Studied here are the smoothing properties of such a formulation defined with two parameters,
which are the weights associated with the penalty measures. This paper deals with only the one-dimensional
case. It is shown that the effect of these parameters is to set two local thresholds, one for the intensity
gradient and one for the difference between the maximum and the minimum values of image intensity in a
region. If one of the thresholds is not exceeded in a region, the region is regarded as uniform and will not
be broken up. Thus, low intensity noise and low gradients are filtered out. Conversely, if the image intensity
changes rapidly in a region so that both the thresholds are exceeded, the region will be broken up.

Key words, nonconvex minimization, free boundary problem, image segmentation, piecewise smooth
approximations

AMS(MOS) subject classification. 35R35

1. Introduction. In Computer Vision, the segmentation problem is the problem
of subdividing an image into regions so that in each region, the image properties are
relatively uniform. We have been studying the problem by a variational approach. This
approach is motivatet in part by occasional failures of traditional methods, which are
based on either local edge operators or on histogram partitioning and in part by a
desire to integrate the preprocessing and postprocessing steps associated with the
traditional methods into one global formulation. The general idea is that we should
define an energy functional over a set of all possible segmentations in terms of penalty
measures that correspond to various desired properties of a good segmentation. Our
approach is a modification of one due to Geman and Geman [5] and subsequently
developed by Marroquin [6] and by Blake and Zisserman [2]. The particular functional
that we have studied is the following:

R JJR-B

where
R is the image domain,
g is the grey level function, g:R- R/,
B denotes the union of region boundaries; thus B is the segmenting curve,
f is the smoothed image which need not be continuous across B,
IBI- the length of B,
x, u are the weights.
The problem is to find f and B that minimize E (f, B). While the first term imposes

penalty for deviation off from g, the second term forces f to be as smooth as possible.
By minimizing the length of the segmenting curve, the third term tries to avoid
segmenting the image into too many regions with wildly zigzagging boundaries. Thus
the formulation is designed to find a minimal segmentation such that in every region,
the image intensity g is approximately constant. The formulation is minimal in the
sense that by dropping any one of the three terms, we get inf E 0: without the first
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term, take f= 0 and B empty; without the second, take f=g and B empty; without
the third, take B to be a fine grid of N horizontal lines and vertical lines, segmenting
R into tiny squares and f average of g in each square.

For a fixed segmenting curve B, let fB denote the minimizer of E (f, B) with respect
tof In the interior of R B, fB satisfies the equation 72f --/2(fB g). If B is sufficiently
regular, say piecewise C 1, then f satisfies the boundary condition Of/On 0 along B
and along the boundary of R. Thus in each component S of R- B, fB is a smoothed
version of g. The amount of smoothing depends on/J., f-> g as ISI--> and f- gs
as ISI--> 0, where gs is the constant function with value equal to the average of g in
S. 1/ may be thought of as the nominal smoothing radius. For reasonably regular
curves B, properties of f are well understood, and f may be calculated easily by
methods such as the finite element method combined with a multigrid relaxation
procedure. The real problem is to show the existence and regularity of curves B that
minimize E(fB, B). This is a difficult problem, both theoretically and practically,
because of nonlinearity and the existence of many local minima. The questions that
arise naturally are

1. Is the problem of minimizing E(f, B) with respect to B well posed? In
particular, does it have a solution that is not too wild, say, a solution that is piecewise
C2?

2. Is there a practical algorithm for minimizing E (f, B)?
3. Is the formulation well suited for solving vision problems? For example, how

is the segmenting curve placed? How does it behave in the presence of noise? How
should one choose and vary/z and u in the context of the vision problem?

All of these questions are still open. We have reported in [7] our initial numerical
experiments based on steepest gradient descent. We have also extensively analyzed
the limiting cases of the formulation, namely, the limit as --> o and the limit as - 0
in [8]. We have also discussed the nature of singularities of the segmenting curve B.
Asymptotic behavior of the model has also been studied by Richardson in [9]. A very
deep analysis of the question of the weak existence of the minimizing curve B has
been carried out by Ambrosio [1]; De Giorgi, Carriero, and Leaci [4]; and Dal Maso,
Morel, and Solimini [3].

In this paper, we begin to study segmentations obtained when and , are arbitrary.
Here, we deal only with the one-dimensional case. That is, we assume that R is
one-dimensional and B consists of a set of breakpoints.

The existence of a minimizing segmentation in the one-dimensional case is very
easy to see. We note that inf,R E(f, B)<-_ E(f, oh) where f+ is the solution of the
Neumann problem with B empty. Therefore, there exists a minimizing sequence {f,
for E(f, B) such that IBiI <- E(f+, ch)/’. Hence there exists a subsequence {Bk} converg-
ing to B*, with I *l inf IBk I. Let f. satisfy the equation f. =/2(f._ g) in g- B*
and the boundary condition f. 0 at each breakpoint in B* and at the endpoints of
R. Because the elliptic boundary value problem for lB. is well posed with respect to
deformation of B*, it follows that E (f., B*) _-< lim E (f, B); hence (fB*, B*) minimizes
E(fB).

The interesting question in the one-dimensional case is how and , control the
segmentation of R. We show that the role of/ and , may be interpreted as follows.
These parameters set, in effect, two local thresholds. The smaller the region, the higher
are the thresholds for the region. A region in which

(i) either the maximum intensity gradient is below its threshold,
(ii) or the difference between the maximum intensity and the minimum intensity

is below its threshold,
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is regarded as uniform and will not be broken up. In other words, low intensity noise
and low gradients will be filtered out. In a region of R where the intensity changes
rapidly such that both the thresholds are exceeded, the region will tend to be broken
up such that in each piece, gmax--gmin roughly equals its threshold value. Figure 1
illustrates this behavior.

LIKELY BREAK-POINTS

FIG.

(,)

and

In 2, we derive an a priori lower bound on the length of each segment in a
minimizing segmentation. From this, we deduce the smoothing properties. We illustrate
how the number of segments in a minimizing segmentation varies as we vary/x and
,. In 3, we derive an upper bound on the segment length to show that the lower
bound is qualitatively correct. In the last two sections, we analyze the behavior as
/z-0 or

The main technique in deriving these results is obtaining estimates for the reduction
in energy due to a single additional cut. Consequently, the upper and lower bounds
that we derive hold under much weaker conditions. This allows us to consider segmenta-
tions by sets of breakpoints, B, which satisfy conditions

E (fB, B) < E(f,/)
for all /cBsuchthat ]/I=]BI-1

E(fB, B)<--E(fh,)
(**) for all/ = B such that I 1- IBI + l.

In particular, if B minimizes E(f, B), then B satisfies (,) and (**). However, all the
conclusions stated above still hold for any B that satisfies (,) and (**), thus indicating
that such a set B may already provide an acceptable segmentation.

Notation. For any interval D c R, define

6Dg maxD g minD g,

Lipschitz constant of g in D if g is Lipschitz,
LipD g

:) otherwise,

ao max
2(og)2 2(Lipog)2

2. A lower bound.
THEOREM 1. Let B be a set of breakpoints satisfying the condition (,). If B is not

empty, then the following must hold:
(i) aR < 1,
(ii) for all segments S,

1 1
Isl>-log.

/z 1--ceR

Proof. Suppose that B is not empty and satisfied (,). Let S be a segment. Let S’
be an adjoining segment. We adopt the notation and the coordinate x as shown in
Fig. 2.
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0 p

FIG. 2

Let B’ be the set of breakpoints obtained by removing the breakpoint at P.
Integration by parts (see [8, 6, Lemma]) gives us

O< E(fz,, B’)- E(fz, B) =f’,(P)[(P)-f(P)]- u

where the superscripts + and refer to the values offz on the two sides of a breakpoint.
Therefore,

u < IIf’,ll,sus,lf-(P)-f(n)l.
We need the following lemma.

LEMMA l. Let D [0, a] and g D R be a bounded function. Let u satisfy u"=
tz2(u g) and u’(O) u’(a) O. Then,

gmin U(X) gmax,

[U(X)--g(x)[<--min {SDg, 1--- LipDg},
[U’(X)[ _--< min {2t6Dg, LipD g}(1 e-’x).

Proof of Lemma 1. Extend g to all of R by successive reflections of D. Let g
denote also this extension.

Then,

Therefore,

Moreover,

u(x) =- e-"rg(y) dy where r lY x[.

groin - e gmin dy <= u(x) <= - e gmax dy gmax.

[u(x) g(x)l =- e Ig(y)- g(x)l dy <= min Dg,- LipD g

Let gc g-c, where c is some fixed constant. Since u’(x) remains unchanged, if we
add a constant to g,

U’(X)= -x e-"rgc(y) dy

;Ix- e-"rg(y) dy+ e-"g(y) dy
2

" e-"(x-y)g(y) dy- e-(x-y)g(y) dy
2

+-- e-’Y-Xgc(y) dy.
2
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Since g(-y)= g(y),

u’(x) --- e-"(x+y)gc(y dy -- e-"(x-Y)gc(y dy

e-"(’-Xg(y) dy+2

e-" (cosh Y)gc(Y) dy + (sinh x) e-’g(y) dy.

Setting c (gmax+gmin)/2 SO that Igl(g), we get

u’(x)l e-e"x)(sog) 2(1 e-"X)(Bog).

Setting c g(x) so that Ig(y)l (Lipo g)y-xl, we get

lu’(x)l2(Lipog) e-" (coshy)(x-y) dy+(sinhx) e-"Y(y-x) dy

(1-e-")(Lipog).

We continue now with the proof of the theorem. Applying the lemma to each
segment of R, we get

Also,

If(P) -f(P)l I(f(P) g(P)) (f(P) g(P))l

2-- LipR g.

Applying the lemma to S U S’, we get

IIf’’ll,sus’ <= min {2tz6Rg, LipR g}(1

Therefore

t,<2 min {IX(6Rg)2, 1 (LipR g)2}( 1 e-"lsl)

< 2 min {/X(Rg)2, 1 (Lip g)2}.
The theorem follows. [3

Since the smallest segment must have length less than or equal to IRI/IBI, part
(ii) of Theorem 1 may be restated as follows.

COROLLARY 1. Let B be a nonempty set of breakpoints satisfying the condition (,).
Then,

<2min{tx(6Rg)2,1(LipRg)2}(1-e-lRI/lnl).
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Thus, the (, u) space is laminated by a series of curves, marking regions corre-
sponding to the number of possible breakpoints in a minimizing segmentation as shown
in Fig. 3. An upper bound derived in the next section shows that these curves are
qualitatively correct in depicting curves with ]B[ constant.

To see where the actual breakpoints are likely to occur, we have Corollary 2.
COROLLARY 2. Let D be a connected interval in R. If

OgD > 1 e-IDI/2,

then any set of breakpoints satisfying (,) cannot have more than two breakpoints in D;
that is, D can contain at most one whole segment.

Proof Suppose that there are more than two breakpoints in D. Then, apply the
theorem to the union of two adjacent segments contained in D in order to get a
contradiction.

We may think of Corollary 2 as setting local thresholds (that depend on IDI) for
6Dg and LipD g. In particular, if

either 6Dg<x/u/2t or LipDg<V’lxu/2,

then there cannot be more than two breakpoints in D. That is, low intensity noise and
low gradients are filtered out.

3. An upper bound. We now derive an upper bound on the segment length as a
function of/ and u to show that the lower bound in Theorem 1 is reasonable. An
upper bound cannot exist in terms of the global quantities 6Rg and LipR g used in
Theorem 1. To see this, just take g to be a step function. If we keep fixed and require
a breakpoint at the discontinuity of g, then u- 0 as we move the discontinuity closer
and closer to one of the endpoints of R. Therefore, to get an upper bound, we have
to make some assumptions regarding the profile of g. It is easy to see that with/x and
g fixed and g sufficiently general, we get more and more breakpoints as we decrease
u. Corollary 2 indicates that most of these breakpoints will occur in regions of high
gradient. Therefore, we derive an upper bound for segments within which g has high
gradient everywhere.

THEOREM 2. Let B be a set of breakpoints satisfying the condition (**). Suppose
that g is C in a segment S and [g’(x)[ >- c for all x S. Then

FIG. 3. k= lB I.
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where is a monotonically increasing function" limz_ p(z)--1 and b(z) z3/32for
small z.

To prove the theorem, we need Lemma 2.
LEMMA 2. Let D [0, a] and g" D R be a C function such that g’(x) >= 0 for all

x D. Let u satisfy u"= tx2(u-g) and u’(O)= u’(a)=O. Then u’(x)>=O for all x D.
Proof Let v=u’. Then, v satisfies v"-lx2(v-g’), v(O)=v(a)--O. Therefore, v

minimizes

U(w)=lf (w-g’)+f [w’,
D D

subject to the condition w(0) w(a) 0. Define

(x)={(x) iCy(x) ->-0,
otherwise.

Then, U()-< U(v) and hence = v. Now let
v’(0)

u(x) u(O) + v dx where u(0) + g(0).

Proof of Theorem 2. Choose the coordinate x so that the origin is at one of the
end points of S and g’(x)>= c. Let gl be the linear function with slope c such that
g(O) g(O). Write g g + . In S, let f satisfy f’ ix2(f g), f;[os O, and let f
satisfy f"=/x2(j7- ), f’[os O. Let g ISI. Since g’(x) c and g’(x) _-> 0, f’(g/2) >-

f;(g/2) >-0 by Lemma 2. It is easy to construct f explicitly:

c sinh (x-(I
f,(x)=g(x)-

z cosh (//2)
and

Therefore,

f;(x)=c-
c cosh (x-(l

cosh (/z//2)

f’(I/2)>=c 1-cosh(/xl/2)
Let B be a set ofbreakpoints satisfying (**). Consider introduction of an additional

breakpoint, P, at the center of the segment S. Let B’= B U {P}. Let h =fB’--fB. Then
h satisfies the equation h"=/xh in S-P and the boundary condition h’=0 at the
endpoints of S, and h’=-f at P. By solving explicitly for h, we easily obtain

h+(I/2) -h-(l/2)=lf’(l/2) coth (/zl/2)

Therefore, the change in energy due to the extra breakpoint

=E(fB, B)-E(fB,,B’)

f’(p)[f,(p)-f,(p)] ,
=f’(P)[h+(P)- h-(P)] z,

2
=--[f’(I/2)] coth (/x//2)

_-< 0 by the condition (**).
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Therefore

2
v >=-- [f’(I/2)]2 coth (IX//2)

2
>- [f(l2) ]2 coth (ixl/2)

>
2
cq,(t)

where

8 sinh4 (IX//4)
sinh (IXl)

To compare the lower bound A, given by Theorem 1, with the upper bound A,
given by Theorem 2, assume that g is linear in a fixed R. Let

2(g’)2"

Suppose that the minimizing B is not empty so that 0 < 1. Then,

a =--IX q- 0 max
IX2]R]2,

1 where q (z) 1 e-Z.

We must consider the following two cases.
Case 1. IxA
Note that IXA - oct=> IXA - eeOC, 0 - 1. Moreover, IX - ee as 0 - 1. We have

/ (--1(0) 1
lim0_l

Case 2. IXA-*0 or Ixh-0.
IXA- 0:> 0- 0 and IXA f320 when 0 is small. In order to estimate Ixh, we have

to consider two subcases.
Case 2a. IX[R -> 1. Then IXA q-l(0) 0 if 0 is small. Hence A -0h -0 0 0;

however,

A 02/3

0 =< limo_o =< limo+o

Case 2b. IX]R]-< 1. Then

Hence A - 0=> h 0:> 0//.1, "-) O; but,

A 1 ( 0) 2/3

0 ----< limo/3-o ----< limo/3o- IX31RI3
=0.

Thus, although both bounds tend to zero simultaneously, the lower bound given by
Theorem 1 is too low when g is linear and the segment sizes tend to zero. The reason
for this is that in the proof of Theorem 1, we had to use the global estimate Rg in
place of sus’g, because the set of breakpoints B need not be maximal among the sets

IXA__q_I( 0 ) 0 0

2lel2 =lel2 if2lel=is small.
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satisfying the condition (.), and hence IS’I need not be small when Isl is. However,
as ,t->0, 6sos,g->0 if B satisfies (**), and Ig’(x)l >- c > 0 for all x R. We can use the
upper bound A in this special case to estimate IS (_J S’ and thus estimate 6sJs,g. Using
this estimate, we can obtain a better lower bound, ,t# for segmentations that satisfy
(.) and (**) such that h#/A is uniformly bounded from above and below by positive
constants.

4. Behaviour when tz is small. By Theorem 1, in a nontrivial minimizing seg-
mentation,

max 2(-RT)2 2(LipR g)2 <-- (1 e- < IS =<
/x 2

Hence, as 0, we must bound v//x2 in order to have nontrivial segmentations. We
thus impose the condition

< IRl(  g)

when/x is small. Let

Eo(B) I (g gB)2 + olBI,
R

where B is the piecewise constant function that, in each segment, equals the average
value of g in that segment. By expressingf and g as cosine series, it is easy to show that

Eo(B) 1
<_- E(f, B) < Eo(B)(#)

1 + (21R12/Tr2) /z
2

(See [8, 4] for a similar estimate when R is two-dimensional.) Consequently, we
expect the behavior of E(fn, B) to be controlled by Eo(B) as /z-* 0. Notice that Eo
has a well-defined minimum. Like Theorem 1, we have the following lemma.

LEMMA 3. Let Bo be a nonempty set of breakpoints such that Eo(Bo) < Eo(B’o) for
all B’o c B with [B[ IBo[- 1. Then, for every segment S,

v____q__o

Proofi We proceed as in Theorem 1. Consider a segment S. Let S’ be an adjoining
segment, meeting S at P. Let s IS[ and s’= Is’l. Let a, a’ and b be the average values
of g in S, S’, and S U S’, respectively. Note that b (as + a’s’)/(s + s’). Let B Bo- {P}.
Then

Eo(B’o) Eo(Bo) fsus’ (g- b)2- fs (g- a)Z- ls, (g-a’)Z-vo
a a)2ss

POS+S’

Therefore,

1 1 s+s’ (a-a’)2 (6Rg)2
-<-+ _--<__<
S S S SS b’O PO



108 JAYANT SHAH

As in Corollary 2, if

in a connected interval D, then D cannot contain more than one whole segment of
the segmentation that minimizes E0. Thus, minimizing of Eo is akin to the schemes
that segment images by partitioning histograms.

For each positive integer k, let Dk c Rk be the subspace corresponding to the sets
of k breakpoints that result in segments of length greater than ’O/{2(ORg)2}. E(fB, B)
and Eo(B) achieve their global minima over the space D= IIk_<_o Dk, where ko is a
fixed integer. To compare the global minima of E(fB, B) and Eo(B), we may restrict
them to D. E(f, B) and Eo(B) are continuous over D, where D has the induced
topology from llk<=ko R k with the standard topology. By (#), (1/l2)E(fm B) converges
uniformly to Eo(B) over D. From this, it is easy to see Theorem 3.

THEOREM 3. Let Bo be a set of breakpoints belonging to D.
A. Suppose that Bo minimizes Eo(B) locally. Then, there exist a sequence of sets

{Bi}i__> of breakpoints belonging to D and a sequence of numbers {i}_>-i such that
a. BilBo and
b. B minimizes E (f, B) locally with I p. and , ,ol,
c. E(fu, B)--> Eo(B) as i-->oo.

B. Conversely, suppose that Bo does not locally minimize Eo(B). Then there exists
a constant lo such that for all I- <--p.o, E (fu, B) does not achieve its global minimum at

Bo.
By analyzing the convergence of the derivatives of E (fB, B) and Eo(B) as in [8],

it is possible to obtain stronger statements.

5. Behavior when / is large. By Theorem again, in a nontrivial minimizing
segmentation,

(0Rg)2 and (Lipg g)2 .
2 2

Hence as - oo, we must bound ,. We impose the condition

when/. is large. Let

,c,_-< (LipR g)2
2

E(B)= Y [Pc--{g’(X)}2].
xB

In [7] we show that for a fixed set B of breakpoints and g C’(R),

(f,=(f,+-+o

(This follows easily from Lemma 4 below.) This indicates that as x- oe, it becomes
advantageous to place more and more breakpoints in the vicinity of points where
Ig’(x)l is maximum. Note however that although (B) may have stationary points
(where g"= 0), unlike Eo(B), it has no minima unless v/-> IIg’ll,, Thus we should
expect

Let B, denotes a set of breakpoints that minimizes E(f, B) with fixed and ,.
THEOREM 4. Suppose that g CI’I(R). Then, the following hold.
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i. For every e > 0, there exists a constant ie > 0 such that for all tz > ie and
, 2,/,

{x: Ig’ x l
ii. If g’ ,R > V/-, then

COROLLARY 3. Let g C’I(R). Instead of assuming that tz’ is fixed as tz-,fix
a positive integer k and suppose that for each tz we choose , such that [B,] <-k. If B,,
is nonempty for all tz, then as Iz- ,

that

[.1] gt 2 and" lim_oo B,
2

Proof of Theorem 4. Let c v/-. Let Re {x: Ig’(x)l <-_ c- e/2}. Choose /Zo such

C < --/zo’R’1-e

By Corollary 2, each connected component of Re contains at most two breakpoints
of B, for all /z->_/Zo. We show now that for sufficiently large /z, the breakpoints in
Re can occur only at points where ]g’l >-- c-e. Consider a connected component W of
Re which contains at least one point, P, of B, where Ig’l < c-e. Since W can have
at most two points of B,, it has an interval containing no breakpoints in which
c-e <-Ig’(x)] _-< c-e/2. (This is true even if W contains an endpoint of R.) Let Q be
a point in this interval such that Ig’(Q)l=c-2e/3. We claim that if/z is sufficiently
large, we can reduce the energy by removing the cut at P and placing it at Q. We need
the following lemma, which is an extension of Lemma 1.

LEMMA 4. Let D=[0, a] and let g: D- R be a C TM function. Let u satisfy the
equation u"=tz2(u-g) in D and the boundary condition u’(O)=u’(a)=O. Then there
exists a constant C such that

g’(O)
u(0)-g(0)- _--<-- +/xa e- IIg II,+-(LipD g’)

]u’(x) g’(x)l <-- + txa e-’a/2IIg’]]o,9 +-- (Lip9 g’).

Proof of the Lemma. Extend g to all of R by successive reflections of D. As in
the proof of Lemma 1,

u(x)-g(x)=- e I[g(y)-g(x)] dy

=/xe-’x (cosh tzy)[g(y)- g(x)] dy

+ x(cosh xx) e-"[g(y)- g(x)] dy.

Also from the proof of Lemma 1, we have

Iou’(x) -tx2e-"x (cosh Izy)[g(y)-g(x)] dy

+/z2(sinh tzx) e-Y[g(y)- g(x)] dy.
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The required estimates are now obtained by substituting

g(y) g(x) g’(x)(y x) + (y)(y x)2 if 0 <= y <= a,

Ig(y)-g(x)l<--allg’llo,D if y>--a,

where ](y)[ _-< Lip, g’, and evaluating the integrals. [3

We continue now with the proof of Theorem 4. We may assume that the points
P and Q are in the same segment S. Let s= e/(Lipng’). Note that ISI_-> s/2. Choose

-> o such that

+ tzs e-"s/24[lg’ll,n +--(Lipn )_-<--
12] /z 12’

where C is the constant defined in Lemma 4. Let S’ be the other segment with P as
one of its endpoints. Let fo,f, and f2 be the solutions of the Neumann problem
f"=/z2(f-g) in SU S’. SU S’-{P}, SU S’-{Q}, respectively, with homogeneous
boundary conditions. Let vi=f-g for i-0, 1,2. Then the reduction in energy by
moving the cut from P to Q equals

f(Q)[v-(Q) v( Q)] -f(P) v-(P) v-(P)].

By Lemma 4,

If [S’[ _-> s/2, then

E
[f(Q) g’(Q)]--< 1-

g’(Q)
v(Q)q:

12/z
e lle

]f(P)l --< [g’(P)[ +----< c
12 12

/ 121
by Lemma 4. If [S’[_-< s/2, then

[[g,[[.s,<lg,(p)]+(LipRg,) __< [g,(p)] +__
s

12

e

and hence, by Lemma 1

[v?(P)[

again. Therefore

Reduction in energy -- c- c- > O.
12]

To prove pa (ii) of the theorem, choose a>0 such that N=
{x: c+ a <[g’(x)[< [[g’[[,,} is not empty. Then, using Lemma 4, show in the same
way as in pa (i) that for every e > 0, there exists such that for all > , if I c N
is an interval of length e, not containing a point of B,, we can reduce the energy
by placing a cut at the center of L
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THE REVENGE OF THE LINEAR SEARCH PROBLEM*

ANATOLE BECKt AND MICAH BECKS

Abstract The linear search problem is the name for several problems motivated by the same external
reality. At times, the search for a goal can proceed in two (or more) directions. Looking in one direction
is at the expense of time and effort, which can be used elsewhere. More specifically, it might actually be
moving further from the goal. This is modeled by a physical search along an infinite straight line, where
the object of the search might be in either direction. Faced with a (known or unknown) probability
distribution, this paper attempts to minimize the expected loss, where the loss is a function of the time of
the search and the location of the object. In this variant of the problem, known distributions are dealt with,
and the loss function is a known power of the time spent.

Key words, linear search, search games

AMS(MOS) subject classifications 90B40, 90D45, 90D26, 93B40, 93C15, 93E20

Introduction. In 1972, the senior author, with the assistance of one of his students,
took up the linear search problem under the assumption that the "cost" of each unit
of distance increases with the time spent in search [4]. One way of defining the problem
is to define the cost function X(x) as

_
(X(x, t)) dF(t), where x= {xi}i:_ is a

search strategy, and X(x, t) is defined as follows: for lying between xn-1 and Xn+l,

X(x, t)=[tl+Yi:_21xi[, and F is the (known or unknown) distribution of the target.
Much has been written on the case where a 1[1, 2, 3, 5, 6, 7]. Among the values of
a > 1, a- 2 is special. This reflects not only the general mathematical interest in
square-summable functions, but also the naive assumption that the function multiplying
each new dF(t) (possibly reflecting the degree of impatience) is proportional to the
time already spent.

It will be the purpose of this paper to duplicate some of the results of [5] and [6]
for the cases a > 1 and especially a 2.

1. Definitions and fundamental notion. Let a > be arbitrarily fixed for the remain-
der of the paper and /3 a- 1. We will consider probability distributions F on the
real line E for which the absolute a-moment M=M(F)--_oItl dF(t)<. F is
taken continuous from the left in E-, the negative reals, continuous from the right in
E+, and thus continuous at 0, for reasons set out in [1]. In [2], we define a generalized
search procedure as a sequence {Xi}ic=_c with

We denote the set of generalized search plans as 1. For each point e N, if lies
between x,_l and Xn+l, we consider that the search plan x envisions a path beginning
at 0 and consisting of the intervals ..., [X_z, X_l], [x0, x_], [x0, x], .., up to the
point xn, followed by the interval between x, and t. The length of this path is Itl + 2s,,
where s, Ei:- [xil. If oi:_cx [xil , then X(x, t)= , for all t E, and x is a very
unsatisfactory search procedure. Since the search procedure y={-(-2)"} yields
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X(x,t)<9[tl, for all t[, we see that X,(y)=_X(y, t)dF(t)<=9M(F). Thus
we have at least one strategy giving a finite value for X if Ms < o. On the other hand,
X(x, t)>=ltl for all search procedures x and all t, giving X(x)>=M(F) for all
search procedures. By [4, Thm. 17], if M(F)<, then there is a search procedure z
such that X(z) X(x) for all search procedures x. By [4, Thm. 29], if either +(0)
or F-(0) is finite, then there exists a k such that all the turning points zi of z are
0 for k, where

+(0) lim sup {(F(t) F(O))/tit 0}
and

-(0) lim sup {(F(t)- F(O))/tl t0}.
At this point, we will also prove the following lemma.

LEMMA 1.1. Ifx is a minimizing search procedurefor the distribution Fand exponent
a O, then [X-l[ < [X+ll unless the search has not really begun (x X+l 0) or is really
already over (F(x) F(x-1) 1 ).

Proo Assume without loss of generality that x 0; the other case is similar,
mutatis mutandis. If x,_ x+, let y be the search procedure

yj= xy,
y x+,

Then X(y,t)=X(x,t)-Z([x,[+[X,_l[), Vt(x,,x,_,). Thus X(y)<X(x) if
F(x,) > 0 or F(x,-1) < 1.

2. Uniform istribmion. We begin with the distribution F, defined by F’(t)=
1for all a <t <b, F’(t) 0 elsewhere. If a>0 or b<0, the problem is trivial,
so we take a < 0 < b. To simplify the notation, we will rewrite the left-hand endpoint
of (a, b) as (-a, b) with a > 0, and rewrite each search strategy by omitting as turning
points all x that are 0 or lie outside [-a, b].

TnogM 2.1. If a> b, then X(x) is minimized by x= {b,-a}. If a <b, then
X x is minimized by {- a, b }.

We begin with the following lemma.
LEMMA 2.2. If 0 < a < b, then

;odt + (2a + t) dt < dt + (2b + t) dt.

Proo We must show that

io io(2a + t) dt < (2b + t) dt,

a + s)t ds dt < cr + s) ds dt.
o o

Ignoring the common factor c and subtracting the common domain [0, a] x [0, hi, we
must show that

+ s) ds dt < + s) ds dt,
b

which is clear since a + + s < b + + s, for all s, N.

a + + s) ds dt < b + + s )t3 ds dt

b + + s)t3 ds dt,
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LEMMA 2.3. If 0 < a < b < c, then

o io odt + (2b + t) dt < dt + (2a + t) dt + (2a + 2b + t) dr.
o

Proof. We must show that

Io Io Io(2b + t) t" dt < (2a + t) t" dt + (2a + 2b + t) (2b + t) dr,

(s + t) t3 ds dt < (s + t) t3 ds dt + (2b + s + t) t3 ds dt,

i,io b Io(2b + s + t) ds dt > a(2b + a)t3 (c a) > a(2a + b)t3 (b a) > (s + t)t ds dt,
.t2a

(2b + s + t) > a(2b + 2a)(c- a) > a(2b + a) (b- a) > (s + t) ds dt,
+b

(s + t) ds dt > (s + t) ds dr.

Adding the extremes,

(2b + s + t) ds dt + (s + t) ds dt > (s + t) ds dt

(s + t) ds dr.

LEMMA 2.4. If 0 < b a < c, then the same conclusion holds as in Lemma 2.3.
Proo The inequality

I’ o Io odt + (2b + t) dt t" dt + (2a + t)" dt

holds by Lemma 2.2, while

(2b + t) dt < (2a + 2b + t) dt.

COROLLARY 2.5. If 0 < a < c and 0 < b < c, then the same conclusion holds.
LEMMA 2.6. If 0 < a < c b < d, then

io io Io iodt + (2c + t) dt < dt + (2a + t) dt + (2a + 2b + t) dt

+ (2a + 2b + 2c + ) de.

Proo Note that

(2a + 2b + 2c + t) dt > (2c + t) dr,

dt- dt de,
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and

Ia: f 2a+2b

(2a + 2b + t) dt a (s + t)13 ds dt
.10

> a (s + t)13 ds dt + a
,I 2a+b ,I 2a

(s + t)13 ds dt.

On the other hand,

c(2c+t)-(2a+t)dt=a (s+t)13dsdt

so r So.S.a (s + t)13 ds dt + a (s + t)13 ds dt.
J2a +c

Also,

s, cr s.:;o(s + t)13 ds dt (2a + b + s + t)13 ds dt
d 2a+b

> (c+s+t)13dsdt

c (s + t)13 ds dt
+c

and

(s + t)13 ds dt (2a + s + t)13 ds dt
.12a

> (a + s + t)13 ds dt

f a+c

(s + t)13 ds dt.
,12a

Adding the first two inequalities gives us

(2a + 2b + 2c + t) dt + (2a + 2b + t) dt dt

I J> (2c+t)dt+a
b

2a+2b

2a+b fa". f 2a+b

(s + t)13 ds dt + a (s + t)13 ds dt.
.12a

Incorporating the first equality gives us

(2a + 2b + 2c + t) dt + (2a + 2b + t) dt + dt

o ’ oj> dt + (2c + t) dt + a
2a+2b

2a+b Ia: f 2a+b

(s + t)13 ds dt + a (s + t)13 ds dt.
,,12

It remains to show that

io i:;r-+ i.,r(2a+t)dt> (2c+t)=dt-a (s+t)13dsdt-a (s+t)13dsdt,
,t 2a+b ,12a
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which, by the second equality, means

a (s + t) t3 ds dt + a (s + t) ds dt
d 2a+b d 2a

> a (s + t) ds dt + ce (s + t) t3 ds dt,
,12a +c

which follows from the last two inequalities.
Proof of Theorem 2.1. By [4, Thm. 29], there is a minimizing strategy {xi} with

x, =0, for all i=< 0. We cannot have 0 xl (-a, b) and Ix=l < Ix l, since in that case,
by either Lemma 2.3 (if Ixll < Ix21) or Lemma 2.4 (if Ix l_> Ix21), the substitution of 0
for xl would reduce X,(x). If Ix21>lx31 and XnG(--a b), then by Lemma 2.6, the
substitution of 0 for x and x2 would reduce X,(x). Finally, if Ix=l > Ix l and X4J (--a, b),
the substitution of 0 for x and x2, and of the endpoint (either -a or b) of the same
sign for x4 would reduce X(x). Thus, in all cases, X (x) is not minimized if 0
(-a, b). It follows that the first nonzero turning point is one of the endpoints, from
which we see at once that the second is the other endpoint. By Lemma 2.2, x must
be the endpoint with the smaller absolute value.

3. Symmetric distributions. A distribution F is called symmetric if F(x) + F(-x)
1, for all x E. For these distributions, we take the notational convenience of writing
our search strategies with positive entries (i.e., {Ixl} for {xi}) with the understanding
that the actual turning points alternate in sign. Clearly, x and -x give the same value
of X.

THEOREM 3.1. If F is a symmetric distribution, x is a minimizing search strategy,
and Xk satisfies 0 < Xk and F(Xk) < 1, then Xk/l > Xk.

Proof The proof of this theorem is a modificatiOn of the proof of Lemma 3.2.
LEMMA 3.2. On the hypothesis of Theorem 3.1, Xk+ Xk.
Proof Assume that Xk Xk/. Then when the search reaches the (k+ 1)th turning

point, the strategy x calls for crossing back to Xk before searching new territory.
However, because of symmetry, the same search effectively can be accomplished
without crossing back. More explicitly, define the strategy y by

yn=x,, Vn<=k,
y, x,+ Vn > k.

Note that all turning points after the kth are in the opposite half of N. Indeed, we see
that X(x, t)= X(y, t), for all Itl<-x , x(x, for all I1> Thus
X(y) <X(x), contrary to the minimality of x.

Proof of Theorem 3.1. In the proof of Lemma 3.2, we drop the entry Xk+. In this
proof, we assume that Xk+ <= Xk, which means Xk+ < Xk. Let j be the largest value of
n for which x, <= Xk. Thus j => k + 1 and is of opposite parity to k. Then Xk < X+2, and
we drop all the x, for k < n =<j. Thus, as before, if y (. , Xk-, Xk, X+, Xj+2, "), all
the entries after the kth lie in the opposite half of E. Then we have

X(x) (2s, + t) dE(t)+ (2Sk + t) dF(t)
Xn_l J Xk_

+. + (2sj+ + t) dF( t) + 2 (2s, + t)’* dF( t),
xj =j+2 xn_

kl f Xn+l f Xj+l f Xj+2

X,(y) (2s, + t) dF(t)+ (2s, + t) dF(t)+ (20+ + t) dF(t)
Xn_ Xk_ Xk

f Xn+
+ 2 (2r, + t) dF(t),

=j+2 Xn_
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where

Then

s.= x, ’qnZ, and r sk -Ji-- xj+ 1-21-. -- x < S fn > j.

Xk+l f Xk+3

X. (x) X(y) (2Sk + t) dF(t) + (2Sk+2 + t) dF(t)
Xk_ Xk+

+’’" + (2Sj_l + t) dF(t) + (2Sj+l + t) dF(t)
xj-2

+ (2sj+, + t) dF(t) + (2S+l + t) dF(t)

+ (s+3 +
X+ Xj--

X

=j+2 Xn_

Xk+l Xk+3

> (2s + )
X_

+. + (s + )
xj_

+

+. + (s + )
X- x_

(s + ) F(
X+ X

[(++ F()
X

(s +
+1 X

[ ’+2
(2

X X

[* (S+l + ) (+ + ) F() > 0,
Xh

contrary to the assumed minimality of X(x).
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4. The triangular distribution. We define the triangular distribution T by the
condition that (t)- 1-[tl, for all -1 < < 1, (t)-0, for all Itl> 1. The only result
in this section is Theorem 4.1.

THEOREM 4.1. If x is a minimizing search strategy for T, then xi 1, for all ’.
Proof. Suppose that k is the least value of n for which xn-1, i.e., x--

{Xl,’", Xk-1, 1, 1,’’ "}. Let y-{Xl,’’’, Xk-1, S, 1, 1, 1,’" "}. Then

and

/ (2Sk-1 4- 2 4- t) (1 t) dt
k--I

X:(y) (s. + t):(1- t) t+
0 Xn_ k--2

+ (2sg_ + 2s + t) (1 t) dt
k-1

+ (2s_ + 2s + 2 + t)(1

Thus

x(x x( (s_ + (

+ ((2Sk_+2+t)--(2Sk_+2s+t))(1--t) at- (2Sk_l+2S+2+t)(1--t) at

Ix ((s_++-(s_,+s+(-

((S_l+S++) -(s_+ ))(- ) .
By the mean value theorem,

(s_ + + ) (s_ +s +) ( s)(S_l + s) > (1 s)(s_),
while

(2s_ + 2s + 2 + t) (2s_ + t) < 4(1 + s)(2$_1 + 2$ + 3) < 8ff (2$_ + 5).
Hence,

+5( s> 0,X(x-X(> (-s(s_,(-x_, -4(s_,

if 1-s is suciently small, contrary to the assumed minimality of X(x).. Te sedl ese . For a symmetric distribution F, define the function H
in N+ by H(s)= IotdF(t). Then for any search plan x {x}=_, we have

Xn+l
X;(x) =-2 oj_, (2s + t) dF(t)= M(F)+4+4,
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where

where

and

E xj(H(Xn+l)-H(xn-1))

E xj(H(x.+I)-H(xn_I))

Y xj(2H- n(xj_l)- H(xj)),

H= tdF(t)=1/2Ml(F),

Xn

A= Z I s dF(t) E sn(F(Xn+l) F(xn-1)).
xn_

If F is differentiable, then a minimizing search strategy x would satisfy OA/OXk O,
for all k , where A A1 + A. The corresponding formula in the case where a 1
involves only the three turning points Xk-1, Xk, and Xk+, thus enabling it to be used
easily as a computing tool. For 2, however, the matter is more complicated; see
below:

oA
OXk

(2Ho- H(Xk_l)- H(Xk))- H’(Xk)Xk H’(Xk)Xk+l

2Ho- H(Xk-1)- H(Xk) XkF’(Xk)(Xk + Xk+,),

OA)__ y. 2s.(F(x.+)- F(Xn_l))+ F’(Xk)S2-i F’(Xk)S+I
OXk =k

’. 2Sk(F(x.+I)-F(x._I))+ E 2(s.-sk)(F(x.+I)-F(x.-1))-F’(Xk)(sZ+-s2-I)
=k n=k

2s(G(x_,) + G(x)) + E 2
--k j=k+l

xj(F(x.+)- F(x._))

F’(Xk)(Sk+l + Sk-1)(Sk+l Sk-1)

=2Sk(G(xk-1)+G(xk))+2 E xj(F(X.+l)-F(X._l))
k<j<=

F’(Xk)(Sk+I + Sk-1)(Xk+l ql_ Xk

2s(G(x_,)+ G(x))+2 E xj(G(xj-,)+ G(xj))--F’(Xk)(Sk+I + Sk-1)(Xk+, +Xk),
j=k+l
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where

G(x)=l-F(x), Vx>0.

Thus, our necessary condition becomes

0A
0 2H- H(xk-1)- H(xk)- xF’(x)(x + x+,)- (sk+, + s_,)F’(x)(x +

OXk

+ 2s(G(x_) + G(x)) + 2 2
j=k+l

xj( G(xj_) + G(xj))

2H-H(x_) H(xk) -(s+ + s)F’(xk)(x+ + xk) + 2s(G(xk_) + G(x))

+2 E xj(G(Xj_l)+G(x)).
j=k+l

Since this is true for all k

oA oA
OXk OXk+

H(x+,)- H(x_,)-(s+, + s)F’(xk)(x+, + x)

+ (Sk+2 + Sk+l)Ft(Xk+l)(Xk+2 + Xk+l) + 2s(G(xg_) + G(xk))

2Sk+l(G(Xk) q- G(xk+,)) q- 2x+,(G(x) + G(Xk+l))

I4(x+,)- 14 (x_,)-(s+, + )F’(x)(x+, + x)
+ (s+2 + sk+)F’(x+)(x+2 + x+)+2s(G(x_)- G(x/+l))

which has the advantage that it involves only finitely many values of xn. We can, in
principle, use this formula to calculate x+2 when x,..., x+ are known. Actually,
the calculation is very delicate, depending on the size of F’(x+). However, for every
choice for x and x2, we can generate values for all the other xn. Thus, what would
be a one-dimensional search in the case where a becomes a two-dimensional search
for a =2. We will carry out a numerical analysis for the triangular and normal
distributions.

6. Numerical approximations. To obtain the turning points for the triangular
distribution, we start with the search strategy (1, 1, 1, 1,. .). In line with Theorem 4.1,
we modify x--1 to x, which satisfies the equation for oA/oxl--0, with Xo=0 and

x2 x3 1. Then we modify the strategy (x, 1, 1, 1,. .) by applying the equation for
oA/Ox2 0, with x x and x3-- x4 1. The solution is called x22, and we then modify
Xl to x21, using Xo 0, x2 x22, and x3 x4 1. We continue in this way, generating
X33, X32, X31, X44, etc.

Actually, solving for Xk will give us Xk 1 for quite small values of k and j
because of the limitations of the machine, so we alter our algorithm to yield 6kj 1- Xk
instead. Then we obtain 6n limk_,o 6k,, for all n N. This procedure will give us the
values shown in Table 1. For a 1,

) ).X,(x)= MI(T)+ 2 s,((1-x,_, -(1-x,+,)2)= M,(T)+ Z
n=l n=O

)2 translatesThus, the condition O=OX/Ox=(1-x)2 2(Xnnt-Xn+)(l--Xn)nt-(1--Xn-
as 0=33-(4-2,+)+2,-2. We then seek a sequence {6,} satisfying this equation,
for all n e N, and 8o 1- Xo 1. For other values of a, we have

OX. E (2s+t)(l-t) dt-6,((2s,++xn)-(2s,-+x,)"),
OXn j=n xj_
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TABLE 2

X X X X X

1.44085411 2.62758012 3.63220012 4.52034243 5.32668134
2 1.73460565 2.91667028 3.90190853 4.77195919 5.56291993

X X X X X10

6.07157768 6.76811167 7.42526253 8.04950858 8.64570659
2 6.29484181 6.98033174 7.62796854 8.24392182 8.83281415

Xll X12 X13 X14 X15
9.21761012 9.76819253 10.2998576 10.8145824 11.3140164

2 9.39822060 9.94297686 10.4693791 10.9793191 11.4743781

X16 X17 X18 X19 X20
11.7995539 12.2723858 12.7335393 13.1839076 13.6241273

2 11.9558947 12.4250141 12.8827259 13.3298920 13.7672691

which we wish to equal 0. Thus, we want

OXn OXn+ xn_
(2s,, + t)(1- t) dt-6.((2s.+,+x.)-(2s._,+x.))

+ 6.+,((2s.+2 + x.+,)" -(2s. + x.+,)

a+l
((2s. + x,,+,)’ (1 + a6.+l + 2s.)

-(2s. + x._,)’ (1 + On_ -+-2S.))

6. ((2S.+1 + X.) (2S._1 + X.)

+ 6n+l((2Sn+2-k- Xn+ Xn+)"-(2s. + )"),

where x. 1- 6. and s. x "-’" "--Xn, Vn [.
We obtain 6. for each value of a between 1 and 3 by taking as initial values what

we have for a-.1 and applying Newton’s method until we get the necessary zeroes.
The results are found in Table 1.

The normal distribution is more complicated. To avoid the complications of
infinitely many turning points, we will use the equations we get from the condition
(oA/OXk) (oA/OXk+l) O, for all k. Choosing values of Xl and x2 with 0<Xl
we generate x3, , X2o recursively and calculate A for those x, x2 for which 0 < x <
x <. < Xo < 103. Table 2 shows a comparison of the turning points for a 1, 2.
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Hoo-CONTROL BY STATE-FEEDBACK FOR PLANTS WITH
ZEROS ON THE IMAGINARY AXIS*

CARSTEN SCHERER

Abstract. Algebraic tests are derived for the suboptimality of some parameter in the H-optimization
problem by state-feedback, where the finite zero structure of the plant is not restricted. As an application
of these characterizations, a quadratically convergent algorithm for the computation of the optimal value
is presented. The suboptimality tests are based on new solvability criteria for general algebraic Riccati

inequalities that are of independent interest.

Key words. H-optimization, invariant zeros, Riccati inequalities, quadratic convergence
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1. Introduction. In the seminal papers [15], [10], [11], and [28], suboptimality
tests for the state-feedback H-problem were derived by making essential use of the
bounded real lemma [2]. These characterizations are formulated in terms of the
solvability of an algebraic Riccati equation (ARE) that contains some perturbation
parameter e > 0. For the so-called regular problem (in the terminology of [23]), this
e-parametrized Riccati equation could be viewed as an unperturbed strict algebraic
Riccati inequality (ARI). If the plant has, in addition, no zeros on the imaginary axis,
we can return to an unperturbed Riccati equation [3], [24] whose solvability can be
checked algebraically. The ARE-based suboptimality tests allow us to find quadratically
convergent algorithms for computing the optimal value 18]. If considering the singular
problem for a plant without zeros on the imaginary axis, the perturbation technique
can be avoided as well. We must replace the Riccati equation by a quadratic matrix
inequality as it is known in the theory of singular LQ problems [23]. In fact, the
suboptimality criteria boil down to the solvability of a certain reduced-order Riccati
equation, which implies that the computational algorithms of 18] are againapplicable.

In this paper we provide an algebraic solvability test for general strict Riccati
inequalities. This leads directly to a characterization of suboptimality for the regular
H-problem without the need to apply any perturbation technique. In a subsequent
paper we show how these results may be generalized to a solution of the H-problem
by output measurement [19].

The paper is structured as follows. In 2 we give a precise formulation of the
regular H-optimization problem by state-feedback and point out the relation of
suboptimality with algebraic Riccati inequalities (Theorem 1). We briefly explain the
above-described perturbation methods and the difficulties caused by plant zeros on
the imaginary axis. The self-contained 3 is the core of our whole approach. It contains
the derivation of new algebraic conditions which are equivalent to the solvability of
a strict algebraic Riccati inequality with a symmetric or positive definite matrix
(Theorems 3 and 6). The parameter matrices that define the ARI are in no way restricted.
Section 4 consists of the translation of these criteria to the H-problem. Although this
is just a task of matching matrices, we explicitly discuss the influence of the plant
zeros on the H-optimal value and on the design of suboptimal feedbacks. Section 5

*Received by the editors January 5, 1990; accepted for publication (in revised form) December 13, 1990.
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is devoted to proposing an algorithm for the computation of the optimal value.
Moreover, we investigate the possibility of computing the optimal value by solving
certain Hermitian eigenvalue problems.

lb. Notation. We denote by N the nonnegative integers, by and C the real and
complex numbers where C is partitioned in the usual way as C-[A CU C+, the open
left half-plane, the imaginary axis and the open right half-plane, respectively. The
spaces En, C are equipped with the usual Euclidean norm and Enm, Cnm with the
induced operator norm where all these norms are denoted by I]" II-Any matrix and
any subspace appearing, in this paper is considered to be real if not stated otherwise.
In general, the dimensions of (sub)matrices are suppressed and a block in a partitioned
matrix which is of no interest is denoted as ".." Moreover, we use the notation A
for the restriction of A R to any A-invariant subspace 5.

For the subset of symmetric matrices in Enn we use the symbol 5". X > Y (X >- Y)
means that X and Y are symmetric and X- Y is positive (semi)definite. If 5 is any
subset of 5n, S_ is called a (strict) lower bound if S_ <= S (S_ < S) holds for all S
Ifthere exists one (strict) lower bound, there are obviously infinitely many. An important
concept is to choose "close" (strict) lower bounds: S_ is called a (strict) lower limit
point of 5 if S_ is a (strict) lower bound of 5 and if there exists a sequence Sj
with Sj- S_ for j- c. Obviously, there is at most one lower limit point and at most
one strict lower limit point of . A matrix S 5 is called positive (negative) on the
complex set of vectors C if x*Sx > 0 (x*Sx < 0) holds for all x A/\{0}. Finally,
we always identify a system =Ax+Bu, z-Cx+Du with the corresponding
Rosenbrock matrix

If H(s) is a real rational matrix, we define H(s)II := supo H( ico )[] _-< . H(s)ll
coincides with the L-norm if H(s) is proper and has no poles on the imaginary axis.
If H(s) is proper and stable, IIH(s)II is the H-norm of H(s).

2. Hoo-optimization and Riccati inequalities. The system is described by

Ax + Bu + Gd, x(O) O,
(1)

z Hx + Eu,

where x n is the state, u R" the control, d " the external disturbance, and z
the controlled output, and the real matrices A, B, G, H, E are of compatible size.

The H-problem by static state-feedback consists of minimizing I[(H+ EF)x
(sI A- BF)- G[] over all feedback matrices F such that A + BF is stable. Obviously,
(A-sI B) must be stabilizable. In this paper, we treat only the regular problem and
hence we assume in addition that E has maximal column. We can then perform the
preliminary feedback u Fx + v with F := -(EE)-EH to achieve E (H + EF) O.
The subsequent input coordinate change v- (E ’E)-l/2u shows that we can start (just
to simplify the formulae) without restriction with the following requirements:

(2) (A-sI B) is stabilizable and E T (H E) (0 I).

Apart from 3, these are the standing assumptions throughout the paper. For any F
of correct size, we introduce the notation

/(F) :=
II(H + EF)(sI A- BF)GII
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under the usual conventions 1/0 oo, 1/oo 0. The feedback matrix F is called stabiliz-
ing if A + BF is stable. We study in this paper the H-optimization problem

Ix, sup {IX(F)]F is stabilizing}.

By stabilizability of (A-sI B), Ix, is positive but could be infinite. The first step
consists of giving algebraic characterizations for some real parameter Ix to be suboptimal
in the sense of Ix < Ix,. If Ix is actually suboptimal, we discuss the construction of
stabilizing feedbacks F with Ix < Ix(F). Based on the suboptimality criteria, we finally
give a fast procedure to compute Ix,. The following suboptimality characterization is
easily extracted from [10], [11], [28], and [18] and is contained in [19] as a special
case of a fundamental result for the possibly singular problem.

THEOREM 1. Fix any Ix > O. Then Ix is suboptimal if and only if there exists some
P > 0 with

(3) ATp + PA + P(IxGGr BBT)p + HTH < O.

If P>O satisfies (3), then F:=-BrP is Ix-suboptimal in the sense of Ix < Ix(F).
The parameter Ix enters this ARI linearly. This is the simple reason why we do

not infimize II(H / EF)(sI-A- BF)- all but, equivalently, maximize Ix(F).
If we reformulate that Ix > 0 is suboptimal if and only if there exists an X > 0 with

(4) (-Ar)rX + X(-Ar) X(Hr)(Hr) rX IxGGr + BBT > O,

we can explain the difficulties caused by the C-zeros [1] of the system

which coincide, by (2), with the unobservable modes of

S(s) :=
H

Fix some Ix > 0 and suppose first that S(s) has only unobservable modes in C+, i.e.,
the system (-A7‘-sI HT‘) is stabilizable. We anticipate Theorem 2 to infer that (4)
has a positive definite solution if and only if the Riccati equation

(6) (-A)X+X(-A)-X(H)(H)X-GG +=0
is solvable and its stabilizing (maximal) solution X+ (tr(-AT‘-HT‘HX+)cC-) is
positive definite. These conditions can be checked in an algebraic way: See if the
Hamiltonian

( -AT -HTH)H(Ix) ::
IxGG

7‘ BB 7" A

has no eigenvalues in C. If this is true, compute a real matrix (T(T2) r whose
columns form a basis of the stable subspace of H(Ix). Then T1 is invertible and we
must see if the symmetric stabilizing solution X+ T2T-1 of the ARE (6) is positive
definite (see, e.g., [6, 7.2]).

General direct solvability criteria for the ARI (4) are only available under the
assumption that S(s) has no unobservable modes in C: There exists a real symmetric
solution of the ARI (4) if and only if H(Ix) has no eigenvalues in Co [5]. But even
under this restrictive assumption, no characterization ofthe existence of positive definite
solutions is available.
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Our whole interest centers around the situation o(S(s)) f3 CO , where the results
of[5] are not applicable. Since it is not possible in this case to infer from the solvability
of the ARI (4) the solvability of the ARE (6), we cannot work with Riccati equations
instead of Riccati inequalities. The usual technique to overcome these difficulties is to
look at the perturbed ARE

(7) (--AT)Tx+X(--AT)--X((HT)(HT)T+e2I)X-IGGT+BBT=O.
Since (--AT--SI HTeI) is controllable, it is clear that/ is suboptimal if and only if
there exists an e > 0 such that (7) has a positive definite solution. The main difficulty
is the suitable choice of e >0. Although this perturbation approach has obvious
disadvantages, it provides the starting point for our derivation of direct solvability
tests for general strict algebraic Riccati inequalities.

3. Solvability criteria for a strict algebraic Riccati inequality. We derive in this
section checkable conditions for the solvability of the Riccati inequality

ATx + XA XBBTX + Q> 0

with some real symmetric or even positive definite X. Here the data matrices A
nn, B 6 n’, and Q " are completely arbitrary; in particular we do not assume
that (A-sI B) is controllable or stabilizable. To avoid confusion we stress that all
objects introduced in this section are only used here and are independent of those in
the rest of the paper.

We decided to investigate this type of ARI instead of the one appearing in
H-theory since our results are somewhat more natural and easier to formulate with
respect to the data A, B, Q and since it is more convenient to compare them with those
in the literature. In particular we refer the reader to [5], where the most general
solvability test for the strict Riccati inequalities appears: If (A- sI B) has no uncontrol-
lable modes on the imaginary axis, the ARI (8) has a solution X n if and only if
the Hamiltonian (9) has no eigenvalues in C. In this generality the existence of positive
definite solutions has not been characterized up to now.

For notational simplicity let us introduce the Riccati map R:" - $" by

X - R(X):= ATX + XA- XBBTX + Q.

If (A- sI B) is stabilizable, it is simple to derive the following rather well-known basic
results, which will be instrumental in our subsequent considerations.

THEOREM 2. Suppose that (A-sI B) is stabilizable. Then thefollowing three state-

ments are equivalent:
(a) R(X) > 0 has a solution X .
(b) R(X) =0 has a solution X+6 such that A-BBTX+ is stable.
(c) The Hamiltonian matrix

-Q -AT

has no eigenvalues on the imaginary axis.
Suppose that one ofthese conditions holds true. Then the solution X+ in (b) is unique.

This so-called stabilizing solution X+ has the maximality properties

Xg’: R(X)>-O= X<-_X+ and R(X)>0:=>X<X/.

Furthermore, there exists a sequenceX g with R(X) > 0 that converges to X+ forj
Proof. For a proof of the equivalences we refer to [5]-[7], [16] and stress that

there is no need to use (advanced) techniques from symplectic algebra. The statements
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about the uniqueness and the maximality of X+ are combinations of results from [7],
[16], and [26]. We note that R(X)>0 implies X+>-X. Therefore, xT(x+--X)x=O
yields X+x Xx, i.e., xTR(X+)x xTR(X)x, which leads to x =0.

We should, however, prove in more detail that X+ can be approximated by
solutions of the strict Riccati inequality. In the case where the Hamiltonian (9) has
no eigenvalues in C, there exists some eo> 0 such that

-O+eI -AT

has no eigenvalues in CO for all e[O, eo]. For these e, there is a unique X(e)$"
with R(X(e)) el > 0 such that A- BBrX(e) is stable. By maximality, X(. is
nondecreasing for decreasing e and bounded from above by X(O), i.e., it converges
to some Xo for e O. By R(Xo) 0 and cr(A BBTXo) c C- U C, we conclude that Xo
coincides with X+ [26] and we end up with X(e)X+ for exa0.

If (A- sl B) is not necessarily stabilizable, the uncontrollable modes of (A- sI B)
on the imaginary axis pose the main problem [5]. To be able to apply the results in
Theorem 2 and to display the zero structure of (A-sI B) in C, it is most helpful to
transform (A-sI B) with the help of a nonsingular matrix S to

(10) As :-- SAS-1 A2 0 Bs := SB 0

0 A3 0

such that (A1- sI BI) is stabilizable, tr(A2) C, and tY(A3) C+ [14]. Then the eigen-
structure of A2 determines the zero structure of the pencil (A- sI B) on the imaginary
axis. The standard stabilizable subspaces of (A sI B) with respect to C- and C- U C,
which are denoted as

V-(A sI B) and -(A sI B) + T(A sI B),

have (with an obvious partition) a nice explicit description in these special coordinates:

V-(As sl Bs) {x2 0, x3 0} and Y-(As sI Bs) + V(As sI Bs) {x3 0}.

The matrix Q is transformed to Qs :- S-rQS- and Qs is partitioned as As. If defining
X- Rs(X):= A[X + XAs-XBsBX + Qs, the transformation of Q is motivated by

STRs(X)S R(sTxs),
which shows that

{X6 " JR(X)> 0}= sT{x " [Rs(X)> 0}S.

Therefore it is possible as well to characterize the existence of some symmetric or
positive definite X with Rs(X)> O.

If we partition X n and Rs(X) as Q, we easily compute the blocks of Rs(X)
as

RI(X :--- AX, + X,A,- XIBIBX -+-
R12(X :-- (A,- BIBX1)Tx12 + X12A2-+- X1B,F2+ ()12,

R,3(X) := (A, B,BT x1) Tx13 -t- X13A3 + X1BIF3 d- Q13,

R2(X) := AfX2 + XAz-(F- BT1x) T(F2 BTI XI) + FfF+ Q,

R3(X) := AX3+ X23A3 F2 B X,:) T(F3 B1X13) + FF3 + Q3,

R3(X := AfX3 nt X3A3_ (F BT1x3)T(F B’Xl3)_1_ Fff3 d- Q3.
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Although these formulas look complicated, they exhibit the dependence of the blocks
of Rs(X) on those of X. It will turn out to be of great importance that RI(X) only
depends on X1 and R2(X) only on X1 and Xl2. Furthermore, varying X3 only changes
the block R3(X) in Rs(X). Now we are ready to formulate the main result of this paper.

THEOREM 3. (a) There exists an X " with Rs(X) > 0 ifand only if there is some
y Nn such that

(11)

(12)

(13)

r(A,-B,BY)C-, A(YI+ YIA1- YB,B(YI+Q1--O,

(A, B,By)Ty2 + YI2A2 +
x*[ 02+ FF2- (F2-BY,2) r(F2-BY,2)]x > 0

hold for any (possibly complex) eigenvector x of A2.
(b) There exists a real symmetric X > 0 with Rs(X) > 0 ifand only ifsome Y exists

as in (a) which satisfies, in addition, YI > O.
All conditions given in the theorem are verifiable. First, we must test the existence

of Y1 that satisfies (11). By stabilizability of (A- sI BI) and Theorem 2, we need only
check whether the Hamiltonian

has no eigenvalues in C. If Y exists, it is unique and easily determined by computing
a basis of the stable eigenspace of this Hamiltonian. Then the Sylvester equation (12)
has a unique solution Y12. Since A2 is real, we propose to test (13) in the following
way: For any ito o’(A2) with Re (w)-_> 0, we compute a complex matrix E whose
columns form a basis of the complex subspace {x C"21(A2 iwI)x=O} (A2N"2")
and check whether E*[Q2+ FfF_-(Fz-BYz)r(Fz-BYe)]E is positive definite.
The additional condition in (b) can be verified by determining the smallest eigenvalue
of the uniquely determined matrix Y. Obviously, the uncontrollable modes of (A-
sI B) in C+ do not influence these criteria.

The first step in proving Theorem 3 consists of verifying the result for a Lyapunov
inequality

ArX+XA+Q>O
in the case where A has only eigenvalues in C. This is in itself an interesting and (to
our knowledge) new result. We not only characterize the existence of solutions but
also show that they can even be chosen to be arbitrarily large. The key idea for the
proof is to perturb the Lyapunov inequality and to investigate the resulting parametrized
ARE for a controllable system, for which a well-established theory exists.

THEOREM 4. Suppose that the matrix A Nnn has only eigenvalues on the imaginary
axis.

(a) The inequality ATx +XA + Q > 0 has a real symmetric solution X if and only
iffor any eigenvector x of A, the quadratic form x*Qx is positive.

(b) If one of the equivalent conditions of (a) holds there exists for any Xo a

solution X of the Lyapunov inequality with X > Xo.
Proof of (a). If X is some solution of the Lyapunov inequality, we deduce from

(A- itoI)*X + X(A- itoI) + Q > 0 for any to N immediately the necessity of our
condition if choosing ito tr(A).

To prove that this obvious necessary condition is in fact sufficient, we first note
that there exists a 6 > 0 such that the implication

(14) (A itol)x 0, Ilxll- 1 ==> x*(Q 6I)x > o
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holds true. Define for this fixed the matrix Q := Q-6I and consider the ARE

(15) ArX + XA e2X2 + Q 0.

We show that this ARE has a solution X 5;n for some e > 0. This implies ATX +XA+
Q 6I + e2X2> O, i.e., X solves the Lyapunov inequality as desired.

Since (A-sI eI) is controllable for e > 0, there is a real symmetric solution of
(15) if and only if the frequency domain inequality

I + (eI)( itoI A)-* Q,( itoI A)-(eI) >= 0

holds for all iwC\o’(A) [4]. If defining H(ito)=(itoI-A)-*Q(itoI-A) -1, the
Hermitian matrix I + H(ito) converges to the identity for [tol- and thus there exists
an too such that I + H(ito) > 0 for all to with I 1> This implies I + e2H(ito) > 0
for all e[0,1] and Itol>too. With the bounded set of frequencies F:=
{co [-tOo, too]l ito : o-(A)}, we need only prove that

Ele 6 (0, 1] VtoF: itoI A)*( itoI A)+ eZQ >= O.

Suppose that this statement is not true. Then we can construct sequences toj F and
xj C" with [[xj 1 such that

(16)
1

xj*. itoI A * itoI A x < xj*. Q,xj

holds for all j e t. By boundedness, it is possible to extract a subsequence such that
x, converges to some x # 0 and to, to an toe [-too, too] for l. From (16) we
deduce (it%I A)x,- 0 for since xQ,xj, is bounded. This shows itoI A)x 0
and, therefore, x is an eigenvector of A. The inequality (16), however, yields xj*., Q,x, <- 0
and thus x*Qx<=O, a contradiction to (14).
Proof of (b). Suppose that Z e " satisfies ATZ + ZA + Q > 0. Then there exists some

6o > 0 such that ATZ + ZA + Q- 6oi is still positive definite. Now consider the param-
etrized ARE

AP + PAT + top2 el O.

By standard LQ theory this equation has for any e > 0 a unique positive definite
solution P(e). Considering the corresponding LQ problem shows immediately that
P(e) is nonincreasing for decreasing values of e and thus Po := lim_o P(e) exists, is
positive semidefinite and satisfies APo+PoAT+6oP=O. Since the zero matrix is
another solution of the latter ARE and since A has all its eigenvalues in C C+, 0 is
the maximal solution of this equation [26] and hence we obtain Po =< 0, i.e., Po 0.
Therefore there exists an eo > 0 with P(eo)-I > Xo- Z and, of course, P(eo) -1 satisfies
ATp(eo)-+P(eo)-A+6oI=eoP(eo)->O. This implies that X:=P(eo)-I+z
satisfies X > Xo and, by the choice of 60, ATx + XA+ Q > 0 as desired. [3

Now we are able to prove Theorem 3. The proof of necessity essentially proceeds
along the following ideas. We perturb B to some B(e) such that (A-sI B(e)) is
stabilizable and infer that the ARE A7X + XA XB(e)B(e) 7X + Q 0 has a stabilizing
solution X(e) for all small e >0. Then it is possible to show that the (1, 1) and (1,2)
block of X(e) converge to the corresponding blocks Y and Y2, which must be
constructed. The nonstrict version of (13) would follow immediately. To verify the
strict version of this statement we must, in addition, perturb the constant matrix Q.
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Proof of necessity in Theorem 3. Suppose that X Nn satisfies Rs(X)>0. Then
we define the submatrices

Xp := Ap :=
x T12 X2 / 0 A2 ,]

and the perturbations

Bp(e) := Qp(6):o O Q-,I!

to infer rAp Xp + XpAp XBp(O)Bp(O) rXp + Qp(O) > 0. By continuity, there exist eo>0
and 8o > 0 such that

TAp Xp + XpAp XpBp e Bp e Txp + Qp 80) > 0

holds for all e[0, eo]. Since (Ap-sI Bp(e)) is stabilizable for e>0, we can choose
X(e) to be the largest matrix satisfying

(17) AX(e + X(e)Ap X( e )Bp( e )Bp( e Tx( e + Qp( 8o) =0.

We paition X(. according to Ap and note that

(18) Ap- Bv(e)Bv(e)X(e)= (A,- lBfXl(8) B1F2 laX12(8))-eX,2(e) T A-eX(e)
is stable. By maximality, X(.) is nondecreasing for decreasing e 6 (0, eo]. To prove
fuher propeies of X(. ), we write (17) blockwise and get

(19) i(X(e)+X,(e)i,-X(e)B,B(X,(e)+Q,-(eX2(e))(eX,2(e))T=o,

(20) (A-BBX(e))Txz(e)+X(e)(A-e2X(e))+X(e)BF+Q=O,
(21) AfX2(e)+ X(e)A+ O- e2X(e)2-(F- BXa2(e))T(F2- B(Xz(e)) =O
after introducing 0 := FfF2 + Q- 6oI.

Multiplying (21) with e 2 shows that P(e):= e2X(e) satisfies

(22) AfP(e)+P(e)A2+eO2-P(e)=e(F-BX2(e))T(Fz-BX(e))
for e (0, eo]. We now prove P(e) 0 for e 0.

Choose iw 6 (A2) and take an arbitrary Jordan chain x_ O, (A-iwI)xj xj_a
for j 0,..., I. If we multiply (22) from the left with x and from the right with xj,
we obtain

y_,P( )x +yP( )_, + ’xyO, P() .
For j=0, we deduce P(e)XoO. Suppose now that P(e)x)_a 0. Then we conclude
from xP(e)xj_0 and x_P()xj0 with the help of this inequality P(e)xj 0. By
induction this propey thus holds for all j 0,. ., I. Since A2 has only eigenvalues
in o and the Jordan chain was arbitrary, we conclude P(e) 0 for e 0.
Equation (2) hence implies e(F-B[X(e))r(F-B(X(e))O, and thus

(2) B([X,,()]0
for e0.

Recall that X(e) is nondecreasing for decreasing e. By (19), X(e) satisfies the
inequality A(Xa(e) +X(e)A X(e) BaBX(e) + Q 0 and is hence bounded
by the stabilizing solution of the corresponding Riccati equation. Therefore X(e)
onveres to some X(0) for e 0. This implies, again by (19), that eXam(e) is in fact
bounded.
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Now choose some F with cr(A BIBTIXI(O)+ BIF)c C- From (20) we deduce
the equation

(A1-BIBTI X,(e)+ B,F)T[exe(e)]+[eX12(e)]A2
-eO,2-[eX,(e)]B, F2+[eX12(e)][e2X2(e)]+ FTBTI[eX,2(e)].

The right-hand side converges to 0 and X->(A-BIBT1XI(O)+BIF)TX+XA2 is, by
the choice of F, a bijective map with bounded inverse. This already implies eX12(e)-> 0
for e -* 0. Thus X1(0) is in fact a solution of the ARE AX+XA1 XB1BTX + Q1 O.
Since the stable matrix (18) is similar to

(A1- B1BXI(e) e(BIF2- BBI X12(e)))-/X12(/) T A2- 2X2(e)
(using the similarity transformation ( )), we obtain first o-(Al- BBTX(O))c C-t..J
C. Since the ARI ATx +XA XBBX+ Q1 > 0 is solvable, the corresponding
Hamiltonian has no eigenvalues in Co and thus A- BBXl(O) must in fact be stable.

Now it is possible to infer from (20) the convergence of X12(e) to the unique
solution X12(0) of the linear equation

(A, B1BT1X(O)) TX -[- XA2 + XI(O)B1F2 + Q2 O.

For any eigenvector x of A2 we deduce from (21)

x*[FF2
q- Q2- (F2- B1Tx,2(8))T(F BT x12(8))]x >- toX*X

and thus, after taking the limit,

X*[F2TF2
q- Q2 F2 B1Tx,2(0) T F2 B1Tx,2(0) IX > 0.

If X > 0 solves Rs(X) > 0, we infer in addition that X1 > 0 satisfies AX1 +XA1-
X1BB’(q-Q1 > 0 and hence conclude X < Y1, i.e., Y > 0. [3

Sufficiency is shown by constructing X blockwise where we exploit the above-
described particular structure of the Riccati map. We select some X1 with RI(X > 0
for any real symmetric X that has X1 as its (1, 1) block. X is chosen near Y such
that it is possible to find X12 and X2 with R12(X --0 and R2(X)> 0. For the special
blocks X13 =0 and X23-0, we can find a large X3 to make R3(X arbitrarily large.
Since only R3(X is influenced by X3, we can force Rs(X) to be positive definite. If
Y is positive definite, X can be chosen to be positive definite and if X2 and X3 are
large enough, X itself becomes positive definite. For later use, we construct a whole
sequence X(j) of solutions.

Proofofsufficiency in Theorem 3. According to Theorem 2, there exists a sequence
X(j) which converges to Y1 for j- and which satisfies AXI(j)+XI(j)A-X(j)B1B(XI(j)+ Q > 0. Without restriction, this sequence can be chosen such that
A1-BB(X(j) is stable for all jN. Hence there exists a sequence X12(j) which
satisfies

(A BIB XI(j)) TX2(j + X2(j)A2 + X(j)BF2 + Q12 0

for all j and which necessarily converges to Y12 for j- 0. Therefore there exists a
jo such that x*[ Q2 + F2TF2 (F2 B " TX2(J)) (F2-BTX2(j))]x is positive for all
eigenvectors x of A2 and all j _->jo. We can apply Theorem 4 to infer the existence of
a sequence X2(j) with

AfX2(j) + X2(j A2 + Q2 + FfF2 F2 B x12(j) T F2 B X12(j)) >0"

and

(24) jI < X2(j)
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for all j =>jo. Now define

0 X(j)

with some still unspecified sequence X3(j). We obtain

Rl(X(j)) 0 R13(X(j))
Rs(X(j)) 0 R2(X(j)) R23(X(j))

R13(X(j)) r R23(X(j)) T AX3(j)+X3(j)A3+Q3

By construction, RI(X(j)) and R2(X(j)) are positive definite. Since X3(j) only influen-
ces the (3, 3) block and since -A3T is stable, R3(X(j)) reaches any symmetric matrix
if varying X3(j) in the symmetric matrices, without changing the other blocks of
Rs(X(j)). In particular we can find for anyj >=jo a symmetric X3(j) such that Rs(X(j))
is positive definite. This already proves the sufficiency part of (a).

It is even possible to define a sequence X3(j) with Rs(X(j))> 0 and R3(X(j))>
Q3 +jI. The inequality A[X3(j) + X3(j)A >jI leads to

(25) X3(j) >j e-At e-A3t dt,

which shows in particular that X3(j) is positive definite. If we recall (24) and the fact
that XI(j) X2(j) converge, X(j) is positive definite for all large j (Lemma 14). [3

Until now the results were given with respect to the transformed data As, Bs, and
Qs. We want to propose a possibility to reformulate them in a way which is invariant
under the transformation (A, B, Q) - (As, Bs, Qs).

First, we characterize the existence of Y Nn such that (11) and (12) hold. This
is equivalent to saying that Rs(Y) admits the block triangular shape

and the (1, 1) block A1-B1BY1 of As-BsB[Y is stable. Hence Ygn satisfies (11)
and (12) if and only if xrRs(Y)y vanishes for xV-(As-sI Bs) and y
F-(As sI Bs) + V(As sI Bs) and the restriction of (As BsB[ Y) to F-(As
sI Bs) is stable.

DEFYVrON 5. 3- denotes the set of all matrices Z N" such that xrR(Z)y vanishes
for all x V-(A- sI B), y V-(A- sI B) + (A- sI B) and such that the restriction
of (A- BBTZ) to U-(A- sI B) is stable.

If 3-s denotes the corresponding set for (As, Bs, Qs), we easily derive 3- ST3-sS.
The explicit description

3-s Y * ; Y1, Y2 are the unique matrices that satisfy (11), (12)

shows that 3- is, if nonempty, a linear manifold in
Second, we must reformulate (13). For this purpose we search a complex set

g(A-sI B) of Cn-vectors such that all possible second components of x
(As-sI Bs) are given by all eigenvectors of A2. Obviously, (As-iwl)x + Bsu =0
implies (A2-iwI)x2=O and x3=0. If x2 satisfies (Az-iooI)x2=O, we may define
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x := (0 x* 0)* and u := -F2x to obtain (As iooI)x + Bsu 0. Therefore we define for
any A C the complex subspace

t/’’(A-sI B):= {xC"IZluCm: (A-AI)x+ Bu=O}

and easily verify V(As sl Bs) S(A sI B). Note that V(A sI B) is the whole
C if (A-sl B) is controllable [12, Hilfssatz 5.3]. Moreover, the second component
of x VA(As-sI Bs) is nontrivial (and hence an eigenvector of A2) if and only if
x V: U-(As sI Bs).

If we now fix some Y 3-s, we observe x*Rs( Y)x
X*z[Qz+F[Fz-(Fz-BrYI2)’(F2-BrlYI2)]x2 for any xUc t/’(as-sI Bs) and
xrYx xrYlxl for any x V-(As-sI Bs). It is not difficult to verify that these
quadratic forms are invariant under the transformation (A, B, Q) - (As, Bs, Qs). There-
fore we are in the position to reformulate the conditions of Theorem 3 in terms of the
original data (A, B, Q).

THEOREM 6. (a) There exists an X S with R(X) >0 if and only if there exists
some Z - such that

x*R(Z)x > 0 for all x I.J t/’’(A- sI B)\-(A- sI B).
AC

(b) There exists a X > 0 with R(X) > 0 if and only if there exists some Z with
x*R(Z)x>O for allxeJco V(A-sI B)\-(A-sI B)and

x*Zx > 0 for all x V-(A- sI B)\{O).

If these conditions hold for one Z - then they are valid for all other elements
Z-.

Let us finally take a closer look at the solution set

(26) := {X S" IX > O, R(X) > 0}

if it is nonempty. If (A-s! B) is stabilizable, has a strict upper bound X+ > 0,
which is, in addition, a limit point of (Theorem 2). We can extract from the proof
of Theorem 3 that has in general no upper bound. Instead we could try to find
lower bounds of -1. If (A-sI B) is stabilizable, P := X_ is in fact a strict lower limit
point of- (Theorem 2) and satisfies AP+ PA-BB + PQP =0 with r(A+ pQ)c
C+. This important result can be generalized without any assumption on (A-sI B).

THEOREM 7. If g is not empty, it has the strict lower limit point

(27) P:=S- 0 0 S-r,
0 0

where Y > 0 satisfies (11). P is a positive semidefinite solution of
AP + PAr BBr + pQp 0

with cr(A + PQ) cU c+, where the eigenvalues ofA + PQ in Co are the uncontrollable
modes of (A sI B) in Co (counted with multiplicities).

Proof. It is obviously enough to prove these results for S =/. We already saw
during the proof of the necessity part of Theorem 3 that Rs(X)> 0 implies X < Y
and Lemma 14 shows P < X-. In the sufficiency part, we constructed X(j), which is
positive definite and satisfies R(X(j)) > 0 for all large j. Moreover, we infer from (24)
X2(j) -! ---0 and from (25) X3(j)-I--- 0 for j-* c. Since X(.j) - converges to y-i and
X12(j) is bounded for j-oo, we conclude X(j)-- P for j-oo by Lemma 14.

The other properties of P are obvious.
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Remark. Suppose that is positive on Off-(A- sI B), which is weaker than # .
Since only the blocks Y1 > 0 and YI: are fixed in the above-given explicit description
of -, this set contains positive definite elements, and P as defined by (27) is a lower
limit point of

{z -I z > o}.

Moreover, P still has all the properties as listed in Theorem 7. It can be shown that
P is in fact the minimal under all matrices X n which satisfy

AX+XAT-BBT +XQX=O, o-(A+XQ)cCUC+, X>-O.

4. Solution of the Ho-optimization problem. We recall from 2 that /x > 0 is
suboptimal if and only if (4) has a positive definite solution. Hence we need only
translate the results of 3 to the present situation.

We first formulate a testable suboptimality criterion in special coordinates that
gives the best insight into how the optimal value is restricted. As in 3, there exists a

nonsingular S with

S-rASr= K2H A2 S-rG G2, S-TB Be,

\K3H 0 A 6 B

HSr=(H 0 O)
A --sl.such that
-1 has only unobservable modes in C+, o’(A2) c C, and cr(A3) c C-

Moreover, we denote the set of eigenvalues of A2 with nonnegative real part as
{iw,""", iw,} and choose, for any je{1.,..j, ,}, complex matrices Ej whose columns
form a basis of the eigenspace {x C n21(A-iwjI)x =0} (where n: is the dimension
of A2).

We immediately arrive at the following central result of our paper which is, in
fact, just a corollary to Theorem 3.

THEOREM 8. Suppose Ix > O. Then tz is suboptimal if and only if there exist matrices

X(tx and Y(tz with

(28) AIX(tz)+X()A+X(tz)HI HX(tx)+IGG-BIB(=O,
(29) or(a, + X(tz)HH) C+,
(30)

T(31) (A,+X(tz)HT H,)Y(tx)+ Y(tx)A+X(tz)HTK +txG,G-B,B=O,
(32) E.[(K+H,Y(tz))T(K+H,Y(tx))+tzG:G-BB-K:K]Ej<O

for all j { 1,. , 1}.
From the discussion in 3 it is clear how to check all these conditions algebraically.

We stress again that X(/z) and Y(/z) are, if existent, uniquely determined, which
justifies considering them as functions of/z.

To determine the optimal value/x,, we must find out when one of these conditions
fails to hold. It is a central observation that the solution X(/x) of the parameter-
dependent ARE (28) with property (29) is very well understood [18, V, VII. In
particular there exists a formula for the domain of definition of the function X(.):
Compute the unique X(0) which exists and is positive definite by 0</z,. Then there
exists an X(/z) with (28) and (29) if and only if

< /./,max := ]lHl(SI--a-X(O)HH,)-GIIL2<-_oo.
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Moreover, X(. is analytic on (-oo, L6max) with X’(IX)-< 0 and X"(IX)-< 0. Therefore

Y(. is defined and analytic on (-oo, Ixma).

In [18, VIII] we intensively discussed how to find the second critical parameter

Ixpos := sup{ix < Ixmax x(IX) > 0},

which is related to the restriction (30). The third critical parameter

Ixneg := sup{IX < Ixmax (32) holds for allj 1,. , l}

displays the new restricting condition caused by the C-zeros of the plant. We immedi-
ately deduce that

Ix. min {ixpos, Ixneg}-
In 5 we give an algorithm for computing Ixneg. We will clarify in [19] that ]d,neg equals
sup{[I(H+EF)(sI-A-BF)-IG[[olo(A+BF)f-IC=} if (a-slB) is only
assumed to be stabilizable with respect to C. Therefore /U,neg may be interpreted as
the optimal value of an L-optimization problem.

Let us briefly discuss how the various plant zeros influence the optimal value. We
can assume without restriction that

KH A HI (H

where

0), G,=
G]

B,=
B,

is observable and r(A-) contains the zeros of S(s) in C+. X(IX) can be partitioned as

x() x/()
x/()

and (28), (29) are equivalent to

(34) AXO(IX)+XO(IX)(A)T +xo(IX)(H)rHO,O )r 7-,.. (IX)+IXG’(G -B,(B,) =0,

(35) cr(A’ + X(IX)(H)rH) C+

plus two linear equations for X+(Ix) and X+(Ix).
The existence of (the unique) X(Ix) with (34) and (35) is equivalent to the

existence of X(Ix), i.e., to Ix < Ixmax. If Ix > 0 is suboptimal, X(Ix) exists and is positive
definite. This part of the conditions is not related to the zeros of S(s) but is in fact
due to H 0 and the resulting "observable part" of S(s).

If the plant has C+-zeros, the linear equations which determine X+(Ix) and X+(Ix)
always have unique solutions for Ix < Ixma. The additional condition caused by these
zeros, however, is not only X+(Ix)> 0, but the correct restriction is also coupled to
X(Ix) via X+(Ix): X(Ix) > 0. This is different for the C-zeros of S(s). Let us partition
Y(Ix) as

By H Y(Ix)= H’Y(Ix), (32) is only influenced by yo(Ix), which satisfies

olT[A, +X (Ix)(H’)rH’]Y(Ix)+ Y(Ix)Af+X(Ix)(H’)Kr+IxG, G[ B,,_, 2 =0.
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Therefore only X(tx) directly influences the right-hand side of (32), which is in
particular not affected by the C+-zero structure! Moreover, (32) is not again coupled
to X(tx). The C--zeros do not influence the optimal value at all.

We stress that G’ # 0 causes the genuine difficulties in the H-problem: If
vanishes (which is equivalent to /A, OO), X( and yo(. are constant, and X(/x)
as well as the right-hand side of (32) are affine in

What can be said for the feedback construction? Motivated by Theorem 1, we
translate Theorem 7 to the present situation and include certain obvious smoothness
and monotonicity properties inherited from X(. ).

THEOREM 9. (a) For/x </-pos, the matrix

P(/x) S-1 0 0 S-r

0 0

satisfies arP(tx)+ P(tx)a+ P(tx)(txGGT-BBr)P(tx)+ HrH=O with o’(a+
txGGTp(tx) BBrP(tx))c C-U C, where the eigenvalues in Co are the zeros of S(s) in
Co (counted with multiplicities). The kernel ofP(tx) is constant and equal to the undetect-
able subspace ofS(s) with respect to C+. Thefunction Ix P(tx) is analytic on (-oe, /Xpos)
with P’( >= 0 and P"( >- O.

(b) For tx < tx., P(tx) is the strict lower limit point of
(36) {P>OIArP+PA+P(IxGGr-BBr)P+HrH<O}.
We extract the existence of a sequence P in (36) with P- P(/x) for j-ee. Let us
define the feedbacks F:=-BrP and Foo:=-BrP(tx). Then any F is stabilizing with
/x</x(F) (Theorem 1). A+BF is in general not stable and tr(A+BFo)=
o(A1- BiBrlX(tx) -1) U tr(A2) U or(A3) shows that it has precisely the C-zeros of S(s)
as eigenvalues which are not stabilized. These are, however, canceled in the closed-loop
transfer matrix and H(sI- A- BBrP(tx))-I G Hl(sI- A- BBX(tx)-I)G1 implies
/x </x(F) [18, Thm. 5]. We summarize these observations by saying that the zeros of
S(s) on the imaginary axis generally lead to a jump of the optimal value from/Xpos to
min {/Xpos,/Xneg} but only cause arbitrarily small additional feedback.

If S(s) has no C-zeros, the suboptimality of/x > 0 is characterized by the existence
of X(/x) with (28)-(30). This is equivalent to the existence of P=>0 with ArP+ PA+
P(txGGr-BBT)p+HrH=O and tr(A+txGGrP-BBrP)C since P, if it exists,
is unique and coincides with P(/x). Then Foo -BrP is stabilizing and still satisfies
/x </x(F). We have rederived the results of [3], [24] for C-zero-free plants.

To design suboptimal feedbacks, we stress that it is neither useful nor necessary
to solve the full-order strict ARI (4). Fix /x </x.. We need only compute X(/x) (by
solving a reduced-order Riccati equation), Y(tx) (by solving a reduced-order linear
equation) and to find a solution Z of the reduced-order Lyapunov inequality

T T TAZ +ZA+ (K +HIY(/z)) (K + H1Y(tz)) + tzGG-BB-K.K< O

such that

x:= r() z
is positive definite. By [18, Thm. 5], it is obvious that
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is stabilizing and yields the nonstrict inequality/z_-</z(F), which suffices for practical
purposes.

Let us finally translate the coordinate invariant formulation appearing in 3 to
the H-problem. Again this proceeds by simple algebraic dualization and we can be
succinct. The main motivation for including this reformulation is the possibility to
generalize it literally to the situation when E does not have full column rank [19].

We denote the undetectable subspaces of S(s) with respect to C+ or Co by

+ or 5Co,

respectively. We further introduce

H

which is motivated by the easily verified duality relation -X(-Ar-sI Hr) +/- for
any h C. Note that a is trivial if S(s) is observable.

According to the Riccati map

R(X, x) := AX + XAr + XHrHX + xGGr BBr

defined on Nnx N, we introduce for any/x , the set

3-(t.t):-- {z n[o’((A+ZHTH)TI_)cC+,xTR(Z, tz)y=O for x +,y 3++5}

and clearly obtain the explicit description

-() s v() " X(/.t), V(/z) satisfy (28), (29), (31)1
THEOREM 10. Theparameterl > 0 is suboptimal ifand only ifthere exists a Z

such that Z is positive on

_
and R(Z, ) is negative on hco

We recall the intuitive interpretation of these conditions" 3-(/)# means that a
certain lower-dimensional Riccati equation has a antistabilizing solution. We can
parametrize 3-(/) by solving this ARE and a reduced-order linear equation. The
positivity condition is just the positive definiteness of the ARE solution. The negativity
condition expresses the solvability of a certain reduced-order Lyapunov inequality
which is built up with the solution of the linear equation.

Remark. Obviously, 3-(/x) is nonempty if and only if/x </-/’max. Using the explicit
formula for /Xma, it is easily seen that

U,max--IIC(sI+A+ZHTH)-IGIIf
holds for any Z 3-(0).

5. Computation of the optimal value. We use all the objects defined in 4 and, in
addition, introduce for j {1,..., l} the Hermitian-valued analytic functions

(/z) := Ef[(K + n Y(i)) r K + Hi Y(Ix)) + G2Gf B2Bf K2Kf]Ej,
F(/) :- blockdiag (FI(/) FI())

on (-co, ]-/’max).
For the computation of/z,, it remains to determine the critical parameter/Xneg

sup {]J, < ]-/’max] n(]./,)> 0}. TO apply the general algorithm in [18, 7], we must prove
F’(/z) -<_ 0, F"(/z) -<_ 0, and F(0)> 0. The last inequality is trivial since /z =0 is subop-
timal. The other two properties are indeed verifiable. Since the proof is nontrivial and
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allows us to extract an explicit formula for the derivative F’(. ), we present it in detail.
THEOREM 11. The analytic functions F(. satisfy F(O) > 0 and F(l)<=0 as well

as F’(i) <- 0 for all (-c, /max) and j 1," ", I.

Collection of formulas. Fix (-,/max)- If defining

(H(l) HB(I) H(I)):=HI(ioojI+AI+X(i)H(H1)-1(X(I)HI B1 G1),

we can compute F() with the help of

(Kf+ H1Y(i))Ej (I- H(I))KE -H(I)GfE + HB(i)BfEj

and

(37) F;(l) -Ej*. G;- Ho(tz)*(K + H, Y(/z))]*[ G2- Ho(l)*(Kf+ H, Y(t.))]Ej.

Proof To simplify the exposition we first derive several useful formulas. We fix
some j {1,. ., 1} and define

L(/z) := Kf+ H, Y(/z) as well as A(/z):= (A, + X(I)HH, + iwjI) -1.

The differentiation of (28) leads to

(J, + X(t.)HT H,)X’() + X’(I)(A + X(I)H(H,) T + GIGT 0,

(A + X(l)HT H,)X"(tz) + X"(tz)(A + X(tz)HT H,) T + 2X,(tz)HT H,X,(tz) O.

If we add and subtract iwjX’(l in the first and iwjX"(l) in the second equation and
multiply the resulting equations with HA(I) from the left and with A(tz)*H from
the right, we get

(38) H,X’()A()*H(+ HA()X’()H(= -[H,A()G][HA()G]*,

H,X"(I)A(I)*H( + H,A(tz)X"(I)HT
(39)

-2H,A(i)X’(I)H(H,X’(tz)A(I)*HT.

Moreover, we differentiate (31) and derive

(A, + X(I)HT H1) Y’()+ Y’(I)AT + X’(tz)HT L(tz)+ G, Gf 0,

(A1 + X(tz)HT1H1) Y"(tz)+ Y"(I)A+ X"(I)HL(I)+ 2X’()HH1Y’(/z) 0.

If we multiply the equations for Y(/), Y’(/), and Y"() from the right with Ej and
from the left with HA(/), we obtain by AEj iwjEj

(40) H, Y(tz)Ej=-H,A(I)[X(I)HT K[+iG,Gf -B,B[]Ej,

(41) H, Y’(I)Ej -HIA(I)[X’(I)HT L(t)+ G, Gf]Ej,

(42) H, Y"(t.)Ej=-H,A(i)[X"(tz)HT L(tz)+2X’()HT H, Y’(tz)Ej.

Equation (40) leads to the formula for L(tz)Ej.
Now we compute by explicit differentiation of Fj(. and exploiting (41)

Fj(/z) =-(H Y’(tz)Ej)*L(tz)Ej- Ej*. L()T(H, Y’(I)Ej)- Ej*. GGT2 Ej

(L(tz)Ej)*[H,X’(i)A(I)*H(+ HIA(t.)X’()H(]L(tz)Ej

+E,[ O2(UlA(l) Ol)*L(# + L(l T H1A(i) G,) Gf G2Gf]Ej.
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After an obvious completion of the squares, we infer

F;(tx) (L(lx)Ej)*[H1X’(la,)A(tx)*HT + H1A(lx)X’(Ia,)HT ]L(Iz)Ej

+(L(ia,) Ej )*[ H1A(/x) G,][UJ(/z)G]* L(la, Ej

-E[ 02-- L(la,) TH1A(tx) G,][ 02-- L(Ix) TH,A(tz G,]* Ej.

Equation (38) leads to the considerable simplification

F;(l.L) -E[02 L(tz) TH,A(I.)G,][G- L(tz) TH,A(I)G,]*Ej,
which is the formula for Fj(/z) that we must prove and which shows F;(/z)=<0.

The second derivative of Fj(. is given by

Fj’(/) -(H Y"(lx)Ej)*L(la,)Ej- EL(I)T(H, Y"(la,)Ej)

-2(H Y’(Ia,)Ej)*(HI Y’(tx)E)).
We infer from (42)

Fj’(tx EL(Iz T[H,X"(la,)A(lx)*HT + HA(lx)X"(lx)H]L(la,)E

+2E[ Y’(ia,) THT HX’(la,)A(lz)*HT L(I,)

+ L(lx)TH,A(la,)X’(tz)HT1H Y’(lx)]Ej

-2E[ Y’(tx) THH1Y’(/)]E.
Again a completion of the squares and equation (39) lead to

F’(tx) EL(lx)T[-2HIA(tz)X’(tx)HT H,X’(tz)A(tx)*HT ]L(tz)Ej

-2E[ Y’(/x) X’(tz)A(lz)*HT L(lx)]*HT H[ Y’(lx) X’(la,)A(lx)*HL(lx)]Ej

+2E[X’(lx)A(tz)*HT L(tz)]*HT H[X’(I)A(ia,)*HL(la,)]Ej

-2E[ Y’(/x) X’(tx)A(tx)*HL(Ix)]*HH,[ Y’(tx) X’(tz)A(tx)*HTL(tz)]Ej,

which implies Fj’(/x) -<_ 0. [3

Note that we should avoid computing first the whole matrix Y(/x) and then Fj(/z).
It is further interesting that H(ioojI + A1 + X(I)HTHI) -1G is just the value at itoj of
that transfer matrix which plays a central role in the computation of/Xmx.

NOW we can apply all the results of 18, 7] since they can be proved in completely
the same way for Hermitian-valued functions. We summarize the consequences in the
following result.

THEOREM 12. The critical parameter tX,g equals im, if and only if F(t. is positive
semidefinitefor all tz (-o, /Zma). Otherwise there exists a/z (0,/Zm) with F(tz) O.
Then tXg equals the unique value for which F(/x,g) is positive semidefinite and singular.

For a given/[Zneg /[Zj /-/’max there exists a unique tzj+ [/Z,eg, /Xj such that F(Ij) +
F’(tzj)(tzj+-tzj) is positive semidefinite and singular. The inductively defined sequence
tzj converges monotonically from above and quadratically to

Literally the same result holds for the function

/z -> blockdiag (X(/z), FI(), ", F(/z))

on (0,/Zmx), which allows us to directly compute/z, instead of determining /Zneg and

/Zpo separately.
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Finally we show how to characterize that the critical parameters are infinite,
interestingly enough, just by simple algebraic inclusions. Moreover, we stress the
important consequences of/d,max-OO for the computation of/x.. We recall from [18]
that /-/’max is infinite if and only if X(.) is affine and then the parameter/Xpos can be
determined by solving a symmetric eigenvalue problem. In the same sense the computa-
tion of/Xneg reduces to the solution of a Hermitian eigenvalue problem.

THEOREM 13. (a) d, OO if and only if im G) is contained in the unobservable
subspace of S(s).

(b) pos if and only if im G) c +.
(C) [neg OO if and only if im G) fq co O.

In the case of/-max C and/Xneg < O, /b/,neg is the unique value tx for which

F(O)-/ blockdiag (EI*(G2Gf)E,"" E*I(GGf)EI)

is positive semidefinite and singular.
Proof (a) and (b) already appear in [18]. In the case of/d, --OO, H(/x) vanishes,

and (37) implies F(tx)= -EGzG[Ej. Therefore, F(. is affine and/Xneg is finite, with
the characterization we have to prove, if and only if there is at least one j {1, , l}
such that Ej*.G2G[Ej does not vanish.

We prove (c) by replacing the inclusion with the equivalent fact that 5e is
trivial for all A C. Moreover, we can assume (without restriction) S ! and (33).
With an obvious notation we infer for A Co by duality:

(43) - {((x, )7" (Xl )7 7"x)7" ++
X IXl --0, (-af-AI)x2, x3=O}.

NOW ]Zneg 0(3 implies /-/’max OO and hence G’ 0. Furthermore, G2E 0 for any
j {1, l} shows (Af- iwI)x2 00 Gfx2 0. This obviously leads to GT’Se+/- {0}.
On the other hand, G T" +/-ow {0} for one A CO already implies G1 0, i.e., t.t,

TTherefore, G owi,oj {0} leads to GfE 0 for all j {1,. ., 1}.
In case of/-max--(3(3, this result displays in a very nice way both qualitatively and

quantitatively which parts of and how G influences [Zneg and thus restricts the optimal
value z.. For the still simpler situation H--0, we obtain F(0)=
blockdiag (E*B2BfE1 E*IB2BfEI) and there is no need to solve any ARE. A referee
drew our attention to the unpublished paper [8], which contains suboptimality tests
for the one block H-problem by output measurement without restrictions on C
{}-zeros. The results of [8] are applicable to our problem if and only if H vanishes
and then they boil down to X(k)> 0 and F(/z)> 0, although both the formulation as
well as the derivation (in the frequency domain) are completely different from ours.
Even for H0 and /Xm=, Theorem 13 extends the results of [8] but the real
difficulties, of course, arise for /Zm <.

Appendix. The following result is a simple consequence of the well-known formula
for the inverse of a block matrix.

LEMMA 14. (a) If

X1 X12 nX=
x1T2 X2/

is positive definite and X-I> P1, the following inequalities hold:

and X-1 >
0
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(b) Suppose that XI(j) converges to X1 > 0, Xz(j) -1 converges to O, and Xlz(j) is
bounded for j . Then

( X,(j) X2(j))X(j) :=
X,2(j) r X2(j)

is positive definite for all large j and

lim X(j) -jcx
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H-OPTIMIZATION WITHOUT ASSUMPTIONS ON
FINITE OR INFINITE ZEROS*

CARSTEN SCHERER?

Abstract. Explicit algebraic conditions are presented for the suboptimality of some parameter in the
H-optimization problem by output measurement control. Apart from two strict properness conditions, no

artificial assumptions restrict the underlying system. In particular, the plant may have zeros on the imaginary
axis or at infinity. These suboptimality characterizations are applied to show how to compute the optimal
value by quadratically convergent algorithms and to solve the almost disturbance decoupling problem with
internal stability.

Key words. H-optimization, invariant zeros, Riccati inequalities, almost disturbance decoupling

AMS(MOS) subject classifications. 93B27, 93C05, 93C35, 93C45, 93C60, 93D15, 49B99

1. Introduction. After Zames introduced the basic motivations for H-optimiz-
ation in [41], this problem has attracted much research, and several techniques for its
solutions have been proposed. We only want to mention briefly the approaches in the
frequency domain using operator theory [8], [9], J-spectral factorization [2], [11],
polynomial methods [18], or an all-pass imbedding (including a treatment of the
H-problem at optimality) [20]. The direct solutions of the H-problem in the state
space are primarily based on the bounded real lemma and on ideas from LQ-theory
as well as differential games [3]-[5], [14]-[17], [24], [33], [35]. We refer the reader
to [8], [9], [5] for rather comprehensive discussions of the historical development.

The paper [5] may be viewed as the breakthrough for the state-space techniques
to solve the H-problem. The suboptimality tests are formulated in terms of the
solvability of two indefinite Riccati equations and a coupling condition on their
solutions. Some authors tried to remove several artificial assumptions needed in the
approach of [5]. In [4] we can find generalized formulae if certain direct feedthrough
matrices do not vanish. From a practical point of view, the main restriction results
from the hypothesis that the plant cannot have zeros either on the imaginary axis or
at infinity. Using tools of the geometric theory, the zero assumption at infinity was
removed in [33], and the suboptimality criteria were given in terms of the solvability
of two quadratic matrix inequalities and a coupling condition on their solutions. The
solutions of these inequalities may be constructed by transforming the system and
again solving two reduced-order indefinite Riccati equations. The general problem
without any assumption on the zeros on the imaginary axis and at infinity has not
been solved up until now.

In [31] we explained the difficulties resulting from the imaginary axis zeros in the
regular H-problem by state feedback: we cannot infer from the solvability of an
algebraic Riccati inequality (ARI) the solvability of the corresponding algebraic Riccati
equation (ARE). The same problems arise in the general H-problem by output
feedback. Indeed from the very beginning of the direct state-space approach to the
H-problem [24] it became clear that Riccati inequalities could be viewed as a central
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tool for studying this problem. In fact new algebraic tests for the solvability of general
strict Riccati inequalities lead to a satisfactory solution of the regular state-feedback
H-problem [31 ].

In this paper these ideas are extended to attack the general H-optimization
problem by output measurement and without assumptions on finite or infinite zeros
of the underlying plant. Our approach only refers to a strict version of the bounded
real lemma and proceeds, by simple algebraic manipulations, completely in the state
space.

The paper is organized as follows. In 3, we will be able to provide a very short
but complete proof of a characterization of suboptimality in terms of the solvability
of two Riccati inequalities and a boupling condition on their solutions where the ARIs
still depend on an unknown feedback and injection matrix (Theorem 1). We shortly
discuss the results appearing in the literature. For a reformulation of this characteriz-
ation into algebraic tests, we need to transform the system data, which is explained in

4. Then we show in 5 how to check the solvability of the feedback-dependent ARI
by the solvability of a fixed well-defined reduced-order ARI (Theorem 6). An abstract
reformulation (Theorem 10) displays how to express the suboptimality directly in terms
of the original system matrices. These considerations lead to the solution of the general
H-optimization problem by state feedback. Section 6 is devoted to clarifying how the
coupling condition can be checked algebraically, culminating in the solution of the
general H-problem by output measurement (Theorem 14). Section 7 contains the
application of these results to the computation of the optimal value by quadratically
convergent algorithms. In addition, we display certain special cases for which it may
be determined by solving Hermitian eigenvalue problems. Finally, we derive in 8 the
geometric solution of the almost disturbance decoupling problem with stability.

We adopt all the notations from [31]. Moreover, we denote by A+ the Moore-
Penrose inverse of A E,m. The symbol Cg is used for any nonempty subset of C
which is symmetric with respect to the real axis.

2. Problem formulation. The system is described by

: Ax + Bu + Gd, x(O) O,

(1) y Cx + Dd,

z= Hx+ Ed,

where x " is the state, d " is the external disturbance, u m is the control, z [k
is the controlled output, and y " is the measured output available for control. A
compensator is any dynamic output-feedback system

+=Kw+Ly, w(0) 0,
(2)

u= Mw + Ny.

This system is identified with

where, for clarity, the dimension rNw{0} (K rxr) appears as an index. The
closed-loop system is given by

tA+BH+LcNC_SlENc KEMB-MsI G+BLDND)
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with state (w) and initial value O. Moreover, the compensator Cr(S is called stabilizing
if it internally stabilizes the resulting closed-loop system in the sense of

o-
LC

It is well known that a stabilizing controller exists and only if

is stabilizable and (A-sI is detectable.(A-sI B)
\

Apart from 4, these are the standing assumptions throughout this paper.
For any stabilizing compensator Cr(s), let y(Cr(s)) denote the H-norm of the

controlled closed-loop system. The general H-problem by output measurement con-
sists of minimizing y(C(s)) over all stabilizing controllers C(s). For the same reasons
as in [31], we rather consider the equivalent problem: Maximize

t’(Cr(S)) :=
/(C(s))

over all stabilizing Cr(s) under the usual convention 1/0=. We define the optimal
value by

/Zopt := sup {tX(Cr(S))] Cr(s) is stabilizing, r J}.

Now we can describe the subjects of the present paper:
Give checkable (algebraic) conditions for some parameter/z > 0 to be suboptimal

in the sense of
Find a fast algorithm for computing/ovt.
Try to determine when/.Lop can be computed explicitly or characterize whether

/.Lop is infinite.
All these problems will find rather satisfactory answers. The only restriction on the
plant is that there is no direct feedthrough from u to y (which is easy to handle) and
from d to z (which is more difficult to deal with). For techniques to overcome these
assumptions we refer the reader to [26]. A particular case has its own interest: The
state-feedback Hoo-problem that is defined by the specification

C=I and D=0;

i.e., the whole state is available for control and it is not directly corrupted by the
disturbances.

In the frequency domain [8], [9], the plant (including weighting matrices) is
described by the real rational proper matrix G(s) as

y(s) G,(s) G(s) u(s)"
In our case the system is only restricted to be internally stabilizable and to have a
representation with strictly proper matrices G(s) and Gz2(S). In the usual frequency
domain approach, we first parametrize the set of transfer matrices of all internally
stabilized closed-loop systems as

{ T(s) + Tz(s)Q(s) T3(s)]Q(s) real rational, proper, stable}
with T2(s)=(H+EF)(sI-A-BF)-B (for some F satisfying r(A+BF) cC-),
T3(s)=C(sI-A-JC)-(G+JD) (for some J satisfying o-(A+JC)cC-)and some
real rational proper stable T (s). This step changes the H-problem to a model-matching
problem.
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If T2(A) has maximal column rank and T3(/) has maximal row rank for all
h Cw {oe}, it is possible to transform the model-matching problem into the so-called
four block Nehari problem [9]. The aim of this paper is to overcome these rank
assumptions, which imply that the transformation to the four block problem is not
possible anymore.

3. Suboptimality and strict algebraic Riccati inequalities. We start by characterizing
the suboptimality of some positive/x by the solvability of Riccati inequalities which
still depend on some unknown feedback and injection matrix.

THEOREM 1. /X > 0 is suboptimal and only if there exist F and J as well as P > 0
and Q > 0, which satisfy

(3) (A + BF)Tp + P(A + BF) + iPGGTp+ (H + EF) T(H + EF) < O,

(4) (A+JC)Q+Q(A+JC) T +txQHTHQ+(G+JD)(G+JD) T <0,

1
(5) p(PQ)(--.

If these conditions are satisfied, there exists a stabilizing controller Cn (s) of dimension n
with tz < tz( Cn(s)).

This result has a very nice interpretation. Suppose that F is any matrix such that
(3) has a positive definite solution. Then this feedback F yields tr(A+ BF)c C- and
[l(n+ EF)(sI-A-BF)-GI[ 1/. On the other hand, if F satisfies these last two
properties, there exists a P> 0, which solves (3). Therefore there exist F and P> 0
with (3) if and only if/z is suboptimal for the H-problem by static state feedback for
the plant

S(s) := (A- EB)
and the disturbance input matrix G.

Dually, the existence of J and Q > 0 with (4) is equivalent to the suboptimality
of/x for the Ho-estimation problem (by linear observers) for the plant

and the output Hx to be estimated [23]. However, for/x < Lop it does not suffice that
/x is suboptimal for these two problems separately; we must require the additional
coupling condition (5). This constraint can be understood if trying to build a com-
pensator: The controller may be constructed as an estimator for the desired suboptimal
control function Fx (which is not implementable) using only the measurements y. The
conditions for this estimation to be possible result in (5) [5].

From a practical point of view Theorem is not very useful: It is not clear how
to test these conditions in algebraic way without resorting to perturbation techniques
which would involve an additional parameter. Moreover, it does not provide any
insight into how the C-zeros of the plants S(s) or T(s) influence the optimal value
/Xopt. Contrary to the considerations in [27], which stop at this point, this is only a
preliminary step in our approach.

Theorem 1 is proved in [27] (and was derived independently for the regular
problem in the first version of this paper). Nevertheless, we would like to include a
complete and most direct proof which is still much shorter than that in [27] since there
will be no need to distinguish between proper and nonproper controllers. Moreover,
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we prove the sufficiency part by starting with a compensator which is only a slight
modification of that used for the regular problem in [4], [5]; the modification can be
easily motivated and the required computations are very simple.

Proofofnecessity. Suppose that x > 0 is suboptimal. Then there exists a stabilizing
controller Cr(S) with x < Ix(Cr(s)). Let us define the abbreviations

sd := (A + BNC BKM)LC
G+ BND@:=
LD

c := (H + ENC EM), @ := END.

By r(s)c C- and (sI sg)-’@ + @112 < 1/x, we can apply the strict version of the
bounded real lemma and infer the existence of some 0 > 0 with [27], [42]

(6) (sgT +S+ cr oN + T@
IT+@T @w@_(1/tX)i,

<0.

It is very simple to see [27] that

1
(7) :=--

satisfies

(8) (s+s
r + NNr cCr + Nr ]

c+Nr @@r_ (1/x)i/<0.
Let us now partition

(X X,2] and =( Y Y12]

according to sO. Note that both matrices in (6) and (8) are in fact partitioned into
three block rows/columns.

Now we just compute the (1, 1) block of the matrix in (6) to

ATy+ yA+ CT[NTBTy+ LTyT12 + IMTETH]+[YDN+ YI2L+ HTEN]C
+ HTH + ENC TENC,

which equals

(A+JC)Ty+ Y(A+JC)+HTH+(ENC)T(ENC)
for J:= BN+ Y-YzL+ Y-1HTEN. The (1,3) of (6) block may be written with the
help of J as

Y(G + JD) + (ENC) T(END).
By

(ENC)T(ENC) (ENC)T(END)) >-0,(END)T(ENC) (END)T(END)
we immediately infer from (6) the inequality

(A+JC)Ty+ Y(A+JC)+HTH Y(G+JD)
(G+JD)Ty -(1//x)I ]

<0.

The Schur complement of the matrix on the left in this inequality with respect to the
(2, 2) block is negative definite. If we multiply it with x we infer that Q := (/x Y)-I> 0
satisfies (4).
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Since (8) is dual to (6), there is no need for any computation to deduce that
P:= (xX)-1 is a positive definite solution to (3) for F:= NC +MXX-1 + NDGrX-.

By the well-known formula for the inverse of a block matrix, the left upper block
of -1 is given by (Y- Y12Y Y)-. Therefore (7) shows/xX _-> y-l, which clearly
leads, by the definition of P and Q, to p(PQ)_-< 1/x. If the inequality is not strict, we
can perturb P or Q (e.g., to P- el or Q- eI, e > 0) such that these perturbations still
satisfy the ARIs (3) or (4) and, in addition, the strict coupling condition (5) becomes
true.

Proofofsufficiency and controller construction. Let RF and Rj denote the left-hand
sides of the Riccati inequalities (3) and (4). We assume without restriction

(9) Q-’ RjQ-’ < pRF.

Suppose that this is not valid. Obviously, there exists some matrix R <0 with
Q-RjQ- < tzR and R: </zR. Since the ARI (A+ BF)TX +X(A+ BF)+tzxGGTx +
(H + EF) T(H + EF) -/zR < 0 has the solution X P and since A + BF is stable, there
exists some /5<p [31] with (A+BF)rfi+IS(A+BF)+txfiGGrfi+
(H + EF) r(H + EF) -/xR 0. The stability of A + BF and/xR < 0 implies /5 > 0. We
can hence replace P by P such that all the hypotheses in the theorem persist to hold
and (9) becomes true.

Motivated by the results for the regular problem [4], [5], we introduce the strictly
proper compensator

=(A+txGGrP+A)w+Bu+.((C+txDGrP)w-y), w(0) 0,

u= Fw

in observer form, where we define

Y:=(I-QP)-J,
A := -tx(Q-’- txp)-I[(BF)Tp + (EF) T(H + EF)].

The only modification consists of the introduction of A. The formula for A will
immediately become clear by the computations shown below.

As usual, we consider the dynamics of the error e := x-w, which is clearly given
by

(A + txGGTp +.(C + txDGTp)+ Z)e-((G+ YD)GT(txP)+ A)x +(G+ YD)d.
This leads to the closed-loop system (with state (xTeT) T)

-(6+YD)6(P)- A+aaP+Y(C+D6P)+ZX-sI )O,
H + EF -EF

which is again denoted as

We must show that o-(s)c C-and [[4C(sI-sg)-lNIl< 1.
To finish the proof, it suffices (by the bounded real lemma [42]) to construct a

solution 0 of the strict ARI

(10)
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Again motivated by the solution of the regular problem [5], we are led to try

0 Q--iP
which is positive definite by (5). Let us introduce the abbreviation Z := Q--

Now we just compute the blocks of the left-hand side of (10). The (1, 1) block is
immediately seen to be/xRz, which is negative definite. The (2, 1) block is given by

-(BF) T (tzP) Z G+ ]D)G 7- (IxP) ZA + Z G+ ]D)GT(txP) tx( EF) r H + EF)
-I(BF) Tp I(EF) T H + EF) Q-’ IP)A,

which just vanishes by the very definition of A. We first stress Z= Q-J and then
compute the (2, 2) block to

(A + tzGGTP) TZ + Z(A + IooTP) + zoGTz + i(EF) T(EF) + ATz + ZA
+ Q-JDDTjTQ-1 -lt-(C T +tzPGDT)jTQ-’ +ZGDTjTQ-+ Q-J(C + txDGTp)+ Q-JDGTZ,

which is rewritten, by IxPGGTZ + txZGGTp + ZGGTZ Q-GGTQ-(txP)GGT (txP), as

ATz + ZA (txP) GGT(txP + ATz -JI- Z,/ "4C" tx( EF) T EF) + c TjTQ-1 + Q-1JC
+ Q-GGTQ-I+ Q-’JDGTQ-+ Q-G(JD)TQ-+ Q-JD(JD)TQ-.

The definition of A shows that ATz + ZA+ tx(EF)T(EF) is equal to

-( BF) T(p) (iP)BF i(H + EF) T H + EF) +HTH.
Therefore the (2, 2) block is given by

ATZ + ZA (iP)GGT(lP) (BE) T(lP) (iP)BE I(H + EF) T(H + EF)
+ (JC) TQ-, + Q-l(jC) + txUTH + Q-(G+ JD)(G + JD) TQ-,,

which obviously equals

Q-RjQ- txRt < O.

The modification A of the standard suboptimal compensator [4], [5] is due to the
generality of F and J" We do not need to specify particularly chosen matrices F and
J and can define a compensator based on certain solutions of the Riccati inequalities.
The controller has a simple observer structure with a similar interpretation as discussed
in [5]. In completely the same fashion we could also construct a compensator based
on the minimal solutions of those Riccati equations that correspond to (3), (4) (which
exist since A + BF and A + JC are stable). These solutions still satisfy (5) by minimality.

The question arises of how to test the various conditions of Theorem 1 in an
algebraic way. The following results are available in the literature under combinations
of the assumptions"

(a) E has maximal column rank and D has maximal row rank.
(b) S(s) and T(s) have no invariant zeros in Co (see 4).

If (b) holds, our characterization may be reformulated as follows [33]: There exist
solutions P => 0, Q >= 0 of the two quadratic matrix inequalities

ATp + PA + txPGGTp + HTH PB + HTE
B’P + E rH E rE ] --> 0 plus rank conditions,

{AQ + QAr + txQHrHQ + GGr QC r + GDr > 0 plus rank conditions,
CQ + DGT DDT ]
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which satisfy

1
p(PQ)<--.

If both (a) and (b) hold true, the quadratic matrix inequalities can obviously be reduced
(by taking the Schur complements with respect to the (2, 2) blocks) to indefinite AREs
and we arrive at the results of [4], [5]. If (a) fails to hold, the solutions of the quadratic
matrix inequalities may as well be determined by solving two reduced-order indefinite
AREs for subsystems of certain transformed versions of S(s) and T(s) [33]. A referee
drew our attention to the paper 12] where algebraic tests for suboptimality are derived
(in the frequency domain) if (a) and (b) do not necessarily hold true. However, these
results are restricted to the one block problem, i.e., T2(s), T3(s) as appearing in 2
must be square and invertible as rational matrices.

The aim of this paper is to remove both assumptions (a) and (b) for the general
four block problem as described in 2. We will generalize the suboptimality criteria
we derived in [3 1 for the regular state-feedback problem (C =/, D 0, E has maximal
column rank) that are formulated in terms of the Riccati map

R(X, Ix):= AX +XAT +XHTHX -I- IzGGT -(B XHTE)(E TE )+(B T 4- E THX)
and the associated map

A(X) := A+XHTH-(B+XHTE)(ETE)+ETH,
defined on Nnx and N", respectively. Note that we performed in [31] a preliminary
feedback with

(11) F:= -(ETE)/ETH
(motivated by ET(H + EF) =0) and one easily verifies that R(X, Ix) equals

(A + BF)X + X(A+ BE) T + X(H + EF)T(H + EF)X +tzGGT B(E TE)/BT
and A(X) is given by

(A + BF)+ X(H + EF)T(H + EF).

We already indicate the generalization to the singular problem by using the Moore-
Penrose inverse: The two representations of these maps still coincide even if E does
not have maximal column rank! The undectectable subspaces and the observability
normal form appearing in [31] have their natural generalizations in the corresponding
conditionally invariant subspaces and in a modification of Morse’s canonical form,
which are both thoroughly investigated in geometric control theory.

4. Transformation by restricted coordinate changes. For some arbitrary (n + k)
(n + rn) system

S(s) ( A-sIll EB)
and any Cgc C we denote by [1]

r(S(s)) the set of invariant zeros,
7#g(S(s)) the largest element under all subspaces c " for which there exists

an F with A + BF)ll ll and 07/ ker H + EF) such that the restriction of A + BF
to has only eigenvalues in C g.

g(S(s)) the smallest element under all subspaces 07/c n for which there exists
a J with (A + JH)ll c o71 and im (B + JE) c such that (A + JH) r I?/+/- has only
eigenvalues in C g.
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We recall the important duality relation

(S(s)) (s()).
For Cg =C, Cg =C-, Cg =C, and C =C+, we denote the corresponding spaces by
replacing g with ,, -, 0 and +, respectively. If we choose some C with tr(S(s)) c Cg, we define (independently of the choice of C)

*(S(s)) :- T’g(S(s)) and W,(S(s)) :- 5?g(S(s)).
Motivated by the results in [31], we introduce for any A C the complex subspace

as well as

and obtain the duality relation

e(S(s)) (S(s)).
These various subspaces are displayed in the best way using the famous canonical
form of Morse [22], which was given for not necessarily strictly proper systems in 1].
This canonical form is derived for the so-called full transformation group consisting
of coordinate changes, "state-feedback" and "output-injection" transformations. The
orbit of S(s) under this transformation group can be easily described as

U R V, W square and nonsingular
0 F

The transformation properties 7/’g(LS(s)R) UVg(S(s)) and 5fg(LS(s)R)
ugg(S(s)) (where L and R are partitioned and denoted as above) are well known
and we easily verify the same relations for the spaces Va(S(s)) and 9(S(s)). It will
be instrumental to restrict this transformation group to pure coordinate changes (F 0
and J =0) or, since we work with the Euclidean norm in the output space, even to
restricted coordinate changes: F 0, J 0; V and W orthogonal. Note that the set of
coordinate changes and restricted coordinate changes still form a group.

The structure of the transformed system in the following result cannot be immedi-
ately extracted from [22], [1], not even for general coordinate transformations.

THEOREM 2. The system

SF(s) := (ABF-
EF )

with F defined by (11) can be transformed by restricted coordinate changes to

A SI J I-I2 0 E

B2F A2- sI B2 E2
H1 0 0 0

0 H2 0 0

0 0 0 E
with the following properties:

(a) E is symmetric and nonsingular;

(b)
\ H

has maximal row rank for all C;
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x for any Cg;
X2 H

C x15 A-s
for allAC.

x2 H
The proof of this transformation result is based on an interesting solvability criterion
for a linear equation which has its origin in the solution of the regulator problem
(combine Korollar 7.2 with Satz 7.4 in [19]).

LEMMA 3. Suppose that

of the size (n + k)x (n + m) has maximal row rank for all C. Given any M ,
R , and S N (l N), there exist X and Y with

AX XM+ BY R, HX S.

Proof of Proposition 2. The singular value decomposition yields ohogonal V, W
and a nonsingular E Er such that VEW equals ( ). By the choice of F, we obtain

0
0 0

We now transform the strictly proper system

(A-sIS(s) :=
H

to Morse’s canonical form [22]. If reversing the performed state-feedback and output-
injection transformations and repaaitioning suitably, the transformed system admits
the shape

1 SI J1 H2 0

o

such that

has maximal row rank for all , C. Since we can obviously reverse the coordinate
change in the input space without violating these properties, this transformation is
possible by general coordinate changes in the state space and output space; we denote
the corresponding matrices by U and V. We clearly have

and can decompose 12-1 as
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with some orthogonal V to obtain

HO-1 ( T1/-I
T2H

Therefore S(s) can be transformed by restricted coordinate changes to

(12)

and, still,

sI J1H2 0

A21 A2-sI B2
H1 0

has maximal row rank for all A C.
At this point apply Lemma 3 to remove H21 and to shape A_I. There exist matrices

X and F1 with

AzX-X(A1-J1Hzl)+A21-BzFl=O, H2X+H21=O.
If we add the X-right multiple of the second column of (12) to the first one and then
the (-X)-left multiple of the first row to the second one (which is just a coordinate
change in the state space), we cancel H21 and change A_ to BzF1 as desired. Since
the block A2 is just transformed to A:= A2-XJ1H2, condition (b) still holds.

If S2(s) denotes the system appearing in (b) and n2 is the dimension of A2, the
observations Og (S:(s)) .2 (for any Cg) and 5x (S2(s)) C n2 (for any h C) finish
the proof. [3

The main reason for transforming to this special form is property (b) in Theorem
2. As it is known from the theory of almost disturbance decoupling, such a right-
invertible system without any zeros has the following very appealing property [39], [36].

THEOREM 4. If

has maximal row rank for all A C, there exists a sequence offeedback matrices Fj such
that A + BFj is stable and

lim H(sI A BFj)-I[I 0 as well as lim H e(A+BFj)t 2 dt 0

hold true.
As noted in 3, we will work with the Riccati map R(.,. and with A(. even

if E does not have maximal column rank. It is important to know how these maps
behave under restricted coordinate changes. Let U denote the state-transformation
matrix in S(s) - (s), i.e., U(A + BF) U-1 . Then we have to transform G as

:= UG.G=
G

We denote by/( .,. and A(. the maps for the transformed data (s) and (, which
are given by

(X, tz) X+X,w + XlYtTIY-IX + tZddw (, W, )+ and (X) + XIITI-I.
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The following result is verified by computation. The verification exhibits the reason
for introducing the notion of restricted coordinate changes" We must make essential
use ofthe orthogonality of both transformations in the input space and the output space.

LEMMA 5. For any X " and Ix , the equations UR(X, Ix) UT UXUT, IX)
and UA(X) U-’ ,( UXUT) hold true.

5. Hoo-optimization lay static state feedback. Our aim is to provide reasonable and
verifiable characterizations for the set

,:= {P> 0[=IF: (A+ BF)Tp+ P(A+ BF)+IXPGGTp+(H+ EF)T(H+ EF) < 0}

to be nonempty if IX is positive.
The reader should recall the interpretation of the ARI (3) as explained in 3,

which shows that all the results of this section have immediate consequences for the
general Hoo-optimization problem by static state feedback. Let us denote its optimal
value by

IX, := sup {[[(H + EF)(sI A- BE)-1 Nil 21 tr(A + BF) C-}.

As an example, we mention the problem of maximizing the complex stability radius by
feedback, which is just our Hoo-optimization problem for E =0 [13].

Remark. From Theorem 6 we extract the following well-known conclusion for
the state-feedback H-problem: In the case where C I and D 0, the optimal value
Ixopt for dynamic controllers coincides with Ix,.

We define S(s), G, R (.,.), a(. and the transformed objects S(s), G, R(.,.),
A(.) as well as the state transformation matrix U as in 4, where S(s) has all the
properties listed in Theorem 2. If any of the subspaces introduced in 4 are defined
with respect to S(s), we drop the argument.

Our first suboptimality test is one of the central results of this paper.
THEOREM 6. Suppose Ix > O. Then Ix < Ix, if and only if the ARI

..--1 T(13) A1X+XA+XH(H,X+IxG,Gr-(J, , )(J E, E- <0

has a positive definite solution.
Therefore Ix < Ix, can be tested by seeing whether or not a certain reduced-order

algebraic Riccati inequality has a positive definite solution. The ARI is written in a
suggestive way. If we introduce

(14) B, := (J1

the ARI (13) has a positive definite solution if and only if Ix > 0 is suboptimal for the
regular H-problem in which the underlying system is given by

(15) Sl(S) :- H
0

and G1 is the disturbance input matrix. This shows the only difference if comparing
regular and singular problems" For regular problems, the suboptimality can be tested
by looking at an ARI defined in terms of the original system matrices. For singular
problems, we must transform the system and test the suboptimality for a certain
(regular) subsystem. The reduction to the regular subsystem may be viewed as factoring
out the "unproblematic" part of the system, which is constituted by the finite but
assignable zeros and by the infinite zero structure (the 9.-part of the system). The
subsystem (15) is determined by the "relevant" part of the plant, which is determined
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by the zeros of S(s) (and in particular by those in CO and C+) as well as the part of
S(s) "outside W,," which is related to the "observable part" of

and due to the nontriviality of H [31, 4].
Proof By the very definition of restricted coordinate changes, we can work without

restriction with the transformed data S(s), G.
Suppose/z </z, and choose some F and X > 0 with

(16) (+F)X+X(+F)T+X(IYt+ff,F)(IYt+ff,F)X+t.zT <0.

We now partition

x=

according to , and FX as ( ) according to the column partition of/ and the row
partition of/. Then we compute the (1, 1) block of the ARI (16) to obtain (recalling
=)

A,X, + X,A+ J,H2X+ (J,H2X)

+XHHX+X2H + + < o.

An obvious completion of the squares delivers

+ (J, + X,2Hf)(J, + X,2Hf) T + (Z-2Z ( +/) TZ2(Z-zZ ( +/) < 0.

This already proves the necessity part.
For the proof of sufficiency it is enough to construct some F with

(17) r(, +/6) c C-

and such that the Hoo-norm of

(18) (I7-I + #)(sI , )-’0

is smaller than 1/V.
Now suppose that the ARI (13) has the positive definite solution X. Then there

exists some F (e.g., F:=-BX-) [31] such that

A+BF
is stable and the inequality

holds for H(s) := (A1 + BF- sI) -1 Let us partition F (v) according to the column
partitioning of B1 in (14).

Exploiting the properties of the structure at infinity, it is possible to approximate
the transfer matrix in (19) by (18) in the Hoo-norm, if F is a suitably chosen feedback
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matrix with (17). If the error is small enough, the proof is finished. An obvious feedback
transformation of (s) leads to

(20)

A1 +ZE-F- sI JiM2 0 .1 G1
0 A2-sI Be Y2 Ge
H 0 0 0 0

oo H 0 0

F 0 0

Ac.cording to Lemma 3, there exist X and Y with

A2X X(A, + B,F) Be Y= O and H2X Fj.

We now add the X-right multiple of the second column of (20) to the first one and
the (-X)-left multiple of the first row of the resulting pencil to its second row (which
amounts to a coordinate change for (20) in the state-space). After a suitable feedback
to eliminate the (2, 1) block, we obtain

AI + BF- sI
0

H
f

JH2 0 E GI
e-sI B2 ,e d2

0 0 0 0

H 0 0

0 0

with 2 :-- As- XJHe, 2 :-- "-"2- XI and ( := G2- XG. Therefore

H
still has maximal row rank for all , e C. By Theorem 4, we can hence construct a

sequence F(j) such that/2+ BzFz(j) is stable and

(21) lim IIg=(s)ll 0

holds for Hj(s):= (/2+ BzFz(j)- sI)-. A last feedback finally leads to the closed-loop
system

A + BF-sI JiHe G
0 + BeF2(j)- sI de
H 0 0

Fj H2 0

F 0 0

This system is internally stable. Moreover, its transfer matrix equals

(22) Fj
0 Hj(s)

by the formula for the inverse of a block matrix. Hence we can infer from (19) and
(21) that the H-norm of (22) is less than 1/v/- for some j which is sufficiently
large.
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The proof contains an explicit construction of stabilizing suboptimal feedback
matrices which yield a closed-loop system with a block triangular structure. Since we
make no special choices for the -suboptimal feedbacks for the regular H-subproblem
(called F) and the sequence of feedbacks on the infinite zero structure used for the
approximation (denoted as Fz(j)), it is possible to take into account additional freedom
(e.g., pole placement requirements) or simplifications for the construction of these
matrices [31], [36].

If we combine Theorem 6 with the results in [31] we conclude:

The optimal value/, of the general state-feedback H-problem for S(s) and
G can be computed by a quadratically convergent algorithm. The infinite
zeros of S(s) only cause additional algebraic effort for transforming S(s) into
S(s).

Another technique to construct suboptimal static feedback matrices is to perturb H
and E such that the perturbation of E has maximal column rank. Since we want to
allow for rather general perturbation schemes, we introduce the following notion.

DEFINITION 7. The family (0, oo)e-(HE)(+)("+’), Po, is called an
admissible perturbation of (H E) 6 R k("+’) if the following conditions are satisfied:

(a) lim_o(He Ee)=(o )(k+p)(n+m),
(b) (HE)T(HE)<=(He E)T(He Ee) for e >0;
(c) Ee has maximal column rank for e > 0.
THEOREM 8. Suppose that P> 0 satisfies

E E - T(23) ATp+PA+HHe+PGGP-(PB+He )(E (EeH+BP)<O

for some e > O. If defining F by

P satisfies the ARI (3) and is thus an element of. IfP is contained in -, there exists

an e > 0 such that P solves (23).
Proof According to the different possible representations of the Riccati map as

presented in 4, the ARI (23) can be rearranged to

(24) (A + BF)P+ P(A + BF) + tJ,PGG’rp + (He + EF) T( He + FeF) < O.

The inequality (b) implies (H + EF) T(H + EF) <- (He + EeF) T(He + EeF), which yields
P e .. The convergence property (a) shows that there exists for P . some F and
some e > 0 for which (24) holds. Since Ee has maximal column rank by (c), a standard
completion of the squares argument leads to the ARI (23). FI

The union of all positive definite solutions of (23) over all e > 0 therefore coincides
with g. This result allows us to construct a suboptimal feedback matrix by finding a
suitable e > 0, in fact, directly in terms of the system data without any preliminary
transformation. In practice, however, the choice of e > 0 remains as a problem.

From a computational point of view, we arrive at a satisfactory solution of the
state-feedback H-problem. However, we wish as well to have an algebraic characteriz-
ation (without referring to perturbations) of suboptimality for which no preliminary
transformation of the plant is required and which is directly formulated in terms of
the original data S(s) and G. Indeed it is possible to generalize the criterion we derived
in [31 ]. We first define the set (/) (apart from an additional invariance requirement)
literally as in [31, 4].
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DEFINITION 9. For any /x e , -(/x) is the set of all matrices Z Nn such that
2f, is A(Z)-invariant,
the restriction of A(Z)7 to bQ has all its eigenvalues in C+,
xrR(Z, )y vanishes for x and y +.

We stress that A(Z), , implies A(Z) + c + such that the definition makes
sense. Now we can formulate an abstract but algebraically verifiable suboptimality test
in terms of the original data matrices.

THEOREM 10. Suppose > O. en <, ifand only if there exists some Z ()
such that

(25) Z is positive on and R(Z, ) is negative on .
AC

How do the matrices in () look and how should these conditions be understood7
The answer is simple and is motivated by Theorem 6. According to Definition 9, we
introduce the set () for the Riccati map

R,(X, ) := A1X +XA+XHH,X +G1G B1B,
where the underlying system is S(s) as defined in (15). By

(26) g(S,(s)) g

for any Cg or g C, this is just the linear manifold we discussed intensively in
[31]. The following result displays the simple relation of () and (). Moreover,
the combination of Theorem 6 and [31, Thm. 10] with the propeies of the quadratic
forms appearing in the Lemma 11 proves our abstract suboptimality criterion.
LEMMA 11. It holds that

Z Z ]
Z, (), Z satisfies J +ZH=O U-

Moreover, if choosing Z () and Z (), then

{x*Zxlx } {x*Z,xlx +(s,())},
{x*R(Z, .)xlx 2} {x*R,(Z, .)x[x .(S(s))}

hold for any C.
Proof Lemma 5 and the transformation propeies of g(. for +, 0, C

show that we can prove the lemma without restriction for the system S(s) and G. If
partitioning any Z N", (Z) and (Z, ) as , we easily compute

(Z)= (A, + Z,H(H,, J,H+ Z,Hf

and the blocks (Z, ), 12(Z, ), and (Z, ) of (Z, ), which are given by

AZ+ZA(+&.2.&_-2+G2+Z12Hi glZl2

respectively. The combination of Theorem 2 with (26) implies

for allC org=AC.
We infer that (Z) leaves ,((s)) invariant if and only if JH+ZHH2=O,

or, since H2 has maximal row rank, J + Z2Hf =0.
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Now suppose that J1 +ZI2Hf vanishes. Then (Z)r is antistable on 5e+((s))-if and only if (A1 +ZH(H1)r is antistable on +(S(s))+/-. Moreover we obviously
have /(Z, z) el(Zl, /), If we choose x (x* 0)* ow+(g(s)) and y (y* 0)
ow+((s))+Se-((s)), we infer xrR(Z, tz)y=XrlRl(Z,/x)yl. This already proves the
relation of -(/x) and "1 (1)"

Now take x (x* 0)* 5e_((s)) and y (y* 0)* 9((s)) for some A C. We
infer x*Zx x*ZlX and yrR(Z, tx)y y(RI(Z, x)y and just have to note that neither

xIZIX1 nor y(R(Z1, tz)y depend on the particular choice of Z ff(/x) to finish the
proof.

Remark. Lemma 11 shows that -(/x), if nonempty, is a linear manifold in 5n.
Moreover, the positivity/negativit.y conditions (25) hold for one Z -(/x) if and only
if they hold for all Z -(z). Therefore it suffices to choose one element Z
and to verify (25) for this particular Z. This can be done explicitly as explained in [31].

We should recall the following intuitive interpretation of -(/z): -(/z) is nonempty
if and only if a certain reduced-order Riccati equation has a (unique) antistabilizing
solution. A parametrization of -(/z) is computed by solving this ARE and two (always
solvable) linear equations. Positivity of -(/x) on 5+ is related to the positive definiteness

_k _1_ C0of the ARE solution. The negativity of R(-(/x) /x) on \o+ for all A is related
to the solvability of a reduced-order Lyapunov inequality.

Let us introduce the followin critical parameters"

/-max" -/ < ]d’ > -(]-/

/Xpos" /x </Xpos<=>/x </Xma, -(/X) is positive on

]-/’neg" < ]-/’neg<::]"’ < ’l’max, R(-(/b/), t/,) is negative on
A

which obviously lead to

/x, min {/Xpos,

We can again refer to [31] for the fast computation of all these parameters since they
coincide with those for T(z). Moreover,/x, coinicides with/Xpos if S(s) has no invariant
zeros on the imaginary axis. Due to the C-zeros of S(s), the optimal value may jump
from ]Zpo to min {]Zpos, /bl, neg}. In fact, ]Zneg has its own system theoretic significance.

Remark. Suppose that (A- sI B) is stabilizable with respect to C. Along the lines
of our approach to the H-problem and exploiting [31, Thm. 3(a)], we can prove for
any/x > 0 the following equivalences"

3F. cr(A+BF)C=, z<II(H+EF)(sI-A-BF)-IGII-2

::lpGn" (A+BF)Tp+P(A+BF)+txPGGTp+(H+EF)T(H+EF)<O

This implies that /Xneg is the optimal value of the Loo-optimization problem

sup {ll(H / Eg)(sI A- BE)-1GII / BE) Co.

Let us conclude this section with an algebraic characterization of/Xmax CO, /Xpos CO,
and /’neg-- CO. By [31, Thm. 13] the following result no longer needs proof.

THEOREM 12. (a) /Xmax=CO if and only if im(G)c3c,(S(s)). In the case of
/Xmax CO, the parameters/Xpos and/Xneg can be computed by solving Hermitian eigenvalue
problems.
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(b) /Xpos oo if and only if im (G) c +.
(c) [.l, neg-" OO if and only if im (G)cnco.
6. The solution of the general Ho-optimization problem. We have discussed in 5

how to test algebraically whether or not , is nonempty. If we introduce

R := {Q > 01 =l J: (A + JC)Q + Q(A + JC) 7- + 9QHrHQ + G + JD)(G + JD) 7- < 0},

it is possible by dualization to check R in the same way. We have even shown
how to compute the critical parameters/x, and 9, such that ,, are nonempty if
and only if/x </x,, 9 < 9,. Therefore it remains to verify the coupling condition (5)
for/x < min {/x,, 9,}. If we tried to test this condition directly, we would be confronted
with the difficulty of finding suitable P , and Q R,, but is it not clear how to
make a concrete choice. At this point the introduction of lower limit as discussed in
[31] for general Riccati inequalities proves to be very fruitful. Let Pl(/X) denote the
strict lower limit point of the set of inverses of all positive definite solutions of (13).
We stress that it is simple to compute P(/z) by solving one well-defined reduced-order
Riccati equation [31, Thm. 9].

THEOREM 13. For tx < Ix., the set . has a strict lower limit point P(/x), which
is given by

P(tx) Ur( P’(tx)O ) U.

Dually, the set 5. has a computable strict lower limit point Q(9) for 9 < 9,. This
solves our problem: Fix/x < min {/x,, 9,}. Suppose that P e , and Q R, satisfy (5).
By P(/x) < P and Q(/x) < Q, we obtain

(27) p(P(l)Q(tz)) <--.

Now assume (27). There exist sequences P , and Q, with P P(/z) and
Q- Q(/z) for j-. By (27), there exists a sufficiently large j with p(PQ)<I/tz. We
arrive at the central result of this paper.
TORM 14. The positive parameter tz satisfies/z </Zopt if and only if

1
tx < ,, tx < 9,, and p(P(tx)Q(tz)) <-.

As shown in 5, the inequalities /x </x, and /x < 9, can be tested algebraically.
Moreover, we recall the detailed investigation of the influence of the various zeros of
S(s) and T(s) on both values /x, and 9, in [31, 4]. From the explicit formula for
P(/x) and, dually, for Q(/x) it is obvious that these matrices are not influenced by the
C-zeros of S(s) and T(s), which may be expressed as follows:

The C-zeros of S(s) and T(s) do not cause additional coupling constraints.

It remains to prove Theorem 13, which is again based on the nice properties of the
subsystem of S(s) appearing in Theorem 2(b). In particular we exhibit in Proposition
15 the striking flexibility of the Riccati map defined for a right invertible system without
any zeros. Its proof is given in the Appendix.

PROPOSITION 15. Let
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have maximal row rank for all A C. Then for all Xo n and Ro there exist an
e > O and an X 6 with

BB
X > Xo and AX + XAr + XHrHX--< Ro.

Proof of Theorem 13. We can again assume without restriction that

S(s)=S(s) with FI=0 and G=G.

Choose P g,. Take any F such that X := P-1 satisfies (16). We proved that the (1, 1)
block X ofX solves the ARI (13.) and we infer by the definition of P(/x) the inequality
Pl(/X) <X-. Lemma 14 in [31] shows one part of the claim"

P(/x) := (P (/x)
0 00)<P"

Let us now define the admissible perturbation

H 0

/-e:- i i and

and, for notational simplicitly, the Riccati map

0 0

0 0

eI 0

(x, ):= ,x + x, +xIISIX +60 (, -’E)

Accordipg to Theorem 8, it suffices to construct sequences e > 0 and X(j)> 0 which
satisfy R(X(j), ) < 0 and X(j)- P() for j . We exploit the obvious relation

(x,.=(x,+
0 -(/[

and note that we already computed the blocks of (X, ) in the proof of Lemma 11.
By the definition of P(), we can find a sequence X(j)> 0 of solutions of the ARI
(13) with X(j)-P() for j. Moreover, we define X(j)X, where X
satisfies J +XH=0. If we look at the structure of (., )-(1/e)BB, we can
deduce from Proposition 15 the existence of sequences e > 0 and X(j) such that

X(j) :=
X X(j)

is positive definite, X2(j)- converges to 0 for jm, and (X(j), ) is negative
definite. Again by [31, Lemma 14], we infer X(j)-P() forj.

7. The computation of the optimal value. We have intensively discussed [30], [31]
how to compute the critical parameters /Xpos, /Xneg, and /Xmax for (S(s) G) and those
for (T(s) 7‘H T) denoted as Upos, Uneg, and Umax.

In 6 we introduced P(.) on (-,/x,) and Q(. on (-c, u,) and proved that
we only have to find in addition

/Xcou := sup {/x < min {/x,, ,,} p(P(Ix)Q(tz))<}
to determine /L/,opt.
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If we combine Theorem 13 with [31, Thm. 9], there exist nonsingular constant
matrices S, T with

and
0

S, X(/x)>0, for

0
T, Z(u)>0, for v< u,.

Let us denote the left upper block of STr (in an obvious partition) as V. Then we
extract from [30, 7] for/x (-, min {/x,, u,}) the equivalence

1
p(P(lz)Q(Ix)) <- vz()-’ v < x().

If we define the analytic function

(-, min {/x,, v,}) F(/z) := X(/z) -/z VrZ(tz) -’ V,
we obtain

/Xcou sup {/x]0 </x < min {/x,, v,}, F(/x) > 0}.

Since F(0) is positive definite and F’(/x) as well as F"(/x) are both negative semidefinite
for /x <min {tz,, u,} (because both X(.) and Y(.) have these properties), we can
literally apply to F(. the algorithm formulated in [30, 7] to compute Xcou and then
/Xopt. As explained in [31, 5], we can combine the computation of/Xcou with that of
/x,, u,, which implies that there exists a quadratically convergent algorithm to determine

opt
If one of the values /’max or /]max is infinite,/Xpos, J,neg or Ppos, /]neg can be found

by solving linear equations and Hermitian eigenvalue problems [30], [31], and it may
happen, depending in particular on V, that F(. also has simple structural properties
which allow the explicit computation of lt/opt. If both values are infinite, this can be
assured and we summarize the consequences in the following result.

THEOREM 16. Zmax=OO if and only if im (G)c,(S(s)) and, dually, /max-- OO if
and only if Yt*(T(s))c ker (H). If both values are infinite, there exists a computable
square polynomial matrix Pcou(/Z) such that the optimal value is given by

min {/z,, u,}
/fPcou(/X) has no zeros in (0, min {/z,, u,}) or, otherwise, by

/Xopt min {/x6 (0, min {/x,, v,})]det (Pco()) 0}.

Proof We only have to consider the characterization of [Zop in the case of -max-- OO

and Umax oe. Then X(. and Y(. are both affine and, therefore, F(. is a real rational
function without poles in (-oe, min {/x,, u,}). Let d(.) denote the least common
multiple of the denominators of all the elements of F(. and define the polynomial
matrix Pou(/-) := d(tx)F(lx). We obtain for any ze (-oe, min {/x,, u,})i

det (F(/x))=0 :> det (Pou(/X))=0.
The distinction between the following cases finishes the proof. Pcou(/X) has no zeros
in (0, min {/x,, u,}): Then det (F(/z)) does not vanish in this interval. This implies
F(/x)>0 for all /x(0, min {/x,, u,}) and thus /Xopt=min {/z,, u,}. There exists a
minimal zero /Xo of Pou(tX) in (0, min {x,, u,}): Then F(/x) is positive definite for
/x (0,/Xo). Hence F(/zo) is positive semidefinite and singular. By [30, Prop. 6], F(z)
cannot be positive definite for/x >/x0 and we infer /-/’opt /J’0" [-]
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The reader should note the additional simplifications if/-pos and/or Vpo is/are
infinite since the functions P(. and/or Q(. is/are constant in this case. There is no
need to discuss all the details. We just give an interpretation of these results for the
model-matching problem introduced in 2. If one of the matrices T2(s) or T3(s)7" has
full row rank over [(s) (the two block problem), either/.6ma or Pmax is infinite. If both
matrices have full row rank (the one block problem), the computation of [Zop amounts
to the solution of an eigenvalue problem. Theorem 16, however, shows that this may
even happen if none of these conditions holds true, i.e., for certain four block problems.

8. Almost disturbance decoupling with stability. Any geometric characterization of
/Xopt oo solves the almost disturbance decoupling problem with C--stability by output
measurement (ADDP). Up until now the ADDP has been treated for closed stability
sets [37] or the given conditions for the multiple-input multiple-output (MIMO) case
are deduced in a rather ad hoc way from single-input single-output (SISO) results
without geometric interpretations [21]. Our approach allows us to derive the following
new geometric solution of the ADDP in a straightforward manner.

THEOREM 17. /Xopt is infinite if and only if
(28) im (G)c 5+(S(s)) 0 A(S(s)),

AC

(29) /(T(s)) +AcO 7/’(T(s)) ker (H),

(30) 7/’+(T(s)) c +(S(s)).

Proof If we assume /[Zopt--OO, we obtain (28) from /x.=oo, i.e., Zpos=Oo and
/Xneg=OO and Theorem 12. The dual inclusion (29) follows from ,.
and ’pos oo, the functions P(. and Q(. are constant.. Therefore p(P(Ix)Q(tx)) <1
holds for all e if and only if P(/x)Q(/x)=0 or im (Q(/x))c ker (P(/x)) are valid
for one/all /x e . Theorem 13 together with [31, Thm. 9] implies that the kernel of
P() is given by +(S(s)) and, dually, the image of Q(z) equals 7/’+(T(s)). This
yields (30). The arguments can be reversed to obtain /Xopt=Oo from (28), (29), and
(30).

We should compare this result with the solution of the ADDP for the closed
stability set C-C. The first two conditions differ due to C-zeros of S(s) and T(s)
but the third condition is the same reflecting the earlier statement that the C-zeros do
not cause additional coupling constraints.

The solution of the state-feedback ADDP (C I and D--0) is contained in the
above result: (29) and (30) are automatically satisfied. As it was expected in [21], the
relevant space on the right in (28) lies between 5/(S(s))bo(S(s))--
7/’-(S(s))+b,(S(s)) and ow/(S(s))= 7-(S(s))+U(S(s))+b,(S(s)). We stress a
simple consequence of our results that cannot be obtained from those in [21]: If
/x,--o, it is possible to construct a sequence of static stabilizing feedback matrices to
approach

We finally mention an application of the solution to the ADDP in robust stabiliz-
ation: As discussed in 16], it is possible to test algebraically whether complete quadratic
stabilization is realizable.

Appendix.
Proof of Proposition 15. Since we can decompose any Ro e n as JJ-GG, it

suffices to prove the result for Ro =-GG. Thus we have to show for an arbitrary real
G and any Xoe n:

:lp > 0 :IX > Xo: AX + XA 7- + XH7HX pBB 7- + GGT < O.
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By Theorem 4, there exist P>0 and F with (A+BF)rP+P(A+BF)+PGGTP+
HrH < 0. Since

(H 0)(H E)=
0 eI

defines an admissible perturbation of (HE), we infer from Theorem 8 the existence
of some X > 0 and po with AX + XA +XHrHX poBB + GGr < 0. From now on,
p is always taken out of [p0, co) if not specified otherwise. The set

(p) := {X>OIAX+XAr +XHTHX-pBBr +GGr <0}

is nonempty. According to [31, Thm. 9], (p)-i has a strict lower limit point, which
is denoted as Po >= 0 and is, by (p)c (r) for p < or, nonincreasing. Therefore the
limit lim,_, P, exists. If we show that this limit vanishes, we have proved the proposi-
tion. Reference [31, Thm. 9] also contains an explicit formula for Po. We transform
with some nonsingular S as

K2H1 A2 B2 G2

such that

Al-SI)HI

only has unobservable modes in C+ and o’(A2)c CC-. Then Po is equal to

where Xo > 0 is the unique matrix which satisfies

A,Xo+XoA+XoH(H,Xo+O,O(-pB,B(=O, o(AI+XoH(H1)cC+.
Note that X, is nondecreasing.

Let us define a, := X. X,o 0 and := A + XooHH Then it is simple to verify
[32] that &. satisfies

,ao+ao(+a.H(H,ao-(p-po)B,B(=O, ((+aoH(H1)cC+.
Let us now assume p > Po. Obviously,

still has maximal row rank for all A C, which implies that (A- sI B) is controllable.
Hence o has no kernel and is in fact positive definite. Moreover, we obtain

By LQ-theory we deduce for any Xo N", (with n as the dimension of A)

r fXo oXo inf u( t) ru( t) + x( t) rH(Hx( t) dt,Jo P-Po
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where we vary F such that 1+B1F is stable and define x(.), u(.) via 2(t)=
(At + BiF)x(t), x(O)= Xo, u(t)= Fx(t). Again by Theorem 4, there exists a sequence
F with o-(., + BF) c C- and

i0 H e(a’+")’[[ dt0

Tfor j . This implies Xo 5 Xo 0 for p . Since Xo was arbitrary, we obtain 5 0
and therefore also X 0, i.e., P 0 for p .
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BOUNDARY VELOCITY CONTROL OF INCOMPRESSIBLE FLOW
WITH AN APPLICATION TO VISCOUS DRAG REDUCTION*

MAX D. GUNZBURGER, LISHENG HOUr:, AND THOMAS P. SVOBODNY

Abstract. An optimal boundary control problem for the Navier-Stokes equations is presented.
The control is the velocity on the boundary, which is constrained to lie in a closed, convex subset of
H1/2 of the boundary. A necessary condition for optimality is derived. Computations are done when
the control set is actually finite-dimensional, resulting in an application to viscous drag reduction.

Key words, optimal control, Nvier-Stokes equations, boundary control, finite element meth-
ods, distributed parameter systems
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1. Introduction. We are concerned with a constrained optimization problem
for steady fluid flow, namely that of computing a boundary value of the velocity
that minimizes a volume integral that represents frictional energy dissipation. The
constraint is the system of equations for viscous incompressible flow. The boundary
value of the velocity, hereupon dubbed the control, is constrained to a closed, convex
subset of H1/2(Fc), where Fc is a portion of the body boundary. Such a constraint is
necessary since the control does not appear explicitly in the cost functional. Moreover,
we cannot eliminate the control in solving coupled state-adjoint equations. In the
present case a minimum principle gives us a variational inequality that couples the
system of state and adjoint equations. If we further constrain the control set to be in
a finite-dimensional subspace, then we are led to an optimization problem where the
feasibility set is the set of vertices of a cube in m-dimensional Euclidean space.

Our choice of the cost functional to be optimized is motivated by the following
physical consideration (cf. [9]). If a body with boundary F is immersed in a fluid,
then the force acting on the body is

F- JT.n dF,

where T is the stress tensor and n is the unit normal vector pointing into the body.
If we consider a body moving with rectilinear velocity V, then a measure of the
component of the force in the direction of the velocity is

FD-F.V-V’jfr T. ndF Jfr v. T. ndF,
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where v v(x, t) is the velocity field of the fluid. If we assume the linear constitutive
law, i.e., an expression for stress is given by

T -pI + 2#D,

where p denotes a pressure field and # the (constant) viscosity of the fluid, and
(Vv + VvT) is a symmetric tensor of first-order derivatives of v,D D(v)-

an integration by parts gives

FD 2# /n D D dx- Jn p(div v) dx + #/n v. V(div v) dx.

(We are assuming that the fluid is isotropic, reflected in the fact that the medium
itself is described by the scalar quantity #.) Although this expression for the drag
was derived in the context of the ideal conditions mentioned, it seems reasonable to
use the right-hand side as a cost functional to be minimized subject to the constraints
imposed by the incompressible Navier-Stokes equations. Of course, on this constraint
set, the second and third terms on the right-hand side are clearly zero, thus making our
cost functional positive. The term to which this functional then reduces is known in
the literature as the dissipation function; it represents the rate at which heat energy
is conducted into the fluid, or equivalently, the rate at which heat is generated by
deformations of the velocity field.

We apply our results to the following problem. It is known that for an aerody-
namic body moving at uniform velocity, the main contribution to retardation is the
frictional force. This force is increased if the boundary layer becomes turbulent. In
addition, the body may have to overcome adverse pressure gradients if the boundary
layer separates. We want to reduce viscous (skin-friction) drag of an immersed body
whose relative velocity with respect to the fluid is fixed (v). In the specific appli-
cation that is considered at the end, the method of control is the following: we have
m disjoint regions (holes) on the surface of the body where we can specify positive
(blowing) or negative (sucking) velocities [4]. Of course, the rate of flow at each hole
is strictly limited, not only for the obvious reasons, but because too strong a control
would change the lift, and the problem would not represent the one posed. On the
other hand, the control velocity must dominate pressure gradients. We will assume
that the control set is small enough so that the velocity profile at each hole is fixed,
and thus the problem reduces to a finite-dimensional control problem.

The numerical approximation is carried out using the finite-element method;
sketch of the procedure as well as a model problem is given at the end. Further
details concerning the approximation of such optimization problems as well as the
more difficult (from the viewpoint of approximation) unconstrained case, including
error estimates, are given in [3]. The authors are presently applying the techniques
and algorithms discussed here to other applications, e.g., flows about airfoils.

1.1. Notation. Real k-dimensional Euclidean space is denoted Rk; R_ is the
subset with nonnegative coordinates. The domain t is a bounded smooth domain
in Re or R3, whose boundary consists of two connected components F F to
Furthermore, F F(1) tO F(2), where F(1) must have an interior, but F(2) may be
empty. Let Hm(B) be the Hilbert space of Rn-valued functions defined on B whose
jth derivatives, 0 _< j _< rn are in L2(B). The norm in this space will be denoted by
]]" IIm. In all cases, boldface indicates vector-valued. We will use the quotient spaces

1/2 H/L()-{feL2() fafdx=O}and-.o (G)=(ge (G)’fag.ndG-0}.



BOUNDARY VELOCITY CONTROL AND DRAG REDUCTION 169

< "," >x will mean the duality pairing on X x X, while << .,. >>x will mean the
inner product in the Hilbert space X.

The matrix {Oui/Oxj} will be denoted Vu. The velocity deformation tensor is
(Vu + VuT). We use the formsD(u)-

a(u, v) 2u D(u)" D(v)dx V u, v inHl(a),

b(u,p) =-fap(divu)dx Vp e L(gt), u e

c(u,v,w)-Iatt. Vv.wdx Vu, v, weH(f).

The following estimate, which is a straightforward application of the HSlder and
Sobolev inequalities (el. [11]), will prove to be useful:

Ic(u,v,w)l <_ const.llUlllllVlllllWll/9.
These forms induce the following operators.

A H(ft) --- H-l(ft)
defined by

defined by

defined by

and

defined by

<Au, v >-a(u,v), ueHl(a),

B Hl(gt) -- L(ft)

v e H(ft),

< Bu, p >- b(u,p), u e Hl(ft),

" Lg(ft) H-l(ft)

p e L(ft),

< B---p,u >- b(u,p) u e H(a), p e L(a),

C Hl(ft) x Hi(a) - H-I(ft)

<C(u,v),w>=c(u,v,w), u, veH(ft), weH(ft).

For theorems concerning operators associated with the stationary Navier-Stokes equa-
tions, consult [7]. We will use the trace operators

%" H(a) H/(r), %" H(ft) H1/2(Fc)

and 7 x ,c. Optimal solutions of the optimization problem will be tagged with
v* or with hats, r.asterisks,

2. The optimization problem: boundary velocity control with con-
straints. We recall that we are faced with the problem of minimizing the functional
(FD), subject to the constraint

-uAv + (v. V)v + Vp- 0
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and either of the sets of boundary conditions

(BVC1) vlre voo, and vlr g,

(the Boundary Value Control Problem 1), or

(BVC2) vl(rl) vc, T(v).nl(r2) 0, and vlr g,

(the Boundary Value Control Problem 2), where the control function g is to lie in
a closed,convex subset of H1/2(Fc), and where is the kinematic viscosity.

Our program is a straightforward approach to a constrained optimization prob-
lem: we investigate existence of optimal solutions, we verify the existence of Lagrange
multipliers, and then we derive a minimum principle that couples the Euler-Lagrange
equations as necessary conditions for the optimal boundary velocity. The cost func-
tional is given by

J(v) IVv+ VvTI2dx.

2.1. Existence of an optimal solution. Consider the Navier-Stokes equations
in the weak form,

(2.1) a(v, w) + c(v, v, w) + b(w,p) 0 Vw e Ho(Ft)

(2.2) b(v, q) 0 V q e L(Ft)

(2.3) vlr g

and either

(2.4) vlr v

or

(2.5) v]r(1) v T(v) nlr() 0.

Always, voo e H*/(r) (or voo e H1/2(F(1)) in the case of (BVC2)) and, in the case
of (BVC1), we assume

fr g.ndF+fr v.ndF-0.

We consider the case (BVC1), and for simplicity assume that

v.ndF=0,



BOUNDARY VELOCITY CONTROL AND DRAG REDUCTION 171

so that

r
g.ndF-0.

(Cases (BVC2) and (BVC1) without the above assumption can be treated in similar
manner.)

DEFINITION 1. We define the admissibility set

Td ={(v,g) e Hl(ft) H(_ H1/(r)) J(v) < oc and there exists p e L(f)
and so that (2.2)-(2.4) and either (2.4) or (2.5) are satisfied}.

DEFINITION 2. We define an optimal solution (v*, g*) to be one for which J(v*) _<
g(v) for any (v, g) E Tad.

DEFINITION 3. We define a local minimum (/r, ) to be one for which there exists
> 0 such that g(/r) _< g(v) for any (v, g) e Tad with IIv rl]l < e
LEMMA 2.1. There exists an optimal solution to the above problem.
Proof. First, note that ad is nonempty. This follows from the fact

J(v) < ul[v[I 2

and well-known existence theorems for solutions of stationary Navier-Stokes equations
(cf. [1], [8], and [10]). Now let Vm (v,, gm) be a sequence in Td such that

lim J(vm)- inf J(v).
m---cx vETad

By definition of ad, J(vm) _< Co, a constant independent of rn. On the boundary,
v vo H1/2(F) and because of the assumption on F we have

J(v) >_ Cll[Vll c2]1v]11 c3

(this is a direct consequence of Korn’s inequality, cf. [2, p.117]); thus, []Vm[]l CV.
By the trace theorem, I[gml[1/2 -< Cu. We therefore have the weak limits

Vm v* e Hl(f), gm g* e H1/2(rc).
Since Hi(a) imbeds compactly in L2(f), we also have the strong limit

Vm v* L2(ft).

As/d is convex, closed, it is closed in the weak topology, thus g* E b/. Next, using
the fact that J is bounded, convex, we have that it is weakly lower semicontinuous,
and thus g(v*) infvEZd J(v).

Now we must show that the limit v* is in the admissible set, Td. We first show
that v* satisfies the boundary conditions. Since

")’e V V(x / V gin,

we want to show that % x % is a weakly closed operator. But it is continuous on

Hl(f) and so it is closed, and thus has a closed graph, and thus by the Hahn-Banach
theorem, is weakly closed. Thus

%v* vc, "Tcv* g*.
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Now we show that the limiting flow is incompressible. The condition

b(vm, q) O, Vq E L2

means that Vm E ker(B) forallm. But since ker(B) is a closed subspace, it is weakly
closed, and so

v* e ker(B) =v b(v*, q) 0 Vq e L2().

It is clear that a(vm, w) -+ a(v*, w) forallw e HI(). On the other hand, the
operator C(., .) is weak sequentially continuous. To see this, take w G C(FI), and
consider

Owj(v, v, w) -(v, w, v) v,,-xV, .
Since (Vw)ij e L(Ft), and since Vm ---+ v* in L2(Ft), we have

(v., v, w) - (v., v., w) Vw e c
but this space is dense in H(f/), thus

Avm + C(vm, Vm) -- Av* + C(v*, v*) e H-1

Morevoer, Avm + C(vm,Vm) e R(B) for all m; but the infsup condition ([7, p.81])
implies that R(B) is closed, and thus

Av* + C(v*, v*)e R(B),

or, in other words, there exists a p* L() such that

Av* + C(v*, v*) -Bp*,

which completes the proof of existence of an optimal control.

2.2. The Lagrange multiplier rule. The idea of the technique of Lagrange
multipliers is that the problem of minimizing a functional subject to a constraint
can be reduced to the unconstrained minimization of an auxiliary functional, the
Lagrangian. Important in applications of convex optimization is the existence of a
minimum principle. (The general theory of the parametrized Lagrange multiplier rule
is developed in [5, Chap. 1] and [13, Chap. 1].)

We can define a mapping

F HI() x L() x/gad -- H-l(f) L2o() H/2(r) H/(r)

by
Fl(v,v,g) Av + C(v,v) + Bp e
F2(v, V, g) Bv e L(Ft)
F(v, p, g) %v v e nl/:(r)
F4(v, p, g) %v g e H/:(r)

For economy, we say F" X L/- Y. Thus, our constraint (2.1)-(2.4) is

F 0 e H-l(a) x L(a) H/(r) H1/e(F)
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or
F-0EY.

We say that the set 5/has property C at (z, )
of the system

(2.6)

if for any nonzero solution (, o)

v.-o

we can find g E 5/such that

(2.7) f T().n. (g $)dr < 0.
JFc

Convention will have it that property C is to hold vacuously if there are no nonzero
solutions of (2.6).

Remark. As in [3] we can show that 5/- H/2(r) has property C (this is the case
where the control is not constrained). This conclusion is seen to be equivalent to the
following uniqueness result" If (2.7) is not true, then W(t) 0 and if t is a solution
to (2.6), then 0.

We will use the notation DIF(’,) D(u,p)F(,ih,)) =/, W (w,q), Z
image(/), F(v,p,5/) image of the map g ---, F(v,p,g), g e 5/, F(5/)
F(-, 15,5/); note that F(5/) is convex since F depends linearly on the control.

We are now in a position to state the main result of this section.
THEOREM 1. Let (e, ) be a local minimum (in the sense of Definition 3). Then

there exists a nonzero Lagrange multiplier,- (,a,, c) e [H-l(t) L() n/2(r) H1/2(rc)]
n(a) n]() n-/(r) H-/(r)

ul/ (n0/ (r)),)(or- H(t) Lo2(gt) (--o (r(1)))

(the dual spaces depend on the specified (BVP)), so that if bl satisfies property C at
(, ;), then solves the variational system

(2.8) < J’(9),w > + < ,D1F(,,)(w,q) >- O, V3 e Hl(gt) L(gt).

If property C is not valid then is a nonzero solution to

(2.9) < I,D1F(’,$)W >-0, VW

in either case, satisfies the variational inequality

(2.10) < ,F(+,/,g) >_> O, Vg E b/.

The inequality (2.10) will henceforth be referred to as the minimum principle.
The Lagrangian for this problem is

L J(v)+ < ,F(v, p, g) >= a(v, v) + a(v, t) + c(v, v, )
+ b(, p) + b(v, a)+ < ’1, ")/eV Vo,z >F + < ’2, ")’CV g >r
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The proof of Theorem 1 will rely on the following result.
THEOREM 2. (Ioffe and Tikhomirov [5]). In the notation of the foregoing, if
(a) X and Y are Banach spaces;
(b) J e el(X), D1F(v,p) e el(X);
() F(v,, U) cowx;
(d) Z is closed in Y and has finite codimension;
(e) some condition of complete regularity holds (for instance, 0 Y is an interior

point of Z + F
then there exists a as described in Theorem 1 and satisfying (2.8) and (2.10).

Proof. For the proof see [13, Theorem P, p. 49] or [5, Theorem 3, p. 71, p. 85].

Proof of Theorem 1. We wish to apply Theorem 2 to construct a that satisfies
(2.8) and (2.10). It is clear that conditions (a), (b), and (c)^follow from previous
observations. To show condition (d) is true, we show that F is Fredholm. If we
compute the derivative,

_(w,q) DF(fi,,) (W "yeW

")’cW

By the trace theorem, and using the ellipticity of A and the inf sup property for B,
we can see (cf. [1], [6], and [7]) that the Stokes operator

B 0
-y 0

is an isomorphism from Hl(f) x Lo2(ft) H-l(ft) x Lo2(a) x H1/2(F). (The last

factor in this product of spaces is --0 (F) if the velocity is specified on the whole
outer boundary, i.e., (BVC1).) We estimate the linear operators C(., fl) and C(/1, .)
as follows. From the estimate

we have that C(., fi) is continuous from Hl/2(a) into H-l(t) and thus compact from
H(ft) into H-l(t). Likewise, from the estimate

we see that C(fi, .) is continuous from H(t) into H-1/2(fl) and thus compact from
H(t) into H-I(Ft). Thus,/ D1F(fi,15,$) is a Fredholm operator. Since Z is now
known to be closed and with finite codimension M (being the dimension of the space
of solutions of (2.6)), we can write

Y=Z(R)E.

Property C expresses a condition of complete regularity (assumption (e) in The-
orem 2); to see this, note that, under the assumption that property C holds, if y E Y,
then there exist (w, ql) E X, g 5/, >_ 0 such that

(2.11) y =/(w, ql) + (*,/5, g).
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Let Q Y - Y/Z - E be the canonical mapping. If (2.11) does not hold, then taking
into account the finite dimensionality of E and the convexity of F(b/), we can find
y E Y such that

Qy. QF(,,15,g) <_ 0, Yg E N.

Define A -Qy/IQyl and A Q’A, then clearly, A Z+/- and < A, F(b/) >>_ 0, i.e.,
property C does not hold. Thus, we can find a finite number of gi /, 1

_
_< N,

such that 7 F(9, i5, gi) -/W for some W (w’, ql) X, and so that the mapping

(w,q,/1,... ,/n) H (w, q)+ E
defined on X R+N is onto Y. Let e be given and let (wo, qo, go) be such that

(2.12) /(wo, qo) + F(9, i5, go) 0.

Then the mapping

G,(v,p, a) -(1 ao -eE ai)F( + v, i5 + p,$)

+ aoF(, + v,i5 + p, go) +E aiF(- + v,i5 + p, gi),

defined on X x R+N+I, is smooth at the origin and DG(O, 0, 0) is surjective. Ee may
now continue with the proof of Theorem 2 given in [5, p. 87] or [13, p. 51] to construct
a that satisfies (2.8) and (2.10).

The stationarity condition (2.8) gives

0 a(*, w) + a(w, t)+c(*, w, t) + c(w, ,, t)+
b(t, q)+ b(w, a)+ < 1,7ew > + < 2, %w >.

The minimum principle (2.10), reduces in our case to the variational inequality

< ., g > >_ o Vg e

To get a (formal) expression for the multiplier 2, we integrate by parts to obtain
the system of equations for the adjoint variables

Thus, the minimum principle reduces to

(2.13) fr IT(9)+ T()].n. (g- $)dr >_ 0, Vg E L/.
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Note that this condition is equivalent to"

choose ; E 5/that solves

min [ IT(v) + T()]. n. (g )dF.max
u Jv

In the case where property C does not hold it follows immediately that there
exists

--(,o’,e,c e [H-l(a) L(a) H/2(F) HI/:(F)]
H() L(n) n-1/.(r) n-/(r)

(or H() no() (n/2(r()))’ (Ho/:(r))’)

that satisfies the system of equations (2.9), i.e.,

and

fr
T().n. (g ;)dr _> 0, Vg e/4;

thus inequality (2.10) is seen to hold in all cases.
Let us see what Theorem 1 gives us in the case where//is given more structure.

Suppose that 5/is given by

b/= {g e H/ g e A(s), for almost all s

where A(s) is a compact, convex subset of R for all s. If we consider the sets

.o. {g e/g g on rso. r r rG B(so.e)}.

then our condition reduces to

fr
[T(-) + T()]. n. (g $)dr > 0,

80e

VgEso,c, Vso EFc, Ve>O.

But since so EFc, > 0 are arbitrary, we find that the pointwise condition

[T(*)(s) + T()(s)]. n. (g ;) >_ 0, Vg(s) E A(s),

holds for almost all s E F.
3. Finite-dimensional control. Suppose that L/is a compact convex subset of

T, an m-dimensional subspace of Hi/2(F) spanned by the m functions {bk}. For the
sake of unity of presentation we will assume that property C holds, although everything
is true mutatis mutandis in any case and the final recipe is the same. Let the set of
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vectors {wk }, 1 <_ k _< m, be a basis for R", which we identify with the set
so that T can be thought of as either Rm span{wk} or as span{bk} C n/(r).
Thus any control vector g E//has a representation of the form

g(s) E gkk or g E gkwk

in T.
Let II H/e T be the projection. Let " T H1/2 be the canonical injection.

Then we can write the components, {rig}k, as

{1]g}k =<< g,bk

Here we use the Hi/2 inner product.
Recall the minimum principle (2.13). The integral on the left in that inequality

is the duality relation H-l/2 x n/2, which can be written

< (T(v) + T()). , rI(g ) >
for g E T. This equals

< f(W + W), II(g- ;) >

which is the duality pairing of T x T. Thus the minimum principle is

< f(T(/r) + T()).n, (g- ) >_> 0, Vg e

(This is duality pairing in T x T.) Let us give T the dual basis:

either {wk}, or

where
< Wk,wj >= 5kj,

The operator dual to 2, f H-l/2 - T is a projection since T is closed. Thus we can
define components

rk =<< f(T(/r)+ T()), Ck
so that the minimum principle (2.13) now becomes

n(9 0) > 0, Vg {} e u.
k

Let us look at the special case where b/is a parallelpiped

{ak <_ gk <_ bk}

then the minimum principle is seen to resolve itself as rn independent inequations

k(h k) >_ O, Vh [ak,bk]

and thus we have the following prescription for the optimal control:

(3.1)
if @ > 0 then 9k ak

if rk < 0 then 9k bk.
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If rk 0, then the Lagrange necessary condition gives no information about
We see that in this procedure, the r/k would seem to have to be computed in the

H-l/2 inner product, which may pose computational difficulties. It turns out that by
choosing the {bk} properly we can avoid this situation. In particular, suppose that
the {bk} form an orthonormal set in H1/2. Let A" H/2 H-/2 be the canonical
isomorphism; then

< A, >

where this is duality. This means that we can choose the sequence
and

k -<< T(v)+ W(),k.>>_/2 =<< T()+ T(t), Abk

=< T(9)+ T(t), bk >;

in other words,

(3.) rk fr [T(/r)+ T()]. n. bk dr’.

In the degenerate case, the prescription (3.1) continues to hold, although in that case,
we have

rk fr W(). n. bk dF.

4. Application to drag reduction via discrete blow holes. Let us consider
the situation where there are m subregions of Fc, say the set {F}, such that

Fc-UFk70, FkUFj=q) k=j.

Consider a set of vector-valued functions, {bk} in H/(r) such that

supp bk
C Pk,

so, clearly, these functions are orthogonal; we also want them normalized in the H1/2
norm.

We will define our admissibility set for the control as

5/- {g E H/2(Fc)’g- E/k ak < "/k < bk, ak bk E R, Vk}

Now we can apply the framework of the last section. Let T be identified with Euclidean
m-space, with the usual basis; i.e.,

el, , era}

The minimum principle is

E ] [T(/r) + T(t)]. n. (g $)dr > 0,
k

which reduces to
v(-) > 0, vg {a} e u,

k



BOUNDARY VELOCITY CONTROL AND DRAG REDUCTION 179

where

v ]_ [W() + W(t)]. n. 4 dr.
dF

Note that an apparent difficulty in implementation is the normalization of the basis
vectors in the norm. Suppose that, instead,

+... + ()]dr W.1,

so that they are actually an orthonormal set in L2(F). But this is also the duality
pairing, thus we can choose the ’s to be the b’s. But in this case,

r/k =<< T-bk >>_1/2=< T,A-Ibk >
which means that the r’s would be difficult to compute. In any case, the question of
computing the rk is moot, unless we know whetheror not property C is to hold. The
question of efficiently computing the optimum is far from satisfactorily settled. The
formula (3.1) gives us the structure of the optimal solution, but it may be prohibitively
expensive to have to visit each vertex of the m-cube. Note that the norm of the
basis functions is not necessarily difficult to calculate. A reasonable choice of basis
functions, at least for ak and bk small, are the piecewise linear functions, i.e., hat
functions over the holes. These H/2-norms can be computed. For example, if n 2,
and F1 [0, b], and

(2h/b)x if x <_ b/2I= 2h(1-x/b) ifx>b/2
then,

1[II121/2 h2[b/6 + 16/b2 + 8(ln(2) 1/4)].
Remark 1. Note that the vector (r,...,m) is matrix representation for a Ja-

cobian of J’($). Thus, if rfi 0 then J E [ak, bk] iS arbitrary, and we have a
one-parameter family of extremals, parametrized by lay, by]. In the application at
hand, this means that the jth control hole could be removed without effect on the
functional. It would be interesting to know whether this kind of degeneracy affects
the convergence of the approximation.

Remark 2. Care must be taken to make the problem well-posed, not only in the
sense of existence and regularity, but also with respect to the control. Degeneracies
can arise in several ways: if property C does not hold then it is seen that the necessary
conditions do not involve the cost functional; this means that the constraint set does
not have the structure that we want; it is not a manifold, or solutions of the constraint
equations are so sparse that a variational approach is not useful. On the other hand,
if g E 5/supplies an unconstrained minimum (for example, if v 0 and g 0, then
J’(9) 0, and the constraint is superfluous; in which case a result such as (3.1) would
be useless. Note that we do not have to explicitly rule out this case, for then, as can
be deduced from the previous remark, rk 0, for all k.

5. A simple computational example. Recall that the problem to be dis-
cretized is given by

a(v, w) + c(v, v, w) + b(w, p) O, Vw e
b(v, q)= O, Vq Lo2(2)
v]p gk

Vlr-(ur)up(I) Wo

T(v). n]r(.) O,
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where w0 is a prescribed function. For the simple example given below we did not
use the adjoint system in the updating procedure, only the theoretical fact that the
optimal solution is bang-bang i.e., given by (3.1) and (3.2). The discretization is
effected using a standard finite element algorithm (cf. [7]). Thus, we choose finite
element subspaces

V H(t)

and
S C L02(t)

and require that vh E Vh and ph Sh satisfy

a(vh, wh) + c(vh, vh, wh) + b(wh, ph) O,
b(vh, qh O,

vhlr gkh,
vlr-(v)r() Wo

where gh and w0
h are suitable approximations to gk and w0, respectively. (See the

discussion above.)
The particular computational problem we consider here is described in Fig. 1.

INFLOW OUTFLOWI

2 3n

Fig. 1. Geometry and hole placemnt for flow over a forward facing step.

Here, Fk, k 1, 2, 3, 4, are the regions indicated and w0 is zero on the top and bottom
portions of F- [-JkI’k and nonzero on the inflow and outflow portions. This problem
is of use in viscous drag reduction studies. The step represents a protuberance on a
wing, e.g., due to struts, rivets, etc. These obstacles can trip separation or accelerate
transition to turbulence. Our studies examine how the injection or suction of fluid
can ameliorate the negative influence of the step. We use the Taylor-Hood element
pair as amended by [12]. Continuous piecewise quadratic polynomials with respect to
a triangulation of the flow domain are employed for the velocity components. For the
pressure approximation, we use continuous piecewise linear polynomials with respect
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to the same triangulation, augmented by a piecewise constant in each triangle. This
locally mass conserving element pair is known to provide the error estimate (see [12])

v- vhll0 + h(I]v- vhlll + lip--philo) <-- Chs+l(llvlls+ + IIPlIs),

whenever
v E H+I(t), p E Hs(f), 1 _< s _< 2,

where h is a measure of the size of the finite element grid, and whenever g and w0
h are

accurate enough approximations. For example, the above estimate holds if we merely
take gk

h and w0
h to be the interpolant, in Vh restricted to the appropriate segment of

F, of gk and w0 respectively.
For the computation we choose the velocity profile at the hole to satisfy

gk n-- akP2k, ak [ak, bk] and g n 0,

where p2k is a quadratic polynomial vanishing at the edge of the hole. Then, our
control set is determined by the appropriate parameters. From the theory presented
above, we know that, for the optimal solution, ak must be either ak or bk. Thus, to
determine the optimal solution, we need to solve our finite element problem with gk

given, following the above prescription. One may then compute J(v) for each of these
cases (16 in this example), and thus determine the minimum.

We choose the ak, bk so that the maximum mass flow in or out of any hole is 1/12
of the mass flow at the inflow. We compute the dissipation function with each hole
blowing, sucking or turned off. If only blowing is allowed, i.e., ak 0, it is found
that the dissipation function is minimized if only the second hole is active. If only
suction is allowed, i.e., b 0, it is found that allowing only the third hole to be active
is best. If both blowing and suction are allowed, i.e., ak --bk, then having suction

through the third hole and injection through the second hole is best.
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THE DISCRETE TIME H CONTROL PROBLEM
WITH MEASUREMENT FEEDBACK*

A. A. STOORVOGELt

Abstract. This paper is concerned with the discrete time Ho control problem with mea-
surement feedback. It follows that, as in the continuous time case, the existence of an internally
stabilizing controller that makes the Ho norm strictly less than 1 is related to the existence of stabi-
lizing solutions to two algebraic Riccati equations. However, in the discrete time case, the solutions
of these algebraic Riccati equations must satisfy extra conditions.
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1. Introduction. The H control problem with measurement feedback has
been thoroughly investigated (see, e.g., [5], [6], [7], [13], [14], [21], [22], [24], [28]).
However, all of these papers discuss the continuous time case. In this paper, in con-
trast with the above papers, we discuss the discrete time case.

In practical applications, most people are mainly concerned with discrete time
systems. One major reason is that to control a continuous time system we often
apply a digital computer on which we can only implement a discrete time controller.
One possible approach is to derive a continuous time H controller and then to
discretize the controller so that a computer may be used.

Discretizing the system first and then using H control designed for discrete
time systems might be a more useful approach. This comparison can, only be made,
however, after the discrete time H control problem has been solved. Taking the
effects of discretization into account is another possibility, see [3], [4].

Also, certain systems are in themselves inherently discrete, and certainly for these
systems it is useful to have results available for H control problems.

One approach is to apply a transformation in the frequency-domain that trans-
forms discrete time systems to continuous time systems. The transformation we have
in mind is discussed, for instance, in [8, App. 1]. With this transformation, discrete
time H functions are mapped isometrically onto continuous time H functions. We
can then use the results available for continuous time systems and afterward apply
the inverse transformation on the controller thus obtained.

This transformation, however, is not always attractive. It maps systems with a
pole in 1 into nonproper systems. Also this transformation is such that it clouds the
understanding of specific features of discrete time H control because of this complex
transformation. If it is possible to derive results for discrete time systems, why not
apply these results directly instead of performing this unnatural transformation?

In the papers on H control with continuous time, several methods Were used to
solve the H control problem. Recently, a paper solving the discrete time H control
problem using frequency domain techniques has appeared (see [12]). Also the polyno-
mial approach has been applied to discrete time systems (see [11]). Derivation of the
results for the discrete time H control problem could probably also be based on the
work of [26]. In addition, several papers have appeared using a time-domain approach
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(see [1], [16], [27]). However, [16] does not contain any proof of the results obtained,
and [1], [27] make a number of extra assumptions on the system under consideration.
In [1], [16], [27] the authors first investigate the finite horizon problem and then derive
a solution of the infinite horizon problem by considering it as a kind of limiting case
as the endpoint tends to infinity.

In contrast, this paper directly investigates the infinite horizon case. We use
time-domain techniques that have many familiarities with those used in [22], [24],
which deal with the continuous time case. The method used in this paper was derived
independently from [1], [16], [27]. The current paper is an extension of [23], which
deals with the full-information case. However, contrary to the latter paper, here we
give detailed proofs of all our results.

We assume that two particular transfer matrices are left- and right-invertible,
respectively. The only other assumption we must make is that two subsystems have
no invariant zeros on the unit circle. Our assumptions are exactly the discrete time
analogues of the assumptions in [9]. The assumptions we make are weaker than the
assumptions in [12], [27], and the same as the ones made in [16].

As in the continuous time case, the necessary and sufficient conditions for the
existence of suitable controllers involve positive semidefinite stabilizing solutions of
two algebraic Riccati equations. As in the continuous time case, the quadratic term in
these algebraic Riccati equations is indefinite. However, compared to the continuous
time case, the solutions of these equations must satisfy another assumption: matrices
depending on these solutions should be positive definite.

The outline of this paper is as follows. In 2 we will formulate the problem and
give our main results. In 3 we will derive the existence of a stabilizing solution of
the first algebraic Riccati equation starting from the assumption that there exists an
internally stabilizing feedback that makes the H norm of the closed loop system
less than 1. In 4 we will show the existence of a stabilizing solution of the second
algebraic Riccati equation and complete the proof that our conditions are necessary.
This is done by transforming the original system into a new system with the property
that a controller "works" for the new system if and only if it "works" for the original
system. In 5 it is shown that our conditions are also sufficient. It follows that the
system transformation of 4 repeated in a dual form exactly gives the desired results.
We will end with some concluding remarks in 6.

2. Problem formulation and main results. By Af and Ti we denote the
natural numbers and the real numbers, respectively. Moreover, by a we denote the
shift (ox)(k) := x(k + 1) for all k CAf. At a certain stage, we also need a backward
difference equation of the form a-ix Ax + Bu We define the solution x to be a

mapping from Af U (-1} to Tin given by

x[. =aA(xlf)+aBu,
x(-1) Ax(O) + Bu(O).

It will follow that extending this function from Af to Af t2 {-1 } is a useful definition.
We consider the following time-invariant system:

(2.1) E:
ax- Ax+ Bu+ Ew,
y -Clx nt- zr- D12w,
z --C2x + D21u nt- D22w,

where for all k e Af, x(k) e Ti’ is the state, u(k) e n" is the control input, y(k) Ti
is the measurement, w(k) G Ti9 is the unknown disturbance, and z(k) TiP is the
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output to be controlled. A, B, E, C1, 62, D12, D21, and D22 are matrices of appropriate
dimension.

If we apply a dynamic feedback law u Fy to E, then the closed loop system
with zero initial conditions defines a convolution operator Ec,F from w to y. We seek
a feedback law u Fy that is internally stabilizing and that minimizes the g2-induced
operator norm of Ec,F over all internally stabilizing feedback laws. We will investigate
dynamic feedback laws of the form

ap= Kp+ Ly,
(2.2) EF" u Mp + Ny.

We will say that the dynamic compensator F, given by (2.2), is internally stabi-
lizing when applied to the system E, described by (2.1), if the following matrix is
asymptotically stable:

(2.3) (A+BNCt BM )LC K

i.e., all its eigenvalues lie in the open unit disc. Denote by (F the closed loop transfer
matrix. The g2-induced operator norm of the convolution operator Ec,F is equal to
the H norm of the transfer matrix GF and is given by

IlaFIIo := sup IlaF(  )ll
0c[0,2]

wee , we0sup Ilwll2
where the e.-norm is given by

I1 11 
k=0

and where [1" denotes the largest singular value. We refer to this norm as the
Ha norm of the closed loop system.

In this paper we will derive necessary and sufficient conditions for the existence
of a dynamic compensator EF that is internally stabilizing and which is such that
the closed loop transfer matrix GF satisfies IIaFllo < 1. Furthermore, if a stabilizing
EF exists, which makes the Ho norm of the closed loop system less than 1, then we

derive an explicit formula for one particular EF satisfying these requirements.
By scaling the plant, we can thus, in principle, find the infimum of the Ho norm

of the closed loop system over all stabilizing controllers. This will involve a search
procedure.

In the formulation of our main result we will need the concept of invariant zero:

z0 is called an invariant zero of the system (A, B, C, D) if

rankT (zoI-A -B ) (zI-A -B )C D < rankn(z) C D

where ranktc denotes the rank as a matrix with entries in the field . By T4(z) we
denote the field of real rational functions. The system (A, B, C, D) is called left-
(right- invertible if the transfer matrix C(zI- A)-IB + D is left- (right-) invertible
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as a matrix with entries in the field of real rational functions. We can now formulate
our main result.

THEOREM 2.1. Consider system (2.1). Assume that the system (A,B, C2, D21)
has no invariant zeros on the unit circle and is left-invertible. Moreover, assume
that the system (A,E, C1,D12) has no invariant zeros on the unit circle and is right
invertible. The following statements are equivalen

(i) There exists a dynamic compensator EF of the form (2.2) such that the re-

sulting closed loop transfer matrix GF satisfies IIGFI[ < 1 and the closed
loop system is internally stable.

(ii) There exist symmetric matrices P >_ 0 and Y >_ 0 such that
(a) We have

(2.4) V > 0, R > 0,

where

V := BTPB + DID2x,
R I- D22D22 ETPE

+ (ETpB + D2D2x V- (BTpE + DxD22).

This implies that the matrix G(P) is invertible, where

(2.5) (P) ( 01921 01022 ) ( BT )D2D2 92022 I + E P B E ).

(b) P satisfies the discrete algebraic Riccati equation

(2.6) P- APA + CC2

)BPA + D1C2 G(p)- IBPA + D21C2
\EPA + D2C2 \EPA + D2C2

(c) The matrix Ac,p is asymptotically stable, where

(2.7) Ac :=A-(B E) G(P)-(BTPA+DIC),p ETpA + D2C2
Moreover, if, given the matrix P satisfying (a)-(c), we define the following
matrices:

H ETpA + D22C2 -[EPB + D2D2 V- [BTpA + DC2],
Ap A + ER-XH,
E, := ER-/2,
C1,p := C + D2R-H,
C2,. := V-1/2 (BPA + DC2) + Y-/2 [BPE + 0022] R-1H,
D1, :- D12R-/2,

V/2
D, V-/2 (BPE + DD22)R-/2,

then the matrix Y should satisfy
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(d) We have

(2.8) w > o, ’ > o,

where

W := D,vD +C YCTi12,P ,P ,P

S := I D.,,D, C.,YCT
2,P

+ (C,YC + D,D1T,e) W-1 (C,YC, + Dl,eVT,e)
This implies that the matrix Hp(Y) is invertible, where

(2.9) Hp(Y) \D,.DL, D:,.D=5, I C= \C=,.)

(e) Y satisfies the following discrete algebraic Riccati equation:

(2.10) Y AYA + EvE

C1 .YA + D,Ef Hp(Y)_ C .YA + n,E
C’,.YA + D.,.E; C’,.YA + D,.E

(f) The matrix Ac,p,y is asymptotically stable, where

C pYA + n,.E Up(Y)_ C1,(2.11) A,,.,. := A C’,.YA + n:,.E C

In the case where there exist P >_ 0 and Y >_ 0 satisfying (ii), then a controller of the

form (2.2) satisfying the requirements in (i) is given by

N -D-1 (C,pYC + D,DT ,) W-1
21,P 1,P

D-1M-=-(,,C,,+NC,,),
L BN + (ApYCp + EpD:2, W-1,
K A,, LC,,.

Remarks.
(i) Necessary and sufficient conditions for the existence of an internally stablizing

feedback compensator, which makes the H norm of the closed loop system less than
some, a priori given, upper bound /> 0, can be easily derived from Theorem 2.1 by
scaling.

(ii) If we compare these conditions with the conditions for the continuous time
case (see [6], [22]) we note that conditions (2.4) and (2.8) are this time depending
on the solutions of the two Riccati equations. A simple example showing that the
assumption G(P) invertible is not sufficient is given by the system

rX

(10)x
z (10)x

+

+

u + 2W

(Ol)
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There does not exist a dynamic compensator satisfying the requirements of part (i)
of Theorem 2.1, but there does exist a positive semidefinite matrix P satisfying (2.6)
such that matrix (2.7) is asymptotically stable, namely P 1. However, for this P
we have R- -1. Therefore matrices like Ep are ill-defined and we cannot even look
for a matrix Y satisfying (2.8)-(2.11).

(iii) Since our starting point of the proof of (i) = (ii) will not be part (i) of
theorem 2.1 but Condition 3.2, it can be shown that we cannot make the H norm
less by allowing more general, possibly even nonlinear, causal feedbacks.

The proof of the existence of a stabilizing solution of the Riccati equation will be
reminiscent of the proof given in [24] for the continuous time case. However due to
our weaker assumptions and conditions (2.4) and (2.8), there are quite a number of
extra intricacies. The remainder of the proof is based on [22].

Another interesting case was discussed in [23]. However, the latter reference only
gives the general outline of the proof. In contrast, the present paper will give much
more detail. Reference [23] discusses the so-called full-information case, shown below.

I 0Full information case. C1 (0), D12 (i).
In this case, we have Yl x and Y2 w; i.e., we know both the state and the

disturbance of the system at time k. However, we cannot apply Theorem 2.1 to this
case since system (A,E, C1,D12) is not right-invertible. Nevertheless, following the
proof for this special case, it can be shown that there exists a feedback satisfying part
(i) of Theorem 2.1 if and only if there exists a symmetric matrix P >_ 0 satisfying
conditions (a)-(c) of part (ii) of Theorem 2.1. Moreover, in that case we can find
static output feedbacks u Fx + F2w with the desired properties. One particular
choice for F (F, F2) is given by

(2.12) F := -(DD21 + BTpB)- (BTpA + DIC2
(2.13) F2 -(DD2 + BTpB)-1 (BTPE + DD22).

3. Existence of stabilizing solutions of the Riccati equations. In this
section we assume that part (i) of Theorem 2.1 is satisfied. We will show that the
existence of P satisfying conditions parts (a)-(c) in (ii) is necessary.

Consider system (2.1). For given disturbance w and control input u let x,, and
zu,, denote, respectively, the resulting state and output for initial state x(0) . If

0 we will simply write x, and z,. We first give a definition.
DEFINITION 3.1. An operator f t2 i2, w f(w) is called causal if for any

Wl, W2 E i2, and k E Jf:

Wll[O,k] W21[O,k] := f(Wl)l[O,k]- f(w2)l[O,k].

f is called strictly causal if for any wl, w2 2, and k Af we have

I( l)lI0, l=I(  )li0, l

A controller of the form (2.2) always defines a causal operator. In the case where
N 0, this operator is strictly causal. We will label the following condition.

CONDITION 3.2. (A,B) stabilizable and for system (2.1) there exists causal
f’/2 --*/n and 5 < 1 such that for all w e/2 with u f(w) we have x, e/ and

If there exists a dynamic compensator F such that IIGFIIc < 1 and such that
the closed loop system is internally stable, then Condition 3.2 is satisfied. Hence if the
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requirements of part (i) of Theorem 2.1 are satisfied, then Condition 3.2 holds. Note
that Condition 3.2 is equivalent to the requirement that there exists a causal operator
f such that the feedback u f(x, w) satisfies Condition 3.2. This follows from the
fact that, after applying the feedback, there exists a causal operator g mapping w
to x and, therefore, we could have started with the causal operator u f (g(w), w)
in the first place. Conversely, if we have the feedback u f(w), then we define

fl (x, w) := f(w), which then satisfies the requirements of the reformulated Condition
3.2.

Finally, we would like to remark that besides the obvious condition that (A, B)
should be stabilizable, there is a more implicit extra condition x, E , which is
also related to stability. Intuitively, these two conditions imply that we cannot only
find a controller that is input-output stabilizing (i.e., the closed loop transfer matrix
is in H and that makes the H of the closed loop system less than 1, but even
an internally stabilizing controller with the same property. This is only true for the
full-information case (see [23]). For the more general measurement-feedback case, we
need extra stability conditions related to detectability.

We will show that the existence of such causal f and 5 < 1 satisfying Condition
3.2 already implies that there exists a positive semidefinite solution of the discrete
algebraic Riccati equation (2.6) such that (2.7) is asymptotically stable and (2.4) is
satisfied. We will assume for the time being that

(3.1) DI[ C: D:: ]= 0,

and we will derive the more general statement later. To prove the existence of the
desired P, we will investigate the following sup-inf problem:

(3.2) C*():= sup inf { [Iz,,[l -]lw[12 u E such that x,, }
wE u

for arbitrary initial state . We will prove that Condition 3.2 implies that C*() is
finite for every . Moreover, it will be shown that there exists a P 0 such that
C*() P. At the end of this section, we then prove that this P exactly satisfies
conditions (a)-(c) of Theorem 2.1. We first infimize, for given w and ,
the function [[z,,[- [w[[ over all u for which x,, . After that, we

maximize over w :.
Our proof is based on Pontryagin’s maximum principle. This only gives necessary

conditions for optimality. However, in [15] a sucient condition for optimality is
derived over a finite horizon. We will use the ideas from [15], together with our
stability requirement, x,, , to adapt the proof to the infinite horizon case.

We start by constructing a solution of the adjoint Hamilton-Jacobi equation,
which is a natural starting point if we use Pontryagin’s maximum principle.

Let L be such that DD + BLB is invertible and such that L is-the positive
semidefinite solution of the following discrete algebraic Riccati equation:.

(3.3) L AWLA + CC2 ALB (DD2 + BLB)- BWLA

for which

(3.4) AL A- B (DD2 + BTLB)-1 BTLA

is asymptotically stable. The existence of such L is guaranteed under the assumption
that (A, B, C:, D21) has no invariant zeros on the unit circle and is left-invertible and,
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moreover, that (A,B)is stabilizable (see [20]). We define

TD (i + 1)),r(k) E [X1AT]i-k X1 (LEw(i) + C2
i=k

where

(3.6) X1 := I LB (DlD21 + BTLB)-1BT.

Note that r is well defined since the matrix AL XA is asymptotically stable, which
implies that XIAT is asymptotically stable. Next, we define the functions y, 2, and r/
by

(3.7)
(3.8)
(3.9)

y M-BT [ATar LEw CD22aw],
a2 AL2 + By + Ew, 5(0) ,

-XLA2 + r,

where M D1D21 -BTLB. Since XAT is asymptotically stable, it can be checked
straightforwardly that, given E Tin and w E 2, we have r, 2, 2.

After some standard calculations, we find the following lemma.
LEMMA 3.3. Let Tin and w 2 be given. The function l is a solution

of the following backward difference equation:

T T(3 10) a AT 62 62 C2 D22w lim (k) 0.

Here is extended to a function from A/" t2 {-1} to Tin by choosing r/(-1) such that
(3.10) is satisfied.

In the statement of Pontryagin’s maximum principle, this equation is the so-called
"adjoint Hamilton-Jacobi equation," and r/is called the "adjoint state variable." We
have constructed a solution to this equation and we show that this indeed yields a

minimizing u. Note the difference with the continuous time case (see [24]), where we
could derive a differential equation forward in time, while in discrete time we can only
derive a difference equation forward in time when A is invertible. To prevent these
kinds of difficulties, it is assumed in [12] that A is invertible. The following lemma
states that r/yields a minimizing u.

LEMMA 3.4. Let system (2.1) be given. Moreover, let w and be fixed. Then

t -(DD21 + BTLB)- BTLA’c + y

arg inf { IIz,,l12 u e such that x,, e }.
u

Proof. It can be easily checked that x,,. Define

T

,T(U) E IIC2xu’w’(i) + D21u(i) + Deew(i)]].
i--0

Let u / be an arbitrary control input such that x,, t. We find that

,T(tt)- ,.T_I (It)- 2IT(T)x(T + 1)+ 2r/(T- 1)x(T)
IIC2x(T)II 2 + [DID2u(T 2BTr/(T)]T u(T) 2I(T)Ew(T) 2x(T)CfC22(T).
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We also find that

T()- T-I()- 2T(T)2(T + 1)+ 2rT(T-
-IIC22(T)112 + [DID2t(T)- 2B(T)] (T)- 2r(T)Ew(T).

Hence if we sum the last two equations from zero to infinity and subtract from
each other we find that

i=0

+ E [DD2t(i)- 2B(i)]T (i)- [DlD2u(i 2B(i)] u(i).
i=0

It can easily be checked that Br7(i) DiD21t(i) for all i. Therefore, for every
we have

[DlD2t(i 2B(i)]T (i) -inf [DlD2u- 2B(i)] u.
u

Together, the last two equations imply that IIz,,112 _< IIz,,112, which is exactly
what we had to prove. Since (A, B, C2, D2) is left-invertible, it can easily be shown
that the minimizing u is unique. [:]

We now maximize over w e 2. This will then yield C*(). Define $’(, w) :=
(2, , ) and (, w) := z,, C22 + D217 - D22w. It is clear from the previous
lemma that . and G are bounded linear operators. Define

:= II ll ,
Ilwllc (-l(o, w)) 1/2

It can be easily shown that I1" IIc defines a norm on i2 Using Condition 3.2, it can
be shown straightforwardly that

where p > 0 is such that p2 1- and is such that Condition 3.2 is satisfied.
Hence II" IIc and I1" 112 are equivalent norms.

Note that Lemma 3.4 still holds if Condition 3.2 does not hold. However, the
result that II" IIc is a norm and that even I1" IIc and I1" 112 are equivalent norms is
the essential property, which is implied by Condition 3.2 and which is the key to our
derivation.

We have

(3.12) C*() sup C(, w).

We can derive the following properties of
LEMMA 3.5.
(i) For all Tn we have

TL(3.13) 0 _< L _< C*() _<
l_e’

where is such that Condition 3.2 is satisfied.
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(ii) For all C T4’ there exists an unique w, 2 such that C* () C(, w,).
Proof. Part (i). It is well known that L, as the stabilizing solution of the discrete

time algebraic Riccati equation (3.3), is the cost of the discrete time, linear quadratic
problem with internal stability (see [20]). Hence I1(;(, 0)1122 C(, 0) TL. There-
fore we have 0 GL C*(). Moreover,

(11(, 0)11 + I1(0, )11)-
L
1_"

Part (ii) can be proved in the same way as in [24]. First, show that I1" IIc satisfies

(3.14) Ilw wll 2c(, w) + 2c(, w) 4c (, (w +
for arbitrary R. Then it can be shown that a maximizing sequence of C(, w) is
a Cauchy sequence with respect to the I1" Ilc-norm and hence, since I1" IIc and
are equivalent norms, there exists a maximizing/2 function w,. It is easy to show
uniqueness using (3.14).

Define " l, w,. Unlike the explicit expression for g we can only
derive an implicit formula for w,. However, we show with the following lemma that
w, is the unique solution of a linear equation.

LEMMA .6. Let n be given. Then w, is the unique gz-function w
satisfying:

(3.15) (I DzDzz) w -E + DzCzz,

h (x, u, ) (, ).
Pro@ Define (x,, u,, ,) (, w,). Moreover, define wo := -EZ(w,) +

DzDzzw, + DzCzx, and (xo, uo, o):= ((, wo). We find that

(3.16) IlZo,wo,(r)ll 2 -Ilwo(r)ll 2 2(T)xo(r + 1)+ 2(T- 1)xo(T)
Ilz,,,,(T)- Zo,o,(T)] 2 -IIz,,,,(T)ll 2 + Ilwo(T)ll 2

Here we use the Net that DDeu,(i) B,(i) for all i. We also find that

(3.17) II.,.,(T)II -I.(T)II 2v:(T).(T + 1)+ 2(T- 1)x,(T)
(T).(T)- I.,.,(T)I -I.(T)I

Summing (3.16) and (3.17) from zero to infinity and subtracting from each other gives
US

Since w, maximizes C(, w) over all w, this implies wo w,.
That w, is the unique solution of the equation (g.15) can be shown in a similar

way. Assume that, apart from w,, Wl glSO satisfies (3.15). Let (Xl, Ul, 1)"-- (, Wl).
We find from (3.17) that

(a.9) IIz.,.,(T)l e -II.(T)I 2v:(T).(T + 1)+ 2v(T- 1)x,(T)
IIw. (T)II 2 IIz.,., (T)II 2
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We also find that

(3.20) Ilzul,wl,(T)ll 2 -Ilwl(T)ll 2 27T,(T)xl(T + 1)+ 27,T(T- 1)Xl(T)
IIzI,I,(T)II 2 -[Iwl(T)ll 2 + 2wT,(T)wI(T)- 2z:,,,,,(T)Zl,,(T).

Summing (3.19) and (3.20) from 0 to and subtracting from each other gives us

(3.21) C(, W,) C(, Wl) Ilw, wll[.
Since w, was maximizing, we find that [[w, w [[c 0 and hence w, w. D

Next, we show that C*() Tp for some matrix P. To do that we first show
that u,, 7,, and w, are linear functions of x, in the result below.

LEMMA 3.7. There exist constant matrices K1, K2, and K3 such that

(3.22) u, KlX,,

(3.23) 7, K2x,,

(3.24) w, K3x,.

Proof. First we look at time 0. By Lemma 3.6 it is easily seen that - w, is
linear. Hence the mapping from to w,(0) is also linear. This implies the existence
of a matrix K3 such that w,(0) K3. From (3.10) and Lemma 3.4, it is easily seen
that u, and 7, are linear functions of and w,. This implies, since w, is a linear
function of , that u,(O) and 7,(0) are linear functions of , and hence there exist K
and K2 such that u,(0)= KI and 7,(0)= K2.

We now look at time t. The sup-inf problem starting at time t with initial value
x(t) can now be solved. Due to time invariance, we see that w, restricted to It, ec)
satisfies (3.15), and hence for this problem the optimal x and 7 are x, and 7,. However,
since t is the initial time for this optimization problem, which is exactly equal to the
original optimization problem, we find (3.22)-(3.24) at time t with the same matrices
K1, K2, and K3 as at time 0. Since t was arbitrary this completes the proof. D

LEMMA 3.8. There exists a matrix P such that r-7, -Px,. Moreover, for
this P we find that

(3.25) C*() TP.

Proof. We have

O’--17, [AT7, CfC2x, CD22w,]
(ATK2 T TC2 C2 C2 D22K3) x,.

We define P := -(ATK2- CC2- CD22K3) using the matrices defined in lemma
3.7. We prove that this P satisfies (3.25). We can derive the following equation:

Ilz. ,. ,e (T) -[[w.(T)[[ 27T,(T)x,(T + 1)+ 27,T(T- 1)x,(T)
[[w,(T)[[ 2 -[[Zu,,w,,(T)[[ 2

We sum this equation from zero to infinity. Since limT 7, (T) 0 and limT--, x, (T)
0, we find that

C(, w,) + 27,T(--1)X,(0) -C(, w,).
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Since C(, w,)- C*() and r/,(-1)- -P, we find (3.25).
Next, we show that this matrix P satisfies conditions (a)-(c) of theorem 2.1. We

first show part (a). Since we do not yet know if P is symmetric, we must be careful.
This essential step in our derivation is new compared to the method for the continuous
time as used in [24].

LEMMA 3.9. Let P be given by Lemma 3.8. The matrices V and R as defined in
part (ii) of theorem 2.1, condition (a), satisfy V + VT > O, R + RT > O.

Proof. By Lemmas 3.5 and 3.8, we know that (P + PT)/2 >_ L, and therefore we
find that (V + VT)/2 >_ DlD21 + BTLB. The latter matrix is positive definite, and
hence (V + V)/2 is positive definite, i.e., V + V > 0.

We now lo0k at the following ""sup-inf-sup-inf" problem for initial condition 0:

(3.26) J(0) sup inf sup inf IIz,toll 2
to(0) (0) to+

where w+ := wl[1,o and u+ ul[1,o). We will always add the constraint that u+ is
such that the resulting state z is in

We know that there exists a causal operator f satisfying Condition 3.2, and
hence this function makes the t2-induced operator norm strictly less than 1 under the
constraint z E t. In (3.26) we set u f(w). This is possible since by causality we
know that u(0) only depends on w(0) and u+ depends on the whole function w. Thus
we get

(3.27) 7(0)- sup inf sup inf IIz,toll
to(0) (0) to+

<_ sup Ilzf(to),toll
<0.

Since, by Lemma 3.8, we have

(3.28) sup inf IIw/ll xT(1)Px(1),

we can reduce (3.26) to the following "sup-inf’ problem:

sop inf t(o)T( V BTPE-t-DID22 )/u(0))to(o) u(o) kw(0),] ETpB + D2D2 ETpE + D2D22 I kw(0)

When we define

we get

t(O) (0) (EPB + D.DI) V-w(O),

( lol o ) ( lol )(3.29) ,7(0) sup inf w(0) 0 -R w(0)to(0) (0)

Since, by (3.27), 7(0) is finite we immediately find that a necessary condition is

R+R >0.
Assume that R+RT is not invertible. Then there exists a v 0 such that vRv

0. Let w+ (u(0)) be the t-function that attains the optimum in the optimization (3.28)
with initial state x(1) Bu(0) + Ev. We define the function w by

f v if t 0,(3.a0) [w(u(O))l(t) w+(u(O))(t) otherwise.
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Assume that 5 and f are such that Condition 3.2 is satisfied. Define u by

(3.31) u- f[w(n(O))].

Since the map from u to w defined by (3.30) is strictly causal and since f is causal, u is

uniquely defined by (3.31). To prove this, note that u(0)only depends on w(u(0))(0)
v, and hence w+ as a function of u(0) is uniquely defined, which in turn yields u.

Denote u and w obtained in this way by ul and wl. By (3.27) and (3.29), we find

that, for this particular choice of w and ul, we have

On the other hand, using Condition 3.2 we find that

Ilz,,,,lllg -IlWlll < (’5 1)Ilwlll < 0

since w (0) v 0. Therefore we have a contradiction, and hence our assumption
that R + RT is not invertible was incorrect. Together with R + RT _> 0, this yields
R+RT >0. rl

LEMMA 3.10. Assume that (A,B, C2,D21) has no invariant zeros on the unit
circle and is left-invertible. Moreover, assume that D[C2 D22] 0. If the condition
in part (i) of Theorem 2.1 is satisfied, then there exists a symmetric matrix P >_ 0
satisfying (a)-(c) of part (ii) of Theorem 2.1.

Proof. We define the matrices

M DD21 + BTLB > O,
Z I D2D22 ETXILE.

We know that -(R+R)/2 is the Schur complement of (V+VT)/2 in G((p+pT)/2).
By Lemma 3.9, we know that R + RT > 0 and V + VT > 0. Therefore G((P + PT)/2)
has m eigenvalues on the positive real axis and eigenvalues on the negative real
axis. We know that G((P + PT)/2) G(L) >_ 0 since (P + PT)/2

_
L. An easy

consequence of the theorem of Courant-Fischer (see [2]) then tells us that G(L) has
at least eigenvalues on the negative real axis. Since -Z is the Schur complement of
M > 0 in G(L), this implies that Z > 0.

By Lemma 3.8, we have r/, -aPx,. By combining Lemmas 3.4 and 3.6 and
rewriting the equations, we find that u, and w, satisfy the following equations:

w, Z-1 {ETX1 (P L)ax, + (D:2C + ETXLA) x,},
u, -M-1BT {(P- i)ax, + LAx, + iEw,}.

Thus we get

(3.33) {I + [BM-1BT X?EZ-1ETX1] (P L)} x,(k + 1)

X? {A + EZ-.1EX1LA + EZ-1D2C2} x,(k)

Since, by Lemma 3.9, R as defined in Theorem 2.1 is invertible, it can be shown that
the matrix on the left is invertible, and hence (3.33) uniquely defines x,(k + 1) as a
function of x,(k). It follow,s that (3.33) can be rewritten in the form ox, Actx,,
with Act as defined by (2.7). Since x, E t for every initial state , we know that
Ac is asymptotically stable. Next, we show that P satisfies the discrete algebraic
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Riccati equation (2.6). From the backward difference equation in (3.10) combined
with Lemma 3.8 and the formula given above for w., we find that

:D --1 TP ATpAcl + CC2 "1- 62 22Z {ETX1 (P L)Acl + D22C2 -1- ETXILA}
By some extensive calculations this equation turns out to be equivalent to the discrete
algebraic Riccati equation (2.6). Next we show that P is symmetric. Note that both
P and pT satisfy the discrete algebraic Riccati equation. Using this we find that
(p_ pT) Ac (p_ pT)Act. Since Act is asymptotically stable, this implies that
P PT. P can be shown to be positive semidefinite by combining Lemma 3.5 and
(3.25). It remains to be shown that P satisfies (2.4). Since P is symmetric, we know
that V and R are symmetric. Equation (2.4) is then an immediate consequence of
lemma 3.9.

We extend this result in the following corollary to systems that do not satisfy
(3.1).

COROLLARY 3.11. Assume that (A,B,C,D.) has no invariant zeros on the
unit circle and is left invertible. If part (i) of Theorem 2.1 is satisfied, then there
exists a symmetric matrix P >_ 0 satisfying (a)-(c) of part (ii) of Theorem 2.1.

Proof. We first apply a preliminary feedback u Fz + w + v such that
Dz(C + DI/) 0 and DI(D. +D) O. Denote the new A, C, D., and
E by , ., /)., and/). For this new system, Condition 3.2 is satisfied. We also
know that by applying a preliminary state feedback, the invariant zeros of a system
do not change. Therefore the new subsystem (, B, 0, D) does not have invariant
zeros on the imaginary axis. Hence, since for this new system DI[. /).] 0, we
find conditions in terms of the new parameters by applying Lemma 3.10. Rewriting
in terms of the original parameters gives the desired conditions (a)-(c) as given in
part (ii) of Theorem 2.1.

4. A first system transformation. To proceed with the proof of Theorem
2.1, (i) = (ii), in this section we will transform our original system (2.1) into a new
system. The problem of finding an internally stabilizing feedback that makes the
H norm of the closed loop system less than 1 for the original system is equivalent
to the problem of finding an internally stabilizing feedback that makes the Ho norm
of the closed loop system less than 1 for the new transformed system. However, this
new system has some very desirable properties, which makes working with it much
easier. In particular, for this new system the disturbance decoupling problem with
measurement feedback is solvable. We will perform the transformation in two steps.

First we will perform a transformation related to the full-informationH problem,
and next a transformation related to the filtering problem.

We assume that we have a positive semidefinite matrix P satisfying conditions
(a)-(c) of Theorem 2.1. By the results of the previous section, this matrix exists in
the case where part (i) of Theorem 2.1 is satisfied. We define the following system:

axv- Ax+ Bu+ Ew,
(4.1) Ep yp C1,pXP "1

t- -1- D12,pWp,
Zp --C2,pXp "1

I- D21,pUp D22,pWp

where the matrices are as defined in the statement of Theorem 2.1. Furthermore, we
define the following system:

axv- Avxv + Bvuv + Law,
(4.2) Eu Yv C1,uXu + + D12,uW,

Zu -C2,uXu + Del,uttu + Dee,uW,
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where

Au A- BV-1 (BTPA + DIC:),
Bu := BV-1/:,
Ev E BV-1 (BTPE +

C1.u :=

C2,u 62 D21V-1 (BTpA -+- D162)
R1/:

D2I, D:IV-/2,
D, D22 D21V- (BPE + DlD22),

and V, R, and H are as defined in Theorem 2.1. We will show that Ev has a very
nice property. To do this, we will first give a definition and some results we will need
in the sequel. A system is called inner if the system is internally stable, square (i.e.,
the number of inputs is equal to the number of outputs) and the transfer matrix of
the system, denoted by G, satisfies

(4.3) G(z)G(z-) I

We will now formulate a generalization of [12, Lemma 5] to the case where G(z) may
have poles in zero. The proof is slightly more complicated than the one given in [12],
since if G has a pole in zero then G(z-) is no longer proper. Nevertheless, a proof
can be given by simply writing out (4.3).

LEMMA 4.1. Assume that we have a square system

ax-Ax+Bu,(4.4) Est" z -Cx + Du.

Assume that A is asymptotically stable.
matrix X satisfying

1. X AXA + CTC,
2. DTC + BTXA O,
3. DTD + BTXB I.

The system st is inner if there exists a

Remarks.

(i) If (A,B) is controllable, the reverse of the above implication is also true.
However, in general, the reverse does not hold. A simple counterexample is given by
Est (0.5, 0, 1, 1), which is inner but for which (ii) does not hold for any choice of
X.

(ii) Note that if a matrix X satisfies part (1) of Lemma 4.1, then it is equal to
the observability gramian of (C, A). We know, for instance, that X > 0 if and only if
(C, A) is observable. In general, we only have X _> 0.

We have the following important property of inner systems (see [17], [22]).
LEMMA 4.2. Suppose that we have the following interconnection of two systems

El and E2, both described by some state-space representation:
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(4.5)

Z W

Assume that E1 is inner. Denote its transfer matrix from (w,u) to (z,y) by L.
Moreover, assume that if we decompose L compatible with the sizes of w, u, z, and y"

we have L) E H, and L22 is strictly proper. Then the following two statements are
equivalent:

(i) The closed loop system (4.5) is internally stable and its closed loop transfer
matrix has H norm less than 1.

(ii) The system E2 is internally stable and its transfer matrix has H norm less
than 1.

LEMMA 4.3. The system Eu as defined by (4.2) is inner. Denote the transfer
matrix of Eu by U. We decompose U compatible with the sizes of w, u, zv, and y:

Then U21 is invertible and its inverse is in H Moreover, U22 is strictly proper.

Proof. It can be easily checked that g as defined by Theorem 2.1 (a)-(c) satisfies
conditions (i)-(iii) of Lemma 4.1. Part (i) of Lemma 4.1 turns out to be equal to the
discrete algebraic Riccati equation (2.6). Parts (ii) and (iii) follow by simply writing
out the equations in terms of the original system parameters of system (2.1).

Next, we show that Av is asymptotically stable. We know P >_ 0 and

(4.7) P- APAv + CT CT
C21,U 2,U

It can be easily checked that x = O, Avx )x, Cl,x 0, and C2,vx 0 imply
that Ac,px Ax, where Ac,p is defined by (2.7). Since A,. is asymptotically
stable, we have Re A < 0. Hence the realization (4.2) is detectable. By standard
Lyapunov theory, the existence of a positive semidefinite solution of (4.7), together
with detectability, guarantees asymptotic stability of Au.

We can immediately write down the following realization for Ui1"

Since A,, A EvD-1 C we know that U is an H function.12,U ,U

Finally, the claim that U22 is strictly proper is trivial to check. This completes
the proof.
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We will now formulate our key lemma, below.
LEMMA 4.4. Let P satisfy Theorem 2.1 part (ii), (a)-(c). Moreover, let EF be

an arbitrary linear time-invariant finite-dimensional compensator in the form (2.2).
Consider the following two systems, where the system on the left is the interconnection

of (2.1) and (2.2), and the system on the right is the interconnection of (4.1) and (2.2):

(4.8)

ZF

Then the following statements are equivalent
(i) The system on the left is internally stable and its transfer matrix from w to z

has Hc norm less than 1.
(ii) The system on the right is internally stable and its transfer matrix from Wp

to zp has Hc norm less than 1.

Proof. We investigate the following systems:

(4.9)

Zp

The system on the left is the same as the system on the left in (4.8), and the
system on the right is described by system (4.2) interconnected with the system on

the right in (4.8). A realization for the system on the right is given by

a xp A + BNC1 xp + E + BND12 w,
p LC1 p LD12

zv- C2 + D21NC1
XU Xl,pID21M) xp

P
+(D22 + D21ND12)w

where Ac,p is defined by (2.7). The ,’s denote matrices that are unimportant for
this argument. The system on the right is internally stable if and only if the system
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described by the above set of equations is internally stable. If we also derive the
system equations for the system on the left in (4.9), we immediately see that, since
Ac,p is asymptotically stable, the system on the left is internally stable if and only if
the system on the right is internally stable. Moreover, if we take zero initial conditions
and both systems have the same input w then we have z zu; i.e., the input-output
behaviour of both systems are equivalent. Hence the system on the left has H norm
less than 1 if and only if the system on the right has H norm less than 1.

By Lemma 4.3, we may apply Lemma 4.2 to the system on the right in (4.9), and
hence we find that the closed loop system is internally stable and has H norm less
than 1 if and only if the dashed system is internally stable and has H norm less
than 1.

Since the dashed system is exactly the system on the right in (4.8) and the system
on the left in (4.9) is exactly equal to the system on the left in (4.8), we have completed
the proof. D

Using the previous lemma, we know that we only have to investigate the system
p. This new system has some very nice properties, which we will use. First, we will
look at the Riccati equation for the system Ep. It can be checked immediately that
X 0 satisfies (a)-(c) of Theorem 2.1 for the system Ep.

We now dualize E.. We know that (A,E, C1,D12) is right-invertible and has
no invariant zeros on the unit circle. It can be easily checked that this implies that
(Ap,E, Cl,,,D12) is right-invertible and has no invariant zeros on the unit circle.
Hence for the dual of E we know that (A CT ET DI is left-invertible and has
no invariant zeros on the unit circle. If there exists an internally stabilizing feedback
for the system N, which makes the Ho norm of the closed loop system less than 1,
then the same feedback is internally stabilizing and makes the Ho norm of the closed
loop system less than 1 for the system Nv. If we dualize this feedback and apply it to
the dual of Np, then it is again internally stabilizing and again it makes the Hoc norm
of the closed loop system less than 1. We can now apply the dual version of Corollary
g.11, which exactly guarantees the existence of a matrix Y satisfying conditions (d)-
(f) of Theorem 2.1. Thus we derived the following lemma, which gives the necessity
part of Theorem 2.1.

LEMMA 4.5. Let system (2.1) be given with zero initial state. Assume that
(A, B, C2,D21) has no invariant zeros on the unit circle and is left-invertible. More-
over, assume that (A, E, C1, D2) has no invariant zeros on the unit circle and is right
invertible. If part (i) of theorem 2.1 is satisfied, then there exist matrices P and Y
satisfying (a)-(f) of part (ii) of Theoren 2.1.

This completes the proof (i) = (ii). In the next section we will prove the reverse
implication. Moreover, in the case where the desired feedback exists, we will derive
an explicit formula for one choice for Eg that satisfies all requirements.

5. The transformation into a disturbance decoupling problem with
measurement feedback. In this section we will assume that there exist matrices
P and Y satisfying part (ii) of Theorem 2.1 for system (2.1). We will transform our
original system E into another system E,y. We will show that a compensator is
internally stabilizing and makes the H norm of the closed loop system less than
1 for the system E if and only if the same compensator is internally stabilizing and
makes the H norm of the closed loop system less than 1 for our transformed system
E,y. After that, we will show that E p,y has the following very special property (see
[19]):
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There exists an internally stablizing compensator that makes the
closed loop transfer matrix equal to zero; i.e., w does not have any
effect on the output of the system z. This property of Ep,r has a spe-
cial name: "the disturbance decoupling problem with measurement
feedback and internal stability (DDPMS)."

We first define Ep, r. We start by transforming E into Ee. Then we apply the dual
transformation on Ee to obtain Ee,r:

(5.1)
O’Xp,y Ap yXp,y 21- Bp,yUp,y nt- Ep yWp,y,

P,P,Y yp,y Cl’pXp,y + + D12 p’yWp,y,
Zp, --C2,p:yXp,Y -1

I- D21PY.py + D22’,p:yWp, y,
where

When we first apply Lemma 4.4 on the transformation from E to E and then
the dual of Lemma 4.4 on the transformation from Ee to E,r, we find the following
result.

LEMMA 5.1. Let P satisfy Theorem 2.1, part (ii)(a)-(c). Moreover, let an

arbitrary linear tirne-invariant finite-dimensional compensator EF be given, described
by (2.2). Consider the following two systems, where the system on the left is the
interconnection of (2.1) and (2.2), and the system on the right is the interconnection

of (5.1) and (2.2):

Then the following statements are equivalent:
(i) The system on the left is internally stable and its transfer matrix from w to z

has Hoo norm less than 1.

(ii) The. system on the right is internally stable and its transfer matrix from we,r
to z,,r has Hoo norm less than 1.

It remains to be shown that for Ee,r the DDPMS is solvable.
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LEMMA 5.2. Let F be given by

where

Kp,yp + L.,.y.,.,
Mp,yp + Np,yyp, y,

Nvr -D D, -P,yD12,P,Y,P,Y

19-1M,,. := 21,p,yC2,p,y + Np,yCl,p)
L, := B,N, + E,D;,,
Ke, A, + B,Me, E,D,P,Y

The interconnection of EF and E p,y is internally stable, and the closed loop transfer
matrix from wp, y to z,, , is zero.

Proof. We can write out the formulas for a state-space representation of the
interconnection of E., and EF. We then apply the following basis transformation:

(x,,-p)_ (Ip 0 I p

After this transformation we immediately see that the closed loop transfer matrix
from wp,y to zv, v is zero. Moreover, the system matrix (2.3) after this transformation
is given by:

Ac,., 0 )Lp,:vC1,p Ac,.

Since Ac,v,v and Ac,p are asymptotically stable matrices, this implies that, indeed,
EF is internally stabilizing.

This controller is the same as the one described in the statement of Theorem 2.1.
We know that EF is internally stabilizing, and the resulting closed loop system has
Ho norm less than 1 for the system E.,y. Hence, by applying Lemma 5.1, we find
that EF satisfies part (i) of Theorem 2.1. This completes the proof of (ii) (i) of
Theorem 2.1. We have already shown the reverse implication and hence the proof of
Theorem 2.1 is complete.

6. Conclusions. In this paper we have solved the discrete time H problem
with measurement feedback. It is shown that the techniques for the continuous time
case can be applied to the discrete time case. Unfortunately, the formulas are much
more complex, but it is still possible to give an explicit formula for one controller
satisfying all requirements. It would, however, be interesting to generalize this work
and find a characterization of all controllers satisfying the requirements. Another
interesting open problem is to derive recursive formulas to calculate the solutions to
these algebraic Riccati equations. It would also be interesting to find two dual Riccati
equations and a coupling condition, as in [9]. Nevertheless, the results presented in this
paper show that it is very possible to solve discrete timeH problems directly, instead
of transforming them to continuous time. The assumption of left-invertibility is not
very restrictive. It implies that there are several inputs that have the same effect on
the output and this nonuniqueness can be factored out (see [18] for a continuous time

treatment). The assumption of right-invertibility can be removed by dualizing this
reasoning. However, at this moment it is unclear as to how to remove the assumptions
concerning zeros on the unit circle.
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NEW RESULTS IN POLE ASSIGNMENT BY REAL OUTPUT
FEEDBACK*

JOACHIM ROSENTHALt

Abstract. This paper considers the problem of tuning natural frequencies of a linear system by
a memoryless controller. Using algebro-geometric methods it is shown how it is possible to improve
current sufficiency conditions.

The main result is an exact combinatorial characterization of the nilpotency index of the mod 2
cohomology ring of the real Grassmannian. Using this characterization, new sufficiency results for
generic pole assignment for the linear system with m-inputs, p-outputs, and McMillan degree n are
given. Among other results it is shown that

2.25. max(m, p) + min(m, p) 3 _> n

is a sufficient condition for generic real pole placement, provided min(m,p) _> 4.
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AMS(MOS) subject classifications. 93, 55M30, 05A

1. Introduction. Consider a linear time invariant system E with m-inputs, p-
outputs and McMillan degree n. In the time domain E can be modelled by the
following system of differential equations:

Ax + Bu
Cx x Rn, y Rp, u Rm.

The problem of output pole assignment with a static compensator is the problem
of finding a feedback law u Fy in such a way that the closed loop system

EF k (A + BFC)x(1.2) y Cx

is assigned a desired set of eigenvalues. The stability of equilibria or periodic motions
of the’closed loop system depends on the eigenvalues of the matrix A + BFC. In par-
ticular the closed loop system is asymptotically stable, if the eigenvalues of A + BFC
have negative real parts. In this paper we are interested in under which conditions
it is possible to assign a set of real eigenvalues, in particular when it is possible to
stabilize a generic system. Because the eigenvalues correspond to the poles of the
transfer function under Laplace transform one often refers to this type of problem as
the pole placement problem. This question has already been considered by many au-
thors (e.g. [1], [2], [10], [16], [20], [21]), and interesting links to topological questions
and Schubert calculus were made. An excellent survey article can be found in [3],
where a larger bibliography is also given.

Kimura [10], motivated by the problem of stabilizing and controlling a mechan-
ical system, studied this inverse eigenvalue problem in a systematic way. Typically
such systems have m-inputs m-outputs and the dimension of the state is 2rn. More
generally, one would hope that m + p _> n would imply pole assignability, and hence
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stabilizability for the generic p rn n-dimensional system. In 1975, Kimura proved
a result, which came "within one degree of freedom" of the desired result.

THEOREM 1.1 (KIMURA [10]). If (A,B) is controllable and (A,C) is observable
and if rn + p- 1 >_ n, an almost arbitrary set of distinct real or complex conjugate
poles is assignable by real gain output feedback.

In 1978, Willems and Hesselink [21] showed that in the case of rn p 2, at most
3 real poles can be assigned arbitrarily for the generic system, so that Theorem 1.1
also gives a necessary condition for this case.

Quite surprisingly, as shown in this paper, the case studied by Willems and Hes-
selink is the only nontrivial case (min(rn, p) >_ 2) where rn + p >_ n is not a sufficient
condition. This result will follow from a new combinatorial criterion, which will be
formulated in the next section. In fact more will be shown. Using an identification of
the mod 2 cohomology ring of the real Grassmannian with a quotient of the space of
symmetric functions it will be possible to characterize the maximum number of non-
trivial terms in a nonzero product of H* (Grass(p, rn + p), Z2), sometimes called the
cup length of this ring, in a combinatorial way. In the next section the combinatorial
criterion is formulated and the main results stated.

2. A new combinatorial criterion. Consider a rn p array A, where rn can
be seen as the number of inputs and p as the number of outputs. Let # (#1,..., #s)
be a partition of rnp. This means #1 #2 s 0 and Y # --rnp. Denote
with K. the number of possibilities to insert #i integers into the array A under the
condition that the rows are increasing and the columns are strictly increasing.

DEFINITION 2 1 c(rn, p) max{ s K(,1 is odd}
THEOREM 2.2. The cup length of the rood 2 cohomology ring of the real Grass-

mannian Grass(p, rn + p) is c(rn,p).
This cup length has an important topological meaning. As was shown by Eilen-

berg [4], this number gives a lower estimate for the Ljusternik Snirelmann category
of a topological space.

In the innovative paper [1], Brockett and Byrnes explained the pole placement
problem with static compensators as an intersection problem in some Grassmann
variety. Moreover Byrnes [2] showed that the Ljusternik Snirelmann category of the
real Grassmannian gives a lower bound for the number of real poles which can be
generically assigned. Using Theorem 2.2 therefore, one has immediately the following
result.

THEOREM 2.3. c(rn,p) >_ n is a sufficient condition for generic pole placement of
a generic, strictly proper linear system En with rn inputs and p outputs and McMillan
degree n.

Clearly not every rn x p system E of order n can be pole assigned by output
feedback; in particular one needs controllability and observability of the system. The
results we present in this paper are stated for a generic system (see, e.g., [21]). Recall
that a subset of a variety is called generic if it contains a nonempty Zariski open
subset. Before giving the proof of Theorem 2.3, it will be illustrated how it is possible
to obtain new sufficiency conditions for generic real pole placement. The following
examples were given in [15].

3. Examples and corollaries.
Example 3.1. Two inputs, two outputs or rn p 2. To apply Theorem 2.3,

compute K, for different partitions of 4:

K(1,1,1,1) 2 (- even) given by the two possibilities:
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1 2 1 31314] [2[4
K(2,1,1) 1 (- odd) given by the only possibility:

Because K(2,1,1 is odd, c(2,2) 3, consistent with the result of Kimura [10] and
Willems and Hesselink [21].

Example 3.2. Two inputs, three outputs, or rn 2 and p- 3. In this case, one

immediately computes K(I) 5 (- odd) given by the possibilities:

1 2 3 1 2 4 1 2 5 1 3 4 1 3 5i415161 [,31516[ 1314161 1215161 [21416[
In other words c(2,3)-6 and up to 6 poles can be placed generically. This result is
somewhat surprising, although it was already established in the paper of Brockett
and Byrnes [1].

Example 3.3. The following table shows c(m, p) for max(m, p) _< 5.

(3.1)

1 2 3 4 5
1 2 3 4 5
2 3 6 7 8
3 6 8 9 11
4 7 9 10 17
5 8 11 17 19

LEMMA 3.4. rn + p- 1 >_ n is a sufficient condition for generic real pole assign-
meat.

Proof." Consider the partition #- (pro-l, lp). As one immediately verifies, Ka
1 corresponding to the only possibility:

1 1 1
2 2 2

m-1 m-1 rn-1
rn rn+l rn+p-1

THEOREM 3.5. The following conditions imply generic real pole assignability.
(By duality assume m<_p)"

(3.2) rn-2 and 1.5p>_n

(3.3) rn-3 and 2p + l >_ n
(3.4) m_>4 and 2.25p+m-3_>n.
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The proof of this theorem and Theorem 2.3 is based on an interesting identification
of the mod 2 cohomology ring of the real Grassmannian and the space of symmetric
functions 2:2[xl,..., Xp]Sp A good description of the topology of the real Grassmann
manifold can be found for example in [14]. The important properties about the
ring structure of H*(Grass(p, rn + p),Z2) are given in the next section. Several
properties about the ring of symmetric functions Z2[xl,’" ,Xp] are summarized in
an Appendix, where further references are given.

4. The cohomology ring of the real Grassmannian. The collection of m-
planes in R"+p is called the Grassmann manifold and will be denoted by Grass(p, rn+
p). The Grassmannian Grass(p, rn .+ p) is a smooth, compact manifold of dimension
rnp. Additively, the cohomology ring H*(Grass(p, rn + p), 2:2) can be described as a
free Z2-module over the set of Schubert cocycles [a,... ,ap] where m :> a _> _>
ap _> 0. This notation coincides with the notation adopted in Griffith and Harris [6]
and is "reverse" to the notation used by Hiller [7], [8].

Denote with p,,+ the canonical p-bundle over Grass(p, rn +p). The total space
of p,m+p is defined by

(4.1) E(p,m+p) {(V,x) E Grass(p,m +p) Rm+ x V}

and the corresponding bundle map is a projection on the first factor. The orthogonal
bundle of ,m+p is an m-plane bundle and will be denoted with p,+,. Finally
denote with wk the kth Stiefel Whitney class of p,p+m and with rj the jth Stiefel
Whitney class of p,p+,. In terms of Schubert cocycles those Stiefel Whitney classes
are described by

(4.2)

(4.3) aj [j, 0,...,...,0], j 1,...,m.

The multiplicative structure of H*(Grass(p, n), Z2) is described by the classical
formulas of Pieri and Giambelli. Giambelli’s formula expresses a general Schubert
cocycle as a polynomial in the special Schubert cocycle aj and Pieri’s formula explains
how a Schubert cocycle is multiplied with a special Schubert cocycle.

Pieri’s formula:

(4.4) [al,"-,ap]’aj E [b, bp]
ai_ >_bi >_ai

Giambelli ’s formula:

(4.5) [al,’",ap] det(ra+j_) det

O’al O’alq- O’al-.kp_

O’a2 --1 O’a2 ..
O’ap -p+ O’ap

From Giambelli’s formula it follows in particular that the Stiefel Whitney classes of the
orthogonal bundle p,p+, generate H*(Grass(p, rn + p), Z2). As shown by Hiller [8,
p. 530] the same is true for the Stiefel Whitney classes of the canonical bundle p,p+m.
In fact we will show that a general Schubert cocycle can be expressed in terms of the
Stiefel-Whitney classes {w,..., Wp} using a well-known classical formula.
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In order to achieve our results the relation between the cohomology ring of the
real Grassmannian and the space of symmetric functions will be studied. It will be
shown that the cohomology ring H*(Grass(p, rn + p), Z2) is isomorphic to a quotient
of the space of symmetric functions Z2[xl,"’, Xp]sp Using this identification it is
possible to characterize the cup-length of H* (Grass(p, rn + p), Z2) in a combinatorial
way.

In the case of a complex Grassmannian a connection between the space of sym-
metric functions Z[Xl,... ,xp]sp and the cohomology ring H*(Grass(p, rn + p), Z)is
well known. According to Stanley [17], Lesieur [12] was the first who recognized a
formal similarity between (4.5) and the classical identity of Jacobi and Trudi (see the
Appendix). Horrocks [9] sho/ved that this relationship is more than formal and can
be explained geometrically.

In this section we work out a similar relationship for the real Grassmannian. From
a geometric point of view, this relation can be understood in the following way.

Consider the space glag(R"+p) of mutually orthogonal and ordered (rn+p)-
tuples of lines (/1,...,/re+p). Over Flag(Rm+p) are line bundles i with total space
E(/,), where

(4.6) E(i) {((/,"’,lm+p);y) e Flag(Rre+p) Rm+p y e li}.

One has a projection

(4.7) r Flag(R"+p) --- Grass(p, rn + p)
(/1,’", lm+p) span(/,..., lp)

This projection induces an embedding (compare Hiller [8] or Stong [19])

(4.8) r* H*(Grass(p,m +p),Z2) -- H*(Flag(R’+P))
Z2[Xl,... ,Xm-t-p]/Imp,

where Imp is the ideal generated by the relations

m+p

(4.9) H (l+xi) 1,
i=1

expressing the triviality of the bundle

The projection r can be covered by a bundle map. Indeed, consider the p-bundle
(1 x... xp over Flag(Rm+p). It is immediate that r*(W((p,m+p)) W(l x....x p)

(1 + xi) Under r* the kth Stiefel Whitney class wk of the canonical p-bundle
p,p+m of Grass(p,p + m) is therefore mapped onto the kth elementary symmetric
function

Because the Schubert cocycles {w,..., Wp} generate H*(Grass(p, rn + p)Z2) as

a ring, H*(Grass(p, rn + p), Z2) can be embedded into Z2[x,...,Xp]s /[mp, where
]mp- Imp Z2[xl,"" ,Xp]s. Because the elementary symmetric functions generate
Z2[Xl,"’, Xp]s this last embedding is even an isomorphism.

In the following we will represent the ideal ],p as the kernel of a ring homomor-
phism. For this denote with hk the kth complete homogenous symmetric function in
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p variables (see the Appendix for details). The set B {hi,..., hp} is algebraically
independent and forms a multiplicative basis of Z2[xl,..., Xp]s’ (compare [13]). Any
map defined on B extends therefore in a unique way to a ring homomorphism. Con-
sider now the following ring homomorphism:

(4.10) b Z2[Xl,’",Xp]% H*(Grass(p,m +p),Z)

Here we assume that the jth Stiefel Whitney class r of the orthogonal bundle p,p+m
is zero for j > m. Using the equivalence of (4.5) and the Jacobi-udi identity (6.10),
it is immediate that a general Schur function s is mapped onto the Schubert cocycle
[A,-.-, Ap]. From Theorem 6.3 it follows that the kth elementary symmetric function

e is equal to the Schur function S(l,0,...,0), and this element is mapped onto the
Stiefel Whitney class wa. Again from (4.5) it follows that the kernel of the map has
an additive basis of Schur functions s with A1 > m. Finally the Nagelbasch-Kost
identity (6.11) gives a formula expressing a general Schubert cocycle as a polynomial
in the Stiefel Whitney classes {w,..., wp}.

5. Proof of the theorems. In the following denote by c the cup length of
H*(Grass(p, m+p),Z) and assume that g g g is a maximal nonzero product.
Our first goal will be to show that g Hp, in other words, g IMP]. If not, expand
g in terms of Schubert cocycles g Eiei[A] and define d max{b b m- p}ii.
From (4.4) it follows that g.aa 0 contradicting the maximality of the length of the
product. It is therefore immediate that d- 0 and g Iraqi.

Using the Nagelbasch-Kost identity (6.11) one can express each factor gi as a
polynomial in the classes {Wl,... ,w}. In this way, g becomes a polynomial g
v(w,..., w). Because Hmp is one-dimensional, v is just a monom, in other words
9 wu WUl wu. During the substitution process, the number of factors can
only increase, in other words k k c. On the other hand c is equal to the cup length,
which shows k c.

In Z[z,... ,x]s,, this product corresponds to a product of elementary symmet-
ric functions eu em eu. To say wu is nonzero is therefore equivalent to the
condition that eu ker(). Using Theorem 6.a, one can expand eu in terms of Schur
functions:

(5.1) e,

Because 1 rap, there is exactly one Schur function sx not lying in the ideal
]rap ker(), namely, sx S(m).

In summary, w, is nonzero if and only if the Kostka number K(pm) is odd. But
this number is equal to the number K introduced in 2. This proves Theorem 2.2
and therefore also Theorem 2.3.

In fact, one can show a little more. Using (4.5) and the same argument as above
one finds a description of g in terms of the special Schubert cocycle aj, i.e., g a
1 pc. In Z[Xl,..., zp]s. This product can be written as:

(5.2) hu hue

To say that a. is nonzero is therefore equivalent to the condition that the KostM
number K(). is odd. In this way we have proved Lemma 5.1.
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LEMMA 5.1. c(rn, p) c(p, rn).
The proof of Theorem 3.5 is partially based on results obtained by Stong [19]. In

this paper Stong calculates explicitly maximal nonzero cup products w wl
wc. In this way he calculates the numbers c(rn, p) for rn 2, 3, 4.

Putting his results in a little more convenient form one obtains

(5.3) c(2,p)- k2(p)’p where 1.5 _< k2(p) _< 2,

(5.4) c(3,p)- k3(p).p+ 1 where 2 < k3(p) < 2.5,

(5.5) c(4,p)- k4(p).p+ 1 where 2.25 <_ k4(p) <_ 3.

To get a lower bound for c(rn,’p) in general (rn > 4), Theorem 2.2 will be used.
Consider a partition # of the number 4p of length c(4,p) in such a way that the
Kostka number K(p4)(tt is odd. But then it is immediate that the Kostka number
K(p,)(p,-4,) is odd as well. In this way one sees that c(rn, p) >_ c(4,p)+rn-4, which
completes the proof of Theorem 3.5. D

6. Appendix: Symmetric functions. Let # (#1,’",#8) be a partition of
n of length s. This means #1 >_ #2 >_"" >_ #8 > 0 and #i -n. If the integer #i is
repeated r times in the partition #, the abbreviated notation #- (#[1,..., #) will
be used.

A partition # defines a diagram D, which can be considered as a left-justified
array of boxes with #i boxes in the ith row.

Example 6.1. Two partitions with corresponding diagrams are illustrated:

#-- (3,2) #-(3,12)

The number I#1 # is sometimes called the weight of the partition # and the
numbers # are called the parts of the partition. The dual partition - (1,’", t)
of a partition It of n is obtained by taking the "transpose" of Du. In other words i
is defined as the number of boxes in the column of Du. Assume in addition that
there is given a set S c_ A/’.

DEFINITION 6.2. A standard Young tableau of shape It is a diagram Du, where
each box in Du contains a number from S under the constraint that the rows are
increasing and the columns are strictly increasing.

Consider now R Z2 [Xl,. , Xp]Sp the ring of symmetric functions in p variables.
R is in a natural way a graded ring:

(6.1) R Ao + A1 +.." + An +"’, AiAj C Ai+j.

The homogenous component An can be described by different classical bases, where
each basis is usually parametrized by the set of all partitions It with weight n. In
particular the dimension of An is equal to p(n), the partition number of n.
Products of elementary symmetric functions:

(6.2) eu eft errs,

where ek xi Xik is the kth elementary symmetric function.
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Monomial symmetric functions:

(6.3) m, := Exl Xpp’

where the summation has to be taken over all distinct monomials with exponents

Complete homogenous symmetric functions:

(6.4) hu :=

where hk -lXl=k rnx is the kth complete symmetric function.
Schur functions: Classically, Schfir functions were introduced by Jacobi (1835) as
the quotient of two alternating functions giving a symmetric function:

det[xj+p-j](6.5) s i,j-1 p.
det P--J

The denominator of this expression is nothing else than the Vandermonde determinant
and the numerator is a generalization of this type of determinant. The importance of
those functions became apparent when Schur, a student of Frobenius, developed the
character theory of the symmetric group (1900).

The change of basis between the different bases of An is described by a linear
transformation. In 1907, Kostka [11] published matrices describing the change of
basis and showed that the different transformations are closely related. The following
theorem, which is due to Kostka, is proven in [18].

THEOREM 6.3.

The coefficients {Ku} are called the Kostka coefficients. The number K can
be described in a combinatorial way as the number of standard Young tableaux with
shape A and content it. This means the number of ways of filling in #i integers into
the diagram D under the condition that the rows are increasing and the columns are

strictly increasing (see [18]).
Only in very special cases are formulas for the numbers K known. For example

if # (1, 1,..., 1), the number Ku can be described by the famous hook formula
of Frame, Robinson, and Thrall [5].
described by the following formula:

(6.9) K(p-) (1-p)

If in addition A (p’), the number Ku is

1! (p- 1)!. (rap)!
m! (re+p-l)!

Finally, the following two classical formulas give a polynomial expression of a
Schur function in terms of complete symmetric respective elementary symmetric func-
tions.
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Jacobi-Trudi identity:

(6.10) s det(hi+j_), i,j 1,-.-,p.

Nagelbasch-Kostka identity:

(6.11) s det(e,i+j_),

More details about these identities are given in [13, p. 25] and in [18].
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INFORMATION AND STRATEGIES IN DYNAMIC GAMES*

P. BERNHARD

Abstract. This paper extends to the setting of stochastic dynamic games with incomplete
information a theorem of Kuhn and uses it to prove the existence of a saddle point in a suitable
class of strategies. It then particularizes this result to the situation where one of the players has full
information to show existence of a saddle point in another class of strategies exhibiting a constant
dimension sufficient statistic. A dynamic programming-like algorithm is naturally associated with
this class of strategies and was proposed in a previous paper in a sufficient condition setting. For this
same class of games, an example of another use of the main theorem is given, leading to a different
dynamic programming-like algorithm.

Key words, games, saddle point, mixed strategies, dynamic programming

AMS(MOS) subject classifications. 90D20

1. Introduction. In an historical paper in 1953 [5], Kuhn introduced the mod-
ern concept of game in extensive form, extending and simplifying the concept intro-
duced by von Neuman and Morgenstern [11]. In the same paper, he proved that all
such games with complete memory have a saddle point in behavioral strategies.

We shall consider the equivalent property in the setting of dynamic, and more
specifically, multistage games. When all variables range over finite sets, the latter are
a special case of games in extensive form. However, our approach allows us to deal
with the case where the decision variables range over infinite sets (we shall restrict
them to compact sets for technical reasons) and with noisy information. Notice also
that the property of perfect memory, which was somewhat technical in Kuhn’s setup,
becomes extremely natural and simple in the setup of dynamical systems.

For the sake of simplicity, we restrict our attention to two-player zero-sum games.
It is clear that our form of Kuhn’s theorem, as well as the original one, extends to
many-person games. (The simplest way to see that is, following Aumann [1], to lump
into "player two" the actions of all the other players.) Again for simplicity, we shall
first derive it for deterministic games and extend it to stochastic games after. Of
course, as in refs [8], [9] discussed below, we also could assume compacity of the
control space of one player only and use the nonsymmetric version of Sion’s theorem.

In his paper [1], Aumann proposed an extension of Kuhn’s theorem to infinite
games. He states (p. 628), "A mixed strategy can be thought of as a probability
distribution, i.e., a measure, on the set of all pure strategies." This is is exactly what
we do here. He prefers not to place a measurable structure on the set of pure strategies.
(We use Radon measures, with various topologies.) As a result, he has to use a rather
restrictive class of mixed srategies, which are not really the direct generalization of
Kuhn’s mixed strategies but some superset of our, and his, behavioral strategies.
But the difference between mixed and behavioral then appears somewhat artificial,
since his definition of behavioral is that, in our notations, for > j, the random
variables u and uj should be independent. However, the probability law of u is

*Received by the editors August 14, 1989; accepted for publication (in revised form) January
25, 1991.

Institut National de Recherche en Informatique et en Automatique, Sophia Antipolis, Val-
bonne, France.
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pi i(ut-l, yt), explicitly depending on the realization uj. (In the notations of [1],
our ui is yi bi(xi,w), where xi plays, the role of our ri, and encodes, through the

J the information on yj uifunction u,
In the past few years, several papers have dealt with this type of game, see, e.g.,

[8] and [9]. These two references and the related literature use a similar set up to
ours, and their strategies are our behavioral strategies. The link with what we call
mixed strategies is not made there. They do not consider either deterministic games
(which are topologically more difficult to handle), nor, more importantly, partial or
noisy state information. They deal with infinite time games. The main obstacle to
doing so here is that the second part of the paper would not carry over in a simple
way.

Starting with 7, we examine in more detail the case where one of the players
has full (causal) information, where it is known that the second guessing problem
simplifies. See [2] and the bibliography therein. A dynamic programming approach
lets us achieve two things. On the one hand, it allows us to show that there exists
a saddle point in the class of strategies used in [2], using finite dimensional sufficient
statistics, which turns the sufficient condition of that paper into a necessary and
sufficient condition. On the other hand, it may be more effective for short duration
games to stay with the space of behavioral strategies, and we shall derive a different
dynamic programming-like algorithm for the particular case of the rabbit and hunter
game.

NOTATION. We shall study only discrete time games, so that we shall have to
deal with finite sequences of objects. We shall adopt the following conventions. Let
a {al, a2,..., aT} be a finite sequence, where at E At. A subscript will refer to
particular element of the sequence, while a superscript will refer to the restriction of
the sequence to its first elements: a {a,a2,...,at} A A2 At At.
The notation A will therefore mean the cnrtesinn power of A only ifA A2
At A. Likewise, if a is a function ranging over AT, t will be its component in
and a its first t components. FinMly, if a A and b At+, then a.b stands for the
element of At+ obtained by concatenating a and b.

Let us also agree that for a topological space A, we shall call (A) the set of all
(Radon) probability measures over A.

2. Multistage game. A deterministic two-player zero-sum multistage game is
given by

An integer T called the horizon of the game. Let T {1, 2,..., T} and t T is
called the time.

A sequence of state spaces Xt. We shall use xt Xt, the state at time t.
An initial state x X, which is assumed to be part of the common knowledge
of both players.
Two sequences of output spaces and Zt. yt and zt Zt are the measure-
meats of player 1 and 2 at time t.
Two control sets and F and two point to set maps admissible controls yt

V(yt) N and zt V(zt) Y. We shall oftentimes write Ut and instead
of U(xt) and V(xt) when what is meant is clear, ut Ut and vt are the
controls of player 1 and 2 respectively at time t.
A sequence of functions dynamics ft :Xt Ut Xt+l.

(1) xt+ ft(xt, ut, vt).
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Two sequences of output functions ht Xt Yt and kt Xt Zt, defining

(2a) Yt ht(xt),
(25) zt- kt(xt),

(Actually, ht and kt need only be defined for t _> 2)
A Capture set C c XT T defining the final time tl through

{ min{tl(xt, t) e C} if capture happens,(3) tl
T otherwise.

A criterion (or cost function) G that player 1, chosing the control, ut E Ut strives
to minimize, and 2, chosing the controls vt Vt to maximize. G is defined via
two sequences of functions: Lt Xt x L/x ]2 -- R and Kt Xt R by

tl --1

(4) G E Lt(xt, ut, vt) 4- Ktl (Xt ).
t=l

Remark. The above setup is that of dynamical systems and is by now classical.
The important point for us is that it defines functions

(5a) Yt tt(ut-l, vt-1),
(5b) zt t(ttt-l, vt-1).

We shall also make use of

(6a)
(65)

yt ht(xt)  t(ut- vt-1),
z k,t(xt)  t( tt-1 vt-1),

and also

G tl(Utl-1, Vtl--1).

Let us introduce a last notation. We shall be interested in games with complete
memory. By this we mean that the information available to the players to make up
their choice of control values at each instant of time is the whole sequence of their own
past controls and their past and present measurements. We shall therefore write:

(Sa) rt (ut-1, yt) player l’s information,

and

(8b) 8 (vt-I,zt) player 2’s information.

We shall also use the following definition
DEFINITION. If the sets L/ and 12, (and for stochastic games, l/Y), are all finite,

the game shall be called finite.
Note that for a finite game, the sets Xt, Yt, and Zt may, with no loss of generality

be restricted to finite sets.
For infinite games, we shall use the following topological hypothesis.
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HYPOTHESIS. The sets Ut, Vt, Xt, Yt, and Zt are all topological spaces, the first
two compact. The functions ft, ht, kt, Lt, and Kt are all continuous, (making G in

(4) a continuous function of (xT, uT-l, vT-I), or in (7) a continuous function of

3. Strategies. To make precise the definition of the game, we must now specify
the strategy sets and what are the quantities to be minimized or maximized.

DEFINITION. We call pure strategy of player 1 a non anticipatory measurable map

(9a) a: yT- ___, UT- (y,..., YT-) H (Ul,’’’, UT-I)

and we call A the set of all such nonanticipatory maps, i.e., such that, for a and b in
yT-

Likewise, pure strategies of the second player are nonanticipatory measurable maps

(9b) / E B, /: ZT-1 -’+ VT-I: (Zl," ,ZT-1)-+ (Vl,’’’, VT--1).

Any pair of pure strategies (a, ) E A B generates a well defined game history by
(1), (2), and

(10a) ut at(yl, yt,

(10b) vt t(z, zt, ),

where and are arbitrary sequences that do not affect the resulting values of ut and
vt, by the hypothesis of nonanticipativity. As a consequence, we shall omit them in
the future. There corresponds to it a well-defined cost

We can state the following fact.
LEMMA. Under the topological hypothesis, the sets A and B of pure strategies are

compact in the topology of pointwise convergence.
Proof. The set of all functions from yT- into UT- is isomorphic to the power

set
(ur-1)YT-1

Since the Ut are all assumed compact, by Tychonov’s theorem so is UT-l, and therefore
also the above power set, in the product topology, which coincides with the topology
of pointwise convergence. Now, the property of nonanticipativity is clearly preserved
in the pointwise limit, so that the sets of pure strategies are closed subsets of compact
sets in that topology. D

In the case where has no saddle point over A B, it is natural to introduce
mixed strategies. Assuming we have chosen a topology on A and B, we may give the
following definition.

DEFINITION. We call mixed strategies probability measures A and # over A and
B respectively:

(lla) A e r(A),
(llb) # e r(B).
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We then wish to take as a new criterion

(12) J(A, #) E(G) ]B((a,/3) dA(a) d#().

The existence of the above integral is not guaranteed a priori, since ( is in general
not continuous in a and , and there is no guarantee that it be measurable. Three
alternate sets of hypotheses are provided here as examples of setups where this integral
exists and that preserve the compactness of the set of allowed pure strategies. The
first set is rather trivial.

HYPOTHESIS 1. The game is’finite.
Then the integral in (12) is mearly a finite sum. The game is just a matrix game,

(possibly with a very large matrix !), and we are in the classical setting of von Neuman
and Morgenstern.

The second set allows us to avoid any finiteness hypothesis, but imposes rather
strong restrictions on the allowed pure strategies.

HYPOTHESIS 2. The sets Ut, Vt, Yt, and Zt, are metric compact spaces, the pure
strategies are restricted to be Lipshitz continuous with a prescribed Lipshitz modulus.

We then have the following fact.
LEMMA. Under Hypothesis 2, the sets A and B are compact in the topology of

uniform convergence, and the sequences UT-l, VT-l, and xT depend continuously on

(,).
Proof. The first claim is a direct consequence of the Arzela Ascoli theorem. The

second claim derives from the fact that the xt’s are then continuous functions of the
strategies, as is easily seen by induction on t.

Finally, it is also possible to avoid regularity assumptions on the pure strategies,
still keeping infinite control sets, by assuming finite observation sets. Notice that
it follows from the standing topological hypothesis that the reachable game space is
bounded, so that any quantization of the measurement with a finite mesh will produce
a finite measurement set. This type of hypothesis was first proposed by Levine [6].

HYPOTHESIS 3. The sets Yt and Zt are finite. The functions ht and kt can

therefore not be continuous. Assume that the sets h-l(yk)C1 k-(zt) have nonvoid

interiors, the union of their boundaries is made of the finite union of sets on which h
and k are constant, that satisfy the same hypothesis in the relative topology of this

boundary, and so on recursively, the whole construction defining a finite partition of
XT

LEMMA. Under Hypothesis 3, the set A x B can be partitioned in a finite union of
Borel sets (in the topology of pointwise convergence), the state trajectory xT depending
continuously on (, ) over each of them, and thus also the control sequences uT-l,
VT--1.

Proof. Let, for simplicity, A x B C, (c, ) ,, and, for this proof, y stand for
(y, z). Let also P, k 1,..., K be the interior of the sets in X such that y const,
P UPk, and

c, {lx P,W < t}.

It is easy to see by induction on t that Ct is open in C. As a matter of fact, let 7(n) be

a sequence of strategies converging to 3’ C Ct. Since yl is fixed,
By continuity of fl, xn) - x2. Since x2 is interior to hl(y2), for n large enough,
y’) y2. Therefore, we can use the convergence of 3,) and the continuity of f2 to
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conclude that x(3n) x3, and so on. Therefore xn) -- xt, and for n large enough,

xn) is also in the interior of its set Pk, thus ,(n) is in Ct.
Therefore, the complement Dt of Ct in Ct-1 is also a Borel set. This is the set of

strategies " such that xs E P, for s 1,..., t- 1, xt OP. Now, assume again that
xt Qi, where Qi is the relative interior of one of the subsets of constant y in cOP.
The same type of argument will show that the subset El of Dt such that the next
up to s l, are in P is again open in Dr.

We finally have a finite number of subsets of C, depending on the subsets of the
partition of X in which each of the xt lie. All are Borel sets. And since we have shown
the convergence of the x) in each case, ( is continuous in the relative interior of all
of them. This proves the lemma. [:]

As a consequence, ( is measurable, and J in (12) is well defined.
So we now have at least three cases where the following existence hypothesis is

satisfied.
HYPOTHESIS. For a suitable topology on A and B, these sets are compact, and

the state trajectory xT, as well as the control histories uT-I, vT-, are measurable
functions of the pure strategies a and

As a consequence of this hypothesis, we have the following two facts.
PROPOSITION O. J in (12) is well defined, since G as defined in (4) is a contin-

uous function of (XT, UT-1 VT-l).
THEOREM 0. Under the existence hypothesis, and iffurthermore, is continuous,

the game has a saddle point in mixed strategies.
Proof. See Ekeland [4, p. 25] The proof makes use of Sion’s theorem (see [10])

together with the vague topology on the set of measures.
The idea behind mixed strategies is that the players choose a pure strategy at

random, according to the probability laws A and # respectively, once for all at the
begining of the game and for its whole duration. The spaces of mixed strategies
are very large and complicated sets, and this type of behavior may not appear very
natural. We shall therefore introduce another concept of strategies. But we first need
a preliminary definition.

DEFINITION. We call mixed control of the first player at time t a probability law
pt over Ut, and likewise for the second player.

Let thus

(13a) pt Pt r(Ut),
(13b) qt Qt r(Vt).

We now define the new class of strategies.
DEFINITION. We call behavioral strategy of the first player a sequence of measur-

able maps

(14a) t 0t, t Ut-1 x yt __+ Pt tt-1, yt)
_

pt t(tt-l, yt) t(rt),

and similarly for the second player:

(14b) Ct E Or, )t Vt-1 Z ’ Qt vt-1, zt) qt Ct(Vt--1, zt) )t(st)

The game is then extended by considering {xt}, {ut}, {vt}, {yt}, and {zt} as
stochastic processes, generated by (1) and (2), ut and vt being stochastic variables
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with probability distributions pt and qt respectively, given by (14). Then the se-

quences uT-1 and VT-1 are stochastic variables, and we define the payoff of the game
as

(15) J- E(G)= E((uT-1 vT-1))
This is well defined, since G is continuous, and (14) clearly defines a Radon probability
over UT-1 VT-1. (By a finite, elementary, version of the Ionescu Tulcea theorem.)

The idea behind behavioral strategies is that at each instant of time, the players
choose their controls at random, according to a probability distribution function of
their information.

One might believe that this new set of strategies is richer than the previous mixed
strategies, since it involves many random choices instead of a single one. A very simple
example will teach us that this is not so.

4. Example. The following example is the smallest possible version of the Hunter
and Rabbit game. Let T 4 (i.e., the game has three time steps.) The state is
x (y, w, z) e {1, 2} x {0, 1, 2}2 and U V {1, 2}. The dynamics are

Yt+l --ltt, Yl 1,

Wt+l Vt, Wl O,

Zt+l Wt, Zl O.

Player 1 has no other information than the sequence ut-1 at time t. Player 2 knows
the whole state in addition to the past controls. The capture set is yt- zt 0. The
payoff to player 2 is 1 if Ytl ztl, i.e., if capture has occurred, and 0 otherwise. Hence,
J E(G) is the capture probability. Recall that we always assume that the initial
state is part of the rule of the game, and is therefore common knowledge.

Player 1 actually plays open loop, and therefore chooses among 23 8 pure
strategies.

Let us look at the possible strategies of player 2. The pure strategies are specified
by the decision rules at time 1 and 2, since actions taken at time 3 have no effect on
the outcome of the game. At time 1, no information is available beyond the rules
of the game. The only two possibilities are either Vl 1 or Vl 2. At time 2, a
measurement y2 U is available, which can be equal to 1 or 2. Since v2 can also be
chosen as either 1 or 2, there are 4 possible decision rules for/2(y2), i.e., v2 1 Vy,
that we denote by 1, or, with the same convention, 2, or v2 y2, or finally v2 3-y2.
We thus have the following list of 8 possible pure strategies:

strategy 1 2 3 4 5 6 7 8
time
t-1 1 1 1 1 2 2 2 2
t 2 1 2 y2 3 y2 1 2 y2 3 Y2

The mixed strategies are therefore given by 8 probabilities (#1,’", #s) whose sum
is one, thus seven degrees of freedom.

Let us now look at the behavioral strategies, still for player 2. They are defined by
the probability 1 of playing vl 1, (and 1-1 of playing Vl 2), and for time t 2
the four probabilities 2(s2) of playing v2 1 according to the four possible values of
s2 (vl, y2). Thus, these strategies are defined by five independent probabilities.
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We also see on this example that one can make a mixed strategy correspond to a
unique behavioral strategy, its behavior, by seeing the latter as a conditional marginal
probability. Here, for instance, assuming that the pure strategies are numbered ac-
cording to the above table, we have

1 Pr(vl 1) # + # + #3 + P4,

2(1, 1)- Pr(v2- l[vl 1, y2- 1)- 1 --3
P -- P2 -- P3 - P4

Likewise, the conditioning on Vl 2 would lead to a denominator p5 + p6 + 7 + p8,

and so on. It is easy to verify that this map is onto, but cannot be one-to-one. An
infinity of different mixed strategies lead to the same behavioral strategy.

The aim of the next section of this paper is to show that it is enough to consider
behavioral strategies, for the outcome of the game only depends on the behavior of
the strategies used, as rigorously defined hereafter.

Let us remark before we close this example that the solution of this game is almost
obvious: each player should play either 1 or 2 with probability .

5. Kuhns theorem. We must first make precise the relationship between a
mixed strategy and its associated behavioral strategy.

DEFINITION. We define the map behavior 7 from the set (A) of mixed strategies
to the set of behavioral strategies in the following way:

t(ut-, y) is the marginal law on a(yt) knowing a-l(yt-) ut-1.
In the finite case, for instance, this can be made explicit in the following way. Let

y and ut-1 be fixed. Let

A1 {a e A[at-l(y’-1) tt-l},

A2 {a e Ala’(y’ ut-1. } C A1.

Then, 7(A) with, if A1 #
--1

V(A, #) e r(A) x r(B), J(A, #) (3’(A), (#))
i.e., the criterion J(A,#) of the game only depends on the behaviors /() and /(#).

Proof. Under the existence hypothesis, (uT-I, vT-) is a measurable function of
(a, ). Thus a pair of mixed strategies (A, it) generates a probability distribution 1-IT-1

over the set UT- x VT-, and one has

J(A, it) /UT-1 xVT--1
(tT-1 VT-l) dl-IT-I(uT-1 vT-1),

If A1 0, ot[ut-l, yt] may be arbitrarily specified, and we shall always assume that
o /(a) has been so extended to all values of its arguments.

We shall also call - the behavior map of the second player, from r(B) into .
We now state the main theorem, which is an extension of Kuhn [5]"
THEOREM 1. There exists a function from x into R such that,
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or, in the discrete case

J(A,#) E (tT--1’ vT--1)IIT--I(tT--I’ vT--1)"
UT VT-

Therefore, J only depends on the probability law 1-IT-1. Notice that, for fixed
gT-1, T-1, the event (uT-l, vT-l) (tT-I, T-1) can be written

(uT--2, vT-2) (hT--2,gT-2) and (UT-1, VT--1) (T--I,T--1).

Furthermore, it follows from the definition (12) that the strategies A and # are chosen
independently by the two players, so that, for uT-2 fiT-2 and vT-2 T-2 fixed,
the random variables UT-X and VT-X are independent.

Let therefore A and # be fixed, 7(A) and 7(#) their behaviors,

hT-l((tT-2, 9T--2) T--1, T--I(?T--2, T--2) 2T--l,

T-I(T-2, T--1) PT-1,

One has the equality

CT--I(T--2, 2T--l) (T-1.

dl’-[T-l(tT-1 T-1) dIIT-2(tT-2 T--2) dT_l(tT--1) d(tT_(T-).

(See, for instance, the second part of proposition V.1.1 in [7].)
Or in the discrete case,

IIT-I(?T--1, @T-l) l-IT--2(T--2, )T-2)fT_I(tT_I)T_I()T_I),

by Bayes rule.
One then iterates this process to write I-[T-2 in terms of 1-IT-3 and of T-2 and

T--2, and so on. This proves the theorem.
This allows us to carry over results obtained by topological means on games in

normal form, such as Theorem 0 above, to dynamic games in behavioral strategies.
We thus have, for instance, the following obvious fact.

COROLLARY 1. Under the existence hypothesis, and if furthermore is continu-
ous, a dynamic game with perfect memory admits a saddle point in behavioral strategies
over the sets 7(A), 7(B).

The difficult task, however, is to characterize the sets 7(A) and 7(B). This is
trivial for finite games, where all behavioral strategies will be included. We shall
see that the question is easy for nondegenerate stochastic games. For deterministic
continuous games, let us look, for instance, at the setup defined by Hypothesis 2 of 3.
A is the set of causal functions from yT-1 into the compact UT-, Lipshitz continuous
with Lipshitz modulus .

PROPOSITION. The behavioral strategies of 7(A) have the following property
let -: Ut R be a function with Lipshitz modulus m, then

Err7 ] -(u)d99t(rt)(u)

is a Lipshitz continuous function of yt with Lipshitz modulus/rn.
The proof is elementary. This includes the obvious fact that if the pure strategies

are restricted to open loop controls, so are the corresponding behavioral strategies,
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since this is the case g 0. We conjecture that this is a complete characterization of
the set (A), but this is not sure. We did not investigate this point in detail, since we
do not need it in the sequel.

6. Stochastic games. Up to here, we have dealt with games with deterministic
dynamics and measurements. The information available to the players is incomplete,
but not noisy. We now extend all the previous theory to the case of stochastic games.

A stochastic multistage game is defined as in 2, except that (1) and (2) involve
an extra stochastic process {wt}, with values in sets ]/Yt, usually multidimensional. It
will always be assumed to be white, with probability distributions Wt known to both
players. Thus (1) and (2) are replaced respectively by

(17) Xt+l ft(xt, tt, Vt, Wt),

(18a) Yt ht(xt,
(18b) zt ]gt(Xt, Wt-1).

The one time step shift in the argument w of ht and kt makes sense, since x being
known to both players, the first relevant measurement is y2, z2. Moreover, with that
convention, ht and kt, as well as r and st, all depend on ut-l, vt-, and wt-*, greatly
simplifying the sequel. Of course, the hypothesis that w is a white process makes this
much more than a pure notational trick. One case where this is not restrictive, and
equivalent to the more classical approach, is when w enters in the dynamics and the
measurements through distinct independent components.

In this setup, the sequences x, u, v, become stochastic processes, even with pure
strategies, and (4) is replaced with a mathematical expectation:

(19) J-E[tLt(xt,ut, vt)-+-Ktl(Xtl)1
For simplicity, we shall assume that the sets Ut and Vt do not depend on the current
state.

The definitions of the strategies are unchanged. Note that the three sets of
hypotheses that have been proposed as alternate setups that ensure satisfaction of the
existence hypothesis still stand here. Hypothesis i leads to a standard matrix game the
entries of which are the expected cost incurred. Hypothesis 2 needs no modification
either. Convergence of the trajectories is ensured for each value of wT-, and thus
the expected values converge. Hypothesis 3 must be extended to hold on the X x W
space. It is just a bit cumbersome to state and deal with. A simple case is when
w (, r) is made of two independent components, entering in the dynamics, and

ht(x, w) ht(x +r]), and likewise for kt. However, everything becomes much simpler if
we assume that for all xt, ut, vt, the transition probability induced by ft is-absolutely
continuous with respect to the Lebesgue measure. (The so called nondegenerate case).
Then, the existence hypothesis and continuity of G for pointwise convergence of the
strategies is just a consequence of the Ionescu Tulcea theorem.

Theorem 1 is still valid in this context; its proof is slightly modified as follows.

Proof. (Theorem 1 for stochastic games.) As previously, let IIT-1 be the distri-
bution law of the random variable (uT-l-, vT-l, wT-l) generated by a given pair of
mixed strategies (A, #). One has

xVT--1 ><WT-1
d(tT-1 VT-1 WT-1) dIIT-(uT-, vT-, wT--I).
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Moreover, as previously

dIlT-l(uT-1 vT-1 wT-l) dIIT-2(uT-2, vT-2, wT-2 dIIc(itT-1, VT-1, WT-1 ),

where IIc is the conditional law of (UT-1, VT-1, WT-1) knowing (uT-2, vT-2, wT-2).
Using the notation

qT-1 T--1 vT-2, T--I(tT-2, VT--2, WT-2))
for the behaviors, which are, by definition, the conditional laws of UT-1, VT-1 for a
given rT-2 and sT-, and remembering that WT-1 is by hypothesis independent of
the past, we derive, still as previously

dIIT-I(itT-I, vT-I, wT-1
dIIT-’(UT-e, VT-, voT-. dpT-1 (ltT-1 dqT-1 (VT-1) dtCT-1 (WT-1).

We may anew iterate the process, to conclude the proof. [:]

7. Semicomplete information in finite games. One of the superiorities of
behavioral strategies over mixed strategies is that, due to their sequential nature, they
lend themselves to dynamic programming. We shall exploit this fact in the case of
finite games with semicomplete information.

By this we mean that one of the players, say 2, has full knowledge of the relevant
variables of the game at each instant of time. More specifically, we shall assume that
at time t, 2 knows xt, yt, and also ut-1. This is not beyond the scope of our previous
theory, since we may always augment the state with the variables t and t, with

?t+l Wt, and t+l Ut, SO that knowing the full state also yields yt ht(xt,t),
and ut-1 t. Of course the players are still assumed to have perfect memory, so
that they also remember past values of their measurements.

Let ut be a probability distribution over X x Vt-1. We think of ut as being player
l’s conditional probability on (xt, vt-1). Assume u given, as well as a behavioral
strategy Ct of the second player. Then, using the dynamics (17), we can propagate
ut into a probability #t+l over Xt+l x Vt, in the following way. Let a E Xt+l and
b Vt,

t+l (a, b) ,t(at, bt-1)t[at, tt-1 bt-ll(bt) E (at+l ft(at, ut, bt, w))Wt(w).

Then, when the measurement yt+l comes in, one may compute the new conditional
probability /]t+l on (xt+l, vt). We shall give explicit formulas only for the simple
example of the next section. Anyhow, this defines a filter of the form

(20) Pt+l Ft(Pt, ut, Yt+l, )t),

and also a function

(21) l] Nt(tt-l, yt, t-l) Nt(rt, t-1).

By summation over the component subspaces, we can project ut on X alone, let pt
be that law on xt. We can further project on the component Xt, yielding a law

(22) pt Rt(rt,
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We can now state a theorem of dynamic programming.
THEOREM 2. Let a stochastic dynamic game be given by (17) to (19), and (*,

be a saddle point in behavioral strategies (which eaists according to Corollary 1). There
eaists a sequence of functions Vt from X Vt-1 x Vt-1 to R such that for all
(at, ut-l, vt-l) reached with a non zero probability while playing according to (*,
one has

(23) Vt(xt, itt-l, vt-l)
max E E [Vt+l (xt.ft(xt, u, v, wt), ut-l’u, vt-l’v) + Lt(xt, u, v)] p[(u)Wt(w)
vVt

wEl4] uEUt

E E E [+1 + r];(.)w();(v).
vVtw uUt

(the arguments in + and Lt in the third term are of course the same as in the

second) and

(e4)

E v -l)
xtvt-1

uUt
W vgt xtvt-1

+ L(... vt-1)q{ (v)Wt (w)

uUtw vVt xtvt-1

where p; and q stand for ;[rt] and [xt, ut-l, vt-X], respectively, for Nt(rt, *),
and yt in r for t(xt, wt-1), and

(e) v(. ): (. ) e c. v(.. ). (..-1. -1) K().

Conversely, if a sequence of functions together with a pair of behavioral strate-
gies *, * satisfy equations (23) to (25), these strategies constitute a saddle point of
the game, and the value of the game is Vl(Xl).

Proof. The sufficiency part of the claim is a direct adaptation of the theorem in

[2] and shall not be repeated in detail. The proof amounts to using (23)-(25) to show
that, for an arbitrary sequence vT, one has G(*, vT) Vl(xx), and using (24) and

(25) to derive the other inequality of the saddle point. This second part uses the fact
that when calculating G(uT, *), since 2 plays *, Nt(rt, *) is actually a conditional
probability. This fact is not true, but not needed either, in the first calculation.

Let us now look at necessity.
Notice first that the second equalities in (23) and (24) amount to the fact that

q* has its support contained in the set of v’s that provide the maximum in (23), and
likewise for p* with the minimum in (24).

Let (xt,ut--l,vt-l) be a state of the game reached with a nonzero probability
while playing (p*, *). For each Wt-l, there corresponds a yt-1, and we can describe
the game history from there on under the strategies *, *. Let

k i=t
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It is clear that Vt thus defined satisfies the second equality of (23), and thus of (24)
by summing both sides of (23). Assume now that there exists ? E Vt that gives to
the second term of (23) a value larger than Vt. Consider the strategy that coincides
with * everywhere, except at (xt,ut-l, vt-) where it is a dirac distribution at
Let, for simplicity, Ltl K(Xtl), and write

t--1 1

ES(utI- 1, Vtl--1) E ELi / EE ’"i=1 i=t

Using the fact that the information algebra is increasing, write the second expectation
above as

EE Li E E Li Xt, tt-l, Vt-1

i--t i=t

The inner expectation is larger for (a*, ) than for (qa*, p*) by hypothesis. From all
other possible states at time t, this expectation coincides for the two strategy pairs,
since * and coincide. However, this particular state is reached by hypothesis with
a nonzero probability. Therefore the outer expectation is larger with the strategy
which contradicts the definition of the saddle point.

We do likewise with qa and (24), noticing as in the sufficiency proof that, when
player 2 does play *, the quantity minimized in (24) actually is the expectation of Vt
for player 1. We thus contradict the other inequality of the saddle point. The theorem
is proved.

Note that, as in [2], this may be viewed as a fixed point theorem: multiply
equation (23) by ,(xt, vt-) on both sides, and sum over all (xt, vt-1). Then (23)
and (24) together express the fact that , 2 provide a saddle point (over a product
of simplices for
Nt(rt, ,t-). So the problem is to find
is an argument of this sequence of saddle points.

In itself, this theorem is of little use. We shall see in the next section a case
where it simplifies to the point where it can be used to compute the saddle point of
the game. At this time, we show a theoretical consequence of interest.

COROLLARY 2. Let p Rt(rt,*). The game admits a saddle point in be-
havioral strategies of the form [rt] @t[p], @[xt, ut-l, vt-l] @t[xt, p]. We
can define a filter Pt+l --gt(Pt, ut,Yt+l,t), and there exists a sequence of functions
Vt(xt,pt) such that for all (xt, pt) that are reached with a nonzero probability while
playing optimally,

(26)

and

(27)
xt GXt
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min E E E [Yt+l (ft(xt, 1, v w) gt(tot, , Yt+l, t)) + Lt(xt, u, v)] t(v)Wt(w)pt(xt)
uEUt

xt wEV)t vEVt

E E E E [+l+Lt]t(v)wt(w)pt(xt)()"
uUt xt wt vVt

where Pt stands for t[pt], t for Ct[xt, pt], and yt+ for ht+l (ft(xt, u, v, w), w), and

v(x , e c,

Conversely, if a sequence of functions t, t, and satisfy these equations, they
provide a saddle point of the game.

Pro@ The fact that with strategies of this form there exists such a filter and the
sufficiency part of the proof is exactly the main theorem of [2]. Let us look at the
necessity.

Notice that, for each value of (xt, vt-) in X Vt-, we may multiply all terms
of equation (23) by ;(xt, vt-), which is nonnegative, and sum over all such terms
still preserving the inequalities. Conversely, writing the resulting summed inequality
(implicit in the max operation) is equivalent to the separate inequalities, provided
it is specified that q* is allowed to depend on (xt,vt-1). (Therefore the combined
maximizing variable ranges over a product of simplices.)

Therefore, the mean value (rt) p appears as the saddle point of the
kernel E E(,t-)[+ + Lt];(xt, vt-)Wt(w), over a simplex for the minimizing
variable, and a product of simplices for the maximizing variable. Now look at this
definition for t T 1. Then, + KT(XT), and the kernel depends on past values
of the various variables only through _. Moreover, since the variables xT-:, vT-2,
and wT-2 do not appear in VT and LT-1, we may first sum over these variables,
ending up with the kernel E E[VT + LT-]pT-(X)WT- (w). Therefore, the value
of the saddle point depends only on PT-1. And using the sufficiency argpment, we

can replace

_
and

_
by strategies of the form proposed for and . So VT-

also depends only on XT-1 and PT-1.
Finally, using the propagation of pt as stated in the theorem, we can iterate this

process for time T- 2, and so on down to 1. This proves the theorem.
This theorem shows that (xt, Pt) constitutes a sucient statistic of constant di-

mension for the decision problem at hand. The dynamic programming algorithm that
one would like to derive from this theory remains quite cumbersome for two reasons.
On the one hand, one must work in a space with a continuous component, while the
game is discrete, and even finite. On the other hand, as was pointed out in [2], each

step involves the solution of a difficult fixed point problem, since (t, t) must be the
saddle point of a kernel that itself depends on t through its appearance in gt. The
above theory proves that this fixed point exists, a result which could not be obtained
through the classical topoligical techniques, since the dependance of the kernel on
is not continuous. But computing it may remain a formidable task.

So we turn now to an example where one may prefer to stick with the full behav-
ioral strategies.

8. Rabbit and Hunter game. This game is an extension of the example of

4. A hunter tries to shoot a rabbit that moves in a finite space made of N positions,
assumed for this example to lie on a straight line. The game is specified by six integers:

T, the horizon of the game. As usual, T {1,..., T}.
N, the number of possible positions of rabbit. The game space is therefore N
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o

The

The

a, the amplitude of rabbit’s jumps, (or a-, a+, the left and right amplitudes).
b, the number of bullets available to hunter,
c, the capture radius (or lethal radius) of a bullet,
d, the delay or time taken by the bullets to fly from hunter to rabbit.
state xt s composed of the following scalar variables:
yt E N, the position of rabbit.

wtk E N U {0}, k 1,..., d- 1, the position the bullet shot k time steps earlier
is flying to.
zt e N U {0}, the position where the bullet shot d time steps earlier is arriving.
(It will be convenient to use this notation rather than wd.)
t, the counter of expended bullets.
players controls are

ut e Ut [Yt a, Yt + a]R N, (or U [yt a-, yt A- a+] Yl N), the next position
of rabbit.
vt Vt, the position hunter aims at. vt 0 means that he does not shoot, since
0 is not a possible position of rabbit. To take into account the budget constraint,
we set

NU{O} ift < b,Vt {0} if t b.

The dynamics are

Yt+l ut, yl given,

W_4_ Vt, wll O,
k+l Wtk Wl

k O,t+l

Wt
d-1

Zt+l Zl --O
It+l It -- 1 5(vt),

Having included the budget constraint into Vt, we may take for the capture set {[zt-
yt[ <_ c}, pretending that the games goes on, even if hunter cannot shoot anymore.

In fact, to simplify the calculations below, we shall from now on assume that

b<N,

so that hunter shoots at all time steps, and we may ignore
We shall need the following notations"

I1 - w -ll-< c}

and
1 ifu C(w),Xw(u)=
0 otherwise.

Furthermore, with a slight abuse of notations, we shall write either u C(w) or
w e C(u), meaning (u, w) e C.

Introduce finally the following shift operator operating on the vector w"

V

W

wd-2
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In the sequel, let

The filter must take into account that the rabbit computes pt+l only if it is alive,
which gives extra information on the past. We get (see [3])

c(,+ c(,+

The dynamic programming equatiohs (23) and (25) now read

Vt(yt, w zt) max E vt+(ytu, wt’cr(v)’w’zt’wd-)P[(u)
vVt

uEUt

if yt C(zt), i.e., (yt, zt) C,

Vt(yt, wt, zt)=l if(yt,zt) eC.

We may simplify this expression, and more importantly reduce the size of the space
to be scanned, in the following manner. Introduce a function Wt(yt, wt), which will
be related to the function Vt according to the following definition:

Wt yt wt if yt zt C,(30) Vt (yt, wt, zt) 1 if (yt, zt) E C.

This function satisfies the following dynamic programming equations, which show
that it only depends on the indicated variables, exactly in the same way as we proved
Corollary 2 above:

Wt(y wt) max E [Xwt(u) + (1- Xwt(u))Wt+l(yt.u, cr(v).wt)]p[(u),vEVt
uEUt

or equivalently

(31) Wt(y wt) max[ E p[(u) + EvVt
ec()

Wt+ (yt .tt, or(v).wt)p (t)]

The second dynamic programming equation, (24), becomes now

E Wt(yt’ w)pt(w) min E [X(u)+ (1- X(u))E Wt+ (yt.u, cr(v).w)q2 (v)] pt(w).uUt
W V

Equations (31) and (32) may be used as the basis for a numerical algorithm,
provided that the horizon T be short enough, (and a and N small enough) so that
the state space remain of a tractable size. The algorithm again involves a fixed point
search: for a given set of pt’s at each point of the space, compute 5 and rearwards in

time, then solve for the fixed point Nt(yt, 2) pt. This can be done, for instance, via
a successive approximation scheme, using subrelaxation as necessary. No convergence
proof is available at this time, however.
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Notice finally that, as in [3], the mean value

can be computed in a faster way, avoiding the separate computations according to the
values of w. Taking pt+l in (29), and for a fixed yt+l u, we have

w wC(u) v

Take the summation in w inside the other two, and use the fact that then, the 5 selects
the only value w a(v).w, to get

E E Wt+l(yt’u’(v)’w)q(v)pt(w)’
oC(u) v

or equivalently

[1- pt(Ct(u))]lFVt+(yt.u) E(1- X(u)) E Wt+(yt’u,a(v)’w)q(v)pt(w).
W V

We recognize the right-hand side here as being the second term in the right-hand side
of (32) above. Substituting into it we get a recurrent equation for lFVt"

IVt(yt) min[pt(C(u)) + [1- pt(Ct(t))]Vt+l(yt.t)].
Acknowledgment. This work owes much to fruitful discussions with Tamer

Baar, of the University of Illinois, then on leave at INRIA Sophia Antipolis, who,
among other things, suggested the example of 4 which led to the understanding of
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ON THE MODELLING AND EXACT CONTROLLABILITY OF
NETWORKS

OF VIBRATING STRINGS*
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Abstract. Using Hamilton’s principle a nonlinear system of partial differential equations de-
scribing the dynamics of a network of vibrating strings is derived. An equilibrium is linearized to
obtain a linear system of "wave equations." The equations are complemented by "coupling condi-
tions" at the "multiple nodes" where several elements meet and by "boundary conditions" at the
"simple nodes." Existence of solutions to the linear system is proved. Finally, multiplier techniques
are used to prove exact controllability for certain specific networks.

Key words, boundary control, hyperbolic systems, vibrating networks
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1. Introduction. Our purpose is to describe the dynamics, and then to control
exactly connected networks of vibrating strings in configurations such as those in
Fig. 1.

FG. 1

Our interest in this problem was stimulated by Chen, Delfour, Krall, and Payre [3],
who dealt with the stabilization of "serial" beam configurations. We wanted to treat
more complicated networks and have done so, in the technically somewhat simpler
context of vibrating strings. We have focussed on exact controllability; results on
stabilizability could surely be obtained using similar methods. A preliminary version
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of this paper has appeared in a technical report [9]. Networks of beams are now
the subject of a joint work with G. Leugering; some results on beam networks have
appeared in [5].

The endpoints of the component strings will be referred to as nodes; the nodes
where two or more strings meet will be called multiple, while the nodes corresponding
to only one string will be called simple. In this paper the simple nodes will be fixed
or subject to control, while the multiple nodes will be allowed to oscillate freely.
We consider small perturbations of equilibrium configurations and linearize a certain
system of nonlinear equations to obtain a hyperbolic system of linear equations that
govern the evolution of the displacements from the equilibrium. It is that linear
system that we shall will in detail. Here we deal with planar vibrations of planar
networks--the generalisation to three dimensions involves no essential difficulties.

2. Modelling networks of vibrating strings. We begin by considering planar
vibrations of a single elastic string segment. If the "natural" length of that string is
g, it is reasonable to consider the string as parametrised by the rest arc length a with
cr in [0, g]. The position at time t of that point corresponding to the rest position er is
to be denoted by the vector R(cr, t). If p is the density of the string, and if the string
is assumed to satisfy Hooke’s law with constant h, the kinetic and potential energies
of the string are given by- plRt(a, t)]eda and h[lR(cr, t)l 1]eda,

respectively; here the subscripts indicate partial differentiation with respect to the
indicated variables, and l" denotes the Euclidean norm. The total energy is then

(1) E(t) - [plRt(cr, t)l + h[IR(, t)l 1] 2] dm

Applying Hamilton’s principle to the Lagrangian

(R(a, t)) [p[Rt(r, t)l 2 h[IR(a, t)l 1121 dcrdt,

we obtain the nonlinear system of partial differential equations

(2) pRtt h

This needs to be complemented by suitable boundary conditions at r 0 and a g,
as well as by initial conditions on R(cr, 0) and Rt (or, 0). For time independent Dirichlet
or Neumann boundary conditions, it is easy to check that energy is conserved when
the equations are satisfied.

Remarks.
(a) The system is of second order in both t and a.

(b) The assumption that Hooke’s law holds is certainly only reasonable for a limited
range of extension (corresponding to IRI > ) or contraction (corresponding to

IRI < 1). Hooke’s law can be replaced by using other potential energy functions
of the form U(IRI- 1); this leads to a variety of interesting nonlinear systems.

(c) For related nonlinear string models derived in alternate ways, see Carrier [2] and
Antman [1].
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A network consists of many string segments, each of which is parametrized and
described as above. These strings may have different physical characteristics and
therefore be associated with different constants/i, pi, and hi. Let the spatial displace-
ment of the ith string be Ri(a, t). Then the total energy of a network consisting of n
strings is

(3) E(t) i--1 [pilR(a, t)l 2 + hi[IR(cr, t)l- 1] 2] dadt,

and the corresponding Lagrangian is

(4) ({Ri(r, t)}) i=1 [pIR(, t)l hi[IRa(a, t)l l]e]d.

We introduce the notation g(N) {i: the ith string meets N}, where Ri(N,t)
is equal to either Ri(gi,t) or Ri(0, t) depending on the parameter value 0 or & cot-

responding to N). For the networks under consideration, the displacements Ri(cr, t)
should clearly satisfy the following "geometric node condition" at each multiple node
N:

the Ri(N, t) are equal for all/e g(N).

Applying Hamilton’s principle to the Lagrangian (4) with the "variations" satisfying
(5), we obtain the partial differential equations

(6) piRt hi [(IRgl- 1)Rg/lRgl], i= to n,

as well as the following "dynamic" condition at multiple nodes N:

i(N)hi [(IR(N, t)l 1)R(N, t)/IR(N, t)l] 0,

where ei(N) -1 or + 1 depending on whether N equals Ri(0, t) or Ri(ei,t) (in
which case ei(N)R(N, t) becomes the "outward pointing derivative of R).

Furthermore, the simple nodes can either be held fixed or controlled; this cor-
responds to imposing a Dirichlet condition at each simple node with Dirichlet data
that is either fixed in time, or time dependent and subject to choice. Initial "states"
(Ri(a, 0),R(a, 0)) also must be prescribed for each string segment. If the Dirichlet
data are all taken as time independent, then it is easy to verify, at least formally, that
the total energy of the network is conserved. Letting Ei(t) denote the energy of the
ith string we check that

dE(t) h [R(,t). (IRg(, t)l- 1)Rg(,t)/IRg(,t)l]=odt

Now note that R(a, t) 0 at the simple nodes, and add the contributions at each
multiple node; using (5) and (7) we get that the sum of all these endpoint terms is
zero.

For an equilibrium configuration of the network, each Ri(a, t) will have the time
independent form

(8) m(, t) R8 + v,
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where v is the unit direction pointing along the ith string segment and si is a constant
measuring the amount of uniform stretching of that segment. We assume that si > 1,
so that the string is under tension. Time independent boundary conditions, as well
as the compatibility conditions at multiple nodes, need to be satisfied. We wish to
linearize about such an equilibrium configuration.

To carry out the linearization, it is enough to consider a single string segment
and assume that

(9) R(cr, t) R0 + rsv + r,

where r(a, t) (x(a, t), y(a, t)). Then Rtt(a, t) rtt(a, t) (xtt(a, t), ytt(a, t)). The
right-hand side of (2) can either be linearized directly using a Taylor expansion in x
and y of

Irl [r. r]l/2 Is2 + 2sv. (x,y) + x2 + y211/2

about (0,0), or, alternatively, we can similarly expand the potential energy up to
quadratic terms in x and y to obtain

h[IRl-1] 2
k 1) 1
-[(s-1)2+2(s-1)v.(x, y)+(1--s (x2+y2)+-(v’(Xs

Either way, we obtain the system

k
pxtt -(s- 1 + a2)xa + k-aby,,

PYtt abz + (s 1 + b2)y,,

where v (a, b). This linear system can be rewritten as

(10) prtt Hr with H- [:- +a2 ab
s_l+b

We note that H is a symmetric matrix with eigenvalues h and h(1 8-1)) (both
positive since s > 1) corresponding respectively to eigenvectors v and v+/- (a vector
perpendicular to v). This means that for a particular vibrating string segment the
vibration can be uncoupled into transverse and longtitudinal vibrations. For the
potential energy of such a linearized string segment we keep only the quadratic term
and, hence, the total energy of that segment is

(11) E(t) - [plrt(c, t)[e + Hr,(a, t). r (cr, t)] dcr.

The linear equations governing the network near equilibrium now become

(12) pirt Hiri for 1 to n.

It is notationally convenient to suppose that the simple nodes are ri(gi,t) with
1 to rn, and that controls are applied at these points for 1 to p. The boundary

conditions at the simple nodes then take the form

ui(t) fori-1 top,(13) ri(ei, t) 0 for p + 1 to rn.
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At the multiple nodes we require two coupling conditions: (5) rewritten as

(14) the ri(N, t) are equal for all E g(N);

and the linearization of (7), namely

(15) E
(N)

6i(N)Hir(N, t) 0.

The initial conditions accompanying (12) are

(16 (ri(cr, 0),r(r, 0)) (ri,(a),ri,l(a)) for i- 1 to n.

We note that under the above conditions, with ui(t) ci, where c are given constant
vectors, energy is conserved much as before.

3. Existence of solutions to the linearized system. We need an existence
theory for the linear system described by (12)-(16). We begin by introducing the
spaces in which solutions should lie.

Let L2(0,) and WI(0,) be the familiar Lebesgue and Sobolev spaces, with
the understanding that in our context they consist of 2-vector valued functions. We
then introduce the space 7-/E as the set of all data {(ri,(a), ri,l(a))} (where {...} will
denote n-tuples {...}=) belonging to the product of the n data spaces W(0,*) x
L2(0,*) for the separate segments satisfying the first coupling condition (14) at all
multiple nodes. On this space we can define the "energy scalar product"

({ (ri, (or), ri,1 (or))}, ({-/’0 (O’) ’4’ (Or)) } E

[pir(r, t) (a, t) + Hir/((r, t) -i (a, t)] da.(17) i= .r

This fails to be an inner product on because the associated norm vanishes for the
"constant" data {(c, 0)}, which corresponds physically to a uniform displacement of
the whole network by c. It is convenient to identify {(ri,(a), ri,l(a))} with {ri,(a)} x
{r,l(a)}. We require the second factor in this product to belong to the space
defined as the product space of the spaces La(0, gi) with inner product

1i [pri(a) ()] d.({ri(a)}’ {N(a)}}
2

i=1

The first factor is required to belong to a space that is consistent with the boundary
condition (13), as well as the coupling condition (14). Let 0 denote the product space
of the spaces WI(0,) consisting of functions satisfying condition (14) at multiple
nodes. If p < m let be the subspace of 0 consisting of data satisfying r(i) 0
for p + 1 to m) (i.e., at the fixed simple nodes). Otherwise, when p m and none
of the simple nodes is fixed, we define to be the quotient space of 0 and the
subspace of constant data {c}; for notational simplicity we denote elements of this
space by representatives of the corresponding equivalence class. In either case, we can
introduce as the inner product

1 [Hire(a) V(a)] da;
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this inner product yields a norm equivalent to the standard inner product norm by a
variant of the Poincarfi lemma, which can be proved in the usual way (for example, by
adapting the arguments of Necas [7, pp. 18-21]). Then (17) defines the "energy inner
product" on the space 7-t 7-/0p x 7-tl.

We pursue an analogy with the wave equation in a domain where the simple
nodes of a network correspond to the boundary of the domain. We expect solutions
to homogeneous boundary value problems to be given in terms of a unitary semigroup
acting on initial data. We can rewrite (12) as

0 1] [ri(a,t)0
Pi

fori-lton,

where 0 is the operation of partial differentiation with respect to a. Alternatively,
this system can be written as

(18) d {r(cr, t)} A 0 {r(a,t)}

where A is the linear map defined by

A({ri(a)}- {1H02r(r)}
Pi

on a suitable domain to be specified below, with the understanding that 0 and 1 are
to be understood as null and identity operators. This suggests the form that the skew
adjoint generator of the appropriate semigroup should have. We now need to study
the operator A, which plays a role in networks analogous to that of the Laplacian for
Euclidean domains.

Given {fi(a)} in 7-/1 and constants C to Cm, we say that {ri(()} is a weak solution
of the problem

(19) A{r(cr)} {f(a)}, ri(i)=c fori-ltom

subject to the node conditions (14) and (15), if and only if {ri(cr)} belongs to 0,
satisfies the boundary conditions ri(gi) c for 1 to m as well as the weak identity

({r(cr)}, {qS(cr)})o -{{f(a)}, {qi(o’)})l, for all {b(cr)} in 7-t0.
The assertions of the following theorem are proved in exactly the same way as

the corresponding results on the Dirichlet problem for the Laplacian in a bounded
domain; the principal tools are the Riesz representation theorem as well-as Rellich’s
compactness theorem.

THEOtEM 3.1. Given {fi(a)} in 7-tl and constants c to cm problem (19) has a

unique weak solution. If each c O, the solution {r} belongs to 7-l and satisfies

where C is a suitable constant. Since 7-l c -1 We can define a linear transformation
S’7-tl ---, 7tl, which maps the data {fi(cr)} to the solution {ri(cr)}. S is self-adjoint,
positive, injective and compact with dense image. Let .40 be defined as the inverse

of S; it is a self-adjoint operator densely defined in 7-il with positive point spectrum
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accumulating at oc. If {ri(a)} belongs to the domain of jI, each ri(a) belongs to
W.(o,).

Now, motivated by (18), we define an unbounded operator B in 7-/ by

[ {rl,(cr)} [0 11 [ {rl,(a)} 1dom(B)-dom(4)xT-/0 and B
{ri,l(a) } -4o 0 {r,l(a)}

It turns out that B is skew-adjoint, so it generates a strongly continuous group
[Ut]ten of unitary operators on 7-/. This allows us to obtain the solution {ri(a, t)}
of (12), (13) (with p 0), (14), (15), and (16) by taking the 7-/o component of
Ut{ri,(a)} x {ri,l(a)}.

Next we need to treat the equations with inhomogeneous boundary conditions.
When controls are imposed at the first p simple nodes while the remaining simple
nodes are kept fixed, we expect the solutions to remain in the space 7-/. As a first
step to solving the inhomogeneous boundary value problem, we extend the semigroup
to 7-/g from . This involves identifying the orthogonal complement of
with respect to an appropriately chosen inner product for the latter space. It turns
out that this complement consists of stationary solutions of our linear system so that
we can define the group [Ut]tGR of operators on E by setting Ut equal to Ut on
and equal to the identity on the orthogonal complement.

We note that on 7-/o (and, indeed, on the spaces 7-/ with p < m), the inner
product

m

(20) {{ri(a)}, {()})0 + r(e). (e),
i=1

where denotes the dot product of vectors, is equivalent to the standard inner product.
Evidently, the orthogonal complement of the subspace 7/ in 7-/0 with respect to the
latter inner product consists of all weak solutions of equations of the form (19) with

{f} {0}; we denote that complement by S0. We endow 7-/E 7-/0 x 7-/1 with the
corresponding "modified energy inner product." This yields the desired orthogonal
decomposition 7-/E 7-/ (R) SE, where

S- {{ri(a)} x {0}l{ri(a)} e $o}.

The orthogonal decomposition of data is performed as follows:

{ri,(cr)} x {ri,l(a)} {ri,O(a)- g/’(cr)} x {ri,l(cr)} (R) {i’(a)} x {0},

where .A{-/’(cr)} {0} and i,0(gi) ri,0(gi) for 1 to m. We easily check that
the data in SE is stationary corresponding to nonhomogeneous, time independent
boundary conditions at the simple nodes. It is therefore natural to define

Ut{ri,(cr)} x {ri,l(a)} Ut{ri,(a)- -/’(a)} x {ri,(r)) {g/(a)} x {0};

we thus obtain a group of unitary operators on 7-/E. For initial data {r,(cr)} x

{ri,l(a)} in 7-/E, we are allowed to solve the linear system with boundary conditions

ri(ei, t) ri,O(ei) for 1 to m

by setting {ri(a, t)} x {r(a, t)} Ut{ri,(a)} x {ri,l(a)}. We can also define unitary
groups [UlP]teR on 7-/ by restriction (if p ,< m), or by taking quotients (if p m).
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We note that the generator B of [Ut]tER is the direct sum 0 (R) B with domain
$E dom(B). The generator Bp of [U]tER is obtained from B by restriction (if
p < rn) or by taking quotients (if p m). If the initial data lies in the domain of B
for the solution obtained above we have that, for each i, ri( ., t) belongs to the spaces
C([0, T]; W2(0, gi)), C1([0, T]; WI(0, &)) and C2([0, T]; L2(0, gi)).

Now we consider the general initial boundary value problem (12)-(16), assuming
that the initial data belongs to 7-/E and that the following compatibility condition is
satisfied:

ui(0) fori-ltop,(21) ri’(&) 0 for i-p+ 1 to m.

First, let p rn. We then obtains the solution as the sum of Ut{ri,} {ri,1}
and the solution to the problem with homogeneous initial conditions and boundary
conditions

ri(gi, t) ui(t)- ui(0) for i= 1 to m.

The approach to these inhomogeneous boundary conditions is standard: we move the
inhomogeneity into the equation itself and then use the fact that when {f,(cr, t)}
{fi,l(a, t)} is a continuous map of [0,T] into 7-/ 7-t0 7-/1 the solution of

d

{r(o,t)} A 0 {r(o,t)}
{f,0(r, t)}
{fi l(a,t)}

subject to homogeneous boundary and initial conditions together with the coupling
conditions, is given by

(23) {ri(a,t)} {r(a,t)} f0 Ut_8{f,(a,s)} {fi,(cr, s)}ds,

which is again a continuous map of [0, T] into 0 x .
To transfer the inhomogeneity from the boundary condition into the equation, we

begin by considering controls ui(t) E C((0, T]). These functions vanish for t 0 but
not necessarily for t T. For between i and rn, we then introduce functions b (0, t) E
C((O,gi] x (O,T]) with qi(gi,t) ui(t); for > rn it is convenient to set i O. We
now seek a solution to the inhomogeneous boundary value problem (with vanishing
initial condition)in the form {ri(a,t)} {i(a,t)} + {V(a,t)}. Then {N(a,t)} will
have to satisfy homogeneous boundary and initial conditions, the coupling conditions,
as well as the equations

(24) iP tt H + [H 6-pt,t] fori=lton.

These equations can be written in the form (22) with f,(a,t) set equal to 0 and

fi,(a, t) equal to Hiqbi Pit; this is then solved for {V(cr, t)} using (23).
Applying results on the regularity of "mild solutions" to be found in Pazy [8]

(in particular, Corollary 2.5 on p. 107), we can deduce that {V(a,t)} x {(r,t)} is
continuously differentiable with respect to t when regarded as a map from [0, T] into
7-/, and that this function and its t-derivatives take their values in dom(B). Con-
sequently, each g/(.,t)belongs to the spaces C([O,T];W2(O,&)), C([O,T];WI(O,&))
and C2([O,T];L2(O,&)). That regularity is then inherited by {ri(a,t)}.
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System (12)-(16) can now also be solved for initial data in 7-/ (with p < m)
subject to the compatibility condition (21); the resulting trajectory remains in 7-/.
Moreover, taking quotients, we can also solve the system in the space

We have proved the following theorem.
THEOREM 3.2. Given initial data {ri,(a)} {ri,l(a)} belonging to the space

7-lPE and boundary data ul(t), u2(t),...,uP(t) belonging to C([0, T]) and satisfying
the compatibility condition (21), the initial boundary value problem (12)-(16) has a
solution such that {ri(.,t)} {r(.,t)} is a continuous trajectory in 7-lPE Letting
[C((O,T])]p denote the p-fold product of C((0, T]) we can define, for each t <_ T,
a transformation C [C((0, T])]p - 7-/ by assigning to the "control functions"
(u,u2,...,up) the solution at time t, namely {ri(a,t)} {r(a,t)}, of the boundary
value problem with zero initial values; in the case where p rn, this must be inter-
preted in terms of equivalence classes. The solution to the general initial boundary
value problem is then given by

{ri(.,t)} UtP{r ,} 1}
(25) CtP(ul(.) ul(0),u2(.) u2(0), ..,
If the initial data belongs to dom(B), we have that each ri( ., t) belongs to the spaces
C([0, T]; W2(O, gi)), CI([0, T]; Wl(O, gi)) and C2([O,T];L2(O,i)).

Because of estimates in the next section, it will, in fact, be possible to extend the
domain of the operators C. from [C((O,T])]P to

5/P {(u,u2,...,up) e [WI(0, T)]P u(0) 0 for 1 to p}.
This latter space is the completion of [C ((0, T])]p with respect to the norm associated
with the inner product

v(t).u(t)dt.(26) ((v v2 vP), (u u2, uP))lgP - i:l

The operator C is studied thoroughly in the next section.

4. A priori estimates and the exact controllability of the linearized
system. We are interested in the question of exact controllability for the control
system (12)-(16). This involves establishing conditions on the network and on the
time T, which ensure that the operator C, becomes surjective, in which case any
initial state in can be steered by suitable choice of the controls to any desired
target state in the same space. First, we must specify the domain of C,. Initially,
we can regard C, as a map from b/p to 7-/ having domain [C((O,T])]B. Since the
domain of C is dense, we can introduce the Hermitian adjoint C.*
which is identified in the next result involving "dual data" corresponding to a "dual
problem."

THEOREM 4.1. Given {li,(a)} {li,(a)} in -lPE, let {li(a,t)} be a solution of
the system (12) subject to the boundary conditions li(i,t) li,(i) for i= 1 to
the coupling conditions at the multiple nodes and the endpoint condition

{li(a,T)} {l(cr, T)} {li,(cr)} {li,l(a)}.

Then, for each from 1 to m, 1/(i, t) is a well-defined function of t and there exists
a constant K such that

m

fOT(27) /.: [Hil (/i, t)12dt <_ KIl{li’(a)} {l’(a)}ll.
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Moreover, C*{li,(a)} x {li,l(a)} can be identified with {lg(g,t)}, which acts
on the controls as follows:

(8)

(C*{li,(a)) x {li,l(a)), (u1, u2, uP))u,

HI(e, t). u(t)dt.
2

i=1

The proof of this theorem will be given later. First, we deduce some corollaries.
We note that the right-hand side of (28) can be rewritten as

Hili(ei,s)as]t, u(t)at-(( H(e,s)as Hlg(e,s)ds,...,
2

i=1

Hpl (ep, s)ds), (u1, u2, uP))up.

From the form of the inner product (26), we therefore get

(29)
P

f0 IHl(e,t)ldt.

This, together with (27), yields the following corollary.
COROLLARY 4.2. The operator CPT is bounded and, therefore, C can be ex-

tended to a bounded operator defined on the entire space Ltp.

Now, by a general result on closed linear transformations, the surjectivity of

C" b/p 7-/ is equivalent to the estimate

for some suitable positive constant k. In view of (29), we therefore obtain Corollary
4.3.

COROLLARY 4.3. System (12)-(16) is exactly controllable in time T (i.e., im(C)
TlPE) if and only if the following a priori estimate is valid for some constant k:

(30)
P

f0
T

> kll{l,0(r)) x {1 l(cr))ll2/o

Before proving Theorem 4.1, we derive a multiplier identity from which the es-
timates (27) and (30) can be deduced by the appropriate choice of multipliers. This
approach to obtaining a priori estimate goes back to at least Rellich, and has recently
proved very powerful in the control of partial differential equations; many applications
can be found in Lions [6]. The following lemma applies to a generic string element,
where the superscript has been dropped.

LEMMA 4.4. Let l(r,t) belong to C([O,T];W(O,e)); CI([O, TI;W(O,g)), and
C2([0, T]; L2(0, )) and be a solution of

pltt(a, t) Hl(a, t), for (a, t) e [0.g] x [0, T].
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Let M(a) be a smooth, symmetric matrix-valued function that commutes with H for
each or. Then

(31)

lf0T Hlo. Mlo. dt [plt Mo.lt + Hlo. Mo.lo.]dadt

1 T

+ plt" Mlo.dr
2

plt" Mlt dt.
t--=0

Proof. The proof is obtained by rewriting the following obvious identity:

[pitt Hlo.o.]. Mlo.dadt O.

We have that

1 T

plt" Mlo.do
2

plt" Mlt dt
o’--0

t=O

+ - plt" Mo.ltd(rdt;

and

Hlo.o. Mlo.drdt Hlo. Mlo. dt

+ [Hlo.. Mlo.o. + Hlo.. Mo.lo.] dcrdt

lfoT ]o.=e f0Tf0e

2
Hlo.. Mlo. dt + Hlo.. Mo.lo.dadt;

o’--0

here we have used HM MH and the symmetry of H and M to write

1
[Hlo. Mlo.]

1
Hlo.. Mlo.o. Hlo."

By adding and rearranging the last identities, we get (31).
Proof of Theorem 4.1. We prove estimate (27) for terminal data {li,0} {li, }

belonging to the domain of/3 (and to 7-/ in the case where p < rn) so that the
regularity needed for Lemma 4.4 is assured; the general result follows by continuity.
We then choose the multiplier M(a) [-1 + (2/Qa]I (with I the identity matrix).
This satisfies M(0) -I,M() I and Mo. 2g-1I; thus, discarding redundant
terms of known sign, we easily get from (31)

lf0T 1 f0T f0 If0 ]- Hlo.(g, t) lo.(g, t) <_ - [plt It + Hlo. lo.]dcrdt + plt Mlo.dcr
t=T

t--0
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It easily follows that

IHl(g, t)]2dt < A [plt It + HI l]dadt

+ B [pit. It + HI. 1](, r)d + [pit-h + HI. 1](, 0)d

where A and B are suitable constants. We can then write down this inequality for
each string segment and sum these inequalities to obtain

]Hili(ei,t)12dt <_ A ][{li(a,t)} x (l(a,t)IllEdt

+ [ll(l,0()) (1,1()}11 + I]{l(r, 0)} x {l(,0)}ll],

where A and B have been suitably redefined. By using conservation of energy, we
have that II{li(a,t)} {l(cr, t)}ll 2E [l{li’0(cr)} {l’l(r)}ll for all t so that (27)
holds with K AT + B. These constants can be estimated explicitly in terms of the
various physical parameters. We note that, had we not discarded so many terms, we
would have obtained the following generalisation of (27):

(32)
fooT [Hil(ei, t)l + IHil/(0, t)l + ]l(ei, t)l e + I1(0, t)l e] dt

i=10

_< KIl{li,(cr)} x

To prove (28) it is enough to establish
(aa)

({li,O(a)} x {1i,1()}, C(u1, u,..., uv))u, HI(g, t). -ui(t)dt.2
i=1

Let (ri(cr, t)} be the solution of (12)involved in the definition of C and (li(cr, t)}
be as above. Then

By integrating from 0 to T and using the initial boundary and coupling conditions

(which involves extensive regrouping of the boundary terms corresponding to multiple
nodes), we obtain (33), and this completes the proof of Theorem 4.1.

Finally, we return to the question of exact controllability. By Corollary 4.3 we
need to establish the estimate (30); for this the configuration of the network plays an
important role. Again, we can assume that the terminal data belongs to the domain
of By and obtain the general estimate by continuity. We now use multipliers of the
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form Mi(a) (aia +/3i)I (with 3i positive) so that M aiI and Mi(0) 3iI.
Adding the identities (31) over all string elements we get on rearrangement

(34)

where N’m is the set of multiple nodes, and we have used the fact that l(gi, t) vanishes
for 1 to m. By conservation of energy and Schwarz’s inequality,

(35) i1_ [pil l + Hili li]dadt TIl{li o(a)} x {l,(cr)}ll 2
E

and

(36) E pil Milida
i----1

t=T

t--0

_
(l[{li,(r)} {li,l(r)}ll,

where 5 is a positive constant. If

(37) Mi(ti) >0 fori=ltop,

then we readily obtain from (34), using (35) and (36), that

with a the minimum of the ai’s, To 8/a, and "y a positive number such that
"),H <_ Mi(i) for 1 to p. We finally obtain (30) with k a/7(T- To) if the
configuration is such that the multipliers can be chosen to satisfy (37) along with

(38) fori=p+ltom;
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(39) E E e(N)[Hil Mil](N’t) _< 0;
NeAfm

and

(4o) E E i(N)[pil. Mil](N,t) <_ O.
N E.tq’m iE(N)

By the first of the coupling conditions, I(N, t) is the same for each E $(N) and
so (40) can be replaced by the condition

(41) E ei(N)piMi(N)
(N)

is negative definite for each N

The second coupling condition can also be used to rewrite (39) as

(42) E wi 0 implies E i(N)M(N)H-lw" w’ _< 0.

iet;(N) i$(N)

It is convenient to introduce (N) (N)M(N), which at the simple nodes coin-
cides with Mi(N). Condition (41) is then satisfied if at every multiple node at least one

(N) is sufficiently negative to dominate the positive contributions at that node. It
is an exercise in linear algebra to see that the subtler condition (42) will be satisfied if

at each internal node at most one (N) is positive and if each negative contribution
is sufficiently small to dominate the positive contribution.

For a given network we try to define appropriate multipliers satisfying the above
conditions. As a first step, we proceed "graphically" as follows. String segments will
be denoted by

where the signs indicate the signs of (N) at the adjacent node. We note that
because M(a) is monotone increasing the only possible sign allocations are

(43) --- + + ---, --- ---, and --- + --.;

the assignment is impossible. Subject to this "constraint" we try to
satisfy the following sign rules, which are necessary for our approach to. yield exact
controllability:
(a) At the simple nodes we must assign positive values where controls are to be

applied and negative values where the node is to be held fixed;
(b) At each multiple node we must assign positive or negative values in such a way

that at most one is positive.
If such a sign allocation is possible, we proceed to check whether the magnitudes of

i(N) at both ends of each element can be adjusted to give the required dominance
of the negative terms over the positive terms needed to ensure that (41) and (42) hold.

In the networks illustrated on the next page, the simple nodes at which controls
are applied are marked by ui’’, while those that are kept fixed are marked by "0."



NETWORKS OF VIBRATING STRINGS 243

a)

c)

/

e)

/

%-_/__f __/_.

b)

d)

0

\ /

/-

0

FIG. 2

Nodes where the "sign rule" is violated are indicated by "!!," and, in the cases of
violation, we cannot remedy the situation by a different sign allocation. With these
remarks, the diagrams should be self explanatory. When we try to adjust the values
of (N) for the networks in which the sign rules can be satisfied, we see that this
is easily done when there are no "closed circuits." Consequently, we have established
the following theorem.

THEOREM 4.5. The networks (a), (c) and (e) illustrated below in Fig. 2 can all
be exactly controlled by controls at the indicated simple nodes.

Remarks
(a) In the networks (b) and (d) where our sign rules cannot be satisfied, we are unable

to make any general assertions; in the example given below, exact controllability of
the network depends on the rationality or irrationality of a certain parameter. It
appears that in some situations there is no interaction between certain oscillations
occurring in part of the network and the oscillations on the rest of the network
excited by control functions at some set of simple nodes.

(b) In the case of the network (f) with its closed circuit, we can easily convince our-
selves that we cannot ensure that condition (42) is satisfied at all multiple nodes.
This problem persists in more complicated networks involving closed circuits.
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Whether such circuits are exactly controllable remains open.
(c) We can easily generate exactly controllable networks that are much more compli-

cated than those that we have treated.
Example. We consider network (b) with boundary conditions

rl(gl,t) u(t), r2(ge,t) 0, r3(g3,t) 0.

We suppose for simplicity that the second and third strings are identical, perpendicular
to each other, and lie symmetrically with respect to the third string. Moreover, we
set pi hi 1 for 2, 3 and note that in this case s. sa s, say. We introduce
the parameter # by #-e 1- s-1 If tt is rational we can find two nontrivial real
functions f and g defined on the real line that are both 2 and 2# periodic and satisfy
f(t) -g(-t). It follows easily that

f(#+t)+g(#-t)=0 and f(l+t)+g(1-t)=0.

Now let v be the direction vector of the second string and set

11 (a, t)=0,
(, t) [f( + t) + (-
13(r, t) -#[f(#cr + t) + g(#a t)]v.

This gives a solution {li(a, t)} to system (12)satisfying homogeneous boundary condi-
tions as well as the two coupling conditions (14) and (15). Moreover, in this situation
C*{l(cr, T)} x {l(cr, T)} 0, so that C* has a nontrivial nullspace, which implies
that C is not surjective, and hence the system is not exactly controllable.

With an additional argument, we can show that when # is irrational, C* is
injective for T sufficiently large, in which case C has dense image. At this point we
do not know whether the image is necessarily closed. Questions raised by the above
example could be the topic of a future publication.
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ON THE EXISTENCE OF OPTIMAL RELAXED CONTROLS OF
STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS*

XUN YU ZHOU

Abstract. This paper is concerned with control problem of systems governed by stochastic partial
differential equations, the drift and diffusion terms of which are second- and first-order differential operators,
respectively. The existence of an optimal relaxed control is studied in both cases where the systems are

degenerate and nondegenerate. It is shown that the higher regularity conditions on the initial state, as

required in the existing results, can be dispensed with if the Wiener process is one-dimensional. Some special
cases of multidimensional Wiener process are also discussed, which in particular leads to an improvement
of a recent result of Bensoussan and Nisio. The method is based on an analysis of the group generated by
the first-order differential operator. As an application, an existence theorem of the optimal relaxed control
is proved for partially observed diffusions with correlation between the controlled states and the observation
noises.

Key words, stochastic partial differential equation (SPDE), optimal relaxed control, partially observed
diffusion, group of operators
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1. Introduction. In this paper we consider an optimal control problem of the
following kind of stochastic partial differential equations (SPDE):

dq(t, x)= [Oi(aiJ(x, u(t))Ojq(t, x))+ bi(x, u(t))O,q(t, x)

+ c(x, u( t))q(t, x) +f(x, u(t))] dt
(1.1)

+[cri(x)O,q(t,x)+ h(x)q(t,x)+g(x)] dW(t),

xRd, t6[O,T],

q(O, x) qo(x), x R d,
where W is a one-dimensional Wiener process with W(0) =0, {u(t): 0 -< t=< T} is an
admissible control (in the usual sense), and 0i := O/Oxi, i= 1, 2,..., d. Note that here
and in the following we always use the conventional repeated indices for summation.

The optimal control problem is to minimize a given cost functional over the totality
of admissible controls. SPDE (1.1) occurs in many areas of science, especially in
physics (see [8]-[10] and [13] and the references therein). From the mathematical
point of view, the most important example is perhaps the filtering problem. More
precisely, the control problem of partially observed diffusions can be reduced to the
control problem of SPDE (1.1) (Zakai’s equation), with the o-i in (1.1) corresponding
to the correlation between the controlled state and the observation noises ([12], [13],
and [15]).

The existence of an optimal control in the usual sense seems to be a very difficult
problem and remains open in general. Many authors turned to studying the relaxed
control problem ([1], [4], [6] and [13]). For system (1.1), when o-=0, Bensoussan
and Nisio [1] have proved the existence of an optimal relaxed control, assuming (a)
is uniformly positive definite and qo H2(Rd) (Hk(Rd.):=Sobolev space wk(Rd)).
When tr 0, the situation is much more complicated. For this case, the recent delicate
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This research was partially supported by the Monbusho Scholarship of Japanese Government and the
National Natural Science Foundation of China.

? Department of Mathematics, Faculty of Science, Kobe University, Rokko, Kobe 657, Japan.
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work of Nagase and Nisio [13] shows that the existence theorem still holds when
(aiJ- 3/2trio"j) is nonnegative definite and qoe H3(Rd). Both [1] and [13] have applied
a similar method to that of Nagase 12], the key point of which is to employ a compact
embedding lemma, see [12, Remark 3.1]. These results, however, require the higher
regularity on the initial point qo.

The purpose of the present paper is to establish the existence of an optimal relaxed
control of SPDE (1.1), with some natural regularity conditions on the initial state qo.
Different from that of [1], [12], and [13], our method depends on an analysis of the
group generated by the first-order differential operator, inspired by Da Prato, Iannelli,
and Tubaro [3]. This frees us from the set-up of [1], [12], and [13], allowing us to
eliminate the higher regularity restriction on qo. The main results of this paper, roughly
speaking, are as follows" Either

(i) (a ij- 1/2o’io"j) is nonnegative definite and qo HI(Rd), or
(ii) (a ij- 1/2trtrj) is uniformly positive definite and qo H(Rd)( L2(Rd))

will ensure the existence of an optimal relaxed control.
An apparent defect of our method, however, is that the Wiener process W is

required to be one-dimensional. For multidimensional cases, the method applies only
to some special cases. In particular, we will show that our method is effective to the
setting of Bensoussan and Nisio [1]; therefore, their result may be considerably
improved.

It is also worth noting that this work benefits so much by the delicate and deep
results of Krylov and Rozovskii [8]-[ 10] concerning the SPDE theory, and in particular,
the a priori estimate of differential operators (Lemma 3.1 below).

The paper is organized as follows: In 2, we will give a precise definition of the
relaxed system of (1.1) as well as some basic notation and facts. Sections 3 and 4 are
the main parts of the paper, in which the existence theorems are proved for degenerate
case (i.e., (a ij- 1/2crierj) is nonnegative definite) and nondegenerate case (i.e., (aj-
1/2ergo"j) is uniformly positive definite), respectively. In 5, we discuss the cases when
the Wiener process is multidimensional, as well as the application of the main results
to the partially observed diffusions.

2. Preliminaries. We define a family of second-order differential operators
{A(u): u F c R } and a first-order differential operator M by

(2.1) A(u)t(x)’.--Oi(aiJ(x, u)Ojt(x))+bi(x, u)Oip(x)d-c(x, u)t(x),

(2.2) Me(x) := tr’(x)O,(x)+ h(x)(x), for x R d,
where a j, b , c, tr , and h are real-valued functions for i, j 1, 2,... d.

Let Hk be the Sobolev space wk(Rd) with the norm II’[]k (k=0, +1, d=2,... ).
(’, ")k denotes the duality pairing between Hk-1 and Hk+ under (Hk)*= Hk, and
(’,")k is the inner product in Hk. For r_-> 0, define

L2: {" is a real-valued Borel function on R d,
and (1 +1" 12)r/2(, e H},

with the norm I111o,:-( I(l/lxl)/(x)l dx)/.
Let Hk be the subspace of L2 consisting of functions whose generalized derivatives

up to the order k belong to L. It becomes a Hilbert space with the norm

see [10, 2].
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For any second-order differential operator L, when we write (Lb, ffJ)k, then L is
understood to be an operator from Hk+l to Hk-1 by formally using Green’s formula.
For example, for the operators A(u) defined by (2.1), we have

(2.3)
(A(u)4), $)k := --(a( ", u)Ojd, Ofl/)k +(bi( u)Oich, $)k

+(C(’, U)4, q)g for th, qe Hk/.

Now we recall the definition of relaxed controls, according to [1], [4], and [13].
By A we denote the set of all measures A on [0, T] F such that

(2.4) h([0, s] x F) s, for s _-< T.

If F is a compact set, then A is’compact when endowed with the weak convergence
topology ([1] and [13]).

Set tr, (A) := the tr-field generated by {h" h([0, s]xA) (R+), s <- t, A (F)}
and o-(A):= trr(A). Let := (A) be the space of probabilities on (A, tr(A)), then
Prohorov’s theorem yields that is a compact metric space when endowed with the
weak convergence topology.

By (2.4), A is represented by A(dt, du) A’(t, du) dt, where h’(t,. is a probability
on F for almost all and determined uniquely expect t-null set. For any bounded and
uniformly continuous function p on R cl 1-’, set (t,x, h):= [.r p(x, u)h’(t, du). Define
a family of operators {A(t,h)" t[0, T],

.( t, A)(x) := Oi( [t 0 t, x, A )Ojdp(x) + 9i( t, x, A )Oi(x)
(2.5)

+ ,7"(t, x, ,),h(x), for x Ra.
Now we introduce the relaxed system.
DEFINITION 2.1. 5 (12, o, P, ,, W, IX) is called a relaxed system if

(2.6) (, if, P, ,) is a standard probability space with filteration {t’0_-< -< T};

(2.7) W is an oft-adapted one-dimensional Wiener process with W(0)= 0;

(2.8) Ix is an ff-adapted A-valued random variable (A-r.v.), i.e., IX(B B2) is
t-measurable whenever B ([0, t]) and B2 (F).

For simplicity, we put W, IX) if no confusion arises, and sometimes we simply
call Ix a relaxed control.

R denotes the totality of relaxed controls. For (W, IX), zr() denotes the
image measure of (W, IX) on C(0, T; R 1) x A. Again, by endowing the space II:=
{7r()" R} with the weak convergence topology, we have the following proposition
[1], [13].

PROPOSITION 2.1. H is a compact metric space.
DEFINITION 2.2. We say n converges to , writing n-, if r(5,)- zr(Y2)

weakly.
Given (1, , P, , W, Ix), consider the following SPDE:

dq(t)=((t, Ix)q(t)+f(t, Ix)) dt+(Mq(t)+g) dW(t),
(2.9)

q(0) qo.

An HI-valued ,-adapted process q q(., qo) is called a solution of (2.9) or a
response for the relaxed control if

(2.10) E Ilq(t)[[12 dt < +,

and for any r/ C(Rd) (smooth function on Ra with compact support) and almost
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all (t, o) [0, T] xf,

(q(.o=(qo.no+ ((s..q(s. odS+ (f(s... os

+ (Mq(s)+ g, )o dW(s).

For each initial qo, we are given a cost functional

(2.12) J(qo, ):= {F(q(., qo))+G(q(T, qo))},
The optimal relaxed control problem is to minimize J(qo," over N, for each qo.

Remark 2.1. Since we will mainly consider the relaxed control in the following,
we will simply write A(t, ) A(t, ), etc., if no confusion arises.

3. Degenerate case. Let us fix a positive constant K. We introduce the following
conditions on the functions appearing in (1.1)"

(A1) a b i, c: Ra xF R , h: Ra R are continuous functions; these
functions and their derivatives in x up to second order do not exceed K
in absolute value;

(A2) a a, i, j 1, 2,... d, and (a -ol-i-Jo )ij is a nonnegative definite
matrix;

(A3) f(., u)6 Hl, g6 H; the absolute values off g together with the H-norm
off(., u) and the H-norm of g do not exceed K;

(A3)r For some r > 0, f(., u) L, g Hr,1 the absolute values off g together
with the L-norm off(., u) and the Hr-norm of g do not exceed K.

The following lemma of a prior estimate is a special case of [9, Lemma 2.1].
LEMMA 3.1. Let and be any second-order and first-order differential operators

that have the forms of (2.1) and (2.2), respectively, and whose coefficients satisfy (A1)
and (A2). en there exists a constant N depending only on K in (A1) such that

2<, >+( ))+II+11 s(llll+ IIllZ+ IIllZ+),
(3.1) for any nk+l, f nk, nk+l; k 0, 1.

COROLLARY 3.1. Let M be a first-order differential operator that has the form of
(2.2) and whose coefficients satisfy (A1). en there exists a constant N depending only
on K such that

(3.2) l(+,)ls(llll+llll), foranyn+,n;kO, 1.

The following result concerning the solution of SPDE is known from Krylov and
Rozovskii [9] and [10].

PROPOSITION 3.1. Assume (A1)-(A3) and qo6 H1; then for any R, (2.9) has a

unique solution q(., qo) L:([0, T]xO; H1) L2(O; C(0, T; H)) and there exists a
constant C, depending only on K and T, such that

(3.3) sup
0tNT

Moreover, for any p 2, there exists a constant C(p) such that

sup llq(,qo)llgc(p) Ilqoll+ [llf(x,)llg+llgllg+] dx
(.4)

k=0, 1.

The main idea of the present paper is based on the fact that the first-order
differential operator M generates a strongly continuous group on H. The following
proposition states the detailed propeies of M, with the proofprovided in the Appendix.
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PROPOSITION 3.2. On the Hilbert space H, define an operator M by (2.2) with the
domain D(M) := H1, then

(i) M can be extended to a closed operator (still denoted by M) that generates a

strongly continuous group {eM’’ -oo< < +oo} on H. Moreover, H is an invariant

subspace of eMt for each t, and there exists a constant N (the same as the constant in

(3.2)), such that

(3.5) e" (.o.o)_-< e Nltl,
(3.6) I]e’ll.,_.,)_-<e l’t, foranyt6(-,+);

(ii) Denote by M* the adjoint operator ofM on H, then H= D(M*) and M*
also generates a strongly continuous group {e*t=(e’)*:-<t<+} on H.
Moreover, H is an invariant subspace of e*‘ for each t, and with the same constant N,
we have

(3.7) e*’ll (.o.o) e 1’1,
(3.8) [[e*’[[(.,.leu’ foranyt(-, +)"

(iii) Define two operators M, M* from H to H- by the following formula"
(3.9) (M6, )o (M6, M*6)o (6, M*0)o, for 6, H,
then M and M.2 are bounded linear operators from H to H-.

From now on, when we write M, M*, M, and M.2, it is always understood to
be in the sense of that in Proposition 3.2.

The following lemma will play an essential role in this paper.
LEMMA 3.2. Let D be a set in R a such that

(3.10) D is bounded, open, and with smooth boundary.

Define Wo[O, T]:= {" L2(0, T; Hi(D)), d/dt6 L2(0, T; H-(D))} with the norm

(3.11) woto, r3"- IlO(t)JJ dt+ IJdO(t)/dtll dt

where Hk(D) is the Sobolev space W(D) with the Sobolev norm II’II,D" en the
embedding WD[O, T] L2(O, T; H(D)) is compact.

Proo Since the embedding Hl(D) H(D) is compact, the result follows from
[11, Thm. 5.1, p. 58].

PROPOSITION 3.3. Assume (A1)-(A3), qoe Hl, and R. Let q(. )= q(., qo) be
the solution of (2.9). Set p(t) := e-MW(tq(t), then p satisfies

-M )q( t), e-d(p(t),

(3.12) +(e-MW(t(f(t, )-Mg), 4)o} dt+(e-’g, 6)odW(t),

for any e H.
Proo Take , OH1. Define p( t) := e-M*t o, 0)o. By Proposition 3.2,

do(t)/dt=-(M* e-*’O, 0)o -(e-*’O, MO)o,
--M*t --M*do(t)/dt

Hence by ItB’s formula, we have
-M*W(t)(3.13) dp(W(t)) =(M.2 e , 0)o dt-(M* e-*w(’, 0)o dW(t);

namely, we have the following formula in the space H-:
* -M*W(t) M* M*W()(3.14) d(e-*(’) 2,, e Odt e- dW(t).
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Therefore, again by ItS’s formula,
--M*W(t)d(p(t), b)o d(q(t), e

--M*W(t)(A( t, tx)q(t) +f( t, IX), e Ck)o dt

+(Mq(t)+ g, e-’*w(’4,)o dW(t)
+(q(t), 1/2M.2 e-M*W(’Ck)o dt-(q(t), M* e-M*w(t)4,)o dW(t)

(3.15)
-(Mq(t)+ g, M* e-’*’(’4,)o dt

{((A(t,

+(e-MW(’)(f(t, tz)-Mg), 4’)0} dt

+(e-MW(tg, d)o dW(t).

This proves (3.12).
We need an additional lemma for technical reasons.
LEMMA 3.3. For some r>0, we assume (A1)-(A3), (A3)r, and qo6 Hfq L2r. For

R, let q(t,x)=q(t,x, qo) be the solution of (2.9), then there exists a constant C,
independent of, such that

(3.16) E Iq(t,x)[ 2 dx<=C/(l+p ), foranyp>O.
xl p

Proof. By Krylov and Rozovskii [10], we have a constant C’ such that

sup E[lq(t)ll 0,r’q
I" ([[f(t, tz) 2

o, / g ,,) dr < C"0,r
O<=t<= T 0

hence

E [q(t,x)[ 2 dx< llq(t)l[ 2 2 2)ro,#(+p) <-_c/(+p

THEOREM 3.1. Assume (A1)-(A3), (A3)r, and qo Hfq Lr for some r>0. Denote
by qO(., qo) the solution of (2.9) for R. If, --> , then

(3.17) qO,,(., qo) - q (’, qo) in law, as L2(O, T; H)-r.v.;
(3.18) q"( T, qo) --> q T, qo) in law, as H-r.v.

Proof Suppose ,, (W,,,/z,,) and =(W,/z). We write q.(.):= q-(., qo) for
simplicity. Define p.(t):=e-’)q.(t), p.,l(t):=joe-)gdW.(s), and p.,(t):=
p.(t)-p.,l(t). Then, by Propositions 3.1 and 3.2, we have

E [[p.(t)[[ dtE e2,(’)llq.(t)l[ dt
0

(3.19) =< E sup e2ulw"’)l iiq.(t)ll =, dt
O<=t<= T 0

sup e4NIW"(t)l E IIq.(t)ll 4, dt

T

(3.20) sup lip.( t)ll =, dt < +o.
0

e4NIW (t){) < -[-O(3; henceIt is known from Fernique’s lemma [5] that sup, (E sup0_<_t__<T

(3.19) yields
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Similarly, we have

(3.21) sup E IIP.,(t) I121 dt <sup= E e=’lS)lllgll ds dt < +c.
0

Combining (3.20) and (3.21) gives

(3.22) sup

On the other hand, by virtue of Proposition 3.3,

-sM )q(d(p,2(t), )o {((A(t, ) -M*w t)

(3.23) +(e-,’(f(t, )-Mg), )o} dt,

Hence

This yields

(3.24)

for any H.
I(dpn,2(t)/dt, >o1 II(A(t, z.)-1/2Me)q.(t)ll-lle-*’)ll

+ el w-(’)ll[f(t,/xn)- Mglloll Iio
const e’t(llq.(t)ll + 1)llll,

for any H.
T

sup E dp.,=(t)/dtll

_
at

0

Equations (3.22) and (3.24) imply that there exists a constant C that is independent
of n such that, for any D c Rd with the property (3.10),

(3.25) EIIp,,2112 < CWD[O,T

Let Dk := {x R: Ixl < k} for k 1, 2, . Define a metric fir on L2(0, T; H) by

(3.26) d (,

We denote by (0, T; H) the completion of L(0, T; H) by . For I > 0,

Bh := { (0, T; H) I111 oto, (2)l/, k 1, 2,... }

is compact in e(o, T; H) due to Lemma 3.2. Now (3.25) yields

(3.27) P(p., e Ba) C C/A, for any h > 0;
k=l

hence, {p..e} is tight as (0, T; H)-r.v. (cf. [7, Deft 2.2, p. 7]). Noting the compactness
of A, {(W.,.,p..e)} is tight as C(0, T;R1)xAx(0,T;H)-r.v. Hence by
Skorohod’s theorem, we can choose a susequnce {n’} and have (.,, .,,fi.,,e),, fi, fi) on a suitable probability space (, , P), such that

(3.28) law of .,, ft.,, fi.,,) law of W.,, .,, p.,,),

_<-- const sup E el(’l(llq(t)ll+ 1) dt
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and P-almost surely

(3.29) fie’n, uniformly on 0, T],

(3.30) /2,,-/2 weakly on A,

(3.31) /3,,,2 -/32 in 2(0, T;H),asn’-+c.
Define

,,(t) := e-%’(’g d,(s), (t) := e-(g d(s).

By viue of(3.29) and the strong continuity of the group {e’}, we have for fixed
(s, ), lle-%’(g-e-(gllgO as n’. By Fernique’s lemma, it is easy to check
that

[’T --M,,(s) e-M(s) 4sup E lie g- gllo ds +,
n’ 0

which means that {lle-,’)g-e-gll} is uniformly integrable on [0,
hence

(3.32) e-M"’g e-M)g in L2([0, T] x ; H), as n’

Combining (3.32) with (3.29), by a similar argument to that in 12, Lemma 3.3], we get

(3.33) I1’,1()-()1 d0, as ’
Define

,( := ,,(+,,(, (:=1(+(;
then (3.31) and (3.33) yields and there exists a subsequence of {n’} (still denoted by
{n’}) such that

(3.34) , in (0, T; H), as n’, -a.s.
Define

,( := e,(’,(, ( := e’(.
Observing (3.28), we have

(3.35) law of( ,, ,, ,)= law of( W,, ,, q,).

Now we want to show

I0(3.36) ,()-()ldt0, as n’+.

Indeed, for any D c R that satisfies (3.10), we have

II,,(t)- (t)ll dt0,D

r ,
le ’. t- e ’) dtO,D

<2 .,t-tll dtO,D
0

r
,)(3.37) +2 (e -e ’)(t)ll dt=I+I4 say,0,D
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2 dt

<2/ sup e2Nla’-’(t)l 2 dt

=<const / II/L.(t)-/3(t)ll o,, at

By (3.4), it is easy to see that {(" 11/3.(t)-/3(t)ll 2o,o dt)2} is uniformly integrable on
(fi, /3). Thus (3.34) derives I30 as n’-. Moreover, since for fixed (t, 03),
(eMW.’ ’) eMCV(t))(t)[120.D’)0 as n , so by the uniformly integrability of

{I](eMW"’(’>- eMW(’))fi(t) 20,o} on [0, T] x fi, we have I4- O, as n - +ee. Now we arrive
at

(3.38)

By (3.38) and (3.16)., we can write

(3.39)
/ I(t, x)l: dx dt lim lim I,’( t, x)l 2 dx dt

<-_ CT/ (1 + p2)r O, as p + 4-0:3.

Hence 4 e L2([0, T] xl; H), and (3.36) follows from (3.38), (3.39), and (316).
By virtue of (3.38), we can prove that 4 is just the response for := (W,/2) by a

standard argument (cf. [1], [12], and [13]). Noting (3.28)-(3.36), we have proved
(3.17). For (3.18), we can apply entirely the same argument, observing the compactness
of the embedding" H(D) H(D). The proof is now complete. [3

Remark 3.1. Condition (A3)r and qo L2r are required to ensure (3.36) from (3.38).
If we drop these conditions, (3.38) still holds, and therefore is still the response of
Y2 by the above proof. Thus we have the following corollary.

COROLLARY 3.2. Ifwe only assume (A1)-(A3) and qo6 H1, then whenever - ,we have

(3.40) q"(’, qo) q(’, qo) in law, as W L2(0, T; H1)-r.v.;

(3.41) q"( T, qo)q( T, qo) inlaw, asw-Hl-r.v.,
where "w- X" denotes the space X endowed with the weak topology.

Now we are in the position to prove the existence of optimal relaxed control for
system (2.9) with the cost functional (2.12).

THEOREM 3.2. In addition to the same assumptions as in Theorem 3.1, we assume

(3.42) F, G are continuous mappings from L2(0, T; H) and H to R, respectively,
and there exists K > O, such that

IF(4.)I -< K (14-II =<o.;.0)); [G()I =< K(1 + q IIo).
Then there exists an optimal relaxed control for the system (2.9) with the cost functional
(2.12).

Proof. By Theorem 3.1, J(qo,’) is continuous. However, I/ is a compact metric
space, which yields the existence of an optimal relaxed control.

COROLLARY 3.3. In addition to the assumptions of Corollary 3.2, we assume

(3.43) F, G are weakly continuous mappings from L2(O, T; H1) and H to R 1,
respectively, and satisfy linear growth conditions as in (3.42).



256 x.v. ZHOU

Then there exists an optimal relaxed control.
Proof. The result is a direct consequence of Corollary 3.2.

4. Nondegenerate case. In this section we consider the optimal relaxed control
problem (2.9) and (2.12) under the assumption that (a ij -1/2cricrJ) is uniformly positive
definite. It will be proved that the existence of an optimal relaxed control still holds
even when qo H.

The following assumptions remain in force throughout this section:
(B1) Same as (A1) in 3;
(B2) a a, i, j 1, 2, , d, and there exists a > 0 such that

(aiJ(x, U)--i(x)J(x))i a[l2, for any (x, u, ) Ra x F x Ra

(B3) f(., u) H-1, g H; the absolute values off g together with the H--norm
off(., u) and the H-norm of g do not exceed K.

The following proposition is an easy variant of the results in ylov and Rozovskii
[8] and Pardoux [14].

PROPOSITION 4.1. Suppose qo H, then for any R, (2.9) has a unique solution
q(., qo)L2([0, T]xO; H)L(; C(0, T; H)) and there exists a constant C,
depending only on K, T, and a, such that

(4.1) sup Elq(t, qo)ll < rE llqol]+ [f(s, )11 + llgll] ds
OtT

(io(4.2) E IIq(t, qo)ll dt CE Ilqol+ [llf(s, )[1+ Ilgll] ds

Moreover, for any p 2, there exists a constant C(p) such that

(4.3) sup llq(,qo)llgC(p) qollN+
ONtNT

TOM 4.1. Assume qoe H. Denote by q(., qo) the response for
of the system. en whenever , we have

(4.4) q(’, qo)q( ", qo) inlaw, asw-L(O, T; H)-r.v.;

(4.5) q( T, qo). q(T, qo) in law, as w H-r.v.

Proo For simplicity, we denote q(.):= q(., qo), q(’) := q(’, qo), for
(w, ), (w, .

Define p(t):= e-%(’q(t), then

E IIp.(t)ll dt E e=’lll q(t)ll dt

(4.) sup e’ IIq()lld

E sup e4Nl(t)l E Ilq(t)lldt
OtT

So by (4.2), sup, E [ IIp(t)ll dt < +. Now by applying entirely the same argument
as that in the proof of Theorem 3.1 and Corollary 3.2, we obtain (4.4). Noting (4.1),
we also get (4.5). (But we no longer have q(T) q(T) as w-HI-random variable.)
The proof is complete.
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Now we establish the existence of an optimal relaxed control for the system (2.9)
with the cost functional (2.12).

THEOREM 4.2. Suppose qo H and F, G are weakly continuous mappings from
L-(O, T; H) and H, respectively, to R 1, and they satisfy linear growth conditions. Then
there exists an optimal relaxed control.

5. Discussions and applications.
5.1. Multidimensional Wiener process cases. The method employed in the previous

sections is somewhat similar to the time change technique in stochastic analysis. This
method, however, fails to be effective in general for the system as follows:

d

dq(t)=(A(t, tz)q(t)+f(t, lz)) dt+ Z (Mkq(t)+gk) dWk(t),
k=l

q(0) qo,

where W:= (W, -., Wd’) is a d ’- dimensional Wiener process, and A, Mk have the
same forms as (2.1) and (2.2).

However, in some special cases, we can still treat (5.1) by a similar argument to
the one-dimensional Wiener process cases.

THEOREM 5.1. Assume the coefficients ofA, Mk (k 1, 2,’", d’) satisfy (A1) and
(A2) of 3 (respectively, (B1) and (B2) of 4). Assume further that

(5.2) MkM MMk, for k j,

then Theorem 3.2 and Corollary 3.3 (respectively, Theorem 4.2) holdfor the system (5.1).
Proof We will show this for d’= 2 for simplicity. By the proofs in the previous

sections, it suffices to prove that we can construct a transformation q’p, such that
p satisfies an SPDE whose diffusion term is independent ofthe state (refer to Proposition
3.3). To this end, define p(t):=e-4w’)q(t), then a similar calculation to that of
Proposition 3.3 gives that p satisfies the following differential formula in H- space"

dp(t) e-4,w’</){(A(t, ) -M)q( t) +f( t, ) Mgl} dt
(5.3)

+ e_,w,<,)g dWl(t)+{e_,<t)w,<,)(M2q(t) + gz)} dW2(t)"
Put p(t):= e-wtp(t), then, for any H,
d(p(t), 6)0 d(p(t), e-’)o

_(e-,w,,){(A(t, )__1 2M)q(t) +f(t, ) Mlgl}, e-wt)o dt

+(e-wg, e-wt) dWl(t)
+(e-,w’(Mq(t)+ g), e-wt)o dW(t)
+(p(t), --2 )o dt (p(t), M e-w:)o dW(t)

(5.4) +(e-w(Meq(t)+g),-M e-wt)o dt

-((A(t,)- - *’ -*’M M)q(t), e- e o dt

+(e-:w e-w(f(t, )-Mg-Mg), )o dt

+(e-w e-,wtgl, )odWl(t)
+ (e-w: e-w’g, )odW(t).

Note that in the above calculation, we have repeatedly employed the fact that
e4’M2[H M2 e’lH,, which is an easy consequence of the fact that MM2 M2M.
Now (5.4) has a similar form to (3.12), which allows us to apply the same argument
as those in 3 and 4 to obtain the desired results. Iq
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Remark 5.1. Equation (5.2) holds when the coefficients of {Mk} are constants or
satisfy some linear dependence conditions.

Remark 5.2. In particular, (5.2) holds for the following kind of systems"
d

dq(t)=(A(t, Ix)q(t)+f(t, Ix)) dt+ ., (hkq(t)+gk) dWk(t),
k=l

q(0) qo,

where hk:Rd R. The above system has been studied by Bensoussan and Nisio [1]
(with f-- gk =0). Their result is [1, Thm. 5.2]: if (a ij) is uniformly positive definite and
qo H2(Rd), then there exists an optimal relaxed control. Now we know the condition
"q0 H2(Ra) can be weakened to "qo L2(Rd)"; on the other hand, if we assume
qo H(Rd), then the result is valid even if (a ij) is degenerate.

5.2. Stochastic control with partial observation. First, let us remark that the results
in 3 and 4 are easily extended to the following kind of system"

dq(t)=(A(t, W(t),Ix)q(t)+f(t, W(t),Ix)) dt+(Mq(t)+g(W(t))) dW(t),
(5.6) q(O)= qo,

where

,(t, W, Ix)t4p(X) := Oi(liJ(t, x, W, Ix)Ojflp(X))+ ’gi(t, X, W, Ix)Oit]9(X)

+ t(t, x, w, Ix)(x),
Me(x) := o’i(x)Oi(X)- h(x)(x),

ciiJ(I,X, W, Ix):-- fFaiJ(x, w,u)Ix’(I, du), etc.

Let B and B be independent Wiener processes on a probability space (12, o, P),
with values in R and Re, respectively. Consider the following SPDE in Re.

ax(t)= y(x(t), Y(t), u(t)) dt+ce(x(t), Y(t), u(t)) d(t)+o-(X(t)) riB(t),
(5.7) x(0) ,
with the observation

(5.8) dY(t)=K(X(t)) at+riB(t), Y(0) 0,

where U is an admissible control. Note that tr is the correlation between the state and
the observation.

Let and L: R d x R - R 1. The problem is to minimize the cost functional defined
by

(5.9) J(U) := E (X(t), Y(t)) at + L(X(t), Y(t))

over the totality of admissible controls.
By the well-known relationship between the control problem for partially observed

diffusions and that for SPDEs (cf. [12]-[15]), we may interpret the problem (5.7)-(5.9)
to the one we have treated in the previous sections. Thus we have the following theorem,
appealing to Corollary 3.3 and Theorem 4.2.

THEOREM 5.2. We make the following assumptions:
(C1) a Rd R x F -> gdxd, ty R d -> R d, "g R d x R x F --> R d, t Rd

"-> R are con-
tinuous functions, a, tr and their derivatives in x up to fourth order do not
exceed a constant K in absolute value; % , and their derivatives in x up to

third order do not exceed K in absolute value;
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(C2) .., L" R cl R --> R are Lipschitz continuous and bounded by K.
Then there exists an optimal relaxed control ofthe problem (5.7)-(5.9), ifwe assume,

in addition, either of the following two conditions"
has a density qo H1;

(ii) sc has a density qo H, and aa*(x, y, u) is uniformly positive definite.
Remark 5.3. In [12] and [13], in addition to the higher regularity condition on

qo, it is required that (oot*-2(r(r*) be nonnegative definite, which means the correlation
cannot be "too large." In this paper, this restriction is removed.

Let us conclude the paper by two remarks.
Remark 5.4. The relaxed controls turn out to be (usual) admissible controls when

assuming some convex conditions (Roxin’s conditions) on the coefficients a v, etc. The
reader may refer to 1], [13] for details.

Remark 5.5. The aim of this paper is to reduce the regularity on the initial state.
In the viewpoint of filtering problems, it is more natural to consider the Dirac initial
state, although it seems to be a rather difficult problem since the SPDE theory itself
with the Dirac initial condition has not been well established.

Appendix. In this appendix, we prove Proposition 3.2.
On the space H, consider the following densely defined operator:

D(M) (= the domain of M) :=/-/1
(A.1) M:

Me(x):= o’i(x)Oi(x)--] h(x)(x), for H1, x R d.

M thus defined is not a closed operator, but it is clearly closable. Denote by M the
closed extension of M (i.e., the graph of M is the closure of the graph of M). On the
other hand, M*, the adjoint operator of M on H, is given by

M*: D(M*) { H:--Oi(o’i)-It- he H},
(A.2)

M*(x) -O(r(x)(x)) + h(x)(x), for e D(M*), x R.
Since H is reflexive, so /tqr--M**, which is given by

{D(/)={eH: o"O,+hH},(A.3) M"
/(x)= cr’(x)O,(x)+ h(x)(x), for qb e D(f/I), x e R a.

Moreover, M*= M***-- M*.
LEMMA A.1. There exists a constant N, which is given in Corollary 3.1, such that

(A.4) [(/tqr, )ol__<NIl/Ig, forD(/Q);

(A.5) 1(/*, )ol <-- NIlllg, for e D()I]r*).

Proof Since hqr is the closed extension of M, for D(/Q), there exist {,} c Hl,
such that , HE , M, o/qr. Hence (A.4) follows from Corollary 3.1. On the
other hand, /* is the closed extension of K :=-0(crb) + hb with D(K):= HI, so

(A.5) is proved by a similar argument. [3

Proof of Proposition 3.2. Let A R such that I 1> N. For D(/), set :=
(AI M), then

(A.6) I(0, )o1-> I*111115-I(,
which yields AI-/Q is one-to-one, and Range (AI-/Iqr) is a closed set in H. However,
by virtue of (A.5), AI- hr* is also one-to-one; thus Range (AI-/) Ker (AI-/if/*)+/-
H. Then, by (A.6), A is in the resolvent set of/, and

(A.7) II(xI HO> _--< (1’1- N)-1.
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By [2, Cor. 17, p. 628], ]t generates a strongly continuous group {e’"
on H and (3.5) holds.

On the space HI, consider the following densely defined operator MI"

f D(M1):= H2,
(A.8)

MI(x):= o"(x)O,(x)+ h(x)(x), dp e H2, x R d.

There is also a closed extension M1 of M1. By virtue of Corollary 3.1,

1(/,4), )ll--< NIIII,2, for e D(/,).
So by a similar argument as above, M generates a strongly continuous group
{e,’: -oc < < +oo} on H and

(1.9) [[el’ll,(n,_n, <- e hI’l, for t (-oc, +oc).

For 4) e H: c D(/rl) since obviously/Q r on O(]rl)
(A.10) d elC4tt dp )/ dt llle lfllt llelf4,t dp,

where "d/dt" is in HI-topology. Consequently, (A.10) holds on H, which means
e191’tp etp for any H2. However, H2 is dense in H so et[ H eM’. Now (3.6)
follows from (A.9). This proves (i) of Proposition 3.2.

Note M* is also a closed extension of a first-order differential operator K, so (ii)
of Proposition_3.2 is p_roved in a completely analogous way to (i). Moreover, since H
is reflexive, eM*’= (eM’) *.

Finally, (iii) of Proposition 3.2 is clear. 13
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A GAME THEORETIC APPROACH TO ,oo CONTROL FOR
TIME-VARYING SYSTEMS*

DAVID J. N. LIMEBEER’, BRIAN D. O. ANDERSON,, PRAMOD P. KHARGONEKAR,
AND MICHAEL GREENt

Abstract. A representation formula for all controllers that satisfy an A-type constraint is derived for
time-varying systems. It is now known that a formula based on two indefinite algebraic Riccati equations
may be found for time-invariant systems over an infinite time support (see [J. C. Doyle et al., IEEE Trans.
Automat. Control, AC-34 (1989), pp. 831-847]; [K. Glover and J. C. Doyle, Systems Control Lett., 11 (1988),
pp. 167-172]; [K. Glover et al., SIAM J. Control Optim., 29 (1991), pp. 283-324]; [M. Green et al., SIAM
J. Control Optim., 28 (1990), pp. 1350-137"1]; [D. J. N. Limebeer et al., in Proc. IEEE conf on Decision and
Control, Austin, TX, 1988]; [G. Tadmor, Math. Control Systems Signal Processing, 3 (1990), pp. 301-324]).
In the time-varying case, two indefinite Riccati differential equations are required. A solution to the design
problem exists if these equations have a solution on the optimization interval. The derivation of the
representation formula illustrated in this paper makes explicit use of linear quadratic differential game
theory and extends the work in [J. C. Doyle et al., IEEE Trans. Automat. Control, AC-34 (1989), pp. 831-847]
and [G. Tadmor, Math. Control Systems Signal Processing, 3 (1990), pp. 301-324]. The game theoretic
approach is particularly simple, in that the background mathematics required for the sufficient conditions
is little more than standard arguments based on "completing the square."

Key words. e-optimal control, game theory, indefinite Riccati equations, four-block general distance
problems, worst-case design

1. Introduction. Since the early 1980s, numerous techniques have been developed
for solving Y-control problems. In addition to their individual interest, further insights
have been gained by studying the interplay between these various methodologies, and
researchers have now acquired a good understanding of several aspects of the theory.
Over the last two years, there has been a flurry of activity that has had a significant
impact on both the accessibility of the theoretical ideas and the ease of computation.
Once an -norm bound has been decided, and provided that a solution exists, the
computational burden associated with finding all controllers is essentially the same
as that required in solving a linear quadratic Gaussian regulator problem [9], [10],
[11], [13], [20], [21], [27]. Yt problems in which perfect information is assumed may
be solved using a single Riccati equation with dimension equal to that of the problem
[18], [19], [23], while the output-feedback problem requires the solution of two Riccati
equations.

The "two Riccati equation" formula for all stabilizing controllers satisfying a
closed loop -norm constraint has been derived in a number of ways. A state-space
solution via the "four-block" problem is reported in [11], [21], while an alternative
approach reminiscent of classical linear quadratic theory may be found in [9]. A
solution based on J-spectral factorization theory is given in [2], 13], while the related
notion of conjugation is used in [20]. An interesting by-product of this activity has
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been the discovery of a number of new interconnections. In [19], [28], the authors
note a connection between -control and game theory. The interplay between
indefinite factorization and game theory, probably first noted by Banker [3], has been
rediscovered in the more general setting of control [10], [13], [22]. The connection
between risk-sensitive optimal control 10], [30] and game theory, originally discovered
by Jacobson in the perfect-information case [17], has also received renewed interest
in the wider setting of Y( control [7], [10]. More recently still, Tadmor [27] has given
results on the finite-horizon time-varying case using the maximum principle.

The aim of the present paper, which builds on the work given in [9] and [27], is
to give a solution to the finite-horizon time-varying -control problems, which makes
explicit use of the existing theory of linear quadratic games. This approach offers the
advantage of introducing game theoretic intuition to the solution path, and also gives
a game theoretic interpretation to the change of variable introduced in [9]. We also
show that the main infrastructure of a time-varying -control theory may be
developed using classical arguments based on completing the square. This simple
solution is possible because of the linear quadratic (LQ) nature of the problem, and,
as a final comment, we mention that we have been able to remove all the removable
assumptions in [27].

In this paper we will consider the finite-dimensional linear time-varying plant

which has a time-varying state-space realization

n m
n ) A B B x

(1.1b) p z (t)= C, D, De (t) (t), x(O)=O.
q y C:z D2 D22

The class of controls of interest is given by u y, where is a linear time-varying
(LTV) controller. Eliminating u and y gives rise to the closed loop operator z w,
where 1 + 12R(! 22)-132. Our goals are (1) to give necessary and sufficient
conditions for the existence of LTV controllers such that Ilzll=< llwll= for all w#0
and a given 3’ (11"11= denotes the norm on [0, T]), and (2) to characterize all such
controllers when they exist. We assume that the matrices in (1.1) have entries that are
continuous functions of time, that D12 has full column rank m for all [0, T], and
that D21 has full row rank q for all [0, T]. The game theoretic nature of the problem
is immediate: Roughly speaking, the w-player tries to maximize the energy in z, while
the controller or u-player simultaneously seeks to minimize it.

Section 2 has a large tutorial component and deals with the time-varying problem
in which perfect information is assumed. Section 2.1 establishes the necessary conditions
for the existence of a solution to the -control problem via a conjugate point
argument. We then show that Y-control problems with perfect information may be
solved if and only if a solution to the Riccati differential equation (RDE) exists on
[0, T]. Section 2.2 presents a representation formula for all solutions to the time-varying
-control problem in the perfect-information case. A brief review of some pertinent
properties of adjoint systems is given in 2.3. Section 2.4 partially reconciles the more
familiar time-invariant infinite-horizon -control problem with the time-varying
finite-horizon case. This reconciliation calls for a connection between the limiting
solution of the RDE and its algebraic counterpart.
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Section 3 contains the main results of the paper. We begin with an analysis of
problems in which both D12 and D21 are assumed to be square. A solution is found
by calculating a plant inverse, and does not require the solution of any Riccati equations.
It is interesting that the plant inverse has an observer structure that is indicative of
the solution in the general case. Following that, we treat problems in which either D2
or D21 is square. Every problem of this type requires the solution of a single RDE.
Finally, we treat the case in which neither D12 nor D12 is square, and we show that
in these cases two RDEs are required. We give necessary and sufficient conditions for
the existence of solutions and characterize all solutions (when they exist).

2. a’ control and linear quadratic differential games. Numerous variants of the
linear quadratic differential game have been studied over the last twenty years. As an
example of the extensive literature on the subject, we refer the interested reader to
Basar and Olsder [4] and the references therein. The purpose of this section is to
review those aspects of the existing game theory literature that are relevant to the
solution ofthe time-varying Yr’-control problem, and to study the connections between
the two. We begin by considering a system with input vectors u(t) and w(t), dynamical
description

(2.1) .( t) A( t)x( t) + Bl(t)w(t) + B2( t)u( t), x(O) O,

and output,

C(t)x(t)](2.2) z( t)
D( t)u( t)

We will assume that D(t) has full column rank, and that it has been scaled so that

(2.3) D’(t)D(t)=I.

Each of the matrices in (2.1) and (2.2) is assumed to have entries that are continuous
functions of time. In the interests of notational compactness, this time dependence
will not always be shown from now on.

With (2.1)-(2.3) given, the -control problem is to find a linear causal control
u(t)=K(x(s),w(s),t), O<-s<-t, such that IIzwll=supw(llrzwwll=: w=[0, T],
Ilwll=<_-1)< for some given 3,>0. The operator -zw maps w to z when the control
u(t) K(., .,. is in place. If z= -zwW, then Ilerzwll < if and only if

(2.4) J(K, w) (z’z- y2w’w) dt <= -ellwll2

for all w 2[0, T] and some positive e.
In the language of game theory, the Y-control problem is a leader-follower game

and requires the control system designer to make the first move and select an admissible
u(t) K(., .,. that minimizes J(K, w). A control functional K(., .,. is admissible
if (1) u(t) ’2[0, T] for every w(t) ,ff/92[0, T], and (2) x(0) 0 and w(t) 0:=> u(t) 0;
we denote the set of admissible control functionals . After the designer’s choice of
control strategy has been made public, we assume that nature is malicious and selects
that w(t) 2[0, T], which maximizes (2.4). The -control problem therefore has a
solution if and only if

(2.5) min max {J(K,w)}<--ellwll
K c 2[0, T]

is satisfied. In the notation of (2.5), the w-player maximizes J(K, w) over all we
w[0, T] after the u-player has announced a choice of K c.
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Before studying the minimax problem (2.5) in detail, it is interesting to reconcile
it with the classical linear quadratic optimal regulator. If we allow y to increase without
bound, then it is necessarily the case that the energy in w(t) decreases to zero, rendering
the w-player impotent. The game thus degenerates to the optimal regulator [1] as 3’ is
increased without bound.

Our first result is based on a standard completion of squares argument [4, p. 290],
and shows that the Y-control problem has a solution if a particular RDE has a
solution on the time interval [0, T].

THEOREM 2.1. Suppose that the RDE

(2.6) -=PA+A’P-P(B2B-y-2BIB)P+C’C, P(T) =0

has a solution on [0, T]. Then

(2.7)

(2.8)

result in

(2.9)

u* -BPx,

w* T-2BPx

Ilzl]- =11 wll Ilu u*ll==- =11 w- w*ll
for any u (either open or closed loop) and w ’2[0, T] in (2.1), noting that x(0) =0.
With u u* we have

(2.10) IIzwll<.
Proof Since (2.6) is assumed to have a solution on [0, T] with P(T)= 0, we have,

for any u and w, and x(0)= 0,

J(u, w) z’z- ’)/2WtW
dt

{x’C’Cx+u’u-yw’w+(x’A’+w’B+u’B.)Px

+x’+ x’P(Ax + Bw + Bu)} dr.

Substituting from (2.6) gives us

J(u, w) x’P(BB--BB)+ u’u w’w

+[’ u’] +x’[ ]

(.) [u’+x’e][u+]t

[w’-x’-PB][w--B] dt

with w*, u* as in (2.7) and (2.8), which establishes (2.9). Suppose that is the operator
with realization

=(A+BK)x+Bw, (w-w*)=-r-B+,



266 LIMEBEER, ANDERSON, KHARGONEKAR, AND GREEN

which maps w to (w-w*). Since Le-1 exists (and is given by :=
(A+B2K +T-2B1BP)x+BI(w-w*), w= y-2BPx+(w-w*)), we can write

II-zwWll- llwll--llw- w*ll--llwll_-<-

for some positive K. Thus -zw < , as required.
Remark 2.1 (Positive semidefiniteness of P(t)). It is not hard to show that if (2.6)

with P(T) 0 has a solution on [0, T], then P(t) -> 0 for all 6 [0, T]. Consider system
(2.1) with 0=< to <= <= T, and with X(to)= Xo. If

(2.12) J,o(U, w):= (z’z-yZw’w) dr,
to

then we may complete the square as above to yield

J,o(U, w)-x’oP(to)Xo Ilu-u*ll - 211w-w*ll ,
in which Xo is regarded as an arbitrary initial condition for the running period
[to, T] [0, T]. Consequently,

(2.13) J,o(U*, 0)/ llw*ll x’oP(to)Xo

for every Xo. Since J,o(U*,O)>=O for any Xo, it follows that P(t)>=O for all t[0, T].
Note that the game Riccati equation (2.6) and the corresponding linear quadratic

regulator Riccati equation "approach each other" as y increases. Since the linear
quadratic regulator Riccati equation always has a solution, we expect (2.6) to have a
solution if y is large enough. In the next section, we show that the existence of an
admissible controller satisfying (2.5) is a necessary condition for (2.6) to have a solution
on [0, T].

2.1. The necessary conditions. The aim of this section is to show that if an admis-
sible feedback control exists that solves the -control problem, then (2.6) has a
solution on [0, T]. Our proof uses conjugate point arguments that are reminiscent of
those found in [25], [26]. To begin, we introduce the two-point boundary value problem

(2.14) []=[A-(B2B’z-T-2B1B’1)I[;]-C’C-A’ [p(T)j[x(0)l=[ 0]0
and its associated transition matrix, which is generated by the linear differential equation

(2.15) +22 (t, T)=

with (T, T)= L Next, we note that

d

dt

-(B2B-y-2B,B’I)][I,-A’ L21

((I)21(I) 17 -+21(I) 17 31- (I)21(I) 1--11+1 l(I) 17

A’(2, ,-) + ((1)21(1) ,-)A -(2,-(I)(B2B.- T-2B,B)(21 ,-1)

+C’C.

Thus, if @ 1--ll(t, T) exists on [0, T], the RDE (2.6) has a solution on [0, T] given by
P(t) (I)21 t, T) ,q’( t, T).

The existence of -l(t, T) is equivalent to a conjugate point condition, and this
observation forms the basis of the necessity proof.
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DEFINITION 2.1. Suppose that to < s. Then to and ty are conjugate points if it is
possible to find a nontrivial solution to (2.14) such that X(to)= p(ty)=0. We note also
that p(to) 0 and x(ty) O, since otherwise (2.14) would only have the trivial solution

Ix’ p’](t) 0.
LEMMA 2.2. The matrix cbl(to, tf defined by (2.15) is singular if and only if to

and ty are conjugate points.
Proof Suppose that to and ty are conjugate points. Since

p(to) 21 22
(t’tf) p(tf)

and since to and ty are conjugate points, we obtain

(2.16) 0 ,,(to, tf)x(ts).
Hence (to, ty) is singular, as x(ty) is nonzero.

If, on the other hand, l(to, ty) is singular, there exists a vector g 0 such that
(to, ty)g=O. By considering the final value problem with x(ty)=g and p(ty) =0,

we see that X(to)= 0, which establishes that to and ty are conjugate. U
THEOREM 2.3. Consider the linear system (2.1). If there exists a closed loop control

K c such that

(2.17)  -zw < %
then ll(t, T) is nonsingular for all [0, T]. Consequently, the RDE (2.6), with
boundary condition P( T)= O, has a solution on [0, T].

Proof We suppose for contradiction that t* [0, T] is the largest time such that
(t*, T) is singular. Since(T, T) -/, t* < T by continuity. It follows from Lemma

2.2 that t* and T are conjugate points, giving x(t*)= p(T)--0. Next, we suppose that

y-2B’lp(t), t*< t< T,
(t)=

0, 0<t<t*.

Since (2.14) has a nontrivial solution, p(t)O [t*, T]. Furthermore, if Bp(t)=-O,
then (under this assumption) (2.14) becomes the two-point boundary problem for the
LQ regulator; this can have no conjugate points [1]. Thus (t) 0. Next, we see that
J(K, )>=Jt.(K, ff), since v(t) =0 for t<t*. Let iT(t) be the function generated by
x(t*) 0, K and v(t). Then it follows that

(2.18a) J,.(R, v)= J,.(fi, ) >- min {tCtC--HtH-’)/21t} dt,
u(t)

subject to

(2.18b) x= A+B,+ B2u, :(t*) =0.

The tilde is used to distinguish the state trajectory associated with (2.1.4) from that
associated with the minimization problem in (2.18). The initial condition Y(t*)=0 is
a consequence of (i) x(0) 0, (ii) 0 for all [0, t*), and (iii) K %). The minimiz-
ation on the right-hand side of (2.18a) subject to (2.18b), with u(.) being sought in
open-loop form is almost a standard LQ control problem and is solved as follows: Form

H(t, , A, u) 1/2(Y’C’CY + u’u yz’@) + A(A+ B, + n2u ).

Then

OH
0::: Umin -B.A

Ou
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and

giving

aH- :=>-] C’C+A’A, A(T) 0,
Ox

(2.19) []=[ A -B2B_l
C’C -A’ Jill+Itw] [#(t*)] [00]A(T)

Using ff 3"-2Bp, and subtracting (2.19) from (2.14), gives us

[a 1 [00](2.20)
/ -C’C -A’ J A-p (A-p)(T)

Since there are no conjugate points associated with the LQ boundary problem in (2.20),
#(t) x(t) and A(t) p(t) for all t*, T]. Consequently,

min {’C’C+ u’u 3"2#’ff,} dt {’C’C+ I’BB’I 3"-p’B1Blp} dt
u(t) t*

{x’C’Cx +p’BBp 3"-p’BB’.p} de

{x’(+a’p)+p’(-ax)} dt by (2.14)
*

,. {x’p} dt O,

which contradicts (2.17). [3

Remark 2.2. In our later work, we will need to consider problems in which the
output is given by

(2.21) z( t) C( t)x( t) + D( t)u( t),

rather than (2.2). This change in output has the effect of introducing a cross-coupling
term between u and x in the functional J(K, w). This may be removed by the change
of variable u a-D’Cx. In the case of an output given by (2.21), the Riccati equation
(2.6) becomes

--= P(A- BD’C)+(A- BzD’C)P- P(B2B- 3"-2BIB)p

+C(I-DD’)C, P(T) =0,

and the corresponding minimizing
-(D’C + B’zP)(t)x(t), rather than (2.7).

feedback control is given by u*(t)=

2.2. A representation formula for all solutions. In Theorem 2.1 we found one
feedback control that solves the time-varying -control problem. In the infinite-
horizon case, it is well known that there are usually many feedback controls that result
in IIzwll < 3’. The aim of this section is to show how to construct all linear full-
information (access to and x) feedback controls such that [l-zwl] < 3’. Our analysis
is based on the output equation (2.21), rather than (2.2).

THEOREM 2.4. Suppose that

(2.22a) :( t) A( t)x( t) + Bl(t)w(t) + B2(t)u(t), x(O) O,

(2.22b) z( t) C( t)x( t) + D( t)u( t)



A GAME THEORETIC APPROACH TO TIME-VARYING Y( DESIGN 269

is given. Then there exists a control K c such that -w < if and only if
(9..:3) -b (A- BD’C)’P + P(A- B:D’C)- P(BB’- V-BB’)P + C’(I- DD’)C

has a solution on [0, T] with P(T) O. In this case, all closed-loop systems -zw generated
by controls of the form
(2.24) u( t) -(5x + 2w)( t),

where and z are arbitrary causal linear operators such that

are also generated by

(2.26)

where

(2.27a)

(2.27b)

u(t) u*(t)+(l(w- w*))(t),

u*(t) -Fx= -(D’C + BP)x,
w*(t)= y-2BPx,

and T-1H is an arbitrary linear causal strictly contractive operator on .2[0, T] (i.e.,

Equivalently, every 52 and may be parametrized by

(2.28a) 2 F+ y-HBP,
(2.28b) 22 -H.

Equations (2.22), (2.26), and (2.27) may be represented diagrammatically, as in Fig. 1.
Proof The first part, that the existence of a controller such that [l-zwll < 7 is

necessary and sufficient for the existence of P(t) is just Theorems 2.1 and 2.3 for the
cross-coupled game.

Now suppose that the RDE (2.23) with P(T)=0 has a solution on [0, T]. We
need to show (1) that there exists a causal 1t in (2.26) corresponding to every control
of the form given in (2.24), and (2) that I]-z[[ < 3’ if and only if T-’H is strictly
contractive.

Substituting (2.24) and (2.27b) into the dynamical equation (2.22a) gives us

Y=(A+y-2B,BP-Bz(,+y-Z2BP))x+(B,-B2)(w-w*), x(0) 0,

u B

FIG. 1. All solutions to the Y(-control problem with perfect information.
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which shows that x depends causally on (w-w*), and so x(t)= ,3(w-w*), in which

523 is a linear causal operator. Substituting (2.27) into (2.24) gives us

u u* -(52,- Fo- y-2yd2BP)x- 522(w- w*)

[-(521- F- y-2522B P)523- 522]( w w*)

lI(w- w*)

for some linear causal 1t. This establishes the existence of the causal mapping in (2.26).
The proof is completed by noting that y-lH is strictly contractive as follows"

Ilzl[- =[[ wll Ilu u*[[- 2tlw-
--IlU(w- w*)[[- vZllw w*ll

< 0 for all w 0 522[0, TIC:> y-lLt is strictly contractive.

In the above, is the causal and causally invertible operator linking w and (w- w*).
The invertibility of 5g was established in the proof of Theorem 2.1.

At this point it is interesting to reexamine Fig. 1. By reviewing (2.26), we see that
r= (w-w*), and that u (v+ u*) drives B)_ with v Hr. If w w*, there is no signal
into the Lt parameter, and the corresponding control is given by u* (irrespective
of 1t). If w w*, we do not have to use the control u*. Thus for the purpose of solving
the -control problem, the u-player only has to play well enough to ensure that
J(K, w) < 0 for a given w 0 2[0, T].

2.3. Adjoint systems. In 3, where we derive a representation formula for all
solutions to the time-varying problem with output feedback, we will require an
elementary property of adjoint systems [8], [14].

Let 52" X Y be a linear operator between two Hilbert spaces X and Y. Then
52*" Y- X, the adjoint of 52, is the unique linear operator such that, for all z Y and
wX, (z, 52w)=(*z, w)[14, Thm. 2, p. 39]. Note also that 115211 1152"11. Now suppose
that is described by the state-space equations

(2.29a)

(2.29b)

or, equivalently,

(2.30)

Thus

( t) A( t)x( t) + B( t)w( t),

y( t) C( t)x( t) + D( t)w( t),

-I-A(t) -B(t) x(t)] 0

C(t) D(t) w(t)3 y(t)

(z, 52w)= dt
W

C D

x(0) =0,

x(O) =o.

p, dx dt p’(Ax + Bw) dt + z’(Cx + Dw) dt.
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Integrating the first term by parts gives us

Ior(dp’at Io1p’( tl)X( tl) \--;7/ x dt p’(Ax + Bw) dt

+ z Cx + Dw) d-- I + A’ C’ x p,+ (T)x(T)
-B’ D’ w

(*z, w),

where the adjoint t3" is a linear system with realization

(2.31a) -(t)=A’(t)p(t)+C’(t)z(t), p(T) =0,

(2.31b) q( t) B’( t)p( t) + D’( t)z( t).

In the following, we will require the solution of a dual LQ game system, which is
obtained by applying Theorem 2.4 to its associated adjoint system.

2.4. The asymptotic properties of the game equation. This section represents a
digression from the main stream ofthe time-varying finite-horizon -control problem,
and its purpose is to make some connections with the more familiar time-invariant,
infinite interval results [9]. In particular, we show that in the limit as T- o, the solution
of (2.6) approaches the smallest nonnegative solution of an algebraic Riccati equation
(if such a solution exists). We also show that this smallest nonnegative solution is
stabilizing in the sense alluded to in [9]. We begin by connecting the properties of the
solution of the RDE (2.6) as T (when the various coefficient matrices are assumed
to be constant) to the solution of the algebraic Riccati equation

(2.32) O= PA+ A’P- P(BB’- y-B,B)P+ C’C.

In doing this, we will suppose that each ofthe matrices in (2.1) and (2.2) is time-invariant
and that (A, B2, C) is stabilizable and observable (it is not hard to remove the
observability assumption, but we will not address this issue here).

If (2.6) is solved backward from the terminal condition P(T)= Q, then we will
refer to the solution as P(t, T, Q). If a limiting solution to (2.6) exists, we will call it
P(t) limT P(t, T, Q). The first result of this section is standard and shows that P(t)
is nonincreasing if P(T) 0.

LEMMA 2.5. If (2.6) has a solution on [0, T] with P(T)=0, then P(t) is non-
increasing (in the sense of semidefinite matrices).

Proof. Differentiating (2.6) gives us

-= k(A-(BB-y-2BB)P)+(A-(BB-y-ZBaB)P)’, k(T)=.-C’C,
which has solution [8, Thm. 1, p. 59] /(t)=-(t, T)’C’C(t, T), where (t, T) is
the transition matrix associated with (A-(B2B-T-EB1B)P)’. It is evident that
fi(t) <=0 for all t, so P(t) is nonincreasing. ]

If (2.32) has at least one nonnegative solution, then we will show that the smallest
of these solutions, Y say, is an upper bound for P(t) provided that Y_-> P(T).

LEMMA 2.6. Suppose that P(t, T, Q) exists [0, T] and that Y-Y’>=O satisfies
(2.32) with Y >- Q. Then Y >-_ P(t) for all [0, T].
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Proof. Completing the square using (2.32) gives us

Jr(u, w)= [(u+B’2Yx)’(u+B.Yx)-y2(w-y-2B’Yx)’(w-T-2BYx)] d"

4- x’( t) Yx( t) x’( T) Yx( T)

for any u and w. In the same way,

Jr(u, w) [(u + BPx)’(u + BPx)- y2(w T-2B Px)’(w "y-2Bl’PX)] dr

+ x’(t)P(t)x(t)- x’(T)P(T)x(T)

by invoking (2.6). Subtracting and setting a :=-B’ Yx and := y-2BPx yields

x’(t)[Y-P(t)]x(t)=x’(T)[Y-P(T)]x(T)+y2 (-y-2B;Yx)’(-y-2BYx) dr

+ (a+ BPx)’(a+ B.Px) dr>-O

for all x(t). [3

We remark that a variation on the above argument, in conjunction with Lemma
2.5, will establish the following result.

COROLLARY 2.7. Assume that Y Y’ >= 0 satisfies (2.32) with Y >- Q >= O. Then
P( t, T, Q) exists for all <-_ T and Y >= P( t, T, Q) >- P( t, T, 0)>=0.

If P(t) exists for some Q, it is easy to argue that it satisfies (2.6). Suppose that
t--< T1--< T. Then P(t, T, Q)= P(t, T1, P(T1, T, Q)), and thus

P(t) lim P(t, T, Q)= lim P(t, T1, P( T1, T, Q)).
T’oo T’cx

For any fixed T1, the solution P(t, T1, () depends continuously on 0 and therefore

(2.33) P(t)= P(t, rl, lim P(T1 T, Q))= P(t, rl P(T1)),
T’c

which shows that P(t) is a solution to (2.6) for all t. Since the system and output
matrices have been assumed to be time-invariant, the value of the game Jr(K*, w*)=
x’(t)P(t)x(t) is invariant under time translations. Consequently, P(t)= P is constant
and therefore satisfies the algebraic equation (2.32).

If a nonnegative stabilizing (i.e., (A-(B2B.-y-ZB1B)P) asymptotically stable)
solution to (2.32) exists, it is the smallest of the nonnegative solutions.

THEOREM 2.8. Suppose that [A, C] is observable and that X >= 0 and Y >- 0 satisfy

(2.34) A’P + PA PDP+ C’C O,

with A- DX asymptotically stable. Then Y >-X.
Proof Due to the observability of [A, C], every solution to (2.32) is nonsingular.

We can therefore write X(A-DX)X-I=-(A’+C’CX-1), which shows that A’4-
C’CX- is completely unstable. Now

AX-I+X-1A’-D+X-1C’CX-1--O and Ay-I+ y-1A’-D+ Y-IC’CY-=O.
Subtracting gives us

A(X-1 y-1)+(X-_ y-1)A,+X-1C,CX-I_ y-c,cY-l-O

(A+X-C’C)(X-1 y-)+(X-1y-)(A+X-1C’C)’

=(x-l- y-1)C’C(X-l- y-1).
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Since (A+X-1C’C) is completely unstable, we must have (X-1- Y-l)-->0 and
so X<_- Y. ]

Remark 2.3. Theorem 2.8 remains valid when the observability assumption on
[A, C] is weakened to one of detectability. Suppose that

A=[AI1 0]A21 A22
C =[C10],

with [AI C1] observable, then argue as before on the smaller system JAil C1].

3. Solution to the time-varying -control problem: Main results. Now that the
background game theory is in place, we are in a position to solve the general time-varying
-control problem. As mentioned in the Introduction, the plant is described by

(3.1 a) ( t) A( t)x( t) + Bl(t)w(t) + B_( t)u( t), x(O) O,

(3.1b) z(t) Cl(t)x(t) + D12(t)u(t),

(3.1c) y(t) C( t)x( t) + D21(t)w(t),

in which we assume that all the matrices have entries that are continuous functions
of time, and that Da and D: have full column and row rank, respectively, for all

[0, T]. Under this assumption, we may scale the problem so that D_DI2 I and
D2DI L By a corollary of Doleal’s theorem [29, Cor. 3, p. 70], we know that there
exist continuous extensions D+/- and /+/- to D: and D:, respectively, such that
[D D+/-] and [D2* /*] are orthogonal for all [0, T]. Note that by generalizing
the loop-shifting transformations in 11 ], [24] to the time-varying case, there is no loss
of generality in the assumption that DI and D2 are zero. Details of the scaling and
loop-shifting transformations required in the time-varying case may be found in the
Appendix.

3.1. Problems of the first kind. We begin with a preliminary result in which we
assume that D2 and D2I are square; we call such problems problems of the first kind.
Under this assumption, scaling arguments allow us to assume, without loss of generality,
that D12 I and D2 I. As we will now show, finite-horizon problems of the first
kind may be solved by inverting the plant, and the resulting controllers have a
remarkably simple observer structure.

THEOREM 3.1. Consider the generalized plant described by

(3.2a) .( t) A( t)x( t) / BI( t)w( t) + B( t)u( t), x(O) O,

(3.2b) z( t) C( t)x( t) + u( t),

(3.2c) y( t) C( t)x( t) + w( t).

Then (i) the set of all linear causal output-feedback control laws such that-[I ffzw < y is
parametrized by

(3.3a) x(t)=(A-B1C2-B2C1)(t)(t)+Bl(t)y(t)+B(t)v(t), (0) 0,

(3.3b) u(t) v(t) Cl(t);(t),

(3.3c) r(t) y(t) C2(t)(t),

(3.3d) v( t) (Ltr)( t),

in which H is a causal strictly contractive operator on 2[0, T], and (ii) there exists a
linear causal controller such that the closed-loop mapping from w to z is identically zero.
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Proof Eliminating y(t) and u(t) from (3.2) and (3.3) gives us

[x]=[a-BiC:z-B:zCa B1CA:ZJ[]+[Ba B:z][vw]-BC1 B B
and

Consequently,

(3.4)

and

The second row of (3.4) implies that the observations error e(t)= (x-)(t) is
identically zero, thereby establishing the observer property. In addition, it is clear
that [](t) [w](t) for all [0, T], which shows that the controller is plant inverting.

For the first part, we note that if is any strictly contractive mapping from w(t)
to z(t), then will be generated by setting 1t in (3.3d). Setting 1.t =0 proves the
second part. I-1

The controller given in Theorem 3.1 is presented diagrammatically in Fig. 2, and
is seen to have an observer structure with observer gain matrix -B1 and state estimate
feedback C1.

3.2. Problems of the second kind. In this section we show that all problems in
which either D12 or D21 is square, which we will refer to as problems of the second
kind, have controllers that may be characterized by the solution of a single RDE.
Simple plant inversion is no longer possible, since this requires that both D12 and D21
be square. Nevertheless, a solution is still possible and involves the game theory of

2. If D21 is assumed to be square, we can replace (3.1c) with

(3.1d) y(t) C2(t)x(t) + w(t)

by an appropriate scaling operation.

FIG. 2. The plant inverse as an observer.

Since we are dealing with a finite time problem, the question of stability does not arise.
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We now consider the possibility of obtaining a controller via a combination of
an observer for x, and a linear feedback law as computed in 2. Since the controllers
that we are considering do not have access to w, the observer can only be driven by
u and y. Suppose that

(3.5) A+ B2u + K C. y), (0) O.

Subtracting (3.1) from (3.5) and substituting (3.1d) gives us

(3.6) (fc-Y)=A(-x)+ K(C-Cx-w)-Blw=(A+ KCz)(-x)-(K + B1)w.
Setting K =-B1 as before, and e := -x gives us

(3.7) (A B1C2)e, e(O) 0

e(t)=-0 and so (t)= x(t). Again, the stability of A- B1 C2 is not an issue for finite
terminal times.

With the required observer property established, we may now find all linear
closed-loop controls K 6 c such that IIO-zwll < as if full state information were
available. As before,

Io(3.8) J(u, w) (z’z- y2w’w) dr.

Using the results of 2, we introduce the Riccati equation

-o (A- B2D’,C,)’X+ Xo(A-BeDC,)-Xo(BB’-y-2B,B)X
(3.9)

C+CD+/-D_

with terminal condition X(T)= O, and define

(3.10) u*= -(D2C, q- B2X)x -Fox,

(3.11) w* y-BXx,
which gives us

(3.12) J(-Fx, w) <- -[Iwll
for some e > 0.

By combining the observer given in (3.5) with K -B, the equilibrium strategies
(3.10), (3.11), and the characterization of all solutions in 2.2, we obtain the controller
configuration illustrated in Fig. 3 and the main result of this section.

THEOREM 3.2. Given

(3.13a) (t) a(t)x(t)+ Bl(t)w(t)+ B(t)u(t), x(0) =0,

(3.13b) z( t) C( t)x( t) + D12(t)u(t),

(3.13c) y( t) C( t)x( t) + w( t),
then (i) an output-feedback controller exists such that O- wll < if and only if the RDE
(3.9) has a solution on [0, T] with terminal condition X( T) O, and (ii) every closed-loop
operator -w with II - wll < % corresponding to an output feedback control u y, is
generated by

(3.14a) fc(t)=(A-B1C2-B2F)(t)(t)+B(t)y(t)+B2(t)v(t), :(0) 0,

(3.14b) u(t) v(t) F( t)(t),
(3.14c) r(t)= y(t)-(C:+ y-2BX)(t)(t),
(3.14d) v(t)=(Hr(t),

in which T-1H is a causal, strictly contractive operator on f2[0, T].
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FIG. 3. All controllers for problems of the second kind.

Proof (i) Suppose that a control of the form u y exists such that II-zwll
Then setting u [C2 I][w] in Theorem 2.3 proves the "only if" part. To prove the
"if" part, we suppose that a solution to (3.9) exists. We then invoke the observer
property developed in (3.5) to (3.7) and the completing-the-square argument given in
Theorem 2.1.

Part (ii) is a consequence of Theorem 2.4 on substituting :(t) for x(t).
A solution for problems of the second kind in which O12 rather than D21, is

square is now given without proof. This particular result is needed in the next section
in solutions to problems of the third kind and is solved via the dual game associated
with the operator [’1 2"1] (see (1.1) for a definition).

THEOREM 3.3. Given

(3.15a) ( t) A( t)x( t) + B( t)w( t) + Bz(t)u(t), x(O) O,

(3.15b) z(t) C,( t)x( t) + u(t),

(3.15c) y(t) C( t)x( t) + D2I w( t);

then (i) a feedback controller exists such that  -zw v if oly if the RDE

oo (A B,D’2, C2) roo + roo(A B1D21C2)’- roo( C2C2- /-CC)r
(3.16)

+ B1DD_B
has a solution on [0, T] with Y(O)=0, and (ii) every closed-loopoperator -zw with
-zw < Y, corresponding to an output feedback control u Yy, is generated by

(3.17a) c(t)=(a-B2C-H’Cz)(t)(t)-H’(t)y(t)-(Bz+ y-ZYC)(t)v(t),

(3.17b) u(t) Cl(t)(t) + v(t),

(3.17c) r(t)- Cz(t)(t)+ y(t),

(3.17d) v(t)=(lr)(t),

in which y-ill is a causal, strictly contractive operator on w[0, T] and H=
D2B + Cz Y.

Proof Apply Theorem 3.2 to the adjoint system associated with (3.15).
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3.3. Problems of the third kind. In this section we treat the case in which neither

D21 nor D12 is square. We call such problems problems of the third kind. In the case
where D21 has fewer rows than columns, the observer analysis in 3.2 breaks down
because the equation D2(t)=-B(t) need not be soluble for . What is required
is a norm-preserving transformation to a new problem for which state reconstruction
is possible. The desired transformation, which was first suggested in [9] in the time-
invariant case, is immediate from identity (2.9). Suppose that

(3.18) r W-- T-2BXx,
(3.19) v u + Fox.
Then (3.18), (3.19), and the completion-of-squares argument resulting in (2.9) gives us

(3.20) (z’z-y2w’w) dt= (v’v-y2r’r) dt,
o

or, what is the same,

(3.21 z IIN = w [IN v [l IIr I1
for any r and v. Substituting (3.18) and (3.19) into (3.1) yields

(3.22a) Y=(A+y-2BBX)x+Br+B2u, x(0) 0,

(3.22b)

(3.22c)

v= Fx+ Iu,

y C2 + 3"--2D2BX)x + D2r.
LEMMA 3.4. Suppose that the RDE (3.9) with X( T)= 0 has a solution on [0, T].

Suppose also that is any controller, and that the control law u y is applied to the
systems given in (3.1) and (3.22)2. Then [[-zwll < 3’ if and only if II-rll < 3".

Proof First, note that the relationship between r and w in (3.18) is causally
invertible. The result now follows directly from (3.21). [3

Lemma 3.4 shows that the tasks of designing controllers for the systems in (3.1)
and (3.22) are interchangeable. The key feature of (3.22) is that DI2 is square, and
thus this system description is a problem of the second kind, which makes state
reconstruction possible along the lines of 3.2. If we define

21 22J’
then it is immediate that

and that

A direct application of the results of 2.3 (see (2.31)) shows that a state-space model
for the adjoint operator associated with (3.22) is given by

(3.26a) -=(A+3"-2B1B’IX)’p+F’Ul+(C2+3"-2D21BX)’u2, p(T) =0,

(3.26b) y, Bp+ D’,u2,

(3.26c) Y2 B’2p + Ul

For the purposes of this result, .)t need not be linear.
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If we now substitute (3.26) into (3.14), using (3.9) to (3.11), we obtain a representation
formula for ,t* and thus also for ,9t. This calculation forms the basis of the next result.

THEOREM 3.5. Given

(3.27a) Y( t) A( t)x( t) + Bl( t)w( t) + B2(t)u(t), x(O) 0,

(3.27b) z(t) Cl(t)x(t)+ D12(t)u(t),

(3.27c) y(t)= C2(t)x(t)+ D21(t)w(t),

then (i) a causal output-feedback control of the form u y exists such that -wll <
if and only if the RDEs (3.9) and (3.30a) (given below) have solutions on [0, T], and
(ii) every ctosed-toop operator -z, with -zw < % corresponding to an output feedac
control u y, is generated by

(3.28a) :k( t) Ak( t)x( t) + B(t)y( t) + B2( t)v( t), x(O) O,

(3.28b) u(t) Ckl (t)xk(t) + v(t),

(3.28c) r(t) C,2(t)x,(t) + y(t),

(3.28d) v(t) (lIr)(t),

in which 7-11I is a causal, strictly contractive operator on 2[0, T] and

Ak := A + T-2BIBXoo- BzFOO-(B1D21 + Zoo( C2+ T-2XooB1D’21))
(3.29a)

C2-F 3/-2D21B’IXoo),

(3.29b)
CJ C+ y-OB’lXoo

[B B]:= [-BDI-Z(C+,-DB’X)’I-B-,-ZF’oo],(3.29c)

with

(3.30a)
oo AZoo+ ZooA; Zoo(C’C2 -2C1Ckl)Zoo-[
z(0) =0,

in which

(3.30b) Az A-B,D’2,C2 + y-2B, j’, ).BXoo.
Proof (i) Suppose that a control given by u y exists such that -zwll < y. Then

u [C2 D:][w] together with Theorem 2.3 implies that (3.9) has a solution on
[0, T]. Since Xoo(t) exists on [0, T], we may apply the control u2 ?*Y2 to (3.26) to
obtain [[yllz<yllull2 for all ulS0 by Lemma 3.4 and (3.26). We may now use

uz= *[B I][u,P] together with the "only if" part of Theorem 3.3 to establish
the existence of Zoo(t) on [0, T]. Sufficiency is immediate from Lemma 3.4 and
Theorem 3.3.

(ii) The set of all closed-loop operators corresponding to (3.27) and u y is
the same as the set of all closed-loop operators corresponding to (3.26) and u *y2
by Lemma 3.4. Since (3.26) is a problem of the second kind, we may invoke Theorem
3.3 to complete the proof. [3

In the last part of this section, we replace Zoo with Yoo, which is the solution to
the RDE introduced in Theorem 3.3. As we will show, Yoo is the dual of Xoo, and there
is a close connection between Xoo, Yoo, and Zoo. Before supplying this connection, we
give a more general version of the connection between a Riccati equation and the
Hamiltonian matrix associated with the two-point boundary value problem.
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LEMMA 3.6. The RDE

(3.31) I5=A’P+PA-PDP+Q, P(0)-- M

has a solution on [0, T] ifand only ifthere exists anXsuch that the boundary valueproblem

(3.32)

has a solution on [0, T] wich P(t) nonsingular for all e[0, T] and P(0)P(0)-= M.
In this case, P(t)= P(t)P()- is a solution to (3.31) and

0
(3.33) [p _A,] [p

Proo Suppose that the RDE has a solution P(t). Then (3.33) is immediate, and
the result follows.

Conversely, with P PP we have from (3.32),

[P -I][O -D I]px_d
--1

TOM 3.7. Suppose that (3.9) has a solution X() on [0, r]. en (3.30) has
a solution Z(t) on [0, T] if and only if (3.16) has a solution Y(t) on [0, T] and
o(XY)(t)< for all re[0, T]. Furchermore, Z() Y(I-7-XY)-(t).

Proo A straightforward calculation using (3.9) shows that

1
Hy Hz +(3.34)

0 0

where Hv and Hz are the Hamiltonian matrices from the boundary value problems
associated with the RDEs for Y and Z, respectively.

Suppose that Z exists. Since X,ZO, it follows that (I+y-2XZ)(t) is
nonsingular for all [0, T]. Also, Z(I + y-2XZ)-(O) 0. Using (3.30a) and (3.34),
we see that

(3.35)

dt Z J"
So Y Z(I+ -XZ)- is a solution to (3.16) by Lemma 3.6. Fuhermore,

(.3 o[xg] o[xz(+-xzt +o(xz)
<

Conversely, if Y exists and o(XY)<, then I-XY is nonsingular on
[0, T], Y(I--XY)-(O)=0, and from (3.16) we have that

[I-’-XY] [I-’-XY] -CHz y y (A B1DI C:- Y(CC2- y C))’

_[I-T-2Xy]dt Y
Thus Z= Y(I-T-2Xy)-I is a solution to (3.303).
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Substituting Zoo Yoo(I ’)/-2Xoo yoo)-i (i ,)/-2 yooxoo)-i yoo into Theorem 3.5
gives our final result.

THEOREM 3.8. Given

(3.37a) ( t) A(t)x(t) + B,( t)w( t) + B2(t)u(t), x(O) O,

(3.37b) z( t) Cl( t)x( t) + D12(t)u(t),

(3.37c) y(t) C2(t)x(t) + D2(t)w(t),

then (i) an output feedback u ty exists such that a-zwll < r f and only if (a) the
Riccati equation (3.9) has a solution Xoo on [0, T], (b) the Riccati equation (3.16) has
a solution Yoo on [0, T], and (c) p(Xo Yoo) < y2for all [0, T]; and (ii) every closed-loop
operator -zw with II&wll < % corresponding to an output feedback control u y, is
generated by

(3.38a) k( t) Ak( t)xk( t) + Bk,( t)y( t) + Bk2( t)v( t), xk(O) O,

(3.38b) u(t) Ckl(t)xk(t) + v(t),

(3.38c) r(t) Ck2 t)xk( t) / y( t),

(3.38d) v(t) (Hr)(t),

in which 3,-1t is a causal, strictly contractive operator on ’2[0, T] and

Ck23 C2 + T-2D21BXOO
(3.39b) [Bk Bk2]:=-(I-3,-Eyxoo)-I[H’IB2+/-2yooCD12],
(3.39c) Ak:=A+),-EBIBXoo-B2Foo+BkCk2.

Proof. This follows from Theorems 3.5 and 3.7.
As a check, we note that (3.38) and (3.39) reduce to those in [9], [11], [13], and

[21 in the time-invariant case. In the infinite-horizon case, we must establish an internal
stability property; this has already been done in the case of time-invariant problems
[9], [11], [13], [21].

Appendix. Suppose that the design problem is described by the equation

(A.1)

n m

p z C D11 O12
q y C2 D21 D22

in which each of the matrices has entries that are continuous functions of time. We
will also assume that D,2 and D21 have, respectively, full column and row rank for all

[0, T]. The controller measures y and generates the control u via u 92y and has
the task of minimizing the worst-case energy gain between z and w.

It is the aim of this appendix to establish that, without loss of generality, we may
assume that

(A.2) (i) D2D2-- I,,,

(A.3) (ii) D2DI Iq,

(A.4) (iii) DI 0,

(A.5) (iv) D22 0.
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If one prefers, it is possible to have (i) and (ii) replaced by

(A.2)’ (i)’ D:= Jim Op-m],

(A.3)’ (ii)’ D:I [Iq O,_q],
which are clearly special cases of (i) and (ii).

To begin, we consider the closed-loop configuration in Fig. A.1, which contains
the direct feedthrough matrix from (A.1), the controller, and four scaling matrices.
$1 and $2 will be chosen to enforce (A.2) and (A.3), while $3 and $4 ensure that (A.2)’
and (A.3)’ are satisfied (should we wish to include them).

Suppose that

(A.6) D2D: N’N

and

(A.7) D21D MM’

are the Cholesky factorizations. Then the entries of M and N are continuous, since
they are expressible in terms of the entries of D12 and D2 [12, p. 88]. It is easy to
check that $1--M-1 and $2 N-1 will achieve the desired orthogonalization of D:I
and D:, and that these scaling matrices will not destroy the continuity properties
assumed for the original problem. It is evident from Fig. A.1 that we would design
the controller/ for the scaled problem, and then back substitute through $1 and $2
for K. Next, we introduce the orthogonal extensions D+/- and/+/- such that IDa2 D+/-]
and [DI /;] are.orthogonal. It is a consequence of Doleal’s theorem that the
extensions D_ and D. exist and are continuous [29, Cor. 3, p. 70]. Setting

(A.8) S [D,2 D+/-], S4 [Dil D_]

in Fig. A.1 leads to a direct feedthrough matrix of the form

(A.9)
Dl111 Dill: Im 1Dl121 Dl122 Op-m
Iq Ot-q

The partitioning of Dll into Dll 0 i,j 1,2 is induced by (A.2)’ and (A.3)’. Since $3
and $4 are orthogonal and thus norm preserving, these scale factors do not change
the set of admissible controllers and therefore the controller representation formula.

D21

FIG. A.1. Scaling the D-matrix.
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We are now in a position to invoke a loop-shifting argument that eliminates both
Dll and D22, and leads to a significant simplification in the main analysis [11], [24].
Defining

(A.10) yp=max( sup IID1121 Dl122112 sup IIDll)‘ D’
\ t[O,T] t[O,T] /

2 )‘)‘Dl122)-lD122Dl121),(A.11) Qoo -(Dl111 + Dlla2(ypI DI
(A.12) Foo= (I + QD)‘2)-lQoo,
allows us to mimic the arguments in [11],[24], which remove Dll and De)_. In
conclusion, we mention that the Cholesky factors in the Julia operator of 11 always
exist and have continuous entries. 1

Addendum. After the completion of the first version of this paper, we became
aware of [5] and [28]. Reference [28] discusses the connections between control
and game theory, while [5] applies discrete game theory to the state-feedback -control problem.
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STOCHASTIC HAMILTON-JACOBI-BELLMAN EQUATIONS*
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Abstract. This paper studies the following form of nonlinear stochastic partial differential equation:

-d inf { Y [rcr*]q(x, v, t) Ox,xjt(x)+Y, b,(x, v, t) Ox.t(x)+L(x, v, t)
U i,j

+ .. trq(x, v, t) 0,,,t(x)/dt t(x) dWt, r(x) h(x),

where the coefficients rq, b, L, and the "final datum h may be random. The problem is to find an adapted
pair (, V)(x, t) uniquely solving the equation. The classical Hamilton-Jacobi-Bellman (HJB) equation
can be regarded as a special case of the above problem. An existence and uniqueness theorem is obtained
for the case where o- does not contain the control variable v. An optimal control interpretation is given.
The linear quadratic case is discussed as well.

Key words, stochastic control, dynamic programming, Riccati equation, backward stochastic differential
equation, stochastic partial differential equation

AMS(MOS) subject classifications. 93E, 60H, 35K

1. Introduction. In this paper, we study a class of backward stochastic partial
differential equations which can be derived from certain stochastic optimal control
problems where the coefficients may be random variables. We call these kinds of
equations stochastic Hamilton-Jacobi-Bellman equations, or HJB equations.

It is well known that the classical HJB equation is the following form of (determinis-
tic) second-order, nonlinear, partial differential equation of parabolic type:

--Ot HI(D2 D, x, t),
(1.1)

(x, T)= h(x),

where H N"" x N" x N" x [0, T] N is given by

H(A,p,x, v, t)= inf {1/2 tr [o’o’*(x, v, t)A]+(b(x, v, t), v)+L(x, v, t)}

with

tr(x, v, t):R" x Ux[0, T]- R",
b(x, v, t):" x Ux[0, T] ",
L(x, v, t):N" x Ux[O,

h(x):".
This equation has a stochastic control interpretation: Let { W,, _-> 0} be, for example,
a one-dimensional standard Wiener process. For any given initial data (x, t)E

" x [0, T], consider the following stochastic control system:

dz=b(z,, v,s) ds+(z,, v,s) dW, t<-s <- T,
(1.2)

Z X,
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where vs, 0-< s =< T is a U-valued adapted stochastic process called admissible control.
The optimal control problem is to minimize the following functional:

(.3) J.,(v.) E (Zs, Vs, s) ds+ h(z)

over admissible controls. We can define the following value function:

(x, t) inf Jx.,(v.),

which is defined on "x [0, T] with values in . It can be proved that, under some
reasonable assumptions, the value function is the unique solution to (1.1). We refer
to Fleming and Rishel [6], Bengoussan and Lions [3], Krylov [11], [12], and Lions
[14] for details.

In (1.1), the functions or(x, v, t), b(x, v, t), L(x, v, t), and h(x) are all deterministic.
The objective of this paper is to study the case when tr, b, L, h are possibly randomly
perturbed. A typical case is when h h(x, to) is o7- measurable. Here ot is the filtration
generated by the Brownian motion Wt. In this case, the corresponding value function
becomes random. In fact, it is a solution of the following type of backward stochastic
partial differential equation:

-ddp H(D2dp, DcI), D, x, t) dt- dW,
(1.4)

(x, T) h(x),

with

(1.5)

H(A,p,x,B, t)= inf {1/2tr[o’o’*(x, v, t)A]+(b(x, v, t), v)+(o’(x, v, t),B)+L(x, v, t)}.
vU

Here for any fixed x6n, di, t(x, to) and t(x, to) are ,-adapted processes. We call
this equation a stochastic HJB equation.

The main result in this paper asserts the existence and uniqueness of an adapted
pair (q, ) with values in H(R") x L2(") satisfying (1.4). Due to the limitations of
our approach, we can only deal with the case where cr does not contain the control
variable v. Some nondegeneracy assumption is also needed.

The uniqueness part follows by an application of the backward It6 rule, while
the existence is obtained by solving the equation iteratively and applying It6’s rule to
estimate the errors between successive estimates.

The unusual feature here is the fact that is uniquely determined although no
time derivative is specified. For understanding this point, let us recall the finite-
dimensional situation (see Theorem 2.1 below) in which (1.4) is replaced by

(1.6) X=xt+ b(xs, m,,s) ds+ [cr(x,)+m,]dW, O<-t<-T,

where the terminal value X is ;r-measurable. Applying It6’s rule to the difference of
two solutions p, E(Ix,- x;I) yields

+ e I(x (x’ + m m’l

=2 <b(x,m)-b(x’,m’),x-x’>ds,

0_< t=< T.
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Simple estimation then yields

pt+1/2E [m-m <=C psds.

Now ignoring the m-term and using Gronwall’s inequality yields x x’, and hence
m m’. The same method is used to establish convergence of Picard iteration of
solution (x, m). With more work the same idea lies at the basis of the existence and
uniqueness problem for (1.4).

In the paper, a connection of (1.4) with an optimal control problem is described.
This connection is similar to that of (1.1) with the optimal control problems (1.2) and
(1.3). It should be pointed out that the function H given in (1.5) is itself allowed to
be an adapted process.

As an important special case, we study the linear quadratic optimal control problem
with random coefficients. A kind of matrix-valued backward stochastic differential
equation, called a stochastic Riccati equation, is investigated, and a result of Bismut
[4] is nontrivially generalized.

The attention to such kind of backward stochastic differential equations (SDEs)
determined by a pair of unknown adapted processes was originated in the study of
the stochastic maximum principle for optimal control systems, where the adjoint
processes are a pair of adapted processes. This adapted pair can be characterized by
a linear backward stochastic differential equation called an adjoint equation (see
Bensoussan [1], Bismut [5], Haussmann [7], Kushner [13], and Peng [17], for the
finite-dimensional case, and Bensoussan [2] and Hu and Peng [9] for the infinite-
dimensional case). The study of forward stochastic partial differential equations can
be found in Pardoux [15]. Recently, Pardoux and Peng [16] obtained an existence
and uniqueness result for nonlinear backward stochastic differential equations. The
infinite-dimensional case (for semi linear evolution systems) can be found in Hu and
Peng [8]. The last two results have been applied in this paper. Some results of this
paper were briefly announced in Peng [18].

This paper is organized as follows. In the next section, we recall some preliminary
results, mainly concerning existence and uniqueness theorems for the backward stochas-
tic differential equations. Section 3 is devoted to the stochastic control interpretation
of the stochastic HJB equations and a related verification theorem. The existence and

uniqueness result is discussed in 4. In 5, we consider linear quadratic optimal
control problems with random coefficients.

2. Preliminaries. We first recall some results concerning adapted backward
stochastic differential equations and a generalized It6 formula that will be used in the
following.

2.1. Finite-dimensional case. Let (El, , P) be a probability space equipped with
filtration o%t*. Let { Wt, t->_ O} be a d-dimensional standard Wiener process defined on
it. We denote

t r{ Ws O <= s <= t}.

For any given Hilbert (or Euclidean) space H, we will denote by ,////2(H) the space of
all ,-adapted processes with values in H, such that

Ix, dt <oo, Vx../2(H).
0
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Obviously, 2(H) is a Hilbert space. We denote by (., (respectively, I" I), the scalar
product (respectively, norm) of a Euclidean space. Note that the space (H; Rn) is
also a Hilbert (respectively, Euclidean) space under the scalar product

(m,, m2) tr (ml* m2), Vml, rn 6 (R"; H),

where we denote by tr (A), the trace of an n n matrix A. Let the following functions
be given:

f(x,m,t, oo)’EXY?(d’E)x[O,, T] f-*E

We assume

tr(x,m,t, oo)’"x.(a;")x[O, T] x f- (Na JR"),

(i) for each (x, m) e " x ?(Na; N"),f(x, m,.

tr(x, m,. 2((Rd
(2.1) (ii) for each (t, w)[0, T]12, f(x, m, t, w), tr(x,m,t,w) are diiterentiable

with respect to (x, rn), and the derivatives are all bounded;

(iii) X(w) is fiT-measurable, and

Consider the following backward stochastic differential equation:

(2.2) X=x, + f(xs, ms, s) ds + [tr(Xs) + ms] dWs.

Our problem is to find a pair of adapted Nnx W(Nd; Nn)-valued processes (Xs, ms),
which solves equation (2.2). We have the following result.

THEOREM 2.1. Assume (2.1) holds. Then, there exists a unique pair (xs, ms) in
,////2(n) X ,//2(Qp(Rd; n)), which solves (2.2). We have

(2.3) E sup Ix,
t[0,T]

Moreover, if

(2.4)

then

K=sup IX[+ If(0, O, s) ds+ Io’o-*(0, s)[ ds <o,

(2.5) Ix,l= K ec(r-’),
where C is a positive constant depending only on the bound of ILl, I xl,

Proof The proof of existence and uniqueness for (2.2) and (2.3) can be found in
[16]. We only prove (2.5). Applying ItS’s formula to (2.2), we have, for 0<_-r=< -< T,

(2.6) Elx,[2+ E [(o’(Xs, s)+ m)[ ds= E[XI2-2E (Xs,f(x, ms, s)) ds.

Thus

I I 12EIx, I2 +1/2E [mslds E,Ix[2+E [r(Xs s) ds

T

+2E [xsllf(x, ms, s) ds.
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Since the derivatives of f, tr with respect to (x, m) are bounded,

21xl If(x, m, s) -< 21xl If(o, o, s)l + 2Cllxl(Ixl + Iml)
_--< If(0, 0, s)[2+ (4C12 + 2el d- 1)IX]2 /1/4lml2,

Ir(/, s)l2 -<-Ir(0, s)l2 + CllXl2.

It follows that

<- ([f(o, o, s)l=+lo-(O, s)l=+(4c+3c + )lxl) ds

<-g/ /(4C/3C,/)Elxl=)ds.

Applying Gronwall’s inequality, we obtain finally

Elx,12<=Kec(r-’), VO<r<t<T,=

with C =4C+3C1+ 1. This implies (2.5).

2.2. Infinite-dimensional case. Let V, H be two separable Hilbert spaces such that
V is densely embedded in H. We identify H with its dual space, and denote by V’
the dual of V. We have then

VcHc V’.

We will denote by I1"11, I" I, I1"11, the norms of V, H, and V’, respectively; by (.,.) the
duality product between V and V’, and by (.,.) the scalar product in H. For any
o 2((Rn; H)), we can define an H-valued random variable, called stochastic
integral os dW by (see [15])

h, (#sdW (q*h) dWs, VheH.

Let the following functions be given:

a(t, to)" [0, T] xf(V; V’),

f(y, t, to)" H x[O, T]f- V’,

g(y, z, t, to)" Vx (d; H)x[0, T]fH,

rl(y, t, to) H x [O, T] x f (d H),

Y(o)’f H.

We assume the following"

For each (y, z), A(t),f(y, t), g(y, z, t), rl(y, t) are t-adapted,

such that, f(0, t) 2(V’), r/(0, t) 2((d H)),
(2.7)

g(O, O, t)eM(H),A(t)6M2((V, V’),

sup,,o [[A(t, w)lle(v,v,) <- C;

=Ice > 0 and A, such that, Vy e V,
(2.8)

(a(t)y, y)/Alyl=>-llYll 2, Vt;
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(2.9)

Consider the following semilinear backward stochastic equation:

(2.10) Y=yt+ (A(s)ys+f(ys, s)+g(ys, zs, s)) ds+ (rl(ys, s)+zs) dW.

The problem is to find a pair of adapted processes (y, z) satisfying the above equation.
We have the following theorem (see [8] for proof).

THEOREM 2.2. We assume (2.7)-(2.9). Then there exists a unique pair (y., z.)
2(V) X2((d; H)), satisfying the backward evolution equation (2.10).

Remark. We can also obtain an estimate similar to (2.5).
We need also the following generalized ItS’s formula due to Kunita [10].
THEOREM 2.3. Let Ft(x), (x, t)6 Rn [0, T] be a random field which is continuous

in x, t) almost surely, satisfying
(i) For each t, Ft(" is a C--map from into R almost surely;
(ii) For each x, Ft (x) is a continuous semimartingale and it satisfies

F,(xl Fo(x +2.= f(x, x ,
almos surely, where Y,j= 1,..., d are continuous semimartingales, f(x),x eN, s e
[0, T], are random fields that are coninuous in (x, s) and satisfy

(a) for each s,f(x) is a C-map from to R,
(b) for each x,f(x) is an adapced process.

Let X, X, , X, be continuous semimaningales. en we have

Ft(X,) F0(Xo) +E1= f(X,) dY+
i=,

axiFs(Xs) axis

+ O,xFs(X,) d(X’, X),
i,j=

where (.,.)s stands for the quadradic variation of semimartingales.
3. Optimal control formulation of the stochastic HJB equation. We begin by

considering a stochastic optimal control system in which all coefficients may be also
stochastic processes. This can lead us to formulate what we call stochastic HJB
equations. We present a general form of such equations. The discussion is formal
because, in general, we have no sufficient regularity properties of the value function.
We will also discuss the so-called "verification theorem" approach in which the rigorous
proof can be easily given.

3.1. Optimal control system. Let { W; => 0} be a p-dimensional standard Wiener
process in (fl, =, P) which is independent of { Wt; _-> 0}. Without loss of generality,
we consider only the case where Wt is a one-dimensional Brownian motion, i.e., d 1.
We assume

,t* o-{ W, W]; 0 -<_ s -<_ t}.
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Consider the following stochastic control system parametrized by the initial data
(x, t) " x [0, T]:

(3.1) dys=b(ys, Vs, S) ds+o’(y, vs, s) dWs+Tr(ys, vs, s) dWls, t<-s<- T, yt=x,

where

b(x, v, t):" xRk X[0, T]--> [",

or(x, v, t):R" xk X[0, T]--> [",

7r(x, v, t):"’ [0, T]-> (P; ").

An admissible control is an ,*-adapted process vt with values in U, such that

E [v, lZdt<oo.

We denote the set of admissible controls by a//. By analogy with the classical optimal
control problem, our problem is, for a given initial data Yo--Xo in (3.1), to find an
admissible control v, which minimizes the following cost function:

(3.2) E L(ys, vs, s) ds + h(yr)

where we denote

(3.3)
L(x, v, t) R" k [O, T] --> R,

h(x, oa) :N" xf R.

The main difference between the classical optimal control problem and the above one
is that h is a random variable. We assume that h(x) is r-measurable.

Remark. We can also treat the case where or, 7r, b, and L are ff,-adapted random
processes. The approach and the conclusion are the same.

Following the idea of dynamic programming, for any fixed initial data (x, t) in
(3.1), we minimize the following cost function over admissible controls:

(3.4) Jx,t(v.) E :’ L(ys, us, s) ds+ h(yr).

The value function is defined as follows:

+,(x) inf J, t(v.).
v.

Observe that, for any fixed x, t is an ,-adapted process with values in N. In general,
is not a bounded variation function with respect to t. In fact, we can only expect

that , is a semimartingale

(3.5) t(x) F(x) ds qts(X) dW, x ", 0 <-_ <=. T,

where, for each x e N" and Fs(x), (x) are ff-adapted real processes.
If ,(x) can be expressed in the form (3.5), and if t(x), F(x), (x) are almost

surely continuous in (x, t) and are smooth enough with respect to x, then we can prove
that the pair (t(x),,(x)) satisfies the following stochastic partial differential
equation:

(3.6) -ddp H(D2, D, Dqt, x, t) dt- dWt, (x, T)= h(x),
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or

(3.7) Ih(x)+ H(D2, Dd, Dq, x, s) ds- dWs,

with

H(A,p,x, B, t)= inf {tr [a(x, v, t)A]+(b(x, v, t),p)+(tr(x, v, t),B)+L(x, v, t)},
vEU

AEnn, BEn,

where D is the gradient of , D2 is the Hessian of , and

a(x, v, t)= 1/2[o-tr*(x, v, t)+ ,rr’n’*(x, v, t)].

Equation (3.6) or (3.7) is called a stochastic HJB equation. Comparing (3.6) with the
classical HJB equation, which is a deterministic partial differential equation, an interest-
ing feature of this equation is that its solution consists of a pair (,, q,).

The following procedure can verify that (,, qt) as in (3.5) satisfies (3.7). First,
similar to the classical case, we introduce Bellman’s optimality principle

(t(X) inf E et L(ys, v,, s) ds + E ’+r L(y, Vs, s) ds + h(yT)
v! +

(3.8)

inf E, L(ys, Vs, S) ds+dPt+r(Yt+r)
all

Then, applying ItS-Kunita’s formula (2.11) to the process ,(y) yields
t+r

,+r(Y,+r)=,(x)+E’ [tr (a(ys, v,s)D2dp(y))+(b(y, vs, s),D(y))
dt

+tr (tr(y, v, s)Dqs(y)) + F(y)] ds.

This with (3.8) implies
t+r

r-1 inf E, [L(y, vs, s)+tr(a(y, v,s)D2(y))+(b(ys, v,s),D(y))
R

+(tr(y, vs, s), O+s(y)) + r(y)] as o.

Passing limit as r + 0, we have

rt(x) -H(O,(x), O,(x), O+,(x), x, t).

Substituting it into (3.5) yields (3.7).
Unfortunately, as in the classical case, even when the coefficients b, tr, 7r, L, h are

sufficiently regular with respect to (x, v), it is still difficult to verify the regularities of
(,(x), ,t,,(x)).

3.2. Verification theorem approach. We now show that a sufficiently smooth sol-
ution of (3.7) coincides with the value function. In the classical case, this approach is
called the verification theorem approach (see [6]).

Indeed, let a sufficiently smooth pair (q,(x), q,(x)) be a solution of (3.7). Assume
(i) For each t, (ot(x), d/t(x)) is a C2-map from $" into 1 xd.
(ii) For each x, (t(x), Pt(x)), (Dp,(x),D:t(x),Dt(x)) are continuous

adapted processes.
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Without loss of generality, let ut(x) be a random field that is o%x
(E")/(Rk)-measurable with values in q/, such that

tr [a(x, u,, t)D:tp,] + (b(x, ut, t), Dcpt)+(tr(x, u,, t), Dq,,)+ L(x, u,, t)

H(D2c,ot(x), D,(x), D,(x), x, t).
Furthermore, suppose that ut(x) is regular enough such that the "feedback" control
system

dys b(ys, us(ys), s) ds + o’(ys, us(ys), s) dWs + 7r(ys, us(ys), s) awls,

t<- s <- T, yt--x,

is well posed. Finally, suppose that H(D2cpt(x), Dcpt(x), D/t(x), x, t) is smooth with
respect to (x, t). Then (qt(x), qt(x)) coincides with (t(x), ,(x)). Furthermore, for
any initial data (Xo, 0), u* us(ys) minimize the cost function (3.2).

Indeed, let vs be an admissible control, and let zs be the corresponding solution

dzs=b(zs, vs, s) ds+o’(zs, vs, s) dWs+vr(zs, vs, s) dWls, t<=s<= T, z,=x.

From It6-Kunita’s formula,

E’qr(zr) q(x) + E’ [tr(a(z,vs, s)D2q(zs))+(b(zs, v,s),Dqs(Zs))

+(o’(zs, vs, s), DOs(zs))- H(Dqs(z), Dqs(s), DOs(Zs), zs, s)] ds.

This yields

{Iq,(x) <-- E’ L(z., vs, s) ds + h(ZT)

(3.9)
L.,(v.).

On the other hand, if we take the above u* us(y) as a control, then, again from
It6-Kunita’s formula,

E’qr(yr) q,(x) + E’ [tr (a(ys, u*,s)Dqs(y,))+(b(ys, u*,,s),Dq,(ys))

+((,, u,*, s, D,,(y,- N(D(y, D,(y, O4,(y,, Ys, s] s.
It follows from the definition of u* that

opt(x) E’ L(ys, u* s) ds + h(yr)

This with (3.9) implies

qt(x) inf J, ,(v.) ,(x).
G/

Consequently, i]lt(x ---tl’t(x). The last assertion is easy to see since

E L(ys, Vs, s) ds + h(yr) EE L(ys, vs, s) ds + h(yT)
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4. Existence and uniqueness. An existence and uniqueness theorem for the stochas-
tic HJB equation (3.7), in terms of Sobolev space technique, is given in this section.
We can only treat the case where no control variable appears in the diffusion coefficients
r and r. We also need a nondegeneracy assumption. The corresponding control system
(3.1) becomes

(4.1) dys=b(ys, vs, s) ds+o’(ys, s) dW+r(y,s) dW], t<=s<= T, y,=x,

with the following cost function to be minimized:

(4.2) J,.,(v.) E, L(ys, vs, s) as+ h(yr)

We assume that

(i) For each t, b(x, v, t), o(x, t), r(x, t), L(x, v, t),
h (x) are continuous in (x, v);

(4.3) (ii) For each (v, t), they are continuously differentiable in x;

(iii) They and all their derivatives in x are bounded;

(iv) For each (x, v), they are continuous in t.

We also need the following nondegeneracy assumption on

(4.4) 7rTr*(x, t) >_-- 2aI, V(x, t),

where a is a positive constant.
Remark. Technically, the above nondegeneracy assumption will be used to satisfy

(2.8). In general, if we have no such kind of condition, some kind of notion like
"viscosity solution" seems necessary. A typical case is when h is deterministic and
tr 7r 0. In this case the most suitable notation is the viscosity solution (see [14]).

Our problem is to find a unique pair (,(x), t(x)) satisfying (3.7), where the
function H becomes

a(x, t)=1/2(o’o’*(x, t)+ 7r’n’*(x, t)),

H(A, p, B, x, t)=tr (a(x, t)A)+(r(x, t), B)+ inf {(b(x, v, t), p)+ L(x, v, t)}

’q’x ’, [0, T], A

We introduce the following Sobolev space:

H(") {u L2("): Du L2(")}.
We identity L2(n) with its dual space, and denote the dual space of HI(") by
H-("). This gives us a triple as in 2.2

(HI(["), L2(R"), H-I(")) V, H, V’).

We can make the following assertion.
THEOREM 4.1. Assume that (4.3) and (4.4) hold. Then there exists a unique pair

(dp,(x), ,(x)) in ((V), 2(H)) satisfying the stochastic HJB equation (3.7).
To prove this theorem, we need a lemma that generalizes Theorem 2.2. Let

g(y, z, t), Y, A(t) be as in Theorem 2.2. Let

A,(t, to) [0, T] x 12- (V; V’),

f(y,z,t,w):HxHx[O, T] xl)- V’.
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We assume that the following are true"

(4.5) For each (y,z),Al(t) and f(y,z,t) are t-adapted, f(O,O,t)t2(V’);

(4.6) sup IIAl(t, w)lle(v,v,) <- c, (Al(t)y, y)>=O, Vy V;
l,

(4.7)
I(f(Yl, Zl, t)-f(y2, z2, t), y)[-< Cly- yz[.lylv + [z- zzIH(2A(t)y, y)1/2,

for each (Yl, Zl), (Y2, z2) H x H, for each y V.

Consider the following semilinear backward stochastic equation:

(4.8) Y= yt + (A(s)ys + Al(S)ys +f(ys, z,, s) + g(y, Zs, s)) ds + zdWs.

We have the following lemma.
LEMMA 4.2. Let g(y, z, t), Y, A(t) satisfy the assumptions of Theorem 2.2. Let

(4.5)-(4.7) hold. Then, there exists a unique pair (y., z.) //2(V) x 2(H), satisfying the
backward evolution equation (4.8).

Proof (i). Uniqueness. Let (y], z]), (y2, z) be two solutions of (4.8). From It6’s
formula, we can derive

Ely}-y,12+2E ((A(s)+Al(S))(y]-y,),y]-y)+E

T
2s)-g(y2,z,,s),y] y)ds=-2E (g(y],z,

2E .lftr (f(Y’ zl s)-f(y2 z,,2 s), y_y2) ds.

Thus, by (2.8), (2.9), and (4.7), we obtain

E[yl-y2[2+2E ((Al(S))(y]-y2),yl-y2) ds+2aE y-yll2 ds

2 ds+E [Zs-Zs

ly1-y l2d /2c (ly1-y sl=/ly1-y llzI-z2[)ds

+2E I r

Cly’- y2[ y]-yll + Iz]- z2I((2AI(S))(Y]-Y2), y]_ y) l/2] ds.

Since [[Al(s)ll(v,v,) <- C, we can choose a small constant 6 with 1 > 26>0 such that

6 (2Al(S)y, y) < Vy V.
1 26

yll z

Also, we have

a 2 2 2122C[yl _y21 [[yl _y2[[ <. [[y -YI] +-a C2[y -y
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and

It follows that

21z, z2l(2A,(s)(y, _y2), y, _y2),/2

_<_(1 2a)lz’- z212+ 1-26 {2A,(s)(yl _y2), yl_ y2),

2Clyl-y211z’-z21<= C6-ly|-y212+ 61z1 z212,

I T I T
Og

1 2E[y-y2,12+ E IlY y2ll as+aE Iz-zl=dx

fiE ly-y2sl ds, Vt [0, T],

with C 2A + 2C + 4a-C2 -- 6 -1C2. Thus we can apply Gronwall’s inequality to obtain
y=y2, zl=z2.

0(ii) Existence. Set z, =0. According to Theorem 2.2, we can alternatively solve
the following equation:

(4.9)

Y=ya,+ (A(s)y{ + Al(S)y +f(y, Z-1, S) -JI- g(y, Z, S)) ds

T

+ z dWs, j 1, 2,....

By It6’s formula, we have

E[y+I-Y{[2+2E fr ((A(s) + A,(s))(y+’ y), y{+l y)

T

]2 ds

=-2E (g( j+l j+l S),.j+Iys z s)-g(y, Zs, y y) ds

Again, from (2.8), (2.9), and (4.7), we have

Ely+-y12+2E {A(s)(y+-y),y+l-y} ds

+2 I1+-de+ I<+- <1 ds

C (211 - 1)1Y, -YII +lzs Zs -y ds

+(2h + 2C)E ly+1 -yl2 ds

+2E iz z-l{2A,(s)(y+, y),.j+,y, __y) 1/2 ds.
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Taking 6 as in the proof of the uniqueness and using the similar technique yield

.j+l O j+l "2 j+lElyt _y12+_E [[Ys -Y[[ dt+(1-6)E [zs -z[2 ds

(4.10)
_-< czu [y+-yl ds+(1-26)E [z- z-ll ds,

where the constant C2 is the same as in the proof of the uniqueness. Define

Y E [y+l y ds, j 1, 2,...,

T

Z E Iz+’-zl2 ds, j=O, 1,2,....

It follows from (4.10) that

d
(4.11) -- Y+ (1 6)Z _-< C2 YJt + (1 26)Z-1 Y 0, j=l,2,’’’,

or

d
---(Y eC2’)+(1- 6) eC2’z<=(1-26) eCztZ-I Y=0, j= 1,2,. .
dt

Integrating from to T yields

(4.12) YJt+ (1- 6) eC2(s-t)Z ds<-(1-26) eC2(s-t)Z-I ds.

It follows, in particular, that

Ior (112)’eCsz ds <-_ K, j 1, 2, ,
with K E Io Izl= as., also then

(4.13) Y-< Y_-< (1-26)1-8 ]
K, j=l,2,....

From (4.11) and the fact that dY{ dt <=0, we derive that

26 Z-1 j’--" 1, 2, ,(1-28)gJK1
1-8 /

+ (1-6----
with K C2K (1 6)-1. This implies

Z E igj+l_ gj ds (jK + Z) j 1 2,.’’.
\1-]

It turns out that {(yJ, zJ)} is a Cauchy sequence in /2(H) x M2(H). From (4.10), {yJ}
is also a Cauchy sequence in M2(V) and L2(f, C(0, T; H)). Passing limit in (4.9) as
j oo, we obtain that the pair (Yt, z,) defined by

y !im y in M(V),
j--

z lim z in /2(H)
j-oo

solves (4.8).
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We now proceed to the proof of Theorem 4.1.

Proof of Theorem 4.1. Set

(Al(t)ql, tp)= (o-o-*(x, t)Dql, Dqg) dx,

(A(t)qa, q)=X (TrTr*(x, t)Dl, D) dx,

(f(@, t), )=. (@(x), (x, t)D) dx,

1
0.(,)g(, O, t) =

It is easy to see that

V(l ( e K

Va, e V,

1 k Ox,(TrTr*)u c9 axto-i(x t)’ i,j= i=1

+ inf {(b(x, v, t), Dq(x))+ L(x, v, t)},
vU

Ai(t), AE(t) [0, T] -( V; V’),

f(p, t):Hx[O, T]- V’,

g(% p, t): Vx Hx[O, T]o H,

Y(0) f H.

Thus, for each w, q e V, e H, we have that

VeV,

Y(to)= h(x, to).

I(b(x, vT, t), Dq,(x))+ L(x, v, t)- inf {(b(x, v, t), D,(x))+ L(x, v, t)}l
vU

1= 1,2.

For any e > 0 and ,, (2 e K we can choose two measurable functions v(x)" IR" + U,
1, 2, such that

((A(s) + Aa(s))p +f(, s)+ g(% , s), w)= L" H(D2q’ Dq, Dd/, x, t)w(x) dx.

With the above notations, we can write the stochastic HJB equation (3.7) in the form
of (4.8).

It remains to check that the conditions of Lemma 4.2 are satisfied. We will only
verify (4.6) and (4.7) because the other conditions are easy to check. First, for (4.6),
we need to verify

(4.14) f,,o ]oinf {(b(x, v), Dqa(x))+ L(x, v)}

inf {(b(x, v), Doz(X)) + L(x, v)}[ dx[[ <-_ C[Iq2- ql[[,.
vaU
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For each x n, we have

inf {(b(x, v, t), Dql(x))+ L(x, v, t)}- inf {b(x, v, t)Dq2(x)+ L(x, v, t)}
vU vU

>= (b(x, v, t), DOl(X))+ L(x, v, t)-(b(x, v, t), Do2(x))-L(x, v, t)- 16(x)]

Similarly,

inf {((x, v, t), D(x))+ L(x, , t)}- inf {((x,
U U

-CID,(x D(x)-
The above two inequalities imply

[ {(b(x, v, t), D(x))+ L(x, v, t)}- inf {(b(x, v, t), D(x))+ L(x, v, t)}]2 dx

cll-211+.
Let e 0, we obtain (4.14).

Finally, the last Lipschitz condition in (2.9) can be derived as follows. For any
1, H, E t [0, T], we have

(f(, )-f(, ),= (-, *(x, )) dx

5. Linear quadratic case: Stochastic Riccati equation.
5.1. Problem formulation. As a paicular but impoant case, we consider a linear

stochastic control system with quadratic cost function and random coefficients. For
simplicity, we assume that , , b, L are all time-invariant. We assume also that W is
a one-dimensional Brownian motion (p 1). In this case all data in (3.1), (3.2) can
be written as follows"

b(x, v) Ax + By,

g(x, v) Cx + Dr,

(x, v) Gx + Hv,

L(x, v)=(Rx, x)+(Nv, v),

(x,)=(Q()x,x),

where A, C, and G are n x n matrices; B, D, and H are n x k matrices; R
S; Q(w)" S". Here S" (respectively, S) denotes the space of all n x n (respectively,
k x k symmetric matrices), with scalar product (Q1, Q2} tr
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We assume

Q(w) is r-measurable, bounded, and nonnegative,

R is nonnegative, N is positive.

The admissible controls now are valued in k. Equation (2.1) now becomes

dy (Ay + Bv) ds + Cy + Dv) dW + Gy + Hv) dWs
O<_s<=t<_T,

and the value function is

Yt x,

(5.2) (Dt(x) inf E, [(Rys, ys)+(Nys, Ys)] ds+(Qyr, yr)}.
v.e-2(R ’)

By classical methods, we can prove that t(x) is of the quadratic form

(5.3)

where Kt is an S"-valued ,-adapted process. From 3, we know that t(x) can be
formally written as

(5.4) ,(x) (Qx, x) + F(x) as (x) dWs,

where F, and , are ,-adapted real processes. Formally, we have

(5.5) ,,(x)=(M,x,x),

where Mt is an t-adapted process valued in S". If such (K,, M,) is bounded, we can
use the dynamic programming principle to verify that the pair (@,(x), ,(x)) is a
solution of the stochastic HJB equation (3.7).

We can formally derive the equation that characterizes (K,, M,). Substituting (5.4),
(5.5), and all linear or quadratic data b, , , L, h into (3.7), from It6’s formula we can
obtain

-dKt [A*Kt + KtA + C*KtC + G*K,G+ MtC + C*Mt
(5.6) (K,, M,)-’(K,)N*(K,, M,)] dr- M, dW,,

Kr= Q,

where for each K, M e S", we denote

(K, M)= KB +MD+ C*KD+ G*KH,
(5.7) =()=+O*D+*.

Since- are nonlinear with respect to K and M, (5.6) is a nonlinear backward
stochastic equation. Equation (5.6) is called a stochastic matrix Riccati equation. When
Q is deterministic, it becomes an ordinary (deterministic) Riccati equation.

5.2. Existence and uniqueness result. We can regard (5.6) as a nonlinear backward
stochastic equation in the form (2.2), defined in the Euclidean space S’. Theorem 2.1
cannot be applied directly, however, because - does not satisfy the global
Lipschitz condition. This kind of equation was first investigated by Bismut [4]. He
obtained an existence theorem for the case where C 0, D 0 by a method based on
the fixed point theorem. We will treat the case where only D =0. In this case the



300 s. PENG

bounded variation part of Kt contains Mr. We must use a different method to overcome
this difficulty. The case where D is nonzero is still an open problem.

When D 0,/ and /Q become

/(K, t) KB + G*KH,
(5.8) )Q(K, t)= N+ H*KH.
We assert the following.

THEOREM 5.1. We assume (5.1) and D=0. Then there exists a pair (Kt, Mr) in

(///2(Sn))2 satisfying the stochastic Riccati equation (5.6) such that Kt is nonnegative
and bounded.

To prove this theorem, the following lemma is in order.^
LEMMA 5.2. Let At, Ct, Gt, be R""-value,d, and R be S"-valued, fit-adapted

processes. Assume that they are all bounded. Let Q be a bounded fT-measurable random
variable with values in S. Then there exists a pair (It, 11t) in (d//2(S"))2 satisfying the
following linear equation"

-dIt [At Kt + Ktat + C*t ItCt + t Itt
(5.9) + (//tt + (’ */l’)/t +/t

dt- II,dWt, IT O.
Moreover,

(5.10) sup < ko,

where the constant ko only depends on

sup 1 ,1 / ICI / I&l),
and

sup 1012+ Itl- (o),

If t, ( are nonnegative, almost surely, then It is also nonnegative, almost surely.
Proof. The above SDE can be regarded as an ordinary backward SDE in the

Euclidean space S. According to Theorem 2.1, the existence and uniqueness as well
as (5.10) hold. It remains to prove the nonnegativity of/. For given (x, t) let Ys be
the solution of

dys sY ds + dys dWs + d,y dWls,
yt= x, t<-- s<= T.

Then, we can apply It’s formula

d(Iy, y) -(sys, y) ds + (sYs, y) dW, + 2(Iy, sys dWs + ysdWl).
Thus

It follows that Kt is nonnegative whenever/s, 0s are nonnegative, fq

We now proceed to prove Theorem 5.1.

Proof of Theorem 5.1. (i) Existence. We define F(K,M, U): S"xS"x
(R; k) S by

F(K,M, U)=(A+BU)*K+K(A+BU)+C*KC
+(G+ HU)*K G+ HU) + MC + C*M*).
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We also define I(K)’(Sn)+- (n; k) by

/(K) -/Q-’(K)/(K),
where (S")+ is the set of nonnegative elements of S". With these notations, we can
rewrite (5.6) as

-dKt-[F(Kt, Mr, (Kt)) + l*(Kt)Sl(Kt)] dt-MtdW,
(5.11)

KT-- Q.

It is seen that

(5.12)F(K,M, I(K))+I*(K)NI(K)<-F(K,M, U)/U*NU, VU(["; k).
We now iteratively construct a sequence of approximating solutions. First, we define
(K1, M1) by solving the following linear backward SDE:

-dK,t F(KI,t, Ml,t, O) dt- M,t dWt,

K,T Q.

By Lemma 5.2, we can easily check that the above solution exists, and that Kl,t is
bounded and nonnegative. Thus U(KI,t) has meaning and is bounded. Then, we define
(K2, M2) by solving

-dK2,t=[F(K,t, M,t, (K,t)) + O*(KI,t)NdJ(K,t)] dt-M2,t dWt,

Again from Lemma,5.2, there is a unique solution (K2, M2), which is bounded and
nonnegative. Thus U(K2,t) is well defined and bounded. Inductively, we can define
(Kj+I, Mj+I), which is the unique bounded and nonnegative solution of

-dKj+l,t F(Kj+,,,, Mj+l,t, //(Kj,,)) dt + O*(Kj, t)N(Kj,t)] dt-Mj+l,t dW,
(5.13)

K+,.T= Q, j 1, 2,. ..
We claim that the sequence {Kj,t} is nonincreasing. Indeed, we have

-d(Kj,t- Kj+,,t) [F(.Kj,t, Mj,,, /(Kj,t))- F(Kj+,,,, Mj+l,t, /(Kj,,))] dt

+[F(Kj,t, Mj,t, (/(Kj-l,t)) + l*(Kj_,,t)NO(Kj_l,t)
-F(K),t, Mj,t, (](Kj,t))- (*(Kj,t)N(J(Kj,t)] at

-(Mj,,- Mj+l,t) dWt

F(Kj,t- Kj+,,t, Mj,t- Mj+I,,, (J(Kj,t)) dt

+Rj, dt-(Mj,t- Mj+,,t) dWt,

Kj,T--Kj+I,T=O,

with
Rj,, F(Kj,,, Mj,t, l?J(Kj_l,t)) / IJ*(Kj_I,t)NIJ(Kj_I,t)

-F(Kj,,, M),,, (_I(K),,))- O*(Kj,t)NO(Kj,t).

From (5.12), Rj is nonnegative. Thus, according to Lemma 5.2, Kj,t-Kj+l,t is also
nonnegative. This implies that {Kj, t} is the nonincreasing sequence

>...>Kj >...>0.>K2t= t--CI > KI,
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It follows that {Kj,,} converges almost surely to a nonnegative, S"-valued process Kt.
According to Lebesgue’s convergence theorem, we have

IK,-KIO-0, asj-oo, q>0.
o

Thus {Kj.t}, and also then { U(K.t)} is a Cauchy sequence in the above sense. We have
also almost everywhere

E[K,,- Kt[ q ---> 0, as j oo, /q>0.

By definition (5.13), we can apply It6’s formula to [Kk.t--K.,[2,

EIKk,o- K,ol + E IMp,,- M,,I dt

2 tr [(K,,- K,,)((M,,- M,,)C + C*(M,,- M,,))] dt+ R(Z k),- E IMp,- M,,I dt + CE IK ,- K,,I at + R(Z k)

where R(j, k) 0 as min (j, k) . Thus {Mj.,} is a Cauchy sequence in((d S")).
Passing to the limit in (5.13), we obtain that (K,, M) is a solution of (5.6), with

M, im M,, in (S).
j

(ii) Uniqueness. Let (Kt, M) and (K’t,M’) be two pairs in

satisfying (5.6) (or (5.11)), such that gt, K’t are nonnegative and bounded. Then U(K,)
and U(K’) are well defined and bounded. We have

-d(K K’)t F(K,- K’,, M M’, U(Kt)) dt

+[F(K’t, M’,, (K,))+
M’ O(K’ *-F(Kt, ,, ,))+ (K,)NU(K,)] dt-lVldW,

KT-K=O,

or

U(Kt)) dt-d(Kt-Kt)=F(Kt-Kt,Mt-M,,

+R’ dt+(Mt-M’t) dWt,

KT-- K’T=O,
with

R’= F(K’t,M’,, (J(Kt))+ &*(Kt)N&(Kt)-F(K’,,M’,, /(K’,))+
By (5.12), R’ is nonnegative. It follows from Lemma 5.2 that Kt-K’ is nonnegative.
Similarly, we can obtain that K’-, K, is nonnegative. This implies K K’t. Con-
sequently (from the uniqueness part of Lemma 5.2), M M’t. 1[]

AS we mentioned in 2 (verification theorem), once we obtain the solution of
(5.6), which is regular enough, then the value function can be obtained by , (K,x, x).
Moreover, the optimal feedback control can also be given. Specifically, we have the
following corollary.
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COROLLARY 5.3. Let the assumptions of Theorem 5.1 hold. Then the value function
is equal to (Ktx, x). The optimal feedback control is

u,(x) t2(K,)x.
Proof Since K, is bounded and positive, U(Kt) is well posed and bounded. Let

(Xo, to) be any given initial data. We want to minimize

Jo.,o(V.) E [(Rxt, xt)+(Ntvt, vt)]ds+E(QxT-,xT-)
to

subject to

dx, (Ax, + Bv,) dt + Cx, dW + Gx, + Hv,) dWJ X,o= Xo.

For any given admissible control vt, we can apply ItS’s formula to (K,x,, x,), and thus
verify that

(K,oX,o,X,o)<=E’o (Qxr, xr)+ (Rx,,x,)+(Nv,, v,) ds
to

On the other hand, let y be a solution of

dy,=(A+BO(K,))y, dt+Cy, dW,+(G+H(K,))y, dW, y,o= Xo.

We can again apply It6’s formula to (K,y,,

o

It follows that, for almost urely (xo, to) (K,oXo, Xo) is equal to the value function.
Fuhermore, if we set u U(K)y,

L.,,.(v. [(x,,x,+(Nv,,v,]s+(x,x)
o

EE’o [(Rxt, xt)+(Nv,, vt)] ds+(Qx,x)]
to

o

It follows that u is the optimal control and so U(K)x is the optimal feedback.

elegems. The author thanks the referees and the editors for their helpful
suggestions, which made the revised version of this paper more readable.
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A PENALIZATION METHOD FOR OPTIMAL CONTROL OF ELLIPTIC
PROBLEMS WITH STATE CONSTRAINTS*

MATINE BERGOUNIOUXt

Abstract. In this paper boundary or distributed stationary control problems are studied in relation to
an elliptic operator and state and control constraints. Different kinds of conditions are formulated to prove
the existence of a decoupled optimality system and Lagrange multipliers.

Key words, optimal control, optimality conditions, state constraints, Lagrange multipliers, elliptic
operators

AMS(MOS) subject classification. 49B22

1. Introduction. In this paper we study state-constrained control problems for
elliptic systems. Usually, the state constraints are pointwise constraints, but we do not
need to specify them. We prove (for "classical" cases) the existence of a decoupled
optimality system and Lagrange multipliers. The method and results are presented by
simple examples of distributed or boundary control. It may be applied to many other
systems (we must then choose a suitable functional flame). This question has been
studied by many authors and, especially for distributed control systems, by Bonnans
and Casas [7]-[10], [12], [13]. Their results concern the choice of a "good" functional
space Assuming the Slater qualification constraint, they obtain a first-order optimality
system. Lasiecka [16], Barbu [4], and Mackenroth [20], [21] have studied parabolic
problems (with a dual approach), White [23] hyperbolic problems, Abergel 1 ill-posed
problems, and, with Temam [2], nonqualified problems.

Most of these methods consist in the "relaxation" of the convex (i.e., the state)
constraints and use classical results of convex analysis. More precisely, let X, Y be
two Banach spaces, T" X -> Y a continuous linear map, h" X -> R, and g" Y- R lower
semicontinuous (l.s.c.) convex function. We know [14], [22] that a solution (if it exists)

of

(1.1) min h(x) + g(Tx), x X,

also satisfies

(.2) oh()+ 7"*g(7,) o
(that is, the first-order optimality system) if the following qualification condition is
ensured:

(1.3) :ly in the range of T; g is continuous at y.

In the cases we consider, (1.3) is realized as soon as the following condition is satisfied"

(1.4) Intr [T(dom (f))-dom (g)] 0.

We do not use such methods; we keep the state constraints and penalize the
relation linking the state y to the control v via the partial differential equations (and,
if necessary, via the boundary condition). The method is classical (Lions [17]) and is
generally used for the study of singular systems (especially for multistate systems 18]).
We prove the existence of a decoupled optimality system, assuming, of course, a

* Received bythe editors November 22,1989; accepted for publication (in revised form) January 14, 1991.

" D6partement de Math6matiques, Universit6 d’Orl6ans, B.P. 6759, 45046 Orl6ans C6dex 2, France.
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qualification hypothesis. We retrieve already-known results and then try to weaken
them by changing the topology of the test function spaces (see [6]).

2. Formulation of the problem. Let f be an open bounded subset of R with C
boundary F. Let us consider the following system:

(2.1) P(u, v) lAy= U in

By= v onF,

where
(i) u _2([1), v _z(I’);
(ii) A is a differential elliptic operator defined by

Ay Ox,(aij(x)O,jy) + ao(x)y with
i,j=l

(2.2) aij, ao c2(1)) for i,j- 1,..., n, in_f ao(X) > O,

ao(x).>=c 2i Vxe(-l, VeRn, c>O;
/j=l i=1

(iii) B is a boundary operator

By Ylr Dirichlet boundary conditions,

(2.3)
By-

Oy

O’A
Neumann boundary conditions,

where Oy/(O’A) is the usual normal derivative (associated with A).
More precisely, we study the following two cases:
1. The control is distributed, so that P(u, v) becomes

rAy =f+v in
P(v)

By=O on F;

in this case, the control space X is _2(fI) (fe _2(fl));
2. The control is a boundary one, so that P(u, v) becomes

Ay=f in,
P(v)

By=v onr;
in this case, the control space X is fl_2(I) (f _2(f)).

We call T the affine application from X to _2(12) such that y- T(v) is the unique
solution of P(v) (in all the cases we consider, P(v) has a unique solution).

Let J: _2(f) x X + be a strictly convex, Gteaux-ditterentiable functional (cost
functional). We may choose, for example,

(2.4)

where Zd -2(1"1), N is a nonnegative real, 11 is the X-norm, and I1 is the
_2(fl)-norm.

Let K be a nonempty closed convex subset of _2(fl), and let Uad be a nonempty
closed convex subset of X.

Remark 1. K may be a priori any convex set, but we are essentially interested in
pointwise constraints. So we must be able to define y(x) everywhere on l-l. Let us
consider, for example, the following distributed case: if the dimension n is less than
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or equal to 3, it is (generally) sufficient to choose the control (and f) in _2(f) because
most of the time the state y belongs to H2(f) () (due to Sobolev embeddings).
For any dimension n, we should take _P as the control space, with p > n/2, so that
y(e W2’p) still belongs to (fi) (see [3]). Then a suitable choice of J may be, for
example, J(y, v)-1/211y-zll/ N/pllvll. Anyway, the method can be developed in
the same way without any difficulties.

We consider the following optimal control problem"

(n)
Min J(y, v),
y= T(v),
y K, v Uad.

Remark 2. When f= 0, this problem may be considered as a particular case of
(1.1) with X as the control space, Y _(f), h=J -, and g= 1:. (-(v)=(T(v), v)
for each v in X and Ix is the indicatrix of the state constraints set.) Then (1.4) is
implied by the classical Slater condition [7], [13]

(b) =lVo Uad such that T(vo) Inty (K).

We must suppose that the feasible domain 9 of (1-I) is nonempty, i.e.,

(2.5) :lVo Uad such that Yo T(Vo) K

(9 {(y, v) 6 K x UadlY T(v)}).
K x gad is convex, closed, and the application from X to _(), v T(v) is

affine. So 9 is nonempty, closed, and convex; moreover, J is strictly convex, so (H)
has a unique solution (37, 3).

Let us differentiate J as follows:

/V gad such that T(v) K: J’(, O)(T(v)- T(O), v-O)>=O.

For example, when J is given by (2.4), and X _z(f), this optimality condition can
be written as follows:

(2"6) VVUad’ Ia IaVy K s.t. y r(v)
(.f za )(y ) dx + N O(v ) dx >- 0.

Thus it is easy to obtain a coupled optimality condition (even with state con-
straints). "Coupled" means that the test functions y and v are linked with the relation
y T(v). The optimal solution of (l-I) is obtained by projection on the convex 9, quite
difficult to "describe" (especially for numerical tests). The problem now is to obtain
a decoupled system where the test functions v and y may be chosen in Uaa and K,
independently of each other.

3. Case I. Distributed control.
3.1. Dirichlet boundary conditions.
3.1.1. Penalization of the problem (1-1). Let us consider the following Dirichlet

problem:

(3 1) P(v)[Y_==f+v in f,
0 on F,

where v e _(f) and fe _2(f). It is well known that P(v) has a unique solution y(v)
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in H2(fl)MHlo(fl) (cf. [17], [18]) and T is affine and continuous from 2(fl) to
H2(fl) f Hlo(). (If f= 0, T is an isomorphism.)

In this case,

(,)= (-x+ x,

and K (respectively, Ud) is a nonempty, closed, convex subset of H2()N()
(respectively, [()).

We are going to penalize (H) (cf. [18]). Let us choose e>0 and define J on
[2(n) n lo(n)] X [2() by

1 a(3.2) J(y, v)= J(y, v)+ (Ay- v-f)2 dx.

Let (H) be the penalized problem

(H)
Min L (Y, v),
yz K, vz Ua.

PROPOSITION 3.1. Let e > O. ere is a unique couple (y, v) in K x Uad optimal
solution of (H) and for all (y, v) K x Uao, J’(Y, v)(y-y, V-V)O.

Proof J is a coercive, strictly convex functional minimized on a nonempty closed,
convex domain, so we get the existence of (y, v). Moreover, J is differentiable, and
we have the wanted inequality.

This means that

(y-za)(y-y) dx+ m v(v-v) dx+- (Ay-v-f)[A(y-y)] dx

1
(Ay-v-f)(v-v) dx 0.

As y and v are independent variables, this optimality condition can be decoupled to
obtain the following system:

fn(3.3) yK (y-2a)(y-y)dx+- [Ay-v-f][A(y-y)]dxO,

Let us call

Ay -v -f(3.5) q _2(f),

and let p(Hlo(l))fqH2(fl)) be the adjoint state solution of

(3.6)
A*p y za in

p=0 on F,

where A* is the adjoint of A.
Remark 3. If A is given by (2.2), A* is an isomorphism from H2(f) f) Hlo(O) onto

(n).
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Let us recall Green’s formula (cf. [18]). For all (y, z) H2(I))x H2(f),

(3.7) fa(Ay)zdx Iay(A*z) dx fr Oy fi Oz
zdF+ ydF.

As (3.3) is equivalent to

Ia(A*p)(y-y)dx+ faq[A(y-y)]dx>=O VyK,

we obtain the following result.
PROPOSITION 3.2. Let (y, v) be the solution of (1-I),

(3.8) Vy K f (q +p)[a(y-y)] dx >- O,

(3.9)
f

lqtV Uad (Nv-q)(v-v) dx>=O.

Now we must study the asymptotic behaviour of these relations. First, we can
describe the behaviour of y, v, and p as e tends to zero.

TI-IEOREM 3.3. Let (, ) be the solution of (2). v converges to strongly in _2(f),
and y, converges to .f strongly in 2(f) 1(12)o as e tends to zero.

Proof The proof is nearly the same as the one given by Lions [17] for a similar
penalization problem.

Let us give e > 0. We have

0<-J(y, v)-< J()7, )= J()7, ) =j < +co.

Therefore there exists ko >- 0 such that

Sup IlY I1 <- ko and Sup v [[,-< ko.
e>O e>O

So (extracting subsequences) v converges to Vo weakly in _(), and y converges to

Yo weakly in _2(). It is easy to see that yo T(Vo), Yo K, and Vo Ua.
Moreover,

J()5, 5) ->_ lim inf J (y, v >_- lim inf J(y, v >- J(Yo, Vo
eO eO

and

J(y, v -< J(37, 3) lim inf J(y, v J(Yo, Vo <-- J (fi, ).
e--0

Therefore, J(Yo, vo)= J(fi, ) and Yo .9, Vo 3 (because the optimal solution of (H)
is unique). So we have just proved the weak convergence of y to )7 in _2(f), and v
to 5 in _2(f).

Let us show the strong convergence; lim_o J(y, v)= J(37, 5) implies that

lim IlY-za [[+ ]]v[] 1137-za 11+
--0

_2(f) x _2(f) is a Hilbert space, and so it is uniformly reflexive [11]. As we already
have the weak convergence and the convergence of the norms, we then know that the
convergence of v to 3 and y to 37 is strong in _2(f). Moreover, Ay converges to A37
strongly in _2(f), and A is an isomorphism; y converges strongly to 37 in
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COROLLARY 3.4. As e tends to zero, p converges to strongly in H2() cHl()
where is solution of

(3.10) A*
/=0 on F.

COROLLARY 3.5. ere exists o 0, ko 0, such that

Sup y( o; Sup ( o,
0<ee 0<ee

Sup JJ q ]]U(n ko Sup JJp ko.
0<ee 0<ee

3.1.2. Estimation of the multiplier q. We must now estimate the multiplier q to
pass to the limit in the penalized optimality system (3.8), (3.9). So we must state an
assumption stronger than (2.5) that allows us to obtain such an estimation.

The assumption we set shows that the interior of the convex must be nonempty
(as does the Slater condition). We cannot avoid this kind of assumption, but we see
that we may weaken it as far as possible if we consider the interior of for a stronger
topology than the one of the state space

Let be a dense subset of the control space (fl) such that the injection is
continuous. Let () be the unit ball of : ()={ IIll 1} ll II is the norm
of ).

We state the following assumption:

VoUad, p0, R0suchthat
(3.11) V(), v2(vo, R) Uad y= T(f+v-p)K.

Remark 4. The condition v 2(Vo, R) U,d is not useful, of course, if Ua is
bounded (and may be replaced by v U,d). If Uad is not bounded, we may suppose
that Vo is given with (2.5) or Vo . (2(vo, R) is the 2-ball, centered in To, of
radius R.)

This assumption allows us to get an estimation of q. We detail in the fohcoming
section the optimality conditions to which different choices of lead.

PROPOSITION 3.6. Let us assume (3.11). en there exists C O, eo > 0 such that

Sup IIqll, ko
0<ee

q is bounded in the dual space of ’).
Proo Let belong to (). Let us add (3.8) and (3.9) applied to the couple

(y, v) of K x Uad defined by (3.11), as follows:

[q+p][A(y-y)] dx+ (Nv-q)(v-v) dxO,

p(Ay-f-v) ax-fp,-f-)dx+fq(Ay-v-Ay+v)dx
+ Jo Nv(v -v) & 0,

p(v-v-p) dx- pqdx+ q(p-q) dx+ Nv(v-v) dxO,

apq
dx -II q[]+ N IIll 11 Ilp I111 q[]

+ p I1.(11 v vll. + p II I1).
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Using Corollary 3.5, we have, for all e ]0, eo],

fn pqK dx <= Nko (11 vK a + go + ko + ko (11 vK / go / p ).

Moreover, the injection of g in _2(1)) is continuous so that

v ()If,, II-< k, ll,, k,.

Finally, as Vo does not depend on e, and IIII(IIolI+ R), w gt

(3.12) =IC>_-0, Ve]0, eo], VK() j-qdx C.

So q is bounded in ’. 13
We now specify what happens when we choose two different norms in K

3.1.3. A "strong" condition. Let be _2(f). Equation (3.11) then becomes

:1VoUad, :lp>0, :1R>0 such that
() v:(o), v:(vo, R)fq Uad, Y= T(f+v-p,)K,

where 2(11) is the unit ball of _:(O).
We obtain the following result.
THEOREM 3.7. Let us assume (). Let (, ) belong to @, and ff be defined by

(3.10). (97, 3) is the optimal solution of (II) if and only if there exists (l _2(f) such that

(3.13) VyK Ia(q+)[A(y-y)]dx>-O
(3.14) Vve Uad If (go-q)(v--O) dx>=O.

Proofi Let us assume (N). Proposition 3.6 shows that q is bounded in _2(f) (for
_2(12) is its own dual).

Let (37, ) be the optimal solution of (YI). q is uniformly bounded (for the _--norm).
We may then extract a subsequence that converges weakly to q in _:(1)). So, when e

tends to zero, the weak convergence in (3.8) and (3.9) gives us (3.13) and (3.14).
Conversely, let us choose (y, v)e and sum (3.13) and (3.14). As Ay =f+ v in

fl and Aft =f+ 3 in 11, we have

Ia (+ N)(v-) dx= faP[A(Y-fi)] dx+ Ia N(v-) dx>--O’

V(y, v) e 9, J’(y, 3)(y )7, v ) => O.

Thus (y, 3) is the (unique) optimal solution of (H). 13
Remark 5. We have chosen g’ _2(1)), but the proof is the same for any dense

subset of _2(f). We may also choose very regular perturbations of the control setting,
for instance, g Co(11.) (the c-functions on 1) equal zero on F).

Remark 6. When g _2(f), (3.11) is equivalent to

:1Vo Uad such that Yo T(vo) IntH2(m (K)

(Intx (K) is the interior of K in the sense of X-norm).
If n-<3, H2(I)___ (1)), and () is equivalent to the Slater condition,

() :1u c Uad, T(u)c lntao(K).
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So (according to Bonnans and Casas) if we choose Uad such that 0 Uad and
K-{y()o(f)lly(x)l<_l in 12}, () is satisfied and Theorem 3.7 gives the
optimality conditions.

Now let us consider another example. Let K and Uad be the following sets (n _-< 3)"

(3.15) K {y e H2(f) Hlo(f) (x) -< y(x) <= d/(x) a.e. on f},

(3.16) UaO={V_2(O) Ia(X)<= V(X)<--(X)} in

If qglr lr, the Slater condition (i.e., ()) cannot be satisfied because the _-
interior of K is empty. So we would like now to weaken assumption (3.11) to extend
the results of Theorem 3.7. Of course, under weaker assumptions we obtain a "weaker"
optimality system. That will be done by changing the space and, more precisely,
the topology of .

3.1.4. A "weak" condition. Let be o(i2) with the fl_-norm. (o(12) is the set
of continuous functions equal to zero on F.) Equation (3.11) then becomes

:IV Uad :ifl > 0, :IR > 0 such that

IK o( o(f)), :Iv,, 2(Vo, R)i"1 Uad, y,,= T(f+v,,-pK)6K,

((o()) { o(Xa)l I111= 1} is the unit ball of o(12).
Remark 7. Let us consider K and Uad defined with (3.15) and (3.16), and assume

that we can find
1. e e C1o(1)) such that e > 0 in 1, Oe/On < 0, and 0 + e _-< e a.e. in
2. Vo Uad such that Yo T(vo) [q+ e,

then (*) is satisfied.
We first note that it is sufficient to find p > 0 such that for all

e(x)
(i) Iz(x)l- ,_-<o,

p

where z T(r).
Let be in Y3(Co(1)). z= T(r) c2o() and [[Vzllo <- M, [[zl]-<_M, where M

is independent of K. Moreover, as e co(1), we can find m > 0 such that for all x F,
(Oe/On)(x)<-_-m<O.

We first show that (i) is true (with p >-_ m/(2M)) on an open subset V of fl, such
that F

Let x belong to F, and Vx the exterior normal to F at x. We can see that (i) is
satisfied on Ix Ix, x- axVx[, where ax is small enough and nonnegative. (We use the
Taylor formula applied to the restriction of e to Ix.) Then we set V U {I(x)[x F}.
(We use the regularity properties of fl and F, and the fact that 12 is locally on the
same side of F.)

Then we may find a compact subset C of 1-/such that C M F -. As the function
e is continuous on C and strictly positive, we can find th > 0 such that e(x)>-th for
each x of C. So (i) is satisfied on C if we choose p >-th/M.

Remark 8. We may note that (5) (defined with Remark 6) implies (Yg*), but is
not equivalent because T is no longer an isomorphism from _(1) to H2(12)M Hlo(12).

Proposition 3.6 ensures that q is bounded in the dual space of g, i.e., in the space
of Radon measures on f/" A/(I-/). As before, we would like to pass to the limit in the
penalized optimality system. The main difficulty is that we must choose test functions
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smooth enough to take the limit, in the dual sense ((1)), o(11)). So we define

(3.17)

(3.18) (3) 5 + o(f).

(We note that 37 (37) and 3 (3)).
We obtain the following result.
THEOREM 3.8. Let us assume (*) and let (, ) be the solution of (II). Then there

exists gl J/t f such that

(3.19)

(3.20)

Proof We know (Proposition 3.6) that q is uniformly bounded in M(f), and we
can then extract a subsequence that converges to t] in M(f) (with weak star topology).

We cannot pass to the limit immediately in the penalized optimality system because
Aye does not converge to A)7 in o(1)). (We do not even know if Aye belongs to o(f)
or if A37 is in Co(f).) Nevertheless, we may write (3.8) and (3.9) as the following:

VyK dx+ f q[A(y-y)+(Afi-f)-(Ay-f)] dx>=O,

’’/) E Uad IaNv(v-v) dx-Ia q[(v-)+(5-v)] dx >=0,

VyeK fapA(y-y) dx+ faqA(y-fi) dx+I q(-v) dx-ellqll>=O,

Adding these two inequalities, we obtain for all y e K, v e Uad,

IpA,y-y) dx+fqA(y-)dx+faNv(v-v)dx-laq(v-f)dxO.
We know (without needing (*)) that for all y

I,pA(y-y,dxfa.(y-,dx andfaNv(v-v,dx-faN,v-f, dx.

Now we can pass to the limit in Ia qA(y-) dx and Ia q(v-) dx if and only if
A(y-) and (v-) are "smooth enough," i.e., y e (p) and v e (). Thus we get
for all y e K (), v e Uad (),

[p+#][A(y-)] &+ [NO-OilY-el

Then, decoupling again (with the successive choices of y and v 0), we obtain
(3.19) and (3.20).
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Remark 9. As the test functions must be smooth we lose, of course, the fact that
the optimality system is sufficient to ensure that (29, 0) is the optimal solution. Moreover,
the difficulty still remaining is to be sure that the test functions spaces K 71 o%(35) and
Uad (’] (4.(0) are large enough to allow good numerical experimentation. It is the case,
for example, if 0 and f belongs to []_[]r(-) with r > n/2"O c(1)) and )7 ]r+2(-)
(fi).

Remark 10. Let us consider the particular case where A =-A+ Id, f=0, Uad--
_2(f), and K {y H2(I)) [el <-- }. This problem is not qualified and has been
studied by Abergel and Temam [2], who have proved the existence of an adjoint state
(or multiplier) in BLo(I)), where BLo(I)) {q 6 _2(1)) [-Aq + q 6 d//(f), q 0 on F}
(d//(f) bounded measures on 1), and established sufficient and necessary optimality
conditions for )5 to be an optimal solution. Let us apply the penalization to the following
problem. Proposition 3.2 gives

(a) VyK fa[p+q][-A(y-y)+(y-y)]dx>-O,
(b) V-2() fa (Nv-q)(v-v) dx>-O.

Part (b) means that q Nv and so q converges strongly in _2()) to NO. We may
pass to the limit in (a) without any qualification hypothesis, and we get

(c) Vy K Ia[ff+(t][-A(y-fi)+(y-fi)] dx>-O.

So if t]e BLo(I), we may define the measure f=-At]+ t] according to [2], and

Vy e H2(I))f’l Hlo(a) f (-AO + 0)Y f O(-Ay + y) dx.

Finally, )5 is an optimal solution of (H) if and only if there exists, in BLo(f), a
multiplier (or adjoint state) t such that

(d) VyK Ia[fi--Zd--Agt+gt][y--fi]>--_O
q N(-Ay+y).

Let us note that

(d) :I (--Zd--Agt+gl)fi+fa’f2dx=Inf{fa(fi--zd--Agl+gl)(Y)}’YK
So we obtain an optimality system similar to the one of Temam and Abergel. Neverthe-
less, we are not able to prove that t] belongs to BLo(I) with a proof different from
the one of the above authors.

Remark 11. The weak optimality system ensures the existence of Lagrange multi-
pliers (as measures) without the Slater condition. We may then use, for instance,
Lagrangian methods to compute the solution. These methods are min-max methods
dealing with the Lagrangian ofthe problem, which is well defined because the multiplier
exists (cf. [15]).

3.2. Neumann boundary conditions.
3.2.1. Penalization. The method is the same as in 3.1, so we just give results

without detailed proofs (for more details, see [5]).
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We now consider the following Neumann problem:

Ay=f+v sur f,
(3.21) P(v) 0___y 0 sur F,

0/)A

where v _2(f), f _2(12).
P(v) has a unique solution T(v) in H(12) (cf. [19]) and T:v y= T(v) is ane.

Let K be a nonempty, convex, closed subset of e(),

(y H2( OyoVA l/2(F) 2(F))"
Let gad be a nonempty, closed, convex subset of [(). For e > O, let us define

J on V x [2() by

dF.(3.22) J(y, v)=J(y, v)+ (Ay-f-v dx+ A

PROPOSITION 3.9. (H) has a unique solution (y, v) in K x Uad and

V(y, v)K x Uad, J’(Y, v)(y-y, v-v) O.

So we call

(3.23)

Ay-f-v
q _2(12),

10y
re 2(F),

and let p ]2(’) be the adjoint state solution of
A*p y Zd in 12,

Op
-0 on F.

OVA
The penalized optimality system is given by the following result.
PROPOSXTION 3.10. Let (y, v) be the optimal solution of (II). Then

(3.24) VyK II" (r+p)O(y-Y) dF+

(3.25) ’ve gad (Nv-q)(v-v) dx>-O.

The following theorem describes the asymptotic behaviour of y, v, and p.
THEOREM 3.11. When e tends to O,

(i) v converges to strongly in _(f);
(ii) y converges to fi strongly in H2(1), where (, ) is the solution of (II);
(iii) p converges to ff strongly in (12), where fi is the solution of

A*p
(3.26)

-0 on F;
OVA*

(iv) Oy/OVA converges to Ofi/OVa=O (strongly in [k(F)).
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Now we must estimate the two multipliers, qe and re. So let ga and gr be two
dense subsets of, respectively, _2(f) and _2(F) such that the injections are continuous.
We state the following assumption:

(3.27)
Zip>0, ZiVoUad, ZiR>0 such that

) X (I’), ZiVrt 2(Vo, R) rl Uad such that Yn K,

where yn is the solution of

Ayn f+ vn pK in

(Pn) OYn p onF.
OVA

We may then ensure that re and q are uniformly bounded in the dual spaces of n
and r.

PRoPosrrioy 3.12. Assuming (3.27), there exists C > O, eo > 0 such that

Ve ]O, eo], tK :( ga), V, (r) fa qeK dx + f,. re dF <- C.

Then we still have two different optimality systems more or less "strong."

3.2.2. The "strong" optimality system. Let us choose (as before) Ea -2() and
gr IL2(F).

THEOREM 3.13. Let (, ) belong to and let us assume

Zip>0, ::lVoeUd, ZiR>0 such that

() Vn’--(K, )E,2(..Q,)X2(1-’), ZiVwe2(Vo, R)r"] Uad,

such that the solution y, of (P,) belongs to K.

(, ) is the optimal solution of (H) if and only if there exists q _2(1), ? _2(F)
such that

(3.28) VyK f, (+f) (Y-Y----2) dr+
OVA

(3.29) VvUao Ja(NO-q)(v-O)dx>=0’
where is the adjoint state given by (3.26).

Proof The proof is exactly the same as that of Theorem 3.7.

3.2.3. The "weak" optimality system. It holds that g= o(fl) and gr o(F)
(with the _-norm).

As before, the test functions must be smooth enough to get the convergence in
the dual sense. So we set

o(y)= {y evl(, q,)z o(a)x o(r),
oy 0.9Ay Ay + , on , + on Fl,

(e) e+ o(a),

and we obtain a "weak" optimality system, which is no more sufficient.
THEOREM 3.14. Let (.9, ) be the optimal solution of (r) and assume that

Zip>0, ZiVo Uaa, ZiR > O such that

V’q (, ) G (’o(’},)) X /;(o(F)) Zion G 2(Vo, R) "] Uad,

such that the solution y of (P) belongs to K.
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Then there exists t (f), (F) such that

(3.30) VyEKNff(fi) Iv(f+/)O(Y-)dF+Ia[gl+ff][a(y-.9)]dx>=O,ooA
(3.31) Vve gadn (Nf) a (NO-)(v-O) didO,

where ff is the adjoint state given by (3.26).

4. Case II: Boundary control problems.
4.1. Dirichlet bounda conditions.
4.1.1. Penalization. Let us consider the following Dirichlet problem:

p(v,[ay=f in,,
(41) [y= v on F,

where fe [(O) and v e [Z(F)( H-/(F)).
P(v) has a unique solution y= r(v)W= {y e (a) lAy e t(O)} (with the norm

Ilyll Ilyll +lleyll ), and T is affine (linear if f=0). K (respectively, Gad is a

nonempty, closed, convex subset of W (respectively, [2(F)).
Remark 12. If we consider pointwise constraints, we must be able to define y(x)

everywhere in ft. If n N3, it is sufficient (cf. [19]) to take Sad3/e(F) so that
y H2(O)( (fi)).

We consider, for example, the "cost" functional defined on [()x [2(F)
1

(y-za) &+-- v &.J(y, v)
2

We always consider the control problem (H) (cf. 2) and assume that (2.5) is satisfied.
e > 0 being given, let us define J on W x [2(F) with

1 Iv 1 fa(AY+f)dx, ifYlr2(F),
(4.2) L(Y, v)=

J(y’ v)+ (y-v)2 dF+2
+ else.

Remark 13. The second penalization term does not come from a relation between
the state y and the control v. Anyway, it is more interesting to introduce it to simplify
the convex where the test functions y are to be chosen. (If we omit it, we must take
y in Y{ {y K lAy =f in }.) Moreover, if y belongs to W we do not know whether
the trace of y on F belongs to [2(F). We know that this trace can be defined in M-1/z(F).
So we define K* as K* {y K lylv [(F)}.

PROPOSITION 4.1. () has a unique solution (y, v) and

(y, v)eK*x Uad, J’(Y, V)(y--y, V--V)eO.

So we get

VyK*

Gad

(y-za)(y-y) dx+- [Ay-f][A(y-y)] dx

+- (y v)(y y) dr=>0,

Nv (y v)][v-v]dF>=O.
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Let us define

(4.3)
q [I_:(F),

S
AY f _2 fl

Let p= ( Ho(O) f3 H2(II)) be the solution of the dual problem

(4.4)
A*p y Za in f,
p=0 on F.

Using a henceforth classical calculus, we obtain the following penalized optimality
system.

PROPOSITION 4.2. Let (y, v) be the solution of (1-I); then

(4"5) VyK I,( OP )-+q (y-y) dF+ {s+p]{A(y-y)] dx>=O,
OVA.

(4.6) VVUad f(Nv-q)(v-v)dF=>0.
The first result about the asymptotic behaviour of e-quantities is given by the

theorem below.
THEOREM 4.3. When e tends to O,
(i) v converges to strongly in _2(F);
(ii) y converges to strongly in W ((.9, ) is the solution of (H));
(iii) p converges to strongly in H2(O) f-I Ho(f), where is the adjoint state solution

(4.7)
A*fi .9- Zd in 12,

fi=0 on F;

(iv) lim_o Opt/OVA. Off/OVA. strongly in []-[]1/2(1-’).
As we must now estimate q and st, we assume once again that

]p > 0, ]V Uad ::IR > 0 such that
(4.8)

Vr/= (K, sc) e Y3(ga) x g(gr), ::Iv, g2(Vo, R) f3 Uad such that y, e K,

where y, is the solution of

(p,)ay,/=f-PK in

I.y,=v,-psc onF,

where ga and gr are dense subsets of, respectively, _(f) and _(F), such that the
injections are continuous and g(g) is the unit ball of g (for the g-norm).

Then q (respectively, s) is bounded in the dual space of gr (respectively, ga).
PROPOSITION 4.4. Assuming (4.8), there exists C > O, eo > 0 such that

v]0,o], v(,)e(.)x(r) I.qclr+Is,,clx<-_c.
Proof The proof is the same as that of Proposition 3.6, but we are going to detail

it somewhat.
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Let (K, ) belong to (n)x (r). Let us sum (4.5) and (4.6) applied to the
couple (y,, v,) of K*x Uad given by (4.8). We obtain

IF(--OVA*OP +q)(y,_y)dF+fa[s+p][A(y,_y)]dx

Ova.OP---z-+q) (v’-
+ fr (Nv-q)(v,-v) dF->O,

v -p- eq) dF + fa [s +p][-pK es] dx

+ (Nv-q)(,v,-v)
F

As before, all the quantities of the right side are bounded, and we have the wanted
inequality.

4.1.2. The optimality system. As before, we make two different choices for the
norm of g. First, we choose g _2(f/) and gr _2(F), so that (4.8) becomes

:lp>O, 5tVoUad, :IR>0 such that

() /r/=(,sc)2(f)x2(F), lv,2(vo, R)f3 Uao such that

the solution y, of (P,) belongs to K.

We obtain a "strong" optimality system, shown by the following result.
THEOREM 4.5. Let us assume (Yg); let (, ) be in @ and fi be defined with (4.7).

(37, iS) is the optimal solution of (II) ifand only if there exists q [1_2(1-’), gE _2(-) such that

(4.9) Vy K*
Op

+(t (y-)7)dF+ [g+][A(y-)] dx>=O,

(4.10) Vv Ua fv (N-Cl)(V-) dF_>-0.

Proof As in 3, q and s are bounded in _. So we are allowed to pass to the
(weak) limit in the penalized optimality system. The rest of the proof is exactly the
same.

Remark 14. Let us compare the condition (Y() to the Slater condition (5) for the
boundary case and assume for simplicity f 0. It holds that

){Ay =0 in
P(v

y v on F,

has a unique solution y T(v), in W for any v in H-1/2(F).
The Slater condition, 0 Intw (T(Ua)-K), is equivalent to

(0) p>0, Vs.t. llll_-<l, vUaa, ::ly, 6K, y=T(v)-pq,
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and () is

3R>0, 3p>0,

v,/, (,,. ) () x =(r),
lV Uad

:::lv 2(Vo, R)CI Uad

::ly K such that

Aye, 0 in f,
yq,=v on F.

If Uad is not bounded, () is more restrictive than (5e) because we impose v in
2(Vo, R). If Uad is bounded,

Proof. (5) ().
Let q (K, sc) be in ?2(-)X J2(F). :qIq /such that Aq K in f and q on

F. Moreover, [[q w--< C (because T is an isomorphism). So there exists (v, y)
UadX K such that y= T(v)-(p/C)q, and () is satisfied (with p/C instead of p).

()(Se). Let qW such that []p[[w=< 1, a, _2(f), and [[a, [[a <-1. So there
exists (v*,y*) UadXK such that Ay*=-pAq in f and y*=v* on F. Then (be) is
satisfied with y T(v*)-pq. [21

Now we may weaken this result as we did in the previous section; we choose

= Co(f) and "gr COo(F) (with the L-norm), so that (4.8) becomes (*),

Zlp>O, ZiVoUad, ZiR>0 such that

VTl-(K,);cxz((’o(-))XCXz((o(r)) ZiV/ 2(Vo, R) -] Uad
the solution y. of (P.) belongs to K;

((o(a))-- {,, e %(a)) I1,, II.(.-<_ 1}).

such that

The difficulties we met in the distributed case still remain, of course. We may
bound the multipliers in a measure space and pass to the limit in the dual sense
(measures, Co functions). So we must consider, once again, test functions that are
smooth enough. Let us define

(fi)={yW[Zi(q,$)eCCo(12)XCo(r),ay=afi+q on a,y =)7+q on F},

(e) e + o(r).

We then have the following theorem.
THEOREM 4.6. Let (, O) be the optimal solution of (H) and assume (*). Then

there exists t A//(F), g d//(f) such that

(4.11) Vy IF(--OVA*O----P+q)(Y-y)dF+fa [g+P][A(y-.9)] dx >=O,

(4.12) Vve Ud (0) NO q)(v 0) dF _>- O,

where d/l(1)) (respectively, d//(F)) is the set ofbounded Radon measures on f (respectively,
on F).

Remark 15. (Y(*) is weaker than (ow). Indeed, ifwe take q in W such that q w -< 1,
we cannot always find v in Uad and y in K (with the assumption (g(*)) such that
Ay =-pAso in f because, generally, Ao does not belong to _(f). Anyway, the
distinction between () (i.e., (0)) and (*) does not seem to be useful (at least in
the case of pointwise state constraints) because it is essentially a distinction on interior
perturbations, and we have a boundary problem.
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Now let us end this remark with the following example"

K {y W q <-_ y <-_ 4, a.e. in 1)}

and

gad {/) -2(r) o < /) < a.e. on F}

(with a -< qlr and/3 _-> qlv). If we can find e e o(f), e > 0, such that q + e _-< q, e, then
(9() is satisfied (with Yo e q + e, q, e] and Vo

4.2. Neumann boundary conditions. We now consider the following Neumann
problem"

Ay=f in f,
(4.13) P(v) Oy

v on F,

where f I1_2(1) and v e _2(F).
The unique solution y= r(v) of P(v) is in V={yel(f)lAye_2(a)}. K and

gad are nonempty, closed, convex, subsets of, respectively, V and _2(F). If y belongs
to V, then (Oy/OVa) belongs to NI-/2(F), but not necessarily to _2(F). So we define, as
before, the convex subset K*={ye K[(Oy)/(Ova)e_2(r)}.

Remark 16. If UaaC_H1/2(F), then T(v)H2(O) and K*= K.
Let us give e > 0 and define J on V x _2(F) with

(4.14) J(y, v)=
(y, v)+-e (Ay-f) dx+--2e --VOVA dF, ife_2(F),0VA

I+ oe if not.

PROPOSITION 4.7. Thepenalizedproblem (He) has a unique optimal solution (y, v)
and for all (y, v) K * x Uad J" (Y, v (y y, v v >= O.

We define (as usual)

(4.15)

q v _(F),
E \01)A

and p H(f) (adjoint state), solution of

A*p y Zd in f,
Op

0 on F,
OVA*

and we still obtain results similar to previous ones.
PROPOSITION 4.8. Let (y, v) be the optimal solution of (1-I)"

(4.16) Vy6K* (p+q) O(y-Y) dI’+ [s+p][A(y-y)]dx>=O,

(4.17) Vv gad dF->_ 0.
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THEOREM 4.9. As e tends to 0,
(i) v converges to strongly in _2(F);
(ii) y to fi strongly in / (where (fi, ) is the solution of (H));
(iii) p converges to strongly in H2(O), where is solution of

(4.18)
A*ff=y-za in 12,

-0 on F.
OVA.

Once again, we must estimate q and s, and we assume that

(4.19)
lp > 0, ]V E Uad ::IR > 0 such that

V7=(K,:)E()X(r), :lvv32(vo, R)fq Uad such that y,K,

Ay, =f-pK in

(p,) Oyn
=v,-psc onF.
OVA

4.2.1. The "strong" optimality system.
THEOgEM 4.9. Let us assume (4.19) with 2() and r (F) and let (, fi)

be in . (, ) is the optimal solution of (H) ifand only ff there exists (F), g ()
such that

(4.20) VyK* fv(ff+q) O(Y-fidr+
(4.21) Vv6 Uad F (Ne-)(v-e) dry0,

where ff is the adjoint state defined by (4.18).

4.2.2. The "weak" optimality system. In this case, ff() and () are defined as
follows:

()={yVl(,)o(,)Xo(F) ay=a+ onO - 0 onF}
() e+ o(r).

THEOREM 4.10. Let us assume (4.19) with ,= o() and r Co(F) (with the
-norm, so that ()={ 1)). Let (, e) be the optimal solution of (H);
then there exists (F), g() such that

(4. e*( (+(-ar+ (+[(-]x0,

(4.23) Vve Uaa (0) (NO-q)(v-) dF0,
F

where is the adjoint state defined by (4.18).. Cels. For every classical" case we sought, we retrieve already-known
results (i.e., the existence of an optimality system, assuming the Slater condition). In
the case where the control is distributed, we have proved the existence of multipliers
that are measures (if the Slater condition is not satisfied). The main problem then is
to estimate" the sets () and () defined for the weak" system: are they qarge

where y, is the solution of
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enough" to allow good numerical experimentation? The answer is not obvious; we
must study how Lagrangian methods (for example) work and the regularity of the
solution (, fi).

This penalization method may be applied to any problem of control with state
constraints (especially to nonlinear problems) and provides decoupled optimality
systems that may be solved with classical multipliers methods. Moreover, the penaliz-
ation itself may lead to algorithms that allow us to compute the solution and the
multiplier simultaneously. Once again, the regularity of the multiplier is one of the
main difficulties we are meeting, and the optimality system may answer this kind of
question (see [13] and [2], for instance).
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DIFFERENTIAL INCLUSIONS AND TARGET PROBLEMS*

MARC QUINCAMPOIX

Abstract. Where and how solutions associated to a differential inclusion can or cannot enter a given
target is studied. For this purpose, partitions of the target boundary are associated with the dynamic of the
system. The behaviour of these solutions is qualitatively described in terms of viability and invariance kernels
of sets. These kernels determine points such that there exist (respectively, all) solutions starting at these
points remain in a given set of constraints. The sets that are reached in finite time by viable solutions to

the system are also studied. Finally, some applications to control systems with one target are provided, and
the concept of semipermeable barriers will be generalized.

R6sum6. I1 s’agit de savoir o et comment les solutions d’une inclusion diff6rentielle peuvent ou non
franchir le bord d’une cible donn6e. On 6tablit pour cela une partition de la frontire de la cible en fonction
de la dynamique du systbme. Ceci sera utilis6 pour d6crire le comportement qualitatif des trajectoires par
rapport aux noyaux de viabilit6 et d’invariance de plusieurs ensembles. Ces noyaux d6crivent les conditions
initiales partir desquelles il existe des solutions de l’inclusion diff6rentielle avec contraintes. Nous d6finirons
aussi des ensembles qui sont atteints en temps fini par des solutions de l’inclusion diff6rentielle avec
contraintes. Cet article se termine par une application aux systmes contr616s une cible et par une

g6n6ralisation de la notion de barrire semi perm6able.

Key words, viability, invariance, semipermeable barriers, differential inclusions

AMS(MOS) subject classification. 49A50

1. Introduction. We consider an open set C and a system whose evolution is
described by the following differential inclusion:

x’(t)F(x(t)),

where F is a set-valued map and x(t) X :-n. We assume throughout this paper,
that the set valued map F has nonempty values.

A first question is: On what part of the boundary can the state of the system reach
the target C?

For that purpose, we prove a new result about the tangent cone to an intersection.
Thanks to this, we define the three sets C e, C b, C of the boundary of C that form a
partition of 0C. Then we prove that solutions crossing the three areas C e, C b, C of
0C have the following qualitative properties:

If a solution crosses C i, then it enters C,
If a solution crosses C e, then it goes outside C,
If a solution crosses the interior of C b, then it remains (locally) in 0C.

In answering the above question, we prove a new result about the tangent cone to
an intersection. Thanks to this, the three sets C e, C b, C form a partition ofthe boundary
of C.

* Received by the editors August 29, 1990; accepted for publication (in revised form) March 1, 1991.
? Centre de la recherche de math6matique de la d6cision (CEREMADE), Universit6 Paris-Dauphine,

Place du Mar6chal de Lattre de Tassigny, 75775 Paris cedex 16.
This allows us to incorporate a lack of exact knowledge of dynamics or to represent a control system

with state-dependent control map U(x):

X’(t):f(x(t), u(t)),

U(t)_ U(x(t))

through a differential inclusion, by setting: F (x):=f(x, U(x)).
If it is not the case, we can study the differential inclusion in the interior of the domain of F.
In the relative topology of 0C.

324



DIFFERENTIAL INCLUSIONS AND TARGET PROBLEMS 325

Another question is: From what initial conditions can the system reach C?
Let us consider a differential inclusion with constraints

(1) x’(t) F(x(t)), x(t) K,

where K is a given closed set (we shall use K := X\C).
We need some definitions and properties concerning differential inclusions with

constraints (see [5], [6]).
We shall say that a solution x(. of the differential inclusion (1) is viable in K if

and only if

/t>--_O, x(t)K.

The solution x(. is locally viable in K if and only if

::IT>0, such thatVt-<T, x(t)K.

A set K has the viability property if and only if, for any point Xo of K, there exists
at least one solution to (1) starting at this point that is viable in K.

A set K has the invariance property if and only if for any point Xo of K, all solutions
to (1) starting at this point are viable in K.

In the literature, the above properties appeared in different contexts under many
names (when F is single-valued the both reduce to invariance of dynamical systems).
For general control systems introduced by Roxin, these two properties have different
names. "Viability property" is called "weak invariance," and "invariance property" is
called "strong invariance" (see [26], [27]). They also have been called "controlled
invariance" by other authors (Wonham, Byrnes, Isidori, Morse, and others).

A closed set K is a viability domain if and only if

Vx K, F(x) c Tic (x) .
The set K is an invariance domain if and only if

Vx K, F(x) c Tic (x),

where Tic(x) denotes the contingent cone4 to K at x.
If K is closed, if F is an upper semicontinuous set-valued map with nonempty

closed convex compact values and linear growth,6 then, thanks to Haddad’s viability
theorem (see [17], [5]), K is a viability domain if and only if the viability property
holds for K.

When K is not a viability domain, the question arises as to how to find closed
subsets in which it is possible to solve (1) in K. With these assumptions it is possible
to define the viability kernel.

DEFINrrION 1.1. The viability kernel of a closed set K is the largest closed viability
domain contained in K.

We have some examples of computation of viability kernels in [7] and [14].

Recall that Tic(x):= {v Xllim infh_,O d(x + hv, K)/h =0}.
Let us recall that a set-valued map F is upper semicontinuous at Xo if and only if

’e>0,::la>0, F(xo+tB)cF(xo)+eB.

We say that a map F has a linear growth if there exists c > 0 such that

/x X, F (x) c(1 + Ilxll)n.
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In a similar way, thanks to the invariance theorem (see [5]), if K is closed and
if F is Lipschitzean with compact convex values and linear growth, then K is an
invariance domain if and only if the invariance property holds for K.

Under these assumptions it is possible to define (see [5]) the invariance kernel.
DEFINITION 1.2. The invariance kernel of a closed set K is the largest closed

invariance domain contained in K.
In this paper, we prove some properties of the boundaries of viability and

invariance kernels. In fact, under adequate assumptions, the boundaries of ViabF (K)
and InVF (K) are viability domains.

We shall also try to answer another question: Is it possible to find a solution to
the differential inclusion with constraints that reaches a given point? To investigate
this question, we shall introduce and study kernels for -F that yields backward
trajectories.

In the last section, results concerning the boundaries of the kernels of a differential
inclusion will be used to study the following control system with a target C"

x’(t)=f(x(t), u(t)) u(t) U(x(t)).

We shall generalize the concept of semipermeable barrier (introduced by Isaacs in [18]
for differential games). Recall that a barrier allows us to separate the areas from which
it is possible to reach C and the areas from which it is not possible (see also [10], [9],
[11]). Recall that a C 1-surface is semipermeable when it satisfies an equation such
that maxuf(x, u).n<=O or minuf(x, u).n>=O (where n is the normal vector of the
surface). It means that the solutions of 5.1, (5) are able to cross the surface in "only
one direction." In fact, we prove that the solutions of a control system can cross the
boundaries of viability and invariance kernels only from the exterior of the kernel to
the interior of the kernel. In this sense the boundaries of invariance and viability kernels
are semipermeable.

2. The target boundary and the dynamics. We study a system whose dynamics are
described by the differential inclusion"

(2) x’(t)F(x(t)),

where F is the set-valued map whose values are nonempty convex and compact from
a finite-dimensional vector space X into itself. We also consider a set C (the target)
that is open nonempty and different from X.

Let us define two closed sets K :- X\C and/ := X\K (. The Haddad viability
theorem [17] provides conditions such that the state never reaches C. Here we study
how it is possible to reach C.

We first state our results; their proofs will be given in 2.4.

2.1. A geometrical result. We need a result concerning the contingent cone to an
intersection of two closed sets.

DEFINITION 2.1. Let .K be a closed set. The Dubovitsky-Milliutin tangent cone
is defined by

D:(x):= {v Xl3a >0, x+]0, a](v+aB)c K}

or, equivalently, Dry(x)= X\T(x).

Let us recall (see [5], [6]) that a set-valued F is Lipschitzean if and only if there exists a positive real
k such that

V(x,y)eXxX, F(x)cF(y)+klx-ylB.
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THEOREM 2.2. Let K1 and K2 be two closed sets of a normed vector space X. Then,
for any x,

TKI(X TK2(X DI,:,(x) T,,I,:(x).
This result allows us to characterize the intersection of contingent cones, without

assumptions on the regularity of these cones.
COROLLARY 2.3. Let K1 and K2 be two closed subsets of X.
Ifx K1 K2 Int K1 w K2), then

TKI(X) O TK2(X)"-" TKlt-.K2(X
We recall that the same conclusion can be obtained when we assume the following

transversality condition:

(3) Clq(X)- Cl2(x) X,

where Cl(X) denotes the Clarke’s cone9 to K at x.
Remark. These two results allow us to express the contingent cone to an intersec-

tion in different cases.
In 2, we can compute the tangent cone at (0, 0) to the intersection of

K:={(x,y)lx<=O} and K2:={(x,y)lx>=O}

thanks to Corollary 2.3, but not from the transversality condition (3). In the case of

K := {(x, y)lx= y} and Kz:= {(x, y)lx=-y},

it is possible to compute the intersection thanks to (3), but we cannot use Corollary 2.3.
We can deduce the very useful Corollary 2.4.
COROLLARY 2.4. Let x belong to X. It holds that

and

T,,(x) Te:(x)= To,,(x)

D (x) T: (x)\ Tou (x).

This corollary can be used in the study of the qualitative behaviour of replicator
systems in, the simplex (see [12]), or to study the fluctuations of solutions around the
boundary of a given set (see [19]). Corollary 2.3 can be generalized to compute the
contingent cone to an intersection of a finite number of closed sets as follows.

COROLLARY 2.5. Let K1, K2," ", Kp be p closed subsets of a metric vector space
i=p

Ki If there exists an open set that contains x such thatX and let x belong to (-)i=l

i=1

then

p

T=,,,(x) T,,,(x).
i=1

It is a pleasure for me to thank Halina Frankowska who suggested improving Corollary 2.3 into
Theorem 2.2 by using Dubovitsky-Milliutin tangent cones.

9Recall the definition of the Clarke’s tangent cone (see, for instance, [6, Chap. 4]), CK(x)=
{vllim infh__,O+,y_,x,yi,: d(y>=hv, K)/h=O}.
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2.2. First partition of the target boundary. Let us introduce three subsets of the
boundary that are dependent on the dynamic of the system

K’:={x6OK/F(x)c DK (X)},

Ke:={xOK/F(x) c X\TK(X)},

Kb := {x OK/F(x)m ToK(X) # fg}.

PROPOSITION 2.6. If F" X-->X is an upper semicontinuous set-valued map with
nonempty convex compact values, if K is closed nonempty, then (g e, K i, g b) form a
partition of the boundary OK (in the sense that OK Ki Kb Ke and these three sets
are disjoint).

If xo belongs to K i, then all solutions starting at Xo enter Int (K) and stay in the
interior on time interval ]0, T[ (with T> 0).

Ifxo belongs to K e, then all solutions starting at xo enter Int X\K) and stay outside
K on ]0, r[ (with T> 0).

If xo belongs to Int0K K b, then there exists a solution starting at Xo that stays on
the boundary OK on ]0, T[ (with T > 0).

Remark We can note that, when OK is a C surface, the subset Kb K is
often called the boundary usable part and K the boundary nonusable part.

For a set A, we set A:= X\A and we denote by Int (A) its interior. We can
introduce the same type of partition for the closed set (2 =/, i.e., the three sets (2 =/ i,
lb= /b, e= /e, which form a partition of 0/. A natural question arises" How can
we compare /i,/ b, / and (K e, K i, K b)

PROPOSITION 2.7. Let K be a closed set and F a set-valued map with nonempty
convex values.

K i-- I e, K I K I
Equalities hold true if and only if Int (K)= K.

The first statement and the inclusions are obvious. If the equalities K=/,
K =/ hold, then necessarily OK 0/, i.e., -t-- K. It is easy to show that this
condition is sufficient (in this case K K).

We can improve this partition to have a more precise one.

2.3. Second partition of the target boundary. Let us consider the following differen-
tial inclusion:

(4) y’(t) -F(y(t)).

We can regard the solutions of (4) as solutions of (1) but in the reverse direction
(i.e., if x(.) is a solution of (1) on [0, T], then y(t):= x(T-t) is solution of (4) on
[0, T]). In this way, we get the backward trajectories of (1).

We introduce the subsets

Ki-:={x6OK/-F(x) DK(X)},

Ke-: {x OK/-F(x) c X\ TK(X)},

Kb-:= {x e OK/ F(x) c ToK(X) }.

These three sets also form a partition of OK. Consequently, these two partitions
yield a new partition of the boundary made of nine subsets.

o Here, we denote by IntoK K the interior of K in the space OK.
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We can describe the qualitative behaviour of solution, as in the previous section,
in the following proposition in which we shall denote by Int (K b) the interior of K b

in the space OK.
PROPOSrrION 2.8. Let K be a closed nonempty set.

Xo is an element of Properties of solutions that start at Xo

KiosK i-

Ki c3K

K c Int (g b-)

Ke c3 K

Ke K i-

K Int (K b-)

Int (Kb) c Int (K b-)

Int (Kb)c K-
Int (K b) K

All solutions enter K at Xo.
No solutions come from the exterior of K.
All solutions enter K at Xo.
No solutions come from the interior of K.
All solution enter K at Xo.
There exists at least one trajectory locally viable on the boundary that comes

into Int (K) at x0.
All solutions go outside K.
No solutions come from the interior of K.
All solutions go outside K.
No solutions come from the exterior of K.
All solutions go outside K.
There exists at least one solution locally viable on the boundary that comes into

Int (K) at Xo.
There exists a solution passing through Xo (i.e., :!->0, x(’) =x0) and locally

viable (for F and -F) on the boundary.
No solutions come from the exterior of K.
There exists a solution locally viable on OK that comes from the interior of K.
No solutions come from the interior of K.
There exists a solution locally viable on OK that comes from the exterior of K.

2.4. Proofs.
Proof of Theorem 2.2. Let v be in Tic,(x) TK2(X) DKuK2(X). According to the

definitions of these sets, there exist sequences hi., h2. of nonnegative reals converging
to 0, sequences v 2v. converging to v, and a real a such that

Vn x+hlntlnEK1, x+h2 2non - g2,

x+]0, a](v+aB)c Kl Ke.

Clearly, there exists N such that

Vn> N, x+h.v.x+[0, a[(v+aB) fori=l,2.

Since for all n > N, the two points x + h 2v. and x+ h,,v. belong to the convex set
x+[O,a](x+aB)

[x+h 2 2.v,,, x + h,v,,] x +[0, a](x + aB) K K.
On the other hand,

([x+h 2 2 2 K2)=[x h.v.,x+h2.v.].nvn,x+hnvn]c3K1)([x+hlnvn,x+hnv2n]c3 + 2

We cannot form a partition of a connected set made of two nonempty closed sets.
Hence the intersection of the two closed sets in the left-hand side of the above equality
is nonempty. Consequently, there exists A. in [0, 1] such that

A.(x+h .v,,) + (1 A,,)(x + h2.,v2.,) K c K2

(if one of these sets is empty, we obtain the same conclusion by setting ,. := 0 or 1).
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By setting

hn:- Anh +(1-An)h
v,:=(A,h 2

we see that v, - v, h, 0 and x, + h,v, K K.. The proof is completed.
Corollaries 2.3 and 2.4 are obvious consequences of Theorem 2.2 if we note that

Dnlun2(X)= X by asssumption of Corollary 2.3,
Tn,n2(X)= Tn,(X)C Tn(X),
Dn g (x) X trivially.

Proof of Corollary 2.5. Thanks to Corollary 2.3, we have

rnp(X)C T,,_-ln,(X) T=IK,(X).
But we have (with the assumption in the case where j-p- 1)

( c (Kp_l) L) =()- K,
i=1

Hence, according to Corollary 2.3,

TKp_I(X) N TN’,:q-n,(x)= TNf:’ n,(X).
An obvious induction argument allows us to complete the proof.
Proof ofProposition 2.6. Thanks to Corollary 2.4, we can divide the space X into

three sets: DK(X), Tog(x), X\ Tn(x). That provides the partition of the boundary. In
fact, we observe that K K- and if F(x)c Tn(x) and F(x) Tg(x),
then using that values of F are connected, we deduce that x K b. Now, it is easy to
characterize each area (see [5]).

3. Boundaries of invariant and viability kernels. In this section, X denotes a
finite-dimensional vector space. Our purpose is to describe the boundary of the set of
initial conditions of (1) from which it is possible to reach the target C. This set is the
complement of the viability kernel of K X\C associated with (1). We shall now
characterize the boundary of these two kernels.

THEOREM 3.1. Let F: X-X be a Lipchitzean set-valued map with nonempty convex
compact values and with linear growth, and K be a closed nonempty set.

If Xo belongs to 0 ViabF (K)\0K, then there exists a solution viable in K, starting
at Xo that stays in the boundary of Viabv K as long as it does not cross 0K. Furthermore,
every viable solution starting at Xo has the same behaviour.

Proof We prove that there exists a viable solution starting at Xo that stays on the
boundary of the viability kernel until it reaches OK.

In fact, let x(. be a viable solution starting at Xo that enters the interior of
ViabF (K) (i.e., there exists T>0 such that x(T) Int (Viabv (K)) and x([0, T])
Int (K)ViabF (K). According to Filippov’s theorem, there exists l>0 such that,
for all y in K, there exists a solution y(. starting at Yo such that

Vt<= T, y(t)x(t)+l[lyo-XollB.
Hence, it is possible to find a > 0 such that, for all Y0 in (Xo+ aB)\Viabv (K), we have
y([0, T]) = K and y(T) Viabv (K). But there exists a viable solution 97(. starting at
y(T) ( Viabv (K)).

Let us define the new trajectory 97(.

y(s) if s =< T,
y(s) :--

17(s) if s >_- T.

If F is Lipchitzean with nonempty values, y(. ST(Yo) (set of solutions of (1) starting at Yo). There
exists/>0 such that dw,o,r(y, Sr(Xo))<= lllxo-yoll (see [6, Chap. 10]).
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Then 3(.) is a solution to (1) viable in K. We have shown that Viabv (K)w{kv(t),
t_->O} (which contains strictly Viabv (K)) is a viability domain; this is a contra-
diction. [3

COROLLARY 3.2. If assumptions of Theorem 3.1 hold true and if Viabv (K)c
Int (K), then 0 Viabv (K) is a viability domain and the set X\Viab (K) is an invariance
domain.

Proof If we note that O Viabz(K)OK=O then, thanks to Theorem 3.1,
0 Viabv (K) is a viability domain. Let us consider a solution x(.) starting at x0
X\Viab (K). If a solution reaches 0 Viabv (K), thanks to Theorem 3.1, it cannot
enter in the interior of the viability kernel. [3

Remark and example. If ViabF (K) c Int (K), the sets 0 Viabv (K) and 0 Invv (K)
are viability and domains, but, generally, they are not invariance domains. We can see

that in the following simple examples in the two-dimensional space E2.
We consider a constant set-valued map and two closed sets

F:= {1} [0, 1],

KI:= {(x,y)2lx>0, y<- 1/x}w-,

K2:= {(x, y)2lx>O, y>=-l/x}w-.

Then, it is easy to check that

Viabv (K,) =x- Invv (K1) ,
Invv (K2) x +,

Viabz (K2) {(x, y)Z]x>- l, y>-_-l/x}w{(x, y)2lx<- l, y>-x-2}.

Here, the boundaries of Viabv (K) and Inv (K2) are viability domains, but they are
not invariance domains. We can see that all solutions starting at a point of {(x, y) x _-< 1,
y x 2} stay in this set until they reach the boundary ofViabF (K2) (at (+1,-1)). [3

We now prove a dual result.
PROPOSITION 3.3. Let F be a Lipchitzean set-valued map with nonempty convex

compact values, and K a closed compact nonempty set.

If Invv (K) Int K ), then the boundary 0 Invv K is a viability domain.

Proof of Proposition 3.3. We shall show a more precise result: X\Invv (K) is a
viability domain (so that, if XoO Invv (K) there will exist a solution viable in

X\Inv (K) that necessarily is also viable Invv (K); hence it is viable in the boundary).
In doing this, it is sufficient to show that there exists a solution starting at any point
of X\Invv (K) that never crosses Invv (K), so that X\Invv (K) c
Viabv (X\Invz (K)).

Since K is a compact set, there exists a nonnegative number c such that Invz (K) +
2cB c Int (K). We shall need the following lemma.

LEMMA 3.4. Under the assumptions ofProposition 3.3, let x(. be a solution to (1)
and cr > O. Then there exists r > 0 such that, for all >-t’>= O,

x[t’, tic K, Ilx(t)-x(t’)ll > oz::t-- t’>= ’.

Proof of Lemma 3.4. Let us define M:=supxl<[[F (x)l] and r:= triM. As K is
compact and F Lipschitzean with compact values, M is different from infinity. 12 Since

12 This is even true if we assume that F is upper semicontinuous with compact values.



332 MARC QUINCAMPOIX

x(. is absolutely continuous, we have

, -< [Ix(t) x(t’)ll- x’(s) ds <-_ Mlt t’ I.
Hence [t- t’[ _-> r. The proof of the lemma is completed.

Let x K\InVF (K); let us build a solution starting at x viable in K\InVF (K).
We know that there exists at least one solution x(.) that goes outside K (i.e., there
exists rl>0, X(rl)X\K). If this solution stays outside InVF (K) then the proof
is achieved. Otherwise, there exists a time TI>
(InVF (K)+ aB)\InvF (K). According to Lemma 3.4, because [[x(T1)-x(zl)l] >- a, we
have IT1 rl]--> r. But starting at x(T1) there exists a solution (. that goes outside K
(there exists z2, Y(r2) K). Similar to the proof of Theorem 3.1, we obtain a solution
to (1) starting at Xo (again denoted x(.)) such that Y(r2) x(T1 +r2). If this solution
stays outside InVF (K), then the proof is achieved, otherwise

::IT2> T1, x(T2)E(InvF(K)+aB)\InvF(K) with T2-TI>=a.
If there is a finite number of Ti the proof is clearly achieved. If there is an infinite
number of T this sequence converges to oo because T,/I- T, _-> a. We have obtained
a solution of (1) viable in X\InVF (K).

When K is not compact but only closed, it is possible to prove a similar result.
PROPOSITION 3.5. Let K be a closed set, and F a set-valued map satisfying the

assumptions of Proposition 3.3.

If Viabv (K) c Int (K), then X\Invv (K) and 0 Invv (K) are viability domains.
We then deduce a result that follows from Theorem 3.1 and Proposition 3.3.
COROLLARY 3.6. Let F be a Lipchitzean set-valued map with nonempty convex

compact values, and K a closed compact nonempty set. Ifxo 0 InVF (K)m 0 Viabv (K),
then all solutions starting at Xo stay on the boundary of ViabF (K), as long as they do
not cross OK.

Furthermore, if 0 InVF (K) 0 ViabF (K) c Int K it is an invariance domain.

4. Backward trajectories for a differential inclusion. In previous sections, we were
interested in studying solutions starting at a given point; now, we shall study solutions
reaching a given point.

We compare in this section kernels associated to (1) and kernels associated to (4).
Roughly, the concatenation of solutions of (1) and (4) gives us a solution of the

differential inclusion on ]-oo, +oo[.
Let Viab_ (K) (respectively, Inv_v (K)) denote the viability kernel of (4) (respec-

tively, the invariance kernel) of K for the set-valued map -F. Of course, all results
concerning boundaries of these sets are still available.

PROPOSITION 4.1. Let F be a Lipschitzean set-valued map with nonempty convex
compact values and linear growth, and K a closed set. Then

The set Invv (K) Viab_v (K) is an invariance domain for F.
The set Inv_v (K)c Viabv (K) is an invariance domain for -F.
The set Viabv (K) Viab_v (K) is a viability domain for F and -F.
The set Invv (K)c Inv_v (K) is a viability domain for F and -F.

Proof To prove this, we use a technique similar13 to the proof of Theorem 3.1.
Let us prove, for instance, the first result.

Let Xo belong to Invv (K) Viab_v (K) and x(.) be a solution to (1). Fix T>0.
By setting y(t) :- x( T- t) (t [0, T]), we obtain a solution to (4) such that y(T) Xo

Let us recall InVF (K)c ViabF (K) and InV_F (K)c Viab_F (K).
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Viab_z (K). Hence, there exists 37(. a solution to (4) starting at Xo and viable in K
with respect to -F. The concatenation of y([0, T]) and 37([ T, [) provides a solution
starting at x(T) viable in K (with respect to -F). Hence x(T) Viab_v (K); since T
is arbitrary, the proof follows. 1

PROPOSITION 4.2. If assumptions of Proposition 4.1 hold true, then
(i) ViabF (K)c Int (K)==>ViabF (K)c Inv_v (K)
(ii) Viab_F (K)= Int (K)Viab_v (K)c InvF (K).
It follows by exactly the same arguments as in the previous proof.
Remark. We can now "mix" all these subsets and kernels to prove results of the

type

and so on. [3

Viabv (K) m Viabv (/) K ’,
Viabv (K) m Inv_v (/) K b I’-,

5. An application to control systems with one target: Semipermeable barriers. A
question naturally arises: Why is it useful to study the boundary ofviability or invariance
kernels? We give an example of controlled system with one target.

5.1. Certain and possihle victory and defeat domains. We can model the controlled
system14

(5) x’(t) =f(x(t), u( t)), u( t) U(x( t))
through the differential inclusion (1) by setting F (x):=f(x, U(x)). We shall assume
that F is Lipschitzean with convex compact nonempty values. 15

Our problem is to drive in finite time the state x inside a given open set C starting
at a point outside of C. This has a precise mathematical sense by using the viability
and invariance kernels of K := X\C. Let us introduce some definition of victory and
defeat domains (see [3]).

DEFINITION 5.1. We define
the domain of certain defeat by the set Invv (X\ C),
the domain of possible defeat by the set Viabv (X\C),
the domain of certain victory by the set K\Viabv (X\C),
the domain of possible victory by the set K\Invv (X\ C).

Let us make more precise the qualitative behaviour of solutions in these domains.
PROPOSITION 5.2. If Xoe Invv (X\C), then no solution to (5), starting at xo, can

reach C (certain defeat).
If xo Viabv (X\ C), there exist solutions of (5), starting at Xo, that never reach C

possible defeat).
If xoX\Viabv (X\C), then all solutions of (5), starting at xo, reach C in finite

time (certain victory).
If xo K\Invv (X\ C), there exist solutions to (5), starting at xo, that reach C in

finite time (possible victory).
Proof It is the obvious consequence of Definitions 1.2 and 1.1. [3

5.2. Semipermeable barrier. We shall define some subsets of the boundaries of
these victory and defeat domains.

DEFINITION 5.3. The barrier is the set

0 Invv (X\ C)\OC.

14 Results of this paper can be easily extended to the nonautonomous case, i.e., x’(t)=f(t, x(t), u(t)),
u(t)6 U(t,x(t)) (see [25]).

15 In particular, it is satisfied iff is Lipschitzean affine with respect to the control and U is a Lipschitzean
set-valued map with nonempty convex compact values.
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The strict barrier is the set

0 ViabF (X\ C)\OC.
We can note that the barrier is contained in the intersection of the certain defeat

domain and the possible victory domain. The strict barrier is contained in the intersec-
tion of the possible defeat domain and the certain victory domain. We can translate
the results of 3, and so we have a qualitative description of the behaviour of solution
on the barriers.

PROPOSITION 5.4. The strict barrier is a local viability domain. 16 Furthermore, all
solutions starting at any state Xo of the strict barrier that are viable in X\C remain in
this set until it reaches C (and there exists such solution).

The barrier is a viability domain 17 as soon as

C

Proof. The first result is a consequence of Theorem 3.1, and the second one is a
consequence of Proposition 3.5.

This generalizes the concept of semipermeable barriers (see [9], [10]). Recall that
a Cl-surface is semipermeable when it satisfies an equation such that maxuf(x, u).n <-_ 0
or minuf(x, u).n >-0 (where n is the normal vector of the surface). It means that the
solutions of (5) are able to cross the surface in only one direction. Let us make this
idea more precise by using the partition of 2.

DEFINITION 5.5. Let A be a closed set. A subset B of OA is semipermeable for
A if and only if, for any point Xo of B, any solution x(. starting at Xo is locally viable
in A.

Remark. Let us note that an obvious consequence of this is definition is
BmAe=(.

Thanks to Proposition 5.4, we can state the following proposition.
PROPOSITION 5.6. The strict barrier is semipermeable for Viab (X\C).
In fact, thanks to Proposition 5.4, we know that a solution of (5) cannot cross

the strict barrier if it comes from the exterior of the viability kernel ViabF (X\C),
but the converse is possible (i.e., there could exist solutions comin from the interior
of the kernel that cross the strict barrier).

We can note that, thanks to Corollary 3.6, the intersection of the strict barrier
and the barrier is a local invariance domain (if it is nonernpty).
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Abstract. In analogy with the dynamic input-output decoupling problem the dynamic disturbance
decoupling problem for nonlinear systems is introduced. A local solution of this problem is obtained in the
case that the system under consideration is invertible. The solution is given in algebraic as well as in geometric
terms. The theory is illustrated by means of two examples: a mathematical one and an example of a voltage
frequency controlled induction motor.
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1. Introduction. Consider a nonlinear multi-input-multi-output control system
of the form

(1)
=f(x) + g(x)u +p(x)q

y=h(x),

where x :T, an open subset ofln, the inputs u c II", the outputs y Rp, the disturbances
q Rr, f and h are vector-valued analytic functions, and g and p are matrix-valued
analytic functions, all of appropriate dimensions. In the disturbance decoupling prob-
lem (DDP) for (1), we search for a regular static state feedback

(2) u a(x) + fl(x)v,

with v a new m-dimensional control and fl(x) a nonsingular m x m matrix for all x,
so that in the feedback modified dynamics

(3) =f(x)+ g(x)a(x)+ g(x)fl(x)v+p(x)q,

the disturbances q do not affect the outputs y. A local solution of the DDP using
differential geometric tools was initiated in [13] and [9] and has led to a more or less
complete understanding of this problem; see, e.g., 12], 18]. The nonlinear DDP forms
a direct generalization of the linear DDP, and the theory about the nonlinear DDP
typically extends the well-known linear geometric theory (cf. [23]) to a nonlinear
context.

The purpose of this paper is to study a dynamic version of the DDP for the
nonlinear system (1). That is, instead of a static feedback law (2) we allow for a regular
dynamic state feedback

(4)
e=(x,z)+(x,z)v,

u ,(x, z) + 6(x, z)v,

with z the /x-dimensional compensator state ,and v an m-dimensional new control,
and the regularity of (4) means that the system (4) with inputs v and outputs u is
invertible for all z and constant x. Note that a somewhat different definition of regular
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dynamic state feedback was given in [15]. In the dynamic disturbance decoupling
problem (DDDP), we require that in the modified dynamics

=f(x) + g(x)y(x, z) + g(x)6(x, z)v +p(x)q,

e= ,(x, z) + #(x, z)v

the disturbances q do not influence the outputs y. Clearly, the static DDP forms a
special case of the DDDP by assuming that /z =0. As noted before, the theory for
solving the nonlinear DDP is very much based on a proper extension of the solution
of the linear DDP. We are therefore led to think that similarly a solution of the
nonlinear DDDP naturally extends the DDDP for linear systems. However, a very
simple argument shows that for linear systems the DDDP is solvable if and only if
the static DDP is solvable (see, e.g., [1], [2]). Although an analogous result is also
true for single-output nonlinear systems, i.e., when p 1, this conclusion no longer
holds true for multi-output nonlinear systems. In other words, when p > 1 it may
happen that the nonlinear DDDP is (locally) solvable, whereas the nonlinear DDP
is not.

Our goal is to establish necessary and sufficient conditions for the solvability of
the DDDP, thereby discussing various different algebraic and geometric aspects of
this problem for the case that the system (1) with q 0 is square and invertible.

The organization of the paper is as follows. In 2 we introduce the dynamic
disturbance decoupling problem with disturbance measurements (DDDPdm) and the
dynamic disturbance decoupling problem (DDDP), and we show that both problems
are locally solvable if and only if they are solvable by means of a compensator that
is obtained from Singh’s algorithm. In 3 and 4 we translate the conditions for
solvability of the DDDPdm obtained in 2 into intrinsic and algorithm-independent
conditions, using differential algebraic and geometric tools, respectively. In 5 the
theory of the foregoing sections will be applied to an example of a voltage frequency
controlled induction motor as was described in [3]. Section 6 contains the conclusions
of the paper.

2. The dynamic disturbance decoupling problem (DDDP). In this section we formu-
late and solve two kinds of DDDPs. These problems are dynamic extensions of the
well-known static state feedback DDP, respectively, the static state feedback DDP
with disturbance measurements.

DEFINITION 2.1. Consider the analytic system E and let a point x0 be given.
1. The DDDP is said to be locally solvable around x0 if there exist an analytic

dynamic state feedback for E of the form (4), to be denoted as R, with zR", a
neighborhood U c of Xo, and an open subset c R" such that R, with inputs v and
outputs u, is invertible for all constants x U and z and the outputs ofthe composite
system E R restricted to U x are independent of the disturbances.

2. The dynamic disturbance decoupling problem with disturbance measurements
(DDDPdm) is said to be locally solvable around Xo if there exist a dynamic state
feedback for E of the form

(6) Q( , ,(x, q, z) + #(x, q, z)v
u=y(x,q,z)+(x,q,z)v,

with z ", a neighborhood U c of x0, and an open subset c E", such that (6)
with inputs v and outputs u is invertible for all constant x U and all q Rr and z ,
and the outputs of the composite system Eo Q restricted to U x Lr are independent of
the disturbances.
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If we furthermore require the compensators Q and R to be static state feedback
compensators (i.e., /x =0), the problem will be referred to by DDPdm and DDP,
respectively.

Recall that the DDP is locally solvable if and only if c A* and that the DDPdm
is locally solvable if and only if cA*+, where d=span{gl,...,g,}, =
span {Pl,"" ,Pr}, and A* is the maximal locally controlled invariant distribution
contained in ker dh (cf. [13]). It is well known (see, e.g., [1], [2]) that for linear systems
the DDDP is solvable if and only if the DDP is solvable. That this is not the case for
nonlinear systems can be seen from the following example.

Example 2.2. Consider the nonlinear system

2 X5 Y2 X3

(7) 3 X2 -I" X4 t_ X4Ul

4 U2,

5 xau + q.

For this system we have A* {0}. Hence the DDP is not locally solvable. However, if
we apply the compensator

(8) Ul=Z,

/’/2 /.)2,

where Vl, v2 are the new inputs, we find for the compensated system (7), (8) that

Ae,=span{ 0 0 0

’Ox5 xz(1 + z) +Ox (x2 ZX4) OX4 z(1 + z)

where A e* is the maximal locally controlled invariant distribution contained in ker dh
for (7), (8). Hence it is clear that the DDP for (7), (8) is solvable and thus the DDDP
is solvable for (7).

In the following, we make the standing assumption, below.
(A1). The system 5: is square, i.e., p m.
Instrumental in the solution of the DDDPdm is what we like to call a Singh

compensator, which can be obtained via the so-called Singh algorithm. Singh’s
algorithm has been introduced in [19] for calculation of a left inverse of a nonlinear
system. It is a generalization of the algorithm from [8], which was only applicable
under some restrictive assumptions. Let Eo denote the system with q 0. We briefly
repeat Singh’s algorithm for the system Eo, following [5].

ALGORITHM 2.3. Consider the analytic nonlinear system o, satisfying (A1). Let a
point Xo be given.

Step 1.
Calculate

(9)
Oh

.9 =7-- [f(x) + g(x)u]=: al(x) + b(x)u
OX
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and assume that bl(X) hasfull rank pl on a neighborhood ofxo. Define Sl := p. Permute,
if necessary, the components of the output, so that the first pl rows of bl(x) are linearly
independent. Decompose y according to

(10) Y= )1
where }1 consists ofthefirst p rows ofp. Since the last rows ofbl(x) are linearly dependent
on the first p rows, we can write

(11)

where the last equation is ane in 1. Finally, set l(X):= l(X).
Step k + 1.
Suppose that in Steps through k, 1," ", fik, fik have been defined so that

yx=a(x)+b(x)u,

(12) fik)= k(X, {fi[1 i k- 1, ij k})

+b(x, {;?11 i k- 1, ij k- 1})u,

fik)= fik)(x {fi) 1 k, j k}).

Suppose also that there exist o
() (1 < <= k-1, j < k-1) such that the matrix "-.-,

", []r has full rank Pk on a neighborhood of (Xo, {yio:( l k-1, j k-
1}). en calculate

(13) ;k+l) ;k)[f(x)+ g(X)U] + E
OX i=l j=i

and write it as

(14)
;(kk+l) ak+l(X {)11 <- k, i<=j<= k+ 1})

+bk+,(X, {371) 1 k, <=j <= kI)u.

Define Bk+, := [/2, b[+l] T, and suppose that there exist YiO:’(J) (l<=iNk, <-j=k)< such
that Bk+ has constant rank Pk+l on a neighborhood of (Xo, {io:’( II<--i<=k, <_-j=< k}).
Permute, if necessary, the components of(kk+l) SO that on this neighborhood the first pk+l
rOWS of nk+ are linearly independent. Decompose fi(kk+ as

;(kk+l) (k+l) (k+l)T
\Yk+l Yk+l IT

where yk+l(k+l) consists of the first Sk+l := (Pk+l Pk) rows. Since the last rows of Bk+l are
linearly dependent on the first pk/ rows, we can write

;1 tl(X) --/I(X) U,

(15)
37(k+l (x, {371J)1 < < k, i<=j < k+ 1})k+l k+l

+b’k+l(X, {fil)[ 1 <= iN k, <-j <= k})u,
<k+l)

k+l Yk+l (x, [l<=i<=k+l,i<=j<=k+l}).

Finally, set

It should be noted that the integers/91, Pk, defined above, do not depend
on the particular permutation of the rows of 33kk/ we employ, cf. [5]. So, using the
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algorithm we obtain a uniquely defined sequence of integers 0 _-</91 <-. =< Pk <--" m.
The integer p*:= p, is called the rank of the system (1), cf. [18], [5]. We associate a
notion of regularity with Singh’s algorithm in the following way. (See [4] for a slightly
different notion of regularity.)

DEFINITION 2.4. Let a point Xo X be given. We call Xo a strongly regular point
for 5; if, for each application of Singh’s algorithm to Eo, the constant rank assumptions
of the algorithm are satisfied.

Besides (A1), we also introduce the following assumption.
(A2). The system o is invertible, i.e., p*= m.
Consider a system satisfying (A1), (A2). Then we define a Singh compensator

for as follows (see also [20].). Let Xo be a strongly regular point for and apply
Singh’s algorithm for Eo. This yields at the nth step

fi,, A,,(x, {37) 1 =< i=< n 1, i<-_j <- n})
(16) +/, (x, {371 1 _-< i_-< n 1, i<-_j <- n 1})u,

where ,=()7,... ,37"-)) and where /, is invertible on a neighborhood of
(Xo, {971 1 --< i--< n 1, i<-_j <= n 1}) for some 371)(1 <= <- n, i<-j <- n). Then (16) yields
on this neighborhood

(17) u =/SI[ I, ].
For i= 1,..., rn, let y be the lowest time-derivative and 6 be the highest

time-derivative of y appearing in (17). Then we rewrite (17) as

u b,(x, {y12) _-< i-< m, ’)/i <=j <- 6i- 1})
(18)

+ Y’. qb2i(x, {y12)] 1 <- <- m, Yi <--j <- 6i- 1})yl
i=1

for certain locally analytic vector-valued functions tl 2i(i-- 1,..., m).
Let zi(i- 1,. ., m) be a vector of dimension 3i- yi and consider the system

(19)
’i Aizi + Bil)i 1, m ),

U lbl(X z1,’’’ Zm)[- E 2i(x, Zl,’’’, Zm)l)i,
i=1

with inputs vl,’", v,,, outputs u, (Ai, Bi) in Brunovsky canonical form, and ZiO--
(yr.io’ ," ,Yio’ (i-- 1,"" ", m).Then(19)iscalledaSinghcompensatorforEaround
Xo. Note that the Singh compensator (19) is an inverse of the system Eo
around Xo.

Remark 2.5. The Singh compensator, constructed above, has dimension

Ei=I i ")/i )" It can be shown (see [11]) that every Singh compensator has dimension
or. Moreover, the numbers ti(i 1,..., rn) are equal to the essential orders (cf. [7])
of E (see also 11]).

We obtain a Singh compensator with disturbance feedthrough for E around x0
by extending (19) in the following way. Define in the above notation

(20) (3(x, {yl) 1 < < m, y <j < 6i- 1}):= _/1 __.xP(X)0Y,,

and consider the following extension of (19)"

(21)
’i Aizi at- Bil)i 1, m ),

U (/)l(X, Z ," ", Zm) -[- E D2i(x, Z1 ," ", Zm)l)i -’[" (3(x, Zl ,’’’, Zm)q.
i=1
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Then (21) is called a Singh compensator with disturbance feedthrough for E around Xo.
It can be shown that the Singh compensator as well as the Singh compensator with
disturbance feedthrough constitute a regular dynamic state feedback (cf. [10]).

We will now state our main result. In this statement we employ the following
notation. If we apply Singh’s algorithm to Eo, the )3(k)(k 0, n; )3o:= y) can be
viewed as functions on e := g R"’. Bythe same token, ker dk)(k =0, , n) defines
a distribution on Te. Define the distributions (ge, e on )e by q3e := q3 X {0}, e := X {0}.

THEOREM 2.6. Consider the analytic system E. Assume that it satisfies (A1), (A2)
and that Xo is a strongly regular point for E.

1. (a) The DDDP is locally solvable around Xo if and only if it is solvable via a
Singh compensator for E around Xo.

(b) The above condition is equivalent to the condition that for each application
of Singh’s algorithm to Eo we have for k O, , n 1:

(22) /}e C kerdk).

2. (a) The DDDPdm is locally solvable around Xo if and only if it is solvable via
a Singh compensator with disturbance feedthrough for E around Xo.

(b) the above condition is equivalent to the condition that for each application
of Singh’s algorithm to Eo we have, for k O, , n 1,

(23) e c kerdk+ q3e.

Proof We will prove only part 2. The proof of part 1 is analogous.
Sufficiency. Consider and assume that it satisfies (A1), (A2), and let Xo be a

strongly regular point for . Assume that for each application of Singh’s algorithm to
Eo (23) holds for k 0,. -, n- 1. Apply Singh’s algorithm to Zo around Xo, yielding
a reordering )71, , )Tn of the outputs. Note that, without loss of generality, we may
assume that for k 1,. ., n" 33k (37’+1 ," ", 37). The first step of Singh’s algorithm
applied to Zo around Xo yields

(24)
)1 al(x)+ l(x)u,

where gl(x) has full row rank Pl on a n.eighborhood U of Xo in . Let g-(x) be a
right inverse of gl(x) on U. Then on U, 331 takes the form

(25) y, al(x) -k- b,(x)b-(x)(l- t,(x)).

Note that, since on U each of the rows of/l(X) is linearly dependent on the rows of
/l(x), the form of 31 is independent of the choice of/-(x). For we have

(26)
1 0-- [f(x) + g(x)u +p(x)q] =: al(x) + 01(x)u + l(x)q,

331 --x [/(x) + g(x)u +p(x)q] =: al(x) + bl(X)U + ’l(X) q,

with al(x), /l(x), al(x), /l(x) as in (24). It can easily be checked that the fact that
(23) holds for k =0 is equivalent to the existence of a erl(x) such that

(27) l(X)erl(X)--- ’l(X), l(X)erl(X)’-- l(X).

Then (26) and (27) yield

(28) 1 al(X) - l(X)-(X)(l-
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Hence for E, 33 is given by the same expression as for Eo. Applying the above arguments
repeatedly, we c,an show that for E )3k) (k-1,..., n) has the same form as for Eo,
and that for E, Yn takes the form (see also (16))

(29) r.=.+.u+p(x)q.
Ox

This implies that if we apply the Singh compensator with disturbance feedthrough to
Z, the outputs of the resulting system satisfy

-0 (1NiNm, ONjN6-I),
Oq

(30) = v.
Hence the Singh compensator with disturbance feedthrough locally solves the
DDDPdm for Z around Xo.

Necessity. Assume that the DDDPdm is locally solvable around Xo by means of
a compensator Q of the form (6). Apply Singh’s algorithm to Z0 around Xo, yielding
a reordering fi,..., ft, of the outputs. Then with the notation of the necessity pa
of this proof, we have in paicular for

a,(x) + g(x)u + (x)q,
(3)

fil I(X) + l(X)/(X)(fil- al(X)) + (I(X) l(X);(X)l(X))q
Assume that (23) does not hold for k=0. This implies that d(x):=
(x)- (x)[(X)Yl(X) O. Since Q solves the DDDPdm for Z, the q-dependence in
(31) should disappear if we plug the output of Q in (31). From the form of (31), it is
clear that this is only possible if Q imposes the constraint d(x)=0 on the system
Z Q. However, this would imply that the DDDPdm is at most solvable on a neighbor-
hood of Xo in {xld,(x)=O} and not on a neighborhood of Xo in . Hence we must
necessarily have that (23) holds for k=0. Next assume that (23) does not hold for
k 1. Then by the same arguments as above we will have for Z that fi)) explicitly
depends on q via a function d(x, ) and that this q-dependence can only disappear
if Q imposes the constraint d(x, fi) 0 on the system. However, by Lemma 1 of [14],
this would imply that the rank of Z Q is smaller that the rank of Z, which would
contradict the inveibility of Q. Therefore (23) must hold for k 1. Applying this
argument repeatedly, we show that (23) holds for k 0,. ., n- 1, which establishes
our claim. By the sufficiency pa of this proof, this also immediately implies that we
can solve the DDDPdm around Xo via a Singh compensator with disturbance feed-
through.

xample 2.2 (continued). The Singh compensator

Z
(32) ua

X2

X5(X4Z X2) 24 22
1,12 I) "JC" I.)2

x2 + z x2 + z x2 + z

solves the DDDP for system (7) of the earlier part of Example 2.2.
Remark 2.7. It is easily seen that if the input-output decoupling problem for Z

is locally solvable by means of a static state feedback, then the DDDPdm is locally
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solvable if and only if the DDDPdm is. This implies in particular that if the output
of E is one-dimensional, then the DDDPdm is locally solvable if and only if the
DDPdm is.

3. Algebraic conditions. In this section we translate the conditions for solvability
of the DDDPdm and the DDDP obtained in 2 into intrinsic and algorithm-indepen-
dent conditions. It will turn out that the conditions can be stated in terms of a certain
structure at infinity.

For nonlinear systems there are several different definitions of the structure at
infinity; see, e.g., [17], [14]. We call the structure at infinity that was defined in [17]
the geometric structure at infinity. This structure at infinity has proved its importance
in, e.g., the solution of the static state feedback input-output decoupling problem (cf.
[17]) and in obtaining (sufficient) conditions for solvability of the nonlinear model
matching problem (cf. [6]). Here we will use the algebraic definition of [14], which
in general yields a different structure at infinity than the geometric one. This structure
at infinity has already proved its importance in the dynamic state feedback input-output
decoupling problem and in obtaining sufficient conditions for solvability of the non-
linear model matching problem (cf. 16]) that are weaker than the conditions obtained
in [6]. To repeat this algebraic definition, we consider Singh’s algorithm as described
in 2 and define the following integers:

(33) 7/’k :-- fl *--Pk-1, k >-2,

ui := the number of 7Tk’S that are greater than or equal to i, => 1.

DEFINITION 3.1 (see [14]). The algebraic structure at infinity of the system Eo
consists of the set {ui} of orders of the zeros at infinity, together with the set {Trk} of
numbers of zeros at infinity whose order is greater than or equal to k.

Essentially, the sets {ui}, {Trk}, and {Pk} contain the same information about the
algebraic structure at infinity. In the following, we restrict ourselves to considering the
set {Pk}.

Let Eq denote the system E where the disturbances are considered to be an extra
set of inputs. For Eo and Eq, the sets defining their algebraic structure at infinity are
denoted by {POk}, {Pqk}, respectively.

TIJEOREM 3.2. Consider the analytic system E and assume that it satisfies (A1),
(A2). Let Xo be a strongly regular point for ,. Then the DDDPdm is locally solvable
around Xo if and only if Eq and Eo have the same algebraic structure at infinity.

Proof. Consider the first step of Singh’s algorithm applied to Eo and Eq around
Xo and employ the notation of the sufficiency part of the proof of Theorem 2.6. As
was shown in this proof, condition (23) is satisfied for k 0 if and only if there exists
a trl(x) such that (27) holds. Hence the fact that (23) holds for k =0 is equivalent to

c rank
/ tr rank(34) Pql =rank \ bl c/ bo’ bl P

Applying the above arguments repeatedly, we show that (23) holds for k 0, , n 1
if and only if Pqk --POk for k 1,. ., n, which establishes our claim.

Remark 3.3. Recall that for linear systems the geometric and algebraic structure
at infinity are the same (cf. [14]). Moreover, recall from, e.g., [22] that for linear
systems the DDPdm is solvable if and only if Eo and Eq have the same structure at
infinity.
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We will now use the result ofTheorem 3.2 to give conditions for the local solvability
of the DDDP for E, using an idea from [22]. To do this we introduce an auxiliary
system Ea, which is defined as

f =f(x) + g(xlw+p(x)q
(35) a 1 /)ly=h(x),
where v denotes the inputs of ,. Let ,o denote the system with q-= 0 and let Eaq
denote the system where the disturbances are considered to be an extra set of inputs.

THEOREM 3.4. Consider the analytic system E and assume that it satisfies (A1),
(A2). Let Xo be a strongly regular pointfor Z. Then the DDDP is locally solvable around
Xo if and only if Eaq and Yo have the same algebraic structure at infinity.

Proof Necessity. Assume that the DDDP is locally solvable around Xo by means
of a compensator

(x, z) + t(x, z)a
(36) R

u=(x,z)+(x,z)a.

Consider the following compensator for E"
i (x, z) + (x, z)z

(37) R i_ a
v tr(x, w, Zl, z2, q),

with

r(x, W, Zl, Z2, q)= -x (X, Zl)+-x (X, Zl)Z [f(x)+ g(x)w+p(x)q]

+
F
io_y_r (x, z)+ -2 (x, zl)zz|

q
IOn(X, Z1)’-(X, Z1)Z2]" (X,

kOZ OZ

and t denoting the new inputs. Then we find that

w I v dt y(x, zl) + 6(x, Zl)Z2,

and thus R locally solves the DDDPdm for Ea, since R solves the DDDP for E.
Furthermore, we have as an (almost) immediate consequence of the fact that R is
invertible, that R is also invertible. Thus, the DDDPdm is locally solvable for E and
hence by Theorem 3.2, Eq and Eo have the same algebraic structure at infinity.

Sufficiency. Assume that Eaq and Eao have the same algebraic structure at infinity;
i.e., the DDDPdm is locally solvable for Za, say, by means of a compensator

(38)
, a(x, w, z, q) + fl(x, w, z, q)s

Qo
v y(x, w, z, q)+ 3(x, w, z, q)s,

with s denoting the new inputs. Then it is obvious that the compensator

(39)
,1 ,(x, z, z2, q)+ (x, z, z2, q)s

Q ,2 a(x, zl, z2, q) + (x, zl, Zz, q)s
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locally solves the DDDPdm for E. Now apply Singh’s algorithm to Eo, yielding a
reordering )71,... ,)Tn of the outputs. Employ the notation of the proof of Theorem
2.6. Then for E we have in particular that

(40)
f, ,(x) + ),(x)u + ,(x)q,

1 II(X) " I(X) u -t- l(X)q.

Since Q locally solves the DDDPdm for Z, the q-dependence in (40) must have
vanished if we put u in (40) equal to the output of Q. This implies that actually 0,
g’l 0, since the output of Q does not depend on q. It can be checked that this implies
that (22) holds for k 0. Applying the above arguments repeatedly, we can show that
(22) holds for k -0,. , n- 1. By Theorem 2.6 this implies that the DDDP is solvable
around Xo. [3

Remark 3.5. At this point it is useful to compare our (algebraic) results on the
DDDP with the results of [16] on the so-called nonlinear model matching problem
(MMP). In fact, as was already shown in [6], the nonlinear MMP can be related to
some kind of DDPdm. However, in contrast with the situation we consider in this
paper, it turns out that the corresponding state feedback solving this DDPdm need
not be regular. Clearly, the existence of a regular solution is, of course, a sufficient
condition for solvability of the nonlinear MMP. Hence by Theorem 3.2 the coincidence
of certain algebraic structures at infinity is a sufficient condition for solvability of the
nonlinear MMP. This is exactly the result of [16]. As the equality of the algebraic
structures at infinity is only a sufficient condition for the solvability of the MMP, and
not a necessary condition (see [16] for a counterexample), it is clear that our solution
of the DDDPdm by means of regular dynamic state feedback cannot be cast in the
results described in the aforementioned paper.

4. Geometric conditions. In this section we give intrinsic geometric conditions for
local solvability of the DDDP and the DDDPdm by translating the results of 3. We
mainly restrict our attention to the DDDP. The reasoning for the DDDPdm follows
the same lines.

Consider again system E and assume that it satisfies (A1), (A2). Let x0 be a strongly
regular point for . Furthermore, assume that the DDDP for E is locally solvable
around Xo. Then according to Theorem 2.6 the DDDP is locally solvable by applying
a Singh compensator. This compensator applied to E yields yl,)= vi, i= 1,..., m.
Obviously, the decoupling matrix (see 12], [ 18]) is equal to the rn x m identity matrix.
Hence the decoupling matrix of the composite system is of full rank. Then it is well
known that the maximal locally controlled invariant distribution in ker dh for the
composite system, denoted by Ae*, is given by

a --1

(41) A* ker dylk).
i=1 k=0

Obviously, A e* depends on the choice of the )7kk)’s in Singh’s algorithm, so A e* is by
no means uniquely defined. However, the solvability of the DDDP does not depend
on the way in which Singh’s algorithm is performed (see Theorem 2.6). Hence, for any
distribution A of the form (41) generated by applying Singh’s algorithm to Eo, wehave

x {0}c A. Consequently, the distribution {0} spanned by the extended distur-
bance vector fields is always contained in Ae*. Note that by construction Ae* is contained
in Tx {0} c Tx TLr (with abuse of notation). However, the vector fields that span
A e* may very well depend on z. Since the disturbance vector fields p only depend on
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x, they are contained in the (not necessarily controlled invariant) maximal subdistribu-
tion e* of A e* that contains the vector fields in A e* that only depend on x. This
distribution e* can be found by means of the following algorithm.

ALGORITHM 4.1.
Step 1.

Step k.

A k := { "r E Ak-1

Here r, O/Oz] is shorthand notation for the Lie-brackets ’, O/Ozi] for 1, , or.

LEMMA 4.2. Assume that the distributions Ak obtained in Algorithm 4.1 have constant
dimension. Then for all k, dim Ak --< dim Ak_l and if Ak. Ak._, then Ak Ak. for all
k>=k*.

Proof. See 12].
Assume now that Algorithm 4.1 converges to Ak.. Then Ak. fulfills the condition

(42) [ Ak* 0-] {0-}c Ak. + span

As can be seen in [21], it follows from (42) that the first n components of any vector
field in Ak. do not depend on z, and since Ak. c A* (so the last tr components of vector
fields in Ak* equal zero) the vector fields in Ak. do not depend on z at all. Moreover,
by construction, Ak. is the largest subdistribution of A* having this property. Hence
*=e*.

LEMMA 4.3. e* obtained in the way described above is independent of the way we

apply Singh’s algorithm.
Proof Assume we have applied Singh’s algorithm in two different ways, yielding

A e* and A e*2. Assume furthermore that by applying Algorithm 4.1 to these two distribu-
tions we obtain the distributions e*l and Ze*2 with Ze*l e*2" This implies that there
are disturbance vector fields for which the DDDP is solvable by applying Singh’s
algorithm in one way, but not solvable by applying Singh’s algorithm in the other way.
This contradicts Theorem 2.6. Hence e* equals e*.

Let z* be defined as the projection of the distribution Ze* on the T-s.pace. Note
that, since (42) holds, * is a well-defined distribution on (cf. [21]). Then A* contains
all possible vector fields that can be decoupled from the outputs by dynamic state
feedback.

For the DDDPdm the reasoning is slightly different, although it follows the same
lines. Here, we apply Algorithm 4.1 starting from the (not necessarily involutive)
distribution Ao Ae*:= Ae* + rgx {0}, resulting in the distribution ’e*:’- Ak*.
Analogously to Lemma 4.3, it is then possible to prove Lemma 4.4.

LEMMA 4.4. Ze* obtained in the way described above is independent of the way we

apply Singh’s algorithm.
Now let z* be defined as the projection of the distribution e* on the T-space.

Again, this is a well-defined distribution on (cf. [21]). It is easy to see that A*
contains all possible vector fields that can be decoupled from the outputs by dynamic
state feedback with disturbance measurements. Note that in particular cg c z*. Sum-
marizing, we have the following theorem.
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THEOREM 4.5. Consider the system Y and assume that it satisfies (A1), (A2). Let
Xo be a strongly regular point for ,. Then

(43)

1. The DDDPdm is locally solvable around Xo if and only if

(44)

2. The DDDP is locally solvable around Xo if and only if

in the theorem above, we have given geometric conditions under which the
DDDPdm is locally solvable. Now, of course, the question arises as to when the
problem is solvable by means of a static state feedback. For this we will have to
calculate A*, the maximal locally controlled invariant distribution for E contained in
ker dh. Obviously, A* is contained in z*, because A* consists of the set of disturbance
vector fields that can be decoupled by static state feedback. Observing that also z* is
contained in ker dh, it is easily seen that A* is the maximally locally controlled invariant
distribution contained in *. Hence A* can be calculated by applying the Controlled
Invariant Distribution Algorithm (cf. [12]) starting from z*.

Remark 4.6. Note that if the dimension of A* equals the dimension of the zero
dynamics manifold, then the DDDP is solvable if and only if the DDP is solvable.

Theorem 4.5 applied to the example of 2 yields the following result.
Example 4.7. Consider again the system of Example 2.2. Choose 371 Yl. Then

(45) Ae* span {x5 0 x4}X2(X2-11- Z) (X22-- X4Z
OX2

and

(46) z* span {x}
5. Example. Consider the voltage frequency controlled induction motor that was

described in [3]. As state variables we take the projections of the stator current and
flux vectors on a reference flame (a, fl), which is fixed to the stator windings, and the
angular position of the voltage input vector. As inputs we take the amplitude of the
voltage input vector and the voltage supply frequency. The parameters R and Rr are
the stator and rotor resistances, Ls and Lr are the stator and rotor self-inductances,
and M is the mutual inductance. The speed to can be considered as a slowly varying
parameter, due to the large separation of timescales between the mechanical and the
electromagnetic dynamics. In the following, we will assume it to be constant.

We define ff (x1, x4) and x (:, xs), and we assume that a one-dimensional
disturbance q influences the dynamics through the disturbance vector field p(x)=
(x3 x4 0 0 0) r. Then the state equations are written as

(47) ) (A0)-11-(gl (x5)0
where

-(a+) -to/o-Ls /L |(48) A= o o
-ao’L 0

and a R/oL, fl Rr/trL,., o’= 1-(M2/LL).

gl(x,)

xs/ o’Ls
sin xs/ o’L I,

COS X

sin xs
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Suitable outputs for the system are defined in terms of the stator flux and the
torque. Hence, the following nonlinear output functions will be used:

(49)
h(x) dp2 x+x
h2(x) =Tm x2x3 XlX4.

Applying the Controlled Invariant Distribution Algorithm (cf. 12]), using REDUCE,
we find that A*={0}. Hence neither DDPdm nor DDP is solvable for (47), (49).
However, by applying Singh’s algorithm to (47), (49), we find that we can solve the
DDDPdm by applying the following Singh compensator with disturbance feedthrough:

(50) Ul tl(X Z),

where

u2 b2(x, z, q, v,,

(51) ,(x, z)
2atrL, (___x x3_ _+_ _X2X4___) -- g2(x3 cos xs + x4 sin xs)’

and where 2(x, z, q, Vl, v2) can be calculated from

1 [b2(x, z, q, Vl, v2)
g2fy2 .4r- )l,g2glY2

I)2 --Z-z g,y2.1)1

(52) --(..of+4,1g,,fy2 + g,y2y++,g,b + blf+og,glY2)

6. Conclusions. In this paper we have introduced the dynamic disturbance decoup-
ling problem (DDDP) for nonlinear systems, and a local solution is obtained in the
case where the system under consideration is inveible. The solution is given in both
an algebraic and a (differential) geometric way. This clearly exhibits that the DDDP
forms a proper extension of the standard (static) DDP (cE 13]). As stated our solution
is obtained for inveible (square) nonlinear systems. An extension of the results in
this paper to nonsquare, noninveible systems can be found in [10].
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A NONREGULAR SOLUTION OF THE NONLINEAR DYNAMIC
DISTURBANCE DECOUPLING PROBLEM WITH AN APPLICATION
TO A COMPLETE SOLUTION OF THE NONLINEAR MODEL

MATCHING PROBLEM*
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Abstract. The nonregular dynamic disturbance decoupling problem for nonlinear control systems is
introduced. A local solution is given by means of a constructive algorithm that is based on Singh’s algorithm
and the clamped dynamics algorithm. Further studied is the nonlinear model matching problem that is
defined as follows: given a nonlinear control system, to be referred to as the plant, and another nonlinear
control system, to be referred to as the model, can a compensator for the plant be found in such a way that
the input-output behavior ofthe compensated plant matches that ofthe model? By proving that the solvability
of the nonlinear model matching problem is equivalent to the solvability of an associated nonregular dynamic
disturbance decoupling problem, a complete local solution of this problem can be established.

Key words, nonlinear control systems, dynamic disturbance decoupling, dynamic precompensation,
clamped dynamics algorithm, nonlinear model matching
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1. Introduction. Consider a nonlinear multi-input multi-output control system
with disturbances, of the form

) =f(x) + g(x)u + p(x)q,
(1)

y=h(x),

where x , an open subset ofn, the inputs u ’, the outputs y P, the disturbances
q r, f and h are vector-valued analytic functions, and g and p are matrix-valued
analytic functions, all of appropriate dimensions. In the disturbance decoupling prob-
lem (DDP) for the system (1) we search for a regular static state feedback

(2) u a(x) + fl(x)v,
with v a new m-dimensional control and/3(x) a nonsingular m m matrix for all x,
so that in the feedback-modified dynamics

(3) : =f(x) + g(x)a(x)+ g(x)(x)v+p(x)q

the disturbances q do not affect the outputs y. A local solution of the DDP using
differential geometric tools was initiated in [21] and 14] and has led to a more or less
complete understanding of this problem; see, e.g., [20], [33]. The nonlinear DDP forms
a direct generalization of the linear DDP and the theory about the nonlinear DDP
typically extends the well-known linear geometric theory (see [36]) to a nonlinear
context.

The purpose of this paper is to study, as in [17], a dynamic version of the DDP
for the nonlinear system (1). That is, instead of a static feedback law (2) we allow for
a dynamic state feedback

= ,(x, z) + (x, z)v,
(4)

u=,(x,z)+(x,z)v,
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with z the/z-dimensional compensator state, and v an m-dimensional new control. In
the dynamic version of the dynamic disturbance decoupling problem we require that
in the modified dynamics

: f(x) + g(x) y(x, z) + g(x)8(x, z)v +p(x)q,
(5) (x, z) +13(x, z)v
the disturbances q do not influence the outputs y. In [17] a regular version of this
problem was studied, where regularity means that we demand the system (4) with
inputs v and outputs u to be invertible for all x. We refer to this problem as the
dynamic disturbance decoupling problem (DDDP). In this paper we solve a version
of the DDDP where we drop th.e requirement of regularity of the compensator (4).
This problem will be referred to as the nonregular dynamic disturbance decoupling
problem (nDDDP). The reason for studying this problem is that if the DDDP is not
solvable, we may still be able to solve the nDDDP, albeit at the expense of some of
the effective controls. The solution is given by means of an algorithm based on the
clamped dynamics algorithm (cf. [22], [35]) and Singh’s algorithm (cf. [34], [9]).
Basically, the method used in this paper to solve the nDDDP is an extension of the
method given in [17] to solve the DDDP. Here the basic tool was Singh’s algorithm.
One special feature of the algorithm is that it is constructive. A drawback is that it
does not give a compensator of minimal order. Therefore we cannot make any statement
about the solvability of the nonregular disturbance decoupling problem by means of
static state feedback.

The solution of the nDDDP presented in this paper also turns out to be of use
for solving another synthesis problem: the nonlinear model matching problem (MMP).
This problem can be formulated as follows: Given an affine nonlinear control system,
to be referred to as the plant P, and another affine nonlinear control system, to be
referred to as the model M, can we find a compensator for P such that the input-output
behavior of the precompensated plant matches that of M?

For linear systems this problem is completely solved (see, e.g., [11], [27], [30]-
[32]). For nonlinear systems until now only partial solutions have appeared (see,
e.g., [6], [7], [10], [15], [18], [19], [29]). It will be shown in this paper that the nonlinear
MMP can be formulated as an nDDDP with disturbance measurements. This observa-
tion was already made for linear systems in [32], 11 ]. In 10] sufficient conditions for
solvability of the nonlinear MMP were given by solving an associated DDP with
disturbance measurements by means of regular static state feedback. Furthermore, the
sufficient conditions for solvability of the nonlinear MMP that were given in [29] can
be viewed as following from the solution of an associated DDDP with disturbance
measurements by means of regular dynamic state feedback as was also studied in 17].
It is important to note that the partial solutions to the MMP mentioned above are all
given in terms of structural invariants of the system under consideration, whereas the
complete solution given in this paper is in terms of an algorithm.

The paper is organized as follows. In 2 we give the clamped dynamics algorithm.
This algorithm allows us to determine the clamped dynamics of a nonlinear control
system, i.e., the internal dynamics that are compatible with the constraint that the
output is zero for all times. Furthermore, we give an important proposition that gives
a connection between the clamped dynamics of a nonlinear control system and the
clamped dynamics of the same system precompensated by a dynamic state feedback.
In 3 we introduce the nonregular dynamic disturbance decoupling problem with
disturbance measurements (nDDDPdm) and the nDDDP, and we present an algorithm
for solving both problems. In 4 we formulate the nonlinear MMP and give a complete
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local solution to this problem by associating an nDDDPdm with it. In 5, finally, some
conclusions will be drawn.

2. The clamped dynamics algorithm. In this section we introduce the notion of
clamped dynamics and an algorithm to compute these, following [35]. Consider a
nonlinear control system of the form

.=f(x) + g(x)u,
(6)

y=h(x),

where x , an open subset of ", the inputs u R", the outputs y RP, f and h are
vector-valued analytic functions, and g is a matrix-valued analytic function, all of
appropriate dimensions. The clamped dynamics of (6) are defined as the internal
dynamics of (6) that are compatible with the constraint that the output is zero for all
times. The notion of clamped dynamics was first identified, in the single-input single-
output case, in [4], [28] (note, however, that in these references the notion was called
zero dynamics). For the multi-input multi-output case it was further elaborated in [5],
[22], [35]. In [22], a general algorithm to calculate the clamped dynamics was proposed.
This algorithm was based on a modified version of Hirschorn’s structure algorithm
(see [13]). A different (but equivalent) algorithm was proposed in [35] and is based
upon a modified version of Krener’s algorithm (see [25]). In this paper we follow [35].

DEFINITION 2.1. A submanifold N c is controlled invariant for (6) if there exists
an analytic feedback u a(x) such that the vector field f(x)/g(x)a(x) is tangent
to N.

Remark 2.2. If dim (TN / )- constant, where cg is the distribution spanned by
the columns of g, this definition is equivalent to the following characterization: N is
controlled invariant if for any Xo N there exists an admissible control t(t) such that
the solution of (t)=f(x)+g(x)(t), x(0)= Xo remains in N (see [33]).

DEFINITION 2.3. N c is an output-Hulling controlled invariant submanifold for
(6) if there exists a feedback u t(x), such that f(x)+ g(x)a(x) is tangent to N and
h (x) is zero on N.

To determine the dynamics compatible with the constraints y(t)=0 for all t, we
need to compute the maximal output-Hulling controlled invariant submanifold, pro-
vided it exists. This can be done by means of the following algorithm that is based on
the algorithm from [35].

ALGORITHM 2.4. Clamped dynamics algorithm. Consider the system (6). Let Xo
be such that h(xo)-O and assume that h =(hi," ", hp) has constant rank p in a
neighborhood of Xo in h-l(xo).

Step 0
Locally around Xo the set No h-l(0) is an (n-po)-dimensional submanifold,
where Po := P. Denote tho := h.
Step k
Let Nk-1 be a smooth (n-pk_l)-dimensional manifold through Xo, given as
Nk_ {x (}k_I(X) 0}. Calculate

(7) $k-1 O])k-1
[f(x) + g(x)u] =: Ak(X) + Bk(X)U.

OX

Assume that Bk(X) has constant rank rk in a neighborhood of Xo in Nk-1. After
a possible permutation of the entries of )k-1 we may assume that the first rk
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rows of Bk are linearly independent. Accordingly, we write (7) as

d) A(x+(x]’
where t}k(x) has full row rank r in a neighborhood of xo in N_. Let (x)
be a right inverse of (x). Letting u =-(x)(x), we find from (8) that

(9) (X)-(X)(X)(X) =:
(X)

Note that, since each row.of B(x) is linearly dependent on the rows of B(x),
(x) is independent of the choice of (x). Assume that (Xo)=0 and that
(x) has constant rank s in a neighborhood of Xo in N-I. Then locally around
Xo, N:= {x N_l](x)=0} is an (n-p)-dimensional submanifold, with

P := P-I + s. Permute the entries of such that the first s entries are indepen-
dent on N, and denote 6 := (_, ,. ., ).

If, at every step of the algorithm, the two constant rank assumptions are satisfied
and (Xo) 0, then we call Xo a regular point for the algorithm. If Xo is a regular point
for the clamped dynamics algorithm, then it easily follows that the algorithm terminates
after k* <n iterations, where k* is the least integer such that N.-1 N., or
equivalently k* is the least integer for which 0 on N_I. We will call the maximal
connected component of N. containing Xo the clamped dynamics manifold of (6) and
we denote it by N*. A control that renders the dynamics on N* invariant is given by
u -B.(x)A.(x).

In what follows we will control nonlinear systems of the form (6) by means of a
compensator R of the form

=(x, z)+(x, z)v
(10)

u=e(x,z)+6(x,z)v

with z ", v denoting the new inputs and real analytic a, fi, y, 6. A question that
arises is" what is the connection between the clamped dynamics manifold of (6) and
the clamped dynamics manifold of (6), (10)? The following proposition gives an answer
to this question.

PROPOSITION 2.5. Let the clamped dynamics manifold of (6) be given by N*=
{x].(x)=0}. en the clamped dynamics manifold of (6), (10) is given by M*=
{(x, z) .(x) 0, (x, z) 0} for some vector offunctions (x, z).

The proof appears in the Appendix.

3. The nonregular dynamic disturbance decoupling problem (nDDDP). In this sec-
tion we formulate two kinds of nDDDPs and give a local solution for both problems.

Let Z be a nonlinear multi-input multi-output control system with disturbances
of the form

Z
=f(x) + g(x)u +p(x)q

1 1
y=h(x),

where x , an open subset of", the inputs u m, the outputs y P, the disturbances
q , f and h are vector-valued analytic functions, and g and p are matrix-valued
analytic functions, all of appropriate dimensions. Analogously to [17] we define the
following problems for Z.
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DEFINITION 3.6. Consider the system X and let a point Xo be given.
1. The local nDDDP with disturbance measurements (nDDDPdm) consists in

finding (if possible) a compensator Q of the form

(12)
a(x, q, z) + (x, q, z)v

Q
u y(x, q, z)+ 6(x, q, z)v

with z E, a neighborhood U of Xo in , an open subset V of E", and a map F: U-- V
with the property that y(, F(), t) is independent of q for all 9 U. Here
y,.OO(, F(), t) denotes the output of the precompensated system E Q initialized at
(, F()), at time t.

2. The local nDDDP consists in finding (if possible) a compensator R of the form

(13) R{= a(x, z)+ fl(x, z)v
u= /(x, z) + 6(x, z)v

with z ’, a neighborhood U of Xo in , an open subset V of ", and a map F: U-- V
with the property that yOO(ff, F(ff), t) is independent of q for all 9 U.

If we require the compensators Q and R to be invertible, the above problems will
be referred to by DDDPdm and DDDP, respectively.

A solution of the DDDP and the DDDPdm can be found in [17]. Recall that for
linear systems the conditions for.solvability of nDDPdm, DDPdm, nDDDPdm, and
DDDPdm are all equivalent (see, e.g., [1], [2]). From Example 3.2 in [17] it has
become clear that for nonlinear systems solvability of the DDP is not equivalent to
the solvability of the DDDP. The following example illustrates that for nonlinear
systems solvability of the nDDDP is not equivalent to solvability of the DDP nor the
DDDP.

Example 3.7. Consider the nonlinear system

2 x3 + q,

(14) 23’XlU

Yl Xl,

Y2 X3.

It is easy to see that we can solve the nDDDP for this system by putting u 0, while
using the theory developed in [17] it can be shown that the DDDP is not solvable for
(14), which also implies that the DDP is not solvable for (14).

In what follows we will give a constructive algorithm to solve the nDDDPdm. In
order to get a better insight into how the algorithm works, we first discuss the ideas
behind the algorithm. So, consider a system 5; with disturbances, of the form (11).
Choose a point Xo . First assume that we want to solve the nDDDPdm around Xo.
Clearly, a compensator Q solves the nDDDPdm for 5; around Xo if and only if for
2; Q the y(t) do not depend on q for all t. We now apply the first steps of Singh’s
algorithm (cf. [34], [9]) to E. Thus, for Z we determine

(15)
Oh

29 =-2--- (x)[f(x) + g(x)u +p(x)q] =: al(x) + bl(x)u + c(x)q.
ox
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Assume that bl(x) has constant rank /91 in a neighborhood of Xo. After a possible
permutation of the entries of y, we may assume that the first pl rows of bl(x) are
linearly independent. Accordingly, we write (15) as

(16) ffl (II(X) "[- ,(x)q + u,
\1(X) -+" l(X)q/ l(X)

where (x) has full row rank p in a neighborhood of Xo. Let (x) be a right inverse
of b(x). Then from the upper pa of (16) it follows that

a,(x)

Combining (16) and (17) we obtain

(18) Yl l(X) q- l(X)?(x)(;1-l(X))q-(l(X)- l(X)(X)l(x))q =: Il(X, q, 1).

Note that $1 is affine in q and 371. Define the matrix-valued function

(19) Dl(x) := Ol(x, q, fl)
Oq

Assume that D1 0. This implies that 371 explicitly depends on q. Furthermore, this
dependence is intrinsic, meaning that with another pa.rtition (971,331) of y also a

q2dependence would occur via a matrix-valued function Dl(x) with the property that
Dl(x) Tl(x)Dl(x), where Tl(x) is invertible (cf. [9]). Using similar arguments as in
the proof of Proposition 2.5, we can show that this q-dependence can only be resolved
by means of dynamic compensation if we can choose the compensator and its initial
conditions in such a way that Dl(X(t))=0 for all t. However, this would imply that
the nDDDPdm is not solvable in a neighborhood of Xo in , but at most in a
neighborhood of Xo in {xlDl(x) 0}. Thus we must necessarily have that D1 -= 0 if we
want to solve the nDDDPdm. Assuming that D1 -= 0 we proceed by determining

(20)
332) Oql

(x, fi,)[f(x) + g(x)u +p(x)q]+l
=: a(x, , fi)) + b2(x, fi,)u + c2(x, l)q.

Define B2 := (b)r and assume that B2(x, ) has constant rank p2 in a neighborhood
of Xo. Then, after a possible permutation of the entries of fi, we may assume that the
first P2-p rows of b2(x, fi) are linearly independent. Accordingly, we write (20) and
the upper pa of (16) as

(21) 2, e}x, fi,, ]2))+ ?2(x, ,)q +/z(x, ;) u,

where 2(x,il):=((x)[(x,,))T has full row rank p2. Let /-(x,)l) be a right
inverse of/2(x, )1) and define
2(x, 31) := (T(x)?[(X, 1)) T- Then again we can rewrite )32 as

(22)
3)(2’= d2(x, ill, )72’) b"2(x, )1)/-(X, )1)(/2(X, )1, i2))

+(e2(x, fil)-b"2(x, fil)-(x, fil)d2(x, fil))q =: 2(x, q, 2).
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Define as before the matrix-valued function

(23) D2(x, )1):- Oq2(x, q, Y).
Oq

First assume that D 0. Then )2) explicitly depends on q. Again, this dependence is
intrinsic in a similar sense as described above, and it can only be resolved by means
of dynamic compensation if we can choose the compensator and its initial conditions
in such a way that D(x(t),.l(t))-0 for all t. Now note that DE is a function of x
and 1. Thus it may be possible to find a neighborhood U of Xo in such that for all
x U there is a such that Da(x, )= 0. By the implicit function theorem, this
is the case if and only if

(24) ranks=rank Ox /

where (x,) is the vector of functions consisting of the nonzero entries of Dz. If
(24) holds, we can locally treat x as a "free variable," i.e., there is a paition (, 2)
of and a function O(x, 2) such that locally

(25) 62(X, 1)= 0 11 O2(X, 12).
We now proceed by repeating the above procedure under the constraint that D

and its time derivatives are zero. If again an explicit q-dependence of the type described
above or an explicit q-dependence of a time derivative of O2 occurs, we add the
function characterizing the dependence to the set of constraint functions and sta all
over again with the new set of constraint functions.

If, on the other hand, we have that D2 0, we continue with subsequent steps of
Singh’s algorithm until an intrinsic q-dependence occurs and then go through the
whole procedure as described above. While going through the procedure, we should
apply two intermediate checks. First, it may occur at a ceain step that the submanifold
on which the constraints are satisfied is empty. In this case the nDDDPdm is not
solvable, and we can stop the procedure. Second, assume that at a ceain step the set
of constraint functions is given by k(X, Yk). Then, to guarantee solvability of the
nDDDPdm on a neighborhood of Xo in , we must necessasily have that there, is a
neighborhood U of Xo in such that for every x e U there is a Yk satisfying k(X, Yk)
0. By the implicit function theorem, this is the case if and only if

(26) rank rank
k 0 Yk/’

SO that again, locally, x can be treated as a free variable. Thus, if (26) does not hold,
the nDDDPdm is not solvable, and we can stop the procedure.

If we want to solve the nDDDP instead ofthe nDDDPdm, the procedure described
above follows the same lines, with a few minor differences. Namely, while solving the
nDDDPdm, at every step k we may resolve the intrinsic dependence of fi,. ., fig on
q by choosing an appropriate input u depending on x, q and fl,"" ", Y and its time
derivatives (see (16), (17), (21)). However, if we want to solve the nDDDP, we can
only resolve the intrinsic q-dependence of fi,..., fig if the functions characterizing
the dependence are constrained to be zero for all t, since u is not allowed to depend
on q. For the procedure this means that, while solving the nDDDP, we should define
O,(x) (ok/oq)x), etc.
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Summarizing, the algorithm we are going to present will consist of,applying steps
of Singh’s algorithm and the clamped dynamics algorithm to E, together with some
intermediate checks. The use of Singh’s algorithm can be circumvented by observing
that applying Singh’s algorithm to E is equivalent to applying the clamped dynamics
algorithm to the augmented system (cf. [35])

(27) Eao

2 =f(x) + g(x)u + p(x)q
il Wi2

1i2-- Wi3

1 i, I)

Yoi-- hi(x)-- Wil

(i=1,...,p)

with Vo := n. Thus we only have to use the clamped dynamics algorithm
This leads to the following algorithm.

ALGORITHM 3.8
Step 0
Define the system Eao as in (27).
Step k+ 1
Let Eo, ", .’ak and Uo, ", Uk be defined. If we apply the clamped dynamics
algorithm to Ek, where we consider q as a parameter, we obtain (vectors of)
functions blk(x, q, w),. b k (x, q, w), where rk denotes the final step of the
clamped dynamics algorithm applied to Ek. While solving the nDDDPdm, let
Zk be the smallest integer for which

k0.rk+l(28)
O D.k(x, w):=

8q

While solving the nDDDP, let rk be the smallest integer for which

(29)
O D(x, w)"- O(boq

If it turns out that Zk -->-- 7rk, we set Zk := 37"k. Now distinguish the following cases
(which should be checked sequentially)"
1. sk :-- {(x, w) blk(X, W) kbk(X, W) =0}=. In this case we stop.
2. rank (Odpk/Ow) < rank ((o)kk/OX)(O k,/Ow)). In this case we stop.
3 7rk =Zk In this case we stop, defining N* := Nk

ak4. If none of the cases 1, 2, or 3 hold, we define k+l := k + ’k and D a vector
kof functions consisting of a maximal number of independent entries of D.

Then define the system

: =f(x)+ g(x)u +p(x)q
il Wi2

i2 Wi3

(30) ak+l 1,..., p).

Wi,k+

Yk+l k
Note that at every step k of Algorithm 3.8 we must apply only r steps of the

clamped dynamics algorithm to Ea-. If for a given Xo at every step k there is a w
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such that (Xo, Wok) is a regular point for the first Zk steps of the clamped dynamics
algorithm applied to ’ak-1, we call Xo a regular point for Algorithm 3.8. If Xo is a
regular point, the algorithm terminates in a finite number, say k*, of steps. Now we
have the following theorem.

THEOREM 3.9. Consider the system E. Let Xo be a regular point for Algorithm 3.8
applied to ,. Then

1. The (regular) DDDPdm is locally solvable around Xo if and only if k*--1.
Moreover, if k*= 1, the algorithm terminates because of case 3.

2. Ilk* > 1, the nDDDPdm is locally solvable around Xo ifand only if the algorithm
terminates because of case 3.

Proof. 1. See 17].
2. We only give the proof for the nDDDP. The proof for the nDDDPdm is

analogous, with a few differences concerning the q-dependence of the compensator.
Sufficiency. Assume that the algorithm terminates because of case 3. For brevity

of notation, we denote

k*-I(31) (x, w):= b._l,x, w).

Thus, N*={(x, w)[(x, w)=0} and N* is a controlled invariant submanifold for
Ek*-l. Since case 2 does not apply for , by the implicit function theorem we can
find a partition (w, w2) of w and a function (x, w) such that locally N* can be
expressed as {(x, w)[w (x, w2)}. Let U be a neighborhood of Xo on which this
parametrization of N* holds. Now let u=a*(x, w) be a control that renders N*
invariant for ’ak*-l" Then it is obvious that if we apply this control to ’ak*-I and we
choose our initial conditions on N*, we will have ylJ(t)= wo(t) for all and thus
y(t),..., y(n)(t) are independent of q for all t. Now let zi (i 1,...,p) be a vector
of dimension Uk*- and consider the compensator

Q.i Az + bvi 1,...,p)
(32)

u=*(x,z)

with (A, b) in Brunovsky form, initialized at (if, q(, zZ), z) for an U. Then from
the above it is clear that this compensator locally solves the nDDDP for E.

Necessity. Let Xo be a regular point for Algorithm 3.8 applied to E. Assume that
the nDDDP is locally solvable around x0 by means of a compensator

(33) Q{=a(x,z)u=,(x,z).

Consider the system

(34) a0

2 =f(x) + g(x)u +p(x)q
l2i Wi2

ki2 Wi3

1,i,’i.._ t

yo h(x) w

(i=1,." ",p).

Note that Eao only differs from Eao in the the number of wo’s for Ea0 is larger. Since
Q solves the nDDDP for E, it also solves the nDDDP for Ea0. Thus, the clamped
dynamics manifold of ,,o Q is given by M= {(x, w, z)l(x z)-w=0} for some
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vector of functions (x, z). Denote the clamped dynamics manifold of "ak Q (k=
0,..., k*-1) by Nk. By Proposition 2.5, the functions determining the clamped
dynamics manifold of Eak are zero on Nk. This implies in particular that the functions
determining the clamped dynamics manifold of Eao are zero on M. Since k*> 1,
Zo < 7to. Moreover, since 0o/0q # 0 and

(35) c =O4)’---- [f(x)+ g(x)u +p(x)q]+04)--’o Ox 0W

for E,o, it is easily seen that at least one of the functions determining M explicitly
^0depends on q, and/or y depends on q, unless D.o(X w) and all of its time derivatives

are zero on M. Since the former would be in contradiction with the form of M and/or
the form of Q, the latter is the case. Now let the systems ak (k 1,"" ", k*-1) be
obtained from ’ak-1 by augmenting the outputs according to

(36) 37k 7"k--1

Dk-1Tk

Again, note that Zk only differs from Zk in that the number of w0’s for Eak is larger.
Then, using the above and an induction argument, we can prove that the clamped
dynamics manifold of Zk Q (k--0,’" ", k*-1) is equal to M. If we compare the
form of Zak and ,k, we see that this implies that also Nk (k =0, k*-1) is of
the form Nk {(x, w, Z)[k(X, Z)-- W=0} for some vector of functions k(X, Z). Con-
sider the sets := {(x, w)[ there exists z such that (x, w, z) e Nk}. By the form of N
it is clear that /Q . Now, by Proposition 2.5, N can alternatively be written as

kN= {(x, w, z) 4,(x, w)=0, q,k(x, w, z)=0} for some vector of functions 4,(x, w, z).
Thus any element (x, w) , (x, w)= 0, which implies that )Q N
Hence N, and thus the algorithm cannot terminate because of case 1. Now assume
that the algorithm terminates because of case 2. This implies that we cannot find a
partition (w w2) of w and a vector of functions k._(x, w2) such-that Tk._

{(x, w)[w ._(x, w)} i.e., x cannot be a "flee variable" on N*- By PropositionTk*--

2.5 this implies that x cannot be a free variable on Ng*-
either, which gives a

contradiction with the form of Nk*-. Hence the algorithm can only terminate because
of case 3.

Remark 3.10. It is easy to see that while solving the nDDDPdm we can take the
function a*(x, q, w), which renders N* as an invariant manifold for E._ to be affine
in q, i.e., we can take a* of the form a*(x, q, z) a*l(X, z)+ a*z(X, z)q.

We chose the above form of the algorithm and construction of the compensator
to make the algorithm and the proof ofTheorem 3.9 as transparent as possible. However,
the bookkeeping while applying the algorithm can become quite troublesome, and the
order of the compensator can become unnecessarily high. For (relatively) simple
examples, much can be improved by using ad hoc arguments in the vein ofthe algorithm,
as will be illustrated by the following example.

Example 3.11. Consider the system

31 X2/’/1 -It- X4, Yl X,

(37)
)2 X3 "+- q, Y2 X3,

3 X "It- 24, Y3 X5,

34 X5, Y4 X7,
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’5 U2" X9

6 X8 lg3

7 26U2 "1- X "-]- X9 "Jr" X629,
((37) cont.)

8 /$3,

39 X10

10= q2

for which we want to solve the nDDDP around points in the set {x Rllx2 0, x 0,
26 0, 28 0}. Let us first restrict our attention to Yl and y2. We find

1
1 X2Ul - 24 Ul (1- 24),

22

X1
2 Xl Ul + X4 (1 X4) -- X4,22

2 )}__.1 (1- X4)
21(23 + ql)

22 X22 (1 X4) -" xlX2 (1 X5) -- X5"Thus j; intrinsically depends on ql. Hence we should have

x_L(38) x ())1 x4) 0.

Since we are working in a neighborhood of point for which x 0, 22 0, this implies
that (1/x2)(-24)= u =0.

Having chosen Ul 0, we see from the structure of the system Yl and y can be
made independent of q2 if and only if Y3 and y4 can be made independent of q2.

Restricting our attention to Y3 and Y4, we find

9}3 U2 "t- XO : U2 .3 X9,

(39) 3)4 x6u + x8 + x9 + x6x9 x6.93 + x8 + x9,

4 X83U3 -- X63 -- lg3 "q- Xl0 : 1
U3--’(4--X63--X10).

x83)3 + 1

Thus we can solve the nDDDPdm by choosing a compensator

U

(40) u z x9,

1
153= (1)2 261)1 X10),

x8z+
with z(0)-(1/x8(0)) and vl, v2 denoting the new inputs.

4. The nonlinear model matching problem. In this section we will use the results
of the previous section to give a complete local solution of the nonlinear model
matching problem. For linear systems, the idea that we can obtain a solution of the
nonlinear model matching problem by associating it with a disturbance decoupling
problem was elaborated in [32], 11 ]. It was first extended to nonlinear systems in 10].
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First, we give a formulation ofthe problem. Consider a nonlinear plant P, described
by equations of the form

(41) p{2=f(x)+, g(x)u
y=h(x)

where x e , an open subset of R", the inputs u e Rm, the outputs y e NP, f and h are
vector-valued analytic functions, and g is a matrix-valued analytic function, all of
appropriate dimensions.

Furthermore, let a nonlinear model M be given, which is described by the equations
t fM (x) + gl(x)u

(42) M
y4 h4(x4),

where x4 e an open subset of N"M, the inputs u e Nm, the outputs y4 e Np, fM
and h4 are vector-valued analytic functions, and g4 is a matrix-valued analytic
function, all of appropriate dimensions.

The compensator Q used to control P is a nonlinear system described by equations
of the form

Q[ ,2 a(x, z)+ b(x, z)u
(43)

u c(x, z) + d (x, z)u’
with state z e R and real analytic a, b, c, d.

The usual definition of the nonlinear model matching problem is given below
(see [6], [10]).

DEFINITION 4.12 (Nonlinear model matching problem (MMP)). Given a plant
P (f, g, h), a model M (f4 gt, h4), and a point (Xo x)
find neighborhoods U of Xo and U of x, an integer u, an open subset V of , a

compensator Q (a, b, c, d) with a, b, c, d real analytic functions defined on V U,
and a map F: U U V, with the property that

(44) yPO(x, F(x, xM), t)-y(x4, t)
is independent of u for all and for all (x, x) U UM.

Given M and P we define an extended system E:
, =f(x)+g.(x’)u +p(x’)qe

(45) E y. h x.
with

X
M f(x) M(XM g

(0) hV_.(xV.)=h(x)_hlVt(xW)"P(x) g(xl)
THEOREM 4.13. The MMP is solvable for (M, P) if and only if the nDDDPdm is

solvable for E.
Proof Necessity. Assume that the MMP is solvable for (M, P) by means of a

compensator Q of the form (43). Then from the definition of the MMP it is obvious
that the compensator

/ :/= (x, q, z)
(46)

u y(x, q, z)
with a(x, q’, z) a(x, z)+ b(x, z)q ’, y(x’, q’, z) c(x, z)+ d(x, z)q" solves the
nDDDPdm for E.
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Sufficiency (see also 10]). Assume that the nDDDPdm is solvable for E by means
of a compensator

I " Oll(xE’ Z)’]- Ot2(X E, z)qz
(47) Q

u y,(x, z)+ y:z(x, z)qz.
Note that we can indeed take the compensator to be affine in q (see Remark 3.10).
Consider the following compensator for P:

l =fM (z1) _].. gM (zl)u
(48) Q 2 al(x, zl, z2)+ a2(x, z, z2)ut

u v(x, z, z2)+ v(x, z, z)uM.
Then it is easy to see that Q solves the MMP for (M, P).

Thus, using the results from Theorem 3.9, we can check if the MMP is solvable
for given (M, P) and we can construct a compensator that solves the MMP. We will
illustrate this by means of an example.

Example 4.14. Consider the plant

l X2 - X2U2 Yl Xl
(49) P u y_ x3

123 u2 Y3 x3

and the model

(50)
y xl
y:x
y x4

Then

1 1M X2 -- X2U2 X2(1 +3 3M X4M) X2
M

-f -x’-’ y-’+x’ +,
y3-y’ .+ x4. -’-xy,
fi-fi (2- +x+ u)(a +3- x)+ x(fi3- fi x) x u.

Thus, fi-fi intrinsically depends on u (the disturbances). Hence to solve the MMP
we must have

(51)
Then it is easy to see that we can solve the MMP by means of the nonregular
compensator

1 Z2

2 z3

3=(5) Q

u=0
with z(0) x (0).

5. Conclusions and remarks. In this paper we formulated and solved the local
nDDDP. The solution was given by means of a constructive algorithm. A drawback
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of the algorithm presented in this paper is that it does not give a compensator of
minimal order solving the nDDDPdm. Therefore we cannot make any statement about
the solvability of the DDP by means of nonregular static state feedback. This remains
a problem for future research. Another topic for future research is the generalization
of the theory developed in this paper to general nonlinear systems of the form

2=f(x, q, u)
(53)

y=h(x,u).

Using the algorithm given in this paper we can immediately give sufficient conditions
for the solvability of the nDDDPdm for (53). Namely, consider the following extended
system obtained from (53):

(54)
y=h(x,u).

Then any solution to the nDDDPdm for (53) gives rise to a solution of the problem
for (53). The converse is easily seen to be false. However, since for the system (53)
versions of Singh’s algorithm and the clamped dynamics algorithm are also available
(see [26], [23], [24] for Singh’s algorithm and [35] for the clamped dynamics algorithm),
it seems that the method of this paper can be straightforwardly extended to systems
of the form (53).

By proving that the solvability of the nonlinear MMP is equivalent to the solvability
of an associated nDDDP with disturbance measurements, we also established a com-
plete local solution of this problem. A problem that remains unsolved is the problem
of internal stability of the compensated plant after we have solved the nonlinear MMP.
Until now this problem has only been addressed in [3] in the case where the plant is
a single-input, single-output system and in [15] in the case where the plant is
decouplable by static state feedback. The problem consists in the fact that, even if we
start from an internally stable plant and an internally stable model, we may very well
introduce unstable unobservable modes in the closed loop. To solve this problem,
further investigation of the structure of a model matching configuration is needed,
especially concerning the "fixed" and "free" modes of such a configuration. For linear
systems this investigation has already been performed in [31]. For nonlinear systems
this is undoubtedly much more difficult to answer. So far, only results about "fixed"
modes in the solution of the input-output decoupling problem have been obtained in
12]. It is not clear if a similar analysis is applicable for the nonlinear MMP considered

here. We leave this open for future research.

Appendix.
Proof of Proposition 2.5. Denote the submanifolds obtained while applying the

clamped dynamics algorithm to (6) and (6), (10) by Nk(={Xl4’k(X)=O}), Mk, respec-
tively. We will prove by induction that we can find vectors of functions Ok(X, Z) such
that Mk {(x, Z) Ik(X, Z) 0}, with

/ 4(x)
(x, z)= /

,(x, z)]"\

Obviously, we have No {xl bo(X) 0}, Mo {(x, z) o(X, z) 0}, with bo(X)
o(X, z) h(x). Hence our claim holds for k =0. Now apply the first step of the clamped
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dynamics algorithm to (6), yielding matrices Al(X), Bl(x), a vector of functions
and N1 {xl 1(x)-0}. Applying the first step of the clamped dynamics algorithm to
(6), (10) yields

(55)

Oqbo
(x)[f(x)+ g(x)(3,(x, z)+ 5(x, z)v)] o(X, z)

x

Aa(x)+ BI(X)’y(x, z)+ BI(x)6(x, z)v.

Since (Xo, Zo) is a regular point for the clamped dynamics algorithm applied to (6),
(10), B(x)(x, z) has full rank in a neighborhood of (Xo, Zo) in Mo. It is clear that
1 < rl rank Bl(X). Moreover, the rows of Bl(X)(x, z) are linearly dependent on the
rows of Bl(X)(x, z), since the rows of Bl(x) are linearly dependent on the rows of
/l(x). Thus we can permute the entries of o(X, z) in such a way that the first rows
of Bl(x)(x, z) are linearly independent and the last (po-rl) entries of o(X, z) consist
of o(X), i.e., we can write (55) as

(56) 4o(X, z) IA:l(x)+/l(x)y(x, z) + /,l(x)ti(x, z) v,
o(X, z) \ ml(x)+/l(x)y(x, z) /l(X)8(x, z)

where (’, )7- consists of the entries of 4o and ;,l(x)6(x, z) has full row rank
in a neighborhood of (Xo, Zo) in Mo. Observe that

has full row rank r in a neighborhood of (Xo, Zo) in Mo. Thus, we can rewrite 6(x, z)
in (56) as

(57)

where

o(X, z)= A(x)+ BI(x) o.l(X ’(X, Z) /o-l(X)/

Let ((x)6(x, z))+ be a right inverse of ]o.l(X)(x, z). Letting v
-(/l(X)(x, z))+fi,,l(x) we find from (56)

(58)
o(X, Z) I(X)- I(X)(I(X)(X, Z))+I(X)

=:
el(X Z)

Then M is given as M1 {(x, z)[ o(X)= 0, @o(X, z)= 0, #l(X, z)= 0}. Since o(X, z)= 0
on M and (obviously)

1(1) Ael(/)

we find from (57) that on M
(59) 4o(X, z) A,(x)- 6,(x).

Thus, M {(x, z)lo(X) =0 l(X)=0, el(X, z)=0}. Assume that ((x), #(x, z)) r

has constant rank 1 in a neighborhood of (Xo, Zo) in M1. Obviously, 1> s. Since
(x) has constant rank s in a neighborhood of (Xo, Zo) in M1, we can permute the
entries of (x) and #(x, z) such that (6(x), ., ,,(x), (x, z),. ., #,_,l(X, z))
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are independent on M,. Defining bl(X)=(4’(x) ll(X),"" ", tlsl(X))T
(11(x, z)," ", #l,-s,(x, z)) T we find m {(x, z) 41(x) 0, q(x, z) 0}. Hence our
claim also holds for k 1. Using similar arguments as above, we can prove that our
claim holds for k 0,..., k*, which completes the proof.
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ON THE EXTENSION OF NEWTON’S METHOD TO SEMI-INFINITE
MINIMAX PROBLEMS*

E. POLAKf, D. Q. MAYNE,, AND J. E. HIGGINSt

Abstract. This paper introduces two new techniques for the analysis and construction of semi-infinite
optimization algorithms. The first is a very simple technique for establishing the superlinear rate of
convergence of semi-infinite optimization algorithms. The second technique enables specification of discretiz-
ation rules that preserve the superlinear convergence of conceptual superlinearly converging semi-infinite
optimization algorithms.

Natural extensions of Newton’s method to semi-infinite optimization are used as a vehicle for presenting
the techniques. In particular, it is shown’that both local and global versions of the conceptual extension of
Newton’s method converge Q-superlinearly, with rate at least 3/2, and that their implementations, based
on the discretization rules, retain this rate of convergence.

Key words. Newton’s method, minimax problems, nondifferentiable optimization, superlinear
convergence

AMS(MOS) subject classifications. 49K35, 49M15, 49M39

1. Introduction. This is a dual-purpose paper. The first purpose of this paper is
to introduce a novel technique for establishing the superlinear convergence of a class
of semi-infinite optimization algorithms; the second is to demonstrate the degree to
which various discretization effects, associated with semi-infinite optimization prob-
lems, can be taken into account. In particular, this paper introduces discretization
rules that preserve the superlinear convergence of conceptual superlinearly converging
semi-infinite optimization algorithms.

In his pioneering paper [29] dealing with perturbed Kuhn-Tucker points,
Robinson showed that by applying the implicit function theorem to the first-order
optimality conditions of a finitely constrained optimization problem and then relating
the result to the search direction finding problem of a particular algorithm, we can
sometimes establish the superlinear convergence of this algorithm. The same technique
can also be used for establishing the superlinear convergence of finite minimax
algorithms; see, e.g., [26].

Unfortunately, Robinson’s technique cannot be used in conjunction with semi-
infinite optimization algorithms because the assumptions of the implicit function
theorem are not usually satisfied in the semi-infinite case. The technique in this paper
is based on function approximations and is therefore not restricted by the linear
independence requirements associated with techniques based on the implicit function
theorem.

To illustrate both our new technique for establishing the superlinear convergence
of a semi-infinite optimization algorithm and the manner in which discretization effects
can be taken into account, we chose an extension of Newton’s method for the solution
of semi-infinite optimization problems. Our choice was motivated partly by the fact

* Received by the editors August 14, 1989; accepted for publication (in revised form) February 18,
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Office of Scientific Research contract AFOSR-86-0116, and the State of California MICRO Program grant
532410-19900.
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* Department of Electrical Engineering, Imperial College of Science and Technology, London, SW7
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that Newton’s method is the simplest method in the class that can be considered, and
partly because Newton’s method is one of the best understood, most studied, variously
modified, adapted, and approximated algorithms in the literature (see, e.g., [6], [19],
[9], [16], [17], [20], [25], [29], [30]).

In the area of nonlinear programming, Newton’s method was at first used as a
local method for unconstrained optimization of twice locally Lipschitz continuously
differentiable, strongly convex functions on n. Then, it was shown by Goldstein [8]
that, for such functions, the local Newton method can be globally stabilized; i.e., it
can be made globally convergent by the addition of the Armijo-Goldstein step-size
rule [1], [8]. Since this step-size rule returns a stepsize of unity near a solution (see
[8]), the Goldstein version of the globally stabilized Newton method converges quad-
ratically. Finally, referring to [21], we see that it is possible to construct globally
stabilized versions of Newton’s method that converge quadratically in minimizing twice
locally Lipschitz continuously ditterentiable, but not necessarily convex, functions on
n, whose local minimizers satisfy second-order sufficiency conditions. Such globally
converging methods are obtained by using the Goldstein method if certain conditions
are satisfied, and reverting to the Armijo gradient method 1] otherwise (see, e.g., 18]).

The extension of Newton’s method (largely in the form of sequential quadratic
programming) to semi-infinite optimization problems appears to have been confined
to constrained problems that can be converted to ordinary nonlinear programming
problems by means of the implicit function theorem (see, e.g., [11], [24], [5]). For
example, a problem of the form

(1.1a) min {f(x) c(x, t) <- O, V [0, 1 ]}

can be converted to the standard nonlinear programming form

(1.1b) min {f(x)ld(x, t(x))<-_O,j 1,2,..., q},

when it is known that for all x near a local solution x*, b(x, .) has exactly q local
maximizers, and that b,(x, tJ(x))< 0 for each j. It should be noted that some of these
extensions are conceptual algorithms because in their analysis it was not considered
that the local maximizers t(x) cannot be computed exactly.

We can convert an unconstrained minimax problem of the form

(1.2a) min max b(x, t)
xR t[0,t]

into a constrained problem of the form

(1.2b) min { wick(x, t) <-_ w, V [0, t]},

and, assuming that the required assumptions are satisfied, apply one of the above-
mentioned algorithms (i.e., 11], [24], [5]). Such an approach suffers from both aesthetic
and practical drawbacks. First, it is displeasing to convert an unconstrained optimiz-
ation problem into a constrained one. Second, to avoid the Maratos effect [15], we
must use a curvilinear step-size rule or other modifications, such as the use of the
modified Lagrangian merit function of Shittkowski and Powell, which are more complex
than the simple Armijo-Goldstein rule mentioned earlier. Third, unlike Newton’s
method, the methods in 11], [24], 5] do not exhibit invariance under linear transforma-
tions. Last, we have observed that constrained semi-infinite optimization algorithms
(such as Algorithm 5.7 in [22]) do not perform on (1.2b) as well as semi-infinite
minimax algorithms (such as the version of Algorithm 5.2, based on (5.52) in [22]) do
on (1.2a).



NEWTON’S METHOD FOR SEMI-INFINITE MINIMAX 369

In this paper, we present natural extensions of both the local version of Newton’s
method and of the Goldstein globally stabilized version of Newton’s method, for the
solution of a class of convex semi-infinite minimax problems. The notable aspects of
our work are (i) we do not impose the above-mentioned restrictive assumption that
all the local maximizers of 4,(x," are strict and that their number is finite, (ii) we
consider the most obvious approximations required to produce implementable
algorithms, and (iii) we use a new and very simple technique for establishing superlinear
convergence of our extensions of Newton’s method. Since our technique is not based
on the implicit function theorem (as in [29], [25]), it does not require the imposition
of a strict complementarity condition. In 2 we show that a conceptual local Newton’s
method for semi-infinite minimax problems converges superlinearly with Q-rate 3/2,
under assumptions analogous to those needed in the minimization of twice locally
Lipschitz continuously ditterentiable, strongly convex functions on n. In 3 we present
a conceptual globally stabilized Newton method and show that it retains the Q-rate of
3/2. In 4 we present two implementable versions of the local Newton method for
semi-infinite minimax problems and show that they converge locally with Q-rate 3/2;
a superlinearly converging (with Q-rate 3/2) implementable version of our globally
stabilized Newton method is presented in 5. We present numerical results in 6 and
our concluding comments and final observations in 7.

2. The local Newton method. We will consider the problem

(2.1b) ,(x)=max max bJ(x, t),
jq t[O,1]

where q---a {1, 2, -, q}.
In keeping with standard assumptions for Newton’s method (see [8]), we make

the following hypotheses.
Assumption 2.1. (i) For all j q, the functions 4,J: n x [0, 1] are twice Lipschitz

continuously differentiable in the first argument (uniformly in the second).
(ii) For all j q, b(., ), V,b(., ), and bx(’, are all continuous.
(iii) There exist constants 0 < m-< M such that for all x

(2.2) mllhll<-_(h, bxx(X, t)h)<-_M}lhll 2, Vh", Vt[0, 1], Vjq.

Semi-infinite constrained optimization problems of the form min {f(x) lb(x, t) <=
0, for all j q, for all [0, 1]} may be expressed in the form of P by means of an
appropriate exact penalty function. If f(. is strictly convex and bJ( t) is convex
for all j q, and all [0, t], then the resulting problem P satisfies Assumption 2.1
(iii). Consequently, Assumption 2.1 is satisfied by many problems, particularly in the
areas of optimal control and optimization-based design of linear multivariable control
systems. For example, convex optimal control problems, such as the one described in

6, when expressed in the form of P satisfy Assumption 2.1 (iii). Also, some algorithms
for the solution of more general state-constrained optimal control problems require
an efficient subprocedure for solving convex optimal control problems that satisfy

Referring to problem (1.2a), we note that an assumption of strict complementary slackness is highly
restrictive for semi-infinite minimax problems because it implies that, at a solution x*, the active gradients
Vx4(x*, t) are affinely independent which, in turn, implies that 4,(x*," has at most n + maximizers.

However, 4,(x*," may well have a continuum of maximizers.

where

(2.1a) P: min (x),
l
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Assumption 2.1 (iii); see, for example, [28]. Another important class of optimization
problems satisfying Assumption 2.1 (iii) arises in the design of linear multivariable
control systems with control and state constraints when "Q-parameterization" is
employed; see [3].

PROPOSITION 2.1. Suppose that Assumption 2.1 holds and that x* is the minimizer

of d(.). Then for all x

m
(2.3a) O(x) O(x*) e IIx x*ll .

Proof. For any x ", and for any j q, let

(2.3b) q*(x) =a {j ql 0(x) max bJ(x, t)},
t[O, 1]

(2.3c) T*J(x) a--{t6[O, 1314,(x, t) (x)}.

Then, making use of the second-order expansion formula [7, p. 185] and of (2.2), we
obtain that

m
x*O(x)-q,(x*)->max max bJ(x*, t)-q,(x*)+(Vxd)(x*, t) x-x*)+ Ilx- 2

jq t[0,1]

(2.3d) >- max max
jq*(x*) t T*J(x*)

m
x*qbJ(x*, t)-(x*)+(VxqbJ(x*, t),x-x*)+- IIx- =

dq(x* x x*) +m
2 II1-1"11=

where d0(x*, x x*) denotes the directional derivative of q,(. at x*, in the direction
(x x*). Since x* is the minimizer of q(. ), dq,(x*, x x*) >= O, and (2.3a) follows, rq

By analogy with Newton’s method for differentiable functions, we .define a quad-
ratic approximation (. lY) to (. ), around the point y, by

(2.4a) (xly)-Amax max b(y, t)+(V,b)(y, t),x-y)+1/2((x-y), bx(y, t)(x-y)).
jq t[0,1]

Algorithm 2.1 (Local Newton Method).
Data: Xo ffn.
Step O. Set i= O.
Step 1. Compute

(2.4b) Xi+ arg man (xlxi).
x

Step 2. Replace by + 1 and go to Step 1.

Proceeding as in the proof of Proposition 2.1, it can be shown that (xlxi)-
/(x,+lx,)>-1/2mllx-x,+ll -. Hence we conclude that Xi+l is uniquely defined by (2.4b).

To establish the local convergence and rate of convergence of the above algorithm,
we need the following lemmas.

LEMMA 2.1. Suppose that Assumption 2.1 holds. Then there exists a K < oo such
that for any x, y

(2.5) IO(x) q3(x ly)l IIx yll.
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Proof Let L<oo be a common Lipschitz constant for the Hessians b,(.,.).
Then, making use of second-order expansions, we obtain that

q(x) =max max 4)J(y, t)+(VxqbJ(y, t)x, x- y)+1/2((x- y), d,(y, t)(x- y))
jq t[O,1]

(2.6) + Isto.11 (1-s)((x-y), [b,(y + s(x-y), t)-4),(y, t)](x-y)} ds

L
4,(x ly)/ IIx-yll 3.

The other half of the inequality in (2.5) follows similarly (with/ L/6). I-1

LEMMA 2.2. Suppose that Assumption 2.1 is satisfied. Let h Nn n and 0
be defined by

(2.7a) h(x) A_ arg min (x + h lx),
heI

(2.7b) O(x) a___ min (x + h lx)- q,(x).
hl

Then (a) both h( and 0(. are continuous; (b) for all x ", dO(x, h(x)) <= 0(x); (c)
ifx* is a solution of (2.1a), then both h(x*) 0 and O(x*) 0; (d) for allx x*, O(x) < O.

Proof (a) Continuity of 0(-) and h(.) follows from the maximum theorem in
[2], strengthened by Assumption 2.1 (iii). The continuity of h(.) again follows from
the maximum theorem in [2], which states that it is an upper-semicontinuous set-valued
map, and the fact that h(x) is always a singleton.

(b) Clearly, with q*(x), T*J(x) defined as in (2.3b), (2.3c), we must have that

(2.7c) O(x)>-_ max max chJ(x, t)-q,(x)+(V4)J(x, t),h(x))=dO(x,h(x)).
jeq*(x) t T*J(x)

Hence dtp(x, h(x)) <- O(x).
(c) Since O<-_dq(x*, h(x*))<= O(x*)<=O, must hold, it follows that both h(x*) =0

and O(x*) O.
(d) In view of Assumption 2.1 (iii), x* is the only point satisfying the first-order

necessary and sufficient condition 0e oq(x*), where Oq(x) denotes the Clarke-general-
ized gradient of q(. at x (for a definition, see [4, p. 27]). Hence this part is a simple
generalization of Proposition 5.5 in [22], from which we see that O(x) <= 0 for all x
and that 0(x) =0 if and only if OOq(x).

LEMMA 2.3. Suppose that K (0, oe), and that t, s >= 0 are such that

(2.8a) 2 <= K[(s +/)3 nt_ $3],
1 1

(2.8b) 0 < t_< 0 < s<
9K’ =9K

Then <= s and

(2.8c) -<_ 3x/ s3/.

Furthermore, if s <-_ y/9K, with y (0, 1), then

(2.8d) <-- x/- s.

Proof Let , _a__ 1/gK. Then, from (2.8a), (2.8b),
2 K[2s + 3S2t + 3st2 + 3]

(2.9a) __< K[2hs2 + 3As2 + 3At2 + At2].
Hence

(2.9b) 1 4AK) _<- 5Khsz.
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Since (1-4AK)=5KA=5/9, it follows that t<=s. Hence, replacing by s in (2.8a),
we obtain (2.8c).

Now, if s<= 7/9K, then x/=<x//3x/. Substituting for x/ in (2.8c), we obtain
(2.8d), which completes our proof. I3

COROLLARY 2.1. Suppose that K(O, oe), 7(0,1), and that {cei},o is a real
sequence such that

(2.10a) 2 < K[(ai+ )Ol. i+ Oli+ Af_ Ol ],

(2.10b) 0-<a<_- ---9K’

Then ai 0 as i- o superlinearly, with Q-rate 3/2.
Proof. It follows from Lemma 2.3 that ai/l --<q i, for all 1. Hence a "-’)’ 0 as

i- c. The 3/2 Q-rate follows from (2.8c).
We are finally ready to establish the convergence properties of Algorithm 2.1.
THEOREM 2.1. There exists a p > 0 such that if [[Xo- x*[[ <- p, where x* is the solution

of (2.1a), and {x,},o is a sequence constructed by Algorithm 2.1, then, x,- x*, as ic,
Q-superlinearly, with rate at least 3/2.

Proof Let a m/2, then, making use of (2.3a) and (2.4b), we obtain, for i=
0, 1,2,..., that

mX

(2.1 la) -<_ (x,+,)- (x,+, Ix,)+ q(x,+, Ix,)- q(x*)

because (Xi+l[Xi)(x$[xi), by construction of x+,. It now follows from (2.11a)
and Lemma 2.1 that

I1,+, [11,+,- x, + llx,-

(2. b) (x,+,- x*) -(x,- x*)li + IIx- x*]
[(tlx+,- 1+ IIx,- +llx,-x ],

where K /a and is as in Lemma 2.1.
Next, since by Lemma 2.2, h(. is continuous and h(x*)= 0, it follows that given

7" (0, 1), there exists a fi>0 such that if [[xi-x*[], then ][h(x)[]=]]x+-xi]]
*/18K. Let p* =min {fi, 7"/18K}. Then, if [[x-x*l[p*, we must have that

(2.2) Ilx,+,-x*ll llx,+,-x, + llx,-*ll =18K -9K"

Letting t& []x+-x*[[ and s & [[xg-x*[[, and making use of Lemma 2.3 (see (2.8b)),
we obtain that

--X(.) + < x-x .
ne, if Xo-X**, ten -** fo a, : ,,,..., n tfoe, y
(.), [[-x*]] 0 as. It now fo,ows fom (.1) an Corollary . (via (.c))
that

-x* < * Vi,(.) x+ : x-x /,
which completes our proof.
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3. The global Newton method. We will now present an extension of the globally
stabilized Newton method, proposed by Goldstein in [7] (see also [23, p. 33]). Stabiliz-
ation is achieved by adding an Armijo-type step-size rule to the local Newton method.
The rate of convergence of the local Newton method is preserved because, as we will
show, near the solution of (2.1a) under Assumption 2.1, the stepsize becomes unity;
i.e., the global Newton method reverts to the local Newton method.

Algorithm 3.1 (Global Newton Method).
Data: Xol", a,(O, 1), S{1, fl, fl, }.
Step O. Set 0.
Step 1. Compute O(x), and h h(x), according to (2.7b), (2.7a). Stop if O(xi) O.
Step 2. Compute the stepsize h - max {h S 14,(x + hhi) q,(xi) <= haO(xi)}.
Step 3. Set xi+ xi + hh. Replace by i+ 1 and go to Step 1.

First, we show that Algorithm 3.1 is globally convergent.
THEOgEM 3.1. Suppose that Assumption 2.1 holds and that x* is the solution of

(2.1a). Then any sequence {x}=o, constructed by Algorithm 3.1, converges to x*.
Proof First, because of Assumption 2.1 (iii), the level sets of b(’) are bounded

Xand, by construction in Step 2, 4,(x+) < p(x). Hence any sequence { i}i=o, constructed
by Algorithm 3.1, must have accumulation points. For the sake of contradiction,
suppose that the sequence {x}o does not converge to x*. Then it must have
an accumulation point x** x*. By Lemma 2.2, we then have that O(x**)<0 and
h(x**) O. Since by Lemma 2.2, the directional derivative dq,(x**, h(x**)) -<- O(x**) <
0, it follows that there is an s** S such that

(3.1a) q,(x** + s**h(x**))- q(x**) < s**aO(x**).

Hence, making use of the continuity of 0(. and h(. ), for all xi sufficiently near x**,
the stepsize h-> s** and O(x)< O(x**)/2. Therefore, for all such xi,

(3. lb) (x, + hih(xi))- q(xi) <- hiaO(xi) <-_ s** aO(x**)/2.

Since the sequence {q,(xi)}=o is monotone decreasing, (3.1b) implies that (x)-->-00
as c, which is a contradiction. Hence the theorem must be true. [3

Next, we establish superlinear convergence.
THEOREM 3.2. Suppose that Assumption 2.1 holds and that x* is the solution of

Xproblem (2.1a). Then any sequence { i}i=o, constructed by Algorithm 3.1, converges to

x*, superlinearly, with Q-rate at least 3/2.
XProof Since { }=o converges to x* by Theorem 3.1, we only need to show that

there exists an io such that A 1 for all _>- io, so that Algorithm 3.1 reduces to Algorithm
2.1, and invoke Theorem 2.1.

Now, it follows from (2.5) that

O(xi) b(xi + h(xi) Ixi)- (xi + h(xi)) + ffJ(Xi-b h(xi))- (xi)
(3.2a)

>= t(Xi -b h(xi) @(xi) k h (x,) 3.

Hence

(3.2b) @(xi+ h(xi))-/(xi)<=aO(xi)+[(1-a)O(xi)-F I[[h(xi)ll3].
Next, we establish a relationship between O(x) and IIh(x)ll. Since x + h(x) is the

minimizer of q(. Ix), it follows that it satisfies the first-order condition

(3.3a) 0 O(x + h(x) x).
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For any integer p >= 1, let Ep _a__ {/z EP Y’.=I zj 1,/z _-> 0, for all j 6 q}. Then it follows
from (3.3a), the definition of the generalized gradient (x+h(x)lx) (see [4]), and
the Carath6odory theorem [31], that there exists a multiplier
E,+l, and t [0, ], with j q and k n + 1, such that

q n+l

(3.3b) 0= /x v[VxbJ(x, t)+ chx(x, t)h(x)],
j=l k=l

which implies thate

la, vt)VxdpJ(x, t).(3.3c) h(x)--- tz vcb(x, t)
j=l k--1 j-1

Furthermore, the following complementary slackness condition (see (5.12a), (5.12b)
in [22]) is satisfied:

n+l

(3.3d) 0(x)= x 2 v [4(x, t)-(x)l+{Vrb(x, ), h(x)}
j=l =

4)x(X,h(x+ (h(x),

Substituting for h(x) from (3.3c) into (3.3d), we obtain, in view of Assumption 2.1
(iii), that

q n+l

1
h(x), tz vch(x, t) h(x)(3.4)

2 =1 k--

m

2

with the last line following from the fact that bJ(x, t)-,(x)=<0 for all tk.
Substituting for O(x) from (3.4) into (3.2b), we obtain

(3.5a) 6(x,+ h(x,))-6(x,)<=,O(x,)-[m(1-)/2- fC[Ih(x,)ll]llh(x,)ll.
Since h(xi)- 0 as i-, it follows that there exists an io such that for all => io,

(3.5b) 6(x, + h(x,))- 6(x,) <-- O(x,),
i.e., that Ai 1. This completes our proof.

4. Implementations of the local algorithm. Note that numerical evaluations of @(x)
and O(x), and hence of h(x), are only approximate for @(x) because intervals must
be discretized, and for O(x) and h(x), because they are defined by a convex optimization
problem that can only be solved approximately. Hence both the local and the global
Newton methods that we have presented (Algorithms 2.1 and 3.1, respectively) must
be viewed as conceptual. This brings us to the question of whether it is possible to
construct implementable algorithms, using some form of discretization of the interval

Since the zJ_->O and the v_->O in (3.3c), it follows from (2.2) that the matrix

j=l k=

is invertible.
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[0, 1], appearing in (2.1b), as well as some truncation rule for the algorithm used in
computing approximations to O(x), which retain the basic properties of Algorithms
2.1 and 3.1.

We need to strengthen Assumption 2.1 by adding the following hypothesis.
Assumption 4.1. There exists a Lipschitz constant L< o, such that for all x R",

(4.1a) IdpJ(x,t)--dpJ(x,t’)l<--_L[t-t’[, Vt, t’6[0,1], Vjq.

(4.1b) Ilvx  (x, t)-V,bJ(x, t’)ll<-Llt-t’l, It, t’e[0, 1], jeq.

(4.1c) 114x(x, t)- t’)ll--< Lit- t’l, lt, t’ [0, 1], Vj 6 q.

We begin with the following observations. For any integer N> O, let

(4.2a)
k

k 0,12,... N},TN{tlt= N,

(4.2b) (x)-A max max bJ(x, t),
jq t TN

(4.2c) s(xly) A max max chJ(y, t)+(VxdpJ(y, t), x- y)+1/2((x- y), dp,(y)(x- y)),
jq t TN

(4.2d) hr,(x) a__ arg min ffN(x + h Ix),

(4.2e) Ou(x) & min u(x+ h Ix)- flu(x).

The relationships between the quantities associated with the original problem P
in (2.1a) and the approximating problems

(4.3) Pt" min qt(x),

are shown in the following result.
PROPOSITION 4.1. Suppose that Assumptions 2.1 and 4.1 hold. Let x* denote the

solution of (2.1), and, for any positive integer N, let x*s denote the solution of the
discretized problem PN. Then

L
(4.4a) q(x*)- qN(x) _-<-,

2L
(4.4b) -mN’
and, for every bounded set B c It", there exists an L’ < c such that

<
L’

(4.4c) IO(x)- 01(x)l =2--’ Vx E B,

(4.4d) h(x)- hN(X)ll 2 <= [X B.mN’

Proof First, let x e R" be arbitrary. Then, because Tv c [0, 1 ],
-L

(4.5a) 2--< 0_-< q(x)- qu (x).

At the expense of some complication, it is possible to carry out the following analysis using local,
rather than global, Lipschitz constants.

4 Note that there is nothing special about the discretization (4.2a). Any family of discrete sets TN c T,
where TA-[0, 1] can be used provided that (i) d(TN, T)O as Nm, and (ii) for any sequence of integers
{N,}io, such that N+x >=2Ni, d(Tri, T)< c, where d(.,. denotes the Hausdorff distance.
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Next, let f [0, 1] andf q be such that @(x) b](x, f). Then there exist points t’ E TN,
such that It’-f]-<-1/(2N) and hence, making use of (4.1),

(4.5b)
L L

dIN(X) >-- b](x, t’) >- bY(x, t)---= O(x) -2--"
Thus we have shown that

L
(4.5c) I(x)- (x)l =< 2--"
As a result, we have

(4.5d) ,/,(x*) _-< g,(x*) <_- ,,,, (x*)+L
2N

and

(4.5e) ,,,,(x*) _<- g,,,,(x*) <_- ,(x*),

which gives us (4.4a).
Next, making use of (2.3a) and (4.5c), we obtain that

(4.6a)
m L L L- IIx*- x*ll =-< ,(x%)- ,(x*)_-< ,(x*)/Tff- ,(x*)_-< --ff <--N’

which establishes (4.4b).
Now suppose B c R is bounded, and let x e B. Let the functions r/J R’x I,

j e q, be defined by

(4.6b) r/(h, t)----a (x, t) +(V(x, t),h)+1/2(h, c/)(x, t)h).

Let G--a maxn maxj max,[o,1] IIVxC/(x, t)ll. Then it follows from the inequality

(4.6c)

m
max max r/(h, t)->max max CJ(x, t)-llhll+-llhlljq t[0,1] jq t[O,1]

m
@(x)- llhll +- Ilhll =

that if h > 2G/m, then the left-hand side of (4.6c) is greater than 0(x). Since O(x) <= O,
we must have IIh(x)ll <-2/m. m similar analysis shows that IIh(x)ll <=2G/m, also.
Now suppose that Ilhll<=2G/m, and let LB --A L(1 +2G/m+2G2/m2). Then

(4.6d) In(h,t)-aq(h,t’)l<=Llt-t’l, Vt, t’E[O, 1], ’jEq.

It now follows from (2.7b), (4.2e), and (4.5c), and an argument similar to that used
to establish (4.4a), (4.4b) that (4.4c), (4.4d) hold, with L’-a LB + L. 13

Comment 4.1. Note that it follows from duality theory [14] that because (4.2e)
is a convex problem, the dual of (4.2e) is given by

(4.7a) ON(x) max Ja(lz), E [d,
j’t 1, p,j,t => 0),

jeq
t T
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where

&() E ,"[,(x)- 6(x, t)]
jq
t TN

(4.7b)
_1 2 /xJ"VxbJ(x, t), 2 /zJ"bx(x, t) 2 ’V(x, t)
2 jq jq jq

t TN t TN t TN

Hence, given any set of admissible multipliers .t, we have that On(x) Jd,n(g).
Now an algorithm such as the barrier function method in [27], applied to (4.2e),

produces not only approximations to hn(x), but also associated multipliers ",
while an algorithm such as the Levitin-Polyak method [13], applied to (4.7) produces
multipliers ,t that, via (3.3c) can be used to obtain an approximation h to hn(x).
Either way, we have that

(4.7c) Jp,N() A N(X + ) N(X ON(X Jd,N().
Therefore, given any e > 0, to determine when such an algorithm has constructed an
approximation hu,, (x) such that

(4.7d) O n(x+ hs,,(x) Ix))- $N(X)- On(x) e,

we only need to check whether Jp,n(hn,(x))--Jd,n()e. Hence we see that the
construction of such hu, (x) is a finite process. Fuhermore, it follows from Proposition
2.1, applied to the function hn(x+ h ix) and (4.7d), that

(4.7e)
m

e = N(X+ hN,(X)IX)- bN(X + hN(X)IX)=- [IhN,(X)- hN(X)ll .
We can now follow one of two alternatives. The first is to decide on an acceptable

level of error and then to use (4.4a) or (4.4b) to determine the required level of
discretization, i.e., the parameter N. In that case, we propose to solve P and we only
need to invent a scheme for truncating the computation of hN(X). Such a scheme is
incorporated in the following implementation of the local Newton method for solving
problems PN. The second alternative involves increasing the discretization mesh pro-
gressively, rather than using a fixed discretization.. This second alternative will be
discussed subsequently.

Algorithm 4.1 (Implementable Finite Minimax Local Newton Method for PN)-
Data" x0Rn, (0, 1).
Step 0: Set 0.
Step 1. Set e .
Step 2. Compute a vector hN,(xi)ll such that

0<= @(xi + ht,,(xi) Ixi) bv(xi) On(xi) <= e.(4.8a)
Step 3. If

(4.8b)
and

(4.8c)

@v(xi + hN, (Xi) lxi) d/(x,) <--_ --2e

e Ilhrv.(xi)ll 3,
set x+ =x+ h,(xi), ei= e,6 and go to Step 4. Else replace e by e/2
and go to Step 2.

Step 4. Replace by + 1 and go to Step 1.

Note that ON(xi) is not evaluated. See the paragraph preceding (4.7d).
Note that the computation of ei need not always begin with . Rather, it is more efficient to start

with e_.
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Comment 4.2. The structure of the tests (4.8a)-(4.8c) is dictated by the proofs to
follow, which establish the 3/2 rate of convergence of the algorithm. Note that (4.8b)
ensures that

-O(x,)
(4.8d) e,<-.

2

Hence, since ON(xi) - 0 as xi - x, it follows that Algorithm 4.1 computes approximates
hN(xi) more accurately as the solution of PN is approached. Also, if Algorithm 4.1 is
initialized with xo x*, it cycles indefinitely up in the loop defined by Steps 2 and 3,
reducing e to zero.

THEOREM 4.1. There exists a p >0 such that if Xo-X[ N p, where x is the
solution of (4.3), and {x}o is a sequence constructed by Algorithm 4.1, then, x x,
as i-, Q-superlinearly, with rate at least 3/2.

Proo First, we note that (2.5) holds with @(. ), (. l" replaced by O(" ), (" " ),
respectively, that we may assume that K 1 in (2.5), and that Theorem 2.1 equally
applies to the obvious simplification of the local Newton method for problem P.

Next, for any i, let x+= x + h(x). Then, by (2.11b),

(4.9a) IIx:.- xll = K[llx:.- xll + IIx,- xll].
Since by (4.7e) and (4.8c), we have that

[[Xi+l- xT+, == Ilh.,(xi)- h(x,)ll

2ei 2 2(4.9b) -- [[hNe.(xi)[[3=- IIx,+--Xill

we obtain, using (4.9a) and the fact that [[x +Yll 2-’[llxll + Ilyll], p= 2, 3, that,
with K 1,

x,+,- xll 2 2[ Ilx$+l- xll= + IIx,+- x:+l =]
(4.9c) N 2gCtlX:+l- x, + IIx,- xll + IIx,+- X$+l =]

8gEllX,+l- x, + [[x,+- x$+ + IIx,- xll + [[X,+l-
Assuming that x- x) is sufficiently small, we must have, in view of the fact that by
Lemma 2.10u(x)O as x x and, by (4.8d), that 2e/m < 1 and hence, by (4.9b),
that IIx+,-x$+ll < 1. Therefore, making use of (4.9b), (4.9c) leads to the conclusion
that there exists a K’e [16K, ), depending on m, such that (4.9c) reduces to

xll 2 a6gEIIx,+l- x, + IIx,- x[I + x,+,- x’,+, I123
(4.10a)

g’[llx,+- x, + IIx,-x 113].
The proof can now be completed by using arguments similar to those following (2.11b)
in the proof of Theorem 2.1. This requires that we show that given any 6 > 0, there
exists a p > 0 such that if IIx,- x[[ o, then IIx,+- x, . Making use of the triangle
inequality, (4.7d) and (4.8d), we obtain that

(4.10b)
m

The desired continuity result now follows from Lemma 2.2, and we can now proceed
as in the proof of Theorem 2.1, following (2.11b), to complete this proof.
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There is evidence in the literature (see, e.g., [12], [10]).that we can reduce
computing times considerably by increasing the discretization meshsize progressively,
rather than using the finest mesh from the very start. This idea is incorporated in the
following implementation ofthe local Newton method, which adjusts both the precision
with which successive iterates are computed, as well as the meshsize.

Algorithm 4.2 (Implementable Finite Minimax Local Newton Method for P).
Data. Xo R", t (0, 1), K, "<< 1, NoN.
Step O. Set 0.
Step 1. Set e g, z ", N Ni.v

Step 2. Compute a vector hu,(xi)eR" such that (see Comment 4.1)

(4.11a)

Step 3. If

(4.11b)

and

(4.11c)

O /u(xi + hu,(xi) [xi)- @u(Xi)- ON(Xi) E.

@v(xi + hu. (x,) xi) qu(Xi) <-

set x;+l xi + hv,(xi) and go to Step 4.
Else,

if e >-’, replace e by e/2 and go to Step 2,
else, replace " by ’/2, N by 2N, and go to Step 2.

Step 4. If

(4.11d)
K

set x+l X+l, e e, Ni N, and go to Step 5. Else, replace N by 2N
and go to Step 2.

Step 5. Replace by + 1 and go to Step 2.

Comment 4.3. (a) The function of the coefficient K in (4.11d) is to limit the
growth of the discretization parameter N. Thus suppose that we are willing to accept
a solution corresponding to N* discretization points, and that our stopping criterion
is IIh.(x,)ll--< o, with to<< 1. Then we would set K <= N’to.

(b) It is possible that Algorithm 4.2 may cycle indefinitely in the loop defined by
Step 2-Step 3 or Step 2-Step 4. If this happens, however, then x x*. To see this,
note that if this cycling occurs, then one of the tests (4.11b)-(4.11 d) must fail infinitely
often and as a consequence, N- and e- 0. Combining (4.4d) and (4.7e), we have
hu,(x) - h(xi). Now suppose that the test (4.11b) fails infinitely often. The inequalities
(4.4c), (4.5c), and (4.7e) imply that q(x+ h(xi)[x)-tp(x)=O, and it follows from
Lemma 2.2 that x x*. If either of the other two inequalities (4.11c)-(4.11d) fails
infinitely often, it follows immediately that hu,(xi)O, and so h(x)=0, from which
the desired conclusion follows.

THEOREM 4.2. There exists a p > 0 and an integer No < c, such that if [[Xo- x*ll-<- p,
where x* is the solution of (2.1a), and {x}io is a sequence constructed by Algorithm
4.2, then xi--> x* as i- c, Q-superlinearly, with rate at least 3/2.

Although it is reasonable to key ei, which controls the precision with which 0N,(xi) is approximated,
to the actual value of 0N,(xi), so that ei may or may not decrease monotonically, it makes better sense to
increase the discretization parameter N monotonically.
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Proof. First, assuming that IIx,-x*,ll 1, it follows from (4.10) that for some
K’< o, independent of Ni,

(4.12a) x,/,- x*,ll = K’[ IlX,/l- x,[[ + Ilx,-
Hence, assuming, without loss of generality, that K’-> 1 and that No is sufficiently
large to ensure that for all Ni => No, IIx*,-x*ll =< , we get

x* x*,ll = + IIx*,- x* ]IIx,+l = <- 2[ Ilx,+,
-< 2K’[ Ilx,+,- x, 4-Ilx,- XNil[ "-1- [[XN,- Xgl[ 2]

(4.12b)
_-< 8K’[ IIx,/,- ,,113 / IIx,- x*ll / x*,,,,- x*ll / x*,,,,- x*ll =]
<- 16K’[llx,+ Xill "t- IlXi x*]l 4-IIX*N,-

Now, it follows from (4.4b) and (4.11d) that

2L 2L
(4.12c) IIx*u,-x*ll=-<=< IIx,+l-x,

mNi m

Substituting into (4.12b), we obtain that there exists a K"<ee, independent of
such that

(4.12d) x,/,- x*ll = g"[llXi/l xill 4- IIx, x*ll,
To continue, let B---a {x eN"lllx-x*ll <- }. It follows from Proposition 4.1 that there
exists a L’< oo such that (4.4c), (4.4d) hold. As in the proof of Theorem 4.1, we will
show that if No is sufficiently large, then given any > 0 there exists a p > 0 (where
p -< 1 without loss of generality) such that for all Ni >= No and Ilxi-x*ll <-- p, Ilxi/-x,[I =<. Using the triangle inequality, (4.7d) and (4.4d), we obtain that

(4.13a)

-< h,.,(x,)- hN,(x,)II + hr,(x,)- h(x,)II + IIh(xi)ll

l m mNi

Furthermore, analogously to (4.8d), we have that

(4.13b) IIx,+l- x, -< /10,,,(x,)l / / 4L’
/ IIh(x,)ll.

m lrnNi

Applying the triangle inequality once more and utilizing (4.4c), we obtain that

iix,/,_x, ll<__
[Io(xi)l+lo(x,)-o,.(x)l] v /llh(x,)ll

m
(4.13c)

<, fil0(x,)l + L’/N,] ,/eL’ + IIh(x,)ll.
m mN

It now follows from the continuity of 0(.) and h(.) and the fact that 0(x*)=0,
h(x*) 0, that if No is chosen sufficiently large and p sufficiently small, then the desired
continuity result holds. We can now proceed as in the proof of Theorem 2.1, following
(2.11b), to complete the proof, l-1

5. Implementation of the global algorithm. To produce an implementation of
Algorithm 3.1 (the global Newton method), we propose to use two mechanisms for
controlling the precision of the approximations used. The first one will be taken from
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Algorithm 4.2, and will ensure superlinear rate of convergence, while the second one,
which we will allow to dominate the first one, will be an extension of the mechanism
described in Appendix A of [23 ]. For our case, this extension can be described abstractly
as follows. Suppose that for every integer N => No> 0, AN :On--> 2R" (the set of all
subsets of n) is a (possibly) set-valued iteration map. The reason for introducing a
second integer N’ is that given an integer N, the algorithm may be required to increase
it to a new value N’=> N before it can satisfy all the internal tests. Now consider the
following algorithm model form solving the problem P in (2.1a).

Algorithm Model 5.1.
Data. XoeE", NoeN.
Step O. Set 0.
Step 1. Set N Ni.
Step 2. Compute a pair

(5.1a)

Step 3. If

(y,N’)As(x,).

(5.1b)
1

qN’(Y) qN’(X, <= N---;’
go to Step 4; else, replace N by 2N’ and go to Step 2.

Step 4. Set x+l Y, N,+I N.
Step 5. Replace by + 1 and go to Step 1.

Our proof of convergence requires the following technical result.
LEMMA 5.1. Suppose that the sequences of real numbers {/3i},o and {r/},o satisfy

the following conditions: (i) r/, >_- 0 for all IN, (ii) i=o rh < oo, and (iii) fli+ <-- , + rh
for all IN. Then either the sequence {fl}o converges or

Proof. It is clear from the assumptions that the following holds:
n--1

(5.2a) /3 -/30 Y (/3+-/3,) <= Y r/i.
=0 =0

ence, /3, is bounded from above, and therefore / __a lim_,oo/3 < oe. Obviously, if
/3 =-oo, then/3 -oo as i-->

Now suppose that/ > -oo. To prove convergence of the sequence {/3,} io, we will
show by contradiction that li_m_, >=/3. Thus let e > 0 be arbitrary and suppose that
there is no io such that/3 >/3-e for all i> io. Clearly, there exists an i such that
Yk=, r/k < e/2 for all i=> i. It follows from our hypothesis that there exists an
such that/3 -</- e. It follows from (5.2a) that, for i>

i--1 E
(S.2b)

k k -Hence/3, =</3- e/2 for all sufficiently large, which contradicts the definition of/3. It
follows that limi_,oo

THEOREM 5.1. Suppose that Assumptions 2.1 and 4.1 hold, so that (4.4a) is valid,
and thatfor every x such that O! Od/(x) there exist a px>0, a 8x>0, and an integer
N, > 0 such that

(5.3) qN’(Y’) d/N,(x’) <= 6x

for all N >- Nx, and all x’, y’ " such that IIx’- xll <-_ px, (Y’, N’) AN(X’).
Under these assumptions, if {xi}.=o{N,},o are a pair of sequences constructed by

Algorithm Model 5.1, then x --> x* and N - oo as oo, where x* is the solution of (2.1a).
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Proof. First, we use Lemma 5.1 to show that the sequence {@N,(xi)}i=o converges.
Let I &{iN]Ni+I N}, and let the sequence {r/}=o be defined by

L/N, iI,
(5.4a) ?i

_._a
0, otherwise,

where L is the Lipschitz constant in Assumption 2.1(i). Now suppose that L and
let i+ & min {j I j > i}. Since by construction we have that N+ 2N, it follows that

L
i=o i =o 2kNo

Hence the sequence {}o is summable. From (4.5c), we have that for all i I

L L L
(5.4c) IO,+l(X,)-,(x,)ll,+,(x,)-(x,)l+lO(x,)-,(x,)l2N,+q-2-’N,
Clearly, for all eNg i.e., such that N+, N, I,+,(x,)-,(x)l=O. Hence for all
ieN,

II]lNi+(Xi)- I]lN,(Xi) II]lNi+(Xi)- I]/(Xi) nt- I(Xi)- N, (X,)
L L L

2N,/1 2N, Ni
Consequently, using (5.1b), we obtain that

lN X + ]N X @N X + ]N X - JN X IN X

(5.4d)

Ni+

Furthermore, it follows from Proposition 2.1, (4.5c), and the fact that Ni+ >= Ni that

m L
(5.4e) q,rv, (x) >-- q,(x*)/ IIx x*ll--.No
Hence the sequence { q,, (x)} =o satisfies the hypotheses of Lemma 5.1 and, in addition,
it is bounded below. We therefore conclude that it converges.

Next, we show that N - oo. If this is not true, then since Ni+ >- N we must have
N N* for sufficiently large. For such i, (5.1b) implies that

1
(5.4f) I]lN.(Xi+l) IllN*(Xi) N--g
which contradicts the fact that the sequence {q%(x)}io converges.

As a consequence of (5.4e), the sequence {xi}io is bounded, and hence it must
have accumulation points. For the sake of contradiction, suppose that the sequence
{x}o does not converge to x*. Then it must have an accumulation point x**# x*.
Let K = N be the set of indices of the subsequence converging to x**.

Since x** x*, we have 0 Od/(x**), from which it follows by assumption that
there exists a 6 > 0 such that for K sufficiently large,

(5.4g) q,tv,+(X,+l)- Illgi+l(Xi) --6.

Referring to (5.4d), we see that for e K sufficiently large,

(5.4h) Ni+(i+) Ni(i) Ni+(i+) Ni+(i)- Ni+(i) Ni(i) -6 ’i

However, since r/-+ 0, (5.4h) contradicts the fact that the sequence {q,rv, (xi)}_-o conver-
ges. Hence 0
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The above algorithm model and our desire to retain the superlinear rate of
convergence of the implementation of the local Newton method, Algorithm 4.2, leads
us to the following algorithm.

Algorithm 5.2 (Implementable Global Newton Method for P).
Data. x0", NoN, c,/3 (0, 1), eo>0, K, "<< 1, S-a {1,/3,/32, }.
Step O. Set 0.
Step 1. Set N Ni.
Step 2. Set e eo, " .
Step 3. Compute a vector hN,(xi)ff such that (see Comment 4.1)

o<- ,(x, + h,.(x,) Ix,)- q,(x,)- O(x,) <- .(5.3a)

Step 4. If

(5.3b)

and

(5.3c)

qN(Xi + hN,(Xi)) tPN(Xi) <- --2e

IIh,(x)ll
go to Step 5.
Else,

if e _-> r, replace e by e/2 and go to Step 3,
else, replace r by r/2, N by 2N, and go to Step 3.

Step 5. If

K-- Ilhrq.(x)ll(5.3d)
N

set hi =hN,(xi), and go to Step 6. Else, replace N by 2N and go to

Step 3.
Step 6. Compute the stepsize

(5.3e) ,i a=max {AS/ON(Xi+Ahi)--N(Xi)<--_A[N(x+hilxi)--qN(Xi)]}.
Step 7. If

1
(5.3f) ffN(x + ,hi)- 0N (xi) _<- --,

set xi+l xi +,ihi, Ni+l N, and go to Step 8; else, replace N by 2N and go
to Step 3.

Step 8. Replace by i+ 1 and go to Step 1.

Theorem 5.1 can now be used to show that sequences constructed by Algorithm
5.2 converge to the solution x*, while Theorem 4.2 leads to the conclusion that these
sequences converge superlinearly.

THEOREM 5.2. Suppose that Assumptions 2.1 and 4.1 hold and that x* is the solution
ofproblem (2.1a). Then any sequence {xi}o, constructed by Algorithm 5.2, converges
to x* superlinearly, with Q-rate at least 3/2.

Proof The proof consists of two parts. The first part shows that the algorithm
map AN(’) satisfies the hypotheses of Theorem 5.1, from which we conclude that

x- x* as i- oo. The second part shows that for sufficiently large, the stepsize 1i is
1. In this case, Algorithm 5.2 reduces to the local Algorithm 4.2, and we may apply
Theorem 4.2 (along with the fact that Ni oe) to conclude that the iterates converge
superlinearly.
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(a) To show that Ar(’) satisfies the hypotheses of Theorem 5.1, suppose that
xR is such that 0e q(x). Then Lemma 2.2(d) implies that 0(x) <0. By continuity,
there exist p > 0, 3 > 0 such that for all x’ B(x, p) a_ {x’ IIx’- xll p}, o(x’) - <
0. Fuhermore, since B(x, p) is bounded, (4.4c) implies that there exists an N
such that for all N N and x’ B(x, p) Os(x’) -/2.

Suppose that x’ B(x, p) and that the algorithm map A(.) produces a pair
(y’, N’) A(x’) (with N’ N), and an e satisfying the tests in Steps 3 and 4. Then
from (5.3b) we have

(5.5) O,(x’) N ,(x’+ h,,(x’) Ix’) ff,(x’) N -2e,

which yields -O,(x’)/2 e. Fuhermore, using (5.3a), we obtain that

O,(x’)
(5.6) @s,(x’ + h, (x’)Ix’) @,(x’) N e + O,(x’).

2

It follows from the convexity of the function h s,(x’+ hh,,(x’)lx’)-@,(x’) that
for all h e [0, 1 ],

(5.7) ,(x’+Ah,,(x’)lx’)-O,(x’)a[(x’+h,(x’)lx’)-(x’)].
By Lemma 2.1, applied to the functions ff,, ff,, we have the estimate

(5.8) ,(x’+Ah,,(x’)lx’)-&,(x’+Ah,,(x’))lA31h,.(x’)ll 3.

Combining (5.7) and (5.8) yields

s,(x’ + Ahs,, (x’))- N’(X’)
(5.9)

N A3 h,, (x’) + A[,(x’+ h,, (x’) x’) ,(x’)].

Using (5.6) and (5.9), we obtain that for all [0, 1],

,(x’+ h,,(x’))- u,(x’)- [,(x’+ h,,(x’) Ix’)- ,(x’)]
A h,, (x’) + (1 )A[,(x’+ h,,(x’)Ix’)- ,(x’)]
(( 1 )[ N,(X’+ hN,,e (Xt) IX’) @N,(X’)] + 2iI hN,,e (X’) 3)

(5.10)
_
1 ((1 ) ON,(x’)2 +A2}hN’e(X’)ll3)"

NX --(1--)+Ae[IhN,,(X
Combining the facts that h(.) is continuous and B(x, O) is bounded with (4.4d) and
(4.7d), we conclude that there exists a constant < m such that for all x’ B(x, p) and
all N’ N, Ilh,,(x’)[[ a. Thus (5.10) yields

6N(x’ + AhN,(x’))- 6(x’)-[(x’+ hN, (x’)] x’)- 6N (x’)]

(5.1) a (-)
4

from which we conclude that there exists a 0< o< 1 such that for all x’ B(x, p), the
stepsize ’ produced by Step 6 satisfies ’ o. Consequently, using (5.3e), (5.6), and
the fact that ON(x’)N-8/2, we obtain that for all x’ e B(x, p) and all N’N N,

,(x’+ a’h,, (x’)) ,(x’) Xo[6,(x’+ h,, (x’) x’) ,(x’)

4
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If we let N, , px p, and 6, aho6/4, we see that the map AN(" satisfies the
conditions of Theorem 5.1. Hence xi x*, and as a consequence of Step 7, we see that

(b) To complete the proof, we must show that for sufficiently large, the stepsize
h is 1. If we set h 1 in the second to last line of (5.10) we obtain that

SN,+(Xi + hi) $,+,(x,) a[,+,(x, + hi Ix,) $m,+,(xi)]

2

where h is as defined in Step 5 of Algorithm 5.2. Using a result similar to (3.4) we
obtain that Ou,+,(x,)-(m/2)tth,+,(x,)l. Using (4.7d), (5.3c), and the fact that tlxll2
&tlyll=-Ilx-yll, we obtain that

(5.14) [[h.+,(xi)[I>
1

h, h, h.+ x,)ll >
1 2>

2

Hence we obtain the bound

(.1) 0,+,(x,) h, 2 + h, .
Substituting this bound into (5.13), we obtain that

Ni+l(Xi
(5.16)

2

From (4.13b) we note that h0 as i, and hence the right-hand side of (5.16) is
negative for sufficiently large. Hence A 1 for sufficiently large. This completes the
proof.

6. A numerical example. We will present the solution of a semi-infinite minimax
problem that was constructed by conveing an optimal control problem with control
and state-space constraints, by means of an exact penalty function, into an uncon-
strained minimax problem.

The original optimal control problem is as follows"

(6.1) min {&(llz(x, 1)ll=+ lO-llx[[a)lz2(x, t)-0.1 0, t 6 [0, 20], xy- 1 0, Vj 6 p},
x2

where p {0,..., 20}, and z "alx [0, 20]2 solves the differential equation

1
(x, )+ u(x, ),(.

where x(,0)=(-2.5,0) and the control u’Nx[0,20]N is defined by the 21-
dimensional parameter vector x, through linear interpolation, as follows: for any
j=0,1,...,19, and t=lj+(1-1)(j+l), u(x,j)=Ix+(1-1)x+. Note that the
dynamics in (6.1) are so simple that we can integrate them exactly for the resulting
piecewise linear control.

To conve the above optimal control problem into unconstrained form, we use
a parameter of 100 in the exact penalty function, and obtain a problem of the form
(2.1a), (2.1b), with q 23, and the functions (.,. ), je defined by

(6.3b) (x, t) (x, ) + 100(x(x, t/20) -0.15),
(6.3c) (x, t)a4’(x, t)+100(x_-l), We{3,’--,23},
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with e[0, 1]. The algorithm was started from the initial point Xo-- (1, -1, 1, -1, 1,
-1, 1,-1, 1,-1, 1,-1, 1,-1, 1,-1, 1,-1, 1,-1, 1).

Figures 1 and 2 present our computational results. Figure 1 presents plots of the
control sequence x versus i, while Fig. 2 presents phase-plane plots, i.e., plots of xl(t)
versus x2(t), traditional in the control literature. We see from these plots that problem
(6.1) is solved in two iterations, at the end of which the original semi-infinite constraint,
z2(u, t)-0.15=<0 for all e [0, 20] has been satisfied. The initial value of the cost was
dls(Xo) 3.12501, the final value of the cost was 28(2) 2.09003 x 10-7; the final value
of the optimality function was 028(x2)=-2.01827 x 10-7. To limit the growth of the
discretization index, we set K 10-20 in (5.3d) so as to be able to satisfy (5.3d) with
N= 100 when Ilhu,lll0-1. We set No 5, and the algorithm set N1, N2 28.
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FIG. 1. Plots of control sequence at iterations 0, 1, 2.
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To reduce the looping in the computation of the discretization parameter N,
instead of simply doubling it whenever the test (5.3d) failed to be satisfied, we set the
next value to the integer part of max {6.4 x lO-19/]]hN,ell 3, 1.1N}.

We compute the search direction hN,(x), satisfying (5.3a), by applying to the
dual of problem (4.2e) the rapidly converging Levitin-Polyak constrained Newton
method 13].

To illustrate how inequality (5.3a) is solved, consider the primal problem (4.2e).
When expanded, it assumes the form

(6.4a) 0-3- min maxf +(gj, h)+1/2(h, Hh).
h jq

The dual of this problem is

(6.4b) 0 -min Ja(l),

q /xHJ)-1E=I/xgj), and E is the unitwhere Jd(Id,) a _.= ftjfj +(Yj=l JgJ, (=
simplex in N". The formula for the second derivative matrix of the dual cost function,
required by the Levitin-Polyak method, is given in an appendix in [26].

When applied to the dual problem, the Levitin-Polyak method computes a
sequence {}o, which converges quadratically to h a solution of the dual problem
(6.4b). Fuhermore, if we define h E " by

(6.5) h(/x) & /xH E /-tg,
j=l j=l

it is easy to show that the corresponding sequence { h (/zi)} io converges to h, the unique
solution of the primal problem (6.4a). Noting that the iterations of the Levitin-Polyak
algorithm generate both upper and lower bounds on 0, as given by

(6.6a)

where

(6.6b) Jp (ft,) & max f.i +
jq

and making use of the fact that Jp ([dLi) Jd (fLi) " O, we see that a point h (/xi) satisfying
(5.3a) can be computed in a finite number of iterations of the Levitin-Polyak method.

7. Conclusion. We have used a new and very simple proof technique to show that
natural conceptual extensions of Newton’s method converge superlinearly on a class
of semi-infinite minimax problems. This technique has also enabled us to ’construct
rate-preserving implementations of these extensions. Our implementationsare interest-
ing for two reasons: first, they account for all the significant approximations involved,
and second, they do not require the knowledge of the Lipschitz constants or eigenvalue
bounds associated with the problem functions and their first- and second-order
derivatives.

Apart from the intrinsic interest that a theoretical extension of Newton’s method
to semi-infinite optimization possesses, our numerical results show that it is a viable
procedure for the solution of such classical problems as state- and control-constrained
optimal control problems with linear dynamics.
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A PROBLEM DECOMPOSITION TECHNIQUE WITH APPLICATION
TO THE OPTIMAL DISTRIBUTION OF ENZYMES*

DAVID E. STEWART

Abstract. A model for enzyme-driven reactions in steady state is given which involves the
enzyme concentrations linearly and the reactant concentrations nonlinearly. From this model an

optimization problem is set up for the enzyme distributions, which involves only nonnegativity and
integral constraints. Using some earlier theoretical work of Holmker and Stewart [SIAM J. Control
Optim. 25 (1987), pp. 1032-1052], a problem decomposition principle is proven. Results for a single
enzyme-driven reaction is then used tb produce a dynamic programming technique for trees and
chains of enzyme driven reactions. This is extended to a give a technique for determining the optimal
amount of each enzyme subject to an overall cost limit. Numerical results are given for a test problem
of the author’s devising.

Key words, enzyme kinetics, optimal control, decomposition techniques

AMS(MOS) subject classifications. 80A30, 49B10, 49C20

1. Introduction. In this paper we consider a class of optimisation problems
related to enzyme-driven reactions in one-dimensional continuous flow reactors. This
model seems to be appropriate for modelling reactions in liver tubules [2] and for
"packed bed" reactors, where a solution containing reactants flows past enzymes
(which are held fixed) that act on the reactants. Assuming that the system has
negligible diffusion along the liver tubule or packed bed compared to convection, and
diffusion dominates across the tubule or packed bed, which is in a steady state, then
each reactant concentration satisfies a first-order ODE. It is assumed that the enzyme
concentrations appear linearly in the ODEs, but that each reactant concentration
may appear nonlinearly. The enzyme concentrations are considered to be the control
functions and are subject only to nonnegativity and integral constraints. That is, neg-
ative concentrations are not allowed, and a fixed amount of each enzyme is available.
If a variable amount is available, then there is usually a cost for the enzyme, and
by analysing first the case where the amount of enzyme is fixed, the case where the
amount of enzyme available is variable can be analysed as is done in 7. The crucial
point is that there is no a priori bound on the concentrations of enzymes or on the
mixtures of enzymes allowed.

The first such problem to appear in the literature to the author’s knowledge is due
to Bass, Bracken, and Vyborny[2], which deals with a problem involving two enzymes
and is of interest in relation to enzyme distribution in the liver. In [2], the following
model for the liver’s elimination of a drug Phenacitin was used. Justification for this
model can be found in [1]. Diagramatically, the elimination proceeded in two steps
P - M 217/, where P represents Phenacitin, M a metabolite, and a conjugated
metabolite which could be safely eliminated from the body. We also use P(x) to denote
the concentration of Phenacitin at a point at distance x along a liver tubule. Similarly
for i(x) and 21/(x). If we let f(x), g(x) denote the concentrations of the first and
second enzymes and a(P(x)) denote the reaction rate of the first reaction step per
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unit enzyme, and (M(x)) denote the reaction rate of the second reaction step per
unit enzyme, then the differential equations for this system are:

P’ dP/dx f(x)a(P(x)), P(O) Po
M’ dM/dx + f(x)a(P(x)) g(x)(M(x)), M(O) 0

IQ’ dl/dx + g(x)(M(x)), (0) O.

The issue in [2] was that the metabolite M is toxic to the body, and therefore the
output from the liver should contain as little of it as possible, while still maintaining
the overall ability of the body to eliminate Phenacitin. This essentially means that
the amount of conjugated metabolite in the output should be maximized, given
the amount of each enzyme to be used.

The question of whether the this optimization is actually performed in nature
is a matter for experimental verification, although it is not uncommon in theoretical
biology to assume that over time nature finds "solutions" that are nearly optimal for
the problems that organisms face. Of course, if the system under study (e.g., a packed
bed reactor) is designed by humans, then it is the duty of the relevant engineer(s) to
ensure that it operates as close to optimal as is possible.

Bass, Bracken, and Vyborny [2] used an integral equation approach to obtain
results for certain cases. Fink [5] used a similar approach to obtain more complete
results, while Holmker [6] also obtained further results, but used Pontryagin’s maxi-
mum principle instead. Holmker and Stewart [7] used an invariance result to reduce
a much larger class of such problems to a problem with (pointwise) bounded controls;
they then used this approach to solve a problem involving three enzymes. The class
of optimal control problems considered in [7] is to realize

(1.1a) min C(y, u) where C(y, u) g(y(L)) + d(y(x))Tu(x) dx

subject to

(1.1b)
y’ dy/dx A(y)u, y(O) e K; K compact

u(x) >_ O for allxe[0, L], u(x) dx a >_ O

where y e C([O,L],Rn) and u e LI([O,L],Rm). Here uj(x) is to be interpreted to be
the concentration of enzyme j, and yi(x) is the concentration of reactant i, at distance
x from the point of inflow of material into the reactor or liver.

In this paper we wish to extend the invariance result of Holmker and Stewart
[7], and to show how this extension can be used to decompose (and thus solve) a class
of large-scale optimal enzyme distribution problems. The key to decomposing such
problems is to split the system into two parts, the first of which is independent of
the second, and the second depends on the first only through a single scalar function
of a suitable form. If the optimization criterion only directly involves the second
subsystem, then the connection between the two subsystems can be reduced to a

single number, which is the integral of the input to the second subsystem. In relation
to enzyme driven reactions, this means that the problem of optimizing (say) the chain
of reactions P M ]t)/can be reduced to that of maximizing the output of P M,
and then maximizing the output of g M //where the is the source of M; it is
the total input from g that is important, not how it is done.
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More precisely, we assume that the optimal control problem has the following
structure. Realize

L

(1.2a) min C(y2, u2) where C(y2, u2) g(y2(L)) -t- d(y2(x))Tu2(x) dx
Yl Y2 ,Ul ,u2

subject to

1" Yl AI(Yl)?.tl, yl(0) e K1 C Rnl

Ul(Z) 0, I(Z) dZ al 0 e pml

S2"Y2 A:(y2)u2 + c(y!)Tul b(y2), y2(0) e K2 C Rn:

u2(x) >_ 0, u2(x) dx a2 >_ 0 e R

where K, K: are compact and c(yl) >_ 0 for all y E Rn The single scalar function
that is treated as input to the second subsystem is 0(x) c(y(x))Tu(x) which we

assume to be nonnegative. Even if only f: O(x)dx is known, the infimum of
C(y2, u2) can be computed. Thus the optimization problems for the two subsystems
can then (almost) be treated in isolation, and the results can be recombined by means
of an extension of the invariance result in [7].

If the system of enzyme-driven reactions forms a chain or a tree, then the above
decomposition techniques can be applied repeatedly until we only consider one-enzyme
systems, possibly with an external input. The biologically important case of an
enzyme-driven cycle is not decomposable by this scheme. The analytical results for
one-enzymes systems that are known (see [2], [5], [7]) are extended and used to develop
numerical methods for solving the optimal distribution problem for trees of reactions
by means of dynamic programming. These results and methods can be extended to
deal with the problem of finding the optimal amount of each enzyme, as well as the
optimal distribution, according to some total enzyme cost criterion. These numer-
ical methods have been implemented, and the numerical results obtained for a test
problem are presented.

2. Previous theoretical results. In this section we wish to review the the-
oretical results of Holmker and Stewart [7] that are of relevance here. Holmker
and Stewart [7] consider optimal control problems of the form

(2.1a) min C(y, u) where C(y, u) g(y(L)) + d(y(x))Tu(x) dx

subject to

y’ dy/dx A(y)u, y(O) K; K compact

(2.1b)
u(z) >_ 0 for all z e [0, L], u(z) dz a >_ 0

where y e C([0, L],Rn) and u e LI([0, L],Rm). We make the following assumptions
throughout the remainder of the paper:

(1) A: Rn R’ xm is Lipschitz continuous.
(2) K is compact and path connected.
(3) 9 and d are continuous functions.

In [7], assumption (1) was weakened to simply requiring that A be continuous and
satisfy a boundedness condition of the form

yTA(y)u <_ C0(1 + Ilyl])]lull for all y e R’ and u e (a+)m.
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Assumption (2) can also be weakened to only requiring that K is compact and has
only finitely many path-connected components. Then each path-connected component
can be handled separately.

A major difficulty in applying the standard qualitative optimal control theory to
(2.1) is that for each x the set of admissible control values u(x) is not compact. To
get around this difficulty, Holmker and Stewart [7] showed that (2.1) is essentially
invariant under the following transformation, which is called a time transform in [7].

DEFINITION 2.1. For u, v >_ O, u, v E LI(O,L)m and absolutely continuous func-
tions y, z on [0, L], (v, z) is said to be an x-transform of (u, y) if there is an absolutely
continuous (AC) nondecreasing surjective function : [0, L]-- [0, if such that

(2.3a) v(x) u((x)). ’(x) for a.a. x E [0, L]
(2.3b) z(x) y((x)) for all x [0, L].
Furthermore, we say that v is an x-transform of u if (2.3a) holds.

The following results were then proven in [7]:
LEMMA 2.2. If (v,z) is an x-transform of (u, y) and (u,y) satisfies (2.1b) then

so does (v, z), and .further, C(u, y) C(v, z).
Proof. See [7, Lem. 2.1].
The next result shows that we do not need to look at controls that are outside a

weakly compact set.
LMMA 2.3. If (v, z) satisfies (2.1b) then (v, z) is a time transform of some (u, y)

that satisfies (2.1b) and

(2.4) Z ui(x) L- Z ai for all x.
i--1 i’-i

Proof. See [7, Lem. 2.2].
Combining these results gives Theorem 2.4.
THEOREM 2.4. Solutions exist for problem (2.1).
Proof. A detailed proof is given in [6, Thm. 2.1]. The basic idea is sketched here.
By Lemma 2.3 and Lemma 2.2 it is sufficient to restrict attention to the set

defined by (2.4) and u(x) >_ O, which is closed and bounded in L[0, L]. By Alaoglu’s
theorem, this set is weak* compact in L[0, L]. As the functional defined by (2.1) is
weak* continuous, it follows that there must be a minimum.

3. Problems with input. Consider the problem of realizing

(1.2a) min C(y2, u2) where C(y2, u2) g(y2(L)) + d(y2(x))Tu2(x) dx

subject to

S" Yl A(yl) u, yl (0) e K C R

u(x) >_ O, ul (x) dx ai >_ 0 e RTM

(1.2b)
$2: y A2(y2)u2 + c(y)Tu b(y2), y2(0) e K.

where K1, K are eompac and e() 0 for all Nn. This system can be split
ingo two parts, S and S, and here we concentrate on S. Let 0()
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so that under the assumption that c(yl) >_ 0 for all yl E Rnl 0(x) >_ 0 for all x E [0, L]
and 0 LI[0, L]. Then given optimal y and u, (1.2) is equivalent to the problem of
realizing

(3.1a) min C(u2, y2)
Y2

subject to

y A2(y2)u2 + b(y2)0(x), y2(0) e K2
(3.15) fo

L

u2(x) _> 0, u2(x) dx a2 >_ O.

The subscripts will be dropped for the remainder of this section as it will be understood
that we are working with subsystem $2. As is fixed (by subsystem $1), the results
of the previous section are not applicable and the minimum may not be attainable.
However, replacing the minimum by an infimum does give a well-posed problem. Let

C*() inf{ C(u, y) l(u, y) satisfy (3.1) }.

THEOREM 3.1. C*(0) is finite. Further, there is a function F* such that for
o C*(e) e(x)

Proof. The proof of this result involves showing that C*(0) is equal to

(3.2a) min C(u, y)
u,,y

subject to

(3.2b)

u(x) 1y’=.(y) fi(x) [A(y) b(y)] (x) y(0) e K

u(x)] f0
L [u(x)] [a] > 0(x) ->0’ (x)

dx=

Once this is done, the quantity C*(0) depends only on the parameters on which the
optimisation problem (3.2) depends; in particular, it does not depend on the form of
the function , but only on f: O(x)dx.

First, by Theorem 2.4 the minimum for (3.2) can be obtained at some (u*, *, y*).
But as any triple (u, 0, y) that satisfies (3.1) also satisfies (3.2), it follows that C(u*, y*)
<_ C(u, y) and so C(u*,y*) <_ C*(0). The infimum therefore is finite.

We now show that C*(0) C(u*,y*). Define F*(A) to be the optimal value of
(3.1) for given A _> 0.

To show this equality holds for C*(0) it suffices to show that there is a sequence
(u, y) as e 0 such that (u,0, y) satisfies (3.15) and C(u, y) -o C(u*, y*). This
will be done using x-transforms.

Note that if A 0 then * 0 almost everywhere, and hence C(u*, y*)
C*(0) and there is nothing left to prove. We therefore consider the case that A > 0.

Firstly, define

(x) max(*(x), e) ?(e)
where (e) is chosen so that

]0 ]o
L

(x) dx 0(x) dx .
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Now * > 0 on a set of positive measure, so max(C*, e) < * + e on a set of positive
measure. Thus

L L

(x) dx max(C* (x), ) dx ?(e)L

< *(x) dx + (e

) + ( rl(e))L.

Hence > ?(e) and so (x) >_ - /() > 0 for all x. Define

fo(x) *() d, (x) () d.

Now both and Ce are nondecreasing AC functions with

=_>e-()>0 a.e.

Thus is invertible and j1 is Lipschitz with constant 1/(e- (e)). Now consider
the transformation

e D: o ): [0, L] [0, L].

This is well defined as the range of is [0, A], which is the domain of -1. Furthermore,
is AC and nondecreasing as both 71 and are both nondecreasing and and AC[8,

Ex. 6, p. 333]. Finally, noting that (0) 0 and (L) L, we see that is also
surjective.

We can now set

u(x) u*((x))
0(x)

for a.a. x E [0, L]
for a.a. x E [0, L]
for all x [0, L]

where y* is defined through the differential equation

y’’ A(y3) u* (x) + b(y’) $ (x), u:(0)

Thus (u, 0, y) is an x-transform of (u*, , y3), and so by Lemma 2.2, C(u, y)
C(u*, y*) and (u, 0e, y) satisfies (3.1b).

We now show that 0 almost everywhere. To do this we apply the chain

rule for AC functions [8, Thm. 6.95, p. 325] to -1 o . This gives (x)
O(x)/(e(x)) for almost all x. Substituting this into the above formula- for then
shows that almost everywhere.

To complete the proof, we now note that * uniformly, and so y y*
uniformly, as e $ 0. Hence

lim C(u, y) lim C(u y C(u*, y*
eO .0

as is required.
It should also be noted that F* is, in fact, a continuous function. This follows

from the more general result below.
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THEOREM 3.2. In (2.1) the minimum value of C(u,y) is a continuous function
of a e (R+)m.

Proof. We reformulate (2.1) by setting D diag(al,..., am) and u D. Then
(2.1) becomes the problem of realising

(3.33) min C(, y, a) where C(?, y, a) g(y(L)) + d(y(x))TDv(x) dx
?,Y

subject to

y’ A(y)D, y(O) e K

(3.3b)
(x) >_ O, (x) dx 1 for i= 1,..., m

m

e [0, L].
i--1

The last equality can be included by Lemma 2.2 and Lemma 2.3.
We now need to show that the minimum value for (3.3) is a continuous function

of a E (R+)m. This follows from a standard argument using the compactness of the
set of admissable (y, y) pairs and continuity of C.

Firstly, the set of admissible (, y) is compact, where y is in L with the weak*
topology, and y is in C[0, L] with the usual strong topology. Further, C(, y, a) is
continuous in LI[0, L] C[0, L] Rm with these topologies. Thus min{ C(, y, a)
(, y) satisfy (3.35) } depends continuously on a.

4. Properties of x-transforms and x-equivalences. Consider again a de-
composable system (1.2) where we can compute the F*(.) function. Suppose further
that we know the optimal A that maximizes F*(A) and a pair (u,y) that achieves. f: c(yl(x))Tul(x)dx. Put 01 c(yl)Tul and let (u2,02,y2) be the optimal so-
lution of the system with input (3.1). If 1 and 2 are not equal, then the results
obtained so far allow us to compute the optimal value for (1.2), but not the controls
that achieve it. We need some way of "matching" and 02. To do this "matching"
step we need to extend the relation of "x-transforms" to an equivalence relation, which
we call "x-equivalence."

DEFINITION 4.1. A pair (u, y) is said to be x-equivalent to (v, z) if they have an
x-transform in common. That is, there are AC nondecreasing surjective functions
1, 2: [0, L] [0, L] such that

U(I(X))" (X) V(2(X))" (X) for a.a. x e [0, L]
y(l(x)) z(2(x)) for all x e [0, L].

Similarly, u and v are said to be x-equivalent if only the former equality holds.
We will show that 1 and 2 are, in fact, x-equivalent since they are both non-

negative and have the same integral on [0, L]. Then by applying the appropriate
x-transforms to (u, yl) and (u2, 2, y2) respectively we can obtain a "matched" pair
of systems and controls so that the complete system (1.2) can be solved. But to prove
the x-equivalence of 01 and 2 we need the following result.

THEOREM 4.2. /f ,: [0, L] --. [0, a] are two continuous nondecreasing surjec-
tive functions then there are nondecreasing surjective Lipschitz functions p, a: [0, L] --,

[0, L] such that
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Proof. We construct a sequence of pairs of functions Pn, a" [0, L] - [0, L] that are
Lipschitz with constant 2. Let hn L/2n. We now construct pn(k ha) and an(k ha)
for k 0, 1,... 2n by induction, and the value of Pn and an on the remainder of [0, L]
is defined by linear interpolation on these values. We will prove the following, for our
construction, by induction on k"

(1) (pn(k ha)) (an(k ha)).
(2) IPn((k + 1)ha)- pn(k hn)l

_
2 hn and lan((k / 1)ha)- an(k hn)l <_ 2 ha.

(3) pn((k + 1)ha)

_
pn(k ha) and an((k + 1)ha) _> an(k ha).

For k 0 we set pn(0) an(O) 0. Then (1) holds for k 0 as (0) (0) 0.
Now suppose that pn (k ha) and an (k ha) have been constructed. We construct

pn((k + 1)ha) and an((k + 1)ha) according to the following cases:
Case 1. If pn(k ha) + 2ha, an(k ha) + 2ha >_ n then put pn((k + 1)ha) an((k +

1)ha) n. Then (1) holds as (n) (n) a. Items (2) and (3) hold by inspection.
Case 2a. If pn (k ha) + 2ha < L but an (k ha) + 2ha >_ L then put

pn((k + 1)ha) pn(k ha)+ 2ha
an((k + 1)ha) min{ s I(s) (pn((k + 1)ha)) and s >_ an(k ha) }.

As (n) (n) >_ (pn((k + 1)ha)) and (an(khn)) (pn(khn))

_
(pn((k +

1)ha)), a minimising s <: n must exist, and (2) holds. Item (1) follows directly from
the definition of an((k + 1)ha) and (3) is apparent on inspection.

Case 2b. If an (k ha) + 2ha < L but Pn (k ha) + 2ha >_ L then apply Case 2a, but
with the roles of pn, an and , reversed.

Case 3. Assume that pn(k ha) + 2ha, an(k ha) + 2ha < L, and assume without
loss of generality that

(pn(k ha) + 2ha)

_
(an(l ha)+ 2ha).

(Otherwise reverse the roles of Pn, an and , .) Then put

pn((k + 1)ha) pn(k h) + 2ha
an((k + 1)ha) min{ s (s) (pn((k + 1)h)) and s >_ an(k ha) }.

By the same reasoning as in Case 2 there must be
s <_ an(k ha)+ 2ha, so (2) holds. Items (1) and (3) hold as in Case 2.

We now show that Pn (k ha) + an (k ha) >_ 2ha by induction. Note that from this
it follows that pn (L) + an (L) 2L, and so Pn (L) an (L) L.

For k 0 the result is true since Pn (0) an(O) O.
Suppose true for k; we now show the assertion holds for k / 1. In Case 1,

pn((k + 1)ha) + an((k + 1)ha) n + L >_ (k + 1)ha. In Cases 2 and 3 either

pn((k + 1)ha) pn(k ha) + 2ha or an((k + 1)ha) an(k ha) + 2ha.
Since both Pn and an are nondecreasing, the desired result follows.

Noting that Pn, an" [0, L] [0, L] are nondecreasing, surjective functions with
Lipschitz constant 2, by the Arzel-Ascoli theorem there must be a convergent sub-
sequence with a limit (p, a). By the properties of uniform convergence, both p and
are nondecreasing, surjective functions [0, n] [0, n].

2n. Then forTo show that o p o a, let t kL/2n for some k 0 .-.,
rn >_ n, (pm(t)) (am(t)) and taking m oc in the above subsequence gives

By continuity of , , p and a and that { kL/2" k 0,..., 2n, n :> 0 } is dense in
[0, L] it follows that o p o a everywhere.
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COROLLARY 4.3. If , " [0, L] - R+ are in L [0, L] and

O(x) dx (x) dx

then and are x-equivalent.
Proof. Let

(x) 0() d, (x) () d.

Then by Theorem 4.2, there are nondecreasing, surjective Lipschitz functions p, a"

[0, L]-o [0, L] such that
Cop=Con.

These composite functions are AC, since p and a are both AC and nondecreasing.
Differentiating this equation by the chain rule gives

’(p(x)). p’(x) ’(r(x)). a’(x) for a.a. x

which is the desired x-equivalence.
Thus, 01 and 02 are x-equivalent as we wished to show. The following result is of

independent interest.
COROLLARY 4.4. The relation "x-equivalence" is an equivalence relation.

Proof. From the definition of "x-equivalence" it is clear that it is both reflexive
((u, y) is always x-equivalent to (u, y)) and symmetric ((u, y) is x-equivalent to (v,z)
implies the reverse x-equivalence). To complete the proof it suffices to show that
"x-equivalence" is a transitive relation.

Let (ul, yl) and (u2, y2) be x-equivalent; (u2, y2) and (u3, y3) be x-equivalent. We
show that (ul, yl) and (u3, y3) are x-equivalent. By definition of x-equivalence there
exist AC nondecreasing, surjective functions pl, p2, al, O’2: [0,L] [0,L] such that

for almost all x E [0, L]. By Theorem 4.2 there are AC nondecreasing surjective
functions wl,w2" [0, n] [0, n] where al owl p2 o w.. Then if 1 pl o wl and
2 a2 o w2 we find that

(1()) (((x)))
y2((Tl((.dl(X))) Y2(P2(d2(X)))

Similar arguments will show that ul(l(x))(x) un(2(x))2(x) by means of the
chain rule for AC functions.

We can now return to the problem of how analysis of the two subsystems can be
combined to provide a complete solution for the entire system (1.2). Note first, that
whatever ul and yl are chosen satisfying (1.25), the infimum of C(u2, y2) over (u2, y2)
satisfying (1.25) depends only on f: (x)dx f: c(yl(x))Tul(x)dx. What,
then, is the set of attainable values of A? By continuous dependence arguments it is
easy to see that A is a continuous function of (ul, yl), weakly in ul. Further, by the
results of 2 the set of admissible (ul, yl) is compact in LI[0, L] C[0, L], with
having the weak* topology. Also, as K1 is connected, so is the set of admissible pairs
(ul, yl). Thus the set of attainable values of A is a compact connected set; that is, this
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set is a a finite closed interval [Amin, Amax]. The extreme values Amin and Amax can be
determined by solving the appropriate optimisation problems for subsystem

max / min c(yl (x))Tul (x) dx

subject to

Yl Al(yl)ul, yl(O) e K1

ul (x) >_ O, ul (x) dx al.

These problems are of the form of (2.1), and so by (3.2) solutions exist.
Now, for any value of , the infimum of C(u.,y2) over (u2,y2) satisfying (1.2b)

is given by F*(.). We have shown that F* is a continuous function, and as A ranges
over a compact set [Amin, Amax] this function must have a minimum value F* (A*). By
using the pathwise connectedness of the set of admissible (ul, yl) we can construct a

pair (ill,) that satisfies (1.2b) and f: c(I(X))TI(X)dx )*. We also have a triple
(fi2, 2, 2) that solves (3.1) with A*.

As

01 (x) dx 02(x) dx ,*

1 and 2 are x-equivalent; let 1, 2: [0, L] [0, L] be two AC nondecreasing, surjec-
tive functions such that

( o ). , (. o .). a,eo

Then setting

u(x) ((x)) u(x) ((x))
(x) ((x))i(x) (x)

gives a solution to (1.2); (u, u., y, y) satisfies (1.25) and C(u, y) F*(*) is the
required minimum.

5. Results for one-enzyme systems. Under the assumptions described in the
introduction for a liver tubule or a packed-bed reactor, where diffusion along the flow is
negligible, a one-enzyme subsystem is described by a pair of ODEs, one describing the
concentration of the reactant R, and another for the product P, which are assumed
to have reached steady state. The enzyme concentration at a distance x from the
entrance to the reactor is f(x); the reaction rate per unit enzyme is given by(R);
and we allow an "input" (possibly zero) of reactant denoted O(x) per unit length. The
ODEs are then

(5.1) dR/dx (x) f(x)(R)
dP/dx f(x)(R).

It is assumed that c satisfies the following properties:

(0) 0

R>0 (R)>0
c is a Lipschitz C function.
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Also, f is assumed to satisfy

f(x)_O for allx[0, L]

f e LI[0, L], f(x) dx q > O.

This "input" 0 may be the product of some other reaction or reactions.
Here we consider the problem of realising

(5.2a) max P(n)

subject to (5.1) and

R(0) Ro, P(0) Po

(5.2b) f(x) >_ O, O(x) >_ 0 for all x E [0, L],

f(x)dx q, O(x) dx A.

Since P(L) / R(L) P(O) / R(O) + , maximising P(L) is equivalent to minimising
R(L).

The work of this section uses the ideas and analysis of Holmker and Stewart[6]
rather heavily, although [6] did not deal with problems where Ro > 0. Consequently,
some additional results are proven to complete the application.

Let

G*(A,q)-- minR(L)

F*(,q) maxP(L)

In this section we show that

subject to (5.2b)

subject to (5.2b).

F*(, q) max F(p, A, q)
O<p<TRo

G*(,q) min G(p,,q)
O<p<_+Ro

where F(p, A, q) + Po + Ro G(p, A, q)

and G(p, A, q) is given by Table 5.1.

TABLE 5.1

Case
1 Ro _< p p >_ , + Ro
2 Ro <_ p p+qc(p) > A+Ro >p
3 Ro < p ,k+Ro >p+qa(p)

nO > P q > ,kl((p) + f?o dr/a(r)4 _
p ,k/o(p) "t- f;o dr/o(r)

_
q

_
f?o5 RO dr/a(r)

6 RO >_ p P <_ Pmin

Conditions a(p, ,, q)

f:o+ dr/a(r) q

f dr/a(r) q- (A A- R0 p)/t(p)

:k .4- RO q

f2 dr/a(r) q- A/((p)

,k + p--a(p) [q-- fpRo dr/a(r)]
-k Pmin

Here Pmin is defined by
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By inspection it is clear that G(p, A, q) is well defined for p, A, q _> 0.
First it should be noted that the values given for G(p, , q) are attainable for each

p E R+. To demonstrate this, the following list that shows how to construct 0, f
given (p, , q) so that the corresponding solution Rp(x) satisfies Rp(L) G(p, ), q).
For the construction to proceed we need 0 < 1 < 2 < L and the intervals I1 [0, 1),
I2 [1, 2) and I3 [3, L].

Case 1. Put _> 0 and f 0 onI1, andO= 0 and f >_ 0 onI2UI3 so that

fI1 0 A and fx2uI3 f q"

Case 2. Put 0 _> 0 and f 0 on I, with 0 a(p)f >_ 0 on I2 and 0 0,
f _> 0 on I3 so that fI1 0 p, f/2 f (A + Ro p)/a(p) <_ q and (consequently)

fI3 f q ( + Ro p)/a(p).
Case 3. Put 0 _> 0 and f 0 on I t2 I3 and a(p)f >_ 0 on I2 so that fxl P,

fif=q and f3O= A-p.
Case 4. Put 0 and f_> 0onI1UI3, =a(p)f >_ OonI2 so that fief

fpno dr/a(r), f 0 A and f3 f q A/a(p) fpno dr/a(r).
Case 5. Put O=0andf_>0on11,0=a(p)f >_ O on12, and O >_ O and f O

on 13 so that f f fpo dr/a(r), fx f q fpo dr/a(r) and f/3 0 A a(p)(q

fo dr/a(r)).
Case 6. PutO=0andf>_0onI1 andO>_0, f=0onI2UI3sothat fllf=q

and fIu13 0 A.

That Rp(L) G(p, A, q), and that admissible f and 0 can be constructed accord-
ing to the above rules, can be shown by inspection. As noted above, Cases 1-3 are
proven in Holmker and Stewart [7].

The problem now is to show that any solution R(x) of (5.2.5) for admissible f
and satisfies R(L) >_ Rp(L) for some p E [0, ]. This is the substance of the following
theorem.

THEOREM 5.1. Let G(p,A,q) be defined as in Table 5.1 .for p, A, q >_ 0 and
F(p, ), q) ) + Po + Ro G(p, , q). Then the optimal values .for P(L) and R(L) are
given by

F*(A, q) max F(p,,q),
0_p(_AWRo

G*(A, q) min G(p, A, q), respectively.

Proof. We have already noted that P(L)+R(L) Po+Ro+, so that maximising
P(L) corresponds to minimising R(L). Now mini,0 R(L) <_ G*(,q) since we can
construct a solution to (5.2.b) Rp.(x) that achieves Ro.(L)= G(p*,A,q)= G*(A,q).

We now show that the reverse inequality for mini, R(L) holds. Let a*

max{a(R(x)) x e [0, L]} and max{x a(R(x)) a*}. Put p R().
First, we note that if A > 0 then p > 0, as otherwise R(x) 0 for all x, so 0 0
almost everywhere, and A 0. In the case A 0 it is clear that R(L) is independent
of the particular admissible control f chosen.

The proofs for Cases 1-3 now follows Holmker and Stewart [7, Thm. 5.1], with
A replaced by A + R0. We now consider in detail Cases 4-6; that is, R0 _> p and so
R(x) > 0 for all x.

Case 4. Here Rp(L) is given by

;o dr



402 DAVID E. STEWART

However, for R,
1 dR

(5.3) a(R(x)) d-- a(R(x))
Integrating this last equation from 0 to L gives

f(x).

SO that Rp(L) <_ R(L).
Case 5. Integrating (5.3) from 0 to gives

O x dx fo
L

a(R(x)) f(x) dx

> O(x) dx f(x) dx.

Let q’ q- fpo dr/a(r)dr. Then integrating the ODE for R in (5.2.b) from to L
we find that

R(L) p O(x) dx a(R(x))f(x) dx

>_ O(x) dx a(p) f(x) dx

>_ O(x) dx a(p)q’ by (5.4)

so that R(L) >_ A + p- a(p)q’ Rp(L) as required.
Case 6. Noting that integrating (5.3) from 0 to gives the result that

Ro dr
(5.5) a(r) <- q"

Thus Case 6 can only occur if (5.5) is an equality, so that Case 5 may be applied.
Noting that for p < Pmin implies that G(p,A,q) G(pmin, A,q), we see that this
possibility does not affect the minimisation.

A stronger characterisation of the optimising value of p for F(p, A, q) can be
obtained; this will allow the optimal value p* to be computed almost directly.

THEOREM 5.2. There is a minimizer p* E [Pmin, , +/0] of V(’, , q) such that

a(p*) max{ a(p) p lies between Ro and p* }.
If, in addition, a C and p* # A + Ro, Pmin, then a’(p*) O.

Proof. We prove the first part of the theorem. Let G(t3, A, q) G*(A, q). Let R#
be defined as a solution of (5.2.b) with f and constructed as described above. Let
p* R#() where

a(R#()) max{ a(R#(x)) x e [0, L] }.
Note that R#(x) [Pmin, A + R0] for all x, so p* lies in the required interval.
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By the arguments used in Theorem 5.1 with p replaced by p* and R replaced by
R, we find that Rp.(L) < R(L). However, as t3 minimizes G(., A,q), it follows that
Rp. (L) R(L) and p* is another minimizer of G. Now Rp attains both Ro and p*,
so that by definition of p*

(p*) > max{ a(p) p lies between R0 and p* }.
Setting p p* in, the maximisation makes it clear that the above is actually an
equality.

We now show the second part of the theorem. Suppose that a E C and p*
-f- Ro, Pmin; we now show that a’(p*) 0. To do this we note that the derivatives

of G(p, A, q) with respect to p are as in Table 5.2.

TABLE 5.2

Case OG/Op(p, ., q)
0

+ R0

"
0

By inspection of Table 5.2 and 5.1 OG/Op is continuous except at p A+R0, Pmin.
Thus, as p p* minimizes G(p,.X,q) it follows that OG/Op(p*, A, q) 0. Hence, by
Table 5.2, cd(p*) 0 as required.

The above formulae in 5.1 provide a fairly easy way of computing G*(A, q) and
F*(, q). However, F* and G* have some monotonicity properties that will be ex-
ploited later.

TItEOREM 5.3. Both F*(,q) and G*(i,q) are monotonic increasing in with
G* being strictly increasing in )t. Furthermore, F*(A, q) is strictly increasing in q and
G*(A, q) is strictly decreasing in q.

Proof. Let 0 <_ hi < A2 and suppose that (O,f) achieves P(L) F*(XI,q) where
P and R satisfy (5.1). We then define

{ 20(2x)
2(A2
2 f(2x)f(x)= o

for 0 < x < L/2
otherwise,
for 0 < x <_ L/2
otherwise,

and let /5 and/ satisfy (5.1) with (0, f) replaced by (, ). Then P(L) P(L)
F*(XI, q), so the maximum value of P(L) over (0, f) with f: O(x)dx 2 must be at
least as large as F*(XI,q); that is, F*(X2,q) > F*(AI, q) as required.

On the other hand, suppose now that (0, f) achieves R(L) G*(A2,q). Then
there is a e (0, L) such that fo O(x)dx 1. If Ro 0 and 1 0 the result follows
trivially as then R(L) 0 and thus G*(AI,q) 0 < G*(A2, q). We now assume that
either Ro or 1 is strictly positive; in this case R(x) > 0 for all x [, L]. We define

’,
f O(x) for0_x<

0 otherwise.
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If P and R then satisfy (5.1) with 0 replaced by 0 we find that

R() dr

(L) o(r)

L O(X) dx L f(x)dx

() dr
> f(x)

dR(L)

so that/(L) < R(L) G*(A2, q). Thus G*(A1, q) < G*(A2, q) as required.
We now consider the effect of varying q; let 0 _< ql < q2 and suppose (, f)

achieves P(L) F*(A, ql) and R(L) G*(A, ql). We then define

20(2x)
O(x)= o

f(x) { 2 f(2x)
2(q2

for 0 <_ x

_
L/2

otherwise,
for 0 <_ x <_ L/2
otherwise.

Then clearly P(L) > P(L) F*(A,q) and /(L) < a*(A, ql) so that F*(A, q2) >
F*(A, q) and G* (A, q2) < G*(A, q) as required, yl

These monotonicity results considerably simplify the application of the results of

2-4 to networks of enzymatic reactions.

6. Solving complete networks. In this section we combine the results of 4
and 5 to obtain a method for maximising the output of a large tree of enzymatic
reactions by a dynamic programming approach. (Note that this includes problems
where there is a chain of reactions, or independent reaction paths.) This method
has been implemented numerically to obtain optimal values, and extended to also
compute optimal amounts of each enzyme subject to a "total cost" limit. Currently
the implementation provides only qualitative information about the optimal controls
(enzyme distributions) themselves, though this alone is often sufficient to determine
optimal distributions (e.g., "... the first enzyme is followed by the second enzyme
which is followed by the thirrd ").

We consider firstly the problem of maximising output where the quantity of each
enzyme is given and the set of reactions forms a tree directed towards a single product:
the "output." If the product is the product of more than one reaction, then the tree can
be split into different parts--one for each reaction producing the product--which are
entirely independent. Thus we can assume that there is only one reaction producing
the final product. This means that the tree of reactions can be split into the form

T T’=RP

where "=v" means that R may be the product of more than one reaction. Now the first
subsystem $1 is the subtree T =v R, and the second, $2, is the one-enzyme reaction
with input: --. R P. (Here 0 is the sum of the production rates of R over all
reactions that produce R.) The maximum value of P(L) over all , f satisfying the
nonnegativity and the integral constraints

f0
L

O(x) dx , f(x) dx q

can be computed as F*(A, q) by means of the results of the previous section. Noting
that F*(A,q) is monotonic increasing in A, we see that if the set of attainable A is
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[,min,,max], then the optimum value of A is A* )max. But )max in this case is
simply the maximum output of subsystem

T = R.

This subsystem can then be analysed in terms of its own subsystems, which in turn
can be analysed in the same manner, at least until we are dealing with single enzyme
systems with no input, which are essentially trivial: any enzyme distribution satisfying
the nonnegativity and integral conditions will achieve the maximum.

The optimal enzyme distributions themselves can be generated with the above
recursive process; at each stage, once the optimal A* and associated output from the
$1 subsystem 01 has been determined, then the optimal input 02 can be determined by
the results for one enzyme systems. Then the optimal distributions and trajectories
for the two subsystems can be "matched" by means of the x-equivalence described at
the end of 4.

We now briefly consider a particular case of a chain of enzymes where the reaction
rate functions, the c’s, are C and a(p) > 0 for every p > 0. Here we use the notation
of the previous section and consider a one enzyme subsystem. By Theorem 5.2 we can
pick an optimum p* such that

c(p*) max{ a(p) p lies between Ro and p* }.
Thus p* _> R0. As a(p*) % 0, we see that p* A or p* Pmin. But Pmin < R0 for
R0 > 0, and Pmin 0 if R0 0, it follows that p* A and we can apply Case 1.
We then subdivide the interval [0, L] into two pieces I1 U I2 [0, ) t2 [, L] and set
f 0 on I1 and 0 0 on I2. That is, we put all of the current enzyme downstream of
the enzymes that come earlier in the chain of reactions. Thus, in this case, the naive
approach of putting the enzymes in order is actually optimal. For the more general
case, we need to resort to numerical methods to determine the optimal distribution of
enzymes, which are described below.

This technique can also be extended to give a dynamic programming .method for
obtaining the optimum amount of each enzyme as well as the optimum distribution of
a given amount of each enzyme, subject to a limit on a "total enzyme cost" given as
a weighted sum of the amounts of the various enzymes. For each reaction subsystem
(i.e., subtree) a table of amounts of product for a given total enzyme cost for the
subsystem is computed. To do this we have basically two cases to consider. The first
is where a product P is produced from a reactant R, which in turn is the product of
some system of reactions. The problem here is to decide how to split the total enzyme
cost between the reaction R - P and the system of reactions that produces R. This
is just a one-dimensional optimisation problem.

The second case is where the product P is the product of two independent systems
of reactions. Then the problem to be solved is that of determining how to split
this total enzyme cost between the two subsystems of reactions. This, again, is
one-dimensional optimisation problem that can be solved directly from the tables of
product amounts for the two subsystems.

7. Numerical implementation and results. This decomposition algorithm
has been implemented numerically in the C programming language to run on the
Mathematics Dept. Pyramid 9810 computer. The method used to compute G(p, , q)
involves a one-dimensional root,finding routine based on that of Brent [3, pp. 58-
59], and the integrals were computed by a 24-point Gauss-Legendre quadrature rule.
Finally, the reaction rate functions a were stored in a form so that their critical points
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could be computed directly. Then F*(A,q) is given directly as the maximum of the
F(p, ,, q) as p ranges over the set of critical points of a in the interval [Pmin,/ -k- R0]
together with p A + R0 and p Pmin.

The optimal amounts of product were computed for fixed amounts of enzymes,
and for variable amounts of enzymes, for a problem devised by the author to test the
algorithm, which is given in Fig. 7.1.

FIG. 1

The reaction rate functions are given in Table 7.1.

TABLE 7.1

Edge Reaction rate Amount Critical points Ri(O)
() 8/( + 4) 2 not, used 3

.() ( + )/( + + e) e not used 3
3 c3(r) 6re-r 2 c3(1) 2.207... 0
4 a4(r) 4(e-r/5 e-2r/5) 3 c4(3.465... 1 0

Note that edge is the outgoing edge of node Ri.
For determining the optimal amount of each enzyme it was assumed that the total

amount of enzyme was the same as for the case where the amount of each enzyme
is given. The smallest change in the amount of an enzyme that was allowed by the
numerical implementation was set to 0.2.

For making meaningful statements about the efficacy of the algorithm and the op-
timal amounts and distributions of enzymes, comparisons were made with two heuris-
tics:

(1) Uniform enzyme concentration.
(2) Enzymes occur in the sequence determined by the reaction sequence.
The results are given in Table 7.2. The optimal enzyme amounts computed were

TABLE 7.2

Edge 1 2 3 4
Amount 1.6 1.4 1.8 4.2

The amounts of product produced under the different conditions were computed to
be as in Table 7.3.

TABLE 7.3

Amounts Heuristic 1 Heuristic 2 Optimal distribution

Given 1.796 2.283 2.802
Optimal 1.955 2.540 3.166
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There is clearly significant advantage in using the computed optimal distributions and
amounts.
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Abstract. Consider the problem of minimizing, over a polyhedral set, the composition of
an affine mapping with a strictly convex essentially smooth function. A general result on the linear

convergence of descent methods for solving this problem is presented. By applying this result, the
linear convergence of both the gradient projection algorithm of Goldstein and Levitin and Polyak,
and a matrix splitting algorithm using regular splitting, is established. The results do not require
that the cost function be strongly convex or that the optimal solution set be bounded. The key to
the analysis lies in a new error bound for estimating the distance from a feasible point to the optimal
solution set.

Key words, linear convergence, differentiable minimization, gradient projection, matrix split-
ting, coordinate descent
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1. Introduction. Consider the problem of minimizing a strictly convex essen-
tially smooth function subject to linear constraints. This problem contains a num-
ber of important optimization problems as special cases, including (strictly) con-
vex quadratic programs, "x ln(x)" entropy minimization problems [Fri75], [Her80],
[Jay82], [JOS84], [LaS81], [Pow88], and "-ln(x)" minimization problems [FiM68],
[GMSTW86], [JOS84], [Son88]. A popular approach to solving this problem is to
dualize the linear constraints to obtain a dual problem of minimizing, over a box,
the composition of a strictly convex essentially smooth function with an affine map-
ping; then to apply a feasible descent method to solve the dual problem (see [Cen88],
[CeL87], [COP82], [Cry71], [Hi157], [Kru37], [LaS81], [LIP87], [MaD87], [MaD88a],
[Tse90], [TsB87a], [TsB87b] and references therein). Popular choices for the descent
method include a gradient projection algorithm of Goldstein [Go164] and Levitin and
Polyak [LeP65], the coordinate descent algorithm, and a matrix splitting algorithm
using regular splitting [Ke165], [Man77], [OrR70], [Pan82].

An outstanding theoretical question concerns the rate of convergence of the iter-
ates generated by the above solution approach. Most of the existing rate of convergence
results require restrictive assumptions on the problem, such as that the cost function
be strongly convex, which unfortunately do not hold in many practical situations. In
fact, owing to the possible unboundedness of the optimal solution set, even the con-
vergence of the iterates has been very difficult to establish (see [Che84], [LuT89a]).
Nonetheless, by exploiting the special structure of the problem, it has been possible to
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show linear convergence for two of the aforementioned algorithms: the gradient pro-
jection algorithm using small stepsizes (and under an additional Lipschitz assumption
on the gradient) [BeG82] and the coordinate descent algorithm [LuW89b]. (Here and
throughout, we mean by "linear convergence" the R-linear convergence in the sense
of Ortega and Rheinboldt [OrRT0].) In fact, the results for the gradient projection
algorithm extend to variational inequality problems [BeG82].

In this paper, we extend the proof ideas and the results of [LuT89b] to a general
class of feasible descent methods, including the aforementioned algorithms. In partic-
ular, we consider an extension of the above dual problem in which the constraint set
is any polyhedral set, not just a box; we give general conditions for a feasible descent
method to be linearly convergent when applied to solving this problem; and we show
that the aforementioned algorithms (gradient projection, matrix splitting, etc.) sat-
isfy these conditions and hence are linearly convergent when applied to solving this
problem. The key to our analysis lies in a new bound for estimating the distance from
a feasible point to the optimal solution set which, unlike many existing bounds, holds
without requiring the cost function to be strongly convex.

We formally state our problem below. Let f {R’ - (-oc, oc] be a function of
the form

(1.1) f(z) g(Ex) + <q, x},

where g Rm (-oc, oc] is some function, E is some m x n matrix (possibly with
zero columns), and q is some vector in {Rn, the n-dimensional Euclidean space. In our

notation, all vectors are column vectors and (., .) denotes the usual Euclidean inner
product. Notice that if q is in the row span of E, then f depends on x through Ex
only. In general, however, this need not be the case.

We make the following standing assumptions regarding the function g.
ASSUMPTION 1.1. (a) The effective domain of g, denoted by Cg, is nonempty

and open.
(b) g is strictly convex twice continuously differentiable on Cg.
(c) g(t) -+ oc as t approaches any boundary point of Cg.
Assumption 1.1 implies that g is, in the terminology of Rockafellar [Roc70], a

strictly convex essentially smooth function. Such a function has a number of interesting
theoretical properties. For example, its conjugate function is also strictly convex
essentially smooth (see [Roc70, Chap. 26]).

Let X be a polyhedral set in n. Consider the following convex program associ-
ated with f and X:

(1.2) minimize f(x)
subject to x E X.

We make the following standing assumptions regarding f and X.
ASSUMPTION 1.2. (a) The set of optimal solutions for (1.2), denoted by X*, is

nonempty.
(b) V2g(Ex*) is positive definite for every x* E X*.
Part (a) of Assumption 1.2 implies that the effective domain of f, denoted by

Cf, makes a nonempty intersection with X and, moreover, f is bounded from below
on X. It then follows from the special form of f (cf. (1.1)) and Assumption 1.1 that

Cf is open, f is convex twice continuously differentiable on Cf, and f(x) oc as
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x approaches any boundary point of Cf. Hence, f is convex essentially smooth but,
unlike g, not necessarily strictly convex, since E may lack full column rank.

Part (b) of Assumption 1.2 states that g has a positive curvature on the image
of X* under the affine transformation x H Ex. This condition is guaranteed to hold
if g has a positive curvature everywhere on Cg. (There are many important functions
that satisfy this latter condition (in addition to Assumption 1.1), the most notable
of which are the quadratic function, the exponential function, and the negative of
the logarithm function.) Of course, if g is strongly convex and twice differentiable
everywhere, then Assumptions 1.1 and 1.2 (b) hold automatically. We remark that
the twice differentiability of g is not necessary for our results to hold, but it makes for
a simpler stateInent of the assumptions. In general it suffices that g be differentiable
on Cg and that Vg be "locally" strongly monotone and Lipschitz continuous around
Ex* for all x* E X*.

The problem (1.2) contains a number of important problems as special cases.
For example, if E is the null matrix, then (1.2) reduces to a linear program. If g is
a strictly convex quadratic function, then (1.2) reduces to the symmetric monotone
linear complementarity problem [Man77], [Lie87] (also see 5). If g is the function
given by g(t) -,j ln(tj) for all t E (0, oc)m and g(t) oc otherwise, where ln(.)
denotes the natural logarithm, and X is the nonnegative orthant in Nn, then (1.2)
reduces to the Lagrangian dual of a certain linearly constrained logarithmic penalty
problem (see, e.g., [CeL87]).

For any x Nn, let Ix]+ denote the orthogonal projection of x onto X, i.e.,

Ix]+ arg min Ix

where II" II denotes the usual Euclidean norm (i.e., Ilxll v/(x,x) for all x). (Our
notation for the projection operator is somewhat unconventional, but it has the ad-
vantage of simplicity.) Since Cf is nonempty, and f is differentiable on CI, it is easily
seen from the Kuhn-Tucker conditions for (1.2) that X* comprises all x X fq Cf for
which the orthogonal projection of x Vf(x) onto X is x itself, i.e.,

(1.3) x, { x e Ix vf(x)]+ }.

Note that since both f and X are closed and convex, then so is X* (in fact, X* is a
polyhedral set as we show in Corollary 2.1). However, X* may be unbounded.

This paper proceeds as follows. In 2 we prove a new bound on the distance to X*
from a feasible point near X*. In 3 we use this bound to establish general conditions
under which a sequence of feasible points converge at least linearly to an element
of X*. In 4 and 5 we show that the sequence of iterates generated by either the
gradient projection algorithm or the matrix splitting algorithm using regular splitting
satisfy the convergence conditions outlined in 3. In 6 we give our conclusion and
discuss possible extensions.

We adopt the following notation throughout. For any k matrix A, we denote
by AT the transpose of A, by IAII the matrix norm of A induced by the vector norm

I1" II (i.e., IIAII maxllxll= IIAxll), by Ai the ith row of A and, for any nonempty
I C_ {1,..., k}, by AI the submatrix of A obtained by removing all rows I of A.
Analogously, for any vector x k, we denote by xi the ith coordinate of x, and,
for any nonempty subset I C_ {1,..-,k}, by x1 the vector with components xi, I
(with the xi’s arranged in the same order as in x).
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2. A new error bound. In this section we prove a key result that, for all
x E X NCf sufficiently close to the optimal solution set X*, the distance from x to X*
is of the order IIx- Ix- Vf(x)]+ll. This result will be used in the rate of convergence
analysis of 3.

We first need the following lemma which says that the affine mapping x H Ex is
invariant over X*. This lemma is a simple consequence of the strict convexity of g.

LEMMA 2.1. There exists a t* m such that

Ex* t* Vx* X*

Proof. For any x* X* and y* X*, we have by the convexity of X* that
(x* + y*)/2 X*. Then, f(x*) f(y*) f((x* + y*)/2), so (1.1) yields g((Ex* +
Ey*)/2) (g(Ex*)+ g(Ey*))/2. Since both g(Ex*) and g(Ey*) are finite, so that
Ex* Cg and Ey* Cg, this together with the strict convexity of g on Cg implies
Ex* Ey*. D

As an immediate corollary of Lemma 2.1, we have the following interesting char-
acterization of X*.

COROLLARY 2.1. X* i8 a polyhedral set.
Proof. Fix any x* in X* and consider the polyhedral set

2= { xeX IEx=t*,(q,x-x*)=0 }.

By using (1.1) and Lemma 2.1, we see that x is an element of X if and only if x X
and f(x)= f(x*). Thus, X X*. 0

By using the observation (cf. (1.1))

(2.1) Vf(x) ETVg(Ex) + q, Vx e Cf,

we have that Vf is invariant over X*. In fact, it is easily seen from Lemma 2.1 that

(2.2) Vf(x*) d*, Vx* e X*,

where we denote

(2.3) d* ETVg(t*) + q.

The above invariant property of Vf on X* is quite well known (see, e.g., [Man88])
and in fact holds for more general convex programs.

Since V2g(t*) is positive definite (cf. Assumption 1.2 (b) and Lemma 2.1), it
follows from the continuity property of V2g (Assumption 1.1 (b)) that V2g is positive
definite in some open neighborhood of t*. This in turn implies that g is strongly
convex near t*, i.e., there exist a positive scalar a > 0 and a closed ball b/* c_ Cg
containing t* such that

(2.4) g(z) g(y) (Vg(y), z y) >_ allz yll, Vz e b/*, Vy e/*.

By interchanging the role of y with that of z in (2.4) and adding the resulting relation
to (2.4), we also obtain

z u) > e llz Vz e u,, vu e u,.
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Since V2g is continuous on/4* (cf. Assumption 1.1 (b)), so it is bounded there, then
Vg is Lipschitz continuous on/4", i.e., there exists a scalar p > 0 such that

(2.6) IlVg(z) Vg(y)ll pllz yll, Vz e u*, Vy e u,.

We next state a lemma on the Lipschitz continuity of the solution set of a linear
system as a multifunction of the right-hand side. This lemma, originally due to [Hof52]
(also see [aob73], [MaS87]), will be used in the proof of Lemmas 2.4, 2.6, and 3.1.

LEMMA 2.2. Let B be a k x matrix, let C be an h x matrix, and let d be a

vector in Nh. There exists a scalar 0 > 0 depending on B and C only such that, for
any satisfying Cfc >_ d and any e E ]k such that the linear system By e, Cy >_ d
is consistent, there is a point 1 satisfying BI e, Cl >_ d and [[2-[[

_
By using Lemma 2.2 and Assumption 1.1, we can show the following technical

fact.
LEMMA 2.3. For any , the set { Ex x X, f(x) <_ } is a compact

subset of Cg.
Proof. For the proof see [Tse89, Lem. 9.1].
Since X is a polyhedral set, we can for convenience express it as X { x

Nn Ax >_ b }, for some k x n matrix A and some b Nk. Then, for any x
the vector [x- Vf(x)]+ is the unique vector z which, together with some multiplier
vector A E Nk, satisfies the Kuhn-Tucker conditions

(2.7) z x + Vf(x) ATA 0, Az >_ b, A >_ 0,

(2.8) Ai 0, Vi I(x), Aiz bi, Vi e I(x),

where we denote

I(x) { e {1,...,k} Ai[x- Vf(x)]+ bi }.

We say that an I C_ {1,...,k} is active at a vector x X N Cf if z Ix- Vf(x)]+
together with some A Nk satisfies (2.7) and

(2.9) Ai=0, Vi I, Aiz bi, Vi E I.

(By (2.8), I(x) is active at x for all x e X g CI).
We next have the following lemma, which roughly says that if x X is sufficiently

close to X* then those constraint indices that are active at x are also active at some
element of X*.

LEMMA 2.4. For any , there exists an e > 0 such that, for any x X with
f(x)

_
and IIx- Ix- Vf(x)]+ll

_
, I(x) is active at some x* e Z*.

Proof. We argue by contradiction. If the claim does not hold, then for some, there would exist an I C_ {1,...,k} and a sequence of vectors {xr} in X
satisfying f(xr) _< for all r, xr zr 0, where we let zr Ix Vf(xr)]+ for all
r, and I(xr) I for all r, and yet there is no x* X* for which I is active at x*.

Since {f(x)} is bounded, it follows from Lemma 2.3 that {Ex } lies in a compact
subset of Cg. Let t be any such cluster point of {Exr } (so t Ca) and let T be a
subsequence of {0, 1,...} such that

(2.10) {Exr}n -. t.
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We show below that to is equal to t*.
Since too E Cg so Vg is continuous in an open set around too, we obtain from

(2.10) (and using the fact Vf(xr) ETVg(Exr) + q for all r) that

(2.11) {Vf(xr)}n -- ETVg(too) + q.

For each r E g, consider the following linear system in x, z, and A:

x- z A- ATA X7f(xr), Ex Exr, X Z Xr Zr

Az>b, A>0, Aiz-bi, Viii, Ai=0, ’iI.
The above system is consistent since, by I(x) I and (2.7)-(2.8), (x,zr) together
with some A Nk is a solution of it. Then, by Lemma 2.2, it has a solution (2r, , r)
whose size is bounded by some constant (depending on A and E only) times the size
of the right-hand side. Since the right-hand side of the above system, by zr x + 0
and (2.10)-(2.11), is bounded as r oc, r e 7, then {(,,A)}r is bounded.
Moreover, every one of its cluster points, say (xoo, zoo, Aoo), satisfies

xoo zo + ATAoo ETVg(too) + q, Exoo too, xoo zoo 0,

Azoo > b, $oo >_ 0, Aizoo bi, Vi I, 0, Vi I.

This shows xoo [xoo-Vf(xoo)]+ (cf. (2.7), (2.8), and Vf(xoo) ETVg(Exoo)+q),
so xoo E X* (cf. (1.3)) and, by Lemma 2.1, too t*. Moreover, I is active at xoo (cf.
(2.7) and (2.9)), so a contradiction is established. B

Also, the proof of Lemma 2.4 shows the following lemma.
LEMMA 2.5. For any and any > O, there exists an e’ > 0 such that

]lEx t*ll < r for all x e X with f(x) < and IIx [x Vf(x)]+ll < e’.
By using Lemmas 2.2, 2.4, and 2.5, we can prove the following intermediate

lemma.
LEMMA 2.6. For any , there exist scalars 5 > 0 and w > 0 such that, for

any x X with f(x) < and IIx [x Vf(x)]+ll < 5, the following hold:
(a) Ex u*.
(b) There exists a [0, oc)k satisfying

(Ax)TAI z--x + Vf(x),

and an x* X* and a * [0, oc) k satisfying

(AI)TA Vf(x*), Aix* bi,

II(x, A) -(x*, A*)]] < oa (llEx t*]l + IIx zll),
where we let I I(x) and z [x- Vf(x)]+.

Proof. Fix any iR. By Lemma 2.5, there exists some e’ > 0 such that Ex bl*
for all x E X satisfying f(x) < and IIx- [x- Vf(x)]+ll < d. Choose to be the
minimum of this ’ and the e given in Lemma 2.4.

Consider any x X satisfying the hypothesis of the lemma (with the above choice
of 5), and let z Ix- Vf(x)]+. Then, by (2.7) and (2.8), there exists some e k
satisfying, together with x and z,

ATA z- x + Vf(x),
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Az > b, > 0, hi=0, Vit/I(x), Aiz bi, Vi E I(x).

By Lemma 2.4, there exists an x* E X* such that I(x) is active at x*, so, by Lemma
2.1 and (2.2), the following linear system in (x*, z*, *)"

AT/ d*, Ex* t*, x* z* O,

Az* > b, * >0, /-0, ViI(x), Aiz* bi, Viii(x),

is consistent. Moreover, every solution (x*, z*, A*) of this linear system satisfies x*
X*. Upon comparing the above two systems, we see that, by Lemma 2.2, there exists
a solution (x*, z*, ,*) to the second system such that

II(x*, z,,-) (x, z,  )11 <_ O(llz + Vf(x) d*ll + IIEx *11 + IIx zll),

where 0 is some scalar depending on A and E only. Since our choice of 5 also implies
that Ex e b/*, (2.1)-(2.3) and the Lipschitz condition (2.6) yield IIVf(x)- d*ll
IIETVg(Ex) ETVg(t*)ll < PlIETIIIIEx t*ll. Hence the above relation implies

I](*, z*, a*)- (x, z, )ll <_ o(211x- zll + (PlIETII + 1)llEx- t*ll).

For any x Nn, let (x) denote the Euclidean distance from x to X*, i.e.,

min [Ix- x*l[.(x)

By using Lemmas 2.1 and 2.6, we can establish the main result of this section, which
roughly says that, for all x E X n Cf sufficiently close to X*, (x) can be bounded
from above by the norm of the residual x- Ix- Vf(x)]+.

THEOREM 2.1. For any , there exist scalars T > 0 and 5 > 0 such that

(2.12) VS(x ]+ II,
for all x e X with f(x) <_ and I1- Ix- Vf(x)]+ll <_ 5.

Proof. Fix any N and let and w be the corresponding scalars given in
Lemma 2.6.

Consider any x X satisfying the hypothesis of the theorem (with the above
choice of 5), and let z Ix Vf(x)]+, I I(x). Then,

(2.13) Aiz bi,

and, by Lemma 2.6, Ex bl* and there exists a A [0, oc)k satisfying

(2.14) (A1)T/I Z--X q- Vf(x),

and an x* X* and a )* [0, oc)k satisfying

(2.15) (AI)T/ Vf(x*), Aix* hi,

(2.16) I1( , a) (x*,-)ll _< o(llEz t*ll + IIx zll).
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Also, since Ex E hi* and t* E/*, we have from (2.5) that

(2.17) 2allEx t*l12 < (Ex t*, Vg(Ex) Vg(t*)).

We claim that (2.13)-(2.17) are sufficient to establish (2.12). To see this, note that
Ex* t* (cf. Lemma 2.1) and Vf(x)- Vf(x*) ETVg(Ex)- ETVg(Ex*) (cf.
(2.1)), so (2.17) and (2.13)-(2.15) yield

where for convenience we use the notation a O(/) to indicate that a < a/ for some
scalar t > 0 depending on and the problem data only. Combining the above relation
with (2.16) then gives

IIx x*ll 2 _< 2 (llEx t*ll + I[x zll) 2

_< 22 (llEx t*ll 2 + lix zll 2)
O(llx z[l(ll *11 / IIx x*ll) / [Ix zll 2)
O(llx- zllliEx- t*ll / IIx- zl12),

where the last step follows from using (2.16). Hence IIEx- t*ll 2, which is clearly
O(llx- x* ll), must be O(llx- zllilEx- t*ll / IIx- zl12), i.e., there exists a scalar t > 0
(depending on and the problem data only) such that

IIEx t*ll 2 < c(llx zllllEx t*ll + IIx- zl12).
This is a quadratic inequality of the form a2 _< a(ab + b2), which implies a <_ (a +
x/a2 + 4a)b/2. Hence we obtain that

IIEx t*ll < (, + 42 + 4)llx zll/2,

which when combined with (2.16) shows IIx x*ll O(llx zll). Since x* e x* so
clearly (x) < IIx- x*ll, this then completes our proof.

We remark that computable error bounds like the one given in Theorem 2.1
have been quite well studied. In fact, a bound identical to that given in Theorem
2.1 was proposed by Pang for the special case where f is strongly convex [Pan87].
Alternative bounds have also been proposed for strongly convex programs [MaD88b]
and for monotone linear complementarity problems [MaS86]. However, it is unclear
whether these alternative bounds are useful for analyzing the rate of convergence of
algorithms. On the other hand, note that the bound in Theorem 2.1 holds only locally,
and it would be interesting to see whether this bound can be extended to hold globally
onXNCI.

3. A general linear convergence result. In this section we give general con-
ditions for a sequence of points in X f3 Cf to converge at least linearly to an optimal
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solution of (1.2) or, equivalently, to an element of X*. This result, based in large part
on the error bound developed in 2, will be used in 4 and 5 to establish the linear
convergence of a gradient projection algorithm and a matrix splitting algorithm.

We first state the following simple lemma.
LEMMA 3.1. Let {xr} be a sequence of vectors in X N Cf satisfying

(3.1) I]xr -xr+ll]2 ml(f(xr) f(xr+l)), Vr to,

for some scalar 1 > O. If f(xr) converges linearly, then {xr ) also converges linearly.
(Recall that here "linear convergence" means R-linear convergence in the sense

of Ortega and Rheinboldt [OrR70].)
The general linear convergence result is the following theorem.
THEOREM 3.1. Let v* denote the optimal value of (1.2). Let {xr) be a sequence

of vectors in X CI satisfying the following two conditions:

(3.2) f(xr) -v* 2(xr)2, Vr r0,

(3.3) Ilxr -[x Vf(x)]/ll 2 3 (f(xr) f(xr/l)), Vr to,

where t2, 3 and ro are some positive scalars. Then, {f(xr)} converges at least linearly
to v*. If, in addition, (3.1) holds, then {xr } converges at least linearly to an element
of X*.

Proof. By (3.3), {f(xr)} is monotonically decreasing. Since y is also bounded
from below on X (cf. Assumption 1.2 (a)), then f(xr) f(x+1) - O, so (3.3) yields
I]x -Ix -Vf(xr)]+l] 0. Hence, by Theorem 2.1, there exist scalars - > 0 and
rl _> ro such that

(3.4) (x) _< vS(x)]+ll, Vr > r.

By combining (3.2), (3.3), and (3.4), we obtain that, for each r >_ r, there holds

Upon rearranging terms in (3.5), we then obtain

f(x+) v* < (1 1 I (f(x) v*
/2/3T2

so {f(xr)} converges at least linearly to v*. If (3.1) holds, then it follows from Lemma
3.1 that {xr } converges at least linearly. Let xc denote the limit point of {xr}. Then,
x E X (since X is closed) and, by the lower semicontinuity of f, f(x) <_ v*.
Therefore x E X*. D

(Roughly speaking, (3.2) says that the difference in cost between an iterate and
its nearest optimal solution should grow at most quadratically in the distance between
them; and (3.3) says that the decrease in the cost at each iteration should grow at
least quadratically in the "residual" at the current iterate.)

It turns out that, for our applications (see 4 and 5), (3.1) and (3.3) are relatively
easy to verify. The difficulty lies in verifying that (3.2) holds. To help us with this
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endeavor, we develop below, by using Lemmas 2.2, 2.3, and 2.5, a sufficient condition
for (3.2) to hold. This condition, although more restrictive than (3.2), is much easier
to verify for the algorithms considered in this paper.

LEMMA 3.2.. Suppose that {xr} satisfies (3.1) and (3.3) for some scalars 1, 1"3,

and to, and

(3.6) xr+l [xr crVf(xr) + er]+ Vr > rl

for some index rl, some bounded sequence of scalars {ar} bounded away from zero
and some sequence of n-vectors er -- O. Then {xr} satisfies (3.2) for some scalar 2
(possibly with a different value for ro).

Proof. Since f is bounded from below on X (cf. Assumption 1.2 (a)) and (3.1)
and (3.3) hold, then

(3.7) xr xr-1 - 0,

(3.8) xr -Ixr Vf(xr)]+ --. 0.

We claim that there exists an index r2 >_ r such that

(3.9) (Vf(x*),xr x*) O, Vx* e X*,

for all r >_ r2. To see this, let X be expressed as X { x E n Ax >_ b }, for some
k x n matrix A and some k-vector b, and, for every r _> r, let I denote the set of
indices E {1,..., k} such that Aix bi. For any I C_ {1,..., k}, define the index set
7i { r {1, 2,...} IIr I }. It suffices to show that, for any I with TI infinite,
(3.9) holds for all r I sufficiently large. We show this below.

Fix any I for which I is infinite. Our argument will follow closely the proof of
Lemma 2.4. Since {f(x)} is monotonically decreasing (cf. (3.1)), then it-is bounded.
Hence, by Lemma 2.3, {Ex} lies in a compact subset of Co. Let t be any cluster
point of {Ex-}n (so t Co) and let 7’ be any subsequence of TI such that

(3.10) {Ex-}T, t.
Let d ETVg(t) + q. Then, since t Co so Vg is continuous in an open set
around t, we obtain from (3.10) (and using the fact Vf(xr) ETVg(Ex) + q for
all r) that

(3.11) {Vf(xr-1)}T,--.d.
For each r E 7, consider the following linear system in x, z, and

x z h- AT,k ar-lVf(xr-l) er-1 Ex Exr-1 x z xr-1 xr,

Az >_ b, ,k >_ O, Az b, Viii, ,k=0, /iI.

The above system is consistent since, by Ir I and (3.6), it is satisfied by x xr-,
z xr, and some ,k in k (cf. (2.7)-(2.8)). Then, by Lemma 2.2, it has a solution

(2r,r,r) whose size is bounded by some constant (depending on A and E only)
times the size of the right-hand side. Since the right-hand side of the above system
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is bounded as r - c, r e 7’ (cf. (3.7), (3.10)-(3.11), er ---, 0 and the boundedness
of {c:}), we have that {(&r,r,)}n, is also bounded. Moreover, every one of its
cluster points, say (xC,z,Ac), satisfies together with some > 0 the following
conditions (cf. (3.7), (3.10)-(3.11), er -. 0, and the boundedness hypothesis on {r})

(3.12) x zc + ATA ad, Ex t, xc z 0,

(3.13) Az >_ b, >_0, Aiz bi, Vi E I, 0, Viii.

This shows x [x aVf(x)]+ (cf. (2.7)-(2.8), Vf(x) ETVg(Ex) + q
and the definition of d) so, by (1.3), x e X*. Fix any r e 7i. From (3.12)-(3.13)
we also have that AIx bi and aVf(x) (AI)TA. Since Aixr bi (cf.
I Ir), we thus obtain

(3.14)
1

(Vf(x),x x) -(A,AI(x x)) O.

Since x belongs to the convex set X* and f is constant on X*, then we must also
have

(Vf(x),x x) O, Vx* e X*,

which together with (3.14) and the invariance of Vf on X* (cf. (2.2)) proves (3.9).
Since f(xr) _< f(x) for all r (cf. (3.3)) and (3.8) holds, then Lemma 2.5 implies

Ex - t* so there exists an index r3 > r2 such that Exr L* for all r > r3. Fix any
r _> r3 and let x* be an element of X* with Ix* -x*ll (x*). By the Mean Value
Theorem, there exists a lying on the line segment joining xr with x* G X* such that
f(x) f(x*) =/Vf(), xr x*). This combined with (3.9) then yields

where the third equality follows from (2.1) and the inequality follows from the Lipschitz
condition (2.6) (recall that Ex H* and Ex* t* H*). Since [Ix-- x*ll (x),
this shows that (3.2) holds (with t2 and r0 set to, respectively, pllEl[2 and r3). E]

A few remarks about (3.6) are in order. Condition (3.6) roughly says that the
iterates {xr } should eventually identify those constraints representing X that are
active at some optimal solution. To see why this helps us to show (3.2), consider the
case where X is simply a box (i.e., bound constraints). In this case, (3.6) translates
to say that, for all r sufficiently large, those coordinates x[ of xr for which d* > 0
(respectively, d < 0) become fixed at the upper (respectively, lower) bound of x,
which is also the bound that is active for any optimal solution. Then, it follows that,
for each such r, there holds (d*,x x*) 0, for all x* e X* (compare with (3.9))
from which (3.2) readily follows. The scalars {c: } can be thought of as stepsizes and
are introduced to model algorithms which incorporate stepsizes into their iterations
(such as the gradient projection algorithm and algorithms that employ line search
steps). The vectors {er } carry no meaning in themselves and are introduced mainly
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as a convenient tool to simplify the analysis. However, that er appears inside the
projection operator [.]+ is crucial, for otherwise the above constraint identification
property would not hold. As we shall see, (3.6) can be used to model a fairly diverse
class of algorithms by suitably choosing {ar } and {er}.

By using Lemma 3.2, we immediately obtain the following useful corollary of
Theorem 3.1.

COROLLARY 3.1. Suppose that {xr} satisfies (3.1), (3.3), and (3.6) for some
scalars 1, 3, ro, rl, some bounded sequence of scalars {ar} bounded away from
zero and some sequence of n-vectors er -- O. Then {f(xr)} converges at least linearly
to the optimal value of (1.2) and {xr} converges at least linearly to an element of X*.

4. Linear convergence of a gradient projection algorithm. In this section,
we make (in addition to Assumptions 1.1 and 1.2) the following assumptions on f.

ASSUMPTION 4.1. (a) Cf .
(b) Vf is Lipschitz continuous on , that is,

Vx, Vy,

where L is the Lipschitz constant.
Consider the following algorithm of Goldstein [Go164] and of Levitin and Polyak

[LeP65] applied to solve this special case of (1.2).
GRADIENT PROJECTION ALGORITHM.

Let a E (0, 1), a_ e (0,2(1- a)/L) and ( > a be given scalars. At the rth iteration,
we are given an xr X (with x chosen arbitrarily) and we compute a new iterate
x+1 in X according to

(4.1) xr+l--[xr--arVf(xr)]+,

where a is any scalar in the interval In_, (] such that xr+ given by (4.1) satisfies

(4.2) f(xr) f(:+) > -ll: x+l

We remark that the restriction (4.2) is fairly mild and is satisfied by a number of
well-known stepsize rules for the gradient projection algorithm, including (i) the rule
given by [Go164] and [LeP65]"

e <_ a" <_ 2/L-e,

with e e (0, 1/L] a given scalar; (ii) the Armijo-like rule given by [Ber76] (also see

[Dun81]) in which ar is the largest nonnegative power of a given scalar / e (0, 1),
multiplied by another given positive scalar, such that xr+l given by (4.!) satisfies

f(xr) f(xr-+-1)

_
c (Vf(xr),xr xr/),

for some other given scalar n (0,1); and (iii) the Goldstein rule (see [Go174] for
details).

The above gradient projection algorithm has been studied very extensively (see,
e.g., [Ber76], [BeG82], [CaM87], [Che84], [Dun81], [Dun87], [GaB82], [GaB84], [Go164],
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[Go174], [LeP65], [McT72]). Typically, a rate of convergence result for this algo-
rithm requires some type of strong convexity assumption on f (see [Dun81], [Dun87],
[LeP65]). An exception to this is a result of Bertsekas and Gafni [BeG82] which es-
tablishes linear convergence of the iterates under problem assumptions very similar
to ours. On the other hand, their result applies only when the stepsizes are small,
whereas the linear convergence result below applies for the general stepsize rule (4.2).
This is an important distinction since, in general, it is impractical to use small step-
sizes. To prove the latter, we show that the iterates satisfy the convergence conditions
given in Corollary 3.1.

THEOREM 4.1. Let (xr} be a sequence generated by the gradient projection al-
gorithm (4.1)-(4.2). Then, (xr} satisfies the hypothesis of Corollary 3.1 and hence
converges at least linearly to an element of X*.

Proof. From (4.2) and cr < 5 for all r we see that

f(xr f(xr+l >
cr 2

SO (3.1) holds with gl --Ol./ff and r0 0.
Next, we show that (3.3) holds. It is known that, for any x E X and any d

the quantity IIx- [x- cd]+ll is monotonically increasing with a > 0 and the quantity

IIx- Ix- ad]+ll/a is monotonically decreasing with c > 0 (see [Lem. 1, GAB84] or
[Lem. 2.2, CAM87]), so that

IIx [x d]+ > min{ 1, c} IIx Ix d]+ II, V>O.

Applying the above bound with x x, d Vf(xr), and then using (4.1) yields

IIx x+lll IIx >_ min{1,}llx -[x vs(x )]+ll, w.

Since ar > a for all r, this together with (3.1) implies that (3.3) holds with 3
l/min{1,2} and ro 0.

Finally, it is easily seen from (4.1) that (3.6) holds with a as given and with
er 0 for all r and r --O.

5. Linear convergence of a matrix splitting algorithm. In this section we
make (in addition to Assumptions 1.1 and 1.2) the following assumption on f.

ASSUMPTION 5.1. f is a convex quadratic function, i.e.,

I(X, Mx} + (q, x} Vx e R"(5.1) f (x) -where M is some n x n symmetric positive semidefinite matrix, and q is some n-vector.
(Such f is of the form (1.1) because any symmetric positive semidefinite matrix

can be expressed as ETE for some matrix E.) If in addition X is the nonnegative
orthant in {Rn, then (1.2) reduces to the well-known symmetric monotone linear com-
plementarity problem.

Let (B, C) be a regular splitting of M (see, e.g., [Ke165], [LIP87], [Ora70]), i.e.,

(5.2) M B + C, B- C is positive definite,

and consider the following algorithm for solving this special case of (1.2).
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MATRIX SPLITTING ALGORITHM. At the rth iteration we are given an xr E X
(x is chosen arbitrarily), and we compute a new iterate xr+l in X satisfying

(5.3) xr+l Ixr+ Bx’+ Cx" q + hr] +,

where hr is some n-vector. (One simple choice for (B, C) is B #I and C M- #I,
where # is a fixed scalar greater than IIMII/2.)

The problem of finding an x*+ satisfying (5.3) may be viewed as an affine vari-
ational inequality problem, whereby xr+ is the vector y E X which satisfies the
variational inequality

(5.4) (z y, By + Cxr + q- hr) >0, VzX.

Because B is positive definite (2B is the sum of a positive definite matrix B C and
a positive semidefinite matrix M), the above variational inequality problem always
admits a unique solution (see, e.g., [BeW89], [KiS80]). Thus, the iterates {x } are well
defined.

The vector x*+1 may be viewed as an inexact solution of the affine variational
inequality problem

y [y- By- Cxr q]+,

with hr as the associated "error" vector (so h 0 corresponds to an exact solution).
The idea of introducing the error vector hr in this manner is adopted from Mangasarian
[Man90]. We remark that in some special cases, such as when X is a box and B is
lower triangular, (5.5) can be solved exactly (see [LiP87]), but in general this is not
possible. Let y denote the smallest eigenvalue of the symmetric part of B C (which
by hypothesis is positive) and let e be a fixed scalar in (0, /2]. We will consider the
following restriction on hr governing how fast h tends to zero:

(5.6)

It can be verified, by using the linear convergence property of {xr } shown below (see
Theorem 5.1), that (5.6) is a special case of the criteria introduced by Mangasarian
for the case of a symmetric splitting (see [Man90, Alg. 2.1]). This criterion can be
met, for example, by appropriately terminating any iterative method used to solve
(5.5). To illustrate, fix r and suppose that we have a sequence of points converging
to the solution of (5.5). (Methods for generating such a sequence are described in, for
example, [BeT89].) Suppose that the limit is not x (otherwise xr is already in X*)
and let F" n n be the continuous function given by F(y) [y- By- Cxr -q]+.
Then, for all points y sufficiently far along in this sequence we have

Jl(I- B)(y F(y))II  )llx" F(y)II.

(This is because the limit, say , is not equal to x and satisfies F().) Take any
such point y and set

h" (I- B)(y- F(y)), x,’+ F(y).

Then, hr and xr+ satisfy (5.3) and (5.6).
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In the special case where X is a box, the above matrix splitting algorithm has
been very well studied (see [Man77], [Pan82], [Pan84], [Pan86], [LuWS9a]). But, even
in this case, very little is known about its rate of convergence. Only very recently was
it shown that the iterates generated by this algorithm indeed converge (see [LuT89a]).
If the matrix splitting corresponds to an SOR iteration, then it is known that the
sequence {Mxr} converges at least linearly (see [IuD90]). Below we improve on the
above results by showing that the iterates converge at least linearly. Moreover, our
result holds for the general case where X is any polyhedral set, not just a box. We
remark that, from a theoretical standpoint, the general polyhedral case is no harder
to treat (using our analysis) than the box case. However, from a practical standpoint,
the box case is typically easier to. work with.

THEOREM 5.1. Let {xr} be the sequence generated by the matrix splitting algo-
rithm (5.2)-(5.3), (5.6). Then {xr} satisfies the hypothesis of Corollary 3.1 and hence
converges at least linearly to an element of X*.

Proof. We first verify that (3.1) holds. Fix any r. Since x+1 satisfies the vari-
ational inequality (5.4), then, by plugging in xr for z and xr+l for y in (5.4), we
obtain

(x+l xr,Bx+l + Cx + q hr) <_ O.

Also, from M B + C (cf. (5.2)) and our choice of f (cf. (5.1)) we have that

y(xr+l)-- f(xr) (xr+l-xr, Bxr+l+Cxr Zt-q)+(xr+l Xr, (C B)(xr+l Xr)) /2.
Combining the above two relations then gives

f(xr+l) f(xr) <_ (xr+l xr, hr} + (x+1 xr, (C B)(xr+l xr)}/2
<_ lixr+l xrlillhll- /]lxr+l
< x ll

where the last inequality follows from (5.6). Hence (3.1) holds with al 1/ and
r0--0.

We now show that (3.3) holds. From (5.3) we have that

where the second inequality follows from the nonexpansive property of the projection
operator [.]+, the third inequality follows from M B + C, and the last inequality
follows from (5.6). This together with (3.1) shows that (3.3) holds with a3 (2 /
[[Bi] q- "/2)2t1 and ro 0.

Finally, we show that (3.6) holds with a 1 for all r and some sequence of
n-vectors e -o 0. From (5.3), Vf(x) Mxr+q (cf. (5.1)) and M B+C (cf.
(5.2)) we have

Xr+l [Xr Vf(xr) zr-B(xr -xr+l)-- hr] +,
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SO (3.6) holds with r 1 and er B(xr -xr+l) + hr for all r. Since f is bounded
from below on X (cf. Assumption 1.2 (a)), then (3.1) implies xr -xr+l - 0. Hence
hr 0 (cf. (5.6)) and therefore e

Note that we can allow the matrix splitting (B, C) to vary from iteration to
iteration, provided that the eigenvalues of the symmetric part of B C are bounded
from above and are bounded away from zero.

6. Conclusion and extensions. In this paper we have presented a general
framework for establishing the linear convergence of descent methods for solving (1.2)
and have applied it to two well-known algorithms" the gradient projection algorithm
of Goldstein and Levitin and Polyak, and the matrix splitting algorithm using regular
splitting. The key to this framework lies in a new bound for estimating the distance
from a feasible point to the optimal solution set.

There are a number of directions in which our results can be extended. For exam-
ple, the bound of Theorem 2.1 can be shown to hold locally for any quadratic (possibly
nonconvex) function f, which enables us to extend the results of 5 to symmetric non-
monotone linear complementarity problems. In fact, the same bound can be shown to
hold locally for nonsymmetric linear complementarity problems as well. (An example
given by Mangasarian and Shiau [MaS86, Ex. 2.10] shows that this bound does not
hold globally for nonsymmetric problems.) We hope to report on these extensions in
the future. Finally, it would be worthwhile to find descent methods, other than those
treated here, to which our linear convergence framework can be fruitfully applied. In
fact, we have been able to apply this framework to the coordinate descent algorithm
to obtain a proof of its linear convergence simpler than that given in [LuT89b].
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ON THE OPTIMAL TRACKING PROBLEM*

OFER ZEITOUNI f$ AND MOSHE ZAKAI

Abstract. The problem of optimally tracking a stochastic process based on noisy measurements
through a window is being considered. Such a problem arises in a variety of applications where the
field of view of the measuring device is limited (e.g., the "aiming" problem). With the objective
to minimize the probability to lose track, the problem is formulated as an optimal control problem
with partial observations. The existence of an optimal control is proven for both cases of discrete
and continuous time (diffusion) signal process observed in white noise. The low observation noise
asymptotics are then considered: for a one-dimensional problem, a proposed suboptimal tracker is
shown to be asymptotically logarithmically optimal.

Key words, stochastic control, nonlinear filtering, tracking
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1. Introduction. Consider a typical tracking system as described in Fig. 1.
Here, x denotes the (angular) location of a target. A telescope is "attempting" to
track the target by changing its boresight angle u. Due to the (unknown) motion of
the target, and possibly that of the platform on which the telescope is located, the
angular position of the target is assumed to be random. The information available for
tracking is the image of the target on a light-sensitive screen, whose output depends
on the angle between the boresight and target directions. A typical error sensitivity
curve h(x- u) is shown in Fig. 1. This signal is then used to rotate the telescope
towards the target. Due to the limited field of view of the telescope, information is lost
if the pointing error Ix -u exceeds a level c. The input available to the controller
is a noisy version of the error signal, namely h(x u) / i where is the
observation noise, which is generated by the photocell and is independent of the x
process.

We can model the above problem as follows. Let x E Rk satisfy the stochastic
Ito differential equation

(1.1) dx m(x) dt + a(x) dwt, Xo x.

The observation yt R satisfies

(1.2) dyt h(xt ut) dt + dvt, yo O,

where w., v. are independent standard Brownian motions, and e > 0 is a constant.
The control ut has to be a functional of t and of the path {ye, 0 _< _< t}, which will
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be denoted yo, namely u u(t, yo). A slightly more general control strategy will be
considered later on.

The control functional u(t,yo) has to be chosen so as to achieve the following
goals:

1. To keep the target in the field of view for as long as possible.
2. To supply a reliable estimate & of the target’s position x.
3. To detect a loss of lock.
In this paper we only deal with the first goal, addressing it as an optimization

problem. However, the results in 3 indicate that, in the case of high signal-to-noise
ratios ( small), an asymptotically optimal control for goal 1 above becomes (under
appropriate assumptions) an asymptotically optimal control for goal 2.

We note that in the model of (1.1), (1.2), we have not taken into account any
dynamics limitations on the control u. Such limitations appear, for example, when
the inertia of the tracking antenna is taken into account. These limitations, while
tractable, complicate the analysis and will not be considered in this paper. We observe,
however, that in the case of a phase or delay locked loop, such physical limitations do
not appear.

The tracking model described above is related not only to the optical tracker of
Fig. 1 but also to other systems of technical significance, such as automatic range and
angle trackers in radar systems, phase locked and delay locked loops in communication
systems, etc. For a guide to applications of tracking systems, c.f. [1].

The design of systems of the type discussed in this paper is usually based on a

linearization of h(x) for all x and the application of extended Kalman filtering or Linear
Quadratic Gaussian (LQG) techniques. This approach yields, no doubt, very good
trackers. However, in general, the linearization approach does not seem to minimize
the probability to lose track. In this paper, we focus on this later minimization.
Other tracking models have been analyzed in the literature quite extensively (cf. [1]),
however it seems that this optimization framework has not been previously considered.
Some recent papers deal with the related (though different) problem of controlling the
escape probability of dynamical systems ([6], [11], [12] for the linear case). These
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papers deal with the asymptotic ( --, O) problem of controlling the system

so as to keep xU, in a given set G for as long as possible. The tracking problem, even
in its asymptotics, differs fundamentally from this model in that the process noise is
not assumed to be small.

The existence of an optimal stochastic control for the model of (1.1), (1.2) seems at
first sight to be a direct consequence of known results for the partially observed control
problem. However, due to the presence of a control in the observation, the model
does not conform with known results unless appropriate modifications are introduced.
These are carried out in 2, where the optimal control aspects of the tracking problem
are discussed. Following Fleming and Pardoux [9], we define the notion of weak sense
controllers. We then modify the results of [9] and [4] to show the existence of an
optimal weak controller in the case where h(-) is a linear function in the interior of its
support. The Appendix discusses the optimal stochastic control problem defined by a
discrete time model analogous to the one described above. Existence of solutions, the
characterization of the optimizer, as well as some suboptimal controllers are presented.

In 3, which contains the main results of this paper, we derive upper and lower
bounds on the performance for the continuous time case. In the particular case where

ho.O, I0l<_c,h(O) O, otherwise,’

the upper and lower bounds are asymptotically (e --. 0) logarithmically tight, leading
to explicit asymptotically optimal controls. These bounds are based on appropriately
defined discrete time versions of the continuous time models, on bounds on the nonlin-
ear filtering problem, and on large deviations arguments. It is clear that an analogous
version of the results could be derived using the same methods for the discrete time
case.

Section 3 can be understood without following the proofs in 2.
2. The optimal control aspects of the tracking problem. We assume

throughout that the coefficients in (1.1), (1.2) m(.), a(-) are C functions of appropri-
ate dimensions, wt, vt are standard independent ’t Brownian motions of dimensions
k, 1, respectively, h(.) is a continuously differentiable function of compact support 2c

(i.e., h(z) =_ 0 for Izl > c), and u E U, a convex set in ]Ra that needs not necessarily
be compact. The performance criterion that we want to maximize is

(2.1) J, E(lllx_llT<c).

Following [9], we adopt the following formulation: Let ’1 C[[0, T];]Ra], gt2

Coil0, T]; ]R], and Ft3 L([0, T]; lRk). We endow tl gt2 with the supremum norm
topology and "3 with the weak topology, and denote gt gtl Ft2 23. The canonical
element of Ft is denoted (xt, yt, ut).

Under our assumptions, there exists a strong solution to (1.1), and for each pair
of paths y E gt2, u gt3, there exists a regular conditional probability distribution
(rcpd) PYx’u over (gt, B(Ft)). Finally, define t f usds and let
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DEFINITION. An admissible wide sense control r is a probability measure on
(t2 t3,$’.) which makes y into an 9t Brownian motion. The set of admissible

O

controls is denoted H. The resulting measure on t is denoted Pr(x, y, u).
Next define

(2.2) zt exp
1

h2h(x8 us)dy - (x u) ds

o

Since h is bounded, zt is an L martingale, and therefore, one may define a new
probability measure Pr by

(2.3)
d Pr (x, y, u)

ZT.O

dPr(x,y,u)

Note that if dr(y, u) dr(y)5(u- g(y)), where g(y) is a progressively measurable
functional on C[[0, T];IR], then (x,y, u)solves, under Pr, (1.1)-(1.2). In such cases,
we will say that u is a strict sense control, and the set of such r is denoted II. Finally,
the criterion J can be written alternatively as

(2.4)
O

where the optimization goal on hand is to compute

J - sup

We note that, by an adaptation of the results of [5],

(2.5) ju sup Jr sup Jr,
rEH rEH

and moreover, a "separation principle" [9] holds. However, the model (1.1)-(1.2) does
not conform directly with the standard partially observed control literature [9], [4],
[2], due to the existence of controls in the observation (1.2). To obtain results on
the existence of optimal controls, we will restrict the observation function, as follows.
Assume that

Ilxll <(2.6) h(x) o, Ilxll > c

The restriction to truncated linear observation functions as in (2.6) will be discussed
in the remark following corollary 2.1. We now prove Lemma 2.1.

LEMMA 2.1. The maximization problem (2.5) is equivalent to the problem of max-
imizing

sup
rH

where

(2.7)
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and

5t exp hTxsdys - IhTxsl2ds
o

Proof. Let rn be a maximizing sequence for (2.5).
measures by the change of variables y y + fo usds, i.e.,

Define a new sequence of

d#n (y, u) dr, (y + v, u).

Clearly, J., and therefore ju <_ . The converse is obtained similarly and
the lemma is established, rl

Remark. The same lemma holds for strict sense controls, i.e.,

sup J- sup
rEH rEH

Lemma 2.1 enables us to apply the results of [4] to obtain Theorem 2.1.
THEOREM 2.1. Assume U is compact. Then an optimal wide sense control r

exists.

Proof. In light of [4, Thm. 2.11] and of Lemma 2.1, we have only to check that
lllx_ll>c is, for each xt E 1, lower semicontinuous with respect to the weak topol-

ogy on Lo. However, u,-u implies that limllx- unll _> IIx- ull and therefore
lim lllx_ll>c >_ lllx_ull>c, and the conclusion follows.

We obtain the following corollary as well.
COROLLARY 2.1. Theorem 2.1 continues to hold when U IRk.
Proof. It suffices to show that the set of probability measures

r* {r J <_ Ju + l}

is tight. This follows from the fact that

P(llxll > n) n-CO and Pv(llvll > n) n-cO

Remark. We comment here on the particular choice of h(.) in (2.6). To simplify
matters, consider the case k 1. The proof of the lower semicontinuity of Theorem
3.1 in [9], [2], [4] relied heavily on the "pathwise transformation"

i J" lih(x,) dy8 yth(xt) y,h’(x,) dx, 7
o o

y,h"(x)a2(xs)ds,

which had been used to obtain continuity results of the conditional density. In gen-
eral, due to the ut term in ZT, one cannot use this transformation without structural
restrictions on ut, which we prefer not to assume in this stage. Moreover, under
the weak topology on u, the convergence of UnU does not imply convergence of

h(xt- un(t))dt to fo h(xt- ut)dt or even semicontinuity in any direction. This
leads to the (practically important) case (2.6). Note that under more stringent as-
sumptions on u, e.g., u E C1[0, T], one may relax that assumption. However, one loses
then the compactness properties and consequently the existence theorem.



ON THE OPTIMAL TRACKING PROBLEM 431

We conclude this section by pointing out that, for sufficiently smooth controls
(and in particular C controls), a separated control solution of the problem can be
constructed. The interested reader is referred to [20].

3. High signal-to-noise ratio (SNR) asymptotics. In this section we con-
sider the one-dimensional (k 1) version of the problem (1.1), (1.2) with a(.) 1 and
a truncated linear observation function. For the high SNR case, i.e., e 0, we propose
a suboptimal filter that is based on the approximation to the conditional mean and
show, by bounding techniques, that its performance in a suitable logarithmic sense, is
asymptotically optimal. Specifically, we show that, for any admissible control rule u
and any T > 0,

(3.1) liminf e log inf P’(llx- ulIT > c) >
e--,o 2

whereas, using the suboptimal filter fi described below,

c2h
(3.2) lim e log Pe(llx- I, IIT > (3)"--

e0 2

from which the asymptotic log optimality of t follows. Moreover, letting T denote

the first exit time T{inft’lxt- Utl > C}, it holds that for any admissible control
law,

c2h
(3.1a) lim e log ET <

-0 2

and for the particular control

c2h
(3.2a) lime log ET

-0 2

In the sequel, we rewrite the model and prove the asymptotic results. A discussion
of the significance of various parameters in the design follows.

Consider the state equation where a(.) _= 1 and m(.) is a C function,

(3.3) dxt m(xt) dt + dwt, xt IR,
and the observation

(3.4) dyt h. (xt ut) dt + dvt, yo O.

Note that h(.) is a linear gain throughout this section. We have the following two
lemmas.

LEMMA 3.1. Let u E H. Then (3.1) and (3.1a) hold. Moreover, a nonasymptotic
lower bound on the performance is given by (3.13).

LEMMA 3.2. Let ftt satisfy

1
dftt m(tt) dt + -dyt.

Then (3.2) and (3.2a) hold.
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Proof of Lemma 3.1. Let n(e) be a given integer, to be determined below, and
define At(e) Tin(e). (In fact, we will prove more than needed; the less patient

reader may assume n(e) 1 throughout the proof.) Let ri At(e) 0, 1,... n(e).
Clearly, for any u E II,

E(lilz-ulir<c) < P(N {IXr’- ur, < c}).

Therefore (note that the classes of controls on both sides of (3.5) below are identical),

J sup E(l,lz_ullr<c <_ sup P( N {Ixr- url < c}).
uElI uEII

Let IIdt denote the controls u, which are adapted to

a(yto) V .T’t*_zxt() where ’t*-zxt() a(xs, 0 <_ s <_ t- At(e)),

namely, the controller "knows" not only y but also Xto-at()
definition of IIdt we have

From (3.5) and the

J < sup P(N(]xr,-ur, l<c})
uHdt

()

< H sup
(3.6) i=0 uier(Y,ri_

P(]xr, ur, < CIXr-

()

H E{ sup
i=o (.. v *_, ri-1

riP(Ixr, ril < CIyr-,Xr-)},

where we have used in (3.6) the Markov structure of (3.3) and that of a( rYr_ Y
a(Xr_ ). Since the right-hand side of (3.6) involves only a one step predictor, and the
maximization is unaffected by normalization constants, its optimal solution is easily
seen to be

u+c

ui arg max, f p ,r, (z) dz,

where p,t(z) satisfies the equation ([17])"

1 02 O(m(z)pix,t(z)) 1
hzpix (z)dyt

(3.8) dpi’t(z) 20z2pi’t(z) dt
Oz + ,t

(Z) SXr (Z).PIr, T

By [18, Thms. 1-3], it holds under our assumptions that

(3.9) kl(t)Al’(Sc(t),siL(t)) <_ pix,t(z <_ k2(t)Af(2ui (t),sui (t) ),

where Af(a, b) denotes a normal distribution, mean a, variance b, 2/L(t), &/U (t) are the
output of r

Yr-i driven filters such that IxiL(t) xVi(t)l/(aiL(t))l/2 0 as e 0, aiL(t)
5/V (t), deterministic variances, are of the form

(3.10) (y,L (t) tgh + o(e),
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(cf. [18, (3.3a)]), and kl, k2 satisfy appropriate stochastic equations such that for all

t > 0, kl(t)/k2(t)t k(t), almost surely and in L2(gt), with k(t) # O. Note that the
results in [18] require a specific initial density parameterized by a variance 7. However,
by the same derivation, these results hold for 0 with the obvious modifications (i.e.,
using instead of (2.13a) in [18] the equation dhu/dt I- (Pu / g2N-I)A2). Hence,
they hold true for the case of Dirac initial condition, which is the case considered in
(3.8). Substituting in the above t n, we conclude that

(3.11) > >
kl I, k2

Therefore, using (3.11), we have

E inf P(Ixr, ur, > cl Yr,-1)’

kl E inf i Afx(iL’ biL)dx

f,: Z:(O,

which implies, by a direct computation using (3.11), that

where #, are deterministic constants independent of At and e. Therefore, substitut-
ing in (3.6), we have that

(3.13) J < 1-tt exp -2etgh(hAt/e)

We may optimize n(e) to get the best possible bound in (3.13) as a function of e. For
our needs, it suffices to take n(e) 1 and conclude that

c2h
lim e log inf P(llx UlIT > c) >
e--.0 u6_n 2

and (3.1) is proven. To see (3.1a), take At 1 and note that as above the performance
is bounded by the performance of the best controller with the additional information
x_l. Due to the Markov structure and the uniform bound on the escape probability
over an interval of length 1 (here, we use the fact that the escape probabilities are not
only bounded below as in the proof above but are actually also bounded above with
the same exponent, again due to (3.11)), we have that

oo t--1
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t-1

where k, k are e independent constants, and (3.1a) follows.

Proof of Lemma 3.2. Define #t=ut- xt, we have that

(3.14) d#t (m(ft) m(xt)) dt
h
#t dt /

where Cvt=(vt wt)// is a standard Brownian motion. Consider now the equation

h
(3.15) dftt - ftt dt + v/ dCvt,

with the same initial conditions as (3.14), i.e., o #o 0. Setting pt #t Pt and
ct m(ft)- m(xt), we have

dpt h
at --pt, po O

dt

which yields

/0 ))Pt as exp s t ds.

Since m(.) was assumed bounded, a(.) is bounded and therefore

(3.16) Ilpll, _< M

for all 0 <_ t <_ cw. Therefore, for any time interval, the large deviations behavior
of (3.14) is the same as that of (3.15). Note that /St is a Gaussian process, and

ftt /f exp((h/e)(s t))ds. Therefore,

By known results for the extrema of Gaussian processes, cf. [15],

(3.17) lim
P(II#IIT >

--.o (h/x/() f exp-(hx2/2()dx
1,

which is more than sufficient to show (3.2). Since t is a Markov process, by (3.17)
we obtain (3.2a) by following the derivation of [16, Chap. 6].

Lemmas 3.1 and 3.2 jointly demonstrate that the filter fit is asymptotically loga-
rithmically optimal. Following are some related issues and generalizations.

First, note that the performance is monotoneous in the value of . To see that,
adjunct to yt a new additional observation dlt : d )t where t is independent of all
other Brownian motions in the model. Clearly, the optimal control does not change,
and the optimal value is not worse than when observing the projection

o

d / h(xt ut)dt + vie2 + :2Vt,
o
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where _d denotes equality in distribution, which proves the monotonicity in e. On the
other hand, the problem of successfully designing an h(x- u) that is optimal under a

specific constraint on h (e.g. Ihlmax or h(O)dO) remains open.

Next, we comment on generalizations of the results in this section: A version of
the upper bound on the performance (Lemma 3.2) is still valid under a general model
(a(x), multidimensional x, nonlinear h) since it can be based on general large deviation
estimates instead of the Gaussian estimates we have used. However, the lower bound
(3.1) is much harder to compute: for x multidimensional, h(.) linear in the interior of
its support, of rank k, a(x) =_ a and rank a aT k, one may still apply the results of
[18, 4], and obtain the analog of Lemma 3.1. In general, however, Lemma 3.1 depends
on obtaining good large deviation bounds on the conditional distribution. For a or h
nonlinear, no such results are available even in the one-dimensional case, and the best
one has is [19] or [14], which is not good enough, for it does not provide an exponential
rate of decay with e for the unnormalized density. The general multidimensional case
(rank h < k) is even more difficult since then the conditional density might not
converge (as 0) weakly to a Dirac measure as it does in the one-dimensional case.

Appendix. The discrete time case. In this appendix, we consider the dis-
crete time stochastic control problem associated with the tracking problem.

Let E be the state space E lRk or E- {1,2,... ,k}. Throughout, the norm
on E is denoted I" I. Let xn be a discrete time Markov chain taking values in E
with transition probability Pxn+l (" xn) Let h: E - ]R1 be a measurable function of
compact support, and define the observation yn E ]R as

(A.1) y,+l yn + h(x+l u+l) + v+, Y0 0,

where e > 0, {v} is a sequence of independent and identically distributed standard
Normal random variables, and Un+l is an admissible control, i.e., a measur-
able map u+l: {yo, yl,’",yn} --* . To simplify matters, the following restrictive
assumption is made throughout this appendix:

(A) u takes values in a compact convex set U C N.
Dispensing of (A) is standard via tightness arguments and will therefore not be

considered here. The class of admissible controls will be denoted II in the sequel. The
optimal control problem considered here is to find a policy {u,} that minimizes the
cost

(A.2) J Prob(llx- ullN >

where c is a given constant > 0 and Ila]ln sup latl.
0<t<n

Remark. In general, we should allow for randomized controls u. However, using
the results of [3], we can show that the infimum of J over randomized controls is
the same as the infimum of J over strict sense controls. Since we will show below
that the infimum over strict sense controls is indeed achieved, it is enough to consider
strict sense controls only. That is in contrast with the continuous time case.

We now transfer this problem to the standard partially observed framework. First,
enlarge the state space N to

=2x {0,1}.
Next, define a controlled Markov chain on P by considering pairs #r {Xn, Zn}, where
xn is as before and z 0, z, lllx_ll_>c. Note that zn has at most one transition
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from zero to one. Furthermore, #, has a transition kernel of the form

(A.3)

Pz+I ((A, 0) # (x,, 0)) /
A

Pt,+l ((A, 1) #, (xn, 0)) /
A

P,,+I ((A, 0) # (x, 1)) 0,

Pz:+I((A, 1) #u (xn, 1)) / dPz,+l (Olxn).
A

dPz,+

dP,+l (0lx)lle-+l>,

Let MI() denote the space of probability measures on ]. MI() is a Pol-
ish space, with the Levy-Prohorov metric, which is compatible with weak conver-

gence [8, Chap. 3, Thm. 1.7]. We take MI(]) to be our new state space, and on

MI(E) we will consider the process of conditional measures of #, conditioned on

(

Note that for all Borel sets A C B(E),

(A.4)
Q+(A)

0=0

1
e-(y+-y-h(-+ ))2

Q+I E M() will be our new state. By the innovation decomposition,

(A.5) y,+ Yn
0=0

dQ, (l,O)h(rl u+) +

where {)}n is an independent and identically distributed standard Normal sequence
such that On is independent of (QI,..., Q=). Consequently, combining (A.4) and
(A.5), one sees that the conditional measures form a controlled Markov chain in the
sense of [3]. Moreover, note that

ju E(lllx_ullN>c)- / dPgN(O, 1) E / dQ(O, 1),
E E

where the last expectation is with respect to the sequence {)i}, 1,..-,N. There-
fore, the original problem transforms into a control problem in the variables Q with
terminal cost.

As a last general remark, note that

ju 1- E / dQ(O,O).
E
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Moreover, as far as the optimization problem is concerned, modifying h(xn -us) to
Z(Xn--Un, Zn) with z(x-un, O) h(xn-Un) and Z(Xn- us, 1)= 0 will not change
the value function for any y measurable control. Indeed, let

),+1 ), + h(x,+l u+l, z,+l) +

Let un(’) be an admissible control. Up to T inf{tlzt 1}, Yn n, and therefore,
Jv Jg. Further,

(A.0) ln+ 1 / dQ (r/, 0)h( Un+l) q- ()n

As a result of the above, and using (A.4)-(A.6), we may rewrite the optimization

problem in terms of xn(A)Qx (A, 0) as follows.
(P) PROBLEM DEFINITION.
Maximize E f dN (8) subject to the state equations (in M(E))"

E
(A.7)
Qx,+l (A) dQn (r)P+ (Alx )

exp d2x, (O)h(O un+) h(rl u,+l) + e, /2e2

where u,+ is a measurable map of {x }.
To discuss existence and structural results, we distinguish between the following

two cases:

(a) E ]Rk, U is a closed compact set in ]Rk.
(b) V E {1, 2,..-, k}, and we take the discrete topology on both.
(a) THE CONTINUOUS CASE. We make the following assumption on the transition

probability P+ (AIx,):
(A-C) Px+l (AIx) possesses a continuous density with respect to Lebesgue mea-

sure, which we denote by Px+ (0lXn).
Using an induction argument, we have immediately the following Lemma.
LEMMA A.1. Assume (A-C) Then ~uQx+ (A) possesses a density with respect to

Lebesgue measure and is a continuous function of ul, u2,..., un.
Equipped with Lemma A.1, we may apply a version of [3, Prop. 8.6] to show

Theorem A.1.
THEOREM A.1. An optimal Markovian, nonrandomized control for the problem

(P) exists, and is given by the solution to the dynamic programming equation:

V(m, Q) sup E(V(m + 1, Q*))
U

with the terminal condition

V(N, f dO(O)
E
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where E is with respect to the transition kernel given by (A.7), i.e., expectation with
respect to the Gaussian random variable in the formula

1 ft* (A) 2x/- dQ()P(AI)
,] n{l:-l<}

Remark. The results of this section can be extended to the case where U is not
.K--oo,compact, by noting that P(llxll > K) --, u, P(IIOII > g)g-%O and by using the

tightness of Px, Py, which follows from those relations.
(b) THE DISCRETE CASE. In this case, E E {1,..., k} and we take u (1,..., k}.

Note that the conditional density pu(xilyo is now a vector in ]Rk. The problem (P)
is now identical to the one solved in [7, 8.2]. The results of [7, 8.2] imply that
the dynamic programming equation for the problem (P) yields an optimal measurable
control, with the dynamic programming equation taking the form
(A.8a) V(n, Q) sup E(V(n + 1, Q*))

u

k

(A.8b) Y(N, Q) E Q(i)
i--1

where

={1,’",k} n {1-1<_}

We conclude this section by noting that solving (P) is equivalent to the following
iterative five-step procedure:

() Co,ut P (Aluo"+, IIx ull < ).
(b) Propagate Px (Ay+, x- U]]n+ < c) according to the dynamics of Xn,

i.e., form

P.+ (AIY+1, x -II. < ) / P. (dly+, IIx nil. < ) Px.+l (AI).

(c) Choose a Un+l according to an (optimal or suboptima0 strategy.
(d) Compute Pxn+I(AlY+ IIx nil,+1 < c).
(e) Observe yn+2 and compute P,+ (AIy+2, lx- uIn+l < c).
Intuitive candidates for suboptimal rules in step c above would be to pick up Un+l

as one of the followings:
(R1) The conditional mean of Px.+ (’ly+, x U]]n < c).
(a2) The maximizer of the density P.+ (.lye+l, [x- I]n < ) (if such density

and maximizer exist).
(R3) The one-step best predictor, i.e.,

Un+l arg max f dPx.+l (IY+1, IIx -II. < )
u

I-ul
The fact that the dierent rules may generally lead to very dierent controls is obvious.
When O, i.e., the observation noise is small, as seen in 3, (R1) is asymptotically
optimal (for the continuous model, although the results are similar in the discrete
a), oor (Re) nd (R) d h olon
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A MONTE CARLO METHOD FOR SENSITIVITY ANALYSIS AND
PARAMETRIC OPTIMIZATION OF NONLINEAR STOCHASTIC

SYSTEMS: THE ERGODIC CASE.*

HAROLD J. KUSHNEI:tt: AND JICHUAN YANGt

Abstract. For high-dimensional or nonlinear problems there are serious limitations on the power
of available computational methods for the optimization or parametric optimization of stochastic
systems of diffusion type. The paper develops an effective Monte Carlo method for obtaining good
estimators of systems sensitivities with respect to system parameters, when the system is of interest
over a long period of time. The value of the method is borne out by numerical experiments, and the
computational requirements are favorable with respect to competing methods when the dimension
is high or the nonlinearities "sever." The method is a type of "derivative of likelihood ratio"
method. For a wide class of problems, the cost function or dynamics need not be smooth in the state
variables; for example, where the cost is the probability of an event or "sign" functions appear in the
dynamics. Under appropriate conditions, it is shown that the invariant measures are differentiable
with respect to the parameters. Since the basic diffusion (or other) model cannot be simulated
exactly, simulatable approximations are discussed in detail, and estimators of the derivatives of the
cost functions for these approximations are obtained and analyzed. It is shown that these estimators
and their expectations converge to those for the original problem. Thus, we prove a robustness result
for the sensitivity estimators, namely that the derivatives of the ergodic cost functions (and their
estimators) for the simulatable approximations converge to those for the approximated process. Such
results are essential if a simulation based method is to be used with confidence.

Key words. Monte Carlo method for diffusions, parametric optimization of stochastic sys-
tems, sensitivity analysis, optimization of stochastic systems, nonlinear stochastic systems, high-
dimensional stochastic systems, parametric optimization of diffusion processes, likelihood ratio
method for sensitivity analysis, parametric derivatives of invariant measures, ergodic control

AMS(MOS) subject classifications. 62E25, 93E20, 93E25

1. Introduction. This paper is concerned with a key question in the use of
recursive Monte Carlo methods for system optimization, when the system operation
and cost are of interest for a long period of time. For many control systems, the control
is given a priori in a parametrized form, and for the use of Monte Carlo methods for
the optimization of the parameter, we need good estimators of the derivatives of the
cost function with respect to the parameter.

Reference [1] develops a very useful method for doing this when the system is of
the diffusion or related type and the control interval of concern is finite. Numerical
approximations to the unbiased estimators were developed and analyzed, and simu-
lations showed that the method can be superior to competing methods if the system
dimension is large or if the system is nonlinear. In this paper, the results of [1] are
extended to the ergodic cost problem. New difficulties arise, since we essentially need
to deal with derivatives of the invariant measures with respect to the control parame-
ters and with the convergence of suitable computable approximations. Owing to these
"ergodic" problems, the assumptions are stronger here than in [1].
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Let x(.) be defined by the diffusion

(1.1) dx b(x, s)dt / a(x)dw, x e Rr,

where a(x) a(x)a’(x) is nondegenerate and s is a control parameter to be cho-
sen. For each s of interest, let x(.) have a unique invariant measure #(s). Precise
conditions will be given below. For "smooth cost rate" k(., s), define the "ergodic
cost"

(1.2) (#(s), k(s)) =_ / #(dx, s)k(x, s) =_

We wish to get an unbiased estimator of Ok(s)/Os (as well as reasonable "numerical"
approximations from sample simulations) at selected values of s. Such estimators
are necessary if we wish to minimize k(s) over s by some recursive Monte Carlo
(stochastic approximation) method.

Control problems are frequently of this type; i.e., the control is given in a para-
metric form. Often, a full optimal feedback control is not desired since it might be
very difficult to implement, and all the state variables are not available. A good class
of parametrized controls might be known, however. See [1] for some examples and
further motivation, as well as a discussion of alternative approaches.

Generally, we cannot easily evaluate k(s) or its derivatives. Then we might seek
a method for getting good estimators that can be used in a recursive Monte Carlo
optimization method. The ease of getting the estimates and their quality are key
issues in such an approach. The estimators are to be obtained by simulations of (1.1)
or of approximations to (1.1), since the solution of (1.1) cannot be known exactly.

Reference [1] developed a general "likelihood ratio derivative"-based method for
getting such estimators, under conditions that are much broader than those used in
this paper, but for a "finite time" problem. The numerical data in [1], and that
obtained subsequently, show that the method can be quite superior to its competitors
for nonlinear and high-dimensional systems. The quality of the estimator is judged
by the "variance per CPU time required in the simulations." The reader is referred
to [1] for more motivation and examples. The ergodic cost problem is more difficult
and requires stronger (hence, the nondegeneracy) conditions. Actually, the method
has been successfully tested on many degenerate problems of the type used in [1], so
that the conditions that our analysis requires can undoubtedly be weakened. There
are ready extensions to the jump-diffusion, reflection, and other standard models.
To introduce the idea, we give a brief informal review of one idea in [1], but we use
slightly different terminology and stronger conditions than those used in [1].

For given T < , define the "finite time" costs

C(x, fo
r
k(x(s), s)ds + ko(x(T), s), C(x, s) EC(x, s),

where E denotes the expectation with parameter s and x(0) x. We always use s0
to denote the point at which the derivative is to be taken. With no loss of generality,
s will be a real number, since for the vector case we can estimate the derivative for
each component separately. Let P(T) denote the measure induced by the solution
to (1.1) with the initial condition x(0) x, on Cr[0, T], the space of Rr-valued
continuous functions on [0, T], with the sup norm. Let b(x, s), k(x, s), and ko(x, s)
be s-differentiable, and define s s0 +Ss and 5b(x, so, 5s) b(x, so +Ss)-b(x, so).
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Define

T

(O,T;ao, ha) [a-l(x(s))hb(x(s),ao, ha)]’dw(s)

2
la-(x(s))hb(x(s), co, 6a)12ds,

and the Radon-Nikodym derivative

(1.3) dP+a(T)
dP(T)

exp (0, T; a0, 5a).

Define Z(., co) by

(1.4)
T

Z(T,

[b(x(s), ao)a-l(x(s))][dx(s) b(x(s), ao)ds].

We use the subscripted ba(x, co) and others to denote the a-derivatives at co. Then
the quantities

(1.5)
T

Q(ao) [k(x(s), ao)Z(s, co) + k(x(s), ao)]ds

+ ko(x(T), ao)Z(T, co) + ko,(x(T), co),

T

O(-o) +

+ (ko(x(T), co) ko(x(T), ao))Z(T, co) + ko,,(x(T), co),

where we use (x(s),ao) Ek(x(s),ao), are unbiased estimators of ’(x, ao).
Thus, if a path of x(.) is available, one can calculate or approximate (1.5) or (1.5’).

To avoid the very time-consuming task of evaluating (from the simulations)
k(x(s), co) for each s _< T, in (1.5’), we usually use k(x(T), co) in place of k(x(s), co),
and with good results.

Generally, paths of the true model x(.) are not available, and we can only ap-
proximate via a numerical method (say, a discrete time approximation). Reference
[1] discusses two basic classes of such approximations and proves that the estimators
obtained from them are good. Getting good estimators is more difficult for the ergodic
problem, since we also need to truncate the infinite time interval and approximate (at
least implicitly) derivatives of invariant measures, a nontrivial problem.

The proofs use a representation of the invariant measure of the diffusion process
in terms of that of an imbedded Markov chain, defined by the random return times
to a "recurrence set," as well as certain Girsanov transformations defined on these
"return intervals." To be sure that these transformations are well defined, a bound
on an exponential moment of the return time is needed. This is provided by the
stability result in 2. Section 3 is concerned with ergodic properties of the diffusion
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model. The imbedded Markov chain is defined, the invariant measure of the diffusion
is defined in terms of this Markov chain, and the needed recurrence (C-recurrence)
properties of the chains are stated. Section 4 is concerned with the existence of the
derivative of the invariant measure of the diffusion with respect to the parameter.
The differentiability is first shown for the invariant measure of the imbedded chain,
and this is then used to obtain the result for the diffusion. The differentiability is
in two senses: setwise convergence and weak convergence. Some preliminary results
concerning equicontinuity of certain sets of functions and invertibility of the operator
I-P(ao) (defined in the section) are first proved. It is also shown that the derivative
of the invariant measure can be well approximated by the derivative of the transition
function for large enough time.

Since the diffusion model is an "ideal" model and the paths can at best be approx-
imated in some statistical sense, we need to know that the natural approximations
can be used with confidence in any implementation. Reference [1] deals with two
types of approximations, a discrete time model and a Markov chain approximation.
Either can be used here, but we restrict our attention to the first approximation. The
model is introduced in 5, and some preliminary sensitivity results are stated there.
Some needed stability estimates (analogous to the estimates of 2), uniform in the
approximation parameter, are obtained in 6. The main theoretical results for the
approximations are in 7, where, after getting some preliminary results concerning
the rate of convergence of certain quantities to their "invariant means," it is shown
that the invariant measure of the discrete time approximation is differentiable with
respect to the control parameter and that the derivatives converge to the derivative of
the invariant measure of the diffusion. Results concerning finite time approximations
are also shown. The results imply an important robustness of the derivatives with
respect to the model. This is new and very useful from the point of view of appli-
cations, since otherwise general results concerning the existence of the derivatives for
the ideal model would not have much practical relevance.

Numerical data is given in 8. The basic method of implementation requires the
use of a discrete parameter approximation, over a finite time period. The period needs
to be large enough to capture the "ergodic effects." Two methods are compared; a
finite difference method, which has been altered to be fairly efficient, and several forms
of our method. The comparison depends on the problem, but it is clear that for a
large class of nonlinear problems, our method is preferable. We note that reasonable
examples can be constructed so that any chosen method works best, keeping an open
mind in any application.

The analysis is restricted to nondegenerate diffusion models, but a similar analysis
can be carried out with various related process, provided only that ergodic results
analogous to those of 3 are available.

2. Stability of x(.). To develop the ergodic results and use a Girsanov measure
transformation method on random unbounded intervals, suitable stability properties
of x(.) must be proved. We will use the following assumptions. The parameter a will
be confined to a compact interval A0 with a0 in its interior. The symbol denotes
transpose.

Assumption 2.1. b(., .) and a(.) are continuous, a(-) is bounded, and a(x)a’(x)
a(x) >_ eoI for some e0 > 0. For some g < oc, Ib(x, a)l <_ glx + g.

Assumption 2.2. Equation (1.1) has a unique weak sense solution for each x(0) x
and a E Ao.
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Assumption 2.3. There is a twice continuously differentiable Lyapunov function
0 <_ Y(x) oc as Ixl c and 1 > 0 such that

(a) Vxx(x) is bounded and continuous,
(b) Y(x)b(x, a) <_ -1 < 0 for large [xl, a e A0,
(c) liml,l_ sup

c,EA0
(d) li--ll_ sup IY(x). a(x)l/ly(x)b(x,a)l < 2.

cEA0
Assumption 2.4. When b(x,a) 0, (1.1) has a unique weak sense solution for

each x x(0).
Assumption 2.5. There is a bounded continuous function ba(’,ao) such that as

6a O,

boundedly and uniformly on each compact x-set.
Remark on Assumption 2.3. The condition does not seem to be very restrictive.

It holds, in particular, for the linear case b(x, a) A(a)x, where A(a) is "uniformly
stable" for a E A0.

The conditions in Assumption 2.3 can be satisfied when we start with a stable
system that satisfies these conditions and then modifies the system by a Girsanov
measure transformation. There are existence theorems for stochastic Lyapunov func-
tions. The proofs in [7] can be extended to show the existence of the required V(.)
under appropriate conditions.

Remark on Assumption 2.2. Assumption 2.4 and the stability Theorem 2.1 imply
Assumption 2.2, but it is useful to isolate it as a separate condition.

THEOREM 2.1. Suppose that Assumptions 2.1-2.3 hold. There is a compact set
Q, which is the closure of its interior such that for each compact QI D Q and T
defined by T1 min{t: x(t) Q}, we have for small p > 0

(2.1) sup sup E exp pT1
aAo xQ1-Q

Proof. Let denote the differential generator of x(.): f(x) f(x)b(x,a) +
-tracefxx(x). a(x) Then2

+ ptrace(V(x)V(x)), a(x)/2 + trace Vx(x). a(x)/2].
Let Q be large enough and p small enough such that for x Q (use Assumption 2.3)
and some & > 0,

(2.2) epV(x) -pAepV(x).

It then follows that for small p and x Q

(2.3) [e"te"()] O.

om (2.3), It6’s lemma, and a stopping time argument, it follows that

(2.4) Ee EeVevw(x()) e()

for small p and x x(O) Q, which yields the result. B
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COROLLARY. Suppose that Assumptions 2.1-2.3 hold. Let Q and Q1 be as in the
theorem. Define T to be the first return time of x(.) to Q after hitting OQI. Then, for
small p > 0

(e.5) sup sup Ee
6Ao x6OQ

The proof follows from Theorem 2.1 and the nondegeneracy, and is omitted.

3. Ergodic properties of (1.1). By Assumptions 2.1-2.3 and Theorem 2.1, for
each a 6 A0, x(.) is a recurrent strong Feller process. Let P(x, t, A Ia denote the
transition function. By [2] and [3], there is a unique invariant measure #(a) with

#(R,a) 1 and P(x,t,A a) t-i #(A,a) as t oo, for each Borel A. For
t > 0, P(x, t,. a) has a bounded and nowhere zero density with respect to Lebesgue
measure, and so does

We next state a representation of #(a) first used by Khazminskii [2], which is
very useful for analysis, largely because it is difficult to work with ergodic problems
and to deal with questions concerning convergence to invariant measures when the
state space is unbounded.

Let G1 D G be compact sets, each of which is connected and is the closure of
its interior. Denote the boundaries by F1 and F, respectively, and let G be strictly
interior to G. Let F and F1 be differentiable. For any x(0), define the following
stopping times:

T’= inf{t: x(t) 6 F},
T inf{t: x(t) 6 F},

inf{t > TI" x(t) F}.T

Forn> 1,

F) inf{t > "x(t) e F1}.Tn inf{t > 7"n_ x(t) 6 T

For x x(0) 6 F, we use T to denote T2 --T T2, the canonical "return" time to F,
after hitting F1.

By Theorem 2.1, for small p > 0,

(3.1) sup E2T < oo, sup Eep < oo.
x6F,(6Ao x6F,c6Ao

Let c 6 Ao. Define the process )n X(Tn). By [2] and Assumptions 2.1-2.3, {n} is
a recurrent homogeneous Markov chain on F. Let/5(x, n. c) denote its transition
probability. It has a unique invariant measure

The chain is also defined for initial condition x X0 6 G. Even though Xn 6 F,
for n > 1, it will be useful to use G as the state space in 6 and afterwards, to unify
the notation with that for the approximations. The results up to 5 hold with this
change.

Define T(A) f: IA(x(s))ds for Borel sets A. Then we can write ([2], [3])

(3.2) tt(A, a) #(A, a)/#(R

where

#(A, a) J(r [t(dx, a)ET(A).
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Hence, for bounded measurable f(.), we have the representation

(3.3) (#(a), f) fr (dx, a)E f f(x(s))ds
fr f(dx, a)ET

Equation (3.3) and various approximations to it will be widely used in the following.

Properties of {)n}. The chain {3n} on state space F is said to be uniformly
@recurrent (for a given measure on the Borel sets of F) iffor each Borel B C F
with (B) > 0

Pg{fieB, somei_<m}-l asm-c;

uniformly in x F. A sufficient condition [4, p. 29] is that if (B) > 0, there exists
n < c, e > 0 (which can be B-dependent) such that

(3.4) P{XiEB, some <_ n} >_ e for allxeF.

If the chain is C-recurrent and a-periodic then there exists C < De, - < 1 such that
for Borel sets B

(3.5) IPg{f( e B} f(B, a)l <- C/,
and for bounded measurable f(.),

(3.6) IEf(2) ]"l <- 2C’yllf

where llfll- sup If(x)] and ]"-((a), f).
The next theorem follows from [3, p. 339, proof of Theorem 5.1]. The model

in the reference does not explicitly include a parameter a, but it is easily seen from
the proof of the cited theorem that the nondegeneracy and the fact that the moment
bounds in Theorem 2.1 do not depend on a Ao impliy that (3.4) is uniform in
a Ao for some > 0. In fact, we can use n 1. Actually, we will only need the
result for a- a0.

THEOREM 3.1. Suppose that Assumptions 2.1-2.3 hold. (X,} is -recurrent,
where is Lebesgue measure on F. The recurrence is uniform in a Ao in the sense
that the mean recurrence times are bounded uniformly for a Ao. There are C
7 < 1 (not depending on Ao) such that_(3.5) and (3.6) hold.

It will be seen below (Lemma 4.1) that P(x, n, B a) is continuous in x, uniformly
in c, B. (The continuity is proved in [3], but we give a different proof, since the details
to be used will be needed elsewhere in the paper.)

4. The -derivative of (a) (setwise sense). Let C(F) denote the set of
bounded and continuous functions on F, and Cc(F) the centered functions: f E Cc(F)
if f f- ] for f C(F), where ] =< (a0), f >. To prove the differentiability of
(a) at "0, we first prove that of (), and then use (3.3).

DEFINITION. () iS said to be differentiable at (o in the setwise (orweak) sense
if there is a finite signed measure v such that for each Borel set B

v(B) lim [/5(B ao + 5a) #(B, ao)]/Sa.

(a) is said to be differentiable at ao in the sense of weak convergence (or weak *

sense) if there is a finite signed measure v such that for each f C(F),

(v, f) mo(f(o +) f(o), f)/5.
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DEFINITION. Let L(F) denote the bounded Borel measurable functions on F.
For any Borel set H, let B(H) denote the Borel subsets of H. Define the operator
P(a) on L(F) by P(a)f(x) Ef(Xl).

LEMMA 4.1. Suppose that Assumptions 2.1-2.4 hold. Then the set {P(a)L(F),
a E A} (restricted to functions with Ilfll <- 1) is equicontinuous.

Proof. Define the process y(.) by y(0) -x and

(4.1) dy a(y)dw.

Define

L Lvv 1
io._5(u, v) [a-(y(sllb(y(s), 1] dw(s) - (y(s))b(y(s), )leds.

Given > 0, there are T2 > T1 > To > 0 such that for all a E Ao and x F,

> < < } <

E exp (T0, T) 1,

(4.4) sup E exp 2 ’(0, T1)
xEF,EAo

(4.5) (El exp (0, To) 11)/ _< .
Let T2 (T A T2) V T1. By (4.2), we have

lEf()- Ef(x(Te))I

_
4llfll.

Write

Ef(x(T12)) EExT1)f(x(T12)) Ef(x(T)),

where fl is defined in the obvious way and ]]fl <- I]f]]. By use of a Girsanov measure
transformation, (4.4), (4.5), and Schwarz’s inequality, we can write

Ef(x(T)) Ef(y(T))exp (0, T1)
EEv(To)f(y(T))exp(To, T) + ’Ef2(y(To)) + ’,

where I1’11 _< sgllfll, f2 is defined in the obvious way, and Ill211 < Ilfll. Note that

f2 depends on a, but y(To) does not.
By the above estimates and arbitrariness of e, we need only show the equicon-

tinuity of the set {Ef2(y(To))" llf211 --< 1, a A0, f2 L(F)}. Since y(To) has a
bounded density with respect to Lebesgue measure, using characteristic functions, we
can write

1 / (/: /:Ef2(y(To))
(2r)r

f2(y)dy oo(exp-iu’y)E expiu’y(To)du

We have

IE exp iu’y(To)l _< exp
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where O(.) can be chosen independently of x E F and a E A0. Also, the brack-
eted term is the density (modulo a proportionality factor (1/(2r)r)) of y(To) and
is bounded by exp-O(ly12), where O(.) can be chosen independently of x e F and
a Ao. Thus, we need only prove that E expiu’y(To) is x-continuous on each
bounded u-set. This follows from the Feller property of y(.). El

COROLLARY. Suppose that Assumptions 2.1-2.4 hold. Then the transition func-
tion (x, n, B I( =_ EaxIB(f(n) is continuous in x, uniformly in B, n, and Ao.
Also ft(B, ao + 5a) [t(B, co), uniformly in B B(F).

Proof. The first assertion is a direct consequence of the lemma. Let g E L(F),
I[g[I <- 1. Then, by the invariance of

((Oo + 5o), g) Jfr fz(dx, Oo 4- 5c)E+’g(fQ ).

A measure transformation argument and the continuity of b(.) can be used to show
that, as 5a 0, E+*ag(l) converges to Eg(.l), uniformly in x F. The latter
function is continuous on F by Lemma 4.1. In fact, the continuity and the convergence
is uniform in g. From this, the invariance of (a0) and the weak convergence (ao +
ha) fz(ao) (see Lemma 4.3 below), we have

where the convergence is uniform in g: IIgll <- 1. El
The next lemma will be used to get the differentiability of #(a) at ao from that

of (a), via (3.3).
LEMMA 4.2. Suppose that Assumptions 2.1-2.5 hold. Then for f LC(F), as

SagO,

[P(-o + 5-) P(.o)lf/5.
converges (uniformly in x) to the function with values Ef(fQ)Z(T, ao). The limit
is continuous and the convergence is uniform for f" Ilfll <- 1. The set

is equicontinuous. The same result holds for the convergence

1
E+ f(x(s))ds E f(x(s))ds

E f(x(s))ds Z(T, o) Eax f(x(s))Z(s, ao)ds.

Proof. The proof of the last assertion is very similar to that of the prior assertions
and will be omitted. By an argument analogous to that of Lemma 4.1, we can prove
the equicontinuity of the cited set of functions. We will prove only the first assertion
of the lemma. For T < c, via a Girsanov measure transformation,

E/f(x(" A T)) E /(X(T A T)) Ef(X(T A T))[exp (0, T; c0, 5c) 1]/5

(4.6) Ef(x(T A T))[exp(0, T A T; a0, ha) l]/ha.
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We have, by Assumption 2.5 and Theorem 2.1,

lim lim E [exp (0, A T; So, ha) 1
5c--0 T--*cx) L

=0,

where the limit is attained uniformly in x E F. The first assertion of the lemma
follows from this and (4.6). D

The next corollary shows that the setwise derivative of (a) at so is absolutely
continuous with respect to (ao).

COROLLARY. Suppose that Assumptions 2.1-2.4 hold. Define the set function
by

(B)= lim
1 Jfr--.o ft(dx, so)[/5(x, 1, B so + ha) -/5(x, 1, B so)].

Then there is G e Ll((ao)) such that ((ao), G) 0 and

(B) IS ft(dx, ao)G(x).

The limit is uniform in B.
Proof. By the lemma, the limit is

ft(dx, ao)E Z(T, O0)IB (. ),

and the limit is taken on uniformly in B. (In fact, E Z(T, aO)IB(21) is continuous,
uniformly in B.) Both (ao) and the measure defined by the limit are mutually abso-
lutely continuous with respect to Lebesgue measure, since the transition probability
P(x, 1,. so) is. Let G denote the Radon-Nikodym derivative of with respect to
(ao). Since EZ(T, ao)IR(X1)=0, we have ((ao),e} =0. [:]

LEMMA 4.3. Suppose that Assumptions 2.1-2.4 hold. Then ft(o + 5) = ft(o).
Proof. The proof follows from the uniqueness of (o) and the convergence

P(x,I,B o + ) P(x,I,B o), uniformly for x e F (Lemma 4.1), and
the details are omitted.

DEFINITION. Let L(F) C L (F) be the "centered" subset for which (p(a0), f)
0. We identify functions in L(F) that are equal almost everywhere (Lebesgue mea-

sure).
The following lemma is a key result for proving the differentiability of

The representations that are used occur throughout the following.
LEMMA 4.4. Suppose that Assumptions 2.1-2.4 hold. Then (-P(ao)) L(F) --,

L(F) is invertible.

Proof. The fact that /5(co) maps L(F) into L(F) follows from the fact that
(ao) is an invariant measure for the transition function P(x, n,. ao). We prove the
invertability by simply exhibiting the inverse. Let f L(F). Then it is easily seen
from (3.6) and the definition of (I-/5(co)) that the "inverse" defined by

(4.7) (i- P(ao))-f(x) P’(ao)f(x) Ef(n)
n--0 n--0

satisfies our needs. [:l
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COROLLARY. Suppose that Assumptions 2.1-2.4 hold. Then (I-[(ao)) Cc(F) -Cc(F) is invertable.

Proof. By Lemma 4.1, P(ao)C(r) c c(r). The rest of the proof is as for the
lemma.

THEOREM 4.1. Suppose that Assumptions 2.1-2.5 hold. Then [t(ao) exists in
the sense of setwise convergence and satisfies, for f E L(F) and all n,

(4.s) (.(o), f)= ((o), P(o)f)+ (.(o), P(o):),

where

d15na ao f x -Ef fn

Proof. For f E L(F), we have

(4.9)
(#() #(o), f) (#(),/5()f) (P(o),/5(o)Y)

((c) (co),/5(Co)f) + ((co), (/5(c) -/5(Co))f)
+ (t(c)-/(co), (/5(c)-/5(co))f).

Write 5(c) (c) (ao) and 5/5(c) =/5(a) _/5(Co). Then (4.9) yields

P ()
(4.0) (P(.)l, (s- b(o))f) (D(-o), )f) + (P(), f).

By Lemma 4.2 and either Lemma 4.3 or the corollary to Lemma 4.1, the second
right-hand term in (4.10) goes to zero as 5c -, 0 (uniformly in f" Ilfll -< 1).

For g L(F), define (use Lemma 4.4), f (I-/5(ao))-lg. By Lemmas 4.2
and 4.4,

P(")
(_ p(.o))-a

converges (uniformly in x) to the function with values

Ef(21)Z(T,o) E[Z(T,o) Eg(f()
n--O

which is in Cc(F). Hence

(4.11) lim (Sft(a)/Sa, g} (ft(ao) ).
5a----O

Since g e L(F), and L(F) L(F) modulo constant functions, (4.11) gives the
desired setwise convergence.

The formula (4.8) follows in a similar way. D
COROLLARY. Suppose that Assumptions 2.1-2.5 hold. Then fita(ao) exists in the

sense of weak convergence.
Remark. The corollary is obviously a special case of the theorem. It can be proved

directly via the method of proof of the theorem, simply by replacing all L(F) by
Cc(F). This remark will be useful when working with the approximations in 7, since
there we work with weak convergence only.
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Since the existence of a(a0) is now established, we can turn our attention to

THEOREM 4.2. Suppose that Assumptions 2.1-2.5 hold. Then #a(ao) exists in
the sense of setwise convergence, and for f E L (Rr),

(4.12)

Also, #a(ao) is absolutely continuous with respect to Lebesgue measure and has finite
variation.

Proof. Let f E L(Rr). Define 5#(a) #(c0 + 5a) #(s0) and define
analogously. Define the operator P(a) on LC(Rr) by P(a)f E f f(x(s))ds. Let
e denote the function that is identically unity. We need to show the differentiability
of

(#(a), P(a)e) I).

It will be sufficient to show the differentiability of the numerator only. This will be
the first bracketed term in (4.12). We can write

By Lemma 4.2, the second term on the right converges to the first term in the first
bracket on the right-hand side of (4.12). The first term on the right converges to
the second term in the first bracket on the right-hand side of (4.12) by Theorem
4.1 and the fact that P(ao) C(F). Similarly, the last term on the right goes to
zero. Representation (4.12) implies the absolute continuity assertion since it equals
zero if f 0 almost everywhere (Lebesgue measure). It also implies the finite
variation.

Theorem 4.3 essentially says that the (-derivative of Ef(x(t)) equals that of
(#(a), f) for large t.

THEOREM 4.3. Suppose that Assumptions 2.1-2.5 hold. Then for f L(Rr),

(4.13)
d
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(4.14) lim
d J l for- #(dx, a)E- f(x(s))dsla:a

lim f(dx, ao)(Ef(x(t)))

and the limits exist.

Proofi By the differentiability proved in Theorem 4.2 we can write

d ,(dx,)f(x) ,(dx, )Ef(x(t))l=

As t , Ef(x(t)) (,(o),f) for ,(0)-almost all x. Since ,(o) is
absolutely continuous with respect to Lebesgue measure (Theorem 4.2), and P(0)
and Lebesgue measure are mutually absolutely continuous, we have that (o) is
absolutely cominuous with respect to (0). Also (a(0), constam function) 0.
These facts imply that the first term on the right-hand side of (4.15) goes to zero as
t , which yields the assertion concerning (4.13). Expression (4.14) is proved in
the same way.

5. A discrete time approximation. Since the paths of x(-) and w(.) are not
physically available, we cannot evaluate (1.5) or use Theorem 4.2 or 4.3 as stated to
get estimates of the derivatives ((0), f)a via the use of paths of x(.) or w(.). We
must work with computable approximations to x(.) and w(.). In [1], two types of
approximations were used for the finite time problem: the first was a discrete time
approximation and the second, a Markov chain approximation. Each one has its own
advantages, but simulation studies indicate that their overall numerical properties
are similar. We will work with the discrete time approximation here. In this section,
the approximation is defined. Some necessary stability results are proved in he next
section. Among other things to be shown, the robustness properties of approximations
to derivatives of invariant measures and ergodic costs will be clear.

For A > 0 and 6w(nA) w(nA + A) w(nA), define {X} by X x and

X=+ X + 0) + a

Define the imerpolation x(.) to be the piecewise constant (on imervals [nA,
A)) process with x(nA) X. Define ZA(., o) to be the piecewise constant (on
imervals [hA, nA + A)) process with value at

i=0

i=0

where X Xi X. For T N/A, [1, 4] shows that

N-1

+

+ +
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or the centered form
N-1

)(0) [((Xo)- E"(x,o))Z(,o)+ (x, o)]
--0

A,o)ZA(NA ao)+ o,(x, o) + (o(X, o) ,o

are appropriate approximations to (1.5). The QA(ao) will have the smaller variance.
In fact, we have

d
E k(xa(s) )ds + ko(x(T) )EO(") EQ(")= ,=,o’

and we have the weak convergence

(z(.,-0), Q(0), (-0), x(.)) (z(.,-o), Q(-o), Q(-0), (’)).

We will obtain various "infinite time" extensions of this result in 7.
Analogous to the comment below (1.5), to reduce computation while exploiting

the (variance reduction) advantages of the centering, in the simulations we replace

E k(X, o) by E k(X, o), with good results in general.
A remark on using the derivative estimators in recursive Monte Carlo optimiza-

is generated by a stochastic approximation schemetion. Suppose that a sequence n
and converges to a minimizing 5. Then, via weak convergence methods, it can be
shown that the limit of any convergent subsequence of is optimal for the original
problem, under appropriate regularity conditions.

6. Stability of the approximation. An analogue of Theorem 2.1 is needed for
the {X} process. We will require the following additional condition.

Assumption 6.1.
(a) V(x)b(x, ) - as [x , uniformly for e Ao.
(b) liminf inf

’’’lY(x)b(x’)l> O.
.eo l(x,)l:

THEOREM 6.1. Suppsoe that Assumptions 2.1-2.3 and 6.1 hold. There is a

compact set Q such that for each compact Q Q, we have for small p > O, > O,
and A <

(6.1) sup sup E exp pT < ,
Ao xQ-Q

where T min{t" x (t) e Q}.
Proof. Let X x. For some K0 < , we have

A E exp p[Y(X) V(x)]
E; exp p[Y(x)((x,,) + (x)) + go(ll + I(x,-)1:)].

Note that for 2rkA < 1,

E exp k[Sw[ 2 1/(1 2rkA).

Thus, for small p, A, and ki > 0, 1/k + l/k2 1, HSlder’s inequality yields

E exp p[Y()(x) + g01l]
1

[exp kip2AV(x)a(x)Vx(x)/2]/k 2rpk2KoA)/k:
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Thus, for small p, A, and kl fixed near unity,

A

_
exp p[V (x)b(x, a)A + Ko]b(x, a)[2A2

kl AV’ (x)a(x)Yx(x) --[- 4rKoA]+P
Thus, there is a compact set Q and el > 0 such that for small p and for x Q,
A _< exp-2peA. Thus for small p and x Q,

Exa exppi .exp pV(X1) <_ exp pV(x).

Hence

T
AEx exp pgl -exp pV(x/x(Ta))

_
exp pV(x),

which yields the result, as in Theorem 2.1. l-I

7. Ergodic properties of {X}. We now set up the machinery so that results
analogous to those in 4 and 5 and the limits as A --. 0 can be obtained. Define F,
G, F1, and G1 as in 3. Define the following stopping times:

T/’ inf{t: xzx (t) f G r},
T1
a inf{t: x/(t) e G},
A’
T inf{t > r" xa(t) GI- F1}.

Forn> 1,

xATn
"a inf{t > Tr_l (t) 6 G}, r, inf{t > r;’X (t) G1 F1 }.

For x xA(0) E G, we use T
a to denote T2 --T1 -2, the canonical return time to

G.
By Theorem 6.1, there are G, G1 such that (e.g., let G equal the set Q-of Theorem

6.1)

(7.1) sup E2TA < , sup E exp pT
xGG,oGAo xG,aGAo

for small p. Define nA xA(Tn). For a e A0, the process {)n, n _> 0} is a homoge-
neous, positive recurrent Markov chain with state space G. Let/SA(x, n," a) denote
the transition function. There is a unique invariant measure/a(a). Analogously to
the situation in 3, define the following:

TA(A) fO0 IA(XA(s))ds, A Borel set in R,
#ZX(A, a) ] ft/(dx, a)ETA(A),

(A, a) pa(A, a)/p(R, a).

The same argument used to show that #(a) is invariant for x(.) [2, p. 183] can be used
to show that ttA(a) is invariant for {Xn}, under parameter a. We can now write for
bounded measurable f:

(#A(a), f) fa [ta(dx, a)E fa f(xa(s))ds
fa ftA(dx, a)Eax TA



A MONTE CARLO METHOD 455

Let L(G) denote the set of bounded Borel measurable functions on G. Define
the operator/hA(c) on L(G) by A(a)f(X) Ef(f), x e G.

LEMMA 7.1. Suppose that Assumptions 2.1-2.4 and 6.1 hold. Then the set
{P(a)L(G) (restricted to ]]f] 1), A > 0, a Ao} is equicoutinuous.

Remark on the proof. Define the process A(.) to be the piecewise constant
interpolation (intervals [nA, nA + A))of the process defined by x,

+ a()hw(nA). Then (.) y(.), defined in Lemma 4.1. Define the Radon-
Nikodym derivative exp’A(0, T), where

T/A-1

’(0, T) [a-()b(, a)]’hw(nA)
n0

T/A--1
1

n:O

om this point on, the proof is nearly identical to that of Lemma 4.1 and is omitted.
THEOREM 7.1. Suppose that Assumptions 2.1-2.4 and 6.1 hold, and let a co.

Then k if 0, and (ao) (ao). In addition, Ef()
Ef(k) uniformly in x G and in f in any equicontinuous set with ]f] 1. Also,
(ao + ha) (ao) as 5a 0 and (ao) (ao). Finally,

uniformly for f in any equicontinuous set with lI] 1.

Proof. Note that (x(.),vA) (x(.), v) uniformly in x e G in the sense that
EOF(x(.), vA) ZoF(x(.), ) uniformly in x e G, for any bounded and continu-
ous real valued F(.). The weak convergence k (if 0) follows from the
uniform integrability of {A, A > 0, a A0} and the (uniform) weak convergence of
x(.) to x(.). The asserted weak convergence can be proved by a standard martingale
method [5], [6] (and using the nondegeneracy of a(.) and the smoothness of r,r to
get the weak convergence of TA). In fact, a standard weak convergence method can
be used to get P(ao)f P(ao)f. uniformly in f in any equicontinuous set in C(G).

Now, for f e C(G), by the invariance of (ao), we can write

{A(ao),A > 0} is obviously tight since G is compact. If fi(a0) is the limit of a
weakly convergent subsequence, then by the last expression, we have

(p(ao). I)= (p(ao). P(ao)l). f e

which yields fi(ao)=
Now use (7.2), the weak convergence {v,x(.)} {T,X(.)}, and the uniform

integrability of {vA} (Theorem 6.1) and pA(ao) (ao) to get
The last assertion of the theorem is also proved by an argument by contradiction, and
the proof is omitted.

An analogue of (3.6). The following lemma is needed to get an analogue of Lemma
4.4.

LEMMA 7.2. Suppose that Assumptions 2.1-2.3 and 6.1 hold. Let k be such that

Ck A < 1 (see (3.5)). Let C’(G) C C(G) be an equicontinuous set. Then

E2o f <(7.3) lim0 sup
ec,() lf_ f..0 ]l
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Equivalently, there are 1 < 1, C1 < oc, such that for small A > O,

(7.4) iip(o)f ],o II <- cllf ],o II.

Proof. Suppose that (7.3) is false. Then there is xn x E G, An -’* 0, An _>
> A, f C’(G), f, f e C’(G), such that

Without loss of generality, we can suppose that the infima of the denominators are
positive. Then we can write

IEof(ffk)- ]o IEf( ],o
(7.) ,An ,co II

IIS. ].,o II IIS. ].,o I1"
The last two terms on the right go to zero by the weak convergence" k (initial
conditions xn, o x, respectively), "(o (o), and the convergence
f f. The left side of (7.5) goes to IEof(X)- fol/llf foll M C A, and
we have a contradiction.

Inequality (7.4) follows from (7.3) by letting ( + A) for small A > 0, and
iterating.

LEMMA 7.3. Suppose that Assumptions 2.1-2.5 and 6.1 hold. Then for f

[/hA(c0 + 6C) --/hA(c0)]f

converges (as - O) to the function (ao)f with values

EZA(TA c0)f()
dc x a=o

The limit is continuous and the convergence is uniform in A, x G, and in f C(G)
for Ilfll < 1. The set {EZA(TA,o)f(f(I), A > O, f e C(G), Ilfll < 1} is
equicontinuous.

The same result holds for the convergence

1 T T ]
.r- E fo f(XA(s))ZA(s,o)ds.

The proof is analogous to that of Lemma 4.2 but uses the Radon-Nikodym deriva-
tive introduced in the remark under Lemma 7.1, and is omitted.

THEOREM 7.2. Suppose that Assumptions 2.1-2.5 and 6.1 hold. Then fz(ao)
and #(ao) exist in the sense of weak convergence.
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Proof. Let C(G) be the subset of C(G) for which (f,/A(a0)) 0. Following the
proof of Lemma 4.4 and its corollary, we first show the invertability of (I -/ha(co))
on Cc(G), on which we identify functions that are equal almost everywhere (/A (a0)).
By Lemma 7.1 and the fact that /ha(a0) is an invariant measure for the transition
function that defines/ha(co), for f E C(G) the sum below converges, and we have
(I- h(ao))Cc(G) C C(G). By Lemma 7.2, we obviously have

(I- A(0) fi’(A(oo))nf -(/%A(0))n(I- /%A(OZ0))f f.
n----0 n--0

These facts yield that the inverse is

(7.6)
n--0

By Lemmas 7.1 and 7.2, the sum on the right side converges uniformly in A, and it
is equicontinuous for f e C(G), Ilfll <- 1, A > 0.

We can now use a proof analogous to that of Theorem 4.1 (but using weak
rather than setwise convergence) together with Lemma 7.3 and the weak convergence
/x(Czo + 5cz) =/X(ao) to get the existence of ~A#.(CZ0) in the sense of weak conver-
gence, and the few details are omitted. To get the existence of #(cz0) in the sense
of weak convergence, use representation (7.2) and the a-differentiability of A(a),
E f" f(xA(s))ds at cz CZo, and ETA > 0. The details are like those of Theorem

4.2, but the proof uses the equicontinuity of {E f"a f(xA(s))ds} (in f e C(G),
A > 0, Ilfll < 1, cz Ao), the weak convergence, and the uniform integrability of
{Tx, small A > 0,

COROLLARY. Assume the conditions of Theorem 7.2 hold. Then [t(o) exists
in the sense of setwise convergence. Also, {/5(o), small A > 0} is of bounded
variation. For g L(G), there is a unique f Lc(G) such that

(I-- [A(to))f g-- lA’a

and ]A,ao O.
Proof. Let f LC(G). Analogous to (4.9), write 5/5(cz) /hA(a0 + ha)-

/SA(a0), 5A(cz) /A(a0 + 5a) --/sA(a0), and

By Lemma 7.3, (hP/’(a)/5a).f converges to a continuous function, uniformly in x e G.
This and () = zero measure imply that the last term on the right of (7.7) tends
to zero, as -, 0. Furthermore, since (Co) exists in the sense of weak convergence

by the theorem. The second term on the right of (7.7) tends to (/X(ao),/5(ao)f).
Since/hA (a0)f is continuous (Lemma 7.1), and/(ao) exists in the sense of weak

the first term on the right tends to ,/(cz)’/hA(a0)f>. Thus the limitconvergence,
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of the left side of (7.7) exists. Now, the form of the limit of the right side implies that
(so) exists in the sense of setwise convergence.

Rewrite (7.7) as

#,(So),(I /hA /hA

For g E L(G), set g A,ao and define

The sum converges uniformly in g,A, for II g II-< 1, since {/hh(s0)g,A > 0, g e
L(G), Ilgll-< 1 is equicontinuous by Lemma 7.1. The uniqueness assertion follows.

Thus (I-/hh(s0))fh and

(p(-o), ) (.(-o), ) ((-o), (-o) =).

The bounded variation assertion follows from this representation. D
The following is the convergence theorem for the discretizations.
THEOREM 7.3. Suppose that Assumptions 2.1-2.5 and 6.1 hold. Then #~A(so)

converges setwise to [(So) and #(so) converges setwise to #(So).
Proof. Let f L(G). Let gA and g, respectively, be the unique solutions in

L(G) (Theorem 7.2, Lemma 4.4) to

(I-/%A(s0))gA f- ]A,o, (I- /5(S0))g f- is0.
Note that

Then we can write

(7.9)

We have

(/2 (So), f) (~A /A,,o#c (So), f
=/p.(.o). (z- P"(.o))a)
f d

Eg(:J fA (dx, so)
ds =o

dd--EgA (f()l=ao E9zx(f)ZZX(Tzx, so).
Now, note that the sum in (7.6) converges uniformly in A (Lemma 7.2); hence 9

zx
9,

since 15zX(so)nf (so)nf. Using this, the weak convergence of {, ZzX(TA, S0)},
the uniform integrability of {ZZX(Tzx, So), A > 0), the fact that the functions on the
right side of (7.9) converge uniformly in x G to the continuous limit, and the fact
that/zX(so) /5(so) yields that the limit as A - 0 of the right side of (7.9) is

/(dx, so)Sx9(.l)Z(T, so) /(dx, So) d-Sxg(21)[__c
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(/2a(ao), (I--P(ao))g)= (/2a(ao), f- fao)= (,(ao), f).

Thus (/2(ao), f) -- (/2a(ao), f), which yields the setwise convergence of/2(ao) to
/2,(co). The setwise convergence of #A(a0) to #(a0) follows from representation (7.2).
For example, to get the limit of the derivative of the denominator of (7.2), note that
the derivative of the denominator is

/G A dx oo Eax T
A /G A dx ao -ET

A
# + #c [=o"

Then use the representation

d c A E aZ (, ao),

and the proved convergence and uniform integrability (where appropriate) results for
~zx /x TZX ZA(o), x (.), (,o).

Below is a finite time approximation theorem, which shows that the derivative
(#a(ao), f) of the ergodic cost can be arbitrarily well approximated by

dEf(x(t))]d =o

for large t and small A. It is such approximations that are actually used in the
applications. It is important to note that for large enough t, the quality of the
approximation is uniformly good in (small) A.

THEOREM 7.4. Suppose that Assumptions 2.1-2.5 and 6.1 hold. Then for f E
i(Rr),

where the limits as A O, t oc can be taken in any way at all.
Proof. Write, by the invariance of #A(a) and the differentiability

(7.11)
d
da

(#zx(a)’ f).=.o (#(ao),PZX(ao, t)f)

+ (#/ (co), P(ao, t)f),

where PA(ao, t)f(x) Ef(xA(t)) and t > 0. We have PA(ao, t)f -- fao
(#(a0), f) as A 0, t c. Also, {#(a0), A > 0} is of bounded variation by the
corollary to Theorem 7.2. Thus (#(a0), PA(ao, t)f) 0 as A 0 and t
which yields the theorem.

A pathwise result. With the approximation of Theorem 7.4, we can give the
pathwise result. Since we only have one long realization and cannot explicitly calculate
the derivatives of the expectations, we need to show that a long simulation of {X,
n < cx)} can yield a good approximation to the right side of (7.10) for fixed A.
Typically, the to in Theorem 7.5 is as large as can be, consistent with a modest
sample variance.
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THEOREM 7.5. Suppose that Assumptions 2.1-2.5 and 6.1 hold. Fix t nA.
Let f(.) be bounded and continuous. Then as T --+ cx3 (or with centered f used as
discussed in 5)

l [Z(t0 + s, ao)- ZA(s, ao)]f(xa(to + s))ds

P--* / #A dx’ (o E zA to o f xA to

Proof. Fix to. Define 6ZA(to, S) zA(to + s,co)- ZA(s,c0) and yA(to, s)
5zA(to, S)f(xA(to + S)). Then the process (parameter T) defined by

MA(T) oT

yA(to s)]dsE: 0

is a zero mean martingale whose variance is O(T). Thus Kronecker’s lemma implies
that MA(T)/T 0 with probability one. This implies that for the purpose of
evaluating the limit of the left side of (7.12), we can replace it by

(7.13) q(xA(s))ds,

where we define

q(xA(s)) E:(s)
d f(xZX(to+s))yA to S) -d-d Ez s

The function q(.) is continuous and bounded. Then, the ergodic properties of (Xff,
n < cx} imply that (as T x) (7.13) converges with probability one to its mean
value (#A(a0), q), which is just the center term of (7.12).

8. Numerical comparisons. The approximation method of 7 has been simu-
lated and compared with alternative methods on a variety of problems of dimension
up to seven. Here, we comment on some comparisons with a finite difference method.
The alternative methods are all described and discussed in [1], and we will repeat
only a few of the comments made there.

The basic method used for all methods takes one long simulation, over an interval
T1. A basic estimation interval To is given, and the approximate model XA(.) iS
simulated. N TI/To estimates of the derivative are made in the long simulation
interval, each using To units of time. Let X denote the state of the system at the
start of the nth subinterval. Then X is the initial condition for the estimate on the
(n 4- 1)st subinterval. The detailed results reported here are for a two-dimensional
problem, with the parameter being a scalar. We comment on larger problems
later. For the finite difference estimate, a pair of simulations must be taken, with
a parameter set at so =t= 5c, for some small ic. The samples of the iw in (5.1) for
the second member of the pair was the same as that of the first member of the pair,
with the samples being independent from pair to pair. This reduced the variance over
what would have been the case if all the samples of the 5w random variables had been
mutually independent, as in [1]. The reduction was particularly large if the system
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TABLE 8.1

derivative
cost
CPU Time

To--3

Finite Difference (ha .05)

sample mean sample standard deviation
.168 .247
.363 .149

32.04

derivative
cost
CPU Time

sample mean
.164
.364

AC

sample standard deviation
.216
.127

18.9

Weighted AC (Derivative only)

sample mean sample standard deviation

.1 .160 .19

.5 .153 .14
CPU Time 20.1

was linear, and the cost function smooth, although there was a noticeable reduction
in the variance in all cases tested.

The two-dimensional problem was the noise-driven Van der Pol equation

dXl x2dt, dx2 [10x2(1 x) axl]dt + dw,

where a0 2. Note that this system is degenerate. Nevertheless, the method works
well. The cost function of interest was f[ k(x(s))ds/S for large S, where

k(x) I{Ix.l_>0.3}.
The simplest estimator is

1 1 nT+T
[ZA(s, CO) ZA(nTo, ao)]k(XA(s))ds.(8.1) N 00 aT0n--1

An "antithetic" variable method was always used, since it gives a reduced variance:
Let N be an even number, and let the 5w samples used for the 2nth estimate be the
negative of that used for the (2n- 1)th (n 1, 2,...) estimate, with the 5w used for
the (2n- 1)th estimates (n 1, 2,..., N/2) being mutually independent.

The centered form, where k(XA(s)) is replaced by the centered k(XA(s))-
(nTo + To), where the centering is a sample estimate of the value of the cost at
the cited time, actua]ly gave better results. This method is referred to as the AC-
method in the tables below (antithetic variable, centered). The centering is zero mean,
but helps reduce the variance. As n --. oc, (8.1) converges to

d- #(dx, ao)E k(Xa(To)).
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TABLE 8.2

To=lO

Finite Difference (6c .05)

sample mean sample standard deviation
derivative .157 .243
cost .364 .052
CPU Time 104.8

derivative
cost
CPU Time

sample mean
.162
.364

AC

sample standard deviation
.304
.032

65.5

Weighted AC (Derivative only),

sample mean sample standard deviation
A -.5 .157 .106
A 1 .150 .07
CPU Time 68.3

For large enough To, this is a good estimate of the desired derivative. A better proce-
dure would be to divide the interval [0, To] into a reasonable number of subintervals
to get a better approximation to the first centered form discussed in 5. We must
keep in mind, however, that the CPU time required for a large number of subdivisions
might be better used for taking more samples.

A third method, called the weighted AC-method, often (but not-always) was

advantageous. As s --* oc, the variance of [ZA(s, S0) ZA(nTo, s0)] goes to oc. If the
system has a "short" memory, then the "earlier" part of the Z/X(.) process contributes
little to the estimate in the following sense: Let nTo + To > s > so > nTo, and write

[ZA(s, SO) ZA(nTo, ao)]k(XA(s))

+[ZA(s0, s0) ZA(nTo, ao)]k(Xa(s)).
Then the mean value of the second term goes to zero as s so oc. If we reduce
the sample interval, however, then a bias is added. To balance the opposing effects,
we use a weighted substitute 2a for ZA, constructed as follows, where A E (0, 1) is
a weighing factor or exponential discount of the past (notation for the nondegenerate
case):

+
For the problem reported on here, this method gave excellent results. In other cases,
where the "approach to ergodicity" is slower, a substantial bias could be introduced
into the estimates.

Refer to Tables 8.1-8.3, where the sample means of the derivative estimates,
their sample standard deviations, and the required CPU time are given. For the finite
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TABLE 8.3

To=20

Finite Difference (6a .05)

sample mean sample standard deviation
derivative .168 .246
cost .365 .032
CPU Time 209.8

derivative
cost
CPU Time

sample mean
.168
.365

AC

sample standard deviation
.537
.021

65.5

Weighted AC (Derivative only)

sample mean sample standard deviation
A --.5 .154 .058
A 1 .163 .101
CPU Time 137.05

difference estimates, N-2500 was used, and N-5000 otherwise. This is because
two system simulations per finite difference estimate are needed, and only one for
our method. The important quantity, however, is the sample standard deviation per
CPU time unit. Note that the sample standard deviation for the weighted AC-method
decreases as To increases, while that for the AC-method increases. We can readily
see the advantages of the methods introduced here. For linear systems, the finite
difference method seems to work better owing to the ’smoothness’ of the dependence
of the estimates on the noise, and the value of the difference interval was not too
important (did not seriously affect the sample variance), as long as it was small
enough to control the bias.

There are important dimensionality advantages to our methods. Suppose that
the dimension of the parameter is m. Then, to get a single estimate of a gradient,
a finite difference method needs to simulate the system either (m / 1) or 2m times,
depending on the finite difference method used (one-sided or central). Our method
requires the simulation of only one sample path per estimate, and the calculation of
one Z-variable per component of the parameter. The calculation of the Z-variable,
however, is usually much simpler than doing a simulation of the system. This is
particularly true if the system is of high dimension, or if the dynamical terms are
hard to compute. Thus, our methods require much less computer time than does the
finite difference method, particularly for high-dimensional and nonlinear problems.
Alternative methods, such as the finite difference method, can compensate for this
only by having a better quality estimate, i.e., one with smaller bias or sample variance.

We emphasize that no general rule has been found that can tell us which method
would be preferable for any particular class of problems. For many problems, the
alternative methods are preferable. All methods must be taken as serious candidates,
and techniques sought for their realization so that they perform as well as possible.
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CONVEX DUALITY AND GENERALIZED SOLUTIONS
IN OPTIMAL CONTROL PROBLEM FOR STOPPED PROCESSES:

THE DETERMINISTIC MODEL*

HANG ZHU

Abstract. The approach consists of imbedding the original control problem tightly in a convex
mathematical programming problem on the space of measures and then solving the latter problem
by duality in convex analysis. The dual to the control problem is to find the supremum of all smooth
subsolutions to the Bellman equation. Because of the effect of stops at the boundary of the domain, a
different formulation of strong and weak problems will be adopted to make use of the convex duality
method. The results about the decomposition of weak measures provide a clear intepretation for such
a effect in the weak formualtion of our control problem.

Key words, optimal control, stopped processes, smooth subsolution, convex duality, strong
and weak problems

AMS(MOS) subject classifications. 49J27, 49N15

1. Introduction. Recently, a new method has been developed in the study of
optimal control problems. The method, which originated in Young’s concept of gen-
eralized curves, took the approach from a point of view of convex analysis, and, in
particular, use of duality between spaces of continuous functions and spaces of mea-
sures. This so-called "convex duality" method was first introduced by Vinter and
Lewis [9], [10] in their study, which concerns deterministic control problems. They es-
tablished the equivalence between the control problem and a related "weak" problem.
This weak problem is actually a convex mathematical programming problem, and the
objects in the weak problem are called the "generalized solutions." Upon establishing
the equivalence of two problems, the new optimality conditions could then be obtained
by setting up the Fenchel dual of the weak problem. It turns out that the dual prob-
lem is actually to find the supremum among all smooth subsolutions of the Bellman
equation. Later on, this method was greatly simplified by Fleming and Vermes and
applied in their studies of optimal control problems of (piecewise) deterministic pro-
cesses [2], [8] as well as diffusion processes [3], [4]. The results in those papers were
proved for the fixed finite time horizon and the infinite time horizon discounted cost
problems.

In this paper, we consider a deterministic optimal control problem for stopped
processes and address the role that the boundary will play in the duality formulation
of Fleming-Vermes approach. By the "stopped process," we mean that the state
process X8 under the control will be stopped at the first time it hits the boundary of
a given domain C RN. Our objective is to minimize the cost functional that has a
nonnegative integral cost up to the stopping time. Because of the effect of stops at the
boundary of the domain, the correct weak problems are defined by coupling both the
"interior" measure and "boundary" measure together in our formulation so that the
standard Fenchel duality of convex analysis (see the Appendix in the end of paper)
can still be set up appropriately to assert that the dual of our control problem is
again to find the supremum among all smooth subsolutions of the Bellman equation.

*Received by the editors January 24, 1990; accepted for publication (in revised form) February
21, 1991.

fDivision of Applied Mathematics, Brown University, Providence, Rhode Island 02912.
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The equivalence between strong and weak formulations is obtained in 3 where we
have presented a simple new proof for our main equivalence theorem. The proof is
based on two important results, called the "canonical extension" and the "canonical
extraction," respectively. These two results give us an intuitive portrait about the
structural content of weak measures in terms of the "stopping" effect in our control
problems.

Related problems could be found in Soner [7] and Vermes [8]. In [7], where the
author studies the control problem with state constraints, the processes are pushed
back continuously from the boundary of the domain, and the value function there
is characterized in terms of the notion of constrained viscosity solution. In [8], the
processes can jump back from the boundary into the interior of the domain, and the
author proved a disintegration theorem for general occupation measures and obtained,
by the same convex duality method, a characterization of the value function as the
supremum of all smooth subsolutions to the Bellman equation. The assumptions in
both papers assure that all processes have a uniformly nonvanishing lateral speed
in the boundary region, which is basically equivalent to our assumption (H3). The
present paper differs from [7], [8] in the sense that the processes under control will
simply stop when they come to the boundary region. The major achievement of
this paper is that it establishes a two-way link between weak measures generated by
processes stopped at the boundary and measures generated by continuing processes
in the closed domain.

2. The stopped processes problem and its strong/weak formulations.
Consider the following deterministic control system,

s f(s, Xs, us)
(2.1)

Xt -x, 0

_
t

_
s

_
T,

where the control us is Borel measurable, taking values in the control space U, and f
is an RN-valued function defined on [0, T] RN U.

We want to restrict the state process of (2.1) to stay inside some given bounded
domain gt in RN, and will stop the process Xs whenever it first hits the boundary
The objective is to minimize

lo(s, Xs, us)ds + L0(T, Xr),

where the running cost 10 and the terminal cost L0 are the functions defined on

It, T] RN U and It, T] RN, respectively, and T is the stopping time defined as

inf{s

_
t: Xs }

T T, if Xs E Vt<s<T.

Note that both Xs and T depend on the initial condition (t,x) and the control us
being applied. In the rest of our paper, we will work with this cost functional (2.2)
except in Theorem 3.4 (the main equivalence result), where l0 _> 0 and L0 0 are
assumed.

Then the value function is given by

(2.3) (t, x) inf Tu(t, x),
u/
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for (t, x) e E [0, TI x ft. Here/A b/(t) denotes the class of all Borel measurable,
U-valued functions u8 on It, T]. The Bellman equation takes the form

(2.4) inf.{0t+/.Vx+/0}=0, in[t,T) xftxU
uEU

with the terminal-boundary condition (t, x) Lo(t,x) on Eo [0, T] x OftU{T} x ft.
This equation is understood in the viscosity solution sense of Lions [5].

It is convenient to summarize here the following notation and assumptions:

E [0,T] x , S E x U, Eo=[0,T]xaftU{T}x

C(E), C(S), C(Eo) the spaces of real-valued continuous functions on E,S, Eo, re-
spectively.

(H1) The bounded domain ft C RN has a Cl-smooth boundary Oft. The control
space U is a compact subset in RM.

(H2) The running cost function lo C(S), lo >_ 0 and the terminal cost function
L0 C(Eo). The system function f C(S) satisfies the uniform x-Lipschitz condition

If(t, xl, u) f(t, x2, u)l <_ Klxl x2[, VXl,X2 ft,

where K is some constant independent of (t, u).
(H3) The system (2.1) assumes the following "boundary controllability" condition:

(2.5) 0 e int{f(t,x, U)}, V(t, x) e [0, T] x Oft.

Here int{f(t,x,U)} stands for the interior of the set f(t,x,U) {f(t,x,u)’u e U}.
Let us now start our formulation of strong and weak problems.
We introduce a more elaborate state space , which is composed of the "interior"

space S and the "boundary" space Eo as two separate components. Then every
function [ E C()is denoted as a pair (1, L) with/ e C(S) and L e C(Eo). The
dual space AA(S) will consist of all pairs of measures M (M, N) with M Ad(S)
and N e Ad(Eo), where 3A(S), 3A(Eo) are spaces of finite, signed measures on S, Eo,
respectively.

Given the initial condition (t,x), each control u b/ defines a measure //u
Ad() as follows:

(2.6)
[, J/Iu Mu -t- L,N

l(s,X,us)ds+L(v,X.), V/= (1, L) e C().

The measure/1/ (M, N) clearly has the following disintegration:

Mu(ds, dx, du) I[t,)(ds) x x (dx) x 5 (du)
Nu(ds, dx) 5(,x,)(ds, dx),

where Xu is the state process of (2.1) when the control u is applied, T is the stopping
time of this Xu. Here A is the Lebesgue measure on [0, T], 5(,x) is the Dirac measure
at (T, X), and I[t,) is an indicator function. The measures M and Nu are called,
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respectively, the "interior" measure and the "boundary" measure generated by the
underlying process.

By the above identification of u with A/u (Mu,N), our control problem can
then be reformulated as a linear minimization problem:

(2.7) Minimize ([0, A/) [0dAS/

over M8(t,x) {M (M,N) u e U}. This is called the strong problem.
For each// (M, N), we can calculate the norms

IIMll=<l, MU>--T--t_T--t
<L, Nu> L(T, X) <_ IIL[I IINII <_ 1, VuEH.

It follows from the fundamental theorem of calculus that for any e Ci,i(E)

(2.8) (T, X) (t, x) A(s, Xs, u)ds, Vu

where A(t,x, u) Ot(t,x) + f(t,x, u). Vx(t, x). If we define the operator

2" Cl,l()-- C()

by

{ A(t, x, u),A(2) -(t,x),
if (t,x,u) e S

if=(t,x) e

then the above formula can be rewritten in terms of (2.6)

(t, x) -(A,M) + (,N)
_(/, j/u>, V C1,1 and u /4.

Given the initial data (t,x), let us introduce the space
(2.9)

(IQ- (M,N) A4()"
1)M,N >_0and ,,MI, _< T-t,,,NI, <_1

A4(t,x)
2)(t,x) < A, >, V 6 CI,I(E)]

Note that this set is both convex and w*-compact in A(S).
The weak problem is therefore formulated as: Given the initial condition (t,x)

and [0 G C(),

(2.10) Minimize ([0, h:/> [odf/I

over
Throughout this paper, we use the following notation:

Cs(t,x) inf .(/0 /1/>, (t,x)
(t,x)

The weak formulation is reduced to the Fenchel’s problem in convex analysis. By
solving its dual, a maximization problem in the space C(S), it turns out that the
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dual of minimization (2.10) is to find the supremum of all smooth subsolutions to the
Bellman equation (2.4). This is the standard duality result in [4] and its modification
will be demonstrated in the Appendix.

3. Decomposition of the weak measures and the main equivalence the-
orem. We establish two results in this section. The first is the canonical extension
theorem, which constructs the weak measure of a continuing process from a stopped
one. The second result is that from every weak measure, a minimal, stopped part can
be extracted. As a consequence of these results, we give a short proof for the main
equivalence theorem.

To present our results, we need to consider the corresponding deterministic con-
trol problem with state constraints. Let be the state space, which consists of the
"interior" space S and the "terminal" space ET {T} x , as two separate compo-
nents. The formulation of strong and weak problems for the state-constraint problem
can then be defined in a similar way to those in 2.

We denote the strong space

(3.1) jMcs(t,x) {(MU, NcU) X E gt, Vs E [t,T]},

where each M2 (Meu, N2) is associated to a control u, which keeps the state process
Xu inside for the entire period It, T], by the formula

"T

(L 1,) l(s, x2, us)ds + L(T, XT), Vl (/,L) e C(S).

If the process XJ’ hits the boundary 0t at first time T < T, we have a stopped process
that corresponds to a measure M (Mu, N) M8(t,x), and it is associated to
the same control u by the (2.6)

([, 1Iu) l(s, XU u)ds + L(T, X), V[=(1, L) eC().

Note that N’, as a measure on T, can be identified with a measure on Eo by a trivial
extension since ET C Eo. By such an identification, we have that ]t/cu AAw(t, x) but
not necessarily in AJ(t,x).

Compared to the original formulation in 2, we have the fundamental theorem of
calculus:

T

(T, XT) (t, x) A(s, X, u)ds, v e c,(r,).

By introducing the operator Cl,l(,) -- C() as

{ A(t,x, u),A(2) -(t,x),
if 2 (t, x, u) E S

if 2 (t, x) T

we then define the weak space for the state-constraint problem:

(3.2)
4c =(Mc, Nc) e JM()

Jc(t,x) 1) Mc, N >_ 0 and IIMcll T t, IINII 1

2) (t, x) -<., 2t7/c>, V C Cl,I(E)
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Clearly, JMY(t,x) C iMP(t, x) in the above-mentioned sense. This is expected since
the "terminal" space T is contained in the boundary space Eo [0, T] x 0f t.J ET.

Let us now illustrate how the measures in jls(t,x) are related to the measures
in 3ds(t,x). For each measure (M, N) E J48(t, x), there exists a control u8 such
that with L 0, (2.6) becomes

<l,M> l(s, XsU,u)ds, w e c(s),

where Xsu is the state process under the control u and T is the stopping time of this
X?.

If T < T, the measure M corresponds to a stopped process X. In this case, a
"canonical" extension Mc of M can be defined as

(3.3)
T

<l, Me> </, M> + l(s, , t)ds,

where the control fis is chosen by the following lemma to keep the stopped process Xs
at the place X E 0f until the terminal time T. That is, X for - _< s _< T.

LEMMA 3.1. For each (T,) It, T] x 02, there is a control fs such that the
corresponding state process Xs Xs satisfies

Furthermore, this f can be chosen to depend Borel-measurably on (-, ).
Proof. We consider the constant process Js X(-,) , for T _< S _< T. By

assumption (H3), this X satisfies

28(T, )=_ 0 f(s, Xs(% ), U), V- <_ s _< T.

Now invoking the Filippov lemma (see the generalized version in McShane and Warfield
[6]), a Borel-measurable function s Us(T,) U can be chosen such that it also
depends on (T, ) Borel-measurably, and it holds

f(s(T, )=-- 0 f(s, Xs(T, ), Us), V" <_ s <_ T.

Therefore, we have Xs X and certainly Xs for
Motivated by our illustration before Lemma 3.1, let us prove the first result, which

constructs a "canonical" extension for each weak measure.
PROPOSITION 3.2 (Canonical extension). Every M (M,N) l(t,x) has an

extension /c (Me, N) E Adcw(t,x).
Proof. For each (% ) [t,T] 0f, we define (M,, N,) JM(t,x) as follows:

</, M,) l(s,, fs)ds, V1 e C([0, T] x 0f x U)

(L, N,) L(T, ), VL C(ET).

By Lemma 3.1, the control 8 is chosen to depend Borel-measurably on (T,), then
M,, N, depends on (T, ) Borel-measurably, too. We can therefore define the mea-
sures

(3.4)
Mo fit,T] x OFt

No f[i,T] x OFt
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and take
Mc M + Mo N Nlz / No.

Note that each Mr, acts only on the boundary space [t, T] x 0 x U, then so does
Mo.

Clearly, Mc, Nc >_ 0 and Mc e 3A(S),Nc e JVI(ET).
Let us compute that for any E C1,1,

(A, Mo> f[t,T]xOf
[t,T] x

(A,Mr,>N(dT, d)

<,N,>N(dT, d)- <,N> +/ CdN
T

(, No) (, N)

and then
(t, x) -<A, M) + (, N)

-(A, Me)+ (A, Mo)+ (, N)
-(A, Mc) + (, Nc) -(A, M)

Next by setting 1 in the formula (t,x) -(, c), we get

1 (1, Nc) = IIN II 1,

and by setting (t, x) T-t in the same formula and noting that (, N) T-T O,
we have

T-t= (1, M> = [[Mc[[ T-t.

Hence M (Mc, No) JViw (t, x), and it is called in our terminology the "canonical"
extension of M (M, N). D

Let "cl" denote the closure in the w*-topology of A(S), consider also the space
of relaxed measures in the state-constraint problem

Y4gc(t, x) clM(t, x),

and denote JVt(t,x) {Mc "(M,N) e A/tg(t, x)}. Clearly, this is a w*-closed set in
A/t(). We observe that for each # A/t0g(t, x), there exists a relaxed control s such
that # M has the disintegration

#(dr, dx, du) A(dr) x x(dx) x r(du).

The notion of relaxed control was introduced in Fleming [1], it is a Borel-measurable,
P(U)-valued process. Here P(U)=the space of all probability measures on U. Corre-
spondingly the state process X’ is required to satisfy, instead of (2.1), that

[8 fv f(s, Xs, u)(du).

In the following arguments, we will associate each # to a state process X, which is
the solution of the above relaxed system under the relaxed control vs. In terms of
# J/t(t,x), we can rewrite (3.5) as follows:

X x + f(r, x, u)#(dr, dx, du), for t < s < T.
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Then it is clear that X depends continuously on # with respect to the w*-topology
of A/l(t,x).

We now prove the second result, which extracts a minimal, stopped part from
each weak measure.

PROPOSITION 3.3 _(Canonical extraction). For each (M,N) e /[w(t,x),
there exists a measure M (M,N) e A4w(t,x) such that M([t, T] 0 x U) 0
and M < M.

Remark. This Mo is called the "stopped" part of M.. It is generated by the
processes stopped at the boundary of the domain.

Proof. We have shown in Proposition 3.2 that (M,N) E /tw(t,x) has a
"canonical" extension Mc (Me, No) E A/iY(t,x). By the formula below (3.8) in
Fleming [2], this Mc has an integral representation:

f
Mc

(t,)

for some probability measure a on A4og(t, x).
For each # Mv /Pie(t, x), we define the measure #o by

(1, #o) l(s, X, u)s(du)ds, w e c(s),

where T is the stopping time of X. In short, d# I[t,)d#.
Since X depends continuously in #, the stopping time

is then lower semicontinuous with respect to # in the w*-topology. Let
’tO*A/lgo(t,x) such that #,--,#, and #(#n) satisfies

(3.6)

T

T

w e c(s),

where Xn is the state process associated to #n and Tn is the stopping time of Xsn. By
the fact T <_ liminfn-oo Tn, we pass the limit in (3.6) to get

(1, #o(#)) _< linmif(/’ #o(#n)), for > O.

However, any C(S) can be written as l-l+ -1-, then (/,#o(.)) (/+,#o(.))_
(1-, #o(.)) is the difference of two lower semicontinuous functions and therefore eorel-
measurable as a function of #, for any C(S). Equivalently, #o(.) is Borel-
measurable in # with respect to the w*-topology of A/f(t, x).

We are then allowed to define

f
(3.7) M [ #c(d#).

(,)

Because each #o has the properties that #o <_ # and #([t, T] x 0 x U) 0, hence
M <_ Mc and M([t, T] x 02 x U) 0, too. That is, Mo vanishes on the boundary
space [t, T] x Ofx U.
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Next, we compute that for any E C1,1,

(A’ M)=

fo(t,)

[(T, X) (t, x)]a(d#)

(T, Xrg)a(d#) (t, x) (, N) (t, x),

where the boundary measure No is defined by

(3.9) < L,N >= ] L(T,X)a(d#), VL e C(o).
g(,)

This is well defined since both T and X depend on # A4(t, x) Borel-measurably.
Clearly, M,No > O, and JIMl[ < T- t, I[N[I < 1. Together with (3.8), it

implies that Mo (M,No) A4w(t,x) by its definition.
Finally, to show that M < M, we note that M < Mc and MI[t,T)u

Mc][t,T)U, since Mc M + Mo, and Mo acts only on the boundary space o.
Then, we have

(1, M) f[ ldM <_ f[ ldMc
,T)xxU ,T) xFxU

[ ldM < (1, M)
,T) xFxU

for any >_ 0 in C(S). 3

The next result is entitled the Equivalence Principle in the convex duality ap-
proach for the optimal control problems. Owing to the results established above,
we are able to give a simple proof here without directly employing the convolution
argument in Fleming and Vermes [2], [3], [4].

THEOREM 3.4. Assume that lo > O, Lo O, then Cw(t,x) Cs(t,x). That is,
the strong formulation (2.7) is equivalent to the weak formulation (2.10) in our stopped
processes problem. Moreover, the minimum is attained by a "stopped" measure.

As a consequence of this equivalence theorem and Theorem A.3 in the Appendix,
we conclude that

(t,x) sup{(t,x) is a smooth subsolution}.

Proof. First, Cw(t,x) < Cs(t,x) holds trivially since Mw(t,x) D M8(t,x).
To prove the opposite inequality, let us take any M (M,N) Mw(t,x). By

Proposition 3.3, there is a M (M,N) Mw(t,x) such that Mo is a minimal,
stopped part of M in terms of the boundary 0S2.

Since lo _> 0 and L0 0, it follows from the integral representation (3.7) that

([o,/th/) (lo, M) > (lo, M)

f (lo, #)a(d#)
g(t,)

f
> / sa(d#) Cs(t, x).

g(,)

Therefore, we have Cw(t,x) > (t,x).
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The proof also implies that the minimum must be attained by some "stopped"
measure. Otherwise, by employing the argument in Proposition 3.3, the "stopped"
part can always be extracted so that it will yield a smaller cost. Cl

Remark. (1) It is indicated in [2] that JIcTM (t, x)=the w*-convex closure of JI(t, x).
We conjucture that in our stopped processes problem

(3.10) A/I(t,x) the w*- convex closure of Ms(t,x)

holds true, although we have not obtained a rigorious proof for this assertion.

(2) The weak space v(t,x) in our stopped processes problem has measures
generated by the stopped processes as well as measures generated by the continuing
processes. Compared to the weak space j4(t,x) in the state-constraint problem,
this is a larger space and therefore yields a smaller minimum (i.e., the value function),
which is expected in our problem since we have a nonnegative penalty cost.

Appendix. Convex duality and smooth subsolutions of the Bellman
equation. The results in this section, which exhibits the approach from a viewpoint
of convex analysis, are very similar to 5 of Vermes [8] and 4 of Fleming and Vermes
[4]. Most arguments are the duplicates of those in [4], [8], therefore we will only state
the results and indicate the differences in our proofs.

Let us bring the weak problem (2.10) into the Fenchel normal form.
Define the function

() { < 0,t >, e (t,x)
+, e ()\(t, x)

for [o (lo, Lo) e C(). Clearly, this extended real-valued function h is convex and
lower semicontinuous, and its dual t* is defined by the Legendre-Fenchel transforma-
tion

t*([) sup
(#)

Rather than attempting to find t*, we write tl 2 in such a way that the
duals h, h. can be found explicitly.

Introduce the following pair of spaces:

Jl(t,x) {J (M,N) e A4() 1) holds in (2.9)}
J2(t,x) {//= (M,N) E J4() 2) holds in (2.9)}

and define

tl (J) { (/0, J/), jr e Jl (t, X)
+, e ()\(t,x),

M JA2(t, x)
e (s)\(t,x).

Both 1 and -/t2 are clearly convex and lower semicontinuous, since JII(t,x) and
A/t2(t, x) are both convex and closed. Then, it is immediate that the weak problem is
equivalent to the Fenchel problem:

Minimize/t1(21/)- t2(/l/) over J4(). In other words,

min {< [0 >} min {hl(J) t2(J)}.
w(t,x) ()
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The Legendre-Frenchel transforms of 1,2 are computed in the following lemma.
LEMMA A. 1.

(1)/t;(D (T t)ll(/-/o)+11 + II(L L0)+ll, V [= (/,L) e C()

(2) (D { -cx,-limCn(t’X)’otherwiseif[= limnz -n with Cn e CI,(E)

The proof of this lemma will follow exactly the same line as that in Fleming and
Vermes [4], [8].

We recall the Bellman equation (2.4)"

inf {Ore + f. Vx +/o} 0
uEU

with the terminal and boundary conditions (t, x) Lo(t, x) on Eo.
DEFINITION A.2. The function is called a smooth subsolution to the Bellman’s

equation (2.4) if e CI,I(E) satisfies

A + l0 _> 0, in [O,T) x gt x U

and (t,x) _< Lo(t,x) on Eo.
The next theorem is the main result of this convex duality approach. Roughly

it states that seeking maximal solution of the Bellman equation is the dual to the
weak problem formulated in the 2. Under the current weak assumptions, no classical
solutions to the Bellman equation need to exist.

THEOREM A.3. For any [o (lo, Lo) in C(), we have

Cw(t,x)de----fmin{< /o,//>" e Aw(t,x)}
sup{(t,x) is a smooth subsolution}.

That is, the value function (i.e., the minimum) of the weak problem is the upper
envelope (i.e., supremum) of the smooth subsolutions to the Bellman equation.

Proof. As in Fleming and Vermes [4], [8], substitute h and/t of Lemma A.1 in
the Rockafellar duality formula and use the fact that {A" E C1, } is dense in set
{[" /t([) > -cx}. We obtain

(t,x) min{/tl(]/)-/t2(_h:/) h:/e M()}
sup{h(/) 7(b" i e C()}
sup{(t, x) (T t)ll(A + lo)-II- I1( n0)+ll e C,}.

Let O(t,x) (t,x) (T t)ll(A + 10)-II- I1( L0)+ll Clearly e C,I(E) and
it satisfies

AO+lo=(A+lo)+ll(A+lo)-II:>0, in[0,T)U,
O(t,x)

_
-I1(- Lo)+ll - Lo(t,x), on Eo.

By Definition A.2, is indeed a smooth subsolution to the Bellman equation (2.4)
and we conclude the result of theorem. D
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MESH INDEPENDENCE OF THE GRADIENT PROJECTION
METHOD FOR OPTIMAL CONTROL PROBLEMS*

C. T. KELLEYt AND E. W. SACHS

Abstract. The gradient projection method and its application to optimal control have been
analyzed with regard to the rate of convergence quite extensively. Here another aspect of this method
is considered. In finite dimension the set of active indices is identified after finitely many iterations
under mild nondegeneracy assumptions. However, it is clear that this property is restricted to the
finite-dimensional case. In this paper, for example, a sequence of discretized optimal control problems
is considered, and it is observed that the number of steps to identify all active indices increases with
the refinement of the discretization. result analogous to the finite-dimensional result is valid in this
situation if identification of active indices is understood in the correct light. This paper shows that
if a different termination criterion is imposed, then the number of necessary steps for termination
is indeed mesh-independent. Numerical observations illustrating this result are reported for various
examples from optimal control.

Key words, gradient projection method, finite identification of active indices, mesh indepen-
dence, optimal control problems

AMS(MOS) subject classifications. 49D05, 49D07, 65K10

1. Introduction. Consider the constrained optimization problem,

(1.1) min F(u) such that u E U,

where H is a Hilbert space, U c H is a bounded, closed, and convex set, and F H -+

is the objective function. A popular method for solving (1.1) numerically is the
gradient projection method. This algorithm requires an inexpensive way to compute
the projection onto U, P" H U, where

(1.2) P(h) solves min Ilu hll.uEU

The sequence of iterates is defined by

(1.3) u+, P(u VF()),

where ak > 0 is a stepsize parameter that is determined by some stepsize rule. We
will consider the Armijo stepsize rule, shown below.

For fixed > 0, , E (0, 1) set ak if

F(uk) F(P(uk &VF(uk))) >_ a<VF(uk), Uk P(uk 5VF(uk))}.

Otherwise, choose ak such that ak mk, where mk is the smallest integer m SV
with

(1.4) F(uk) F(P(uk m&VF(uk))) >_ 5<VF(uk), uk P(uk --/mS.VF(uk))>.
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In Hilbert space this algorithm has been considered in [7], [10], and [14] with
application to control problems. In recent years the gradient projection method has
again become the focus of various researchers for problems with simple constraints,
called bound constraints or box constraints. In the finite-dimensional case, H D;
this means that

(1.5) U {u E :D’a <_ ui <_ a,i 1,...,D},

with fixed vectors a-,a+ jD such that a- < a,i 1,...,D. This type of struc-
ture occurs, in particular, for the discrete formulations of optimal control problems
with constraints on the magnitude of controls: Let x(t) and u(t) Kt denote
the state and control, respectively. The state x(t) depends on the control through the
differential equation

(1.6) 2(t) f(t,x(t), u(t)), x(O) xo e ,
where f C1(3). The feasible set of controls U is defined as

U={ueL[0, T]:a-(t)<_u(t)<_a+(t) a.e. on [0, T]},

where a-, a+ L[0, T] are fixed functions such that a-(t) < a+(t) almost every-
where [0, T].

The function that is to be minimized is given by

(1.7) L(t,(t), (t))dt,

with L C1(3).
In discretized form, the optimal control problem can be written as

D

(1.8) min E L(x, u),
i--1

where x depends on u through a discretization of (1.6) such as

(1.9) xi+l xi + fi(xi, ui), 0, 1,..., D

and

(1.10) L, f C (2), 0, 1,..., D

are functions arising from the discretization process. Our analysis does not require
one-step schemes such as (1.9), and the discretization of the differential equation could
also be realized through a finite element approach.

The results in this paper will require that the solutions to the discrete problems
be in the same space as those of the continuous problem. This can be done for the
discrete optimal control problems discussed above by regarding the control, state, and
adjoint vectors as step functions. Full details of this correspondence are given in 4.

An index of a constraint is considered active when the inequality is an equality.
Bertsekas [2] pointed out that an advantage of the gradient projection method is that
it allows us to add or to drop several active indices in one iteration. This is especially
important for problems with many active constraints at the solution. Furthermore,
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Bertsekas showed that under certain nondegeneracy and second-order sufficiency as-
sumptions, the set of active indices is identified after finitely many iterations.

Nondegeneracy assumption. Let the gradients of the constraints corresponding
to the active indices at a point u,, satisfying the necessary optimality conditions, be
linearly independent and let the Lagrange multipliers corresponding to active indices
be positive.

THEOREM 1.1 (Bertsekas [2]). If Uk is a sequence produced by the gradient pro-
jection method with the Armijo step-size rule that converges to a solution u,, where
the nondegeneracy assumption holds, then there exists an index ko such that the set
of active indices of Uk remains unchanged for k larger than ko.

In a series of papers, the convergence analysis for the gradient projection method
has been investigated. Dunn [7] related the convergence rate to a condition on the
growth of the objective function or its first-order approximation as we move away
from the optimal point. For some a > 0 and > 1, let

(1.11) -),(a) _> act for er > 0

hold where

(1.12) -y(a) inf F(u) F(u,), > O.

Note that the growth of "y could come from F or the feasible set U. A special case of
Theorem 4.3 in [7] is the following result.

THEOREM 1.2. Let U be a closed convex bounded subset ofH and let F be convex
and bounded with a continuous Frdchet derivative. If with "y in (1.12) -y(a) > 0 for
a > O, then for rk F(uk) F(u,) we have rk o(1/k). In particular,

4r05a )rk <_ ro 1 + D= k
-1

fork E with ak >_ a > 0 and D max{llu-vll u,v U}. If for some a > 0
(1.11) holds, then .for 2 there exists & e (0, 1) with

rk+l <_ &for
rk

and, for > 2,

rk

The boundedness away from 0 for the stepsizes is a common requirement in this
context, and we refer to Lemma 3.4. Papers [2], [3], [8], and [9] considered Newton-
type variations of the gradient projection method to improve the convergence behav-
ior. In [4] the notion of the projected gradient was used to improve and extend the
result on finite identification of active constraints. In all papers, the choice of the
stepsize rule plays a quite important role. References [5], [15], and [16] deal with a
trust-region approach for the gradient projection method as a globalization strategy.
Also in these publications, the finite identification of active constraints is a major
issue in the proofs.

In the numerical results of [2] it is mentioned that for discretized optimal control
problems the number of iterates required to identify the set of active constraints
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TABLE 1.1
Finite identification of active indices

DN kact for Ex. 1 kact for Ex. 2 kact for Ex. 3
4 163 56 6
8 779 53 7

16 5032 76 14
32 36472 127 24
64 277582 231 56

increases as the discretization is refined. This can lead to a prohibitively large number
of iterates until the minimum is achieved. We illustrate this for some examples, which
we use later in the section on numerical results (4). We choose

L(t, x, U) 51X2, f(t,x, u) bu, xo 1, T 1, a+(.) a-(.) 0.5

and three choices for b:
Example 1.1. b(t) (t 0.5)3;
Example 1.2. b(t) (t 0.5)3 / 0.03;
Example 1.3. b(t) cos(3t).
We discretize this optimal control problem with (1.8) and (1.9):

1
D ON, ni(x, u) x2, f/(x, u) b(i/Dg)u.

2DN
The set of active indices is defined as

I(u) {i ui a; or ui a+}.
It can be shown that all the active indices are identified after finitely many steps.
However, as we can see from Table 1.1, this statement can become irrelevant in the
sense that the number of active indices and the number of steps required for their
identification increases without bound as the discretization is refined. The number of
steps needed to identify DN- 1 active indices

]act min(k e II(uk)l DN 1}
is shown in Table 1.1.

The first example does not satisfy the quadratic growth condition, (1.11) with
2, but the second, which is a slightly perturbed example does satisfy the quadratic

growth condition, albeit with a small a. Table 1.1 clearly shows that the influence
of an infinite-dimensional ill posed problem affects the algorithmic behavior of the
finite-dimensional discretized problem. As a well-posed example, we use Example 1.3,
where (1.11) is satisfied.

All three examples in Table 1.1 show that the number of steps required to identify
the active indices is dependent on the dimension of the problem. It is evident (see,
e.g., [16]) that for optimization problems with infinitely many constraints the active
set will not be identified in finitely many steps. For discretizations of such problems,
more iterations are necessary to identify the active set as the discretization is refined.
This is an unsatisfactory situation because the computational effort does not only
become larger because of the increasing dimension but also because of the higher
number of iterations required for active constraint identification. Moreover, in the
context of control, much of this work resolves the solution of the discrete problem
to an accuracy beyond that of the discretization of the differential equation, and is
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wasted. In this paper we will give measures of constraint identification that limit the
number of iterations in a way that is independent of the dimension.

We seek mesh-independence results of several kinds for the identification of the
active set of indices. One of the concepts of mesh independence that we use here was
first defined in [1] and [12] in the context of nonlinear equations. In those papers,
iteration schemes for solution of F(u) 0 in a Hilbert space H were compared with
those for an approximate equation FN(u) 0 on a space HN. The number of iterates
required to drive the norm of F or FN to a given size were compared. Define Fo F,
Hc H, and

IN(c)-- min{k" [[FN(ulff )][Hz ( }, 1() min{k [[F(uk)[[H < },
N and uk are the kth iterate for the iteration scheme on HN and H, respec-where uk

tively. The results in [1] and [12] required only mild assumptions on the methods and
the types of approximate problems and stated that for every > > 0 sufficiently
small there was Ne,6 such that if N > N,6, then

Our goal in this paper is to formulate and prove results of this type in the context of
approximations to (1.1) in the specific case of optimal control with constraints on the
magnitude of controls.

Section 2 contains the definition of the set J, which is a subset of the set of active
indices. This set is identified after finitely many steps, even for a problem in function
space. For example, if the gradient satisfies a condition that plays an important
role in the convergence rate analysis, then the set J converges also at a certain rate
to the set of active indices. Section 3 is devoted to approximate problems and the
statements and proofs of the mesh-independence results. Under certain conditions on
the convergence of the gradients, we can prove that the number of steps necessary to
identify the set Je is independent of the meshsize, as is the number of iterates needed
to drive the norm of the projected gradient to below e. These statements illustrate
the type of mesh independence that we seek.

An important assumption is that the stepsizes are uniformly bounded away from
zero. We verify this assumption for an Armijo-type stepsize rule. In 4 we consider two
examples from optimal control. For a problem with ordinary differential equations,
we give numerical results that justify the claim that the number of iterations needed
to identify all active constraints can be excessively high. The results indicate that
the number of iterations remains almost constant under a mesh refinement if other
termination criteria are used. The second example from the optimal control of the
heat equation through boundary input gives similar results. It is noted that these
observations are important in particular when the optimization problems are illposed.

2. Identification of active indices. In this section we consider statements
about the finite identification of active indices for the infinite-dimensional problem
(1.2) in function space. For simplicity, we choose in the definition of the feasible set
U the functions a-, a+ to be 1 and -1:

(2.1) V {u e no[0, T] [u(t)l < 1 a.e. on [0, T]}.

Since the projection in a Hilbert space is essential in the framework of the algo-
rithm, the analysis for the convergence is usually carried with respect to the L2 norm.
The Frchet differentiability in this norm has to be checked for the specific examples
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because it is a much stronger requirement than differentiability with respect to the
L norm. We denote the gradient VF(uk) by sk. In the context of the optimal
control problems (1.6), (1.7) the gradient can be computed, if it exists, by

Sk(t) L(t, xk(t), Uk(t)) / pk(t)f(t, xk(t), uk(t)),

where Pk solves

--[gk Lx(xk, Uk) / Pkfx(Xk, uk), pk(T) O.

To formulate a result on finite identification of active indices in function space,
we reconsider the bang-bang principle. Since at the optimal control u,

T

s,(t)(u(t) u,(t)) dt >_ 0 u E U,for all

where s, is defined analogously to sk, we deduce that

u,(t) -sgn s,(t) for a.a. t e [0, T], where Is,(t)l > O.

Obviously, in a numerical scheme, the positivity of s,(t) will be considered satis-
fied if for an appropriate small value > 0, the inequality

I ,(t)l _>

holds. We will show in the following lemma that for all t where (2.2) is true, the values
of u, are identified after a fixed iteration index. This allows us to prove a result on
finite identification of indices t, which satisfy (2.2), and to refine this statement later
to mesh-independence results for the discretized problems.

LEMMA 2.1. Let s, s,, u, u, Loci0, T], and a J be given with some a > 0
such that

(2.3) ak>_a>0 for all k

and

(2.4) uk+l(t) sat(uk(t) aksk(t)) a.e. on [0, T].

In (2.4) the function sat is defined in the usual way as

(2.5)
1

sat(u) u
-1

if u>l,
if u e [-1,1],
if u<-l.

Suppose that

lim I]Sk S, IIL[O,T O,
k cx

and, for all > O,

(2.6) lu,(t)l 1 a.e. on Je {t e [O,T] ls,(t)l >_

Then, for all e > O, there exists ke V with

u (t) u,(t) for all k >_ k, t J.
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Proof. Choose kl(e) E such that, for all k >_ kl(e),

We introduce the sets

J+={te4.s,(t)>e} and J-={teJe’s,(t)<_-e}.

Then

(2.9) sk(t) > e_ for all k > kl() and a.e. on J+.2

Hence for l(e) G ffr with l(e) >_ 4/(ce) we have with (2.3)

t()+kl()

(2.10) E Cksk(t) _> l(e)a _> 2 a.e. on J+,
k--k(e)

and hence, according to iteration rule (2.4) of the gradient projection method,

(2.11) Uk(t)=--i for k_>l()+kl(e)+la.e, ond+
Similarly, we obtain

(2.12) uk(t)=+l for k_>l(e)+kl(e)+la.e, onJ-;

i.e., (2.7) holds with ke kl (e) + l(e) + 1. D
It is evident that the size of the interval Je where finite identification occurs

depends on the shape of the graph of s,. If s, has only finitely many zeros in [0, T],
then the length m(Je) of Je converges to T, lime__,o m(J) T, but this convergence
can be arbitrarily slow. The following lemma gives conditions that relate the rate
at which m(Je) increases to properties of s*. We define the set of zeros of s, by
Z {tls,(t 0} and the complement by

(2.13) ,4 {tls,(t 0}.

We use the following condition

(2.14)

Z is a finite union of intervals [ci, di], 1,
and there is > 0 and # _> 1 such that

Is,(t)l _> adist(t, Z)".

,Nz,

LEMMA 2.2. If (2.14) holds, then

(2.15) m(A- J) <_ c e I/u

holds for all e > 0 sufficiently small and some fixed c > O.
Proof. If t e A- Je, then

e > Is,(t)l > dist(t, Z)".
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Hence, if

then, if

I<i<Nz

te U
l<i<Nz

This completes the proof with c 2Nz&-1/.

3. Approximate problems and mesh independence. In this section we ap-
proximate the problem of minimizing F on a subset U of H by the minimization of
some FN HN --+ : on a set UN C HN. The issue in this section is how measures
of progress toward identification of the set of active constraints A vary with the level
of approximation. Such questions come under the category of mesh-independence
results.

We consider three notions of mesh independence. The first is the assertion in
Theorem 3.1. This says that the iterate k after which the active interval has been
identified up to e is independent of N. This can be seen in the numerical results in
Table 4.2.

We show that the set J of indices is identified after a number of steps that is
independent of the discretization level N in the following sense. In this theorem it
is assumed that skg converges uniformly in L to s,, which is checked in 4 for the
examples under consideration. This assumption also holds if the uniform rate estimate
on the function values in Theorem 1.2 is applied to the following estimates. Conditions
on f and L that yield the convergence of u,N, x,N, s,N to u,, x,, s, like linearity of f
and convexity of L, (cf. [6, p. 116]) imply that, for some c > 0,

<_ FN(uN,).

Hence ukN converges uniformly to u, and, therefore, also to the corresponding switch-
ing functions.

N L[0, T] k, NESV be such thatTHEOREM 3.1. Let sk s,

(3.1) lim IIs S, IIL[O,T] 0
N k cx3

holds and that there is a such that

(3.2) av > a > 0.

Then for all > 0 such that (2.6) is true, there exist ke, Ne 6 with

(3.3) ugk (t) u,(t) for all k > ke, N > Ne, and t e Je.

Proof. Choose kl (), Ne e V such that for all k > kl (), N > Ne,

<
N with indices k > kl() N > N we canDefine J+, J/- as in (2.8). If we consider s

follow through (2.9)-(2.12) to obtain (3.3) with
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A traditional notion of mesh independence, described in [1] and [12], is that the
iterate k after which the size of the projected gradient is less than e is independent
of N. To state a result of this type, we consider the difference between consecutive
steps. This is feasible because the stepsizes ak are assumed (see (2.3)) to be bounded
from above and also uniformly from below away from zero. It holds that

ky(e) min{k IlukN uv_l[lH < k(e) min{k Ilu- Uk-lllH < }.

The following mesh-independence result of the second type explains the results
reported in Table 4.1.

NTHEOREM 3.2. Assume that uk uk in H for all k E . Then for all , p > 0
there is Ne,p such that if N >_ Ne,p, then

( + p) <_ () <_ ().

Proof. By definition of k(e),

The assumption of the theorem yields that for each # > 0 there are N(#, k) E such
that

Iluv -ukll < for all N >_ N(#,k).

In particular, we have that for

N > N-= max {N(u(e)/2, k()),N(u(e)/2, k()- 1)},

Hence kg(e) <_ k(e).
On the other hand, for given , p > 0, we have

Choose

Ilu -Uk-lll >_ e + p for all k < k( + p).

Ng2,p max {N(p/2, k)" k- 1,... ,k(e + p)}.

Then for all N >_ N2,p and k < k(e + p)

N N

N N--Ilu()-u()llH -u IIHUk(e)-I (e)-i

1> + p- (p + p)
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Hence kN(e) > k(e + p) for all N > 2N,p, and the statement follows with Ne,p
max {N:, N2,p }. B

The third type of mesh-independence result considers the number of constraints
that are changed in the transition from u,N to u,g+l. We will discuss this in the specific
context of first-order differencing for the state and adjoint equations as described in

1. In this case,

In the case of an implicit Euler solution, eN chN, where hN is the stepsize at level
N and the number of grid points is 1 + h1. We accept jg {tllsg,(t)[ > eg} as
the active set at level n. Define AN jNAAjN+I" Here the A-symmetric difference
of sets is

AAAB (A B) U (B A),

with Ac A- (A f)A) denoting the complement of A in jr. We state a set theoretic
mesh-independence result.

THEOREM 3.3. Let the assumptions of Theorem 3.1 hold. Assume that (2.14)
and (3.4) hold and that Eg P6N-1 for some p < 1. Then there is independent of
N, such that

m(AN) <_ ccN

for all N.
Proof. If t E (jN)c fq jN+I, then

Is* (t)l _< Is,N(t)l + EN < 26N

and, therefore, t E A- J2N. If t (jN+l)c N jN, then

Is*(t)l _< Is,N+X(t)l + 6"N+l 26N+1 2p6N < 2N.

Therefore AN Q /[_ J2SN, which completes the proof by Lemma 2.2 with fi 2c,
where c is the constant in (2.15). [:1

In the special case where Z is a finite set, g hg 2hN-1, and # 1, the
above result asserts that the number of grid points at level N + 1 for which

Is,N(t)I _> EN, approximately active at level N

but

Is,N+l(t)l < EN-I-1, undetermined at level N

or vice versa, is bounded by a constant independent of N. To see this, note that the
number of grid points in a set of size hN should be roughly . Hence only a finite
number of constraint changes must be done if the initial iterate for level N + 1 is a

converged result at level N.
If # > 1, however, the number of additional approximately active constraints that

must be considered at each level will increase with N. The number of grid points in

AN will be approximately

m(AN)IeN O(e(-t)l).
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This estimate indicates that the number of changes for the number of approximately
active constraints at each level is constant with # 1 and increases for # larger
than 1.

To conclude this section, we show that the assumption on the uniform bound-
N is satisfied for Armijo’s rule under a uniform bound on the Lipschitzedness on ak

constant of FN. The arguments are the same as for F and can be found in [2]. For
completeness we include a proof.

NLEMMA 3.4. Let uk E UN be a sequence of points generated by the gradient
projection algorithm with Armijo’s stepsize rule (1.4). Assume that the constants N
and g specified for each N in (1.4) satisfy

Suppose that there is L > 0 such that

IIVFN(u) VFN(w)II

_
Lllu- wll for all u, w UN, N .

Then there exists a >_ 0 such that for all k, N ,
>>0

holds.

Proof. The definition of the projection implies that for all u UN and c > 0

< VFN(u), u PN(U aVFN(u)) >_ lllu Pg(u aVFN(u))II

is true; see, e.g., [7, (2.6)]. The Lipschitz continuity yields for all u, v DN and all
NE2N

(3.6) [FN(U)- FN(V)-- < VFN(U), u- v >1_ 1/2LIIu- vii 2.

N 5N or that with (3.5) and (3.6)The Armijo 8tepsize rule implies that either ck
the following inequalitie8 hold:

N

N N N()) >

__
((N 1) < VFN(UI) Uk PN(Uk NVFN

g N _VFN(U))IIU< - Ilu PN(u ,,oN

and therefore

21 -5 <21--5N <aL L

Hence we obtain

av> min{0,21-5
L }>0.
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4. Numerical results. In this section we illustrate some of the theoretical re-
sults of the previous sections. Let us consider first a rather simple, but nevertheless
illuminating, example from optimal control. The problem consists of minimizing- x(t)2dt,

subject to

c(t) b(t)u(t), x(O)= 1, t e [0,1]

and

u e U {u e L2[0, 1] "lu(t)l <_ 0.5 a.e. in[0, 11}.

Let us consider the following examples
Example 4.1. b(t) (t- 0.5)3;
Example 4.2. b(t) (t- 0.5)3 + 0.03;
Example 4.3. b(t) cos(3t);
Example 4.4. b(t) (t 0.5)It 0.51.
The first example does not satisfy the growth condition (1.11) for 2, but the

second, which is a slightly perturbed example, does. As a more well-posed example,
we use Example 4.3 where (1.11) is also satisfied.

The optimal control satisfies the following bang-bang-principle:

u, (t) -0.5 sgn p, (t)b(t) a.e. in [0,1],

where p, solves the adjoint equation

-[9(t)=x,(t), p(1)=O, te[O, 1].

Since p is positive on [0, 1) for all our choices of b, the function b determines the
type of growth for the switching function

(4.1) s,

For the discrete case, we replace the feasible set U by

DN --i

UN {u 6 L2[O, 1] "u= E
i=0

uixi, lui]< 0.5 0, DN 1},

Xi denoting the characteristic function on the interval [i/(DN), (i + 1)/(DN)], and the
objective function F denoted by

(4.2)
1 jo DNIFN(UN) - xix)2dt,

i=0

where xi is the Euler approximation to the solution of the differential equation

1
Xi+l Xi "- ----biui, O,...,DN- 1, Xo 1.

1iN
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Here we set

0,..., DN 1.

DN wlThe gradient of FN can be computed by Sg ,=o siXi, where

(4.3) si 0.hbipi, 0,..., DN 1.

Here pi is the Lagrange multiplier that satisfies the discretized version of the adjoint
differential equation by Euler’s scheme.

To check the assumptions for Theorem 3.1, we note that all FN and F are convex
and continuously differentiable. Furthermore, the quadratic form of (4.2) implies
under the use of the necessary optimality condition that

F(u) -F(u,) > F(u- u, > 0

for all UN E UN with UN uN,. By invoking Theorem 1.2, we obtain uniform
convergence of Fg(u) to FN(uN,). More specifically, there is a constant q e with

for all k, N /hr. Since we know by inspection of the discretized problem that for
sufficiently large N the optimal control u,N is bang-bang except for two subintervals,
we have

Ilu, u,NIIL 0 and IIx, x,NIILo --* 0.

From (4.1) and (4.3) we see that the convergence of the switching functions is deter-
mined by the corresponding adjoint states, which takes place in the Lo-norm because
of the smoothing property of the adjoint differential and difference equation. Hence

lim IIff , IILoo < lim IIv ,N IILo + lim II,N , IILoo 0.
N--*oo

Therefore, Theorem 3.1 is applicable to our examples, and we can expect mesh inde-
pendence in the sense of the results in 3.

In Table 4.1 we do not terminate the algorithm on the identification of the active
indices but rather when we reach a certain tolerance for the discrete L2-norm of the
steps, i.e., the projected gradient"

kN(10-4) min{k e ./N" Iluv -uV_ll <_ 10-4}.

The table shows clearly that in all cases the number of iterations to reach this goal
is independent on the dimension, which is in line with the results proved in Theorem
3.2.

NWe now discuss the condition uk - Uk in H for all k /N, which occurs as an
assumption in statement of Theorem 3.2. The iteration scheme (1.3) is given by

u+ p(uNk aVFg(u)).

Our verification will be by induction and will be valid for almost every choice of the
parameter p in the Armijo rule. This technical restriction on p is a consequence of the
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TABLE 4.1
Termination based on small steps

DN kN for Ex. 1 kN for Ex. 2 kN for Ex. 3
4 6 8 24
8 13 30 8

16 12 31 14
32 12 31 12
64 12 31 11
128 12 31 11
256 12 31 11

TABLE 4.2
Termination based on relative length of interval of active indices.

DN k90 for Ex. 1 k9 for Ex. 2 k9 for Ex. 3 ks for Ex. 1
4 164 59 24 164
8 780 56 21 779
16 5032 76 14 734
32 4879 74 13 1065
64 9104 85 16 1048
128 9032 85 16 1040
256 8617 84 16 1069

discrete nature of the decision to accept of reject a step and was explained in detail in
[11]. We refer the reader to that paper for a discussion of this point and will only note
the issue below. Clearly, uv u0 uniformly. To complete the verification, we assume

N Nthat uk --, uk in L2 then show that Uk+ __, Uk+l in L2. Since VFN(uI) 8k we
Ncan use similar arguments as above to check sk sk. The projection is continuous,

Nand therefore ak ak remains to be shown. This is true for almost every choice of
p, as was the case in [11].

As a termination criterion in Table 4.2, we use the size of the interval where the
indices are active. Termination occurs when the length of the interval corresponding
to all active indices is a certain fixed percentage of the length of the total interval.
Suppose we want to stop if p percent of the interval length is a bang-bang control;
i.e., the corresponding indices are active. Then we define

Pkp min{k e ’lI(uk)l/Dg >_

This termination criterion is related to Theorem 3.1 for an appropriate choice of e.
The results for this termination criterion are listed in Table 4.2 and show also the
independence of the dimension of the problem. Example 4.1 is notably ill posed, so
we also list the results for a less stringent termination criterion.

In Table 4.3 we illustrate the estimate in Theorem 3.3 on how the measure of set
of almost active indices changes as the discretization is refined. Here the influence
of the growth condition (2.14) can be documented for our examples. The values for
Y in this table are g .02hg for Example 4.1, eg lOhy for Example 4.3, and
e .lhg for Example 4.4. According to the statement of Theorem 3.3 and the growth
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TABLE 4.3
Change of active set through refinement.

Example 1 Example 3 Example 4
m(AN) m(AN) m(AN) m(AN)DN m(AN m(AN_ m A/r m(AN

128 3.13’-2 3.05’-1 3.13’-2
256 3.13’-2 1.00 1.45’-1 0.47 1.95’-2 0.63
512 2.34’-2 0.75 6.64’-2 0.46 1.76’-2 0.90
1024 1.76’-2 0.75 3.13’-2 0.47 1.27’-2 0.72
2048 1.42’-2 0.81 1.56’-2 0.50 8.30’-3 0.66
4096 1.12’-2 0.79 7.81’-3 0.50 5.86’-3 0.71
8192 8.91 ’-3 0.79 3.91 ’-3 0.50 4.15’-3 0.71

condition for our examples, we should expect an estimate for the ratios

m(Av)/(/-)
of the following type: It should be 0.79 for Example 4.1, 0.50 for Example 4.3, and
0.71 for Example 4.4. For high discretizations, these estimates can be verified in the
given examples.

As a second example, we look at an optimal control problem with partial differen-
tial equations. For further references see, e.g., [13]. Let y(t, x) denote the temperature
at time t E [0, T] and at location x E [0, 1]. Heat conduction problems with memory
can be modeled with pseudoparabolic differential equations. The boundary problem
is given by

(t, x) (t, x) + (t, x),
(0, x) 0,
y(t, 1) =0,

-(t, o) (t, o) (t),

x e (0,1),
x e (0,1),
t e (0, T),
te (0, T].

te (0, T),

The function u denotes the input or control function. The variable s represents
a material constant. The objective function is given by

O LT

F(u) (y(T,x) z(x)) dx + - u(t)2 dt,

where " is a given continuously differentiable function and a > 0 a given
constant. The set of feasible controls is given by

U- {u e L2[0, T]’lu(t)l _< 1 a.e. in [0, T]}.
We define for u E L2[0, T] the solution y(T, .), which enters the objective function as
follows:

LT

2bjcj(x) e-XJ(T-8)u(s) ds(x) := (T, x)=
j=0

with the following abbreviations for j -0, 1, 2,...:

cj(x) cos jTrx, x [0, 1]
tz jr
bj +

(l+ej),

a , k>0 a0=l.



492 C.T. KELLEY AND E. W. SACHS

TABLE 4.4
Pseudoparabolic Control Problem

DN I/(Uiter) /act ?’act iter
10 9 (90%) 0.2000 0.2500 32
25 21 (84%) 0.2000 0.2800 31
50 44 (88%) 0.2100 0.2700 28
75 65(87%) 0.2067 0.2733 29

100 86 (86%) 0.2050 0.2750 30
150 130(87%) 0.2067 0.2733 29
200 173 (87%) 0.2050 0.2725 29

If we use the adjoint operator S* of S L2[0, T] C[0, 1], we can show that the
optimal control u, satisfies the following necessary optimality condition:

u,(t) -sgn(S*(’(Su(.) z(.)))(t) + au,(t)),t e [0, T].

or, equivalently,

i
u,(t) -sat(

where the function sat is defined by (2.5).
We approximate the problem by truncating the infinite series representation of S

by

jN T

Sgu (x)= E a.bjcj(x) e-J(T-S)u(s) ds;
j=0

we replace the set U by piecewise constant functions UN on a fixed grid with values in
[-1, 1] as in control problem above. The integration, along the space variable x from
0 to 1, is replaced by a quadrature rule. Hence the function FN is determined by

DN --I
1

,N DN--1 1 2FN(V)
1N + I E (SN( E ViXi) (Xl) Z(Xl)) + - E/=0 i=0 i--0

We set

T=0.5, e=10-4, a=0.1, jg=50, /N=100, (y)__y4, Z(X)--3(x--O.5).

The termination criterion is set to be

Iluv+l- uVll _< 10-6.

This is a reasonable termination criterion because the description of the optimal
control u* tells us that it is not a bang-bang control and has a singular arc. We
tabulate in Table 4.4 the number of iterations iter needed to reach the termination
criterion, the number of active indices I/(uit)l, and the interval [/act, ract], which was
identified as singular; i.e., the control has values inside the interval (-1, 1).

Acknowledgments. The authors thank the referees for helpful comments and
remarks on the paper.
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CONTRÔLE OPTIMAL DANS LES EQUATIONS ELLIPTIQUES *

R . TAHRAOUI t

Abstract . The goal of this work is to study problems of control when the state is governed by an ellipti c
partial differential equation . The control dependency is nonconvex . These kinds of problems arise in suc h
applications as domain control or hydrodynamics . Examples are provided .

Key words . contrôle optimal, équations elliptiques

1 . Introduction et notation . On se propose, dans ce travail, de traiter quelque s
questions d'existence de contrôle optimal dans un cadre non convexe, et où l'état du
système est défini par des équations uniformément elliptiques .

Il existe de nombreux travaux traitant de ce sujet . Les premiers résultats semblent
remonter à 1955 avec le travail de Krein [17] qui, motivé par l'étude des zones d e
stabilité de l'équation

y"+ Ap(x)y = 0

où x E ] —oo, +oo[ et p est une fonction période, s'était intéressé aux deux problème s
suivants :

inf {a .n(v)/v E

max { A n (v)/ v E 0111 ,

où À n = A n (v) est la nième valeur propre d e

y"+v . y=0,

y(0) = y(l) = 0 ;

le contrôle v appartient à l'ensemble qi donné par

all= vEL°°(0, 1)/h-vH,

	

vdx =M ,
0

h, H, M étant des constantes positives données . Les résultats obtenus sont très préci s
(cf. [17] : la dimension d'espace n = 1 en est une des raisons) . Motivé par l'étude de s
vibrations d'une barre Banks [18] aborda les deux questions précédentes pou r
l'opérateur du quatrième ordre suivant :

(4
)

y — A ' vy =0, y(0) = y(1 )= y►►(0)=y"(1 )= 0 ,

le contrôle v appartenant à 011 . Nous pouvons remarquer que, aussi bien dans [17] qu e
dans [18], le problème de l'existence ne se pose pas : la dépendance du problème en
fonction du contrôle est convexe .

* Received by the editors September 9, 1988 ; accepted for publication (in revised form) November 30 ,
1990 .
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Marachal de Lattre Tassigny, 75775 Paris Cedex 16, France .

495



496 R . TAHRAOU I

Dans un cadre plus général que dans [17] et [18], Zérah [19] donne des résultat s
d'existence, pour des situations non convexes, en utilisant diverses techniques, notam -
ment l'homogénéisation et les réarrangements, pour certains problèmes de la form e
suivante :

—(a(v)y')' = Al . b(v) . y

(g'1)

	

J(v) = A 1 (v), qui est non convex e

sup {J( v )},

sous différentes conditions aux limites, le contrôle v appartenant à un ensemble d e
type alt. De plus, Zérah donne plusieurs motivations mécaniques du problème (g) 1 )
dans la recherche des formes optimales :

(i) recherche de la colonne la plus résistante ,
(ii) recherche de la colonne la plus haute, a volume donné (Tour Eiffel) ,
(iii) vibrations transversales d'une poutre ,
(iv) minimisation de la déviation d d'une poutre dont le poids est donné i .e .

minimiser :

J(a) = —

	

sin 0(s) ds
0

sous les contraintes :

d 2 de
=

ds
a

ds —
cos 8

0(0) = e'(1) = 0,
o

a(s) ds =1 .

On remarquera que J n'est pas convexe .
Signalons également que dans [26] on trouvera d'autres problèmes de contrôle

non convexe comme, par exemple, le problème suivant : (anisotropie optimale d'une
barre en torsion) il s'agit de maximiser la fonctionnell e

K(a)=2

	

cp(x, y) dxdy,

où çp désigne l'état solution de l'équation suivante :

— div (A(a) • V cp) = 2 dans fi ;

ç / f = 0, où F = 8SZ

dans laqualle a est une fonction contrôle décrivant l'orientation ; la dépendance en a

de A( . ) est non convexe. Les motivations précédentes constituent une première
justification de ce travail. Enfin signalons un résultat très significatif de [19] : (P 1 )
possède au moins une solution si la fonction v - a (v) • b(v) est strictement monotone .
Ce résultat intéressant semble lié à la dimension d'espace n = 1 .

En effet en dimension d'espace n 2, d'une manière générale, si on se place dan s
une situation où la dépendance du contrôle est non convexe, l'existence d'une solutio n
pour des problèmes du type (g'1 ) n'est pas toujours assurée . Il est connu (cf. [28]) qu e
le problème de contrôle de domaine suivant :

—div(v . Vw)= 1

(P2)

	

w/I'= 0

inf (J(v), /v e ~C 1 },

	

J(v) =

	

W dx =

	

v • IVwI2 dx
n

	

n
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n'a pas de solutions si l'on pren d

O1 1 = {v L'(f)/ v (x) {a , P}, mes (v-1(a)) = 61, mes ( v-1 (/3)) = 0 2 , 91 + 0 2 = mes (Il)} .

Il se produit un phénomène d'homogénéisation : la solution optimale (.5 exige un
mélange de matériaux, i .e ., le contrôle optimal û vérifi e

a~û(x)~/3

	

p.p . xES ~

avec

û dx = mes (SZ),

	

mes ({x E D/)/a < û(x) < P}) > 0 .

Dans notre travail le contrôle intervient dans les termes d'ordre zéro de l'opérateur .
Il s'agit, par exemple, de maximiser l'énergi e

J(v) =
J

Iwl2 dx,
n

oû w vérifie l'équation d'état :

(P3)

	

— Ow = v,

	

con' = 0 ,

v étant le contrôle admissible qui appartient à l'ensembl e

0112 = { vE L°°(1l)/a v p, v* = u o}, 1

où v* est le réarrangement croissant unidimensionnel de v ; il est clair que Gl1 2 est non
convexe et est une généralisation de 1 il s'agit de mélange à un nombre, éventuelle-
ment, infini de matériaux .

Deux types d'applications importantes sont modélisés par (g) 3) .

(1) Contrôle de domaine. Dans ce cas uo(x) E {a, [3} p.p . x E f; l'idée est de relaxe r
le probléme au sens suivant, i .e ., résoudre

Ir~

(~3 ) Inf {J(v)/v E V 3} 5

quand l'ensemble des contrôles admissibles es t

0113 = vEL°°(SZ)/avp,

	

vdx= y

Ce problème relaxé admet une solution optimale (û, Co) . On conclut que l e
problème initial admet une solution en montrant que le contrôle û est bang-bang .
Cette dernière propriété importante sera, pour cette raison, étudiée dans un cadre assez
général . Cette formulation englobe une classe assez large de problémes d'optimisatio n
de forme, i .e ., de contrôle par le domaine tels que le problème de la rigidité à la torsio n
d'une barre de section droite de forme quelconque ou le problème de la capacité : [30] .

(2) Problème d'hydrodynamique. Dans ce cas uo est une fonction croissante à
valeurs dans R+ (signalons au passage le cas intéressant où cardinal de (Im uo) es t
fini) ; le problème (P3) modélise, entre autres, un problème d'hydrodynamique où w
représente le potentiel des vitesses (aw/ax2 , -aw/ax 1 ), J(v) = f, 1Vwr dx représente
l'énergie cinétique du fluide et —Ow la vorticité dont la fonction de distribution es t
fixée . Pour la formulation de ce problème nous renvoyer à [36], [29], et [31] .

1 Ce type de contrainte se rencontre dans [12] dont nous avions reçu le preprint en décembre 1985 a u
moment où la rédaction de ce travail était achevée .
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Tous ces problémes entrent dans une formulation générale pour laquelle nou s
donnerons, dans un premier temps, des résultats d'existence sous des hypothèses asse z
simples ; et en deuxième lieu nous fournirons, autant que possible, des information s
qualitatives sur les solutions optimales . L'unicité sera également abordée . Enfin sig-
nalons que ce travail a été annoncé dans [15] et une premiére version en a été donnée
dans [16] .

Etant donné un ouvert borné régulier de R n, on considère l'ensemble des contrôles
admissibles

(1 .1) 011 (a,/3, y)= = fv L(), 0< a(x) v(x) /3(x) p .p . x,

	

vdx = y ,
n

où a et /3 sont des fonctions de L°°(Ç1) satisfaisant

0<a(x)<p(x)

	

p .p . x E fl .

On suppose 011 non vide, i .e ., que y vérifi e

a dx y

	

p dx .
n

Pour tout v dans

	

l'équation d'état du système es t

—Ow=a(x,v,w) dans f ,

w/F=0,

dans laquelle la fonction a de Il x (F + x lR dans R, supposée de Carathéodory satisfait
la conditio n

(1 .3)

	

a(x,s, t) a,

	

p .p . xE11, V(s, t)ER± xER .

Suivant les besoins du contexte, nous noterons la fonction état du système par w, w (v ) ,
w(a), ou w(a, v) si aucune ambiguïté n'est à craindre ; et à (1 .2) on associe la fonctio n
coû t

(1 .4)

	

J(v) =

	

l(v) . b(x, w) dx+

	

c(x, w) dx,
n

	

n

pour laquelle les fonctions b, c sont de caratheodory, 1 une fonction continue et w une
solution de (1 .2), associée au contrôle v .

DÉFINITION 1 .1 . Le problème P = P(a, b, c, 1) consiste à trouver u dans °lt tel que

J(u) =inf {J(v), v

2 . Resultats preliminaires. Nous avons besoin des hypothèses suivantes :

(2 .1)

	

v -* a(x, v, t) est convexe, p .p . x E f1, bi t E f~

et satisfait

l, s, t)l

	

riltl+ r2 (x )
(2 .2)

p.p x

	

V t E R, Vs E [inf a, sup P],

où r i est une constante positive satisfaisant ri < c(fl) constante de Poincaré ; r2 est une

In

(1 .2)
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fonction de L2 (fl) .

(2.3)

	

b(x,t)0

	

p .p.x1, VtEll

(2 .4)

	

b(x, t) croissante en t, p .p . x E SZ

(2.5)

	

c(x, t) croissante en t,

	

p .p . x E SZ

(2 .6)

	

1(t) est convexe, positive .

(2 .7)

	

a(x, s, t) est croissante en t,

	

p.p x, Vs.

Remarque 2.1 . L'hypothèse (2 .2) est faite pour simplifier la présentation et éviter
de poser le problème de l'existence d'une solution de (1 .2) qui n'est pas dans le bu t
que nous nous sommes fixé ici .

Nous avons le résultat suivant.
THÉORÈME 2.1 . Sous les hypothèses (1 .3) et (2 .1) à (2.6) le problème P(a, b, c, 1 )

admet au moins une solution optimale (û, c3 = w (fi)) .
Démonstration. L'idée de la preuve, basée essentiellement sur le principe d u

maximum, a déjà servi pour un énoncé voisin mais pour une équation linéaire [8] .
Sous (2 .2), pour tout v dans 0l4, l'existence d'une solution de (1.2) est classique . Soit
vr, une suite minimisante de J(• ) ; on a

—A wn = a(x, vil , wn) dans Q ,

wnl 1 = 0,

et

J(vn ) inf {J(v), v E OlC} quand n---> +oo;

la fonction w n étant borné dans Hô(fl), il existe une sous-suite notée encore wn telle que

vn -> û dans I=(Q) faible *

wn cv dans Hô(Q) faible

wn -3 (.5 dans L2(n) fort et p.p . x E Q.

Et nous avon s

(2.9)

	

Inf J(v) = lim J(vn )

	

l(û)b(x, c"v) dx+

	

c(x, c~) dx.

Il s'agit de montrer que

J(û) = inf {J(v), v E V} ;

pour cela il suffit de montrer qu'il existe z = w (ii) solution de (1 .2) tel que cr) > z. Un
passage à la limite dans (2 .8) donne, à une sous-suite prè s

—Ocd = g(x) dans SZ

W/r=0 ,

où g est la limite faible dans L2(Q) de gn (x) = a(x, vn (x), w n (x)), et qui vérifie :

g(x) g(x) = a(x, û(x), w(x)) .

(2.8)
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Nous allons définir une suite zn de fonctions de Hô(,çl) dont la limite, à une sous-suit e
près, sera un état optimal z associé au contrôle û. Pour cela considérons les équation s
récurrentes suivantes :

zo = w

--/ zn = a(x,a,zn _1) dans il,

	

n 1

Zn/r = 0 .

Le principe du maximum [13], la croissance de a(x, s, .) et (1 .3) nous permetten t
d'affirmer que l'on a

(2 .10)

	

z1>z2> . . .>znyo dan

s oùyo est solution de : —Dyo = ao, Yo/an = 0 ; ces inégalités (2 .10) permettent d'établir
que Zn est borné dans Hô(SZ) ; par conséquent, à une sous-suite près, Zn converge vers
z dans H ! (S1) faible et presque partout ; z vérifie l'équatio n

—Az = a(x, û(x), z(x)),

	

z/ 1, = 0

w (x) z(x) dans ft

Enfin la croissance de b et c donnent

Jl(u)b(x, (7d) dx+

	

c(x, (.5) dx

	

l(û)b(z, x) dx+

	

c(x, z) dx = J(û) ;
n

	

n

	

n

et cette inégalité jointe à (2 .9) entraine

Inf J(v) —J(û) ;

i .e .,

Inf J(v) = J(û) ;

par conséquent (û, z = w (û)) est solution optimale du problème .

	

q
Abordons maintenant l'unicité de la solution . Nous avons le théorème suivant .
THÉORÈME 2 .2 . On suppose que les fonctions a(x, s, t) et c(x, t) sont strictemen t

croissantes par rapport â t et a (x, s, t) strictement convexe en s. Alors sous les hypothèse s
du Théoreme 2 .1, nous avons les résultats suivants :

(i) si (u 1 , w i ) et (U2, (02) désignent deux solutions optimales, alors on a co i w 2

dans n ;

(ii) il y a unicité de la solution optimale si b = 0 .
Démonstration.
Premiere étape. Soit deux solutions (u 1 , w i ), (u2 , (0 2 ) de P(a, b, c, 1) . Nous allons

montrer que l'on ne peut avoi r

I{x E fl/w 1 (x) < w 2 (x)I I > 0 et 1{x E fl/w 2 (x) < w 1 (x)}I > 0 .

En effet, dans le cas contraire, posons zo = inf (w 1 , w 2 ) et considérons la fonction Zn

solution de

— A Zn — a(x, ul , rn—1) ,

	

Zn /aSt 0,
.ou

r0— z0, rn — lnf ( Zn, Zn —1)•
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La croissance stricte de a(x, s, •) et le principe du maximum fort entraînent qu e

w1>z1z2~ . . . ;znYo dans D,

(la première inégalité s'entend pour au moins une composante connexe de fi) . A une
sous-suite près, zn et rn convergent, dans Hô(fl) fort, vers z solution d e

— OZ = a(x, u 1 , z)

z/8fl = 0 ,

et satisfaisant z < w 1 . Ceci entraine la contradiction suivante :

l(u 1 )b(x, z) dx+

	

c(x, z) dx <inf {J(v), v E VI;
~

ainsi w i w 2 dans fi .
Deuxième étape. Supposons b(x, t) = 0 ; d'après la première étape nous avons w 1 (x )
w 2(x) pour tout x. De plus, si l'ensemble {x E fl/w 1 (x) < w 2(x)} est de mesure non
nulle, nous aurons

J(u 1 ) =

	

c(x, w 1 ) dx <

	

c(x, w 2 ) dx = J(u 2 )
n

	

n

grâce à la stricte croissance de c(x, • ) . Ce qui contredit le fait que u2 est optimal . Donc
nous avons bien w 1 = w 2 . Enfin, montrons que u 1 = u2 . Pour cela suposons E =
{x/u 1 (x) ~ u 2 (x)} de mesure >0 . Parla stricte convexité de a(x, . , t) et l'égalité w 1 = w 2 ,
nous avons

1

	

1
–Ow 1 = 2-a(x, u l , w 1)+ Z-a(x, u2, w 1 )

u 1 + u 2
>a x, 2 ,w 1

	

p.p.xEE.

Considérons alors la suite ÿn de fonctions, solution de l'équation

N

	

A V—AT, = a (x,

	

Yn/an = 0 ,

OÙ

_ u 1 +1d 2
U— 2 ~

	

Yo =w 1 .

Par le principe du maximum fort cette suite vérifi e

(o > .j'/'I ;2

	

Yo

A une sous-suite près, ÿn -> ÿ = ;(fi) solution de (1 .2) avec v = û. On montre, grâce à
la stricte croissance de c(x, • ), qu e

J(û) =

	

c(x, ÿ) dx <inf {J(v), v E Gll} = J(u 1 ) ;
n

ce qui constitue une contradiction . Donc u 1 = u2 .
Remarque 2 .2. (1) La stricte croissance de c(x, •) au voisinage de t = 0 suffit .
(2) Pour simplifier, nous supposerons dans toute la suite a et /3 constants .

In

dans fi .
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3 . Dependance non convexe du c6ntrole . La situation la plus générale consiste à
envisager le cas où ni 1 ni h ne sont convexes . Cependant pour simplifier la présentatio n
de la démonstration, il nous a paru utile d'envisager séparemment les trois cas suivants :

(i) 1 est affine ;
(ii) h est affine ;

(iii) la situation générale .

3 .1 . On suppose que 1 est affine positive croissante sur [a, P], i .e . ,

(3 .1)

	

l(t)=l0 • t+s 0 0 VtE[a,/3],

	

l0 >0 ;

on désigne par x = (x 1 , x2 , • • • , )çn) un élément générique de fl ; et pour tout i dans
{1, 2, . . . , n} on note x = (xi , xi ) où x ;' = (xi , . . . , x 1 _ 1 , xi+1, xn ) . Nous supposons
c (x, t) régulière, b (x, t) régulière telle que

(3 .2)

	

pour tout i dans {1, 2, • . . , n} l'application ( xi , t) -* b(x ; , x i , t) est concave ,

et la fonction a de la form e

(3 .3)

	

a(x, s, t) = f(x)+ h(s )

avec h une fonction définie sur [a, P] régulière et f une fonction de L°°(1) . Posons

K(h) = K = {s E R +/h**(s) < h(s)} ;

on a

	

K = U Ki ,

	

K i =Ki( h ) ,
iE l

où I est un ensemble au plus dénombrable et K i est un intervalle de [R + pour tout i.
Il existe deux constantes µi et v i telles qu e

h**(s) = • s+v i VsE Ki .

Enfin on fait l'hypothèse suivant e

ab (x a [ls

	

x+h**s + ac

	

a (fO

	

O)xt) .

	

x+h** s > 0
at

	

, t) .
as O (fO

	

O)]at (~ as
(3 .4)

p.p xEVsEK(h), VtEE .

Remarque 3 .1 . Si a(x, s, t) 0, on peut supposer, grâce au principe du maximum ,
(3 .4) vrai seulement pour t E CR + . Ceci est également valable pour toute la suite .

Nous avons le résultat suivant .
THÉORÈME 3 .1 . Sous les hypothèses (2 .3) à (2.5), (3 .1) à (3 .4), le problème

P(a, b, c, 1) admet au moins une solution optimale (û, Co = co (û) ) .
Démonstration . On relaxe le problme (P), i .e ., on remplace, dans l'équation d'état ,

a(x, s, t) par f(x) + h * * (s) sa convexifiée en s ; on note le problème ainsi obtenu pa r
(P**) : P** = P(a**, b, c, 1) . D'après le Théorème 2 .1 ., (P**) admet au moins une
solution optimale (û, w = co(a)) . On se propose alors de démonstrer qu e

	

h**(û(x))=h(û(x))

	

p .p . xE1 (étape 1) ,

ensuite que (û, 6o) est aussi solution de (P) (étape 2) .
Etape 1 . Elle repose sur la relation d'extrémalité suivante dont la preuve est classiqu e

(3 .5)

	

l' û b x w Sv • dx + [1(a) a b x w+a c x w Sco • dx 0
L

	

n

	

at

	

at
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pour tout 6v accroissement admissible du contrôle, avec la fonction 5w solution de

dh * *
-0(5w) =

ds
(û) • 5v,

	

Sw/r = O .

Pour éliminer Sw dans (3 .5) on introduit l'état adjoint

ab

	

ac
—OP 1( fi)

at ( x, (i-) ) +at (x, 65),

	

p/r = O .

On multiplie (3 .6) par p et (3 .7) par 5w ; on intégre par parties, ensuite on retranch e
membre à membre les deux équations obtenues ; le résultat obtenu injecté dans (3 .5 )
donne

[l'(û)b(x, w) + h* *'(û) • p]Sv • dx 0

pour tout by accroissement admissible du contrôle .
PROPOSITION 3 .1 . Sous l'hypothèse (3 .2) vérifiée par b(x, t), la fonction b(x, w)

appartient à HL(fl) et satisfai t

3 .9)

	

-0(b(x, w )) ât
>_ ab ((

	

x, W • (f(x ) + h* * ( û)) dans fl .)

Démonstration . La fonction b(x, ci-)) appartient à H 1 (1) n HLM) : soit une suit e
wk E Hô, régulière convergeant vers w dans Hô(1) n W2 '4(1) n C(SZ) ; nous avon s

n

	

a b
(3 .10)

	

—A(b(x, wk)) = E Ei(x, wk) at
(x, w k ) . Ow k ,

i= 1

où la fonction Ei a pour expressio n

a 2 b

	

awk 2

	

a 2 b

	

awk a lb
E i ( x ,

	

axi +
2

axa t (x'
wk)

axi + ax? (x,
wk) .

par l'hypothèse (3 .2) Ei (x, w k ) est négative ; de plus elle est bornée dans L 2 (fl) . A une
sous-suite près, on passe à la limite dans (3 .10 )

—Ob(x W =— ab (x, w) . Ow +

	

p .p . xEfl)

	

at

	

~

où la fonction e est la limite dans L2 (fl) faible de

	

Ei(x, Co-k) ; i .e ., en utilisant
l'équation d'état de (P** )

(3 .11)

	

—Ob x w = ab x th

	

x +h** û +

ce qui entraine que b(x, (5) appartient à HLM) e t

—Ab (x

	

ab x ci-))

	

x +h** û dans

puisque : est positive par l'hypothèse (3 .2) .

	

q
Nous sommes maintenant en mesure de démontrer le résultat annoncé pour cette

étape .

(3 .6 )

(3 .7 )

(3 .8)
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PROPOSITION 3 .2 . On a

h**(û(x)) = h(û(x)) p.p. X E fl .

Démonstration. Il suffit de montrer que l'ensembl e

F = {x E Sl/h**(a(x)) < h(û(x)) }

est de mesure nulle . Si l'on pose

Fi = {xEF/u(x)EK . }

on a

F = U Fi .
iE I

Supposons alors qu'il existe io E I tel que mes (Fio ) > 0 ; et considérons la fonction

S(x) = lo • b(x, (5)) + µ i0 • p(x) dans f ;

elle appartient à HL(f) d'après (3 .7) et la Proposition 3 .1 . ; de plus elle satisfait
—AS> 0 dans Fi° par (3 .4) . Ainsi S n'a pas de palier sur

	

ceci entraîne que

(3 .12a)

	

mes ({x E FUS(x) = t}) = 0 V t E 11 .

A l'aide de cette propriété de S, nous allons montrer que mes (Fio) > 0 est en contradic-
tion avec la condition nécessaire d'optimalité (3 .8) ; pour cela on se donne v dan s

— v E L°°(Fi o ) a v p,

	

v dx —

	

û dx ;
Fi°

	

F; o

le contrôle admissible

u sur S1\Fi °
v=

V sur Fi° ,

porté dans (3 .8) permet d'avoir :

(3 .12b)

	

S(x)(v—û) dx?0 Vve Vi ° .
F' o

On peut supposer par exemple Fô = {x E Fi°/ S(x) 0} de mesure non nulle et connexe,
quitte à travailler sur une composante connexe de mesure non nulle ; posons

G(t) = {x E Fô/S(x) _ t} pour t 0

et définissons

R(t) = mes (G(t)) bi t 0;

c'est une fonction continue par (3 .12a) . Il existe donc to > 0 tel que

ici mes (F ô) — fFi u dx
R(to) = mes (G(to)) _

	

°	
k i —ko

où k1 et ko, (k 1 > ko), représentent les extrémités de Ki° .
Dans le premier membre de (3 .12b) prenons le "contrôle admissible" suivan t

lu sur Fio = Fio\F'to

vo = ko sur G(to )

k i sur Kif-0 \G( to) ;
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et majorons cette intégrale ; nous obtenôns

r S(x)(vo— û) dx < to

	

(ko— û) dx+ to

	

(k l — û) dx = 0 ;
Fi()

	

G(to)

	

Fô\G(to )

ceci contredit (3 .12b) . Donc mes (F -0 ) = 0; de même Fco = {x E F o/S(x) < 0} est de
mesure nulle ; et ainsi s'achève la preuve de la Proposition 3 .2 et donc fin d e
l'étape 1 .

	

q
Etape 2 . (û, (ô) est aussi solution de P(a, b, c, 1) . En effet, la solution (a, t-)) d e

(P**) satisfait l'équation d'état de (P) :

— OW = f( x ) + h(û),

	

w /1 . = O

puisque h(û) = h**(û) ; si l'on note par w** = w**(v) la solution de l'équation d'état
de (P**) correspondant à v, on a

J(û)

	

l(v)b(x, co ** ) dx+

	

c(x, co ** ) dx ;
o

comme par le principe du maximum co(v) -?.--w** , il s'en suit grâce à la croissance de
b et c

J(a)J(v) VvE~C .

	

q

3 .2 . Enfin pour les deux cas qui restent nous supposerons, à la place de (3 .1 )
l'hypothès e

(3 .1a)

	

l** est positive et croissante sur K(1) .

De plus, nous supposerons dans le cas (ii )

(3 .13)

	

h est affine .

ab
(x a l** s

	

x+ h s
+ac

	

a (fO O)x t) •

	

x+ h s > 0
at

	

a

	

~ t) • s [ O (fO

	

O)J
at

(~

	

as
p.p . XE,fl, YtED , VsE K(l) ;

dans le cas (iii )

(3 .15)

	

K(h) = K(l )

ab
(x

	

a l** s

	

x)

	

O+h** s)J+ ac

	

a (f(x t) •

	

x)

	

O+h**(s))> 0
(3 .16) at

	

a
~ t) s [

	

O (f(

	

at
(~

	

a s

p.p . xESZ, bi tEDI, VsEK(h)=K(l) .

Nous avons alors le corollaire suivant .
COROLLAIRE 3 .1 . On fait les hypothèses (2 .3) à (2 .5), (3 .2), (3 .3) et (3 .1a) . Alors le
problème P(a, b, c, 1) admet au moins une solution dans les deux situations suivantes :

(1) (3 .13) et (3 .14) ont lieu ;
(2) (3 .15) et (3 .16) ont lieu .
La preuve de ce résultat est identique, dans ses grandes lignes, à celle du Théorèm e

3 .1 : si (û, W) désigne une solution du problème relaxé P(a**, b, c, l * *) alors la fonctio n
S = l**'(û) • b(x, j))+ h**'(û) . p est ici également sans palier sur l'ensemble F =
{x E Ll/ û (x) E K(1)} . La suite de la démonstration demeure inchangée par rapport à
celle du Théorème 3 .1 .

(3 .14)
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0

	

a

	

k l

	

k2

	

P

A

FIG . 1

Exemple 3 .1 .

b(x, t) = t, c(x, t) = 0, f(x) = 0,

K(h) = K(l) = ]k,k2 [

—Ow = h(v) dans fl,

	

h(v) > 0 sur [a, P] ,

w/I' =0,

J(v) =

	

l(v)•wdx ;
a

(cf. Fig . 1) . La condition de positivité (3 .16) devient :

d
ds (l**(s) • h**(s))>0 sur ]k,, k 2[ .

Et si par exemple h = 1> 0, la condition ci-dessus se réduit à dl **/ ds (s) > 0 sur ]k 1 , k2 [ .
Remarque 3 .2 . Le Théorème 3 .1 demeure valide si l'on suppose (3 .4) < 0 a condi-

tion de modifier convenablement les autres hypothèse pour avoir —AS< 0, i .e ., S sans
palier .

4 . Contrôle bang—bang. Dans cette partie on suppose toujours a et /3 constants ;
et on fait les hypothèses suivantes :

h(v)_H(v)=0, • v+ 5 1 , VvE[a,/3 ]
(4.1)

h(a)=H(a),

	

h(f3)=H(p) ,

l(v) L(v) = 02 • v + 62 , V v E [a, /3]
(4 .2)

l(a) = L(a), l(f3) = L(,3), 02 > 0

ab
xt) a

	

x)+H(s +ac

	

a(f(

	

xt) •

	

x)+H(s))> 0
(4.3)

	

at
(x,

	

as
[L(s)

(f())] at ('

	

a s
p.p . xESl, VtEŒ , VsE[a,g] .

Nous avons le résultat suivant .
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THÉORÈME 4 .1 . On suppose les hypothèses (4 .1)-(4.3), (2 .3)-(2 .5), (3 .2), et (3 .3) .
Alors le problème P(a, b, c, l) possède au moins une solution optimale (û, w = w (a)) . De
plus cette solution possède la propriété bang-bang ; de façon plus précise si l'on pos e

S(x) = 0 2 • b(x, w) + 01 • p(x) bo x E SZ ,

p étant l'état adjoint associé à w, il existe t > 0 tel que le contrôle optimal ii s'écri t

a sur 1
(4 .3a)

	

û =
tp sur no = 1Z\1Z a

.
ou

~a = lx 11/S(x) il .

Démonstration . Le problème relaxé P(a**, b, c, l**) possède au moins une sol-
ution optimale (û, û-) = w (û)) . Comme dans la preuve du Théorème 3 .1 on montre que
la fonction S = 0 2 • b(x, w) + 0 1 • p est sans palier sur tout 1Z ; ce qui entraîne que û es t
de la forme (4.3a) en vertu de la condition d'optimalit é

S(x)(v—û) dx~0 Vv E 611 .

La propriété bang-bang de û et les hypothèses (4 .1) et (4 .2) entrainent que (a, ci-)) es t
solution optimale de P(a, b, c, l) en vertu du principe du maximum et de la croissanc e
de b et c.

Remarque 4 .1 . Le résultat précédent reste valable si l'on remplace °li donné en
(1 .1) par l'ensemble non convexe

Glt'={vEL°°(1)/a v p,

	

g(v ) dx= y

où g est, par exemple, une fonction convexe, pour simplifier, strictement monotone ,
après quelques modifications naturelles en (4 .3) .

Pour illustrer cette remarque donnons un exemple .
Exemple 4.1 .

—Ow = v

co / an = 0 dans fl,

	

J(v) =

	

v • w dx
SZ

où v appartient

0l1 = {vEL°°(fl)/v(x)E{a,p} p.p . xESZ et

	

k(v) dx= y

qu'on suppose non vide ; k est une fonction strictement croissante de [a, P] dans III +

telle que son graphe soit en-dessous de la corde joignant les deux points (a, k(a)) e t

( 13, k( g)) . On fait un changement de fonction contrôle V = k (v) . Le problème devient :

—Ow = k- 1 (V) dans Si ,

w/ aSZ = 0,

	

J( V) =

	

k -1 ( V) . w dx,
n,

t'= f VEL°°(fl)/V(x)E{k(a), k(p)} p.p . xE1Z, et

	

Vdx = y} .

Il est alors aisé de vérifier que les conditions du Théorème 4 .1 sont réunies .
Le résultat du Théorème 4.1 nous amène à la question naturelle : les hypothèses

(4.1) et (4.2) sont-elles nécessaires pour que P(a, b, c, l) admette un contrôle optimal
bang-bang?
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La résponse sera positive si l'on modifie quelque peu la condition de positivité
(3 .16) : on la suppose vraie pour tout s e [a, p], i .e . ,

ab

	

a l** s

	

x +h** s + a~

	

a (f
(

x t) •

	

x +h**
s))>

0
(4 .4a) at (x t) •as [

	

() (f()

	

())] at ( 'as

	

)

	

(
p.p. x E f2,, V t E R, Vs E [a, 16] ;

si aucune des deux fonctions 1 et h n'est affine, on suppose que l'on a de plu s

(4 .4b)

	

K(h) = K(l) .

THÉORÈME 4 .2 . On suppose que la fonction b est strictement positive et on fait le s
hypothèses (2 .4), (2 .5), (3 .2), (3 .3), et (4.4) . Alors, (4 .1) et (4 .2) forment une conditio n
nécessaire et suffisante d'existence d'un contrôle optimal bang-bang .

Démonstration . (i) la condition suffisante résulte du Théorème 4 .1 .
(ii) Pour montrer que (4 .1) et (4.2) sont nécessaires, nous raisonnerons pa r

l'absurde . D'aprés le Corollaire (3 .1) le problème P(a, b, c, 1) admet au moins une
solution (û, 65) ; supposons, par exemple, que (4 .2) ne soit pas vrai, i .e . ,

(4.5)

	

l**'(a) < l** ' (/3 )

et que û soit bang-bang ; (û, w) satisfait la condition d'optimalité

S(x)(v—û)dx0 dv E

où

S = l**'(û) • b(x, W) + h**'(û) • p.

Cette condition peut aussi s'écrir e

S(x) • v+µv S(x)û(x)+µ • û(x )

p.p . xESl, VvE[a,/3 ]

où µ est un multiplicateur de Lagrange . Mais puisque S(x) est sans palier par (4 .4) ,
on peut montrer qu'il existe to tel que

a sur fG a
û(x) _

sur na

où

fla ={xEfl/S(x)> t0 }

fip ={xEfl/S(x) to }

et par conséquent (4 .6) entraine les deux inégalité s

(4 .7) l**'(a)b(x, w (x)) + 0p(x) + µ

	

0 p.p . x E fZ a ,

(4 .8) l**'(I3)b(x, w(x))+Oj(x)+0 p.p . xESZ~ =SZ\SZ a

où 8 = h**'(a) = h**'( p) . A l'aide de (4 .5) majorons l'inégalité (4 .7) et minorons (4 .8) ,
en utilisant la stricte positivité de b :

V6 E [l**'(a), 1**'( p)], 3 . b(x, W(x))+ B . p(x)+µ _> 0 dans fla

V6 E [l**'(a), l**'(/3)], 6 . b(x, (V(x))+ 8 . p(x)+µ

	

0 dans no .

Ir,

(4 .6 )



CONTRÔLE OPTIMAL

	

50 9

Ceci entraîne que l'une des deux fonctions W et p n'est pas continue ; d'où la contradic-
tion . Si (4.1) n'a pas lieu ou si (4.1) et (4 .2) n'ont pas lieu le raisonnement demeur e
inchangé .

	

D
Exemple 4 .2 .

—OW = v dans 1Z ,

W/aO = 0,

	

J(v) =

	

l(v) • co dx +

	

cv 2 dx,

où 1(v) est une fonction convexe positive strictement croissante sur [a, P]. Il est clai r
que dans ce cas la condition de positivité (4 .4 .a) est satisfaite . L'ensemble admissibl e
°Y étant toujours donné par (1 .1), on suppose y tel que

adx<y< p dx.
~

	

SZ

D'après le théorème (3 .1) il existe û appartenant à °l1 tel que

J(û)J(v) Vv E

Le Théorème 4 .2 entraine que

Enia <û(x)<p}I >0;

i .e ., que la solution û n'est pas bang-bang .
Par contre si l'on supprime, dans Gll, la condition sur la masse Sn v dx = y, le problèm e

inf [J(v)/v E L°°(n ), v(x) E [a, p] p.p . ]

admet l'unique solution uo = a ; et ce problème est identique au suivant

inf [J(v)/v(x) {a, [3} p .p .] .

Cet exemple montre que la condition de masse fixée fn v dx = y, absente dans [3] ,
joue ici un rôle important dans l'existence (cf . Théorème 3 .1) ou la non existence d'u n
contrôle optimal bang-bang. C'est sa présence qui nécessite les différentes conditions
de positivité de type (3 .4), (4.4), etc . Dans [3] si l'on introduit la condition de masse ,
les résultats obtenus ne semblent pas s'adapter (tout au moins de façon immédiate) .

5. Un ensemble de contrôle plus général . Dans ce paragraphe on choisit a et /3 constants ,
a(x, s, t) = f(x) + h(s) qu'on suppose positive pour simplifier, et h et 1 affines . Pour l a
commodité du lecteur rappelons, pour toute fonction k positive mesurable de f1 dan s
R, les définitions classiques suivantes [9], [10] .

DÉFINITIONS 5 .1 . (1) Pour tout mesurable E de fl, le désigne la mesure de
Lebesgue de E.

(2) La fonction de distribution de k est la fonction 6k de R dans [0, IO], définie
par

b k(t) = 1{x E 1/k(x) < t} l .

(3) Le réarrangement croissant (unidimensionnel) de k est la fonction notée k*

de [0, `dans Ill telle qu e

k*(s)=inf{tED /6k(t)>s}sis[0, I

(5 .1)

	

k *()1) = sup ess k.

(4) Le réarrangement décroissant (unidimensionnel) de k est défini pa r

(5 .2)

	

k*(s) = k* (IfIl —s) p .p . s.
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(5) On appelle ensemble de niveau ou ensemble équipotentiel de k tout sous -
ensemble de SZ du type

E1 ( t) ={x E Il/k(x) > t},

	

t E R

ou

E2(t)={xESZ/k(x)<t},

	

tE R

avec éventuellement des inégalités au sens large . Et nous désignerons par "courbes ou
lignes de niveau" de k les ensembles tels qu e

E3 (t) = {x E SZ/ k(x) = t},

	

t E D .

(6) k est dit sans palier si I{xe SZ/ k(x) = t}) = 0 V t E R . Etant donnée une fonction
croissante uo définie sur [0, Pl], telle que

0< a uo(s) f3 p.p . s E [0, Pl] ,
on introduit, à la place de (1 .1), l'ensemble des contrôles admissibles suivant :

(5 .3)

	

Gll = {v E L' (fl)/ a v f3, v * = uo} .

Et on se propose de résoudre le problème P(a, b, c, 1) qui, rappelons-le, consiste à
trouver û dans Ôll satisfaisant

J(û) = inf {J(v), v E Gll } ,

où

J(v) =

	

l(v)b(x, w) dx+

	

c(x, w) dx
n,

	

~

et w la fonction état solution de

–Ow =f(x)+h(v),

	

cola), = 0 .

Nous avons le résultat suivant .
THÉORÈME 5 .1 . On suppose réalisées les conditions suivantes : (2 .3), (3 .2), (4 .4a )

et (5 .3), h affine croissante et 1 affine croissante positive . Alors le problème P(a, b, c, 1 )
possède une solution optimale (û, w = w (a)) . De plus cette solution possède les propriétés
suivantes :

(1) w et û ont "les mêmes ensembles équipotentiels" au sens suivant : tout t > 0 il
existe s = s (t) tel que

{xEfl/û(x)<s}ç{xE SI/l'(û)b(x, w)+h'(û)p t}{xESZ/û(x)s} ,

où p désigne l'état adjoint associé à w .
(2) û est fonction décroissante de l'(û) b (x, w) + h'(û)p ; de façon plus précise û

satisfait la relation

û = 0(l'(a)b(x, w) + h'(û)p)
,

ou

(Mt) = u0([(l'()b(x, (.0+h'(û)p)*]-1)(t) •

Démonstration . L'ensemble Gll n'étant pas convexe, on se propose de relaxer l e
problème (P) en remplaçant Gll par

r

	

r

Gll= vL°°(SZ)/a :-S vp,

	

v *(s) ds

	

uo(s) ds,
0

	

0

ICI

	

1 I0 I
VtE[0, fl], et

	

v* (s) ds=

	

uo(s) ds ;
J 0

	

0
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cet ensemble est convexe puisqu'il s'écrit :

Ill= vEL°°(SZ)/avÇf3,

	

v(x) dx

	

uo(s) ds,
E

	

o

I E I

I°I
V mesurable E Sl, et

	

v(x) dx =

	

uo(s) ds l .
n

	

o

Le problème ainsi obtenu sera noté (P). D'après le résultat de Migliaccio [11], 2

Gll est la fermeture de °ll pour la topologie o-(L°°, L 1 ) . Donc (P) possède une solutio n
(û, C ô) ; et on se propose de montrer que (û, Co) est aussi solution de (P), i .e ., que û

appartient à CC .

Pour cela, nous partons de la relation d'extrémalité

[l'(û)b(x, ~) + h'(û)p](v –a) dx 0, V v E

où p, défini par (3 .7), représente l'état adjoint associé à w ; et on applique l'inégalit é
de Hardy-Littlewood :

IO
S(x)v(x) dx

	

S(x)û(x) dx

	

S*(s) • û * (s) ds,
n

	

o

où, pour alléger les notations, nous avons posé

S= l'(û)b(x, 65)+ h'(û)p.

L'inégalité
r

	

r

A(t) =

	

û*(s) ds

	

uo(s) ds = Ao(t )
0

	

o

nous permet de minorer le dernier membre de (5 .5) en effectuant deux intégration s
par parties :

rial
S*(s) • * (s) ds=S*(IS) • A(ISZI)—	 	 A(s) ds

o

	

oIS~I dS
d
*
s
(s)

*

	

– Ini dS*(s )
S (ICI) . Ao(I~I)

	

Ao(s ) ds
ds

puisque A(ifll) = Ao(ISZI) ; d'où, après la deuxième intégration par parties :
iai

	

l a i
(5 .6)

	

S*(s) • û * (s) ds

	

S*(s) • uo(s) ds .
0

	

o

D'après la proposition (3 .1) et la condition de positivité (4 .4a), la fonction S(x) es t
continue sans palier; ce qui permet d'introduir e

4 ( t ) = uo((S*)-1)(t),

	

( t ) = t . c/)( t ) ,

cette définition de 4 et l'équimesurabilité de /i (S (x)) et l (S* (s)) permettent d e
transformer (5 .6) en

lai

	

lai

	

la i
(5 .7)

	

S*(s) • û*(s) ds

	

S*(s) . uo(s) ds =

	

/(S*(s)) ds
o

	

o

	

o

	

=

	

i(S(x)) dx.
n

2 On peut également se reporter à [12] .

(5 .4)

In
(5 .5)
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Et on compare (5 .7) avec les inégalités (5 .5) dans lesquelles on remplace v par l e
contrôle admissible 4(S(x)) ; on obtient la série d'égalités :

I~I

	

S(x) • O(S(x)) dx =

	

S(x) • û(x) dx =

	

S*(s) • û* (s) ds
n

	

o

I~ I

	

=

	

S*(s) • uo(s) ds.
o

La dernière inégalité entraine que û* = uo et la deuxième que S et û ont les "même s
ensembles équipotentiels," i .e ., pour tout t> 0 il existe s = s(t) tel que

{xESZ/u(x)<s}~ {xE fl/ S(x) t}~ lx fl/a(x) sl .

Et enfin il est clair que û(x) = 4(S(x)) avec 4 décroissante .

	

q
Abordons maintenant la question de l'unicité . Signalons tout d'abord qu'elle rest e

posée dans le cas général ; et que nous ne disposons que d'une réponse très partielle
donnée par le théorème suivant .

THÉORÈME 5 .2 . On suppose les hypothèses du Théorème 5 .1 . Alors si l'ensemble
des contrôles optimaux de (P) est convexe, (P) admet une solution unique .

Démonstration. Une conséquence de la preuve du Théorème 5 .1 est que toute
solution de (P) est aussi solution de (P), i .e ., que les deux problèmes sont identiques ;
soit u 1 et u2 deux contrôles optimaux de (P) ; par hypothèse ou 1 + (1— O)u 2 est auss i
contrôle optimal de (P) pour tout o E ]0, 1[ ; donc Ou i + (1 — o) u2 appartenant à Gll pour
tout O, i .e .,

(Ou i +( 1— O)u2)*= uo •

Ceci entraine u 1 = u2 . En effet, soit k une fonction régulière strictment convexe ; on a
par équimesurabilité

I~ I
k(ou 1 +(1— o)u2 ) dx =

	

k(uo) ds V O E]0,1[ ;

o

d
k(ou 1 +(1 — o)u2 ) dx = 0 ;

de s-i,

ce qui donne

(k'(ul) - k'(u2))(ul -u2) dx =0,

i .e ., u 1 = u 2 .

	

q

Exemple 5 .1 (Unicité) . f = 0, h(v) = v, b(x, t) = 0, et c(x, t) strictement croissant e
et convexe en t à x fixé :

L
d'où

l~

—Lw =v, = 0 ,

J(v) =

	

c(x, cv) dx.
n
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Exemple 5 .2 (Contrôle de domaine) . Etant données trois constantes 0 < a = a1 <
a 2 < « 3 = (3, on considère l'ensemble des contrôles admissibles suivant :

U= D=( D1 , D2 , D3 ), mesurable S1 3/ I Di I= yi, Di n D; = 0 si i ~j, U Di = SZ ;
i=1,3

et on se pose le problème

( I )

ou

-0WD — vD~

	

W D/asz 0 ,
inf {J(D), DE U},

et

vD (x) = «i si xEDi

	

i=1,2,3 ,

J(D) = vD • WD dx.
n

Ce problème est équivalent à (P) puisque pour tout D E U, (vD )* = u° qui est défini par

[

a 1 si 05- s < y 1 ,

u°(s) = a 2 si y 1 s < y1 + y2 ,

Par conséquent, il existe t 1 > 0 et t 2 > 0 tels que (7r) admet une solution D° =
(D?, e, D°) caractérisé par

D°= {xEfl/WD°(x)> t 1 } ,

D '3 = {x E Ç/ t1 WD°(x) > t2} ,

D° = {xE1Z/t2~ WAX)} .

6. Applications.
6.1 . Rigidité maximale à la torsion. On considère une poutre P creuse . (Cf. Fig .

2) Le creux est représenté par 12° un ouvert fixé. L'aire de la section droite E de P
étant fixée égale à /3, il s'agit de trouver un contour déterminant E pour que la rigidité
de P soit maximale si elle était soumise à des forces de torsion . Il s'agit là d'un
problème typique d'optimisation de forme . Nous allons montrer que l'on peut applique r

a 3 Si yl +y2 s<y1 +y2 +y3-11Z 1 .

FIG . 2
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les idées du § 4 que nous avions mises en oeuvre dans un cadre général . Ce problèm e
a été considéré par divers auteurs ; citons par exemple [26], [21], [20] . Et très récemment
une étude en est faite avec une approche différente de la nôtre dans [20] .

Nous supposons que la section droite du matériau occupe l'ouvert 1 et que l e
matériau est homogène, isotrope . Nous renvoyons à ([23], [26]) pour la présentation
du modèle mécanique . La fonction contrainte u satisfait les équations suivantes :

—Du = 2 dans E ,

(6 .1)

	

u/aE=0,

	

u/Fo= c,

—

	

au
da-=2

pI'o an O

où c est une constante inconnue, Po = Pol l'aire du trou et IJ = P l'aire de la sectio n
du matériau .

La rigidité de torsion de P de section E a pour expression :

(6 .2)

	

K(R, = J IvuI2 dx =2 u dx+2cAo
if

que nous noterons K(1) sauf mention du contraire ; la fonction u = ux est la solution
de (6 .1) . Il s'agit de trouver un ouvert tel que

( g) ) Ka) Ka')
pour tout 1' ayant les caractéristiques énoncées précedemment . Ce problème entre
dans notre cadre d'étude . En effet on plonge 1 0 dans un "grand ouvert" fl — (Ifl » A) —
par exemple une boule B (O, R) = B (Cf. Fig. 3), et on considère le problème de
contrôle suivant :

(i) ensemble des contrôles admissibles :

(6 .3)

	

611 = v E L°°(S1)/0 v 1, L v dx = A .

On prolonge les éléments de 611 à fZo par la valeur 1 .

FIG . 3
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(ii) La fonction coût :

(6 .4)

	

J(v) =

	

v w U dx+2c,,• Ao

où co = co, désigne l'état du système, solution de l'équation d'état suivante :
(iii) équation d'état :

(6 .5)

	

-Act) = 2v dans B\no = SZ

(6 .5)

	

co/Fo = c,

	

c = constante inconnu e

w/aB=O,

	

aw
do-=2

	

vdx=2po .
ro aI1

	

n o

Notre problème se formule alors comme suit : trouver (f, Co = w T,) tel que

(6 .6)

	

J(i) J(v) V v E °°C .

Remarque . L'unique solution de (6 .5) est caractérisée pa r

.7 )

	

1

	

IV w vl 2 dx - 2

	

vwv dx 1(6

	

Vw 2 dx - 2 vw dxI

2 B

	

B

	

2 B

	

B

pour tout co dans V où V est l'espace suivant :

(6 .8)

	

V = {w Hô(B(0, R))/w = constante sur SZo} .

Pour l'existence de ce problème on pourra consulter [23] .
Pour éviter de se répéter et alourdir notre rédaction, nous ne présenterons pas le

détail du résultat d'existence : le lecteur vérifiera que les résultats énoncés dans le ca s
général sont applicables ici . Il existe une solution optimale (f, Co" = co,) dont le contrôl e
v est caractérisé par la condition d'optimalité suivante :

Co (v-f)dx0 dvE 01C,

condition qui entraîne que f possède la propriété bang-bang, propriété qui a ét é
abordée dans un cadre général au § 4 . De plus il existe un réel t tel que l'ensembl e

	

(6 .10)

	

= ~ t = {x E B(0, R)/W(x) > TI

et le contrôle v vérifient :

1 sur 1 ,
f=

0 sur B(0, R)\I ;

l'optimalité de (w, v) entraîne :

1 1Iv(512-2

	

v . w

	

1

	

IVw12-2

	

v . w

	

(6 .12)

	

JO) =-

	

VvEVcoE V.

B

	

B

	

2
B

	

B

La question importante qui se pose alors est la suivante : Comment retrouver l a
formulation initiale de notre problème, autrement dit a-t-on résolule problème initial ?

Nous avons le résultat suivant .
THÉORÈME 6 .1 . Si l'on suppose que p est assez petit, alors il existe 1-- >R ouver t

entourant flo, et une fonction WR satisfaisant (6 .1) et tels qu e

KR - K(1R) =

	

IV co R 1 2 dx K (I' )
IR

pour tout ouvert 1' satisfaisant 11'1= A, 1' c B(0, R)\flo .
Remarque. Nous montrons dans [30] que C v > t ; ce qui entraîne que IR entoure

no . Egalement nous montrons que I R est une couronne simplement connexe .

(6 .9 )

(6 .11)
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Démonstration . Il s'agit de construire une fonction état et un contrôle tests utilis-
ables dans le problème de contrôle classique . Considérons les deux problèmes suivant s

dans 0 = SZ'\SZo ,

—

	

00da-=2
1 3 0 ,

Jr0 a71

et

—Ow = 0 dans B\n'

c3/a, 0 = t',

	

w/aB = 0

où t' est un réel qui sera précisé ultérieurement (Cf. Fig . 4) .
Et définissons le couple admissible suivant (v,, w 1 ) :

c ' + t' sur no ,
w 1 = w ' + t' sur 0,

(V sur B\SZ ' ;
_ 1 sur SI '

vi

	

0 sur B\,il' .

On utilise ce couple (v i , w,) comme fonction test dans (6 .12) . Après quelques calcul s
élémentaires on obtient

-1

	

I— 0I 2 dx -2

	

(w — t) dx -2(e — t)la o — 0( t' )
2 x,

1Vw'1 2 dx — 2

	

w ' dx — 2c'f3oJe

	

e
pour tout t ' > 0, où

0( t' ) = 1

	

vw 2 —2t +lao) - 1

	

v(~ 1 2 dx+2t '( + lao) .J

	

~

	

(

	

( a2 B\M

	

2 BAI'
~

Remarquons que si l'on suppose qu'il existe t' tel que l'on ai t

(6 .14)

	

A(t') 0 ,

(6 .13)

FIG . 4
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alors 1 est le domaine optimal cherché, i .e ., que (6 .13) devient :

K(1) =

	

I= r)I2 dx

	

IV co'1 2 dx = K M')

prouvant ainsi que (W — t, 1) est la solution cherchée .
Si l'on suppose, par exemple, que /3 est assez petit et que les oscillations éventuelle s

de toute suite de domaines optimisants sont locales, i .e ., ne partent pas à l'infini, alor s
on montre dans [30] que le résultat (6 .14) a lieu .

Remarque . Des résultats qualitatifs concernant ce problème seront donnés dan s
[30] .

6.2 . Fluide parfait incompressible . On considère un fluide parfait incompressibl e
non soumis à des forces extérieures, occupant un ouvert connexe f du plan R 2
(cf. Fig . 5) .

Nous nous intéressons aux solutions de l'équation d'Euler stationnaire . Désignon s
par u la vitesse d'une particule du fluide dans la position (x, y) ; l'incompressibilité se
traduit par

div u = 0 (conservation de la masse) .

Il existe des principes variationnels relatifs aux équations d'Euler stationnaires ([27] )
(cf. également [29], [31]): les solutions des équations

au I

	

au, ap
—uI

	

—
u2

	

_

ax

	

ay ax

(6 .15)

	

—ul au2 — u2 au 2 ap

ax

	

ay ay

û . n / r = 0 condition de glissement

où p désigne la pression, sont des éléments qui maximisent ou minimisent l'énergi e
cinétique : [27], [36]

E=E(u)=1

	

l u i 2 dx.
2 n

Il faut alors préciser la classe de fonctions sur laquelle on cherche à minimiser ou
maximiser E. Pour cela on fait la remarque suivante : ([36], [31]) dans le cas instation -
naire entre deux instants tI et t2 la vorticité du fluid e

w = rot u

FIG . 5
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a un réarrangement fixé . Ce qui définit la nouvelle contrainte :

min {E (u )/ div u = 0, réarrangement co = vo: fixé} .

Transformons quelque peu ce problème : dans R 2 la condition de conservation de la
masse permet d'introduire une fonction courant cf) définie à une constante près pa r

açp

	

a~p_ul' —
ax

—ue .
ay

Nous avons

co = -0~

E= 1

	

IVcpI 2 dx ;
2 fl

et notre problème s'écrit : il s'agit de maximiser, par exemple, l'énergi e

1
— J IVpI2 dx

2 1-1

sous les contraintes suivantes :

(i)

—Ocp = v (équation d'état )

cP/r= 0

v

	

= {v E L°°(1)/ a < v f3/ v * = vol (ensemble des contrôles) .

Cet ensemble n'est pas convexe .
Remarque. On peut considérer l'ensemble

Ill ={vE On)/ v * = vol ; p> 1 ;

les résultats démontrés dans les chapitres précédents s'adaptent .
Il existe une solution optimale (0, -0 du problème du contrôle ci-dessus ; de plus

v = f (cp) où f (t) — vo((Cp *) -1 ) (t) est une fonction décroissante. Vérifions enfin (cela est
classique [37]) que û défini par

	

a c -p _

	

ac--p
u l

	

u e
_ay '

	

ax

est solution de (6 .15) .
Nous avons, formellement

au,

	

aul
p i — ul

	

+u2
ax

	

ay

acP a2 Sp

	

a ~P a2 Sp--
ay ax ay r ax ay

2

_ a~ a2 (p a cp a2 (o _ a~
ay axaY + ax ax e ax A W

1
a

	

e -}-
a (P= -0\7 (1d ]

	

.f(,P )
2 ax

	

ax

1 a

	

2 + a
—

[I ~) J

	

[F(40)] ,
2 ax

	

ax
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où F(t) = Jf(s) ds . De même nous avon s

	

au2

	

au 2
P2 = u i

	

+ U 2ax

	

ay

= 2 aY [Io ~I 2 ] +ay L F~~P)] ,

Nous voyons aisément que (p i , P 2 ) est un gradient . Et de plus la pression cherchée p
a pour expression :

–p ( x, y) =1 IVQI2+ F(çp )

Remarque . La fonction (p possède la régularité C i,« (SZ) n H 2 (fl), 0 < a < 1 . Cec i
permet de justifier les calculs précédents .

Il nous reste à vérifier la condition aux limite s

un=0 sur F .

Par (1), pour régulière nous avons –(u E (H 1 (fl) ) 2 ) – :

[u 0 + div u] dx = u ru// da
r

f
(ay âx a

a(p

x ay>

da-, par la formule de Green

= 0 puisque cp/r = 0,

i .e . fr u • n • 0 do- = 0 pour tout /i régulière et donc u • n/F = 0 par densité .
Remarque. Dans le case où le contrôle v L°°(fl) la régularité précédente n'a pas

lieu ; mais la preuve de u • n/F = 0 peut encore être justifiée : si u E L 2(n) est tel que
div u E L2 (1), on peut encore définir la trace normale u • na' [35] (cf. également
[29]) .

	

D
Remarque. Des problèmes voisins sont abordés dans [37] et [33] par des méthodes

différentes .
ADDITIF :

D'après [12], Auchmuty et Benjamin, motivés par la mécanique des fluides, on t
abordé, dans un travail en préparation, la question suivante :

–Ow = v dans IZ

w/aSI = O,

sup

	

v • w dx/v t • q • v* = uo donné ,
n

i .e ., on prend, dans notre travail du § 5

l(v) = v, b(x, w) = w, c(x, w) = O .

Serre [29], avec des motivations voisines de celles de Auchmuty et Benjamin a
également abordé un problème assez proche dans le cas où uo est une fonction à

ccl

a+~
dx=

Fa f
f
~ ay \ f ax ax

f

ay ) J d
x

a~ _ a ~
n

nrr

	

ax
2

ay i
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valeurs discrètes . Enfin dans [12] on trouve d'autres types de problèmes d'optimisation
à réarrangement fixé .

REFERENCES

[1] I . EKELAND, Sur le contrôle optimal de systèmes gouvernés par des équations elliptiques, J . Funct. Anal ,
9 (1972), pp . 1-62 .

[2] H . BERLIOCCHI AND J . M . LASRY, Integrandes normales et mesures paramétrées en calcul des variations,
Bull . Soc . Math . France, 101 (1973), pp . 129-184.

[3] M. F . BIDAUT, Théorèmes d'existence et d'existence en général d'un contrôle optimal pout des systèmes
régis des équations aux dérivées partielles non linéaires, Thèse, Université de Paris VI, 1973 .

[4] C . CASTAING, Sur les multiapplications mesurables, Thèse, Caen, 1967 .
[5] F . MURAT, Théorèmes de non existence pour des problèmes de contrôle dans les coefficients, C . R. Acad .

Sci . Ser. I Math ., 274 (1972), pp . 395-398.
[6] J . BARANGER, Existence de solutions pour les problèmes d'optimisation non convexe, Thèse, Grenoble,

1972 .
[7] L . TARTAR, Compensated compactness and applications to partial differential equations, Nonlinea r

Analysis and Mechanics, Heriot Watt Symposium, Heriot Watt University, Edinburgh, Scotland ,
UK, 1978, Vol . IV, 136-212 .

[8] J . L . LIONS, Contrôle optimal, Dunod, Paris, 1968 .
[9] K. M . CHONG AND N. M . RICE, Equimeasurable rearrangements of functions, Queens Papers in Pure

and Applied Mathematics, No . 28, Queen's University, Kingston, Ontario, Canada, 1971 .
[10] G. H . HARDY, J . E . LITTLEWOOD, AND G . POLYA, Inequalities, Second edition, Cambridge Universit y

Press, Cambridge, UK, 1952.
[11] L . MIGLIACCIO, Sur. une condition de Hardy, Littlewood, Polya, C . R. Acad . Sci . Ser. I Math ., 29 7

(1983), pp . 25-28.
[12] A . ALVINO, P. L . LIONS, AND G . TROMBETTI, On optimization problems with prescribed rearrangements,

Nonlinear Anal . T.M .A. 13 (1989), p . 185-220 .
[13] M . PROTTER AND H . WEINBERGER, Maximum Principles in Differential Equations, Springer-Verlag ,

New York, Berlin, 1984 .
[14] R . TAHRAOUI, Contrôle optimal à réarrangement fixé, C . R . Acad. Sci . Paris Ser. I Math, 303 (1986) ,

pp . 955-958 .

	

[15]	 Quelques remarques sur le contrôle des valeurs propres, Seminaire du Prof. J . L. Lions, College
de France, Paris, 1985, Vol . 8, Litman .

	

[16]	 , Contribution à l'étude de quelques questions d'analyse non linéaires issues de la mécaniques,
Thèse, Universite de Paris VI, 1986 .

[17] M. G . KREIN, On certain problems of the maximum and the minimum of characteristic values an d
Lyapunov zones of stability, Amer . Math . Soc . Transi., 1 (1955), pp . 163-187.

[18] D. O . BANKS, Bounds for the eigenvalues of nonhomogeneous hinged vibrating rods, J . Math . Mech ., 1 6
(1967), pp . 949-966 .

[19] G. ZERAH, Thèse, Résultats d'existence en forme optimale des poutres, Université de Paris Sud, 1981 .
[20] R . B. GONZALES DE PAZ, On the optimal design of elastic shafts, Math Modelling and Numer. Anal . ,

23 (1989), pp. 615-625 .
[21] J . CEA, Problems of shape optimal design, in Optimization of Distributed Parameter Structures, NAT O

Proceedings, E . J . Haug and J . Cea, eds ., Sÿthofl and Noordhoff, Groningen, the Netherlands, 1981 .
[22] D . CHENAIS, On the existence of a solution in a domain identification problem, J . Math. Anal . Appl . ,

52 (1975), pp . 189-219 .
[23] H . LANCHON, Torsion elastoplastique d'un arbre, J . Mécan. Theor. Appl ., 13 (1974), pp . 267-318 .
[24] O . PIRONNEAU, Optimal Shape Design for Elliptic Systems, Springer-Verlag, New York, Berlin, 1984.
[25] J. P . ZOLESIO, Identification de domaines par deformation, Thèse, Université de Nice, 1979 .
[26] N . V . BANICHUK, Problems and Methods of Optimal Structural Design, Plenum Press, London, 1983 .
[27] V . I . ARNOLD, Sur un principe variationnel pour les écoulements stationnaires des liquides parfaits et ses

applications aux problèmes de stabilité non linéaire, J . Mécan . Theor. Appl ., 5 (1966), pp . 29-43 .
[28] F. MURAT AND L. TARTAR, Calcul des variations et homogénéisation, Ecole d ' ete d'analyse numeriqu e

CEA- EDF -INRIA, pp. 323-367 .
[29] D . SERRE, Sur la formulation variationnelle de l'écoulement des fluides parfaits, Equipe D'Analyse

Numerique, Lyon-Saint Etienne, 1986 .
[30] R. TAHRAOUI, Problème à frontière libre et contrôle optimal: resultats qualitatifs, à paraître .



CONTRÔLE OPTIMAL

	

52 1

[31] T. B . BENJAMIN, The alliance of practical and analytical insights into the non linear problems of flui d
mechanics : Applications of methods of functional analysis to problems in mechanics, Lecture Notes
in Math ., Vol . 503, Springer-Verlag, New York, Berlin, 1976, pp . 8-29.

[32] C . J . AMICK AND L. E. FRAENKEL, The uniqueness of Hill's spherical vortex, Arch . Rat . Mech . Anal ,
92 (1986), 91-119.

[33] G . R . BURTON, Steady symmetric vortex pairs and rearrangements, Proc. Roy . Soc . Edinburgh Ser . A . ,
108 (1988) 269-290.

[34]

	

	 Rearrangements of functions, maximisation of convex functional and vortex rings, Math. Ann . ,
276 (1987), pp . 225-253 .

[35] R. TEMAM, Navier-Stokes Equations. Theory and Numerical Analysis, North-Holland, Amsterdam ,
1979 .

[36] V . I . ARNOLD, Methodes mathématiques de la mécanique classique, Collection MIR Moscow, 1976 .
[37] B . TURKINGTON, On steady vortex flow in two dimensions I, II, Comm. Partial Differential Equations ,

8 (1983), pp . 999-1071 .
[38] J . BARANGER AND R. TEMAM, Nonconvex optimization problems depending on a parameter, SIAM J.

Control ., 13 (1970), pp . 146-152 .



SIAM J. CONTROL AND OPTIMIZATION
Vol. 30, No. 3, pp. 522-547, May 1992

1992 Society for Industrial and Applied Mathematics
002

CONTROLLER SYNTHESIS BY J-LOSSLESS COPRIME
FACTORIZATION*
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Abstract. This paper develops a coprime factorization approach to the synthesis of internally stabilizing
controllers for a given system such that the o norm of the closed loop is strictly less than a given bound.

By the use of coprime factorizations, it is shown that the control problem is fundamentally related
to the so-called analytic systems considered by Helton et al. [Regional Conference Series in Mathematics 68,
1987]. Such problems admit a solution if and only if a certain J-lossless factorization exists. Interpreted in
the control context, this means that for a controller of the requisite type to exist the plant must admit
a certain J-lossless coprime factorization. The full Ygo synthesis problem requires that two nested J-lossless
factorizations exist. The results are independent of whether discrete time or continuous time systems are

being considered.
It is then shown that J-lossless factorization is equivalent to the existence of a nonegative, stabilizing

solution to an algebraic Riccati equation, allowing a simple state-space formula for a generator of all
controllers to be calculated.

Key words. control, coprime factorization, J-spectral factorization, J-contractive matrices, J-lossless
matrices

AMS(MOS) subject classifications. 93C35, 93025, 47B50

1.1. Introduction. This paper concerns the problem of obtaining all stabilizing
feedback controllers for a linear time invariant system such that the closed loop transfer
function satisfies a prespecified infinity norm bound.

The basic paradigm [8], [11], [12] for solving this problem was to eliminate the
internal stability constraint using a doubly coprime factorization and the parametriz-
ation of all stabilizing controllers. This leaves a model matching problem which can
in turn be reduced to the so-called four block distance problem. Several spectral
factorizations enable the four block distance problem to be turned into a Nehari
problem, for which solution techniques are known 1 ], [5], 10], 11 ], 14]. A variation
on this theme involves solving the model matching problem as a bitangential Nevan-
linna-Pick interpolation problem [23], [26], [36].

This paradigm is unsatisfactory because the cumbersome chain of reductions,
substitutions, factorizations, etc., necessary for the theory is both aesthetically unap-
pealing and leads to computer software that is slow, subject to serious state dimension
inflation, and plagued by numerical difficulties, although, in all but the most general
case, it was known that controllers of the same degree as the plant exist [26], [29].

Recently the situation has improved dramatically. An elegant solution to the four
block distance problem, based on all-pass embedding, has been developed and involves
the solution of two algebraic Riccati equations [16], [17], [30]. These equations can
also be seen to arise from J-factorizations [16], which have long been associated with
the Nehari problem, and form the basis of a solution to the model matching problem
[2], [18]. Other new approaches based on the model matching problem have also
recently been developed [20], [24].

Separate from this school of thought, consideration was being given to polynomial
matrix methods for control [25] and to the attainment of infinity norm objectives
by state feedback, where a suitable control is obtained from the solution of a single

* Received by the editors August 22, 1989; accepted for publication (in revised form) December 12, 1990.
f Department of Electrical Engineering, Imperial College, London SW7 2BT, United Kingdom.
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algebraic Riccati equation [7], [21], [22], [32], [37]. The full output feedback problem
was tackled, although under certain assumptions, in [9], and the solution involved an
observer, a state feedback and two Riccati equations.

Connections with other areas of control, such as risk sensitive optimal control
[16] and linear quadratic differential games [9], [27], [28], have been established as
well as generalizations to time-varying systems [27], [28], [33].

The new observer/state feedback approach of [9] differs fundamentally from the
basic paradigm in that it by-passes the parametrization of all stabilizing controllers.
Also of interest is that [9] describes, by means of state-space realizations, special
problems that are relatively easy to solve, called full information, full control, output
estimation, and disturbance feetlforward, in terms of which the (restricted) general
problem can also be solved. The assumptions made in [9], however, reduce the question
of internal stability to input/output stability. So, despite the claim that these assump-
tions lead to "the simplest special case which captures all the essential features of the
general problem," the role played by internal stability is marginalized.

To fully understand the structure developed in [9], it is essential to find transfer
matrix characterizations of the special problems of [9] and to analyze how this impacts
upon the internal stability of such systems. This examination leads to the result that
the special Y( control problems of [9] are precisely the analytic system problems of
Helton et al. 19] in a different form. The connection is revealed by coprime factorization
and internal stability. In the general case, the Y( control problem is seen to consist
of two nested analytic system problems.

The so-called analytic system problem, for the stable case relevant to Y( control,
is the following: Given G , find all Q, Q2 6,q’ such that

G21 G:z2J Q2

The AS problem can be solved by a number of techniques, ranging from Ball-
Helton theory, J-spectral factorization, and interpolation to the state-space approach
of [9]. Since the main purpose of this paper is to elucidate the connection via coprime
factorization between control and analytic systems, our approach to the AS problem
is to show how it relates to model matching and to invoke the results of [18]. This
shows that the AS problem has a solution if and only if there exists an outer matrix
W such that GW-1 is J-lossless. In other words, G has a J-inner outer factorization
G=(GW-1)W.

It follows that the disturbance feedforward problem admits solutions if and
only if a right coprime factorization for the plant exists and has a certain J-lossless
property. The general synthesis problem is then solved by two nested coprime
factorizations, which have J-lossless properties. Since the results are in terms of the
properties of transfer matrices, or operators, they apply to both continuous-and discrete
time systems.

The existence of a J-lossless factorization is shown to be equivalent to the existence
of a stabilizing, nonnegative solution to an algebraic Riccati equation with indefinite
quadratic term. This allows an explicit state-space formula to be given for a generator
of all solutions to the synthesis problem. The state-space results will be proved
for the continuous time case and given without detailed proof for discrete time.

1.2. Notation and preliminaries. Vector and matrix notation is standard.
denotes the space of proper (bounded at c) p q rational matrix functions of a complex
variable. Let C+={s6C’s+ff_->0}[3 and jR={s6C’s+ff=0}Uc. Let fi)+=
{z 6 C" Izl _-> 1 } (_J c and 7 {z C" Izl 1}. Furthermore, let A+ designate either C+ or
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D+ with 0 denoting eitherjR or ]1-. Denote by ?oPooXq(A+) and ?PeoXq(A+) the subspaces
of rpxq without poles in 0 and A+, respectively, with I1 the usual associated infinity
norm. Denote by (A+) the group of units of YtV(A+) (M <=>M, M-1

PP) and let 3’pcXq(A+)= {M /Pcxq(A+) [[MI[ < 3/}. For A+ C+, M’(s)=
[M(-g)]*, while, for A+ =D+, M~(z) [M(5-1)]*. M*(z) [M(z)]*. To avoid clutter,
we will frequently make no explicit reference to A+ or to dimensions of matrices, and
speak of ,, etc., except where necessary in the interest of clarity or where the
result applies only to t(C/) or tf(/). A matrix A C is A/ asymptotically
stable if none of its eigenvalues lie in A/.

For 3’ 0, define Jpq(3’) by

jpq 3" [ lp 0 10 -,:Iq
We will often abbreviate Jpq(3") to J.

A partitioned matrix M (l+m)x(q+m) will be called J-lossless if M*Jlm(3")M <=
Jqm(3") in A+, with equality holding in 0. Also, M is conjugate J-lossless if M* is
J-lossless (i.e., MJM* <= J).

As defined, a J-lossless matrix need not be square, unlike the situation in [10],
[13] (to which several "tricks" in this paper can be traced). Note, however, that if M
is J-lossless, then M*JM is invertible on 0, so a J-lossless matrix is "tall," i.e., >-q.
Also, note that a J-lossless matrix is always assumed to be partitioned, so that the 2,2
corner is square.

Associated with M pxq is a state-space realization

[AB](n+p)x(n+q)M(s)=D+C(sI-A)-IBL
C D

C

Any M pxq has right and left coprime factorizations (see [35])
M ND-=/-, N, D, )Q,/ Y2, D(oe),/(oe) nonsingular.

As in [35], we will abbreviate right coprime as r.c. and right coprime factorization as
r.c.f., and similarly for left coprime (1.c.) and left coprime factorization (1.c.f.)

If Pc (l+m)x(p+q) and K qm, then the linear fractional map o(P, K) is
defined by

o(P, K) Pll + PIK(I- PK)-IP,.
Note that (P, K) is the transfer matrix from w to z in Fig. 1, and that

K) 11o sup
wo Ilwll

FIG.

2
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Thus, II (P, K)IIL is the worst case energy gain of the closed loop system. The Y(oo
controller synthesis problem is to establish necessary and sufficient conditions for the
existence of stabilizing controllers K satisfying II(P, K)]]< y and, when these
conditions hold, to parametrize all such controllers.

If P2 is inveaible in and G is defined by

G= P 0 I -1= I -P P 0

I e2, P22 0 P21 -P22 I

equivalently, 22 is inveible in and P is defined by

(1.1) P-[ GII
0 I I G22 J I G21

then

(1.2) o(P, K)--( GllK +G12)(G21K +G22) -1.
Remark. Equations (1.1) and (1.2) give the basics of the connection between

analytic systems, coprime factorization, and Ygoo control. For if there exists a G ;oo
such that P has the form (1.1)mwhich is to say P has a certain coprime factorization
over omwe immediately see that

R2 G21 G22 /2
where/1/ is a r.c.f, of K. Internal stability amounts to R2G ff’oo, SO we can write
the Ygoo control problem as the analytic system problem

2. StaMlti theory. In 2 we review the stabilization theory of the generalized
regulator shown in Fig. 1.

The treatment is based on coprime factorizations over oo (see, e.g., [35]).
2.1. The basic stabilization theorem. In this section we give conditions, in terms

of coprime factorizations, for a controller to stabilize the generalized regulator. These
conditions are given in 11, Chap. 4], but the proof given here is believed to be simpler.

DEFINITION. Let P 5++, K and suppose that

(2.1)
z =p + u=Ky+v2.
y v

System (2.1) is well defined if the nine transfer matrices from w, Vl, v2 to z, y, u exist
and are proper (i.e., ). The system is internally stable if these nine transfer matrices
are stable (). In this case we say K is a stabilizing controller for P, or K stabilizes
P. We say P is stabilizable if there exists a stabilizing controller for P.

THEOREM 2.1. Suppose that P (l+m)x(p+q) and let P ND-1 1- IQ be an r.c.f
and an L c.f of P. The following are equivalent"

(2.2)

(2.3)

(i) K stabilizes P;

(ii) K KIK1, with D21 D22 K1 E, K2(oo) nonsingular;

N21 N22 K2
/ll /12 12 1(iii)K=/’/,, with /21 /22 ]Q22 c,I2()nonsingular.
0 1 /2
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Proof (i)(iii). Suppose that K stabilizes P, let K have an 1.c.f. /1/1, and let
be the matrix in (2.3). Rewrite (2.1) as

(2.4) /)1,

--/)2

rl 12 0 10 0 K2

Since E3,/Q and/2, /1 are 1.c., it follows that J and I) are 1.c. Thus, by coprimeness,

(iii) =:> (i). If (2.3) holds, then it follows from (2.4) that K is a stabilizing controller
for P.

(iii)(ii). Suppose that (2.3) holds. Now let K KIK be an r.c.f, of K. Define

X= N2 N2 K Y= 0 0 K
De D= K D21 D= 0

Note that X, Y are r.c. and 2Y= IX. Therefore there exist /), 1, U, V oo such
V U

that [_f ?][ -vt] I. It follows that X cgXoo(X-
(ii)(iii). Use a similar argument to that above.

2.2. Stabilizability. We now consider necessary conditions on P for a stabilizing
controller to exist; we see that P is stabilizable only if P has coprime factorizations
in which the denominator matrix has a particular triangular form.

COROLLARY 2.2. If P (l+m)x(p+q) is stabilizable, then

(2.5) (i) P has an r.c.f P= ND- with D= |
[_ D21

0
| and N2, D2 r.c.;

D

(2.6)
/,

(ii) P has an 1.c.f P 1-11, with 1
0

and =, 1Q l.c.

Note. Using these factorizations and Theorem 2.1, it is straightforward to show
N22D22 D22 N22.that K stabilizes P if and only if K stabilizes P22 -1

Proof We prove only that P stabilizable(i), with (ii) following by similar
reasoning.

Suppose that P is stabilizable and let K stabilize P. Let YX- be an r.c.f, of P,
and KIK an r.c.f, of K. From Theorem 2.1msee (2.2)mit follows that [Xll X12 is
right invertible in Ygoo Therefore there exist -g21 and 7"22 such that )21 X22
oo. Define N YJ- D XJ- [51

Remark. The converse to the above corollary is almost true. If P has an r.c.f.
P ND- as in (2.5), then, since N22, D22 are r.c., there exist K, K E such that

K[o=u= K]e oo. That K KK stabilizes P follows from Theorem 2.1, provided
K2(oe) is nonsingular (this is assured if, for example, P2 is strictly proper, implying
N22(oo) =0).

2.3. Characterization of stabilizing controllers.
COROLLARY 2.3 Suppose that p(+m)(p+q has an r.c.f P= ND-, D=, o=]. Then K stabilizes P if and only ifK Ig2;Ig21 where Ig2 Ig2 satisfy

(2.7) [/, /21[ N21 -N22]-D21 D22
[Q Iq], K, /2 oo, K2(oo) nonsingular.
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In this case,

Ip Ip 0

Note. The important condition in (2.7) is the second block column; Q is just
whatever comes out of the first column once the second is satisfied.

Proof Suppose that K is a stabilizing controller for P with r.c.f. K K1K1. Define

Q K2 -K1 D21 D22 K
/r22D21- 22N21 -/22 22 N21 N: K

Note that g2( is nonsingular, since K =D22 KN2, and that K =Kal.
Equation (2.7) follows.

Conversely, suppose that (2.7) holds. Hence K1, K2 are 1.c. and N22, D22 are r.c.,
so there exist N22, D22, K1, K2 , such that

-N DJ N K
It follows that K() is nonsingular (K=-2211) and by Theorem 2.1,
K KK= stabilizes P.

If , , Q satisfy (2.7), we have

(P, K) P+ P(I-KP)-KP

11 + P1221 + P1222(222 1N22)-1

x 1P21 222 1N22) D21]

11 + 1221 + 1222[1(21 +NDD)-D]

NI + N(KNI-KD)

Nil + Nl.
Remark. This characterization of all internally stabilizing controllers is implicit,

in contrast to the explicit Youla parametrization (see [35]). The advantages for
controller synthesis are (1) the parametrization N+NIQ of the closed loop is
one-sided," and (2) Nl and N have the same order as P. The Youla parametrization
leaves a two-sided" problem with twice the order of P. Of course, Q in (2.8) is not
a free parameter, being constrained by (2.7). The controller synthesis problem is
therefore exposed as a two stage procedure, with each stage involving the solution of
an analytic systems problem. In stage 1 we find all Q such that Ilg + NII< .
All such Q’s are given in terms of a free stable matrix U with uIl < . it remains
to establish which of these Q’s can be obtained from K via (2.7). Since the map
connecting U and Q is inveible, we consider in stage 2 which U’s can be obtained
from K by considering the map from K to U, which proves to be of the form in (2.7),
that is, another AS problem.

Thus the constraint of internal stability exposes the structure of the general
synthesis problem as two nested AS problems(2.7) a left-handed AS problem, and
(2.8) a right-handed AS problem.
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COROLLARY 2.4. Suppose that P (l+m)x(p+q) has an 1.c.f P 1-1IQ, ) It 12"]
0 D22j"

Then K stabilizes P if and only if K glg1, where KI, K2 satisfy

(2.9) [L,
In this case,

D22 K2
K2(oo nonsingular.

N11(2.10) [o%(P, K) Ii]=[I! t] /21
[’1

2.4. aCt’oo control and analytic, systems Equation (2.10) shows that we can generate
the closed loop (P, K) from Q, witQ generated by the system of equations (2.9).
Consider now the special case when N has the form

(2.11) = I N22J"
From (2.10), it follows that (P, K)= . We have the following corollary.

COROLLARY 2.5. Suppose that P (l+=)(+q) has an l.c. of the form

en K stabilizes P and (e, K)II ifand only ifK KK;, where K1,’K satisfy

with d %
Note. It holds tha (P, K)= Q.
Proo The result follows directly from Corollary 2.4, observing that N 0 and

I.
The above result shows that, for ceain special systems, characterized by having

a coprime factorization of a paicular form, there is an exact correspondence between
the control problem and the analytic system problem. Naturally, a qeft-handed"

dual version of Corollary 2.5 is obtained by considering systems with r.c.f. ND- as
in Corollary 2.3 for which N 0 and Na I.

Zg. Dstree feefr mm estfim Sections 4.3 and 4.4 of [9]
concern two special N control problems, called disturbance feedforward and output
estimation.

For disturbance feedforward, it is assumed that P has a state-space realization

A B B
(2.13) P C 0 D

C I 0

with A-B C asymptotically stable. This gives an 1.c.f. as follows"

A-BC 0 B A-BC 0 -B
p=-l, C1 0 D12 C I 0

C2 I 0 C2 0 I

Noting that the states are uncontrollable through the first input, we see that this l.c.f.
is of the form in Corollary 2.5.
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The output estimation problem is similarly seen to be of the form in Corollary
2.3 with Nll 0 and N12 L

The disturbance feedforward problem and the output estimation problem can be
completely solved as analytic systems problems. We will see in 3 that such problems
require a single J-spectral factorization, and hence a single Riccati equation for their
solution as is already established in [9].

The full information and full control problems of [9] do not appear to arise in a
natural way within the framework considered here, since (as is remarked in [9]) they
do not satisfy the assumptions that are in force for the general case. Nevertheless,
their role in [9] is played by the "model matching" part of the problem--see (2.8) and
(2.10). The relationship between disturbance feedforward and full information would
seem to be bound up with the reduction of a general analytic system problem to a
model-matching type problem. We will see how this is done in 3.2.

3. Analytic systems. We will now discuss the theory of analytic systems of which
those described so far are but a special case. They are stable analytic systems, and the
sufficiency theory for such systems can be developed entirely from a consideration of
J-lossless matrices. The necessity theory requires a deep theorem, such as the
Nehari/AAK, Nevanlinna-Pick, or Ball-Helton theorems, somewhere along the line.
To be as concrete as possible, the approach adopted here is to show how the AS
problem relates to model matching and to invoke the results of[ 18]. More sophisticated
approaches are possible, and results similar to those presented here can be found in
the work of Ball and Helton, especially [4], [19]. Indeed [4] contains many interesting
connections between notions of passivity, J-losslessness, analytic systems of various
types, the geometry of shift invariant subspaces, and reproducing kernels.

3.1. The analytic system problem. (See 19, p. 57].) Given Gll G12 E /o., G21
G22 E Yf, an integer l_> 0, and a real number 5’ > 0, find the set of all R, R2 such
that R2 is inner and of degree =< l, < and such that there exist Q, Q2 Yf with

(3.1)
R2 G2 G22.] Q2

By suitably choosing the matrix G in (3.1), many problems from operator and
analytic function theory--such as Nevanlinna-Pick interpolation, Toeplitz Corona
theory and the Nehari model matching and model reduction problems such as are of
interest in control--can be posed as AS problems.

Setting G 0 and G22 I, for example, we see that we have the following model
matching problem over (/):

(3.2)
R2 0 I Q2

Since R2--Q2 is inner, it is invertible, and we see that (3.2) is the model matching
problem of finding Q(=QQl)yto(l)such that [[GQ+G1211o< 3’.

Specializing a little further, setting GI I, we have the Hankel norm model
reduction problem, or when 0, the Nehari problem.

3.2. The case where 0. With 0, R2 is required to be a constant, unitary matrix
so, without loss of generality, we will require R2 to be the identity. Equation (3.1)
therefore becomes

G21 G22 Q2
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From the second row of (3.3), it follows that there exist Gll G12, Q1, and Q2 such that

[(11 12] [ 01 Q11 -1

(3.4) G=
GEl G22 02 Q2

This gives

(3.5) G=G-= [(0 12]I

and, since G , the analytic system (3.3) is equivalent to the analytic system

0 I I I Q2

Thus all l= 0 AS problems are model matcng yob[ems.
THEOREM 3.1 (See [18]). Suppose that G=[ff ]+q+ is left invert-Im

ible in. ere exists a such that

(3.7) 0 + 211<

if and only if there exists a W such that

(3.8) ’ v ’ r , , and

In this case, all O satisfying IIO+ ,=11 are generated by

I
where is any solution to (3.8).

Furthermore, for any satjsfying (3.8), the following hold"
(a) For all U , Q2 in (3.9);
(b) For all O satisfying IIQ+ a=ll r, [0 I][,].
Proof Variations of this result appear in a number of places; see, for example,

[2], [3], [4], [19], or [18], from which the continuous time (A+=C+) version of the
above statement derives. The discrete time result follows by bilinear transformation.
The Nehari case is treated in .[5], 10], 11 ]. U

COROLLARY 3.2. Suppose that GG(+m)x(q+m) is left invertible in ,
[0 Im]G q+m). ere exist Q1, Q and an R with IIRII < r satisfying
the analytic system (3.3) if and only if there exists a W such that

(3.10) G’J(y)G= W’Jq(y) W+, and (GW-)22.
In this case, all solutions R to the analytic system (3.3) are generated by

(3.11) R RR R I
U 2

with W any solution to (3.10).
Proo First note that if a solution to the AS exists or a W satisfying (3.10) exists,

then [G G] is right inveible in . The result follows from (3.4)-(3.6) and
Theorem 3.1. Note that (-)e and that (GW-)
(-l.

3.3. -lssless trees stle lte systems. If G , the conditions
of Corollary 3.2 can be given an attractive, alternative form using J-lossless matrices
via the following lemma.
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LEMMA 3.3. Suppose that X +’)(q+"). Then X22 and X’Jlm(’)/)X
Jq,,() if and only ifX is J-lossless.

Proof. Suppose that X is J-lossless. Then X*12X12-y2X*22X2_ <--y2I in A/, so

X is nonsingular in A+, i.e., X2 . By J-losslessness, we have that X JX J
on 0. Therefore, since X is rational, so X JX is rational, we have that X JX J.

Conversely, suppose that X22 cg and X JX J. Let

0 yI 3’ yX21 7X22

Note that X q3 and Y X1X;I go. Now observe that

(3.12) X’JX J X{ Y’ Y I}X2,

where X’ denotes either X* or X’. With X’ denoting X’, we see that Y is all-pass.
Since Y is stable, we have, by the maximum modulus principle, that Y is lossless
(Y’Y<-I in A+). Therefore, from (3.12) with X’ denoting X*, X is J-lossless. [3

Before interpreting Theorem 3.2 in terms of J-lossless factorizations, we have the
following generalization of Lemma 3.3, which is proved using Theorem 3.1. It can be
proved independently, giving a sufficiently theory for stable analytic systems, but since
we also need necessity, it is more efficient to use previously established results.

LEMMA 3.4. Let X (l/m)x(q+rn) be J-lossless and define G and W by

G=XW=
X21 X22 0 Im3

(1) If U ),, then X2, U+ X22 ’ and (Xll U + X12)(XI U + X2)-1

y.
(2) IfQ is such that llG,Q+Gz[[T, then I-XzQ and Q(I-

X,Q)-’X22 I QX2, -1 Qx2 y.
Proof Since x is J-lossless, G JG W JW and W W,by Lemma 3.3. Clearly,

Wll . The result follows from Theorem 3.1see (a) and (b).
THEOREM 3.5. Suppose that G +m)x(q+m) iS left invertible in. en there

exist Q1, Q26 and an R with IIgll satisfying the analytic system (3.3) if and
only if there exists a W such that

(3.13) W (%+m and GW- is J-lossless 1.

by
In this case, all solutions R to the analytic system (3.3) with R are generated

R R1R [R1] GW-I [ U] U yYgq+m
R2 Im

where W is any solution to (3.13). All Q1, Q2 are generated by

The theorem is stated with G assumed to be partitioned so that the 2,2 corner is square. We also need
to consider the case when the 2,1 is square, i.e., G YtY(l+m)m+q). One is converted to the other by
swapping columns, and the off-diagonal blocks of W are then square, instead of the diagonal blocks.
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_Proof The proof follows from Corollary 3.2 and Lemma 3.3. Note also that by
Lemma 3.4, R2 3. 1-1

3.4. Some comments concerning infinity. In the application of the theory of analytic
systems to Y( control, K KK is a stabilizing controller for a problem of disturb-
ance feedforward type if and only if [’] satisfy an analytic system and K2(cx3) is
nonsingular, or else K is not proper. That is, infinity is a special point because we
allow the controller to have poles anywhere in C but not at infinity.

The following lemma allows us to say that if Q2() is nonsingular in Theorem
3.5 for some strict contraction U(c),2 then we can assume (W-)22() is nonsingular.
This will mean that Q() will be nonsingular for any U with U()- 0.

LEMMA 3.6. Let C(q+’q+" be nonsingular. There exists a constant matrix
t;

is nonsingular ifand only if there existsU C q such that U* U < y2i and [0 Im][ lm
a nonsingular matrix 12 C (q+’q+’’) such that 12j-112. j-l., with 1222 cqq
nonsingular.

Proof If 12 exists, then f=(R), where (R)j-l(R).= j-1. This implies
221)22 y-z/, so (R)2 is nonsingular and U ’)/21121)221 satisfies U*U < T2L We

then have [0 I,,]1)[ .] y21222(R)2-1, which is nonsingular.
Conversely, if U exists, set 12 12fl(U), where

0 (T2I U* U)-1/2
7
-1 U*

We then have ( U)J-’( U)* j-1 and that [0 I][),-1[-]
[0 I]fi-’[ 7]Y(721 U* U) -’/2.

A further result we need for similar reasons is the following lemma.
LEMMA 3.7. Suppose that G+’+’ with G2 strictly proper (or G e

ygl+m}(,,,+ with G22 strictly proper) and there exists a l]satisfying (3.13). Then there
exists a W satisfying (3.13) with W21 (respectively, W22) strictly proper.

Note. W(m) nonsingular and W21(m)= 0 (respectively, W22(c)=0) implies that
Wl(m) and W22(m) (respectively, W21(m) and W2(c)) are nonsingular.

Proof. Consider the G2(m) 0 case.
For A+ C/, since m e 8, we have *J](c) G*JG](m). Since ’v(c) is

nonsingular, [G*JG](o) is nonsingular and it follows that {[G*JG](c)}11> 0. Now
by taking the Schur complement, W(o) with the desired W2(m)=0 property exits.
Define W W() ](cc)-For A+ =D+, since weD+, we have ff’*Jl]](cc)_> [G*JG](m). Let A be such
that "vC*Jff’](c) G*JG](m) + A*A *.](cc), where *(cc) [A* G*(m)] and
J IJ. Now apply the same construction as for the C+ case.

3.5. Solution to ,go control problems of analytic system type. Theorem 3.5 can
now be used to solve the special control problems, which are of stable analytic
system type described in 2.4.

For disturbance feedforward problems, we have the following theorem.
THEOREM 3.8. Let P (l+rn)x(m+q) have l.c.f

0 I, 1Q= with G=-IQ=
left invertible in.

Since oo e zX+, U(oo) is a strict contraction provided U is a strict contraction on

G2 strictly proper means G2(oo =0.
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There exists an internally stabilizing controller K such that II (P, g)ll < if
and only if P has an r.c.f.

(3.14) P-- ND-1 with [Nil N12] J-lossless and N22() nonsingular.4

Wl
In this case, all stabilizing controllers K such that II(P, K)[I=< 3’ are given b
K KK;, where K, K are such

[K] [D D][U] U7 K2()nonsingular.(3.15)
Ke N2 Nee] I

Note. Since N22() is nonsingular, K2() in (3.15) is nonsingular for all strictly
proper U (U() 0).

Proof First observe the following relationships" Rewrite the 1.c.f. -1 as the
r.c.f. YX-1

P= YX-, Y= -D2 X -N2 2

I I

Now

P ND-1 is a r.c.f, with N22(oo) nonsingular

::1 We c3 with YW-l= N and XW-l= D, (W-1)22(oo) nonsingular.

Observing the structure of Y and X, we see that such a W exists if and only if

(3.16) W_ IDol D2] Y(, N22(c) nonsingular
NI N

and

(3.17) G=

_
D_ _] Dll DI

W.

Obviously, GW-1 J-lossless:>[ N’ N21 J-losslessD DI2
Suppose that there exists a stabilizing controller K for P with [[(P, K)[[< 3’.

Then, by Corollary 2.5 and Theorem 3.5, there exists a W qYf such that GW-1 is
J-lossless, with G as in the first equality in (3.17). Also K K1Kl, with K1, K2 given
by

Since K is proper, Kz(CX3) is nonsingular. By Lemma 3.6 we can therefore assume
(W-1)22(oo) is nonsingular. Define N= YW-1, D= DW-1.

Conversely, suppose that P has an r.c.f, as in (3.14). Define W and G as in (3.16),
(3.17). By Theorem 3.5 the analytic system defined by G has a solution, and we obtain
a suitable controller for P by picking a U in (3.17) with U[[< 3’. Note that, since
N(oo) is nonsingular, K_() is nonsingular for any U with U()= 0.

By Corollary 2.5 and Theorem 3.5, all solutions are generated by (3.15).

N (l+m)x(q+m), D ff((m+q)x(q+m). That is, D12 and D21 are square, instead of the more usual
situation where D and D22 are square. Some "swapping" inevitably occurs; we either do it here, or in
Corollaries 2.3, 2.4, 2.5, etc. One reason for doing it this way is the more natural connection with the
state-space notation.
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For output estimation problems, we have the following theorem.
THEOREM 3.9. Let P (q+m)(p+q) have r.c.f.

P
N21 N22 D21 D22

with G N2’ -23 right invertible in021 D22
There exists a stabilizing controller K such that (P, K)lloo < Y if and only if P

has an 1.c.f.

(3.1S)P-/-1., with /021 /21 conjugate J-lossless and N(oo) nonsingular,

In this case, all internally stabilizing controllers such that (P, K)II are given by

(3.19) K =/-1/1,
where/_, /1 are such that

(3.20) [1 Ig2]=[U Iq] /2 U yNqm, /(oe) nonsingular.

4. a’ control. Although certain Y( control problems, as discussed in 3.5, can
be solved directly as analytic system problems, not all problems are of this type. In
this section we treat the general case by observing that a necessary condition for a
solution to exist can be used to turn the general problem into an equivalent AS type
problem (of output estimation type), which can be solved using Theorem 3.9.

4.1. A necessary condition. By hypothesizing the existence of a stabilizing control-
ler K such that II(P, K)[I < 7, we see that a certain analytic system of the model
matching type must have a solution. This implies that a certain J-lossless factorization
exists. This is used to show that a certain right coprime factorization of P exists.

LEMMA 4.1. Suppose that P (l+m)x(p+q) has an r.c.f P YX-1 such that X
x2], Y22, X22 are r.c., and Y12 is left invertible in o.
If there exists a stabilizing controller Kfor P such that (P, g)ll < % then P has

an r.c.f

(4.1) P= ND-1, with N12] J-lossless and Dl(O) nonsingular.6

Proof By Corollary 2.3 there exists a Q such that

By Theorem 3.5 there exists a W such that GW-1 is J-lossless. Define N YW-1,
D= XW-1. By Lemma 3.7 we can take W22(o)=0, and it follows that D21()
X22(oo) Wl2(oo)-1

Remarks. If a stabilizing controller exists, then P has a factorization YX-1, with
X lower triangular as in the lemma. The condition that Y12 have a left inverse in
is, however, an additional assumption.

It is easy to see that if YX-1= ,.f-1 are two lower triangular r.c. factorizations,
then Y12 has a left inverse in oo if and only if Y2 has a left inverse in
(2-- Y12X’22 Since Ya2X-- Y22X221 are r.c.f.’s of P22, Xd’22

N (l+rn)(q+p), D (P+q)(q+P), SO the off-diagonal blocks of D are square.
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Note also that, for Y,2 to have a left inverse in , it is necessary, but not
sufficient, that P,2 have a left inverse in (It is sufficient if Y,21 has full columnX22
rank on 0" P,2 Y2X, so for ,X 0, Y2(h)x 00X22(,)x y # 0, so P2()y
Y12(A)x 0.)

Remark. The best control, the worst disturbance, and the equilibrium equation
of [9], [27] are easily seen from the factorization P ND-’ as follows:

[ /’/uptW
Wworst]l-- O-1 [] :: [ 2’]_.. [ NI1ol D12jN121[ u upt 1-w w Wworst.

By J-losslessness, we have

Ilzll -  =llwll - Ilu- Uo tll -  =llw- Wworst

The control Uop is optimal in the entropy sense [15]. To obtain an explicit formula
for Uopt, set u- Uop above:

/’/opt W Wwors

Thus

Uopt D22(w- Wworst)--" D22D-2w -(D-1)-I(D-112 )11 W-

Note. D,2 is nonsingular, since it is the 2,2 block of a J-lossless matrix.
By using a left coprime factorization of P, we have the dual of Lemma 4.1, below.
LEMMA 4.2. Suppose that P (l+m)(p+q) has an l.c.f P -1 .r such that [

It x’21 ’r22 X22 are l.c., and ’21 is right invertible in0 X22
Ifthere exists a stabilizing controller K such that if(P, K)II < 3,, then P has an I.c.f.

(4.2) P D-l/Q, with /Q21 b21 conjugate J-lossless and O12(o0) nonsingular.

4.2. An equivalent problem. Using the special coprime factorization P ND- of
Lemma 4.1, we show that K is a stabilizing controller for P with II(P, K)II < 3’ if
and only if K is a stabilizing controller for P, with (P,, g)ll < and where P, is
of left-handed stable analytic system type (i.e., an output estimation type problem).

THEOREM 4.3. Suppose that the conditions of Lemma 4.1 hold and P ND-1 is a
right coprime factorization as in Lemma 4.1. The following are equivalent:

(1) K is a stabilizing controller for P such that
(2) K is a stabilizing controller for Pt (q+r,)(p+q) such that II(P,, g)ll<-

where Pt is given by

(4.3) et-N21 N22 D21 D22 N22 N21 D22 D21
N ul is J-lossless, D2G fftaoo (Lemma 3.3). Now consider theProof Since D, D,2j

following new factorization of P:

(4.4) []-- [DN] [/11 O12]-1"0
E (rn+l)(p+q), b (rn+i)(l+m), so the off-diagonal blocks of/) are square.
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oNote that D=[02, &2]" Hence, by Corollary 2.3, K stabilizes P if and only if
K =/1/1, where

(4.5) [/1 /2]

and that, in this case,

E3= J
=[Q I], K1, K2oo, K2(oo) nonsingular

Suppose that 1 holds. Let K =/-l/ be such that/l,/2 satisfy (4.5), with (P, K) c

3’oo. Using Lemma 3.4, (4.4), and (4.6), it follows that I Dll Q cd (equivalently,
I-QDll g() and that R (I-QDll)-1QD12 6 3’. Now use (4.4) and (4.5) to
get

(4.7) [K K2]|
[ N22 -N_l[-] =[R I], K1, K2Gff(o
k -D22 O21

and

(4.8)

where

K2(oo nonsingular

[K1 K2] (I- QD,,)-’[g,

It follows from Corollary 2.3 that KK1 g;’g K stabilizes P,, and (P,, K)
R c

Suppose that 2 holds. By Corollary 2.3, let K KK be such that (4.7) and
(4.8) hold (R (P,, K)). Then, by Lemma 3.4, it follows that DR +D2
(equivalently, I +DDR , or I +RDD ) and that (NIR + N) x
(DR + D12)-1G y. Define

[1 2] (I + RDTdD,,)-’[K, K2],

Q (I + RDD,,)-’RD,2= R(D,,R +
It is easily verified that (4.5) and (4.6) hold, with (P,K)=

(NllR + N12)(DllR 4- D12)-’.
4.3. The general solution. The necessary condition of Lemma 4.1 reduces the

general suboptimal 3 control problem to another suboptimal oo control problem
of left-handed analytic system type (i.e., of output estimation type), by Theorem 4.3.
This problem can be solved directly using the theory of 3.

THEOREM 4.4. P (l+rn)(p+q) has an r.c.f P YX-1 and an 1.c.f P f-I such
that

(1) X x=] Y22 X22 are r.c. and Y12 is left invertible in ;X21, x,q f22, = are l.c. and 21 is right invertible in .(2) 2 [o /22A’

There exists a stabilizing controller K for P such that (P, K)[[ < 3’/f and only if the
following two conditions hold:

(4.9) (a) P has an r.c.f P ND-1 with ! Nil N12] is J-lossless and D21(c)
[. Dll OlzJ

nonsingular;

(b) P has a l.c.f
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(4.10) P,= ff)-I, with [l, 1 11
J

where

conjugate J-lossless and I2z(oo) nonsingular,

[ Iq 0][0 Ip J--l E (q+m)(p+q(4.11) P’=
N2, N22 D, D2

In this case, K is a stabilizing controller for P such that if(P, K)[[-< 3’ if and only if
K I’I,, where

(4.12) [/ /]=[U Iq]
[.D 1 U e 3"1qom, (oe) nonsingular.

Equivalently,

(4.13) K <(Ka, U),

_r 12 o](4.14) Ka L N22 D22 Iq
Note. /22(oo) nonsingular ensures /2(oo) is nonsingular for any strictly proper

U. It also ensures Ko is proper.
Proof The result follows from Lemma 4.1, Theorem 4.3, and Theorem 3.9, pro-

vided G, has a right inverse in oo (G, N22 -N2,]). We therefore must show that_D22 D21
this is the case, provided P has 1.c.f. satisfying 2. This we do as follows.

Since ND-’= .- " are an r.c.f and an 1.c.f of P, there exist U, V,
such that

(4.15)
N -Y 0 I

Suppose, to obtain a contradiction, that G, does not have full row rank on 0. Then
there exist ,t 0 and x, x2, not both zero, such that

IX2 -x1]Gt(I [0 0]

[0 x, 0 x]
N

(A)=[0 0

:>[0 xl 0 x2]=[0 0 y, y]-I9

Yl Y2]

<=>y,=0 (by the structure of.) and.y2[2, I22’a2](h)=[0 x, x].

So G, has a right inverse in has a right inverse in.
Remark Suppose that P(s)= D+ C(sl-A)-B. Then the factorizations with the

requisite triangular structure exist provided (A, B2, C2) is stabilizable and detectable
In this case, Y12 and Y2 are, respectively, left inveible and right invertible in
if and only if the matrices

C1 D12
and

C2 D21
have full column and row rank, respectively, for all 0. These conditions are also
required in other approaches to the synthesis problem [9], [16]-[18], [28].

1 (m+q)(p+q), bE (m+q)x(q+m)
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Remark. Theorem 4.4 solves the controller synthesis problem in the sense that
if and only if we can find the J-lossless coprime factorizations (4.9) and (4.10), the
problem has solutions. This is only meaningful if we can actually say something about
when we can find these factorizations. In the remainder of the paper, we will develop
a state-space answer to the question of when these factorizations exist. However, one
advantage of the transfer matrix statement of the result is that any method by which
J-lossless factorizations can be calculated will be a method by which controllers
can be calculated. An alternative to a state-space approach to the calculation of the
J-lossless coprime factorizations is a polynomial matrix type approach.

Remark. The necessary condition of Lemma 4.2 plays no apparent role in the
necessary and sufficient condition of Theorem 4.4. A number of questions therefore
arise. How does the factorization (4.10) imply the existence of the factorization (4.2)?
Is it equivalent to (4.2)? If not (and it is not), what additional condition is involved
in (4.10)?

A further interesting point is that a dual necessary and sufficient condition, and
a dual generator of all controllers, can be given based on Lemma 4.2 as the starting
point instead of Lemma 4.1 (this particular route, where the observer is constructed
first and the full information feedback second, was taken in [18]). Obviously, since
both approaches are necessary and sufficient conditions for the solution of the same
problem, they are equivalent. Do they give the same controller generator, however?
How precisely are the four J-lossless factorizations involved in the two approaches
connected? Some progress has been made toward answering these questions, but a
complete answer is yet to emerge. It is true that the generators of all oo controllers
obtained via the two dual approaches are exactly the same. A state space proof of this
for the "uncoupled" case of [9] is very straightforward, but the calculations become
very involved in the general case. A transfer matrix proof is possible, and will be
reported elsewhere.

5. J-spectral and J-lossless factorizations.
5.1. J-spectral factorization.
DEFINITION. A matrix H E C2nx2n is a Hamiltonian matrix if JH H*.*, .

o -ol.] (i.e H22 -n* Hi*2 =Hi2 and n*l H21).
If H is Hamiltonian, we say H E dom (Ric) if there exists an n x n matrix Q such

that

(5.1) H
Q Q

A, with AC+ asymptotically stable.

(AC+ asymptotically stable means all eigenvalues of A have strictly negative real part.)
If H dom (Ric), then Q Ric (H) has the properties

(H + HQ) A (-H22 + QH)* is C+ asymptotically stable,
QH + H*Q+ QH2Q- H2 =O.

Thus Q is a stabilizing solution to an algebraic Riccati equation.
The equivalence between J-spectral factorization and the solution of indefinite

Riccati equations is as follows.
THEOREM 5.1 (see [18]). Suppose that G(/+’)(q+m)(c+) is given by the

realization G(s) D+ C(sI-A)-B, with A C asymptotically stable.9 There exists

We will also need G (lc+m)x(m/q). The off-diagonal blocks of W are then the square ones instead
of the diagonal ones.
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a Wsuch that

(5.2) G~Jl,,(y)G W~Jq,(y) W with

if and only if
(1) There exists a nonsingular constant matrix Wq+m such that

(5.3) D*Jt.,( y)D WJqm(]/) Wx
and

(2) H dom (Ric), where, with J= Jl,,(Y),

[ A 0 ] [ B](D,jD(5.4) H=
-C*JC -A’* -C*JD

-I[D,JC B*].

In this case, W cy((C+) satisfies (5.2) /f and only if, for some solution W of (5.3),
W is given by

(5.5a) W(s) W+ L(sI-A)-B,
where

(5.5b) L= j-1WL*(D*JC + B’Q), with Q Ric (H).

Proof For the proof, see [18]. [51

Remark. An alternative statement of the theorem is" If A is asymptotically stable,
then there exists a We Y((C+) such that G’JG= W~JW, G= D+ C(sI-A)-IB if
and only if there exist Q Q*, L, W satisfying the linear matrix equality

(5.6) [QA+A*Q+C*JC QB+C*JD1 [L*]D*JC + B*Q D*JD [ W* J[L W]

and such that

(5.7) W is nonsingular and A-BWLL is asymptotically stable.

For discrete time, replace (5.6) with

[A DB]*[Q 0][A B] [I O]*[Q 1[I 0 ](5.8)
C 0 J C D L W 0 L W

This can be proved either directly or from the continuous time result via bilinear
transformation of the realizations--see, e.g., 14, 2.2]. Note that, if A is D+ asymptoti-
cally stable, then (A-I) is nonsingular, which is required to transform the realization.

To calculate Q, L, W we must obtain the stable eigenspace of the Hamiltonian
matrix (for continuous time). For discrete time, an analogous algorithm involving a
simplextic matrix is appropriate [31].

Note also that more conventional-looking forms of the Riccati equations may be
obtained from (5.6) and (5.8) by substituting for L and W from the (2,1) and (2,2)
blocks into the (1,1) block. (Equivalently, take Schur complements with respect to the
(2,2) block.) rq

The following lemma is useful in state-space calculations, especially in 6.
LEMMA 5.2. Suppose that D2 is a nonsingular matrix. Let

GI=
C1 D1

and

[ A-BD1C2G:z
C1- D1D1C2 DD C D C2 D
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The Hamiltonian matrices H1 and H2 associated via (5.4) with the realizations above
are identical Furthermore, in obvious notation,

L2 W2] L W1]
C2 D2

Proof The proof is obtained by direct calculation. This is also easily seen from
(5.6) (or (5.8) for the discrete time analogue).

5.2. J-lossless factorization. We now consider when the factorization G JG
W~JW is such that GW- is J-lossless. We will show that this is the case if and only
if the stabilizing solution to the glgebraic Riccati equation is positive semidefinite.

THEOREM 5.3. Let G(s)= D+C(sI-A)-IBc:,q+m)x(q+m)(c+), with A C+
asymptotically stable. Then there exists a W Ygq+m(c+) such that GW-1 is J-lossless
if and only if

(1) There exists a nonsingular WooC(q+m)x(q+m) such that W*Jqm(3")Woo=
D*Jm (3,)D;

(2) H dom (Ric), with H is as in (5.4);
(3) Ric (H) => 0.

Proof Conditions and 2 are necessary and sufficient for the existence of a
W qYgoo such that (GW-)*J(GW-1) J on jR. Using (5.5), obtain a realization of
X=GW-I;

C D L Woo

Let Q Ric (H). Using Lemma 5.2, it follows from (5.9) and (5.6) that

(5.10) J0*JJ0 (DW2o)*J(DW2) J,

(5.11) D*JC+B*Q=O,

(5.12) QA + A*Q + C*JC O.

Since A is asymptotically stable, X gCWoo. By Lemma 3.3, X is J-lossless
Partition C, B, D appropriately. By the asymptotic stability of A,
A-- ]2D-212 is asymptotically stable. We now show this is the case if and only if Q _-> 0.

From the (2,2) block of (5.10), we have Dl@2D12--3’2D2@2D22 --3’2L SO

(5.13) /322 is nonsingular, and /32/31[1 < 3’.

Also, from the (2,1) block of (5.11), we have that

(5.14) D’2 (-, 3’2D’2(2 +/*O 0.

Hence

-,* C, + ,* + *O;* O*,
+[D*,-,D*]*D, using (5.14) and (5.12)
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Since 11/ 12/  7 < % R > 0 and since/ is asymptotically stable, (R1/2, fi-
is detectable. Therefore- is asymptotically stable if and only if Q0
[34].

Remark. For discrete time, the result is the following.
Let G(z) D+ C(zI-A)-B +(q+m(+), with A asymptotically stable.

There exists a W +(+) such that GW- is J-lossless if and only if there exists
Q 0, L, W satisfying (5.7) and (5.8).

The suciency proof is easy: By direct calculation, (GW-)*J(GW-)=
J + (1 -Izl)0(ei- O(zI )-’.

For necessity, note that GW- Llossless(GW-1)22
(DWL)() is nonsingular. The proof then goes similarly to the continuous case and
can be compactly formulated as follows.

First, note that

Paition B , O and consider (X-)*(5.15)X-, with

X= 0 I 0

Examining the (1, 1) block, we obtain a Lyapunov equation for. Stte-see frle. We now calculate the controller generator of Theorem
4.4 by applying Theorem 5.3 twice. To avoid clutter, we will not specify the dimensions
of matrices. We will also use J instead of Jpq(), etc. The disadvantage of this is that
the symbol J is used within the same equation to mean different matrices. No confusion
should however occur: a J that multiples a B, C, or D matrix is different (of larger
dimension) from one that multiplies a W, L, or M matrix.

The results will be stated for the continuous case, with remarks giving the changes
for discrete time--the actual formula for the generator of all controllers is exactly the
same, with the obvious replacement of continuous time L’s and W’s, etc., with their
discrete time counterpas (see also [28]).

.1. J-lssless eriefetdfis. The following lemma facilitates calculations
involving matrix fractions.

LEMMA 6.1. Suppose that D and O are nonsingular matrices, and

Cl D1 F D
C D

C1 D1 C2 D2
Proof The proof is obtained by direct calculation. [3

THEOREM 6.2. Let P have state-space realization D+C(sI-A)-IB, with (A,B)
stabilizable and C, A) detectable. Define C and D to be the matrices

(6.1) D
I 0 0

lO See the theorem statements in 4 to get explicit dimensions.
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Then P has an r.c.f, such that

(6.2) P= ND-1 N, D, r.c. and [Nll J-lossless and D21(c) nonsingular
Dll DleJ

if and only if
(1) There exists a nonsingular matrix W such that

(6.3) W*JW
equivalently,

(6.4) D*zD12>0 and alp= D*I,[I-D,z(D*12D,z)-’D*lz]D,, < y2I;
(2) Hx dom (Ric), where

A
(6.5) Hx _,j

0 ]-[ B
-A* -C*JD

(6.7) WJL l*J + B*X.
One solution to (6.3) is given by

[(D*12D12)-l/2D$12Dll (D1*2/12) 1/2 ](6.8) W -1
T (T2I (I9) /2

Proof Let F be any matrix such that A-BF is asymptotically stable and define
Y and X by

(6.9) & C
F I

0

Note that Y, X are r.c. since (C, A) is detectable. Define G by

(6.10) G=
X,, X,2 ( / F

The coprime factorization in (6.2) exists if and only if there exists a W Y( such
that N YW-, D= XW-1, and GW- is J-lossless. The result now follows from
Theorem 5.3, using Lemma 5.2.

That (6.8) is a solution to (6.3) follows by direct calculation. 13
Remark. For discrete time, X, L, W must satisfy

[A B]*[X j0][A DB_]=[I 0 ]*[X ][I 0 ]E3 0 ( L W 0 L W’
Wo nonsingular, A-BWgoL asymptotically stable, and X=>0.

Note that conditions analogous to (6.4) and a formula for W of the form (6.8)
can be simply obtained for the discrete case by considering

"l/2B -2
W12D

D1 D2

A

0

where W is any solution to (6.3) and

(3) X=Ric(Hx)>-O.
In this case, N and D are given by the realizations
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Remark. The Riccati equations obtained from Theorem 6.2 are associated with
the full information or state feedback synthesis problem [9], [27]. They also arise
in the theory of linear quadratic differential games, which can be used as the basis for
a solution to the g( synthesis problem [27], [28].

Remark. In 4.1, we saw that

W- Wwors Uop

From (6.6), D-1 --[ Bwoo]. Hence

0 LlX + WIw + Wl2Uopt,
giving

//opt-’- W-(L,x + WI w).
Note that Uopt is not a pure state feedback in general, which is the reason for the term
"full information" introduced in [9]. The condition for pure state feedback is WI 0,
which can be mapped back to original data from (6.8)" D*)_D 0 in continuous time,
and B*2XoB + D*2D 0 in discrete time. That is, the contributions of the disturbance
w and the control u to the controlled variable z are independent. In this case, the
second condition in (6.4) becomes D*D < y2I in continuous time and D*D+
B* XB < y2i in discrete time.

Similarly, from

we have

SO

0 L2x -k- W21Wworst,

Wwors W?L2x.
Note that these formulae are valid for both continuous time and discrete time systems--
we just need to use the appropriate L’s and W’s.

THEOREM 6.3. Let P have state-space realization D+C(sI-A)-B, with (A, B)
stabilizable and C, A) detectable. Define ; and 1 to be the matrices

(6.11) /=[D1, ], /=[B1 0].
O21

Then P has an l.c.f, such that

(6.12) P =/-’)Q,/, I.e. and " "] conjugate J-tosstess and 12() nonsingularN21 D21

if and only if
(1) ere exists a nonsingular matrix W such that

(6.13 Jff bJb*,
equivalently,

(6.14) D21Dl > 0 and DI[I- D(D2D,)-D2,]D < 721;
(2) Hy dom (Ric), where

[ A* 0 ] [ C* ] _[(.5 g=
_j, -- _&, (* J* C];

(3) Y Ric (H) => O.
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In this case, 1Q and ) are given by the realizations

(6.16) []Q /][ /]-[A B 0]C D I

where I is any solution to (6.13) and

(6.17) MJI=J*+ YC*.
One solution to (6.13) is given by

(6.18) = [DID(D21D)-’/2 T-’(T2I-*)’/2](O21D,) 1/2 0

Remark. For discrete time, Y, M, W must satisfy

C 0 J

nonsingular, A-MC asymptotically stable, and Y O.

6.2. Calculation of P.
LEMMA 6.4 (Hypotheses as for Theorem 6.2). Suppose also that 1, 2, 3 of Theorem

6.2 hold, and that W is given by (6.8). For convenience, write

(6.19) W=
W21 0

Then

(6.20) P’=
N21 N2 D, Dee

is given by the realization

(6.21) P C, B,]= L, W, W12 L2 W2, 0
Dt C2 O21 022 0 0 I

Proof The proof follows from the realization (6.6) for N, D, and Lemma 6.1,
noting that

A B1 B2I 0
L1 W WN, S I-

0 I
_.s C2 D21 D22 [

L2 W21 0
O21 D22

0 0 I

-1

6.3. Factorization of P, and the controller generator.
THEOREM 6.5 (Hypotheses and notation as for Lemma 6.4). Define Bt and Dt to

be the matrices

Wll I W21 0
(6.33) /3’

D21 0
0 I
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Then Pt has an l.c.f, such that

]11 Dll conjugate J-lossless(6.24) P:/-IN, D, N l.c. and 21 D21
if and only if

(1) ere exists a nonsingular matrix W such that

(6.25) J OtJO;
(2) Hz dom (Ric), where

[ A 0 ] [ C ](6.26) Hz _,j _A -tJJ (OtJ)-[OtJ Ct];

(3) Z Ric (H) 0.
In this case, N and D are given by the realizations

(.7 [ ] c, , i’

where is any solution to (6.25) and

(. J JO+zc.
Also, the controller generator K (see (4.14)) is given by

(6.29) /
(.30 0 1 c,, 0 .

Proo The proof follows from the realization (6.21) for P, and Theorem 6.3.
Formula (6.30) for K is obtained from (6.27) by using the dual of Lemma 6.1.

Remark Theorem. 4.4 requires us to ensure that N() is nonsingular, which is
equivalent to "] nonsingular. This is always true if D 0.D W

Remark. For discrete time, Z, M, W must satisfy

nonsingular, A,- C, asymptotically stable, andZ0.
In [28] these formulae are derived using a state-space approach to the discrete

time problem based on game theoretic methods.
Remark It is an interesting exercise to carry out the calculations in this section

for the special case considered in [9]--set DI =0, O =0, O[C Ol [0 I], and
D[B* *D] [0 ].

Remark For (6.30) to be a generator of all controllers for P, the assumptions
of Theorem 4.4 must be satisfied. The state-space versions of these assumptions, namely
that (A, B2, C2) is stabilizable and detectable and [A-AI B A--AI B

c o,] and c o,] have full
column and row rank, respectively, on 0, are necessary conditions for X, Y, Z of
Theorems 6.2, 6.3, and 6.5 to exist. The (A, B, C2) stabilizable/detectable condition
is a necessary condition for the existence of an internally stabilizing controller, but
the full rank on the boundary conditions are not necessary for the existence of an
controller. If these conditions do not hold, the results say nothing about whether a
controller exists and ceainly cannot calculate one.
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Remark. It is known (see [9], [17], [18], [27]) that the Riccati equation solutions
involved in the factorizations of Theorems 6.2, 6.3, and 6.5 are related by Z=
Y(I-y-lXo Y)-I. Although this suggests an elegant transfer matrix level connection
between these factorizations, none has emerged so far.

7. Conclusion. In this paper the fundamental relationship between Y( controller
synthesis via the technique pioneered in [9] and analytic systems has been elucidated.
This both clarifies the structure recognized in [9], exposing the role played by internal
stability, and enables transfer function, or operator theoretic, methods to be employed.
The result is that the solutions to the (suboptimal) Y( control problem exists if and
only iftwo coupled J-lossless coprime factorizations exist. The second coprime factoriz-
ation provides a linear fractional representation for all solutions.

Thus, except for the final state-space calculations, the results are independent of
whether continuous time or discrete time systems are considered. The state-space
formulae can be developed in a few pages, and their structure is exactly the same,
whether in continuous or discrete time.

The approach would not, however, appear to offer an easy extension to the optimal
case, where more general factorizations need to be considered. Direct state-space
methods using descriptor systems seem to offer the easiest approach to the optimal
case [17], [30].
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RATE-PRESERVING DISCRETIZATION STRATEGIES FOR SEMI-INFINITE
PROGRAMMING AND OPTIMAL CONTROL*

ELIJAH POLAK? AND LIMIN HE?

Abstract. Neither semi-infinite programming nor optimal control problems can be solved without

discretization, i.e., decomposition of the original problems into an infinite sequence of finite-dimensional,
finitely described optimization problems. Three sets of discretization refinement rules are presented: (i) for
unconstrained semi-infinite minimax problems, (ii) for constrained semi-infinite problems, and (iii) for
unconstrained optimal control problems. These rules are built into a master algorithm that calls certain
linearly converging algorithms for frnite-dimensional, finitely described optimization problems. The dis-

cretization refinement rules ensure that the sequences constructed by the overall scheme converge to a

solution of the original problem linearly, with the estimated rate constant equal to the estimated rate constant
of the algorithms used to solve the finite-dimensional, finitely described approximations. Hence the resulting
scheme has the potential to be more efficient than fixed discretization, a fact supported by numerical results.

Key words, approximation theory, minimax, semi-infinite programming, optimal control, rate of
convergence

AMS(MOS) subject classifications. 49K35, 49M39, 49J15

1. Introduction. The numerical solution of a semi-infinite optimization or optimal
control problem always involves some form of discretization. There is considerable
empirical evidence to suggest that the computationally most efficient approach is to
increase discretization gradually. The heuristic explanation of the success of this
approach is that far from a solution, coarse discretization does not appear to interfere
with progress toward a solution, while resulting in considerable computational savings
per iteration over fine discretization.

There are two basic, but not altogether disjoint, approaches to the construction
of discretization refinements tests. The first is based on the concept of diagonaliza-
tion (see, e.g., [4]-[6]), which can be used under minimal consistency conditions.
Diagonalization decomposes the original optimization problem P into an infinite
sequence of finite-dimensional, finitely described optimization problems Pq, q: qo,
qo + 1, q0 + 2, qo+ 3,..., which approximate P more and more closely and which are
therefore of increasing computational complexity. The problem Pq is solved until a
certain test is satisfied, and then the last iterate is used to initialize the solution of
Pq+. For example, suppose that there is a family of continuous, negative-valued
functions {Oq(" )}q%q0 such that if q is optimal for Pq, then Oq(,q) O, and suppose
that there is a continuous function 0(. such that (i) Oq(x) O(x) as q , uniformly
in x (in a bounded set), and (ii) if is a solution to P, then 0() 0. Then an example
of diagonalization scheme would consist of computing points Xq such that Oq(xq)>=
-1/q. The main disadvantage of such a diagonalization approach is that all the
convergence statements are in terms of the points xq only (discarding the intermediate
points constructed on the way to xq); e.g., "all the accumulation points of the sequence

* Received by the editors Octo.ber 23, 1989" accepted for publication (in revised form) March 4, 1991.
This research was sponsored in part by National Science Foundation grant ECS-8713334, Air Force Office
of Scientific Research contract AFOSR-86-0116, and State of California Microelectronics Innovation and
Computer Research Opportunities (MICRO) Program grant 532410-19900.

? Department of Electrical Engineering and Computer Sciences, University of California at Berkeley,
Berkeley, California 94720.

By this we mean that one iteration of a particular algorithm on problem Pq+ is more costly than one
iteration of the same algorithm on problem Pq.

548



RATE-PRESERVING DISCRETIZATION STRATEGIES 549

{Xq}q=qo are stationary points for the problem P." The second approach is more subtle:
it starts with a conceptual algorithm for solving P (see [7], [10]) and uses progressively
more precise numerical evaluations of the cost and constraint functions, as well as of
the conceptual iteration map as an implementation of the conceptual algorithm.
Implementation requires stronger consistency conditions than diagonalization; these,
fortunately, are frequently satisfied in practice. In return, it yields the considerable
advantage that all the convergence statements are in terms of the entire sequence
constructed by the algorithm; e.g., "all the accumulation points of the entire sequence
{xi}i0 constructed by the implementation are stationary points for the problem P."
In [7], 10] we find an abstract theory for the construction of implementable algorithms.
As a particular application, we find in [7] an implementation of the method of steepest
descent for solving continuous optimal control problems. Interesting recent examples
ofwork dealing either with diagonalization or implementation of conceptual algorithms
for optimal control and Banach space problems can be found in [5], [18], [19]. The
results in [5], [18], [19] relate convergence rates for grid refinement schemes to the
convergence rates of an associated gradient-method-related algorithm for some under-
lying limiting problem. In this sense, this work goes beyond the results in [7] and can
be viewed as a precursor of the work presented in this paper.

The reason diagonalization and implementation schemes are not totally disjoint,
is that when suitable tests of precision augmentation are used, diagonalization schemes
also become implementation schemes. Such diagonalization/implementation schemes
appear to be computationally more efficient than pure implementation schemes. The
reason for this is suggested by the following example. Suppose that we wish to solve
an unconstrained optimal control problem of the form minf(u) using the Armijo
version of the steepest descent algorithm. A pure implementation of this algorithm
may use unrelated numerical integration methods for computing approximations q5 (u),
g(u) to f(u), Vf(u), and hence g(u) Vb(u). At low to medium precision of integra-
tion, this causes the implementable algorithm to slow down quite considerably, as
compared to a diagonalization/implementation scheme that always ensures that
g(u)=V4,(u).

The discretization adjustment tests described in [7], 10] are very basic: they make
no use of optimality functions or rate of convergence properties of the conceptual
algorithm. In this paper, we present three diagonalization/implementation schemes in
the form of master discretization algorithms that differ from those based on the theory
in [7], [10] in two respects: (i) they use tests, based on optimality functions and a
measure of the accuracy with which the discretized problems approximate the original
problem, for increasing discretization, and (ii) unlike master algorithms based on the
theory in [7], 10], under suitable assumptions, they preserve the estimates of conver-
gence rate constants of the conceptual algorithms that they implement. The reason for
their superiority is as follows. First-order algorithms are characterized by an estimate
of the rate constant (0, 1), which appears in formulas of the form e+l B e. The
estimates of the rate constant of a first-order algorithm, applicable-to discretized
problems P, depend on basic constants such as bounds on second-order derivatives
and the Fritz John multiplier associated with the cost function. An examination of
particular examples of discretized problems Pq shows that the entire family {Pq} shares
the same values of these constants that are inherited from the original problem P (see,
e.g., [5], 12]). Hence the estimate of the linear rate constant for a particular first-order
algorithm is the same for every member of the family {Pq}. Now suppose that a master
discretization algorithm (say M), which calls a particular first-order algorithm (say A)
as a subroutine, is linearly converging on P, with the same rate constant that A has
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on the problems Pq. Then, given an initial point Xo, k iterations of M on P yield an
endpoint x and discretization parameter qk, while k iterations of A on the problem
Pqk yield an endpoint x. Because of the same rate of convergence, we can expect that
x and x are equally good approximations to a solution of P. If we ignore the
overhead imposed by the discretization tests, the total computing time used to produce
x must be less because the early iterations of A, as called by M, face coarser
discretizations than those encountered by A in solving Pqk directly. Our experimental
results indicate that the computing cost due to the discretization tests is not significant
enough to affect our qualitative conclusion that the master discretization algorithm is
m6re efficient than a fixed discretization scheme.

In 2 we present a master discretization algorithm, to be used in conjunction with
the Pshenichnyi-Pironneau-Polak (PPP) minimax algorithm [9], 12], [15] for solving
unconstrained semi-infinite minimax problems. Its estimated rate-of-convergence con-
stant is shown to be the same as that of the PPP algorithm, established in [9], [12].
In 3 we present a master discretization algorithm, to be used in conjunction with the
Polak-He unified steerable phase I-phase II method of feasible directions (USFD)2

13], for solving constrained semi-infinite optimization problems. Its estimated rate-of-
convergence constant is shown to be the same as that of USFD. In 4 we present a
master discretization algorithm, to be used in conjunction with the Armijo gradient
method 1], for solving unconstrained optimal control problems. Its estimated rate-of-
convergence constant is shown to be the same as that of the Armijo method on
composite function problems, established in [14]. Finally, in 5 we present some
numerical results that support our qualitative conclusions as to the superiority of the
new discretization schemes over fixed discretization approaches.

We use standard notation; thus L[0, T] denotes the space of equivalence classes
of essentially bounded, measurable functions from [0, T] into m, L[0, T] denotes
the space of equivalence classes of square integrable functions from [0, T] into m,
and II II, <, denote the Euclidean norm and scalar product, respectively, in n. For
Al"", IIAll- maxtlxtl=, IlAxll, for u, vLT[O, T], Ilull = Io Ilu(t)-II 2 dt, <u, v> -(u(t), v(t)) dt, foru L[O, T], Ilull& ess sup,to, [[u(t)l[, and for U Z"[O, T],
[1Ul[oo & ess sup,t0,rl u(t)ll.

2. Minimax problems. We begin with minimax problems of the form

(2.1a) MMP: min b(x),
E[

where

(2.1b) $(x) & max max thJ(x, yj),
jl yiYj

where l-a {1, 2,...,/}, bJ: t" x[PJ[ and Y is a compact subset of [PJ. We will
assume that the functions 4J(., .) and their gradients Vx4(., .) are Lipschitz con-
tinuous. Since the exact calculation of the global maxima of 4J( over the compact

This algorithm is the only phase I-phase II method of feasible directions that we were able to implement
in such a way that once a feasible point for a problem Pqo was found, terminating phase on Pqo, the
algorithm remained in phase II for this and all the following problems Pq.

Discrete optimal control problems have cost functions of the form f(u)-g(x(N, u, Xo)), and the
Hessian off(. is positive-semi-definite, at best. Hence "standard" rate of convergence theory (see [8], 10])
leads to the conclusion that the Armijo method converges on these problems sublinearly. The results for
linear dynamics, in [14], to be extended in this paper, show that this is not so.
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set Yj is not a numerically implementable operation, numerical methods for solving
problem (2.1a) must discretize the compact sets Yj. Hence we introduce a family of
approximating problems, parametrized by the discretization parameter q N:

where

(2.2b) Ilq(X) a= max max bq(X, yj),
j! yjEYj

and the functions bq(., are constructed by linear interpolation of the 6J(.,. over
a "triangulated" (uniform) grid in the sets Y. Thus, for example, when Y [0, 1 c [,
we divide this interval into q subintervals, and then we define bq(X, y) to be linear on
each interval, so that

6q(X, y)= 62(x, i/q)+(1-X)ck2(x, (i+ 1)/q)

fory=,i/q+(1-,)(i+l)/q, ,[0,1], i=0,1,2,...,q-1

When Y [0, 1 x [0, 1 c 2, we first break up the plane into small squares, with sides
of length 1/q, and each square is then divided into two triangles, using parallel
diagonals. The function bq(X, y) is then defined as a continuous linear interpolation
of bJ(x, y) on this triangulated grid. We note that when defined in this manner, the
evaluation of tfiq(X) is a finite process.

The master adaptive discretization algorithm that we will shortly introduce, calls
the PPP minimax algorithm [9], [11], [15] as a subroutine. This algorithm computes
search directions by evaluating an optimality function. Hence, proceeding as in 11 ],
we define 0(x), Oq(X) to be the optimality functions for problems MMP and problem
MMPq, respectively, as follows"

(2.3a) O(x)--a min max max {6(x, yj)+(V,4,(x, yj),h)+1/21lhll=-(x)},
hE ji yjYj

(2.319) Oq(x) &-- rain max max {q(X,y)/(Vq(x,y),h>/1/211h[[-q(x)}.
h jl yjEYj

When the functions bJq(., are defined by linear interpolation on a triangulated grid,
(2.3b) is an ordinary quadratic programming problem that can be solved finitely using
standard quadratic programming subroutines.

Let h, hq: - be search direction functions defined by

(2.3c) h(x)Aarg min max max {dJ(x, yj)+(VxJ(x, yj),h)+1/2llhll2-O(x)},
h jl yjYj

(2.3d) hq(x) -arg min max max {4)q(X, y2)+(Vq,q(X, y2), h)+1/2]]h]]-qq(X)}.
h jE! yjYj

The PPP minimax algorithms for solving MMP and MMPq use one of the above
search direction functions (as appropriate) and an Armijo-type stepsize rule, which
requires two parameters c, fl (0, 1). Thus the conceptual PPP algorithm for solving
MMP, described in [11], constructs iterates according to the rule

(2.3e) Xi+ Xi + Aih(xi),

where

(2.3f) A max {k k , (x + kh(xi)) q,(x) <= akO(xi)},

(2.2a) MMPq" min qq x),
x[
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while the implementable PPP algorithm for solving MMPq, described in [9], 11], [15],
constructs iterates according to (2.3e), (2.3f), with h(.), q(.), and 0(.) replaced by
hq(. ), d/q(. ), and Oq(. ), respectively.

No matter how the approximating functions q(.,.) are constructed, we will
require that the functions q(., .), together with the functions cJ(.,.), satisfy the
following assumption.4

ASSUMPTION 2.1. (i) There exist constants 0 < K <c and -> 0 such that for all
x [" and all q N,

(2.4a) Iq(x) qq(x)l g/ q.
(ii) For any x e E", yj Yj, and j 1,

(2.4b) lim q(x’, yj)= CJ(x,
X.-
q

LEMMA 2.1. (i) For any x

(2.5a)

(2.5b)

where

lim Vq(x’, yj V (x, yj ).
q

O(x) =-min {+&l[ll=l (, )

Oq(X)=-min {+ll[t=l (, )

(e.c 6(xco { ,
yjyj

O(x)- 6(x, )]}VdPJ(x, yj) ]

G(x) Aco { t_J t_J (q,.(x)-(x,y))}
j, y.,evj Vdpa(x, yj)

(ii) For any x ", O(x) 0 if and only if 0 6 Orb(x),5and Oq(X) 0 if and only if
0 Oq(X); i.e., the zeros of these functions are the stationary points of the corresponding,
problems.

(iii) Suppose that Assumption 2.1 holds. Then, for any x

(2.6) lira Oq(x’)= O(x).
X’-’
q

Proof Both (i) and (ii) are established in [11].
(iii) Since the sets Yj are compact, it follows from Assumption 2.1(ii) and (2.5c),

(2.5d) that

(2.7) lim Gq(x’)-- G(x).

Hence (2.6) follows from (2.7) and the definitions (2.5a), (2.5b).
We can now state a master adaptive discretization algorithm that calls the PPP

minimax algorithm as a subroutine, for solving the problem MMP.

This assumption is satisfied, with r 1, by the two examples we gave using a uniform discretization
grid, when the functions CJ(x, .) are at least Lipschitz continuous. When the functions V, yCJ(x,.) are
Lipschitz continuous, then our assumption is satisfied with r 2.

We denote the Clarke-generalized gradient [3] of a locally Lipschitz function f’R"R at x" by
of(x).
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Adaptive Discretization Algorithm 2.1 (for MMP):
Data: xoln,q_lN, ce(O, 1),(O, 1),D>O, andr>l.
Step 0: Set 0.
Step 1: Compute qi [, Oqi (Xi), and, simultaneously, hq, (xi) such that

qi >: qi-1 and

(2.8) D/ q; <-_ [-Oqi(Xi)] tr.

Step 2"

(2.9)

Set 0 --Oqi(Xi) h hq,(xi) and compute the stepsize /i"

h max {/3k k N, qi(Xi-Jr- khi)- qi(Xi) okoi}.
Step 3: Set xi+ "-X -]" Aihi: replace by + 1, and go to Step 1.

Remark 2.1. (a) The discretization rule (2.8) is chosen to ensure both convergence
and preservation of rate of convergence. As can be seen from [7], mere convergence
can be ensured by other tests as well.

(b) It follows from Lemma 2.1(iii) that whenever O(xi) O, Step 1 of Algorithm
2.1 yields a finite discretization parameter qi. For simplicity, in the rest of this section
we assume that Algorithm 2.1 does not produce an iterate xi such that O(xi)=0, so
that the resulting value of qi in Step is finite.

LEMMA 2.2. Suppose that (. is bounded from below and that the sequence of
iterates {xi}io and corresponding sequence of discretization parameters {qi}o were
constructed by Algorithm 2.1. Then qi -> cX3 as i--> .

Proof For i N, let qi, Oi, hi, and Ai be defined as in Algorithm 2.1, and suppose
that qi -> c as i-> c does not hold. Then, since {q} i=o is a nondecreasing sequence of
integers, it follows that there exist io, , such that for all > io, qi--, and hence,
in conjunction with (2.8), that there exists an e > 0, such that 0i <=-e for all i=> io.
Making use of (2.9) and the assumption that q(. is bounded from below, we conclude
that b0(.) is also bounded from below. Hence we obtain that

00 < E I]I X + l]l X Z Ogl O

Referring to (2.5b), we see that if

(:/o, sci)= arg min {o/1/21111=1 (o ) Gqi(Xi)}
then hi =--i. Hence IIh, ll=_-<-20, and -0 => e for i_-> io, we deduce that Ilhill=<-_2oi/e
for all iN io. Hence, for any j > i-> io,

j--1 j--1

k=i k=i k=i

Therefore {Xi}i=O is a Cauchy sequence in ", and hence it follows from Theorem
5.2(b) and Corollary 5.1 in [11] (which show that any accumulation point x* of {x}io,
constructed by the PPP algorithm, satisfies O(x*) 0) that O#(xi)--> O, contradicting
the construction in (2.8). rq

TI-IEORZM 2.1. Suppose that Assumption 2.1 holds, that (. is boundedfrom below,
that the second derivatives 02dpq(x, y)/Ox exist for all q 6N, and that there exists an
M 1, ) such that for all x , z , j 1, and q N,

( Odq(X, Y) )(2.11) z, z <Mllzll 2, Vyj6Y.
OX2

Then any accumulation point of the sequence ofiterates {Xi} iC=O, generated by Algorithm
2.1, satisfies 0() O.
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Proof. First, we obtain a bound on the decrease in ,(. at the ith iteration. Using
(2.11), we obtain that

,q,(Xi + Ahi) %,(xi) max max {Chq,(Xi + Ahi, yj) @q,(Xi)}
j! yjYj

(2.12) _--< max max { qbq,(Xi, yj)
jI yjYj

In view of (2.3b) and the fact that bq,(x, yj)-d/,,(x)<-O and that M=> 1, we find that
for all A [0, 1/M],

(2.13) q% (x, + Ah,) d/q, (X,) <- A Oq, (X).

Therefore (2.9) is satisfied with Ai>=/M, and thus

(2.14) qi (Xi+l) qi (Xi) OgAiO OgOi/ M.

Hence it follows from Assumption 2.1(i) that

(2.15) q(x,+)- q(x,) -_<

Next, since 0 <---D1//(q)/, we have that

aD1/’ [ 2KM ](2.16) /(Xi+l)- q(x,) < 1 (cr--1)/crM(q)l/ aflD1/(q)

Since cr > 1 and since by Lemma 2.2, q- ee as i- oe, there exists an io such that
for all >- io,

aBD/(2.17) I]t(Xi+l)- (xi) <- -2M(q.f)l/
Hence,

i aflD1/(2.18) @(x,+ )- (Xo) =< Y’,
k=io2m(qrk)l/,.

Because @(.) is bounded from below, the left-hand side of the above inequality is
bounded from below, which leads to the conclusion that 1/(qk)1/ <. Con-k=0

sequently, k=0 1/(q,)< . Next, returning to (2.15), we conclude that

(2.19) @(x+l)-@(Xo)_-<- afl(--Ok)/M+ , 2K/qk.
k=O k=O

Since both ,(x+l) b(Xo) and k=O 2K/qk are bounded, it follows that k=O (--Ok) < 0.

The desired result now follows from Lemma 2.1(iii). [3

THEOREM 2.2. Suppose that Assumption 2.1 holds, that the second derivatives
02bJ(x, yj)/Ox2, 02dq(X, yj)/Ox2 existfor all q, and that there exist constants 0< rn <
1 < M < o0, such that for all x ", z ", and j 1,

I ’OZq(X’ YJ) z )<Mllzl[ 2 for all y Yj, q 6 ,(2.20a) mllzll=-< z, x2 /-_

( O2qbJ(x, Y) )z < M z for all yj Y;.(2.20b) mllzll< z, x
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Then any sequence {Xi} ix=0, generated by Algorithm 2.1, converges to the unique solution
ofproblem MMP, and

q(Xi+l) q()
< aflm/M.(2.21) limic /i7 It())-’-

Proof. It follows from (2.20a), (2.20b) that the functions qq(.) q, q(.) are
strongly convex, and hence that they have unique minimizers. For any q N, let q be
the unique solution ofthe problem MMPq. First, we deduce from Assumption 2.1(i) that

(2.22) ffJq .q tl, : <- Kq.
Next, referring to [12], [14], we see that for all xeR" and qel,

(2.23) m[Oq(X) 4,q(X")] <-- -O(x) <- M[ tl,q(X) 4,q(q)].
Combining (2.14) and (2.23), we get

aSm(2.24) tPq,(X+t) Illqi(Xi) [l[Iqi(qi I[Iqi(Xi) ].

Adding Illqi(qi to both sides in (2.24) and rearranging terms, we obtain that

(2.25) q,q, (x,+) q,q, (q,) <= 1 o,Sm/M][ q,q, (x) q,q, (q,)].
It now follows from (2.22) and Assumption 2.1(i) that

(2.26)

Next, making use of Assumption 2.1(i), (2.22), (2.23), and the fact that
D//(q)/, we obtain that

M[i(xi)

(2.27) >-_ -O,-2MK/q;

>= D/’/(q;)/-2MK/q;.
Since (r > 1 and since by Lemma 2.2, q- 0o as i-)0o, we conclude that there exists io
such that for all i>= io,

(2.28) M[q,(x,)-q,(:)]>=D/’/[2(q;)/].

It now follows from (2.26) and (2.28) that

[ oq3 8KM ](2.29) (xi+)-q(.)<= 1- +D/,(q)_)/, [q(x)-q()] for i_> io.

Therefore (2.21) follows from (2.29) and the fact that by Theorem 2.1, qioo as- . Since q(x) - qs() and is the unique minimizer of (. ), {x} =o must converge
to .

For comparison, referring to [12], we find the following result for the conceptual
PPP minimax algorithm.

THEOREM 2.3.6 Suppose that the second derivatives 02qbJ(x, yj)/Ox exist and that
there exist constants 0 < m < 1 < M < o, such thatfor all x R’, z ’, andj 1, (2.20b)
is satisfied. Then any sequence {x}o, generated by the PPP minimax algorithm defined
by (2.3e), (2.3f), converges to the unique solution ofproblem MMP, and (2.21) holds.

It should be obvious that, under analogous assumptions, the conclusions of Theorem 2.3 remain valid
for the implementable PPP minimax algorithm, which can be used to solve MMPq.
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We thus see that our Adaptive Discretization Algorithm 2.1 converges with exactly
the same linear rate constant as the PPP minimax algorithm, whether applied to MMP
or to any MMPq. This leads us to the following observation as to the relative efficiency
of our Adaptive Discretization Algorithm 2.1, under the assumptions in Theorem 2.3.
Suppose that we are given an initial point Xo (sufficiently close to 9, the solution of
MMP), and that we perform k iterations, ending with a point xk and discretization
parameter qk. If, instead, we perform k iterations on the problem MMPqk ending at
a point x,, we cannot expect to have q/(x,)< 0(x). However, the total computing
time used on solving MMPqk must be longer because the early iterations of Algorithm
2.1 use a coarser discretization. Hence Algorithm 2.1 has the potential for being more
efficient than a fixed discretization scheme.

3. Constrained semi-infinite optimization problems. We will now consider con-
strained semi-infinite optimization problems of the form

(3.1a) CSP: min {q/(x)lq/J(x)<-_O,jl,x"},

where ___a { 1, 2, , l}, and, with L--a- {0, 1, 2, , l},

(3.1b) q/J(x) max b(x, y), Vj L,
y/c Yj

where 4 " PJ- and Y is a compact set in nj. We will assume that the functions
b(., and their gradients VxbJ(., are Lipschitz continuous.

Using the interpolation techniques mentioned in the preceding section, we can
construct a family of approximating problems, parametrized by the discretization
parameter q N:

(3.2a)

where

(3.2b)

CSPq" min {q/q(X)] q/(x)_-< 0,j 1, x

q/(x) max q(X, y), Vj L.
Yj yj

In [13] we find a unified steerable phase I-phase II method of feasible directions,
which uses a steering parameter 3’ > 0. We will refer to this algorithm as the USFD
algorithm. The steering parameter controls the speed with which infeasible iterates
approach the feasible set. When this parameter is greater than a certain value, the
algorithm in [13] constructs a feasible point in a finite number of iterations. We will
call this algorithm as a subroutine from the master adaptive discretization algorithm
that we will describe shortly. For the original problem CSP, the algorithm in [13]
requires the following functions:

(3.3a) O(x)-a max q(x),
jl

(3.3b) O+(x) max {0, q(x)},

(3.3c) Fz(x) a= max {q/(x)- 0(z)- y+(z), q/(x)- q/+(z)},

(3.3d)

O(x) a= min max Imax {b(x, Yo) + (Vxb(x, Yo), h) + 1/2ll h o(x) o+(x)},
h R" k Yo Yo

max max {b(x, y)+(V4)J(x, y), h)+1/2llhll 2- q/+(x)}},
jl yjYj
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h(x) - arg min max {max {(x, Yo)+ (V,(x, Yo), h)+1/2llhll
h[" yo.Yo

(3.3e)
max max {(x, y) +(V(x, y), h) /1/211 h =- O+(x)}}.
j! yjYj

For the problems CSPq, the algorithm in [13] uses corresponding quantities
Pq/(" ), Fz.q(x), Oq(x), and hq(x), resulting from the replacement of cJ(.,. ), VxCJ(., ),
(" ), 4’(" ), and q,+(. by q(.,. ), Vxbq(., ), pq(. ), q,q(. ), and q,q+(X) in (3.3a)-
(3.3e), respectively.

In addition to the steering parameter y, the USFD algorithm in [13] uses two
Armijo stepsize parameters: a, /3 (0, 1). In solving CSP, this algorithm constructs
iterates according to the rule

(3.3f) Xi+ X "at- l ih xi

where

(3.3g) i max {/3 k N, Fxi(X + flkh(xi)) Fxi(Xi) O[3kO(xi)}.

For solving CSPq, we make the obvious substitutions in the above rule.
We will assume that the following relationship between the functions defining the

problems CSPq and problem CSP.
Assumption 3.1. (i) There exist constants 0< k< and ->0 such that for all
x and all qN,

(3.4a) 14,(x)- O(x)l _<- Kq,
(3.4b) IO(x)- 4,q (x)[--< K/qL

(ii) For any x ’, y Y, and j L,

(3.4c) lim q(x’, y)= CJ(x, y ),
x..-
q

lim Vxq(x’, y Vx (x, yj ).
X-->
q

(3.5a)

(3.5b)

where

LEMMA 3.1. (i) For any x
T

Oq(X) -min {sc / 11 :1121 aq(x)},

Vx(x, Yo)

j! yjYj VxCJ(x, yj)

 q x oco{ Vx4)(x, yo)

(ii) For anyx, O(x)=O if and only if either (x)O and OOF(x) (i.e., x
satisfies thefirst-order optimality conditionforproblem (3.1a)), or O(x) 0 and 0 O(x),
(i.e., x satisfies the first-order optimality condition for the problem min O(x)).
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(iii) Suppose that Assumption 3.1 holds. Then, for any x

(3.6) lim Oq(x’)= O(x).
X-

Proof (i) Relations (3.5a), (3.5b) were established in [13] using von Neuman’s
minimax theorem.

(ii) This part can be deduced from Propositions 5.4 and 5.5 in [11].
(iii) Since Yj are compact sets, it follows from Assumption 3.1(ii) and (3.5c), (3.5d)

that

(3.7) lim Gq(x’)- G(x).

Hence (3.6) follows from (3.7) and (3.5a), (3.5b). [3
We are now ready to state an adaptive discretization scheme, based on the USFD

algorithm in [13], for solving the problem CSP.

Adaptive Discretization Algorithm 3.1 (for CSP):
Data: XoR",q_B,o6(O, 1),(O, 1), y>O,D>O, andr>l.
Step 0: Set 0.
Step 1: Compute qN, Oq,(x), and, simultaneously, hq,(Xi),

such that q-> q_ and

(3.8) D/ q[ <= [-Oqi(Xi)]
Step 2: Set 0i Oq,(Xi), hi hq,(Xi), and compute the stepsize

(3.9) Ai max {flk k IN, Fx,q,(X + flkhi) Fx,.q,(Xi) <-- ol#koi}.
Step 3: Set Xi+l xi + Aihi, replace by + 1, and go to Step 1.

Remark 3.1. It follows from Lemma 3.1(ii)-(iii) that whenever O(xi) O, Step 1
of Algorithm 3.1 yields a finite discretization parameter qi. For simplicity, in the rest
of this section we assume that Algorithm 3.1 does not produce an iterate xi such that
O(xi) =0, so that the resulting value of qi in Step 1 is finite.

LEMMA 3.2. Suppose that d/( is bounded from below and that the sequence of
iterates {xi}io and the corresponding sequence of discretization parameters {qi}i=o were
constructed by Algorithm 3.1. Then qi - oo as i-

Proof Suppose that qi - oo as - oe does not hold. Then, since {qi} io is a nonde-
creasing sequence of integers, it follows that there exists an io, t N, such that for all
i=> io, qi- ; hence, in view of (3.8), suppose there exists an e > 0 such that 0-< -e

for all i=> io. It now follows from the properties of the algorithm defined by (3.3f),
(3.3g) (see 13]), that there are two possibilities: either q(xi) > 0 for all => io, or there
exists an i ->_ io such that q#(xi) -<_ 0 for all ->_ i. In theformer case,
ceAi0i for all i_> io. In the latter case, $](xi+)-q(xi)<= aAiOi. Making use of (3.4a)
and the assumption that qo(. is bounded from below, w.e conclude that $(. is also
bounded from below. Hence we obtain that either

-oo< E [q,o(x,+,)-Oo(x,)]<-_ E ;,o,,

or that

--(20< E [(Xi-Fl)--[(Xi)] < E OliiOi"
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In either event, we are led to the conclusion that Zi=i0 aA,O > -. Since Ilhi[[2<2(-Oi),
we conclude, applying the reasoning used in proving Lemma 2.2, that {xi}o is a
Cauchy sequence in ". Since by Lemma 3.2 in [13] (for algorithm (3.3f), (3.3g)), any
accumulation point x* of {x}io satisfies Oo(x*)=0, it follows that O(x)-> O, which
contradicts our assumption. Therefore limi_ 0 0. It now follows from (3.8) and the
fact that qi >: qi-1 that qi ->

THEOREM 3.1. Suppose that Assumption 3.1 holds, that qo(.) is bounded from
below, and that there exists a constant M 1, ) such that for all x [, z , j L,
and q [,

(3.10) (z, O2DJq(x’ yj) I 2< 4llzll fory  V OX:Z
Then any accumulation point of the sequence of iterates {Xi} i=O generated by Algorithm
3.1 satisfies 0() O.

Proof It follows from the definitions of Fz.q(" and Fz(" ), and Assumption 3.1(i)
that

(3.11) IFz,q(X)-Fz(x)l<=(2+y)K/q for allxeN", z", qeN.

Next, we observe the ith iteration of Algorithm 3.1 consists of one iteration of the PPP
minimax algorithm on the problem minxR- Fx,.q,(X) starting with xi. Hence, replacing
,q,(. ), (. by Fx,,q,(. ), F,(. ), we conclude from the proof of Theorem 2.1 that there
exists an io such that for all io,

(3.12) F,(xi+,)-F,(x)a#O/M+2(2+e)K/q-2M(q)/"

It now follows from the definition of F,(.), (3.3c), that for all i io,

aD1/
(3.13a) 6(Xi+l)-O(xi)-T6+(xi)-aflOi/M+(4+2T)K/q-2M(q)l/<O,

aD/
(3 13b) (x+)-+(x)<Oi/M+(4+2y)K/q <0.2M(q)/

We must consider two cases
Case (i). There exists an integer il > io such that @(xi)<= O. It then follows from

(3.13b) that ,(xi)<=0 for all i_-> il and from (3.13a) that

(3 14) d/(x+)-(x)<-a/3Oi/M+(4+2y)K/q <-- for all > ix2M(q.[)l/o-

Hence, by the same reasoning used in the proof of Theorem 2.1, we conclude that

k= 0k >-, which leads to the desired result.
Case (ii). q,(x)> 0 for all i> io. It then follows from (3.13b) that for all i> io,

o,8D/O-
(3.15) (xi+)-q,(xi)<--a,BOi/M+(4+2y)K/q’<-_

2M(q)1/"

Since ,(x)> 0 of all i-> io, the reasoning used in the proof of Theorem 2.1 leads to
the conclusion that k--io 0k >-o. Hence the desired result follows from Lemma
3.1(iii).

To establish the linear convergence of Algorithm 3.1, we need the following
assumption and results, which we borrow from [13].
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Assumption 3.2. (i) There exist 0 < m <_- 1 =< M <c such that for all x
and j 6 L,

0:6(x y) )z <MIIzll 2 for all yg6Yj qN,(3.16a) mllzll =< z, x

o(x y) )(3.16b) mllzll z, z < MIIzll for all yg Yg
OX2

(ii) The set {xl(x) < 0} is not empty.
LEMMA 3.3 (Lemma 4.2, Lemma 4.3 in [13]). Suppose that Assumption 3.2 holds.

Then
(i) Problem (3.1 a) has a unique solution ,
(ii) is the unique zero of 0(. ).
(iii) Let i a= min {/z ]/x L(:)} and o a= max {/zl/z L()}, where

(3.17a)

L()& p,=(/z,/z p,’)lO ’,
j=O

j=l j=O

Then 0 < i <= rio <= 1.
(iv) For all x

(3.17b) rio[ qo()) qO(x)] __< (1 fi)+(x).

THEOREM 3.2. Suppose that Assumptions 3.1 and 3.2 hold. Then any sequence of
iterates {xi}=o generated by Algorithm 3.1 converges to ,, and there exists an interger
io such that either

(i) (xi) <- 0 for all >= io and

(3.18a) lim
O(x’+’)

,- OO(x,) o(:) =< ta[3m/M, or

(ii) (x > 0 for all >- io and

(3.18b) lim
(xi+l)

,-o O(x,)
=< 1 yLza[3m/M,

where t is defined in Lemma 3.3 (iii).
Proof Let :x,q, x be the unique solutions of minx,R- Fx,q(X’) and minx,R- Fx(x’),

respectively. First, we show that both {x}io and {:x,} io converge to . It follows from
(3.13b) that P+(xi+l) --< @+(x) when is sufficiently large. Since (. has bounded level
sets, the sequence {x}o constructed by Algorithm 3.1 is bounded. It therefore follows
from Lemma 3.3(i)-(ii) and Theorem 3.1 that x ; as i- . Hence, making use of
the fact that Fx,(x,)<= Fxi(Xi)--0, we deduce that {xi}i=O is bounded, and that because
Fx(x’) is continuous in (x, x’) any accumulation point of {;x,}__o, must satisfy
F;(g) =< 0, which implies that 5. Therefore, x," as -Now the ith iteration of Algorithm 3.1 consists of one iteration of the PPP minimax
algorithm on minxes- Fx,,q,(X), starting with x. Therefore, replacing @q,(. ), (. ),
and by Fx,.q,(" ), Fx, (’), ;x,,q,, and ,, respectively, in the proof of Theorem 2.1, we
conclude that there exists an integer il such that for all => il,

(3.19a) Fx,(xi+l)- Fx,(.x,) <[1 l.,i][Fx,(Xi)- Fx,(.x,)],
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where

A a/3m 8(2 + 3’)KM
(3.19b) v,-

M D1/,(q[)(,_l)/,> O.

Since Fx, (xi) O, we get

Fxi(xi+l)<- l)iFxi(xi).
Now, since )i is the minimizer of Fx,(" ), there exists a multiplier i=(/0,

^1 ,l
/xi," ,/xi) such that

(3.21a) O 2 /2
j=O

(3.21b) ,[q’(;,)- q,(x,)- ’q’+(x,)]+ 2 [q,(,)-6+(x,)]= x,(;,),
j=l

(3.21c) 2 /2{=1, ,>_-0 forjL.
j=O

Since both sequences {Xi}7_0 and {xi}i’Z=O converge to , any accumulation point of
{/2i}io is in L(). Hence

,0 -0(3.22) /o =< lim fi/o __< 1-

Let Fi(’) be defined by

(3.33) i(x)= fi[(q,(x)-q(xi)-3"O/(xi)]+ [thJ(x)-O/(xi)].
j=l

It follows from (3.21a)-(3.21c) that 0 Ol3i(:x,). Since/3i(. is strictly c,onvex, x, must
be its unique minimizer. Hence, making use of (3.21c) and the fact that Fi(:x,)
and that q()-<0, we obtain that

(3.24) Fxi(xi)i():lffbOi[(I]lO() l/tO(x/)] [1+(3, 1) ^]&i]+(xi).
Combining (3.20) and (3.24) and rearranging terms, we get

(3.25a) @(Xi+l) @() <: (1--1i l,’i)[ @(Xi) @()] + 3" (1 +(3"-- 1)l() t,’i]d,l+(Xi),

(3.25b) O(xi/l)_-</2vi[q()-q(xi)]+(1-(l+(3’ 1) ,,o

By Lemma 3.3, qi-->c as i--> . Hence we deduce from (3.19b) that

(3.26) lim /2

i--> M

Now, it was shown in the proof of Theorem 3.1 that there exists an integer io> il such
that either (i) 0(xi) -<- 0 for all -> io, or (ii) q(xi) > 0 for all -> io. In the former case,
(3.18a) follows from (3.22), (3.25a), (3.26), and the fact that ff+(xi) =0 for i=> io. In
the latter case, we obtain from (3.25b) and (3.17b) that

/]t(Xi+l [/./0p/(1 1.0)/1_0 + -(1 + (3’ 1)]i)Pi]lt+(xi)
(3.27)

[1 -(].lbi/ldb’-o 1 o ]O(Xi)3".1i )12
Hence (3.18b) follows from (3.22), (3.26), and (3.27).

For comparison, we reproduce the rate-of-convergence theorem for the USFD
algorithm described in [13].
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THEOREM 3.3. Suppose that the relevant part of Assumption 3.2 holds. Then any
sequence of iterates {xi}i=o generated by the USFD algorithm, defined by (3.3e)-(3.3g),
converges to , and there exists an integer io such that either (i) p(xi) <- 0 for all >-_ io and

It0(Xi+l) I0())
< 1 tzaflm/M,(3.28a) limi_ ff(xi) po(:)=

or (ii) I(Xi) > 0 fOr all >- io and

(3.28b) lim
(x,+) =< l_yloaflm/M

i--.oO ffJ(Xi)

where is defined in Lemma 33(iii).
Thus we see that Algorithm 3.1 has the same rate of convergence as the USFD

algorithm, and hence, by the same arguments used at the end of 2, we conclude that
using adaptive discretization in the form of Algorithm 3.1 should result in savings in
computing time over the use of the USFD algorithm on a single high-precision
approximation to the original problem.

4. Optimal control problems. Finally, we turn to unconstrained optimal control
problems. The most natural space for establishing the differentiability of solutions of
differential equations with respect to controls is L. However, this is not a natural
space for extending finite-dimensional algorithms, defined on the Hilbert space Rn, to
optimal control problems. The natural space for this purpose is L2, but in L2, solutions
of differential equations are Fr6chet differentiable with respect to controls in L2 only
under a growth condition [2], [20]. Fortunately, since in the solution of optimal control
problems, control sequences remain bounded in the L-norm, imposition of a growth
condition, as we will shortly describe, amounts to only a technical artifice.

We will consider unconstrained optimal control problems of the form

(4.1a) OCP: min c(u)= g((u)),
uG

where g" R" - , G Lg’[O, T], T is a given time period, and :’G E is defined by
(u) __a x( T, u, Xo), with x(., u, Xo) the solution of the differential equation

(4.1b) (t)=f(x(t),u(t),t), t[0, T], x(0)=Xo,

where Xo is a given vector in [".

In Assumption 4.1 below, we postulate local Lipschitz continuity conditions that
are independent of bounds on the control. We justify this assumption as follows. We
may assume that there exists a compact set U ", such that the control sequences
{ui(" )}io, constructed by our algorithm, take values in U. Hence there exists a bound
b < such that for all u U, lu[ _-< b, 1, 2, , m. Consequently, we may assume
without loss of generality that the function f has the form f(x, u, t) =f(x, SAT(u), t),
where SAT"" " is such that

SAT(u) (sat(ul), sat(u2), sat(u’))

and for all z, sat(z)= z if Izl-<2b and sat(z)= 2b sgn(z)(1-e-lzl-2b)) otherwise,
and f(., .,.) satisfies standard assumptions. It is easy to see that Assumption 4.1 is
satisfied under such a growth condition on the right-hand side of (4.1b).

We will assume that functions g" " - and f" R" m [0, T] " have the
following properties.

Assumption 4.1. (i) The function g(. and its gradient Vg(. are locally Lipschitz
continuous.
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(ii) The function f(.,.,.) and its partial derivatives Of(.,.,.)/Ox and
Of(.,., )/Ou are locally Lipschitz continuous, with the Lipschitz constant independent
of the magnitude of the control u.

(iii) There exists a constant K1 such that for all x E", u L’[0, T], and [0, T],

(4.2a) Ilf(x, u, t)ll g[llxll +a],

(4.2c)
Of(x, t)]]-<Kl[llxl]+l].

The following result can be obtained using the implicit function theorem in Banach
spaces, as shown in [2], [20].

LEMMA 4.1. Suppose that Assumption 4.1 is satisfied. Then
(i) The differential equation (4.1b) has a unique solution for every u G.
(ii) The functions X(. and c(. are continuously Frchet differentiable on G.
Since the functions X(.) and c(.) are continuously Fr6chet differentiable on G,

there exist continuous functions, a "Jacobian" (nm)-matrix-valued function
(OX/Ou)(t), t[0, t], and a "gradient" Vc: GG, such that

foTx(u) (t)6u(t)dtllx( u + u x(u ou o,(4.3a)
IIull=

lim
,5ue G

112--’0
T

c(u+6u)-c(u)- (Vc(u)(t), 6u(t)) dt

(4.3b) lim =0.

IIul12-o

The following result can be deduced from basic differential equation theory (see
[2], [20]) and Lemma 4.1.

LEMMA 4.2. Suppose that Assumption 4.1 is satisfied. Then (i) For every u G and
t[0, T],

(4.4a)
OX(u)

(t) u(T, t)
of(x(u, t), u(t), t)

Ou Ou

[oZ(u) 1(4.4b) Vc(u)(t)=
Ou

(t) Vg(X(u)),

where dpu( t, z) is the state transition matrix for the linear differential equation

Of(x(t, u), u(t), t)
(4.4C) ( t) y( t) on [0, T];

Ox

(4.4d)

(4.4e)

(4.4f)

(ii) There exists a K2 such that for all u, 6u G,

IIX(u)II--<K2’ aX(u)Ou
IIx(u / u)-x(u)ll Kl[u I1=,

IIx(u+u)-x(u)- (t) u(t) dtllK2116ul[.
Ou
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As a first step toward the numerical solution of the infinite-dimensional problem
OCP, we define a sequence of finite-dimensional subspaces Gq of G, q . Thus, for
any q , let Aq A T/2q, and let

GqAGf]{u[u(t)=uJ6m, t6[jAq,(j+l)Aq),j=O, 1,...,2q-1}.

Next, for any q , and any u Gq, let q(U) be an approximation to (u), obtained
by solving the differential equation (4.1b) by means of a numerical method, such as
the Euler-Cauchy method, the modified Euler method, the Runge-Kutta method, and
others. We can now define a family of finite-dimensional approximating problems,
parametrized by the discretization parameter q

(4.5) OCPq min cq u ),
Gq

where Cq(U & g(q(u)). We will assume that :q(. approximates (u) in the following
sense.

Assumption 4.2. (i) There exists a z (0, c) such that there exist constants K3,
such that for any q ,
(4.6a) [x(u)-q(U)lK3/(2q) forall u Gq,

(ii) q(.) is continuously Fr6chet differentiable on Gq. We will denote its
"Jacobian" by (Oq(U)/Ou)(t).

(iii) For any e (0, ), there exists a e N such that for all q _-> t and u Gq,

(4.6b)
Oxq(u)O(u)<--e;OuOu

(iv) There exists K4 (0, ) such that for all q and all u, 6u

(4.6c)

foT[Oq(u) (t)]u(t) dt]l K4[[Sull. 3(4.6d) Xq(u+6u)-Xq(u)-
Ou

Remark 4.1. Referring to [7], we see that when the Euler-Cauchy method is used
to define q(u), Assumption 4.2 is satisfied with z 1. It is easy to show that when the
modified Euler method or Runge-Kutta method are used to define q(u), Assumption
4.2 is satisfied with -= 3 and -= 5, respectively.

LEMMA 4.3. Suppose that Assumptions 4.1 and 4.2 are satisfied. Then (i) The
function Cq(. is continuously Frdchet differentiable on Go, and for any u Gq and
t[O, T],

(4.7a) VCq(U)(t)=
Oq(U)

(t) Vg(q(U))"
OU

(ii) There exists a K (0, oo) such that for q and all u Gq,
(4.7b) [c(u)- Cq(U)[ <= Ks/(2q)L

Proof Part (i) follows from the Assumption 4.2(ii), (4.6c), and the local Lipschitz
continuity of Vg(. ). Inequality (4.7b) follows from Assumption 4.2(i), (4.4d), and the
local Lipschitz continuity of g(. ). [3

Since Gq is isomorphic to 2q, each problem OCPq defined by (4.5) can be solved
by the Armijo gradient method 1], which uses two parameters a,/3 (0, 1) and which
for OCPq constructs iterates according to the rule

(4.8a) ui+ Ui iiVCq(Ui),
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with

(4.8b) A/= max {/31 k,
We can now state an adaptive discretization scheme, based on the Armijo gradient

method (4.8a), (4.8b), for solving the problem OCP.

Adaptive Discretization Algorithm 4.1 (for OCP):
Data" uoGq_,,q_lN,a(O, 1),[3(O, 1),D>O, ando’>l.
Step O: Set O.
Step 1" Compute qi and Vcq,(U) such that qiqi-1 and

(4.9a) D/(2qi) [llVCq,(u,)ll]L
Step 2: Set h, =-Cq,(U,), oi =-IlVcq,(U,)llN and compute the stepsize

(4.9b) A max {flkkN, Cq,(U+kh)--Cq,(U)Naflko}.
Step 3" Set ui+ ui + Ah, replace by i+ 1, and go to Step 1.

Remark 4.2. It follows from Assumptions 4.2(i) and 4.2(iii), (4.4b), and (4.7a),
that whenever Vc(u) 0 (i.e., ui does not satisfy a first-order optimality condition for
the problem OCP), Step of Algorithm 4.1 yields a finite q. For simplicity, in the
rest of this section we will assume that Algorithm 4.1 does not construct a u such that
Vc(u)= 0, for any finite i.

LEMMA 4.4. Suppose that Assumption 4.1 is satisfied, that g(. is bounded from
below, and that the sequence of controls {ui}io and the corresponding sequence of
discretization parameters {q}0 are constructed by Algorithm 4.1. en qi

Proof Suppose that q as does not hold. Then, using the same reasoning
as in the proof of Lemma 2.2 and the fact that IIh, ll =-0,, we conclude that there
exist io and N such that q for all i io, and that {ui}o is a Cauchy sequence
in GO. Since for any accumulation point a, of a sequence {u}_o constructed by the
Armijo gradient method (4.8a), (4.8b) in the finite-dimensional space, GO, VQ() =0
(see [1]), Oo(u,)=-IlVco(u,)llo, which contradicts the test (4.9a). Thus we must
have that q as .

THEOREM 4.1. Suppose that Assumptions 4.1 and 4.2 are satisfied, that g(.) is
twice continuously differentiable and boundedfrom below, and that there exists a constant

Mg (0, ) such that for all x , z ,
( Og(x)

(4.10) z,
Ox

en any accumulation point G ofa sequence ofcontrols { ui}o generated by Algorithm
4.1 satisfies Ve() =0.

Proof Making use of (4.10), (4.7a), (4.6c), (4.6d), and the fact that h =-Veq,(U)
and that O =-llhll, we obtain that for all A [0, 1],

Cq(U + Ahi)- Cq(Ui) g(Xq,(ui + Ahi))- g(Xq,(ui))
(Vg(fq,(Ui)), (2q,(u + Ah,)- fq,(Ui)))

2

(4.11) Vg(q,(ui)), o(t)Ah(t) dt

+ K4 vg(, u))ll Ah, I1 + K4 Ahi

AO,- A=[gnllVg(q,(Ui))lJ + MgK]/2]O.
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Since ,qi(Ui) is bounded and Vg(. is continuous, there exists a K6c (1, 0) such that

cq( ui + Ahi) cq( u,) <= (A A2K6)O, ceAO, + A(1 c K6A )Oi,
(4.12)

Vic VA [0, 1].

Hence (4.9b) is satisfied with

(4.13)

and thus

(4.14) Cq, u+ ,) Cq, u,) <= oA,O, <= a ce ),80,/K6
It therefore follows from (4.7b) that

(4.15) c(ui+l) c(l/i) (1 )Oi/K6+ 2Kd(2qi).

Resorting to the reasoning used in the proof of Theorem 2.1, with (. ), xi, qi, M, and
K replaced by c(. ), u, 2q’, K6/(1 -a), and K, we can show that =o G > -. Hence
Oi 0 as

Consequently, the desired result follows from the continuity of c(. ), (4.6b), Assump-
tions 4.1 and 4.2, Lemma 4.3 (specifically, (4.7a)), and the facts that
as i.

LEMMA 4.5. Suppose that Assumptions 4.1 and 4.2 hold and that there exist
0 < mg < Mg < and 0 < m <M < such that for all x , z ", and u G,

(4.17a) mlzll z, x

(4.17) <1111 ’ L ou (t) ou( (t) at s Mllll.
en, for an (0, m<), tere exists a sue tat, for an q aria u ,
(4.18a) (m<-)llll< z, (t) (t) dt (M<+.)IIII,
(4.18b)

1 1
(4.18c) IlVc(u)ll IIV.(u)ll,

here is the unique minimizer of g(. ).
Prool Inequality (4.18a) follows directly from (4.4d), (4.17b), and Assumption

4.2 (iii), wkile (4.18b) follows from (4.7a) and (4.18a). aking use of (4.18b) and the
fact that for all x ,
(4.19)

2Mg
Vg(x)N g(x)-g()N

we get (4.18c).
Remark 4.3. The matrix

Ou (t)] dt
T
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is the controllability Grammian of the linearization of system (4.1b). When the dynami-
cal system (4.1b) is linear, inequality (4.17b) holds if and only if (4.1b) is completely
controllable on [0, T]. When the dynamical system (4.1b) is nonlinear, condition
(4.17b) is a sufficient condition for the complete controllability of system (4.1b) on
[0, T] (see [16]).

THEOREM 4.2. Suppose that Assumptions 4.1 and 4.2 are satisfied and that there
exist 0 < mg < Mg < oo and 0 < mc < M < oo such that MgM >= 2 and (4.17a), (4.17b)
hold. Let be the unique minimizer ofg(. ). If {ug}io is a sequence of controls generated
by Algorithm 4.1, then

(4.20a) (i) lim Vg(Xq,(Ui))--0,

(4.20b) (ii) lim c(u)= g(),

(4.20c) (iii)
C(Ui+l)--g()

< 1-lim -i (:)i->o g
4(1 a )o3mgm

(iv) The sequence {.qi(Ui)}i=O converges R-linearly to
(v) There exists a G such that 7c()= 0 and the sequence

{11 u,- llt,o converges R-linearly to 0.
Proof Making use of Lemmas 4.4 and 4.5, we conclude that for every e (0, me),

there exists an i such that for all i_-> i, (4.18a)-(4.18c) hold for q qi and all u Gq,.
(i) By Theorem 4.1, IlVco,(u)ll2-0 as i-o. Hence it follows from (4.18b) that

g(qi(Ui))’-O as
(ii) Equation (4.20) follows from (4.7b), (4.18c), and the fact that I[cq,(Ui)ll-o

and qi

(iii) First, we will obtain a bound on the stepsize Ai. Making use of (4.6d), (4.18a),
and the fact that

[Oqi Uihi(t)=
L Ou

(t) Vg(qi(Ui)

and that (v, AZo) -< IIAll<v, Av) for all symmetric, positive definite matrices A and vectors
v, we obtain that for all i>= i and A [0, 1],

IIq’(Ui-I-Ahi)-qi(Ui)[[
Ou

t) dt + K4llAhill

L ou (t)]
Oqi(Ui)

(t) dt Vg(:q,(Ui)) -t- A2K4llhill(4.21) Ou

<--A (Me+e) Vg(Oi(Ui)) (t)

O&i(Ui)(t) at Vg(qi(Ui)
Ou

+ A2K41lhil122

__--< [(M -}- F, )1/2 -t- AK411 hi II ]z hi I1=.
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Next, we deduce from (4.17a), (4.6d), (4.7a), (4.21), and the fact that hi -Vcq,(Ui),
that for all h [0, 1],

Cq U "q- A hi -.q ui g g,q, ui + Ahi)) g Xq,

(Vg(Xq,(Ui)), (Xq,(Ui + Ah,)- gq,(Ui)))

(4.22) +Mg2 [[Xq,(U + Zh)-g,(u)[

h h, [[ + h2K4 Vg(gq, (ui))[[ hi

+Mg AZ((Mc + e)/2 +
2

Since Ilh[[-0 and [[vg(g,,(u)ll-o as i-, it follows from (4.22)that there exists
i’ > i such that for > t and Z [0, 1]

(4.23)
xO- Mg(M+ 2e)X0/2.

Hence (4.9b) is satisfied with A2(1-a)/[Mg(M+2e)] for all i i’, and thus

(4.24) Cq,(U+,)-Cq,(U)aAO2a(1-a)flO/[Mg(M+2e)], Vii’.

Combining (4.24) and (4.18c) and rearranging terms, we obtain that for all i i’

(4.25) cq,(u+,)-g()[1 4(1-a)aflmg(m-e)]M,(M+2)
[c,,(u,)-g(;)].

Hence it follows from (4.7b) that for i i’

(4.26) c(u+)-g()N[1-4(1-)m(m-e)][c(u,)-g()]+2Ks/(2q)L
Finally, making use of (4.7b), (4.18c), and the fact that --OiOl//((2q)’)l/, we
obtain that for i i’,

2Mg(M + e)[c(u) g()] e 2M(M + e)[Cq(U) g()] 2M(Mc + e)Ks/(2q)"

(4.27) -0 2M M+ e Ks/(2q

Since > 1 and by Lemma 4.3 q as , we claim that there exists i" > such
that for

(4.28) 4MgMc[C(Ui)-g()]eol//((2q)’)l/.
Thus (4.20c) follows from (4.26), (4.28), and the arbitrary choice of e in (0, m).

(iv) Note that

(4.29) q,(U)_ll<[g(q(U))_g()]= =2 [Cq(U) g()].

This, together with (4.25), leads to the desired result.
(v) Since u is bounded and, by Lemma 4.4, q as , it follows from

Assumptions 4.1(iii) and 4.2(ii) and Lemma 4.2(ii) that there exists an m > 0 such that
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for all i>=O, ll(a,,(.,))/a.lloo<-,o. Making use of this fact, of (4.19), (4.25), and of the
fact that ,i < 1, we obtain that for > i’

(4.30)
ou IIx7g(q,(u,))

<= oo [2Mg[g(ffq, Ui) g()]],/2

<-w [2Mg[cq,;(u,;)-g()][1- 4(1--a)cemg(mc--e)]] (l-i[)

Mq(Mc+2e)
Let

4( a a/3mg (me e) ] 1/2

Mo(M,,+)
Then, for all j > 1 > i’

j-1

I1. .. Iloo Z I1.+1 Uk
k=i

(4.31) <= oo [2Me,[cq,i(ui[) g()]]l/2 ,q-i:
k=i

-< w[2Mg[ Cqi;( Ui; g()311/21 ,-;/( 1 r/).
Therefore {ui}iG0 is a Cauchy sequence in L[0, T]. Since L[0, T] is a complete
space in the Lo-norm, there exists a t/ L[0, T] such that ui - t/as - co in L-norm.
Let j go to oo in (4.31), then for all

(4.32) ]]a-ull<=w[2Mg[cq,(ui;)-g()]]l/arli-J/(1-rl).
Thus, {lla-u, ll}io converges to zero R-linearly. Finally, by Theorem 4.1,
Vc(a) =0. u

For comparison, we present a rate-of-convergence result for the Armijo algorithm
(4.8a), (4.8b), as applied to composite functions. The proof of this theorem follows
by generalization of the Armijo algorithm rate-of-convergence theorem for affine-
composite functions presented in [14].

THEOREM 4.3. Consider the problem

(4.33a) min,aN c(u),

where c( u) a_g_ g(( u)), with g" [" - [R twice continuously differentiablefunction satisfying
(4.17 a), with 0 < mg <= mg < o0, and " N , is a Lipschitz continuously differentiable
function such that for some 0 < m M <

(4.33b) mllzll2 z, ou / ou
Suppose that M.Mg >= 2, that is the unique minimizer of g(. ), and that {ui} iO is

a sequence constructed by the Armijo method in solving problem (4.33a).. Then

(4.34a) (i) lim Vg()(u))=0,

(4.34b) (ii) lim c(u,)= g()),

(4.34c) (iii)
C(Ui+l)--g()

lim -< 1-
-.oo c(ui)-g()-

4(1 a)a/3mgm
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(iv) The sequence {(ui)}:o converges R-linearly to ,
(v) There exists a RN such that Vc(a)=0 and the sequence

{llui- a ll}i o converges R-linearly to O.
Again we see that the use of adaptive discretization is preferable to fixed dis-

cretization.

5. Numerical results. Our Adaptive Discretization Algorithm 2.1 and the corres-
ponding version using fixed discretization were coded in C and both were executed
on a SUN Sparc Workstation. In the experiments below, the algorithm parameters
common to both versions, were set as follows: a 0.9,/3 0.9.

For Algorithm 2.1, we set q-1 =6, ’= 1.0, o-= 1.25, and D (10.0-6)(qFix), with
qFix 200.

The number of discretization points used in the fixed discretization version was
qFix-- 200.

To construct a meaningful common stopping criterion for both algorithms, for
each test problem we determined a threshold value of the cost that was close to the
optimum value, and stopped the fixed discretization version of the algorithm when
final function value IqFix(Xfinal)ltthreshold. We adopted a more stringent stopping
criterion for the Adaptive Discretization Algorithm 2.1, which was stopped when the
final function value I]/qfinal(Xfinal t/threshold and qfinal qFix"

The following three test problems were selected from [17].
Problem 1 (see [17]). The following holds:

l/(X) (Xl) + (X2)2 "1- (X3)2
(5.1)

+max / max (x, + x exp (x3y) +exp (2y)-2 sin (4y)), 0[;
l.y[0,1]

initial point Xo= (1.0, 1.0, 1.0), qoo(Xo)- 15.6209, qthreshold 5.3347.
Problem 2 (see [17]). The following holds:

(5.2) ql(x)=xl+x2/2+x3/a+max I max (tan(y)-xl-xy-x3y2),O};
I.y[0, 1]

initial point Xo (0.0, 0.0, 0.0), 0_oo(Xo)= 1.5574, qthreshod 0.6491.
Problem 3 (see 17]). The following holds:

0(x)= Xl +x2/2+Xa/3+x4/4+xs/5+x6/6
(5.3)

+ max max (tan (y)- x-x2y- x3y- x4y3- xsy4- x6yS), 0[;
.y[O, ]

initial point Xo= (0.0, 0.0, 0.0, 0.0, 0.0, 0.0), 0oo(Xo)= 1.5574, thresoU 0.61682.
Table 1 summarizes the performance of the two discretization schemes on the

above three test problems. We report the performance of the two discretization schemes
in terms of the composite number NT, which is the sum of the total number of function
evaluations NF and the total number of gradient evaluations NG multiplied by the
number of variables, i.e., NT NF+ nNG. It is clear from Table 1 that Adaptive
Discretization Algorithm 2.1 outperformed the fixed discretization versions by a factor
ranging from about 1.5 to 4, in terms of the measure NT.

6. Conclusion. There is an accumulation of empirical evidence to support the
claim that, in skillful hands, adaptive discretization schemes can produce considerable
computational savings in the solution of optimization problems that must be discretized.
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TABLE
Summary of numerical results.

Problems

NT

8,860

11,844

59,063

Algorithm 2.1

qfinal qfinal(Xfinal)

301 5.334687

200 0.6490467

301 0.6168118

Fixed Discretization Algorithm

NT

39,600

26,000

78,600

qFix I]/qFix (Xfirlal)

200 5.334689

200 0.6490803

200 0.6168186

However, prior to the work presented in this paper, there was no automatic discretiza-
tion scheme for first-order algorithms, whose computational savings could be predicted
on the basis of analysis and whose overall rate of convergence could be established.
We expect that the discretization techniques presented in this paper will prove to be
of practical importance in engineering design and optimal control.

Acknowledgments. We thank the referees for their most helpful comments.
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ON ROBUST PI-CONTROL OF INFINITE-DIMENSIONAL SYSTEMS*

HARTMUT LOGEMANN? AND HANS ZWART$

Abstract. A PI-controller is applied to a class of linear multivariable infinite-dimensional minimum-
phase systems satisfying a generalized "relative-degree one" condition. It is shown that the closed-loop
system is stable and tracks asymptotically constant reference signals in the presence of asymptotically
constant disturbances, provided that the controller gains are sufficiently large. It turns out that the closed-loop
system has nice robustness properties under high-gain conditions. In particular, robustness criteria for
external and internal stability are given if the closed-loop system is subjected to perturbations induced by
nonlinearities in the feedback loop. The analysis is based on frequency-domain as well as state-space methods.

Key words, infinite-dimensional systems, PI-controllers, high-gain feedback control, robust stability,
robust tracking, measurement nonlinearities, input-output stability, internal stability

AMS(MOS) subject classifications. 93C25, 93C35, 93D15, 93D20, 93D25

1. Introduction. The concepts of classical control theory such as root locus plots,
Nyquist diagrams, and PI- and PID-controllers are still very popular among control
engineers because oftheir simplicity and their applicability to a great variety of practical
problems. Designs based on classical frequency-domain methods lead to low-
dimensional controllers, which are easy to implement. Although it was developed
mainly for finite-dimensional systems, classical control theory has been applied by
engineers to infinite-dimensional systems for many years, despite the fact that few
precise theoretical results were available. Since the late 1970s, there has been a renewed
theoretical interest in the use of methods from classical control theory for designing
control laws for (multivariable) infinite-dimensional systems; see, e.g., Pohjolainen
[33], Banks and Abbasi-Ghelmansarai [1], and Byrnes and Gilliam [3] for root-locus
techniques; Boyd and Desoer [2] and Freudenberg and Looze [9] for a priori perform-
ance bounds on feedback systems such as Bode-type integral relationships; Desoer
and Wang [7], Harris and Valenca [11], and Logemann [18], [19], [21] for Nyquist-type
stability criteria; Pohjolainen [34], Jussila and Koivo [15], Kobayashi [17], and
Logemann and Owens [24] for low-gain PI-control; and Logemann and Owens [22],
[23] for high-gain PI-control.

In this paper we continue the work on high-gain PI-control of infinite-dimensional
systems started by Logemann and Owens [22], [23]. We investigate stability, tracking,
disturbance rejection, and robustness properties achieved by a high-gain PI-controller
applied to an infinite-dimensional minimum-phase system satisfying a generalized
"relative-degree one" condition. In particular, we study the robustness of closed-loop
stability with respect to various classes of measurement nonlinearities. Our analysis is
based on time-domain input-output methods, frequency-domain methods, as well as
state-space methods. To relate frequency-domain results, on one hand, and state-space
results, on the other hand, we express frequency-domain conditions in state-space
terms, and vice versa (cf. 4). Moreover, recent results on the relationship between
input-output stability and internal stability of linear infinite-dimensional systems (see
Jacobson [13], Jacobson and Nett [14], and Curtain [5]) will play an important role
in5.
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The content of the paper is as follows. Section 2 contains some preliminaries and
introduces the notation used in the sequel. In 3 we consider systems described by
(not necessarily rational) transfer matrices G of the form

(1.1) G(s)= I+-D-1H(s) -D-1,
S S

where H is a "stable" transfer matrix (see 3 for a precise definition) and D is a
nonsingular constant matrix. We derive a necessary and sufficient condition for a
transfer matrix to be of the form (1.1) in terms of its zeros and its behaviour as Isl --> o

in the right half-plane. A PI-controller is given that achieves input-output stability and
tracking of asymptotically constant reference signals in the presence of asymptotically
constant disturbances, provided that the controller gains are sufficiently large. It turns
out that the transient performance of the closed-loop system improves as the controller
gains increase and that it is perfect for infinitely large gains. Moreover, we investigate
the robustness of closed-loop stability with respect to (possibly time-varying) finite-gain
stable nonlinearities in the feedback loop. Static, as well as dynamic, nonlinearities
are considered, and sufficient conditions for input-output stability of the nonlinear
closed-loop system are given. We emphasize that wellposedness questions (i.e., the
problem of existence and uniqueness of solutions) are carefully treated. Sections 4
and 5 are devoted to the special situation when the plant transfer matrix G can be
realized by an abstract infinite-dimensional state-space system with bounded control
and observation operators. In 4 we prove that the zeros of an infinite-dimensional
state-space system (as defined, e.g., in Zwart [40]) coincide with the zeros of its transfer
matrix (as defined in 2), provided that the system is exponentially stabilizable and
exponentially detectable. Furthermore, we derive various sufficient conditions in state-
space terms for (1.1) to be satisfied. In 5 we deal with the problem of internal stability
of the closed-loop system perturbed by nonlinearities in the feedback loop. Assuming
that the realizations of the plant and the controller are both exponentially stabilizable
and exponentially detectable, we show that the criterion for input-output stability given
in 3 also ensures global exponentially stability of the nonlinear feedback scheme if
the nonlinearities in the loop are static. In the case of dynamical nonlinearities, we
can prove that the origin of the closed-loop system is globally attractive. The proofs
of some of the results in 3-5 are relegated to Appendices and 2. For the convenience
of the reader, we have included some recent material on exponential stabilizability
and exponential detectability of infinite-dimensional systems in Appendix 3.

2. Notation and preliminaries.
--C, := {s C IRe (s) > a), a.
inLet U c C be open, then (U) and (U) denote the holomorphic and meromorphic

functions on U, respectively.
--H := {f’C --> C If bounded and holomorphic}.
H_:= U <o H.
reConsider distributions of the form

(2.1) f =f, +
j=0

where f, / - C is measurable, f e C, to 0, > 0 for j >- 1, and : denotes the Dirac
distribution with support in {ts}. Let sg be the set of all distributions f of the form
(2.1) such that

(2.2) Ilfll. :- I/.(t)l dt q-
j=O
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is a convolution algebra and, provided with the norm given by (2.2), it becomes
a Banach algebra (cf. Hille and Phillips [12, p. 141]).

---:= {f 1 there exists e > 0: fe’ .}.
--’,

_
is the set consisting ofthe Laplace transformed elements of, _, respectively.

Realize that c H and

_
c H_.

--f denotes the inverse Laplace transform of f
--0 denotes the unit step.
--Let M (mo) C_,pp, then

IIMII :- max__</<=p jP= Im0[ unless stated otherwise, t(M):= largest singular value of
M, W(M) := numerical range of M (cf. Halmos [10]).

--Let X be a Banach space and A: D(A)= X X a linear operator, then o-(A):=
spectrum of A, O-p(A):= point spectrum of A, and p(A):= resolvent set of A.

--For F (fj) (LI(R+))pxp define IIFll, := maxl=</=<p ;= Iif0[[,.
--Let F (fj) pxp, then IIFII :- maxl__<izp ;=1 IIf ll .
--Iff= (f,... ,fp)’ (Lq(R+))p, then IIFIl := max_<_j__<p
--For F H)pp define IlFIl := sup.   o
--Let f be a function defined on an interval [a, b), a < b -< c; then we define, for -> a,

J’f(-r), a --< "r -< t,
(Tr,f)(’) ..--

0, ’> t.

--Define the space LLq(+) by LL (+) := {f: + If measurable and r,f Lq(+)
for all => 0}, i.e., f LL(+), if and only if If]" is locally integrable.
We need three additional concepts:
H_-stability. Let G(G)PP and K (E)qP for some a <0; then it is

convenient to denote the feedback system shown in Fig. 1 by [G, Kl, and we say
that [G, K] is H_-stable if

(I + KG)-’K -(I + KG)-’KG]
(I+GK)-IGK (I+GK)-IG

is in (H_)p+qP+q.
Zeros of a square meromorphic matrix. Let M ( U)pp. Since it is well known

that (U) is the quotient field of (U) and (U) is a Bezout domain (see, e.g.,
Rudin [35]), it follows that M admits a right coprime factorization over (U), i.e.,
there exist matrices N,D,X, Y(U)pp such that det(D)0, M=ND-1, and
XD + YN =-I. Right coprime factorizations are unique up to multiplication from the
right by units of (U)pp (see, for example, Vidyasagar, Schneider, and Francis [37]).
The zeros of M are, by definition, the zeros of det (N).

FIG.

An integral domain is called Bezout domain if every finitely generated ideal is principal.
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Asymptotically constant signals. A function f: +->(P is called asymptotically
constant if there exists cCp such that limt_f(t)= c.

3. Robust Pl-control of infinite-dimensional systems: Results on input-output
stability. Let G be a meromorphic transfer function of size p x p such that on Ca (for
some a < 0)

(3.1) G-l(s)=sD+H(s), where DCpp, det(D)#0, and He(H_)pp.

Of course, (3.1) is equivalent to

(3.2) G(s) I +- D-’H(s) D-.
S S

Hence (3.1) means that G can be decomposed, as shown in Fig. 2. The following
proposition gives a necessary and sufficient condition for G to be of the form (3.2).

1D-
S

G(s)
FIG. 2

PROPOSITION 3.1. Let G be a transfer matrix of size p x p, which is meromorphic in

Ca for some ce < O. Then O- is of the form (3.1) if and only if there exist a number
with a < fl < 0 and an invertible matrix D (pxp such that G has no zeros in Ct3 and
sG(s) D- 0(1/s) as Isl-> o in Ct3.

As a consequence, we have the following corollary.
COROLLARY 3.2. Suppose that A (H_)nn, B Cnp, and C Cp", and define

G(s) := C(sI-A(s))-B and X(s) := det (sI A(s)
C

Ifdet (CB) # 0 and ifx has no zeros in Co, then G-1 is oftheform (3.1) with D (CB) -1.
The proof of the proposition and the corollary can be found in Appendix 1.
We give two classes of infinite-dimensional systems whose transfer matrices satisfy

(3.1).
Example 3.3 (Retarded systems). Consider the retarded system

I2(t)= dA(7")x(t+’)+Bu(t), y(t)=Cx(t),
-h

where h > 0 is the length of the delay, the function A’[-h, 0] is of bounded
variation, Bnxp, and C eNp. It is straightforward to show that (s):=
o__ dA(-) e d" is holomorphic and bounded on Ca for any a . In particular, weh
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have A(H_)nx". The transfer matrix of the above retarded system is given by
G(s)= C(sI-.(s))-lB. It follows from Corollary 3.2 that G-1 is of the form (3.1),
provided the conditions det (CB) 0 and

-0det
sI (s)

0 for allseoC

are satisfied.
Example 3.4 (Volterra integrodifferential systems). Consider the system

)(t) Aox(t)+ Al(t-’)x(’) d-+ Bu(t), y( t) Cx( t),

where Ao ,xn, B ,xp, C px,, and e’A( LI(+) for some e > 0. Noting that
the Laplace transform A1 of A is in (H)"", it follows from Corollary 3.2 that the
transfer matrix G(s)= C(sI-Ao-(s))-B will satisfy (3.1) if det (CB) 0 and

det( sI-A-A(s)C -oB) 0 forallseo.

It is fairly obvious that Examples 3.3 and 3.4 can be extended to certain classes of
retarded systems with infinite delay and Volterra-Stieltjes integrodifferential systems.

Consider the PI-controller

(3.3) Kk(S):=F diag ik+ c+---],
<=j<-p \ S l

where FCpp, det(F)#0, k=(kl,... ,kp)’, k>0, cj>0forallj= 1,2,... ,p. Some-
times it will be useful to emphasize the dependence of the controller (3.3) on the "gain
vector" k, since we will be interested in the high-gain situation, where k-, j
1,..-, p. That is why we introduced the subscript k in (3.3).

The above controller was investigated in Owens and Chotai [31] when applied to
finite-dimensional systems. The infinite-dimensional case is studied in Logemann and
Owens [22], [23].

The following theorem gives sufficient conditions for robust stability when the
controller (3.3) is applied to a system satisfying (3.1).

THEOREM 3.5. Let G be a transfer matrix such that (3.1) is satisfied. Then (i) the
feedback system o[ G, Kk] is H_-stable for all sufficiently large kj, j 1,. ., p, if
(3.4) IIr-’(r-D)ll < 1,

where II. any submultiplicative norm on _PP with the additional property that
[[diag (a)]]-< max ]a[ for arbitrary a ,..., ap C; and (ii) under the additional assump-
tion that k yK with > 0 fixed (j 1,..., p) the feedback scheme [O, Kk] is
H_-stable for a sufficiently large if

(3.5) o" (diag (y)r-’D) c Co

Or

(3.6) w(r-D)=Co.

Proof See Logemann and Owens [22].
Remark 3.6. (i) Note that Kk does not depend on H. Trivially, (3.4)-(3.6) are

satisfied if F D. Obviously, F D would be a natural choice in (3.3). However, D
might not be exactly known to the designer.
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(ii) Further applications of the concept of numerical range to control problems
can be found in Mees [25].

To study the tracking and output disturbance rejection properties of if[G, Kk]
(cf. Fig. 3), define Lk:=(I+GKk)-GKk and Hk:=(I+GKk)-1.

PROPOSITION 3.7. Let G be a square meromorphic transfer matrix such that G-1 is

of theform (3.1). If[G, Kk] is H_-stable, then the closed-loop system tracks asymptoti-
cally constant reference signals in the presence of asymptotically constant output disturb-
ances, i.e.,for r: + Cp and d: + Cp such that limt_. r(t) ro and lim,_. d (t)
we have

lim (k * r)(t) roo and lim (/-itk d)(t) 0.
t--)

Proof It follows from the stability of f[G, Kk] that Lk, Hk (H_)pp. Now it is
easy to see that sLk(s) and s(Hk(s) I) are bounded on C for some/3 < 0, and hence
we obtain, using a result in Mossaheb [27] (cf. also Logemann [18]), that
(LI(/))pp and e’/-)k (6o+ L(I))pp for all a (0,-/3A), and thus Lk and
(_)PP. By the final value theorem for transfer functions in 4_ (cf. Callier and Winkin
[4]), it is sufficient to show that Lk(0)= I and Hk(0)=0.

An elementary calculation gives

Lk(S) (( O(s)Kk(S))-l + I)-1

S [’,-1
s kj -F ej -F kjcj

sD + H s + I

Since kj, cj>O, j= 1,..., p, it follows that Lk(O)-L Since Hk--I--Lk, we obtain
Hk(O) =0. El

To investigate the transient performance of [, K] and the robustness of
closed-loop stability with respect to measurement nonlinearities, the following lemma
is useful.

LEMMA 3.8. Let G be a square meromorphic transfer matrix such that G-1 is of the
form (3.1), define Kk as in (3.3), and set

G*(s) :=- F-1 and
S

L* (s) := (I + G*Kk)-1G*Kk.

Then the following hold" (i) If F--D, we have

(3.7) lim IIL *- L ll, =o

(by k c, we mean minl=<j__<p (kj)- c);
(ii) If IIr-’ r- D)II =: < then

(3.8)
2E

lim sup II/Z * II, -<
k--, --2e

r

FIG. 3
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The proof of Lemma 3.8 can be found in Appendix 2. Part (i) was proved in

Logemann and Owens [22] under the extra assumption that H in (3.1) belongs to
sgP_p. It should be noted that it is, in general, considerably more difficult to check if
a given transfer function is in s_ than to verify that it belongs to H_.

Remark 3.9. (i) Define 0j := ej0, where ej (0,..., 1,..., 0)’ NP. We consider
the transient performance of the feedback system 0%[ G*, Kk]. It is easy to see that the
transfer matrix L* is given by

(s + k)(s + )]
Since we are interested in high-gain feedback, we may assume without loss of generality
that kj > cj, j 1, , p. A routine calculation gives the following estimates for the
overshoot Oj, the rise time T, and the settling time T) in the jth loop (see, e.g.,
Franklin, Powell, and Emami-Naeini [8] for the notions of overshoot, rise time, and
so forth).

We have Oj<-cj/(kj-cj), T<-1/2rj, and T)<=max (1/2,0, -1/cj ln ((kj-cj)/lOO cj)),
where 5 (2(In (kj)-ln (cj))/(kj-cj)) is the time when the maximal overshoot occurs.
The settling time T) is defined here as the time required for the signal (L. Oj)j(t) to
stay within the interval [0.99, 1.01].

The estimates show that the transient performance of the feedback system
0%[ G*, K] improves as the gains kj,j 1,. ., p, increase.

(ii) Suppose that F D. In this case, part (i) of this remark and (3.7) show that
the transient performance of the feedback system o%[G, K] improves as the gains kj,
j 1,..., p increase. If F D, then (3.8) gives a bound on the performance degrada-
tion, provided that the condition of Lemma 3.8 (ii) is satisfied.

In the following, we investigate the effect of measurement nonlinearities on the
stability of 0%[G, K]. First, we will concentrate on memoryless nonlinearities. We
consider functions q :N+ x Cp - Cp, which satisfy the following conditions:

(N1) q(t, x) is continuous in and locally Lipschitz continuous in x, uniformly
in on bounded intervals;

(N2) q is unbiased, i.e., q(t, 0) 0, for all => 0;
(N3) q idc,, + ql + (42, where ql and q2 satisfy

and
for all _-> 0, x 6 Cp,
and some constants A 1,/2 0.

Furthermore, for a function q :+ x Cp-* Cp, let N denote the operator induced by
q, i.e., (Nu)(t)- q(t, u(t)) for any function u: N+Cp.

The following result gives a sufficient condition for the stability of the feedback
system shown in Fig. 4.

THEOREM 3.10. Let G be a square transfer matrix such that G- is of the form
(3.1). Let the controller gk be given by (3.3), suppose that q :R+ x CP- Cp satisfies

r
0 gk

+

FIG. 4
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(N1)-(N3), and assume that the reference signal r is bounded on bounded intervals. Then,
irA1 < 1 and

(3.9)

there exists k* > 0 such that for all kj > k* (j 1, , p) the nonlinearfeedback system
given by

(3.10) y=O*e, e=Ik*(r--N(y))

is well posed (i.e., there exists a unique globally defined solution of (3.10)) and L-stable
in the sense that there exist nonnegative constants ml and m2 such that

(3.11) Ilyll_-< ml + m2ll rll
for all r (L(N+))P.

Proof First, realize that for all sufficiently large kj (j 1,..., p)

(3.12)

This follows from (3.9), Lemma 3.8(ii), and the fact that limk_.oo II,-- (of. Logemann
and Owens [22]), where L* is defined as in Lemma 3.8. Equation (3.10) can be written
in the form

(3.13) y=k*r--k*(N(y)+N(y)),

which is a nonlinear Volterra integral equation in y. It follows from Theorem 1.2 and
Corollary 2.7, in Miller [26] that (3.13) has a unique (continuous) solution that can
be extended to the right as long as it remains bounded. Now pick > 0 such that the
solution of (3.13) exists on [0, t]. Application of the truncation operator 7r, to (3.13)
gives

(3.14) -<

where Yt := k* r is the output of the linear feedback system if[G, Kk]. Setting A :=
t; Ill, we obtain

(1 AA 1)II 7r,(y y,) II-< a(a, 7r,y, 1[oo + A),

and hence (//1 < 1 by (3.12))

A
(3.15) [17r,(y y,)IIoo--< (/111 qTtY, Iloo qt_/-2)--AA1

Inequality (3.15) shows that the solution of (3.13) exists on N+, since IIr,y/ll is
finite for all N+. Moreover, it follows that (3.11) holds with ml AA2(1- AA1) -1 and
m2=A(1-AA1)-1. I-I

Remark 3.11. (i) The proof shows that Theorem 3.10 remains true if we replace
oo by q 1, 2, 3,..., provided that o2=0.

(ii) Equation (3.15) yields an upper bound on the difference of the output signals
of the linear and nonlinear feedback system corresponding to the same input signal r.
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We now turn our attention to a certain class of dynamical measurement non-
linearities. We consider operators (I) from (LLq([+))p onto itself, which satisfy the
following assumptions:

(N4) (I) is causal, i.e., 7r,(I)= 7r, CI)Tr, for all t-> 0 (cf. Willems [38]);
(N5) (I) is locally Lipschitz continuous, i.e., for all >= 0 there exists l, => 0 such

that II,(u -v)llq --< 1,11 ,(u v)llq for all u, v (LLq(I+))p (cf. Willems
[38]);

(N6) is unbiased, i.e., (I)(0)=0;
(N7) =id+q, where satisfies IIqullq<=,lllUllq+,2 for all ue(Lq(+))p and

some nonnegative constants ,1 and
Remark 3.12. Consider the nonlinearity N induced by the function

Cp. Then, in general, N will not fulfill (N5) unless satisfies a global Lipschitz
condition.

THEOREM 3.13. Let G be a square transfer matrix such that G-1 is of the form
(3.1), let the controller Kk be given by (3.3), suppose that : (LLq(N+))p--->(LLq(N+))p

satisfies (N4)-(N7), and assume that r(LLq(N+))p. Then we have (i) the nonlinear
feedback system given by

(3.16) y= .e, e= gk *(r-(y))
is well posed in the sense that there exists a unique (globally defined) solution y
(LLq(ff+))P; and (ii) suppose that 11 < and

(3.17)
then for all sufficiently large kj (j= 1,..., p), the feedback system (3.16) is Lq-stable in
the sense that there exist nonnegative constants ml and m2 such that Ilyll -<- ml + m211rll,
for all re (Lq(+))p.

Proof Equation (3.16) can be written in the form

(3.18) Y =/k * r-/-k * (Y).
It follows from Corollary 4.1.2 in Willems [38] that (3.18) admits a unique solution
in (LLq(+))p. The stability result can be shown, as in the proof of Theorem 3.10. [3

4. Conditions in state-space terms for (3.1) to be satisfied. In this section we will
give sufficient conditions for a system in state-space form to satisfy the decomposition
(3.1). Our state-space system is given by

(4.1a) 2 Ax + Bu; x(O) Xo,

(4.1b) y Cx,

where (i) A: D(A)c X X, X is a Banach space, generates a strongly continuous
semigroup, denoted by T(t)’, (ii) B’P-- X (u up)’ --Pi= biui, where biX,

1,. , p; and (iii) C :X - P, x - ((x, e), , (x, Cp))’, where ci X*; 1, , p.
In 3 we have seen that the zeros of the system play an essential role in determining

if it has a decomposition (3.1). The next definition gives an equivalent definition for
zeros of a state-space system.

DEFINITION 4.1. Let z C; then z is a zero of system (4.1) if the kernel of the
operator [zla 1]. D(A)tp -> X((,p is nonzero.

LEMMA 4.2. If system (4.1) is a-exponentially stabilizable and a-exponentially
detectable, then the zeros in Ca of (4.1) are the same as the zeros ofG(s) := C(sI-A)-B
as defined in 2.

For the definitions of a-exponentially stabilizability and detectability, see
Appendix 3.
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Proof Since the state-space system is a-exponentially stabilizable, there exists a
bounded linear operator F:X EP such that the semigroup generated by A+ BF,
TBF(t), satisfies IIT(t)ll <=Me’, fl < a. With this feedback, we can construct the
following right coprime factorization of G(s) over g((Ca) (see Jacobson 13] and Nett,
Jacobson, and Balas [30]):
G=NM-1, where N(s)=C(sI-A-BF)-IB, M(s)=I+F(sI-A-BF)-B.

Let uCp, u#O, satisfy C(SoI-A-BF)-Bu=O for some soC. Then, by the
coprimeness of N and M, u+F(soI-A-BF)-Bu#O, and

C -u F(soI-A- BF)-Bu
On the other hand, if

for some (x, u) (0, 0)e D(A)Cp, then

(4.4) (SoI- A- BF)x + B(u + Fx) O.

Premultiplying (4.4) with C(soI-A-BF)- gives

0= Cx + C(soI A- BF)-IB(u + Fx) O+ C(soI A- BF)-IB(u + Ix).

So, if (u+Fx)O, then So is a zero of the transfer matrix G. If u+Fx=O, then
(4.4) with the invertibility of (SoI- A-BF) would imply that x 0. Hence also u 0,
since u u + Fx- Fx. This is in contradiction with (x, u) # (0, 0). [3

For the system under consideration, we will prove that under certain conditions
the transfer function can be decomposed in a similar way as in (3.1).
LEMMA 4.3. Suppose that (A, B) is a-exponentially stabilizable. Assume further that
det (CB) 0 and let y C. Then

(4.5) G-’(s)=s[CB]-’+(T-s)[CB]-’CA(sI-A-BF)-’B[CB]-’
holds on Ca p(A) 0 p(A + BF), where G(s) C(sI-A)-B and

(4.6) F := CB]-’{-CA + TC}.

Proof. The feedback F defined by (4.6) is an A-degenerate operator (Kato [16,
Chap. IV, 6]). Since (A, B) is a-exponentially stabilizable, the spectrum of A in Ca
is pure point spectrum with finite multiplicity (see Jacobson and Nett 14] or Appendix
3). Together with the fact that A generates a Co-semigroup, this implies that A + BF
has pure point spectrum with finite multiplicity in Ca (see Kato [16, Chap. IV, 6]).
So, with the exception of countably many points, we may calculate (sI-A-BF)-for s C. Let s p(A + BF) fq p(A); then

CA(sI A BF)-B CA(sI A)-B + CA(sI A BF)-BF(sI A)-BCA(sI-A)-B
+ CA(sI A BF)-1 B[ CB]-’(-1)CA(sI A)-IB
+ CA(sI A BF)-’ B[ CB]-1 TC(sI A)-’B

{I-(1-)CA(sI-A-BF)-IB[CB]-I}CA(sI-A)-’B
+’)’ CA(sI- A- BF)-’B,

S
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where in the last equality we have used that C(sI A)-IB 1/s(CB + CA(sI- A)-IB).
So

(1-) CA(sI A BF)-IB { I (1-) CA(sI A BF)-IB[CB -1}
x CA(sI-A)-IB

C(s--[c]-= - - C(s--l-[c]-
Using the equality [I Q(s)]- Q(s) [I Q(s)]- I gives

{ }_1CA(sI-A)-’[CB]-1= I- 1- CA(sI-A-BF)-IB[CB]-1 -I.

So

Thus

sG(s) sC(sI A)-IB CB + CA(sI A)-IB

{I-(1-)CA(sI-A-BF)-IB[CB]-I}-1

[CB].

G-l(s) s[ CB]-1 + (T s)[ CB]-1CA(sI A BF)-1 B[ CB]-1. [3

So, the above lemma gives a decomposition similar to (3.1), but we do not know
if H(s) T s)[ CB]-1CA(sI A BF)-1 B[ CB]-1 H_(pp). This result will be given
in Theorem 4.5. First, we will prove that, with the feedback F defined by (4.3),
(sI- A-BF) is invertible in Ca, provided that G(. has no zeros there.

LEMMA 4.4. Suppose that (A, B) is a-exponentially stabilizable and (C, A) is
a-exponentially detectable. If system (4.1) has no zeros in C and T < a, then (s- A-
BF) is invertible on Ca, where F is defined by (4.6).

Proof. From the proof of Lemma 4.3 we know that A + BF has only point spectrum
on Ca. Let A be an eigenvalue of (A+ BF) in Ca. Then there exists an x X, x # 0
such that

(AI A BF)x 0:> (AI A + B[ CB]-1CA)x TB[ CB]-1Cx O.

Premultiplying with C gives ACx- CAx + CAx- yCx O. Hence A Y or Cx O. The
first possibility is excluded by assumption, so suppose that Cx O. Then we have that

X

Thus it is a zero, but this is also excluded. So cr(A + BF)VI Ca . [3

So, if the zeros of the system are in C\Ca, then G-l(s) exists everywhere on Ca.
We may always write G-l(s) as G-l(s)= sD+ H(s), where H(s) has no poles in Ca.
However, this is not enough to ensure that H (H_)pp. The next theorem will give
sufficient conditions for this to hold.

THEOREM 4.5. Suppose that (A, B) is exponentially stabilizable, C, A) is exponen-
tially detectable, system (4.1) has no zeros in C for some a < O, and det (CB) # O. Then
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the transfer matrix G(s) C(sI-A)-IB has the property that G-(s) s[ CB]- + H(s)
with H (H_)pxp, provided that either

(i) c, D(A*2); i= 1,. p, or
(ii) bi 6 D(A), tieD(A*); l, p, or
(iii) bi D(A2); i= 1,. p, or
(iv) A generates an analytic semigroup and bi D(A), 1, , p, or
(v) A generates an analytic semigroup and ci D(A*), i= 1,. , p.

Furthermore,

(4.7) H(s) (T- s)[ CB]-1 CA(sI A- BF)-B[CB]-
with

(4.8) F=[CB]-I{-CA+TC},
where y < O.

Proof Note that if (A, B, C) is exponentially stabilizable and detectable, then it
is also/3-exponentially stabilizable and detectable for some/3 < 0. So, without loss of
generality, we may assume that the system is a-exponentially stabilizable and detectable
and that it has no zeros in Ca for some negative c. Moreover, let 3’ < a. These conditions
ensure that on Ca we have by Lemmas 4.3 and 4.4 that

G-’(s) s[ CB]- + y- s)[ CB]-1 CA(sI A- BF)-lB[ CB]-1.

So we must show that H(s) := (T- s)[ CB]- CA(sI A- BF)-IB[CB]- is analytic
and bounded on Ca.

Assume first that c 6 D(A*); 1, , p. So CA is a bounded operator from X
to NP, and thus F is bounded. Since (A, B) is exponentially stabilizable and since
A+ BF has no eigenvalues in Ca (Lemma 4.4), we have that TBF(t) is exponentially
stable (see Appendix 3, Theorem A.6), and hence 3’[ CB]-1 CA(s A- BF)-IB[ CB]-1

is in (H_)pp. This is, in general, not sufficient to ensure that H (H_)pxp. We can
rewrite the operator sCA(sI- A- BF)-IB as

CAs(sI A BF)-1B

=CA(sI A- BF)(sI A- BF)-B + CA(A+ BF)(sI A- BF)-IB
(4.9) =CAB+CA(A+BF)(s-A-BF)-B
(4.10) -CAB+CA(sI-A-BF)-I(A+BF)B.
From (4.9) we see that H (H_)pp if c D(A*2); i= 1,..., p, and from (4.10) we
see that He (H_)pp if ce D(A*) and b D(A), i= 1,...,p. So we have proved
that conditions (i) and (ii) imply the desired property. Now we will prove that condition
(iii) does the same.

If bi e D(A2), 1, , p, then let us consider a new realization (A,, B,, C,) of
G(s), namely A, A, B, AB, and C, CA-1, where we have assumed that 0 p(A),
but this is not essential. If (A, B, C) is exponentially stabilizable and exponentially
detectable, then (A,, B,, C,) is, also. This follows easily from Theorem A.5 in Appendix
3, the "dual" version of Theorem A.5, and the definitions of A,, B,, and C,. Since
Im B, D(A,) and Im C*, D(A*,), we have by part (ii) that

(4.11) H,,(s)=(T-s)[C.B.]-C.A.(sI-A.-B.F)-B.[C.B]-
is an element of(H_)pxp, where F, := C,B,]-I{-C,A, + TC,}. It is clear that F, FA-1

with F given by (4.8), and hence H H,. So it remains to show that condition (iv)
or (v) is sufficient, also.
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The feedback law F, as defined in (4.8), is an A-degenerate operator. From Zabczyk
[39] it is known that if A generates an analytic semigroup, so does A+ BF, for an
A-degenerate feedback F. So, since any analytic semigroup satisfies the spectrum
determined growth condition, and tr(A + BF) fq Ca , there exists M > 0 such that

M
II(sI-A-BF)-’II<=[s_[, smc..

Thus, if c D(A*); 1," , p, then

On the other hand. if b e D(A). then we can rewrite H(s) as

H(s)=(-s)[CB]-’C(sI-A-ABFA-)-AB[CB]-’; sC..
and we have that

IIH(s)ll=ls. al Ilc[[ [[AB[I [[[CB]-I[[; s6C,

for some suitable constant > 0. Thus in both cases H (HT)pp.
Remark 4.6. Since G(s) and s[CB]- are independent of y, we must have that

H(. is independent of y. In fact, for y > a the zero at y introduced by the term s-y
is cancelled by the pole at y of (s- A-BF)- (see the proof of Lemma 4.4).

Remark 4.7. Retarded systems do not satisfy any of the smoothness conditions
(i)-(v) in Theorem 4.5. However, by Example 3.3, there is a whole class of retarded
systems whose transfer matrices admit a decomposition of the form (3.1). This shows
that the conditions ofTheorem 4.5 are sufficient but not necessary for (3.1) to be satisfied.

5. Internal stability. The stability results in 3 are formulated in input-output
terms. Suppose that the transfer matrix G of a state-space system of the form (4.1)
satisfies condition (3.1) (Theorem 4.5 gives conditions in state-space terms for this to
be true). If we apply Theorem 3.10 or Theorem 3.13 to G, can we expect internal
stability of the closed-loop system? In the linear case (i.e., N in Theorem 3.10 and

in Theorem 3.10 are equal to the identity) the answer is yes, provided that the
state-space realizations of the plant and the controller are both exponentially stabiliz-
able and exponentially detectable. This follows from recent results on the equivalence
of input-output and internal stability for infinite-dimensional systems (eft Jacobson
and Nett [14] and Cuain [5]). In this section we investigate the internal asymptotic
behaviour of the nonlinear feedback systems considered in 3.

LEMMA 5.1. Let T( t) be an exponentially stable, strongly continuous semigroup on
the Banach space X, denote the generator of T(t) by A, let B: P X and C: X P be
bounded linear operators, and suppose that f: n+ xP satisfies (N1) and If(t, x) A[x
for all O, x Pfor some A > O. Moreover, set R( t) CT( t)B andfor to 0 and Xo X
let x( t; to, Xo) denote the mild solution of

i(t)=ax+Sf(t, Cx(t)), tto,
(5.1)

X(to) x0.

If IIRIIA < 1, then (5.1) has a unique, globally defined mild solution and there exist

positive constants M and e such that Ilx(t; to, Xo)ll Me-’-’[Xoll for all xoX and
ttoO.
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Remark 5.2. The assumptions made in Lemma 5.1 ensure that (5.1) admits a

unique mild solution that can be continued to the right as long as it remains bounded
(see Pazy [32]).

The proof of Lemma 5.1 is similar to the proof of Theorem 3.2 in Logemann [21]
and is therefore omitted.

Now let us turn our attention to dynamical nonlinearities.
LEMMA 5.3. Let X, T(t), A, B, C, and R(t) be as in Lemma 5.1. Suppose that

F: (LLq(+))p - (LLq(+))p (q 1, 2, 3," q 0o) is causal, unbiased, and locally
Lipschitz continuous. Then the following statements hold. (i) The equation

(5.2) x(t)= T(t)Xo+ T(t-’)BF(Cx(’))(’) dr

admits for all Xo X a unique globally defined continuous solution x(., Xo): [0,)X,
which will be called the mild solution of
(5.3) (t) Ax(t)+ BF(Cx(. ))(t), x(0) x0;

and (ii) suppose that F additionally satisfies the condition

for all u (Lq(R+))p, where A1 and A2 are nonnegative constants; then the origin will be
globally attractive (i.e., lim,_ x(t; Xo) 0 for all Xo X) if
(5.4) IIRIIA < 1.

Proof. (i) It is clear that the mapping u(. - F(Cu(. )) is causal, unbiased, and
locally Lipschitz continuous. Hence it follows from Corollary 4.1.2 in Willems [38]
that (5.2) has a unique solution x in LLq(R+, X). Since the right-hand side of (5.2)
is continuous in t, we see that x(t) is continuous as well.

(ii) Consider the equation

y(= cr(xo+C r(-,(y(.(,

=cr(Xo+ (-(y(.(,.

If x(t):= x(t; Xo) is the solution of (5.2), then it is clear that Cx(t) is a solution
of (5.5). Using (5.4) and the fact that CT(. )Xo6 (Lq(+))P, itfollows from the small-gain
theorem that Cx(. ) (Lq(+))p and hence z(. ):= BF(Cx(. )) Lq(+, X). It remains
to show that w(t) := o T(t -)z(-) dr tends to zero as . By the exponential stability
of T(t), there exist positive constants N and 3’ such that T(t)ll N e-’ for all 0.

Suppose for a moment that q 1, and define q’ by 1/q’+ 1/q 1:

0 t/2

N e-’llz(t-)l[ dr+ e-’(’-)llz()ll d
t/2 t/2

N e-q’v" dr Ilz(t- r)l q dr
t/2 t/2

t )l/q’(t+ e-q’vt-) dr IIz( )ll dr
t/2 /2



ROBUST PI-CONTROL 587

We obtain

w(t)ll <- N e-q’w d- IlZllq 4-[[ e-’-llq, Ilz(-)ll q dr
t/2 t/2

Now lim,_ ,/2 e-q’r dr=0 and lim,_ ,/2 IIz(’)]l q d’=0 and thus lim,_ Ilw(t)ll =0.
A similar argument holds for the case where q 1. [3

Remark 5.4. If in Lemma 5.3 (ii) A2 =0, then it is not difficult to see that the
origin of (5.2) is globally asymptotically stable; i.e., lim,_ x(t; Xo)=0 for all Xo X,
and for all e > 0 there exists 3 > 0 such that IIx011-< 6 implies IIx(t; Xo)ll--< e for all _>- 0.

In the following, let the plant be given by

(5.6) :(t) Ax(t)4- Bu(t), X(to)= Xo, y(t) Cx(t),

where the linear operator A generates a strongly continuous semigroup T(t) on a
Banach space X, B: [P --> X, C: X --> EP are bounded linear operators, (A, B) is exponen-
tially stabilizable, and (C, A) is exponentially detectable. A minimal realization of the
controller Kk defined in (3.3) is given by

(5.7) 2(t)= diag (kjcj)v(t), Z(to)=Zo, w(t)=Fz(t)+F diag (kj+cj)v(t).
l<=j-p ljp

Let be an operator mapping (LLq(+))p into itself. We will interpret as a
measurement nonlinearity in the feedback interconnection of (5.6) and (5.7) as follows:

(5.8) u=w, v =-(y).

THEOREM 5.5. Suppose that G(s):=C(sI-A)-B satisfies condition (3.1) (f
Theorem 4.5), and define xc(t) := (x(t), z(t))’. The following statements hold. (i) If
in (5.8) is given by N, where p satisfies (N1)-(N3), A1 < 1, A2=0, and IIr-  r D)ll
1/2(1 A 1) then for all sufficiently large gains k, j 1, , p, there exist positive constants
M and e (dependent on k) such that IIx (t)ll for all xc(to)6 X P,
>- to > O, i.e., the nonlinearfeedback system given by (5.6)-(5.8) is globally exponentially

stable; and (ii) if in (5.8) satisfies (N4)-(N7), q < c, A < 1, and IIr-  r D)II <
1/2(1-A), then for all sufficiently large k, j= 1,..., p, the feedback system (5.6)-(5.8)
is internally stable in the sense that the origin is globally attractive; i.e., lim,_ x(t)= 0

for all x(O) X P.
Proof (i) Set Bk := diagl=p (kjc) and Dk := F diagl=p (k + c). A routine

calculation then shows that

(5.9)

where

(t) Ax( t) Bcql (t, Ccx( t)),

Ac=Ac(k): B=B(k):=
B /

C:=(C 0).
__BkC

We know from Theorem 3.5(i) that [G, Kk] is H_-stable for all sufficiently large kj,
j= 1,...,p, and thus, by a result of Jacobson and Nett [14] (cf. also Curtain [5]),
A(k) generates an exponentially stable semigroup Tc,k(t on X x[p for all large
enough kj, j=l,...,p. It follows from the condition IIF- (F-D)II<k(1-A ) and
Lemma 3.8(ii) that for all sufficiently large kj (j= 1,... ,p) 1o (Here we
have used that limk_ II/k*lll 1; cf. Logemann and Owens [22].) Finally, realize that
/k (t) CT,k (t) Bc (k), and apply Lemma 5.1 to (5.9).

(ii) Using the same arguments as in (i) and applying Lemma 5.3 instead of Lemma
5.1, we can prove the second claim. [3
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Remark 5.6. It is well known that the retarded system of Example 3.3 admits an
abstract state-space realization of the form (5.6), where the state space X is given by
M2(-h, 0; E") := " x L2(-h, 0; "). Using the notation of Example 3.3, let us assume
that

for all s Co.

In particular, it follows from (5.10) that

rk(sI -(s) B)= n

and

rk(sI-(s))C
=n

for all s Co

for all s Co.

Hence the abstract state-space realization of the retarded system is exponentially
stabilizable and exponentially detectable (see, e.g., Salamon [36]), and using Example
3.3 we see that under the extra assumption det (CB) # O, Theorem 5.5 applies to retarded
systems.

Appendix 1.

Proof of Proposition 3.1. "Only if" Since G- admits a decomposition of form
(3.1) with nG(n)pp for some y<0 we obtain

s(sa(s)- D-1) s D/- H(s) D-1

s

D+1H(s) s I- D+-H(s)
s s

O/- H(s) H(s)D-1,

which shows that sG(s)-D-= O(1/s) as Isloo in ;o, where (% 0) is arbitrary.
To show that G has no zeros in Co, pick holomorphic matrices N, D (C)PP such
that N and D are right coprime and G ND-1. Then, trivially, G-= DN-1 and by
the right coprimeness of D and N it follows from the analyticity of G-1 in C, that
det (N) has no zeros in C Co.

"If" Setting F(s) := (s + y)G(s), y > Jill, it follows from the assumption that

(A.1)

and, in particular,

(A.2)

F(s)-D-’= O(s-’) as [s[-->oo in Co

lim F(s)= D-.
Hence there exists p >0 such that F-(s) is bounded on [s[> p, sCo. Moreover,
F-(s)=(1/(s+y))G-(s) and since G has no zeros in o, it follows that F-l(s) is
bounded on Is[ _-< p, s Co. Therefore F- is a bounded holomorphic function on Co,
i.e. F-1 (-IehPPo Now realize that

(A.3) /(s) := (s + y)(F-(s) D)

(A.4) (s + 7)F-(s)(D-1- F(s))D.
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It follows from (A.3) that H is holomorphic on C and, furthermore,, we obtain from
(A.1), (A.2), and (A.4), using the boundedness of F- on C, that H is bounded on

C hence H (H)pp. Finally, we obtain

G-I(s)--(s+ T)F-I(s)--(s+ T)D+ IY-I(s) sD+ H(s),

where H(s) := yD+ H(s).
Proof of Corollary 3.2. Since A(s) is bounded on C for some y <0 there exists

p > 0 such that

O(s) =1 C A(s) B CB +- C A(s) B
S j=0 S S j---1 S

for all s e C v such that [s[ _-> p. Hence

(A.5) sG(s)-CB=O() as [s[--> o in C.

Moreover, since det (CB)# 0, there exists an invertible matrix Q C such that

Partition the matrix Q-A(.)Q as follows:

Q-’A(.)Q=
A2( A22(

where A(. ), A(. ), A2(" ), and A22 are matrices with entries in H_ of size p x p,
p x (n -p), (n -p) x p, (n -p) x (n -p), respectively. As in Logemann [20], it follows
that

(A.6) X(s)=(-1)p det (CB) det (sI-Az2(s)).

Now A2 is holomorphic and bounded on Ca for some a < 0, and therefore det (sI-
A22(s)) has at most finitely many zeros in C for any /z> a. Since, by assumption
X(s) 0 for all s Co, we obtain, using (A.6),

(A.7) X(s) # 0 for all s C
for a negative /3 of sufficiently small modulus (without loss of generality, we may
assume that y<fl). Let G= ND- be a right coprime factorization over gE(C) and
use a well-known formula for the determinant of a four-block matrix to obtain

(A.8)
X(s) det (sI A(s)) det (G(s))

det(sI-A(s))
det (N(s)).

det (D(s))

It is known that det (D(s)) divides det (sI-A(s)) (in Yg(Cr)) (cf. Logemann [18]),
and hence, by (A.8), we have that det (N) divides X (in Yg(Cv)). Thus, by (A.7),

(A.9) det (N(s)) # 0 for all s C.
The claim now follows from (A.5), (A.9), and Proposition 3.1. ]

Appendix 2.
Proof of Lemrna 3.8. An elementary computation shows that

(a. 10) Lk Lk* {[I- Jk(I F-1D)+ Pk]-1- I}L*k
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where

(s)Jk s :=
<=
ag s + kj

and

l" s := d2. (s+kj)(s+c)
F-’H(s)+ ldiag<=<=p (c)(I V-’D)

Note that we can factorize Pk as Pk JkQ, where

Q(s) := j=l,...,pdiag/\| s+lc]\/{F-1H(s)+ diag (cj)(I-F-1D)}.

Using a result by Mossaheb [27] (cf. also Logemann [18]), we see that
(LI(N+))pp for all sufficiently small e > 0. Moreover, we have

lim [[/k ]]1 lim k * O [[1 O,(A.11)
k-oo k-co

which can be derived using the equation -/k 6oI-diagl<_<=p (k9 e-) and Lemma A.1.
In the case where F D, we obtain from (A.10), by taking inverse Laplace transforms,

(A.12) Lk- k* {(601+ kk)-I- 6ol}*

It follows from (A.11) that the inverse of 6o1+ [’k exists (in the Banach algebra Mpp)
if minl<___<_p (k./) is sufficiently large. Hence (A.12) makes sense for large kj,j 1, , p.
Part (i) of the lemma now follows from (A.12), (A.11), and the fact that

(a.13) lim IIL *lll- 1
k-->

(cf. Logemann and Owens [22] for (A.13)).
To prove part (ii), set Mk:=Jk(I-F-1D) and realize that IlhT/k[]_--<

IILIIIII-F-’DII_<-2<I. Taking inverse Laplace transforms, using (A.11), and
employing the fact that Mpp is a Banach algebra, it follows from (A.10) that

Lk-- L*k {[6OI--(lk-- k)]-l-- 60I)* ’ ,2 (llk-- k)" * L’
=1

for all sufficiently large kj, j 1,..., p. Moreover,

)[ILk Lk]] 2=1 (2e + [k 1) Lkff:[I

for all sufficiently large k, j 1,..., p. We obtain, by using (A.13) and (A.11),

2E
lim sup 11Lk L* II, =<

k-oo 1-2e’

which is (ii). ]

LEMMA A.1. Set ek(t): ke-k’O(t), t>-O, k>-O. Then limk_, Ile*f-fll=o for
allf6L’(ff+).

Remark A.2. Note that ek is not a so-called approximate identity or Dirac
sequence, because the support of ek does not shrink to {0} as k-* .
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(A.14)

Proof of Lemma A.1. In the following set f(t) := 0 for all < 0

O
ek(t s)f(s) ds-f(t) dt

ek(’)(f( z) f( t)) dr dt

<- ek(’) If(t--r)--f(t)l dt dr.

It is well known that for a given e > 0 there exists > 0 such that J’o If( r) -f(t)[ dt
for all r[0, 6]. Hence it follows from (A.14) that

fo (foIlek.f -fll,--< ek(’) If(t-O-f(t)l at} d/2llflll ek(’)

--< e / 21lflli e---< 2e

for all sufficiently large k.

Appendix 3. In this appendix we will present the most important results on
stabilizability of infinite-dimensional systems. We use the same notation as in 4.

DEFINITION A.3. System (A, B) is a-exponentially stabilizable if there exists a
bounded linear operator F L(X, P) such that the semigroup TnF(t) generated by
A + BF satisfies TBF(t)[I -< M em for some M _-> 1 and/3 < a. System (A, B) is exponen-
tially stabiiizable if it is 0-exponentially stabilizable. System (C, A) is a-exponentially
detectable if there exists a bounded linear operator K L(p, X) such that the semi-
group Tl<c(t) generated by A+ KC satisfies T c(t)ll <= Me for some M =>1 and
/3 < a. System (C, A) is exponentially detectable if it is 0-exponentially detectable.

LEMMA A.4. Suppose that the underlying space X is reflexive. Then System (A, B)
is a-exponentially stabilizable if and only if (B*, A*) is a-exponentially detectable.

We now have the following important theorem.
THEOREM A.5. The following conditions are equivalent. (i) System (A, B) is

exponentially stabilizable; and (ii) the state space can be decomposed in two semigroup-
invariant subspaces X Xs O)Xu, where X. and Xu satisfy
--II II-<- M e M > 1, /3 < a,
--dim (Xu) < oo,
--cr(A Ix,) or(A)f’) Crp(A) fq,
--The finite-dimensional system (A Ix., Px.B) is controllable, where Px. is the projection

on X, along Xs.
For the proof, see Desch and Schappacher [6], Nefedov and Sholokhovich [29],

Jacobson and Nett [14], or Curtain [5].
It is easy to show that Xu is the span of all unstable (generalized) eigenvectors

of A.
The following theorem is used frequently in 4.
THEOREM A.6. Assume that (A, B) is a-exponentially stabilizable and let Q L(X)

be compact. Then A + Q generates an a-exponentially stable semigroup if and only if
Crp(A + Q) C, .

Proof It follows from Theorem A.5 that the essential exponential growth bound
toe(T(" )) of T(t) (cf., e.g., Nagel [28]) satisfies toe(T(" ))< a. Since Q is compact, we
have that toe(To(" )) toe(T(" )) < a. Let to(To(. )) denote the exponential growth
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bound of the semigroup To(t). We must prove that to(To(. ))< a. Let us assume the
contrary. Then to(To(. ))> toe(To(. )) and we can show, as in [28, p. 74], that there
exists h trp (A + Q) satisfying Re (A) to To(.)) >- a. This leads to a contradiction
because trp (A + Q) f’) C by assumption.
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Abstract. In this paper a stochastic search method is proposed for finding a global solution to the
stochastic discrete optimization problem in which the objective function must be estimated by Monte Carlo
simulation. Although there are many practical problems ofthis type in the fields ofmanufacturing engineering,
operations research, and management science, there have not been any nonheuristic methods proposed for
such discrete problems with stochastic infrastructure. The proposed method is very simple, yet it finds a

global optimum solution. The method exploits the randomness of Monte Carlo simulation and generates a

sequence of solution estimates. This gen.erated sequence turns out to be a nonstationary Markov chain, and
it is shown under mild conditions that the Markov chain is strongly ergodic and that the probability that
the current solution estimate is global optimum converges to one. Furthermore, the speed of convergence
is also analyzed.

Key words, stochastic optimization, discrete parameters, Monte Carlo simulation, global optimization,
Markov chain

AMS(MOS) subject classifications. 62L99, 90B22, 90C99

1. Introduction. In the fields of manufacturing engineering, operations research,
and management science, we often find a discrete optimization problem in which an
objective function g is minimized over a nonempty discrete finite feasible set S:

(1.1) man {g(s) s S},

where g:SoR and S={sl, s2,"’, sK}. In such a problem, the discreteness of the
feasible set is the most salient characteristic, while the finiteness of the feasible set is
mere convenience in theory without imposing any serious limitations in practice since
the size can be made larger as needed.

In examining many practical problems of the form (1.1), we note that the objective
function g(s) is often the expectation of the performance of a system that is subject
to stochastic phenomena. Hence we give g(s) the following stochastic infrastructure:

(1.2) g(s) E[h(s, Y(s))],

where E denotes the expectation, h is a function of s and y, and Y(s) is a random
vector dependent on s. Hence h(s, y) may represent the performance of the system
when the parameter is set to s and the sample of random vector Y(s) is y. In such
problems, a closed-form formula is often not available for the objective function g(s),
and one is forced to estimate g(s) by Monte Carlo-type simulation. For this purpose,
we write a computer program for simulating the system and drive it by random number
generators. Here the simulation program represents h(s, y) and the random number
generators represent Y(s).

As an example, consider a queueing network consisting of stations with buffers.
Such a network may represent an assembly line in the manufacturing industry, a
network ofprocessors for a parallel computer, or a communication network for message
packets. Suppose that the optimal sizes of buffers are sought. Hence vector s represents
buffer sizes at different stations. Random vector Y may represent the lengths of service
time at different stations and the lengths of transfer time from station to station. The
function h(s, y) is often set to the amortized cost of buffers minus the revenues due
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to the processing speed. Therefore one tries to minimize g(s)= E[h(s, Y)]. In this
case it is relatively easy to write a simulation program for h(s, y) and to drive y by
random number generators representing Y, but it is very time consuming to write an
explicit formula for h (s, y) in closed form. Furthermore when a multistation multiserver
queueing network is subject to some recycling and a complex priority system, it would
be impossible [3, p. 455] to model the network analytically and to obtain an explicit
formula for h (s, y).

As another example, consider a telephone installation problem in which several
types of telephones are installed at an airport. One type of telephone may accept coins
only, another may accept credit cards only, and yet another may accept both. Here
vector s represents the numbers of telephones in different categories, and random
vector Y(s) may represent the length of time period between customer arrivals, and
the length of time a customer spends at a telephone. We note that the latter depends
on the type of telephone since credit card calls tend to take extra time for dialing the
card number and for verification by a computer. Here the performance h(s, y) may
represent the average waiting time for a customer and the amortized cost of telephones.

In the past, a paper [5] considered a specific problem of buffer size selection in
a serial production line and proposed a very heuristic method without any convergence
analysis.

In the absence of any computational methods with theoretical underpinnings that
are specifically designed to solve the discrete optimization problem with stochastic
infrastructure, one might naively combine Monte Carlo simulation and a discrete
optimization technique developed for the case in which the objective function is readily
deterministically computable. The most straightforward approach would be to replace
the objective function g(s) by its estimate Ce(s) based on simulation experiments.
For example e(s) may be defined as e(s)=(1/g)e h(s,y(s)) wherei=1

y(s),..., ye(s) denote { samples of Y(s). In this case, it is not obvious how large
the sample size { should be to guarantee the convergence of the optimization technique.

In this paper, we take a different approach and propose a new method for solving
the discrete optimization problem with stochastic infrastructure. In the above naive
approaches, stochastic elements are suppressed by taking large sample sizes {. Here
we treat stochastic elements as they are in our proposed method. Moreover, we exploit
the stochastic property of simulation in finding global optimal solution. In the proposed
method, the new solution candidate is compared with an absolute scale. Given a
practical situation, one can often guess an approximate range (a, b) for the stochastic
objective function h(s, Y(s)) from experience. When such experience is not available,
we can always run simulation experiments for different values of s and obtain an
approximate range (a, b) for the stochastic objective function h (s, Y(s)). Then we may
define a random variable (R)(a, b), which is uniformly distributed over the interval (a, b),
and we use this as a scale against which h(s, Y(s)) is measured. Thus we convert the
original minimization problem (1.1) into the following probability maximization
problem:

max {Prob [h(s, g(s))<-_(R)(a, b)]lsS}.

Hence out strategy is to solve this maximization problem in place of the original
problem (1.1). Here we must note that the probability being maximized is not numeri-
cally computable. Rather the probability is implicitly represented in the probabilistic
simulation, and we exploit that implicit representation in designing a method for
solving this maximization problem. In 2, we exactly state the discrete optimization
problem with stochastic infrastructure. Then, in 3, we translate the original minimiza-
tion problem into the probability maximization problem and discuss the relationship
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between the two problems. In 4, we list assumptions and describe our proposed
method, which depends on a sequence {Mk} of parameters for generating a sequence
{Xk} of solution estimates. Then, in 5, we freeze the parameter Mk to a constant M,
analyze the resulting stationary Markov chain, and obtain its stationary probability
distribution r(M) as a function of M. In 6, we study the behavior of the stationary
probability distribution or(M) as M goes to infinity. Then, in 7, we study the proposed
method when the sequence {Mk} of parameters monotonically increases to infinity,
analyze the resulting nonstationary Markov chain, establish that the chain is strongly
ergodic, and show that the probability that the solution estimate Xk is in the global
optimum set goes to one as the iteration k goes to infinity. Furthermore, in 8, we
investigate the rate of convergence of the proposed method. Then the paper ends with
some conclusions in 9. In the interest of readability, all the proofs are relegated to
the Appendix.

2. Problem structure and assumptions. Consider problem (1.1). Instead of local
solutions, we seek global solutions to this problem. We denote the (global) optimum
set by

(2.1) S* {s Slg(s)<- g(s’), Vs’6 S}.
The objective function is now assumed to have the structure of (1.2), where h (s, y)

is a measurable function of s and y, and Y(s) is a random vector defined on probability
space (fl, F, P) for each s S. We observe that the random variable H(s) defined by

(2.2) H(s) h(s, Y(s))
is well defined on (s, Fs, P) for each s S. We further note that the probability
distribution for Y(s) is often known a priori and simple (e.g., the exponential distribu-
tion and the Gaussian distribution), but that the probability distribution for H(s) is
not generally known a priori and complex.

We shall assume throughout the paper that the variance of H(s) is finite for each
sS.

ASSUMPTION A0. We have that

(2.3) E[H(s)2] < o, Vs S.

We would like to point out that this finite variance property is the only property
that we demand of the problem.

3. Translation to a maximization problem. Consider the problem defined in the
preceding sections. Given an s S, we can only obtain samples {hi(s)} of random
variable H(s) via simulation. Hence, given two elements, s and s’, from S, we cannot
decide which element is better than the other based on a finite number of samples
{hi(s)} and {hi(s’)}. However, these samples do contain some information about their
underlying stochastic structures, and we need to extract it. To accomplish this, we
propose to measure H(s) against a stochastic rulermanother random variable. With
this idea, we will be able to translate the original minimization problem into a
maximization problem of a certain probability. As a stochastic ruler, we have selected
a uniformly distributed random variable in this paper, but other choices are possible.

Let (R)(a, b) denote the random variable uniformly distributed between a and b
provided a < b. Here a and b, respectively, represent in a loose sense a lower and an
upper bound for {H(s) s S}. For example, if it is known that a’ _-< H(s) _-< b’ for all
s S, then a and b may be, respectively, set to a’ and b’.

Now we compare H(s) with (R)(a, b) and let

(3.1) P(s, a, b)= P[H(s)<=O(a, b)].
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Here the random variable H(s) representing the objective value is compared with a
stochastic ruler (R)(a, b). We can intuitively see that minimizing g(s)= E[H(s)] is
equivalent to maximizing the probability P(s, a, b) provided the interval (a, b) is
sufficiently wide. Hence we consider the following maximization problem:

(3.2) max {P(s, a, b)lsS}.

The global optimum solution set for this maximization problem is

(3.3) S*(a, b)= {s SIP(s a, b) >- P(s’, a, b) Vs’ S}.

The following theorem rigorously delineates the relationship between the original
minimization problem (1.1) and the above maximization problem (3.2).

THEOREM 3.1. There exist real numbers and b such that gt < b and for any a < gt

and any b > b, the following conclusions hold"
(1) If g(s)< g(s’) then P(s, a, b)> P(s’, a, b),
(2) 0< P(s, a, b) < 1, for all s S,
(3) S*(a, b) S* and S*(a, b) .
Theorem 3.1 states that maximization problem (3.2) has at least one solution and

that any solution of that problem is a solution of the original minimization problem
(1.1) provided the interval (a, b) is sufficiently large. The natural question now is"
Does the converse hold? We partly answer that question in the next theorem.

THEOREM 3.2. Suppose there exist reals a(s) and b(s) such that

(3.4) a(s) <- H(s) <= b(s) w.p.1.

If a<min{a(s)lsS} and b>max {b(s)lsS}, then S*(a, b) S*.
In closing this section, we note that assumption (3.4) of Theorem 3.2 is not

necessary for the method proposed in the next section, which solves the maximization
problem (3.2). Indeed, conclusion (3) of Theorem 3.1 guarantees that a solution exists
for the latter problem (3.2) and that its solution is also a solution for the original
problem (1.1).

Furthermore we note that probability (3.1) is not explicitly available. Hence it is
not possible to apply any conventional discrete optimization techniques to (3.2) in a
straightforward manner. However, probability (3.1) is implicitly available in the simula-
tion of H(s) and (R)(a, b), and we exploit this fact to construct a method for solving
(3.2) in the next section.

4. Computational method. In this section we present a stochastic algorithm for
solving the discrete optimization problem discussed in 1 and 2. The basic idea of
our ap.proach is to make use of probabilistic simulation in constructing a nonstationary
Markov chain that converges to a global solution to the problem. Our approach is
related to, but different from, the technique of simulated annealing.

First, while the objective value in simulated annealing is assumed to be exactly
computable, our method accepts samples of the objective value generated by probabilis-
tic simulation. Second, while the objective value at a new solution candidate is compared
with that of the current solution candidate in simulated annealing, the objective value
at a new solution candidate is compared against a probabilistic ruler in our method.

In the following, we list definitions and assumptions we will make use of in the
rest of this paper. First, to structure our search for an optimal solution in the feasible
set S, we introduce the concept of neighbors in S.

DEIINITION 4.1. For each s S, there exists a subset N(s) of S-{s}, which is
called the set of neighbors of s.
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Our search is organized in such a way that the next solution candidate is found
among the neighbors of the present candidate. Hence, to ensure that our search will
eventually cover all the elements of S, we make the following assumption about the
system N of neighbors.

ASSUMPTION A1. For any pair (s, s’) in S x S, s’ is reachable from s; i.e., there
exists a finite sequence, {ni}e=0 for some g, such that

S.o=S, s.=s’,
Now we impose a stochastic structure to the selection of a candidate among the

neighbors by the following function R. Given an s S, a candidate is selected among
N(s) such that the probability of selecting a neighbor s’ N(s) is equal to R (s, s’).

DEFINITION 4.2. A function R S S [0, 1] is said to be a transition probability
forSand Nif

(1) R(s,s’)>OC:s’N(s) and
(2) E,,s R(s, s’)= 1.
Statement (1) says that every neighbor and only neighbors alone are given positive

probability to be selected as a candidate. Statement (2) says the probabilities of selecting
all the neighbors must add up to one. The simplest way to define R(s, s’) is perhaps
to distribute the probability uniformly over N(s), i.e., R(s, s’) 1for s’ e N(s),
and R(s, s’)=0 for s’N(s), where IN(s)] denotes the number of elements in N(s).
However, given a particular problem, it may be more advantageous to skew the
distribution.

Now we introduce the following simplification.
ASSUMPTION A2. The neighbor system N and the transition probability R for S

are symmetric, i.e.,
(1) s’e N(s)Cse N(s’) and
(2) R(s, s’) R(s’, s).
In the algorithm, we make use of a sequence of positive integers tending to infinity.
ASSUMPTION A3. A sequence {M} of positive integers satisfies M
Aside from N, R, and {M} defined above, the proposed stochastic algorithm

requires parameters, a and b, and an initial guess So S for the optimal solution.

THE STOCHASTIC ALGORITHM.

Data: N, R, {Mk}, a, b, So S.
Step 0: Set Xo-So and k 0.
Step 1: Given Xk s, choose a candidate Zk from N(s) with probability distri-

bution

P[Zk s’/Xk S] R(s, s’), s’ 6 N(s).

Step 2: Given Zk S’, set

X+,=
X,

where

with probability Pk,

with probability (1 Pk),

Pk {P[H(s’) <-- (R)(a, b)]}Mk {P(s’, a, b)}Mk.

Remark. Since we are interested in cases in which the probability P(s’, a, b) given
above in Step 2 is not explicitly computable, we suggest a subalgorithm for implementing
Step 2 immediately following the algorithm.

Step 3: Set k= k+ and go to Step 1.
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The implementation of Step 2 of the above algorithm may be accomplished by
the following subalgorithm where P(s’, a, b) need not be computed.

SUBALGORITHM FOR STEP 2.
Given Z s’, draw a sample h(s’) from H(s’), or equivalently draw a sample

y(s’) from Y(s’) using random number generators and then compute h(s’, y(s’)) by
running one simulation experiment. Next draw a sample 0 from (R)(a, b). If h(s’)=
h(s’, y(s’)) > 0 then set Xk+ Xk otherwise draw another sample h(s’) from H(s’)
(or equivalently draw another sample y(s’) and compute h(s’, y(s’)) by running another
experiment), and compare this against another sample 0 from (R)(a, b). If h(s’)=
h(s’, y(s)) > 0, then set Xk/l Xk.; otherwise continue to draw and compare. If all Mk
tests, h(s’) h(s’, y(s’)) > 0, fail, then we accept the candidate Zk and set Xk/l Zk S’.

The random process {Xk} produced by the Stochastic Algorithm is a discrete-time
Markov chain defined over states S, and its state transition probabilities are given by

Pss,(M) P[Xk+l s’/Xk s]

s’){P(s’, a, b)}M, if s’e N(s);

(4.1) 1- 2 R(s, s"){P(s", a, b)}, if s’= s;
s"eN(s)

kO, otherwise.

We make use of the state transition probability matrix, which is a matrix consisting
of the above probabilities:

(4.2) P(Mk)=(Pss,(Mk)).

We also note that P(Mk) is a stochastic matrix [6].

5. Analysis for the stationary process. In this section, we suspend Assumption A3
and set Mk to a positive constant integer M to investigate the stationary behavior of
the algorithm in 4. Indeed, the Markov chain then becomes stationary since the state
transition probability (4.1) becomes independent of k.

For each s 6 S, define

{P[H(s) <-_ (R)(a, b)]}M {P(s, a, b)}M
(5.1) 7r(M) Es,s {P[H(s’)<-O( a, b)]}M E,s {P(s’, a, b)}’"

We will show in the next theorem that {7r(M)lseS} is the stationary probability
distribution for the stationary Markov chain Xk generated by the algorithm with Mk
set to M.

We now assume for the rest of the paper that parameters a and b are selected so
as to satisfy the conditions in Theorem 3.1.

THEOREM 5.1. The vector r(M) consisting ofers(M) in (5.1) represents the station-
ary probability distribution for the Markov chain {Xk} defined by (4.1) with Mk M.
Furthermore, this vector is the left eigenvector with eigenvalue onefor the state transition
probability matrix P(M) defined in (4.2), i.e.,

(5.2) 7r(M)P(M) zr(M).

6. The limiting behavior of the stationary distribution. In this section, we investigate
the behavior of the stationary probability distribution {(M)lsS} found in the
preceding section as M goes to infinity.
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DEFINITION 6.1. Given a finite set S, the set II(S) of positive unit vectors is called
the set ofprobability vectors for S, below:

I[(S)={r6[0, 1]KlTrs=>0, I111-- s- 1},

where K IsI represents the cardinality of S.
DEFINITION 6.2. A probability vector r* for S is called optimal if r* 0 for any

sS*.
Observe that if the probability vector is optimal, then the associated state s is in

the optimal set S* with probability one. Furthermore, if r* =0 for any s = S*(a, b)
then r* is optimal and the associated state s is again in the optimal set S* with
probability one provided S*(a, b)c S*.

THEOREM 6.1. The probability vector 7r(M) defined in (5.1) converges, as M goes
to infinity, to an optimal probability vector r*. Furthermore

1/IS*(a, b)l, if s S*(a, b),
7r*= O, otherwise,

where IS*(a, b)] represents the cardinality of S*(a, b).
The conclusions of the above theorem follow from (5.1) and conclusion (2) of

Theorem 3.1. In the next proposition, we establish the monotone property of 7rs(M)
as a function of M.

PROPOSITION 6.1. The following hold:
(1) For each s S*( a, b ), ifM < M’ then
(2) For each s S*(a, b) there exists an integer Ms such that if Ms <-- M < M’ then

7rs(M) >-_ Crs(M’).

7. Convergence: Analysis for the nonstationary process. In this section we reinstate
Assumption A3 and investigate the behavior of the Stochastic Algorithm described in

4. Because the parameter Mk now varies from iteration to iteration, the algorithm
produces a nonstationary Markov chain.

Consider a nonstationary Markov chain with a sequence {P(k)}=l of state
transition probability matrices. We denote by P(Y, k) the associated state transition
probability matrix from iteration to iteration k where k => ->_ 0. Then

-I P(i) if k> g,
(7.1) P(, k) i:fl

I if k=.

Furthermore, we denote by x(’, k) the probability vector ofthe Markov chain at iteration
k when the chain is started at iteration e from the initial probability vector Xo. Then

(7.2) x(’, k)= xoP(

Recall that a square matrix P (Pu) is called stochastic if all the entries are positive
or zero, P/ _>-0, and the sum of all the entries in each row is one, ’,j Po 1.

DEFINITION 7.1. Given a stochastic matrix P, the coefficient ofergodicity is defined
to be

(7.3) a (P) min min Pk, Pk ),
0 k

and the delta coefficient of P is defined to be

(7.4) (P) 1/2 max IPik Pjk[.
lJ k



STOCHASTIC DISCRETE OPTIMIZATION 601

It is easy to show [6, p. 143] that

(7.5) a(P) 1-(P).
We are now ready to show that the Markov chain {X} generated by the Stochastic

Algorithm proposed in 4 is strongly ergodic under certain conditions. Before
showing this, we need to obtain a bound on the number of transitions that the Markov
chain needs to make before the probability transition matrix has all the elements in
at least one column different from zero. For this we first represent the neighborhood
system N as a graph by regarding each state s S as a node and each neighbor relation
s’ N(s) (hence s N(s’)) as an edge. The length of a path from node s to another
node s’ is defined to be the number of edges in the path. Then the distance d(s, s’)
between two nodes s and s’ is defined to be the length of a minimum-length path from
s to s’. Then the radius of the graph is given by

(7.6) r=min max d(s, s’).
sS s’S

Let denote a node at which the above minimum is attained. Then it is called a center
of the graph. Furthermore, the radius r represents an upper bound on the number of
transitions Markov chain needs to make before the probability transition matrix has
all the elements in at least one column, namely the column corresponding to , different
from zero.

Now we find the smallest nonzero R(s, s’) and the smallest P(s, a, b), as follows:

(7.7) p min min R(s, s’),
sS s’N(s)

(7.8) /(a, b)= min V(s, a, b).
sS

It follows from the finiteness of set S and conclusion (2) of Theorem 3.1 that p > 0
and 0</z(a, b) < 1.

THEOREM 7.1. Let a real c > O satisfy c <- 1/ r. Let a real cr > O satisfy cr > 1//z(a, b).
Let an integer ko satisfy 1 <- c log (ko + 1). Let

(7.9) Mk- trunc [c log (k+ ko+ 1)]

for k 0, 1, 2,..., where trunc [] denotes the greatest integer smaller or equal to

Then the Markov chain {Xk} generated by the Stochastic Algorithm in 4 using these

Mk is weakly ergodic.
Before showing that the Markov chain {Xk} is strongly ergodic, we need to establish

the following lemma.
LEMMA 7.1. The probability vector zr(M) defined in (5.1) satisfies

2
k=0

THEOREM 7.2. Let {Mk} be as defined in Theorem 7.1. Then the Markov chain
{Xk} generated by the Stochastic Algorithm in 4 is strongly ergodic. Furthermore,

(1) limk_. sup [iX(e, k) 7r*[[ 0,
(2) limk_ P[Xk S*(a, b)] 1,

k-1 p(M) and 7r* is as defined in Theorem 6 1.where x(g, k)= xoP(g, k)= Xo Hi=e
Conclusion (1) in the above theorem states that the probability vector x(g, k) for

the Markov chain {Xk} generated by the Stochastic Algorithm in 4 converges to
as the iteration k goes to infinity. Conclusion (2) states that the probability that the
solution estimate Xk is in the optimum set S*(a, b) for the maximization problem (3.2)
converges to one as the iteration k goes to infinity.



602 DI YAN AND H. MUKAI

In view of Theorem 3.1, S*(a, b) is contained in the optimum set S* for the
original minimization problem (1.1) under mild conditions. Hence conclusion (2)
implies that the probability that the solution estimate Xk is optimum for the original
problem converges to one as the iteration k goes to infinity.

8. Rate of convergence. In this section we will show that the probability distribution
x(k) of the Markov chain {Xk} generated by the Stochastic Algorithm of 4 converges
to the final distribution r* at a certain speed.

Consider the Markov chain (Xk} generated by the Stochastic Algorithm of 4.
The probability distribution x(k) for Xk is expressed below in terms of the transition
probability matrix P(g, k) from iteration to k:

(8.1) x(k) x(O)P(O, k),

where x(0) represents the initial probability distribution. The final distribution 7r* is
defined in Theorem 6.1. Hence

Ilx(k)-r*]]-- 2 E xs(O)[Pss,(O,k)-Tr*s,]
s’S sS

(8.2)
<= 2 xs(O) 2 ]P’(O,k)-r*’l.
sS s’S

Now we develop a bound for the right side of (8.2) in the next lemma. The
summation over integers from { to k is to be interpreted as zero when {> k.

LEMMA 8.1. For any s

IP,,(0, k)-r*[<_-46(P(g, k))

(8.3)

Observing that the right-hand side of (8.3) is independent of s, we conclude from
(8.2) and (8.3) that for any integer g =< k,

(8.4)
IIx(k)-*11-< 46(P(4 k))+ *- (M)II

k-1

Now we will find a bound on the right-hand side of (8.4). Below, we denote by
Pmax(a, b) the maximum value for problem (3.2):

(8.5) Pmax(a, b) max (P(s, a, b)ls S}.

If the associated optimum set S*(a, b) were equal to the feasible set S, then the original
optimum set S* would be the same as the feasible set S and both the original and
above problems would be trivial. Hence we suppose that S*(a, b) is not the same as
S. Then the second best value

(8.6) Psec(a, b)=max {P(s, a, b)ls S- S*(a, b)}

is well defined and is less than Pmax(a, b).
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PROPOSITION 8.1. Suppose that reals c and tr, integer ko and a sequence {Mk} of
positive integers are selected as in Theorem 7.1. Then there exists an integer k* such that
for any integers, >= k* and k >- ,

k-1

i=

(8.7)
<_41S-S*(a,b)l ,

[S*(a, b)l
tr (g+ko+ 1)-’

where q =log [Pmax(a, b)/Psec(a, b)] > 0.
PROPOSITION 8.2. Assume the hypotheses of Proposition 8.1. Then there exists an

integer m* such that for any m >= m*,
(8.8) (P(g, mr))<= O(1/m ),
where fl=trunc [x/-]r-r, f=(p/r)/2, and r and p are respectively defined in (7.6)
and (7.7).

PROPOSITION 8.3. Assume the hypotheses for Proposition 8.1. Then there exists an
integer m* such that for any m >= m*,

k-1

[[7r*-Tr(Me)l]+ Y 1[Tr(Mi)-Tr(M+,)[[+llTr(Mk)-er*ll<=O(1/m),
i=g

where k mr, trunc [v/-]r r, and = tic
THEOREM 8.1. Suppose that reals c and r, integer ko, and a sequence {Mk} are

selected as in Theorem 7.1. Then for a sufficiently large integer m,

Ilx(mr)-’*ll <- O(1/m’),
where min { ’, t--} min {(p/r)/2, "0c/2} > 0.

The conclusion for the last theorem follows from (8.4) and Propositions 8.2
and 8.3.

9. Conclusions. In this paper we have proposed a computation method for finding
a global solution to the discrete optimization problem in which the objective function
needs to be estimated by probabilistic simulation.

The proposed method has a remarkable degree of freedom in the scheme for
selecting a candidate Z for the next solution estimate X+ given the current estimate
X. Indeed some very mild conditions (Assumptions AI-A3) must be satisfied by the
neighbor relationship N and the transition probability R for the feasible set S. Hence
there is plenty of room for incorporating heuristic ideas in the method, thus making
the method very practical and efficient yet theoretically robust, since its theoretical
underpinnings are provided by the analysis in this paper.

When designing a practical method based on the algorithm proposed in this paper,
one needs to set up a criterion for stopping the infinite process of the proposed method.
Ideally, we would like to find some criteria that guarantee that the current estimate X
is a global optimal solution with a percent confidence. However, such criteria appear
to be difficult to find. Therefore, for the moment, we suggest the usual criteria: stop
the method when the parameter M, the iteration counter k, the number of simulations,
or the number of objective value samples exceeds a preselected fixed number.

The proposed algorithm is related to, but different from, the simulated annealing
algorithm. While the objective value in simulated annealing is assumed to be exactly
computable, the proposed algorithm accepts samples of the objective value generated
by probabilistic simulation. The two algorithms are not equivalent even when the
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parameter Mk goes to infinity, because the proposed algorithm does not rely on the
sample mean to estimate the objective value.

Appendix.
Proof of Theorem 3.1. It follows from the finiteness of S that there exist reals Cl

and c2 such that

(A1) g(s) E[H(s)] [cl, c2], Vs e S.

It also follows that

(A2) e _a_ min (Ig(s)-g(s’)l[(s, s’) G} > 0,

where G= {(s, s’) S x S[g(s) # g(s’)}.
Let Ds" E:-* E be defined by

h>b

D(a, b)= hFn()(dh).
dh<a

Not it follows from (2.3) that there exist reals c and c4 such that if a <_-C and b >_-c4
then

(A3) [Ds(a, b)[ e/4, Vs S.

Let

(A4) Vma max {E[H(s)2]ls S}.

Let cs=8Vmax/e. Let a=min {Cl, C3,--C5} and b=max {cz, C4, C5}. Then a-<-cs<0<
cs<-b.

Suppose that a < , b < b and s S. Then

P(s, a, b)= P{[H(s)<-(R)(a, b)] [a-< H(s) < b]}

+ P{[H(s) <= (R)(a, b)] [H(s) < a]}

+ P{[H(s) <-_ (R)(a, b)] f’l [H(s) > b]}

Fo(dO)F.(,(dh)+P[H(s)<a]

_j.b b_hFu(.)(dh)+P[H(s)<a

hFH(.(dh + P[H(s) < a]FH("(dh)-b ab-a

-{1-P[H(s)> b]-P[H(s) < a]}

-{E[H(s)]-D,(a, b)}+P[H(s)<a]

{[b g(s)]- bP[H(s) > b]- aP[H(s) < a]+ D(a, b)}.
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Hence, recalling a < 0 < b, we obtain

P(s,a,b)-P(s’,a,b)
1

[(g(s’)-g(s)}+ b{P[H(s’) > b]- P[H(s) > b]}
b-a

+a{n[H(s’)<a]-n[H(s)<a]}+{D(a, b)-D,(a, b)}]
1

>-{g(s’)-g(s)-bP[H(s)> b]+aP[H(s’)<a]
-b-a

(A5) + Ds(a, b)- D,(a, b)}
1

b- a
{g(s’)- g(s)- bn[[H(s)[ b]+ aP[[H(s’)l [al]

-IDa(a, b)l-ID,(a b)l}
1

,)
1 2]

1
>-{g(s -g(s)-- E[U(s) +- E[H(s’)2]
-b-a a

-IDa(a, b)l-ID,,(a, b)l},
where the last inequality follows from the Markov inequality

n[IH(s)l >= c] <= E[H(s)2]/C2.
If g(s)< g(s’), then it follows from (A2)-(A5) that

P(s, a, b)-P(s’ a, b) > e Vmax---- Vmax-e/2=b-a -- a

>=e/4(b-a)>O.
This establishes conclusion (1).

It now follows from (A1) that g(s)=E[H(s)](a,b), for all sS. Hence
P[H(s)<-g(s)]>O and P[g(s)<-O(a, b)]>0. Noting

{H(s) _-< g(s)} fl {g(s) =< O(a, b)} = {H(s) _-< O(a, b)},
we conclude

P[H(s) <= O(a, b)] -> P[H(s) <= g(s)]P[g(s) <= O(a, b)]> 0.

Similarly, we conclude

P[H(s) > O(a, b)] >- P[H(s) >- g(s)]P[g(s) > O(a, b)] > 0.

Hence P[H(s) <- O(a, b)] 1 P[H(s) > O(a, b)] < 1. These inequalities imply con-
clusion (2).

Consider the maximization problem (3.2). Since S is finite, the maximum exists
and S*(a, b) # . Let s S*(a, b). Then P(s, a, b) >= P(s’, a, b) for any s’ S. It now
follows from conclusion (1) that g(s)<=g(s’) for any s’S. Hence sS*. In other
words, S*(a, b) = S*. [3

Proofof Theorem 3.2. Let 8=min {a(s)ls S} and/= max {b(s)ls6 S}. Let a <8
and b > b. Now for each s S,

P(s, a, b)= P[H(s)<=O(a, b)]

Fo(dO)Fu()(dh). a(s)

b() (b-h)
FH()(dh)

a ,(s) b- a
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Hence

1

b(s) 1 fb(s)Fl-l(,)( dh hFn(s)(dh

{b-g(s)}.{b E[H(s)]} b- a

P(s, a, b)-P(s’, a, b)= {g(s’)-g(s)}.
b-a

Therefore g(s) <= g(s’) if and only if P(s, a, b) >-_ P(s’, a, b). Hence S*(a, b) S*.
The following proposition is needed in the proof of Theorem 5.1.
PROPOSITION A.1. The stationary Markov chain {Xk} defined by (4.1) with Mk M

is irreducible and aperiodic.
Proof The irreducibility follows from Assumption A1, Definition 4.2, (4.1), and

conclusion (2) in Theorem 3.1. The aperiodicity follows from (4.1) and conclusion (2)
in Theorem 3.1.

Proof of Theorem 5.1. It follows from Theorem 3.1 and (5.1) that zrs(M)>0 for
each s S, and that

(A6) II (M)II 2 7r.(M)= 1
sS

where 1[.[1 denotes the d-norm.
It follows from Assumption A2, (5.1), and (4.1) that for every pair (s,s’) of

neighbors, s’ N(s),

r,(M) {P(s, a, b)}4 R(s’, s){P(s, a, b)}M P,(M)
rL,(M) {n(s’, a, b)}M R(s, s’){n(s’, a, b)}4 n,s,(M)

and that

(A7) 7rs(M)P.,(M) zr,(M)P.,,,(M).

Observe that this equation trivially holds when s s’ and even when s and s’ are not
neighbors to each other, in which case p,(M)-- P,s(M)=0. In other words, (A7) is
valid for any s and s’ in S. It now follows from (A7) that

(A8) 7r,(M)= E 7r,(M)P,,(M)= , 7r,(M)Ps,(M).
sES sES

By virtue of [6, Thms. III.2.2 and III.2.1], we conclude from (A6) and (A8) that
{Tr,(M)lsS} is indeed the stationary probability distribution.

ProofofProposition 6.1. Consider zrs(M) as a function of a real variable M. Then
7r is differentiable with respect to M. Noting daM/dM a M In a and working out
the details, we arrive at

dM , s P(s, a, b)
In

P(s’, a,- {rL(M)}2

Suppose that s S*(a, b). Then In [P(s, a, b)/P(s’, a, b)] =0 for all s’ S*(a, b)
so that

der,(M)_
6i-s a, b)

In
P(s’, a, b)

{7r(M)}2"
dM ’s-s*(,b)
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Furthermore, for any s’S-S*(a,b),ln[P(s,a,b)/P(s’,a,b)]>O, so that
dTrs(M)/dM>O for any M>0. This implies conclusion (1).

Suppose that s S*(a, b). Then

d’n’s(M) _-{ ., [P(s"a’b)] M In [P(s,a,b)],dM P(s,a,b)>P(s’,a,b) P(s, a, b) P(s a, b)

[P(s’, a, b)] M [P(s’, a, b)]} {Trs(M)}2"
P(s, a, b)

In i( a, b)P(s,a,b)<P(s’,a,b)

Observe that the first term monotonically decreases to zero while the second term
monotonically increases to infinity in magnitude as M goes to infinity. Hence
dTrs(M)/dM monotonically decreases to negative infinity. In other words, there exists
areal Ms such that dTrs(M)/dM < 0 for any M => Ms. This implies conclusion (2). [3

Proof of Theorem 7.1. Let c, tr, ko be chosen as above. Then/x(a, b)>= 1/o-. Now
if s and s’ are neighbors to each other in S, then it follows from (4.1), (7.7), and (7.8)
that

Pss,(Mk)>=p

It also follows from (4.1) that Pss(Mk) monotonically increases as k increases for each
s S. Since (1/o-) Mk monotonically decreases as k increases, there exists an integer k*
such that

Pss(Mk)>=p Vk>=k*, VsS.

Let p(e, k) denote the transition probability matrix from iteration d to iteration
Then

k-1

P({, k)= H P(M).
i=

Recalling that after r iterations there is at least one path in the graph from the center
to any s S, we observe that the entries in the column of P({, k) corresponding to

the center satisfy for any k -> k* + r

(A9) Ps(k- r, k) >- H p >_ pr VS S.
i=k-r

Let k be a multiple of r, i.e., k mr. Then it follows from (7.3) and (A9) that the
coefficient of ergodicity for P(mr-r, mr) satisfies

a (P(mr r, mr)) min E min (Pss,,(mr r, mr), Ps’s,,(mr r, mr)}
S,S’ S" S

_-> min min {P(mr- r, mr), Ps,(mr- r, mr)}
s,s

>=pr Vm>=-( +r).

Let m* be the smallest integer satisfying m*>= (1/r)(k*+ r). It now follows from (7.9)
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that Mk <= c log (k + ko+ 1) and

(k+ ko+ 1)

so that

Therefore

(mr+ ko)

a(P(mr-r, mr))>= pr(mr_t_ko)Cr.
re=m* re=m*

The right-hand side goes to infinity since 0< cr<= 1. It now follows from [6, Thm.
V.3.2] that the Markov chain {Xk} is weakly ergodic.

Proof of Lemma 7.1. It follows from Proposition 6.1 that there exists an integer
k* such that for any k => k*,

Hence, for any k => k*,

7"/’( Mk+1) 7/’(Mk)ll

Noting

ors (Mk+,) -> or., (M),

ors (M+,) r(M),

sS*(a,b)
7r (M+,) r(Mk)] 7r(M+,) ors (M)].

seS*(a,b)

Y r(Mk) +
sS*(a,b)

we conclude that for any k_>-k*

7r(M+,)- r(Ma)II =2

sS*(a,b)

Y 7r(M+,) 7r (Mk)].
sS*(a,b)

Hence, for any g=> k*,

Z IIr(Mk+,)- r(M)[I 2 y
k=k* sS*(a,b)

<-_2 Y
sS*(a,b)

[Tr(Me+l)-r.(Mk.)]

7rs (Me+l) =< 2. [q

ProofofTheorem 7.2. It follows from Theorem 7.1 that the Markov chain is weakly
ergodic. It now follows from (5.1), Theorem 5.1, Lemma 7.1, Theorem 6.1, and [6,
Thm. V.4.3] that the Markov chain is strongly ergodic and that conclusions (1) and
(2) hold.

Proof of Lemma 8.1. Let s S and 0 =< { =< k be fixed

Y IP,(o, k)-
s’S

2 P,(O, {)P,(g, k) rr*,
gS

(AIO) 2 Y [Pe(O, g)-cr*]Pes,(g, k)+ Y r*P,,({, k)-cr
s’S gS gS

2 [n,(o, e)- *]n,,(4 k)
gS

2 7r*ePe,(g, k)- 7r
gS
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Consider the first term of the last expression of (A10).

[P(O, g)- ,n’*] Y’. P(O, g)- ,rr* 1-1= O,
geS eS eS

Z Z [P,(O, g)-zr*]Pts,(g, k)
s’eS tieS

max Y’. Y [Psi(0, g)- r*][P,,,(g, k)- Pt,(g, k)]
s"eS s’eS eS

(All)
-< P(0, g)- r* max Y IPs,,s,(g, k)- P,(, k)
eS s"e S s’e S

-<- E Pt(O, g)- r*[ max E IP,,,,(g, k)- Ps,(g, k)[
te S g,s"e S s’e S

--< 46(P(, k)),
where the last inequality follows from (7.4) and

[P(0, I)- r*[-<_ 2.
gS

Now consider the second term of the last expression of (A10). To find a bound
on that term, we take advantage of the matrix norm induced by the vector l-norm

as follows"

IIAll max y

where A= (aij). Observe that IIxAII <--IIxll
Let Q be the K K matrix whose rows are all r*. Let Qk be the x matrix

whose rows are all "tr(Mk) for k- 0, 1, 2,.... Then. Y .tr* P,(g, k)-
(A12)

’s s

=< on g, k) OeP g, k + oen {, k) Ok
Since liP(g, k)l] 1, we find

(A13 QP(g, k) QeP g, k)[[ Q

It follows from (5.2) that

(A14) r(Mi)P(M) r(Mi), Vi,

(A15) Q,P i, + 1 Q,P M Q,, V i.

Suppose k > g. Then it follows from (A15) that

QeP(g, k)= QeP(g, + 1)P(+ 1, k)-- QeP(g+ 1, k)

(Qe- Qe+I)P(g+ 1, k) + Qe+,P(g+ 1, k).

We may continue this process and obtain
k-1

Qen(g, k) Y (Q- Q+l)n(i + 1, k) + Qk.
i=e

Observe that this equality holds even when k g. It now follows that

II(A16) QeP(g, k) Qk Q, Q,+l P + 1, k) -<_ Q, Q,+111.
i=g
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Collecting (A12), (A13), and (A16), we arrive at

s’S S

k-1

(A17) --< Q Q, + E Q, Q,+, + Q Q

k-1

Now (8.3) follows from (A10), (All), and (A17). U
ProofofProposition 8.1. It follows from Proposition 6.1 that there exists an integer

such that for any k ,
(Mk+) s(Mk), Vs S*(a, b),

(Mk+,) (Mk), VS S*(a, b).

Hence, recalling *= limk (Mk), we obtain for any integers and k .
k-1

i=g

seS*(a,b)

sS*(a,b)

=2{ [,-.(Me)]+
sS*(a,b) sS*(a,b)

-<2{1- 7rs(Mg)+ Y 7rs (Me)}
sS*(a,b) sS*(a,b)

seS*(a,b)

Now it follows from (5.1) that

1 E 7rs(Me)
sS*(a,b)

{P(s,a,b)}Me

, {P(s’, a, b)},

Z {P(s,a,b)} Me
sC:S*(a,b)

E {P(s, a, b)}Me + E {P(s, a, b)}Me
sS*(a,b) s_S*(a,b)

E {P(s,a,b)}M
sC:S*(a,b)

E {P(s,a,b)}Me
sS*(a,b)

E {P(s,a,b)} Me
sS*(a,b)

[S*(a, b)l{Pmax(a, b)} Me
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-IS*(a, b)l . .,b> Pmax(a, b)

IS*(a, b )1
It now follows from the selection (7.9) for Me that

-<
)(g+ ko+ 1

Hence we arrive at (8.7).
Proof of Proposition 8.2. According to the proof of Theorem 7.1, there exists an

m* such that for any m m*,

(P((m -1)r, mr))= 1- (P((m -1)r, mr)) N pr/(mr+ ko) c.
Suppose that k is an integer multiple of integer r, i.e., k mr, so that trunc [m]

m*. Let g trunc [m]r- r and trunc [m]. Then it follows from [6, Lemma V.2.3,
p. 145] that

(P(g, k))=(P(trunc[m]r-r, mr))N (P((i-1)r, it))

i:- 1
(ir+ ko)

H (P/rc)r
i=a [i+(ko/r)]

-<- H exp
2 f

i:r [i + (ko/r)]
where the last inequality is derived from 1 + y <= ey. Since rc <-1, we obtain

6(P(g, k))-<exp -2’ 2 <_-
/ +(ko/r)

i=ff [i+(ko/r)] + ko/r
where the last inequality follows from the fact that

-_-> dx =ln
i=n n X

for any positive integers nl and n2 -> nl.
The conclusion now follows from the above inequality.
Proof of Proposition 8.3. Suppose k mr and g trunc [/m]r- r are sufficiently

large so that (8.7) holds. Then
k-1

II*-(M)ll+ Y II(Mi)-(Mi/)ll+ll(M)-*ll

<_4
[S-S*(a, b)[ r, 1

IS*(a, b)l (g+ ko+ ).c

<-4
IS-S*(a’ b)[ r" (1/r)’C

(  o l) c:O(l’mIS*(a, b)l ,/m + 1

for a large m.
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INVESTMENT-CONSUMPTION MODELS WITH TRANSACTION FEES
AND MARKOV-CHAIN PARAMETERS*

THALEIA ZARIPHOPOULOU

Abstract. This paper considers an infinite horizon investment-consumption model in which a single
agent consumes and distributes his wealth in two assets, a bond and a stock. The problem of maximization
of the total utility from consumption is treated. State (amount allocated in assets) and control (consumption,
rates of trading) constraints are present. It is shown that the value function is the unique viscosity solution
of a system of variational inequalities with gradient constraints.

Key words, viscosity solutions, state constraints, variational inequalities, singular controls

AMS(MOS) subject classification. 90A35

Introduction. In this paper we examine a general investment and consumption
decision problem for a single agent. The investor consumes at a nonnegative rate and
he distributes his current wealth between two assets continuously in time. One asset
is a bond, i.e., a riskless security with instantaneous rate of return r. The other asset
is a stock, whose rate of return zt is a continuous time Markov chain. In our version
of the model the investor cannot borrow money to finance his investment in bond and
he cannot short-sell the stock. In other words, the amount of money allocated in bond
and stock must stay nonnegative.

When the investor makes a transaction, he pays transaction fees which are assumed
to be proportional to the amount transacted. More specifically, let x, and Yt be the
investor’s holdings in the riskless and the risky security prior to a transaction at time
t. If the investor increases (or decreases) the amount invested in the risky asset to

Yt d-ht (or Yt- ht), the holding of the riskless asset decreases (increases) to X --ht-
(or x, + ht-/zh,). The numbers A and /x are assumed to be nonnegative and one of
them must always be positive. The control objective is to maximize, in an infinite
horizon, the expected discounted utility which comes only from consumption. Due to
the presence of the transaction fees, this is a singular control problem.

The paper is organized as follows. Section 1 is devoted to the description of the
model and its history; the two main theorems are also stated here. Section 2 contains
preliminaries about the value function. In 3 we approximate the problem by using
absolutely continuous controls. Finally, in 4 we show that the value function is the
unique constrained viscosity solution of a system of Variational Inequalities with
gradient constraints.

1. We consider a market with two assets" a bond and a stock. The price prO of the
bond is given by

dPt rPt dt,
(1.1) P:Po,
where r > 0. The price P, of the stock satisfies

dPt z(t) Pt dt,
(1.2) po= p"

* Received by the editors November 20, 1989; accepted for publication (in revised form) December 21,
1990.

? Department of Mathematical Sciences, Worcester Polytechnic Institute, Worcester, Massachusetts
01609. This work was partially supported by National Science Foundation Research planning grant 530177.
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The rate of return z is a finite state continuous time Markov chain, defined on some
underlying probability space (f, F, P) with jumping rate qzz, from state z to state z’.
The state space is denoted by Z. The associated generator of the Markov chain has
the form

v(z)= 2 qzz,[V(Z’)-v(z)].
Z’Z

Let K =maxz z. A natural assumption is K-> r. The amount of wealth x, and y,,
invested at time in bond and stock respectively, are the state variables and they evolve
(see [17]) according to the equations

(1.3)

dx,=(rx,-C,) dt-(l+A) dMt+(1-tx) aNt,

dy, z( y, dt + dMt -dN,

Xo x, Yo Y, z(O) z.

For simplicity we assume here that all financial charges are paid from the holdings in
bond. The investor cannot borrow money or short-sell the stock. The control processes
are the consumption rate C, and the processes M, and N, which represent the cumulative
purchases and sales of stock respectively. The controls (C,, M,, N,) are admissible if

(i) C, is F,-measurable, where F, r(z 0=<s-< t), C,->0 almost everywhere for
all t=>0, and E o e C ds < +.

(ii) M,, N, are F,-measurable, right continuous, and nondecreasing processes.
(iii) x,-> 0, y,->_ 0 almost everywhere for all >-0, where x,, y, are the trajectories

given by the state equation (1.3) using the controls (C,, M,, N,). We denote by A the
set of admissible controls.

The total expected discounted utility J coming from consumption is given by

J(x, y, z, C, M, N) E e-tt U( C,) dt

with (C, M, N) A and z(0) z, where the utility function U :[0, +) [0, +m) is
assumed tO have the following properties:

U is strictly increasing, bounded, concave, C function,

and

U(0)-- 0, lim U’(c)-- +c, lim U’(c)--0.
C--O

The discount factor/3 > 0 weights consumption now versus consumption later, large
/3 denoting instant gratification. Note that the controls M and N are acting implic!:ly
through the constraint (iii).

The value function u is given by

u(x, y, z) sup E e-t’U(C,) dt.
A

Our goal is to derive the Bellman equation associated with this singular control
problem and to characterize u as its unique solution. It turns out that the Bellman
equation here is a system of variational inequalities.



INVESTMENT-CONSUMPTION MODELS 615

We now state one of the main results. (For the definition of constrained viscosity
solution, see Definition 3.1.)

THEOREM. The value function u is the unique constrained viscosity solution of
min [(1 + A ux Uy -(1 tx ux + Uy

(1.4) u-rxu-zyuy-max[-CUx+ U(c)]-u(z)]=O

with

V(x, y, z) z (0, +) x (0, +) x z

u(O,O, z) O, VzZ,

in the class of bounded and uniformly continuous functions.
We continue with a discussion about the history of the model.
Transaction costs are an essential feature of some economic theories, and many

times are incorporated in the two-asset portfolio selection model. In [3] Constantinides
assumes that the transaction costs deplete only the riskless asset and that the stock
price is a logarithmic Brownian motion. He shows that if an optimal policy exists, it
has to be simple. An investment policy is defined as simple if it is characterized by two
reflecting barriers 3, with _h =< , such that the investor does not trade as long as the
ratio Yt/Xt lies in [_,3, h,], and transacts to the closest boundary of the region of no
transactions [3, ] whenever this ratio lies outside this interval. He also shows that
proportional transaction costs have only a second-order effect on equilibrium asset
returns" the investors accommodate large transaction costs by drastically reducing the
frequency and the volume of trade. Finally, he proves that the investor’s expected
utility of consumption is insensitive to deviations of the asset proportions from those
proportions that are optimal in the absence of transaction costs. In a discrete-time
version of the model, Constantinides [2], [3] proves that an optimal investment policy
exists and it is simple.

In the continuous time framework, Taksar, Klass, and Assaf 16] assume that the
investor does not consume but maximizes the long term expected rate of growth of
wealth. In the same framework, but with more general assumptions, Fleming et al. [6]
study the finite horizon problem, the average cost per unit time problem, and the
growth problem and their relation.

Davis and Norman [5] relax the assumption that the transaction costs are charged
only to the nonrisky asset. They consider a particular class of utility functions of the
form U(c) cp (0 < p < 1), and they prove that the optimal strategy confines the inves-
tor’s portfolio to a certain wedge-shaped region in the portfolio plane.

Finally, there are several directions in which the two-asset problem with transaction
costs can be extended. First, more than one risky asset can be allowed. Although this
extension is straightforward, the computational requirements are enormous. Second,
fixed transaction costs can be introduced. Some single-period models with fixed
transaction costs are discussed in 1 ], [8], 11 ]-[ 14]. In multiperiod extensions of these
models the optimal investment policy is complex, because the derived value function
u(x, y) is no longer homogeneous in x and y. Kandel and Ross 10] introduce quasifixed
transaction costs. They use some aspects of fixed transaction costs and prove the
homogeneity of the derived value function.

2. We examine some of the properties of the value function. Throughout the paper
we assume

(2.1) fl>2K+l.
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PROPOSITION 2.1. For each z Z, u is jointly concave in x and y, strictly increasing
in x, and increasing in y.

Proof. Consider two points (Xl, Yl, z), (x2, Y2, z). Let e > 0 and (C, M, N),
(C, M, N) be e-optimal controls for these points respectively. Then

U(Xl, Yl, Z) E e-fit U(C) dt + e

and

u(x2,Y2, Z)<-_E e-’U(C) dt + e.

Moreover, the policy (aC +(1 a)C, aM+(1 a)M, aN +(1 a)N) is admis-
sible for the point (axl + (1 a)x2, ayl + (1 a)y2, z). Therefore u(ax + (1
ay+(1-a)y2, z)>=E -e-’U(aC+(la)C) dt. Using the concavity of U, the
inequalities above and sending e - 0 we conclude.

We now show that u(.,., z) is increasing. Consider the points (x, y, z) and
(x2, Y2, z) with xl _-> x2, y --> y2. Let e > 0 and (C, M, N) be an e-optimal policy for
(x, Yl, z). Since the policy (C, M, N) is admissible for the point (x2, Y2, Z), we have

U(Xl Yl Z) it(X2, Y2, z) + e.

Sending e - 0 yields that U(Xl, y, z) <= u(x, Y2, Z).
Finally, we show that u(., y, z) is strictly increasing. To this end, let us suppose

that there exist two points (x, y, z) and (x_, y, z) such that xl < x and u(x, y, z)=
u(x2, y, z). Then u(x, y, z) u(x, y, z), for all x [x, x2]. Since u is concave and
nondecreasing, the interval [x, x2] cannot be finite. Therefore there exists a point
Xo_-> 0 such that u(x, y, z)= U(Xo, y, z), for all x>=xo. Let (C, Me, N) be an e-optimal
policy for (Xo, y, z). Then

U(Xo, y, z) <- E e-OtU(C) dt + e.

However, if xl> max (Xo, (U-[fl(E e-t’U(C;) dt+e)]/r), the policy (rx, O, O)
is admissible for (xl, y, z). Therefore

U(xo, y, z) <- U(rXl) E e-13t U(rxl) dt <-- U(Xl, y, z),

which contradicts our assumption.
PROPOSITION 2.2. The value function u is uniformly continuous on

{(x,y)’x>--O,y>=O}.
Proof We first show that u is continuous on f. The value function is continuous

in 12, because it is concave. As a matter of fact, u is Lipschitz continuous in f with
Lipschitz constant of order t-ll uIll(x, y)l-.

We next show that u is continuous on the boundary. We start with the point (0, 0).
Since u(0, 0, z) 0 (this is an immediate consequence of the assumptions in the model),
we argue by contradiction.

Let us assume that for some fixed Zo Z there exists a positive constant M such
that lim(,.y)_.(o.o)u(x, y, Zo) M. Then there exists a sequence (x,, y,)0 such that
u(x,, y,, Zo) > M/2, for all n N. If (C", M", N") is an e-optimal policy for the point
(x,, y,, Zo) and (x’, y’) is the corresponding trajectory, let w’ x’ + (1 -/x)y’ and
w"= x, +(1-/z)y,. Since the process M’ is nondecreasing we get

"< (r+ K)w dt- C’ dtdwt
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and

E e-sC ds <= w E[el3tw] <= w n,

> 0, almost everywhere for all > 0. From Jensen’swhere we used (2.1) and w,=
inequality we have

u(x,,, Y., Zo) e <- E j-+oo
o

1
Wne-ttU(C’) dt<=-- U( ).

Sending n and using that U(0)=0, we get

Sending e 0 we get a contradiction.
We now show that lim),,y)-.xo,O)u(x, y, z)= U(Xo, O, z), for all z Z. As a matter

of fact, it will be an immediate consequence of the proof that limy_.o u(x, y, z)=
u(x, O, z) uniformly with respect to x. Consider a point (Xo, O, z) with Xo> 0 fixed and
a sequence (x y", z) such that x", y">O and lim,_.o (x", y")=(Xo, 0). Since u is
locally Lipschitz it suffices to show that lim,_ lU(Xo, y", z)- U(Xo, O, z)] O. Finally,
since u is increasing, we only need to show that U(Xo, y", z) <= U(Xo, O, z) + e for any
e > 0 and n sufficiently large.

Let (C", M", N") be an e-optimal policy at (Xo, y", z). Then

U(Xo, y", z) <= E e-tt U( CT) dt + e.

Moreover, the control (C", M", N"), where dMt dM7 + y"6o(t), is admissible
for (Xo + (1 + A)y", 0, z). Therefore

E e-t’U(CT) dt<=U(Xo+(l+A)y",O,z).

Combining the last two inequalities, we conclude. Note that all the above arguments
were uniform with respect to Xo.

We next show that limx.y)_(O,yo) u(x, y, z) u(O, Yo, z), /z Z. Moreover, it will be
an immediate consequence of the proof that lim(x.y)--,(O,yo)u(x, y, z)= u(O, Yo, z), uni-
formly with respect to y.

Let (0, Yo, z) with yo> 0 fixed. Arguing as before, we simply have to show that if
e > 0 and x" - 0 then u(x", Yo, z) <= u(O, Yo, z) + e.

Let (C ", M", N") be an e-optimal policy for (x ", Yo, z). Then

u(x", Yo, z) <= E e-’U(C) dt + e.

Moreover, the policy (C",M",N") is admissible for the point (0, yo+
(x"/1 Ix), z), where N" is given by dN7 dN7 + (x"/1 Ix)6o( t). Therefore

E e-ttU(CT) dt < u O, yo+.i_Ix
Combining the last two inequalities, we conclude.
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We now show that u is uniformly continuous on .
We argue by contradiction. If u is not uniformly continuous, then there exist

sequences (X) and (R,), X,, , such that, as n-, [X-R[-O and

(2.2) lu(X,,, Zo) u(;,,, Zo)l >- e

for some e > 0 and z0 e Z.
In view of the first pa of the proof, u is uniformly continuous on compact sets.

Hence either (X,) or (X.), and therefore by assumption both must be unbounded.
Let X, (x,, y,) and X, (,, ,). If li,+ x, > 0 and li,. y, > 0, then the same
holds for (,, ,). Since u is concave, locally Lipschitz with Lipschitz constant of order
Ixl-’, (2.2) cannot hold.

We finally need to check what happens when either lim,. x, 0 or li,+ y, 0.
Here we only study the first case, since the other is similar. Without any loss of
generality, we may assume that lim,+ x, 0 and lim,. y, +m, otherwise we work
along an appropriate subsequence. Then lim,. g, =0 and lim,. , +m. On the
other hand,

[u(x., y.)- u(ff., Y.)l [u(x., y.) u(x., y.)l+ u(x., y.)-

u(x., y.) u(x., fi.)l + lu(x., .) u(O,

-+ lu(0,

Letting n m above and using the fact that u is Lipschitz continuous with respect to
y uniformly with respect to x (the Lipschitz constant being of order y-) and that
limx+ u(x, y) u(O, y) uniformly with respect to y, we conclude.

We now consider a similar control problem in which the controls, which represent
the rates of trading, are assumed to be absolutely continuous processes. More precisely,
we fix a positive constant L and we consider a market which offers a bond and a stock
with prices evolving according to (1.1) and (1.2), respectively. The state variables x,
and y,, which are the amount of money invested in bond and stock, obey the state
equations

dx,=(rx,-C,) dt-(l +a)m, dt+(-)n, dt,

(2.3) dy, z( t)y, dt + m, dt- n, dt,

Xo x, yo y, z(O) z.

The controls of the investor are the consumption rate C, and the rates of trading m,
and n,, which are assumed to be almost everywhere bounded by L. The set of admissible
controls A consists of controls (C, m, n) such that

(i) C, is F,-measurable where F, (z," Os t), C,0 almost everywhere for
all 0 and E e-*C, ds < +.

(ii) m,, n, are F,-measurable right continuous and nonnegative processes.
(iii) 0 m,, n, L almost everywhere 0.
(iv) x, 0, y, 0 almost everywhere 0, where x,, y, are the solutions of (2.3)

using the controls (C, m, n).
The assumption that E e-*C, ds < m is redundant here. Indeed, one can easily

show that it follows from (iii) and (iv).
The control objective is to maximize the expected discounted utility from consump-

tion over the set of admissible controls. For each fixed L > 0, the value function is



INVESTMENT-CONSUMPTION MODELS 619

given by

uL(x, y, z) sup E e-3’U( Ct) dt,
AL

where U is the usual utility function and fl > 0 is the discount factor.
PROPOSITION 2.3. The value function u L is jointly concave in x and y, strictly

increasing in x, and increasing in y.
Proof The proof follows along the lines of Proposition 2.1.
PROPOSITXON 2.4. The value function u is uniformly continuous on uniformly

in L.
Proof u is concave and therefore locally Lipschitz in . Moreover, the Lipschitz

constant is independent of L, since u is uniformly bounded by 11UI]/. Therefore
u is continuous in uniformly in L. Working as in Proposition 2.2, we can prove
that u is continuous at the point (0, 0) independently of L.

We now show that u is continuous in {(x, y): x>0, y=0}. We argue by
contradiction. Since u is locally Lipschitz in and nondecreasing, it suffices to

u t(xo y, Zo)assume that there exist Zo Z and Xo > 0 such that u (xo, O, Zo) < limy.o
This is equivalent to assuming that there exist 0 > 0 and No > 0 such that

u(xo, O, Zo) + 0 ut(xo, y,, Zo), Vn No.
On the other hand, the principle of dynamic programming gives

u(xo, O, Zo) E e-’U(C) ds + e-’u(x, y, z,.)

for any random time z.

Let Ct 0, mt 1 and rt 0, for all -> 0, t, > 0 and z, t, ^ "rl, where T is the
first jump time of the process z,. Then (2.3) gives

x.. Xo e r’rn
l+h

(exp (r%)- 1)

and

exp (Zorn)- 1

Z0

Therefore

u(xo, O, zo) >= E [exp (-fl%)u (xo exp( r%

_1+__" (exp (rz,)-1),
exp 1

r Zo

and, since u is nondecreasing

1 + h exp (z0t,)uL(xo, O, Zo) >= exp (-13t,)u Xo- (exp (rt,) 1), Zo P(z. Zo).
r zo

We now choose t, such that (exp(zot,)-l)/zo=y,. Using that u L is Lipschitz con-
tinuous in 12 (with the Lipschitz constant k k(xo) independent of L), we obtain that

u(xo, O, zo)>=exp(-t.)P(z..:Zo)[U(xo, y.,zo)-k l+hr (exp(rt.)-l)].
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Combining the above yields

UL(Xo, O, Zo)--> exp (-t,)P(z Zo)[uL(xo, 0, Zo)+ O-k 1.+ h (exp (rtn)--1)].
We now send y, - 0. Then lim,_. t, 0 and lim,_ P(z. Zo) 1 and 0 _-< 0, which is
a contradiction. Therefore u is continuous in 1. It is also easily seen that the
continuity was proved uniformly in L. Working similarly we can show that u is
continuous in f2 {(x, y)" x 0, y > 0} uniformly in L. The proof that u is uniformly
continuous on is similar to the one of Proposition 2.2 and therefore we omit it.

3. In this section we characterize the value functions u/ and u. We show that u/
is the unique viscosity solution of the corresponding Hamilton-Jacobi equation. We
also show that the limit of u/ as L-, coincides with u, which is a unique viscosity
solution of a system of variational inequalities. We first give the definition of viscosity
solution, which was introduced by Crandall and Lions [4].

We consider a nonlinear partial differential equation of the form

(3.1) F(X, z, u(X, z), Du(X, z))= 0

where z Z, X (x, y) with (x, y) f, Du(X, z) (Ou(X, z)/Ox, Ou(X, z)/Oy) and
F" 1) x Z x x ,9i2 - ,t is continuous, for each z Z.

DEFINITION 3.1. A continuous function u’fxZ R is a constrained viscosity
solution of (3.1) if

(i) u is a viscosity subsolution of (3.1) on f, i.e., if for each z Z

F(X, z, u(X, z), r) <- O, /X (x, y) and r D(x,y)u(X, z),(3.2)

where

D+ ( u(X + h, z)- u(X, z)- r. h }(,,y)u(X, z) r 2: lim sup -< 0

(ii) u is a viscosity supersolution of (3.1) in f, i.e., if for each z Z

(3.3)

where

F(X,z,u(X,z),r)>=O, VX (x, y) f and r e D-(,,yu(X, z),

D(,y)u(X, z) { r e: lihm_)onf
u(X+h,z)-u(X,z)-r.h

We now give an equivalent definition.
LEMMA 3.1. The abovedefinition is equivalent to the following"
A continuous function u" 1 x Z R is a constrained viscosity solution of (3.1) if
(i) u is a viscosity subsolution of (3.1) on (, i.e., iffor all C () at any local

maximum point Xo f of u qb the following holds"

F(Xo, z, u(Xo, z), D(Xo, z)) =< 0,

for each z Z.
(ii) u is a viscosity supersolution of (3.1) in f, i.e., iffor all CI(f) at any local

minimum point Xo f of u the following holds"

F(Xo, z, u(Xo, z), D(Xo, z))_-> 0

for each z Z.
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For the proof see [4].
We next show that u L is the unique constrained viscosity solution of

L+max [-cu+ U(c)]+ uL(z)8u L rxu+ ZyUy
c>=o

(3.4) + max [-(l+A)u+Uy]m+ max [(1-- /Z)Ux
Om<=L

u(O, O, z) O, /zZ.

This fact follows along the results of Fleming, Sethi, and Soner [7] and Soner [15],
appropriately modified to deal with the generator of the process.

THEOREM 3.1. (i) U
L is a viscosity subsolution of (3.4) on ( Z.

(ii) u L is a viscosity supersolution of (3.4) in f Z.
Proof We first approximate u L by a sequence of functions {u L’N} defined by

u L’N sup E e-t3’U(C,) dt,
AL,

where

AL,n { C, m, n) AL 0 <-- C, <= N a.e. V => 0}.

Working exactly as in Propositions 2.3 and 2.4, we can prove that u L’N is concave in
(x, y) and continuous on Z. The corresponding Hamilton-Jacobi equation is

(3.5)
uL’N= rxu L’lx +zYu" + max [-cu" + U(c)]+uL’U(z)

L,N L,N L,N+ max [-(l+h)u, ---Uy ]m+max [(1--tz)uLx’N--Uy ]n.
O<mL O_n_L

We first prove that U L’N is a viscosity subsolution of (3.5) on . We will need the
following lemma.

LEMMA 3.2. Let v Cb() be concave, where is an open subset of ". Then
(i) D+v(x) , VX

and
(ii) if pD+v(Xo) and A(X-Xo)+Xo, VX and A[O, 1], then v(X)<=

v(Xo)+p(X-Xo).
Proof (i) Let Xo 0 be fixed and consider the functions v v p, where e > 0,

p is a standard molifier and denotes convolution. Since v - v as e 0 in B(Xo, r) ,
for some r> 0, the functions v are bounded in B(Xo, r) uniformly in e. Since the
v’s are also concave (recall that v is concave), the v’s are also Lipschitz continuous
in B(Xo, r) and the Lipschitz constant in dependent of e. By Taylor’s theorem and
concavity, we get

v(X) <- v(Xo)+ Dv(Xo)(X-Xo), VX 6 B(Xo, r).

Since IDv(Xo)[<-_C, along subsequences e,0 we have Dv.(Xo)p with pU.
Letting e, 0 above, we get

v(X) <= v(Xo) +p(X Xo), VX B(Xo, r),

which in turn yields that p D/v(Xo).
(ii) Let p D/v(Xo). Then

v(x)<- v(Xo)+p(X-Xo)+ o(lX-Xo[), vx 6.
Fix X C Since A(X-Xo)+Xo (Y, for all [0, 1], the concavity of v yields

v(h(X Xo) + Xo) >= hv(X) + (1 ,)v(Xo).
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Combining the last two inequalities, we get

,v(x) + ,)v(Xo) <- v(Xo) + ,p(X Xo) + o(l(x Xo) I).
Therefore

v(x) =< v(Xo) + p(X Xo) + o(lx Xo]).
Dividing first by A and then sending A 0, we conclude.

We continue now with the proof of Theorem 3.1.

Proof (i) In view of the definition of the constrained viscosity solution, we need
to show that, if (Xo, Yo, z) x Z is such that D+u’u (Xo, Yo, z) # , then

u’(xo,Yo, z)rxop+zyoqz+max[-cpz + U(c)]+ max [-(l+A)p+q]m
cO OmL

+ max [(1--)p--q]n+UC’N(Xo, Yo, Z)
OnL

for every (p, q) D+uL’N (Xo, Yo, z). To this end, assume that (Xo, Yo, z) and (p, q)
are such that (p, q) D+uL’ (Xo, Yo, z), z Z, and define " x x Z by

(x, y, z)= u L’N (Xo, Yo, z)+p(x- Xo)+ q(y- yo).

Lemma 3.2 yields

u L’N (x, y, z) (x, y, z), for all (x, y, z) x Z.

On the other hand, the dynamic programming principle implies that for any stopping
time r > 0,

u’(Xo, Yo, zo)=sup e-’U(C) ds+e-’u’(x,,y,,z())
AL,

Since u’ N, the above equality yields

(xo,Yo, Zo)Nsup e-’U(C) ds+e-’(x,,y,,z(r))

Let 0 be a positive constant and 1 be the first jump time of the process z(t). Using
Dynkin’s formula and the fact that x(Xo, Yo, Zo) Po and (xo, Yo, zo) qo we obtain

[e-((Xo,,, o,, z(o ,))- (xo, yo, Zo)]

e-m(-(x,, Ys, Zo)+ rpox, + zoqoY, + (Xs, y,, zo)

-poC +[-(1 + 1)Po + qo]m+[(1-)Po-qo]n,) ds I
Let O= 1/g and (Cq mq ne)A. be an 1/g-optimal policy. Then, combining the
above inequalities, we get

1 o{2 E e-m[ U(C) + rPzoXs + ZoqzoY, +(x, y,, Zo) -PzoC

-fi(x, y, Zo) + [-(1 + A)Po + qo]m+ [( 1 )Po- qo]nf] ds.

On the other hand, the state equations together with the constraint 0 mr, nt L for
almost every 0 give

e ert [1--#lx,-xol<( -1) Xo+
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Using the above and the form of , we can find a constant C such that

e-t[rPzoXo + zoqoYo+ dP(Xo, Yo, Zo)-fldP(Xo, Yo, Zo)] ds

+ E j"(1/e)^’l
o

ee-S[ U( Cf)-pzoCe+ (-(1 + A)Pzo + qzo)ms + ((1 )Pzo- qzo)nf] ds

+C1E e- (erS-1) Xo+ L +(e -1) yo+ ds.

Taking into account that the controls and the utility function are bounded and that
(Xo, Yo, Zo) <- UI]/, we can also find a constant C2 such that

1
{2 C.E 1 e-t3) ds

+ CaE e- (ers- 1) Xo+ L +(e 1) yo+ ds

+ [rpoxo+ oqoYo+(xo, Yo, zo)-(xo, Yo, zo)] ds
dO

+ E U(C) ds E PzoC ds
o

l/g) Al
+ E (-( 1 + A )Pzo + qzo) m e, ds + E 1 )pzo qo) n e, ds.

dO

We now divide both sides by El(l/g) r] and we pass to the limit as gm. The first
two terms will go to zero. Let

1 jA(=
E((1/e) rl)

E
o

U(Cf) ds

= ((/ o
c as

A=((1/g) r,) too ((1-)po-qo)n ds.

Let =lv(c , C,m,n} for ONCNNONm, nNL. Then
coF. Since the latter is a compact set, there is an element (A, A, A3, A4) tO which
(Af, A, Af, A) converges along a subsequence. We conclude easily that

(xo, Yo, o) N rxopo+ oyoq,+max [-cpo+ U(c)]+ max [-(1 + 1)po+ qo]m
cNO ONmNL

+ max [(1 I)Pzo- qzo]n + d(Xo, Yo, Zo).

Using that u L’N at (Xo, Yo, Zo), we get (3.2).
We will next show that limN_ uL’N u uniformly on compact subsets of 1 Z.

We will need the following lemma.



624 T. ZARIPHOPOULOU

LEMMA 3.3. Let C., m., n.) e At, and N> O. Then C. A N, m., n.) AL,N and

lim E e-s U( Cs ^ N) ds E e-3s U( Cs) ds.

We first prove the above claim and then we present the proof of Lemma 3.3. To
this end, fix (Xo, Yo, Zo) fl x Z and let (C., m., n.) AL be an e-optimal policy. Then

ut,(Xo, Yo, Zo) <= E e-su(c) ds + e.

On the other hand, Lemma 3.3 yields that, for each N > 0, (C. ^ N, rn., n.) A/.N
and

E e-3U(C)ds<=E e-3U(C^N) ds+e for N>-_N(e).

Combining the last two inequalities yields

ut,(xo,Yo, Zo)<-_E e-U(C^N) ds+2e<-ut,’N(xo,Yo, Zo)+2e forN>=N(e);

hence Ut,’N(Xo, YO, ZO) is a nondecreasing sequence that converges to ut,(Xo, Yo, Zo).
Since both u t‘’N and ut‘ are continuous functions, Dini’s theorem implies that u t‘’N - ut‘
locally uniformly.

Proof of Lernrna 3.3. The fact that (C. ^ N, rn., n.) At‘,u follows immediately
from the definitions of At, and At,,u.

On the other hand, since U is increasing, bounded and U(0)=0,

ONE e-U(C)ds-E e-W(C^N) ds<-llWllooE e-ds
C>= N}

To conclude we need to show that

lim Eli e-s ds] =0.

However,

NE e- ds <- E e-SCs ds <-_ E e-SCs ds < oo,
Cs>=N} Cs>=N}

where the last inequality follows from the facts that (C., m., n.) e At, and/3 > r. Hence

e-ds < 17 e-SCds.
C.

Letting N- oo, we conclude.
Finally, we show that ut, is a viscosity subsolution of (3.4) on

D-,yUt,(xo, Yo, zo). Then there exists (cf. [4]) a smooth function "such that (xo, Yo, o) Po, ,(xo, Yo, zo) qo, and ut,- has a strict local maximum
at (xo,yo, zo). Then (ut,’-4)(.,.,zo) has a local maximum at (x,yN, zo) and
(x, y, zo) (xo, Yo, zo). Moreover,
ut‘’ (x, yN, zo) <- rxp.+ zoYqo+ max [-cp + U(c)] + max [-(1 + 1)Po+ q.]m

c0 0NmNL

+ max [(1 )Po qo] n +u’(x, y, o).
ONnNL

Sending N m, we get that u is a viscosity subsolution of (3.4).
(ii) We now prove that u’ is a supersolution

and (p., qo) D,u’(xo, Yo, o). Since, by Lemma 3.2(i), D+u



INVESTMENT-CONSUMPTION MODELS 625

the properties of D+ and D- yield that u L’N is ditterentiable in the X-direction at the
point (Xo, Yo, Zo) (cf. [4]). Let be defined as in (i). There exists a continuous function
h with h(0)=0 such that

u L’rq (x, y, Zo) >-_ (x, y, Zo) + IX Xolh(lX Xo[).
Using again the dynamic programming principle, we get

(Xo, Yo, Zo) >- sup E e-3su(c,) ds + e-3(Xo, Yo, Zo)
(3.6)

/ e-lXo- Xolh(lXo- Xo[)|.
Let (C, m, n) A/.v with C, Co, mt mo, nt no, I >= 0 and r 0 ^ rl where 0 T ^oinf {r > 0: x 0} ^ inf {z > 0" yO, 0} and x, yO, are the corresponding trajectories.
Using Dynkin’s formula and (3.6), we get

0>= CIE e-’ (ers-1) Xo+ L +(e -1) yo+ ds

AT1
+c e-s) ds

AT1
+E [U(Co)-PoCo+rxoPo+Zoyoqo+[-(l+.)po+qo]mo

+ [(1 x)po- qo]no + (xo, Yo, o) (xo, Yo, zo)] ds

for some constants C and C. Dividing by [0 1], sending T 0 and using that
u’(xo, Yo, zo)= (xo, Yo, zo) we obtain (3.3). Finally, working similarly as in (i) we
can show that u is a viscosity supersolution of (3.4) in

THEOREM 3.2. Let u and v be bounded, uniformly continuous such that u is a
viscosicy subsolution of (3.4) on and v is a viscosity supersolution of (3.4) in . en
uNvon.

Proo Let X=(x,y)efi, P=(p,q)RxR and H’fixZxRR be given by

H(X,z,P)=rxp+zyq+F(p)+ max [(l+)p-q]m+ max [-(1-)p+q]n,
0NmNL ONnNL

where F(p) maxc>_o [-cp+ U(c)], p > O.
We argue by contradiction; i.e., we assume that

(3.7) max sup [u(X, z)-v(X, z)] > 0.
zZ

Then for sufficiently small 0 > 0

(3.8) max sup [u(X, z)-v(X, z)-OIXI2]>O.
zZ X(

Indeed, if not, there would be a sequence 0,$0 such that maxzz supxa[u(X, z)-
v(X, z) O lXl=] <- o, which in turn yields maXzz supxa[u(X, z)-v(X, z)]=<0,
contradicting (3.7).

Since the process z takes a finite number of values and u and v are bounded, we
can find points Zo e Z and X e f such that

(3.9) u(J?, Zo)-01 ?12- max sup [u(X, z)-v(X, z)-01x121.
zeZ Xe

In what follows we omit Zo.
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Next, for e > 0 we define 0" 12 x 12 - by

6(X, Y) u(X) v(Y)
Y-X
-4(1,1)

2

and we claim that q attains its maximum at a point, say (Xo, Yo), such that for e small
and some g> 0

(3.10) IYo-Xol-< &.
Indeed, observe that q is bounded. Let (X,, Y,) be a maximizing sequence. Then

lim u(X)-v(Y)- Y-’X-4(1, 1) -OIXI =sup (X, Y)<+oe.

However,

(3.11) sup b(X, Y)_-> (, 2+4e(1,

where to is the modulus of continuity of v and k > 0. Using (3.8) and (3.9), we see
that for e sufficiently small

(3.12) sup p(X, Y) > 0.

We also observe that if

u(X)-v(Y)- -4(1,1)
2

as nc we contradict (3.12). Therefore

u(X)-v(Y.)>-_ -4(1,1)
2

which implies (3.10). On the other hand, the choice of (X,, Y,) and (3.12) yield that
the sequence (X,), and, in view of the above observation, (Y,) are bounded as n oo.
Hence, along subsequences, (X,, Yn) converge to a maximum point of q which we
denote by (Xo, Yo).

Moreover, (3.10) and (3.11) give
2

(3.13) Y-X-4(1, 1) <-to,(ke)+w(e).

We can choose e small such that w,(ke)+ to(de)_-< 1. Then there is a vector e with
]e _-< 1 such that Yo Xo+ 4e(1, 1) + ee, which implies that Yo 12.

We now consider the functions

6( Y)= u(Xo)-

4(x) v(ro)+

-4(1,1)

-4(1,1)

2

2

+01xl

Since u-b has a maximum at Xo e 11 and v-b has a minimum at Yo e 11, applying
the definition of viscosity solution as in Lemma 3.1, we get

flu(Xo, Zo) <- H(Xo, Zo, P + 20Xo) + E qoz,[u(Xo, z) u(Xo, Zo)]
Zo =/:
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and

v( Yo, Zo) >- H( Yo, Zo, P) + Y qzoz’[ v( Yo, z) v( Yo, Zo)],
Z0,

where

2 (go-XoS 8

Combining the above inequalities yields

-4(1, 1)).
/3[u(Xo, Zo) v( Yo, Zo)] --< [H(Xo, Zo, P + 20Xo) H( Yo, Zo, P)]

(3.14) + Y qzoz,[u(Xo, z)-u(Xo, zo)-v(Yo, z)+v(Yo, zo)].
ZO :7.’

On the other hand, from the definition of H, we have that

]H(Xo, Zo, P + 20Xo) H( Yo, Zo, P)]
(3.15)

=< IH(Xo, Zo, P + 20Xo) H(Xo, Zo, P)[ + KIXo- Yol Ipl
for some K > 0. Let Xo (xo, Yo) and P (p, q). Then

H(xo, yo, Zo, 20xo+p, 20yo+ q)- H(xo, Yo, Zo, p, q) <- 20[rx,+ zy,]

+ L[oax [(1 + ,)(20Xo+p)- (20yo + q)]m] [(1 + ,)p-

+[[o=,tmax [-(1-1)(20xo+p)+(2Oyo+q)]n]-[-(1-)p+q]L]
<= COLIXol + 20[rx+ zy] <= OlXol2 + OCZL2 + 20[rx + zy]

<= OlXol2 / c2n20,
for some C > 0, where we used that K-> r, (2.1), and that F is a decreasing function.
Using the above inequality and (3.10), (3.13), and (3.15), we get

(3.16)
IH(Xo, Zo, P + 20Xo)- H( Yo, Zo,

<= 2Kf[w({e + w(ke )]1/2 q../0 ]Xo12 q.. C2L20.

Moreover, from (3.10) we have

u(Xo, z)- v(Xo, z)<= u(Xo, Zo)- v( Yo, Zo) + w(ke),

which combined with (3.11) gives

[u (Xo, z)- u(Xo, Zo)]-[ v( o, z)- v( Yo, Zo)]--< o(k)+ o,(&).

Finally, using that O=< qz,<= 1 and Yz,Z qzz,-1, we get

(3.17) u(Xo, zo)-v(Vo, zo)<=w(ke)+w(fe).

Using now (3.14), (3.16), and (3.17), we have

/3 [u(Xo, Zo) v( Yo, Zo)- OlXo123 -< 2K{[w,)(&)+ oov(ks,)] 1/2

if- C2L20 q- %(ke) + w({e),

and, using the definition of (Xo, Yo),

_ma_x O(X, y)_<_ [ ] C2L20
xa -fi
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Then, however, (3.9) and (3.11) yield

max sup [u(X, z)- v(X, z) oIxl
zZ X(

1
<= w(ke +-2 [2Kg[w(ge) + oo,( ke )]1/2 + (.Or ke + oo(ge )]+

which, in turn, implies that

u(x, z)- v(x, z) olxl
Letting 0 0 contradicts (3.7).

C2L2

O,

Remark 3.1. Although it was not necessary for the above proof, but it will be
used later on, we show that

(3.18) lim lim OlXo(O e)12= 0.
oo $o

Indeed, from (3.11) we have

0(Xo, Xo) + o%(ke >-_ u() v( olX’l=- co( ke ),

which yields

(3.19) u(Xo, Zo)-v(Xo, Zo)-OlXol=e[u( , Zo)-O];l]-2oo(ke),
and, in turn sup>o IXo(0, e)l < -Therefore there exists ’o(0) such that lim_o IXo(0, s)l= 7o(0), otherwise we
contradict (3.19). The limit here is taken along subsequences, which to simplify notation
we denote the same way as the whole family. By sending s $0, (3.19) combined with
(3.9) implies

(3.20) U(2o, Zo)- V(2o, Zo)- 012012_>- u(X, z)- v(X, z)- OIXI VX ,, Yz Z.

We now send 0- O. If limo,o 01ol2= a O, again along subsequences, (3.20) yields

max sup [u(X, z) v(X, z)] a _-> max sup [u(X, z) v(X, z)].
zeZ fi zeZ

Therefore maxz supc [u(X, z)-v(X, z)] <0, which contradicts (3.7).
PROPOSITION 3.1. As L- oo, u w e C(().
Proof Fix (Xo, Yo) e ft. The sequence u(xo, Yo) is increasing as L oe, therefore

lim_ u(xo, Yo) W(Xo, Yo) exists. Moreover, since the functions u are continuous
at (Xo, Yo) uniformly in L, w is continuous on

4. In this section we prove that w coincides with the value function u C(I)).
We first show that u is a constrained viscosity solution of a certain variational inequality
and second that this variational inequality has a unique constrained viscosity solution.

THEOREM 4.1. The value function u is a constrained viscosity solution of
min [(1 + A)u Uy, -(1 tx)u, + u, u rxu ZyUy F(u) u(z)] 0

(4.1)
V(x, y, z) (0, +) (0, +c) Z with u(0, 0, z) 0, Vz Z.

Proof We first show that u is viscosity subsolution of (4.1) on . To this end, let
(Xo, yo, Zo) be fixed with (Xo, yo) , consider (Po, qo) D.U(Xo, Yo, Zo) and define
"Z- by

(x, y, z)= U(Xo, Yo, z)+pz(X Xo) + qz(Y Yo),
where (Pz, qz) D/ U(Xo, Yo, z) Lemma 3.2 yields(x,y)

(4.2) u(x, y, z) <= dp(x, y, z).

C2L2

0 VXel) and VzeZ.
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We are going to show that

(4.3) min 1 + A)pzo qzo -( 1 tx )pzo + qzo flu rxoPzo ZoYoqzo F(Pzo) ou Zo) <= 0
where F(p)=maxc>_o[-cp+ U(c)].

If (1 + A)pzo qzo <- 0 or -(1 -/X)pzo + qzo <= O, the above inequality is obvious. So let
us assume that

(4.4) (1 +A)po-qzo>O and -(1-1X)pzo+qzo>O.
In the following, we are first going to assume that the control C is such that 0-< C, -< N
for almost every => 0, and then we will remove the upper bound. Since the arguments
are similar to the ones used in Theorem 3.1, we proceed as if there is no bound on C.
Later, we will mention when we use this upper bound.

Applying the dynamic programming principle at the point (Xo, yo, Zo) with stopping
time 0 (1/g) ^ ’1 min { 1/g, ’1}, where - is the first jump time of z,, we obtain

u(xo, 3’o, zo) <- E e-’U( Ce,) ds + e-u e xo- e ds

(4.5)

where (C Me, Ne) is an 1/g-optimal policy and

iomeo e dMf, trioe= exp (-zos) dM

and

rto e dNf, t$oe exp (-ZoS) dNe.

Let r_-> Zo (the case r < Zo is treated similarly). Then

(4.6) moe _-< tfieo and noe _<- toe.
Since the control (C e, Me, Ne) is admissible, we also have

(4.7)

and

(4.8)

Moreover,

(4.9)

and, similarly,

(4.10)

0

Xo- e-rSCes ds>-(l +A)meo-(1-tx)neo
o

(4.11)

yo_-> -rfioe + toe

tfieo=<(exp (r-zo)O) e dMf <- exp g meo

From (4.7)-(4.10) we get

Xo+ (1 -/x)yo
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where c>0 is such that (l+A)-(1-lx)exp((r-zo)/{)>--c for { sufficiently large.
Similarly,

2Xo+ (1 + A)yoexp ((r Zo)/{)Xo+(1 + A)yo<(4.12) neo=<
for t’ sufficiently large.

Moreover, since

Iomeo e dMe >- exp (-r/g)(Meoo Meo),

using (4.11) we obtain

(4.13) Meo-Meo<-exp(r/g) x+(1-x)Y<-kl
C

for some kl > 0, and, similarly

(4.14) Neo Noe--< k2
for some k2 > 0.

Therefore there exist constants C, K1 and K2 such that

fo K(4.15) tfieo- meo< E s dMe <-

and

(4.16) eo- n <= K2

Using that u is a nondecreasing function, r => Zo, (4.5), and (4.15), we have

U(Xo, Yo, Zo) <- UIIE(O)+ E[e-u(er(xo+ 2o), e"(Yo + f’o), Zo)

(4.17)

where

-e-U(Xo+ o, Yo + f’o, Zo)]

+ E[e-tU(Xo+ o, Yo + I7o, Zo)],

J?o =-( +;),o+ (I+A)K +(1-/)o

and

?o =,o- o
Let o) be the modulus of continuity of u. Then

E[e-t3u(e"(Xo+ o), er(yo+ f"o), Zo)- e-t3U(Xo+ o, yo+ f’o, Zo)]
(4.18)

<-- K3[llulloP(zo Zo)/ w(er 1)]

for some positive constant K3.
Moreover, (4.2), (4.17), and (4.18) yield

U(Xo, Yo, Zo) <= UIIE(O)/ K3EIlullP(zo Zo)+oo(er- 1)]

+ E e-[U(Xo, Yo, Zo)+ pzoO + qzo f’o 3.
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Since P[zo # Zo] 0(0), we get

E[((1 + A)Pzo- qzo)mo + (-(1 -/z)pz + qzo) eo]

=< K3[ ooE (0) + w (e 1) + u E(0) + (1 +A)K

Finally, in view of (4.4), we can find positive constants M1 and M2 such that

and

From (4.2) and (4.5) we get

U(xo, Yo, Zo)<=E e-U(Ce) ds+E[e-d(xeo,Yeo,Zo)]+,o

where Xeo, yeo are given by (1.3) with control (Ce, Me, Ne). Using Dynkin’s formula,
we have

0

U(Xo, Yo, Zo) <= E e-t3sU( Ce) ds + U(Xo, Yo, Zo)
o

+E e-ts[-/3(x, y Zo) + rxe Pzo + zoyqzo- C Pzo

+(xf, yf, zo)]ds+E e-S[(-(l+A)pzo+qo)dMe

’o 1
+ E e-ts((1-tx)po-qzo) dNe]+g-5.

o

Since Mt and Nt are nondecreasing processes, using (4.4), we get

O E e-t3"U(Ce) as+ E [rpzo(Xf -Xo)+ zoqo(yf -Yo)] ds

+ E e-t3s[-BU(Xo, Yo, Zo)+ rPoXo

1
+ ZoqzoYo-PzoCe+ y, Zo)] ds +-.

Let

A(O) E [rPo(Xe-Xo) + zoqo(Yf -Yo)] ds

and

B(O)=E e-t[-U(xo,Yo, Zo)+rXoPzo+ZoYoqzo-PzoCe+(x,ye,Zo)]ds.
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Then

A(O):E (rPzo[(erS-1)Xo-(l+A)e ms -(1-/x) e

+ Zoqzo[(exp (ZoS)- 1)yo+ (exp (Zos))rfie- (exp (ZoS))e]) ds.

Since E ehSke ds<-(1/g) eh/eE(keo)<=(K/g) eh/e[E(O)+w(l/g)+ 1/t’], where h is r
or Zo and ke is me, ms, ns, or ns, we have

lim
1 Io e-hsr(4.19)

-,oo E(O)
E ds=O.

Therefore lime_oo A(O)/E(O) =0.
Relations (4.7), (4.12), and/3 > r give

(4.20) e_mCes ds<__Xo+
(1-/x)[2Xo+ (1 + A)yo].

C

On the other hand,

(xes, yes, Zo) qz,z[Cb(xe ye z,)_dp(xe yes, Zo)]
Z5

Y qz’z[U(xo, Yo, Z’)+Pz’(xe-Xo)+qz’(Ye-Yo)s
Z’Z

U(Xo, Yo, Zo) pzo(Xs Xo) qzo(Y( Yo)].

Using that Z is a finite set and (4.19), we get

E e-m*(xe, y, Zo) ds
04.21 lim .u Xo, Yo, Zo).

e-oo E(O)

Finally, from (4.19)-(4.21) we conclude that

flU(Xo, Yo, Zo) <= rXoPzo + ZoYoqo + U(Xo, Yo, Zo) + F(Pzo).
This last conclusion follows along the lines of the analogous argument in the proof
of Theorem 3.1. To complete the proof, we need to remove the bound on C,, which
can be done again as in Theorem 3.1.

We finally show that u is a supersolution of (4.1) in f. To this end, fix (Xo, Yo, Zo) e
f x Z and consider (Pzo, qzo)e D-(x.y)U(Xo, Yo, Zo). Then there exists a smooth function

" ,9t x N x Z - N such that u 0 has a strict minimum at (Xo, Yo, Zo), U(Xo, Yo, Zo)
q(Xo, Yo, Zo) and Po Ox(Xo, Yo, Zo), qzo q,y(Xo, Yo, Zo). Then

(4.22) q(xo, yo, zo) >- sup e-mU( Cs) ds + e-q(xo, Yo, Zo)
A

In particular, if we use a control (C, M, N) such that C =0, for all _-> 0, Mo M,
No N and M N 0, for all > 0 in (4.22), we get

This yields

(4.23)

O(Xo, Yo, Zo) --> q(Xo- (1 + A)M + (1 -/z)N, yo+ M- N, Zo).

min [(1 + h)O,(Xo, Yo, Zo)- Oy(Xo, Yo, Zo), -(1-/z) ff(Xo, Yo, Zo)

+ qy (Yo, Yo, Zo)] -> 0.
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Now if we use a constant control (Co, 0, 0) in (4.22), we obtain

(xo, yo, zo)>- E e-’U( Cs) ds+ e-(Xo, Yo, Zo)

oo 0}, where g> 0 and x, is the corresponding trajectory.where 0 (1 / g) ^ inf { z" x,
We proceed as in Theorem 3.1 and we obtain

(4.24) U(Xo, Yo, Zo) -->- rXoPzo + zoYoqzo + F(Pzo) + U(Xo, Yo, Zo).

Combining (4.23) and (4.24), we get

min [(1 + A )pzo- qo, -(1 tX)Pzo- qo, u rXoPzo- ZoYoqzo

F(Pzo) U(Xo, Yo, z0)] ->- 0. [-1

THEOREM 4.2. The variational inequality (4.1) has a unique constrained viscosity
solution in the class of bounded uniformly continuous functions.

Proof We are going to show that if v and u are respectively a supersolution in
f and a subsolution on 1 of (4.1) then v -> u on f. To end this, we follow the strategy
of Ishii [9]. Let b" f o be defined by b(x, y) CIX + C2y + k, where C1, C2, k are
positive constants satisfying

(1 A,) C < C2 < (1 +/)C

and

3k > rC1 + KC2+ F(C1).

Let X=(x,y),, P=(p,q)x, and H’xZxx2o given by

H(X, z, v, P) min [(1 + A)p q, -(1 tx)p + q, 3v rxp zyq F(p) v].

An easy calculation shows that there exists a positive constant M such that

(4.25) H(X,z, ck, Vck)>=M>O, VXf\{O,O},zZ.

Let 0(0,1) and define vo=Ov+(1-O)ck on OZ. The functions Vo are bounded
and uniformly continuous. Moreover, since the map (v, P)--> H(X, z, v, P) is concave,
4’ satisfies (4.25) and v is a supersolution in f, we have that

H(X, z, Vo, VVo)>= OH(X, z, v, Vv)+(1-O)H(X, z,
(4.26)

_-> M(1- 0)>0, V(X,z)xZ

holds in the viscosity sense. Therefore vo is a supersolution of H(X, z, vo, Vvo)
M(1- O) in . We now need the following lemma.

LEMMA 4.1. Let w, v" x Z-> be uniformly continuous and nondecreasing with
respect to x. If w is a subsolution ofH(X, z, w, V w)= 0 on and v is a supersolution of
H(X, z, v, V v) c in for some c > O, v is boundedfrom below and w is bounded, then
v>=won f.

Proof Since the proof is similar to the one of Theorem 3.2, we only show the main
steps. We assume that

(4.27) max sup [w(X, z)-v(X, z)] > 0.
zZ X(

This implies that for sufficiently small 0 > 0

(4.28) max sup [w(x, z)-v(x, z)-olxl=]>o.
zZ X
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We can find points Zo Z and X 12 such that

(4.29) w(, Zo)- v(N, Zo)- 0IN[2= max sup [w(X, z)- v(X, z)- olxl ],
zZ

Next, we consider the function q’O x O R with

(X, Y)= w(X, Zo)- v( Y, Zo)-
Y-X
-4(1,1)

2

for e > 0 and we look at its maximum denoted by (Xo, Yo). Working as in Theorem
3.2 we can show that Yo f. Moreover, from Remark 3.1 we have that

(4.30) lim lim OlXol=- o.
o+o +o

We now consider the functions

ch( Y) w(Xo) -4(1,1)
2

6(x) V(o)+ -4(1,1)
2

+olxl

Since w-4 has a maximum at Xo and v-b has a minimum at Yo, from Lemma 3.1
we have

H(Xo, Zo, w(Xo, Zo), P + 20Xo) -< 0

and

where

( Yo, Zo, v( Yo, Zo), P) _-> c,

2 (Yo- Xo 4(1,1)).
Combining the above inequalities yields

(4.31) H(Xo, zo, w(Xo, zo),P+2OXo)-H(Yo, Zo, V(Yo, zo),P)<=-c.

Let Xo (Xo, Yo), Yo (o,)7o) and P (p, q). Using the form of H, (4.31)
becomes

(4.32)

min [(1 + A)(p + 20Xo)- (q + 20yo), -( 1 -/x)(p + 20Xo)+(q + 20yo),

w- rxo(p + 20Xo)- ZoYo(q + 20yo)- F(p + 20Xo)- w(Xo, Zo)]

-min [(1 + A)p -q, -(1 -z)p + q, fly- rop -Zooq

Z(p,)- ..v( Yo, Zo)] --< -c.

We now look at the following cases.
Case (i). H(Xo, Zo, w(Xo, Zo),

Then (4.32) yields
P + 20Xo) (1 + A)(p + 20Xo) -(q + 20yo).

(1 + A)20Xo 20yo <- -c.

Using (4.30), we get a contradiction.
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Case (ii). H(Xo, Zo, x(Xo, Zo), P +20Xo)=--(1--1)(pe+2OXo)+(q +20y0).
In this case, (4.32) yields

20[-(1-1.,)xo+ Yo] <- -c,

which contradicts (4.30).
Case iii).

H(Xo, Zo, w(Xo, Zo), P + 20Xo) flw- rxo(p + 20Xo)- ZoYo(q + 20yo)

F(p + 20Xo) w(Xo, Zo).

Then (4.32) yields

fl w(Xo, Zo) v( Yo, Zo) + c <= r(xo o)P + zo(Yo .90)q + F(p + 20xo)

F(p)+ w(Xo, Zo)- v( Yo, Zo).

Working similarly as in the proof of Theorem 3.2, we get

 [w(Xo, zo)- v( Yo, zo)]+ c=< 01Xol + 2K{[w (de) + w(ke)]’/2+ w (ke) +

Again working as in the proof of Theorem 3.2, sending first e -> 0, then 0 --> 0, and using

(4.30), we contradict (4.27).
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ESTIMATION OF UNKNOWN VARIABLE PARAMETERS IN MOVING
BOUNDARY PROBLEMS*

K. A. MURPHY

Abstract. The problem of estimating unknown variable parameters appearing in moving boundary
problems is considered; these are specifically nonlinear diffusion equations defined on a moving spatial
domain. A spline-based approximation method that results in a sequence of computationally tractable
approximate parameter estimation problems has been developed. A convergence result is proved for a certain
class of these moving boundary problems. The paper is concluded with a set of representative numerical
examples.

Key words, parameter estimation, moving boundary problems, spline approximation
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1. Introduction. Moving boundary problems model phenomena in diverse areas.
Many examples can be found in the papers collected in [7], [10], [12], and [29] (this
represents just a sample). We consider explicit one-dimensional moving boundary
problems; this type consists of a parabolic partial differential equation defined on a
moving domain (of one spatial dimension), coupled to an ordinary differential equation
describing the movement of the boundary. Within this type of moving boundary
problem, we consider fairly general model equations. The coefficients we propose to
estimate can be functions of time, space, or the state variables. We do not require a
priori parametrizations of nonconstant parameters.

Moving boundary problems present interesting theoretical questions, as can be
seen from surveying the many papers and books devoted to theoretical aspects (again,
we give just a small sample of the available literature: [7], [12]-[14], [29]). Similarly,
much attention has been paid to the development of numerical algorithms for the
forward problem: Given fixed parameters, find a numerical approximation to the
solution of the moving boundary problem (see, for example, [1], [11], [20], [22]).

Our concern here is the development of computational and theoretical ideas for
the solution of the parameter estimation problem: Given observations of a process
that we assume can be modelled by a moving boundary problem, we would like to
estimate unknown variable parameters within the model equations. For the Stefan
problem, specifically, several methods (see, e.g., [15], [17]) have been proposed for
parameter estimation and control problems (both are often referred to as "inverse
Stefan problems"); for a survey, see [16] and the references therein. Here, we develop
both a theoretical framework and a corresponding computational algorithm, applicable
to a general type of model equation (we note that the Stefan problem is not included
in this theoretical framework; however, our numerical algorithm has been successfully
applied to a test Stefan problem).

Our approach to the parameter estimation problem is similar in spirit to that of
[2]-[6]. For a given set of model equations containing unknown parameters, we pose
the problem as one of minimizing a least squares fit-to-data. As the evaluation of the

* Received by the editors February 21, 1989; accepted for publication (in revised form) March 18, 1991.
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Research Center, Hampton, Virginia, which is operated under NASA contract NASI-18107.

" Department of Mathematics, University of North Carolina, Chapel Hill, North Carolina 27599.
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objective function requires solution of an infinite-dimensional problem (in that the
states are the solution of the coupled partial and ordinary differential equations, and
the parameters are, in general, functions), we replace the original problem with a
sequence of approximating problems. It is then necessary to prove that the parameters
we estimate with the computationally tractable, finite-dimensional approximate prob-
lems converge in some sense to best-fit parameters for the original model of interest.

This paper is structured as follows. We describe our model equations in 2,
defining there the class of problems to which our theoretical results apply. In 3 we
discuss several motivating example problems. These model equations arise from various
biological and engineering applications. Three of our example problems belong to the
class for which we have demonstrated both theoretical and. numerical results; for two
examples, we present only numerical results (although we do have some preliminary
theoretical results for the Stefan problem; this is in preparation).

In 4 we restate our equations in variational form (see, e.g., [2], [6]), and formulate
our approximations. We precisely state all of our hypotheses, both on solutions of the
original model equations as well as on our approximations. Our main convergence
results are then stated in 5 (with the proofs presented in the Appendix).

We turn to numerical considerations in 6 and 7. The numerical implementation
is decribed in 6, and the results of numerical test examples are presented in 7.

We use the following notation throughout the paper: ]. denotes absolute value,
[. ] designates the L(I-I) norm (where the domain should be clear from the context),
and (.,.), ][. represent the inner product and norm in L2(O, 1).

2. The parameter estimation problem. We consider general model equations of the
following form:

Ou- 0 (D OU+ vu)+p(u)+f(t,x)Ot Ox Ox
O<x<s(t), 0<t-< T;

(ou )a D--+
Ox x=O

--o,2u(t, O)--- g(t);

(2.1) (ou )O21 D--+ Vu
Ox x=s(t)

-[- 22U( t, s(t)) h(t), 0<t<-T;

u(O, x) Uo(X), 0 <- x <= So;

(s(t), u(t,.); ), 0<_-- t<_-- T;
dt

s(0) So.

Parameter spaces will be defined more precisely below; generally, the diffusion term
is assumed to be a function of both and x. The convective term V is assumed to
have two components: V=- V(t, x)+ V2(i) (this is motivated by one of the applications
examples to be discussed in the next section). We allow the boundary terms aij to be
time dependent (in fact, we let a22 depend on in one special case), satisfying a0 >- 0
for and j 1, 2; we require that ai (i 1, 2) is either identically zero or nonzero for
all [0, T], and that t

2+ c 2 # 0. The functional , describing the dynamics of the
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moving boundary, will, in general, depend on the states of the system (s and u), as
well as an additional parameter(s) designated by y; this parameter might be a function
of time, location, and/or the states. We classify moving boundary problems according
to if; we discuss this in more detail below.

There are many papers in the literature that address the existence and regularity
of solutions of moving boundary problems, primarily those of Stefan type (see, e.g.,
[13], [14], [29]); however, there is as yet no general theory that can be applied to a
class of problems. Our interest here is in the parameter estimation problem and, in
particular, the question of convergence of our approximation scheme. For a given
model equation, we assume that a weak solution exists, and that by appropriately
restricting the parameter sets, the solution will possess sufficient smoothness for our
convergence theory (this is precisely stated in 4). We prove that weak solutions are
unique, thereby ensuring that our least squares fit-to-data functional is well defined.

Suppose that we have data corresponding to measurements of u and/or s. The
data could represent various quantities, depending on the experiment, but we assume
that they correspond to the following type of observations:

s(

i ll( ti, X) dx and i s( ti) (or i s( ti) So) for 1," ", m,
dO

where (u, s) is a solution of the above model equations. This is the form of data to
which our theory, developed in 5, can be directly applied. Another likely form of
measurement is u(ti, 0) or u(ti, s(ti)), (or, perhaps less natural, we might have a set
of observations of u distributed throughout the spatial domain, i.e., u(ti, x)). Given
data of this form (i.e., discrete spatial measurements) we would need a stronger
convergence statement than that obtained in 5 to make our theory complete. We do
include some numerical test examples using such forms of data, and observe that our
method is still successful. This suggests that our methods may be useful for a broader
set of circumstances than that covered by our theory.

In addition to the data, we assume that f and some subset of the remaining
parameters are known. The method we discuss in this paper can be used to estimate
any of D, V1, V2, p, Ogij, g, h, y, Uo, and So. Clearly, in practice, we could not hope to
simultaneously estimate all of the parameters listed from one set of data; for the
purpose of discussion, however, and to show the full capabilities of the method, we
proceed as though all parameters are unknown. We expect the data to be noisy and,
moreover, the model equations cannot be considered exact. Therefore, we pose the
estimation problem as one of minimizing a least squares fit-to-data criterion.

The inverse problem suffers, as do all inverse problems, from certain theoretical
and numerical difficulties. Of particular worry is the lack of uniqueness of solutions
and the lack of continuous dependence of the parameters on the data. Such issues,
while of obvious import, are not the focus of the investigations reported here. They
are discussed in [9] and [18], for example. As described in [2], the use of compactness
constraints on the admissible parameter sets can mitigate these difficulties (both
theoretical and numerical). By imposing compactness assumptions on our parameter
sets, we are able to prove a theorem regarding convergence of our approximations, as
well as ensuring that the "method stability" defined in [2] holds.

It will be convenient to have the model equations defined on a fixed spatial
domain, so we make the change of variables (see, e.g., [10, p. 187]) y= x/(s(t)), and
define the new state U(t, y)= u(t, x(y)), the forcing function F(t, y)=f(t, x(y)), and
the parameters @(t, y)= D(t,x(y)), (t, y)= Vl(t,x(y)), U2(i) V2(i) (no change of
variable is required; however, we keep our notation consistent), Uo(y) Uo(x(y)),



640 K.A. MURPHY

r(t, y, s, U) y(t, x(y), s, u(t, x(y))), and (s, U; F) if(s, u; y), thereby obtaining

OU
Ot

(2.2)

1 0 (O_y)+l_ 0 10U g OU
s20y s --y(,U)+-s 2-y+sy-+p(U)+F(t,y),

a
Oy y=O

(__. O U.._ o//e U) -[ a22 U(t, 1)=h(t),al
Oy y=

U(O, y) Uo(y), O=<y<-- 1;

ds= o(s, U" F) 0-<_ -<_ T;
dt

s(0) So.

-al2U(t,O)=g(t);

0< -< T;

0<y<l,

O< t_-< T;

We defer the discussion ofthe compactness assumptions required for the parameter
sets to 4; there we define the set c, a compact subset of the underlying space q.
Let q (@, //’1, :, p, a11, al:, a21, a2:, g, h, F, Vo, So) designate the vector of all para-
meters. Let [0, T] x [0, 1] and, given any space , let ()m.represent the product
of rn copies of M. While the specific form of the functional
and the definition of the set are problem dependent, we always assume that is a
subset of some normed space r (we consider three examples in 3). Given the positive
constants Ks and t, we define the space q as

Xq (C(O))2x C[-Ks, KsJx C[0, a] x (C[0, TJ)6x Xy x C(0, 1)x.

We then write 2 x 1 x2 x x 1Ill x 1112 x H21 x Lt22 x ( x x x x #, where
we assume that c q is a bounded subset of q. Given the positive constants DL,

off,Lippup, and --_ we further assume that

c{ a C()[ (t, y)=> D},

28{V C[-Ks, Ks] 1(01) U2(02)1 <_- zff’Lipl01- 0l},
c[0, a311(01)-

tto(c[0, T3lc(t)_->0 for each i,j=l,2.

We make the following general assumptions about

(Ho) o: xL(0, 1)x 3--> is continuous in all arguments, and for each

F , satisfies

I#(s, u,; r)- (, u; r)l-<_ x(ll, r)[ u,- ul,
I(,, u; r)-(, u; r)l-< (I ul, r)l,- sl,
where A and/z are continuous in both arguments.

Assumption (Hff) is the means by which we classify moving boundary problems. It
is for such model equations that we prove a convergence theorem for approximations
of the parameter estimation problem. In the next section, we give several examples
that fall into this class. We note that this class excludes some well-known moving
boundary problems, such as the Stefan problem and the oxygen diffusion problem
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(see, e.g., 10], [21]); our numerical scheme, however, has nevertheless proved success-
ful for these problems (see 7).

3. Motivating examples. In this section we describe three models arising from a
variety of applications areas, each of which can be seen to belong to the class of
moving boundary problems defined above. We also describe two models that do not
fit into our theoretical framework, but for which we have had success with preliminary
numerical test examples.

3.1. Biofilm on activated carbon particles. In [8] a model is derived to describe
the process by which contaminants diffuse through a liquid and bind to activated
carbon particles. As described in [8] (we refer the interested reader to this paper and
the references cited there for a full discussion), a biofilm layer, containing bacteria,
forms in a thin layer around the carbon particles. The contaminant must therefore
diffuse through this layer to attach to the carbon. The contaminant is a source of
nutrient for the bacteria, and as the bacteria utilize the contaminant, the biofilm layer
grows. Simultaneously, the biofilm layer may decrease in thickness due to shear loss.
The full model developed in [8] consists of a coupled system of partial and ordinary
differential equations describing the dynamics in the surrounding bulk liquid, the
biofilm layer, and in the carbon particles.

We have simplified this model, in a way that extracts the moving boundary
dynamics; this simplified version has been briefly discussed in [24]. Essentially, we
uncouple the biofilm dynamics from the rest of the problem by assuming that certain
boundary parameters are known functions of time. Here in our notation is the simplified
model, where u(t, x) represents the concentration of contaminant in the biofilm layer,
s(t) represents the width of the layer with x 0 corresponding to the carbon-biofilm
interface, and x s corresponds to the biofilm-liquid interface:

Ot -Ox -p(u), (0, T], xe (0, s(t));

x=O
:g(t);

(3.1) x=s(t)
+au(t,s(t))=h(t), (0, T];

u(O, x) Uo(X), x [0, So];

dt- (r(u(t,x))-r_(t)) dx, t[0, T];

s(0) So.

In [8] the nonlinear terms p and Yl have been parametrized, with yl(u) Yku/(K + u)
and p (1/Y)Yl. We can estimate these terms without any such a priori assumptions,
but we do assume that they exhibit similar behavior; for example, we assume that
there exist constants Kr and yip such that 3’1 satisfies I 11 _-< and  l(u )l -<

yiplul- u21. We also assume that 3’2 e C[0, T]. Making the change of variables to xed
domain, we find that (s, U; F) -= s I (3’1( U(t, y))-y2(t)) dy. It is easily verified that

satisfies assumption (H) of the previous section, with

A(Isl, F)= IslyLip and (IuI,F)=(K,+ sup lY2I).t[O,T]
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For this example, given the constant a, we let r C[0, a] x C[0, T] and suppose that
3 is a bounded subset of r satisfying qc{(3’1, and [3’1(ul)-
3’1 U2)[ 3’ILip]H1 --/’/21}"

3.2. Aerosomal elongation. We consider a model derived by Perelson and Coutsias
[26], specifically (15)-(20). For a detailed description of the model, we refer the
interested reader to [26]; we will describe it briefly here. In the process of fertilizing
an egg, the sperm must extend a long tube called the acrosomal process. It is still not
completely understood how this structure is created on the timescale necessary. Perelson
and Coutsias present a moving boundary model that describes one possible mechanism.
By analyzing their model, as they have presented it, they conclude the proposed
mechanism does not adequately model the observed phenomenon.

Nevertheless, we feel that this moving boundary model can provide a beginning
for study, with parameter estimation techniques providing a valuable tool. We let
u(t, x) represent the concentration of unbound monomer and s(t) represent the length
of the acrosomal process at any time t. The model equations are

Oil oeu Oil
--=D--- te(O,T], x e (O, s( t));
Ot OX2 OX’

u(t, O)= UO;

(3.2)
D 0---u-u

Ox
(t, s( t)) + kla( t)u( t, s( t)) k_la( t),

u(O,x)=uo, xe[0, sol;

ds

at
3qu(t,s(t))-3"2, t[0, T]"

(o, T];

s(0) So.

While our notation is different, we have essentially reproduced the equations of Perelson
and Coutsias, except that we allow our boundary coefficient a to be time varying.
While Perelson and Coutsias acknowledge that this parameter should realistically be
nonconstant, it is unknown whether this change is enough to make the model realistic.

The parameters 3’1 and )’2 are assumed to be constants. After the change of
variables, we obtain if(s, U; F) 3’1U(t, 1)-3’2, and it is trivial to verify that assump-
tion (H) holds with  (Isl, r) I ,1, and/x([ U[, F) 0. For this example, is assumed
to be a bounded subset of r 2.

3.3. Glassy polymers. This model problem comes from 13]. The equations derived
there describe the morphological change caused by the presence of a solvent in a
polymer, when that solvent exists at a sufficiently high concentration. For the details
of the model derivation, we refer the interested reader to [13] and the references
therein. In brief, the solvent diffuses through the polymer, which initially has a glassy
quality. When the solvent reaches a sufficiently high concentration, the polymer instantly
assumes a gel-like quality.

This model of Fasano and Ricci has been discussed in some detail in the context
of parameter estimation in [25]. There, the original model equations of[ 13] are changed
slightly (we retain the diffusion constant explicitly in the model equations and shift
time by an arbitrarily small amount to obtain nonzero initial conditions). In our
notation, u represents the concentration of the solvent in the glassy region, and s
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represents the location of discontinuity between the two regions. Our model equations
are

OU O2U
-O t(O, T], x6(O,s(t))"

Ot OX2’

u(t,O) 1;

(3.3)
D

Ou

o- (t, (t)) + (t)u(t, s(t)) -(t)(t),

u(O, x) Uo(X), x [0, So];

ds
y(u(t, s(t))), 6 [0, T];

dt

(0, T];

s(0) So.

We direct the reader’s attention to the boundary condition at x s(t); this is nonlinear
and requires a redefinition of the set 1112 and (C), since the parameters a 12 and h depend
on g. In fact, this nonlinearity makes the convergence arguments of 5 delicate,
requiring more than just the redefinition of parameter sets; we pursue this in 5.

We obtain (s, U; F)--- 3’( U(t, 1)) after the change of variables; if we assume that
y satisfies y C[0, a] and [y(ul)- Y(/’/2)[ ’)/Lip[/’/1-
satisfies (Ho%), with A(Is[, F)= yLip and/(1U[, F)--0. Given the constant , we define

C[0, t]; our admissible set for this example is assumed to be a bounded subset
of v, additionally satisfying

3 c {y y(0) 0, y is nondecreasing, and

The assumptions we impose on 3’ are slightly weaker than those in [13].

3.A.I. Stefan problem. The Stefan problem (see, e.g., [10]) was originally formu-
lated as a model for the melting of ice, although it is now used to model many
phenomena (see, e.g., [10], [12], [29]). We consider the simplest one-dimensional
one-phase model here. Let u represent the temperature of the water in the liquid phase
and s represent the location of the ice-water interface. The units are such that the
temperature in the ice phase is 0. The model equations can be written as

(0, T] x (0, s(t))"
Ot Ox

(3.4)

OU

x=O
g(t);

u(t, s(t))=0, (0,

u(O, x) Uo(X), x [0, So];

ds ou
dt- yD(t,s(t)), t6[O, r].

Ox

s(0) So.

Due to the pointwise evaluation of the flux, this , does not satisfy (Hff).
Our numerical method is essentially a Galerkin method, based on a weak formula-

tion ofthe partial differential model equations. As can be seen in the proof ofuniqueness
( 4), for example, a natural measure for the solution u(t,. of a parabolic equation
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in weak form is given by the Hi(0, 1) norm; thus the Stefan condition, involving
Ux(t, s(t)), is too strong. After the change of variables to fixed domain, such a condition
must be measured in the WI’(0, 1) or H2(0, 1) topology (for almost every t). The
majority of numerical methods for the Stefan problem, especially those accompanied
by rigorous error analysis, are based on weaker formulations of the model equationsm
the enthalpy or variational formulations, for example. A survey of such methods can
be found in [10].

3.A.2. Oxygen diffusion. We consider the second stage of the model presented in
[21] for the diffusion of oxygen through tissue. As a precursor to radiation treatment
for cancer, cells are saturated with oxygen. In the first stage of this procedure, oxygen
is pumped into the cancerous tissue. In the second stage, the tissue is sealed and the
treatment is applied. During the procedure, the oxygen diffuses, and the point of
furthest penetration into the tissue recedes (hence the moving boundary). The procedure
and the development of the simple model equations, which we present below, are
discussed in [21]. Let u represent the concentration of oxygen in the tissue (after
sealing) and s represent the furthermost point of penetration. Our equations are

Ou O2u
--=D-p, te(O T] xe(O,s(t))"
Ot Ox2

OX x=0

=0;

s(0) So.

Here it is assumed that D and p are constants. Following Liapis, Lipscomb, and
Crosser [21], we take the special form for the initial conditions

p ,/2D_uio(X)=-(X-So), 0 -- p

where, for convenience, we take ui 1. This particular example differs from all others
presented here in that it is an "implicit" rather than an "explicit" moving boundary
problem; i.e., rather than an equation for s or , we are given another condition on
the state u at x= s. We have converted this (see [10, p. 166]) to the explicit condition

ds D2 03 u
dt- P Ox

(t, s(t)).

Clearly, we require more smoothness on the state u than previously. Here, again, this
form of o does not fit into our framework.

Remark (Notation). Note that for 3.1-3.3, none of the parameters in ’ are
spatially varying and so do not need to be redefined with the change of variables to
fixed domain. We do not assume that this is the case in general; however, as it is the
case for the specific examples we refer to throughout this paper, let us use the following
notation: In all formulations of the problem, F will refer to the vector of parameters
occuring in 0% with yi representing the components. For the biofilm example, F
(’)/1, ’)/2) C C[0,/]x C[0, T]; for the acrosomal process example, F= (yl, y2) C R2; and
for the polymer example, F

ox t, s( t)) O, t6[O, T];

u(t, s(t))=0, 6 (0, T];
(3.5)

u(0, x) Uo(X), x e [0, So];
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4. Abstract formulation and approximations. It facilitates the development of the
approximations and our convergence arguments to write our model equations in weak
form (as in [2], [6]). At this point, it is necessary to distinguish between types of
boundary conditions. Any essential boundary conditions must be homogeneous, in
general, requiring a further change of variables. For the purpose of definiteness, yet
trying to remain as general as possible in the exposition, we henceforth assume that
O11 0, with c2 nonzero for all time. It should be clear how the following analyses
would be modified for other types of boundary conditions. With ce 0, c2 0, the
left-hand boundary condition becomes U( t, O) (-g( t))/a; let us replace
(--g( t))/O12 by g(t). Similarly, with a 0, we divide through the right-hand boundary
condition, define aa2/a, and replace (h(t))/a2 by h(t). To obtain a
homogeneous boundary condition, we define (t, y, g)=g(t)(y-1)e; the function
is constructed in such a way that the boundary condition in question becomes
homogeneous while the other is unchanged (note that similar transformations could
easily be defined for the cases where a2 0, a 0, or a a0). Let H(0, 1)
{HI(0, 1)l(0):0}, and define V(t,y): U(t, y)+ (t, y, g). Making this change
of variables and writing the equation in weak form results in the following equation.

For each t(0, T], we call V( t, ), s( t)) H(O, 1)x a solution if it satisfies,
for all H(0, 1), the following equations"

OV 1 OV O 1 O OV,, =- v, + +ay’ 6 +-s ay’ (,(v #),6)

+(, &)+-(-aV(t, 1)+ h(t))&(1),
S

d_ #(s, v- #(g). r),(4.1) dt-

where

V(O, y)= Vo(y) =- Uo(y)+ F(O, y, g),

s(0) So,

1 0 1 0
(t, y, s, S, , 1, t/’, g, )=- Ft +- -, s -y

(4.2)
1

+- //’2Fy +- yff’y + F( t, y
S S

(t,y,g)=g(t)(y-1).
We now slightly redefine our parameter vector as q (9, , 7/’, p, c2, g, h,F, Vo, So).
We define the parameter set ll={cC[0, T]10_-<c(t)<_-a} and, as we require
additional smoothness on the parameter g, we now assume that is a bounded subset
of C[0, T]. We now write =xCxCxxHx(x(C)x x#x#.

We further assume any additional regularity of necessary to ensure that the
following hypotheses hold:

(HE) For any q , a solution of (4.1) exists satisfying:

(HE1) V C([0, T]; H(0, 1)), and

(HE2) s e cl(0, T), and s(t) > 0 for e [0, T].
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We assume the existence of solutions because the existence theory for moving
boundary problems is incomplete. The biofilm model ( 3.1) was derived and analyzed
numerically in [8], but questions of existence of solutions to the model equations were
not considered. In [26], the model for acrosomal elongation ( 3.2) was formulated,
and a perturbation analysis was used to examine qualitative properties of the solution;
however, no existence results were proved. For a special case of the model equations
of 3.3 (D and r constant, and smoother y than we assume here), Fasano and Ricci
[13] proved an existence result by showing the equivalence of the polymer model to
a Stefan problem. In this case, they obtained stronger regularity of the solution than
we assume above. As we show below, our parameter estimation techniques can be
applied to a larger class of problems.

To ensure that the parameter estimation problem (P) below is well posed, we
prove that solutions of the weak equations, when they exist, are unique.

PROPOSITION 4.1. Weak solutions of (4.1) are unique.
The proof can be found in the Appendix.
For the development of our theoretical results in 5, we require a compact

parameter set c c . A natural (in terms of our approximations, defined below) choice
for a compact subset is as follows. Let f=[0, T]x[0,1], and let Rc--
xXcXcXltx(X(C)cX c-g x x,, where

.{Soe . [0< So }.

We assume that is a compact subset of C[O, T]. We must discuss in the context
of paicular examples; each of the remaining sets, as defined above, is compact in
the C(8) topology (where 8 rpresents the relevant domain), and therefore the set A
as defined is compact in the e topology.

The parameter estimation problem can now be stated precisely as follows:

Given j(q)=,2
l=

(-s(; q))

(P) +(a-s(; q) (V(t,y; q)-(t,y; q)) dy)

find Min ](q) subject to (V(q), s(q)) the solution of (4.1).
qc

The above problem must be discretized for the purposes of computation. We now
describe our approximations; we follow, in spirit, ideas developed over several years.
For just a sampling of references, see [2]-[6]. We begin by defining a finite-dimensional
subspace of H; call it H. (In 6 and 7, we are explicit about our choices of
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approximation scheme; here, we keep our results as general as possible.) Let pN. Ho

HN represent the orthogonal projection (in the H topology) onto the finite-
dimensional subspace. We require that the following conditions be satisfied:

(HA1) Given H1, IIP%-ll-0 as N-c,

(HA2) GivenCeH, (P -) 0as N.

For H the set of piecewise linear functions, and no Dirichlet boundary conditions
(so that we replace H by H), we use standard results from the theory of linear
splines (see, e.g., [28]), combined with the dense inclusion of H in H and the fact
that for H’, IPN 1 III ell (where IN represents the interpolant of
in HU), to argue that (HA1) and (HA2) hold (similar arguments appear in [5] and
[19]). For cubic splines, the results are proved (for e H) in [5; Thm. A.5.4]. When
we do have Dirichlet boundary conditions, we need to slightly modify the arguments
described above; see, for example, [3]. Essentially, we rely on the fact that, for e H,
I I, whereI represents the interpolant of in the spline subspace modified
to obey the boundary condition.

Our approximate weak solution is the pair (V(t,. ), s u(t)) e Hu x , which
satisfies for each e [0, T] and every e HN

’ (s)
OVs 0 1 0 V/0V

2

+7 yoy +(P( VN- #)’ )+(#’ )

1+(-v(t, 1)+ h(t))6(),
S

(4.1 N)

dsN (s, v- #(g); r),

VN (0, y)= pNVo(y),

s(O)=so.
As can be seen in 6, the above system has a unique solution, which can be characterized
as being the solution of a system of ordinary differential equations.

We must also discretize all infinite-dimensional parameter sets. Such "secondary"
discretizations for parameter sets have been described in some detail elsewhere (see,
for example, [4], [6], and [23]). We describe this only briefly here. For all of our
variable parameters, we use linear spline approximations. Suppose that/3 is a function
of one variable on the interval I (this is [0, 1] or [0, ], etc.). Given M, we subdivide
I uniformly and let SM be the set of piecewise linear functions on that partition. A
basis for SM is the set of hat functions, denoted here by { bi}. Any function in SM then
has the representation tim (X)=1 vibi(x). Now, instead of searching for/3 in some
subset of C(I), we search for the vector u= (Uo, Ul,’ ", UM) RM+I.

Similarly, suppose that 6 is a function of two variables on the rectangle R I 12
Given M (M1, ME), we subdivide each of the intervals uniformly and let SM be the
set of piecewise bilinear functions on the partition. A basis for this space is the product
of bases for each interval individually, i.e., SM(R) S1%(I1)(R)sM2(I2). Now 6(x, y)
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is approximated by 6M E/M=,I Eft/=21 i.ob,(x)(y), where {b,} is a basis for SM’(I,), and
{b’/} is a basis for sM2(I2). Thus 6M is characterized by the vector
([/’00, }d’01 [/’MIM2) E (M’+I)(M2+I).

Let Y= IM, where IM designates the product interpolation operator (i.e.,
interpolate each component to the appropriate paition, leaving any constant para-
meters unchanged). Because each component interpolation operator is continuous, IM

is continuous (in the topology), and so Y is compact. Moreover, for any q
IMqq as M.

Our corresponding approximate parameter estimation problem is stated as follows"

Given ](q)=,2.= (s-s(t; q))+(-s(t; q) (V(t, Y; q)

(pN,) -(t,, y; q)) dy)2},
find Min ](q) subject to (V(q),s(q)) a solution of (4.1).
q

Remark 4.1. As we compute with the transformed variable V when estimating
the initial state, we will obtain (, s%) H(0, 1); we can then construct the
corresponding initial state estimate in the original variables as o(X)=
*MVo (x/o) (o, (x/o), ), where o n’(0, So).

We make a final assumption, this one about the approximate boundary terms s
Note that for a fixed , we can bound s(4) and () (by viue of hypothesis
(HE2)); it is permissible that these bounds depend on . We must assume that we can
also bound the approximations in a similar way, but uniformly in N and q. Below,
we state these hypotheses; it is convenient to combine the statements about the
infinite-dimensional and approximate states into one"

Let be fixed. Then

(HN1) There exist positive constants (4), g() such that for all t[0, T],
s(t; )g and sS(t; q)g for all N and for any q;

(HN2) There exists a positive constant K() such that for all [0, T], [(t;
K. and [(t; q)[K for all N and for any q.

This constant K is now understood to be the same as that used in the definition of
the set . The constants and g are now understood to be those in the definition of
the set .

While physical or biological principles will usually dictate that the conditions of
(HN1) and (HN2) hold for the "original" (infinite-dimensional) model equations,
these principles do not extend to the approximations. For some example problems,
the hypotheses for the approximations can be assured by defining appropriate con-
straints within the parameter space . In some cases, however, it may be necessary to
alter the definition of the approximation scheme. For the biofilm example, as expressed
in (3.1) and the glassy polymers example (3.3), an appropriate definition of the set
will ensure that (HN1) and (HN2) hold. For the acrosomal elongation example (3.2),
we need to make a slight change in the approximations.

Consider the biofilm example. Since s s satisfies an equation of the form s(t)=
s(t)M(t), the above hypotheses will be satisfied as long as So is suciently restricted
and M is bounded. Given that is a bounded subset of v (as defined in 3.1), and
So belongs to a bounded subset of; the conclusion follows. Similarly, for the polymer
example of 3.3, the definition of and the fact that and are bounded subsets
of v and ensure that s will satisfy (HN1) and (HN2).
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Now consider the model for acrosomal elongation. If the model is realistic, then
it is reasonable to assume that for t , 0=< () Ks for some constant
This then implies that statement (HN1) holds for s (t), and also that 32/31 -< U(t, 1; ) -<_

(Ks + 32)/331. We can hold no such expectations for the approximation gs, however.
We therefore define a "constraint projection" operator Pr for any F by

pr(O) 72 if 0 -< y2

Yl Yl

pr( O O if

pr( O 72 + Ks if0_->yE+KS.
’)/1

While we have no guarantees on US(t, 1) and therefore no guarantees on s, we can
be sure that for any F, Pr( uS (t, 1)) satisfies 0 -< VlPr( Us (t, 1)) W --< Ks; thus, we
define our approximate dynamics for s as dsS/dt (s, Pr( US); F). With S defined
in this way, we are assured that (HN1) and (HN2) hold. Moreover, as guaranteed by
the lemma below, we have not destroyed the convergence properties of our approxima-
tion scheme. Note that we are to perform our computations with the quantity V, not
US; however, in this particular example, requires VS(t, 1), which (by construction
of the transformation taking U to V) is equal to US(t, 1). Since it is conceivable that
a general might involve more than just a boundary value, we assume henceforth
that when Pr is necessary, our approximate dynamics for s are constructed as, for
g( and F ,
(4.3) dsN-- ;(s s, Pr( Vs -/3(g)); F).

dt

For the example of the elongation of the acrosomal process described above, we can
easily prove the following lemma.

LEMMA 4.1. Given F c, let Pr be the "projection" defined above. Then
(P1) For each F6 and 01, 02R Ip,.(o)-p(o22I<=lo.-o21.
(P2) For " , let ’" L(O, 1) be such that Pr( V) V (i.e., satisfies the con-

straints corresponding to ’). For a.ny {Fk}c , with Fk-->", Ipr(f’)-
Pr( I7)1 Pr " ’1oo-> 0 as Fk ---> F

In general, we assume either that (HN1) and (HN2) holds directly (i.e., via a
suitable restriction on the parameter set ) or, as in the example above, that Pr can
be constructed so that (HN1) and (HN2) hold, while satisfying (P1) and (P2).

5. Convergence arguments. In this section we state our theoretical results, with
the proofs of Theorems 5.3 and 5.4 appearing in the Appendix.

As can be seen in 6, (Vs, sS), and hence is, is continuous in the parameters.
Since each is compact, each problem (ps.M) therefore has a solution. Thus, for
increasing N and M, we can solve each ofthese finite-dimensional problems, generating
a sequence of best-fit parameters {s.M}.

Our key result is that for any arbitrary convergent sequence of parameters q4 __> t
in fq with M --> , the solution of the finite-dimensional equations (4..lS), solved with
the parameter qU, converges as M, N-> to the solution of (4.1) using t. This result
is key because it allows the proof of the following two theorems. The arguments used
are slight modifications of those appearing elsewhere (see, e.g., [3]), and so we describe
them only briefly.
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THEOREM 5.1. Suppose that c are all compact in the q topology, with M- c.
Assume that for any sequence {q4}c, with ql_>lec, it follows that
(VN(q),sN(q))-(V(t),S(4)) in H(0, 1) xI as N,M->c for each te[0, T].

Then .{rv,M} has a subsequence {tNk’Mk}, with tvk’u-q* where
minimizes J.

In fact, in the case where problem (P) has a unique solution, we can argue full
sequential convergence of the approximate parameter estimates. The proof of this
theorem relies heavily on the compactness assumptions on the parameter sets, standard
spline estimates, and the convergence statement that we have identified as being our
key result. We outline the arguments (for details of similar arguments, see [4], [6],
and [23]).

For the sets 2c, 3c, 1.tc, Oc, oc, and any of the sets c considered in 3.1-3.3,
we can characterize P (where P represents any of the above sets) as P
(S4 represents the appropriately defined linear spline subspace). Then, given {j0v’4)
P c Pc, we can directly extract a convergent subsequence {/N,M} with /N,a4k_> p.
in Pc. For the remaining parameter sets, this characterization does not hold, but we
can for any /s,4 p (where P now represents one of the second group of sets)
identify ffs,u e Pc such that/N,4 M/N,4 (we use 4 to designate the interpolation
operator from Pc to P). From the sequence {/N.U} Pc then, we extract a convergent
subsequence, with/3N’u + p* in Pc. Standard spline estimates (in particular, the fact
that for p e Pc, 4p + p as M - oo) can then be used to also show that/s.4 p,. (In
the case of estimating g within a Dirichlet boundary condition, the need for C
compactness requires that extra conditions be imposed on the set ().

Given the subsequential convergence of the parameters, it is then easy to apply
the key result, together with the fact that Ia4q - q as M oo for any q c, and obtain
the stated conclusion.

While it may be unreasonable to expect problems (ps,4) and () to have unique
solutions, our compactness assumptions can be used to ensure that our method is

^k ffkstable in the following sense (see [2], [5]). Let tN’U(u represent the set of all
solutions to problem (N,4) obtainable with the set of data (t k, gk); let (o, go)
represent the set of all solutions to problem () obtainable with the data (r, go). Then,
following [2], we call our approximation method stable if
dist (tN’4(k, k), t(0, g0))--0 as N,M-c, and (tk, k)-(, ) in R2m, where
"dist" represents the Hausdorff distance between two sets.

THEOREM 5.2. Assume that the hypotheses ofTheorem 5.1 hold. Then our approxima-
tion scheme is stable in the sense defined above.

The proof of this theorem involves arguments similar to those of Theorem 5.1,
with the additional observation that jS depends continuously on the data.

We now turn to our main theorem. We are interested in the quantities (V(t), s())
and (VS(qU),sN(qa4)), which represent the solution of (4.1) with the parameter
and the solution of (4.1 N) with the parameter q4, respectively. To reduce notation,
we henceforth write (V, s) for (V(t), s(t)), and (VN’4, s N’4) for (VS(q4.), sN(q4)).

THEOREM 5.3. Assume that the hypotheses (HE1), (HE2), (Hff), (HA1), (HA2),
and (HN1), (HN2) hold (and, ifnecessary, (P1) and (P2)), and that {qU} is an arbitrary
sequence of parameters in with q4 + 1 . Then it follows that for each [0, T],
IIv-VN’III/Is--sN’iO, as N, M - oo.

We must consider the equations modelling the diffusion in polymers (see (3.3))
as a separate case; here we have a2"-O2(g)--g and h h(g)=-crg. We have no
parameter set 1t, and our set ;c will be defined as (C)c {or W’[0, T] ]0 < _or _<-.tr(t) =<
and [cr’loo-< K}. We rely on the specific form of the functional ; for the polymer
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example, = T(U(t, 1))-= T(V(t, 1)), where we assume , c {Y [13’[-<- Kv}, and
was defined in 3.3. We rely on the fact that V(t, 1)= U(t, 1)->0, since (see [13])

u and therefore U are nonnegative for all (t, x), (t, y), respectively.
THEOREM 5.4. Assume that the hypotheses of Theorem 5.3 hold with, additionally,

V( t, 1) >= 0 for all [0, T], and g)c, %, defined above. Then, for any qM in , it

follows that the solutions of the polymer equations (3.3) converge in the sense of the
conclusion of Theorem 5.3.

6. Numerical implementation. We describe the implementation of our estimation
procedure, beginning with the conversion of the abstract approximate equations (4.1N)
to an equivalent system of ordin.ary differential equations. We typically use either linear
or cubic splines. If our underlying state space is Hi(0, 1), a convenient basis for Hu

when using linear splines is the set of "hat" functions, and for cubic splines is the set
of cubic B-splines (as defined, e.g., in [27]). It is straightforward to modify the set of
basis elements to satisfy essential boundary conditions (when the state space is H).

For fixed N, consider the approximate weak equations (4.1N). Let be the
dimension of H, and let {B}_ be a basis for this subspace. Since vN(t, )_ HN for
eacht, wecanwrite vS(t,’)= wi(t)Bi Letw(t)-(Wl(t),w2(t) w(t)), and

i=1

let us write s for s . Calculating (OVa)lOt and (OV)/Oy, and substituting b Bi for
i= 1,2,... , into (4.1), we obtain the following system of ordinary differential
equations in w and s"

1
L1 /2(d) L2

g
Mvb -5 K @ w (Cl)W-{" W -]" Tw

S S S S

(6.1) +p(p, w)+f(s, ; q)+ r(s, w; c2, h),

s, E w,B,-/(g); F
i=1

with initial conditions Mw(O)= c, s(O)= So; we have defined the following matrices"

M0:(B,, Bj>, [K()]o:(B: B;), [Ll(l)]0=(7/’,B;, Bj>,

Lo=<B,,Bi), and

and we have defined the following vectors"

p, (p(w), B,), f (F(s, g; q), B,),

Tij (yBi,

r --02 wjE(1)+ h B,(1),
S j=l

and c, Vo, Bi).

As described in 4, we also discretize the parameter spaces. In the examples
presented below, we have identified diffusion coefficients of the form @--@(t) or

dkbk(t) (see@ @(y). In the first case, we would approximate @ by @(t)--Yk=l
4), and then at each we need to evaluate [K(@)]0=(= db(t))(B’,Bfi); the
unknown parameter is the vector d (dl, d,..., d)E. In the second case, we

db(y) in which case we need to evaluatewould approximate by (y) =1

==1 d(bB’i, Bj); again, the unknown is the vector d. While we
have not estimated coefficients of the form @(t, y) here, the implementation would
be similar to that in diffusion equations on a fixed domain, as treated in [4]. Similar
comments apply to the estimation of variable 7/’1.

In the approximation for p, we must first estimate the constant tT, which determines
the interval on which to define the approximation. This is a problem that arises whenever
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we approximate an unknown nonlinearity, and it has been discussed in [6] and [23].
As reported there, it is our experience that we can make a reasonable guess for an
appropriate a, then correct during the estimation procedure. Similar comments apply
to the determination of Ks for the estimation of the state-dependent coefficient
Unfortunately, (more so when using a nonvector computer), for each the vector p
must be recomputed.

The vector f can be written as

g g gO//.2() g
fi g(O,, Bi)--()@2, BI)--(T’,@,,s B’,)+

s
(02, Bi)4---(@3,s B,)+(F, Bi)

where the O are known functions of y (see (4.2)). The parameters @ and V would
be handled as described above. We would approximate g by g’=’= ga(t), giving

’== g(t), thus reducing the estimation of g to the estimation of a vector in
’. In the vector r, the parameters cr 2 and h may both be time dependent, and would
be approximated in the same manner as g.

The unknowns appearing in the functional are, in all cases we consider here,
either constants or functions of the state u. In the latter case, the approximations are
then analogous to that for p.

Since for a given approximation scheme, (4.1) and (6.1) are equivalent, we can
address the question raised in 4 of existence and uniqueness of solutions, and justify
our statement in 5 that J is continuous in the parameters by appealing to the theory
of ordinary differential equations.

Our parameter set is bounded and, for any parameters, s is a priori bounded in
[_s, ] (this is ensured by construction; see (HN1), (HN2), and associated comments).
Moreover, the dynamics for w are linear in w except for the term involving p; by
assumption on the parameter sets, p is Lipschitz and satisfies [plo<=Kp for some
constant Kp. Thus we can argue the existence of a unique solution by observing that
the dynamics of (6.1) satisfy a local Lipschitz condition. It is easy to argue that the
solution exists for all [0, T].

The continuity of solutions on parameters also follows from a straightforward
argument; rewriting (6.1) as a system in W (w, s), F(W), it is easy to see that
F depends continuously on the parameters, from which it follows that the solutions
do, as well.

To obtain a solution to (’u), we proceed as follows. For a fixed N and M, we
compute and store as many ofthe entries of the various matrices and vectors as possible.
All of the numerical quadratures required for all the matrices need be computed only
once for a given N. All of the numerical quadratures required to form c, and all for
f, except possibly those involving the term F (note that in (3.1)-(3.2), F 0), need be
computed only once for a given N. Forming the vector p is the only computationally
intensive operation (we are currently using a scalar machine; on a vector computer,
this would not be the case).

Given an initial guess q0 for the unknown parameters, we solve system (6.1) for
(w(q), s(q)), obtaining values at the set of times {6}=. This solution is hastened by
the banded structure of the matrices (all matrices are three-banded for linear splines,
seven-banded for cubics). We then evaluate j(qO), which involves (see (,a)) the
term

Io Io’ foVN (ti, y; qO) (t,, y; qO)) dy , Wk(6; qO) Bk dy gO(t,) (y 1 dy.
k=l

Note that the evaluation of .N is a simple computation involving the data s, w, and
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g, and a set of constants that depend on the basis, and therefore are computed once
for a given N. This process is then repeated iteratively until convergence to s.4 is
obtained. We use the IMSL subroutine ZXSSQ (based on the Levenberg-Marquardt
algorithm) to perform the minimization over . For a given qi, the solution of system
(6.1) is performed using the IMSL routine DGEAR (based on Gear’s method).

7. Numerical test examples. Here we present the results of some test examples,
which were motivated by the applications described in 3. We also give examples of
the models ( 3.A.1 and 3.A.2) that do not satisfy (Hff). For each example, we have
tried to follow these governing equations as closely as possible; however, we have had
to make various minor changes (which we indicate below) to obtain analytical solutions.

In each of Examples 1-3, below, we choose "true" parameters and a "true"
solution, which satisfies the boundary conditions and the equation g if; we then
evaluate F(t, y) so that the partial differential equation for U is satisfied (see (2.2)).
Our "data" is then obtained by choosing the set of times {ti}i%, and then evaluating

s(ti), and s(t) .o U(ti, y) dy (or, alternatively, g s(ti) So or, e.g., ti
U(t, 1)).

We have unless otherwise specified used cubic splines to approximate the state
Us (or VS), with N =6, and linear splines to approximate variable parameters (with
various values of M, as given below). All of the computations have been performed
on the IBM 4381 at the University of North Carolina.

Example 1. In our first set of examples, we estimate parameters within the
simplified model equations describing diffusion of a contaminant through a biofilm

layer (3.1), transformed to the fixed domain, as follows:

OU 1 0 OU +-Y + (U)+F(t,
s20y s -y P Y

Ot
y(O, 1), t(O,T];

y=O
g(t);

+ ce2 U(t, 1) h(t), (0, T];
y=l

U(O, y) Uo(y), y [0, 1];

dS-s(t) (T(U(t,y))-T2(t)) dy, t[0, T];
dt

s(0) s0.

We present the results of three estimation problems with variations of the above
equations. As described above, to generate our data we choose the true parameters
and a true solution (U, s), which satisfies the boundary conditions and the equation
g (s, U; 3’); we then compute

OU 1 O /@ OU\ OU
F( t, y) -y)+-y + (U).

0 s20y s --y P

This term F then is not part of the model but is used to obtain an analytical solution.
Also, while in the model of [8] there is initially no substrate in the biofilm layer (so
Uo 0), we have a nonzero initial condition. This change is also made to facilitate the
construction of an analytical solution.
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In [24], linearized dynamics for the diffusion process were considered (i.e., p---0;
this makes the necessary computations much faster). Within this simpler model, an
unknown diffusion coefficient (both time dependent and spatially varying) was esti-
mated. There, data of the form i u(ti, 0) was used. This would correspond, however,
to observations of substrate concentration at the interface between the carbon particle
and the biofilm layer; while this may be of mathematical interest, it is probably not
likely in a true experiment. It is more likely that we could obtain measurements of
substrate concentration at the outer edge of the biofilm layer (i.e., the data would be
i tl(ti, $(ti))) or measurements of total concentration within the biofilm layer (then
the data would be ---") u(t, x) dx). Our first two examples, below, repeat some
of those estimations, using these more realistic data.

Example 1A. We take p-=0, and estimate @, with the true parameter given by
(y)=e-y. We fix all other parameters as follows: g(t)=e-2, a2=l, h(t)=
e-2’- 1 + e-’+1, yl(0) 0/(1 + 0), y2(t) et(e-1- 1). Our true solution is chosen to be
U(t, y) e-’+y- 1, s(t) e’; we then compute F(t, y) -e-’+Y(1 +y) (this is assumed
to be known). Our data is chosen of the form ai" u(ti, s(t))= U(t, 1), with ten values
of time chosen from the interval [0, 1.5]. We use M 5 for the approximation of @,
obtaining the best fit parameter in Fig. l(a). As can be seen in the figure, our initial
guess is 9u= 1. We obtain a residual of 36(6’5)= 0.344 10-1.

1.00

0.80

0.60

0.40

0.20 o
0.00

0.00 0.0
Y

FIG. l(a). Estimation of D(y), M =5.

Example lB. This example is the same as Example 1A, except that we use the
other type of realistic data; our data here is {i} li=l, where ti---Io(s t,) u(t, x)dx=
s(ti) I1o U(t, y) dy, with ten times chosen from the interval [0, 1.5]. Our results from
the estimation are presented in Fig. l(b). Our initial guess for the diffusion parameter
is Du- 1. Using M- 2, we obtain the best fit parameter @6.2 graphed in the figure.
Our residual is .6(@6’2)= 0.176 10-9.

Example 1C. For this example, we use the fully nonlinear problem, and estimate
both p and y. These parameters are assumed to be equal, so that only one parameter
is estimated, but the unknown parameter appears in both places of the model equations
(the biology is such that we expect these parameters to be proportional). The true
parameter is taken to be p(O) y(0) 0/(1 + 0) (we note that in [8] this function is
parametrized as kO/(K+O)). We fix all remaining parameters as follows: 9--1,



MOVING BOUNDARY PROBLEMS 655

1.00

0.80

0.60

0.40

0.20

0.00
0.00 o.go

Y

FIG. (b). Estimation of D(y), M 2.
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0.00
0,(

/

/

2.7_,0...
U

FIG. l(c). Estimation ofp(u), M 5.

g(t) e-2‘, a2 1, h(t)= e 1-2t + e’-’, and y2(t)= -1 + In ((1 + el-’)/(1 + e-t)). Our true
solution is U(t, y)= e-’+y, s(t)= e’, with F (assumed known) then given by F(t, y)=
--(e-’ + e-3’)eY- y e-t+y + e-t+Y/(1 + e-’+Y). Our data is of the form i" U(ti, 1), with
ten time values chosen from the interval [0, 2.5]. We choose fi 2.5 (see discussion in

6), and estimate p 71 over the interval [0,2.5] with M =5. The results of this
example are presented in Fig. l(c). We obtain j6(p6,5, /61,5 ---0.163 x 10-6, having begun
with the initial guess pO(0) 3,1(0) 0.

In Example 1A, approximately 450 evaluations of the function jN are required,
with a total CP time of approximately 90 minutes. Thus the average time-per-function
evaluation is about 0.2 min/FE. Approximately 850 function evaluations are required,
with a total of approximately 300 CP minutes for Example 1C, where we have now
included the nonlinear term. This is an average of about 0.31 min/FE.

Example 2. This example is chosen to represent the elongation of the acrosomal
process, as described by (3.2). The model equations (transformed to fixed domain and
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then to homogeneous Dirichlet boundary condition) are

OV 02% g
(y_l) OV+Ot--s2 0y2 -y F(t,y,s,g,,g,),

v(t, o) o;
v
----(4 1) + a( t) V( t, 1) h(t),soy

t(O,T], y(O, 1);

6 (0, T];

V(O, y) Vo(y), y [0, 1];

ds
dt

yl V( t, 1) y2, t[O, T]"

s(O) So.

We set k -k-1 1. We replace Uo (a constant in the model of [26]) by the time-
dependent function g(t) (it is then no longer equal to the initial condition for u, which
is also nonconstant here), and we add a nonhomogeneous term F, all to obtain an
analytical solution.

In this example, we estimate the boundary terms a and h (we assume that they
are equal; as can be seen in the model derivation of [26], they should be proportional).
The true parameter is chosen to be a(t)- h(t)= 5e -t. The other parameters have all
been fixed at 2, g(t) 1/(1 + t)2, 71 1, and 72 1. The true solution is chosen to
be s(t) 2 t2/(1 + t) and

U(t’Y)=(l+t)----5- 2
y(y-1) 2-1+ (l+t)---I

and then F (assumed known) is calculated as F( t, y) Ut 9/ s2) Uyy g/ s)(y 1) Uy
(an explicit expression is very unwieldly and not ofmuch interest). Finally, we calculate

4 1 (gN 1 )(Y-l)2

F--(SN)2 (l+t)+2 ’+(l+t) (l+t)2+F(t’y)"

Note that in the calculation of F, we use the "true" (known functions) s, U, while in
F we compute with the current approximation.

6.00

15.00

4.00

hN’I

3.00 h
h

2.00

1.00

0.00
0.00 0.50 1.00

FIG. 2. Estimation of h, M 5.
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We use data of the form i (s(ti)-So), collected at five times from the interval
[0, 1.0]. We approximate h a over the interval [0, 1.0] with M 5, starting with an
initial guess of h= a= 1. The best fit parameter we obtain is graphed in Fig. 2, along
with the initial guess and true parameter. Our residual is j6(06’5 h6’5)=0.114x 10-11

For this example, approximately 400 function evaluations are required, with a
total CP time of approximately 27 minutes. The average is 0.07 min/FE. Note that, in
contrast to the biofilm (Example 1), this model equation lacks the nonlinearity p, and

is linear in V.
Example 3. We present a set of examples based on the model equations (3.3),

which describe the diffusion of solutes through glassy polymers. In the transformed
variables (fixed domain, homogeneous Dirichlet boundary condition), our version of
the model equations is

OV 02V g OV-- +-y +/(t, g,,g) y6(O, 1), t6(O,T]"
Ot s-- Oy2

S -y y, S,

V(t, 0) 0;

@oV
(t, 1) + g(t) V(t, 1) -g( t)o’( t), (0, T];

s Oy

V(O, y) Vo(y), y [0, 1];

ds
y(V(t, 1)), t[O, T];

dt

s(O) So.

As with previous examples, for the purpose of obtaining an analytical solution we add
a nonhomogeneous term F to the equation. In the two variations presented below, we
estimate the nonlinear term 3’ and/or the initial states Vo and So.

The true 3’ is given by 3,(0)= 202-1/203, and the other parameters have been held
fixed (assumed known) at fi 1, g 1. In each example below, we choose the true
solution U, s and then evaluate and hold fixed (assumed known) the parameter
tr(t)=-(1/sg)Uy(t, 1)-U(t, 1). As in Example 2, we construct F(t,y)=
Ut-(/s2)Uyy-(g/s)yUy, and then obtain

2 gN

=’sN’----5+t 2-ffy(y-1)+F.
Example 3A. We first estimate 3’ without a priori parametrization. We approximate

this parameter using linear splines with M 8. We choose the true solution to be
U(t, y) 2e-’y + (y 1)2, s(t) 1/2(11 12e -2’ + 4e-3t), and hold the initial conditions
fixed (assumed known). Since we know the true solution, we choose fi =2.0 for the
interval of approximation of y. The data we use is of the form i "-(s(ti)- So), collected
at ten times from the interval [0, 2.5]. In Fig. 3(a), we graph our initial guess, the true
parameter, and our estimated 4/6’8. Our residual is j6 0.114 X 10-8. This example takes
approximately 10.5 CP minutes, with an average of 0.04 min/FE.

Example 3B. In this example, we estimate both y and the initial conditions. To
reduce the size of the parameter space, we choose an a priori parametrization for 3’
and approximate Vo with linear splines using M 2. We parametrize 3’ as 3’(0)=
CO "[" C10 -[- 202 -[- C3 03; the true parameter is then c (0.0, 0.0, 2.0, -0.5). The true solution
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FIG. 3(a). Estimation of % M 8.
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FIG. 3(b). Estimation of initial state, M 2.

is U(t, y) e-ty + (y 1)2, and s(t) (11-6e-2t + e-3t); thus, the true Uo is Uo
y + (y- 1)2 (so that the true Vo(y) is given by Vo(y)= y), and the true So 1. Our data
is assumed to be of the type s (s(ti) So) and ai--- s(t) 1o U(ti, y) dy, collected at ten
times from the interval [0, 2.5].

Our initial guesses for So and c are 3.0 and (1.0, 1.0, 1.0, 1.0), respectively. The
initial guess, as well as the true and estimated Uo (obtained via the transformation

,*6described in Remark 4.1) are graphed in Fig. 3(b). Our estimate for So is s o 1.0000
and for c is 6= (0.00000,-0.00005, 2.00021,-0.50026). We note that the "true" and
approximate Uo are indistinguishable because the "true" Vo (Vo is the quantity with
which we perform our estimation procedure) is, in fact, linear, so we are able to

^Mrepresent it exactly within the approximation space. Thus the transformation from Vo
to o gives us an essentially exact reconstruction. Our residual is .6=0.542x 10-1.
This example requires approximately 8 CP minutes with an average of 0.01 min/FE.
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Example 4. We consider a slight modification of an example ofthe Stefan problem,
which appears in [15]. The transformed model equations are

OU 1 0 [@ OU\ g OU
[ --y)+-y, ye(0,1), te(O,T];

Ot s 0y s Oy

IOU
-(t,O)=g(t);
s Oy

U(t, 1)=0; (0, T];
U(O, y)= Uo(y), y [0, 11;
ds 9 0U

(t, 1), /6[0, T];
dt s Oy

s(0) So.
The parameters we consider unknown here are 9 9(t), and the initial location of
the boundary So. We approximate the time-varying coefficient with linear splines with
M 5. The true diffusion coefficient is 9(t) cos t, the parameter g is assumed known
and is given by g(t)=-exp(l+sin t), and the true solution is given by U(t,y)=
exp ((1 -y)(1 +sin t))- 1 and s(t) 1 +sin t.

Example 4A. Here we take for our data, observations of u(ti, xj) at six times in
[0, 1.0] and at x =0.0, 0.25, and 0.50. We estimate both 9 and So. The initial guess,
approximate and true coefficient are all plotted in Fig. 4(a). For the initial boundary
location, we guess s 0.3 and obtain the estimate #o 0.9933 (the "true" value is 1.0).
The residual is #6(6,5, go)= 0.104x 10-3.

1.20

1.00

0.80

0.60

0.40

0.20

0.00
0.00

DN,M

0..0 I.(0

FIG. 4(a). Estimation of D( t), M 5.

Example 4B. Here we take the more realistic data set u(ti, 0) with six times from
[0, 1.0]. Estimating only 9, assuming So is known, we obtain the estimate shown in
Fig. 4(b). Here our residual is i6(6’5) --0.276 x 10-6.

Example 4C. Finally, we use the data u(ti, 0), with ten times from [0, 1.0] and
estimate both 9 and So. Our initial guess, approximation, and true diffusion coefficients
are plotted in Fig. 4(c), and our initial guess and estimate for So are given by So 0.3,
#o 0.985. Here our residual is #6(6,5 ,0) 0.500 X 10-5

Example 5. Here we consider the oxygen diffusion equations (3.5). We obtain our
"data" from [10] (the numerical results of many authors are reported in Crank [10]).
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FIG. 4(b). Estimation of D(t), M- 5.
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FIG. 4(C). Estimation of D(t), M 5.

For our states, we use both cubic and quintic splines (note that linear splines are out
of the question, due to the form of ); quintics are superior and used in all examples
reported here.

The original equations (3.5) are equivalent via the change of variables (see [10,
p. 20]) X X/So, ’= (D/s)t, w (D/(ps))u 2u, and S= S/So to the following
system:

Ow OZw
1, X[O,S(’)], ’e[O,T];

OW

ox (’ o) o;

w(’, S(’)) 0, 7"e [0, T];
w(0, X) 1/2(1 X)2, X e [0, 1 ];
dS 0 w

d---- -OX (’, S(’)), " [0, T];

S(0) 1.
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Let q p; we can see that, having only observations of u (a solution of (3.5)) at x =0,
at a series of times ti, is equivalent to having observations of 1/2w (where w satisfies the
system given above) at X 0, at the series of times ri (q/2)ti. Since the above system
contains no parameters, it is clear that we could only hope to estimate the time-scaling
factor q. Thus, at least for the simplified model equations of (3.5), while there are
several parameters that could be unknown and of interest to estimate, it will be possible
to estimate only one.

We do this successfully. In one example, we choose the true q 2.0 and have data
at six values of time within [0, 0.16], all at the left boundary (x X 0). Beginning
with the initial guess q=0.3, we obtain the estimate q6__ 1.999947. Our residual is
j6 0.290 x 10-9.

In several examples, we also try to estimate two of the constants D, p, and So,
while holding the third fixed. In all cases, we obtain convergence, but not to the "true"
parameters; as expected, there are equivalence classes of parameters, so that, for
example, having estimated / and 0, we obtain convergence to values satisfying
g= p*(s*o)2 (where the * represents the "true" value).

8. Conclusion. For moving boundary problems within a certain class, we develop
an approximation method for the purpose of estimating unknown parameters, given
observations of the system. We prove that the approximations converge in a sense that
guarantees that the estimates we compute by fitting the approximate model equations
to the data give relevant information to the true estimation problem.

We choose a set of test examples to illustrate the efficacy of the method. We
estimate variable parameters without the necessity of assuming a priori parametrizations
(both space and time dependence); these parameters may appear in the partial differen-
tial equation or in the boundary conditions. We estimate unknown initial conditions
and nonlinearities (i.e., state dependence), again without the necessity of a priori
parametrizations. We use several types of data corresponding to various experimental
observations.

In addition to numerically demonstrating the results we have proved theoretically,
we present evidence that the method could be useful even in cases for which there is
no theory; specifically, we use data sets that involve a stronger topology than that of
our convergence result, and we successfully estimate parameters in models for the
Stefan problem and oxygen diffusion. We are currently exploring a variation of the
method discussed here, which may be applied to the Stefan and oxygen diffusion
problems, and for which theoretical results can be proved.

Appendix. We present here the proofs of Propositio.n 4.1 and the theorems of 5.
Proof of Proposition 4.1. Fix qe. Let (V, s) and (V, g) be two solutions of (4.1);

i.e., for each e (0, T] and all & H(0, 1), V(t,. H(0, 1) and s satisfy

ov 1 ov o6 1
 lV, /v, ,6)--, d - ’ Oy’ s s \--y d) +-s

1
+(p(V-F), &)+(F(s, g), &)+-(-a2V(t, 1)+ h)b(1),

S

ds (s, V #(g)" r)
dt

V(O, y)= Uo(y)+ #(0, y, g),

s(0) So,
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and l(t,. H(0, 1), and g satisfy

+(p(-fi), &)+ (fi(, ), )+ (-a2(t, 1)+ h)&(1)
S

dj= #(g p_ #(g); r), (o, y) Uo(y)+ (o, y, g) (o) o.dt

Subtracting the above equations and setting W V- r s- , we have

Oy’ s s X +
s Oy

a2s W(t, 1)(1)-a2(-)l’(t, 1)(1)+h(-)(1),
d__r= (s, V- (g)" F)- o(, I’-/(g). F)
dt

W(O,y)=--O, r(0)--0.

l(h)2r2C+-c - +- W2( t, 1).

r2
1 ra c llO_l l(U(g)2ll/--2c lY’llll’ll =(s>2 / + x s /

+= c 2 oP 2

+ wll(A.)
2 wll =+ 2s2 2

r2 Lip 2

+2c wl[=+ + wll=+p

C

+-2 (s, )- F(, ;)11 +2c WII 2

W(, )+ p(, )r c

Now we choose & W and use the fact that for any constant c > 0 and f, g e H(O, 1),
we have (f, g><-(1/2c)l]fll=/(c/2)llg]] to obtain

2 dt Wll2<
c 0W

$2 2CS2 wll=+
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Using (H), we bound t: by I:[-</x( V-/31oo, r)lrl + (11, r)l wl+, from which it follows
that

Cd =(11, F) r2 +-iwl=dS (r2) N (I V- 1, F)r + 2 2

(I v- #1 r)r + + c + cll wll2c

Finally, it is easily seen that there exist L(O, r) such that

II(s, )- (, )11 , - + + 3 S-- + 4

z r2 ((g))2 ()2<
(s +) r+ +23 r + 23(s)4 (s) ss

24 2 r2.

Combining all of the above estimates, we obtain

5 d(llwll+ ) -+5c + ---+Cs w2(t’l)

+ 2c+ + +o+2c+ + c 11

+ I1

+-
2 sg /

(S-F )2 1

(s)--/ llll ll (s)---

Oy]l +1(]-) I10yy]l + CI (S + if)22(Sff)4

+2---+cg3 s }

-1
t- C63 -t-

$2 /

--<_--- c +---+Cs (t, 1)

"F "F/9 Lip -I" + c Wll+cc s cc 2c

--+2c c63 SS~
-F C64 -F-C 17"2(t, 1)+cc

({()2 1} Oy_yll2 (/.Lip)2__2
-FC "1" - -t- (3 T

2c 17’2(t’1)+cc
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Now we choose c such that the coefficients in front of [[(0 W)/OylJ 2 and W2(t, 1) are
nonpositive, and therefore conclude that there exists a function to LI(0, T) such that

d
(11 wll = + r2) --<  o(11 wll = + r2) for a.e. (0, T].

Since we have zero initial conditions for W and r, the Gronwall inequality implies
that W 0, r-= 0, and this proves the uniqueness.

The polymer example (Example 3.3) must be treated slightly differently; here we
have h(t)--tr(t)g(t) and a2(t)= g(t). As with the convergence arguments of 5, we
must make use of the specific form of . As described in the paragraph following
Theorem 5.3, we rely on the (physically reasonable) assumptions that y is positive and
nondecreasing and that the solution satisfies V(t, 1) >_- 0.

We begin the uniqueness proof in the same way; however, the last line of equation
(A.1) is now

-g- W(t, 1)th(1)- ’’(
S

t, 1)th(1)- tr th(1),

which, with the choice b W, becomes

g 1-_g_ W2(t, 1)+--(Q(t, 1)+tr)W(t, 1)r--(g-)(Q(t, 1)+tr)W(t, 1)
S SS S

<-g- W2(t, 1)+ r2+ W2(t, 1)

-1 (Q(t, 1) + tr)(y(V(t, 1))-T( Q(t, 1))) W(t, 1).
S

Because 3’ is nondecreasing, we see that

(y(V(t, 1))- y(lT"(t, 1)))W(t, 1)= (T(V(t, 1))-y(Q(t, 1)))(V(t, 1)- 17"(t, 1))->_0.

Moreover, V >- 0, o- > 0, g> 0, implies that

-g- W2(t, 1)- (Q(t, 1)+o-)W(t, 1)
S

gW2 1 (g(Q(t, 1)-f-o-))
2 c

<-- (t, 1)+ r2+ W2(t, 1)

We replace the last two lines of inequality (A.2) by the right-hand side of the above
inequality. Then the coefficients change, but the arguments are the same. [3

To make the proof of Theorem 5.3 somewhat shorter and clearer, we prove some
of the necessary estimates in the form of lemmas. In the first lemma we obtain a bound
on the nonhomogeneous term (arising from the change of variables used to obtain
homogeneous Dirichlet boundary conditions) in terms of parameter differences and
states.

LEMMA A.1. Given , s CI[0, T] satisfying (HN1) and (HN2), b H(0, 1), and, q , and given any positive constant c, it is possible to determine a set of constants
off.LipCi and a set offunctions mi in H(O, T), which depend on _s, g, Ks, v2 l, and c, but
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not on q, such that

((, ) ff;(s, q), dp) <-- m[, g12 + C[, 1+ C:zgl 1+ C3gl/’
+ C4g2] 2() 2()]2+ cll =
+ (m2 + m3g + C6g2(2(g))2)[ sl
+3c + CTgCl l+ 2cg -Proo Beginning with the definitions of and (see (4.2)), usingan integration

by pas and the Nct that by construction H, we calculate
((g )-(S, q), )= {(- )((. 1)2,

__2g

+ -g (.(.-,

The first bracketed quantity can be bound as (-){(.-1), >1-1+1111.
Consider the second bracketed quantity

=e - .-1, + -.-1,

Using the fact that for any constant c>0 and g H(0, 1), it is the case that

< g>z(1/2c)llfll=+(c/2)llgll =, we can then bound this term as

.- 1, - .- 1,- + +--cs4 -+c
With Nher manipulations and applying triangle inequalities, we obtain

c (s)=l(s=-=)+(-g)=l=+l-lL+2cc4 IIII

cs2_ (21lls-1 +21 gl)+--c I + 2c

(ll4el el + e41- gl)+I el +e

In an analogous manner, we can bound the third bracketed term in (A.3) as follows:

< 1 I gl + Is 1 0
c#

+c +2c#2[,-
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We now obtain the following bound for the fourth bracketed term in (A.3)"

2 - g
((.-1) ch)<--_c-(,:-g:)+(s-) +-]]cl[ 2

S SS C

<
2cg2(2(g))2 1

+(-g)(s) + g((;)- ())+ g((;) ())

<
2cg((i)) 1

C

4c(:(;)): 12 8cg2

12
8cg2(iP)2

+ , ;-1.
Recall that, by assumption, 2 is continuous in its argument, and ; is bounded.
Therefore we can bound the quantity (2(;))2 by a constant. Finally, it is easy to
obtain the following bound on the last quantity in (A.3)"

2 g- <.(.-) >,xl-g+2cg- +-

By combining the above estimates, we obtain the stated result.
Our second lemma gives us a bound on differences in the functional describing

the dynamics of the moving boundary. The proof of this lemma is a straightforward
application of the triangle inequality and the propeies of and is therefore omitted.

LEMMA A.2. Given , s6 CI[0, T] satisfying (HN1) and (HN2), Q, V L(0, 1),
F, F , and satisfying (Hff), it follows that

and

(, f,, p) _! (, v, r) :{ (
+ _- I-s +412(s, Irl,)l- vlL.

ProofofTheorem 5.3. As our hypotheses (HE1) and (HA1) guarantee that I[pNv
VII2- 0, as N- ee, it is sufficient to prove that IIP’V v’" / Is s’’12- o, as

N, M- oo. Our proof of this convergence statement involves use of the Gronwall
inequality. Our goal is to obtain a bound on (a/ar)(llPV v,ll+l-,’l)in
terms of ([IP’V v’,’ll=/ls-s’"12) and various quantities, which, due to our
assumptions about parameter convergence and about the approximations, converge
to zero in an appropriate way. We begin with the observation that

(t (pNv-- vN’M)’ c)--(PNOV_t dp)( at

Since, for any ckHu, (pU(av/at), ck)=(ov/at, ok), we can use (4.1) and (4.1 u) to
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write the following.
For & e HN-- (PNV- VN’t)’ + - (-) Oy’ - 0

(sN’) Oy

1 ( o+ (sU,) (e v-v,

S S

+ , ( PV), o4
S

+s, w?(PV v,
1 ))(

(1 1 )(,N, (OV+ ,
s s /
1 ,(+ , wY( (v-PV),

S

+ ,wY( (P ),
S

+ ] , + , (v-ev),

’ ( o v, )+s, (ev- ),

+ (( v ()) o v ()), )
+(o(v-())-p(ev-()), )

+(o(v,-())-o(v,-(g)), )
+((s, )-(s,, q), )

+-(-a)v(,l)()+ , v(,
S S

M
2
sU, (v(, 1)-ev(, ))()
M

a2 VN,4

sN,4 (pSv(t, 1)- (t, 1))d(1)

1 (ll)4b+-(-h4)th(1) + s,4 h (1).
S S S
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Choosing 4 PNV( t, ")- vN’M(t, ) HN in the above, and rewriting slightly, we can
see that for each [0, T],

ld
2dr

a4’I ,M--(lla[l+(s-"’’)) a, +(- )(-

1( 0___V 0y$)_-s- (_M) oy, --(SS
1 N,)2 ( OV, O)N,M)2((S --S2)

Oy -0

(s,,) ’ Oy’

(s N’M)
(pNv- v),

((1 1) V, 0y) 1 N,M ( Oy) 1 (rlb, O.y)- -ss,,, ( -s v, -s
+ ,M M(PNV- V),

Od,b

+-(%()- r()) 4, +-(r()-r( ))\v- 4,
s Oy’ s

1 (OV, ) 1 oII(N,M+
s
,, (s,’ s) r’(,’ \ 4, + ,

(A.4)

+-(a- c2)V(t, 1)b(1) +
S SS

,M (s--sN’M)a2Mv( t, 1)b(1)

M M
O 2

S-,M (V(t, 1)-PNV(t, 1))4(1)- sU,Ma2 (4)(1)

+-(fi-h)4(1) + N,M (S -s)hMcb(1)+(s-s
S SS
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Again, we use the fact that for any constant c>0, we can write (fg)<-_
(c/2)llfll-+(1/2c)llg[12; moreover, the properties ofq and (HN1)can be used to
see that

d

d-5 (ll + ( ’))

_$2

C_S2 y
1+--IvUI = IIPV vii =

CS
2

2  ]12av i=()_,()1=+1111

2 1I- N’"I2+- 114’ 112+c s

+1111=+
S

=
+ II = + [v(’,’)1=

c= I111 =

+-I1,,11=+ v-- pNv)

+ I111 = +K
2

4, = +2 + I1( v- ’())-,o (v- (#))11 =

-4- (p Lip)2 V- pNvII= 4- (p Lip)2 b 2-+- (p Lip)2 () ’(g)11 =-+- 411 2

+ 2(/(s q)_ ,(sN,M, qM),
CS

()=1 v(t, 1)l2
CS

4 I:-’"1=+ 14,(1)1=+
CS

IV(t, 1)--pNv(t, 1)12+cl(1)l

+lfi_l+l()p+()=l,,-_ +1()1=+_1_
CS

2
CS

4
C

By assumption (HE1), there exist /, and /2 such that /,--supt[O,T]ll(ov/oy)ll 2

and /2 sup,.[O.T] V[I 2" Under the hypothesis of parameter convergence, it follows
that there exist constants D, V1, V2, , h, and c/, independent of M such
that supt.tO,T I1%_-< z, supte[0,T] I,1%_-< 91, supte[0,T] IV2(N’)l=--< 92,
sup,to.r] (gU)2 =< g, sup,,to.r] (hU)2=</, and sup,to.] (a)2--< a. Now, collecting the
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terms containing g and gN,M (including those arising from the bound on (/6(s, )--
/(SN,M, qM), 4} derived in Lemma A.1), and using Lemma A.2, we obtain

0 11 ) (110  2 + 1 +2C7(gM)2 CJg--N’MI2+ +4(gM)2
C

K + 1 + 2C7 c](s, V- (), F)

(s., p.[ v, (g], rl

+(K1 +4)C
1 U,M vN,M M FM 12! (, v- (), r)- ,, :(s p[ (g )]

S S

2(K, +4)
2

+ 4/x2(1V -/()1oo, Irl)l ’1

+4Ae(sN’M, Irl)l v-()-p,r v’

c{21o(s, v- (), r)- 2,(, v- (), r’)l

+ 42(I v- ()1oo, Ir I,) + Is- ",12

-F 4,,2(s N’M, Ir’ I,)1 v f(,)-p,.rv’,

By assumption, the FM’s range over a bounded (in the topology) set, and by (HN1),
IsU’M[ is bounded uniformly in N and M; therefore the continuity of/x and , imply
the existence of a set of constants C such that

’2 + 1 +2C7(gM 1- M + +4(gM)2
C ;

c’,l(, v- (#), v)- (, v-(#), v)12+ cl,-,,[
+ cc;I v- f(#) p,. v, f(g

= cil(, v-(#), v)- (, v-(#), v)[2+ cl-,l2

+2cc&l(v- ())-pi.E v- ()]lG
+ 8cc1 v- PvlL+ 8c;11%+4cc;l(g)

cl(, v-(#), v)-(, v-(#), v)12+ cl-.l2

+ 2cc;1( v- f(#))-p,. v-
2o

+ a6c&ll v- Pv[I 2 + 6cc (v-



MOVING BOUNDARY PROBLEMS 671

Incorporati.,ng the above estimate and the terms remaining from the estimate on
(F(s, ) F(s N’M, qM ), b) with the previous estimate gives us a statement ofthe desired
form, below:

d _sN,M 2)< to2ls-s +e +Rp. (t)+R(A.5) (llll=+(s =,llll=+ N,M]2 ap (t,

where we have defined the following quantities"

2
Lip)2m V+ V2+ K+8+_+(p +2C5+ 10c+ 16cC3,

CS C

4e61+ Vl Vlm2(t) + s4 + 2m(t) + 2gm(t) +2C6g
CS CS

4

2ff(1+2) 2+ + -+C
CS

4
CS

4 +
C

2Dr
g2 +25c+ 16cC’3,

RprM (t)= +2gC2 I-MI2oo+ +2gC3 I,-ll

2(K + K2) 1

CS CS
2

+ c;l(s, v- (g), v)- (s, v- (g), r")l
+2cc;l(v- (g))-p;[ v- (g)]iL+4c;l(g)- k(g

Rapp (t) (pNv- V) c4 _s@+-+c2 16cC;

+[[PUV-VII{+(0uP) --+2 16cC}+ cx
Finally, we choose c so that e < 0, obtaining the desired estimate

d
d([lPV- v’MII2+IS--s’MI2)(t)(IIPV v’MII2+Is--s’MI2)+N’M(t),

N,M N Mwhere we define a( t) + 2( t) and aM t) Rpar (t)+Rap (t)" Now the Gronwall
inequality can be used to see that

(llPV v’MII=+Is--s’MI=)(IIPV v’MII=+Is--s’MI=)It=o

+ el;(e’(s) ds.

At =0, we have IIPo-vgll+lo-sgl o vgll+lo-gl0 as N,, by the assumption of parameter convergence. It is easily verified that m L(0, T);
therefore it is clear that the first term in the above bound approaches zero as N, M .
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It is also easy to see that flN’M(t)’0 as N, M- o, for each t; this follows from the
assumption of parameter convergence, the continuity of F, and hypotheses (H), (P1),
(P2), (HA1), and (HA2). Finally, it is straightforward to check the conditions for
the Lebesgue dominated convergence theorem, and then we obtain the desired
conclusion.

Proofof Theorem 5.4. We proceed as in the proof of Theorem 5.3, beginning with
(A.4); however, we must treat differently the two boundary terms containing
and h’, hM, now assumed to depend on g and gN,M:

11 (a2M_ c:)V(t 1)b(1)+_ (/_ h)b(1
S S"

1 MsN,_1 (N,M__g)V(t 1)b(1)+- (-c+ cr )b(1)
S S

V(t, 1)b(1) (gN,M _g) _b(1)t (g__gN,M)__f(1)gN’M (.__o.M)
S S S

(..!) (v(t, )+)(g,_)+[(1)[K ]_1
S S

C
<
(1)

(V(t, 1)+)(TM(vN’M(t, 1))-(V(t, 1)))+ I(1)l2

S

+27 I-

(V(t, 1)+) VS,

+ ({( (e v(,- (v(,

c
+-I()1+ Is-l

+- ([7(pNv(t, 1))-7(V(t, 1))12+ 17(V(t, 1))

(V(t, 1)+) 7M p Vs,

+- ((TLip)2IpNv(t 1)- V(t, 1)I2+ITM(v(t, 1))-(V(t, 1))l)
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Since V(t, 1) U(t, 1) _-> 0, ) implies that -> 0, and 3M cg implies that 3M is a
nondecreasing function for every M, we can conclude that the first term in the above
inequality is negative and can therefore be dropped. We can then conclude that for
some constants Ci, which are independent of N and M, it follows that

l(a-2)V(t 1)b (1) +-1 (/- hM) b(1)
s s

<--C,I[pNv VII2+ 2 -y (pNv- V) +31"M(v(t, 1))--3(V(t, 1))12

These terms would then be incorporated into expression (A.5), with the appropriate
changes in the definitions of w, w2, e, R’ and s’

pa Rapp and then w and fls’. The
proof follows exactly as that of Theorem 5.3.
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A LINEAR PROGRAMMING APPROACH TO THE SEARCH GAME ON A
NETWORK WITH MOBILE HIDER*

EDWARD J. ANDERSON’ AND MIGUEL ARAMENDIA"

Abstract. This paper discusses a search game on a network Q with two players, a searcher and a hider,
who each move with continuous trajectories starting from different points subject to a maximal speed and
termination time T. This is a zero-sum game with payoff given by the time elapsed until the searcher reaches
a point that is occupied by the hider (if this happens), and T otherwise. The problem is formulated as an

infinite-dimensional linear program, and the extreme points and the reduced cost functional are studied.
An algorithm is derived for this problem, and how it works on an example is demonstrated.

Key words, search game, infinite-dimensional program, extreme point
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1. Introduction. We are concerned in this paper with the following search game,
which was originally suggested by Isaacs [9]. The search space Q is a connected
network of finite length, with no crossovers except at the nodes, and two distinguished
nodes, denoted by O. and Oh, known by both players, the searcher and the hider. A
pure hider strategy and a pure searcher strategy are continuous trajectories that, starting
at O. and Oh, respectively, at the time 0, move along Q with speed less than or equal
to 1 until time T, where T is the termination time of the game. Neither player can see
the other. The capture time, which the searcher seeks to minimize and the hider to
maximize, is the time elapsed until the searcher reaches the point that is occupied by
the hider (if this occurs), and T otherwise. This scheme defines a two-person zero-sum
game with the capture time as the payoff function.

As a stepping stone to this problem, Isaacs proposed the simpler problem where
Q is the boundary of a circle. This game was solved by Alpern [1], Foreman [6], and
Zelikin 11 with different formulations of the initial conditions. Some versions of this
game with a fixed termination time were considered by Foreman [7]. These authors
give results in terms of the mixed strategy, called the cohato strategy (short for
coin-half-tour) that consists of oscillating at speed 1 between a given point and its
antipode, each time choosing equiprobably between the counterclockwise and the
clockwise directions.

The search game for the network consisting of two nodes connected by three arcs
of equal length has been solved by Alpern and Asic [3]. The value of the game is 3,
and the strategy considered for the searcher randomly oscillates at speed 1 between
the initial point and its antipode. The strategy for the hider is similar, except when
the same arc occurs consecutively; he waits a small distance 6 from the intervening
node for a period of length 26 and then resumes the oscillation strategy. For both
games, the hider does not have an optimal solution, but can achieve an e-optimal
solution.

Gal [8] proved that the search game on a network has a value, say V, and
conjectured that F-< V_-< 2F, where F is the length of the network. A counterexample
to the conjectured upper bound was given by Fitzgerald [5]. He proved that for any
positive number k, there exists a network with length F with value greater than kF.

Received by the editors May 23, 1990; accepted for publication (in revised form) March 7, 1991.
? Management Studies Group, Department of Engineering, University of Cambridge, Cambridge

CB2 1RX, England.
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The conjectured lower bound is also incorrect, as has been shown by Alpern and Asic

[2] for the figure-eight network.
Our contribution is the study of the linear programming problem to which this

search game leads. We construct an algorithm for the solution of this search game and
give one example of its performance.

2. Formulation of the game. Formally, we consider Q with the topology induced
by the distance d, where d(x, y) is defined as the length of the shortest path in Q
between x and y. We say that a trajectory s in Q has maximal speed 1 if

d(s(t,),s(t:))<=lt,-t21, for all t,, h[0, T].

It is clear that if s has maximal speed 1, it is continuous on [0, T]. The set of pure
searcher strategies and hider strategies are defined as follows:

TS={s C([0, T], Q): s(0): O, d(S(tl),S(t2))<-ltl-t:l, for all tl, t:6 [0, T]},

TH {h C([0, T], Q): h(0) Oh, d(h(tl) h(t:)) _-< It,- tl, for all t,, t: [0, T]},

where C([0, T], Q) is the set of all continuous functions defined on [0, T] with values
in Q. We consider TS and TH endowed with the inherited topology from C([0, T], Q)
defined by the distance

d(f, g)=max {a(f(t),g(t)): tel0, T]}.

TS and TH are obviously Hausdorff spaces, and it is easy to prove that they are
compact using the Ascoli theorem.

The payoff function for a pure searcher strategy s and a pure hider strategy h is
defined as follows:

T]} if it exists,
K(s, h)

T otherwise.

It is worth noting that if there is a [0, T] such that s(t) h(t), then since the function
f(t)-d(s(t),h(t)) is continuous on [0, T], the set {t[0, T]: s( t) h( t)}=f-’({O})
is compact, and therefore K(s, h) is well defined. Moreover, if ’= K(s, h)< T, then
s(’)=h(’). It is easy to see (Gal [8]) that for any fixed he TH, K(s,h) is lower
semicontinuous on TS, and for any fixed s TS, K (s, h) is lower semicontinuous on TH.

A mixed strategy Ix(v) for the searcher (hider) is a regular Borel probability
measure on TS(TH). We denote by P(TS)(P(TH)) the set of all mixed strategies.
The value of the payoff function for the mixed strategies tx P(TS) and v P(TH) is

f K(s,h)d((s),v(h))-fl K(s,h)dv(h)dix(s)
TS TH TS TH

We write K(s, v) for fr K(s, h) dr(h) and K(Ix, h) for rs K(s, h) dix(s).

3. The sseted ler prgms. We next consider the two linear programming
problems that this dynamic search game yields. In the game, if the hider chooses the
strategy v, then he is certain of obtaining at least V()=inf{K(ix, v): IxeP(TS)}.
Thus, since

K(Ix, v)= / K(s, v) dix(s)
TS

_->inf{K(s, v)" s TS},
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we have
V(v)=inf {K(s, u): s TS}.

The hider wishes to choose v to make V(v) as larger as possible. This problem can
be expressed as the following linear programming problem:

maximize

subject to IrH K(s,h) dv(h)>-a, for all s TS,

v P(TH), a R.

Clearly, the optimal value of the. problem is the value of the game. Since the value
is positive, taking v’=(1/a)v, and since rHdv’(h)=(1/a) rHdv(h)= l/a, the prob-
lem becomes

(HLP1) minimize f dv’( h
TH

subject to IrH K (s, h) dv’(h) => 1, for all s TS,

v’>-O, v’ M(TH),

(SLP1)

where M(TH) denotes the set of all regular Borel measures on TH.
Similarly, for the searcher we obtain the problem

maximize J-s dx(s)

subject to f K(s, h) dtz(s) <= l, for all h TH,
TS

tx >= O, tx 6 M TS),

where M(TS) denotes the set of all regular Borel measures on TS.
Following the framework of the duality theory described in Anderson and Nash

[4], we see that these problems are dual to each other with respect to the dual pairs
(M(TS), F(TS)) and (M(TH), F(TH)), where F(TS) and F(TH) are the spaces of
all real-valued functions defined on TS and TH, respectively, which are integrable for
all regular Borel measures on TS and TH, respectively. Thus the weak duality theorem
implies that if z is a feasible point of (SLP1) and u is a feasible point of (HLP1),
then ITs dtx(S <= ITHdv(h). A special feature of these two problems is that there is no
duality gap since both have the same value (precisely 1/V with V the value ofthe game).

4. Feasible points. The duality of (SLP1) and (HLP1) means that we could
approach the solution of the problem by seeking an algorithm for either version.
However, a necessary part of such an algorithm is an effective procedure for checking
the feasibility of a solution. This proves much harder for (SLP1) than for (HLP1).
Consequently, we will now concentrate on the hider linear program.

Introducing a slack variable z, the problem (HLP1) becomes

(HLP2) minimize / du(h)
TH

subject to f K (s, h) du(h) z(s) 1, for all s TS,
TH

v>=O, vM(TH), z>=O, zeF(TS),
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where, as before, M(TH) denotes the set of all regular Borel measures on TH, and
F(TS) denotes the set of all real-valued functions defined on TS, which are integrable
for all regular Borel measures on TS. By definition, the feasible region of (HLP2) is
the set

{(,z)eM(TH)xF(TS)" z(s)= fT. K(s,h) du(h)-1->0, u->0}.
We say that u is a feasible point if (u, z) is a feasible point of the feasible region of
(HLP2).

Our attention is focused on atomic measures. These correspond to mixed strategies
in which the hider selects from a fihite number of possible trajectories with some given
probability distribution. Let u be an atomic measure concentrated on hi," ", hn with
masses ,1,. ., ,n, then u is a feasible point if ,i >--0, for 1,. , n, and

z(s)=AK(s,h)+...+A,K(s,h,)-l>=O, for allsTS.

Since the masses are nonnegative and K(s, hi) is lower semicontinuous on TS, the
slack variable z is lower semicontinuous on the compact space TS and therefore has
a minimum on TS. We will show that this minimum occurs in a given finite set
independently of the masses

To begin, we suppose that u is an atomic measure concentrated on a single point
h with mass A. We wish to define the searcher trajectory that meets hi quickest. Let
g be defined on [0, T] as g(t) t- d(O,, h(t)). Then g(0) -<0 and g(T) > 0 (we assume
that T is greater than the maximal distance between points of Q). Thus, since g is
continuous, there is at least one where the function g takes the value zero. Let tl be
the first time at which h(t) is a distance from Os, i.e., t =min {t: t[0, T], g(t) 0}.

We define the trajectory s that, starting at the point O,, moves along the shortest
path between O and h(ti), or one such path, until it reaches the point h(t) and
then moves arbitrarily along the network always with speed 1. Note that s(t) hi(
We denote by S(O,; hi) the set with the single element s.

LEMMA 4.1. Let u be an atomic measure concentrated on hi with mass A1 >= O. Then
the associated slack variable z satisfies z(s)<-z(s), for all s TS, where s is the pure
search strategy of S O; h).

Proof Take s as any element of TS. Let ’l K (s, hi). Since s has speed less than
or equal to 1, we have d(h(f), Os)= d(s(f), s(0)) <_- ’1. Therefore g(’) >- 0 and, from
the definition of t,>=tl. Therefore K(s,h)>=K(s,h), and the theorem is
proved.

To generalize this theorem to atomic measures concentrated on more than one
point, we consider the set S(O; hl,. ., h,) defined as follows:

S(Os; hi," ", hn) {s.: 7r G II},

where each s= is a pure search strategy defined by repeating the above process with
the n trajectories hi. In fact, the trajectory s= hunts the n trajectories hi following the
order given by the permutation r, and we call this set of search strategies the hunting
set for h,. , h,. For instance, the trajectory sl....,n is formally defined as follows: let

ti be the value defined by

ti=min{T, {t: t6[ti_, T], t-ti_=d(hi_,(ti_,),hi(t))}}, for i= 1,...,n,

where to--O and ho(to) 0. Let f: [0, d(hi_(ti_l), hi(ti))] Q be the canonical map
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of a shortest path between hi_l(ti_l) and hi(ti), for i= 1,..., n. Then

Sl,...,n(t)=fl(t), for all t: 0 <- t-< tl,

Sl,...,,,(t) =f2(t- tl), for all t: tl < -< t2,

s,...,n(t) =f,(t- t,_), for all t: tn_ < t=< tn

if t, < T, s,...,,, keeps moving from hn(tn) to the end of the arc in the same direction
.as before and then moves arbitrarily from node to node with speed 1 until time T runs
out. Note that sl,...,,(0)= Os its speed is always 1, and if ti.< T then Sl .,,(ti)= hi(ti)

THEOREM 4.2. Let , be an atomic measure concentrated on hi, , h with nonnega-
rive masses hi," ’’, An. Then the associated slack variable z achieves its minimum at an
element of S(Os; h,. hn).

Proof. Take s to be any element of TS. We suppose without loss of generality
that K(s, hi) < K(s, h2) =<" < K(s, hn), and we prove that K(Sl,...,n’, hi) < K(s, hi) for

1,. , n. Since Ai _>-0, the result follows.
From Theorem 4.1, we have K(s,...,,, hi)= tl<-K(s, hi). Using induction on k,

we assume that the trajectory s .,n satisfies,..

hi)<K(s, hi), fori=l k-1(1) K(Sl,...,n,

and we will prove that (1) holds for i= k.
It is clear that K (sl,...,n, hk) <- tk. A strict inequality may arise when s 1,...,, hits hk

prior to hitting hk-. Let tk K(s, hk) and tk_----K(s, hk-). Since the speed of hk_
is less than or equal to 1, we have

d(hk_(t),hk_l(tk_))<--_t--tk_l, for t>=tk_,

in particular for t= ’k-1, and since s(tk_)= hk-(k-) (otherwise ’k- T and then
(1) clearly holds for i= k), it follows that d(s(tk_), hk_(tk_)) <- k---t,-. Thus

d (s(t), hk-l(tk-1)) ----< d (s(t), s(t"k-1)) + d(s(tk-1), hk-l(tk-,))

<= t-- k- + tk-- t_ t-- tk-, for => tk_,

in particular for t= ’k, and since S(’k) hk(tk), it follows that d(h(), hk_l(tk_))<=
tk tk- Hence the real-valued continuous function g( t) t- tk- d(hk_( tk_), hk( t))
satisfies g(tk_) <= 0 and g(’k) => 0. Thus, from the definition of tk, tk >= tk, and the
theorem is proved. [3

COROLLARY 4.3. An atomic measure concentrated on hi,’", hn with masses
A,. ., An and slack variable z is a feasible solution of (HLP2) if and only if

A >-0, fori=l,...,n, and

z(s)>-_O, for all s6S(Os; hl,. .,hn).

This result gives an easily computable check for feasibility. It turns out that the
feasibility check of Corollary 4.3 is a vital tool in the development of an algorithm for
the hider linear program.

5. Extreme points. Let , be a feasible point of (HLP2) concentrated on hi ," , hn
with masses A1,...,)t, and slack variable z. We say that , is an extreme atomic
measure if (u, z) is an extreme point of the feasible region of (HLP2). Following
Anderson and Nash [4], u is an extreme point if and only if B(u) x B(z) N(A) {0},
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where

B(z)={yF(TS)" z+ey>=O for some eR, e>O},

B(v) {/z M( TH)" v + e/z >= 0 for some e R, e > 0}

c {/Z M(TH):/Z concentrated on hi,’’ ", h,},

N(A)= {(/Z, y)e M(TH) x F(TS)" fTH K(s, h) d/z(h)= y(s) for all s TS}.
Letting constr (v)= {s TS" z(s)= 0}, we have the following result.

THEOREM 5.1. Let v be a feasible point of (HLP2) concentrated on hi,"’, h, with
masses A1," ", A,. If v is an extreme point, then constr (v) is nonempty.

Proof Suppose otherwise and let r/be the minimum value of z on TS. By hypothesis,
r/>0. Let k be an index such that Ak>0 (u=0 is not feasible). The function y(s)=
K(s, hk) satisfies y B(z) (with e r//T). Ifwe define/z to be the measure concentrated
on hk with mass 1, then

From now on, we suppose that constr (v)# . The fact that the minimum of the
slack variable z is achieved at an element of S(02; hl,..., h,) implies that the
intersection ofboth sets is nonempty. Let S(Os; hi, , h,) constr (v) {g,. , Sm}.
We define the matrix A by

K(I, h,) K(I, h.) ]A,,
K(g’m, hi) K(m, hn)/

This matrix is made up of meeting times between the pure hider strategies hi and
certain search trajectories in the hunting set for hi," ", h,. In these circumstances,
we have the following straightforward characterization of v as an extreme point when
the masses are greater than zero.

THEOREM 5.2. Let v be a feasible point concentrated on hi,’", hn with positive
masses A1," ", An. Then v is an extreme point if and only if rank (A) n.

Proof Suppose first that rank (A)< n. Then there is a nonzero a R with
Aa 0. We consider the atomic measures/z i"= afih,, V+, V+ e/z, and
where 6h denotes the measure with mass 1 concentrated at point h. We will show that
if e is chosen small enough, both of these points are feasible. We define the value el
as follows:

e min O # 0, 1, ,n

Thus 0 < e < -k-O0, and v +/- e/z => O, for all e" 0 =< e =< e We define the value e2 as follows:

e2 min
Y-i=I aiK(s,

where the minimum is taken over s S(Os; h,..., h,) such that the denominator is
not zero, and if there is no such s, then we take e2 +oo. Note that e2 is positive since
if there is an g S(O; h, , hn) such that the numerator is zero, then g constr (v)
and therefore Y’.i=l aiK (, hi)= 0. Let z+ and z_ be the associated slack variables of
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v+ and v_e, respectively. We have

g:l:e (S) (/1 -[- eOI)K(s, hi)+’’" q- (An + ean)K(s, hn)- 1

z(s)+ e aiK(s, hi)
i=1

=>0, for allsS(Os;hi,...,h,),foralle’0=<e=<e2.

So, since the minimum of the slack variable z+/- on TS is reached at an element of
S(Os; hi, , hn) when the masses are nonnegative, we have z+/-(s) >= O, for all s TS,
for all e: 0 =< e =< min {el, e2}. Tlerefore u is not an extreme point.

Now suppose that rank(A)= n. Let (tz, y)B(v)xB(z)N(A); then /z is an
atomic measure concentrated on hl,’",h, with masses al,’",an and y(s)=
-,i=l aiK(s, hi). From the definition of B(z), it follows that y(s)= 0 for all s constr (u);
therefore, as {gl,""", s} S(O; hi," hn) constr (v), it follows that

aiK(,h,)=O, forj=l,
i=1

,m.

However, since rank(A)=n, a is identically zero and hence B(u)xB(z)
N(A) {0}.

It is clear from this theorem that no extreme atomic measure has mass at point
O. Next, we extend a part of the previous theorem to the case where the masses are
nonnegative and the searcher trajectories are not necessarily elements of the hunting
set. First, we define the payoff matrix generated by {hi,"" ", h,} and {sl,"" ", s,} to
be the matrix

(sn, hl) K(sn, hn)

THEOREM 5.3. Let u be a feasible point concentrated on hi,... hn with masses
hi, , An. Let Sl, , s,, be n searcher trajectories of the set constr (v). If the payoff
matrix A generated by {hi," , hn} and {Sl," , sn} has rank n, then u is an extreme

point. Moreover, h T (hi, ", An) satisfies h A-1 e, where e r (1, , 1).
Proof. The first part is proved in the same way as the above proof. Since the

searcher trajectories belong to the set constr (v), we have

,iK(sj, hi)= 1, for all j 1,
i=1

Thus, using the invertibility of A, the result follows. U
It is worth noting that this result includes the case of atomic measures with zero

masses at some of the points hi. Later, it will be convenient to consider such solutions.

6. Purification algorithm. Theorem 5.2 raises the question of what to do when the
rank of A is less than n. In this section we consider how to construct an extreme atomic
measure in this case, which may arise during the course of an algorithm based on
extreme points. In fact, we describe a purification algorithm that, starting from an
initial feasible atomic measure, obtains an improved extreme atomic measure. This
algorithm is based on the purification algorithm developed by Lewis [10] for a wide
class of infinite-dimensional linear programming problems.
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Let v be a feasible point concentrated on hi,. hn with masses hi,. ",An. Let
Sl, , s,, be m searcher trajectories of the set constr (u). Let A be the payoff matrix
generated by {hi,’", hn} and {Sl,’" ", s,}.

If rank (A) n, we stop since u is an extreme atomic measure. If not, we consider
the subspace L defined by L={aRn: Aa =0}. Let =pL(--e) be the orthogonal
projection of-e onto L. If d--0, pick a nonzero c arbitrarily in L.

We consider the atomic measure u defined by

, (, +
i=1

We wish to choose the greatest e for which u is feasible, so we are moving as far as

possible in the direction determined by & The associated slack variable z satisfies

z(s) z(s)+ e d:iK(s, hi)
i=1

for all s TS,

where z is the slack variable associated with . In particular, for the search trajectories
s, we have z (s) 0, for j 1,. , m, so that the algorithm moves in such a way as
to maintain all the previous zeros of the slack variable. We define

e min/-" <0, 1,
I. ai"

,n

Since the elements of the matrix A are positive, every nonzero element of L has a
negative component, and therefore el is well defined. Thus Ai + eci _-> 0, for all e" 0 _-< e _-<

n.el and i=l,...
We define

-z(s) }e2 min
i iK(s, hi)

where the minimum is taken over s S(Os; hi,’", hn) such that the denominator is
less than zero, and if there is no such s, then we take e2 +oe. We have z(s)>= O, for
all s S(Os; hi, , hn), for all 0 -< e -< e2. Since the minimum of the slack variables

z is reached at an element of S(Os; hl,..., hn), u is a feasible point for all e such
that 0_-< e -< eo with eo min {e, e2}.

The result of this purification step is a value of the objective no greater than it
was before, since the value of the objective functional at u is

I dv(h) f dv(h)+ ee.
TH TH

If pt(--e)=0, then era--0 for all a L, and therefore

f dv(h)-f du(h).
TH TH

If pL(--e) # O, then e + k L+/-, and we have

TH TH
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If after this step e e, we repeat the entire process, starting from the feasible
atomic measure u (deleting the hi whose mass is zero) and the searcher trajectories
s,..., s,,. If, on the other hand, eo e2 < e, we repeat the entire process, starting
from u and the searcher trajectories s,. ., sin, s*, where s* is a searcher trajectory
that achieves the minimum in the definition of e2. We prove below that by applying
this process a finite number of times, we obtain an extreme atomic measure.

THEOREM 6.1. The above purification algorithm terminates at an extreme atomic
measure in a finite number of iterations. Moreover, the value of the objective functional
at is no greater than the value at the initial feasible point.

Proof Every time Co= e, we drop at least one of the points hi on which the
measures are concentrated. This can happen, at most, n times. On the other hand,
when eo e2 < el, we introduce a searcher trajectory s*, and thus the matrix A becomes
the matrix A* defined by

K(s., h) K(s,

A*= K(s’,,, h,) K(s, h,)
K(s*, h,) K(s*, hn)

If rank (A*) _-< rank (A), then the last row is a linear combination of the other m rows.
Since L, i= ciK (sj, hi) 0 forj 1," , m, and so i= ciK (s*, hi) 0, in contra-

diction of the choice of s*. Thus rank (A*) > rank (A) and in a finite number of steps,
we obtain a matrix with full rank. V]

7. An optimality check. In this section we consider the problem of checking
whether an extreme atomic measure of (HLP2) is optimal. For this we use the notion
of reduced cost developed by Anderson and Nash [4].

Let u be an extreme point concentrated on h,..., hn with masses A,..., An.
Since every (, y) B(u) B(z)N(A) can be expressed uniquely as (, y)-
(/B, YB) + (-, Y -Y) with (/, y) B(u) B(z) and (t-- PB, Y -Y) N(A), the
reduced-cost functional for u is the map u*: B(u) N(A)- R defined by

((’Y)’ u*)=I d(-.)(h).
TH

It follows from the definition of B(v) and N(A) that / is an atomic measure
concentrated on h,..., hn with masses a,..., an and

y(s)- y(s) I K(s, h) did(h)- oiK(s, h,),
TH i=1

for all s TS.

Thus, since y(s) =0 for all s constr (u), we have

(2) aiK(s, hi)= f K(s, h) dl(h)- y(s),
i=l TH

for all s constr (u).

Consider n searcher trajectories Sl, , sn of the set constr (u) such that the payoff
matrix A generated by them and {h,..., hn} has rank n. From (2) it follows that

(3) aiK(sj, hi)= f K(sj, h) dtz(h)-y(sj), for j 1,’’ ", n.
i=l TH
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Therefore, defining

tz K s, h) ritz(h),’", K sn, h) dl( h
TH TH

,Ty =(y(s),’," ,y(s,)),

we can express oT=(al, On) from (3) as c A-(/2-33). Thus, if p
the reduced-cost functional u* satisfies

((/x, y), u*)= f d/(h)-e
TH

ITH
TH j=l

T eTA-1

This expression for the reduced-cost functional u* provides us with a check on
the optimality of the extreme atomic measure u. Essentially, the expression 1-
j= pjK (sj, h) shows the effect on the objective function of introducing a particular
new hider strategy h. If j= pjK (sj, h) is greater than 1, then an improvement can be
obtained by introducing h into the current solution.

THEOREM 7.1. Let u be an extreme point concentrated on hi,’", hn with masses
A1,’" ", An. Let s,. ., sn be n searcher trajectories of the set constr (u) such that the
payoffmatrix A generated by {h, , h,} and {SI, Sn} has rank n. Let pT eTA-1.
If (i) p >- O, (ii) 1 j pjK (sj, h) >- 0 for all h TH, then u is an optimal solution for
(HLP1). Furthermore, the atomic measure tx concentrated on Sl,’", s, with masses
p,. ., p, is an optimal solution for (SLP1).

Proof The expressions (i) and (ii) imply that the atomic measure/x concentrated
on s,..., sn with masses p,..., p, is a feasible point for (SLP1). Moreover, from
Theorem 5.3 we know that A A- e, and therefore the value of the objective functional
at u satisfies

f du(h)=eTA=eTA-le=pTe=f dtx(s).
TH TS

Using the weak duality theorem, the result follows. [3

The two conditions of the above theorem suggest an algorithm for (HLP2), which
we describe in the next section.

8. An algorithm for the search game with mobile hider. The algorithm operates on
the hider linear programming problem associated with the search game. It starts from
an extreme atomic measure and tests for its optimality using the above optimality
check. If it is not optimal, then an extreme atomic measure is produced that has a
better (or, at least, no worse) value for the objective functional. This entire process is
repeated until an optimal atomic measure is produced that satisfies the optimality check.

We begin by defining an initial extreme atomic measure. Let h be any trajectory
of the set TH. Let s be the searcher trajectory in the set S(Os; h) described in 4.
Then the atomic measure u=(1/K(sx,h))t%, is a feasible solution to (HLP2).
Moreover, the matrix generated by hi and s is trivially of full rank; therefore u is an
extreme atomic measure for (HLP2).
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Suppose now that we have a current solution , that is an extreme atomic measure
concentrated on h,..., hn with masses A,...,An. Let s,...,sn be n searcher
trajectories of the set constr (,). Let A be the payoff matrix generated by {h,. , hn}
and {s,..., sn} of rank n.

As was proved in Theorem 5.3, the vector A of the masses of , satisfies the relation
A A-e. Then, defining pT= erA- and denoting by 11 the value of the objective
functional at the measure ,, it follows that 1)= eTA pTe.

We can summarize the above information in a convenient tableau form as follows"

Sl K(s,, h,) K(s,, h) 01

g(s, h,) g(s,, h,) pn

1.! 1 -We say that {h,. ., hn} is the hider basis and {s,. ., s,} is the searcher basis
Now, the optimality check of Theorem 7.1 applied to the extreme atomic measure

, yields three different cases, which we deal with in turn Define K(h)r=
(K(sl,h)," ,K(s,h)).

Case 1. p >= 0 and p TK(h)-< 1 for all h TH. In this case, the extreme atomic

measure is an optimal solution to (HLP1). Furthermore, the atomic measure /X--

i= pj6s is an optimal solution to (SLP1), and both problems have the common
value .

Thus 1/f is the value of the original search game, i=l (A/2)6h, is an optimal
strategy for the hider, and/ .j= (pj/O)6sj is an optimal strategy for the searcher.

If either of the two conditions of Case 1 does not hold, it will indicate feasible
directions of perturbation, which will produce an improvement in the value of the
objective function.

Case 2. p ; O. Let k be an index such that Pk < O. We consider the atomic measure, defined by u A(e)16h,+" "+ A(E)nlhn where A(e) is given by A(e) A-l(e+ eek),
with e[ (0,. ., 1,. ., 0). The slack variable z associated with , satisfies

z(s)=K(s)r(e)-I
=z(s)+eK(s)rA-le, for all s TS,

where K(s)T= (K (s, hi)," ", K(s, h,)). In particular, for the elements of the searcher
basis s2, we have

z(s2)=O, forj=l,...,n, jCk,

We choose the largest e that makes , feasible This can be thought of as increasing
the slack variable at the trajectory Sk while keeping the other trajectories s inside
constr (,). The trajectory Sk leaves the searcher basis.

Now, since Pk e TA-1 ek < 0, at least one of the components of A- ek is negative,
and we may define

(4) el min
(A-leki)"

ek)i < 0, for 1," ", n
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Thus 0 _-< el < +oe, and A (e) _-> 0, for all e" 0 _-< e _-< el. Let

e2 min
K(-)5--1

ek

where the minimum is taken over s S(O.,; hi,. , h,) such that the denominator is
less than zero, and, if there is no such s, then we take e2 +ee. We have

z(s)>=O, for all sS(O,; hi,’’" ,h,), for all e’0-<e-<e2

So, since the minimum of the slack variable z on TS is reached at an element of
S(Os; h,...,h,), v is a feasible point for all e such that 0_-<eeo with eo
min {el, e2}.

The value of the objective functional at v is

d,(h)=erA(e)
TH

e rA + eeTA- ek

f d,(h) + epk.
TH

Thus we obtain an improvement by moving from , to ’o. From the form of this
expression, it is natural to choose the index k such that Pk is the smallest component
of p. Without loss of generality, we assume that k n to facilitate the notation.

Case 2.1. eo e. In this case, the move we make is blocked because of the
restriction on nonnegativity of the masses. We delete from the hider basis a trajectory
whose mass becomes zero or, in other words, a trajectory where the minimum in (4)
is attained. Let hi be such a trajectory. Then we have the following incomplete tableau"

S1

Sn-1

K (s,, h2) K (s1, h

I(s._,, h) I(s._,, h.)
(o) (o). n +

If the payoff matrix generated by the hider trajectories {h2," ", hn} and the searcher
trajectories {sl,"" ", sn-1} has rank n-1, then ’o is an extreme atomic measure. If
not, we apply the purification algorithm described in 6, which yields an extreme
atomic measure with associated matrix of full rank. We repeat the entire process of
the algorithm.

Case 2.2. eo e2 < el. In this case, the move we make is blocked because of the
restriction on nonnegativity of the slack variable z. In other words, there is a searcher
trajectory s* S(O,; hl,. ., h,) with K(s*)A-ek <0, such that the value of the slack
variable z at s* becomes zero when the value of e is reached. The searcher trajectory
s* enters the searcher basis and we have the following incomplete tableau:

S1

Sn-1
S

K(sl,h)

K(s,_,hl)
K(s*,h)
,( eo)

K(sl,hn)

K(s,_,,
K(s*,h,)

,(eo),
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Now, u is an extreme atomic measure, since if the payoff matrix generated by
{hi," , hn} and {sl," ", sn_l, s*} did not have rank n, then the nth row would be a
linear combination of the other rows, and so K(s*)A-lek=O. Hence we may repeat
the entire process of the algorithm.

Case 3. p >= 0 but p rK(h) 1 for all h TH. Let hn+l be an element of TH such
that prK(hn+l)=i=l piK(s, h,+l) > 1. We consider the atomic measure

;()1 +... + a().o + o+1,
where A(e) is given by A(e) A-l(e eK(h,+l)). The slack variable z associated with

u satisfies

z(s) K(s)rA(e)+ eK(s, h+l)- 1

=z(s)+e(K(s,h+l)-K(s)rA-1K(h+l)), for all s TS.

In particular, for the elements of the searcher basis, we have

z(sj) K (sj) rA-l e eK (s) rA-1K h+l) + eK (s, h+l) 1

1 eK(s, hn+l) + eK(s, h+l)- 1

=0, j=l,. .,n.

The solution u may be thought of as increasing the mass of the pure hider strategy
h,/l while keeping the searcher trajectories sj inside constr (u). The point h/l enters
the hider basis. As before, we wish to choose the largest e for which u is feasible. By
hypothesis, eA-1K(h+l)> 1, therefore at least one of the components of A-1K(h/I)
is positive and we may define the following value"

{ Ai .(A_lK(hn+l))>O,i=l,...,n}.(5) el min
(A_IK(h+I))

Thus 0 _-< el < +oo, and A (e) -> 0, for all e" 0 <- e <= el.
We define the value e2 as follows"

e2=min K(s, hn+l)-K(s)rA-1K(h+l)
where the minimum is taken over s e S(O.,; h hn+) SUCh that the denominator is
less than zero, and if there is no such s, then we take the value e_ +oo. We have

z(s)->O, for all seS(O; hi,’" ",hn+l), for all e’O_-<e-_<e_.

Thus, since the minimum of the slack variable z on TS is reached at an element of
S(O,; hi," , h), is a feasible solution for all e" 0_-< e _-< eo with eo=min {el, e_}.

The value of the objective functional at ), is

du(h)=erA(e)+ e
TH

erA-eerA-K(h,+l)+ e

IT"H du(h)+ e(1-orK(h+l)).
Thus we obtain an improvement by moving from u to Uo.

In this case, there is no obvious criterion for the choice of h,+l. In practice, we
take hn+l to be any element of TH such that 1 < prK(h,+l)..
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Case 3.1. eo el. In this case, the move we make is blocked because of the
restriction on nonnegativity of the masses. We delete from the hider basis a trajectory
whose mass becomes zero, or, in other words, a trajectory where the minimum in (5)
is attained Let hi be such a trajectory. Then if we write lIo= f+ e(1-prK(h,,+l)) we
have the following incomplete tableau:

S1

h2 hn hn+l
K(sl, h2) K(sl, hn) K(sl, hn+l)

K(s,,, h2) K(s,,, h,) K(s,, h,,+l)
;t o) X o) o

If the payoff matrix generated by the hider trajectories {h2, , h,+l} and the searcher
trajectories {Sl, , sn} has rank n 1, then Uo is an extreme atomic measure. If not,
we apply the purification algorithm, which yields an extreme atomic measure with
associated matrix of full rank. We repeat the entire process of the algorithm.

Case 3.2. eo e < el. In this case, the move we make is blocked because of the
restriction on nonnegativity of the slack variable z. In other words, there is a searcher
trajectory s* S(Os; hi,. , h,+l) with K(s*, hn+l) K(s*)A-K(hn+,) < 0, where the
value e is reached and therefore the slack variable z becomes zero. This searcher
trajectory s* enters the searcher basis and we have the following incomplete tableau:

S1

Sn
S*

hi hn hn+l
K(s,, h,) K(sl, h,) K(s,, h,+l)

K(s, hl) K(s,,, h.) K(sn, h+l)
K(s*, hi) K(s*, h,,) K(s*, hn+l)

(o)1 (,o). o a0

Now, u is an extreme atomic measure, since if the payoff matrix generated by
{hi,"’, h,+l} and {sl,’", s,, s*} did not have rank n+l, then the last row would
be a linear combination of the other rows, and so K(s*, h,+)- K(s*)rA-1K(h,+l) =0.
Therefore we may repeat the entire process of the algorithm.

Summing up, the algorithm produces a sequence of extreme atomic measures to
(HLP1) with nonincreasing values for the objective functional until the optimality
check is satisfied. When this occurs, we obtain an atomic probability measure that is
an optimal strategy for the hider, an atomic probability measure that is an optimal
strategy for the searcher, and the value for the game. The algorithm works entirely
with atomic measures. Therefore we cannot hope for finite convergence when the
network is such that the optimal solution is not atomic (as will be the case for the
majority of networks). Nevertheless, it may be that the result of applying the steps of
the algorithm repeatedly is an atomic measure that approaches optimality. Whether
such a convergence property can be established for our algorithm remains an open
question. Certainly, the proof of such a result would require us to more closely specify
the hider strategy to be introduced in Case 3 of the algorithm.



SEARCH GAME ON A NETWORK 689

9. An example. Let Q be the network defined as follows:

3

where each arc is of length 1. Let node 1 be the starting point for the searcher, node
2 be the starting point for the hider, and 6 be the termination time.

Iteration 1. Let hi be the following hider trajectory:

0<__t__<l 1--<_t=<6

We indicate movement along the network by arrows. The dot at node 4 means that
the hider remains immobile there for the period of time [1], [6]. Then ul 3h, is an
initial extreme atomic measure for the algorithm. The first tableau is

$1

hi

where Sl is the searcher trajectory defined as follows:

0<____t__<2 2-<t__-<4 4__-<t__-<6

The extreme atomic measure vl (hl satisfies Case 3" p -> 0 but p TK (h) ; 1 for all
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h TH. Let h2 be the following hider trajectory"

h

0_t_l -<-t-<6

Then pK(he)--3 and h2 is introduced into the hider basis. Then eo e2- 0, which is
reached at the searcher trajectory s12, defined as follows:

$12

We obtain the extreme atomic measure V2---h-l-O6h2 with the matrix generated by
{hi, h2} and {s, sa} of full rank. Its associated tableau is

S1

S12

hi h2
2 6 -5

2 4 1

1/2 0

Iteration 2. The extreme atomic measure /2 =hf-O3h2 satisfies Case 2: p 0.
The trajectory s leaves the hider basis. Then eo e 1/2, which is reached at the searcher
trajectory s, defined as follows:

$21

0=<t=<2 2__<t__<4 4__<t<__6
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We obtain the extreme atomic measure /3--g 6hl"l-fh2 with the matrix generated by
{hi, h2} and {s21, s2} of full rank. Its associated tableau is

h h2

s 4 2

S12 2 4 g

2
6 6 6

Iteration 3. The extreme atomic measure v3 =-3hl-lt--th satisfies Case 3" p => 0 but
p rK (h)N 1 for all h TH. Let h3 be the following hider trajectory:

h3

0 <- t<- 1-< -< 1.9 1.9 <- t<-3.9 3.9<- t<-6

Then p rK (h3)-- 1.3249, and h is introduced into the hider basis. In this step eo e2--
0.0623, which is reached at the searcher trajectory s23, defined as follows"

$231

0<- t<-2 2__< t<-4 4<- t<-6

We obtain the extreme atomic measure v4=O.O6236h,+O.18846h2+O.O6236h3 with the
matrix generated by {h, h2, h3} and {s, s, s231} of full rank. Its associated tableau is

$21

S12

$231

hi h2 h3
4 2 6

2 4 1.95

6 2 4

0.0654

0.1869

0.0607

0.0623 0.1844 0.0623 0.3130

Iteration 4. The extreme atomic measure /4 0.0623 thl -k- 0.1884th2 nt- 0.0623th3
satisfies Case 3" p_-> 0 but prK(h)N 1 for all h TH. Let h4 be the following hider
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h4

Then p TK (h4) 1.2518, and h4 is introduced into the hider basis. At this step eo e2
0.0716, which is reached at the searcher trajectory $3142 defined as follows:

0____<t<____2 2__--<t<__--4 4<__t__<__6

$3142

We obtain the extreme atomic measure v5 0.0716hl -k- 0.07166h2+ 0.07166h3 + 0.07166h4
with the matrix generated by {hi, h2, h3, h4} and {s21, s2, s23, s342} of full rank. Its
associated tableau is

$21

S12

$231

$3142

h h2 h3 h4
4 2 6 1.95

2 4 1.95 6

6 2 4 1.95

2 6 1.95 4

0.0734

0.0734

0.0698

0.0698

0.0716 0.0716 0.0716 0.0716 0.2867

h5

Iteration 5. The extreme atomic measure ,5 0.07163h, q- 0.0716th2 q- 0.0716th3
+ 0.0716th4 satisfies Case 3" p -> 0 but p ’K (h) ; 1 for all h TH. Let h5 be the following
hider trajectory:

0 <-- <= <= <- 1.99 1.99 <= <= 3.99 3.99 =< <- 6



SEARCH GAME ON A NETWORK 693

Then p TK(hs)= 1.0016 and h5 is introduced into the hider basis. At this step
eo el 0.0724, which is reached at the hider trajectory h3. This trajectory leaves the
hider basis, and we obtain the extreme atomic measure v6--O.O7086h+O.O713th2
+ 0.0713 6h4 + 0.07246h5

At Iteration 6, a new hider trajectory h6 is introduced. This is symmetrical with
h5 (in the same way that h4 is symmetrical with h3). We can carry on indefinitely,
introducing new hider trajectories at each stage, loitering a little longer at nodes 3 and
4. Note that the trajectories of the searcher basis always remain as {$21 s12 $231, $3142}.
Let h, h,] be the following hider trajectories:

h

0<__t<__l l<_t<_2-e 2_e<_t<_4-e 4-e<-t<-6

h

q P 0 0

0tl lt2-e 2-et4-e 4-et6

Thus in the fourth iteration, e 0.1, and in the sixth iteration, e 0.01. Taking limits
as e- 0, the tableau becomes

$21

S12

$231

$3142

hi h2 h h,

4 2 6 2 &
14

2 4 2 6 1
14

6 2 4 2 1
14

2 6 2 4 1-
4

14 14 14 14 14

We now consider the searcher strategy/2 defined by

1 1 1 1
j - 6S21 + -i 6S12 +- 6S231 +" 653142
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It is easy to see that

1 1
o(h) l--i g(s21 h) --i K(Sl2 h) --i K(s231, h) --i K(s3142 h)0

for all h TH. Thus /2 is a feasible point for (SLP1) and the value of the objective
functional at/2 is 4/14.

On the other hand, we consider the hider strategy defined by

1 1 1 1

14- e/2 14-e/2 14-e/2

It is easy to see that

1 1P.(s) K(s, hl)+ K(s, h2)+ K(s, h)
14-e/2 14-e/2 14-e/2

+K(s,h)-l>=O
14-e/2

for all s S(Os; hi, h2, h, h). Thus is a feasible point of (HLP1) and the value of
the objective functional at this point is 4/(14-). Applying the weak duality theorem,
it follows that /2 is an optimal solution for (SLP1), is an e-optimal solution for
(HLP1), and the value of both programs is 4/14.

Thus we have established that the value of the game is 7/2,/z =-g6sz,-F-g6s,.nt--g6s23,
+6,3,42 is an optimal strategy for the searcher, and V=1/46hl+-6h2+-,h+1/4,3h, is an
e-optimal strategy for the hider.
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MINIMAL LENGTH CURVES THAT ARE NOT EMBEDDABLE IN
AN OPEN PLANAR SET: THE PROBLEM OF A LOST SWIMMER

WITH A COMPASS*

R. HASSINf AND i. TAMIR $

Abstract. Given an open bounded set S in R2, the problem of computing a path f of minimum
size such that for every x E S the set {x}+f intersects the boundary of S is considered. The existence
of such paths is proved both when the path size is its length and when it is its (one-dimensional
Hausdorff outer) measure. Some theorems characterizing optimal paths are proved and it is shown
that when S is convex, the minimum width chords of CI(S) are optimal with respect to both size

definitions.

Key words, search theory, computational geometry, planar convex sets

AMS(MOS) subject classifications. 90B40, 52A10, 49A40

1. Introduction. A fisherman on a small boat lost on a big lake in a very thick
fog has no information regarding his location. He has zero visibility but possesses a
compass and a map of the lake and its surroundings. The fisherman can do dead-
reckoning navigation by selecting at each point in time an azimuth and by traveling
along this direction for any distance d he wishes to cover. His objective is to minimize
the distance he must travel to the shoreline.

Next consider a soldier lost in a mine field under zero visibility conditions. He
has a compass, a map of the field (which does not indicate the mines), as well as a
special spoke to search for the mines. The soldier wants to minimize the time he will
need to reach a boundary of the field. If he traverses a certain segment of a path for
the first time, he must search for mines, thus moving at a very low speed v. However,
if his path repeats a segment for a second time, he can speed up, attaining a velocity
that is practically infinite in comparison to v.

Suppose that both the fisherman and the soldier are conservative and that they
wish to minimize the maximum travel distance (time) over all possible initial locations.

We use several examples to demonstrate the difference between the two models
(see Fig. 1). The optimal path of the fisherman is given by the minimal length path,
while that of the soldier is depicted by the minimal measure path in the examples
below. For comparison purposes, we normalize v, the speed of the soldier, to one unit
when he explores "new avenues," and we let him repeat a segment he has already
traveled before with infinite velocity. With this assumption, the measure of a path
does not exceed its length. (These two terms are properly defined in the next section.)
In Fig. 1, examples (a), (c), (d), and (f), the optimal measure path is an arc; i.e.,
none of its points is visited more than once. Therefore, the length is equal to the
measure. In example (b), the minimal length is 2, while the minimal measure is only
1 + x//2. In example (e) the difference between the measure and the length is e.

*Received by the editors June 11, 1990; accepted for publication (in revised form) April 18,
1991.
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Length

Length

FIG.

Finally, example (d) demonstrates that the length and the measure are very sensitive
to connectivity properties. In particular, they might both have discontinuity jumps
when the boundary is slightly perturbed. The optimal length and measure are equal
to 2 for any e > 0. However, if 0, i.e., the lake becomes disconnected, they both
decrease to 1.

In this study, after we provide general existence theorems, we focus on convex open
sets (lakes). We prove that the length and the measure are both equal to the width of
the convex set, i.e., to the minimum distance between a pair of distinct parallel lines
that bound the set. Therefore, an optimal path is a (shortest) line segment connecting
this pair of lines. Example (g) demonstrates that the optimal path is not necessarily
unique. It also shows that there may be nonlinear optimal paths even in the convex
case. In particular, every path whose image is the three normals from a point in the
equilateral triangle to its edges is a minimal measure path. A piecewise linear path
with a single breakpoint on an edge of the equilateral triangle whose image is the two
normals from that point to the other two edges is a minimal length path.
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We do not know of any works dealing with optimal "navigation" with a compass.
Works on navigation without a compass and related topics are described in [1], [3], and
[5]-[14]. In the last section, we present a general framework unifying search problems
of this nature.

2. The mathematical model. Let S be a bounded open set in R2. Let OS
denote the boundary of S and let Cl(S) denote its closure.

A path in R2 is a continuous function f from the unit interval I in R into R2. A
path f is called an arc (a simple Jordan curve) if f is one-to-one. We use the symbol
f(I) to indicate the image of I, i.e., the set of all elements f(t) in R2 where t E I.

The path length of f, (f), is defined as

n-1

)(S) lim E
k--O

f(kq-1.)n -f()
where [[. is the Euclidean norm. When f is piecewise smooth (piecewise continuously

L
Let x, y be in R2 and let A and B be subsets of R2. Define d(x, y)

d(x,A) d(A,x) inf {d(x,y) y A}, and diam(A)- sup{d(x,y) x,y e A}.
Let d(A/k B) denote the Hausdorff distance between A and B, i.e.,

d(A / B) max{sup {d(x,B) x A},sup {d(y,A) y B}}.

Also, define A + B {x + ylx A, y B}.
Let C be a subset of R2. The one-dimensional Hausdorff outer measure of C in

R2 is

A1 (C) lim inf diam(Ai)
--*0

i--1
U Ai C diam(Ai) _< for all i
i--1

Consider a path f. Then f is S-uncontained if f(0) 0 and for every x S the
set {x} + f(I) intersects OS. The length of such a path f is given by A(f), defined
above, and its measure is given by A1 (f(I)).

Motivated by the examples presented above, we consider the following two opti-
mization models.

Model 1. Find an S-uncontained path of minimum length.
Model 2. Find an S-uncontained path of minimum measure.
In Theorem 1, we prove the existence of optimal paths in either of the two models.

It has been demonstrated above that the two models can have different solution paths.
We show here that if the set S is convex, then both models are optimized by the same
linear path. Specifically, an optimizer of both models is the minimum width chord of
Cl(S). (The latter is defined as a line segment in R2 of minimum length-connecting
any two distinct parallel lines that bound Cl(S) between them.)

THEOREM 1. Let S be an open bounded set in R2.
a) There exists an S-uncontained path of minimum length.
b) There exists an S-uncontained path of minimum measure.

Proof. Denote M diam(Cl(S)). To prove the theorem, it is certainly sufficient
to consider only those paths whose length (and measure) is bounded by M.

(a) Let fl denote the infimum of the lengths of all S-uncontained paths. Con-
sider an S-uncontained path f with length A(f). We represent f by a standard
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parametrization f on its length: f" I R2, where f is continuous and f(0) 0.

f is M-Lipschitz. Using the Arzel-Ascoli theorem [4, p. 266], we conclude that the
set of all (parametrized) S-uncontained and M-Lipschitz paths is nonempty and com-
pact in the uniform convergence topology. If {fn} is a sequence of (parametrized)
S-uncontained paths such that A(fn) -- fl, there exists a subsequence {fn} converg-
ing uniformly to an S-uncontained path g. Since path length is lower semicontinuous,
we obtain A(g) _< limi A(fn) .

(b) Let 7 denote the infimum of the measures of all S-uncontained paths, and let
{]’n} be a sequence of (parametrized) S-uncontained paths such that A1 (}n(I)) -+ 7.
As in part (a), let {f } be a subsquence converging uniformly to an S-uncontained
path h. It follows that the sets {]’n(I)} converge in Hausdorff distance to h(I).
Therefore, using [6, Thm. 3] we conclude that

(h(I)) <_ limA(’, (I)) 7. [:]

Remark. Instead of using the Arzel-Ascoli theorem in the above proof, one might
prefer a more elementary argument as exhibited in [3]. It is based on repeatedly using
the Bolzano-Weierstrass property in the usual plane metric.

We will need the following definition: Let c E I. The subpath of f defined by c,
f, is

f(t), O<_t<_a
f(t)

f(a), a<_t<_l.

THEOREM 2. Let f be an S-uncontained path. Then there exist Cl(S) and
I such that f is S-uncontained and {5} + f(I) c_ Cl(S).
Proof. For each x S define

t(x) sup {t I x + f(s) S for 11 0 _< s < t}.

Since f is S-uncontained, x + f (t(x)) is in OS.
Define a sup {t(x) x S}.
For each x S, {x} + f(I) intersects OS. Thus, f is S-uncontained. From the

definition of a and the compactness of CI(S), there exists a sequence {xn} of points
in S that converges to some 5 E CI(S), and {t(xn)} converges to a. We claim that
{} / f(I) C_ el(s).

Suppose, by contradiction, that there exists some s, 0 < s <
el(S). Let d(5 + f"(s), CI(S)) > 0. Let n be such that d(xn,5) < /2, and
s < t(xn)
e/2. Therefore, d(xn + fa(s), CI(S)) _> /2 for some s < t(xn). This contradicts the
definition of t(x).

Next we prove that if S is a bounded open convex set in R2, then there exists
an S-uncontained path of minimum length and minimum measure that is a linear
function. In particular, we show that the length of such a linear path is the width of

We now need the following definition.
DEFINITION. Let u be a point in CI(S). Then d in R2 is a feasible direction of S

at u if there exists > 0 such that u + ed is in S. Otherwise d is called infeasible.
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THEOREM 3. Let f be an S-uncontained path for a bounded open convex set
S c_ R2, and let x E CI(S) satisfy (x} / f(I) C_ Cl(S). Define the tangency set
R(f,x)

(f, x) OS N ((x} + f(I))
Then one of the following holds:

(1) There exist two distinct and parallel supporting (subgradient) lines to CI(S)
at some pair of points in R(f, x).

(2) There exist three distinct supporting lines to CI(S) at some points in R(f, x),
such that the triangle generated by these lines contains Cl(S).

Proof. Since f is S-uncontained, it follows that there is no direction d at x and
an > 0 such that the set {x + d} + f(I) is contained in S. The points in R(f,x)
block any translation of the set (x} + f(I) into S. Formally, it follows that the set of
infeasible directions at all the points in R(f, x) exhausts all directions in R2.

Consider a supporting line g to CI(S) at some point u in R(f,x). With each
infeasible direction at u, we associate a point on the unit circle corresponding to its
angle from the horizontal x1-axis. Thus the supporting line l is associated with a
closed subarc I of the unit circle of length r. (I captures all infeasible directions
defined by the half plane not containing CI(S).)

Consider next the collection of subarcs obtained by looking at all points in R(f, x)
and their supporting lines. From the above, it follows that the union of all the subarcs
is the unit circle. If there exists a pair of subarcs whose union is the unit circle,
then (1) holds. Otherwise, the union of the interiors of the subarcs is again the unit
circle. Due to compactness of the unit circle, there is a finite subcollection of subarcs
whose union is the unit circle. To summarize, there is a finite number of at least three
supporting lines at points in R(f, x) that define a convex bounded polygon containing
CI(S). Since no pair of these lines is parallel, it is a simple matter to verify inductively
that any such polygon can be bounded by a triangle formed by three of its supporting
lines. This completes the proof.

LEMMA 1. Let {ll,g2,g3} be a collection of three distinct pairwise nonparallel
lines in R2. Then the minimum over R2 of the sum of (Euclidean) distances from the
three lines is attained at a point where two of these lines intersect.

Proof. For x in R2, let gi(x) d(x,/i), 1, 2, 3, and g(x) gl(x)+g2(x)+g3(x).
Consider an arbitrary line L in R2. If L and li are parallel, the restriction of

gi(x) to L is a constant function. Otherwise, this restriction is piecewise linear with
one breakpoint at the intersection point of L and gi. Therefore, the restriction of g(x)
to L is a (convex) piecewise linear function having at most three breakpoints (the
intersection points of L with the three given lines). The minimum of g(x) over L is
attained at an intersection point of L with some line gi, 1, 2, 3.

Let x* be a minimum point of g(x) over R2, and consider some line L contain-
ing x*. Then there exists some line gi and the point z*, {z*} L N gi, such that
g(z*) g(x*). Consider next the minimization of g(x) over gi. From the above, the
minimum is attained at an intersection point of gi with some other line/j, j 1, 2, 3,
ji.

LEMMA 2. Let S be the interior of a triangle, and let X be a closed connected set
in R2 such that there is no x in R2 with (x} + X c_ S. Then there is b in R2 such
that (} + X intersects the three edges of the triangle.

Proof. Let e, e2, and e3 denote the three edges of the triangle, and let g, 12, and
3 denote the three lines containing the three edges, respectively. Also, for i 1, 2, 3,
let g+ be the half plane, determined by gi, that contains the given triangle. Since X
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FIG. 2

is closed, there exists a translation of X, say T(X) (z} 4- X for some z E R2, that
intersects 1 at some (relative) interior point of el and is contained in g+.

We first show that T(X) must also intersect either e2 or e3. Indeed, if it does
not, then, since T(X) is closed, there is a positive distance between T(X) and e2 tJ e3.
Also, T(X) is included in the triangle since T(X) is connected. Therefore, there is a
perturbed translation of T(X) along the normal to/1 that yields a translation, say
TI(X) (u} 4- X for some u e R2, which is included in S.

Thus, suppose that T(X) intersects e2 but not e3. (If it intersects both, the result
holds.) Let g, be a line parallel to and containing the vertex of the triangle opposing
el. Also let/,+ denote the half plane, defined by l,, which contains the triangle.

Without loss of generality, suppose that g is the (horizontal) x-axis in the plane.
Define

(X) T(X) N e+ n q N

Let Minimum{y-x1 (y, x2) e e3, (x,x2) (X)}. Due to the fact that T(X)
is closed and does not intersect e3, e is well defined and positive. (See Fig. 2.)

Next, we translate T(X) along 11 toward/?3 by a distance of > 0. Let T2(X)
denote the translated set obtained by this move. If T2(X) intersects e2, the result
holds. Otherwise, there are two cases to consider. First, suppose that T2(X) contains
a point outside the triangle. Then a contradiction to the connectivity of T2(X) is
easily obtained. Therefore, suppose that T2(X) is contained in the triangle and does
not intersect e2.

A perturbed translation of T2(X) along the bisector of the triangle angle, defined
by el and e3, moves T2(X) into S. This completes the proof. [:]

THEOREM 4. Let S be the interior of a triangle. Then any minimum width chord
of CI(S) is an S-uncontained path of minimum length and minimum measure.

Proof. It is clear that any minimum width chord of Cl(S) is an S-uncontained
path. Consider an S-uncontained path f. Let X f(I). From Lemma 2 there exists
a translation, say T(X) (z} 4- X for some z R2, that intersects the three edges
of CI(S), e, e2, and e3 at points x1, x2, and x3, respectively. (The points are not
necessarily distinct.) AI(X), the measure of X (with respect to the one-dimensional
Hausdorff measure) is bounded below by the measure of a minimum measure set
that (arcwise) connects x1, x2, and x3. It is known [2] that a Euclidean Steiner tree
connecting this triplet of points is a minimum measure set. Furthermore, the measure
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of such a tree is the sum of the (Euclidean) distances from some point in R2 to x
x2, and x3. Using Lemma 1, we note that the measure of the connecting Steiner tree
is greater than or equal to the width of CI(S). Thus we conclude that the measure of
X is not smaller then the width of CI(S). Finally, the length of f, A(f) is bounded
below by the length of any minimal length path connecting x1, x2, and x3. Thus,
A(f) is bounded below by the measure of the above Steiner tree. This completes the
proof.

THEOREM 5. Let S be an open bounded convex set in R2. Then any minimum
width chord of Cl(S) is an S-uncontained path of minimum length and minimum
measure.

Proof. Let f be an S-uncontained path. To prove that A(f) and A (f(I)) are
both bounded below by the width of CI(S), we may suppose that the assumptions of
Theorems 2 and 3 are satisfied. Thus we refer to the two cases stated in Theorem 3.
If (1) holds, then clearly both A(f) and A (f(I)) are bounded below by the distance
between the two parallel supporting lines. If (2) holds, we apply Theorem 4 to the
triangle defined in this case. Again, both A(f) and A1 (f(I)) are bounded below by
the width of that triangle, which, in turn, is bounded by the width of Cl(S). This
completes the proof. [:]

3. Concluding remarks and open problems. We show above that if S is
bounded and convex, then an optimal S-uncontained curve is linear and its length is
the width of S. Linearity might be lost if S is not convex. In fact, we might have no
linear minimal length curve even for the case when S is the union of seven pairwise
disjoint open rectangles of the same width. Consider the case when S is a planar
polygon, given by an ordered sequence of its vertices. If S is convex, its width can
be computed in time that is linear in the number of vertices [15]. When S is not
convex, the complexity of determining minimal length or minimal measure curves is
still unknown. We suspect that it is NP-hard. We conjecture that minimal curves are
piecewise linear and that the number of pieces is polynomial in the number of vertices.
If, some optimal curve is indeed piecewise linear and a bound on the number of pieces
is known a priori, then we can construct a finite scheme to compute minimal curves.
The existence of such a scheme follows directly from the theory of Tarski on solvability
over real closed fields [16] since the model can be formulated as an algebraic sentence.

We demonstrate above that minimal measure curves are not necessarily simple,
i.e., one-to-one. However, we conjecture that there exists a minimal length curve that
is simple.

Finally, we mention several extensions and generalizations of the above models.
First, we can consider the extension to Rn for n >_ 3. We suspect that Theorem 5
holds for this general case as well. Second, we can consider disconnected solution sets.
Let X be a closed set in R2 that contains the origin. Call X an S-uncontained set if for
any x in S, the set {x} + X intersects the boundary of S. The extended optimization
model seeks an S-uncontained compact set of minimal measure with respect to the
Hausdorff measure defined above. Since we do not require connectedness of X, we
might possibly obtain a solution whose measure is smaller than the solution to Model
2. Indeed, the example in Fig. 3, due to Gal, demonstrates this possibility.

Our model deals with optimal navigation with a compass. We cite in the Intro-
duction several works that discuss navigation models without a compass. To give some
mathematical precision to the distinction between a lost swimmer with a compass and
a lost swimmer without a compass, consider the following unifying model.

Let 7 be a set of transformations of R2, and let S be an open set in R2. A path
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2.5

1 0.5

Optimal Solution

FIG. 3

f I R2 with f(0) 0 will be called (7, S)-uncontained if, for every x E S and a
transformation r e T, the set {x} + r(f(I)) intersects OS.

In our model of the swimmer with the compass, 7 consists only of the identity
transformation. The problem of the swimmer without a compass is modeled by letting
7 be the group of all rotations. Other interesting cases are when T is the group of
all isometrics and when T SL2(R), the group of all linear transformations with a
determinant being equal to +1 or -1. The existential result of Theorem 1 can easily be
generalized to the above examples of 7. Unlike the general result stated in Theorem
5 for convex sets S in our model, finding and verifying an optimal path for a specific
set (e.g., a rectangle or a half plane) is fairly involved even while focusing on the
swimmer-without-compass model.

We have assumed in all the above models that there is no information about the
initial location of the swimmer within the set S. These models must be modified
when such information becomes available. For example, if in our original model of
navigation with a compass, the swimmer is known to be within a subset S of S, we
require from a path f that only for each x S’ the set {x} / f(I) intersects the
boundary of S. The result of Theorem 1 can be extended to this case as well. It is
interesting to find sufficient conditions on S and S that will yield results similar to
those stated in Theorem 5.

We have also assumed throughout that the objective is to minimize the maximum
path size. In other situations, different objectives may exist, such as minimizing the
expected size of the path. In such cases, it is also meaningful to consider probabilistic
information on the initial location.
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Abstract. This paper studies approximation of possibly unstable linear time-invariant infinite-
dimensional systems. The system transfer function is "assumed to be continuous on the imaginary
axis with finitely many poles in the open right half plane. A unified approach is proposed for rational
approximations of such infinite-dimensional systems. A procedure is developed for constructing a

sequence of finite-dimensional approximants, which converges to the given model in the Loo norm
under a mild frequency domain condition. It is noted that the proposed technique uses only the FFT
and singular value decomposition algorithms for obtaining the approximations. Numerical examples
are included to illustrate the proposed method.

Key words, finite-dimensional approximations, infinite-dimensional systems, optimal Hankel
approximation, balanced realization, discrete Fourier transform
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1. Introduction. Since it is difficult to deal with infinite-dimensional systems
directly, often a finite-dimensional approximate model is sought. The problem of
approximating infinite-dimensional systems with finite-dimensional ones has been ad-
dressed by many authors in both the time domain [2], [8], [14], and the frequency
domain [10]-[12], [17], [18], [21], [25], [26]. In this paper, we consider the approxi-
mation of possibly unstable linear time-invariant infinite-dimensional systems in the
frequency domain. It is assumed that the transfer function T(s) of the given system is
continuous on the imaginary axis, including infinity and has only finitely many poles
in the open right half plane. The objective is to seek a rational approximant Tr(s),
having the same number of unstable poles as T(s), such that liT- Trll is suitably
small. The motivation for this problem comes from feedback design considerations.
For example, it follows from Curtain and Clover [5] and Chen and Desoer [4] that a
controller stabilizes T(s) also stabilizes T(s), provided that T(s) and Tr(s) have the
same number of poles in the right half plane and liT- TII is suitably small.

One approach for the approximation of such unstable infinite-dimensional systems
is to first separate the (finite-dimensional) unstable part by partial fraction expansion,
and then consider the approximation of the stable part of system [5], [21]. Although
partial fraction expansion is very effective for extracting the unstable part of the given
infinite-dimensional system, it requires computation of the right half plane poles of
the system. In this paper, we propose an alternative technique for the approxima-
tion of unstable infinite-dimensional systems. This work extends to unstable systems
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certain approximation techniques developed in [11], [17], [18], [25] for stable systems.
An important feature of this proposed technique is the unification of approximations
of both the stable and the unstable parts of T(s) within a single algorithm. It will
be shown that under certain mild conditions, the resulting approximants Tr(s), which
have same number of unstable poles as T(s), converge to T(s) in the L-norm. More-
over, the proposed approximation technique uses only the FFT and singular value
decomposition algorithms. Therefore, we expect our method to be preferable from
the computational point of view. It should be noted that the fast Fourier transform
technique has been used in many problems in the literature on computational com-
plex analysis. See, for example, the survey paper by Henrici [13] and the references
therein. Our work shows that thse ideas are also very useful in system approximation
problems, and lead to concrete convergence results as well as L-error bounds. Also,
the resulting algorithms are computationally very efficient.

It is also noted that other frequency domain approximation techniques such as
those developed in [10], [12], [21] might be applicable to the approximation problem
considered in this paper. However, we believe that our algorithm is attractive from
a computational point of view as compared to some of these algorithms. Also, the
extensive work in the Pad approximation literature is potentially applicable to the
present problem. However, in this case, convergence and error analysis in the L
norm remains a topic for future research in the context of our problem. Finally, the
work of Trefethen [23] is also of interest for our problem. The Caratheodory-Fejer
(CF) method proposed in [23] is considered to be very effective for frequency domain
approximation [12]. However, it has been recently pointed out by Saff and Totik [22]
that the CF method does not always provide a better approximation than partial sums
of Fourier series, and there exist functions whose Fourier series converges uniformly but
the approximant obtained using the CF method diverges. We would like to emphasize
that this should not be taken to imply that the CF method is inferior in comparison
to Fourier series. As indicated in [22], the CF method is superior to the partial sum
of Fourier series for those functions that are sufficiently smooth.

We believe that the technique proposed in the present paper offers an effective
alternative to the techniques that could be derived from the references cited above.
Preliminary analysis appears to imply that all these techniques may have different
domains of applicability. A comparative study of all these algorithms remains a subject
for future work.

The paper is organized as follows. A preliminary result will be presented first
for discrete-time systems in 2, which will be used to establish the main result of this
paper in 3. Two numerical examples will be given in 4 to illustrate the approximation
technique.

2. A preliminary result. Before studying the approximation of unstable infi-
nite-dimensional systems, we will first establish a simple result that will be useful in
the next section. Let G(z) be the transfer function of a given linear, time-invariant,
finite-dimensional, exponentially stable, discrete time system of McMillan degree n.
Suppose that G(z) is given by

(2.1) G(Z)=Egkz-k with gk Tpm

k=l
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Define the partial summation

N

(2.2) SN(Z) "= Zgkz-k.
k--1

A simple (possibly nonminimal) realization for SN(Z) is given by

0 0 0 Iom gT
Im 0 0 0

(2.3) AN-- 0 Im 0 BN-- C--"
o i. o ;

Since the above realization is controllable, an input normal realization [8], [10] of
SN(z) (which has properties similar to balanced realization) can be easily found by
solving two Lyapunov equations. In fact, with the realization as in (2.3), a much
simpler algorithm can be used to compute a similarity transformation T (which is a
unitary matrix) using only one singular value decomposition (see [11] for more details)
such that

(Ab, Bb, Cb) (TANTT, TBN, CNTT)

is an input normal realization of SN(Z). NOW (for N >_ n) an approximant CNn(z)
of degree n can be obtained by direct truncation of the input normal realization
(Ab, Bb, Cb) as follows:

It is noted that the McMillan degree of GNn(z) may be smaller than n. However, if
the McMillan degree of SN is no smaller than n, then the McMillan degree of GN
is exactly n. With GNu(z) := cN(zI- ANn)-IBN as described above, we have the
following result.

THEOREM 2.1. Let G(z) be given as in (2.1). Suppose that G(z) is exponentially
stable and has UcMillan degree n. Then, Nlirno IIG GNn IIo O, where GNn is obtained

from (2.2)-(2.5).
Proof. It is easy to show that (see also [10]), for k > n,

(2.6) grk(SN) -- Z grmax(gN+k),
k--1

where O’k(SN) is the kth Hankel singular value (in descending order) of SN(Z) and
Crmax(gN+k) is the maximum singular value of p m matrix gN+k. Hence,

N

ak(SN) <_ (N n)Z
n+l k---1
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Since GN is obtained from (2.2)-(2.5), using the results from Glover [9], Enns [6], and
A1-Saggaf and Franklin [1], it is easy to see that

By the triangle inequality and the fact that IIG SNII <_ O’max(gN+k), it follows
k=l

from (2.6)-(2.8)that

(2.9) Ila a NIl Ila SNIIo + IISN anNIl 2(N n + 1/2) O’max(gN+k).
k=l

By the hypothesis, G(z) admits a minimal realization (A, B, C) where A E ,nxn, B
T,nxm and C pxn such that G(z) C(zI- A)-IB and the spectral radius of A,
p(A) < 1. Therefore,

(2.10) O’max(gk) _< ap(A)k

for some a > 0. Hence, the error estimate in (2.9) can then be bounded as

(2.11)
ap(A)gG GuN I1 -< 2(N n + 1/2) 1 p(A)"

The condition p(A) < 1 guarantees that limg- Ila aN o.
Note that the approximant GNu(z) can also be obtained from nth-order optimal

nankel approximation of SN(z) as in (2.2) for which Theorem 2.1 is still true (see
Glover [9] and Kung and Lin [16]). However, as N becomes large, the computational
burden associated with the Hankel approximation technique would be significantly
higher compared to the input-normal-realization-based direct truncation technique.
Finally, although the error bound in (2.11) is conservative, it does indicate that the
convergence depends directly on the value of p(A).

3. Main result. In this section, we consider the approximation of unstable,
continuous-time infinite-dimensional system T(s). Let :H and :D denote the open right
half plane and the open unit disc, respectively. It is assumed that T(s) L and has
only finitely many poles in

As mentioned earlier, one technique for obtaining finite-dimensional approxima-
tions is to use the partial fraction expansion to decompose T(s) Ts(s)+ T(s) with
Ts(s) and T(-s) both analytic in 7-/. Consequently, much of the existing research
work concentrates only on the approximation of stable part T(s) T(s) T(s).
From the computational point of view, it is preferable to avoid the partial fraction
decomposition.

In the rest of this section, we develop a new technique to obtain rational approxi-
mations for possibly unstable systems. The transfer function of the given continuous-
time infinite-dimensional system is first transformed to a function on the unit circle
by means of a bilinear transformation. This transformation preserves the L norm as
well as Hankel singular values [9]. The rational approximant is then obtained by using
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the FFT and singular value decomposition algorithms. The resulting approximant is
then transformed back to obtain an approximation of the original system by means of
the inverse bilinear transformation.

Define the bilinear transformation

or z :=(3.1) s:=A+ z

which is a conformal mapping from 7-/to :D. Next, define

(3.2) F(z):=T A
l+z

Then, F(z) fkZk Fs(z)+ F(z), (which converges in the L2-sense) with

F(z) S_kz-k and Fs(z) fkzk,
k--1 k=0

Clearly, F,(z) and T,(s) have the same McMillan degree which by assumption
is finite. Purthermore, since the bilinear transformation does not change the Hankel
singular values of the original transfer function as shown in [9], the Hankel singular
values of F,(z) are exactly the same as those of T,(s). Therefore, if the sequence
{f-k}=l is known precisely, F,(z)can be reconstructed using a number of different
techniques from the realization theory literature. A problem arises, since we would
like to avoid computing the sequence {fk} exactly. Let us define a 2M-point inverse
discrete Fourier transform as follows to compute {fk } approximately:

M-1

(3.4) fu(k)
2M F(WM)W-k’ k =-M,-M + 1,... ,M- 1,

r=-M

where W2M ej/M. The sequence (fM(k)} can then be used as an approximation
for {f}.

The DFT-based approximation has been studied in [11] for stable infinite-dimen-
sional systems, and the convergence, as well as the error bounds, are established for
a class of infinite-dimensional systems. Here, we concentrate on the approximation
of the unstable part of the system and obtain some similar results. We first state a
lemma based on which the main result of the paper will be obtained.

LEMMA 3.1. Let F(z) be defined as in (3.2) and let F(z) be of finite McMillan
degree. Suppose that dF(eJ)/deY e n2[0, 2zr]. Then,

(i) {[[fk[[} e gl, (that is, Ilfkll < ) and
k=--

(ii) fM(k)= f2LM+k,
L=-

where fk and fM(k) are dCned by (3.3) and (3.4), respectively.
This result is quite well known. See, for example, [15], [13].
Note that since F(z) is analytic on unit circle and its McMillan degree is finite,

the condition dF(eJ)/deJ e L2[0,2r] is, in fact, equivalent to dFs(eJ)/deJ e
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L2[0,2r]. Hence, F(z) (or Fs(z)) is continuous on the unit circle. By (3.2), the
continuity of F(z) on unit circle is equivalent to the continuity of T(s) on the extended
jw axis. Therefore the hypothesis in Lemma 3.1 implies that the transfer function
T(s) admits rational approximants that converge in Lot-norm to T. Our results in
this paper, in fact, give a constructive procedure for obtaining such approximants.

THEOREM 3.2. Let F(z) be defined as in (3.2) and Fu(z) have McMillan degree
n DeftneSS(z)" g

k=l fM(--k)z-k, with fM(k) as in (3.4), N > n. Suppose that
dF(eJw)/dejw e n2[0, 2r]. Then

(3.5) lim
>N---cx:)

I:?M N

F,,M;Nwhere u;n (z) is an nth-order approximant of S(z) obtained using the balanced
truncation scheme described in 2 (or the optimal Hankel approximation method).

Proof. By the triangle inequality,

(3.6)

where SN(z) g
-k=l f-kz-k" We will show that the three terms on the right-hand

side of (3.6) approach zero as
Indeed, because F(z) is rational and has all its poles in 7:), it is easy to see that

(3.7) lim [IF SN[]o O.
N--+o

Furthermore, since IIz-kll 1, we have that IISN- SMNII <_ -kN=l amax(fM(--k)-
f-k). Lemma 3.1 implies that

(3.s) f-(a) h
L#0

where the summation is with respect to L and k is fixed. Hence,

N oo

(3.9) IISN 0"max(fA(k))

_
E{O’max(fMTk-1) + amax(f-M-k)} 0

k=l k=l

as M --, cx). Finally, the third term on the right-hand side of (3.6) is bounded by

N
FM;N(3.10) IISNM- =;, II < Z E ai(S),

i=n-4-1

where/ 1 if F;MN is obtained from optimal Hankel approximation of SNM [9] and
F,M,N/3 2, if =;n is obtained from the reconstruction scheme in 2 or the balanced

realization technique for SNM [1]. Now

N N

(3.11) S(z) E fM(--k)z-k SN(Z) + E fA (--k)z--k"
k=l k=l
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By singular value perturbation results and Theorem 2.1, we get

(3.12)

N

(Yi() <_ (:ri(SN) -- E (:rmax(fA(--k))
k--1

cx N

<_ECrmax(f-N-k)+EECrmax(f2LM-k),
k--1 k--1 L:0

whenever > n. Note that in deriving the above inequality, (2.6) is used with gk

replaced by f-k. Taking sum of ai for n + 1 <_ i <_ N above, we get

(3.13) IISNM IIo fl(N n) E{2(Tmax(Y_N_k) nt- (:rmax(fMWk)}.
k=l

Since the derivative of F(z) is absolutely square-integrable on the unit circle and its
unstable part is finite-dimensional, the derivative of Fs(z) is also absolutely square-
integrable on the unit circle, which implies that

(3.14) fU+k
]M+k

and E O’max(]k)2 < (30,
M+k

k=l

where ]k is the kth Fourier series coefficient of dF(z)/dz. Moreover, since the unstable
part has only n poles on open unit disc, amax(f-k) <_ aopko for some ao > 0 and po < 1,
where k > 0. Therefore, using the Schwarz inequality, we have

F,M;N OoPoN + fl(N- n)(3.15) IIS ;, I1 -< 2fl(N- n)
1 po

as _> N -- c. The proof is now complete using (3.6)-(3.9) and (.15).
Remark 3.1. It is important to note that n, the McMillan degree of F(z), may

not be known in advance. However, from Theorem 3.2 (also (3.12)), the first n Hankel
singular values ofS(z) converge to the true Hankel singular values of F(z) and the
rest of the Hankel singular values converge to zero as (M, N) (oc, c), with M > N.
Therefore, as M,N are both large, a gap between an(SMN) and an+l(S) would be
significant if an(F) is not too small. In this case, the McMillan degree of F(z) can
also be identified in the approximation process.

Since F(z)is given by (3.2), the frequency domain condition dF(eJ)/deJ e
L2[0, 2r] is, in fact, equivalent to (- jw)(dT(jw)/djw) e L2[-(x), oo] (see [24]). This
.condition is difficult to verify in general. However, for a class of time delay systems,
we can state the following.

PROPOSITION 3.3. Let T(s) be a transfer function of the form

(3.16) T(s) F_,k=o Qk(s) exp(--hks)
sn +. -=oPk(S)exp(--TkS)’

where pk(s) is a scalar polynomial of s, Qk(s) is a polynomial matrix of size m x r,
and O < ho <_ hi <_ <_ h,,Tk > 0 forO <_ k <_ n. Let dk deg(Qk(s)) and
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5k deg(pk(s)). It is assumed that dk
L2[-x3, cx], if the following statements hold: (1) T(s) is continuous on imaginary axis;
and (2) (i) dk < n--1, if hk --O; (ii) dk < n--1, if hk O.

We omit the proof of the above proposition, as it is an easy extension of a result
in [11]. To conclude our results, we summarize the following algorithm for rational
approximation of unstable part of the given infinite-dimensional system.

Algorithm 3.1 (Rational approximation).
Step 1: For a given unstable infinite-dimensional transfer function T(s), verify
first if (/k- jw)(dT(jw)/djw) e L2[-x), 3] and choose > 0 to find F(z) as in
(3.2);
Step 2" Use 2M-point inverse FFT algorithm to compute fM(k) as defined in

Step 3: Compute Hankel singular values of SNM as defined in (3.11) with N2 < M,
N large enough, and estimate n: the number of unstable poles of T(s);

I:i,M NStep 4: Apply (2.3)-(2.5) to S(z) to obtain, =;, (z) cN(zI- AN)-iBN;
Step 5" Use bilinear transform (3.1) to obtain an approximation for the unstable
part of T(s).
End

As discussed earlier, the hypothesis in Theorem 3.2 (which is same as in Lemma
3.1) implies that dF(e")/de L2[0,2r]. The approximation of such F(z) using
{fM (k) }k__0 has been studied previously in [11], where some convergence results and
the error bounds have been established. Hence, we will only briefly describe the
approximation of the stable part of F(z) below.

Define the partial summation as the approximant of the stable part

L

(3.17) SM;L(z) E fM(k)z JL + HL(Z-I- FL)-GL,
k--0

where the realization (FL, GL, HL, JL) is similar to (2.3). Therefore, the above real-
ization can be easily converted into an input normal realization by computing only
one singular value decomposition. The rational approximant of the stable part of
McMillan degree no larger than g can then be obtained by direct truncation as in
(2.5), which is denoted as

(3.18) I:pM;L
"s;, (z) J# + H#(z-II- FL)-IG#.

It has been established in [11] that if the conditions in Theorem 3.2 are true, then

1;i,M L(3.19) lim
M>L>g.--*cx

The procedure described above is similar to the approximation of unstable part except
that N is replaced by L, and n is replaced by , and while n is kept fixed, cx3.

Therefore, the approximation of both stable and unstable part of T(s) can be handled
with Algorithm 3.1. The final approximant of F(z) can then be obtained as

I:pM L I:pM N(3.20) F(z) ; (z) +, ;, (z).

Finally, the finite-dimensional approximation given by T(s):= F ((- s)/(A + s))
is an approximation of T(s). With these definitions, we have the main result of the
paper.
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THEOREM 3.4. Let T(s) be the transfer function of a given infinite-dimensional
system having finitely many poles on open right half plane. Assume that T(s) is
continuous on extended jw-axis and (- jw)dT(jw)/djw E L2(-oc, oc). Then, with
Tr(s) obtained from the above approximation procedure, lim liT-
L >_ g-- oc and x/- >_ N --- oc.

It is noted that the bilinear transform does not change the Lo-norm of the transfer
function and thus liT-

Remark 3.2. We would like to indicate further that as the approximate model is
used for feedback control system design, the following condition should be satisfied to
ensure the existence of stabilizing feedback compensator [5]"

I:pM;N lcpM;NliT TI1 < an- ;n (:rmink- u;n j.

This is due to the fact that the bilinear transform does not change the Hankel singular
values.

4. Illustrative examples. To illustrate the approximation technique proposed
in this paper, two examples are presented below.

Example 4.1. Consider the following transfer function:

(4.1)

It is easy to verify that the above T(s) is continuous on imaginary axis. Further-
more, the convergence condition in Theorem 3.2 is true in light of Proposition 3.3. If
the partial fraction is used for approximation, the poles of T(s) as well as the residues
must be computed, which, computationally, is very demanding. Using Algorithm 3.1,
we applied bilinear transform (3.1) with A 10. A 2048-point FFT program is used
to compute the sequence {fM(k)} as defined in (3.4). The partial sum S(z) is ob-
tained with N 9. The gap between the second and third Hankel singular values
was significant, suggesting that the number of unstable poles of T(s) is n 2. The
approximate unstable part of the system is finally obtained as

-0.0aas( +

It is noted that the exact unstable poles are 5.002224 and 5.999994, which are very
close to the poles of (s) above.

We would like to mention that this particular transfer function has a very rich
frequency response (see the dash line curve in Fig. 4.1). Hence, it is not easy to
find a simple finite-dimensional approximation for this transfer function. We have
also used Algorithm 3.1 (with necessary modification) for approximation of the stable
part with L 45 and g 15. The approximant T(s) of degree 15 is obtained. By
setting T(s) 8(s) + (s) as the approximant, a satisfactory result is achieved.
The magnitude frequency response of the approximant Tr(s) is plotted in solid line in
Fig. 4.1. It is seen that the frequency response of T(s) matches very well with that
of T(s) for the first seven peaks. The frequency response of the error function can be
found in Fig. 4.2. Note that

lIT T,. I[oo 0.0437 < O’min(u) 0.0689.
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FI(. 4.1. Frequency response oil(s) and T(s).
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FIG. 4.2. Frequency response of (s) T(s).

Therefore, the existence of feedback compensators, which stabilizes both Tr(s) and
T(s), is guaranteed. The approximant Tr(s) in fractional form is listed in Table 4.1.

Example 4.2. Consider the system described by delay-differential equation

(4.4)

be(t) Alx(t) + A2x(t- 1) + Bu(t)

0 1 -1 0 0 0
o (t)+ o o o o

0 1-1 0 0 0 0 0

1
X(t 1) H- 0

0

The above system was used in Fiagbedzi and Pearson [7], where stabilization
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TABLE 4.1

Coefficients of s(s) in Example 4.1

Power of s Numerator coefficients Denominator coefficients

17

16

15

14

13

12

11

10

9

8

7
6

5

4

3

2

1

0

-4.674443306368986e-03

4.239380836236473e-01

-4.521836609299845e+01
3.466157426093782e+02

-6.582229625369409e04
9.097441642147570e+04

-3.713504005871573e+07
6.293813076095961e06

-9.927606421876093e+09
-6.799049187753367e08
-1.313153757820815e+12
-1.029096097997340e11
-8.195766310713688e13
-3.100690880350008e+12
-2.059046683673155e+15
-5.551124575148588e13
-1.354380608580234e16
2.229241917067798e+15

1.000000000000000e-

2.344791598941533e-

1.291295941920766e-

2.081800085936672e-

5.962725161939924e-

6.002018359817575e-

1.216507871727509e-

5.190579448022859e-

1.075305465480490e-

-3.125834632061094e-

3.399723344157356e-

-5.810536260868385e-

-00

-01

-03

-04

-05

-06

-08

-08

-10

-10

-11

-12

6.376021158219976e+12
-1.624831770313712e+14
5.092921660281645e+14
3.600520359638086e+14
8.398888911991564e+15
9.157772117540838e+15

with state feedback was investigated. The synthesis technique proposed in [7] involves
the computation of undesirable modes of the system. The state feedback law is then
designed to shift the undesirable modes to the left of Re(s) Uo, where o < 0
represents the stability margin of the closed-loop system. For the above system, Uo
-1 was chosen in [7]. We demonstrate that the proposed approximation technique
can also be used to compute the poles to the right side of Re(s) Uo.

First, we choose C BT, so that

T(s) C(sI- A)-IB
+ + + + +

where A AI + A2e-s. It is not difficult to show that with C BT, the system is
both controllable and observable. Furthermore, using Proposition 3.3, the convergence
conditions as in Theorem 3.2 are satisfied. Next, we take s / 1 and determine the
unstable part of Ta() C(M- A- I)-B. Using Algorithm 3.1, we select A 1
for bilinear transform and use a 204S-point inverse FFT to compute (fM(k)}. Since
the fifth Hankel singular value of .0245 (z) is very small, it is clear that the number of
unstable poles of Ta() is n 4. With the model reduction scheme described in 2,

F,M;gwe obtain a fourth-order approximant ;n (z). Based on the rational approximant
of unstable part, we finally computed the poles of T(s) on the right of Re(s) -1
approximately, as below:

{-0.186364675 d= j0.91770066797; 0.11438695855 d= jl.517680152}.

The above poles are very close to the ones in [7], which are computed using the
algorithm in Manitius et al. [19] (within ll-digit of exact poles).

Remark 4.1. It should be emphasized that in the above computation, we used
only an inverse FFT and a singular value decomposition program, whereas the algo-
rithm in [19] involves searching for poles on each rectangular region of the s-plane
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by computing Cauchy index with contour integral and then applying the numerical
procedure to find the roots of the exponential polynomial in that particular region.
The proposed method, therefore, provides significant computational saving.

Remark 4.2. The selection of parameter A in bilinear transformation in (3.1) is
important in computing the approximant. Extensive experimental experience shows
that selecting A as the bandwidth of T(s) often yields better numerical results.

5. Concluding remarks. In this paper, we proposed a systematic procedure
for rational approximation of unstable infinite-dimensional systems with finitely many
right half plane poles (McMillan degree n). Convergence results for rational approxi-
mation from truncated Fourier series expansion of the given system transfer function
were established. A computational procedure using FFT and singular value decompo-
sition algorithms was outlined. The proposed technique is numerically more reliable
and computationally more efficient than the existing procedures to achieve the same
objective. Numerical examples illustrated the performance of the proposed technique.
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SOME REMARKS ON THE RICCATI EQUATION ARISING IN AN OPTIMAL
CONTROL PROBLEM WITH STATE- AND CONTROL-DEPENDENT NOISE*

GIANMARIO TESSITOREt

Abstract. This paper solves a quadratic optimal control for a linear stochastic evolution equation with
unbounded coefficients. It is assumed that the stochastic noise depends both on the state and on the control.
The dynamic programming approach is used and attention is focused on the Riccati equation. In 5 and 6
some attractivity and maximality properties of the solutions of the algebraic Riccati equation are proved and
it is shown that, in some special cases, there exists a maximal solution.

Key words, analytic semigroups, regularly dissipative operators, It6 stochastic calculus, dynamic program-
mings, Riccati equation
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Introduction. In this workwe consider a quadratic optimal control problem for a
system governed by the following "state equation":

dy (Ay + Bu)dt + CydW() + DudW()

where y takes values in a Hilbrt space H and W(), W(e) are independent Wiener pro-
cesses taking values in the Hilbert spaces K and K2, respectively. We assume that A
is a regularly dissipative operator (see [15]) in H and allow the linear operator C to be
unbounded in H.

We solve our optimal control problem by the dynamic programming approach; this
technique has been used in several similar situations (see [4]-[6], [7], [9], [10], [14], [16]).

Special cases of the above problem have been treated by several authors. For in-
stance, the finite-dimensional case is examined in [8], while in [9] and [10] the problem
is treated when H is an infinite-dimensional Hilbert space and C is a bounded linear op-
erator. The existence and uniqueness of the solution of a large class of linear stochastic
differential equations that includes our "state equation" when 79(A) 79(A*), is proved
in [3]. In [5] this result is used to treat the above-mentioned control problemwhen D 0
and A is self-adjoint.

In this paper we work under general hypotheses: A is only assumed to be regularly
dissipative and, as is usually done in the finite-dimensional case (see [12]), the presence
of a control-dependent stochastic noise is allowed. However, only distributed controls
are treated here; for some results concerning the boundary control case, see [7].

The model we use here covers a wide class of parabolic stochastic partial differen-
tial equations (p.d.e.’s) with strongly elliptic differential operators A. For example, the
equation

dy= a,,j(x)-x + a(x)y + b(x)u(t,x) dt
i,j=l

Received by the editors June 11, 1990; accepted for publication (in revised form) May 8, 1991.
Scuola Normale Superiore, Piazza dei Cavalieri no. 7, 56126 Pisa, Italy.
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+ Ci(X)xi +C(X)Y dw1) +u(t,x)dw2)

i-1

Oy
(t,x)=O, x O0;OVa

xO;

v(O,x) e o

(where O is a bounded domain in Id with smooth boundary) can be, under usual hy-
potheses of ellipticity and regularity on the coefficients, reduced to our abstract model
(see 7); on the contrary, the assumptions required in [3] and [5] are not fulfilled.

The presence of the unbounded linear operator C causes some technical difficul-
ties. In fact, we must apply the It6 formula, which requires the use of classical solutions
both for the state and for the Riccati equations. For this reason, we are naturally led
to introduce approximating problems in which the unbounded operators are replaced
by suitable Yoshida approximations. Then, we must show that the solutions of the state
and Riccati equations corresponding to these approximating problems converge to the
solutions of the original state and Riccati equations. Moreover, the "state equation"
is solved by a fixed-point argument in a space of stochastic processes taking values in
a Hilbert space V # H, whereas the approximating equations are solved in a space of
stochastic processes taking values in H. This discrepancy in the function spaces yields
some technical complications in proving the above-mentioned convergence, which are
here overcome by splitting the approximation in two steps (see 1).

The Riccati equation corresponding to the optimal control problem considered in
this work is the following (see [9] and [10]):

P’ A*P + PA + Z ,kiCPCi PB I + iDPDi
i-1 i--1

B*P + S,

P(O) Po.

When no control-dependent noise is considered, the term

E ](P) PB I + ZiDPDi
i--1

--1

is replaced by the much simpler term PBB*P (see [4] and [4]), and the right-hand side
of (.g.) reduces to a locally Lipschitzian map on the real Banach space of all bounded
and self-adjoint operators in H (this space will be denoted by Z(H)).

Hence (7.g.) can be, in this special case, locally solved by a fixed-point argument in
the space of all strongly continuous functions taking values into E(H) (this space will be
denoted by C(0, T, E(H))); to be exact, we must say that this is true only if we consider
"mild" solutions. However, in the general case, 7 is not defined in all E(H). In [10] the
problem is avoided using the monotone sequence given by the solutions of a suitable
class of differential equations. This method, however, seems hard to generalize due to
the unboundedness of the operators Ci’s. In this paper we use a fixed-point argument
in a suitable closed subset of C,(0, T, (H)) (see 2); in this way we can immediately
prove not only that a local solution of (7..) does exist (and is unique) but also that it is
the limit of the solutions of the Riccati equations corresponding to the above-mentioned
approximating problems.
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Once the state and the Riccati equations have been solved, it is possible to show
the existence of an optimal control, both for the finite and for infinite horizontal prob-
lem, as in [4] and [5]. The infinite horizon case is here treated under a stabilizability
hypothesis that is weaker than the one used in [5] and [10] (for an extensive discussion
of stabilizability problems in the deterministic case, see [14]).

In 5 we show some attractivity and maximality properties of a class of solutions of
the corresponding algebraic Riccati equation

(A.T4.,$.) A*X + XA +EAiCXCi XB I +EviDXD, B*X + S 0
i=1 i--1

(see [17] for similar results in the deterministic case and [5] for some earlier stochastic
generalizations). Using these properties, we show (see 6), under suitable stabilizability
hypotheses, the existence ofa maximal solution of(A.7.g.), andwe show that it is related
to a special kind of control problem with a restricted class of admissible controls (for the
deterministic case, see [2]).

It seems that our approach could work in more general situations including bound-
ary control problems; the extension of the previous results will be treated in a future
work.

1. State equation. The control problem that we deal with in this work is given by
the following state equation:

dy (Ay + Bu)dt + CydW(t 1) -- DudWt(2)

x

and byone of the following cost functionals:

(finite horizon case),

+ Ilu(s)ll 2) ds (infinite horizon case),

where, in both cases, y is the solution of (S..) (in a mild sense made precise below).
We suppose that A is a regularly dissipative operator. This means (see [15]) that

there exist two Hilbert spaces, V (norm I) and H (norm II) with V continuously and
densely imbedded in H and bilinear form a(., .) defined and continuous in V, verifying
-a(v, v) >_ clvl 2  llvll 2 for some c > 0, > 0, and all v E V, and A is defined as
follows:

/9(A) {x E V s.t. the map y a(x, y) is continuous in H},
Vx :D(A) Ax is the only element in H s.t. a(x, y) (Ax, y) Vy V.

Remark 1.1. If A is a regularly dissipative operator, then A and A* generate an
analytic semigroup of pseudo-contractions; moreover there exists lEA > 1 such that, for
all t > 0, IItall _< et and IIAetAII <_ Cat-Xet (see [15]).
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+oo e) +oo e2))Di, andwe assume that the followingWe set C- Y’i= (., )Ci; n i= (.,
hypotheses on the linear operators hold:

(Hyp. 1)

Vi e N, C e (V, H)

Vi e N, D e (H) .and

Be(H); P0 and SeZ+(H),

where, by E+(H) (respectively, by E(H)) we denote the set of all self-adjoint and non-
negative (respectively, self-adjoint) operators on H.

Moreover, we use the following hypotheses:
--K and K2 are two real separable Hilbert spaces, and {ej) e N} is an or-

thonormal basis in K (j 1; 2);
(f, $, P) is a complete probability space and {’t }t>_0 is a filtration in it verifying

the "usual hypotheses" (see [13]);
--{Wt(1)}t>0 and {Wt(2)}t_>0 are two independent Wiener processes defined in f,

adapted to the filtration " and with values in K and Kz, respectively given by

where {/3(j) i e N} (j 1; 2) are two families of standard independent Brownian
+oo +oomotions and =x A < +o;= v < +o.

If K is a Hilbert space, M,(O, T, K) is the closed subspace of L(ft [0, T], (R)

13([0, T]), P (R) #, K) (where by # we mean Lebesgue’s measure) given by all equivalence
classes that contain a predictable process with respect to the filtration .’.

We denote by L,(0, T, K) the set of all predictable processes 9 ft [0, T] --, K
such that

{/0 }
Note that if for all i N, gi M,(0, T,K), and if Ei=l Ai f0T Ila,( )ll=a <

+o rift(x) Lthen the sum -i=l f0(’) gi(a) (a) converges in (f, (7(0, T, K)) (and the same
holds true for the stochastic integration relative to W(2)).

Now we return to problem (S.E.); note that (S.E.) can be solved only in a mild
sense. On the other hand, aswe have already noted, in the followingwe will need classical
solutions of (S.:.). Therefore we introduce below two different classes of approximating
equations ({(S..)h h e N; h > } and {(S.$.)h, h, k e N; h, k > }, respectively:

dyh (Ayh + Buh)dt + ChYhdW[) + DuhdW(t 2),
Yh (0) Xh
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dyh,k (Akyh,k / Buh,k)dt / ChydW() + Duh,dW(2),
yh,k(O) Xh,k,

where xh, Xh,k L2(f,’0, P, H); Uh, Uh,k M,(0, T, H), and Ak AJ(k,A), Ci,h
CiJ(h, A) (for all A E C subject to ReA > 9, we write J(A, A) A(AI A)-I). Note
that, in general, only problem (S..)h,k has a classical solution.

DEFINITION. A process y E M,(0, T, V) is a mild solution of (S..) if, almost surely
in f x [0, T],

+oo
y(t) etAx + e(t-s)ABu(8)d8 -t- Z )ti e(t-s)ACiy(8)d}l) (8)

i=1

-I- b’:/2 e(t-s)ADiu(s)dJ2) (s).
i-1

DEFINITION. Yh M,(0, T, H) is called a mild solution of (S..)h if, almost surely
in f [0, T],

+oo

i=1

i=1

We have the following result.

THEOREM 1.1. Fix any T > O; then thefollowing statements hold:
(i) There exists a unique mild solution y (respectively, Yh), belonging to M,(0, T, V),

of(S.C.) (respectively, (S.C.)h).
(ii) If Xh x in L2 (f, ’0, P, H) and Uh --* u in M,(0, T, H), then Yh --* Y in

M,(0, T, H).
(iii) The equivalence class of y (respectively, Yh) in L2() x [0,T], (R) B([0,T]),

P (R) #, H) contains a unique (up to a modification) stochastic process l (re-
spectively, h) belonging to C(O, T, L2(, , P, H)). Moreover, if Xh x in
L2 (fl, .To, P, H) and Uh u inM(0, T, H), thenfor all t e [0, T], Yh (t) ---, l(t)
in L2 (2,, P, H) (in the following, by a mild solution of (S..) (respectively,
(S.C.)h), we will always mean an element ofC(O, T, L2 (2, , P, H))).

(iv) For all h, k N; h, k >_ (0 there exists a unique (up to a modification) mild
solution Yh,k (belonging to M(0, T, H)) of (S..)h,k. Moreover, ifforfixed h,
Xh,k -- Xh in L2(), J:o, P, H) and Uh,k -- u in M,(0, T, H), then Yh,k --+ Yh in
M(0, T, V)andforall t e [0, T], yh,k(t) -- lh(t)in L2(f,.T’t, P, H).

Proof. The argument that follows is due to Flandoli for what concerns point (i) and
deals with some new difficulties in relation to point (ii).

Point (i). Let us define on V the following norm: IIvlll -a(v, v) + MIIvl] 2,
where M > 9; clearly, II1" IIM and are equivalent for all M > 9.

In our hypotheses it is still possible to show (see [3]) that if {gi i E N} c L,(0, T, H)
and Ei__l ,iE f[ IIg ( )ll2d < then, for all t [0,T], the following estimate
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holds:
2

E ZX/ e(t-s)Agi(8)dl)(8 dt

(1.1) i= M

<_ (1/2 + Te2TM) AiE
i=1

(and an identical relation holds if W() is substituted by W(e)). In Nct,

i=1

aA (8))eft e8N AiE (--AeAgi(s);e
i1

+TTM EIIg() IId
i=1

1 T(zTd ) ZT

< AiE --NlleAg(s)llSd ds + Te2WTM Ai EIIg(s)ll2d8

i=1

Now let, for all M(0, T, V),
+

/2 [t
i=1

let 1 ], 1[, and choose M and T0 such that

(1.2) M>I{ } and T0<min{1 (1-) 2}2M,
e-

Then (if V is endowed with the norm III IIIM) is a contraction in M(0, To, V). In
fact, by (1.1) and (Hyp. 1), we get

i=1

2 ( + Toe2TM) Elll(t)llldt

Finally, for all t [0, T],
+

i=1
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It is very easy to prove (using the above technique) that F E M,(0, T, V). Therefore the
local existence and uniqueness of the mild solution of (S..) can be proved by a standard
contraction argument in the space M,(0, To, V) (where V is endowed with the norm
III II I) and, since our equation is linear with time-constant coefficients, this automat-
ically implies the existence and uniqueness of the mild solution in all M,(0, T, V) (for
all fixed T).

Note that, since for all v E V,

(1.3)
AIICJ(h, A)vll e < 2rl(-AJ(h, A)V, J(h, A)v) + 1111

i=1

<_ (2llAhllz: / ")Ilvll 2,

the above argument enables us to prove, for every (S..)h, the existence and uniqueness
of a mild solution Yh that belongs not only to M,(0, T, H) but also to M,(0, T, V).
However, since M and To defined in (1.2) depend on 3’ we cannot prove (ii) simply by a
parameter-dependent contraction argument.

Point (ii). Let, for all h N, Ch J(h, A)yh (where Yh is the mild solution of
(S.C.)h). Then, by definition, it holds (in M,(0, T, V)) that

Therefore if Ch Y Ch, then

Fh + Xh(),

where, for all t [0, T],

Fh(t) etA(x J(h,A)xh) + E/2 fo e(t-s)A(Dit(8) J(h’A)Duh(s))d/32)(s)
i--1

e(t-s)A(j(h, A)Buh(s) Bu(s))ds__
E,i1/2 (t-s)A(I J(h, A))Ciy(s)dfl}1) (s),
i--1

+x:
1/2 ftXh(h)(t) E )i e(t-s)Aj(h’A)Cih(s)dfl}l)(s)"

Joi--1

Using relation (1.1) and the fact that IIJ(h, A)I]C(H) < 1, we can, arguing exactly as in
point (i), prove that if To and M verify (1.2) and if V is endowed with the norm III II IM,
then X is a contraction in M,(0, To, V). Moreover, from relation (1.1) it follows that
if the hypotheses of point (ii) hold, then Fh 0 in the norm of M,(0, To, V) (as h
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We have therefore proved that Ch 0 in M,(0, To, V) (as h +) and, since our
problem is linear, repeating the same argument, we deduce that Ch 0 in M,(0, T, V).
Finally, observe that

y(t) yh(t) etA(x Xh) + e(t-s)AB(zt(8) Uh(s))ds

X/ -)A

i--1

W 4/2 e(t-s)ADi(u(s) Uh(s))dN2) (s).

Therefore if Xh --* x, Uh u in M,(0, T, H) and Ch --* 0 in M,(0, T, H) (as we have
proved this is true if the hypotheses of point (ii) hold), then Yh Y in M,(0, T, V).

Point (iii). Now let y be the mild solution of (S.$.) and define as follows:

(1.4)

+
1/2 f0(t) EtAx - e(t-s)ABu(s)ds + A e(t-s)ACiy(s)d}l) (s)

i=1

/o+ / e(t-)AD,u(s)d}) (s);
i----1

the same definition is given for
From the definition of mild solution, it follows that belongs to the equivalence

class of y and that )h belongs to the equivalence class of yh. Moreover, it is very easy to
prove that ) E C(0, T, L2 (f, , P, H)) and that it is unique up to a modification. All the
other properties are easy consequences of (1.4) and of point (ii).

Point (iv). The existence of a classical solution Yh,k of (S..)h,k follows from the
remark that every (S..)h, is equivalent to its mild form and from a straightforward
contraction argument in M,(0, T, H). The convergence in M,(0, T, H) of yh, toward
yh follows from a standard parameter-dependent contraction argument. The rest is iden-
tical to point (iii).

In the following sections of this work the next generalization will be useful.
Remark 1.2. Let L, Lh, Lh,k, G, Gh, Gh,k (for all h, k E N; h, k > ) be strongly

continuous maps [0, T] (H); then all the conclusions stated in Theorem 1.1 remain
true if the (S..) is replaced by the following closed loop equation:

dy(s) (A + BL(s))y(s)ds + Cy(s)dW(s 1) + DG(s)y(s)dW(s2),
x;

problems (S..)h and (S..)h,k are replaced by the following:

(C..8.)h
dyh(s) (A + BLh(s))yh(s)ds + ChYh(s)dW( 1) + DGh(S)yh(s)dW( 2),
yh (O) Xh

(C...)h,
dyh,k(S) (Ak + BLh,k(s))Yh,k(s)ds + ChYh,k(s)dW( )

yh,(O) Xh,k,
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and, finally, the hypotheses

"uh, --. uh in M,(0, T, H)" and "Uh U in M,(O, T, H)"

are replaced by

"Vx0 E H Lh,kXo LhXo and Gh,kXO GhXo in t(0, T, H)"

and

"’x0 H LhXo Lxo and GhXo Gxo in 7(0, T, H),"

respectively. Note that the terms containing L and G in the above equations are bounded
perturbations of the previous ones and therefore do not add new difficulties.

2. Solution of the Riccati equation. We consider the Riccati equation

P’ A*P / PA /EAcPc + s PB I / ,DPD B’P,
i=1 i--1

P(O) Po,

as well as the following approximations (that correspond to problems (S.,f..)h and
(S.,f..)h;k introduced in 1):

(Tz..)h

P A*Ph + PhA +E Aici*,hPhCi,h + s
i=1

PhB I + uiDPhD B*Ph,
i---1

Ph (O) Po,h

.,f h,

pI
h,k AkPh,k + Ph,kAk + E iCi,hPh,kCi,h " S

i--1

Ph,kB I + E ’D;Ph,kD B*Ph,k,
i--1

Ph,k(O) Po,h,k,

where Ci,h CiJ(h,A), Ak AJ(k,A), and Po,h, Po,h,k E+(H).
Let us specify some notation. Forallp R, wedefine E+(H, p)= {Q E(H) Q >

p} (note that E+(H) E+(H,0)). By Cs(O,T,E(h)) (respectively, Cs(O,T,E+(H,p))
we will denote the set of all strongly continuous mappings P [0, T] --. (H) (re-
spectively, P [0, T] E+(H, p)) (that is, of all mappings P such that P(.)x is con-
tinuous for all x H); this set will also be denoted by C,(0, T, E(H)) (respectively,
C,(0, T, E+ (H, p))) when it is endowed with the "uniform convergence" norm

IIPII- sup (llP(t)ll).
t[O,T]

Let EI allOll(H),
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DEFINITION. We say that P E C8(0, T, E+, (H, -(26) -1)) is a mild solution of (R.g.)
if, for all z E H, t > 0,

Similar definitions are given for the mild solutions of the approximating equations.
Observe that (Hyp. 1) yields Y’.il   ll  ,hll =C(H) < oo. Therefore each (7".g.)h,k is

meaningful and, if Ph,k C([0, t], E+(h,-(26)-1)) verifies (2.1), where A is replaced
by Ak and Ci by Ci,h, then Ph,k C1([0, t], E+(H,-(26)-1)) and is a classical solution
of (7.$.)h,k; moreover, the mild form of every (7.8.)h makes sense.

Under (Hyp. 1) we have onlyi AillCie(t-s)Axll2 <_ const Ilxll2(t s)-l; thus it
is not a priori evident that expression (2.2) below is well defined:

(2.2) i (Cie(t-s)A) P(8) (Cie(t-s)A) xdS,
i=1

where P C(0, T, E(H)).
Let us fix a positive time T > 0, and let us discuss any term of (2.1) starting from

(2.2), the most difficult one.

LEMMA 2.1. For every P (7(0, T,E(H))and for every x H, t [0,T] and
h, k N, we have

(2.3)
i f0 <X; (CiE(t-s)A) P(8)(CiE(t-s)A) X> d8

i--1

_< (, / t =   )llPIl llxll=,

(2.4)
)i fOt <X,; (Ci,he(t-s)A) P(8)(Ci,he(t-s)A) g} d8

i=1

<_ (, / te= t. )llpll llxll=,

)i fot <x; (Ci,he(t-s)A)*P(s) (Ci,he(t-s)A)x} d8
i=1

(2.6) i fot <X; (Ci,he(t-s)A)*P(8) (Ci,he(t-s)A)xl d8
i--1

< te2t (2r/I[A.[[(-)+ 7)[[Pllllxll =,
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Proof. We prove only (2.4), the proof of (2.3) being similar and (2.5), (2.6) being
trivial consequences of (1.3). From (Hyp. 1) we have

i=1

(2.7)

_< llPIl --alleAJ(h,A)xllzda

and this is exactly what we wanted to prove. [:]

PROPOSITION 2.1. (i) Let x H, t [0, T]; then there exists, in the sense ofthe strong
convergence in H, the following limit:

(2.8) F(P)(t)x lim -’.Ai Cie(t-s)A P(s) Cie(t-s)A x ds.
",O n--*+x "=

(ii) Let rh(P)(t)x be defined as in (2.8), replacing Ci by Ci,h. Let {Ph h N} c
C(O, T, E(H)), and P Cs(O, T, E(H)). Then ifPh ---* P strongly and uniformly
in [0, T], rh(Ph) --, r(P) strongly and uniformly in [0, T].

(iii) Let rh,(P)(t)x be defined as in (2.8), replacing Ci by C,h and A by Ak. Let, for
fixed h, {Ph,k h, k e N} C Cs(O, T, E(H)), and Ph e C(O, T, E(g)). Then if
Ph,k ---* Ph strongly and uniformly in [0, T], then Fh,k (Ph,k) Fh (Ph) strongly
and uniformly in [0, T].

Proof. We prove points (i) and (ii) first. Let P, Ph
suppose Y endowed with the norm II1" IIIM, and set p -i AilICilIY(v,H). Then it
holds that

(2.9) E ’IICCe’AII 2 pe2t/:(H) < +M
i=1

and exactly the same holds true for C(H) for all h
Step 1. Let us suppose that x 7)(A). Then

(2.10) E AllCe’Axlle < --2rl(etAAx’ etAx) + "[letAxll
i=1

_<

and exactly the same holds true (if x 79(A)) for AllC,hetaxll 2, for all h N.
Observe now that

E II (CiE(t-s,A) P(8)(Cie(t-s,A) xll
i=1

_< IIPIle’ [p(M / ]a/(t- ))(2011Axll Ilxll / "1111)] /=,
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and the same estimate holds for i__l A, l[ (Ci,he(t-8’a)" Ph(s)(i,he(’-s,A) X
fore we can define

There-

(2.11)

i=1(2.12)
lim Z Ai Ci,he(t-s)A Ph(S) Ci,he(t-s)A x ds.

e’0,n--*+oo
i=1

Moreover, by the dominated convergence theorem, we deduce that the convergence of
the left-hand side of (2.11) is uniform in t E]0, T] and, if the hypothesis ofpoint (ii) holds,
the convergence of the left-hand side of (2.12) is uniform in t E]0, T] and h N. Thus,
if x D(A), point (i) is proved. Moreover, again applying the dominated convergence
theorem, we can conclude that point (ii) is proved (in the same particular case) if we
show that, for all i N, a > 0,

t[0,T]

which is an easy consequence of well-known properties of the Yoshida approximations
(note that for all x e H, (Ci,hetA)*x J(h,A*) (CietA)*x --. (CietA)*x).

Step 2. To end the proof of points (i) and (ii), it is enough, taking into account Step 1
and the density of D(A) into H, to show that if the sequence {llPhll; h N} is bounded,
then the maps

N t-e

i=1
N t-e

X ---+ i 0 (Ci’he(t-s)Ay; Ph(s)C’he(t-)Ax)ds
i=1

are uniformly bounded in t, N, e, y (if we suppose Ilyll -< 1), and h. This is a trivial
consequence of Lemma 2.1, however.

Finally, (iii) follows from standard calculations.
Remark 2.1. Since it is immediate to verify that Fh(P) and Fh,k(P) belong to

C(0, T, (H)) (for all P C(0, T, 53(H)); for all h, k N; h, k, _> ), by Proposition
2.1 we deduce that, for all P C8(0, T, E(H)), r(P) belongs to C,(0, T, E(H)).

Let us examine the next term. We define

B(0,T, R,-(2)-) {P e C,(O,T,r+(H, (-2)-*))s.t. IIPII _< R}.
Given P C,(O,T, P+(H,-(26)-1)), we set

(P)(t) [ e(t-)*P(s)B I + Z uiDP(s)Di B*P(s)e(t-lds,
i=1

(P)(t)x [ e(t-8)P(s)B I + Z uiDP(s)Di B*P(s)e(t-)ax ds.
i=1
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The following statements can be easily checked:
--(P), k(P) E G(0, T, E(H)); (P)(t), k(P)(t) < 0 (for all t E [0, T]).
--There exists a positive constant/C, such that, for all R > 0 and P,

/5 C B(0, T, R,-(26)-1),

(2.13) II(P)II

_
1C.Te2TR2; IIk(P)ll 1CvTe2TR2,

(2.14) II(P) (P)II _< Te2’T1cv(R + R)IIP PlI,

(2.15) IIk(P) (P)II --< T1Cve2C’T(R + R2)IIP

--If, for all k N, P Cs(O,T,E+(H,-(26)-1)) and if P P strongly and
uniformly in [0, T], then () (P) strongly and uniformly in [0, T].

Finally let us set, for any given Q Z](H),

F(Q)(t)x etA* QetAx + f e(t-s)A" se(t-s)Ax ds,

F(Q)(t)x etAiQetAx + f e.(t-s)A St3(t-s)Ax ds.

Then it is almost immediate to see that
--F(Q), Fk(Q) G(0, T, E(H)) if Q E+(H), then F(Q), Fk(Q) G(O, T,

Z+(H))),
(2.16)--IIF(Q)II _< e:T(IIQII + TIISII); IIFk(Q)II <_ eeT(IIQII + TIISII),

--If, for all k N, Qk )2+(H) and if Qk --* Q strongly, then Fk(Qk) F(Q)
strongly and uniformly in [0, T].

We are now in a position to prove the local existence of a mild solution of (7.:.).
Set

Then P E C(0, T, Z]+(H,-(26)-1)) is a mild solution of (7.t.) if and only if

P(t)x F(Po)(t)x + Z(P)(t)x /t >_ 0; x e H,

and similar expressions can be given for the mild solution of (TC..)h and (7"..)h,.
Note that F, Fh, and Fh,a are monotone (by this we mean that if P > 0, then F(P) >

0); therefore if P belongs to C(0, T, Z]+ (H,-(26) -1)), the following estimates hold:

(2.17) r(p) _> F >- 26 26

2[IAhIIc(H) +TTe2CT Vh, k N,(2.18) rh,(P) >- 26

and both the previous estimates hold for Fh.

We can now prove the local existence of the solutions.

PROPOSITION 2.2. (i) Suppose that 0 < Po, Po,h < R (for all natural number h >
); then there exists To > 0 such that !P G(O, To, E+(H,-(2)-I)) (respectively,
!Ph C(O, To, +(H,-(26)-1))) mild solution of (..) (respectively, mild solution
of (TZ..)h). Moreover, ifPo,h Po strongly, then Ph P strongly and uniformly in [0, T].
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(ii) F/x h E N and suppose that 0 < Po,h, Po,h,k < R (for all k N), then there exists

To,h > 0 such that !Ph ,s(O, To,+(n,-(26)-l)) (respectively, !Ph, C(O, To,
E+ (H,-(26)-1))) mild solution of (.g.)h (respectively, classical solution of (R.g.)h,k).
Moreover, if Po,h,k - Po,h strongly, then Ph,k Ph strongly and uniformly in [0, TO,h].

Proof. First, we prove point (i). Ifwe show that there exists To > 0, R0 > 0, 71 ]0, 1[
such that

,=.(B(0,To, Ro,-(23)-1))+ F(Po) c B(0,To, Ro, -(2)-1),

Zh(B(O, To, Ro, -(26)-1)) + F(Po,h) C B(0,To, Ro, -(23)-1),

and for all P,/5 B(0, To, Ro, -(23) -1),

then the claim (of point (i)) follows from a standard parameter-dependent fixed-point
argument. From (2.13) and (2.17) we deduce that, for all P B(0, To, R0,-(26)-1),
t e [0, to];

z()(t) >_ ro%g + +

from (2.3), (2.13), and (2.16)we deduce that, for all P B(0, To, Ro,-(2)-),

II(P) + F(Po)IIc(O,To,(H)) Ro + e2T(TToRo + EvToR + R + TolISlI);

and from (2.3) and (2.14) we deduce that, for all P, P B(0, To, Ro, -(26)-),

IlE(P)-E(P)l[c(o,n,(H)) (+Toen+EToen(Ro+R))I[P-PlIc(o,n,(H)).
So it is enough to choose Ro > e2R(1 )-, ], 1[, and

min [1, (1 )e-2 Roe-2(1 ) R ( )e-2To < .R +; .R +Ro + IlSll .(Ro + R)+ )"

Finally, let us observe, in relation to point (ii), that for all Q E E+ (H) and for all V
in C(0, T, E+(H,-(2)-1)), Eh,k(V) + Fh,k(Q) belongs to C(O,T,E(n)). Hence, the
above-mentioned fixed-point argument can be carried on in :(0, T, E+(H,-(2)-)),
and therefore the function that we find this way is a classical solution of (Ti.8.)h,k. Oth-
erwise, the proof is identical to the one of point (i).

Through several applications of the previous proposition we get the following corol-
lary.

COROLLARY 2.1. Suppose that there exists P 88(0, T, E+(H, -(28)-1)) mild so-
lution of (T.8.) (respectively, Ph Cs(O,T,E+(H,-(28)-I)) mild solution of (.8.)h;
respectively, Ph,k cO(o, T, + H, 26) -1)) solution of (7"... h,k ). Then P (respectively,
Ph; respectively, Ph,k) is unique in all [0, T]. Moreover, if PO,h Po (respectively, fixed h,
Po,h,k Po,h) strongly, then Ph P (respectively, Ph,k Ph) strongly and uniformly in
all [0, T].
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We nowwant to iterate the previous argument in [Te,R, 2Te,a], and so on. To do this,
we will show that the local solutions that we have just found are positive and fulfill an "a
priori" bound.

PROPOSITION 2.3. Let G (O,T,E+(H,-(26)-1)) be a mild solution of (R.E.)
(respectively, a mild solution of(.. h; respectively, a solution of(.. h,k). Then, for all
t [0, T], we have G(t) >_ O.

Proof. By Corollary 2.1, it is enough to prove the claim when G C(0,T,
+(H,-(26)-)) and is a classical solution of

C’ AC + CAk + AiCilhCCi,h + S CB I + uiDCD, B’C,
(2.19) i=1 i=

c(0) Co,

for some h, k E N, h, k _> 3, and some Go _> 0.

Theprooffollowsin a standardway. LetL Ak-1/2B [I / _,+__o uiDGD]
-1

clearly, L E C(0, -, (H)) and (2.19) can be written as

+
C’ HL*C + CL + E AiC,hGci,h + S,

(2.20) i=1

c(o) Co.

B’G;

Now we observe that (2.20) is equivalent to

(2.21)

+cx
G(t) U(0, t)GoU* (0, t) + E Ai fo U(s, t)C,hG(s)Ci,hU* (S, t)ds

i--1

+ U(s,t)SU*(s,t)ds,

where U(t, s) is the evolution operator associated to {L* (t) }te[o,r]. Now we can solve
(2.21) by successive approximations, and it is easy to see that all these approximations
have positive values. Then the conclusion follows. [3

PROPOSITION 2.4. F/x/3 > 0 and T > O; there exists a positive constant 1Co such that if,
forsome r [0, T], G C,(O, T, +(H)) is a mild solution of (.g.) (or a mild solution of
(.g.)nfor some n N, n > 3)verifying 0 < G(O) < , then G(t) < 1Co Vt [0, T].
Moreover, for all h N, h >_ 3, there exists a positive constant EO,h such that if for some
T [0, T], G Cs(0, T, E+(H)) is a mild solution of (.g.)h (or a classical solution of
(R.E.)h,k (forsome k N, k > &)ven’fyingO < G(O) <_ fl, then G(t) < EO,h Vt [0, T].

Proof. Let G Cs(0, T, E+(H)) be a mild solution of (7.E.). We can write

G(t)x F(Go)(t)x + .=.(G)(t)x.
Then by (2.7) and (2.16) it follows that, for all t e [0, T],

IIG(t)ll / / IIG( )lld .

where/ e2T(fl + TIISI[). Set O(t) I[Gl[c.(o,t,.+(H)). Then we have

(1 l)O(t) < + "ye2’T O(s)ds w e [o,
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and, by the Gronwall lemma, we can conclude that there exists a positive constant
depending only from T, r/, and such that

[[GIIc,,(o,-,+(H)) <_ Eo.
The rest of the proof is identical. D

Resuming, we have the following theorem.
THEOREM 2.1. F/x T > 0. Then
(i) There exists a unique mildsolution P (respectively, Ph) belonging to C8(0, T, E+(H))

of (TZ.&) (respectively, (TZ.. h).
(ii) For all h,k E N, there exists a unique classical solution Ph,k CI(O,T,E+(h))

of
(iii) /f, for fixed h, Po,h,k Po,h strongly as k + (respectively, if Po,h Po

strongly as h +cx), then Ph,k Ph strongly and uniformly in [0, T] (respec-
tively, Ph --* P strongly and uniformly in [0, T]).

We now want to show a monotonicity property for the mild solutions of (R...).
THEOREM 2.2. Let Gj C8(0, T, E+(H)) (j 1; 2) be the mild solution of

G; A*Gj + GA + ,CGjCi + S. GB I + uiDGjDi
i=1 i=1

--1

C (O) Co, 

and assume that Gl,o > G2,o >_ 0 and SI > $2 > O; then we have G (t) > G2(t) for all
t [0, T]. The same is treefor any ofthe approximating equations.

Proof. By Theorem 2.1 it is enough to prove the claim when G C (0, T, E+ (H))
(j 1; 2) and is a classical solution of the problem

G H(Gj)+ Sj -GjB I + iD’GjDi
i--1

C (O) Co, ,

where H(Q) AkQ+QAk* +2i=1/i+oC..hQCi,hforsomeh,k,, Nand G,0 _> G2,0 _> 0,
$1 > $2 > 0. Moreover, it is enough to prove that G _> G2 in a neighbourhood of 0.
Let G 0 (j 1; 2) and let G(j 1; 2, n e N) be the solution of

n--1 B* n(G)’ H(G) + S GB I + viD’Gj D
i--1

v (0)

’’s (in the space C(0, T,The existence uniqueness and uniform boundedness of the Gj
E+(H)) can be proved, as in theorem 2.1. Let, for all Q E E+(H),

(2.22) Ad(Q) I + ZvD’QD
i--1

By the Lipschitz continuity (in E+(H)) of the function Q Ad(Q), we deduce that if
/C and ](2 are large enough,
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So if T is sufficiently small, we have that

G II n n--1

and, consequently, that G G in C(0, r, E(H)). The proof is complete if we show
that G G for all n N; this is done, in the following, by an induction argument.

The above relation is te for n 0; suppose that it holds for n- 1. tR G -Gz,
0 $1 2, G0 G1,0 G2,0; then R verifies

R’ H(R) + So +
R(o) Ro,

or, equivalently,

R’(t) L*(t)R(t) + R(t)L(t) + EACR(t)C + (t),
i--1

where

L(t) Ak 1/2BJVI(G-I(t))B*(G(t) + G’(t)),

(t) So + GB [jA(c-l(t))- .AA(G-I(t))]
Let us now observe that L E C(0, T, (H)) and that the monotonicity of the map Q
AA(Q) yields E (0, T, E+(H)). Therefore, arguing exactly as we did in the proof of
Proposition 2.3, we can see that R(t) >_ 0 for all t [0, r]. [:]

COROLLARY 2.2. Let P be the mild solution of (T.g.) with initial data P(0) 0.
Then we have P(t + h) >_ P(t) (for all t >_ O, h >_ 0).

Proof. Fix h >_ 0 and let Ph be the mild solution of (T&g.) with Ph (0) P(h). Then
Theorem 2.2 yields Ph (t) >_ P__(t) for all t >_ 0 and, by the uniqueness of the mild solution
of (R.g.), we deduce immediately that Ph (t) P(t + h) (for all t _> 0, h _> 0). This
completes the proof.

3. Dynamic programming and synthesis ofthe optimal control (finite horizon ease).
The following result is proved in a standard way; however, we give a complete proof,
since some technical points require a careful analysis.

THEOREM 3.1. Let P 6 C8(0, T, E+(H)) be the mild solution of (TZ.E.) and let y

M(0, T, H) be the mild solution of (S..). Then, for all t > O,

E(P(t)x,x) E(Poy(t),y(t)) E x/y(s) +

E [,. I + EDP(t s)di [A4(P(t s))B*P(t s)y(s) + u(s)] ds
i--1

(3.1)
(for the definition of 3/1, see (2.22)).

Proof. Due to Theorems 1.1 and 2.1, it is sufficient to prove (3.1), where P is replaced
by Ph,k and y is replaced by Yh,k (where Ph, is the solution of (R..)h,k and Yh, is
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the solution of (S..)h,k). Fix t > 0 and let i(s) (Ph,k(t s)Ci,hYh,k(S), Yh,k(S)),
(S) (Ph,(t s)Ou(s), yh,(s)). By the It5 formula, we get

4-o0 4-o0

d(Ph,k(t S)yh,k(s), yh,k(S)) E V/’(s)d) (s) + J(s)dJ2) (s)

i=1

Thus (3.1) follows from the equali

(.) E ,()aZ)() + ()aZJ)() 0.

ki=l j=l

Note that (.) requires a proof since it involves stochastic integrals of functions that are
not a priori square integrable. To show (.), we introduce the following stopping time:

() inf e [0, t] s.t. i(s,) + ui(s,)ds N
i=1

and we set

+ +
IN(8) E I[o’r[i(ff)d}l)(ff) + E I[,’[i(a)dflJ2)(a)’

i=1 j=l

+ s + s

i=1 j=l

F(s) {Ph,(t- S)yh,(s),yh,(S)} (Ph,(t)x,x} + yh,(a) + Ilu()ll2d

[, + a;,(t [(,(t l)e*,(t ,() +(]
i=1

Since Yh,k has continuous paths, F also has continuous paths, and

E (sup ,F(s).) <+oe.

By (3.2), l(s) F(s) almost surely; therefore, choosing the continuous version of ! and
IN, we have

Eli(t) 1N(t)l Eli(t) I(’N)I EF(t)- F(-N)I---’ 0.

Hence, since E i=l f I[0,,-I(’i/(a) + u(a))da < c, we can conclude that

E(I(t)) lim E(IN(t)) O,
N-*+o0
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and then (3.3) follows.
We can now solve the finite horizon problem in a standard way, as shown below.

THEOREM 3.2. F/x T > 0 and z E L2(t, .To, H). Then
(i) There exists a unique control M,(0, T, H) such that

JT(x, 2) inf JT(x, u).
uM,(O,T,H)

(ii) If is the mild solution of (S.g.) relative to x and , then fi(s) -JPI(P(T
s))B*(T- s)l(s).

(iii) The optimal cost is given by JT(x, (z) E(P(T)x, x).
Proof. The proof is standard (see [4] and [10]); let us recall it very briefly. Let/ be

the mild solution of

(3.4)
dl(s) (A BA4(P(T- s))B*P(T s))l(s)ds + Cl(s)dW(s)

-DA/I(P(T- s))B*P(T- S)l(s)dW(s 2)

and let 2(s) -.M(P(T s))B*P(T s)9(s). From Theorem (3.1) it follows that
JT(X, ) E(P(T)x, x) and that JT(X, u) >_ E(P(T)x, x) for all u M,(0, T, H).

Conversely, by Theorem (3.1) we deduce that, if ul is a control verifying JT(X, ul)
E(P(T)x, x) and yl is the mild solution of (S.tT.) corresponding to x and Ul, then yl is
a mild solution of (3.4). Therefore y ) and u z2. [3

4. Synthesis of the optimal control (infinite horizon case).
DEFINITION. We say that (A, B, C, D) is stabilizable relatively to the observations

x/ (or x/-stabilizable) if, for all z L2 (f, ’0, H), there exists u M,(0, T, H) such
that J(x, ) < +x (such a control is called admissible relatively to z and v/-).

Note that this definition is a priori weaker than the one considered in [9], [10], and
[5]; Theorem 4.1 and Remark 4.1, appearing later in this section, will show that these
two definitions are indeed equivalent.

DEFINITION. We say that X +(H) is a mild solution of the algebraic Riccati
equation

(A.T..) A*X + XA + ACXC XB I + DXD B*X + S O,
i--1 i--1

if it is a mild stationary solution of (TC.tL). By __P we denote, as before, the solution of
(R.tT.) with initial data __P(0) 0.

PROPOSITION 4.1. If there exists >_ 0 such that P__(t) <_ I, for all t >_ O, then there
exists P +(H) such that P__(t)x -. Pax, for all x H, and Po is a mild solution of

Proof. Under the hypothesis, the existence of the limitP is a standard consequence
of the monotonicity of P. We show now that P is a mild solution of (A...).

Let/ be the mild solution of (.:.) with initial data/5(0) P and, for all N N,
let PN be the mild solution of (7..) with initial data PN(O) P(N). Proceeding as in
the proof ofTheorem 2.1, point (iii), we can show the continuous dependence ofthe mild
solutions of (7..) on initial data. This implies, in our particular case, that PNX --, x
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for all x E H uniformly in the bounded subsets of [0, +c[. Also, for all t > 0, we have
PN(t) P(t + N) and then, letting N +c, we get P(t) Po for all t > 0, and this
proves that Po is a mild solution of (A.7.8.). E]

Note thatP is the minimal positive mild solution of (A.R..) (see Theorem (2.2)).
The next theorem is the main result of this section.

THEOREM 4.1. The threefollowing assertions are equivalent:
(i) (A, B, C, D) is stabilizable relatively to /-,
(ii) There exists > 0 such that, for all t > O, P(t) < I,
(iii) There exists a mild solution of (A.R..).
Proof. The equivalence of (i.i) and (iii) is an obvious consequence of Proposition 4.1

and of Theorem 2.2. Let us prove that (i) = (ii).
Denote by Xh(h H) the random function identically equal to the constant h and

let uh be an admissible control relatively to zh and x/. Then by Theorem 3.1, it follows
that (P(t)h,h) < J(zh, Uh) for all t > 0. So we have proved that, for all h E H,
(P(t)h, h) is bounded; from this it follows by using the Baire category argument, that
there exists/ > 0 such that P(t) < flI, for all t > 0.

Now let us see that (ii) = (i).
Fix z Lz (f, ’0, P) and letP be, as before, the minimal mild solution of (A.R.t.).

Moreover let, for all N E N, YN be the mild solution of

dyg(s) (A- B.AA(P(N- s))B*P(N- s))yN(s)ds + Cyg(s)dW(s)

-DA/I(P(N- s))B*P(N- s)yg(s)dW(2),
,(0) ;

let ) be the mild solution of

(4.1)
dl(s) (A B.M(Po)B*Po)l(s)ds + Cl(s)dW( 1)

D./Vl(Po)B*Pol(s)dW( 2),
f(o) x;

and let

(4.2)
UN(S) -M(P(N- s))B*P(N- s)yN(s);

z(s) -M(Po)B*PoI(s).

Aswe have done in Remark 1.3, we can prove that YN 1 in M,(0, T, V) (for all T > 0)
and, therefore, that UN z in M,(0, T, H).

Fix T; if N > T, Theorem 3.1 yields

(4.3) E(Pox, x) >_ E(P(N)x, x) _> E fo
T

So, letting N --. + in (4.3), we get

(4.4) E(Pox,x) >_ E x/l(s) + II()lld VT _> 0.

Then 2 is the admissible control we were seeking.



RICCATI EQUATION IN AN OPTIMAL CONTROL PROBLEM 737

Let us note that, letting T +o in (4.4), we obtain

(4.5) E(Px,x) >_ J(x,2).
Remark 4.1. If ) is the mild solution of (4.1) corresponding to x E L2 (f, , P), then

Thus, if (A, B, C, D) is stabilizable, then it is stabilizable "by a feedback" (see [5] and
[10]).

Remark 4.2. To prove that (A, B, C, D) is stabilizable relatively to x/-, it is enough
to show that, for all constant initial data 0() h (h E H and f), there exists an
admissible control relatively to x0 and x/-.

Proof. The proof follows from the proof of (i) = (ii) in Theorem 4.1.
Remark 4.3. Suppose that there exists B- (H); then there exists do >_ 0 (do

depends on A, B, and C) such that

,illDi[I < do = (A, B, (7, D) is stabilizable relatively to the identity.
i=1

Proof. First, let Di 0 (for all N) and set A m.
Now if m is large enough and if, for all x q H, is the mild solution of

ood( (dt + ,= Ai/2Ci(d(t),

then, applying the techniques we used to prove Theorem 1.1, we get

E II(t)ll2dt < c.

Therefore ifu -mB-l, then u is admissible relatively to x and the identity. We have
therefore shown that (A, B, C, 0) is I-stabilizable. Therefore there exists X E E+(H)
mild solution of

a*x + XA + A,C;XC, XBB*X + I O.

The previous equation can be rewritten as

A*X + XA + AiC’XCi XBJVI(X)B*X + O,
i--1

where

S -XBA4(X)B*X + XBB*X / I.

Thus if > 0, then (A, B, C, D) is x/-stabilizable and, in particular, if > aI (for
some a > 0), then (A, B, C, C) is I-stabilizable.

The proof is then completed considering the continuity of
Now we solve the infinite horizon problem as in [4] and [10].
THEOREM 4.2. Suppose that (A, B, C, D) is stabilizable relatively to x/ andfix any

x e L2(f,gr0, H). Then
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(i) There exists a unique control t E M,(0, +, H) such that

J(x, fi) inf Jo (x, u),
ueM,(0,+oo,H)

(ii) Ifl is the mild solution of (S.S.) corresponding to x and fi, then

fi(s) -M(P)B*PfI(s),

(iii) The optimal cost is given by J(x,
Proof. Theorem 3.1 yields (letting t +o)

J(x, u) >_ E(Px,x) Vu e M,(0, +,H).
Therefore if fi and ) are defined as in (4.1) and (4.2), from (4.5) we deduce that

J(x, fi) E(Px, x) inf Jo (x, u).
uM,(0,+,H)

We now show that the optimal control is unique.
Let u M,(0, +o, H) such that Jo (x, ul) E(Pocx, x) and let yl be the corre-

sponding mild solution of (S.g.). Theorem 3.1 yields

0

y

II(P(N- s))B*P(N- s)y(s) + u(s)llZds _< J(x, u) E<P(N)x,x).

Thus if T _< N,

0

T

[[A/I(P(N s))B*P(N s)y (s) + ul (8)112d8 <_ E((P P(Y))x, x),

and then, letting N +c, we get

u -]t/I(P)B*Pyl a.e. in ft [0, T],

and, finally, y ; ul z2. []

5. Attractivity and maximality properties of the stabilizing solutions of (4.7..).
From now on, we suppose that (A, B, C, D) is stabilizable with respect to /-.

DEFINITION. We say that a solution X +(H) of (A.7.E.) stabilizes (A, B, C, D)
relatively to I if the triple (A- B.M(X)B*X, C, -D.M(X)B*X) is stable; that is, if, for
all x L2(,.T’o, P), we have E fo+ ]]x(8)l[2d8 < +cx), where x is the mild solution
of

dx(s) (A B.M(X)B*X)(s)ds + CdW() DM(X)B*XdW(2),
(5.1)

x.

PROPOSITION 5.1. LetX andY be twopositive mildsolutions of(A.T.E.) andsuppose
that X stabilizes A, B, C, D) relatively to I; then X > Y.

Proof. Let x L(fl, 2-0, H) and let be the mild solution of (5.1). From Theorem
3.1, setting Z X Y, it follows that

E(Z(t),(t)> E<Zx, x>
-E fo I + uDYD

i=1

[M(Y)B*Y- M(X)B*X]z(s)

2

ds.
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Then, in particular, choosing a constant initial data zh h E H, we have

(5.2) (Zh, h) >_ E(Zx(t), x(t)).

Since X stabilizes (A, B, C, D) relatively to 1, we know that E f0+ IIG(s)llds < +.
Moreover, being continuous in the L(f, , P, H) norm, we can find a sequence {t
n E N} such that limn--.+ ll(t)ll
+, we get (Zh,

A trivial consequence of Proposition 5.1 is the following corollary.
COROLLARY 5.1. If the minimal mild solution P of the above (A.I’Z..) stabilizes

(A, B, C, D) relatively to I, then it is the unique mild solution ofthe (A.TZ.g.).
The following proposition is proved, with the same technique, in [5].
PROPOSITION 5.2. Let X +(H) be a mild solution of (jt.l’Z..) and suppose that

X stabilizes (A, B, C, D) relatively to I. Then there exists M > 1 and wo > 0 such thatfor
all mild solutions P of (I’Z.g.), verifying P(O) Po >_ X, the following estimate holds:

liP(t)- Xll _< Me-tllPo X[I Vt >_ 0.

Proof. Again, let be the mild solution of (5.1) (for all x L2(, .To, H)) and,
again, take for all w f, x(w) h H. Setting T(t) P(t) X from Theorem 3.1, it
follows that, for all t _> 0,

E(T(O)(t), (t)) E(T(t)h, h)

E fo I + uiDP(t- s)Di
i=1 [M(P(t-s))B*P(t-s)-M(X)B*X]x(S)I ds.

Therefore, being T(t) >_ 0 (see Theorem (2.2)), we deduce that

0 < (T(t)h, h} < E(T(0)((t), x(t)).

Since E f0+ IlG(s)ll2ds < + for all x E L2 (f, Z’0, H) by the stochastic version of the
Datko theorem (see [5, Prop. 2.2] and [11 Thm. 2.1]), it follows that there exists M >_ 1
and w0 > 0 such that, for all x L2 ([2, Z’0, H), t _> 0,

(5.4) Ell(t)ll 2 Me-tEIIxll 2.

The claim is now a trivial consequence of (5.3) and (5.4).
COROLLARY 5.2. If the minimal mild solution P of the (.A.T..) stabilizes

(A, B, C, D) relatively to I, then it is globally attractive among all the (positive) mild so-
lutions ofthe corresponding (TZ..).

Proof. Let P be any mild solution of (/?..g:.) and let fl such that P(0) </3I and
P < /31. Denote by Q the mild solution of (/Z..) with Q(0) =/3I. From Theorem
2.2, it follows that, for all t > 0,

0 <_ P(t)- P(t) < Q(t)- P(t).

Now since P(t)h - Ph and Q(t)h Ph, for all h H, (see Prop. 5.2) the claim
follows from (5.5). [3
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COROLLARY 5.3. If S >_ Ifor some < O, then the (A.7"Z.$.) has a unique mild
solution that isglobally attractive amongall the (positive) mild solutions ofthe corresponding
(..) (remember that we are still assuming that (A, B, C, D) is stabilizable relatively to

Proof. It is an easy consequence of Corollaries 5.1 and 5.2 because, under this hy-
pothesis about S, Theorem 4.1 and Remark 4.1 imply that the minimal mild solutionP
of the (A.R,..) stabilizes (A, B, C, D) relatively to I.

6. Maximal solution of the algebraic Riccati equation. From now on, we suppose
that (A, B, C, D) is stabilizable relatively to the identity. Fix e > 0; let S, S + d and
let X, be the mild solution of the following algebraic Riccati equation:

(6.1) A*X + X,A + AiCX,Ci + S X,B I + iDX,Di B*X, O.
i-1 i-1

Corollary 5.3 implies that (6.1) has a unique mild solution X,, which is globally attractive
among the mild solutions of the corresponding Riccati equation.

By Theorem 2.2, it follows that if 0 < el < e2, then 0 < X, < X,,.; therefore there
exists X E+(H) such that, for all h H, X,h Xh (if e 0).

PROPOSITION 6.1. X is the maximal mild solution of the following algebraic Riccati
equation:

(6.2) A*X + XA + AiCXCi + S XB I + yuDXDi
i=1 i=1

B*X O.

Proof. To see that X is a mild stationary solution of (7".t.), it is enough to let e 0
in the following relation:

q-oo

f0Xexo--eta*xeetaxo--i (Cie(t-s)a) Xe (Cie(t-s)A)xod8
i-----1

+ e(t-)a* Se(t-)axo ds

o e(t-)a’XeB I + uiD.XeDi B*Xee(t-)Ao d,
i=1

which, by the definition of X,, holds for all x0 H, t > 0, and e > 0.
We claim that X is maximal. Let Q be another mild solution of (6.2) and let P, be

the solution of

P’ A*P, + P,A + ACP,Ci + S, P,B I + DP,D
i:1 i=1

P,(O) Q.

-1

Then Theorem (2.2) yields P,(t) > Q, for all t > 0. Moreover, from the global attractiv-
ity of X,, we deduce that P,(t)h --+ X,h as t +oc (for any fixed e > 0 and any h H).
We complete the proof by considering that, by definition, X,h Xh as e 0 (for all
hell).
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We nowwant to show that the maximal solution is related to a special kind of control
problem (see [2] for the deterministic case). Let, for all z E L2(f, ’0, P), Uaa(z) be the
set of all controls u E M,(0, +cx, H) such that the mild solution of (S.tL) correspond-
ing to z and u belongs to M,(0, +, H). Note that, for all z L2(f, ’0, P), Uaa(z) is
nonempty.

PROPOSITION 6.2. For every z E L2 (f, ’0, P, H), we have

(6.3) E(Xx, x) inf Jo (x, u).
uv()

Proof. Let x L2(f, ’0, P,/-/") and u Uad(X). Then, for all t > 0, Theorem 3.1
yields

(6.4) + Ilu(a)ll 2 da + E(Xy(t),y(t))

where y is the mild solution of (S.E.) corresponding to x and u. Since E(llYll 2)
tT(0, +,R) N L2(0, +,R) we can find a sequence {t,} such that lim,__.+ t, +
and lim,_+ E(llY(t)ll 2) 0. Setting t tn in (6.4) and letting n +, we get

(6.5) E(Xx,) < J(x, ).

Now if y, denotes the mild solution of

(6.6)
dye (A- B.M(X,)B*X)yds + CyedW(s 1) D.M(X)B*XydW(2),

(o) x,

and we set u, -.M(X,)B*X,y,, we have from Theorem 4.1 and Remark 4.1 that u,
belongs to U,d(X) and that

(6.7) E(X,x,x) >_ Jo(x, u,) + e Elly,(a)ll2da.

From (6.5) and (6.7), we deduce that

(6.8)
+c

e EllY,(Cr)ll2d E((X, X)x,x).

From (6.8) it follows, by the dominated convergence theorem, that

+c
e EllY,(a)ll2d 0.

The proof is complete if we substitute this in (6.7) and let e 0. U
PROPOSITION 6.3. Let X be the maximal mild solution of (6.2). The following state-

ments are equivalent:
(i) E(Xx, x)= minu() Jo (x, u) for all x L2(f,.T’o,P, H),
(ii) X stabilizes (A, B, C, D) relatively to L
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Proof. Fixx E L2(f, ’0, P) and let u Uad(X) such that E(Xx, x) Jo(x,u); let
y be the mild solution of (S.$.) corresponding to x and u. Then from Theorem 3.1 it
follows that

(6.9)
E(Xx, x) + E fo I + EiDXDi [M(X)B*Xy(s) + u(s)]

i-1

/ Ilu(s)ll ds.

2

ds

Letting t +oc (this can be justified as in Proposition 6.2), we get

+o )
1/2

i--1

[Ad(X)B*Xy(s) + u(s)]

Hence u -JVt(X)B*Xy and y is a mild solution of (5.1); moreover, we already know
that y belongs to M,(0, +c, H). Since this argument holds for every x L2 (2, .To, P),
we have proved that X stabilizes (A, B, C, D) relatively to 1.

Conversely, if X stabilizes (A, B, C, D) relatively to I, let 9 be the mild solution of

d (A BA/I(X)B*X)ds + CdW() DAd(X)B*XOdW(s2),
x,

and let 2 -M(X)B*X. Then 2 Uad(X), and ifwe substitute 2 and ) in (6.9) and
we let t - +o, we get (with the usual argument) that Jo (x, ) E(Xx, x), and this is
exactly what we wanted to prove.

7. Example. We specify here the assumptions of the example stated in the Intro-
duction. We consider the following parabolic equation:

+ + xO;

where (9 is a bounded domain in d with smooth boundary; w() and w() are two inde-
pendent standard (one-dimensional) Brownian motions, and Oy(t, x)/Oa denotes the
conormal derivative

dOy(x) E a’,j(x) OY(X)Oua Oxi u
i,j=l

, being the outward normal to 00. We suppose that ai,j C1((..9) (for all i,j N),
a, b, c, d, ci, all belong to L ((9). We will also assume that there exists a constant > 0,
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verifying

d

(ai,j(x)ij 1/2ci(x)cj(x)ij) >_ ell ll
i,j=l

Now if we take V Hi(O), H L2(O) and define on V the bilinear form

d OU OV
(x)dx -/(9 a(x)u(x)v(x)dxZ ai,j(X)xi(X)xji,j=l

then -a is regularly dissipative. Moreover, if A is the linear operator relative to -a, V,
and H (see 1), then we have exactly (see [1])

Ou(z) }79(A)= ueH2(O)" =0on00
0Ua

o ((Au)(x) Z ai,j(x)
Oxj ] +a(x)u(x).

i,j=l

+ (Ov/Oxi)+cv, Du du, Bv bv, then (Hyp. 1) are verified.Moreover, if Cv i=l Ci
Note that

Ou(x)79(A*) u e H2(O)
0a-

0 on O0},
where

d Oy(x)O (x) ..
OUa. Oxi,j=l

Thus, in general, D(A) # :D(A*). So the results proved in [3] and [5] cannot be applied
to this equation.

Ifwe consider a finite-horizon cost functional such as

JT(X, u) E s(z)Jy(z, t)l + lu(x, t)lUdx dt + E p(x)J-y(z, T)Iaz,

where s, p E L(O) and s, p > 0 almost everywhere, then all our hypotheses are ful-
filled, and we can conclude that there exists a unique optimal control and that it verifies
the feedback law stated in Theorem 3.2. Let us now consider an infinite-horizon cost
functional such as

J(x, u) E s(x)ly(x, t)l + lu(x, t)lZdx dt.

Note that ifwe suppose that b-1 E Lcx(o) and that d 0, then we know by Remark 4.3
that the state equation we are considering is I-stabilizable. Therefore we can conclude
that there exists a unique optimal control and that it verifies the feedback law stated in
Theorem 4.2. Moreover, the (A.7"Z.g.) corresponding to our problem has a minimal and
a maximal positive mild solution, and, if s(x) > so for some so > 0, they coincide.
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REGULARIZED MAXIMUM LIKELIHOOD ESTIMATE FOR
AN INFINITE-DIMENSIONAL PARAMETER IN

STOCHASTIC PARABOLIC SYSTEMS*

SHIN ICHI AIHARA?

Abstract. The purpose of this paper is to study the identification problem of an infinite-dimensional
parameter, more precisely a spatially varying parameter, in stochastic diffusion equations. In a previous
study IS. I. Aihara and Y. Sunahara, SIAMJ. Control Optim., 26 (1988 ), pp. 1062-1075], some explicit conditions
for the consistency property of the maximum likelihood estimate (MLE) is explored. Here, an algorithm
for generating the MLE is developed with .the aid of the regularization technique proposed by [C. Kravaris
and J. H. Seinfeld, SIAM J. Control Optim., 23 (1985), pp. 217-241]. After the consistency property of the
MLE by a regularization is proved, necessary conditions for the regularized MLE (RMLE) are derived.
Proposed is an iterative algorithm for computing one of the solutions of the necessary conditions derived.
The convergence property of the sequence generated by the proposed algorithm is also shown. Finally,
numerical examples are presented.

Key words, maximum likelihood estimate (MLE), consistent estimate, regularization, stochastic
parabolic systems
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1. Introduction. This paper deals with the identification of an infinite-dimensional
parameter in stochastic parabolic systems. In a previous study [3], sufficient conditions
ensuring the consistency of the MLE for a spatially varying parameter are presented.
In this paper, our final goal is to construct an algorithm to find one of the solutions
that satisfies the necessary conditions for the MLE. In [3] the consistency property of
the MLE for the infinite-dimensional parameter in stochastic diffusion equations was
derived with the aid of the pioneering work of Bagchi and Borkar [4]. However, the
derivation of necessary conditions for the MLE is not straightforward except in the
finitely additive white-noise observation case [2]. Before describing the identification
problem of stochastic systems, we consider deterministic systems. For the deterministic
case, identification problems have been reformulated by converting them into questions
of optimal control, regarding unknown parameters as control signals. Necessary condi-
tions for minimizing a certain error criterion are derived, in terms of the so-called
"adjoint equation" (see [7], 11 ]). The generating algorithm for the parameter estimate
was derived from these necessary conditions, as used in [7]. For the stochastic case,
the adjoint equation should be defined as a backward stochastic equation, in some
sense. Noting that stochastic parabolic equations cannot be defined in the time-reversed
sense, the formulation of these equations was an open problem. Recently, Benes and
Karatzas [5] succeeded in formulating the adjoint equation for a stochastic parabolic
system, namely Zakai’s equation, by using the so-called "pathwise method" proposed
by Rosovsky (see 13, p. 327]) and the related transformation. In this paper, we derive
the necessary conditions for the MLE and construct an algorithm to find a solution
of the proposed necessary conditions by transforming the filter equation into the
pathwise form. The usual approach for deriving the algorithm to identify unknown
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746 SHIN ICHI AIHARA

parameters is to apply the gradient method in a formal way; setting the initial estimate
o of the unknown parameter, the iterative scheme is given by

(1.0)
ai+l i -- / X (the first variation of the likelihood functional

w.r.t, the parameter a)la:a, for i= 0, 1, 2,. .,
where 0 < A < 1.

However, the first variation of the likelihood functional (the second term of the
right-hand side of (4.34) in 4) does not have a regularity property with respect to
the spatial variables; therefore, the solution i+1 of (1.0) does not belong to C2(G),
even if the initial value rio is in C2((3). (The regularity property is required for proving
the consistency property of the MLE, as shown in [3].) Here, we use the regularization
technique, which was proposed by Kravaris and Seinfeld 11 for deterministic systems.
In 11 they showed that the regularization method plays an important role for achieving
numerical stability. In this paper, the regularization method is used to guarantee the
regularity property of the first variation of the (regularized) likelihood functional with
respect to the parameter, as will be shown in Theorem 4.2 in 4. Based on the first
variation of the regularized likelihood functional, we can construct a feasible algorithm
for generating the MLE that is similar to (1.0).

The following is a brief summary of this paper. Section 2 contains the relevant
background results concerning the mathematical models of the considered systems
and the consistency property of the MLE studied in [3]. In 3, introducing the
regularization technique to the likelihood functional, the consistency property of the
regularized MLE (RMLE) is proved. In 4 the necessary conditions for the RMLE
are derived using the "adjoint equation" [12]. In 5 an iterative algorithm to find a
solution that satisfies the necessary conditions for the RMLE is proposed and the
convergence of the generated sequence to the RMLE is shown. In the final section,
we demonstrate some results of digital simulation experiments.

Let (3 c R" be a bounded open domain with smooth boundary F 0(3. We define

(1.1) V= H(G)c H= L2(G) V’= H-I(G)
and denote the norm and inner product in H by]. and (.,.), respectively. We set

(1.2a) a(a)(V; V’)

and, for all b, b2 H,

(1.2b) (A(a)qb, b2)
f
| a(x) Oc--A 0c-2 dx,

i= G OXi

where a’ is a function with values in R and

(C1) 0<a<a<fl, VxG,

(C2) a C2(G).
From (C2), we find that operator A(a) with range restricted to H defines an

unbounded operator that is still denoted by A(a), with the domain @(A)=
H(G) fq HZ(G). (11, , ) is a complete probability space and (,) is an increasing
family of sub-r-algebras of . Let w(t) be an H-valued Brownian motion process
with the incremental covariance Q(H; H), where 1(., .) denotes the class of

Given X and Y Banach spaces, we denote by (X, Y) the space of bounded linear operators from
X into Y.
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trace operators and v is an m-dimensional standard Brownian motion process indepen-
dent of w.

Remark 1.1. It is possible to treat a more general elliptic partial differential
operator than A(a) defined by (1.2). However, to focus on our idea, we consider only
this simple equation (1.2).

2. System model and MLE. In this section, we present the results of the MLE for
an infinite-dimensional parameter in stochastic diffusion equations derived in [3].
Consider the following stochastic diffusion equation with the m-dimensional observa-
tion mechanism:

(2.1a) (u(t), b)+ (A(a)u(s), qb) ds=(uo, d)+(w(t), qb), Vqb V,

(2.1b) y(t) Bu(s) ds + v( t),

where B (H; R’).
THEOREM 2.1 (see [6, Thm. 5.1, p. 189], [10], [16, Thm. 2.1, p. 48]). Under (C1),

(C2), and

(C3) u06 L2(I; H) (zero-mean Gaussian),2

there exists a unique solution of (2.1a) such that

(2.2) u 6 L2(y; C(0, T; H) fl L(0, T; V)).

LEMMA 2.1 (see [3, Lemma 2.1], [15, Cot. 2.13, p. 924], [18, Thm. 1, p. 252]). We
assume that the system has reached the stationary state. In the steady state, the filter
equation is given by

(2.3) (a(t, a), )+ (A(a)(s, a), dp) ds= (P(a)B* dz(s; a), c), Vqb V,

where (t, a) E{u(t, a)[t}, t=o’{y(s); O<-_s<= t} and z(t; a) is defined by

(2.4) z( t; a) y(t) Ba(s, a) ds,

P(a) is a unique solution of
-(A(a)P(a)cka, ck2)-(A*(a)ba, P(a)ck2)+ Qqba,

(2.5)
-(P(a)n*BP(a)flpa, q2)=0, Vql, q2 V.

Remark 2.1. The stationarity assumption in Lemma 2.1 was verified in [3] by
assuming the initial condition Uo as Uo o_ T dw(-), where Tt is an exponentially
stable semigroup generated by A(a) [14, Thm. 5.5, Chap. 5]. From [12, Thm. 6.1,
p. 171], for (2.5) we can show that

(2.6) P(a) z(n; V’) (-I ( V; H).

LEMMA 2.2 (see [3, Lemma 2.3]). For any a and b that satisfy (C1) and (C2),
there exists a constant C independent of a and b such that

(2.7) IP(a){e2v,;H + [P(a)le2/_/;v <= C,

(2.8) I(P(a)-P(b))n*l < Cla bl-,(Rm;H)

Without Gaussian assumption, this theorem holds.
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where 2(’,’) denotes the Hilbert-Schmidt class of operators, and 1"12 denotes the
Hilbert-Schmidt norm.

LEMMA 2.3 (see [3, Thm. 3.2]). Let (R) be

(2.9) 6) {010 satisfies conditions (C1) and (C2)}.

Assuming that

(C4) B 6 ( V’; Rm),

we have

(2.10) lim sup- (B(t, a))* dr(t)=0 a.s.

Using Lemma 2.3, the following consistency propey can be proved in [3,
Thm. 3.3 ].

THEOREM 2.2. Let M be the measure null-set oucside that Lemma 2.3 holds. For
each M, letting r be the maximum likelihood estimate of a rue value), we have
the following strong consistency property:

(2 11) lim
1 oT IB((t’ T)--u(t’ a))[m dt=tr[B{P(a)B*}]"

In Theorem 3.2 of the next section, we prove the consistency propey of the
RMLE, which is analogous to the proof of Theorem 2.2.

3. Maximum likelihood estimate by regularization. In this section, we reformulate
the MLE by using the regularization technique proposed by Kravaris 11 in determinis-
tic systems. The main purpose for applying this regularization technique to the likeli-
hood estimate is to construct a feasible algorithm for generating the MLE, which will
be discussed in 5. Here, we show the consistency propey for the regularized MLE.
The cylindrical measure y induced by y is absolutely continuous with respect to
induced by v. From Liptser and Shiryaev [13, Thm. 7.13, p. 261], the Radon-Nikodym
derivative is given by

(3.1)
dy(a) r 1 [Ba(t, a)lm dtd exp (B( t, x), dy( t))R --and the original likelihood functional is given by

(3.2) L( T, y, a) In d(a).

To regularize the estimate of a, instead of , we introduce a regular space such that

(3.3) O= aerie(G)0<Na(x)N, VxG, for s>-+
2

where s is an integer. From s > n/2 + 2 we find that the space O is densely imbedded
in C (see, e.g., 1, Thm. 5.4, p. 97]), i.e.,

(3.4) OR C C2.

Now we add the following regularization functional to (3.2): -v(T)[[a[; therefore,
the regularized cost becomes

(3.) (Z y, a) (, y, a)- V(
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where

(3.6)

and

T(T)>0 for 0< T<

r(T)
(3.7) lim =0.

Tcx3 "
In the rest of this paper, all conditions and assumptions stated before are assumed

to hold.
T such thatTHEOREM 3.1 There exists at least one RMLE v OR

Lv(T, y, drv)>-Lv(T, y, a),

Proof. See Theorem 3.1 of [3, p. 1069] for the proof.
THEOREM 32. For ATav =arg maxaoRLv, we have the following strong consistency

property"

(3.8) lim
1 --oTT-- IB((t, d)-u(t, a))]m dt=tr[Ba(a)B*], a.s.

Proof. We define

(3.9) fly(a) exp {-3’(T)llalln}ly(a).
It follows from [13, Thm. 7.13, p. 261] that

dl2y a dl2 a dtx
dt2y a o) dtxv dty ao)

=exp - IB(u(t, a)-a(, a))lm de

(3.10) +- IB(u(t, a)-(t, a))]R dt
2

exp (B(a(t, a)-(t, a)), dv(t))R.

exp {-T(T)(IIa[]%-II allu)).

T

(3.13) I(T, a)= IB(u(t, a)-a(t, a))12R dt,

from [3, Thm. 3.3] and [17, Thm. 1, p. 655], we have

(3.14) T-lim ,inf {-I(T,a)}>-tr[BP(a)B*].

Defining

T satisfies the following relation:Now, we find that the regularized MLE dr
dy(T)

(3.11) dt2y(aO) >= 1.

Noting that all results of Lemma 2.3 are available for OR, we can derive

ifof(3.12) lim sup - (B((t, a)-(t, a)), dv(t))gm=O a.s.
T-x aOR
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Consequently, from (3.14), we have

(3.15) limr_o-{I(T, Tr)--I(T, a)}-----0 a.s.

It follows from (3.7) that

(3.16) lim
1 / )T-cx- 3’(T) [[a[[ inf []a[[s =0.

aOR

Hence, using (3.11), we can derive the following relation:

.m
(3.17)

lim {I( T, )- I( T, a)} > 0.

Thus, (3.8) can be derived.
Remark 3.1. From Theorem 3.2, we also have

lim tr [BP()B*] tr [BP(a)B*] a.s.
T

(4.1)

where

4. Necessary conditions for the RMLE. Before deriving the necessary conditions
for the RMLE, we transform the measure to such that

d qd,

(4.2) q=exp (Bu(t), dy(t))R--- [Bu(t)I2R

Hence, we find that y is a Wiener process with respect to the measure .
First, we discuss the first variation of Lv(T, y, a) with respect to the parameter a.

Defining

(4.3) (e(t), b) lim (t(t, a+eSa)-(t, a), d?)/e,
e->0

for a, a + ea e OR, we obtain

(4.4)
L(e(t), c)+ ((A(a)+P(a)B*B) e(s), oh) ds

((a)B* dy(s), 4’)- ((.(a)+’(a)B*B)(s, a), oh} ds,

where, for (1, (2 ( V,
/

(4.5) (;(a)4),, 4)a} lim ((A(a + ea)- A(a))4),, 4@/e |a -"-1
e->O i= \ axi axi ]

(’(ta)ql, q2) lim ((P(a + erda) P(a))bl, 4,)/e.
e-->O

and

(4.6)

vev,

Using (4.6), (2.5) becomes

-(A(a)’(a)l, chE)-(A*(a)qbl,

(4.7) ’(a B*BP(a + P(a B*B(6a dp

((6a)P(a)chl, b2)+ (/*(6a)thl, P(a)b2).
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Furthermore, from (2.6), we also find that (4.7) has the following unique solution"

(4.8) (3a) w( V’; H) VI (H; V).

It can be easily shown that

(4.9) e L2(2, ; C(0, T; H)("1L2(0, T; V)).

Then the first variation of the cost Lr(T, y, a) becomes

6Lr( T, y, a) lim
Lr( T, y, a + ea)- Lr( T, y, a)

eO E
(4.10)

(Be(t).dy(t))m- (Be().Ba(t,a))dt-2,/(T)(a,a).,.

To derive the necessary conditions for the RMLE, we must introduce the adjoint
equation. To do this, (4.4) is transformed into the pathwise form. We define

(4.11) (t) e(t)-P(a)B*y(t).

Using (4.11), (4.4) can be rewritten as

+ (A(a) + P(a)B*B)(( t) + P(a)B*y( t))
dt

(4.12) =-((A(Sa)+(Sa)B*B)a(t, a), 4), V4 V,

(0) =0.

PROPOSITION 4.1. Equation (4.12) has a unique solution such that

(4.13) d---
Proof Noting that (., a)6 C(O, T; H)fqL2(O, T; V) almost surely and y

C(O, T; Rm), almost surely , we find that

(4.14) (A(a)+P(a)B*B)(6a)B*yLZ(O, T; V’), a.s.

and

(4.15) (,(Ba) + (6a)B*B)a
From [12, p. 102], (4.13) can be derived.

PROPOSITION 4.2. Introducing the following adjoint equation for Y( t)-equation"

B* B*
dt

-(A*(a)+ BP(a))((t, a)+ (y(T)-y(t))),
(4.16)

(B*Ba(t, a), 4), 4 V,

/(T, a) 0,

(4.16) has a unique solution such that

(4.17) d/ L2(0 T; V’) and fie L2(0, T; V), a.s. o.
dt

Proof Noting that B* (R’; V), we have

(4.18) (A*(a)+B*BP(a))B*(y(T)-y(.))+B*B(.,a)Lz(O,T;V’) a.s..
From [12, p. 102], we find that (4.16) has a unique solution, as shown in (4.17).
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PROPOSITION 4.3. Introducing the adjoint equation for P(a)-equation, namely

-(A*(a)R(a)bl, tha)-(A(a)thl, R(a)a)

-((P(a)B*BR(a)+ R(a)B*BP(a))bl, ba)

B*y(t) B* dy(t) B*y(t) dt
2 dt

(4.19)
B*Ba(t,a)(R) (/(t, a)+B*(y(T)-y(t))) dt)1,

+- dpl, B*y(t)@B* dy(t)- B*y(t)@
2 dt

dt

V#)I, 4)2 (

(4.26)

a unique solution in (4.20).
Now we will derive the necessary conditions for the RMLE.
THEOREM 4.1. The first variation of Lv(T, y, a) is given by

6Lv( T, y, a)= a dt
/:1 OXi OXi

i= G OXi OXi

where R(a,. ,.) and P(a,.,.) are the kernels of R(a) and P(a), respectively.

Furthermore, it follows from Pc a(V’; H)f-I a(H; V) and [18] that (4.19) has

.r dfi(t, a)
(4.25) B*y(t)@ dt a(V; V) a.s. .

o dt

and

(4.22) B*y(t)(R) dt, R(a) -<constlR(a)[e(v,;,), a.s. ,
where [.,. denotes the Hilbert-Schmidt inner product. These estimates follow from
the following properties"

(4.23) B*y(t)(R)B* dy(t)6a(V’; V), a.s. ,
(4.24) B*B(t,a)(R)((t,a)+B*(y(r)-y(t)))dte2e(V’; V), a.s. ,

and

where thl(R)tha t])l((2 ), (4.19) has a unique solution in

(4.20) R a( V’; H) 2(H; V).

Proof To show the existence of the solution to (4.19), it is sufficient to show that

B*y(t)(R)B* dy(t)- B*Ba(t,a)(R)(,(t,a)+B*(y(r)-y(t))) dt, R(a)
(4.21)

-<const IR(a)I2(H;H a.s.
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Proof. From (4.12) and (4.16), we have

((T),/(T, a))-((0),/(0, a))=
dt

if(t, a) + (t), dfi(t,dt a__.__) dt

{-{(A(a)+P(a)B*B)(.(t)+(a)B*y(t)),(t, a)}

-((.i(a)+ f(a)B*B)a(t, a),.(t,

+((, (*(a + *a(a((, a+*(y(r-y(
+(), B*B(t, a))}

Noting that (0)=/(T, a)=0, the above equation becomes

{(A(a)+P(a)B*B)f’(a)B*y()+((a)+f’(a)B*B)a(, a),(t, a))} dt

(4.27) + {g(), (A*(a)+ B*BP(a))B*(y(r)-y(t))) dt

+ (.(t), B*Ba(t, a)) dt=O.

From (4.12), the second term of the left-hand side of (4.27) becomes

or
((A(a) + P(a)B*B).( t), B*(y( T) y( t))} dt

ion( d---,B*(y(T)-y(t)) dt

((A(a)+P(a)B*B)’(a)B*y(t)

+ ((a) + f’(a)B*B)a( , a), B*(y( T) y( t))) de

I+I2,

for example. It is easy to show that

I1 dt
B*y(T) dt+

\ dt
B*y(t) dt

(4.28)
r {d’( t)

=-(.(T), B*y(T))+(.(O), B*y(T))+
\ dt

B*y(t)I dt.

Noting from (4.11) that (t) is t-measurable, the third term of the right-hand side
of (4.28) can be represented as the stochastic integral with respect to y. From (0)= 0,
we get

Io IoI (’(t), B* dy(t))=- (Be(t), dy(t))R"+ ((6a)B*y(t), B* dy(t)).
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Hence, from (4.27), we have

T

((A(a) + P(a)B*B)(6a)B*y(t), fi( t, a)+ B*(y( T)- y(t))) dt

(4.29)

+ ((A(6a)+(6a)B*B)(t,a),fi(t,a)+B*(y(T)-y(t)))dt
o

+ (Be(t), dy(t))R ((6a)B*y(t), B* dy(t))
o

T

(e(t)-(6a)B*y(t), B*B(t, a)) dt=O.
o

From (4.16), the first term of the left-hand side of (4.29) becomes

(A*(a)+ B*BP(a))(fi(t, a)+ B*(y(T)- y(t))) dt

(6a)B*y(t),dfi(t,dt a)- B*B(t’ a)l dt.

Combining all the estimates, we have

(Be(t),dy(t))R.- (Be(t),B(t,a))R.dt
o

(4.30) ((,(6a)+(6a)B*B)(t, a),fi(t, a)+B*(y(T)-y(t))) dt

-fo((6a)B*y(t), )IoTdt+d(t, a)
dt

B* dy( t)).

Furthermore, from (4.7) and (4.19), we have

-[A*(a)R(a), (6a)]-[A(a)(6a), R(a)]-[P(a)B*BR(a) + R(a)B*BP(a), (6a)]

B*y(t)@B* dy(t)- B*y(t)(R) d(t, a)
dt

(4.31a) -B*B(t,a)@((t,a)+B*(y(T)-y(t)))} dt, (a)]
((6a)B*y(t), B* dy(t))- (6a)B*y(t),d( t,dt a ) dt

T

(’(6a)B*B(t,a),(t,a)+B*(y(T)-y(t)))dt

and

-[A*(a)R(a), (6a)]-[A(a)(6a), R(a)]-[P(a)B*BR(a) + R(a)B*BP(a), (6a)]

(4.31b)
G i= OXi OXi
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Then, it follows from (4.31a) and (4.31b) that

Io (f’(a)B*y(t) B* dy(t))- (a)B*y(t), dff(t, a) dt
dt

(4.32) (f’(a)B*Ba(,a),(,a)+B*(y(r)-y()))dt
o

=2((I OR(a’x’z)
i= Oxi

Hence, combining (4.10), (4.30), and (4.32), (4.26) can be derived.
Now we introduce the following operator A (H; (H)’) such that

os2((A,2)) == (0,]+(,), forl,eH,
where (.,. }) denotes the duality between H and (H)’.

Noting that the norm and the inner product in H are represented by

iills=(, )s=<<A, >>, forH,
from Theorem 4.1, the precise form of the necessary conditions can be derived.
ToM 4.2. e necessary conditions ofthe RMLE are characterized by ( t,

p( r ra,), (, (), ), and the variational inequality below"
T(4.33) 2y(T)({At./, a- tr))_-> (f(tr), a- ar),

where Ta v OR is the RMLE and

(4.34)
{ I a"x’z) OP(Sv’z’x)f() 2

OR( ^r r

i= G OXi OXi
dz

rO(t, a,) O(fi(t, ,)+B*(y(T)-y(t)))
dt

0 OXi

Moreover, there exists a solution "7a of the variational inequality (4.33). The uniqueness
,Tof the estimate a v is not discussed here.

Remark 4.1. Assume that ]f(al)-f(a2)[H.,),<=[al-a2[ 2 for all al and a2e(R)R.
Equation (4.33) has a unique solution. However, we cannot present the exact conditions
for proving the uniqueness property here. In 6 we will show three numerical examples
that seem to guarantee the uniqueness property.

Proof From the results of Theorem 4.1, (4.33) can easily be derived. The remaining
task is to show the existence ofthe solution to the variational inequality (4.33). Applying

T in ORTheorem 2.1 in [9, p. 24] for elliptic variational inequalities, the existence
can be proved, if all conditions stated in [9, Thm. 21] are satisfied. Noting that in (3.3)
a and/3 are positive constants, the space (R is evidently a closed convex set in H,
and the operator A is coercive in HL Now we show that f(vT) is in (H)’, almost
surely. From (2.7) and (4.20), we have

(4.35)

2
,, x, z) OP(a,, z, x)

dz
i=1 (3 OXi OXi HS)

<- const 11R(8 r)112
Defining (t, t/)= (t, 3)-P(gt)B*y(t) and applying the same technique used in
the proof of Proposition 4.1, we also find that (., a) C(0, T; H) almost surely .
Hence, from y e C(0, T; R"), almost surely 3 and P(8)B* (R"; V), we have
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(., a) C(0, T; H) almost surely . (See the proof of Lemma 5.2 in 5 for more
details.) Furthermore, noting that from (4.17),/ C(0, T; H) almost surely , we have

T O(t, ar) O((t, v)+B*(y(T)-y(t)))
OX OX (hS)

Hence, we find that f(dvr) (HS) ’, almost surely .
Remark 4.2. If the function a - Lv( T, y, a) is strictly convex, the necessary condi-

tions stated in Theorem 4.2 also become sufficient. However, it is generally impossible
to prove the strict convexity properly. The more important step is showing the unique-
ness of the solution to the variational inequality (4.34) stated in Remark 4.1. To do
this, we must calculate the second variation of L(T, y, a) with respect to a.

5. Iterative algorithm for the RMLE. In this section, we present an algorithm for
generating the RMLE that satisfies the necessary conditions derived in 4. The main
difficulty in solving the elliptic variational inequality (4.33) is the nonlinearity off(a).
To circumvent this, the variational inequality (4.33) is approximated to the iterative
form given by (5.4) below. From this approximation, we can construct the following
iterative algorithm:

(i) Take the initial value ili:0---- a OR f’) {a Ilall, < const}
(ii) For di, solve the filter equation and the Riccati equation"

(5.a (a(,4,+ (((a+a(*a(sl,s=(a(a*y(,

(5.1b)

(5.2a)

and

-(A(di)P(i)l, 2)-(A (ai)l,P(i)2)+(Ql, 2)
--(P(i)B*BP(/)bl, b2) 0, Vl 2 e Y.

(iii) From i, Aiu, and P(i), solve the following adjoint equations:

-(A*(i)-I- B*BP(i))(i(t)+ B*(y(T)- y(t))), dp)
=(B*B(t), dp), Vdpe V,

fii(T) 0,

(A*(,)R(i)I, 2)-(A(i)I,
-((P(i)B*BR(i)+ R(i)B*BP(i))dp,, b2)

= *y(t(R)*y(- *y(t(R)

(5.2b)

Vein V,

B*Bai(t)@(.i(t)-B*(y(T)-y(t))) dt dpl, qb2
o

lIo Io+-1, B*y(t)(R)B*dy(t)- B*y(t)(R)
dt

dt
2

B*Ba’(t)(’(t)-B*(y(T)-y(t))) dt V1 2e
0

In the numerical experiments, it is convenient to transform the filter equation into the pathwise form
as in (5.12) of Lemma 5.2, because u cannot be defined in the ItS sense for 1.
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(iv) After calculating

f(ti)= {2f OR(i’x’z) OP(i’z’x)dz
k G OXk OXk

(5.3)

forOi(t) OXk

the following elliptic variational inequality is solved:

(5.4) 2,(T)((Aa+,,a-a+))>-(f(a),a-a+,), VaeO,,

i+1 OR.

(v) Replacing i by a newly obtained + from (5.4), repeat steps (ii) through (v).

THEOREM ft.1. Let be a sequence generated by the above algorithm. There exists
a subsequence of i (still denoted by ) such that

,,r weakly in 0 a.s. ,(5.5) i--> av R,

7- is an RMLE.where
Remark 5.1. The algorithm presented here is an off-line scheme. For each iteration

step, we must solve two partial differential equations (5.1a)-(5.2a), the operator "Riccati
equation" (5.1b), the "Lyapunov equation" (5.2b), and variational inequality (5.4). A
typical program execution takes a long CPU time on the typical personal computer.
At present, we cannot present a feasible on-line scheme.

The proof of Theorem 5.1 is not straightforward because the sequence 8i depends
on the whole value y(t), 0-< t-< T and then ai is no longer a Markov process; i.e., we
cannot define the u-equation in the It6 sense. The mathematical justification of the
i-equation is given by using the pathwise form that was used for defining the/ and
Y processes. (See Lemma 5.2 below.) Now we present the key lemmas for proving
Theorem 5.1.

LEMMA 5.1. Let i be in a bounded set in OR as shown in (i). Then we can extract
a subsequence of , still denoted by di such that di gt weakly in H and strongly in
H 1. Hence

(5.6) P(di)B*P(d)B* strongly in (R’; H), a.s. .
Proof The smoothness assumption for the domain G implies that the imbedding

from H into H-1 is compact [1, Chap. 6]. Because di is in the bounded set in Hs,
d converges to d weakly in H and strongly in H-lc L2(G). For the algebraic
Riccati equation (2.5) (see also (5.1b)), we have obtained the following estimates
[3, Lemma 2.3]"

and

(5.8) I(P(a)-P(b))B*I(m;.+I(P(a)-P(b))B*IR;I <- C[a-b[
for all a, b e (R)g, where C1 and C2 are independent of a and b. Hence, by using the
fact that i converges to strongly in H-1, (5.6) can be derived from (5.8).

LEMMA 5.2. Let be the same sequence as in Lemma 5.1. Denoting

(5.9) a’(t) a’(t)-P(i)B*y(t),
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we have

(5.10)
i 6 the bounded subset of L2(O, T; V), a.s. o,
d

the bounded subset of L(O, T; V’), a.s.
dt

and

(5.11)
where (., ) is a solution of (5.1a) for i .

Proof. By using (5.9), (5.1a) can be represented by

di(t) )(5.12) \ dt
,+(A(a,)+P(a,)B*B)(a’(t)+P(a,)B*(t)), e --o,

a,(o) =o.

i(.,t)-P(t)B*y(.) strongly in C(O, T; H)CIL2(O, T; V), a.s. #,

Noting that P(i) 2( V’; H) f-I 2(H; V), and y C(0, T; Rm) almost surely , we
have

(A(ai)+P(i)B*B)I, >_->11,11-c(,,)1,1, ., c()>0
and

(A()+P()B*B)P()B*y(.)e Y’, Vte[0, T], a.s. .
From [12, p. 106], (.10) can be derived.

Denoting that is a solution of

(d(t)+(A()+p()B,B)((t)+p())B,y(t), )=0, V,
dt

(5.13) (0) =0,

we have

(5.14)

[i(t)-(t)12+2 ((A(,)+P(,)B*B)(a’(s)-(s)), t’(s)- t(S)> ds
o

= (((a-(4+(a(a-a(4*(, (-a(s s

+(a(a*P(a-a(4*a(4ll*y(s, (s-(s s
=11+12,

for example. By using (5.6), we have

I, . - 4, d
k=l 8Xk 8Xk

(5.15) 21a-a,I Ila(x)lld, II’(s)-()lld,

(Ve, zC(e) > O)

<=c()la-a,I Ila()ll ds+ Ila’(s)-a(s)lld.
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N.oting that is also in the bounded set stated in (5.10), we find that there exists
Cl(e) > O, for all e > O, such that

(5.16)

Furthermore, from the fact that B*By(t) V, for all t[0, T], by using the same
approach for (5.16), we get that there exists 2(e)> 0, for all e >0, such that

(5.17)
T

h- IIi(s)-&s)llds/d()[-,l sup ly(t)l.
O<=t<=T

Hence, using Gronwall’s inequality, we have

(5.18a) sup I’(t)-(t)12<=const
O<_t<T

and

(5.18b) (t)-(t)llZv-const lS-a,I

From (5.18), (5.11) can be derived.
LEMMA 5.3. Let i be the same sequence in Lemma 5.1. Then we have

(5.19) -(., ) strongly in C(O, T; H) f"l L2(O, T; V),

where (., ) is a solution of (5.2a) for i and

(5.20) R()B*R()B* strongly in (R; H).

The proof of this lemma is omitted, since by applying the same procedure used
in the proof of the previous lemmas, this proof can easily be obtained.

LEMMA 5.4. Letting be in OR {all] a H const}, we find that the solution
of the variational inequality (5.4) satisfies the following condition"

(5.21)

where the constant C is independent of.
Proo From the results of Lemmas 5.2 and 5.3, for the bounded subset of

OR, we have

(5.22a) at < C Ila’ll dt + Ilff’(t)ll dt < C
k= 10Xk OXk HS)

and

(HS)

where C is a constant independent of 8. From Theorem 2.1 in Kinderlehrer [9, p. 24],
we find that the variational inequality (5.4) has a unique solution 8+ OR. Setting
a a in (5.4), we have
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(from (5.22))

=< + const independent of ,+,, Ve > 0.

The estimate (5.21) is derived.

Proof of Theorem 5.1. From the results of Lemmas 5.1-5.4, noting that tlo is in
the bounded subset of OR, the whole sequence i satisfies (5.21). Then we can extract
a subsequence, still denoted by 8i such that

(5.23) 8 weakly in 19R and strongly in H.

Hence, the remaining task is to show that ti is a solution of the variational inequality
(4.33). From Lemmas 5.1-5.3, we have

(5.24) f()-f(t) strongly in (HS) a.s. .
Noting that

(5.25)
and

((A,+,, a))-)((AS, a))

-lim inf((Ad+l, ,+1)) =< -((A,
we can take a limit in (5.4) as i-oe to derive the variational inequality (4.33).

6. Numerical examples. In 2 we assume that the system input is only a noise
term. However, by applying the deterministic term g(x) L2(G) to the system equation
(2.1), we can obtain the same results as those in the previous sections. To illustrate
the theory, we will consider the following simple system with the given deterministic
input g(x):

(6.13) u(t,x)-[-’O(a(x)OU(s’x)ds=uo(x)+tg(x)+w(t,x) in[0, tf[]0,1[,
3o\/0xOx

(6.1b) u(t, 0) u(t, 1) 0 on [0, t[,

(6.2) yi( t) bi(x)u(s, x) dx ds + vi( t)
Gi

for i= 1, 2,..., m. We use the well-known formula of finite-difference scheme to
perform the digital simulation experiments (see, e.g., [7]). Hence, we set rn 12,
Ax 1/26, Gi ]2i- 1, 2i + 1[, 1, 2, , 12. The deterministic input g(x) and the
weight function b(x) are given by

g(X)x:jA,

and

0 j=l,2,...,5
100 j=6

0 j=7,8,...,12
-100 j 13

0 j=14,.. ",18
100 j= 19

0 j =20," ", 25

bAx
2bAx

bi(x) x=j,xx bAx
0

j=2i-1

j=2i

j=2i+l

j others
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respectively. The system and observation noises are generated as follows:

OW(o__x) Ni,j/x/A Ax and
dV tt _

Nk/v/

where Ni,j and Nk are mutually independent Gaussian random numbers, i.e., N,j
N(0, trs) and Nk N(O, 1). The incremental covariance Q is given by

I0 26

Q= q(x, z)(. dz- E 6,k(" forx--iAx and z- kAx(l <- i, k<=26).
k=l

Equations (6.1) and (6.2) are transformed into the finite-difference equations by using
the Crank-Nicolson scheme. Furthermore, to realize the stationary system state in the
digital simulation experiments, the initial condition is set as

Uo(X)= ---x (a(x))-x g(x)+ me(x),

where NI is a Gaussian noise, i.e., NI(jAx) N(O, o-).
Setting the regularization operator A as

(e3 ((A4,, ))
dx dx ,] + }i])12,

we consider the four cases given in Table 1. In these numerical examples, we should
add the extra terms E{uo(x)} and tg(x) to the right-hand side of (5.1a). Here we
formally let E { Uo(X)} be

--x (a(x))-x g(x),

as the numerical data.
To carry out these simulation experiments, all equations were approximated to

the finite-difference equations used in [8] and [11] and solved by a digital computer.
In Figs. 1-4, corresponding to the true parameters given in Table 1, sample runs of
the estimates generated by the proposed algorithm are demonstrated. We can perform
the algorithm without a regularization term because all equations of the algorithm are

approximated to the finite-difference equations. (Of course, we cannot prove the
convergence property of the estimate without a regularization term.) Comparing the
sample runs of the RMLE and the MLE as shown in Figs. 1 and 2, respectively, we
can safely conclude that the regularization method works well. In this paper, we cannot
show that the uniqueness of the solution to the nonlinear variational inequality (4.33)
as well as we have shown the exact matching of the parameter estimate and the true
parameter. However, the results of the numerical examples in Figs. 3 and 4 seem to
show the possibility of proving the identifiability of the regularized estimate. From

TABLE
Numerical values for identification of a(x).

+sin (Trx) 10-2 106 10-8

2 +sin (Trx) 10-2 106 0
3 + x 2 10-1 104 10-8

4 +sin (27rx) 2 10-1 104 10-8

Case True a(x) tr b 3’



762 SHIN ICHI AIHARA

^T /true a(x).. ,*iteration 50
:::,:5,::% /iteration 10

’:’- iteration 1

_-.:::=’_-"
initial guess

FIG. 1. Sample runs of RMLE for Case 1.

^T

FIG. 2. Sample runs of MLE for Case 2.

’,Ta
7

0

.,..,.,,-" ......,,, true a(x)
"\
\ ...- ..- ..>. ; ..------.-7- Iteration 50

.,-," .........
initial guess

FIG. 3. Sample runs of RMLE for Case 3.
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^T

..- -... ...-=-’-.-true a(x)

//,’ \.. \ ..- / ---" ,,,X,

/ initial guess ,, \._ ltertlon 50
/ ’, "’-iteration 10

/ X’----iteration 1

FIG. 4. Sample runs of RMLE for Case 4.

results of simulation experiments, we can conclude that the deterministic input g(x)
and the initial condition E{uo(x)} strongly depend on the parameter estimate.

Acknowledgments. The author thanks Tasuku Hoshino, who carried out the
numerical calculation in this paper. Thanks are extended to the anonymous referees
for making several suggestions and comments that enhanced the presentation of the
report.
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ALGEBRAIC RICCATI EQUATIONS AND THE DISTANCE TO THE
NEAREST UNCONTROLLABLE PAIR*

P. GAHINET$ AND A. J. LAUB"

Abstract. A connection is established between nearness to unstabilizability of a stabilizable pair (A,
B) of matrices and nearness to singularity of the symmetric positive definite solution to an associated
algebraic Riccati equation. From this result, computable upper and lower bounds are derived for the distance
of (A, B) to the nearest uncontrollable pair. Numerical tests confirm the validity of the method and potential
applications are discussed.

Key words. Riccati equation, nearness to uncontrollability, stabilizability, robustness

AMS(MOS) subject classifications. 49E30, 93B35, 93B40

1. Introduction. When numerically assessing whether a pair of matrices (A, B)
Rnnx R is controllable (or stabilizable), tests that simply provide a yes/no answer
are not entirely satisfactory [17], [18]. Instead, an estimate of how far the pair is from
the set of uncontrollable (respectively, unstabilizable) pairs is more relevant. Unfortu-
nately, this involves a nonconvex minimization in a space of n dimensions, and existing
numerical methods to search for minima often suffer from the following limitations:
the computed minima are only local; a two-dimensional search is necessary when
complex perturbations are allowed; and the speed of convergence is guaranteed to be
quadratic only in the proximity of the local minima, and a high computational overhead
may thus be attached.

Few lower or upper bounds on the distance to uncontrollability are available in
the literature. Upper bounds were proposed in [1] but they require either forming the
controllability matrix or that A be stable. A lower bound was obtained by Demmel in
[6]. Finally, an expression for the distance to unstabilizability was obtained in [13,
Prop. 4.8] in the special case where only A is perturbed. Thus existing bounds often
have restrictive conditions of validity. Moreover, they can be very conservative in some
cases.

In this paper, nearness to uncontrollability of a controllable pair (A, B) is related
to nearness to singularity of the positive definite solution to an associated algebraic
Riccati equation (ARE). This connection provides lower and upper bounds that are
relatively tight in most cases, computable at a reasonable cost, and have a simple
interpretation in system theoretical terms. This approach applies to the most general
pair (A, B) and entirely departs from the usual formulation as a functional minimization
problem.

The paper is organized as follows. First, the concept ofnearness to uncontrollability
and its formulation as a nonconvex minimization problem are reviewed ( 2). Classical
numerical methods to find local minima are also recalled in 3. A new result concerning
the distance to uncontrollability is then presented in 4. In the second part, it is shown
how stabilizability robustness can be assessed via an ARE ( 5), and lower and upper
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bounds are derived from this connection ( 7, 8). Finally, the results of extensive
numerical testing are analyzed, and potential applications of this new tool are discussed.

2. Definitions, notation, and elementary remarks. Consider the linear dynamic
system

(2.1) Ax + Bu,
where x R denotes the state vector, u R the input or control vector, and (A, B)
R x R with r _-< n. The pair (A, B) is controllable if and only ifthe pencil (A s/, B)
has full row rank n for any complex s. Similarly, (A, B) is stabilizable if and only if
(A-sI, B) has rank n for any complex s with nonnegative real part; in other words,
if and only if (A, B) has no uncontrollable mode in the closed right half-plane.

The distance of (A, B) to the nearest unstabilizable or uncontrollable pair is
defined as the norm of the smallest perturbation (6A, 6B), which makes the pair
(A + 6A, B + 6B) unstabilizable or uncontrollable, respectively. Throughout the paper,
the Frobenius norm M F (Trace (MM))1/2 will be used for measuring the perturba-
tion magnitude. The perturbations considered can be either complex or restricted to
the real field, which leads to the definition of two distinct distance measures. The
distance of (A, B) to the nearest unstabilizable pair will be denoted by ’R when only
real perturbations are considered, and ’c when complex perturbations are allowed.
That is,

/.,v(a, B) inf {([[ga[l + IItBllZv) 1/2" a F""; 6B Fnxr;
(2.2) (A + 8A, B + 6B) unstabilizable},

where F R, C.
A parallel definition is given below to the distance of (A, B) to the nearest

uncontrollable pair, which will be referred to as /XR (real perturbations) and
(complex perturbations)"

/XF(A, B) inf {(II6A[12F + 116B11%)1/2: a F""; B Fnr;
(2.3) (A + A, B + B) uncontrollable}.

Under a state coordinate transformation x’-- Tx in (2.1), the pair (A, B) becomes
(TAT-1, TB). Note that ua and a (respectively, ’c and /xc) are invariant for T
orthogonal (respectively, unitary) but are generally affected by other transformations
T [9], [20].

Note finally that controllability and stabilizability are generic properties; that is,
the set of controllable (or stabilizable) pairs is open and dense. Consequently,/x(A, B)
0 if and only if (A, B) is uncontrollable (and similarly for ,). Also, the infimum in
(2.2) or (2.3) is attained for some perturbation. We will refer to such a perturbation
as ,-minimal or/x-minimal, respectively.

The distances/xc and ’c can be related to nearness to rank deficiency as shown
in [10]. Specifically,

(2.4) ’c min O-min(a- AI, B),
Re A

(2.5) /xc min O-man(A- AI, n),

where O’min(" denotes the minimum singular value.
The minimization (2.5) can be reformulated as a minimization over the unit sphere

in C", that is,

(2.6) /xc(A, B)= min Fc(q) /2, where Fc(q) qH(AAr+ BBT")q-lqHAq[.
qeC’, Ilqll--
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The two minimization problems are dual and their local extrema are any pair (h*, q*)
C x C satisfying the following conditions:

(C A* is extremal for (2.5),
(C2) q* is the left singular vector associated with the smallest singular value

of (A-A*/, B),
(C3) A*=q*HAq*.

These duality results can be found in [2] and [22] and play a crucial role in the design
of descent algorithms (see 3).

A consequence of this characterization is the following result.
PROPOSITION 2.1. Let (6A, 6B) be a txc-minimal perturbation of (A,B). Then

(SA, 8B) is rank-one, and there exists a unitary state transformation U such that

ta H tbH

6a C(n-1)X1 6b Crl [[6a 2 + IIbll=
Moreover, the representation of (A, B) with respect to the new basis is given by

ta H A*]’
UHB-

tbH

where A* C is minimal in (2.5).
_Proof. See Appendix A.
When restricting ourselves to real perturbations, the minimizing perturbation in

(2.5) may be either rank-one or rank-two. Specifically, /xR-minimal perturbations can
be categorized as follows.

PROPOSITION 2.2. Let (6A, BB) be a a-minimal perturbation of (A,B). Then
6A, 6B) is either rank-one or rank-two, and there exists an orthogonal state transformation
U such that either

(2.9) A=U( 0"-’ )U, 6B=U( 0 )--ta T -6b r

and the representation of (A, B) with respect to the new basis is

(2.10) UTAU=( All a12 ( B1 )ta T A*/’
UTB

tb T

where A* R minimizes O-rnin(A- AI, B) over all real A, or

A2, R("- 6B2 6 Re IIe,ll+ IIB=II
and the representation of (A, B) with respect to the new basis is

where A R has complex conjugate eigenvalues with nonzero imaginary parts.
Proo See Appendix A.
The peurbations of type (2.9) will be called one-dimensional, and those of type

(2.11), two-dimensional. This distinction leads to the introduction of two separate



768 P. GAHINET AND A. J. LAUB

distance measures, denoted by /xR,1 and R,2, which correspond to the norm of a
minimal real one-dimensional and two-dimensional perturbation, respectively. Note
that

(2.13)
/x,(A, B)= min (/x,,l(A, B),/x,,2(A, B)),

/Za,l(A, B) min tmin(A- A./ B),

(2.14) R,(A, B)= min F,(q)/2,
qR’,llqll--1

where FR,(q)=qT(AAT+BBT)q-(qTAa)2.

Moreover, a local extremum (A*, q*) of (2.13) is characterized by
(R1) A* is extremal for (2.13),
(R2) q* is the left singular vector associated with the smallest singular value

of (A- A*/, B),
(R3) A*= q*TAq*.

Finally, the analogue of (2.14) for two-dimensional real perturbations is [22]

(2.15) /za,2(A, B)= min Fa,2(Q) 1/2,
QRnx2, QTQ=

where

F,,z(Q) Trace { Q r(AA + BB)Q QrAQQAQ}.
To conclude this section, note the simple connection between distance to uncon-

trollability and distance to unstabilizability.
PROPOSITION 2.3. The measures tZF and Vv, with F R, C, are related by

(2.16 tv(A, B min uv(a, B), uv( A, B ).

Proof A pair (A, B) is controllable if and only if both (A, B) and (-A, B) are
stabilizable. Equivalently, a pair (A, B) is uncontrollable if and only if either (A, B)
or (-A, B) is unstabilizable. Consequently, a perturbation (6A, 6B) renders (A, B)
uncontrollable if and only if (A, 6B) makes (A, B) unstabilizable or (-6A, 6B) makes
(-A, B) unstabilizable. Identity (2.16) immediately follows from this remark and
definitions (2.2) and (2.3).

3. Algorithms to estimate PR and/Zc: A brief survey. Most existing algorithms use
descent methods to find local minima of (2.5), (2.6), (2.13), (2.14), or (2.15). The
various methods can be classified in two types: (1) descent schemes that search for a
complex (respectively, real) A, which locally minimizes (2.5) or (2.13), and (2) descent
methods that compute a sequence of elementary rotations [20] to find local minima
of Fl,, Fa,2 or Fc as defined in (2.14), (2.15), and (2.6), respectively.

The use of descent algorithms to find minimizing A’s in (2.5) or (2.6) originated
in [8]. Such algorithms can only estimate /Xc or/za,1. Their speed of co.nvergence is
at least quadratic in the neighborhood of local minima (see [2]), but their main
disadvantage is that they provide only local minima. Finding all such minima in the
one-dimensional real case is relatively easy. In the complex case, however, their retrieval
requires a recursive subdivision and scanning of the complex plane (see [4]), which
may imply a high computational overhead.

The second type of algorithm aims at decreasing the functionals Fl,l, FR,2, or

Fc. A thorough description of such schemes can be found in [22]. This approach has
the advantage of being general, but suffers the same difficulties, with handling local
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(4.2)

Write
to

minima. In fact, it is only guaranteed to converge to a local minimum for one of the
singular values of (A-AI, B). Moreover, it is unclear how to methodically retrieve all
local minima.

4. The relation between c and R. The computation of/xR has traditionally been
considered more difficult than that of/Xc, mainly because /z,2 cannot be obtained
through a one-dimensional minimization as in (2.5) or (2.13). In this section, we present
a new result that bounds /x from above and below in terms of/Xc. For /x ranging
between 10-6 and 1, a typical range of interest in applications, these bounds indicate
that/x or/Xc are of approximately the same order of magnitude. Thus, it is sufficient
to estimate/Xc even when only real perturbations are of interest. Also, the lower bound
on/Xc obtained in 7 and the upper bound on/Xl derived in 8 can be expected to
be reasonable lower and upper estimates for both/Xl and

The following technical lemma is needed.
LEMMA 4.1. Let q C be a unit vector minimizing Fc as defined in (2.6). Then

there exist two orthogonal real vectors u and v with Ilull2+ IIvll 2= 1, such that w= u+ iv
and w u- iv minimize Fc as well.

Proof See [21 ].
The next theorem bounds the gap between/Xl and
THEOREM 4.2. The distance measures IXi(A, B) and/xc(A, B) are related by

(4.1) /c =</a_--< max (2x/ tZc, 2llA-Arlll/3pc/3).

Proof The first inequality is trivial.
Let q C" be such that Fc(q) =/(A, B). Without loss of generality, q u + iv

can be chosen so that the real vectors u and v are orthogonal, from Lemma 4.1. Since
q is an extremum of Fc, the characterization (C1)-(C3) of 1 ensures the existence
of a unit vector such that

qH (a_(qHAq)i, B)= ctH.
H (rH, s H) with r C" and s C and define A qHAq. Then (4.2) is equivalent

qHA AqH "t- tXcrH, qHB [CI,CSH.

Taking the real and imaginary parts of these last two equations yields

u rA Re Au r + Im Av r +/Zc Re r r, urB =/Xc Re s r,
(4.3)

v TA -Im hU T -t- Re hv T +/Xc Im r r, vTB =/Xc Im s r.
Suppose that u I1" v 0, and let nu u and nv v II- Choose n 2 vectors

el,’", e_2 such that the set (el,"’, e_, u/nu, v/nv) is orthonormal. Then with
respect to this basis the pair (A, B) has the form

where
A21 A22 B

/Xc Rerr ReA ImA

A21= A22= B2=
(/x_c) Im rr (n_) ,mA Re A (/x_c) Ims
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It follows that

<-(llA=lll/llB=ll)’/=<--cmax (llrll=/llsll
(4.4)

< Ixc
min (n,, n)

using the fact that Ilrll=+ Ilsll== iltll== 1.
The right-hand side of (4.4) becomes unbounded when either [lull or Ilv[[

approaches zero. In that case, however, q approaches a real vector and an alternate
bound can be derived as follows. Returning to (4.3), rewrite the top two equations as

uT"(A-Re AI, B)= ixc Re tT"+Im,(v T O)

Since [-$R,1 < II(uT/n.)(A-Re hi,  )11, it follows that

NOW,

/Zc+lIm h[n

IIm AI In T(A-- AT) I IIA- ATIInn.
Therefore,

(4.5) ZR<Zc+llA-Arlln2 with n2,,+n2=l
/u

A similar manipulation starting with the bottom two equations in (4.3) leads to the
counterpart (4.5’) of (4.5), with u and v interchanged. Let x:=min (n,, n) and a :=
IIA-ATI[. Combining (4.5) and (4.5’) yields the following upper bound for IXR"

where the second inequality is obtained upon noting that x ranges in the interval
J [0, //2].

Combining (4.4) and (4.6) yields Ixa -< min (f(x), g(x)), where the functions f and
g are defined as

f x IX---V-c, g x x/IXc+ ax
X

Since x J, an upper bound for IXR is obtained as = maxxj min (f(x), g(x)). Now,
the functions f and g are monotonically decreasing and increasing over J, respectively.
Moreover, f(x) + as x -0, andf(//2) IXc; g(x//2)= /IXc+ a/2. Therefore,
there is a unique point x0 in J such that f(xo)= g(xo) and : can be expressed as

(4.7) : =f(xo) min max (f(x), g(x)).
xGJ

We now conclude by bounding from above the rightmost term in (4.7). This is
done by distinguishing between the following two cases.

(1) If IXc < 2-3/2ce, then xl O--I/3IX/3 is in J and

f(X1) OI. 1/3IX2C/3 g(X1) --’V/-IXC’4i- OI. 1/3IXC2/3 OI. 1/3IX/3( I-[-X/-ff.X1) < 20’I/3IX/3
From (4.7), it follows that _-< 2al/3IX/3, and (4.1) is obtained upon noting
that 2al/3ixZc/3>-2x/-IXc when IXc_-<2-3/a.
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(2) If txc> 2-3/2a, then 2l/3tX2c/3 < 2,c/ic. Also, g(x) <-x/tXc+ a/2 < 2x/lxc,
whence : <2x//Xc and (4.1) holds again.

Therefore, the upper bound in (4.1) is valid in all cases.

5. Behavior of the ARE solution near unstabilizability. It is well known that the ARE

ArX +XA XBBrX + G O, X R ", G Gr >_ O

has a unique symmetric nonnegative definite stabilizing (USNDS) solution X provided
that (A, B) is stabilizable and (G, A) is detectable [16]. If detectability is lost, we can
only guarantee the existence and uniqueness of a strong solution, that is, a symmetric
nonnegative definite solution such that the spectrum of the closed-loop matrix A-
BBrX lies in the closed left half-plane [19].

Let (A, B) denote an unstabilizable pair where neither A nor B is zero and consider
a sequence {(Ak, Bk)}kO of stabilizable pairs converging to (A, B). Associate with
(A, B) and each (Ak, Bk), respectively, the ARE

(5.1) ATX + XA XBBX+ I =0,

(5.2) AkTX + XAk- XBkBkTX + ! O,

and denote by Xk the USNDS solution to (5.2). In this section, the behavior of Xk is
studied as k increases, that is, as (Ak, Bk) becomes unstabilizable. In particular, it is
shown that (1) the norm of Xk goes to infinity with k, and (2) X has a limit whose
structure is directly related to the decomposition of (A, B) into stabilizable/unstabiliz-
able subspaces.

First, a few technical results are recalled regarding the solution Xk to (5.2) and
the ARE (5.1).

PROPOSITION 5.1. The USNDS solutions Xk to (5.2) are uniformly positive definite
in k. That is, letting Ak denote the smallest eigenvalue ofXk, there is some strictly positive
constant that uniformly bounds from below the set of Ak’S for all k.

Proof. See Appendix B.
PROPOSITION 5.2. The ARE (5.1) has no nonnegative definite solution When (A, B)

is unstabilizable.
Proof. See Appendix B.
The main result of this section can now be presented.
THEOREM 5.3.. Consider a sequence of stabilizable pairs (Ak, Bk) converging to an

unstabilizable pair (A, B) as kc. Let Xk denote the USNDS solution to (5.2) and
define Yk X-{ 1. Then

(1) Yk is the USNDS solution to the dual ARE

(5.3) Ak Yk YkAkr Yk + BkBkT 0;

(2) IIx +oo k - +oo;
(3) The sequence { Yk}k converges to the strong solution ys of the ARE

(5.4) -AY- YAT- Y+ BBT=O;
(4) Let U be an orthogonal state transformation bringing (A, B) to the form

(5.5) UTAu-(Ao11 A12 uTB--(Bo’)A2/
where (All, B1) is stabilizable and A22 has unstable eigenvalues. Then the
strong solution Y to (5.4) is conformably partitioned in the new basis as

(5.6) uTysu ( Y11 00)0
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where Yll is positive definite and is the USNDS solution to

(5.7) -All YI- YllA17] YI + B1Brl O.

That is, the null space ofY is the unstabilizable invariant subspace of A, B ).
Proof (1) The inverse of Xk is well defined from Proposition 5.1. Define Yk :=

XI> 0. Pre- and postmultiplying (5.2) by X yields (5.3). Now, rewrite (5.2) as

XkAk XkBkBkrXk --AkTXk I (--Akr Yk)Xk,

which implies that --AkT- Yk Xk(Ak BkBkTXk)X- 1. Since Xk is stabilizing for (5.2),
the matrix Ak- BkBkTXk is stable; hence the closed-loop matrix --Akr- Yk associated
with (5.3) is stable. Thus, Yk is the USNDS solution to (5.3).

(2) By contradiction, assume that IIx ll does not go to infinity with k. Then there
is a finite limit point X-_> 0. Taking the limit in (5.2) for the corresponding sequence
of indices k,,, it then follows that X is a nonnegative definite solution to (5.1), which
contradicts Proposition 5.2.

(3) Note that 1/[I Ykll--/min(Xk), where min stands for "smallest eigenvalue of."
From Proposition 5.1, it follows that the set { Yk" k 1, 2,’’" } is bounded. Let Y be
a limit point of this set. As the limit of a sequence of USNDS solutions to (5.3), Y
must be a strong solution to (5.4). Equation (5.4), however, has a unique strong solution
Y since (-A r, I) is stabilizable 19]. Consequently, Y is the only possible limit point
for the bounded sequence { Yk}k, which must therefore converge to Y.

(4) By an orthogonal state transformation, bring the pair (A, B) to the form (5.5).
Since (A, B) is stabilizable and (/, A) is detectable, the ARE

AX+ XAll XB1BX + I 0

has a USNDS solution X that is positive definite by Proposition 5.1. It is easily
verified that Y X- is then the unique positive definite stabilizing solution to (5.7)
(cf. the proof of part (1) above).

Let

Elementary algebra shows that Y is a nonnegative definite solution to (5.4). Moreover,
the spectrum of

-A -A U

lies in the closed left half-plane since Ae has unstable eigenvalues and -A- Y is
stable by construction of Y. Consequently, Y is a strong solution to (5.4) and by
the uniqueness of the strong solution to (5.4) (see part (3) above), we conclude that
y= ys, which justifies (5.6).

The previous theorem indicates that the USNDS solution Y of (5.4) becomes
singular as (A, B) becomes unstabilizable. This phenomenon is partially quantified by
the following result.

THEOREM 5.4. Let (A, B) be a stabilizable pair and Y denote the USNDS solution
to (5.4). Then

(5.8) /min(Y) -< 2vc(A, B).

Proof See Appendix B.



NEARNESS TO UNCONTROLLABILITY 773

Theorems 5.3 and 5.4 are the foundation of the bounds on /x derived in the
remainder of the paper. Specifically, they suggest estimating u in terms of the closeness
to singularity of the solution Y of (5.4). In turn, such estimates will readily translate
into bounds on/x using Proposition 2.3. Lower and upper bounds on are obtained
in 7 and 8 using this approach. Yet their derivation requires another instrumental
tool, which is the behavior of/x, ,, and Y in (5.4) when shifting the spectrum of A.
Technical results regarding this behavior are gathered in the next section, which may
be skipped by readers mostly interested in the main results.

6. Effect of shifting the spectrum of A. When shifting the spectrum of A, the
USNDS solution Y of (5.4) and the measures/x and , exhibit a remarkable behavior,
which can be exploited for the derivation of lower bounds on

Define the functions , and , (F R, C) of a real variable p as

(6.1) ,-(p)=uv(A+pI,,B), ,(p)=,v(-A-pI, B).

Also introduce the USNDS solutions Y+(p) to the ARE

(6.2) -(A+pI)Y+(p) Y+(p)(A+pI)T- Y+(p)2+BBT=O,

and Y-(p) to

(6.3) (A+pI)Y-(p)+ Y-(p)(A+pI)T- Y-(p)2+BBT=O.

The reason for introducing both Y+ and Y- lies in identity (2.16). Specifically,/z(A, B)
depends on both ,(A, B) and ,(-A, B), which are related to the smallest eigenvalues
of Y+ and Y-, respectively, by Theorem 5.3.

The fundamental properties of/xv, ,, ,, Y/, and Y- are summarized in the
next theorem.

THEOREM 6.1. With the definitions (6.1)-(6.3), and F= R, C,
1 For any real p, tx(A, B) txv(A + pI, B);

(2) The functions ,- and , are monotonically decreasing and increasing,
respectively;

(3) The USNDS solutions Y+(p) and Y-(p) are monotonically decreasing and
increasing with p, respectively. Moreover,

lim Y:( P)II +, lim Y+(p) 0;
p- p-

(4) In the case where F=C, let p*=-Re A*, with A* as in (2.8). In the case
where F= R, let p*= A* (A* as in (2.10)) if (6A, 6B) is one-dimensional,
or let p* be the negative of the real part of any eigenvalue of A22 in (2.12)
if 6A, 6B) is two-dimensional. Then

/zr(A, B)= ,(p*)= u(p*),

forp<=p*, i(A,B)=,(p)<,-(p),

for p >- p*, /xv(a, B) u;(p) --<_ ,(p).

Proof. See Appendix C.
Another instrumental property is brought out in Theorem 6.2 below and concerns

the connection between/x(A, B) and the closed-loop matrices

(6.4) K+(p)=-(A+pI)T- V+(p)
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associated with the ARE (6.2). Recall the following definition of the (complex) stability
radius of a stable matrix A:

(6.5) rc(A) min {II6AII" A e C"" and A+ 6A unstable},

as well as the following characterization [21]:

(6.6) rc(A) min O-rnin(A --I- iaI).

THEOREM 6.2. With the definitions (6.2), (6.4), and (6.5),

(6.7) /xc(A, B)= min rc(K+(p)),
pl( 2) A+A

per

where ]l" 112 denotes the spectral norm.

Proof Rewrite (6.2) as

(6.8) K+(p) rK+(p) (A + pI)(A + pI) 7- + BB T.

Now,

(K+(p) + iaI)" (K+(p) + iaI) K+(p) rK+(p) + a2I + ia(K+(p) K+(p) T)

K+(p)rK+(p)+ a2I + ia(aT- A)

(a + pI)(a + pI) T "F a2I + ia(ar A) + BBr

=(A+(p+ia)I)(A+(p+ia)I)H +BBT

=[A+(p+ ia)I, B][A+(p+ ia)I, B] H.

Consequently,

(6.9) O-min[A +(p -I- ia)I, B] tYmin(K+(p)’i- iaI),

which by taking the infimum over a provides

(6.10) minrmin[a+(p+ia)I,B]=minrmin(K+(p)+iaI)=rc(K+(p)),
acR ctR

using (6.6) for A= K+(p). Now, from the characterization (2.5) of/Zc, taking the
infimum over p in (6.10) yields

(6.11) /Xc min rc(K+(p)).
per

Finally, recall from 2 that a minimizing A* in (2.5) is characterized by A* q,H
Aq*, where q* is a complex unit vector. Therefore, from (6.9), a minimizing p in (6.11)
is obtained as p* -Re A*; that is, p* _1/2q,H (a + At)q*, whence IP*I =<1/211 a + ar]]2.
Thus, the range of p in (6.11) can be restricted to Ipl<-1/211a+all.

Note that Theorem 6.2 applies unchanged to

(6.12) K-(p)=(A+pI)T- Y-(p).

In fact, for any real p,

(6.13) rc(K+(p)) rc(K-(p)),
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since elementary algebra together with the counterpart of (6.8) for K-(p) shows that

(K+(p)+ iaI)H(K+(p)+ iaI)=[a+(p+ ia)I, B][a+(p+ ia)I, B]H

(K-(p)- iaI)H (K-( p)- iaI).

The interconnection and variations of +
Vc, Vc,/Zc, and rc(K+) are illustrated with

the following pair:

-0.1 -0.3 0.3 -0.2 -8 x 10-6

0.3 -0.3 9 x 10-2 1 x 10-2 1 x 10-2

6 10-4 2 10-2 -0.2 0.1 -0.1

4 x 10-4 -2 x 10-3 -2 x 10-3 -0.2 0.2

-7 10-5 -1 10-4 1 10-4 1 10-4 -5 10-2

-8 10-6 -2 x 10-5 2 x 10-5 -2 x 10-5 1 10-6

3 x 10-6 -1 x 10-6 -2 x 10-6

0.3 -0.3

-0.2 -0.1

0.1 -0.2

-3 10-2 -0.2

0.1 -3 x 10-

-0.20.30"2 /3 10-6 -3 10-6 -2 10-6

/ 0.8

-0.6

9x 10-2

B -2 x 10-2

6x 10-4

-6 10-5

3 10-6/
Note that 1/21]A+ ATII2 0.42 for this particular A. The decimal logarithms of +

//C, PC,

/Xc, rc(K+), and the smallest eigenvalues of Y+(p) and Y-(p) are plotted versus p
in Fig. 1.

7. Lower bounds for /Zc. In this section, a computable lower bound for /Xc is
derived in two steps. First, abstract lower bounds are obtained in Lemma 7.1 and
Proposition 7.2, which involve the minimizing A* in (2.5). Next h*, which is generally

10

10-,

10-13

-0.4 -0.3 -0.2 -0.1

rc(K +)
Amin(Y+)
Amin(Y-)

PC

/

FIG.
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unknown, is eliminated from the lower bound expression by invoking Theorem 6.2.
This results in the computable lower bound (7.5) obtained in Theorem 7.4.

We begin with the derivation of abstract lower bounds.
LEMMA 7.1. Let (,*, q*) be a minimizing pair for the dual problems (2.5)-(2.6)

and let p* Re h*. Then for 6p p p* > O,
2 2

(7.1) O< q.Hy+(p)q.<= tXc <= Ic
6p + x/6p2 + tz 26p

Proof Consider a unitary change of basis U, which brings the pair (A, B) to the
form (2.8), and partition UHY+(p)U conformably to (2.8) as

Writing the (n, n) entry of (6.2) relative to this basis, we obtain after elementary algebra

r2/lls/all2/2 Re (A*+p)r IIal12/ IIbl12 .
It follows that r2+2(p-p*)r-2c<=O, and thus r<=-6p+/6p2+tz. This last
inequality yields (7.1) upon noting that r= q*HY+(p)q* (q* is the last basis vector in
the new basis) and that -6p +x/6p2 +=1/(6p +/6p + c) <= 12c/(26p).

Note that Lemma 7.1 applies to Y-(p) as defined in (6.3) by simply replacing
p > p* with p < p*. This suggests the following lower bound for/c.

PROPOSITION 7.2. Let* be a minimizing complex numberin (2.5) and p* -Re A*.
Then for any p R,

(7.2) /(A, B) _-> 2lp P*I min {/min( Y+( P)), /min( Y-(P))}.

Proof First consider the case where p -> p*. By remarking that /min( Y+( P)) =<
q*Y+(p)q*, (7.1) shows that

(7.3) /(A, B) => 2( p P*)Amin( Y+( P)).

Now, the counterpart of Lemma 7.1 for Y-(p) and p < p* yields

tx(a, B) >=2(p*-p)Amin( Y-(p)),

which, combined with (7.3), produces (7.2).
The main obstacle to using (7.2) in practice lies in the facts that ]p -P*I is unknown

and that the lower bound (7.2) vanishes when [p-p*[ approaches zero. This difficulty
can be circumvented, however, by using an alternative lower bound when p p*. Such
a bound is obtained from the connection between/Zc and the stability radius rc(K +(p)),
as brought out in Theorem 6.2. The following result is needed beforehand.

LEMMA 7.3. We have, for any real numbers Pl and P2,

(7.4) ]rc(K+(p,)) rc(K+( P2))] -< ]Pl- P21.
Proof This is an immediate consequence of the inequality

IO’min(a-k-(p,-+-ia)I, B] grmin[a + pe-k- ion I, B]l <= p, p21,
which itself follows from [11, Cor. 8.3.2, p. 286].
We can now proceed with the main theorem, which provides a computable lower

bound for
THEORFM 7.4. For any real p,

(7.5) /(A, B)>= y(p)rc(K+(p)),
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where

y(p) =min { rc(K+(p)), Amin( Y+( p)), Amin( Y-(p))}.

Proof. Recalling that/xc(A, B) rc(K /(p*)), where p* is defined as in Proposition
7.2, Lemma 7.3 will provide an alternative lower bound on/xc when Ip*-Pl vanishes.
The details are as follows.

First, consider the case where Ip*-pl<-_1/2rc(K+(p)). Apply Lemma 7.3 to obtain

rc(K+(P*)) rc(K +( P))I-<-Ip* pl--< 1/2rc(K +(P)),
which leads to

and

/xc(A, B)= rc(K+(p*))>=1/2rc(K+(p))

2 +/x(A, B)>=-rc(K (p))>= y(p)rc(K+(p)).

Now, if, onthecontrary,]p* p]>1/2rc(K+( p)), combine this inequality with the bound
(7.2) to obtain

/x(A, B) _-> 2{1/2rc(K+( p))} min {Amin( Y+(p)), Amin( Y-( p))} rc(K+( p))y(p).

The lower bound (7.5), therefore, holds in all cases.
In practice, the bound (7.5) can easily be evaluated, the choice of p being the

only delicate step. Since (7.5) holds for all p, optimal performance for the lower bound
will be obtained for p maximizing the expression y(p)rc(K+(p)). From (6.10),
rc(K/(p)) will increase when moving away from the vertical lines of the complex
plane that pass through a local minimizer of f(A)= O’min(A-A,/, B). Concurrently,
the monotonicity properties of Y+ and Y- established in Theorem 6.1 indicate that
the term A(p):= min {Amin( Y+( P)), Amin( Y-(P))} will be maximized for p po, where
po is uniquely characterized by

(7.6) Amin(r+(po)) Amin(Y-(Po)) A(po):- Ao.
Now, note that for all real p,

(7.7) A(p) min {Amin( Y+(P)), Amin( Y-( P))} <---- 2rc(K+(p)).

The justification of (7.7) relies on Theorem 5.4, which provides A(p)=< Amin( Y+( P)) <=
2’(p) and on the following inequality"

/,c(p) min trmin(A+pI-AI, B) <- min trmin(A+pI-AI, B)=rc(K+(p)),
Re A0 Re A =0

where the last identity is taken from (6.10).
Consequently, y(p) A(p) in all cases, which suggests choosing p close to Po

defined by (7.6). However, if Po is close to the real part of some local minimizer
for which r(Am) := rmin(A Am/, B) << 1, then rc(K (Po)) << 1 and numerical problems
can be expected when computing Y+(p) or Y-(p). Specifically, if H(p) denotes the
solution to the Lyapunov equation

(7.8) K+(p)TH(p)+ H(p)K+(p)+ I=O,

the condition of (6.2) or (6.3) degrades as IIH(p)II increases [15], or equivalently as
rc(K+(p)) decreases (see [12, Thm. 2.4]). When IIH(po)ll is large, it thus appears
necessary to back off slightly from po to reduce the computation sensitivity. This may
seem paradoxical since, when po is close to the real part of a local minimizer A of
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(2.5), rc(K(po)) directly provides an estimate of the corresponding local minimum
r(hm). However, such a situation is not as favorable as it seems because this local
minimum tr(hm) may grossly overestimate the global minimum/Zc. Moreover, evaluat-
ing tr(hm) would involve an extra line search on the vertical line Re h Po since
rc(K(po)) cannot be accurately computed. Finally, moving away from po increases
rc(K+(p)) while decreasing h(p) and hence does not necessarily deteriorate the
tightness of (7.5).

Summing up, the lower bound (7.5) can be optimized and reliably computed as
follows. First, compute P0 defined by (7.6) as well as H(po) solving (7.8) for p--po.
If the norm of H(po) is relatively small (order of magnitude less than, say TOL= 103),
proceed with (7.5). Otherwise, shift away from p0 until the norm of H(p) is within
the set tolerance. The variation of H(p) can help monitor the shift direction and
magnitude, since its norm must decrease when actually moving away from a local
minimizer. In most cases, one shifting step is sufficient. Note finally that the search
domain for po can be restricted to the interval [pI<-_1/211A+ArlI2, as shown next.

THEOREM 7.5. Let Pmax =1/211a + arll2 and po, Ao be defined by (7.5). Then

(7.9)
2

Proof Let u be a unit vector such that Y+(po)u AoU. Let p Po in (6.2). Premulti-
ply (6.2) by ur and postmultiply by u to get

This implies that

and

Ao(2po + u T(A + AT)u) .+ IIBu I1 o.

ho+ 2po + ll
T(A + AT)U >-- 0

1 T(A + A’)u --flmaxpo =>

The same manipulation with Y-(po) and (6.3) yields the counterpart po <-

Pmax + ’0/2, whence (7.9).
Gathering all the previous results and comments leads to the following algorithm

to produce a lower bound on c.
Algorithm 7.6
1. Find an estimate rio of po in the interval [--Pmax, flmax] (/90 and Pmax as in

Theorem 7.5). A Golden Section search, or an interpolation on the logarithm
of the smallest eigenvalue of Y+(p) (Y-(p)) can be used for this purpose.

2. Initialize with p rio.
3. Compute
4. If []H(p)l[ > TOL, shift p away from po by +10/TOL. Go to Step 3.
5. Else, compute rc(K+(p)) by a bisection method [3] and return the lower

bound (7.5).

The most costly part of the algorithm is the estimation of po, since each iteration
of the search involves solving two AREs and finding the smallest eigenvalues of their
solution. However, fewer than five steps are generally needed to obtain a satisfactory
estimate rio (see Table 2).

This section concludes with a few words on the condition of all the computations
involved. The AREs are well conditioned away from the local minima of rc(K+(p))
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and so is the estimation of rc(K+(p)) itself since for any stable matrix A,
16rc(A)l/rc(a)<=l]6all/rc(a). The smallest eigenvalue of Y+(p) or Y-(p) can be
computed to reasonably high relative precision, as suggested by the work in [7]. Finally,
if Y+(p)+ 6Y denotes the computed solution to (6.2) and provided that Zc is not too
small in comparison with [IH( P)II, the bound (7.5) remains valid with Ami,( Y+(P) + Y)
replacing Amin( Y+( P)). This assertion is justified as follows.

Suppose that a numerically stable ARE solver applied to (6.2) provides the solution
Y+(p)+ 6Y of a nearby ARE with parameters (A+ 6A, B + 6B). Assume also that
]](6A, 6B)F << c, which will be the case when c is not too small compared to
[(a, B)[I F. Finally, denote by Ami, Y+(P)) + 6A the smallest eigenvalue of Y+(p) + 6
Consider now, below, the expression (A + 6A, B + 6B) in the same basis with respect
to which (A, B) has representation (2.8)"

A+A
(a+a) ,+,],

B+B
(b+b)

with ]l(a, 6b)ll c, [[(6a2,, 6b2)11 II(A, 6B)II, and 6A* ll6AII. By analogy to
Lemma 7.1, writing the (n, n) entry of the peurbed ARE satisfied by Y+(p)+ 6Y
leads to

II(a. b) + (... b)II(7.10) n(Y+(P))+
2[p-(p*+6p*)

where [6p*[ IRe (6A*) [6av. From (7.10), we obtain

(.(a. B)+ II(a. B)[I) =,(a. B)
.( Y+( p)) + a

2(]p-p*[-[6a[[v) 2p-p*[
provided that [[(6a, 6B)]F << c and ]]6Al] << p p*ll. Therefore, bound (7.) still
applies for the computed eigenvalue Am,(Y+(p))+ 6A, and the discrepancy 6A can
only affect its sharpness.

8. Upper bounds for . In this section, a numerical method to obtain a realistic
upper bound on is described and justified from a theoretical standpoint. This
method exploits the representation of (A, B) under the oghogonal coordinate transfor-
mation that diagonalizes the USNDS solution Y+ to (5.4). The resulting upper bound
and the lower bound described in 7 are generally close to each other (within a factor
of 10 to 100), and their combination thus provides a reasonable estimate of in most
cass.

THEOREM 8.1. Assume that (A, B) is controllable and, without loss of generality,
that [A][F 1. Let Y+ denote the USNDS solution to (5.4) and consider an orthogonal
matrix U=(u,...,u,) such that UrY+U=Diag(A,...,A,) with
(A, > 0 from Proposition 5.1). Let (, ) UAU, UrB) denote the transformed pair
and ao, b denote the generic entry ofA and the ith row of B, respectively. en

(8.1) lao[Z+ 4(2a,,+h,)(2a+h) for i>z
(8.2) b, + 2Ainu.

Proof Write (5.4) with respect to the basis change U. Looking at the (i, i) entry,
we obtain

Identity (8.2) follows immediately. Now, consider the (i,j) entry of (5.4) for

ao a,, + o.



780 P. GAHINET AND A. J. LAUB

Then

a, bri b
Olij jj ol Jv

and f8. ) fonows f8.2) and IIAII,,
If (A, B) is nearly uncontrollable, Y+ is nearly singular (A, << 1) and with respect

to the basis defined by U in Theorem 8.1, the transformed pair (,/) has the following
characteristics" (1) the last row of B is of very small magnitude, and (2) the entries
of A near the bottom left corner have small magnitude as well. Such a structure is
reminiscent of the form (2.8). We can thus hope that U is close to the transformation
that brings (A, B) to the form (2.8). This, in turn, suggests performing the coordinate
transformation U prior to running a descent algorithm. The odds of hitting irrelevant
local minima and obtaining excessively optimistic estimates of /XR are thereby sig-
nificantly reduced. This idea is summarized in the following algorithm that computes
an upper bound for/xR.

Algorithm 8.2
1. Compute the USNDS solution Y/ to (5.3), using a Schur solver.
2. Compute the eigenvalues of Y+ and the orthogonal transformation U, which

diago.nalizes Y+ with eigenvalues in decreasing order.
3. Set A := UTAU and / := UTB.
4. Do a line descent (one-dimensional perturbations) initialized with (A, B).

Let/Xl denote the local minimum encountered.
5. Do a two-dimensional descent starting with (,/). Let/x2 denote the local

minimum encountered.
6. Set/,+ := min (/z l, x2).
7. Repeat steps 1-5 for the USNDS solution Y- to (6.3) with p 0. Compute

the counterpart/x- of/x+ as in step 6.
8. Return the upper bound" min (/x+,/z-).
The benefit of this preliminary state coordinate transformation on (A, B) stems

from its ability to exploit the information on directions of weakest controllability
contained in the eigenstructure of Y+ or Y-.

9. Numerical tests. The performance of the lower and upper bounds introduced
in 7 and 8 has been tested on 400 nearly uncontrollable pairs (A, B). In this
experiment, the order n of the matrix ranges from 5 to 16, and various degrees of
nearness to uncontrollability have been considered.

The nearly uncontrollable pairs are constructed as "perturbations" of uncontrol-
lable pairs. Specifically,

A=
Al A=]’

B=
B

where the pair obtained by zeroing the blocks Al and B is uncontrollable. The order
k of the block A= and the column dimension r of B are selected randomly between
1 and n/2. The entries of All, A12, A=, and B1 are random numbers in [-1/2, 1/2].
Finally, the perturbation" subblocks A and B have the following structure"

(9.1) A21 B2--
\ \
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where the entries of the vectors a,..., ak and bl,’", bk are random numbers in
[-1/2, 1/2], and el,..., ek are powers of 10 ranging between 1 and 10-6. The ei’s
"control" the nearness to uncontrollability of the resulting pair and are taken either
all equal or all distinct and decreasing with i. The pair (A, B) is then rescaled so that

IIAIl= IIBll= 1. Selecting randomly all these parameters allows the generation of
pairs with very diverse levels and structures in their nearness to uncontrollability.

Note that the special structure given to the pairs (A, B) implies no loss of generality
here since (i) a nearly uncontrollable pair can always be orthogonally transformed to
the form (9.1) as in Propositions 2.1 and 2.2, (ii) Algorithm 7.6 works with the ARE
solutions and therefore does not exploit or benefit from this initial structure, and
(iii) the same remark applies for Algorithm 8.2 since it first performs a coordinate
transformation that diagonalizes the ARE solution Y and replaces A and B by their
expression with respect to this basis of eigenvectors. The resulting pair is thus indepen-
dent of the initial choice of coordinates and consequently of the initial structure of
(A, B).

For each generated pair, we compute the ratio

upper bound of Algorithm 8.2
P lower bound (7.5)

This ratio must generally be greater than 1, since (7.5) bounds c from below and the
upper bound applies to/zR. However, its magnitude gives an estimate of the sharpness
of the bounds, since the discrepancy/zR//Zc does not exceed 10-2 in most cases, due
to the choice of e and to (4.1).

Problems of order n 5, 7, 10, 13, 16 were considered, and 80 random pairs were
tested for each n. The outcome of these tests is reflected in the following table which,
for each n, records the percentages of samples for which pl is less than 10, between
10 and 100, and over 100. See Table 1.

The average number of ARE’s to be solved when computing the lower bound
(step 1 of Algorithm 7.6) appears for each n in Table 2.

The numerical tests show that the bounds are relatively tight in most cases. The
performance of these bounds deteriorates as n increases, mostly when the column
dimension r of B is (single-input case). Finally, in many cases, the upper bound of

TABLE

n p < 10 10<p < 100 100<p

5 97 3 0
7 79 15 6
10 70 21 9
13 60 22 18
16 57 22 21

5
7
10
13
16

TABLE 2

Average 4 of AREs solved

10
9
9
8
8
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Algorithm 8.2 outperforms the value of/x computed by standard descent methods.
This suggests that the orthogonal transformation used in Algorithm 8.2 (first step) is
a worthwhile preliminary step to any classical descent method.

10. Concluding remarks. Nearness to unstabilizability of a pair of matrices (A, B)
implies large norm magnitude for the USNDS solution X to (5.2), or, equivalently,
nearness to singularity for the solution Y to (5.4). This property is intuitive, since Ilxll
is associated with the cost of stabilizing system (2.1), which will be large when (A, B)
is nearly unstabilizable. This connection has been exploited to derive lower bounds
for the distance of (A, B) to the set of unstabilizable or uncontrollable pairs. Ways to
improve the performance of the classical upper bounds on/xa have also been suggested,
which utilize the solution Y to (5.4) as well. Numerical tests have shown that these
bounds provide realistic estimates of/x in most cases, especially for multi-input control.
The lower bounds will be particularly useful in the robust assessment of controllability,
as well as in the estimation of the condition of related problems such as pole placement
(see [5]).

Note that the norm of the USNDS solution to (5.2) is somewhat related to the
condition of this ARE. Specifically, the condition of (5.2) is determined by the norm
of the solution Hc to the closed-loop Lyapunov equation

(10.1) (A-BBTX)THc+Hc(A-BBTX)+I=O.
Equation (5.2) can be rewritten as

(10.2) A BBTx Tx +X A BBTX + I + XBBTX O.

Using the monotonicity of the solution to a stable Lyapunov equation, it follows from
(10.1 and (10.2) that

(10.3) Hc <=X,

which indicates that, if the USNDS solution to (5.2) is of small norm, then it is
necessarily well conditioned.

The ARE/unstabilizability connection also appears to be a powerful tool to
investigate issues such as the design of state coordinate transformations that increase
the distances v and /x. Consider the following iterative coordinate transformation
scheme that utilizes the USNDS solution to (5.2):

(1) Set Xo to be the positive definite solution to ATXo + XoA XoBBTXo+ I O.
vl/2(2) For k 1, 2, set Ak k_A_IX--/2, B X/_21B_l, and X to be the

positive definite solution to AXk +XA XBB[Xk + I O.
Extensive numerical tests have gathered evidence of several interesting properties for
this scheme: the eigenvalues ofX vary monotonically and converge to 1 in most cases;
the norms of A and B remain of the order of those of A and B; and the distance
,(A, Bk) is significantly increased after only a few steps. These empirical results
suggest that such coordinate transformations would provide equivalent system rep-
resentations that are more robustly stabilizable or controllable. Extension to coordinate
transformations that improve the balancing of controllability and observability can
also be foreseen.

The concepts developed in this paper thus give rise to a wealth of interesting open
questions and offer new tools to investigate some complex minimization and optimiz-
ation problems.

Appendix A.
Proof of Proposition 2.1. Consider a /xc-minimal perturbation (A, 6B). Since

(A + A, B + B) is uncontrollable, at least one eigenvalue A ofA + 6A is uncontrollable,
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and there is some unit vector q such that

(A.1) q"A=Aq", q"B =0.

Consider any matrix U whose last column vector is q. We then have

(A.2) U"(A+6A)U (Aa aa2)0 A U"(B+6B)=(B)"0
Partition UH6AU and UH6B conformably as

(A.3) UH6AU=(-6Aa,--6all a22/
UH6B -3b"

and suppose that one of the subblocks 6Aal, 6aa2, 6a22, or 6B1 in (A.3) is nonzero.
Consider then U"6U, U"6) obtained by zeroing all these subblocks. The perturba-
tion (6ft,, 6/) also makes (a, B) uncontrollable, since U" (A + 6) U, U" (B + /))
retains the structure (A.2). From (A.3), however, (6, 6/) is of smaller Frobenius
norm than the /xc-minimal (6A, 6B), which provides a contradiction. Consequently,
(6A, B) must have the form (2.7), and its/xc-minimality implies that 116a [[2+ 116b[l

2
/Zc.

Finally, we have

whence O-min(A- A/, B) =</Xc, and A must be a minimizer in (2.5). Note that this result
does not extend to Uc, since zeroing 6a in (A.3) generally does not guarantee that
(A], /) still makes (A, B) unstabilizable.

Proof of Proposition 2.2. We adapt the argument of Proposition 2.1 to the real
case. Let (6A, 6B) be /xr-minimal and again consider qC satisfying (A.1). In the
case where A is real, q can be replaced by Re q in (A.1). The matrix U can then be
chosen orthogonal, and the proof of Proposition 2.1 carries through in the real field,
yielding (2.9) and (2.10).

Suppose now that A has a nonzero imaginary part. Then the subspace spanned
by the two real vectors Re q and Im q has dimension 2, and it is easily verified that
is (A+ 3A)T-invariant (in the real field) and that (B+ 3B)T {6}. Let (qa, q2) be an

orthonormal basis of and consider any orthogonal matrix U whose last two columns
consist of qa and q2. Then UT(A + 6A) U, UT(B + 6B)) has the structure (A.2) where
A is replaced by a real 2 2 block A22. The same argument as in Proposition 2.1 then
shows that (3A, 6B) and (UTAU, UTB) must have the form (2.11) and (2.12), respec-
tively. Finally, since A22 is real and represents the restriction of (A+ 6A)T to , its

eigenvalues are A and X, which are conjugate and nonreal.

Appendix B.
Proof of Proposition 5.1. As the USNDS solution to (5.2), Xk is nonnegative

definite. Let uk be a unit eigenvector associated with Ak. Premultiplication of (5.2) by
u[ and postmultiplication by uk yields

Aktl[(Ak + AT)u-llnull+ 1 =0.

It follows that

a Bk [[2A + Ak + AkT Ak

and, by considering the two cases where Ak > and A,k < 1, that

Ak-->min 1,1[Bll+llA+Al[
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Consequently, the set of all Ak’S is uniformly bounded from below by some strictly
positive constant since {(Ak, Bk)}k=o converges to (A, B) with B 0. The positive
definiteness of each Xk is then immediate.

Proof of Proposition 5.2. If (5.1) has a solution X->0, X must furthermore be
positive definite (cf. proof of Proposition 5.1). Rewrite the ARE (5.1) as

A BBT"X TX + X A BBTX + XBBX+ I =0.

Since XBBTX + I is positive definite, the positive definiteness of X then implies that
A- BBTX is stable by the Lyapunov theorem, which contradicts the hypothesis that
(A, B) is unstabilizable.

Proof of eorem 5.4. Denote by A* the complex number minimizing expression
(2.4) and let q* be a unit vector such that llq,H (A- A*I, B)[I Uc. Note that Re A* 0.
Consider any unitary change of basis such that q* is the last basis vector in the new
basis. With respect to the new basis, the pair (A, B) becomes

a I*+/’ b

with IIall++IIbll= , and Y is conformably paitioned as

Writing the (n, n) entry of (5.4) with respect to the new coordinate system then yields

-(* + )r- r( +) as-sa r-ss +bb 0

or, equivalently,

(B. r + a 12 + (s + a n s + a + 2 Re A * r a2+ aHa + bH3b u.
Now, r is real nonnegative and Re A*0. Therefore, (B.1) implies that

whence rN2c since I1 Uc..The proof is complete upon noting that min(Y) r.

Appendix C.
Proof of eorem 6.1.
(1) Note that (A, B) uncontrollable and (A + PL B) uncontrollable are equivalent

statements.
(2) If (A, B) is unstabilizable, then (A+pL B) is unstabilizable for any p 0,

since structure (5.5) is preserved under spectrum shifting of A, and p 0 guarantees
that the eigenvalues of A2 are shifted fuher into the closed right half-plane. Con-
sequently, if a peurbation makes (A, B) unstabilizable, it also makes (A+pL B)

+unstabilizable for any p 0. It follows from (6.1) and (2.2) that (A, B) uF(A + PL B)
for p 0. The function is handled similarly.

(3) We show that Y+(p) is monotonically decreasing, for instance. Let p2 P + p
with 6p >0 and Y+(p2) Y+(pl)+ 6E Subtracting the AREs satisfied by Y+(p) and
Y+(p2), we obtain after some elementary manipulation

-(A+pI+ Y+(p))6Y-6Y(A+plI+ Y+(p))r-(26pY+(p)+6Y)=O.

Now -(A+pI+ Y+(p)) is stable by definition of Y+(p). It follows from the
Lyapunov theorem that Y<0 and Y+(p) < Y+(p).



NEARNESS TO UNCONTROLLABILITY 785

Assume that Y+(p) is bounded as p-. As a monotonic function of p, it must
then converge to some finite limit Y (see [14, p. 169]. Dividing (6.2) by p and taking
the limit as p-- then yields Y 0. Since Y+(p) is decreasing and nonnegative
definite, this leads to Y+(p)= 0 for any p, a contradiction.

Finally, when p- +, since Y+(p) is monotonically decreasing and bounded
from below by zero, it converges to some limit, which must be zero by the same
argument as above.

(4) Consider the case where F-C, for instance. From (2.7)-(2.8), the minimal
perturbation (6A, 6B) makes (A + p*I, B) unstabilizable, and its opposite makes (-A-
p*I, B) unstabilizable. Consequently,

max (p(p*), (p*)) <_-II(aA, 8B)IIF =/xc(A, B).

From Proposition 2.3, however,

min ((p*), ,(p*))=/xc(A + p’I, B)=/zc(A, U),

and therefore (p*)= :(p*)=/zc(A, B). The other statements follow immediately
from the monotonicity properties of , and ,, recalling that/xc(A, B) bounds both
functions from below.
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WELLPOSEDNESS AND THE LAVRENTIEV PHENOMENON*

TULLIO ZOLEZZI?

Abstract. The Lavrentiev phenomenon in the calculus of variations is viewed and handled as a value
Hadamard illposedness problem. Regularization is obtained by a decoupling technique of Ball-Knowles
via a variational convergence approach. In this way we extend known one-dimensional results, simplifying
their proofs. The same approach yields regularization for problems involving multiple integrals. A criterion
for Hadamard wellposedness of multiple integrals is presented, and a new sufficient condition for non-
occurrence of the one-dimensional phenomenon is obtained.

Key words. Lavrentiev phenomenon, Hadamard wellposedness, regularization, calculus of variations

AMS (MOS) subject classification. 49B50

Introduction. Consider the minimization of

(1) I(x) f( t, x, ) dt

subject to fixed boundary conditions

(2) x(a):A, x(b):B.
Denote by 7/V1’1 (respectively, 7/V1’) the set of all absolutely continuous (respectively,
Lipschitz continuous) functions x fulfilling (2). For some choices off and the boundary
data, it happens that

(3) inf I(

The first example of such behavior was discovered by Lavrentiev [21]. In such cases,
the global optimal value of I over various subsets H of 7/V’(a, b), whose elements
fulfill (2), is a discontinuous function of H (in a sense we precisely define later). So
we are faced with an ill-posed optimization problem in the sense of Hadamard (see

1 for the definition).
Due to the Lavrentiev phenomenon (3), standard numerical methods fail to detect

both the minimizers and the optimal value inf I(//V’1) (see Ball and Knowles [4]).
The interest is approximating these objects comes from optimal control (see Cesari
[7]), problems in the calculus of variations with singular minimizers (see Ball and
Mizel [6]), and problems in nonlinear elasticity (see Ball and Knowles [4] and Ball
and Marsden [5]) involving, of course, multiple integrals with vector-valued unknown.
Wellposedness theory in optimization, very briefly sketched below (see Dontchev and
Zolezzi [15] for a survey) provides several useful tools for analyzing such behavior.
This is the approach we emphasize in this paper. However, very few specific criteria
for wellposedness in the calculus of variations are available. Further information and
examples related to the Lavrentiev phenomenon can be found in [2], [4], l-7], [8], [10],
[11], [14], [17]-[19], [22], [27].

The aim of this paper is to employ a wellposedness analysis of the Lavrentiev
phenomenon.

Two basic wellposedness notions for optimization problems are available,
described below.
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Tykhonov wellposedness amounts to existence and uniqueness of the (global)
optimal solution, to which every minimizing sequence converges (see [31]). Existence,
uniqueness, and continuous dependence of the minimizer upon a problem’s data is
another wellposedness concept, which immediately reminds us of the (well-known)
definition, first isolated by Hadamard, of well-posed problems in the mathematical
physics (see [12, p. 227]). In many significant cases, an operator equation (or a
variational inequality) is well posed in the classical sense of Hadamard if and only if
an associated minimum problem has a unique optimal solution, which depends con-
tinuously on problem’s data (see [24] and [26]). This basic equivalence and the analogy
between the definitions involved fully justify the name Hadamard wellposedness for
optimization problems. Such a concept is basic in the approach presented here.

In 1 we compare Hadamard and Tykhonov wellposedness under the Lavrentiev
phenomenon, showing that they are unrelated. In 2 we consider the one-dimensional
decoupling technique of Ball and Knowles [4], showing that its convergence properties
are particular cases of basic results in variational convergence theory. By this approach,
we obtain a new result about the regularization of the Lavrentiev phenomenon for
multiple integrals with scalar unknown. Using variational convergence methods, we
improve the results and simplify the proof of Ball and Knowles, avoiding ad hoc
arguments and relying on a general and flexible approach to wellposedness in optimiz-
ation (see Zolezzi [34]-[36]). In 3 we obtain Hadamard wellposedness for multiple
integrals, exploiting a basic link between Tykhonov and Hadamard wellposedness in
the convex setting. Moreover, we present a new criterion to avoid the Lavrentiev
phenomenon in the one-dimensional case.

1. Let X be a real normed space, K a fixed (nonempty) closed convex subset
thereof, and I: K (-oo, +oo] a proper extended real-valued function. The variational
pair (K, I) will be called value Hadamard well posed if and only if for every sequence

c K of closed sets fulfilling as j

(4) strong lim inf K,

we have infI(H;)oinfI(K). Here (4) means that for every uK, we can find a

sequence uj /-/; for all j, such that uj - u in X. Since K is weakly closed, (4) amounts
to convergence of to K in the sense of Mosco (see [3]). A more demanding definition
of Hadamard wellposedness is introduced in 3.

Value Hadamard wellposedness means continuous dependence of the optimal
value of I upon varying constraints within K. A second fundamental concept is the
following. (K, I) is Tykhonov well posed whenever there exists exactly one global
minimizer y of I on K, and every minimizing sequence converges strongly in X to y.

Mani’s example [7], [22], [27]

(5) M(x)----- I (X3- t)26 at
do

exhibits value Hadamard illposedness (due to the Lavrentiev phenomenon) within

(6) K {x 74/""(0, 1): x(0)=0, x(1)= 1},

since there exists some c > 0 such that inf M(K) =0< c=<inf M(H), where

H {X 1’(0, 1)’- X(0)= 0, X(1)= 1}.

Consider, for example, X 7/V1’1(0, 1) equipped with uniform convergence and

/4 {x H: 12(t)l =<j a.e. in (0, 1)},
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which fulfills (4) thanks to a standard approximation result (see [22, Thm. 1]), or/-/,
the space of piecewise affine splines in K on a grid covering [0, 1] with meshsize 1/j
(see [4] and [19]). In many cases, Tykhonov and (properly defined) Hadamard
wellposedness are equivalent properties (see [23] and [25] for convex optimization,
and [28] for continuous functionals). The following example shows that there exist
Tykhonov well-posed problems in the calculus of variations, which exhibits the
Lavrentiev phenomenon.

Example. Let y(t)= 1/3 and K be defined by (6). Consider

I(x)=M(x)+ I-1 dt,

where M is given by (5). Of course, I(y)= 0; hence infI(K)= 0 while I(x)>-_ M(x)>=
c > 0 for all x H. Let un be any minimizing sequence for (K, I). Then

/o!(u.)>- If,-:gl dt

so that u, y in WI’(0, 1), yielding Tykhonov wellposedness of (TV’(0, 1), I).

2. Given an integral functional I: K (-, +o] of the calculus of variations that
exhibits the Lavrentiev phenomenon (hence value Hadamard illposedness), we want
to regularize it. Roughly speaking, we construct suitable modifications (U, J) of the
original problem (K, I) (which should be properly related to it and tractable from a
numerical point of view) such that, for as many sequences L, U approximating K
as possible, we have

(7) inf J(L.) inf I(K) as n +.

In some sense, regularization restores value Hadamard wellposedness.
We follow the decoupling approach introduced in [4], but we rely on a completely

different method. The convergence property (7) will follow from the theory of vari-
ational convergence for optimization problems. This method is of general scope and
can be applied to the regularization ofthe Lavrentiev phenomenon for multiple integrals
in the calculus of variations, as shown later in this section. Finally, this method allows
us to shorten and simplify some proofs of [4] and to strengthen some conclusions.

In the following, we denote subsequences as the original sequence if ambiguity
does not arise. Given a sequence (K,, In) of minimization problems, a sequence u, K,
is called asymptotically minimizing if and only if inf In (Kn) > -c and

In(un)-infI,(Kn)O as n-+.

Let arg min (K, Q) denote the set of all global minimizers of Q over K.
The basic convergence result we exploit is shown in the following theorem.
THEOREM 1. Let X be a real Banach space, and In, Q: X- (--, +c] a given

sequence. Assume that

(8) zn X, zn z in X imply lim inf In(zn) >- Q(z),

and that

(9)

Then

(10)

for every to X there exists some sequence ton X such that lim sup In(ton)<=
Q(to ).

lim sup inf In(X) =< inf Q(X);
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zn asymptotically minimizing for (X, In) and zn--" z in Xfor some subsequence

(11) imply z arg min (X, Q). In addition, if there exist asymptotically minimizing
sequences for (X, I) that are weakly sequentially compact in X, then for the
original sequence,

(12) inf In(X) - inf Q(X).

Theorem 1 is a particular case of [35, Thm. 1] and [36, Thms. and 2].
One-dimensional case. Given f, I, A, and B as in (1), (2) put

(13) J(x, u)= f(t,x, u) dt.

Here x, u:[a, b]- R for some fixed m.
Let q-> 1 be fixed. We consider

L= {(x, )): x ff"’q(a, b), x(a) A, x(b) B},
(14)

K {x l/F’q(a, b): x(a)= A, x(b)= B}.

Of course, J(x, 2)= I(x) whenever x e K and I(x) is well defined. We are given
collections of sets

ShCK, ThCL(a,b),h>O

possessing the following properties. For every y K, to L(a, b) and every sequence
h > 0, hn- 0 there exist sequences

yn Sh,,, ton Th,,
such that y-y in cl’q(a, b), ton(t)-oo(t) almost everywhere and ton is uniformly
bounded almost everywhere.

For given sequences hn, en put Sn Sh, Tn The, and

(15) Ln= (x,u)eSnxTn" 12-ulqdt<-en

Using Theorem 1, we prove the following regularization result.
THEOREM 2. Assume that. f=f( t, x, u) is continuous and nonnegative on [a, b] x

R2m, convex in u for all (t, x), and satisfies
(16) f(t, x, u)>- O(lul) for all t, x, u,

where

(17) O(s)=Csq+D,C>O, /fq>l;

0 is continuous, and O(s)/s - +oo as s +eo if q 1.
Then the following conclusions hold. For every sequence ofpositive numbers en- 0,

hn 0 we have

inf J(L)-inf I(K),

and every asymptotically minimizing sequence for (Ln, J) possesses weak cluster points
(x, 2) in f’l’q(a, b) Lq(a, b). Each of them satisfies x e arg min (K, I).

Proof. We apply Theorem 1 with

X=l/’l’q(a,b)xLq(a,b), In=J+indLn, Q=J+indL,

where "ind" denotes the indicator function; i.e., ind L takes the value 0 on L and
outside L.
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We begin by verifying (8). Let z, (x,, un) e Ln, z (u, x) X with z, z. Since
2, u, q _-< e, (norm in Lq (a, b)), we have

0 _>- lim inf 2n u, _-> 2 u

hence 2 u. A standard lower semicontinuity theorem ([13, Thm. 3.4, p. 74]) yields

lim inf 1,(z,) lim inf J(x,, u,) >= J(x, 2) Q(z).

To verify (9), let x K and w (x, 2). Then

sup {f(t, x(t), 0): a -<_ --<_ b} < +,
since x, f are continuous. By (16)

(18) f(t,x(t),u)>-f(t,x(t),O), a<-t<=b

whenever u is sufficiently large. For M > 0 consider

UM(t) {0 ifl2(t)[ >
2(t) if ]2(t)[ _-< M.

Then by (18), if M is sufficiently large,

f( t, x, UM )dt + f( t, x, UM )dt
XI<-_M I>M

(19)
<-- fll<-Mf(t’x’2) dt+ f,l>Mf(t’x’2) dt=J(x’2)"

Moreover, for every n there exists M such that

(20) lUM -2[ 0 dt= 12l q dt <
1>M 2

provided that M_-> M,. Since v, UM. L(a, b), for every n there exists an almost
everywhere uniformly bounded sequence oo, Th and some sequence y Sh such that

(21) y->x in tK’q(a,b), oon-v, a.e. asj-+o.

Then, by continuity of f,

f(t, y(t), oo,(t))->f(t,x(t), v,(t)) a.e.,

and this convergence is dominated; hence

J y oo, - J x, vn asj-+ee.

Thus by (19), for every n,

(22) lim sup J(y, w,) <-_ J(x, 2).

By (20) and (21), given n, there exists j, such that

(23) [.9j O)jnl q dt <- e, for all j

Combining (22) and (23), we obtain (9).
To end the proof, by Theorem 1 we consider any asymptotically minimizing

sequence (u,, x,) for (L,, J). By (10) and (16)

+> constant >- f( t, x,, u,) dt >- O(lu,[) dt,
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so that there exists a subsequence un u in Lq(a, b). The corresponding subsequence
2, , u, + u, u in Lq(a, b), yielding, of course, x, x in 7l’q(a, b) with : u.
Applying Theorem 1, we obtain all the required conclusions.

Theorem 2 extends some results of [4] in the following points. The convergence
is obtained here for any asymptotically minimizing sequence, not only for minimizers
of (Ln, J). This is usually required in practice, due to approximate minimization.
Moreover, there is no need to use special relations or subsequences for e,, h,. More
importantly, we emphasize the generality of the method used here, which gives a
systematic approach to regularization based on Theorem 1 (which simplifies the proof,
as compared with that of Theorem 2.1 of [4]).

In Mani’s example, assumption (16) is not fulfilled. Under mild regularity
conditions about the minimizing sequences, there is no loss of generality in assuming
coercivity. We add a small coercifying term and then regularize as follows. Let cr be
any fixed sequence of positive numbers converging to 0 as r-> +, and put

Jr(X, U)-J(x, u)--c 0(lul) dr.

THeOReM 3. Let f satisfy the same assumptions as in Theorem 2 except (16).
Assume that there exist afunction 0 and a minimizing sequence y,,for K, I) such that

f o(1.1) dt <+ for every n,

where 0 is convex andfulfills (17). Then for every e., hn->0, there exists a sequence r( n)
increasing to + such that

(24) inf Jr.(L.)-* inf I(K),

and every weak cluster point in 7#’ a, b) Lq a, b) of any asymptotically minimizing
sequence for (L., J(,,)) minimizes J over L.

Proof Since (y., p.)e L, we have for every n as r->+

lim sup inf J(L) >- lim sup J(Yn,

J(y,, ,) + lim sup Cr 0(1.1) dt J(y,,

hence lim sup inf J(L) -<_ inf J(L).
On the other hand, for any (x, 2) L, Jr(x, 2)>-J(x, 2)+ or(constant); hence

(25) inf Jr(L)--> inf J(L) inf I(K).

Applying Theorem 2 to J, for every fixed r, we get infJr(L,)->infJr(L) as n--> +c.
Then (24) follows from [3, Cor. 1.18, p. 37]. Now, let z, L, be an asymptotically
minimizing sequence for (L,, Jr,) such that z, z for some subsequence. Of course,
z L and, by (25), Jr,(Z,)--> inf I(K). By weak sequential lower semicontinuity

lim inf Jr,)(Z, => lim inf J(z,) => J(z);

hence J(z) =< inf I(K) as required.
Due to lack of coercivity, the existence of cluster points for asymptotically

minimizing sequences in Theorem 3 cannot be guaranteed a priori. Theorem 3 can be
applied to Mani’s example with

yo(t) 1/3, O(S) S q, 1 < q <.
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Remark. In [22] we find examples showing that the Lavrentiev phenomenon
persists under coercifying perturbations, like those introduced in Theorem 3.

Abstract approach. An abstract version of the above regularization result can be
obtained as follows. We are given Banach spaces Y and U, a fixed subset X of Y, a
proper functional

J X U- (-o, +oe],

an operator D: X U, and, for every h > 0, subsets Shc X, Th c U. We fix sequences
hn 0, en 0 of positive numbers, and put

(x, u)tn iffXSh., U Th., Ilu-Dxll-<---e;

(x,u)L iffxX and u=Dx.

Then

infJ(L,,) inf J(L) as n

and weak cluster points of asymptotically minimizing sequences for (Ln, J) minimize
J over L, provided that the following conditions hold: X is weakly sequentially closed
in Y and D is weakly sequentially continuous; every sublevel set of J, i.e.,

{(x, u) X U: J(x, u) <- c}, c R,

is weakly sequentially closed and compact; and, finally,

for every x X there exists a sequence of positive numbers an- 0 such that

(26) {(y, u) L, J(y, u) <- J(x, Dx) + an}

for all n.

The proof may be obtained by mimicking that of Theorem 2. The key assumption
(26) shows the role of decoupling I(x)= J(x, Dx) to obtain J(x, u) to enlarge the
sublevel sets so as to meet every L,, thereby fulfilling condition (9).

Multiple integrals. We are given a bounded open set fl in RN with Lipschitz
boundary, a real number q >= 1, functions

f =f(x, u, p) :f x R x RN R,

uo L() fq 742’q(f), and, for every h>O, sets

Sh C lO -Jr c’q a), Th

with the following properties. For every u e (Uo+ w’q(l))) f’l L(f), every
and every positive sequence hn- 0, there exist sequences un Sh., Vn Th., both uni-
formly bounded almost everywhere in O, such that un(x) u(x), vn(x)- v(x) almost
everywhere in , and un u in 7/1’q(2).

Put

I(u)= f.f(x, u, Vu) dx, J(u, v)= faf(x, u, v) dx.

To regularize the Lavrentiev phenomenon for (Uo+ 7/F’q(o),I) we need the
following condition:

(27) inf{I(u)’u uo+ Tg’o’q(f)}=inf{I(u)’uL(f)f3[Uo+ Tg’’q(f)]}.
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A sufficient condition for (27) is given by

the functions f(x, +S, 0), S> 0, are equi-absolutely integrable, i.e.,
(28)

sup {f(x, S, O, dx +ef(x,-S, O) dx: S <0}0 as meas E 0.

To verify the above claim, let u Uo+ 7v’q(o) be such that I(u)< +, and for
S > 0 consider Us L(f) defined by

Us(X) u(x) if lu(x) <= S, S if u(x) >- S, -S if u(x) <- -S.

Then us Uo+ W’q(O) for every S sufficiently large and, as S +c,

I f(x’ us’ Vus) dx= I f(x’ u’ Vu) dx-
u,<s

f(x. Us. Us) -V dx 0
ul>-s

by (28). Hence I(us)- I(u), yielding (27).
Condition (28) is trivially fulfilled in the two-dimensional version of Mani’s

example [27], where

f(x, u, p)=(u3-x)2(p6+p62),

(x, x) if [x[ < 1, [x[ < 1. Sufficient conditions for (27) are also given in [16], [20,
Chap. 5, Thm. 3.2], [29], [30, Thm. 6.2] and [32] (see also [1]).

For given sequences h, e put

L={(u, v)Sh,.X Th." fa’Vu-v[qdx<----e }.
TORM 4. Assume that f is nonnegative, continuous, convex in p for all (x, u),

and f(x, u,p) > 0(Ipl) for all x, u, p, where O fulfills (17). Moreover, suppose that (27)
holds, and

(29) for every A > O there exists C > O such that f(x, u, O) <- C if x and

for every A> O, B> 0 there exists ch L’(a) such thatf x, u, p) <-_ ok(x) ifx(30) lul <- A and ]p[ _-< B.

Then for every positive sequence e, --> 0, h, -> 0, we have

inf J Ln -> inf I[ Uo + //V’q (11) ],

and every asymptotically minimizing sequence (u,, v,) for (L,, J) has cluster points
(u, Vu) with u,--" u in t/v’q(l)), v,--" Vu in Lq() for some subsequence. Each of them
satisfies

u arg min Uo + o/g,q(f), I).

Proof We apply Theorem with

X=lf’q(f)xLq(f), In=J+indL,, Q=J+indL,

where

L={(u, Vu)eX: UeUo+
Condition (8) follows from a standard semicontinuity theorem [13, Thm. 3.4, p. 74].
To verify (9), fix a>0 and let w [Uo+ //v’q(f)] f3 L(f) be such that (by (27))

(31) I(oo) _-< inf J(L) + a.
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Given M > 0, we consider

v4(x)=O iflvo(x)l> M, v(x)- Voo(x) iflVo(x)[ M.

Then

(32) J(OO, VM)= I f(x, oo, O) dx + I f(x, oo, Vw) dx.

By (29) and (17), for M sufficiently large,

f(x, w, O) dx < f(x, co, Vw) dx;

hence by (32)

(33) J(w, vM)= Iaf(x w, Vw) dx<-a+inf J(L).

Given n, there exists Mn > 0 such that

(34) [DMn--V(.OI q dx-- IVool q dx--

and (33) holds with M= Mn hence

J(w, v.) <- a + inf J(L).

For every n there exists almost everywhere uniformly bounded sequences u, Sh,,
V, Thk such that as k +ee, uk - w in 7g’l’q(12) and almost everywhere in 12, v, v
almost everywhere in f.

By (34), for every n there exists k, such that

(35) ff [VUk v] q e, if k => k..

By (30) and dominated convergence, J(u,, v,)- J(o, v.) for every n; hence

(36) lim sup J(u,, v,) <= inf J(L).

Thus (9) follows from (35) and (36). Let (u,, vn) be any asymptotically minimizing
sequence for (Ln, J). Then by (10) and coercivity of f, we get for some subsequence
v,---v in Lq(12); hence Vu,,---.v in Lq(f); moreover, u, is bounded in Lq(12) by
Poincar6’s inequality. This gives the required conclusion about cluster points of (u., v,)
if q > 1. If q 1, boundedness of un in 7d71’1(12) implies that for some subsequence
(via the Rellich-Kondrachov embedding theorem) u, - u in L1(12), again yielding the
conclusion.

3. Here we find sufficient conditions for a strong form of Hadamard wellposedness
of (o//p,q(12), I), where

I(u) faf(x, Vu) dx.
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More precisely, we want to obtain that

for every sequence of nonempty closed convex subsets K, K 7r’q(f) such
that

(37) M lim Kg K in 7’’q (a),

we have, as j - +oo, inf I(K) - inf I(K); every asymptotically minimizing
sequence for (Kj, I) converges strongly in 7/vl’q(f) toward arg min (K, I).

Here M-lim Kj= K denotes convergence in the sense of Mosco (see [3]), i.e.,

strong lim inf Kj K weak seq. lim sup

In other words, we want to detect inf I(K) and at least one minimizer of (K, I)
by using only approximations Kj to K and the original integral functional I (without
regularization), for all suitable K.

THEOREM 5. Let fc R be bounded, open, and connected. Assume that f=
f(x, p)" 12 x R - R is a Carathdodory function with f(x,. strictly convex for almost
every x. Assume also that there exist functions a (.) L (12), b (.) LI (12), where q > 1
and r-+ q-i__ 1, and constants C > 0 and D such that

(38) CIp] + D <-_ f(x, p) <- a(x)lp[ q + b(x)(a.e, x R, p Rm).

Then, property (37) holds. Moreover, (K, I) is Tykhonov wellposedfor every K, as in (37).
Proof Fix K and let u, be any minimizing sequence for (K, I). By coercivity, un

is bounded in 7g’’q(f). Hence, for some subsequence, un u e K. By weak sequential
lower semicontinuity of/, we get u arg min (K, I). Strict convexity off(x,. yields
uniqueness of arg min (K, I). Thus for the original sequence we have

Vu,-- Vu in Lq(),

Iaf(x, Vu,) dx-> Iaf(x, Vu) dx.

By [33, Thm. 3]

Vu,-Vu in Lq(’);

hence u,- u in 7’o’q(f), proving Tykhonov wellpsedness of (K, I). By (38), I is
convex and bounded on every ball in w’q(12), hence Lipschitz continuous on every
bounded set (see, e.g., [9, cor., p. 35]).

Then [25, Thm. 3.1] and continuity of I yield (37). If uj is any asymptotically
minimizing sequence, then I(uj) inf I(K), while for some subsequence uj u in
7g’’q(12) by (38). Hence u K by Mosco convergence, and u arg min (K, I) by lower
semicontinuity of/. Uniqueness of arg min (K, I) yields I(uj)-. I(u), uj u for the
original sequence. Again, by [33] we obtain strong convergence.

Remark. Tykhonov wellposedness is obtained in [5, Thm. 4.9] for multiple
integrals with vector-valued unknown. Theorem 5 can be easily generalized, e.g., to

I(u) Iaf(x, Vu) dx + fa g(x, u) dx

for suitable functions g.
Under the assumptions of Theorem 5, nonoccurrence of the Lavrentiev

phenomenon is, of course, trivial, due to (automatic) continuity of I.
In the next result, we return to the one-dimensional case (without convexity

assumptions) by considering I defined by (1), K given by (14), and

H {x l/"’(a, b)’x(a) A, x(b) B}.
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We obtain the following criterion for nonoccurrence of the Lavrentiev phenomenon
(hence a necessary condition for value Hadamard wellposedness).

THEOREM 6. We have

inf I(H)=inf I(K),

provided that f satisfies the following assumptions:

(39) f is a nonnegative Carathdodory function on [a, hi R2" such that for every
C>0 there exists dp6Ll(a, b) with f(t,x, u)<-_ck(t) if lxl/lul<-_C;

(40)

(41)

for every x K with I(x) < +, if pj R and pj - 0, if y H and y - x in
7IVl’q a, b) then, as j

’b

lf(t, y, +p)-f(t, x, : + pj) dt O;

for every x K with I(x) < +c, there exist C > 0 and (R) L1 (a, b) such that

f( t, x( t), :( t) + p) <-_ )( t)

for every p R with Ipl--< c.

Proof Given x K such that I(x)< +, consider

ylw( t) A + Ulw ds + a)pzw,

where

and

M>0,

pM B-A- UMdt (b-a)-
UM( t)

(0 if]2(t)] > M,
(t) if I:(t)l_-< M.

Then YM e H for every M. Moreover,

p, - 0, y - x in 7,f’l’q(a, b) as M - +.By (39), 11> f(t, y, p) dt 0. Moreover,

f( t, y, dt

N [f( t, y, 2 +p -f( t, x, 2 +p )] dt + f( t, x, +p dt.

Hence, as M +,

lim sup I(y) lim sup f( t, y, fi dt f t, x, 2) dt

by (40) and (41). This yields the conclusion.
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Remark. Assumption (40) is violated in Manifi’s example; it suffices to take
x=0=pi, yj(t)=tj2/3 if O<=t<-l/j, yj(t)=t 1/3 if t>=l/j.

The next example shows that (40) and (41) are independent of the key condition
required by Angell [2] in his criterion for nonoccurrence ofthe Lavrentiev phenomenon.
This condition (in a somewhat more general form, see [7, p. 509]) requires that as

dt-O

for every sequence x, //Vl’l(a, b) such that x, x uniformly on [a, b].
Example. Let f(t, x, u) ]u]3(1 + [x])- and

(x)- I1(+121)-1 de, x(0)-0, x(1)-0.

Then If(,Y,2+P)-f(,x, 2+P)l<--(constant)(121a+lp13)lx-Yl; hence (40) holds
with q 3. Moreover, (41) is satisfied since f(t, x, 2 +p) _-< (constant)(121 +lpl). We
show that Angell’s basic condition is not satisfied. Consider

tx/ if0=< t<= 1/2n,
1

x,(t) t/-+n if l/2n <- <- l/ n’

0 if l/n_-< t-<l,

and put x(t)= 0. Then, for all n,

.o l+x, 6

Remark. Another set of conditions precluding the Lavrentiev phenomenon (pro-
vided that f(t,., u) is locally Lipschitz) are presented in [22, Thm. 3]. In particular,
condition (b) together with (41) imply (40).
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PARAMETER CONVERGENCE AND UNIQUENESS IN NONMINIMAL
PARAMETERIZATIONS FOR MULTIVARIABLE ADAPTIVE CONTROL*

YOSEF WILLNER’, MICHAEL HEYMANN:I:, AND MARC BODSON

Abstract. The issue of parameter convergence in multivariable adaptive control is addressed in a general
framework. Parameter convergence is guaranteed if a certain design identity has a unique solution and if
the inputs satisfy persistency of excitation conditions. The uniqueness of the solution of the design identity
can be obtained, in general, by using parameterizations that, although nonminimal, are structured so as to

guarantee uniqueness. This concept is illustrated with a direct adaptive pole placement algorithm, which is
modified to guarantee uniqueness, and i’t is shown how the results can be used to establish stability and
convergence properties of the algorithm.

Key words, adaptive control, multivariable systems, pole placement, parameter convergence, persistency
of excitation, parameterizations
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1. Introduction. The issue of parameter convergence in adaptive control has
received some attention in recent years (see, among others, 1] and [2] in discrete-time
and [3] and [4] in continuous-time). It was found that several single-input single-output
(SISO) schemes possessed exponential parameter convergence properties, provided
that persistency of excitation (or sufficient richness) conditions were satisfied.

Although it is often argued that parameter convergence is not necessary in adaptive
control (boundedness and tracking being the only objectives of model reference
adaptive control, for example), there are important reasons to study this problem.
First, exponential stability guarantees a certain degree of robustness (cf. [4], [5]). In
the presence ofnoise, adaptive schemes exhibit parameter drift and a burst phenomenon
(cf. [6], [17]), which can be avoided if persistency of excitation conditions are met.
The problem can also be avoided using deadzones and projections, but only at the
cost of additional prior information.

Another advantage of parameter convergence is that the closed-loop system
actually has the asymptotic properties for which the controller was designed. Indeed,
consider the case of a model reference adaptive scheme with an input signal that is
constant over a long period of time. While the tracking error converges to zero, the
closed-loop poles may converge to arbitrary locations. This may result in large transients
when the reference input later varies.

It is important to note that we address ourselves here to a strong form of parameter
convergence, namely uniform exponential parameter convergence to the nominal values
of the parameters (also called correct, or true values). This form of convergence requires
conditions of persistency of excitation. Weaker conditions on the input signals result
in weaker forms of parameter convergence. For example, it is known that the parameters
of the recursive least-squares algorithm converge without further conditions than those
needed for stability [18]. In that case, however, the parameters do not necessarily
converge to their nominal values, and the convergence is not exponential in general.
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The advantages of the strong form of parameter convergence mentioned above, as far
as robustness and asymptotic performance are concerned, are lost in such cases, where
the persistency of excitation conditions are relaxed.

Very few rigorous proofs of stability have been published for multivariable adaptive
control algorithms, and parameter convergence has not been established. In fact,
parameter convergence often cannot be guaranteed for the existing schemes, even with
sufficiently rich inputs. This happens because the parameterizations are not unique. In
a model reference adaptive control algorithm, for example, this means that an infinite
number of values of the parameters exist such that model matching is achieved.

In the context of recursive identification, it was shown [7] that, using unilue
parameterizations, frequency-domain conditions on the inputs could be specified under
which parameter convergence was guaranteed. The parameterization used there had
the additional advantage of being minimal, i.e., of requiring the minimal number of
parameters necessary to describe the class of systems under consideration. In direct
adaptive control, minimality is rarely achieved (even in the SISO case), but it was
shown in [1] that it is only necessary for the parameterization to be unique (rather
than minimal) to guarantee parameter convergence under suitable persistency of
excitation conditions.

Contributions of the paper. The first contribution of this paper is to extend the
results of [1] to the multivariable case ( 2-4), thereby establishing a general
framework for the convergence analysis of a large class of adaptive control algorithms.
Specifically, the results show that parameter convergence is related to the uniqueness
of the solution of a certain design identity. This result is important because it provides
a criterion to guarantee parameter convergence and, furthermore, indicates that mini-
mality is not itself necessary. For example, a SISO linear time-invariant system can
be described by 2n parameters, where n is the order of the system. However, parameter
convergence can be achieved with a pole placement algorithm with 4n parameters.
This is obtained by giving sufficient structure to the nonminimal model, so that
uniqueness is guaranteed. This paper proves that the same principle holds true for
multivariable systems, and it gives a general framework in which to test the requirements
for making exponential convergence of the parameters to their nominal values possible.

The second contribution of the paper is to show how uniqueness can be guaranteed
in a specific adaptive pole placement scheme and to prove the stability and convergence
properties of this scheme by applying the general results ( 5 and 6). As noted above,
existing direct adaptive control schemes do not guarantee uniqueness in the design
identity. However, we show how the adaptive pole placement scheme of [8] can be
modified to achieve this result.

Two nontrivial modifications are incorporated in the scheme of [8]: the first
consists in restricting the column degrees of the elements of some polynomial matrices,
considering the knowledge of the observability indices of the plant. It is interesting to
observe the similarity to the situation that arises in recursive parametric identification.
There, the knowledge of the observability indices can be used to constrain the column
degrees of a left matrix fraction description of the plant, thereby leading to a canonical
representation and to the uniqueness of the parameterization. In fact, an interesting
feature of a proof presented in this paper is to show how known results on canonical
forms can be used to guarantee the uniqueness of a direct adaptive control parameteriz-
ation (that is, the uniqueness of the solution of the corresponding design identity).

As opposed to the situation in identification, the constraint on the column degrees
is insufficient to guarantee uniqueness for the adaptive pole placement algorithm. It
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is found that the order of a certain observer polynomial matrix in [8] must also be
modified to guarantee uniqueness of the solution of the design identity. This second
modification is not obvious and is rather technical, but is given in this paper.

We follow, as much as possible, the notation and terminology of [1] and [8], to
which this work is most closely related. The reader may wish to consult 1 in particular,
for motivation and for additional details on some of the techniques used in this paper.

2. A general parameter estimation problem. We consider discrete-time, linear time-
invariant systems modeled by the state equations

(2.1)
x(t+ 1)= Asx(t)+ Bsu(t),

y(t)=Csx(t)+Esu(t),

where u(t) is the (m 1) input vector, y(t) the (p 1) output vector, and x(t) the
(n 1) state vector. We assume that system (2.1) is minimal. Let the controllability
indices/xi, 1 _-<i -< m and the observability indices vi, 1 _-<i <- p be defined as usual (cf.
[9]). Let maxl_<_=,, () the maximal controllability index, simply called the con-
trollability index, and v maxl__<i__<p (vi), called the observability index. Such a system
can also be represented by the right matrix fraction description

(2.2) P(D) (t)= u(t), y(t) R(D) (t),

where R(D) and P(D) are (p x m) and (m x m) real polynomial matrices in the unit
delay operator (i.e., Dkx(t)=x(t-k)). Matrices R(D) and P(D) exist that have the
following properties (cf. [9]):

(a) OcyR(D) <= txy and OcyP(D) =/xy, where 0cy[" denotes the maximal polynomial
degree in the jth column,

(b) P(0) is nonsingular,
(c) The matrices R(D) and P(D) are right coprime.

The matrix P(D) can be further constrained, in particular, so that it is in some canonical
form (cf. [10]). This will be discussed in 5.

Structured nonminimal model. To introduce a general framework for the study of
direct adaptive control algorithms, we replace the minimal model (2.2) by a structured
nonminimal model of the form

(2.3) C(D)+ Ay(D)oj y(t)= E(D)+ ’, Bj(D)fly u(t),
j=l j=O

where m and mb are positive integers, ojERrp, jERrm, C(D) and E(D) are (rp)
and (r m) polynomial matrices with maximal degree I. Ay(D) and By(D) are (r r)
polynomial matrices of the form

(2.4) Aj(D) diag [ao(D)], ao(D) E ay,D’, ao, ,
k=l

(2.5) By(D) =diag [bo(D)] bj(D)= E byD, biy ,.
k=O

The structured nonminimal model defined by (2.3)-(2.5) is an extension of the SISO
model of 1]. There, it was shown that the simplified model was adequate to describe
several adaptive control algorithms. In 5, we will show that the multivariable adaptive
pole placement algorithm fits into the generalized framework. The integer r is equal
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to m, the number of inputs, in that case. In other cases, it may take different values
(for example, (2.3) may represent a left matrix fraction description, with r=p).

At this point, we let r and be arbitrary integers, but it is assumed that, for
1, 2,. ., r, the polynomials {aij(D)}jl are linearly independent over the reals. It

is assumed similarly that the {b0(D)}2o are linearly independent. These assumptions
imply that max {ma, mb} -</.

We assume that the plant can be represented by the model (2.3) for some given
matrices C(D), E(D), Aj(D), and B(D). We wish to use the model (2.3) to uniquely
estimate the elements of the matrices a, 1 =<j_-< ma and/3j, 0_-<j_-< rnb from the plant
input-output data. Clearly, (2.3) constitutes a model for the plant (2.2) if and only if
the following design identity is satisfied:

(2.6) C(D)+ E Aj(D)aj R(D)= E(D)+ Y Bj(D)flj P(D).
j=l 1=o

Clearly, the elements of the matrices a and flj in (2.3) can be uniquely estimated only
if (2.6) has a unique solution {al," ", a,, flo," ",/3,b}. Conversely, whenever (2.6)
has a unique solution, we will show that the solution can be obtained by a direct
estimation algorithm, which is exponentially convergent. This will be the focus of the
ensuing discussion.

Remark 1. We wish to emphasize that the problem of finding conditions that
ensure that (2.6) has a unique solution is quite different when the plant (2.2) is SISO
and when the plant is MIMO (multi-input multi-output); see the following:--In the
SISO case, for given polynomials C(D) and E(D), a solution to (2.6) exists if the
polynomials R(D) and P(D) are coprime and if the degrees of the polynomials
A(D) a--Y Aj(D)aj and B(D) a-Y Bj(D)flj are sufficiently large. Among all solutions
of (2.6), there is a unique solution {A(D), B(D)} with minimal degree. Therefore, to
ensure a unique solution of (2.6), it is sufficient to bound the degrees of the polynomials
Aj(D), 1 <-_j <-_ m,, and Bj(D), O<-_j <-_ rob.

In the MIMO case, (2.6) has a solution if the matrices R(D) and P(D) are right
coprime and if the degrees of the elements of the matrices A(D) and B(D) are
sufficiently large. However, to ensure the uniqueness of the solution, it is necessary to
restrict the maximal and the minimal powers in D of each element of A(D) and B(D).
In other words, we can guarantee uniqueness by restricting the maximal degree of
each element in Aj(D) and Bj(D) and by choosing some of the elements of aj and flj
as zero. This fact will be made clearer in 5.

For parameter estimation purposes, it is convenient to write every row of (2.3) as
an independent equation

(2.7) Ci(D)+ , ao(D)a0 y(t)= E(D)+ E bj(D)flo u(t)
j=l j=O

for i= 1,2,..., r, where C(D), Ei(D), aj, and flij are the ith row of the matrices
C(D), E(D), aj, and flj, and where the polynomials aj(D) and bo(D) are defined in
(2.4) and (2.5). These equations can be written as regression equations

(2.8) qf(t)ff* E,(D)u(t)-C(D)y(t), i= 1,2,’’’, r,

where

(2.9)f(t)=[a,l(D)yT(t), a,m(D)yT(t), -bo(D)uT(t), -b,,b(D)u T(t)],
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(2.10)

As indicated in Remark 1, (2.6) has a unique solution, provided that the elements
of A(D) - Aj(D)aj and B(D) Bj(D)j satisfy some degree conditions. These
conditions depend on the adaptive control problem, and we will give specific conditions
in the case of the pole placement algorithm in 5. The degree conditions imply that
some elements in the vectors /*, 1 =< _-< r are zero. We delete these zero elements from
/*, as well as the corresponding elements from 4i(t), and define the resulting vectors
0/* and bi(t), respectively. Equation (2.8) is then equivalent to

(2.11) /r(t)0/* Ei(D)u(t)-Ci(D)y(t), i- 1,2,..., r.

Standard estimation procedures, such as the recursive least squares (RLS) algorithm,
can be used to estimate each of the parameter vectors 0* using input-output data of
the plant. It is well known (cf. [2]) that to ensure the global convergence of the
estimation algorithms, it is necessary to satisfy a persistency of excitation condition.
In 3, we will introduce linear systems called the associated-signal systems of (2.11).
Through the use of these systems, we will show in 4 how the persistency of excitation
condition can be satisfied.

3. The associated-signal system and its output reachability. For each equation in
(2.11), we define the associated-signal system, which is a linear system in state-space
form. Its input vector is u(t) (the input vector of the plant (2.1) or (2.2)), and i(t)
is its output vector. Let the state of the associated-signal system be defined as the
following (m(l+/)) vector:

(3.1) xa(t) :[r(t- 1), Y(t--2),’’’, (r( /X)] T,

where :(t) is defined in (2.2), is the same as in (2.4) and (2.5), and is the
controllability index of the plant (2.1). The matrices R(D) and P(D) (in (2.2)) can
be written as

(3.2) R(D)= Y RgD, P(D)= Y PD.
k=0 k =0

It follows from the first equation of (2.2) that xa(t) satisfies the discrete-time state
equation

(3.3) x(t+ 1)=Ax(t)+Bu(t),

where

(3.4)

-P’P1- pIp2 plp O" "0

A
I,.(,+._,)

0

By using (2.2), (2.4), and (2.5), it can be shown that the vectors bi(t) (in (2.9)) satisfy
the equations

(3.5) bi(t) Cixa( t) + Eiu( t), 1, 2,..., r,
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where Ci is the following ((pma + m(mb + 1)) (m(l+/x))) matrix:

(3.6) Ci

aillRo ai12Ro+ aillR1 aillRu

aimal No aima2eo + aimole aimolet
-biolPo -biozPo- biolP1 biolPu

bimbl No bimb:zPo bim,l P1 bimbIPu
The element of ( in the jth row and kth column is the coefficient of Dk in ao(D)R(D)
for j= 1,..., ma. Similarly, for j=O,..., mb the element in the (j+ ma+l)th row
and kth column is the coefficient of Dk in -(bo(D)-bj(O))P(D). is then the
pm + m mb + 1)) m) matrix

0

0

(3.7) E -bioo" I

-bilo I

-bi,bo" I

where the elements aOk and bik are defined in (2.4) and (2.5).
By definition, the associated-signal system of the ith equation of (2.11) is the system

(3.8) x( + 1) Axe(t) + Bu( t), qb,( t) Cx( t) + Eu( t),

where the matrices C and Ei are obtained from the matrix C and E by choosing the
rows that correspond to the columns of 4r(t) that were selected to form b(t). It
might be pointed out that the state vector xa (t) and the matrices A and B are the same
in all the associated-signal systems.

Now, recall that a linear system is called output-reachable if and only if every
vector in its output space can be generated (reached) using a suitable input sequence.
The following theorem relates the uniqueness of the solution of the design identity
(2.6) to the output-reachability of the associated-signal systems.

THEOREM 3.1. Assume that (2.6) is solvable. The solution is unique if and only if
all r associated-signal systems of (2.11) are output-reachable.

Proof of Theorem 3.1. The proof follows the lines of the proof of Theorem 4.1
for the scalar case presented in [1] and is omitted here.

Our original problem was to ensure that the estimation processes, which are based
on (2.11), converge. It is known [2] that algorithms such as the RLS algorithm yield
a sequence of estimates that converge exponentially fast to 0*, provided that the
sequence {b(t)} of regression vectors is persistently exciting. The question is to find
input sequences {u(t)} such that all output sequences {bi(t)} of the (output-reachable)
associated-signal systems will be persistently exciting. This problem is solved in the
next section.

4. Persistent excitation of output-reachable MIMO plants. Consider the discrete-
time, linear time-invariant plant

(4.1) x( + 1) Axe(t) + Bu( t), Ya( t) Cxa( t) + Eu( t),
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where u(t) ", Ya(t) pa, and xa(t) no. In particular, this plant represents the
associated-signal systems of 3, with Ya bi, n m(l+ tz), and so on. System (4.1)
can also be represented by the difference equation

dnoy(t+l)+d,o_ly,(t+2)+... +dly(t+na)+y(t+n+l)
(4.2)

G,ou(t+ 1)+ G,_u(t+2)+. .+ Gou(t+ na+ 1),

where di are the coefficients of a monic minimal polynomial for A, i.e., a(z)=
d,,, + d,a_z +. + dlZ%- + z%. The matrices G Po" are defined by

(4.3) Gi Y d_M, do=l,
k=0

where the matrices M are the Markov parameters, i.e.,

(4.4) [Mo,’’’, M,o] [E, CB, CAB,..., CA"o-B].
We use the following definitions"

(4.5) y,(t) [y,( + 1),..., y,( +j)],

(4.6) ft(t)=[u’(t+ 1), , u’(t+ k)] ,
(4.7) Ug,(t)=[f(t+ 1), , tT(t +j)],

(4.8) G [G,.,..., Go],

(4.9) a=ta,o,. .,d,l].
Equation (4.2) can then be written as

(4.10) G. tT,a+,(t) Y,,,,a+,(t)" d.

DEFINITION. The sequence {y(t)} is called persistently exciting if there exist e > 0
and integers to and N such that, for all integers i>= 0,

(4.11) ’min[Ya, N( to + iN)y 7,,N( to + iN) >= e > O.

Since adaptation algorithms are known to be exponentially convergent, provided
that the outputs of their associated-signal systems are persistently exciting, it is natural
to find conditions on the inputs that result in this property. The following theorem
addresses this issue.

THEOREM 4.1. Assume that plant (4.1) is output-reachable. If there exist e > 0 and
integers t and N >- n(m + 1) + m such that, for all integers >-_ O,

(4.12) Amid[ Un +,s-,,(tl + iS) U7"na+l,N-na(tl + iN)] >= el > O,

then the sequence {ya (t)} is persistently exciting for every initial state x (0).
Remark 2. Note that (4.11) and (4.12) are equivalent to

(4.13) /min ya(t)yS(t) >= e >0
t=to+iN+l

and
+iNN T(4.14) /-min l/no+l t)lna+l t) E > O.

I_ t=t+iN+l

Therefore, Theorem 4.1 shows that the persistency of excitation on y can be transfor-
med into a similar condition on tT,o+l, which depends only on the input vector u. The
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vector ,na+l (t) is obtained by stacking the vectors u(t + 1), , u(t + na + 1) on top of
each other in a long vector. Since the dimension of fina/l is (ha + 1)m, the "span" of
the sum N- na must be greater than or equal to (na + 1)m, and therefore the condition
of Theorem 4.1 is obtained.

Proof of Theorem 4.1. Let a E Rpa be a nonzero vector. Using (4.10),

U,,+I.N-,,(tl)G a a 2 ft,,,+l(t)ft T (t) GT
na+ O

t=tl+l

2 (yo,no+l(t)d)(dy T,,no+l(t)a)
t=tl+l

--< d 2 2 a Yo,no + l(t) 2

t=tl+l

(4.15) [[dll2a T + t)yo,.o+l(t) a
+1

Itl+tl-nat+na/l<--
t= +1 j=t+l

-< lid l]2(no / 1) aT
j=tl+2

Since system (4.1) is output-reachable, the matrix G has full row rank, and, using (4.12),

Amin[Ya,N(t + 1) T
Ya,N(tl+l)] >-

Ildll(n + 1)

(4.16)

/min[ GUn +1 N-.o(tl) UT T....+l,N-no(tl)G

min(GGT)
&mini Un +l,N-no(t,) TUna+l,N-na (tl)]

If we repeat the proof with tl + iN instead of tl, and let to-tl + 1,

/ min GG
T

(4.17) hmin[Ya,N(to+ig)yTa,N(to+ig)]>--6l []dll2(n,/l e>O,

and the proof is completed. 1
The following theorem shows that the results of Theorem 4.1 can be extended to

cover situations where the input of the plant is calculated from an external reference
input and state feedback. Input conditions are transferred to the reference input,
assuming that the feedback gain matrix is held constant for sufficiently long periods
between updates.

THEOREM 4.2. Consider an output-reachable linear plant (4.1). Let the input
sequence u(t) be defined by the control law u(t)= FN(t)x(t)+ v(t), where v(t) is an
external input and where FN( t) is a feedback gain matrix.

If the matrix FN( t) is bounded and changes value only at times ti to+ iN, i=

0, 1, 2, , with N >= n rn + 1) + m, and if the external input v( satisfies the condition
that

(4.18) Amin[Vn.+,.N_n.(ti TVn,+l,N_n ti) F_. > 0,

then the sequence {y t)} is persistently exciting for every initial state xa (0).
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Proof of Theorem 4.2. The proof is similar to the proof of Theorem 5.3 presented
in [1] and is omitted here.

In the next sections, we show how Theorems 3.1 and 4.1 can be used to prove
the global convergence of an adaptive control algorithm.

5. Adaptive pole placement for linear multivariable systems. It is assumed that the
following parameters are known: n, m, p, /zi, i= 1, 2,..., m, and vi, i= 1, 2,...,p.
This is all the prior information required by the algorithm. The output of the plant
(2.2) is given by

(5.1) y(t) R(D)p-I(D)u(t).

The desired closed-loop dynamics are given by

(5.2) y(t) R(D)p*-I(D)v(t),

where v(t) is the external input and P*(D) is a polynomial matrix that characterizes
the desired closed-loop pole locations. The control algorithm is an adaptive version
of the control law

(5.3) u(t) 0-1(D)[H(D)y(t) + K(D)u( t)] + V(t),

where Q(D) is a fixed (m x m) polynomial matrix (all zeros of det (Q(D)) are outside
the unit circle) and where H(D) and K(D) are m x p) and m x m controller matrices.
The design equation of the controller.is
(5.4) H(D)R(D)+ K(D)P(D) Q(D)[P(D)- P*(D)].
Since R(D) and P(D) are right coprime, there exist (mxp) and (mxm) matrices
J(D) and I + S(D) that satisfy the Bezout identity

(5.5) J(D)R(D) +[I + S(D)]P(D) I.

Using (5.1), (5.4), and (5.5), we get the following nonminimal model of the plant"

[H(D) + Q(D)P*(D)J(D)]y(t)
(5.6)

[-K(D)- Q(D)P*(D)S(D)+ O(D)(I P*(D))]u(t).
This model is of the form (2.3). In this example, the general design identity (2.6) has
the form

[H(D) + Q(D)P*(D)J(D)]R(D)
(5.7)

[-K(D)- Q(D)P*(D)S(D)+ O(D)(I P*(D))]P(D).
In the following theorem, we give conditions that ensure that (5.7) has a unique solution
{H(D), K(D), J(D), S(D)} such that {H(D), K(D)} satisfy the design equation (5.4).

THEOREM 5.1. Consider a plant of the form (2.1). Let R(D) and P(D) be the
matrices in model (2.2). Let Q(D) and P*(D) be (m m) matrices of the form

Q(D)=diag[q(D)], deg[q(D)]=v+/-/, q(0)=l,
P*(D) =diag [p(D)], deg [p(D)] =/z, p(0)= 1,

for j 1, 2,..., m, where q(D) and pj*. (D) are polynomials that have zeros outside the
unit circle. Then (5.7) has a unique solution {H(D), K(D), J(D), S(D)} of the form

H D X HiJkDk, K D , KJD,
k + v+tz--I b’j k ko(i,j

(5.8) +,_,, +_,
J(D) E J,JkDk, S(D) E SJkDk,

k= + v+ l_e-tzi-- k ko( i,j
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where H(D) denotes the ijth element ofH(D), H,, Kik, Ji, S,, and where ko(i,j)
is given by

{10+/zj- ui forlj>=tzi,
(5.9) ko( i,j)

for tz < i.

The solution {H(D), K(D), J(D), S(D)} is also the unique solution of (5.4), (5.5) under
the conditions (5.8).

Remark 3. Note that any solution of (5.4), (5.5) is clearly a solution of (5.9). The
reverse, however, is not so obvious. Theorem 5.1 shows that, under the degree con-
straints, (5.4) and (5.5) have unique solutions {H(D), K(D)} and {J(D), S(D)}, which,
together, constitute the unique solution of (5.7). To achieve this objective, we observe
that constraints were imposed on the lowest, as well as the highest, degrees of H(D),
K(D), J(D), S(D). Furthermore, compared to the scheme of [8], the degrees of the
q(D)’s were increased from ,+ to ,+/z-. This modification is not necessary for
the uniqueness of the solutions of (5.4), (5.5), but was found necessary to prove that
any solution of (5.7) is a solution of (5.4), (5.5).

Proof of Theorem 5.1. Preliminaries. The proof is easier to derive in terms of the
forward shift operator, rather than in terms of the backward shift operator or delay
D. In this framework, the proof is also similar to the proof for model reference adaptive
control given in [4, p. 288]. We define

((z) =diag [z+-’]O(D)lD=z P*(z) P*(D)ID=z-, diag [zJ],

/(z) =diag [z+-i]H(D)lD=z-,, /(z) =diag [z+-,]K(D)ID=z-,,
(5.10) .(z) =diag [z+-’]J(D)[D=z-’, (z) =diag [z+-’]S(D)]D=z-’,

K(z) R(D)]D=z-1 diag [z’J], /5(z) P(D)]D=z-’ diag [zq.

Note that all these matrices are polynomial matrices in z. The constraints on the degrees
of H(D), K(D), J(D), and S(D) in (5.8) may be shown to be equivalent to the
following constraints on H(z), K(z), J(z), and S(z)"

(5.11) Oj(H(z))<= uj-1, O(J(z))<- u- l,

(5.12) O,(K(z))<-_,+l-tz, Oj(K(z))<=u+tz-m-1,

(5.13) O,(S(z))<- ,+tz-lz, Oj(S(z))<- ,+tz-m-1.
The constraints on Q(D), P*(D) are equivalent to

Q(z)=diag[tj(z)], deg[t(z)]= u+-m, q(0)0,
(5.14) /*(z) diag [/5(z)], deg [/5(z)] m, /5(0) O,

provided that t](z),/Si(z) are monic polynomials with zeros inside the unit circle. With
these definitions, (5.4) and (5.5) are equivalent to

(5.15) IiI(z)(z) + (z) fi(z) O(z)(fi(z) -/5*(z)),
(5.16) j(z)l(z)+ (z)fi(z) z+’I- diag [z+-’,]fi(z),
while the design identity (5.7) is

(z+tZI(z) + Q(z)P*(z)Y(z))K(z) (-z+g(z)- O(z)P*(z)(z)
(5.17) + z+’O(z) O(z)fi*(z)

diag [z+"-])/](z).
From the properties of R(D), P(D), it follows that R(z), P(z) are right coprime, with

O(R(z))<-_, Oj(P(z))=tz, and F(P(z))=P(O) nonsingular (where F(P(z))
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denotes the matrix whose jth column contains the coefficients of z in the jth column
of P(z)). It is a remarkable fact (cf. [10]) that there exists a canonical pair (R(z),
P(z)), such that P(z) satisfies

(5.18)
Oc(P(z))= m,
O,(P(z)) I,,

[Fc(P(z)) I]i O,

F,(P(z))-I=O.

i>=j,

Note that the canonical P(z) is not only column-reduced, but also row-reduced.
Similarly, there exists a canonical left matrixfraction description (’(z), (z)) such that

(5.19)

and/5(z) satisfies

(z)K(z) k(z)P(z)

.(,5(z)) ,, [F(’(z)) l]o o j >= i,
(5.20)

o(’(z)) , r(O())- I=0,

with O,i(R(z))<-_ vi. With these preliminaries, we are ready to proceed with the proof
of Theorem 5.1.

Existence. We first show that there exists a solution that satisfies (5.11). This result
is available in the literature 11 ], but here we give a brief proof for completeness. Since
R(z) and P(z) are right coprime, there exist matrices U(z) and V(z) such that

(5.21) U(z)R(z)+ V(z)P(z)= I.

The general solution of (5.15) is of the form

I(z) O(z)(P() P*(z)) O(z) + O(z)(z).
(5.22)

g(z) O(z)(P(z) P*(z)) 9(z)- O(z)(z),
and the solution of (5.16) is

Y(z) [z’+I -diag [z+’-,]P(z)] O(z) + (2(z)/(z),
(5.23)

(z) [z+’*I-diag [z+"-",]/5(z)] 9(z)- O2(z)(z),
where Ql(z) and Q2(2,) are arbitrary (rn p) polynomial matrices. From the polynomial
matrix division theorem (of. [9, p. 389], [4, p. 282]), there exist matrices Q(z) and
Q_(z) such that

(5.24) Ocj(H(z)) <= u 1, O(J(z)) <- v 1.

It follows that H(z) and J(z) satisfy the degree constraints (5.11). Concerning the
degree constraints on R(z), we multiply (5.15) on the left by diag [z-(+’*-*,)] and on
the right by diag [z-’] to obtain

diag [z-(+*-*’)]B(z) /(z) diag[z-*’J]+diag[z-(+*-*,)]R.(z) P(z) diag [z-*;]
(5.25)

diag [z-{+*’-,>]((z) (P(z)- P*(z)) diag [z-].

Since O,(ffl(z)) <- v-1 < V+l-i,, and using the properties of/(z), /(z), /*(z),
Q(z), it follows that

(5.26) lim diag [z-"+-",]R(z) I- (r(P(z)))-’ < oo

and therefore

(5.27)
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The other constraint on/(z) is obtained by multiplying (5.15) on the left by z-("+"),
shown below:

z-(’+. ISI(z)K(z)+ g(z) diag [z-(+"-"J] diag [z-",]ff’(z)
(5.28)

diag z-(+-",)] ((z). diag z-"i] (/3(z) -/3.(z)),
where we used the fact that Q(z) is diagonal and that the product of diagonal matrices
commutes. Since O,.i(H(z)R(z))=< v+/z-1, it follows that

(5.29) lim/(z) diag [z-(+’-J)] I--([’r(P(Z)))-’ =0

and therefore

(.30) 0(K (z))_<- +-m--The proof for the constraints on J(z) follows along identical lines.
Uniqueness. To prove uniqueness, we first establish that (5.17) can be satisfied

only if (5.15) and (5.16) are satisfied (the converse being obvious). Rewrite (5.17) as

z+’[FI(z)l(z)+ g()P()-O(z)(P(z)-P*(z))]
(.3)

-(O(z)P*(z))[Y(z)P,(z) + (z)P(z) z+,1 + diag [z"+"-"’]fi(z)].

From the degree conditions and the properties of R, P, note that OJ,,(z) <= v, 1 <- v- 1,
OP,(z) <= 1 <= i, OS-,(z) <- v+ tz-tz, 1, OP,(z) <= p,,. Furthermore, O(z"+"-"ifii,(z)
z +") -< v + tz- 1. It follows that the maximal degree of any element in the right bracket
in (5.31) is v +/z- 1. However, the elements on the left side have v +/z zeros at z--0,
and Q(z)P*(z) is a diagonal matrix with elements that have no zeros at z =0. Therefore,
(5.31) can only be valid if both sides are equal to zero; i.e., if both (5.15) and (5.16)
are satisfied.

Now, assume that there exists another solution H(z)+3H(z), K(z)+6K(z),
J(z)+ M(z), S(z)+ 6S(z). It would then be necessary that the following homogeneous
equations be satisfied:

(.3) H(z)(z)+ K()P(z)=0, r()() + S()P(z)=0.
Since R(z) and P(z) are coprime, and since OcL(6H(z)) =< v 1 and Ocj(6J(z)) <- uj 1,
this implies (cf. [12]) that 6H(z)= 6K(z)= 3J(z):6S(z)=O. 13

Expressions for the structured nonminimal model. We now show how the model
(5.6) can be put in the form (2.3). The matrices in (5.6) can be written as follows:

v+/.*--/.*mi v+//-tmi

H(D) X HD, K(D) X KD,
k=l k=O

(5.33)
+/.--/-*mi +/a,--/a,mi

J(D) Y JO, S(D) Y SkOk,
k=O k=O

where H,, J, [mxp, Kk, Sg [mxm, and [min minl__<j__<,, {/x;}. Let y v + tz
Substitution of (5.33) into (5.6) yields the following parameterization for (2.3)"

(5.34) C(D) =0, E(D) Q(D)[I- P*(D)],

Bo(D) -/, flo= Ko,

while, for j 1, 2, , y,

(5.36) A) D D I, aj I-I Bj D D I, flj Kj
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and, for j 3,+ 1,. , 23’+ 1,

(5.37)
Aj(D) Q(D)P*(D)Dj-r-, cej Jj_r_,,

Bj(D) G(D)P*(D)Dj-r- flj Sj_r_

with m=m=2y+l, 1= V+/.t+y=2+2/.t--pm,, r=m.
The vectors tT/*, for 1 =<i-< m, are given by

Oi* [/-/i,," ", H, Jo," ", J, Ko," ’’, K, &o,’" ", Si],
(5.38)

i--1,2,. ., m,

where Hik, Jik, Ki, and Si are the ith row of the matrices H, J, Kk, and & (which
are defined in (5.33)). The vectors thi(t), 1-<iN rn are given by

fy(t) [y(t- 1),.",yr(t- y), q,(O)p*i(O)y r(t),’’’, q(O)p*(O)y(t- y),
(5.39)

T Tu (t),’’’,u (t-y),q,(D)p*(D)ur(t), ...,q(D)p*(D)ur(t-y)],

where q(D) and p*(D) are the polynomials defined in Theorem 5.1. Each of the
parameter vectors 0*, 1-<iN m is obtained from ff* by deleting the elements that,
according to the conditions in (5.8), are zero. In the same way, we obtain the vectors
th,(t) from 6(t), 1 -< i-< m.

6. Stability and convergence properties. We now show that the general theorems
of 3 and 4 apply to the adaptive pole placement scheme. From Theorems 3.1 and
5.1, it follows that all m associated-signal systems are output-reachable, provided that
the degree conditions in (5.8) are satisfied. By using Theorem 4.2, we obtain that all
sequences {&;(t)}, 1=< i-<m (which are the associated-signal systems outputs) are
persistently exciting, provided that the external input sequence { v(t) } satisfies condition
(4.18). We only need to show that the adaptive version of the control law (5.3) is of
the form of the control law in Theorem 4.2.

The adaptive control law is given by

u(t) Q-I(D)[H(D, t)y(t)+ K(D, t)u(t)]+ v(t)
(6.1)

H(D, t)y(t)+ K(D, t)u(t)+ Q(D)v(t)-(Q(D)-I)u(t),

where H(D, t) and K (D, t) are the estimates of H(D) and K (D) at time r For analysis
purposes, it is useful to express (6.1) row by row, using (2.2) as follows:

u(t)=[H(D, t)R(D)+ K(D, t)P(D)-(q(D)- 1)Pi(D)]((t)
(6.2)

+ q,(D)v( t), 1, 2,’.., m,

where u(t) and vi(t) are the ith component of u(t) and v(t); Hi(D, t), Ki(D, t), and
P(D) are the ith row of H(D, t), K(D, t), and P(D); and where qi(D) are polynomials
defined in Theorem 5.1. We will use the following definitions:

t+21z--t.ti
H,(D, t)R(D)=

k=l

K,(D, t)P(D)=
k=l

(qi(D)- I)P,(D)=
k=l

(6.3)

L,(t)D,
Mik(t)Dk + Ki(O, t)P(D),
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where Lik(t), Mik(t), Nik Emm. Substitution of (6.3) into (6.2) yields

u,(t) E [(L,,(t) + M,k(t) g,.k)Ok]sc(t)+ K,(O, tlP(Dl(t)+ qi(Olvi(t)
k=l

(6.4) , [(Lik(t)+Mik(t)-Ni)](t-k)+Ki(O, t)u(t)+qi(D)vi(t)
k=l

for 1, 2,..., m. Equation (6.4) can be written as

(6.5) I.li(t Fi(t)xa(t)+ gi(0, t)u(t)+ qi(D)vi(t),

where xa(t) is the state vector of the associated-signal systems defined in (3.1). In this
case, 2v + 2/x t/,min, ?1 dim [xa] m(l +/z) m(2v + 3/z -/Zmin). Fi(t) is the fol-
lowing (1 x m(2v+3/x-ktmin) row vector:

F,(t) [L,,(t) + M,,(t)- N,,, L,2(t)+ M2(t)- N,2," "’, Li-]-21_]d6i (t)
(6.6)

+ M,+2,_.;(t)- Ni+2,-,,, 0,..., 0].

By writing the m equations (6.5) for i= 1, 2,..., m, we obtain

(6.7) u(t) P(t)x(t)+ K(0, t)u(t)+ Q(D)v(t),

where

(6.8) #(t) [F((t), F[(t),..., FL(t)]
From the constraints on K i(D) in (5.8), it follows that the matrix [I- K(0, t)] is upper
triangular and has a unit diagonal for all t. Therefore, its inverse always exists and is
also upper triangular with unit diagonal. Hence, we can write

(6.9) u(t)= F(t)x(t)+[I-K(O, t)]-lQ(D)v(t),

where

(6.10) F(t)=[I-K(O, t)]-’/(t).
In fact, it can be shown that F(t) is given by

0(

(6.11) F(t) I K (0, t)]-’ 0f(t)
0

O (t)m
where Oi(l) are the parameter vectors estimates of 0* (cf. (2.8)-(2.10) and equations
following) and where T and T2 are fixed real matrices, which depend on the elements
of R(D), P(D), and Q(D).

Let {ti} be a sequence of integers such that t iN, 0, 1, 2,. , where N is a
positive integer to be determined later. The feedback gain matrix is held constant
during each period of length N, and the adaptive control law is modified so that

(6.12) u( t) Ftv( t)x( t) + w( t),

where

(6.13)

(6.14)

FN(t) F(t,) for t,--<_ < ti+l,

w(t)=[I-K(O, ti)]-l(t) for

(6.15) t3(t) Q(D)v(t).
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It is known (see [2]) that, with an RLS algorithm with covariance resetting, the estimates
0i(t) remain in a bounded region of the parameter space. By the triangular property
of K(0, ti), it follows that (I-K(O, t)) -1 is bounded. The matrices T1 and T2 are fixed
so that, by (6.11), FN(t) remains bounded. The sequence {w(t)} in (6.14) depends on
the value of K(0, t), but since [I-K(0, t)] is bounded, it follows that if

(6.16) /rnin[ 9n + 1,N--n ti 9Tna+l,N-na( ti)] > el > O,

then

(6.17) Amin[Wn+l,N_na(ti TWn+l,N_n(ti)]> g

Q(D) being fixed, the external input sequence {v(t)} must be chosen so that (6.16)
will be satisfied. Using Theorem 4.2, we obtain the following proposition that summar-
izes the results.

PROPOSITION 5.1. Consider a linear minimal system (2.1). Assume that the observa-
bility indices ,, 1 <-_ <-_ p and the controllability indices li, 1 <- <= m are known. Let Q(D)
and P*(D) be defined as in Theorem 5.1. Define m estimation equations of the form
(2.11), for matrices H(D), K (D), J(D), and S(D) that satisfy the degree constraints
in (5.8). Every parameter vector 0" 1 <= <= m is estimated with an RLS algorithm with
covariance resetting. The adaptive control law is given by

(6.18) u(t) Q-I(D)[HN(D, t)y(t)+ Ku(D, t)u(t)+ Q(D)v(t)],

where HN (D, t) and Ku (D, t) are the estimates of the matrices H(D) and K (D),
updated periodically so that

HN(D, t)= H(D, t,), KN(D, t)= K(D, ti) for ti - < ti+l,

where ti iN, 0, 1, 2, and N >- m(2, + 3/ -/-/’min)(m + 1) + m. The external input
sequence {v(t)} satisfies (6.16) (where (t) is defined in (6.15)). Then the transfer matrix

of the closed-loop system converges exponentially fast to Tel(D)= R(D)p*-I(D), for
every initial state of the system and for all initial conditions of the estimation algorithm.

7. Conclusions. In this paper, we showed how a multivariable adaptive pole
placement algorithm could be designed so that parameter convergence is guaranteed
under persistency of excitation conditions. More generally, it was proved that parameter
convergence would follow, provided that a certain design identity had a unique solution,
so that the results of this paper are applicable to a wide range of adaptive control
algorithms.

An advantage of parameter convergence is that the closed-loop system asymptoti-
cally has the properties for which the controller was designed. In particular, the scheme
presented here does not have the uncertainty of a matrix U(D) found in [8] (present
even with persistently exciting signals). On the other hand, more prior information is
needed; that is, the observability indices must be known, in addition to the controllabil-
ity indices. While the persistency of excitation conditions were used to assess stability,
it is known that such conditions are not necessary to prove stability in adaptive control,
but only to prove exponential convergence of the parameters to the nominal values
(cf. [2], [4], [13], and [14] specifically for adaptive pole placement algorithms). The
results of this paper may also be related to the work of [15], which discusses the
minimum value of N in Theorem 4.2 for the SISO case, and to the work of [7], which
transforms the persistency of excitation condition into a condition on the number of
spectral components ofthe inputs (sufficient richness condition) in the case of multivari-
able identification. Special signals such that the persistency of excitation condition is
satisfied were also investigated in [16].
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OVERTAKING OPTIMAL REGULATION AND TRACKING OF PIECEWISE
DIFFUSION LINEAR SYSTEMS*

ALAIN HAURIEt AND ARIE LEIZAROWITZ$

Abstract. The infinite horizon optimal control of linear stochastic systems with quadratic cost integrand
is studied, and the tracking of a periodic signal on an infinite time interval is considered. The system is
exposed to three types of noises and is modeled by a nonhomogeneous linear stochastic control plant with
modal and diffusion disturbances, where the dynamics switch at random times within a finite number of
descriptions according to a Markov chain.

The overtaking optimality criterion is emlSloyed. Considering the expected cost, the existence of a unique
optimal control is established for the above noisy control systems with partial information. This is realized
as an affine feedback control of the best estimate of the state. Moreover, in the case of partial information,
this feedback control is proved to be also almost surely overtaking optimal.

Key words, infinite horizon optimal control, the LQG problem, overtaking optimality, piecewise diffusion
linear systems

AMS(MOS) subject classification. 93E20

1. Introduction. In this paper we study the infinite horizon optimal control of
linear stochastic systems with quadratic cost integrand. In its most general form, the
problem considered consists of tracking a periodic signal on an infinite time interval,
where the system is modeled by a nonhomogeneous linear stochastic control plant
with modal and diffusion disturbances. The simplest case considered corresponds to
the regulator problem with the dynamics switching at random times within a finite set
of descriptions, according to a Markov chain. In this latter case, it is quite easy to
prove that under general assumptions of stabilizability and observability there exists
a feedback control that minimizes the expected cost over the infinite horizon. For all
the other cases, we must deal with cost expressions that diverge as the time interval
increases indefinitely. An interesting way to deal with such unbounded cost criteria is
furnished by the overtaking optimality concept. Initially introduced in the realm of
economic growth models (see yon Weizsicker [25], Gale 11 ], Brock [4]), this concept
has been used for more general deterministic control problems (Brock and Haurie [5],
Carlson and Haurie [7], Leizarowitz [13]) and, more recently, for the analysis of
regulation and tracking problems in the case of linear systems with stochastic diffusion
disturbances (Leizarowitz [14]). This paper extends the analysis to the case where
additional disturbances are represented by a jump Markov process and non-
homogeneous offset terms. Moreover, for the piecewise diffusion regulator we establish
almost sure overtaking optimality property of the optimal control, in the class of
feedback controls.

The optimal control of stochastic systems with jump Markov disturbances has
been studied by many authors. In Sworder [23] and Rishel [20], [21], a problem with
a finite horizon is considered. A complete study of the infinite horizon case with a
discounting factor has been developed by Vermes [24] and Davis [9]. A detailed
analysis of a specific production planning model with a discounted convex cost
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integrand appears in Fleming, Sethi, and Soner [10]. We note that the exponential
discounting term eliminates the divergence-of-costs difficulty.

A renewed interest in this class of systems stems from their use in the modeling
of manufacturing flow control problems, in the contest of flexible manufacturing
systems (FMS). In Olsder and Suri [19], Kimemia and Gershwin [12], Maimon and
Gershwin 16], Akella and Kumar 1 ], Sharifnia [22], and Caramanis and Liberopoulos
[6], an FMS is modeled as a linear system subject to jump random disturbances due
to machine breakdowns and repairs. In these typical applications, there is no a priori
known terminal time; therefore, infinite horizon considerations seem appropriate.
However, the introduction of a discounting factor is not always appropriate since
"infinity" in this context may correspond to a couple of months, if not weeks. In the
above papers, we either deal rigorously with the discounted case (or the finite horizon
case), or we use heuristic developments for the undiscounted case. The purpose of the
present paper is to fill the gap by a rigorous treatment of the undiscounted case for
linear quadratic systems.

The paper is organized as follows. In 2 we describe the stochastic system and
the three types of disturbances. We display some auxilliary results needed in the
following sections, which are concerned with the simplest case where only the Markov
jumps are present. Section 3 deals with the case where additional diffusion terms
appear in the regulated system. The existence of a unique overtaking optimal control
is established, and it is obtained in the well-known feedback control form.

We then turn to a more general case, where nonhomogeneous terms appear in
the linear system and where, rather than being regulated, the system is supposed to
track a given periodic trajectory. In 4 we consider the infinite horizon Bellman
equation for this problem. For this equation we construct a solution that is periodic
in the time variable and quadratic in the space variable. We then interpret this function
as the value function for a problem with a modified cost expression, where a time
linear increasing function is subtracted from the original cost expression. This is
described in 5, where we also establish the existence of a unique overtaking optimal
control given by the usual feedback control law.

In 6 we consider the most general case, where, in addition to the three types of
disturbances, there also appears uncertainty in the measurement of the state of the
system. Thus there is an observed process that provides the information that is the
basis for the choice of the control. We establish the existence of a unique overtaking
optimal control, which is obtained by replacing the state variable with its best estimate
in the feedback law described in 5.

2. The framework, definitions, notations, and basic results. In this section we define
the class of infinite time horizon, optimal stochastic control problems considered in
this paper. We then give a solution to the simplest case, which consists of the regulation
of a piecewise deterministic system.

2.1. A class of infinite horizon stochastic control problems. The system under
consideration is

dx( t) [Aj,x( t) + Bj,u( t) + cj,] dt + Gj, d[3( t),
(2.1)

x(0)=Xo, jo=i, xR’, uRm,
where x(. is a stochastic process in Rn,/3(-) is a p-dimensional Brownian motion,
and {jt}to is a Markov process on the finite state space {1,..., N) with generator
(3 (gi)i,-lN. The latter is such that any two states communicate on some finite time
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interval. The matrices Ai, Bi, G and the vectors c, 1 =< i=< N, are constant and of
appropriate dimensions.

Let Y, be the r-algebra generated by {x(s),js, O<=s<= t}.
DEFINIa’ION 2.1. An admissible control u(.) is a stochastic process defined on

[0, ) with values in R such that
(i) u(t) is Yt-measurable for every t=> 0,
(ii) The solution of (2.1) corresponding to u(.), also called the response x(. to

u(. ), is such that t-, EIx(t)l 2 is a bounded function on [0, ).
Along with (2.1), a trajectory

(2.2) F:[O,

is given and assumed to be periodic with period To, i.e., F(t + To)= F(t) for all _-> 0.
The cost of using the control u(. with its response x(. over the [0, T] interval is

(2.3) Cr(u) O., + u (t) R,] dt,

where, for each i= 1,. ., N, Q is a positive semidefinite symmetric matrix and R is
a positive definite symmetric matrix. We employ the notation Ilxll x’Qx, Ilull u’Ru
for x R and u R’. The subscript (i, Xo) designates the initial values jo i, x(0) Xo.

As mentioned in the Introduction, except for one simple case that will be dealt
with at the conclusion of this section, C-(u) diverges to infinity as T grows to infinity,
for every admissible control u(. ). This leads us to employ the overtaking optimality
criterion, which is defined as follows.

DEFINrrION 2.2. Let (i, Xo) be fixed initial values. The admissible control u*(.)
is overtaking optimal if, for every admissible control u(.),

(2.4) lim inf[ CT(u(" ))- C.(u*(. ))] -> 0.
Tc

Remark 2.3. If for some admissible u(. ), the limit limr_, CT-(u(" )) is finite, then
the overtaking optimality notion coincides with ordinary optimality.

2.2. Regulation of linear piecewise deterministic systems. We consider the simplest
case of linear piecewise deterministic systems

)( t) Aj,x( t)-+- Bj,u( t), x R", u R ",
(2.5)

x(0) Xo, jo

with the associated cost flow, which corresponds to F(t)= 0.

(2.6) CT-(u) Eixo I-IIx(t)ll 2

% / u (t) ,] dt.

We are interested in "minimizing" C(u) when T tends to infinity.
We assume here that (2.5) is stabilizable, namely, that there exist constant m n

matrices {F}ff=l such that the feedback control u(t)= F,x(t) has a response x(. that
is stable in the quadratic mean sense

(2.7) Ei,,o[X(
In this situation the cost over the infinite horizon is finite, the minimization is in the
usual sense, and there is no need to employ the overtaking concept. Although the
result presented in this section may be obtained as a special case of the one described
below for piecewise diffusion systems, we display it here for two reasons: First, we
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will use it as a tool in subsequent, sections and, second, we want to single out the
piecewise deterministic situation as a separate case that has some interesting particular
properties. Infinite horizon control of systems (2.5) and (2.6) and the relation with
stabilization was studied by Morozan (see [17], [18]). Our developments are not the
same as those in the work of Morozan and are given here for completeness. We assume
that (2.5) is stabilizable, so that for a certain feedback control u(t)= F,x(t), the
corresponding response x(. satisfies (2.7). It follows from the linearity of (2.5) that
the function t-. Ei,xo[X(t)[2 satisfies a linear differential equation (see [16, 3]), which

Rimplies that the convergence in (2.7) is exponential. Then, given matrices { j}= and
{Q}N= as above, there exist controls u with finite cost c(u). We thus may define

(2.8) 4)i(Xo) .f) Ei,xo [][x(t)]] 2 2
Or, + u (t) R,] dt, <- <- N,

which clearly satisfies bi(Ax)= A24i(x) for every real A. Moreover, it follows from the
linearity of (2.5) and the fact that the integrand in (2.8) is quadratic that &i(x + y)+
ci(x-y) 24i(x)+ 24i(y) for every x, y R". It follows easily from these properties
that the functions 4i, 1 _-< _-< N, are quadratic and that there exist positive semidefinite
matrices {Kj}N_I such that thj(x) x’Kx, 1 <-j <- N.

We claim that the following lemma holds.
LEMMA 2.4. Assume that for some k satisfying 1 <= k <= N, the pair (Ak, Qk) is

observable. Then the matrices K, 1 <-j <= N, are all positive definite.
Proof It is enough to show that for every l_<-iN N and every xo# 0 we have

4i(Xo) > 0 (recall (2.8)), and for this it is enough to show that the integral in (2.8) is
positive for every control (since the infimum is attained). Thus, by the positive
definiteness of R, 1-<j-< N, we may consider only the zero control u(t)=-0 for all
>_-0. For this control let

p P{j, k, 1 =< -< 2 J0 i};

then p > 0. Given an x(0)= Xo, Xo # 0, there is a 3 > 0 such that for every sample path
the response x(. satisfies [x(1)l-> . The observability of (Ak, 0k) implies that

inf [x(t)’Qkx(t)+v(t)’Rkv(t)] dt=- rl >O,
v(.)

where the infimum is over all measurable functions v(.) in L2([1,2], Rm). It thus
follows that for every T> 2, we have Cr(u) >- pq, which proves that 4i(Xo) > 0 whenever

Xo 0 and concludes the proof of the lemma. [3

We have the following characterization of stabilizable systems (2.5), which is
linked to the infinite horizon optimization problem (2.5), (2.6).

PROPOSITION 2.5. Along with (2.5), consider sets ofpositive definite m x m matrices

{R}= and positive semidefinite n x n matrices {Qj} such that at least one of the pairs
(A, Q), <-j <-_ N, is observable. A necessary and sufficient condition for the stabilization

of (2.5) is that there exist positive definite matrices {Kj}=I satisfying the Riccati system
N

(2.9) AIK,+K,Ai-K,B,R,IB’K,+Q, + E gKj =0, i=l,...,N
j=l

for every {Qj}7--1 and {ej}=l, as above. In this situation the feedback control u*(.)
given by

(2.10) u*(t)=-RT’B:j,j, Kj,x*(t)
is stabilizing, and its response x*(. satisfies (2.7).
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Proof We first assume that (2.5) is stabilizable. Then, by Lemma 2.4 and the
paragraph that precedes it, there are positive definite matrices Ki, 1 _-<i_-< N, such that
the 4i(x) in (2.8) have the form 4(x) x’Kx, 1 <= <-_ N.

The dynamic programming equation for system (2.5), (2.6) is

min x’Qx + u’Ru + gox’Kx + x’[A’K + KA]x + u’B’Kx + x’KiBu O,

(2.11)
i=1,’’ ",N,

where the unique minimum is attained by u =-RT,IBIKx. When this is substituted in
(2.11), we find that {Kj}jN__ satisfies (2.9). We will now show that the control (2.10) is
stabilizing (and, in fact, is optimal for (2.5) and (2.6)). To this end, we consider the
function

Ei,xoX( t)’Kj,x(t).

It follows from the structure of the generator of {j,},_->o that

,xoX(yK,x( x’oKxo+o x(s’[a:jKj.+ Kj,Aj.]x(s) ds

+ E,,xo x (s)’ Z gj,.lKl X (S) as.
/=1

Using the fact that {Kj} satisfies (2.9), it follows that

Io,xoX(’,x(=x;xo-e,o [x(syx(s+u(s’,(s]

namely,

(2.12)
CT(U) x’oKixo- Ei,xoX( T)’KjTX( T)

Io/ E,,xo Ilu(t)/ Rf, IB Kj,x(t)ll 2 dt.Jt Rjt

Thus, for the control u* in (2.10), we obtain

CT(U*) xoKixo Ei,xoX*( T)’gjrx*(T).
As remarked in the beginning of the proof, x’oKxo is the infimal cost over [0, oe) starting
at (Xo, i). It hence follows that u* is stabilizing and, in fact, is optimal since coo(u*)=
x’oKixo

To prove the other direction, we assume that for every given set {R}l and {Q}_
as in the statement of the proposition, there are positive definite {K} satisfying
(2.9). We define the control u* by (2.10), and it then follows from (2.12) that there
exist controls with a finite cost on [0, ee). Proceeding as in the proof of the first part,
this implies the existence of stabilizing controls. (In fact, it is easy to show that u* is
stabilizing and optimal.) [3

The stability of the response x(. is, in fact, better than merely in quadratic mean.
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PROPOSITION 2.6. Let (2.5) be stabilizable by a feedback control (2.10) such that
(2.7) holds. Then the response x(. satisfies
(2.13) x(t)O a.s.

Proof. We consider the functions

/)i(X, t) Ei,xX t)’Kj,x( t),

where (x(.),j.) is the response to the control (2.10), which satisfies jo i, x(0)-x.
Then b(x, t)= x’K(t)x for some positive definite matrices {Ki(t)}=l. It is easy to see
that these matrices should satisfy a linear system

(2.14) d-- K;(t)
=L

K( t) Kr(O) I
where L is a linear operator from the space M of N-tuple n n matrices into itself,
defined as follows" If [M’ M]’, M, then

L MiAi + A’,M + , gijMj
j=l

(see, e.g., Morozan [17]). Since K(t)O as t for every 1N iN N, it follows from
the linearity of (2.14) that the convergence is exponential. Thus there exist constants
c > 0, > 0 such that x(t) N c e- for all 0. It follows that for every e > 0 we
have P([x(t)le e)N(c/e) e-’, which implies that k=0 P(lx(k)] e)<. Hence the
Borel-Cantelli lemma implies that x(k) 0 almost surely as k , so that (2.13) holds
almost surely, and the proof is complete.

As indicated above, for a stabilizable linear piecewise deterministic system (2.5),
(2.6), there exists a finite minimal cost over the infinite horizon. Thus the minimization
is in the usual sense, and there is no need to invoke the oveaking concept. We
summarize the discussion by stating the following result.

TZORZM 2.7. Let (2.5) be stabilizable and consider the minimization of (2.6) with
T . Assume that at least one of the pairs (A, Q), 1 Nj N, is observable. en the

feedback control u* in (2.10) is the unique optimal controlfor the infinite horizon problem
in the class of all nonanticipative controls.

3. Linear piecewise diffusion stabilizable regulators. We now consider the system

ax( t) [A,x( t) + n,u( t)] at + , a( t),
(3.)

x(0)=xo, jo=i, x6R, uem,
with the associated cost flow (2.6). (Recall the paragraph that follows (2.1) and specifies
the notations in this equation.)

Throughout this section, we assume that system (2.5) is stabilizable; thus there
exist positive definite matrices {K}= satisfying (2.9). Recall Definition 2.1 of admiss-
ible controls.

Remark 3.1. Requirement (ii) in Definition 2.1 is quite natural in the context of
stabilizable systems (2.5). If, e.g., the control is a stabilizing feedback control of the
form u(t)= 4(x(t),j,), where (.,j) is Lipschitz continuous, then the Markov process
(x(t),j,),o has an equilibrium measure {vj(dx)}, and it is easy to see that unless
(1/T)Cr(u)-, the function t-Elx(t)l2 converges to a finite limit.
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For the forthcoming analysis we will need a version of It6’s lemma (see/str6m
[2]) applied to the following function:

4): Rn x {1, , N}- R 1, b(x, i)- x’Kix.

The generator of the process {x(t),jt}t>_o corresponding to a fixed constant control u is

(3.2) (L’f)(x, i)= of
(Ax+Bu)+ (x, i)+ 2 gof(x,j),

j,k= OXj OXk j=l

where we denote jk =(GG)jk. Using the fact that {Kj}_ satisfies (2.9), it follows
from (3.2) that

x(T)’Kjx(T)-x;Kxo= ]lu(t)+ RZKj,x(s)[[ dt

(3.3) + tr G( Kj,Gj, dt + d’G Kj,x( t)Jt Jt
o

+ x(t)’Kj,aj, d(t)- [llx(t)[l

While taking expectation in (3.3), the stochastic integral terms drop (by viue of (ii)
of Definition 2.1) and we obtain

foCr(u) x;Kxo+ E,xo tr Gj, Kj,Gj, dt

(3.4)

+E, xo [[u(t)+e2lB g,x(t)ll et-E,oX(T)’K,x(T).

The main result of this section is the oveaking optimality of the control u* in (2.10)
in the class of all admissible controls. We consider the process

(3.5) v(t) (t)+ R2’B,K,x(t),
defined for an admissible control u(. and its response x(. ). If indeed the feedback
law that determines u*(. is optimal, then v(. measures the "deviation from optimal-
ity" of u(. ). In paicular, we have v*(t) 0 for u*. It follows from (3.4) that for every
admissible control u

CT(u)-C(u*)=E, xo Ilv(t)ll dt+EixoX*(T)’Kx*(T)Nit
(3.6)

Ei,xox(T)’Kx(T).
If u(. is such that

E,,

then limr_,oo[Cr(u)--CT(U*)]=oe, and u* overtakes u. We must thus consider only
admissible controls u(. for which v(. satisfies

;o(3.7) Ei,xo v(t)ll, dt
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We will next prove that if (3.7) holds, then

lim Ei.xo[X( T)’KjTx T) x*( T)’KjTx*( T)] 0,

and it will follow from (3.6) that u* overtakes u in this case, also.
The response x*(.) to u*(. satisfies the equations

(3.8)
dx*(t) [A,- B,R,Bf,K,]x*( t) dt + G, d3(t),

x*(0) Xo, jo i.

Making use of the definition of v(. in (3.5), it follows that the response x(. to u(.
is a solution of

dx( t) {[A,- Bj,Rf, B,Kj,]x( t) + B,v( t)} dt + G, d( t),
(3.9)

x(0) Xo, jo i.

Thus (3.8) and (3.9) imply that the process

(3.10) y(t) x(t)-x*(t)

is almost surely absolutely continuous and satisfies the equation

(3.11) dY- [Aj, Bj,Rf, IB. Kj,]y( t) + Bj,v( t).
dt ’

LEMMA 3.2. Suppose that (2.5) is stabilizable, and let the matrices {Ki}/_I be as in
(2.9). Suppose that at least one of the pairs (A, Qj), 1 <=j <-N, is observable. Moreover,
suppose that the control u(.) is such that (3.7) holds. Then

(3.12) lim Ely(t)l2 0.
t-->

Proof The solution y(.) of (3.11) is a solution of (2.5), corresponding to the
admissible control

(3.13) w(t) -Rf, lB,Kj,y( t) + v( t).

For every 0-< To < T < we have

[[ly(t)[[ 2 2o,+ w(t)[[,,] dt= y(t)’[Qj,+ KjtBj,RftlB (,Kj,]y(t) dt
To To

(3.14) -2 y( t)’K,B,v( t) dt

+ I1()11 de.
To

Rj,

If (A, Q) is an observable pair and To l, then for every sample path for which
j k for every To To + 1 we have

To+l
(3.15) [llY(t)ll

o
o,+ w(t)]] ,] dt >--_ elly(Yo)l.

If e2 is defined by

e inf { P(jt k, To =< =< To + 1 ]A i},
To-->1
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then e2> 0, and we obtain from (3.15) the uniform estimate

Ei, [[[y(t)]l 2

To "’ / W(t) ,,] at

(3.16)
2>-- e3E,,o[ly( To)[ I3t k, To =< To + 1

for some e3>0 and all To 1. Since for every t>0, y(t) is independent of {j},, the
right-hand side of (3.16) is equal to e3E,oly(To)]e. From the fact that y(. is a solution
of a linear differential equation with coecients that are uniformly bounded for all
the sample paths, it follows that [y(t)l4ly(To)l for some 4>0, for every To 1,
TotTo+l, and every sample path. We thus obtain from (3.16) the following
estimate"

(3.17) Ei,xo [[ly(t)[[ 2 2o,+ w(t)ll ,,3 dt Ei,xo lY(t)l2 at
To To

for some a > 0 and every To 1 and T > To for which T- To is an integer.
It follows from (3.11) that for every T> 0

Ei,yoY(T)’Kjy(T): y;KiYo+ Ei,yo y(t)’Kj,(Aj,-Bj,R2’Bj, Kj,)y(t)

/=1

which by (2.9) can be written as

,,o r’ r ;o ,,o (Y[, +,,2

-( dr.

By (3.14) and (3.17), using (3.7), this implies that

,,ol(rl a ,o ly( t)l dt

for some constants a, >0 and for every T>0. Then, clearly,
and since (d/dt)E,oy(t) is bounded on [0, ), this implies that lim E,oy(t) 0 as, concluding the proof of the lemma.

The main result of this section will now follow easily.
ToM 3.3. Assume that (2.5) is stabilizable and at least one pair (A, Q) is

observable. en the feedback control u* in (2.10) is overtaking optimal in the class of
all admissible controls.

Proo As discussed in the paragraph following (3.6), u* oveakes every admissible
control u(.) for which Io v(t)l dt= , and it oveakes every admissible control
u(. for which

lim ,xo[X( T)’Kx(T) x*( T)’K,x*( T)] 0
T

holds. However, the last equality follows from (3.7) and Lemma 3.2 (recalling
(3.10)). [3
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Remark. The quadratic function b(xo, i)= x’Kix can now be given an interpreta-
tion of a minimal excess cost-to-go, namely, the limit of the cost left after subtracting

Ei,xo tr Gj, Kj,G, dt.

This interpretation will be further developed in 4 and 5 dealing with the more
general periodic tracking problem.

In the rest of this section, we will show that u* in (2.10) has an additional optimality
property; namely, it is almost surely overtaking optimal in the class of all stationary
controls.

DEFINITION 3.4. A stationary control is a feedback control u(t)= c/)(xj,jt), where
qb" R { 1, , N} - R is Lipschitz continuous on R" for every fixed _-<j _-< N, and
u is such that t- Elx(t)[2 is a bounded function on [0, ).

To establish almost surely overtaking optimality we will need the following
assumption.

Assumption A. Let ,i=Ai-BR[B1Ki for 1 < <= N and let L(x) be the Lie
algebra generated by {/, x,...,/ux}. Then L(x) has rank n for every x # 0.

THEOREM 3.5. Assume that (2.5) is stabilizable, that at least one ofthepairs (A, Qj)
1 <-j <= N, is observable, and that Assumption A holds. Then the control u* is almost
surely overtaking optimal in the class ofstationary controls; namely, for every such control
u there exists a positive real-valued random variable to- T(w) such that almost surely

(3.18) [][x.(t)][2 . at < [[Ix(t)]] 2

for all T> T(oo).
Proof With every stationary control u(.), there is associated a Markov process

{x(t),j,}t>=o, where x(.) is the response to u(.). It is enough to consider stationary
controls for which {x(t),j,}t>_o is positively recurrent, since other controls have infinite
cost growth rate. Then by the ergodic theorem

(3.19) lim
l forr-,--T u(t) + R21Ky,Bj,x(t)]] 2n.,, dt=

e"
(X,j) + R;’K2Bx]] 2Rv2 (dx),

where {vy(&)}= is an equilibrium measure of {x(t),j,},o. The right-hand side of
(3.19) is strictly positive unless u u*. If, however, u u* on the suppo of{v2(dx)}_
then, by Assumption A, the suppo of {pj(dx)}= is R"x{1,’’’, N}. It thus follows
from (3.3) that to prove the theorem, it is sufficient to show that

(3.20) lira
1

r- o x(t)’K,G, d, =0 a.s.

(since then the limit limr_ (1/T)x( T)’KTx(T) exists almost surely and must be equal
to zero. It then follows that for every u u* we have that almost surely

lim llorr [llx*ll Ida,o,,+ u’l] e.,] dt < lim []lx(/)]]

which implies (3.18)). To prove (3.20) we consider the martingale

Mr x( )’K. Gj, d[3,j, 0< T<oo,

and it will be enough to prove that (1/k)Mk -->0 almost surely as k 400. Since E[x(t)l2<-
C for some constant C>0 and all t_>-0, it follows that E](1/T)Mrl2<-(C2/T2) for
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some C2 > 0 and all T > 0. We have then, by Chebyschev’s inequality and the Borel-
Cantelli lemma, that

(3.21 k2 Mk

The following standard argument (see Chung [8, Thm. 4.12, p. 103]) extends the validity
of (3.21) to all the integers rather than merely for the subsequence of squares. Every
integer j can be written as j k2+p, where 0 -<p <= 2k, and we have, for the above
constant C2, the estimate EIIV1 -Mk212<= pC2. It then follows that

C2 p
J =1 \p=l

(k+l)2-1

k=l j=

which implies that

(3.22) M Mk2
J

Since

---0 a.s. as k andj satisfies k2<-j<(k+l)2.

j- -5-+ 1+

and p/k -> O, k2/j -> as k --> o, it follows from (3.21) and (3.22) that M/j -> 0 almost
surely as j--> oo, which implies (3.20). As explained in the beginning, this concludes
the proof of the theorem.

4. The infinite horizon Bellman equation. In this section we consider a functional
equation, called the infinite horizon Bellman equation, and construct a solution to it.
This equation plays a central role in our study of tracking a periodic signal with
piecewise diffusion systems that are disturbed by modal jumps and inhomogeneous
offset terms, developed in 5.

To motivate our study of this equation, the following heuristic discussion is
proposed for the case of piecewise deterministic systems. Due to the nonzero tracked
signal and the Markov jumps of the system, we expect the cost to grow at some minimal
rate/x, but still expect the expressions Cr(u)- txT to remain bounded as T oo, for
the better controls u. Thus we write the Bellman equation for the excess cost, namely,
the cost left after subtracting the linear part/zT from the cost (2.6). Moreover, since
the problem is defined on infinite time interval with a periodic signal to be tracked,
the excess cost function should also be periodic.

The infinite horizon Bellman equation for the linear piecewise-deterministic sys-
tems is thus

(4.1)
(0_) (i, x, t)+ min { Ilx- F(t)ll 2 1 (0_x)’o,+llull = t)’[aix CRi + (i, x, + Biu +

+ I; g4(Zx, =.,
j=l

which is an equation both for the function (i, x, t) 4(i, x, t) and the constant
In the case of piecewise diffusion systems, we are led to consider the following

Bellman equation:

Odp
(i,x,t)+min{...}+_j,k:l kOXJ Oxk/-k i, X, t)

(4.1’)
liN.
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We try a solution of (4.1) or (4.1’), which is of the form

(4.2) 5x Kix + qi( t) x + vi( t),

where the functions q(. and v(. are periodic of period To, which is the period of
r(.).

Note that, with this form of solution, the second partial derivatives are constants,
and so we could rewrite (4.1’) as

0 (i, x, t) + min {. }+,= Ox Ox/= +,= Ox Ox
so that, a solution to (4.1’) wuld also provide a solution to (4.1). The minimum in
(4.1) is attained at

(4.3) u -R;1B’[Kx + q(t)],

so that (4.1) is

dqi) dpi+l
at/

"x+
at 2

Ilx-r(t)[[2, (Kx + q,)’BiRB’i(Kx + qi)

(4.4)
+(Kx + q)’(Ax + c)+

j=l

The quadratic term in (4.4) vanishes if the matrices K, 1 N N N, satisfy the system of
matrix algebraic Riccati equations

(4.5) KA+AK-KBR;BK + 2 goK+Q =0, i= 1,..., N.
j=l

Collecting the linear terms and equating to zero yields

dqi N

(4.6) -QF(t)+(A-K,BR[B)q+Kc+ gqj=O, i=1,..-,N.
j=l

We look for a solution {q(. ),..., qu(. )} to (4.6), which is periodic with period To.
If @(t, to) is the fundamental solution of the corresponding homogeneous equation

(4.7)
dqi+ (A’ KiBig-li B) qi + goq O, 1, N,
dt j=l

then the solution q(. of (4.6) satisfies q(To) (To, 0)q(0) + p(To), where p(To)
depends on F(.) and c. A periodic solution is obtained if q(To)= q(0), and such a
unique q(0) is guaranteed if I-@(To, 0) is nonsingular, which holds if (4.7) does not
have a nontrivial periodic solution of period To. This propey of (4.7) is, however,
generic in a sense that will be precisely described next.

Our plant is determined by the collection of matrices

{A1,A2," ,AN, B1, B2," ",BN, G}.

Denote such a collection by S and let S be the metric space of all possible collections
S with the following metric:

N N

p(s,s’)= IlA,-A;ll+ IIB,-B’,ll+lIG-G’ll,
i=1 i=1

where

S={A1,A2,. AN, B1, B2, BN, G}
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and

S’={A, A,..., A, B, B,..., B, G’}.

We say that a certain property is generic for systems in S if the set of systems that
possess this property is open and dense in S.

Throughout the rest of the paper we will assume the following statement.
Assumption B.
(i) At least one of the pairs (Ai, Qi), 1 _-<i=< N, is observable.
(ii) Let To>0 be a given period time and G=(gij) Ni,j=l a generator of a Markov

process {j,},>o such that any two states communicate on a finite time interval.
(iii) Equation (4.7) does not have a nontrivial periodic solution of period To.
PROPOSITION 4.1. Let To> 0 be given. Then the set ofsystemsfor which Assumption

B holds is generic in S.
Proof. If we consider the vectors (ql,..., qN) in (4.7) as a vector Q in R Nn, then

Q(.) satisfies a linear differential equation

(4.8)
dQ(t)

MQ(t),
dt

where M is an (Nn Nn)-dimensional matrix that is related to the matrices coefficients
in (4.7) in an obvious way. In particular, the entries of M are linear functions of the
variables go, 1 <-i,j <-_ N. There is a nontrivial periodic solution to (4.8) for period To
if and only if unity is an eigenvalue of the matrix e 4ro. From this, it clearly follows
that the set of systems for which Assumption B holds is open in S.

To prove that this set is also dense, let S be a point in S, say S=
{A, A2, , AN, B1, B2, BN, G} and for every 3’ > 0 let Sr
{Al, A2,’’’, AN, B1, B2,’’’, BN, yG}. Let the matrix Mr correspond to Sr in the
same way that the matrix M in (4.8) corresponds to S. Then the matrix function
y exp (MrTo) is analytic (since the entries of M are linear functions of the entries
of G). Therefore the scalar function 3’ det [I- exp (MrTo) is analytic and has isolated
zeros. It follows that for some e > 0, every 3’ 1 that satisfies e < 3’ < 1 + e is such
that det [I-exp (MrTo)] 0, proving that Sr satisfies Assumption B. Since y can be
chosen arbitrarily close to 1, this proves that the set of systems for which Assumption
B holds is dense in S, and concludes the proof of the proposition. [3

For the free term in (4.4), we obtain

dpi N

--+ 2 go’ +- IIr(t)ll o, qi(t)’BiRi-1B’iqi(t) + q(t)" ci Ix,
dt =1

(4.9)
i=1,’’ ",N,

which is of the form

(4.10)
dpi N

+ gi’ tz- pi( t), i- 1,.’., N,
dt j:l

where the functions pi(" are all periodic of period To. From the explicit solution

u(t) e-t ,(O) + f.,o ds,

it follows that the periodicity condition ,(0)= u(T0) may be expressed by the require-
ment that

(4.11 (I e7) ,(0) =/3
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where

fo"Ill fIP’(t) 1(4.12) a et dt, e dt.

We look for a ,(0) R N and a scalar/x for which (4.11) holds. Since the matrix er
is a transition probability matrix, it follows from the property of G as mentioned in
Assumption B that unity is a simple eigenvalue of ero. Hence the subspace of RN

(4.13) Y=lm[I-ero]
is N-1-dimensional. As long as a is not contained in Y, there is for every/3 RN a
unique scalar /x for which (4.11) holds.

PROPOSITION 4.2. Let a and Y be as in (4.12) and (4.13), respectively. Then the
following holds:

(4.14) a Y.

Proof. Since G is a generator, it follows that

G =0;
i

hence a in (4.11) is given by

Ill
If a e Y then for some v R the following equality holds:

erv v+ To]
L

and iterating this relation we obtain that

(4.15) erov= v+ kTo

for every k => 1. However, since ero is a transition probability matrix we have, for
every v R N,

max I(eo%)l_-< max Ivil,
lNi<=N

which clearly contradicts (4.15) as kee. This contradiction proves (4.14) and con-
cludes the proof of the proposition.

To summarize the discussion in this section, we have constructed a solution to
the infinite horizon Bellman equation (4.1), which is of the form (4.2). The matrices
Ki, 1-<iN N, are the solutions to (4.5). The functions qi(. ), 1 _-<iN N are the unique
solution to (4.6) if (4.7) does not have a nontrivial periodic solution of period To,
which, by Proposition 4.2, is the generic case. The constant/x is uniquely determined
by (4.11), (4.12), and ,(-) is a solution to (4.9).
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5. Tracking a periodic signal with piecewise diffusion systems. We consider system
(2.1) with the cost expression (2.3), to which corresponds the Bellman equation (4.1’)
with the associated solution (4.2), as described in 4. From It6’s lemma applied to
the function b in (4.2), we obtain

(5.1)

1/2x(T)’KjTx(T)+qjT(T)"x(T)+ vjT(T) =1xoKixo+ qi(O) Xo + vi(O)

fo
7"

+
dt

+x(t),,, dqj,
-+[ay,x+Bj,u+c,] (Kj,x(t)+qj,)

N r

G’.[Kj,x(t)+qj,]+ tr Gj, Kj,Gj, dt.+ Y gj,jdp(j, x, t) dt + dt ,
j=l

Simple computations using relations (4.5), (4.6), and (4.9) yield that the integrand in
the first term of (5.1) is equal to

(5.2) 1/211u /
For example, the quadratic term in the integrand in (5.1) is

x’
1 1 . g2,,2K2 x,- Aj, K, + K,A, + - j=

while the quadratic term in (5.2) is

x’[1/2Kj,Bj,R, B,Kj, 1/2 Oj, ]x,
and these are equal by (4.5). The linear term in u in both expressions is u’B,[Kj,x + qj,],
and it is easy to verify that the linear terms in x, as well as the free terms in the two
expressions, coincide. It thus follows from (5.1) that the cost process {cr(u)}r__>o is
given by

cr(u) /xj, dt + tr G’., K,G, dt
o

(5.3)
+- Ilu(t)+R,’B:[K,x(t)+q,]ll dt
2

,, Rj,

T 1
h- d;G,[Kj,x(t)-k- qj,]+- xoKixo+ qi(O)" Xo+ 12i(0)

o

1-- x( T)’K;;x( T)- q;( T)’. x( T)- v;( T).

From this we obtain, for every admissible control,

E,xoCr(U) E,xo x, dt + E, tr G:,K,Gj, dt

+,xo II()+e:lBj,[&x()+q,311 deJt Rjr

(5.4)
-E,,xo[-x( T) Kj,.x( T) + qj,.( T) x( T) + vj,.( T)]

+[xoK,xo+ qi(O)" Xo + /2/(0)],

while, for the feedback control,

(5.5) u*(t)=-R,lB’[Ki,x*(t)+q,],
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with the response x*(. ), we obtain

E,xoCr(U*) ,o x, dt + ,xo tr G:,K,G, dt

(5.6) :--Ji,xo[-X T)’Kx*( T)+ q( T)’. x*( T)+ uj(T)]

)’ (0)].+[xoKixo+ q( u Xo +

However, we do not yet know that u*(. is an admissible control.
Remark 5.1. The first term in (5.4) will prove to measure the minimal linear growth

of the cost. Thus, the minimal cost growth rate is the algebraic sum of two terms. The
first is caused by the Markov disturbances and the fact that the trajectory F(. cannot
be tracked precisely even by a deterministic plant. The second is
limr (1/T)E tr Gj,K,G,dt, which is a consequence of the diffusion noises in the
system.

The following result will be invoked in the next section and will also be needed
to establish Proposition 5.3 below. Since system (2.5) is stabilizable, it follows by
Proposition 2.4 that there exist positive definite matrices {K} satisfying (2.9), and
we denote

--1(5.7) F, A- n,R ,, i= ,. ., Y
It follows that the random evolution system

(5.8) i(t) ,x(t), x(0) Xo, j(0)

is stable; that is, E,olX(t)l0 as for every Xo and i. Let Yt be the -algebra
generated by {x, j, 0 s t}.

LEMMA 5.2. Let p( t) be a stochastic process that is adapted to { }to and such
that t Ei,xolp(t)l2 is a bounded function on [0, ). Consider

(5.9) y(t) ,y(t) + p(t), y(0) Xo, jo i.

en t E,oly (t)l 2 is a bounded function on [0, ).
Proof It follows from (2.9) that

N

(5.1 O) FK + KF + go +M O, 1 N
j=l

for some positive definite matrices M, 1 N. (In fact, M Q + KBRTB’K.) If
y(. is a solution to (5.9), then

E,oy t)’Kj,y( t) yK Yo

Io ,xos(S’s(s) s + ,oo(s’,(s) s.

We thus get

(5.11)
d

dt Ei,xoY( t)’Kj,y(t) Ei,xoYj,(t) Mj,yj,(t) + 2EixoP(, t)’K..ty(t)

We denote flY/(/)--Ei,oY(t)’Kj,y(t ). Then the positive definiteness of the matrices
Mj, 1 _-<j _-< N, implies that

Ei,oY( t)’Mj,y( t) >= ati( t)
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for some a > 0 and all 1 -< =< N and => 0. Moreover, since Ei,xo[p(t)[2 is bounded
on [0, ), there is a/3, > 0 such that

j,y(t) /3, j(t)
j=l

for all t>-0. It thus follows from (5.11) that for some/3>0
d

i(t) <-ce qti(t)+fl i/ti(t)
dt i-1 i=1 i=1

which implies that t-* qi(t) is a bounded function on [0, ) for every 1 =<i-<_ N. [3

PROr’OSTON 5.3. The feedback control u*(. in (5.5) is an admissible control.
Proof Since clearly u*(.) is adapted to {Y,},_->0 all we must show is that the

function t- Elx*(t)l is bounded on [0, ). The process x*(.) is a solution of the
equation

(5.12) dx* =[F,x*(t)+ p(t)] dt+ G,d,
and that p(. is a bounded process (since each qi(. is periodic and bounded). The
solution x*(. of (5.12) may be written in the form x*( t) y( t) + z(t), where y(. is
a solution of (5.9), and z(. is a solution of

(5.13) dz(t)=F,z(t) dt+Gj, dt, z(0) 0.

It follows from Lemma 5.2 that t- Ely (t)l is bounded on [0, ); hence it is enough
to prove that t Elz(t)l2 is bounded on [0, ).

Let the random fundamental solution of (5.8) be denoted by i(t, s), and it follows
from the stability of (5.8) that for some C, a > 0,

(5.14)

for all 1 <- <= N and 0<= s <- < . The solution z(. of (5.13) is z(t) o .,.(t, s)G. ds;
hence

Elz(t)l E tr d( t, s)GjGdp( t, s) as.

It follows from (5.14) and (5.15) that

;oEilz( t)l 2 < 3/ e-<t-’) as

for some constant yO, implying that t- E[z(t)[ is bounded on [0, ), which
completes the proof of the proposition.

THZOZM 5.4. The control u*(" in (5.5) is the unique overtaking optimal control
in the class of all the admissible controls, that is,

(5.16) lim sup [Ecr(u*) EcT-(u)] <=0

for every admissible control u(. and every 1 <=i<= N.
Proof Let u(.) be an admissible control and denote

(5.17) v(t) u(t)+ R,’B’, Kj,x + q,
We compare the expected cost flows {Ei,,oCT(U)}>__o and {Ei,xoC-(u*)}->_o, which are
expressed in (5.4) and (5.6), respectively. Since both u(.) and u*(.) are admissible,
it follows that the function

Ei,xolX(t)]2 q- Ei,xo]X*(t)l



OPTIMAL TRACKING OF STOCHASTIC SYSTEMS 833

is bounded on [0, ). Therefore the difference

Ei,xoT(U*) Ei,xoeT(U) Ei,xo[1/2X( T)’KTX( T)+ qJT( T)’. x(T)

(5.18) -1/2x*( T)’KTx*( r)- qjT( r)’. x*( r)]

Io-Ei,xo Iv(t)12dt

will tend to -c if E,o o ]v(t)] dt . Thus it is enough to prove (5.16) for processes
v(. that satisff

(5.19) Ei,xo Iv(t)]2 dt < .
If x(. ). is the response to u(. ), then, in view of (5.17), it satisfies the equation

(5.20) dx( t) [,x(t) + p( t) + B2,v( t)] dt + G2, dfl( t).

We denote y(t)= x(t)-x*(t) and it follows from (5.12) and (5.20) that y(. is almost
surely absolutely continuous and satisfies the equation

dy
dt

5’y( t) + B,v( t).

It follows from Lemma 3.2 that E[y(t)[2 0 as t 0, SO that

lim E[x( t)’K2x( T) x*( T)’K2x*( T)] 0
T

and

lim Eiq2(T)’.[x(T)-x*(T)]=O.
Tco

It follows from (5.17) that limT_Ei.xo[C-(u*)-e-(u)] exists and is nonpositive,
proving (5.16). In fact, we proved that this limit is negative except for the case where
v(-) satisfies Ei, o ]v(t)l2 dt 0. Thus the uniqueness ofthe overtaking optimal control
u*(. is established, concluding the proof of the theorem. [:1

6. Tracking with piecewise diffusion plant and incomplete information. In this sec-
tion we study the general case of a linear plant that is exposed to modal jumps,
nonhomogeneous disturbances, and diffusion noises, and also where the measurement
of the state is corrupted by some diffusion noises. Thus the plant is (2.1) with the cost
flow process (2.3), but, rather than observing the process x(. ), the controller observes
the process y(. in R k, which is related to x(. by

(6.1) dy( t) D2,x (t) dt + 142, dfl( t).

In (6.1) the process fi(. is a/-dimensional Brownian motion, which is assumed to
be independent of {/3(t)},_o and (jt},o. The matrices Di, Hi, <= <= N, are of appropri-
ate dimensions. Let Y, be the r-algebra generated by {js, y(s),O<=s<-t}. When the
control u(t)= 0 is chosen in (2.1), the response xo(" and the observed process Yo("
are obtained, and the corresponding r-algebra generated by {js, yo(s),O<=s<=t} is
denoted by y,O. We assume the following.

Assumption 6.1. The piecewise deterministic system

(6.2) i(t) A2,x( t), x(O) Xo

is stable, so that E]x(t)[2 0 exponentially as t- o, for every Xo R n.
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DEFINITION 6.2. The admissible controls are the stochastic process u(.) in R
such that

(i) t- u(t) is {Vt}t>-o adapted;
(ii) The function t EIx(t)l2 is bounded on [0, );
(iii) The or-algebra Yt, which generally contains yO, is, in fact, equal to yO for

every _-> 0.
Remark 6.3. Arguing as in the proof of Proposition 5.3, it follows from the stability

of (6.2) that the control u(t) 0 is indeed an admissible control. Concerning assumption
(iii), the reader is referred to Balakrishnan [3, Chap. 7]. In particular, it is proved
there (Theorem 7.1, p. 69) for the case without modal jump disturbances, that controls
that are linear transformations of the observed process are such that Yt Y. Also, see
Willems [26] for a discussion concerning the admissible controls, which are admissible
in our framework. Our set of admissible controls contains the locally Lipschitz con-
tinuous transformations used, e.g., by Wonham [27] for the linear-quadratic problem.

The assertion in (iii) that Yt
_
Y, is proved in the following result.

LEMMA 6.4. Let u(.) be an admissible control and let x(.) and y(.) be the
corresponding response and observed processes in (2.1) and (6.1). Then

(i) vO
_
V for every >- 0;

(ii) Denoting as usual ;(t)- E(x(t)lYt) then the process {x(t)-(t)}t>_o does not
depend on the choice of the admissible control u(. ).

Proof Let Xo(" and Yo(" be the response and the observed process corresponding
to the admissible control Uo(t)=-0. Let the fundamental solution of (6.2) be d/i(t, s).
Then, for an admissible control u(.), we denote

x.(t) tp(t, s)B.u(s) as.

It follows that the response x(. to u(. is given by x(t) Xo(t) + xu(t), and therefore

(6.3) y(t) yo(t)+ Dj,xu(s) as.

Since x,(s) is Ys-measurable, it follows from (6.3) that yo(t) is Y,-measurable, for
every => 0, proving (i) of the lemma.

To prove (ii), we observe that since u(. is admissible, we indeed have Y y,O;
hence ( t) ;o( t) + x,( t) (which follows from X=Xo+X, and the fact that x,(t) is
Y-measurable). This, together with x(t) Xo(t) + xu(t), implies that x(t) 5(t)
Xo(t)-o(t), establishing (ii) and concluding the proof of the lemma. [q

The following feedback control

(6.4) u*t -R,’B,[Kj,;*( t) + qj,]

will be proved to be the unique overtaking optimal control. This is a straightforward
generalization of the optimality of control (5.5) in the complete information case. The
optimality of control (6.4) is according to the separation and the certainty equivalence
principles.

Let u(. be an admissible control and now, rather than define v(.) as in (5.16),
we define

(6.5) w(t)=u(t)+R 71
j, Bj,[ Kj,( t) + qj,].
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Then {w(t)},o is {Y,},>_-o adapted. It follows from (5.3) that

EiCT(I,I)--" JE txj, dt+1/2Ei Ilw(t)[I 2 at

fOT+Ei tr G,KG, dt +xoKxo
(6.6)

+q(O)" Xo+ u,(O)-E[1/2x(T)’Kj.x(T)+ qj.(T)’.x(T)+ vj(T)]

+E,,xo IIB’-,Kj,[x(t)-;(t)]ll 2RS’ dt.

To obtain (6.6) we use the fact that [x(t)-;(t)] is independent of Yt, so that

Ei{[u(t)+ RIB,(Kj,i(t)+ qj,)]" B,K,[x(t)-(t)]}=O.
In paicular, for u*(. defined in (6.4), expression (6.6) reduces to

ioEcr(u*) , dt + N tr a gjtaj, d[ +xoKxo+ q(O) xo + (0)
o

(.7 [x*(r’x*(r+ q( r’. x*(r+ ,(

Nj

By Lemma 6.7 the last terms in the right-hand sides of (6.6) and (6.7) coincide, and
it follows in an analogy to (5.17) that

e,o[c(u*- c(u] e,o[X’(rlx(r x*(r’&x*(
(.a +,oq r’. Ix( r- x*(

-xo I1()11 d.R

Our main result is the following theorem.
ToN 6.5. efeedback control u*(. defined in (6.4) is the unique overtaking

optimal control for system (2.1), (6.1) with cost flow (2.3).
Proo The responses x*(.) to u*(.) and x(.) to u(.) satisfy the following

equations:

ax [,x*( ,:
(.0

+B,R21BjK,[x(t)-(t)] dt + G,d(t).
The matrices F, 1 N iN N, are such that the piecewise deterministic system (5.8) is
stable. Therefore the admissibility of the control u*(.) will follow from Lemma 5.2
once we have shown that NIx*(t)-*(t)l is a bounded function on [0, ), by
using the same argument as in the proof of Proposition 5.3. By Lemma 6.4 this is
equivalent to showing that

(6.11) xo(t) 2o(t)l is a bounded function on [0, ).



836 A. HAURIE AND A. LEIZAROWlTZ

Since Xo(t)-o(t) is independent of yO, while o(t) is Yt-measurable, it follows that

ElXo( t)l 2 Elxo( t)- :o( t)l + E I:o( t)[2,
which implies (6.11) in view of the admissibility of Uo(t)=-O (recall Remark 6.3).

If the admissible control u(. is such that

Ei lw(t)l 2

then it follows from (6.8) that limr E[cr(u*)-cr(u)]=-, and u*(. oveakes
u(. ). It is thus enough to consider controls u(. ), which satisfy

(6. 2) e, (t) , dt <.
We consider the process y(t)= x(t)- x*(t), which by (6.9) and (6.10) is almost surely
absolutely continuous and satisfies dy/dt y(t)+ Bj,w(t). It follows from Lemma
3.2 that E]y(t)l 0 as , from which we conclude that

and

It follows from (6.8) that unless E Io II (t)ll  t=0, the following holds"

lira Ei[cr(u*) cr(u)] < 0,

which proves that u*(. in (6.4) is the unique oveAaking optimal control.
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ACCELERATION OF STOCHASTIC APPROXIMATION BY AVERAGING*

B. T. POLYAK? AND A. B. JUDITSKY$

Abstract. A new recursive algorithm of stochastic approximation type with the averaging of trajectories
is investigated. Convergence with probability one is proved for a variety of classical optimization and
identification problems. It is also demonstrated for these problems that the proposed algorithm achieves
the highest possible rate of convergence.
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1. Introduction. The methods of stochastic approximation originate in the works
[29], [12] and are currently well studied [5], [21], [14], [16], [40]. These methods are
widely applied in problems of adaptation, identification, estimation, and stochastic
optimization [36], [37], [1], [8]-[10], [18]. The optimal versions (algorithms having
the highest rate of convergence) of these methods have been developed as well [34],
[38], [6], [27], [28]. However, the application of these optimal methods requires a
large amount of a priori information. For example, the matrix V2re(x*) must be known
in the problem of stochastic optimization (here x* is the minimum point of re(x)).

The new way of developing optimal algorithms that does not require such informa-
tion is based on the idea of averaging the trajectories. It was proposed independently
by Polyak [24] and Ruppert [32]. In the latter work, the linear algorithm for the
one-dimensional case was considered, and asymptotic normality of the procedure was
proved. Polyak [24] studies multidimensional problems and nonlinear algorithms. He
has demonstrated the mean square convergence for these methods. In this paper we
consider the same framework as in [24], but we demonstrate the asymptotic normality
of the estimates. The use of essentially new techniques in the proofs allows us to
substantially weaken the conditions ofthe theorems. Moreover, we prove the statements
on almost sure convergence.

The idea of using averaging to accelerate stochastic approximation algorithms
appeared in the 1960s (see [36] and the references therein). Afterward, the result was
that the hopes associated with this method could not be realized; see, for instance,
[23], where it was proved that usual averaging methods are not optimal for linear
problems. Nevertheless, the processes with averaging were proposed and studied in
the vast variety of papers [11], [14], [20], [13], [33], [4]. The essential advancement
[24], [32] was reached on the basis of the paradoxical idea: a slow algorithm having
less than optimal convergence rate must be averaged.

The paper is organized as follows. In 2 the linear case is discussed (i.e., linear
equation and linear algorithm). The formulation of the result and proofs are the most
clear for that problem. Then in 3 the general problem of stochastic approximation
is studied. The general result obtained is then applied to the unconstrained stochastic
optimization problem and to the problem of estimation of linear regression parameters.

2. Linear problem. We want to find x*, which solves the following equation:
(1) Ax=b.
Here bR, xGR N, and ARNxs. The sequence (Yt)t>=l is observed, where Yt--
Ax_- b + so,. Here Ax,_- b is a prediction residual and set is a random disturbance.

Received by the editors July 30, 1990; accepted for publication (in revised form) June 24, 1991.
t Institute for Control Sciences, Profsoyuznaya 65, 117806, Moscow, Russia.
$ Institut de Recherche en Informatique et Systemes Aleatoires (IRISA), 35042 Rennes, France.
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To obtain the sequence of estimates (t)tl of the solution x* of (1), the following
recursive algorithm will be used:

Xt Xt- YtYt Yt Axt- b + t,

lt-1(2)
2, 7 i=0

E Xi-

Xo is an arbitrary (nonrandom) point in R v.
Let us suppose that the following assumptions hold.
Assumption 2.1. The matrix -A is Hurwitz, i.e., Re ai(A) > 0. (Here ai(A) are the

eigenvalues of the matrix A.)
Assumption 2.2. Coefficients 3’t > 0 satisfy either

(3) y, y, 0 < 3’ < 2 min Re Ai(A)

or

(4) 3’, 0,
3’,- 3’,+I

O(3’t

Commentary. Condition (4) for 3’,-+0 is the requirement on 3’, to decrease
sufficiently slow. For example, the sequences 3’t--yt with 0< a < 1 satisfy this
restriction, but the sequence 3’t 3’t-1 does not.

We assume a probability space with an increasing family of Borel fields (, ,,, P). Suppose that s:, is a random variable, adopted to ,.
Assumption 2.3. s:, is martingale-difference process, i.e., E (:, It-1) 0;

sup E(Is,12l,_,) < oo a.s.

(Here I’l is a Euclidean norm in Rv.)
Assumption 2.4. The following limit exists:

lim lim E(I,I2I(I,I > C)I,-,) 0.
C-oo

(Here I(A) is the characteristic function of a set A.)
Assumption 2.5. The following hold"

(a) lim E (:,:tT t_l) p--

(b) lim Esc,:,r S > 0.

The notation S > 0 means that a matrix S is symmetrical and positive definite.
THEOREM 1. (a) Let Assumptions 2.1-2.4, 2.5(a) be satisfied. Then

(z,- x*) v(0, v);

i.e., the distribution of normalized error v/-i(,-x*) is asymptotically normal with zero
mean and the covariance matrix

(5) V=A-1S(A-1) r.
(b) If Assumptions 2.1-2.3, 2.5(b) are satisfied, then

lim Et(Y., x*)(,, x*) r V.
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(c) Let Assumptions 2.1-2.3 be satisfied and let (t),_->l be mutually independent
and identically distributed. Then

-’t X* -> 0 a.s.

The proofs of the theorems in this paper are in the Appendix.
Part (b) of the theorem was developed in [24], for the case of independent

disturbances. Note that Assumption 2.2 on y, is significant. If the sequence y, yt -1

is chosen for algorithm (2) (as is often done for methods using averaging), then the
rate of convergence decreases [23].

It was shown in [26] that in the case of independent noises,

E(t-x*)(,-x*)r >_ t-l V+ o(t-1)

for all linear recursive estimates )t. This asymptotic rate of convergence is achieved
by the algorithm

(6) x, =X,_l-t-A-lyt.

Method (2) provides the same rate of convergence as the optimal linear algorithm.
The advantage of this method is that it does not require any knowledge about A and
does not use matrix-valued %. Several versions of algorithm (6) use an estimate of
matrix A-, instead of the true value [22], [31]. The significant advantage of these
procedures is that they require only the nonsingularity of A (compare to the rather
restrictive Assumption 2.1).

3. Nonlinear problem. For nonlinear problems, consider the classical problem of
stochastic approximation [21]. Let R(x):R N-->R u be some unknown function.
Observations y, of the function are available at any point x,_ RN and contain the
following random disturbances ,

y,=R(x,_,)+,.

The problem is finding the solution x* of the equation R(x) 0 by using the observa-
tions y, under the assumption that a unique solution exists.

To solve the problem, we Use the following modification of algorithm (2):

Xt Xt-- "/tYt Yt R xt_ 1) -11- t,

(7) t-1

2 Xi, Xo RN"

The first equation in (7) defines the standard stochastic approximation process.
Let the following assumptions be fulfilled.
Assumption 3.1. There exists a function V(x):R r --> R such that for some A > 0,

a>0, e>0, L>0, and all x, yR, the conditions V(x)>-alxl 2, IVV(x)-VV(y)l<=
LIx-yl, V(x*)=0, VV(x-x*)rR(x)>O for xx* hold true. Moreover, VV(x-
x*)rR(x)>=AV(x) for all [x-x*l<-e.

Assumption 3.2. There exists a matrix G Ruu and K < c, e > 0, 0< A _--< 1 such
that

(8) IR(x) a(x x*)l KIIx x*l I+A,

for all tx x*[ _-< e and Re Ai(G) > 0, 1, N.
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Assumption 3.3. (s,),=>1 is a martingale-difference process, defined on a probability
space (fl, , ,, P), i.e., E(sSl,_l) =0 almost surely, and for some K2

E(I,II,_I)/IR(x,_)[<- K(l/lx,_,l a.s.

for all >-1. The following decomposition takes place:

(9)

where

E(,(O) I,_,) 0 a.s.,

E(:,(O)sef(O)[,_,) P-- S as t---oo; S>0,

sup E(l,(O)]I(lsS(O)] > C)I Ct_l) L 0

and, for all large enough,

E(lff,(x,_,)l= ,_,) -<

with 6 (x) --> 0 as x --> 0.

(10)

as C - c;

a.So

Assumption 3.4. It holds that (]/t--]/t+l)/]/,--O(]/t) ’/t >0 for all t;

Y (1 + A )/ Tet -1/2 <
t=l

Commentary. Assumption 3.4, when compared to Assumption 3.2 of Theorem 1,
not only restricts the rate of decrease of the coefficients y, from above, but it forces
the coefficients to decrease not very slowly. Thus, if X 1 in (8), then the sequence
3/, Yt satisfies this condition only for 1/2 < ot < 1.

THEOREM 2. If Assumptions 3.1-3.4 are satisfied, then 2, x* almost surely, and

x/-[(X, x*) & N(O, V).

Here

(11) V=G-1S(G-1) T.
A proposition similar to Theorem 2 has been stated in [32] for the one-dimensional

case. It is well known (see, for example, [6], [21]) that the stochastic approximation
algorithm obtains the maximum rate of convergence if it has the form

Xt Xt_l t-1 R’(x*)-ly,.

For that method, x/(x,- x*) D__ N(0, V); here V is the same as in (11). The algorithm,
however, could not be realized in that form (the matrix R’(x*) is unknown). There
are some implementable versions of the optimal algorithm [38], [22], [7], [2], [31],
but all of them utilize an estimate of the matrix R’(x*) and usually require additional
observations. Algorithm (7) achieves the same optimal rate of convergence and has
smaller computational complexity. We must repeat here the comment that already
appears at the end of 2: several procedures that use the estimate of the matrix R’(x*)
[22], [31] do not require the assumption that Re A(R’(x*)) > 0.

4. Stochastic optimization. Consider the problem of searching for the minimum
x* of the smooth function/(x), x RN. The values of the gradient y, V/(X,_l)+ ,
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containing random noise :, are available at an arbitrary point xt-1 of R v. To solve
this problem, we use the following algorithm of the form (7):

x, x,_- ,(y,), y, V/(x,_) +

(12) 1
2, - xi, Xo R.

i=0

Let the following assumptions be fulfilled.
Assumption 4.1. Let /(x) be a twice continuously differentiable function and

H 72/(X) LI for all x and some l> 0 and L> 0; here I is the identity matrix.
Assumption 4.2. (,),e is the sequence of mutually independent and identically

distributed random variables E 0.
Assumption 4.3. It holds that ]p(x)l N Kl(1 +]x]).
Assumption 4.4. The function (x)= E(x+) is defined and has a derivative

at zero, (0) 0 and xr(x) > 0 for all x 0. Moreover, there exist e, K2 > 0, 0 % A 1,
such that

’(O)x- (x) Klxl l+

for Ixl < e.

Assumption 4.5. The matrix function X(x)= E(x +)(x+ 1) is defined and
is continuous at zero.

Assumption 4.6. The matrix -G=-’(0)7/(x*) is Hurwitz, i.e., Re Ai(G)> 0,
i=l,N.

Assumption 4.7. It holds that (y,- y,+)/y, o(yt), y, > 0 for all t;

T+a/et-/<.
t=l

The following theorem is a simple corollary of Theorem 2.
THZOZM 3. Let Assumptions 4.1-4.6 be fulfilled. en t x* almost surely and

(, x*) N(O, V), where V G-x(O)(G-)
The above conditions concerning the function, noises, and score function are

close to those of [27]. We can find results on the mean square convergence of algorithm
(12) under more restrictive conditions (than those of Theorem 3) in [24].

Suppose that disturbance possesses a continuously differentiable density p and
that there exists a finite Fisher information matrix

J(p) (vp,ve, ay.

Let us choose the function according to the density p

(13) (x) -J-(p)7 In pc(x).

In this case, we obtain

v= v/(x*)-lJ()-lv/(x*)- 1.

Let us compare the proposed algorithm to the asymptotically optimal form of the
stochastic optimization algorithm [27]

(14) x,=xt_l-t-lB(y,),

where

B 72/(x*)-1 and (y)=-J-(pe)7 lnp(y).
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The value of the matrix 72/(X:) is employed in algorithm (14). There exist some
implementable versions of the algorithm [39], where an estimate of the matrix is used
instead of the true value. Meanwhile, algorithms (12), (13) achieve the same rate of
convergence as the optimal unimplementable algorithm (14). Therefore the algorithm
with averaging is optimal in this situation in the same sense as in the other problems
discussed. Note that this property of optimality corresponds not only to the class of
stochastic approximation recursive algorithms, but to a wider class of methods of
searching for a minimum point [19].

5. Estimation of regression parameters. Assume that the random variables xt R N,
y, R are observed in successive instants 1, 2,. ., where

(15) yt=xtO+,.
Here 0 RN is an unknown parameter and , is a random noise. We use the following
two-step algorithm to produce the sequence of estimates (O,)t>__ of the parameter 0"

Ot Ot-1 + 3/tqg(Yt- oTt-lXt)Xt,
1(16)

Ot -i=o 0, 0o RN

Suppose the following assumptions hold true.
Assumption 5.1. Let (,),__>1 be a sequence of mutually independent and identically

distributed random variables E 0, E: <.
Assumption 5.2. Let (x,)t>_ be a sequence of mutually independent and identically

distributed random variables EIxl4 <, Exx= B, B> O. Sequences (:)__> and
are mutually independent.

Assumption 5.3. There exists K1 such that Iqg(x)l=< KI(1 +[xl) for all x R.
The functions O(x)= E(x + ), X(x)= E(x+) are defined under Assump-

tions 5.1-5.3. Now we state restrictions on 0, X.
Assumption 5.4. It holds that tp(0) 0, xO(x) 0 for all x 0, 0(x) has a derivative

at zero, and 4,’(0)> 0. Moreover, there exist K < and 0< A =< 1 such that

IO(x)- O’(0)xl =< g2lxl l+x.

Assumption 5.5. The function X(x) is continuous at zero.
Assumption 5.6. It holds that (%-%+1)/y, o(y,), %>0 for all t;

y+/2t-/ <.
t=l

THZORZM 4. Assume that Assumptions 5.1-5.6 hold. Then, for algorithm (16), the
following properties hold true" O-t 0 almost surely and (O-t- 0)/ N(O, V), where

v= B- x(O)
6’(o)

The problem of the mean square convergence of method (16) is discussed in [24].
Note that conditions of Theorem 4 are similar to the conditions of standard results
for this problem [27]. If : possesses a continuously differentiable density function pC,
then the optimal algorithm proposed in the latter paper has the following form:

Ot Ot_, + Ftqg(yt-- oTt_lXt)Xt,
(17)

F B- -1 q(x) -J(p)-Ip’(x)/p(x).
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For method (17),

(o,-o)47 U(O, V), V=J(p)-B-’.

Since the matrix B is unknown, algorithm (17) is unimplementable. Nevertheless, it
is possible to use, instead of B, its estimate

(8) ,= - xx2
k=l

In particular, for linear algorithms (i.e., for Gaussian noises) methods (17), (18)
coincide with the recursive MLS algorithm. It follows from Theorem 4 that if we choose

q(x) -J(p)-lp’(x)/p(x)

for algorithm (16), then the rate of convergence is equal to V=J(p)-B-. So the
asymptotical rates of convergence of (16) and (17) coincide.

Appenix. Proofs of the theorems consist of the sequence of propositions followed
by their proofs. Everywhere in the following, we use the notation b, x,- x* for an
error of the first equation of the algorithm, and , g,-x* for an estimation error.
Nonrandom constants that are unimpoant will be denoted by the symbols K and a.

All relations between random variables are supposed to be true almost surely (unless
declared otherwise).

The two matrix lemmas below will be useful in later developments.
NxNLet (X),, (Xj),j be the sequences of matrices, X, X R determined by

the following recursive relations"

t+lX X %AXe, X L
t--1(A) _,

X 7j Z X.
i=j

--tand A-1- Xj.
LEMMA 1. Let the following hold"
(i) Assumption 2.2 of Theorem 1 holds;
(ii) Re h(A) > 0, i= 1, S.
Then there is constant K < o such that for all j and >-_j

(A2)

(A3) lim -1 tl
t j=O

; 0.

Proof of Lemrna 1.
Part 1. Proposition of the lemma is true with y,-= y.
Proof We obtain from (A1) that

X I yA ’-j X I,
--tXj= T(I+(I-TA)+. .+(I-yA) -J)= A-I-(I-TA) -J+IA-1.

The eigenvalues of the matrix I-yA are Ai(I-yA)= 1-yAi(A) and IA(1-yA)I < 1.
So

lim (I yA 0;
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hence (A2) holds, and

1 t--1 t- 1 t+l

7jE0"= 7 j=OE (I-TA)t-j+lA-=-t k=2E (I-TA)kA- -->0

Part 2. It holds that tyt-->

Proof. Let us define cet 1/t%. Then

cet+l (t + 1)- - 1 1(y-’ + o(1))= at .--7-7+ o(1)+ t+l t+l

t+ t+l’

as

(U,+,<-_U, 1---y,+cyt <=(1-A’yt)Ut<-e-’’/’U,.

Thus U < Uj exp (-A t--1i=j "/i). However,

g, ll--> ZllxjII and

so we obtain that

(A5)

u Ell xj 2 L;

exp -- i
i=j

Part 4. Equations (A2) and (A3) hold.
Proof. Summing the first equation of (A1) from j to t, we have that

t-1 t-1

X X A y,X I A Z "yiX
=j ----j

Let us consider the sum in the right-hand side of (A5). Summing by parts, we get that

t-1 t-1 t-1
-tE ")/iXj ")/j Z Xj --I- Z i- j)Xj Xj -1-- Sj.

=j =j =j

Let us estimate S. By using the result of Part 3, we obtain that

Ilsjll--< Y (]k+l-- k) Xj o()llxjll
i= k =j i=j k =j

(A6) Am}(mji rnji-1e-X,,j mj e-
<- o( yj) mj o( yj)

=j =j Ti

where o(1)0 as tooo. Since Et=l 1/(t+ 1) =oe, we obtain that ct0. [3

Part 3. There are c > 0 and K < eo such that for all j and ->_j

i=j

Proo From assumption (ii) of the lemma and from the Lyapunov theoren, we
have that there exists the solution V Vr > 0 of the Lyapunov equation ArV+ VA I.

Define L max Ai(V), min A(V), U (X) rVXj., Then

Ut+, (X) T(I- TtA) TV(I- %A)X
(A4) 2U,-%X)(AV+ VA)X+ r,X)AVAX.
Note that (Xj)X>(1/L)(Xj) VXj and (Xj)AVAXc(Xj)WVX, where c=
(]]AI]:L)/I. Then, for suciently large and some A > 0, we get from (A4) that
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where m!=. 2k=j "k" From Part 2, it follows that jyj < Kiyi for sufficiently large. Since

mj=k=j Yk >--/z(ln (i/j)), we can estimate 1/yi as

--__< K-r-<_-- exp
% JYj Yj \ /

for arbitrarily large. Finally, we have from (A6) that

Y; =;
m; e mj m; )=- m dm e

such that, for all _->j,

(A7) lim e; 0.
joo

-, -1 (see (A5)), we have, by the definition of 4; thatRecall that since X + Sj A- A Xj

4j S+ A-X.
From Part 3, however, we have that [[Xj[[-< K; thus we obtain (A2) from (AT).

Since I[Xj[[ _-< K exp (-x(ln (t/j)))- K(j/t) for/x arbitrarily large, we get that

1 t-1

=Jo

for jo large enough. Note that, for some K,
l t

__
1 1 1 t

tj=o o =jo+l j=o tj=jo+l

For arbitrary e > 0, we can choose/z and jo(/Z) such that

l t-1

=Jo+

Jo t-
Then, choosing sufficiently large, we get that 1/t Y’.j=o K -<_ e/2. Hence 1/t Y.=o IIxll -<
e. Moreover, from (A?), we have that

t--1im.! y s[[ 0.
t--oo j=0

Hence, from the inequality above, we obtain (A3).
This completes the proof of Lemma 1. E]

Note that we can get from (2) the following equation for the error A of the
algorithm"

A, A,_ /,(AA,_ + ,), % Xo- x*,
(A8)

AioAt - i=o

The next lemma states a convenient representation for the solution of system (AS).
LEMMA 2. Let the statements of Lemma 1 be fulfilled. Then

1 1 t-1 1 t-

y A-’+ Y w,(A9) 47 , 47ro ,ao+:,
NxNwhere at, w R are such that ,tl --< K, w <- K for some K <, and

t-1

Y w[[- 0 as ->
tj=l
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Proof of Lemma 2. From the first equation of (A8), we have that

At--- (I-’yjA)Ao+ ] (I-’yiA)Tjj
j=l j=l i=j+l

(Set 1-Ii_-n+ (I-yiA)= I). Then we get for the error of the algorithm

(I- 7iA) 7fj

ltlj ltl[ t-lk (I-y,A)
j=o i=1

Set
t-1

tx=7 Y I-I (I-TkA),
i=j k=j+l

Co, and wj cj- A- Then

1 1 tl 1 t--1

A,=- cetAo+ A-Ij+ Z wjj.
l’)/0 j=l 7j=l

H (I-ykA).Notethatfrom(A1)weobtainthatX=Hi-_(I-yA)and=3Y= k=
Thus, from Lemma 1, we get that

lim
1 t-1

E wll 0, wll <-- K, , -<- g.
tcx j=0

Proof of Theorem 1.
Part 1. Proposition (a) of the theorem holds.

Proof. We obtain from (Ag) that

(A10) v t 1(1)+ 1(2)+ i(3),
where

1i(1) cetAo,47 3’0

i(2)
l tl A-j

i(3) tl
Note that, since [[a,[[ K, I()0 in mean square. By Lemma 2 for i(3), we get that

t-1 2 K tz K tz21 w < IIwil < IIwii 0 as t,

SO /(3 0. We must demonstrate that the central limit theorem for maingales can

be employed for I( (see, for example, Theorem 5.5.11 in [17]). We have, for a

suciently large constant C, that
t--1

lira 2 N(N-I(IN-I! > C)l-)
tm j=

t-1

K! (1([1>
j=
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According to Assumption 2.4, r(C)P-* 0 as C . Thus the Lindeberg condition is
fulfilled. By Assumption 2.5(a), we get that

t--11
A_IE(jjT.Ij_I)(A_I) T p_ V.

tj=

Thus all the conditions of Theorem 5.5.11 [17] are fulfilled.
Part 2. Proposition (b) of the theorem holds.
Proof We have from (A10) that

tEAtA El(Z)(I(2)) T +
As in the proof of Part 1, we obtain from Lemma 2 that e,- 0 as c. Then

lim tEAtA,r lim
1 t-1

X A-1Ef(A-l) T

t t j=

1 t-1

lim- A-S(A-1)
t j=

Part 3. Proposition (c) of the theorem holds.
Proof To simplify notation, we suppose that t R (the proof for N-dimensional

case is completely analogous). Let us again use decomposition (A10). We immediately
get from Lemma 2 that Il)/ O. Next, by the law of large numbers (see, e.g., [35]),
we get that I2/0. Let us evaluate the last term of (A10). Define the random
sequence (t)tl by the following equation:

t-={t, if[t]t3/4
0, if Il /4.

By the Chebyshev inequality, we get that

P(ll 3/4) El,l 2 -3/ Kt-/2.

Then= P(ll > i3/) < and P{]t[ > 3/4 infinitely often} 0. Since w are uniformly
bounded, it suffices to demonstrate that

lt-1 -1- w=t S,o.
tj=l

Note that Et 0. Thus

IEl E,I(ll 3/4) (E)’/2(p(I,I t/4))/

gt-3/4.

Then we have that
4 t-1

)4wj E (wj +K E (w)2(w)Z/j2
\j=O =0 i,j

<j

t-1
--2+K E (W,)WjWk,

ij
ik

t-1

+ K F wwwwl,
i<j<k<l

t--1

+ K wl( 3--3Wj) i)--- E Ii)

ij i:1



ACCELERATION OF STOCHASTIC APPROXIMATION 849

Note that

For I5) we have that

t-1 t-1

EI1 KE <= Kt3/2 E2 Kt/2.
=0 =0

t-1 t-1

EI)I <-- E K <=2 Y KE3E
t--1 t--1

<= K E j3/4E2i-3/4 <= K E E(] <= Kt2.

By the same arguments, we get that

Therefore we obtain that

t-aES4, <- Kt-4( /2 + 2 + 3/2 + t) <-_ Kt-3/2.

By the Chebyshev inequality, we get that

E P([ t-’ St[ > 8) <= E (tS)-4ESt<=K4 E t-3/2 <0(3.
t:l t:l t:l

Hence
Proof of Theorem 2. Let A, be the error of the first equation of (7). Define the

function/(x)" Ru - Ru by the equation/(x) R(x-x*).
Part 1. It holds that V(A,) -. V(co), where V(o) is bounded.
Proof The increment of the function V, V(A,) on one step of algorithm (7) is

given by

v, _-< v,_,- v,v vL,(a,_,)- v,v
L

+- V,2[(A,_,)+ ,(A,_,)I
2

compare with [25, p. 55]. Taking the expectation, conditioned to ,_, by Assumptions
3.2 and 3.3 for some suitable K, we obtain that

2E(V, I,_,)_-
(A11)

_< V_,(1 + ytK) + ytK %V Tv,_,(a,_,).
From Assumption 3.6 and from Part 2 of Lemma 1, we have that Y,= 7, =oo. It can
be simply recognized from Assumption 3.6 that oo 2

= 7, <; so we obtain by the
Robbins-Siegmund theorem [30], that V- V(w).

Since V >= al&l2 for some a > 0, we have from Part 1 of the proof that P(sup,]A, <
oo) 1. Thus, for every e > 0, there exists some R < oo such that

(A12) P(sup [A,l <- R) >- l e.

Define the stopping time ZR inf { => 1" [At] > R}.
Part 2. It holds that E[At[ZI(a’R
Proof On {ZR > t} we have from (All) that

E( Vd(ZR > t)It_,) <-- E( V,I(zR >
(A13)

2 2--< Vt-l(1 + TtK)-o%gt-1]I(’R
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for some K, a > 0. Taking the expectation, we obtain from (A13) that

FVtl(7"R )t)=< EVt_lI(’g > t-1)(1- "yta h- K’y2t) h- KT2t
Finally, by Lemma 2.1.26 [3], we obtain that

(A14) EVtI(’rR > t) <= Krt.
Note that almost sure convergence of the algorithm follows from Parts 1 and 2.
Let us define the process 1, by the following equations:

A1At --1 T GA --1 "31- "/ A10- AO,
1 tl
i=O

Let us demonstrate, that for the process , all the properties to be proved follow
from Theorem 1.

Part 3. It holds that

SO

lim lim E(I,I-I(I,I > C)l,_l) O.
C t->

Proof. By decomposition (9), we have that

Then I 0 as and C by Assumption 2.3; I1 0, since A, converges to zero.
Therefore all the conditions of proposition (a) of Theorem 1 hold for the

process t"

-land,.Set6,= ,’thenWe demonstrate the proximity of the processes A, t-
for 6, we obtain the equation (compare with (A9))

1 1 t-1

,ao+ 2 (G-l+w)((aj)-Gaj)

z,)+
Part 4. It holds that 6t 0 as .
Proof From Lemma 2 we immediately get that I)0 as t. Next, due to

Assumption 2.2 and Lemma 2, we get that

1

i=0

1

i=0

i=0
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Thus we obtain from (A14) and Assumption 2.4 that

E E(IAi]I+AI("I"R > t))
i=o

Kyll+,X)/2
<-- i=o )-5 <

SO

Since

i; <’
___

sup IAil R fl E IAil’+xI(’R > t)
i=0

1/2 < O0

we have, by (A12), that

P
i/2

<CO >= 1-e.
i=

By the arbitrary choice of e in (A12),

il/2 <
i=0

Hence, by the Kronecker lemma,

/(2) 1 tAt %//’

So the processes z and z, are asymptotically equivalent.
This completes the proof of Theorem 2.

Proof of Theorem 3. Let us check whether the assumptions of Theorem 2 are
fulfilled. For that purpose, we transform the first equation of algorithm (12) in the
following way"

(A15)
X,--- X,_ --]/t0(V/(X,_l))qt_ ’’t(/fi(V/(X,-l))- qP(V/(X,--l) "1-

Xt_ y,R(x,_,) + %,(xt-1- x*);

here

(A16)
t(Xt--1- X$) I/t(V/(Xt--1)) q9 (V/(Xt--1)+ t),

From Assumption 3.4 we have that R 7-(x)V/(x) > 0 for all x 0. Let re(x*) 0 for the
sake of simplicity. It follows from Assumptions 3.1 and 3.4 that there exist a > 0,
a’> 0, e > 0 such that

R r(x)V/(x) => alV/(x)le => a’/(x)

for all Ix- x*l -< e; hence re(x) is a Lyapunov function for (A15), and all corresponding
conditions of Theorem 2 are fulfilled.
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So we obtain by Assumption 3.4 that

I(x) (x x*)l (V/(x)) O’(o)v/(x*)(x
_-< I(V/(x))- ’(0)V/(x)l

+ q/(0)V/(x) O’(o)v/(x*)(x x*)l

<-- K IV,g(x)l ’+ + q/(0)II IV/(x)- v2/(x*)(x

KIx x*] 1+ + Kx x*]2 N Klx x*l l+a.

Hence Assumption 3.2 of Theorem 2 is fulfilled. Next, again using the notation for
the error of the first equation of (12), we note that ((,_) is a maingale-difference
process and that

Elt(At_l)[2 g(1 + IAt_l).
So, as concluded in the proof of the Theorem 2 (see Pas 1 and 2), At 0 and

(a17) E[Atl2I( TR) Kyt.

Then, from (A17) by Assumptions 3.5 and 3.4, we have that

IE(t(At-1)t(At-1) T t-1)

KIX(t_I) --x(O)[ + Klt_] O.

Next, we obtain that

KE (ff,12I(lfft(&,_,)[ > C) ,_,) + KI&,_,I 2.

From the definition (A16) by Assumption 3.3, we get that

I(l,(a,-,)l > c) I(]at-,I > KC) + 1(1,1 > KC);

SO

E(]t(At-,)12I(lt(At=,)l > C)lt-)
<-_o(1)+KE(ltl2I([,]> KC)[t_l)">O as t-oC.

(Here o(1) -* 0 as - c.) This means that Assumption 3.3 ofTheorem 2 holds. Therefore
all conditions of the proposition of Theorem 2 are fulfilled, and the matrix V is defined
by the equation

V= G-’x(O)G-’ (q,’(0)V2/(0))-’X(0)(q,’(0)V,g(0))-’.

Proof of Theorem 4. Let A,= 0,-0" be an error of the first equation in (16).
Denote by , the minimum r-algebra generated by disturbances and inputs until the
time t" , r(s, x,’-’, ,, x,). Let R(A)= E6(brx)x. We obtain the following
equation for

At-- At_l-’ytEj(A Tt_lXt)Xt

(A18) + T,(Eq,(A,x,)x, (4(A Tt-lXt "3 t)Xt)

At_ TtR(At_) 4- Ttst,

where e, R(A,_,) (A,x, + s,)x,.
We check the fulfillment of the assumptions of Theorem 2 in that case. Assumption

5.4 implies that ArR(A)> 0 for all A#0 and R(A) =0 for A=0; so V(A) IA[ z is the
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Lyapunov function for (A18). Hence Assumption 3.1 of Theorem 2 is satisfied. Next,
for some K,

IR(A) 4,’(0)BAI _--< KEIATx, ’+ <= K (A TEx1xT A)(I+X)/2 <-- KIAI ’+,
and, again, Assumption 3.2 of Theorem 2 holds. Since e, is a martingale-difference
process and

E(le,12],_,) <-_ K(lzXt_,l + 1)
for some K, we obtain that (see Parts and 2 of the proof of Theorem 2) IA,I 0 and

By Assumption 5.5, we have that

}E(,tTtlCt_l)-X(0)B} IE(x(ATt-IXt)x,xTt },_,) -x(O)B O.

We must demonstrate that

sup E(le, lI([e,l> C)],_,)O as C-o.

It follows from Assumption 5.3 that

,_x, / ,)x,I >- / I IR(,-)I >

+2I Ix, e>K +I Ig, >
il+ i(+, i3.

So we obtain that

E(l,l=I(l,l >
KE ((t_llxtl4 + I,l=lx, l=)(I’ + I=> +
KI’[,_,I + KIl

+ KE(Ix,IeI)+ KE(I,II3) I + I+ I3 + I4.
Since t 0, I o 0 and Ie 0 as C and . From Assumption 5.1 we get that
I4 o 0. By the Chebyshev inequality, we get that

I3 K (Elx,4)’/eP1/(lx, le >)
(Ex,14)/

NK 0 as

So Assumption 3.3 of Theorem 2 is fulfilled. Therefore all the conditions of Theorem
2 are fulfilled under the assumptions of Theorem 4. Finally, we obtain for the matrix
V that

V= (O’(O)B)-x(O)B(O’(O)B)-.
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STRONGLY AND WEAKLY RELAXED CONTROLS FOR
TIME DELAY SYSTEMS*

JAVIER F. ROSENBLUETH*

Abstract. In recent articles, two different relaxation procedures for time delay problems in optimal
control have been proposed. A "weak" procedure, due to Warga [Nonadditively coupled delayed controls,
privately circulated, 1986], for which the existence of minimizers is assured, applies to fully nonlinear
problems with delays in the state and control variables. Nevertheless, an example is found for which the
effect of weak relaxation reduces the infimum cost. The example involves two delays, one being twice the
value of the other, and it belongs to a class, of problems that is called "commensurate," where the quotient
of any two delays is rational. For these problems a "strong" procedure is proposed and it is proved that
the extended problem has a solution and the extension is "proper"; i.e., the infimum costs coincide. In this
paper it is shown through several examples why, in general, the weak relaxation technique may fail to
provide a proper extension and, for noncommensurate delay problems, an approximation result in terms
of strongly relaxed controls is given.

Key words, time delay systems, relaxation procedures

AMS(MOS) subject classifications. 49A10, 49A50, 49D20

1. Introduction. We are interested in relaxing an optimal control problem to ensure
existence ofminimizers, but the relaxation technique should also provide a methodology
for finding ordinary admissible processes that come close to achieving the infimum
cost. This is obtained if the infimum cost of the original problem coincides with the
minimum cost of the relaxed version, for then we solve the latter and approximate the
relaxed minimizer by an ordinary one. If this is the case, we call the relaxed problem
a "proper" extension of the original one. It is well known that, for delay-free problems,
the usual relaxation technique provides a proper extension (see [6]).

In a recent paper (see [8]), Warga proposes a relaxation procedure for optimal
control problems involving transformations of the state and control functions showing
that the resulting relaxed problem has a solution. Properness is not proved and, in [4],
we show through an example that this procedure may reduce the infimum cost, thus
failing to give a proper extension of the original problem. A new relaxation procedure
is proposed in [4] for which the extension is proper in certain situations where Warga’s
extension is not. However, for the general case, the question of properness remains
unanswered.

To clearly situate the contributions of this paper, let us summarize the main results
obtained so far. We address the following problem:

minimize g(x 1 ))

(P) subject to (t)=f(t,x(t), u(t), u(t-01),..., It(t--Ok)) a.e. in T,

x(0) , u(t) 12 a.e. in [--Ok, 1],

where u is any measurable function mapping [--Ok, 1] to R’, T:= [0, 1], and we are
given real numbers 0< 01<’’" < Ok----< 1, a point : Rn, a set f c R", functions g
mapping R to R, and f mapping T x Rnx Rre(k+1) to Rn.

Received by the editors August 6, 1990; accepted for publication (in revised form) March 13, 1991.
? Departamento de M6todos Matemfiticos y Num6ricos, IIMAS-UNAM, Apartado Postal 20-726,

Adm6n. 20, M6xico, D.F., 01000, M6xico.
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This system reflects the main difficulties encountered in finding a proper extension.
No further problems are caused if delay terms are also present in the state variable
(see [7]) or if we are given endpoint constraints (see [5]).

We assume that the functions and sets delimiting the problem satisfy the following
hypotheses:

(i) f and g are continuous and fl is compact;
(ii) there exists an integrable function b T- R such that, for all (t, r) T[’k+l

and x, y Rn,

If(t, x, r)-f(t, y, r)]

We use the following notation. For any Sc R compact and R compact metric
space, let

//(S, R):= {u: S - Rlu is measurable}

and

M(S, R) := {/x: S (frm (R), I’lw)l is measurable and/x(t) rpm (R) a.e. in S},

where frm (R) denotes the vector space of all Radon (finite regular Borel) measures
in R, and rpm (R) denotes the set of Radon probability measures in R. Since frm (R)
and C(R)*, the dual of the space of continuous functions on R to R, are isomorphic
(Riesz theorem) and C(R) is separable, we consider frm (R) as a normed space with
a weak norm (by Bishop’s theorem). Also, ://(S, R) is seen as a normed space with a
weak norm and we embed -//(S, R) as a subset of M(S, R) by identifying each
u 07/(S, R) with the function 6u(t, where 6r denotes the Dirac measure at r.

Now, problem (P) is posed over all admissible ordinary processes; that is, pairs
(x, u) comprising an ordinary control u (an element of ll([--Ok, 1],f)) and an
absolutely continuous function x, which satisfies the differential equation (with respect
to u) together with the initial-point condition. For delay-free problems (regarded as
a special case of (P)), an admissible relaxed process is a pair (x,/x), where /x is a
relaxed control (an element of M(T, f)) and x is an absolutely continuous function
satisfying the differential equation

2(t) =f(t, x( t), /x( t))

I f(t, x(t), r)tx(t)(dr a.e. in T

together with x(0)= (under the hypotheses, given /x, there exists a unique x such
that (x, ) is an admissible relaxed process). For delay-free problems, it is known that
the relaxed problem, that is, (P) posed over admissible relaxed processes, has a
minimizer and this extension is proper (see [6]).

For problem (P) involving delays, we can easily find an example, as Warga shows
in [8], for which ([-0k, 1], ) does not provide a proper extension to (P), so that
it is no longer sufficient to consider the relaxed version of the control function. The
example treated in [8] has one delay and, for this example, Warga shows that a proper
extension is provided by a subset of (T, fl2). To describe this relaxation procedure,
suppose that we are given an admissible ordinary process (x, u). Set 0o := 0 and define
mi:Oi--Oi_l, T/:---[Ai, 1], and ui(t):=u(t-Oi) for all tT and i=1,...,k. Then
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(x, if), with t (Uo, t/l,""", Uk), satisfies

2(t) =f(t, x(t), a(t)) a.e. in T,

x(O) (,

t(t)fk+l a.e. in T,

together with the compatibility conditions

ui(t)=ui_l(t-Ai a.e. in T, i= 1,2,... ,k.

Warga’s idea is to use the standard theory to define relaxed controls for this
system, treating Uo, ul,’", Uk as independent functions. A relaxed control is then a
measurable function with values regular probability measures on the Borel sets of
fl k+l, and we impose some conditions generalizing these last compatibility conditions.

Let us denote by (01,. ", Ok) the set of ordinary controls for this system, i.e.,
the set of measurable functions (Uo, ", Uk) in (T, -k+l) satisfying

u,(t) Ui_l(t-- A,) a.e. in T/, 1, 2,. ., k.

Warga’s extension of //(01,..., Ok) which we call "weak" relaxation, consists of the
set of relaxed controls in (T, fk+1) satisfying

iSi/[.[, (t) i_llal,(t Ai) a.e. in T/, 1, 2,. ., k,

where iSi C:(" k+l) ---> C*(-), and i(t) denotes the projection onto the ith coordinate
of/x(t). We denote this set by w(O," , Ok), which, clearly, generalizes the compati-
bility conditions on the original controls.

In [8], Warga proves that problem (P) posed over admissible weakly relaxed
processes has a minimizer, and in [4] we show that, for one-delay systems, this extension
is proper. For systems involving two delays, things change. We show through an
example in [4] that, for any 0< 0 <-1/2, w(0, 20) may strictly reduce the infimum cost,
thus failing to give a proper extension. For the special case when, for all 1, , k,
each Oi is of the form iO for some 0 (0, l!k], a relaxation procedure, reducing the
system into one without delays, was first established by Warga in [6]. The basic idea
is to section ordinary controls and the corresponding trajectories into segments of
length 0 and to stack these segments to form higher-dimensional vector-valued functions
on the interval [0, 0]. The resulting functions satisfy a delay-free differential equation,
together with a set of mixed boundary conditions that express the equality of one
component of the enlarged state function at the endpoint with the initial value of the
next component to ensure the continuity of the original trajectory.

Although the usual relaxation procedure for the reduced problem does yield a
proper extension (see [6], [1], and [4] for details), it may be unsatisfactory in certain
respects. As we mention in [4], the dimension of the spaces involved in the reduced
problem can be very large depending on the number of delays involved and the number
of segments of length 0. Also, the dimension of the spaces increases rapidly with the
length of the underlying time interval. Apart from this, in passing to the reduced
problem on the time interval [0, 0], the connections with the original problem are
somewhat obscured. A new relaxation procedure, which we call "strong," is introduced
in [4], solving the difficulties that the relaxation via the reduced problem presents.
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Observe that, for this case, 9/(0, 20, , kO) is given bythe set of functions (Uo, , Uk)
in 9/( T, fk/ 1) satisfying

(Ul,’’’,Uk)(t)--(Uo,’’’,Uk-1)(t--O) a.e. in[0,1].

Strongly relaxed controls are defined as those elements/z of rid(T, fk+l) satisfying

l,...,k/x(t)= o.....k-ltx(t--O) a.e. in [0, 1],

and in [4] we show that problem (P) posed over admissible strongly relaxed processes
has the desired properties: there exists a minimizer and the extension is proper.

This is our starting point. In this paper we analyze the set of weakly relaxed
controls and show through several examples why, for systems with more than one
delay, it may fail, in general, to give a proper extension. We also give an "approxima-
tion" result for general delay systems in terms of strongly relaxed controls.

2. Notation and preliminary results. Since we are dealing with systems defined in
different spaces, it will be convenient to introduce the following notation. Denote by
X the space of all absolutely continuous functions mapping T to Rn. If R is any
compact metric space, h a function mapping T Rn R to R", and 0 any subset of
rid(T, R), let (h, O) be the set of admissible processes with respect to h and , that
is, those pairs (x, u) in X O satisfying the differential equation

(t) h(t, x(t), u(t)) a.e. in T,

together with the initial condition x(0)= so. For this system, denote the reachable set
by Y(h, 5), that is, the set of points x(1) in R" such that, for some
(h, 5). By P((h, 5e)), we mean problem (P) posed over (h, O), i.e., the problem
of minimizing g over (h,

Our original problem (P) is posed over pairs belonging to X 9/(I-G, 1],
and, describing Warga’s relaxation procedure, we transformed this system into one
defined on X 9/(T, fk+l). It is a simple fact to show that both systems are equivalent
in the sense that the respective reachable sets coincide. Explicitly, if we set

:={(o,,..., o)RI0<o,< ...<o_-<}

for all k e N, then the following result holds.
LEMMA 2.1. For any keN and (01,’", Ok)e k, the reachable set for problem

(P) coincides with (f, 9/(01,""", 0k)).
In view of this lemma, we may regard our original problem as that of minimizing

g(x(1)) subject to

.(t) =f(t, x(t), if(t)) a.e. in T, x(0) sc,
and e 9/(01, , Ok). An extension of this problem corresponds to a problem posed
over (f ow), where is a set containing 9/(01,. ", Ok) and, clearly, the extension
will be proper if Yt(f 9/(01, ", Ok)) is dense in Yt(f 5).

For any k e N and 0 e (0, 1/k], denote by k(0) the set of strongly relaxed controls,
an extension of 9/(0, 2 0, ., kO), which we now write as -//k (0). It is clear that k(0)
is contained in J//w(0, 20,..., kO) and that, for one-delay systems, both sets coincide.
Using this notation, the main results obtained in [4] can be summarized as follows.

THEOREM 2.2. For any keN and O e (0, l/k], P(sg(f, J/lk(O)) has a minimizer and
(f 9/k (0)) is dense in t (f,, J/lk (0)).
THEOREM 2.3. For any 0 e (0, 1/2], we can find a function ffor which the problem

P((f, J/lw(0,20))) does not provide a proper extension of P(z(f, 9/2(0))).
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3. The commensurate case. In this section we analyze systems with commensurate
time delays, that is, systems for which 0i/0i+1 is a rational number for all 1, , k 1.
We study problem (P) involving only two delays, since no difficulties arise in extending
the following theory to apply to control problems with three or more delays. Thus,
k 2, and we assume the existence of positive integers p and q such that q01 p02.
Note that if we set 0 := 01/p 02/q, then (P) is posed over g(f, (pO, qO)). Let us
begin by expressing this system in terms of allq(O).

Given the original function f" T x R"x R3"--> R", define, for any p, q N with
p < q, the function fp,q mapping T x Rnx Rre(q+1) to R by

fp,q( t, x, Uo, u, Uq) :-f t, x, Uo, Up, blq)
for all (t, x, Uo, ul, , Uq) T x R" x R"(q+l). Note that given p, q N with p < q and
O(O, 1/q], we clearly have Yt(fp,q,q(O))cYt(f(pO, qO)). Conversely, if
(x, Uo, ul, u2) g(f (pO, qO)) and we define o(t) := Uo(t) for all T and, for all
i=l,. .,q,

ai_l(t-O), t[O, 1],
li( ::

u2(t+(q-i)O), t[0,0),

then it is easily seen that (x, o, 1,’’’, 6q)C(fp.q, q(O)). Thus, we have the
following result.

LWMMA 3.1. For any p, q N with p < q and 0 (0, 1/q],

t(f, (pO, qO)) r(p,q, Oq( 0)).

Combining this lemma with Theorem 2.2, we obtain the following result, which
solves the question of properness for commensurate delay problems.

TJEOREM 3.2. For any positive integers p < q and 0 (0, 1/q], Yt(f (pO, qO)) is

dense in t(fp,q, ttq(O)).
We now pose the question of whether this procedure may be simplified, for certain

cases, in terms of weakly relaxed controls. As we have already mentioned, this is not
possible if 02 is twice the value of 01, that is, when p 1 and q 2. The example given
in [4] is based on the fact that we can find weakly relaxed minimizers that do not
satisfy the strong compatibility conditions. We then construct a problem for which the
minimum cost for weakly relaxed processes is strictly less than the one for strongly
relaxed processes, which by Theorem 2.2 coincides with the infimum cost for the
original problem.

If 02 is not equal to 201, we might suspect that the weakly relaxed problem will
provide a proper extension of the original one. The reason for this can be illustrated
through an example. Suppose that p =2 and q=3. Weakly relaxed controls for
P(sC(f (20, 30))) are measurable functions with values regular probability measures
on the Borel sets of 3, i.e., elements of /(T, gl3), and they satisfy the conditions

l/(t)= o/(t-20) a.e. in [20, 1],

2/(t)= ll(t-O) a.e. in [0, 1].

Transforming this problem into the equivalent P(C(f2,3, 3(0))), a strongly relaxed
control cr is a member of A/( T, 124) satisfying

1,2,30"(t) b0,1,20"(t 0) a.e. in 0, 1].

Clearly, in view of Theorem 3.2, the weakly relaxed problem will be a proper extension
of the original if, for any/x w(20, 30), we can find tr 3(0) such that

Po,2,3o-(t) =/z(t),
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for then the strong compatibility conditions for cr coincide with the weak conditions
for/, and the two problems P(C(f, //w (20, 30))) and P(’(f2,3, 3(0))) are equivalent.

This situation may very well hold. For example, if 12 [0, 1],

and

/.6(t) 1/2 (1,1,0) -’- (0,0,1) (t6 T)

o.(t) ((1,0,1,0) --((0,1,0,1) (t T),

then, for any 0 (0, 1/3], we have /z w(20, 30), cr d3(0), and o,2,3cr(t) =/z(t).
Nevertheless, we can easily find an example for which this is no longer true. If

(t):61,o,) + 6O,l,O) T),

then / w(20, 30), but we cannot exhibit a strongly relaxed control cr 3(0) for
which o,2,3cr(t) =/z(t).

Based on these ideas, several examples in this section are given of commensurate
delay problems for which weakly relaxed controls fail to provide a proper extension.

For all p and q relatively primes with _-< p < q, consider the problem, which we
label (Pp,q), of minimizing xl(1) subject to

l(t)=(Xo(t)-t/2)+h(u(t), u(t-pO), u(t-qO)) a.e. in T,

o(t) u(t), Xo(0) x(0) 0,

u(t)[0, 1] a.e. in [-qO, 1],

where 0 (0, 1/q] and u is a measurable function mapping [-qO, 1] to R. These
problems are expressed in the form we have been considering if we set : (0, 0),
g(xo, Xl) xl, and

f(t, Xo, Xl, u, v, w): (u, (Xo-t/2)2+h(u, v, w)).

In this way, problem (Pp,q) is posed over /(f, OR(pO, qO)).
Example 3.3 (p 1). Consider problem (Pl,q) where, for all (u, v, w) R3,

h(u, v, w)= Min{[(u-1, v-1, w)[, I(u, v, w-1)l}.
for all T. Clearly,/ is a weakly relaxed control for (P1 q)Let (t) := 1/261,1,o) + 6o,o,1)

and its corresponding cost is zero. Since the cost cannot be negative, this implies that

Min g(g(f, w(O, qO)))=0.

We will show that Inf g(g(f, R(O, qO))) > 0, so that minimizing weakly relaxed controls
cannot be approximated by ordinary ones, and so the (weak) extension is not proper.
Let (Xo, Xl, u) be any admissible original process for (P,q) and set

(t):=(u(t), u(t-O), u(t-qO)) (t6 T).

Suppose we show that almost everywhere in [0, 1-(q-1)0],
q--1

q(t):= h((t+iO))>-_l.
i=0

Then we would have

I0’ Ioq h(a())dt>- q,()d>--(q-)O>-O,
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implying that Xl(1)>=O/q and, hence, Infg((f,?l(O, qO)))>-O/q>O. For this
purpose, fix t[0, 1-(q-I)0] and define, for all i=-q, l-q,..., q-l,

ri := u( + iO)

and, for all 0, 1,. , q 1, let i := h((t + iO)) and

1 if , l( r, -1 r,_,-1 r,_q) l,
X ;--"

0 if i I(r, r_l, r_q- 1)[.
Suppose first that, for some i {0, 1,. ., q-2}, x xi+l. Then

q( t) >--_ r"i + r’+, >--l1 ril + Ir, -> .
So, we may assume that xi Xo for all 1, 2, , q- 1}. Then, however,

,(t) -> o/- -> ]1 r_] / [r-l--> 1,

and the result follows.
Example 3.4 (p 2). Consider now problem (P2.q) with h :R R defined, for all

(U, V, w)R3, by

h(u, v, w)= Min (l(u- 1, v, w- 1)1, I(u, v- 1, w)l}.
A similar argument to the one of the previous example applies if we set /x(t):=

1.o,) +8(o.,o) for all T. Again, this is a weakly relaxed control for (P2.q) and its
corresponding cost is zero, so that

Min g( (f, w(20, qO)))--0.

If (Xo, x, u) sO(f, (20, qO)) and, as before, we set

a(t):=(u(t), u(t-20), u(t-qO)) (t T),

we prove that q(t)_-> 1 almost everywhere in [0, 1-(q- 1)0], implying, as above, that

Inf g((f, //(20, qO)))>= O/q>O.

Using the same notation for r and as in Example 3.3, let, for all i= 0, 1,. ., q- 1,

1 if i [(r,- 1 ri__, r,_q-
X :’-

0 if i ](ri, r_- 1, r_q) I.
Since we are assuming that 2 and q are relatively primes, q is of the form 2r + 1 for
some r N.

Case 1. r-2m-1 for some m N. Assume that q(t)< 1. If Xo= 1, then x2=0
for, otherwise,

(t) >_- o/ ->-I1- rol / Irol --> 1.

Similarly, we must have

x4i-- 1 for 0, 1,. , m- 1,

X4i+2 0 for 0, 1, , m 1.

Thus, Xq_ --X4(rn_l)+2-- 0 and so x 1. Again, this implies that

x4i+=l for i=0,1,...,m-1,

X4i+3 0 for 0, 1, , m 2,
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and so Xq_2 24( m--1)+ --1. Then, however,

go(t)_-> o 4- q__-> 11- r_2l / Ir_l_-> 1.

Starting with Xo 0, a similar argument shows that go(t)>= 1.
Case 2. r 2m for some m e N. Assuming again that go(t) < 1 we have, if Xo 1 that

X4i-- for i= 0, 1,..., m,

X4i+2--0 for 0, 1," , m- 1,

and so Xq-1 x4, 1. Thus Xl 0 and this implies that

x4i+l=0 for i=O, 1, rn-1,

x4i+3=1 for i=O, 1, m-1.

Hence, Xq_2 --24(m--1)+3--1, and so

go(t)>= o+ q_=>- II r_= / lr_= >= 1.

The proof for the case Xo 0 is similar.
We can proceed as above to show that, for p 3, the function h of Example 3.3

provides a problem for which the infimum cost is strictly greater than the minimum
cost of the weakly relaxed version. For p 4 and the function h of Example 3.4, the
same conclusion holds.

4. An approximation result. In this section we prove a result that shows some of
the difficulties that appear in trying to find a suitable relaxation procedure for a system
with noncommensurate delays. Though the results of this section remain valid for
systems involving any finite number of constant delays, we analyze, for simplicity,
systems with only two delays. The last assertion in the paper does not provide a proper
relaxation for systems with noncommensurate delays, but, instead, it says in what sense
the closure of the reachable set for a noncommensurate delay problem can be "approxi-
mated" in terms of strongly relaxed processes.

Let us denote by Y{ the class of all nonempty compact subsets of R", and by 6
the Hausdorff metric on Y{ (see [3]). Recall that if for all x e R", A e Y{’, and e > 0, we
set

d(x, A) := Inf {lx- yl" y A},

S(A; e):-{xR’ld(x,A)<e},
then, for all A, B e Y{, the metric 6 is given by

6(a,B)=Xnf{a>oIa=S(B; a) and BcS(A; a)}.

Let K(a,b):=(f,ll(a,b)) for all (a,b)e@z={(O,O2)eR210<O<02<-_l}. Our
assumptions listed in 1 imply the existence of an integrable function ," T--> R such
that, for all (t, r) e T x 123 and (x, ) e (f, /( T, 123)),

IT(t, x(t), r)l -< q(t)

(see [2] and [6] for details), and so K(2)
If the function K (., mapping 2 into the Hausdorff metric space of nonempty

compact subsets of R" were continuous, we could then, in view of Theorem 3.2,
approximate the closure of the reachable set of any noncommensurate delay problem
in terms of strongly relaxed trajectories. The continuity of K (.,.) is equivalent to the
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statement that, given a point (a, b) e @2, a sequence { (an, bn } c @2 converging to (a, b),
and any e > 0, then, for all n sufficiently large,

(4.1) K(an, bn)c S(K(a, b); e)

and

(4.2) K(a, b)c S(K(an, bn); e).

The following example shows that (4.1) may not hold.
Example 4.1. Consider the function

h(u, v, w)= Min {[(u-1, v-1, w)], ](u, v, w-1)1
of Example 3.3 and, for all n e N, let un e ([-1/2, 1], [0, 1]) alternately take on the
values 0 and 1 on successive intervals of length 1/8n in [-1/2, 1]. Explicitly, for all
nNandall k=-2n,-2n+l,...,4n-l, let

un(t):={ if t[k/4n,(2k+l)/Sn),
if t[(2k+l)/Sn,(k+l)/4n).

Let a := , b :- 2a, and b. :- b- (1/8n) for all n N. By construction, we readily verify
that, for all n N,

h(un(t), u,(t-a), u,(t-b,))=O.

On the other hand, applying the inequality

q h(a()) de_-> -(q- )0
o

in Example 3.3, we obtain that

fot 3
h(u(t) u(t-a) u(t-b))dt >-8

for any control u ?/([-b, 1], [0, 1]).
Set :- 0 and, for all T, x R and (u, v, w) R3, let

f(t,x,u,v,w):=h(u,v,w).

Note that if y, is the solution of

f(t)=f(t, y(t), un(t), u,(t-a), un(t-b,)) a.e. in T,

y(0) ,
then 0 y, (1) K (a, bn) for all n N, but

d(yn(1), K(a, b))= Inf{[x]" x K(a, b)}

Inf (f, (a, b))
>3
--8

showing that relation (4.1) does not hold.
Though this example may be discouraging, showing that K(.,. may fail to be

continuous, we next prove that this function is lower semicontinuous in the sense that
(4.2) does hold.

THEOREM 4.2. The function Yt (f, 0//(.,. )), mapping 2 into the Hausdorff metric
space of nonempty compact subsets of R", is lower semicontinuous.
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Proof Let (a, b) 2 and let {(a,, b,)} c @2 be any sequence converging to (a, b).
To prove (4.2), let e>0 and pK(a, b). In view of Lemma 2.1, there exists u
//([-b, 1], f) such that ]x(1)-pl<e/2, where x is the solution of

2(t) =f(t, x(t), a(t)) a.e. in T, x(0) ,
and a( t) (u( t), u(t-a), u(t-b)) for all te T. Extend the control u to the interval
[-1, 1] by assigning some wO to u(t) for t[-1,-b) and, for all nN and t T,
set a,(t)=(u(t), u(t-a,), u(t-b,)). Let x, be the solution of

2(t) =f(t, x(t), a,(t)) a.e. in T, x(0) .
Since x, (1) 6 K (a,, b,), the result will follow if we show that Ix, (1) x(1)[ 0, n
for then, for n sufficiently large, d(p, K(a,, b,)) < e, and (4.2) holds.

To begin with, note that for all n N and T,

Ix.(t)-x(t)l z,(t) dt+ ds,

where

z,(t):=[f(t,x(t), ,(t))-f(t,x(t), if(t))],
and the integrable function q5 (see 1) corresponds to the Lipschitz rank of f with
respect to the state. Now, since u ?/([-1, 1], f), it follows by Lusin’s theorem that,
for some A[-1, 1] closed, u restricted to A is continuous and m([-1, 1]-A)<e,
where rn denotes the Lebesgue measure. Thus, if we set

Bl:={tG TIt-a_A}, B2:={tE T]t-bA},
and B := A B1 f3 B2, the function if(t) is continuous and hence uniformly continuous
on B. Since f(t, x(t), ) is continuous and hence uniformly continuous on Bx3,
there exists a 6 (0, e) such that t, t’ B and It- t’[ < 6 implies that

If(t, x(t), if(t)) -f(t, x(t), ff(t’))] < e.

Note that, since a a and b, b, there exists an integer No such that n > No implies
la, a] < 6 and lb, b[ < 6. Set

B,, := {t T]t-a, 6a}, B2, := {t6 Tlt-b, 6a}.

If n > No and B B1, B2,, then If(t, x(t), J,(t)) -f(t, x(t), (t))] < e.

Now, let R := ] +o (t) dt and

M:=2. Max {If(t, x, r)l’[xlR, r3 and t T}.

Then, for n > No, we have

z.(t) at= z.(t) at+ z.(t) at
BB Ben BI B2n

Mm(T-B B. B.)+ e.

Observe that

(T-B,)+{-a}=[-a,l-a]-A,

(T-B2)+{-b}=[-b, 1-b]-A,

(T-B,)+{-a,}=[-a,,1-a,]-a,

(T-B2,,)+{-bn}=[-b,,,1-b,]-a.
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Thus,

m( T- B B,. B2.) m(( T- A) LI T- B,) LI T- B2) LJ T- B,.) LI T- B2.))

<_- m(T-A)+ m(T-B,)+ m(T-B)

+m(r-B,n)+m(T-B2n)

<- m( T- A) + m([-a, 1 a] A) + m([-b, 1 b] A)

+m([-an, 1-an]-A)+ m([-bn, 1- bn]-A)

-<5e.

Therefore, for all n > No and e T,

Ix.(t)-x(t)l<-(l+5M)e+ 4,(s)lx.(s)-x(s)lds.

Applying Gronwall’s inequality, we obtain, for all n > No and T,

Ixn(t)-x(t)l<-(l+5M)e l+c 6(s) ds

where c=exp (lo b(t) dt). Thus, Ixn(1)-x(1)[->0, n->oo and the result follows.
Combining this result with Theorem 3.2, we obtain the following approximation

result for noncommensurate delay problems.
COROLLARY 4.3. Suppose that we are given (O1, 02) @2. Let {(an, bn)} C 2 be

any sequence converging to O1, 02) such that, for all n N, an bn Pn/ qn, where 1 <= Pn <
qn are relatively primes. For all n N, set On := an/pn bn/ qn. Then, for any e > 0 and
all n sufficiently large,

(f, 0(01, 0))= s((f.o.,o, :..(0.)); ).
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UNMIXED SOLUTIONS OF THE DISCRETE-TIME
ALGEBRAIC RICCATI EQUATION*

H. K. WIMMER?

Abstract. The algebraic Riccati equation ofthe optimal control problem associated with the discrete-time
system x(k + 1)= Ix(k)+ Gu(k) is studied. It is shown that in the case of a controllable system, there exist
solutions with prescribed unmixed characteristic polynomial of the corresponding closed-loop matrix.
Existence of solutions will also be proved under the weaker condition of modulus-controllability. Maximal
solutions are discussed.

Key words, discrete-time algebraic Riccati equation, symplectic pencils, unmixed solutions, modulus-
controllability, maximal solution
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1. Introduction. A solution X of the continuous-time algebraic Riccati equation
(CARE)

(1.1) F*X +XF XGG*X Q 0

is called unmixed [11] if the closed-loop matrix F-GG*X and the matrix -(F-
GG*X)* have only purely imaginary eigenvalues in common. According to Shayman
[11], [12], such solutions share properties of maximal and minimal solutions of the
CARE (1.1). In this paper, we are concerned with the algebraic Riccati equation that
is the discrete-time counterpart of (1.1). We consider the discrete-time algebraic Riccati
equation (DARE)

(1.2) (X) X F*XF+ F*XG(I + G*XG)-1G*XF- Q 0,

where F, G, Q are complex matrices of sizes n x n, n x p, and n x n, respectively, and
Q is positive semidefinite (Q_>-0). Only Hermitian matrices that satisfy (1.2) will be
regarded as solutions. We prove an existence and uniqueness result for unmixed
solutions of (1.2) and discuss maximal solutions. Our approach is based on the
associated symplectic pencil

(1.3) M zL
Q I

z
0 F*

F GG*.

Notation. Let r(F) denote the spectrum of F. We write [r(F) 1, respectively,
< 1 if all eigenvalues of F lie on the unit circle, respectively, in the closed

unit disc. A complex number A is a characteristic root of the pencil M-zL if
det (M-AL) =0. Let g(z)=l-I=l(A-z) be a complex polynomial. Put

(z)= II (1-Xz).
=1

We call g an unmixed polynomial if g and have only zeros a in common (if any)
with ]a] 1. In other words, if g(A)=0 and IA] 1, A 0, then g(-l) 0. In particular,
g is unmixed if all its roots lie in the closed unit disc. We say that X is an unmixed

* Received by the editors August 22, 1990; accepted for publication (in revised form) May 17, 1991.
This research was supported by Stimulation Programme of the Commission of the European Communities
grant EG SC1/0126-C and by Deutsche Forschungsgemeinschaft grant Kn 164/3-1.

? Mathematisches Institut, Universitit Wfirzburg, D-8700 Wiirzburg, Germany.
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solution of (1.2) if the characteristic polynomial det (Fx-zI) of its associated closed-
loop matrix

(1.4) Fx (I + FX)-IF= F- G(I + G*XG)-’G*XF
is unmixed. Given the pencil (1.3), we see later that it is possible to factorize its
determinant into

(1.5) det(M-zL)=cg(z)g(z), cC,

if all unimodular eigenvalues of F are G-controllable. We call (1.5) an unmixed

factorization if the polynomial g is unmixed.
Let K K (F, G)= Im (G, FG,..., Fn-lG) be the (F, G)-controllable subspace

of C n. Put K -C"/K. Since the matrix F leaves K invariant, it induces an endomorph-
ism F on K. Define

(1.6) h(z) det (zI-F).

With respect to an appropriate basis of C ", the matrices F and G have the form

(1.7) F
F21 F2 G2

where the pair (Fz, G2) is controllable. Then F1 is a matrix representation of F, and
we have

(1.8) h(z) det (zI-F1).

In the case of the CARE (1.1), the pair (F, G) is called sign-controllable (see, e.g.,
[4]) if the polynomials h(z) and h(-z) are coprime or, equivalently, if rank (F-
h/, G) < n implies rank (F* + /, G) n. The counterpart to sign-controllability in the
case of the DARE (1.2) will be described in the following definition.

DEFINITION 1.1. Let the polynomial h be defined as in (1.6) or (1.8). We call the
pair (F, G) modulus-controllable if (h,/)= 1 or, equivalently, if [h[= 1 implies
rank (F- h/, G)= n or rank (F-/z/, G)= n.

If the pair (F, G) is stabilizable, then we have [r(F1)[ < 1; hence (F, G) is modulus-
controllable.

The main result of the paper is the following theorem.
THEOREM 1.2. Let

1.3)’ M zL (F zI
-Q

be the pencil associated to the DARE

)I- zF*
F GG*

(1.2)’ X F*XF+ F*XG(I + G*XG)-1G*XF- Q 0

and let

(1.4)’ Fx I + FX)-IF
be the closed-loop matrix corresponding to the solution X. Assume that F, G) is modulus-
controllable and let the polynomial h be defined as in (1.6) or (1.8). Then there exists an
unmixed factorization
(1.5)’ det (M zL) cg(z), (z)

such that

(1.9) (h, g) 1.
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To each unmixed factorization (1.5)’ satisfying (1.9), there exists a unique solution X
with det (Fx -zI)= g(z).

For the CARE (1.1), a result analogous to Theorem 1.2 is available [13]. In the
case of the DARE (1.2)’, stabilizability of (F, G) is the weakest assumption known to
guarantee the existence of a solution [3].

2. Reduction to the controllable case. The following lemma, together with the
remarks at the end of this section, should make it clear why the concept of modulus-
controllability will play an important role for existence and uniqueness of solutions.

LEMMA 2.1. Assume that F and G are of the form (1.7)

F---
F21 F2 G2

and put F2 G2G* such that F=diag (0, F2). Let

be partitioned accordingly. Define

(2.1)

and put

(2.2)

Then

(2.3)

A matrix

[F- zI -zG ’]M zL2 \ - zF* J

2 I + r2x:)-’ F2.

det (M-zL)=det (F1 zI) det (I-zF*) det (M2-zL2).

X X12’(2.4) X=
X*2 X2]

is a solution of (1.2) if and only if it consists of blocks that satisfy the following set of
equations"

:(X) X- F*XF+ F* XG_(I + G*2 XG)-’ G*XF-Q O,

XI2- F X12F B,

X FXF C,

(2.5a)

(2.5b)

(2.5c)

where

(2.6)

and

(2.7)

B= Q12+ F*2X22

C * * + F*X2)[-FzX*2(I + F2X2)-’F, +/32]+ Q,F21X 12F1 -t- (F*X2

For the closed-loop matrix associated to (2.4), we have

(2.8) det(zI-Fx)=det(zI-F,)det(zI-F2).

Proof. The factorization (2.3) is obvious. Using the matrix identity I-
G(I + G*XG)-G*X (I + FX)- we can write (1.2) as

(2.9) (X) X F*X(I + FX)-’F- Q x- F*XFx Q o.
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With the matrices

and

F (1 + rx)-’F
-rx,_(I + F2X)-1 F1 + i_

F*X ( F* X1 + F*21X12 F* X12 + F*21X2]
\ F X*12 F X2 ]

at hand, it is not difficult to verify that (2.9) is equivalent to (2.5)
Suppose that a basis of C" is.chosen such that F and G are as in (1.7) and the pair

(2.10) (F2, G2) is controllable.

Starting from (2.5a), i.e., from the Riccati equation ,i2(X2)=0 that fulfils hypothesis
(2.10), a solution X of (1.2) can be obtained in two steps by solving the linear matrix

equations (2.5b) and (2.5c). It will be seen that unique solvability of (2.5b) is equivalent
to (h, g)= 1. Given the blocks X2 and Xlz, there exists a unique solution X of (2.5c)
if 1 tr(F*)tr(F), which is equivalent to the condition (h,/) 1 of modulus-controlla-
bility of (F, G).

3. Basic facts of the DARE and the associated symplectic pencil. The pencil M- zL
given by (1.3) plays a crucial role in the study of the DARE. Most of the statements
of the following lemma are well known. We refer to [9], [3], [8], and [15].

LEMMA 3.1. (i) Let R and S be nonsingular complex 2n x 2n matrices such that

(3.1) (M-zL)R=S
A-zI

0 I- zA*
D

Let

R21

be partitioned into n n blocks. IfR is nonsingular and X RIR-( is Hermitian, then
I + FX (and hence I + G*XG) is nonsingular [15] and X is a solution of (1.2). Suppose
that det (A-z/)= g(z) holds; then (1.5) holds, and Fx R1AR-( implies det (Fx-
zI)=g(z).

(ii) Let X be a solution of (1.2). Then

(3.3) M zL
X I F*X 0 I zF*x

where D D* (I + FX)-IF G(I + G*XG)-IG*. Furthermore,

(3.4) det (M- zL) c det (Fx zI) det (I- zF*x).

The main feature of M-zL is the relation

(3.5) MJM* LJL*,

where J is given by J (_i ). Property (3.5) characterizes symplectic pencils. Elemen-
tary divisors of M- zL corresponding to a characteristic root A appear in pairs (A z)
and (1- z) if A 0 and IAI 1. A pairing also exists between elementary divisors of
the form z and infinite elementary divisors [9]. Hence an unmixed factorization of
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det (M zL) exists if and only if all unimodular characteristic roots have even algebraic
multiplicity. If det (M- zL) 0 whenever Icel= 1, then (1.5) is an unmixed factorization
if and only if (g, if) 1. In that case, there exist matrices R and $ such that (3.1) holds
with D=0 and g(z) is the characteristic polynomial of A.

4. Characteristic roots on the unit circle. In this section, we see that the proof of
Theorem 1.2 can be reduced to the case of a pencil M-zL without unimodular
characteristic roots.

Notation. The generalized eigenspace corresponding to an eigenvalue A of F will
be denoted by Ex(F), i.e., E(F) Ker (F ,I)n. Let

Q

V= V(F, Q)= Ker Q..F

be the weakly unobservable subspace of C. For I e (F), put

Vx= Va(F, Q)= Ea(F)

Since V is invariant under F, we have

V=O[Ex(F) V], A (F),

and we could define Vx as the maximal F-invariant subspace of C contained in
E,(F) Ker Q.

In [3] the existence of unimodular characteristic roots of M-zL is related to the
rank conditions (4.2) and (4.3) below.

LEMMA 4.1. Assume that [a 1. en we have

(4.1) det (M- aL) 0

if and only if
(4.2) rank (F- a/, F) < n

or

(4.3) rank(F-aI) <n.
Q

Proof. Let w Cn, w 0, be such that

(4.4) (M-aL)w=O.

Put w 7- (w, w). It is easy to see that (4.4) and Ice[ imply -W*l(I aF*)- wF =0,
and -Qw +(I- aF*)w2 =0, which yields

-w(I- aF*)w2- wrw2- wfQw + wf(I- aF*)w2 0.

From F 0, Q 0, and wFw2+wQw 0, we obtain Fw2 Qw 0. Hence

(4.5)
F w=0

and

(4.6) (F-aI)Q wl =0.



872 H.K. WIMMER

From w0 follows (4.2) or (4.3). That (4.2) or (4.3) implies (4.1) is obvious, since
(4.5) and (4.6) yield (0, w*2)(M-zL)=O and

(M-zL)(W’)=0’0
respectively.

LEMMA 4.2. Let U U, U2) be a nonsingular n x n matrix with Ui C nxn’, 1, 2.
Then the columns of U form a basis of V if and only if

(4.7) U-FU
[
lA
\ 0

(4.8)

and A2, Q2 are of size n2 x n2 and

A’2/\ U*QU diag (0, Q2)
A2 ]

o(A1) {a},

A2-aI)(4.9) rank
\ Q2

r/a"

Proof. Let 1t denote the set of F-invariant subspaces contained in E. (F) f-I Ker Q.
Then (4.7) and (4.8) are equivalent to span U 1I. Suppose now that

(4.10) rank
\ Q2

< n2.

Then we have (A2- I)w 0, 02W 0, for some w # 0. Hence span (U, Uzw) 1t
and span U is not maximal in H. To prove the converse, suppose that span U, y) H
for some y U. We can assume that yspan U2 such that y= Uzw, w#O. Then
Qy O and, therefore, Q2w O. From Fy FU(w) U2A2w follows Fy
span U2 span (U, y)f)E(F). Hence we have Fy= ay, which implies A2w--cew. We
have found that

A2-ceI)w=O, w#O,
Q2

which yields (4.10).
The notation U-* below is used for the matrix (U*)-.
LEMMA 4.3. Consideraneigenvalueo ofFsuch that lal 1, E(F) (q Ker Q O, and

(4.11) rank (F- or/, F) n.

Let U U, U2) be a nonsingular matrix that transforms F and Q as in (4.7) and (4.8).
Let

(4.12) U-1FU-* ("
be partitioned, conforming to (4.7), and put

(4.13) M zL2 ( A2

Then

(4.14)

if and only if
(4.15)

span U Vo

det (M2- eeL2) 0.



DISCRETE ALGEBRAIC RICCATI EQUATION 873

Proof We know from Lemma 4.1 that det (m:-eeL2)=0 holds if and only if the
matrices (A2 ce/, 1-’2) and

A2 oI

do not both have maximal rank. Now (4.11) and F -> 0 imply that rank (A- cI, F) n.
Hence (4.15) is equivalent to (4.9), which, according to the previous lemma, is equivalent
to (4.14).

The following result shows that a unimodular characteristic root a yields a
subspace V, which lies in the kernel of each solution X.

LEMMA 4.4. Let a be a characteristic root of M-zL with Icel--1, which satisfies
(4.11).

(i) For each solution X of the DARE (1.2), we have V
_
Ker X. Furthermore,

E (Fx) V and Fx F on V.
(ii) Let U U U2) be nonsingular such that span U1 V, let the pencil M2 zL2

be given as in (4.13), and assume that c is not a characteristic root of M2-zL2. Put

(4.16) U-1G
G2

A matrix X is a solution of (1.2) if and only if
(4.17) X U-* diag (0, X2)U-1,
and X2 is a solution of the DARE

(4.18) X2-A*X2A2-A*X2G2(I+G*X:G2)-IG*X2A2-Q:=O.

Proof. (i) According to [14], condition (4.11) yields

E(Fx) E(F) Ker Q fq Ker X,

and Fx F on E(Fx). Hence E(Fx) 1t. Put k=dim E(Fx). Then (3.4) implies that

det (M zL) (z- a)2kb(z), b(a) O.

Let U (U1, U:) be a matrix as in Lemma 4.2 such that span U1 V,. Recall nl
dim Vs. From

(4.19) det (M-zL)= det (F-zI) det (I-zF*) det (M2-zL2)

and Lemma 4.3, we obtain det (M-zL)=(z-a)2nf(z),f(a)O. Hence k= n and
(F,,) V.

(ii) It is easy to verify that each X2 coming from (4.18) yields a solution X given
by (4.17). It is not obvious, however, that under hypotheses (4.11) all solutions of (1.2)
should be of the form (4.17). We know from part (i) that V span U

_
Ker X. Hence

U*XU=diag (0, X), and X: is a solution of (4.18).

5. Auxiliary results, proof of Theorem 1.2. A matrix R in (3.1) and (3.2) yields a
solution of (1.2) only if R- exists. To prove nonsingularity of R1, we use a result on
the discrete-time Lyapunov matrix equation.

LEMMA 5.1. Let A and P be complex n n matrices such that

(5.1) 1 r(A*)cr(A)

and P >-_ O. If Y is a solution of
(5.2) Y-A*YA=P,
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then Y= Y* and

Then

P

Ker Y V(A, P)= Ker
PA

e n-1

Proof. Choose a basis of C such that

0
XlC

(1 A12] P diag (0, P2)A--
A2]’

and the pair (A2*, P2) is controllable. Because of 1 tr(A2*)tr(A2), the equation Y2-
A2* Y2A2 P2, P2--> 0 has a unique Hermitian solution Y2 that is nonsingular 16]. Then
Y= diag (0, Y2) is a solution of (5.2) with Ker Y V(A, P) and, because of (5.1), the
solution is unique.

The uniqueness statement of Theorem 1.2 will follow from a result of Willems
(see [10, p. 197]).

LEMMA 5.2. Let X and W be two solutions of (1.2); then

(5.3) X- W= F*x(X- W)Fw.

Proof Since [10] seems to be the only reference for (5.3), we include a proof.
Recall (2.9) and note that F=(I+FW)Fw and F*= F*x(I+XF). Then

,gi(X) -,gi( W) X- W- (F*wXF- F* WFw)

X- W-[F*xX(I +FW)Fw- F*x(I + XF) WFw]

X- W- F*x(X- W)Fw,

which yields (5.3).
After a reduction to the controllable case that was carried out in 2, we are able

to discard unimodular characteristic roots of M- zL. The following lemma will justify
such a simplification. Since previous results are extended from V to { V, lal 1},
we refer to matrices and equations of the preceding section, making the provision that
(4.8) is to be replaced by I(A)I- 1.

LEMMA 5.3. Assume that

(5.4) [a[ 1 implies rank (F-a/, F)= n.

(i) There exists a nonsingular matrix U such that (4.7) holds with [tr(A1)[ 1 and
such that the pencil M2 zL2 given by (4.13) and (4.12) has no unimodular characteristic
roots.

(ii) Putf(z)=det (Al-ZI). Then det (M-zL)= cg(z),(z) is an unmixedfactoriz-
ation if and only if
(5.5) g(z) =f(z)b(z)

and

(5.6) det (M2- zL2) cb(z)(z), (b, ) 1.
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(iii) A matrix X is a solution of (1.2) if and only if it is of the form (4.17), where
X2 is a solution of the Riccati equation given by (4.18) and (4.16).

(iv) A solution X is unmixed with

(5.7) det (Ix -zI)= g(z) f(z)b(z)

if and only if the matrix X2 of (4.17) is an unmixed solution of (4.18) such that the
closed loop matrix

(S.8) O (I +rX)-a

satisfies
(5.9) det (2-zI)= b(z).

Proof Parts (i) and (iii) are immediate consequences of Lemmas 4.2 and 4.4. Note
that I(a)l- is equivalent to f= yjT, 3’ C. Hence (5.5) and (5.6) follow from (4.19).
For a solution X of the form (4.17), we have

A1 12]Fx=U
0 ,I]

with as in (5.8). Hence det (Fx- zI)=f(z) det (2-zI), and (5.7) is equivalent to
(5.9).

TIqEOREM 5.4. Assume that all unimodular eigenvalues cr of F are G-controllable,
i.e., that condition (5.4) holds. If det (M- zL) cg(z),(z) is an unmixedfactorization,
then there is at most one solution X of (1.2) such that det (Fx -zI)= g(z).

Proof From the preceding lemma we know that the proof involves only a pencil
M- zL without unimodular characteristic roots. Hence it suffices to prove uniqueness
under the assumption (g, )= 1. Suppose that X and W are two solutions such that

det (Fx -zI)=det (Fw-zI)= g(z).

Then 1 cr(F*x)cr(Fw), and A =0 is the only solution of A- F*xAFw 0.Thus, accord-
ing to Lemma 5.2, we have X- W 0. [3

THEOREM 5.5. Suppose that (F, G) is controllable. Then there exists an unmixed

factorization of det (M- zL). To each unmixedfactorization det (M- zL) cg(z)(z),
there exists a unique solution X such that

(5.10) det (Fx-zI)= g(z).

Proof The fact that the controllability hypothesis (5.4) of Lemma 5.3 holds allows
us to work with a pencil M-zL that has no characteristic roots of modulus 1 and,
accordingly, to proceed under the assumption (g, )= 1. In that case, there exist
nonsingular matrices R and S such that

(5.11) (M-zL)R S( A-zlO I-zA*O )
and det (A-zI)= g(z). Let R be partitioned as in (3.2). Then

(R1)(5.12) rank
R21

To obtain a solution X in the form X--R21R-1, we must make sure that R1 is
nonsingular. Put Y R*IR1. We want to first show that

(5.13) Ker Y_ Ker R21
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holds. Since Rlx =0 implies Yx =0 and (5.13) yields R21x =0, we would obtain x =0
from (5.12). Hence as soon as we have established (5.13), we know that R is
nonsingular.

The subsequent argument that yields the discrete-time Lyapunov equation (5.16)
can be found in [3]. From (5.11) follows

which is equivalent to the pair of equations

(5.14)

and

(.)

FR RA+ FR21A

-R* Q+ R*2= A*R*IF.
Multiplying (5.14) from the left by A*R2* and (5.15) from the right by R are steps
that lead to

(5.16) Y-A* YA A*R2*FR2,A + R*QR, P.

Since (g, g) 1 is equivalent to (5.1), it follows from Lemma 5.1 that Ker Y V(A, P).
Hence Ker Y is a A-invariant subspace spanned by chains of eigenvectors and general-
ized eigenvectors of A, like x,..., Xk, which satisfy Axi--Axi+xi_, i= 1,..., k,
Xo--0, x # 0, and Pxi 0. Induction will show that for such a chain, we have

(5.17) xj Ker

forj- 0, 1,..., k. Assume that (5.17) holds forj= i-1. Then Pxi 0, and F>=0, Q=>0
imply that

(5.18) [’RzIAxi =0

and

(5.19) OR,xi =0.

From (5.14) and (5.15) we obtain

(5.20) R2lxi F*RIAxi.

In the case where A =0, we find that Rzxi--F*RzlXi-1 and the induction hypotheses
yield Rzxi--O. In the case where A #0, we conclude from (5.18) and (5.15) that
FRzxi 0 and R2lX F*RAx. Hence

(R2,xi)*(.-lI F, F) =0.

In this case, controllability of (F, F) implies Rixi =0.
To show that X RzlR- is Hermitian, note that because of (5.1) the matrix

Y= R*2R is a unique, and hence Hermitian, solution of (5.2). Therefore Y= R*IR
and X R-*YR-. Hence, X is also Hermitian.

From (5.14) we obtain F (I + FX)RAR- and

(5.21) Fx R,AR-

Lemma 3.1(i) tells us that we have found a solution X of (1.2) with the desired property
(5.10). By Theorem 5.4 such a solution is unique, which completes the proof.
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From (5.16) and (5.21) follows the equation

(5.22) X- F*xXFx F*xXFXFx + Q,

which leads to inertia results for Riccati equations (see [1]).
Proaf of Theorem 1.2. We now perform the construction described at the end of

2. We assume that F and G are given as in (1.7)

F=
F21 F: G

such that (F2, G) is controllable, and h(z)=det (F -2I). Modulus-controllability of
(F, G) is equivalent to (h, h) 1. Let det (M zL) cg(z),(z) be an unmixed factoriz-
ation that satisfies (h’, g)= 1. Then (2.3) implies hlg. Put f= g/h and let M-zL_ be
the pencil (2.1). Then det(M-zLe)=cf(z)f(z) is an unmixed factorization. Since
(2.5a) is a Riccati equation where the pair (F:, G) is controllable, we know from
Theorem 5.5 that N2(X2) =0 has a unique solution X such that det (-zI)=f(z),
where F is given by (2.2). The solution X2 enters into the definition of B in (2.6).
From (/, g)= 1 follows (h’, f)= or, equivalently, 1 o’(F*)cr(2). Hence (2.5b) has
a unique solution X2. Given X and X2, the matrix C in (2.7) is well defined. Now
consider (2.5c). Modulus-controllability amounts to lo’(Fl*)Cr(F1). Hence (2.5c)
determines X1 uniquely. The block matrix (2.4) is a solution of (1.2). From (2.8) we
obtain det(Fx-zI)=h(z)f(z)=g(z), and X is the only solution with that
property. U

6. Maximal solutions. It is known that (1.2) has a solution if the pair (F, G) is
stabilizable [3]. In that case [7], there exists a maximal solution X with the properties
X => 0 and

(6.1) I(F,)l_-< 1.

In this section we focus on property (6.1) and its relation with maximality. As a
stabilizable pair, (F, G) is necessarily modulus-controllable; the following result is a
special case of Theorem 5.5. The existence statement in the subsequent theorem can
be found in [3].

THEOREM 6.1. If (F, F) is stabilizable, then there exists a unique solution X of (1.2)
such that Io(Fx )l <= 1.

A solution X is called maximal if X- W >- 0 holds for all solutions W of (1.2).
We see that (6.1) is equivalent to maximality of X, provided that the standing assumption
(5.4) holds. Two auxiliary results will be needed.

LEMMA 6.2 (see [2]). Let X and W be two solutions of (1.2). Then A X-W
satisfies the equation

(6.2) A F*xAFx F*x A G(I + G* WG)-’ G*AFx.
LEMMA 6.3. IfX and W are two solutions of (1.2), then

(6.3) In I + G*XG) In (I + G* WG).

Proof Relation (6.3) appears in [6] where (1.2) is approached by factorization
results of matrices of rational functions under the hypotheses that (F, G) is controllable
and ]r(F)l < 1. Here we use the pencil M- zL. It is easy to verify that (3.3) implies that

(6.4) (I O)(M-zL)-(O z(Fx zl)-l(l + FX)-lI’(l- zF*x) -1.
\
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Note that (I+FX)-IF= G(I+G*XG)-IG*. Consider (6.4) and the corresponding
expression for the solution W and take z a, where lal 1 and det (M- zL) O. If
the symbol denotes congruence, then

(6.5) G(I + G*XG)-lG G(I + G* WG)-’ G.

It is not difficult to show that (6.5) implies (6.3).
THEOREM 6.4. Assume that rank (F-a/, F)= n for all with I 1-1. If x is a

solution of (1.2) that satisfies [o’(Fx)l <= 1, then X is a maximal solution.
Proof According to Lemma 5.3, each solution X of (1.2) is of the form X

U-* diag (0, X2)U-, where X2 is a solution of a Riccati equation whose associated
pencil M2-zLz has no unimodular characteristic roots. Hence we can assume for the
proof that X is a solution with the property

(6.6) ]o-(Fx)[ < 1.

It is a known application of (5.22) that (6.6) implies X => 0. Therefore I + G*XG > 0,
and by the preceding lemma we have I + G* WG > 0 for all solutions W. Put A X W
and define S F*xAG(I + G* WG)- G*AFx. Then A- F*xAFx S is (6.2). From (6.6)
and S_-> 0 follows A >__ 0; hence X is a maximal solution.

Acknowledgment. The author thanks Dr. C. Scherer for valuable comments.
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ON THE EXISTENCE OF CONTROL LYAPUNOV FUNCTIONS:
GENERALIZATIONS OF VIDYASAGAR’S THEOREM ON

NONLINEAR STABILIZATION*

JOHN TSINIAS?

Abstract. In this paper the well-known Vidyasagar’s theorem concerning the feedback stabilizability
problem for interconnected control systems is generalized. In particular, sufficient conditions are provided
for the existence of control Lyapunov functions that, according to the results of Artstein, Sontag, and Tsinias,
guarantees asymptotic stabilization by means of a feedback law that is smooth, except possibly at the
equilibrium at which it is wished to skabilize the system.

Key words, control Lyapunov functions, state feedback stabilizability

AMS(MOS) subject classification. 93D15

1. Introduction. The paper deals with the state feedback stabilization problem of
nonlinear systems at a specified equilibrium. Sufficient conditions for local and global
stabilization are presented for a wide class of systems that are affine in the control.
The results of the paper generalize the well-known theorems of Vidyasagar on
asymptotic stabilization [27] and considerably improve those developed in our recent
papers, [25] and [26].

Our purpose is to provide sufficient conditions for the existence of suitable control
Lyapunov functions that according to [3], [17], and [23]-[26] guarantee stabilization
by means of a feedback law that is smooth (C) except possibly at the equilibrium.

We consider systems of the form

(1.1) =F(x)+G(x)u,

where R and R are the state and the input space, respectively, and zero 0 R is an
equilibrium for the uncontrolled term F; i.e., F(O)= O. We assume that the mappings
F and G have the form

where fl" R" - R", f2" R" - R n2, and gi" R" R"2, n + rt2 n are Lipschitz continuous.
According to decomposition (1.2), system (1.1) is written as

(1.3) Yl f(x) + x=(x x’2)’R"’xR"2 \f2(x)/ g(x)u

where stands for transpose.
As pointed out in [18] and [25], the regularity assumptions for the stabilizing

feedback near the equilibrium play an important role in the theory that has been
developed. Linear, smooth, almost smooth, and piecewise analytic feedback controllers
have been used in [1]-[9], [11]-[13], and [15]-[27], and the various types of regularity
requirements lead to many different notions of stabilization.
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We say that (1.1) is (globally) asymptotically stabilizable if there exists a feedback
law u k(x) that is smooth for x 0 and such that zero 0 R" is (globally) asymptoti-
cally stable for the resulting closed-loop system

(1.4) =(F+Gk)(x).

System (1.1) is globally exponentially stabilizable if, furthermore, there exist positive
constants a > 0 and fl > 0 such that

IIx(t, Xo)ll<-_a exp(-/3t)l]xol[, Vt-->O, xoR",

where x(t, Xo) denotes the trajectory of (1.4) of time starting at Xo, and is the
usual Euclidean norm.

We say that system (1.1) satisfies the Lyapunov condition (lc), if there exist a
neighborhood N of 0 R" and a real function : N- R, which is at least continuously
differentiable on N, is positive definite, i.e., (0)= 0 and (x)> 0 for x N\{0}, and
such that for any x N\{0} it follows that

(1.5) (((I))(X) d___ef (DdPG1 ,’’’, DG,)(x) OF()(x) < O,

where D denotes the derivative of . A continuously differentiable real function
is called a control Lyapunovfunction (clf) if it is positive definite and satisfies condition
(1.5).

We say that the above clf satisfies the small control property if, furthermore,
there exists a nonnegative real function m:N- R+ such that m(x)-,O as x-0, and
for every x N\{0} there exists a vector u R satisfying the following inequalities:
Ilull<m(x) and F()(x)+G()(x)u<O.

A control Lyapunov function R" - R+ is called a global clf if it satisfies (1.5)
for every nonzero x R", and, furthermore, it is uniformly unbounded on R", namely,
(x)-+ as Ilxll- /.
In [3] it is shown that the lc is a necessary and sufficient condition for asymptotic

stabilization. Furthermore, there exists a global clf if and only if the system is globally
asymptotically stabilizable. The proposed stabilizing feedback law will be continuous
at the origin if and only if the corresponding clf satisfies the small control property.
Versions and generalizations of this theorem are also provided in [17] and [22]-[26].
In particular, Sontag [17] provides an explicit formula for the stabilizing feedback.

Let us now focus our attention on the nonlinear case described by (1.3). It will be
useful here to recall the precise statement of Vidyasagar’s theorem on stabilization.
Suppose that zero 0 R "l is asymptotically stable with respect to Y =fl(Xl, 0), f2 and
g are independent of x, and the system Y =f(x2)+ g(xz)u is stabilizable at x 0 by
means of a Lipschitz continuous map k:R"- R( Then Theorem 3.1 in [27] asserts
that the same feedback u--k(x2) also asymptotically stabilizes (locally) the overall
system (1.3) at zero 0 R". Its proof follows by an interesting Lyapunov-like approach
based on the comparison principle. Some additional assumptions (see Theorems 3.2
and 3.3 in [27]) guarantee global and exponential stabilizability. We note that the same
approach leads to further generalizations. In particular, suppose that there exists a
continuously differentiable map th :R",- R "2, .th (0) 0 such that 0 R", is asymptotically
stable with respect to

(1.6) 1 =L(X1 ((X1)),

and there exists a Lipschitz continuous feedback law u-k(x) such that the set

M %r {x R" x2 b(x)} is asymptotically stable with respect to (1.4). In particular,
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assume that x2(t, Xo)-Ck(Xl(t, Xo))->O, as t-> t+oe for any Xo near zero. It follows that

M+ must be an invariant manifold with respect to (1.4), or, equivalently,

(1.7) DChfl(xl, dp(x))=(f2+gk)(Xl, (Xl)), xIER n’.

Moreover, the same feedback u k(x) asymptotically stabilizes (1.3) at the origin. The
proof of this statement follows if we use the nonlinear change of coordinates y
x, y2 x2-(x). Then system (1.3) becomes

(1.8a) 3, =f(y,, y2+ (y,)),

(1.8b) f,=(A+gk)(y,y+4,(yl))-D4)fl((y,, 4)(y)).

Note that 0E R", is asymptotically stable with respect to (1.8a) with y =0, whereas
(1.7) guarantees that 0 R "2 is an equilibrium for (1.8b). In addition, 0 R"2 is
asymptotically stable with respect to (1.8b) uniformly on y. Then we can apply for
the transformed system (1.8) exactly the same arguments as those in the proof of
Theorem 3.1 in [27] to establish that, indeed, 0e R’, x R" is asymptotically stable with
respect to (1.8) and therefore to the original (1.3).

The above approach is based on the differentiability of and on the existence
of a mapping k" R"- R satisfying the positive invariance property (1.7). Obviously,
if one of these assumptions is dropped, the previous approach does not work. However,
further interesting generalizations are feasible.

Our main purpose is to show that if is continuous and if certain Lyapunov-like
assumptions are imposed for (1.3) that are weaker from those previously discussed,
then (1.3) is (locally) asymptotically stabilizable.

In particular, assume that if 4 is continuous, there exists a nonnegative con-
tinuously ditterentiable map W" R" -> R such that W(x) 0 if and only if x M+ and
condition (1.5) holds for every x M near zero, and with W instead of cp. Then, in
Theorem 2.2, using a quite different approach from that developed in [27], we prove
that the previous assumptions guarantee the existence of a clf, and so-system (1.3) is
(locally) asymptotically stabilizable. In particular, we show that there exists a Lyapunov
function V" R’,-> R+ of zero with repect to (1.6) such that the function

(1.9) cP(x) V(x,) + W(x)

is a clf for (1.3).
A sufficient condition that depends directly on the stability behavior of system

(1.6) and the overall system (1.3) near 0E R"l and Mo, respectively, is provided in
Theorem 2.4.

A second aim of the paper is to derive sufficient conditions for the existence of
a global clf guaranteeing global asymptotic stabilization for (1.3) (Theorems 3.2 and
3.5). These conditions are different from those proposed in [27]. Among other things,
we prove that if certain additional assumptions are imposed for the function W, then
there is a uniformly unbounded Lyapunov function V" R",-> R+ of zero with respect
to (1.6) such that the map (1.9) is a global clf for (1.3). If the assumptions of Theorems
3.2 and 3.5 are strengthened further, then in Theorem 4.2 we prove that there exists a
Lyapunov function V" R", -> R+ ofzero with respect to (1.6) such that for any sufficiently
small constant q > 0 the map (P(x)= qV(x)+ W(x) is a global clf, and, furthermore,
(1.3) is globally exponentially stabilizable.

Finally, to illustrate the theory we develop and, in addition, to show how our
method is applicable to a number of cases not covered by the earlier work of Vidyasagar
and others, we study three numerical examples.



882 JOHN TSINIAS

2. Local stabilization. We now give the main sufficient conditions for the existence
of control Lyapunov functions for system (1.3).

Suppose that there exist neighborhoods N1 c Rn and N2c R n2 of zero, a con-
tinuous map b: NI->R ’2, b(0)=0, and a continuously differentiable function
W: Nf N1 N2--> R satisfying the following conditions:

(A1) The origin 0 R is an asymptotically stable equilibrium with respect to (1.6).
(A2) The function W satisfies the following properties:

(2.1a) W(x) 0, if and only x M6 d__ef {X N: x2 ((Xl), Xl N1},

(2.1b) W(x) > 0, otherwise,

and, furthermore, for each x N\M+, the following holds"

(2.2) \x: /(x) ef O W OW
ga ,’"

OX2

gt (x) 0== F(W)(x) < O.

We also need the following additional condition, which is a special case of (A2):
(A2)’ There is a real function W:N--> R as in (A2), which, in addition, satisfies

the following property. There exists a nonnegative real function e: R -> R/

such that e(x) --> 0 as

d(x, M6) d=ef inf{[ix_y[[ y6 M}-> 0

and, for any x N\M6, a vector r R can be found satisfying the following
inequalities:

(2.3) Ilrll < e(x),

(2.4) F(W)(x)+(OW )Ox--- g (x)r < O.

To state and prove our main theorem on local stabilizability, we need the following
result.

LEMMA 2.1. (i) Suppose that system (1.3) satisfies condition (A2). Then there exists
a map r" N- R 1, which is smooth on N\M and such that

r(x) 0, VxM,
(2.5)

(F(w)+O---Wgr)(x)<O, VxN\M.

(ii) Furthermore, if system (1.3) satisfies (A2)’, then there exists a map r" N --> R
as above, which, in addition, is continuous on N. In particular, r(x) -> 0 as d (x, M4,) --> O.

The proof of the previous lemma follows by partition of unity arguments similar
to those given in [3] or [24].

The following theorem generalizes Vidyasagar’s theorem on local stabilization. It
also considerably improves the results of our recent papers [25] and [26].

THEOREM 2.2. Suppose that system (1.3) satisfies conditions (A1) and (A2). Then
there exists a Lyapunov function V’R,-> R+ of zero O R, with respect to (1.6) such
that the function
(2.6) @(x) V(Xl) + W(x),

where W is defined in (A2), is a clf, and so system (1.3) is asymptotically stabilizable.
Moreover, if (A1) and (A2)’ are fulfilled, then the corresponding clf satisfies the small
control property, and, therefore, system (1.3) is asymptotically stabilizable by means of a
feedback law that is continuous at the origin (and smooth for x 0 near zero).
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Proof Since, by our assumption (A1), zero 0 R", is asymptotically stable with
respect to (1.6) and the map xlf(xl, ok(x1)) is continuous, the converse stability
theorem of Kurzweil [14] asserts that there exists a smooth Lyapunov function xl
V(x) of zero with respect to (1.6); namely, V is positive definite and satisfies the
inequality

(2.7) OV(x1)fl(X1, )(X1) < 0, VX 0 near zero.

Without loss of generality, we assume that N and N1 are compact and that (2.7) is
satisfied on the region NI\{0}. We define

M {x N: DV(x)fl(x, X2) < 0}.

Note that because of (2.7) the set

M {x N\{0}" X2 (])(Xl)}

is contained to M. According to assumption (A2) and Lemma 2.1, there exists a map
r: R" R, such that r(x)=0 for x M6, r is smooth on N\M6 and satisfies

(2.8) E(x) %f (-F( W)- G(W)r)(x) > 0

for every x N\M. For each x N1 we define

al(xl) max {If( V)(xl, x2)l, (x, x’)’ N}.

Obviously, al is continuous and nonnegative definite on N. For any Xl 0, consider
a closed sphere Bo., of radius px, centered at (Xl, 4(Xl)), which is contained to M. We
define M’= tA x,N,\o B(1/Z)px, and

a2(xl)=inf {E(x, x:), (x, x’z)’ N\M’}, x O.

Since E is continuous on N\M’ and M c M’, it follows that a2 is continuous on
N\{0} and, furthermore, because of (2.8), a: is strictly positive in this region. Therefore
there exists a (piecewise linear) continuous real function b: R+ R+, which is strictly
increasing and satisfies

(2.9) b(llXlll)aa(xl) % a2(xl), O/Xl NI\{0}.

Also, let a" R+- R+ be a nonnegative strictly increasing continuous function such that

a(llx, ll)--> V(XI), VXl N1.(2.10)

Finally, we define

V(x)
(2.11) Ir(Xl b(a-l(r)) dr.

dO

Obviously, V is positive definite and continuously ditterentiable on N. Moreover,
since a -1 is strictly increasing, b(a-(V(Xl))) > 0.for any Xl 0 and so, by (2.7),

Df/(x,)f,(x,, ok(x,)) DV(x,)f,(x,, d(x,))b(a-’( V(x,))) < 0;

hence V is a Lyapunov function with respect to (1.6). Next, we show that the Lie
derivative (F+ Gr)()(x) is strictly negative for x 0, where , r, and are defined
in (2.6), (2.8), and (2.11), respectively. Indeed, we evaluate

(F+ Gr)()(x) D(Xl)fl(x)+ DW(x)(F+ Gr)(x)
(2.12)

DV(xl)f(x)b(a-( V(x)))- E(x).
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For each x M, we have

Xl 0, b(a-l(V(Xl))) > 0, DV(xl)fl(x) < O, E(x) >= O,

and, therefore, by (2.12)

(2.13) (F + Gr)(cP)IM < O.

For x N\M’ such that Xl 0, it follows by (2.9) and (2.10) that

OV(x,)fl(x)b(a-l( V(xl))) < IDV(xl)fl(x)lb(llxl[I)
a,(x,)b(llx, ll) < a2(xl) E(x),

and so by (2.12) we get

(2.14) (F + Gr)(C’)I\M, ,o < O.

Finally, for x # 0 with xl 0, it follows that x M+. Therefore DV(O)fl(x) 0, whereas,
by (2.8), E(x)>0. Consequently, by (2.12), we get

(2.) (F + G,’)(’)l,,_-o. o < o.
From (2.1), (2.7), and (2.13)-(2.15), it follows that F()(x)<0 for every nonzero
x e N such that G()(x)=((OW/Oxz)g)(x)=O, and so (1.5) is fulfilled. Moreover,
since is continuously differentiable and positive definite, we conclude that is a
clf, and so (1.3) is asymptotically stabilizable. Suppose now that (A2)’ is satisfied.
Then, by Lemma 2.1, there is a continuous function r:N R such that r(x)-O as
d(x, M+)-* 0. The same procedure as above and the fact that m(x)%f IIr(x)ll- 0 as
x 0, guarantees that is a clf that satisfies the small control property. Therefore, in
that case, the system is asymptotically stabilizable by means of a feedback law that is
continuous at the origin (and smooth for x 0 near zero).

Remark 2.3. Suppose that (A1) is fulfilled and let us, in addition, assume that
(2.4) holds, with r being a Lipschitz continuous map. Then, similar to the proof of
Theorem 2.2., we can show that the Lie derivative (F+ Gr)()(x), where- is defined
in (2.6), is strictly negative for x 0 near zero. The latter, in conjunction with the fact
that r is Lipschitz continuous, implies that 0e R" is (locally) asymptotically stable
with respect to the closed-loop system (F + Gr)(x).

According to Theorem 2.2, to find a clf it suffices to determine an appropriate
nonnegative function W satisfying condition (A2) and then to check the stability
behavior of the subsystem Y--fl(X, ((Xl)), X R "’ at zero. Of course, the previous
methodology is useful in several cases, since it considerably simplifies the stability
analysis. On the other hand, it presents a theoretical disadvantage because of the
presence of the function W, which, in general, cannot be easily determined. The
following theorem generalizes Theorem 2.2 in [25]. It provides a sufficient condition
for the existence of the function W, which depends directly on the stability behavior
of the overall system (1.3) near the set M.

THEOREM 2.4. Assume that system (1.3) satisfies condition (A1) and that there
exist Lipschitz continuous mappings po: R" R andp R Rlsuch that Po is nonnegative
definite and the set M+ {x R": x2 b(xl)} is asymptotically stable with respect to

(2.16) Y (poF + Gp)(x).

Then system (1.3) satisfies condition (A2), and so it is asymptotically stabilizable.
Proof Since the set M+ is asymptotically stable with respect to (2.16), it follows

by the converse stability theorem of Wilson [28], [29] that there is a smooth real
function W:R R suchthat W(x)-=Oforx M, W(x)>Oand(poF+Gp)(W)(x)<O
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for x Ms. The latter inequality implies that for any x Ms with G(W)(x)=
((0 W/Oxz)g)(x) 0, it holds that (poF(W))(x) < 0, and since Po is nonnegative definite
we get F(W)(x) < 0. Therefore (A2) is fulfilled, and so, by Theorem 2.2, system (1.3)
is asymptotically stabilizable.

Remark 2.5. It must be pointed out that conditions (A1) and (A2) are also
necessary for asymptotic stabilization, provided that Ms is positively invariant with
respect to the closed-loop system (1.4). Indeed, if zero 0 R is asymptotically stable
with respect to (1.4), then 0 R n’ is also asymptotically stable with respect to (1.6),
which is the restriction of (1.4) to Ms, and so (A1) is fulfilled. Finally, assume that k
is Lipschitz continuous. Then since 0 R is asymptotically stable with respect to (1.4),
Ms has the same property, and so we can apply Theorem 2.4 with Po 1 and p k to
establish that (A2) is satisfied, with W being any smooth Lyapunov function of Ms
with respect to (2.16).

3. Global stabiization. Next, we give the main sufficient conditions for the
existence of a global clf for case (1.3).

Suppose that there exist a continuous map b R ", --> R n2, b(0) =0 such that 0 R "l

is globally asymptotically stable with repect to (1.6), and a continuously differentiable
function W: R --> R satisfying the following condition:

(B) The function W satisfies (2.1) and (2.2) (with N= R) and, furthermore,

(3.1) W(x)-->+ as d(x, M+)-->+.
Moreover, there exists a continuously differentiable Lyapunov function V of
zero 06 R’, with respect to (1.6) and a constant qo> 0 such that V is uniformly
unbounded on R",, and for any x Ms with ((0 W/Ox2)g)(x)=0 a positive
constant q > 0 can be found satisfying the following inequality:

(3.2) F(W)(x) < min {0, -qfl( V)(x)}.
In particular, for sufficiently large x the previous inequality holds for some
q>qo.

The following additional condition is a special case of (B):
(B)’ There exist real functions W, V, a constant qo as in (B), and a function e as

in (A2)’ such that for any x 30 there is a vector re R’ with ]]r]] < e(x) and
a constant q>0 (q> qo for sufficiently large x) satisfying the following
inequality:

F(W)(x) + \-x /(x)r < min {0, -qf( V)(x)}.

To prove the main theorem on the global stabilizability, we need to establish the
following lemma, which consists of a slight generalization of Lemma 2.1.

LEMMA 3.1. Suppose that there exist continuously differentiable functions V R"’-
R+ and W: R - R+ satisfying condition (B). Then there exist a strictly increasing
continuous function b R+ R+ and a map r R - R with r(x) 0 for x M4 such that
r is smooth on Rn\M4 and satisfies the following inequalities:

(3.3a) F(W)+gr (x) < 0, Vx R"\M4
Ox2

(3.3b)
b(llxll)L(V)(x) - F(W) +Ox2 gr (x),

whenever x R"\M4 such that f(V)(x) >- O.

The map r will be continuous on R if in addition, we assume that (B) is fulfilled.
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Proof According to condition (B), for every x R"\M4 there is a strictly positive
constant q (q > qo for sufficiently large x) and a vector r R such that

(3.4) F(W)(x) + g (x)r < min {0, -qf( V)(x)}.

Indeed, for x M4, such that ((0 W/Ox)g)(x) 0 and, for any constant q > qo, a vector
rR can be determined such that (3.4) is satisfied. For x C_M4 such that
((0 W/Ox)g)(x) =0, condition (3.4) is an immediate consequence of (3.2). Since F(W),
G(W), and f(V) are continuous, it follows by (3.4) that for each z RM there
exists a closed ball Bo of radius p < 1 centered at z such that (3.4) holds for any
x Bo and for suitable constants O q(z)>0 (q(z)> qo for suciently large x) and

is locally finite, the unionr r(z) R( Then there is a paition {B, 0} where B BOz
of the interiors of B covers R"M, $ $(x) is a smooth real function supposed
on B with i 0, and E 1. We define r(x)= Eg(x)r(z,), q(x)= E$g(x)q(z) for
x RM+, and r(x) 0 for x M. Then, since E$ 1 and {B} is locally finite, the
mappings r and qs are smooth on R"M, and qs is strictly positive in this region.
We can also easily establish that the following holds:

(3.5) (F(W)+Ogr(x) <min {0,-q(x)f(V)(x)}, VxM,
Oxa /

whereas qs(X) > qo for sufficiently large x. Moreover, the sets {x R"" f(V)(x) 0}
and M+{0} are disjoint. Therefore there exists a piecewise linear continuous function
b" R+ R+ that is strictly increasing and satisfies b([[x,[[) b(llxll)<q,(x) for any
x R"M with f(V)(x) O. The latter inequality, in conjunction with (3.5), implies
(3.3). The rest of the proof follows by using similar arguments as before and is left to
the reader.

The following theorem generalizes Theorem 2.2, of the present paper and asses
that if (B) is satisfied then there exists a global clf.

THEOREM 3.2. Suppose that system (1.3) satisfies condition (B). en there exists
a uniformly unbounded Lyapunov function V: R" R+ of zero 0 R" with respect to

(1.6) such that the function
(3.6) (x) v(xl)+ W(x),

where W is defined in B), is a global clf, and so system (1.3) is globally asymptotically
stabilizable. e corresponding feedback can be constructed to also be continuous at the
origin if we further assume that (B)’ is fulfilled.

Proof According to Lemma 3.1, there exist a map r" R" R with r(x)=0 for
x M+, which is continuous on R"M, and a nondecreasing continuous function
b" R+ R+ such that (3.3) is satisfied. Consider next the Lyapunov function V defined
in assumption (B) and let a" R+ R+, a(0) =0 be any strictly increasing continuous
function that satisfies

(3.7) a(llx, ll)
Finally, consider the function V as defined in (2.11) of Theorem 2.2, where a and b
are the real mappings defined as before. Next, we show that the positive definite
function , which is defined by (3.6), satisfies condition (1.5). Indeed, for any x M
{x R" "L(V)(x) < 0} it follows by (3.3a) that

( F( W)+Ogr)(x) 0
Ox2
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and, similar to the proof of Theorem 2.2, we get (F + Gr)(di))lxM < 0. For each nonzero
x M, we have fl(V)(x)>=0 and so by (3.3a) and (3.3b) of Lemma 3.1 and (3.7), it
follows that

( 0w )(F+Gr)(dp)(x)=b(a-’(V(Xl)))f(V)(x)+ F(W)+gr (x)
Ox2

<=b(llXall)f(V)(x)+ F(W)+gr (x)<0.
Ox2

We conclude that for each x R"\{0} with G()(x)--0 it follows that F(di))(x)<0,
and so (1.5) is fulfilled for every nonzero x e R". Finally, we show that is uniformly
unbounded on R Indeed, consider a sequence {x. (xa., x2.) R } with Ilx. +o0.

Suppose first that [[xa.ll +. Then since V is uniformly unbounded on R" and the
map r-b(a-(r)), rR+ is strictly increasing, it follows that for every sufficiently
large index k there is an integer no> k such that

V(x,,)
Q(x,.) Q(X,k)+ b(a-’(r)) dr

aV(xk)

>- fZ(x,k)+(V(x,.)- V(x,,))b(a-’(V(xa))), Vn> no.

Therefore V(x.) - +o0 as n +o0 and so

(3.8) (x,) 9(x,,) + W(x,) --> +c.

Assume now that {x,} is bounded. Then IIx=ll-,/ and, consequently,

(3.9) d(x,, M6)--> +.

Condition (3.9) in conjunction with (3.1) implies (3.8), and so is uniformly
unbounded on R’. The result is that is a global clf. The same procedure as above
shows that, in addition, satisfies the small control property, provided that (B)’ is
fulfilled. I-1

If the smoothness requirements are relaxed, we can provide an explicit formula
for the stabilizing feedback laws for the case of Theorems 2.2 and 3.2. Indeed, suppose
that condition (B) is satisfied. Then, according to Sontag’s theorem in [17] and our
previous Theorem 3.2, the following feedback law

where

and

0, for x=0,
k(x)

-o(a(x), b(xllb(x),

for b =0]d a <0,
o-(a, b) a+/a2+ii-{)i

ilbi otherwise

defa F() =f,("’) + F(W),

b de__.f a((i)) --_0W
0X2

g
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is continuous on Rn\{0} and globally asymptotically stabilizes (1.3) at the origin.
Furthermore, the map w- k(. )w minimizes the quadratic cost

I (w)-(t)+ Ilu(t)l] 2) dt

subject to the following one-dimensional system parameterized by x e R n:
if,= {F()(x)}w+{G()(x)}u, we R.

An immediate consequence of Theorems 2.4 and 3.2 is the following proposition.
PROPOSITION 3.3 (see [25]). Suppose that O e R", is globally asymptotically stable

with respect to (1.6) and that one of the following assumptions holds:
(i) There exists a positive definite realfunction W: R R that satisfies (2.1), (2.2),

(3.1), and, furthermore,

(3.10) g (x)0, VxM;

(ii) ere exists a Lipsckitz continuous map p R" R suck that M+ is globally
asymptotically stable with respect to Gp)(x).

en system (1.3) is globally asymptotically stabilizable.
Remark 3.4. Suppose that n2 l, there exists a continuously differentiable function

:R", R" such that 0e R is globally asymptotically stable with respect to (1.6),
and detg(x)0 for every x eR. Then condition (3.10) holds with W(x)=
kltx - 6(x,)ll

Another interesting consequence of Theorem 3.2 is the following result.
THEOREM 3.5. Assume that there exist a uniformly unbounded and continuously

differentiable function V: R "l R+ for (1.6), a continuous map :R"l R, a strictly
increasing continuous function c R+ R+ with c(O)=0, and a positive constant K suck
that

(3.11) DV(x,)f(x,,

(3.12) I]DV(xl)l] <-_ Kllx, Vx, e R n,.

Furthermore, assume that there exist a continuously differentiable function W" Rn R
satisfying (2.1), (2.2), and (3.1), and a strictly increasing continuousfunction d" R+ --> R+

such that the following holds"

(3.13) g (x)=0, x M+F(W)(x)<-d(llx2-4)(x)ll).

Suppose also that there is a positive constant such that for any sufficiently large x
with ((0 W/Ox2)g)(x)=0 it holds that

(3.14) c(llxll)d(llx=- )(X1)II) IIIXIIIZllx2 (])(Xl) 2.
Finally, assume that the map Of/Ox2 exists and there is a constant M > 0 satisfying

VxeR n.
022

Then system (1.3) satisfies condition (B), and so it admits a global clf.
Proof We first show that there exists a constant qo > 0 such that for every nonzero

x M+ with ((0 W/Ox2)g)(x) =0 there is a positive constant q > 0(q > qo, respectively,
for sufficiently large x) such that

(3.16) qf (V)(x) < d(llx2-
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Note that because of (3.11), (3.12), and (3.15) we have

fl(V)(x) <= OV(Xl)fl(Xl, ff)(xl))-Jr IIDV(x)I] Ilfl(xl, (xl)) fl(xl, x2))ll

Therefore it suffices to show that for any x M+ with ((0 W/Ox2)g)(x)=0 there is a
constant q > 0 (q > qo, for sufficiently large x) such that

(3.17) q(c(llx, ll)- gMllxll Ilx2-c(Xl)l])+1/2d(llx2-ch(Xl)ll)>o.
For x 0 such that Xl 0, the previous inequality holds for any positive q. Consider
now the case where Xl 0, x M with ((0 W/Ox)g)(x)= 0. Then (3.17) is equivalent
to

ql[xll[2C([lXl! 1
qgMllxl] IIx- 4(x)[I + Ilx2- 4(x,)[I

IIx2- 4(x,)ll
The latter is fulfilled, provided that q satisfies the following inequality:

(3.18) 2K_ZM_2 c(llx, ll) d(llx2- > q > 0o
]]Xl 112 ]IX2-- (Xl) 112

In particular, by (3.14), for each sufficiently large x, condition (3.17) holds, provided
that q satisfies (3.18) and, in addition, q > qo %r K-2M-21. Using (3.13) and (3.16), it
follows that for any x M6 with ((0 W/Ox2)g)(x)=0, it holds that

F(W)(x) < -d(llx2- ((11)1[) min {-qfl( V)(x), O}

for some q > O(q > qo, respectively, for sufficiently large x). Therefore condition (B)
is fulfilled, and the proof is completed.

4. Global exponential stabilization. In this section we provide a sufficient condition
for the existence of a global clf guaranteeing global exponential stabilizability for (1.3).
To prove our main result we need the following lemma.

LEMMA 4.1. Let P be a global clffor (1.1), which, in addition, satisfies thefollowing
property. There exists a constant C > 0 such thatfor any nonzero x R with G()(x) O,
it holds that F()(x)<--COb(x). Then for any positive constant C’< C there exists a

feedback law u k(x), which is smooth for x O, such that

(x(t, Xo))<-(xo)e-c’’, k/t>_--0, xoR",
where x( t, Xo) denotes the trajectory of (1.4) of time starting at Xo.

The proof of the previous lemma follows by using similar arguments to those
given in [3] or [24] and is left to the reader.

The following theorem generalizes Theorem 3.6 of Vidyasagar in [27] concerning
the exponential case.

THEOREM 4.2. Suppose that there exists a map ch’R",- R, a continuously
differentiable function V" R "l - R+, and positive constants M, D, O, c, Cl c and K such
that (3.11) is fulfilled with c(s) cs, s >= 0", conditions (3.12) and (3.15) hold’, and,
furthermore,

(4.1) Cl[[Xlll<= V(xl) <-_ cllxlll 2,
(4.2)

Also, assume that there exists a continuously differentiable function W" Rn- R/ and
positive constants d, dl, and d2 such that

(4.3) dlllX2- (Xl)l]2 W(x) <= d2llx- dp(xl)ll 2,
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and (3.13) isfulfilled with d s ds2, s >- O. Thenfor any sufficiently small constant q > 0,
the map

.(4.4) (x) qV(Xl) 4c- W(x)

is a global clf. Moreover, system (1.3) is globally exponentially stabilizable.

Proof Similar to the proof of Theorem 3.5, we get

(4.5) fl( V)(x) <-_ -cllxlll
and let q be a strictly positive constant satisfying K-2M-2cd > q. Then we can easily
justify that

d qc
(4.6)

and therefore by (3.13), (4.1), and (4.3)-(4.6), it follows that for any nonzero x with
G()(x) ((0 W/Ox2)g)(x) 0, we have

F()(x) qfl( V)(x) + F(W)(x)

<--( II/=-4,(1)11 = qc )--IIxll
(4.7)

qe d

< q__f_c V(xl)-
d

-2c W(x)<-_ -c,(o),

where

{cC =min
2C2 22

Since is positive definite, the previous inequality asserts that is a global clf.
Furthermore, by (4.7) and Lemma 4.1, for any positive C’< C there exists a feedback
law u= k(x), which is smooth for x C0, such that 0 R is globally exponentially
stable with respect to (1.4) and, in addition,

(4.8) Cb(x( t, Xo)) <-_ cb(Xo) e-c’’,
Therefore by (4.1), (4.3), and (4.8) we get

qCl Xl t, Xo)II = / d, x2( t, Xo) 6 (x, t, Xo)) 112 <= (I(Xo) e -c’’,
and so

k/t>_--0,

\ qc / T

dl ]
exp --T + 116(x(t, Xo))ll.

The latter, in conjunction with (4.9a) and assumption (4.2), gives

(*(Xo)l/2 ( Ct )(4.10) Ilxz(t, xo)
d ]

exp - +D exp
k qc /

for any t0 and Xo R". Hence, by (4.9b) and (4.10), it follows that the origin 0
is globally exponentially stable with respect to (1.3).
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Remark 4.3. Note that Theorem 4.2 is a special case of Theorem 3.5. In particular,
the assumptions of Theorem 4.2 imply (3.14) with cd. Note also that conditions
(3.11) with c(s)=cs2, s>=O, (3.12), as well as (4.1), are fulfilled, if we assume that
0 R", is globally exponentially stable with respect to (1.6), the map Xl-f(xl, 4(Xl))
is continuously ditterentiable, and its derivative is uniformly bounded on R",. (See,
for instance, [10].)

Finally, we provide a sufficient condition for the existence of the function W
satisfying (3.13) with d(s)=ds2, s>=O, and inequality (4.3).

PROPOSITION 4.4. Suppose that the mappings F, G, and 4) are continuously differenti-
able and there exist continuously differentiable mappings Po" R" R+ and p" R"- R
such that Po is nonnegative definite and is uniformly bounded on R" and, furthermore,
the set M4 {x R"’x2 4(Xl)} is globally exponentially stable with respect to the
resulting system (2.1 6). In particular, assume that there exist constants a > 0 and > 0
such that

IIx2(t, Xo)-4(x,(t, Xo))ll<-o exp(-t)llXo-Ch(Xo,)ll, VxoER", tO,

where x( t, Xo) denotes the trajectory of (2.16). Finally, assume that there exists a constant
C > 0 such that

Then there exists a continuously differentiable real mapping W" R"- R+ and positive
constants d, dl, and d satisfying inequalities (3.13) with d(s)= ds2, s>=O, and (4.3).

Outline of the proof Using standard argument (see, for instance, [10, p. 274]), it
can be easily shown that there exist positive constants T, dl, and d2 such that the map

W(xo) IIx_(t, Xo)-(x(,Xo))ll dt, xoR"

is continuously diiterentiable on R" and satisfies (4.3). Furthermore, there is a constant
d > 0 such that

(poF + Gp)( W(x)) <- -dllx2

Then, similar to Theorem 2.4, the latter inequality implies (3.13), and the proof is
completed. []

5. Numerical examples. Next, we illustrate the nature of the theory we developed
by three numerical examples. In particular, Examples 5.1 and 5.3 have been carefully
devised to provide further insight into Theorems 2.2. and 4.2 and, in addition, to show
that our method is applicable to cases not covered by the work of Vidyasagar [27].
Example 5.2 shows the applicability of Theorem 3.2 for global stabilization.

Example 5.1. Consider system (1.3) with xl wl R, X2 (1’122, W3)’ R2, f(x)
w+w w3+w2),andg(x) (0, 2,W31W2 (Wl W)3 + w, f2(x) w3). Let 4(x)=

(wl/3, 0)’. Then 4 is continuous (it fails to be continuously ditterentiable at zero) and
11/3the origin 0 R is asymptotically stable with respect to x =f(x, ch(x))=-x We

define W(x)=1/2((w,-w)2+w) and M={xR3"
x2= 4(xl)}. Then for any xM+

with ((OW/Ox2)g)(x)= w33=0, it follows that w3=0, w32 w, and so F(W)lw3=o
-(w- w3)4< 0. Hence the system satisfies (A1) and (A2) and, according to Theorem
2.2, is asymptotically stabilizable by means of a feedback law that is smooth for x 0
near zero. Note that the linearization (A, b)= (DF(O), G(0)) of the system at zero is
completely uncontrollable, equivalently b =0, and the matrix A contains a strictly
positive eigenvalue. Hence the system cannot be asymptotically stabilized by means
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of a feedback law, which is continuously differentiable near zero. Furthermore, there
is not any feedback stabilizer u k(x) that is continuous (or even bounded) near zero.
Indeed, otherwise from the third equation if3 w3(1 + w3k(x))+w2 of the resulting
closed-loop system, we can easily justify that there would exist a constant c > 0 such
that w3(t, Xo)_-> c for any sufficiently small initial state Xo with w3(0)> 0 and time t, a
contradiction.

Example 5.2. Consider system (1.3) with xl w1C R, X2 (1422, W3) R2, fl(X)
wa+wlcr(w2, w3), f2(x) 2 w w3)’, and g (0, 1)’. Moreover, assume that--W2Wl

r is Lipschitz continuous and satisfies

1
(5.1) r(0,0)=0 and lim w>0.

Iw21-,/ or( W2, 0)

Let 4(xl)=(0,0) M4,={xR3"x2 4(x)}, W(x) (w+w), and V(x) =1 2
W

Then we can easily check that the system satisfies condition (B) and so, according to
Theorem 3.2, it is globally asymptotically stabilizable. In particular, for any x M6
with ((0 W/Ox2)g)(x 0, we get W 0, (Wl,! Wt2)t O, F(W)(x) _w2w142 w, and so
by (5.1) there is a constant qo>0 such that (3.2) is satisfied for some q>0 (q> qo,
for sufficiently large x).

Example 5.3. Finally, consider system (1.3) with xl w R, xe (w2, w3)’ Re,
f(x)=-w+w3 we+w3, fe(x)=((w3-we)(l+3w)-3w3, w3)’, and g(x)=(0, w).

30)t M4,= {x6 R 32__ (D(X1)}, W(x)=1/2((w2_w31)2+ w),and V(Xl)=Letb(x)=(wl,
x. Then zero 0c R is globally asymptotically stable with respect to 9 =f(x, ch(x))
-x. In particular,

2(5.2) DV(x,)f(x, 49(xl))=-x.

Furthermore, for any x M, near zero with ((0 W/Oxz)g)(x 0, it follows that w3 0,
w2 Wl3, and therefore

(5.3) F( W)IW3=0, W2W31 --( W2 W) < 0o

Hence the system satisfies (A1) and (A2); therefore it is asymptotically stabilizable.
Finally, the functions V, b, and W satisfy conditions (4.1)-(4.3), respectively, and
Of/Ox2 is uniformly bounded, on R3. Therefore, according to (5.2) and (5.3), the
assumptions of Theorem 4.2 are fulfilled with c(s)= d(s)--s2, and so the system is
globally exponentially stabilizable. Note that although b is continuously differentiable,
there is not any Lipschitz continuous map k satisfying (1.7); therefore Vidyasagar’s
approach does not work. Furthermore, similar to the case of Example 5.1, it can be
shown that the system cannot be asymptotically stabilizable by means of a bounded-
near-zero feedback law.
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PARAMETER ESTIMATION FOR DISTRIBUTED EQUATIONS
IN PARAMETER-DEPENDENT STATE SPACES:
APPLICATIONS TO SHAPE IDENTIFICATION*
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Abstract. This paper presents an approximation theory for the problem of estimating parame-

ters that appear in distributed systems. The work is a generalization of the ideas of Banks and Ito,
[Control Theory and Advanced Technology, 46 (1988), pp. 73-90] and is motivated by the need to
consider an important class of estimation problems not treated by current theory, specifically, those
problems in which the underlying state spaces (and consequently the approximating state spaces)
are parameter dependent. Situations of this type frequently arise in applications in which it is of
interest to estimate unknown (domain.) shapes and boundaries, parameters appearing in boundary
conditions, or certain functional coefficients present in "degenerate" partial differential equations.

This paper develops the theoretical ideas behind a parameter-dependent approximation theory,
and illustrates the application of these ideas to domain optimization problems.

Key words, parameter estimation, shape identification, parameter-dependent state spaces
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1. Introduction. The problem of estimating unknown functional parameters
that appear in mathematical models of physical processes is one of continuing the-
oretical interest and wide applicability. In recent years, attention has focused on
solution methods for problems governed by distributed systems, motivated partly by
the continuing interest in the identification of physical parameters associated with
flexible structures (e.g., space structures and antennas), ongoing research in inverse
problems associated with oil recovery and exploration, and work involving the devel-
opment of distributed models for biological systems, to name just a few of the many
applications in this area.

The types of unknown parameters sought in an identification procedure typically
fall into one of two classes: (1) "coefficient-type" parameters, representing quanti-
ties associated with mass, flexibility or stiffness, and various rate parameters; initial
conditions and coefficients appearing in simple boundary conditions are also impor-
tant examples of this class; and (2) "domain-type" parameters, such as the shape
of the underlying domain or. the boundary of the domain (see [4], [10], [11], [14],
[16], [24] and numerous articles in [12], [15], [27]), locations of interfaces lying within
the domain [1.3], [17], [18], [20], or unknown quantities appearing in more complex
boundary conditions. The distinction between these two classes of parameters from
a mathematical point of view is that, in the latter, the parameters typically become
part of the definition of the state space associated with the solution of the model
equations; this is less often the case in the former. It is interesting to note, however,
that "coefficient-type" parameters can lead to a situation in which the construction of
parameter-dependent state spaces is unavoidable, as is true, for example, .in problems
where unknown functional coefficients are known to "degenerate" (for details, see [19],
[21]).
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Banks and Ito [3] have established a unified theory for the approximation of
"coefficient-type" parameters that appear in a wide class of first- and second-order
linear distributed systems, a development based on state spaces that do not depend
on unknown parameters. For the first-order case, they address the general problem
of estimating the unknown parameter q in the abstract equation

(1.1) (t) A(q)u(t) + F(t; q), t e (0, T),
(1.2) u(0) u0(q),

defined in a Hilbert space H. The parameter q is assumed to belong to a parameter
set Q, while for each q E Q, A(q) generates an analytic semigroup on H. To determine
the unknown q, it is assumed that observations fii E H are available for u(ti, q), and
that the method of determining the parameter is a matter of finding Q that
minimizes the least squares fit-to-data criterion

(1.3) J(q) lu(ti, q) til 2H"

A theoretically sound approximation/estimation theory may be found in [3] for the
estimation of an optimal q for this problem. Extensions of this theory to nonlinear
systems have subsequently been studied by Banks, Reich, and Rosen in [7], [8]. These
papers, along with [3], are noteworthy for their general applicability to a large number
of inverse problems that have appeared in the literature, and for the ease with which
we may verify the (minimal) assumptions required for each of the theories to be valid.
Additionally, the theory allows for the use of a higher-order norm in the definition of
J in (1.3) (specifically, I1" IIy, where V is a subspace of H, dense and continuously
imbedded in H) and a relaxation of the usual constraints on the space in which
parameters are defined (i.e., the space must still be compact, but generally in a
weaker topology than is usually stipulated to prove convergence); this is done without
imposing further regularity on solutions of the distributed system [3].

In the present work, we consider a further generalization of the framework devel-
oped by Banks and Ito to treat those problems in which the underlying state spaces
(and very often the approximating state spaces) are parameter dependent. In doing
so, we are able to extend the basic theory’s applicability and ease of implementation
to a large class of estimation problems where unknown parameters may be of both
"coefficient" type (parameters q, in a parameter set Q) and "boundary" type (param-
eters p, in a parameter set :P). The estimation problem of interest is to determine the
unknown parameter vector (p, q) :P Q that appears in the abstract equation

(1.4) /t(t) A(p, q)u(t) + F(t; p, q), t e (0, T),
(1.5) u(0) uo(p, q),

which is now defined in a parameter-dependent Hilbert space H(p) The correspond-
ing parameter estimation problem, and the associated optimal parameters (, )
P Q, may be defined using a least squares fit-to-data criterion similar to (1.3). In
the subsequent sections, we make precise definitions for this problem and for associ-
ated approximating problems, and develop a corresponding convergence theory.

The outline of our exposition is as follows. We begin in 2 by presenting an
application of domain shape estimation, which motivates our work. We also generalize
this example to the overall problem of estimation, in parameter-dependent state space
problems, and indicate the steps that need to be taken to develop our approximation
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and convergence theory. In 3 and 4 we present the definitions and assumptions that
form the basis for the theoretical development, and develop separately the theory for
first-order and second-order problems. Finally, in 5, we return to the domain shape
estimation problem and apply the ideas of the previous sections. Notation throughout
is standard. We use the notation L2(), Hl(gt), H(t), to designate the standard
Sobolev spaces on t C Rn (see, for example, [1]), and (X, Y) to denote the space
of bounded linear operators defined on X with range in Y.

2. Estimation problems with parameter-dependent state spaces. In this
section, we present an application to domain shape estimation, which serves to mo-
tivate our work. Additionally, we generalize the basic parameter-independent and
parameter-dependent spaces and operators that occur naturally in this example, and
indicate the steps needed to develop an estimation/approximation theory.

2.1. Applications to domain shape estimation. We present an example
where the unknown parameter is the domain itself, or significant features of the do-
main, such as interfaces or boundary parameters. Such problems have been considered
by numerous authors, for example [4], [17], [18], [20], which are special cases of the
example given here. We note that the ideas presented by these authors involve approx-
imation schemes that are equivalent to those presented here, but that the underlying
theoretical approaches differ significantly from the framework that is considered in this
paper. That is, both in these papers and in the construction taken in the example
below, a parameter-dependent coordinate transformation is introduced that facilitates
the representation of the unknown (parameter-dependent) domain as the range of a
(nonparametrized) fixed domain. The difference, however, between our theoretical ap-
proach and that taken elsewhere is quickly seen when we look at the steps taken in [4],
[17], [18], [20] to verify convergence of the resulting schemes. Specifically, in each of
these references, a convergence theory is developed for the transformed problem, i.e.,
for the abstract equation after it has been transformed via the change of coordinates
to a (much more complicated) equation on the nonparametrized reference domain.
Thus, convergence is obtained only after a coupling between the original dynamical
equation and the coordinate transformation has been made. For example, in [4] the
authors develop a convergence theory for a specific domain estimation problem by
directly verifying the assumptions given by Banks and Ito in [3] for the transformed
equations (because the theory in [3] is only valid on fixed domain problems); not only
are the assumptions not easily verified, but the calculations involved clearly depend
on the particular coordinate transformation selected.

One clear advantage then of the theory presented in this paper is that we are able
to separate the examination of the basic properties of the original abstract evolution
equations (1.4), (1.5) from a study of the coordinate transformation and its associated
regularity properties. We present here an example that illustrates this point.

We let denote a given (fixed) bounded domain in :n and consider the problem
of estimating an unknown domain p, where -p is a subset of . Assuming that
observations are given at times t in the observation space Hl(gt), and that
denotes the restriction of fii to p, our goal will be to determine a parameter q and
a domain p minimizing

(2.1)

over all possible q, q (hi,j, i,j 1,...,n; aj, j 1,...,n; a0) E Q, and all
possible choices of tp (i.e., all p E :P, where p is used to parametrize gtp); the sets :P
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and Q will be characterized shortly. In (2.1), the state variable u(.; p, q) satisfies the
model equations

(2.2)
Ou n

0-- E Oj(aijOiu) + EajOu + aou + f(t) on ap, t e (0, T),
i,j=l j=l

(2.3) u(O) rio on

as well as homogeneous boundary conditions of either Dirichlet or Neumann type.
Here 0i denotes the partial differentiation operator, with respect to the ith spatial
variable.

Such an estimation problem occurs in many applications, for example, the many
optimal shape design problems for engines, ships, and airplanes given in [24]. To con-
sider a specific example, Banks and Kojima [4] consider the problem of the detection
and characterization of large structural flaws (not observable in visual inspections)
occurring in aerospace structures. The flaw, when it occurs, is assumed to alter the
usual shape of a specific layer within layered composite media. The physical esti-
mation problem involves applying a heat source to the material, and collecting heat
measurements that are the result of heat conduction through the layered media; these
measurements are then used to determine the true values of thermal diffusivity pa-
rameters for the material. The definition of the diffusivity parameters, and of the
corresponding parabolic equations for heat conduction, depend on the (unknown)
shape of the layer in question. Thus, through measurements of heat on the boundary
of a larger, fixed domain (the domain determined by the overall shape of the object
being tested), we desire to estimate the shape of an internal region that is not directly
available to visual inspection. The problem we consider here is of the form considered
in [4]; although we do not directly address the use of boundary measurements, there
is no difficulty in using such observations, provided the domain of interest is modeled
in ]R or ]R2.

We next prescribe conditions on the parameter sets P and Q. For now, we will
assume that the parameter set Q for q is such that that all coefficients are given in

L() and that, for some c > 0, each q E Q satisfies

n

Re >_ c I  12, (1,’’" ,n)E (n,
i,j=l j=l

xFt.

In general, for domain shape estimation problems, the parameter set 7) consists of
parameters p appearing in some a priori parameterization of the curved boundary
of tp, a representation dependent on the particular geometry and application being
considered; it will not be important here to know precisely how p is defined using p;
rather, it suffices to assume that the relationship between -p and p P is such that
the following two conditions are satisfied:

1. For each p P, the boundary of "p satisfies a strong local Lipschitz condi-
tion [1].

2. The topology on :P is defined so that the following property holds: for any
> 0, there exists 5 > 0 such that, given arbitrary p, i5 P satisfying dp(, p) < 5, we

have

/n df <



898 PATRICIA K. LAMM

where T(gtp, t) (gtp Ugt) \ (gtpCfl) and dp is the metric on/). Roughly speaking,
then, if dp(, p) O, the regions tip and t "nearly overlap."

Finally, for reasons that will be given in later sections, we assume that T’ and
are compact in their corresponding topologies.

The goal then is to determine an "optimal" (, ) minimizing J, in (2.1) over
:P Q, where u(.;p,q) in (2.1) satisfies (2.2), (2.3). Our general approach will be
to define a cost functional JtN approximating J,, where JtN is associated with finite-
dimensional equations approximating (2.2), (2.3); it is then possible to minimize JtN
over an "approximate" space :pm m for a solution (N,m,-N,m) that approximates
(, ) in some sense.

2.2. Generalization of the shape estimation problem. Before turning to
a theory for parameter-dependent state spaces, it is worthwhile to first restate the
domain shape estimation problem in terms of general operators and spaces.

First, we are given parameter sets :P, , where, in general, we assume that :P c/),
c , where 75 and are metric spaces, and that 7), are compact in their

respective topologies.
Second, for the domain estimation problem we made the assumption that the

unknown domain p was known to be contained in a fixed region fl (given a priori);
such an assumption immediately defines both parameter-dependent and parameter-
independent spaces. The need for both types of spaces is dictated by the fact that ob-
servations i are given on the larger domain, while state variables satisfying (2.2), (2.3)
are defined on the smaller p-dependent domain. The parameter-independent state and
observation spaces, and corresponding parameter-dependent state/observation spaces
are given as follows:

We define the nilbert spaces (H, (., .), I" I) and (V, (.,-), I1" II), Y a
subspace of H, where H denotes a (fixed) state space and V denotes a (fixed,
typically more regular) observation space. For the application considered
here, H- L2(gt) and Y _= Hl(fl).
We define parameter-dependent state spaces (H(p) (., .)p I" Ip ), and obser-
vation spaces, (Y(p), (., .)p, I1" lip), where H(p), V(p) are Hilbert spaces,
Y(p) c H(p); for our example, H(p) and Y(p) are the p-dependent ana-
logues of H and V, H(p) =_ n2(flp), and V(p) =- Hi(tip).

Because the least squares fit-to-data criterion J, makes a comparison between
model state variables with domain p and observations given on t (via restriction
of observations to the smaller domain), a mapping between parameter-independent
and parameter-dependent spaces is naturally given in this matching. That is, we may
define the "data truncation map" r, (p), where

rt (P)" H - H(p), v
and rewrite the fit-to-data criterion (2.1) as

(2.4) Jr(P, q)

We note that the truncation map rt(p) is defined according to the particular appli-
cation; i.e., this particular map defines how observations that are given on V are to
be properly viewed as elements in V(p) for each p E P. For the domain estimation
problem considered here, 7rt(p)- X(P).

Remark 2.1. Corresponding to the "truncation" map, we may often define its
corresponding right inverse, or a natural "extension" map. This is easily done for the
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domain estimation problem; indeed, the fact that 12p satisfies a strong local Lipschitz
property guarantees the existence of a map re(p) e (H(p), H)N(V(p), V) with the
property that, for any u e H(p)= L2(fp), re(p)u(x) u(x), almost all x in fp [1].
Using re instead of zrt, we could have also defined, in contrast to the original least
squares functional Jt in (2.4), an alternate fit-to-data criterion Je

Je(P, q) IIr(p)u(t; p, q)

depending on whether it makes more sense (in the context of the application) to "trun-
cate" data or to "extend" solu.tions to accomplish the matching. For the purposes of
the domain estimation example, we will only consider Jr.

Regardless of whether the original Jt or the alternate J is used to define the
parameter estimation problem, the notion of "data truncation" or "data extension"
maps will not be needed in the theoretical development to follow in later sections;
rather, we use the notion of a combined "data space-changing map,"

r(ih, p) H(p) -- H(), r(ih, p): V(p)-- V(),

where, clearly, for the example at hand, r(15, p) 7rt()r(p), zr(ih, p) e (H(p) H())N

Writing F(-;p) 7r,(p)f(.) and uo(p) 7r,(p)fi0, the parabolic equations (2.2),
(2.3) for the shape estimation problem may be written as a special case of the abstract
equations

(2.5) (t) A(p, q)u(t) + F(t; p, q), t e (0, T),
(2.6) u(0) uo(p, q),

in the Hilbert space H(p). The linear operator A(p, q) appearing in (2.5), (2.6) is
given uniquely by the sesquilinear form a(p, q), where

(2.7)

for all u, v e Vo(p), where Vo(p) =- H(12p) for Dirichlet boundary conditions and
Vo(p) =- Hl(gp) for Neumann boundary conditions; that is, for the general case we
are given, for all (p, q) E P , a Hilbert space V0(p), Vo(p) a closed subspace of
V(p), as well as a sesquilinear form

a(p, q): V0(p) x Vo(p)--*

and a corresponding operator A(p, q), where

domA(p,q) {uo e Vo(p)[ I(p,q)(uo, vo)l <_ clvolp, all vo e Vo(p)}

and A(p, q) satisfies

a(p, q)(uo, vo) (-A(p, q)uo, Vo)p

for all u0 dom A(p, q) and vo Vo(p). In addition, corresponding to the new space
Vo(p) in Y(p), we define the parameter-independent analogue V0, V0 C Y Hilbert; for
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the domain estimation problem, V0 is either HI (ft) or H (a) (depending on boundary
conditions in V0 (p)).

Estimation problems associated with distributed system models, such as the do-
main shape estimation problem, typically have parameters (p, q) and the state vari-
able u(.; p, q) belonging to function spaces so that the estimation problem considered
is generally infinite-dimensional in nature. However, if we are able to construct a
discretized approximation for u(ti;p,q), the minimization problem then becomes a
finite-dimensional one (assuming for the moment that P and Q are finite dimen-
sional; see Remark 2.2). The approximation task for the state variable u(t; p, q) will
be accomplished here and in the sections that follow through the definition of Galerkin
approximations uN (t; p, q) in fir/ite-dimensional subspaces HN(p) of H(p) that is, for
each p e 7, HN(p) C_ Vo(p), and UN (’; p, q) satisfies

(2.8) Y(t) AN (p, q)uN (t) + pN(p)F(t; p, q), t e (0, T),
(2.9) uN (0) pg(p)uo(p, q).

Here AN (p, q) is the operator defined by the restriction of a(p, q) to HN (p) x Hg (p),
and pN(p): H - HN(R) is the orthogonal projection. The finite-dimensional esti-
mation problem then becomes that of determining (N, N), which minimizes one of
the two approximate cost functionals, JtN (p, q) or jN (p, q), over P x Q,

(2.10)

(2.11)

jN (p, q) E IluN (ti; p, q)

jN (p, q) E IIc(p)uN (ti; p, q) i]] 2.

The construction of approximating equations (2.8), (2.9), and approximating least
squares functionals (2.10) or (2.11) is standard, once the approximating spaces UN (p)
have been defined. What is important to note is that, for many examples of the type
considered here, it is desirable to build into the approximating spaces a natural de-
pendence on the unknown parameter p. For example, approximation spaces that lead
to particularly efficient computation schemes (see [4], [17], [18], [20] for a discussion
of implementation) are given via the following:

Define a family HN of fixed finite-dimensional approximation spaces, HN C
V0, associated with the fixed state space H; for example, a family of spline-
based approximations may be used, so long as the order of splines is such that
elements are of sufficient smoothness and satisfy needed boundary conditions.
(See, for example, [3], [4], [6] and 5. Complete conditions on approximation
spaces are given in the next section.)
Define finite-dimensional parameter-dependent spaces HN(p) by UN(p) =_

/t(p)HN, where /t(P) is a smooth mapping (typically, a coordinate transfor-
mation) from V0 to Vo(p).

We consider the definition of t (p) for a general parameter-dependent state-space
problem. Although such a map will typically be an isomorphism between parameter-
independent and parameter-dependent spaces, t(p) need not be invertible and is
defined solely to implement approximation and to effectively move from one space
to another. We note that these maps (to be henceforth called "theoretical space-
changing maps") differ from the previously defined "data space-changing maps" both
in definition and in use.
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For the domain shape estimation example, the "theoretical" space-changing maps
/t(P) and "e(P) are defined by first prescribing a one-to-one onto coordinate trans-
formation (p) ft -- Ftp, whose inverse will be denoted by b(p) _= ((p))-1. This
transformation is assumed to be 1-smooth [1] (i.e., for 1,...,n, yi i(p)(x)
and x (p)(y) satisfy e C1(), e Cl(p), det((p)’(x))> kl > 0, p e 79,
x E Ft) and, in the case of Dirichlet boundary conditions, we further require that
(p) OFt -- OFtp as an onto map. Not surprisingly, it will later be important that we
also require that the coordinate transformations vary continuously with p and thus
assume that for arbitrary e > 0, there exists 5 (e) such that for any p,/5 E :P with
dp(, p) < 5 we have

I(P) (/5)lw&() < e

for i 1,.-. n. (We note that this assumption, coupled with the compactness of 79,
guarantees uniform boundedness of the Jacobian for the transformation; i.e., there
exist positive constants kl, K, such that for all p 79 we have kl < det((p))’(x) <
K, almost all x ft.) Using the coordinate transformation map, we then define for
the domain shape estimation example a "theoretical truncation map" /t(P) by

u e L2(f)

and a "theoretical extension map" by 7c(p) --- ")’t(p)-; approximating spaces are then
defined for this example from HN using 7t(P), as already indicated.

Under the continuous dependence with respect to parameters of u0(p, q), F(.; p, q),
the steps by which we may argue (a) the existence of a minimizer (g,N) for JtN,
(jg), (b)the existence of a "true" (optimal)parameter (,), and (c) the sense
in which (Y,-y) approximates (p, ), are by now standard (see, for example, [2]).
An approximation/convergence theory is obtained once we illustrate the continuous
dependence of the maps (p, q) -- JtM (p, q) (or (p, q) --. JeM (p, q)) for every M, and the
convergence JtN (pN, qg)

__
Jr(P, q) (or JeN (pN, qN) ._ Je(P, q)) whenever (pY, qN) _.

(p, q). Using the ideas indicated in Remark 2.3 below, these two results may be
established by taking the following steps:

1. Establish the continuous dependence, for each t, of uM(t; p, q) HM(p) on

(p,q): For each fixed M 1, 2,..- and arbitrary (pN, qN) (p, q) p Q,

(2.12) 1lTr(pN, p)uM (t; p, q) uM(t;pN, qN)llp - 0, aS N -- oc.

2. Establish state variable convergence: For arbitrary (pN, qN) (p, q) e 79 Q,

(2.13) 117r(pN, p)u(t;p,q) uN(t;pN, qN)[[p

In the sections that follow, we will state the assumptions required to verify steps
1 and 2 above for parameter estimation problems when state spaces are parameter
dependent. There we will clearly define what is meant by approximating equations and
approximate estimation problems; furthermore, conditions will be given on spaces H,
V, V0, H(p), V(p), Vo(p), HN(p), and maps a(p, q), 7r(p,), 9It(P), and %(p), which
ensure that a combined approximation/estimation theory holds. Not surprisingly,
many of these conditions will involve a type of "continuous dependence with respect
to parameters" of these spaces and operators.

Remark 2.2. Unless the parameter sets 79 and Q are already discrete, the mini-
mization of Jtg (jN) over P Q remains an infinite-dimensionM problem. It is not
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difficult to define a fully discrete problem for this situation, as numerous authors
have done (see for example, [6]); we summarize here the basic requirements of such
a construction using the steps outlined in [7]. For each m 1, 2,..., we define maps

I :P C_ 7) --. p, I C_ Q --. Q, which satisfy the conditions (i) I, I are
continuous, (ii) the ranges of I, I are finite-dimensional, and (iii) I(p) --. p,
I(q) --. q as m - c at rates uniform in (p, q) E :P Q. It follows from the com-
pactness of :P and Q that P’ Qm =_ I(P) I(Q) is compact, so that (using the
results in step 1 above) a solution (g,m,-N,m) exists for the problem of minimizing
jtN (jN) over :P’ Qm; we note that this minimization is now a fully discrete prob-
lem for which standard iterative search techniques may be used. Furthermore, the
convergence established in step 2 may be used to argue (subsequential) convergence
of the iterates (N,m,-N,m) to an optimal parameter (, ) minimizing Jt (Je) over
pxC.

Remark 2.3. We briefly illustrate here how the verification of step 2 above leads
to a statement of the convergence JtN (pN, qN) __. Jt (P, q) (jN (pN, qN) __. Je (P, q))
whenever (pg, aN) __. (p, q). (Similar arguments may be made to demonstrate how
step 1 above leads to a statement of continuous dependence of JtM (p, q), or JeM (p, q),
on (p, q).) Additional assumptions are required, depending on whether Jt or Je is
used; we indicate each assumption here, as it is introduced.

For a theory using Jt as the data-fitting functional, we assume that rt(p)r(p) is
the identity map and apply the triangle inequality to obtain

An additional assumption must be made here, namely that of continuity of the map
p --, 117rt(p)vllp: "P --, I:t for arbitrary v E V. This is easily seen to hold for the example
of domain shape estimation problems (see 5). Using this assumption, it follows that
the first term after the above inequality converges to zero as N-, cx), while the
second term is bounded above by IIr(pN,p)u(ti;p, q) uN(ti;pN, qN)llpN. It is
the convergence of this last expression that is the subject of step 2, above.

If, instead, the "extension" form J of the cost functional is used, we observe that

Under the (reasonable) assumption that the first term in the last expression converges
to zero as N --* c, and the condition that 7re(pN) is uniformly bounded (in the
operator norm) for all N, we again see that the convergence JeN(pN, qN) --* Je(P,q)
is assured if step 2 above has been verified.

3. An approximation framework for first order problems. Let V0, V, and
H be (nonparameter-dependent) Hilbert spaces with V0 c_ V c_ H, where it is assumed
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that V0 is dense and continuously imbedded in H, and V0 is a closed (not necessarily
proper) subspace of V. As is discussed in the previous section, we let 79 and Q be
compact in given metric spaces (P, dp) and (Q, dq), respectively, and for each p e 79,
let Vo(p), Y(p), and H(p) denote Hilbert spaces where the containment

Vo(p) C_ V(p) c_ H(p)

is exactly as it is for the nonparametrized spaces, and (as for those spaces) Vo(p) is
dense and continuously imbedded in H(p) and forms a closed subspace of Y(p).

We let land I1" represent the norms for H and V, respectively, while

I1" lip ((’, "}p (’, ")p) will be used to denote the norms (inner products) for H(p) and
V(p), respectively. In addition, we use the designation (X, Y) to represent the space
of bounded linear operators that are defined on the normed linear space X and have
range in Y.

We make the following standing hypotheses.
Hypothesis 1 (Assumptions about spaces).
(a) Uniform (in p) norm constants: There exists k > 0 such that for every p

and all v e Y(p), IVlp

_
(b) "Theoretical" space-changing map ": For each p, i5 79, we define ’(15, p)

/t()%(P), where we assume that ")’t and -ye satisfy the following conditions.
(i) (Theoretical) "Truncation" map 9It" The map "t(P) e .(H,H(p) is such

that "t (P) restricted to Y belongs to (V, Y(p)), "t (P) V0 --* V0 (p). In addition,
there exists K > 0 such that for any p P,

119/t(p)vllp < KIIvll, v e V,
I/t(p)Zlp < Klzl, z e H.

(ii) (Theoretical) "extension" map %" The map %(p) e .(H(p),H) is such
that -y(p) restricted to V(p) belongs to .(Y(p), V). Furthermore, there exists g > 0
such that for any p 79,

II’y(p)vll < KIIvllp,
z e H(p).

(iii) Continuity properties of theoretical maps /t and /" There exists C T’
:P l+ with the property that C.(p,) < e whenever dp(p,) < 5 di(e), and, for
any p, i5 :P and arbitrary v E V,

(3.1) II(t(Z3) t()%(P)/t (P))Vll < C/ (p, )llvll.

(iv) Composite map preserves Vo spaces: For every p,/5 79, 7(/5,p) Vo(p) --yo(p).
(v) Composite map as identity: For every p :P, ,(p, p) I, the identity on

H(p)
(c) "Data" space-changing map 7r: For each p,15 79, there exists 7r(/5,p)

(H(p) ,H()) such that 7r(ih, p) restricted to V(p) is in (V(p),V()). In addi-
tion, given e > 0, p E 79, and vo Vo(p), there exists 5 5(e,p, v0) > 0 such that for
any i5 79 satisfying dp(, p) < 5, we have

II((,p)- ’(/5,p))vol[ < .
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(d) Continuity (in p) of H(p) inner product: For each p E 7), there exists a map
Cp 79 1+, which is continuous at p and is defined such that for any 15 E :P, we
have

for any x, z H.
Remark 3.1. The condition of uniform norm constants in (a) of Hypothesis 1

occurs automatically if the spaces H(p) and Y(p) are defined as the range under
7t(P) of H and V, respectively, provided that It(P) is an isomorphism with inverse
uniformly bounded in the (Y(p), V) operator norm.

Remark 3.2. If V0(ib) Y(ib), then r(15, p)vo need only belong to Y(ib), and not
to V0(ib). Thus, (c) of Hypothesis 1 guarantees that, if we start from v0 V0(p), then
for 15 close to p, the distance from r(15, p)vo to V0(ib) will be small. Using density of
Vo(p) in H(p) ,we may also obtain from this a similar result for I(r(ib, p)- 3,(ib, p))zl
given arbitrary z in H(p)

For (p, q) 7) x Q given, let a(p, q) Vo(p) Vo(p) - (T denote a sesquilinear
form that satisfies the following assumptions.

Hypothesis 2 (Assumptions about sesquilinear form a(p, q)).
(a) Continuity in parameters.

(i) Continuity in p: For any q Q and p E P, there exists a map Cp,q 79 - :t+
that is continuous at p and is defined such that for every i5 P,

a(15, q)( 3’t (ih)uo, 7t ()vo) a(p, q)( 9It (p)uo, 3’t (p)vo)
_< C ,q( )ll oll

for every u0, v0 V0.
(ii) Uniform (in p) q-continuity: For every q Q, there exists a map Cq" Q -]R+ that is continuous at q and is defined such that for every p P, E Q,

I (p, vo) vo)l _< c (o)lluoll llvoll ,

for every uo, vo Vo(p).
(b) Uniform (in (p,q)) Vo(p)-boundedness: There exists c2 > 0 such that for every

(p,q)Px Q,

la(p, q)(uo, vo)l <  211uollpllvollp,

for every uo, vo Vo(p).
(c) Uniform (in (p,q)) Vo(p)-coercivity: There exists Cl > 0 and some A0 e l=t

such that for every (p, q) E 7) Q and all v0 V0(p),

Re a(p, q)(vo, vo) +  olvolp2 _> ClllVollp2,

It is well known [251, [231 that the conditions of V0(p)-coercivity and boundedness of
a(p, q) are sufficient to guarantee that a(p, q) defines a linear operator A(p, q) with
domA(p,q) {u0 e Vo(p)l la(p,q)(uo,vo)l <_ clVolp, all v0 e V0(p)}, such that
A(p, q) satisfies

a(p, q)(uo, vo) (-A(p, q)uo, Vo>p
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for all u0 e dom A(p, q) and vo e Vo(p). Furthermore, dom A(p, q) is dense in Vo(p)
and A(p, q) generates an analytic semigroup T(t; p, q) on H(p). Mild solutions of the
abstract evolution equations (2.5), (2.6) are given in terms of this semigroup by

(3.2) u(t; p, q) T(t; p, q)uo(p, q) + T(t-s; p, q)F(s; p, q) ds,

where uo(p,q) and F(.;p, q) are given in H(p) and are understood in the sense de-
scribed in the last section. In addition, for A _> A0, the resolvent operator R(A(p, q))
exists and is a bounded linear operator on H(p)

Remark 3.3. It will often be more convenient to refer to a slightly different
statement of the continuity (in p) of the H(p) inner product and the sesquilinear
form a(p, q) than is given above. Specifically, from the assumptions about " and %,
we observe that for any Pl, P2 E 7) and arbitrary zl H(p), z2 H(p2),

( 7(ih, P)Z, "Y(ih, P2)Z2 ) (7(P,P)Zl, 7(P, P2)Z2 )p

<_ K2Cp()lzilp Iz2J,.

Similarly, for any Vl ( Vo(Pl) and v2 Vo(P2),

a(ib, q)( 7(i5, pl)Vl, ")’(, p2)v2 ) if(p, q)( 7(p, pl)U1, ")’(p, p2)v2 )
<_ K C;,,(P)IlVl lI;,

We now turn to the construction of approximation spaces and define the (non-
parametrized) finite-dimensional spaces HN c_ Y0, for each N 1, 2,.... For each
p 79, the parametrized approximation spaces HN(p) are constructed from HN us-
ing the (theoretical) truncation map "Yt(P), HN(p) =-- "t(P)(HN); thusthe HN(p) are
finite-dimensional subspaces of H(p) satisfying UN(p) C_ Vo(p). We note that, in the
general case, we do not have HN(p) isomorphic to HN (because we need not have
9It(P) an isomorphism on HN; i.e., kerTt(p)N UN {0} in general); it is, however,
usually the case that 9It(P) is an isomorphism off of its kernel (see, for example, [19]).
With this in mind, we make the following standing assumptions about HN(p).

Hypothesis 3 (Properties of HN(p)).
(a) Invertibility of t(P) on HN(p) For each N, the restriction of "t(P) to HN

(ker /t(p)) +/- is an isomorphism with uniformly (in p) bounded inverse; i.e., there exists
a constant c(N) > 0 such that

II t(p)vll  (N)llvll

for all p E 79 and all v HN fq (ker’)’t(p)) +/-. (Here "l" denotes the orthogonal
complement in the V topology.)

(b) Uniform (in p) approximation properties: For each p 79 and vo e Vo(p),
there exists 30g(p) e HN(p) such that

Ilvo N(p) lip o as N --,

where the rate of convergence does not depend explicitly on p, but may increase
monotonically with Ilvollp.
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Remark 3.4. It should be noted that if the nonparametrized spaces HNsatisfy
an approximation estimate like that given in assumption (b) of Hypothesis 3, then,
provided that /t(p) maps Vo onto Vo(p), the uniform (in p) pproximation properties
required for HN(p) follow immediately.

Remark 3.5. From the assumptions made in this section, we obtain essential
results about pN(p) and pV(p), the two orthogonal (with regard to the H(p) and
Y(p) inner products, respectively) project’ion operators, pN(p) H(p) - HN(p),
P(p)’Y(p) -- HN(p). We first use the uniform (in p) approximation properties of
HN(p) to argue that, given e > 0, p :P, and vo Vo(p), there exists Af > 0 (where
Af depends on e and g211vollp, an upper bound for 11(ib, p)v011), such that for any
integer N _> Af and arbitrary 7), we have

Because Vo(p) is dense in H(p) we get a similar estimate for pg. given arbitrary
z e H(p) and i5 e 7, we have I(PN() I)/(,p)zl < e, for N sufficiently large (the
size of N does not depend on i5).

In addition, appealing to (c) in Hypothesis 1, in which it is assumed that r(ib, p)
approximates "(i5, p) for i5 close to p, we are able to make a similar statement about
these projections when the "data" space-changing operator r is used instead of ,.
That is, for arbitrary pN p in P and v0 V0(p), an application of the triangle
inequality yields

so that for any vo Vo(p),

(3.3)

and similarly, for arbitrary z. H(p)

(3.4) I(Pg(pN) I)r(pY,p)ZlpN
In fact, we also obtain similar estimates forP(pN) and pM(pN) (the projections

from Y(pN) and H(pY), respectively, into HM(pN)) where M is fixed. We first take
p, i5 :P and observe that for arbitrary vM (p) in HM(p),

where, using assumption (a) of Hypothesis 3, VpM is uniquely given in HM (ker /t(p)) +/-

satisfying vM (p) /t(p)VpM. It thus follows that

<_ C/(p, )IIvM(p)I]p/c(M),

where part (iii) of Hypothesis l(b), and assumption (a) of Hypothesis 3 have been
used. We may argue similarly for PM(/5); we thus find there exists a constant
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K1 (M) > 0 such that, for arbitrary p,

(3.5)
(3.6) I(PM(5)- I)’(,p)vM(p)[ <_ K(i)C(p,5)[IvM(p)ll.

and therefore, for each fixed M and (pg, qY)
_

(p, q),

(3.7) [l(pyM(pN) I)’(pN, p)vM(p)][pN--- 0 as Y

(3.8) [(pM (pg) i).(pN, p)vM

for arbitrary vM(p) e HM(p). Because r(pN, p) approximates .(pg, p) for g suffi-
ciently large, we may also write statements like the above using instead the operator
r(pN, p) in each case.

As was indicated in the last section, we define for each (p, q) :P x Q, approxima-
tions of Galerkin type through the definition of operators AN (p, q) HN(p) --+ HN(p)
(defined by the restriction of a(p, q) to gN(p) x HY(p)), and define corresponding
semigroups Ty (t; p, q). Associated then with the ordinary differential equation sys-
tem (2.8), (2.9) in ug (t; p, q) on HN(p) is a set of approximating equations for (3.2),

(a.9) N

or, more generally, for given M and (pg, qN) p X , we have the equation on
HM(pN),

(3.10) uu (t; pN, qN) Tu (t; pN, qN)pU(pN)uo(pN qN)

+ TM(t--s;pN, qN)pM(pN)F(s;pN, qN) ds.

Our ultimate goal is to obtain the continuous dependence and convergence results
stated in the last section, and these obviously cannot be accomplished unless the
parameter-dependent initial condition uo(p,q) and perturbation term F(.;p,q) are
known to depend continuously on these parameters. We make these assumptions
here, although the hypotheses will not be used until the final convergence theorems
are stated (Theorems 3.3 and 3.6).

Hypothesis 4 (Continuity of data). Given (pN, aN) @ O Q satisfying (pN, aN) __+

(p, q) P X Q as N - c, the initial data u0 and external force F satisfy

p) o (p, o,
IF(s; pN, qN) r(pN, p)F(s; p, q)lp - 0,

for each s
Appealing to this assumption, there is no loss in generality in using the following

equation for uM(.; pg, aN), in place of (3.10):

(3.11) ui (t; pN, qN) Tu (t; pN, qN)pU(pN)r(pN,p)Uo(P, q)

+ TM(t--s;pN, qN)pM(pN)r(pN,p)F(s;p,q)ds.
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In keeping with the development in [3], the required continuous dependence and
convergence arguments will be established through the use of a version of the Trotter-
Kato theorem [23] in "resolvent convergence form" (i.e., one in which the convergence
of R(AM(pN, qN)) is required). It is the use of this form of the theorem, rather
than the usual "operator convergence form" (where convergence of AM(pN, aN) must
be demonstrated) that allows significant improvement in the types of assumptions
required to obtain a parameter convergence theory (specifically, assumptions of com-
pactness on P Q may be made with regard to a less restrictive topology, this
achieved without requiring increased regularity of solutions u(t;p, q) [3]). The ex-
act form of the Trotter-Kato theorem used here [5] differs from that employed in [3]
due to the need for multiple state spaces.

LEMMA 3.1 (Trotter-Kato theorem). For each N 1,2,..., let (X, I" I) and
XN, I" IN) be Banach spaces and BN X XN a bounded linear operator. Let AN,
A be infinitesimal generators of Co semigroups sN(t),S(t) on XN, X respectively.
Assume the following:

(i) There exists g >_ 0 such that IBNI
_
g for every N;

(ii) There exist constants w and M such that IsN(t)l <_ Met for each N;
(iii) There exists A e p(A) g=l P(AN) such that Re > w and for each x E X,

IR(AN)BNx- BNR(A)xlN O, as N---, oc.

(where p(A), p(AN) are the resolvent sets for A, AN, respectively). Then, for every
xEX,

IS (t)ls x s(t)xl o, as N --> ,
uniformly in t [0, T].

Before making direct application of this result, we first obtain some preliminary
estimates for the resolvent operators, which will be used to construct the convergence
arguments, IluN (t; pN, qN) 7(pN, p)u(t; p, q)llpN -- 0 as N - oc (i.e., step 2 of the
last section).

THEOREM 3.2. Let (pN, qN) __, (p, q) in 7) x Q. Then for A A0 (A0 given in
assumption (c) of Hypothesis 2) and arbitrary z e H(p) we have

IIR(AN)PNrNz rNR(A)zll - 0,

as N --, oc. Here we have introduced the abbreviated notation AN =_ AN(pN, qN),
A A(p, q), pg pN(pg), N r(pN, p), and I1" I1 --I1" lip.

Proof. Because the choice A- A0 implies that A e p(A)=1 p(AN), there is no
difficulty in defining, for arbitrary z e H(p) the quantities w w(p, q) e Vo(p) and
wN wN(pN, qN) e HN(pN) by

w R(A)z and W
N RA(AN)pNTrNZ,

where our goal is to prove that [[wN 7Nw)[N -- 0 as N -- oc. Using the estimate

ilwN  Nwll wN P  NwlI + )l(P v I) NwlI ,

it is clear, in view of estimates for pV given in (3.3), that we need only prove conver-
gence of the first term, or that IIwN vNIl O, where vN PvNrNw e HN(pN).
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In the subsequent discussion, we simplify notation by defining ZN =-- "tON lN E
HN(pN), 7

N =-- 7(pN, p), (’,’)N =-- (’,’lpN, and I" IN I" IpN. It follows from the
uniform coercivity of o’(pN, qg) that

clllzNIl < a(pN, qN)(zN, zN) + ),lzNl
,(p, q)(, z) ,(p, qr)(, z) + ,lz I

< TN + T2N + T3N,
where

T1N o’(pN, qN)(wN, zN) o’(p, q)(w, "(p, pN)zN) +
%N =_ IO’(P, q)(w, 7(p, pN)zN) a(pN, q)(Nw, zN)I,
%N I(P q)(Nw, ZN) (pN, qN)(N, zN)I.

Considering first T and making use of the fact that wN and zN belong to HN(pN),
while w domA and 7(p, pN)zN V0(p), we may appeal to properties of the operators
AN and A to obtain

T ((AI--AN--AI)wN, zN) --((AI--A--AI)w,7(p, pN)zN)p + IzNI
(3.12) { (pNrNz, ZN) (Z, 7(P, PN)ZN}p }

{ <wN, zN> --(W, 7(p, pN)zN>p- IzNl }.
Adding and subtracting terms, and making liberal use of the identities

z (p,p)z, z (p, p)z, (pE p),

we observe that

+ I<(pEp)z, (pEp)z> <(p, )z, (p,p)z>
{< ,z> + I(,z> <,z>l

+ <(pp)w, (ppN)zN> <(p,p)w, (p, pN)zN>pi IzNI },
where we have used the orthogonality of pN H(pN) HN(pN) in the first term.
Appealing to the Cauchy-Schwarz inequality and the continuity property of the H(p)
inner product, we conclude that

T { I(N N)zIIzNI
+ KG(pN)IzIIzNI } + I1{ IN --NwIIzNI + K=G(pN)IwIIzNI }
{l(N --N)zI + K=G(PN)(IzI + Illwlp)+ kllllN -NwlI} kllzNIl.

In addition, from the continuity (in p) of a(p, q), we find that

T I(P, q)((P, P), (P,P)z) (P, q)((PEP), (PEP)z)

while the (uniform in p) q-continuity of the sesquilinear form, coupled with uniform

V0-boundedness yields the remaining estimate

T I(pE q)(, z) (pEq)(, z)l + I(P,q)( ,)1
(Cq(qN)K211wllp + C211Nw NI1) zN I1"
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Combining the three inequalities, we conclude that

cllzgll <_ g0{ Cp(pN) + Cp,a(pN) + C(qN) + I(rg 7g)zl + 117Nw vNII },

for K0 > 0 a constant independent of N. Finally, from the observation that

II’v, 11 < II(v )11 / I1’
ie tonows h II’N NII, --, 0, d hus, IINII,, - 0 a N

Using these resolvent estimates, we appeal to the Trotter-Kato theorem to argue
convergence (in the proper sense) of uN (t; pg, qN) to u(t; p, q). We note that at this
point an easy application of this theorem yields the convergence of semigroups in the
H(pN norm

(3.13) ITg (t)PgTrgz PNTrNT(t)zlN --+ O,

as N -o x, uniformly in t [0, T] (where we simplify notation here and throughout
by defining TN (t) =_ Tg (t; pN, aN) and T(t) =_ T(t; p, q)) This statement of semigroup
convergence follows if we apply the Trotter-Kato theorem using X
and ZN (Hg(pY), I" ]), BN PNTrN, SN (t) Tg (t; pN, qN), and S(t)
T(t; p, q). Using these definitions, conditions (i) and (ii) of the theorem are easily
verified, while for (iii), we make the calculation

IRx(AN)pNNz
<_ k]IRx(AN)pNNz- NRx(A)zl] + I(PN I)rNRx(A)zI

and use Theorem 3.2 and the statement of projection convergence in (3.4) to con-
firm that we have satisfied the required convergence of resolvent operators. We thus
obtain the semigroup convergence in (3.13), and, in fact, may use this result with
I(PN I)TrNT(t)zl-+ 0 to establish that

ITg(t)pNrNz 7rgT(t)Zlg --+ O.

From this estimate, it easily follows that

I.(t;5) .(t;,)1 - 0,

as N --, x), uniformly in t [0, T].
However, as in [3], it is our goal to establish these conclusions in the stronger

norm ][. I1. Convergence in the Y topology is realized in the next theorem.
THEOREM 3.3. Under the same conditions as Theorem 3.2, we find that for

arbitrary z H(p)

(3.14) liTg (t)pNTrNz 7rNT(t)zlI -- 0,

and thus,

(3.15) I1(t; p, q) ,,(t; p, q)I1 o,

as N --. c, where the convergence in each case is at a rate uni]orm in t > 0 in
compact subintervals.

Proof. The basic arguments that we pursue differ little from those found in the
proof of Theorem 2.3 in [3]. We briefly summarize the results in that theorem as they
apply to the case of parameter-dependent state spaces.
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We will make use of bounds on resolvents and semigroups nearly identical to those
employed by Banks and Ito, except for obvious changes in norms and spaces. These
estimates are derived in [3] (specifically, we refer to inequalities (2.8), (2.11), and (2.12)
of that reference) using results found in Tanabe [26, Lemma 6.1, Chap. 3]. First, for

_> 0 (where 0 is taken here and in [3] to be zero, without loss of generality) and
arbitrary fo(pN) e Vo(pN) we have the resolvent bound

(3.16) IIR(AN)fo(pN)IIN (_ Clfo(pN)lN/I)l 1/2,
where c >_ 0 does not depend on N. The parameter-dependent analogues of (2.11)
and (2.12) in [3] are the estimates for semigroups Tg(t), valid for all vN e Hg(pN)
and some A/t independent of N

(3.17) ]]TN (t)vN ]]N _< .Met ]]vN ]]N.

and, for t > 0 and JQ independent of N,

(3.18) lITN (t)vN [] _< 2(-4e*t-/2[vN
Finally, for every z E H(p) we have T(t)z Vo(p) for t > 0, and, using density of
Vo(p) in H(p) (along with estimates (3.16) above and (2.10) of [3]), the bound

(3.19) IIT(t)Zllp <_ ]Oett-/2[Zlp
is determined (this estimate is also used in [3], in the last paragraph of the proof of
Theorem 2.3 in that reference).

We turn now to the proof of (3.14), first establishing the intermediate result,

(3.20) IITN(t)PrNvo PygrgT(t)vol]N--, O,

for arbitrary Vo Vo(p). Again we use the Trotter-Kato theorem, this time with X
(Vo(p), I1" lip), XN (HN(pN), I1" I1), and BN Prg. Because IIPrgll <_ g for
all N, (i) in that theorem is valid, and we may appeal to (3.17) to obtain condition
(ii). Furthermore, we argue the resolvent convergence in (iii) by taking steps similar
to those in [3]: here we use the triangle inequality and the bound in (3.16) (with
fo(pN) (P PN)TrNvo) and find that

(3.21)
IIRx(AN)prNvo PrNR(A)v0 II
<_ cl(P PN)NvoI/IAI/ + IIRx(AN)pNNVo rNR(A)vol]

+ II(I- P)rNR(A)voll.
If (3.3) and (3.4) are used (recalling that R(A)vo e Vo(p)), it may be seen that the
first and third terms in the above expression converge to zero, while convergence of
the remaining term is due to Theorem 3.2. The Trotter-Kato theorem may therefore
be applied to conclude the convergence in (3.20) is valid at a rate uniform in t >_ 0 in
compact subintervals.

To complete the proof, we wish to establish that TN(t)PgTrNz 7rNT(t)zllN--. 0
for arbitrary z H(p) Density of Vo(p) in H(p) guarantees the existence of vo(p)
Vo(p) arbitrarily close to z E H(p); an application of the triangle inequality then
yields

lITN(t)Pgrgz rgT(t)z]]
(3.22) lITW (t)(pNrNz PvNrNvo)[[ + [ITN(t)pyNNvo PrgT(t)vo]]

+ ]]PrgT(t)(vo z)]] + II(P I)rgT(t)z]]N.
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Using the estimate in (3.18), the first term on the right side may be bounded, for
t >0, by

IITN(t)(pNrNz PrNvo)IIN
<_ ./(.4ett-1/2(IpNrN (Z VO)IN + I(PN P)rNvo]),

while the third term in (3.22) satisfies

IIPvNrNT(t)(Vo Z)II <_ g2c(.4ett-i/21vo Zip.

Finally, using the convergence properties of Pin the last term in (3.22) (using T(t)z E
Vo(p) for t > 0), we see that all terms in (3.22) may be made arbitrarily small for
t > 0 and N sufficiently large. The desired V(pN) convergence of semigroups given in
the statement of the theorem (uniform in t > 0 in compact subintervals) then follows
immediately. Using this convergence, we easily obtain

I]UN (;; pN, qN) .IrNu(; p, q)llu 0

at a rate that is also uniform in compact subintervals of t
We now turn to a consideration of the continuous dependence of uu (.; p, q) on

(p, q); to this end, we construct arguments that are actually only slight variations of
those used in the first two theorems (once we prove some initial estimates regarding the
dependence of the projection operators on the parameter p). The needed preliminary
results are summarized in the following lemma.

LEMMA 3.4. Let M 1,2,..., be fixed. Given any (pN,qN) p x Q with
(pN, qN) __. (p, q) e 7) Q and arbitrary z e H(p) we have

(3.23) liPM(RN)TrNz 7rNPM(P)ZII- o

as N- oc.

Proof. We establish the desired convergence via an examination of the conti-
nuity properties (with respect to the parameter p) of basis elements for HM(p).
Let {B/M}in__ denote a basis for the fixed space UM, n n(M,p), which satisfies
span{BM}i=t HM N (ker 7t (P))+/- and span{BM}=t+ (kerTt(p)) N HM, for
1 _< _< n. (We note that (b) of Hypothesis 3 guarantees that HMA (kerTt(p)) +/-

is nonempty for every p; we assume for the purposes of this proof, without loss of
generality, that (ker 7t (P)) N HM is nonempty as well.) Defining BM (p) = 7t (P)B/M,
BiM (pN) %(pN)BiM for i-- 1,’’’, n, we note that the corresponding elements "get
close" in the sense that

IIBM (pN) ,.),NBiM(p)ll IIt(pN)BM t(pN)(P)t(P)BM

<_ CT(p,pN)]B II, for i 1,..., n,

which may be seen to converge to zero N . The conditions on .B im-
ply that {B(p)}= is a bis for HM(p), and, because these elements are lin-
early independent, we have that their Gramian [22, p. 1101, 9(B(p)," .,B(p))
det((B(p),B(p))p),y= is strictly positive. It is also clear, from the definition of

B(pN) and the continuity of the H(p) inner product, that for N sufficiently large,
we have g(B(pN),...,B(pN)) strictly positive well; thus these elements are also
linearly independent, although they need not span HM(pN). There is no loss of gen-
erality, however in suming that these elements, {B(pN)}=l, augmented with the
set {B(pN < m, form a bis for HM(pN)Ji=/+l
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We next construct orthonormal sets {GM(p)}=I for HM(p) and {GM(pN)
for HM(pN) (orthonormal in (., .}p and (., "}N, respectively) using the Gram-Schmidt
process on the first basis elements (taken in order) for each space. Because the inner
product (BM(pN),B(pN)}N approximates (BM(p),B(p)lp for 1 < i,j < and g
sufficiently large, it is not difficult to show (using induction) that the Gram-Schmidt
process generates orthonormal elements that preserve many of the properties of the
original elements; for example,

II  M(pN) (p)I1  0

For the remaining HM(pN) basis elements {BM N m(P)}i=l+l, we again use the Gram-
Schmidt process, this time constructing elements that are not normalized; that is, for

+ 1,...,m, we define

i-1

GM(pn) =_ BM(pN) E (BM (pN),G(pn))rG (pN).
j=l

We observe that, for i- + 1,..., m, each GM(pN) may be approximated by

i-1

")’NBiM (P) E (BiM (P)’G(p))pTNG (p)’
j=l

but that this expression equals zero because that BM(p) "t(p)BiM 0 for each
>_ + 1. Thus, we have

M (p r)II o

for + 1,.-.,m.
To argue the convergence in (3.23), we make preliminary calculations using the

operator /Y instead of 71
"g (for which the statement of (3.23) is given). For arbitrary

z e H(p),

so that
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i--1

i--1
m

+ INzlllay(pN) ll
i=/+1

K=lzlv klIG(pN)IIIIG(PN) NG(p)l
i=1

+ IZlp k(K2IIG(pN)-Na(P)II + Cp(pN)lla(p)llp)g2llaY(p)llp
i=1

m

+K21zlp IIG(pN)II,
i=/+1

which converges to 0 N from earlier estimates and the fact that I1
is bounded for all N, 1 N N 1.

Now using the operaor instead of 7, we observe that for fixed M,

(a.) iipM(p)z pM(p)ll PM(p)(
+ IIPM(p)z PM(p)zll + I1( )PM(p)zll

where the firs term satisfies (again using the orthogonal bis elements for HM(p))

IIpM(pN)@N N)zll k I(N N)zIIIG(pN)II
i=1

m

+ l(N N)zIIIG(pN)II
i=/+1

and converges to zero N . For each fixed M, the remaining terms in (3.24)
converge to zero well (using, in the lt term, the fact that approximates
in the V(p) norm when applied o (fixed) pM(p)z in g0(P)). Thus the proof of he
lemma is complete.

We are now able to prove hat, for each fixed M, we have

uM (t; pN, qN) NuM(t; p, q)ll 0

whenever (p, q) (p, q). Again, we argue convergence of resolvent operators and
then apply the oter-Kato theorem to obtain semigroup convergence; owing to the
properties of projections given in the lt lemma, the calculations we present below
differ little from those used above in the prooN of Theorems .2 and ..
Toag a.g. et M 1, 2,... be fied, nd let (p, q) (p, q)

Then for o nd rbitrW zM H (p), we hve

as N--- cx3.
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Proof. For fixed M and arbitrary z =-- zM E HM(p), we define the variables
w w(p, q, M) e HM(p) C_ Vo(p) and Wg WN(pg, qg, M) e HM(pN) C_ Vo(pN) as
follows:

w R(AM(p,q))z, wg R(AM(pN, qN))pM(pN)TrNz.

Using the triangle inequality to write

IlwN 7rNwllN < IlwN P(pN).yNwIIN + II(P(pN I)/NwII+ II(/N rN)w[[,
it is clear that, to verify that ]wN rgwll 0 g , we need only argue that
the first term converges, or that lwN-Nl O, where here g p(pN)TNw.
Using the notation zg wg N e HM(pN), we have for A A0

clllzll a(pN, qN)(zN, zN) + lzNl
T +T +T + T,

where

ToN =- a(pN, qN)(wN, zN) a(p, q)(w, pW(P)7(P, PN)zN) + )lzN I,
TN la(p, q)(w, (P(p) I)7(p, pN)zN)l,
TN la(p, q)(w, "/(p, pN)zN) a(pN, q)(Nw, zN)I,
TN la(pN, q)(Nw, ZN) a(pN, qN)(N, zN)I.

The terms T2N and T3N are defined exactly as in the proof of Theorem 3.2, and,
in fact, the estimates for each are unchanged from that proof. From the boundedness
of a(p, q) and the estimates given for PvM given in (3.5), we observe that

TN < c2Kl(M)C(pN, p)llWllp tlzNIl,
where C,,/(pN, p)--- 0 as N --It remains to consider ToN. We use the fact that wN and zN are in HM(pN),
while w and Pvu (P)9/(P, PN)zN are in Uu(p), and write

where

T1
g =_ {(pM(pN)TrNz, zN}N --(Z, 7(p, pN)zN)p }

--/{ (wN, zN} --(W,7(p, pg)zN}p Izgl2 },
T2 --I(Z, (P(P) 1)7(p, pN)zN)p + IA[ I(w, (P(P) 1)7(p, pN)zN)p I.

If we define pN pM(pN) (no confusion should result because M is fixed), we
observe that T is identical to T given by (3.12) in the proof of Theorem 3.2,
and that T may be bounded T is in that theorem. For T, we again use the
properties ofP and find that

T (IZlp + Illwlp)kKl(M)C(pp)llzNIl.
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Combining the above estimates (and using arguments like those in Theorem 3.2), we
find IIzNIIN --* 0 as N -- oc, or that the statement of the theorem is valid. [:]

At this point, it is not difficult to argue, using the Trotter-Kato theorem that
(pN, qN)

_
(p, q) e P X implies, for fixed M, luM (t; pN, qN) rNuM (t; p, q)lN- 0

as N --* infry, at a rate uniform in t _> 0 in compact subintervals. In fact, defin-
ing X (HM(p), I" Ip), XN =- (HM(pN), I" I), A =_ AM(p,q), AN AM(pN, qN),
BN =_ PNrN, and pN =_ pM(pN), we observe that (i) and (ii) of the Trotter-Kato
theorem hold, while (iii) follows immediately from the triangle inequality and previous
estimates. We thus have

ITM (t; pN qN)pM(pN)rNzM pM(pN)rNTM (t; p, q)zMIN--* 0

uniformly in t E [0, T], for fixed M and arbitrary ZM HM(p), SO that

ITM (t; pN, qg)pM(pN)rgzM rNTM (t; p, q)zMl- 0

Finally, to argue convergence of luM(t;pN, qN) --rNuM(t;p,q)l, we consider the
convergence of the initial condition term in the semigroup representation for
uM (t; pN, qN) rNuM (t; p, q) (estimates for the integral terms are similar). This term
satisfies

ITM (t; pN, qN)pU(pN)rNuo rNTi (t; p, q)pU(p)uol
<_ ITu (t; pN, qN)(pU(pN)rNuo rNPM(p)uo) ]

+ ITM (t; pN, qN)(I pM(pN))N(pM(p)UO)IN
+ ITM(t;pN, qN)pM(pN)rN(pM(p)UO) NTM(t;p, q)(pM(p)UO)I,

where it is easily seen that each term in this expression converges to zero as N --. ,
using the boundedness of TM (t; pN, qN) and the properties of projections ((3.23) and
(3.8), with argument pM(P)Uo e HM(p)in the second term above). Repeating these
arguments for the integral terms, we obtain the convergence

luM (t; pN, qN) rNuM (t; p, q)l 0

for each fixed M.
Again, however, it is our goal to obtain a corresponding statement of continuous

dependence in the stronger V topology; this finding is stated in the theorem that
follows.

THEOREM 3.6. Let M be fixed and let (pg, qN) __, (p, q) 7) Q as N c.

Then, for arbitrary zM HM(p),

lITM (t; pN, qN)pM(pN)TrNzM 7rNTM (t; p, q)zMII---- 0 as N -- cx)

uniformly in compact subintervals of t > O. Furthermore, we have, for each fixed M,

Ilui (t; pN, qN) 7rNM (t; p, q)ll 0 as N -- o
at a rate uniform in t > 0 in compact subintervals.

Proof. The proof changes little from the proof of Theorem 3.3; we sketch only the
fundamental differences here. Once again, we appeal to the Trotter-Kato theorem,
employing now Z =_ (HM(p), I1" lip), xN =- (HM(pN), I1" I1), A =_ AM(p,q), AN =_

AM(pN, qN), and BN prN (where we have also abbreviated P =_ PvM(pN)).
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The proofs of (i) and (ii) in the Trotter-Kato theorem differ little from the proofs of
the analogues of these steps in Theorem 3.3; we note that for (iii) we may also rely on
the calculations in the proof of that theorem (specifically, (3.21)), if we use the fact
that

and that

I(P1(pN) pM(pN))TrNzM Ir--- 0 as N- cx3

I1(I- PvN)rNR(A)zM II 0 as N -- cx3

(using R,(A)zM e HM(p) C_ V0(p)); thus we are able to claim that (iii) of the Trotter-
Kato theorem indeed holds. It follows then that for fixed M and arbitrary zM E
HM(p),

TM (t; pN, qN)p1(pN)rNzM p4(pN)TcNTM (t; p, q)zM --* o

and that a similar expression involving the H(pN) projection operator pM(pN) then
satisfies

Because the first term on the right satisfies

TM (t; pN, qN)(pM(pN) pvM(pN))TcNzM I1 --<
<_ ett-x/=l(pM(pN) P(pN))rNzMI

(using estimates from the proof of Theorem 3.3), it is clear then that all terms
above converge to zero as N - oc, uniformly in t > 0 in compact subintervals. Fi-
nally, repeating arguments similar to those given above, and like those used to argue
]UM (t; pN, qN) 7NuM (t; p, q)lN - 0 as N -- oc (here using the the estimate

lITM (t; pN, qN)(I pM(pN))TcN(pM
<_ jC4eXott-/el(i pM(pN))TcN(pM (p)uo) I

in (3.25)), we conclude that the remainder of the theorem is valid.

4. A generalized approximation framework for second-order problems.
We consider here an application of the parameter estimation ideas developed in pre-
vious sections to second-order systems of the form discussed in [3], modified as before
for parameter-dependent state spaces. Specifically, we investigate the problem of
estimating parameters p and q, which appear in the abstract equation in H(p)

(4.1) ii(t) + B(p, q)6(t) + A(p, q)u(t) F(t; p, q),

where appropriate initial conditions are given and, as in [3], the operators A(p, q)
and B(p, q) are defined through parameter-dependent sesquilinear forms that satisfy
properties to be specified below.
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The modifications that we make to the arguments found in [3] for the second-
order case are entirely analogous to those used to develop the first-order theory in
previous sections; for this reason, we only outline the basic results of Banks and Ito,
indicating the changes required for the parameter-dependent state space problem.

Throughout this section, we assume that Hypotheses 1 and 3 (from 3) hold,
and that for every (p, q) E P , the sesquilinear form al(p, q) is symmetric and
satisfies assumptions (a)-(c) of Hypothesis 2, with 0 0 in 2(c). The sesquilinear
form a2(p,q), which need not be symmetric, is assumed to satisfy (a) and (b) of
Hypothesis 2, and a weaker form of (c) of the same hypothesis, given below.

(c’) Uniform (in (p,q)) H(p)-semicoercivity: There exists b _> 0 such that for
every (p, q) e P Q and all vo Vo(p),

Re a2(p, q)(vo, vo) >_ blvol2p.

As in [3], for each (p, q) 7) Q, the sesquilinear forms al (p, q) and a2(p, q) may
be used to define continuous linear operators A(p, q) and B(p, q), respectively, each
mapping V0 (p) to V0 (p)*, satisfying

al (p, q)(u, v) (A(p, q)u, V)vo(p)*,yo(p),
a2(p, q)(u, v) (B(p, q)u, V)uo(p)*,Vo(p),

for u, v Vo(p). (Here (., ")yo(p)*,yo(p) denotes the duality pairing, which is the unique
continuous extension of the H(p) inner product from H(p) V0 (p) to V0 (p)* V0 (p).)
As discussed in [3], the operator A(p, q) is associated with the usual "stiffness" op-
erator found in applications, while B(p, q) corresponds to a "damping" operator;
additionally, both operators may be viewed as densely defined operators in H(p)

We define ];o(p)-- Vo(p) Vo(p), Tlo(p) Vo(p) H(p) ];(p)=_ Y(p) V(p), and
7-l(p) V(p) U(p), and rewrite (4.1) in first-order form in the variable w(t)
(u(t), v(t)) ;o(P); in a variational framework, this equation may be expressed as
follows:

(4.2) ((v(t), X)?_l(p) + a(p, q)(w(t), X) (F(t), X)?_l(p) X e Yo(P),

where we now use a(p, q) to denote the sesquilinear form, defined on the product
];0(p) )0(p), which is given by

(4.3) a(p,q)((u,v), (, )) -(v,)V(p) + a(p,q)(u,) + a2(p,q)(v,).

Alternatively, (4.1) may be written in operator form as

(4.4) (t) Jr(p, q)w(t) + ’(t; p, q),

where ’(t; p, q) (0, F(t; p, q)) and ,4(p, q) is the usual operator defined from a(p, q);
we note that [3] the operator ,4(p, q) may be expressed in T/o(p) as

0A(p,q) -A(p,q) ,]-B(p,q)

with domA(p, q)= {(,) e 7-/0(p)1 e Vo(p),A(p,q)+B(p,q) e H(p) }, domA(p, q)
c_ ])0(P). Using arguments similar to those found in [3], it follows that A(p, q) is the
infinitesimal generator of a C0-semigroup T(t; p, q) on ?-/0(P); it is this semigroup for
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which a parameter estimation theory, similar to that developed in the previous sec-
tions, will be formulated. In keeping with [3], we do not directly apply the theory
already developed for first-order problems to this problem because the assumption of
coercivity that was made on the underlying sesquilinear form in first-order problems
would necessitate that both al (p, q) and a2(p, q) be V0-coercive; indeed, an attractive
feature of the work found in [3] is that the weaker semicoercivity assumption for
a2(p, q) may be used, allowing for very general types of damping terms that are often
desired in applications. We take the same approach here.

Approximation and convergence arguments will again be based on an applica-
tion of the Trotter-Kato theorem. To this end, we will need some operators that
are second-order analogues of those used in earlier sections; we define the operator
pN(p) as the orthogonal projection of ?-/(p) onto .N(p), and the space-changing maps
H(ih, p) r(ih, p) x r(ih, p) and F(ih, p) 7(i5, P) x (i5, p). As usual, we let AN (p, q)
denote the operator defined by the restriction of a(p, q) to 7-lN(p), where 7-lN(p) is the
(quotient) approximation space defined by TlN(p) Hg(p) x HN(p), ?-lN(p) C_ )o(P).
As in [3], our first result is a statement of resolvent convergence in a norm that is
stronger than that required for a later application of the Trotter-Kato theorem.

THEOREM 4.1. Assume that the above conditions hold, and let (pN, qN) ___+ (p, q)
in P x . Then for A > 0 and arbitrary E Tlo(p), we have

(.AN (pN, qN))pN(pN)H(pN p) H(pN, p)R, (A(p, q))[y(pN) O,

as N-- oc.

Proof. Let > 0 and (, v) be arbitrarily given in 7-/0(p). The existence, for
A > 0, of the resolvent operator will be demonstrated below, so there is no difficulty
in defining w w(p, q) e ];o(P) and wN wN(pN, qN) e ?-lN(pN) C_ ];o(pN) through
the relations

(, )
w (A )pNn

where here we have made the usual notational abbreviations. It follows from the
definition of jr(p, q) that (, ) satisfies

while (g, cg) satisfies

+ A(p, q) + B(p, q) v,

A(N /)N ]N,
(4.8) Ag + AN(p, q)g + Bg (p, q)Y g,
where (N, ,g) =_ pgHN(, ,).

We consider (4.5) and (4.6) in (, ): substituting the value of given in the first
equation into the second equation, we find that remaining is an equation (in (V0(p))*)
in the unknown ,
(4.9) ,2( + A(p, q) + AS(p, q) + At/+ B(p, q)rl,

which is equivalent [3] to the following equation:

(4.10) a),(p,q)(,) <v, >p + A<r], >p + a2(p,q)(l,), e Vo(p);
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here the sesquilinear form a(p, q)" V0(p) Vo(p) -- (T is defined as it is in [3],namely,

a(p, q)(, ) 2(, )p + (71 (p, q)(, ) + Aa2(p, q)(, ).

It is easily seen that for each A > 0, the form a satisfies assumptions (a) and (b) of
Hypothesis 2 (continuity in parameters, uniform V0(p)-boundedness) given in the last
section; additionally, arguments similar to those in [3] may be used to establish the
following coercivity estimate:

a), (p, q)(, ) > cl IIllp2, Cz y0(p), > 0,

which holds uniformly in (p, q) E 7) x Q. It thus follows [3] that, for each A > 0, (4.10)
is solvable for E Vo(p), that w (, ) (with A- /) belongs in domjt(p, q)
for arbitrary (/, ) 7t0(p), and that R>,(jI) exists as an element in E(Ti0(p)).

Similar arguments may be made to show that (N, CN) satisfies

(4.11)
(4.12) (v,q)(,) (,/ + (n,) + :(v, q)(n,

for all N TIN(pN).
As a first step in obtaining the results of the theorem, i.e., that ]HNw wN- 0, we will demonstrate that 117rN cN [IN -- 0 as N -- oc; using standard

arguments it is easily seen that it suffices to show that I]N- NIIN - 0, where

N p,TN.
Let N cN N e HN(p.N). Coercivity of ax on Vo(pN) and an application of

the triangle inequality yield the following estimates:

Cl [[’N [l < O’A(P qN)(4N, N)
O’X (pN, qN)(N, N) 0") (pN, qN)(N, 4N)

<_ TN + T2N + TV + TaN,

where

TN la,x (pN, qN)(N, N) a), (p, q)(, "r(p, pN)CN)l,
T2N =_ ]O’x (p, q)(, 9/’(p, pN)N)
T ----1(5)(, ) (,)(,)1,
T{ 1(5q)( 5,

To estimate the first term we may use (4.10) and (4.12) to write

_< I(uN + ArlN,N) (V’ + A7,"r(p, pN)N)p
+ 10.2 (pN, qN)(rlN N) 0"2 (p, q)(r/, 7(p, pN)N)l__

1((1]N + A?"IN)--")/N(v "+" At/), ’N)I + {’TN(/ --]- ATI),ffN)N (1 + Arl, 7(p, pN)ffN)p[
/ io.(pN, qN)(rlN Nrl cN)[ / [o.2(pN, qN)(TNrl fiN) o.2(pN, q)(TNr/, -N)[
+ [,:r (pN, q)(,.),Nrl cN) o’2 (p, q)(r/, "),(p, pN)cN)[

<_ CI1N I[,(I’N -rN,l,, + I1N -rNll,, + Cp(pN) + Cq(qN) + Cp,q(pN)),
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where C > 0 is a constant and we have used the continuity properties of both the
sesquilinear form a2 and the H(p) inner product in the last inequality. Further-
more, we note that two terms in this bound may be estimated using lit/N -q’N/ll2 4-

2_< 2](7N I)IIN(rl, l)l.(pN]., 4-]teN "yNt]]2 ]ToNIIN (r/, t/) rN (r/, tz)]7_[(pN
2l(IIn rn)(n, u)l.(pN)_ --* 0 as N --*

Finally, using the properties of continuity and boundedness for aa, we find that
similar calculations may be made for T2N, T3N, and TN; we may put these results
together to obtain Cl]]N]]2N k(N)]lN]]N, for some real scalar k(N) that satisfies
k(g) --. 0 as Y - o. Therefore, I1N IIN 0 as g - cxz.

It thus follows that IIrg cNIIN --* 0. Appealing to (4.5) and (4.7), we also
have

117rN cNII 1lllTrN- cNII + llano NII
IIIIN- CUll + I1(N -N)wlI + IINw- wNII,

= =IIN N= Nso that we may conclude IHNw- wNIv(pN) I1 + IIU- I1 0

We let TN(t;p qN) denote the Co-semigroup in N(pN), which is generated by
AN(p qN), and apply the otter-Kato theorem with X 0(P), xN N(pN),
and BN NHN. It is eily verified that the following statement of semigroup
convergence is then obtained (which is stated using our conventional notational short-
hand).

THEOREM 4.2. For arbitrary o(P),

]N(t)pNHN HNT(t)I(pN) O,

as N , unifoly in t [0, T].
We thus have the results needed to claim (under appropriate sumptions on

initial conditions and external force F(t; p, q)) that the "state variable convergence"
step (step 2 in 2.2) h been demonstrated (i.e., (pU, qU) (p,q) implies that
]]UN (t; pU, qN) Nu(t; p, q)ll 0 and vu (t; pU, qN) Uv(t; pN, qU)] N O, uni-

formly in t [0, T]). The remaining continuous dependence result (step 1 of that

section) is also eily established, using techniques similar to those employed above.
For completeness, we provide a statement of these findings, without proof, in the
theorem that concludes this section.

THEOREM 4.3. Let M 1,2,... be fixed and let (pY, qY) (p, q) in P Q.
Then for A > 0 and arbitrary M M(p), We have

iRa(AM (pg, qg))pM(pg)HNM HNRa(AM (p, q))Mlp(py) O,

as N . It fuher follows that, for each fixed M,

I (t; pN. qN)p(N)nN nN(t; . q)"In(U) 0.

as N , unifoly in t [0, T], so that,

Ilu (t; N. qN) N.(t; . q)1. 0.
IV(t; qN) Nv(t; . q)l 0.

as N - o, uniformly in t E [0, T].
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5. Application to domain shape estimation problem. We verify here that
the assumptions made in 3 and in Remark 2.3 are satisfied in the case of the domain
shape estimation problem defined in 2. We will use operators and spaces exactly as
given there.

Before turning to the hypotheses in 3, we justify those conditions (as stated
in Remark 2.3) needed if Jt is to be used as the data-fitting criterion. That is,
we must verify that r(p,p) I (where I is the identity map), and that the map
p 117rt(p)Vllp" l:t is continuous for any v e Hl(). Indeed, while the former
is trivial (r(p,p) =_ r(p)re(p) I), for the latter we need only observe that, for
p,E :P,

. jo /o /o(5.1) II-,(p)vll-II-,()vlll < JOwl2- IOvl2i + Ivl 2 2

2L IDvl2 +2 Iv, 2

provided that dp(p,p) < 5 5(, v) (where n(n,, w defined in 2). Thus, all
sumptions stated in Remark 2.3 are seen to hold.

For S(p) i(n), U(p) U(n), and Vo(p) H(np) (or Ul(p)), we have
that V0 (p) c W(p) c H(p) V0 (p) dense and continuously imbedded in H(p) and
Vo(p) a closed subspace of V(p). In addition, IVlp llVllp so that Hypothesis l(a)
holds.
om the way that the maps t(P), %(P) were defined in 2.2, we see that these

maps are isomorphisms, with e (P) t (P)-, and

] () cu, u H,

c2llull llt(p)ullp C2llull, u v.
where positive constants Cl, C1, c2, C2 are independent of p, u (see [1, pp. 63-64]).
It follows eily then that all conditions in Hypothesis l(b) are satisfied.

To verify Hypothesis l(c), we observe that, for fixed p P and any v0 V0(p),

II((P. v) (. v))v0 ll.(n) ll(Z (P.v))v011z(n)
+ ((P.P) (P. p))voll.(n(n)).

where the second term may be made arbitrarily small whenever dp(p,) is sufficiently
small (the arguments use the uniform, in p,, boundedness of composite maps and 7
and estimates similar to those found in (5.1) above). For the first term, we may sume
(without loss of generality) that vo e C(p). Letting k(,p)(x) (p)(()(x)) for
X p , we have

lv0 (.p)v01l(,) [ Ivo(x) vo(k(.p)(x))l 2

+ [ Io()- o((,v)())l,
vn$
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where

Dvo(x) (Olvo(x), O,Vo(X))T,
Dvo(k(, p)(x)) (OlVo(k(, p)(x)), Onvo(k(, p)(x)) )J(, p)(x),

and we have used J(, p)(x) to denote the Jacobian matrix associated with k(, p)(x).
It follows from the assumed continuity of the maps p -- i(p), p -- i(p) (in the
prescribed sense), that whenever dp(,p)< 5(e,p, vo), we have

Ivo(x)- <
IO vo(x)- < e, i 1,...,n,

(the Euclidean matrix norm is used in the last inequality) where these estimates
are uniform in x E p N 15. It follows immediately from these inequalities that

Ilvo- 9,(,p)vollHl(npnn may be made arbitrarily small whenever i5 is sufficiently
close to p, from which (c) of Hypothesis 1 follows.

Hypothesis l(d) is easily established using the observation that, for arbitrary
u, v e

/ t()u t.()v /g t(p)u /t (p)v

I/_
J.tp

] u(x)v(x)( det((ib))’(x) det((p))’(x) dxl;

using the continuity assumed for coordinate transformations, it is easily argued that
the last expression may be made as small as desired by taking the distance dp(ib, p)
sufficiently small. Thus Hypothesis l(d) is obtained.

Now that the basic assumptions about spaces and mappings have been verified,
the resulting conditions are easily verified. In particular, (a) of Hypothesis 2 (con-
tinuity with respect to parameters of the sesquilinear form defined in (2.7)) may be
established using steps similar to those used above for (c) of Hypothesis 1; it is a
standard result [25] that all other needed properties of the sesquilinear form (uniform
coercivity and boundedness) hold for this example.

The construction of approximating spaces HN (p) is quite simple for this example,
given that the theoretical space-changing map t(p) is an isomorphism on all of H. To
this end, we define for each N 1, 2,..., a (fixed) finite-dimensional space HN c_ V0,
which has the property that any element v0 V0 may be approximated by HN

for N sufficiently large; i.e., there exists 0V HN such that

llv0 0VlIHl(n)-- 0 as N -
To cite a typical example, if the original fixed domain t is a polygonal domain in ]Rn,
we may use any of a number of "simplicial" or "rectangular" finite element spaces
(see, for instance, Chapter 3 of [9]) to construct HN; in the case of Dirichlet boundary
conditions, we also require that elements in this space are zero on the boundary of
(an easily implemented condition for spaces constructed using finite elements).
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The parameter-dependent approximation spaces HN (p) are then defined from the
fixed approximation spaces HN; i.e., for each p E P, HN(p) =- /t(p)Hg. It is easily
seen that Hg(p) satisfies all needed conditions ((a), (b) of Hypothesis 3) that are
required to complete the construction of our approximation theory. We note that if
finite elements were used in the construction of HN, then HN(p) becomes a finite
element space of "irregularly shaped" elements that conform to the boundary of p.

With all assumptions thus satisfied, we have in place an approximation scheme
for the problem of estimating an unknown domain in Rn. The actual implementa-
tion requires an iterative procedure for searching over the parameter space :P (or a
discretized version of P), where at each step in the iteration an evaluation of the ap-
proximating equations (and appioximating cost functional) is performed. For actual
implementation of such algorithms, refer to [17], [20] for one-dimensional examples,
while for two-dimensional applications, see [4], [18].
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SOME PROPERTIES OF DISTRIBUTED CONTROL SYSTEMS
WITH FINITE-DIMENSIONAL INPUT SPACE*

LUCIANO PANDOLFIt

Abstract. This paper considers the "algebraic" Riccati operator equation, which corresponds
to the quadratic regulator problem for a distributed control system (it is not assumed that the oper-
ators in the cost index are positive). The assumptions used in this paper are practically important:
the input space is finite-dimensional and the pair (A, C) is modally observable (with respect to a
suitable region D). If both these conditions hold, it is proved that the spectrum of the operator A in
c Ax 4-Bu must be quite a special set, whose structure depends on the properties of the solutions
to the Riccati equation. The properties of a(A) derived in this paper must be compared with those
derived in [C. A. Jacobson and C. N. Nett, IEEE Transactions on Automatic Control, AC-33 (1988),
pp. 541-549] under the stabilization assumption.

Key words, linear systems, distributed systems, Riccati equation
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1. Introduction and preliminary references. In this paper we consider a
linear infinite-dimensional system over a complex Hilbert space X. The system is
identified by a linear operator A from X to X, which is closed and densely defined,
and by a linear and bounded operator B, B E L(U, X). Moreover, an operator C, C E
L(X, Y) is given. The spaces X, Y, U are complex Hilbert spaces and the crucial
assumption is that U is finite-dimensional.

Usually, in the applications to systems theory, the triple of operators (B, A, C)
identifies the control system

(1) Ax + Bu,
Cx.

In most of the cases, the operator A is the infinitesimal generator of a C0-
semigroup on X, but, in recent times, optimal control problems for not well posed
systems have been considered [8], [9], [19], [30], and, for this reason, we explicitly
state the assumption that A is a generator when this assumption is really needed.
We see that many properties can also be proved when A is not a generator, but it
is more important that we are able to explain one of the major difficulties with the
regulator problem for inverse systems: the relevant solution to the Riccati equation is
not bounded. In 4 we see, in fact, that the Riccati equation cannot have bounded
solutions when the spectrum of the operator A contains an unbounded sequence in
{ez > 0} when an "observability property" holds. The observability property is a
main concern in this paper and is discussed in detail in the next section.

We explicitly note that the assumption that the operators B, C are bounded
eliminates the important case of boundary control and observation. Some remarks on
this case can be found in the final section.
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Italy. The author was supported by the Italian Ministero della Ricerca Scientifica e Tecnolog-
ica, within the programs of Gruppo Nazionale per L’Analisi Funzionale ed Applicazioni-Consiglio
Nazionale delle Richerche.
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As was stated, we assume that dim U < c, a practically unavoidable assump-
tion. In many applications, also, the output space Y is finite-dimensional. The case
dimY +x), however, is important, too: for example, the case where Y X is stud-
ied to construct (static) stabilizing feedbacks. For this reason, we do not make any
assumption on the space Y, and we try to understand the limitations imposed by the
finite-dimensionality of the input space. Among the oldest results along these lines,
we quote [5], where some special cases of the properties in 3 have been derived, and
[34]. In the latter, it is proved that exact controllability is impossible (with locally
Lp-controls, p > 1) if U is finite-dimensional. This result must be contrasted with

[38]. It is proved in [38] that exact controllability is equivalent to the property of full
stabilization when the operator A generates a Co- group of operators. Indeed, more
recent results on this subject were mostly concerned with the stabilization property
([4], [15], and references therein). An old sufficient condition for stabilization is the
existence of a direct sum decomposition X X_ @ X+ with the following properties:
(i) dim X+ < cx and A, the generator of a C0-semigroup, is reduced by this decompo-
sition of X, A -diag(A_,A+). Accordingly, we write B-col(B_,B+); and (ii) the
operator A_ generates an exponentially stable semigroup while (A+, B+) is a (finite-
dimensional) stabilizable pair; i.e., there exists a matrix F such that e(A+/B+F)t is
exponentially stable (see [33]).

An important result that can be found in the above-mentioned papers is that,
for detectable systems with finite-dimensional space U, the above property is also a
necessary condition. We recall that the pair (A, C) is detectable when there exists
a bounded operator L, L Y X, such that (A + LC) generates an exponentially
stable semigroup.

Remark. In [15] the assumption dim(Y) < oc was also used.
Exponential stabilizability implies that the infinite horizon regulator problem is

solvable. Conversely, it is proved in [37] that solvability of this last problem, plus
detectability, implies that the pair (B, A) is stabilizable.

It is known that both the infinite horizon regulator problem and the stabilization
problem are equivalent to the existence of positive solutions to a suitable Riccati
equation [37]. For this reason we make the following assumption.

Assumption 1. The Riccati equation

(RE) (Ax, Py) + (x, PAy)- (x, Ky) -(Cx, Cy) Vx, y e Dom (A)

admits a solution P P*. In (RE), K is a compact operator from X to X, K
PHP, and H H* E L (X).

We note that the assumption that P is positive will be declared when it is really
needed.

In most of the application, H has the form H BB*, a positive operator.
We do not assume from the outset that H is positive in this paper, since in some
applications (conflicting control, or the important case of H control) we have that
K P(BB* DD*)P, where D is a second finite-dimensional operator [29]. (See [21]
for the case of distributed systems.) Consequently, in the following, the operator B
will be subsumed in the operator H, and the finite-dimensionality of the input space
U is replaced by the following assumption.

Assumption 2. The operator H that appears in (RE) is compact.
As we noted, the properties of observability or detectability will play a central

role in our considerations. In fact, we make use of a frequency domain property, called
-modal observability, which is introduced and discussed in the next section.
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The main contribution of the present paper is in the analysis of the interplay
among modal observability, Riccati equation, and compactness of the operator H. In
particular, we intend to stress the role of modal observability, which is discussed in
the next section, with several examples to show the relations with the better-known
observability and detectability properties. The main results are presented in 3 and
4. For more clarity, we examine the case where K 0 in 3. In this case, (RE) is
reduced to the Lyapunov equation

(LE) (Ax, Py) + (x, PAy) -(Cx, Cy) Vx, y e DomA.

Some of the results are already known in this case and are stated for completeness.
The general case of (RE) is examined in 4. The final results of 4, Theorems 15-17,
show, in particular, that in many cases that are important for the applications, modal
observability and detectability are equivalent properties.

Some of the results in 4 are known for detectable systems.

2. The modal observability property. We discuss in this section the property
of -modal observability. We note that this property proves to have a special role in
the stabilization problem and in the analysis of the relationships between internal and
external description of distributed systems [2], [22]-[28].

DEFINITION. Let gt C_ C be a region. The pair (A, C) is -modally observable
when there exist holomorphic bounded operator-valued functions Z(z), Y(z) (defined
in t) such that

(3) x X(z)(zI- A)x + Y(z)Cx Vx e Dom (A).

If z0 is a complex number, we say that the pair (A, C) is zo-modally observable
when it is gt-modally observable with t some neighborhood of z0. We say that (A, C)
is uniformly -modally observable when Z(z), Y(z) are bounded on .

The most important case is, of course, the case where gt is a half-plane, Ft
{z, ez > -a}. If A generates an exponentially stable C0-semigroup E(t) (i.e., if
IE(t)l < Me-at, a > 0), then Y(z) 0 and Z(z) (zI- A)-1 satisfy (3) for
ez > -a + e, for any e > 0. If the pair (A, C) is detectable, i.e., if there exists
L such that (A + LC) generates an exponentially stable semigroup, then X(z)
(zI-A-nC)-1, Y(z) (zI-A-LC)-IL satisfy (3) and are bounded over ez > -5
for some positive 5.

To clearly illustrate the interest of the above definition, let us assume for a moment
that X is finite-dimensional. Moreover, let us introduce the notation II5 {z, ez >
-5} so that H0 {z, ez > 0}. When is all the complex plane, it is known that
t-modal observability is equivalent to observability, and, if H0, it is equivalent
to detectability [11]. Moreover, in the first case, X(z), Y(z) can be chosen to be
polynomial matrices, while, in the second case, they can be chosen to be proper stable
rational matrices; in general, in the finite-dimensional case, X(z), Y(z) can be chosen
to be rational matrices regular over Ft when this set is not the extended complex plane.
For this reason, equality (3) is called a Bdzout equation, or the right coprimeness
property of C and zI- A, over the ring of rational functions that are regular on gt.

The property of modal observability is also known as spectral observability because of
its geometrical interpretation (see [2]). Hence, property (3) and its "dual" property
of modal controllability provide the link between the state space and the algebraic
approach to linear time-invariant systems. They have a crucial role for many problems
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connected with the frequency domain description of this class of systems, both in
continuous and discrete time.

The books [3], [13], [14], [31] are largely devoted to studying the consequences of
property (3) (and of "modal controllability").

Let us go back to consider distributed parameter systems now. Also, in this
case, property (3) proves to be useful in the analysis of the internal and external
description of important classes of systems and for the stabilization problem, as we

already have stated. Now, however, the relations between the properties of modal
observability, observability, and detectability are much more difficult. The following
examples illustrate this point.

The first is an easy example, vith an operator that does not generate a semigroup.
Example 1. The space X is L2(0, 1), C 0, and A is

DomA {x e W1,2, x(0) x(1) 0, }

The operator A is closed and densely defined. It is easily seen that a(A) at(A) C.
Despite this, the holomorphic operator-valued function z -+ X(z)

e-Z(t-8)y(s) ds

is a left inverse of (zI-A). Even more, IIX(z)ll is bounded on every half-plane ez > a
for each number a.

The next example is more involved, but it shows that even when A generates a
semigroup, H0-modal observability is much weaker then observability and detectabil-
ity; in particular, it may hold with C -0.

Example 2. It is well known that operators A exist, with the following properties:
(i) A is the generator of an exponentially stable semigroup; and (ii) the resolvent
set of A contains H, 6 > 0 (see [36]). If the operator A has these properties, then
X(z) (zI- A)-1 is holomorphic on H0, so that H0-modal observability holds also
with C 0.

Even more concrete examples can be given.
Example 3. In this example, t2 C and the system is modally observable, despite

the fact that it is not observable (the analogous case is impossible for finite-dimensional
systems). The example is suggested by the considerations in [22], [23], where further
interesting observations can be found. It is described by

d x(t)ld- (t) x(t-1) (t-1) y(t) (t).

It is known that this system can be represented in the form (1), (2), and that
modal observability is equivalent to

ker -e- z+e- ={0}
0 1

(see the references quoted above). The condition for modal observability holds, but
the system is not observable, since the nonzero initial condition (x(t),(t)), x()
sin2rv ()) for -1 _< v9 _< 0 gives zero output. See [23, 5] for more interesting
examples.
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Finally, the following example from [20] also deserves to be reported.
Example 4. The example is described by the following equation:

dt -3-i (t 1) + x(t)

This system can be written in the form (1), and it is easily seen that it is both
modally observable and controllable. Moreover, its transfer function is holomorphic
on II0 and bounded on the closure of (H0), so that the system is input-output stable.
Despite this, its free evolutions are not exponentially stable, a fact that cannot happen
in finite dimensions.

Example 4 is examined again at the end of 4.
The previous examples show that modal observability is a very weak property.

However, experience with finite-dimensional systems and the papers already quoted
suggest that it is one of the crucial properties of linear systems. Hence it is important
both to understand the results that can be derived from it and to know conditions
under which it is equivalent to the property of detectability.

3. Lyapunov Equation. We assume in this section that a solution P to (LE)
exists (we need P E L(X), but, for the moment, P need not be either positive or
symmetric). For more clarity, we first consider the spectral properties of the operator
A at z0 0. We assume a simpler form than 0-modal observability for the first results:
namely, we assume that there exist two operators X, Y such that

(4) XAx + YCx x Vx E Dom A.

The equivalence of condition (4) and 0-modal observability was proved in [26,
Thm. 2].

It is easily seen that (i) if {x,} is a bounded sequence in the domain of A such
that Axn O, then Cxn -- 0, by putting x y Xn in (LE); and (ii) if {Xn} is a
bounded sequence in the domain of A such that Axn yo, then {Cxn} is a Cauchy
sequence (put x y (Xn Xm) in (LE). In particular, if the operator C*C has a
bounded inverse, {xn} is convergent, xn x0. Then x0 DomA and Axo yo, since
A is a closed operator.

LEMMA 1. Let us assume that condition (4) holds and that a solution P exists to
(LE). Then any sequence {Xn} such that {Axn} is convergent is itself convergent.

Proof. We first assume that {Xn} is bounded. It is shown above that {Cxn} is
convergent. Then the result follows from the equality (4) with x Xn:

Xn XAxn - YCxn.

Consequently, {Xn} converges to some x0, and Axo limAx, since the operator A
is closed. Now we show that {Xn} is bounded. Let us assume, by contradiction, that
this is not the case. Then we put ?n Xn/llXnll, and we see that An - 0 (and
is bounded) so that Cn - O. Condition (4) implies that {n} tends to zero. This is
impossible, since IIr],ll- 1 for each index n.

COROLLARY 2. Under the same assumptions as those in Lemma 1, Im A is a
closed subspace of X.

Proof. In fact, it is shown that if Axn , then xn x0. As A is a closed
operator, then x0 Dom A and Axo .
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THEOREM 3. Under the same assumptions as those in Lamina 1, 0 an(A LJ
at(A).

Proof. The point z0 0 is not in the continuous spectrum, since the closed
operator A has closed image; it is not in the point spectrum, since if Axo 0 and
x0 = 0, then, from (LE) with x y x0, we see that Cxo 0 and, from (4), x0
should be the null vector.

The previous result asserts that we should not assume that 0 is not a point in
at(A); in fact, it may well be that 0 E ar(A), as the following example shows.

Example 5. Let X 12 and A be the right shift, A(xi) (yi),yl 0, y
x-i i >_ 2. Let P (A + A*) so that (-A*)P + P(-A) -(2I + (A*)2 + A2) is
negative. The operator C is the square root of (2I + (A*)2 + A2). Then (LE) is
satisfied by P, and condition (4) holds with X A*, Y 0, since A*A I. Despite
this, 0 E a(A).

The analysis of the spectral properties of the operator A at z0 0 is finished by
the following result.

THEOREM 4. Let us assume that O-modal observability holds and that there exists
a solution P to (LE). Then 0 el {ap(A) LJ ac(A)}.

Proof. Otherwise, we can find sequences {xn}, {z,}, Xn
Zn O, such that (znI- A)x -- O. In fact, if zn ap(A), then x, is one of the
eigenvectors of z; if z, ac(A), then (zI- A) is not invertible and we can find Xn
such that II(ZnI- A)Xn[I < (l/n). From (LE),

<Cxn, CXn> Zn<Xn, Px, > + 2n<Pxn,Xn>
A)xn, Px, > + (z, I A)xn>

so that Cx O. We recall that 0-modal observability means that equality (3) holds
for z in a neighborhood of z0 0. Hence, by putting z zn, x xn in (3), we see
that x --. 0. This is impossible, since the norm of xn is equal to 1 for each index n.

Remark. We note that an analogous proof allows us to conclude that the image
of A is closed; this is a property that the point 0 must have even if it belongs to a(A).
An analogous statement, which is not explicitly quoted, also holds for the results that
we will now prove.

We now examine the spectrum of A in a strip around the imaginary axis.
THEOREM 5. Let us assume that (LE) has a solution P P* and that uniform

t-modal observability holds over t {z, Iezl < a}. Then there exists a > 0 such
that {ap(A) ac(A)} {z, Iez < a} 0.

Proof. Otherwise, there exist a sequence z of complex numbers and sequence
x of unitary vectors in X such that (zI- A)x, 0 and ez - 0. Hence, from
(LE),

IICxll + 2(ezn)(Xn, PXn) 2e((ZnI- A)xn, Pxn)
and Cx, --, O. Uniform modal observability implies that x -- 0, while we assumed
that the norm of Xn is one.

Finally, we consider the case of a half-plane. If 5 is any real number, we recall
that H {z, ez > -5}.

THEOREM 6. We assume that
(i) The conditions of Theorem 5 hold;
(ii) (LE) has a solution P P* > O;
(iii) There exists modal observability over H0 {z, ez > 0}.
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Then there exists a number a > 0 such that {ap(A)U at(A)} N H 0. Moreover,
zI- A has a continuous left inverse for each z with ez > O.

Proof. We show that if z E ap(A)Uac(A), then ez cannot be positive. This will
follow from P being positive. This is sufficient, since we already know that no point of
ap(A) U a(A) belongs to -a < ez < 0 from Theorem 5. If z e ap(A) a(A), then
there exists a sequence {Xn} of unitary vectors such that (zI- A)Xn -- 0 ({xn} may
be a stationary sequence if z ap(A). In this case, Xn =- xo ker(zI- A)). Hence
the right-hand side of (5), with zn z, tends to zero. As P P* _> 0, we see that
(Xn, PXn)

_
O, SO that xn - 0 and Cx, --. O. This contradicts modal observability.

In particular, we have seen that ker(zI- A) q} for each z, ez > 0, so that the
left inverse of zI- A exists. If, for some z0, the inverse is not continuous, then there
exists a sequence {Xn} of vectors of unitary norms such that (zoI- A)Xn --* O. The
above arguments show that this is impossible.

In the proof of Theorem 6 we have explicitly proved the following result, which
will be used later.

COROLLARY 7. Under the assumptions (2), (3) of Theorem 6, {ap(A)Uac(A)}
H0 , and (zI- A) has a bounded left inverse on H0.

The previous theorem completes the analysis of the spectral properties of A if the
operator A is selfadjoint, since, in this case, at(A) is empty. Otherwise, we have the
following results.

THEOREM 8. Let us assume that A generates a Co-semigroup E(t). If C I
and if (LE) has a solution P P* >_ O, then there exists a number a > 0 such that
a(A) C_ {z, ez < -a}.

Proof. From [6] it is known that E(t) is exponentially stable. [:]

In recent times, "stable" Bzout equations proved to be important tools. Knowing
this fact, we state the following result, which extends Theorem 8. We recall that"
H(II) denotes the Banach space of those functions, which are holomorphic and
bounded over H; H denotes H(II0). Hence uniform modal controllability on H0
means that the functions X(.), Y(.) belong to g. The Hardy space H2 H2(H0)
has a more complex definition. For the following result, it is sufficient to know that
it is the space of the Laplace transforms of functions that are square integrable on

(0, +oc); the Laplace transform is an algebraic and topological isomorphism between
L2(0, +(:x:)) and H2.

THEOREM 9. Let us assume that
(i) A generates a Co-semigroup E(t);
(ii) uniform modal observability holds on IIo;
(iii) (LE) admits a solution P P* >_ O.

Under these assumptions, the semigroup E(t) is exponentially stable, so that there exists
a > 0 such that a(A) {z, ez > -a} O.

Proof. It is sufficient to show that under the stated assumptions the semigroup
E(t) is exponentially stable.

Let x belong to the domain of A. Then

-IICE(t)xll 2 (AE(t)x, PE(t)x} + (PE(t)x, AE(t)x)
d

(E(t)x, PE(t)x).
dt

Integration then shows that
T

IICE(t)xll 2 <_ IIPxll 2 -(E(T)x, PE(T)x)dt
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Of course, this inequality also holds for any x E X, since DomA is dense in X.
Moreover, we can put T c and still have the same estimate. Hence the function
CE(t)x is a square integrable function. In particular, its Laplace transform (z)x
belongs to H2, its H2-norm being less than [Ix[[ for a positive number .

From the properties of C0-semigroups, it is known that there exists a halfplane Hr
over which the operator (zI- A) -1 exists as a bounded operator. It is not restrictive
to assume that r < 0. On Hr the Laplace transform ((z)x of CE(t)x is given by
((z)x C(zI- A)-lx; on Hr, from condition (2),

(zI- A)-lx X(z)x -+- Y(z)C(zI- A)-lx
X(z)x + Y(z) (z)x x e DomA.

Hence (zI- A) -1 has a holomorphic extension to H0, which must coincide with the
left inverse, whose existence is asserted in Corollary 7. Let us denote by A(z) this
extension. The holomorphic function A(z) is the sum of an H function (namely,
X(z)) and of an H2 function (namely, Y(z)((z)). By using an idea in [35], we see
that this implies that the semigroup E(t) is exponentially stable.

Let F(z) be the function F(z)x f e-ztE(t)x dr, so that F(.) H2 CI H and

sup [IF(z)x[[ < [[E(t)x[[ dt <
{ez>0}

Hence A(z)F(z)x X(z)F(z)x + Y(z)O(z)F(z)x is in H2, and its H2-norm is
bounded uniformly with respect to x for [Ix[[ <_ 1. In fact,

(i) IIX(z)F(z)llH < [[X(z)[lH IIF(z)[[H.;
(ii) [IY(z)C(zI-A)-IF(z)[[H <_ [[Y(z)I]H= I[(I)(z)[[H X

Consequently, z A(z)F(z)x belongs to H2; i.e., its inverse Laplace transform
is a square integrable function. This inverse Laplace transform is

tE(t)x for0<t<l,

E(t)x, t >_ 1

because A(z)F(z)x (zI- A)-lF(z)x on Hr. Hence the semigroup generated by A
is L2-, i.e., exponentially stable [6]. [3

Remark. The assumption that A is a generator is essential for the previous result.
In fact, Example 1 shows an operator A (which is not a generator) with the following
property: (zI- A) has a left inverse that belongs to H(H0), so that uniform modal
observability holds with C 0; if C 0, then (LE) has the solution P 0.

4. The Riccati equation. We now consider the Riccati equation (RE). In the
first results (Lemmas 10-12), we simply assume that K K*, but we do not assume
that K has the special form K PHP. We note that, for bounded A and any
P P*, we can always find K such that P is a solution of the corresponding (RE): it
will be K A*P + PA + C*C and K is compact if P, C are compact operators. So
the properties of a(A) that can be derived in this case are very weak, and essentially
depend upon modal observability of the system.

We first prove a lemma.
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LEMMA 10. Let us assume that zo is a complex number with the following prop-
erties:

(i) ker(z0I- A) {0};
(ii) inf{]l(zoI A)x[J,x e DomA, [[x[I 1} O.

Let V be a finite-dimensional subspace of the domain of A. Then

inf{ll(z0I A)x[[,x e DomA, I1 11- 1,x e v+/-} 0.

Proof. Let us assume, by contradiction, that the infimum over V+/- is positive. In
this case, there exists a bounded left inverse D of (zoI-A)Iv+/-, DomD clIm(z0I-
A)Iv+/-

By assumption, we can find a normalized sequence {Xn} in Dom A such that
(zol-A)xn --, O. We represent x v, + Wn, V V, Wn V+/-. As IIvll _< 1 nd V
is locally compact, we can assume that Vn --+ vo, (zoI- A)vn --+ (zoI- A)vo, so that
{(z0I- A)wn} is also convergent. Since (zoI- A)wn e Im(zoI- A)Iv+/-, then w is
convergent, say Wn WO. The operator A being closed, (zoI- A)Wn - (zoI- A)wo
and (zoI- A)(vo / w0) 0. From the first assumption, v0 + w0 0, in contrast with
the assumption that 1 lim IIxll IIv0 / w011. [3

Now we can consider the purely imaginary points in a(A). We recall the standing
assumption that K K* is a compact operator, but still we do not require that
K PHP.

LEMMA 1 1. Let iw be a fixed number. We assume that iw-observability holds.
Then it is not possible to find a sequence {Xn} in the domain of A such that IlXnll 1,
x, 0 and (iw A)x, --, O.

Proof. Let n (iw A)xn. Then, from (RE) with x y Xn, we have that

-2e<n, PXn> <Xn, Kxn> -IlCxnll 2

and the left-hand side converges to zero: Kxn -- O, since x, 0 and K is a compact
operator; (n, Px, -+ O, since {Pxn} is bounded and n --+ 0. Hence Cxn ---+ O, so
that, from/w-modal observability,

Xn X(iw)(iw- A)x, + Y(iw)Cxn,

so that Xn -- O. This is not possible, since we assumed that the norm of xn is equal
to 1 for every n. D

The previous lemma shows that the following possibilities are inconsistent with
/w-modal observability and compactness of K:

(i) iw e ap(A) and dim ker(iwI- A) +cx. In fact, in this case, we
can find an infinite orthonormal sequence {Xn} in ker(iwI- A). Any
infinite orthonormal sequence {x} converges weakly to zero, from the
Riesz-Fischer theorem.

(ii) iw e at(A). In fact, let Xl, IlXlll 1 be such that II(iwI- A)xlll < 1.
Once that x2,... x have been chosen, we can find

Xn+l e span{xl,... ,Xn}+/-, IIx+lll 1,

so that II(iwI- A)x/ll < 1/(n + 1) (from Lemma 1). Hence (iwI-
A)xn -+ 0 and Xn 0 (since {Xn} is a orthonormal sequence).

(iii) iw E at(A), and (iwI- A) does not have a bounded left inverse (by an
analogous argument relying on Lemma 1).

Now let 5 > 0 and, as above, H {z, ez > -5}. An analogous proof results in
the following lemma.
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LEMMA 12. The following properties are inconsistent:

(i) There exists P- P*, which solves (RE) (and g K* is any compact
operator);

(ii) There exists 5 >_ 0 such that H-modal observability holds;
(iii) There exists a sequence {zn}, ezn o >_ -5 of complex numbers

and a sequence {xn} of normalized vectors in DomA such that Xn O,
(ZnI- A)x, 0

(iv) The sequences {X(zn)}, {Y(z,)} are bounded;
(v) limsup.ezn(xn, Pxn} --+ l, 0 <_ <_ +oo.

Proof. We pass to a subsequence such that ezIXn, PXn} --+ l, 0 <_ < +00. We
note that

<(A- zI)x,, Px,> + (Px, (A- ZnX)Xnl <xn, Kxn}
--IlCXnll 2 2.ezn(xn, Pxnl.

As K is a compact operator, the left-hand side tends to zero. Hence ez, (Xn, Px} -+

0 (since > 0) and Cx --, O. However, xn X(z)(zI- A)xn + Y(z)Cx, so that
Xn -- 0 since the sequences {X(zn)}, {Y(zn)} are bounded. This is a contradiction,
since we assumed that

In particular, this lemma is useful when P > 0 and .ezn --* o >_ O.
The possibilities that are eliminated by the previous lemma are (we put 5 0,

this being the .most important case)
(i) That zo E at(A), {Rezo >_ 0 and that (zoI- A) does not have a bounded

left inverse;
(ii) That there exists zo at(A), ezo >_ O.

In both these cases, in fact, we can put z z0 for each index n.
The sequence {Xn} is constructed as in Lemma 1;

(iii) ap(A) N {z, ez > 0} contains an eigenvalue of infinite multiplicity.

Remark. An observation that is important to understanding the next example
is the following one" we note that if Zn -+ z0 e Ha, then {X(zn)} and {Y(z)}
are indeed bounded sequences. An analogous proof shows that if f is any region in
{Rez _> 0, then properties (i)-(iii) of Lemma 12 and (a) Zn - z0 eft; and (b) ft-modal
observabilityare inconsistent. The proof is analogous to that of Lemma 12.

Under the stated assumptions, we cannot prove more properties of a(A). In
particular, it is not true that ap(A) {z, ez > 0} is finite, as the following example
shows.

Example 6. Let X 2 and U -C. The operator A is the left shift,

A(xl, x2, x3, (x2,x3,...),

while the operator C is defined by

C(x , x,., Xl.

We already noted that a solution P as in Lemma 12 exists, since A is a bounded
operator.

As it is known, if Izl < 1, then z an(A Despite this, the pair (A,C) is
f-modally observable, f {z, Izl < 1}. In fact, with u (1, 0, 0,-.. )*, the operator-
valued functions that satisfy (3) are

-(,- y(z) (,-
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Here S is the right shift S(xl,x2, x3,... (0, Xl,X2,... ), SO that (I- zS) -1 exists
for Izl < 1 as a bounded operator.

The operator A of this example is bounded, so that it is even the generator of a
holomorphic group of operators.

Now we can modify this example so that it fits exactly in the framework in Lemma
12. It is known that 1 belongs to at(A) and that the operator A (I-A)-I(I+A)
is densely defined and closed. Let ( C:

(z) x(Z 1 (I A) :(z) Y(
z 1

).
z + 1" (z + 1) z+l

The functions (z), ](z) are holomorphic and bounded on H0 and a(_)
_

H0.
Moreover,

(z)(zI- i) + (z) I for ez > 0

since I(z- 1)/(z + 1)1 < 1 if ez > 0.
Despite this, a symmetric solution P to (RE) exists, with some operator K (not

of the form PHP): take P (I- A)*Q(I- A) with Q Q* >_ 0 and K C*C +
(A + I)*Q(I- A)+ (I- A)*Q(A + I).

Of course, we can obtain more stringent results if we introduce the assumption
that K PHP, H H* a compact operator, which is a natural assumption from
the point of view of systems theory. So this assumption will hold for the remainder of
this paper.

LEMMA 13. Under assumptions (i) and (ii) of Lemma 12 with 5- O, if K
PHP, H a compact operator, and P >_ O, then it is not possible to find a sequence
{Zn } e O’p A such that

(i) The sequence {Y(zn)} is bounded;
(ii) lim sup ezn _> 0;
(iii) The sequence {Zn} is unbounded.

Proof. Let us assume by contradiction that we can find sequences {Zn}, {xn}
such that Ax ZXn, IlXnll- 1, limlz oo, and limsupezn >_ 0. Then, for
y EDom A,

Zn {Xn, Py) (Axn, Py) --(Xn, PAy} + (Xn, PHPy) (Cxn, Cy),

and the right-hand side is bounded for n - oo. If IZnl -- OO, then we must have
(x, Py) (Pxn, y) - 0 for every y in the domain of A. Consequently, PXn 0,
since the domain of A is dense in X; hence PHPxn -- 0, since H is compact. Now,
from (RE) with x y xn,

2ezn <Xn, Pxn> + IlCxnll (Xn, PHPxn) -- O,

so that Cxn ---+ 0, since the upper limits of both the terms on the right-hand sides
are not negative. From modal observability, Xn O. This is a contradiction, since

If there exist infinitely many eigenvalues of A in ez _> 0, then the relative
eigenvectors must converge, as stated in the next result.
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LEMMA 14. Under the same assumptions as those in Lemma 13, let {zn} be a
sequence in ap(A) C {z, Nez >_ 0}. Let {Vn} be a sequence of normalized eigenvectors,
Vn relative to Zn. Then any weak limit point vo of {Vn} is a strong limit point.

Proof. Lemma 13 shows that it is not restrictive to assume that Zn --+ zo. As
{Vn} is bounded, we can assume that Vn vo, so that AVn zovo. An operator A is
closed if and only if it is weakly closed, so that v0 E Dom A, Avo zovo. Now, if {vn }
does not tend to v0, there exists a positive number a such that 0 <
Hence Xn (Vn VO)/[[Vn V0[[- 0, (ZnI- A)xn (zo Zn)VO/[IVn V0[[ -- 0, and
this is in contrast with Lemma 12.

However, we cannot infer that a(A)N H is finite for some . The example is
still Example 1. Here we have an operator A whose resolvent has a holomorphic left
inverse X(z) for every z, and supez> IIX(z)II is bounded for each . Hence uniform
modal observability holds on !lez > , with C 0. If H 0, then P 0 is a solution
of (RE). Despite this, the resolvent set of A is empty.

The difficulties that arise when studying the regulator problem for inverse systems
are partly explained by the previous lemmas. The infinite horizon regulator problem
with positive operators for "inverse" systems is studied in [9]. As we can expect,
its solution depends on (RE) (with H=BB*) having a positive solution P. This is
proved under the assumption that (with the symbols of the present paper) (-A, B) is
approximately controllable and (-A, C) is detectable (the reason for these assumptions
is the following: the solution is constructed as the inverse of the operator Q, which is
the solution of the Riccati equation formally obtained for Q p-1. The result is that
the solution Q exists under controllability, and that ker(Q) (0} under detectability,
so that P Q-1 is well defined). The result, however, is that the operator P is,
in general, unbounded. The previous lemmas clearly indicate the reason: among the
systems that fall in the approach in [9], there are systems with C I and the operator
A, similar to the one that describes the inverse heat equation with zero Dirichlet
conditions, whose eigenfunctions span the space X and correspond to a sequence of
eigenvalues in H0. The previous results imply that the operators P that solve (RE)
and are positive cannot be bounded.

We now remain with the properties of at(A). As for the case of Lyapunov equa-
tion, we need some "stabilization" property, and we must require that A is a generator,
after Example 1. We prove the following result, which also implies that A has at most
finitely many unstable eigenvalues.

THEOREM 15. We assume that
(i) A is the infinitesimal generator of a Co-semigroup;
(ii) There exists a solution P to (RE), P P* > 0, and g PHP. The

operator H H* is compact;
(iii) IIo-uniform modal observability holds.

Then there exists a number > 0 such that a(A) N H is a finite set of.eigenvalues,
each one of finite multiplicity.

Proof. We note that (RE) can be written as

((A + J)x, Py) + (x, P(A + J)y) -(Cx, Cy) (HPx, HPy),

where J -(HP + H*HP)/2. We can view J as a bounded perturbation of A, so
that A + J generates a C0-semigroup that we denote E(t). Clearly, for x E Dom A,

d
dt

(E’ (t)x, PE’ (t)x> lICE’ (t)xll + IIHPE’ (t)xll 2,
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so that

IlCE’(t)xll 2 dt + IIHPE’(t)xll 2 dt <_ <x, Px> <_ IIPII Ilxll

for each x E X, since DomA is dense in X. Consequently, the transformations
z - C(zI- A- J)-lx, z HP(zI-A- J)-lx belong to the Hardy space H2. From
the equality

(zI- A- J)-lx =X(z)x + X(z)J(zI- A- J)-lx
+ Y(z)C(zI- A- J)-lx,

we see that (zI- A- J)-lx has a holomorphic extension to H0, which is the sum of
a H and an H2 function. As in Theorem 9, this implies that the semigroup E(t) is
exponentially stable.

The operator A is a compact perturbation of A + J, so that it generates a qua-
sicompact semigroup. Consequently, only one of the following possibilities may hold:
(i) the set a(A)N H0 is empty or (ii) the set a(A) H0 is finite and its elements are
eigenvalues of finite multiplicity. (see [1, pp. 215-216]). In fact, let /be minor then
the exponential order of the semigroup E’(t). Then also etE’(t) is a quasicompact
semigroup, whose generator is (I / A / J). The above arguments can be repeated
with (-I + A) in the place of A, and we get the result.

Let > 0 be as in Theorem 15 and assume that the set a(A) N H is not empty.
Let N be the (finite-dimensional) generalized eigenspace of A with respect to the
eigenvalues in H, and P, I-P be the relative spectral projections. Then the following
theorem holds.

THEOREM 16. Let Xl be the image ofI-P and A1 be the operator (I-P)AIx
Then A1 generates an exponentially stable semigroup on X1.

Proof. This follows from [1, p. 216].
Finally, we consider the case where H BB*. Still with N q), let AN, BN,

CN be the operators PAIN PB, PCIN. The pair (BN,AN) identifies a linear finite-
dimensional control system and the eigenvalues of A have nonnegative real parts.

THEOREM 17. Under the assumptions of Theorem 15, the finite-dimensional sys-
tem (BN, AN) is stabilizable, hence completely controllable, and the finite-dimensional
system (AN, CN) is observable, hence detectable.

Proof. In fact, the operator P is solution to the Lyapunov equation for the op-
erator A- 1/2BB*P, and the assumptions of Theorem 9 are satisfied. Hence the pair
(B,A) is stabilizable, and the conclusion follows, for example, from [11], since the
spectrum of AN lies in H0. To see the second part, we represent the matrix A in the
block form

A A2,1 AN

and, correspondingly, C [C1, CN]. If the finite-dimensional system identified by AN
and Cy is not observable, then XN(Z)(ZI- AN)+ YN(z)C I cannot be solved
with XN(Z), YN(Z) bounded in ez > -5, 5 > 0. Hence uniform modal observability
cannot hold for the complete system. The conclusion follows since a finite-dimensional
observable system is detectable.

The last result in particular implies that, for the control system described by (1),
(2), modal observability is forced to coincide with detectability when (RE) admits
a positive solution P. It is interesting to again discuss Example 4 from this point



DISTRIBUTED SYSTEMS WITH FINITE-DIMENSIONAL INPUTS 939

of view. As was stated, it can be represented in the form (1), (2), and it is modally
observable. It is not detectable, however. This follows from [12], since the null solution
to the difference equation (t) (t- 1) is not exponentially stable. Consequently,
the Riccati equation relative to the system in this example does not have a positive
solution.

5. Concluding remarks. In this paper we presented an analysis of the spectral
properties of an operator A when an "algebraic" Riccati equation has a solution. The
crucial properties that we assumed for the operator A and the operators H, C that
appear in (RE) are that H is compact and that the pair (A, C) is modally detectable
over a given region t. The case where H is nonpositive, H BB*-DD*, in
particular, is also considered. This case occurs in H-control theory.

In the case where H BB*, we were able to identify a class of systems for which
modal observability and detectability are equivalent properties.

The result that we were looking for in this paper were suggested by a "closed-loop
configuration" of the system. We refer to [39] for related "open-loop" results.

In this paper, the operators B, C in (1), (2) are bounded operators, so that
boundary control problems (or problems with boundary observation) are not con-
sidered (we quote [4] for an extension of the results in [15] to the class of systems
studied in [32]). The theory of the quadratic regulator for boundary control processes
is now well developed (see the survey [18] for discussion examples and references). In
the case where the input acts on the boundary, the term (x, PHPx takes the form
(D*A*Px, D*A*Pxl, where D solves a stationary "Dirichlet" problem. It is possible
to prove that this operator is bounded when A generates an analytic semigroup and
B EL(U,X), where X is the domain of (I-A), 0 <_ <_ 1. Here is any
number such that e-AtE(t) is exponentially stable (see [18] and references therein, in
particular, [7], [10], [16], [17] listed there, for an analysis of boundary control parabolic
systems). The results of this paper could be applied should the operator D*A*P be
compact. However, this observation is not of much use, since the conditions imposed
on the operator A to satisfy this condition (of being the generator of an analytic
semigroup, with compact res01vent) already give a clear picture of its spectrum.

Some of the results in 3, 4 do not require that A is the generator of a C0-
semigroup; this is important in the analysis of "ill-posed" control problems. The "ill-
posed" control problems studied until now are examples of inverse control problems,
i.e., control problems described as in (1) (2), with -A (and not A) being a generator
of a C0-semigroup. It is clear that if P is a solution to the Riccati equation that
corresponds to -A, then -P is a solution to (RE). This observation is used in 4 to
explain one of the reasons that force the solutions to the Riccati equation for inverse
systems to be unbounded.

The final results in 4 shows that, for a control process described by (1), (2), the
existence of a positive solution to (RE) forces modal observability to be equivalent to
detectability. This is a direct extension of the results in [15].
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ON THE CONTINUOUS DEPENDENCE WITH RESPECT TO
SAMPLING OF THE LINEAR QUADRATIC REGULATOR
PROBLEM FOR DISTRIBUTED PARAMETER SYSTEMS*

I. G. ROSEN AND C. WANG$

Abstract. The convergence of solutions to the discrete- or sampled-time linear quadratic reg-
ulator problem and associated Riccati equation for infinite-dimensional systems to the solutions to
the corresponding continuous time problem and equation, as the length of the sampling interval (the
sampling rate) tends toward zero (infinity) is established. Both the finite- and infinite-time horizon
problems are studied. In the finite-time horizon case, strong continuity of the operators that define
the control system and performance index, together with a stability and consistency condition on
the sampling scheme are required. Fo the infinite-time horizon problem, in addition, the sampled
systems must be stabilizable and detectable, uniformly with respect to the sampling rate. Classes of
systems for which this condition can be verified are discussed. Results of numerical studies involv-
ing the control of a heat/diffusion equation, a hereditary or delay system, and a flexible beam are
presented and discussed.

Key words. LQR problem, feedback control, sampled control systems, approximation theory

AMS(MOS) subject classifications. 41A34, 49B27, 49B34, 65J10, 65J10

1. Introduction. In this paper we consider the convergence of closed-loop solu-
tions to discrete- or sampled-time linear quadratic (LQ) optimal control problems and
the associated Riccati equations for infinite-dimensional systems defined on Hilbert
spaces to the solutions to the corresponding continuous-time problems and Riccati
equations, as the length of the sampling interval tends toward zero. With the advent
and proliferation of microcomputers, and control tasks becoming ever more complex
(for example, the stabilization of large flexible spacecraft and fluid flow control), the
roles played by discrete- or sampled-time control design techniques and distributed pa-
rameter systems have become increasingly more important. It has become necessary,
therefore, to develop extensions of many of the familiar results for finite-dimensional
systems to an infinite-dimensional setting. One area that has recently received a great
deal of attention has been the LQ theory. Certain aspects of the linear-quadratic ap-
proach to control design for both continuous and sampled time infinite-dimensional
systems have been studied extensively. In particular, these aspects include, for exam-
ple, the linear state-feedback structure of the optimal control law, the optimal linear
quadratic Gaussian (LQG) estimator and compensator problems, boundary control,
and finite-dimensional approximation (for specific references, see below). To the best
of our knowledge, however, the interrelation between the continuous- and discrete-
time theories, which in the finite-dimensional case is well understood, has not as
of yet been looked at in the context of infinite-dimensional systems. Such a study
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would be useful, for example, because typically in engineering practice, the discrete-
and continuous-time LQ theories are applied interchangeably without regard to as to
whether the actual system is continuous or discrete in nature. In particular, due to
hardware constraints, most systems occurring in engineering practice are, in fact, dis-
crete. However, if the sampling is considered to be rapid enough, the system may be
treated as continuous when an optimal control law, state estimator, or compensator
is designed. Our work is largely motivated by the fact that the results we present here
will serve to, in some sense, justify this approach.

We note that in finite dimensions, where strong and uniform norm convergence of
linear operators are equivalent, the continuous dependence with respect to sampling of
the solution to the linear quadratic control problem and associated Riccati equation is
straightforward. Indeed, in [Le], the continuous-time theory (for the LQG estimator)
is established by first deriving the discrete-time results, which are fundamentally
algebraic in nature, and then taking the limit as the length of the sampling interval
tends toward zero. However, in infinite dimensions, as is typically the case, the desired
convergence is less obvious. This is because we must deal with the convergence of
operators given only as the solutions to nonlinear Riccati-type integral equations. The
difficulties become especially acute in the case of the infinite-time horizon problem.

In this paper, we consider both the finite- and infinite-time horizon problems. In
the case of the finite-time horizon problem, under the assumption of strong continuity
of the operators that define the control system and performance index, together with
a stability and consistency hypothesis on the sampling scheme, we are able to deduce
the desired convergence. In doing this, we must develop an appropriate framework to
facilitate the comparison of discrete- and continuous-time operator families. For this
purpose, we rely heavily upon Kato’s [K] treatment of discrete semigroups. In the
case of the infinite-time horizon problem, we must additionally assume stabilizability
and detectability of the discrete-time systems with some degree of uniformity in the
sampling rate. The notion of stabilizability/detectability uniform with respect to
sampling will be made precise in 3. We are able to establish that if the continuous-
time system is stabilizable and detectable via finite rank feedback, and if zero-order
hold sampling is employed, then the resulting discrete-time systems are uniformly
stabilizable and detectable .for sufficiently small sampling interval. We also have a
result concerning the uniform stabilizability and detectability of systems, which are
described open-loop by compact, analytic, or differentiable semigroups. However, this
result is not discussed here, but rather in [RW] and [RW2].

Our treatment is functional analytic in nature, and is similar in spirit to the many
recent studies of convergence of solutions to LQ control and estimation problems
and the associated Riccati equations under state (space) approximation (i.e., finite
difference, modal, or finite element, for example). See, for example, [BK], [BW], [G],
[GA], [GR], [R], and [W]. For the discrete-time LQ theory for infinite-dimensional
systems, we rely heavily on the well-known results contained in [HH], [LCB], and [Z].

In addition to our theoretical results, we have included the results of some of our
numerical convergence studies. We present and discuss our findings for the infinite-
time horizon LQ optimal control problems for a one-dimensional heat or diffusion
equation, a one-dimensional hereditary or delay system, and a hybrid system of or-

dinary and partial differential equations describing the small amplitude transverse
vibration of a cantilevered Voigt-Kelvin viscoelastic beam with tip mass.

An outline of the remainder of the paper is as follows. In 2 we treat the finite-
time horizon problem. The infinite-time horizon problem is considered in 3. The
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relation between finite rank and uniform stabilizability and detectability is treated in

4. Our numerical results are presented and discussed in 5, while a brief 6 contains
a summary and some concluding remarks.

2. LQR problems with finite-time horizon. In this section we consider the
linear quadratic regulator (LQR) problem over a finite-time interval. The basic no-
tation and our general assumptions are introduced in the statements of both the
continuous-time and corresponding sampled-time problems given below. The exis-
tence and uniqueness of the optimal control, as well as its closed-loop feedback struc-
ture, can be obtained using a variety of approaches. Here we consider the optimal
control problem as the minimization, of a strictly coercive quadratic form on the admis-
sible control space. This approach yields an explicit representation for the solution of
the usual Riccati equations (for both the continuous- and sampled-time problems) in
terms of the underlying system and penalty operators that define the problems. Since
the particular focus of our effort here is the consideration of sampled-time problems
as approximations to a continuous-time problem, specialized notions and characteri-
zations of convergence must be introduced. Once this is done, our convergence result
for the finite-time horizon problem can then be stated in terms of these specialized
notions of convergence. In the discussion to follow, Theorems 2.1 and 2.2 state the
well-known existence and uniqueness results for the solutions to the continuous- and
discrete-time LQR problems on a finite time-interval in closed-loop, linear state feed-
back form, while Theorem 2.3 is concerned with the specialized notions of convergence
mentioned above. Our convergence results for the finite-time horizon problem is given
in Theorem 2.4 and Corollary 2.1

Let H and U be Hilbert spaces with inner products < -,. >H and < .,. >v,
respectively. Let to, t R be given with to < t, and let T {T(t,s) to <_ s <_
t <_ t} be an evolution system on H. For each t [t0,t], let B(t) L(U,H),
Q(t) L(H), and R(t) L(U), and let G L(H). We consider the continuous-time
LQR problem given by the following problem.

(P) Determine a control input fi L2(to, ti; U) which minimizes the quadratic
performance index

J(u; to, x(to), G) < Gx(t.i), x(tf >H

+ {< (t)(t),(t) >H + < R(t)(t), (t) >v}dt,

where for each t [to, t,] the state x(t) H is given by

(2.1) x(t) T(t, s)x(s) + T(t, T)B(r)u(r)dr, to <_ s <_ t <_ ti.

We make the following standard assumptions on the operator families {T, B, G, Q, R},
which determine problem (P).

(C1) The evolution system T is strongly continuous on H and, therefore, is uni-

formly exponentially bounded, with constants M > 0 and w R. That is,

IIT(t,s)IIL(H)

_
Me(t-), to <_ s <_ t <_ t.

(C2) The operator-valued functions B, Q, and R are strongly continuous and,
therefore, are uniformly bounded on [to, tl]. That is, there exists a constant C > 0
for which

[IB(t)IIL(U,H) <_ C, IIQ(t)IIL(H) <_ C, IIR(t)IIL(U <_ C,
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t e [to, t].
(C3) The operator G and the operators Q(t) and R(t) for each t e [to, tl] are

selfadjoint and nonnegative definite. Moreover, there exists a constant r > 0 for
which R(t) >_ rI, t E [to,

The strong continuity assumption in (C2) is not necessary for the wellposedness
of the LQR problem. However, some assumptions on the continuity of the operators
B, Q, R will be needed to obtain uniform convergence with respect to sampling.

The closed-loop linear state-feedback form of the solution to problem (P) can
be shown to exist and can be explicitly constructed by considering the minimization
of appropriately constructed, strictly coercive, quadratic forms on the Hilbert spaces
his L2(s,t/; U), s e [t0, t/] (see, for example, [G]). For each s e [t0, t/] define the
operators B8 n(H,/gs) and T8 L(L/8) by

for H, t E Is, tl], and

for t [s, tl] and u8 6 5/8. The adjoint operator B L(5/8, H) of B is given by

(2.4)
tf

Bu8 T(tl, s)*G T(t/, t)B(t)us(t)dt

tf
*Q+ (,) () (,)=()() .

For x(s) e H given, J(.; s,x(s), G) is minimized by choosing
5/8. It can be shown that (see [G], [awl])

min J(.; s, x(s), G) J(fis; s, x(s), G)

< C;T(tl, )x(), T(t, s)x() > + < Q(t)T(t, s)x(s), T(t, s)=(s) >H dt

< -lBsx(s),Bsx(s) >u,
< n()x(), x() >,

where the selfadjoint operator-valued function H" It0, t/] H L(H) is defined by

II(s) T(tl, s)*GT(tl, s) + T(t, s)* Q(t)T(t, s)dt

Using the definitions given above, the following theorem concerning the existence and
characterization of the closed-loop solution to problem (P) can be established.

THEOREM 2.1. Suppose that assumptions (C1)-(C3) are satisfied. Then for any
initial state x(to) H given, there exists a unique solution ft to problem (P). The
optimal control ft is given in linear state-feedback form by

ft(t) -R(t)-lB(t)*H(t)2(t), t 6 [to, tf],
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where 5 is the optimal trajectory. The operator-valued function H is given by (2.5)
and it is the unique selfadjoint solution to the Riccati integral equation

(2.6) n(t) T(tl, t)*GT(ti, t)

+ r(r, t)* {(r) II(r)B(r)R(r)-lB(r)*I(r)} r(r, t)dr,

t [to, tl]. We hve

(2.7) min J(.; to, x(to), G) J(a; to, (to), G) =< I(to)(to), x(to) >/-/.

We consider next the discrete- or sampled-time problem. Let k0, kf E Z with

kf>k0andlethERwithh>0. ForkZwithk0_<k_<ki-11etAh(k)L(H),
and let (Th (k, j) ko

_
j

_
k <_ kI} be the discrete-time evolution system on H given

by

Th(k, k) I,
k-1

(2.8) Th(k,j) Ah(k-1) Ah(k- 2)...Ah(j) H Ah(i), ko <_j < k <_ ki.
i--j

Let {Bh(k)ks-1 ks.-1 k-I
Jk--ko {Qh(k)jk=ko and {Rh(k)lk-ko be sequences in L(U, H), L(H), and

L(U), respectively, and let Gh L(H). The LQR problem is then given by
(Ph) Determine a control input fih /2(k0, ki- 1; U) that minimizes the quadratic

performance index

Jh(Uh; kO, Xh(kO), Gh) --< Ghxh(kf),xh(k$) >H
kf -1

+h {< Qh(k)xh(k),xa(k) >H + < R(k)u(k),uh(k) >v},
k--ko

where for each k E Z with k0 < k <_ kl, the state Xh(k) H is given by

k-1

(2.9) xh(k) Th(k,j)xh(j) + hE Th(k,i + 1)Sh(i)uh(i),
i--j

for ko <_j < k <_ kI.
For the discrete-time case, we make the following assumptions.
(D1) For each h > 0 the operators Ah(k), Bh(k), Qh(k), and Rh(k) are bounded

in k for k0 _< k _< kI 1. Thus, there exists a constant Ch for which

IIAh(k)IIL(H) <_ Ch, IIBh(k)IIL(U,H) <_ Ch,
IIQh(k)IIL(H) <_ Ch, IIRh(k)llL(V) <_ Ch,

for ko <_ k <_ kf -1.
(D2) The operator Gh and the operators Qh(k) and Rh(k) for k0 _< k _< kI 1

are selfadjoint and nonnegative. Moreover, there exists a constant rh > 0 for which
Rh(k) >_ rhI, ko <_ k <_ kI 1.

Note that assumption (D1), together with (2.8), yields that the discrete-time
evolution system {Th(k,j) ko <_ j <_ k <_ kf } is uniformly exponentially bounded
with

IITh (k, j)IlL(H) <-- C-j, ko <_ j <_ k <_ ki.
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Note also that the discrete-time evolution equation (2.9) is equivalent to the discrete-
time dynamical system given by

(2.10) xh(k + 1) Ah(k)xh(k) + hBh(k)uh(k), ko <_ k <_ kI 1, xh(ko) E H.

For each h > 0 and j k0, k0 + 1,..., kI 1, let/4h,j =/2(j, ki 1; U) endowed
with the inner product

kI-1
< Uh,j, Vh,j >Uh, h E < Uh5 (k)’ Vh,j(k) >V.

k-j

Define the operators Bh,j L(H, blh,j) and nh,j L(blh,j) by

(2.11) (Bh,)(k) Bh(k)*Th(kl, k + 1)*GhTh(kl,j)

+Bh(k)* h E Th(i,k+ 1)*Qh(i)Th(i,j) ,
i--k+l

for H, k j,j + 1,...,ki 1, and

(nh,yUhj)(k) Rh(k)uh,j(k)
kf -1

+Bh(k)*Th(ki, k + 1)*Ghh E Th(ki, + 1)Bh(i)Uh,j(i)
i--j

+Bh(k)*h E Th(i,k + 1)*Qh(i) hETh(i,l + 1)Bh(l)uh,j(l)
i=k+l l=j

Uh,j [h,j, k j, j + 1,..., kf 1, respectively, where in the above expressions and
throughout the remainder of the paper, we adopt the convention that --i, ai 0
whenever v < #. The adjoint of ]h,j, the operator B,j L(lh,j, H) is given by

(2.13)
kf -1

B,Uh, Th(kl,j)*Ghh E Th(kI’k + 1)Bh(k)uhj(k)
k--j

h E Th(k,j)*Qh(k) hETh(k,i + 1)Bh(i)Uh,j(i)
k=j-t-1 i=j

for Uh,j b[h,j
As in the continuous-time case, for j k0,’.., ki 1, xh(j) H, and lth,j h,j

Jh(UhS;j, xh(j),Gh) < GhTh(kl,j)xh(j),Th(kl,j)xh(j) >H
k.f -1

+h E < Qh(k)Th(k,j)xh(j),Th(k,j)xh(j) >H
k=j

< T-,}Bh,jXh(j),Bh,jXh(j) >uh,
--1+ < Th,(Uh, + Th-,}Bh,jXh(j)), Uh,j + ThSBhSXh(j) >U,,
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where the existence of the inverse of Th,j is quaranteed by assumption (D2). For
j E Z with j [ko, kf 1] and Xh(j) H given, Jh(’;j, xh(j), Gh) is minimized when

minJh(’;j, xh(j), Gh) Jh(h,;j, xh(j), Gh)
Lth,j

< GhTh(k],j)xh(j),Th(k],j)xh(j) >H
kf -1

+h < Qh(k)Th(k,j)xh(j),Th(k,j)xh(j) >H
k--j

< Th-,Bh,jXh(j),Bh,jXh(j)
< Hh(j)xh(j),xh(j)

kf--1where the sequence of selfadjoint operators in i(U), (IIh(k))=o are given by

kf -1

(2.14) II(j) T(k j)*G +
k--j

-1

for k k0,’", kf 1 and H. It is completely consistent to define IIh(kf) Gh.
Using the above definitions, it is then possible to establish the following well-

known result (see, for example, [LCB], [ZI, and IGR]) for the discrete-time LQR
problem (Ph).

THEOaEM 2.2. Suppose that assumptions (D1) and (D2) are satisfied. Then for
any given initial state x(ko) H there exists a unique solution l:(ko, kf 1; U)
to problem (Ph). It is given in linear state-feedback form by

h(k) -(k)-iB(k)*II(k + 1)A(k)(k), k k0,... ,ki 1,

where h(k) Rh(k)+hBh(k)*IIh(k+l)Bh(k), for k ko,..., kf-1, and the optimal
trajectory is given by (2.9) (equivalently, (2.10)) with u . The sequence of
operators in i(U) (II(k)-Jk----ko is given by (2.14) with Hh(kf) Gh and can be
obtained recursively via the Riccati difference equation

(2.15) Hh(k) Ah(k)*IIh(k + 1)Ah(k)
-hAh(k)*IIh(k + 1)Bh(k)th(k)-lBh(k)*IIh(k -t- 1)Ah(k)
+hQh(k),

k kf 1,...,k0, IIh(kf) Gh. We have

(2.16) min Jh(’; ko, xh(ko), Gh) Jh(th; ko, xh(ko), Gh)
Lth,ko

< 1-Ih(kO)Xh(kO),Xh(kO)

For appropriate choices of the families of operators Th, Bh, Qh, and Rh, we are in-
terested in studying the convergence of solutions to the problems (Ph) to the solution
of problem (P) as the length of the sampling interval h tends toward zero. In particu-
lar, we want to investigate the convergence of the discrete families of Riccati operators
{Hh(k) k0 <_ k <_ k} to the continuous family of operators {H(t) t0 <_ t <_ t}.
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To reduce the necessary degree of technical detail, we make the simplifying as-
sumption that to 0. There is, of course, no loss of generality in doing this since
any system can be transformed to one on a time interval starting at the origin. Set
ko 0 and for each h > 0 let kf kLh [t/h] where for a e R, [hi is used to
denote the greatest integer less than or equal to a. Let tj,,h hki,h and note that
limho+ tI,h tf.

To compare discrete and continuous families of operators, it is useful to identify
certain 12 sequence spaces with subspaces of L2. For X a Hilbert space and all
h > 0, let L2,h(0, tLh; X) be the subspace of L2(0, ti,h; X) defined by L2,h(0, tLh; X)
{ e L2(O, tI,h; X) is constant on each of the intervals [0, h), [h, 2h),..., [(k$,h-
1)h, tLh)}. Note that the subspgce L2,h(0, tLh; X) of L2(0, tLh; X) is isometrically
isomorphic to the space/2(0, kI,h 1; X) endowed with the inner product

kf,h--1

< {j -kI’h--1 ]kf,h--1

j=0

Let b/ L2(O, tf;U) and let L/h L2,h(O, tl,h;U). Let Ph E L(bt, blh) be the
orthogonal projection-like mapping of b/onto blh defined by

kf,h --1

(Ph)(t) E (h)jXI (t), 0 <_ t <_ tLh,
j=0

for E L/ where for j O, 1,..., kLh- 1, XI is the characteristic function for the
interval/ [jh, (j + 1)h) and

(h)j h-1 (t)dt.

It is not difficult to show (see [RWl]) that
1. the net {I]PhlIL(U,U)}h>O is uniformly bounded;
2. limh-0+ IIPhl]gh I]]]bt, L/, and
3. for each b/h there exists a b/such that Ph and IIllu IIlluh-

Following Kato [K, IX.4] we say that a net {h}h>0, Ch b/h converges to E b/

(h - , or limh_0+ Ch ) if

lim [lCh PhIlU O.
h--0+

Also, if for h > O, Oh L(blh), then we say that Oh converges strongly to L(L/)
if OhPh 0, /g; that is, if

lim IIOhPh- PhOllbtn O, Lt.
h--O+

With strong operator convergence defined in this way, it can be shown that OhPh --O, E L/ implies that the net {IIOhlIL(U)} is uniformly bounded and that if
OhPh O,and ffhPh -- , [, then OhhPh O, , etc.
We note, of course, that an analogous definition of strong convergence can be made
for bounded operators having only one or the other of its domain and co-domain being
b/h. That is, for example, if Oh L(X, bth) and L(Z, lg) where X is a normed
linear space, then we say that Oh converges strongly to if OhX Ox, x X, or

lim [IOhX- PhOx[[u O.
h-,O+
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Following the treatment of discrete semigroups in Kato [K], we make the following
formal definition.

DEFINITION 2.1. The discrete-time families of bounded linear operators Oh

(Oh(kn, kn-1,’",kl) 0 <_ kl <_ k2 <_ <_ kn <_ gh}, h > 0 from a Banach space
X into a Banach space Y will be said to (strongly) approximate a continuous-time
family of operators {O(tn,n-1,"" ,1)" 0

_
1

_
2

_ _
n

_
T} with

O(tn,’",tl) e L(X,Y) for t (tn,’",tl) e/k(n,T) ((tn, tn-1,"’,tl) e Rn" 0

_
tl

_
i2 _’’"

_
ln

_
T}, at (n,’", 1) e /(n, T), if

1. There exists at least one net of multi-indices (]h}h>0, (n,h,’’" ,]Cl,h) e
Zn with 0 <_ l,h <_ <_ n,h <_ Kh and limh_0+ hh .

2. For all nets (]Oh}h>0, satisfying (i) above,

lim I]Oh(h)X O(tXlly O, X e X.
h-,O+

The families Oh, h > 0 will be said to approximate on the set/k(n, T), if Kh IT/hi
and if Oh approximates at each E/k(n, T).

When the discrete-time families Oh, h > 0 approximate the continuous-time fam-
ily at time (on the set/N(n,T)) we write Oh -- at time (on the set/(n, T)).

DEFINITION 2.2. For h > 0 and Oh (Oh(kn, kn-1,’",kl) 0 <_ kl <_ k2 <_
<_ kn <_ Kh} a discrete-time family of bounded linear operators, we define an

associated continuous-time family of operators, h {h(in,n-1, ,1)" 0

_
1 <

t2 + h < < n --h < (gh - 1)h} via Oh(tn,"’,tl) Oh([tn/h],...,[tl/h]) for
t (tn,’’’,tl) /kh(n, gh) ((tn, tn-1,’’’,tl) Rn" 0 <_ tl < t2 -h < <
tn + h < (gh + 1)h).

Note that when gh --IT/hi, /(n, T) C /h(n, gh) for all h > 0.
The proof of the following theorem can be argued in much the same manner as

were the proofs of Lemmas IX.3.4 and IX.3.5 in Kato [K].
THEOREM 2.3. Suppose that the continuous-time family of bounded linear opera-

tors is strongly continuous on/k(n, T) and that Oh, h > 0 are discrete-time families
for which Oh --+ on the set Zk(n, T). Suppose further that for each h > O, Oh is
the continuous-time family on /kh(n Kh) corresponding to the discrete-time family
h constructed according to Definition 2.2 above. Then

(i) The families Oh, h > 0 are uniformly bounded in h in n(x, Y); that is there
exists a constant M > 0 independent of h for which

IIOh(kn, kn-l,’", kl)l]L(X,Y) <_ M, 0 <_ kl <_ k2 <_... <_ kn <_ Kh, h > O,

(ii) h - 0 uniformly in t for t e /(n, T); that is

lim IIh(t)x O(t)xlly O, x e X,
h-,O+

uniformly in t for t= (t_,,..., tl) e/k(n, T).
Conversely, if Kh IT and Oh --* uniformly in t for t e /k(n, T), then Oh --*
on the set/k(n, T).

Let the continuous-time families T {T(t, s) 0 <_ s <_ t <_ T} c L(H), B
{B(t)-0 <_ t <_ tf } C L(U,H), Q {Q(t)" 0 <_ t <_ tf } c n(g) and R {R(t)" 0 _<
t <_ ti} c L(U) be as given in the statement of the continuous-time LQR problem
(P) (i.e., in particular assume that the conditions (C1)-(C3) hold). For h > 0, let
ki,h [ty/h] and let Ah {Ah(k) 0 <_ k <_ kLh- 1} C n(g), Bh {Bh(k)
0 <_ k <_ kLh- 1} C L(U,H), Qh {Qh(k)" 0 <_ k <_ ki,h- 1} C L(H), and
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Rh {Rh(k) 0 <_ k <_ kl,h 1} C L(U) be discrete time families of bounded linear
operators, which satisfy conditions (D1) and (D2) and which satisfy the following
conditions.

(A1) Bh -- B, Qh -- Q, Rh --* R, and B B* on the set A(1, tl) where
B* {B(t)*" 0 _< t _< t} and B {Bh(k)*" 0 <_ k <_ ks,h }.

(A2) (a) Stability. The discrete-time families of operators Th {Th(k,j) 0 <_
j <_ k <_ kl,h } C L(H) given by

k-1

H Ah(i)’ j < k,T(k J)
i=j

I, j =k

are uniformly bounded in L(H) for h > 0.
(b) Consistency.

and

lim
1 [12h (t + h t)- T(t + h, t)l[ 0

h--.0+

Th(k,j)-T(kh, jh) E. Th(k, i + 1){Ah(i) T((i + 1)h, ih)}T(ih, jh),

O,

k>j,

O<_j<_k<_kl,h,EH. D
We also assume that a L(H) is as in condition (C3) and that for each h > 0

the operator Gh L(H) satisfies condition (D2). We require that the additional
approximation condition

(A4) limh-0+ Gh G, H, be satisfied as well.
For h > 0 and s [0, tl] define Bh,s L(H, blh) by

(2.17) (/h,s) (t)

For t [tl,h h, tl,h
(lh,)(tl,h h),

uniformly in t for t [0, ty].
(A3) The scalars rh given in the statement of condition (D2) are bounded away

from zero uniformly in h. That is rh >_ r > O, h > O.
LEMMA 2.1. Condition (A2) implies that Th T and T -- T* on the set

A(2, tl).
Proof. We consider the convergence Th -* T only; the adjoint convergence is com-

pletely analogous. Following the proof of the well-known Lax-Equivalence theorem
[RM], the result is an immediate consequence of condition (A2), the strong continuity
of the continuous-time family T, and the identity

lim
1

h-0+
IIh (t + h, t)*- T(t + h, t)*11- O, e H,
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when s E [0, tLh ), and by (Bh,8) 0 when s [tLh, tS], for H. Note that for
j O, 1,2,...,kf,h 1, k j,j + 1,...,kLh 1, and H

(2.18) (&,)(t) (,)(k),

for s e [jh,(j + l)h) and t e [kh,(k + l)h), where for j 0,1,2,...,kLh-- 1,
Bh,j L(U, blh,j) is given by (2.11).

For s e [0, tl] the adjoint of the operator h,8 given in (2.17), , e L(blh, H), is
given by

(2.19) ,Uh h(tf,h, S)*Gh h(tf,h, t + h)[h (t)uh (t)dt
J[s/h]h

+ h(T, S)*h(T) h(T, + h)[h(r)Uh (r)d dT,
d [(s+h)/h]h d [s/h]h

when s [0, tLh), and by Bh,Uh 0 when s [tLh, tf] for Uh blh. Note that for
j O, 1, 2,---, k$,h- 1 and Uh,j blh,j we have

(2.20) Bh,Uh Bh,jUh,j

for s [jh, (j + 1)h), when Uh blh is given by

(2.21) uh(t) O, 0 <_ t < jh,
Uh,j(k), kh <_t < (k + l)h,

k- j, j + 1,..., kLh- 1, and B,j L(blh,j, H) is given by (2.13).
For s e [0, tl] define h,s e L(blh) by

(e.ee) (n,)(t)

For t [0, ty,h hi:
(t) (t) + xII/l,,l (t)(t)*

[’tf,h

+ ]’ (, t + )* ()
[(tWh)/h]h

L[/] J

For t [tLh h, tLh]
(,)(t, h),

when s e [0, tLh and by (7h,sUh)(t) h(t)uh(t), 0 <_ t < tLh when s e [tLh, ti],
for Uh blh. Once again, for j 0, 1, 2,..., kLh- 1, k j,j + 1,..., kLh 1, and
Uh,j h,j

(,u)(t) (n,u,)(k)

for s e (jh,(j + 1)h) and t e [kh,(k + 1)h), where Uh e blh is given by (2.21)
and Th,y L(blh,j) is given by (2.12). The operator Th, is self-adjoint and positive
definite on L/h and that if/h,y denotes the subspace of b/h obtained from blh,j via the
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natural embedding (i.e., via (2.21)), then, 7h,8 is a bijection from/h,j onto/h,j. It
follows therefore from (2.17), (2.19), (2.22) that for j 0, 1, 2,..., ky,h 1

BhjThjBh,i Bh,
for each e H and all s e [jh, (j + 1)h), and that

(2.25) ..-1h,s lX,h,sgh,s 0

for all s

Setting Hh(s) Hh(k), kh < s < (k + 1)h, for s [0, ti], from (2.11)-(2.14), and
(2.24) we find that

(2.26) lIh (S) h(tLh, S)*Ghh(tLh, S)
,h

q- h(t, S)*h(t)h(t, s)dt ,sf’lsh,s
J[s/h]h

for each E H. Note that (2.25) implies that h(t) Gh for t [tLh tf].
For B8 e L(H,L/), T L(L/8), and B e L(bls,H) given by (2.2)-(2.4), respec-

tively, define B e L(H, bl), T e L(lg), and/ e L(L/, H) by

(2.27) (/sO)(t) 0, 0 _< t < s,
()(t), _< t < t;

R(t)u(t), 0 < t < s,(2.s) (u)(t) (n)(t), < t < t;

and

(2.29) Bu B;u

for e H and u e L/. Then / (8)* (i.e., / e L(bl, H) is the Hilbert space
adjoint of B L(H,L/)), T is self-adjoint positive definite on/g, and if/g denotes
the subspace of/d obtained via the natural embedding of/d into b/, then 78 is a
bijection from/ onto/. Consequently, it follows that

(2.30)

for all e H and s e [0, t]. From (2.5) we obtain that

(2.31)
ty

H(s) T(t], s)*GT(t], s) + T(t, s)*Q(t)T(t, s)dt

for all H and s [0, ty].
Our convergence result for the finite-time horizon problem is given in the following

theorem and its corollary.
THEOREM 2.4. Suppose that the families of operators {T, B, Q, R} satisfy con-

ditions (C1)-(C3) and that for all h > O, the families of operators {Th, Bh, Qh, Rh}
satisfy conditions (D1) and (D2). Suppose further that the approximation assumptions
(A1)-(Ad) are satisfied. Then the discrete-time family of operators Hh {Hh(k)
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0 < k < kf,h} given by (2.14) or (2.15) strongly approximates the continuous-time
family of operators H {H(t)" 0 < t < tf } given by (2.5) or (2.6) on the set A(1, ti).
That is, IIh --+ II on the set/k(1, ti).

Proof. The desired result will follow from Theorem 2.3 if we can argue that
limh_-.0+ Hh(t) H(t), uniformly in t, for t E (0, ti], for each E H, where IIh and
H are given by (2.26) and (2.31), respectively.

From assumption (A3) we have that the operators 7-1
h,8 are bounded uniformly

in h > 0 and s [0, tf]. It can be shown that h,s --+ s, for all H, 7h,sPhU --~* Phu --78u for u L/, and Bh, lu, for u L/, uniformly in s for s E [0, tf], where

lh,,l,7h,, 7,1,, and/; are given by (2.17), (2.27), (2.22), (2.28), (2.19), and
(2.29), respectively (see [RW1]). This, together with the identity

h,s

~* 7-1/h,---- /7;1/, for E H uniformly in s for s Eyield that limh_0+ 13h,s h,s
[0, t,]. The desired convergence can then be obtained from assumptions (A1), (A2),
and (A4) and (2.26)and (2.31). [3

Let F {F(t)" 0 _< t _< tf} and S {S(t,s)" 0 <_ s <_ t <_ tl} be, respectively,
the continuous-time families of optimal closed-loop feedback gain operators and opti-
mal closed-loop state transition operators for the continuous-time LQR problem (P).
That is, for t [0, t]

F(t) R(t)-lB(t)*H(t) e L(H, bl),

and for 0 _< s _< t <_ tl

(2.32)

for E H (see [G]). Similarly, for the discrete-time problem, let the discrete-time
families, Fh {Fh(k) 0 < k < kLh- 1} C L(H, bl) and Sh {Sh(k,j) 0 < j <
k < kf,h} C L(H) be given by

Fh(k) h(k)-lBh(k)*IIh(k + 1)Ah(k),

where

h(k) Rh(k) + hBh(k)*nh(k + 1)Bh(k),

k O, 1,..., ki,h 1, and

(2.33)
k-1

Sh(k,j)- Th(k,j)- hE Th(k,i + 1)Bh(i)Fh(i)Sh(i,j)
i=j

k-1

Th(k,j) hETh(k,i + 1)Bh(i) --i

i=j

0 <_j <_ k <_ kLh for CE H.
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COROLLARY 2.1. Suppose that the hypotheses of Theorem2.4 above are satisfied
and let {t, 2} and {th, 2h } be the optimal control/trajectory pairs .for the LQR prob-
lems (P) and (Ph), respectively, corresponding to the initial data x(O) xh(O) Xo e
H. Then

(i) Fh F;
(ii) Sh --* S;
(iii) limh-0+ IIth(kh) t(t)llV O, and limh0+ 112h(kh) 2(t)llH O, for t e

[0, tl] and for all nets {kh}h>O for which limh_.0+ hkh t.
(iv) limh_0+ 2h .
Proof. Statements (i) and (iv) (recall (2.7) and (2.16)) are immediate conse-

quences of Theorem 2.4. Statement (iii) follows from statements (i) and (ii) since

t(t) -F(t)(t), (t) S(t,O)xo, t e [0, tf], and th(k) -Fh(k)2h(k), 0 <_ k <_
kf,h- 1, 2h(k) Sh(k, 0)x0, 0

_
k

_
kf,h. Thus we need only to verify statement

We rewrite (2.32) as

S(t, s) T(t, s) T(t, )B() ~-1 ~,(78 B8)()d,

and from (2.33) we obtain

f[t/hlh (Th,sBh,)()d.h(t, s) Th(t, s)
[/hlh

h(t,. + h)[h() - ~*

The result now follows as in the proof of Theorem 2.4. D
Remark. In actual practice, given the continuous-time LQR problem (P), the

net of discrete-time problems {(Ph)} is typically obtained by considering zero-order
hold (i.e., piecewise constant) control inputs and output sampling. In this case, we

would obtain Ah(k) T((k + 1)h, kh) Bh(k) h-1F(k+)hT((k + 1)h,s)B(s)ds,Jkh

Qh(k) h- F(k+l)hQ(s)ds, Rh(k) h- f(k+l)hR(s)ds, and Gh G. WhenJkh Jkh
conditions (C1)-(C3) on the continuous-time families T,B, Q, and R are satisfied,
it is immediately clear that the discrete-time families Th, Bh, Qh and Rh, and the
operator Gh satisfy conditions (D1) and (D2) and the approximation conditions (A1)-
(A4). More generally, other discretizations are also admissible. For example, in the
time-invariant case, the semigroup {T(t) t _> 0} could be discretely approximated
using A-stable Pad approximants to the exponential (see [HK]). In particular, if
T(t) exp(tA), t _> 0, then we might set Th(k) (I- hA)-k (implicit Euler) or

Th(k) (I- hA/2)-k(I + hAl2)k (Crank-Nicolson). The stability and consistency
of these discretizations (i.e., assumption (A2)) can be verified using the theory and
techniques developed in [HK].

3. The infinite-time horizon problem. In the LQR problem over an infinite-
time interval, the state equations (2.1) and (2.9) governing the dynamics of the
continuous-time and discrete-time control systems, respectively, remain the same. The
continuous- and discrete-time operator families {T, B, Q, R}, and {Th, Bh, Qh, Rh} are
assumed to be defined on the infinite-time intervals [to, +oc) C R and [ko, +oc) C Z,
respectively. The cost functionals are taken to be

(3.1) J(u;to, x(to))- {< Q(t)x(t),x(t) >H + < R(t)u(t),u(t) >v}dt

lim J(u; to, x(to), O)
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and

Jh,(Uh; ko, xh(ko)) h (< Qh(k)xh(k),xh(k) >H + < Rh(k)uh(k), uh(k) >V}
k’-ko

(3.2) lim Jh(uh;ko, xh(ko),O)

Under the usual stabilizability and detectability assumptions on the continuous-
time and the discrete-time control systems, the existence and the uniqueness of the
optimal controls U, Uh minimizing (3.1) and (3.2), respectively, can be guaranteed.
Moreover, these optimal controls can be written in a closed-loop state-feedback form
(see Theorem 3.1 below). We are again interested in investigating the convergence
of the optimal controls and the optimal feedback laws for the sampled systems as
the length of the sampling interval tends toward zero. Once again, for simplicity, we
assume henceforth, without lost of generality, that to k0 0.

Our fundamental convergence result in this case can be summarized as follows.
Assume that the conditions (A1)-(A4) are satisfied on every finite-time interval [to,
Suppose further that the stabilizability and the detectability of the continuous-time
system are uniformly preserved by the sampled-time systems (see Definitions 3.3(iii)
and 3.4(iii) below). Then the optimal controls h and the optimal state-feedback
laws Fh for the sampled-time systems converge to the optimal control fi and optimal
feedback law F for the continuous-time system, respectively, as the length h of the
sampling interval tends toward zero.

This result is a direct consequence of the main result of this section, Theo-
rem 3.4, which is concerned with the convergence of the associated Riccati operators.
Theorem 3.4 is obtained by first establishing a convergence result that requires the
somewhat difficult to verify condition of uniform exponential stability of the optimal
discrete-time closed-loop systems, uniformly in the sampling rate (Theorem 3.2 be-
low). Theorem 3.3, which is of some interest in its own right, is primarily used in
the verification of the conditions of Theorem 3.4. To make our presentation complete
and self contained, the well-known existence and uniqueness result for the closed-loop
linear state-feedback solution to continuous- and discrete-time LQR problems on the
infinite interval are stated in Theorem 3.1.

DEFINITION 3.1. (Cost functional stabilizability)
(i) The continuous-time system associated with the operator pair (T, B) is said

to be cost-functional stabilizable with respect to the performance index J given by
(3.1), if for each E H, there exists a constant M() such that for any s _> 0, there
exists a control input us L2(s, x); U) with J(us; s, ) <_ M().

(ii) The sampled-time system associated with the operator pair (Th, Bh} is said
to be cost-functional stabilizable with respect to the discrete performance index Jh,
given by (3.2), if for each H, there exists a constant Mh() such that for any j _> 0,
there exists a control input sequence Uh,j 12(j, oc; U) with Jh,(Uh,j; j, ) _< Mh().

(iii) The sampled systems are said to be uniformly cost-functional stabilizable for
all 0 < h _< h0, if for each H, the constants Mh() defined in (ii) are independent
of the length of the sampling interval h, for all h <_ h0 for some h0 > 0.

For any given final time tf and final index kLh let IItf(.; G) and Hk,h(’; Gh)
denote the Riccati operators given by (2.5) and (2.14) corresponding to the final state
penalty operators G and Gh, respectively. In the case where G Gh O, using
(2.7) and (2.16), it is easy to verify that (see for example, [DI]) for each given t _> 0
and k _> 0, the functions t - Ht(t; 0) and k$,h - Hh,k,h (k; 0) are nondecreasing,
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selfadjoint, nonnegative operator-valued functions. If cost functional stabilizability of
the continuous- and discrete-time control systems is assumed then Hts and IIh,ks,h
are bounded above. Indeed, we have

< Ht (t; 0), >H_< M(),

< IIh,k,h (k; 0), >H_< Mh(),

for all tf and kLh. Thus, strong limits of Ht(t;0) and Hh,k, (k; 0) exist for each
t _> 0 and k > 0 as tl and k$,h tend to infinity. We denote these strong limiting
operator-valued functions by Ho (.; 0) and Hh,(.; 0), respectively. The existence
and uniqueness of the solutions to the continuous- and discrete-time optimal control
problems is given in the following well-known theorem; see, for example, [BW], [G],
[GR], [LCB], [HH], and [Z].

THEOREM 3.1. Assume that the continuous-time system and the sampled time
systems for all h sufficiently small are cost-functional stabilizable. Then for any s >_ 0
and j >_ O, and initial states x(s) and Xj,h , there exist unique optimal controls
t and th, which minimize the cost functionals J(.; s,x(s);O) over n2(s, oc; U) and
Jh,(’;j, xh(j);O) over/2(j, oc; U), respectively. The optimal controls can be written
in linear state feedback form as

(t) -R(t)-B(t)*IIoo(t; O)2(t) -F(t)2(t),

and

th(k) -h(k)-lBh(k)*Hh,(k + 1; O)Ah(k)2h(k) -Fh(k)2h(k),

where and 2h are the corresponding optimal trajectories and h(k) Rh(k) +
hBh(k)*Hh,(k + 1; O)Bh(k). The operator-valued function H(.; 0) is bounded on
the interval [0, cx)) and satisfies the Riccati integral equation

(3.3) II (s; 0) T(t,s)*n(t; 0)T(t, s)

+ T(r, s)* [(r) II(r; O)(BR-1B*)(r)II(r; O)]T(r, s)dr,

for all e H and (t, s) E A(2, cx). Similarly, the operator-valued sequence Hh,(.; 0)
is bounded for 0 <_ k < oc and satisfies the Riccati difference equation

(3.4) g,(k; 0) Ah(k)*nh,(k + 1;O)Ah(k) + hQh(k)
-hAh(k)*Hh,(k + 1; O)Bh(k)h(k)-iBh(k)*Hh,(k + 1; O)Ah(k).

If the sampled-time systems are uniformly cost-functional stabilizable .for 0 < h <_ ho,
then the operator-valued sequences IIh,(’; 0) are uniformly bounded for all sampling
periods h with 0 < h < ho.

If it is assumed that the approximation conditions (A1)-(A4) hold, then from
Theorem 3.1, it is not difficult to see that on a given finite-time interval [0, ti], the
uniform convergence of the optimal controls fih, the optimal trajectories 2h, and the
optimal feedback gains Fh for the sampled-time control problems would follow directly
from the uniform convergence of IIh, (’; 0). Our investigation is, therefore, focused on
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the convergence of Hh, (.; 0) to H(.; 0) as h tends toward zero. Using the notation
introduced in the previous section, we note that for each t _> 0, an obvious sufficient
condition for the convergence of Hh, (t; 0) to II (t; 0) is the convergence of Htf (t; G)
to H(t;0) and the uniform convergence in h of -Ih,kf,h(t; Gh) to IIh, (t; 0) (with
kf,h [tf/h]) as tl tends to infinity for some G >_ 0 and corresponding Gh >_ O.
Indeed, from the triangle inequality, for E H, we have

IIh,(t; o) no(t; o)11 _< IIh,o(t; o) h,, (t;
+llh,k,. (t; h) n, (t; )IIH + IIn , (t; n(t; 0)IIH.

Then for an arbitrary e > 0, a sufficiently large tl can be chosen such that the first
and the last terms on the right-hand side of the above inequality are smaller than e/3
for all h. By applying the theory of the previous section on the interval [0, tl], there
exists h0 > 0 small enough such that for all 0 < h _< h0, the second term on the right
hand side of the above inequality is bounded by /3. Thus, the desired convergence
immediately follows.

If the trajectories of the discrete- and continuous-time systems are asymptoti-
cally stable, then as t tends to infinity, the cost functionals J and Jh, are also
limits of the cost functionals J, Jh for the finite-time interval problems on [0, tf]
with final state penalties G and Gh different from zero. In particular, if the opti-
mal trajectory of the infinite-horizon problem is asymptotically stable, the conver-

gence_ rates of Jh(th; k, , Gh) :< IIh,kl,h (k; Gh), >H with Gh

_
Mh() and

J(;t,, G) -< Ht(t;G), >H with G _> M() can be estimated by the decay
rate of the optimal trajectory 2 for the infinite-horizon problem. Toward this end, let
S {S(t, s)" 0 _< s _< t < cx} be the continuous-time evolution system given by

(3.5) S(t, s) T(t, s) T(t, T)B(T)F(T)S(T, s)ds, for e H.

The evolution system S is also referred to as the perturbation of T by -BF. It
is not difficult to verify that S(t, 0) corresponds to the optimal trajectory for the
continuous-time infinite-horizon problem with initial state H. Similarly, let the
discrete-time evolution system Sh {Sh(i,j) 0 _< j _< < cx} be defined as

(3.6)

Sh(i j) { I
I]k=j{Ah(k)- hBh(k)h(k)-lBh(k)*Hh,c(k + 1;O)Ah(k)},

-j,
i>j.

Thus, Sh (k, 0) is the optimal trajectory for the discrete-time infinite-horizon problem
with initial state H.

DEFINITION 3.2. (Exponential stability of the optimal feedback systems)
(i) The optimal continuous-time feedback system (3.5) is said to be-exponentially

stable, if there exist constants M and a > 0 such that for all 0 _< s _< t < x,
[]S(t, 8)][L(H

_
Mexp{-a(t s)}.

(ii) The discrete-time optimal feedback system (3.6) is said to be exponentially
stable, if there exist constants Mh and Ch > 0 such that, for all 0 _< j _<
]]Sh(i,j)]]L(H) <_ Mh exp{--Ch(i j)h}.

(iii) The sampled-time optimal feedback systems are said to be uniformly expo-
nentially stable for all 0 < h _< h0, if the constants Mh and ah > 0 in (ii) above are
independent of h for 0 < h _< h0.
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Our first convergence result is given in Theorem 3.2 below. To establish it we
require the following two lemmas. The first of these lemmas is an important property
of the solutions of the Riccati equations on the infinite-time interval when the optimal
feedback systems are exponentially stable. The proof can be found in [BW], [DI], [G]
for the continuous time problem, and in [GR, Thm. 2.9] for the discrete-time problem.

LEMMA 3.1. Assume that the continuous-time control system and the sampled-
time control system with sampling period h are cost-functional stabilizable. If the
corresponding optimal feedback systems are exponentially stable, then H(.; 0), and
Hh,o(’; 0) are the unique bounded solutions of the corresponding Riccati equations
(3.3) and (3.4) on the infinite-time interval. Furthermore, if G and Gh are chosen
such that G > II(t; 0) and Gh >_ Hh,(k; 0) for all t and k, then the solutions of the
Riccati equations on the finite-time interval, IIts(t; G) and IIh,ks,h (k; Gh), satisfy

< he, (t; a) n(t; 0), >z _< < as(t, t), (t, t) >z,

and

< II,, (k; a) II,(k; a), >z < < aS(k,, k), S(k,, k) >z,

respectively, for all t < tf, k < kf,h, and E H.
LEMMA 3.2. Assume that the sampled systems are uniformly cost-functional

stabilizable with the optimal feedback systems uniformly exponentially stable for 0 <
h < ho. Then, the operators G and Gh can be chosen as described in Lemma 3.1 with
Gh < C. I for some constant C independent of h. As tf tends to infinity, IIt (.; G)
converges to II(.;0) uniformly on any bounded subinterval [a,b] of [0, oo) and the
convergence of Hh,k,h (’; Gh) with kf,h [tf /h] to fIh,(’;0) is uniform in h for all
0 < h < ho on any bounded subinterval [a, b] of [0, cx3) in the uniform operator norm.

Proof. We prove only the discrete-time assertion. The continuous-time case is
completely analogous, if not simpler. The assumption of uniform cost-functional
stabilizability implies that the operators (Th can be chosen as stated in the theorem.
Then let M and c be the constants in Definition 3.2(iii). For a given e > 0 and
t E [a, b], we can take t large enough such that CM2 exp{-2c(t t h0)} < e. Let
kh [t/hi, then (kLh- kh)h .>_ t- t- ho for all 0 < h < h0. Since Hh,k, (kh; Gh) >_
IIh,(kh;O), using the previous lemma we find that

I1,,, (t; a,) ,(t; o)11() IIn,,, (k,; a) n,(k; 0)()
sup < (Hh,k,(kh; ah) Hh,(kh; 0)), >H

I1111
sup < GhSh(kf,h, kh), Sh(kf,h, kh) >H

I111z1

< CM2e-2a(k2’h-kh)h < e.

THEOREM 3.2. Assume that conditions (A1)-(A4) for the operator families
{Th, Bh, Qh, Rh} hold on any finite subinterval of [0, cx3). Assume further that the
continuous-time system and the sampled-time systems with 0 < h < ho are uniformly
cost-functional stabilizable, and that the optimal closed-loop evolution systems are uni-
formly exponentially stable. Then, the Riccati operators Hh,(t; 0) converge strongly
to II(t; 0) and the convergence is uniform on any bounded subinterval of [0, cx3).

Proof. Let e H and let [a, b] be a bounded subinterval of [0, cx3). We choose
an operator G such that G _> IIo(t;0) and G _> Hh,(k;0) for all t [0, cx) C R,
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k E [0, oc) C Z and 0 < h _< ho. By Lemma 3.2, tf can be taken large enough such
that for all kLh [t2/h], we have

IIH, (t; a) I(t; 0)IIH and IIlh,k, (t; a) h,(t; 0)IIH ,
for all t E [a, b] and all 0 < h _< ho. By Theorem 2.4 of 2, we can find h small enough
such that

3’

for all t [a, hi. Therefore, we have

[lh.(t; 0) II(t; O)IIH _< IIIh.(t; 0) ... (t; G)OIIH
+11,, (t;) H(t; )11 + IIn (t;) n(t; 0)11 < ,

for all t [a, b]. S
The discussion to follow is concerned with conditions that guarantee the uni-

form exponential stability of the optimal feedback systems. A useful characterization
of exponentially stable evolution systems is given in a result due to Datko in the
continuous-time case (see [D]) and Zabczyk in the discrete-time case (see [Z]). We
state it here in both its continuous- and discrete-time forms as a lemma.

LEMMA 3.3. (i) Let T be a strongly continuous evolution system. If there exists
constants C1, C2, and w > 0 such that

liT(t, s)IlL(H) <-- Clew(t-s) and liT(t, s)lHdt <--

for all H and 0 <_ s <_ t < oc, then we can find constants M and > O,
depending only on Cl, C2, and w, such that IIT(t,s)IIL(H) <_ M exp{-c(t- s)}, for
allO<s<t<c.

(ii) Let Th be the discrete-time evolution system defined by

Th(i j) { I,
i11-Ik:y Ah (k),

If there exist constants Cl,h, O.)h and C2,h such that

I[Th(i,j)IIL(H)

_
C,he(-j)h and h I]Th(i, k)ll < C 1111 /-/

i--k

for all 0

_
k < oc and H, then we can find constants Mh and Olh > O, depending

only on C,h, 02h and C2,h, such that for all 0 <_ j <_ < cx

IIT(i,j)IIL(H) <_ Mhe-’h(i-j)h.

If the operators Q(t) and Qh(k) are uniformly strictly coercive (i.e., there exists a
constant q > O, such that Q(t) >_ qI and Qh(k) >_ qI, for t _> 0 and k _> 0), it is easily
shown that (see [RW1]) S and Sh are uniformly exponentially stable. More generally,
the cost functional being bounded implies the stability of the feedback system when
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the system is detectable. We define the notion of detectability and then establish this
result in Theorem 3.3 to follow.

DEFINITION 3.3. (Detectability)
(i) A continuous-time control system is said to be detectable with respect to

the cost functional (3.1) if there exists a bounded operator-valued function Y(.)
[0, c) L(H) such that the evolution system Tv, corresponding to the perturbation
of T byVQ1/2(.), is exponentially stable.

(ii) A sampled-time control system is said to be detectable with respect to the cost
functional (3.2), if there exists a bounded sequence of operators {Vh(k)}=o c L(H)
such that the discrete-time evolution system TV,h given by

Ty,h(i,j) { I,
i--1rIk=j(Ah(k) + hVh(k)Qh(k)l/2), i>j,

is exponentially stable.
(iii) The sampled-time systems are said to be uniformly detectable for 0 < h _< ho,

if there exist constants C, C2, and a > 0, independent of h such that the operator-
valued sequences {Vh(k)}C=o in (3.3)satisfy IIVh(k)IIL(H

_
C1 and

for all sampling rates 0 < h _< h0.
In what follows we shall also require the following assumption.
(B) The continuous-time evolution system T and the discrete-time evolution sys-

tem Th are uniformly exponentially bounded on A(2, c). That is, there exist con-
stants M and w such that

for 0 _< s _< t < cx and 0 _< j _< < cx. The operator families B,Q, and R and
the piecewise constant operator families /h, (h, and /h are uniformly bounded in
norm by a given constant C on the entire interval [0, oc) for all sampling rates h > 0.
Furthermore, there exists a constant r > 0 such that R(t) >_ rI and Rh(t) >_ rI for
all t _> 0, and h > 0.

THEOREM 3.3. Consider a detectable continuous-time control system and a de-
tectable sampled-time system that are both cost-functional stabilizable. Assume that
the evolution systems T, Th are exponentially bounded, and the operator families
{B, Q, R} and {Bh, Qh, Rh} are bounded in norm on the infinite-time interval. Then,
the optimal feedback systems for both systems are exponentially stable. Furthermore,
suppose that constants C, w, r > O, and ( > 0 can be found such that the following
conditions are satisfied.

(i) The operator families {B, Q,R,H(.;0), V} and {Bh, Qh, Rh, Hh,(.;O), Vh}
are bounded in norm by C;

(ii) For all t >_ O, k >_ O, R(t) >_ rI, and Rh >_ rI;
(iii) The evolution systems T, Th, Tv, and Ty,h satisfy

liT(t, s)IIL(H) <_ Ce(t-), IITv(t, s)IIL(H) <_ Ce-(t-),

and

IITh(i,j)IIL(H) <_ Ce(-J)h, IITv(i, J)IIL(H) <-- Ce-(-Y)h.
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Then there exist constants M and > 0 depending only on the constants C, r, , and
w such that

IIS(t,s)IIL(H) <_ Me-(t-), IISh(i,j)IIL(H <_ Me-(-Y)h.

Moreover, under assumption (B), if the sampled systems are uniformly detectable and
uniformly cost-functional stabilizable for 0 < h <_ ho, then the optimal closed-loop
systems are uniformly exponentially stable for 0 < h <_ ho.

Proof. In the case of continuous-time system, a proof is given by Da Prato and
Ichikawa in [DI]. The dependence of the exponential bound for the optimal closed-
loop system on the constants indicated above is proved in [W]. The arguments for the
discrete-time case are very similar to those used in the continuous-time case. Indeed,
let Sh correspond to the perturbation of Tv,h by Ah {Ah(k) -Bh(k)Fh(k)+
Vh(k)Qh(k)1/2} in the sense that

f[t/hlh(t, s) tV,h(t, S) + tV,h(t, T)Ah(T)Sh(T, s)dT.

Let us define

fh(k, i) -Rh(k)l/2Fh(k) and gh(k, i) Qh(k)l/2Sh(k, i),
for k _> _> 0. Then cost-functionM stabilizability implies that

Ilfu(’, < CIIIIH, IIg (’, <-
The evolution system Tv,h is bounded; [ITv,h(i,j)IIL(H) <_ C exp{-a(i j)h}. Thus
we obtain

[lh(t,s)llH
_

Ce-a(t-s) +
J[8/h]

and by Young’s inequality (see [A, Theorem 4.30, p. 90]), we have

IIh(t, s)llHdt <_ gllll, e H,

for some constant K. Applying Lemma 3.3, we obtain the exponential stability of
Sh. The dependence of the exponential bound for Sh on the indicated constants of
course follows from the dependence of the constant K on the indicated constants as
prescribed in the lemma. In this way it is easy to see how under assumption (B), uni-
form detectability and cost function stabilizability will imply the uniform exponential
stability of the closed-loop systems.

Dual to detectability is the notion of stabilizability.
DEFINITION 3.4. (Stabilizability)
(i) A continuous-time system is said to be stabilizable if there exists a bounded

operator-valued function g(.)" [to, c) -+ L(H, U) such that the evolution system TK
corresponding to the perturbation of T by BK is exponentially stable. (ii) A sam-
pled system is said to be stabilizable if there exists a bounded sequence of operators
{gh(k)}=o c L(H, U) such that the discrete evolution operator Tg,h given by

I, i=j,
TK,h(i,j) l-lk=j(Ah(k) + hBh(k)gh(k)), > j,
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is exponentially stable. (iii) The sampled-time systems for are said to be uniformly
stabilizable for 0 < h _< h0 if there exist constants C1, C2, > 0 independent of the
sampling period h, such that Kh and Tg,h satisfy

Ilgh(k)llL(H,V)

_
C1, IITK,h(i,j)IIL(H)

_
C2e-a(i-j)h,

for all 0 _< k < oc, 0 _< j _< < oc.
Using Theorem 3.3, it is easy to verify that cost-functional stabilizability and

detectability imply stabilizability (take K F, Kh Fh, for example). Conversely,
stabilizability clearly implies cost-functional stabilizability. Therefore, under the uni-
form detectability assumption, cost-functional stabilizability and stabilizability are
equivalent. In general, uniform stabilizability and uniform detectability are required
for the convergence of IIh,o to H as h tends toward zero. Thus we have our second,
and more useful, convergence result.

THEOREM 3.4. Let assumption (B) hold. Suppose further that Conditions (A1)-
(A4) hold on any bounded subinterval of [0, cx). If the continuous-time system and
the sampled-time systems are uniformly stabilizable and uniformly detectable, then
the unique solution Hh, of the infinite-horizon Riccati difference equation (3.4) con-
verges to the solution H of the infinite-horizon Riccati integral equation (3.3) as h
tends toward zero. The convergence is uniform in time on any bounded subinterval of

Proof. By Theorem 3.3, uniform stabilizability and uniform detectability imply
exponential stability of the optimal feedback systems (i.e., Definition 3.2), uniformly
over all sampled systems with 0 < h <_ h0. Therefore, by Theorem 3.2, we obtain the
desired convergence. D

4. Finite rank and uniform stabilizability and detectability. Most con-
trol systems of interest in engineering practice are stabilizable and detectable. In
fact, in modeling many control systems of practical interest, a realistic description
of the physical system frequently necessitates stabilizability and detectability of the
system model (see, for example, [BKS], [BKSW]). Investigation of stabilizability and
detectability of particular classes of evolution systems has generated several inter-
esting mathematical problems (see, for example, [C], [L]). However, in the context
of approximation, we usually assume that the original control system is stabilizable
and detectable. As we have seen in the previous section, the important issue here is
whether a given time discretization algorithm is capable of preserving these proper-
ties uniformly in the sampling rate, and therefore provide convergent discrete-time
approximations for the optimal feedback operators. In this section, we attempt to
address this issue for some particular discretization algorithms and derive sufficient
conditions for uniform stabilizability and detectability. These conditions take the
form of what we call finite rank stabilizability and detectability.

Assume that the control system defined in (2.1) is stabilizable and detectable
with respect to the cost functional (3.1). Thus, there exist bounded operator-valued
functions K(.)" It0, ) H L(H, U) and Y(.)" It0, ) -* L(H) such that the evo-
lution systems TK, Tv, corresponding to the perturbations of T by BK and VQ/2,
respectively, are exponentially stable. That is, there exist constants M, a > 0 such
that IITg(t, 8) IIL(H

__
M exp{-a(t- s)} and IITy(t, 8)I]L(H

__
M exp{-a(t- s)}, for

all 0 _< s _< t < c. By definition, the evolution operators TK and Tv satisfy

(4.1) TK(t, s) T(t, s) + T(t, )B()K()TK(, s)d,
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(4.2) Ty(t, s) T(t, s) + T(t, )V()Q1/2()Tv(, s)d,

for all 6 H and for all 0 _< s _< t < c. Consider the zero-order hold discretization
described in 2. For each k _> 0, the operators Ah(k),Bh(k) are defined by

(4.3) Ah(k) T((k + 1)h, kh),
1 f(k+l)h T((k + 1)h, )B()d,

with the discrete evolution systems Tg,h, Ty,h then given by

(4.5) Tg,h(i j) { I,
i-1

i j,

1-Ik=j{Ah(k) + hBh(k)g(kh)}, > j,

(4.6) Ty,h(i j) { I,
i--1

i--j,

I-Ik=j{Ah(k) + hV(kh)Qh(k)i/2}, > j.

If the discrete-time evolution systems TK,h, TV,h are uniformly exponentially stable
for all 0 < h _< h0 for some h0 > 0, then these sampled-time systems are uniformly
stabilizable and uniformly detectable. Using (4.1) and (4.2), the evolution systems
TK and Tv satisfy

Tg(ih, jh) 1-[ T((k + 1)h, kh) + T((k + 1)h, )B()K()TK(, kh)d
k--j Jkh

and

i--1 [Ty(ih, jh) H T((k + 1)h, kh) +
k--j dkh

T((k + 1)h, )V()Q()/2Tv(, kh)d]
for 0 _< j _< < c. Therefore, Tg,h and Ty,h, given in (4.5) and (4.6) above, can be
considered as perturbations of TK and Tv, respectively. In fact, we have

i-1

(4.7) Tg,h(i,j) H{TK((k + 1)h, kh)+ hq,h(k)},

i-1

(4.8) Ty,h(i,j) H{Tu((k + 1)h, kh) + hh(k)},
k--j

for 0 _< j < < cx, where

T((k + 1)h, )B()[K(kh) K()Tv(, kh)]do (k)

and

h(k) (V(kh)Qh(k)l/21f(k+l)h )T((k + 1)h, )V()Q()/2Tv(, kh)dh Jkh
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for k _> 0. Let 0 < w <_ a and define g,h(i, j) exp{w(i- j)h)}Tg,h(i, j), 0 <_ j <_
i < c and g(t, s) exp{w(t- s)}Tg(t, s), 0 _< s _< t < c. We define y and Y,h
analogously. It is not difficult to verify that

IIK(t, s)IIL(H) <_ M, IIy(t, s)llL(g) <_ M.

Multiplying both sides of (4.7) and (4.8) by exp{w(i- j)h)), and rewriting these
equations in a variation of constants form, we obtain

i--1

g,h(i,j) g(ih, jh) + h g(ih, (k + 1)h)ehOh(k)g,h(k,j),
k----j

i-1

Y,h(i,j) y(ih, jh) + h y(ih, (k + 1)h)ehh(k)y,h(k,j).
k--j

If there exists a constant h0 > 0 such that for all h ho, exp{wh}]Oh(k)]]L(H)
w/2M and exp{wh}]]h(k)]L(H) w/2M, then

i--1
w ]]g h(k,j)]L(H)]g,h(i,j)]]L(H) M + h M

k=j

i-1

]Y,h(i,j)]]L(H) M + h M" ]]V,h(k,j)]L(H).
k=j

The discrete Gronwall inequality then yields

Therefore, TK,h and TV,h are uniformly exponentially stable for all 0 < h h0.
It is not difficult to see that for each k O, Oh(k) and h(k) converge strongly

to zero h tends toward zero. We can obtain convergence in norm if the rank of the
operator valued functions Oh(k) and h(k) is finite.

DEFINITION 4.1. (Finite rank operator-valued function) Let X and Y be Hilbert
spaces with inner products < -,. >x and < .,. >y, respectively. An operator-valued
function W(-)" [0, ) L(X, Y) is said to be continuous and to have finite rank, if
there exist continuous vector-valued functions fk(’) "[0, ) X and gk(’) "[0, )
Y, k- 1,..., n with n < , such that for all x X,

w(t)x < f (t),x
k=l

We define the following condition.
(F) Finite rank stabilizability and detectability. There exist finite rank continuous

operator-valued functions K(.), V(.) such that the perturbed evolution systems TK
and Tv are exponentially stable.

LEMMA 4.1. Suppose that conditions (A1)-(A4) hold. If the finite rank condition

(F) is sasfied, then on any finite subinterval of [0, c), the operator-valued functions
(h, and h constructed from (h and h in the usual manner, converge uniformly to
zero in the uniform operator norm as h tends toward zero.
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Proof. We consider /h only; the argument for )h is analogous. Using the finite
rank condition, we write

n

<
k--1

with fk and gk continuous for k 1,..., n. It follows that

for i _> 0, and

n

V(ih)Qh(i)l/2 E < Qh(i)i/2fk(ih)’ >H gk(ih),
.k=l

n

T(t, r)V()Q()/Tv(, s) < Tv(, s)*Q()/fk(), >H T(t, )g(),
k-1

for 0 _< s _< 7 -< t < oc. Therefore, we have

h(t) V([t/h]h)(h(t)/2
1 f([t/h]+l)h
h d[t/h]h

T(([t/h] + 1)h, 7)V(7)Q(7)1/2Tv(7, [t/h]h)d7

X--f([t/h]+l)h{< (h(t)x/2fk([t/h]h), >H gk([t/h]h)
h
k=l J[t/h]h

< Tv(7, [t/h]h)*Q(7)l/2fk(7), >H T(([t/h] + 1)h, 7)gk(7)

By adding and subtracting the term < Tv(7, [t/h]h)*Q(7)/2fk(7), >g gk([t/h]h)
under each of the above integral signs, and using the Schwartz inequality, we obtain
the following estimate:

where

Wh(t, 7) IIh(t)l/2fk([t/h]h) Tv(7, [t/h]h)*Q(7)/2fk(7)l[H,
Vh(t, 7) IIg([t/h] h) T(([t/h] + 1)h, 7)g(7)llg, and

uh(t, 7) Wh(t, 7)llg([t/h]h)llH + vh(t, 7)IITv(7, [t/h]h)*Q(7)l/2fk(7)]lH.

Since the functions fk and gk are continuous on any bounded subinterval [a, b] of
[0, oc), and for any e > 0, there exists 5 > 0 such that Ilfk(t)--fk(S)llH <_ and
gk(s)llH <_ e for all t, s E [a, b] with It-sl <_ 5 and k 1,..-, n. Then, the boundedness
of the operator families T, Tv, V, Qh, Q and the uniform strong convergence of (h to
Q implies that for any bounded subinterval [a, b] of [0, oo), and for any given constant
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e > 0, we can find h0 > 0 such that for all 0 < h _< h0 and t E [a, b], the functions
uh(t,) <_ for e [t,t + hi and t e [a,b]. Consequently, IIh(t)llL(H) <_ for all
t [a, b]. [:]

We can extend the uniform convergence on finite-time intervals to uniform conver-
gence on the infinite-time interval by assuming certain periodicity (in particularz time
invariance) of the evolution system T and the operator-valued functions B, Q, Qh, K,
and V. In fact, the periodicity assumption implies that h, /h are also periodic
functions of time. Thus, using Lemma 4.1, we obtain the following theorem.

THEOREM 4.1. Assume that the evolution system T and the operator-valued func-
tions B, Q, R are strongly continuous and periodic with the same period . Suppose
further that the periodicity of Q is preserved by h for the sampled-time systems. If
the finite rank condition (F) holds for some O-periodic functions K and V, then the
discretization defined in (4.3) and (4.4) generates uniformly stabilizable and uniformly
detectable sampled control systems for sampling periods h with 0 < h <_ ho for some
constant ho > O.

The periodicity assumption is trivially satisfied in a large number of practical
examples; in particular, it is satisfied for all time-invariant systems. However, the
finite rank assumption says, in essence, that only a finite number of modes of the
state vector are unstable in the absence of control. Indeed, in the case of evolution
systems corresponding to a hyperbolic partial differential equation, there exists exam-
ples in which if the finite rank condition is not satisfied, all sampled systems are not
stabilizable, even though the continuous-time control system is stabilizable. However,
stabilizable systems whose open-loop dynamics are described by compact, analytic,
or differentiable semigroups and whose unstable manifold is finite-dimensional, can
be stabilized via finite rank feedback. These results have been reported in [RW] and
[RW2]. Thus, the arguments presented here are not as restrictive as they seem. For
other discretization schemes, the uniform stabilizability and uniform detectability of
the generated sampled systems remains, in most cases, an open question.

5. Examples and numerical results. In this section, we present and briefly
discuss some of our numerical findings, which serve to illustrate our convergence results
in the context of a variety of distributed parameter control systems. In particular,
we consider the infinite-horizon optimal control or regulation of a heat or diffusion
equation, a delay or hereditary system, and a flexible structure in the form of a
cantilevered Voigt-Kelvin viscoelastic beam with tip mass.

In all of the examples to follow, we consider time-invariant systems only, and
obtain the discrete- or sampled-time operators from the corresponding continuous

time operators via Th T(h), Bh h-l f: T(t)Bdt, Qh Q, and Rh R, for
h > 0 (i.e., via zero-order hold sampling). To solve the resulting infinite-dimensional
continuous and discrete-time LQR problems, we introduced some form of state dis-
cretization (i.e., either modal or spline-based Ritz-Galerkin techniques), which were
known to yield convergence in the closed-loop problem. By choosing the state dis-
cretization sufficiently fine, we could assume that we obtained a reasonably accu-
rate finite-dimensional approximation to the solution of the infinite-dimensional LQR
problems.

The resulting finite-dimensional continuous- and discrete-time LQR problems
(more precisely, the matrix algebraic Riccati equations) were solved using either eigen-
vector (in the continuous-time case, also known as Potter’s method; see [KS]) or Schur
vector (for the discrete-time problems; see [PLS]) decomposition of the Hamiltonian
matrix. All computations for the first two examples were carried out on an IBM PC
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AT. The flexible structure problem was solved on an IBM3090, although it, too, could
have been solved on a personal computer.

In each of the examples below, the control systems are time invariant and the
control space U is finite-dimensional. In fact, U R. Thus, the optimal feedback
gains F and Fh are elements in L(H, R). That is, they are bounded linear function-
als on H. Consequently, they admit representors, respectively, f and fh, in H with

F99 =< f, 99 >H and Fh99 =< fh, 99 >H, for 99 E H. The elements f and fh in H
are referred to as the optimal continuous- or discrete-time functional feedback control
gains. The finite dimensionality of the control space U also implies the uniform sta-
bilizability of the sampled systems when the continuous-time systems are stabilizable
(recall Theorem 4.1). Our convergence result implies that limh__.0+ Fh99 F99 for
99 E H. Note that when U is finite-dimensional, this is equivalent to limh_0+ Fh F
in the uniform norm topology on L(H, U) and limh_0+ fh f in H. It is this latter
convergence of the functional gains that we shall exhibit in our plots below.

Example 5.1. We consider the scalar or one-dimensional heat or diffusion control
system

(2o
x(t, x(t, + O<r/< 1, t >0,

with the Dirichlet boundary conditions

x(t, O) x(t, 1) O, t>O,

at 0 and 1, where a > 0, b R, 0 _< el < e2 _< 1, and X8 denotes the
characteristic function on the set S. We take the performance index to be

qx(t, )2d + ru(t)2}dt,

with q _> 0 and r > 0.
In this case, we have H L2(0, 1), U R, A: Dom(A) c H - H given by

A99 aD2
99 for 99 Dom(A) H2 (0, 1) NH(0, 1),

B e L(R,H) given by (Bv)() bx[l,2](rl)v, 0 < < 1, v e R, Q e L(H) given
by Q qI, and R e L(U) given by R rI, where I denotes the identity map on R.
We note that {T(t) :t >_ 0}, the semigroup of bounded linear operators on H with
infinitesimal generator A, is parabolic and uniformly exponentially stable. Thus the
continuous-time pairs, {A,B} and {Q,A} are trivially stabilizable and detectable,
and the discrete-time pairs, {Th, Bh} and {Qh, Th} are uniformly stabilizable and
detectable as well.

Setting a 0.1, b 1.0, q 1.0, r 1.0, el 0.21, and e2 0.275, we
obtained the plot of the functional gains f and fh in L2(0, 1), for various values of
h > 0, given in Figs. 5.1 and 5.2. Those in Fig. 5.1 were obtained via a modal
(i.e., sin(kTrx),k 1,2,...,N) state discretization with N 20 modal elements.
For the gains in Fig. 5.2, we used linear B-spline elements (i.e., "hat" functions)
defined with respect to a uniform partition of [0, 1] into N 20 subintervals of equal
length. Convergence of these state approximations and the corresponding closed-loop
solutions to the control problem is well known (see, for example, [G], [GR], and [R]).
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,ntinuous time, h=10
-4

/ h=lO-2

// //’--
h=l(-I

FIG. 5.1. Functional gains for heat equation with modal approximation

FIG. 5.2. Functional gains for heat equation with spline approximation

Example 5.2. In this example, we consider the scalar, single input hereditary
control system

(5.1) it(t) aox(t) + ax(t 1) + bu(t),

where ao, al, b 6 R. We take the performance index to be

J(u) {qx2 (t) + ru2 (t) }dt,
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TABLE 5.1
Head gains for hereditary system.

Sampling period h Head gain f0
10-1
10-2
10-3
10-4
10-5
10-6

Continuous time

3.76185
4.35007
4.41577
4.42241
4.42308
4.42314
4.42315

with q > 0 and r > 0.
The abstract Hilbert space formulation for linear hereditary control systems is

well known (see, for example, [BB]). We let g R L2(-1, 0), U R and set
A Dom(A) c H H H to be A(, )= (aor/+ al(-1), Dv) for (/, ) e Dom(A)
{(, ) E H" e g1(- 1, 0), (0) }. The operator A is the infinitesimal generator
of the C0-semigroup of bounded linear operators on H, {T(t) t > 0}, given by
T(t)(rI, ) (x(t),xt) where x is the solution to (5.1) with u 0 and corresponding
to the initial data x(0) , x(O) (0), -1

_
0

_
0, and xt e L2(-1,0) is the

past history of x from t back to t 1. That is xt(O) x(t + 0), -1 _< 0 <_ 0. We let
B L(R, H) Q L(H), and R L(U) be given by Bv (by, 0), Q(, ) (q, 0),
and Rv rv, respectively.

To solve both the continuous- and discrete-time LQR problems we employed a
piecewise constant/linear spline hybrid finite element scheme developed by Ito and
Kappel in [IK]. Setting a0 a b q r 1, and with a state discretization
level in the Ito-Kappel scheme taken to be N 20, we obtained the R L2(-1, 0)
functional gains, f (f0, fz) and fh (f, f) for various values of h > 0, tabulated
and plotted in Table 5.1 and Fig. 5.3.

We note that for this choice of the parameters a0 and al, the open-loop system
has an eigenvalue with positive real part. Consequently, system (5.1) is open-loop
unstable. It is not difficult to argue that the pairs {A, B} and {Q, A} are, respectively,
stabilizable and detectable. Also, since the operators B and Q are of finite rank, there
exists h0 > 0 such that for all sampling periods h _< h0, the sampled control systems
are uniformly stabilizable and detectable in h.

Example 5.3. We consider the control of the small amplitude transverse vibration
of a cantilevered Voigt-Kelvin viscoelastic beam with tip-mass. The relevant dynamics
are described by the hybrid system of ordinary and partial differential equations

for t > 0, the essential (or stable) boundary conditions at 0

0
o)= 0, t > 0,(t, o) 0,

and the natural (or unstable) boundary condition at r 1,

03 02
cI 1) x(t, 1)=0,O120t

x t EI-2 t>0.
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FIG. 5,3. Functional gains for delay equation: (a) h---0.1, (b) h---0.01, (c) h--0.001, (d) h--0.0001,
(e) continuous time.

In the above equations, p > 0 is the linear mass density of the beam, I > 0 is the
beam’s cross-sectional moment of inertia, c > 0 is the viscosity coefficient, E > 0 is
Young’s modulus, m > 0 is the mass of the tip mass, and b E R is a constant.

We take an energy-based performance index

Once again, the abstract Hilbert space formulation of this problem is standard.
We let S H(0, 1)RL2(0, 1), where H(0, 1) ( E H2(0, 1)" (0) D(0)
0, and endow H with the energy inner product

< ((1,?1,1), (2,72,)2)>H- EI D2lD292

+mr/1v/2 + p 12"
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TABLE 5.2
Tip gains for beam equation.

Sampling period h Tip Gain,
1.000
0.500
0.010
0.005
0.001

Continuous time

0.12181
0.12003
0.11798
0.11796
0.11794
0.11793

The operator A Dom(A) c H H H is given by A(,,) (,cID3(1)+
EZD3(1),-cXDa- EIDa)for (,r,) e Dom(A)- {(,,) e H e
H(0,1), (1),ciD2 + EID2 e g2(o, 1),cID2(1) + EID2(1) 0}. We
take U R and define B e L(R,H) by Bv (0, bv,0). We let Q e n(g) and
R e L(U) be given by Q (1/2)IH and R- riG, where Ig, and Iv denote, respec-
tively, the identity operators on H and U.

It can be shown (see [GA]) that A is the infinitesimal generator of a uniformly
exponentially stable analytic semigroup. Thus, once again, stabilizability and de-
tectability for the continuous-time problems trivially follows, as does the uniform
stabilizability and detectability for the discrete-time problems.

We employed a standard cubic spline based Ritz-Galerkin finite element scheme to
approximate or finite-dimensionalize the continuous- and discrete-time LQR problems
(see [GA], [GR]). Setting p 0.1, EI 1.3333 x 10-4, cI 1.3333 x 10-7, m 1, b
1, q 1, and r 1 and with N 9 cubic spline elements, we obtained the functional
gains f- (f0, fl, f2), fh (f, f, f) H exhibited in Table 5.2 and Fig. 5.4.

FIG. 5.4. Functional gains for beam equation. (a) displacement, we plot D2fO to exhibit the
H2-convergence; (b) velocity.

6. Summary and concluding remarks. We have investigated and established
the convergence of solutions to discrete- or sampled-time linear quadratic regulator
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problems and the associated Riccati equations for infinite-dimensional systems to the
solutions to the corresponding continuous-time problem and associated Riccati equa-
tion, as the length of the sampling interval tends toward zero. We have considered
both the finite- and infinite-time horizon problems and carried out numerical studies
involving a variety of distributed parameter control systems to observe how well our
theoretical results predict what actually takes place in practice. In the context of
the finite-time horizon problem, the assumption of strong continuity on the opera-
tors that define the control system and performance index, together with a stability
and consistency hypothesis on the sampling scheme, are sufficient to establish the
strong convergence of the Riccati operators, feedback gains, optimal control laws,
and optimal trajectories, with some degree of uniformity in time over the compact
interval of interest. For the infinite-time horizon problem, we require the additional
assumption of stabilizability and detectability, uniformly with respect to the length of
the sampling interval. We have shown that this condition can be verified when zero-
order hold sampling is employed and the continuous-time system is stabilizable and
detectable by finite rank feedback. We have shown that this can be done for certain
classes of systems and, in particular, stabilizable systems whose open-loop dynamics
are described by compact, analytic, or differentiable semigroups, and whose unstable
manifold is finite-dimensional. These results are reported on elsewhere (see [RW] and
[RW2]).

Several interesting questions related to the results we have presented here re-
main open. For example, the interrelation between stabilizability/detectability for
the continuous- and sampled-time systems in a more general setting and under more

general sampling schemes (A-Stable Pad, for example) requires further study. Also,
convergence under simultaneous and independent state (space) discretization (i.e.,
finite difference or finite element approximation) and temporal sampling should be
investigated. It would not be difficult to extend the results presented here to han-
dle certain "coupled" state and time discretizations. Finally, a study similar to the
present one could be carried out for the LQG estimator and compensator problems.
We have not as of yet looked at these problems, but suspect that similar results to
those given above could be obtained.
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Abstract. This paper considers the principle of smooth fit for a class of one-dimensional singular

stochastic control problems allowing the system to be of nonlinear diffusion type. The existence and
the uniqueness of a convex C2-solution to the corresponding variational inequality are obtained. It
is proved that this solution gives the value function of the control problem, and the optimal control
process is constructed. As an example of the degenerate case, it is proved that the conclusion is also
true for linear systems, and the explicit formula for the smooth fit points is derived.

Key words, singular stochastic control, principle of smooth fit, variational inequality, free
boundary problem, diffusion with reflections
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1. Introduction. Let (t,’,P;’t) be a complete probability space with filtra-
tion (-t }, which is assumed to be right-continuous, and 0 contains all the P-null sets
in . We assume that a one-dimensional standard Brownian motion W {W(t)
t >_ 0} with respect to {t} is given on this probability space.

Consider the system described by the stochastic differential equation

(1.1) dX(t) a(X(t))dt + a(X(t))dW(t) + d(t), X(O) x,

or, equivalently, by the stochastic integral equation

(1.2) f0X(t) x + a(X(s))ds + a(X(s))dW(s) + (t),

where {(t) t _> 0} is a left-continuous, {Jzt }-adapted process with locally bounded
variation paths. The process is to be chosen by the decision maker as the control
process, and the objective is to minimize the following cost function:

(1.3) V(x) E f[o,) e-t[cd(t) + h(X(t))dt],

where {(t)" t _> 0} is the total variation process of ; the constant a > 0 is called
the discount factor, h is a nonnegative, strictly convex, C2-function; and c > 0.

Problems of similar type have been studied by many authors (cf. [1], [2], [6],
[8]-[10], [12]-[14]). In the case when c 0, h(x) x2, a(x) =_ O, a(x) 1, the
problem was solved explicitly by Bens, Shepp, and Witsenhausen [1] under the con-
straints that either has bounded derivatives (bounded velocity follower problem) or
it has bounded total variation (finite-fuel follower problem). Under the-same setting
but without the extra restriction on , and allowing h to be a general strictly convex
function and c 1, the result was generalized by Karatzas [8]. Almost simultane-
ously, Harrison and Taksar [6] treated the case with a more general cost function but
restricted (compact) state space and, also, they assumed the drift and the diffusion
coefficients to be constants.

Received by the editors December 19, 1990; accepted for publication (in revised form) May 24,
1991. This work is a part of the author’s Ph.D. dissertation at the University of Minnesota.

Department of Mathematics, University of Minnesota, Minneapolis, Minnesota 55455.
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For the case when a, a are nonconstant, the problem was developed by Menaldi
and Robin [9], Chow, Menaldi, and Robin [2], and Shreve, Lehoczky, and Gaver [13],
among others. In [9], however, no control entered the cost function explicitly (i.e.,
c 0), and, for the convex case (i.e., h is convex), the result there was only valid
when a and a are constants. In [2] the horizon was assumed to be finite, and only
the monotone follower problem (i.e., is monotone) was considered. We note that
the bounded variation control problem (optimal correction problem) was considered
there only when some special symmetric conditions were satisfied by h, so that the
problem could be reduced to the monotone follower problem. In general, however,
these conditions are not satisfied in our setting. Finally, in [13], it was essentially the
homogeneous problem (i.e., h(-) 0), so the problem is quite different from ours. We
note that, for the convexity of the value function, all the above work required the
coefficients of the system to be constant or linear (in spatial variables), so that the
convexity of the function h would imply the convexity of value function immediately.
However, this requirement is not satisfied, in general, in our setting.

The problem is also studied for a higher-dimension case by Soner and Shreve [14]
and Menaldi and Taksar [10]; some regularity results for the free boundary, as well
as the convexity of the value function, were obtained. However, the difficulties that
arise in higher dimensions seem to restrict the problem only to the case when a, a are
constants.

In this paper, we are interested in the system when a(x) ax + b and when a

is any nonvanishing, Lipschitz continuous, C2-function of linear growth. Under some
conditions on the discount factor a and the function a, we prove that the principle
of smooth fit always holds in this case. Namely, we prove that there exists a unique
convex C2-solution to the variational inequality that is linear outside a certain finite
interval (even though the data of the system, e.g., a, could be nonlinear), which, as
was pointed out by Shreve [12], gives the value function and leads to the existence of
the optimal policy for such problems. Consequently, the optimal policy can then be
chosen to be the proper local times to make the dynamics to be the reflected diffusion
on a certain region. Compared to the usual way of treating variational inequalities,
our approach is direct and elementary but strongly restricted to the one-dimensional
case.

An interesting question then is how this setting includes the linear case, namely,
when a(.) is also linear. An immediate problem is that the related ordinary differential
equation (ODE) becomes singular at some point (the zero of a). In 5 we treat this
case specifically to get an explicit solution.

The paper is organized as follows. In 2 we give the formulation of the problem
and the verification theorems. In 3 we study the ODE related to the H-J-B equation
and give some basic results as lemmas for the main theorems. Section 4 is devoted
to the main results, and, finally, in 5, we study the linear case, which can also be
treated as an example for our setting.

2. Formulation of the problem and the verification theorems. We will
henceforth consider the system

(2.1) X(t) x + (aX(s) + b)ds + a(X(s))dW(s) + (t),

where a, b are constants, W(-) is a one-dimensional Brownian motion with respect to
the filtration {St}.
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As in 1, for a given , the cost function is defined by

V (x) EI e-t [cd(t) + h(X(t))dt].
3[0

We will assume that c- 1 for simplicity.
The value function is defined by

(2.3) V*(x) inf l/(x) x e R,
B

where B is a class of processes called admissible controls, which will be described later.
We make the following basic assumptions:
(A1) The function a" R --, R is of class C2 such that, for some K > 0,

(2.4) I ’(x)l + K, x e R;

# 0, x e a.

Clearly, (2.4) implies that a(.) is globally Lipschitz and of linear growth; i.e., for some
KI > O, K2 > O,

(2.6) I (x) (y)l Kllx Yl, x, y e R,

and

(2.7) la(x)l <_ K2(1 + Ixl), x e R,

where the constants K1, K2 depend only on K and a(0).
(A2) The function h" R - [0, cx) is of class C2 such that, for some k, K3 with

0<k<K3,

(2.8) 0 < k <_ h"(x) <_ K3, x E R,

and there exists E R such that

(2.9) (x- )h’(x) >_ 0, x e R; h’()- 0.

Also, for simplicity, we assume that 5 0.
(A3) The discount factor a > 0 satisfies

1 ii(2.10) c > 5 sup I/ 2111.
xER

Remark 2.1. (i) Condition (A3) seems to be a little strong, since it actually
requires that the discount factor be sufficiently large. This is to compensate for the
fact that the coefficients are not constant. In fact, without this assumption, the
convexity of the value function, which is essential in the smooth fit technique, may
be false. The similar condition has also been used in [2], [9], [13], and others.

(ii) By the definition of the function h, the cost function satisfies (x) _> 0
for all x R, B. Also, (2.8) and (2.9) imply that h is strictly convex and
(recall that 5 0), for any 5 > 0, there exist - < rl < 0 < r2 < cx such that
Ih’(x)l < ,x e (rl,r2), and Ih’(rl)l Ih’(r2)l .
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(iii) Throughout the paper, instead of using constants K1, K2, K3,..., we use a
generic constant K > 0, which may vary line by line if no confusion occurs.

As we mentioned before, {(t) t _> 0} is an {’t}-adapted, left-continuous
process such that, for each w ft, the path (.,w) is of locally bounded variation
on [0, +oc) and (0) 0. We may write in its canonical form + - as the
difference of two nondecreasing processes + and - with +/-(0) 0. If we assume
that the decomposition is minimal, then the total variation process can be written
as (t) +(t)+ -(t), t _> 0. We denote the totality of such ’s by 13 (admissible
controls), and denote, for each [A, B] C_ R, B[A,B] { E B’X(t) [A, B] for t >
O, almost surely}. Observe that, for B[A,B], X(0) x could be outside the interval
[A,B], but, after an intial jump, the trajectories of X(.) will remain in [A,B], (P)-
almost surely. It is known that, under our basic assumptions, (2.1) has a (pathwise)
unique solution for t _> 0 and every e B(B[A,BI) (cf. [5]).

Due to the results for the Brownian motion case (cf. [1], [8]), to get a nontrivial
lower bound for the cost functions and the sufficient conditions for a cost function to
be optimal, we should seek a convex solution of the following variational inequality:

(2.11)
[aV(x)- V"a (x) (x) (ax + b)V’(x) h(x)] V [IV’(x)l- 1] 0, xR.

The following theorem verifies this fact.
THEOREM 2.1. Suppose that V" R R is a C2-function satisfying

(2.12) V"(x) >_ 0, x e R;

(2.13) IV’(x)l <_ 1, x e R;

(72 V,!(2.14) aV(x) <_ 5 (x) (x) + (ax + b)V’(x) + h(x), x e R;

then, under assumptions (A1)-(A3), for all x e R and all e B, we have that
V(x) <_ V(x). Consequently, if there exists a * e B such that Y(x) V.(x), for all
x R, then

y() y.() y*(x), e R.
Before proving the theorem, we first give a lemma that may be of independent

interest. Soner and Shreve [14, Thm. 3.1] used an easier version to prove their result.
We note that their version would suffice for the proof of our theorem as well.

LEMMA 2.2. Let e B and X(.) X(.) be the corresponding solution of (2.1).
1: E(t+) o(et) and Ef e-t[X(t)ldt < , then

EIX(t+)l o(e"t), as t oc,

where here (and in the following) o(p) means limp o(p)/p O.
Proof. Since

IX(t+)l < Ix(t)l + IX(t-+-) x(t)l Ix(t)l-+-I(t-+-) (t)l < Ix(t)[ + I(t/)l,

it suffices to prove that EIX(t)I o(et), as t - . By (2.1), we have that

EIX(t) _< Ixl + t[lalEIX(s))l + Ibl]d8 + E
’ot
a(X(s))dW(s) + E(t)
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(2.15) <_ Ixl + [bit + E(t+) + E a2(X(s))ds + lalEIX(s)[ds

-< [1:1 + 1 + (11 + g)tl + (t+) + .g

+ lal EIX(s) Ids.

Let p(t) [1 + ]x + (]b + 2K)t] + E(t+) + 2K2 f EX(s)]2ds. We claim that

p(t) o(et), t . Indeed, by sumption, E(t+) o(e), so we must only
show that

Define (t) e-tEX(t)l2 then the sumption implies that fo (t)dt <
Therefore, a simple application of dominated convergence theorem leads to- lx()la l0,()-(-()a 0, t .
This proves the claim.

Now applying Gronwall’s inequality (e.g., cf. [7, eq. (2.7.1)]) to (2.1g), we obtain
that

(2.16) lX(t)l p(t)+ ell(t-lp(s)ds.

Note that p(t) o(et) and > I1, so, given e > 0, we can choose T > 0 so that
e-p(s) < e for s T; hence, for some kl > 0,

e]a](t-S)p(s)ds e]a](t-S)p(s)ds + e e]hi(t-s). eaSds

elaltklT + elair e. e(a-lal)Sds

< e]tkT + e]at .
Since e is arbitrary, we obtain that f e]a](t-s)p(s)ds o(eat); the consequence then
follows from (2.16).

Proof of the theorem. Our approch is typical. Let B and write + -.
Let X(-) X (.) be the corresponding solution of (2.1). Denote the right-continuous
version of by ((t+),t 0}. (The right-continuous version of an adapted left-
continuous process (.) is a process (.) such that, for each w e D, (t, w) (t+,
for all t 0 and (0-,w) (0, w). The right-continuity of the filtration
guarantees that is also adapted.) Define F(t, x) e-Y(x), for (t, x) e [0, ) x R.
By the generalized It5 formula (Meyer [11]), we have that

-"v(x(+)) v(x(0+))
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12(X(s))V"(X(s))]ds+ -[-v(x()) + (x() + )v’(x()) +
(2.17)

+ -u’(x(l/e(+/+ -u’(x(l)(x(lle(l
,t]

+ [v(x(+)) v(x()) v’(x())(x(+) x())].
O<s<t

By (2.13) we see that the second term on the above right-hand side is no less than

f e-aSh(X(s))ds. The convexity of Y implies that

[v(x(+)) y(x()) y’(x())(x(+)- x())] > o, .s.
O<s<t

SO (2.17) becomes

e-"tv(x(t+)) > V(X(0+))- e-"Sh(X(s))ds

(2.18) + [ e-"SV’(X(s))d(s+)
(o,t]

+

Note that the convexity of V also implies that

o < v(x(o+)) v(x(o)) v’(x(o))(x(o+)- x(o))
y(x(o+))- y(x(o))- y’(x(o))((o+)- (o))

f{ V’(X(s))d(s+).v(x(o+))- v(x(o))-
o

Therefore

(2.19)

Define

e-tV(X(t+)) > V(X(O))- e-"h(X(s))ds

+ f[[o e-V’(X(s))d(s+)
,t]

+ e-"V’(X(s))a(X(s))dW(s).

(2.20) M(t) e-"tv(x(t+)) + rio e-"[d(s+) + h(X(s))ds],
,t]

(:2.21) re(t) e-V’(X(s))a(X(s))dW(s).

Some computation from (2.19) yields that

EM(t) > V(x) + Ef e-8[1 + V’(X(s))ld+(s+)
a[o,t]

(2.22)
+ E[ e-"[1 V’(X(s))]d-(s+) + Em(t).

a[o,t]
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Since IV’(x)l < 1, (2.22) gives EM(t) > V(x) + Era(t).
Observe that, by the definition of (t+), f[0,t] e-Sd(s+) f[0,t] e-Sd(s) for all

t _> 0, since the integrand e-st is continuous. So the expectation of the second term
on the right-hand side of (2.20) converges to (x) as t -+ oo. Therefore, to finish the
proof, we must only show that limt-+oo EM(t) limt-oo e-tEY(X(t+))+ V(x)
V}(x) and Em(t) 0, whenever (x) < oo. (If (x) oo, there is nothing to
prove.) It is readily seen, however, that V(x) < oo implies that E(t+) o(et) and
E fo e_tlX(t)12dt < oo; i.e., the assumptions of Lemma 2.2 are satisfied. The latter,
together with (2.13) and (2.7), implies that m(t) is a L2-martingale, so Em(t) 0 for
each t > 0. On the other hand, by Lemma 2.2, we have that EIX(t+)I o(et). It
follows immediately that EV(X(t+)) o(et), since Y(.) is at most of linear growth
by (2.13). This leads to the conclusion that limt-oo e-tEY(X(t+)) 0. Therefore
V(x) > V(x), x e R. The remainder of the theorem is obvious, so we are done. D

Finally, we give a local version of Theorem 2.1, which will be very useful in this
paper. Since the proof is virtually identical to that of Theorem 2.1, we omit it.

THEOREM 2.3. Let V be a C2-function defined on R satisfying (2.14). Let
-oo < n < B < oo and suppose that V satisfies (2.12), (2.13) on In, B]. Then under
assumptions (A1)-(A3), we have that

V(x) < inf V(x), x e [L,B].

Furthermore, if there exists a * e B[L,B] such that V(x) V. (x) for all x e [L, B],
then

V(x)-.(x)= inf (x), xe [L,B].

3. Some basic results for the ODE related to H-J-B equation. In this
section, we study the following ODE related to the H-J-B equation (2.11) under
assumptions (A1)-(A3)"

(3.1) aV(x) (ax + b)V’(x) + 1/2a2(x)V"(x) + h(x), x e R

and give some results that serve as lemmas for the main theorem.
We consider the following free boundary problem. Find a pair of real numbers

-oo < L < B < oo and a solution V of (3.1) that is convex on [L,B], satisfying the
boundary conditions

(3.2) V’(L)--1, V’(B) 1;

(3.3) V"(L) V"(B) 0.

Remark 3.1. For the boundary conditions (3.2) and (3.3), it should be understood
first that all the derivatives there are one-sided in the appropriate direction. Then
observe that once a solution exists on [L, B], it can actually be extended to be defined
on the whole real line by our assumptions on the data. Hence, in the following, the
derivatives at the boundary will be the usual two-sided derivatives.

The other observation is that, since a, h are of class C2 and since a is nonvanishing,
we can easily check by directly differentiating (3.1) that any solution of (3.1) will be
of class C4 (on the whole real line).
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We claim that, under our basic assumptions, the solution to (3.1), (3.2) exists
and is unique for any given L < B. Indeed, let f, g be two independent solutions to
the homogeneous equation

(3.4) 1/2a2(x)V"(x) + (ax + b)V’(x) aV(x) 0

with the boundary conditions

(3.5) f(O) 1; g(O) O;
f’ (0) O; g’ (0) 1;

then a general solution of (3.1) can be written as

x h(s)V(x) Clf(x) + C2g(x) 2 (x, s)a(s ds,

where (., s) is the solution of (3.4) for x > s, satisfying

(3.7) q(s, s) O; x(s, s) 1

(cf. [3]). Clearly, the existence and uniqueness of the solution to the boundary
problem (3.1), (3.2) for given L < B is equivalent to the fact that

(3.8) f’(L) g’(L)
f’(B) g’(B) f’(L)g’(B) g’(L)f’(B) O.

Let (x) f’(L)g(x)-g’(L)f(x); then is a solution to (3.4)with ’(L) -0. So it
follows from the following lemma quoted from Shreve [12] that ’(B) 0, i.e., (3.8)
holds. (We outline the proof of this lemma in the Appendix for the benefit of the
reader.)

LEMMA 3.1. Suppose that c > lal and let V be a nonconstant solution to (3.4)
defined on some interval [L, B]; then

(a) If Y has a zero in [L,B], then Y’ has no zero in [L,B];
(b) IfY’() 0 for some e [L,B], then (x-)V(x)V’(x) > O, for allx e [L,B]

such that x 5.
We can now write the explicit fomula for C1, C2 to solve the boundary problem

(3.1), (3.2) for given L < B, as follows:

(3.9)
1 211(L) 1

Cl=det [ 2II(B)+l
g’(L) ] C2=

1 I f’(L 2I(L)-I ]g’(B) det f’(B) 2II(B) + 1

where/l(X) f: x(X, s)(h(s)/a2(s))ds, and

f’(L) g’(L)A-- det f’(B) g’(B)

We will henceforth denote, for given L < B, the solution to (3.1), (3.2) by VL,B.
(Recall from Remark 3.1 that it is actually defined on R and is of class C4.) The
following lemmas give the crucial properties of such solutions.

LEMMA 3.2. Let VL,B be the solution to (3.1), (3.2) on some interval [L, B] C R;
then the following statements are equivalent:
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(1) VL,B is convex on [L, B];
(2) ]V,s(X)l <_ 1 for all x e [L,B];
(3) V’,s(n >_ O, V’,B(B >_ O.
Proof. We denote V VL,B.
(1) == (2). If Y is convex, then Y’ is increasing, so the boundary condition (3.2)

gives [V’(x)I _< 1 for all x e In, B].
(2) == (3). This is obvious by (3.2).
(3) == (1). We prove that Y"(x) >_ 0 for all x e [L,B]. Differentiating both

sides of (3.1) twice and letting W V", we have that

r2 WVV0 5 (x) (x) + [(ax + b)+ (a2(x))’]W’(x)
l(a2(x))"- a)W(x) + h"(x).+(2a+

Let c(x) 2a + 5(a2(x))’’- a and

if2 W(nW)(x) 5 (x) (x) + [(ax + b) + (a2(x))’]W’(x) + c(x)W(x);

then we have that LW -h" < 0 by (A2) and c < 0 by (A3). Therefore, by the
maximum principle (cf. [4]), W Y" has no negative minimum on [L,B]. Thus
V"(x) >_ 0 on [L,B], since otherwise V" must have a negative minimum by the
assumption. The proof is now completed. [:]

Note that assumption (A2) implies that there exists a unique pair of real numbers
-c < rl < 0 < r2 < cx with [h’(rl)[ [h’(r2)[-- a a such that [h’(x)] < a a for
all x e (rl, r2) (see also Remark 2.1). We have the following lemma.

LEMMA 3.3. Suppose that [L, B] C_ R and VL,B are the same as those in Lemma
3.2 and suppose that VL,B is convex on [L, B]; then

(i) V" h’L,B(B) O =: (B) >_ a a > O and B >_ r2 > O;
(ii) V" h’L,B(L) O (n) <_ -(a a) < O and n <_ rl <0.

Proof. We only prove (i) (the proof of (ii) is similar). Again, denote V VL,B;
as already observed, Vrrr(x) exists for all x and satisfies

ff2(x)V’"(x) -- [(ax + b) + a(x)a’(x)]V"(x) + (a a)V’(x) + h’(x) O.

Now, letting x/ B, we get that

-(rl 2(B)V,,,(B + (a ) + h’(B) O.

Since V"(x) >_ 0 for all x e [L, B] and V"(B) 0, we get that V’"(B) <_ O. Hence
the result follows from (3.10), condition (2.9), and the definition of r2. [:]

We now give a lemma concerning the continuous dependence of the solution on
the boundary data. It is easily seen that C1 C (n, B), C2 C2(L, B) given by (3.9)
are continuous functions of L and B for L < B, since A 0 for all L < B. However,
it is not clear that, if VL,B is convex on some [L, B], then VL,,B, should, also be convex
on [L, B] for those L close to L and B close to B. We have the following lemma.

LEMMA 3.4. Suppose that, for some -o < L < B < cx, the function VL,B
is convex on [L,B]. /f VL,B"(B) > 0 (respectively, VL,B"(L) > 0), then, for any
e > O, there exist L,B E R with B < B;L <_ L < L+e < B (respectively,
L’ < L; L < B- e < B’ <_ B), such that VL,,B, is convex on [L’, B’].

Proof. Since VL,B (B) > 0, by the continuity of C, C2 in L, B, we can find that
50 > 0 such that the solution VL,B+ satisfies V" (B + 5) > 0 for 0 < 5 < 50 WeL,Bq-5
may assume that 50 < e < 1.
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Now pick xo e (L,L + e) such that V,s(Xo > --1. Such an x0 always exists;
otherwise, by part (2) of Lemma 3.2, V,s(X --= --1 on [L, L + e), which implies that
VL,B is linear on [L, L + e). Then, however, h(x) aVL,B(X) + (ax + b), x e[L, L + )
is also linear. This contradicts (2.8).

Let el V,B(xo) + 1 > 0. Note that the solution family {VL,B+, 0 _< 5 < 50}
are all defined on R, so the explicit form of the solution (3.6), (3.9) and the continuity
of V’,u shows that we can choose 0 < 51 < 50 such that

IV,B+5I (X)- V,B(X)I < el, xe[L,B+l]

and

,,
> o, x [B, B +

since V"L,u(B) > O. It follows that V,u(X _> 1 for all x E [B, B + (11 and therefore

L,B+I (x) > --1 for all x E [x0, B + 51]. Let

L’ inf{u >_ L" V,B+5 (x) > --1, u <_ x <_ B + 51};

then L _< L’ < x0 < L + e.
It is easily seen from the definition of L’ that we must have that V"L,B-t-6 (L’) >_ 0

and V B+ (L’) -1. By Lemma 3.2, VL,B+5 is convex on [L’, B + 51]. Therefore,
with B B+51, the solution VL,,B’ is just what we want. The case when V’,B(L > 0
is similar, so we are done. [:]

The next question is" When does a convex solution VL,B satisfying (3.1), (3.2)
exist? We can prove the following lemma.

LEMMA 3.5. For any [L, B] C R, there exist L <_ L’ < B’ <_ B such that VL’,B’
is convex on [L’, B’].

Proof. Let VL,B be the solution to (3.1), (3.2) on [L, B]. Define

B’ sup{u "VL,B(X)<_1, L_<x_<u}AB;
L’ inf{u "VL,s(X)>_--l, u<_x_<g’}VL.

By (3.2) and the continuity of V’ it is easily seen that L < L’ < B’ < B; V,u (L’)L,B,
-1, VL,B(B’)- 1 and IV’ L’ B’.L,B(X)

Replacing L by L’ and B by B’, we obtain a solution VL,,B,, which is convex on

[L’, B’] by Lemma 3.2.
By Lemma 3.5, we see that, for any [L,B] e R, the solution VL,B to (3.1), (3.2)

has a convex portion, which also satisfies (3.2). We concentrate on the totality of such
convex portions. Define, for each x0 It,

(3.11) jtxo {[L, B]’xo e (L, B) and there exists a VL,B convex on [L, B].

Apparently, for rl,/’2 defined as those in Lemma 3.3 (and the argument preceding
it), there exists rl < x0 < r2 such that Jtxo - . Denote Jt Axo. (As we see in
4, we may actually take x0 0.) We find a unique [L*, B*] ,4 such that the
corresponding VL.,B* satisfies (3.3).

The following lemma is a basic property of 4. We endow a partial order "-<" on
j[ by usual inclusion; i.e.,

[L, B]- [L’, B’] <==: [L, B] C_ [L’, B’].
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LEMMA 3.6. (a) A is "closed" in the following sense: if {[L,,B,]} c_ ,4 such
that Ln --* L; B, B, and -oc < L < xo < B < oo, then [L, B]E ,4.

(b) Every totally ordered subset of Jt has an upper bound.
Proof. (a) Let {[L,,Bn]} C_ jt such that L, -- L; Bn -- B for some -oo < L <

x0 < B < oo. Let C{,C be the constants in (3.6) with respect to VL,B determined
by (3.11) (with corresponding A’); then it is easily seen that there exist some C1,
C2, and A such that C -- Ci, i 1, 2, and, An -- A, since L < B. It can then be
checked that C, C2 determine a solution VL,B to (3.1), (3.2) on [L, B] via (3.6) such
that V" V" V"L,s(L) > 0 and L,B(B) > 0, since V"Ln,Bn (L) 0 and Ln,Sn (Bn) 0 for
every n. Therefore V" is convex on In, B] by Lemma 3.2; i.e. In, B] e A.L,B

(b) Let ([L, B] A A} be a totally ordered subset of A; then there exist < B
such that (L, B) U(n, B).

It can be proved that - < L < B < (we defer the proof to next section,
Lemma 4.2). Moreover, since, for each A, L < x0 < B, then < x0 < B.

If A is a finite set or ([L,B]} h a mimum element, then there is nothing
to prove. So sume that A is .infinite and that there is no mimum element in the
family. Then we can find a sequence

[L1,B1] c_ [L2,B2] G...

such that Ln " L, Bn /z B. By part (a), [k, B] E A. It is clear that [L, B] is the
upper bound of the family {[L, B]}. [:]

Now, by Lemma 3.6 and Zorn’s lemma, we see that ,4 has a maximal element.
We should note that the maximal element is not unique, since ,4 is only a partially
ordered set. However, we may now define a subset of ,4 as follows:

(3.12) Amax { all maximal elements in A}.

The previous argument shows that -4max . We are mostly interested in this set
later.

To end this section, we present a simple but important property of-4max.
LEMMA 3.7. For any [L, B] Amax, we have that

B(L) V,B(B O.

Proof. First, note that, for any [L, B] ,4, we have that V"L,B(L) >_ 0; V"L,B(B) >_
0. So, if the conclusion is not true, then we can find an [L, B] -4max C_ jt such that

II IIV;,B(L > O; V;,.(B) > O.

Then, by the continuous dependence of the solution on L, B, we can find an e > 0, so
that VL-,B+ exists on [L e, B + e] and satisfies

V’_ (L e) > 0;e,BTe >0.L--e,B+e

So Lemma 3.2 implies that VL-e,B+e is convex, and then [L- e, B + e] ,4, since

x0 e (L, B) C (L- , B + e), but this contradicts the maximality of [L, B].
4. Main theorems. In this section, we give our main results. The first theorem

is relatively simple, but we still prove it for completeness. The remainder of the
section is devoted to the second theorem, which is more involved. We prove that the
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principle of smooth fit always holds under our setting, and then the first theorem
leads to the existence of the optimal control. Finally, we give a brief description of
the optimal reflecting barriers.

First, let [L, B] c R and let XX(.) denote the diffusion process starting at x E
[L, B], satisfying

dXX(t) (aXe(s) + b)ds + a(X(s))dW(s),

with reflection at L and B. Then, following 23 in [5], we have two adapted, contin-
uous, nondecreasing processes L (’) and S(’), which are zero at t 0, such that, for
all t >_ 0,

(4.1) XX(t) x + (aXX(s) + b)ds + a(XX(s))dW(s) + L(t) B(t)

and

L(t) I{X()=L}dL(S), B(t) I{X(8)=B}dB(S).

Denote such solution by X(.). Let f be a solution to (3.1) on [L,B] and let

F(t,x) e-tf(x). Applying Ith’s formula to the function F, we obtain that

(4.2)
f(x) f’(B)E e-tds(t)- f’(L)E e-tdL(t)

+ E e-th(X, (t))dt,

where L,B L B. (See also [13, Lemma 2.1]. Note that it was also proved there
that both Ef e-tdB(t) and E fo e_dL(t are finite.) If VL,B is a solution to
(3.1), (3.2), then, with f VL,B, (4.2) becomes

(4.3) X (t))dt].VL,B(X) E e-t[dL,S(t) + h( L,,

Namely, L,B yields the cost function VL,B. We now state our main theorems.
THEOREM 4.1. Suppose that there exists [L*,B*] c R and a solution VL*,B* to

(3.1)-(3.3) on [L*,B*]; then

(L* x) + VL*,B. (L* ),

(4.4) V* (x) VL.,B. (X), L* < x < B*;

(x- B*) + VL.,B.(B*),

x<L*;

x>B*

is the value function, and the optimal control is given by {(t) t >_ O} satisfying
(0) O, and, :for t > O,

(L* x) + L-(t) S" (t), X < L*;

(4.5) (t) L* (t) S* (t), L* < x < B*;

(B* x) + {L* (t) {S-(t), X > B*.
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It is obvious that is left-continuous, and, for x < L* (x > B*), has an initial
jump, which makes the process X* Xx L* (B*); (.) jump to and then proceeds as a

reflected diffusion on [L*, B*]. This is just the usual idea used by many authors (cf.
[1], [6], [8], [13]). Observe also that Theorem 4.1 depends heavily on the existence of
the interval [L*, B*] and the corresponding convex solution VL*,B*. In some cases, the
nonexistence of such an interval leads to the nonexistence of the optimal policy (cf.
Shreve, Lehoczky, and Claver [13]). However, the next theorem gives an affirmative
anwser to the question of the existence of such interval in our setting as well as the
existence of the convex C2-solution to the variational inequality (2.11).

THEOREM 4.2. Let assumptions (A1)-(A3) hold. Then there exists a unique
interval [L*,B*] c R on which there exists a unique, convex solution of (3.1)-(3.3).
Furthermore, the variational inequality (2.11) admits a unique convex C2-solution,
which gives the value function of the control problem (2.1)-(2.3).

Remark. By setting a 0, a(.) a(constant), we see that our result contains the
corresponding one in [8] as a special case.

Proof of Theorem 4.1. It is readily seen that the control yields the cost function
V* defined by (4.4), so we need only show that V* is the optimal cost.

Since * E B, we have that

(4.6) V*(x) > inf IVy(x) x e R.

On the other hand, by the assumption of the theorem, we see that V* C2(R) and

(4.7)

-1, x < L*;

V*’ (x) Y.,s. (x), L* _< x _< B*;

1, x > B*;

(4.8) V*"(x)=
0, x<L* or x>B*;

( Vg. L* < x < B*

By Lemma 3.2, (2.12) and (2.13) are satisfied. We now verify (2.14). If x e
[L*,B*], there is nothing to prove. Let x > B*; then, by the definition of V* we
have that

(4.9) cV*(x) c(x B*) + cVL.,B.(B*).

Since VL*,B* is a solution or (3.1)-(3.3), we have, at x B*, that

(4.10)
10"2 V*"(B* V*t(B*aVL.,B.(B*) - (B*) + (aB* + b) + h(B*) (aB* + b) + h(B*).

Thus (4.9) becomes cV*(x) a(x B*) + (aB* + b) + h(B*). Therefore a simple
computation shows that

(72 (X)V*tt (x) at- h(x) x > B*(4.11) c V*(x) <_ (ax + b)V*t(x) +
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is equivalent to

(4.12) ( a) <_ h(x) h(B*)
x- B*

x > B*.

Since h is strictly convex, h’ is increasing. Therefore, for any x > B*,

h(x) h(B* h’ (O) > h’
x-B*

(B*) >_o-a,

where 0 E (B*,x) and the last inequality is due to Lemma 3.3 (i). Thus we have
proved (2.14) for x > B*. The case when x < L* is similar, so (2.14) is verified. By
Theorem 2.1, we have that

V* (x) _< inf (x) x e R.

The proof is now complete, r
For the proof of Theorem 4.2, we first prove some lemmas. Our purpose here is to

find an interval [L*, B*] C_ R satisfying the conditions of Theorem 4.1. The candidate
is chosen from the set -4max defined by (3.12). We now take a closer look at the sets
,4, 4max defined by (3.11), (3.12).

Define

It-sup{B’3[L,B]
u inf{L’3[L,B] e A}.

Then we have the following lemma.
LEMMA 4.3. It holds that

(4.13)

where xo is such that xo (rl, r2) and j[ .4xo # O.
Proof. < x0 < It is obvious by the definition of 4; the proof of the first inequality

is the same as that of the last one, so we only prove It <
Suppose not; then there exists a sequence {[Ln, Bn]}=0 C_ 4 such that Bn

Therefore we can choose a 5 > 0 such that Ix0, x0 + 5] c_ [Ln, Bn] for all n > 0. Since,
for each n, VLn,B= is the convex solution to (3.1), (3.2) on [Ln, B], by Theorem 2.3,
with the argument in the beginning of this section and part (1) of Remark 2.1, we
have that

0 <_ VL,,B (X)- inf Vh(x), n >_ O, x e[Ln, Bn].
EB[Ln ,Bn]

Since B[xo,xo+5 C B[L,,B,], for all n, we also have that

inf V((x) <_ inf l/(x) n _> 0; x e [x0, x0 + 51.
EB[Ln ,Sn] E B[a: ,xO+5

Therefore

0 <_ VL,B (X) <_ inf V(x), x e Ix0, x0 + 5].
B[o,xo+l

In particular, we have that 0 <_ VL=,B=(Xo) < V infeixo,o+e l(x0).
i=,,= (X)l < 1 for x [L,B], we get that

(4.14) IVL ,B (X)I v + Ix x01, x e [Ln, Bn].

Since
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However, the convexity of VLn,B (i.e., V" > 0) on [Ln, Bn] givesL,,B,

2 ,, h(x)(x) (ax + (x) + +
>_ (ax + b)Y,s (x) + h(x), x e [nn, Bn].

Hence, by (4.13) and the fact that [V’L,B (x)l--< 1 for x e [Ln, B,], for some g > 0,

0 <_ h(x) <_ g(1 + Ix[), x e [Ln, Bn].

This is impossible, since B,// cx and h is of at least quadratic growth by (2.8). The
contradiction shows that # < oc. Similarly, we have that > -oc. This completes
the proof. D

Now define

(4.16)
A1 {[L, B] e ,Amax "VIB(B)
A2 {[L, B] e 4max "V’,s(L)= 0}.

By Lemma 3.7, Jtmax Jr1 U A2.
LEMMA 4.4. It holds that .41 O, ,42 O.
Proof. Since -4max = , one of 41 or ,42 must be nonempty. Suppose that

,42 , but jt ; then -4max -42, and, for any [L, B] E Amax, we must have that

VI,B(L) 0; VI,B(B) > 0. Let

b sup{B’[L,B] e ,Amax};

then b <_ # < oc, and there exists a sequence {[Ln, Bn]} c_ Jtmx such that B/ b.
Since _< Ln < xo for any n, along a subsequence (may assume itself), we have that
Ln -- for some < x0. Observe that if V"Ln,Bn (Ln) 0 for all n, we must have that
V," (1) 0. By part (ii) of Lemma 3.3 and part (a) Lemma 3.6, ,b ,4.l,b

Now let In*, B*] be a maximum element containing [1, b]; then we must have that
B* b and V.,B. (B*) 0 by the definition of b and Lemma 3.4. However, this
contradicts ,41 . The similar argument shows that ,41 q}, but ,42 is also
impossible; so the lemma is proved. [:]

It is now clear that we may succeed in proving Theorem 4.2 if we can find an
element in .41 N J[2. To this end, we need the following lemma.

LEMMA 4.5. Suppose that [L, B], [L’, B’] 4max such that L <_ L’ < B <_ B’ and

L,B(B) V,,B,(L’) -O; then L L’; B B’. Consequently, [L,B] [5’, B’] e
A c A.

Proof. First, note that either L < L, B < B or L- L, B- B must hold, since
both intervals are maximal elements. So we only must prove that the first case is
impossible.

Suppose that L < L, B < B. We show that this leads to a contradiction. Let

V(x)- I
( (x- B)+

x<_B;

Bx.

Then we have that V C2, since V"L,B(B) O. By Lemma 3.3 (ii), we have that
h’(B) >_ - a, which leads to

aV(x) <_ (ax + b)V’(x) + 1/2a2(x)V"(x) + h(x), xER
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following the argument in the proof of Theorem 4.1. Clearly, V(x) satisfies (2.11),
(2.12) on [L, BP]; therefore, by Theorem 2.3, we obtain that

V(x) <_ t(x); e B[L,B,], X e [L,B’].

Now, for x 6 [L’, B’] C [L, B’], let L’--S’ 6 B[L,,B,] C_ B[L,B,], where L’, B’
are defined in the beginning of this section. Then we see that /(x) VL,,B,(X)
Ef e-t[d(t) + h(X(t))dt]. So we get that V(x) <_ VL,,B,(X), for all x 6 [L’, B’].
In particular, we have that

< x E[L’, B’] N [L, B].

Similarly, replacing V by the function

V(x) I (L’ x) + VL,,B,(L’),

(

x <_ LP;

L <_ x,

we can also show that

< (x). x e[L’, B’] [L, B],

Lwhich gives VL,B VL,,B, on B’] N [L, B] [L’, B]

_
Jr1, r2] by Lemma 3.3

Hence the uniqueness of the solution to the Cauchy problem of the ODE implies that
VL,B VL,,B,, but this implies that [L,B] A, contradicting the maximality of
[L’, B’] and [L, B]. D

Define

(4.17) B1 -inf{B’[L,B]
(4.18) L2 sup{L" 3[L, B] e A2}.

Then there exists a sequence {[nn, Bn]} C_ -dmax such that Bn B1. Since every
[Ln, Bn] is a maximal element, {Ln} must also be decreasing, and is bounded below
by #. Therefore Ln " L for some L < x0. By Lemma 3.6 (a), we have that
[L,B1] e 4. Let [kl, B] be the maximal element in jt containing [L,B1]; we claim
that B B. Indeed, suppose that B1 > B1; then, for n large enough, we should
have that Ln > L _> k;B1 < Bn < [1, namely, [L,,Bn] is properly contained in

[kl, B]. This contradicts their maximalities. Therefore we may now write ILl, B] as
the maximal element containing ILl, B1].

Similarly, we can find a B2 > L2 such that [L2, B2] is a maximal element. The
following lemma is final.

LEMMA 4.6. It holds that [L,B1]- [L2, B2].
Proof. Since [L,B] and [L2, B2] are both maximal, we either have Case 1"

L < L2, B1 < 82 or Case 2: il > L2, B1 > B2, if they are not identical.
Suppose that L1 < L2 and B < B2; then, by the definition of B1, we can find

that [L, B] E .41 C_ dmax such that B1 _< B < B2. By the maximality of ILl, B] and
[L2, B2], we must have that L _< L < L2. Similarly, by the definition of L2, we can
now find that [L, Bp] 42 C_ dmax such that L < L _< L2, and then B < B _< B2
because [L, B] is also maximal. Now, by the definition of ,41 and Jr2, we have that
V" L V"L,,B,( O, L,B(B) 0, which contradicts Lemma 4.5 So Case 1 is impossible.

Suppose that L1 > L2 and B1 > B2. Let V VL1,B1;V2 VL.,B2- By the
definitions of n and L2, we must have that VI"(L) > 0; V2"(B2) > 0. Then,
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by Lemma 3.4, however, there exists a [L, B] E Jt such that L2 < L < L1; 82
B < B1. Let [],,/] be the maximal element containing In, B]; then it is easily seen
that L1 > ]- > L2 and B1 > / > 82 still hold, since [L,B],i 1,2 and
are all maximal elements. Now, however, by the definition of B1 and L1, we must
have that V’,(/) > 0, since/ < B1, and VP,t)(], > 0 since ], > L2. Therefore

L,(/}) > 0, which contradicts Lemma 3.7. So Case 2 is also impossible.

Namely, [L,B] and [L2, B2] must be identical. [:]

Proof of Theorem 4.2. Let L* L L2;B* B B2 and let V*(x)
VL*,B*(X), X e [L*,B*]. We first prove that V* is the convex solution of (3.1)-(3.3)
on [L*, B*].

That V* is the convex solutionof (3.1), (3.2) is clear by the definition of In*, B*].
So we must only verify (3.3). By Lemma 3.8, we have that Y*’(n*). V*"(B*) O.
We assume that V*’(L*) 0. The convexity of V* implies that V*’(B*) >_ 0.
Suppose that V*’(B*) > 0. Recall that B* B1; hence there exists a sequence
{[Ln, Bn]} C_ ,41 such that Bn B*, and there exists an L (-,x0] such that
Ln ’ L If L > L*, then Lemma 3.4 and the maximality of [L*,B*] allow the
existence of an element [L,B] Amax such that L* < L < L and B* < B, which
is impossible because then we can find that [Ln, B] C [L,B] for n large enough,
which contradicts the maximality of [n, B]. Therefore n*, and so V*"(B*)
limn- Ln,B, (Bn) 0, a contradiction. Thus the existence of the interval [L*, B*]
is proved.

To see the uniqueness, let [L**, B**] be another such interval. By Lemma 3.3, we
have that x0 (L**,B**); so [L**, B**] A. The same proof as that of Lemma 4.6
shows that neither L* < L**; B* < B** nor L* > L**; B* > B** is possible. The
maximality of [L*, B*] shows that it cannot be contained in [L**, B**]; so the only
possible case is [L**, B**] _c [L*, B*]. Since B[L**,B**] C_ B[L*,B*], we have that

xe [L**, B**].

On the other hand, let

v**(x)

(L**, L* L**(L** x) + VL**,B**

_
X

_
L** < x < B**;

(x- B**) / VL..,B..(B**),
Then Theorem 2.3 shows that

B** < x < L*.

<_ xe [L**, B**].

It follows immediately from the uniqueness of the ODE that V* =_ VL**,B**, and so
L* L**; B* B**. Thus the first part of the theorem is proved.

To prove the second part, let [L*, B*], VL*,B* be those in the first part; then (4.4)
in Theorem 4.1 presents a solution to the variational inequality (2.11). So we must
only prove the uniqueness.

Let Y(.) be any convex C2-solution to (2.11); then, for any x e R, either IY’(x)l
1 or Y(x) satisfy (3.1). Let U {x: IY’(x)l < 1}; then Y must satisfy (3.1) on U. So
the growth condition of h implies that (: is bounded (see also Lemma 4.3). Moreover,
the monotonicity of Y’(.) shows that C (L, B), where

L inf{x x B sup{x x
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so that V’(L) -1, V’(B)- 1. Then, however, we must have that V’(x) -1 for
x _< L and V’(x) 1 for x _> B, which leads to V"(L) 0 and V"(B) 0 because
Y is C2. Therefore, by the first part, [L,B] is unique (= [L*,B*]), and V must be
linear outside [L, B]; thus V must be of the form (4.4). This proves the uniqueness,
and then the theorem. D

4.1. A discussion of determining the optimal reflecting barriers. Having
worked diligently to get the existence and uniqueness of the optimal reflecting barriers
L* and B*, we now present a somewhat "explicit" way of determining these two points
via a system of (maybe transcendental) equations. The scheme that we use is similar
to that in [6].

For any given -cx < L < B < cx, let i, 2 be two independent solutions to
(3.4) satisfying the boundary conditions

(L) 1; (L) 0;
(B) 0; (B) 1,

and let G be a special solution of (3.1) satisfying the boundary condition G(L)
G(B) O. Such solutions exist by the argument given in the begining of 3. Set

(4.19) (x) G(x) [1 + G’(L)]l(x) + [1 G’(B)]2(x).

We can easily check that is the solution to (3.1) and (3.2). Differentiating (4.19)
twice, using the facts that G satisfies (3.1) and 1, 2 satisfy (3.4), and setting
qz"(L) q2"(B) O, a(x) ax + b, we get that

2
0 "(L) a2(L {-h(L) + a(L) + hi(1 G’(B))2(L) (1 + G’(L))I(L)]},

2
0 "(B) {-h(B) a(B) + a[(1 G’(B))2(B) (1 + G’(L))I(B)]},a2(e)

or, equivalently,

h(L) a(L) + c[(1 G’(B))2(L) (1 + G’(L))I(L)],

(4.21) h(B) -a(B) + c[(1 G’(B))2(B) (1 + G’(L))I(B)].

Theorem 4.2 shows that (4.20), (4.21) admit a unique solution (L* and B*), which
gives the optimal reflecting barriers. In the case when a(x) =_ a; a(x) a are both
constants, we can write

(4.22) (x) Ce’ + Ce’; 2(X) 1"1 + C2

with

C1 exp(,,2S), exp(,lB).
AiA 62 A2A

1 __exp(A2L). 2 exp(AL)
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where A exp(A2B + AlL) exp(A1B + A2L), and, finally,

G(x) Clex -- c2ex

2
e-(/)(-) sinh +2( s) h(s)ds,a + 2ha a

where Cl, c2 are chosen so that G(L) G(B) 0. Of course, we can pose more
conditions on a, a, and h (e.g., a 0, a 1, or h is symmetric and so on) to make
(4.20), (4.21)more explicit. For example, if a 0, a 1, (4.22) becomes

1 cosh(S-x) 1 cosh(x-n)(x)
sinh(B n); 2(x)

sinh(B n)’
and so on. For the simpler cwhen h is an even functionKaratz [8] had a
transcendental equation to determine B* nd L* (= -B*) by slightly different
method. However, by the uniqueness of such solution, (4.20) and (4.21) would also
give the sme answer.

5. The linear case. In this section, we consider the ce when a is also linear.
More precisely, we sume that a(x) ax + b; a(x) O(ax + b), where a, b, 0 are
constants and a 0, 0 0.

Clearly, the bic sumption (A1) is partially violated, since now a possesses
a zero at x -b/a. The major disadvantage of this violation is that the ODE
related to the H-J-B equation now has a singularity at the zero of a. We then wonder
whether the value function is still C2. However, we prove directly that, under the
extra condition on the position of the "vertex" of function h (condition (5.4)), such
a singularity is removable. Namely, there still exists a convex C2-solution to the
variational inequality (2.11), which is now of the form

(.)
(ax + b)V’’[y(x) () (ax + )y’() h(x)] v [Y’(x)- 1] 0, x e a.

We will also derive the explicit formula for determining the smooth fitting points (it
might be transcendental equation). Consequently, we still conclude that the value
function is C, convex, nd that the optimal policy exists in the mnner that w
discussed in the previous sections.

Note that condition (2.10) now becomes

(.e) > e] + 0.

We modify condition (2.9) (of sumption (A2)) by

(5.3) x + (x) 0, x e a; 0;
a a

i.e., we restrict the vertex of h to the point x -b/a so to "kill" the singularity
caused by a.

Observe that, if we set Y(t) Y+b/a(t) X(t) + b/a, where X(.) is the
solution of the Stochtic differential equation (S.D.E.) (2.1) with a O(ax + b), then
Y(.) will satisfy
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where 5c (x + b/a). Therefore, the cost function (2.2) becomes

hi0

Define h(.) h(.- b/a); then, by (5.3), h satisfies (2.8) and

> 0, x e R; 0.

So, without loss of generality, we may just consider system (5.4) with the cost function
(5.5). Namely, we will henceforth assume that b- 0 and h satisfies (5.6).

The ODE (3.1) now becomes

I2 2 2V/!(5.7) cV(x) axV’(x) + 5 a x (x) + h(x).

We see that it is now symmetric with respect to the origin and is in the form of the
Euler equation. So we may solve it explicitly to get the smooth fitting points.

To begin, we first solve the equation for x > 0. Letting U V’ and differentiating
(5.7), we get that

(5.8) 1O2a2x2U"(x) + (a + 2a2)xU’(x) + (a c)U(x) + h’(x) O.

Set x et, t E R, let W(t) U(e) U(x), and denote l dW/dt, f/d d2W/dt2;
(5.8) becomes

(5.9) 1/202a21(t) + (a + 1/2O2a2)l/(t) + (a a)W(t) + h’(et) O.

We may easily write the solution of (5.9) as

(5 10) W(t) C1east -Jr- C2eA2t 2 fl o(t- T)h’(e’)dT,2a2 B

where B > 0 is arbitrarily chosen and is the solution of the homogeneous equation

102a2/V(t) + (a + 1/2O2a2)IiV(t) + (a a)W(t) 0(5.11)

with the initial condition

(5.12) o(0) 0; 9b(0) 1,

and A1, A2 are the solutions of the characteristic equation

102a2/2 02a2(5.13) 5 + (a + 1/2 ) + (a c) O.

Namely,

,,2_2 / 10232)2-(a + + (a- + 20a
(5.14) A1

(5.15)
-(a+hu a)-v(a- +202a2302a2)2

02a2

Clearly, if c > lal, then /1 > 0 > /2, and, if we rewrite (5.13) as

(5.16) 0 [1-2 2-2 02a2 02a2 ),5 a, +(a+ )](A-1)+(2a+
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then it follows from (5.2) and ,1 > 0 that ,1 > 1. Furthermore, if we let %o(t)
lelt + 2et, then (5.12) gives

1 1
(5.17) tl -)2 )1 2 )2 1
Therefore (5.10) becomes

(5.18) W(t) h (e)dT]0:a
i--1 ]lnB

In terms of the original variable, i.e., t In x; x > 0, we get that, for each B > 0,

:5’/; au](5.19) Us(x) Ex"[C --aa2 u+l
i--1

We now choose C1, C2 so that Us(0+) 0; Us(B) 1. To do this, we first give
the following lemma.

LEMMA 5.1. For any C2-function h satisfying (2.8), (5.6) and A1,A2 given by
(5.14), (5.15), we have that

h’ (,,) du 0;(a) limx-0+ xxl f u:kl+i
’()(b) lim_0+ x fo u+ du 0;

’0,) "(o)(c) lim_o+ x1-1 f 1+1 du 1-1
’(). "(o)(d) limx--,o+ x-1 fo u+ au 1-

Proof. (a) and (c). Since A1 > 1, lim.o+ x-1 lim__,o+ x-+1 +oo. Thus,
by L’Hospital’s rule, we have that

; h’ ht(x)/x
lim x1

(u)
du- lim

x--0+ Ai+l x--0+ (--A1)X--1-1; h’ h’ (x)/xlim x1-1 (u) du lim
)x_x-0+ ul+1 --.0+ (1- A1

h"(0)
I--A1’

here we use the fact that h(O) O.

h’(0)
0;

1
lim

1 -/1 x-+O+

h’(x)

(b) and (d). The proof is similar to the previous one, except that now we have that
limx_o+ x- lim_0+ x-+1 0, since A2 < 0. So we can apply the previous ar-
gument to get the result, provided that we can show that limx_0+ f(h’(u)/u+l)du
0.

Observe that, by integration by parts,

U2__
du

(-A2) u o u^ J
So the result follows from A2

By (5.20) we see that 0 < f:(h’(u)/u+l)du < oo. Let C2 -(2(2/02a2)
x f:(h’(u)/u-+l)du, then (5.19) becomes

(5.21) Us(x) x’ C1 -aa2 u.+1
du x

U
A2+l(t) du.
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Hence Lemma 5.1 (a), (b)imply that Us(0+)= 0. Moreover, by (5.21),

Us(B) B)’IC1 B2 22 S h’(u)
du.

So Us (B) 1 if and only if

(5.22) C1 B-)’1 [1 + 02a2 --i du

Furthermore, (5.21) also gives

since 1 + (2 0.
Using (5.17), (5.23), Lemma 5.1 (c) and (d), and the fact that A1 > 1, we get

that

2h"(0)
0 < U(O---) -/1102a2(1_ 1) a2(1 2)

2h’(O)[(All-+-22)- 12(1-+-2)]
5.24

02a2(A1 1)(1
2h"(0)

e2a2(A1 1)(1 A2)

Finally, setting x- B and substituting (5.22) into (5.23), we get that

by (5.17). Therefore UB(B) 0 if and only if

(5.26)
2B)’

fO
B h’(u)

02a2 uA2+
du )1 O.
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Let F(B) (2BA./O2a2)f:(h’(u)/uA2+l)du. Lemma 5.1(b) gives that

lims-0+ F(B) 0, and the same argument will show that limB_.+ F(B)
since lims_+ h’(B) +oc by (2.8). Hence there must be a B* > 0 such that
F(B*) A1, i.e., U. (B*)= 0 by (5.25).

Since, on (0, B*], the differential equation (5.7) has no singularity, (5.24) and
Lemma 3.2 give that U. (x) _> 0 for all x e (0, B*]. We now consider that VB. (x)
C + f Us. (t)dt, 0 < x <_ B*, where C is some constant. Then Vs. is a solution of
(5.7) if and only if h(0) aC. Therefore

(5.27) Vs.(x) h(O) oox+ UB.(t)dt

is the solution to (5.7) with the properties

VB* (0+) ’(O__A.

vs. (0+) v. (0+) 0;

2h"(0)V. (0--) 02a2(1_1)(1_A2)

VA. (B* UB. (B* I;

Yg.(B*) V;.(B*) 0;

Y. (x) > 0, x e (0, B*].

This solves the smooth fitting problem on R+.
To solve (5.7) for x < 0, we first consider the following equation:

102a2x2Vi’’ (x) + h(-x) x > O.otV (X) axV’(x) +

Conditions (2.8), (5.6) allow us to repeat the previous argument to find a real number
B > 0 determined by

(5.30) 2B1 foo" h’(-u)
u+ du- Ai 0,

and a solution Yl to (5.29) for x > 0 such that

v,(o+) (o).

(5.31)
yA’(0+) o; VI’(B 1;

2h"(0)VjI 1!(0--) O.a2(X._l)(l_,X2) V"(B1) O;

Y/ "(x)
_

O, x e (0, B1].

We can now define

(5.32)

v(-x),

y. B* (x) (o)

Y(x),

x e [L*, 0);

x =0;

x e (0, B*],
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where L* -B1. It is easily checked, by using (5.27), (5.28), and (5.31), that VL.,B.
is a C2-solution to (5.7) and is convex on [L*,B*] satisfying (3.2), (3.3). Therefore
Theorem 4.1 applies. We have actually proved the following theorem.

THEOREM 5.2. For the linear system

X(t) x + (aX(s) + b)ds + O(aX(s) + b)dW(s) + {(t),

where a, b, 0 are constants, a O, 0 O, there always exist -oc < L* < B* < oc and
an optimal control given by (4.5), provided that (5.2), (5.3) hold. The value function
V* is convex, and C2 and is given by (4.4) with VL.,B. given by (5.32). Moreover, the
"smooth fit points" n*(= -B1), B* are determined by (5.30) and (5.26), along with
(5.14), (5.15).

6. Appendix. We now outline the proof of Lemma 3.1. We can always refer to
[12, Lemmas 4.1, 4.2] for complete details.

Proof of iemma 3.1. By (2.5), a is nonvanishing; so we can rewrite (3.4)

(6.1) v"(.) + 6(.)V’(x).

where

2 ax + b
(x) (x) () ()

Introduce a change of variable (x) f0X[exp f 5(v)dv]du and define U(y) V o

-1(y); then U satisfies

(6.2) U’(y) [’(-l(y))]-2"(-l(y))U(y) ;y(y)U(y), y e [1, 1],

where -(y) [’(-l(y))]-27(-l(y)) > 0; , (L), / (B). It is readily seen
that U (respectively, U’) and V (respectively, V’) have the same sign; hence V inherits
the desired properties from U. Namely, without loss of generality, we may assume
that a--b- 0, and then (6.1) becomes

(6.3) V"(x) /(x)V(x), x e [L,B],

where > 0. Observe now that V is strictly convex (strictly concave) on any interval
where it is positive (negative).

To prove (i), suppose that Y(5) 0, for some 5 e [L,B]. Then we must have
that V’(5) - 0; otherwise, V 0 by the uniqueness of the solution to (6.3). Suppose
that V’(5) > 0. Define

sup{we[5, B]’V’(x)>0, forh_<x<w}.

By a simple analysis on the signs of V’, V, and V" on the interval (5, ), we show that
V is convex on (5, ), which implies that V’() _> Y’(5) > 0. Then the definition
of and the continuity of V’ lead to B. Therefore V’ has no zero on [5, B].
Similarly, we can show that Y’ has no zero on [L, 5]. The case where V’(5) < 0 is
treated similarly. This proves (i).

To prove (ii), assume that V’(5) 0 for some 5 e [L, B]. Again, we must have
that V(5) 0. Without loss of generality, assume that V(5) > 0. By (i), V would
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have no zero on [L, B] as V’ has a zero at 5 e[L, B]. So V(x) > 0 for all x e[L, B];
i.e., V is strictly convex on [L, B], which implies that

(x- 5)V’(x) > 0, for all x e [L, B], x 5,

since V’(5) 0. Then

> o, x e [L,B]. D
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EXACT SEMI-INTERNAL CONTROL OF AN
EULER-BERNOULLI EQUATION*

JONG UHN KIM?

Abstract. This paper proves exact semi-internal controllability of an Euler-Bernoulli equation with
variable coefficients. The basic principle of the proof is the Hilbert uniqueness method. For this, a multiplier
technique and a unique continuation property have been used. The proof of the unique continuation property
is the main feature of this work.

Key words, exact controllability,. Euler-Bernoulli equation, Hilbert uniqueness method, Carleman
estimate, unique continuation property
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Introduction. The purpose of this paper is to prove exact semi-internal controllabil-
ity of an Euler-Bernoulli equation with the following variable coefficients"

(0.1) u,,+a(t)A2u+ E b(x, t)Ou+d(x, t)u,=f(x, t) in(0, T),

Ou
(0.2) u 0 on MI (0, T),

Ou

(0.3) u(x, 0)- Uo(X), u,(x, O)= Ul(X) in .
Here is a bounded open subset of R" with smooth boundary, and O/Ou stands for
the normal derivative on 0fl. We use the notation 0, O/Ot, O (O/Ox) ’. (O/Ox) %,
a (a,..., a,), and [a[= a+...+a,, f(x, t) denotes a control that is required to
be supported in E x (0, T), where E is a given neighborhood of the whole boundary 0fl.
The problem of exact controllability is to find a control f(x, t) that can drive the

solution of (0.1)-(0.3) to a desired final state (go, g) at a given time.. Equation (0.1)
is a variant of

(0.4) u,+AZu=f
which describes the motion of a homogeneous elastic plate. For various plate models,
see Lagnese [9]. Zuazua [14] proved exact semi-internal controllability of (0.4) with
a control f supported in/ x (0, T), where/ is a neighborhood of a certain subset of
0. If the support of control is required to be strictly in the interior of , the problem
is still open even for the simple equation (0.4) when n => 2. Only the special case where

is a rectangle has been resolved; see Haraux [2], Jaffard [4], [5], and Komornik
[8]. The general one-dimensional equation with time-independent variable coefficients
was discussed by the author [7] without restriction on the location of the control.
When a (t) -= constant, and the b’s and d’s are time independent, the known argument
can be still used with aid of a unique continuation property based on the argument
of Bardos, Lebeau, and Rauch [1].

The basic principle in the proof of exact controllability is the Hilbert uniqueness
method (HUM) due to Lions 12]. For this, we typically employ a multiplier technique
and a unique continuation property. When the coefficients are variable, a standard
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multiplier can be still used, but the unique continuation property requires a new proof.
First, Holmgren’s uniqueness theorem is out of consideration since we do not assume
the analyticity of coefficients. Second, the argument of Bardos, Lebeau, and Rauch
1 cannot be used with coefficients that depend on both the time and space variables.
Hence, the main task of this paper is to establish a unique continuation property. Our
proof is based upon the Carleman estimate for a Schr6dinger equation due to Isakov
[3], which was also used by Lasiecka and Triggiani [11]. Similar estimates for quasi-
homogeneous equations were also obtained by Khalgui-Ounaies [6] and Zuily [15].
Since the Carleman estimates obtained in these works are of a local nature and require
a strong pseudoconvexity condition, technical complexity arises in proving a global
unique continuation property by means of such estimates. We resolve this difficulty
by an elementary geometric reduction.

In 1, we state the result on exact controllability and outline how a unique
continuation property yields exact controllability. In 2, we present a proof of the
unique continuation property, which is the main feature of this work.

Notation. When f is a locally integrable function in a domain G R n+l, suppf
denotes the smallest closed subset of G in the complement of which f is almost
everywhere equal to zero. We say that f 0 in (3 if f is zero almost everywhere in (3.

1. Statement of exact controllability. Let 12 be a bounded open subset of R with
smooth boundary 012. Let E- II fq , where is an open neighborhood of 012 in R ".
We fix any T> 0 and assume that

(1.1)

(1.2)

(1.3)

a(t)C2([0, T]), a(t)>0 for all t[0, T],

b(x. t)6 C(fi[O. T]) forla]=<2;
Ob(x. t) E L( (0. T)) for la[ <- 2.
O,b.(x. t) t(O x (0. T)) for la N 2;

d(x. t)6 C( x [0, T]).

Od(x. t) L(l) (O. T))

and set

(1.6)

(1.7)

(1.4) u(x, T) O, ut(x, T) 0 in 12.

Since we do not impose any sign condition on d(x, t), this null-controllability
implies exact controllability. By a transformation in the time variable, we can put (0.1)
in a simpler form. Let us define

p(t)= (a(o-)) ’/2 do

s p(t),

(x,s)=u(x,q(s)),

where q(. is the inverse of p(. ), i.e., t= q(s). Then, (0.1) is equivalent to

(1.8) ffss +A2ff+ E fg(x,s)oa+g(x,s)as=f(x,s),

O,Od(x.t)L(12(O. T)) for

THEOREM 1.1. For given Uo H(12) and u L(12), there isf(x, t) Le(f (0, T))
with supp fc E (0, T) such that the solution of (0.1)-(0.3) satisfies
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where

b’(x, s)= b(x, q(s))/a(q(s)) for

d(x,s)=(d(x, q(s))p’(q(s))+p"(q(s)))/a(q(s)),

f(x, s)=f(x, q(s))/a(q(s)).

By virtue of (1.1)-(1.3), we have

t;(x, ) c(fi [0, ])
(1.9)

(1.10)

where T p(T).
It is obvious that Theorem 1.1 follows if we prove null-controllability of (1.8).

We rewrite (1.8), by replacing s by and suppressing the tilde, as

(1.11) u,,+A2u+ b(x, t)Ou+d(x, t)u,=f(x, t) inx(0, T),

where b and d satisfy (1.2) and (1.3).
THEOREM 1.2. For given Uo Hg(f) and u L2(’), there isf(x, t) L2( X (0, V))

with supp fc E x (0, T) such thai the solution of (1.11), (0.2), and (0.3) satisfies

(1.12) u(x, T) O, u,(x, T) 0 in f.

Proof. We must consider the following dual problem:

(1.13) v,,+A2v+ Y (-1)llO(b(x, t)v)-O,(d(x, t)v)=0 in Fix(0, T),

OV
(1.14) v=--=0 on0fx(0, T),

0,

(1.15) v(x, O)= Vo(X), v,(x, O)= v,(x) in f.

Let (Vo, v)
C([0, T]; L2(f)) of (1.13)-(1.15). Next, we letf=xev in (1.11) with l’e =the charac-
teristic function of E, and u be a unique solution in C([0, r]; H(f))ffl C1([0, T];
L2(a)) of (1.11), (0.2), and

(1.16) u(x, r)=0, u,(x, T)=0 in

We then define a mapping A by

(1.17) A((vo, v,))=(u(x, 0), u,(x, 0)).

LEMMA 1.3. For every (Vo, vl) H() x L2(), we have

(1.18) IIA((vo, Vl))1} H02(a)x L2(a) -’-
with some positive constant M.
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Proof The proof of Lemma 1.3 is postponed.
Hence, A can be extended as a continuous linear mapping from L2(f) x H-2()

into H02(12) L2(f). Next, we define a continuous bilinear functional B(., .) on
(H(f) L2(f)) (L2(f) H-2(f)) by

(1.19) B((vo, v),(Wo, Wl))=-,(Vlwo+d(x,O)vowo) dx+(vo, wl),

for each (Vo, v) H(O)x L(O) and (Wo, Wl) L2(O)x H-2(O), where (., .) denotes
the duality pairing between H(O) and H-(O). Obviously, B(A(. ),. is a continuous
bilinear functional on (L(O) x H-(O))2. When (Vo, Vl) H(O) x L2(O) and f=
in (1.11), we multiply (1.11) and (1.13) by v and u, respectively, and integrate by parts
over x (0, T), using (1.16) to obtain

(1.20) B(A(vo, Vl) (00, 01) 02 dx dr.

This procedure can be justified since (u, u,) and (v, v,) belong to C([0, T]; H(O)
L()).

PROPOSITION 1.4. Let v be a unique solution in C([0, T]; H(O))
C([0, T]; L2()) of (1.13)-(1.15). en it holds that

(1.21) z dx dt M([[  oll

for some positive constant M independent of (Vo, v).
Proof The proof of Proposition 1.4 is postponed.
By virtue of (1.20) and (1.21), we can use the Lax-Milgram lemma to find a unique

(Vo, v) L(f) x H-(f) for given (u0, u) H(12) x LZ(f) such that

(1.22) B((uo, u), (Wo, w,)): B(A(vo, v,), (Wo, w))
for every (Wo, w) Lz(fl) H-2(I)).

Consequently, we have

(1.23) A(vo’,
For given (Uo, ul) in Theorem 1.2, there is (Vo, v) L2(I)) H-(f) satisfying (1.23),
and a sequence {(v’,
H-2(I)). Then, the desired control f(x, t) is given by

(1.24) f= lim Xv.V in L2(’ (0, T)),

where v is a unique solution in C([0, T]; H(f))f3 C([0, T]; L2(f)) of (1.13),
(1.14), and

(1.25) v’(x, O)= Vo v, (x, O)= v.
Here, the limit in (1.24) exists by (1.32) below.

It now remains to prove Lemma 1.3 and Proposition 1.4.

1.1. Proof of Lemma 1.3. The idea is borrowed from Lions [12]. We set

(1.26) w(x, t)= v(x, t) dt + X(x),

where v is a unique solution in C([0, T]; Ho(f)) f-) CI([0, T]; L2(12)) of (1.13)-(1.15),
and X(x) is a unique solution in H(12) of

(1.27) AX+ (-1)llO(b,(x,O)x)+Kx=-v+d(x,O)vo,
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where K is a sufficiently large positive number so that (1.27) is uniquely solvable.
Then, it is easy to see that w defined by (1.26) is a unique solution in C([0, T];
Ho2)(’)) N cl([o, T]; LZ(a)) of

w,+A2w+ (-1)llO(b(x,t)w)-d(x,t)w,+Kw
(1.28)

-fo{KW,(x,r)+_. (-1)llOj(b,(x,o’)w(x,r))}&r=O,
Ow

(1.29) w 0 on 01 (0, T),

(1.30) w(x, O)= X(x), wt(x, O)= Vo(X) in

For the regularity and uniqueness of solutions, see [13]. Therefore, it follows that

foTfE(1.31)

which implies

(1.32) 2 dxdtM(lloll

for some positive constant M independent of (Vo, ). Combining this and

Ilu(x, 0)II(+ u,(x, 0)112L2(a) < M f2 dx dt

(1.33)
=M v dxdt,

we obtain (1.18).

1.. Proof fPrsfi 1.4. According to the above context, it is enough to show
that

where w is a unique solution in C([0, T]; Hg(a)) CI([0, r]; L(a)) of (1.a), (1.29),
and

(1.35) w(x, O)= wo(x), w,(x, 0)= Wl(X) in a.
Assume that (1.34) is false. Then, there is a sequence {(w, w)}=l such that

(1.36) w (.+ w7 2L2() 1,

for each m and the corresponding w(x, t) satisfies

(1.37) lim w dx dt O.

By means of (1.36) and (1.37), we can extract a subsequence still denoted by {wm}=
such that

(1.38) w w weak. in L(0, T; Hg(a)),

(1.39) w w weak. in L(0, T; L(a)),
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for some wC([0, T]; H(f))fqC([0, T]; L2(-)), which satisfies (1.28). Fur-
thermore,

(1.40) wT) dx dt O.

In fact, w-- 0 in 11 (0, T) according to the following fact.
PRoposwoy 1.5. Let w C([0, T]; H(O)) C([0, T]; L2(O)) be a solution of

(1.28). If w, =0 in E x (0, T), then w=0 in x (0, T).
Proof The proof of Proposition 1.5 is postponed.
Thus, we have

(1.41) w 0 weak. in L(0, T; H(O)),
(1.42) w7 0 weak in L(0, T; L()),
from which it follows that

(1.43) w 0 strongly in C([0, T]; H(O)).
It also follows that each w satisfies

(1.44) w,+wm+G(x, t)=0,

where

(1.45) G 0 weak. in L(0, T; L2(O)).
Next, we let o be an open subset of R" such that 0O = o = o= . Recall that E
and set E0 o. Choose a nonnegative function + C(R) such that 1 on

o and supp = E. Multiply (1.44) by Ow and integrate over x (0, T) to obtain
by (1.37), (1.41)-(1.43), and (1.45)

;o I(1.46) lim (OOw) dxdt =0 for j, k= 1,..., n.

Next, choose 0 e C() such that 0 1 ono and set

(1.47) q(x) =x(x), k= 1,. ., n, x (x,. ., x).

Then, by slightly modifying identity (3.15) on p. 244 of [12], we get

0 wqOwmdx + {(w)-(wm)}Oqdxdt
k=l =0 k=l

(1.48) + 2
._

Ojq(wm)ojOw dx d
j,k=l

+ qwOw dx dt + GqOw dx dr,
k=l k=l

which can be rewritten as

{( -( }xa0
o

(1.49)
+ 2 (wm) dx dt + H for each m,

where H is an obvious remainder.
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By virtue of (1.37), (1.41)-(1.43), (1.45), and (1.46), it is evident that

(1.50) lim H" 0.

Next, we multiply (1.44) by Ow" and integrate over 12 x (0, T) to obtain

(1.51) 0 {-(w + (A w )2} dx dt + F for each m,
\E0

where F" is an obvious remainder such that

(1.52) lim F" 0

on account of (1.37), (1.41)-(1.43), and (1.45). Combining (1.46), (1.49), and (1.51),
we find that

(1.53) lim Aw dx dt 0,

which, together with (1.37), yields

(1.54) lim (w’)2 dx dt 0.

This contradicts (1.36). Now the proof of Proposition 1.4 will be complete if we
prove Proposition 1.5, which follows from the next proposition.

PROPOSITION 1.6. Let v C([0, r]; L(O))Cq C([0, r]; H-(O)) satisfy (1.13).
If v 0 in E x (0, T), then v 0 in 12 x (0, T).

We show that Proposition 1.5 follows from Proposition 1.6. Let v w,. Then,
vC([0, T]; L2(O))(ICI([0, r]; H-2(O)) satisfies (1.13), which is obtained by
differentiating (1.28) in t. Furthermore, v =0 in E x (0, T). According to Proposition
1.6, v=0 in 12 x (0, T). Hence, w is independent of t. It follows from (1.28) that
w X(x) H(12) satisfies

(1.55) A2X + Y (-1)IIO(b(x,O)x)+Kx =0 in O.

Thus, X 0 in f, which proves Proposition 1.5.
The proof of Proposition 1.6 is presented in 3, which completes the proof of

Theorem 1.2.

2. A unique continuation property. We consider

(2.1) v,, +Av+ B(x, t)Ojv+ D(x, t)v, =0 in 12 x (0, T),

where we assume that

(:z.) &(x, t) e L( x (0, T)) for 2;

(2.3) B(x, t) LP(O x (0, Y)), p > 2n for 1;

(2.4) D(x, ) e L(a x (0, T)).

THEOREM 2.1. Let v be a solution of (2.1) in O x (0, T) and assume that v
Le(0, T; Ha(o)) and vt L(O, T; Hi(O)). Ifv 0 in E x (0, T), then v -0 in O x (0, T).

Recall that E ff f-I O, where ff is an open subset of R that contains 012.
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2.1. Geometric reduction. Let (y, s) be the standard Cartesian coordinate for R"+

with y R n, s R. Denote by Br((y*, s*)) an n-dimensional open ball that lies on the
hyperplane s s* with radius r and center at (y*, s*). Let (y**, s*) OBr((y*, s*)) and
define

oW((y*, s*), r; (y**, s*), e)
(2.5)

{(y, s*)" (y, s*) OBr((y*, s*)) and lY -Y**] --< e}.

Then, 5f((y*,s*), r; (y**, s*), e) is a closed subset of OBr((y*,s*)) with center at
(y**, s*). It is a closed circular arc when n 2. We need the following fact.

PROPOSITION 2.2. Let v(x, t) be a function defined in 12 (0, T). Suppose that
supp v is not empty and that supp v fq (E (0, T)) is empty. Then, there are to (0, T),
Xol)\E, y*R" with r=ly*]>0 positive numbers ei, i=1,2,3, and a coordinate

transformation from (x, t)-space into (y, s)-space as follows"
(2.6) s to, y x Xo + h(t),

where h is Lipschitz and h( to)= O, such that

(2.7) w(y,s)=v(x,t)

is defined in a neighborhood Q ofy O, s 0 in (y, s)-space,

(2.8) oW(((1 + sO)y*, s), r; (:y*, s), e) Q,

(2.9) w--0 in U 5(((1 + )y*, s), r; (y*, s), e,),
Il---e,3

2_-<1.1_-<22

(2.10) W =0 in (.J (((1 + :)y*, s), r; (Cy*, s), e),
Is]2e2

(2.11) (0, 0) supp w.

Proof Since supp v is not empty, there is 0< t*< T such that qd’e---fsupp V f3
(f X {t*}) is not empty. Then, (12\E) {t*} and there are p R" and r > 0 such that

(2.12) cc Br((p, t*)),

(2.13) udfqOB((p, t*))= {(x*, t*)} for some x*\E.
As in (2.5), we define 5e((p, t*), r; (x*, t*), e) in (x, t)-space for each 0< e < r. Next,
we can choose q E such that (p, t*), (x*, t*), and (q, t*) lie on the same line, and
the line segment between (x*, t*) and (q, t*) is contained in (0, T). We then
construct a family of uniform 5’s by translating the center of ow along the straight line
connecting (x*, t*) and (q, t*). A typical member of this family is described by

5f((p+ ((q-x*), t*), r; (x* + (q-x*), t*), e)

for some 0--<(--< 1. Refer to Fig. when n=2. Using (2.12) and (2.13), we can choose
0< e < r, :0> 0, and 6 > 0, which are so small that, for all -so0<_- sc-<_ 1 and It- t*l -< ,
(2.14) ((p+(q-x*), t),r; (x*+(q-x*), t), e)c lIx (0, T)

and, for each 0 < : <-1,

(2.15) 5f((p+(q-x*),t*),r;(x*+(q-x*),t*),e)cfx(O, T)\supp v.

Consequently, there is 0 < 6-<_ 6 such that for all ]t- t*[-<_ 6 and 1/4-<_ so-< 1,

(2.16) ((p+(q-x*),t),r;(x*+(q-x*),t),e)=l)x(O, T)\supp v,
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t* plane

tp
FIG. 1. 5((p+ (q-x*), t*), r; (x*+ (q-x*), t*), e) for =O, 1/2, and when n=2.

and, for all It t*l 2 and 0_<- -< 1,

be((p+ (q-x*), t), r; (x*+ (q-x*), t), e)

(2.17) \Sf((p+ (q-x*), t), r; (x* + (q-x*), t), 1/2e)
f (0, T)\supp v.

We now fix the above t*, x*, p, q, r, e, and 62 to define

(2.18)
r(s)= U

l:l<=l/2
O((p + (s + [[)(q x*), t* + 8e), r;

(x* + (s + [[)(q x*), t* + 62), e).

Refer to Fig. 2 when n 2. By (2.14), it is evident that

(2.19) F(s)cIx(O,T), for-o_-<s<-1/2.

it1

FIG. 2. F(s) when n=2; Point l=(p+s(q-x*),t*); Point 2=(x*+s(q-x*),t*); Point 3=
(x*+(s+1/2)(q-x*), t*+1/262)" Point 4=(x*+(s+1/2)(q-x*), t*-1/262).
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LEMMA 2.3. There is 0 <= s* < a such that

(2.20) U F(s) c D x (0, T)\supp v
s*<sNl/2

and, for some 0 <-_ I*1 < 1/4,
((p+(s* + I*l)(q- x*), t* + 62:*), r;

(2.21) (x*+(s*+]*])(q-x*), t*+ 62:*), 1/2e)
f’] supp v is not empty.

Proof Let s* sup {s [0, 1/2]" F(s) fq supp v is not empty}. Then, s* < 1/4 by (2.16),
and F(s*) supp v is not empty. It is easy to see that the intersection of F(s*) and
supp v cannot occur on

9((p + (s* + [[)(q x*), t* + 62:), r; (x* + (s* + [:[)(q x*), t* + 62:), e)\

5((p + (s* + Il)(q x*), t* + 62), r; (x* + (s* + [[)(q x*), t* + 62:),

for any [:[-<-5, according to (2.17). At the same time, (2.16) implies that the intersection
cannot occur on

O((p + (s* + ]sc:l)(q x*), t* + 62s:), r; (x* + (s* + [[)(q x*), t* + 62s:), e)

for [s[-->a. Thus we conclude that there must be 0_-< ]s:*[ < a such that (2.21) holds.
We now proceed to perform coordinate transformations. Let us fix s* and :* in

(2.21), and choose a point

(Xo, to)6 supp v 5t’((p + (s* + ]sc:*[)(q- x*), t* + 2*), r;
(2.22) (x*+(s*+l#*l)(q-x*), t*+62(*),1/2e).

The first transformation. The set

{(x*+(s*+]l)(q-x*),

is a central spine of F(s*). We first try to transform this wedge-shaped spine into a
straight line segment. Let us set

(2.23) r= t-to, z=X-Xo+7(x*-q)(It--t*[--Ito-t*l)

and

(2.24) u(z,)=v(x,t).

LEMMA 2.4. There is a neighborhood Qo of z O, r 0 in (z, r)-space and positive
numbers rl, rl2, and rl3 such that

(2.25) Qo c domain of u,

(2.26) U (((1 + :)z*, r), r; (:z*, r), r/3)c Qo,

(2.27) u 0 in U
-rt-<<O

Irl=< r/2

(2.28)

where

(2.29)

(((1 + )z*, r), r; (:z*, r), r/3),

(0, 0) supp u,

1
z* p Xo + s*(q x*)+-=- (q x*)[to- t*[.

02
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Proof Under the above transformation, the set F(s) in (x, t)-space defined by
(2.18) is transformed into the following set in (z, -)-space:

’(s)= I,.J ((z*+(s-s*)(q-x*), 6_(sc-*)), r;
(2.30)

(z*+(s-s*)(q-x*)+x*-p, 6z(sc-*)), e).

We also note that the points (p + (s* + I*l)(q x*), t* + 62:*) and (Xo, to) in (x, t)-space
are mapped into (z*, 0) and (0, 0), respectively, in (z, ’)-space. Hence, (2.28) holds.
By virtue of (2.22), it is apparent that to t*+ 62:* and Ip+(s*+l*l)(q-x*)-Xol r.

Thus, we have

(2.31) Iz*[ r.

It also follows from (2.22) that

(2.32) (O,O)suppuf3((z*,O),r;(z*+x*-p,O),1/2e)

in (z, r)-space. Consequently, (0, 0) is an interior point of

(2.33) Qo de=r the interior of U {’(s)" Is-s*l<min{,o, lx*-p[/Iq-x*l}},
where :o is the positive number in (2.19). By (2.19), we find that

(2.34) ’(s) c domain of u

for each :o <= s <- 5, from which (2.25) follows.
Since (0, 0) is an interior point of Qo and is the center point of the set ((z*, 0),

r; (0, 0),
such that (2.26) holds with

(2.35)

Next, we need to observe the following to complete the proof of Lemma 2.4.
LEMMA 2.5. For each ’, it holds that

b(((1 + )z*, r),r; (z*, -), rl3)Ob((z*+(s-s*)(q-x*), ’), r;
(2.36)

(z*+(s-s*)(q-x*)+x*-p, ), e) is empty

if < 0 and -Ix* -pl/lq x*l < s s* <-_ o.
Proof We first note that 5e(((l+()z*, r),r; (:z*, r), r/3) is a translation of

5e((z*, -), r; (0, ’), 73) by the vector (z*, 0) in R "/’ and that 9((z* + (s- s*) x
(q-x*), r), r; (z* +(s- s*)(q-x*)+ x*-p, r), e) is a translation of 5e((z*, -), r; (z* +
x*-p, r), e) by the vector ((s-s*)(q-x*), 0) in R n+’. We also recall that x* belongs
to the line segment between q and p. It follows from (2.32) and (2.35) that oW((z*, r), r;
(0, r), r/3) is a subset of oW((z*, -), r; (z*+x*-p, -), e). Hence (2.36) holds for so<0
and s s*. Next, we suppose that (< 0 and -]x*-Pl/lq- x*[ < s s* < o. Choose any
point (p,, ’) 5e(((1 + :)z*, -), r; (:z*, ’), rt3). Then, ]p,- (1 + )z*] r and I l-  z*l -<

T3 < 1/2E <: 5/’. Hence, we have

(2.37)
]p,- z*]2= ]:z* + 01- (1 + :)z*]

(Zr2+ r2 + 2(z*, /9,-(1 + )z*)

and

(2.38)
zr’ > IP, sCz*l= z* + Pl- (1 + sC)z*l

r2+ r+ 2(z*, p,-(1 + ()z*),
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where (2.31) has been used, and (,) denotes the inner product in R’. It follows from
(2.38) that

<z*, p, (1 + )z*) < 0,

which, together with (2.37), implies that

(2.39) [p,- 2*[2> r2.
On the other hand, we choose any

(p2, ’) ((z* + (s s*)(q x*), -), r; (z* + (s s*)(q x*) + x* -p, ’), e).

Then

and

(2.40)

and

Ipz- (Z* + (s s*)( q x*))] r

]p- (z* + (s s*)(q x*) + x* -p)] _-< < r.

Thus, we see that

Ip z*l Ip (* + ( *)(q x*)) + ( *)(q x*)l
r + (s s*)2lq x*]2

+2(p2-(z*+(s-s*)(q-x*)), (s-s*)(q-x*))

> [o_- (z* + ( s*)(q x*)) -(x*
(2.41

r + r 2(p2 z* + s s* )( q x* ), x* p

since [x*-p[ r. It follows from (2.41) that

(2.42) 2(pz-(z*+(s-s*)(q-x*)),x*-p)> r2.
Since x* belongs to the line segment between q and p, and -]x* -p /[q x*] <

s- s*< 0, we can derive from (2.42) that

2(p2-(z*+(s-s*)(q-x*)), (s-s*)(q-x*))

(2.43) =(s-s*)([q-x*[/[x*-p[)Z(p2-(z*+(s-s*)(q-x*)),x*-p)

This combined with (2.40) yields

(2.44)
[p2- z*[2 < r + (s s*)Z[q x*[2- [s s*[ [q x*[r

< rz+]s-s*l]q-x*l(r- r) r2

since [s s*[ [q x*[ < ix* -p[ r. By viffue of (2.39) and (2.44), (2.36) holds. This ends
the proof of Lemma 2.5.

We proceed to prove (2.27). We can infer from (2.26), (2.33), and (2.36) that

U (((1 + ()z*, ), r; ((z*, ), 3) is a subset of
(2.45) -,,<o

U {(s)" [s s*[ < min (, o, ix* -pJ/Jq x*{), s > s*}.

Meanwhile, we recall (2.20) to find that

(2.46) u=0 in U (s),
s*<sl/2

which, combined with (2.45), yields (2.27). The proof of Lemma 2.4 is now complete.



EXACT CONTROL OF AN EULER-BERNOULLI EQUATION 1013

The second transformation. We now try to transform the central spine {(0, ’)" -r/2 =<
" =< r/2} into a wedge. The purpose is to satisfy (2.9). Set

(2.47)

and

(2.48) w(y, s)-- u(z, -).

Let Q be the image of Qo under this transformation. Then, Q is a neighborhood
of (0, 0) in (y, s)-space and

(2.49) Q c domain of w.

It is also easy to see that ,9(((1 + sC)z *, ’), r; (sCz*,.’), r/3) in (z, -)-space is transformed
to ow(((1 ++lsl)y*,s), r; ((+lsl)y*,s), n)in (y, s)-space, where we set

(2.50) y*= z*.

Hence, it follows from (2.26)-(2.28) that

(2.51)

Isln2

(2.52) w=O in U (((1
-<0

(2.53) (0, 0) supp w.

Next, we choose e, e2, and E such that

(2.54) e 3,

(2.55) 0< e<n2,

(2.56) 2ez + e3 < ,
(2.57) 0<e3<e

Then, we have

(2.58)

if ]l N e3 and Is] N 2e. Consequently, if [1N e3 and Is N 2e2,

(((1 + ()y*, s), r; (y*, s),

(((1+ +lsl)y*, s), r; ((+lsl)y*, s), w).

Thus, (2.8) holds. Next, it follows from (2.55)-(2.57) that

(2.59) n, < -Isl < 0,

for I1 and e2 Isl 22, and that

(2.60) -n, < -Is[ < 0,
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for --8 --< < 0 and [s[-< 2e2. Now it is easy to see that

6e(((1 + 7)y*, s), r; (Ty,, s), e)

(2.61)

-<<0

or I?1 and I1 2, and that

(((1 + )y*, s), r; (y*, s), 1)

(2.62) (((l++lsl)y*, s), r; ((+[sl)y*, s), w3)
-W<<0

for-3g<0 and Is122.
Now (2.9) and (2.10) follow from (2.52), (2.61), and (2.62). The proof of Proposi-

tion 2.2 is complete.

2.2. Proof of Theorem 2.1. We first present a special version of the Carleman
estimates obtained by Isakov [3].

Let Q be a bounded open subset of R "+l, and

(2.63) +y+ j(S)
0

=--1,
Os = Oy

where (s)L(Q),j 1,..., n are real-valued. Suppose that C(Q) is a real-
valued function such that for each (y, s) Q,

(2.64) L
j--1

A- 0------- > o,
(2.65) ,k= Oy Oy,

for every nonzero complex vector sr --(G,""", ’.) C ".

Then, there is a positive constant C such that

OU
exp (2r) dy ds <= C Iu[ exp (2r) dy ds,

for all (complex-valued) u e C(Q) and all large z > 0. In fact, (2.66) holds for every
u such that

(2.67) supp u is a compact subset of Q;

ou
(2.68) u, L2(Q), j=l,...,n;

Oy

(2.69) u L2(Q).
For this, we argue as follows. Let u g L(Q) and u u p, where p C(R"+1)
is the Friedrichs mollifier with sufficiently small e so that u C(Q). Then, u (y, s)
satisfies

i+yU + (s)
Ou

Os =l Oy
(.70)

=g*p+i (s) -(i 0)
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We can now apply (2.66) to each u and note that

(2.71) g*p-.g in LZ(Q),

p-O in L2(Q)
j=l Yj j=l

since Ou/Oyj L2(Q), j 1, , n. Thus the above claim has been justified.
We are now ready to prove Theorem 2.1. Assume that v is not almost everywhere

zero in f (0, T). Then, by virtue of Proposition 2.2, there is a coordinate transforma-
tion (2.6), which satisfies (2.8)-(2.11). Meanwhile, w(y, s) defined by (2.7) satisfies

(2.73)

where

and

( ow
-i+Ayw-i j(s)

Ow

OS j=l

(2.74) [H(w)[ -< M2(y, s)(

fl(s) h(s + to)

-s + Ioywl +Ml(y,s) E 1o, wl,
2 Il_-<l

with M(y,s)eL(Q) and M(y,s)eU’(Q), p>2n, which follow from (2.2)-(2.4).
Here, Oy (O/Oy) ,...(O/Oy,) and h (h,..., h,) is the same as in (2.6).

Let

(2.75) A(y,s)
Ow
+Ayw- (s)

Ow

IOS j=l Yj"
Then, it holds that

0A
(2.76) A, 2--- L(Q), j 1,’’’, n,

by the regularity of v, and that

(2.77) A 0 in tO
11--<3

e2]s]---2e

(2.78) h=O in U

9(((1 + )y*, s), r; (sOy *, s), e,),

5e(((1 + :)y*, s), r; (sy*, s), El)

according to (2.9) and (2.10). We choose

(2.79) 0< E4 < 1/2 min (e, e31y*[, r)

and 4,(y)e C(R") such that

(2.80)
O for lyl -< 1/2E4,

g,--0 for lyl>e4.
We then set

(2.81) Q1 {(y, s)-ly[ < E4, IS[ < 2E2}
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and

(2.82) or(y, s)= p(y)A(y, s).

By virtue of (2.8) and (2.9), it is easy to see that Q1 c Q

(2.83) supp tr c Q,

0o"
(2.84) or, LZ(Q1), j=l,’"

Oy

and o- satisfies

(2.85)

+AAy+ fl(s)A
.j= Oy

Next, we define

(2.86) q(Y) lY -(2 + e3)y*]2.

Then, q satisfies (2.64) and (2.65) on Q. Hence, we can apply (2.66) to tr as follows:

=
exp (2z) dy ds

(2.87) + (s)1 exp (2r) dy ds
j=l

c [ Ig()l exp (2) dy ds

+ C Oy + [Ow exp (2r) dy ds,
02 3

where

(2.88) 02 {(y, ): ]y[ < ., [[ < 2}.
Using the same 6(y) as above, we set

(y,s)=6(y)w(y,s).(2.89)

Then, sr(y, s) satisfies

(2.90)

(2.91)

(2.92)
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(2.93)
O

Oym

By applying (2.66) to r and O/Oy,,, m 1,..., n, with the aid of (2.87), we obtain

(2.94)

for all large r > 0.
Next, we use (2.92) to obtain

(2.95)

exp (2"rq) dy ds <- C fo 1 I;’l:exp (2r,) dy ds
iI

+ C Io Ir(y’ s)12 exp (2rq) dy ds

| y Iowl exp (2rp) dy+ C ds.
1\12 Il-<-I

Combining (2.87), (2.94), and (2.95), we have

(2.96)

for all large " > 0.
Next we recall (2.74) to find that

+ IoTwl exp (2rq) dyds

(2.97) t"
as 11=2

I Ml(y, s) , ]0;W[2 exp (2r#) dy ds,+ C

for all r. Since MI(y,s)EL2P(Q1) p> n, it is easy to see that

(2.98) M,(y, )=la;wl exp (2rq) dy ds < C (Io;wl exp (f(4)) 2q dy ds

for all r and [cl_-< 1, where q=p/(p-1)<n/(n-1).
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Since w 0 in Q1 (-] {(y, s)" Is _-> e2}, there is a bounded open set Q* Q1 such that
oQ*I is C and w=0 in Q\Q*I. Hence, we can apply a special version of the
Gagliardo-Nirenberg-Sobolev inequality to find that

[[(Oya W) exp (rp)[[L,(O* < Cl](Oya w) exp (z)11 L2(QT)I-

(2.99)
j=l Oyj

112

for all r and [a[ 1, and

IIw exp < ClIw exp L2(QT)

(2.100) L wrexp (zq)
j=l Oyj L2(QT)

for all , where p n(q- 1)/2q <. Combining (2.97)-(2.100), we obtain

fo,H(w)12exp(2z)dyds<C fo ( OW
+ 2 [0;w] exp(Zz)dyds

(2.101)
+ Cz 2 ]0;w[a exp (2zp) +ds,

for all large z > 0.
By taking r sufficiently large, we derive from (2.80), (2.89), (2.96), and (2.101) that

+ O]wl exp(2r) dyds

(2.102)
112

NC 0,-- + 2 O,w exp(2)dyds.
,Q2 Ill OS ll3

Now we recall that w 0 in

[Sl2e2

(((1 + sC)y *, s), r; (sy*, s), el).

Set

(2.103) -= U

and

(2.104)

5(((1 + sC)y *, s), r; (sOy *, s), el)

Q3 {(Y, s): lyl < <

where 0< e5 <e4. It then follows from (2.102) that

(2.105)
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We can choose e5 so small that

(2.106) q_<-K on 3-fq(Ql\Q2)

and

(2.107)

for some positive constants 1 < z (see Fig. 3). Then, (2.105) yields

+ 2 104w[ exp(2)dyds
03 OS Y

(2.108)
NC 0,-- + 2 0, wl exp(2r)dyds.

(QIQ2)

By passing , we find that w 0 in 03, which contradicts the assumption that
(0, 0) belongs to supp w. This completes the proof of Theorem 2.1.

3. Proof of Proposition 1.6. According to Theorem 2.1, it is enough to show that
O L2(0, T; H3()) and v, e L(0, T; H(O)). Throughout this section, we assume (1.2)
and (1.3), and M denotes positive constants independent of given functions.
LMM 3.1. For given g(x, t) L(O, T; L2(O)), there is a unique function in

C([0, T]; H(O)) C([0, T]; L(O)) that satisfies

(3.1) ,,++ Z (-)7(b.(x, t))-,(d(x, t))= g(x, t) in (0, T),
112

(3.2) (x, 0)

Furthermore, it holds that

(3.3)

This is a well-known fact; see [10] and [13] for the relevant technical details.

aB, ((y*,O))

y*

FIG. 3. Cross sections of Q1, Q2, and Q3 at s O.

(2 + e3) y
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LEMMA 3.2. If C([0, T]; H(O)) f] C’([0, T]; L2(a)) satisfies (3.1) with g 0
in 12 x (0, T), then

(3.6)

where E is a neighborhood of 0, as in the previous section.
This can be proved by using the same argument as in the proof of Proposition

1.4. The unique continuation property is not an issue on account of the last integral
in (3.6).

LEMMA 3.3. Suppose that w C([0, T]; Ho2()) D C([0, T]; L2(f)) satisfies
(1.28) in ) x (0, T). Then, we have.

w + w, C([O,T];L2(]))

(3.7)
<--_ M w, dx dt + w,

Proof If w C([0, T]; g(a)) cl([0, T]; L2(a)) satisfies (1.28) in ax(0, T)
and w, =0 in a x (0, r), then w w(x) Hg(a) satisfies

(3.8) AZw+ 2 (-1)llO(b(x,O)w)+Kw=O ina,

and, consequently, w 0 in f x (0, T). By virtue of this observation, we can repeat the
same argument as in the proof of Proposition 1.4 to prove (3.7).

LEMMA 3.4. If C([0, T]; Ho(O)) f-) CI([0, T]; L2(f)) satisfies (3.1) with g 0
in f x (0, T), then

(3.9)

Proof As in the proof of Lemma 1.3, we set

(3.10) w(x, t)= (x, t) dt + X(x),

where X is a unique solution in H(O) of

(3.11) A2/’-Il- (-1)llO’(b4(x,O)x)+Kx=-t(x,O)+d(x,O)dp(x,O).

Then, w satisfies (1.28) in O x (0, T). Now (3.9) follows from (3.7).
The following proposition completes the proof of Proposition 1.6.
PROPOSITION 3.5. Ifv6 C([0, T]; L(O)) fq CI([0, T]; H-2(O)) satisfies (1.13) in

12 x (0, T) and v 0 in E x (0, T), then v C([0, T]; H3(f/)) f] C1([0, T]; Hi(o)).
Proof Let v=v, p, where p C(R) is the Friedrichs mollifier and the

convolution is taken with respect to the space variables. We choose a neighborhood
E’ of0f/and eo> 0 such that E’c E and v =0 in E’x (0, T) for each 0<e <e0. From
now on, we restrict to such e. Obviously, v, v,, e Loo(0, T; C(O)), and v satisfies

(3.12) vT, + Av + , (-1)1410(b4(x, t)v)-O,(d(x, t)v) G(x, t),

where

(3.13) G= Z (-1)1410(b4v) 2 (-1)1410(b4v) * p-O,(dv)+O,(dv) * p.
141_-<2 141_-<2
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Then, G L(f x (0, T)). By virtue of (1.2) and (1.3), we can use Friedrichs’s lemma
to find that, for every e > 0,

(3.14) IIoT(bv)-oZ(bv), Pllo,;,,-,=<M for 1 1:2,
(3.5) IldvT-(dv,) * pellL(O,Z;H-l()) M.

It is easy to see that the remaining terms of G are also bounded in L(0, T; H-l(f))
uniformly in e. Hence, we have

(3.16) IIGll,<o,r;.-,e.)-< M for all e.

Next, we fix any j--1,..., n, and write

(3.17) w =Ojv e,
where Oj O/OX. Then, we satisfies

(3.18) wT,+ Aw + E (-1)l’lOj(bwe)-O,(dw’) He in x (0, T),

where

(3.19) He=OGe- Z (-1)l’lo((oibo)V)+O,((Oid)ve)
11__<2

Again by (1.2) and (1.3), He L(12 x (0, T)) and

(3.20) He t.(O,T;H-Z(a)) <= M for all e.

Next, let be a unique solution in C([0, T]; Ho(f))f’l C([0, T]; LZ(O)) of

(3.21) 7,+2+ (_l)l,lo(b,O)_O,(dO)=H inOx(0, T),

(3.22) O(x, 0)=O7(x, 0)=0 in .
By Lemma 3.1, we have

for all e. Let O be a unique solution in C([0, T]; H(O)) C([0, T]; L(O)) of

(3.24) O7,+420 + E (-1)l"lO;(bO)-O,(dO) =0 in a x (0, T),
112

(3.25) O(a 0)= w(x, 0), 07(a 0)= wT(x, 0) in O.

By the uniqueness of solution, we have

(3.26) w O + in O x (0, T),

and thus

(3.27) O -* in E’ x (0, T).

It follows from Lemma 3.4, (3.23), (3.26), (3.27), and

(3.28) IIvIIc(O,Ta;=() M for all e

that

C([0, T];H-())

<M (,) dxdt+llwll(3.29)

for all e.
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We can now conclude from (3.23), (3.26), and (3.29) that

(3.30)

for all e, and that

(3.31)

for all e. This improves the estimate of G. Again by means of Friedrichs’s lemma, it
follows from (3.31) that

(3.32) Ilo:(b)-o:(bv) Pll(o.;(a))N M for I1 2,

(3.33) IldvT-(dv,) p o.:=a> M,

for all e. It is apparent that the remaining terms of G are also bounded in
L(0, T; L2(O)) uniformly in e. Hence, we have

(3.34)

Next, we denote by a unique solution in C([0, T]; H(O)) C([0, T]; L2(O)) of

(3.35) 7,+A2+ 2 (-])o(b.)-o,(d)=O in Ox(0, T),
112

(3.36) (x, 0)=7(x, 0)=0 in

By virtue of (3.3) and (3.34), it follows that

(3.37)

for all e. We then define to be a unique solution in C([0, T]; H))

(3.38) ,]+A2+ Z (-):(.)-0,(a=)=0 in Ox(0, T),

_=(x, 0): v(x, 0), _,=(x, 0): v;(x, o),(3.39)

so that

(3.40) v=q+ infx(0, T).

It follows from Lemma 3.2, (3.37) and (3.40) that

(3.41) = ,o.;.o., + I17 (to.;2._-< M,

for all e, and, consequently,

(3.42) v co,3;-g. + v TII co,;=. M

for all e. By passing e 0, we conclude that

(3.43) v L(0, T; H(O)), v, L(0, T; L(O)),
which, in fact, yields

(3.44) v C([0, T]; H(O)), v, C([0, T]; L2(O)).
Finally, we differentiate (1.13) by 0, j= 1,..., n, and arrive at

(3.45) v C([0, T]; H3(O)), vt C([0, T]; Hi(O))
through a similar argument. This ends the proof of Proposition 3.5.
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SHARP SUFFICIENT CONDITIONS FOR THE OBSERVATION, CONTROL,
AND STABILIZATION OF WAVES FROM THE BOUNDARY*

CLAUDE BARDOS, GILLES LEBEAU, AND JEFFREY RAUCH

Abstract. For the observation or control of solutions of second-order hyperbolic equation in E fl,
Ralston’s construction of localized states [Comm. Pure Appl. Math., 22 (1969), pp. 807-823] showed that it

is necessary that the region of control meet every ray of geometric optics that has, at worst, transverse

reflection at the boundary.
For problems in one space dimension, the method of characteristics shows that this condition is

essentially sufficient. For problems on manifolds without boundary, the sufficiency was proved in [J. Rauch
and M. Taylor, Indiana Univ. Math. J., 24 (1974)]. The theorems regarding propagation of singularities

[M. Taylor, Comm. Pure Appl. Math., 28 (1975), pp. 457-478], JR. Melrose, Acta Math., 147 (1981), pp.
149-236], [J. Sjostrand, Communications in Partial Differential Equations, 1980, pp. 41-94] allows the
extension of the latter argument to the problem of interior control [C. Bardos, G. Lebeau, and J. Rauch,
Rendiconti del Seminario Mathematico, Universita e Politecnico di Torino, 1988, pp. 11-32].

In this paper, the sufficiency is proved for problems of control and observation from the boundary.
For multidimensional problems, the region of control must meet each ray in a nondittractive point, and a

new microlocal lower bound on the trade of solutions at the boundary at gliding points is required.
This paper treats linear problems with variable coefficients and solutions of all Sobolev regularities.

The regularity of the controls is precisely linked to the regularity of the solutions.

Key words, controllability, observability, stabilization, geometric optics, propagation of singularities,
rays

AMS(MOS) subject classifications. 35B40, 35L20, 93D20, 93B05, 93B07, 93C20

1. Introduction. This paper is devoted to the analysis of the observability, control,
and stabilization of the solutions of second-order hyperbolic partial differential
equations. The results obtained for multidimensional problems are as precise as those
previously known for one-dimensional problems for which the method of characteristics
is an elementary and effective tool [Ru, 3].

We treat linear equations. However, by the usual linearization process, controlla-
bility of linear problems yields local controllability for nonlinear problems LM, 6.1 ].
If we linearize about a nonconstant solution, the linear equation has variable
coefficients. If we linearize about a nonequilibrium solution, the coefficients will depend
on time. Treating such time-dependent problems requires many technical innovations.

For multidimensional problems, several methods have been employed and have
yielded rather incomplete results. The most special method is the use of eigenfunction
expansions in the rare cases when the eigenfunctions/eigenvalues are known with
some precision. In those cases, we obtain useful information that provides
examples/counterexamples to guide a general development [Ru, 4].

A more flexible method is the classical energy method, which consists of multiply-
ing the differential equation by artfully chosen differential operators applied to u (the
multiplier) and integrating by parts with the hope that enough terms Will have the
correct sign that we can derive inequalities, which imply observability, control, or

Received by the editors, August 21, 1989; accepted for publication (in revised form) May 31, 1991.
This research was partially supported by L’Ann6e nonlin6are frangaise, 1988.

t UFR de Math6matiques, Universit6 de Paris 7, 75251 Paris, France.
$ D6partement de Math6matiques, Universit6 de Paris 11, 91405 Orsay, France.
Department of Mathematics, University of Michigan, Ann Arbor, Michigan 48109. The work of this

author was partially supported by National Science Foundation grant DMS-86-01783.

1024



BOUNDARY CONTROL OF WAVES 1025

stabilization. The construction of clever multiplers was intensively developed in the
study of scattering theory. In the context of scattering theory, the work of Morawetz,
Ludwig, Lax, and Phillips is notable. Finally, Morawetz, Ralston, and Strauss [MRS]
were able to prove local energy decay for arbitrary nontrapping obstacles using a
far-reaching refinement of the method. They realized that multiplying by first-order
differential operators applied to u was not sufficiently flexible in dimensions greater
than 2. A key idea of theirs was to find symbols q(x, ) of operators with desirable
positivity properties, then to approximate the symbols by polynomials in (of high
order) so the resulting multipliers qapprox(X, D)u rise local operators. Fortunately, or
unfortunately, depending on your point of view, their result has an independent proof
based on the analysis of the propagation of singularities of solutions. Those results
use the nonpolynomial symbols, that is, pseudodifferential operators, in an essential
way. The key steps were the analysis of diffracted rays by Melrose and Taylor, followed
by the study of gliding rays and higher-order contact by Melrose and Anderson, then
Melrose and Sjostrand. One disadvantage of using the methods of microlocal analysis
is that the domains and coefficients are required to be quite smooth. On the other
hand, variable coefficients cause no trouble for that method, something that is far
from true of the methods based on differential multipliers.

On the control theory side, key contributors using multipliers are Lions, Lagnese,
Chen, Ho, Lasieka, and Triggiani. Their results are described in detail in the recent
book of Lions [Lio]. The methods have the virtues of being elementary and requiring
little regularity of coefficients and boundaries. In the simplest cases, where the multi-
pliers are related to the dilation and conformal invariance of the wave operator
(multipliers introduced by Morawetz in the early 1960s), the desired inequalities come
with explicit constants. When the multipliers are refined to fit the geometry of less
special domains, lower-order terms appear in the estimates. These lower-order terms
are eliminated by compactness arguments, and we lose the explicitness of the
constants. The method adapts well to control and stabilization from a subset of the
boundary (in contrast to control from the entire boundary), but does not work so well
for control from open subsets of the interior. When it works, the method yields sufficient
conditions that are rarely sharp neither in the minimal time needed for control nor
for the size of the set on which control must take place (see the examples at end of
the Introduction). For problems with complicated geometry and/or coefficients that
vary in space and/or time, the results obtained are usually very weak or nonexistent.

Another method that has been applied to multidimensional problems rests on the
Holmgren uniqueness theorem. This requires real analytic coefficients that have the
property ofunique continuation. It is rare in applications that we believe that knowledge
of properties of the medium in one region determines the properties in others. One
striking case where this is true is homogeneous media that corresponds to constant
coefficients. Otherwise, the real analyticity assumption is unreasonable from the point
of view of most applications. Nevertheless, this approach does give some insight
concerning the time needed for controllability. The uniqueness theorem when applied
to a suitable dual problem yields the fact that the achievable states for a control
problem are dense. Thus the Holmgren theorem yields results of approximate controlla-
bility [Ru, Thm. 5.1]. Recently, Lions [Lio] has observed that if we choose a Hilbert
space norm I]" F whose vanishing leads to a uniqueness theorem, then there are exact
controllability theorems in the dual F’. This Hilbert uniqueness method (HUM)
converts the approximate controllability theorems into exact controllability. The central
difficulty is then shifted to the description of F, F’. Furthermore, the choice of clever
Hilbert structure so that F’ is reasonable is an art form not unrelated to the problem



1026 c. BARDOS, G. LEBEAU, AND J. RAUCH

of choosing clever multipliers. In cases where we have unicity but where the geometric
condition of our paper is violated, the dual space F’ is not even a space of distributions
(see [BLR1], [Ha2], and 4, below).

Yet another approach to multidimensional problems, in this case with constant
coefficients, is to use explicit solution formulas based on the Fourier and/or Radon
transform. Littman [Lit 1] obtains sharp results for control from the whole boundary
in this way.

Finally, we come to the idea/method that motivates our analysis. Wave equations
have solutions that are localized near curves (t, x(t)) in space-time. The curves are
called rays, and typical rigorous results assert that for any e > 0 and T> 0 there is a
solution so that the fraction of the energy located at a distance greater than e from
the ray is smaller than 1-e for O<-t<-_T [Ral], [Ra2]. To be able to observe such
solutions, it is clear that we must observe on at least one point of every ray. Similarly,
it would be foolhardy to try to control a solution from a set on which it is negligibly
small. Thus controls must be so placed so that there is a control on every ray (Fig. 1).
Note that, in this and the other figures, the x-projection of the rays are drawn. This
point of view is completely general. It is applicable to any situation where the governing
equations have localized solutions. For example, the equations of linear vibrations of
plates, although not hyperbolic, have so-called Gaussian beam solutions [A], IRa2],
[Le]. This discussion suggest the following general principle:

To control, observe, or stabilize solutions of hyperbolic partial differential
equations, it is necessary that we observe or control at least one point of each
ray of geometric optics.

In his outstanding survey article, Russell [Ru] observes that

In contrast with the relatively complete theory which we have seen to
exist for hyperbolic equations involving only a single space variable.., the
control and observation for processes in multidimensional regions is quite
primitive. This is due to the fact that the characteristic surfaces arising in
such problems are nowhere near as constructively useful as in the one-
dimensional case [Ru, p. 680].

We show that the rays of geometric optics serve as well in higher dimension as in one
dimension. In dimension equal to one, the rays and the characteristic hypersurfaces
coincide. In higher dimensions, characteristic surfaces are swept out (foliated) by rays,
which are the more informative objects.

Unfortunately, in higher dimensions, the necessary analysis is not as elementary
as in dimension one. However, the hardest parts have already been performed in the
study of propagation of singularities discussed above.

FIG. 1. With such a ray avoiding the region of action, exact controllability and stabilization cannot be
achieved.
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The use of rays in problems of observation, control, and stabilization was initiated
by Rauch and Taylor [RT1 ], who studied stabilization and whose estimates are sufficient
to prove controllability and observability in domains without boundary. Their point
of departure was Hormander’s theorem on the propagation of singularities in the
absence of boundaries. They establish a three-step process, which we will follow. The
three steps for studying observability are as follows.

Step 1. In the region where the observations are made, we have more information
than elsewhere. Express that in the form of strong local/microlocal estimates.

Step 2. Use propagation of singularities theorems, which assert that effects propa-
gate along rays together with the fact that every ray passes through the region of control
to show that similar strong estimates are valid everywhere.

Step 3. The estimates from the use of propagation of singularities introduce
"lower-order terms." Use a compactness argument to show that their effect is small
or not present at all.

Relying only on Hormander’s theorem on interior propagation together with
Holmgren’s theorem, Littman [Lit2] observed that we can obtain sharp results for
control from the entire boundary. The condition for control then is that every ray hits
]0, T[ x 0. Littman shows that, if every ray crosses ]0, T[ x 0f, then we can control
from the entire boundary. In practice, the problem of controlling from a subset of the
boundary is the most natural, and Littman’s approach does not apply to that problem.

Combining the ideas from [RT1] with the results of Melrose, Taylor, Anderson,
and Sjostrand, we obtain immediately and without any new technical tools precise
results on the control and observation from open sets in the interior of a domain with
boundary [BLR2].

For control from the boundary, Ralston [Ra2, 5] used localized solutions to
show the necessity of placing controls on all rays that are never tangent to the boundary.
Recent advances allow the strengthening given in our Theorem 3.2.

To prove sufficiency for control from the boundary, new results concerning local
effects of the boundary on waves are required to carry out Step 1. Microlocal analysis
allows us to decompose any solution into a sum of terms, each microlocalized near a
generalized bicharacteristic in the contangent bundle. The projection of generalized
bicharacteristics are called generalized rays.

Over the interior, generalized bicharacteristics are just the classical bicharacteristics
of Hamilton-Jacobi theory. When they encounter the boundary transversely, they are
reflected by the classical law of geometric optics. In this case, it is not difficult to show
that the trace at the boundary is comparable in size to the corresponding wave. When
a ray kisses the boundary at a diffractive point (Fig. 2), it is not hard to see that it is

FIG. 2. A ray meeting the boundary at a diffractive point.
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possible that it leaves a very small trace. The key inequality in this paper is the analysis
of waves at near tangential incidence when the contact is not diffractive. A typical
geometric situation is given by rays following regular polygonal paths on the inside
of a disk in the limit when the number of sides tends to infinitiy. The limiting path
hugs the circle and is called a gliding ray (Fig. 3). Our main estimate (given in "regularity
form" in Theorem 2.2) implies that, for such gliding rays, the traces are comparable
in size to the waves. This is reasonable since the rays, in the absence of the boundary,
would proceed in a straight line; so the boundary must press on the wave to confine
it inside the disk. This is in sharp contrast to diffractive rays whose direction is unaffected
by the presence of the boundary.

FIG. 3. Gliding ray and nondiffractive point.

The lower bound on traces, applied in a subset of the region of control or
observation, is combined with the theorems on propagation of singularities to derive
estimates throughout the domain.

We have written two expositions of our work, which were intended to introduce
some of the ideas of microlocal analysis at the same time [BLR1], [BLR3]. The present
exposition goes much further than these, in particular, treating time-variable coefficients
and the full chain of regularities H", s . We have made an attempt to present results
with natural hypotheses, which has forced us to generality and technicality in some
cases. Furthermore, some incomplete arguments in [BLR1] are .completed. Here we
will use the microlocal analysis of boundary value problems as reported, for example,
in [T2, Chap. IX] and [Ho, 24]. The microlocal analysis presented in 2 is greatly
influenced by the methods of Melrose and Sjostrand [MS1 ]. The study of observability
( 3) and stabilization ( 5) follow the lines established in [RT1 for problems without
boundary. Results on controllability in 4 follow by a duality argument [Ru, 2]. We
have taken pains to treat carefully solutions of high regularity and the associated
compatability conditions at {t 0} x 012. The dual space to functions satisfying such
conditions is not simple to describe but is the natural setting for the duality. This leads
naturally to the study of mixed problems with distribution data where we follow the
ideas of [RM]. Using these ideas we obtain controllability of solutions in a full scale
of regularities with natural hypotheses.

Before passing to a more detailed description, we summarize some ofthe important
features of our results.

Advantages.
1. The methods used work for operators with variable coefficients and arbitrary

domains. The hypothesis depends on the relation between the rays of the operator and
the subset on which the control is to take place.
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2. The conditions obtained are very close to being necessary in the sense that
slightly weaker conditions are necessary. For complicated operators and geometry,
they may not be easy to verify, but there is no avoiding this because of the necessity.

3. The method works equally well for interior control, stabilization and control
[BLR2], and combinations with boundary control.

4. The methods are flexible, having been used to treat related problems. Nalin
[Na] has considered Maxwell’s equations with natural boundary conditions; Lebeau
has treated plate problems [Lel] and problems where the boundary has corners [Le2].
The methods have also been applied to pseudodifferential boundary conditions pro-
posed as transparent boundary conditions in numerical analysis and as effective
feedbacks for stabilization of the Dirichlet problem [BHLRZ].

Disadvantages.
1. The use of pseudodifferential operators requires the coefficients of the operator

and the domain to be rather smooth. On the other hand, only a finite number of
derivatives is needed. We have made no attempt to assess the number of derivatives.
To do so in a serious way, we should take advantage of recent progress on
pseudodifferential operators with irregular coefficients. To treat problems in H, the
number of derivaties will grow linearly with s. We use a special case of the Malgrange
preparation theorem, where an assessment of the required regularity would be less
difficult. We believe that the number of derivatives needed is the sum of Isl and a
number between 2 and 10.

2. For problems with time-dependent coefficients, our general result shows that
the achievable state is at most of finite codimension being the annihilator of the
(finite-dimensional) family of invisible solutions. For such time-dependent problems,
we must then examine as a separate question whether these states exist.

3. Another disadvantage is in the nature of the analysis. The use of geometric
optics controls high-frequency effects. A finite-dimensional family of smooth solutions
is outside the scope of such ideas. It is somewhat surprising that for time-independent
equations, a short compactness argument together with unique continuation properties
of the generator suffice to show that the finite space of invisible solutions is empty.

To give the flavor of our results, we describe a very special case. Suppose that
[1 c Nn is a bounded, open, connected subset such that [1 is C embedded manifold
with boundary. In N, x [1 waves propagate governed by the real Klein-Gordon equation
(E3+ 1)u =0, where [] is the speed one d’Alembertian, C]-=0,2-A. We attempt to
observe, control, or stabilize from a relatively open subset w c 011. At points of the
boundary where there is no intervention, the waves satisfy the Neumann boundary
condition.

The problem of observability takes the following form. The wave moves freely
everywhere, that is, Ou 0 on all of 011. The observer measures Ulo.ro,, and the goal
is to determine u throughout [1 in such a way that the recovery map Ulo.r,,-+ u is
continuous. A natural norm for

The rays for [+1 in N/n are
encounters the boundary xO
is a gliding ray if the contact is
outside [1 locally except at !, _x.

u is the energy norm

U2t "11"- Iv ul + u2dx/2 e.

straight lines moving at speed one. If an [l+n ray
at a point _t, _x the associated generalized ray in [ x [1

exactly of order two, and the freely moving ray lies

Modulo some technical hypotheses, we can construct solutions of equation (C] +
1)u 0 satisfying the Neuman condition and localized close to the projection of any



1030 C. BARDOS, G. LEBEAU, AND J. RAUCH

generalized ray on R x f. Thus, if there is a generalized ray whose projection on R x f
avoids ]0, T[ x co, then there is no hope for continuous recovery from observations on
]0, T[ x w. On the other hand, if a generalized ray passes over ]0, T[ x co only in
diffractive points, it is possible that it will leave a very weak trace and therefore not
be observable. We are led to the idea that we should observe on-a set F ]0, T[ x w,
such that every generalized ray meets ]0, T[ x co in either a point of reflection or a
gliding point. Assuming this, a special case of Theorem 3.8 is that there is a constant
c > 0 such that for all finite energy solutions,

(1 1) Ilull HI(]0, T[w)--

In particular, we have exact and continuous observability, assuming hypotheses that
are very nearly necessary.

A duality argument shows that (1.1) is equivalent to a result of exact controllability.
Precisely, for any desired finite energy state (f, g)/2/() x H(l)) Y, there is .a
control g 1(]0, T[ x 0f) X, which vanishes outside F such that the solution to

(U]+l)u=0 in]0, T[x, u=g on]0, T[xf, u(0)=u,(0)=0

satisfies (u(T). u,(T))=(f, g). To see the connection with (1.1), let K be the operator
that takes g to the state (u(T), u,(T)) (this operator is called C in [Ru]). Then K is
continuous from /2/1 to /2/lx L2. To show that it is onto, we must show that the
transposed operator is subbounded in the sense that ]]K’y’]] => c]]y’]] for all y’ Y’. With
a suitable identification of the dual spaces, this estimate is exactly (1.1).

The subboundedness shows that the map KK’ is a coercive map of Y’ to itself.
Its invertibility implies that K is onto. Inverting the map KK’ is the idea of HUM. If
we start with an estimate rather than a uniqueness theorem, then the space Y of
achievable states, and the space X of controls are dictated by the estimate.

To compute the control g, we solve the equation KK’y’-- h, where h is the target
state and g =-K’y’. The coercive equation KK’y’= h can be treated numerically by
standard techniques, e.g., conjugate gradients. The underlying quadratic form is
][K’Y’]] x. As we will see in 4, the computation of this norm for given y’ Y’ requires
the solution of an initial boundary value problem for D + on [0, T] x f. Thus each
iteration of conjugate gradients requires the solution of such a problem. These computa-
tions are feasible but nontrivial. The same calculations are required in the numerical
implementations of HUM, so some experience has already been gained [GLL].

To illustrate the controllability criterion, we apply it to some simple sets 2
and compare with the standard results based on Morawetz’s multipliers. The latter
yield the following sufficient conditon for controllability (see [Lio, Chap. 1, Thm. 5.1]).
Take any point x Nn. A point y 0f is called an exit point if ,. (y- x)> 0, where ,
is an outward normal to 01) at y. Drawing straight line segments leaving x, the exit
points on 01) are the points where the rays cut the boundary from the inside toward
the outside. If co is taken to be the set of exit points with respect to a center x, and
T> 2 max {Ix-y]: y 01)}, then we have controllability with controls on ]0, T[ x co.

Consider first f equal to the unit disk. Taking x as the center of the disk gives
an absolutely sharp result for control from the entire boundary; T must be taken larger
than the diameter. More interesting is the choice of x outside and far from . Then
the exit set is slightly more than half of the boundary, and we see that we can control
from a set whose length is as close to 5 we like. For sets close to a semicircle, the T
given is very large. Our theorem gives controllability with T > 6, since if co contains a

semicircle, then every ray hits co in each interval of time of length 6. If co is slightly
larger than the upper half of a circle, then the longest delay occurs for rays that include
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a segment parallel to and just below the equatorial diameter. Such rays avoid 6o for
nearly three diameter lengths. Such a ray does not hit the semicircle until almost six
units of time have past.

In the disk, each diameter is the x projection of a ray, and the necessary condition
of Ralston shows that at least one of the two endpoints of each diameter must lie in
6o if we are to control from 6o. Thus 6o (_J (-co) contains the entire boundary so ]co _-> r.

The following question has circulated in the control community since these results
were obtained: Are there sets other than slightly extended half-circumferences that
suffice for control and have length as close to r as we like? We construct an example
settling the question in the affirmative as follows. Take an open arc 6o in the boundary
that contains a half-circumference and let p denote the midpoint of co (Fig. 4). We
omit a small neighborhood of p. For a ray to miss co\p, it must hit p. Consider the
rays through p. The diameter misses 6o\p as does the equilaterial triangle with vertex
p. Let 0 denote the union of two open arcs centered, respectively, at the antipodal of
p and one of the other vertices of the equilateral triangle. It is not difficult to show
that, if e is sufficiently small and y is the closed arc centered at p with length less
than e, then ]0, T[ x (6o (30)\y satisfies the hypothesis of the theorem for T sufficiently
large.

FIG. 4. A disconnected "minimal" region sufficient for control.

Another illuminating example is Ikawa’s bowling ball, a disk with two disjoint
interior disks removed (Fig. 5). Here every ray hits the boundary of the exterior disk
with the exception of the ray that bounces back and forth between the two interior
disks. If 6o is the union of the boundary of the large disk and a small cap on one of
the small disks containing one of the endpoints of the trapped ray, then ]0, T[ x 6o

satisfies the hypothesis for T large.
A third example is the "dogbone" in Fig. 6. The first two diagrams show regions

sufficient for control provable by the "exit criterion" above. The third set is also
sufficient and is not easy to read from the standard results.

Our contention is not that we could not do any one of these three with a sufficiently
clever differential multiplier. Quite the contrary, the methods of Morawetz, Ralston,
and Strauss would surely suffice. However, to create a general result, we would be led
inevitably to the same geometric considerations, and avoiding pseudodifferential tech-
niques would only make the task more complicated.
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FIG. 5. Ikawa’s bowling ball and a region sufficient for control

FIG. 6. Three regions sufficient for control in the dogbone region.

We turn next to problems of stabilization. Here the practical consideration is the
addition of "passive devices" on the boundary to rapidly damp undesirable oscillations.
A typical problem of stabilization occurs if the boundary condition is dissipative in
the set F, and we ask if solutions must then decay exponentially to zero. Here the idea
is to construct a system that is self-damping thanks to the dissipation in F. For example,
consider the mixed problem

([-]+l)u=0 in ]0, t[xf, (a+a(x)a,)u=O on ]0, T[xf,

where c _-> 0 and co {c > 0}. The law of energy decay is

e(T) e(O)- c(x)u, do. dr.
1"

If a is not identically zero, then all solutions tend to zero [I]. On the other hand
[Ra], if for every T>0 there is a generalized ray that does not encounter [0, T]x
{a > 0}, then there are solutions of finite energy whose energy decays to zero arbitrarily
slowly. Exponential decay follows if we can show that there was a constant e > 0 so that

(1.2) a(x)ut do" dt >= ce( r).
1"

In that case, the norm of the map from data at time zero to data at time T is at most
(1 + c) -/2. If F satisfies exactly the same geometric condition as for the observability
problem, we prove (1.2) in Theorem 5.5 where (1.2) is identical to (5.16).

2. A microlocal lower bound on traces. In addition to known results in linear wave
propagation, in particular, the theorems of Taylor, Melrose, Anderson, and Sjostrand
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on glancing and gliding rays, our study of control and observation requires a new
result not unrelated to the above. This result asserts that, under suitable hypotheses,
the trace at the boundary of a wave is comparable in size to the energy of the wave.
Before giving the precise result, let us give a heuristic discussion that leads to the
correct conclusions and hopefully renders the results intuitive.

Consider waves whose propagation in M , )x is governed by the d’Alembert
wave equation together with homogeneous Dirichlet boundary conditions on
The rays are then straight lines, corresponding to the fact that light rays travel along
straight lines in empty space. The familiar laws of reflection apply at the boundary.
At convex parts of the boundary, considering limits of rays approaching tangential
incidence leads to the idea of gliding rays that travel along the boundary. Since a ray
in free space would travel in a straight line, there must be a strong interaction between
the boundary and the wave to bend a ray along a path gliding along the boundary.
The boundary must push on the wave, and, by Newton’s second law, the wave must
push on the boundary. Thus we expect the trace of the wave at the boundary to be
appreciable. Since the boundary is noncharacteristic and ulna4 0, the value of Ovu at
the boundary suffices to determine all the derivatives of u at the boundary. Thus we
expect the trace of O vu at the boundary to be appreciable.

The same sort of argument applies to rays reflected at the boundary, since the
direction of motion is abruptly changed at the boundary. The limiting case of tangential
incidence is less clear and depends on the geometry of the region.

It is not difficult to make these impressions more precise in the case of a half-space
{xn > 0}. Write

and

X=(Xl, X2, ,Xn_l, Xn)=--(Xt, Xn)

Consider the reflected plane wave solutions

(sin x,n) exp (i(’x’ + izt), z=

The codirection z, ’ represents the direction of oscillation in the boundary. Note the
decomposition of the codirections z,’ into three regions,
{z2= 1’12}, and g--{z < 1’12}. For points in the hyperbolic region, , there are two
plane wave solutions of the wave equation, exp (i(nXn + ’X’+ zt)), with n
+ (z2-1(I) 1/2. In the glancing region 3 there is one, and there are none for (-, ’)
belonging to the elliptic region

The angle of incidence 0 between the direction of motion, , and the normal to
0f, (0,..., 0, 1), satisfies

Consider solutions u

u= f a((’,,)(
cos o

sin x,,,,) exp (i(’x’+ illt) dsc’ d,,.

The energy of u is proportional to

[sCA(sc’, so,,)[ dsC’
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The gradient of u on the boundary is equal to

o.ulx,,:o: f ,a(’, (n) exp (i’x’+ illt) d’ dn.

Suppose that A is supported in :, > 0 and make the change of variable ’, -, :’
defined by ’= I(I, (, (r2-1(’]2) ’/2. Then

SO

0,ulx,,=o f ]:]A(’, (T2-- ]t]2) 1/2) exp (ix’(’+ i’rt) d(’ d’.

Plancherel’s theorem in the x’, variables implies that the L2-norm of Onu on the
boundary is proportional to

If A is supported away from tangential incidence, the L2-norm of Ou and the
energy are comparable. On the other hand, choosing A with support where /1(I is
small, we can construct examples whose energy is arbitrarily large with respect to the
LZ-norm of O,u. Even more, we can find solutions of infinite energy with Ou square
integrable. The relation between the trace on the boundary and the energy from the
frequency ( is summarized by the heuristic principle

Intensity of trace
(2.1)

Intensity of wave
cos 0 ,/1].

Turning to the general situation, suppose that P(t,x, D,, Dx) has smooth
coefficients on ["+ and

P O , ao(t, X)OiO -" lower order terms,

where ao is a symmetric real positive definite matrix on "+ Consider wave equations
in M N, x where is a smooth embedded manifold with boundary in N". Note
that OM is noncharacteristic for P.

The symbol T is used to denote the tangent bundle, so, for example, the fiber T
is the set of tangent vectors at y. The canonical projection from the tangent bundle to
the base space is denoted by . Similarly, T*, T, and are the cotangent bundle,
its fiber at y, and the canonical projection. Recall that T is the dual of T.

A bicharacteristic is an integral curve in T*(N"+) of the Hamiltonian vector field

Hv along which p 0. Here

p(t, x, , ) r2-Z aij(X)i

is the principal symbol of P, and

Hp (OH/O)O/Ot-(OH/Ot)O/O+Z [(OH/O)O/Oxj -(OH/Oxj)O/O].

The projection of a bicharacteristic on t, x space is called a ray. We often concentrate
on the x-projection, ignoring the time parameter.
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For y M, C(y) denotes the set of distributions u that are C on a neighborhood
of y, that is, for which there is a v Cc(El+n) such that u--v on a neighborhood of
y. Similarly, H(y) denotes the set of distributions that are in the Sobolev space H
on a neighborhood of y, that is, for which there is a v Hs(El/n) such that u- v on
a neighborhood of y.

For (y, rl) T*(M), H(y, q) denotes the distribution that lie in H microlocally
at y, r/, that is, for which there is a v H(E1+") such that y, r/ WF (u-v), where,
as usual, WF denotes the wavefront set.

For y OM, C(y) denotes the set of distributions u defined on a neighborhood
of y in M that has the property that there is an r > 0, so on M fq Br(y) u is the restriction
of a C(E/) function. H(y) for y in the boundary is defined by replacing C by
H in the above definition.

We follow the definition of Chazarain (see [C], [MS1]) for microlocal regularity
at the boundary. To avoid confusion with interior microlocal regularity, we will employ
the notation Hh. This notion of microlocal regularity is the one used by Melrose and
Sjostrand. In addition, for solutions of Pu C, it agrees with the intrinsic notion of
Melrose [Me] (see [Ho, Cor. 18.3.33]), which does not depend on P.

DEFINITION. Suppose that q T*(OM) and u is a distribution defined on
Br(Tr(q)) (q M and satisfying Pu HL-(Br(Tr(q)) (q M for r sufficiently small. Then
u Hh(q) if and only if there is (1) a local change of variables y (Yo, ",Y,)
(y’, y,) y( t, x) so that in the new variables M={yn>0}, and (2) a tangential
pseudoditterential operator A(y, Do,’’’, Dn_l) of order zero such that A is elliptic
at q and AuH’(Br(Tr(q)){y>O}).

Note that near 7r(q) we may subtract a solution v H to Pv Pu reducing the
above to the case where Pu C. In that case, the invariance of the definition is
discussed in the above references.

The microlocal analysis at points q T*(OM) depends on whether q is hyperbolic,
glancing, or elliptic according to the next definition. The natural inclusion :OM +
induces a map i*: T*(+) T*(OM) such that i* maps the conormal variety of OM
to the zero section of T*(OM) and for q T*(OM), (i*)-(q) is a straight line in
T*([2/"), parallel to the conormal to OM at 7r(q).

DEFINITION. A point q T*(OM)\O is hyperbolic, glancing, or elliptic for P when
(i*)-(q) fq char (P) contains two, one, or no points. The set of hyperbolic, glancing,
and elliptic points are denoted Y(, d, .

The next result makes precise the intuition about waves with nontangential
incidence. The nontangential hypothesis takes the form q d. The result is stated as
a regularity theorem. A quantitative version is valid (see Remark 4 following the proof
of Theorem 2.2.).

THEOREM 2.1. Suppose that q T*(OM)\char (P) and that u is a distribution defined
on Br(’rr(q)) Mfor r small positive and satisfying

Pu C(r(q)), ul,94 H"(q), OUloM H’-l(q).

Then u H (q).
The reader is reminded that the hypotheses UloM H’(q) and OUloM H-(q)

assert microlocal regularity.
Proof The proof is straightforward starting from Taylor’s decoupling (see

[T2, Chap. IX]). Note that H regularity of u corresponds to H-I regularity ofTaylor’s
w. We need only observe, in the notation of that reference, that if
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and either

O,wj i, (y, D’) wj + a (y, D’)w +C
or

O,w E+(y, D’)w + awj + C,

then w. H’-(O<-yn<=l). For our second-order wave equations, the first alternative
above occurs for the hyperbolic region, and the second in the elliptic region. The union
of these two regions is T*(OM)\char (P). The details are left to the reader.

For q , let be the unique point in char(P)f-l(i*)-(q). Then s (exp sHp)t
is the associated bicharacteristic (do not confuse s with that of the last paragraph)
and the ray 7r((exp sHp)) is tangent to OM. The point q is said to be diffractive,
denoted q d, if the ray has order of contact exactly equal to two with OM and lies
in int(M) for nonvanishing but small s. In this case the Taylor-Melrose theorem asserts
that singularities of solutions follow the bicharacteristic. If the order of contact is two
and the bicharacteristic lies over the exterior for small nonzero s, the point is said to
be in the gliding set g, and the Anderson-Melrose theorem asserts that singularities
hug the boundary following gliding rays. The propagation of singularities for
3g) is treated by Melrose and Sjostrand. They introduced a uniform notation so that
in all cases singularities propagate along generalized bicharacteristics.

Over the interior, ]0, T[ f, Hormander’s propagation of singularities theorem
asserts that the wavefront set, in T* ]0, T[ f), is contained in {p 0} and is invariant
under the flow of the Hamiltonian vector field Hp. There are solutions with wavefront
set equal to any integral curve along which p--0 (the bicharacteristics). In the same
vein, there are solutions of Pu--0 that are concentrated as close as we like to the
projection of such bicharacteristics on t, x space. Such curves in space-time are called
rays of geometric optics or simply rays.

For boundary value problems there is a natural way to extend bicharacteristics
when they encounter the boundary, that is, when they pass over [0, T] 0f. We recall
some of the central ideas and fix notation following [Ho, 24.2], which contains a
detailed discussion.

The simplest case is when they arrive transversally. Then there is a natural reflected
bicharacteristic and reflected ray. Continuing bicharacteristics in this way leads to
broken bicharacteristics and reflected rays. Ralston [Ral proved that there are solutions
concentrated arbitarily near any reflected ray.

If a bicharacteristic arrives tangent to 0 T*(, ) but with order of contact exactly
two then the integral curve lies over the interior of on a punctured neighborhood.
In this case the extension is clear, and the projection on t, x space is called a diffracted
ray.

Consider next the case of equal to the unit disk in [2 and reflected rays with
angle of incidence tending to zero. Passing to the limit, we find rays that hug the
boundary, so-called gliding rays.

Points where a bicharacteristic has order of contact greater than two with the
boundary can be transition points between a ray in the interior and one gliding along
the boundary. In fact, if the field Hp has at most finite-order contact with the boundary,
then every bicharacteristic has a unique continuation, leading to generalized bicharac-
teristic flow and generalized rays. In the case of infinite-order contact, a bicharacteristic
may be continued in many ways as a generalized bicharacteristic [T1]. The set of
continuations is a closed conic subset of T*( )\0.
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If is the natural inclusion ofOM into +n, then i* gives a map form T*(+n)[4 -T*(OM). For xOM, replacing the points q T*(+) by i*(q) yields a map
T*(M) - T*(M)LJ T*(OM)=-T*(M). The right-hand side is called the compressed
tangent bundle and is given the quotient topology.

If y is a generalized bicharacteristic and y(s) lies over a point of OM we associate
to y(s) the point i*(y(s)) T*(OM). Making this replacement at all points over OM
yields a curve 3 with values in T*(M)\0. This curve is called the compressed generalized
bicharacteristic associated to 2’.

Our informal discussion suggested that gliding rays should leave an appreciable
trace. This is further supported by the following heuristic analysis when 12 is the interior
of the unit circle in 2. Consider a ray reflecting at close to tangential incidence. The
distance between successive reflections is 2(cos 0), where 0 is the angle of incidence.
Thus the number of reflections per unit length times the "impact per reflection"
computed to be cos 0 in (2.1) remains constant. This suggests again the idea that the
trace at the boundary of a gliding wave should be appreciable.

Diffracted rays have only a fleeting interaction with the boundary, and we might
expect that there are examples for which the trace of the normal derivative at the
boundary is small compared to the energy of the wave. This is also supported by the
observation that such rays are the limit of rays reflected at the point of diffraction but
with angle of incidence tending to zero. In contrast to the gliding case, there are no
nearby reflections, so there is no accumulation of effects.

We will prove that the trace is appreciable for any ray that in the absence of
boundary conditions would leave 12. Such rays will be called nondiffractive. Special
cases are the gliding and transversely reflected rays. As the boundary is responsible
for confining the ray, it is reasonable to expect that the boundary must do appreciable
work.

DEFINITION. A point q T*(OM)\O is called nondiffractive if (1) q , or (2)
q and the bicharacteristic (exp sHp) passes over the complement of M for
arbitrarily small values of s, where is the unique point in char (P) (i*)-(q).

Examples. The following examples illustrate a variety of possibilities when q
dc T*(OM). In the examples, n 2 and a,.-j is the identity matrix so that P2 is the
d’Alembert wave operator. Then bicharacteristics pass over straight lines in 1+2. The
region fl is the set x2>f(x) with f(0)=0=f’(0), so the x-axis is tangent to 0fl at
(0, 0). The glancing points in To.o,o)(OM) are multiples of q+-- (0,0,0; +1,1) with
+=(0, 0, 0; +1,1,0) and the bicharacteristics through these points pass over the
same rays in + traveling in opposite directions. Thus either both or neither are
nondiffractive.

1. Iff"(0) > 0, then 12 is convex near the origin and both q+ g are nondiffractive.
Even more, they are gliding points.

2. Iff"(0) < 0, then the complement off is convex and both q+/- dare diffractive,
hence not nondiffractive.

3. Iff(s) s3, q+/- are nondiffractive. The bicharacteristic leaves 1 as +s increases
and enters M in the other sense.

4. Iff(s)= s4, both are nondiffractive.
5. If f(s)----S4, neither is nondiffractive. Note that neither is diffractive in the

sense of Taylor and Melrose since the order of contact of the ray with 0 is greater
than two. Thus the nondiffractive points differ from the complement of the diffractive
points.

6. If f(x)= (sin 1/x)(exp-1/Ixl), then q+/- are nondiffractive, the rays passing
in and out of M infinitely often near (0, 0, 0).
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The main result of this section is the following theorem.
THEOREM 2.2. Suppose that q c T*(OM) is a nondiffractive point and that u is

a distribution defined on Br((q))f3 Mfor r small positive and satisfying

eu C(’(q)), UloM H(q), D,,UloM H-’(q).
Then u Hh(q).

The case of C regularity, that is, q WF (uI)M)WF (O.UloM) implies that
q WFc (u) is Proposition 4.16 of [AM]. Their elegant argument does not suffice to
prove Theorem 2.2.

Proof The theorem is first proved for s-< 1. The general case is derived from this
by applying the s =< 1 result suitable derivatives of u.

Totreat the case where s_-< 1, we first reduce to the case where ulo =0. In our
applications, we will have the stronger local (versus microlocal) regularity UloM
H(r(q)) and DUloM H-(’(q)). With these stronger assumptions, the reduction
to the case where u[o =0 is by a simple localizaton (see [BLR1]).

Choose qm C(N+) with q, identically equal to one on a neighborhood of
r(q) and with supports shrinking to r(q). Then, for m large, qmPU C(M).

For all m, WF(qmU)/N+ is a compact subset of the cosphere bundle
T*(M)\O)/N+. For m large, q

_
WF’(qmUloM).

Let P denote the family of compressed generalized bicharacteristics in Tb*([0, T] x
fi) passing through q. Then ’/N+ is a compact subset of (Tb*([0, T] x )\0)/[+. Then
P f/WF (qmUl0M)/N+ is a decreasing family of compact subsets with empty intersection.
Thus, for m large, ’ WFS(qmUloM)=.

Let v be the solution of the initial boundary value problem

Pv=O inM, V]oM=q,U]oM, and v=0near t=0.

Write q,u]0M g + g2 with

g, H(OM) ’(OM) and WF (g2) f3 .
Corresponding to the decomposition of g, we have v v+ v2. Since-the Dirichlet
initial boundary value problem satisfies the strong estimates of Kreiss and Sakamoto,
it follows that v Hioc(OM), and Dv H-(OM). The Melrose-Sjostrand theorem
[MS2] applied to v2 implies that qWFb(v2). In particular, v2 HLch(q) and Dv:
H,l (q).

Subtracting v from u reduces to the case where UloM 0 near (q).
Introduce local coordinates y (Yo,""", y)= (Y’, y,) so that M {y > 0} and

r(q) (0, 0). Following [MS1], the coordinates can be chosen so that

P a(y)(D + R(y, D’)), a C, a(O) O.

Multiplying P on the left by a- we may suppose that a 1
In these coordinates, the distribution u belongs to C([0, e[" @’(lY’I < P)), so it

makes sense to extend u by zero in the complement of M. Denote this extension by
_u. Then near (0, 0),

(2.2) Pu_ =O,u(y’, O)(R)6(y,).

The main step in the proof is to show that _u H(), where =-(i*)-(q)f3char(P),
and is the natural injection of OM into E"+.

Since in OM, DuH-(r(q)), we have O,u(R)6H-3/z-(r(q)) for all e>0.
The -e can be omitted if s < 1. The microlocal elliptic regularity theorem (see [T2,
Prop. VI.I.10]) implies that

(2.3) _u E HS+(’/z)-(Tq)*(E"+)\char (P)).
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For yOM and (y,)(i*)-(q) T*(N"+) and not conormal to aM, anNe
H’-l(q) implies that OnU(R)6 H’-(3/2)(y, ). In particular, OnU(R)6 H’-(3/2)(). Let F
be the bicharacteristic through c. Then, near , P_u H’-(3/2)(F). Since q is nondiffrac-
tive, F passes over the complement of M arbitrarily close to and at such points _u
is smooth. Hormander’s theorem (see [T2, Thm. VI.2.1]) shows that, near q, _u
H-(/2(F). In particular, _u H-(1/2)(q). The crux of the argument is to improve this
regularity to _u H(). Then we must show that u lies in H’ch(q).

The proof that _u H’() uses tangential pseudodifferential multipliers in the
energy method is inspired by Melrose and Sjostrand [MS1]. The strategy is the
following. Take the L(yn>0) scalar product (’,’)M of Pu with Qu, Q=-
AeL-(y, D’) + Ae._(y, D’)Dn, where the Aj are tangential pseudodifferential operators
with real symbols homogeneous of degree j. The symbols of the Aj are supported in
a small conic neighborhood of q.

Note that we then have u C([0, e[, @’(lY’ < P)), Qu C([0, el, g’(ly’l < p)),
and Pu C([0, el" (ly’l < p)), so (Qu, Pu), makes sense. The heart of our proof is
using a carefully constructed Q so that integration by parts in this expression gives
an estimate for CulLs, where C is a pseudoditterential operator of order s elliptic at

c. The integrations by parts are carried out assuming that u is smooth near r(q). The
justification in the present setting rests on the fact that u is the limit of a sequence
Um of regular solutions with uniform bounds on O,Un in H"- microlocally at q. Lemma
4.7 below is a related result.

Integration by parts to move P from the right to the left, taking advantage of the
fact that u =0 on OM, yields [MS1, Cor. 2.6]

(2.4) (Ou, Pu),-(QPu, u), =(u, ([P, Q]+(R*- R)Q)u),.

As remarked above, the left-hand side is finite.
Now [P, Q]+(R*-R)Q is a sum of terms Ez._j(y,D’)Din, 0-<_j<=2. Since

u(y’, 0+)=0 in the support of the Ej, we see that

(2.5) (_u, ([P, Q]+(R*-R)Q)u_),,+,=(u, ([P, Q]+(R*-R)Q)u)t

We will construct Q so that

[P, Q]+(R*-R)Q= C(y, D)2+Op S2-(Nn+ xNn,)P

+Op sZs-l(n+l x n+l),

where C(y, D) is of order s, has real symbol, and is elliptic at c. Since Pu C and
u_ H’-/z(), it will follow that _u H’().

Note that for a pseudoditterential operator S, the principal symbol of [P, S]+
(R*-R)S is equal to H,S + kS, where k(y, ’), homogeneous of degree 1 in r’, is the
principal symbol of R*-R [MS1, (2.11)]. Note that if S is homogeneous of degree
2s-l, then both the derivative H,S and the product kS=k(y,’)S(y,) are
homogeneous of degree 2s.

The strategy is to choose C (y, ’) real homogeneous of degree s in and supported
in a small conic neighborhood of q in
homogeneous of degree 2s-1 in sr by solving the transport equation

(2.6) HS+ kS C

on a neighborhood of y => 0. This will guarantee that

[P, S(y, D)] + (R*- R)S= C(y, D)+ Odo(2s- 1).
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The term HS is the derivative of S in the direction Hp. Thus (2.6) is a family of
ordinary differential equations along the integral curves of Hn. The idea is to integrate
(2.6) along those curves in the direction leaving M, with initial condition equal to zero
before we reach the support of C(y, ). In the rare event of infinite-order contact of
a ray with OM, there are technical problems, since bicharacteristics may leave and
return infinitely often (Example 6, above, is an extreme case). In such cases the lines
that follow are necessary. Otherwise simply fol|ow Fig. 7. Q(y, ) wil| be constructed
to be equal to S(y, ) modulo a multiple of P(y, ).

M M

FIG. 7. The transport equation for S(y, ). The horizontal line is OM with M lying above. The curves,
central disk, and shaded regions are the projections on t, y space of the bicharacteristics, supp(C) and supp(S),
respectively. The order of contact is even in the figure on the right and odd in the figure on the left.

As q is nondiffractive, we may choose c arbitrarily close to zero so that (exp cHn)4
lies over Yn < 0. We suppose that such a exist with a > 0. The case where a < 0 is
treated similarly. Choose e < 0< e2 SO that

(i) For a [e, e2], (exp aHn) lies over the coordinate patch we have chosen
and does not pass through q for a [e, e2]\0;

(ii) (exp e2H) lies over yn <0.
Next, choose a conic neighborhood of V of t in T*(n+) with the following properties"

(i) For a [el, e2], and q V, (exp aHp)q lies over the coordinate patch we have
chosen and does not intersect V for a [e, e2]\]e/2, e2/2[;

(ii) For q V, (exp eHn)q lies over y, <0.
Choose C(y, ) homogeneous of degree one in sr, real, nonzero at 4, and supported
in

Equation (2.6) is then solved as follows:
1. For bicharacteristics that do not pass through V, S is set equal to zero.
2. For bicharacteristics through V, the equation is integrated along the direction

of the bicharacteristic (expaH)q with S=0 for a[e, e/2]. The integration is
stopped at a e2. This is to avoid problems of reentry.

The symbol S is homogeneous of degree 2s- 1, and the support of S over M is
a small conic neighborhood of the support of C. In particular, this support can be
made as small as we like. Note that S is supported in a small conic neighborhood of
q where st, 0 R(y, ).

The Malgrange preparation theorem [H, Thm. 7.5.6] allows us to divide S by
2, + R(y, ’) to conclude that

(2.7) S(y, ’) az.-l(y, ") + a2._2(y, ’), + azs-3(y, ’)(’n + R(y, ’)),

where A._ is homogeneous of degree 2s-j with respect to " for j 1, 2 and with
respect to sr for j--3. Actually, the theorem applies only in a small neighborhood of
t in T*("+). Applying the result only in ]sr] and extending by homogeneity gives
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(2.7) in a small conic neighborhood of . Extend the resulting symbols A2s_ to be
smooth globally defined homogeneous symbols with support over our coordinate patch.

Set

(2.8) Q= A2s-l(y, D’)+ A2,-z(y, D’)On.

The constructions achieve the following identities microlocally at T*(n+l)
S(y, D)= Q+A-3(y, D)P+zs-(y, D),

[P, Q] [P, S(y, D)] + [P, Az_(y, D)P]+_,(y, D),

[P, S(y, D)] + (R*-R)S= C(y, D)*C(y, D)+ z._,(y, D),

where we are using the letter to denote pseudodifferential operators of the indicated
order.

Next, return to the crucial estimate (2.5). The commutator of P and Q is equal to
[D2n+R, Az.-l+A2s-2Dn]. The [Dn, A2s_2Dn] term is equal to xI’2s_2(y D’)D2.
Replacing D2n by P-R yields an identity

[P, Q]+(R*-R)Q= Hz.(y, D’)+H2_,(y, D’)Dn+z._z(y, D)P.

Define

G=- H2,(y, D’)+ H2_I(y, D’)Dn=--[P, Q]+(R*-R)Q-2_(y, D)P.

Then, by (2.5), o> (u, Gu) (_u, G_u)= (_u, (Gu)).
Note that the essential support of the H._j is close to q. Choose X(Y, D’)=

X(Y, D’)* of order zero, supported near q, and identically equal to one on the essential
support of the H_. Then the three quantities (u_, Gu_), (u_, xGxu_), and (XU_, G(xu_))
differ by bounded terms so they are all finite.

Both X_u and G(Xu_ have wavefront sets contained in a small conic neighborhood
of N*(OM)w(i*)-’(q)= T*("+’). In addition, (i*)-l(q)=+N*(OM). Next write
X_u vl + v2+ v3 using an order zero pseudodifferential partition of unity {Ei(y, sc)’J
1, 2, 3} for WF (X_U) so that vl E1Xu_ has wavefront set near , v3 has wavefront set
near N*(OM) and the wavefront set of v2 is bounded away from char(P)C] N*(OM).
Then previously established regularity for _u shows that

l) Hs-( /2) Hs+(1/2)-
t)2 Hs+(1/2), t)

Write (Xu_, GXu_ (v, Gvj) and recall that G Hz. + H.-I D,. Thus, if neither
nor j is equal to 1, the summand is clearly bounded. If one of the indices is equal

to one and the other is not, reason as follows. Choose Es a partition of unity with
slightly larger supports and with /s equal to on the essential support of Es. Then

l.) Gl).j l)

_
* GJjl.)j

Now (Ei)*OEj is a pseudodifferential operator of order 2s whose essential support is
a subset of the region where both v and vj belong to H‘+l/z. It follows that the
summand is finite. The conclusion is that (El_u, EG_u)<oo. In the computation that
follows, we will drop the subscript from El.

E (y, D) has essential support near c so that within the essential support of E the
symbols S, P, C satisfy the relations established with the aid of the Malgrange prepar-
ation theorem. Thus

EG= E([P, Q]+(R*-R)Q-xIt2._2(y P)n)= EC*C + ExIt2._2(y, D)P.

We know that (Eu_, EGu_) is bounded. In addition,

(E_u, Exlt2s_2P_u)= (E_u, EaIt2._2(Puq-(O,u)(r(yn))).
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Since Pu belongs to L(oc and 2s-2=<0, the (E_u, EPu) term is bounded. Next,
(0U)@ t3(yn) E Hs-(3/2) on the essential support of E and E_u belongs to HS-1/), which
suffice to prove the boundedness of the second term. The conclusion is that
(Eu_, EC* Cu_ is finite. This implies that _u E H ().

We next show that uHh(q). Since u=_u in y=0, it suffices to show that
A(y, D’)_u H(Tr(q)) for a tangential A, which is elliptic at q. With the aid of an order
zero pseudoditterential partition of unity, write _u X(Y, D)u_ + C near r(q) (0, 0).
If the essential support of gj does not interesect char(P), then (2.3) implies that
X(Y, D)u_ H(Tr(q)). Therefore A(y, D’)Xj(y, D)u_ H’(Tr(q)).

Since OM is noncharacteristic for M, we may suppose that for the other X./ the
essential support is disjoint from the conormal variety of OM. Then A(y, D’)xi(y, D)
Op S(Nn+l x Nn/l) that is a pseudodifferential operator in y. Its essential support
belongs to (i*)-(ess supp (A)). Choosing A with support in a sufficiently small
neighborhood of q, the points of ess supp (Axj) f’l char (P) will lie in the elliptic set of
C. Then C_u H- together with (2.3) yields AXu_ H(Tr(q)).

Summing onj yields Au_ H(Tr(q)), so _u and therefore u belong to Hh(q). This
completes the proof of the theorem for s =< 1.

For general s, choose an integer m such that s m -< 1. For c Nn, [cl-<_ m, compute
in the coordinates (y’, y,)

(2.9) P((D’)"u)=(D’)"Pu+[R(y, D’), (D’)"]u.

The commutator on the right is a differential operator of order m + 1 with only D’
derivatives, so it can be expressed in the form a,.(y)DD. The first term on the
right in (2.9) belongs to H-t-’(Tr(q)). Thus, for U=-{(D’)"u}I,I<=m, we have a large
system U E Hs--l--n (37"(q)),

(2.10) =diag (P, P, ..., P)+ PDOp of order one.

Furthermore, we have

(2.11) g]oM gs-m(q) and DU]o gs-m-(q).

The proof we gave for scalar operators and s_<- works with only routine
modifications for systems of the form (2.10), (2.11). We conclude that U H-hm(q).
This implies that u Hh(q), and the proof is complete.

Remarks.
1. It is not hard to show that the nondiitractive hypothesis cannot be dispensed

with. For example, at a diffractive point we can superpose solutions singular along
rays that just miss the boundary to construct solutions satisfying all the other hypotheses
of Theorem 2.2 but not the conclusion.

2. It would be natural to try to prove the theorem by reducing to the case where

ul0a4 0 and then writing the parametrix using Fourier-Airy operators. As the symbols
lie in classes for which desirable L2-continuity properties may fail, we do not see how
to carry out this argument.

3. More general operators P may be considered. In fact, we can achieve the
generality of Melrose and Sjostrand. The cost here is that we can no longer subtract
a solution to reduce to the case where u[o4--0, and we must analyze the equation
Pu_ O ,u (R)o + u (R) 6’o. This is, in fact, possible.

4. Tracing the steps of the demonstration, we find a quantitative version. That is,
given that

E(y’, D’)O.u(y’, O)E L and E(y’, O’)lO’lu(y’, O) L
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with E is order s- and elliptic at q, we construct A(y, D’) of order s and elliptic at
q and B(y, D’) of order zero and supported near q so that

IIA(y, D’)ul[u <- c(]lE(’, D’)ou(y’, 0)[[g

+ IIE(y’, D’)ID’lu(y’, o)ll2+ IIB(y. D’)u ILL2),
where the L2-norms are over Yn O.

3. Boundary observability of waves. In this section, we address the question of
when observations at a subset of the boundary suffice to determine the values of u
throughout the interior. We are interested in the case when this determination is a
continuous function of the data. Such results are obtained by combining the results
of the last section with the propagation of singularities theorems of Melrose-Sjostrand.
Similar results for interior observations in problems without boundary were obtained
in [RT]. Interior observations with boundary is discussed in [BLR2]. The strategy
follows [RT].

In addition to the hypotheses of the last section, we suppose that

f Nn is an embedded compact connected
(3.1)

manifold with boundary.

In ]0, T[ x f we suppose that

(3.2) P(t, x, D,, D,,) u 0 in ]0, T[ x f

with p as in 2. At 0f, we impose the boundary condition

(3.3) Bu=O on]0, T[x0O.

On each component of 0, B is a differential operator of degree zero or one with
smooth coefficients, and OM is noncharacteristic for B. The order of B may vary from
one component of 0f to another. We suppose that

(3.4) P, B is L2-well-posed forward in time.

The meaning of this is the folio.wing. For Cauchy data (Uo, Ul) and tl [0, T], consider
the initial value problem

Pu=O on ]tl, T[x, Bu=O on ]tl, T[xf,

u(t,,’)=Uo, and u,(t,.)=u,.

If Uo, Ul C(f), then the initial value problem determines all the derivatives
D,.,U(tl, X), x(. In particular, OjBu(tl, x) for xO is determined by Uo, U. A
necessary condition for the existence of a solution smooth on [tl, T] x f is that all
these derivatives vanish. Let CDB(t) denote the set of Cauchy data for which such
a smooth solution exists. The above remarks show that

CO,,B(tl) {(u0, u,)G C(fi)2: oBul,:,,oa=O,j=O, 1,...},
where the derivatives OBu are determined by uo, Ul and the equation Pu =0. The
Cauchy data on the right are said to satisfy the compatibility conditions to all orders
(see [RM]).

DEFINITION. The operators P, B are L -well-posedforward in time if, for every
and all Cauchy data satisfying the compatability conditions to all orders, there is a
unique smooth solution of the mixed problem, and there is a constant c independent
of 0-<_ tl _-< t2-<_ T and u, such that the solution satisfies
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Cases of particular interest are Dirichlet’s condition, BDiru U, and operators of
Neumann type

(3.5) BNeumO,+b(t,x),

where b is smooth on 0fl and 0 is the normal derivative associated with P, that is,

(3.6) 0,, =-- aii( t, x)ui(x)O2
with u denoting a smooth outward pointing conormal to 01). The boundary operator
is allowed to be of different type on different components of OM. The operator
B O, + a(t, x)O, with a >= 0 is well-posed forward in time, but if d > and a is not
identically zero then P, B is not LZ-well-posed backward in time. Miyatake has given
necessary and sufficient conditions for L2-wellposedness (see [Mi], [G]). Propagation
of singularities for all boundary conditions satisfying (3.4) is treated by Melrose and
Sjostrand [MS2].

We consider observations made on an open subset Fc ]0, T[ 0. Since the
boundary is noncharacteristic for P, observation of the Cauchy data in F determines
all the derivatives of u on F. Since we have one homogeneous boundary condition, it
suffices to make one measurement. Thus, if B BDir, we suppose that O ulgli" is observed,
while if B is of order one, then ulr is observed.

Main question. Is the solution in ]0, T[ l) determined by the observations on F,
and if so, is the map from the values of u and V,,xu on F to u in ]0, T[ f continuous ?

Some information is provided by classical theorems. If the coefficients of P are
real analytic, the Holmgren uniqueness theorem implies that observations on a neigh-
borhood of a point (_t, _x) in F determine u on a neighborhood of (_t, _x) in ]0, T[ f.
When n > 1, f {xn > 0} is a half-space, and P has constant coefficients, Hadamard’s
test functions, exp (izt + i’x’) exp (sCnx.) with z, ’ real and Re (sc) > 0, show that this
local determination is discontinuous.

The global Holmgren theorem of Fritz John yields global observability criteria
(see [Ru, Thm. 5.2], [RS]). We give a representative result when F ]0, T[ x o) with
w c 0f. For two points x and y in f, let distn (x, y) be the infimum of the lengths of
smooth curves in f connecting x to y.

THF.OgEM 3.1. Suppose that P has real analytic coefficients on [0, T] x f and that
the local sound speeds ofPare all greater than or equal to s. Let L sup {dista (x, y)" x w

and y f}. If T > 2L/s, and u @’( ]0, T[ N’) satisfies
(i) Pu =0 in ]0, T[ x
(ii) The Cauchy data of u vanish on ]0, T[ x w,

then, u vanishes on ]0, T[ x f.
The fact that u is an extendable distribution and the boundary is noncharacteristic

implies that the derivatives of u have well-defined limits in ’(F) the limits taken from
inside ]0, T[ f. In particular, the Cauchy data at F are well defined. Note that in
Theorem 3.1, no boundary conditions at all are required outside of ]0, T[ x F. This
fact, the reliance on real analyticity, and Hadamard’s construction should make us

skeptical about the continuity of the reconstruction map. In fact, Theorem 3.1 proves
uniqueness in many situations where reconstruction is not continuous (see Theorem
3.2 and the beginning of 4).

Solutions of the boundary value problem (3.2), (3.4) describe waves with finite
speed of propagation. Finite speed of propagation implies that we must observe on a

sufficiently large set. For example, if the local sound speeds are always less than or
equal to o-, then observation on [0, T] x o) for T < L/r is insufficient to determine u.
To see this, note that we may choose u with nonzero initial data supported in a small
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neighborhood of a point y f with dist (y, w)> T. Such a solution will vanish on an
f neighborhood of [0, T] w.

By considering propagation of singularities instead of propagation of supports
we find a necessary condition that is very nearly sufficient. The key objects are the
rays of geometric optics.

In the generic case, the order of contact between a bicharacteristic and the
boundary, O(T*( x f)), never exceeds three. For real analytic operators and boun-
daries, the order is never infinite. The arguments of [Ho, 24.3] and [Ta, Chap. IX]
show that there are solutions of (3.2), (3.3) concentrated as close as we like to any
generalized ray that has at most finite order of contact with the boundary. This
immediately yields the following necessary condition.

THEOREM 3.2. Suppose that P, B is L2-well-posed forward in time and that 3’ is a
generalized bicharacteristic such that

y never passes over [0, T] x F,
(ii) atpoints ofy, Hp has at mostfinite order ofcontact with 0 T*( x f) ffl {0 _-< =< T}.
Then, for any s >=0, there is a sequence of solutions Uk CC*([0, T]x) to (3.2),

(3.3) such that
(i) ukl],, and OUkl],. converge to zero in C]0, T[ x F),
(ii) Uk 11H.(0, ra) 1.
This shows that to have continuous reconstruction, F must intersect the ray

corresponding to every such y. As indicated in the last section, waves can follow rays
that just kiss OM without leaving an appreciable trace. It is not wise to try to observe
such waves at the point of tangency. We should observe every ray at a nondiffractive
point. At first, we suppose that infinite order contact does not occur,

(3.7)
Hplchar(P has at most finite order

contact with 0T*(E xf) fl {0 -< -< T}.

In this case, we say that rays have finite-order contact with the boundary.
THEOREM 3.3. Suppose that P, B is L-well-posed forward in time, that rays have

finite-order contact with the boundary, and that F c ]0, T[ x 0f has the property that
every compressed generalized bicharacteristic of P passes through a nondiffractive point
in T*(F). Then there is an e > 0 so that if s [ and u H-l(]0, T[ x f) is a solution

of (3.2), (3.3) with D,,,u[v H’-l(F), it follows that u H(]T-e, T[xf) and there
are constants c > 0 and c such that

(3.8)

Proof Let

X {u gs-l( ]0, T[ x )" (3.2), (3.3) hold and D,,xul,. n-(r)}.

X is a Hilbert space with

Ilull , u / Ou 2H-’(l’)
Combining Theorem 2.2 and the propagation of singularities, we will show that X
H ({ T} f), that is, the elements of X are H at each point of the compact set { T}
To do that, it suffices to show that for any p T*(M), with t(p) T, u H (p), and,
for any q T*(OM) with t(q)= T, u H’ch(q).

If pchar(P) or if q WU , the desired regularity follows from microlocal
elliptic regularity theorems (for example, [Ho, Thm. 20.1.14] treats the boundary case).
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If p char (P) (respectively, q 3fi_J ), then since (3.7) is satisfied, there is exactly
one compressed generalized bicharacteristic passing through p (respectively, q). Denote
by y the corresponding generalized bicharacteristic. By hypothesis there is a nondiffrac-
tive point ql T*(F) belonging to the compressed bicharacteristic . By Theorem 2.2,
the solution u belongs to Hh(ql). Denote by y+ the part of y with >- t(q). We will
show that u is microlocally H at each point of + by showing that u is the sum of
two terms, u U + U2, with U H’(]0, T[ fl) and + f3 WFb (U2) .

Here WFb denotes the wavefront set in the compressed cotangent bundle
T*(M)\0U T*(OM)\O as defined in [MS1]. In that reference, WFb u is defined for
extendable solutions of Pu C(M). Unfortunately, our function U2 does not satisfy
Pu C, so the definition of WFb (Uz) requires care. We take advantage of the intrinsic
theory of Melrose as described in [Ho, 18.3]. The key result is that WF is well
defined on a natural class of extendable distributions, denoted N, which has the
following properties:

(i) N contains all extendable distributions that satisfy Pu C(M)
[Ho, Cor. 18.3.31];

(ii) is invariant under tangential pseudodifferential operators, and WF behaves
in the natural fashion when such operators are applied [Ho, Thm. 18.3.32].

Choose X(t) C() with X =0 for t<t(q)- and X 1 for t>=t(q). The small
6 e ]0, t(q)[ will be specified below. Let

f P(xu) and g-- B(xu).

Then f and g belong to 2, are supported in t(q) 6 < -< t(q) and for -> t(q), u is
equal to the solution U of

PU=f, BU=g, and U=0for t<t(q)-&

The right-hand sides are written as the sum of two terms, f=f +f2 and g g + g2.

The first summands are equal to f and g microlocally at q, and the f belong to
Toward that end, introduce local coordinates y such that M {Yn > 0}, and the differen-
tial operator can be replaced by D + R(y, D’). Abusing notation, we call the latter
operator P.

Choose a(y’, ’) homogeneous of degree zero in ’ and supported in a small conic
neighborhood of q on which u Hh ulo4 H’, and OnuloM H-. Choose q C()
identically on a neighborhood of {0} and supported in a very small neighborhood of
that point. Let A(y, D’)= q(y,)a(y’, D’). Choosing 6 and the supports of a and
small enough, we have A(y’, ’) equal to one on a conic neighborhood of
{It t(q)[ _-< 6}, and, for any tangential pseudodifferential operator A(y, F’) with essen-
tial support contained in that neighborhood,

u H(M), UloM H’(OM), and OnUloM H-(OM).
Let f =-Af and g Ag. Then, with the supports chosen as above, f,f

[Ho, Cor. 18.3.31 and Thm. 18.3.32] yields

VI WFb (f--f) and fl WFb(g-- gl)

The fundamental result of Melrose-Sjostrand [MS2] extended to the W category as
in [Ho, Thm. 24.5.3] implies that CI WFb(g2) .

On the other hand,

PXu xPu + P, X]u DOp u + C,
SO

fl APxu DOp Au + [A, DOp]u + C.
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The first term belongs to H"-, and the commutator is a tangential pseudodifferential
of degree zero with essential support contained in that of A, so the second term belongs
to H(OM). Thus fl H’-(OM). Write B= a(y’)On +(y’, D’) with /3 a differential
operator of degree one. Then

gl ABxu AxBu + A[B, X]u C+ A(y’, D’)u,

where the essential support of A is contained in that of A, so the last term belongs to
H-I(oM) (H where B BDr). Since P, B is L2-well-posed forward in time, it follows
that U H’(]0, T[ x f).

This proves the desired decomposition of u, and we conclude that u is microlocally
in H’(p) (respectively, Hh(q)). Thus uH’({T}xf), so there is an e>0 so that
u H" T- e, T[ x ). In fact, the above proof produces an e > 0 that is independent
of uX.

The closed graph theorem applied to the inclusion X H(]T-e, T[ x f)
yields (3.8).

Turn next to the modifications that are needed when (3.7) is violated. The main
difference is that we do not have unique generalized bicharacteristics passing through
points of T*(N x f). To show that u is microlocally regular at a point, we must consider
a possibly infinite number of compressed generalized bicharacteristics terminating in
that point. The simple compactness argument in the previous theorem must be but-
tressed somewhat.

Denote by N, for bad, the set of glancing points in T*(OM) that are not non-
diffractive. Thus (T*(0M)\0)\N is the set of nondiffractive points. The hypothesis of
the last theorem is that every compressed bicharacteristic passes through a point of
T*(F)\N.

Denote by N the closure of N in T*(OM)\O. The complement of N in T*(OM)\O
is the set of stably nondiffractive points, that is, the interior of the nondiffractive points.
The hypothesis of the next theorem is that compressed bicharacteristics pass through
points that are not only stably nondiffractive but stay away from the boundary of the
stably nondiffractive points. Note that the hyperbolic points and the gliding points are
stably nondiffractive.

In the cosphere bundle T*(OM)\O)/+, 1 CI {0_-< _-< T} is compact. Identify the
cosphere bundle with OM x Sn, which is a metric space with the distance induced from
OMxn+"

THEOREM 3.4. Suppose that P, B is L2-well-posedforward in time and F c ]0, T[ x 0f
has the property that there is a conic neighborhood of such that e)ery compressed
generalized bicharacteristic ofPpasses through a point of T*(F)\0 Then the conclusions

of Theorem 3.3 are valid.
Proof. Choose e so small that the set of points in (T*(F)\0)/N+ at distance less

than or equal to 2e from to {0 -< t_-< T} CI /N+ is contained in C.
Let ’ be the set of points in T*(F)\0 with image in (T*(OM)\0)/R+, whose

distance to {0-< t_-< T} f3 N/R+ is less than or equal to e.

First, we show that there is an rn > 0 such that every compressed generalized
bicharacteristic passes through a point in {t_-> 1/m}CI T*(F)\ff’. If not, there would
be a sequence of generalized bicharacteristics "Ym, m 1, 2,. ., such that "m never
meets {t=> 1/m}(-] T*(F)\’.

Let T/2, xm, %, , be the point over T/2 that belongs to Yn. By homogeneity,
we may suppose that ’m +](ml= 1. Passing to a subsequence, we may suppose that
the Ym converge to a limiting generalized bicharacteristic, y. By hypothesis, there is a
t ]0, T[ such that (t) T*(F)\ff. By construction, ym(t) converges to y(t).
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Since 7(t) is nondiffractive, the bicharacteristic (exp sHv)y(t) passes over the
exterior of M for arbitrarily small s. Choose such an s =_s so small that the closed
interval I from to _s is contained.in ]0, T[ and (exp sHv)y(t) passes over T*(OM)
only at points of T*(F)\ for s /. It follows that for m large there is a tm I such
that m(tm) T*(F)\7’. In particular for rn large Ym passes over nondiffractive points
of T*(F)\’ for > min (t, s) violating the choice of

As in the proof of Theorem 3.3, it suffices to show that for s =< (do not confuse
with s of last paragraph)

p T*([ ) with t(p) T =e u H(p)

and

q T*(N xof) with t(q)= TuH.h(q).

For such points, let c denote the set of compressed generalized bicharacteristics
through p (respectively, q). For each 3 , choose a point q /{t >- 1/m}
T*(F)\7’. Denote by Y{ the closure of {+%} in T*(OM)\O. Then y{c {t > 1/rn}(’l
r*(r)\’.

The decomposition performed in Theorem 3.3 with a compactness argument using
the fact that Y{ is compact in the cosphere bundle expresses u u + u2, with u
H ]0, T[ x f) and

Pu2 0 in ]0, T[ x f, Bu 0 on ]0, T[ x f, WFb (1"/2) ("] if{" .
In doing this, it is important that if{ is contained in {t > 0} since the evolution defined
by P, B is only forward well posed.

If u were not in H(p) (respectively, Hch(q)), then p (respectively, q) would
belong to WFb(u2). Since the problem is forward well posed, the propagation of
singularities theorem of Melrose and Sjostrand implies that there would be a bicharac-
teristic in that lies in WFb (u2). In particular WFb (u2)[’l if{" . This contradiction
proves that u HL(p) (respectively, H’ch(q)).

The next result eliminates the hypothesis u H’- from the previous two theorems.
COROIARY 3.5. If the hypotheses of.Theorem 3.3 or Theorem 3.4 hold, then an

extentable distribution, u, satisfying (3.2), (3.3) for 0< < T and D,,u[v H-(F) must

belong to H( T- e, T[ x ).
Proof Suppose that p T*([ T- e, T- e/2] x f) (respectively, q T*([ T- e, T-

e/2]x0f)). We will show that u is H at p (respectively q). Hypothesis (3.4) then
yields the desired conclusion.

If p is not in the characteristic variety or q is not U , then the points do not
belong to WFb u, which is more than sufficient.

In the other cases, first suppose that (3.7) holds as in Theorem 3.3. Let be the
backward compressed generalized bicharacteristic passing through p or q. Then there
is a nondiffractive q T*(F) on "7. It is sufficient to show that u belongs to H along
+., the forward part of from q.

Since u is an extendable distribution, there is an _sen such that. u H(r(ql)).
The proof Theorem 3.3 then shows that u Hmin(+")(y+). By induction, we prove
that u Hmin(+k’s)(y+) for all k.

The modifications needed under the hypotheses of Theorem 3.4 resemble the proof
of that theorem and are omitted. [3

DEFINITION. An extendable distribution u satisfying (3.2), (3.3) for 0< < T is
called invisible if u[v 0 and Oulv O. The set of all invisible solutions is denoted .

COROIIARY 3.6. If the hypotheses of Theorem 3.3 or Theorem 3.4 hold, then the
set of invisible solutions is a subspace of C([ T-e, T] x ).
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Proof Corollary 3.5 implies that u belongs to H(]T-e, T[ x
Thus u

To obtain more detailed information, we suppose in the remainder of the section
that the boundary value problem P, B is reversable in the sense that

(3.9) P, B is L2-well-posed both forward and backward in time.

The operators of Dirichlet and Neumann type satisfy (3.9), while 0 + aO,. does not
when d > and a => 0 is not identically zero. Necessary and sufficient conditions follow
from Miyatake’s characterization [Mi], [G].

A first consequence is that is contained in C([0, T] x 1), since solutions that
are smooth near T are smooth for < T because P, B defines a good backward
evolution. In the same vein, solutions of (3.2), (3.3) that are H near T are H on
]0, T[ x12. Thus the conclusions of Theorems 3.3 and 3.4 can be strengthened to
u H(]0, T[ x f), and (3.8) can be strengthened to

(3.10)

COROLLARY 3.7. If, in addition to the hypotheses of Theorem 3.3 or Theorem 3.4,
P, B is L2-well-posed backward in time, then

(i) 5 is a finite-dimensional subspace of C([0, T] x 12);
(ii) If u is an extendable distribution that satisfies (3.2), (3.3) for 0<t< T, ul.

H(F), and Dt,xulj. H-I(F), then u H(]0, T[ x l)) and the values of the traces
determine the class of u in H ]0, T[ x 12)/5;

(iii) The map from the traces to H/ is continuous.

Proof For invisible solutions, (3.10) shows that the HL(]0, T[ x 12)-norm of u is
dominated by a constant times the H-l( ]0, T[ x 12)-norm. Since the imbedding of H
in H’-j is compact, Riesz’s theorem implies that the set of invisible solutions is
finite-dimensional.

Corollary 3.6 implies that the invisible solutions belong to C*(]T e, T[ x 12).
Since P, B is well posed forward and backward in time it follows that u C([0, T] x ).

Assertion (ii) is just the definition of .
To prove (iii), we must show that there is a constant c > 0 such that

(3.11)

for all extendable distribution solutions of (3.2), (3.3). The proof is indirect. If (3.11)
were violated there would exist a sequence un for which the left-hand side tends to
zero and ]]Unl]u"/.,--1. Choose , such that

(3.12)

Estimate (3.10) applied to Un + in implies that

(3.13) 0 < lim inf Un "- in II-."-’< o, t>-
Since Un + in is bounded in H, Rellich’s compactness theorem implies that we may
select a subsequence, still denoted Un + in, that converges strongly in HS-(]0, T x 12)
to a limit u. The limit is nonzero thanks to (3.13).

Since Un- in satisfies (3.2), (3.3), passage to the limit shows that the same is true
of u. Then, O(u, + i,) (respectively (u,+ i)lo,ro) converge to Ou (respectively,
U]10.To) in H"-s/(]0, T[ x0f) (respectively, HS-3/2(]0, T[ x 0f)). Thus u .

Finally, applying (3.10) to the difference Un+in--U, yields Un+i,-u-O in
H(]0, T[ x0f). This shows that Un converges to zero in H/, contradicting
(3.12).
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Example. Let d 1.12 ]0, 1[, P I-q, and B 0x + 0, for x and B BDi for
x- 0. Waves moving to the right are not reflected at the right-hand boundary x--1.
Thus, if F--[0, [ x {x =0}, then initial data that launch no leftward-moving waves
are invisible. Therefore the infinite-dimensional set of initial data satisfying
Ox)u(O, x)=0 are invisible. This shows that a backward wellposedness hypothesis is
needed.

In summary, the natural necessary condition for continuous recovery yields
recovery modulo the finite-dimensional set of smooth invisible solutions. When F is
of the form ]0, T[ x co corresponding to observations on a fixed subset independent
of time, and the coefficients of P and B do not depend on time, the next theorem
asserts that there are no invisible solutions, and we have continuous recovery.

THEOREM 3.8. In addition to the hypotheses of Corollary 3.7, suppose that F
]0, T[ x co and the coefficients ofP and B do not depend on t. Then 5 {0}. In particular,
observation of u and D,,xu on F determine uniquely solutions of (3.2), (3.3). The recovery
map is continuous from HS(F) H-(F) to H(]0, T[ f).

For some problems with real analytic coefficients, the conclusion 5 {0} can be
proved using Fritz John’s global Holmgren theorem. This requires neither time-indepen-
dent coefficients nor time-independent F.

Proof We know that 5 c C. The time independence hypotheses imply that if u

belongs to 5 then so does Otu. Thus 0, is a linear map of the finite-dimensional space
5 to itself.

If 5 {0}, this map must have an eigenvalue A and nonzero eigenfunction u. Then
u, Au in ]0, T[ 12, so u e’v(x) for a v C(l)). The differential equation satisfied
by u implies that

A2v-Z aij(x)OiOjv-Jf-Z ai(x)Oil)+ Aao(X)v:O.

The fact that u is invisible implies that vlo --0 and Dxvl,o 0. The unique continuation
principle for second-order elliptic equations implies that v vanishes identically in f.
It follows that u-= 0. This contradiction proves that 5 {0}.

To compute the recovery map numerically, we can proceed as follows. For s

denote by X the set of H solutions to be observed

(3.14) X {u @’(]0, T[ a): (3.2), (3.3) hold and D,,ulr H-’(F)}.

Corollary 3.7 shows that X is closed in H ]0, T[ 12) and is a Hilbert space with norm

The observation map O:X"- H(F) is defined by u ulr for B of order one and
u O,ulr for B Bii. The recovery problem is to find u satisfying Ou =g with g
given in the range of O. When 5 {0}, (3.11) shows O* is one-to-one on the range of
O, so it suffices to solve O*Ou O*g. This is equivalent to (Ou, Oq)x (Oq, g)x for
all q X’, which can be taken as the starting point for a Galerkin method.

The problem of describing exactly the solutions with observed values of D,,xulr
belonging to H- is quite delicate. We end this section with two useful results in this
regard. Define X as above. Then standard trace theorems in the Sobolev spaces
H( ]0, T[ 12) show that for s > 3/2

(3.15) X {u H"+’/2( ]0, T[ 12): (3.2), (3.3) holds}.

For smaller s, partial hypoellipticity at the boundary [Ho, Thm. B.2.9] yields the same
result. The proof proceeds as follows. Use (3.9) to extend u to a solution of (3.2), (3.3)
on ]a, b[ 12 with a <0< T< b. In local coordinates such that M ={x>0} (this
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variation of our usual notation is to agree with that of [Ho, App. B]. The regularity
,,.)(d) of Hormander [Ho, App. B.2] is u (o,s) andof u and Pu in the spaces H( -+ uoc

/._/ioc /_./IocPu -,(,o). Theorem B.2.9 yields u ,,(,s_) for all r. Take o* to see that
/._/Iocou ,(o,-). For a boundary point _x in the coordinate neighborhood, choose a

4’ C(+) identically one near _x and supported in the neighborhood. Let x x, x’
and D D1, D’. Then

(D’)-’/2(qu) L2( ]0, oz)[- H1/2([xd,))

and

(D’)L-(’/2.D,(qtu) L2(]0, [" H-’/(d,)),

so /UIM H-/2(d,). Thus UIM Hi’o-/ and (3.15) follows.
In general, we cannot do much better than the sandwich HS+/2)XH.

However, if the boundary condition satisfies the uniform Lopatinski condition of
Agmon-Kreiss-Sakamoto (see [CP], [Sak]), then H solutions satisfy automatically
D,,,U[o, H’-(]0, T[ f). Of our simple examples, BDi and 0, + aO, with a
nowhere zero satisfy the condition, while BNum does not. When the uniform Lopatinski
condition is satisfied, it follows that the inclusion (3.15) is an equality. The above
discussion is summarized in the next result.

COROLLARY 3.9. If the hypotheses of Corollary 3.7 hold, then X" H( ]0, T[ x 1))
and (3.15) holds. If, in addition, B satisfies the condition of Agmon- Kreiss- Sakamoto,
then, for all s ,
(3.16) X { u H ]0, T[ x O)" (3.2), (3.3) holds }.

4. Boundary control of waves. This section is devoted to the exact controllability
Theorem 4.9, which is dual to the results of the last section, particularly Corollary 3.7.
We treat a scale of spaces covering a complete range of regularities. This requires a
discussion of some technical questions related to compatibility conditions at the corner
{t =0}x0a.

Suppose that P and B are as in (3.2), (3.3), and F is an open subset of ]0, T[ x
The basic problem is to steer a solution of Pu 0 by way of controls exerted in the
set F. Toward that end, consider a control g @’(N x0) with F supp g and solve
the boundary value problem

(4.1) Pu=O inNx,

(4.2) Bu=g on

(4.3) u=0 for t<0.

The goal is to choose g so as to steer the solution so that the Cauchy data at time T,
(u(T), u,(T)) is a desired final state. This amounts to studying the map

(4.4) K g - (u( T), u,( T)).

We are particularly interested in finding situations when this map is surjective or nearly
SO.

Increasing the space from which the controls g are taken or decreasing the size
of the target space makes the task of exact controllability easier.

The existence of localized solutions, Theorem 3.2, showed that the rays ofgeometric
optics play an essential role in the problem of observability. For controllability, it is
the theorem of propagation of singularities that shows that the rays are crucial. If there
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is a compressed bicharacteristic , which never passes over F and never makes
infinite-order contact with the boundary, then, propagating regularity from the past,
it follows that for any solution of (4.1)-(4.3), is disjoint from WFbu. Thus u is
microlocally smooth along and even microlocally real analytic if f, P, and B are
real analytic Sj]. In either case, the achievable states are infinitely smooth at f3 T}.
The conclusion is that if we want steerability to all states in Ck([T, oo[ x) for k
sufficiently large, then we must control on a set large enough to encounter every ray
of geometric optics.

This has an intriguing consequence for HUM. The space of achievable solutions
is dual to the space F of Lions. Thus, if F misses , then F is not contained in a space
of distributions of order -k for any k N. Even more striking, if P, B, and f are real
analytic, then the space F contains elements that are not distributions. This has been
observed in a special case by Haraux [Ha2].

For the basic problem to make sense, we must suppose that P, B generates a good
time evolution forward in time. On the other hand, if P, B is not well posed backward
in time, then signals may suffer an irreversible loss when they interact with the boundary.
If we control before such an interaction, the effect of the control is likely to be lost.
Thus, to achieve a state at time T, we are forced to control at all points of { T} x 0f.
This is dual to the fact that, for such systems, observability forces us to observe on
the entire boundary at 0. If the boundary condition is irreversible only on a subset,
we are forced to control on that subset at T. We will not pursue these ideas but
assume that the boundary condition B is well posed both forward and backward in time.

We use the following criterion.
THEOREM 4.1 (Banach). Suppose thatXand Yare Banach spaces and that K X - Y

is a continuous linear map. Let K’ Y’- X’ be the transpose. Suppose that I" is a norm
on Y’ such that the identity mapfrom Y’, to r’, is compact. If there are constants

cl > 0 and c2 such that for all y’ Y’

(4.5) IlK’y’llx,>= clly’]] ,- c2]y’l,

then the nullspaee of K’ is finite-dimensional, and the range ofK is equal to the set ofy
annihilated by nullspaee(K’).

Remarks.
1. In our applications, the spaces will be Hilbert spaces, and we use the word

"transpose" to avoid confusion with the Hilbert space adjoint, which is very nearly the
same object.

2. To apply this result, we must choose appropriate spaces X, Y. This choice is
dictated by the inequalities of type (4.5), which we can prove for K’.

3. The best case is when c2--< 0, in which case K is surjective.
To compute K’, consider K as a map from data in C(F) to the Cauchy data at

time T of smooth solutions, denoted CD.(T). All of our spaces of controls contain
C(F), and all of our target spaces are subsets of CD(T)’, so the desired transposes
are all restrictions of the transpose of K" C(F) CD(T).

To expose the essential features, we consider first the case of P equal to the
D’Alembertian and B BD. In that case, the space CD,(T) is exactly D(A)x
D(A), where

(4.6) D(A)---- ffl D(A;), D(A;)={ueH2(f).(A;u)loa=O forj<_-n-1}.

If q)j(x) are real orthogonal normalized eigenfunctions of AD arranged with eigenvalues
nonincreasing, then D(A) consists of functions with rapidly decreasing Fourier
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coefficients

u=Z ujqo, sup{jNlul’j6Nl}<oo for all NN.

D(A) is a Fr6chet space.
Elements of C(I)) act as elements of the dual of D(A) by integration,

u (u, )= f u(x)6(x) dx Y u;O;,

where are the Fourier coefficients of . With this pairing, D(A) is weak star dense
in D(A)’ and the dual of D(A) is identified with the set of Fourier expansions with
coefficients of polynomial growth.

Thus, to identify K’, it suffices to identify its action on D(A) x D(A). Toward
that end, suppose that (o, 6l) D(A) x D(A) and consider

(4.7) (Kg, (o, 6l)) f u(T, X)6o(X)+u,(T, x)th,(x) dx.

The key to the next computation is Green’s identity

f]O,Tn uF-]qt- qDu dt dx f uq, u,qt dx "=
(4.8)

+ f]o.7-[on OOu uOdd dt do’.

Choose as the solution to

(4.9) I--ltp 0, q’lax0 0, q(T) -q,,, 6,(T) 60.
This yields

(4.10) (Kg, (o, Ol) gOq dt do’.
O, T[OI

This proves that K’((go, q))=0vqlv, where q is the solution of (4.9). Here
C(N x 0f) acts as an element of the dual to C(F) by integration with respect to dtdo-.

This result extends to general (o, Ol) (D(&)x D(ZX))’ once the solution of
(4.9) with such initial data is defined. In this simple case, we have the explicit formula

(COS ((--AD)/2(t-- T)))qo- (sin ((--AD)’/2(t-- T)))(-AD)-’/24t
(4.11)

=Y [(6o).j cos ((-A.)l/2(t T))-(O) (sin ((-A)’/2(t T))/(-A;)’/2)]%.
Since [Z]6=0 in the sense of @’([xf) and Ix0O. is noncharacteristic, the trace
0,)lv is well defined, and identity (4.10) extends by continuity to all g C(F) and
(qo, 6,) (D(A) x D(A))’.

TEORM 4.2. Suppose that P=, B= BDir; then K" C(F) D(.fi,) D(A)
defined in (4.1)-(4.4) has transpose given by K’((o, ))=Oq,[v, where is the solution

of (4.9) defined above.
For general P, B, the identification is similar. Lost is the simple explicit formulas

for CD.n(T), CDn(T)’. In addition to being smooth on f, the elements of CD
satisfy an infinite set of compatibility conditions at 012. When P and B are time
dependent, these conditions may be time dependent. If the coefficients of P and B do
not depend on time, then CD is time independent, and a description of intermediate
complexity is possible (see [RM, Remark 1.2]).
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As in Theorem 4.2, the description of K’ involves the solution of an initial boundary
value problem with initial data in the dual of CD.B(T). The boundary condition on
x 01) is the adjoint boundary condition, B’u 0. The key properties of this condition

are that P’, B’ is well posed with time running backward whenever P, B is forward
well posed, and the evolution operator for P’, B’ gives the transpose of the evolution
operator of P, B. If B BDir, the adjoint boundary operator is also BDir. For B of
order one with x 0f noncharacteristic, we may multiply by a nonzero smooth function
on the boundary to replace B by

(4.12) B 0 + Al(t, x, D,.x) + Ao(t, x) 0 + A,

where A1 is a vector field tangent to N x 0f, Ao is a smooth function on the same set,
and 0n is given by (3.6). The Ai may be complex. A special role is played by time
derivatives that may occur in A1, so we write

(4.13) A1 a(t, x)O/Ot +terms in O/Oxj.

For u and smooth on [0, T] x , Green’s identity reads

fo,-a uP’4,- OPu dt dx= f uq,,- u,4, dx ’=,=o
(4.14)

+ I qOu uO dt do’.
0, T[xO)

When u satisfies (0, + A)u =0, the boundary term becomes

f OAu + uOO dt do’.
0, T[ 0[2

Green’s identity simplifies exactly when 0 satisfies (0+A’)0=0, where A’ is the
transpose of the operator A on N x 0f with respect to the measure dt do’. For B as in
(4.12), the adjoint boundary operator is defined to be B’--O+ A’. If 4’ satisfies the
adjoint boundary condition B’0 0 on N x 0f, we have

(4.15) I1 uP’q’- q’Pu dt dx f uq" u’q’ dx l’=- fo auq’ d l’=r=0 =0
0,T[ f

If u @’( x Re) satisfies Pu 0, then the derivatives of u have well-defined traces
at the boundary, since it is noncharacteristic. There is no difficulty in defining solutions
of Pu =0, Bu =g for u @’(Nxfl) and g @’(Nx0fl). If u and g vanish for t< to,
such solutions are uniquely determined by g. The situation is not so simple for the
initial value problem

(4.16) Pu =0 on ]0, T[xR, Bu=O on ]0, T[xoE,

(4.17) u(0,.)= Uo(’), and O,u(O,.)= u(0,.) on

when the Cauchy data are distributions. The traces of u and u, define distributions on
f, but these distributions need not uniquely determine the solution. The difficulty
comes from the presence of the corner { 0} x 0f and is discussed in [RM, 5]. The
action of the initial data must be given on a larger class of test functions than
to sense the values at 0f. In the example of F-], BDir the Fourier expansion method
suggested the data be taken from (CD)’. The same result is correct in general.
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We introduce some notation that aids the exploitation of (4.15). Define a bilinear
form, [.,. ], on C(O) x C(O) by

(4.18) [(uo, u,), (Oo, O,)]=- u,Oo- uoO, ax + aUoOo do’.

Denote by U(t) the Cauchy data, (u(t), u,(t)), and similarly (t). If u is a smooth
solution of Pu O, Bu- 0, and is the smooth solution of P’0 F @(]0, T[ x f),
B’6=0, 6=0for t->T, then

(4.19) f uFdt dx [(Uo, u,), (0o, 0,)] U(0), (0)].
d

This suggests that U(0) should be restricted to lie in a class of distributions so that
the right-hand side of (4.19) makes sense. In this way, the initial data U(0) are viewed
as linear functionals on CD,,(O). The next two propositons show how solutions with
such data are constructed.

PROPOSITION 4.3. The map (Uo, u)- [(Uo, u), .] injects CD(t) onto a dense
subset of CD,,u,( t)’, where the latter space is given the weak star topology.

Proof If Uo, u is sent to the zero linear functional, then for 6o, 6 in @(f) we
have UoO-UOo dx=O, so u9 vanish in f. Since u C((), this suffices to show that

UJ 0.
To show that the image is dense, it suffices to show that there is no element (o, q)

in CD,,R,(t) that is annihilated by the range. For such we would have [U, ] =0
for all U CD.R(O). Considering U supported in the interior of yields 0)= 0 on. Since 0 C(), 0. 0.

PROPOSrVON 4.4. For T>0, let Sp,B" CD,B(O)- C([0, T]) be the solution
operator for the initial value problem (4.16), (4.17). Then, Sp,B extends uniquely to a

(weak star) continuous map from CD,,B,(O)’ to @’(]0, T[ 1) given by

(4.20) (Sp,aA, F) (A, (q(0), 0, (0)) ’F C(]0, T[ ),

where 0 is the (smooth) solution of the adjoint problem,

P’O= F in [O, T], B’=O on[O, T]O,

O(T," )= 0,(T, .)=0.

Proof If A= [(Uo, u),. for (Uo, u) CD,(0), then (4.19) shows that (4.20) is
valid for such A, where the injection of Proposition 4.3 is implicit. Since such A are
dense, uniqueness follows. It is easy to verify that (4.20) defines a continuous extension,
proving existence.

For (Uo, u) CD,, (0)’, the distribution Sp, s(Uo, u) is called the generalized
solution of (4.16)-(4.17) with initial data (Uo, u). Generalized solutions of the adjoint
problem are defined similarly. Note that generalized solutions satisfy Pu-0 in the
sense of @’(]0, T[ ). Since ]0, T[0 is noncharacteristic for P the traces of the
derivatives of u define distributions on ]0, T[ 0 and satisfy Bu 0 there. The initial
conditions (4.17) are valid in the sense of @’(). We emphasize, however, that (4.20)
is stronger than the union of these conditions.

THEOREM 4.5. If B is as in (4.12), then the transpose of the map K defined in
(4.1)-(4.4) is given by K’(A)= Olr, where X is the (generalized) solution of P’O =0 in

]0, T[xD,, B’O=0 on ]0, T[x&Q, with Cauchy data A 6 CD,,u( T)’ at time T. If
B BDi, then the transpose is given by K’(A)
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Proof Suppose that B is as in (4.12). Green’s identity for (0o, 01) CD,,B,(T)
and u solving (4.1)-(4.3) yields

IO,To Og dt dr f u( T, x)tp,( T, x) u,( T, x)O( T, x) dx- lo auO( T, dr.

Thus K’([’, (0o, 0)])= 0[v, which is the desired identity. By continuity, the result
follows for general functionals A CDB(T)’ from its validity on a dense set.

The case where B BDir is similar.
For s , we study the range of the operator K when the controls g are chosen

in X (F)(-I(F) if B BDir) and the hypotheses of Corollary 3.7 are satisfied,
that is, P, B is forward and backvard well posed, and all compressed null bicharacteris-
tics pass over F at nondittractive points with suitable care taken in case of infinite-order
contact. Then the LZ-wellposedness implies that Kg (u(T), u,(T)) belongs to H(t))
H-(EI). It may seem reasonable to try to apply Theorem 4.1 with this choice for the
space Y. This is not wise since the data at time satisfy compatibility conditions, so
K is far from onto. For s negative or noninteger, the description of the compatibility
conditions is sometimes not obvious. This circle of ideas is the object of the results
preceding the exact controllability Theorem 4.9. Once those preliminaries are settled,
the theorem follows easily.

For any s and k, LZ-wellposedness implies that the map from CD(t)
to C([0, T](I) is continuous if the domain space is given the H(I))x H-(t))
topology and the range the topo|ogy of C([0, T]" H-(t))). This suggests the follow-
ing definition.

DEFINITION. CD,n(t) is the closure in H() HS-() of CDn(t). CD,,n,(t)
is defined similarly.

If s’> s, then with each inclusion dense and continuous,

(4.21) CD,,B,( t)’ CDp,n( t) CD,B( t) CD,B( t).

Solutions of Pu=O, Bu=O, with initial data in CD,(t) belong to
C([0, T]" H"-(I))) for all k?; thus

Sp, t" CD,,(0)--> CI C([0, T]" H-(a)).

We denote by Sp,(t, tz) the evolution operator from CDp,u(t) to CDp,a(t2). Similarly,
Sp,,a,(tz, t) maps CD,,,(t) to CD,,,B,(t). Hypothesis (3.9) guarantees that Sp,(t, tz)
is an isomorphism with inverse Sp,(t2, t).

< t<T the transpose relationshipGreen’s identity (4.15) yields for 0 < t--

[Sp,n(tl, tz)A, WJ [A, S,,,B,(6, /1) I1’]

for all A CD(t) and CD,,B,(t2). It follows, by continuity, that Sp,,n,(t, t) is
an isomorphism of CD,(6)’ to CD,(t)’ equal to the transpose of Sp,(t, t2). The
next result lies a little deeper.

PROPOSITION 4.6. Suppose that P, B is L2-well-posedforward and backward in time,
A CD,,B,(O) ’, and u Sp,A is the generalized solution with initial data A. Then the
following three conditions are equivalent"

(i) A CD},,(0);
(ii) u CI C([0. T]" H-(I)));
(iii) u H(]0, T[ x
This proposition implies that CD,(t) is exactly the Cauchy data at time of

H ]0, T[ x fl) solutions.
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Proof We have already observed that (i) => (ii) => (iii). To prove that (iii) => (i),
the key step is the next lemma, which is like Friedrich’s classical weak strong lemma.

LEMMA 4.7. Suppose that P,B is L2-well-posed forward in time, and u
H(]0, T[ t)) satisfies Pu =0 in ]0, T[ t) and BUlo.-on =0. Then there is a sequence
u, 6 C([0, T] 1) satisfying (4.16) and

Proof The key is to mollify u with a smooth approximate delta. The regularization
is performed in coordinates that flatten the boundary, and care must be taken that the
smoothing kernel has support arranged so that the values of the convolution in
[0, T](I are determined by u in ]0, T[ tl. The correct strategy is to regularize
tangentially first, then in the normal directions. The essential techniques are exposed
in [LP], [Sar]. The result is a sequence v, C([0, T] t)) with

v. u in H"(]0, T[ ),

Pv,, 0 in H"-’(]0, T[ ),

By. - 0 in H’-’( ]0, T[ 0) (H if B BDir).

Choose F. C( ), g. C([ 0) such that supp F. and supp g. are con-
tained in {-1 < < T+ 1), F. Pv. and g. Bv. if 0 < < T,

(4.22) F,->0 in H(II),

and

(4.23) g. - 0 in H-’( tl) (H if B BDir).

Let w. C( 11) be defined as the solution of the initial value problem

Pw -F, Bw, -g,, w,=0 fort<-l.

Then, thanks to (3.4), (4.22), and (4.23), w, converges to zero in H(]-, T[ ).
The sum u, v, + w, has the desired properties.
Returning to the proof that (iii)(i), choose u. as in Proposition 4.6. Then

u,(O, ), O,u,(O, is in CD(O).
Hypothesis (3.9) guarantees that there is a positive constant c such that for all t

and t belonging to [0, T], and all smooth solutions v or (4.16)

(,," + IIo,(t,," )11 < ((,"
Apply this with tl =0 and v u,- Urn, and integrate dtz from 0 to Z The resulting
inequality, together with the fact that u, is a Cauchy sequence in H(]0, T[ x ),
shows that u,(0,. ), O,u,(O,. is a Cauchy sequence in H()x H-().

The limit is an element of CD,(O), and S,(u,(O,. ), O,u,(O,. )) converges in
H(]0, T[ x) to S,(). However, S,(u,(O,. ), O,u,(O,. )) u,, which converges to
u in the same topology. Thus S,()= Sp,(A), which suffices to show that A as
elements of CD,,(O)’. This proves (i).

The proof also shows that the norm of u in H(]0, T[ x ) and the norm of A in
CD,(O) are equivalent norms.

For 1 a s, the analogue of [RM, 3] shows that CD,(t) consists exactly of
those H()x H-() Cauchy data such that OBuJt,}o=O for Ojs-2 if B is
of order one (0j s- 1 if B Br). This characterization will not be used below.

We apply Theorem 4.1 with Y equal to CD. The next result identifies the dual
of CD.

PROPOSITION 4.8. Suppose that P, B satisfies (3.9). en, for any s, the map
CD,,,( T) [., ] CD,( T)’ extends uniquely to an isomorphism ofCD,( T)
onto CD,.( T)’.
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Proof We prove that there are positive constants cl and c2, such that, for all
q CD,,B,( T),

(4.24) CI []"tI)’]ICDiI,-,I",( T) <--]][ ",

It follows that the map of the proposition is an isomorphism onto a closed subspace
of CD,B(T)’. The density of the image follows from Proposition 4.3.

To prove (4.24), suppose that CD,,n,(T) and let 0--S,,,n,(q); so
Proposition 4.6 shows that the CDl,,(T)-norm of is equivalent to the norm of q in
nl-( ]0, T[ x f).

For F C(]0, T[ x O), let u be the solution of Pu F, Bu =0, with vanishing
Cauchy data at 0. Denote by U(T) the Cauchy data of u at [ Green’s identity
shows that [, U( T)] Fdx dt. Thus

This shows that the norm of in -(]0, T[ x )’ is dominated by a multiple of the
(CD) norm of . Since the ("-)’ norm and the H-(]0, T[xO) norms are
equivalent, this proves the first inequality in (4.24).

For the second inequality, we must estimate U, ] for arbitrary U CD,(T).
Using (3.9), let u be the generalized solution of (4.16) with Cauchy data equal to U
at Choose X C(]0, T[) with X =0 for < T/2 and X identically equal to one
on [2T/3, T]. Then Green’s identity applied with u and X(t) yields

U, ] f u[ P, X] dx dr, P, X] commutator of P and X.

Note that [P, X] is a first-order operator involving only time derivatives and with
coecients supported in T/2, 2T/3]. Choose C(]0, T[) with V identically equal
to one on the support of the coecients of [P, X].

Introduce local coordinates preserving and mapping the boundary to {x. =0}.
The integral on the right is dominated by the H(o,.) norm of u times the H(o,_.) norm
of [P, X]. The latter is dominated by the H(o,l-.) norm of . Theorem B.2.9 of [H]
shows that, since Pu 0 and P’ 0 and ]0, T[ x8 is noncharacteristic, these norms
are dominated by the H(]0, T[ x )-norm of u and the H-(]0, T[ x O)-norm of
respectively. Thus

which proves the desired estimate for [.,
THEOREM 4.9. Suppose that P, B and F satisfy the hypotheses of Corollary 3.7. If

B is as in (4.12) (respectively, B= Boil), then for any s, K defined in (4.1)-(4.4)
maps -(F) (respectively, (F)) onto the annihilator in CD,s(T) of the linear

functionals of the form [., ], where is the Cauchy datum at time T of an invisible
solution, , of P’ O, B’ O.

Thus the achievable state is an explicitly described finite-codimensional subspace
of the H solutions of Pu O, Bu 0 in >

Proo For g C(F), the solution u to (4.1), (4.3) belongs to C(" H(O))
C(: H-(O)), and the map is continuous from -(F) to this space. Thus K extends
uniquely to a continuous map, denoted K, from -(F) to CD,n(T). The strategy
is to apply Theorem 4.1 with X- ( if B= BDir) Y CD,n(T), and X’=
--+’(n) (H-,(n)if : nOir).
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Thanks to the dense inclusions (4.21), we know that the transpose of K" is the
restriction to CD’e,B(T) of K’. In particular, the nullspace of (KL) is contained in the
nullspace of K’.

Since F satisfies the hypotheses of Corollary 3.7, and the rays of the adjoint
problem are the same as those for the original problem, the conclusions of Corollary
3.7 are also valid for the adjoint problem. The characterization of K’ in Theorem 4.5
shows that the kernel of K’ coincides with the invisible solutions of the adjoint problem.
Corollary 3.7 implies that this is a finite-dimensional subspace of CD,,B,(T). In
particular, the kernels of (K) and K’ are identical.

Next, we turn to the verification of (4.5). Suppose that A Y’= CD’e,(T)’, and
let 0-= Sp,,n,A be the solution o.f the adjoint problem with Cauchy data equal to A at

T. Then, for B of order one,
K’(A) X’= H-L(F). In either case, Corollary 3.7 implies that 0 H1-’(]0, T[ ).
In addition, the analogue of (3.10) is

(4.25) K ’(A) x, > Cll[0[] H i(]0, T[xCt)--C2110 H-s(]0, T[f).

The remark following Proposition 4.6 shows that the norms on the right are
equivalent to the norms of A in tr-+e’,’ (T) and CDe’,’(T), respectively.

g- Fl-S+Proposition 4.8 shows that the ,_,e,,B,(T)-norm is equivalent to the Y’ norm.
Finally, Rellich’s compactness theorem shows that H-"+( }0, T[ x f) is compactly

included in H-(]0, T[ x
The last three assertions show that (4.25) is an inequality of the form (4.5) with

X and Y chosen as above.
Then Theorem 4.1 together with the identification of the nullspace of K" given

above proves the desired result.
COROLLARY 4.10. If the hypotheses of Theorem 3.8 are satisfied, then 5 {0} and

the set of achievable states for controls in L-I(F) ((F) if B= BDir) is exactly the
space CDe,( T).

Thus, for time-independent problems, the rest state can be steered to an arbitrary
H solution.

Examples. Suppose that P [], B BDir or B 0/0,, and F ]0, T[ x w has the
property that every generalized bicharacteristic passes over a nondiffractive point in
F. Then the boundary conditions are well posed in both directions, so Corollary 4.10
applies. We describe the results obtained upon taking s 0, 1, 2 in the following cases.

1. When B BDir, CD1=/_]rl(f) x L2(-) and CD= L2() x/_r-1. These are the
achievable states for controls in I2I(F) and L:(F), respectively. For s 2, CD2=
(H:(f) ffl ’(f))x/-]rl(fl) and the controls are in /-2(F).

2. When B O/Ou, CD= Hl(fl) x L2(-), and CD= n2(-) x H-(-). These are
the achievable states for controls in La(F) and -(F), respectively. For s 2, CD2=
{U H2(-)" Ovulo --0} X Hl(-) and the controls are in /-]r(F).

As mentioned after Theorem 3.8, the result {0} for time-dependent P, B can
sometimes be proved using the Holmgren uniqueness theorem.. Stabilization of waves. The problem of stabilization is related to but different
from the problem of exact controllability. In the problem of controllability, we are
asked to steer a solution from a known initial condition to a desired final condition
by action on F, determined from the known initial and final state. In the problem of
stabilization, we do not know the state, but hope, by intervention at F, to damp the
motion to zero. The intervention at x F is determined locally by the values of the
derivatives of u at x. We imagine a machine that reacts to the local state. A mathematical
formulation is to suppose that, away from F, we have a boundary condition representing
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free motion, while on F there is a different condition whose aim is to damp the waves.
One then wants conditions which guarantee that solutions tend to zero as tends to
infinity. What is more, we would like the rate of convergence to be uniform on bounded
sets of data.

We can often show that stabilizability implies controllability. This has been one
way that exact controllability results have been proved. This section discusses stabiliz-
ation in its own right. The exact controllability results that are consequences do not
add to the information from 3. Attention is called to one important difference. For
controllability, it is important that the boundary conditions be reversible in the sense
that (3.9) is satisfied. This is so that efforts to control the waves are not lost when the
waves undergo subsequent reflectio.ns. For stabilization, such reversibility is not needed,
and, in fact, the best stabilization is often achieved by irreversible boundary conditions.

Example. Consider u,,- uxx-0 on ]0, 1[ with boundary conditions

u,-ux[x=0=0 and u,+u[__=0.

Then, for any initial data, the solution is identically zero when _-> 1. This is completely
efficient stabilization by radically irreversible boundary conditions.

For the reversible conditions

u,- (1- e)u[x=o= 0 and u, + (1 e)u[__, 0, 0<<< l,

the evolution operator for one unit of time, S(1), has norm of order e. The irreversible
choice is best possible here.

We get good results for problems that are dissipative and time independent. More
precisely, suppose that

(5.1) P=O- Oiaij(x)Oj -[- (x), c real-valued,

and the boundary condition Bu 0 satisfies

(5.2) on each component of Olq either B BDir Or B O + a(x)o, + (x),
where a,/3 are smooth real-valued functions on 0. A class of nonlocal conditions
with links to elasticity and to absorbing artificial boundary conditions in numerical
analysis is discussed in [BHLRZ]. To simplify the expressions for the energy and the
law of energy decay, we set a-/3 0 on those components of the boundary where
B--BDir. We further suppose that f is connected.

Smooth solutions of Pu- 0, Bu 0 then satisfy the energy law

(5.3) 0,e f a(x)lu,[ 2 do’,
do

where the energy e is defined as

.(5.4) 2e(t)--= f lut]2+ai.Oiu,gj+c(x)lul 2 dx+ f (X)IUl2 do’.

We first discuss the case where the energy is positive definite in the sense that

There is a c > 0 such that

f ajo,vo+ c(x)lv[ 2 d + I (x)[wl=

for all v H that vanish on the components of Of,

where B BDi
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This is guaranteed if c_-> 0, /3-> 0 and, at least one of them is not identically zero or
B BDi On at least one component of 011. At the end of the section, we will discuss
the case where c-= 0,/3-=0 for which (5.5) is violated.

For time-independent operators, CD’p,B(t) (defined in 3) is independent of time
and is abbreviated as CDp,B. We omit the P, B when there is little chance for confusion.
Hypothesis (5.5) implies that, for U (Uo, ul) CD,
(5.6) ]l(Uo, u,)ll 2-- [ aoO,uoO,o+C(X)lVol2 dx+ [ /3(x)lvol do+llu, ll2

.Io

is a norm equivalent to the norm in H()x L2([1), which is the norm in CDP,B--

{t) H([1)" tla 0} X L2([1). If c =>0 and CD is normed by (5.6), then the evolution
operator on CD is CD-norm-decreasing. Thus the evolution operators, Sp.(0, t)
define a contraction semigroup on CD. When there is little risk of confusion, we
simply write S(t).

THEOREM 5.1. Suppose that hypotheses (5.1), (5.2), and (5.5) hold, c is not identi-
cally zero, and CDp, is normed by (5.6). Then S(t) defines a contraction semigroup on
CD1 and, as tends to +o, s-lim S(t)=O in CD1P,B"

The strong limit means that, for any U CD, [[S(t)U[ CD’-0 as t- +oo. Thus
the energy of finite energy solutions decays to zero as tends to infinity. This can be
proved using Iwasaki’s [I] criterion as in [BLR3] or using the argument of Haraux
[Hal] as in [BLR1, Prop. 8].

If u is a smooth solution of Pu O, Bu -0 in { -_> 0} x [1, then the same is true of
O,u and, more generally, Ou for anyj=> 1. Hypothesis (5.5) guarantees that for 1 _<- s,
the norm

(5.7) E II(ou(’," ), O-’ u(t, ))IIcD,,

where CD is normed by (5.6), is equivalent to the norm in Hx H-l, which is the
norm in

COROLLARY 5.2. Suppose that the hypotheses of Theorem 5.1 hold, <= s N, and
that CD’p, is normed by (5.7). Then the evolution operator S(t) defines a contraction

semigroup on CD", and, for any U CD’, IIS(t) UIIc. --> 0 as -+ +oo.
Remark. This result can be extended to nonpositive 0_-> s 7/using the duality in

Proposition 4.8, the fact that Sp,B(O, t)’= Sp,,,(O,-t), and the fact that Sp,,,(O,-t)
tends strongly to zero on CD-"p,,, thanks to Corollary 5.2.

The problem of stabilization is to determine under what conditions the decay of
S(t) is uniform on bounded subsets of CD. Thanks to the semigroup property of S
and the close relation between S on CD and S on CD" there are many equivalent
formulations.

PROPOSITION 5.3. Assume the hypotheses of Corollary 5.2 hold. Then the following
are equivalent:

1. As tends to infinity, S(t)U tends to zero in CD uniformly for U in bounded
subsets of CD l;

2. There is a T> 0 such that the norm of S(T) in Horn (CD) is less than one;
3. There are constants m and to > 0 such that ]]S( t)IIHom(CD’ M e-’’ for all >= 0;
4. For all s 77, conditions 1-3 hold with CD replaced by CD’.
The existence of finite-dimensional spaces of arbitrarily high dimension that are

localized near rays as in Theorem 3.2 shows that the geometric conditions that played
a role in observation and control are also crucial for stabilization.

THEOREM 5.4. If F-= ]0, T[ x {c > 0} and there is a generalized bicharacteristic
that does not pass over F and has at most finite-order contact with T*(N x 011), then for



1062 C. BARDOS, G. LEBEAU, AND J. RAUCH

S@, ]]Sp,B(T) llHom(CD’) 1. Even more, the intersection of the essential spectrum of
Sp,B(T) with the unit circle {Iz[ 1} is nonempty.

In particular, to have stabilization, it is necessary that there exist a T> 0 so that
every generalized bicharacteristic with at most finite-order contact with T*( 0)
must pass over {a > 0}.

This necessary condition is not far from sufficient. For sufficiency, we suppose
that compressed bicharacteristics pass through nondittractive points in T*(F).

THEOREM 5.5. Suppose that the hypotheses of Corollary 5.2 hold and that there is
a T> 0 such that F-= ]0, T[ x {a > 0} satisfies the hypotheses of either eorem 3.3 or
eorem 3.4. en, for all s Z, ]]S(T) [[Ho(C") < 1. In particular, there is stabilization.

Proof The general case where z Z follows from the case where s 1. For any
>0, let Fv], T-[x{a>}. A compactness argument shows that, for
sufficiently small, F satisfies the hypotheses of either Theorem 3.3 or Theorem 3.4.

For a finite energy solution u, use (3.8) applied to the set Fv to get a lower bound
for the energy dissipated for 0 < < Z From (5.3) the dissipation is given by

(5.8) e(O)-e(T)=f f,.a(x)u,,dtd(/2) f f,. a(x)[u,.dtd.
/2

Inequality (3.8) implies that

(5.9)

Since S is contractive in CD we have

Proposition 4.6 implies that

(5.aa) cllu(0),

Since WFb(u) T*(OM) is contained in U , on which 0, is elliptic, and
ou + aO,u +u 0 on F, there are constants c, c’> 0 such that

-c’(5.12) Ilutll(,.,/2 cllopull2(].) + cIIUIIH (1.) Ilullg2<l.o/2).
Since a >

(5.13) I j a(x),u,, dt d c

Finally, using [Ho, Thin. B.2.9] as in the proof of (3.15), yields

Combining inequalities (5.9)-(5.14), there is a c > 0 and c’ such that all finite energy
solutions satisfy

(5.15) f ,. a(x)[u,] dtd c[[u(T) u,(T)]] -c’ (0), u,(0)[[

If the last term on the right were absent, this, together with (5.9), would imply
that [[S(T)[[ N (1 +c)- < 1. Thus it remains to prove that there is a c">0 such that

(5.16)



BOUNDARY CONTROL OF WAVES 1063

If this were not the case, there would exist a sequence of CD solutions such that

(5,17) Un(T), OtUn( T)]]CD --1 and f f O{]OtUn] 2 dt do-> O.

From (5.15) we see that

(5.18) liminf[lu,(O),O,Un(O)]]CD,/2>--l/c’>O.

From (5.8) we have

lim [Un(O), O,u,(O)]lCD’ 1.

Since CD is compactly imbedded in CD 1/2, we may pass to a subsequence, still
denoted Un, such that

(Un(O), O,Un(O))- (u(O), O,u(O)) in CD ’/z.

(Un(O), O,u,(O)) )u(O), O,u(O)) in CD.
By (5.18) the limit is nonzero. From (5.17) we conclude that the solution with Cauchy
data equal to u(0), O,u(O) satisfies O,u]v=O. Thus, to complete the proof of (5.16) and
therefore the proof of the theorem, it suffices to show that the only Hi(]0, T[ x
solution of Pu O, Bu 0, which satisfies O,u]v 0 is u 0.

Denote by W the set of u H/(]0, T[ x l), which satisfy Pu =0, Bu =0, and,
O,ulv=O. For u W, (5.12) and (5.14) yield

This, together with (3.8) applied to F, with r/ small, yields

Since CD is compactly imbedded in CD/, Reisz’s theorem implies that dim (W)
Repeating the above bootstrap starting with the fact that u(0), 0tu(0) CD yields
u(O), O,u(O) CD3/2. Thus 0,u is then an H/ solution satisfying Pu 0, Bu O, ut]v O,
that is, O,u W.

Thus 0, is a linear map of the finite-dimensional space N to itself. If N were
nonempty, there would be a nonzero eigenfunction u, O,u u. Then u e’v(x). The
equation Pu--0 implies that

(5.19) -Y o,a,j(x)ajv+(A+ c(x))v=O.

If # 0, the fact that ut =0 on F implies that v =0 on F. Then the boundary
condition (0 + c (x) +/3)v 0 implies that Ov 0 in F. Then uniqueness in the Cauchy
problem for (5.19) implies that v=0.

If =0, multiply (5.19) by and integrate over tl to find that

I aijOivOj+ c(x)’v’2 dx + fl(x)’v’ dr=O"

Hypothesis (5.5) implies that v =0. Thus there can be no nonzero eigenfunctions, so
x={0}.

A unique continuation argument like the end of the proof is a crucial ingredient
in the proof of Theorem 5.1. In fact, the continuation argument can be replaced by
Theorem 5.1 as follows. The decay to zero of the solution u e*’v(x) shows that
Re X < 0. Thus e(1)< e(0), so u, is not identically zero on F, a contradiction.



1064 c. BARDOS, G. LEBEAU, AND J. RAUCH

An interesting case where (5.5) is violated is when c(x) 0,/3 0, and the boundary
operator is nowhere equal to BDir. Then constants are solutions of Pu O, Bu --0, and
expression (5.6) vanishes when v is a constant function. It is reasonable to expect that
the adjoint problem also has a stationary solution and that applying this linear
functional to an arbitrary solution u of Pu--O, Bu =0 should yield a nontrivial
conservation law. The conservation law is that

u, dx + fo a (x) u do- independent of t.

The verification is simply by differentiating with respect to time and using the differential
equation and boundary conditions. Replacing u by u-( u,(O,. )dx- au(O,. )do-)/
ado- reduces us to the study of solutions for which

dx + Io a(x)u do- O.

Denote by CD’ the set of Uo, u in CD such that

Then CD’ is normed by expression (5.6), and then (5.7) norms CD’. A proof exactly
like that of Theorem 5.4 yields the following result.

THEOREM 5.6. Suppose that (5.1) holds with c(x) O, B O + a(x)O, a >- O, and
F ]0, T[ x {a > 0) satisfies the hypotheses of either Theorem 3.3 or Theorem 3.4. For
1 <= s [, norm CD’ as above. Then s(T) < 1 as a map ofCD’ to itself In particular,
for bounded sets of data in CDk, u-( u,(O,. dx- au(O,. do-)/ a do- converges to

zero in CD at a uniform exponential rate.
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EXACT BOUNDARY CONTROLLABILITY OF THE WAVE EQUATION AS
THE LIMIT OF INTERNAL CONTROLLABILITY*

CAROLINE FABRE

Abstract. This paper presents the study of the following problem of exact controllability concerning
the wave equation with Dirichlet boundary conditions. Using Lions’s Hilbert uniqueness method (HUM),
Zuazua has given a positive answer to the problem of exact controllability when the control is distributed
and acts on an e-neighborhood of a part Fo of the boundary satisfying some geometrical conditions. The
main interest is in the passage to the limit when e goes to 0, which means when the neighborhood of Fo
shrinks to Fo itself.

Key words, exact internal controllability, boundary controllability, singular perturbations
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1. Introduction. We present here the study of the following problem of exact
controllability concerning the wave equation with Dirichlet boundary conditions. Using
Lions’s Hilbert uniqueness method (HUM) Zuazua [8] has given a positive answer to
the problem of exact controllability when the control is distributed and acts on an
e-neighborhood of a part Fo of the boundary satisfying some geometrical conditions.
We are interested here in the passage to the limit when e goes to 0, which means when
the neighborhood of Fo shrinks to Fo itself.

To solve this problem, we must study the convergence of solutions of the wave
equation with homogeneous boundary Dirichlet conditions and with singular right-
hand sides concentrated in an e-neighborhood of a part Fo of the boundary, and more
precisely the convergence (when e goes to 0) of

0-A0 q3X,o, w) in Q,

0=0 on E,

g,(O) y0 and 0’(0) y’,
O(T):O and O’(T):O,

where tot is a neighborhood of Fo, X,oo, w) is the characteristic function of toe x (0, T),
and (y0, yl) H(I)) L2(12). Note that the right-hand side is concentrated in a neigh-
borhood of Fo and is singular because we will prove that IIqXoo, w>]l/2o0, w)>--
O(e-/).

We will see that under the conditions that are naturally given by our controllability
problem, we obtain, when e tends to 0, a solution of the homogeneous wave equation
but with a nonhomogeneous Dirichlet boundary condition.

We prove that the limit problem of the internal exact controllability is the result
given by HUM for the problem of exact controllability when the control acts on the
Dirichlet boundary condition on Fo. For this purpose, we will use all the results that
are announced in [4] and proved in [5] concerning the behavior near the boundary
for solutions of the wave equation.

Some analogous questions may be considered for other types of equations, and
we can refer to [3] for the study of the Schr6dinger equation and the application to

* Received by the edtiors December 26, 1990; accepted for publication June 14, 1991.
t Ecole Polytechnique, Centre de Math6matiques Appliqu6es, Unit6 de Recherche Associ6e au Centre

National de la Recherche Scientifique (CNRS)-756, 91128 Palaiseau Cedex, France.
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the dynamic plate equation, and to [2], where the case of the beams equation is
considered.

In 2, we briefly recall the results obtained by Zuazua about exact controllability
of the wave equation when the control acts on an e-neighborhood of Fo and belongs
to L2. These results can be found in [8]. In 3, we establish the estimate on the controls
in terms of e. The passage to the limit when e goes to 0 is then studied in 4. We
finish in 5 by the similar problem when we change the space of initial data.

2. Exact internal controllability of the wave equation. Let f be a bounded open
set with a C3-boundary F, and let ,(y) be the unit exterior normal at a point y of F.
Let Fo be an open subset of F. We consider the following condition on Fo, which has
been introduced by Lions in [6] or [7]:

(2.1) :lxo N such that Fo {x F such that (x Xo) ,(x) > 0}.

We write

we U (B(x, e)CIf),
xl"

where B(x, e) denotes the open ball centered at x with radius e. For T > 0, we write
Eo=Fox(0, T), Q=fx(0, T), E=Fx(0, T), Q=wex(0, T), and Xo(o,r) the
characteristic function of Q.

The problem solved by Zuazua is the following theorem.
TzozM 2.1. If Fo satisfies (2.1), there exists To> 0 such that for any e > 0 and

T> To and any (yO, y) in H() x L2(), there exists a control v Le(w x (0, T)) such
that the solution of

O 0
in Q Q,

(2.2)
=0 on E,

(O)=y and ’(O)= y
satisfies (T) ’ T) O.

Remark 2.1. The time To is equal to 2R(xo), where R(xo) is the smallest radius
of the ball centered at Xo that contains .

To establish this theorem, Zuazua uses Lions’s HUM, which leads us to define v
as a solution of the homogeneous wave equation in the following way.

For (,)L(O)xH-(O), we consider the (weak) solution of the
homogeneous wave equation

p"-Aq=0 in Q,

(2.3) q =0 on Z,

p(O) qo and p’(O)-- (49

From q, we define 0 as the solution of

"-50 CXo(o, v) in Q,

(2.4) =0 onE,

O(T)=0 and 0’(T)=0.
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We know from the regularity results concerning the solutions of the wave equation
(refer to [7]) that

(2.5) the mapping (p,pl)L-()xH-l()OC([O, T];
H([2)) C1([0, T]; L:([2)) is linear continuous.

We then define the operator A from L2()x H-I() into L2(fl)x H() by

(2.6) A(, ’)= (-6’(0), 6(0)).

From (2.5), A is continuous, and 6 will be a solution of (2.2) if and only ifA(, )
(_y, yo). Hence, we are led to prove that A is inveible. For this, we multiply (2.4)
by , and we obtain

(2.7) _(o, 6,(0))+(, 6(0))= x, t) dxdt,

where (.) denotes the scalar product in L2(), and (.) the duality H-(), H().
The following theorem, proved by Zuazua, states the inveibility of A.
THEOREM 2.2. If Fo satisfies (2.1), there exists c(e)>0 such that for any (o, 1)

in L2() x H-(), the solution of (2.3) satisfies

(2.8) +ll’ll - fo,() c(e) :(x, t) dx dt.

Remark 2.2. At this stage, we have no information on the estimate of c(e) in
terms of e.

Now, for (yO, yl) fixed in H() x L2(), define L2() and H-() by
(o, 1) =A-l(_yl,yO). Then, we define @ by (2.4) taking as right-hand side the
solution of (2.3) satisfying (0) and @( )=. From the definition of A,
we have @(0)=yO and @’(0) =y; hence @ is also a solution of (2.2) and satisfies
O(T)=O’(T)=O.

To study the passage to the limit when e goes to 0 in the problems of exact
controllability given by Theorem 2.1, we first need estimates on the controls . To get
them, we are going to precise the dependence of the constant c(e) of Theorem 2.2 in
terms of e.

3. Estimate on c(e). Before estimating the constant c(e), we must study a pre-
liminary result concerning the convergence of some linear forms that will appear
naturally later on. We begin with a result that we will use in this section and the
following one.

THEOREM 3.1. Let Fo be an open subset of Fo. Let () and ((1) be two sequences
weakly converging in L: and H-1 (l)). We suppose that there exist C > 0 and eo > 0 such
that the solutions p of (2.3) where p (0) p o and p (0) p satisfy

lfof-- q(x, t) dx dt _-< C ’q’e ]0, Co[.

We introduce the linear forms

G" H(f) x L2(") x L’(0, T; L2(-))---> [,
(3.1)

(u, u 1, h)-- p(x, t)u(x, t) dxdt,
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where u is the solution of

(3.2)

Then

(3.3)

u"-Au=h in Q,

u=0 on E,

u(O)= u and u’(O)= u 1.

the limit # of (qg). (in L(O, T; L-(f)) weak-*) satisfies
Oqb L2(,o),
0,

and the linearforms G are bounded in H-l() x L2() L(0, T; L2()) after extraction
of a subsequence, they converge for the weak-* topology of this space to

G’H()) L2(O) x Ll(0, T; L2(O))- ,
(3.4)

0__ Ou
(u, u’, h)-- jo 0,

(y’ t)- (y, t) dy dt.

Furthermore,

(3.5) oo(Y,t)
l oTdy dt <-_ lim inf-0

2q(x, t) dx dt.

Remark 3.1. If Fo satisfies (2.1), from Lions’s result (see [6] or [7]) saying that
for T> To, the L2(Eo)-norm of the normal derivative on Eo is equivalent to the
H(f) x LZ(f) norm of the initial data for solutions of (2.3), we deduce from (3.3)
that the limit p has a finite energy.

Proofof Theorem 3.1. The proofs of (3.3) and (3.5) are given in [5]. We first prove
that the sequence (G) is bounded in H-I(-) x L2(f) x L(0, T; L2(12)). To describe
its limit, we will proceed in several steps. From H61der’s inequality, we get

)(’ )]Ge(uO, U 1, h)12 p2e(x t) dxdt - U2(X, t) dxdt

)R2(X, t) dx dt

In [5], we have proved the following theorem.
THEOREM 3.2. There exists c > 0 independent on e such that for every (u, u 1, h)

in H(f) x L2(f) x LI(0, T; L2(f)), the solution u of (3.2) satisfies

(3.6) u x, t) dx dt < c(llhll 2,

Using Theorem 3.2, we have

Ia(u, u’, h)[ 4(ll h ’(o,;=( + ull .A(a +
and the forms G are bounded in H-(O)x L(O)x L(0, T; U(O)). So there exists
G in H-(O) x U(O) x L(0, T; L(O)) such that (after extraction of a subsequence)
G converges for the weak-* topology of H-(f) x L2(f) x L(0, T; Le(f)) to G. To
find G, we introduce the following linear forms:

L" L2(0, T; H(O) f’l H(f)) - N,

v- q(x, t)v(x, t) dxdt,

and we prove Lemma 3.1.
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LEMMA 3.1. Under the hypotheses of Theorem 3.1, the linearforms L defined above
are bounded in L2(O, T; (H2()) f3 H(I))’), and (after extraction ofa subsequence) they
converge for the weak topology of this space to

L" L:(0, T; H:(f) a H(f))- a,

oq
v-- L (y, t)--(y, t) dy dt.

Proof of Lemma 3.1. We first show that (L) is bounded in L:(0, T; (H
H())’). For v L:(0, T; H: H()), we.have

t)l:

We can prove (see, for example, [6]) that there exists a covering of F consisting in
open sets U,. ., U satisfying the following lemma.

LEMMA 3.2. ere exist open sets U,. Up, and Co> 0 such that

P

(3.7) w. Ui, where w denotes the closure of oo Ve ]0, Co];
i=1

(3.8) ::]!(y,z)(F(3)x+ such that x=y-zv(y) k/xf ,
(we will note y =p(x));

(3.9) -1 C-diffeomorphismsfrom Ui on theirThe mappings J X (y, z) are
images, which map oo VI U into (F (’1 U) x ]0, el;

(3.10) There exist Co> 0, m > 0, and M > 0, such that

m <-IJ(y, z)l <= M k/z [0, Co],

where IJ (y, z)l denotes the Jacobian ofJ at the point (y, z),

(3.11) IJi(y, z)l Vy F VI U,

(3.12) The mappings (y, z) IJi(y, z)l are C’.

Finally, if v is a function defined on U, we note that (y, z)= v(x), and we have, if
v H’( VI U),

(3.13)
Oz

(y’ z) -Vv(x) u(p(x)), where p(x) y.

Let c,..., ap be a partition of unity relative to UI," Up. Writing V iv,
we have

(3.14) ]k(Y, Z, t)12]j(y, z)[ dy dz dt.

However,

(3.15) V"k(y, Z, t)= Z--z (y O, t) + (y, r, t) drds"
OZ2
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hence, putting (3.15) in (3.14) and taking into account the properties relative to Jk of
Lemma 3.2, we get

where e depends only on and Z
The sequence (L) is now bounded in L2(0, T; (H2 H())’). Let L be its limit

after extraction ofa subsequence and for the weak topology of L2(0, T; (H2 H())’).
First, we determine L on a dense subspace of L2(0, T; H2 H()) by Lemma 3.3.

LMMA 3.3. For v D(]0, T[ H2 H()), we have

i
1 Lf 1 fof, OOdydt.(X, t)v(X, t) dxdt=g oOU Ou

Proof of Lemma 3.3. This proof is quite long and technical.
We introduce

={xw such that B(y, z)Fo]0, e[,x=y-zu(y)};

so w, and

(3.16) m[(w-0&) ] 0,
e0

where m denotes the boundary measure.
For v D(]0, T[; H2 H()), we write L(v) as

;o7 I,,; 1 IoT I q(x, t)v(x, t) dx dtL(v) -- p(x, t)v(x, t) dx dt +-- -(3.17)
=A(v)+B(v),

and we study separately A (v) and Be (v).
Let us first show that B(v) goes to 0. Since

[B(v)I<=/- Iv(x, t)l dxdt

it is sufficient to prove that

l foT fo ,v(x, t)12 dx dt >0.- eO

Using Lemma 3.2 and (3.14), we get

2P-
1 ;T i 0

-r.
(y’ o, t) dy dt

+ (-)ru

IL(y, )ldy d dt.
/

1,3k (y, z, t)I-I (y, z)l dy dz dt,

O2k
oz--T (y’ r, t) dr ds)

2
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We then write

Oz2 (Y, r, t) dr ds <- z s
Oz

(y, r, t) dr ds,

which allows us to easily prove that there exists e > 0 independent on e such that- [(X, t) dx dt

C L (0, T;

From (3.16), we conclude that B(v)O when 0. Let us now study A(v)=
/{L x, t x, t ax a. w av

P

A(v)= Z A2,,(v),
,=

with

Aj,k,(V) =- qj,(X, t)Vk(X, t) dx dt.

We write Yj, k O(t3 f-) U f3 Uk) F, E,k Y.k (0, T). Using Lemma 3.2, it follows that

j,(y, z, t)(y, z, t)[&(y, z)[ dy dz dr.A(v)

Since L2(0, T; H2( U)) and since L2(0, T; H2( U)) is continuously
imbedded in Cz([0, 6]; L2((0, T)x yjk))), the following identity in L2((0, T)x yj)),
(since (y, 0, t)=0)) holds"

(3.18) (z)=z(O)+zV(z) with limV(z)=0.
z0

Thus

We write

and

We have

Aj,k,(V) j,(y, z, t)z---z (y, O, t)lJk(y, z)[ dy dz dt
E

,k

+-5 j,(y, z, t)zVk(y, z, t)lJk(y z)l dy dz dt.
,k

C,k,(v) =--fi j,(y, z, t)Z-z (y, O, t)lJ(y, z)[ dy dz dt
,k

Dj,k,(V) =-- j,(y, z, t)ZVk(y, z, t)lJk(y z) dy dz dt.
,k
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SO

Dj,k, (v)l < Mk II,,(z)ll== d z= == d

By hypothesis, 1/e Jo IIJ,(z)ll = dz is uniformly bounded in e" hence there existsL (Ej, k)
c > 0 independent of e such that

Now, using (3.18), this proves that

(3.19) lim Di,k,(v)=O.
0

We must now study Cj,k,(v). For this purpose, we introduce

(t) (,) d,+ 0 with 0 , 0 H(a).

The function is solution of (2.3) with (0) 0 and 2(0) o. Since the sequence
(1) weakly converges in H-()
(3.20) (0) weakly converges in H(a).
We then write that

Putting (3.21) in C.,(v) and integrating by parts in time, we obtain the following
since has compact suppo in time"

io i, ioj,

From Lemma 3.2, I; (O/Oz) (IJ(y, s)) ds O(z), uniformly in y. On the other hand,

(3. ,(y, , (y, r,

hence there exists c > 0 independent of e such that

l(;TfT fO(foZOj, )2 )1/2,,(v)] c ,
(y, r, t) dr dy dz dt

z (y,O,t) dydzdt
j,k

We can check easily now that
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From (3.20), (b) is bounded in C([0, T]; H()), thus (0(j,/0z) is bounded in
L2(to V) U t"l Uk), and

lim F,k, () O.
e0

Now, consider

Ej,k,(V) -- j,(y, z, t)z (y, O, t) dy dz dt.
j,k

From (3.22), we get

E,k,(V)=-- z
k 8z (r)--(0)’(0) drdz

OZ L2(Ej,k)

1
(0. (0

Letus prove that () is bounded in H-(0, T; H(a) H(a)). For this, we introduce

0 0 HO(x, t) (x, s) ds + O with 0 , e g(a).

The function 0 is solution of (2.3) and 0 . On another hand, since v has a
compact suppo in time,

z )(v) -_1 (r)(o); (o) & dz
E L2(Ej, k)- d

(0); (0)

As () is bounded in L2(), (@) is bounded in HH() and (@) is bounded
in C([0, T]; HH()). The sequence () is then bounded in H-(0, T; H()
H()) and we can easily prove that this implies that the functions

r- \-z (r)- 0--- (0); (0)

are continuous at 0, uniformly in e. We then deduce that

z
X Oz (r)-(O);(O)

Hence

P

lim L (v) lim A (v) lim Z Ej,k, (v)
e--)O eO eOj,k=l

dr dz O.
--->0
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As

Ov 0v

and as (0/0u) weakly converges to O/0u in H-(0, T; L(Fo)), we have

lim.o L(v)= .-’(o, T; L2(Fo))" H(0, T; L2(Fo))

Fuhermore, we know that, at the limit, O/Ov L2((0, T)x Fo), which gives a sense
to the quantity

I fo /l OOVdydt,
3 "o Ov Ov

and this finishes the proof of Lemma 3.3.

ProofofLemma 3.1. Let v be in L(0, T; H H(O)). Since D(0, T; H & H(O))
is dense in L2(0, T;H H(O)), we can construct a sequence (v,), of elements of
D(O, T; H2 H(O)) such that v, v in L(0, T; H: H(O)).

Now, write

(v)- (v) (v-v.)+ (v.)- (v.) + (v-v.).
As O/Ove L2((0, T)x Fo), L is a linear continuous form on Le(O, T; HH(O)).
Furthermore, using the boundedness of (L) in LZ(0, T; (H H(O))’), we can easily
prove that L(v) tends to L(v) when e goes to 0.

Proof of eorem 3.1. For (u, u , h)e H(O) x L2(O) x L(0, T; L2(O)) we con-
sider the solution u of (3.2) associated to this data. We introduce sequences (v),, (v
and (h,), in H2 H(O), H(O), and L(0, T; H(O)) such that

o ov, u in H(O), v . u in L(O),
and

h, h in L(0, T; H(O)).
oLet v, be the solution of (3.2) associated to the data v,, v,, and h,.

In particular, we have v, LZ(O, T; H: H(O)). As G(v, v,, h,)= L(v,),
0 0lim G(v,, v,, h,)= L(v,)= G(v,, v,, h,).

0

The linear form defined by (3.12), is continuous on H(O) x Lz(O) x L(0, T; Lz(O)).
Writing then

oG(u, u , h)-G(u, u , h)= G[(u, u h)-(v. v. h.)]
0 0+[G(v,,v,,h,)-G(v,,v,,h,)]
o+[G(v., v., h.)-G(u, u h)]

we can easily prove that G (u, u , h) converges to G(u, u 1, h ). The proof of Theorem
3.1 is now complete.

Using this result and Theorem 3.2, we can give the estimates on c(e).
Tzoz 3.3. If Fo satisfies (2.1),for T> To, there exist c > 0 and Co> 0 depending

on& on the geometry of and T, such thatfor all (o,) H(O) x L:(O), the solution

of (2.3) satisfies

[[ll(,)+ I1’[[ e < C( or

)
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Remark 3.2. This proves that c(e)- O(1/e3). This estimate is optimal. Indeed,
consider the one-dimensional case and, for example, f--]0, 1[. If Xo-1, we have
Fo- (0) and to ]0, e[. The function b(x, t) --sin zrt sin zrx is solution of (2.3), and

IIVII2 2 r2/2, whereas

for l( sin 2rT( sin Tre) O(e3dP 2
x’ dx d - -4r / e-2--

Proof of Theorem 3.3. We argue by contradiction" Suppose Theorem 3.3 false.
There exists then a sequence of nonnegative numbers (e/l). converging to 0 and
sequences (4.)/1 and (1/1)/1 of elements of H(I) and L2(I)) such that

(3.23) o1()+ lnll = ( Io Io )/2(a > n t’f(x, t) dx dt

where 4/1 is the solution of (2.3) associated to the data 4 and /1.
We remark that 4/1 cannot identically be equal to 0 because it would contradict

(3.23). We then define

and we denote by b/1 the solution of (2.3) satisfying b/1(0)= b and b’(0)= bl/1. From
(3.23), we have

(3.24)

and

11o+ 111z2(a)

(3.25) -5- ’2(x, t) dx dt <--
E

n
l’l

From (3.24), there exist 4 H(f) and tb L2(f) such that (after extraction of
subsequences)

(3.26) 4 (resp., b/1) weakly converges in H(f) (resp., L2()) to o (resp., ).

Thus, by (3.26), we get

(3.27)
in L(0, T; H()) weak-*,

’ in L(0, T; L()) weak-*,

where is the solution of (2.3) associated with the data o and .
LEMMA 3.4. e limit is identically equal to O.
Proof of Lemma 3.4. The functions satisfy the hypotheses of Theorem 3.1;

hence from (3.21), we have 0’/0 L(Eo), and, by (3.13) and (3.25), we have

0’ 0.

Using Lions’s result recalled in Remark 3.1, we then have ’(0)==0 and
"(0) A 0. As o H(), this implies o 0; therefore 0.

To get a contradiction, we are first going to prove that (after extraction of a

subsequence)

(x, t) dt O.

The proof of this result asks for several steps, and we begin with Lemma 3.5.
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LEMMA 3.5. There exists c > 0 depending only on and T such that

’3 2,(x,t) dx<-_c Vn, Vt[O, T].
n en

Proof of Lemma 3.5. From (3.24) and Theorem 3.2 applied to Cn and e, there
exists c > 0 depending only on and T such that

(3.28) &](x, r) dx d, c.
n en

We then write

thus

Cn(X, "1")--" Cn(X, t) + qb’(x, s) ds;

(3.29) (x,r)=2(x,t)+2,(x,t) &’(x,s) ds+ &;(x,s) ds

Since ( &’(x, s) ds)O, putting (3.29) in (3.28), we obtain

(I(3.30) (x, t) dxc+ Cn(X, t) (X,S) ds dxd
en en

On the other hand, for any y > 0, we have

&n(X, t) (X, S) ds dx dr

= .(x, t) dx+Te3 :(x,s) ds dr dx
n en en

< Y t) dx+ ’(x, s) dx ds.=n en

Cn(X’ 3n en

Reporting in (3.30), we get

T ff T3fffoT- (l-y) (x,t) dxNc+ve ’(x,s) dxds.

T
=< c+, from (3.25).

ny

We choose y < 1 to obtain Lemma 3.5.
We then consider

,(x, t)= ,(x, s) as + s,

with AS, ’,, s, 6 H2CI H(a).
The function Pn is solution of (2.3) with initial data o, Sn in H2CI H() and

n_ o in no().
If we take into account (3.24) and Lemma 3.4, we have

o._0 in H() weak,

.1
_
0 in L2(l)) weak;
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hence, by compact injection of H() in L2() and of L2(I) in H-(),

(3.31)
0;(0) 4).-*0 in LZ() strong,

,(0) s, 0 in H() strong;

so strongly converges to 0 in C([0, T]; H()), and strongly converges to 0 in
C([0, r]; L2()).

LEMMA 3.6. ere exists a nonnegative real number I and a subsequence (n) such
that

,.(x,t) dx. .)I Vt6[O, T]
nk en

k

(the subsequence is the same for all t).
Proof of Lemma 3.6. Using the same argument as in Lemma 3.5 and taking into

account (3.31), we can prove that there exists c > 0 independent of n such that

(3.32) O(x,t) dx<c Vn, Vt6[O,T]
en

Using (3.32) for =0, we obtain the existence of a subsequence (nk)k and a number
I with I 0 such that

(3.33) f xOnk( O) dx I.
nk % k

By an integration by pas in time, we get

(x,x- (x,Ox
nk en

E nk en

E3 On (X, S)nk (X, S) & ds,
k

and, using H61der’s inequality,

On (X, S)n (X, S) dx ds =< 0:.(x, s) dx ds

(x,s)&s
nk

From Theorem 3.2, (3.24), and (3.31), for any t>0, we have

n (X, S) dx ds c

nk Oo

We then deduce that

,(x, s)b, (x, s) dx ds 0 V [0, T],
n en

k

and
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which proves

2nk(X’l) dx
F nk

LEMMA 3.7. We have I O.
Proof of Lemma 3.7. We write

From Lemma 3.6, we have

I, Vt [0, T].

fk( t) =--- O,k (X, t) dx.

fk I almost everywhere on [0, T],
kc

and, by (3.32),

Ifk(t)l <--_ C, where c does not depend on k and t.

From Lebesgue’s theorem, we then deduce that

Tf(t) IT.dt
k

However, on the other hand, by (3.34), we have

fk(t) dt --5- 02. (x, t) dx at o,
0 En en

k-oo

which proves that I 0.
We now can prove the following lemma.
LEMMA 3.8. We have

(X, t) dx dt O.
Enk n

k

Proof of Lemma 3.8. From H61der’s inequality, we get

O,(x, t):(x, t) dx dt =< ’2(x,, t) dx dt

O(x, t) dxdt
nk

Each term in the riht-hand side tends to 0 when k 8oes to ; thus

lffoTf ,(x, t)6’, (x, t) dx dt O.
nk en

k

However, by an integration by pas in time, as

6(x,O)6(x,O)dx
nk

(x, t) dx dt.
E nk en
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From Lemmas 3.5-3.7, again using H61der’s inequality, we can show that both of the
boundary terms in time go to 0 when k goes to infinity. We then deduce Lemma 3.8.

Now, using a Zuazua result (see [7, Lemma 2.4, p. 413]), we have

[[o,,[]m)+[[ < (1 fof.ll Lz<)-- c 62"(x, t) dx at

+ ,a (x, t) & dt
Enk n

By (3.25) and Lemma 3.8, we then get

which contradicts (3.24) and finishes the proof of Theorem 3.3.
We can easily prove that Theorem 3.3 is equivalent to Theorem 3.4.
THEOREM 3.4. ff FO satisfies (2.1), for T To, there exists d 0, such that for all

(o,)L() x H-(fl), the solution of (2.3) satisfies

H-’(fl)= x, t) dx dt

This last theorem is essential to obtain the estimates on the controls and study
the passage to the limit when e goes to 0 in problem (2.2), which we now recall.

4. Passing to the limit in the exact controllability problems. We saw in 2 that if

Fo satisfies (2.1), for T> To, and for any couple of initial data (yO, y) H(fl) x L(),
the solution of the exact controllability problem given by HUM, is defined by

A g(o,r) in Q,

=0 onE,

(0) =y and ’(0) =y,
(T)=0 and ’(T)=0,

where is the solution of (2.3) with initial data (,)L2() x H-() satisfying

(4. _(, +(l, 0= (x, x.
From Theorem 3.4, we deduce the following estimates.
ToM 4.1. , , and satisfy

I1 ’)ll-, o a.d x, ) dx d 0
1

Proof of eorem 4.1. By definition of A, (4.1) implies

(4.2) (x, t)dxdt I1(, ’)ll2H-’ll(y, Y’)IIHA2.

On the other hand, by Theorem 3.4, we have

(4.3) II(, l)llz-’ < (x, t) dx dt
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where c does not depend on e. Taking into account (4.2) and (4.3), we obtain

--< c 2(x, t) dx dt

and this gives the result of Theorem 4.1.
We then introduce po= e34o and ql= e341. The function q e34 is solution

of (2.3) associated with the initial data qo and q, and we have from Theorem 4.1

(4.4) [l(q, qI)IIL2H-’ O(1), -5 q32(X, t) dxdt= O(1)

Thus, there exists qeL2(I)) and qH-l(f) such that (after extraction of
subsequences)

0 0q - q in L2(1) weak and - q in H-()) weak.

Define q as the solution of (2.3) with q(0)= qo and q’(0)= p. We know then that
q- p in L(0, T; L2(-)) weak-*, and, by Theorem 3.1, Oq/Ov L2(Xo). As F0 satisfies
(2.1), from Lions’s result, qo H(f), q Lz(f), and q is a solution of (2.3) with
finite energy. This regularity result that we obtain for the limit q is essential to obtain
the same spaces of initial data for the exact boundary controllability problem that we
will obtain as limit of problem (4.5) just above.

With these new notations, satisfies

1
0 A0 =--5 Xo,(O,T) in Q,

E

(4.5) q 0 on E,

O(O)=y,O’(O)=y and O(T)=O,O’(T)=O.

Remark 4.1. We are led to study the convergence of solutions of wave equations
with singular right-hand sides and homogeneous boundary conditions. This problem
can be stated independently of the exact controllability context and for other equations
associated to ditterents operators (for example, the Schr6dinger or the dynamic plate
equation).

The estimates given by Theorem 4.1 and (4.4) permit us to prove the following
theorem.

THEOREM 4.2. If Fo satisfies (2.1), for T> To and for every (yO, yl)
H(f) x L2(f), the solutions O of (4.5) converge (after extraction of a subsequence)
for the weak-* topology of L(O, T; L2(f)) to the solution O of the following exact

controllability problem:

0"-A0=0 in Q,

(4.6)

1
0 L2(Eo) on Eo and 0=0 on E-Eo,

30v

0(0) y and 0’(0) yl,

$(T)=O and O’(T)=O,

where is the limit (in a weak sense) of q.
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Remark 4.2. Since the boundary condition is not conserved, we cannot hope for
a convergence in L(0, T; Ho(l)). This explains why we are going to look at as a
solution defined by transposition.

Proof of Theorem 4.2. For (u, u 1, h) Ho(O) x L2(O) x LI(0, T; L2(O)), let u be
the solution of (3.2) associated to these data. We multiply (4.5) by u, and we integrate
by parts to obtain

(4.7) ((, h)) 7 q(x, t)u(x, t) dxdt+(y, u)-(y, u),

where ((.)) denotes the duality L(0, T; L(I)), L(0, T; Lz(f)).
We introduce the linear forms

G" H(n) x L2() x L’(0, T; L2(D.))- [,

(u, ul, h)- q(x, t)u(x, t) dxdt.

From (4.4) and Theorem 3.1, (G) is bounded in H-()x L2()x L(0, T; L())
and, after extraction of a subsequence, (G) converges for the weak-* topology of
this space to

1 O Ou
G(, h’, h)= L o (y’ t)--(Y’ ) dy d.

0P

Equation (4.7) then proves that () is bounded in L(0, T; L()) and therefore
(after extraction of a subsequence) converge in L(0, T; L2()) weak-* to an element

of L(0, T; LZ()). Passing to the limit in (4.7), we then deduce that is solution
of

1 Oq Ou
(4.8) ((d/, h)) =-
The interpretation of (4.8), for which we can refer to [7], shows that q is the solution
of (4.6). Indeed, (4.8) gives the exact meaning of (4.6) using the transposition method
(see [7]).

Remark 4.3. By definition of q, we have

(4.9) _(yl, po)+{pl yo}= (x, t) dxdr

Thus (after extraction of a subsequence)

1[ 2 , +( yO)=_(yl o)+( yO).
0

On the other hand,

(4.10) _(y,, qo)+(q,, yO)=- av
(y’ t) dy dr

Hence, in this case

-o
(x, t) dx dt

Ov
(y’ t) dy dt.

Furthermore, using Lions’s results concerning the exact boundary controllability of
the wave equation, for which we can refer to [6] or [7], (4.10) shows the uniqueness
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of the data (qo, ql); thus all the sequence (qo, q) to (qo, ql) and, by the way, all the
sequence q, converges to the solutions of (4.6).

Remark 4.4. The exact controllability of the wave equation when the control acts
on Eo has been studied by Lions in [1] or [2], and he proved that the control given
by HUM belongs to L2(Eo) for every initial data (yO, y) L:(fl)x H-(). We still
must show that we can also reach these spaces of initial data. So, let us take (yO, y)
L:() x H-(). We consider sequences y H() and y, L2() such that y yO
in L2() and y, y in H-(fl). For every n, let , and . be the solution of Theorem
4.2. If we apply (4.10), we get

1 On 2

_(y )+(,yO)
Ou

(y’ t) dydt.

Hence, using Lions’s result, we obtain

C On
2

We then deduce that there exists o e H() and 1 L2() such that (after extraction
of subsequences) weakly converges to o in H(), . weakly converges to in
L2(), and

in L(Zo) weak,

where is the solution of (2.3) associated to the initial data o and
To conclude, we use the following result of Lions (see [7]). For (z,z, v)

L() X H-1X Lz(z), there exists one and only one solution z in C(0, T; L2())
c1(0, ; H-(a)) of

z"-Az=0 in Q,

z= v on X,

z(0)=z and z’(0)=z.
Fuhermore, the mapping

(o, 1, v) L(n) x H-’ x L(X) C(0, T; L(n)) C(0, T; H-(n))
is continuous.

We can easily prove that, passing to the limit when n goes to infinity, we obtain
the solution of (4.6), where the initial data (yO, yl) belong to L2(fl)x H-(fl).

5. Changing the space of initial data. We consider here the case of the same
internal exact controllability problem when the initial data (yO, yl) belong to L2(fl)
H-l(fl). Zuazua proved in this case that if Fo satisfies (2.1), for T> To, the solution
given by HUM of the exact controllability problem when the control acts on Q is
defined by the following system:

0
-A:-(’)Xo(o,) in Q,

g, 0 on ,
q,(0) yO and q,’(0) yl,

g,(T)=O and p’(T):O,
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where q3 is the solution of (2.3) whose initial data q3 and q;l satisfy

(5.1) -(yl, q3)+ (y, q3) q3’2(x, t) dxdt,

and where -O/Ot(’)g(o, r) belongs to (H(0, T; L2(we))) and is defined by- (’)X(o, r, u ’(x, t)u’(x, t) dx dt, for u HI(0, T; Le()).
Qe

Using Theorem 3.3, it follows that

(x, t) dx dt

C
I1( )ll ll(y, Y)llu

)II= ana 6’=(x, ) x= 0

We then write and The function 3 e3 is solution of (2.3),
and its initial data and 1 satisfy by (5.2)

(5.3)
I1(, 1)112 o(1),

1 or 2

e3 (x, t) &dt=O(1).

There exists o H() and L2() such that (after extraction of sUbsequences)

0 0 inH() weak and in L2()weak.

Let be the solution of (2.3) with (0) o and ’(0) . We then know that
in L(0, T; H()) weak-* and ’ ’ in L(0, T; L2()) weak-*. Applying Theorem
3.1 to ’, we getO’/Ou L(Zo). Since Fo satisfies (2.1), we then deduce that 1 H()
and "(0) A e L2(fl). This implies that o 6 H(fl) H() and that is a strong
solution of (2.3).

With these new notations, is solution of

1 0
’[-A ()Xo, in Q,

e ot

(5.3)
(0)=y and $’(0)=y,

(T)=0 and O’s(T)=0,

and we have the following theorem.
THEOREM 5.1. If F0 satisfies (2.1), for T> To and for every couple of initial data

(y,yl)6L2()xH-l(), the solutions of (5.3) converge (after extraction of a
subsequence) for the weak-* topology of L(0, T; H-I()) to the solution of the
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following exact controllability problem:

"-A--O in Q,

e= \av/ (H’(0, T; L(Fo))) on o and e=0 on Z-Eo,
(5.4)

(O)=y and ’(O)= y’,

(T)=0 and ’(T)=0,

where is the limit (in a weak sense) of.
Remark 5.1. (O/Ot)(O’/Ou) denotes the element of (H(0, T; L(Fo))) defined by

0 O’ v (y,t) (y,t) dydt VvHI(O,T;LZ(Fo))

where [. denotes the duality (HI(0, T; L(Fo))) ’, H(0, T; L2(Fo)).
Proof of eorem 5.1. We consider as a solution of the wave equation with

initial data in H-I()x(HZ()H(fl)) (the propeies of these solutions are
described in [7]). For (u, u , h)(H2()H())x H() x LI(0, T; H(fl)) let u
be the solution of (3.2) associated with these data. We have

(5.5) ((@, h))= 2(x, t)u’(x, t) & dt + {yO, u,}_(yO, ul),

here ((.)) (respectively, {.}) denotes the duality L(O, T; H-(fl)), L(0, T; H())
(respectively, (H:(fl) H())’, H() H()).

We introduce the linear forms defined by. H() H() x H() x 1(0, r; ())-,
(u, u’, h) ’(x, )u’(x, ) x.

The study of the convergence of these forms is similar to the case that we saw in
Theorem 3.1. To prove that they are bounded in (H()H())’xH-I()x
L(0, T; H-()), we use a result given in [5] concerning the behavior near the
boundary for solutions of the wave equation with data in H() H()x H()x
El(0, T; H(a)). After extraction of a subsequence, (G) converges in (H(a)
H(a))’ x H-’(a) x L(0, T; H-l(a)) weak-* to an element G. To describe G, we first
consider (u, u l, h) in (H(a) H(a)) x H(a) x D(0, T; H(a)). Then applying
Theorem 3.1 to ’, we can prove that, for (u, u 1, h) in (H(a) H(a))x H(a)x
D(0, r; H(a)), we have

By a density argument, we then deduce that, for all (u, ul, h)(H()H())x

a(u, , h= 0
(’ (’0 "

Having this result, (5.5) proves (0) is bounded in L(0, T; H-I()), and therefore
(after extraction of a subsequence) it converges in L(0, T; H-()) weak-* to an
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element q of L(0, T; H-I()). Passing to the limit in (5.5), we then obtain that q is
solution of

(5.6)
1 Oq’

(y, t) (y, t) dy dt + {yO, u 1} _(yO u’),

which is the definition of the solution of (5.4).
Remark 5.2. As in the previous section, we can show that
(1) We have

lim
1 W 1 Oq_’ (y, t) dy dt;

o --fi q ’Z x, t) dx d - O

(2) We can reach initial data (yO, y) in H-() x (H2() H())’.

Conclusion. We have proved that the exact controllability of the wave equation
when the control is given by HUM and acts on the Dirichlet boundary condition and
on Fo can be obtained as the limit of the solutions of the exact controllability problems
when the controls are given by HUM and act on an e-neighborhood of Fo whose
lengths tend to O.
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A GENERALIZED ESTIMATE OF THE NUMBER OF ZEROS FOR
SOLUTIONS OF A CLASS OF LINEAR DIFFERENTIAL EQUATIONS*

A. V. DMITRUK?

Abstract. For a class of triangular systems of Nth-order linear ordinary differential equations with
measurable coefficients, a simple proof of the following property is given: On every interval of an a priori
prescribed length, which depends only on the norms of coefficients, the first component of every nontrivial
solution of the system has at most N-1 zeros.

Key words, differential equation, measurable coefficients, zeros of solutions
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(1)

1. Introduction. It is well known that if a solution of the equation

x(N) + a,( t)x(N-’) + + aN(t)x =0,

where a l, , aN are measurable and bounded real-valued functions of t, has infinitely
many zeros on a certain time interval, then it vanishes identically on this interval (see,
e.g., [1]). Moreover, for every positive real number A, there exists T T(N, A)> 0
such that on every interval of length -< T and for every choice of coefficients ak with
[ak(t)[ _-< A, k 1,. ., N, on this interval, every nontrivial solution of (1) has at most
N- 1 zeros.

In [2] Sussmann proposes the following generalization of this property. He
considers a triangular system of linear homogeneous equations of the form

(2)

2 a21X1 + a22X2 t_ 2X3

)k OklXl + -[- OlkkXk -’[- jkXk+l

"N ON X1 + "47 OINNXN

where aj,/3 are measurable and essentially bounded on a certain time interval
A to, tl], and x are absolutely continuous (the particular case, where aj 0, flk 1
for all k < N and all j =< k, corresponds to (1)), and the following result is stated.

LEMMA 1. Let A> B>0 be real numbers. Then there is a real number T=
T( N, A, B)> 0 such that if the length of A is <= T, and if
(3) lakj(t)l<--A, B<-flk(t)<=A a.e. on A,

then every nontrivial absolutely continuous solution of (2) has the property that its first
component Xl has <-_N-1 zeros on A.

This property is used in [2] to estimate the number of switchings in an optimal
control problem without singular regimes and has been appraised as the main technical
point of that paper. The proof of Lemma 1 given in [2] is quite lengthy and very
complicated. However, in our view, this result has intrinsic value, independent of the
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particular application in [2], and a more direct proof is highly desirable. We give
below a very simple and natural proof of Lemma 1.

(Note that since ilk(t)_--> B > 0, every xk, in a way, plays the role of the derivative
of xk-1; so, qualitatively, system (2) is kindred to (1), and this is the crucial circumstance
that allows us to spread the above-mentioned property to system (2).)

2. A new proof of Lemma 1. The key idea in our proof is to replace the triangular
system of differential equations (2) by an equivalent, superdiagonal system. This idea
is formalized in the next proposition.

PROPOSITION 1. Let us consider the system

32 t21Xl -It- 22X2 nt- ]2X3,

(4)
)k Ogk X "47" -- OlkkXk -- kXk+

k+l Clfk+l,lXl --" - Ogk+l,k+lXk+l .qt_ k+lXk+2
Then, for every A > O, there exists l(k,A) > 0 such that for every closed interval

A--[to, tl] of length _-<l and for every choice of measurable coefficients satisfying the
inequalities

(5) I,s(t)] <= A, I,(t)] <= A a.e. on A,

there exist absolutely continuous functions l(t),"" ", ok(t) of modulus _-<1 on A such
that under the transformation

(6) Yk+ Xk+ -t-((OlX "--" "-- @kXk
the last equation in (4) takes the form

(7) ))k+l Ak+lYk+l -t-k+lXk+2
(where /k+l ak+l,k+l -{- k(k)

Proof We compute Ck+l using (6) and (4) and equate it to the right-hand side of
(7). This yields the following system for

(8)
k(Ok( -- Ol k+ k+ ( [ O -1

k

20lisOi- Ogk+l,s, S 1,’’’, k,
i=s

where/3o qo 0 by convention.
This is a system of Riccati type. We will assign zero initial conditions as follows:

(9) qs(to) 0, s 1,. ., k.

It is clear that, for every A>0, there is l= l(k, A)>0 such that on every interval of
length =<l, the solution of (8), (9) under condition (5) exists and satisfies Iqs(t)l -< 1.
Thus transformation (6) with such os, s 1,..., k, yields the desired form (7). [3

This proposition allows us to simplify the last equation in (4) by eliminating the
terms involving xl,..., Xk without changing the coefficient flk+l. Under this sim-
plification, the coefficients of the kth equation are also transformed, but innocuously:
the Olks are transformed to a’ks Olks- k(Os for s 1,. , k, while k stays unchanged
The remaining equations are entirely unaffected.

This simplification procedure can be applied again to the kth equation in (4),
then to the (k-1)th equation in (4), and so on, up to the second equation. The first
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equation requires no simplification. These repeated applications of the simplification
procedure result in a system of the form

3)1 A lYl +/lY2,

f;2 A2Y2 + f12Y3,

(10)

k AkYk -I- [3kYk+ 1,

.k+l Ak+lYk+l --where Yl -= xl, Yk+2 Xk+2, and the fls, s 1, , k + 1 are as before
This transformation can be performed on any interval A with

IA] <= T(k, A) min l(s, 2A).

(We could also eliminate the coefficients As by the substitution vs ys e -As(t), where
As(t) =tt0 As(r)dr, so as to yield t. exp (A,+l(t)-A(t))v+l.)

PROPOSITION 2 (a generalization of Rolle’s theorem). Let y(t) be an absolutely
continuousfunction on an opened interval to t’, t") that satisfies the equation.9 Ay +z
almost everywhere on to, where A, fl L1 (to), and z( t) is continuous. Furthermore, suppose
that y(t’) y(t") O, (t) >-_ 0 on to and

(11) I dt>O.

Then z has at least one zero on to.

Proof Set A(t)= i, A(r) d- and observe that

(12) y(t")=eAt’’. f e-Afl(r)z(r) dr=O.

If z has no zeros on to, then by continuity it has a constant sign, e.g., z > 0 on to. Then,
from (11) and the nonnegativity of/3, we see that the integral in (12) is positive, which
is a contradiction.

Now we return to the original system (2).
LEMMA 2. For every A > O, there exists T T( N, A) > 0 such thatfor every interval

A with length IA} <-T, for every choice of measurable coefficients, which satisfy on A

inequalities (5) and are such that k( t)>--0 almost everywhere on A, k 1,..., N, and
for every open interval to c A

(13) Io flk dt > O,

the following property holds: If (xl, XN) is a solution of (2) and Xl has at least N
distinct zeros on A, then all the Xg for k 1,..., N are identically zero.

Proof It was proved above that on every interval A with IAI--<_ T(N, A), system
(2) can be transformed to the form

))1 AlYl + fllY2,

2 A2y2 + f12Y3
(14)

f;N-1 AN-lYN-1 + flN-lYN,

2N ANYN,
where jN 0 and Yl - xlo
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Suppose that xl yl has at least N distinct zeros on A. By Proposition 2 and
condition (13), between every two successive zeros of y, there is a zero of Y2, and so

Y2 has at least N-1 distinct zeros on A. Between every two successive zeros of Y2
there is a zero of Y3, and so on. Coming to yv, we infer that it has at least one zero
on A. Then, by the homogeneity of the last equation in (14), we get YN =---0. Then,
however, the (N-1)th equation is also homogeneous, and since YN- has zeros on A,
then YN- 0, and so on. We deduce that Yk 0 for each k 1,. , N, which clearly
implies that Xk 0 for each k 1,. ., N.

Remark. This lemma is slightly stronger than Lemma 1, since the conditions on

/3k are slightly weaker than those in Lemma 1--namely, it is not assumed that/3k has
a positive lower bound. A further relaxation of the requirements on coefficients of (2)
is possible, as we show in the next section.

3. A generalization of Lemma 1. In this section we show that the uniform con-
straints (5) can be replaced by integral constraints. Let us denote

Czx max {max f lakjl mkaX fa flk dt }"
LEMMA 3. Let A be a closed interval, let akj, fig L(A), k 1," ", N, j 1," ", k

be such that the functions fig are nonnegative and satisfy (13), and suppose that

H
(15) C<_-max H2U>=O + 2NH +

Then system (2) has the following property: If Xl has at least N zeros on A, then all the
components Xk, k 1," ", N, are identically zero on A.

(We do not need to compute the explicit value of the maximum (15); the positive-
ness of this maximum, which is evident, is sufficient for our purposes.)

Proof It is sufficient to show that under condition (15) the transformation (6) can
still be performed, i.e., that for every k < N, system (8), (9) has a solution defined on
the whole interval A. The local existence of such a solution is obvious; the only obstacle
may be excessively rapid growth of the solution. We denote

p(t) _<msa<Xk Is(t)l.

Due to (15) there exists H > 0 such that

CA(H2+ NH+ 1) _-< H.

We claim that this inequality implies that p(t)< H on the whole closed interval
A to, tl].

Suppose not, and let t, A be the first point where p(t) H. It is clear that t, > to,
since p(to)= 0. Then, on (to, t,), we get p < H and, from (8),

i=s

s=l,...,k,

which implies that

p(t.) < CA(H2 + NH + 1)_--< H.

This, however, contradicts the assumption that p(t.)= H, and the claim is established.
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Thus, on the whole interval A and for every k < N, system (8) has a solution with
the property p(t) < H. We thus can obtain system (14) as before and repeat the argument
of Lemma 2, thereby proving Lemma 3. [3

It is obvious that lemma 2 follows from Lemma 3. For given A > 0, we can take
any T with

H
AT<-_maxH>-o + NH+

Due to (5), we have Ca <-AT, and so (15) holds.
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A DIRICHLET BOUNDARY CONTROL PROBLEM
FOR THE STRONGLY DAMPED WAVE EQUATION*

FRANCESCA BUCCIJ

Abstract. A boundary control problem is considered for the strongly damped wave equation, and it is
solved by dynamic programming arguments.

Key words, boundary control, Riccati equation, dynamic programming

AMS(MOS) subject classifications. 49, 49C20, 49B22

1. Introduction.
1.1. Statement of the problem and literature. Let c R be an open bounded set

with smooth boundary 01-1, and let T> 0 be fixed.
We are concerned with a boundary control problem for the strongly damped wave

equation

Ytt(t, x) Ay(t, x) + cAy,(t, x) (t,x)6 ]0, T[;

(1.1) y(0, x) yo(x), yt(0, x) Zo(X x ’,

y( t, x) u( t, x) (t, x) ]0, T[xof,

where c is a positive constant; Yo, Zoe L2(I)); and we take u in W1’2(0, T; L2(OI))).
Physical motivation for studying (1.1) arises from problems that may occur in the

study of flexible structures in a bounded domain, controlled on the boundary through
a Dirichlet boundary condition.

In recent years, boundary control problems have become of interest in optimal
control theory. Flandoli [2], [3] and Lasiecka and Triggiani [4] study a general abstract
class of dynamic that covers parabolic-like problems, namely, not only heat/diffusion
equations, but also wave or plate equations with structural damping. In their works,
they assume, as usual, that controls u belong to L2(0, T; L2(0")).

In [5] Lasiecka and Triggiani give several examples of partial differential equations,
with boundary or point control, which can be reduced to that abstract model. Neverthe-
less, to the knowledge of the author, (1.1) has not been explicitly treated in relation
to optimal contol problems.

In this paper, following the original idea of Balakrishnan for parabolic equations
(see [1]), we derive a solution formula for (1.1) in the product space H L2() L2(-).
This formula yields the couple (y, yt) in terms of the time derivative of the control ut.

Since we want to solve the control problem using dynamic programming tech-
niques, we must work in the product space H, and we would expect that (y, Yt) belongs
to L2(0, T; H). Therefore, due to the low regularity of the solutions to (1.1) under the
assumption u e L2(0, T; L(OO)), we take u e WI’-(0, T; LZ(0f)).

* Received by the editors August 15, 1990; accepted for publication (in revised form) June 26, 1991.
? Dipartimento di Matematica, Via Buonarroti 2, 56127 Pisa, Italy.
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Consistent with this choice, we consider the problem of minimizing the cost
functional

+ Ia {I(Fly( T,. ))(x)l + I(r2y,( T,. ))(x)l} dx

overall u in W1’2(0, T; L2(0-)), where Ci, Fi(L2(I))), i= 1,2, F are selfadjoint,
and y is subject to the partial differential equation (1.1).

The purpose of 2 of this paper is to show that it is possible to reformulate
problem (1.1), (1.2) into a standard quadratic control problem. This goal is achieved
by introducing suitable states and controls, namely, setting W= (y.y,, u), v u’.

Section 3 is devoted to showing that the theory developed in [3] can be applied
to the new control problem, provided that [’2 belong to (L2(f), H()) for some
t(1/4,).

1.2. Notation. Let X and Y be two Hilbert spaces. We denote norms and inner
products with[. ]and (.,.), respectively.

We represent with (X, Y)(ZY(X) if X Y), E(X), E+(X) the space of all
bounded linear operators from X to Y, the space of all bounded selfadjoint operators
in X, and the subset of E(X) of nonnegative definite operators, respectively.

If T is a linear operator (generally unbounded) from X to Y, we denote its domain
with D(T) and its adjoint by T*.

Moreover, we denote by p(T) the resolvent set of T, by or(T) the spectrum of T,
and by R(A, T)=(A-T)-1 the resolvent operator, respectively. We set wr
sup {Re A IA 6 or(T)}.

If T generates a Co-semigroup G(t) on X, we set G(t)- e t.
2. The abstract setting. Let fl c En be an open bounded set with smooth boundary

01), and let T>0 be fixed. We study in (0, T)12 the optimal control problem (1.1),
(1.2).

We consider the Dirichlet realization of the Laplace operator in L2(’), defined
by Ay Ay for any y D(A)= H2(12)f3 H(12), and we denote by D the Dirichlet
mapping from L2(OD) to L2(-), defined by Dv w, where

Aw=0 in ,
w(x)=v(x) xeoa.

As is proved in [6], D(L2(OD,), H1/2(-)).
Moreover, we introduce the Hilbert spaces H L2() L2(), U L(OD) and

define the linear operator in the product space H as

(2.1)

0 z) +

y+ cz D(A)}.
It is well known that is the infinitesimal generator of an analytic semigroup
on H of negative type.
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For simplicity, we first assume that u(0,.)=0 and consider the problem of
minimizing (1.2) over the class of controls

W’2(0, T; Lz(0f)) {u 6 W"2(0, T; L2(of))lu(O, 0}.

Following a standard technique introduced by Balakrishnan (see [1]), we can
reduce problem (1.1) to a homogeneous boundary problem. Then it is easy to check
that the solution Y (y, y,) to (1.1) satisfies

(2.2) y(t)=e, Yo -M e(’-s)CFu’(s) ds+Eu(t),
\ Zo/

where Y(t)= Y(t,.), u(t)= u(t,.), and E, F are the linear operators in (U, H),
defined by

Eu= Fu=
Du

respectively.
Remark 2.1. If we apply _

( c A-

to (2.2) and integrate by pas in t, we obtain that

-cY(t)+A-lY’(/) =- e, Y0
_

e(’-Fu(s) ds-cu(t),
y(t) zo

which easily yields regularity of solutions to (1.1) in terms of the regularity of the
control u. We stress that, if uL(O, T; L(O)), then we only have A-y’(t)
L:(0, T; H).

Therefore, because we want to use dynamic programming arguments, we cannot
weaken the assumption u WI’(0, T; L:(9)).

The cost functional can be written as

(.) (u) ([cr() +() +]u’()]:) d+(Por(T), r(T)),

where

0 C Po F

and it is clear that Ce(H), Po+(H).
Now note the control u as an auxiliary component of the state and define u’ as

a new control. More precisely, set

and introduce a new states space H H x U, while we set U U.
From (2.2), (2.4) it is rather easy to derive a semigroup formula to be satisfied by

W in H. To do that, we need the following lemma.
LMMa 2.2. Let G’[0, +)(H) be defined by

(e’ (I-e’)E)(.5)
0 I

with given by (2.1).
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Then G is an analytic semigroup on H of type 0, and its generator Y3 is defined by

Moreover, p(N)= {A eCIA p(), I 0}, and, for all p(N), we have that

(2.7) R(A, )= (R(A,0 (1/A)I

Proof We can easily check that G is a strongly continuous semigroup on H. We
now characterize the generator of G(t).

Let () , > 0. We write

((,-I(7 =7 0 0

o
Therefore the limit lim,o (1/ t)( G( t)- I)(Y) exists if and only if there exists
lim,o(1/t)(e’-I)(Y-Eu), that is, by definition, if Y-Eu D(M).

In conclusion,

and, for all (v) D(N),

and (2.6) holds true.
Also, formula (2.7) can be easily verified.
To show that G(t) e’ is an analytic semigroup on , we observe that, if co > 0,

we have that

and, since e’ is an analytic semigroup of negative type, from (2.7) we easily deduce
the bound

M
[R(A, Re A> co.

Remark 2.3. By using (2.6) and definition (2.1) of s4, we can write more explicitly

D()= ffI y+cz-DuD(A)

A(y+cz-Du)
0
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By using the operators defined in Lemma 2.2, we can finally obtain the following
theorem.

THEOREM 2.4. Let Y be as in (2.2), W and v defined by (2.4). Then W( t) satisfies

(2.8) W(t)=e’Wo+(I-l) e(’-s)cv(s) ds,

where et, Y3 are given by (2.5), (2.6), respectively’, c is the linear bounded operatorfrom
U to H defined by

(2.9) Cgv= ( Ev- sd(I- sd)-lFv)
and Wo (Yo, Zo, O) 7‘

Proof Formula (2.8) is proved by a short verification substituting (2.9) and

Wo (Yo, Zo, 0) 7- into the second member of (2.8) and considering (2.5) and (2.6).
In conclusion, the control problem (2.2), (2.3) can be reduced, in the abstract

spaces H, U, to the problem of minimizing the quadratic functional

Io(2.10) J(v)= <l W(s)12/lv<s)12> ds/<PoW(r),

over all v L2(0, T; /Q), where

t C1C= 0

0

and W is subject to (2.8).

po= 0

0 0 0

Suppose now that 3, 3, C, Po satisfy all conditions assumed by Flandoli in [3]
to show the existence and uniqueness of the solutions to Riccati equation associated
with problem (2.8)-(2.10). Obviously, once we have obtained the optimal control
V*G L2(0, T; (_) for problem (2.8)-(2.10), the optimal control u* for the original
problem (1.1), (1.2) is given by u*(t)= to v*(s) ds.

Remark 2.5. Until now, we have supposed that u(0) 0. Otherwise, we can proceed
as follows. We first assume that u(0)= Uoe U is fixed, and we derive the solution
formula for (1.1) in H as follows"

(2.11) y(t)=e, yo-Duo
-sl e(t-’)CFu’(s) ds+Eu(t).

Zo /

By using the same method described in the case where Uo=0, we reduce the
problem of minimizing (2.3) over the class of controls u W’2(0, T; U) such that
u(0) uo (where Y is subject to (2.11)) to problem (2.8)-(2.10), with Wo (Yo, zo, Uo).

If the theory developed in [3] applies to (2.8)-(2.10), then the Riccati feedback
synthesis yields the optimal value J(v*)=(P(T)Wo, Wo), where P is the solution to
the Riccati equation associated with (2.8)-(2.10). This is a quadratic form with respect
to uo. Thus, to solve the original control problem in WI’e(0, T; U), it remains to
minimize J(v*) with respect to uo.

3. Solution of the control problem. We want to check hypotheses assumed in [3]
to solve problem (2.8)-(2.10). We can immediately see that ( (),/5o E+(/). As
a consequence of Lemma 2.2, we also know that 3 generates an analytic semigroup
of type less than 1.
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(3.1)

Therefore it remains to show that

::10 < a < such that ( U, D((I )))

and that, under suitable assumptions on

(3.2) EI/3(1/2-c,1/2) such that (I-*)X/o().
To prove the validity of (3.1), we give a characterization of the interpolation

spaces D(0, 2), for any 0 (0, 1). (As to relations between interpolation spaces and
domains of fractional powers of linear operators, see [7, 1.13-1.15], and the referen-
ces contained therein.)

We start by showing the following lemma.
LEMMA 3.1. For any 0 (0, 1)

(3.3)

and the norm

Y- Eu D( 0, 2) }

Therefore

if and only if

tNR(t, ) L.(a,

t- IltR(t, s)(Y-Eu)ll L2.(a,
and (3.3) holds true. The equivalence of the norms (3.4), (3.5) is again a consequence
of (3.6).

Arguing as in Lemma 3.1, by means of the representation of the resolvent R(t, s)
in terms of R(t2/(ct+ 1); A), we can easily deduce the next lemma.

LEMMA 3.2. For any 0 (0, 1),

is equivalent to the norm ofD( O, 2).
Proof We use the well-known characterization [7, 1.14], below:

D(O, p)= {We I" t IltNR(t, ) wll L(a, +c)}

with norm

(3.5) IlWll,co,-IlWllc,+lltR(t, )Wllc,/,
where a max (1, m), and fe L(a, +) if

If(t) p dt

Let 0(0, 1), (S) , ta. By representation (2.7) of the resolvent R(t,) in
terms of R(t, M), it follows that
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and the norm

is equivalent to the norm ofD( O, 2).
COROLLARY 3.3. For any 0 (0, 1), we have that

D(0,2)= ffI y+cz-DuDA(0,2)

and the norm

+ Ily+ cz-

is equivalent to the norm of D(0, 2).
We are now able to verify condition (3.1).
PROPOSITION 3.4. Let be as in (2.9). Then there exists 0 (0, 1/4) such that

( U, D((I- I))).
Proof As a consequence of the inclusion

(3.7) D(O+e, 2) D((I-I)),
which holds for any 0 (0, 1), e > 0, it is sufficient to show that there exists 0 (0, -)
such that ( U, D(0, 2)).

Let v U. From Lemma 3.1, cvD(0,2) for some 0(0,1) if and only if
R(1, sd)Fv-Fv D(0, 2) for the same 0.

Since D(U, DA(0,2)) for any 0(0,1/4) [6], conclusion follows easily from
Lemma 3.2.

It remains to check (3.2).
Let 0 be as in Proposition 3.4. It is sufficient to show the existence of/3 e (1/2- 0, 1/2)

such that

(3.8) x/-o IYI, D fl, 2)),

where * is the adjoint of N. After that, again as a consequence of (3.7)--which also
holds true for N*--and by the closed graph theorem, we obtain that

::1/3 e (1/2- 0, 1/2) such that (I- N*)ov0e ().
By using the same arguments as in Lemmas 3.1 and 3.2, we can easily deduce the

next lemma.
LEMMA 3.5. For any 0 (0, 1),

(3.9) D.(0, 2) e H: z G DA(O, 2)

and the norm

u /

is equivalent to the norm of D.( O, 2).
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Assume now that

(3.10) :!/3 (1/2- 0, 1/2) such that F2 5f(L2(O), DA(, 2)).

Then we have the following proposition.
PROPOSITION 3.6. There exists (1/2- O, 1/2) such that

Then

Proof Let

By hypothesis (3.10) on F2, and from (3.9), there exists/3 (1/2-0, 1/2) such that

Moreover, as a consequence of Lemma 3.5, we can write

Voo z

D.(/3,2)

and, again by (3.10), we deduce the bound

Thus (3.8) holds true, and Proposition 3.6 is proved.
Now, following [3], we can solve the Riccati equation associated with (2.8)-(2.10)

and conclude by using dynamic programming that, for every Yo, z0 L(), there exists
a unique feedback optimal control v* for (2.8)-(2.10).

At this point, we can interpret the Riccati feedback synthesis of problem .(2.8)-
(2.10) in terms of the original control problem (1.1), (1.2).

Therefore we can finally state the following theorem.
TogM 3.7. If Ci (L(a)), Fi E(L(a)), i= 1, 2, F

for some (, ), then, for every Yo, Zo L(), there exists a unique feedback optimal
control u* for problem (1.1), (1.2) in W’(O, T; L(O)).
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CONTROLLABILITY OF /2-SYSTEMS*

FABIO FAGNANI AND JAN C. WILLEMS

Abstract. This paper is devoted to an investigation of controllability and almost controllability
of/2-systems. These concepts are defined in terms of the possibility of steering one system trajectory
to another. It is proved that a controllable/2-system always has finite memory. The main result on

almost controllability states that this is equivalent to the existence of a scattering representation. The
paper ends with an investigation of the relation of almost controllability and state representations.

Key words, controllability,/2-systems, state representation, linear systems

AMS(MOS) subject classification. 93B05

1. Introduction. Controllability has played an instrumental role in the devel-
opment of control theory during the past three decades and is now a fundamental
concept in mathematical systems theory. It plays a central role in control synthesis
questions, related to the very possibility of exerting effective control. As such, it en-
ters as a crucial "existence" condition in many engineering-type questions, such as
stabilization and optimal control.

The notion of controllability is usually introduced for state space representations
[1], [10], where it refers to the possibility of transferring the state from an initial to a
terminal value. For finite-dimensional, linear, time-invariant systems, controllability
then implies that any initial state can be exactly transferred to any terminal state
in finite time. For nonlinear systems, we must often be satisfied with a local version
of this property. For infinite-dimensional systems, on the other hand, approximate
controllability and/or variations in which we allow the transfer time to go to infinity
have proved to be more relevant. In fact, the question of which, and in what sense,
systems described by partial differential equations are controllable is far from settled
(see [9]).

Recently, a notion of controllability was introduced, where it becomes an intrinsic
property of a dynamical system, and not just of a state space representation [12], [13].
The basic idea is to call a system controllable if an arbitrary past trajectory compatible
with its behavior can eventually be concatenated with an arbitrary future trajectory.
This notion is appealing from many points of view. It does not refer to a particular
representation, and, in particular, it applies to systems that are not in state space
form. In [12] and [13], mainly finite-dimensional, linear, time-invariant systems have
been considered. Also, here we find that in controllable systems any past can be
made exactly compatible to any future by a judicious choice of the input over a finite
time interval. As may be expected, this property proves to be too demanding for
infinite-dimensional systems.

The purpose of this paper is to study controllability using this vantage point for
a class of infinite-dimensional systems. Specifically, we study (approximate) control-
lability for linear systems whose behavior is a shift-invariant, closed, linear subspace

*Received by the editors September 4, 1990; accepted for publication (in revised form) June 14,
1991.

Scuola Normale Superiore, Piazza dei Cavalieri 7, Pisa, 56100, Italy.
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of/2(Z, Cq). We also study state representations of such systems and prove a sort of
state space isomorphism theorem for almost controllable systems.

The mathematical techniques and methods of proof used here are inspired
by functional analytic methods (H and the like), particularly the work of Fuhrmann

To discuss systems, we follow the so-called behavioral approach, as introduced
and developed in [12] and [13]. h dynamical system is a triple E (T W, B) with
T C R the time axis, W the signal space, and B c WT the behavior. In this paper,
we only consider discrete-time systems with T Z or continuous-time systems with
T R. Moreover, we assume that our systems are time-invariant; that is, that
atl3 13 for every t E T (shift-invariance), where a WT --- WT is the t-shift defined
by (atf)(t’) := f(t + t’). We also only consider systems with W Cq and with B
a linear subspace of WT (linear systems). For most of this paper, we focus on the
following class of linear systems:

/:q2 {G (Z, Ca, B)with B a closed shift-invariant linear subspace of lq2},

where lq indicates/(Z, Cq) the Hilbert space of the Cq-valued square-summable se-
quences over Z. We often refer to a system in/:q2 as an 12-system.

Example. (1)12-systems defined by input/output maps. Let T" 12 -- lp2 be a closed
linear map that commutes with the shift a. T induces the system

:= (z, C(T)) e m+p

where G(T) is the graph of the map T. These input/output systems have been widely
investigated in the past (see [5] and [3]); an important case is when T is a convolution
operator induced by an/1-kernel.

(2) 12-systems as restrictions of other systems. To determine how flexible it is
to work with systems as a set of trajectories (the behavior), compared with simply
input/output relations, suppose that we have linear input/output map T" (Cm)z --(CP)z commuting with the shift. If T(12m)

_
12p, T does not induce an input/output

/2-map in the classical sense; nevertheless, we can consider the dynamical system
2 Under certain conditions (for example,E (Z, Cm+p, B), where B := G(T)N Im+p

2when G(T) is closed in the pointwise convergence topology) we have that E_ E m+p
and that E completely determines the original behavior G(T). Therefore the theory
of/2-systems can be used to analyze E and thus to infer properties of the map T.

For a given map w T -- W, we define w- WlT(_,0) (the past of w) and
W+ :--" WlTN(O,+oc) (the future of w). If 13 C WT, we indicate with B- and B+ the sets
of, respectively, the past and the future trajectories of B.

DEFINITION 1.1. A time-invariant dynamical system E (T, W, B) is said to be
controllable if, for every wl and w2 in B, there exist t >_ 0 and w B such that

w- w{- and (at’w)+ w+2.
This notion of controllability plays a fundamental role in the theory of linear, time-

invariant, finite-dimensional, state space systems, but it proves to be very restrictive
when we consider general/2-systems, for which we propose the following.

DEFINITION 1.2. A linear time-invariant system E (Z, Cq, B) q2 is said to
be almost controllable if there exists K > 0 such that, for every Wl and w2 in B, there
exists Vn B for n 1, 2,..., yielding the following:

((T--EVE) --+ W, ((TnVn)+ W+2 IIvnlle <-- K ([[w{-[[2 +
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where --+ denotes limit in the/2-topology for n --Remark. It is not obvious, from this definition, that a controllable system in 2q
is almost controllable. This is indeed the case and is shown later.

Remark. The uniform boundness requirement on the V’nS in Definition 1.2 is es-
sential. Indeed, if we drop this, then any system in :2 would satisfy the property;
indeed, let Wl, w2 E B and consider vn :- (7-nw2 nt- (Tnwl Then Vn B for all n, and
it is evident that ((Tnvn)+ "-+ W+2 and (o’-nvn) --- W in the/2-topology.

2. Controllable systems. The main result of this section concerning/2-systems
shows that controllable systems in the sense of Definition 1.1 have automatically finite
memory.

THEOREM 2.1. Let E (Z, Ca, B) be in 2q. Then is controllable if and only
if B can be expressed as the 12-solutions of a linear constant coelCficients difference
equation; that is, there exists R(z,z-1) Cgxq[z,z-1] such that

(2.1)

where R(a, (7-1) (cq)Z -- (cg)Z i8 the operator in the shift a induced by the poly-
nomial matrix R(z, z- 1).

To prove Theorem 2.1, we must establish a few intermediate results, which have an
interest of their own. Also, we work in a somewhat more general setting encompassing
/2-systems, since we believe that, in this way, a more complete picture of the situation
can be drawn without additional effort.

For wl, w2 WT and t T, we denote by the symbol wl At w2 the concatenation
of Wl and w2 at time t; i.e., w At w2(t’) Wl (t’) for t’ < t and Wl At w2(t’) w2(t’)
for t’ >_ t. We also use the symbol At to concatenate restrictions of functions such as,
for example, w- Ao w2+.

DEFINITION 2.2. Let X be a linear subspace of (Cq)z and let I1" I[z be a norm
on Z. (X, I1" IIx) is said to be a memoryless Banach space if the following hold:

(1) (X, I1" IIz) is a complex Banach space,
(2) X is shift-invariant (aX X) and a" X X is an isometry,
(3) X is memoryless (w, w2 X = Wl At w2 E X for all t Z).
Remark. If X is a memoryless Banach space, w X, and I C Z, we often identify

wli with the trajectory in X, which is equal to w on I, and 0 outside of I. Through
this identification, the spaces X- and X+ are seen as the subspaces of X consisting
of the trajectories with support in, respectively, (-cx, 0) and [0, +cx). It follows
that X- and X+ are closed in X and, by condition (3) of the preceding definition,
X X- @ X+. We indicate with P- and P+ the linear bounded projections from
X on X- and X+, respectively. Once a memoryless Banach space X has been fixed,
the convergence of a sequence in the norm of X is simply denoted by the symbol 4,

with no further specification when no confusion can arise.

Example. We now present the following examples of memoryless Banach spaces,
which are considered later in the paper:

(1) The space l (1 _< p < +;q N+) of the Cq-valued sequences over Z
whose pth power is summable, equipped with the norm
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(2) The space l (q e N+) of the bounded Cq-valued sequences over Z, equipped
with the norm

I1 11 := sup
fEZ

(3) The subspace cq of l, consisting of the sequences converging to 0 as t
approaches d-ec, equipped with the norm [[. [[o.
Note the following chain of inclusions:

If X is a memoryless Banach space contained in (cq)z
class of linear systems:

we consider the following

x := {E (Z, Cq, B) with B a closed shift-invariant linear subspace of X}.

In the case where X lp, we also use the notation :qP for x.
Let E (T, W, B) be a time-invariant system and A a positive number. E is

said to have A-finite memory if Wl, w2 E B and wll[o,a) w2[[o,a) implies that
Wl Ao w2 E B. E is said to have finite memory if it has A-finite memory for some A.

Our first goal is to study the structure of finite memory systems in /:x. To
do this, we must introduce the important system-theoretic concept of completeness.
Let E (T, W, B) be a time-invariant system; it is said to be complete if, given any
w WT, we have that w B if and only if w[i B[I for every finite interval I C T
(with obvious meaning of B[z). The structure of the complete time-invariant linear
systems is studied in much detail in [12] and [13]; in particular, there is the following
important result.

THEOREM 2.3. Let E (Z, Ca, B) be a linear, time-invariant system. The fol-
lowing conditions are then equivalent:

(1) E is complete,
(2) B C (Ca)z is closed in the pointwise convergence topology,
(3) There exists R(z,z-) e Cgq[z,z-1] such that 13 kerR(a,a-).
From (3) of Theorem 2.3, it is clear that any complete linear system over Z indeed

has finite memory. In general, systems in/:x are not complete; we can actually prove
that, if B c cq, then E is complete if and only if B {0}. Nevertheless, the concept
of completeness proves to be useful in our investigation. In fact, we have the following
result.

PROPOSITION 2.4. Let X be a memoryless Banach space contained in Cq and let
] (Z, Ca, B) be in x. Then E has finite memory if and only if B Bcmpl CI X,
where Bcmp is the completion of B (defined as the smallest subspace of (Ca)z that is
shift-invariant, complete, and contains

Proof. Observe that B c Bcmpl CJ X. Assume that E has A-finite memory and
let w E Bcmp CI X. Then there exists a sequence Wn 13 such that

Wn[[--n,n] W[[--n,n] Vn N.

Consider now the linear map PA B- @ B+ B-l[-/x,0) (R) B+[[0,A) given by
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Since PA is surjective, there exists a linear map QA B- I[-zx,0) B+l[0,) -+ B- B+
such that PA o QA Id. Since E has A-finite memory, we can assume that

((o’--n+Awn)--,(o’n--AWn)+) ---QA ((o’--n4"AWn)-- I[_A,O),(o’n--AWn)+I[O,A) )
By (2.2), for n sufficiently large, we then have that

(2.3) ((o’--n+AWn)-- (o’n--AWn) "+’) Qzx (wl[-=,-=+), wl[=-,))

Since w E X c Cq, we have that

(2.4) (WI[_n,_nA_A), Wl[n_A,n)) 0 as n -4-oo.

QA is bounded, since it acts on a finite-dimensional vector space; therefore, by (2.3)
and (2.4), we have that

which implies, together with (2.2) and condition (2) of Definition 2.2, that wn --* w.
This yields w E B. The other implication follows from Theorem 2.3.

Remark. Proposition 2.4 still holds true if X l and if we assume that B is
closed in the weak*-topology of l; the proof is identical.

Let us now state the main result of this section.
THEOREM 2.5. Let X be a memoryless Banach space and let E be a controllable

system in z. Then E has finite memory.
We first prove a proposition based on a technical lemma whose proof is omitted

since it follows from a straightforward application of the Douglas factorization theorem
(see [5]).

LEMMA 2.6. Let X, Y, and Z be Banach spaces and let A X -- Z and B Y
Z be linear bounded maps. If there exists Xo c X subspace of second category in X
such that T (A[xo) c TE(B), then T(A) C T(B)

We now state a result that claims that, under certain conditions, controllability
may always be achieved in a uniformly bounded finite number of steps, if it can be
achieved at all.

PROPOSITION 2.7. Let X be a memoryless Banach space and let E x be a
controllable system. Then there exists no N such that, for all wl and w2 in 13, there
exists w 13 such that

w- w and (anow)+ w+2

Proof. Let us consider the following sequence of linear bounded maps:

(2.5) T :B - X- X+,

given by T(w):= (w-, (a’w)+). By controllability, we have that

[.J n(Tn)
n>O
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Proposition 2.7 will be proved if we show that there exists no E N such that 7 (Tno)
B- @ B+. Let us introduce the map

T B@B X- X+

given by T(wl, w2) := (w-, w2+). Consider Mn T-l’(Tn). Then

U M,-BB,
n>O

and, since B B is a Banach spce, it follows, by a standard category argument (see,
for example, [11]) that there exists no E N such that Mno is of second category in
B B. Applying Lemma 2.6 to the maps T and T, it follows that T(T) c 7 (Tno),
which implies that 7 (Tno) B- B+.

More can be said about the range of the map To introduced in (2.5). In fact,
consider the map

B -- X- X+ @ B][0,no)
with i Tno (R) Pno, where Pno B Bl[0,no is the restriction to the interval [0, no).
It is clear that is a linear bounded embedding (injective with closed range) and that

Pno has finite-dimensional range; it is then a standard result from functional analysis
(see, for example, [2]) that Tno also has closed range. This yields the following result.

PROPOSITION 2.8. Let X be a memoryless Banach space and let E (Z, Ca, B)
x be controllable. Then B- and B+ are closed subspaces of X.

Proof of Theorem 2.5. Consider the following subspace of B+:

0+ := {w+ t+lo 0 w+ t}.

Define the linear map

where no is the same as in Proposition 2.7, by R(x) v (mod B0+), where v is any
trajectory in /3+ such that 0 A0 x Ano a-nv 13. It is easy to verify that R is a
well-defined linear map, and that it is surjective. Since the domain of R is finite-
dimensional, it then follows that B+/B+ is also finite-dimensional (this is actually a

state space of ). Therefore there exists a finite-dimensional subspace N of B+ such
that B+ B0+ N. Now consider the following decreasing sequence of subspaces of
B+:

Hn :-- {w+ + W+l[0,n)- 0}.
Then

Hn --(0).
n>O

Consider Kn PNHn, where PN is the projection operator on the subspace N. {Kn}
is a decreasing sequence of subspaces of N with null intersection; since N has finite
dimension, it then follows that there exists > 0 such that K (0), which implies
that H C Bo+. We now claim that E has -finite memory; in fact, let wl, w2 B
such that wll[o,) w21[o,a). Then

(:- )+ H c/So+,
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which implies that

We conclude this section with the following summarizing result, which encom-
passes Theorem 2.1, stated at the beginning of the section.

THEOREM 2.9. Let X be a memoryless Banach space contained in Cq and let
E E x. Then the following conditions are equivalent:

(1) E is controllable,
(2) E has finite memory,
(3) there exists a polynomial.matrix R(z,z-1) e CgXq[z,z-1] such that

( e X IR(,-) 0}.

Proof. (1)=(2) is Theorem 2.5. (2)=v(3) is contained in Proposition 2.4 and
Theorem 2.3. Finally, (3)(1) follows from standard results of the theory of complete
systems: [13] and [14] contain a proof for the case where X lq2, which is easily
generalizable to our case. []

Remark. The condition that X C cq in Theorem 2.9 is essential. In fact, it follows
from the results of [13] that Theorem 2.9 is false for l.

3. Almost controllable systems. In this section we specifically consider 12-
systems, since we believe that the Hilbert structure plays a fundamental role in this
context to achieve nice representation results. We make use of frequency domain
techniques including Hardy spaces theory; our main references for these matters are

[4], [6], and [7].
We start with the following interesting topological characterization of almost con-

trollability.
PROPOSITION 3.1. Let E (Z, Ca,13) be an 12-system. Then the following two

conditions are equivalent:
(1) E is almost controllable,
(2) 13- and 13+ are closed in 12q.
Proof. (1)=(2). By (1), there exists k > 0 such that, for every w- B-, there

exists Vn 13 such that

(o’nVn) W--, (o’--nVn)+ - o, llvnll= < KIIw-II.
Consider Wn o’nVn; then

(3.1) w w-,

(3.2) IlWn+ll2 IlWnll2 Kllw-112,

By (3.2) we can assume, taking a subsequence if necessary, that

(3.3) Wn+ - v+ lq2+ weakly.

Equations (3.1) and (3.3)yield

Wn W AO W+n --+ W- AO vA- weakly,
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which implies that

(3.4) w- A0 v+ E B

and, by (3.2),

From (3.4) and (3.5), it follows, by a standard argument from functional analysis, that
T(P-I B- is closed. In an analogous way, we see that 13+ is also closed.

(2)=(1). Since the two proj.ections P- and P+ both have closed range, there
exists K > 0 such that, for all w- E B- and w+ B+, there exist Wl and w2 in B
such that

w+, Ilw ll2 Kllw+ll2.
Now consider Vn anwl + ff-nw2. Then

(o.--nVn)-- W 2t- r--2nw2 --+ Wl
+ +

which yields (1).
Remark. By Propositions 2.8 and 3.1, it is now evident that, for/2-systems, con-

trollability indeed implies almost controllability.
We now study representations of almost controllable systems, and this is the

subject of the remainder of this article. We show how it is possible to represent an
almost controllable system as the image of/2-maps, while, in next section, we study
state space representations. The common feature underlying these two representations
is the presence of latent variables, namely, variables that are not part of the external
signal, but that are introduced to express the internal structure of the system. We
return to this point later.

Let T C R and W1, W2 be sets; consider B1 c WT and B2 C W2T. A map
F" B - 2 is said to be causal if wl(t) w2(t) for all t < t’ implies that (Fw) (t)
(Fw2) (t) for all t < t’; F is said to be anticausal if w (t) w2(t) for all t > t’ implies
that (Fwl)(t)= (Fw2)(t) for all t _> t’.

The following is the main result of this paper.
THEOREM 3.2. Let E (Z, Ca, 13) be in 2q. Then the following conditions are

equivalent:
(1) E is almost controllable,
(2) 13- and 13+ are closed subspaces of 12q,
(3) There exist a number g N and two linear bounded maps

satisfying the following properties:
(i) 7 (F-) B 7 (F+),
(ii) F- and F+ commute with a,
(iii) F- is anticausal and has an anticausal bounded left inverse,
(iv) F+ is causal and has a causal bounded left inverse.
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Moreover, if any of the three above equivalent conditions is satisfied, then the maps
F- and F+ in (3) can be chosen to be isometrics. If we assume that this is the case,
then g is unique, and F- and F+ are unique up to right multiplication by unitary
isomorphism on Cg.

The proof of Theorem 3.2 is rather involved. We first discuss some easy aspects.
Proof of Theorem 3.2 (Preamble). Note that the equivalence between (1) and (2)

is proved in Proposition 3.1.
Also, it is easy to show that (3)=(2); in fact, consider the maps

A-P-oF+oP-

and
B" lq2- --, l2-, B P- o/+ o P-,

where F+ is the causal left inverse of F+, and P- here indicates both the projection
la2- and lq2-. We have thatoperators on

B o A P- o + o P- o F+ o P- P- o + o F+ o P- Idl]_

which implies that T(A) B- is closed. In an analogous way, using F-, it follows
that/3+ is closed.

It therefore remains to be proved that (2) implies (3), and the remainder of this
section is devoted to this implication.

Remark. For finite memory/2-systems, Theorem 3.2 is already obtained in [14].
We now first introduce the important frequency domain description of an 12-

system. If E (Z, Cq, B) e/2q2, consider/ the closed subspace of n2q L2 (W, Cq)
(the Hilbert space of the Ca- valued Lebesgue square-integrable functions on the unit
circle T) obtained as the image of B through the Fourier transform $’q "lq2 -- Lq2. It
is well known that / is a doubly invariant subspace of L2q with respect to the shift
S" Lq2 Lq2, given by (Sw)(eiO) eiw (ei). Namely, Sn for all n e Z.
Doubly invariant subspaces of Lq2 have been widely studied in the past (see [6]); we
must recall only a few fundamental facts. A range function J J (eiO) is a function
on the circle T taking values in Gq (the family of all the subspaces of Cq); J is said to
be measurable if the orthogonal projection P (e0) from Cq on J (e0) is measurable.
If J is a measurable range function, we can consider that

3//j {zb b e Lq2 and zb (ei) e J (ei) a.e. on T},

and it is easy to show that Adj is a doubly invariant closed subspace of Lq. A
fundamental fact is that all closed, doubly invariant subspaces of Lq2 are of this form,
and also the correspondence between J and JMj is one-to-one, under the convention
that range functions are identified if they are equal almost everywhere. A measurable
range function J is called analytic if there exists a finite number {F1,..., Fg} of
elements of Hq2 (the closed subspace of Lq2 consisting of the functions whose negative
Fourier coefficients are zero) such that g (ei) is the span of {F (e) ,... ,Fg (e)}

--2
almost everywhere on T. In a similar way, using the conjugate space Hq, we can
introduce the concept of coanalytic range function. If J is a range function, we can
define the orthogonal range function J+/- by J+/- (e0) (J (e)) +/-, where the last
orthogonal must be considered in Cq with respect to the canonical Hermitian inner
product; it can be proved that J is analytic if and only if J+/- is coanalytic.
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Let us now introduce the spaceLq of the g q-matrices of L-functions defined
on T and the subspace Hq consisting of those whose negative Fourier coefficients
are zero. If F E Lq, we will denote by MR the multiplicative operator induced by
F, namely, MR "L2q - L2g, given by (MEw)(ei) F (ei)w (e). The following
proposition clarifies the relation among all of these concepts. The proof is practically
contained in [6]; therefore we only give a sketch of it.

PROPOSITION 3.3. The following conditions are equivalent:
(1) J is an analytic range function,
(2) There exists F Ug such that /[j n (ME),
(3) There exists L e gq such that A/Ij ker (ML).

Moreover, if any of the above equivalent conditions are satisfied, then F in (2) can be

chosen to be outer (J4jNH2q T (MFIH)) and rigid (F (ei) is an isometry almost

everywhere). With this choice, g is uniquely determined by the relation g dim J (eie)
almost everywhere, and F is also uniquely determined up to right multiplication by
constant unitary matrix.

Proof. (1)=v(2) Consider that 4j ]/[jNHq. ,4j is a closed S-invariant subspace
of Hq; therefore, by the Beurling-Lax theorem (see [6] and [7]), there exist g e N and
F Hq with F rigid such that .Aj FH2g. Since J is an analytic range function, it
is evident that ./j T (MR). Moreover, F is outer by the way it has been defined.

(2)=(1) is trivial.
(3)=(1). Suppose that A/tj kerML. Write L as n (nl,...,nl)t, where

Lj H1. Then

{w e A/[j} = {L}w 0 j 1,...,1} = {w_l_j j 1,...,1}.

Let J’ be the coanalytic range function spanned by the family {1,’’’, l }. Since

J- (J’)+/-, this shows that J is analytic.
Reversing this argument, we see that (1)=(3).
Uniqueness of F and the fact that g dim J (eiO) almost everywhere simply

follow from the Beurling-Lax theorem and the fact that F is outer and rigid.
Of course, we have the following symmetric result.
PROPOSITION 3.4. The following conditions are equivalent:
(1) J is a coanalytic range function,
(2) There exists F HqCxg such that .A/[j (M),
(3) There exists L e Hlq such that /[j ker (My).

Moreover, if any of the above equivalent conditions are satisfied, then F in (2) can
be chosen to be outer and rigid. With this choice, g is uniquely determined by the
relation g dim J (eie) almost everywhere, and F is also uniquely determined up to
right multiplication by constant unitary matrix.

We are now ready to state and prove the main mathematical result.
LEMMA 3.5. Let A/[ be a closed, doubly invariant subspace of L2q. Then the

following two conditions are equivalent:

(1) A/I- (the projection of /[ on g- (H2q) +/-) is closed,
(2) There exist F e Hang and F e Hgq such that J4 n (MR) and FF Idg.

Also, if either of these two conditions is satisfied, then F in (2) can be chosen to be
rigid and outer.

Proof. (1)=(2). A/I- is closed, and it is invariant for the adjoint of the left
shift acting on Hq2-. Therefore, by the Beurling-Lax theorem, there exists a rigid
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E Hqk, with k _< q, such that

(3.6) .A/I- 2 _L

where the orthogonal is taken with respect to the space H2- (and not with respect to
all of L2!).

If f E L2, let us indicate by f- and f+ the projections of f on, respectively, H2-

and Ha2. Now, for any f e A/I, we have that f-l-H- by (3.6), and also f+l-H-.
Therefore fl-H- for allf Az[, or, equivalently,

(3.7) C f_LH Vf e .Azl

Since is a doubly invariant subspace, (3.7) implies that Ctf 0
We now prove that, in fact,

for all f A/[.

(3.8) Ctf 0 f E J/[.

Let f be in Lq2 such that Off 0; it follows that Orf+ + Orf- 0, and therefore
tf-_LH-, or, equivalently, f-_L-H-. By (3.6), it then follows that f-
Since A/[ is doubly invariant, we also have that

tS-nf O Vn N,

which, by the preceding argument, yields

(S--nf) .A- Vn N.

Therefore there exists a sequence Vn H2q such that

(3.9) S f)- + Vn J Vn N,

and, since A/I- is closed, we can choose Vn such that

(3.10) Ilvnll2 Ilfl12,

for all n. It follows immediately that Sn (S-nf) f, and, by (3.10), we can
assume--taking, if necessary, a subsequence--that Snvn 0 weakly. Therefore

Sn ((S-nf) -- Vn) f weakly,

which, by (3.9), implies that f AA. This yields (3.8), which can be equivalently
expressed as A/[ ker (M0t). By Proposition 3.3, this implies that there exists F
Hqg such that A/[ T (MF), and F can be chosen to be outer rigid.

We must still prove that F admits an H left inverse. This may be seen as
follows. Consider the linear bounded map A" Hg2- -- H2-, given by

A P- o MF[H-
where P- denotes the projection onto the subspace H2-.
adjoint of A:

A*’H-H-, A* MR-.

Consider the following
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Since F is outer and rigid, it is easy to see that A* is surjective. Consequently, A is
injective and has closed range. We now use the fact that a function in a Hardy space
(Hq2, HgCxq can be holomorphically extended to the open unit disk D (see [7]); for
simplicity of notation, we use the same symbol for a function on T and its extension
to D. If h E H and ( E D, we have that

[h (ei)- h(a)] (1 Oe--iO) -1 e H.
Consider that

f (1- IclU) /= (1- ce-ie)-It is a matter of computation to show that .f e H2- and llfll 1 for all c e D.
Let { e Cg, with I1{1[ 1. We can then show that

A (f) F(o) (f)

Assume now that there exist sequences {Cn} C D and {n} C Cg, with IIn 1, such
that F(Cn), - O. By (3.11), A(nfa) --+ 0, and IInfanll2 1. This is absurd,
since A is injective and has closed range. By the vectorial Corona theorem (see [5]),
it then follows that there exists F Hgq such that FF- Ig.

(2)=>(1). Simply observe that A admits a left inverse given by B := P- oM,>[H-.
Therefore Nl- 7(A) is closed. 0

Naturally, we also have the following symmetric result.
LEMMA 3.6. Let N[ be a closed doubly invariant subspace of L2q. Then the fol-

lowing two conditions are equivalent:
(1) N[+ (the projection of A4 on H2q) is closed,
(2) There exist F e HqCxg and " e Hxq such that N[ :R (M) and ’F

Idg
Also, if either of these two conditions is satisfied, then F in (2) can be chosen to be
rigid and outer.

Proof of Theorem 3.2 (End). (2)=>(3). Consider the Fourier transform q’12q --+

nq2. If Jeq(B) Ad; then ’q(B-) A/l-, Jq(B+) Nf+, and both are closed in nq2.
By Lemmas 3.5 and 3.6, there exist G1 and (72 in Hxg rigid, outer, both having H
left inverse, and such that

T (Ma,) A/[ g (M=)
(note that g is the same for G1 and G2 by Propositions 3.3 and 3.4). Consider now
that

F+ "l --+ lq, F+ "-- ,"--1 0 Ma o

and
F- "l2 + lq2, F- :-- .---1 o M2 o ’g.

Because of standard properties of the Fourier transform, it follows immediately that
F- and F+ are isometries and that they satisfy properties (i)-(iv) of (3). Finally, the
uniqueness of g, F+, and F- also follows from Propositions 3.3 and 3.4. [

Remark. The representation expressed by condition (3) of Theorem 3.2 is classi-
cally known as the scattering representation, and it is investigated in [8]. It is worth-
while to note that, while in [8] the scattering representation is derived from the ex-
istence of a pair of orthogonal subspaces (the incoming and outgoing subspaces) of B
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satisfying certain properties, here such a representation is independently derived from
the topological assumption expressed by condition (2) of Theorem 3.2.

Remark. It is worthwhile to relate the result of Theorem 3.2 with the result of
[13], which states that, if E (Z, Cq, B) is linear time-invariant and complete, then E
is controllable if and only if B 7 (M(a, a-1)) for some polynomial matrix M(s, s-1).
Actually, if this is the case, then there exist polynomial matrices left-invertible M1
and M2(8) such that 7(M(a)) B 7 (M2(a-)). Moreover, M(a) and M2(a-1)
can be chosen to be injective. In a sense, Theorem 3.2 generalizes this to/2-systems.

We conclude this section with an analysis of input/output, almost controllable
systems. Let T" 12m --* lp2 be a linear bounded map that is causal and commutes with
a; consider the induced/2-system ET (Z, Cm+P, G(T)) (see part (1) of the example
in the Introduction). We want to obtain necessary and sufficient conditions on the
map T such that ’]T is almost controllable. Consider now the Hankel operator -T
associated with the map T, namely, 7-/T" 12m lp2, given by ’T :--" P+ o Tll2m-.

PROPOSITION 3.7. ST i8 almost controllable if and only if the Hankel operator
’T has closed range.

Proof. It is evident that (t denotes transposition)

(3.12) /3 7 (Ildm, T]t).
Note that

[Idm, 0] o [Idm, T]t Idm,

which implies, by Lemma 3.5, that B- is closed. Therefore by Theorem 3.2, ]T is
almost controllable if and only if B+ is closed. Therefore it suffices to show that B+
is closed if and only if -T has closed range. Assume that ’T has closed range and
let fn E L2m be a sequence such that

P+ [Idm, T] fn [)1, )21 e 12m lp2

Then

In+ -+ )1, P+Tfn - 2,

which imply that P+Tf 2 P+TI. Since ’T has closed range, it follows that
there exists f- 12m such that

P+Tf- 2 P+TI,

which yields 2 P+T ()1 -- f--). Hence, by (3.12), [1, 2] B+. This shows that
B+ is closed. On the other hand, if ’T does not have a closed range, then there exists
a sequence f- 12m such that

(3.13) uvf n

There holds that P+ [Idm, T]t f -- [0, Cir. We claim that

[0, ]t n ([Idm, Tit).

Indeed, assume that there exists f 12m such that

P+ [Idm, T]t f [0,
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This implies that f+ 0 and P+Tf- , which by (3.13) yields a contradiction.
This shows that B+ is not closed. [:]

Remark. In the scalar case (m=p-1), the condition for -T to have a closed range
can be expressed nicely in an equivalent way. Consider that " L2 -- L2, given by

It is a standard fact that is a multiplicative operator with symbol H E H (called
the transfer function of ET). Note that 7-/T is completely determined by H, and it
can be proved that 7-/T has a closed range if and only if H admits a factorization of
the kind H CK, where E H is inner, K Ha, and also there exists 5 > 0 such
that

I(z)l+lK(z)[_>5 VzeD.

Consequently, a sufficient condition for the almost controllability is, in this case, that
H is purely inner or, more generally, that its outer part is rational.

4. Hilbertian state models We start this section with a few words about
general latent variables models, before focusing on state models. A dynamical system
with latent variables is defined as a quadruple

I (T, W, L,/3i)

with T and W as in the definition of a dynamical system given in the introduction; L
is the set of latent variables; and 131 c (W L)T the (full) behavior. As for dynamical
systems, we always assume that T Z (or T R) and that our latent variables sys-
tems are time-invariant (the definition is analogous to the one for dynamical systems);
also we assume linearity, namely, that W and L are vector spaces and/31 is a linear

subspace of (W L)T
(T, W, PwBI)

(where Pw is the projection on the first factor of W L) is said to be the manifest or
external dynamical system induced by EI; PwBI is called the manifest (or external)
behavior. EI is said to be a latent variable representation of E. EI is said to be
externally induced if there exists a map (called the observability map)

F" PwBI PLBf

such that
{(w,g) eBf}vv{wePwBI and g=Fw}.

EI is said to be past externally induced (future externally induced) if the map F is
causal (anticausal).

If (Z, Cq, B) is an almost controllable system, the scattering representation
of introduced in Theorem 3.2 (3) naturally induces the following two latent variables
representations of :

(z,
where B ((w, g) e 12q (R) 12g F+g w}. The existence of a causal (respectively,
anticausal) left inverse of F+ (respectively, F-)implies that Z (respectively, Z)-)
is past (respectively, future) externally induced. Note also that, in both cases, the
observability map F (given by the left inverse of, respectively, F+ and F-, restricted
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to B) is bounded. Indeed, observe that, whenever E and El are/2-systems and El
is an externally induced latent variable representation of E, the observability map F
has closed graph (G(F) Bf) and therefore is always bounded.

If E (T, W, B) is a dynamical system and El (T, W, L, Bf) is a latent variables
representation of E, then El is said to be a state space representation of E if the
following holds true:

[(Wl,/1), (w2,/2) e Jf and /l(t) =/2(t)] = [(w1,/1) At (w2,12) e Bf].

For state space representations, we use the notation Es for EI. In [12] and [13], a
general theory of state space representations of a dynamical system is developed, and
a notion of complexity is introduced, as well as a notion of equivalence. In particular,
it is proved that, if E is a linear system, then the linear time-invariant state space rep-
resentations of E, of minimal complexity, are all equivalent to each other; moreover, it
is shown how to canonically construct a minimal state space representation. However,
when we study dynamical systems carrying a topological structure on the behavior
(as /2-systems), then it is of interest to consider topological structures on the state
space, also, and, consequently, to have notions of complexity and equivalence where
these topological concepts are also considered. One of the main effects of this new
setting is the loss of the equivalence of all the state space representations of minimal
complexity, even for a linear system. The main result of this section is to show that,
for almost controllable /2-systems, this equivalence is actually preserved! We start
with an interesting definition, which induces a topological structure on state space
representations.

DEFINITION 4.1. Let E (Z, Cq, B) E /:2 and let E (Z, Cq,X,B) be a
time-invariant state space representation of E, with X a complex separable Hilbert
space. Es is said to be a Hilbertian state space representation of E if the following
condition holds true: For every A open subset of l2 such that B c A, there exists an
open neighborhood N of 0 in X such that

(4.1) [(wl,x), (w2,x2) e Bs and x(0) x2(0) e N] = [w Ao w2 e A].

Condition (4.1) simply says that if two trajectories in B have states that at t 0
are "very close" to each other, then the concatenation of these two trajectories will
also be "very close" to B.

We denote by H the set of all the Hilbertian state space representations of the
/2-system E. If Es (Z, C, X, Bs) H, define

(4.2) Xeft := { e X 3(w, x) e Bs such that x(0) }.

Xeft is a subspace of X (not necessarily closed), and it is called the effective state
space of Es.

DEFINITION 4.2. E H is said to be trim if Xff X; it is said to be almost
trim if Xff X.

If Es H is externally induced, then we can define a linear map

(4.3) g B X,

given by g(w) := x(0), where x e Xz is such that (w, x) e Bs. With a slight abuse of
notation, we also call g the observability map of Es.
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DEFINITION 4.3. ES E H is said to be boundedly externally induced if g is
bounded.

We now give some examples of such state space representations.
Example. (1) If E (Z, Cq, B) e/q2, consider that

(4.4) ’]rivial (Z, Cq, , rivial)

where

rivial :__ {(W,X)IW e and x(t) atw}.

rivial is usually called the trivial state space representation of Z, and it is immediate
to see that rivial HE, is trim, and boundedly externally induced.

(2) A more important state space representation of E is the following"

(4.5)

where
D := {w BIT A0 0 B}

and

B := {(w, x) w e B and x(t) crtw (mod D)}.
It is called the canonical state space representation of E. It is well known [13] that

E is a trim, past and future externally induced state space representation of E. It is
easy to see that E is also boundedly externally induced. Moreover, E H if we
consider BID with the natural quotient structure, after noting that D is closed in B.
Indeed, fix (wx,xl) and (w2, x2) in B, and assume that

IIxl(0) x (0)ll

This means that there exists v D such that [[wl w2 + v[[ _< 5, or, also, that

+ o Jo v) v Jo o)II, -<
Now wl A0 w2 (Wl + 0/0 V) (W2 V/0 0), and, therefore,

IlWl A0 we Wl -- 0 /0 vll 5.

This shows that Es H.
DEFINITION 4.4. Let E (Z, Cq, Xi, Bis) be in H for 1,2. E is said

to be more complex than E (E _> E) if there exists a linear bounded surjective
map f’X --. X2 such that, for every (w, x2) e B, there exists x e Xz such that
(W, Xl) e B and f o Xl X2.

DEFINITION 4.5. Let E and E as in Definition 4.4. E is said to be equivalent
to E (E

___
E) if there exists a linear bounded bijective map f" X1 -- X2 such

that (w, Xl) e B if and only if (w, f o x) e B.
Note that _> is a preorder on H, while

_
is an equivalence relation.

We indicate with H the set of all the minimal elements ofH with respect to the
pre-order _>; namely, Es H if and only if Es E H and [Es _> E] = [Es E].
We later show that the canonical representation E is always minimal and that, if E
is almost controllable, then any other minimal representation is, in fact, equivalent
to E.
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Let us now investigate in more detail the continuity requirement in Definition
4.1 of a Hilbertian state space representation. Assume that F,s (Z, Ca, X, Bs) is a
linear time-invariant state space representation of F, (Z, Ca, B), and assume that X
is a complex separable Hilbert space. Define the map

) (S) Xeff lq2/j

(Es)(x) := wl Ao w2 (mod B),

where Wl, w2 is any pair of trajectories in B such that there exist xl and X2 in Xz with
(wi, xi) E Bs for 1, 2 and x (0) x2(0) x. To better understand how the map
(Es) really acts on Xeft, observe that the codomain of (F,s) can be canonically

identified with 12q’-/’+0-1/.t where

Bo+ := {w+ E l2+ such that 0 Ao w+ B}.

Through this identification, (Es) acts as follows: Given x e Xeft, (Es)(x) is the
equivalence class (mod Bo+) of all the possible futures of the system B compatible with
initial state at time t 0 equal to x. An analogous identification can be made with
respect to the past.

LEMMA 4.6. (Es) is a well-defined linear map.
It l/Proof. Let (w, xi) and (wi, xi be in Bs for i= 1, 2 and assume that

(4.7) xl (0) x (0) x xi’(0)

II IIConsider (w- wi ,xi- xi for i- 1, 2 and observe that, by (4.7),

(xl (0) xi’(0)) 0.

Therefore (w w) A0 (w w) e B, or, equivalently,

which shows that (Es) is well defined. A straightforward calculation shows that
(Es) is linear. 13

Using this lemma we can obtain the following nice characterization of Hilbertian
state space models.

PROPOSITION 4.7. Es is in Hr. if and only.if (Es) is bounded.
Proof. The proof is an immediate application of the definition of H..
If Es Hr,, then (Es), being bounded on Xeft, can be extended in a unique

way to a linear bounded map acting on Xe; for simplicity of notation, we denote this
extension also by the symbol

If Es (Z, Cq, X, Bs) Hr., denote := (Es) and consider that

(4.8) E := (Z, Cq, X/ker, B),
where

B "-{(w,)E (Ca X/ker)
z
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where 5 denotes the equivalence class of x (mod ker ). We have the following result.
PROPOSITION 4.8. is a Hilbertian externally induced state space representa-

tion. Moreover,
Proof. Let us prove that E is a state space representation of E. Fix (w,, Xl) and

(w2,x2) in Bs, and assume that

X0 Xl(0) X2(0) e ker b.

We must only prove that

(4.9) (Wl, 51) Ao (w2,52) e .
Since xo E ker g Xeft, there exists (w, x) Bs such that x(0) xo and w Ao 0 B.
Let x Xz be such that

(4.10) (w A0 O, x’) Bs

and let x" x x; then

(4.11) (0 A0 w,x") Bs.

Consider now

(w,+(0Aow),x+x") and (w2-(wAo0),x2-x’).

These are elements of B$ and (Xl -- x")(0) (x2 x’)(0) 0. Therefore

(4.12) 0

+ (0 ,o + x,,) A 0), x,)
0

By (4.10) and (4.11), it is evident that (x’(t)) 0 for all t _> 0 and (x"(t)) 0 for
all t <_ 0; this, together with (4.12), yields (4.9).

The fact that E E Hr, follows from the commutativity of the following diagram:

Xeff

___
/,

Xe/ker g Xeft

where ’ := (E).
To prove that E is externally induced, assume that (0, 5) B; then x(t) ker

for all t Z, which implies that 5- 0.
Finally, the projection

r" X --. X/ker
yields Es _> E in the sense of Definition 4.4. D

PROPOSITION 4.9. Let Es (Z, Cq, X, Bs) H The following conditions are
then equivalent:

(1) Es e H,
(2) Es is almost trim and b (Es) is injective on X.
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Proof. (1)=(2). Consider that

-]esff (Z Cq Xeff ]s)
It is evident that Es _> Eel, which yields Es - E}ft. This shows that Es is almost
trim, since Eff is. Analogously, by Proposition 4.8, Es - E’s, where E has been
defined in (4.8). Therefore there exists an isomorphism

S" X _X/ker
such that

() o f (s),

which proves that (Fs) is injective.

(2)=v(1). Assume that there exists ]s (Z, Cq, f(,ls) E g such that s _>

s. From Proposition 4.8, it follows that Es and ]s are externally induced; moreover,
we have that the following diagram commutes:

g

(4.13) $ /S
X

X

where g (respectively, ) are the observability maps of Es (respectively, s) as defined
in (4.3), and f is the linear bounded surjective map yielding the preorder _> between
Es and s. Fix now (w, x) E Bs; by (4.13) it follows that (w, f o x) /s. It is then
clear, by Definition 4.5, that to prove that E

_
s, it suffices to prove that the map

f is injective. To prove this, consider the following diagram:

where b b(Es) and b(s). It is evident that og= o. Using the

commutativity of (4.13), we obtain that o g o f o g, which implies that

Since Xeft X and since all the maps involved are bounded, it follows that o f.
Since is injective, this shows the injectivity of f, as desired. [3

COROLLARY 4.10. It holds that ES H.
Proof. F is trim; therefore, by Proposition 4.9, we must only prove that c :--

(E) is injective on X. Observe that

is given by c (w (mod D)) (w A0 0) (mod B). Therefore

c (w (mod D)) 0 == w A0 0 e B
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lent:

4= w E D= w (mod D) 0. D

PROPOSITION 4.11. Let Es be in H. The following conditions are then equiva-

(1) E is minimal, trim, and boundedly externally induced,

Proof. (1)(2). Let us denote by X the state space of Es, and by A that of E.
For x E X, consider that

{w e e xZ (w, z) e and z(0) x}.

Similarly, define B(a) for a A. It is easy to see, since B ispast and future externally
induced, that, for every x X, there exists one and only one a A such that
B(x) c B(a). This yields the existence of a linear surjective map f X -- A such that
(w, z) 13s if and only if (w, f o z) E B. We now prove that f is bounded. Consider
the following commutative diagram:

(4.14)

g

A

X

where g (respectively, go) are the observability maps of Es (respectively, E). Let
C c A be an open set. We have that

f-l(C g (g-l(c))

Since gc is bounded and g is open (it is surjective and bounded by (1)), it follows that
f-l(C) is open in X. Therefore f is bounded and Es _> E. Since Es is minimal, it
follows that Es E.

(2)=(1) is contained in Corollary 4.10. r]

We now focus on almost controllable systems.
PROPOSITION 4.12. Let E (Z, Ca, B) /:q2 be almost controllable. Then any

minimal Hilbertian state space representation Es of E is trim and boundedly externally
induced.

Proof. Consider that := (Es), as defined before. It is evident that

9 (lXe,,) B- Ao +/B,

which is, by the assumption of almost controllability, closed in 12q/B. Since Xef X,
it follows that

n ()

Since is injective, this implies that Xerr X.
By Proposition 4.8, Es is externally induced. We then have the following com-

mutative diagram:
B - X

B- A0 B+/B
where (w) w A0 0 (mod B). Since is bounded and is an isomorphism, it follows
that g is bounded. This completes the proof.
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We now state the main result of this section. It consists of a state space isomor-
phism theorem for Hilbert space systems, with the state space isomorphism induced
by bounded linear maps. Note that almost controllability plays an essential role in
this result!

THEOREM 4.13. Let E 2q be almost controllable and let Es H. Then the
following conditions are equivalent:

(1) Es e H,
(e)
(3) Fs is trim and past and future externally induced.

Proof. (1)=v(2) follows from Propositions 4.11 and 4.12. (2)=(3) follows from
Proposition 4.11 and the definition of E}. Finally, (3)(1) follows from Proposition
4.9 and the evident fact that, if Es satisfies (3), then (Es) is injective. [:]

As already mentioned, almost controllability is essential to have the isomorphism
result expressed in Theorem 4.9. In fact, we have the following proposition.

PROPOSITION 4.14. Let E (Z, Ca, B) E ,q2 be not almost controllable. Then
there exists Es H, which is not trim.

Proof. Consider the following state space representation of E:

Es (Z, Cq, X,

where

and

X := B- Ao B+/B

Bs {(w,x) (Cq (R) X)z w B and x(t) (atw) A0 0 (mod B)}.
It is easy to check that this is indeed a state space representation of E and (Es) is

simply the inclusion map on 12/B. It then follows that Es H; on the other hand,
Es is not trim, since either B- or B+ is not closed. D

Remark. If E q2 is almost controllable, then the minimal state space represen-
tation E} can be represented in the following familiar way. There exist

A X X B C X, C:XCq, D:CaCq

linear bounded maps yielding the following representation: (w, x) E B} if and only if
there exists v l such that

ax Ax + Bv, w Cx + Dv.

Such a representation is called a driving variable representation. The details of the
construction of such a representation are not presented here, since it is completely
analogous to the so-called shift realization that has been investigated for input/output
systems in [5].

We close our study of state space representations by a discussion of the relation
between our concepts of controllability and the classical concept of state controllability.
In [12] we have defined state point controllability as the possibility of transferring the
system between any two states in finite time. The appropriate version of almost state
point controllability proves to be the following.
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DEFINITION 4.15. Let E E 2 and Es (Z, Cq, X, 13s) H. Es is said to
be almost state point controllable if there exists K > 0 such that, for every pair of
elements Xl and x2 in X, there exists a sequence (vn, y,) Bs yielding the following:

yn(-n) -- Xl, y,(n) --. x2, IlVnll2 <_ K (llxlll- + IIx211+),

where the convergence is in the Hilbertian topology of the space X, and where
and I1" + are defined as follows:

(4.15) Ilxll- inf {llv-112 13y e Xz with (v, y) e Bs and y(0) x},
Ilxll + "= inf {llv+l12 3Y e Zz with (v, y) e Bs and y(0) x}.

It is possible to prove that, for minimal state space representations, almost con-
trollability and almost state point controllability are indeed equivalent.

PROPOSITION 4.16. Let E- (Z, Ca, B) q2 and let Es (Z, Cq, X, Bs) H.
Then the following conditions are equivalent:

(1) E is almost controllable,
(2) E is almost state point controllable.
Proof. (1)=(2). By Theorem 4.13 we can assume, without loss of generality, that

Es E. Let xl and x2 be in X. Then there exist Wl and w2 in/3 such that

xi-wi(modD) fori-l,2

and

By (1), there exists a sequence v /3 such that

(4.17) (O’-nVn) -> W-, (o’nVn)+ W+2
and

(4.18) IIvnll2 K (lIw{-I] + IIw2ll),
where K is a positive constant depending only on E. Now, consider y Xz, given
by

yn(t) atVn (mod D).
By (4.17) and by the fact that /3- is closed (see Proposition 3.1), it follows that
yn(-n) --+ Xl. Analogously, yn(n) --+ x2. By (4.16) and (4.18),

Ilvnll2 2K (l[xlll- + IIxll+),

This yields (2).
(2)=(1). Let Wl and w2 be in B and let Xl and x2 E Xz be such that (wi, xi) Bs

for 1, 2. By (2) there exists a sequence (y,, vn) Bs such that

(4.19) yn(Tt)-- x2(0), yn(-n)-> Xl(0)

and

(4.20) IlVnll2 K (l[xl(O)ll- + IIx(O)ll+).
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Consider that

(4.21) Zn (TnWl A-n Vn An a--nw2 E 12q.

By (4.19), and by the fact that Es E H, there exists 2n B such that

II ’n Zn o for n

In particular, (o’-n;n)-- (o’--nZn) O, which implies, by (4.20)and (4.21), that

(4.22) (o’-nn) -- w-.
In a similar way, we can prove that

(4.23) ((Tnn)+ --- Wt
By (4.20) and (4.21), we also have that

IlZnll < (1 + K)(llw -II + I1  +11),

and, on the other hand, it is not restrictive to assume that 11511 <_ 211Znll. This,
together with (4.22) and (4.23), yields (1). [

Classically, of course, controllability is always studied for systems with inputs. We
now briefly analyze the concept of almost state point controllability for state space
representations of causal input/output /2-systems, and we establish a relation with
the classical notion of exact controllability as considered, for example, in [4] and [5].

Let T" lm lp be a linear bounded causal map commuting with the shift and
let

(z,

be the induced/2-system as defined in part (1) of the example in the Introduction.
Let Es be in HT and assume that it is past externally induced. It is then possible
to consider the following linear map (the reachability map of

(4.24) R" (l)- X,

given by

Rv- g
Tv-

where g is the observability map defined in (4.3). As in [5], we call a state space
representation exactly state point controllable if R is bounded and surjective. If Es is
trim and almost state point controllable, then Es is exactly state point controllable. In
fact, in this case, ST is almost controllable by Proposition 4.16, and an easy argument
using the commutative diagram (4.14) shows that E8 is boundedly externally induced.
This yields that Es is exactly state point controllable. In particular, by Theorem 4.13,
it follows that, if Es is minimal and almost state point controllable, then Es is exactly
state point controllable.

On the other hand, exact state point controllability does not, in general, imply
almost state point controllability; it is easy, in fact, to see that the canonical repre-
sentation E is always exactly state point controllable, but, by Proposition 4.16, it is
almost state point controllable if and only if ST is almost controllable. Nevertheless,
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with the additional assumption that the norm II" + (see (4.15)) is equivalent to the
original norm I1" IIz of X as a Hilbert space, then exact state point controllability
implies almost state point controllability. In fact, using the facts that R is an open
map and that the two norms are equivalent, it is easy to prove that, for every x E X,
there exists (v, y) Bs such that

(4.25) y(O) x, y(-n) - O, Ilvl12 <_ Kllyll +

for a suitable constant K > 0. On the other hand B_ is closed by Proposition 3.1,
and this implies that, for every x X, there exists a sequence (Vn, Yn) Bs such that

(4.26) yn(O) -- x, yn(n) --+ O, IlVnll2
_

K’IIxlI-
where K’ is a suitable positive constant. It is evident that (4.25) and (4.26) yield
almost state point controllability. Let us conclude by noting that the two norms

I1" + and I1" I[x are indeed equivalent for the so-called "restricted shift" state space
representations, which have been investigated in [5].

5. Conclusions and extensions. In this paper we have investigated the no-
tion of controllability as the possibility of concatenation of arbitrary trajectories. For
discrete-time systems, we have seen that the possibility of concatenation of trajec-
tories in finite time requires the system to have finite memory, which is equivalent
to it having a finite-dimensional state space representation. For infinite-dimensional
systems, therefore, we introduced the notion of almost controllability. Our main re-
sult is Theorem 3.2, where it is shown that almost controllability is equivalent to the
existence of a scattering representation.

As a first application of almost controllability, we obtained in Theorem 4.13 a
state space isomorphism result for almost controllable systems. Also, we related our
notion of controllability to the classical notion of state point controllability. Under
suitable conditions, these notions indeed prove to be equivalent.

Many of the results presented here for the discrete-time case are actually extend-
able to the continuous time case: in particular, 3 on the representation of almost
controllable systems, and 4 on state models. On the other hand, the characteriza-
tion of the controllable systems in the continuous-time case is more involved and still
incomplete. In particular, it is reasonable to conjecture that finite memory and con-
trollability will also be equivalent here. However, in this case, finite memory is not
equivalent to the existence of a finite-dimensional state representation.

We believe there are two extensions worth investigating: (i) constructing a rep-
resentation theory in the fashion of 3 and 4 for/2-systems where autonomous phe-
nomena are present, and investigating systems embedded in other memoryless Banach
structures: of particular interest it would be to work with behaviors B in l.
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Abstract. An equivalence is shown between realizability of input/output (i/o) operators by
rational control systems and high-order algebraic differential equations for i/o pairs. This gen-
eralizes, to nonlinear systems, the equivalence between autoregressive representations and finite-
dimensional linear realizability.

Key words, rational systems, input/output equations, identification
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1. Introduction. In this paper we prove an equivalence between realizability of
input/output (i/o) operators by rational control systems and the existence of high-
order algebraic differential equations relating derivatives of inputs and outputs.

In many experimental situations involving systems, it is often the case that one
can model system behavior through differential equations, which are referred to as i/o
equations in this work, of the type

(1)

where u(-) and y(.) are the input and output signals, respectively, and E is a polyno-
mial. An i/o operator F: u(.) -, y(.) is said to satisfy (1) if the equation holds for
each sufficiently differentiable input u and the corresponding output y F[u] of F.
(Precise definitions are given later.)

The functional relation E is usually estimated, for instance, through least squares
techniques, if a parametric general form (e.g., polynomials of fixed degree) is chosen.
For example, in linear systems theory, we often deal with degree-one polynomials E,
below:

y(k)(t) aly(t) +... + ay(-l)(t) + blu(t) +... + bku(-l)(t)

(or their frequency-domain equivalent, transfer functions; the difference equation ana-

logue is sometimes called an "autoregressive moving average" representation). In the
linear case, such representations form the basis of much of modern systems analysis
and identification theory.

State-space formalisms are more popular than i/o equations in nonlinear control,
however. There, we assume that inputs and outputs are related by a system of first-
order differential equations

(3) x’(t) f(x(t)) + G(x(t))u(t) y(t) h(x(t)),

where the state x(t) is now a vector, and no derivatives of controls are allowed.
These descriptions are central to the modern nonlinear control theory, as they permit
the application of techniques from differential equations, dynamical systems, and
optimization theory. Thus a basic question is that of deciding when a given i/o
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operator admits a representation of this form. This is the area of realization theory,
which is closely related, especially when stochastic effects are included, to systems
identification. Roughly speaking, if such a state space description does exist for a
given i/o operator, then we say that the i/o operator is realizable. More precisely,
we are interested in realizations in which the entries of f and G, as well as the
function h, can be expressed in terms of rational functions of the state, but, due to
the technical problems that arise in the definition because of possible poles of these
rational functions, we give the precise definition in terms of "singular polynomial
systems," and we also study realizability by (nonsingular) polynomial systems.

We know that an equation such as (2) can be reduced by adding state variables for
enough derivatives of the output y to a system (3) of first-order equations, with f(x)
linear and G(x) constant, i.e., a linear finite-dimensional system. In frequency-domain
terms, rationality of the transfer function is equivalent to realizability. (For references
on the linear theory, see, e.g., [14], [23], and [32].) One of the methods for obtaining a
linear realization from a given linear i/o equation relies on Lord Kelvin’s principle for
solving differential equations by means of mechanical analogue computers (cf. [14]).
The principle, which was suggested 100 years ago, provided a way for simulating a
system without using differentiators.

For nonlinear systems, this reduction presents a far harder problem, one that is,
to a great extent, unsolved. The problem is basically that of, in some sense, replacing
a nontrivial equation (1) by a system of first-order equations (3), which does not
involve derivatives of the inputs. A number of results were already available about
the relation between (1) and (3); see, for instance, [4], [12], or [26]. It is easy to show,
by elementary arguments involving finite transcendence degree, that any i/o operator
realizable by a rational state space system satisfies some i/o equation of type (1),
with E a polynomial. In [6] it was remarked--as a consequence of theorems from
differential algebra--that to characterize the i/o behavior of a state space system
uniquely, we must add inequality constraints to (1). In [18] and [27] it was shown
that, under some constant rank conditions, the outputs of an observable smooth state
space system can be described by an equation of type (1) for which E is a smooth
function, and local i/o equations were shown to exist, for generic initial states of (3)
in [3].

1.1. Our approach. The discrete-time work reported in [20] and [21] provided
one approach to relating these two types of representations--with difference equa-
tions appearing instead--based on the idea of dealing with existence of realizations
separately from the question of "wellposedness" of the equation (in the sense to be
described). This work has been developed further, and it was, for example, used as a
basis of identification algorithms by other authors; see, for instance, [15] and [5]. (The
former reference shows also how to include stochastic effects.) These results have re-
cently been extended to continuous-time for the very special case of bilinear systems:
A theorem showed that realizability by such systems is equivalent to the existence of
an E of a special form, namely, affine on y (.see [22]). However, the techniques in [22]
were linear-algebraic and hence not powerful enough to handle the extension of [21]
to the general nonlinear case. The present work completes the development of the
extension of the main realizability result in [21] to continuous-time.

The separation into "wellposedness" and realizability can be illustrated with the
simple example u(t)y’(t) 1. This can never be satisfied by all the i/o pairs cor-
responding to a state space system, as remarked in [22]. Moreover, it cannot even
be satisfied by any "input/output map" of the type that we consider, realizable or
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not. Indeed, our main result shows that if the equation is well posed, in the sense
that it is an equation satisfied by all i/o pairs corresponding to what we call a Fliess
operator--i.e., one described by a convergent generating series--and if E is a poly-
nomial, then it is always realizable by a singular polynomial system, or a rational
system with possible poles. (Singular systems appear naturally in control theory, for
instance, in robotics; see [17] for many examples.) In the special case when (1) is
recursive--i.e., the coefficient of the highest derivative of y in (1) does not depend
on the lower derivatives of y--our construction provides a polynomial realization (no
poles).

Our formalism is based on the generating series suggested by Fliess in the late
1970s, who was, in turn, motivated by Chen’s work on power series solutions of
differential equations. The i/o operators induced by convergent generating series form
a very general class of causal operators, capable of representing a variety of nonlinear
systems. We call them "Fliess operators." For instance, any i/o operator induced by
an initialized analytic state space system affine in controls can be described in this
manner. In [29], we develop the basic analytic properties of Fliess operators, and
results from there are freely used here.

The proofs are based on a careful analysis of the concept of observation space,
introduced in [16] (and [21] for discrete-time), developed further in [11], and later
rediscovered by many authors. One of the central technical results relates two different
definitions of this space: one in terms of smooth controls, and another in terms of
piecewise constant ones. These two definitions are seen to coincide. One of them
immediately relates to i/o equations, while the other is related to realizability through
the notion of observation algebras and observation fields. The latter are the analogues
of the corresponding discrete-time concepts studied in [21]. For differential equations,
they were first employed in [1] and [2]; the results there related finiteness properties
of the various algebraic objects to realizability, in strict analogy to the relations that
hold in discrete time [21].

In addition to single operators, it is also natural to study families Of i/o maps,
defined by a family of convergent generating series. To study a single i/o map is
natural as a formal description of a initialized black box, but, in general, a system
may induce more than one i/o map. For example, a system described by an ordinary
differential equation on a manifold may induce infinitely many i/o maps, each of
them corresponding to some initial state. We should study all the i/o maps induced
by the system simultaneously rather than individually, unless a fixed initial state is
of particular interest. This leads to the concept of families of i/o maps. One question
arises naturally: When can a family of i/o maps be realized by one state space system;
i.e., when can all the members of the family be realized by some singular polynomial
system in such a way that each member of the family is associated to some initial
state of the system? We prove that a family of i/o maps is realizable in this sense if
and only if all the members of the family satisfy a common i/o equation.

The paper is organized as follows. After introducing an algebraic structure on se-

ries, the shuffle product, we consider observation spaces. Then we study i/o equations
satisfied by i/o operators, showing that the existence of an i/o equation implies that
the observation field is a finitely generated field extension of IR. In the next section,
realizability by polynomial systems and singular polynomial systems is considered;
the result there is that realizability by singular polynomial systems is guaranteed by
the condition that the observation field is a finitely generated extension of IR. The
approach pursued there is to use the generators of the field as state variables and use
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the equalities that hold among the generators to construct the needed vector fields. In
the main section, based on the previous results, we establish the equivalence between
equations and realizability. We also show there that a special kind of equations, recur-
sive i/o equations, lead to realization by polynomial systems. However, as opposed to
the general case, the converse of this fact is not true in general, and a counterexample
is provided to illustrate the fact that realizability by a polynomial system may not
lead to a recursive i/o equation. Finally, we extend our main result to families of i/o
operators.

This paper is heavily algebraic. All analytic properties needed are quoted from
[28] and [29] and are not proved here. The latter paper also shows how, using ana-
lytic function theory, as well as differential-geometric nonlinear realization tools, an
analogous theory can be developed for local realizability provided that an equation
with E analytic (not necessarily polynomial) exist for the given operator.

2. Preliminaries. Let m be a fixed integer and consider the "alphabet" set

P= {rio, ril, "", rim}

and P*, the free monoid generated by P, where the neutral element of P* is the empty
word, denoted by 1, and the product is concatenation. Let

for each k >_ 0. We define T’ to be the ]R-algebra generated by P*, i.e., the set of
all polynomials in the variables rii’s. A power series in the noncommutative variables
rio, ril,’", ri, is a formal power series

where ri riilrii....rii, if ii2...it, and (c, ri) E ]R for each multi-index .
Note that c is a polynomial if and only if there are only finitely many (c, ri)’s that
are nonzero. A power series is nothing more than a mapping from I* to ]R; as we
see later, however, the algebraic structures suggested by the series formalism are very
important. We use S to denote the set of all power series (over a fixed but arbitrary
alphabet P).

For c, d E and " ]R, c + d is the series defined as follows:

With these operations, 8 forms a vector space over ]R. In addition, we can introduce
an algebra structure on by defining the shuffle product on 8. First, we define the
shuffle product on words

inductively on length in the following way:

1,,,ri-riml-ri for any riP,

(5)
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It can be proved by induction that an equivalent way to define the shuffle product is
to replace (5) by the following:

rhrli,,,r/j (rh,,,//j)/i + (rhr/i,,,r/)r/j for any h,r/ e P*,r/i,/j e P.

Then we extend the shuffle product to power series in the following way. For

we define

(7)

With the operations "+" and ",,," defined as above, S forms a commutative
IR-algebra.

Remark 2.1. We can also define a comultiplication M $ -- 8 and a counit
over S. First, for z E P*, define

M(z) (Zl, z2),
Zl Z2=Z

0 if z # 1,
1 ifz-- 1.

Then extend M and e to S. It can be shown that ,S forms a Hopf algebra with the
antipode a defined by

for any s and 1 n2"" "r/i E P* (cf. [25]). Though 8 possesses both an algebra
structure and a coalgebra structure, in this work, however, only the algebra structure
of S is studied.

LEMMA 2.2. The algebra 8 is an integral domain.

Proof. First, we order the basis elements (il ,..., ik of P* lexicographically
with respect to k, il, i2,"’, ik. Then take two nonzero series c and d and let

zl=il...i, and z2=?j,"’r/jn

be the smallest basis element of P* appearing in c and d, respectively, with nonzero
coefficients. Let w r/l ...r/l.+ be the smallest basis elements of P* appearing in

zl z2. Then the coefficient of w in c,,, d is

(c,,, d, w) (c, rh)(d, r/)( ’q, w).

Using the minimality property of w, Zl, z2, we obatin that

(c,,,d, w)= (c, zl)(d, z2)(z,,,z2,

which is nonzero, since (c, z), (d, z2), (z ,,,z2, w) are all nonzero.
The method used in the above proof is similar to the method used in [19], where

the author proved that the ring of polynomials in %, ,..-, ?m is an integral domain.
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In [19] the author used the greatest basis elements (the "degree") for polynomials,
while here we use the smallest basis elements (the "order") for power series. Alter-
natively, we could prove this elementary fact by establishing an isomorphism with a

ring of power series in (infinitely many) commuting variables, along the lines of the
discussion in pp. 46-47 in [21].

To define operators associated to series, we need a notion of convergence. We
follow [8], [13], and [29] and say that c is convergent if there exist some nonnegative
real numbers K and M so that the estimate

(8) I(c, 7)1 <- KMkk!
holds for each multi-index E Ik and each k _> 0. As in [29], we denote by//T the set
of all essentially bounded measurable functions u [0, T] - lR", for each fixed T > 0.
It is convenient to think of b/T as a space with the L1 norm (llulll :- max{llull
1 _< i _< m}), but we also, at times, use the norm u max{llul]o 1 _< _< m}.

By induction of l, we define, for each input u E b/T, and each I,
(9) V 1, V1...,.+1 [u](t) u (s)V2...z+ (s) ds.

Here u denotes the ith coordinate of u, if 1, 2,..., m, and we make the convention

uo(t) =- 1. Using these notations, to each convergent power series c in 70, ,’", /m,
we can associate the i/o operator

(10)

This is well defined for any T admissible for c, i.e, T < (Mm +M)-; see for [8], [13],
and [29] for details (series (10) converges uniformly and absolutely for all t e [0, T]
and all those u e b/T such that Ilull < 1; we denote T {u e//T: IlUlI < 1}, the
set of all such controls).

The correspondence between series and operators is one-to-one in the following
sense. Assume that c and d are two convergent series and Fc coincides with Fd on

])T for some T > 0; then the two power series c and d coincide. See [30], [29] for these
facts as well as further properties of generating series and their associated operators.

Assume that c and d are two convergent power series and T is admissible for both
c and d; then T is admissible for both c + d and c,,, d (cf. [28]). Now for any positive
integer n, denote

C
n

CWCm mC,

and co 1. In [7] it was shown that, for any polynomial p E ]R[X, X2,’", Zs] and
any s convergent power series cl,..., c8,

(11) p (Fc, F2,..., F8) Fp(,c,...,8);

that is, the assignment c H Fc is a homomorphism from the set of all convergent
series, seen as an algebra under the shuffle product, into the set of i/o operators (more
precisely, identifying operators with their restrictions to smaller time intervals). By
the previous discussion, this homomorphism is one-to-one.

Assume that c is a convergent series and pick up a T admissible for c. We show in
[29] that F is a continuous operator from VT to C[0, T] with respect to the L norm
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in 12T and the CO norm in C[0, T]. Furthermore, Fc maps functions of class Ck- to
functions of class Ck, for all k 1, 2,..., and analytic functions to analytic functions.
See also [10] for the proof of the following formula:

(12)
d m

-Fc[ul(t) Fnjl[u](t + E uj(t)Fn21[u](t),
j=l

where (z-lc, rh) := (c, zy) is defined for each z e P* and each e P*. (It is known,
cf. [22], that z-lc is convergent if c is, and, in fact, the same T remains admissible.)

3. Observation space. In realization theory and many other areas of nonlinear
control, the concept of observation space plays a central role. Observation spaces
were first defined in [16] and [11] for continuous-time systems and, in [21], for discrete-
time. The solution of many problems for systems, such as the the "bilinear immersion"
problem treated in [11], are characterized by properties of these spaces. We may define
observation spaces in two very different ways, as discussed in this section. Roughly,
one possibility is to take the functions corresponding to derivatives with respect to
switching times in piecewise constant controls, and the other is to take high-order
derivatives at the final time, if smooth controls are used. We show, however, that
both definitions lead to the same concept, and this equivalence provides one of the
main technical tools that we use to establish the main result.

For each power series c, we define the first type of observation space ’1 as the
linear subspace of the set of all power series spanned by all the elements of the form
z-lc, i.e.,

(13) ’1(c) span{z-lc z e P*}.

Then F1 (c) consists of convergent series if c is a convergent series (cf. [22]).
For a convergent power series c, the elements of ’1(c) are closely related to the

derivatives of F[u] with respect to switching times in piecewise constant controls, in
the sense to be made precise next.

For any # E ]Rm, we define P" F - F, where F is the set of all germs of i/o
operators induced by convergent generating series, in the following way:

where #,.v denotes the concatenated control

u(a) if 0 _< a _< t,(u#tv)(a) v(a-t) if t<a_<T

for any u and v, and co’(T) #, a constant control. Note that (P" o Fc)[U] is defined if
u is in the domain of F. In fact, by formula (12), we have the following easy relation:

m

pL 0 FC FTIC + E PjFj1C’
j=l

for any #- (#l’#2"’"#m) E lRm"
For a convergent power series c, let 1 (C) be the smallest subspace of operators

that contains Fc and that is invariant under P for any # ]Rm. By Lemma 2.1 in

[30], 1 (c) is isomorphic to ’ (c).
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To introduce the second type of observation space, we must introduce more no-
tations. Consider, for each q _> 1, the following set of 2 q matrices:

(14)
il i2 iq

i8,j8 E , 1 <_ i8 <_ m, j > 0, (1,0) < (il,jl) <"" <_ (iq,jq)}

where "<" is the lexicographic order on the set ((i, j)" i, j e Z). For each element

(jl j2 jq)il i2 iq

in Sq and each n > q + jr, we define

(15) ’"q 7](k) X(Jl) X(J2) )1Fil...iq (n) 7]il 7] 7]qX( X=l’
where k n-q- j. The evaluation is interpreted as follows. First, introduce a
new variable X, then perform all shuffles, and finally delete X from the result. Note
that (15) is different from 7]il 7]i. 7]iq; for example,

7]0 7] X x 710711 "nt- 27] 7]0,

while

7]0 w 711 710711 - 711710.

For any word w P* and each series c S, we define Co(w) w-lc, and, more
generally, for any polynomial d -.(d, 7]/7], we let

Now let Xj (Xu,... Xmj) be m indeterminates over JR, for j >_ O. For any n > O,
let

(16)
n

1
Cn(Xo’’’’’Xn-1) ’/)c(7]0(n)) - EE 81, c Fil...i (n) Xiljl "’’Xiqjq

q=l
8p!

where the second sum is taken over the set of all those

(jl j2 jq) Sq
il i2 iq

such that j + q <_ n, and where s,..., Sp are integers, so that

jl j2
il i2

Jq. o1 o1 012 (2 Olp (p
Zq ]

81 82 8p

and (o/1,1) < (C2,2) <--" < (Cp,p). For n 0, we simply define co c. It was
shown in [30] that, for each integer n and every u I;T such that T is admissible for
c, we have that

(17)
n

dtn
--Fc[u](t) Fc(u(t),...,u-l(t))[u](t).
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Hence, for any #0, "", tn-1 E ]pm,

(18)
n

dTn -=0+
gc[u#tw,](t - T) gcn(tto,...,ttn_l )[t](t),

where w.(t) #o + #1 t +"" + ts-1 (ts-1/(8 1)!).
The second type of observation space associated to c, $’2 (c), is defined as follows:

(19) 9C2(c) span {cn(tO, tn_1)" t e ]Ptm 0 < ( n 1 n > 0}

Let G2(c) be the subspace of operators spanned by Fcr(ttO#l...#n_l for all n and

all choices of #0, "", #n-l" Then -2(c) is isomorphic to G2(c) (cf. [30]).
Clearly, for any power series c, ’2(c) c_ 9r1(c), since, for each integer n,

Cn (Z0, Zn_l) is a polynomial on the Xi’s with coefficients belonging to $’1(c). A
less trivial conclusion is that ’1(c) C_ $’2(c). The following is an outline of the proof
of this conclusion; for the detailed proof, refer to [30].

For any fixed positive integers k and il, i2,.-., iq such that

let

1 _< _< i2 _<-.. _< iq _< m,

Sk(il,i2,’",iq)-- {a(O,’",O, il,i2,’",iq)
k

where n k + q and Sn is the permutation group on a set of n elements. Let

rk(il,i2,’",iq) {W--?]ll?]l "’’?]In" (/1,’’’,/n) sk(il,i2,’’’,iq)}
and order the elements of Tk(i,i2,...,iq) as W1, W2, ...,Wr. Then, for any
jl, jq given,

"FJI"’Jq FJl""Jq (jl +"" + jq + k + q)il...iq (k) il...iq

is a linear combination of the elements in Tk(il, i2,..., iq). We now define

Ak(i iq) T4l’’’jq }t "iq(k)" Js>-O’ 1 <_s<_q

Our conclusion can be proved by showing that every element of Tk(il, i2,..., iq)
is a linear combination of elements in Ak(il, i2,’’’, iq) for any i, ..., iq and k given.

For each fixed k and q and fixed il,i2,...,iq, we order the elements of
Ak(il,i2,’",iq) as Q1, Q2, Then, for each Qi, there exist aij,j 1,.-.,r such
that

j=l

Let A be the matrix of r columns and infinitely many rows whose (i, j)th entry is aij;
i.e., A (aij).
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We claim that A is of full column rank in the sense that there is no nonzero vector
v E ]Rr such that Av 0. Suppose that there is some v 0 such that Av 0. Let a
be the polynomial defined by

a vW + vW + + vW,

where vi is the ith component of v. Then, for any w E P*,

(w-ia, ) # 0

if and only if w Wi for some i. Hence

if k, p t q, or st it for some t. In the other words, (20) holds if

T...,j jp(k) Ak(il, i2,""", iq)

For Qi Ak(i, i2,"" ,iq), we have that

j=l j=l j=l

By sumption, however, aijj 0 for any i. Therefore (20) holds for any choice
of Sl,...,sp, jl, "", jp, and any 1. It then follows directly from the definition of
a(X0,..., X_I)that

.1, 0

for any n and any value of 0,’",-, which, by (17), implies that

d
.1,

for any analytic control . Thus F[] 0 for any analytic control. It then follows
from the continuity of F and the density property of analytic controls in 1 controls
that F 0, which in turn implies that a 0, a contradiction to the assumption that
v 0. Hence A is of full column rank.

It is easy to see that there exists some submatrix A1 of A with finitely many rows
such that A is full column rank, which implies that each Wi is a linear combination
of finitely maw Q’s.

The above discussion shows the following conclusion.
TOaM a.1. For power series c, (c) (c).
4. /o equagons. In this section, we study high-order differential equations sat-

isfied by inputs and outputs arising from i/o operators. To perform this study, we find
it useful to introduce the algebraic concepts of observation algebra and observation
field corresponding to any given series c.

The obserwtion Mgebr (c) is defined the N-algebra generated by the ele-
ments of (c). By Lemma 2.2, (c) is an integral domain; so its quotient field is well
defined; we define the observation field of c as this quotient field. We see later that
elementary properties of these algebraic objects serve to characterize the existence of
i/o equations.
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4.1. Definitions. By an algebraic i/o equation of order k, we mean an equation
of the type

(22)

where

( ()(t)) 0,u(k)(t),y(t),..P u(t),.

P E lit[So,..., Sk, Lo,’.., Lk]
is a polynomial nontrivial in Lk, and S denotes the set of rn variables (Sli,’", Smi).

DEFINITION 4.1. We say that a polynomial P as above is
(a) rational when

(23)
P(So, Sk, Lo, Lk

Po(So,’",Sk-,Lo,’",Lk-1) Lk + PI(SO,’",Sk,Lo,’",Lk-1);

(b) recursive when

(24)
P(S0,’",Sk,L0,’",Lk)

P0(S0,""", Sk-1) Lk + PI(So,’", Sk, Lo,"’, Lk-1).

DEFINITION 4.2. Assume that c is a convergent power series. We say that the i/o
operator Fc satisfies an algebraic i/o equation (22) if (22) holds for every possible Ck

i/o pair

((t), (t)).= ((t), [u](t))
of Fc for all t E [0, T] and for any T admissible for c. In that case, (22) is called an

i/o equation of
An i/o operator F satisfies a rational i/o equation if P can be chosen rational,

so that P0 0 is not an i/o equation of F; in another words, there exists some i/o
pair (u, y) of F such that

(25) Po((t), u’(t), ...,u()(t), u(t), ’(t), ...,u(-)(t)) # 0

for some t. An i/o operator Fc satisfies a recursive equation if there is some such
equation for which P is recursive.

The following lemma was proved in [28]; a detailed proof in the more general
analytic case is given in [29].

LEMMA 4.3. F satisfies the i/o equation (22) if and only if

(26) P(#o,...,#k,F,Fc(o),...,F%(o,...,k_)) --0

for any #0, #1 ,’", #k ]Rm"

4.2. Properties of i/o equations. We now introduce the field

K IR({Sj, i= 1,-..,m,j >_ 1})
obtained by adjoining the indeterminates Sij to IR. Let .’K, ,AK be the K-space and
K-algebra generated by Cn(SO,"’,Sn-1) for all n. Let QK be the quotient field of
Jtg. Note that the field g is defined, since ,4K is an integral domain. The reason
for this is essentially because Jtg can be naturally identified to the tensor product
A2(R)K.

LEMMA 4.4. Let F be the i/o operator corresponding to the series c. The fol-
lowing properties then hold:
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(a) If Fc satisfies a recursive i/o equation, then jiK is a finitely generated K-
algebra.

(b) If Fc satisfies an algebraic i/o equation, then g i8 a finitely generated field
extension of K.

Proof. Consider jg, the K-algebra generated by Fc(So,...,sn_l) for all n. The
assignment : c,(#o,... #n-l) H Fcn(t,o,...,t,_l is an isomorphism from Jt2(c) onto

J2(c), the ]R-algebra generated by Fc(,o,...,t,_l). Thus induces an isomorphism
from jtg onto fi.g. Consequently, g, the quotient field of g, is isomorphic to QK.
We prove conclusion (b) by showing that g is a finitely generated field extension of
K, when F satisfies some algebraic equation.

It is easy to show, by taking the derivative with respect to time t on both sides
of an algebraic i/o equation, that existence of an algebraic i/o equation for F implies
that F also satisfies a rational i/o equation. Thus

Po(u(t), ..., u(k)(t), y(t), ..., y(k-)(t)) y(k)(t)
(27) -P (u(t), ..., u(k) (t), y(t), ..., y(k-)(t)),
for some polynomials P0 and P1, where P0 0 is not an i/o equation of F. (See
[28] for details, as well as [29] for an analogous result for analytic i/o equations.) By
Lemma 4.3, we know that

Po (So,.. ",Sk-l,Fc,’"
=-P1 (So,’",Sk,

Note that, since P0 0 is not an i/o equation of F, there must exist some vector

(#0,""", #k-) such that

which, in turn, implies that

Po (So,..., # o
as a polynomial in So,’", Sk-. It follows from this discussion that

Fck(So, .,Sk_) E Kk-l,
where g denotes the field obtained by adjoining F, F(So), "", Fc(So,...,s_) to K.

Taking the derivative with respect to t on both sides of (27), we get that

(28)
Po(u(t), "", u(k)(t), y(t), "", y(k-1)(t)) y(k+l)(t)

P2(u(t),’", U(k+r)(t), y(t),’’’, y(k+r-1)(t)),
where P2 is some polynomial. By using the same argument as before, we show that

Fck+(So,...,S) E Kk C k-l"^K
By induction, we show that K LI" Since /--1 is a finitely generated field exten-
sion of K--the generators are the coefficients of Sij 1,..., rn; j 0, 1,---, k 2,
in F,F ,..., F_--we get the conclusion that QK is also a finitely generated field
extension of K. This completes the proof of (b); property (a) is proved in a similar
fashion. [:]

LEMMA 4.5. Let F be the i/o operator corresponding to the series c. The fol-
lowing properties then hold:
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(a) If AI( is a finitely generated K-algebra, then A2(c) is a finitely generated
]R-algebra;

(b) If g is a finitely generated field extension of K, then 2(c) is a finitely
generated field extension of ]R.

Proof. Again, we only provide the proof for part (b). Part (a) can be proved
similarly.

Assume that g is & finitely generated field extension of K. Then there exists
some n > 0, so that, for any r > 0, there exist two polynomials Q0, Q1 over K with

such that

Qo (120,121(1),""", 12n--1(0,""", n--2)) 0

Qo (co, c(So),"’, Cn--l(0,""", n--1) Cn+r(So,’", nTr--1)
Q1 (Co, Cl (S0),""", 12n--1 (SO, -1,""", qn--2)).

After clearing denominators and eliminating extra ttj ’s, we have an equation

Po (So,"", Sn+r-1,120,121(S0),""", 12n-1(S0,"" Sn-2)) 12n-{-r(S0,""" ,Snq-r-1)
Pl (So,..., Snwr-1,120, t21 (S0),""", 12n-1 (S0,""", Sn-2))

with

Po (So,’", Sn-{-r-1,120,121 (SO),’’’, 12n-1 (SO,’’’, Sn-2)) 0,

which implies that there exists some (#o,’", #n+r-,) so that

or, equivalently,

Po (lto," ,ltn+r_l ,Fc, Fci(#o)," ,Fcn_l(#o,...,#n_2)) 7 0.

This is an equation involving operators. It means that there exists some u E
where T is admissible to c, and t such that

Po (to, ,nTr_l,Fc[t](t), ,Fcn_l(#o,...,,n_2)[tJ(t)) O.

It follows from the fact that

P0 (t0,""" "ant_r_i, Fc[’tt](t), Fcn_l(#o,...,gn_2)[ul(t))
is a polynomial in #0, "", #n+r-1; the set

1 "’--{,n-t-r--1 Po (t(nnr-l),Fc[l,](),’",Fcn_l(#n-2)[u]()) O)
is dense in ]Rm(n+r), where tt (tt0, ttl) for any I. Define- {tnnur-l Po (#n+r-, co,’", 12n-l(tn-2)) 0}.
Then 1

__
’" Thus ft is dense in ]Rn+r.
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Clearly, if #+r-1 E t, then Fcn+(,+-l) E T-I, the field obtained by adjoining
all the coefficients of Xj in cp(X1,..., Xp-1) for p <_ n- 1 to ]R. Applying Lemma
12.11 in [21], we see that Fc+(t,+-i Tn-1 for any #n+r-1 lRn+. Since r can
be chosen arbitrarily, it follows that Q2(c) Tn-1, from which it follows that Q2(c)
is a finitely generated field extension of lR.

Combining Lemmas 4.4 and 4.5, we get the main result of this section shown
below.

THEOREM 4.6. Let Fc be the i/o operator corresponding to the series c. The
following properties then hold:

(a) If F satisfies a recursive i/o equation, then Jt2(c) is a finitely generated
JR-algebra;

(b) If F satisfies an algebraic i/o equation, then Q2(c) is a finitely generated
field extension of lR.

Remark 4.7. Generally, a field extension over lR with finite transcendence degree
is not necessarily a finitely generated field extension of lR. By using Theorem 4.6,
however, we can show that if the transcendence degree of Q2(c) is finite, then it follows
that Q2(c) is a finitely generated field extension of IR. The reasoning is as follows.
Assume that trdegt Q2(c) < oc, where trdegc Q denotes the transcendence degree
of Q over/E for any fields Q and K:. Now let n be the set of all the coefficients of
c(S0,..., Sn-1), seen as a polynomial in So,’", Sn-1 over S, the ring of all series.
Let Un n. Then Q2(c) ]R(). On the other hand, Qg g(). Therefore
trdeg Q2(c) < oc implies that

(29) trdegg g <

If (29) holds, then there exists some n such that

C, C1(_0) ’’’, Cn(O,’’’,Sn_l)

are algebraically dependent over K; i.e., there exists some polynomial P over K such
that

P(c, Cl(S0),..., Cn(S0,’",Sn-1)) 0.

After clearing denominators and eliminating the extra Sij, we get the following equa-
tion:

(30) Q(So,...,Sk, C, cl(S0), ..., Cn(SO,’",Sn-1))-O.

Note that if a convergent series c satisfies (30), then (30) is an algebraic i/o
equation of F, which, by Theorem 4.6, implies that Q2(c) is a finitely generated field
extension of ]R.

5. Realizability. We wish to study realization by "rational" systems, such as
those studied in Bartosiewicz [1]. However, the question of possible poles in the right-
hand side of the equation is very delicate, and it seems better, instead, to study a

"singular" polynomial model, as we do next.
Just as i/o equations prove to be related to the structure of Jt2(c) and Q2(c),

realizability forces the study of the observation algebra and observation field corre-
sponding to the other type of observation space $-1(c). For a given power series c,
we associate with it an observation algebra 41 (c) defined as the ]R-algebra generated
by the elements of $’1 (c), and associate with it an observation field Ql(C) defined
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as the quotient field of J[1 (c). Again, we know that Q1 (c) is defined, since Jr1 (c) is
an integral domain. The result is, because of previous results, that Jr1 Jr2 and
Q1 Q2 for every c, but the facts in this section do not depend on the equality.
They are more readily understood in terms of ,41 and Q1.

DEFINITION 5.1. Suppose that c is a convergent series and T is admissible for
c. The i/o operator Fc is realizable by a singular polynomial state-space system

E ((go,’" ,gin), xo, q, h)

if there exists an integer n, some x0 E IRn, polynomial vector fields go, gl, "", g, on
]Rn, and two polynomial functions q, h lRn --, IR such that the following properties
hold:

(a) For each u E )T and y-- Fc[u], there is some absolutely continuous function
x(.) defined on [0, T] and satisfying x(0) x0 such that

m

q(x(t))x’(t) go(x(t)) + E ui(t)gi(x(t))
i--1

for almost all t e [0, T], and y(t) h(x(t)) for all t e [0, T].
(b) The solution x(.) in part (a) is of class C if u is of class C, and x(.) is of

class CTM if u is of class Ck.
(c) There holds the following regularity condition: There exists some set f of

analytic inputs that is dense in C[0, T] (with respect to the Whitney topology)
such that for any u ])T V1 gtm, there exists some C solution x(.) as in (a), so that
q(x(.)) # O.

If Fc can be realized by a singular polynomial system with q(x) 1, we say that

Fc is realizable by a polynomial state-space system.
It can be seen from Definition 5.1 that, if q(x) # 0 for any x lRn, then F is

realizable (globally) by an analytic system in the usual sense. If q(xo) O, then F
is realizable locally by an analytic system.

The nondegeneracy condition proves to be equivalent (as shown in the proof
below) to the fact that, for "almost every" i/o pair, q(x(t)) # 0 for almost every t. It
could happen, however, that q vanishes along some trajectories.

The following theorem is the main result of this section. It constitutes a converse
to Theorem 4.6, but in terms of different algebraic objects.

THEOREM 5.2. Let Fc be the i/o operator corresponding to the series c. The
following properties then hold:

(a) /f ,41(c) is a finitely generated lR-algebra, then Fc is realizable by a polynomial
system;

(b) If Q1 (c) is a finitely generated field extension of IR, then Fc is realizable by
a singular polynomial system.

Proof. As in the proof of Theorem 4.6, we only provide proof of part (b). Part
(a) can be proved by the same argument without involving the regularity property.

Suppose that Q1 (c) is a finitely generated field extension of JR; i.e., there exist
some cl, c2,. , cn such that

1(C) ]R(cl,c2,’",an).

Without loss of generality, we may assume that ci E 41 (C) for 1, 2,..., n and
cl c. For each ci and j, there exist some qij,gij IR[X1,X2,"’,Xn] such that
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for i 1,2,-’-,n, j 0, 1,-..,m, and qij(Cl,C2,’’’,Cn) 0. Without loss of
generality, we may assume that qij q for all i, j. Otherwise, we may let

q(Cl, C2, "’’, Ca) H qij (Cl, 2, "’’,an)
i,j

and change the go accordingly. It follows from the fact that q is an integral domain
that

(31) q(cl, c2,..., Cn) # O.

For j 0, 1,..., m, let gj (glj, g2,"’, gnu)’, where "’ denotes the transpose.
Let xo ((Cl, >, (c2, >,..., (Cn, >)’ and h(x) Xl. For u E ];T, let

(32) x(t) (F[u](t), F.[u](t),..., F[u](t))’.

Then x(0) xo,

m

q(x(t))x’(t) go(x(t)) + E uy(t)gy(x(t))
j=l

for almost all t e [0, T], and y(t) h(x(t)). Thus the system

q(x)x’= go(x)+ E gj(x)uj,

x(0) xo,

y h(x)

realizes Fc if the regularity property of the system holds. To verify the regularity
condition for this realization, let d q(cl, c2,..., Ca). Then Fd O. Note that poly-
nomial controls are dense in IT with respect to the L1 norm, and Fd is a continuous
operator. Hence there is at least one polynomial control p ]R[t] such that Fd9] O.
It follows from the fact that, for any t, Fd](t) depends analytically on the coefficients
of t in p(t) (cf. [28]) that Fd[u] # 0 for all polynomial controls u in a dense set of YT,
which is the desired regularity property. [3

6. Main results. In this section we establish the equivalence between realizabil-
ity and the existence of i/o equations. Recall that any convergent series c induces
an i/o operator Fc on T for which T is admissible for c. The following is our main
result in this work.

THEOREM 6.1. Assume that c is a convergent power series, let T > 0 be admis-
sible for c, and let Fc be the i/o operator induced by c on ]?T. Then

(a) The following statements are equivalent:
(i) Fc satisfies an algebraic i/o equation;
(ii) F satisfies a rational i/o equation;
(iii) Fc is realizable by a singular polynomial system; and

(b) F is realizable by a polynomial system if Fc satisfies a recursive i/o equation.
The realizability implications follow from Theorems 3.1, 4.6, and 5.2. The con-

verses, i.e., the existence of equations assuming realizability, are quite straightforward
exercises in elimination theory, and the details are given next.

LEMMA 6.2. Assume that c is a convergent power series. Then F satisfies an
algebraic i/o equation if Fc is realizable by a singular polynomial system.
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Proof. Assume that c is a convergent power series. We must prove that Fc satisfies
some i/o equation

P (u(t), ..., u(k)(t), y(t), ...,y(k)(t)) 0()

valid for all Ck i/o pairs (u, y) with u ST, and any T admissible for c. We henceforth
fix such a T, and we assume that Fc is realized by the singular polynomial system

m

(a) q(x)x’ o(x) +, u (x), x e ,
j=0

(35) X(0) X0, X0 e ]Rn,
(36) y h(x), y e IR.

Assume for now that q(xo) =fi O. Then there exists some neighborhood Af of x0
in lRn such that q(x) : 0 for all x EAf. Note that, on Af, (34) can be written as

m

(7) ’ po(x) + u p(),
j=0

where pj gj/q for j 0, 1,..., m.
Let 99(t, x, u) denote the solution of (37) corresponding to the control u with the

initial condition x(0) x. Let yx(t) h(ga(t,x, u)). Then

(0), u’(0), ..., ()(0)
are rational functions of x over the field of K, the field obtained by adjoining #ij

(i 0,..-, n- 1, j 0, ..., m) to JR. Since the transcendence degree of K(x) over K
is n, the n + 1 rational functions yx(0), y(0), , y(n)(0) are algebraically dependent
over K; i.e., there exists some nontrivial polynomial Q over K such that

Clearing the denominators in the coefficients (rational functions in the variables
#0, "", #n-l), we obtain that

( ()(0)) 0,P #0," #n-l, y(0),...,

where P E IR[Y, #0, "", #-1] is some polynomial over JR. Note here that P is
nontrivial in Y, since Q is nontrivial.

Since P was chosen independent of the initial state x, it follows that, for any
u VT, there exists some 5 > 0 such that

(38) e ((t), ..., u(-) (t), (t), ..., ()(t)) o

for t < 5. By principle of analytic continuation, (38) holds for all t [0, T] and
analytic controls in ];T. Since analytic controls are dense in )T and Fc is continuous,
(38) holds for all controls in VT.

Finally, we show how to overcome the restriction q(xo) :/: O. Assume now that
q(xo) 0. Then, by definition, there exists a set t of analytic inputs in C, open
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dense with respect to the Whitney topology, so that, for each u EFt 3 IT, there
exists some analytic function (t) satisfying (34) and (35) such that q((.)) #- 0 and
Fc[u](t) h((t)). It follows from analyticity that there exists some 5 > 0 such
that q((t)) 0 for t e (0, 5). From the previous argument, we see that (u(t), y(t))
satisfies (38) for any t e (0, 5). Using analyticity again, we know that (u(t), Fc[u](t))
satisfies (38) for all t e [0, T].

Since f is dense in C controls and C controls are dense in Cn controls with
respect to the Whitney topology, it follows that (38) holds for all Cn controls in

T" D
Note that, in contrast to the cases of the rational i/o equation, the converse of

part (b) does not hold in general:, i.e, realizability by polynomials system does not
necessarily imply the existence of a recursive i/o equation. This can be illustrated by
the following example.

Example 6.3. Consider the following system:

xl XlX2, x (O) xo 1;

x (0) 0;

y--xl.

Then there exists some T > 0 such that, for all u e PT, y(t) F[u](t), where c is
given by

(c, 11. ""l) Lg ...Lg.Lolh(Xo),
where go XlX2(O/Oxl), gl O/Ox2, and h(x) x (cf. [13]). In the other words,
F is realizable by the polynomial system (39).

To show that the operator F does not satisfy any recursive i/o equation, we must
first establish the following fact. To a general analytic state space system

m

(40) x’- x e
i--1

we associate an observation space F defined as ]R-space spanned by all the functions

LgiLg2 ...Lgkh(x), k > O, 0<i,i2,...,ik<m.

We define the observation algebra 4 of (40) as the ]R-algebra generated by the elements
of F1.

For each xo AA, let Ch be the generating series defined by

(41) <Ch, rlrl." "7> L...LLh(xo).
We say that system (40) is accessible at x0 if, for any neighborhood B of x0, there

exists an open subset of b/of B such that, for any p E L/, there exist some T > 0 and
some u e Lm [0, T] such that X(T, Xo, U) p. The following lemma is provided in [28].

LEMMA 6.4. Assume that the analytic system (40) is accessible at xo and that
]t/[ is connected. Let Ch be the series defined by (41). Then the observation algebra
jt (Ch) associated with Ch is isomorphic to the observation algebra Jt associated with
(40).

System (34) is accessible at x0 (1, O) since the accessibility rank condition (see,
for instance, [24]) holds, as follows:

rank (go(xo) [go, gll(x0)) 2.



1144 YUAN WANG AND EDUARDO D. SONTAG

If Fc would satisfy some recursive i/o equation, then the observation algebra A2(c)
would be finitely generated, which, by Lemma 6.4, would imply that A is also finitely
generated as an ]R-algebra. This is false, however, as t is the algebra generated by

xl, xlx2, XlX, ..., xxk2, k>0.

Thus Fc cannot satisfy any recursive i/o equation, even though it is realized by the
polynomial system (39).

7. Families of i/o operators. In this section we study families of power series
and i/o operators. Let A be an index set. We say that c_ is a family of power series
(parameterized by A E A) if c {cA A E A}, where cA is a power series for each fixed
A. A family _c can also be viewed as a power series with coefficients belonging to a ring
of functions from A to ]R; i.e, _c (_c, h}h, where (c,
is a function defined on A.

Thus we may treat families of power series as power series over some ring R. We
use ,R to denote the set of all power series over R. Then SR is a ring with "+" and
",,," defined as the following:

7_c + d {7c+d" AA},

d A}c,,,A {c,,,_ A

for all c, d SR, "y IR.
Unlike the set S of power series over JR, ,R may not be an integral domain. This

is because ring R may not be an integral domain. However, by following the same
steps in the proof of Lemma 2.2, we can get the following conclusion.

LEMMA 7.1. The ring S1 is an integral domain if R is an integral domain.
It follows from the principle of analytic continuation that any ringof analytic

functions from a connected analytic manifold to ]R is an integral domain. So we have
the following fact.

COROLLARY 7.2. IfA is a connected analytic manifold and R is a ring of analytic
functions from A to JR, then SR is an integral domain.

DEFINITION 7.3. We say a family _c is a convergent family if
(a) Each member of the family is convergent;
(b) A is a topological space, (cA, rh) depends on A continuously, for each h P*,

and the constants K, M as in (8) can be chosen continuously depending on A.
Since each convergent series induces an i/o operator, each convergent family c of

power series induces a family of i/o operators {F A E A}, which we denote by Fc_.
The following result is provided in [28].

LEMMA 7.4. Assume that c is a convergent family. If T is admissible for c,
then T is admissible for cA for all in a small neighborhood of o, and F[u](t)
depends (jointly) continuously on t and .

7.1. Observation spaces for families of i/o operators. For a family _c of
power series, we define z-c to be the family {z-c A}, for any z P*. For
any n > 0, C_n(X0,... Xn-) is defined to be the family

{Cn(X0, "’’,xn_l) h},
where X (XI,’--, Xm) are m indeterminates over ]R, > 0.
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As in the case of single power series, we associate to c two types of observation
spaces in the following way:

fi’l(_C) span {o/-1_ O/ E P*},

’2(_c) span t {-n(#0,""", n-1) #i E ]pm, 0

__
i

_
n- 1, n _> 0}.

Note here that the elements of 1 (_c) and ’2(_c) are families of series. For instance, if
_c is given by

C
A ,2 + 2 r/0 /1, AE]R,

then fi’l(_C) is spanned by three elements: _c, 2A, and A3; thus ’1(_c) is a three-
dimensional lR-space.

Treating families of series as single series over a ring and following the same steps
in the proof of Theorem 3.1, we can obtain an analogue of Theorem 3.1 for families,
shown in the following theorem.

oI
7.2. i/o equations for families of i/o operators. We say that a family Fc

satisfies an algebraic i/o equation of order k if there exists some polynomial P e
IRIS0, ..., Sk, Lo,’", Lk], nontrivial in Lk such that

(42) ( 0u(k)(t),y(t),P u(t), .,
is an i/o equation for Fc for each A A.

If (42) is recursive, then we say that Fc satisfies a recursive equation. We say
that (42) is a rational i/o equation for Fc if

P (So, "",Sk, Lo, "’, Lk)
P0 (So, "",Sk, L0, "", Lk-1) Lk + P1 (So, "",Sk, Lo, "", Lk-1)

for some polynomials P0 and P1, and P0 is not an i/o equation for Fc; i.e., there exists
some A e h and some i/o pair (u, y) of Fc that does not satisfy (42).

For a family of generating series c_, we associate with it an observation algebra
A2(c) defined as the JR-algebra generated by the elements of fi’2 (c). Recall that ’2 (_c)
is the IR-space generated by ca(#0,... #n-) for all n and all #.

To define the observation field, we need the assumption that J[2(c) is an integral
domain.

DEFINITION 7.6. We say that a convergent family _c {cA A A} is
an analytic family if A is a connected analytic manifold and (cA, rh) is an analytic
function defined on A for all E P*.

By Corollary 7.3, fi,2(c) is an integral domain; therefore, its quotient field is well
defined. For an analytic family _c, we define the observation field 2(_c) of c as the
quotient field of J2(c_).

By using the same ideas used in 4, we get the following conclusion.
THEOREM 7.7. Assume that c_ is an analytic family of power series. Then
(a) Jt2(_c) is a finitely generated JR-algebra ifc_ satisfies a recursive i/o equation;

(b) 2(_c) is finitely generated field extension of JR if c__ satisfies an algebraic i/o
equation.
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7.3. Realizability for families of i/o operators. DEFINITION 7.8. We say
that a family Fc of i/o operators is realizable by a singular polynomial state space
system

F ((go, gl,’",gm), X, q, h),

where go, gl, , g, are polynomial vector fields of IRn, X is a subset of ]Rn, q and
h are polynomial functions defined on lRn, if the following properties hold:

(a) For each A E A and each u E )T, where T is admissible for c, there exists
some absolutely continuous function x(.) defined on [0, T] satisfying x(0) x0 for
some x0 X such that

q(x(t)) (x(t)) go(x(t)) +
m

(x (t)
j=l

for almost all t G [0, T], and

Fc [u](t) h(x(t))
for all t [0, T] and all A A.

(b) The solution xX(.) in part (a) is of class C if u is of class C, and xX(.) is of
class Ck+l if u is of class Ck.

(c) There holds the following regularity condition: There exists some open dense
set A1 of A such that, for A E A1, there exists some set tx of analytic functions
that is dense in C[0, Tx] (with respect to Whitney topology) such that, for any
U e )Tx N n, there exists some C solution x(.) as in (a), so that q(x(.)) O. If
F can be realized by a singular polynomial system with

q(x) 1 for all x ][:n,

we say that Fc is realizable by a polynomial system, and, if, in addition, the vector
fields go, "", gm are linear in x, then we say that Fc is realizable by a bilinear system.

For an analytic family of power series _c, we associate with it an observation
algebra Ai (_c) defined as the ]R-algebra generated by the elements of/1(_c) and an
observation field Q1 (_c) defined as the quotient field of .41(c). Note here that the
analyticity of the family implies that the quotient field of .4 (c) is well defined.

By using the same techniques used in 5, we get the following conclusion.
THEOREM 7.9. Let c_ be an analytic family of power series. Then
(a) The family of i/o operators Fc is realizable by a polynomial system if ff[l(C)

is a finitely generated ]R-algebra;
(b) of i/o is   atiza t a  ot no. ia 

if Q (c_) is a finitely generated field extension of IR.
Combining all the results in this section, we see that the existence of i/o equations

implies realizability. On the other hand, if Fc is realizable by some singular polynomial
system, then, by using approximation arguments, we can show that Fc must satisfy
some algebraic i/o equation. Hence we have the following theorem.

THEOREM 7.10. Assume that c_ is an analytic families of series. Then
(a) The following statements are equivalent:

(i) Fc satisfies an algebraic i/o equation;
(ii) Fc satisfies a rational i/o equation;
(iii) Fc is realizable by a singular polynomial system; and
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(b) Fc_ is realizable by a polynomial system if Fc__ satisfies a recursive i/o equation.
Remark 7.11. In the proofs of parts (a) of Theorems 7.9 and 7.10, we need

not assume that Jl(c) and J2(c) are integral domains. Hence part (b) of Theorem
7.10 also holds for continuous families; that is, for continuous families of operators,
existence of recursive i/o equation implies realizability by polynomial systems.

8. Closing remarks. We envision our results being used as follows (the idea is
very similar to that employed in the discrete case, and explored in some detail in [5]).
If there are reasons to believe that the system producing the observed data is well
posed, then an equation E may be fit to the data. We are assured that there is then a
realization of the type to be considered, and we then try to find this realization. We
are still very far from having constructive techniques for obtaining realizations; this
is a major topic for further research involving symbolic computation. The following
example illustrates the type of construction suggested by the proofs.

Consider the i/o equation

(43) uyr’ y2u2 - y’u’

and assume that it is "well posed" in the sense mentioned above; that is, there is a
Fliess operator y Fc[u] for which every pair (u, Fc[u]) satisfies the equation. Then
we know that Fc can be realized by some polynomial state space system

(44) x’ f(x) + g(x)u,
(45) y h(x)

with some fixed initial state. We now try to deduce what f, g, and h should be. We
have that

y’ Lfh(x) + Lgh(x)u,
2h(x)u2y" L2h(x) + (LfLgh(x) + Lgnih(x))u + L9 + n9h(x)u’.

Substituting y, y, yrr into (43), we get the following formulas:

(46) nih 0,

(47) LILgh + LaLIh h2,
2(48) Lah O.

Formulas (46) and (47) suggest that L2h 0 and LfLgh h2. Now let

Zl h(x), z2 Lgh(x).

Then, along any trajectory x(t) of (44),

z (t) nih(x(t)) + ngh(x(t))u(t) z2(t)u(t),
z(t) ningh(x(t)) + n2gh(x(t))u(t) zl(t) 2.

Hence Fc can be realized by the following polynomial system:

Z
2

Z Z2U, Z2 1 y Zl,

where the choice of initial state depends on additional data (such as the knowledge
of y(0) and y’(0) for some nonzero control).
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Of course, for practical applications, it is not clear when we would be justified in
assuming wellposedness. We take the position, however, that postulating wellposed-
ness is a far weaker assumption than assuming that the data was produced by a linear
system, an assumption that itself underlies most applications of control theory.

Sometimes, we impose a "causality" constraint on i/o equations, requiring that
the highest derivative of u be of lower order than derivatives of y. However, it is easy
to see (cf. [28]) that, for i/o behaviors described by generating series, an equation of
the type (1) always leads to an equation in which the highest order of derivative of
inputs is lower than the highest order of derivative of outputs, i.e., an equation of the
type

E (u(t),u’(t),u"(t),...,u(r-1)(t),y(t),y’(t),y"(t),...,y(r)(t)) O.

This is essentially a consequence of the fact that an i/o operator induced by a gener-
ating series must be causal in the sense that the kth-order derivatives of outputs do
not depend on the kth-order derivatives of inputs.

Though nonsingular systems are preferred, we do not yet know if there is always
a realization of that type (for nonrecursive equations). However, the analytic results
in [29] can be applied to prove that about every singular point of the realization
obtained here is another system, locally defined in terms of analytic functions, that
realizes (locally) the desired behavior. The picture that emerges then is that, at least,
we can cover the possibly singular part with local analytic realizations. In a computer
simulation, this would be achieved by passing to a subroutine to deal with trajectories
near this set.

As a final remark, we explain how this work relates to alternative foundations for
systems theory recently proposed by various authors. We may consider the behavior
w(.) (u(.), y(.)) associated to an i/o description. It has been proposed by [31] that
we should formulate systems modeling without a priori distinctions between input
and output signals. In these terms, an i/o equation takes the form

(49) E (w(t), w’(t), w"(t), w(r)(t)) O

One of the central questions in [31] and related works is that of, in some sense,
partitioning an abstract behavior w(.) into "inputs" and "outputs." Once this task
is achieved, however, and, provided that we may assume a suitable structure--in our
case, the existence of a Fliess-operator relationship between inputs and outputsit is
still important to be able to relate an abstract equation such as (49) to realizability,
and this is precisely what our result does. Similarly, the work [9] defined realizability
by the requirement that outputs be differentiably dependent on inputs; in other words,
an equation such as (1) hold. We showed that this is basically the same as realizability
in the more classical sense.
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OPTIMAL SWITCHING AMONG SEVERAL BROWNIAN MOTIONS*

ROBERT J. VANDERBEI?

Abstract. For 1,..., d, let B be a one-dimensional Brownian motion on the interval [0, ai]
with absorption at the endpoints. At each instant in time, one must decide to run some subset of
these d Brownian motions while holding the others fixed at their current state. The resulting process
evolves in the rectangle D [0, all [0, ad]. If, at some instant, one decides to freeze all of
the Brownian motions, then a reward is received in accordance with this final position. Two types
of reward functions are considered.

First, it is assumed that the reward is zero everywhere in D, except along the d edges that
correspond to the coordinate axes. Along these edges, it is given by C3 strictly concave functions
{(x), which are zero at the endpoints 0 and a of their domains. The optimal control for this
problem has a simple description. Let

and put

xi

Fi(xi) u’’(u)du

Mi {x E D: Fi(xi) ma.xrj(xj)}.

It is proved that the optimal control is: On Mi run any Brownian motion except the ith and stop
the first time an edge is reached.

The second class of reward functions are assumed to be zero everywhere except on the facets of
D that meet at the origin. On the ith such facet (i.e., where xi 0), the reward function is the
product of 9/j(Xj) for j : i. Put

Ni {x D: Fi(xi) m!nFj(xj)}.

The optimal control is: On Ni run the ith Brownian motion and stop when a facet of D is reached.

Key words, optimal control, Hamilton-Jacobi-Bellman equation, local time, Brown-
ian motion, smooth fit

AMS (MOS) subject classifications. 60G40, 60J45, 31C10

1. Introduction. For i- 1, d, let B B{ 8, si >_ 0} be a one-dimensional
Brownian motion on the interval [0, ai] with absorption at the endpoints. We assume
that B is adapted to a filtration {8, si _> 0} on the space Ft of continuous
functions. Let P, xi E [0, ai] denote the probability measure associated with B
starting at the point xi and let E denote the corresponding expectation operator

Xi

We assume that the filtration 9 is complete with respect to every measure pi

[0,
The problem that we study involves switching between these Brownian motions.

We take as our sample space the product 1 ... d and let the Brownian
motions be independent by putting Px plxl "" pd (E denotes the corresponding
expectation operator). A switching strategy T is a family of random d-tuples

(1) T {T(t) t > 0},
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satisfying

T(0) (0,..., 0),

(3) Ti(t) is increasing in t for each i,

(4)

and

T (t) +... + T (t) t,

(5) {Tl(t) < 81 Td(t) < 8d) e 11 ’’" X .d8d"
The random variable Ti(t) represents the amount of time the ith Brownian motion
has been used up to time t. The interpretation of (4) is that, at time t, the total
allocation of time between the d processes must equal t. Condition (5) says that the
switching strategy must be nonanticipating. The switched process XT is defined as

(6) XT(t) BT(t) (Bl(t), Td(t))"
There are several possible criteria that may be optimized. Perhaps the most

common is the accumulated discounted reward. In this case, we assume that each
Brownian motion has a running reward function r(x), and the problem then is to
find the strategy T* that attains the following supremum:

(7) v(x) suPT Ex e-tr(XT(t)) dT(t),

where is a fixed positive constant, r(x) (rl(Xl),... ,rd(Xd)), and r(XT(t)) dT(t)
represents the inner product between the vectors r(XT(t)) and dT(t). This problem
was studied by Karatzas [2], Mandelbaum [3], and Dalang [1] as a continuous time
generalization of Gittins’ index theorem for Markov chains (see, e.g., Chap. 14 [6]).
Assuming that each of the ri(xi) are strictly increasing functions, they show that
there exist functions Fi(xi) that determine the optimal strategy as follows:

(s) T* (t) increases only when XT* (t) e M,

where

(9) M {x e D: F(xi) mxr(x)}.
J

This strategy is called a follow-the-leader strategy, since it runs process when F(x) is
the largest of all the functions Fj(xj). The functions Fj (xj) are called index functions.

A different optimization criterion is considered in [4]. For d 2, we study the
problem of finding T*(t), which attains the following supremum:

(10) v(x) sup Exf(xT(T)),
T

where T denotes the first time the switched process XT exits a rectangle D (0, al)
(0, a2) and where f is a continuous pay-off function defined on the edges of D and
strongly concave (i.e., twice continuously differentiable and strictly concave) or linear
on each edge. In the case where f is zero except on the two edges that meet at the
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origin, the optimal strategy has a simple description. Indeed, let "yi(xi) denote the
restriction of f to the xi coordinate axis and put

(11) ri(xi) -fo u’y’ (u)du /(x) xi’y’i(x ).

In terms of the sets M defined in (9), the optimal strategy satisfies the following
condition:

T/* (t) increases only when XT* (t) Mi.

Hence the optimal strategy can be described as one that follows the loser.
The aim of this paper is to investigate how the above result generalizes to the

case where d > 2. There are two possibilities. First, we could put concave data on
the one-dimensional faces (i.e., edges) of D that meet at the origin. In this case, we
let T be the first hitting time of the set of edges of D.

THEOREM 1.1. Let

"Yl (Xl) if X (Xl, 0,’’’, 0)

f(x)
(x) f (0,..., 0,)
o otherwise

where each "yi(xi) is Ca, strictly concave, and vanishes at 0 and ai. Optimal strategies
exist. A strategy T* is optimal if and only if

(12) T (t) increases only when XT (t) Mi

almost surely Px, for all x D.
Hence optimal strategies are ones that follow anybody but the leader. For d 3,

the control regions are shown in Fig. 1 (in the case where the borders between the
switching regions are planar).

Alternatively, we could put (certain types of) concave data on the codimension-
one faces (i.e., facets) of D that meet at the origin. In this case, T is assumed to be
the first hitting time of a facet.

THEOREM 1.2. Let

7(x)... (x)

")’1 (Xl)’’" ’i-1 (Xi--1)’Yi+ (Xi+l)’’" d(Xd)

"yl(Xl)"" d-l (Xd-1)
0

iI x (0, x:,..., x),

if x (Xl, ,Xi--l, O,
Xi+l Xd)

iI x (x,..., x_, 0)
otherwise

where, for each i, "yi(xi) is Ca, strictly concave, and vanishes at 0 and ai. There exists
a unique (up to almost sure equivalence) optimal strategy. It satisfies the condition
that

(13) T (t) increases only when XT* (t) e Ni,
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a3

FIG. 1. Following anybody but the leader. Here we show the switching surfaces in the special
case where each are planar. The arrows indicate which Brownian motions can be run in each region.

FIG. 2. Following the loser. Here we show the switching surfaces in the special case where each
are planar. The arrows indicate which Brownian motions can be run in each region.

where

(14) Ni {x e D: F,(x,) minFj(x.)}.

So, for facet data, the optimal strategy follows the loser. For d 3, the control
regions are shown in Fig. 2.

Remark. In Theorems 1 and 2, we assume that the boundary data is three times
continuously differentiable. Two derivatives should suffice. However, we employ a
change of variables in 3 and 4, which necessitates our assumption of the existence of
three derivatives. We believe that it should be possible to prove the results without
using this change of variables, but the computations are more involved.
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2. Probabilistic preliminaries. For the proofs of Theorems 1.1 and 1.2, we
use the general theory of multiparameter processes. In this section, we review basic
definitions and standard results. Our typical multiparameter process is a real-valued
function of (BJl ,..., Bsd), and so is always adapted to the multiparameter filtration... _> >_ 0}.

A multiparameter process A/I81,...,a is a supermartingale if it is adapted to ’, is
integrable, and satisfies the supermartingale property: For every x E D and for all
81

_
tl,’’’,Sd

_
td,

It is a martingale if the above inequality is replaced by equality.
Associated with any switching strategy T(t), there is a one-parameter filtration

.T {7T(t) t

_
0}, where ’T() is defined as the a-algebra containing all mea-

surable sets C for which C O {Tl(t) _< sl,’", Td(t) <_ 84} e lsx X... X Jfd for all

sl,..., Sd. The switched process xT(t) is adapted to -T.
When we say that a multiparameter process is a martingale, we always mean

that it is a martingale relative to $’. When we say that a one-parameter process,
derived from a multiparameter process by following along a switching strategy T(t),
is a martingale, we mean that it is a martingale relative to

A real-valued function defined on D is called multiconcave if it is concave in each
component separately. It is multilinear if it is linear in each component separately.

PROPOSITION 2.1. The following statements hold:
1. If A/Is (/[ ,..., A/[ds) is a multiparameter (super)martingale and T(t) is

a switching strategy, then A/[T() is a (super)martingale;
2. TIf w is multilinear, then w(X (t)) is a martingale for any strategy T(t);
3. If w is multiconcave, then w(XT(t)) is a supermartingale for any strategy

T(t).
For d 2, these results follow from Propositions 2.4 and 3.1 in [5]..The proofs

given in [5] apply to d 2, as well.
For the edge-data problem, let E denote the set of edges of D, and, for the facet-

data problem, let E denote the set of facets of D. Then, in either case, T is the first
hitting time of E.

PROPOSITION 2.2. Let w be a continuous, multiconcave function on D that
agrees with f on E. If there exists a switching strategy (t) such that w(B(t/w) is

a martingale, then w is the value function v defined in (10) and (t) is an optimal
switching strategy.

Proof. Appealing to (3) of Proposition 2.1 and the optional sampling theorem,
we conclude that

(15) w(x) >_ EW(BT()) Ef(BT())
for any switching strategy T(t). Since w(B(t)) is a martingale, we see that

(16) w(x) Ew(B()) Ef(B()).
From (15) and (16), we conclude that w is the value function and that (t) is an
optimal switching strategy. [

Now, to prove Theorems 1.1 and 1.2, two tasks remain. These are (i) to exhibit
a function w that is continuous, multiconcave, and agrees with f on E, and (ii) to
describe a switching strategy T(t) for which w(B(t) is a martingale.
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For w(B(t) to be a martingale, it seems to be necessary that w(x) be linear in

at least one component at every point x E D \ E. Hence the function w should be a
solution to the following nonlinear Dirichlet problem:

2w
(17) max (x)=0 forxeD\E,

i:Ox<a

(18) w(x) f(x) for x S.

In the next two sections, we construct twice continuously differentiable solutions
to this differential equation.

Let w denote the solution to (17), (18), corresponding to either the "edge-data"
problem or the "face-data" problem. We finish this section by constructing a switching
strategy T(t) for which w(B(t) is a martingale. Consider any switching strategy
T(t). Since the functions xi, and xixj, for j i, are multilinear, it follows from part
2 of Proposition 2.1 that xiT(t) and xiT(t)X(t) are martingales. Hence, for t _> 0,
the quadratic covariation between X/T (t) and X" (t) vanishes:

(19) <XT, X} O.

For each i 1,..., d, the multiparameter process (B)2
8i is a multiparameter

martingale, and so, by part 1 of Proposition 2.1, we see that (xT(t))2 --Ti(t,) is a
martingale. Hence, for t _> 0, the quadratic variation of X/T(t) is given by

(x,

Since the function w constructed in either of the next two sections is C2, we can apply
Itb’s formula, together with (19) and (20), to obtain that

(21)

Ow

Ow
+ E. -x (xT(s))dTi(s)"

Theorem 12 in [3] establishes the existence of a strategy (t) that "follows the smallest
index function,""

(22) i(t) increases only when X (t) e Ni.

(In addition to existence, [3] also proves that the strategy is unique if the index
processes Fi(B,) are simultaneously flat with probability zero. This condition is
certainly met here for any pair of index processes and hence for any collection of
them.) Whether considering the "edge-data" problem or the "facet-data" problem,
in either case, the solution of (17), (18) constructed in the following sections has the
property that

(23)
O:w
-x (x) 0 for x e Ni

(this follows from the fact that Ni c M). Combining (22) and (23), we see that the
second sum in (21) vanishes, and so w(X(t)) is a martingale.
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3. Edge data. Let w(x) denote a candidate for the value function v(x) for the
edge-data problem. Assuming that Theorem 1.1 correctly describes the optimal con-
trol regions, we see that w(x) in the control region Mj should be linear in every
component, except perhaps the jth. That is, the restriction of w to the intersection
of the plane determined by a level set of xy and the control set My should be multi-
linear. Hence we can "sweep out" w(x) to the boundary of My. For d 2 and for
x E M1, this means that we can write

X2 ) X2 W(Xl, 0)W(Xl,X2) 1
2(F1(x1)) W(Xl,2(Fl(Xl)))+ (Fl(Xl))

where

(24) (u) F-l(u A )
and

(25) fii r(a).

Similarly, for d 3 and x E M1, the formula becomes

( )( )W(Xl,X2, X3)- 1-
2(FI(X))

1-
3(FI(X)) W(Xl,0,0)

x2 ( x3 ) w(xl,2(Fl(Xl)),O)+e(Fl(Xl)) 1
3(r1(x1))

( xe ) xa W(Xl,O,a(F(x)))+ 1-
2(F1(x1)) C3(Fl(Xl))

X2 X3 W(Xl,2(FI(Xl)) 3(F1 (Xl))).+e(Fl(Xl)) a(FI(Xl))
For the general formula, the notation can be streamlined by observing that the X

in the argument list for w can be written as 1(F1(x1)). In general, for x e My,
w(x,’",Xd) can be written a sum over those subsets A of the set of indices
{1, 2,..., d} that contain j, as follows:

(26) W(Xl,’’’,Xd)-- n (1-- Xi ) Xi

where TAXi is the d-dimensional point whose coordinates are given by

(27) (TAxy)i { i(Fy(xY))0 i
e A,

Note that the product over A, j in (26) can actually be taken over all A,
since, for i= j, the factor xi/i(Fy(xj)) is just one.

Notations are greatly simplified if we change coordinates, so that xi i(ui) for
each i. Then the function w becomes

(28) ?(Ul,’’’, Ud) W(I(Ul),’’’, d(Ud)),

the domain D becomes D {(Ul,’",Ud) ui < fi,for all i}, and, for each i, the
control region M becomes

(29) // {(u,---, Ud) e D ui max uy}.
J
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Let j denote the restriction of to Mj. Then

(3o) ?)j(Ul, Ud) E H qi(ui, Uj) H i(ui)OA(Uj),
A:jEAiCA lEA

where

(31) qi(ui, uy) 1

(32)

and

iA,(33) (AU) 0

_
A.

As long as we ensure that j and k patch together smoothly along their border
21/j N 21/k, then it follows that is smooth throughout . Since the change of vari-
ables (28) involves twice continuously differentiable functions (whichfollows from our

assumption that the functions 7i are C3), the smoothness of in D translates back
into the same smoothness of w in D (up to second order).

As we now show, stipulating first-order smoothness across hS/j N//k forces OA
to be a specific function for each A. Stipulating second-order smoothness forces the
functions Fi to be as defined in (11).

Fix j, k with j k. First, we note that the values of and k agree along
Mj N Mk"

A:j,kA

QAAOA(U)

where QA and ’’A are abbreviations for the following expressions:

(34) QA 1-I q(u, u),
i_A

(35) EA H i(ui),
iA

and @jluj:=k:=u denotes the function @y(ul,"’, Ud) evaluated at uy u and Uk u.
It is easy to check that

t U

-4-

A:j A,ktffA

QAukAOA(U)

A:j,kA

and

Ou :=:= A: ,eA y(u) QAiEAOA(U)
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Hence

II (u) Ou Ou :=:=

.:, ()

+ (u) RO(u)

(u)R,O()+
A:jA,kA

where RA is an abbreviation for the following expression:

R H,(u) () ,)
Combining the lt three sums, we obtain that

1 0 Oj Ra 0()+()(u) Ou Ou :=:= :.
Hence, to guarantee that first derivatives of @ are continuous across d k for all
j k, it suffices to define 0A SO that

OANi
iA

for all A containing two or more elements. If we let A mindeA flY, then TArA lies
on one of the "back faces" of (i.e., one of the components is at its upper bound),
and so

() 0() 0.

Also, if A contains exactly one element, say j, then we see from (28), (32), (33), and
the fact that w is to agree with d on the jth coordinate axis, that

(8) 0()- ;(())
;()

Hence, starting with sets A of cardinality two and working upward, each 0A is uniquely
determined by (36) and (37). Performing this recursion, we obtain that
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where TA(U) {(ui)ieA u < u _< fii}. Finally, we must check second derivatives.
Carefully differentiating, we see that

(u) RO()(u) H(u) OuOu :=:= :,

:, (u)R()

+ (u)RO(u)
A:j,kA

+ (R.(u)
()RO(u)

A:j CAiCA,ik

A:jA,kCA

Now substituting (36) into the above formula and reindexing so that the 0’s always
are subscripted with an A, we obtain that

y(u) (u) 1 02j
j(u) i(u) 1-I ()00

tj :--U

Interchanging the roles of j and k, we can write the analogous expression for k and
then subtract to obtain that

(39)

Now we are almost done. Recalling (38), we see that Ok(U) "yk(k(U))/k(U), and
so, using (11) and suppressing the dependent variable u, we obtain that

o;; () () -r() -.
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Hence both sides of the difference on the right-hand side of (39) are equal to -u, and
so the difference vanishes.

4. Face data. Let w(x) denote a candidate for the value function v(x) for the
face-data problem. As in the previous section, it is convenient to work in the system
of coordinates defined by (28). Hence the control region Ni described in Theorem 1.2
becomes ] {(ul,..., Ud)" u mini uj }.

Assuming that Theorem 1.2 correctly describes the optimal control regions, we
see that w(x) should be linear in x on the set N. Hence we can "sweep out" w(x)
to the boundary of N. Using the ui coordinates, this sweeping becomes

(40) (,...,u)- (1 ,(-,)) ,(-,)
i(ztj

k7iH "[k(Uk) - i(uj)
?(Ul’ ud)lui::uj

for (ul,..., Ud) e ],j {(u,..., Ud) e D’U < Uj < mink,j Uk}. First, we ensure
that z is twice continuously differentiable across the boundary between N,y and Ny,i.
Let z,y denote the restriction of z to N,j, so that z,j is given by the right-hand
side in (40). From (40), we see that

Oui Ui ::Uj

(u)
-(u)V() II (u)+ () _

, ()
, :

and

Oui :Uj

where k is defined by zk(uk) "k(k(Uk))). Hence, for first derivatives to match, we
need

(41)

0
Ou + Cj (u)),() ()

,.u’(u) II 5().
ki,j

At this point, let us consider that part of the state space where u < u2 < < Ud.
From (40) and (41), we see that

(42) z(u,..., Ud) (1 1 (Ul)) Cl -- 1 (Ul)
02 (2)1 (U2) 1(U2)

where Gi is an abbreviation for k>izk(Uk), and 02(u) (u,u, u3,’’’,Ud) is a
solution of

Using the integrating factor 1/2, we can solve for 02 as follows:

0(ua)02(u) 1 (U)2(U)
1 (U3)2(U3) fuU3 ([’2 ’1)+G2 1-2 + e-g-g21 ]
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where we suppress the integration variable and its differential in the above integral.
To keep notations in check, we suppress integration variables and differentials several
times in the following expressions. We hope that this adds to the clarity of the
formulas. Substituting this formula for 02 into (42), we obtain that

g(Ul, Ud) E1G1 -1
(3) +a +

+ (),

where is an abbreviation for k<(),
() (,,, ,..., ),

and he firs erm from (42) h been rewritten using he following simple ideniy:

1( "Equation (41) can be used to obtain a directional derivative of at a point of the
form (, , , 4,’", a). Writing the analogous expressions obtained by considering
the ces where m(l, a) and m(,a), we can obtain two more inde-
pendent directional derivatives. om these three independent directional derivatives,
it is ey to see that Oa satisfies the following differential equation:

The integrating factor for this differential equation is 1/3. Integrating to solve
for 03 and substituting into (43), we obtain that

(Ul,’’’,Ud) ZlG1

+E2G2 +

where we put Ud+l and use the fact that @ vanishes at (fi,..., fi). On the other
parts of the state space, it is clear that we obtain an analogous formula with the

where 04(t) (t, t, t, t, t5,’." Ud). Now it is easy to see how this process must
continue. Ultimately, we obtain that
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indices changed so that an index is replaced with the index of the ith smallest u
value.

Now is defined everywhere in and is continuously differentiable throughout.
It remains to show that it is also twice continuously differentiable. It is sufficient
to show that second derivatives agree across the boundary between i,j and j,i.
Straightforward calculation shows that

(44) iJ ( 02l)i’j 02?)J’i )j OuOu OuOuj ,:=:=

((u)-’(u)(u) (u) + II
ki,j

Since i(u) 3’i(i(u)), we see that, by (11),

_,
-u.

Similarly, the last two terms in parentheses in (44) together equal u, and so the
right-hand side vanishes. This completes the proof that w is twice continuously dif-
ferentiable in D.

5. Other examples. Perhaps the most natural extension of the preceding re-
sults would be to consider more general biconcave data on the d faces adjacent to the
origin. It seems that such generalizations are quite difficult. Indeed, for d 3, we
consider the following data:

f(x)

o(x2)’l (x3) if x (0, x2, x3),
o(x3)l (x1) if x (Xl, 0, x3)
70(xl)71(x2) if x (xl,x2,0),
0 otherwise,

where /0 and 71 are two different strongly concave functions that vanish at the end-
points of their domains. By considering a discretization of the Dirichlet problem (17),
(18), we can apply the method of successive approximations to numerically solve for
the value function and hence the optimal strategy. As in Fig. 2, there are switching
surfaces emanating from the three coordinate axes, but this time they do not meet
along a single curve. In fact, the behavior of the optimal switching strategy is quite
intricate inside a triangular tube enclosed by the three surfaces. It would be very
interesting to understand more about the nature of examples such as this one.
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APPROXIMATION IN CONTROL OF THERMOELASTIC SYSTEMS*
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Abstract. This paper develops an abstract framework for analysis and approximation of linear
thermoelastic control systems, and for design of finite-dimensional compensators. The thermoelastic
systems in this paper consist of abstract wave and diffusion equations coupled in a skew self-adjoint
fashion. Linear semigroup theory is used to establish that the abstract thermoelastic models are well
posed and to prove convergence of generic approximation schemes. Open-loop uniform exponential
stability for a subclass of thermoelastic systems is proved via a Lyapunov function. An example
involving the design of an optimal linear-quadratic-Gaussian (LQG) compensator for a thermoelastic
rod illustrates the application of the abstract theory. Results of an extensive numerical study,
including a comparison of the closed-loop performance of different compensator designs, are presented
and discussed.

Key words, control theory, optimal control, thermoelastic, approximation, stability
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1. Introduction. The transfer of energy between its mechanical form and heat
generally has been ignored as a source of both structural damping and excitation in
the vast literature on control of flexible structures. Only a few recent papers have
considered control of thermoelastic structures [4], [5], [23], [21], [22], [18], [16], [17],
[29]. However, the thermally induced vibrations that hampered the recently launched
Hubble space telescope have highlighted the coupling between mechanical vibration
and heat transfer and the need to model and control thermoelastic phenomena in
flexible structures.

This paper has two main objectives: first, to develop a theoretical framework
for analysis and approximation in the design of feedback control systems for a broad
class of linear thermoelastic systems; second, to illustrate the application of the the-
ory by presenting the most interesting results from an extensive numerical study of
linear-quadratic-Gaussian (LQG) optimal control of a thermoelastic rod. Both the
theory and the example focus on numerical methods and convergence analysis for the
design of finite-dimensional compensators based on finite-dimensional approximations
of distributed models of thermoelastic systems.

By a thermoelastic system, we mean an abstract wave equation coupled in a
skew self-adjoint fashion with a diffusion equation. While some of the theory devel-
oped here pertains specifically to problems in which the generalized wave equation
is second-order (in time), much of the theory applies to a broader class of problems,
including, for example, problems in which a Schrodinger equation is coupled with
a diffusion equation. In this paper, we are particularly interested in second-order
generalized wave equations because they are common in flexible structures, but the
results here that allow a more general class of wave equations are intended to apply
also to problems such as thermal blooming in lasers [34]. Although the theoretical
framework developed in this paper handles a wide variety of thermoelastic systems,
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it is not clear whether our hypotheses hold for the thermo-viscoelastic systems with
memory studied by Burns et al. [4], [5] and Liu [23].

Our philosophy in the abstract formulation of thermoelastic control systems in

2 and in the approximation theory in 4 is to base the results on hypotheses that
require as little as possible beyond conditions that normally hold for the individual
wave and diffusion equations. This means that, in analyzing a particular application,
most of the work is done on the uncoupled wave and diffusion equations, and the work
required to couple the systems is minimized. For example, in verifying the hypothe-
ses for Theorem 4.6, which concerns convergence of approximations to the open-loop
thermoelastic system, once the convergence conditions for independent approxima-
tions to the uncoupled wave and diffusion equations are verified, no further work is
necessary to guarantee convergence of the approximations to the thermoelastic sys-
tem when the straightforward Galerkin scheme that we assume for approximating the
coupling operator is used.

The approach to compensator design in 3 and 4.1 of this paper is to approximate
an ideal infinite-dimensional LQG compensator with a sequence of finite-dimensional
compensators. However, the abstract formulation of thermoelastic control systems in
2, the approximation and convergence theory in 4.2, and the result in 5 on open-
loop uniform exponential stability should be useful in any method for analysis and
design of controllers for thermoelastic systems.

An important issue in both convergence of the approximating compensators and
performance of the closed-loop systems is uniform exponential stability of the open-
loop thermoelastic system. While several authors [18], [9], [21], [31], [33] have proved
strong stability for various linear and nonlinear thermoelastic systems, few results
have been published on uniform exponential stability. A result in [31] on integrability
of the energy, when applied to the linear case, yields uniform exponential stability for
thermoelastic rods with certain sets of boundary conditions. Also, a recent eigenvalue
analysis in [18] yields uniform exponential stability for linear thermoelastic rods with
the same sets of boundary conditions to which the result in [31] applies. The proof of
our Theorem 5.1 uses a Lyapunov function to establish uniform exponential stability
for a large class of linear thermoelastic systems, but does not improve on the results
in [18] and [31] for the rod. The results in [18], [31] and our 5 do not apply to the
case of a linear thermoelastic rod with all Dirichlet boundary conditions, for which
uniform exponential stability has been proven recently in [20], [24], [25], [6].

In 6, we apply the theory developed in 2-5 to design finite-dimensional com-
pensators for a thermoelastic rod. We present numerical results for the functional
control and estimator gains that represent the compensators graphically. We also
compare the closed-loop eigenvalues produced by three of the finite-dimensional com-
pensators based on different damping models. These eigenvalues were obtained from
simulations in which each compensator was connected to a model of the rod with
dimension significantly higher than the dimension of the compensator. This compari-
son illustrates the importance of modelling even very light thermoelastic damping, or
possibly an artificial viscous equivalent, if no stronger damping mechanism is present.

2. Abstract thermoelastic systems. Throughout this paper, H or Hi (j
0, 1, 2) will be a Hilbert space with inner product (., "/ or <., .>j and corresponding
induced norm [. or I" Ij. Also, Y or Vj will be a reflexive Banach space with norm

I1" or I1" ]lj. The continuous dual of Y will be denoted by Y’, and

(2.1) V H V
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will mean that V is embedded densely and continuously in H, which implies that H
is embedded densely and continuously in V’ (see, for example, [30], [32]). In this case,
(’, "/will denote both the H-inner product and the duality pairing on V W.

LEMMA 2.1. Let V and H be related as in (2.1), let .4 be a linear isomorphism
(i.e., a continuous linear bijection with continuous inverse) from V to V such that
,4 is dissipative in the sense that

(2.2) Re(v, Av} _< 0 Vv c V,

and define

(2.3) Dom(A) A-1H, A- AIDom(A).
Then Dom(A) is dense in H and A-1 E B(H,H). Also, A is a maximal dissipative
operator on H.

Proof. That Dom(A) is dense in H follows from the fact that H is dense in V
and jt-1 is bounded from V to H. To see that A is maximal dissipative, suppose
that there exists a dissipative linear operator ." Dom() C H - H that is a proper
extension of A. Since 7(A) H, there exists h E Dom(A)\Dom(A) and v Doom(A)
such that h 0, h 0, and Av h. Then, for any real c, (v/ah, A(v+
(h)) (v, Av)+ clhl 2, and, for sufficiently large > 0, ae(v + (h,t(v + h)) > 0,
contradicting the dissipativity of A.

THEOREM 2.2. Let the Hilbert space HI, the reflexive Banach space V, and the
operator .41 be as in Lemma 2.1. Let the Hilbert space H2 and the reflexive Banach
space V2 be as in Lemma 2.1, and let .42 be a linear isomorphism from V2 to V that
is V2-coercive; i.e., there exists a positive real number c such that

Re<,A2>2 _> c111122, e V2.

Also, let e B(V, V). Define

(2.5) H H1 H2, V- V1 V2

and

(2.6)

where * B(V2, V) is defined by

(2.7) (,E*}1 <(, )}2, ) e V1, V2

(i.e., * is the Banach-space adjoint of ). Then H, V, V’ and A are as in Lemma
2.1.

Proof. Since
B(V2, V)is V2-coercive. Hence, for fl e V and f2 V, the pair (v, v2) e Y given
by

(2.8) v2

is the unique solution to

Vl
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The mapping that takes (fl, f2) to (Vl, v2) is clearly bounded from V’ V1 x V to
V. rl

Remark 2.3. We define the adjoint operators j( E B(V1, V{), flt B(V2, V), and
jr* B(V, V’) as in (2.7) with the appropriate duality pairing in each case. Under the
hypotheses of Theorem 2.2, j[, Jt, and A* have the same properties, respectively,

A1, A2, and M.
Remark 2.4. We define the operator L Dom(L) C H H2 to be the restriction

of to Dom(n) { V H2}. IfDom(n) is densein V, we define the
operator L* Dom(L*) C H2 H to be the Hilbert space adjoim of L with respect
to the H and H2 inner products. It can be shown that L* is the restriction of * to
Dom(n*) { V2: * g}.

For the cls of systems of primary interest in this paper, there exist Hilbert
spaces Ho and H2 and reflexive Banach spaces Vo and V2 such that Vo Ho V
and V2 H2 V (with each injection continuous and dense). The thermoeltic
evolution equations have the form

+ VoW(t) + + Io(t), t > o,

(2.11) (t) + A20(t)- 0(t) f2(t), t > 0,

where :Do,Ao B(Vo, V), 0 B(Vo, V), A2 B(V, V), f E LI(0,-; H) for
i 0, 2 and all -> 0.

We assume that ,40 is symmetric in the sense that

(2.12) (, Ao}o (, AO}o, , Vo,

and that Jto is Vo-coercive and ,42 is V2-coercive. We assume that :Do is nonnegative
in the sense that

(2.13) Re(C, :D0}0 _> 0, Vo.
To derive a semigroup generator for the thermoelastic system in (2.10) and (2.11),

we first consider the semigroup generator corresponding to (2.10) for the case/2o 0.
We make Vo into a Hilbert space by defining

(2.14) (, )yo (, Ao)o, , Vo.
Our hypotheses on ,40 imply that the norm induced by the inner product in (2.14) is
equivalent to the original V0 norm. We define

(2.15) H1 Vo Ho, V1 V0 Vo,

and we identify V0 with Vd in the first component of H1 and V1 and write V V0 Vg.
It follows that V1 - H1 V1.

Next we define

[o i(2.16) 1 -,A0 -:Do (V1, V;).

That Jr1 is an isomorphism from V1 to V1 follows from

-.AI:Do -.A1 ](2.17) A- I 0
e (V;, Vl).
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We define A1 by (2.3) with A, A, and H replaced by A1, A1, and H, respectively.
According to Lemma 2.1, A generates a contraction semigroup on H1. (See [30],
[32], [2], [13] for similar approaches to obtaining semigroup generators of the form in

(2.16).) Also, we note that the restriction of-,42 to AH2 generates a uniformly
exponentially stable analytic contraction semigroup on H2. For the thermoelastic
system, we define

(2.18) [0 0] e B(V, V)

to obtain the situation in Theorem 2.2 with 41 defined by (2.16). The corresponding
A defined by (2.6) is

0 I 0 ](2.19) A- -Ao -7)0 - E B(V, V’)
0 o -A

where

V= Vo x Vo x V2- H= Vo x Ho x H-, V’= Vo x V x V.
The semigroup generator A for the thermoelastic system in (2.10) and (2.11) then is
defined by (2.3). Explicitly, the domain of this semigroup generator is

(2.21) Dom(A) {(, , 0) e V: A(, , 0) e H}.

The system in (2.10) and (2.11) now can be written as

(2.22) gc(t) Ax(t)+ f(t), t > O,

where x(t) (w(t), (v(t), O(t)) e H and f (0, f0, f2) e LI(0, f; H) for all { > 0. If
{T(t) t _> 0} is the semigroup generated by A, the mild solution to the initial value
problem consisting of (2.22) and an initial condition x(0) (w(0), zb(0), 0(0)) H is

(2.23) x(t) T(t)x(O) + T(t- s)f(s)ds, t >_ O.

3. The LQG optimal control problem. In the abstract thermoelastic system
(2.10)-(2.11), we consider inputs of the form

(3.1) f(t) Bu(t) + /7(t), t > 0

and an output given by

(3.2) v(t) Cx(t) + t > o,

where x is the mild solution to (2.22), u(t) e R", 7(t) e Re, y(t) e-Rp, u(t) e Rp,
B B(Rm, H),/ e B(Re, H), and C B(H, RP). Also, -y and u are stationary zero-
mean Gaussian white noise processes with covariance matrices F and R, respectively,
and/ is positive definite.

The linear-quadratic-Gaussian (LQG) optimal control problem is: given the out-
put y in (3.2), choose u to minimize

lim E{1]Its
(3.3) J(u)

tsoo
[(Qx(t),x(t)) + u(t)TRu(t)]dt}
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where Q B(H, H) and R E R"xm are self-adjoint with Q nonnegative and R positive
definite; as in (3.2), x is the mild solution to the thermoelastic system (2.10)-(2.11)
(or, equivalently, (2.22)) for the input of the form (3.1).

In view of (2.10) and (2.11), the operator B has the form

(3.4) [0]B= B0

where

(3.5) Bi [bilbi2’’’ bim], bij E Hi, j 1, 2,...m, 0, 2.

The operator/ has the same form. The operator C in (3.2) has the form

(3.6) C [C01 C02 C2],

where C01 (g0, RP), C02 (H0, RP), and C2 B(H2, RP).
Theory for the infinite-dimensional LQG optimal control problem with bounded

input and output operators can be found in [1], [8], [11], [14], [13]. We briefly sum-
marize the relevant results and essential features of the theory here. As in finite
dimensions, the LQG problem separates into a deterministic linear-quadratic regula-
tor problem on the infinite interval and a dual state estimator, or filtering, problem.

First we consider the regulator problem, which is to choose the control u to
minimize the integral in (3.3) when both noise processes in (3.1) and (3.2) are zero,
the output operator C is the identity, and ty . If the operator pair (A, B) is
uniformly exponentially stabilizable (i.e., there exists a bounded linear operator K
such that A-BK generates a uniformly exponentially stable semigroup on H) and the
pair (Q,A) is uniformly exponentially detectable (i.e., the pair (A*, Q) is uniformly
exponentially stabilizable), then there exists a unique nonnegative self-adjoint solution
H B(H, H) to the operator algebraic Riccati equation

A*H + HA- HBR-IB*H + Q 0,

with II(Dom(A)) c Dom(A*). The optimal control for the infinite-time linear-quadratic
regulator problem has the feedback form

(3.8) u(t) -Kx(t), t >_ O,

where

(3.9) K R-B*II B(H, Rm).

For the filtering problem, we define

(3.10) 0 =/F/*.

If the pair (C, A) is uniformly exponentially detectable and the pair (A, Q) is uniformly
exponentially stabilizable, the operator algebraic Riccati equation

(3.11) AfI+ IIA IIC*/-1Cl - 0 0
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admits a unique nonnegative self-adjoint solution lZI E B(H, H) with I(Dom(A*)) C
Dom(A). The minimum-variance estimate of x(t) given y(T)(T <_ t) is a mild solution
(t) to the evolution equation

(t) A2c(t) + Bu(t) +/{y(t) C2(t)}

where

(3.13) k- fIC*-1 e B(RP, H).

The optimal LQG compensator consists of the filter, or state estimator, in (3.12)
and the control law

(3.14) u(t) -K2(t), t >_ 0,

with the control and filter gain operators given by (3.9) and (3.13), respectively.
The optimal closed-loop system then takes the form

(3.15) z(t) Sct(t- s)z(s), 0 <_ s <_ t

where z(t) (x(t),2c(t)) e Z H H and {Set(t)" t _> 0} is the C0-semigroup of
bounded linear operator8 on Z with infinitesimal generator

A
(3.16) Act- kC A- BK- kC Dom(Act) Dom(A) Dom(A).

If {S(t) "t >_ 0} and {g(t)" t _> 0} are the semigroups of bounded linear operators
generated on H by infinitesimal generators A- BK and A- C, respectively, then
it is easy to show that

(3.17) e(t) g(t)e(O), t >_ O,

where e(t) x(t) &(t). Moreover, if for some real a and M,

(3.18) IIS(t)ll _< Me-at, t > O,
(3.19) IIg(t)[I < Me-at, t > O,

then for each b < a, there exists a constant Met > 0 for which

(3.20) IIS z(t)ll t O.

Finally, as in the finite-dimensional case, it can be shown that

(3.21) a(Ac) a(A- BK) t2 a(A- I?(C)
where a(Act) denotes the spectrum of the closed-loop semigroup generator in (3.16).

We note that the uniform exponential stabilizability and detectability conditions
stated in this section are sufficient for the existence of unique nonnegative self-adjoint
solutions to the operator algebraic aiccati equations (3.7) an (3.11). These conditions
are not necessary for some problems with finite rank Q and Q. A sufficient and usually
necessary condition for uniform exponential stabilizability and detectability is that the
open-loop system be uniformly exponentially stable, except possibly on a controllable
and observable finite-dimensional subspace.
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It is convenient to note that, since T(K) C Rm and Dom(/) Rp, there exist
k (kl,-.-,kin) and ] (1,"" ,gp) with kj and j in H such that

(3.22) [Kx]y-lx, kyl, xeH, j-l,2,...,m,

and

P

e
j--1

Also, ky,/ E H implies that kj (k,l, k,2, k,3) and j (j,, j,2,/,3) with

kj,, j, E V0, kj,2, ,2 H0, and kj,3,/,3 H2. It follows that

(3.24) <x, kjl <, Aoky,>0 / <, kj,2>0 + <, k,3>2

for x- (, , ) e g. The vectors kj and ] and their components, kj,i and ]j,i, are
referred to as functional control and estimator (or observer) gains, respectively.

4. Approximation and convergence.

4.1. Approximation theory for the LQ(] control problem. An approxi-
mation and convergence theory for the optimal LQG problem for infinite-dimensional
systems was developed in [11], [3], [15], [13]. Here, we will first briefly summarize the
generic theory and then take a closer look at it in the context of abstract thermoelastic
control systems.

Hypothesis 4.1. There exists a sequence of finite-dimensional subspaces H (_n
1, 2,...) of H, and sequences of operators A e I(Hn, Hn), Bn I(Rm, Hn), Bn

B(R, Hn), Qn e (Hn, Hn), Cn e (Hn, RP). The operators qn are nonnegative
and self-adjoint for each n.

From here on, we take(n nF(n)* e B(Hn).
Hypothesis 4.2. The finite-dimensional algebraic Riccati equations

(4.1) (An).iin + HAn HnBR-I(Bn).H + Qn 0

and

(4.2) AnIn + In(An) In(cn).-lcnI t_ n 0

admit unique nonnegative self-adjoint solutions Hn E 13(Hn, Hn) and lI B(Hn, H),
respectively.

We define gain operators

(4.3) K R-I(Bn)*IIn e B(Hn, Rm),

and

(4.4) k In(cn)*[-1 e B(Rp, Hn),

for a sequence of finite-dimensional compensators for the control system (2.10)-(2.11)
with input of the form (3.1) and output of the form (3.2). The nth compensator is
given by

(4.5) un(t) -KHan(t),
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(4.6) (t) Ac(t) + Bu(t) +/[y(t) cnn(t)].

The resulting closed-loop system is then given by

(4.7) zn(t) Scnl(t- s)z(8), 0

_
8

_
t < oc

where zn(t) (xn(t), 2on(t)) e Zn :-- H Hn, and {Sc’(t t _> 0} is the C0-semigroup
of bounded linear operators on Z with infinitesimal generator Ac Dom(Al c
Zn- Z given by

[An- BnKn_ [nCn Dom(Al) Dom(A) H.
Since Kn e B(Hn, Rm) and kn e B(RP, Hn), we have

Xn>H j=l 2... m(4.9) [gxn]j <k’},
for xn E H and

p

(4.10) knr E [rj [[ [ kp
j=l

for r Rp with k., Hn, i- 1, 2, m, j 1, 2,... p.
The convergence theory can be summarized as follows.

following finite-dimensional semigroups:
We will refer to the

(4.11) Tn(t) eAt, qn(t) e[A-BK]t, n(t) e[A-RC]t,
and their adjoints Tn(t) *, sn(t) *, and n(t)*.

Hypothesis 4.3. For each n, there exists a linear mapping pn from H onto Hn

such that

(4.12) lim pnx x, x H.
n---oo

For each x H and each t >_ 0,

(4.13) lim T(t)pnx- T(t)x,
(x)

(4.14) lim Tn(t)*Pnx T(t)*x,
n--,c

where, in each case, the convergence is uniform in t for t in bounded intervals. Also,

(4.15) lim Bnu- Bu, u R",
n---cx)

(4.16) lim Qpnx Qx, x H,
n---oo

and

(4.17) lim Cpnx- Cx, x H.
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If

(4.18) sup IIIInII < cx and sup IIlInll ( oo
n n

and there exist positive constants M and a, independent of n, for which

(4.19) IIs"(t)ll _< Me-at, and I]"(t)]l < Me-, t >_ O,

then the algebraic Riccati equations (3.7) and (3.11) admit bounded nonnegative self-
adjoint solutions H and lI, and

(4.20) lim II"P"x Hx, x e H,
(x)

(4.21) lim InPnx Ix, x E H.
n---oo

Also,

(4.22) lim sn(t)pnx- S(t)x, x e H,
n---c

(4.23) lim n(t)Px (t)x, x e H,
n---cx

with the convergence uniform in t in bounded t-intervals. If, in addition, the operators
Q and Q are coercive and bounded away from 0 uniformly in n, then the uniform
boundedness of IIHnll and IlIIll yields the existence of positive constants M and a
independent of n for which (4.19) holds.

The easiest way to guarantee (4.18) and (4.19) is to show that there exist positive
constants M and a, independent of n, for which

(4.24) IlTn(t)ll <_ Me-at, t >_ O,

although such a uniform decay rate for the approximating open-loop semigroups
does not always exist. When (4.18) holds but the semigroups {sn(t) "t >_ 0} and
{n(t) t _> 0} are not necessarily uniformly exponentially stable, uniformly in n,
then bounded nonnegative self-adjoint solutions II and II to (3.7)^and (3.11) exist,
but IIn and lI, are guaranteed only to converge weakly to H and H, respectively, as
n -- oo.

When the strong convergence in (4.20) and (4.21) holds, we obtain

(4.25) lim I]Knpn KIII(H,R,, O,

(4.26) lim ][/n _/iI<R,H> 0,
n---oo

and therefore

and

(4.28)

lim kj kj, j 1, 2, m,



APPROXIMATION IN CONTROL OF THERMOELASTIC SYSTEMS 1173

in H. If we define P Z Zn by

(4.29)

then we obtain further that

(4.30) lim S(t)Pz Sct(t)z, z e Z,
n---o

uniformly on bounded t-intervals.

4.2. Abstract approximation theory for linear thermoelastic systems.
Now we consider the construction of the approximating finite-dimensional subspaces
Hn, the mappings pn, and the operators An, Bn, Qn, etc. We establish a generic
approximation theory for abstract linear thermoelastic systems that includes relatively
easily verified sufficient conditions for the convergence in Hypothesis 4.3.

We assume the hypotheses of Theorem 2.2.
Hypothesis 4.4. For j 1, 2, and n 1, 2, 3,..., H is a finite-dimensional

subspace of Vj and A e B(H, H) such that the following conditions hold.
(i) For each vj e Vj (j 1, 2), there exists a sequence v e H such that

(4.31) v
(ii) For each n, A is dissipative; i.e.,

(4.32) Re(v,Av}l < 0, v e H.

(iii) For each f E V and each real A > 0,

(4.33)

(4.34)

where pin, E B(Vj, Hy)is defined by

(4.35) (v,Pf}j-(v,f)j, veil’S, j--1,2.

(iv) There exsits a positive constant a such that, for all n,

(4.36) Re(v,A’v}2 >_ llvll2, v e n,

(v) For each f V and each real A > 0,

(4.37) (A + A’)-f (A -+- .A2)-lf

and

(4.38) (,k + A*)-I/5f -- (,k + .A,)-lf.
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Remark 4.5. The operator Pdn restricts a functional f E Vd’ to Hy and identifies

flH$ with an element of H via the aiesz map for H. If f can be identified with an

element of Hj (via the Riesz map for Hi), then/5nf is the Hi-projection of f onto

H?.
With P; defined by (4.35), we define L e B(H, H) and L e 13(H,H) by

(4.39) L P Igl or (v2, Lvll2 (v2,E.v12 v e H,v2 e H,

(4.40) Ln* P,* ]H or (Vl L*v2}1 (Vl *v2)1 Vl e Hi,v2 e U.
Hence L* is the Hilbert-space adjoint of L. The operator L is a straightforward
Galerkin approximation of . On the other hand, Hypothesis 4.4 does not require
that A and A be Galerkin approximations. Next we define

(4.41) Hn H H
and

-A’ e B(H, Hn).

THEOREM 4.6. For fl V, f2 V, and > O,

(4.43) (AAn)-l(fl)v--(A-flt)-l( fl
Pf2~n f2

and

(4.44) (’-An*)-I ( P-fl ) v-- (’-4")-1 ( fl
f2

(4.45)

and

(4.46)

Proof. For fl Ul and f2 E V, we set

v (- A)-V2 f2

We note that (4.46) is equivalent to

(4.47)

and

(4.48)

asH--, oc

as n -- oc.

vp (.k- A)-I (/5f Ln*v) (,k- A)-l/5(f .*v)

Substituting (4.47)into (4.48)yields

(4.49) [(A + A) + L(A- A’)-L*]v Df2 + Ln(A- A1)-lf1.

v ( + A)-(_f:)f2 + Lnv’) ( + A’)-l(f2 + .v).
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From (4.32), (4.36), (4.39), and (4.49), we have

(4.50)

(llvll 22 <- Re((v, [(A + A’) + Ln(,k- A)-ILn*]v)2)
ae((v,/5f2}2 + (v,nn()- A)-l/5f1}2)

Re((v, f2)2 + (v, (,k- A)-l/5f)2)
IIvll2(If21v + I1:11" I1(9-

Since (4.33) implies that II(-A)-x/xllx is bounded in n, (4.50) shows that IIvll
is bounded in n. Then, it follows from (4.33) and (4.47) that IIvll is bounded in n.

Next, we note that, for z (z, z2) E Hn,

(4.51) Re(z, (A An)z)
Re((zl, (A A’)zl + (z2, (A + A)z2}2) _> allz2112 + Alz] 2.

We set

n= ( ’{ )__( (’k-A’{)-lb(:- *v2) )v (, + A’)-lP(.f + ,Vl)

and

(4.53) Zn’-- ( Z )"-vn-Qn’z
Then, recalling (4.47) and (4.52) yields

(4.54)
(z’, ()- A’)z’} (z’, (- A’)v (-
-(z,/*(v v2)}1 -(z,/*Z}l (z,/* (’ v2)}1

and similarly (4.48) gives

(4.55)
(z, ( + A’)z}2 (ze’, (. + A’)v’ ( +

(z,Z.(v’ v)) (,Z.z’i): + (z’,C(,’ v)).

Hence

(4.56)
Re((z, (A A)z’) + (z, (.k + A)z)2)
Re(-(z,*( v2)) + (z, (9 Vl))2).

In view of (4.51) then,

(4.57) ,llv

According to (2.6), (4.45), (4.52) and conditions (iii) and (v)of Hypothesis 4.4,

(4.58) lim I1 vxllx 0 and lim I1 v2112 0.
n---’- (x) n-----o

Hence, IInll is bounded in n, and we have seen that Ilvnll is bounded in n. Hence
IIz’ll is bounded in n. Therefore, (4.57) and (4.58) show that v converges in V2 to
v2. Then (4.47), condition (iii) of Hypothesis 4.4, and (4.58) show that v converges
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in V1 to Vl, and (_4.43) is~proven. The proof of (4.44) is the same except that all
operators except P and P are replaced by their adjoints. [:]

Hypothesis 4.4 holds for most common approximation schemes, Galerkin schemes,
in particular. The following theorem establishes conditions (iv) and (v) of Hypothesis
4.4 when A represents a Galerkin approximation of A2.

THEOREM 4.7. Assume the hypotheses of Theorem 2.2 regarding H2, V2, and
,42, and assume condition (i) of Hypothesis 4.4 for j 2. Define A B(H, H) by

(4.59) A P.Au Iu or (v, A’w)2 (v,Aw}2, v, w H.
Then conditions (iv) and (v) of Hypothesis 4.4 hold.

Proof. condition (iv) is immediate. To prove (4.37), let f V and set

(4.60) v (A + ,42)-1f,

(4.61) vn (A + A)-IDf.
Also, let n H such that I1 --VII 2 converges to 0. Then

(4.62) OIlvnlI22
_

I(Vn, (. + A)vn)21 I(vn, [:)f}2[ I(vn, f}21 -Hence ]vn]]2 is bounded in n. Next,

(4.63)
IIVn nll I(V n, ( + A)(v

Annx n, on[<V n Pf>2 vn n ( + 2) ]2 (vn f

Since n converges in V2 to v and A2 e B(V2, V), it follows that ]]n]] 2 is bounded
in n and (A + A2)On converges in V to (A + A2)v f. Therefore, (4.63) shows that
]v --n]2 converges to 0 n , so that v converges in V2 to v.

The proof is the same when A2 and A are replaced by their adjoints.
When A1 h the form (2.16) and A is a Galerkin approximation of A1, condition

(iii) of Hypothesis 4.4 can be proved either by arguments similar to the proof of
Theorem 4.7 or by projection arguments like those in [13]. Also, see [2].

Usually, the operator pn in Hypothesis 4.3 is the H-projection onto H
H, so that condition (i) of Hypothesis 4.4 guarantees (4.12). In this case, if fj
Hy, then Pn(f,f2) (Pfl,Pf2) (recall Remark 4.5). Hence, it follows from
Theorem 4.6 and the otter-Kato theorem [19] that the approximating open-loop
semigroups T(t) and T (t) converge as in Hypothesis 4.3.

Also, when pn is the Hn-projection, it is most common to define the approxi-
mating input, state-weighting, and output operators by

(4.64) Bn pUB

(4.65) Qn pnQIHn

and

(4.66) Cn C]Hn

so that (4.15), (4.16), and (4.17) follow from (4.12).
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4.3. Matrix representations of approximating operators. We assume now
that A has the form in (2.16), that /2 has the form in (2.18), and that H1 and V1
have the forms in (2.15). Then HI has the form H H with H C V0. We assume
that, for each n, H is the span of a finite number of basis vectors en and H is0,i
the span of a finite number of basis vectors en2,i (The spaces H and H may have
different dimensions.)

Also, we use Galerkin approximations of both 4 and ,42. The matrix represen-
tation of the operator An in (4.42) is then

matrix representation of An [An]
0 i 0

-M-1K -M-1K _M-I-T
0 M-K -M-K

where

(4.68)
M; [(,,, ’o,)o]K;
K [(,,, Z:o,):]

The matrix representation of the operator Bn in (3.1) and (3.4)is

(4.69) [Bn]
0 1M

-1
[<e,i, b0j>0]

M
-1

[<e,i, b2j>2]

and the matrix representation of the operator n is similar. The matrix representation
of the operator C in (3.2) and (3.6) is

(4.70) [Cn] --[ [Cole,i] [Co2e,i] [C2e,i] ].

To discuss the matrix representations of the operators Qn, Qn, Hn, and IIn, it is
convenient to define basis vectors

(4.71) n ((?, 0, 0) n (0, 0) (0, 0,0,i i, 1,i (?0,i, e2,i e2,i

and the block-diagonal matrix

(4.72) Mn diag{M, K, M}.

The matrix representations of Qn and (n are

(4.73)
[Qn] Mn-1 [<,i, Qej,,j>]-n [(n] Mn-1 [<ei,,i,~n Qej,,j}] t, j’ 0, 1, 2.

The matrix representations [Hn] and [1In] of n and ln, respectively, are determined
by solving Riccati matrix equations equivalent to the operator equations (4.1) and
(4.2). The form of [Hn] is like that of [Qn], and in general neither of these matrices
is symmetric. Hence, rather than solving the matrix representation of (4.1) directly,
it is preferable to premultiply the matrix representation of (4.1) by Mn to obtain a
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Riccati matrix equation that can be solved for the symmetric matrix Mn[Hn]. Also,
instead of solving the matrix representation of (4.2), it is preferable to postmultiply

-1
the matrix representation of (4.2) by Mn to obtain a Riccati matrix equation that

can be solved for the symmetric matrix [IIn]M-1 (see [13]).
Finally, it follows from (4.3) and (4.4) that the approximating functional control

and estimator gains in (4.9) and (4.10) are given by

(4.74) [k k k] nMn- [IIn]Mn[Bn]R-
(4.75) [] ] ] n[-In]Mn-1 [cn]T-1
where

(4.76) [,] [,i] [,]
and [0n,i], for example, is the row matrix containing the basis vectors 0,i in order.
See [13] for details on computing similar functional gains.

5. Stability of the open-loop system. We consider the system in (2.10) and
(2.11), and we define

(5.1) Dom(Ao) AHo, Ao ,A01Dom(Ao).

Since 4o is symmetric and V0-coercive, Ao is self-adjoint and Vo-coercive. We recall
the operators and o in (2.18) and note that o e B(Vo, V).

In this section, we assume that

o Lo E B(Vo, H2),

and we assume that there exists a positive real number c such that

Dom(Ao) {v e Dom(L0): Love Dom(L))} and Ao aL)Lo,

where L is the Hilbert-space adjoint of Lo with respect to the Ho and H2 inner
products (recall Remark 2.4). In this case,

(v, W)Vo a(Lov, Low)o, v, w e Vo.

The conditions (5.2) and (5.3) are common in thermoelastic structures because the
thermal stress enters the equation governing mechanical vibrations in the same way
as the stress due to elastic deformation [7], [27].

THEOREM 5.1. Assume the conditions stated so far in this section and that the
damping operator 7)0 is symmetric (in the sense of (2.12)). If the range of the operator

(5.5) A0 LoAI
is in V2 or if 7)0 is Ho-coercive, then the semigroup generated on the space H in (2.20)
by the operator A defined in (2.19)-(2.21) is uniformly exponentially stable.

Proof. First consider the case where (A0) c V2 but 7)0 is not necessarily Ho-
coercive. It is clear that Ao B(Ho, H2) and h B(H2, Ho). Hence, 7(Ao) c V2
implies Ao E B(Ho, V2). Furthermore, it can be shown that A B(H2, Vo) and

aLoA is the H2-projection onto 7(L0).
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Now define the following self-adjoint bounded linear operator on H:

(5.6) Q
aI .Ao-1 0 ]I aI -2aA
0 -2cA0 aI

where a is a positive real number. For a sufficiently large, Q is H-coercive. Also, since
T(A0) c V. and 74(A) c V0, QV Y. For :D0 0 and z (v,h, O) e Dom(A) C V,

Since

Re (Qz, Az) Re (Qz, Az)
-Ilvll -Ihl] aRe(O, A:O):
+(2a- 1)Re(O, n0v)2 + 2a(LoAO, )2 + 2aRe(A0h, A2t?)2.

(5.8) I(A0h, Ae0) l IIAohll " I1 11 ,

and A0 E B(Ho, V2), it follows from (5.7) that, for a sufficiently large, there exists a
positive real number such that

(5.9) ae(Qz, Az <_ -lzl 2, z e Dom(A).

When :Do 0, the right side of (5.7) has more terms, but (5.9) can be obtained
in a similar manner. The generalized Schwarz inequality I/v, :D0h}012 _< I{v, :D0v/01
I/h, :D0h}01 is useful.

If :Do is H0-coercive, then replacing c with 0 in (5.6) allows (5.9) to be obtained
for a sufficiently large and some positive . E]

Remark 5.2. The condition T(A0) c V2 is equivalent to the following two condi-
tions combined:

(5.10) Dom(n) qAf(n) +/- c V2

and there exists a real number # such that

(5.11) Ilvl12 _< #lnvl0, v e Dom(n)qAf(L) +/-.

Remark 5.3. To generalize Theorem 5.1 to the case where :Do is not symmetric,
we would have to impose further conditions on :Do, which would take us beyond the
focus of this paper.

The hypotheses of Theorem 5.1 hold for many but not all linear thermoelastic
systems that seem likely to be uniformly exponentially stable. In most applications,
the conditions (5.10) and (5.11) restrict the combinations of boundary conditions.
For example, if (2.10) and (2.11) represent a thermoelastic rod, as in the example
in the next section, (5.10) and (5.11) hold for Dirichlet boundary conditions on the
wave equation at both ends of the rod and Nuemann boundary conditions on the
heat equation at both ends, and for various other combinations. However, (5.10) and
(5.11) do not hold for Dirichlet boundary conditions on both equations at both ends
of the rod.

Recently, it has been proved that the linear thermoelastic rod with all Dirichlet
boundary conditions is uniformly exponentiall stable [20], [24], [25], [6]. It is inter-
esting that, while [18] showed that all of the eigenvalues are bounded strictly to the
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left of the imaginary axis for the linear thermoelastic rod with all Dirichlet boundary
conditions, the analysis in [18] suggests that the eigenvectors do not form a Riesz
basis. We have tried without success to modify the hypotheses of Theorem 5.1 to
cover this case.

The conditions (5.10) and (5.11) say that the operator Jr2 in the diffusion equation
is bounded in a certain sense with respect to the stiffness operator A0. We believe
that some such relative boundedness is necessary for uniform exponentially stability.
A numerical experiment in which we used the one-dimensional wave equation for
(2.10) and a fourth-order one-dimensional partial differential operator for 42 in (2.11)
yielded a sequence of complex eigenvalues that appeared to approach the imaginary
axis asymptotically.

6. An example and numerical results.

6.1. Linear model of a thermoelastic rod. We consider the axial vibrations
of a visco-thermoelastic rod that is clamped and insulated at both ends. The length
of the rod is normalized to 1. Control actuation is produced by a single force directed
parallel to the rod and distributed uniformly over the rod segment 71 <_ 7 <- 72. A
sensor measures axial displacement at 7 71 (i.e., the left end of the rod segment over
which the actuator force is distributed). Finally we assume that both the actuator
input and sensor output are corrupted by zero-mean Gaussian white noise with unit
intensities.

The dynamics of the plant are described by the equations of one-dimensional
linear thermoelasticity (see, for example, [7], [10], [33]), which consist of coupled
one-dimensional wave and heat equations. If the rod has Kelvin-Voigt viscoelastic
damping in addition to thermoelastic damping, then the state equations, boundary
conditions, and output equation are

03W 02W02W
(t, 7) OD(/ -- 2) (t, 7) ( -+- 2#) (t 7)

O0
(t, 7) bo(7)u(t) + bo(7)7(t) 0 < 7 < 1, t > 0,+aL(35 + 2#) _---

07

(6.2)
00oo

(t, (t,

Ow
(t, ) o,Oa(3 + 2) OqOt 0<7<1, t>O,

(6.3) w(t, O) O w(t, 1), t > O,

(6.4)
00

(t, 0) 0
00

(t, 1) t > 0,N

(6.5) y(t) w(t, 71) - l](t), t > O,

where w and 0 are, respectively, the axial displacement and absolute temperature, p is
the mass density, A and # are the Lam6 (elasticity) parameters, c is the specific heat,
and is the thermal conductivity. The positive constant 0 is a reference temperature--
the absolute temperature of a stress-free reference state for the rod. The nonnegative
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constants cD and L are, respectively, the viscoelastic coefficient and the coefficient
of thermal expansion, " and are the noise processes, and the function b0 E L2(0, 1)
is given by

(6.6) b0(/) 0, otherwise.

Because of the insulated, or Neumann, boundary conditions in (6.4) on the tem-
perature distribution, the open-loop system corresponding to (6.1)-(6.2) has a zero
eigenvalue for which the associated eigenvector consists of zero displacement and ve-
locity and nonzero uniform temperature distribution. This eigenvector is orthogonal
(in L2(0, 1)) to the control input function b0 and is in the null space of the output op-
erator corresponding to the measurement in (6.5), so that the span of this eigenvector
is uncontrollable and unobservable. It follows that (i) the only part of the tempera-
ture distribution that can be controlled or observed is the part that is orthogonal to
uniform temperature distributions; (ii) the average (over /) temperature in the rod,
which we denote by 0ave, is neither stabilizable nor detectable; (iii) ave is a constant
function of t.

Consequently, in the thermoelastic control problem, we replace the temperature
distribution 0(t, /) with

(6.7)

The state equations, then, are (6.1)-(6.5) with 0 replaced by . The state space H
has the structure in (2.20) with

(6.8) H0 L2(0, 1), V0 H01(0, 1),

(6.9) H2 { e L2(0, 1)" d/= 0}, V2 Hi(0, 1) N H2.

All of the spaces in this example are real. We use the standard L2 inner product for
H0, but we use

(6.10)

for the inner product on H2. This inner product on H2 is required to get the for
which the semigroup generator in this example h the form in (2.19). For V0 and Vu,
we use the norms

1/2 1/2

(6.11) [[[’o-(Z ,’,d) "[’-(I [’,d)
We define the operators

 (Vo, by

’’ , Vo+ 2p
(, Ao)o

P

,,(6.13)
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(, + 2#) ,, d,(6.14)
P

, e V0,

and

(6.15) <,0>2 f01 L(3Ap+ 2#), d, E V2, E V0.

With these operators, the system in (6.1) and (6.2), with replaced by , has the
form in (2.22) with a semigroup generator of the form in (2.19).

From (6.12)-(6.15), it follows that we haveall of the conditions in 5, including
the hypotheses of Theorem 5.1 (assuming L > 0; otherwise we would not have
a thermoelastic problem). Hence, the open-loop thermoelastic system is uniformly
exponentially stable, even if O/D 0.

For the numerical studies in this paper, we chose the parameters in (6.1) and (6.2)
for an aluminum rod of length 100 in (see [27], [26]). With the length normalized to
1, the parameters take the values in Table 6.1.

TABLE 6.1
Parameters :for (6.1)-(6.6).

p 9.82 x 10-2 A 2.064 x 10-1 tt 1.11 x 10-1

c---- 5.40 x 10-1 a 7.02 x 10-7 -- 68
cL 1.29 x 10-3 D 0

?1 --.385 v]2 ----.486

The numerical results in this paper focus on the effects of thermoelastic damping.
In [16] we presented numerical results for a similar example that included nonzero
viscoelastic damping (aD > 0). The functional gains were much smoother than the
gains for the case with thermoelastic damping only, and the approximating functional
gains converged much faster. The numerical results in [16] indicate that, if Voigt-
Kelvin viscoelastic damping is present, its effect dominates the effect of thermoelastic
damping, but it is not clear whether Voigt-Kelvin viscoelastic damping is present at
significant levels in common metals.

6.2. The optimal control problem and the approximation scheme. We
have m g p 1 with the input operators given by

(6.16) Bor- or= (lbo r, r R1, B2--2--0,
\P /

and the output operator given by

(6.17) c(, , (Vl), (,, ) e H-- Vo x Ho x H2.

In the quadratic performance index, we take the operator Q B(H) to be given
by

(6.18) Qx Q(w, (v, ) (w, (v, o),

and we take R 1. This Q penalizes the total mechanical energy in the rod but does
not penalize temperature variations from the constant average value. The operator
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( e B(H) is given by (3.10) with/ B given by (3.4) and (6.16). Since (t) and
(t) have unit intensities, F-/ 1.

The functional control and estimator gains have the form kl (k1,1,k1,2, kl,3),
and ]gl (1,1, gl,2, gl,3) with kl,1, 1,1 e H01(0, 1), kl,2, 1,2 e L2(0, 1), and kl,3, ]gl,3 e
H2 c L2(0, 1). If K and/ are, respectively, the control and estimator gain operators,
then

(6.19) Kx kl,1’ dI + kl,2 dr] + kl,3 dr/, x (,,) E H,

and

/r- (r],1, r],2, r,3) e H, r e R1.

In [16], we compared two Galerkin approximations for solving a linear-quadratic
regulator problem for the thermoelastic rod in this example. One scheme was a finite
element approximation in which linear splines were the basis vectors; in the other
approximation, the open-loop eigenvectors of the distributed systems were the basis
vectors. The modal approximation gave faster convergence for the approximating
functional control gains. In this paper, we use the modal approximation only.

It is easy to see that, for the boundary conditions in this example, the eigenspaces
of the open-loop thermoelastic rod are three-dimensional subspaces each spanned by
a two-dimensional subspace of the undamped wave equation and a one-dimensional
eigenspace of the heat equation. The eigenvectors of the wave equation are sine waves,
and the eigenvectors of the heat equation are cosine waves. The sequence of three-
dimensional subspaces of the thermoelastic rod are mutually orthogonal and complete
in the state space H. Thus it is easy to show that all the conditions of Hypothesis 4.4
hold.

The open-loop eigenvalues can be determined as the solutions to the cubic charac-
teristic equations corresponding to the three-dimensional eigenspaces. For the values
of the parameters that we used, the eigenvalues corresponding to each open-loop sub-
space consist of a complex conjugate pair and a real eigenvalue, all with negative real
parts. It can be shown by analysis of the sequence of cubic equations that, asymp-
totically, the real eigenvalues approach -oc and the complex pairs of eigenvalues
approach a vertical line strictly to the left of the imaginary axis. This distribution
of eigenvalues is not sufficient to guarantee (4.24); i.e., that the approximating open-
loop semigroups are uniformly exponentially stable, with a decay rate uniform in n
(the order of approximation, or number of modal subspaces). However, (4.24) does
follow from the fact that the approximating open-loop semigroups used here are the
projections onto modal subspaces of the original open-loop semigroup, which is uni-
formly exponentially stable according to Theorem 5.1. Hence (4.18) and (4.19) hold.
Therefore, (4.20)-(4.30) are guaranteed.

To obtain the approximating control and estimator gains shown in Figs. 6.1 and
6.2, we used the matrix sign function method in [28] to solve Riccati matrix equa-
tions equivalent to the finite-dimensional Riccati operator equations (4.1) and (4.2),
as discussed in 4.3. We used (4.74) and (4.75) with m p 1 to compute the
approximating functional control gains kn (i 1 2, 3) and approximating functional1,i

estimator gains n (i- 1, 2, 3)1,i
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FIG. 6.1(a). Approximating functional control gains k,l, n-- 18, 19,... 33.
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FIG. 6.1(b). Approximating functional control gains k1,2, n 18, 19,.-. 33.
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FIG. 6.1(c). Approximating functional control gains knl,3, n 18, 19,... 33.
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FIG. 6.2(e0. Approximating functional estimator gains nl,1, n 18,19,..- 33.

15

I0

-5
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIG. 6.2(b). Approximating functional estimator gains n1,2, n 18, 19,...33.
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FIG. 6.2(c). Approximating functional estimator gains n1,3, n 18, 19,... 33.
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6.3. Numerical results for finite-dimensional compensators. In each of
the figures, we have plotted the approximation to the particular functional gain for
each n between 18 and 33, where n is the number of modal subspaces used. Because
the damping produced by thermoelastic dissipation is so small in this example, we see
nothing resembling gain convergence until we use at least n 15. The convergence
results for approximations to the infinite-dimensional LQG problem guarantee that
all of the functional gains do converge, but the convergence theory does not indicate
the rate at which the gains converge. Numerical experience has shown that, generally,
greater damping causes faster gain convergence.

We are not sure that we are seeing convergence in Fig. 6.1. Increasing n past
40 does not make the functional control gains look closer to any limit, and between
n 40 and n 50, the numerical solution to the Riccati equation is so inaccurate in
some cases that the corresponding gains do not resemble those in Fig. 6.1. While the
functional gains must converge, it is possible that the order of approximation required
for convergence exceeds our capability to solve the Riccati equations accurately. An-
other reason that we question whether our plots of the functional control gains show
convergence is that when we compute the control gains for both O/D 0 and O/L 0,
the plots look identical to Fig. 6.1. But with no damping for the wave equation and
the coercive weighting that we place on the solution to the wave equation in the per-
formance index, the norms of the finite-dimensional Riccati operators are guaranteed
to grow without bound as n increases [12], [13]. Indeed, when aD 0, and OL 0,
our numerical solutions to the Riccati equations break down for smaller n than they
do when CD 0 and O/L > 0. There is some difference between the finite-dimensional
gain matrices that we compute with and without thermoelastic damping in the plant
model, but that difference is too small to be seen in plots of the functional gains.

The question arises, then, of whether the very light structural damping produced
by the thermoelastic effect in the rod is significant in compensator design. To address
this question, we computed eigenvalues for two closed-loop systems. Each closed-
loop system was constructed by connecting a compensator based on a control model
consisting of the first 20 modal subspaces to a simulation model, or truth model,
consisting of the first 30 modal subspaces of the rod. Each compensator thus has
dimension 60 while the simulation model has dimension 90. The 30-mode simulation
model was the same in each case; it had the parameters in Table 6.1, including
O/L 1.29 10-3. The 20-mode control model for Compensator 1 also had the
parameters in Table 6.1. The control model for Compensator 2 had OL 0, and
all of the other parameters had the values in Table 6.1. This means that there is
no damping for the mechanical vibrations of the rod in the open-loop control model
for Compensator 2. Because the temperature distribution is not penalized in the

^nperformance index, the control gains kl,3 and kn and estimator gains kl,3 and kl,31,3

are all zero in Compensator 2, and the gains k1,1 and kin,1 1,1 and gn kl,2 and kn1,1 1,2

]gl,2 and n1,2 are those that would be computed for a 20-mode model of the undamped
wave equation alone.

Table 6.2 shows typical eigenvalues for the open-loop system and for the closed-
loop system produced by each compensator. Since each compensator contains a copy
of each of the first 20 modal subspaces, each closed-loop system contains six states,
and six eigenvalues, corresponding to each of the first 20 modal subspaces. Each
closed-loop system also contains the 30 states in twenty-first through thirtieth modal
subspaces. While the closed-loop performance in the first ten or so modes is similar
with both compensators, the closed-loop eigenvalues corresponding to several of the



Mode
No.

10

14

18

19

2O
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TABLE 6.2
Typical open-loop and closed-loop eigenvalues.

Open-loop

-2.30 x 10-7 + 6.57 x 100

-1.30 x 10-4

-9.19 10-7 + 1.31 x 101

-5.21 x 10-4

-2.07 x 10-6 -}-i 1.97 x 101

1.17 x 10-3

-2.30 x 10-5 + 6.57 x 101

-1.30 x 10-2

--4.50 x 10-5 4, 9.20 x I01

-2.55 x 10-2

--7.45 x 10-5 4, 1.18 x 102

-4.22 x 10-2

-8.30 x 10-5 4, 1.25 x 102

--4.70 x 10-2

--9.19 x 10-5 4, 1.31 x 102

--5.21 x 10-2

-1.01 x 10-4 4, 1.38 x 102
-5.75 x 10-2

-1.11 x 10-4 4, 1.45 x 102
-6.31 x 10-2

Closed’10op
with Compensator 1

-3.15 x 10-I 4-i6.57 x i0
-1.44 x 100 4, i6.89 x I0
-1.30 x 10-4

-1.30 x 10-4

-1.26 x 10-1 4-i 1.31 x 101
-1.22 x 10-1 4- 1.31 x 101
-5.21 x 10-4

-5.21 x 10-4

-2.55 x 10-1 4-i 1.97 x 101
-3.45 x 10-1 4, 1.97 x 101
-1.17 x 10-3

-1.17 x 10-3

--1.82 x i0-I 4, i6.57 I01
--8.03 )< 10-2 4-i6.57 X i01
--1.30 x 10-2

--1.30 10-2

--3.44 x 10-2 4, 9.20 x 101
--3.41 10-3 4, 9.20 x i01
--2.55 X 10-2

-2.55 x 10-2

-1.53 x 10-2 4-i 1.18 x 102
-2.16 x 10-3 + 1.18 x 102
-4.22 10-2
-4.22 10-2

-1.03 x 10-2 4, 1.25 x 102
-1.98 10-3 4-i 1.25 x 102
-4.70 x 10-2

-4.70 10-2

-2.51 x 10-3 4, 1.31 102
-6.67 10-4 -{-i 1.31 102
-5.21 x 10-2

-5.21 x 10-2

-1.04 x 10-4 4-i 1.38 102
--5.75 10-2

-1.34 x 10-4 4-i 1.45 102
--6.31 10-2

Closed-loop
with Compensator 2

-3.13 x 10-1 4, i6.58 x 10
-1.45 x 10 4. i6.87 100
-1.30 10-4

-1.31 x 10-4

--1.63 x i0-I 4, 1.31 x I01
--8.50 x 10-2 4, 1.32 x i01
--5.21 x 10-4

--5.23 x 10-4

-2.17 x 10-1 4-i 1.97 x 101
-3.84 x 10-1 4-i 1.96 x 101
-1.18 x 10-3

--1.17 X 10-3

--2.16 X I0-I 4-i6.56 X I01
--4.66 X 10-2 4, 6.58 X I01
--1.30 X 10-2

--1.31 X 10-2

-3.76 x 10-2 4. 9.19 x 101
-2.66 x 10-4 4, 9.20 x 101
-2.56 x 10-2

--2.55 10-2

-1.74 x 10-2 + 1.18 x 102
-9.75 x 10-5 4- 1.18 x 102
--4.22 x 10-2
--4.24 x 10-2

-1.22 x 10-2 4-i 1.25 x 102
-9.05 x 10-5 4-i 1.25 x 102
-4.70 x 10-2

-4.72 x 10-2

-3.18 x 10-3 4, 1.31 x 102
-9.33 x 10-5 4. 1.31 x 102
-5.21 x 10-2

-5.23 x 10-2

--1.04 x 10-4 4, 1.38 102
--5.75 x 10-2

--1.34 10-4 4, 1.45 102
--6.31 10-2

Simulation Model:
Compensator 1:
Compensator 2:

30 Modal Subspaces, CL 1.29 x 10-3

20 Modal Subspaces, aL 1.29 x 10-3

20 Modal Subspaces, aL 0

higher-frequency modes reveal important differences between the two compensators.
In particular, we note the second complex pair of closed-loop eigenvalues listed for
mode 18. The magnitude of the real part produced by Compensator 1 is more than
20 times the corresponding number produced by Compensator 2. The same is true
for mode 19. In certain high-frequency closed-loop states, then, the decay rates pro-
duced by Compensator 1 are more than 20 times the decay rates produced by Com-
pensator 2.
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The eigenvalues in Table 6.2 for modes 21 and 22, the first modes not modelled
in the compensators, are typical of the eigenvalues for all ten modes that are present
in the simulation model but not in the control models. These eigenvalues show that
we have modelled enough modes in the compensators to eliminate any significant
spillover between modelled and unmodelled modes.

Because the magnitudes of the real eigenvalues, which correspond to the heat
equation (6.2), are so much larger than the magnitudes of the complex eigenvalues,
we suspected that it might be possible to eliminate the states corresponding to the
real open-loop eigenvalues from the control model and base a compensator design
on a control model consisting of a sequence of second-order modes with eigenvalues
equal to the complex open-loop .eigenvalues of the thermoelastic rod. This amounts
to putting artificial viscous damping in the wave equation.

We carried out such a design with twenty second-order modes having eigenvalues
equal to the first twenty pairs of complex open-loop thermoelastic eigenvalues and
mode shapes the same as the first twenty modes of the undamped rod. This com-
pensator had dimension 40. When we closed the loop with the 30-mode simulation
model used for Table 6.2 and computed the closed-loop eigenvalues, we obtained vir-
tually identical results to those for Compensator 1, except that this third closed-loop
system had only half as many real eigenvalues because the corresponding states were
not modelled in the compensator. Even for modes 18 and 19, all of the closed-loop
eigenvalues produced by the third compensator matched to at least three digits the
corresponding eigenvalues produced by Compensator 1.

7. Conclusions. The abstract formulation of distributed models and the ap-
proximation theory developed in this paper apply to a wide variety of thermoelastic
control systems. The uniform exponential stability result in 5 applies to a large class
of thermoelastic problems, but not to certain systems that are known to be uniformly
exponentially stable [20].

The numerical study in 6 focused on the effect of thermoelastic damping in
optimal control of a flexible structure. The eigenvalue results demonstrate that, even
though thermoelastic damping is small in common metals, a compensator based on a
thermoelastic model of a flexible structure can produce significantly better response
in high-frequency modes than a compensator based on an undamped model.

The theory in 2-4 also applies to thermoelastic control problems in which a
thermal disturbance excites mechanical vibrations. This class of problems, which
includes vibrations in flexible space structures caused by solar heating, might provide
the most important applications for the theory developed here.
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Abstract. The notion of robust stability in the multidimensional setting is carefully investi-

gated. In particular, the perturbation function is defined to measure the maximal stability region.
Applications to robust stability tests of Kharitonov and Barmish types are obtained.
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1. Introduction. In many applications to signal processing, systems theory,
and optimal control, the problem of robust stability always arises. This paper is de-
voted to the study of maximal robust stability regions and robust stability tests for
the multidimensional setting. The importance of multidimensional problems is well
known, as documented by Bose, Zeheb, and others (cf. [2], [3], [5]). We give a careful
formulation of multivariate robust stability and introduce the notion of the perturba-
tion function generalizing the ideas in our earlier work [4] concerning the one-variable
case. This function is then shown to determine the radius of a maximal stability ball
in Cg. The shape of the ball is determined by the norm under consideration. In
particular, the coefficients need not vary linearly with the parameters. Our results are
finer in the case of polydomains.

Applications to multivariate robust stability are also discussed in this paper. For
a pathwise connected compact set, it suffices to check stability at one single point,
judiciously chosen by means of the perturbation function. In addition, a Kharitonov-
type test using the Minkowski functional is obtained. The stability test of Barmish

[1] is generalized to the multivariate setting and to the case when the dependence of
the coefficients on the parameters is nonlinear.

2. Notation. Let s be a positive integer and Cs the s-dimensional Euclidean
space consisting of vectors z (zl,..., zs), where each zk, k 1,..., s, is a complex
number. For z E Cs we use the notation

(2.1)

for the Euclidean norm. For z 0, we define the projection of z onto the unit sphere
OB := {z" Izl- 1} by

(2.2a) 7r(z) := .
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In general, for any set A c_ C8, we set

(2.2b) r(A) "= {r(z)" z e A\{0}},

and denote, by cl(A) and OA, the closure and boundary of A, respectively. Hence, for
the unit ball B8 {z" Izl < 1}, its boundary is the unit sphere OB defined earlier.
In addition, for any one-dimensional set D c_ C, we will consider

D* := {(Zl,.-.,z,)" zk e D, k 1,...,s}.

In particular, if U := B1 and T := OB1 are the open unit disc and unit circle in C, then
U and T8 are the open unit polydisc and its distinguished boundary, respectively.
We will also use the following standard multivariate notation: For k (kl,.-., k),
where each kj, j 1,.--, s, is a nonnegative integer, and z (Zl,.--, z) E C,
(2.3) Ikl kl --[-...-{- ks, zk zf zks

Our primary interest in this paper is the study of robust stability of polynomials
in s complex variables. For this reason, any polynomial

E akzk,

of total degree n, is identified by its coefficients {ak}. To be more specific, we consider
the N-tuple

a (an,0,...,0 a0,...,0,n an-l,0,...,0, a0,...,0,n-1, ",a0,...,0)

of these coefficients, where

(2.4) N "-(n +S),s
and denote the above polynomial by

(2.5a) P(a,z) E akzk"

We will also be interested in the homogeneous polynomial

is(2.5b) Ph(a,z) E akzk E a,’",z"’z’
Ikl=n il+...+is=n

which constitutes the leading terms of P(a, .). It will often be convenient to think of
the polynomial P(a, z) as the (complex) inner product of the vectors a and (z) where

-n--1 z--1- 21--1 --n--1 2sn 1 2s 1).(Z) := (2,Z 22," Zs," ,’’’,ZlZs ,’"

Similarly, for the homogeneous polynomial, we introduce the notation

(2.6b)
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for any z (Zl,’’’, zs) E Cs. Note that both s and n are fixed throughout this paper.

3. Stability and perturbation functions. Let P(a, .) be a polynomial in s
complex variables and E be an open set in C8. Intuitively, we would like to call P(a, .)
an E-stable polynomial if P(a, .) is zero-free in Cs\E. This definition is indeed used
in [5]. Given a norm II on CN, where N is defined in (2.4), we would then like to find
the largest number 5 (depending upon a, E, n, s and the norm) such that whenever

lib- all < 5 then P(b,-) is also E-stable. The following example shows that when
Cs\E is unbounded, the notion of stability needs further careful refinement for this
effort to be successful.

Example 3.1. Let s 2,n 1, E ((zi,z2)" Rezl < 0},a := (1,0,1) so that
P(a, z) zl + 1 is an E-stable polynomial. Every ball around a contains vectors of the
form am (1, l/m, 1) for all sufficiently large integers m. However, the polynomial
P(am, z) zl d- z2/m + 1 is clearly not E-stable for any positive integer m.

We observe that a critical aspect here is, loosely speaking, the wandering-off of
certain zeros to infinity. The following definition is motivated by the desire to control
this phenomenon.

DEFINITION 3.2. Let s >_ 1 and n >_ 1 be integers, and E be an open set in C8.

A polynomial P(a, .), or equivalently, its coefficient vector a, will be called E-stable
(or more precisely when needed, (E, n)-stable) if each of the following conditions is
satisfied:

(i) If z E (28 and P(a, z) 0 then z E.
(ii) Suppose that Cs\E is an unbounded set. Then, in addition to (i), Ph (a, z) # 0

for all z cl(r(Cs\E)).
For the one-variable setting when Ph(z) aozn, condition (ii) for unbounded

C\E above is equivalent to the condition that the leading coefficient a0 is nonzero
(i.e., P(a, .) is of precise degree n). Thus, Definition 3.2 agrees with Definition 2.1 in
our earlier work [4] (cf. Theorem 3.3 therein).

We emphasize that the "adjustment" to the intuitive notion of stability is required
only when Cs\E is unbounded.

Next, we define the perturbation function. For z C8, we let

(3.14) 1-I,. := {a CN" P(a,z)= 0};
(3.1b) Hh := {a e CN" Ph(a, z) 0}.

Furthermore, for any norm defined on CN, we use the notation d(a, A) for the
distance in this norm between any a Cg to a closed set A c_ CN, namely,

(3.2) d(a,A) inf I[a- b[[.
bA

If E is an open set in C8, then we also set

(3.34) d(a) d(a; E, n, s, ][) inf d(a, Hz);
zEOE

(3.35) do(a) d(a;E,n,s, II)"- inf d(a,Hh).
zEcl(r(Cs \E)

DEFINITION 3.3. Let a CN and E be an open set in C8. The perturbation
function 6: CN - [0, cx)) is defined by

(3.4) 6(a) 6(a; E, n, s, II)

f d(a; E, n, s, II), if Cs\E is compact,

min(d(a;E,n,s, II),d(a;E,n, s, I])}, otherwise.
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The importance of the perturbation function will be clear from the following
result.

THEOREM 3.4. Let E C_ Cs be open, and a* E CN be E-stable. Also, let be the
perturbation function defined as in (3.4). Then

(i) 5(a*)> 0;
(ii) lib- a*[[ < 6(a*) implies b is E-stable; and

(iii) there exists 0 e CN which is not E-stable but [[1- a* [[- di(a*).
We observe that Theorem 3.4 is a precise statement of the continuous dependence

of the zeros of a polynomial on its coefficients.
The quantity 5(a*) is thus the multivariate analogue of the perturbation constant

defined in our earlier work [4]. We observe that an application of the Hahn-Banach
Theorem yields the following alternative expressions for the distances d(a, H,.) and
d(a, Hzh), namely,

(3.5a) d(a, II.) IP(a’ z)l
(")11"

(3.5b) d(a,nh)

where (z) and (zh) are defined in (2.6) and I1 I1" is the dual norm corresponding to
II, in the sense that

(3.6) I111" sup

Thus, we also have
(.7)

inf
IP(a’ z)l

if Cs\E is compact,
6(a;E,n,s, II)

..OE II(z)ll*

min {inf IP(a,z)l
inf IPh(a’i![ ) otherwise.

..os I1(’.)1[; ’,=g(,(c.\))I1()

Of course, Theorem 3.4 is the multivariate extension of Theorem 3.1 of our earlier
work [4]. However, we do not know at this stage if d(a) < d(a) in general, even
when the norm II" is quasi-monotone in the sense discussed in [4].

Under special circumstances, we may replace the expression

inf
IP(a, z)l

.OE I1(’)11"

in (3.7) by another expression where the infimum is taken over a substantially smaller
set than OE.

Let " el(U) --, CtO{cxz} be a function holomorphic in U and continuous on el(U).
Also, let F := (cl U) and

(3.8) E := C\F.
In view of the open mapping theorem, we have OF c_ qo(T), so that the distinguished
boundary of F is contained in go(T). In many applications, qo would be one-one and
qo(T)s would be the distinguished boundary of F.
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In the following theorem, we need this notation:

(3.9) d2(a*)’= inf
IP(a*,z)l

and

(3.10) 5’(a*) { d2(a*), if Fs is compact;

min(d2(a*), do(a*)), otherwise.

THEOREM 3.5. Let E be an open set as defined in (3.8), and let a* be E-stable.
Then

(i) 5’(a*) > 0;
(ii) lib a* < 5’(a*) implies b is E-stable; and
(iii) there exists ) e CN which is not E-stable but I])- a* II- 5’(a*).
4. Applications to robust stability tests. Let K C_ CN and E be an open

set in C8. We say that K is E-stable if every a in K is E-stable. In this section, we
apply the results in 3 to develop several necessary and sufficient conditions for the
set K to be E-stable. The following result is fairly general.

THEOREM 4.1. Let K be a pathwise connected set in CN and K contain at least
one E-stable vector. Then K is E-stable if and only if the perturbation function
5(a; E,n,s, I]) is positive for every a e g and some norm on CN. If g is
compact, then there exists an a* := a*(E, n, s, II, K) K with the property that K
is E-stable if and only if a* is E-stable.

We emphasize that Theorem 4.1 is purely a qualitative result; the choice of the
norm is irrelevant. The location of the point a* will generally depend on the norm.

The following theorem is similar in spirit to the celebrated Kharitonov theorem
and extends Theorem 3.4 of [4]. We recall that if B is a compact, convex, balanced,
absorbing set in CN, then the Minkowski functional of 13, defined by

(4.1) Ilall, inf{t" t-la e

is a norm on CN and that B {a e CN: Ilall. _< 1}, (cf. [8]).
THEOREM 4.2. Let a* E CN,B be a compact, convex, balanced, and absorbing

set in CN, g := B + a* and lib be as in (4.1). Then g is E-stable if and only
if a* is E-stable and 5(a*; E, n, s, II) > 1.

It is important to note that the set /3 need not be a polytope, so that when
the coefficients vary depending upon certain parameters, this dependence can well
be fairly complex. In particular, the coefficients need not vary independently of one
another. Furthermore, depending on the set B, the actual formula for the Minkowski
functional may be fairly complicated. The theorem does lead to fairly simple criteria
in some special cases. For instance, if E Cs\cl(U) and the set K is of the form
I]a- a* lip - 5, then the stability test is simply

min IP(a* z)l > 5N(1-p)/P.
zT

The evaluation of the minimum expression can be done by a simple sweep over the
distinguished boundary T.

In the following, we consider the coefficient space to be ]l2N rather than CN. If
K c_ ]12N is compact and convex, then it is well known that there are at most 2N + 1
points in K such that every element of K is a convex combination of these points.
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These points will be called the vertices of the set K. Any set of vertices of K will be
denoted by VK. If K is a polytope, then the set of vertices of K in the usual sense
may indeed serve as VK.

Let E C_ C8 be open and K be a compact convex set in ]12N. We present in the
following theorem an analogue of a stability test due to Barmish 1 ]. Let E c_ C8 be
open and F be any curve in ]2 surrounding 0. Also, let

(4.2a) bl (K, E, F) :-

and

(4.2b) boo(K, E, F) :=

inf sup {AReP(a, z) + #ImP(a, z)}
aEVk,zEOE (A,p)Er

inf sup {AReP(a,z) + #ImP(a,z)}.
aeyk,..ect((c8 \E)) (,,)er

We have the following result.
THEOREM 4.3. Let E,K,F, bl, boo be as defined above such that K contains at

least one E-stable element.
(i) Suppose that C\E is bounded. Then K is E-stable if and only if

bl(K,E,F) > O.

(ii) Suppose that C\E is unbounded. Then K is E-stable if and only if both

bl(K,E,F) > 0

and
boo(g,E,F) > O.

(iii) /f Cs\E is a polydomain satisfying the hypotheses in Theorem 3.5, then the
infimum over OE in (4.2a) can be replaced by the in.fimum over o(T).

We observe that the computations involved in (4.2a) and (4.25) can be somewhat
simplified by taking F to be the curve I1 + I#1 1. In any case, the infimum over
OE and cl(zr(Cs\E)) are the only difficult extremal values to calculate. If g is not a
polytope, then finding a proper vertex set might be a problem as well. The connection
between Kharitonov’s test and Barmish’s is already explained in [1].

5. Examples. In this section, we give some examples to illustrate Theorems 3.4
and 3.5.

First, we observe that when E C\cl(U) and the tp-norm is considered, The-
orem 3.5 shows that the perturbation constant for an E-stable polynomial P is given
by

(5.1) N} -1 min
I1 I1=1

Example 5.1. Let E C2\cl(U2),

P(zl,z2) := (3 + 0.6z2) + (3.5 + 0.7z2)zl + (1 + 0.2z2)z12
and consider the coefficient variation in the goo-ball. The perturbation constant in
this case is given by (5.1), namely,

(5.3) min
ll--Izl-I 10

=0.04.

I(2 / z )(3 / 2Zl)(5 -t- z .)l
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Example 5.2 (cf. [5]). Let E C2\{(Zl, z2): Rezl >_ 0, Rez2 >_ 0} and

P(zl,z2) 8 + 4Zl + 5z2 -[- 3ZlZ2.

We observe that P is not E-stable in the sense of Definition 3.2. Nevertheless, the
ideas in the proof of Theorem 3.4 help us calculate the maximal value of 5 so that
ao + alz2 T a2z2 + a3ziz2 is Hurwitz in the sense of [5] for all values of (ao, ai,a2, a3)
satisfying

la0 81 + lal 41 + la2 51 + la3 31
_

This 5 is given by

(5.5) x,yeu max{l, Ixl, lyl, Ixyl}

It is elementary to verify that when a, b, c, d are positive numbers, and 2bc > ad, then

(5.6)

Hence, it follows that

min (a dxy)2 + (bx + cy)2 a2.
x,yER

52 min{ min 3xy) + (4x + 5y)2
il,lyl_<l

(8

min (4- 5xy)2 + (8x + 3y)2
il,ll_<l

min (5- 4xy)2 + (8x + 3y)2,
Ixl,ll<_l

min (3 8xy)2 + (4x + 5y)2 } 9.
Ixl,lul<l

This coincides with the value calculated in [5] for the g-ball, except that now the
coefficients are considered complex and a linear dependence on parameters is consid-
ered. In any case, our method involves only a sweep over the boundary in contrast to
the evaluation of certain determinants and solutions to inequalities as in [5].

Next, we illustrate an application of Theorem 3.4 when E Cs\Bs. It is conve-
nient to consider, instead of spherical regions,,the following ellipsoidal stability balls

(5.8) E lak--ak /(k’).1 [kl < 5.
Ikl_<n

The formula (3.7) for the perturbation constant in this case becomes

(5.9) 5(a*) min IP(a* z)l/x/n + 1.

This is used in the following example.
Example 5.3. Let E C2\B2 and

(5.10) P(z1, z2) 2 + ZlZ2.

Writing a* (0, 1, 0, 0, 0, 2), we seek the maximum stability ball of the form

(5.11)
1

(a5 2)2 + a4
2 + a] + a22 + (al 1)2 + a _< 52
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The perturbation constant ti is then given by Theorem 3.5 as follows:

(5.12)

1
min }P(zx,ze)l.

I1:+1.1=1

Since

we see that

max [zIz2
Izll=+lz=l==l

1 ( =T
6. Proof of the results. The following well-known result is central to the proofs

of most of the theorems in this paper.
PROPOSITION 6.1 ([6, pg. 272]). Let be an open set in C*, (fm}m__ a sequence

of functions holomorphic and zero-free in , f a nontrivial function holomorphic in, and let fm - f uniformly on every compact subset of . Then f is also zero-free
in t.

Using Proposition 6.1, we first prove that when E C_ Cs is open, the set of all
E-stable polynomials is open.

PROPOSITION 6.2. Let E be an open set in Cs and n >_ 1 be a fixed integer. Then
the collection of all E-stable polynomials is an open set in the topology of uniform
convergence on compact subsets of Cs.

Proof of Proposition 6.2. Let {p(m) be a sequence of polynomials of degree <_ n
that are not E-stable, P be a polynomial of degree <_ n, and P(’) -+ P uniformly
on compact subsets of C. If each p(m) has a zero w(") E C\E and the sequence
(w(") } has a limit point w E C\E, then it is easy to see that P(w) 0 and hence P
is not E-stable. If the sequence {w(m) } does not have a limit point, then necessarily
Cs\E is unbounded and Iw(m)l -- oo as m -+ oo. We observe that the sequence
(P(m)(z)/(1 + Izl)n} converges to P(z)/(1 + Izl)n uniformly on the whole space Cs.
Hence, in view of the fact that Iw(m)l-- oo, and P(m)(w(m))-0, m-- 1, 2,-.-, we
have

lim [Ph(’lr(w(m)))[-. lim
m---+oo

lim IP(w(m))l/Iw(m)ln

lim
IP(w(’))l

lim
IP(’)

m-oo (1+ - (1 +
--0.

If w is a limit point of r(w(m)), then w cl(rr(C\E)) and Ph(w) 0. Thus P is not
E-stable. When C\E is unbounded, we need to consider another possibility as follows.
If {p(m)} has a subsequence {Q(k)} such that each Q(k) has a zero z(k) l(rr(Cs\E)),
then we observe that Q(hk) -+ Ph uniformly on Izl 1, that {z(k)} has a limit point
z cl(r(C*\S)), and finally that Ph(z) O. Thus, P is not E-stable.

Proof of Theorem 3.4. We present the proof in the case when Cs\E is unbounded,
since the other case is similar and simpler. Ler r :: min(d(a*), d(a*)) and
r, and assume that a is not E-stable. Let

t := sup{a e [0, 1]" aa + (1 a)a* is E-stable},
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and c "= ta+(1-t)a*. Then lie-a* < r. In view of Proposition 6.2, c is not E-stable
either. Moreover, it follows from Proposition 6.1 applied with Cs\cl(E) in place of
that P(c, .), being the limit of polynomials zero-free in Cs\cl(E), is either identically
zero or zero-free in Cs\cl(E). Hence, either P(c, .) has a zero on OE or Ph(c, ") has a
zero on cl((Cs\E)). In either case, [[a* eli >_ r, which is a contradiction.

Next, let r d(a*). We choose a sequence (w(m) } in OE and a(m) E Hw(.) such
that r _< Ila- a(m)ll <_ r + 1/m. If w(m) has a limit point w E OE (which would
necessarily be the case if Cs\E is bounded), then (a(m) would have a limit point
b with the property that P(b, w) 0. So, necessarily, Ila* -bll r and b is not
E-stable. If w(m) does not have a limit point, then Iw(m)l -- cx). Let b be a limit
point of the sequence (a(m) }. Then, as in the proof of Proposition 6.2, Ph (b, z) would
have a zero on cl(r(Cs\E)). So P(b, .) is not E-stable and Ila* bll-- r.

If r do(a*) then we may select z(m) l(r(Cs\E)) and a(m) IIh suchz()
that Ila* a(m) -< r + l/re. If z() is a limit point of (z(m) }, then {a(") } has a limit
point b Hh Thus, b is not E-stable and Ila* bll- r.z(O)"

In view of Proposition 6.2, r is necessarily positive.
The proof of Theorem 3.5 relies on the following result (cf. [7]).
PROPOSITION 6.3. If f is a holomorphic function in Us, continuous on [cl(U)] s,

then

(6.1) f(D U Ts) f([cl(U)] s)

where D := {(z,... ,z): z e el(U)}.
The following corollary of Proposition 6.3 will be useful.
COROLLARY 6.4. Let E be an open set as defined in (3.8). If P is a polynomial

such that Ph is zero-free on cl(r(Fs)), then P is E-stable if and only if each of the
following conditions is satisfied:
(a) P(z,..., z) is zero-free on F, and
(b) P is zero-free on (T)s.

Proof of Corollary 6.4. We consider the following function:

P((zl),...,(zs))

In view of the assumption on Ph, f satisfies the conditions of Proposition 6.3. More-
over, if I((z)), .’,(z(m))) --* oc as m -- oc then f(z(m)) -- 1. Consequently,
Corollary 6.4 is easy to deduce from Propositoin 6.3. D

Theorem 3.5 can now be established in a manner completely analogous to the
proof of Theorem 4.2. We omit the details. In the proofs of the theorems in 4, the
following proposition plays a crucial role.

PROPOSITION 6.5. The perturbation function 5(-) 5(-; E, n, s, [I) is continu-
ous as a function on CN (or R2N).

Proof of Proposition 6.5. Since 5 is an infimum of continuous functions, it is
upper semicontinuous. To show that it is also lower semicontinuous, we show that for
every A _> 0, the set {a E CN" 5(a) _< A} is closed. Let a(k) CN, 5(a(k)) _< A for
k 1, 2,..., and a() a. The proof will be complete if we can show that 5(a) _< A.
Let e > 0 be arbitrary. For each k 1,2,-.., we choose a plane II() (which is
either Hz or Hh for some z as in (3.1a) or (3.1b)) and a vector b(k) II(k) such that
[[a(k) b(k)

_
5(a(k)) + e _< A + e. Next, we choose an integer M such that k _> M

implies Ila- a(k)ll < e. Then for all k _> M, we have

5(a) _< d(a, II(k)) _< Ila- b(k) <_ Ila- a(k) + a(k) b(k) <- A + 2e.
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Since e > 0 is arbitrary, this implies that 5(a) < as desired.
An important role is also played by the following proposition.
PROPOSITION 6.6. Let E C_ Cs be open, a E ON, E-stable, b not E-stable,

and F be any continuous path from a to b. Then there exists a c on F for which
i(c; E, n, s, II) o.

The proof of Proposition 6.6 is similar to the proof of Theorem 3.4. Theorem 4.1
is a simple consequence of Proposition 6.6, Proposition 6.5, and Theorem 3.4. Also,
Theorem 4.2 follows immediately from Theorem 3.4.

To prove Theorem 4.3, we apply the Hahn-Banach theorem to get

AneP(a, z) + pimP(a, z)(6.3a) d(a, sup
II(A / i t)(z)ll*

ARePh (a, z) + #ImPh(a, z)(6.35) d(a, Hh) sup

where F is any closed curve in ]2 surrounding 0 and the dual norm is the dual norm
on ]12N. Theorem 4.3 follows easily from these formulas and Proposition 6.6.
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1. Introduction and new results. The aim of this paper is to prove a rate
of convergence theorem for a class of stochastic approximation processes that has
an important role in the theory of recursive identification and adaptive control of
linear stochastic systems (Theorem 4.1). This class or scheme has been introduced
independently by Ljung [32] and Djereveckii and Fradko [7].

The analysis presented in Ljung’s paper is very complex and is not complete.
Particularly, a certain "boundedness condition" imposed on the state vector is hard to
verify. Also, to keep the estimator process in a compact domain, he uses a "projection
mechanism" that is not adequately described and analyzed. It turns out that the
analysis of the effects of the "projection" or "resetting" is one of the hardest parts of
the analysis, at least in the present paper.

The work of Djereveckii and Fradko contains very useful and rigorous mathe-
matical devices. Specially, they seem to be the first to realize the importance of
moment-inequalities for the partial sums of certain kinds of mixing processes, a result
due to Yoshihara [43]. An extension of Yoshihara’s result to the partial sum or integral
of so-called L-mixing processes as given in Gerencsr [12] is crucial in our analysis, too.
A limitation of the result of Djereveckii and Fradko is that it seems they can handle
systems with bounded input noise only. Also, their analysis is very complex and hard
to see whether it is applicable under slightly different conditions. In spite of all these
limitations it is unfortunate that their work went almost completely unnoticed in the
English literature.

Further contributions to the understanding of Ljung’s scheme are in Kushner and
Clark [28] and Kushner [29], where the applicability of weak convergence theory for
the analysis of stochastic approximation processes with "state-dependent noise" has
been shown. Although the idea of looking at the evolution of "tails" of the estimator
sequence or estimator process is an old one, it is carried out much further by Kushner
than in previous works. His weak convergence approach has recently been simplified
by Yin [42]. Another set of rigorous results have been obtained by Chen and his
students (c.f. [5] for a recent survey) but their method is regression based and is not
applicable to analyze the RML method in the general case. Recursive estimation
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within the framework of continuous-time adaptive control is considered in Duncan
and Pasik-Duncan [8], [9].

Some of the practical and useful identification methods have been analysed with
success using martingale techniques and/or a stochastic regression approach in HannaH
[24]; Moore [34]; Solo [39], [40]; Goodwin, Ramadge, and Chines [21]; Hall and Heyde
[23]; Lai and Wei [31]; Goodwin and Sin [22]; Chen [4]; Davis and Vinter [6]; and
Benveniste, Metivier, and Prioruet [1].

In spite of all this progress the complexity of the analysis has not been signifi-
cantly reduced and its flexibility also seems very limited. Moreover certain properties
of the estimator process, such as rate of convergence of higher order moments of the
estimation error, were not addressed. It turns out that this rate of convergence prob-
lem is vital to solving other more up-to-date problems, such as strong approximation
of recursive ("on-line") estimators by nonrecursive ("off-line") estimators (c.f. [13]), or
the almost sure asymptotics of Rissanen’s predictive stochastic complexity (c.f. [14]).
It should be mentioned however that Lai has recently developed a rigorous analysis
of Ljung’s scheme [30], but he has not considered the rate of convergence of moments
issue. In another line of recent rigorous developments Heunis proved invariance prin-
ciples for a class of recursive estimators, defined by the so-called Widrow algorithm

Here we present a method that reveals the behaviour of the estimator process in
what we think is a much better way than previous methods. The idea is similar to
those applied in Ljung [32] and Djereveckii and Fradko [7], but the analysis in each
step is carried out in a more careful way. The analysis we present here can be broken
into roughly two parts: first we characterize stochastic approximation processes, using
a random L-mixing field to update the estimator sequence. Then we relate Ljung’s
scheme to such stochastic approximation processes. The first step is carried out in
1-4, while the second step is the subject of 5-7.

As far as the technical details are concerned, the first part of the paper has certain
similarities with the work of Borodin [2], who presented a continuous-time stochastic
approximation scheme with a mixing field on the right-hand side. He seems to be the
first author who proved a rate of convergence result, and even the weak convergence of
the appropriately normalized and scaled estimation error process to a (aussian process
was proved. However he used different mixing notions and no resetting mechanism.

In contrast with his work we allow the Lipschitz-constants of the random field
to be time and w-dependent, which enables us to apply our results for linear systems
with unbounded, say, Gaussian, driving noise. Another special feature of our result is
that we explicitly incorporate a mechanism, which keeps our process in a prescribed
"domain of stability."

The analysis we present was also partly motivated by works of Geman [11]. A
novelty of our analysis compared to his is the extensive use of the theory of L-mixing
processes, developed in [12].

Besides providing a rate of convergence result, (c.f. Theorem 4.1), the advantage
of our approach is its flexibility, thus, for example, it enables us to derive similar re-
sults for certain continuous-time recursive estimation processes described by diffusion
processes. For an earlier attempt see Gerencser, Gyhngy, and Michaletzky [19]; for a
recent independent result see Wiberg [41]. Also the analysis presented here extends
to fixed gain stochastic approximation processes and is given in Gerencs(r [16].

Finally a convention: in the various estimations below we shall frequently have
constants which depend only on the constants that appear in the conditions below
(Conditions 1.1-1.6 or later Conditions 4.1-4.2 or Conditions 4.3-4.6). These con-
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stants will be called system constants. The set of real numbers will be denoted by 1,
the k-dimensional Euclidean space will be denoted by k. Let D C :P be an open
domain and let the stochastic process (st(O)) be defined on the parameter set 1+ x D,
where + {t t _> 0}. We begin the technical discussion with some basic definitions
introduced in Gerencsdr [12].

DEFINITION 1.1. We say that (ut()) is M-bounded if, for all 1 _< q < oc,

Mq(u) sup E1/q[ut(O)[q < .
<o
OD

We shall use the same terminology if 0 or t degenerate into a single point.
If (st(O)) or (st) is M-bounded we also write ut O/(1). Moreover if ct is a

sequence of positive numbers then we write ut Ou(ct) if ut/ct O/(1).
Let a probability space (12,’,P) be given together with a pair of families of

a-algebras (St,S’t+) such that (i) $’t C $" is monotone increasing, (iN) St+ C $" is
monotone decreasing and ’t+ is right continuous in t, i.e., 9vs+ a{U0< e ’s++e}, (iii)
’t and ’t+ are independent for all t. For s < 0 we set ’s+ ’0+.

DEFINITION 1.2. A stochastic process (st(O)), t >_ 0, 0 E D, is L-mixing with re-
spect to (St, ’t+) uniformly in 0 E D if it is 9rt progressively measurable, M-bounded,
and with

9/q(T, U) 9/q(T) sup E1/q[ut(O) E(ut(0)[ t_)lq, T >_ O,
OED

we have

The definition extends to parameter-free processes (ut) and to discrete-.time pro-
cesses in an obvious way.

Define the process Au/A0 by Au/A0 lUn(0 + h) (0)l/Ihl defined for n _>
O,OO+hD.

DEFINITION 1.3. The stochastic process un(O) is M-Lipschitz-continuous in 0 if
the process Au/AO is M-bounded, i.e., if for all 1 <_ q < cx, we have

Mq(Au/AO)-- sup
n>0

E/qlu(O + h) Un(O)l/Ihl < oo.

The main object of our study is a random differential equation of the form

1
(1.1) &t 7H(t, xt,w),

where H (H(t, x,w)) is a random field defined in [1, oc) D, where D is a bounded
open domain in ]Rp t. Define another random field AH/Ax by

AH/Ax(t,x,x + h,w) ]H(t,x + h,w) H(t,x,w)]/]hl

where x, x + h D, h 0. Here I" denotes the Euclidean norm.
CONDITION 1.1. The processes (H(t,x,w)) and (AH/Ax(t,x,x + h,w)) are sep-

arable and L-mixing with respect to (S’t, S’t+) uniformly in x, x + h D.
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DEFINITION 1.4. Let (st), t _> 0 be a real-valued stochastic process. We say that
is in class M* if for some e > 0

M (x) sup -1 log E exput< oc.

The definition extends to vector-valued and parameter-dependent processes say xt(O)
in a natural way. In the latter case we take the supremum over t and 0.

CONDITION 1.2. H(t, x,w) is continuous in t and it is Lipschitz-continuous in x
with a (t, w)-dependent Lipschitz constant Lt it(w), i.e.,

IH(t,x,w) H(t,x’,w)l <_ Lt(w)lx x,

where Lt(w) is in class M*.
CONDITION 1.3. We have

EH(t, x, w) G(x) + 5G(t, x),

where 5G(t,x) O(t-1/2) uniformly in x, and G(x) satisfies the conditions below.
Let the ordinary differential equation

1
(1.2) t -G(yt), y8 ,
t _> s satisfy the following conditions.

CONDITION 1.4. G(y) is defined in D and it has continuous and bounded partial
derivatives up to second order, say, IlOG/Oyl] < L and 1102ClOy211 < L. (Here I1"
denotes the operator norm of a matrix.) Also assume that G(0) 0.

Under the condition above (1.2) has a unique solution in Is, oc), which we denote
by y(t, s, ). It is well known (c.f. Pontryagin [35, Chap. 24, Thm. 17]) or Hartman [26,
Chap. V, Whm. 1.1]) that y(t, s, ) is a continuously differentiable function of (t, s, ).
We impose a stability condition onto (1.2) to be formulated below. Let us introduce
the notation (t, s, ) (O/O)y(t, s, ) for s _< t. Let D0 C intO denote a compact
domain such that 0 E intO0. Then (t, s, ), s _< t is a p p matrix-valued function
that solves the equation in variations

d 10
d-;(t s, ) - oY----G(yt)" (t, s, ), (s, s, ) I.

CONDITION 1.5. For every E Do, t > s > 0 y(t, s,) D is defined and we
have with some Co, a > 0,

(1.3) II(O/Ob)y(t, s, )11 lie(t, s, )ll Co(s/t),.

Furthermore we assume that the initial condition intO00 C intDo, where Doo is a
compact domain which is invariant for (1.2), and that for any t > s > 0,

y(t, s, D00)= {y(t, s,x)’x e D00} C intO00.

The inequality (1.3) is equivalent to the condition that the differential equation

d
d--zv C(zv), z
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is exponentially asymptotically stable with exponent a, i.e., if the solutions of (1.2)
are denoted by z(v, u, ), then we have

This is obtained by a simple change of time-scale t ev, s e.
Let us assume that our actual data is H(t,x,w) + 5H(t,w) and let us consider

the random differential equation

1
(H(t, xt w) + 5-I(t,w)), x ,(1.4) &t

with E intD00. When xt hits the boundary ODo of Do, say at T, we set xT+ .
We shall see that we get a piecewise continuous trajectory xt defined for t E [1, c).

CONDITION 1.6. (hH(t, w)) is a measurable process, continuous in t almost surely.
Moreover if T(a) denotes the first moment after a when xt hits ODo and q > 1 is a
fixed real number, then

(1.5) sup -16H(r,w)ldr Ou(s-/:).
s<a<qs r

Remark. Note that (1.5) is obviously satisfied if 15H(r,w)l OM(r-1/2), due
to the triangle inequality for Lq(,.T’, P)-norms, since the measure dr/r integrates to
log(q- 1) in Is, qs). However in our application such a priori bound cannot be derived.

THEOREM 1.1. Under Conditions 1.1-1.6, xt is defined for all t [1, cx)) and if
c > 1/2 then xt OM(t-1/2). Moreover the following stronger result also holds: let
l < q < cx and

x sup
qnt<qn+

then x OM(n-1/2). For ( < 1/2 we have for any > O, x OM(n-a+e).
Some important corollaries of this theorem will be described in 5 (c.f. Theorem

4.2 and its corollaries).
Let us now consider a discrete-time process

XnA-1 Xn -- 1
(H(n Xn w) +5I(n,w))

n+l
xo int Do.

Let (He(t, x,w)) and (hilt(t, w)) be the piecewise constant continuous-time extensions

of (H(n,x,w)) and (hH(n,w)), respectively. That is, Hc(t,x,w) H(n,x,w) for
n < t < n + 1 and 5Hc(t, w) 5H(n, w) for n < t < n + 1. If x,+l leaves Do, then we
redefine xn+l to be x0.

THEOREM 1.2. Assume that the random field (H(t,x,w)) and the stochastic

process 5Hc(t, w)) satisfy Conditions 1.1-1.6, except that continuity in t is replaced by
piecewise continuity with possible jumps at integers. Then

Xn =OM(n--1/2).

2._The proofs of Theorems 1.1 and 1.2. For the sake of simplicity assume
that 5Gt 5H(t, w) 0 for all t. The general case will be considered at the end of the
section. Let s > 1 and s < a < qs. Let T(a) denote the first moment after a, at which
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xt hits ODo. Further, let yt denote the solution of (1.2) with initial condition y x,
i.e., y(t, a, x). A main technical tool used in the proof is the development of an
upper bound for the increments Ixt -1. Let

sup
a<_t<r(a)^qa

and
I(q)= sup I(q)

s<tr<qs

LEMMA 2.1. We have I(q)= 0M(8-1/2).
Proof. Let

H(t, x, w) H(t, x, w) G(x),
then we have for a _< t < T(a),

(H(r, xr,w) G(r))dr
r

l (-(r,x,w) + G(x) G())dr
r

Let us write H(r,x,w) H(r, 9r,w)+ H(r,x,w) H(r, 9, w)). Taking into account
the Lipschitz-condition imposed on H (Condition 1.2) we get after easy calculations

(2.1)
1Ixt Ytl <- -(L + L)lx -Yldr +r 9ft -(r,, w)dr

Let us consider the expression

(2.2) 65(q) sup
s<r<qs
a<t<qa
a:D0

where the supremum is taken over a, t, and x. Let u(a, x) H(r, y(r, a, x), w), r _> a.
Then we can write

(2.3) 65 (q) sup -u(a, x)dr
s<a<qs r
a<t<qa
a:D0

It will be shown in the next section that 5$(q) OM(8-1/2) (c.f. Lemma 3.1).
Let us now set zt tlxt -Ytl. Multiplying (2.1) by t" we get for a E t < T(a),

zt <_ t6(q) + t-(L + L) dr <_ (qa)6$(q) + --(L + L)zrdr,
r r

with C q. From this the Bellman-Gronwall lemma gives zt <_
with

C
as(q) exp --(L + L)dr,

s r
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and we get

(2.5) Ixt tl t-zt <- C’a8(q)5:(q)

where C q2a.
We show that a8 (q) has finite moment of order m for any given m whenever q- 1

is sufficiently small. Let C log q2 and apply Jensen’s inequality with the measure
(C/r)(dr/) to get

(as(q))m exp m (Lr + L)C dr <_ exp{m(L + L)}
C dr

Taking expectation of both sides and noticing that L(w) is in class M* we get that
E(a(q))" < co, whenever m < e. Since 2Clog q < 2C(q- 1), the last condition
is certainly satisfied if q- 1 < e/2Cm, where > 0 is the same small positive
number that had been introduced in the definition of the class M* (c.f. Definition
1.4). Combining the above estimates we get

I(q) <_ Ct%(q)(q)

and here Ela(q)lm < c if (q- 1) < e/2Cm.
Let now q > 1 be arbitrary and let us subdivide the interval Is, qs] into a fixed

number of subintervals as follows: define q ql/m’, where m is a natural number
m Similarlyand the ith point of the subdivision is defined as si s(q) i 1,..

for any a such that s _< a _< qs, define ai (7(q)i, 1, m. Then we have

(2.6) Ia, (q’) <_ I$, (q’) <_ C,,, (q’)6g,, (q’),

and here El,(q’)lm < o for m < /2C(q’- 1). Since m’ can be chosen arbitrarily,
we can make (q- 1) as small as we like and hence make m as large as we like.

Now, the stability condition (Condition 1.5) implies that in the interval (7 _< t <:
’(a) A qs we have

(2.7) Ixt- Yt] <- Co E (q’)-a(Nt-i-i)I(q’)’
i=0

where Nt is the index of that interval in the subdivision that contains t. Hence in
(7

_
t

_
7"((7) A q8 we certainly have

mt_l

i--0

On the other hand, for any (7 such that s <_ (7 <_ qs we have I(q’) <_ I (q’), where sj

is such that sj _< (7 <_ sj+l. Hence we finally get that for any (7 <_ t <_ T(a) A qs

mt_I

(2.8) (q,),
i=0

and here the right-hand side is independent of (7 and t, and thus it is an upper bound
for I;(q).
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Now for a given rn choose qt so that (q)2_ 1 < /2Cm. Then the right-hand
side is the sum of a fixed number of terms each being in Lm(,iTz, P); moreover,

E1/m(I*m (q,))

and hence the proposition of the lemma follows.
LEMMA 2.2. xt is defined in the whole interval Is, qs] with probability 1.

Proof. Let T0 S and -i be succesive moments when x hits ODo. We set Ti qs
if x does not hit ODo after the time Ti- 1. Let T* limi_. i. Then [x_
C > 0 with some fixed C > 0 as long as Ti < qs. (Here x_ denotes the left side limit
of (x) at t.) Let

Ai O) H(t, xt, )dt > C
--1

and
H*(t,w)- sup

xEDo

Then we certainly have P(Ai) <_ P(A) where

Furthermore

hence

A= w" H*(t,w)dt>C
i--1

P(A) <_ E H*(t,w)dt/C,

P(A) <_ E H*(t,w)dt/C <
i--1

since (H*(t,w)) is an M-bounded process by Theorem 7.2 in Appendix II. Thus it
follows that only a finite number of the events Ai occur almost surely, and thus xt is
well defined in Is, qs] as stated in the lemma. D

LEMMA 2.3. Let Cs denote the event xt hits ODo in the interval Is, qs). Then we
have for any m >_ 1

P(C) 0(-).

Proof. It is sufficient to prove the lemma for some integer power of q. This implies
that we can assume q as large as we wish. Assume s _> q and that xt hits ODo in
(s, qs). Let us consider the past of the process xt in the interval Is/q, s).

If xt hits ODo in the interval [s/q,s) then consider the interval [T(8/q), T2(8/q))
where T2(a) T(T(a)). We certainly have T2(s/q) <_ T(S) <_ qS. Now since xt is reset
to at T(s/q) and since the invariance of D00 with respect to the ordinary differential
equation (1.2) implies that Yt y(t,T(s/q),Doo) C boo for all t, we shall have for
t T2(8/q), IXt- tl > C > 0. But then we have I*8/q(q2) > c > 0, the probability of
which is O(s-m) with any m _> 1, due to Tchebishev’s inequality.

Now if xt does not hit ODo in the interval Is/q, s), then we have to compare xt with
the trajectory Yt y(t,s/q, Xs/q) in the interval Is/q, T(S)). If q is sufficiently large
then y(t, s/q, Do) c boo for t > s, hence for t T(s) we shall have Ixt tl > c > O,
so again we conclude that I*/q(q2) > c > 0, the probability of which is O(s-m) Thus
Lemma 2.3 has been proved. D
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Remark. Note that for the proof of Lemma 2.3 we used less than Lemma 2.1,
namely we used only the following estimations:

I* (q2) OM(S-/2) and I* (q2) 0M(8-1/2)lq ()

Combining Lemmas 2.1 and 2.3 we get the following result which is similar in
spirit to Lemma 2.1.

LEMMA 2.4. Let K denote the diameter of Do. Then we have

(2.9) sup Ixt [ <_ I$(q) + KXc 0M(8-1/2)
s<t<qs

Proof of Theorem 1.1. Let 1 < q < 2 and subdivide [1, cx) by the points qi, i
0, 1,.... For 1 < < N- 1 we consider the interval [qi, qi+l) and approximate xt
there by the trajectory (t) which is the solution of (1.2) with initial condition

iqi Xqi. Set
d sup Ix8 yi8 [.

q<s<q+

Obviously d OM(q-i/2).
Now the stability condition (Condition 1.5) implies that

N-1

(2.10) IXqN Yq < Co E (qi+/qN),d V rN.
i=0

Since a > 1/2 we can apply Lemma 7.4 of Appendix II, to get that

(2.11) E/mlrNlm <_ C’q-N/2

with some constant C, which is independent of N.
For qN < t < qN+l the same argument applies, with minor modification, namely,

using the stability condition in the interval [qN, qN+l) we get

sup Ixt Ytl < Corn + d*N O(q-g/2)
qNt<qN+l

and thus the theorem is proved for a > 1/2.
If the condition a > 1/2 is relaxed to a > 0 then (2.11) is weakened to the

following: we have for any e > 0

(2.12)

The proof can be completed as for the a > 1/2 case using the second part of Lemma
7.4.

The proof of the general case 5G(t, x) 0, 5H(t,w) 0 can easily be obtained.
Indeed (2.1) has to be modified by adding the term

1
Ia(q) sup + [G(r,Y)l)dr

a_t<q(a)AT(a) r

to the right-hand side. Conditions 1.3 and 1.6 imply that

5I$(q) sup 5I(q) 0M(8-1/2),
s<a<qs
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and the rest of the proof is unaffected.
Proof of Theorem 1.2. Consider the piecewise linear curve x defined as x

(t-n)xn+l +(n+l-t)x for n <_ t <_ n+ 1 ifx+l E Do, and x x for
n _< t < n+lifxn+E/D0, and in this latter case we set Xn+ xo. x can be
considered as the solution of a differential equation with an anticipating resetting
mechanism: x x if Xn+l/Do. This differential equation is obtained as follows:
If x+ is not reset and x is any point constructed above, then we find a second
continuous time "correction term" 5H2(t,w) from the equality

l
(H(t,x w) + 6ffI(t ) + 6ffl(t,)) 1

(H(n,x w) + 5I(n, o3)),
n+l

from which we get for 5He(t, w) 5H(t,) + 5H(t,) the inequality
(2.13)

15n(t,)l-" 1
(H(n, xn w) + 5ffI(n w)) H(t, xc

=’n + 1 t,

< Lnlxn xl "4- 1 He(t, x, w) + 6H(n, w)
-n+l n+l n+l

The contribution of the first two terms is OM(n-1). Indeed, using the maximal in-
equality of Appendix II (Theorem 7.2) to estimate IXn xTI and IHc(t,x,w)l we get
(2.13). This estimate and the condition imposed on 5U(n,w) imply that 5Uc(t,w)
satisfies Condition 1.6 except that the resetting mechanism is now defined in a differ-
ent way. It is easy to see that the proof of Theorem 1.1 is not effected by the above
minor change in the restarting mechanism, thus Theorem 1.2 follows. [3

3. Taking supremum over a. The purpose of this section is to prove the
following lemma.

LEMMA 3.1. Let us define

5$(q)=- sup
s<o’<qs
<t<q
D0

t -(r, y(r, a, x), w)dr

Then 5(q) 0M(8-1/2).
Remark. If a is fixed, say a s, then the claim of the lemma immediately

follows from Theorems 7.1 and 7.2 of Appendix II. Indeed, the processes (u(a,x))
and Au(a,x)/Ax are L-mixing, uniformly in x for x Do, and in x, x + h Do,
respectively, with respect to ($’t, $’t+), by Lemma 7.3 of Appendix II. They are also
obviously of zero-mean.

Defining

we get that for any m > 2

5(q)-- sup ur(a,x)dr
<t<q
D0

E1/mlSa(q)lm <_ C’ dr
1/2

C,a-1/2,

where C’ depends only on m, and on M2m(U) and F2m(U) and of the regions Do and
D, but it is independent of q in the region 1 < q < qo, for any fixed qo.
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The main difficulty of the proof is therefore handling supremum over t over a set of
dilating intervals. This problem will be solved with the application of an appropriate
change of time-scale.

Let us define the process i(x) i(x, q) by

(x,q) sup
<_t<q jft -(r, y(r, a, x), w)dr

for x E Do. Note that the integral expression appearing in the definition of 5(x)
is identical with the one appearing in the definition of 5$(q), but in the definition of
ha(x, q) we take supremum over t oly. Let us set a ev and

p.() =./o(x).

With this notation we have the following lemma.
LEMMA 3.2. The processes pv(x), Ipv(x / h)- pv(X)l/Ihl, h :/= O, and IP,+k(x)

p(x)l/Ikl, k # O, are M-bounded.
Proof. We have already shown that i(x) OM(a-1/2) therefore p,(x) OM(1).

The process (Ip(x + h)- pv(x)l/Ihl) can also be shown to be M-bounded, with the
same method.

Let us now take a small h > 0 and estimate the moments of Pv+k --Pv, or
equivalently, the moments of ti(l+h) 5 where 1 / h ek. Note that

sup sup ly(r,a(1 + h),x) y(r,,x)l/h < c.

h>O

Indeed we have

hence

Oy
(r, o, x) ---_C(x) (, , ),

0 xx

sup sup
xEDo l<_a<_r

< sup I(x)l" Co < ,
xDo

from which (3.1) follows if we expand the difference in question into a first-order Taylor
series.

The difference i(l+h --i can obviously be majorated by the sum of the following
three terms:

(3.2) A1 sup
a<t<a(1Th)

1-(r, y(r, a, x), w)dr/h,
r

(3.3) A2 sup
qa<_t<_qa(1-{-h)

and

(3.4) A3

qt -(r, y(r, a(1 -4- h), x), w)dr

sup
a(l+h)<_t<_qa

1
A*-rdr

a(1Th) r

/h,
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where

A*Hr (H(r,y(r,a(1 + h),x),w) H(r,y(r,a,x),w))/h.

It is easy to see that A1 is M-bounded with respect to (a, h). Indeed

where

a(1Th) 1,nl

_
(r, w)dr/h

q r

sup
xEDo

is M-bounded by Theorem 7.2 of Appendix II. The second term, i.e., A2, is estimated
similarly.

Finally for the third term we note that

AS(r, YI, y2, (M) (U(r, yi, (M) H(r,

is an L-mixing process, uniformly in yl, y2 for yi Y2 in D, with respect to (’t, ’t+),
hence we conclude using (3.1) that A*Ur defined under (3.5) is an L-mixing process.
Since AHr has zero-mean we can apply once more the moment inequality given as
Theorem 7.1 to conclude that A3 is M-bounded.

LEMMA 3.3. Let h > 0 be fixed and define the process

p sup Pz.
v<z<v+h
xED0

Then the process (p is M-bounded.
Proof. The proof is obtained by applying the maximal inequality given as Theo-

rem 7.2 of Appendix II to the congruent compact domains Iv, v + hi Do with varying
V.

Proof of Lemma 3.1. Observing that 5$(q) s-/2p under the correspondence
s----eTM, we immediately get the proposition. [:]

4. Rate of convergence for Ljungs scheme. An important observation in
the theory of recursive identification and adaptive control of linear stochastic systems is
that most of the ad hoc procedures can be described by a general scheme. This general
structure was discovered independently by Ljung on the one hand and Djereveckii and
Fradko on the other hand (c.f. [32] and [7].) This general setup and the associated
recursive estimation method is sometimes called Ljung’s scheme. The applicability
of Ljung’s scheme in recursive identification has been demonstrated in Ljung and
SLderstrLm [33]. Also it has recently been shown in Gerencsr [15] that a wide class
of stochastic adaptive control problems can be solved using Ljung’s scheme.

The estimation problem itself can be formulated as follows: First we consider a
state-space equation of the form

(4.1) CnWl(X) A(x)n(X + B(x)en, 0(x) 0,

with x E D C ]Rp, (x) E R, and en Rm. We assume the following conditions.
CONDITION 4.1. The family of r r matrices A(x),x D c Rp are jointly stable

in the following sense: there exists a positive-definite n n matrix V such that

AT(x)VA(x)<_V with some0<A<l
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for all x e D. Moreover the functions (A(x)), (B(x)) are twice continuously differen-
tiable with bounded partial derivatives up to second order in Do.

Let us remember that we defined for any positive integer T and q >_ 1

%(T, e) sup E1/q]en

This quantity is essential in the definition of L-mixing processes. It has been shown
in Gerencs(r [14] that if (u,) is an L-mixing process then "/q(T, U) <_ 16Fq(U)/" for all
q _> 1 and T _> 1 integers. We shall need a slightly stronger condition to be satisfied
by (e).

DEFINITION 4.1. We say that a stochastic process is L/-mixing if for all integer
T

_
1 and q

_
1 with some c > 0

"q(T, e) O(T-1-c)

CONDITION 4.2. We assume that (en) is wide sense stationary (e2) is in class
M* and it is L+-mixing with respect to a pair of families of a-algebras (’n, ’n+).

Let Q be a quadratic function from lr to lp. Define

G(x) nlim EQ(n(x)).

It is easy to see that G(x) is well defined in D and has continuous and bounded partial
derivatives up to second order, say, IlOG/Oyll

_
L and 1102e/Oy211 <_ i. (Here I1"

denotes the operator norm of a matrix.). The problem can now be formulated as
follows: solve the nonlinear algebraic equation

C(x) =0.

We shall assume that the solution is at x* 0.
Let x0 be an initial estimate of x*. Then the description of Ljung’s scheme

is completed by the following recursion:

(4.3) n+1 A(xn)dpn + B(xn)en,
1

(4.2) Xn--bl Xn + Q(n+I)
n+l

We shall have to keep (Xn) in a compact domain Do and therefore if xn+l leaves Do
we redefine it to be x0. To formalize this procedure let Xn+- denote the value of
x computed at time n + 1 by (4.2) and let Xn+l be the actual value, which is x0 if
Xn+l- E D). Let Bn+l {0 Xn+l- E D}, then (4.3) will be replaced by

1
(4.4) Xn+l Xn + (1 XB,+I)

n + 1Q(n+) + XB,+I (xo Xn).

As we shall see the analysis of the effect of resetting in the context of Ljung’s
scheme is technically not easy.

Let us consider the so-called associated differential equation

1
(4.5) t -C(yt), y .
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Under the condition above (4.5) has a unique solution in some interval, which we
denote by y(t, s, ), and it is a continuously differentiable function of (t, s, ).

A main result of the paper is the following theorem, which improves Ljung [32].
THEOREM 4.1. Assume that the differential equation (4.5) satisfies Condition 1.5

with c > 1/2, and Conditions 4.1-4.2 are satisfied. Then we have Xn OM(n-1/2).
The theorem implies almost sure convergence of xn. Indeed P(Ixnl > c > O)

O(n-m) for any m _> 1 by Theorem 4.1 and Chebyshev’s inequality, hence a Borel-
Cantelli argument yields xn - 0 almost surely.

As an application of Theorem 4.1 we shall state a theorem on the rate of con-
vergence of a recursive prediction error estimator for ARMA processes. We say %
recursive prediction error estimator" rather than "the recursive prediction error esti-
mator" since there are many similar methods all of which are called recursive prediction
error estimation methods. The special feature of the method we propose here is in the
specification of the resetting mechanism.

Let (Yn) be a wide sense stationary ARMA (p, q) process satisfying the difference
equation

A*y C*e,

where A*, C* are polynomials of the shift operator of degree p and q, respectively.
CONDITION 4.3. A*,C* are stable, i.e., all roots of the equations A*(z-1)

0, C*(z-1) -0 lie inside the unit circle and they are relative prime. We assume that
the leading coefficients of A* and C* are equal to 1. The remaining coefficients of A*
and C* are collected in a vector * E P+q.

To describe the noise process we assume that we are given probability space
(,’,P), an increasing family of a-algebras (’n), and a decreasing family of a-

algebras (’n+), n _> 0, such that ’n and ’n+ are independent for all n, ’n denotes
the past before n, and ’+ denotes the future after the moment n + 1, respectively.

CONDITION 4.4. The input noise process (On) is a wide sense stationary martin-
gale difference process with respect to ’n, i.e., E(enlJ:n-1) 0 for n _>. 1. Moreover
E(e2l-n_l) a2 almost surely for all n. Finally (Ca) is L+-mixing with respect to
(’n,’+) and (e2n)is in class M*.

Let D C P+q denote a bounded open set of system parameters such that the
corresponding polynomials A, C, are stable and * E D. For fixed D define the
process () by the difference equation C- Ay, i.e., - (A/C)(C*/A*)e. (We put
n Yn 0 for n _< 0). The asymptotic cost function then will be defined by

1
(4.6) W(O) lirn E2(0).
(Note that n(0) is not wide sense stationary due to the initial condition n(0) Yn
0, hence we do need a limiting procedure in (4.6).) It is well known that

00
W(0)10=e 0 and 0-W(0)10=0. > 0,

0O

i.e., the Hessian-matrix Woo(O*) is positive definite.
The recursive prediction error estimator ON of 0* can be defined as follows (c.f.

S6derstrhm [37], Ljung and Shderstr6m [33], Chines [3], or S6derstr6m and Stoica

[38]). Let 0o D be an initial guess and set n Yn 0 for n _< 0. Assuming that
the processes 0n, n have been generated for n <_ N- 1 we define CN by the equation

(4.7) (CN-I@)N --(AN-iY)N.
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Here the left-hand side of (4.7) means that the linear filter corresponding to CN-1
acts on the process e and the evaluation is done at time N. The right-hand side is
interpreted similarly. AN-1,CN-1 denote the polynomials corresponding to 0N-1.
Similarly we define (O/CO)EN by

0
(4.8) (CN-1-’)N --)N-1

where
(N-1 (--YN-1, YN-p, N-1, N_q)T.

Finally let RN-1 be an estimation of (02/02)W(*) with initial guess, say, Ro. Then

ON,^Rg.are computed by the following recursion. First compute the tentative values
of ON, RN given by

Then these tentative values will further be adjusted if they violate a certain bound-
edness conditions as follows. Let De c D and DR be cmpact domains in RP+q and
I)tpp, respectively. Then we define (ON, RN) (ON_, RN_ if (ON_, RN_ E De x

DR and (0N, N) (00, 0)if (0N_,N_) E/ De x DR. Note that the time is not
reset!

Remark. Note that we use RN-1 in (4.9) instead of the usual term RN. The
form presented here makes the general result directly applicable. However, it is easy

to see that the analysis given below can be carried out even if we use RN in (4.9).
The domain De should be chosen in such a way that the exponential stability

of the time-varying filter (4.7), (4.8) is ensured. This will be achieved by imposing
Condition 4.5 below. The set Do is a set in :P+q. Let the projection of De on ]Rq be
denoted by De. For each c E Dc there corresponds a polynomial C(z-1) and to this
we can associate a companion matrix

1 0 0
0 1 0

--el C2 Cq

The set of these companion matrices will be denoted by D.
CONDITION 4.5. The matrices C in D are jointly stable, i.e., there exists a

symmetric positive-definite matrix U such that CT U C < AU with some 0 < 1.
Remark. While this condition is certainly restrictive it is inherent in Ljung’s

scheme as we understand it now. The reason for this is that we have to assume a
priori that the time-varying filters (4.7), (4.8) are exponentially stable. In an earlier
attempt [25] to analyze recursive estimators, the exponential stability of (4.7) and
(4.8) is taken for granted, but it is well known that the exponential stability of the
frozen-parameter system, say, Ce Ay, does not imply the exponential stability of
the time-varying system (4.7). Whether the local analysis of Ljung’s scheme given
here can be "globalized" is an interesting open question.
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Obviously we should also assume that * E De but this and more will be implied
by Condition 4.6. As for DR we assume that it is a compact domain of symmetric
positive definite matrices such that R* E intDR, but again more will be required by
Condition 4.6.

To further specify the properties of De and DR we consider the associated ordi-
nary differential equation

(4.11) t -R

where

G(O) linmE --fn(0) -’fn(0)
The right-hand side of this ordinary differential equation is defined in D R+ (p p),
where R+ (p p) denotes the set of symmetric positive definite p x p matrices. It is
well known that (4.11), (4.12) has a unique stationary point (O*,R*) and that this
equilibrium point is asymptotically stable. The last proposition is obtained by a simple
eigenvalue test. It is essential for our analysis that the solution trajectories of (4.11),
(4.12) starting from (00, R0) do not hit the boundary of Do x DR. This can be ensured
by the following condition.

CONDITION 4.6. Let DR be a compact set of symmetric positive-definite matrices.
We assume that Do DR is a domain of attraction for (4.11), (4.12), i.e., for any initial
value (0(0),R(0)) Do DR, the solution (Ot, Rt) of (4.11) and (4.12) converges to

(O*,R*). Furthermore we assume that (0*,R*) intDo,R and (Oo, Ro) intDe,n,
where Do,R is a compact domain invariant for (4.11), (4.12), and even the following
stronger condition holds: the image of De,R under the flow Ct defined by (4.11), (4.12)
is in intDo,R for all t > 0 and De,n < De DR.

THEOREM 4.2. Under Conditions 4.3-4.6 we have

ON --O* OM(N-1/2) and (N R*) OM(N-1/2).

Proof of Theorem 4.2. To prove Theorem 4.2 we have to verify the conditions
of Theorem 4.1. Conditions 4.1, 4.2 are direct consequences of the conditions of
Theorem 4.2 with the following choices: x 0, (, o), Q() 0, Do Do DR,
Doo Do,R. Finally, the missing part of Condition 1.5 can be derived using the fact
that (4.11), (4.12) is asymptotically stable at (0", R*) and the top Lyapunov exponent
can be chosen to be -1 + c with any c > 0 since the Jacobian matrix of (4.11), (4.12)
at (0", R*) has the structure

X -I

i.e., all eigenvalues are equal to -1. (Some of the Jordan blocks may be nontrivial,
though).

It follows that the stability condition (Condition 1.5) is satisfied with a -1 + c
with any c > 0 in a small invariant neighborhood of (t?*, R*) and thus by a compactness
argument also in the whole Do DR.
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This theorem is fundamental in the theory of identification, not only in its own
right but due to its applicability to derive further very fine asymptotic results. Theo-
rem 4.2 proved to be instrumental in proving a basic result on the closeness of recursive
(on-line) and nonrecursive (off-line) estimator of ARMA-parameters expressed in the

following strong approximation theorem, in which ON denotes the off-line estimator of

* at time N.
THEOREM 4.3 (Gerencsr [13]). Under the conditions o.f Theorem 4.2 we have

ON ON OM(logN/N).

Since the off-line estimator is much easier to analyse and is very accurately char-
acterized in Gerencsr [17], Theorem 4.3 provides us with a substantial insight into
the nature of recursive estimator processes.

Theorem 4.3 was in turn instrumental in deriving the first and so far the only real
time computable criterion for model selection, i.e., order estimation ofARMA systems.
Namely, in Gerencsr [14] we have shown the validity of the following theorem.

THEOREM 4.4. Under the conditions of Theorem 4.2 we have

N

lim (2n e2)/a2 logN (p + q),
N---o

a.s.

The important feature of this theorem is that it remains valid if one of the minimal
orders p or q is overestimated. A detailed exposition of the history of this problem
and the potentials of Theorem 4.4 is given in Gerencs(r and Rissanen [20].

5. The proof of Theorem 4.1.

Proof of Theorem 4.1. Set

(5.1) H(n,x,w) Q(,+l(x)) and H(n,w) Q(n+l) Q(n/(x)).

We shall verify the conditions of Theorem 1.2. The verification of Condition 1.1 is a
routine exercise using Lemma 2.4 of Gerencsr [12]. Condition 1.3 is satisfied since

EQ(n+(x)) G(x)+ OM()n) with some 0 < < 1. The latter error term is due to
"nonstationary initial conditions." Conditions 1.4 and 1.5 are satisfied by assumption.
We shall verify Condition 1.2 in Lemmas 5.1-5.3 and Condition 1.6 in Lemmas 5.4-5.5.
Let us consider the process Cn Cn (X) generated by the filter (4.3) for fixed x.

LEMMA 5.1. Under Conditions 4.1-4.3 the process ICn] 2 is in class M*.
Proof. Stability of the filter (4.2) implies

(5.2) Mm() _< CMm(e)

for all 1 _< m _< c, where C is independent of m. Since e2 is in class M*, we have by
Lemma 7.6

M2,lel <_ CMm(lel2) <_ C(1 + m)
and thus by (5.2)

Mm(ll2) < M2mll < C’(1 + m),

which implies the proposition.
Let us now define

:(w) sup
xDo
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LEMMA 5.2. The process (:)2 is in class M*.
Proof. From the proof of the previous lemma it is obvious that the process

(x, w) as a process parametrized by x satisfies

M,() _< C(1 + ml/2).

Similarly it can be shown that the process

A(x, x + h,w) (n(x + h,w) (x))/Ihl,

satisfies
Mm(A-) <_ C(1 + ml/2).

Hence by the maximal inequality given in Theorem 7.2 in Appendix II we conclude
that for any 1 _< m < oc, r > p,

Mm(*)
_
CMmr()

_
C’(1 / ml/2),

where C depends only on r, p, and the domains Do and D, and thus the proposition
follows. D

Since Q is quadratic we have

_< c(1 + c(1 +

hence H(n, x, w) Q(+1(x, w)) is in class M*.
LEMMA 5.3. The process AH/Ax (Q((x + h))- Q((x))/[h[ is in class

M*.
Proof. We have

IQ(n(X)) Q((x’))l- Q(n)(n(x) Cn (x’)dA

where Q() (0/0)Q() and .n(X)--(1 --/)n(X’). Obviously I1 -< ,
and since Q is linear (5.3) is majorated by

(5.4) C(I+ )l(x)

Furthermore we have

Cxn(x)(x x’)dA

where Cx(x) (O/Ox)n(x) and x Ax + (1 A)x’. Setting

sup IIx (x)II
xEDo

we get, combining (5.3), (5.4), and (5.5),

IQ((x))- Q((x’))l _<< C(1 + )lx x’l
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2(x,,) can be shown to be in class M* To complete the proof we use Lemma
7.7.

The most difficult task is the verification of Condition 1.6, which we now begin.
Note that we have

$H(n,w) Q(n+l) V,(n/l(xn)).
LEMMA 5.4. Wehave

where Qn is an M-bounded sequence.
Proof. We have

_< Q(n+I)(+I +(x))dA,

where (1 (x,). Here is M-bounded. To see thisCn+l /n+l -- --/)n+l Q(n+l
it is sufficient to show that n+1 and ,+l(xn) are M-bounded. Now n+1 is M-
bounded by Conditions 4.1 and 4.2, while ICn+l(X,)l is majorated by ,+1. Thus the
lemma is proved. E]

LEMMA 5.5. Wehave

< 1 v’n-p +/,
n

i-1

KAn-ixB

where (Pn) is M-bounded, K is a positive constant, and 0 < A < 1.

Proof. We have

(n+l Cn+l(Xn) A(xn)(n Cn(Xn--1)) + A(xn)(n(Xn-1) Cn(Xn))

with an M-bounded initial condition. Using Condition 4.1 and the inequality

ICn(X) Cn(Xt)] < C:n Ix x’l,

we get

ICn+l n+l(Xn)[ OM(n+l) -- CE An-*ilxi
i=1

On the other hand we have

1
(5.8) IXi+l xl < Q(i+l) + KXB+I,

-i+1

where K is an upper bound for the diameter of the set D. Since Q(n+l) is M-
bounded the effect of the first term of (5.8) onto + -+(xn) is OM(n-) (c.f.
Lemma 7.5 of Appendix II). Substituting (5.8) into (5.7) gives the lemma. F1

LEMMA 5.6. We have with some > 0

sup E 1 lbi(r,w)l OM(81/2_e)
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Proof. Combining the last two lemmas we get for

5H(n,w) Q(n+l) Q(n+l(x))

the inequality

--pn + K,n-iXBISg(n’w)l < Qn
n

i=l

Let us now consider a subdivision of the sequence of integers by the points s 2i,
and for any s _> 2 consider the "intervals" Is/2, 2s].

We have

r r r
i=1

The contribution of the first term in the bracket is majorated by

q 1Qlp 0M(8_1
r r

The contribution of the second term in the bracket can be written after changing the
order of summation as

a r(a)Aqs

r
i--1

We can majorate the last sum by

Now Qr is an L+-mixing process since the class of L+-mixing processes is invariant
under the operations we use to get Qr from the input noise en (c.f. Lemmas 7.8-7.10
of Appendix II). Hence by Theorem 6.1 we have for some e > 0

Thus we get the lemma. D

6. Appendix I. Estimation of extreme values. The objective of this section
is to derive the result we used in completing the proof of Lemma 5.6.

THEOREM 6.1. Let (u) be a nonnegative L+-mixing process and define the pro-
cess

Xn E r-nur
r-n

with some 0 < A < 1. Then we have for some e > 0

sup Xn OM(N1/2-e).
O<n<N
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To prepare the proof we first consider a simpler problem, the estimation of the
supremum of independent random variables.

THEOREM 6.2. Let (Xn) be a sequence of independent M-bounded random vari-
ables, and let

ZN max IXNI.
Then for any e > 0

EZN

_
3M1/e(X)N.

Remark. Although an extensive literature is available on extremal processes (c.f.
Galambos [10]), the above theorem seems to be new.

Proof. Let the distribution function of IXnl be Fn(X). Then

N

P(ZN <_ x)- H Fn(x).
n--1

Since (IXnl) is M-bounded, we have for any m _> 1 and x > 0,

1 Fn (x) <_ ElXn m/xm,

or equivalently for any m _> 1 and x > 0 we have Fn(x) >_ 1 ElXnlm/xm, hence if
the last lower bound is positive we get

(6.1) P(ZN <_ x) >_ (1- M(X)x-m)N.

We need a lower bound for P(ZN <_ x), hence we estimate the function (1 z)N
from below. Using the inequality log(1 z) _> -z- z2 > -2z for 0 < z < 1/2, we get
N log(1 z) >_ -2Nz.

Now if 2Nz < 1, then we have -2Nz > log(1 2Nz). Hence we finally get" for
2Nz < 1 we have

(1 z)N >_ 1 2Nz,

or equivalently

(6.2) 1 (1 z)N
_
2Nz.

Now we can estimate the tail probabilities P(ZN > x) as follows: from (6.1) we
have

(6.3) P(Zn > x) _< 1 -(1 M(X)x-’)N,

hence (6.2) gives, with z Mmm(X)x-’, the estimate

(6.4) P(Z > x) <_ 2NMmm(X)x-m,

whenever 2Nz < 1, i.e., whenever x > 21/mN1/mMm(X).
Let us now use the identity

EZN P(ZN > x)dx.
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Let Xl 2Mm(X)N1/’. Then we have

xl

P(ZN > x)dx

_
xl 2Mm(X)N1/m.

On the other hand in the region x > X we have

P(ZN > x)dx <_ 2NM(X)x-mdx,

and here the right-hand side equals NM,(X)(1/(m- 1))x-m+l. Substituting Xl

2Mm(X)N/m we get after trivial arithmetic

(6.6) (1 P(ZN <_ x))dx <_ Mm(X)N/m.

Adding (6.5) and (6.6) we get the proposition of the theorem.
Proof of Theorem 6.1. Let us set k [N] and approximate Xn by

n+k-1

Xon E )r--nur"
’--n

Then IXn Xon[ OM(Ak), hence

sup Xn- sup Xon[ OM(N)k) --OM(1).
n<N n<N

Now for 1,..., k define the sets It {n’n + km, n <_ N} with m integer. For
each n + km we approximate Xon by Xo+n E(X0n +I$’i+k(m_l)). We have

n+k-1

Xon Xo+n E r-nu+n,lWk(m-1)

+ E(u]’+,) for 0 _< n’ _< n. Taking the Lq(t, Jz, P)-norm on both sideswhere Un,n
and using the quasi monotonicity of 9/q(T, U), which means 9/q(T’, U) < 29/q(T, U) for
7 > T, we get

n+k-1

E1/qlxn X+nlq <- E 2/r-nq(k’ t)

__
2/(1 A)’q(k, u).

r---n

Therefore we get
(6.7)

E1/q[ sup Xon-supn

_
XXo+n]q

_
E/q IXon No+n[

n_N

_
2N/(1-/k).Cq/k1+c.

On the other hand, the sequence X+on,n E If, is independent, and E1/qlXo+lq <_
2Mq(Xo) < x) for all n and 1. Therefore for any q _> 1 and 5 > 0,

E1/q sup Xo+nlq <_ 6Mq/5(Xo)(N/k)
nEIt
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since IIt <_ N/k. Finally we get

k

E1/q sup Xo+nlq <_ Z E/ql sup Xo+nlq <_ 6Mq/(Xo)k(N/k)
n_N l--1 nEI

Combining this inequality with (6.7) we get

2N Cq
(6.8) E1/q sup Xonlq <_

n<N 1 A k1+ + 6Mq/a(Xo)k(N/k)

To find the optimal choice of k consider the function ax +bx-, x > 0, with a, b, a, >
0. It is easy to see that this function is minimized at x (b/aa)l/(+) and the
minimal value is

Choosingk=x,a= 1- , l + c, a CN, and b CN, where C is a system
constant, we get that the optimal k is given by k CN(1-)/2+c-5, and the minimal
value of the right-hand side of (6.8) is

C(N(I+c)NI-)/(2+c-) CN(+c)/(2+c-) CN/2-e

with some e > 0 for sufficiently small 5. Thus the theorem has been proved.

7. Appendix II. Auxiliary results. First we present two results published in

(Gerencsr [12]) and used in this paper. The following moment inequality follows from
Theorems 1.1 and 4.1 of the cited paper.

THEOREM 7.1. Let (ut), t >_ 0 be an L-mixing process with Eut 0 for all t. Let
f be a function in L2[0, T]. Define

I,b(f)- sup
a<t<b

Then we have for all m > 2

E1/mlIS,(f)lm < Cm ftdt 1/2 pl/2

where Cm is independent of a, b.
Let us consider a stochastic process (Un(O)), which is measurable, separable, M-

bounded, and M-Lipschitz continuous in , with exponent a for E D. By Kol-
mogorov’s theorem the realizations of (Xn(O)) are continuous in with probability 1,
hence we can define for almost all w

u max lun(O) l,
OEDo

where Do c intD is a compact domain.
THEOPEM 7.2 (Theorem 3.4 in Gerencsr [12]). Assume that (Un(O)) is a stochas-

tic process which is measurable, separable, M-bounded, and M-Lipschitz continuous
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in 0 for 0 E D. Let u be the random variable defined above.
positive integers q and s > p,

< +

Then we have for all

where C depends only on p, q, s, and Do, D.
LEMMA 7.3. Let (vt(y)), y D, be an L-mixing process, uniformly in y with

respect to a family of a-algebras (t, t+), t >_ O. Here D C tp is an open domain.
Assume that (yt), t >_ O, is a measurable function taking values in D. Then the process
ut vt(yt) is L-mixing with respect to (Jzt,Jzt+) and we have for any m >_ 1

Mm(u) <_ Mm(v) (u) < (v).

Proof. Let t > s and let us approximate vt(yt) by vt+,s(yt), where vL(y
E(vt(y)lJz+). Obviously vt+,s(yt) is ’+-measurable since yt is deterministic. Fur-
thermore we have for any q _> 1

E1/qlvt(yt vL(yt)lq <_ /q(t s, y),

which implies the claim of the lemma. U
It is easy to see that exponentially stable linear filters are input-output M-

bounded in the sense that the response to an M-bounded input is an M-bounded
output. We present two lemmas below showing that certain rates of growth of the
input process are also preserved by an exponentially stable linear filter.

LEMMA 7.4. Let (un), n >_ O, be an M-bounded process and define a process
by

(7.1) Xn+l Xn -- pnUn, XO 0,

where O < A < p < l. Then for any m >_ l we have

On the other hand, if 0 < p < A < 1, then we have

E/mlxnlm’ - (l-A)

Proof. Let Zn p-nXn. Then we have, after multiplying (7.1) by p(-n+l)

Zn+l Ap-lZn + p-lUn,

which can be solved explicitly for zn"

Zn

n-1

E(,p-1)n-l-ip-lti.
i=0

Using the triangle inequality for the Lm(t, .T’, P)-norm and the condition 0 < A < p,
we get

Mm(z) <_ (1- p-1)-lp-lMm(u),
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from which the proposition follows.
In the case when 0 < p < ,, we define zn )-nxn, and get

Zn+ Zn -t- -n-lonun"

From here
n-1

Zn E n--l--i(--i--lpi?’ti)"
i=0

Taking the Lm(f, J:, P)-norm of both sides, taking into account that (--i-lpi)

_
j--i

and using the triangle inequality we get the claim of the lemma.
LEMMA 7.5. Let vi, 1, 2..., be an R-valued stocoastic process such that vi

OM(g), where gi > 0 satisfies limi__, gi/gi-1 1. Define x by

XN XN-1 nt- Vi, XO O,

where I1 < 1. Then XN- OM(gg).
Proof. Set ZN --glxg, then zy satisfies

-1(7.2) ZN )gN-lglzN-1 nc gN VN-1, ZO O.

Since limlAgN_lgv11 < 1 and gllvN_l O(1), the proposition follows by solving
(7.2) for ZN and applying the triangle inequality. D

Now we present some simple estimates related to the class M*.
LEMMA 7.6. Let a- a(w) be a random variable. Then E expsa < oc for some

> 0 if and only if we have, with some C > O, and all rn >_ 1.

(7.3) Mm(,) <_ C(1 + m).

Proof. Note that E exp sa is finite if and only if E exp sial is finite. Furthermore

Eexpel[ E Elelm/rn!
m----O

by the Beppo-Levi theorem. Thus if the left-hand side is finite, then with some C

ELIm Crn! < C(rn/e)’rn/U

by Stirling’s formula, and (7.3) follows by taking mth root.
Conversely, if (7.3) holds then

Elel’/rn! <_ (eC)’(1 + rn)rlrn! < C’.
with C > 0, 0 < /< 1 if e is sufficiently small, hence summation over m and repeated
use .of the Beppo-Levi theorem gives E exp[ < oc. D

Remark. Similarly it can be shown that E exp e2 < oc for some e > 0 if and only
if

Mm(,) <_ 0(1 + rnl/2).
Indeed E expe2 < oc for some e > 0 if and only if

M,(lal2) M,(a) < C(1 + m).
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LEMMA 7.7. If , are random variables such that E2 < cx and Ee2 < cx) for
some > O, then for small positive ’s,

(7.4) E exp

Proof. The inequalities

Mm() <_ C(1 + ml/2), M,() _< C(1 + ml/2)

imply by the Cauchy-Schwartz inequality

M,() _< M2, (7) -< C’(1 + m),

which implies (7.4). D
Finally we present a few auxiliary results on L-mixing processes. The results

below show that the class of L+-mixing processes is invariant under the operations
that are used in the identification of linear stochastic systems.

LEMMA 7.8. Let (an), n >_ O, be a real-valued L+-mixing process and define Xn
by the equation

Xn-t-1 )Xn "-Un XO O
where I)l < 1. Then (Xn) also i8 L+-mixing.

Proof. Following the proof of Lemma 2.4 in Gerencs(r [12] (c.f. especially (2.6))
we get

q(T,X) <_ 2Mq(u)A(1 -/)-1 + 2C,(,T , T--l--c) O(T--l--c). [:]

(Here we used Lemma 7.5 to get the final estimate).
Remark. Obviously the lemma remains valid if (an) is vector-valued and (Xn) is

defined as the output of a finite-dimensional stable linear system, the input of which
is (an).

LEMMA 7.9. Assume that (an), (vn) are L+-mixing processes. Then Zn u "Vn
is also L+-mixing.

Proof. We have for any T >_ 1 integer and q _> 1

q(T, Z) <_ ’2q(T, u)M2q(v) + M2q(U)/2q(T, V),

from which the claim immediately follows.
LEMMA 7.10. Let u (u(x, w)) be a separable stochastic defined for x E D c

RP, where D is an open domain. Assume that u and Au/Ax (Un(X + h,w)-
Un(X)/Ihl) h 0 are i+-mixing uniformly in x and (x,x + h), respectively. Let
Do C D be a compact domain and define

xEDo

Then u* (u) is L+-mixing.
Proof. We have by Theorem 7.2 for any T _> 1 integer, q _> 1 and r > p,

u,) < +

where C depends only on p, q, r, Do, and D. Hence the claim trivially follows for
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SUBOPTIMIZATION OF SINGULARLY PERTURBED CONTROL
SYSTEMS*

VLADIMIR GAITSGORY

Abstract. A technique different from the boundary layer method is developed to deal with
singularly perturbed optimal control problems. The technique is applicable, in particular, in the
case when the optimal control takes the form of "fast" oscillations and the boundary layer method
cannot be used. Necessary and sufficient conditions for the optimal control to be "slow" are given.
The results are illustrated by examples.

Key words, singular perturbations, optimal control, suboptimization, asymptotic properties

AMS(MOS) subject classifications. 49B10, 49B50

1. Introduction. Problems of optimal control of singularly perturbed systems
have been considered by many authors (see the overviews in Bensoussan [3], Kokotovic
[18], Kokotovic, Khalil, and O’Reilly [19], Kokotovic, O’Malley, and Sannuti [20], and
Saksena, O’Reilly, and Kokotovic [25]). Many have been concerned, in particular,
with the following matter. Given a singularly perturbed control system

(1.1) (z, u, z(0)= z0,

(1.2) u, u), u(0) u0

and some cost function, it is asked whether the solution to such an optimal con-
trol problem can be approximated in some way by the solution to the problem of
optimization of the so-called reduced system

(1.3) f (z, (z, u), u), z(0) z0,

which is formally obtained from (1.1), (1.2) by (i) equating e to zero and thus trans-
forming (1.2) into the static equation

(1.4) 0 f2(z, y, u),

and (ii) substituting the root y (z, u) of this equation into (1.1). Here e is a
small positive parameter; fl, f2 are vector functions with their values in Rnl and
Rn-, respectively; and u(t) is a control chosen usually among measurable functions,
satisfying the inclusion

(1.5) u(t) e U,

where U is a closed subset of R".
A heuristic explanation of the possibility that the resolution of the above matter

is positive is connected with the hypothesis that the optimal control is in some sense
slow and that the variables y (called fast) converge rapidly to their quasi-stationary
state defined by the root of (1.4) and remain in a neighborhood of this root, while the
variables z (called slow) are changing in accordance with (1.3).
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The validity of a similar description was established in Tichonov [27] for un-
controlled singularly perturbed differential equations. In optimal control problems,
the hypothesis may not be true, however. The controls and fast variables may, for
instance, oscillate rapidly in the optimal regime (see Example 4.2 in 4). Equation
(1.4) does not, then, describe any connection between y and z, u, and thus the control
optimizing (1.3) may be far from the optimal one in (1.1), (1.2).

A traditional way of dealing with the problems of optimal control of systems
(1.1), (1.2) is an application of the boundary layer method (O’Malley [21], Vasil’eva,
and Butuzov [28]) to the differential systems constructed on the base of necessary or
sufficient optimality conditions, with the validity of the hypothesis about "slowness"
of the optimal control being guaranteed by the properties of the problems considered.

Although it allows us to find suboptimal solutions in many important cases (see
the mentioned overviews), this approach does not, however, allow us to verify the
applicability of the control slowness hypothesis in a general case and to approximate
the solution if this hypothesis is not true. In this paper, we develop another ap-
proach (Gaitsgory [11], [12], Plotnikov [24]) which can be considered an extension
of the averaging method described for uncontrolled motion in Volosov [29]. The ap-
proach is based on the hypothesis formalized as Assumption 2.1 in 2 and imposes
no restrictions on the rates of changing of controls. The main idea of the approach
is an approximation of z-components of the trajectories of system (1.1), (1.2) by the
solutions to some differential inclusion with a convex-valued right-hand side. Also, it
allows for the use of the latter to obtain the complete answer to the question about
whether the optimal regime in (1.3) approximates the optimal regime in (1.1), (1.2).
This answer is given in the paper in the form of necessary and sufficient conditions,
which, although are difficult for a direct verification, permit us to construct new cri-
terions for the approximation, via the optimization of (1.3), to be true and to also
separate the situations when it is not the case.

The paper consists of five sections. The first is the Introduction. General state-
ments about the approximation of system (1.1), (1.2) by the differential inclusion and
the connections with the reduced system (1.3) are established under Assumption 2.1
in 2. Results that allow us to apply these statements in dealing with a sufficiently
wide class of singularly perturbed optimal control problems are obtained in 3. This
class of control problems is considered in 4. The most tedious proofs are gathered
in 5.

2. Definitions and basic lemmas. Along with system (1.1), (1.2), consider a
so-called associated system

(2.1) f2 (z, y, u), z constant,

which differs from system (1.2) by the replacement of the timescale - te-1 and by
the fact that the vector z is fixed at some constant level. Let us denote by Yz (T, U(.), y)
the solution to system (2.1) obtained with some admissible control u(t) and with initial

values y. Suppose that the integral f: fl (Z, yz (T, u(.),y), U(T)) dT exists. Divide it
by S and denote by V(z, S, y) the union of such integrals over all admissible controls

(2.2) V(z, S, y) U{S-1 fl (z, yz (T, u(.), y), U(T)) dT}.

The admissible controls are defined here and throughout the paper as measurable
functions satisfying (1.5). The solutions (admissible trajectories) to the systems con-
sidered are assumed to exist and be unique with the use of any admissible control.
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Let us introduce the hypothesis that plays a crucial role in our consideration.
Assumption 2.1. With each z 6 W C Rnl y 6 P c Rn, the limit

(2.3) lim V(z S,y)=V(z)) VyeP
S--(x)

exists in the Haussdorff metric, and the evaluation is valid

(V (, s, ),V ()) < (s) V(z, ) e w P,

where V (z,S, y) is the closure of V(z,S,y); V(z) is a convex and compact subset
of Rnl which does not depend on. y from P; p(., .) is the Haussdorff metric; and
(s) - o s s - .It can be shown that the convexity of the limit set V(z) follows from its existence;
however, we do not prove this fact in the paper.

Suppose that Assumption 2.1 is true and consider the differential inclusion

(.) e V(z), z(O) o.

DEFINITION 2.1. We say that the differential inclusion (2.5) approximates z-
components of the trajectories of system (1.1),(1.2) if there exists a function
tending to zero as e tends to zero such that, corresponding to any admissible trajec-
tory {z(t), y(t)} of system (1.1),(1.2), there exists a solution z(t) to the differential
inclusion (2.5), which satisfies the inequality

(2.6) max IIz()- ()11 z().
te[0,1]

Conversely, given an arbitrary solution z(t) to the differential inclusion (2.5), we can
construct an admissible control Uz(.)(t), which, being used in system (1.1), (1.2),
generates the trajectory {z(t),y(t)} satisfying (2.6). The control uz(.)(t)is referred
to as z-approximating.

LEMMA 2.1. Suppose that Assumption 2.1 is true and there exist compact sets
D C intW c Rn c P c Rn such that the following assumptions are fulfilled.

Assumption 2.2. Each admissible trajectory of the system (1.1),(1.2) satisfies the
inclusion {z(t), y(t)} e D gt, for all t 6 [0, 1].

Assumption 2.3. The functions fl, f2 are continuous, and

[If(z, y, u) f(, y, u)ll L(llz z21[ + [ly yll)
V(zI,yl), (z2,y2) e W X P,i 1,2;

IIA(z,y,u)ll <_ M V(z,y,u) e W P U,

where L and M are constants.
Assumption 2.4. With each z W and with any admissible control, the trajec-

tories of the associated system (2.1), which begin in the set gt, do not leave the set
P.

Assumption 2.5. For any z W, z2 W, S > 0, any admissible control u(t) and
any initial values y 12, the solutions to system (2.1) satisfy the inequality
(2.9)

S-1 fl (z Yz (T, U(.), y), U(T))dT-- fl (z Yz (T, u(.), y), U(T))dTII <_
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Then the differential inclusion (2.5) approximates z-components of the trajectories
of system (1.1), (1.2).

The proof of the lemma is given in 5.
Consider the problems of minimization of the functional

(2.10) inf G(z(1))

on the set of the admissible trajectories of the singularly perturbed system (1.1), (1.2),
on the set of the admissible trajectories of the reduced system (1.3), and on the set
of the solutions to the differential inclusion (2.5). We refer to these optimal control
problems as singularly perturbed (SP), as reduced (a), and as averaged (A), denoting
their optimal values as G, Gr, and Ga, respectively.

DEFINITION 2.2. We say that an admissible control u(t) is e-suboptimal in the
SP problem if, being used in system (1.1), (1.2), it provides the value of functional
(2.10), differing from the optimal value G by some function of e that tends to zero
as e tends to zero.

COROLLARY 2.1. Assume that the conditions of Lemma 2.1 are satisfied and that
the function G(z) is continuous. Then G -- Ga as e - O. If z(t) is a solution to
the A problem, then every z-approximating control uz(.)(t) is e-suboptimal in the SP
problem.

Proof. The proof is obvious.
For the R problem to be correctly stated, let us now introduce the following

assumption.
Assumption 2.6. With each (z, u) E W U, there exists the unique root (z, u)

to (1.4), which satisfies the inclusion (z, u) e P. The function (z, u) is continuous
in (z, u) on the set W U and satisfies the following Lipschitz conditions in z: There
exists a constant C1 such that, for any z W, i 1, 2 and any u U,

I[)(Z1, U) )(Z2, U)[

_
Cl[[Z z211.

Under Assumptions 2.1 and 2.6, we may write, with any (z, u) W U,

(2.11)
(2.12)

(z, (z,

vt > 0 f (z, (z, u) e V(z, s,
vs > 0 fl (z, (z, u), u) e V(z)

DEFINITION 2.3. The point r E V(z) is said to be a stationary regime point if
it is presented in the form fl (z, (z, u), u) for some u U. It is said to be a
quasi-stationary regime point if it is presented as a convex combination of stationary
regime points. The sets of stationary and quasi-stationary regime points are denoted
as Vst(z) and convVst(z), respectively.

DEFINITION 2.4. We say that the SP problem is approximated by the R problem
if G --. Gr as e -- 0 and if, corresponding to any admissible trajectory z(t) of
the reduced system (1.3) such that G(z(1)) _< G + , > 0, there exists z(.)-
approximating control providing in the SP problem the value of the functional differing
from the optimal one by p + (e), where (e) - 0 as e - 0.

LEMMA 2.2. Suppose that the function G(z) is continuous, the set U is compact,
and Assumptions 2.1-2.6 are true. Then the SP problem is approximated by the R
problem if and only if there exists a solution z(t) to the A problem such that, for
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almost all t E [0, 1], the velocity vector k(t) is a quasi-stationary regime point of the
V(z(t)).
Proof. Note first that, according to (2.11), each trajectory of the reduced system is

at the same time a solution to the differential inclusion (2.4). Consequently, Ga _< Gr.
From Corollary 2.1, it follows that the SP problem is approximated by the R problem
if and only if

Suppose that z(t) is a solution to the A problem satisfying the relation (t)
convVst(z(t)) for almost all t e [0, 1]. From Filippov’s result [9, Tam. 3] it follows
that this solution can be presented as the limit z(t) lim_ z,(t) in the uni-
form metric, where z,(t) are solutions of the differential inclusion n(t) e Vt(Zn(t)).
According to Filippov’s lemma [8], there exist admissible controls Un(t) such that
n(t) fl(Zn(t),(Zn(t),un(t)),Un(t)) for almost all t e [0, 1]; that is, Zn(t) are ad-
missible trajectories of the reduced system and G(Zn(1)) >_ Gr. Passing to the limit

as n tends to infinity, we obtain that Ga de__f G(z(1)) _> Gr. As we remarked above,
the converse inequality is always true, and thus equality (2.12) is valid. Conversely,
the fulfillment of this equality means that a solution to problem min{G(z(1))l
convV(z), z(0)- 0} is also a solution to the A problem.

General conditions for Assumption 2.1 to be true were obtained in Gaitsgory
[11]. We now consider a class of singularly perturbed optimal control problems sat-
isfying these conditions and admitting a description of the limit set V(z) in terms of
stationary, quasi-stationary, and also periodic regime (see Definition 3.1) points.

3. Structure of the limit sets. In this section, we study properties of the as-
sociated system, with z entering only as a vector of constant parameters. For brevity,
we omit it in our notations, writing fl (y, u), f2(y, u) instead of fl (z, y, u), f2(z, y, u).
System (2.1) is then rewritten in the form

(3.1) f2(y, u),

and set (2.3) in the form

V(S, y) U{S-1 fl (y(T, u(.), y), U(T))dT},

where, here and in every place that follows, y(T, U(.), y) is the solution to (3.1) obtained
with the admissible control u(T) and with the initial values y. The union is taken over
the all admissible controls. Denote by Y(S, y) the reachability set of system (3.1)

Y(S, y) de__f U{y( t(’), y)}, Y(S, Q) de__f U{y(s, y)},

where the unions are taken over the all admissible controls and over the initial values
y from a set Q c R2, respectively. Note that

(3.2) Y(S+S’)-Y(S,Y(S’,y)).

THEOREM 3.1. Suppose that the functions f (y, u), f2(y, u) are continuous and
satisfy Lipschitz conditions with respect to y in a sufficiently large domain. Suppose
that the set U is compact and that there exists a compact set P such that the following
assumptions are true.
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Assumption 3.1. The solutions to the system (3.1) obtained with any initial values
yi E P, i 1, 2 and with any admissible control u(.) satisfy the inequality

(3.3) Ily(-, u(.), y) y(-, u(.), y2)l < (T)l]y y211

with the function (T) satisfying the relations

(T) < eC, lim (T)- 0.
T---- (X)

Assumption 3.2. There exists a point y* E P such that, with any admissible
control U(T), the inclusion y(T, U(.), y*) e P, for all T > 0 holds true.

Then: (i) Assumption 2.1 is fulfilled; that is, the limit of the closure lims__. (S, y) de
V exists in the Haussdorff metric. This limit is a convex and closed subset of RTM,
and the following evaluation is valid:

(3.5) p((S, y),) <_ FS-’5, S >_ So, y e P,

where F and S0 are some positive constants; and

(ii) The limit of the closure lims_ (S, y) de_f exists in the Haussdorff metric.
This limit is invariant with respect to system (3.1) as follows:

(3.6) Y(S, Y) C Y C P, Y(S, Y) Y VS > 0

The following evaluation is valid:

p(Y S, y), Y) <_ 2C S) C de_f max{]]y1 yllly e P, 1, 2}.

Proof. Statement (i) follows from a more general result in Gaitsgory [11]. To
prove (ii), let us first note that from (3.3) it follows that

(3.s) p((S, Q1), (S, Qe)) <_ (S)p(Q1, Qe),

where Q1, Q2 are arbitrary subsets of P. In particular, with Q1 y,, Q2 Q, we
have that

p(Y(S, y*), Y(S, Q)) <_ p(y*, Q)((S) <_ C((S).

According to Assumption 3.2, Y(S’, y*) c P, for all S > 0. Consequently, if we take
Y(S’,y*) as Q in (3.9), then p(Y(S,y*),Y(S,Y(S’,y*)) <_ C(S). In view of (3.2),
from here it follows that p(Y(S, y*), Y(S + S, y*)) < C(S), which means that, with
an arbitrary way of S tending to infinity, the sequence Y(S, y*) is fundamental in
the space of the closed subsets of the compact set P provided with the Haussdorff
metric. By Blashke’s theorem (see Hadwiger [17]), this metric space is compact, and

hence the following limit exists: lims__. (S, y*) de__f C P. To estimate the rate of
convergence, let us write

,(F(s, u*), 7) _< ,((s, u*), 7(s + s’, u*)) + (7(s + s’, u*), F)
<_ c(s) + ((s + s’, *), );
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hence, with S tending to infinity, we obtain that

(y(s, *), Y) < c() (Y(S, ), y) < (y(, ), Y(, *)) + (Y(, *), Y)
<- Ily y*ll(S) + c(s) <_ 2c(s) Vy e P.

We may further write that

p(F(s, ), Y) < p(F(s, F), F(s + ’, u*)) + p(F(s + s’, u*),)
< (S)p(, Y(S’, *)) + c(s + s’) <_ c((s)(s’) + (s + s’)).

Passing to the limit with S co, we obtain (3.6). U
Now we proceed to a characterization of the structure of the limit set V. We

begin with the following statement.
LEMMA 3.1. Suppose that the assumptions of Theorem 3.1 are true. Then

(i) Corresponding to any T >_ To, where To is a positive number, and to any
admissible control u(t) defined on the interval [0, T] there exists a unique solution y(t)
to system (3.1) satisfying the periodicity conditions

(3.10) y(0) y(T)G P.

This solution is contained completely in the limit reachability set Y;
(ii) Corresponding to any u E U, there exists the unique root y (u) P of

the equation

(3.11) f2(y,u) =0;

(iii) The function 2(u) is continuous on U.
Proof. Note that, if there exists an admissible trajectory y(t) of system (3.1) that

satisfies (3.10), it belongs to Y. It is implied by that, if we complete the definition
of y(t) on the interval IT, oe], considering it as the periodic function, then y(t)
y(t + kT) e Y(t + kT, y(O)) with an arbitrary natural k and any t e [0, T]. Passing
to the limit with k oc, we obtain the inclusion y(t) Y.

Suppose that a constant To is chosen in such a way that [(T) <_ 5 < 1 with any

T >_ To. Define the operator A(.)(y) d=f y(T, u(.), y) with y . As it follows from

(3.6), this operator reflects Y into Y. On the other hand, it belongs to the class of
the contractive operators, since IIA(.)(yl) A(.)(y2)[[ <_ 511y y211" Consequently,
there exists the unique fixed point of the operator A(.), which defines the solution
satisfying (3.10). Thus (i) is proved.

Let u be an arbitrary vector from U. Define the constant control u(t) u. In
accordance with (i), with any T >_ To corresponding to this control, there exists the T-
periodic solution to system (3.1). On the basis of Assumption 3.1, it is easy to verify
that all these solutions coincide, which may take place only if they do not-depend
on the time. Thus, corresponding to the constant control u(t) u, there exists the
unique constant solution to system (3.1) defined as the unique root

(.) () e y

of (3.11). To prove that the function (u) is continuous, suppose that Un U as
n -- x, where un E U and, consequently, u U. Denote by y0 an arbitrary partial

limit: (Un, def yO n’Yn’ -- as --* oc, {n’} C {n}. Such limits exist, since the
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inclusion (3.12) is valid and the set Y is compact. The continuity of the function
is established if we show that y0 (u). However, this is implied by the relations

and by the fact that the root of (3.11) is unique. [:]

A stationary regime point was defined in 2, presented in the form

r fl ((u), u) e V.

Note that according to statement (iii) of Lemma 3.1, the set Vst of such points is a
compact subset of V. We introduce the following definition.

DEFINITION 3.1. The point r] E V is said to be a periodic regime point if there
exists a positive number T > 0, an admissible control u(t) defined on the interval [0, T],
and the solution y(t) to system (3.1) satisfying the periodicity conditions (3.10) such
that T-1 f[fl (y(t), u(t))dt. The set of the periodic regime points is denoted as

THEOREM 3.2. Let the assumptions of Theorem 3.1 be true. Then
(i) The limit set V is equal to the closure of the set of the periodic regime points

V Vp;
(ii) The set V consists of the quasi-stationary regime points only: V convVst

if and only if, with any A Rnl

(3.13) hst(A) hp(A).

Here hst(/) is the optimal value of the "steady state" optimization problem

(3.14) hst(A) de___f min{ATfl((u), u)[u e U},

and hp(A) is the optimal value of the periodic optimization problem

(3.15)
T

hp(A) de=f inf{T_l ATfl (y(t), u(t))dt},

where inf is sought over the length T of the time interval, over the admissible controls
defined on [0, T], and over the corresponding solutions to system (3.1), which satisfy
the periodicity conditions (3.10).

Proof. Let V. By virtue of (3.5), with any T _> S0 and any u _> 0, there
exists a vector ’ such that II- ’11 -< FT-’5 + "; ’ Y(T,y),y P. By the
definition, the latter inclusion means that there exists an admissible control u(t) such

that ’ T-1 f2 fl (y(t, u(-), y), u(t))dt. From statement (i) of Lemma 3.1, it follows
that, if T _> T-, then, corresponding to the control u(t), there exists the unique
solution y(t) to system (3.1) satisfying the periodicity conditions (3.10). Define the

periodic regime point " de_f T_ f[ fl(y(t), u(t))dt. Using (3.3), we may write

T

Iln’ n"ll r-1 Ill1 (y(t, U(.), y), u(t)) fl (y(t), u(t))lldt

< T-1L Ily(t, u(.),y)- y(t)lldt < T-1LIIy- y(O)ll ((t)dt < T-1q
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where L is a Lipschitz constant and q LCf (t)dt, C is defined in (3.7). Conse-
quently,

dist(r/, Vp) de__f inf{i]r/_ [11 e Vp} _< lit/- ’11 + lit/’- r/"l] -< FT-’5 + + T-lq

Considering that is an arbitrary vector from V and is an arbitrary positive number,
and passing to the limit with T tending to infinity, we obtain that sup{dist(r/, Vp)l E
V} 0, which implies that p(Y, Vp) 0, since Vp c Y. This proves (i). To prove
(ii), let us remark that the optimal values (3.14), (3.15) can also be presented in the
forms hst(ik) min{/kTr/l e Vst}, hp(A) inf{AT[ e Vp}. These representations
and (i) permit us to write hst(A)" min{,kTl/e convVt}, hp(ik) min{/kTr/Ir/e }.
It means that ht(ik) and hp(A) are the supporting functions to convex and compact
sets convVt and V. The equality of these functions is equivalent to the equality of
the corresponding sets. V]

Note that, in a general case, the relation hp(/k)

_
ht() is valid, and different tests

developed in periodic optimization theory (see Bailey and Horn [2], Cirlin, Balakirev,
and Dudnikov [4], Gilbert [15], Guardabassi, Locatelli, and ainaldi [16], and others)
can be used to establish whether this relation takes the form of a strict inequality
or the form of equality (3.13). Thus it can be used to verify the validity of the
representation V convVt. Let us now consider some other sufficient conditions for
this representation to be true.

DEFINITION 3.2. (Filippov [10], Gelig, Leonov, and Iakubovich [14]). The set

Yst de___f {YlY (U), U e U} is said to be stable in Lyapunov sense if, corresponding
to any # > 0, there exists 5 > 0 such that, with any admissible control u(t) from the
inequality dist(y, Yt) < 5, it follows that dist(y(t, u(.), y), Yt) </, for all t > 0.

PROPOSITION 3.1. Suppose, in addition to the assumptions of Theorem 3.1, that
the set Yst is stable in Lyapunov sense and that fl (y, u) =_ f (y). Then Y Yst and
V convVt.

Proof. According to (3.12), Yt c Y. On the other hand, from Lyapunov stability
of Yt, it follows that, if y Yt, then Y(S,y) c Yst for any S > 0. Hence, by
statement (ii) of Theorem 3.1, Y C Yt. Thus Y- Yt.

By virtue of (3.6), we may write, with any admissible control and any initial
values

e y(s, c

It follows that S- f: fl (y(t, u(.), y))dt e conyfl (Yt) de__f convVt. Consequently,
V(S, y) c convVst and V c convVst. Since the converse is obvious, it completes the
proof.

PROPOSITION 3.2. Under the conditions of Theorem 3.1, let the set

(3.16) f(, U) de__f {?]? f(y, u), (y, u) e U}

be convex, where f(y, u) de_f {fl (Y, U), f2(Y, t)}, then Vt.
Proof. Define the set P(S, y) de__f (.j{S_ f: f(y(t, u(.), y), u(t))dt}, where the

union is taken over all admissible controls. Note that, by this definition, V(S, y)
{r/l(/,/2 e P(S,y)}. In accordance with (3.6) and the assumption about the
convexity of the set (3.16), we may write P(S, y) c convf(Y, U) f(Y, U), for all

y e . On the other hand, by virtue of (3.1), I]S-1 f[ f2(y(t,u(’),y),u(t))dt[I
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IIS-1 f: ](t, u(.), y)dtll -1 Ily( U(’), y.) Yll <-- C-1, where C is defined in (3.7).
Consequently,

P(S,y) C {(r/,r/2)l(r/,r/2)e f(,u), 11211 <_

Denoting the right-hand side in the lt inclusion by Q(S, y), we can eily verify that

p(Q(S, y), 0) def p(S) tends to zero S tends to infinity, where

Q de {(1, 2)1(1, 2) e/(, U), z O} {(1,0)1(1, O) e/(, U)}.

Hence P(S,y)c Q + (S)l+n2 and

where +n, n are the closed balls with the centers in the origin and with the
unit radii in RTM+n and RTM respectively. Noting now that

{Vl(W,w) e Q} e {]W fl(U,), 0 (U, ), (U, u) e U} Y,

we obtain the inclusion V(S, y) c Vt + p(S) which implies that c t. Since
the converse is obvious, the proof is complete.

Consider in conclusion some examples.
Example 3.1. Suppose that system (3.1) is linear and is presented in the form

(3.17) A2y + B2u + F2,

where A2, B2, F2 are matrices of the corresponding dimensions, and the eigenvalues
of the matrix A2 have negative real parts. Under this supposition, inequality (3.3) is
fulfilled with any yl, y2 from Rn and with (t) e-t, where a is a positive number
defined by the absolute values of the real parts of the matrix A2 eigenvalues. If the
set U is compact, from the stability of the matrix A2, it follows that the admissible
trajectories of system (3.17), which begin at point y* 0, do not leave some closed
ball B with the center in the origin.

Thus the linearity and stability of system (3.1) and the compactness of the set
U provide the fulfillment of the conditions of Theorem 3.1, with P defined an
arbitrary compact set containing B.

Example 3.2. Let nl 1, n2 2, m 1, U {u[u] 1}, y (Yl, Y2), f (Y, u)
u2 Y, f2(Y, u) A2y + D2u, with

A= - -k D= 1

The eigenvalues of matrix A have negative real parts, and thus the conditions of
Theorem a.1 are satisfied. Let us show that V convVst if

(a.18) > 1,k < 1.

In the scalar case under consideration, equality (a.la) should be verified only for the
following two values of " 1 and -1. Considering (a.la), we obtain, with- 1, that

ht(1) min{-l 0,-1+ 0, I1 1} min{ 1 I11 1} 0.
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On the other hand, the periodic solution corresponding to the control

(3.19) u(t) coswt

is of the form yl(t) (1/wk)sinwt, y2(t) (l/k)coswt, and

f2/o 1(1_(1/w2k2hp(1) _< (w/2r) (cos2 wt (1/w2k2)sin2 wt)dt - )) < O.
J0

With A 1, we obtain that hst (- 1) min{-u2 (1 1/w2)llul < 1} 1/w2 1 and
hp(-1) -1, where the minimum in the periodic optimization problem is achieved
on the sliding regime (u +1, Yl y2 0).

Thus, in this example,

convVst [0,1 2] [( 1 ) ]C 1
w2k2

,1 C V.

Example 3.3. Suppose that n2 1, m 2, and system (3.1) is written in the form

(3.20) l (a ay)ul + (b- y)u2,

where a > 0, > 0, aa-1 < b/3-1, U {u (ul,u2)lul + u2 1;u >_ 0, 1,2}.
With any initial values yl, y2 from R and any admissible control u(t) (ul (t), u2(t)),
difference between the solutions y(t, u(.), yl)_ y(t, u(.), y2) de__f 5(t) satisfies the equa-
tion

+ 5(0)

Consequently, 5(t) (yl y2) exp(- f(aul (T) + U2(T))d’) and

def[5(t)[ _< [yl y21e--rt 7 min{aul + u2[u E U} min(c,/)

Thus inequality (3.3) is true with (t) e-’ft. It is also easy to check the following.
(i) The trajectories of system (3.20), which begin in the interval [ac

do not leave this interval, and, consequently, Assumptions 3.1 and 3.2 are true with
any compact set P containing [as- 1, b/- 1].

(ii) Interval [ac-l,b-1] coincides with set Yt, and this set is stable in the
Lyapunov sense. Thus, according to Proposition 3.1, Y Yt, and, if fl (Y, u) fl(y),
then V convVt convfl (Yt).

Example 3.4. Suppose that system (3.1) is written in the form (3.17) and the
eigenvalues of the matrix A2 have negative real parts. Suppose also that U is
convex compact set and the function fl(Y, u) is linear: fl(y, u) Aly + BlU +
where A1, B1, F1 are matrices. Then, from the convexity of the limit reachability set
Y, which is implied by the convexity of the reachability set Y(S, y), it follows that
set (3.16) is convex, and, by virtue of Proposition 3.2,

(3.21). Vt {lr/=/u+/, u E U},/ dej BI_A1AIB2, dej FI_A1AIF2.

4. Final results. In this section we use previous results to describe a class of
singularly perturbed control systems characterized by the fulfillment of Assumption
3.1, which we reformulate below, considering the dependence of the associated system
on z.
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THEOREM 4.1. Suppose that the set U is compact and that there exist compact
sets D c intW c Rnl t c P C Rn2 such that Assumptions 2.2-2.4 are fulfilled.
Assume also that the following is true.

Assumption 4.1. With each z E W, the trajectories of the associated system (2.1)
obtained with any initial values yi E p, 1, 2 and with any admissible control u(.)
satisfy the inequality

(4.1)

where (T) does not depend on z and satisfies relation (3.4).
Then (i) Assumption 2.1 is satisfied and estimate (2.4) takes the form

(4.2) p((z, S, y), (z)) <_ LS-’5 V(z, y) e W x P;

(ii) With each z W, the limit reachability set Y(z) of the associated system
exists, and the rate of the convergence to this limit is estimated by the inequality

(4.3) p(F(z, s, F(z)) < 2c(s);

(iii) z-components of the trajectories of system (1.1), (1.2) are approximated by
the trajectories of the differential inclusion (2.5).

Proof. The existence and the convexity of the limit set V(z) and the existence
of the limit set Y(z) are implied by Theorem 3.1. The uniformity of estimates (4.2),
(4.3) follows from the fact that the function (T) in (4.1) and the set P are supposed
to be independent on z G W (the constant C is defined in (3.7), and the constant
L can be written explicitly using estimates obtained in the proof of Theorem 4.1 in
Gaitsgory [11]).

In accordance with Lemma 2.1, to prove statement (iii), it remains to verify
Assumption 2.5.

LEMMA 4.1. If (t) is an arbitrary continuous function such that (t) W,
for all t e [0, S], u(t) is an arbitrary admissible control, and /(t) is the absolutely
continuous function satisfying the following relations: /(t) , for all t [0, S] and

(4.4) u e a,
then

max Ilk(t)- zll Vz e w,(4.5) te[o,s]max 11 9(t) yz(t, u(.), y)ll < c1
t[o,s]

where C1 is a constant.
Proof of the lemma. Let a be a positive number such that (a) 5 < 1. Divide

defdef
0,1,... N

def [Sa_l] TN+I S.the interval [0, S] by the points" TZ la,
On each interval [TZ,Tt+I], define the function y(T) as the solution to system (2.1)
obtained with the control u(-) and with the initial values y(Tt) /(Tt). Obviously,
this solution satisfies the equation

(4.6) Ytz(t) 9(’) + f2(z, y(T), U(T))dT.

Since the function 9(T) also satisfies the equality

(4.7) )(t) )(TZ) + f2(5(T), (T), U(T))dT,
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we may subtract it from (4.6) and obtain, using (2.7), that Ily(t)- l(t)l <_ LaA +
L ft ilylz(T I(T)IIdT, where A def

maxt[0,s] 115(t) zll. By virtue of the Gronwall-
Bellman lemma, from here it follows that Ily(Tl+l)- ](TI+I)I <_ naAeL,
0, 1,..., N- 1, which permits us to write

The solution yz(T, U(.), y) to the associated system satisfies the same equation as (4.6),
with the replacement of/)(Tt) by yz(l, u(.),y)). Subtracting it from (4.7), we have
that

IlYz(t, u(.), y) f/(t)l <_ Ana
1 5 + 1 + n IlYz(T, u(.), y)

Again applying the Gronwall-Bellman lemma, we obtain that

eLa
IlYz(t, U(’), y) )(t)l _< AnaeL

k, 1 5 + 1 vt e 0, 1,...,N,

which proves the lemma with C LaeL(eL/(1 --5)+ 1).
If we now take 2(t) de_r z E W, z z2 E W, from (4.5), it follows that

(4.8) Ilyzl(t,t(’),y)--yz2(t, lt(’),y)l C1]]z1- z2]l Vt > 0.

This inequality and the Lipschitz conditions (2.7) imply Assumption 2:5, and thus
the proof is complete.

Example 4.1. Suppose that

(4.9) f2(z, y, u) A2(z)y + B2(z)u + F2(z),

where A2(z), B2(z), F2(z) are matrices functions with

(4.10) [[eA()t[[ <_ e-t, a > 0 Vz e W.

This supposition provides the fulfillment of Assumptions 4.1 and 2.4 if P is chosen
as a compact set containing the trajectories of the associated system that begin in f
(see Example 3.1).

THEOREM 4.2. Under the conditions of Theorem 4.1, the SP problem is approx-
imated by the R problem if and only if there exists a solution z(t) to the A problem
such that, for almost all t [0, 1], the velocity vector k(t) is a quasi-stationary regime
point of the set Y(z(t)).

Proof. According to Lemma 2.2, to prove the theorem, we should verify the
fulfillment of Assumption 2.6. The uniqueness of the root (z, u) of (1.4) follows from
statement (ii) of Lemma 3.1. The continuity of the function (z, u) is established on
the base of the uniqueness just in the same way as in statement (iii) of the mentioned
lemma. If we take a constant control u(t) u, then, in accordance with (4.1),
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yz(t, u,y) - (z, u) as t tends to infinity. Taking such control and passing to the
limit in (4.8), we obtain that

Example 4.2. Consider the optimal control problem

(4.11) min{j01 (u2 y2)dtle2ij + ek9 + w2y u, u e U}, U de_=f {ullul <_ 1} C n1.

def def y2 theAfter the standard replacement of the variables y y, Y2 Y, u2
problem takes the form of the SP one, with fl, f2 defined as in Example 3.2 and with
G(z) z. The R problem takes here the form

(4.12)
1

min{z(1)[k- u2(1 ---), u e U}.

Under conditions (3.18), the optimal value of this problem is equal to zero. At the
l(1-1/w2k2)+O(c).same time, the control (3.19) delivers to the functional the value

Thus problem (4.12) does not approximate (4.11). In terms of the described formal-
ism, it is connected with that the boundary points of the limit set V are not quasi-
stationary regime (see Example 3.2). On the other hand, we may note that the gap
between the optimal values in (4.11) and (4.12) admits a clear mechanical interpre-
tation. Condition (3.18) postulates a relative smallness of the friction coefficient k
comparatively with the proper frequency w, which makes it possible to diminish the
value of the functional via the resonance oscillations of the variables. The example
was proposed as such in an interpretation by Pervozvansky.

In a general case, some boundary points of the set V(z) may belong to the set of
the quasi-stationary regime points, and some may not. So, since the velocity vectors
(t) of the solutions z(t) to the A problem belong to the boundary of the set V(z),
the R problem approximates the SP problem if, during the motion, the vectors (t)
remain among the boundary quasi-stationary regime points.

Naturally, the approximation takes place if the set V(z) consists of the stationary
regime points only.

TgEOREM 4.3. Under the conditions of Theorem 4.1, let the set f(z, Y(z), U)
be convex with any z E W, where f(z,y,u) de__f {fl(z,y,u),f2(z,y,u)}. Then the R
problem approximates the SP one.

Proof. The proof follows from Theorem 4.2 and Proposition 3.2.
Example 4.3. Suppose that relations (4.9), (4.10) take place, and, moreover, the

set U is convex and

(4.13) f (z, y, u) A (z)y + B1 (z)u -- F1 (z).

Then (see Example 3.4) the conditions of Theorem 4.3 are satisfied, and the SP
problem is approximated by the R problem. Note that similar results for the systems
linear in fast variables and controls were obtained via the boundary layer method in
Dmitriev [5], O’Malley [22], and Sannuti [26].

It is obvious that the statements of Corollary 2.1 are true under the conditions
of Theorem 4.1. These statements concern the optimal control problems with the
functional depending only on the slow variables. Let us consider which form is taken
by results in the problems with functionals

(4.14) inf (z(1), y(1)).
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The problem of minimization (4.14) on the set of the admissible trajectories of the sin-
gularly perturbed system (1.1), (1.2) is referred to as the SP-y problem to distinguish
it from that of minimization (2.10). The optimal value of this problem is denoted by
(I). We now show that the SP-y problem is approximated by the A problem with the
functional in (2.10) defined as follows:

(4.15) G(z) de2 min{(I)(z, r/)lr e (z)}.

THEOREM 4.4. Suppose that function (I)(z, y) is continuous and that the assump-
tions of Theorem 4.1 are true. Then ( -- Ga as e -- O, where Ga is the optimal
value of the A problem with G(z) defined as in (4.15). If z(t) is a solution to such an
A problem, an e-suboptimal control for the SP-y problem is constructed according to
the formula

t e [0,(4.16) u (t) t e [1 A, 1].

Here Uz(.)(t) is z-approximating control; A is an arbitrary function of e such that

(4.17) lim A O, lim e-1A (3o;
e--*0 e--0

uv(T is a control that when, using in the associated system (2.1), provides the validity
of the inequality

(4.18) Ilyz(1)(e-1) r(z(1))ll _< 2C(e-lAe),

where C is defined in (3.7); (z) is a solution to the minimization problem in the
right-hand side of (4.15); Yz(1)(T) is the solution to the associated system (2.1) taken
with z z(1) and considered on the interval [e-l(1 Ae) e-1] with the control Un(T
and with the initial values yz(1)(e-l(1- Ae) ye(1- Ae); ye(t) are y-components of
the solution {z(t),y(t)} to system (1.1), (1.2) obtained with the control u(.)(t) (the
existence of the control Un(T) follows from (4.3)).

Proof. The proof is given in 5.
Similar results for linear systems are obtained in Dmitriev [6], Dontchev [7], and

Pervozvansky, and Gaitsgory [23].
Let us note in conclusion that statements of Theorems 4.1 and 4.3 permit us to

interpret the fast variables as playing a role of some additional controls with respect
to the slow ones. Statement (iii) of Theorem 4.1 may be considered to establish
an asymptotic convexification of the slow variables velocities set. Being connected
with the opportunity to rapidly use oscillating controls and fast variables, this state-
ment is similar to those on convexification via sliding regimes or relaxed controls (see
Gamkrelidze [13], Warga [301, Young [31], and Artstein [11 for another type of cor-
relation between rapid oscillations and relaxed controls). Theorem 4.3 is close by its
form to the well-known Filippov theorem [8] on the existence of the optimal control.
It provides conditions "making unnecessary" the use of rapidly oscillating controls
and fast variables to improve the value of the functional.

Theorem 4.4 is also connected with the special role of the fast variables. With
the almost unchanged slow ones, they may reach a neighborhood of any point of the
limit reachability set of the associated system and, in particular, approximate "the
most profitable" point of this set defined as the solution to (4.15).
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5. Proofs of Lemma 2.1 and Theorem 4.4. During the proof of Lemma 2.1,
the following statement is used repeatedly.

PROPOSITION 5.1. Let Ne be a function of e with its values being natural numbers
tending to infinity as tends to zero. Then, if nonnegative numbers At satisfy the
inequality t/+

_
A --LIN[-1AI-F (e)N--1 with 0,1,...,k < N, they also

satisfy the inequality At <_ (e)LleL with O, 1,...,k + 1, where Ao de 0,
L1 > 0, (e) _> 0.

Proof. The proof follows from the fact that the numbers At satisfy the inequality
At _< /l, 0, 1,--., k + 1, where/l are defined via the difference equation/+1
+ LIN-It + (e)N-, /0 de.=f 0 and also from the estimate/t _< (e)nleL1

Proof of Lemma 2.1. For convenience, let us rewrite system (1.1), (1.2) in the
stretched timescale T te- as

(5.1)  fl(z, u, z(0) z0,

with T e [0, e-]. Let {Z(T), y(T)} be the solution to system (5.1), (5.2) obtained with
some admissible control u(T). We should construct a solution z(t) to the differential
inclusion (2.5), satisfying the inequality

max IIZ(T)- z(re)l _< #(e),
re[o,-I]

where #(e) tends to zero as e tends to zero.
Let us introduce the following notation:

defS a In e-; Tl 1S, O, 1,..., N def [(e)-1]; TN+I
where a positive number a is specified below. Compare vectors {Z(Tt)} with the
vectors zt defined as the solution to the difference equation

(5.4) Zl+l Zl nt- fl (Zt, Yz, (T), U(T))dT,
T

where yz,.(r) is the solution to the associated system (2.1) obtained on the interval
[rt, Tl+] with the control U(T) and the initial values yz(TZ)= y(TZ), and with z zt.
Denote by y()(r) the solution to the same system obtained with the same control
and with the same initial values, but with z Z(Tt). Subtracting (5.4) from the
relation

+
Ze(Tl+l) Ze(Tl) +e fi(Ze(T),ye(T),U(T))dT,

we may write
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where At de__f IIZ(Tt) Ztll, A0 de__f 0. From Assumption 2.5, it follows that

Tl+

11 (fl(Ze(Tt),yz(r,)(T),U(T))- fl(zl,yz,(T),U(T))ldT]] < CAt,ff.

By virtue of Assumption 2.3,

(.8) IIz()- z()ll _< eSM, VT e [rt, T/+I],

Using the Gronwall-Bellman lemma, we obtain from here that

Ily()- y(,)()ll-< LMeS2 eLs VT e [Tt, T/+I]

Tl+l

IlA(z(),y(r),u(r))-
T

< L(o)(M + LMSy).

We suppose in what follows that the coefficient a in the definition of the function S
satisfies the inequality a < L-1. Then, as may be easily verified, the right-hand side of
the last inequality is majorized with sufficiently small e by the function (eSe)e(1-La)/2
which, together with (5.7), permits us to rewrite (5.6) in the following form: At+l _<
At + CN[-IAt + e(-L’)/2N-, where it is also considered that eS _< N-1. Using
this inequality and Proposition 5.1, we may obtain that

tl de____f IIz(-) zll _< (1-Ltc)/2c-leC Vl O, 1,..., N.

In accordance with Assumption 2.1, there exist vectors vt E V(zt), 0, 1,..., N 1
such that the estimates IIS- (z+l fl(zt yzz (T) U(7"))dT vtll< g’(S) are true if e is
small enough. Define the sequence of the vectors as the solution to the equation

(5.10) t+ + e.Svt, O, 1,..., N 1; 0 dej O.

After subtracting it from (5.4), we obtain that

(5.11)
Ilzt+l (t+lll -< IIz (11 + so(s) < IIz (11 + N[-/(S)

IIz 11 < ,-r(s) w o, 1,..., N.

Define the piecewise linear function (t) according to the formula

((t) { + (t- t)v,
N-I A- (t- tN-I)VN-I,

t [tt,tt+l],l O, 1,...,N 2,
t [tN-, 1],
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defwhere t eT. Let us estimate the value p((t), V((t)). Note first that from (2.8)
it follows that

(5.12) max(llnllln e V(z)} M Vz e W,

and from (2.9) it can be derived that

p(V(z),V(z))
_

CIIz- zll Vz,z e w.

These relations provide the validity of the inequalities

dist((t), ((t))) dist(vt, ((t))) _< dist(vt, (zt)) + p((zt), (Q))
+p(V(Q), V((t))) <_ C(/(S) + SM)
Vt (tt,tt+),l 0, 1,... ,N 2; dist((t),V((t)))

<_ C(/(S) + 2eSM) Vt e (two-l, 1),

where p(., .) and dist(., .) are defined as follows:

p(Yl, Y2) de__f max{ sup dist(, V2), sup dist(r/, V1)}, dist(r/, V) de__f inf I1 ,fll.
nev ev. ’ev

From the obtained inequalities and Filippov’s result [9, Thm. 1], it follows that there
exists a solution z(t) to the differential inclusion (2.5) such that

max Ilz(t) (t)ll _< ec((S) + 2eSeM).
re[0,1]

This estimate, together with (5.11), (5.9), and (5.8), allows us to verify that the
indicated solution z(t) satisfies inequality (5.3) with #(e) O((S))+ O(e(1-L)/2).

Now let z(t) be an arbitrary solution to the differential inclusion (2.5), and let us

construct z-approximating control u(T). By virtue of (5.12),(5.13) we may write with
t 6 [tt,tt+], 0, 1,...,N- 1

2(t) e V(z(t)) c V(z(t)) + CIIz(t) z(tt)llN c V(z(t)) + CM(eS)-,

where is the closed ball in RTM with the center in the origin and with the unit

radius. Consequently,

(5.14)

Define the vectors vL, 0, 1,..., N 1 as the projections of the vectors

tl+

(eS) -1 (t)dt
dtt

def ftl+lonto the sets V(z(tt))" vl argmin{ll(S)-1 k(t)dt-vlllv V(z(tl))} Suppose
Jtt

that the control u(T) is defined on the interval [0, Tt], < N and extend its definition

to the interval (Tt, Tt+]. Denote by {Z(T), y(T)} the trajectory of system (5.1),(5.2)
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obtained with the use of the control U(T) on the interval [0, TL]. Define the control
U(T) on the interval (-L, T+I] as that providing the fulfillment of the inequality

(5.15) IIS-x fx (z(t), yz(h)(T), U(’))dT VII <_ 27(S,),

where yz(h)(T) is the solution to the sociated system obtained with the control
U(T) and the initial values y(h)(T) y(T) and with z z(t). The existence of
such control follows from Assumption 2.1. Thus the control U(T) can be defined
on the interval [0, N,]. On the interval [TN,, 1], we complete the definition in an
arbitrary way. Let us show that the trajectory {z(t),y(t)} of system (5.1),(5.2)
obtained with this control satisfies (5.3). Define the sequence {} the solution to
the difference equation (5.10) and subtract this equation from the relation z(t+l)
Z(tl) + Jtf+l k(t)dt. By virtue of (5.14), we obtain that

(5.16) IIz(tt) (11 CMeSe V1 O, 1,..., N.

Define the sequence of the vectors {zt} in accordance with (5.4). Subtracting (5.10)
from (5.4), we have that

z+-6+1 lz -6 +ss21[ Ii(z,z,(),())d

-S[ fl(Z(tt),yz(h)(T),U(T)dTII +eSellSj

Tl+l

I (;(t), ()(), ())d vll,

where Yz(t)(T) is the solution to the sociated system (2.1) obtained with the control
u(r), with the initial values y(h)(r) y(T) and with z z(t). om Assumption
2.5 and (5.16), it follows that

T

Cllz 611 + CMS.
Using this and (5.15), we may write

IIz+ 6+11 IIz 611 + Cy2111z 611 + (CMS + e(S))Y2,
which, on the bis of Proposition 5.1, permits us to establish that

(5.17) Ilz 61 C-I(CMS + 2(S))c W 0, 1,..., Y.

By just the same reoning above, we may verify the validity of (5.9), which,
together with (5.17), (5.16), (5.12), and (2.8), allows us to obtain (5.3).

Note that the proof considered is in many respects similar to that given in Plot-
nikov [25] for a particular ce where n2 1, (z, y, u) 1.
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Proof of Theorem 4.4. Again, it is more convenient to deal with the system in
the stretched timescale (5.1), (5.2), and we rewrite the functional (4.14) in the form

(5.18) inf (I)(z(-1), y(-l)).

Control (4.16) is rewritten in this timescale as

(5.19) U(T) { Uz(.)(T), T e [0, e--1(1- A)),
U(.)(T), T E [--1(1- A),-I].

Since the control U(T) coincides with z-approximating one Uz(.)(T) on the interval
[0, e-l(1 A)), from (5.3), (2.8), and (5.12), it follows that

max iIZe(T)- Z(1)II < 2MAc,
"r[-i (1--A),(-11

where {Z(T),y(T)} is the trajectory of (5.1), (5.2) obtained with control (5.19). On
the basis of Lemma 4.1 and (4.18), we may write

Ily(e-1) (z(1))ll < IIye(-1) yz(1)(--l)ll-3t- IIyz(1)(-1 r/(z(1))ll
< C(p(e)+ 2M(e))+ 2C(e-le).

From this and from (5.20), it follows that the value of the functional (5.18) obtained
with control (5.19) tends to Ga as e. tends to zero, as follows:

(5.21) lim (I)(ze(’-l), ye(-l)) 0(z(1), (z(1))) de__f
e---0

Now let 5(T) be an arbitrary admissible control and {5(T), (T)} the corresponding
trajectory of system (5.1), (5.2). According to Theorem 4.1, there exists a solution
2(t) to the differential inclusion (2.5), which satisfies the following inequality similar
to (5.20):

(5.22) max IIh (T)- 2(1)11 < 2MA.
T[e-l(1--A),e-1]

Denote by y2(1)(T) the solution to the associated system (2.1) obtained when using
the control fi(T) on the interval [e-l(1- A), e-1] with the initial values y(1)(e-l(1-
A)) (e-l(1 A)) and with z (1). By virtue of Lemma 4.1 and (5.22),
II(e-1) y(1)(e-1)ll _< Cl(#(e) + 2MA). On the other hand,

y2(1)(-1) e Y((1), e-lAe, 9e(e-l(1- A))),

and, in accordance with (4.3), there exists a vector e Y(5(1)) such that

y2(1)((y-1)ll < 2C(e-lAe) = )(-l)ll _< 2C(e-lAe) + Cl(() + 2MAe).

Since ((1), ) k Ga, from (5.22), (5.23), it follows that

lim inf O(e(e-1), e(e-1)) lim inf (5(1), ) k Ga.
e0 e0

As {2(T),I)(T)} is an arbitrary admissible trajectory of system (5.1), (5.2), we ob-
tain from here that lim_.0inf > Ga, which, together with (5.21), completes the
proof. [:]
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ON THE TIME-VARYING RICCATI DIFFERENCE EQUATION OF
OPTIMAL FILTERING*

GIUSEPPE DE NICOLAOt

Abstract. This paper studies the time-varying Riccati difference equation (RDE) for the filtering problem.
In particular, existence, stabilizability, and attractiveness properties of the real symmetric solutions that
remain bounded on (-o, +oo) (infinite-time solutions) are investigated. Under the assumption of uniform
detectability, conditions for the existence of the maximal and stabilizing solutions are given. Analogous
results are worked out for the minimal and antistabilizing solutions by making reference to the uniform
antidetectability notion. Moreover, it is zhown that, under uniform observability, the set of all symmetric
infinite-time solutions constitute an infinite number of lattices with common minimal and maximal elements.

Key words. Riccati difference equation, linear time-varying systems, Kalman filtering, optimal control,
stabilizability and detectability
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1. Introduction. Since the early 1960s, it has become clear that the matrix Riccati
equation is the keystone of a number of filtering and control problems. Thirty years
later, due to the effort of a multitude of authors, the theory of the time-invariant Riccati
equation, although yet in progress, appears rich and consistent. It would be beyond
the scope of the present Introduction to mention all the relevant contributions, and
the following summary does not advance any claim of completeness. To make life
easy, we will only refer to the Riccati equation for the filtering problem, taking for
granted that the results extend by duality to the optimal control Riccati equation.

In the pioneering works of Kalman 1] and Bucy [2], the algebraic Riccati equation
(ARE) was investigated under the assumptions of controllability and observability to
derive the uniqueness ofthe symmetric positive semidefinite (SPS) solution, the stability
of the closed loop system, and the asymptotic convergence properties. The relaxation
of these hypotheses to the weaker ones of stabilizability and detectability is due to the
works of Wonham [3] and Kucera [4], in continuous time, and Caines and Mayne I-5]
in discrete time. Starting from the early 1970s, there was a growing interest in the study
of the nonstabilizable case. We can mention the contributions of J. C. Willems [6],
Martensson [7], Kucera [8], Molinari [9], and, more recently, Callier and J. L. Willems
[10], Chan, Goodwin, and Sin [11], and De Souza, Gevers, and Goodwin [12]. In the
nonstabilizable case, the ARE admits more than one SPS solution, and the problem
of the classification of the solutions arises. It has been shown that under detectability
assumptions, a maximal solution exists, and conditions for this solution to be stabilizing
have been provided. The convergence of the SPS time-varying solutions of the time-
invariant differential or difference Riccati equation toward the SPS solutions of the
ARE was also studied. The classification of all the real symmetric solutions (positive,
negative, or even nondefinite) of the ARE calls for the works of J. C. Willems [6],
Coppel [13], Callier and J. L. Willems [10], and Shayman [14]. A major result was
the characterization of all the real symmetric solutions as a distributive lattice having
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the maximal and minimal solution as extremal elements. When we turn to the time-
varying Riccati equation, much of the richness of the time-invariant case is lost. By
suitably defining the notions of uniform reachability and observability, Kalman [1]
and Bucy [2] (Deyst and Price [15] for the discrete-time case) showed that their main
results also hold true in the time-varying case. Indeed, they proved that, under these
assumptions, there is a unique SPS "moving equilibrium" and that the closed-loop
system is asymptotically stable for any solution, independently of the (SPS) initial
condition. An attempt to extend the RDE analysis with stabilizability and detectability
to the time-varying discrete-time case was made by Hager and Horowitz [16] and
Anderson and Moore [17]. The major contributions in [17] were (a) the exploration
of equivalent definitions of uniform stabilizability and detectability; (b) the demonstra-
tion of a time-varying version ofthe Lyapunov lemma under stabilizability assumptions;
and (c) the exponential stability of the closed-loop system under stabilizability and
detectability. Only recently, in the context of continuous-time infinite-dimensional
systems, Da Prato and Ichikawa [18] have established some existence and convergence
results for the SPS solutions of the time-varying Riccati equation. In particular, a
necessary and sufficient condition for the existence of a bounded SPS solution has
been proved together with some results relative to the stabilizing and maximal solutions.
However, to the author’s knowledge, the study of the negative semidefinite solutions,
together with the notions of minimal and antistabilizing solution and the classification
of all the symmetric solutions, has remained an unexplored region, at least for the
most general time-varying case. Only for the class of periodically time-varying systems,
the theory of the periodic Riccati equation appears almost as complete as its stationary
counterpart; see, e.g., [19]-[22].

The purpose of this paper is to fill some of the gaps between the theory of the
stationary RDE and the theory of the time-varying RDE. The analysis will be carried
out only in discrete time, but a derivation of the analogous continuous time results
should, in principle, be possible. The attention will be focused on the solutions
remaining bounded on (-oo, +oo), which will be termed "infinite-time" solutions.
Conversely, the solutions that are obtained starting with a given initial condition will
be called "finite-time solutions." The symmetric infinite-time solutions will be shown
to enjoy many of-the properties that in the stationary case characterize the constant
solutions of the RDE. In particular, uniform detectability and stabilizability guarantee
the existence of a unique SPS infinite-time solution, which is attractive for all the SPS
finite-time solutions. When the stabilizability assumption is removed, the uniqueness
falls. However, it can be proved that a maximal infinite-time solution exists and is
attractive for a certain set of finite-time solutions. By means of a device that allows us
to reduce the study of the symmetric negative semidefinite (SNS) solutions of the RDE
to the study of the SPS solutions of a suitably modified RDE, the SNS solutions are

explored, also. In this context, the notions of antistabilizability, antidetectability, SNS,
antistabilizing, and minimal solution take the place of stabilizability, detectability,
SPS, stabilizing, and maximal solution. Finally, a classification of all the symmetric
solutions is provided. It is shown that, under certain assumptions, the set of all
symmetric infinite-time solutions can be grouped in an infinite number of isomorphic
distributive lattice that share the same maximal and minimal elements (the maximal
and the minimal solution, respectively).

The layout of the paper is as follows. In 2 some preliminary definitions are given
and the notion of "infinite-time" solution is introduced. Sections 3 and 4 are devoted
to the SPS and SNS solutions, respectively. In 5 the results of the previous sections
are put together to give a comprehensive picture of all the symmetric solutions and
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the lattice structure is proved. Finally, the Appendix includes a number of auxiliary
lemmas that are employed throughout the paper.

2. Preliminaries.
2.1. Structural properties. Consider the following discrete-time, time-varying,

linear system:

(la) x(t + 1)= A(t)x(t)+ v(t),

(lb) y(t) C(t)x(t)+ w(t),

where A(t) Z--> Rn", B(t) Z--> Rnxm, C(t) Z--> Rpin are bounded matrices on
(-oo, +oo), and v(. and w(. are independent zero-mean white noises having bounded
covariance matrices Q(.) and R(.), respectively, with Q(t)-> 0 and R(t) > 0, for
all t. Moreover, it will also be assumed that R(. )-1 is bounded. The transition matrix
of A(t) will be denoted by (t2, tl), t2 tl.

A first important notion regarding system (1) is provided in the following definition.
DEFINITION 1 (exponential stability). A(.) is said to be exponentially stable on

[to, I] if there exist positive constants a and/3 such that

II( t2, tl)ll < a e-t(’z-tl, to <-- tl < t2 <-- tf.

A(. is said to be exponentially stable if it is exponentially stable on (-o, +).
The above definition looks unusual. However, it will prove useful later in discussing

the exact statement of the Lyapunov lemma.
It is well known that the notion of stability plays a key role in the analysis of SPS

solutions ofthe RDE. It will prove that, when analyzing the SNS solutions, an analogous
role is played by the antistability notion.

DEFINITION 2 (exponential antistability). A(.) is said to be exponentially anti-
stable on [to, tl] if A(t) is nonsingular for t[to, ts], and A(.)-I is exponentially
stable on to, ts ].

A(.) is said to be exponentially antistable if it is exponentially antistable on
(-, +).

In the stud of filtering and control problems, suitable modifications ofthe concepts
of reachability and observability, under the names of uniform reachability and uniform
observability, have proved particularly effective; see, e.g., 1 ]. For stationary systems,
stabilizability and detectability can be seen as the natural relaxations ofthe controllabil-
ity and observability notions. To extend to time-varying systems some results already
known for the time-invariant case, the notions of uniform stabilizability and detectabil-
ity were introduced in [16], [17]. In particular, in the latter reference, an exploration
of equivalent definitions, together with an analysis of the duality between stabilizability
and detectability, was carried out. In the following, we will use the uniform stabilizabil-
ity criterion reported below. The definition of uniform antistabilizability is also
introduced.

Uniform stabilizability and detectability criterion [17]. The pair (A( ), B( ))
[(A(. ), C(. ))] is uniformly stabilizable (detectable) if and only ifthere exists a bounded
matrix function K(. such that A(. )+ B(. )K(. [A(. )+ K(. )C(. )] is exponentially
stable.

DEFINITION 3 (uniform antistabilizability and antidetectability). The pair
(A(.), B(. )) [(A(. ), C(. ))] is said to be uniformly antistabilizable (antidetectable) if
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there exists a bounded matrix function K(.) such that A(.)+B(.)K(.) [A(.)+
K (.) C (.) is exponentially antistable.

It can be shown that uniform reachability (observability) implies both uniform
stabilizability (detectability) and uniform antistabilizability (antidetectability). In other
words, if the pair (A(.), B(. )) is uniformly reachable, it is simultaneously uniformly
stabilizable and antistabilizable.

Remark 1. Recently, in [23], a counterexample was adduced that seemed to infirm
the uniform stabilizability criterion. Precisely, it was claimed that uniform stabilizabil-
ity, as defined in [17], does not imply the existence of an exponentially stabilizing
gain. In point of fact, as shown in [24], the time-varying pair (A(.), C(. )) considered
in the counterexample, in contrast to the assertion of [23], does not satisfy the uniform
detectability definition given in [17], so that the purported confutation is not valid.

2.2. Lyapunov and Riccati equations. It is well known that the state covariance
matrix Var Ix(t)] obeys the following Lyapunov difference equation (LDE):

(2) X( + 1) A( t)X( t)A( t)’ + Q( t).

Precisely, assume that X(to) is a random variable independent of v(t) and w(t), => to,
and let X(to) Var X(to). Then, X(t) Var [x(t)], => to.

The problem of finding the optimal (in the mean square sense) one-step prediction
x(t + lit) is solved by means of the optimal Kalman predictor

x(t + 11 t)= F(t)x(t t- 1)+ K(t)y(t), F(t) A(t)- K(t)C(t),

K(t)= A(t)X(t)C(t)’[C(t)X(t)C(t)’+ R(t)]-’,

where X(t) is the solution of the RDE

(3)
X(t+ 1)= A(t)X(t)A(t)’+ Q(t)

-A(t)X(t)C(t)’[C(t)X(t)C(t)’+ R(t)]-C(t)X(t)A(t) ’,

with initial condition X(to)= Var [X(to)]. The matrix function F(.) is the so-called
closed-loop matrix, whereas K (.) is the celebrated Kalman gain. For each -> to, X(t)
provides the variance of the state prediction error.

In the stationary case, a vast amount of literature has flourished around the
constant solutions of the RDE, which satisfy the so-called algebraic Riccati equation
(ARE). Indeed, whenever such constant solutions are attractors for a class of noncon-
stant solutions, they provide an appealing tool for designing suboptimal constant
predictors. Moreover, significant links between the constant solutions of the RDE and
problems like spectral factorization and stochastic realization have been pointed out.
It would seem that in the time-varying case there are no "privileged" solutions of the
RDE, since all solutions are time-varying. However, for the particular class of periodi-
cally time-varying systems, it has been demonstrated that the periodic solutions of the
periodic RDE play the same role as the constant solutions of the constant RDE
[19]-[22]. In this paper, it will be shown that the analogy can be extended to the most
general case of arbitrarily varying systems. Precisely, the time-varying equivalents of
the constant solutions are provided by the solutions of the RDE that remain bounded
on (-, +). This leads to the following definitions, where the expressions "finite
time" and "infinite time" refer to the initial condition.
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DEFINITION 4 (finite-time solution of the RDE and LDE). By finite-time solution
X(.) of the RDE [LDE], we mean a bounded matrix function X(.) defined over
[to, +), which satisfies the RDE [LDE].

DEFINITION 5 (reversed finite-time solution of the RDE and LDE). By reversed
finite-time solution X(.) of the RDE [LDE], we mean a bounded matrix function
X(.) defined over (-c, to], which satisfies the RDE [LDE].

DEFINITION 6 (infinite-time solution of the RDE and LDE). By infinite-time
solution X(. of the RDE [LDE], we mean a bounded matrix function X(. defined
over (-, +c), which satisfies the RDE [LDE].

In the following, we will mainly deal with infinite-time solutions. Therefore,
whenever not explicitly stated, "solution of the RDE" will mean "infinite-time solution
of the RDE."

As already mentioned, some solutions of the ARE may enjoy the property of
being attractive for a set of time-varying solutions. For example, in the stationary case,
it is well known that, under stabilizability and detectability assumptions, all the SPS
solutions of the RDE asymptotically converge to the unique SPS solution of the ARE.
An extension of this notion to the time-varying case traces back to 1], where the term
"moving equilibrium" was coined to denote the attractive time-varying SPS solution
that exists under uniform reachability and observability. In our investigation of the
convergence properties of the solutions of the time-varying RDE, the following gen-
eralization of the notion of moving equilibrium will prove useful.

DEFINITION 7 (moving equilibrium).
(i) An infinite-time solution X(.) of the RDE [LDE] is said to be a moving

equilibrium for a certain set S of finite-time solutions of the RDE [LDE] if,
for any finite-time solution X(.) S, limt_ X(t) X(t) 0.

(ii) An infinite-time solution X(.) of the RDE [LDE] is said to be a moving
equilibrium for a certain set S of reversed finite-time solutions of the
RDE [LDE] if, for any reversed finite-time solution X(. ) S, limt__ X(t)-
X(t) :0.

2.3. Extended Lyapunov lemma. In the stationary case, it is well known that there
is a strict relationship between the stability properties of system (la) and the constant
SPS solutions of the LDE. Such a relationship is clarified by the renowned Lyapunov
lemma, which, in its more general formulation, holds under the stabilizability assump-
tion. The extension of the Lyapunov lemma to the time-varying case is provided in
[25], under uniform reachability, and [17], under uniform stabilizability. By making
reference to the notion of infinite-time solution, such a lemma can be given the following
formulation.

LEMMA 1 (extended Lyapunov lemma). Suppose that (A(.), Q(.)) is uniformly
stabilizable and A(. and Q(. are bounded. Then, if there exists an infinite-time SPS
solution X(.) of the LDE (2), A(.) is exponentially stable. Conversely, if A(.) is

exponentially stable, there exists a unique infinite-time SPS solution X(. of the LDE.
Remark 2. Note that in [17] the Lyapunov lemma is correctly stated for the dual

of (2), whereas the statement relative to (2) is imprecise 17, Thm. 4.3]. Indeed, it says
(correctly) that, under uniform stabilizability, the existence of a finite-time SPS solution
of the LDE on to, +) implies the exponential stability of A(. on to, +). However,
it is not true that the exponential stability of A(. on to, +c) entails the existence of
a unique finite-time SPS solution of the LDE on [to, +). A counterexample can be
easily found by taking A(t)=0.5, Q(t)= 1, for all t, and two different SPS initial
conditions for X(to): each of the initial conditions gives rise to a different bounded
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solution of the LDE. If the uniqueness of the solution is to be preserved, the correct
statement would be as follows:

Suppose that (A(.), B(.)) is uniformly stabilizable and A(. and B(.
are bounded. Then, if there exists a reversed finite-time SPS solution X(. of
the LDE (2) on (-oo, to], A(. is exponentially stable on (-oo, to]. Conversely,
if A(. is exponentially stable on (-oo, to], there exists a unique reversed
finite-time SPS solution X(. of the LDE on (-oo, to].
Then, by taking the limit for to--> oo, Lemma 1 is obtained.
Finally, note that, if A(. is exponentially stable, the infinite-time solution of the

LDE proves to be a moving equilibrium for the set of all SPS finite-time solutions.

3. Maximal and nonnegative solutions. The present section will be devoted to the
analysis of the nonnegative definite solutions of the RDE under the hypotheses of
stabilizability and detectability, as well as detectability alone. We begin with two basic
definitions.

DEFINITION 8 (maximal solution). A symmetric infinite-time solution X/(.) of
the RDE is said to be maximal if, for any symmetric infinite-time solution X(.) of
the RDE, X/( t) X( t) >- O, for all t.

DEFINITION 9 (stabilizing solution). A stabilizing solution is an infinite-time
symmetric solution X(. of the RDE such that the corresponding closed-loop matrix
F(. is exponentially stable on (-oo, /oo). A finite-time stabilizing solution is a sym-
metric finite-time solution X(. of the RDE on [to, /oo) such that the corresponding
closed-loop matrix F(. is exponentially stable on [to, /oo).

Below, a sufficient condition for the existence of the maximal solution will be
proved. Such a condition can be seen as an extension of a time-invariant result [7],
[8]. However, differently from [7] and [8], herein the demonstration calls for a
quasi-linearization (Newton) technique. The application of the Newton algorithm to
the ARE traces back to [26], [27] for the continuous-time case, and [5], [28] for the
discrete-time one. In all these papers, controllability and observability assumptions
(sometimes relaxed to stabilizability and detectability) were made, so as to ensure the
existence of a unique SPS solution of the ARE. In [6] it was pointed out that, under
the sole hypothesis of observability, the Newton algorithm converges to the maximal
(minimal) solution of the continuous-time ARE whenever it is started with a stabilizing
(antistabilizing) gain. As for the time-varying case, we refer to [29], where, under the
hypotheses of uniform reachability and uniform observability that guarantee the
existence of a unique SPS moving equilibrium, the convergence of the quasi-lineariz-
ation technique to such an equilibrium is proved. Finally, in a recent paper on the
periodically time-varying difference Riccati equation [22], the sole-detectability has
been shown to be a sufficient condition for the convergence of the Newton method to
the periodic maximal solution. We generalize this result to the time-varying case by
means of the following result.

THEOREM 1. Let (A(.), C(’)) be uniformly detectable and consider the sequence
of LDEs

(4) Xi+(t+l):Ai(t)Xi+l(t)Ai(t)’+Q(t)+Ki(t)R(t)Ki(t)’, i>-O,

where

Ai( t) A( t) K,(t)C(t), >: O,

K,(t) A(t)Xi(t)C(t)’[R(t)/ C(t)Xi(t)C(t)’]-1
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and Ko(" is chosen so as to ensure the exponential stability of Ao(" ). Then,
(i) For each > O, (4) admits a unique real symmetric solution Xi/l(" ). Moreover,

this solution is SPS and such that Ai/l(" is exponentially stable;
(ii) For any t, {Xi(t)) is a nonincreasing sequence that, for i-oo, converges to

X(. ), where X(. is an infinite-time solution of the RDE (3);
(iii) 3’(-) coincides with the maximal solution X/( ).
Proof. The proof of points (i) and (ii) is completely analogous to the proof of

[22, Thm. 3], where a parallel result is established for periodic systems. The only
difference is the use of the time-varying extended Lyapunov lemma in place of its
periodic version. As for point (iii), consider any symmetric solution X(. of the RDE
and let Y;(t)- Xi/( t) X( t). Then, from (3) and (4) it can be seen that Y(.) is a
symmetric solution of the following LDE:

Y( + 1) A,( t) Y( t)A,( t)’ + [K,(t) K (t)][ C( t)X( t)C( t)"+ R( t)] Ki( t) K t)]’.

In view of point (i), A(.) is exponentially stable, so that the extended Lyapunov
lemma implies that Y(t) is positive semidefinite for each t. Consequently, X(t)-
X(t) lim_ Y(t) is also positive semidefinite for each t.

The attention is now focused on the stabilizing solution and its relationships with
the maximal one. Ifthe RDE admits a stabilizing solution, we can use the corresponding
Kalman gain to initialize the quasi-linearization procedure. This straightforwardly
leads to the following result that, with reference to the infinite-dimensional and
continuous-time case, can also be found in [18].

PROPOSITION 1. The stabilizing solution of the RDE (3) (if any) coincides with the
maximal solution and (therefore) is unique.

Detectability is clearly a necessary condition for the existence of a stabilizing
solution, but it is not sufficient. For example, in the theory of the time-invariant RDE,
we must add the hypothesis that there are no (A, B)-unreachable eigenvalues on the
unit circle to have a sufficient condition; see, e.g., [11], [12]. Although analogous
sufficient conditions are available for the periodically time-varying case [21], the
extension of this kind of result to the most general time-varying RDE appears difficult.
However, it is still possible to provide a more restrictive sufficient condition that relies
on detectability and stabilizability. The analysis of the Riccati equation under these
hypotheses dates back to the papers by Wonham [3] and Kucera [4] on the ARE. The
main result states that stabilizability and detectability constitute a necessary and
sufficient condition for the existence of a unique SPS solution of the ARE and the
stability of the closed-loop matrix. Moreover, such a solution of the ARE was shown
to be attractive for all the SPS solutions of the associated RDE. When passing to the
time-varying case, we must recall a result of Kalman [1]" uniform reachability and
uniform observability guarantee the existence of a unique moving equilibrium, which
is, in fact, stabilizing. The relaxation of the assumptions to uniform stabilizability and
detectability is not difficult, thanks to the following result, which was proved in 17].

THEOREM 2 (Anderson and Moore [17]). If (A(.), C(. )) is uniformly detectable
and (A(.), Q(. )) is uniformly stabilizable, then every SPS (finite-time as well infinite-
time) solution X(. of the RDE is stabilizing.

We are now in a position to give a sufficient condition for the existence of the
stabilizing solution, as well for its attractiveness.

THEOREM 3. If (a(" ), C(. )) is uniformly detectable and (A(. ), Q(. )) is uniformly
stabilizable, then the RDE admits a unique SPS solution, which is, in fact, stabilizing.
Moreover, such a solution is a moving equilibrium for all the SPS finite-time solutions of
the RDE.
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Proof. The stabilizing property follows directly from Theorem 2. Any SPS solution
being stabilizing, Proposition 1 implies that the SPS solution is unique and maximal.
We now prove that the solution X/( is a moving equilibrium. Indeed, let X(. be
any SPS finite-time solution of the RDE. It can be seen that

X+(t + 1) X(t + 1) F+( t)[X+(t) X( t)]F( t)’,
where F/(.) and F(.) are the closed-loop matrices relative to X/(.) and X(.),
respectively. Since F/( and F(. are exponentially stable, X/(t)-X(t) asymptoti-
cally goes to zero for . Indeed, denoting by @v+(t, to) and F(t, to) the transition
matrix of F/(t) and F(t), respectively, it follows that

IIx/(t)-X(t)ll <-_ II+(t, to)[[ [[X+(to)-X(to)[[ II(t, to)’[I,
where both IIcI,,+(t, to)ll and II,(t, to)ll tend to zero for t-> oo. [3

Finally, we will characterize the moving equilibrium property of the maximal
solution in the nonstabilizable case. As seen in the previous theorem, the convergence
analysis of the solutions of the RDE under stabilizability and detectability is made
easy by the fact that every (finite-time or infinite-time) solution is stabilizing. Conversely,
the difficulties in the nonstabilizable case are witnessed by the fact that, until recently
11 ], 12], there had been no systematic study even for the time-invariant RDE. Theorem

4, below, extends to the time-varying RDE a result relative to the stationary case,
which can be found in 12, Thm. 4.2]. In the proof, the following lemma will be needed.

LEMMA 2. Consider two RDEs (3) with the same A(. ), C(. ), and R(.) matrices
but possibly different Q(. matrices and possibly different initial conditions. Let the
solutions to these RDEs be written as

X( + 1) A( t)Xi( t)A( t)’ + Qi( t)

-A(t)X(t)C(t)’[C(t)X(t)C(t)’+ R(t)]-lc(t)Xi(t)A(t) ’,
with Xi( to) Xi,o, 1, 2. Then, Xl,o>_- X2,0 and Ql(t) >= Qe( t), >-_ to, imply that X( t) >-
Xe(t), - to

Proof. The proof is completely analogous to the proof given in [30] for the
time-invariant version of the same lemma, and is therefore omitted. Note that the proof
in [30] relies on a result originally proved by Nishimura [31] in a time-varying context.

THEOREM 4. Assume that (A( ), C( )) is uniformly detectable and let X+( denote
the maximal solution. Then, if X(. is a finite-time solution of the RDE with initial
condition X(to) Xo>= X+(to), limt_ooX(t)-X+(t)=0.

Proof. The proof is inspired by [12], where an analogous result is proved in the
time-invariant case. Consider the family of RDEs

Xk( d- 1) A( t)Xk( t)A( t)’ + Qk( t)
-A( t)Xk( t)C( t)’[ C( t)Xk( t)C( t)’ + R( t)]-1C(t)Xk(t)A(t)’,

(5) Xg(to)=Xo,

1
Qk( t) Q( t)+ I, k 1, 2,.’..

Then, in view of Lemma 2, we have

X+(t)<-X(t)<-X,+,(t)<-Xk(t), t>=to, k:l,2,’".

By the definition of Q(t), (A(.), Qk(" )) is uniformly stabilizable. Then, by Theorem
3, limt. Xk(t) X(t), where X{(. is the maximal solution of (5). It is not difficult
to see that

X+(t)<X+ ++,(t)<-X(t) Vt, k= 1,2,....
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Now, we take the limit for k-oo. X-(t) is monotonically nonincreasing (in the sense
that X-+(t)<-_X-(t)) and bounded below by X+(t). Hence, there exists some .(.)
such that limk_ooX-(t)--(t)=0, for all t. Recalling (5), such a limit 3(.) proves
to be an infinite-time solution of the RDE (3). Moreover, ;( t) >= X/( t), for all t.
Therefore, X/( being maximal, .,’(. )= X/( ). It follows easily that lim,_oo X(t)-
x+() =0.

An analogous convergence result can be found in [18, Prop. 3.2], where the
attractiveness from above of the stabilizing solution is established. Apart from the fact
that [18] refers to a different context (infinite-dimensional, continuous-time, Riccati
equations), Theorem 4 is therefore more general, in that the stabilizing solution, if
any, is maximal, but the maximal" solution is not necessarily stabilizing.

4. Minimal and nonpositive solutions. In this section, the nonpositive solutions of
the RDE will be considered. The aim is to derive a set of results parallel to those
established in the previous section. The key notions will be antidetectability and
antistabilizability, as well as the notions of minimal and antistabilizing solution that
are given below.

DEFINITION 10 (minimal solution). A symmetric solution X-(. of the RDE (3)
is said to be minimal if, for any symmetric solution X(. of the RDE, X-(t)-X(t) <-0,
for all t.

DEFINITION 11 (antistabilizing solution). A symmetric solution X(. of the RDE
is said to be antistabilizing if the corresponding closed-loop matrix function F(. is
exponentially antistable.

The analysis will be carried out by showing that there is a one-to-one correspon-
dence between the nonpositive solutions of the RDE (3) and the nonnegative solutions
of a suitably redefined RDE. In the continuous-time case, such a correspondence
would be easily established by simply reversing the time axis. Given a Riccati differential
equation characterized by (A(t), Q(t), C(t), R(t)), consider the "reversed" Riccati
differential equation corresponding to (-A(-t), Q(-t), C(-t), R(-t))" if X(t) is an
SNS solution of the original Riccati equation, -X(-t) is an SPS solution of the
"reversed" equation, and vice versa. In discrete time, as shown below, the correspon-
dence is not so easily worked out, and some technicalities are required. From now on,
it is implicitly assumed that A(.)- exists and is bounded. Some discussion on the
merits of such assumption can be found at the end of this section. First, let us define
the "reversed system."

DEFINITION 12 (reversed system). Assume that A(t) is nonsingular for each
and let

(6a) .(t)= A(-t)-,
(6b) ((t) A(-t)-1Q(-t)A(-t) -1’,

(6c) C(t)=C(-t+l),

(6d) R(t)=R(-t+l).

Then the reversed system associated with system (1) is

(7a) ( + 1) A( t)(t) + 7(t),

(7b) 97(t) C( t):[.( t) + (t),

where (.) and if(.) are independent zero-mean white noises having covariance
matrices 0(" and/(. ), respectively.
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Observe that, if (r)=X(--r+ 1), (t)=--(t)v(--t), and (t)= w(-t+ 1), t_> z,
then 2(t)=x(-t+ 1) and (t)=y(-t+ 1), for each t-> z. In other words, the reversed
system is nothing but a representation of system (1) when the time axis is reversed.
Note also that by reversing system (7), we turn back to the original system (1).

Associated with the reversed system (7) is the following reversed Riccati difference
equation:

(t / 1) (t)(t)(t)’/ ((t)
(8) -,(t)’(t)( t)’[(t)(t)(t)’+/ (t)]-(t)’( t)A( t)’.
To clarify the relationships between the solutions of (8) and (3), we first provide a
result on the structural properties of (7). The proof is straightforward and is therefore
left to the reader.

PROPOSITION 2.
(a) Matrix ,(. is exponentially stable (antistable) if and only if A(. is exponen-

tially antistable (stable).
(b) The pair (,(.), 0(’)) [(,(’), ((’))] is uniformly reachable (observable) if

and only if the pair (A(. ), Q(.)) [(A(.), C(.))] is uniformly reachable
(observable).

(c) The pair (A(.), Q(. )) is uniformly stabilizable (antistabilizable) if and only if
the pair (A(.), Q(. )) is uniformly antistabilizable (stabilizable).

(d) The pair (,( ), ( )) is uniformly detectable (antidetectable) ifand only if the
pair (A(.), C (.)) is uniformly antidetectable (detectable).

We are now in a position to prove the following theorem that establishes a
one-to-one correspondence between the SPS (SNS) solutions of (8) and the SNS (SPS)
solutions of (3).

THEOREM 5. Assume that A(t) is nonsingularfor each t. Let Y(-t + 1) -X(t), and

(9) ’(t + 1)- ,(t) Y(t)(t)’+ O(t).
Then

(a) (.) is an SPS (SNS) solution of the RDE (8) if and only fiX(.) is an SNS
(SPS) solution of the RDE (3);

(b) Denoting by K(.) the Kalman gain associated with an SNS (SPS) solution
X(.) of the RDE (3) and letting I(t)=(t)f(t)(t)’[(t)ff(t)(t)’+

(t) ]-1, the closed-loop matrix A(. K (.) C (.) is antistable (stable) if and
only if the closed-loop matrix (. I7((. (.) is stable (antistable);

(c) Letting XI(" ), X2(" be two SNS (SPS) solutions of the RDE (3) and 1(’),
2(" ), the correspondin SPS (SNS) solutions of the RDE (8), XI(" )-> X2(.
if and only if X1 (") <- X2(. ).

Proof of (a). Assume that X(. is an SNS solution of the RDE (3). Then

V(t) -(t)-1Y(t + 1)(t)’-I + (t)-i ((t)(t)
-(t)-1Y(t + 1)(t / 1)’[/(t / 1)- (t / 1) Y(t / 1) ((t / 1)’] -1

(t+ 1) Y(t+ 1)(t) ’-1,
which implies that

(10) ’(t) Y(t)/ Y(t)(t)’[_(t)-(t) Y(t)(t)’]-l(t) Y(t).

Now, in view of Lemma A1 (in the Appendix), (t)-(t)Y(t)?(t)’>O. Therefore,
from (10) and Lemma A2, it follows that

(11) Y(t)- f(t)- f(t)(t)’[!(t)/ (t)f(t)(t)’]-l(t)f(t).
By substituting this expression in (9), it is easy to see that (. satisfies the RDE (8).
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Conversely, suppose that X(. is an SPS solution of the RDE (8). From (8) and
(9), it follows that (11) holds. Now, in view of Lemma A3, (10) holds, also, so that
by substituting (10) into (9), X(. is easily shown to satisfy the RDE (3).

As for the SPS solutions of the RDE (3), recall that the reversed system associated
with (7) coincides with system (1). Therefore, there also exists a one-to-one correspon-
dence between the SPS solutions of (3) and the SNS solutions of (8).

Proof of (b). Let us consider an SNS solution X(.) of (3). First, note that the
invertibility of A(t) and Lemma A4 imply that (t)-(t)(?(t) is nonsingular, for
all t. By resorting to the matrix inversion lemma,

.(t) --/(t)(t) [[1 +(t)( t)’J (t) -1(t)]( t)-l]-.
Define F(-t+l)=[I+2(t)(?(t)’(t)-(?(t)]. Note that, since 2(.), (.), and
/(.)- are bounded, F(.)- is bounded. As seen above, expression (10) holds true.
Then, the matrix inversion lemma implies that

2( t)(( t)’/ (t)-’ ((t)
=[ Y(t) + Y(t)(t)’[(t)-(t)Y(t)(t)’]-a(t)Y(t)](t)’(t)-’(t)
Y(t)( t)’[/ (t) (t) Y( t)( t)’] -1 (t).

Therefore,

F(t) I-X(t)C(t)’[R(t)+ C(t)X(t)C(t)’]-lC(t) and

fi(t)-I(t)((t)=A(-t)-lF(-t+ 1) -1.
Denote by (k, s) and (k, s) the transition matrices relative to A(. )- K(. )C(.
and (.)-/(.)((.), respectively. Then, (k,s)=A(-k+l)-lq(-s,-k+2)-lF
(-s + 1)-1 and the thesis is proved

As for the SPS solutions of the RDE (3), the same observation as at the end of
the proof of (a) applies.

Proof of (c). The proof is straightforward in view of (9). U
When X(. is SNS, ’(. defined in (9) is SPS and satisfies the RDE (8). Hence,

(. can be seen as the covariance of the state prediction error relative to system (7).
Now, (9) is the classical time-update equation of the Kalman filter, so that Y(.)
coincides with the covariance of the. state filtering error. Therefore, given any SNS
solution X(. of (3), its reversed opposite Y(. can be interpreted as the covariance
of a state filtering error relative to the reversed system (7). On the other hand, the SPS
solutions are, as usual, interpreted as the covariance of a state prediction error relative
to system (1). This is a main difference with respect to the continuous-time case, where
both the SPS solutions and the reversed opposite of the SNS solutions of the Riccati
differential equation can be seen as the covariance of a state filtering error relative to
a suitable (standard or reversed) system.

Now, in view of Theorem 5 and Proposition 2, the following results on the SNS
solutions of (3) are direct consequences of the parallel results on the SPS solutions
that were proved in the previous section.

THEOREM 6. Let (A(.), C(.)) be uniformly antidetectable. Then the RDE (3)
admits a minimal solution X-(. ), which is, in fact, negative semidefinite.

PROPOSITION 3. The antistabilizing solution of the RDE (3) (if any) coincides with
the minimal solution and is unique.

THEOREM 7. If (A(. ), C(. )) is uniformly antidetectable and (A(. ), Q(. )) is uni-

formly antistabilizable, then the RDE (3) admits a unique SNS solution, which is, in

fact, antistabilizing. Moreover, such a solution is a moving equilibrium for all the SNS
reversed finite-time solutions of the RDE.
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THEOREM 8. Assume that (A(.), C(. )) is uniformly antidetectable and let X-(.
denote the minimal solution. Then, ifX(. is a reversed finite-time solution of the RDE
with initial condition X(to) Xo <- X-(to), limt__ X(t) X-(t) 0.

Remark 3. We wonder whether the assumption on the reversibility of A(.) is
really necessary to establish the above results on the existence and attractiveness of
the minimal and antistabilizing solution. In fact, as shown below by means of a
counterexample, if the reversibility assumption is removed, the minimal solution may
not even exist.

Counterexample. Let Q(t) 0, C(t) 1, R(t) 1, for all t, and

1, <0,
A(t)

0, t_>-0.

Correspondingly, the general expression for the SNS infinite-time solutions of the
RDE is

Xo t_<0
X( t) 1 + tXo’

O, t>-l,

where X0 is an arbitrary negative scalar. Hence, it is apparent that, in spite of the
uniform observability of (A(.), C(.)), there does not exist a minimal solution.
Moreover, no infinite-time solution is antistabilizing.

5. Lattice of the solutions. In this section we will characterize the set of all real
symmetric infinite-time solutions of the time-varying RDE. If we restrict our attention
to the constant solutions of the time-invariant RDE, a consistent and comprehensive
theory, at least for the continuous time case, is already available; see, e.g., [6], [8],
13], 10], 14]. The most remarkable result is perhaps the one that states that if (A, C)

is observable, the set of all real symmetric solutions of the ARE is a complete lattice
with respect to the ordering of symmetric matrices. The primary aim of this section
will consist in extending such a result to the time-varying case. To this purpose, we
will resort to a device (Lemma 3), which allows us to reduce the analysis of all the
symmetric solutions of the RDE to the analysis of the SPS solutions of a suitably
redefined RDE. As by-products of our analysis, some results concerning the conver-
gence properties and the gap between the maximal and minimal solution will also be
obtained. Throughout this section, it will be assumed that A(. )- exists and is bounded.

LEMMA 3. Let X(. be a (finite-time or infinite-time) solution of the RDE (3) and
consider the new RDE

Z(t+ 1)= F(t)Z(t)F(t)’-F(t)Z(t)C(t)’[C(t)Z(t)C(t)’
(12) + (t)]_lc(t)Z(t)(t),,
where

R( t) C( t)X( )C( t)’ + R( t),

F(t) A(t)- K(t)C(t),
g t) A(t)( t)C( t)’[ C( t);( t)C( t)’ + R( t)] -.

Then, Z(. is a solution of (12) if and only if X(. )= Z(. )+ X(. is a solution of (3).
Moreover, the closed-loop matrix relative to Z(. coincides with the closed-loop matrix

relative to X(. ), shown below"

F( t) F( t)Z( t)C( t)’[ C( t)Z( t)C( t)’ + R( t)] -1C(t)
=A(t)-A(t)X(t)C(t)’[C(t)X(t)C(t)’+R(t)]-lc(t) Vt.
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Finally, (F(.), C(. )) is uniformly detectable (uniformly observable) if and only if
(A(.), C(. )) is uniformly detectable (uniformly observable).

Proof. The first point straightforwardly follows from [32, Lemma 3.1], and the
second one is verified by inspection. As for detectability and observability, recall that
they are feedback invariant properties; see, e.g., [25] and [17].

We wonder whether, when passing from (3) to (12), the properties concerning
the boundedness of A(.) translate into analogous properties relative to F(.). The
answer can be found in the following result.

LEMMA 4. Assume that A(.) and A(.)-I are bounded. Consider the closed-loop
matrix F(. corresponding to any infinite-time solution X(. ). Then, F(. and F(. )-1
are bounded, too.

Proof. By means of the matrix inversion lemma, we can see that

F(t) A(t) K(t)C(t) A( t)[I + X(t)C(t)’g(t)-1 C( t)].

Then, the thesis easily follows from the boundedness of X(. ), C(. ), and R(. )-1.
By means of Lemma 3, in the case where a minimal solution X-(.) exists, we

can take X(. X-(. ), so that any infinite-time solution of the RDE (3) corresponds
to a positive semidefinite solution of (12). Then, when X-(.) is antistabilizing, the
RDE (12) is just a particular case of the RDE (3) with A(. exponentially antistable
and Q(t)= 0. A result concerning the maximal solution of such a particular RDE is
now established.

LEMMA 5. Assume that A(.) is exponentially antistable, Q(t)=0, for all t, and
(A(. ), C(. )) is uniformly detectable. Then the maximal solution X+( of the RDE (3)
is positive definite, and X+(. )-1 is bounded.

Proof. By Theorem 4, a finite-time solution X(.) of the RDE with initial condition
X(to) -> X/(to) converges to the maximal solution. In particular, assume that X(to) > 0.
We will prove that the maximal solution is positive definite by showing that X(t)-1

remains bounded for each t. Consider the RDE (3) with Q(t)=0, for all t. By means
of the matrix inversion lemma, we obtain

X(t + 1)= A(t)[X(t)-l + C(t)’g(t)-lC(t)]-lA(t) ’,
(13)

X + 1 )-1 A( t)’-lX(t)-lA(t)-1 + A(t)’-1 C( t)’g( t) -1 C( t)A( t) -1.

Recall that the exponential antistability of A(-) entails the exponential stability of
A(. )--1o Since A(. )-1, C(. ), and R(. )-1 are bounded, X(. )-1 is bounded, also.

Interestingly enough, this last result enables us to clarify some relationships
between the maximal and the minimal solution. In particular, we focus on the so-called
gap between these solutions and on their stabilizing and convergence properties.

COROLLARY 1. Assume that (A(.), C(.)) is uniformly observable and that the
minimal solution is antistabilizing. Then the gap X+(t)-X-(t) between the maximal
and the minimal solution of the RDE is positive definite for each t.

Proof With reference to Lemma 3, let X(. )= X-(. ). By the assumptions, F(.
is exponentially antistable. Then, the gap X+( )-X-(. turns out to be the maximal
solution of the RDE (12), and the result follows from Lemma 5.

LEMMA 6. The maximal solution of the RDE (3) is stabilizing if and only if the
minimal solution is antistabilizing.

Proof Suppose that the minimal solution is antistabilizing. In view of Lemma 3,
there is no loss ofgenerality in assuming that Q(t) 0, for all t, and A(. is exponentially
antistable. Then, by definition of infinite-time solution and by Lemma 5, the maximal
solution X+(.), as well as its inverse, is bounded. Under the given assumptions, the
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RDE can be rewritten as

X+( t) A( t)-lx+( + 1)A(t) -1’

+A( t)-Ig+(t)[ C( t)X+( t)C( t)’+ R(t) K+( t)’A(t) -1’.
By applying Lemma A5, we can see that the pair (A(.)-1, A(. )-IK+(. )) is uniformly
reachable. Then, Proposition 2(b) implies the uniform reachability of (A(.), K/( )).
By recalling that reachability is feedback invariant [25], this, in turn, leads to the
uniform reachability of (A(.) K/( )C(. ), K/( )). The RDE can be given the follow-
ing expression"

X+(t + 1)= F+(t)X+(t)F+(t)’+ K+(t)R(t)K+(t)’,
where F/( A(. )- K/( )C(. is the closed-loop matrix relative to X/( ). Since
the pair (F/(.), K/(.)) is uniformly reachable, the exponential stability of F/(.)
follows from the Lyapunov lemma applied to this last equation. The only "if" part of
the proof is a straightforward consequence of the properties of the reversed Riccati
equation.

LEMMA 7. Assume that (A(.), C(.)) is uniformly observable and the minimal
solution is antistabilizing. Consider a finite-time (reversed finite-time) solution X(. of
the RDE (3) with initial condition X(to) > X-(to)[X(to) < X+(to)]. Then limt_, X(t)-
X/(t) 0 [lim,_,_ X(t) X-(t) 0].

Proof. Let X(. )= X-(. ). Then, by Lemma 3, if X(. is a finite-time solution of
(3), Z(.)--X(.)-X-(.) satisfies (12) and Z(to)>0. Therefore, we can assume,
without any loss of generality, that A(.) is exponentially antistable, Q(t)=0, for all
t, and X(to) > 0. Now, following the proof of Lemma 5, we can easily see that X/( )-1
is the unique SPS solution of the LDE (13). Note that A(. )-1 is exponentially stable.
Then, (13) implies that, independently of the initial condition, for t-, X(t) -1

converges to X+(t)-1.
As for the reversed finite-time solution, the proof is completely analogous.
COROLLARY 2. Assume that (A(. ), C(. )) is uniformly observable and the minimal

solution is antistabilizing. Let X(. be a finite-time (reversed finite-time)solution such
that X(s) > 0 IX(s) < 0], where s is an arbitrary time point. Then, lim/_. X(t) X+(t)
0 [lim,_._ X(t) X-(t) 0].

A definition is now given that plays a keyrole in the characterization of the
symmetric solutions.

DEFINIaION 13 (supporting subspace). Let X(. be a (finite-time or infinite-time)
solution of the RDE (3). Assume that there exists a minimal solution X-(.) and let
Z(.)=X(.)-X-(.). Then, the time-varying subspace [Z(.)] is said to be the
supporting subspace of X(. ).

Obviously, the supporting subspace of the minimal solution is the origin. As for
the maximal one, note that, under the assumptions of Corollary 1, its supporting
subspace coincides with R n.

In the following lemma a chain of results is developed to reach the main result
of the section, which is stated in Theorem 9.

LEMMA 8. Let X(.) be an SPS (finite-time or infinite-time) solution of the RDE
(3). Assume that X(.) is not identically equal to zero, 0(t)=0, for all t, A(.) is
exponentially antistable, and (A(.), C(.)) is uniformly observable. Then,

(a) If X(to) is not positive definite, there exists a unitary matrix function T(t)=
T(t) -1’, defined on [to, ) such that

(14) T(t)X(t)T(t)’= [Xl(t)0 0 A2(t)
t_->to,
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where Al(t) and Xl( t) are square matrices of the same constant dimensions,
Xl(to) > 0, and * denotes a term we do not consider specifically;

(b) Partition matrix C(t)T(t)’ as C(t)T(t)’--[Cl(t)*], where Cl(t) has the same
number of columns as Al(t). Then XI t), >= to, satisfies the following reduced-
order RDE:

(15)
X(t + 1) Al(t)Xl(t)Al(t)’- Al(t)X,(t)Cl(t)’

[C(t)X(t)C(t)’+ R(t)]-lCl(t)Xi(t)Al(t)’;

(c) The dimensions of the supporting subspace ofX(. are time-invariant;
(d) There exists a unitary T(t) such that the decomposition (14) (with Xl(t)>0)

and expression (15) hold for any t;
(e) IfX(.) is a finite-time solution, for t- c, it converges to

(16) X(" T(" )’[X-(" 00IT(’)’
where X-(. is the maximal solution of (15). Moreover, X(. has the same
supporting subspace as X(. );

(f) Let Xa(" and Xb(" be two (finite-time or infinite-time) SPS solutions of the
RDE and denote by (. and b(" the corresponding supporting subspaces.
Then, ifa s gTb S [, (s)

_
b(S)] at an arbitrary timepoint s, :Ta Wb

[W(t)
_

Wb(t)], for any t;
(g) Let X(.) and Xb(’) be two infinite-time SPS solutions of the RDE. Then,

t) b t) implies X(.) Xb (");
(h) Given a time point s and a subspace gT of R n, there exists one and only one

infinite-time SPS solution X(. such that [X(s)] ;
(i) Let X(. and Xb(" be two infinite-time SPS solutions of the RDE, and denote

by (.) and (.) the corresponding supporting subspaces. Then, if (s)
_

b(S) at an arbitrary time point s, Xa(t)>= Xb(t), for all t.

Proof of (a). First, note that T(t) defines a change of basis for system (1). It can
be seen that X(.) is a solution of the RDE (3) if and only if ’(t) T( t)X( t) T( t)’
satisfies the RDE

(17)
(t+ 1) 3( t))"(t)( t)’

(t),(t)(( t)’[ (t),(t)(( t)’+ R( t)]- (( t)’( t)3( t)’,

where A(t)= T( + l )A( t) T( t)’ and (t)=C(t)T(t)’.
Since X(to) is SPS, there exists a unitary T(to) such that

T(to)X(to)T(to),=[Xl(to) 0]0 0

with X(to) positive definite. Now, denoting by r the rank of X(to), let the first r

columns of T(to+ 1) -1 be an orthonormal basis of [A(to)X(to))] and choose the
other columns so as to make T(to+ 1) unitary. Then, A(to) has the structure given in
(14). By substituting (to) and ’(to) into (17), X(to+ 1) also takes on the partitioned
structure (14). Obviously, the procedure can be iterated for any => to, proving the thesis.
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Proof of (b). The proof follows by simple substitution of ,(t), (t), and )(t)
into (17).

Proof of (c). Letting

Fl(t) Al(t) Kl(t)Cl(t),

KI(t) AI(t) Xl(t)Cl( t)’[ C1( t)Xl( t)Cl( t)’q- R( t)] -1,

(15) entails that

(18) X(t h- 1) Fl(t)Xl(t)Fl(t)’q- Kl(t)R(t)Kl(t)’.

Note that, in view of the particular structure of A(t), the nonsingularity of A(t) implies
the nonsingularity of Al(t). Since Xl(t)> 0, for all t, Lemma A4 implies that F(t) is
nonsingular, so that the thesis is a direct consequence of (18).

Proof of (d). It is a consequence of the invariance of the dimensions of the
supporting subspace just proved in point (c).

Proof of (e). The uniform observability of the pair (A(.), C(.)) implies the
observability of (,(.), t(.)), which, in turn, implies the uniform observability of
(A(.), C(.)). Therefore, by Theorem 1, the RDE (15) admits a maximal solution
X]( ). Since X(to)> 0, Corollary 2 entails the convergence of X(. to the maximal
solution X(. ). Finally, recall that X(. is a solution of (3) if and only if T(. ))(. T(. )’
is a solution of (17). As for the supporting subspaces, Lemma 5 implies that X-(t) is
positive definite for each t, so that [Xoo(t) [X(t) ], for all t.

Proof of (f). Assume that gTa(s)=gb(s). As seen in the proof of point (a),
[X(s + 1)] depends only on IX(s)] and not on the particular value of X(s).

Therefore, Ta (t)= b(t)-t--> S. By making reference to the reversed RDE, we can see
that also [X(s 1)] depends only on IX(s)], and the first part of the proof is
completed.

As for (s)
___
b(S), consider the following nonsingular transformation Ta (")

that performs the decomposition (14) on Xa(. ):

t>=s,

with Xl(t)> 0. It is easily seen that

with Xbl(t) of the same dimensions as X,l(t). Therefore, (t)
_
b(t), _--> S.

Analogously, by means ofthe reversed RDE, it can be shown that o(s)
_
Tb(S) implies

that (t)
_
b( t), < s.

Proofof (g). In view ofpoint (f), a(. fb(" )-For both solutions, decomposition
(14) can be performed by means of the same transformation T(.). Then, point (e)
implies that both X(. and Xb(" coincide with Xoo(" defined in (16).

Proof of (h). Consider any finite-time solution X(. such that [X(s)] . Let
X(.)=Xoo(.) be the infinite-time solution to which, in view of point (e), X(.)
converges. Then, by point (g), X(.) is the only infinite-time solution such that
[X(s)]=.

Proofof (i). First, note that, by point (f), f(s)
_

gTb(S) implies that fa (t)
_
b(t),

for all t. By the assumptions, for any r, it is possible to choose two initial conditions
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X,(z) and Xt(z) such that [X(z)] a(z), [Xt(z)] b(’) and X(z)>-Xt(z).
Denote by X(., -) and X(., -) the finite-time solutions such that X (-, -)= X(z),
X (-, -) X (’). Lemma 2 implies that X, (t, z) >_- X (t, z), _-> -. Since Xa (t)
lim__ X,(t, -) and Xb(t)=lim__X(t, z), the thesis follows.

THEOREM 9. Let (A( ), C (.)) be uniformly observable and assume that the minimal
solution of the RDE (3) is antistabilizing. Then, the infinite-time solutions of the RDE
constitute an infinite number of isomorphic distributive lattices with common minimal and
maximal elements.

Proof Consider the set of all subspaces in R". In view of Lemma 8(h), to each
of these subspaces corresponds one and only one infinite-time solution. We now show
that this infinite number of solutions can be organized in an infinity of isomorphic
lattices. Take n independent one-dimensional subspaces Wi, i= 1,..., n, and call
5 {i} the set of these subspaces. The set 3- formed by all subspaces that can be
obtained by means of the operations of intersection and sum between the elements of

turns out to be a distributive lattice with respect to such operations. Note that,
independently of the choice of O, the origin and R belong to 3- and constitute the
maximal and minimal element of 3-. By suitably varying 5, we can see that all the
subspaces in R" can be organized in an infinity of isomorphic lattices. Thanks to the
one-to-one correspondence between subspaces and solutions of the RDE, this reflects
in an analogous structure for the infinite-time solutions. The partial ordering by
inclusion of the subspaces is translated into the partial ordering _-> for symmetric
matrices (Lemma 8(i)), while the maximal and minimal elements of the lattices are
given by the maximal and minimal solution.

Remark 4. Obviously, the above theorem also holds for the time-invariant RDE.
Then, the problem of determining the number and the structure of the solutions of
the ARE is equivalent to the problem of determining which infinite-time solutions are

time-invariant, i.e., which supporting subspaces do not depend on time. Therefore, it
is not surprising that in the literature these solutions have been associated with
subspaces that, according to our terminology, would be denoted as "A-invariant
supporting subspaces." Analogously, in the study of the periodic solutions of the
periodically time-varying Riccati equation, the key task consists in the classification
of the supporting subspaces that are periodic with the same period as the coefficients
of the equation.

Appendix. Herein, we report the statements of some technical lemmas that are
needed throughout the paper. The proofs, which rely mostly on simple matrix manipula-
tions, can be found in [33].

LEMMA A1. Let X(. be an SNS solution of the RDE (3). Then, C(t)X(t)C(t)’+
R(t) > O, for all t.

LEMMA A2. Let R > 0 and H >- 0 be such that R CII C’] -1 > 0 and let P
II + HC’[R CHC’]-CH. Then, H P- PC’[R + CPC’]-CP.

LEMMA A3. Let H P PC’JR + CPC’]-1CP, with P >= 0 and R > O. Then, P
II + HC’[R CHC’]-I CII.

LEMMA A4. Let F I PC’[R + CPC’]-1 C, with R > 0 and P >- O. Then, det F 0.
LEMMA A5. Assume that Q(.) is bounded and A(.) is exponentially stable. Let

X(. be an infinite-time SPS solution of the LDE

X( + 1) A( t)X( t)A( t)’ + Q( t).

Then, if there exists a constant k > O, such that X(t) >= kI, for all t, thepair (A(. ), Q( ))
is uniformly reachable.
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Abstract. The objective of this paper is to propose a new algorithm for self-tuning control in the presence
of unmodeled dynamics. The algorithm is a modified version of the well-known stochastic gradient scheme.
It is shown (with probability one) that the resulting closed-loop system is globally stable and the mean-square
tracking error is proportional to the size of unmodeled dynamics. In the absence of unmodeled dynamics,
the algorithm produces the minimum-variance self-timing control. It is analytically verified that the proposed
algorithm has self-stabilization property; i.e., possible occurrence of instability results in mean-square
bounded signals. Global stability of the adaptive system is achieved without imposing persistency exciting
condition on the regressor and positive real assumption on the system noise dynamics.
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1. Introduction. It has long been recognized that the presence of unmodeled
dynamics can cause a degradation of performance and instability of otherwise satisfac-
tory adaptive control algorithms. This disturbing fact has been discovered in determin-
istic models 1], [2], and a large number of results have since been obtained to design
a robust adaptive control in this context [3], [4]. The well-known ways of neutralizing
the effects of unmodeled dynamics, such as the tr-modification, signal normalization,
(relative) dead zone, and projection methods, have been widely used and discussed
in the literature (see, for example, [4]). The intermittency phenomenon has also been
encountered in practice in adaptive systems associated with unknown disturbances or
unmodeled effects. Different kinds of unstable behavior and possible self-stabilization
of the adaptive systems were first described in [1], [5]-[7], and later in [8]-[14].

In the stochastic environment, the most powerful adaptive control algorithms
[15],[16] have been almost exclusively developed for the "ideal case" without
unmodeled dynamics. This is not surprising, since none of the standard robustness
measures, which worked so well for deterministic models, can be used in adaptive
control of stochastic systems. The main reason is that the gain sequence of the algorithm
must converge to zero even if the unmodeled dynamics is absent. The choice of the
gain sequence is further complicated if the modeling errors are present because the
speed of convergence should be low enough to capture the new information contained
in the measurement vector and, at the same time, provide a normalization effect. These
difficulties, however, can be avoided if the analysis is restricted at the outset to systems
that are open-loop stable [17]. Recently, very interesting results have been presented
in [18], where the authors propose robust control algorithms based on the signal
normalization philosophy.

The main objective of this paper is to propose a new algorithm for stochastic
adaptive control in the presence of unmodeled dynamics. The algorithm is of the
self-tuning stochastic approximation variety, with two major modifications. First, a
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projection mechanism is used to bound the estimates of the controller parameters.
Second, a sufficiently slow rate of the gain sequence is chosen without loss of the
normalization effect. At the same time, the rate is fast enough to guarantee (asymptotic)
optimality of the self-tuning control when the unmodeled dynamics disappear. It is
shown that the proposed algorithm possesses a self-stabilization property. Since
unmodeled dynamics tend to destabilize the system, over some operation periods the
algorithm can exhibit an unstable behavior; i.e., regulator parameters may escape the
stabilizing set, and, consequently, tracking errors start to grow without bounds. Sub-
sequently, a decreasing Lyapunov function can be constructed, implying the stability
of the tracking error. Specifically, bursts in the tracking error produce high-level and
more exciting signals, thus forcing the estimator to estimate regulator parameters
correctly. After the parameter estimates reenter the stability region, tracking error
becomes stable in the mean-square sense. This self-stabilization effect is analytically
evaluated without requiring the persistency excitation condition to be satisfied. Finally,
repeating itself whenever instability occurs, the self-stabilization mechanism provides
a globally stable closed-loop system.

The proposed algorithm ensures global stability of the closed-loop system even
if the size of the unmodeled dynamics is large, perhaps at the price of high-gain
feedback. Consequently, in the ideal case, the same type of stability is established
without the standard strict positive realness (SPR) condition. This is achieved by
forcing the SPR condition on the system and treating the rest of the noise as a
mean-square bounded disturbance. We should note that global stability in this context
has been established by choosing suitable stochastic Lyapunov functions and accom-
modating (by now standard) Goodwin’s methodology 15], based upon the martingale
convergence theory.

2. Problem statement. Let us consider the following stochastic, discrete-time,
single-input, single-output (SISO) system with unmodeled dynamics:

(2.1) A(q-1)y(t) q-dB(q-1)u(t)+ C(q-1)to(t)+ T(t- 1),

where {y(t)}, {u(t)}, and {to(t)} are output, input, and stochastic disturbance sequences,
respectively; q- represents the unit delay operator, while d is the pure time delay of
the exactly modeled system part. Polynomials A(q-), B(q-), and C(q-1) are given by

A(q-) l + alq- + / aAq

B(q-)=bo+blq-l+. .+bq- (bo 0),

C(q-1) l+Clq-1+. + cq-.
The unmodeled dynamics y(t) are assumed to be represented by

(2.2) I,/(t)l-<3 x-J(ly(j)l+la,(j)l+k), ,>0, 0<Ar<I, 0<-kv<oo.
j=l

We adopt the following assumption concerning system (2.1):

(A1) B(z-) has zeros strictly outside the unit disc.

Let w(t) be a stochastic process defined on the underlying probability space
{f, , P}. We introduce the following assumptions:

(A) If o% is the r-algebra generated by {to(l),. , w(t)}, then, for => 1,
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E{w(t+ l)[-t}=O (a.s.),

E{o(t+ 1)2] ,}-- r (a.s.),

supE{]oo(t+l)lZ+n[@t}<=ko<, />0 (a.s.).

Our objective is to design a controller as a function of initial conditions and measure-
ments to stabilize the system and, for a given reference signal y*(t), to minimize the
functional criterion

N

(2.3) J= lim 1 2 (Y( t)- y*( t))2
N N t=l

without requiring explicit knowledge of the system model. We assume that reference
signal y*(t) satisfies

(A3) {y*(t)) is a bounded deterministic sequence defined for t 1; that is,
there exists a number ml such that [y*(t)[ ml for all 1.

Note that, for a given nc =deg C(q-1), there exists a polynomial

(2.4) (q-’) 1 + ,q-l+... + ,cq-,c
of the same degree as polynomial C(q-), so that, for some 0< < 1, (z-)- a/2 is
a strictly positive real function. If polynomials F(q-) and G(q-) are the minimum
degree solutions with respect to F(q-), of the diophantine equation

d(q-l) A(q-’)F(q-1)+ q-dG(q-1)(2.5)

and

(2.6) deg F(q-1) nv<--d--1 and deg G(q-1) n =<max {hA-- 1; nc-d},

then, from (2.1), we obtain that

(q-1){y(t + d)-y*(t + d)- F(q-1)to(t + d)}
(2.7)

B(q-)F(q-)u(t)+ G(q-)y(t) (q-’)y*(t + d)+ ,(t + d 1),

where

(2.8) ,(t- 1) F(q-1){y(t 1) +[ C(q-’) ((q-’)]to(t)}.
In (2.8) we actually separate from C(z-) its strict positive real part (z-). The
remaining part C(z-1) (z-) produces this term (C(q-) ;(q-))to(t), which acts
as an external mean-square bounded disturbance. Note that we are not assuming a
positive real or stability condition on the C(z-1).

If the system is completely modeled, i.e., when y(t)=-O for t-> 0 and if (q-)=
C(q-) from (2.8), it follows that the controller optimal in the sense of (2.3) is given
by

(2.9) B(q-)F(q-1)u( t) -G(q-1)y( t) + (q-)y*( + d)

and the achieved minimal value of the criterion (2.3) is Jmin tr2, where

2__ --1(2.10) O" E{[F(q )w(t+d)]l,t}.
3. Robust adaptive control. We assume that parameters of the exactly modeled

system part, as well as unmodeled dynamics in (2.1), are not known to the designer,
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i.e., that u(t) can only implicitly depend on them through observations. Let us define
the parameters of the controller as

0r=[go,’’’,g,0, ,0;
/ n,-n

(3.1)

where nl =max {hA--1; nc-d}, n2--nB+ d-1, and t13--nc, while gi and ri are the
coefficients of the polynomials G(q-1) and R(q-) B(q-)F(q-), respectively, with

nR =nB + nv. The definition of 0o allows us to rewrite (2.7) as

(q-)z(t) O(t)-y*(t+ d)+ u(t+ d- 1),(3.2)

where

z(t) y(t+ d)-y*(t+ d)- F(q-)oo(t+ d),

(3.3) dp(t)T=[y(t), y(t--n); u(t)," ", u(t--n2);

-y*(t+d- 1),. ., -y*(t+d- n3)].

Observe that the control law (2.9) is equivalent to

(3.4) 0’b (t) y*(t + d).

To construct an adaptive control algorithm, let us introduce the next assumption"

(A4) The compact convex set 190 that contains the true parameters 0o, the sign
of bo, and a lower bound bo,min on the magnitude of bo are known.

For the estimation of 0o, we propose the following stochastic gradient-type algorithm"

a
(3.5) g(t+a):F (t)+-ch(t)[y(t+d)-y*(t+d)], 0<a<l,

where F{. } projects orthogonally onto 19o, so that F{0}19 for all 0 Rnl+nz+n3+2,
and there exists a finite constant do, so that (t) Ooll 2 -< do and [to(t)[ _>- bo,min > 0 for
all > 0. The algorithm gain sequence (t) is given by

(3.6) (t) =max 2 max [[b(’)ll 2, r(t)- + - 0< e <g
l-rt

where

(3.7) r(t)--r(t-1)+llch(t)ll 2, r(O)> 1.

Since 0o is unknown, as adaptive control law we use the "certainty equivalence"
version of (3.4), i.e.,

(3.8) /(t) Tb(t) y*(t + d).

Obviously, the estimation algorithm consists of d interlaced stochastic gradient-type
procedures with (almost sure) finite initial conditions

(k) , k=0,1,...,d-1.

Let us provide a motivation for our choice of the adaptive control algorithm. It differs
from the standard stochastic approximation algorithm [15] in two aspects. First, we
introduce a modification 1/(t) of the usual gain sequence 1/r(t), which converges to
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zero more slowly than 1/r(t) and, at the same time, achieves the normalization of the
regressor b(t). By slowing down the gain sequence, we allow for the present measure-
ments to have larger emphasis on the parameter update, thus weakening the effects of
unmodeled dynamics. Intuitively, the proposed algorithm starts as a gradient normali-
zation algorithm to become a type of stochastic approximation algorithm with
increasing time.

The second aspect of the algorithm is the projection mechanism F{.}, which
prevents divergence of the parameter estimates caused by unmodeled dynamics and
external disturbances.

Let us define positive constants

A(z) 1 C(z)
CBA max C max Cc max

(3.9)
i1=1 B(z)’ Izl=, B(z)’ izl=l B(z)’

CF max IF(z)], C max IC(z)- (?(z) I.
Since the corresponding operators are stable, all constants defined by (3.9) are finite.

Hencefoh, by , i= 0, 1,..., 0< <, we will denote the effect of the initial
conditions.

The following lemma will be useful for future reference.
LEMMA 3.1. (1) It holds that

(3.10) z(t)2Co max z(-l)Z+lo(t), 0< Co<,
lt

where z(t) is defined by (3.3), and

(3.11) lo(t)=k max (r+d)+k, 0k, k.
lt

(2) The inequality

(3.12)

holds, where

(3.13)

I(t)l %(t)+ 3/.,(t)

j=l

and

(3.14)

(3.15)

(3.16)

(3.17)

3/o(t) 3/ A-)([Y*(j)+ F(q-1)co(j)l+lw(j)l+ ).
j=l

(ii) The inequality

I(t)l-< ’z(t) +

holds, where

v(t) E ]f[%(t- i), fo--= 1
i=O

and

uo(t)= E [fl%(t-i)+lF(q-1)[C(q-1)-(q-1)]w(t)],
i=0
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(3.18)

(3.19)

while f, =0, 1,. ., nF are the coefficients of the polynomial F(q-1), which
is given by the polynomial equation (2.5).

(iii) The inequality

(3.20)

holds, where

where

(3.21)

N N

Iz(t)l’l,(t+d-1)lc z(t)2+o
t=l t=l

(3) Finally,

yCf n
C,, and C nv + 1) f2.1 -At i=o

N N

E IIb(t)l[2<-K1 E z(t)2+K2N, 0<Kz<CX3, (a.s.),
t=l t=l

K1--2{ nl + 1 + 3(n2 + 1)( C2BA
Proof The proof of the lemma is given in the Appendix.
Concerning the size of unmodeled dynamics, we need the following assumption:

(As) pl pm--Cr>O, where Cv is defined by (3.19), and p,, is the largest
number so that ((z-1) gt/2-pm remains a positive real function.

Observe that the definition of p,, implies that

(3.22) S(t+d)=2Et z(j){(q-’) }
j=l

----p, z(j)+ K3O

for all => 0 and for some 0
In this section, we prove the global stability of the proposed adaptive algorithm

and evaluate the mean-square tracking error.
Let us define a sequence

Wo(t+d)= {plz(j)2-2[z(j)l.l,,o(j+d-1)]
(3.23)

J:

-2C[r(j)- r(j- 1)1-]},

where e is defined in (3.6), and 0< C <
Essential to the convergence of the algorithm is the behavior of the sequence

Wo(t). First, we show that if Wo(t)> 0 for all => 1, a suitably constructed Lyapunov
function decreases, and, consequently, the algorithm is globally stable. If Wo(t)=< 0
for all >- 1, boundedness of the mean-square tracking error by some quantity ( y2, CA)
can be derived trivially from the definition of Wo(t). Our attention will be concentrated
on the case when Wo(t) changes sign. In the intervals where W(t)_-< 0, we can easily
conclude that mean-square tracking error is of order (y2, Ca). Since, in the presence
of unmodeled dynamics and external disturbances, the algorithm has a tendency to
diverge, the tracking error becomes large enough so that W0(t) becomes positive. Then,
as we will see, there exists a decreasing Lyapunov function, implying l_ boundedness
of the tracking error.

For the purpose of our analysis, the following lemma will also prove to be useful.
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LEMMA 3.2. Let assumptions (A1)-(As) hold. Then, on the subsequence {Nk}, k=
1, 2, 3," , where Wo(Nk + d) > O,

(3.24)
S(N + d)+ tp z(t)

t=l

<= do d(Nk)+ o[(r(N,)+ Nk)l-] + g4,

where 0< K4 < 3, and Pl is defined by assumption (As).
Proof Starting from (3.5), we can obtain that

(3.25)

where

2
V( + d) < V( t)+- (t) qb( t) e( + d) +

(3.26) V(t) ff(t)7"(t) and (t) (t) 0o,

ll(t)ll e(t+ d)

e(t)=y(t)-y*(t).

Using the definition of z(t), from (3.25) it is obvious that

2i rb
2i rbV(t+d)<=V(t)+-(t) (t)z(t)+-f(t) (t)F(q-’)w(t+d)

(3.27)
2a2[14(t)ll 2

+ ;(t)2
{z(t)2+[F(q-)w(t+d)]}

Note that, from (3.2) and (3.8),

(3.28) (q-)z(t)=-(t)6(t)+ u(t+d-),

where u(t) is defined by (2.8). Since 2116( t)ll/ ;( t) , by combining (3.27) and (3.28)
after simple majorizations, we obtain that

v(+v(- C(q - ( (
rtt)

(3.29)

1
+ 2iz(t) v( + d 1)

r[t)

2

+-f O( t) z( t)F(q-,)w( + d)

2211 bl2t)l[z+
;(t

[F(q-)w(t + d)]2"

Considering the definition of S(t) (3.22), from (3.29) we obtain that

<
S(t+d-1) z(t)2S( + d)

V( t) + 2tp,V(t+d)+ (t)-- (t) --t-
(3.30)

2tz( v( + d -1)+
(t)

2t

+-f O( t) Tqb( t)F(q-’)w( + d)

2Zll,(t)ll =
]2.-k-

(t)2 [F(q-)w(t+d)
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From the previous relation, by using statement 2(ii) of Lemma 3.1, we obtain that

V(t+d)F(t)+S(t+d)<-_ V(t)F(t-d)+do(F(t)-F(t-d))

/ S(t / d 1) 2p.z(t)= / 2lz(t)l" ,(t / d 1)l
(3.31)

+ 2alz(t)l. ,(t + d )[+ 2t(t)Tb(t)F(q-1)w(t + d)

-Jr- [e(q-1)og( + d)]2,
(t)

where we used the fact that V(t) <= do and Y(t) => z(t 1). After summation from 1
to N, by using statement 2(iii) of Lemma 3.1, we obtain that

V(N+d)F(N)+. .+ V(N+I)F(N-d+I)+S(N+d)

<- V(1)(1-d)+...+ V(d)(1)+S(d)+dod(N)
N N

(3.32) 2a(p. Cv)
t=l t=l

N

+2 2 (t)dP(t)F(q-)w(t+d)

N

+ ea 2 [F(q-)w(t+d)].
Observe that, by statement (2) of the lemma in the Appendix,

(3.33)
114’(t)112

t= (t- [F(q-1)9(t+d)]<=[(r(N)+N)2]

Since if(t)zb(t) is fit measurable, the local martingale convergence theorem (LMCT)
yields

(3.34) (J)rb(j)F(q-a)w(J +d) <= Cr(t)- (a.s.),
j=l

where C is the same constant as in (3.23) and e is defined by (3.6). Note that LMCT
is valid for all 1/2< 1-e < 1, and e from (3.6) satisfies this condition. Using the least
two relations, from (3.32), we obtain that

N N

S(N+d)+2ap z(t)2-2i Iz(t)l’l,o(t/d-a)l
t=l t=l

(3.35) -< V(1);(1-d)+...+ V(d);(1)+S(d)

+dod;(N)+2Clr(N)1- +o[(r(N)+ N)2] (a.s.).

On the subsequence {N}, where Wo(N+d)>O, from the definition of Wo(N+d),
we derive

N

gt 2 {Paz(t)-2lz(t)[’lv(t+ d-1)[I-2gtCr(Nk)-(3.36) t=l

>_ -2C1 r(0) 1-,
where pl is defined by assumption (As).
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Thus, from (3.35) and (3.36), it follows that

N

(3.37) S(Nk + d)+ aPl z(t)2-< do d(Nk)+ o[(r(Nk)+ Nk)2] + K4,
t=l

where 0 < K4 < x3. Thus Lemma 3.2 is proved.
Global stability results will be formulated in the following theorem.
THZOgEM 3.1. Let assumptions (A1)-(As) hold. Then

1 N

(3.38) (1) N-lim supN " t-’1= z(t)2 =< (1 + C2) Zo, 0 < C2 < c,

where z(t) is defined by (3.3) and

16
(3.39) Eo =-- {Zv +EA +2(Zv A)l/2},

(3.40) 2; 2C(ml + 1 +m + KT)2,

(3.41) Za C 2

where pl is defined by assumption (As), and Cv is given by (3.19), while Cv and CA are

defined by (3.9). The following also hold"

1 N

(3.42) (2) lim sup- 2 (Y(t)-y*(t))z<=r+2Y,/2 o’l+Zo (a.s.),
N-c N t=l

1 N

(3.43) (3) lim sup E [[(t)ll--<c<o (a.s.).
Nc N t=l

Proof Observe that relation (3.34) implies that

(3.44) Wl(t+d)=2a{Clr(t)1-- 6(j)Tdp(j)F(q-1)w(j+d)}>=O
j=l

Thus, from (3.30) by (3.15) and (3.44), we can get that

V(t+d)+
S(t+d)+ Wl(t+d)

(t)

(3.45)
<-- V(t)+

S(t+d-1)+ Wl(t+d-1)
(t- 1)

28Cl[r(t)1- r(t- 1)1-+
(t)

2alz(t)l. I,z(t + d 1)l+ 2,lz(t)l. Iv(t + d 1)1
(t) (t)

z(t) 2l](t)ll+ [F(q-)oo(t+d)].2ap.,
;(t) ;(t)

From statement 2(iii) of Lemma 3.1, we derive, for all => 1,

(3.46) W(t+d)=2a {Cz(j)-]z(j)l.[,(d-1)l}+2ao>:O,
j:l

where Cr is defined by (3.19).
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(3.47)

Relations (3.45) and (3.46) imply that

V(t+d)+
S(t+d)+ Wl(t+d)+ W2(t+d)

(t)

<= V(t)+ S(t + d-1)+ W(t + d-1)+ W2(t + d -1)
(t- 1)

z(t)2 2alz(t)l.lvo(t+d-1)l
-2apl

;(t)
+

(t)

2tCl(r(t)- r(t- 1)-)

22114, t)11+ (t)2 [F(q-X)(t+d)],
where pl is defined by assumption (As).

Let us first consider the case where Wo(t + d) > 0 for all -> 0, where Wo(t) is
defined by (3.23). Then, from (3.47), we obtain that

S(t+d)+ Wo(t+d)+ W(t+d)+ W(t+d)
V(t+d)+

(t)

S(t+d-1)+ Wo(t+d-1)+ W(t+d-1)+ W(t+d-1)
(3.48) <- V(t)+

;(t- l)

z(t) 2all,(t)ll z
-ap

;(t)
+

(t)
[F(q-)(t+d)]"

From the above relation, by the lemma in the Appendix, we obtain that
, z(

(3.49) N-,lim : O1 (t)
--< C3 < oo (a.s.),

wherefrom, by Kronecker’s Lemma and (3.20), we get that

N

(3.50) lim
1

z(t) 0 (a.s.)
Noo N t=l

i.e., in the case where W0(t)> 0 for all t, the statements of the theorem are valid. Let
us consider the case where Wo(t + d)=< 0 for all t-> 0. From the definition of Wo(t),
by using statement (3) of Lemma 3.1, we can conclude that

P 2 z(t)2=<4max Iz(t)l’[v(t+d-1)[;
t=l t=l

(3.51)
N 1-C4( ’’‘=1 z(t)2) +CsNI-e} (a.s.),

where 0 < C4, C < 00.

If limn_.ooXtN=l z(t)<=K4<oo, the statements of the theorem are true. If
limN_ E,N_-I Z(t)2 , then, for 0<po<< ap,

(3.52) Po z(t)2>-(7 2 z(t)2 0<a<l
t=l t-1
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wherefrom it follows that

Y z( t)2 _-< max ,,(t+d-1)2; C5NI-_
t=l apl-po

(3.53)
16 N

<_-- Y (t+d-1) (a.s.),
Pl t=l

where we used the fact that, by assumption (A2),
N

Y vo(t)2= (N) (a.s.).
t=l

From (3.53), it follows that

1 N

(3.54) lim sup Y z(t)2 =< Eo (a.s.),
Ncx N t=l

where Eo is defined by (3.39). All statements of the theorem directly follow from the
previous relation.

Our major interest will be concentrated on the case when there are intervals where
Wo(t) is positive and intevals where Wo(t) is nonpositive. Let us define the sequences
7"k and 00k, k--1, 2, 3," ", as follows:

1 --at1 O" 7"2 O’2 " 7"k O"k "/’k+l "
so that

(3.55) Wo(t+d)>O for all t[00k, Zk+l) and Wo(t+d)<-O for all t[’k, 00k).

If Wo(1 + d) > 0, then we set ’ 0 and o1 1. The following three cases are possible:
(1) There exists some ko < so that Zko < and 00ko +;
(2) There exists some ko < so that 00ko < and Zko+--+c; and
(3) Zk < and 00k < for all finite k.
In the first case, we have from (3.35) that Wo(t + 1)<=0 for >= Zko, and, in the

second case, we have that Wo(t+ 1)>0 for => 00ko. These two cases are covered
by the previous analysis. Next, we consider the case when Zk < and 00k <, for all
finite k.

Since for 6 [00k, 7"k+l), Wo(t + d) > 0 after summation from 00k + 1 to N <
we can obtain from (3.48) that

(3.56)

V(N+ d)+. .+ V(N+ 1)

S(N+d)+ Wo(N+d)+ WI(N+d)+ W2(N+d)

=< V(00k+ 1)+"" "+ V(00k+d)

S(00k + d) + Wo(00k + d) + Wl(00g + d) + W2(00k + d)

Note that Lemma 3.2 is valid for all N [O’k, "/’k+l) and, consequently,

(3.57)
S(00k + d)

< C6 ( 030 (a.s.)
f()
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Since

(3.58) Wo(o’ + d) -< ap, z(j)2
j=l

and

(3.59) W2(r + d) _-< 2Cv E z(j)2,
j=l

from Lemma 3.2, we derive

(3.60)
W(rk + d) + W:(rk + d)

< C7 < (X) (a.s.).
;()

Observe also that by relation (3.34)

(3.61)
Wl(O’ + d)

-<_ C8 < c (a.s.).
()

From relation (3.56), by (3.57), (3.60), (3.61), and statement (1) of the lemma in the
Appendix, we get for N [k, rk+) that

N z(t)2
(3.62) P (t) C9 < (a.s.).

t=k+l

Let us first consider the subsequence {p}, n 1, 2, 3, , where lim sup (r,+l-
,) L, <. Since for [r, ,) relation (3.55) is valid, similarly as in (3.53), we
can get that

%- 16%-1

(3.63) E z(J) E (j+d-1) (a.s.),
j=l Pl j=l

wherefrom it follows that

(3.64) max z(-)2-<_ a(crp.-1) (a.s.),
l<----r<O’p 1

where

16%.-1

E v,o(J+d-1)2.(3.65) Og(O’p.-- 1)
Pl j=l

Using the "exponentially growing rule" (statement (1) of Lemma 3.1) and (3.64), we
obtain, for < -.+, that

Lip--1
(3.66) max z(r)<= C,a(.- 1)+ Colo(t- i) (a.s.).

lt i=O

Let us now get a similar bound for z(t)2, on the subsequence {k}, where lim(r+
) +. Observe that, in this case, statement (3.62) implies that, for arbitrarily small
e2>O,

(3.67) z(t)2 e2(t) (a.s.),

for [O’km "/’kin+l), except for a finite number of points < t2 <" < tL, where L
[C9/gtple2], tl >-rk., and tL < ’k.+. Denote by t the set containing the points ti,
i=1,2,3,...,L.
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Observe that from (3.35) we can derive

N N

2tip1 z(t)2--<2t Iz(t)l’luo(t+d-1)l+C11r(N)1-
(3.68) t=l ,=1

+do d(N) +

where 0 < Cll, C12 <. Using the fact that

(3.69)

N

2 Iz(t)l’l(t+d-1)l
t=l

Nt )z __1 E uo(t+d-1)2,<- P’o z( 21fl; t:l

O< p<< pl

and statement (3) of Lemma 3.1, (3.68) gives

(3.70) r(N)<-C14 max 114()II=/CN, 0<c,4, c< (a.s.).
l_<-r=N

Relations (3.67) and (3.70) imply, for t [trkm, 7kind-l) and t cOL, that

(3.71) z( )2 <-_ 2e2 max 11,()112/= C14 max 11()ll2/cst (a.s.),
-r_<_

where constants C14 and C15 are independent of e2. Since, from relations (A.5) and
(A.6) in the Appendix,

(3.72) max IIb(-)l12_-< C16 max z(-)2+C171o(t), 0< C16,
l’=<t l-t

where lo(t) is defined by (3.11), from (3.71) we obtain that

(3.73) z(t)2<-e2Cl9 max z(’)2+C2otl-+C211o(t), 0<C19, C2o, C21 <c (a.s.),
l-rt

wherefrom it follows, for tG[O’k.,, "l’km’f 1) and t /, that

(3.74) z(t)2<- e3 max z(’)2+/l(t) (a.s.),
l_<-r___

where e2 is chosen so that e ---e2C19 < 1, and

(3.75) /l(t) C2otl- + C211o(t).

Suppose that first L’ points from the set c/ are t =crk,.,’’’, tl:=O’k+ L’-1,
where 0 -< L’<= L. Since conclusion (3.64) is true also for n m, from statement (1) of
Lemma 3.1, we obtain that

(3.76) Z(O’km t- L’- 1)2<_- (O’km t- L’- 1),

where

(3.77)
L

/: (rk.--1)+ Z C/olo(rkm+ L’-I-i),fl(crk+ L’-- l)= Co a
i=0

where a(crkm--1) is defined by (3.65) for n m. Thus, from (3.74) by (3.76), we get,
for < ,+1, L,+ e cL, that

(3.78) z(t)2<-e3 max z(r)2+(trk.+L’-l)+ll(t) (a.s.),
1N-_--__t
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wherefrom it follows, for < tL,+l, that

(3.79) max z(-)2<-(rkm+L’-l)+ll(t) (a.s.).
l<-r<t 1 6,3

Using the "exponentially growing rule" (3.10) from the previous relation, we obtain that

(3.80) z(tL,+)2< Co(rk,,+ L’- 1)+ 1,(tL,+l) + lo(tL,+) (a.s.).
1 6,3

Therefore, by (3.74) and (3.79), we conclude that

max z(-)2+(O-km+L’-l)+l(t)

(3.81) + Co fl(O’km+ L’-- l)+ ll(tL,+l)

+ lo(tL,+l) (a.s.),

for < tL,+2 C ((L" The previous relation implies that

(3.82)

max z(-)2 =<
l-rt

fl(trk.+ L’- 1)+ l,(t)+ lo(t.,+)
1 6,

+ CO fl(O’km’Jf- L’- 1)+ ll(t,+)
(1-6,3)2 (a.s.),

for < t,+2. Once again, using (3.10), from the above inequality, we obtain that

z( t.,+2)2 _<_ C el(irk,. + L’ 1)+/l(tL’+)
(1-- e3)

(3.83) + Co
/3 (crk,. + L’- I)+

lo(tL,+l)+Co+lo(tL,+2) (a.s.).
l-e3

By induction, we can derive

(3.84)

where

z(t)2<_- Co(tL) (a.s.),

L-L’

0/’-L’-’+I fl(O’k,.+L’-- 1)+ l(tL,+,)
C0(tL) 2 C

i=1 (1--6,3) L-L’-i+I
(3.85)

-’ lo(t+ 2 cL-L’-i L’+i
L-L’-i

i=1 (1--6,3)

Finally, from (3.74) and (3.84), we get, for < rk+, that

(3.86) z(t)<- e3 max z(r)2+/l(t)+ Co(t) (a.s.),
l__<,r<_t

wherefrom it follows that

(3.87) max z(r)<= C(t)+ll(t)
for t<rkm+l (a.s.),

l-t 1 6,3
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where ll(t) and Co(tL) are defined by (3.75) and (3.85), respectively. Observe that the
upper bound for maxlt z(z)2 in (3.87) is similar to the one established in (3.66).
Now we are ready to establish mean-square boundedness of the residual z(t).

Since Wo(rk+d--1)=<0, and inequality (3.63) holds for all trk, we derive

(3.88)
16 crk--1

z(j)2 <=-- (j + d 1)2 + z(j).
j=l Pl j=l j=o"

Observe that from (3.62), for t [Crk, ’k+),

(3.89) z(j)2< C9 F( (a.s.).
j=o’k+l apl

Using the definition of (t) (3.6) and relation (3.70) from (3.89), we conclude, for
[trk, Zk+), that

(3.90) z(j)2 =< (C22 + 1) max z(-)2 + C23tl-e + C2410(t) (a.s.),
j=tr 1------Nt

where 0< C22, C23, C24 < oe. Combining (3.88) and (3.90), we get, for [trk, ’k+), that

(3.91)

16 o-/

z(j)2=<-- Y, ,o(j+d- 1)2
j=l Pl j=l

16{ }+-5 C25 max z(’)2+C26t’- +C271o(t)
Pl l<=t

(a.s.),

where 0 < C25, C26 C27 < OO and lo(t) is defined by (3.11).
Using the Markov inequality together with assumption (A2), we conclude that

(3.92)
Y P{w(t+ 1)2 tclo%}
t=l

=< E E{to(t+
t=l

(2+rt )c/2 < oe (a.s.),

where c (2/(2 + r), 1). From the previous inequality by the conditional Borel-Cantely
lemma (e.g., [19]) we derive, for all c (2/(2+ r/), 1),

(3.93) to(t+l)=(te) (a.s.),

wherefrom it follows that

lo(t)
(3.94) lim 0 (a.s.)

for lo(t) given by (3.11). Consequently, from (3.66), (3.87), and (3.94), it follows that

lim sup sup
k- k O’k, ’k

max l’r_--__t Z("/’)2

(3.95) =< C28 lim sup sup
k k trk,

E o(j+d-1)2,

0 < C8 < oe (a.s.).
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Finally, from (3.88), (3.89), (3.94), and (3.95), we conclude that

1
lim sup sup - z(j
k k k, j=l

16 1
(3.96) =<-5(l+C2) limsup sup ’o,(j+d-1

k k t[,r+l) j=l

(1 + C2) Zo, 0< C< (a.s.),

where o is defined by (3.39). Since in the time intervals [r, ), Wo(t+ d)O, we
conclude that relations (3.51)-(3.53) hold for N [r, ). From (3.53) it follows that

1
lim sup sup z(j o (a.s.),
k k te[rk,k) j=l

where o is given by (3.39). Thus statement (1) of the theorem is proved. Statements
(2) and (3) of the theorem are direct consequences of relation (3.96), so the proof is
complete.

The results presented in this section show that in the presence of unmodeled
dynamics and external disturbances, the adaptive control algorithm possesses not only
self-tuning, but also a self-stabilization propey. The latter means the following"
Whenever, as a consequence of incorrect parameter estimates, the adaptive system
becomes unstable, the adaptive algorithm will stabilize itself by generating correct
parameter estimates. During its operation, the adaptive controller passes through two
phases characterized by the time intervals [, ) and [, +), defined by (3.55). In
the time intervals , ), Wo(t + 1) 0, which implies the stability of the input and
output signals for [, ). From (3.47) it is clear that in these time intervals no
characterization of the function V(t+ 1) can be made. This function may diverge,
thereby generating drifts of the parameter estimates. Consequently, controller para-
meters may escape from the set of stabilizing controllers, and the adaptive system will
become unstable. Accordingly, the time intervals , ) correspond to the drift phase
of the adaptive algorithm. As time progresses, the residual z(t) becomes larger than
u(t), and the function Wo(t+ 1) given by (3.23) becomes positive. From relation
(3.55), it is obvious that these periods of operation of the adaptive system correspond
to the time intervals [, +), k > 1. Therefore drift of the parameter estimates in the
time intervals [, ) gives rise to the bursting phenomenon. The behavior of the
Lyapunov function V(t) V(t)+[S(t)+ Wo(t)+ W(t)+ W2(t)]/F(t-d) is described
by relation (3.48), and it is clear that V(t + 1) decreases for [, +). From (3.48)
it also follows that in the time intervals [, +), fast adaptation takes place. Con-
sequently, the parameter estimates reenter the set of stabilizing controllers. It is obvious
that the time intervals [, +), k 1, correspond to the self-stabilization phase of
the adaptive system. To stabilize the system faster over the time intervals [, +),
the algorithm gains are not required to be small. Specifically, a large allows for
stronger influence of large tracking errors on the estimation ofthe controller parameters.
On the other hand, to slow down the parameter drift in the time intervals [, ), a
small is required. The problem is that the bursting function Wo(t + 1) is not measure-
able, and, consequently, the designer cannot change the coecient during the
operation of the adaptive system. It should be observed that we did not require the
regressor (t) (or reference signal y*(t)) to be persistently exciting.

Remark 1. It is not dicult to conclude that the boundedness of the parameter
estimates is crucial to establishing the global stability of the adaptive system. The fact
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that the parameter estimates are bounded makes it possible to establish an "exponen-
tially growing rule," which is stated in (3.10). This means that the signals in the adaptive
loop cannot grow faster than exponentially. Also, relation (3.62) is obtained from
(3.56) by exploiting the boundedness of the parameter estimates. As is shown in [15],
in the case of the perfect system model, we do not need to bound parameter estimates
by incorporating a projection in the estimation algorithm.

Remark 2. Observe that in our derivations we do not introduce any assumptions
regarding the correlation of o(t) and y*(t). They may be correlated.

Remark 3 (high-gain feedback). Let us consider the case where d 1. Note that
the error equation (2.7) can be written in the form

(3.97)

d(q-1)z(t) B(q-)u(t)+[G(q-1)+ S(q-)]y(t)-[C(q-) 1]y*(t)

y*( + 1)- S(q-)y( t) + 3"( t)

+[C(q-1)-(q-)]og(t+ 1),

d(q-1)z(t) Odp(t) -y*(t + 1) + y(t) S(q-1)y(t)
(3.98)

+[C(q-)-f?(q-1)]w(t+ 1),

where S(q-1) So+slq -1 +. .+S,sq -ns, ns n, and

(3.99) O={coeff[G(q-)+S(q-1)]; coeff B(q-); coeff [((q-1)- 1]},

while b(t) is given by (3.3). Instead of (2.2), we assume for y(t) the following condition:
Some polynomial S(q-1) exists so that

ly(t)-S(q-1)y(t)l<= 3" A-J([y(j)l+[o(j)l+ k),
(3.100) j=

3,>0, 0<k<c, 0<A<I.
It is not difficult to see that all conclusions derived in 3 are also valid in the case
when 3,(t) satisfies (3.100), if parameter 3, meets assumption (As). This means that,
generally, for a given 3,(t), the proposed adaptive controller can result in high-gain
feedback. In other words, to neutralize a large 3,(t), the algorithm will converge to a

large si, i=0, 1,. ., ns.
Remark 4 (nonlinear adaptive control). Using previous informations about the

system, let us choose the functions that are nonlinear with respect to y(t), given by

6(t) 6[y(t), y(t- 1),..., y(1)], , b(t)= b[y(t), y(t- 1),..., y(1)],

so that

(3.101) 14,;Ey(t), y(t- 1),’’ ", y(1)]l =< K; ,g2ly(i)[ + k4,j,
i=1

0 < Kvj, k6 <,
Note that for d 1, (2.7) can be written in the form

(3.02)

(q-1)z(t): O[dp(t)-y*(t+ l)+3,(t)-
j=l

+[C(q-)-(q-)]oo(t+ 1),

O<Av. < 1.
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where

(3.103)

and

(3.104)

Oor= {coeff G(q-’); coeff B(q-); 1,""", 1; coett [C(q-) 1]}

6(t)7" [y(t),..., y(t- n,); u(t),..., u(t- n2);

61(t),’’’, 61(t); -y*(t),..., -y*(t-n3+ 1)].

T(t)- E dpj( t)j
j=l

3, t-(ly(j)l + Io(j)l + k),
j=l

T>O, O<A,/<I, O<k,<oe.

If 3’ satisfies condition (As), repeating all derivations as in 3, we can see that Theorem
3.1 is also true for 3"(t) given by (3.105).

Remark 5 (continuity property of the result formulated in Theorem 3.1). Suppose
that C(q-1)-t/2 is a strictly positive real function. Consequently, (q-1)= C(q-1)
and the mean-square tracking error bound Eo given by (3.39) is continuous with respect
to 3’. When 3’- 0, then Eo- 0 and the mean-square tracking error tends to the global
minimum.

Remark 6 (positive realness of the system noise dynamics is not a necessary
condition for the global convergence). Our result shows that the proposed algorithm
operates even in the case when C(z-1) is not a positive real function. Namely, it is
well known that the estimation algorithm will operate if it correctly estimates the
gradient of the functional criterion (2.4). If C(z-1) is a strictly positive real function,
then b(t)(y(t+d)-y*(t+d)) is a good estimation of the gradient. If C(z-1) is not
strictly positive real, the proposed algorithm separates the strictly positive real part
((z-1) from C(z-1), and the residual part (z-1)-C(z-1) generates the term
C(q- 1) t (q-1)) to (t). This term is treated by the algorithm as an external mean-square
bounded disturbance, producing a larger upper bound for the mean-square tracking
error (see (3.39)).

4. Output error method. Global stability properties of output error estimation
schemes can be guaranteed under a strict positive realness (SPR) condition, but for
many applications, especially in control, this condition is too restrictive. In recent
years, several results have relaxed this condition.

In discrete time, the three results of interest are a global stability condition given
in [20], a local stability/instability boundary presented in [14], and a concept of
"composite regressor algorithm" proposed in [21]. In the context of the parameter
identification problem in [20], it is shown that discrete-time output error algorithm in
the case of a non-SPR condition is globally stable, provided that the plant input signal
is persistently exciting and that the adaption gain times the input energy is sufficiently
high where the input energy is the magnitude squared of the input signal. In the same
context, "composite regressor algorithm," an excellent idea is proposed in [21]. It
enables the relaxation of the SPR condition, by a corresponding choice of a suitable
design parameter. On the other hand, even in the ideal SPR case, in the case of output
error method, the adaptive controller does not provide direct feedback from the system
output to the input. There is only indirect influence of the system output through the
controllers parameters estimates. Using the concept of composite regressor algorithm
makes possible direct output feedback, thereby enabling us to avoid the SPR condition.

(3.105)

Let us suppose that parameters 1, l exists, so that
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In this section, using the above-mentioned idea, we consider stochastic adaptive
control problem and prove global stability (by methodology developed in 3) without
imposing the SPR condition on the system dynamics.

Let us consider the system model

(4.1) (1 -A(q-1))y(t)= B(q-1)u(t 1),

where polynomial A(q-1) is defined by

(4.2) A(q-1) alq-1+" "+ anAq

while B(q-) is the same as in (2.2). We suppose that system output y(t) is corrupted
by colored noise (t) given by

(4.3) P(q-1)(t) Q(q-1)to(t);

i.e., the measurable variable is

(4.4) y4(t) y(t) + :(t).

In (4.3), to(t) is the martingale difference sequence defined by assumption (A2),
while polynomials p(q-1) and Q(q-1) are defined as follows"

P(q-) 1 -kplq-1 +" "+pn,.q-"P
and

(4.5) 0(q-1) 1 + qq-+... + q,Qq-"Q.
We introduce the following assumption concerning noise dynamic:

(A6) P(z-1) has zeros strictly outside the unit disc.

Similarly, as in 2, in the case of the unknown systems parameters, we seek to
design an adaptive controller so that the functional criterion (2.3) is minimized.

From (4.1) and (4.4), we can get that

{1 -(1 a)A(q-)}(yM(t + 1) y*(t + 1)- (t + 1))

(4.6) B(q-)u(t)+ aA(q-)yM(t)

+ (1- a )A(q-)y*( t) y*( + 1) aA(q-)( t),

where 0 -<_ a < 1 is the design parameter. Using the concept of the "composite regressor"
[21], we define composite output "prediction"

(4.7) 37(t) ceyt (t) + (1 a )y*(t).

Equation (4.6) can now be rewritten in the following form:

{1 -(1 c)A(q-1)}(y(t + 1)-y*(t + 1)- (t + 1))
(4.8)

Och(t)-y*(t+ 1)-aa(q-)(t),

where

(4.9)

and

(4.10)

Or= [al,""", ariA; bo,’",

b(t)7" [37(t),..., fi( hA+ 1); u( t), ", u( nB)].

For the purpose of our analysis, we rearrange (4.8) in the form

(4.11) {1-(1-a)A(q-)}z(t)=O[c(t)-y*(t+l)+y(t),
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where

(4.12)
and

(4.13)

z(t)=yM(t+ 1)--y*(t + 1)-- w(t + 1)

f Q(q-1)
3,(t) {1 A(q-1)}]

p(q-1) 1}w(t + 1)- aA(q-1)w(t + 1).

In the subsequent analysis, we assume that assumption (A4) introduced in 3 is
also valid for 0o, defined by (4.9). For the estimation of the unknown parameters
vector 0o, we use the following algorithm:

(4.14) O(t+l)=F (t)+
(t)

[yM(t+l)--y*(t+l)] 0<a<l,

where F{. } is the projection operator as in (3.5), and (t) is defined by (3.6) for (t)
given by (4.10). Adaptive control low is

(4.15) (t) rb(t) y*(t + 1),
where 0(t) is the estimate of 00, obtained by the recursive scheme (4.14). From (4.7)
and (4.15), it is obvious that larger a implies larger output feedback and more chance
for 1-(1-c)A(z-1) to be an SPR function.

Since a is the design parameter with its choice function, 1-(1-a)A(z-1) can be
made strictly positive real. If a is closer to 1, the chances are higher that 1-
(1-a)A(z-) is SPR. It is well known that 1-(1-a)A(z-1)-t/2, where 0<ti<l,
defined in (4.14), is SPR if

nA l
(4.16) (1 a) Y [a] < 1 -,

j-----1

where a,j 1,..., tlA are the coefficients of the polynomial A(q-).
Observe that assumption (A4) implies that the upper bound do < oo of 0o is known

(]]Oo]]<=do<oO). If we choose ce so that inequality 1-(1-gt/2)/do<a<l holds,
relation (4.16) will be satisfied, and, consequently, function 1-(1-a)A(z-)-a/2
will be SPR. Thus we can assume that the following holds:

(A7) Parameter a is chosen so that 1-(1-t/2)/do<a<-_l.

Since (AT) implies strict positive realness property of the function 1-
(1-a)A(z-)-a/2, we can formulate the following global stability result.

THEOREM 4.1. Let assumptions (A1)-(A4), (A6), and (A7) hold. Then

1 s
(4.17) (1) lim sup z(t)2_--<E (a.s.),

Nc N t=l

where

1 + C.(4.18) )
2(ap,, -Po)

where O < C’ < oo, O < po<<p, and p > O is the largest number, so that 1-
o A(z-) /2 Om remains a positive real function, while

(4.19) C, max (1-A(z))(Q(z) ) 2

Izl=l \P(z) 1 aA(z)

1
(4.20) (2) lim sup- 2 (Y(t)-Y*(t))<-Z’o+2(N’oC)/+C (a.s.),

N- N t=l
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where

(4.21)
O(z)
P(z)

(4.22)
N

(3) lim sup- Y II,(t)ll2< c < (a.s.).
N--> N t=l

Proof Starting from (4.14), we can get that

(4.23)

2a 2 rV(t+ 1) <- V(t)+(t)7"dp(t)z(t)+-f(t) (tlto(t+ 1)

2a2116(t)ll )2+
(t)2 {z(t +w(t+l)2},

where V(t)= II&t)ll 2, &t)= &t)-Oo and z(t) is defined by (4.12).
Since, from (4.11) and (4.15),

(4.24) { 1 (1 a )A(q-1)}z(t) if(t) Tb(t) + y(t),

after simple majorizations from (4.23), we obtain that

V(t+ 1)_-< V(t)--f 1 (1 ce)A(q-’)- z( t)}z(t)
(4.25) +

(t)
2

+-f (t) rdp( t)oo( + 1)

w(t+ 1)2
(t

Let us define the sequence

(4.26)
Sl(t_f_l)= z(j){l_(l_ce)A(q_l) a }j=l --’-- p" z(j)+ K’3,

If we select p,,>0 as the largest number so that 1-(1-a)A(z-1)-gt/2-p,, remains
positive real, then &(t + 1)=> 0 for all >-0. The existence of such p,, is ensured by
assumption (A7). It provides strict positive realness of the function 1 (1 a)A(z-1)
a/2. Using this fact, we can write relation (4.25) in the form

<
Sl(t) z(t)2

V(t+ 1)+
S’(t+ 1)

V(t)+ -2apm
(t) (t) (t)

2alz(t)l. I,(t)[ 2a(t) rdp( t)w(t + 1)
(4.27) + +

(t) (t)

2al[4’(t)ll =
)2.+

(t)2 w(t+l

The rest of the proof is similar to the proof of Theorem 3.1 and will be omitted.
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From (4.24), we see that 3’(t) acts as an external mean-square bounded disturbance.
The presence of this term makes possible bursting phenomena to appear. Self-stabiliz-
ation mechanism described in 3 takes place in this case as well, thus ensuring a
globally stable closed-loop system.

Remark 7. Note that the number p,,, Pm< 1- ti/2 can be predefined by choosing
a so that

(4.28) 1 1-(a/2)-p,,<a <1
do

Then

(4.29) (l-a) Y lal<-(1-a)do<=l---p,,
j=l

and, consequently, the function 1 a )A(z-1) /2 p,, is positive real that satisfies
the condition of S(t) defined by (4.26) to be nonnegative.

Remark 8. Based on (4.18), it follows that when a is closer to 1, then a higher
bound for mean-square tracking error is obtained.

Remark 9. The only nonideal characteristic of system (4.1) is that the output error
transfer function is not SPR. When in the system model (4.1) there is unmodeled
dynamics like the one defined by relation (2.3), global stability proof can be easily
handled by using the methodology developed in 3.

5. Conclusions. A new algorithm for robust stochastic adaptive control in the
presence of the unmodeled dynamics has been proposed. The self-stabilization mechan-
ism that guarantees global stability of the closed-loop system has been evaluated
analytically. The algorithm results in a minimum-variance self-tuning control when
the unmodeled dynamics disappear. The methodology underlying the algorithm is
presently applied to adaptive filtering and prediction when modeling errors are con-
sidered. By identifying interconnections among subsystems as unmodeled dynamics,
this methodology is being used for decentralized control, identification, and computa-
tion in complex systems.

Appendix.
Proof of Lemma 3.1. Since ((q-1) is a stable operator, from (3.2) we can derive

(A.1) z(t)Z<=ko max 114,(r)ll+m+ max ,(r+d-1)2,
l-t l=<-t

0< ko, ml

Observe that

(A.2)

and

(A.3)

y(t+d-1)2<-kl max z(z-1)2+k2 max w(z+d-1)2+k3,
l-rt l’r--<t

max 1]()ll2(n,+l) max y(’)+n2 max u(z-1)2

1 t

0 < k, k2, k < oo

+ max u(’)z + n3m.
l’rt

From (3.8), by assumption (A4), we have that

(A.4) max u(7")2 -< k4 max u(- 1)2 + k5 max y(’)2 + k6
l-_-----t l=<’r=<t

0 < k4, ks, k6 <
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wherefrom by (A.3) we conclude that

max 11()112-<_k7 max y(z)2+k8 max u(z-1)2+k9,
l<-r--<t 1--<-r=<t l’rt

(A.5)
0 < kT, ks, k9 < .

From (2.1), by using assumption (A1), we derive

max u(z-1)2_-<klo max y(z+d-1)2+kll max to(z+d-1)2

l’r<--t l<--’rt l-rt

(A.6) + k max y(z+ d -2)2,
l-rt

Combining (A.1), (A.2), (A.5), and (A.6), we obtain that

0< ko, k, kl <.

(A.7)
z(t)2< Co max z(’r- 1)2+ k max to(z+ d 1)2+ k"O

l,r_<t l___,r<_

0 < Co, k’o, k’ <,
by which statement (1) of the lemma is proved.

Statements 2(i) and 2(ii) follow directly from the definitions of the sequences z(t),
y(t), and v(t). Statement 2(iii) is a consequence of the following simple inequalities"

N nF N

(A.8) ,z(t+d-1)2<-(nl+l) ,f yz(t+d-1)2,
t:l i:0 t:l

(A.9) yz(t+d <-
)2 z(t)2+1,

,=1 (1-h t=l

and

(A.10) E Iz(t)l’l’z(t+d-1)l<= E z(t) E Vz(t+d-1)2

t=l t=l t--1

where yz(t) and vz(t) are given by (3.13) and (3.16), respectively. Let us prove statement
(3) of our lemma.

Observe that

(A.11)
N N N

E [[b(t)ll2< (n+1)= E Y(t)Z+(n2 +1) E u(t)Z+n3 m2N1
t=l t=l t--1

and, from (2.1), by "stable invertibility" assumption (A),

(A.12)

N N N

u(t)2_-< 3CA y(t + d)2 + 3Cc to(t + d)2

t=l t=l t=l

N

+3C E Y(t+d-1)2,
t=l

where CBA, CBc, and C are defined by (3.9). Since, from (2.2),
N

)2 3Y____ N

y(t+d-1 )2 E Y(t+d-1)
t=l (1-hv t=l

(A.13)
33/2 N

)2 33/2 2

)2 w(t+d +
(1-A/ ,= (1-A/)2N’
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by (A.12) we can get that

(A.14)

u(t)<=3 C2BA"-[-
t:l (I_Av)2 ,-- y(t+d +3 Cc+(]-_-iz]

N

E w(t+d)2+
t:l

9 2 2 2y Ckr N.
(1-Av)

Since, by assumption (A2),

u
)2 2 (a.s.),(A.15) lim - to(t =o,o

N t=l

using the definition of z(t), by combining (A.14) and (A.15), from (A.11) we can easily
obtain statement (3) of the lemma. Thus the lemma is proved. [3

LEMMA. Let assumption (A2) hold. Then, for 1 <- < ,
, [[(t)l[

(A.16) (1) ,----1E (t)i-(-t_t)2 w(t+i)2<=C,< (a.s.),

N

(A.17) (2) t=lE (t---to(t+i)Z<-o{(r(N)+N)2} (a.s.),

where (t)and r( t) are defined by (3.6) and (3.7), respectively, while

Proof Let us define the following sequence"

II(t)l[ =
(A.18) D(N+i)=

t=, (tiiii-t)2 w(t+i)2’ 1----<i<"

Since

[[th(N)[t 2
2(A.19) D{D(N+i)IN+,_,}<-D(N+i-1)+

(N)(r(N) + N)2 cro

and

(A.20) Z II(t)ll=
t-- r(t) i-

-< C2 <

by the martingale convergence theorem, we conclude that

(A.21) lim D(N)=D< (a.s.).
Ncx3

Thus statement (1) of the lemma is proved. By Kronecker’s lemma, from (A.21) we
obtain that

(A.22) lim
1 ,1 [[b(t)ll2 )2

N- (r(N)+ N)2 (t)
to(t+ =0 (a.s.),

II(t)ll =
(A.23) ,=,E F(t-- co(t + i)2<_ o((r(N)+ N)2) (a.s.),

and the proof of the lemma is complete.
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GLOBAL TIME-VARYING LINEARIZATION UP TO OUTPUT INJECTION*

H. HAMMOURI" AND J. P. GAUTHIER

Abstract. This paper, following the purpose of synthesis of observers for nonlinear systems, investigates
the question of equivalence of a nonlinear system with a bilinear system, or, more generally, a linear
time-dependent system, plus an output injection. In a previous work by the same authors, such questions
have already been dealt with from the local point of view. The goal herein is to examine the global situation.
Using basic facts from algebraic topology, it is shown that in the single output case, whenever the possibility
to bilinearize up to output injection holds locally everywhere, it also holds globally.

Key words, output injection, bilinearization of nonlinear systems, fibre bundles
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1. Introduction. We consider the following general nonlinear systems (E)"
:=f(x(t), u(t))=fu(x), y(t)= h(x(t)),

where x(t) M (a C n-dimensional connected manifold), u(t) Rm, y(t) R, and
{fu} is a family of C vector fields on M. We deal only with the cases where r or

We also consider linear time-varying systems up to output injection (), i.e.,
systems of the form

() .(t) A(u(t))z(t)+ q(u(t), y(t)), y(t) C" z(t)= Zl(t),
where A(u(t)) is a matrix depending on the control u,z(t)R", y(t)R, C is a
constant linear form, and q(u, y) a vector field depending on u and y only.

In the following, we assume that the considered (E) and () satisfy the following
observability assumptions"

(1) (E) and () are observable: Given any two distinct initial conditions, there
is a control function u(.) such that the associated outputs are different;

(2) (E) and () satisfy the observability rank condition: Let tr be the observation
space, i.e., the smallest real vector space containing the output map (h, respectively,
C) and closed under Lie differentiation with respect to the dynamics of the system.
Then the vector space {dr(x), - tr} is n-dimensional for any x M (respectively,
xR").

Under these assumptions, we state the following definition.
DEFINITION 1. (i) () is "locally linearizable up to output injection" at xo M

if and only if there exists a diffeomorphism defined on some neighbourhood of Xo
onto an open subset of R, that transforms () into a system of the form (). We write
that (Z) is L.L.O.I. at xo.

(ii) (Z) is "everywhere locally linearizable up to output injection" if () is L.L.O.I.
at each x M. We write E.L.L.O.I.

(iii) () is "everywhere locally linearizable up to output injection, with a global
output injection" if () is E.L.L.O.I., and the output injection is global on M. We
write E.L.L.O.I.G.

* Received by the editors December 22, 1989; accepted for publication (in revised form) June 26, 1991.
t Laboratoire d’Automatique et de G6nie de Proc6d6s (LAGEP), Unit6 de Recherche Associ6e/Centre

National de la Recherche Scientifique D1328, Universit6 Claude Bernard, Lyon 1, Btiment 721, 43 bd du
11 Novembre 1918, 69622 Villeurbanne Cedex, France.

Laboratoire de Math6matique et Informatique, Institut National des Sciences Appliqu6es de Rouen,
B.P. 8, F76131 Mont Saint-Aignan Cedex, France.
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(iv) (E) is "globally linearizable up to output injection" if there exists a global
diffeomorphism from M to an open subset of R that sends (E) to a system of the
form (). We write G.L.O.I.

Our purpose in this paper is to investigate whether E.L.L.O.I. is equivalent to
G.L.O.I., especially in the single output case. The practical interest of this question is
related to the problem of synthesis of observers. Following the suggestions of a referee,
we explain this point in detail.

Several authors [LM], [K], [KI], [KR], [BRG] have investigated the case when
a system can be transformed into a linear system, plus an output injection. Consider
the following such system:

(El) Ax + bu + p(y, u), y Cx.

(E;) is observable independently of the value of the input u if and only if the linear
pair (C, A) is observable. In that case, choosing K such that (A-KC) has spectrum
with negative real part, we get that

((Yl) =a+ bu + q(y, u) K(C-y)
is an observer system for (;1) with exponential decay for the error estimate.

This property that a nonlinear system is observable independently of the input,
true for observable linear systems, is highly nongeneric and hides the major difficulty
in the observer synthesis problem: generally, the observability property is input-
dependent. Also, generally, few inputs make the system unobservable. However, this
is sufficient to render the observation problem a difficult problem: for inputs close to
these bad inputs, the observation becomes more difficult; therefore we cannot
expect to get observer systems in a strong sense such as in the linear case. Thus linear
systems plus output injection are not representative ofthe main difficulty ofthe synthesis
of observers.

On the contrary, bilinear systems, or, more generally, state affine systems, have
generically bad inputs that make them unobservable. Despite this, they have nice
observers that work for good inputs. For example, state affine systems, the inputs being
known, are just linear time-dependent systems; hence the standard optimal Kalman’s
observer works as follows:

(Z) A(u)x + bu, x IR, y Cx,
(i) =A(u)R+bu-S-’C’(CR-y),

(2)
(ii) $=-A(u)’S-SA(u)+C’C-SQS,

where the constant Q and S(t) remain in the cone of positive definite matrices.
It is known that as soon as u(t) makes the linear time-dependent system (2)

observable in some strong sense (i.e., u(t) is a regularly persistent input in the sense
defined in [GCKS], (0’2) is an observer system for (2)" See also [BCC] for details.

If we add to (E2) an output injection

(,) a(u)x + bu + q(.y, u), y Cx,
it is easily seen that u(t) is a good input for (E) (making () observable) if and only
if u(t) is a good input for (;2), and that the modified observer

c A(u)+ bu S-1C’(C-y) + q(y, u),
()

-A(u)’S- SA(u)+ C’C- SQS
works as soon as the input u(t) is good (in the same strong sense as above). Other
Kalman type observers are known, with an arbitrarily specified exponential decay of
the error for good inputs; again, see [BCC].
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Hence we claim that the problem of transforming a system into a state affine
system plus an output-injection is a very important problem for the purpose of the
synthesis of observers and that it is more representative of the main difficulties, since
it allows the consideration of nonlinear systems having bad inputs.

Bilinearization (with or without additive output injection) has been treated by
several authors; see the basic paper [FK] and also [GCKS], [HG1], [HG2].

The global questions, to our knowledge, have not yet been treated. However, a
similar approach for feedback equivalence has been developed; see, for example, [D],
[B]. These authors, of course, point out some relationship between these questions
and standard techniques related to foliations (holonomy) and algebraic topology in
the large.

Let us now recall the local result and state our main conclusions. Given a vector
field X, we denote as usual by Lx, ix, and d the Lie derivative with respect to X,
interior derivative with respect to X, and exterior differentiation ofp-forms. A nonlinear
system (E) being given, and X being some vector field, we denote by 1)x the real
vector space generated by {dLyu(h)^dh, uR’}(^: standard exterior product). By
induction, we define :+1 as the real vector space generated by

{Ly.(ixoo) ^ dh; o2 f2, u Rm}.

We setx : :- Note that, despite the superscript X, x does not depend on X.
We state the following theorem.
THEOREM 2 (see [HG1, p. 140]). (Z) is L.L.O.I. at Xo M if and only if
(1) dh(xo) 0;
(2) There exists a vector field X, defined on some neighbourhood of Xo such that

(a) Lh=l,
(b) dimR (x) n- 1,
(c) for all oo x, d(ixoo) =0,
(d) A"-’(ixfX) ^ dh]x=xo 0,
where A"-l(ixfX) is the vector space generated by {ix(w1)^"’^
ixo2,,_; .o, oo,,_1 12x}.

In fact, this statement is a slight improvement of that of [HG1, p. 140].
A sketch of the proof is as follows. First, considering X =0/0zl and (), it is

straightforward to see that conditions (1) and (2) are satisfied. Moreover, they are
coordinate-free; hence they are necessary. Second, let (wl,’", wn-1) be a basis of
1)x. By (2c), ix(o)j)= dzj+l,j 1,..., n-1 in some small enough neighbourhood of
Xo. Condition (2d) implies that x-z(x)=(zl,... ,z,)(x), with z(x)=h(z), is a
diffeomorphism. Using (2a) and (2b), it is easily seen that this transformation z(x)
sends () to ().

Additionally, we can find in [HG1] an algorithm allowing us to construct the
vector field X ofTheorem 2 whenever it does exist. Therefore Theorem 2 is constructive.

Out goal in this paper is to prove the following theorem.
THEOREM 3. Assume that (E) is given E.L.L.O.I. Then (i) if () is C and M is

simply connected, then () is E.L.L.O.I.G.; (ii) if () is C", then (E) is G.L.O.I.
This result is, in fact, false in the multi-output case; it is very easy to construct

C-examples in which (E) is E.L.L.O.I. and not G.L.O.I. However, all these examples
are E.L.L.O.I.G. We do not know, however, if (i) is true in the multi-output case.

Our method of proof uses the fact that, in the single output case, the structure-
preserving pseudogroup is a particular Lie group. This, as will be shown in a later
remark, is no longer true in the multi-output case. Moreover, we do not know if (i) is
true in the nonsimply connected case, and, again, we have no counterexample. When
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we prove these results, we will see that the step from the everywhere-local to the global
case is equivalent to the trivialization of a certain cocycle with coefficients in a
nonabelian group.

Our paper is organised as follows. In 2 we state some preliminary results. Mainly,
in the E.L.L.O.I. case, the vector field X of Theorem 2 is global, and the structure-
preserving pseudogroup is a Lie group. In 3 the proof of Theorem 3 is given. Section
4 is an appendix regrouping all the technical lemmas involved in the different proofs.

2. Some preliminary results. In this section, we will characterize all the vector
fields X that match the conditions of Theorem 2, in terms of one of them. This will
be a key point in determining the structure-preserving group.

Let us first fix some notation. We denote by toxk...u the 2-form Lf, (ixtoXk ...) ^ dh
L.O.I. at x The dimension ofof l-I :, to x dLf, (h) ^ dh l-I Assume that (E) is L. o

flx is n- 1, and a basis of l-Ix is of the form (dz: ^ dZl,’’’, dzn ^ dzl), where zl h
and (Zl,’’ ", zn) is a coordinate system that linearizes (E) up to output injection.

PROPOSITION 4. Assume that (E) is L.L.O.I. at x and that (z,..., zn) is as
above. Then

(a) Every vector field Z matching the conditions of Theorem 2 is obtained as

Z=+ c for some constant c:,. c;
0Zl k----2 OZk

(b) (Y.,’.., z’,) being another linearizing coordinate system for (E), with Y.= h,
there is a unique triple (T, a, b) such that

T +za+b,

where T is a constant n- 1) x n- 1) invertible matrix and a and b are constant vectors
in R-.

Remark 5. Let A be the additive group zR-@R- and G be the semidirect
product group GL(n 1, R) x A (i.e., the group law is given by: if T, H) e G, T’, H’)
G, then T, H)( T’, H’) TT’, g + TH’)).

If/(xo) is the set of all

coordinate systems that linearize (E) up to output injection in some neighbourhood
of xo, property (b) of Proposition 4 means that G acts freely and transitively on/(xo).

Remark 6. In the multi-output case, property (b) fails to be true even in the
uncontrolled case. This is due to the presence of one-dimensional Brunowsky blocks
in the linear observability canonical form. Consider the following uncontrolled system
on R3:

21 =X:, 22=0, 23=0, y=(x,x3)

and set )1 x, ): x: + q(x3), )3--X3; we get that

Xl 32- (0 ()3), 2 0, )3 0, (Xl, X3) y.

To obtain Proposition 4, we need the following technical lemmas, whose proof
is postponed to the Appendix.
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LEMMA 7 (see the Appendix for the proof). Let X, Z be vector fields meeting the
conditions of Theorem 2. For any u1," , Uk C R",

z x +(.. x x
lxlz(-0 u O)

Uk" "u2O)
k.

(Jl)
k.

+ (iio +Ul...Ul )(3) t/k-. "/A/+
/=2 <=i(1)<...<i( p+ l--l)<--p+

Pi(1)"’i(k--1)OJUi(k_l)’"ui(1)

where Pi(1)...i(k-l) belongs to the algebra generated by
x{ixiztou,...,,;,,....ui {Ul, , Uk}, 1 <-- ’<-- l-- 1}

and closed under the Lie derivative Lf., u {ul, Uk}.
LEMMA 8 (see the Appendix for the proof). Let (,) be L.L.O.I. and let X and Z

be vector fields meeting the conditions of Theorem 2. Then x,..., is constant for any
t/l, tlkgm.

Proof of Proposition 4. (a) Let (z,..., z,) be a linearizing coordinate system at
Zo, with z h. Choose a vector field X such that Lx(z) 1 and ix(dz; ^ dz) -dz;,j=
2,. ., n. It is easy to see that X exists, is unique, and verifies conditions (1) and (2)
of Theorem 2. Let Z be another vector field meeting the assumptions of Theorem 2.
By Lemma 8, x,..., is constant for any u, Uk R m. In particular, izix(dz; ^dZl) are constant. However, izix(dz; ^ dZl)=-iz(dz;)=-Lz(z), and

Z:0+ Lz(z;) o__.
Oz j= :z Oz

This implies part (a).
(b) Let (T,H)G, TcGL(n-I,R),H=az+b,a,bR"-, with h=z. Let

(zl,..., z,) be a coordinate system that linearizes (Z) up to output injection. Set

T + az + b and =z.
\z./

Obviously, (ff,’. ", ft,) linearizes (X) up to output injection.
Conversely, z and are two coordinate systems that linearize (Z) up to output

injection. Let X, Z be vector fields such that
(i) Lx(z,)= Lz(z)= 1; and
(ii) ix(dz ^ dZl)=-dz;,j=2, n, iz(d ^ dz)=-d,j=z, n.
X and Z are unique and meet conditions of Theorem 2. By Lemmas 7 and 8,

j=2 j=2

There is then a constant matrix T GL(n- 1, R) such that

\ dY.,, ^ dz, dz,, ^ dz
Applying i to this last equality yields
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Using part (a) of Proposition 4, Z O/Ozl + El=2 al(O/OZl); hence

This means that

2

Therefore G acts transitively on E(xo). It is obvious that the action is free.
The following lemma, showing the existence of a global vector field X meeting

the assumptions of Theorem 2, is the key point for our developments.
LEMMA 9 (see the Appendix for the proof). If (E) is E.L.L.O.I., there exists a

global vector field X on M, which satisfies the conditions of Theorem 2.
To finish the technicalities, it remains to state the following small lemma.
LEMA 10 (see the Appendix for the proof). Let M be a Co,-connected manifold

and let h be a C function on M such that dh(x) 0 for all x M. Let q be a Co,

real-valued function on M satisfying dq ^ dh O. Then there exists an analytic function
g on the image of h such that q =g h.

3. Resolution of the G.L.O.I. problem. In this section, our aim is to give a geometric
interpretation of the G.L.O.I. problem and to prove Theorem 3. First, let us recall
some standard main notions that are needed for our purposes.

DZFINITION 11. Let (E, M, Y) be topological spaces. Let G be a group acting
effectively on Y (that is, G can be identified with a subgroup of the group of
homeomorphisms of Y). G is considered as a topological group together with the
discrete topology.

Let p:E-> M be a continuous projection. We say that (E, M, p, y, G) is a fibre
bundle with discrete structural group G and fibre Y if and only if there exists an open
covering of M, { U}jj and a family of mappings {j}j such that

(a) : U Y->p-I(U) is an homeomorphism for everyj J;
(b) For all j J, and (x, y) U Y, p(dp(x, y))= x. As a consequence,

Y- is one-to-one and onto;
p-l(x),

’" (y- (x, y)

(c) For all i, j J J such that Uo Ui c U ; for all x U/,
--1i,," Y- Y is an element of G, and

gi/ { U --> G,
is continuous--1x --> (I) i, (I),

As soon as there is no ambiguity, we drop M, p and say that E is a fibre bundle
with (structural discrete) group G and fibre Y. The set {go} is often called the "cocycle"
associated with the fibre bundle E. We usually say that E is a "principal bundle" with
(structural discrete) group G whenever the fibre Y is exactly G, acting on itself by
left multiplication.
DEFINITION 12. With the same notation as in Definition 11, we say that a fibre

bundle E with fibre Y and group G is trivial or M-isomorphic to the fibre bundle
M Y if and only if there exists a homeomorphism 0 M Y- E such that

(a) ,- 0x" Y- Y belongs to G, where 0x" Y-* p-l(x), y --> Ox(y) O(x, y);
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(b) The maps gj’U G are continuous,

-1

X- 0x.
j,x

Remark. Definition 12 is equivalent to the fact that the nonabelian cocycle {gij}
satisfies gij--gjgZ, for some {gi}iJ; i.e., {gij} is trivial in the sense that it is
cohomologous to 1 (see [S]).

A cross section is a mapping s’M- E, continuous, such that p(s(x))= x, for all
x M. Replacing everywhere above the continuity requirement by the C requirement,
we say that E is a C bundle, s a C cross section, and so on.

THEOREM 13 (el. IS, p. 36]). A principal bundle E is trivial if and only if it admits
a cross section.

Assume now that (E) is E.L.L.O.I. Let { Uj}jj be an open covering of M such
that the restriction (El t) (E restricted to Uj) is G.L.O.I. Let {zJ, z,J}, j J be a
privileged family of coordinate systems that linearize (E) up to output injection on
each Uj. Recall ( 2, Remark 5) that E(x) was defined as the set of coordinate systems
that linearize (E) up to output injection around x. Denote by Ex the set of germs at x
of elements of E(x).

Set E .JM Ex. Consider the map p" E - M, which associates to z (germ at x
ofthe linearizing coordinate system z) the point p(z) x. We embed E with a topology:
A basis of this topology is formed by the sets {z]x U}, where U is an open set of
M, and z a linearizing coordinate system on U. This is nothing but the topology of
the sheaf of germs of linearizing coordinate systems. E is a principal bundle with
(structural discrete) group G GL(n 1, R) A, and E is analytic or C, according
to the fact that (E) is analytic or C. Part (b) of Proposition 4 means that G acts
freely and transitively on Ex. Therefore we can identify G with each

Set

Ej p_ Uj ), Op _f { Ej - Uj G,
z- (x, g(z)),

-z Part (b) of Propositionwhere g(zx) is the unique element g of G such that z g
oi Uo( Uo Ui c Uj) and go Uo-* G is constant.4 gives the result Zx gij(x)z on

Now we prove the following intermediate result.
PROPOSITION 14. If (Z) is C or (E) is C with simply connected underlying

manifold M, then the fact that (E) is E.L.L.O.I. implies that E has a cross section.

Proof (Z) being E.L.L.O.I., by Lemma 9 there is a global vector field X meeting
the conditions of Theorem 2 on M.

Let (w,,(,...,,(,; Ui(1)...ui(1 I) be a basis of )x, where I is some index set whose
construction is given in the Appendix. It holds that

(O)li(,+l)...tAi,l)--- Lf.,,l+,) ixw ,,) ,,)) ^ dh, o) u,,,)= dLf,.,(,) h ^ dh ).

To prove that the bundle E has a cross section, it is sufficient to show that

ixw Ui([)...1Ai(1) dzui(l)...ui()
In that case, the cross section will be given by

m E,

X"- Sx,
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Sx (z,..., z)T= zx, where (z2;’’’ z,) is equal to Zui(1)...ui(1), Ui(l) Ui(1)E I after
reordering the index set L Clearly, ixoo u.(, dLy. (h) + LxLy.,(l(h) dh.

ui(
Condition (2c) of Theorem 2 expresses that dixw,,x 0; hence dLxLf.,,(h) dh

0. Using Lemma 10, in the analytic case, there is a function g,, such that LxLy.,(h)
g,,,o h. Let G,, be a primitive of g,,; we obtain that ix(w,,=dz,,,, where

Zui,,, -Lf.,l)h + gui) h.
In the C case, since M is simply connected, the same result holds for some
Assume now that ix,,)...,,l)=

O) ,i(k+l)...tli(1)= Zfui(k+l) ixO)l,li(k)...,i(1)] A dh

Lfui(k+l) dZui(k)...ui(1)] A dh

d[Lf.,(k+l,(ZUi(k)...u,(,,) A dh;

ixOau,,k+,,...,,,, -dLf.ik+,( zui(.k)...u,()) nt- LxLf.,k/)( z,,,k,...,,,,) dh.

Again, using d ixW,,k+l)...,il)) O, this implies that dLxLf.ik+l)(zu,k+l)...U,l)) A dh O.
The same argument as at the first step of the induction shows that

ixO) ui(k+)’"ui(t) dzui(k+)’"ui()
The next proposition will give, with Proposition 14, part (i) of Theorem 3.
PROPOSITION 15. In the C case, ifE has a cross section, then (Y) is E.L.L.O.I.G.
Proof. Let s" M- E be a cross section. Denote by Sx(X) R"-1 the valuation of

some representative of sx at x. Denote by r the transformation x-(h(x), (Sx(X))T) T
for some open subset V of R" and where xT denotes the transpose of x.

By using Proposition 4, r sends (EIu) the following system:

’:i AJ(u)z + (pJ(u, y),

" ,y=z,,

where

I0AJ(u)= d;(U)
0

and z(x) r(x) V, V= r(U). AJ(u) does not depend on x, and A(u)=Ak(u)
when U c U . Hence A(u) does not depend on j, and we denote it by A(u).

Writing f,(x) =fl,(x) + q(u, x), where fu(x) is the pull-back by -(x) of the vector
field A(u)z, we get that () writes

2=f,(x)+ qg(u, x),

and r locally transforms this system into the system ; i.e., the output injection q (u, x)
is a global vector field and () is E.L.L.O.I.G.

To complete the proof of (ii) in Theorem 3, we need the following proposition.
PROPOSITION 16. In the C" case, (E) is G.L.O.I. ifand only ifE has a.cross section.

Necessity. Since () is G.L.O.I., there exists a diffeomorphism ’: M V, V an

open set of R" with r h, and r linearizes (I;) up to output injection. Let s be the
cross section x Sx, where Sx is the germ of 4 at x(? (,..., r,)r).

Sufficiency. The proof is the same as the one for Proposition 15, with the following
remark: Denote by Ak(U) the kth line ofA(u) and note that d[Ly,(rk(X)) Ak(U)r(x)] ^
dh =0.

Using Lemma 10, Ly.(rk(X))--Ak(U)r(X)) is a function qk(U, h(x)); hence

4"k(X) Ly.(rk(X)) Ak(U)’r(x)+ qk(U, h(x)).
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Therefore z maps E to a system that is linear up to output injection (remember that
h(x) rl(X)), r is moreover injective" assume that r(x 1) z(x2). Then x and x2 are
indistinguishable, which contradicts the observability assumption.

Counterexample of the fact that, in the C case, (E) can be E.L.L.O.I. and not
G.L.O.I. Let us recall that we do not know nonsimply connected examples for which
(E) is E.L.L.O.I. and not E.L.L.O.I.G.

Set M1 (]-2,2[ x ]-2,2[)\([-1,1] x [-1,1]) and M2 M1- (]1,2[ x {0}). Observe
that M1 is not simply connected and that M2 is. Set

exp(-1/(1/2-x21))(4
(Xl’ X2) "-’)

0

Consider (i)

if x2 > 0 and ]xll < 1/x/,
elsewhere.

+ i= 1,2,
2 X2

y=Xl.

(Zi) is observable in the sense of the rank condition; it is E.L.L.O.I. but not G.L.O.I.

Appendix.
Proof of Lemma 7. Let X, Z be vector fields meeting the conditions of Theorem

2. Let us first make the following remark
Remark 17. Let to =" aj(x) dxj ^ dxl and let X, Z be two vector fields such

that Lx(xl)= Lx(xl)= 1. Then
(a) izto ixto + ixizto dxl
(b) to -(ixto) ^ dXl -(izto) ^ dXl.
The proof of Lemma 7 is now an induction on k. The case where k 1 follows

from the fact that x does not depend on X" set h Xl, tox= dL, (Xl)^ dxl toz
Assume that the lemma is true for 1,. ., k. It holds that

ztoUk+lulLfuk+l(’ZIZtoUk...u,) ^ dXl.
By using the induction hypothesis,

izaZ izooX +(. x xlxlztoul)iZtoUk...u2Uk’" Uk"’t

+ ixiztoX x +t//..- Ul) izto tlk...tll+
/=2 li(1)<....<i(k-1)k

Pi(1)"" i( k--i) iztoX }Ui(k_l)...Ui(l)

By Remark 17(a),

Xz ixtox + txtzto ,,.. ,,,,) dXlIZto Uk... Uk’"

X X" ’ + (,o.1)(ii,o.....)+(o.1) io...
k-l{+ 2 (ixiztoX )ixtoX +(. x x

ur..Ul uk...u,+l ..ul lxlztouk.. 1) dXl
/=2

X+ Pi(1)"" i(k-l)iXto Ui(k--l)’"Ui(1)
li(1)<...<i(k-l)<=k

+ Pi(1)...i(k-l)(ixizto xbli(k_l).. "i(1)) dx11
)
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Applying Remark 17(b), we obtain, up to signs, that
z x +(. x x

lxlz&) Ul
(..0

tk+ .u2
O)

Uk+I’"U
O)

Uk+I’"U

+2 X X + Lfuk+l X X
lxlzOOul .u)O)uk u+lx1zO-) ul .Ul Uk+l "Ul+

I=2

X+ Pi(1)...i(k-l) (’0
Uk+l’"bli(k_l)’"tli(1)

l--i(1)<...<i(k-l)<--k

at- Lf.k+,(Pi(1)...i(k_l))OOUi(k_O...ui,1

+ ixizwX +(. x x xxzO-)-I)( "2 + Z {(ixizxtxtzW u... ,,)( ixizWUk. Ul. Ilk..
I=2

..x+ E Pi(1)’"i(k--l)tX1Z(’OUi(k-l)’"Ui(l) 0")
Uk

l<-i(1)<...<i(k-l)<=k

Regrouping the terms of the same length, and using the fact that Pi(1)...i(k-1) is in the
algebra spanned by

{ixizO)ui(.)...ui()l ’7" 1-- 1; /’/i(1), Ui(’) {/’/1, b/k}}

and closed under the Lie derivative Lz., u {Ul,’’ ", b/k}, we obtain Lemma 7 with k
replaced by k + 1.

Proof of Lemma 8. Let X, Z meet the assumptions of Theorem 2 at Xo M. Let
X{wIl,,>...Ili(,, Ui(l)...u,,> I, 1 <-_ <-_p} be a basis of fx obtained with the following pro-

cedure:
consider {wu,,; ui(l)I1}, a basis of flx (12x is equal to span {dLz.(h)^
dh: u Rm});
complete this basis, to form a basis of 12x +f2x

flx SpanR {Lz.(ixwx) ^ dh; to
x ll, u Rm}.

X X XThis new basis is {tO ui(1),bli(1)Ii}k.J{tOui(2)ui(1),Ui(z)bli(1)I2} where OOUi(2)ti(1
tXOau,<,>) ^ dh. Since, by assumption, dime x= n- 1, this procedure ends.Ly,(( x

Set I IlW’’’w Ip, Card (I)= n-1. The same procedure applied to the same
Zindex set I gives rise to {o,(o...,(,, Ui(l)’" "ui(1) I}.

XRemark 18. (i) Condition (2d) of Theorem 2 states that
Ui(l)"" ui(1)) I} forms a basis of o A dh, where o is the C module (r= or
of 1-forms in a neighbourhood of Xo.

(ii) For any k, 1 kp and for any Vl," ", Vk,

k

0.)
1)k’"Vl 2 E cvl...vk X

Ui(l)’’" Ui(1)
O

Ui(l)’’’Ui(1
1=1 Ui(l)’"ui(1)Ii

Using Lemma 7,

Ol.)
1)p+l 1)1 O -t- lxlztO (.1)

Dp+l Vl

+ tXtZ(’O 1)1""1)1
(.l)

"’’1)1+
/=2

+ E
li(1)<...<i(pW l--1)<--p+

x }Pi(1)...i(p+l-l)tOvi(p+l_l)...vi(1)

for some constant C1)l’’’vk

Ui(l)...Ui(1)

0 0Let /)p+l""" V2--Ui(p)’’’bli(1) be a fixed element of Ip.
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Using property (ii) of Remark 18,

(C (ito + jjtox
Ui(p)’’’Ui(1)Vl U?(p)" X Zto"’Ui(1)v V1 Ui(p)" "’Ui(1)

+ 2 (Ui(l)" "tli(1)(X) O)xUi(i)...Ui(1)
Ui(1)’"Ui(1)l

igi(l) Ui(1 /0 0
i(p)" Ui(1)"

E AUi(l) Ui(1)O10")ZUi(l)’’’Ui(1)
Ui(l)’’’tli(1)

On the other hand,
ZZ

uO/ totoo =ho +
Ui(p) "Ui (1))1 Ui(p)" (1)Vl Oi(p)’’’Ui(l)

0 0
Ui(l)" b/i(1) Ui(1) Ui(1)

with constant A,,(l)...u,(,)o, (by (2b) of Theorem 2).
Applying Lemma 7 to any term on the right-hand side of this formula gives

Z X
Ui(p)...ui(1)D1

() + E ,(,,..u,(,(x) ui(t)...ui()
ui(t).., ui() I

0 0
i(t)" i() i()" i()"

Using point (i) of Remark 18 and identifying () and (), we get that ixizwx is theD1

constant

A, C,q()...,(,),(p)" U(1)D1
We complete the proof by induction Assume that x

xtzW v..., are constant for any
Vl,’’’,vR, lk-1. ByLemma7,

z x +GG(x)wxOk+p" "1 Ok+p" "1 Ol Dk+p" "2

k+p--1
X X+ 2 (,...,)+,...

/=2

+ E
1i(1)<...<i(k+p-l)k+p

Pi(1)...i(k+p-1)tovi(k+p_)...vi()

Similarly to the case where k- 1,
Z

uO/ A O1 "ok ZOto
Ui(p)" (1)Ok’"O1 Ui(p)’’’Ui(1)to b/i (p)’’" (1)

(,) + E ;t’Ill(l)"" li(1)to tli(l)’’" Ui(1)
Ui(1)"’Ui(1)I

with constant

0 0
lli(l). Ui(1) bli(p)" Ui(1).

This induction hypothesis and the fact that Pi(k+p-l)...i(1) belongs to the algebra
generated by

{ixizwx t)i(1),""", V/(-)E {Vl,""" Vk+p}, l < ’r< l--1}Vi(-)’’’Vi(1)

and closed under L; v E{v,..., Ok+p} imply that P...ik+p-l are constant for
l<-l<=k.

0 0Now, replacing (Ok+p,’’’, Vk+) by Up,’’" u)), a fixed element of Ip, and
applying property (ii) of Remark 18, we get that

Z ,,-.ol ...vk
to .o. c + x zto

x Xo
(p)’’’bli(1) Dk" "O1 IAi (p)’’’Ui (1) Ok’" O1 to

(p)’’" Oi (1)

X+ E ( li(l)’’’tli(l)(X)toUi(1)’’’ii(1)

for constant
0 0

Ui(l)" Ui(1) Ui(p)" Ui(1).
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Lemma 7 applied to any 2-form on the right-hand side of formula (,) gives,
after combination (k),

X --Avl’"vk --CVlo "’’vk
lxlz(-O Vk...Vl tli(p)’"tli(1) Ui(p)"’Ui(1)

ProofofLemma 9. Assume that (E) is E.L.L.O.I. Let { U}g e J be a family of open
sets ofM such that (E)[() restricted to U)] is G.L.O.I. Let {Xg}gj be the associated
family of vector fields, X meeting the conditions of Theorem 2 on U.

The proof of Lemma 9 is based on the two following claims.
CLAIM 19. There exists some index set: I I1U. UIp, where
(a) For each j J, I} form a basis of Ftx (where, obviously,(3)

Ui(l)...ui(1),Ui(l .ui(1
XJtOJu,(l)...u,<)- tOu,(,)...u,(,)- Lf.,(l)( ix(to:,_,)...,,<,))) A dh;

(b) {dL:.,<,) L:.,<,)(h) ^ dh; U(l) u() I} is a basis of c6’l(M) A dh. c(M) is
the C"(M)-module of 1 -forms on M(r oo or to).

CLAIM 20. (a) It holds that

to, dLLl( h ^ dh,

to dLL: h Av2v, LL, dh + LxLL h dLf, 2(h) A dh

and, for k >= 3,

+ dLL... (h) dh + LxLfl(h) dLf,’’" A dhO0 vk’"v, Lfo, A Lf2 h

+ +/-,,%o/.. o(h) do... o+ (h) ^ dh/=2

+ Z
l<=i(1)<...<i(l)<=k

where Pi(1)...i(l) belongs to the algebra generated by

{LxJLf.,(.) Lf.,(,)(h); ui(,), Ui(l) {Vl," Vk}, 1 < r < 1-- 1}
and closed under Lyo; v {Vl, , Vk}, and where the symbol means "omission" of the
corresponding term;

k(b) The equality dLf Lz,(h) A dh =Z,=, @,i,)...,i<,>(x) dLf.i<,) Lf.i,>(h) A dh
holds;

(C) IfLxLLi." LL,,)(h LxLf,.)" LL,,(h on Uj U # , with 1
< in the abovel-1, Vil)," ", v,) {v,. ., Vk}, then P(l)...l), associated to w...

formula, coincides on U with Pl)...l) in the expression of w,...,. is means that the
algebraic expression of Pl)...i(l) on does not depend explicitly on j.

Proof of Claim 19. Let , U be two open sets of the above family, such that

U U . Let Bj {W j.,,)....,(,) U) U() I} be a basis ofx. Using Claim
20(a) and the fact that B is a basis of 1() A dh, where 1() is the cr( )-module
of 1-forms on , we get that this propey is equivalent to

{dLf.,,(,) Lf.i(1)(h) A dh’, li(1) Ui(1)e I},

which forms a basis of gl(U) A dh.
Set Bc={w Ui(l Ui(1 Ni(l) Ui(1) I}, wUi(’)"’"i(1)- LL,,(ix( u,,-,v..,i(l)) A dh on

Uc. An obvious induction shows that {t "u()...u() I} is a basis of oxUi(l)"’Ui(1)

restricted to
First, =, since they do not depend explicitly on X. Assume that

{.,_,)...,,), ui(_)"’u() I} are C’-independent"

u,,, ,,,) dLL,,,, Lf.,,,, h A dh + A,
dLz Ly.,,)(h) A dh + A,

ui(k)" "’uio) ui(k)
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where, by Claim 20(a), As and A are 2-forms in At, the cr( Ucj)-module generated
by {dLf,,(,)... Ly,,(,)(h) ^ dh, 1 _-< z_-< k- 1, Ui(.) Ui(1)E I}.

The w,<k)...,i(, are R-independent by assumption (R-independent between them
and with At). The observability condition (2d) of Theorem 2 implies that they are
cr( Us)-independent (between them and with Ar). It follows that
{0) s

Ui(1)’’’Ui(1) I} is a basis of fx. Part (b) is an obvious consequence ofui(t)"’ui(1),

(a) and Claim 20(a), (b)..
Proof of Claim 20. For parts (a) and (b), see [HG1, pp. 141, 142, 144]. The

algebraic form of Pi(1)...il is obtained by induction, and it is easy to see that the
formula does not depend on the U.

Having proved Claims 19 and 20, we can now argue the proof of Lemma 9. Note
that {h}{Lf.,(,... Lf.,(,)(h), ui(t)~’." Ui(1) I} forms a coordinate system on each U,
j 6 J. It is sufficient to construct {XJ}j, a family of vector fields meeting the conditions
of Theorem 2 and such that Ly:JLf.,(,... Ly, .(h) coincides with

ui(t) ui(l)

on each Us U c Us . This will imply that X coincides with X on Us, and thus
there is a globally defined X on M. To construct {’J}j, we return to the algorithm
given in [HG1, pp. 144-147]. Let p be the integer subject to I I U. UIp. By Claim
20(a),
(.0 j/)p+l...t)l =1= dLf%+, Lf,l h ^ dh + LxLI,,( h dLf%+l Lfo2( h ^ dh

Plq- E +/-LxLfl Lfol(h) dLfo,, Lf,l+l(h A dh
/=2

ni)...i( dLfo,/, ’foi<) fv,<l Lfo,( h ^ dh }.+
li(1)<...<i(1)<=p+

By replacing Vp/...ve by u o
(p. u(, a fixed element of Iv, and by using part

(b) of Claim 20, it follows that

(.oJo (( uO/(p). "U/(l)t)l Vl,,iv..u,,, (x)+/- txLf, (h)) dLfo,(, Lfo,,(h) ^ dh

(1) "[- qgu,(,)...u,(,)(x dLf.(,) Lfui(1)(h) ^ dh,
Ui(l)...Ui(1)

o o
Ui(l)" Ui(1)# li(p)" Ui(1).

Expanding wo,...o,, in the basis {t,,v,,, Ul u I} gives
o Co, .o,(,),ooO)
Ui(p)’"ui()v (p)... Ui(p)...ui()

j+ E CJHi(l)’"Ui(1) O) Ui(l)’"Ui(1),
tti( l)" tli(1)

Hence we get that

o o
Ui(l)" Ui(1) Ui(p)" /’/i(1)"

0 0
Ui(l) Ui(1) Ui(p)

The combination of (o) and () implies that LxjLyo,(h)= ODI(X)+ IJv,, where O,(x)
does not depend on j and where , is a constant.

Recall that w, dLo,(h)^ dh and that

ix,w j,, -dLyo, h + LxjLyo, h dh

=-dLf,,,(h)+Ovl(X) dh+h, dh.

(.oJo Jo
li(p) "(1))l CJuOi(p)’"1,1Oi(l)l)l (JO Ui(p)’"l,lOi(,)

+ E J (x) Lf. )(h) ^ dh,tli(l)’"tli(1)D1 dLf.i(t) (
Ui(l)...Ui(1)
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Let XJ(1) be the unique vector field such that

ixJ(1)tOvl- lxJ(.Ol)l--Al) dh -dLGl(h)+ O/)l(X dh,

ixJ(1) ix on some supplementary space of flxj in 12xj, Lxj(l)(h)= 1.
It is clear that X(1) satisfies the assumptions of Theorem 2. Note that

Lx(L:,(h) Ov,(x), and, if X(1) is defined on the same way as X(1), with U ,
then Lx(L:,(h) coincides with Lx(1)L,(h) on U.

Assume now that, for each j e J, there exists X(k), a vector field defined on U
such that

(i) X(k) meets the conditions of Theorem 2,

((k)) (ii) For all j, sr J such that Uc , Lx(k)Lfo....l(h coincides with

Lx(k)Lfo." LGI(h) on Uc for 1 _-< r _-< k.

Denote by { Sjui(l)-..ui(,)," bli(l)" ui( I} the basis of -XJ(k) obtained in the usual manner.
Consider

a +Dk+p+I’"D1--- dLfvk+p+l LG1 (h) ^ dh + gxg(k)Lfvl(h) dLf,k+p+l Lf,2(h) ^ dh

.qt- kP/=2 {--txJ(k)tfvl’’’tfvl(h)dL,.+p+, LG+,( h

-]" Z Pi(1).., i(1)
<=i(1)<...<i( l)<=k+p+

dLGk+p+ fvi Lfv (h) ^ dh}(I) Lfvi(1)
Recall that Pi(...i(l), together with its Lie derivatives, depends only on Lx&G(" L(I
for 1 <_-r_-< l-1. Using (k) and Claim 20, we get that

J 2 gui<,)" dLfui<,)Dk+p+I...D, ../,/i(1)(X) LGi(1)(h A dh
Ui(l)’"ui(1)G

+ Lx;(k)L:k+,’’’ L:,(h) dL:+,+,... LGk+2(h A dh

k+p

+ Z Z Pi(1)...i(l) dLyv+,+,’’"
l=k+2 l<=i(1)...i(1)<=k+p+l

X LG,(I)’’’ LG,(,)’’" Lfv,(h) ^ dh,

where the coefficients g,,)...,(,) associated respectively to o3 and a3;
)k+p+ "/)1 Dk+p+l

coincide on U; .
Now apply Claim 20(b) to dLfvk+p+l Li(l) fvi(1) gfvl (h) ^ dh, for k + 2-<

1 _-< k + p, to get that

k+p

Z Pi(1)...i(l)dLfk+p+l"" gf,i(,)’’" Lfvi(1)’’" gGl(h) A dh
l=k+2

p-1

Z ., ga (x) dLf.(,,’.. Lfui(1)(h) ^ dh.Ui(l)’"Ui(1)
/=1 Ui(i)’"Ui(1)Gl

o oReplacing )k+p+l’k+2 by Ui(p)’’’Ui(1) a fixed element of l, we obtain that

’*"J
Ol)

ui (1) Ui (1)Vk+l

(k + 1) (ii(p) Ui(p) (1)
(h..,,o.(x) + LX;(kLIk+, Lyl(h)) dLf, Lfo ^ dh

+ Z tli(l)...bli(1)(X) dLfui(1)(h) ^ dh.
ui(l)’"i(1) l,li(p)
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As for k=l,

() E / l" vk+ ()
gi(1)’"Ui(1))k+l"’)l tli(l)’"Ui(1) tli(l)’"Ui(1)

ui(1). -i(1)I

vl ...vk+lwhere h u,(,)...u,(,) are constants
By using Claim 20(a), (b), this implies that

Vl )k+l

Lf(.0 jO uOi h d (h) ^ dhUi(1)"" (1)Vk+a"" Vl Ui(p)’"Ui(1 (p)"’uO/(1)

ui( l)... i(1 ui(p)’" i(,)

Combining ((k+l)) and (k+l)), we obtain that

DI" )k+l-o (x)+,oLx;(k)LGk+l Lf,( h +/- g,,() .,,(,) Ui(P)’""i(1)

Now we construct XJ(k + l) as the unique vector field such that

~J for /i(k+l)" "/i(1) lk+l,ixJ(k+l)tO ui(k+)" ui() ixJ(k)tOj hui(1)’"Ui(k+l)
Ui(k+l)...Ui(1 Hi (p)" t/0/(1)

ixJ(k+l) ixJ(k) otherwise;

Lx;(k+l)(h) 1.

It is clear that XJ(k + 1) satisfies the conditions of Theorem 2.
Using (k) and the fact that gu,(,, ...u,()... u,(k+,)..-,(,) associated to

Lx(k)Lfu,(k+,)’’’ LG,(1)(h and Lx(k)LG,(k+,)’’’ Lfu,(,)(h coincide on Ujc , we obtain
that

Lx(k+)Lf,(k/,) Lf.,(1)(h)- Lxc(k+l)Lf.i(+l) LA,i(1)(h
on U: .

Let {j.,(,)....(,); ui()...,,()} be a basis of x(+) defined as for x(). Note that (i)
J for 1 < < k, and (ii)Ui(l)"’Ui(1) Ui(l)"’Ui(1)

Ui(l)’"Ui(1) Ui(I)’’’Ui(1)

ix(k+)(u,().
for all j, subject to and all I, 1 N N k + 1.

ixc(k+)Pa (ii) implies that iX(k+l)v.+ -- vk+...v on % for all

v,..., v+, and then Lx(+)LG+l.. LZl(h) Lx(k+l)Lf%+l" Lfl(h) on i .
This ends the proof of Lemma 9.
Proof of Lemma 10. First, note that since dh(x) 0 for all x, the image of h is

open. Second, the image by h of any open connected set is an (open) interval. The
intersection of a finite number of images of such open connected sets is still an interval.
Let {}; be an open covering of M by open connected sets on which g; h
for analytic g defined on h(). We set h (y) g; (y) if y h() and prove that the
resulting map is well defined (this will imply analyticity).

Let x, x be given such that x e U, X e U, y h(x) h(x). By connected-
ness, pick a continuous path on M joining x to x. By cmpactness, cover this path
with a (finite) number of open sets {}. Reorder J so that x U,xe U,

+ , set % U U:. . G. % is connected. Set 5 h(%).
Assume (induction) that g is well defined on (the open interal) I. g+l is defined

on h(Ui+l) and coincides with g on h(%m G+), but h(%m G+l) is open in h(%)
h(G+), which is connected. By analyticity, g and g+ glue together on %+. It follows
that g(y) g (y).
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CONSTRAINED CONTROLLABILITY OF LINEAR DISCRETE
NONSTATIONARY SYSTEMS IN BANACH SPACES*

vu NGOC PHAT?$ AND TRINH CONG DIEU?

Abstract. This paper studies local null-controllability of linear infinite-dimensional, nonstationary,
discrete-time systems of the form Xk+ AkXk q- lkUk, Uk E - U, X M X, where X, U are Banach
spaces; Ak, B are linear bounded operators; Mk, l-I are given nonempty subsets. New necessary and sufficient
conditions for local null-controllability are given. The main tool is the surjectivity theorem for convex
multivalued mappings in Banach spaces.

Key words, linear discrete systems, constrained controllability, set-valued mappings, infinite-dimensional
systems
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1. Introduction. Consider the following linear discrete-time control systems"

(1.1) Xk/ AkXk + BkUk k O, 1,

where Xk Mk c X, Uk gl c U, X, U are infinite-dimensional Banach spaces; Mk, 12
are given nonempty subsets; Ak, Bk are linear bounded operators.

A point x X is said to be null-controllable at step N if there are admissible
controls ukl, k=O, 1,..., N-1 such that the corresponding solution Xk, k=O,
1,’’’,Nof(1.1) satisfieSXo=X, XkMk, k=l,2,’..,N--l, xN=0.

Let SN denote the set of all null-controllable at step N points of (1.1). Let

s=us.
N>I

System (1.1) is called locally null-controllable (locally null-controllable at step N,
respectively) if and only if 0 int S (0 int SN, respectively).

The study of controllability properties of linear dynamical systems has attracted
much attention in the literature; refer to the surveys of Conti [1] and Faradzev, Phat,
and Shapiro [3] for details. There are several results concerning the constrained
controllability of linear discrete-time systems; see, for example, Murthy [4], Van Til
and Shmitendorf [13], Phat [5], [8]. All of these works require the system either to be
stationary or have unconstrained states, i.e., Mk X. The problem of controllability of
discrete-time systems with constraints on both control and state has received little
attention. Some new conditions for local null-controllability and reachability of system
(1.1) were obtained by Phat [6], [7] under the assumption that 0 int Mk.

In this paper, to study local null-controllability of the control system (1.1) in the
general case of constraints on both control and state, we apply some new results on
convex multivalued analysis of Pshennhichnyi [9] and Robinson [11] as surjectivity
theorems and theorems on implicit functions for convex, closed, multivalued_mappings
in Banach spaces. This approach allows us to obtain general controllability tests in
terms of support functionals in Banach spaces. Necessary and sufficient conditions for
local null-controllability of control system (1.1) are established, where Mk is assumed
to be an arbitrary convex closed set. The results of this paper can be considered an

addendum to results of Phat [6], [7].

* Received by the editors July 17, 1989; accepted for publication (in revised form) June 26, 1991.

" Institute of Mathematics, P.O. Box 631, Bo Ho, Hanoi, Vietnam.
This research was done while this author was visiting the Computer Centre of USSR Academy of

Sciences, Moscow, Russia.
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2. Notation and preliminary lemmas. We first adopt the following standard nota-
tion and definitions used throughout this paper. X*, U* denote the dual topological
spaces of X, U. The closure, the interior, the relative interior, and the linear hull of a
set M are denoted by r, int M, ri M, and sp M, respectively. Mk denotes the set of
all elements xk (xl, , Xk) with xi Mi, 1, , k, and Xk represents a Banach
space endowed with norm

Let M* be the dual cone to M at 0 M defined by

M* {x* X*: (x*, x) > 0, x M}.

To any multivalued mapping T" X=:> U, we associate, as in [9], the domain, the
graph, and the adjoint map of T

dom T {x X" T(x) # },

gf T {(x, u) X x U: u T(x)},

T*(u*, z0) {x* X*" (-x*, u*) (gf T- Zo)*},

where Zo gf T.
A multivalued mapping T"XU is called convex (closed, respectively) if and

only if gf T is a convex (closed, respectively) subset of X x U.
LEMMA 2.1 (extension of Robinson’s surjectivity theorem). Let T" X U be a

convex, closed, multivalued mapping, whose range T(X) is a set of the second category.
Then, for every x dom T and every neighbourhood Bx of x, we have that

r(x) VI int T(B,,).

This result was proved by Duong and Tuy in [2].
LEMMA 2.2. Let M be a convex subset of X. Assume that 0 M. Then

M*={0} and intMC0intM.

Proof 3" Assume that 0 int M. Then there is a nonzero functional x* X* such
that (x*, x) _-> 0 for all x 6 M. This implies that x* M*; hence M* {0}.

" Assume that M* {0}; i.e., there exists a nonzero functional x* X* and
x* M*. Therefore, by the definition of M*, we have that (x*, x)_-> 0 for all x M.
Since 0 int M, we have that x*= 0.

LEMMA 2.3 (theorem on implicit function). Let T" X U be a convex multivalued
mapping and 0 gf T. Then

06intdomTCintdomT#( and T*(0,0)={0}.

The proof of this lemma follows from Lemma 2.2 and from the theorem on implicit
multivalued mappings proved by Pshennhichnyi in [10].

Let P be a linear bounded operator mapping from X into Y. Denote by P, P-
the adjoint and inverse operators of P. It is clear that P- is a multivalued mapping
defined by

P-y {x X" Px y}.

Let us set, for every k= 1, 2,.. and i= 1, 2,. .,
Pk, AkAk-1 Ai, Pk,k+l I Pk,o-" --Ak-1 AIAo.



CONSTRAINED CONTROLLABILITY OF LINEAR DISCRETE SYSTEMS 1313

For every uk= (Uo,’’’, Uk-1)E Uk, we consider the following multivalued map-
ping Qk uk=:X’.

QkUk= P{,(FkU k) (-1 HkU k,(2.1)

where

k-1

Fu= E P_,,+Bu,
i=0

k-1

Hguk= VI Giu i,
i=1

Gklg k -1Pk,o(FkU k Mk).

Throughout the paper, unless otherwise specified, a control /,/k, k 1, 2,..., is
called admissible if u k E-k for k 1,2,. ., and Qk(bl k) . We assume that the
sets Mk. k 1, 2,. ., are convex, closed, and int Mk # , and 1) is a convex subset
satisfying

By definition, it is clear that the set of all null-controllable at step N points of
system (1.1) is defined by the set QN({IN). It also can be seen that the multivalued
mapping Qk(" defined by (2.1) is convex, closed, and 0 gf Qk.

The following assumption plays a crucial role in what follows:
-1(2.2) A-(BkW)int(-Mk)domPk,o, k=l,2,...,

where W pp
Note that, in the case where Mk X or 0 int Mk, assumption (2.2) is immediately

satisfied.
LEMMA 2.4. Assume that (2.2) holds true. Then

(2.3) int Hk( Wk) , k 2, 3,"’.

Proof We first observe that if M, M2 are convex subsets containing the origin
and int M , int M2 M , then int (M V1 M2) # . Using this fact, we now
prove (2.3) by induction in k- 1, k-2, , 1. First, we show that

Wg- (’1 Gk Wk-2)int (Gk_l -2 (.

Indeed, in view of (2.2), there is a point Xo int (--Mk-2) such that

Ak-xo Bk- W, Xo dom -1Pk-2,o.
-1For any Yo Pk-,o(Xo), we have that

Since

we have that

which implies that

Yo e int Gk-2Wk-2"

Pg-l.oYo Ag-2Pk-,oYo Ak-2xo,

Pk-I,oYo Fk-1Wk-1 Mk-1,

wk-1yoE Gk-
Wk- fl Gk- .From the above remark, it follows that int (Gk_ Wk-)
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Now assume that (2.3) is satisfied for 2, 3,..., k-1; i.e.,

k-1

int 71 GiW .
i=2

Let Xo A-(B W)f-lint (-M). A point yo P-,(Xo) belongs to the interior of the
set P-,lo(BoW-M1). Since AlXo B W, we obtain that

yo P-(FiWii,o -Mi), i=2,3,...,k-1.

According to the above remark, we again obtain that

int { G WICI (k
which completes the proof. El

3. Controllability results. Let us now return to the control process (1.1). The
proofs of our results on null-controllability theory are based on the surjectivity theorem
and Lemma 2.3.

Let us define the following multivalued mapping:

Tnx {u 12" -Pn,oX + Fu O, x HnuN}.
It is obvious that T is a convex multivalued mapping from X into WN and that

(3.1) dom TN Ss QN(ON).

THEOREM 3.1. Assume that (2.2) holds true. System (1.1) is locally null-controllable
at step N if and only if
(3.2) PN,oX sp {BN_, W,’’., AN-l"’" A,Bo W},

* * M,{x* X* x* A*ox*o X’k-1 AkXk m, m*k
(3.3)

k= 1,..., N- 1, X*k (Bk)*, k=0, 1," , N- 1} {0}.

Proofi Necessity. Let system (1.1) be locally null-controllable at step N; i.e.,
0 int SN. By the definition of TN and by (3.1), we have that

Q(W) -1 WNPN,o(FN f"l HNWN.
Since

we have that

which implies that

Thus we have that

int QN( W) # ,
int --1 WNPN,o(FN )#,

-1PN,o(FNWN X.

Pr,oX c__ FNW,
which proves (3.2). To prove (3.3), we set

{x* X*’. x* Ao*xo*, X*k- AkXk* m*k e M*k k 1," N- 1,

X*k (BkI)*, k=O, N-1}=R*N
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By Lemma 2.3, we have that T’N(0, 0)= {0}. Then it suffices to show that

(3.4) R* T’N(0, 0).

For simplicity of formulation, we will prove (3.4) for N 2.
Let x* R2*. Then there are Xo* 6 (Bof)*, x* (Blf)*, and m* M* such that

x* Ao*xo* Xo* A* *Xl m*.
By definition of T2x, we have that

T:zx {u {Uo, ul) f2: AaAox + A.Bouo+ Baua O, Aox + Bouo
For every (2, tT) gf T2, we obtain that

(-x* x)+(o, )=(_a,a,,,o,, . + a*om*l, 2)

(x*, -a,ao) + (m*, ao)

(X*l, A1Bouo+ B1Ul) + (m*, Ao2).

Since Xo* A*x*-m*, we have that

(-x*, 2,) (x* B, ua) + (X*o Bouo) + (m* Bouo) + (m* Ao2)

(x*, B,u,)+(Xo, Bouo)+(m*, AoX + Bouo).

On the other hand, x*6(Bf)*, i=1,2, and AoX+Bouo6M*; then (-x*, :)-> 0.
Therefore x* T*(0, 0), which proves (3.4).

Sufficiency. Assume that conditions (3.2), (3.3) are satisfied. As we remarked
above, dom TN- Su- Qu(12u). From (3.2), it follows that

-1PN,O(FNWN) x.
By Lemma 2.4 and by the definition of Qu(WU), we have that

int ON WN) .
Since ri fN # , in view of Lemma 2.1 (i.e., the interior of fN relative to the

subspace Wu=p fu is nonempty) we obtain that

int Qu(Ou)= int dom TN # .
Now we show that T’N(0, 0)-{0}, and then, from Lemma 2.3, it follows that

0 int dora TN i.e., 0 int SN.
According to (3.3) it suffices to prove that T’N(0, 0)= R*
Let N 3 (for every N => 4 the proof is analogous) and let x* T3*(0, 0). Then

(-x*, 0) (gf T3)*. From the definition of T3(x) and by an argument analogous to that
used for the calculation of adjoint multivalued maps in [10], we can find that
t)* G (F33)*, m* (H3-3)* such that

x* * * m* *AIA2v -mP3,ot) Ao* * * *

According to a duality theorem for intersection of convex subsets in Banach spaces
(see [9]), there exist functionals r* (Fifi- Mi)*, i= 1, 2 such that

m* * *ao A rh a fft

Since
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we have that

where

Setting

m*, (-F,i + Mi)* = M.*,

x v* x A v* m’z, X A x m

we show that x* (BiO)* for i= 0, 1, 2.
Indeed, by the definition of F3-3, we have that B20 c F3-3. Then we have that

x2* v* (B20)*. Let 1. For every (Uo, Ul) 6 O2, we obtain that

(x* ABouo+ B, u) (A*2 v* m* ABouo) + (A*2 v* m* Ba

Since

we have that

On the other hand,

v*, AABouo) + (v*, AzB1 ul) + (,- m’z, A1Bouo + B1

FO= A1BoYI + B10, m*2 G_ (-F2’).,2+ M2)*,

A2A1BoO F3’-3, ABll) F303.
Hence

(3.6) v* (A2A1Bol))*, v* (A2Blf)*.

Combining (3.5) and (3.6), we have that (x*, A1BoUo+ Blul) >- 0 for every (Uo, ul)
O2, which implies that x* (F202) *. Thus x* (B10)*.

Now let i--0. For every Uo O, we have that

(X*o, Bouo)= * *(A1 xl m* Bouo),

where x* (FzO)* (B10)*, m* (-BOO + M1)*.
Since

BoO M1- BoO, A1Bofl FzQ,
we have that

m* (BOO)*, x* (A1Boa)*.

Hence, for every Uo O,

(Xo*, Bouo) (Xl*, A1Bouo)+(-m*, Souo) >- 0,

which implies that Xo* (BOO)*. The proof is complete. [3

THEOREM 3.2. System (1.1) is locally null-controllable if and only if it is locally
null-controllable at timestep N >-1.

Proof Let us consider the multivalued mappings QN" WNX defined by (2.1).
Then, as we remarked above, Su Qu(fN). Let

S USN.
nl
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The local null-controllability of system (1.1) implies that 0 int S. By the Baire
category theorem, there is a number N=> 1 such that the set SN is of the second
category. Since the interior of N (relative to subspace WN) is nonempty, using
Lemma 2.1, we obtain that

int QN(fN .
On the other hand, observe that

Skc_G_Sk+ fork=l,2,’...

Hence, by the. same arguments as in Lemma 1 12], we can find a number N1 --> N
such that 0int SN,, which means that system (1.1) is locally null-controllable at
step N1. The sufficiency is obvious. The proof is complete. [3

Combining Theorems 3.1 and 3.2, we obtain the following result.
THEOREM 3.3. Assume that (2.2) holds true. System (1.1) is locally null-controllable

if and only if (3.2), (3.3) hold true for some N >- 1.
Example 3.1. Consider the following system in 12:

(3.7)

where

X(l+l)=A(l)X(t)+U(t), k=O, 1,. ., N-l,

bl(k - 12, X(k) Mk 12,

A(o) (x,, x2,’" ") (x,, X3, Xs,’" "),

1
a(k)" (x,, x2, ") -- (xg+,, xg+2, "),

’= (/’/ =(Ul, f/2,"" ") 12: f/i =0, i= 1,. ., N, Ilull a},

M,={(x,x2,’" ")/2: XN+k+I 0}"

It is easy to see that int f , but ri f and

a) (xl, x:z, ") (x,, O, x:, O, X3, 0," "),

1
(x,, .)-,-(0,..., O, .),

’* {U (Ul, /’/2,"" ") 12: UN+’ UN+2 0},

M* {(x, x2," ") 12" XN++ -->-- 0, Xi =0, N+ k+ 1}.

In this case, conditions (3.2), (3.3) are satisfied. To verify (2.2), we take a number
yN+k+ < 0 for k {1, 2, , N- 1} and set

X(k)=(0,’’’,0, yN+k+l,0,’" ").

We have that x() int (-M) and

A(k)x(,) (0,..., 0, YN+I, 0,’" ").
Hence

x(,) A-(2)(B() W).
On the other hand, we have that

x() e dom gk-.
Therefore (2.2) holds true, and system (3.7) is locally null-controllable at step N.

Acknowledgments. The authors thank the referees for many helpful comments and
remarks.
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SYSTEMS*
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Abstract. In this paper, a set of extended quadratic controller normal forms of linearly controllable
nonlinear systems is given, which is the generalization of the Brunovsky form of linear systems. A set of
invariants under the quadratic changes of coordinates and feedbacks is found. It is then proved that any
linearly controllable nonlinear system is linearizable to second degree by a dynamic state feedback.
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1. Introduction. It is well known that there are four normal forms of linear systems:
controllable, observable, controller, and observer form. The nonlinear generalizations
of these four linear normal forms were given and discussed in Krener [12], Hunt and
Su [5], Jakubczyk and Respondek [8], Brockett [1], and Sommer [16], among others.
For a system in controller normal form, the design of a stabilizing state feedback
control law is a straightforward task. Unfortunately, most controllable systems do not
admit a controller normal form, and even when one does, the transformation of a
system into controller normal form involves solving a system of first-order partial
differential equations (PDEs), which numerically can be quite difficult. For these
reasons, the approximate versions of nonlinear controller and observer normal forms
were introduced in Krener [11], Krener et al. [13], Phelps and Krener [14], and
Karahan 10], among others. It was proved that for certain kinds of nonlinear control-
lable systems, we can find a nonlinear change of coordinates and nonlinear state
feedback that transforms the system into the linear approximation of the plant
dynamics, which is accurate to second or higher degree. The computation of such a
change of coordinates and state feedback is reduced to solving a set of linear equations.
However, these linear equations are not always solvable, and most of the nonlinear
systems do not admit such a linear approximation.

In this paper, a set of extended quadratic controller normal forms of linearly
controllable systems with single input is given (Theorems 2 and 3). We can consider
these normal forms as the extension of the Brunovsky form to the nonlinear systems.
Then we prove that, given a nonlinear system, there exists a dynamic state feedback
so that the extended system has a linear approximation that is accurate to at least
second degree (Theorem 4). This means that any linearly controllable nonlinear system
is linearizable to second degree by a dynamic state feedback (see the corollaries).

In this paper, we only consider the single-input systems. The generalization to
multi-input systems will be given in another paper.

2. Extended quadratic controller form and dynamic state feedback linearization.
From Brunovsky [2] (see also Kailath [9]), we know that any controllable linear system
can be transformed into a controller form by a linear change of coordinates. If, in
addition, we also allow linear change of coordinates in the input space and linear state

* Received by the editors November 19, 1990; accepted for publication (in revised form) August 2,
1991. This research was supported in part by Air Force Office of Scientific Research grant AFOSR 91-0228.

" Department of Mathematics, Institute of Theoretical Dynamics, University of California, Davis,
California 95616.
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feedback, any controllable linear system can be transformed into a Brunovsky form
Under the linear change of coordinate and state feedback, the Brunovsky form is a
normal form for controllable linear systems This result is summarized in the following
theorem. The change of coordinates and state feedback used in this theorem is

(2.1)

where T is a constant n x n nonsingular matrix, c is a row vector, and/3 is a nonzero
real number.

THEOREM 1. Consider a single-input, time-invariant linear system

(2.2) = F+ Gtz.
If it is controllable, then, by a suitable change of coordinates and state feedback (2.1),
this linear system can be transformed into the following system of Brunovsky form:

0 1 0 0 0

0 0 1 0

(2.3) 2= x+ o.

0 0 0 1

0 0 0 0 1

In the following, we give a nonlinear generalization of Brunovsky form from the
quadratic approximation point of view. We study the following nonlinear systems:

(2.4) =f() + g(sC)/z,

where f(sc) and g() are nonlinear vector fields such that

0

(2.5) /(0)= i
Throughout this paper, we use the following notation:

0 1 0 0

0 0 1

(2.6a) a B
0 0 0

0 0 0

0

1 nl

f21(:)

(2.6b) f[2]() f2121() gt’ ()=
g[21]()

g’i(s:
(2.6c) F (0), G g(0).

The superscripts off2() and g() denote thatf[2(s) and g() are homogeneous
polynomials of second and first degree in . This kind of superscript will also be applied
to some other vector fields and functions (e.g., a21(x) or/3(x)).
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DEFINITION 1. If (F, G), the linear part of system (2.4), is controllable, we call
(2.4) a linearly controllable system. In this paper, we always assume that a nonlinear
system is linearly controllable.

As mentioned in 1, most linearly controllable nonlinear systems do not admit a
controller normal form; therefore they cannot be transformed into the Brunovsky form
(2.3). Theorem 1 implies that there exists a linear change of coordinates and linear
state feedback (2.1), which transforms a nonlinear system (2.4) into the following
system:

(2.7) 2=Ax+Bo+f[2](x)+g[1](x)o+O(x, o)3,

where (A, B) has Brunovsky form (2.6a). So Brunovsky form is a normal form for the
linear part of linearly controllable nonlinear system (2.4). The question is: What is a
normal form of the quadratic terms in this system? We answer this in the next theorem.

To solve this problem, let us consider the following nonlinear systems, the linear
part of which is in Brunovsky form:

(2.8) 6 A+ B/z +f[2](:) + gl()/z + O(,/.)3.
Since the linear part of (2.8) is already in Brunovsky form, we want to leave it invariant
under a change of coordinates and state feedback. Therefore we consider the change
of coordinates and state feedback of the following form"

(2.9) sc x + bt2l(x), o =/x + at22(x) + fltl](x)lz.
Here bt22(x) is an n-dimensional vector field whose entries are homogeneous poly-
nomials of second degree in x, at21(x) is a homogeneous polynomial of second degree,
and/3tl(x) is a polynomial of first degree. The transformation given by (2.9) has two
virtues. The first is that it leaves invariant the linear part of (2.8). The second is that
the nonlinear coordinates : and x agree to the first degree.

Now we can define the normal form of the quadratic terms in (2-.8) under the
change of coordinates and state feedback (2.9).

THEOREM 2. By a change of coordinates and state feedback (2.9), system (2.8) can
be transformed into one and only one of the following systems:

(2.10a) 2 Ax + Bo +ft21(x) + O(x, 0)3,
where

(2.10b) f2](x)

(2.10c)
aqxj l_<i__<n-2,

i=n-1 orn.

DEFINITION 2. A system such as (2.10) is said to be in extended quadratic
controller form.

An alternate set of normal forms is given in the next theorem, where ft(x) is zero.
THEOREM 3. By a change of coordinates and state feedback (2.9), system (2.8) can

be transformed into one and only one of the following systems"

(2.11a) Ax + Bo + [1](x) 1) -- O(x, I))3,
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where

(2.1 lb) t’l(x)

(2.1 lc) ll(x)
aijxj others.

--i+2

Remark 1. If both the linear and quadratic changes of coordinates and state
feedbacks are used, what is the normal form of a nonlinear control system such as
(2.4) under this larger transformation group ? in fact, all the linear changes of coordin-
ates and state feedbacks that leave the Brunovsky form invariant are z cx, c-lo,
where c is a constant. When we apply this linear transformation to the normal form
(2.10), the resulting quadratic part is c-’ft2(x). Let P denote the projective space
induced by the linear space

{ft21(x); ft2a(x) is in the normal form (2.10)}.

The above linear transformation does not change ft2(x) in the projective space P.
Therefore, under both the linear and quadratic transformations, the family of the
normal forms of systems such as (2.4) is a projective space plus the origin ft(x)= O.

Since most nonlinear systems (2.4) do not admit a controller form, they cannot
be completely linearized by a change of coordinates and a state feedback. We wish to
use (2.9) to transform (2.4) into a linear system plus an error of second or higher
degree, below:

(2.12) 2 Fx + Go + O(x, o)3.
A system with this property is said to be quadratically linearizable by (2,9). From the
result of Theorem 2, we know that system (2.8) is quadratically linearizable by (2.9)
if and only if the corresponding extended quadratic controller form (2.10) satisfies

(2.13) jT(x) =0.

Therefore most nonlinear systems are not quadratically linearizable by state feedback.
In the following, we introduce a method of linearizing a nonlinear system to the second
degree by a dynamic state feedback. The concept of dynamic state feedback was
introduced and studied in Singh [15] and Charlet, L6vine, and Marino [3], [4].

DEFINrrION 3. A dynamic state feedback is a system

tb a(sC, to)+b(sc, to)o, to(t)R q,
(2.14)

/ c(, to)+d(, to)o, o(t)g,

where q is called the dimension of the dynamic state feedback; a(, to), b(sc, to) are
q-dimensional vector fields; and c(, to), d (:, to) are scalar functions. In general, they
are nonlinear.

Consider system (2.4) with a dynamic state feedback (2.14). The extended system
is as follows:

(2.15)
& a(,to) b(,to)

o

fe(, to)+ ge(, to)O.



EXTENDED QUADRATIC CONTROLLER FORM 1323

Let Fe be the Jacobian matrix offe(, w) at (0, 0); let Ge be ge(0, 0).
DEFINITION 4. If we can find a dynamic state feedback such that the extended

system (2.15) is linearly controllable and it can be transformed into

(2.16) Fez + Ge0 + O(z, 0)

by a change of coordinates (in the extended state space)

(2.17) [w] =z+ q2(z),

then system (2.4) is called quadratically linearizable by a dynamic state feedback.
THEOREM 4. Any linearly controllable system (2.8) is quadratically linearizable by

a dynamic state feedback.
COROLLARY 1. Any linearly controllable system (2.4) is quadratically linearizable

by a dynamic state feedback.
In Corollary 2, below, we show that finding a suitable dynamic state feedback

and a change of coordinates in the extended space is equivalent to solving a set of
linear equations. Suppose that the Taylor series of the vector fields f(:) and g(sc) in
system (2.4) are

(2.18) f()=F+f2]()+O()3, g()=G+g()+O()2.

COROLLARY 2. Suppose that the dimension of the state space of system (2.4) is n.
To quadratically linearize this system by a dynamic statefeedback, we can use thefollowing
n 1)-dimensional dynamic state feedback:

(2.19) ob aw + Bo,

where (A, B) is in Brunovsky form (2.6a) of dimension n-1. The change of coordinates
(2.17) in the extended state space is

The homogeneous polynomials yll(, w), y2(:, o) and the vector fields
421(z, wl,..., w_2) are chosen such that the extended system is linearly controllable
and that

(2.21)

[Fz + G(o, + ,t’(z, o)), 6t(z, o,,..., o,_)] +
[2]

A(.o

Gy21(z, w) +ft2(z) + gtl(z)(wl + ytl(z, w)).

Furthermore, by (2.19) and (2.20), system (2.4) will be transformed into

[] [Fz+G(Ol+y[1](z’))]+[OB]o+O(z, oo, o)3.(2.22)
o5 Aw

Remark 2. In Charlet, L6vine, and Marino [4], it was proved that if a single-input
system is not exactly linearizable by state feedback, then this system is not linearizable
by a dynamic state feedback. The result of Corollary 1 means that in the problem of
finding the quadratic linearization, the opposite result is true; i.e., any single-input
linearly controllable system is quadratically linearizable by a dynamic state feedback.

The theorems and the corollaries in this section will be proved in 5.
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3. Quadratic equivalence. In this section, we will define the family of all the
systems, such as (2.8), of certain dimension to be a linear space. An equivalence relation
on this linear space will be introduced. Then several theorems on this equivalence
relation and the associated classification will be given. All these results will be used
in the proofs of the theorems in 2, given in 5. The definition of an equivalent
relation can be found in [7].

DEFINITION 5. Consider two systems

(3.1a) =a+Bt.t+fz()+g()t.t+O(,)3

(3.1b) 2 Ax + Bo +f221(x)+ gt211(x)o + O(x, 0)3.

System (3.1a) is said to be quad’ratically state feedback equivalent to system (3.1b) if
and only if there exists a change of coordinates and state feedback (2.9) such that
system (3.1a) is transformed into

(3.2) 2=Ax+Bv+fe](x)+g[](x)o+O(x, 0)3;

i.e., system (3.1a) is transformed into a system that agrees with (3.1b) up to an error
of third degree.

The first kth terms in the Taylor expansion of a vector field is called a k-jet.
Therefore the linear and quadratic parts of system (2.8) is the second jet of this system.
Similarly, transformation (2.9) is the second jet of the analytic transformation

7 (X) X "- [2](X)"q- 0(2)3,
(3.3)

o (x) +(x) + 2(x) + #’(x) + O(x, ).
The family of all the transformations of the form (3.3) is a group. The quotient of this
group over the normal subgroup of the transformations with vanishing second jets is
also a group, and there is a natural one-to-one correspondence between this quotient
group and the family of all the second jet transformations (2.9). Therefore the family
of the second jet transformations is also a group. It is denoted by G. Let T1 and T2
be two elements in G, as follows:

(3.4a) = :, + (),

and

(3.4b) T2:
:1 (2 -- [22](72),
.= . +()+()..

Then T2 T1 are the linear and quadratic parts of the composition of the following
two transformations:

(3.5) T.o T: := :=+ 4,=(:) + 4,=(:=),

= + ,=(:=) + #’(:=) + ,=(:=) + #’(:=).
The inverse of T1 is

(3.6) T-I: :I (--

That systems (3.1a) and (3.1b) are quadratically state feedback equivalent means
that there is an element in the group of second jet transformations G such that it
transforms the second jet of (3.1a) to that of (3.1b). So it is easy to show that quadratic
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equivalence is an equivalence relation (see [6]). We can define a classification on the
family of all the systems of the form (2.8) by this equivalence relation. Each class of
this classification contains all systems that are quadratically state feedback equivalent
to each other. In 5 we prove Theorem 2 by showing that the extended quadratic
controller forms are the representatives of all the equivalent classes.

THEOREM 5. Consider two nonlinear systems

(3.7a) A’I + B-t-f[2]() -I g(l)/X + O(71, #,1) 3,
(3.7b) k2 A( + B/x2 +f2t((z) + g(()/x2 + O((2,/x2) 3.

They are quadratically state feedback equivalent to each other if and only if there exist

functions cet2(:2) fltl](:2) and a vector field &t2](:2) such that

(3.8a) [A2 )[2](2) . Ba [2] (2) f[2](2) _ftt2(2),
(3.8b) [B, [2(:2)] + B/3113(sc2)=

Proof These two systems are equivalent if and only if there exists a change of
coordinates and state feedback, as follows:

(3.9) 1 2 -lt- [2](2),
such that (3.7a) is transformed into (3.7b) by (3.9). Substituting (3.9) into (3.7a), we
have that

2 AsC2 + B/x2 +f2t2(sc2)+ gt2l(sc2)/x2 + B(ce t2](sc2)+/3 ta(so2)/z2)

-[B, cte3(sc2)]/x2+ O(sC2,/x2) 3.

The detailed proof of (3.10) can be found in Krener et al. [13]. It is clear that (3.10)
agrees with (3.7b) up to an error of third and higher degree if and only if equations
(3.8) hold.

Since the set of all the homogeneous polynomials of (xl, x2,""", Xn) is a linear
space of finite dimension, we can consider (qSt21(x), ce[21(x), fl](x)) of (2.9) as an
element of a linear space W and (ft21(sc), gl(sc)) of (2.8) as an element of a linear
space V. In this way, we can consider the family of transformation (2.9) and the family
of nonlinear system (2.8) as linear spaces W and V. Since the linear part of (2.8) is
always in Brunovsky form, we sometimes use (f21, gtl) to represent system (2.8).
Define a linear map 9.1 from W to V by the following Lie bracket:

(3.11) 9A(Or2](:),
Denote Vo 92(W) the image of W under 9.1. By using these notations, we can rewrite
Theorem 5 as follows.

THEOREM 5’. System (3.7a) is quadratically state feedback equivalent to system
(3.7b) if and only if
(3.12) (f21, gl])E (f212], g[21])q_ Vo
i.e., (f[2], gl]) and (f2[2], g[l]) represent the same element in the quotient space Y/ Vo.

Remark 3. Theorem 5’ means that there is a one-to-one correspondence between
V/Vo and the family of all equivalent classes.

Remark 4. A special case of Theorem 5’ is that system (2.8) is quadratically state
feedback equivalent to a linear system if and only if (f[2], g[]) Vo. Therefore the
elements of Vo represent all the systems of the form (2.8) that are quadratically
linearizable by (2.9).
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The following theorem gives us a geometric necessary and sufficient condition for
a system to be quadratically linearizable by the change of coordinates and state feedback
(2.9).

THEOREM 6. Consider system (2.8) and let

(3.13a) Xr adra+yE21()(B + g[1](:)), 0 -< r -< n,

(3.13b) Dk C Span {Xr, 0_-< r < k}.

System (2.8) is quadratically state feedback equivalent to the linear system

(3.14) =A+ Btx
if and only if Dk is first-degree involutive for k 1, 2, , n 1; i.e., for any X and Y
in Dk, we have that

k-1

(3.15) [X, Y] Z CrXr -It- O() l-
r=0

Proof This theorem is a particular case of the theorem in Krener [11].

4. Characteristic numbers. In 3 we defined an equivalence relation by the change
of coordinates and state feedback (2.9). In this section, we answer the question of how
to determine whether two systems are quadratically state feedback equivalent without
trying to solve the system of equations (3.8). We find a set of numbers associated to
system (2.8), called characteristic numbers, so that these numbers are invariant under
transformation (2.9). Two systems are quadratically state feedback equivalent if and
only if they have the same characteristic numbers.

Let C and H be row vectors such that

(4.1a) C=[1,0,0,... ,0],

HFt-1G 0 _-< _-< n 1,
(4.1b)

1 t=n.

DEFINITION 6. The characteristic numbers of system (2.4) are

(4.2a) atr HFt-I[ r-1 r-2ady()(g( =o,adf(e(g() ), :)

where

(4.2b) 2<-_r<-n-1, l <-t<-_n-r.

Particularly, the characteristic numbers of system (2.8) are

atr= CAt-,[adra-e+fE:(e)(B + gt,()), adrA)+f2(e)(B + gt,(:))]le=
(4.2c)

CAt-l[Xr-1, Xr-]l:o.
In this section, all the results hold for linearly controllable systems, although they

are proved only for the systems whose linear parts are in Brunovsky form.
LEMMA 1. (i) Let X() and Y() be vector fields; then

(4.3) CAt-[X(), Y(sC)] Lx(CAt-’ Y)- Ly(CAt-X).

(ii) For any integer r >-2, we have that

ada-+ (B + gt r-lAr-1f () 1](s:))=(_l B+adA-l(g 1]())
(4.4)

r-2

+ Z ada)-[ft](), (-1)AB] + O(:):.
k=0
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Proof. (i) It holds that

CA x Y(s)] CAt-l(O\-Yx -OXo__ Y)
OCAt-1 y OCAt-lx

X- Ya a
Lx(CA‘-1 Y) Ly(CAt-Ix).

(ii) Consider identity (4.4). If r 2, then

(4.5) adA+fak(B+gt())=-AB+adA(gl())+[f2(),B]+O().
Therefore identity (4.4) is true for r= 2. Suppose that (4.4) is correct for r-1.

Consider that

ad/e(U+ gtl(f))

adAg+f[2]()( (-1)’-2Ar-B + ad2(g[’]())

+ 2 adk-3[f[2](), (--1)kAk] + O()2

k=0

adae (-1)-a-B + ad)(gl())+ 2 ad)-3[fl(), (-1)A]
k=0

(4. +a/(e((---+o(
r--3

(--1)r-lr-l + ad)(g()) + 2 ad)-[ff(), (-1)AB]
k=0

+[f(,(---]+o(

(_I)’-Ar-IB + ad r-1
A (gt’ ())

r--2

+ adk-2[ft2(), (--1)kAkB]+ 0().
k=0

Therefore identity (4.4) is true for any r 2.
LEMMA 2. e characteristic number atr is a linear map from V to R; i.e., a tr is a

linear function off2() and gla().
Proo By (4.3) and (4.4), we can prove the following identity:

This implies that a is a linear function off() and g?().
LNM 3. A system of theform (2.8) is quadratically linearizable by stacefeedback

if and only if all the characteristic numbers are ero.
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Proof. Suppose that a system of the form (2.8) is quadratically linearizable by
state feedback. From (4.4) we know that the constant part of the vector fields in D
is linearly generated by (B, AB, A2B, Ar-IB). From Theorem 6, we know that Ok

is first-degree involutive for k- 1, 2,..., n- 1. Therefore

(4.7) [Xr-1, Xr-e] ciA’-IB + O() 1.
i=1

SO

(4.8) a tr-- CAt-l[Xr-1, Xr-2]l=o 0,

because

(4.9) CAt-IAk-IB =0,

On the other hand, suppose that

(4.10) a tr --0,

i.e.,

(4.11) CAt-l[Xr_l, Xr_2] O,

2__<r_<_n-1, l <_ <__ n r

l<__k<__r, l<=t<-n-r.

2=< r_-< n-1, l<-t<=n-r;

2_<r_<n-1, l <_ <__ n r.

So

(4.12) [Xr-1, Xr--2] cA-’B + O(s:)
i=1

for some constants ci. If D is not first-degree involutive, and if D is first-degree
involutive for any s < r_-< n 1, then there exists Xt, < r- 1 such that

(4.13) [Xr-1, X,] diA’-XB + 0()’
i=1

for any real numbers dl, d2," ", dr. By (4.12), we know that

(4.14) t<r-2.

From the Jacobi identity of Lie bracket, we have that

(4.15) [Xr-1, Xt] adA+y2)([Xr_e, X])-[Xr-e, X+I].

Since Dr- is first-degree involutive and + 1 -< r-2, we know that

r--1

(4.16a) [Xt+l, Xr-2] E i-1cA B+ O(:)
i=1

r--1

(4.16b) [Xr-2, Xt] 2 iAi-IB + 0() 1"
i--1

This implies that

(4.17) [Xr_l, X,] c,A-IB + O()1.
i=1

It is a contradiction. So the distribution Dk is first-degree involutive for any 1 _-< k =< n 1.
This means that the system is quadratically linearizable by state feedback. U
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THEOREM 7. Two systems of the form (2.8) are quadratically state feedback
equivalent if and only if the corresponding characteristics numbers are equal.

Proof. Consider two systems

(4.18a) 1-- AI +B+f[2]()+ gl](l)/.tl + O(l, .tl) 3,

(4.18b) 2 A(2 + B/.ez +f[2](2) + g[l](2)/-e2 + O((2, )3.
tr trLet al and a2 be the characteristic numbers of (4.18a) and (4.18b), respectively.
Suppose that (4.18a) and (4.18b) are quadratically state feedback equivalent. From

Theorem 5’, we know that

(4.19) (f[2], gl]) (f212], g[21]) q_ Vo;

(4.20a) (f[2], gl]) (f212], gig, I) + (f[2], gill)

and

(4.20b) (ft], gill) e Vo.
Let a ’r be the characteristic numbers of (f[2], gill). Since the characteristic numbers
are linear functions off[z] and gl] (Lemma 2), we have that

tr tr tr(4.21) al a2 +a

From Lemma 3 and (4.20b), we know that a’r =0. So

(4 tr.22 a =a2, 2<=r<=n, l<=t<=n-r.

On the other hand, suppose that all the corresponding characteristic numbers are
the same. Then

tr tr(4.23) al --a2 --0, 2<-r<=n, l<--t<-n-r.

So

(4.24) -j, ) Vo.

Theorem 5’ and (4.24) imply that systems (4.18a) and (4.18b) are quadratically state
feedback equivalent.

5. The proofs of the theorems in 2.
Proof of Theorem 2. Consider the following special kind of f[2J(x)"

(5.1a) ](x) Z(x)

0

for some 1 _-< _-< n;

here

fi(x): aox(5.1b) for somej > i+2.
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Then

(5.2a)

(5.2b)

adf2J(x)(Ar-’B) =0

ad()(An-JB)

for r# n-j+ 1;

0

-2ax

0

Therefore

(5.3)

adA-xl+7J()(B

(- )n--j+ A.-g+ B + (- 1) 12aijxj

,

(-1)r-Ar-lB+ 2aijXzj+

0

(-1)r-lar-’B+O(x)

+O(xy

+O(x)

r<-_n-j+ 1,

r=n-j+2,

n-j + 2 < r<-- 2(n-j+ 1),

r>-2(n-j+l).

In (5.3), * denotes a linear polynomial of (x, x+,..., x,). So

(5.4a) [ada-+j(B), r-2adA+J)(B O, r# n-j+2;

0

2ao

0

(5.4b) r--1ad A#+fE2]()(B), ada-c2+yE2k)(B)] r n -j + 2.

Therefore

atr= CAt-l[ad r-1
A+fE2I()(B ), ada-c+7t2)(B

(5.5)
[ 2aij r n -j + 2 and i,
0 others.

As we know, any f[2(x) of the form (2.10) is a linear combination of the vector fields
given in (5.1). Given any system in the extended quadratic controller form (2.10), from
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(5.5) and Lemma 2, we can find the characteristic numbers

(5.6) atr=2at,_,.+2.
This implies that, given a set of characteristic numbers, there exists one and only one
system in the extended quadratic controller form that has the given characteristic
numbers. Theorem 2 follows this fact and Theorem 7.

Proof of Theorem 3. We prove this theorem with the following two steps:
(i) Any two systems given by (2.11) are not quadratically state feedback equivalent

to each other.
(ii) Any system is quadratically state feedback equivalent to a system of the form

of (2.11).
To prove (i), let us consider the following two systems of the form (2.11):

(5.7) (0, ta(x)) and (0, ta(x)).
They are quadratically state feedback equivalent to each other if and only if

(5.8) (o, ,(x)-,’(x))
is quadratically linearizable by state feedback (Theorem 5’). However, (5.8) is also a
system of the form (2.1). So proving that the result in part (i) is equivalent to proving
that any system (2.11) is not quadratically linearizable by state feedback if tlJ(x) is
not zero. Assume that

(5.1)
and that g(x) is the first entry of gl(x) such that gl(x) O; i.e.,

gl](x) 0 if < to,
(5.10) .txgo )0.
Assume that

(5.11a)
where

~[1]g to (x) a,_r+2x,-r+2 + a,_+3x,_+3 +" "+ anX,,

(5.11b)
Then we have that

an_r+2 0 and 2_<- r-< to.

(5.12a)

(5.12b)

Xr-2-- ad r-2Ax(B+ 1])

=(__I),--2Ar-2B+(__I) ,’-2

Xr_ ad r--1
A (B +’)

(_I)r-’A-IB + (_l)-’

0

~[1](X

0

to-r+2

to-r+l
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So

(5.13) CAt-[Xr-, Xr-2] an--r+2 0;

i.e., the characteristic number a t-’r is not zero. Therefore (0, t](x)) is not quadratically
linearizable by state feedback. Part (i) is proved.

Now we can prove part (ii). Since any system is quadratically state feedback
equivalent to system (2.10), we must prove that any system (2.10) is quadratically state
feedback equivalent to system (2.11). Since any system (2.11) is quadratically state
feedback equivalent to exactly one system of the form (2.10) (Theorem 2), and different
systems given by (2.11) are quadratically state feedback equivalent to different systems
of the form (2.10) (part (i) and Theorem 2), also since the set of systems (2.10) and
the set of systems (2.11) are linear space of the same dimension ((n 1)(n-2))/2, we
know that any system (2.10) is quadratically state feedback equivalent to system (2.11).
Part (ii) is proved.

Proof of Theorem 4. According to Theorem 2, it is sufficient to prove the result
for the systems in the extended quadratic controller form. Let the dynamic state
feedback be

O) 0)2

O2 0)

(5.14)

o w + /t:(x, w),

where yt is a homogeneous polynomial of second degree in (x, to). The extended
system is

+ BtT+ + g.(5.5) o ,o 0 0

Here (A, B) is in the form of (2.6a) of dimension 2n- 1. We define the change of
coordinates as follows:

(5.16a) z=xl,

(5.16b) z linear and quadratic pa of _, 2 N k N n,

(5.16c) Z+p mp, 1N p N n 1.

We claim that

(5.17) z x+0(x, m," "’, m-), 2N kN n,

where 0(x, m,"" ", m-e) is a homogeneous polynomial of second degree. For k= 2,
we have that

2(5.18) ze linear and quadratic pa of 1 X2 + L a2jxj,
j3

So (5.17) is true. Assume that (5.17) is true for k-1; then

e-i -+ _(x, ,- ., -3)
2(5.9) x + 2 a_x + _l(X, 1,’", -)

jk+l

Xk + Ok(X, 1 ,’’’, &k-2) + O(X, &l ,’’’, &k-2)3,
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The last equality is true because

(5.20) i--- Xi+l --J[2](X) -11" O(x)3, )n (’01 -it- /[2](x, (.0),

and o3,. -, &k-3 are related only to w,. ., Wk-. Therefore Zk
Xk +4’k(X, 00,’’’, Wk-). SO (5.17) is true for any 2-<k-< n. By (5.16) and (5.17), we
have that

z3 + O(z, tT) 3,
(5.21a)

’n-1 Zn "it- O( Z, 5)3,
and

(5.21b)

Let

(5.22)

then

(5.23)

n n’- n(X, O)l,

the quadratic part of-q}n(x, w, , wn-2);

n 001 Zn+ "it- O(Z, t)3.

Therefore, by the change of coordinates (5.16) and (5.22), system (5.15) is transformed
into

22 Z t- O(Z, I)3,

:,_, z, + O(z, t;)3,
(5.24) , z,+, + O(z, )3,

Zn+l Zn+2

2,- tT.

It is linearly controllable system without quadratic terms. Theorem 4 is proved.
Remark 5. Sometimes the dimension of the dynamic state feedback used in

Theorem 2 can be less than n-1. Suppose that a system is in extended quadratic
controller form (2.10). Let

(5.25) q =max {j-i; a #0,j>= i+2, 1 =< i-< n-2}.

To quadratically linearize the system, a q-dimensional dynamic state feedback is
sufficient. The proof is almost the same as above, except that (5.17) is changed to

(5.26) z, x, + q,,(x, w, ., w,__,,+q), n q + 1 <= k <= n.

Remark 6. From this proof, we find that the dynamic state feedback is chosen to
be in Brunovsky form, as follows:

(5.27) d Aw + Bo, I oo + y2(x, w).
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Furthermore, (5.16) and (5.17) imply that the change of coordinates in the extended
state space is

+
tO tO 0

i.e., tO is not changed, and the quadratic part is independent of
Proof of Corollary 1. By Theorem 1, there exists a linear change of coordinates

and state feedback

(5.29) sc= T:, ].L O 71 -+-//.L

where a(sc) is a linear function and /3 #0 is a constant, such that system (2.4) is
transformed into

(5.30)

where (A, B) is in Brunovsky form By Theorem 4, we can find a dynamic state feedback
such that the extended system can be linearized to the second degree by a change of
coordinates. This extended system is

,= Tf(T-’c,)+ Tg(T-’I) IX,

(5.31)

/-’LI-- (:1, tO)+ d(:l,

It is linearly controllable. Under the old coordinates sc, this system is

=f(,)+g(,){(c(T-l, tO)+ d(T-l:, tO)o)-
/3

(5.32)

If we define

tb a(T-’, tO)+ b(T-’, tO)o.

=1 tO)+d(T_l
ce (T-l: tO)

(5.33) I -(c( T-, tO)o)

as the output of’the dynamic state feedback, then (5.32) becomes

=f(:) + g(:)/x,

(5.34) a a(T-l tO)+b(T-, tO)o,

1
T_ T_

c (T-I:
=(c( ,)+d( ,o)o)---.

System (5.34) is quadratically linearizable under a change of coordinates because
system (5.32) is quadratically linearizable. This implies that the system

(5.35) =f(() + g(sC)/x

is quadratically linearizable by a dynamic state feedback. Corollary 1 is proved.
Proof of Corollary 2. By Remark 6, we know that the dynamic state feedback in

(5.31) can be chosen in Brunovsky form, as follows:

(5.36) o5 AtO + Bo, /x,- 601 "4- ’)/[2](:1, to).
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The dimension of A and B is n- 1. In this case, the dynamic state feedback in (5.34)
is

1 t(T-l) - yr2(T-l:, to).(5.37) Ato + Bo, tx =tol-
We make the change of coordinates for to and o and denote (1/fl)to by to and (1/fl)o
by o; then the dynamic state feedback (5.37) will be changed to a dynamic state
feedback that is in the same form as (2.19). Therefore we proved that any system (2.4)
is quadratically linearizable by the dynamic state feedback (2.19). By using Taylor’s
series expansion (2.18), the extended system is_._ ft O(to + ,)/[1](, to)+ [2](, to))

(5.38) +f[2]() + g[1]()(to + 3/[1](, to))+ O(, 09)3,

& Ato + Bo.

This system is linearizable by a change of coordinates. From Remark 6, we know that
the change of coordinates can be chosen in the form of (5.28); i.e.,

to to 0

Substituting this into the equations in the Theorem 5, we have that

[(Fz+G(tol+yt’l(z’to)))Ato (@[2](Z’ tol’ ton--2))]0
(5.40a)

{ "i/[2] Z, to -’t-f[2]( Z q’- gl: 1]( Z)tol -it- gr 1]( )#[ l]( Z, to)
t 0

(5.40b) [()’ (@[2](Z’ tol ton-2)) ]=0"0
Since (0bZl(z, tol,"" ", ton--2))lOton-1 "--0, (5.40b) is always true. Equation (5.40a) is
equivalent to

(Fz+Gtol+Gy[ll)+ Ato Fd?[2]+G
Oy[I]

b
Oz Oto Oz

0 0
(5.41)

[ GT[2](z, to +f[2](z) + gill( z)( tol -[- ,)/[1]( z, to ))]
0

It is equivalent to

(5.42)
[Fz -- G(to, - ’)/[1](z, to)), )[2](z, tol, ", ton-2)] -Gyr2(z, to)+ft2(z)+ g[1](Z)(to, + ’)/[1](Z, to)).

Ato

Corollary 2 is proved.
Remark 7. From (5.37) we know that yt’a(z, to) can be chosen as -a(T-l)/fl.
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6. An example of Theorem 4. Consider that

(6.1) 1--2 t-32 2--3, 3--[Z"

This is a system in extended quadratic controller form, so it is a typical three-
dimensional system that is not quadratically linearizable by state feedback. We construct
the following dynamic state feedback:

(6.2) 4
where yt21(1,2,3,c4,5) is a quadratic homogeneous polynomial in
(1, :2, :3, :4, 5), which will be determined later. The extended system is

(6.3) @3-- 4 -"
d4= s,

5--" Oo

By Hunt and Su’s method of linearization, let us take

Z1

z :+ :3 e,

(6.4) z3 3 + 2:34 linear and quadratic part of 2,

z4 c4 + 3’ + 2sc42 + 2:3 :5 linear and quadratic part of 3,

Z5 5-

If we take 21= _242_2:3:5, then

(6.5) Z4 4.

Therefore we have that

(6.6)

2-" X3 + O(x, D)3,

’3 X4 -t- O(x, 0)3,

5-- Do

Therefore system (6.1) is quadratically linearizable by the dynamic state feedback (6.2).
This is an example of Theorem 4. In fact, the idea used in the proof of Theorem 4 is
similar to the argument in this example.

In this paper, all the results are restricted to the single-input nonlinear systems.
In fact, similar results in the multi-input case are also correct, and they will be given
in another paper. The idea of finding quadratic normal forms and extending the state
space was also successfully used in the problem of finding nonlinear observers.
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ON THE EXPONENTIAL STABILITY OF SINGULARLY
PERTURBED SYSTEMS*

MARTIN CORLESS? AND LUIGI GLIELMO$

Abstract. This paper establishes some results and properties related to the exponential stability of
general dynamical systems and, in particular, singularly perturbed systems. For singularly perturbed systems
it is shown that if both the reduced-order system and the boundary-layer system are exponentially stable,
then, provided that some further regularity conditions are satisfied, the full-order system is exponentially
stable for sufficiently small values of the perturbation parameter/, and its rate of convergence approaches
that of the reduced-order system (/ 0) as/ approaches zero. Exponentially decaying norm bounds are

given for the "slow" and "fast" coinponents of the full-order system trajectories. To achieve this result, a

new converse Lyapunov result for exponentially stable systems is presented.

Key words, singularly perturbed systems, exponential stability, Lyapunov stability, converse Lyapunov
results

AMS(MOS) subject classifications. 34D15, 34D20, 34E15, 93D05

1. Introduction. Recently, considerable attention has been devoted to the study
of singularly perturbed systems and, in particular, to their stability properties (see 10],
11 ], and the references therein). Loosely speaking, a common problem considered in

the literature is as follows. Given the stability characteristics of the two limiting systems
obtained by letting the perturbation parameter equal zero in the "slow" timescale and
the "fast" timescale, i.e., the reduced-order system and the boundary-layer system,
respectively, determine the stability characteristics of the full-order system when the
perturbation parameter is sufficiently small but nonzero. Various approaches to this
problem have been suggested in the literature; here, as in 12], we make use of Lyapunov
functions [9]. In this framework, two Lyapunov functions are considered, one for the
reduced-order system and one for the boundary-layer system. Then, viewing the
full-order system as an interconnected system, a candidate for a so-called "composite"
Lyapunov function is constructed.

Our attention is focused on the property of exponential stability; we show that if
both the reduced-order system and the boundary-layer system are exponentially stable
and some further regularity conditions are satisfied, then the full-order system is
exponentially stable for sufficiently small values of the perturbation parameter. This
result is already present in [12]. The emphasis here is on the estimation of the rate of
convergence of the full-order system. We prove the following. Consider any rate of
exponential convergence that is less than the supremal rate of convergence of the
reduced-order system. Then the full-order system has a rate of convergence that is a
continuous function of the singular perturbation parameter (when this parameter is
sufficiently small), and this rate approaches the chosen rate of the reduced-order system
as the perturbation parameter approaches zero.

Moreover, the norm of the trajectories of the boundary-layer state are shown to
be bounded above by the sum of two exponentially decaying terms, one in the fast
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timescale and one in the slow timescale. The rates of convergence of these terms possess
properties analogous to those described above.

To obtain these results, we develop a converse Lyapunov result for exponentially
stable systems (Lemma 1), which we consider interesting in itself.

Two examples are presented to illustrate these results.

1.1. Notation. The following notation will be employed in the paper:

R (R+)
/.

o-(A)
(x)

/mini Q
Dif

blockdiag (A1, ",A,)

the set of (nonnegative) real numbers;
the n n identity matrix (the subscript will be dropped
when n is clear from the context);
the set of eigenvalues of the square matrix A;
the real part of the complex number
the minimum eigenvalue of the symmetric matrix Q;
the "block" partial derivative of the function f with
respect to its ith argument [1, p. 360];
the block-diagonal matrix whose diagonal elements are
the matrices A1,’’ ", An.

In addition, when talking about general properties of parameterized dynamical
systems, we will refer to a system described by the parameterized differential equation

(E) (t)=p(t,(t),O),
where R is the "time," (t) Rn is the state vector, and 0 is a parameter vector
ranging in some nonempty set 19. A solution, corresponding to an initial condition
(to) sCo, will be denoted by b(.; to, sCo, 0) or, when no confusion is likely to arise,
simply by (. ).

Given a function L: (t, , O)L(t, , 0), L(t) will mean the value taken at time
by the function L along a trajectory of system (E), i.e., L)(t)_a L(t, b(t; to, :o, 0), 0).

The dependence on to, o, and 0 is omitted for the sake of brevity. Since L(t)=
D1L( t, ( t), O) + DzL( t, ( t), O)p( t, ( t), 0), we will sometimes write this as L(t, :, 0).

We will frequently use the fact that, if f: RP- Rq is continuously differentiable
and Df(x)ll <-- M for all x Rp, then

IIf(Y) f(x)ll <- MllY xll
for all x, y 6 Rp 1, Cor. 40.6].

Arguments of functions will sometimes be omitted if this is not likely to cause
confusion.

2. The main result. We consider the singularly perturbed system

(la) (t) =f(t, x(t), z(t),

(lb) /xz?(t) g( t, x(t), z(t),/x),
where R is the "time," x(t) R and z(t) R are the state variables, and/z > 0 is
the singular perturbation parameter. For some /2 > 0, the functions f’R R R"
[0,/2) R and g’R R R" [0,/2) - R are continuous. Before stating our assump-
tions on system (1), we need the following definition.

DEFINITION 1. A parameterized dynamical system =p(t, , O) is globally uni-

formly exponentially stable (g.u.e.s.) if and only if there exist positive scalars c and a

such that, for all to R, :o R", 0 19, and => to,

II(t)ll--< clloll e-a(t-t),
where (t) 4(t; to, o, 0).
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()

(6)
Equations (1) yield

The scalars c and a will be called a gain and a rate of exponential convergence,
respectively. Note that in the above definition they are independent of 0. The supremum

of all the rates of exponential convergence will be called the supremal rate of
exponential convergence; this may or may not be an actual convergence rate. An
immediate consequence of the above property is that :--0 is an equilibrium state for
all 0. If for each 0, the system has an equilibrium state sCo that is not necessarily zero,
we say that the system is g.u.e.s. (about :o) if it satisfies the requirements of the above
definition with (t) and :o replaced by (t)- sCo and sCo sCo, respectively.

Regarding system (1), we first assume the following.
Assumption 1. For each R and x Rn, the equation 0 g(t, x, , 0) has a unique

solution h(t, x), and h is continuously differentiable.
This assumption allows us to uniquely define the reduced-order system, sometimes

also called the degenerate system [7], by setting/z 0 in (1), as follows"

(2a) :=f( t, x, z, O),

(2b) O=g(t,x,z,O).

We see that the second differential equation from (1) has become an "algebraic
equation." In view of Assumption 1, (2b) has a unique solution z h(t, x), which,
upon substitution into (2a), yields the reduced-order system

(3) := f(t, x),

with

(4) f( t, x) _a__f( t, x, h( t, x), 0).

In the following, system (2) will be referred to as the complete reduced-order system.
We assume the following for the reduced-order system.

Assumption 2. The reduced-order system (3) is g.u.e.s, with supremal rate of
exponential convergence 8x.

It follows from Assumption 2 that f(t, 0)= 0.
To define the boundary-layer system, consider any to R and define the "fast time"

variable r = (t to)/lz and new r-dependent state variables

xf(’r) x( to + tzr) x(t),

z() Z(to +) z(t).

(7a) -J (r) =/xf( to +/xr, xs(r) zs(z)

(7b) () g(to+ r, xy(r), zy(r), ).

Letting =0 in (7), the first equation becomes dxy/dr O, which implies that xy(r)
xy(0) X(to) & Xo. Thus the boundary-layer system is described by

(8) (z) g(to, Xo, zy(z), 0).

Note that to and Xo are treated as parameters in (8).
We assume the following for the boundary-layer system.
Assumption 3. The boundary-layer system (8) (with (to, Xo) as a parameter vector)

is g.u.e.s, about h(to, Xo) with supremal rate of convergence 8y.
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Assumptions 1-3 are the main ones. We require g.u.e.s, of the two systems obtained
by letting Ix 0: the reduced-order system in the "slow" timescale and the boundary-
layer system in the "fast" timescale. The remaining two assumptions place some
regularity conditions on f, g, h.

For convenience in stating our remaining assumptions and our main results, we
replace state z by

(9) yAz-h(t,x);

we call y the boundary-layer state. Describing system (1) in terms of the state (x, y)
we obtain

(lOa)

(lOb)

with

(11)

(12)

2(t) F(t, x(t), y(t), IX),

Ixy( t) G( t, x( t), y( t), IX),

F( t, x, y, Ix) &f( t, x, h( t, x) + y, Ix),

G(t, x, y, ix)& g(t, x, h(t, x)+ y, ix)-ix[Dlh(t, x)+ Dzh(t, x)F(t, x, y, ix)].

Note that the reduced-order system and the boundary-layer system can now be
described by

(3)

(14)

)(t) F( t, x(t), 0, 0),

G(to, Xo, ye(*), 0),

(15)

(16)

(17)

kg(0) 0, and a positive constant dg such that, for all R, x Rn, z Rm, and ix (0,/2),

(18) [[f(t,x,z, ix)-f(t,x,z,O)[[<=kf(ix)(I]x[[+[[yl]),

(19)

(20) kg(ix)/ix <= dg.

Remark 1. Assumption 4 guarantees smooth behavior off, g, h with respect to t,
x, y. Assumption 5 guarantees that the dependency of f and g on ix goes to zero as
(x,y) goes to zero. Even for regularly perturbed systems, nonsatisfaction of this
condition can destroy exponential stability. Consider, for example, the scalar system

2 -x + ix(t-1 t-z), _--> 1,

with initial condition x(1)= Xo. Its solutions are given by

x(t) e-(’-l)(xo- ix) + ixt -1.

IlDif(t, x, z, o)11, IlDig(t, x, z, o)11, IlD2h(t, x)ll =< M, i-- 2, 3,

IIo, g(t, x, z, 0)l =< m(llxll + Ilyl[),

IlOlh(t, x)ll--< MIIxll.
Assumption 5. There exist continuous functions ky, kg :[0,/2) R+, with ky(0)=

respectively.
Assumption 4. The function f is continuously differentiable with respect to x and

z, the function g is continuously ditterentiable, and there exists a real number M_-> 0
such that, for all R, x R and z R’,
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This system is exponentially stable for/. 0. For 0, all solutions converge to 0,
but the system is not exponentially stable.

Remark 2. We note that if system (1) is time-invariant, inequalities (16), (17) in
Assumption 4 are trivially satisfied; similarly, Assumption 5 is trivially satisfied if f
and g do not depend on . In particular, for linear time-invariant singularly perturbed
systems of the form

Alex + A2z, I A21x + A222’,

Assumptions 4 and 5 are always satisfied.
The x and y components of a solution of (10), with initial conditions X(to)= Xo,

y(to) Yo, will be denoted by 4x(" to, Xo, yo) and 4y(" to, Xo, Yo), respectively. We
point out that these solutions also depend on the parameter , but we prefer not to
explicitly denote this to avoid cumbersome notation. We are now able to state the
main results of this paper.

THEOREM 1. Suppose that Assumptions 1-5 hold and consider any positive cr < 8x
and Oy (.y. Then there exist positive constants/*, c, and continuous functions
af" (0,/z*) (0, ), 3/" (0,/z*) - R+ such that the following hold for all to R, Xo R,
and Yo Rm.

1. For each 6 (O, tz*) and >- to, the trajectories the(’; to, Xo, Yo) and
Chy(’; to, Xo, Yo) of (10) are bounded as follows"

(21) {{4)x(t; to, Xo, yo)llCl[l[Xoll+T(l)llyol]] e-"‘()(t-t),

(22) IIty(t; to, Xo, Yo)l] <- clly0]] e--s’-)’-’o/- +/Cl[llXol + y()llyoll]

2. As -O,

(23) Os(la,) ax,

(24)

(25) y(/z)- 0.

The following corollary is a straightforward consequence.
COROLLARY 1. If Assumptions 1-5 hold, then for any positive ax < , there exist

a positive constant I* and a positive continuous function ts :(0,/x*) R+ such that the
following hold:

1. For each (0, t*), the full-order system (10) is g.u.e.s, with rate as();
2. As I-* O, a(l) a and the gain of exponential convergence for the full-order

system remains finite.
Remark 3. We can summarize the result in Corollary 1 by stating that g.u.e.s, is

a robust property for the singularly perturbed systems under consideration in the sense
that if it holds for/ 0, then it holds in a neighborhood of 0. Moreover, the rate
of convergence is close to that of the reduced-order system. Theorem 1 adds some
more quantitative information. From (21) and (25), we see that the effect on x(.) of
a nonzero boundary-layer initial condition Y0 tends to disappear as/ 0. Relationships
(22) and (24) demonstrate clearly that the boundary-layer dynamics become faster as

/ decreases and, for sufficiently small , the "slow" contribution to y(. is essentially
due to nonzero initial x (see (25)). We think it is interesting that the right-hand side
of (22) is the sum of an exponential in the r timescale and an exponential in the
timescale.
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Remark 4. Various important results exist in the literature under the generic name
of Tikhonov’s theorem. These results relate the behavior of the full-order system
trajectories to those of the reduced-order system and the boundary-layer system (see
[10] for a brief description of these results and [13], [7], [8] for details). Roughly
speaking, they ensure that, given uniform asymptotic stability of the boundary-layer
system and some regularity conditions, then, as Ix 0, the solutions of the full-order
system converge uniformly to the solutions of the associated complete reduced-order
system on any closed time interval not containing the initial time instant. The initial
time instant can also be included if we consider the solution of the boundary-layer
system (see the above-mentioned references). It should be emphasized that (under the
hypotheses stated in Assumptions 1-5) this neither implies that the full-order system
is g.u.e.s, nor provides the quantitative information given in Theorem 1 and
Corollary 1. However, by utilizing Theorem 1, it is possible to prove a version of
Tikhonov’s theorem.

To this end, let S R R" be any compact subset of the state space. Denote by
b(. to, Xo) the solution of the reduced-order system (13) corresponding to the initial
condition X(to) Xo, let by (.; to, Xo, Yo) be the solution of the boundary-layer system
(14) with initial condition yf(O)=Yo, and let

by(r; to, Xo, yo) a= by(to+ IX’; to, Xo, Yo)
for IX 0. Then the following holds.

THEOREM 2 (Tikhonov). Suppose that Assumptions 1-5 hold and consider any to R.
Then, as tx O,

(26) qS(t; to, Xo, Yo) -> (Dr(t; to, XO),

(27) y("/’; to, Xo, yo) - qSy (7"; to, Xo, Yo),

uniformly, with respect to t, Xo, Yo) to, oe) x S and r, Xo, Yo) [0, o) x S, respectively.
Proof Here we will prove only (26). The proof of (27) is left to the interested

reader. For the sake of brevity, let x( t) b(t; to, Xo, Yo), x( t) 4)r( t; to, XO), y( t)
br(t; to, Xo, Yo). Consider any e > 0 and define

(28) rl( t) a= x( t) Xr( t).

We show that there exists Ix,,>0 such that for all Ix(0, ix,,), II(t)[[< for all
(t, Xo, Yo) [to, c) S. From (21)-(25) and Assumption 2, it follows that there exist
scalars Ix, a, c > 0 such that for all Ix

(29a) IIx(t)ll, IlXr(t)l} C e-’-’o!,
(29b) IlY(t)ll -<- c e-/’)’-’o) + Ixc,

for all (t, Xo, Yo) to, ) S.
Since II(t)ll<-[Ix(t)l[/l[xr(t)ll, it follows from (29a) that there is a T=>0 such

that r/(t)[I =< e for all >- to + T.
Consider now [to, to+ T]. The evolution of r/ is governed by the equation

(30) .il( t) F( t, Xr( t) + rl( t), y(t), Ix) F( t, Xr( t), O, 0).

Utilizing Assumptions 4 and 5, it is now easy to obtain

(31)

for Ix <=/2, where ky is continuous with ky(0)= 0. In view of the boundedness of Xr and
(29b), there exists N > 0 such that

(32) I1, II--< N[II / ()/ e-/")t-’],
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with k(/x) - 0 as /x- 0. Considering r/(to) 0 and using Gronwall’s lemma [5],
[2, p. 19], we have that

n(t)ll-<-/(/x)[eNt-’) 1] + txN(a + txN)-’[eNt-’)(33)

hence

(34) n(t)ll () eU7" + IN(a +/xN)-1 esT

for t[to, to+ T]. Thus there exists >0 such that IIw(t)]l < e for t[to, to+ T].
Letting =min{,}, we have that II(t)ll< for all (t, xo, Yo)

[to, ) x S.
We postpone the proof of Theorem 1 to 4. There we will use a converse Lyapunov

result, which is presented in the next section.

3. A converse Lyapunov result. Converse Lyapunov results are those theorems
that, given ceain stability propeies of a system, ensure the existence of a Lyapunov
function that satisfies the Lyapunov conditions for the type of stability under consider-
ation. A thorough description of this class of results can be found in [6]. Our result,
which is related to g.u.e.s., is stated in the following lemma.

LZMM 1. Consider a parameterized dynamical system

(35) (t) p(t, (t), 0a, 02),

where O R"o and O2 R"o are parameter vectors. Suppose that system (35) is g.u.e.s.
with rate ofconvergence a and gain c. In addition, assume that thefunction p is continuous
and continuously differentiable with respect to , 0, 02 and that there exist a positive
constant y andfunctions k k2 R+ x R"o x R"o R+, continuous and nondecreasing with
respect to their first argument, such that

(36) IIOp(t, , 0, 0z)[I %

(37) llD3p(t, , 0, 0) k(llll, 0,, 02),

38 [[o4p, , o, o11 111, o,, o,
for all R, R", O R"o, and O R

en, for any positive < , there exists a parameterized Lyapunovfunction V" R
R"e x R"o, x R"o R+ satisfying the following inequalities for all
and O

39) ,l[[[ v, , 0, 0 ,
9(t, , 0, 0)o v(t, , 0, 0)+ov(t, , 0, o)p(t, , 0, 0)

(40) -2# v(t, , 0, 0),

(41a) liD= V(t, , 0, 0=)1

(418) ]{D3V(t, , 0, O2)]wk(c]]([[, 0, 0),

(4c) IID4V(t, , 0,, 0=)11 42(c1111, 0, 02)11,

where w, 1, , 4, are positive constants. Moreover, ifsystem (35) is time-invariant,
the Lyapunov function can be chosen to be time-invariant.

Proof A proof is given at the end of this section.
Remark 5. Note that, using (39) and (40), we can demonstrate that system (35)

is g.u.e.s, with rate and gain (w/w)/2, i.e., ll(t)ll(Wz/W)/2lloll e
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Remark 6. Although the previous literature contains converse Lyapunov results
for exponentially stable systems, we consider the above result to be novel, since it
states that we can choose the Lyapunov function so that it recovers arbitrarily closely
the information on the rate of convergence of the system.

Remark 7. It should be clear that Lemma 1 also applies for any positive fl < 4,
where 4 is the supremal rate of convergence for (35). In this case, we can select any
actual rate of convergence a (/3, d) and apply Lemma 1. The constant c appearing
in inequalities (41) will then be a gain associated with the rate of convergence a.

Remark 8. Sometimes, the supremal rate of convergence 4 is an actual rate of
convergence; in this case, Lemma 1 just ensures that it is possible to construct a
Lyapunov function satisfying (40) with /3 < 4. However, for linear time-invariant
systems, it is possible to show that 4 is an actual rate of convergence if and only if
there exists a Lyapunov function satisfying (40) with/3 4; see Theorem 3.

3.1. Linear time-invariant systems. Lemma 1 can be readily illustrated for linear
time-invariant systems. Consider a system described by

(42) : A:,
with : Rn, A Rnn, and suppose that

(43) -4 ____a max 9t(A) < 0.
ho’(A)

Then system (42) is g.u.e.s, with supremal rate of convergence 4 (see Theorem 3,
below). Consider now any /3 (0, 4) and any positive definite Q Rnn. It can be
readily verified that a Lyapunov function V satisfying (39)-(41) is given by V(:) ____a

where P is the unique symmetric positive definite solution of the modified Lyapunov
equation

P(A+ flI) + (A + flI) Tp + O O.

Note that such a solution exists, since the eigenvalues of A+flI have negative real
parts; see [9].

We also have the following more general result. Denote the eigenvalues of A by
Ai, 1, , m, where Ai # Aj for #j. Let fii denote the multiplicity of Ai, 1, , m
in the minimal polynomial of A [3]. The following theorem holds.

THEOREM 3. Consider system (42) and suppose that
A-c max (A) < 0.
,Xr(A)

Then (42) is g.u.e.s, with supremal rate of convergence 4, and the following statements
are equivalent"

(i) The supremal rate of convergence 4 is an actual rate of convergence;
(ii) If 9(Ai)=-4, then i 1, i= 1,..., m;
(iii) There exists a Lyapunov function V"R - R+ for system (42) such that

-< --< (42) --< -24 V.

Proof. We first prove that, under the given hypothesis, system (42) is g.u.e.s, with
supremal rate of convergence 4. To this end, note that the slowest decaying terms in
the solutions of (42) have the form

(44) k e -at cos (tot + b)v,
where v R, k is a nonnegative integer, and to and 6 are real numbers. Hence any
number less than 4 is a rate of exponential convergence, whereas any number greater
than 4 is not.
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Now we prove, by contradiction, that (i) implies (ii). Suppose that there exists
an eigenvalue Ai such that 9](Ai) =-c and fii> 1. Then (see [3]) some solutions of
(42) will contain terms of the form (44) with k =0, 1,..., fi-1, which, for k> 0,
cannot be norm-bounded by c e-a’. In other words, c is not an actual rate of conver-
gence; this contradicts (i).

Condition (ii) implies (iii). For the sake of simplicity, let us assume that A1 =-c
and 92(A)<-c for i= 2,. , m. Statement (ii) implies that we can consider, without
loss of generality,

(45) A blockdiag (-I,,, AR),

where ARR’’’’, nR a= n--n1, nl is the algebraic multiplicity of A1, and 9(A) <-c
for all A tr(AR); see [3]. Choosing any symmetric positive definite matrix QR
the modified Lyapunov equation

(AR + ffI)TpR + PR(AR + I)+ QR =0,

has a unique symmetric positive definite solution PR (see the beginning of this section).
We can verify that the sought-after Lyapunov function is

V(:) _a__ :T blockdiag (I,,, PR).

We leave to the interested reader the details on the more general case.
The fact that (iii) implies (i) follows from Remark 5.

3.2. Proof of Lemma 1. Define the following Lyapunov function candidate:

io(46) V(t, , 0, 0) = e2ll(t+ r; t, :, 01, 02)112 dr,

where T is any positive real number that satisfies

(47) T=> (a-/3) -1 In c.

We note that if system (35) is time-invariant, then b(t + r; t, :, 01, 02) b(-; 0, :,
and V will not depend on t.

The function V is well defined. Inequality (36) ensures that the function p satisfies
a global Lipschitz condition with respect to :; hence a function b(.; t, , 01, 02) exists
and is unique.

The function V is decrescent. From the hypothesis of g.u.e.s., we have

(48) Iltb(t+ r; t, sc, 01, 02)ll--< c[[:[[

Using this inequality, we have that

v( t, , 0, 02) -< c=llll = e-2(-3)" d, ,0211 ll 2.

The function V is positive definite. We first show that, in view of (36), the norms
of the trajectories of system (35) are bounded below as follows"

(49) Ilth(t+-; t, :, 01, 02)11 -> I1 11 e-r" V’->-0-

Consider any t, :, 01, 02 and let r(’)-a-114,(t-t--; t, :, 01, 0=)11 =. Then
(r) =-26(t+ r; t, :, 01, O_)rp(t+r, 6(t+r; t, :, 01, 02), 01, 02)

(50)
-<2116(t+; t, , 01, 02)llZ--2r(),
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where we have used (36) and the fact that p(t, 0, 0, 02) 0. From (50), we have that
r(r) < r(0) e-2v for all r=>0, and hence (49). Inequality (49) readily leads to

The derivative of Valong the trajectories ofsystem (35) is negative definite. To prove
this, we first obtain the following expression for V35)"

V(t, b(t; to, 0, 0,, 02), 0, 02)

e2*ll4(t + ’; t, 4(t; to, :0, 01, 02), 0, 02)112 dr

e114,(+,; o, ’o, o, o11 ,
e-2t3t e’ll4(cr; to, sCo, 01, 02)11 z

Then, with sc= b(t; to, sCo, 01,02),

Q35)(t, sc, 0, 02)----tV(t, b(t; to, :0, 0, 02), 01, 02)

=-2/3V(t, , 0, 02)+e2ll4(t+ T; t, , 01, 0z)ll- I111
--<_ -2/3 V( t, sc, 01, 02) + c211 ll 2 e-2-)7"- I1 11 =,

where we use inequality (48). Considering (47), inequality (40) follows.
The derivatives of V are bounded, as in (41). Since p is continuously differentiable

with respect to sc, 01, and 02, it follows that the function b is continuously differentiable
[4, p. 30]. To compute bounds on the derivatives of b with respect to sCo, 01, and 02,
note that b satisfies the following integral equation:

(51) q(t; to, o, 0, 02) o+ p(r, b(r; to, o, 01,02), 01, 02) dr.
to

Let Bo, Bo,, and Bo2 be compact sets containing sCo, 0, and 02, respectively; then the
function/(r, o, 01, 02) Ap(r, 4(r; to, (o, 01, 02), 0, 02)and its derivatives with respect
to (o, 01, and 02 are continuous on [to, t] x Bo x Bo x Bo2. We can then differentiate
both sides of (51) with respect to o, interchange differentiation and integration, and
take norms, obtaining

IlO3b(t; to, :o, 01, 02)11

(52) <--+

Applying Gronwall’s lemma (see [5]), it follows from (52) that

(53) IIO3b(t; to, sCo, 0,, 02)11 <--eV(t-t).
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In a similar fashion, we differentiate (51) with respect to Oi, i- 1, 2, interchange
differentiation and integration, compute norms, and note that, for ’_-> to,

IlDi+2p(’, (’; to, o, 0,, 02) 01, 02) ki(llth(’; to, 0, 01, 02)11, 0,, 02)

k,(c[loll, 0,, 02)

in view of (48) and the hypotheses on the functions k. Then Gronwall’s lemma yields

(54) ]Di+a( t; /o, o, 0, o=)llk,(clloll, o, o2)(t-to) e-o, i= 1,2.

Inequalities (53) and (54) hold for all toR, oR% 016R",, 02R", and tto.
Now, from

(55) IlD2V(t,,o,02)[l 2ell(t+r;t,,o,o2)llllD3(t+z;t,,o,e)[ld,

and utilizing inequalities (48) and (53), we have that

(56) IIO=V(t, , 0, 0=)ll 2cllll e(’+-")

which results in (41a). The derivations of (41b), (41c) are similar.

4. Proof of Theorem 1. One more lemma is needed.
LZMMh 2. Consider any symmetric matrix S() given by

A (Sll(") S12(" )(57) S()=
ks2() s:2()

where the functions s, s2, s::" (0,)R satisfy

(58) lim s() ho,
0

(59) lim s22() ,
0

$12()2

(60) lim =0.
.o s(u)

en
(61) lim min[S()] 0"

0

Proof The characteristic equation for the matrix S() is given by

p2-- [S,I() + $22()]p +() =0,

where

Sl1()$22( S12()2.

If A(), Ae() denote the eigenvalues of S(), then

S11 () + $22() S11() $22())2 + 4s2(
’()

2

,,() + ::() + [(s,,() s::(z)): + 4s,:(z)]
z:()

2
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Since A(IX)=,I(IX)h2(IX) and, for sufficiently small Ix, h2(ix)>0 and s2z(ix)>0, we
have that

amin[S(ix)] A1-- A/A2
(62)

2(Sll $212/$22
1 .ql_ Sll/S22_+.[(Sll/$22 1)2.q1_4212/S211/2"

Taking the limit as - in (62) and considering the hypotheses, the desired
result follows. 71

We can now proceed with the proof of Theorem 1.

Proof of Theorem 1. First, we prove that the functions F and G in (10) possess
the same qualitative properties as those prescribed forf and g in Assumptions 4 and 5.

From definitions (11), (12), and Assumption 4, it is readily seen that

(63a) ]IDF(t, x, y, 0)[[-<_ M + M2,
(63b) I]D3F(t, x, y, 0)11 <- M,

(63c) IID, G(t,x,y,O)ll<--(M/M)llxll/MllY[I,
(63d) [1DzG( t, x, y, 0)11 <-- M /M2,
(63e) IID3G( t, x, y, 0)[[-<_ M,
for all R, x R and y R’. From Assumption 5, we have that

(64) IIF( t, x, y, IX)- F(t, x, y, 0)11 <_- k()(llxll / Ily II).
From this and (63), it follows that

(65) IIF(t, x, y, )11--< [M / M= / k()]llx +[M + kf()] [ly ]1.
Using Assumption 5 and inequalities (63), (65), we can show that

(66) IIG(t,x,y,)-G(t,x,y,O)Jl<-k()(llxll/llYll),
where ke "[0, g)- R/ is a continuous function such that ke(0)--0, and there exists

de => 0 with ke(ix)/Ix <= de for Ix (0,/2).
Since the reduced-order system (3) is g.u.e.s, with rate of convergence ax <

and it satisfies the hypotheses of Lemma 1, it follows that (see Remark 7) there exists
a Lyapunov function V’R x R R+ for system (3) such that

(67) wl [Ixll _-< v( t, x) _-< o=[Ix ,
(68) 9()( t, x) <- -2axV( t, x),

(69) D V( t, x ){[ <_- w3 x

for some positive constants wg, i-- 1, 2, 3.
Similarly, the boundary-layer system (8) is g.u.e.s, with rate of convergence Cey < y,

and it satisfies the hypotheses of Lemma 1; hence there exists a Lyapunov function
W" R R R R+ such that

(70) /111Yf 2 <- W( to, Xo, yf <= zllyf 2,
(71) (’V(8( to, Xo, yf <= -2olyW( to, Xo, yf),

(72) IID W(to, Xo, Y)II-<- ’3[[yf / l[xoll
(73) IIO W(to, Xo, Yf)ll--< llYf II,
(74) lID3 W(to, Xo, y)ll--<
for positive constants vi, 1, 2, 3.
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The derivative of V along trajectories of the full-order system (10) is given by

’(,o)(t, x, y,/) [D1V(t, x)+ D2V(t, x)F(t, x, O, 0)]
(75) + D2V(t, x)[F( t, x, y, tx)-F( t, x, O, 0)].

From (63) and (64),

F(t, x, y, tx) f( t, x, O,

+
-< k()IIx + [M+ k(z)]llY [[;

hence, using (68) and (69), (75) yields

(76)

Finally, considering (67) and (70), we obtain

9(10) --2S11 ([3,) V -- 2s12(1 V1/2 W1/2,(77)

where

(78) Sll(/.) --- O kf(/z)o93(2og,) -1,

(79) s,2(/x) o93[M + kf (/z)](4o91/’1) -1/2,
and the arguments of W are t, x, y.

The derivative of W(., x(. ), y(. )) along a trajectory of system (10) satisfies

I(10) (t, x, y,/z) _--< lID1 W( t, x, Y)II + lID2 W(t, x, Y)[I IlF(t, x, y,/x)l

(80) +/z-ID3 W( t, x, y)G( t, x, y, O)

+/x-1 lID3 W( t, x, y)ll IlG(t, x, y, ) G( t, x, y, 0)[1.

Using inequalities (65), (66), (71)-(74), we obtain

Iter(10) <--2Cey/X-1 W+/,3(1 + M + M2+ de + k.)[Ix Ilyll
(81)

-+"/’3(1 + M + de + ky)llyll 2,

which holds for all/x e (0, hi,). Again utilizing (67) and (70), the last inequality yields

]/(10)--< 2S21 (/Z)V1/2wl/2-2s22(tz) W,(82)

where

(83)

(84)

s,(/z) =a/’3[ 1 + M +M2 + de + kf(Iz)](4w,/’,)-,/2,
$22(/j,) =A Oy]./--I /’311 + M + de + kf (/z)](2/’1)-’.

Now consider the following Lyapunov function candidate for (10)"

(85) L( t, x, y) _a V( t, x) + K(/x) W( t, x, y),

where K’(0,/2) R/ is any continuous function that satisfies

(86a) lim (/x) 0,

(86b) lim/x/ (/x) O;

e.g., consider (/x)=/.1,1/2.
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It is readily seen that L satisfies the inequalities

(87a) L(t, x, y)=> ,o IIx I1-/
(87b) Z(t, x, y) _-< ,o=llx 2 /

In view of (77) and (82), the derivative of L along trajectories of system (10) has
the following bound"

(88) L(o> <-_ -( v/ ,,(u,)/ w/)s(u,)

where

Sz(/X) ](89) S(/z) __a

sz(/x) 2s22(/x)]’

(90) s2(/x) --K (./)--1/2S12([.) K (/L)l/2s21([).
Note that, from inequality (88), we can obtain

L(IO) -Amin[S()]Z.(91)

Since

lim 2S11(/z 2ax, lim 2S2(/z cx3,
txo

lim s2(lz)z/ (2s2(tz)) O,

the matrix function S(. in (91) satisfies the hypotheses of Lemma 2; hence, defining

O l a’- A S l /2(92)

we have that

(93) lim as()

From the continuity of the function as(" ), there exists/Xl* > 0 with/Xl* <-/2, such that
as(/z) > 0 for all/x (0, ).

From (91), (92), it follows that

(94) L(o)(t) L(lo)(to) e-2%()(t-t)

and, since V(t, x) L(t, x, y) for all R, x R", y Rm,
(95) V(lo) (t) [=l[xoll = + () Ilyoll =] e-s()(t-t,
and we have used inequality (87b). Applying (67) to (95) and recalling that ae+ b2
(a + b) for any a, b 0 leads to

(96) IIx( t)ll c=[llxoll + y() Ilyoll] e-""(’-’,
where

(97) ce&(/l)l/, y() & (u()/)l/.
Recalling (82) and using inequality (95) yields

(98) (lO) 2Cv e-(’-’o) W1/2 2S22 W,

where

(99) cv a
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Let w(t)A[ W(lo)(t)] 1/2. Note that w is not necessarily differentiable when w(t)--0.
For w(t) > 0,

(100) vi, -$22w -- Cv e-((t-t).

Let #(. be the solution of the differential equation

(101) -s22+ cve-st-t)

with #(to) W(to) => 0.
We now show that

(102) w(t) <- ff;(t) Vt>= to.

First, we note that (to) => 0 implies that v(t) => 0 for all -> to. Suppose now that there
exists tl > to such that w(tl) > (t) and define r/(t) __._a w(t) (t). Then r/(q) > 0 and,
since r/(to)=0 and r/ is continuous, there exists a t [to, t) such that r/(t)--0 and
r/(t) > 0 for (t, q). This implies that r/is differentiable in (t, tl) and its derivative
satisfies , - <_--s()n <0.

Since the mean value theorem [1, p. 196] requires the existence of a point
where

()
(t)- (;,)

> 0,t
the required result (102) follows by contradiction.

For sufficiently small/z, say/x _-</z*, s22(/z) as (/z) > 0; hence, for 0 _<-/x _-</x* where
/x*--a min {/Xl*,/x*}, we obtain from (102) and (101)

(103) w(t)<= (t)= W(to) e-S22(t-t)+ Cv(S22--as) -1 e-,t-t).

Finally, from (70),

[[y(t)ll--< cllyoll e-"s((t-t/" +/zc4[llXoll + /(z) Ilyol[] e-s("(’-’,(104)

where

(105)

(106)

(107)

C3 (/2//1)1/2

Letting

(108) c A max {c, c3, c4},

inequalities (21), (22) of Theorem 1 follow from (96), (104), respectively. Limit (25)
follows from (97), (86a); also, (24) follows from (105), (84).

Remark 9. The proof ofTheorem 1 is based on the existence of Lyapunov functions
V and W, which satisfy (67)-(69) and (70)-(74), respectively; this existence is ensured
by Lemma 1, provided that ax < Cx and Oy < ty. However, as pointed out in Remark
8, it may occur that for the reduced-order system and/or the boundary-layer system,
the supremal rate of convergence is an actual rate of convergence. Suppose that cx is
a rate of convergence. Then if a function V exists that satisfies (67)-(69) with a c,
Theorem 1 holds, with c, replacing a in (23).
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5. Two examples.
5.1. First example. Consider the following system:

(109a) -z,

(109b) tx, x z,

where x, z R. Setting/x 0, we obtain z & h (t, x) x and, after defining y _a_ z x, we
can rewrite the above system in the following form:

(110a) -x-y,

(ll0b) /x3 =/zx- (1 -/z)y.

The reduced-order and boundary-layer systems are

(111) 2= -x,

(112)
dyf
dr- Y’

respectively, where the subscript f in (112) emphasizes the change of timescale. We
note that they have the same dynamics and, in particular, that they are g.u.e.s, with
supremal rate of convergence equal to 1. Moreover, since condition (ii) of Theorem
3 holds for both systems, they admit Lyapunov functions given by V(t, x)& x and
W(to, Xo, yy)= y}, which satisfy (67)-(69) and (70)-(74) with a % 1. Hence (110)
has the properties given by Theorem 1 with the modification suggested in Remark 9.

To directly verify our assertions, consider that the solution of (110) with initial
conditions x(0)= Xo, y(0)= Yo is given by

(113a)

(l13b)

where

x(t) [(1/2)(1 + a)xo-lzbyo] e

+[(1/2)(1- a)xo+ txbyo] exy()t,

y(t)=[txbxo+(1/2)(1-a)yo] e

+[-Izbxo+(1/2)(1 + a)yo] ea;’’)’,

a(/z) & (1 2/z)(1-4/z) -1/2,

b(/x) ---a (1 4/z) -1/2

-211 +x/1-4/z]-1 &-%(/x),

Ay (/z) ---a (Z/x)- (1 + x/1 4/x] -a-- -/x-lay (/z),

and we consider/x < 1/4.
Now, as/x + 0,

(114) %(/x) --a -As(/Z) - -1,

Since, for sufficiently small

(l15a)

(l15b)

(115c)

(l15d)

af(/z) -/xA/(/x) -1.
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we readily obtain

(116a)
Ix(t)[ _-< [Ixol / 2blyol] e

----< 4[[Xo[ + 2/x]yo[] e

ly(t)l-<-[yo[ e-"s()’/ +/x[2blxol +
(l16b)

-<- 4lYo] e->’// 4z[Ixol / 2lyol] e-(’,

i.e., inequalities (21), (22) of Theorem 1. The properties in statement 2 of Theorem 1
are also satisfied.

5.2. Feedback stabilization of a nonlinear flexible mechanical system. Consider the
mechanical system illustrated in Fig. 1. There an inverted pendulum, consisting of a
uniform bar of length 21 and mass m, is connected to one end of a massless shaft. At
the other end of the shaft is a rotor to which a control torque u is applied. We are
interested in the following problem. Suppose, for simplicity in design, we model the
shaft as rigid and design a linear feedback controller to render the closed-loop rigid
model g.u.e.s. Will the same controller stabilize a model in which the shaft is flexible,
but sufficiently stiff ?

FIG. 1. A mechanical system.

With the shaft rigid, the angular displacements 01 and 02 are always equal, i.e.,
01 02, and the motion of the system is described by

(117) (I1 + I2) ’2 mgl sin 02 + u,

where I1 is the moment of inertia of the rotor, I2 is the moment of inertia of the
pendulum, and g is the (lunar) gravitational acceleration constant. Suppose that 02
and 2 can be measured. Then a linear controller that guarantees g.u.e.s, of system
(117) is given by

(118) u---klO2-k22,
provided that

(119) k > mgl, k2 > O.
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To see this, consider the closed-loop system

(120) (I1 + I2) 0"2 mgl sin 02- k102- k22;
now define

(121) xl & 02, x2 =a 2
and rewrite (120) as follows:

(122a) 21
(122b) 22 -IJ(kx- mgl sin xl +

with Ir ___a I + I2. g.u.e.s, of (122) can be shown using the Lyapunov function V(x)
xrPx + 2mgl(cos Xl 1), with

pk2 17- ]’ P (0, 1).

Suppose now that the shaft is not rigid, but is modelled as a parallel combination
of a linear torsional spring of spring constant/3/x-2 > 0 and a linear torsional damper
of damping coefficient fla/x- > 0. Then, in general, 01 02, and a description of the
system is

(123a) 11/}’1 + 120"2 mgl sin 02 + u,

(123b) I20"2 --/3d/X-1 2- 01) fls/X-2(02 01) + mgl sin 02.

To determine the stability of (123) with the feedback law (118), we could rewrite the
closed-loop equations as a system of four first-order ordinary differential equations
and then analyze it with usual tools, for example, Lyapunov’s second method. Alterna-
tively, we could rewrite (123), (118) as a singularly perturbed system in the standard
form (1) and then show (hopefully) that both the reduced-order system and the
boundary-layer system associated with that representation are g.u.e.s.

Taking the latter approach, let

(124) Z -2( 02 01), Z2 /d- 02 01).

Equations (121), (124), (123), and (118) readily yield

(125a) 21 X2,

(125b) 22 Il(mg sin Xl--flZl--fldZ2),

(125C) Z Z2,

(125d) 2 I-l( klxl + kzxz) + I mgl sin xl I,1(,zl + dZ2),

with 1p a__ II2(I1 + I2)-.
Letting/x--0, we obtain

(126a) zl h (t, x) (/3Ir)-l[ I2(klxl + k2x2) + 11 mgl sin

(126b) z2 h2( t, x) 0,

which, upon substitution into (125a), (125b) yields (122), i.e., the closed-loop rigid
model. Hence the reduced-order system is g.u.e.s.

Note that, on rewriting (123b) as

tx2122 --[3atz( 02- 01) [3,( 02- 01) + I-t,Zmgl sin 02
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POSITION (rad)

0.9i/ REDUCED ORDER SYSTEM

0.8

0.7

0.6

0.5

0.4

0.3

0.1

1’0 15 20 25 3’0 3’5 0
TIME (sec)

FIG. 2. Time history of the angular position of the pendulum for the reduced-order system.

POSITION (rad)

(I.9 FULL ORDER SYSTEM, /x 0.05

0.7

0.6

0.5

0.4

0"3t
0.1

0 10 15 20 25 30 3’5 40 45 50

TIME (sec)

Fla. 3. Time history of the angular position of the pendulum for the full-order system with 0.05.

POSITION (rad)
1.2

0.8

0.6

(}.4

FULL ORDER SYSTEM, /x=3

0.2

10 15 20 25 30 35 40 45 50

TIME (sec)

FIG. 4. Time history of the angular position of the pendulum for the full-order system with tx 3.
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POSITION (rad)
2.5

1.5

0.5

-2.5
0 10 15 20 25 30 35 45 50

TIME (sec)

FG. 5. Time history of the angular position of the pendulum for the full-order system with 5.

TORSION ( tad)

-0.1 BOUNDARY-LAYER SYSTEM

-0.2

-0.3

-o.4 /

-0.5

-0.6

-0.7
0 10

TIMg (sec)

FIG. 6. Time history of the variable y for the boundary-layer system.

TORSION y (/&2 rad)

().1[

-0.1

-0.2

-0.3

-0.6

FULL ORDER SYSTEM, / 0.05

10

TIME (txsec)

FIG. 7. Time history of the variable Yl for the full-order system with 0.05. The time unit is/zsec.
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TORSION y (/./,2 rad)

0.4

o
0.2

-0.4

-0.6

-0.8

/’ FULL ORDER SYSTEM, /x =3

10

TIME (/zsec)

FIG. 8. Time history of the variable Yl for the full-order system with Ix 3. The time unit is Ixsec.

TORSION y (/x rad)

2.5[

1.5

FULL ORDER SYSTEM, /x

-1.5

-2.5

TIME (/xsec)

FIG. 9. Time history of the variable yl for the full-order system with tx 5. The time unit is Ixsec.

TORSION (/3 rad)

0.21
0.1

0.

-0.1

-0.2

-0.3

-0.4

-0.5

-0.6

-0.7
-10

FULL ORDER SYSTEM
solid line,/x 0.05

dashed line,

10 2b 30 40 50

TIME (sec)

FIG. 10. Time history of the variable y for the full-order system with Ix =0.05 and Ix 1. The time unit is sec.
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and letting/x 0, we obtain 01
yields system (120).

Defining

(127) ylAZl-hl(t,x),
the boundary-layer systems is given by

--02. Substituting this into (123a) and utilizing (118)

(128a)
dylf
d" Y2y,

Y2
a__
z2- h2( t, x),

(128b) dy2y_ if,l(flsYlf q_ fldY2y),
dr

which is g.u.e.s. In (128) we use the subscript f to emphasize the change of timescale.
It now follows from Theorem 1 that the closed-loop flexible model is g.u.e.s.,

provided that the shaft is stiff enough, i.e., provided that/x > 0 is sufficiently small.
Numerical simulation results. Here we present some numerical simulation results

performed with

11=lkgm2, m=lkg, l=lm,

g=1.62msec-, /3s=3Nm, /3d=3Nmsec.
The control parameters are kl--2.2, ka--3. The initial conditions are

01(0) 02(0) 1 rad, 01(0) (0) 0 rad sec-1.
Figure 2 illustrates the behavior of the reduced-order system; there the angular

position of the pendulum, i.e., the variable Xl, is plotted against time t. Figures 3 and
4 show that, for increasing values of the parameter/x, the closed-loop flexible model
remains exponentially stable, although with decreasing rates of convergence. In par-
ticular, no appreciable difference exists between the plots in Figs. 2 and 3. In Fig. 5
we see that the flexible model is unstable for/x 5. Similar comments apply to Figs.
6-9, in which the boundary-layer variable Ylf is plotted against the fast time variable
-. Since the unit of time in these plots is /xsec, the duration of the boundary-layer
phenomena changes with /x. This is highlighted in Fig. 10, where the variable Yl is
plotted against time for two different values of

6. Conclusions. In this paper we have presented new results on the exponential
stability of singularly perturbed systems. In particular, we have seen that, if the
reduced-order and boundary-layer systems are globally uniformly exponentially stable,
then, provided that some further regularity conditions are satisfied, it is possible to
establish exponential bounds on the norms of the trajectories of the full-order system.
These exponential bounds depend on the "slow" time variable and on the "fast"
time variable " and have rates of convergence that, as /x 0, are arbitrarily close to
those of the reduced-order and boundary-layer systems. A useful converse Lyapunov
result for exponentially stable systems has also been presented.

Acknowledgment. The authors thank an anonymous reviewer for Remark 1.
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VARIANTS OF THE KUHN-TUCKER SUFFICIENT CONDITIONS
IN CONES OF NONNEGATIVE FUNCTIONS*

J. C. DUNNtAND T. TIANt

Abstract. Second-order sufficient conditions of the Kuhn-Tucker type are proved for certain
constrained minimization problems on sets of nonnegative :P functions, with p E [2, cx]. The objec-
tive functions for these problems have specially structured bilinear second Gateaux differentials that
are bounded with respect to the :2 norm and vary continuously with respect to the :2 norm on :P.
Structure and smoothness conditions of this sort are satisfied by nontrivial classes of constrained-
input Bolza optimal control problems, and in this context, the associated Kuhn-Tucker sufficient
conditions yield a partial extension of the classical weak sufficiency theory in the calculus of varia-
tions.

Key words, constrained minimization, function spaces, sufficient conditions, optimal control,
nonnegative controls
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1. Introduction. Second-order sufficient conditions of the Kuhn-Tucker type
are established here for constrained minimization problems

(la) min J,
DN+

where

(lb) D is an open set in :P(0, I), (p e [2, cx]),

(lc) J" D - I1,

(ld) + (u e :P(0, 1) u(t) _> 0 a.e.},

and J has first and second Gateaux differentials of the form

(2a) d1J(; v) VJ()(t)v(t) dr, v (0, 1),

with

)(2b) VJ(u) e q(0, 1), +- 1
q

and

(2c) d2j(u; v, w) [V2j(u)v](t)w(t) dr, v, w e P(O, 1),

with

(2d) [V2j(u)v](t) S(u)(t)v(t) + K(u)(t, s)v(s)ds, t e [0, 1],
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Mathematics Department, Box 8205, North Carolina State University, Raleigh, North Carolina
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(2e) S(u) e (0,1),

(2f) K(u) e 2 ([0, 1] x [0, 1]),

and

(2g) K(u)(t, s) K(u)(s, t) t, s e [0, 1]

at each u E D. In addition, we assume that

(3a) lim
I1-11-o

vED

and

(3b) lim

I1-11---’o
rED

IlK(v) K(u)l[2 0

at each u e D; i.e., the maps S" D -- :(0,1) and K" D -- :2 ([0, 1] x [0, 1]) are
continuous with respect to the/:2 norm on D c P(0, 1) and the standard norms on

/::(0, 1) and :2 ([0, 1] x [0, 1]). Under these circumstances, Waylor’s theorem in/1
gives

(4) d2j(u; v, v) -- o ([Ivll ) DJ(u + v) J(u) + d1J(u; v) +
at each u in D. For p 2, conditions (2) and (3) imply that J is twice continuously
Frchet differentiable on D c 2(0,1). On the other hand, for p > 2, the former
conditions do not imply 2 differentiability on D c P(0,1), since J need not be
defined anywhere in 2(0,1) D.

The structure and smoothness assumptions in (2) and (3) are met in nontrivial
classes of constrained-input optimal control problems with nonnegative admissible
controls and Bolza objective functions

fo(ha) J(u) P(x(1))+ (t,x(t), u(t))dt,

where x(-)" [0, 1] R’ is the solution of an initial value problem

(5b) x(0) Xo

dx
(5c) d-- f(t,x(t), u(t)), t e [0, 1].

When P, fo, and f satisfy smoothness and growth restrictions suitably matched to
p e [2, oc], the initial value problem (hb), (5c) has a unique absolutely continuous
solution x(.) corresponding to each u(.) in some open set D C :P(0, 1), the associated
Lebesgue integral in (ha) exists, and the composite function J D - 1 has Gateaux
differentials (2a) and (2b) constructed as follows. Consider vectors in ]Rm as m 1
column matrices, and for (t, , x, u) I In x n x 1, put

(6) H(t, , x, u) cTf(t, x, u) + f(t, x, u),
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where the superscript T denotes matrix transposition. Given u E D and the corre-
sponding solution x(.) of (55) and (5c), form the Jacobian matrices

(Ta) a(t) COl (t, x(t) u(t)),

(7b) Of (t,x(t), u(t)),A(t)

(7c) B(t) (Of ( x(*) u(t))u
and let (.) [0, 1] -- Rn denote the unique solution of the adjoint initial value
problem

(8a) (1) VP(x(1)),

(8b) d_ _A(t)T a(t)T t e [0, 1].
dt

Compute the associated partial derivatives

(9) VJ(u)(t) a_ OH (t,(t) x(t) u(t))-u
and Hessian matrices

(10a) Q1 V2p(x(1)),

(10b) Q(t) V2xH(t, (t), x(t), u(t)),

(10c) R(t) V2H(t, (t),x(t), u(t)),

(lOd) S(t)
02H

(t, (t) x(t), u(t))0,,’

Then, for v, w in P(O, 1),

(11a) d1J(u; v) VJ(u)(t)v(t)dt

and

d2j(u; v, w) z(1)TQly(1)

(11b) + {z(t)TQ(t)y(t) + z(t)TR(t)v(t)

+y(t)TR(t)w(t) + S(t)w(t)v(t) } dt,
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where y(.): [0, 1] -- ]Rn and z(.): [0, 1] -- ]R’ are the unique solutions of

(11c) y(0) =0,

(lld)
dy

A(t)y + B(t)v(t) t e [0, 1]
dt

(11e) z(0) =0,

dz
(llf) d- A(t)z + B(t)w(t), t e [0, 1]

(see [1]). To obtain (2c) and (2d) from (llb)-(llf), let O(-, T) be the unique n n
matrix-valued solution of

(12a) O(T, T) I,

(12b)
O0

(t, T)- A(t)O(t, T) 0 < < t < 1
Ot

Then

y(t) O(t, T)B(T)V(T)dT,

(12d) z(t) O(t, T)B(T)W(T)dT,

and (llb)-(llf) yield (2c) and (2d), with S(u)(t)= S(t) in (10d), and

K(u)(t,s) B(t)T(s,t)TR(s) + B(s)T(t,s)TR(t)

(1/ + (t/ e(-, t/’(-/(-, /e-
x(t,

+ B(t)r(1, t)Q(1, s)B(s),

where

(, t) / ’(’ t), t < ,
(12f)

O, st.

Once again, if P, fo, and f are suitably restricted, then VJ(u), S(u), and K(u)
are defined at each u E D and possess the smoothness and symmetry properties
specified in (2b), (2e)-(2g), and (3). We note that the related hypothesis of Frchet
differentiability for J on the normed vector space {(0, 1), I1" 112} has been invoked
elsewhere in a control theoretic context [2].

From here onward, our analysis proceeds mainly at the level of (1)-(3). In 2
and 3, we show that formal extensions of the Kuhn-Tucker second-order necessary
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condition for local optimality in the nonnegative orthant in ]1n is also a necessary
condition for -local optimality (and thus for/:P-local optimality) in the set DNFt+,
but that a corresponding formal extension of the Kuhn-Tucker sufficient conditions
in ]1n is generally not sufficient even for the weaker species of -local optimality
in D A t+. These results amplify points already made in [3] for abstract nonlinear
programs, min J(u) subject to g(u) >_ O, where g has its range in some partially
ordered infinite-dimensional Banach space; however, in 4, we prove a new result,
namely, that the formal Kuhn-Tucker sufficient conditions do become sufficient for
-local optimality at u E D N gt+ when the null set for u is closed in [0, 1] and S(u)
is continuous on the frontier of this set in [0, 1]. In 2 we also establish a stronger
variant of the Kuhn-Tucker second-order necessary condition for/:P-local optimality
in D t 2+ with p E [2, cx), and then prove in 4 that a natural further strengthening
of this condition is sufficient for local optimality relative to the 2 norm on D N 2+.
Since these theorems have no counterparts in n, they are a potential source of new
insights for large-scale finite-dimensional approximations to (1)-(3), and, in particular,
for multistage discrete-time approximations to (5) (see [4]-[6] for related illustrations
of this point). In 5, we apply the sufficient conditions to three examples. Two
of the examples are control problems; all three have nonconvex quadratic objective
functions.

In the context of variational calculus, the results in 4 demonstrate that a sig-
nificant portion of the classical weak sufficiency theory extends to certain input-
constrained optimal control problems. In this same setting, we note that our results
are not implied by the sufficient conditions in [7], nor are they contained in a recent
extension of the Kuhn-Tucker sufficient conditions for nonlinear programs in the space
W(0, 1) of real functions with square-integrable derivatives [8]. Although portions of
the sufficiency theory in [8] are applicable to constrained control and variational prob-
lems, the Kuhn-Tucker theorem proved there imposes a W-norm coercivity condition
that cannot be satisfied when J has second differentials of the form (2c)-(2g).

As observed in [3] and elsewhere, convergence theories for iterative minimization
algorithms often rest on sufficient conditions for local optimality, and, in particular,
on second-order sufficient conditions of the Kuhn-Tucker type. In a sequel to the
present article, it will be shown that the local convergence behavior of a standard
gradient projection algorithm is indeed directly tied to the sufficient conditions in 4.
These conclusions also have potentially interesting (computational) implications for
finite-dimensional approximations to (1)-(3).

Finally, we hope and expect that the analysis in this paper serves as a model
for a more general treatment of constrained minimization problems with objective
functions J satisfying analogues of (2)-(3) on open sets in P([0,1],m), and with
admissible function sets 2 --/:P([0, 1], U), where U is polyhedral set in m, or more
generally, where U is prescribed by finitely many smooth inequality constraints in
]1m

2. Necessary conditions. At each u in the set D A 2+ put

(13a) a(u) {t e [0, 1]: u(t)= 0},

(13b) T(u) {v e P(O, 1): v(t) 0 a.e. in a(u)}.
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The null sets a(u) are analogous to the active constraint index sets for the counterpart
of (1) in R, namely,

(14a) min J,
Dnn+

(14b) D is an open set in R,
(14c) fn+ {U e R’Ui _> 0, i 1,...n}.

Similarly, the closed subspaces T(u) are analogous to the spaces tangent to the active
constraint manifolds at u in fn+. Note that if u(t) v(t) almost everywhere, then the
symmetric difference a(u)Aa(v) [a(u) a(v)] t [a(v) a(u)] has measure zero,
and T(u) T(v). The following theorems may now be seen as formal extensions of
the Kuhn-Tucker first- and second-order necessary conditions for (14). We supply
an elementary proof that is also suggested by the analogy with (14); however, results
similar to those in Theorem 1 are known for a much larger class of nonlinear programs
in an abstract Banach space setting [3].

THEOREM 1. Let u be an -local minimizer of J D R in the set D N f+
i.e.,

(15) u e D N f+ and (3p > O Vv e D N +, IIv ullo < p => J(v) >_ J(u))
In addition, suppose that the first and second Gateaux dierentials of J exist at u,
and that the associated maps w -- dlJ(u; w) and w -- d2j(u; w, w) are continuous
with respect to the 2 norm. Then

(16a) Vv E f+ dIJ(u;v- u) >_ O,

(16b) Vw e T(u) d1J(u; w) O,

(16c) Vw e T(u) d2j(u; w, w) >_ O.

Proof. The set f+ is convex, and D is open in :P(0, 1); hence, if u D N f+ and
v f+, then u + e(v u) D f+ for all sufficiently small e > 0. In view of (15),
we therefore have
(17)
Vv E Q+ (v- u /:(0, 1) =:> dlJ(u; v -u)-- e-0+lim

J(u + e(v-e u))- J(u) _> 0).
Condition (16a) now follows from (17) since dg(u; w) is :2-continuous in w, and the
set (v f+ :v- u /:) is dense in f+.

To prove (16b) and (16c), we first define

{ 1}an(U)= t e [O, 1] O _< u(t) <
n

Tn(u) {v e P(0, 1): v(t) 0 a.e. in On(u)},

T(u) {v e/:o (0, 1): v(t) 0 a.e. in (n (u)},
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for n 1, 2,..., and note that

lim #[cn(u) o(u)] 0
n.--..oo

(#-- Lebesgue measure,)

and

T(u) D Tn+l (u) D Tn (u) T(u),

with T(u) dense in Tn (u) and Un= Tn(u) dense in T(u) Suppose that w e T(u)
with w 0. By construction, v u + (nllwll)-w e gt+; hence (16a) gives

d J(u; w) nl[wlld1J(u; v u) > 0

and

d J(u; w) -nllwlld J(u; v u) >_ O.

Since d J(u; 0) 0, we have shown that d J(u; w) 0 for all n, and all w e T(u).
Condition (16b) now follows by continuous extension. Similarly, if w E T(u), then
v u + ew D D [2+ for e sufficiently small, in which case (15), (16b), and Tay-
lor’s formula give 0 _< le2d2j(u;w, w)+ o(e2). In the limit as e --+ 0, we obtain
d2j(u; w, w) >_ 0 for all n, and all w T(u). Condition (16c) follows as before by
continuous extension. E]

THEOREM 2. Let u be an .-local minimizer of J D --, in the set D +,
and suppose that J has first and second Gateaux differentials satisfying (2) at u. Then
conditions (16) hold at u, and, consequently,

(18a) VJ(u)(t) >_ 0 a.e. in (u),

(18b) VJ(u)(t) 0 a.e. in c(u)c [0, 1] c(u),

(18c) S(u)(t) >_ 0 a.e. in a(u)c.

Proof. Conditions (2) imply that dlj(u; w) and d2j(u; w, w) are 2-continuous
in w; hence conditions (16) hold at u, by Theorem 1. By (16a), we have

and, therefore,

Vv E + VJ(u)(t)[v(t) u(t)]dt >_ 0

(Vv >_ 0, VJ(u)(t)[v u(t)] >_ 0) a.e. in [0, 1].

Assertions (18a) and (lSb) now follow immediately from the definition of a(u).
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To prove (18c), define 0(t, e) a(u)c r (t e, t + e) for t e a(u)c and e > 0. Since
almost all points in a(u)c are points of density for a(u) [9], and since S(u) e t:(0, 1),
we have almost everywhere in a(u)

and

lim
l,(O(t, e))

1
e-+0+ 2e

S(u)(T)dT 2eS(u)(t) + o(e).
(t,)

In addition, the Cauchy inequality gives

K(U)(T, s)dT ds < K(U)(T, s)2dT ds
(t,) x e(t,) (,) x (t,)

for all t e a(u). Since the characteristic function of 8(t, e) lies in the subspace T(u),
conditions (2)and (16c)now imply that

(2eS(u)(t) + o(e) > O) a.e. in a(u),
and this yields (18c) in the limit as e -+ 0+. El

Note 1. Theorems 1 and 2 remain valid if u is merely an internal point [10] of the
(otherwise arbitrary) set D and if (15) is replaced by the weaker requirement of local
optimality in (u + span {w}) r3 D r3 f+ for all w Z:.

Note 2. The counterpart of Theorem 2 for problem (14) asserts that, if u is a
local minimizer of J in D r3 gt+ (relative to any norm in IRn) then,

OJ
(19a) Vv +, u(U)(Vi- ui) > 0

i=1

,(e(,,

(19b) Vi a(u)- {i {1 ...,n}’ui- 0},
OJ
b-g , (u) > 0

(19c) Vi a(u)c {1 n} a(u)
OJ
b-gu,(U)=0
n n 02J

(19d) Vw e T(u) {w Rn Vi e a(u), wi O}, wi (u)wj >0
i= j=

OUiOUj

O2j
(19e) W a(u),

OuiOui
(u) > O.

From this vantage point, we see that S(u) acts like the "diagonal part" of the Hessian
operator V2j(u)in (2).

Note 3. For input-constrained optimal control problems (1) with objective func-
tions (5), Theorem 2 yields the following extension of the Legendre-Clebsch condition
in the variational calculus and unconstrained optimal control theory [11], [12]

(20)
O2H

(t,(t) x(t) u(t))> 0 a.e. in a(u)c

0u2
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(cf. (6)-(10)). This result and conditions (184) and (18b) are also implied by the
Pontryagin minimum principle [11], [12],

(21) H(t,(t),x(t),u(t)) minH(t,(t),x(t),v) a.e. in [0,1]
v>0

when p--
For p E [2, cx], the first- and second-order necessary conditions in Theorem 2

automatically hold at any/2P-local minimizer of J in Dflft+; moreover, for p E [2,
we can prove a stronger version of the second order condition (18c).

THEOREM 3. Let the hypotheses of Theorem 2 hold with p [2, cx), and suppose
that u is an .P-local minimizer of J in ft+ i.e.,

(22) u c D f ft+ and (3p > 0 Vv c D C ft+, IIv < p J(v) >_ J(u))
Then conditions (16) and (18) are satisfied at u, and, in addition,

(23) S(u)(t) >_ 0 a.e. in [0, 1].

Proof. Every/:P-local minimizer is also an -local minimizer; hence (16) and
(18) hold at u, by Theorem 2. To prove (23), we must therefore show that

(24) S(u)(t) >_ 0 a.e. in a(u).

As in the proof of Theorem 2, we construct O(t, e) a(u) N (t e, t + e) for t e a(u)
and e > 0, and find that

/f0(t,e) S(U)(T)dT----2eS(t)zt O(e)) a.e. in c(u)

and

K(T, s)dT ds o(e)
(t,e) x 0(t,e)

for all t E a(u). Furthermore, in view of (18b), we have

(fo(t,e) VJ(u)(T)dT=2eVJ(u)(t)+ o(e))
For h > 0 and e > 0, construct Vh, f+ by the rule

h, T O(t,e),
o, e

Then

and

Vh > 0 Ilvh,ll , o(1/p)

Vh3ehVe (0, eh

a.e. in a(u).

u + Vh, D f ft+ and J(u + Vh,) J(u) >_ O.
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Conditions (2), (4), and the preceding estimates then give

(Vh > O, 0 <_ [2VJ(u)(t) + hS(u)(t)] e + o(e)) a.e. in a(u).

In the limit as e --, 0+, we therefore have

(Vh > O, 0

_
[2VJ(u)(t) + hS(u)(t)]) a.e. in a(u),

and, in the limit as h - x), we obtain (24). D
Note 4. The finite-dimensional counterpart of condition (23) is not necessary for

local optimality in problem (14).
Note 5. Condition (23) is implied by the Pontryagin minimum principle (21) for

optimal control problems (1) with objective functions (5).
3. Formal Kuhn-Tucker sufficient conditions. The following stronger vari-

ants of (18a), (lSb), and (16c) amount to a formal extension of the standard Kuhn-
Tucker sufficient conditions for (14):

(25a) VJ(u)(t) >_ 0 a.e. in c(u),

(25b) V C INT c(u) (/ compact = 3cl > 0, VJ(u)(t) >_ cl a.e. in ),

(25c) VJ(u)(t) 0 a.e. in a(u)c,

2(25d) 3c > 0 Vv e T(u), d2j(u; v, v) >_ cllvll 2.
However, in the absence of further restrictions on the differential d2 J, these conditions
are actually not sufficient for -local optimality in the set D N t+, even when (2)
and (3) hold.

Example 1. For u E D 2(0, 1), put

(26) J() r(t)(t) + -where r(.) is continuous and strictly decreasing with r(1/2) 0 and

s(t)
-1, t e [0, 1/2),
1, t e [1/2, 1].

Then, for v E/22(0, 1),

and

In particular, for

d1J(u; v) [r(t) + S(t)u(t)] v(t)dt

d2 J(u; v, v) S(t)v2 (t)dt.

(27) u(t) { O, t e [0, 1/2],
-r(t), t e (1/2, 1],
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we have

and

u(.) e D fl t+ t+,

[0, 1/2],

T(u) {v e 2(0, 1) v(t) 0

VJ(u)(t) { r(t),o, t eit
e [0,2, 1/2]’1],

a.e. in [0, 1/2]},

Vv e T(u) d2J(u; v, v) v2 (t)dt Ilvl12 .
/2

Consequently, conditions (2), (3), and (25) hold at u(.). According to (23), we already
know that J cannot have L:2-1ocal minimizers in ft+; however, u(.) is also not an
local minimizer for J in f+. To see this, let

for n 1, 2,..., and put

1 1
tn=2 n

By construction,

j’ t e Its, 1/2),vn(t)
O, t [t,

l/2
J(u + Vn) J(u) 2r(tn) Jr(t)- r(tn)ldt < O,

u + vn f,

and

lim Ilvn ll 2 lim r(tn O.

Hence u is not an -local minimizer.
Example 1 demonstrates two basic points: First, u cannot be -locally optimal

for the simplest quadratic J satisfying (2) and (3) if there is a t* in a(u) such that
VJ(u)(t) approaches zero as t approaches t* within a(u), while S(u)(t) S(t) remains
negative and bounded away from zero in a(u) near t*. Second, conditions (25) alone
cannot eliminate such t*. On the other hand, the next example suggests that (25)
may become sufficient for L:-local optimality when S(u) is continuous on the frontier
of a(u)in [0, 1].

Example 2. For v E D 2(0,1) define J by (26), with r as before, but

S(t)
--1, t e [0, 1/2--51,

1, t (1/2--5, 1],



1372 J.C. DUNN AND T. TIAN

for i fixed in (0, 5)" Construct u E D+ as in (27). Then conditions (25) hold
6, 1] ofonce again at u, but now S(u)(t) +1 on the open neighborhood (

1] and this is enough to ensure that u is an/:-local minimizer. More
1-5)>0, andsupposethatu+veft+and[[v[[ <p. Thenspecifically, let p r(

J(u + v)- J(u) 1/olr(t)v(t)dt + - s(t) +

r(t)v(t)dt + r(t)v(t)dt

v(t)2dt
2

v(t)2dt + - -6

> v(t)2dt
-2

1 2

v(t)2dtp- v(t) v(t)dt + - -6

Note that u still cannot be an /:P-local minimizer of J in ft+ for p [2, c) since
condition (23) is still violated at u (however, if we set S(t) 1 in [0, 1] then (23) is
satisfied and (27) does, in fact, define the unique global minimizer of the now strictly
convex functional J in f+).

In Example 2, the crucial fact is that S(u) and VJ(u) are positive and bounded
away from zero on some open neighborhood O6 of a(u)c and on (.0, respectively. For
simple quadratic functionals (26) with K 0, these conditions can be inferred from
(25) and continuity restrictions on S(u); moreover, with a straightforward extension
of the estimates in Example 2, we can show that this further strengthening of (25)
is sufficient for /:-local optimality in D N ft+. In the next section, we establish
analogous general results for the class of nonquadratic J satisfying (2) and (3) with
K 0, and we also prove that the sufficient conditions for /:-local optimality
become sufficient conditions for/:2-local optimality when g(u) e /:([0, 1] [0, 1])
and S(u)(t) is bounded away from zero almost everywhere in [0, 1] (cf. Theorem 3).

4. Sufficient conditions. We begin with several definitions and a fundamental
sufficiency lemma for (1).

For measurable a C [0, 1], put

T {w e/:P(0, 1): w(t) 0 a.e. in a},

N {w e/:P(0, 1): w(t) 0 a.e. in ac}.

For v E P(0, 1) define the corresponding projections of v into T and N by

O, t a,
PT, v

(), ,
v(t) te,

PN. v O, t ac.
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By construction, v- PTV + PNv and

PTv(t)PN v(t) dt 0 t e [0, 1].

LEMMA 1. Let the first and second Gateaux differentials of J" D -- ]1 exist at
u e D n + and satisfy (4), with d J(u; v) linear in v, and d2j(u; v, w) bilinear in

(v, w) and bounded relative to the 2-norm; i.e.,

(28) 3M >_ 0 V(v, w) e P(0, 1) x P(0, 1) Id2J(u; v, w)l < Mllvllllwll.
Suppose that u satisfies the necessary conditions (16), and, moreover, that there are
positive numbers Cl and c2, and a measurable set such that

(29a) #[c c(u)] 0,

(29b) Vw e Na n +, d1J(u; w) >_ clllll,,

(29c) 2Vw e T D T(u), d2j(u;w,w) >_ 11,11.

Then u is a strict -local minimizer for J in D n + more specifically,

(30) =:lp > 0 =ld > 0 Vv e D n + (llv 11 < p J(v) J(u) >_ dllv ull).

Proof. For u + w e D N +, conditions (4), (28), and (29) give

J(u+w) J(u) d1J(u; PT.W+PN.W)+ 1/2d2 J(u; PT.W+PN.W, PT.W+PNW)

+ o(llvll)
2

_
IlIPN. will + d J(; P.w) + ellP.wll

By (29a), we also have, for all w P(0, 1), that

PTW PT()

with PT()w e T() T(u) and

w - PT[o()~o] W a.e. in [0, 1],

u + w + (u + PT.()~. w) +.

Consequently, if u + w E t+, then (16a) and (16b) yield

dJ (u; PT.W) dJ (u; PT.() w) + dJ (u; PTI.()~.I w) >_ O.

Thus, for all w E (0,1),
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u+weDln+ and ]]W[[o<p=

J(u + w) J(u) >_ Clio
-1 IIPN. wll + c.

+o(llwll)

(31) (cp-- 1/2M)IIPNII + 1/4cllPTwll

+o(llwll)

> (clp- 1/2M- M2c;) IIPNwll: + 1/4c.IIPTII,

If we now choose p > 0 so small that

(32a) clp-1 1/2M- Mc >_ 1/4c,
then

(32b) 2 2J(u + w)- J(u) > 1/4:llwll +
for all w e L:(0, 1) such that u + w e D N Ft+ and Ilwl]o < p. Estimate (30) follows
at once from (32). [:]

Our objective now is to establish sufficient conditions of the Kuhn-Tucker type
for (1)-(3) by deducing (29) from the formal sufficient conditions (25) and additional
continuity restrictions on S(u) in (2). Along with Lemma 1, we need the following
results.

LEMMA 2. Suppose that J D -- ]1 has a second Gateaux differential satisfying
(2c)-(2g) at u e D, and let (25d) hold at u; i.e.,

3c > 0 Vv e T(u) d2j(u; v, v) > 1111 2"

Then

(33) S(u)(t) >_ c a.e. in ((u)c.

Moreover, if

(34) # (a(u)C a(u)c) =0,

and if (33) extends to some open set Oo in [0, 1] containing a(u), then there is another
open set 0 in [0, 1] such that

(35a) Oo 0 (u)
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and

(35b)

with

Vv e Ta D T(u) d2J(u; v, v) >_ 1/2cllvll2,

(35c) a 0

Proof. Condition (33) is established by a trivial modification of the proof for
(18c). Now suppose that the stronger condition

(36) S(u)(t) > c a.e. in Oo D c(u)c

actually holds. Note that, for Oo D O D (a(u))c, a Oc and v e Ta, we have

d2 J(u; v, v) K(u)(t, s)v(t)v(s) dt ds

K(u)(t, s)v(t)v(s) dt ds

K(u)(t, s)v(t)v(s) dt ds

with

f 0, (t, e x
g(u)(t,s) I K(u)(t, s), (t, s) e AO

and

Furthermore, by (34), # [c(u) x ((u)c) ((u)c x (u)) 0. Finally, since

c(u) is measurable, there is a sequence of open sets On such that Oo D On D (u)c

and #(AOn) --* O. Hence there is an open set (9 such that Oo D (9 D c(u)c and

Jfoxo K(u)(t, s)2dt ds K(u)(t, s)2dt ds <

For any such (9, conditions (25d), (36), Cauchy’s inequality, and the preceding esti-
mates yield

d2j(u;v,v) > c fa v(t)2dt + c fo v(t)2dt- C fov(t)2dt

for all v E T T(u), with
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LEMMA 3. Suppose that is an open set in [0, 1] and that f [0, 1] -- R is

continuous on the frontier of/ in [0, 1]. Moreover, suppose that, for some c > O,

(37) f(t) >_ c a.e. in .
Then there is an open set Oo in [0, 1] such that

(3Sa) Oo /

and

(38b) .S(t) > 7c a.e. in 0o.

Proof. Note that INT / and 0/ / INT /. If 0/ , then/ INT
[0, 1], and (38) follows trivially from (37) with O [0, 1]. On the other hand,

suppose that t E 0/. Since is open in [0, 1], we have, for sufficiently small e < 0,

#[n(t-e,t+e)] >0.

Therefore, by (37), there is a sequence of points tn such that t, -- t and f(tn) > c
for all n. Since f is continuous at t, we must have f(t) >_ c, and therefore

qht > O k/T B(t, ht) f(au) > 7c

with

B(t, ht) {T e [0, 1]’IT- tl < St}.

It follows that (38) holds in the open set (90 flu [UtEoB(t, tit)] flt_J0fl ft. D
With Lemmas 1-3 established, we can now prove the following extension of the

Kuhn-Tucker sufficient conditions.
THEOREM 4. Let J" D -- I have first and second Gateaux differentials satisfy-

ing (2) and (3) at u e D fq Ct+, and suppose that the formal guhn-Tucker conditions
(25) are satisfied at u. In addition, assume that a(u) is closed in [0, 1] and that S(u)
is continuous on the frontier of a(u) in [0, 1]. Then S(u)(t) is bounded away from
zero almost everywhere in some open neighborhood of a(u)c in [0, 1], u is a strict
.-local minimizer of J in D fq f+, and condition (30) is satisfied; moreover, if
K(u) e ([0, 1] [0, 1]) and S(u) is positive and bounded away from zero almost
everywhere in [0, 1], then u is also strictly locally optimal relative to the _,2 norm on
D fq f+; more specifically, u D N f+ and

(39) qp > 0 2d > 0 Vv e D N f+ (llv nil2 < p J(v) J(u) >_ d[[v

Proof. We show that the hypotheses in Lemma 1 are satisfied. By (2) and (3),
d1J(u; v) is linear in v e P(O, 1), d2j(u; v, w) is bilinear in (v, w) e .P(O, 1) P(0, 1)
and satisfies (28), and condition (4) holds. In view of Lemma 2, conditions (25) imply
(33), as well as (16). The set c(u) is open, and hence (34) holds. Since S(u)
is also continuous on 0[a(u)] and Lemma 3 establishes the existence of an open
set (.90 in [0, 1] such that (90 3 a(u) and S(u)(t) > 7c almost everywhere in (.90.
Consequently, by the second part of Lemma 2, there is an open set (9 in [0, 1] such
that (90 3 (9 c(u) and conditions (29a) and (29c) hold with c O and c2 1/4c.
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(In addition, Oc is a compact subset of a(u)c INT c(u); hence (2a), (2b), and

(25b) imply that (29b) also holds at u with a Oc. Therefore, by Lemma 1, u is
an -local minimizer of J in D N t+, and condition (30) is satisfied. Furthermore,
if g(u) is essentially bounded and S(u)(t) is positive and bounded below by c3 > 0
almost everywhere in [0, 1], then, with reference to (2)-(4), (25), and the proof of
Lemma 1, we find that, for all w such that u + w E D gl gt+,

1/01J(u + w) J(u) >_ d1J(u; PN.w) + - S(u)(t) [PN. w(t) + PT.w(t)]2 dt

+ K(u)(t, s) [PN. w(t) + PT.w(t)] [PN. w(s) + PT. w(s)] dt ds

> ClllPNWlll / 5c3 -c2

with c 0c and d- 1/4 min{c2, c3}. Consequently, condition (39) is satisfied with
some positive p <_ c111K(u)lI72.

Note 6. The set c(u) is closed if u is lower semicontinuous. Conditions (25a)
and (255) hold if a(u) is closed and VJ(u) is positive and lower semicontinuous on
INT c(u).

Note 7. The topological restrictions on a(u) and S(u) can be relaxed in Theorem
4 if we are willing to assume that S(u) is bounded away from zero on some open
neighborhood of c(u) in [0, 1]; however, the resulting :-1ocal optimality sufficient
conditions are then further removed from the necessary conditions in Theorem 2.

Note 8. In the variational calculus and unconstrained optimal control theory,/22
coercivity conditions on the second variation (i.e., d2j(u; v, v)) are deduced from the
strict Legendre-Clebsch condition ((02H/Ou2)(t, (t), x(t), u(t)) S(u)(t) > 0) and
the Jacobi conjugate point condition [11], [12]. We may therefore ask whether (24d)
can be inferred from (33) and from some natural generalization of the classical field
embedding and Jacobi’s condition for constrained input optimal control problems with
Bolza objective functions and nonnegative admissible controls. A theorem of this kind
and the -local optimality results in this section would complete the extension of
the variational weak sufficiency theory to (1)-(3) and (5).

Note 9. When J has Gateaux differentials of the form (2), it is not possible to
base a counterpart of the sufficiency theory constructed here on weaker versions of
the continuity hypothesis (3) yielding

3p e (2, cx3) J(u + v) J(u) + d1J(u; v) + 1/2d2j(u; v, v) + o(llvllp2)

in place of (4). Such a theory would require stronger P analogues of the coerciv-
ity condition (25d) that cannot hold for (2c)-(2g) since Id2j(u; v, v)] < MIIvll2 for
some M > 0, while suPllvll.= IlVllp cx for all p > 2. Similarly, in the present setting
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the W(0, i) Kuhn-Tucker sufficient condition in [8] requires the coercivity condition
(25d), with llvll2 replaced by

1 dvI]ll -Iv(0)l2 / I-(t)12dt,
and this is also incompatible with (2c)-(2g), since suPllvll=

5. Examples. In this section, we apply the results developed in previous sections
to three optimization examples that illustrate various features of the theory. The first
two examples are optimal control problems in the form

1 2 1 (t)u(t)2]dt,(40a) min J(u) [r(t)u(t) + -Q(t)x(t) + -S

(40b) 2(t) A(t)x(t) + B(t)u(t), x(O) O,

(40c) u + {w 2(0, 1) w(t) _> 0 a.e. in [0, 1]},
with a stationary control

0, te[0,1/2],(40d) u* (t)
2t 1, t e (1/2, 1].

In our first example, we choose r, S, Q, A, and B, so that u* is an -local
minimizer, but not an 2-1ocal minimizer.

Example 3. In (40), put

(41a) r(t) { 1- 2t, t e [0, 1/2],

(1-2t)(4t-1), te(1/2,1];

(41b) S(t) 4t- 1;

(41c)

For simplicity, let

1

Q(t)
t e [0, 1/2],

0, t (1/2,1].

(41d) A(t) 1

and

(41e) B(t) 1.

(However, any nonnegative bounded measurable A(t) and B(t) with the suitable Q(t)
will still work.)

We claim that u* is an %local minimizer, but not an/:2-local minimizer. The
latter statement is clear, since S(u*)(t) S(t) violates the necessary condition (23) of
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2-1ocal optimality. In fact, from this point of view, there is no 2-1ocal minimizer for
(40), (41). To see the former claim, let x* and * be the state and costate functions
corresponding to u*, respectively. Note that x*(t) 0 for t in [0, 1/2]; therefore

(42a) Q(t)x*(t)=O, t e [0,1],
and (7), (8), and (41a) yield

(42b) * (t) 0.

Now let us check the sufficient conditions for -local optimality in Theorem 4.
Conditions (6)-(13), (40), (41), (42a), and (42b) give

(43a) VJ(u*)(t) I 1 2t, t e [0, 1/2],

]0, t(,

(43b) S(u*)(t) 4t- 1 >_ 1, t e (1/2, 1];

(43c) K(u*)(t,s) -0, t (1/2,1] or s (1/2,1];

(u*) [0, 1/2];(43d)
and

(43e) T(u*) {w E 2(0, 1)" w(t) 0 a.e. in a(u*) }.
Conditions (43) show that the formal Kuhn-Tucker conditions (25) are satisfied at
u*. In addition, a(u*) is closed, and S(u*)(t) is continuous at the frontier of a(u*)
in [0, 1]. Therefore the second-order sufficient conditions for -local optimality hold
at u*.

The preceding conclusions can also be established directly as follows. Let v E
(0, 1), u* + v +, and let x(t) be the unique solution of (40b) with u being
u* + v. Then

(44a) 0 G xv(t) <_ e [u*(T) + V(T)]dT.

In addition, assume that IIvll < 1. Then (42a), (44a), and Cauchy inequality yield
(445)

J(* +v)-J(*) r(t)v(t)+S(t)*(t)v(t)+l + -(t),(t) dt

1 1 ofl/ 2(t)dtXv(1 2t)v(t)dt + (4t 1)v2(t)dt

/2 1
(4t-1) v2(t)dt+ v2(t)dt>_ (1-2t)+

/2

4e
e v(t)dt

l f/ 111 fl/v2 (t)dt
1

v2 (t)dt=-2jo v2(t)dt +
/2 - 0lf01> v2(t)dt

4
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Therefore u* is a strict -local minimizer of J on t+ (compare (44b) with (30)).
On the other hand, a similar estimate shows that for k > 2, J(u* + vn) J(u*) is
eventually negative on the sequence Vn k.(characteristic function of [0, l/n]), and
therefore u* is not an 2-1ocal minimizer.

Finally, we note that J cannot be convex on gt+, since u* satisfies the first-order
necessary conditions for optimality in (25), yet u* is not a global minimizer of J in
+.

As noted above, u* cannot be an 2-1ocal minimizer because S(t) is negative on a
subset of [0, 1] with positive measure. In the next example, S(t) and r(t) are adjusted
so that u* is 2-1ocally optimal, while J remains nonconvex on Ft+.

Example 4. Let the constant c be in (0, Co), where

(45a) Co 2e-2(e e/2)(1 e-/4)2 > O.

In (38), put

(45b)
1 2t, t E [0, 1/2],

r(t)=
c(1-2t), te(,l 1];

(45c) S(t) c, t e [0, 1],

while u*(t), Q(t), A(t), and B(t) remain the same as defined in (40d) and Example
3. As in Example 3, we can find that the formal Kuhn-Tucker conditions (25) hold at
u*, a(u*) is closed, and S(u*)(t) c is continuous at the frontier of c(u*) in [0, 1].
Moreover,

(45d) K(u*)(t, s) ]
Jmax(t,s)

e-tQ(T)e-SdT e ([0, 1] [0, 1]),

and S(u*)(t)is positive and bounded away from 0 in [0,11. By Theorem 4, u* is
an 2-1ocal minimizer of J in gt+. This fact can also be easily shown with a special
version of the final estimates in the proof of Theorem 4.

We now show that J is nonconvex on t+. Put

(46a) _[ te[0,1/4];

o, te( ,

Then u* + Vo t+, and, for (t, s) e [0, 1/4] [0, 1/4], (41c) and (45d) yield

(46b)

K(u*)(t,s) -(2+t+8)--e e2d7"
dmax(t,s)

<_ e-(++) f/ e2rdT
J1/4

1 -(2+t+) el/2).----e (e
2
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So (2c), (2d), (45), and (46) yield

f1/4 re/all/4(1) (2+t+8)(e el/2)dsdtd2j(u*; Vo, Vo) <_ cdt + -- e-
JO do JO

i 1 -( )( ).4c- -e
(- o) < o.
4

Therefore the restriction of J to fl+ is nonconvex. rthermore, since Vo is a direction
of recession at u* in fl+, we can see that u* is not a global minimizer; in fact,
inf,+ J -.

In the third example below, an optimization problem is constructed in such a way
that the 2-1ocal second-order sufficient conditions in Theorem 4 hold at the global
minimizer u* of a nonconvex quadratic objective function J on fl+. Compare this
with the previous examples and recall that, for unconstrained minimization problems
with quadratic objective functions J, the standard second-order sufficient conditions
imply that J is convex, and a global minimizer exists only if J is convex.

Example 5. Consider

u.min g(u) r(t)u(t) + (t)] dt

11111(4Za) + K(t, s)[(s) * (s)] [(t) * (t)]e at,

e a+ {w e C(O, 1), w(t) 2 0 a.e. in [0,11},
where

(47b)
3, t e [o,],

-(t)
O, t (,

(47c) K(t, s) ! O,

5,

1] x [1 1])(t,,) e ([0, 1/2] [0, 1/2]) ([, ,
otherwise;

(47d) *(t)-{ o, te[o,],

1, t E (1/2,1].
It is easy to see that for u E t+ and v 2(0,1),

(48a) d1J(u; v) r(t) + u(t) u* (t) + K(t, s)(u(s) u* (s))ds v(t) dt,

(48b) d2j(u; v, v) v2(t) dt + K(t, s)v(s)v(t) ds dt,
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(48c) a(u*) [0, ],

(48d) T(u*) {w e 2(O, 1), w(t) O a.e. in[0,1/2]}.
Compare (48a), (48b) with (2) to find that

(49a) VJ(u*)(t) r(t),

(49b) S(u)(t) 1, Vu e/:2(0, 1),

and

(49c) K(u)(t,s) K(t,s), Vu e/:2(0, 1).

By (48) and (49), conditions (3) are satisfied and the formal Kuhn-Tucker condi-
tions (25) hold at u*; moreover, a(u*) is closed and S(u*)(t) is continuous, positive
and bounded away from zero in [0, 1]. Therefore the 2-1ocal sufficient conditions in
Theorem 4 hold at u*.

In fact, u* is the global minimizer of J in t+. To see this, let u be any element
in t+. Then

u*(t) > o, t e [o, 1/2],

(50b) 1 1],u(t) u* (t) >_ l, t e ,
and (47)-(50)give

l d2j(u* u u* u*J(u)-J(u*)=d1J(u*;u-u*)+ ,u-

a[((t) *(t)] dt + [((t)-*(t)]dt
Jo

5j01/2 jl+ [(u(t)-u* (t)ldt /2[(u(s)-u* (s)lds

> (a- ) [(u(t)-u*(t)] dt + - [((t)-*(t)]dt

_lfol> [(u(t)-u*(t)]2dt > O.
2

Therefore u* is globally optimal.
Finally, we show that the restriction of J to + is not convex. Put

Vo(t) { 1, t [O, 1/2],

-1, t (1/2,1].
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Then u* + Vo E t+, and

K(t, dtd2j(u*; Vo, vo) vo(t dt + s)vo(s)vo(t) ds

1 + 2. 1 dt (-1) ds
a0

=1-10. =1-<0.
So J is nonconvex on +.

Note Added in Proof. Two additional papers of related interest have come to our
attention and should be mentioned here. Reference [13] formulates general Banach
space sufficient conditions that insure local quadratic growth estimates in one norm
within small neighborhoods described by a second norm (as in Lemma 1). In the
present context, the firs- and second-order coercivity conditions in (29a) and (29b)
imply a coercivity condition similar to (3.5) in [13] on the intersection of a "conical
neighborhood" of Ta with +. Reference [13] does not establish a counterpart of the
coercivity extension process in Lemma 2, or an 2-1ocal optimality result like the one
in Theorem 4; moreover, the %local optimality result for control problems in The-
orem 5.2 of [13] requires the strict Legendre-Clebsch condition on the entire interval
[0, 1] (cf. Theorems 2 and 4). On the other hand, the general control problem suffi-
ciency analysis in [13] has a wide scope, and relates the required coercivity property to
Legendre-Clebsch and Jacobian disconjugacy conditions (cf. Note 8). Finally, Lemma
8 in [14] is a single-norm variant of Lemma 1 for general abstract nonlinear programs,
with coercivity hypotheses that are stronger than (29) in the present setting.
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EXTREME POINTS FOR LINEAR OPTIMAL CONTROL
PROBLEMS WITH DIAGONAL STRUCTURE*
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Abstract. This paper discusses the extreme points of the feasible set for a certain type of
optimal control problem with constraints on both the state and control variables. The problem
is posed as a continuous-time linear program in the space of bounded measurable functions. The
extreme points can be characterized by a certain full rank condition.

Key words, continuous linear program, extreme points, linear optimal control, state constraints
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1. Introduction. In this paper, we consider linear optimal control problems
with linear constraints on the control variables and box constraints on the state vari-
ables. One linear optimal control problem (LOC) of this type can be formulated as
follows:

LOC: minimize f[(cl(t)x(t) + c2(t)u(t))dt,
subject to (d/dt)x(t) A(t)x(t) + B(t)u(t) + g(t),

H(t)u(t) <_ b(t),
x(O) xo, 0 <_ x(t) <_ d(t),
u(t) >_ O, t e [0, T],

where Cl (t), c2(t), g(t), b(t), and d(t) are given vectors; A(t), B(t) and H(t) are given
matrices; and x0 is a given initial state. Our aim is to identify a set of solutions
amongst which the optimal solution can be guaranteed to lie.

The approach we take to this problem is motivated by consideration of the more
general continuous-time linear program, which is usually formulated as follows:

CLP" minimize

subject to
f[ c(t)x(t)dt,
B(t)x(t) + K(t, s)x(s)ds b(t),
x(t) > o, t e [0, T],

where c(t) and b(t) are given vectors (functions of time), and B(t) and K(t, s) are given
matrices. Continuous-time linear programs were first considered in the literature by
Bellman [4], who coined the term bottleneck problem to describe them.

In this framework, it is natural to seek a simplex-like algorithm for the solution of
the problem. A number of authors, returning to the pioneering work of Lehman [8],
have attempted to develop the theory of linear programming for the general problem
CLP. There are three ingredients in classical linear programming that we might hope
to duplicate in the continuous-time context: a theory of the relationship between
CLP and its dual problem; the identification of basic solutions (which are just extreme
points of the feasible set); and a pivot step to move from any suboptimal basic solution
to a better one. Of these three elements, the greatest amount of work has been done
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on duality theory (e.g., Tyndall [12], Grinold [6]), but many authors have attempted
progress toward an algorithm for CLP (e.g., Drews [5], Hartberger [7], and Segers [11]).
The most ambitious attempt to develop an algorithm for the problem is represented
by the work of Perold [9] and Anstreicher [3]. In some aspects, the results have
been disappointing; the theory that emerges is highly complex, and there remain
substantial difficulties that make an implementation of the method in any automatic
way unlikely to be successful.

A characterization of the extreme points of the feasible set is a prerequisite for
the development of a simplex-like algorithm for CLP. In this paper, we concentrate
on exploring the structure of the extreme points for problems of the form LOC. The
more general problem of describing the extreme points of CLP has been addressed
by Perold [10]. He considers the problem CLP in which the matrices B and K are
constant, and so the constraints take the form

Bx(t) + Kx(s)ds b(t), x(t) >_ O, t e [0, T].

Moreover, he considers solutions x(t) that are right analytic functions. The effect of
this is to divide the interval [0, T] into a (possibly infinite) series of intervals, in each
of which x(t) is analytic (for details, refer to [10]). In each interval Ij, say, we can
define the basis as the set of indices of components of x(t) that are nonzero on this
interval. Within this framework, Perold has shown that a necessary and sufficient
condition for a right analytic solution x(t) to be an extreme point of the feasible set
is that, for each interval Ij, there is some scalar # such that the columns of #B + K
indexed by/j are linearly independent.

There are two weaknesses in Perold’s result. First, there is no guarantee that there
will be an extreme-point optimal solution that is right analytic, even if the functions
appearing in the problem formulation are all analytic. From the point of view of
computation, this is not a restriction. If we wish to implement a continuous-time
simplex algorithm for CLP, we must, in any case, work with feasible solutions having
only a finite number of points at which the basis set changes, which will therefore
be analytic within these constant basis intervals. If the optimal solution does not
have a finite number of constant basis intervals, then it cannot be found by such
an algorithm, and the best that we could hope for is that the algorithm produces
a sequence that converges to the optimal solution. Nevertheless, from a theoretical
point of view, it is desirable to know that the optimal solution exists and is an extreme
point, which is guaranteed if we work in the space of essentially bounded measurable
functions (so that all the functions appearing in the problem statement are bounded
and measurable), and, in addition, there is some bound on the feasible region. This
is the framework we adopt in this paper.

A second weakness in Perold’s result is the restriction to problems in which the
constraint matrices are constant. Perold gives examples in [10] to show that, in
some circumstances, time dependence in the constraint matrices can lead to a failure
of the basis characterization of extreme points. Nevertheless, as we show below,
there are instances of CLP having time-dependent constraint matrices for which a
characterization of extreme points is straightforward.

The class of continuous linear programs that we consider is a special case of the
problem LOC in which the matrix A is diagonal. Note that the problem formulation
LOC already separates the problem variables into two sets: the state variables and
the control variables, whereas there is no such distinction for CLP. We make the
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additional assumption that the state feedback operates in a univariate fashion, so
that the rate of change in the state variable x is affected only by the controls u and
by the value of x. The approach we take here is similar to that used by Anderson,
Nash, and Perold [1] for the even more restricted class of problems called separated
continuous linear programs. These are obtained from LOC by setting the matrix A
to zero, removing the time dependence from the matrix B, and removing the upper
bound constraints on the state variables.

Anderson and Philpott [2] have shown how the characterization of extreme points
for separated continuous linear programs can be used in the development of an algo-
rithm to solve the network program formulated in continuous time with the possibility
of storage at the nodes of the network. The problem formulation that we consider
here can also be applied in a network environment when there are "gains" operating
at the nodes of the network. This might occur with negative gains if the commodity
in question was subject to systematic losses over time. Alternatively, as an example
of a problem with positive gains, we could consider the transfer of money between
different interest-yielding locations, so that money stored at the nodes of the network
is steadily increased.

2. A characterization of extreme points for LOC. In this section, we give
a characterization of the extreme points of LOC in the case where A is diagonal. We
begin by restating the constraints that determine the feasible region of LOC. It is
convenient to work with the integral form of the dynamics and to introduce a slack
variable into the constraint on the control variables. We obtain

(1) x(t) (A(s)x(s) + B(s)u(s)) ds + a(t),

(2) H(t)u(t) + w(t) b(t),

(3)
0 <_ x(t) <_ d(t),

u(t), w(t) >_ O, t e [0, T].

Here the function a(t) is continuous and takes the place, in terms of the previous
notation, of xo + f g(s)ds. The components of b are bounded measurable functions
defined on [0, T], and those of d are continuous functions on [0, T]. The matrices A(t),
B(t), and H(t) have components that are bounded measurable functions defined on

[0, T], with A(t) being n n, where n is the number of state variables, and B(t) and
H(t) have dimensions determined by those of u and b.

It is clear from (1) that any choice of controls u(s), s e [0, t] will uniquely deter-
mine a vector x(t) of state variables, continuous in t. If u(t) and w(t) are nonnega-
tive, satisfy (2) for all t e [0, T], and generate state variables x(t) satisfying (3) for
all t e [0, T], then we say that (u, x, w) is feasible. The set of all feasible (u, x, w) is
denoted by .

Our first concern is to establish the existence of extreme-point optimal solutions
for LOC. To do this, we must work within the space L of essentially bounded
measurable functions in which functions that differ on a set of measure zero are
identified. We write F for the set of points in L that correspond to a point in
The set F can be viewed as the set of essentially nonnegative (u, x, w) in L that
satisfy (1)-(3) almost everywhere.
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THEOREM 1. If the constraints (2) bound u for almost all t E [0, T], then the
problem LOC has an optimal solution that is an extreme point of F.

Proof. This result follows immediately from Theorem 3 of Perold [10] once we
observe that, since u is essentially bounded, there is some M > 0 with Ilu(t)ll <_ M,
IIw(t)ll <_ M, and IIx(t)ll <_ M for almost all t e [0, T].

Unless stated otherwise, we henceforth assume that the matrix A in (1) is diago-
nal. If, for such a matrix, we define the transition matrix to be

(I)(s, t) exp[ A(T) dT],

then the following result, which is well known, gives a formula for determining the
change in state variables caused by a change in control variables.

LEMMA 1. Suppose that (u, x) satisfies (1). If u’ u + v and

’(t) x(t)+ fo O(s,t)B(s)v(s)ds,

then (u’, x’) satisfies (1).
We also use the following result in Lebesgue measure theory.
LEMMA 2. Suppose that f is a nonnegative bounded measurable function on [0, T],

and that, for some set P of nonzero measure in [0, T], f(t) > O, t e P. Then
(i) There is some e > 0 and some set P such that P N P has nonzero measure,

and f(t) > e, t P’;
(ii) If f is continuous, then P’ may be taken to be an open subinterval of [0, T].
Proof. The first part of the lemma follows by letting Ji be the subset of P on which

f(t) > 1/i. Then the Ji form a nested sequence of measurable sets with P (.Ji=l Ji"
Since P has nonzero measure, so does Jm for some m. Setting e 1/m and P’ J,
yields the desired result.

When f is continuous, for each t P we may choose e(t) > 0 and an open interval
/t such that f(t) > e(t), t It. The set UtEP It contains P, so, for at least one t in
this collection, It V P has nonzero measure. Letting I It and e e(t) establishes
the second part of the lemma.

The theorem below gives a characterization of the extreme points of LOC in the
case where A is a diagonal matrix. This theorem is an extension of the result in [1].
To state and prove it, we must state some definitions. First, let

B(t) I 0 ]K(t)-
H(t) 0 I

and define the support Sf of some bounded measurable vector function f to be the
set-valued function of time defined for each t E [0, T] by

{k: > 0).

Given a feasible solution (u, x, w), we denote the set triple (S(t), S(t)Sd_(t), S(t))
by S(t).

THEOREM 2. Suppose that (u,x, w) jz and that A is diagonal. Then (u,x, w)
corresponds to an extreme point of F if and only if the columns of K indexed by S(t)
are linearly independent for almost all t [0, T].

Proof. Our proof is similar to that of Theorem 2 in [1]. The essential idea is to
show how a perturbation, which can be added to or subtracted from u(t), is linked
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with a vector function of time -(t), which has the property that its support is within
S(t) and K(t)/(t) is zero. In the absence of state variables, this would be easy;
we could choose as a perturbation any sufficiently small scalar multiple A of those
components of -(t) corresponding to the control variables u. Difficulties arise when
a perturbation of u affects the state variables x, since a change to the components of
x(t) at some time to affects the values of these components at all future times and may
therefore lead to an infeasibility occurring for some t > to. This is dealt with in two
ways. First, we use the continuity of the state variables to define an interval (a, ) in
which those state variables that change are not near their bounds, thus avoiding the
possibility of infeasibility. Second, we choose different values of the scalar multiple
in successive subintervals of (a, .), so that the total effect of the perturbation is to
bring the state variables back to their original values at

Suppose then that, for some set P of nonzero measure in [0, T], the columns of K
indexed by S(t) are linearly dependent for t E P. Since S(t), t
finite number of values, we can assume without loss of generality that S(t) is constant
(= (Su, Sz, Sw), say) on P.

We seek an essentially nonzero function p that can be added to and subtracted
from u to give (u’, x’, w’) and (u", x", w"), both of which are in 9t’. Since the compo-
nents of x with indices in S are continuous functions, we can show by Lemma 2 that
there is some e > O, and some interval (a, fl) such that P’ P (a,/3) has nonzero
measure and

(4) 0 < xj(t) :l= e < dj(t), j e Sx, t e (a,/3).

If Sx , then we can take (a,/3) (0, T) and some of the steps in the proof below
become trivial.

Since the columns of K(t) indexed by S(t) are linearly dependent on P’, there
are vectors p(t), q(t), and r(t), (p at least differing from zero for all t e P’), such that

B(t)p(t) + q(t) O, t e P’,
(5)

H(t)p(t) + r(t) O, t e P’,

(6)
pk(t) 0, t P’ or k S,
qj(t) 0, t P’ or j ,
rk(t) O, t P’ or k S.

Again using Lemma 2, P can be chosen so that, for some d > 0,

Uk(t) >_ e’, t P’,

and

Wk(t)>_e’, tP’, kw.

Now choose to a < tl < t2 < < tn+l fl, so that, for each i 1, 2,--., n+l,
Pi (ti_l, t) V P has nonzero Lebesgue measure. For 1, 2,.--, n + 1, define 0()
by

O(’) ] (s, t+)q(s) ds.
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Since each 0(i) has only n components, there exist A1,A2,... ,An+l E [-1, 1] not all
zero with

n+l

AO() O.
i=1

If we define

n+l

’(t) (t) +
i--1
n+l

i--1

n+l

"(t) u(t)
i=1

V"+l Air(t)zp,W"(t) w(t) A..i--1

where XP, denotes the characteristic function of Pi, then H(t)u’(t)+w’(t) b(t), and
H(t)u"(t) + w"(t) b(t), and, by choosing 5 > 0 small enough, we can guarantee
that, for every t e [0, T],

,’(t) > 0, ,"(t) > 0,

,’(t) > 0, "(t) > 0.

It remains to show that 5 > 0 can be chosen so that u’ (t) and u"(t) will generate
respective state variables x’ (t) and x"(t) satisfying (3). We proceed to show that x’(t)
and x"(t) differ from x(t) on (a,/) by less than e given by (4), and are the same as

x(t) outside this interval. We give the argument for x’(t) only, for which we obtain,
by Lemma 1,

n+l

x’ (t) x(t) + 5E /(o O(s, t)B(s)p(s) ds.

= ,t)ng

Since f(o,t)nP O(s, t)B(s)p(s)ds is a bounded function of t on [0, T], 5 > 0 can be

chosen so that xj(t) differs from xj(t) by less than e, for t e (a, ) and j e Sx.
Because A(t) is diagonal by assumption, so is (s,t); thus the jth component of

f(o,t)nP O(s,t)B(s)p(s)ds vanishes when (B(t)p(t))j 0, for almost all t e P’. In
particular, this will occur for j Sx by virtue of (5) and (6), and so every component
of x’(t) satisfies (3), for t e (to,tn+).

Finally, it is clear that x’(t) x(t), t < to, and at tn+l we have

n+l

x’(tn+l) X(tn+l) -}-l i ( ,tn+l)nP
O(s, tn+l )B(s)p(s) ds,

which by (5) and the definition of the multipliers )i gives

rt+l

X’ (tn+l) X(tn+X) E iO(i) x(tn+l).
i=1

Thus, since u’(t) u(t), t > tn+l, it follows that x’(t) x(t), t > tn+, which shows
that (u’, x’, w’) E .T’. Repeating this argument for u"(t) completes the first half of the
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proof, since this gives (u, x, w) as a convex combination of (u’, x’, w’) and (u", x", w"),
which correspond to distinct members of F.

For the converse, suppose that (u,x, w) is not an extreme point of F, so that
there exists (u’,x’, w’) and (u", x", w") both in $’, with (u’,x’, w’)= (u", x", w")on
a set of nonzero measure in [0, T], and

(u, 1/2 (, + 1/2 (u",
Let

v(t) u’ (t) u(t), y(t) -B(t)v(t), and z(t) w’ (t) w(t).

It is easily verified from (2) that H(t)v(t) + z(t) O, and so

/K(t) y(t)
z(t)

It is clear from the definition of v and z that vk =/= 0 only if uk > 0, and zk 0 only
if wk > 0. So it only remains to show that yj(t) 0 implies that 0 < xj(t) < dj(t).

Consider the function e(t) x’(t)- x(t). It follows by differentiating (1) that,
for almost all t E [0, T],

(d/dt)e(t) A(t)e(t) y(t).

Consider the jth component of x. Let My be the set on which either xy(t) 0 or
xy(t) dy(t). We proceed to show that yy(t) 0, for almost every t in My. Since
both x’ and x"(t) are feasible, ey(t) 0 on Mj. Let M be the subset of My where
the derivative of ey is nonzero. Now, for each T E Mj, there is some 5 > 0 so that, for

ey(T + h)- ey(T)

is bounded away from zero. Thus for each T there exists ti with no other element of
My within a distance 5 of T. Since M C_ My, the interval (T- 5, ’) contains no
element of M, and so we can establish a 1-1 correspondence between M and a subset
of the rational numbers (for each T choose a rational number in the interval (T--5, T)).
It follows that M} is countable and thus has measure zero. Therefore, since A(t) is
diagonal, for almost all t e Mj, Aj,j(t)ey(t) yy(t) 0, and hence yj(t) 0. Thus
we have shown that v(t), y(t), and z(t) determine a linear dependence amongst the
columns of g(t) indexed by S(t), except when t e [.J M}, a set of measure zero.

3. Discussion. Although at first sight the characterization we have given might
appear to be different to the condition given by Perold [10], we can easily show that
they are equivalent. When translated into the terms we have used here, Perold’s result
can be expressed by saying that a (right analytic) solution is an extreme point if and
only if, for each interval J on which the solution is analytic, there is some # for which
the columns of the matrix

# H 0 I
+

0 0 0
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indexed by nonzero elements of u, x, and w on J are linearly independent. We have
dropped the time dependence from A, B, and H since Perold’s result is for the time
invariant case. Thus, by Perold’s condition, a feasible right analytic solution is not an
extreme point of F if and only if, for some interval J and every #, there exist vectors
p, q, and r with

Bp + (#I + A)q O, #Hp + #r 0

and with the supports of p, q, and r lying within the supports on J of u, x, and w,
respectively. This can be seen to be equivalent to the condition we have given above
(in the case that A is diagonal) by introducing a variable with

Oi (# + Ai,)qi.

Then the vector with components p, , r can be used to demonstrate that (u, x, w) is
not extreme by Theorem 2 above.

It is interesting to speculate on whether a characterization of extreme points in an

L setting might be possible for some more general formulation than the one we have
given. A major source of difficulty in this respect is the fact that bounded measurable
functions can have very poorly behaved support. As an example of pathological
support, consider the following construction. Let ql, q2,"" be an enumeration of the
rationals in (0, 1) and define

Q (0,1) N [.J (qi- 2-i-2, qi + 2-i-2).
i--1

Now let P [0, 1] \ Q. It is clear that the measure of P is at least 1/2, and yet P
contains no open interval. In general, the possibility of encountering such a set means
that we cannot remove the diagonal restriction on A, as the following example shows.

Example 1. In LOC, let H -0 and let

Define P as above and let

al(t) --t2/2 J(o,t)cP ds, a2(t) O.

Let the only inequality constraints be nonnegativity constraints on u and x. The
constraints of the problem, in derivative form, are thus as follows:

(d/dt)xl(t)
(d/dt)x2(t)

Xl, x2, Ul, u2

Xl(t) - x2(t -- t (t) t Xp(t),

>_ o, t

A feasible solution for this problem is

Ul XP, u2 1, Xl 0, x2 t,
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and for this solution Sx(t) {2} and S(t) {1,2}, for t e P, giving the columns of
the matrix [B #I / A] indexed by S(t), for t E P as

0 1 #

Since these are linearly dependent for every #, the straightforward application of
Perold’s condition would lead to the conclusion that this solution was not extreme.
In fact, it is an extreme point, since, if

((u., x) x’)+ ),

thenx=x=xl=0,andu-u=ul=0,teQ-(0,1)\P. Thus

tQ,X2 --U --al --hi

whence x t, t Q. Similarly x t, t Q. Now x and x are continuous
functions, and Q contains every rational number in (0, 1), so

t!x2 (t) x2(t x2(t) t, t e [0, 1].

It follows immediately that

u’2’(t u’2(t u2(t) 1, a.e. t e [0, 1],

which shows that (u, x) is extreme.
We note that it appears that examples like this can only occur when the support

of some variable has extremely poor behaviour. For example, if P is chosen so as to
contain any open interval, then it is easy to construct along the lines of the proof
of Theorem 2 nontrivial feasible perturbations (u’,x’) and (u",x") of (u,x) (which
return the state variables to their original values at the end of the interval), thereby
demonstrating that (u, x) is not extreme. Observe finally that by a suitable change
of variables, the above example can also be used to show that a characterization of
extreme points for LOC along the lines of Perold’s condition is, in general, not possible
if the box constraints on the state variables are replaced by general linear inequalities,
even if the matrix A is assumed to be diagonal.
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A FINITE FUEL STOCHASTIC CONTROL PROBLEM ON A FINITE
TIME HORIZON*
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Abstract. A player starts at x in [0, a) with an initial amount of fuel y > 0 and seeks to reach
the goal a by time to before spending all the fuel. Fuel is spent by the player at zero to keep the
position nonnegative. The process {X(t) 0 _< _< to} of the player’s position is an Itb process with
reflection at zero, and its infinitesimal parameters it and a are chosen by the player at each instant
of time from a control set depending on the current position. The probability of reaching the goal a
by the time to before exhausting all the fuel is maximized if the player can choose the parameters so
that a and it/a2 are simultaneously maximized, at least when these maxima are sufficiently regular.

As an application of this control problem, a new comparison theorem for Itb processes with
reflection is derived.

Key words, stochastic control, gambling, local time
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1. Introduction. In this paper, we address a continuous-time stochastic control
problem with finite fuel and a finite-time horizon. The same problem with an infinite-
time horizon has been studied in [2]. This problem is inspired by a discrete-time
problem in which a player with fortune x, a positive integer, seeks to reach a goal
a, which is a larger positive integer. The random process of the player’s subsequent
fortunes depends upon control parameters, and, if the process reaches zero, the player
can re-enter the game by paying a fee. The object is to maximize the probability
of reaching the goal before arriving at zero without any funds left with which to
pay the fee. In the continuous-time problem, we consider the payment of fees as the
expenditure of fuel.

Let the player’s position at time t be given by a stochastic process X(t) with the
state space [0, a] and X(0) x. The player’s goal is to reach a(0 _< x < a) before
time to, and he is given a finite amount of fuel, say y > 0. The fuel is spent in the
cheapest possible way to keep the process X(t) nonnegative. To do this, the process
X is assumed to be reflecting at the origin, and its local time at the origin measures
the expenditure of fuel. The dynamics are such that X is an It5 process with the
control parameters (it(.), a(.)) and is reflecting at the origin; see 2. The amount of
fuel spent up to time t i measured by Lx (t), the local time for X at the origin by time
t. The problem is to choose the controls (#(t), (t)) from a given control set C (X(t))
so as to maximize the probability of reaching a goal a within a finite time to before
LX(.) exceeds a level y > 0, i.e., to maximize p[LX(TaX) <_ Y, Tax <_ tolX(O) x],
where Tax is the first time X(.) reaches a. The control sets {C(z)" 0 _< z _< a} are
available to the player prior to the game.

When there is no finite time constraint, this problem is solved in. [2]. Under
some reasonable hypotheses on the family {C(z) 0 _< z _< a} in [2], an optimal
choice for control parameters #(.) and a(.) was given, and, for this optimal choice,
the corresponding process X(.) was a diffusion with instantaneous reflection at zero.
Furthermore, the optimal probability (i.e., the value function for the control problem)
was explicitly computed, and the optimality of the process was established using a
general verification lemma. This is in contrast with general stochastic control prob-
lems, where we can rarely compute the value function or explicitly determine the
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optimal strategy.
In this paper, the solution becomes more difficult due to the finite time constraint

Tax _<to.
The methods and the proofs of this paper are different from and independent of

those of the case of infinite-time horizon [2]. Here we can guess the optimal strategy,
but we cannot compute the value function explicitly. If the player is away from the
origin, he should use the controls to maximize the probability of reaching the goal
a before hitting the origin. An optimal strategy for this problem (over a finite-time
horizon) was given by Sudderth and Weerasinghe [19]. This observation led to our
guess of the optimal strategy in this problem. In the process of verifying the optimality
of our guess, we are led to a second-order partial differential equation (PDE) with
mixed boundary data. The existence of a solution to such an equation can be proved
using a result recently obtained by Lieberman [13]. The proof is given in the Appendix.

In the next section, we describe the results as well as the technical difficulties.
The proofs are given in 3. A new comparison theorem for It5 processes is derived in

4.
There are a number of articles on finite-fuel problems available in the literature.

(See, for example, [3], [8]-[11].) In these articles, it is usually assumed that # and
a are known constants, and the player controls the use of fuel. In this paper, the
player controls the parameters # and a. The two previous papers by Athreya and
Weerasinghe deal with reflecting It5 processes over an infinite-time horizon [1], [2].
The nonreflecting case has been studied by Pestien and Sudderth [17], and Heath et
al. [7], and by Sudderth and Weerasinghe [19] with a finite-time-horizon constraint.
In the special case where y 0, our problem reduces to that considered in [19]. In
a recent work [20], Sudderth and Weerasinghe have considered a related problem for
reflecting It5 processes with jumps (over an infinite-time horizon). In this article, the
method of spending fuel to keep the process nonnegative is similar to that in a paper
by Jacka [9].

2. Statement of the problem and results. Let {X(t) t _> 0} be an It5
process with reflection at zero, initial position x, and parameters #(.) and a(.). That
is, X(.) is given by

X(t) A(t) + iX (t),

(2.1) A(t) x + f #(s)ds + f a(s)dW(s),

LZ(t) =-min{0<<tinf A(u),0},
where W(.) is a standard Brownian motion on some probability space (,$’,P)
adapted to a filtration such that ’t c $-, and, for each t _> 0, -t is independent
of the Brownian increments {W(t / s)- W(t)" s >_ 0} and contains all the P-null
sets; #(t, w) and a(t, w) are progressively measurable and satisfy

(2.2) (l#(s)l + a2(s))ds < o a.s. for each t > 0.

The decomposition X A + Lx in (2.1) is known as the Skorohod decomposition
[16]. It is easily verified that Lx (-) is nondecreasing and increases only when X is at
zero, i.e.,

O)dnx 0 V t O.I(X(s)
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The quantity LX (t) represents the amount of fuel used by the player (whose
position is governed by the process X) up to time t to stay in the nonnegative half-
line. This is the "cheapest" or "minimal" way to spend fuel to keep the process X(t)
nonnegative.

To make this more precise, suppose that there is another nondecreasing process
K(t) adapted to the same filtration such that K(0) 0 and A(t) + K(t) >_ 0 for all
t. Then it is easy to see that g(t) >_ Lx (t).

Let y > 0 be the amount of fuel available to the player. The player’s aim is to
reach a fixed goal a > x before exhausting the fuel y > 0 and within a finite-time
horizon to > 0.

Associated with every z E [0, a] is a control set C(z), which is a nonempty subset
of R R+. The player is required to choose the value of (#, a) from C(z) whenever
the current position is z. More precisely, we assume that, for each t,

(#(t), a(t)) e C (X(t)) whenever 0 <_ X(t) <_ a.

Consider the stopping times Tax and TyX, shown below:

(2.4) Ta > 0 >
+oc if the above set is empty

and

(:.5) --inf{t _> 0" Lx(t) >_ y}
+x if the above set is empty.

The player quits the game at the time instant min{TX, TyX, to}. In the event that

{Tax
_
min{TyX, to}}, the player wins the game; otherwise, he loses.

So the problem is the following. Given the initial position x >_ O, initial fuel
amount y > O, and the time limit to > O, the player would like to choose the processes
It(.) and a(.) so as to maximize the probability gX(x,y, to) Px[TX _< Tyz A to].
(Here a A b denotes the quantity min{a, b}).

To know the amount of fuel available at time t, we introduce the fuel process by

(2.6) Y(t)=y-Lx(t) for t_>0.

Let

(2.7) p(x) sup - (It, a) e C(x) O <_ x <_ a,

where C(x) is the control set available at x.
Now we make the following assumptions on the family of control sets {C(x) 0 <_

x<a}.
Assumption 1. The function p(.) defined by (2.7) is continuous on [0, a] and can

be written in the form

p(x) Ito(x)/a(x), 0 <_ x <_ a,

where It0(’) and a0(’) are bounded continuous functions on [0, hi, inf[0,a] co(x) > O,
and (Ito(x),ao(x)) e C(x) for every x e [0, a].



1398 A.P.N. WEERASINGHE

Assumption 2. a0(’) satisfies

(2.9) co(x) sup{a there exists # e R, such that (#, a) e C(x)}.

Assumption 3. For any process X satisfying (2.1) and with Tux defined by (2.5),

inf #(r)dr + a(r)dW(r) < 0

for all u E (0, to] with probability one.

Remark 1. Assumption 3 eliminates the use of the controls # 0 and a 0
simultaneously in [Txy Tyx + s] for some s > 0. Furthermore, if a(s) remains zero in

IT.xy TUx + S] for some s > 0, then, together with Assumption 1, it implies that #(.) is
strictly negative in that same interval.

Assumption 3 is equivalent to L(u / Ty)- L(Ty) > 0 for all u E (0, to], with
probability one. If X is a diffusion, then L(.) is the local time for X at the origin,
and, since X(Ty) O, L(. / TV) n(Ty) gives the local time for the process X(. + Tv),
therefore Assumption 3 holds automatically! If X is an It5 process, then we can verify
Assumption 3 if there exists u > 0 such that a2(s) > e0 > 0 for all s ITs, Ty + U].
This can be easily done by using Girsanov’s formula [12, p. 190].

Remark 2. Suppose that

,0() sup{,. (,, ) e C(x)
o0(x) sup{ .(, ) e C(x)

for some a} and

for some #} for 0Nx<a.

Furthermore, assume that #0 (’) and a0 (’) are continuous functions on [0, a],

sup #0(x) < 0, inf co(x) > 0, and (#0(x), co(x)) e C(x)
[0,a] [0,a]

for every x [0, a];

then Assumptions 1 and 2 are satisfied, and this example corresponds to an "unfa-
vorable" or "subfair" game due to the negative drift (see [17]).

Let -(x,y) be the collection of all processes X {X(t)’t > 0} given by (2.1)
and satisfying Assumptions 1-3. These are the processes available to a player with
initial position x _> 0 and initial fuel supply y > 0.

The value function for this problem is defined by

(2.10) V(x, y, to) sup P[Tx _< T
X A to].

xe(,)

Let Z {Z(t) t _> 0} be a reflecting diffusion process with instantaneous
reflection at zero, satisfying

(2.11) Z(t) x + #o (Z(s)) ds + ao (Z(s)) dW(s) + LZ (t)

prior to reaching the goal a > 0, where {W(t) t _> 0} is a Brownian motion on
some probability space and LZ (t) is the local time of the Z(t) process. So Lz (t) is a
nondecreasing continuous process satisfying

fot I[z(s)>o]dLZ (s) t >_0 for all 0.
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For existence and uniqueness of the solution to (2.11), see [18]; for the one-dimensional
case, see [4].

Define

t) P [T2 < t],

where Tz and Tz are as in (2.4), (2.5) with the process X replaced by the process Z.
The following theorem is our main result.
THEOREM 1. If Assumptions 1-3 hold, then Q(x, y, to) V(x, y, to) for all

x E [0, a), y > 0 and to >_ O. Therefore the process Z described in (2.11) is optimal.
The proof of this result is somewhat long and involved, so we outline the major

steps here.
Step 1. For each X E -(x, y), define its fuel process Y as in (2.6) and then define

a process Y by

Y(t) Y(t) + e a(s)dB(s),

where B(.) is a Brownian motion independent of the filtration {’t}. Let

T inf{t t _> 0, Ye(t) 0},
Kx (x, y, t) P (Tx <_ T A t X(0) x),
Kx (x, y, t) Kox (x, y, t) P[Tx <_ Ty A t[X(0) x].

In Lemma 3, we show that, for every X -](x, y),

lim Kx (x, y, t) Kx (x, y, t).
e-0

Step 2. Let #n (’) and an (’) be functions on [0, a] that are four times continuously
differentiable and that satisfy

2n(X)

_
(:r (X).

Let Zn be the reflecting diffusion corresponding to (#n, an). We show (Lemma 2)
that

> VX

Step 3. Choose #n, an as in Step 2, which satisfies #n (’) --* #0 (’) and an (’) --* ao (’)
uniformly on [0, hi. Then Zn converges weakly to Z, and we show (in Lemma 4) that

limnKz (x, y, t) <_ Kz (x, y, t) =- Q(x, y, t).

Combining Steps 1 and 2 and letting e -- 0, we obtain that Kz (x, y, t) >_ Kx (x, y, t)
for all X -(x, y), and then, letting n tend to infinity, we obtain that

limnKZ" (x, y, t) >_ Kx (x, y, t).

Finally, Step 3 yields that

V X e -(x,y),Q(x,y,t) >_ F--nKZ-(x,y,t) >_ lirnnKZ’(x,y,t) >_ KZ(x,y,t)
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which is the assertion of Theorem 1.
It is Step 2 that is most crucial. Here we use a verification lemma and a recent

result from the theory of (PDEs) that requires uniform ellipticity and smoothness
of the coefficients in (3.7) and (3.8), below. It is precisely for this reason that we
introduce the process Y of Step 1. The other two steps are somewhat standard.
Assumption 3 is crucial in Step 1, and the weak convergence of Z, to Z is crucial in
Step 3.

It should be noted that, with e 0, (3.7) is a degenerate parabolic PDE, and the
existence of a solution to such an equation with mixed boundary condition as in (3.8)
is not available in the literature. The existence of a solution to (3.7) and (3.8) with
e > 0 and smooth it and a needs the recent result of Lieberman [13] and is outlined
in the Appendix.

In 4 we apply Theorem 1 to obtain a comparison theorem for reflecting It5
processes. This is related to a result of Hajek [6].

3. Approximate processes and a verification lemma. Throughout this sec-
tion, we keep the constants a and to fixed. We formulate the problem in three dimen-
sions with state space

F {(x,y,t)" 0 <_ x <_ a,O <_ y,O <_ t <_ to}.

Given a process X e -](x,y) satisfying (2.1), we can introduce the fuel process
Y defined by (2.6).

Now, for each e > 0, we introduce a process Y as follows:

(3.1) Y(t) y + e a(s)dB(s) Lx (t) for 0 < t < Tax,

where the process a(s) is as in (2.1) and {B(t): t > 0} is a Brownian motion inde-
pendent of the filtration {’t }. So we enlarge the filtration to include {B(t): t > 0}.

Define

(3.2) inf{t _> O’Y(t)- 0}
if the above set is empty.

Recall TX defined by (2.4). Whenever there can be no ambiguity, we write Ta
and T, instead of Tx and T respectively, without identifying the processes X and
y.

Now define the e-approximate value function

(3.3) V(x, y, to) sup Px[Ta < T A to]
xe(,)

LEMMA 1 (Verification lemma). Let G F --+ R. Assume that G is continuous
on F and has continuous second derivatives in F, the interior of F. Let any X E
(x, y) satisfy (2.1), and let the corresponding Ye be defined by (3.1). Assume that

\ + +

for 0 < s < to A T with probability one;
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(b)

Ox
oa

!
\

(o, Y(), to ) < o
Oy /

for 0 < s < to A T with probability one;
(c) G(x, y, s) > O on F and G(a, y, s) >_ l for O < y, O < s < to A T.

Then G(x, y, to) > V(x, y, to).
In the following remark, we outline the idea of the proof.
Remark. {G (X(t), Y(t), to t) 0 _< t _< to A T} is a supermartingale from the

conditions (a) and (b) of Lemma. 1. Hence its expected value at the random time
t to A Ta A ’ is less than or equal to G(x, y, to). The boundary conditions given
in (c) implies that this expected value is greater than or equal to the probability
Px [Ta < T A to].

Proof. Consider that G(Z(t), Y(t),to-t) for 0 < t < toAT. Define the sequence
(An) of stopping times by

An inf{t _> O’lY(t)l >_ n}
+cx otherwise.

Now, applying ItS’s formula for 0 < t < to A T, we obtain that

(3.4) G (X(t A An) Y(t A An), to (t A An))

/tAn OG
Y s) a(s)dW(s)(x, , to) + (x() () to

dO x

/tAn OG
Y s) a(s)dB(s)+ (x() () to

o Oy

o
()t+ ) + v(.) ax (s),to-

ftn (OG OG) (O,Y(s) to s)dLX(s)
o Ox Oy

By conditions (a) and (b), the last two terms in the right-hand side are less than or
equal to zero. Furthermore, An increases to +oo, almost surely as n - +oo. Now
replace t by to A Ta A T, and, taking the expected values, we obtain that

E [ (X(t0 A T A T A An) Y(to A Ta A T A An), to (to A Ta A ’ A An))]_
C(x, y, to)

Now, letting n --. +c,

E [G (X(to A Ta A T), Y(to A T A T), to (to A T A T))] <_ G(x, y, to).

Finally, using condition (c), we obtain that

Px[Ta _< T A to] _< f[Ta<r^to] G (a, Y(T), to T) dP < G(x, y, to).
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So it follows that G(x, y, to) >_ V(x, y, to). D
Our next step involves comparing the probabilities due to the approximate pro-

cesses. Consider the functions #0(’) and a0(’) in Assumptions 1 and 2 and the corre-
sponding process Z defined by (2.11). Now we define the e-approximate fuel process

(3.5) Ye(t) y + e ao (Z(s)) dB(s) Lz(t) for 0 < t < Tz,

as in (3.1). Again, B(.) and W(.) are independent Brownian motions. Now Ta is
defined by (2.4) for the process Z, and T is defined by (3.2).

The reason for defining the e-approximate fuel process is to have uniform nonde-
generacy of the partial differential operator involved in (3.7). This helps to guarantee
a solution to (3.7) and (3.8).

Now define

(3.6) Q(x, y, t) Px[Ta <_ T A t] associated with the process Z.

LEMMA 2. Assume that #o(’) and co(’) have continuous second derivatives on

[0, a]; then, .for each to > O,

Q(x, y, to) V(x, y, to), where Y(x, y, to) is given by (3.3).

Proof. Let U(x, y, t) be the solution to

1 (02U + e:OU ) OU OU
Oy2 + #o(x) Ox Ot

with the boundary conditions

ou 

U (x, o)=o
=o

U(a,y,t) 1

ou ) (o,u,t) o
Oy /

for 0 _< x < a, y _> 0,
for x _> 0, t _> 0,
for y _> 0, t _> 0,

for y > 0, t >_ 0.

Finding a solution to this system under C2-assumptions on #0(’) and a0(.) is an
easy extension of the work of Lieberman [13]-[15]. A proof of this and the fact that

(3.9) t) t)

is presented in the Appendix. From (3.6) and (3.9), it is clear that 0 _< U <_ 1 and

(3.10) OU >0 and OU >0 onF
Ox Ot

It remains to show that U(x, y, t0) _> V (x, y, t0).
Now we would like to apply the verification lemma to the function U. However,

U is not continuous on the edges of {(a, y, t) :y _> 0, t > 0}. To avoid this difficulty,
we define the function W(x, y, t) U(x, y + l/n, t + l/n) for n 1, 2, 3,....
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Clearly, Wn is decreasing to U, is continuous on F, and satisfies (3.7), together
with the conditions

(3.11)

Ox

Wn(x,y,t) > 0

W(a,y,t)=l

ow (o,,t) 0
Oy /

on F,
for y _> 0, t _> 0,

for y > 0, t_> 0.

Also, from (3.10), it follows that

(3.12) OWn OWn > 0 on F
Ox >- O" and 0t

Now take X e E(x,y) as in (2.1) and consider the corresponding Y(.) as in
(3.1). To verify condition (a) of Lemma 1, consider that

+ eOW) OW
’o + "() o

OWn ] y
o (x() () to )

1 [ 02Wn e2 02Wn< -a(s) +2 LOx2 Oy2

(X(s), Y(s), to s)

+ 2
,o (x(,)) ow 2

.0 (x(,)) o. .] (x(,)) own]Os (X(s), Y(s), to s)

The inequality is by (2.9), (2.10), and (3.12), and the final equality follows from
the fact that Wn satisfy (3.7).

Conditions (b) and (c) of Lemma 1 clearly follow from (3.11).
Hence we conclude that Wn(x, y, to) >_ V(x, y, to); by letting n +c, it follows

that Ue(x, y, to) >_ V(x, y, to); this, together with (3.9), proves that Q(x, y, to)
V(x,y, to). D

LEMMA 3. Let X e E(x, y) satisfy (2.1) and Assumptions 1-3, TX be as in (2.5),
and T as in (3.2). Then lim_o Px[Taz _< T A to] Px[TX _< Tyx A to] for all to >_ O.

Proof. Let X be as in (2.1) and keep to > 0 fixed. With Y and Y defined as in
(2.6) and (3.1), respectively, we have that

(3.13) sup IY(t A Tax) Y’(t A TX)l _< sup Ih(t /x TaX)l,
[O,to] [O,to]

where
x

h(t A TX) a(s)dB(s).
J0

Note that, as e --, 0, the right-hand side of (3.13) approaches zero. Also, the
Y(.) process is decreasing. With Assumption 3, Tyx is a point of strict decrease for
the process Y(.). Hence, with the aid of (3.13), we can easily see that T TyX with
probability one. Also, note that Tx TvX since X(TvX O.

Therefore lim_o P[TX <_ T A to] Pz[TaX <_ T
x tol for all to > 0. D
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Now we can prove Theorem 1 under additional smoothness assumptions on
and a0. Then we use weak convergence to prove it for the general case when #0 and
a0 are continuous on [0, a].

Proof of Theorem 1. (With smoothness assumptions). Here, in addition to the
assumptions stated in Theorem 1, we assume that the functions#0(.) and a0(.) have
continuous second derivatives on [0, a]. Now let Z be the process given by (2.11),
and Q(x,y,t) be given by (2.12). Furthermore, let Q(x,y,t) be as in (3.6). By
Lemma 3, it is clear that Q(x, y, t) converges to Q(x, y, t). Now take X E F(x, y);
define Px[TaX

_
T A tO] and Px(TaX

_
.yx A to] as before. By Lemma 2, Px[TaX

T A to]

_
Q(x, y, to). Now letting e --. 0 in both sides and using Lemma 3, we

conclude that Px[TaX
_

Ty
X A to]

_
Q(x, y, to). Hence, as Z E F(x, y), it follows that

V(x, y, to) Q(x, y, to), as desired. So, with the smoothness assumptions, the proof
of Theorem 1 is complete.

To remove our additional assumption on the smoothness of #o(’) and a0(.), we
need a result on weak convergence.

Let #o(’) and co(.) be continuous on [0, a] and extend them to [0, cx)) as bounded
continuous functions (simply let #0(x) #o(a) and co(x) co(a) for x _> a).

Now approximate #0 and ao by bounded Ca functions n and an on [0, a], and
hence on [0, oc), such that

(3.14)

and the functions I#nl, I#ol, laol, lanl for n 1, 2,... are all bounded by a constant
M>0.

For the given continuous #o (’) and ao (-), we define

(3.15)
x(t) x + fo #o (X(s)) ds + t
Y(t) y LX (t)

ao (X(s)) dW(s) + Lx (t),

on some probability space (gt,’,P) with respect to some Brownian motion W(t)
on this space. For this process X, we define Ta and Ty as before. Now, for each
n- 1, 2,..., since #n and an are smooth we can define

(3.16)
Xn(t) x + oo #n (Xn(8)) ds + foo
Yn (t) y LX (t).

an.(Xn(8)) dW(s) + LXn(t),

The processes Xn and Yn are all defined on the same probability space (, ’, P)
with respect to the same Brownian motion W(.). We denote TaXn by T2, and TyX by

T. We restrict our time interval to [0, to]. Furthermore, we introduce the sup norm

I1" Ilto,o] on C([0, to] R) by II/llto,o]- SUpo<<to If(t)l.
LEMMA 4. Define the processes (X, Y) and (Xn, Yn) by (3.15) and (3.16), re-

spectively. Then
(a) There exists a subsequence np such that (X,,, Yn,) converges weakly to (X, Y),

and
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Up(b) limsupnp_+ P[Tp < Ty A t01X=(0)= x] < P[Ta < Ty A tolX(O)= x].
Proof. Part (a) follows from Theorem 3.2 of Lions and Sznitman [16] and the

uniqueness of solutions to the submartingale problem of Stroock and Varadhan [18].
To derive part (b), let t0 be the probability measure induced by (X, Y) on the space
of continuous functions C([0, t0] - R2), and n be the corresponding probability
measure for (X=, Y=).

Now, for a given continuous f’[0, to] --* R, define T inf{t > 0" f(t) > a}.
Let

A {(f,g) C([0, t0] - R2) Ilflli0,,ol _> a,g is decreasing, g > 0 on [0, Ta’f]}.
Clearly, A is closed with respect to the sup norm. Let (fn, g=) A converge to (f, g);
then f and g are continuous, and g is decreasing. Furthermore, IlYlli0,,ol -> a implies
that Ilfll[O,to] -> a nd T < liminf=_ Ta. Hence g, > 0 on [0, Ta], which, in turn,
implies that g > 0 on [0, T]. Therefore A is closed.

Next we show that =(A) P[Ta < T A to X=(0) x] and 0(A) P[Ta <
/ to Ix(0) x].

Since the proof is essentially the same for all n, we show the following for ’o"
Consider the paths of the diffusion (X, Y) corresponding to parameters #o(’) and

e [Ta <_ -/ to] *::, IIX(t, o)lltO,,ol >- a,

= IIX(t, w) llto,ol > a,

= IIX(t, w)llto,tol-> a,

() >_ Ta(O)
Y(t,w) > 0 on [0, T(w))
Y(t,w) >_ 0 on [O, Ta(w)].

The last implication holds because, if Y(r, w) 0 for some r < Ta(w), then (since
X(.) is a diffusion satisfying (3.15)), we have that Y(s) < 0 for r < s < Ta(w). Also,
see the explanation after Assumption 3.

Hence w E [Ta < TU A to] (X(t, w), Y(t, w)) A. Now, by part (a) of Lemma
3, p converges to 0 as the subsequence nv tends to infinity. Since A is a closed set,
limsupp_ =p (A) < t0(A). This proves the lemma. H

Proof of Theorem 1. (With only the continuity assumptions on #0 and a0).
Consider the subsequence np given in Lemma 3. For each Up, lZnp/tr2np > #o/cr and
ap > a0, and #up, Crnp are bounded C functions. Hence, from the proof of Theorem
1 with smoothness assumptions on coefficients, it follows that V(x, y, to) < P[Tap <
P A to] t/up(A). Hence Y(x,y, to) < limsupp_+o t/up(A) < o(A) Q(x,y, to).Ty

Furthermore, it is clear that Q(,,y, to) < Y(x,y, to) sine X, given by (2.15),
satisfies X E(x, y). This completes the proof.

4. A comparison theorem. Consider the processes X and Z satisfying (2.1)
and (2.11), respectively. Hajek [4, Thm. 2] showed that, if a0 is a constant and if

x(o) < z(o), #(t) < #o (x(t)), la(t)l < ro,

then P[Xt > c] < 2. P[Zt > c] for every t > 0 and c > 0.
Now we formulate a related comparison theorem for reflecting It6 processes. Let

(4.1) X(t) x + a(s)dW(s) + #(s)ds + Lx (t),x >_ 0

as in (2.1), and

(4.2) Z(t) z + ao (Z(s))dB(s) + #o (Z(s))ds + LZ(t),z >_ O,
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where LZ (.) is the local time of Z at zero as in (2.11). Note that the Brownian motions
W(.) and B(.) in (4.1) and (4.2) may not be related. Furthermore, the processes X(.)
and Z(.) may be defined on different probability spaces.

THEOREM 2. Let X and Z be defined by (3.1) and (3.2), respectively. Assume
that a > 0 and that

(i) X(0) < Z(O);

#(s) < #o (X(s))
and a2(8) < (:r (X(8))

for all s whenever 0 <_ X(s) < a;
(iii) #0(’) and co(’) are continuous, and a(.) is bounded below by a positive

constant e > O;
(iv) Assumption 3 remains true for X for a sequence {Yn} increasing to
Then, for each t > O, P[sup[o,t]X(s > a] < P[sup Z(s) > hi.

Proof. First, consider the case where X(0) Z(0). Then, for each n, P[TZa <
T A t] < P[T _< TZ A t] from Theorem 1.1. Letting Yn increase to +3, we have
that P[Ta <_ t] <_ P[T <_ t]; so P[suP[o,t]X(s >_ a] <_ P[sup[0,t]Z(s) >_ hi. If
X(0) x < Z(0) z, then consider an auxiliary diffusion process Z satisfying
(4.2) with the initial condition ZI(0) x. In this case where P[sup[0,t] X(s) > a] <
P[sup[0,t] Zl(s) > hi. From (3.6), (3.9), and (3.10), together with Lemma 3, it follows
that

P[sup zl(8)
_

a] _< P[sup Z(s) >_ hi.
[o,t] [o,t]

This completes the proof.

Appendix. Here we would like to sketch a proof for the solution of.the PDE
(3.7) with the boundary data (3.8). We assume that #0(’) and a0(.) have continuous
second derivatives. To give this solution, we follow the work of Lieberman [13]-[15],
and our result is an easy extension of his work. Let M > 1 be an integer. Define a
continuous decreasing function eM on [0, M], so that

eM(y)--I for O<_y<_M-1.

eM is decreasing on [M- 1, M], and eM(M) 0. Furthermore, let (.) be a continuous
increasing function on [0, 1] such that (0) 0 and (1) 1.

Define the domain DM by

(A.1) nu ((x,y,t) 0 < x < a,O < y < i,t > 0).

Now let UM be the solution to (3.7) on the domain DM satisfying the continuous
boundary data

(A.2)

Ox

UM(a, y, t) eM(y) O <_ y < M,
UM(X, M, t) -0 0 < x < 1

UM(x,O,t) (x) O_x<l,

UM(X, y, O) (X)M(y 0 < X <_ 1,

OUM) (0, y, t) 0 0 < y < M,
Oy /

t>_0;

t_>0;

t>0;
0<y_< M;

t>0.
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The existence of the solution UM follows from [13]. So, as M 2, 3,..., we obtain
a sequence (UM) of solutions. Let L be the operator

1 2 (02 02 ) 0 0n -ao(X -ffx2 + e2y2 + #o(x) Ox Ot"
Applying the maximum principle with the operator L (see Friedman [5, Chap. 2,
Thms. 2, 14, pp. 38, 49]), we can easily obtain the following conclusions:

(i) 0 _< UM < 1 on DM, and
(ii) UM < UM+I on DM.
Hence, for each (x,y,t) such that 0 < x < a, 0 < y, t > O, {VM(x,y,t)} is an

increasing sequence in M and is. bounded above by 1. Let U(x, y, t) be the limit.
Define

(A.3) Do {(x, y, t)" 0 < x < a, 0 < y, 0 < t}.
We would like to show that U satisfies (3.7) on Do. Take any small ball B C_ Do
such that (x, y, t) E B; then DM :) B for all M > M0: Introduce H2, H0, and H2+
norms on B (for details, see [14]) for 0 < a < 1. Then

2/(2+) /(2+) for n, m > M0(A.4) IIU VmllH <_ C. IIU V lIHo IIU U, IH +o
(For this, see (2.1a) and (2.1b) of [14].) Since U / U, however, IIU - UmlIHo
approaches zero. Furthermore,

(A.5) IIU UmlIH=/o <_ K. IIU UmlIHo
in [5, Chap. 3, Thin. 5, p. 64]. Hence (Un) is a Cauchy sequence in H2, and, for each
n > M0, U, satisfies (3.7). Therefore U also satisfies (3.7). So 0 < U < 1 on Do, and
it solves (3.7) on Do with the boundary data

V(,0, t)=(x), 0<x<,t>0,

V(, , 0) (x), 0 < x < a, > 0,
U(a,y,t) 1, y > O,t > O,

and
ou ou) o.
Ox Oy

Now, instead of , we choose a sequence {n} of smooth increasing functions so
that ,(0) 0, (a) 1, and, for each 0 < x < a, Cn(x) is decreasing to zero as
n - +x3; call this solution U=. So 0 < U= <_ 1.

By It6’s formula applied to (Z(t), Y(t)), where Z is defined by (2.11) and Y is
defined by (2.5), we obtain that

E[Un (Z(s), Y(s), t s)] Un(x, y, t),
since {U, (Z(s), Y’(s), t- s) 0 < s < t} is a martingale. So we derive U,(x, y, t)
E[U, (Z(Ta A A t), Y(Ta A T A t), t (Ta A T A t))]. This shows that

U(x,y,t) Px[Ta < T A t] + j([r n(Zr)dP + [[t<Ta^t] <%^]
Cn(Zt)dP.

Since is decreasing to zero, clearly, Un(x, y, t) is decreasing to Q(x, y, t) =_ Px[Ta <
T A t], as defined in (3.6). Now, following inequalities (5.4), (5.5), and the same
argument given there, Q(x, y, t) satisfies (3.7) on Do with the boundary data given
by (3.8). El
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SENSITIVITY ANALYSIS OF PARAMETRIZED PROGRAMS
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Abstract. In this paper local behavior of optimal solutions of parametrized optimization prob-
lems is investigated with cone constraints in Banach spaces. Under second-order sufficient optimality
conditions Lipschitzian stability of the corresponding -optimal solutions is established. Also shown
is how the considered parametric program can be approximated by using second-order expansions of
the involved functions.
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1. Introduction. In this paper we study local behavior of e-optimal solutions
of the parametric optimization problem

min f(x, t) subject to x
xEX

with f X x + --. , depending on the parameter t >_ 0. Here X is a real Banach
space, t E R+, and it will be supposed throughout the paper that the feasible set (I)(t)
is defined by cone constraints. That is,

(1.1) e x. e K),

where g X ]+ - Y, Y is a Banach space and K is a closed convex cone in Y.
With the program (Pt) is associated the optimal value function

(1.2) qo(t) := inf{f(x,t)’x e (I)(t)}

and an e-optimal (s > 0) solution 2(t) satisfying the conditions 2(t) e (I)(t) and

(1.3) f(2(t), t) _< (t) + s.

Program (Pt) can be considered in a general context of parametric optimization.
That is, suppose that the objective function and the constraint mapping depend on a
parameter u U, where U is a vector space. Then we can study directional behavior of
the corresponding optimal solutions. That is, we restrict ourselves to the investigation
of the one-parameter family of optimization problems by considering perturbations
tuo, t +, in a given direction u0 U.

The main result of this paper is given in Theorem 1, where we show that under
certain second-order sufficient conditions and for s s(t) tending to zero sufficiently
quickly as t 0+, the corresponding e-optimal solutions 2(t) are upper Lipschitz
continuous at t 0. This extends some recent results in sensitivity analysis of non-
linear programs ([4]-[6], [8], [15]) to the considered infinite-dimensional case and cone
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constraints. In 3 we show how the problem (Pt) can be approximated by a simpler
one that involves second-order expansions of f(x, t) and g(x, t). This approximation
may prove to be useful in the calculation of directional derivatives of (t) and requires
further investigation.

We assume that f(x, t) and g(x, t) are twice continuously Frdchet differentiable,
jointly in x and t, and denote by Df(x, t), Dg(x, t), D2ttg(x, t), etc., the correspond-
ing partial derivatives. In particular, D2g(x, 0) belongs to the space (X, (X, Y)) of
bounded linear operators from X to the space (X, Y), equiped with the correspond-
ing operator norm, and we denote [D2xg(x, 0)y]y by D2zg(x, 0)(y, y). We suppose
throughout that the null program (Po) has a unique optimal solution xo and that
xo is a regular point of g(x) g(x, 0), with respect to the cone K, in the sense of
Robinson [13]. That is

(1.4) 0 e int {g(x0)+ Dg(xo)X K}.

The following notation and terminology will be used in the paper. By cl{S} we
denote the topological closure of a set S c X. For a convex set C and x E C we
denote

R(x, C) := [.J x)

the radial cone, and T(x, C) :-- cl(R(x, C)} the tangent cone to C at x. B(x; r)
denotes the ball (y e X: IlY- xll-< r} and Bx B(0; 1) denotes the unit ball in X.
For x e X and e X* we use the notation (,x) or (x, ) for the value (x) of the
linear functional at x. If K is a cone in X or in X*, then its (positive) dual cone
K+ is given by

g+ := {y (y, x) _> 0 for allxeg},

and its polar (negative dual) cone is K- :- -K+. By Of(x) we denOte the subdif-
ferential of a convex function f(x). For a point x X and a set S c X we denote by
dist(x, S) the distance from x to S.

2. Lipschitz stability of optimal solutions. In this section we study Lipschitz
continuity of -optimal solutions of (Pt). Note that we assumed existence of the
optimal solution for the null (unperturbed) program (P0) only. Of course, for > 0,
an -optimal solution 2(t) always exists provided that the corresponding feasible set
((t) is nonempty and (t) > -c. Sometimes we write f(x), g(x) and (I) for f(x, 0),
g(x, 0)and (I)(0), respectively.

Under the regularity assumption (1.4) the set

(2.1) A0 := { e g+: Df(xo) o Dg(xo), (, g(xo)) 0}

of Lagrange multipliers of the program (P0) at the optimal solution point x0 is
nonempty (first-order necessary conditions, [11], [14]) and bounded (e.g. [18, Whm.
4.1]). Consequently A0 is a convex and weakly* compact subset of Y*. Consider the
Lagrangian function

L(x, , t) := f(x, t) (A, g(x,

of the program (Pt) and the set

(2.2) A := argmax{DtL(xo, A,O) Ao}.
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Notice that the set A1 is nonempty because of the weak* compactness of A0. We
need the following regularity assumption.

Assumption A. For some A0 E A1 the tangent cone T(A0, A0) is representable in
the form

T(Ao, Ao) {A e T(Ao, K+) A o Dg(xo) O, (A,g(xo)) 0}.

It follows from the definition (2.1) of the set A0 that the radial cone R(A0, A0)
can be written in the form

(2.4) R(Ao, Ao) (A e R(Ao, K+) A o Dg(xo) O, (A,g(xo)) 0}.

Therefore, Assumption A holds if and only if the topological closure of the cone given
in the right-hand side of (2.4) coincides with the cone given in the right-hand side of
(2.3). In particular, Assumption A holds in the following cases:

(i) The cone K+ satisfies at A0 the polyhedral property

T(Ao, K+) R(Ao, K+).

(ii) The point Xo is regular with respect to the cone Ko := K(Ao), where

K(A) := {y e K: (A,y)= 0}.

Condition (2.5) is satisfied in the situations where Ao 0 or when the feasible set
(I)(t) is defined by equality constraints and a finite number of inequality constraints,
i.e., Y Y1 ]ln and K {0} R, where Y1 is a Banach space and 0 is the zero
vector of Y1. Condition (ii) was considered in [16]. It implies that the set Ao {o}
is a singleton ([16, Lemma 4.3]) and hence T(Ao, Ao) {0}. Also, condition (ii) is
equivalent to (see [11, Lemma 2.3])

(2.7) Dg(xo)X Ko + [g(xo)] Y,

where [g(xo)] denotes the linear space generated by vector g(xo). The polar cone of
the cone Dg(xo)X Ko -4-[g(xo)] is the intersection of the polar cones of Dg(xo)X,
-Ko and [g(xo)]. Since

-K- cl(K+ + [o]) T(Ao, K+),

it follows that the polar cone of Dg(xo)X- Ko + [g(xo)] coincides with the cone given
in the right-hand side of (2.3). By (2.7) this polar cone is {0} and hence, indeed,
condition (ii) implies Assumption A. Later we will give an example where there exists
a unique Lagrange multiplier but Assumption A does not hold. We note, however,
that if (2.5) holds and the cone Dg(xo)X- Ko + [g(xo)] is closed, then condition (ii)
is equivalent to the uniqueness of the multiplier (see Lemma 4.3 in [16]).

LEMMA 1. Suppose that xo is a regular point of g(x) with respect to K, that
Assumption A holds, and that the cone Dg(xo)X- Ko + [g(xo)] is closed. Then there
exist positive numbers t and 1 such that

(t) v(O) <_ t max DtL(xo, , O) + at2
AEAo

for all t [0, 7)-
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Proof. Since A0 maximizes DtL(xo, A, 0) over A0, it follows by the corresponding
first-order necessary conditions that

D[DtL(xo, , 0)1 -Dtg(xo, 0) e N(Ao, Ao),

where N(Ao, Ao) is the normal cone to Ao at Ao The normal cone N(Ao, Ao) is
polar of the cone T(Ao, Ao) and, because of Assumption A, is given by the topological
closure of the cone Dg(xo)X Ko + [g(xo)]. Since it is assumed that the last cone is
closed we obtain that

-Dtg(xo, O) e Dg(xo)X Ko + [g(xo)].

It follows that for any t > 0 there exists E X, k E Ko and a R such that

-tDtg(xo, O) tDg(xo) k + ag(xo).

Moreover, since g(xo) Ko we can always take a _> 0. Therefore, for sufficiently
small t > 0 we can take a e [0, 1]. Then replacing k by k + (1 -a)g(xo) e Ko we
obtain

-tDtg(xo, O) tDg(xo)9- k + g(xo).

It follows that

(2.9) g(xo) + tDg(xo, 0) + tDtg(xo, O) e K,

and

(2.10) (Ao, Dg(Xo, 0) + Dtg(xo, 0)) O.

Let us note that since K is convex and g(xo) K, if (2.9) holds for some t to >
and $, then it holds for all t [0, to] and the same . Therefore, we can choose
independently of t for t sufficiently small. Now

g(xo + t, t) g(xo) + tDg(xo, 0) + tDtg(xo, O) + O(t2).

Consequently, by the Robinson-Ursescu stability theorem ([13], [17]), it follows
from (2.9) and (2.11) that there exists (t) such that x0 + )(t) O(t) and IIt- )(t)l
is of order O(t2). Then

:(t) <_ f(xo + (t), t) f(xo) + Df(xo, O)(t) + tDtf(xo, O) + O(t2),
f(xo) + tDf(xo, 0)3 + tDtf(xo, O) + O(t).

Together with (2.10) this implies

(t) (0) <_ tDxf(xo, 0) t(Ao, Dg(xo, 0))
+tDtf(xo, O) t(Xo, Dtg(xo, 0)) + O(t2)

t(Df(xo) Ao o Dg(xo)) + tDtL(xo, Ao, 0) + O(t2).

Since Ao maximizes DtL(xo, A, 0)over Ao, the inequality (2.8) follows.
Remark 1. Condition (2.9) holds for some t > 0 if and only if

(2.12) Dg(xo, 0) + Dtg(xo, O) e K + [g(xo)].
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Note that

K + [g(x0)] R(g(xo), K).

Now consider the following linearization of the program (T’t)

(i) min(Df(xo) y)+ Dtf(xo, O)
yEX

subject to Dxg(xo, O)y + Dtg(xo, O) E Mi,

i= 1,2, where M1 R(g(xo),K) and M2 T(g(xo),K). Program (L:2) differs from
program (Z:l) only in that its feasible set is the topological closure of the feasible set
of program (L:l). Clearly, solves program (:1) if and only if it satisfies condition
(2.12) and solves program (2). Therefore, a feasible point solves (L:) if and only
if there exists A e [T(g(xo),g)]+ such that

Df(xo) o Dg(xo) and (A, Dg(xo)fl + Dtg(xo, 0)) O.

(Note that regularity of the program (/2) follows from the regularity of the opti-
mal solution x0 of the null program (:P0)). Since

[T(g(xo),K)]+ K+ Ker g(x0),

we obtain that solves program (L:l) if and only if there exists A0 A0 and t > 0
such that conditions (2.9) and (2.10) hold. It follows that under the assumptions of
Lemma 1, program (;) has a solution.

Remark 2. The dual of programs (/:i) defined in Remark 1 is the problem of
maximization of DL(xo, A, 0) subject to A A0. By arguments similar to those of
Lempio and Maurer ([9, pp. 142-143]), it is possible to show that under the assumption
of regularity of x0, alone, there is no duality gap between programs (/i) and their
dual program. Let us briefly outline those arguments.

Consider the optimal value function

(v) inf((Df(xo),y) Dg(xo)y + v e T(g(xo),K)).

This is a sublinear (convex and positively homogeneous) function and by the first-
order optimality conditions (0) -0. Moreover, it follows from the generalized open
mapping theorem [12] that (v) is bounded from above by a finite constant for all v
in a neighborhood of zero. This implies that (v) is continuous (e.g. [7, Lemma 2.1])
and hence is a support function of a bounded set. We have that # 0(0) if and
only if (v) _> (#, v} for all v E Y. By duality

(v) >
.XEAo

and hence -h0 c 0(0). Also, by taking y 0 in the definition of (v) we obtain
that for # (9(0),

and hence

(,, v) < 0 v e K),

-# e T(g(xo), K)+ K+ N Ker g(xo).

Furthermore, for a given y taking v -Dg(xo)y, we obtain

(Df(xo), y)+ (#,Dg(xo)y) > O,
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and hence

Df(xo) + # o Dg(xo) O.

Consequently, -# E A0 and hence 0(0) -A0. It follows that

(v) max(-A, v).
AAo

The result that there is no duality gap between program (1) and its dual, implies
the inequality (see [9, Whm. 3.1])

(t) (0) <_ t max DtL(xo, , O) + o(t).
AEAo

The above inequality is similar to the inequality (2.8) but with the term tt2 replaced
by o(t). To derive the stronger inequality (2.8) we need existence of the optimal
solution for (1), which is ensured by the assumptions of Lemma 1.

We employ the following second-order sufficient condition. For _> 0 consider the
cone

Cn {y e X’Dg(xo)y e K + [g(x0)], (Df(xo), y) <_ IlYlI},

and the set A1 defined in (2.2).
Assumption B (Second-order sufficient condition). There exists a > 0 and > 0

such that

(2.14) max(y, 2 for all y Cn.nxxL(xo, A, O)y) >_ a]]y]] 2

For 0 the corresponding cone Co is called the critical cone of the program
(:P0). Note that by the first-order necessary conditions, (Df(xo), y) is nonnegative for
all y such that Dg(xo)y belongs to the radial cone R(g(xo), K) (e.g., [11, Thm. 3.1]).
Therefore, the second-term inequality in the right-hand side definition (2.13) of Co can
be replaced by the equation (Df(xo), y} 0. The second-order sufficient condition of
Assumption B is a natural extension of the (strong) second-order sufficient condition
employed in [15, p. 635] for finite dimensional cases and a finite number of constraints.

Assumption B implies that for any positive number/ less than a/2, there exists
a neighborhood W of x0 such that

f(x) >_ f(xo) + ][x xol] 2

for all x e N W (cf. [11, Thm. 5.6]). It follows then that if 2(t) is an s(t)-optimal
solution of (Pt), e(t) O(t) and 2(t) W, then 2(t) converges to xo at t 0+
at least at a rate of O(t1/2) ([1]-[3], [16]). In the following theorem we establish
Lipschitzian rate of convergence of 2(t) to x0.

THEOREM 1. Let (t) O(t2) and 2(t) be an (t)-optimal solution of (Pt) con-
verging to xo as t -- 0+. Suppose that the assumptions of Lemma 1 and Assumption
B hold. Then there exists a positive constant c such that

(2.15) [[2(t) xo[I <_ ct

for all t >_ 0 sufficiently small.
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Proof. Suppose that (2.15) is false. Then there are tn -* 0+, Xn (tn) and
 oll such that

(2.16) lim tn/T O.

Let r/be a positive constant specified in Assumption B and consider yn T
We have by (2.16) that

g(xn, tn) g(xo) + TDg(xo)yn + O(Tn).

Since g(x, t) E K it follows then that

dist (Dg(xo)y, K + [g(x0)]) --+ 0.

By the generalized open mapping theorem (or the Robinson-Ursescu stability theo-
rem) this implies that dist (Yn, S) -o 0 where

S {y e X’Dg(xo)y e K + [g(x0)]}.

Therefore, there exists n S such that IlYn -nll tends to zero as n --+ oc. Now by
the definition of e-optimality

(tn) (0) > f(x, tn) f(xo, O) e,,

where n (tn). It follows then by (2.16) that

(tn) (0) > T(yn, Df(xo)) + O(T).

Moreover, because of (2.8),

limsup’-l[(tn) (0)] < 0.

It follows that

(1, Df(xo)) < l,

for n large enough, and hence Cv.
Now since for every A A0,

(0) L(xo, A, O)

and

T(tn) > L(xn, , tn) ,
we have that

(tn) (0) > max{L(xn, A, tn) L(xo, A, 0)} Cn.
AAo

Furthermore,

2 2 L(x A,t*L(x,, , t=) i(xo, , O) t,ntL(xo, , O) + T(Yn, Dxx =)Yn)
zt-tnTn <Yn, 2 tnDttL(xn, A, t),DxtL(xn, A, tn) + 1/22 2
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where (x, t) is a point on the segment joining (x0, 0) and (xn, t,). It follows then
by continuity of the second-order derivatives, boundedness of A0, and (2.16) that

Since I[Yn- fl,l[ tends to zero and n E Cn for n large enough we have by the second-
order condition of Assumption B that

.m .ax (Yn, D2L(xo, , O)yn) >_
AA1

and hence

OT2n -- O(T2n).(t) (0) > t, max{DtL(xo, , 0)} +
)Ao

The last inequality contradicts the result (2.8) of Lemma 1 and hence the proof
is complete. [:]

Lipschitzian stability of optimal solutions of parametrized programs was studied
in a recent paper of Alt [2]. His result ([2, Whm. 3.4]) requires a regularity condition
involving Lagrange multipliers that may be difficult to verify in situations where the
set A0 is not a singleton. This question has also been addressed by Malanowski [10]
under different hypotheses.

As we mentioned earlier, if the point x0 is regular with respect to the cone

K0 g(0), given in (2.6), then A0 {0} and Assumption A holds. In this
case, Lipschitzian stability of optimal solutions of (7)t) implies Lipschitzian stabil-
ity of the corresponding Lagrange multipliers ([16, Lemma 4.4]). It is interesting to
note that regularity of x0 with respect to the cone K, uniqueness of A0, and Lips-
chitzian stability of the optimal solutions do not imply Lipschitzian stability of the
corresponding Lagrange multipliers even in the finite dimensional case (hence does
not imply Assumption A). We show this in the following example.

Example. Let X R2, Y ]3 and consider

f(x) xl + x2 + x + x,
g(x) Gx, where G is the 3 2 matrix

0 0 1

and the cone

Notice that K+ K. Then xo (0, 0) is the optimal solution of the problem

minimize f(x) subject to g(x) e K.

The corresponding first-order necessary conditions are

(A, 0) + (0, A3) (1; 1), A (A, A2, A3) e K+,
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which give the unique Lagrange multiplier )0 (1, 0, 1) t. It can be easily verified
that the point x0 (0, 0) is a regular point of g(x) with respect to the cone K but
not with respect to the cone K0.

Consider the following perturbations of the objective function

f(x, t) (1 t)xl + (1 + t)x2 + x + x.
Then for all t E [0, 1), x0 (0, 0) is the optimal solution with the corresponding set
of Lagrange multipliers

A(t) {(1- t, ,2, 1 + t): IA21 _< 2t/}.
In particular, (t) (1 t, 2t/2, 1 + t) is a vector of the Lagrange multipliers with
(t) o t/.

3. Second-order expansion of (Pt). In this section we show how second-order
expansions of f(x,t) and g(x,t) can be employed to approximate the program
by a simpler one. Consider a0 Df(xo), Go Dg(xo), co g(xo) and for y 0 the
set

(3.1) An := {A e K+ a A o G; (A,c> 0},
(a,G,c)fln

where

Clearly, An contains the set A0 of Lagrange multipliers and for r 0 both sets
coincide. Note that under the assumption (1.4) of regularity of x0, the set An is
bounded for sufficiently small r > 0. Indeed, consider A E An and for a given e > 0
let y By be such that (,, y} >_ II,ll- e. Then by the generalized open mapping
theorem, it follows from the regularity of x0 that there are a positive constant a,
x Bx, I’1 -< 1 and k K such that

y a(Gox + 7c0) k

and c _< , where does not depend on y.
Let (a, G, c) fv be such that a , o G and (A, c) 0. We have then that

.(.a + .) + ,(),. (do a)x + "(o )),
_< -I111 + llll(llao all + I10 11),

It follows that for y < -1,

which shows that An is bounded.
We shall need the following strong form of second-order sufficient conditions.
Assumption C. There exist/ > 0 and > 0 such that for any , E An,

(3.2) (y, D2L(xo, , O)y) >_ ]lyll 2

for all y X.
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Note that Assumption C implies the existence of a quadratic form on the space
X that induces a norm equivalent to the original norm I1.11- Endowed with this new
norm, X is a Hilbert space.

Now let us consider the program,

min<y, Dxf(xo, t)> / 1/2 <y, D2f(xo)y>yEX
(,)

1D2xg(xo, O)(y, y) e g.subject to g(xo, t) + Dg(xo, t)y + 5

Note that under the assumptions of Theorem 1, it follows from the Lipschitz
stability of 2(t) that the optimal value function q(t) is differentiable at t 0 (in the
positive direction) and

qa’(O) m DtL(xo, A, O)
AAo

(cf. [9, Tam. 3.4]). A similar result holds for the program (Qt) well, hence the
difference between the optimal value functions of programs (Pt) and (Qt) is equal to
f(xo, 0) plus a term of order o(t).

THEOREM 2. Suppose that the assumptions of Lemma 1 and Assumption C hold
and that for all suciently small t O, program (Qt) has an optimal solution y* (t).
Let, for (t) o(t2), 2(t) be an (t)-optimal solution of (Pt) converging to xo as
t 0+. Then

(3.3) Ilk(t) xo *(t)ll o(t).

To prove Theorem 2 we use the following variational principle ([16, Lemma 2.2]).
Let X be a normed space, S and T be subsets of X, f, g X --. R be Lipschitz
continuous and Gteaux differentiable functions and consider optimization problems

(3.4) min f(x)
xES

and

(3.5) ming(x).
xT

Suppose that the program (3.4) has an optimal solution x0 and that there exist an
open, convex neighborhood W of x0 and a constant > 0 such that

(3.6) f(x) >_ f(xo) + llx x0112
for all x S fq W (i.e., the cost satisfies a quadratic growth condition on the feasible
set). Then for any e-optimal solution W of (3.5) we have

(3.7) I1 xoll _< -x + -x/2x/2 + 251 + ")’-l/2(kl + k22)1/2,
where k and k2 are Lipschitz constants of f(x) and g(x) in the neighborhood W,

:- sup{llDf(x)- Dg(x)ll’x e W},
di := sup dist(x,S’),

xT

52 := dist(x0, T’),

respectively,

and S := S fq W, T T fq W.
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Proof of Theorem 2. We show that programs (Pt) and (Qt) are sufficiently close
to each other in terms of the upper bound (3.7). Consider the functions

:= (y, Dxf(xo, t)) + 5(y, D2f(xo)y),
g(xo, t) + Dxg(xo, t)y + 1/2Dg(xo, O)(y, y),

the Lagrangian

L*(y,A,t) := f*(y,t)- (A,g*(y,t)),

and the feasible set

(t) :- {y e X: g*(y,t) e K}

corresponding to the program (Qt). We have that for any A E Ao and y E (0),

f* (y, 0) _> L* (y, A, 0).

Since for any ,k Ao,
1L* (y, , O) 5 (Y, D2xL(xo, , O)y),

it follows then from Assumption C that

(3.8) f* (y, O) _> 12 IlYlI2
for all y e (0), and hence y 0 is the optimal solution of (Q0).

We show now that y*(t) - 0 as t --. 0+. Since x0 is regular we have by the
Robinson-Ursescu stability theorem that there exists v(t) (t) such that v(t) --, 0
as t 0+. It follows that

f* _<

where c(t) f*(v(t), t) tends to zero as t - 0+. Moreover, we have that for any
Ao,

where

a(t) := IIDf(xo,t) Df(xo, 0)11 + IIllllDxg(xo, t) Dg(xo)ll

and

:= a(x0, t) a(x0, 0))

tend (uniformly over A) to zero at t - 0+. It follows that-IlY* (t)II 2 a(t)IlY* (t)II b(t) < c(t)
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By solving this quadratic inequality with respect to IlY* (t)ll, we obtain that IlY* (t)II --0ast0+.
Now, by Theorem 1, we have that 112(t)- x011 and Ily*(t)ll are of order O(t).

Therefore, there is c > 0 such that II2(t)-xoll <_ ct and Ily*(t)ll <_ ct for all sufficiently
small t _> 0. By continuity of Dxf(x,t) at (x0,0) we have that f(.,t) and f*(.,t)
are Lipschitz continuous in neighbourhoods of x0 and 0, respectively, with Lipschitz
constants independent of t for all t small enough.

Let us estimate the constants

51(t) sup{dist(x, O(t)) x e (xo + (t)) V B(xo;ct)},

and

52(t) sup{dist(y, (t)) y e (O(t) x0) N B(0; ct)}.

Since x0 is regular we have by the Robinson-Ursescu stability theorem that for all
(x, t)sufficiently close to (x0, 0) the distance dist(x, O(t))is of order dist(g(x, t), K).
If, in addition, y x x0 E (t) and thus g*(y, t) K, then

dist(g(x, t), K) <_ lid(X, t) g* (y, t)II.

Now by Taylor’s theorem

g(x, t) g* (y, t) 2 1D2xg(xo, O)(y, y)t)(y, y)

where x* is a point on the segment joining xo and x. By continuity of D2g(x, t) this
implies that if x e B(xo; ct), then lid(X, t) g* (y, t)II is of order o(t2). It follows then
that 51 (t) o(t2). By similar arguments 52(t) o(t2).

Furthermore, consider

n(t) sup

sup
IIx-oll_ct

which is of order o(t) because of second-order Frchet differentiability of f(x, t). Now,
for a given t _> 0 small enough, consider y* y*(t). Because of the regularity of x0
and since y* (t) --. 0 as t -- 0+, we have that there is a Lagrange multiplier A* A* (t)
corresponding to the optimal solution y*(t) of the program (Qt) such that A* An
for sufficiently small t. It follows that for all y (t),

(3.9) f*(y,t) f*(y*,t) >_ L*(y,A*,t) L*(y*,A*,t).

By taking the second-order Taylor expansion of L*(., A*, t) at y* and noting that
because of the first-order optimality conditions DyL* (y*, A*, t) 0 and since the
function is quadratic this expansion is exact, we obtain that the right-hand side of

y., 0) (y )). Consequently, Assumption C(3.9) is equal to (y- D2xxL(xo,*, -y*
implies that

1 y. 2f* (y, t) f* (y*, t) >

for all y e (t) and all t small enough. Now (3.3) follows from the inequality (3.7)
applied to the programs (Qt) and (Pt). D
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Remark 3. In the case where

(3.10)
n-0+
lim { sup dist (A A0)} 0,

AEA,

the set An in Assumption C can be replaced by A0. Condition (3.10) holds, at least,
in the following cases:

(i) The linear spaces generated by the cone K+ are finite-dimensional.
(ii) The point x0 is regular with respect to the cone K0 g(A0), h- {A0}.
In case (i), this follows from a compacity argument applied to a sequence {Ak} in

A1/k. The proof for case (ii) can be found in [16].
Remark 4. Program (Qt) can be expanded around to 0 as well. That is, we

can consider the program

1 02mi(y, Df(xo) + tD2tf(xo, O)) + 5(Y, f(xo)y)

(Q) subject to g(xo) + tDtg(xo, O) + Dg(xo, O)y+
1D2g(xo O)(y, y) e g.lt2D2tt(xo O) + tD2tg(xo O)y +2

Under assumptions similar to those of Theorem 2, an optimal solution yt(t) of
(Q) will provide a first-order approximation of 2(t) x0.

Existence of the optimal solution y*(t) (optimal solution y’(t)) follows from As-
sumption C if the program (Qt) (program (Q)) is convex. In particular, if D2g(xo, O)

0 (for example, if g(x, 0) is linear in x), then D2L(xo, A, 0) is equal to D2f(xo, O)
for every A and the constraint mappings of the programs (Qt) and (Q) are linear in
y. Therefore, in this case, existence of y* (t) and y’(t) is guaranteed by Assumption
C.

REFERENCES

[1] W. ALT, Lipschitzian perturbations of infinite optimization problems, Mathematical Program-
ming with Data Perturbations II, A. V. Fiacco, ed., New York, pp. 7-21, 1983.

[2] Stability of solutions for a class of nonlinear cone constrained optimization problems,
Part 1: Basic theory, Numer. Funct. Anal. Optim., 10 (1989), pp. 1053-1064.

[3] A. AUSLENDER, Stability in mathematical programming with nondifferentiable data, SIAM J.
Control Optim., 22 (1984), pp. 239-254.

[4] A. AUSLENDER AND R. COMINETTI, First- and second-order sensitivity analysis of nonlinear
programs under directional constraint qualification conditions, Optimization, 21 (1990),
pp. 351-363.

[5] J. F. BONNANS, n. D. IOFFE, AND A. SHAPIRO, Proc. French-German Conf. on Optimization,
in Lecture notes in Economics and Math. Systems, D. PMlaschke, ed., Springer-Verlag, to
appear.

[6] J. F. BONNANS, Directional derivatives of optimal solutions in smooth nonlinear programming,
J. Optim. Theory Appl., 73 (1992), pp. 27-45.

[’/] I. EKELAND AND R. TEMAM, Convex Analysis and Variational Problems, North-Holland,
Amsterdam, 1976.

[8] J. GAUVIN AND R. JANIN, Directional behavior of optimal solutions in nonlinear mathematical
programming, Math. of Oper. Res., 13 (1988), pp. 629-649.

[9] F. LEMPIO AND H. MAURER, Differential stability in infinite-dimensional nonlinear program-
ming, Appl. Math. Optim., 6 (1980), pp. 139-152.

[10] K. MALANOWSKI, Second order conditions and constraint qualifications in stability and sensi-

tivity analysis of solutions to optimization problems in Hilbert spaces, Appl. Math. Optim.,
25 (1992), pp. 51-79.

[11] H. MAUPEP AND J. ZOWE, First and second-order necessary and sujflcient optimality condi-
tions for infinite-dimensional programming problems, Math. Prog., 16 (1979), pp. 98-110.



1422 A. SHAPIRO AND J. F. BONNANS

[12] S. M. ROBINSON, Normed convex processes, Trans. Amer. Math. Soc., 174 (1972), pp. 127-140.
[13] S. M. ROBINSON, Stability theorems for systems of inequalities, Part II: differentiable nonlinear

systems, SIAM J. Numer. Anal., 13 (1976), pp. 497-513.
[14] First-order conditions for general nonlinear optimization, SIAM J. Appl. Math., 30

(1976), pp. 597-607.
[15] A. SHAPIRO, Sensitivity analysis of nonlinear programs and differentiability properties of met-

tic projections, SIAM J. Control Optim., 26 (1988), pp. 628-645.
[16] Perturbation analysis of optimization problems in Banach spaces, Numer. Funct. Anal.

Optim., 13 (1992), pp. 97-116.
[17] C. URSESCU, Multifunctions with convex closed graph, Czechoslovak Math. J., 25 (1975), pp.

438-441.
[18] J. ZOWE AND S. KuIcYUSZ, Regularity and stability for the mathematical programming prob-

lem in Banach spaces, Appl..Math. Optim., 5 (1979), pp. 49-62.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 30, No. 6, pp. 1423-1446, November 1992

() 1992 Society for Industrial and Applied Mathematics
011

TRACKING AND RESTRICTABILITY IN DISCRETE EVENT
DYNAMIC SYSTEMS*

CNEYT M. ZVERENtAND ALAN S. WILLSKY$

Abstract. This paper formulates and analyzes notions of tracking and restrictability for discrete
event dynamic systems (DEDS). The DEDS model used is a finite-state automaton in which there is
control over some events. A second set of events, called the set of tracking events, is also specified,
and the tracking problem is one of constructing a compensator so that the tracking event trajectory
of the closed loop system follows a given string exactly. This problem is analyzed in detail and,
in particular, a characterization of all trackable strings is characterized. The related notion of
restrictability is analyzed in which the closed-loop system is required to generate tracking event
strings in a given desired language. A relaxed version of this concept is also analyzed, allowing
an initial transient before desired language tracking is achieved. Finally, a notion of reliability
is introduced and analyzed, which allows for testing if the system can recover from errors in a
finite number of transitions, and algorithms are presented for constructing compensators for reliable
restrictability. A manufacturing system example is used to motivate and illustrate the problems
considered and results obtained.

Key words, tracking, control, reliability, stability, discrete events

AMS(MOS) subject classification. 93

1. Introduction. In the past few years, there has been considerable research on
the topic of discrete event dynamic systems (DEDS) [1]-[3], [6]-[9], [18]-[21]. One
characteristic of much of this activity is that the control objectives have frequently
been stated in linguistic terms, i.e., in terms of characteristics of the possible closed-
loop event trajectories. In contrast, in much of our previous work [13], [14], [16],
we have focused directly on control concepts of stability, observability, stabilization,
and output feedback, providing some of the elements required to develop a regulator
theory for DEDS. In particular, to develop such a theory, we need some notion of
stability, and the one pursued in [13], [14], [16], which can be considered an error
recovery concept, appears to be a natural one in the discrete-event context.

In this paper, we develop another element needed for a regulator theory and which
also is much closer to the linguistic concepts explored by others. In particular, we
are concerned here with characterizing the tracking capabilities of a DEDS in terms
of the concept of trackable languages, as well as a second notion, restrictability, which
is a slight generalization of the notion of (language) controllability of Ramadge and
Wonham in [19]. While our analysis of restrictability represents a relatively modest
addition to the existing theory of controllable languages, we also consider two related,
new notions which, we believe, are of some importance, and which are motivated by
the desire to introduce notions of stability and error recovery in the theory of DEDS.
The first of these concepts is that of eventual or stable restrictability, i.e., the ability to
restrict event behavior after a finite start-up period. This would appear to be a useful
notion for capturing start-up or mode-switching behavior in DEDS. The second and
more involved notion is that of reliable restrictability, i.e., the ability of the system to
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return to the desired, restricted behavior following a burst of errors or failures. As we
will see, stable restrictability plays a key role in characterizing reliable restrictability.

Testing

[Kanban Box

[Kanban Box

Thru-Hole
Auto
Insertion

Kanban Box

Surface
Mount

Final
Inspection

Solder
Bath

Kanban Box

Thru-Hole
Hand
Insertion

FIG. 1.1. An example of a computer board manufacturing floor.

To motivate the problems considered in this paper and to provide an example
that we can use to illustrate their solution, let us briefly describe a particular man-
ufacturing application. More detailed investigations of this and other applications of
our regulator theory are given in [15]. Figure 1 illustrates the floor plan of a computer
board manufacturing facility consisting of several workstations and capable of solder-
ing surface mount chips on both sides of a board, mixed with thru-hole mounting (via
auto-insertion and hand insertion). Another workstation is used for soldering both
kinds of thru-hole devices. One workstation is used for testing random board samples
at various phases of the manufacturing process, and finally, each board goes through a
routine test and inspection after completion. This manufacturing floor uses a Japanese
inventory system, termed the Kanban system. Boards are transported through spe-
cially marked "kanban" boxes in quantities of 1 to 10 in each box. There are very few
kanban boxes between different workstations, guaranteeing that inventories are very
low, and thus, among other things, that latency through the manufacturing process
is also very low.

A typical board with both sides populated with surface mount components and
with mixed thru-hole components goes through the following process: The board first
visits the surface, mount station for side 1 components, where, first, a solder paste
is applied to the board; next, the components are placed on the board; and, finally,
solder is applied. The board then goes to the auto-insertion workstation where thru-
hole devices are automatically inserted. Next, if necessary, some components are
inserted by hand, and the board arrives at the solder bath. There, the boards are
first baked, to remove the moisture, and then passed through the wave solder. After
that, if there are any side 2 surface mount components, the board goes to the surface
mount workstation again for the mounting of side 2 components and, finally, the
board goes through final inspection and testing. To construct a manageable example
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in the scope of this paper, we capture the dynamics of a system of this type with two
workstations and two kinds of boards. We consider a surface mount workstation Wl
and a thru-hole workstation W2. One kind of board has only side 1 surface mount
components and some thru-hole components. The second kind of board has surface
mount components on both sides, as well as thru-hole components. The surface mount
workstation will perform two tasks: side 1 mounting (for either kind of board), which
we call Task 1, and side 2 mounting, including the inspection for the second kind
of board, which we call Task 2. The thru-hole workstation also performs two tasks:
thru-hole mounting for the second board, denoted by Task 3, and thru-hole mounting
and inspection for the second board, Task 4. Thus, to be completed, the first board
must go through Tasks 1 and 4, and the second must go through Tasks 1, 3, and 2,
in that order.

Let Si (respectively, Fi) denote the starting (respectively, finishing) of Task i. In
addition, we assume that there is a unit capacity buffer B1 to store boxes going from
the surface mount to the thru-hole workstation and another unit capacity buffer B2
in the opposite direction; i.e., there is space for one kanban box in each direction.
We then model this system using the automata in Fig. 1.2. Here, circles represent
states, and the arcs represent transitions labeled with events. Also, :u indicates that
the corresponding event is controllable (i.e., we can decide whether to start a task),
and :! indicates thatthe corresponding event is a "tracking" event, which is identified
as an event that is of interest in characterizing desired behavior (see 2 for the precise
mathematical model). Suppose that, at a given time, the objective of the manager of
such a plant is to manufacture equal amounts of each kind of board. Then, we must
13erform Task 1 twice, and all the other tasks once to produce one board of each kind.
Furthermore, the correct production of these parts requires the correct sequencing of
these tasks and the corresponding transfers of boards. In particular, suppose that the
time needed to complete Task 1 is comparable to the time to complete Task 4, while
the time for Task 3 is comparable the time for Tasks 1 and 2 combined. In this case,
we can form a production schedule by performing first Tasks 2 and 1 on the surface
mount workstation while performing Task 3 on the other, and then Task 1 on the
surface mount workstation while performing Task 4 on the other. Note that it makes
no difference if we reverse the order, i.e., require that Tasks 1 and 4 are done first,
and so on. In essence, all we must know to construct a schedule is the list of tasks
that must be performed and the time it takes to complete each relative to the others.
Thus one "cycle" of the schedule, producing one board of each type, corresponds to
the completion of any of the sequences in

(1.1) Ls FI(F2F3 + F3F2) + F2(FIF3 + F3F1) + F3(FF2 + F2F) FF4 + FF),
where multiplication in (1.1) corresponds to concatenation and addition to union (so
that FiF2F3FF and F3FF2FiF are elements of L). Note that by constructing
the schedule in this fashion, we are allowing for concurrency; that is, at some points
in time, both machines may be working. The control problem then is to exercise
he available even controls 0 ensure ha the manufacturing system adheres to the
schedule of a succession of sequences from Ls, perhaps with an initial start-up tran-
sient and hopefully with the ability 0 recover gracefully from errors or failures. In
this paper, we provide a mathematical framework that allows us to solve problems
such as this, and indeed we will revisit this example in later sections to illustrate the
construction of controllers that meet design objectives such as this.

In the next section, we introduce our mathematical framework and collect several
definitions and results. In 3 we formulate a notion of tracking and present algorithms
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Buffer B1

Surface Mount (Wl) Thru-Hole (W2)
3

2 1 Buffer B2 4 3

FIG. 1.2. A model of the computer board manufacturing example.

for constructing compensators for tracking specific strings (e.g., particular elements of
Ls). In 4 we consider the problem of restricting behavior to a specified set of desired
event sequences (e.g., restricting the manufacturing system to successive completion of
elements of Ls), a concept very closely related to the notion of controllability of Won-
ham and Ramadge. Furthermore, in this section, we introduce concepts of eventual
and stable restrictability that allow us to address questions concerning the transient
behavior of controlled DEDS and investigate the reliability or error-correcting capa-
bility of such a system. As we will see, the stronger notion of stable restrictability
leads, in general, to considerable computational efficiencies compared to the weaker
concept of eventual restrictability. Finally, in 5 we summarize our results and discuss
several directions for further work.

2. Background. The class of systems we consider are nondeterministic finite-
state automata defined on G (X, E, , U), where X is the finite set of states, with
n IXI; E is the finite set of possible events; .. C is the set of events that we wish
to track; and U C 2 is the set of admissible control inputs, corresponding to the
choices of sets of controllable events that can be enabled. The dynamics defined on
G are

(2.1) x[k + 1]
(2.2) a[k + 1]

e f(x[k],a[k + 1]),
e (d(x[k]) f u[k]) t2 e(x[k]).

Here x[k] e X is the state, a[k] e is the next event, and u[k] e U is the next control
input. The function d X - 2r specifies the set of possible events defined at each
state, e X 2r specifies the set of events that cannot be disabled at each state, and
the function f X x Z - 2z is also set-valued. Without loss of generality, we assume
that e(x) C d(x). Note that in this general framework, there is no loss of generality
in taking U 2r’. Also, by appropriate choice of e(x), we can model situations in
which we have enabling/disabling control over some events only at certain states. In
parts of the next section, we will use this general framework. In the remainder of this
paper, however, we assume the slightly more restrictive framework of [19] in which
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there is an event subset (I) c such that we have complete control over events in
(I) and no control over events in (I), the complement of (I). In this case, we can take
U 2 and e(x) d(x) V-.

The set .., which we term the tracking alphabet, represents events of interest
for tracking purposes. This formulation allows us to define tracking over a selected
alphabet so that we do not worry about listing intermediate events that are not of
direct interest. We use t" * --. =*, to denote the projection of strings over into
*. The quintuple A (G, f, d, e, t) representing our system can also be visualized
graphically as in Fig. 1.2, where the first symbol in each arc label denotes the event.
We mark the controllable events by :u and tracking events by !.

We use several basic notions. First, given Q c X, we use R(A, Q) to denote all
the states that can be reached from Q in zero or more steps (so that Q c R(A,x)).
Second, there is the notion of liveness: A DEDS is alive if d(x) is nonempty for all x.
We will assume that this is the case. A third notion that we need is the composition
A12 A1 A2 of two automata As (G, f, d, e, t), which share some common
events. The dynamics of the composition are specified by allowing each automaton
to operate as it would in isolation except that when a shared event occurs, it must
occur in both systems. Note that our manufacturing system can be described by the
composition of the four automata in Fig. 1.2, with shared events capturing the fact
that a task cannot begin if a board is not available.

Central to our work is the notion of stability studied in [16] (see also [17]). Let E
be a given subset of X. We say that a state x E X is E-prestable if every trajectory
starting from x passes through E in a bounded number of transitions. The state
x E X is E-stable if every state reachable from x is E-prestable, and the DEDS is
E-stable if every x X is E-stable. Note that E-stability for all of A is identical to
E-prestability for all of A, and that this condition guarantees that all trajectories go
through E infinitely often. We refer the reader to [16] for a complete discussion of
stability and for an O(n2) test for E-stability of a DEDS.

In [16] we also study state feedback laws of the form /4 X - U, where the
resulting closed-loop system is AK (G, f, dK, e, t) with dK(x) (d(x)NK(x))t2e(x).
Generally, we wish to avoid feedback laws so that dg(x) is empty for some x, and
we build this constraint into our notions of stabilization. For example, a DEDS is
E-stabilizable if there exists a feedback K so that AK is both alive and E stable.

For many control problems, such as those considered in this paper, we must
consider compensators that use both current state and event trajectory information.
Such a compensator, which is described by a map C X x* - U, yields a closed-loop
system Ac, which is the same as A but with

(2.3) a[k + 1] e dc(x[k], s[k]) _A (d(x[k]) C(x[k], s[k])) t2 e(x),
where s[k] a[0].., a[k] with a[0] e. Note that this class of compensators is similar
to the class of supervisors introduced in [19], although, by allowing dependence on the
current state, we can achieve a somewhat richer class of behaviors. Note also that we
can always write Ac as a DEDS with an expanded (and possibly infinite) state space
to realize the dynamics inherent to the map C. As we will see, for our purposes, we
can restrict attention to finite state compensators.

In the following, we also use well-known notions of dynamic invariance [16], [18]"
A subset Q of X is f-invariant if f(Q, d) c Q, where f(Q, d) [JxQ f(x, d(x)). If

On occasion, we will construct auxiliary automata for which we will not be concerned with
either control or tracking. In such cases, we will omit e and from the specification.
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V C X is f-invariant in A, we denote the restriction of A to V by AIV. We say that
a subset Q of X is (f, u)-invariant if there exists a state feedback K such that Q is

f-invariant in AK. However, recall that, in general, we must also preserve liveness.
Thus we say that a subset Q of X is a sustainably (f, u)-invariant set if there exists
a state feedback K such that Q is alive and f-invariant in AK. Also, given any set
W C X, there is a minimal (f, u)-invariant subset V of W with a corresponding
unique minimally restrictive feedback K.

Note that, if there exists a cycle in A that consists solely of events that are not
in .=., then the system may stay in this cycle indefinitely. It is not difficult to check
for the absence of such cycles, and we assume that this is the case. On occasion, we
use the image automaton that keeps track of the state only after the occurrence of
tracking events. The state space yt of this automaton consists of the union of the set

Y1 of states that can be reached by tracking events and the set Y of states to which
no events are defined (Y captures possible start-up behavior). Let r -IYtl.

It is useful to phrase questions concerning event trajectories in terms of languages
[4]. Let L be a regular language over a finite alphabet and let (AL, xo) be a minimal
recognizer for L. Given s pqr for some strings p, q, and r over E, where p is a prefix
of s and r is a suffix of s, we use s/pq to denote r, and we say that q is a substring of
s. Finally, we will use the notion of a complete language: L is complete if (a) every
s E L is a proper prefix of some other r E L (so that all trajectories have unlimited
extensions), and (b) L is prefix-closed (so that all initial segments of a trajectory are
in L). Note that, for a complete language, all strings generated by the recognizer
(AL, xo) are in L (so that all states are "final" [4]).

3. Tracking. In this section, we first present our notion of tracking and present
an algorithm for computing the supremal collection of strings that can be tracked.
Later in this section, we present our notion of eventual tracking, which is an extension
of our notion of stability. Specifically, we consider the tracking of desired strings after a
transient period of a finite number of transitions. For the system A, we will assume the
more restrictive framework of Wonham and Ramadge, i.e., that an event controllable
at some state is controllable at all the other states. However, various automata that
we define in computing trackable strings will belong to the more general framework
in [16]. Furthermore, to simplify our presentation of these notions, we will assume
that c .=., i.e., that all controllable events are also in the tracking alphabet.

3.1. Trackable languages. We define tracking as being able to restrict the
system behavior so that the automaton starting from the current state must generate
a desired string:

DEFINITION 3.1. Given x X, a string s ..* is trackable from x if we can find
a compensator C:X E* --. U such that Ac is alive and t(L(Ac, x)) C s*.

As an example, consider the system in Fig. 3.1. Any string in (a).* is trackable
from 0, and a compensator for tracking all such strings can be defined by C(0, )
{a},C(1, a) {},C(3, a) {},C(0, a) {a}, and so on. As seen in this
example, if a string is trackable, then a compensator for tracking it can be constructed
easily. Specifically, this compensator should only enable the next event in the string
that we wish to track. In the context of manufacturing systems, this notion would be
useful in checking if a part can be manufactured at all by the system. In our example,
it is obvious that, for example, the second board can be manufactured since the task
sequence 1,3,2 can be "tracked." However, realistically, in a complex system it may
not be so obvious if a certain board can be manufactured at all.
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FIG. 3.1. Simple example.

DEFINITION 3.2. A language L is a trackable language from x if it is complete
and if each string in L is trackable from x.

The class of trackable languages is closed under arbitrary unions, and we let
LT(A,x) denote the supremal language trackable from x. On the other hand, the
class of trackable languages is not necessarily closed under intersections since the
intersection of two complete languages L1 and L2 is not necessarily complete, even
though it is prefix closed. However, we can construct the supremal complete sublan-
guage of the intersection. Let the function X 2=* - 2* denote removing all the
strings, in a given language L, that have no infinite extensions in L, i.e.,

x(L) {s e L s has an infinite extension in L}.

Then x(LI 3 L2) is a trackable language.
Given some x E X, let us examine the properties of LT(A,x): First, the first

event of a string s LT(A, x) must be defined at some state that is reachable from x
by events in ; i.e., it must be in the set

dr(x) d(R(A],x)) 3 =

In Fig. 3.1, the first event of a string in LT(A, 1) may be either or 5.
Second, the first event of s, say T, must be trackable from x. We now characterize

the set 1T(X) of such events (i.e., the strings of length 1 in LT(A, x)). Let e (x) be the
set of events in dr(x) that are either uncontrollable, or events such that, if an event
in this set is disabled, then some state in R(AIS x) is no longer alive; see below:

(3.3) et(x) (dr(x)3-)U {" e dt(x)13y e R(AI,x such that d(y) {T}}.

For example, in Fig. 3.1, et(1) {/}, and e is the empty set for all other states. Note
that, if et(x) contains more than one event, then we cannot track any event from x,
and if it contains one event, then we can only track that event from x. Finally, if e (x)
is empty, then we can track all events in dr(x) from x. Thus we have the following
proposition.

PROPOSITION 3.3. It holds that 1T(X) {T dt(x)]{T} [J et(x) {T}}.
For example, in Fig. 3.1, /T(1)=
After some T e 1T(X) is tracked, the automaton is in some state in ft(x, T)

f(R(AI.., x), T). Consequently, the remaining part of the string that can be tracked,
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with T as prefix, must be trackable from all these states. Thus we have the following
implicit characterization of LT(A, x).

PROPOSITION 3.4. It holds that LT(A,x) U’relT(x) T(Nyeft(x,’r) LT(A, y)).
To solve this equation, we construct an automaton A (G, ff, dt, e, 1), where

G (Y,F.,F., U) and 1 is the identity map. For the system in Fig. 3.1, A is
illustrated in Fig. 3.2. Recall that, if e(x) contains one element, then we can only
track that event from x. In this case, let

K’(x) 0 if e (x) O,
(a.4)

d (x) otherwise

In Fig. 3.2, K’(1) 0, since et(1) (thus 5 is disabled at state 1), and K’(0)
{a,/}, g’(2) {a}. Also, recall that, if et(x) contains more than one event, then we
cannot track any event from x. Let DT represent such states, i.e.,

DT {x e Yle(x) >_ 2}.

To be able to track complete languages, we must avoid DT, while preserving liveness.
Thus let V be the maximal sustainably (f, u)-invariant subset ofT in A:, and let
Kv be the associated minimally restrictive feedback. In Fig. 3.2, V is all of the states.
Finally, let g(x) gy(x)V g’(x). Note that, for x e V, all the events in dtg(X) are
trackable from x, i.e., 1T(X) dtg(X).

FIG. 3.2. The automaton A .for Fig. 3.1.

LEMMA 3.5. If X E Ytg F, then LT(A,x) O. If x V, then LT(A,x) C
n(Atg, x).

Proof. The proof is straightforward, v1

To compute LT(A, x), let us first focus on the case in which AtKIV is deterministic.
In this case, since 1T(X) dtg(X) for all x e V, then, for any x e V, the language
generated from x in A: is certainly trackable from x, and, in fact, it is the supremal
such language.

PROPOSITION 3.6. If AtK]V is deterministic, then for all x V, LT(A,x)
L(AtK, x). Furthermore, for all x e YtV Y, LT(A, x)= .

Proof. The proof is straightforward using Lemma 3.5 and the fact that, for all
x e Y and T e dtK(X), f((x, T) is single-valued. [:]

To complete the picture when AtglY is deterministic, we must construct LT(A, x)
for the states x in t. Let us first seek any such x that is also in R(AI V). That
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is, there exists y E V such that x can be reached from y without the occurrence
of tracking events. Consider then any T 1T(X). By definition, if(x, T) C yr.
Furthermore, if(x, T) C if(y, T). Thus there are two possibilities. Either if(y, T) is
contained in V, or it is not. If it is, then, since K is a minimally restrictive feedback
and since ArK IV is deterministic, if(x, T) if(y, T) a single element of Y. If
if(y, T) is not contained in V, then the feedback K must disable this event to achieve
invariance for V. Thus we must also disable this event at x.2 Thus, if we define

(3.6) e e v},

then

(3.7) LT(A,x) U TLT(A, If (X, T)),
rEly(x)

which allows us to compute LT(A,x) from LT(A,y), y V. Next, suppose that
x

_
R(AIE V) and take any T 1T(X). Again, there are two possibilities: either

if(x, T) C V or if(x, T)

_
V. Consider the second possibility in which we know that

T

_
LT(A,x). There are two cases here: either T e e(x) or T

_
et(x). In the first of

these, we cannot disable T, and thus LT(A, x) . In the latter, we simply disable T.

Consider next the possibility if(x, T) C V. There are two cases here as well: either
Iff(x, T)I- 1 or Iff(x, T)I > 1. In the former case, we know that

(3.8) LT(A,x) D TLT(A, if(x, T)),

and indeed, if only this case occurs, LT(A,x) is given as in (3.7). However, if
[ff(X,T)[ > 1 for some T, we have a situation exactly as in the nondeterministic
case: essentially, we must intersect the languages TLT(A, y) for all y if(x, T). As
this procedure is embedded in the fully nondeterministic case, we describe this case
next.

If AtK[V is nondeterministic, we first construct a deterministic automaton O over
subsets of V such that, for each state of O*, the events defined at are given by the
intersection of the events defined at each element x E 5. In particular, we construct
an automaton 0 (Ft, wt, vt) over the states 2v with

U Y’(z,

(3.10) vt(&) N (dr(x) n K(x)) U et(x).

These dynamics can be defined with all of 2V as the state space. Since we will only
use particular initial states, we can restrict attention to the reach of these states under
these dynamics. Specifically, we take the state space Z of 0 to be

(3.11)
Zt= R(Ot, {2 e 2vl {x} and x e V,

or if(x, T) for some x e ,T e lT(X)}).

Figure 3.3 illustrates 0 for the automaton in Fig. 3.2. Note that /T(3) {} and
St(3, ) {2}.

2 The existence of the feedback K, in fact, guarantees that T can be disabled while preserving
liveness.
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FIG. 3.3. The automaton 0 for Fig. 3.2.

Let Dz be the set of dead states in Zt, i.e.,

(3.12) Dz {& e Zt[vt(&)= };

let Z/ be the maximal sustainably (f, u)-invariant subset of z; and let K be the
associated minimally restrictive feedback. Then, we have the following result, where

{xl{x) e
PROPOSITION 3.7. Given x E Zs,

LT(A,x) L(Otg,,

Given x yt N 8,

LT(A, x) O.

tFinally, given x let

then

LT(A, x) U TL(OtK*’ ft(x’ T)).
’()

Note that, if lT(X) O, then LT(A, x) O.
The proof of this result is straightforward. Because of the nondeterminism, we

must ensure that, for any prefix of a trackable string, the corresponding suffix is
trackable from all states that can be reached by applying the prefix. The dynamics
w defined via a union (3.9), and the allowable event function vt, defined via an
intersection (3.10), capture this exactly. A dead state & Dz then corresponds to a
set of states such that no event is trackable from all elements of &, and thus we must
avoid these states and confine the dynamics to Z. For any singleton element of Z/,
i.e, any {x} Zb, it is then easy to compute LT(A, x). For any other singleton that
can be reached by a trackable event, i.e., x yt N-28, we know that the trackable

Ftlanguage is empty, since we have started outside of Z. Finally, for x E the
only trackable events are those that drive x completely within Z, i.e., lT(X), and
from there we can compute the suffixes of the trackable strings from x using the
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dynamics evolving within Z/. Finally, as we have commented earlier, constructing
a compensator for tracking any s E LT(A, x) is easy: We just enable the next event
that we wish to track, given the string that has already been tracked.

The complexity of computing LT(A, x) for all x is quadratic in IZtl. However, as
with the cardinality of the state space of an observer [13], IZtl may be exponential
in IVI, and thus computing LT may have exponential complexity in IVI. In [13] we
provide some bounds on observer state space size and give examples showing that
in many cases the actual observer state space size may be considerably smaller than
the worst case exponential bound. Similar analysis can be performed in the present
context, and indeed the bounding procedure of [13] can be used to compute a bound
on the size of the recurrent part of Zt. Refer to [10] for an example illustrating both
our procedure for computing LT(A, x) and the worst-case bound using an adaptation
of the example used for analogous purposes in [13].

3.2. Eventually trackable languages. A straightforward generalization of the
notion of tracking is a notion of tracking a given string in a finite number of transitions.
For example, in Fig. 3.1, (c)* is trackable from state 2 in one transition, namely,
after the occurrence of a. We term this a notion of eventual trackability. In the
following definition, (.=. U {})m denotes the set of all strings, over .=., of length at
most nt, where e denotes the "null" string.

DEFINITION 3.8. Given x E X, a string s ..* is eventually trackable from x if
there exists an integer nt and a compensator C X E* - U such that Ac is alive
and t(L(Ac, x)) c ( U {e})ms..*. A language L is eventually trackable from x if it
is complete and if each string in L is eventually trackable from x.

Similar to the class of trackable languages, the class of eventually trackable lan-
guages is closed under arbitrary unions, and the supremal complete sublanguage of
the intersection of two eventually trackable languages is also eventually trackable. Let
LET(A, x) denote the supremal language eventually trackable from x.

As stated in the following, if a state x is E-prestabilizable for some E, then any
string trackable from all states in E is eventually trackable from x. For the example
in Fig. 3.1, 2 is {0, 1}-prestabilizable, and ()* is trackable from both 0 and 1.

LEMMA 3.9. Given x X and E C X such that x is E-prestabilizable,

(,) ( (,).
yEE

Proof. The proof is straightforward.
Conversely, suppose that some string s is eventually trackable from some state

x, and let Es be all the states from which s is trackable. Then x must be Es-
prestabilizable, since, otherwise, a trajectory from x may cycle arbitrarily through
states from which s is not trackable.

Given x, let E be the set of all sets E C X such that x isPROPOSITION 3.10.
E-prestabilizable. Then

x) [.J
EEEyE

Furthermore, for all x X and s LET(A,x), nt

_
r yr.

Proof. The proof is straightforward. To prove the second statement, note that
nt can be chosen as the maximum number of tracking events on any trajectory from
some x E X to E. Since r is the cardinality of yt, it is an upper bound on nt.
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We obtain a slightly tighter formula for LET(A, x) as follows. Let Y C X (with
r -IYI) be the set of states from which at least one tracking event is defined, i.e.,

(3.13) Y’

COROLLARY 3.11. Given x, let E be the set of all sets E c Y such that x is
E-prestabilizable. Then

[J
E’E’ YE

Proof. () The proof is trivial by the above proposition.
() Let s E LET(A, x), and let E C X be a set so that x is E-prestabilizable and

s LT(A, x) for all x’ E. Next, let

E’ R(AI E) N Y’.

Thanks to our assumption that it is not possible for A to generate arbitrarily long
sequences of events in .=., E is E-prestable. Thus x is E-pre-stabilizable, and E E.
Also, since all events in .. are uncontrollable, s LT(A, y) for all y E. Therefore
s JE,eE’ yE’ LT(A, y).

To compute E, we must check, for each subset E of Y, if x is E-prestabilizable.
Thus computing LET(A,x) has complexity exponential in r. However, testing if a
string s is eventually trackable (from some state x) may or may not have exponential
complexity, depending on the complexity of the state space of O, since all we must
do is to compute the set of states in Y from which s is trackable and test if x is
prestabilizable with respect to this set. For example, (()* is trackable from 0 and 1
in Fig. 3.1. Since 2 is (0, 1}-prestabilizable, (/c)* is eventually trackable from 2. In
fact, both (()* and ()* are eventually trackable from all the states.

4. Restrictability. In this section, we first address the problem of restricting the
output behavior of a system to a given language, representing a slight generalization
of the notion of controllable languages in the Wonham and Ramadge framework as
we also consider arbitrary initial states. Next, we present the concept of eventual
restrictability and stable restrictability, which allow us the flexibility of restricting the
behavior after a finite number of transitions. Finally, we present and analyze a notion
of reliability that allows us to model failure or error events and to test if the system
can be made to recover following the occurrence of a burst of errors. Throughout this
section, we consider the general setting in which (I) need not be contained in

4.1. Basic notion. Given a complete language L over .. and a state x, our
notion of restrictability is defined as the ability to control the system so that all the
trajectories generated from x in the closed-loop system are in L.

DEFINITION 4.1. Given x X and a complete language L over .., x is L-
restrictable if there exists a compensator C X E* -- U such that the closed-loop
system Ac is alive and t(L(Ac, x)) C L. Given Q c X, Q is L-restrictable if all
x Q are L-restrictable. Finally, A is L-restrictable if X is L-restrictable.

The class of L-restrictable sets is closed under arbitrary unions and intersections.
Let XL denote the maximal L-restrictable set. To compute XL, we first construct a
recognizer for L and then formulate the problem of restrictability as one of stabiliz-
ability of the composite of this recognizer and A. In the rest of this section, we present
this approach and establish connections to the work of Wonham and Ramadge.
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Let (AL,xo) be a minimal recognizer for L and let ZL denote its state space.
Let A be an automaton that is the same as AL, except that its state space is

ZL ZL U {b}, where b is a state used to signify that the event trajectory is no longer
in L. Also, we let d(x) .=. for all x e Z, and

(4.1) fL(X,a) fL(X,a) if X b and a e dL(x),
( {b} otherwise.

As an example, consider the system illustrated in Fig. 4.1(a), which is identical to
an example in [22]. We have two simple automata, each of which can be thought
of as a machine in a manufacturing system. Each of these machines has two states
so that state 0 corresponds to being idle, and 1 corresponds to working on a part.
Event c (respectively, ti) signifies that the first (respectively, second) machine started
working, and event (respectively, ) signifies that the first (respectively, second)
machine is finished with the part. Events ( and 5 are assumed to be controllable.
Their composition, which models all the behavior that can be generated by the two
machines, is illustrated in Fig. 4.1(b). Suppose that the first machine feeds the second
one (i.e., after the first machine is finished with a part, the second one starts working
on it), and suppose that there is a buffer of size one between the two machines. Our
goal is to design a compensator such that the buffer never overflows; i.e, at any given
time, there can be at most one part in the buffer. This implies that the set of strings
that we wish to allow must have and ti alternate. A recognizer for this language,
and, in fact, the automaton A with the initial state 0, is illustrated in Fig. 4.2, where
we have taken .=.- {, i} as the tracking alphabet.

o)
{a} }

FI(. 4.1. Example for restrictability.

Let ALA denote the composite A A and let

ELA {(x,y) e xLAIx b}.

For example, Fig. 4.3 denotes the composite of the automata in Figs. 4.1(b) and 4.2,
where the first component of the labels of each state represent the state of A the lastL’
two represent the state of A, and transitions defined at states with the first component
equal to b have been ignored for simplicity. Note that ELA is the set of all states that
do not have b as their first component.
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FIG. 4.2. Automaton AL

FI(. 4.3. Composite of A and AL

Given Q c X, let I(Q) denote the maximal sustainably (f, u)-invariant subset of
Q and let KI denote the associated minimally restrictive feedback. Then we have the
following proposition.

PROPOSITION 4.2. A state x X is L-restrictable if and only if (xo, x)
I(R(ALA, (xo, x) V) ELA ). Furthermore, a compensator for restricting the behavior of
x to L can be constructed using the closed-loop automaton ALA (G, f d) and theK
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initial state (xo, x) as follows:

d’((xo, x)) if s e,
L(ALAC(y,s) d’(f’((xo, x),s)) if s e g (Xo, X)),

don’t care otherwise.

Proof. The proof is straightforward by assuming the contrary in each
direction.

In Fig. 4.3, if we disable at 000 and 010, and a at 100 and 101, then we see that
all the states of A are L-restrictable.

The compensator C is implemented as follows: Given the initial state, x, of A,
we initiate ALA at (x0, x) The compensator is simply the set-valued function of thegI

present state of ALA given in Proposition 4.2gl

Finally, the following result presents a straightforward construction for XL.
PROPOSITION 4.3. We have that XL {x E Xl(xo,x I(R(ALA, SL))}, where

SL {(x0, x) e xLA}, and the complexity of this computation is O(IxLAI2
Proof. The proof is straightforward. Since the complexity of computing I(Q) is

quadratic in the cardinality of the state space, the total complexity is O(IxLAI2 (see
[16]).

In our board manufacturing example, our objective is to follow the specified sched-
ule that corresponds to restricting system behavior to LBM, the prefix closurea of L.
It is not difficult to check that some of the states of the system of Fig. 1.2 are re-
strictable with respect to LBM. In particular, let the quadruple of the states of Wl,
W2, B1, and B2 represent the state of the composite system. Then Fig. 4.4(a) repre-
sents the closed-loop system after restricting the behavior from state (0, 0, 1, 1). (For
simplicity in this figure, intermediate states are not shown explicitly, but the end of
each transition terminates at a state.) Note, for example, that initially, only $2 is
enabled, since enabling $1 could lead to F1, which would overflow B1, and enabling
$3 could lead to F3, which would overflow B2.

We can now relate our results to the notion of controllable languages of Wonham
and Ramadge. We refer the reader to [19] for definitions. ISpecifically, let all events
be tracking events (i.e., let .=. E), let L be the specified legal language, and let some
x X be the given initial state of A. Then Proposition 4.4 follows.

PROPOSITION 4.4. L(ALAgi xO, X) is the supremal controllable sublanguage of the
legal language L.

Proof. This is straightforward to check from the definitions in [19] and the fact
that KI is minimally restrictive.

As an example, if the initial state of the system in Fig. 4.1(b) is 00, then the
supremal controllable sublanguage of L is the language generated by state 000 in Fig.
4.3 with 5 disabled at 000 and 010, and c disabled at 100 and 101, as before. This
compensator is also the same as the one computed in [22] for this example.

As a final comment, note that, from the development in 3, it might be expected
that we would have presented results on "maximal" or "minimal" restrictable lan-
guages. These concepts, however, are trivial: The maximal language to which we can
restrict behavior is obviously .=.*, while a number of minimal restrictable languages
are possible. For example, if e(x) , disable all controllable events at this state;

3 This allows for the fact that we may be in the middle of one of the sequences in Ls in (1.1),
which certainly is consistent with our desire to follow the schedule.
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(a)
F F

(0,0,1,1) S
F F

(b)

(0,0,0,0)

F

F

FIG. 4.4. Part of the closed loop system for the compensated board manufacturing example.

if e(x) 0, disable all but one controllable event. Thus, in this context, it is more
meaningful to fix L and consider the questions we have addressed here.

4.2. Eventual restrictability and stable restrictability. As noted in the
preceding section, some of the states in the manufacturing system of Fig. 1.2 are LBM-
restrictable. Others (such as (0,0,0,0)) are not. However, for such states, it is possible
to design control rules so that we do begin to follow the desired schedule after a short
initial set-up transient. This provides the motivation for a natural generalization of
our notion of restrictability. For example, consider the system in Fig. 4.5, where

E, and suppose that L (( +/5)*. The automaton A is illustrated in Fig.
4.6 and the automaton ALA is illustrated in Fig. 4.7, where the transitions defined at
state b0 have been ignored for simplicity. Note that 0 is L-restrictable, whereas 1 is
not. However, if the system starts in state 1, the next transition takes state 1 to state
0, and the language generated from that point on can be restricted to L. We term
this eventual restrictability.

FIG. 4.5. Example for eventual restrictability.

DEFINITION 4.5. Given x E X and a complete language L over , x is eventually
L-restrictable if there exists an integer na and a compensator C X E* U such
that the closed-loop system Ac is alive and t(L(Ac, x)) c ((_J{})naL. Given Q c X,
Q is eventually L-restrictable if all x E Q are eventually L-restrictable. Finally, A is
eventually L-restrictable if X is eventually L-restrictable.
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F,G. 4.6. Automaton AL for L (a/ 4- [5)*.

5:U,y:U

Fie. 4.7. Composite of A and AL for the eventual restrictability example.

The class of eventually L-restrictable sets is closed under arbitrary unions and
intersections, and thus it has a maximal element XEL. A set closely related to XEL
is XSL, the maximal XL-prestabilizable set, i.e., the set of states that can be driven
into states from which L-restrictability can be achieved. The advantage of considering
XSL is that it is easy to compute and (directly from the results on prestabilizability
[16]) for states in XSL na

_
r and the computation of XSL has complexity O(n2).

DEFINITION 4.6. Given x E X and a complete language L over E, x is stably
L-restrictable if x is XL-prestabilizable. Given Q c X, Q is stably L-restrictable if
all x E Q are stably L-restrictable. Finally, A is stably L-restrictable if X is stably
L-restrictable.

A compensator for stable restrictability can be constructed by using two compen-
sators in tandem: The first one is a state feedback that prestabilizes A with respect to
XL. The second one is the compensator of Proposition 4.2 for restricting the language
generated by x to L, where x is the element of XL that the trajectory first visits.

One natural question that arises concerns the relationship between XEL and XSL.
Clearly, XEL XSL, and, in fact, for many systems and languages the two sets are
equal (in particular, this is true if A is stably L-restrictable). For example, it can be
verified that our computer board manufacturing system is stably LsM-restrictable,
and Fig. 4.4(b) illustrates part of the closed-loop system that ensures that (0, 0, 0, 0)
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reaches (0, 0, 1, 1) in a finite number of transitions. However, as first shown in [5],4
there are systems and languages for which XEL XSL and, in some of these cases,
the length na of the initial transient until we begin strings in L need not be bounded
by r and can be quite long.

While it is beyond the scope of this paper to present a full investigation of the
relationship between XEL and XSL and conditions under which they are equal (or at
least na is small), we can make a few remarks concerning this issue. A simple example
adapted from [5] is given in Fig. 4.8, where all events are tracking events and no event
is controllable. If we let L * + aka*5 for some fixed but arbitrary integer k,
then XL { 1 }, XEL {0, 1}, XSL {1}, and na k. Note that, if L were taken as
*, then XEL XSL {1}, while, if L were aka*5*, then XEL and XSL are both
empty. The difficulty thus appears to be related to the interaction between the two
components of L together with the long prefix aka*fl of one of these components.
Some of these difficulties are removed if we restrict our attention to a subclass of
languages corresponding to the successive completion of a sequence of "tasks," i.e., to
languages of the form (L]) *c, the prefix closure of the language of all concatenations
of strings in the finite set Lf {wl,..., w,} (note that this is exactly the form of
LBM (Ls) *c for our manufacturing example).

FI(. 4.8. Example illustrating the bound on na for L 5" + aka*5*.

Restricting ourselves to languages of this form does eliminate the situation de-
picted in Fig. 4.8, but it is not sufficient to guarantee that XEL XSL. For ex-
ample, consider the system in Fig. 4.9, where all events are tracking events and no
event is controllable. If L (Lf) *c with L {,a,,, #}, then-na 1 and
XL XSL {0, 3}, but XEL {0, 1, 2, 3}. One of the difficulties in this case is that
there are ambiguities in the parsing of strings that are eventually in L. For exam-
ple, the string a3a3 can be given the following two parsings: (1) two occurrences of
wl a; or (2) an initial prefix of c, an occurrence of w2 =/3a, and the initiation
/3 of either another occurrence of w2 or an occurrence of w4 3. While a complete
answer to the constraints on LI under which XEL XSL for L (LI)* remains
open, there are some sufficient conditions that guarantee this. We present here one
such condition, which, on the one hand, is more restrictive than necessary, but, on
the other hand, is easily interpreted and should not be an unreasonable assumption
in many applications.

FIG. 4.9. Example illustrating unequivalent XEL and XSL.

4 We are grateful to the authors of [5] for pointing out this subtlety to us.
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PROPERTY 4.7. A set of strings Lf has the unique parsing property if, for any
string s E ..*, either s possesses no substring that is an element of Lf, or there is a
unique way in which to write

8 plwilp2wi. pmWi.Pm+l,

where wi,..., wi, are (not necessarily distinct) elements of LI, and none of the
strings Pl,’",Pm+I contains a substring that is an element of Lf.

Note that, in general, this property need not be an easy one to check. There are,
however, a number of important necessary conditions for this property to hold. In par-
ticular, no element of Lf can be a substring of another, and no prefix of one element of

LI can be a suffix of another (so that no word can be a cyclic permuattion of another).
Note further that this condition does not hold for our manufacturing example, since
the string FIF2F3F4F1F2F3F4F1 can be thought of either as the word FIF2F3FaF1
in Ls followed by the string F2F3F4F or as the string FF2F3Fa followed by the
word FF2F3F4F in Ls. One simple condition under which this property does hold
is if there is either a unique special element of that only appears at the end of each
element of LI, indicating "task completion" (or, equivalently, a special element that
appears only at the start of each element of LI, indicating "task initiation"). For ex-
ample, in our manufacturing example this would correspond to a simple modification
to include explicitly a final event in each element of L corresponding to transferring
the completed pair of boards to the final inspection station.

PROPOSITION 4.8. Let L (LI) *c, where LI {w,... ,Wm} has the unique
parsing property. Then XEL XSL.

Proof. As shown in [5], there is in general a (very large) upper bound on na and
a finite-state compensator C such that t(L(Ac, x)) C (.=. t3 {e})nan for all x XEL.
Suppose that XEL XSL and take any x0 in XEL \ XSL the complement of XL
in XEL. Thanks to unique parsing, any state reachable (in Ac) from a state in XEL
must also be in XEL SO that f(xo, s) C XEL for any s L(Ac, xo). Furthermore,
since xo XSL, we can find a state path of arbitrarily long length beginning at x0
that does not enter XSL. By the finiteness of the composition of A and C, there
then must exist a string in L(Ac,xo) that produces a cycle in the composite that
stays in XEL \ XSL. That is, we can find a string p and s so that ps* C L(Ac, xo),
corresponding to a path completely within XEL \ XSL, where s represents the string
of events around the cycle. Since xo XEL and since na is bounded, for k sufficiently
large, t(psk) contains a suffix in L. Let us first examine the case when t(s) does not
contain a substring in LI. Then, thanks to eventual restrictability and to the finite
length of words in LI, we know that, for k sufficiently large, we must encounter strings
of the form

p8
k p UlWil Wi2 WimVmq_l

where
(i) w vsu+,
(ii) t(w) e Lf,
(iii) nj is a nonnegative integer,
(iv) s uivi for i- 1,...,m

(see Fig. 4.10). Since s is a finite string and Lf is a finite set, it must be that, and
such that, for some k and some < m,

(4.4) wi, wi..
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In this case, since v, vt and s utv, we see that

(4.5) WilWil+l Wim_l VlSnllll+l Vm--18nm-lUl (TN,

where a vu and N n +... + nm-1 + m 1. Note that (1) a is simply a cyclic
permutation of s, so that a E L(Ac, y) for some y XEL \ XSL on the cycle, and
(2) t(aN) is precisely a concatenation of strings in Lf. In the other case in which s
contains a substring in Lf, we can still obtain a parsing as in (4.3) with the second
condition changed to the statement that there exists a finite integer r > 0 so that
t(wij) (LI)r (here we can take r as any integer greater than the ratio of the length
of s to the length of the shortest element of LI). Then, because of the finiteness of
(LI)r, we can again find < m, so that (4.4) and (4.5) hold, and thus so that the
same two conditions hold for a and y.

s s s

Isnll In21
u2v2sl, u3p uv

!

W. W.
12

FIG. 4.10. The parsing of psk.

Consider then this state y. Since y XL, there is some string d L(Ac, y) such
that t(d) is not in L. However, (aN)*d C L(Ac, y). By unique parsing, since aN is
a sequence of elements of LI, t[(aN)kd] cannot be an element of L for any k, since

t(d) L. On the other hand, since y XEL such strings must be in L as they are the
suffixes of words of arbitrarily long length in t[(aN)*d] This establishes a contradiction
to the assumption that XEL \ XSL is nonempty. D

As we have indicated, the complete characterization of the relationShip between
XEL and XSL remains open. Several other less restrictive conditions on the structure
of L are known that guarantee XEL XSL, but none of these appear to have as
simple and reasonable interpretation as Property 4.7. Completely open is the question
of conditions on the automaton A (rather than the language L) that guarantee XEL
XSL. However, while these represent interesting research questions, it is our opinion
that XL is a more meaningful object to begin with, since in essence for x XEL\XsL
eventual restrictability happens in a sense by "accident." In contrast to x XSL,
we explicitly drive the system to XL at which point we know that generation of
strings in L commences. Thus, as briefly discussed in the 5, it is the notion of
stable restrictability that plays a central role in [11] in our development of a theory
of hierarchical aggregation based on the concept of task completion.

4.3. Reliability. Our final generalization of restrictability is very similar to the
notion of resiliency introduced in [12]. Specifically, we allow a set of failure events and
require that following a burst of failures, the system generates strings in L within a
finite number of transitions after the burst ends. For example, in our manufacturing
system, suppose that parts are detected to be defective as a kanban box arrives at W2.
In particular, suppose that this "failure event" happens immediately after $2 occurs
from state (0,0,1,1) in Fig. 4.4(a). Then we would essentially observe a transition
to state (2,0,0,0), since B1 suddenly becomes empty while W2 is still idle. To start
production again, our goal at this point is to reach state (0,0,1,1). Note that we can
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stabilize (2,0,0,0) with respect (0,0,1,1), since all we must do is wait until T2 finishes
and the state transitions to (0,0,0,0), which we know is stable. Thus, in this case,
we can recover from the initial failure within a few steps. We capture this recovery
procedure as follows: To be consistent with our current framework, let us decompose.. into tracking events t and failure events I (instead of defining a new alphabet).
A natural assumption is that no event in I is controllable (since, otherwise, we can
just disable them). Given an integer _> 1 and s E L(A, x) for some x E X, we say
that s is a failure sequence with at most failures if both the first and the last events
of s are in I and at least one but at most i events of s are in I" We define reliability
as follows. (We build this notion on the notion of stable restrictability.)

DEFINITION 4.9. Given x X, a complete language L over .=.t, and an integer
>_ 1, x is i-reliably L-restrictable if x is stably L-restrictable in AIf and there exists

a compensator C X * - U such that the closed-loop system AclSI is alive.
Also, for all failure sequences s L(Ac, x) with at most i failures, f(x, s) is stably
L-restrictable in AcI.=.I. Given Q c X, Q is i-reliably L-restrictable if all x Q are
/-reliably L-restrictable. A is i-reliably L-restrictable if X is/-reliably L-restrictable.

The class of/-reliably L-restrictable sets is closed under unions and intersections.
(:Let X denote the maximal /-reliably L-restrictable set, and let X i=1 X.

Note that X XSL, where XSL is defined for AII. The following proposition is
immediate.

PROPOSITION 4.10. The sets XR are nested, i.e.,

c

and, ifX+1 X, theist XJR xiR for all j >_ including
It remains to describe a recursive procedure for computing X} beginning from

X. Let Yi, for integers i > 0, denote the set of states x such that either no failure
events are defined at x or all the failure events take x to a state in X, i.e.,

(4.6) yi {x e Xldl(x q) or for all a e dl(y), f(y, a) c X},
where dl(x d(x) I" Note that yi+l C yi.

Consider then what it means for a state x e X to be 1-reliably L-restrictable.
First, we must have that x X. Second, we must have that any state that can
be reached from x with one failure event must be stably L-restrictable with failure
events turned off. To be precise, define

(4.7) n(A,x) {s e n(A,x)l only the last element of s in

Thus L(A,x) are the possible event trajectories leading up to and including the
first failure when we start in x. Then we must have, for any s LI(A,x), that
f(x, s) C X. Note that this implies that all of the states along any trajectory from
x to f(x, s) must lie completely in Yo. Thus let X denote the maximal sustainably
(f, u)-invariant set in y0 and let K denote the associated feedback. Then we have
Lemma 4.11.

LEMMA 4.11. We have that X R, the maximal stably L-restrictable subset of
X in Ago

Proof. That X is contained in R is clear from the preceding argument. To show
the opposite inclusion, take any x E R. Then we can find a compensator such that,
with x as initial state, only strings in L are allowed in the closed-loop system (with
failure events turned off), and the trajectories stay in y0. Then, following a failure
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event, the system can only make a transition to a state y that is stably restrictable,
and thus we can restrict the language generated from y to L within a finite number
of transitions. Therefore x is 1-reliably L-restrictable.

Note that, from the argument preceding the lemma statement, we might conclude
that X is simply X r X. However, in making X invariant, we have applied
feedback K, and this may then restrict what further feedback can be applied to
achieve stable restrictability. Thus, in general, X may be smaller than X r X.

Continuing with our construction, let X denote the maximal sustainable (f, u)-
invariant subset in Yi of Alf, and let K be the associated state feedback. Note
that, because of the nesting of the Y, K is compatible with K-1 (i.e., any event
disabled by Ki-1 is also disabled by K). We then have the following proposition.

PROPOSITION 4.12. X+1 is the maximal stably L-restrictable subset of X in

Proof. The proof is similar to the proof of Lemma 4.11. []

Thus the full recursive procedure is the following: (1) Compute X using the
stable restrictability results of the preceding section applied to AI.=.I; (2) Given X,
compute Y from (4.6); (3) Compute X and g using the (f, u)-invariance results
discussed in 2; (4) Compute X+1 using the stable restrictability results applied to
AK I..$. Also, as a byproduct of the above construction, we obtain the following
result.

COROLLARY 4.13. It holds that X XR for some <_ IY’I, where Y’
{xlds(x) 0}.
Thus we can compute X in a finite number of steps, and, in fact, the complexity of
this computation is O(IY’IIxLAI2 ).

FzG. 4.11. Reliable restrictability example: ..t {c,fil, 5,}, --0, ..$ {}.

As an example, consider the system in Fig. 4.11, where t {a, , 5, 7}, 0,
and i {}. Let L =/c*; then X {0, 2} and y0 {0, 1, 3}. Thus X y0,
and K is a trivial feedback that enables all events. Also, X {0}. Thus state 0
can recover from a single failure. However, if the failure occurs at state 2, then a
transition is made to state 3 that is not stably L-restrictable. Continuing, we obtain

X 0. Thus state 0 cannot recover from 2 or more failures.

5. Conclusions. In this paper, we have investigated notions of tracking, re-
strictability, and reliability for discrete-event dynamic systems. We have developed
algorithms for constructing traclble languages, testing restrictability and reliability,
and constructing compensators for stable and reliable restriction of system behavior.
As we have illustrated, the concepts arise naturally in operation sequence control in
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flexible manufacturing systems, and we expect that they will also prove to be rel-
evant in a number of other contexts as well. The work in this paper complements
our stability analysis in [16] in that the notions of eventual trackability and eventual
restrictability lead to particular choices for the set E that we use for stability. In
the case of partial observations, our results in this paper can be combined with our
results on stabilization by output feedback in [14] to address problems of tracking
and restrictability in the context of intermittent observations of events. As we have
shown in [13] and [14], problems of stabilization by output feedback have polynomial
complexity if the observer state space is also polynomial. Since our conditions for
restrictability are also based on stabilizability and since we have seen how to place
the problem of controllable languages of Wonham and Ramadge in our framework,
we see that the reason behind the NP-completeness of this problem [20] in the case of
partial observations is the cardinality of the observer state space. Thus, if, in fact, the
observer has polynomial state space (as it does in many cases [13]), then the problem
of controllable languages for the case of partial observations can also be solved in
polynomial time.

Another major problem of computational complexity in DEDS arises in the case
of interacting automata. If, for example, we have m interconnected subsystems each
with n states, then their composition may have nm states. In this case, it would
be extremely worthwhile to develop methods for obtaining aggregate models for each
subsystem before addressing higher-level problems involving their interconnection.
For example, consider again the manufacturing system of Fig. 1.2. Obviously, the
"event" F1, corresponding to side 1 mounting, involves a sequence of commands for
the surface mount workstation Wl (indeed, there may be several such sequences cor-
responding to mounting several different parts). Thus, at a lower level, we see that we
have a restrictability problem for the control of each of the machines in Fig. 1.2, and
this figure represents a higher-level version of each component system, aggregated to
a level appropriate for the consideration of multi-machine coordination. An obvious
question, then, concerns the problem of constructing higher-level models as in Fig. 1.2
from lower-level descriptions. In [11] we use the notions of restrictability and stable
restrictability presented in this paper to develop such an hierarchical aggregation pro-
cedure based on the idea of transforming restricted event sequences at a lower level to
single "task" events at higher levels. Obviously, we can also imagine performing such
an aggregation procedure at a number of scales. For example, suppose that we have a
set of schedules corresponding to different production operating points corresponding
to distinct percentage of mixes of several computer boards. We can then construct
compensators for implementing each, and eventual or stable restrictability will pro-
vide us with the means of changing the set-up from one schedule to another. Thus
we can construct a higher-level model based on the set of all schedules by combining
the respective compensators for each. Each occurrence of a higher-level event in this
model would correspond to completing a cycle of some schedule, i.e., completing a
certain number of each type of board. Then the plant manager could try to meet the
actual demand distribution by switching between appropriate schedules based on this
aggregate, higher-level model capturing operating behavior for all schedules.
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INFORMATION STRUCTURES, CAUSALITY, AND
NONSEQUENTIAL STOCHASTIC CONTROL I:

DESIGN-INDEPENDENT PROPERTIES*

MARK S. ANDERSLANDt AND DEMOSTHENIS TENEKETZIS$

Abstract. In control theory, the usual notion of causality--that, at all times, a system’s output
(action) only depends on its past and present inputs (observations)mpresupposes that all inputs and
outputs can be ordered, a priori, in time. In practice, many distributed systems (those subject to
deadlock, for instance) are not sequential in this sense.

This paper explores the relationship between deadlock freeness, aless restrictive notion of causal-
ity, and the properties of a potentially nonsequential generic stochastic control problem formulated
within the framework of Witsenhausen’s intrinsic model. A property of the problem’s information
structure that is necessary and sufficient to ensure deadlock-freeness is identified and shown to be
sufficient to ensure that all of the problem’s control policies possess expected rewards. It is also
shown, by example, that there exist stochastic control problems for which all sequential policies are
suboptimal.

These results subsume Witsenhausen’s "causality" condition (property C), suggest a framework
for the optimization of unconstrained nonsequential stochastic control problems, and provide an
intuitive design-independent characterization of the cause/effect notion of causality. The results also
have game theoretic implications--they suggest, for instance, necessary and sufficient conditions for
a finite game to possess an extensive form.

Key words, information structures, causality, deadlock-freeness, nonsequential stochastic con-
trol.

1. Introduction. In control theory, the usual notion of causality--that, at all
times, a system’s output (action) only depends on its past and present inputs (observa-
tions)--presupposes that all inputs and outputs can be ordered, a priori, in time. As
it becomes increasingly attractive to decentralize the control of large systems, it has
become clear that many important systems--distributed data [5], communication [13],
manufacturing [11], and detection networks (Appendix A), for instance--need not be
sequential in this sense.

The distinguishing feature of these nonsequential systems is the impossibility of
ordering their control actions a priori, independently of the set of control laws, called
the design (or control policy), that determines the actions. In the simplest case, a
system’s actions can be ordered a priori, given any design, but the order varies from
design to design. More generally, for at least one design, the order implicitly depends
on the system’s uncontrolled inputs--e.g., action c may depend on action/ under
some circumstances while/ may depend on a under others. In the worst case, for
some design, and for some uncontrolled input, no "causal" ordering of the actions is
possible because two or more actions are mutually dependent--e.g., action a depends
on action/ and vice versa. This last phenomenon, unique to nonsequential systems,
is known as deadlock.

In this paper we explore the relationship between deadlock-freeness, a property
that generalizes the usual notion of causality, and nonsequential stochastic control.
We begin by defining deadlock-freeness (Definition 1, 3.1). Given this definition
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we consider the following question: Under what conditions is it possible to pose well-
defined nonsequential stochastic control problems? This question is of interest because
there exist problems for which all sequential designs (designs whose actions can be
ordered a priori) are suboptimal (see Appendix A).

Witsenhausen’s intrinsic model [19], [21] provides the framework for our results.
This model, which was originally used to investigate a related causality question,
encompasses all systems in which (1) the uncontrolled inputs can be viewed as an
element of a measurable space (, B); (2) the number of actions to be taken is finite,
say N; (3) the kth action, k 1, 2,..., N, can be viewed as an element of a measurable
space (Uk, lgk) in which the singletons are measurable; and (4) the possible designs can
be viewed as N-tuples -), := (1, .72,..., /N) of k/b/k-measurable functions .),k, k
1, 2,..., N, where the subfield k of the product field B (R) i=1 hci) denotes the
maximal information (knowledge) that can be used to select the kth action.

Within this framework, we identify a property of the information subfields k, k
1, 2,..., N, (property CI, 3.2) that is necessary and sufficient to ensure that every
N-tuple -), of ,k/k_measurable functions .),k, k 1, 2,..., N, is deadlock-free. More-
over, we show that this property is sufficient to ensure that an expected reward can
be defined for every N-tuple, and consequently, that the problem of maximizing a
generic system’s expected reward, given a probability measure on (,B), and a re-
ward function, is well-posed. The property is design-independent in the sense that it
holds for all designs

These results subsume Witsenhausen’s "causality" condition (property C) [19],
suggest a framework for the recursive optimization of unconstrained nonsequential
stochastic control problems [1], and provide an intuitive characterization of the cause/
effect notion of causality. In essence, this characterization says that a system is causal
if and only if for each tuple of uncontrolled inputs there exists an ordering of the
system’s actions such that no information that may be used to determine an action
depends on that action or subsequent actions.

There are other approaches to the modeling of nonsequential systems.. None, how-
ever, are as well suited to examining the relationship between deadlock-freeness and
nonsequential control as the intrinsic model. Most game-theoretic models that accom-
modate nonsequentiality are variations of Kuhn’s extensive form [12], a "game tree"
representation that precludes deadlock by definition (cf. [19, 2]). The discrete event
models that accommodate nonsequentiality are, for the most part, state transition-
(e.g., [6], [16]), algebraic equation- (e.g., [9], [10], [15]), or logical calculus- (e.g., [4],
[8], [14], [17]) based representations of the action sequences (traces) that a system
can generate; consequently, they are incompatible with the usual control theoretic
representations of uncertainty and information.

The remainder of the paper is organized as follows. In 2 we introduce Witsen-
hausen’s intrinsic model and formulate our generic nonsequential stochastic control
problem. In 3 we define properties DF (deadlock-freeness) and CI (causal imple-
mentability), and prove that property CI, a condition that is necessary and sufficient
to ensure deadlock-freeness, is sufficient to ensure that unconstrained versions of the
generic problem are well defined. In 4 we consider the relationship between property
CI and Witsenhausen’s "causality" property C. Section 5 contains our conclusions.

2. Problem formulation. To examine the relationship between deadlock-free-
ness and nonsequential stochastic control it is necessary to represent nonsequential
systems in a framework in which each action can be viewed as depending on some sys-
tem information, for instance, an observation of the system. The "conventional" con-
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trol theoretic models---controlled difference, or differential equations modeling time-
indexed "states" and "observations"--provide such a framework; however, they pre-
suppose a fixed ordering of the system’s control actions. In this paper, as in [19] and
[21], we relax this assumption.

2.1. Preliminaries. Consider a generic stochastic system in which the number
of control actions and uncontrolled inputs are both finite (Fig. 1). From a game-
theoretic perspective (cf. [18]), the control actions can be viewed as being the actions
of N distinct decision-making agents (computers, devices, processes, etc.). Likewise
the uncontrolled inputs can be viewed a single action of nature (chance).

To couple the agents’ actions without preordering their decisions, suppose that
nature’s action w :- (w,wl,... ,wN), the kth agent’s observation yk, and the kth
agent’s action uk, take values in, respectively, the measurable spaces (, B), (yk, k),
and (vk,[k). Let V :- yLN=I U and h ()iN__l/gi; constrain the system’s kth
observation to be a measurable function

(2.1) hk (t U, B

of the system’s intrinsic variables, w and u :- (u1, u2,..., uN); and constrain the kth
agent’s decision policy, to be a measurable function

(2.2) gk. (yk, yk) (Uk,/4k)

of this observation.

Uncontrolled
Inputs

N

Observations

0

Initial Uncertainty

SYSTEM

yl y2 yN

u
u2

uN

Control
Actions

FIG. 1. A generic stochastic system.

With respect to the "conventional" discrete-time, finite horizon models of stochas-
tic control, this representation entails no loss of generality. The system’s uncontrolled
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inputs--its initial state, state and observation noises, and so on--can always be viewed
as a single uncontrolled input w E . Moreover, the kth observationmnormally as-
sumed to be a measurable function of some subset of the system’s control actions,
states, and random inputs--can always be viewed as a measurable function of the
system’s intrinsic variables.

The advantage of this representation, as opposed to the conventional models, is
that as long as the superscripts on y and u are not assumed to index time, it permits
interdependence among a system’s control actions---e.g., given a fixed control policy
9’ (V1, V2, vN), uJ may depend on uk (through yJ) for some w, and vice versa
for other w. Consequently, it is possible to model nonsequential stochastic control
problems, that is, problems in which a causal ordering of the control actions cannot
be determined a priori because the ordering is policy, and possibly, w-dependent.

Witsenhausen’s intrinsic model [19], [21] simplifies the preceding representation.
The crucial observations are (1) that the system’s control actions are solely deter-
mined by the intrinsic variables (e.g., u (g o h)(w, u) for all k 1, 2,..., N); and
(2) that for reasonable observation functions, the kth observation, k 1, 2,..., N,
can only affect the kth control action via the information subfield it induces on the
space of intrinsic variables (i.e., via [hk]-l()k) C Bt1). Accordingly, it is unneces-
sary to model the observations explicitly if the control agents’ actions are viewed as
measurable functions of the intrinsic variables.

2.2. The intrinsic model. Formally, the intrinsic model has three components:
1. An information structure Z := {(Ft, B), (vk,k),k 1 <_ k <_ N} specifies

the system’s allowable decisions and distinguishable events.
(a) N E/N denotes the number of control actions to be taken.
(b) (12, B) denotes the measurable space from which a random input w is drawn.
(c) (Uk,b/) denotes the measurable space from which uk, the kth control action,

is selected. It is assumed that card(Uk) is greater than one,2 and that/4k contains
the singletons of Uk. The product space containing the N-tuple of control actions,
U :--" (U1, U2,..., uN), is denoted by (U,N) :’-- (Hi--IN v,i ()i-lg i).3

(d) a-field k C B (R) 5/characterizes the maximal information that can be used
to select the kth control action.

2. A design constraint set Fc constrains the set of admissible N-tuples of control
laws, (1 2, ,,N) called designs, to a nonempty subset of F 1-I/N=

k kwhere Fk k 1, 2,..., N, denotes the set of all , //4 -measurable functions.
3. i probability measure P on (, B) specifies the mixed (randomized) decision

policy to be used by nature to select w.
Note that the intrinsic model does not exclude the possibility of an agent employ-

ing a mixed decision policy, or a policy that occasionally dictates that the agent not
act. To model the mixed policy, randomizing devices can be included as factors in

if]-1 denotes the inverse image of the function f, [f]-l(C) := {[f]-(A) A E C} denotes the
set of inverse images induced by the sets in C. Since inverse images preserve unions and complements,
the inverse image of a a-field is always a a-field.

2 Although the assumption card(Uk) > 1 was not made by Witsenhausen, it does not constitute
a loss of generality. Any agent k for which card(Uk) 1 has no decision to make; consequently, that
agent can be deleted from the model without effect (naturally, the remaining agents’ information
fields--defined in l(d)umust be adjusted to account for the kth agent’s deletion--i.e., for all j -k, JJ must be replaced by ,Jluk, the uk-section of.

3 X (R) Y denotes the product a-field of the a-fields X and y--i.e., X (R) Y :-- a([rx]-l(X) t2
[ry]- (Y)), the smallest a-field of X Y for which the canonical projections rx(rx(x, y) x) and
Try (wry (x, y) y) are both measurable.
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(D, B, P), and the effects of the devices’ outputs can be specified in ,k. To model the
occasional inaction, the agent can be allowed to make decisions that have no effect.

2.3. A generic problem. Within this framework we can formulate the following
generic stochastic control problem.

(P) Given an information structure :, a design constraint set Fc, a probability
measure P, and a bounded, nonnegative, B (R)/-measurable reward function
V,

Identify a design 7 in Fc that achieves

sup E[V(w, u)] exactly, or within e > 0.4

Is this generic problem well defined? Since the problem may be nonsequential
there are two issues: "deadlock-freeness" (Is every 7 6 Fc deadlock-free?) and "math-
ematical wellposedness" (Does every design 7 6 Fc possess an expected reward?).

In general, nonsequential problems of the form (P) need not be deadlock-free or
well-posed. Suppose, for instance, that for some design 7 Fc, and some random
outcome w gt, the control actions

(2.3) Uj ’J(cd, ul,...,uk,...,uN),

and

(2.4) U
k k(cd, ul,...,uj,...,uN),

are interdependent. Then a deadlock arises, and consequently, the problem is not
deadlock-free. Alternatively, suppose that for some design y Fc, and some random
outcome w , the closed-loop equations

(2.5) uk ")zk(cd, ul,...,uN), k 1,2,...,N

fail to possess a unique solution

(2.6) u :- (.(1,..., U02 ).

Then the reward V(w, u) induced by w under 7 need not be unique, the expected
reward E[V(w, u] need not exist, and consequently, the problem need not be well
posed.

The primary objective of this paper is to identify conditions sufficient to ensure
that problem (P) is deadlock-free and well-posed. Since there exist problems of the
form (P) for which some, but not all, nontrivial designs are deadlock-free and possess
expected rewards (Appendix A)--two classes of conditions can be considered: con-
ditions based on the problem’s design-independent properties (properties that hold
for all F), and conditions based on the problem’s design-dependent properties
(properties that may only hold for specific designs 7 F). In this paper, conditions
based on the problem’s design-independent properties are explored. Conditions based
on the problem’s design-dependent properties are introduced in a companion paper
[3]

4 The notation u indicates that u depends on w through - (see 3.1).
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3. Design-independent conditions. In this section, necessary and sufficient
conditions for problem (P) to be well-posed and deadlock-free are developed under
the assumption that the problem’s design set is unconstrained (i.e., Fc F). The
conditions are design-independent in the sense that they are solely based on properties
of the problem’s information structure 2.

3.1. Properties DF, St and SM. To ensure that problem (P) is deadlock-free
it suffices to require that its information structure 2? possess property DF (deadlock-
freeness).

DEFINITION 1. An information structure :Y possesses property DF (deadlock-free-
hess) if for each 7 E F, and for every w E gt, there exists an ordering of ,’s N control
laws, say 781(), 782(),..., 7,(, such that no control action u(), n 1,2,...N,
depends on itself or the control actions that follow.

Note that the ordering in Definition 1 may depend on the design , F and the
random input w t. For instance, for some F a triggering random event may
determine the identity of the initial control action (see Appendix A).

When :Y possesses property DF, for each F and for all w E t, is deadlock-
free in the sense that, given w, u1() can be determined; given w and u(), u82()

can be determined; given w, u() and u2(), u3() can be determined; and so on.
Hence, property DF generalizes the usual notion of causality in the sense that it does
not presuppose that the actions’ order is fixed.

To ensure that problem (P) is well-posed, it suffices to require (i) that for each
F and every w t there exist a unique u :- (u1, u2,..., uN) U satisfying the

system of equations

(3.1) uk /k(w,u), k 1,2,... ,N,

and (ii) that each of the solution maps E -- U induced via these solutions
(i.e., E(w) u where u ’(w, u)) be B//g-measurable. Then, for each e F,
V(., E(.)) is B-measurable, and consequently, E[V(w, E(w))] exists. Systems that
satisfy (i) are said to possess property S (solvability) while systems that satisfy (ii)
are said to possess property SM (solvability/measurability) [19]. In fact, property S
often implies property SM [2].

3.2. Property CI. Property SM holds when, for each V E F, and each uncon-
trolled input w t, every agent’s action is uniquely determined and the actions’
w-dependence is B-measurable. Since property SM does not rule out the possibility
that, for some w gt, agent N’s information depends on agent l’s action, and for all
k 1, 2,..., N- 1, agent k’s information depends on agent k + l’s action, property
SM is not sufficient to ensure property DF (cf. [19], Thm. 2). That is, although prop-
erty SM holds, for some w gt, every agent’s information may depend on every other
agents’ actions, and consequently, for that w, no agent can act without precognition.

Property DF suggests that such deadlocks cannot arise if for each w t, the
agents can be ordered such that each agent’s information only depends on w and
its predecessors’ actions. To formalize this observation it is convenient to adopt
the notation in [19]. For all k 1, 2,..., N, define Sk to be the set of all k-agent
orderings--i.e., all injections of {1, 2,..., k} into {1, 2,..., N}. For all j 0, 1,..., N,
and k j, j + 1,..., N, let T Sk -- Sj denote a truncation map that returns the
ordering of the first j agents of a k-agent ordering--i.e., Tk restricts s Sk to the
domain {1,2,... ,j} or to ) when j 0. Finally, for all s := (sl, s2,... ,sk) Sk, and
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kk 1, 2,..., N, define P8 to be the projection of Ft U onto gt (YIi=l US)-i.e.,

(3.2) p(w, u) (w, u1 u,..., uk), pc(w, u) (w).

Then, we can characterize deadlock-freeness as follows.
DEFINITION 2. An information structure :Y possesses property CI (causal imple-

mentability) when there exists at least one map t U - SN such that for all
k- 1,2,...,N, and (w,u) E U,

(3.3)

when s (81,82,..., 8N) J(0J,.u).
is a function that maps every intrinsic outcome (w, u) E gt U into an N-agent

ordering.

[i:)T_l (S)]-l (i)T_ (s) (O) U)) [TV_ (s)]-l((.d, uS, ts-

is the cylinder set induced on gt U, when the intrinsic outcome is (w, u), by the
actions of nature and the first k- 1 agents in s := (Sl, s2,..., Sg) (w, u). Since

A u))

denotes the trace of the skth agent’s information field on this cylinder set (i.e., A
C := {A A C A }), (3.3) constrains the cylinder set to be a subset of all
events containing (w, u) in the skth agent’s information field J--i.e., no event in
,7k containing (w, u) may depend on u8 u+,..., or uN Accordingly, property CI
ensures that for all outcomes (w, u) fl U, there exists an order s :: (sl, s2,... SN)
(w, u) such that, for all k 1,2,... ,N, the skth agent’s information, at the point
(w, u), only depends on the actions of nature and its predecessors in s.

Property CI implies property SM and is a necessary and sufficient condition for
all F to be deadlock-free. Theorem 1 states this formally.

THEOREM 1. Let Z be an arbitrary information structure, then
(i) Z possesses property SM ifZ possesses property CI, and
(ii) Z possesses property DF if and only if Z possesses property CI.
Proof. See Appendix B.
Theorem 1 ensures that problem (P) is well defined (deadlock-free and well-posed)

when it satisfies property CI. Its proof hinges on the following observation. When
is an order function such that :Y possesses property CI, for arbitrary but fixed

(w, u) t x U, and k 1, 2,..., N, (3.3) and the fact that L/k contains the singletons
of Uk imply that, at the point (w, u), all /L/-measurable functions -ysk E F,
s := (Sl, s2,..., SN) (w, u), do not depend on the components Sk, Sk+l,..., and SN
of u. This suggests that, for fixed y F, a unique B-measurable solution E gt U
to the closed-loop equation u y(w, u) can be obtained by the following recursion.
Fix w gt, let r U be an arbitrary reference element, let L gt U Ft U be
defined as

(3.6) L(w, r) "= (w, "y(w, r)),

and let L t U --. Ft U be a k-fold composition of L--i.e.,

(3.7) L(w, r) (L o... o L)(w, r).
k times
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1. After one iteration, the components of L1 (w, r) corresponding to agents whose
information, at the point (w, r), does not depend on r, become invariant to subsequent
iterations. By property CI, the set 41(03) C {1, 2,..., N} indexing (by agent) these
components is nonempty since at least agent ((w, r))l’s information does not depend
on r.

2. After two iterations, the components of L’(w, r) corresponding to agents in

{1, 2,..., N} \ jil(w) whose information, at the point i(w, r), does not depend on
the components of agents in {1, 2,..., N} \ Jll(w), become invariant to subsequent
iterations.5 By property CI, the set 42(w) indexing (by agent) these components is
nonempty when card(41(w)) < N since at least agent ((L(w,r)))j’s information,

j min{m e {1, 2,..., N}" ((L(w, r)))m 41 (02)},

does not depend on the components of agents in {1, 2,..., N} \ 4(w).

k. After k iterations, the components of Lk(W, r) corresponding to agents in

{1,2,...,N} \ k-[.Ji=l di(w) whose information, at the point Lk_l (w, r), does not

depend on the components of agents in {1,2,...,N} \ k-tJi= .Ai(w), become invari-
ant to subsequent iterations. By property CI, the set Jik(w) indexing (by agent)

k-1these components is nonempty when card([.Ji= .Ai(w)) < N since at least agent
((n_l(w, r)))y’s information,

(3.9) j min mE(1,2,...,N}" 7((Lk_l(w, r)))m

_
U udi(w)
i--1

does not depend on the components of agents in {1, 2,..., N} \ k-

and so on.

Since property CI ensures that, until all agents’ components are invariant, at least
one new component becomes invariant after every iteration, the recursive procedure
must converge in, at most, N iterations--i.e., the unique solution to the closed-loop
equation u "y(w,u) is ru(LN(w,r)), where ru denotes the canonical projection
of Ft U onto U (ru(w, u) u) and r E U is an arbitrary "seed" that starts the
recursive solution process. Since ra, ru, and -y are, respectively, B(R)Lt/B-, B(R)bt/bt-,
and/3 (R)b//b/-measurable, L, and by composition, L and ru o Lv are, respectively,
13 (R)bl/B (R)bt-, 13 (R)lg/B (R)bt-, and/3 (R)N/N-measurable. It follows, since all u-sections
of/3 (R)N/N-measurable functions are B/N-measurable, that the induced solution map
E ru o Lv Ir is necessarily B/N-measurable.

The above recursion has an obvious physical interpretation. For fixed -), F and
w 9t, suppose that we conduct the following thought experiment: decouple the
agents and record in succession, Cl(W), the indices of those agents that act given w

5 For setsA, BcX, A\B:={xEA:xB}.
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alone; C2(w), the indices of those agents that act given w and the actions of agents in

C1 ((1); C3(o), the indices of those agents that act given w and the actions of agents
C1 (w)tC2(w); and so on. Clearly, ,4k(w) Ck(w) for all k 1, 2,..., N. Accordingly,
if for all k we ignore all components of rv(Lk(W, r)) but those corresponding to the
agents indexed in .4k(w), the preceding recursion outlines the partial ordering of agent
actions that a passive observer would record, given w, if the design - were implemented
in a "maximally" concurrent fashion.

Although the preceding recursion implicitly demonstrates that property CI im-
plies property DF, it is far easier to establish sufficiency by a direct appeal to property
CI. For all (w, u) E f x U and k 1, 2,..., N, property CI implies that at the point
(w, u), all s//CSk-measurable functions / e F, s :- (sl,s2,... ,SN) )(Od, U),
do not depend on the components sk, Sk+l, and Sg of u. Consequently, no agent’s
information depends on its own action or the actions of its successorsni.e., the system
must be deadlock-free.

The fact that some design F must deadlock when property CI fails to hold is
also a direct consequence of property CI’s definition. When property CI fails, for some
outcome (w, u) f x U and for all N-agent orderings s SN, (3.3) fails for at least
one k e {1,2,... ,N}. Since there are at most Ncard(SN) N(N!) k,s combinations
for which (3.3) can fail, and since all agents may take at least two distinct actions, it
is always possible to construct a design - that possesses all of the interdependencies
that cause (3.3) to fail--i.e., a design " such that for all s SN, when the skth
agent’s information depends on the actions of its successors in s, -), (w, u) depends
on the skth agent’s successors’ components of u. Accordingly, it is always possible to
construct a design that deadlocks.

4. Property CI’s relationship to property C. Witsenhausen was the first
to develop conditions sufficient to ensure a system’s deadlock-freeness (he termed it
"causality"). Specifically, he introduced the following property.

DEFINITION 3 ([19]). An information structure :K possesses property C (causal-
ity) when there exists at least one map f x U -, SN such that for all s :-
(s,s2,...,sk) Sk, k- 1,2,...,N,

(4.1) [’] [Tv o ]-(s) C (T_(s)),

where ’(s) denotes the cylindrical extension of B(R)(@k{=l bl’ to f x U for all s 6 Sk,
k 1, 2,..., N.6

He then proved the following theorem (DF is our terminology).
THEOREM 2 ([19]). Let :K be an arbitrary information structure; then
(i) :l" possesses property SM if :K possesses property C, and
(ii) :K possesses property DF if :K possesses property C.
Proof. See [19, 6 and 7]. D
Since property C implies property DF (Theorem 2(ii)), and since property DF

implies property CI (Theorem l(ii)), the following is clear.
COROLLARY 1. Property C implies Property CI.
Proof. See Appendix C for a direct proof. D
This corollary suggests that the /-dependent umpire recursion that Witsen-

hausen used to prove Theorem 2 ([19, 7]), is not fundamentalni.e., to prove The-
orem 2, it suffices to compose " I with itself N times (i.e., to form rv o Lv I) as

6 Here, in contrast to [19], is a mapping from f x U to SN and ’(D) is the cylindrical extension
of B to x U (see [211).
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described in 3. The corollary also raises the following question: Are properties C
and CI equivalent? Equivalence would imply, by Theorem l(ii), that Z’s possession
of property C is both a necessary and sufficient condition for deadlock-freeness. Non-
equivalence would imply that property C is, in general, only a sufficient condition for
deadlock-freeness.

When N _< 2, properties C and CI are always equivalent. Corollary 2 states this
formally.

COROLLARY 2. Property CI implies property C when N <_ 2.

Proof. By Theorem l(i) property CI implies property SM which, in turn, implies
property S. The corollary follows since property S implies property C when N <_ 2
([19, Whm. 2]).

When N > 2, it is not known (in general) whether property CI implies property
C; the implication, however, holds in at least two important special cases (Thms. 3
and 4).

DEFINITION 4. An information structure 2- is said to be sequential when property
CI holds for some constant order function

THEOREM 3. All constant order functions b such that 2- possesses property CI are
order functions such that 2- possesses property C; consequently, property CI implies
property C when 2- is sequential.

Proof. See Appendix D.
Note that an unconstrained problem of the form (P) is sequential (in the sense

discussed in 1) if and only if its information structure is sequential. Witsenhausen
defines an information structure to be sequential when property C holds with a con-
stant order function ([20, 3]). Accordingly, Theorem 3 ensures that, as far as
unconstrained problems of the form (P) are concerned, sequentiality, as defined in
this paper, is equivalent to Witsenhausen’s sequentiality.

When 2- is nonsequential, even if 2- possesses property C, order functions for which
2- possesses property CI need not be order functions for which 2- possesses property
C.

Example 1. Consider a nonsequential information structure 2- of the following
form:

N

B

3,
U U2 U3 {0,1},
/41 :/a2 :/3 {, {0}, {1}, {0, 1}},
{, ((, u). 0}, {(, u). u }, u},
{, {(03, U)" U 0}, {(03, )" U 1}, f x U},
o, (,). o, (,/ }, .

)

Although

(4.3) { (,, 3)
)()’ul’u2’u3)

(2,1,3)
when w 0

else

7 5 denotes the binary complement of x E {0, 1}--i.e., 5 1 x.

and
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is an order function such that 2- possesses properties CI and C,

(1,2,3) when w 0

(4.4) (w, u1, u2, u3) (3, 2, 1) when wu3 1

(2, 1, 3) else

is an order function such that 2- possesses property CI, but not property C ((3.3) fails
when k 1 and s 3 e $1, for instance, since [T3 o ]-1(3) {(w, u): wu3 1}

(R) v}).
The fact that there exist nonsequential information structures 2-, and order func-

tions , such that 2- possesses property CI, but not property C, implies that general
proofs that property CI implies property C (if such exist) must be constructive--i.e.,
given a such that 2- possesses property CI, but not property C, we must be able to
construct a new order function (obviously distinct from ), such that 2- possesses
property C.

Given the generality of the intrinsic model, such constructions are, at best, te-
dious. Consider Example 1. By simple combinatorial arguments it can be shown that
316 of the 616 possible order functions for 2" are order functions for which 2" possesses
property CI. Of these 316 order functions, only 25 are order functions for which 2" pos-
sesses property C.s Any proof that property CI implies property C, under conditions
satisfied by the Example l’s information structure, must produce, as a byproduct,
a construction that maps every one of the 316 order functions for which 2" possesses
property CI to one of the 25 order functions for which 2" possesses property C.

One such construction (Appendix E, (E.6)-(E.11)) can be used to prove the fol-
lowing theorem.

THEOREM 4. Property CI implies property C when gt, and Uk, k 1, 2,..., N,
are countable sets, and B contains the singletons of .

Proof. See Appendix E. [:]

Since the success of this construction hinges on the fact that for all s E Sk,
k 0, 1,..., N, ’(s) is the cylindrical extension of the power set of gt x (yIk__l U8k)
(a property that only holds under the conditions of the theorem), other constructions
must be developed to establish that property CI implies property C under more
general conditions.

5. Conclusions. In this paper we have introduced conditions necessary and suf-
ficient to ensure that a generic stochastic system, represented within the framework
of Witsenhausen’s intrinsic model, is deadlock-free. The main results concern the fact
that 2"’s possession of property CI is

(1) A necessary and sufficient condition for all /E F to be deadlock-free (Theorem
l(ii)); and

(2) A sufficient condition to ensure the existence, for all F, of a unique B/hi-
measurable function E mapping all w D into unique solutions u of the closed-loop
equation -(w, u)= u (Theorem l(i)).

s There are (3!) 16 616 possible order functions t x U $3 since card(t x U) 16
and card(S3) 3!. Only 316 of these satisfy the conditions of property CI since u must precede
u2 when w 0 and vice versa when w 1 (for each (w, u) this rules out half of the 3! possible
orders). Only 52 of the order functions satisfy the conditions of property C since [T13 o ]-l(s)
must be (ID)-measurable and [T23 o ]-1(s) must be ’(T(s))-measurable for all s E $2 (when
w 0, only lw=0 (3,1, 2) and lw=0,ul E {(1, 2, 3), (1, 3,2)} are acceptable; when w 1 only

1w=1 (3,2,1) and lw=l,u2 {(2, 1,3), (2,3, 1)] are acceptable).
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These results subsume the principal result in [19 Theorem 1], and provide a necessary
and sufficient condition for unconstrained stochastic control problems of the form (P)
to be well-posed and deadlock-free.

The remaining results establish
(3) That I’s possession of property CI ensures, for all E F, that the function

can be determined recursively, starting from an arbitrary "seed" r E U, by composing
lw with itself N times (see the discussion following Theorem 1);

(4) That property CI implies property C in a least three special cases (Corollary
2, Theorem 3, and Theorem 4); and

(5) That any general proof that property CI implies property C (i.e., that property
C is a necessary condition for causality) must be constructive (see Example 1 and the
discussion that follows).

Note that nowhere in the paper was any property of the reward--let alone the
implicit assumption that agents cooperate to maximize this reward--ever used to con-
struct a definition or derive a result; consequently, the results of this paper apply to
games as well as controlled systems. For instance, by Theorem 1, a game involving a
finite number of decisions chosen from decision spaces satisfying the constraints im-
posed by the intrinsic model, has an extensive form (i.e., a "game tree" representation,
see [12]) if and only if its information structure possesses property CI.

Appendix A.

A. Decentralized detection: An example. This appendix concerns a decen-
tralized detection network in which the optimal control policies must make explicit
use of the fact that the network’s control actions can be nonsequential. By exam-
ple, it is shown that the introduction of nonsequentiality into the network can, under
some circumstances, give rise to deadlocks, and under other circumstances, improve
network performance.

A.1. The problem. Consider the problem of designing a simple decentralized
detection network (Fig. A.1) consisting of two detectors, D1 and D2.

Detector D 1

Random Event

co e (a,b,c,d)

Detector D2

Programmable Sensor

.IIM0[,lMe Data vlE{0’l}

l Encding t
MVy !2

CrdinatOr

alMe]l Encodingl E{0,1}

Programmable Sensor

-- =??

FIG. A.1. A simple decentralized detection network.
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A.I.1. Observations. Each detector is permitted to make a single noisy ob-
servation, yk E {A, B}, k 1, 2, of a random event w E {a, b, c, d} using one of two
distinct configurations (Fig. A.2) of a programmable sensor possessing two operational
modes mk {0, 1}. Formally, for k 1, 2,

(A.1) yk hal (w, ink),
where ck {1, 2 indexes detector Dk’s sensor configuration.

Configuration 1:
A
A

hl(w’mk)
B
B

(w, mk) e {(a, 1), (d, 1)}

(w, mk) e {(a, 0), (d, 0)}
w--b

mode

Configuration 2:
A
A

h2(w’mk)
B
B

e 1). 1)}

e 0). 0)}
w---d

FIG. A.2. Available sensor configurations.

1
mode

0

B A
m k

a b c d
random event m

A B
rn

-/’:"’-"--’-"""-’-’-N

a b c d
random event m

where gk can be any function mapping {A, B} to {0, 1 }.
A.1.3. Sensor programming. Each detector can monitor the other’s trans-

missions; accordingly, either may elect to program its sensor (i.e., set mk 0 or 1)
based on the other’s summary. Formally, for k- 1, 2,

(A.3) mk fk(v),
where fk can be any function mapping {0, 1} to {0, 1}. When fk is a constant func-
tion, the sensor programming is static--i.e., the mode in which detector Dk’s sensor
is operated is determined a priori. When fk is not a constant function, the sensor
programming is dynamic---i.e., the mode in which detector Dk’s sensor is operated
may depend on detector Dk’s one bit summary (k denotes the binary complement of
k E {0, 1}). It is the possibility that both detectors’ sensors may be programmed dy-
namically that makes this decentralized detection network nonsequential--i.e., when
neither fl nor f2 is constant, the detectors’ data summaries may be interdependent.

A.1.4. Passive coordinator. The passive coordinator, given the detectors’ data
summaries v and v2, attempts to correctly detect (identify) the uncertain outcome
w {a, b, c, d}. Formally, the coordinator generates an estimate of w,

(A.4) & (v, v2),
using any function /mapping {0, 1} {0, 1} to {a, b, c, d}.

(A.2) vk gk(yk),

A.1.2. Data encoding. Once a detector has made its observation, it transmits
a one bit summary, vk (0, 1, to a passive coordinator over a noiseless channel.
Formally, for k- 1, 2,
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A.1.5. Objective. Given a probability distribution for w, the objective is to
select an estimation policy for the passive observer, and sensor configurations, sensor
programming policies, and data encoding policies for the detectors, that collectively
maximize the probability that the coordinator can correctly identify w. Formally, the
objective is to

Identify a design(a a2, fl, f2, g, g2, h h2 )
(A.5)

that achieves maxk,fk,gk,hk,v P(w E t’- &} exactly.9
k-l,2

A.2. Deadlock. Clearly the preceding detection network is susceptible to dead-
lock. Suppose, for instance,

(1) That both detectors’ sensors are in configuration 1 (i.e., -a2- 1),
(2) That each detector programs its sensor based on the other’s data summary

(e.g., m -u2, and m2 -ul), and
(3) That neither detector’s data encoding policy is constant.

Then, when w E (a,d), detector Dl’s observation depends on detector D2’s data
summary and detector D2’s observation depends on detector Dl’s data summary;
consequently, neither detector can generate a data summary without precognition--
i.e., the network is deadlocked.

A.3. A solution. Although the possibility of deadlock can be completely elim-
inated by constraining the network’s design to be sequential (i.e., by prohibiting at
least one detector from programming its sensor based on the other detector’s data
summary and thereby eliminating the possibility of nonsequentiality), this "fix" ig-
nores the possibility that nonsequentiality may improve network performance. In
fact,

(I) There exists a deadlock-free nonsequential design that enables the coordinator
to correctly identify with certainty, all uncertain outcomes w a, b, c, d}, and

(2) No sequential design permits the coordinator to correctly identify, with cer-
tainty, more than two of the four uncertain outcomes w {a, b, c, d).
In other words, in this case, optimal network performance can only be achieved by
exploiting the nonsequentiality of the network.

A.3.1. An optimal nonsequential design. Consider, for instance, the follow-
ing design:

9 Note that, although it is tedious, it is not difficult to transform this problem into an uncon-
strained problem of the form (P) (2.3). By setting w w E gt :-- {a,b,c,d}, u a U :--
{1,2},u2 --c2 U2 {1,2},u3 --m U3 {0,1},u4 --m2 U4 :-- {0,1},u5 --v
U5 :---- {0,1},u6 v2 E U6 :---- {0,1},u7 & U7 :-- {a,b,c,d); by translating the informa-
tional constraints imposed (by the original problem formulation) into constraints on the information
subfields Jk,k 1,2,...,7, of 2xU (e.g., j1 (0, U} since u a must be a constant,
j3 {O,n} ) (()_1{0, ui}) ) 2U6 () {O,U7} since u3 m can only depend on u6 v2, and
so on); and by setting V(w, u) I{w=ur (the indicator of the event {w uT}), one can transform
the original problem into an unconstrained 7-agent problem in which the first two agents’ decisions
determine the detectors’ sensor configurations, the third and forth agents’ decisions correspond to
the detectors’ sensor programming decisions, the fifth and sixth agents’ decisions correspond to the
detectors’ data summaries, the seventh agent’s decision corresponds to the passive coordinator’s
estimate.
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Detector DI"

(A.6)

m fl(v2 v2

yl hi (w, m1)

{1V gl (yl) 0
yl=A
yl B

(DI’s mode D2’s data summary),
(Dl’s sensor in configuration 1), and

(Dl’s data summary).

Detector D2:

(A.7)

m2 f2(vl v
y2 h2(w, m2)
v2_g2(y2)_ 0

1
y2=A
y2 B

(D2’s mode Dl’s data summary),
(D2’s sensor in configuration 2), and

(D2’s data summary).

Passive Coordinator:

(A.8)
a

(vl V2 b
c
d

(V1,v2) (0,0)
(v1, v2) (0, 1)
(v v 0)
(v1, v2) (1, 1).

It is not difficult to verify that:

When w a,

When w b,

When w c,

When w d,

D2 transmits v2 -0 first,
D1 transmits V 0 second, and
the passive coordinator sets & a;

D1 transmits v -0 first,
D2 transmits V2 1 second, and
the passive coordinator sets & b;

D1 transmits v 1 first,
D2 transmits v2 0 second, and
the passive coordinator sets & c;

D2 transmits v2 1 first,
D1 transmits v 1 second, and
the passive coordinator sets & d.

Since the order in which the detectors transmit their data summaries cannot be pre-
specified, this design is nonsequential. Since both detectors can transmit data sum-
maries, without precognition, for all w E {a, b, c, d}, the design is also deadlock-free.
Finally, since the passive coordinator can correctly identify, with certainty, all uncer-
tain events w E {a, b, c, d}, the design is optimal.

A.3.2. No sequential design is optimal. Since the selection of an estimation
policy z/ (0, 1) (0,1}- {a,b,c,d} and data encoding policies g’(A,B) (0,1
and g2 (A, B} -- (0, 1} is equivalent to the selection of a mapping (A, B)
{A, B} {a, b, c, d}--because

(A.9) ](V V2) //(gl (yl), g2 (y2))

--.to establish that no sequential design is optimal, it suffices to show that, as long
as the mode of at least one of the detectors’ sensors is fixed a priori, there is no
way that the other detector can program its sensor (in either configuration) so as to
ensure that every uncertain outcome w {a, b, c, d} induces a unique element (yl, y2)
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TABLE A. 1
A (graphical) proof that sequential designs are suboptimal.

configuration configuration configuration 2 configuration 2

mode 0 mode mode 0 mode i::i::i::!l
ab c d O) ab c d (0 ab e d (0 a b e d

configuration
mode 0

abed

configuration
mode

abed

configuration 2

mode 0
abcd

configuration 2
mode

abed O)

ab d a d b d ab

a d a cd cd a c

b d cd bed bc

ab a c bc abc

in {A, B} {A, B}. Since each sensor has two configurations and two modes, and
since there are two detectors, there are 16 cases to consider (eight if we exploit the
fact that the sensors available to each detector are identical).

These 16 cases are succinctly summarized in Table A.1. The table can be read as
follows. The rows correspond to the possible sensor configurations and fixed modes of
the detector that is constrained to act first. The columns correspond to the possible
sensor configurations and modes that can be associated with the first detector’s uncer-
tain event (i.e., {a, b, d} in row 1, {a, c, d} in row 2, etc.) when the second detector’s
sensor configuration and sensor programming policy are appropriately chosen. The
table entries correspond to those uncertain outcomes that cannot be distinguished
under the stated conditions (i.e., those outcomes that cannot be associated with a
unique element of {A, B} {A, B}). For example, suppose

(1) That detector D1 is constrained to use sensor configuration 1 mode 0,
(2) That detector D2 uses sensor configuration 2, and
(3) That the composition of D2’s programming policy with Dl’s encoding policy

(i.e., f2 o gi) maps event B (DI’s uncertain event) to mode 0.
Then, as one can easily verify, the uncertain outcomes b and d are indistinguishable
(row one, column three).

Since there is an entry for every possible combination of sensor configurations and
modes, under all circumstances, at least two uncertain outcomes are indistinguishable.
It follows that no sequential design permits the coordinator to correctly identify, with
certainty, more than two of the four uncertain outcomes w E (a, b, c, d}.

A.4. Summary. By example, it has been shown that nonsequentiality can, un-
der some circumstances, give rise to deadlocks (A.3), and under other circumstances,
improve network performance (A.4).
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Appendix B: Proof of Theorem 1. Proo] o] (i). Fix 7 E F and suppose that
is an order function such that 2" possesses property CI. To prove that 2" possesses

property SM it suffices to show that the closed-loop equation u 7(w, u) possesses at
least one solution, u E U, for all w f; that for each w, this solution is unique; and
that the mapping ET: D - U, induced by these unique solutions (i.e., E7 (w) u)
is BflX-measurable (see 3.1).

Existence. Fix w gt and r U. Let rv denote the canonical projection of gt x U
onto U, let L7 f x U t x U be defined as

(B.1) L7 (w, r) := (w, 7(w, r)),

let L t U -- U be a k-fold composition of L,

(B.2) Lk(W, r) := (.L7 o...o L)(w, r),
[ktimesl

and let

(B.3) 8 (81, 82,..., 8N) (Lv(W, r)).

To establish the existence of a closed-loop solution u e U, it suffices to show that

(B.4)
7(LN(w, r)) rv(LN(W, r))

7rU(W, ")’(Lv_ (w, r)))
"/(Lv_l(w, r)),

or, equivalently, that

(B.5) 9/Sk(LN(w, r) /Sk(LN_l (W, r)

for all k- 1,2,...,N.
Since property CI holds with order function , for all k 1, 2,..., N,

ff [:PT_ () (:PT_ () LN (W, r) C {, [PT_ (S) (I:TC_ (s) LN (O2, r) }.
(B.6)
Since b/k contains the singletons of Uk for all k 1, 2,..., N, (B.6) implies that, at
the point LN(W, r) f U, all ffs//8-measurable functions, including 7, do not
depend on components (sk + 1), (Sk+l + 1),..., and (SN + 1) of LN(W, r); consequently,
to establish (8.5) it suffices to show that components 1, (sl + 1), (s2 + 1),..., and
(Sk-1 + 1) of ng(W, r) and Lv_l(w, r) are identical--i.e., it suffices to show that

(B.7) VTr_ (s)(Lv (w, r)) VTr_ (s)(Lv-1 (w, r)).

When k 1, Tv_ (8) {, and

(B.8)

P(LN(w, r)) PO(w, 7(L N_I (w, r)))

7)O(w, 7(L v_2(w r)))
 o(n v_l(W, r)).
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For k > 1, suppose that (B.7) holds. Then, due to (B.6), (B.5) holds; accordingly,

PT(s) (LN(W, r)) (pT_I (s) (LN(W, r)), 7Sk (LN(w, r)))
(8.9) (PT_()(LN_l(w,r)),7k(Lg_l(w,r)))

PT()(L_(w,r)).
It follows, by induction, that (B.7) holds for all k 1, 2,... ,N; hence, (B.5) holds
for all k 1,2,... ,N, and consequently, (B.4) holds--i.e., u(/@, r)) satisfies the
closed-loop equation.

Uniqueness. Fix w and r U, and once again, let

(B.10) s (s, s2, SN) (/(w, r)).

To establish that rv(L(w,r)) is the unique solution to the closed-loop equation
u 7(w, u) it suffices to show that, L(w, r) L(w,) for all F e U, or, equivalently,
that

(B.11) PT_()(n(w,r)) PT_()(L(w,))
when k N + 1. When k 1, T_(s) O, and

P(L(, )) po(,(i_(, )))
(B.12) (w)

p(,(L_(,)))
P(L(,)).

For k > 1, suppose that (B.11) holds. Then, just (B.6) and (B.7) imply (B.5),
(B.6) and (B.11)imply that

(B.a) (L(, )) (5(, ));

accordingly,

pT() (LN(W, r)
(B. 14) (PT_(s)(LN(W,)),78(LN(W,)))

PT()(LN(W,)).
It follows, by induction, that (B.11) holds for all k 1, 2,..., N+ 1; hence, L(w, r)
L(w,) for all U, and consequently, the unique solution u to the closed-loop
equation u 7(w, u) is ru(L(w,r)), where r U is the (arbitrary) "seed" that
starts the recursive solution process.

Measurability. Fix r U and let u and denote, respectively, the canonical
projections of z U onto U and . To establish the B/N-meurability of the induced
closed-loop solution map E U, it suffices to show that the u-section of u
L,u oL, is B/-meurablbecause, for fixed r,

(B.15) E(w) (v o Ll)(w := (rv o L)(w, r).

To begin, note that (B.1) implies that

(8.1) L(, ) (.(, u), (, )).
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By definition, ra and ru are, respectively, 13 (R)bill3- and B (R)b//b/-measurable. Like-
wise, @, k 1, 2,..., N, is ,7k/b/k-measurable, accordingly, 7 :- (.1,72,..., 7N) is
B (R)/g/L/-measurable (since k C B (R)/g for all k). It follows that L, and by com-
position ([7, Whm. 13.1]), n ((8.2)) and rv o Lv are, respectively, 13 (R) bl/B(R) hi-,
B (R)bl/B (R) hi-, and B (R) N/N-measurable. But all u-sections of B (R) N/N-measurable
functions are B/L/-measurable ([7, Whm. 18.1]); consequently, E" ru o LNIr is

B/L/-measurable.
Proof of (ii).
Sufficiency. Fix 7 E F, and suppose that is an order function such that 27

possesses property CI. To prove that 7 possesses property DF, it suffices to show that
for each w Eft, the agents can be ordered, such that no agent’s decision depends on
itself or the decisions of its successors.

Fix w ft. By (i), the closed-loop equation u 7(w, u) possesses a unique
solution u U. Let

(8.17) s := (sl, s2,..., SN) (w, u).

Since property CI holds with order function , for all k 1, 2,... N,

(B.18) , 1 [iT_(s)]--l()T_(s)(Od, Uw)) C {O, [:Tff_(s)]-l()T_(s)(02, Uw))}.

But (B.8) implies that, at the point (w, u) e gt x U, all $r//A-measurable func-
tions, including ,, do not depend on components (Sk + 1), (Sk+l + 1),..., and (SN+ 1)
of (w, u); consequently, for all k 1, 2,..., N, the skth agent’s decision does not de-
pend on the decisions of agents sk, 8k+l,..., and SN. This proves sufficiency.

Necessity. Suppose that 27 does not possess property CI for any order function. Then there exists at least one outcome in gt x U, say (w*, u*), such that for all
N-agent orderings s := (sl, s2,..., SN) SN,

(B.19) , [2T_I(s)]-I(pT_I(s)(02* U*)) C {(, [PT_(s)]-l(2Tff_l(S)-(02*, U*))}

fails for at least one k E {1, 2,..., N}. To prove necessity, it suffices to construct a
design 7 F that does not possess property DF.

For all s SN, and k 1, 2,..., N, let

:= ,A e flsk (w*,u*) e A,A ck(w*,u*) {f),Ck(W*,U*)}},(8.20)

where

(B.21) C od*, u 2T_ 2)TkN_ 8
(M U

When (B.19) holds,/2 O. When (B.19) fails,/2 contains those events-in k that
contain (w*, u*) and depend on the decisions of agents that have yet to act under the
decision order smi.e., those events containing (w*, u*) that, under the decision order
s, cannot be distinguished without precognition.

For all s SN, and k 1, 2,..., N, set

(B.22) A U when

set

(B.23) A-A, Aek, A#O, when
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let rk u*k be an arbitrary reference element in Uk (such an rk exists since
card (Uk) > 1), and let

(8.24) 7
k (w, u) 8, ess

r else.

Since card(SN) N!, and Ak for all s SN,,eS, A, is -measurable;
accordingly, 7k is a //k-measurable function for all k 1, 2,..., N, and conse-
quently, 7 := (7, 7, 7N) is an element of F.

The design 7, however, is not deadlock-free. Consider the outcome (w*, u*), fix
8 ( SN, and let k* denote a k for which (B.19) fails. By construction (w*, u*) satisfies
the closed-loop equation (i.e., u* 7(w*, u*)); moreover, :k* . It follows from
(B.23) that Ak* E :k*, and Ak* ; accordingly,

( n A:’*) Ck*(w*’u*)
s’ESN

(8.25) {,Ck* (w*, u*)}.

However, (B.25) implies that, at the point (w*, u*) E D x U, agent sk.’s decision
depends on the decision of agents that have yet to act under s. Since the same
argument applies for all s SN, /does not possess property DF. This proves neces-
sity. D

Appendix C: Proof of Corollary 1. Although this corollary is an immediate
consequence of Theorems 2(ii) and l(ii) (property C =v property DF = property CI),
it is instructive to prove it directly.

Suppose that is an order function such that Z possesses property C. It suffices
to show that is also an order function such that Z possesses property CImi.e., that
(4.1) of property C (with s T((w,u)) e Sk), implies (3.3) of property CI (with
8 (03, U) e SN), for all (03, u) e fl U and k 1, 2,..., N.

Fix (03, u) e fl U and k e {1, 2,..., Y}, and let

(C.1) s := (81, 82,... 8N) /)(03, u).

Since T(s) e Sk, and TV_l T_ o Tv, (4.1) of property C implies that

(C.2) a N[Tv o l-l(TV(s)) c (T_l(s)).
Restricting both sides of (C.2) to

(C.3) [PT_ (8)] -1 (PT_ (8)(03, U))

yields the desired result--(3.3) of property CI--if

[Tf o ]-(Tf(s)) N [::)TN_I(s)]--I()T_I(s)(03, tt))

and

[pr:_()]- (pr:,_()(, u))

S(T_ ()) N[P:’_ ()]- (PT/_ (8)(03’ U))

{0, [PTz_()]-(PTz_()(, u))}.
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Equation (C.5) follows from the definition of .’(TV_I (8)),

and the fact that inverse images preserve intersections--i.e.,

N

{o, u))}.

Equation (C.4) follows from the observation that

(C.8) [TkN o ]-l (TV (s)) e (T_i(s))

(to see this substitute t x U E jsk for jsk, and E for C, in (C.2)), (C.5), and the
fact that

[VV o )]-I(TV(8)) N [VT_l (s)]-l(VT_l (s) 02, u) 0

since both sets contain (w, u). D

Appendix D: Proof of Theorem 3. Suppose that 2" is sequential. Then there
exists a constant order function such that 2" possesses property CI. It suffices to
show that is also an order function such that 2" possesses property C--i.e., that for
all k 1, 2,..., N, the fact that (3.3) of property CI holds for all (w, u) gt U with
s s* SN constant, implies that (4.1) of property C holds for all s Sk.

Fix k (1,2,...,N and let

(D.1)

denote the constant order induced by . Since

(D.2) [Tv o ]-l(s) / x U when elseS TkN(s*)

for all s e Sk, and since TV_ T2_ o TkN, to prove that (4.1) of property C holds
for all s Sk, it suffices to show that

(D.3) ,7 C JZ(T_i(s*)).

By definition, ffsi is a subfield of

(D.4)

Since (3.3) holds for all (w, u) U when s s*, all events in ffsi must be of the
form

(D.5)
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k-1 s -s subfield ofwhere A c f x Hi= U accordingly, is also a

(D.6)

:: (7 [0TN(s.)]--I Ax U8; "Acftx II US;
i=k i=1

[Ty_(.)]-I(A) A C a x U
i=1

1-Ik-1 Us to f x U. However,--.the cylindrical extension of the power set of f x i=1

(D.7) ’(TV_ (8*));

consequently, s C ’(T2_1(8")). l]

Appendix E: Proof of Theorem 4. Suppose that is an order function such
that 27 possesses property CI. It suffices to construct an order function such that 27
possesses property C.

To simplify property C’s verification, it is convenient to construct recursively.
The recursion has N steps, the kth of which, k 1, 2,... ,N, corresponds to the
construction of a function

(E.1) fk f x U Sk

with the following properties:
(1) For all j e {1,2,...,k- 1},Tjk o fk fj, and

(2) For all s "-(81,82,... 8k) e Sk,s’ A [fk]-l(8) C .T’(Tff_I(8)).
Property (1) suffices to ensure that fk [T o fN]; consequently, property (2) suffices
to ensure that fg is an order function such that 27 possesses property C (see
Definition 3 in 4).

For all (w, u) E f x U,

8 (81,82,...,8k-1) Sk-1,

and k 1,2,...,N" let

(E.3) Cs(cO, u) [s]-l(s(CO t))

denote the cylinder set induced on f x U by (w, uSl,..., U8k-1 ); let

e

denote the unique element in SN for which T_l((<8>) 8, and (<s))k < ((s>)k+l <
< ((S))N; and let

8, <<8))j (81,82,...,8k_1,

j k,k + 1,...,N, denote the concatenation of <(s))j to s. Then the recursive

construction of , given , can be described as follows:
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1. For all j 1, 2,..., N, let

(E.6)
when

(E.7)

fl (w, u) j

(02, U) e CCj([T1N o ]-l(j))\ CCj([T1N o ]-1(i)) 10

k. For all s E Sk-1, and j k, k + 1,..., N, let

(E.8)
when

(,) e [A_]-() N

(E.9)

N. For 11 s SN-1, let

(E.0)
when

A(.) . (())

o )]-1(8, <<>b))

\ C([T o ]-l(s, ((s))i))

f(,.) . (())
(E.11) (o2, U) e [fN_1]-1(8) N Cs([TNN-1 o ]-1(8,

To verify that the preceding constructions give rise to legitimate functions it
suffices to check, for all k 1,2,... ,N, that {[fk]-l(s) s e Sk} partitions x U.
The following facts will be used without comment"

Unions and intersections are distributive.
Inverse and direct images preserve unions and inclusions.
{[Tv o ]-1(s) s e Sk} partitions gt x U for all k 1,2,...,N; moreover,

since
N

(E.12) [Tk_l]-(s) U(s,
i=k

for all s qk-l,k-- 1,2,...,N,

(E.13)

[TkN_I o /]-1(8) k -1IT;_ o TkN o D] (8)
[TV o )]-l([Tkk_l]-i (8))

N

IVo,,l-l(U( ,
U[T2o]-l(8, ((8}}i)"

10 For sets A, B E X, A\B := {x E A" x

_
B}.
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When A, B, C, D, E are sets,

A U (B\A) A U B, A U B U (C\(A U B)) A U B U C, and so on, and

(E.14)

When k- 1,

A n (B\A) O, C (E\(A u B u C u D)) O, and so on.

(E.15)

:=

Moreover, (E.6) and (E.7) imply that for all m, n e {1, 2,..., N}, m < n,

[fl]-l(m) [fl]-l(n) C([T1N o ]-l(m))\ C([T1N o ]-1(i))
i=1

U=I 0([T o 1-1(i))

(E.16) C Co([T o

o

It follows that {[fl]-l(s)’s e 1} partitions t U.
For k > 1, suppose that {[fk_l]-(s)’s E Sk-} partitions gt U. Then

[fk]-l(Sk) [fk]-l(,U S’)
s ESk

sSk-1

N

U U [fk]-l(8’((8))j)
sES_ j=k
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"= U U [I-,]-() N C([T o ]-(, <<>>))
8E.k--1 j:k

\ Cs([T o 1-1(s,

8Sk--1 j=k

8Sk-1 j=k

( -[fk--1]-1(8)) ( -1([T-1]-1(8)))
( N U)( ([T_1o@]-1(8)))

D U [r-I o

xU.

Moreover, for all s, e S such that s , when T(s) Tk_l(), (E.8)and (E.9)
and the induction hypothesis imply that

[i]-(l [i]-l( c [I_]-(rLl(

and when Tk_l(S Tk_( (implying that sk k), (E.8) and (E.9) and the
induction hypothesis imply that for some m < n (say
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: C([T o ]-(,

c C([T2 o ]-1(,

(E.19) n (Cs([T o ]-1(s,
\

Consequently, {[fk]-l(s) s e S} partitions f x U. It follows, by induction, that for
all k 1,2,...,N, {[f]-(s)’s e S} partitions a x U.

Having established, for all k 1, 2,... ,N, that fk is a legitimate function, it
remains to show that fk satisfies properties (1) and (2) (cf. the discussion following
(E.1)). To verify property (1) it suffices to prove, for all k 1, 2,..., N, that

Tk-1 o fk /k-l,

[T2_ o A]-() [_]-()
for all s e Sk-. Fix k E (1, 2,... ,N}. By (E.8) and (E.9)

(E.22) [/]-(s, <<s>>j)C [/k_ l] (s)

for all s Sk-1 and j k,k d- 1,... ,N; consequently, since ([fk_l]-l(s) s Sk-1}
partitions D x U, for all s,g Sk-1 such that s g, and for arbitrary j {k, k +

(E.23) [/]-(s, <<s>>y) [/_]-(s) O.

However, {[A]-() } lso partitions n x U; accordingly, (E.23) implies that
for all s Sk-1,

(E.e0)

or, equivalently, that

(E.21)

(E.24)

[Tkk_l o fk]-l(8)
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--i.e., (E.21), and, consequently, property (1) hold.
To verify property (2) (see the discussion following (n.1)) it is necessary to es-

tablish the following lemma.
LEMMA El. Suppose that f, and Uk, k 1, 2,..., N, are countable sets, and

suppose that B contains the singletons of . Then if is an order function such that
Z possesses property CI, for all s E Sk, k 1, 2,..., N,

(E.25) ,78 f CTt_I(8)([T o ]-1(s)) c .T’(Tkk_l(S)).

Proof. By sumption, the a-fields B and , k 1, 2,..., N, contain, respec-
tively, the singletons of the countable sets and Uk, k 1, 2,..., N (k contains the
singletons of Vk due to 2.2, l(c)). Accordingly, for all s := (si, s2,..., sk) Sk, k
1, 2,..., N, the product field B @ (@=1 s,) contains the singletons of the countable

kset (Hi=U), implying that B @ (@i%ls is the power set of (HillU).
It follows, for all s S, k 1, 2,..., N, that

(E.26) a [T2_(s)]-I(A) A C a x U

--i.e., it follows that (T2_(s)) is the cylindrical extension of the power set of fl
k-1Hi= U to fl U.

Fix k {1, 2,..., N} and s Sk. Since property CI holds with order function ,
(E.3), (3.3), and (E.26) imply that for all (w, u) e [T o ]-(s) and A e,

A CT_(s)(W,U A

C Y(T2_ (s)).

Since [Tff o ]-(s) e V is a countable set, and since inverse.and direct images
preserve unions, it follows that

(E.28) (A CT2_ ()(w, u))
(,)e[To]-()

e

This proves the lemma since (E.28) holds for all A s, and consequently, implies
(E.2).

Given Lemma El, by induction, all f can be shown to possess property (2). For
k 1, fix j {1,2,... ,N}. By Lemma El, for all A J,

(E.29) A Co([T o ]-(j)) e ().

Likewise, since fl x U i for all i, for all i 1, 2,..., N,

(E.a0) Co([T o ]-()) e (O);
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accordingly,

(E.31)
i-1

It follows, from (E.29) and (E.31), that

j-1

U C([Ty o ]-,()) e ().

(E.32) A r [fl]-l(J) :-- A j (C([T1N o ]-1(j))

j-1

(E.39) U C([T o ]-(s, (<s>>)) e ’(s).
i--k

It follows, from (E.35), (E.36), and (E.3S), that

A r] [f]-i(s, ((s)}y) := A r} [f_]-(s) r (C([Tff ]-1(s,

(E.40)

e ().
Since (E.39) holds for

(E.al) ’ R []-1() c (TL,()).
It follows, by induction, that f} satisfies property (2) for ll } 1,2,... ,N; con-

sequently, since all f}’s also satisfy property (1), ]N is an order function such
that Z possesses property C (see the discussion following (E.1)). This proves the
theorem.

(E.aS)
accordingly,

\ C([T o ]-())

(E.33) e ’().
Since (E.32) holds for all A ,f satisfies property (2)--i.e., for all j S,

(E.34) 5Y ) [fl]-(j) c ’().
For k > 1, suppose that f}_ satisfies property (2)i.e., suppose that, for all

s e S_,
k-1(E.35) fl- A [fk-1]-(s) C (Tk_2 (s)).

Then, since x U E i for all 1,2,... ,N, for all s Sk-,
k-1(E.36) [fk_l]-l(s) C Y(Tk_2 (s)) C (s).

Fix s Sa-1 and j {k,k + 1,... ,N). By Lemma El, for all A J(()),
(E.37) (C([ ]-1(, (())))) y().

Likewise, since z U ji for all i, for all k, k + 1,..., N,

c([ ]-(, ()))) y();
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STOCHASTIC APPROXIMATIONS AND ADAPTIVE CONTROL
OF A DISCRETE-TIME SINGLE-SERVER NETWORK

WITH RANDOM ROUTING*

ARMAND M. MAKOWSKIt AND ADAM SHWARTZ

This paper is dedicated to the memory of Michel Metivier.

Abstract. This paper considers a discrete-time system composed of K infinite capacity queues
that compete for the use of a single server. Customers arrive in independent and identically dis-
tributed (i.i.d.) batches and are served according to a server allocation policy. Upon completing
service, customers either leave the system or are routed instantaneously to another queue according
to some random mechanism. As an alternative to simply randomized strategies, a policy based on
a stochastic approximation algorithm is proposed to drive a long-run average cost to a given value.
The underlying motivation can be traced back to implementation issues associated with constrained
optimal strategies.

A version of the ordinary differential equation (ODE) method as given by Metivier and Priouret
is developed for proving almost sure convergence of this algorithm. This is done by exploiting
the recurrence structure of the system under nonidling policies. A probabilistic representation of
solutions to an associated Poisson equation is found most useful for proving their requisite Lipschitz
continuity. The conditions that guarantee convergence are given directly in terms of the model data.
The approach is of independent interest, as it is not limited to this particular queueing application
and suggests a way of attacking other similar problems.

Key words, stochastic approximations, stochastic adaptive control, queueing networks

AMS(MOS) subject classifications. 90B22, 90B50, 93E20

1. Introduction.

1.1. Stochastic approximations on Markov chains. In recent years, there
has been widespread interest in stochastic approximation algorithms as a means to
solve increasingly complex engineering problems [5], [16]. As a result, focus has shifted
from the original Robbins-Monro algorithm to projected stochastic approximation
algorithms driven by Markovian "noise" or "state" processes. These algorithms have
the following form: The state process {X(n), n 0, 1,...} takes values in some Borel
subset S of ]RE. With U a compact convex subset of ]Rp, the iterates {ri(n), n
0, 1,...} are then defined by the recursion

(1.1) 7(0) E U, rl(n + 1)= IIu{r(n)+ an+lf((n),X(n + n=0,1,...,

where Hu denotes the nearest-point projection on U, f is a Borel mapping U S - lRp

and the step size sequence {an+l, n 0, 1,...} satisfies some conditions, say (2.2)
typically. For the Markovian dependencies alluded to earlier, a complete specification
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of the algorithms (1.1) requires

P[X(n + 1) e BIX(O),(O),X(1),...,X(n),(n)] #(n)(X(n);B)

n O, 1,...

for every Borel subset B of S, where {#, /E U} is a family of one-step probability
transition kernels on S.

The central question in the theory of stochastic approximations is concerned with
the convergence properties of the iterate sequence {r/(n), n 0, 1,...}. For the classi-
cal Robbins-Monro algorithm, Gladyshev [10] has given direct martingale arguments
to establish almost sure convergence. However, in more complex situations such as
(1.2), this direct probabilistic approach does not work, and this failure has prompted
the development of the so-called ordinary differential equation (ODE) method. In
most of its forms, the ODE method proceeds in two separate steps. The first step
relies on the Kushner-Clark Lemma to identify a deterministic ODE, the stability
properties of which determine the limit points of {r/(n), n 0, 1,...}. The second
step is probabilistic in nature and depends on the algorithm being considered; its
purpose is to show that asymptotically (in the mode of convergence of interest) the
output sequence of the original algorithm behaves like the solution to the ODE.

In their monograph [17], Kushner and Clark have given general conditions for
successfully completing this second step. In more structured situations [161, Kushner
has shown how weak convergence methods pave the way to convergence in probability
of the sequence {/(n), n 0, 1,...}. In the Markovian case, Metivier and Priouret
[23] have established almost sure convergence by making use of properties of the
Poisson equation associated with the transition kernels {#, E U} appearing in
(1.2). Key to their analysis are various properties of Lipschitz continuity (in ) of the
solution to this Poisson equation.

Unfortunately, in all these references, the conditions underlying the second step
of the ODE method are given in implicit form and are often hard to verify in specific
situations. What seems desirable is a more operational convergence theory where
conditions are given directly in terms of the model data. This was done by the
authors in the Markovian situation [18] when the state space S is finite. Under the
mild condition of Lipschitz continuity (in ) for the one-step transition probabilities,
almost sure convergence was established by a variant of the approach proposed by
Metivier and Priouret.

When the state space S is countably infinite, the situation is much more diffi-
cult and no general results seem available, which guarantees almost sure convergence
in terms of explicit conditions on the model data. The main technical difficulty in
the approach of Metivier and Priouret stems from the fact that several quantities of
interest are no longer bounded and that the requisite properties of the solution to
the Poisson equation are now much harder to obtain. This paper presents arguments
for establishing both these smoothness properties and the almost sure convergence of
the algorithm. The general framework of interest is described in 2, and is couched
in the formalism of the theory of Markov decision processes (MDPs); this is done
for notational convenience as will become apparent in later sections. The approach
advocated here relies on the recurrence structure of the (controlled) system [20], and
on a probabilistic representation of the solution to the Poisson equation derived from
it [30]. These arguments are developed in the context of an adaptive control problem
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for a specific queueing system, namely, a discrete-time single-server network with ran-
dom routing, which is described in 3. The approach presented here is of much wider
applicability and should be of use in analyzing a large class of projected stochastic
approximations driven by a Markov chain on a countable state space. The main ad-
vantage of discussing a concrete application lies in the fact that the key arguments
can then be provided in their simplest form, unencumbered by often confusing tech-
nicalities, under verifiable conditions given solely in terms of the model data. To help
the reader apply the ideas proposed here to other situations, each one of 5-7 ends
with an outline of more general technical conditions, which permits a development
similar to the one given here.

1.2. A time-sharing queueing system. The queueing system considered here
is now briefly described; a precise model formulation is available in 3: Consider a
system composed of K infinite capacity queues that compete for the use of a single
server. Time is slotted with the service requirement of each customer corresponding
exactly to one time slot. At the beginning of each time slot, the controller gives prior-
ity to one of the queues according to some prespecified dynamic priority assignment,
and the selected queue is given service attention during that slot. However, due to
a variety of reasons ranging from server failure to exogenous interferences, with a
positive probability, the service fails, in which case the service of that customer is
rescheduled at a later time in accordance with the service allocation policy. When
in a given time slot the service succeeds, the customer is either declared serviced
and leaves the system at the end of the slot or is routed to one of the other queues
with a fixed probability, depending on both source and destination queues. The fail-
ures are assumed generated through independent Bernoulli processes, with possibly
class-dependent parameters, and this independently of the arrival mechanism. New
customers may arrive in batches which are modeled as an arbitrary K-dimensional
renewal process; this captures possible partial correlations between arrivals from dif-
ferent classes in a given slot.

This queueing system and its variants constitute useful models for studying issues
of resource allocation in several application areas, including computer systems and
data networks, and as such they have received a great deal of attention in recent
years. Klimov [14] studied a continuous-time version of this system and proved that
a strict priority policy minimizes the discounted cost associated with a cost-per-slot
linear in the queue sizes. Tsoucas and Walrand [31] considered an adaptive version of
Klimov’s problem where the service distributions are unknown.

The case where no routing is allowed has been much studied: Several authors
[3], [4], [8], [11] have shown that the #c-rule minimizes a variety of performance
measures associated with the aforementioned linear cost structure. In [24], Nain and
Ross considered the situation where several types of traffic, say voice, video, and data,
compete for the use of a single synchronous communication channel. They formulated
this situation as a system of K discrete-time queues and found the service allocation
strategy that minimizes the long-run average of a linear expression in the queue sizes
of K- 1 customer classes, under the constraint that the long-run average queue
size of the remaining customer class not exceed a certain value. Extending some of
the optimality results from Baras, Ma, and Makowski [4], they showed that if the
constraint can be met, then the optimal policy g is a Markov stationary policy with
the following structure: There exist two static work-conserving service assignment
policies (of which #c-rules are only one description), say and g, and a scalar 7" in
(0, 1). At the beginning of each time slot, a coin with bias 7" is flipped, and the policy
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g implements channel rights according to the outcome via and g with probability
y* and 1- *, respectively. The bias * is determined so as to meet the constraint.
This result was extended by Altman and Shwartz to the case where the constraint is
also given through a linear combination in the queue sizes [1], [2].

These results are typical in the broader context of MDPs in that analysis often
identifies a policy g of interest which is Markov stationary. In fact, for the problem of
minimizing one average cost subject to a constraint on another such cost, an optimal
policy which "mixes" two deterministic policies in the manner described above exists
under very general conditions [6], [7], [27]. Unfortunately, this policy may not be
readily implementable due either to a lack of knowledge of the actual values of some
parameters [15] or to computational difficulties inherent to its definition. The situation
treated by Nain and Ross [24] is a good case in point, for there nontrivial off-line
computations are required to actually compute the value of the bias y*, even if all
parameters are known.

1.3. Overview of the paper. This implementation issue provides the moti-
vation for the stochastic approximation studied in this paper. In 4, the issue is
discussed in the broader context of "steering the cost to a given value" [19], with a
view towards applications to constrained optimization [1], [2], [26]. The problem is
now one of finding the bias y* needed in a simple randomization between two policies
g and to steer a long-run average cost to a given value. The resulting randomized
Markov stationary policyudenoted g hereafter--can be implemented by means of a
projected stochastic approximation. This algorithm computes on-line estimates of r*
which are then used in a certainty equivalence controller ( derived from the special
form of g. Theorems 4.1 and 4.2 contain the main results concerning the performance
of this policy c, namely, that the policies c and g yield the same value for the long-
run average cost, and that under the iterates (vl(n), n 0, 1,...} converge almost
surely to the bias value *. This improves on earlier results of the authors [28] for
the same algorithm in the context of the two-queue system with no routing, There,
only convergence in probability was established, albeit under weaker conditions on
moments.

The convergence proof for the stochastic approximation algorithm hinges on the
availability of bounds on moments of the queue size process which are uniform in
the policy, and on the smoothness properties of solutions to an associated Poisson
equation [23], [30]. The bounds are obtained in 5 by means of renewal arguments
that relate the queue size to the recurrence times to the empty state. In 6, novel ar-
guments are developed for proving the Lipschitz continuity of solutions to the Poisson
equation and for establishing bounds on them. It is appropriate to stress the method-
ological value of both 5 and 6, in that ideas therein are by no means restricted
to the competing queue model or to the randomization of two policies, and can be
used mutatis mutandis in many other situations. However, the approach was devel-
oped here in the context of a specific model, rather than for general Markov chains
with countable state spaces, to present the arguments more clearly, unencumbered by
technical details and assumptions which often accompany more formal treatments.

The almost sure convergence of the stochastic approximation scheme defining
the implementation is established in 7, where the various estimates of the previous
sections allow for a rather simple proof. Finally, the cost properties of the policy ( are
discussed in 8 by making use of the convergence of the stochastic approximation and
by invoking the results on the certainty equivalence principle developed in [30]; the
requisite hypotheses of [30] are easily verified for this system with the help of bounds
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on solutions to the Poisson equation. The paper concludes with an application to the
constrained optimization problem discussed by Nain and Ross in [24]. All necessary
conditions are verified and the policy c thus constitutes an implementation of the
Markov stationary policy which is constrained optimal for this problem.

2. A general model. This section introduces a general class of projected sto-
chastic approximations driven by Markovian noise. The formalism of the theory of
MDPs [12], [25] was found notationally convenient as it lends itself naturally to the
presentation of the more general conditions at the end of 5-7.

A few words on the notation and conventions used throughout the paper. The
set of all nonnegative integers is denoted by IN, and ]R (respectively, JR+) stands for
the set of all real (respectively, positive real) numbers. The indicator function of a
set A is denoted by I[A]. Unless stated otherwise, the notation limn and limn are
understood with n going to infinity. The infimum over an empty set is taken to be

2.1. The MDP formulation. Consider an MDP (S, U, P) as defined in the
literature [12], [25] where the state space S is a countable set and the action space U
is a compact convex subset of ]Rp. The one-step transition mechanism P is defined
through the one-step transition probability functions U --. [0, 1] u ---. pxy(u) (with
x, y in S), which are assumed Borel measurable and which satisfy -ypy(u) 1 for
all u in U, and all x in S. The space of probability measures on U (when equipped
with its natural Borel a-field) is denoted by 2/[(U). An admissible Control policy r
is then defined as any collection {,, n 0, 1,...} of mappings r S (U S)’ --(U) such that for all n 0, 1,... and every Borel subset B of U, the mapping
S (U S)n -- [0,1]: ha -- 7rn(hn; B) is Borel measurable.

The definition of the MDP (S, U,P) postulates the existence of a measurable
space (,’) large enough to carry sequences of S-valued random variables (rvs)
{X(n), n 0, 1,...} and U-valued rvs {U(n), n 0, 1,...}, with X(n) denoting
the state of the system at time n and U(n) representing the action taken in that
state. The feedback information is encoded through the rvs {H(n), n 0, 1,...}
defined by H(0):= X(0) and H(n):= (X(0), U(0),X(1),... ,U(n- 1), X(n)) for all
n 1, 2,...; the rv H(n) takes values in IH := S (V S). The measurable space
(,’) is often selected to be the so-called canonical space, i.e., is the Cartesian
product := S (U S) endowed with the natural Borel structure inherited from
the product topology. However, in many concrete situations, it is more convenient to
describe the underlying MDP on a measurable space (gt, ’) which is somewhat larger
than the canonical space. For example, for the network considered in this paper,
additional rvs are needed to encode arrivals, service completions and random routing
in the queueing system, in which case the definitions of lI-I, and H(n) are modified
accordingly in the obvious way. To complete the definition of the MDP (S, U, P),
let #(.) be a fixed probability distribution on S. For every admissible policy r, a
probability measure P is constructed on (2, ’) in the usual way [12], [25] such that
under P, the rv X0 has distribution it(’). The expectation operator associated with

(or P) is denoted by E.
Following standard usage, an admissible policy r is said to be a Markov or

memoryless policy if there exists a family {g, n 0, 1,...} of Borel mappings
g S -- A/[(U) such that rn(.;H(n)) g(.;X(n)) P’-almost surely for all
n 0, 1, When the mappings {gn, n 0, 1,...} are all identical to a given
mapping g S A/I(U), the Markov policy is termed stationary and is identi-
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fled with the mapping g itself. Under any Markov stationary g, the state process
(X(n), n 0, 1,...} evolves according to a Markov chain. Finally, an admissible
policy r is said to be deterministic or nonrandomized if there exists a sequence of
Borel mappings (fn, n 0, 1,... such that for each n 0, 1,..., the mapping
fn: ]I-In -- U is Borel measurable and the probability measure rn(’; H(n)) is a point
mass distribution concentrated at fn(H(n)) P’-almost surely.

2.2. The stochastic approximation. Stochastic approximations on Markov
chains--as defined by (1.1) and (1.3)--can be interpreted as deterministic policies for
the MDP (S, U, P) described earlier. To see this, start with a mapping c S - ]Rp and
let ((n), n 0, 1,... be the sequence of U-valued rvs determined by the recursion

(2.1) r/(0) U, y(n + 1) Hu{y(n) T an+ C(X(n -}- 1)) }, n 0, 1,...

As before, Hu denotes the nearest-point projection on U, and the stepsize sequence
{an+, n 0, 1,...} satisfies the usual conditions

E(2.2) 0 < an , O, an oc and an
n--0 n--0

The policy associated with the recursion (2.1) is the deterministic policy a {an, n
0, 1,...} with the property that for all n 0, 1,..., an(’; H(n)) is the point mass distri-
bution concentrated at r/(n). This policy is admissible since for each n 0, 1,..., the
rv (n) can be expressed as a function of the successive states X(0),X(1),... ,X(n).

3. The discrete-time Klimov model. This section presents in some detail
the model for the controlled queueing system briefly described in the introduction.
First, a few words on the notation and convention in use. Elements of ]pg are always
interpreted as K 1 column vectors, and the kth component of any element x of ]Rg

is denoted by Xk, k 1,..., K, with a similar convention for rvs. Thus an element x
of ]pg can also be written as (xl, Xg)’ (with’ denoting transpose), and its norm

g
is given by Ixl :-- -k= Ixkl The standard basis {e .., eK} for ]RK is denoted by

KBK, while the standard simplex 8K is defined by 8K := {p E [0, 1]K" ’k= Pk 1};
it is plain that 8g can be identified with M(U) when U ]g.

3.1. The basic random variables. The controlled queueing system of interest,
the so-called discrete-time Klimov model, is defined as an MDP with all its probabilis-
tic elements defined on a single sample space f equipped with the a-field of events ’.
This sample space carries the basic rvs .., {U(n), n 0, 1,...}, {A(n), n 0, 1,...,
{B(n), n 0, 1,...} and {R(n), n 0, 1,...} which take values in INK, BK, IN
{0, 1}K, and {0, 1,... K}K, respectively. These quantities have a ready interpretation
in the context of the queueing system described in the introduction: For k 1,..., K,
the number of customers initially in the kth queue is set at ’=’k and for each n 0, 1,...,
the state of the system is represented by a INK-valued rv X(n) with the interpretation
that at the beginning of the slot In, n + 1), Xk(n) customers are present in the kth
queue, including the one receiving service. The following chain of events then occurs:

(i) The control action U(n) is selected with the convention that Uk(n) 1 (re-
spectively, Uk(n) 0) if the kth queue is (respectively, is not) given service attention
during that slot. The fact that U(n) takes values in BK guarantees that exactly one
queue is given service attention;

(ii) New customers arrive into the system according to the rv A(n) with Ak(n)
new customers joining the kth queue;
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(iii) A completion of service possibly occurs at the queue that was given service
attention during the slot. This is encoded in the binary rv B(n), where Bk(n) 1
(respectively, Bk(n) 0) signifies successful completion (respectively, abortion) of
service for the kth queue conditioned on it being given service attention and nonempty;
and

(iv) If a service completion occurs at the queue that was given service attention
during the slot, then instantaneously the serviced customer is either transferred to
another queue or it leaves the network. This routing decision is implemented through
the variable R(n) with the following interpretation. If the service completion occurred
at the kth queue, then Rk(n) , 1,... ,K, means that the serviced customer
joins the gth queue while Rk(n) 0 expresses the fact that this customer leaves the
system.

As a result of (i)-(iv), the successive system states or queue size vectors form a
sequence {X(n), n 0, 1,...} of INK-valued rvs which are generated componentwise
through the recursion
(.)

X(0) , Xk(n + 1) Xk(n) + Ak(n) I[Xk(n) # O]Uk(n)Bk(n)
K

/EI[X(n) O]U(n)B(n)I[R(n) k],
=1

k- 1,...,K, n O, 1,

At the beginning of each time slot In, n + 1), the decision-maker has knowledge of the
rv H(n) which here includes the initial queue sizes, past arrivals, past decisions, past
service completions, and past routing decisions so that the rvs {H(n), n 0, 1,...}
are now given recursively by

(3.2) H(0) E, H(n + 1) :- (H(n), U(n), A(n), B(n), n(n)), n O, 1,

The information contained in g(n) is used to generate the control value V(n) imple-
mented in the slot In, n / 1).

3.2. The probabilistic structure. Since randomized strategies are allowed, an
admissible control policy r is defined as any collection {rn, n 0, 1,...} of mappings
r,, lHn --* Sg, with the interpretation that at times n 0, 1,..., the kth queue
is given service attention with probability :r (k; hn) whenever the information vector
h (in lH) is available to the system controller. The collection of all such admissible
policies is denoted by P. A policy r in :P is said to be nonidling whenever conditions
[r,(k;H(n)) > O, X(n) 0] [rn(k;H(n)) > O, Xk(n) 0], k 1,...,g, hold
true P-almost surely for all n 0, 1,

Let q(.) and q(.) be two probability mass distributions on lNK, and fix a service
rate vector # in (0, 1] g. Moreover, let P =_ (Pk) denote a K xK substochastic matrix,
i.e., 0

_
Pk

_
1 and -]=1Pk

_
1 for all k, g 1,..., K, and set

K

(3.3) PkO :-- 1- Epk, k- 1,..., g.

Throughout the discussion, the nondegeneracy and finite mean conditions

(3.4) 0 < q(0) < 1 and E lalq(a) < c
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are enforced. Moreover, the matrix I- P is assumed invertible, a condition which is
equivalent to the system being open, i.e., every customer eventually leaves the system
with probability one.

The model is now completely specified by postulating the existence of a family
(P, r E $’} of probability measures on the a-field $" which satisfies the requirements
(R1)-(R3) below, i.e., for every policy r in P,

(R1) The rv .. is distributed according to qm(.), i.e., P[.. x] q.=.(x) for all x
in INK;

(R2) For all a in INK, b in {0, 1}g and r in {0, 1,... ,g}K,

P[A(n) a, B(n) b, R(n) r n V a{U(n)}]

K K

II + (1 II
k--1 k--1

n =0,1,...,

where $’n a{H(n)} with H(n) defined by (3.2); and
(R3) For all k 1,..., K,

Pr[U(n) ek .T’n] 7rn(k; Ha), n-O, 1,

A sample space (t, ’) that carries such a family of probability measures {P, r E
:P} is easily constructed by taking gt to be the canonical space INg x (/g ]NK
{0, 1}g {0, 1,... ,g}g) equipped with its natural a-field; the reader is referred to
[20], [21], [28] for additional details on this construction. The basic rvs satisfy various
independence and distributional properties referred to as properties (P1)-(P4), i.e.,
under P, for each policy r in P,

(P1) The lg-valued rv E and the sequences of rvs {A(n), n 0, 1,...}, {B(n),
n 0, 1,...}, and {R(n), n 0, 1,...} are mutually independent;

(P2) The INK-valued rvs {A(n), n 0, 1,...} form a sequence of independent
and identically distributed (i.i.d.) rvs with common probability distribution q(.);

(P3) The sequences {Bk(n), n 0, 1,...} of {0, 1}-valued rvs are mutually in-
dependent i.i.d. Bernoulli sequences with parameters #k, k- 1,..., K; and

(P4) The sequences {Rk(n), n O, 1,...} of {0, 1,..., K}-valued rvs are mutually
i.i.d, sequences with P[Rk(n) ] Pk, k, 1,..., K, for all n 0, 1,...
For k 1,..., K, denote by Ak the first moment of the sequence {Ak(n), n O, 1,...}
and set Uk #k -1. The network traffic coefficient p is then defined by

(3.5) p A’(I-

where A (A1, "K)! and u (,,..., "K)’.
4. Problem formulation. For any mapping c" INg -- JR, set

(4.1) J(r) := limnE
1

n

+ c(X(i)), e p
i--0

(whenever meaningful) with the usual interpretation that J() is a measure of system
performance when using the policy r.
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4.1. Steering the cost. Constrained MDPs lead to optimal stationary poli-
cies that randomize between several stationary deterministic policies [6], [7],[26], [27].
Given the constituent deterministic policies, the problem of finding the optimal policy
reduces to simultaneously steering constraint functionals of the form (4.1) to given
values. For simplicity, only the scalar case (arising from a single constraint) is dis-
cussed here, in which case the steering problem consists in finding a Markov stationary
policy g such that Jc(g) V for some given constant V. The discussion is given under
the assumption that there exist two Markov (possibly randomized) stationary policies
g and such that

(4.2) Jc(g) < V < Jc(-).

For every 7 in [0,1], let fu denote the Markov stationary policy obtained by simply
randomizing with bias 7 between the policies g and ; it is determined through the

mapping fv INg Sg, where

(4.3) fV(k;x) :- 7(k;x) + (1 7)g(k;x), x e ]RIg, k 1,... ,g.

For 7 1 (respectively, 7 0) the randomized policy fv coincides with (respectively,
g_). If the mapping 7 --* j(fv) is continuous on the interval [0,1], then by virtue of

(4.2) at least one randomized strategy fv* meets the value V and its corresponding
bias value 7" is a solution to the equation

(4.4) j(fv) V, 7 e [0, 1],

so that the identification g- fv* may take place.

4.2. Implementation issues. Solving the (highly) nonlinear equation (4.4) for
the bias value 7* is usually a nontrivial task, even in the simplest of situations [19], [24].
This difficulty is circumvented by proposing alternatives to the policy g that bypass a
direct solution of (4.4). One possible approach is to design (simple recursive) schemes
for estimating the value 7" which solves (4.4) and then to define a so-called "naive
feedback" policy a {a,, n 0, 1,...} via the certainty equivalence principle [22].
Such a policy a can be written in the form

(4.5) Cn :-- 7(n) + (1 7(n))g, n 0, 1,...

for some sequence of [0,1J-valued rvs {7(n), n 0, 1,...} which act as "estimates" for
the bias value 7*. It is hoped that the effects of controlling and learning about the
system will combine to produce a consistent estimation scheme. In such a case, the
sequence of estimates {7(n), n 0, 1,...} converges to the value 7" in some sense,
thus providing increasingly better approximations to the appropriate bias value. This
policy a will constitute an acceptable implementation of g provided J(a) J(g).

At this point, the reader may wonder as to how such an estimation scheme can be
selected. If the function 7 -- jc(fv) were continuous and strictly monotone (neces-
sarily increasing by (4.2)-(4.3)), then the search for 7" could be interpreted as finding
the zero of the continuous, strictly monotone function 7 j(fv) V, and this
brings to mind ideas from the theory of stochastic approximations [17]. Here, the
Robbins-Monro version of these algorithms suggests that a sequence of bias values
{7(n), n 0, 1,...} be generated through the recursion

(4.6) 7(0) e U, 7(n + 1) 7(n) + an+l(V c(X(n + 1 n O, 1,...
o
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In (4.6) the notation [x] 0 V (x A 1) is used for every x in JR, and the sequence of
stepsizes (an, n-- 1, 2,...} satisfies the conditions (2.2).

4.3. The results. This paper is devoted to analyzing the performance of the
adaptive policy a defined through (4.5)-(4.6). The main results, which are described
below, require the additional assumptions (Ra)-(R6) on the data of the problem,
where

(Rd) There exists some integer 3, >_ 1 such that the moment conditions

E Ixl’q=(x)< oc and E la]q(a) < oc

XEIK aENK

hold true, i.e., under every policy r in :P, E[II1 < c and E[IA(n)I] < c for all
n-- 0, 1,...;

(R5) There exist an integer 5 > 0 and a constant L > 0 such that

Ic(x)l <_ L(1 + Ixl) =: 5(Ixl) x E lNK;

(R6) The policies and g are non-idling Markov stationary policies such that
(4.2) holds.

THEOREM 4.1. Assume (R1)-(R6) to hold with p < 1 and let the integer
exponent 3, in (Rd) and in (R5) satisfy the condition

(4.7) 25 + 3 _< 3,.

If the mapping --. Jc(f’) is strictly monotone, then limn rl(n)= r]* Pa-almost
surely.

Under these conditions, the system also satisfies a certainty equivalence principle

THEOREM 4.2. Assume (R1)-(R6) to hold with p < 1 and let the integer
exponent 3, in (Rd) and in (R5) satisfy the condition

(4.8) max{3, 1 + 5(1 + )} _< 3’

for some e > O. If limn rl(n) 7" in probability under pc, then the convergence

(4.9) J(a)--limn
1

n

n + 1
c(X(i)) J(g)

i--0

takes place in Ll(t, , P), so that

(4.10) Jc(c) limn E
1

n

n + 1 E c(X(i)) J(g).
i--0

Moreover, for any other mapping d INK - JR, if there exist an integer > 0 and a
constant L > 0 such that

(4.11) Id(x) <_ L’(l + lxl ’), x e lNg

then both (4.9) and (4.10) hold for the long-run average cost (4.1) associated with d
provided the condition

(4.12) max{3, 1 + 6’(1 + ’)} _< 3,
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holds for some d > O.
This section closes with a few easy facts and remarks: The restriction that 5 and 5

be integers in Theorems 4.1 and 4.2 is not essential but results in some simplifications
in the notation. An example where the hypotheses of Theorems 4.1 and 4.2 hold is
given in 8.

Under (RC), the policies fv, 0 _< r _< 1 and c are all nonidling since y and g are
nonidling.

For each n 0, 1,..., (3.1) implies Xk(n + 1)

_
Xk(n)+ Ak(n)+ 1, k 1,..., K,

whence by virtue of (R4), E[IX(n)I] < oc under any policy r in 7). Since 5

_
’under either (4.7) or (4.8), it is then immediate from (R5) that E [Ic(X(n))l] <

L(1 + E [IX(n)l]) < cx, and therefore Jc(r) is always well defined (and in fact
finite by Theorem 5.1 below). A similar argument shows that under the conditions
(4.11)-(4.12), the long-run average cost associated with d is also well defined and
finite under any policy r in P.

5. Moment estimates.

5.1. The bounds. The proofs of Theorems 4.1 and 4.2 require bounds on mo-
ments of the rvs {IX(n)l, n 0, 1,...} which are uniform over the class of all nonidling
policies. The derivation of such bounds is given below and is based on the key obser-
vation that the total number of customers in the system at any given time n decreases
by at most one unit in the next time slot In, n + 1), and is therefore bounded above
by the number of slots it takes for the queue sizes to empty for the first time after n.
This simple fact can be used to advantage when combined with the detailed statistical
information obtained by the authors in [20] on the time until the system empties, and
leads to the following strong estimates.

THEOREM 5.1. Assume (R1)-(R5) with p < 1. There exists a single positive
constant K such that for every nonidling policy 7r in 7, the moment estimate

(5.1) sup. E’[IX(n)l"-11 <_ K. < oo

holds true.
Theorem 5.1, the proof of which is presented below, turns out to be a special

case of an intermediate result of independent interest given in Theorem 5.4. Before
discussing this more general result, it is convenient to note the following simple and
useful consequence of (5.1).

COROLLARY 5.2. Assume (R1)-(R5) with p < 1. Whenever / > 2, the rvs
(IX(n)l, n 0,1,...} are uniformly integrable under the probability measure P"
associated with any non-idling policy r in 7.

5.2. Recurrence properties. To formalize the argument outlined earlier, it is
necessary to study the recurrence structure of the process (X(n), n 0, 1,...} under
any nonidling policy 7r in :P. To that end, consider the rvs (Tk, k 0, 1, 2,...) and
(ak, k 1,2,...} defined recursively, with TO 41 0, by

(5.2a) Tk "--inf(n > ak X(n) 0}, k- 1, 2,...

and

(5.2b) ok+ inf{n > Tk’X(n) # 0}, k 1, 2,

These definitions are different from those given in [20] (where (0) denotes the present
rv T1). For k 2, 3,... the rv Tk is the time epoch at which the system empties itself
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for the (k- 1)st time after T1, SO that ak/l is the time epoch when the system becomes
again nonempty for the first time after Tk. Moreover, with the convention c- cx) 0,
define the rvs {k, k--- 1,2,...} by

(5.3) Ok+l Tk+l Tk, k O, 1,...

so that 01 T1. The following proposition summarizes results that were obtained in
[20, 4 and 5].

PROPOSITION 5.3. Assume (R1)-(R4) with p < 1. Under any nonidling policy
r in , the rvs (Ok, k 1, 2,... .form a delayed renewal process whose statistics are
independent of the policy r, with finite means given by

(5.4) E[Ok IX(O) x] { 1_ x’(I1- p)-l + 1___i[x 0]

l-q(0) 1-o

if k-1

if k 2, 3,...

for all x in INK Moreover, the rv 02 possesses finite moments of order 7, and .for
1,..., % there exists a positive constant Ct (independent of the policy r) such

that

(5.5) E=[TIX(O) x] <_ C(1 + Ixl) x e INg.

In view of this result, it is natural to introduce as the expectation operator with
respect to the distribution of T1 given that X(0) x and that any nonidling policy
is used. Finally, for reference, denote by G the distribution of the rv 01 (- T1) and
by F the common distribution of the i.i.d, rvs (0k, k 2, 3,...}. By definition, the
distributions G and F do not coincide.

5.3. A renewal estimate. The (continuous-time) counting process {N(t), t _>
naturally associated with the sequence {Tn, n 0, 1,...} is defined by

N(t) "= max{k O, l,. Tk <_ t}, t >_ O

with the ready interpretation that N(t) represents the number of times the queue
has returned to the empty state by time t. With this notation, the observation made
earlier translates into

(5.7) IX(n)l <_ TN(n)+l n, n O, 1,

Now, for any monotone nondecreasing mapping r" JR+ --. JR+, set

nv(t) := E=[r(TN(t)+I --t)], t

_
O.

The subscripts G and .=. in (5.8) emphasize the fact that the system is started with an
initial queue size .=. distributed according to the distribution q.=.. Since the sequence
{0k, k 2, 3,...} is a nondelayed renewal sequence, it is appropriate to define

RE(t) "= E[r(TN(t+)+I (t + T1))], t _> 0

as this corresponds to a nondelayed renewal process with G F. The first part of
this section is devoted to deriving a bound on the expected values {RG(t), t >_ 0}
for any nonidling policy r, with a view toward generating (via (5.7)) a bound for the
sequence of expected values {E[r(IX(n)l)], n O, 1,...}.
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THEOREM 5.4. Assume (R1)-(R4) with p < 1 and let rr be an arbitrary non-
idling policy in 7) Under the finite moment assumptions

(5.10) mG(r) := r(8)dG(8) < oo and

the condition

mR(r) := r(O)dF(O) <

(5.11)

implies

KF(r) r(O- t)dtdF(O) r(O- t)dF(O)dt < cxa

(5.12) supt>_oRo(t supt>_oE[r(TN(t)+ t)] <

Proof. Let ro and rF be the mappings JR+ --+ IR+ defined by

(5.13) to(t):= r(e- t)dG(8) and rE(t) r(O t)dF(O), t >_ O.

The finiteness conditions (5.10) translate into ro(O) mo(r) < oo and rE(O)
mR(r) < oo. Since r takes positive values and is monotone nondecreasing, the indefi-
nite integrals entering the definition (5.13) are well defined and satisfy the inequalities
(5.14)
0 <_ r(O- t)dG(O) <_ r(O- s)dG(8) <_ r(8- s)dG(O), 0 <_ s <_ t.

As a result, the mapping ro is well defined and monotone nonincreasing. Similar
comments hold for rF.

A standard renewal argument [13, p. 183] applied to the process {r(TN(t)+l
t), t > 0} shows that

(5.15) Ro(t) RF(t O)dG(8) + r(O t)dG(8), t >_ 0

whence

(5.16)
Ro(t) <_ RF(t O)dG(O) + r(O)dG(O)

_< sup RE(S) + mo(r), t >_ 0
O<s<t

by the remarks made earlier. This clearly shows that under (5.10), the result (5.12)
will hold if the bound

(5.17) suPt>oRF(t < oo

can be established.
When G F, the renewal equation (5.15) specializes to

(5.18) RE(t) rE(t) + RF(t 8)dF(O), t >_ O.
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Since the mapping rF is monotone nonincreasing and takes nonnegative values, it
is therefore integrable as a result of (5.11), whence directly Riemann integrable [13,
pp. 190-191]. The fact that 0

_
rE(t)

_
mF(r) for all t >_ 0 implies that RE is bounded

on finite intervals [13, Thm. 4.2, p. 184]. Finally, note that the distribution F has
support on IN and is therefore arithmetic, say with span d. All requisite conditions
are now in place to apply the basic renewal theorem [13, Thm. 5.5.1, p. 191] to the
renewal equation (5.18) to obtain

d
(5.19) limn RF(c +nd)

_
rF(C +nd) c >_ 0

mF n-O

where mF is the first moment of F (which is finite by Proposition 5.3). Since the
mapping rF is nonincreasing, it readily follows from (5.19) that for all c >_ 0,

where the finiteness of the last bound results from (5.10)-(5.11). In particular,

(5.21) limn RF(nd + )
_

1___ {dmF(r) + KF(r)} < cx, 1,2,... ,d;
mF

and therefore

(5.22) supn RE(n)

Since N(t) in constant on [n,n + 1), direct inspection of (5.9) shows that RE(t)
RE(n) whenever n <_ t < n+ 1 owing to the monotonicity of r, whence supt>0 RE(t)
sup, RE(n)and (5.17)is now immediate from (5.22). [:]

Proof of Theorem 5.1. With r given by r(x) x-1 for all x _> 0, observe that

o 1
O,dF(O)"(5.23) KF(r) r(O- t)dtdF(O)

Under (R4), Proposition 5.3 now implies the conditions (5.10)-(5.11), and a straight-
forward application of Theorem 5.4 yields (5.1). [:]

5.4. Extensions. Bounds of the form (5.1) are related to the stability of the
system under the class of policies of interest and are typically established through
system-specific arguments. In fact, as will become apparent from the discussion in

6 and 7, (5.1) need only hold for a small number of policies. The methods of
the present section can be extended to the general model in the following way. Let
II denote a class of policies under which (5.1) is sought to hold, and consider the
conditions ((1)-((3) below, where

(G1) There exists a positive constant cs such that for every policy r in H,

(5.24) P’ [IX(n + 1)1 _< IX(n)l- c,] o, n 1, 2,
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Define the rvs (Tk, ak, Ok, k 1, 2,...} and (N(t), t >_ O} as in 5.2, and assume all
these rvs to be finite almost surely under each policy r in H. Under (G1), it follows
that for every r in H,

(5.25) [X(n)l _< Cs(TN(,)+I- n) P -a.s., n 1, 2,

In this general context, {N(t), t _> 0} may not be a renewal process, since r need not
be a stationary policy. With g a positive integer, introduce conditions (G2), (Ga) as

((]2) There exists a stationary policy r* in H such that either

E [IX(n)le-llX(O) x] <_ E’* [IX(n)[e-ilX(O) x],
or

E" [ITN()+ --n[e-lX(O) x] <_ E* [ITN(n)/ --Hie-l IX(O) xJ

x E INK, n 1, 2,...

for every policy r in H; and
(G3) For every initial condition x in lNK, there exists a positive constant C(x)

such that

Conditions (G1)-(G2) imply via (5.25) that for every policy r in H,

(5.26) E [IX(n)lt-l] <_ cst-E* [ITg(n)+l- nit-l], n 1,2,

Assumptions (G1)-(G3) are natural in queueing systems when conservation laws are
available. Note that could denote any norm on ]RK, a fact that could be used
to advantage when employing conservation laws. The generalization of Theorem 5.1
can now be stated.

THEOREM 5.1BIS. Consider the general model. Under (G1)-(G3), there exists
a single constant K (with "y l) such that (5.1) holds/or every policy r in II.

Proof. Under the Markov stationary policy r*, the process {N(t), t >_ 0} is a

delayed renewal process. The proof of (5.1) with r r* is identical to the proof of
Theorem 5.1 and the desired result now follows from (G2).

6. On the Poisson equation.

6.1. The Poisson equation. Fix in the unit interval [0, 1] and denote by
PV (respectively, E) the probability measure (respectively, expectation operator)
induced by the policy f’. Moreover, let P (respectively, E) denote the (conditional)
probability measure (respectively, expectation operator) induced by the policy fv
given that X(0) x, with x ranging in INK.

Recall that under P’, the run {X(n), n 0, 1,...} form a time-homogeneous
Markov chain over INK, and let (PV(x, y)) denote the corresponding one-step transi-
tion probabilities. It is plain from (4.3) that

(6.1) PV(x,y) oP(x,y) + (1 o)P(x,y) x,y e INg

where (P(x,y)) (respectively, (P(x,y))) are the one-step transition probabilities
under (respectively, g).
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The mapping h INK --. lR and the scalar J are said to solve the Poisson equation
(associated with the policy fn) with forcing function c: lNg lR if

(6.2) h(x) + J- c(x) + ZyP’(x, y)h(y), x e INK

Clearly the solution pair (h, J) to (6.2) depends on (and on c), and it is the purpose
of this section to establish its regularity properties with respect to . This information
is essential both for establishing the validity of the certainty equivalence principle [22],
[30] and for studying the convergence of the stochastic approximation algorithm (4.6)
by the method of Metivier and Priouret [23]. From now on, this dependence of J and
h(x) on the bias r] is denoted simply by Jc() and h(r], x) for all x in lNg.

Define the first return time to state x 0 as the ’n-stopping time T given by

T :- inf(n > 0: X(n) O}
so that T T1 in the notation of 5. Set

(6.4) Tt(x) := Sx[T] E[T], X ( INK 1,..., 7,

where the notation that follows Proposition 5.3 has been used. For easy reference
recall the estimate (5.5), valid under (R1)-(R4), i.e., for each / 1,...,7, there
exists a positive constant C so that

T (x) < C (1 + Ixl ), x e

As pointed out already in Section 5, during each slot, at most one customer may
leave the system, so that for each t 0, 1,..., IZ(t)l is necessarily no larger than
the forward recurrence time (expressed in slots) to the empty state, and in particular
IX(0)I _< T. Since the mapping x - (Ixl) defined in (Rh) is a nondecreasing function
of Ixl, it is plain from (6.5) that whenever 5 + 1 _< 7, the bounds

T-I T-I

hold, and the definition

T-1

is thus well posed. An explicit expression for a solution to the Poisson equation is
available and is now given [9], [30].

THEOREM 6.1. Assume conditions (R1)-(R6) to hold with p < 1 and + 1
A solution pair (h(), Jc()) to the Poisson equation (6.2) with h(, O) 0 is given by

c(n,0)(6.8a) and x) x) J ( )T1 (x), x-e INg

and the equality

(6.8b) Jc(fn)-limn En [ 1
n ]n + 1 Z c(X(t)) J(rl)

t--O

holds true.
In view of (6.8b) and of the ergodic properties of this system under fv, it is plain

that J() is also the expectation of c(X) under the invariant measure corresponding
to the policy fu.
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6.2. Lipschitz continuity. The representation (6.8) will be put to use in study-
ing the regularity of the solution pair to the Poisson equation (6.2). To simplify the
presentation of the main result of this section, set

(6.9) K(x) := Sx [T25(T)], x e Ng

THEOREM 6.2. Assume (R1)-(R6) with p < 1 and 5 + 2 <_ ". Then for all x in
lNK, g(x) < oc and the function r] -- C(r,x) is Lipschitz continuous on [0, 1] with
Lipschitz constant 4K(x), i.e.,

(6.10) IC(r, x)- C(r/, x)l _< 4K(x)lr/- r/l, r, r’ e [0,1].

Proof. Fix x in INg. That K(x) and Sx ITS(T)] are both finite is plain from
(6.5) under the assumption 5 + 2 _< "),. The result (6.10) is established below for c
nonnegative in the form

(6.11) [C(rl, x)- C(r/, x)[ _< 2K(x)l- r/I, r, r/e [0, 1]

so that the result for a general c is now immediate. Therefore, it suffices to assume
c to be nonnegative in the remainder of this proof. The arguments proceed in three
steps.

Step 1. Fix r/in [0, 1]. Note that for every INK-valued sequence {x(i), i 0, 1,...}
with x(0) x, the relations

m--1

(6.12) P2[X(i) x(i), 1 _< i _< m] H P(x(i),x(i + 1)), rn 1,2,...
i=0

hold as a result of the Markov property of the chain {X(n), n 0, 1,...} under Pn.
The product form of (6.12) and the linear structure of (6.1) now imply that for each
m- 1,2,..., the mapping - P2[X(i) x(i), 1 <_ i <_ m] is a polynomial of degree
m in over [0, 1] and has derivatives of all orders.

Set A [Z(i) x(i), 1 <_ i <_ m] in (6.12) and observe that

d
(6.13) -P2[A]

[pl(x(t),x(t + 1))-P(x(t),x(t + 1))] H P(x(i),x(i + 1))
t=0 i=O,iCt

This suggests defining for every t 0, 1,..., the policy 0t (respectively, lt) as the
Markov policy that operates according to f0 (respectively, fl) at time t, and according
to fn otherwise. With this notation, (6.13) now takes the form

(6.14)
m-1

d--P2[X(i) x(i), 1 <_ <_ rn] E [P* [A]- P*[A]].
t=O

The definition of the policies 0t and It implies that pl, [A] p0, [A] whenever m < t,
so that (6.14) can also be rewritten as

n

(6.15) -P2[X(i) x(i), 1 _< _< rn] E [PI*[A]- P*[A]], 1 _< m _< n.
t=0
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Step 2. To proceed, define

TAm--1 k-1 ]

for all m 1, 2, The definition of T implies that

(6.17) IT k] IX(t) # 0, 0 < t < k,X(k) 0], k 1, 2,...

so that

(6.18) Cm(,x) E E P[X(i) x(i), 1 <_ <_ k] E c(x(t)),
k=l (=(1) =(k))Zk t=0

where the second sum is taken over the set Zk given by

Zk { (x(1),x(2),..., x(k)) e (g) x(i) O, 1 < k and x(k) 0}.
(.19)

k 1,2,...

By arguments made earlier, it is plain that on the event [T k], the bounds ]X(t)]
k, 0 t k, must necessarily hold, and therefore (6.18) reduces to

m k-1

(.o) c(,) P3 [x() x(), 1 ] (x(t))
k= (() (k))ez t=0

where the finite set Z is given by

(.el) z := {(x(1),x(e),...,x()) e z. x() , 1 }, - 1,e,

Hence, in view of remarks made earlier in the proof, the mapping C(, x) is
a polynomial of degree m in since it is the sum of a finite number of polynomial
functions, each one of degree no greater thnn m.

Since Cm(, x) is a polynomial in for each m 1, 2,..., the derivative (, x)
exists in the interval [0, 1]. To compute it, differentiate (6.20) and use (6.14)-(6.15)
to conclude that

(6.) 5’.(,,x)

t=O / s=O

The very same argument that lead from (6.14) to (6.15) now implies

(6.23) EI I[T k] E c(X(s)) E I[T k] E c(X(s))
s=O s=O

and therefore (6.22) can be rewritten (in the manner of (6.16)) as

(6.) d.(,x)

I[T <_ m]c(X(s)) -E= [I[T < m]c(X(s))]
L s=O

O<_k<_t;

t=o L s=O

I[t< T < m]c(X(s)) E= I[t< T < m]c(X(s))
L s=O
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On the other hand,

I ]1 [ ]1EI I[t < T <_ m]c(X(s)) <_ E I[t < T] I[T <_ m]5(T)
t=0 L s=0 t=0 s=0

m--1

<- E Ex [I[t < T <_ m]Th(T)]
t:0

(6.25) <_ tx [T28(T)]
by elementary calculations. A. similar bound holds for the terms corresponding to
the policies 0t in (6.24). It then follows from (6.24) and (6.25) that the derivative
7m(7 x) of Cm(7, x) is bounded on [0, 1] by 2g(x), and this uniformly in m, i.e.,

I(m(7, x)] _< 2g(x), 7 E [0, 11, m 0, 1,(6.26)

Step 3. The easy estimates

(6.27)
T--1

0

__
C(7, x -Cm(7, x)- E[I[T > m] E c(X(t))] <_ E[I[T > m]Th(T)],

t=0
m O, 1,...

imply via the monotone convergence theorem that limm Cm(7, x) C(7, x) uniformly
in 7 since E[Th(T)] < oc. Consequently, with 0 <_ 7 < 7’ - 1,

(6.28)

IC(, x) C(’, x)l lim.lC.(, x) Cm(’,X)l

limm m(Y, x)dy

_< 2g(x)l- ’1
upon making use of (6.26), and this establishes (6.11). 13

Note that the estimate (6.27) shows that C(7, x) is continuous under the weaker
condition i + 1 _< 7.

6.3. Corollaries. Theorem 6.2 has several useful consequences that are given in
the next few corollaries. The first such corollary is obtained by combining Theorems
6.1 and 6.2 in a straightforward manner; details are left to the interested reader.

COROLLARY 6.3. Under the hypotheses of Theorem 6.2, the functions 7 Jc(7)
and 7 - h(7, x), with x ranging in lNK, are Lipschitz continuous on [0, 1], i.e., .for all
7 and 7’ in [0, 1],

g(0). I ’(6.29) IJc(7)- J(7’)] _< 4T1,0(,)
and

(6.30) Ih(, x)- h(7’,x)l <_ 4Kh(x) 17 7’l, x e INg
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with

K(O)
T1 (x) x e INg(6.31) Kh(x) K(x) + TI(O)

The behavior of the Lipschitz constants K(x) and Kh(x), and of the solution
h(/, x) for Ixl large is needed in some of the arguments given in 7. The estimates on
the Lipschitz constants are given first.

COROLLARY 6.4. Assume (R1)-(R6) with p < 1 and 5 + 2 <_ 9/. There exists a
positive constant C such that

(6.32a) IK(x)l <_ C (1 + Ixl5+2), x e g

and

(6.325) [Kh(x)[

Proof. Fix x e lNg. Note from (R6) and (6.9) that

K(x) <_ LSx IT2(1 + T)]
(6.33)

with the last inequality following from (6.5), so that (6.32a) holds wherever C
2LC+2. The inequality (6.32b) is readily obtained from (6.31) upon making use of
(6.5) and (6.32a).

The growth of solutions to the Poisson equation can now be described.
COROLLARY 6.5. Assume (R1)-(R6) with p < 1 and + 1 <_ 9/. There exists a

positive constant Bh such that

(6.34) Ih(,x)[ _< Bh (1 + Ixl+l), x e INg

for every 7 in [0, 1].
Proof. By the remark following the proof of Theorem 6.2, the mapping / --C(/, 0) is continuous on [0, 1] and therefore bounded there. For each x in lNK, straight-

forward arguments show that

Lt:O[ Ic(X(t))l] / (x)
sup IC( , 0)[T (0)

with

1
(6.36) B1 .sup IC(,, o)1.

T1 (0) O<_r<_l

The passage from (6.35) to (6.34) is validated by the same arguments as the ones
given in the proof of Corollary 6.4. cl

Finally, a bound on the moments of the rvs {h((n),X(n + 1)), n 0, 1,...} is
obtained.
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COROLLARY 6.6. Assume (R1)-(R6) with p < 1 and r(5 + 1) + 1 _< - for some
nonnegative integer r. Then there exists a positive constant Hr such that

(6.37) sup E[Ih(r(n),X(n + 1))1] _< H.

Proof. For every in [0, 1], Corollary 6.5 immediately implies

(6.38) Ih(, x)l _< 12Bhl(1 / Ixl(/)), x e :K

so that

(6.39) E[Ih((n),X(n+l))lr] <_ 12Bhlr(l+E[IX(n+l)l(+l)]), n 0,1,

The conclusion (6.37) now follows from Theorem 5.1 with H -12Bhl(1 + K) since
r(5 + 1) _< -- 1.

6.4. The general model. In [30] the authors have developed a methodology
for proving smoothness properties of solutions to the Poisson equation in a fairly
general setting. This is done by invoking the recurrence properties of the underlying
Markov chain in order to obtain continuity, Lipschitz continuity and differentiability
properties. The ideas of the present paper are however amenable to generalization
as follows. Suppose (as in (4.3)) that at each step the stationary policy is used
with some probability r while the stationary policy g is used with probability (1- r).
Then, as in (6.1), the one-step transition probabilities take the form

(6.40) Pxy() /pxy(0) + (1 )pu(1), x, y e INK, e U

where (py(O)) (respectively, (pxy(0))), are the one-step transition probabilities under
(respectively, g_). Under these assumptions the original MDP collapses to the model

where the action space is U [0, 1], and the transitions are realized according to
(6.40).

However, the structure (6.40) may arise through a mechanism different from the
one outlined above. Given this structure, with some abuse of notation, let also
denote the stationary policy which uses action r/at every stage. Fix in [0, 1] and,
as in (6.13)-(6.14), let 0t (respectively, It) denote the policy which uses action 0
(respectively, action 1) at time t, and otherwise uses action /. Condition (G4) then
takes the form

(G4) The distribution of the rv T under the policies PI* and p0, is stochastically
monotone in t, i.e., for all increasing functions r IR+ - IR, the mappings t
Eit [r(T)] and t --* gOt [r(T)] are monotone.
As the arguments in (6.41) below reveal, a condition much weaker than (G4) will
suffice. Let H be the collection of policies {lt, 0t; t 1,2,...;0 _< /_< 1}.

THEOREM 6.2SIS. Consider the general model and assume conditions (G1),
(G2), (G4), and (G3) for l- 1, 2,...,’ to hold (with T1 := T as in 5.4). Then the
conclusion of Theorem 6.2 holds.

Proof. For the sake of simplicity, set cs 1 in (G1) as the extension to the case

cs 1 is obvious. Under the conditions (G1)-(G3), the proof is almost identical to
that of Theorem 6.2, except that (G1), (G4), and the monotonicity of 5 are used in
(6.25) to obtain
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m--I IT--I
t--0 L s=0

(6.41)

with 2 + .

I[t< T < m]c(X(s))] <_ Elz I[t <T] E I[T < m](T)
t=O s=O

m--i

< [I[t < T]T(T)]

< suPt E1. [T26(T)] < Cl(x), x 6 INK

Corollary 6.3 continues to hold as stated under the hypotheses of Theorem 6.2bis.
Furthermore, it is easy to see that the growth estimates of Corollaries 6.4 and 6.5
continue to hold under the assumption that

(6.42) Ct(x) < . (1 + Ix[C’t), x e lNg

for some positive constants and Cm.

7. Convergence of the stochastic approximations.

7.1. The ODE method. This section is devoted to proving the convergence
of the recursive scheme (4.5)-(4.6) under P. The discussion is carried out under
the assumption that the mapping /--* jc(fn) is monotone increasing. The following
additional assumption (RT) is imposed in order to carry out the analysis.

(RT) The equation (4.4) has a unique solution r/*.
The continuity of - J(f) now implies

(7.1) [j(fn) V] (/- r/*) > 0, /: /* e [0, 1].

The uniqueness of the solution to (4.4) is tantamount to local strict monotonicity and
in practice, is often verified by establishing some stronger monotonicity property on
r -+ J(f") such as (RTb) below.

(RTb) The mapping [0, 1] -+ JR: r/-+ J(fn) is strictly monotone increasing.
In 8, condition (RTb) is shown to hold for a steering problem which arises from a
constrained optimization problem.

The proof of Theorem 4.1 given below uses a version of the ODE method that was
proposed by Metivier and Priouret in [23]. The arguments combine the deterministic
lemma of Kushner and Clark [17] with a probabilistic result based on properties of
the Poisson equation (6.2). This key result is given in the next proposition, the proof
of which is delayed until the second part of the section. To state the result, consider
the rvs {Y(n), n 0, 1,...} given by

(7.2) Y(n) := jc(fn(n)) c(X(n + 1)), n 0, 1,...

and pose

k-1

(7.3) m(n,t)’=max{k>n’Eai_<t}, t>0, n=0,1,
i--n
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THEOREM 7.1. Assume (R1)-(R6) with p < 1 and 2 + 3 <_ /. For each t > O,
the convergence

(7.4) limn | sup
\n<k<,(n,)

takes place.

k

aiY(i)
i--n

P" a.s.

Proof of Theorem 4.1. As shown in [17], [23], the convergence (7.4) underlines the
P"-almost sure convergence of the estimates {/(n), n 0, 1,...} to /*. The reader
is invited to consult these references for a complete exposition of the arguments that
are now briefly summarized: Interpolate the estimate sequence {(n), n 0, 1,...}
by a piecewise linear function /(0) "[0, ) - lR such that r/()(tn) /(n) at time

n-1t i=o ai for all n 0, 1,... (with to 0). Moreover, define a sequence of left
shifts (/()(.), n 0, 1,...}, i.e., r/()(t) /(t- t) for all t _> 0, in order to bring
the "asymptotic part" of {r/(n), n 0, 1,...} back to a neighborhood of the time
origin.

Now observe that the recursion (4.6) can be written in the form

[ ]1(7.5) /(n + 1) I(n) + an+l [(V Jc(fn(n))) + Y(n)] n 0, 1,...
0

and that from any convergent subsequence {r/(m)(.), m 0, 1,...} a further conver-
gent subsequence {/(m)(.), p 0, 1,...} can then be extracted by standard bound-
edness and equicontinuity arguments. It is then easy to see from Theorem 7.1 that the
limit /* (.) along this subsequence, and, for that matter, the limit of any convergent
subsequent, satisfies the ODE

(7.6) il*(t) V- Jc(f’*(t)), t >_ O, /*(0) e [0, 1].

Owing to (7.1), this ODE is asymptotically stable with a unique stable point /* in
[0, 1]. A simple shifting argument now implies /*(t) /* for all t _> 0 and this
completes the proof. These arguments are standard and are therefore omitted here
in the interest of brevity. D

The remainder of this section is devoted to a proof of (7.4).
7.2. A proof of Theorem 7.1. The Poisson equation (6.2) implies the relations

(7.7) E[h(I,X(n + 1)) ] h(l,X(n)) + Jc(l) c(X(n)), n 0, 1,...

for all 0 _< /_< 1. It then follows from (6.8b) and (7.2) that

(7.8)

where

-Y(n) c(X(n + 1))
h((n),X(n + 1)) EV()[h(I(n),X(n + 2)) ’+1
Z(1) + Z(2) + Z(3) n 0, 1

(7.9a) Z(1) := h(l(n),X(n + 1))- EV(n)[hOI(n),X(n +.

(7.9b) Zn(2) :- Ev(n)[h(l(n),X(n + 1))I ]- EV(’+l)[h(l(n + 1), X(n + 2)) ’n+l

(7.9c) Z(3) E’(+l)[h(l(n + 1), X(n + 2))I $-n+1 E’(’)[h(l(n),X(n + 2)) ’n+l
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for all n 0, 1, It now suffices to show for all t > 0 that

(7.10) lim, sup ai 0 a.s. k 1, 2, 3.
\n<t<m(n,t) =n

This will be done in three steps. To facilitate the presentation, define the rvs

{S(k), n 0, 1,...}, k 1, 2, 3, by
n

So 0, +:- ai k=1,2,3, n=0,1,
i=0

Step 1. The rvs {Z), n 0, 1, ...} form a (P, )-martingale difference,
whence {S), n 0, 1,... } is a zermean (P, )-martingale. Routine calculations
show that

(7.12)

(7.13)

(7.14)

_< supEa [h(/(n), X(n + 1))[2 4 E ai
i----0

< 4/-/ .
i=0

The passage from (7.13) to (7.14) uses the estimate (6.37) given in Corollary 6.6 (with
r 2 since 2 + 2 _< 7- 1). It is plain from (2.2) that the left-hand side of (7.12) is

finite, and the (P, ’,)-martingale {S(1), n 0, 1,...} is thus uniformly integrable
under P. By the martingale convergence theorem, the rvs {S(1), n 0, 1,.. .}
converge almost surely under P (to an almost sure finite limit), in which case they
form a Cauchy sequence P-almost surely and (7.10) follows for k 1.

Step 2. For k 2, define the rvs {Kn, n 0, 1,...} by

(7.15) K, Ev(n)[h(l(n),X(n + 1)) ’,], n O, 1,...

and set

(7.16) Br- supn E [[Klr], r- 1,2,

It is clear from (6.37) (with r 1, 2) and Jensen’s inequality that B1

_
H1 < c and

B2 <_H2 < c.
With this notation, observe that

q-1 Z_. ai
i--n

(7.17) an-lKn i=n(ai-1 ai)gi atKt, 1 <_ n

_
;

therefore

(7.18) [’t+1(2) S(n2)[ _< an-l[K[ + E(ai_ ai)[Ki[--atlKt+l[ 1 _< n _< t
i--n
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since an O. If the rvs {Sn, n 1, 2...} and {Rn, n 0, 1,...} are now defined by

n

(7.19) SnnUl
i--0

n

and Rn lail21Ki+ll 2 1,n-0,
i-0

then (7.18) becomes

(7.20) ].(2) S(n2)] < an-- Ig,l + I& &_ [+ ae[ge+l]’+1

The definition (7.19) implies

l<n<g.

n

(7.21) Ea[Sn+l] _< B (ai a{+l) Bl(ao an+) <_ B,ao, n O, 1,...
i--0

Since Sn G Sn+, the limit S := limnSn exists; therefore E’[S] <_ Bao by using
the monotone convergence theorem on (7.21). Consequently, S < oo P-almost
surely and the rvs {Sn, n 0, 1,...} form a Cauchy sequence P-almost surely, i.e.,

(7.22) limn supg>n ]& Sn-1 0 P’ a.s.

To handle the first and last terms of (7.20), observe that Rn
_
R+I, hence the limit

rv R limnR exists and satisfies

(7.23) E’[R] <_ B2 ai < oo
i--0

by virtue of the monotone convergence theorem. Consequently, limR Ro< oo
P-almost surely, whence limna,_lK -0 P-almost surely or, equivalently,

(7.24) lim supg> a_lK 0 P a.s.

by the Cauchy convergence criterion. Making use of (7.22) and (7.24) readily leads
(via (7.20)) to the conclusion (7.10) for k- 2.

Step 3. For k 3, observe that (7.7) and the estimates of Corollary 6.3 readily
yield the estimates

IEn[h(,X(n -9 1))I n]- Eg[h(],X(n -9

]h(rl, X(n)) h(gl, X(n)) + J(rl)

(7.25) < 4K(X(n)) I 1, n O, 1,...

for all r/and 9 in [0, 1], where

g(0)
(7.26) [(x) g(x)-9 2T1 (0)T1 (x),

The recursion (4.6) implies

xE]N.

(7.27) I(n + 1) rl(n) _< an+lV c(X(n + 1))1, n-0,1,...

and the inequality

(7.28) [Z(n3)l <_ 4an+lQ(X(n + 1)), n 0,1,...
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is now obtained from (7.25), upon setting

(7.9) Q(x) :- (x)(y / I()1),
Under (RS), with the help of (6.5) and (6.32a), it is a simple exercise to check that

(7.30) Q(x) <_ C(1 + Ixl/), x e g

for some positive constant C. Consequently,

E alZ)l E +lX(+)l

(.) C(+K). , n 0,,...,
i=0

where the lt inequality is a simple consequence of (5.1) (since 2g 2 - 1). Now,
in exactly the same way in Step 2 of the proof, the uniform bound (7.31) implies

lim 0

and (7.9) obviously holds for k

.g. he general model. The results of this section rely on boundedness and
smoothness properties of solutions to the Poisson equation, but the structure of the
proof is otherwise quige general. In Net, consider a set of stationary policies, pa-
rameteried by in [0, 1] and let (&(), h(,)) denote the solution to the Poisson
equation under policy . Such parameteriation may arise in 6.4, but for the pur-
poses of the present section this is immaterial. Suppose that the properties ()-(fi)
below can be established, w done for the queueing model under Consideration,
where

() Eor each in [0, 1], &() equals the cost under

(i) or each in [0, 1],

(fii) or each in N, h(,) and &() are Lipschit in , where the
Lipschit constant of h(, ) is at most polynomial in z.
Then the conclusions of Theorem 7.1 (and hence the conclusions of Theorem 4.1)
hold with prooN Nmost unchanged, provided appropriate bounds on moments of
the state process are available. Condition (fi) is obtained in Corollary 6.6 and its
generalizations, and validates Steps 1 and 2 in 7.2. Conditions (fi) allows the
argument in Step a to be carried through and the only changes required involve
the constants and the exponents

8. Convergence of the adaptive policy and appleagons. This final section
contNns a proof of Theorem 4.2, well the discussion of an application that arises
in constrained optimization.

8.1. A proof of heorem 4.. The proof follows from general results obtained
by the authors on the certainty equivalence principle when specialized to "simply ran-
domied" policies [a01. irst note that the (sumed) convergence lim V(n) * in
probability under P, when combined with Theorem 7.2 of [a0], implies the key con-
vergence condition (C) [a0, 4]. Consequently, the convergence (4.11)-(4.12) follows
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from Theorem 3.1bis in [30] provided the hypotheses of Theorems 4.2 and 6.1bis of [30]
are satisfied. These hypotheses consist in the tightness of the rvs {X(n), n 0, 1,...}
under P and of bounds on the moments of the rvs {c(X(n)),h(rl*,X(n)), n
0, 1,...} under various policies. It is easy to check that these conditions are all im-
plied by the following conditions.

There exist e > 0 and a positive constant C such that for every nonidling policy
r in 7, the bounds

(8.1) supn Er[[X(n)[ l+e] <_ Ce,

SUPn E’[[c(X(n))[+] <_ C

and

(8.3) SUPn E=[[h(v*,X(n))[ TM] <_ C

hold.
By virtue of Theorem 5.1, the bound (8.1) readily holds whenever 1 4-e < -- 1. By
assumption, c is of polynomial growth with rate 6, so that (8.2) holds if 6(1 +e) < -y- 1
by the remark made earlier. To obtain the third bound (8.3), observe from (6.34) that
for every e > 0,

(8.4) ]h(,*,X(n))[1+ <_ 12Bh]+(1 + [X(n)[(’5+l)(e+l)), n O, 1,...

and (8.3) follows with (1 4- e)(1 4- 5) _< - 1 by again making use of Theorem 5.1.
Consequently (8.1)-(8.3) will hold provided
5)(1 +

An identical analysis applies for the long-run average cost associated with d;
details are left to the interested reader. [:]

8.2. An application to constrained optimization. Consider the following
situation discussed by Nain and Ross in [24]. Several types of traffic, say voice, video,
and data, compete for the use of a single resource (or server). The performance
requirements are defined by the minimization of a weighted average of the number
of video and data packets subject to the constraint that the average number of voice
packets waiting for service does not exceed V. This situation can be modeled by a
system of K competing queues with P 0. For a precise definition of the performance
measures, set

K-1

(8.5) c(x) Xg and d(x) := Z dkxk, X E INg

k--1

for positive constants dl,... ,dg-, and denote by Jc(r) (respectively, Jd(r)) the
long-run average cost (4.1) associated with the cost c (respectively, d) when using the
policy r in 7). The constrained optimization problem (Pv) is then formulated as

(8.6) (Pv) Minimize Jd(’) over T’v,

where 7y := {r E 7): J(r) < V}.
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Assume the problem to be feasible and nontrivial, i.e., T’y is nonempty and the
policies which minimize Jd are not in Pv. In that case, Nain and Ross [24] showed
that there exist two strict priority policies and g and a bias r/* satisfying the equation

(8.7) Jc(fn) V, r e [0, 1]
such that f’* defined through (4.3) is optimal. While the policies and g can be found
explicitly, the determination of 7" is a difficult task since for 0 < r/< 1 the evaluation
of Jc(f) requires solving a Riemann-Hilbert problem. That this computational diffi-
culty can be circumvented by making use of a stochastic approximation-based policy
is the content of the following theorem.

THEOREM 8.1. Assume (R1)-(Rb) with p < 1 and / > 5. The scheme (4.5),
(4.6) solves the constrained optimization problem (Pv) provided it is feasible.

Proof. As shown by Nain and Ross [24, Thm. 3.1, pp. 885-886], if the problem
is feasible and nontrivial, then there exist Markov stationary policies and g such
that (8.7) has at least one solution. In fact, both policies are fixed priority policies
with g giving highest priority to queue K, and giving lowest priority to queue K,
while the relative priorities of the other queues are otherwise identical. Moreover, the
mapping /--+ Jd(f) is monotone nondecreasing, in fact strictly monotone increasing
as shown in Lemma 8.2 below. When -y _> 5, the conditions of Theorems 4.1 and
4.2 are readily verified with 1. Hence, lima r/(n) 7" P-almost surely so that
Jc(a) J(f*) Y and Jd(a) Jd(f*), i.e., a is a policy in Pv and is thus also
constrained optimal.

If the problem is trivial, i.e., J(y) < V, then y solves (Pv)" In that case,
the same arguments imply that lima (n) 1 P-almost surely and optimality
follows. D

In the case K 2, the two policies and g are necessarily the fixed priority rules
for queue 1 and 2, respectively. In this case, the adaptive policy does not assume
any prior information on the statistics of the system, provided (R1)-(Rb) hold with
"y _> 5. In this case, the optimality was obtained by Shwartz and Makowski [28] under
a slightly weaker assumption (namely -y > 3), but the convergence (4.10) was only in
probability.

This section concludes with the following monotonicity result which was needed
in the proof of Theorem 8.1.

LEMMA 8.2. Under (R1)-(Rb) the mapping --+ J(fv) is strictly monotone
increasing on [0, 1].

Proof. It is plain from (6.8) that proving the strict monotonicity of r/--+ J(fn) is
equivalent to proving the same for ? C(, 0). Fix r/in [0, 1] and recall the definition
(4.3) of the policy fv.

The representation (6.22) of the derivative of Cm (y, 0) can be written in the form

where (6.23) was used. If it were possible to show bounds of the form

(8.9) A(g, t, s) := E’ [I[T g]Xg(s)] Eg’ [I[T g]Xg(s)] >_ e(g, t, s)
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with e(g, t, s) _> 0 for all 0 _< s < / and 0 _< t < g, and e(g, t, s) > 0 for at least one
such triple (i,t,s), then necessarily for some m, 0 < ,(/, 0) _< m+l(, 0) _< and
the strict monotonicity would follow from the second equality in (6.28).

Fix t and / such that 0 _< t < t. It is easy to see that A(g, t, s) 0 whenever
0 _< s _< t < t, so that only the case 0 < t < s has to be considered to prove (8.9).
This is done by the following coupling arguments.

Let /5 be a probability measure on (t,-) under which (P1)-(P3) hold and
X(0) 0. Moreover, let ((n), n 0, 1,...} be a sequence of i.i.d. Bernoulli rvs
with parameter /which is also independent of the rvs (A(n),B(n), n O, 1,...}
under P.

The key point of the proof is to construct on ft a pair of processes (X(n), n
0, 1,...} and (Xl(n), n- 0, 1,...} such that (i) (X(n), n- 0, 1,...} (respectively,
(XI(n), n 0, 1,...}) under/5 is statistically indistinguishable from (X(n), n
0, 1,...} under P (respectively, P), and (ii) a simple comparison leads to (8.9).
To that end, for each i 0, 1, define the process (Xi(n), n 0, 1,...} by the recursion

X(O) O, X(n + 1) X(n) + Ak(n) I[X(n) : O]U(n)Bk(n)
(8.10)

k--1,...,K, n--0,1,...

where the sequences {Ui(n), n 0, 1,...} and {Bi(n), n 0, 1,...} still need to be
specified.

For i 0, 1, the control actions {Vi(n), n 0, 1,...} are defined by

(8.11a) ui(n) :=/(n)-(Xi(n)) + (1 -/(n)) g__(Xi(n)), n 7k t

(8.11b) U(t) g__(X(t)) and ul(t) (xl(t))
so that the rvs {X(n), n 0, 1,...} (respectively, {X(n), n 0, 1,...}) are gov-
erned by the policy 0t (respectively, lt).

Only the service sequences {Bi(n), n 0, 1,...}, i 0, 1, must be specified.
First, set B(n) =_ B(n) for all n 0, 1,... and observe from the construction (8.10),
(8.11) that the distribution of {X(n), n 0, 1,...} under/5 obviously coincides with
the distribution of {X(n), n 0, 1,...} under Pg*. The construction of the process
{Bl(n), n 0, 1,...} is somewhat more involved, and is done below. To facilitate
the coupling argument, the actual service duration of each customer will be defined
in such a way so as to have identical length (for each w in ft) in both processes. To
do this, the rvs B (n) are defined in (8.12)-(8.14) so that the number of unsuccessful
services experienced by each customer is identical in both systems. Set

(8.12) Bl(n) := B(n), n O, 1,..., t- 1

and observe from (8.10) that in order to determine the process {X(n), n 0, 1,...},
it suffices to provide the values ofB(n) at times n such that U (n) ek, k 1,..., g.
For all i- 0, 1 and k- 1,..., K, set

min{n _> 0 U (n) ek } if/ 1
(8.13) Tc(g) :=

min{n > T(/- 1) Vi(n) ek}, if/- 2, 3,...

and define

(8.14) B(r(g)) := B(r(g)), k 1,...,K, g 1,2,...
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With these definitions, the actual number of times each customer is served is iden-
tical in both systems, while the sequences (B(n), n 0, 1,...} (under P) and
(Bl(n), n 0, 1,...} (under /5) are statistically indistinguishable. Consequently,
the distribution of (Xl(n), n 0,1,...} under /5 coincides with the distribution
of (Z(n), n 0, 1,...} under P. Moreover, by construction (with the notation
of (6.3)), it is easy to see that TO T and X(n) <_ X(n) for all n 0, 1,...
/5-almost surely, whence

A(e, t, s) [I[T1 g] (X(s) X(s))] >_ 0.

Finally, for s t + 1, observe that on the event A given by

A := [TO g]C[X(t) 0][X(t) 0 for some k 1,2,... ,K- 1][Bg(t) 1],

the equality X(t + 1) X(t + 1) 1 holds, and that/5[A] > 0. Consequently,

[I[T1 ] [X(s) X(s)]] := e(g, t, t + 1) _>/5[A] > 0

and the result is established. [:]
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