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BALANCED REALIZATIONS FOR LINEAR SYSTEMS:
A VARIATIONAL APPROACH*

U. HELMKE®

Abstract. This paper develops a new geometric approach to balanced realizations, which enables
balanced realizations for arbitrary linear systems to be defined and studied. For an arbitrary (unitarily
invariant) strictly plurisubharmonic function on the set of realizations of a given transfer function, the class
of realizations is considered that minimizes the function. Based on results from invariant theory and complex
analysis, a general theorem on the existence and uniqueness properties of such function-minimizing realiz-
ations is derived. If the function is the sum of the traces of the controllability and observability gramians,
the usual class of balanced realizations is obtained. Other choices of functions yield different, new classes
of function-minimizing realizations.
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1. Introduction. Balanced realizations in the state space for asymptotically stable
linear systems are introduced by Moore [16] and have quickly found widespread use
in model reduction and approximation theory of linear systems. They are defined by
the characterizing property that their controllability and observability gramians are
equal and diagonal and an explicit construction is available based on the singular
value decomposition (SVD) of the associated Hankel operators. In signal processing,
balanced realizations and singular values already appear in the early work of Mullis
and Roberts [17], Hwang [10]. For parametrizations of classes of linear systems by
balanced realizations, we refer to Ober [21].

The current use of balanced realizations is mainly restricted to the class of
asymptotically stable linear systems, while only few attempts have been made to widen
the class of linear systems that can be balanced. Kenney and Hewer [13] introduce
balanced realizations for a certain generic class of transfer functions, which also
contains unstable systems. A different type of (LQG) balanced realizations was intro-
duced by Verriest [25] and further studied by Jonkheere and Silverman [11]. Their
construction is based on the unique positive definite solution of the algebraic Riccati
equation and thus works for arbitrary minimal systems (A, B, C).

From a theoretical viewpoint, the problem of finding balanced realizations of
linear systems is very similar to a classical problem in physics, namely, that of
diagonalizing the inertia tensor of a rigid body; see Arnold [3]. It is therefore of interest
to see whether it is also possible to analyze balanced realizations in the same way as
physicists analyze momentum tensors, i.e., via coadjoint orbits and moment maps.

In this paper, we develop such a new geometric approach, which enables us to
define and study balanced realizations for arbitrary, i.e., possibly unstable, transfer
functions in a coherent and systematic framework. Our main tool is a recent result
due to Kempf and Ness [12], who consider moment maps in the context of invariant
theory. The starting point for our analysis are arbitrary (unitarily invariant) Hermitian
norms on the set of realizations (A, B, C) of a given transfer function. All realizations
that minimize a given norm are called norm minimal, and, based on the Kempf-Ness
theorem, we derive a general existence and uniqueness theorem for such norm minimal
realizations. The result is then generalized for the class of smooth, unitarily invariant,
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strictly plurisubharmonic functions, a special case being the plurisubharmonic function
defined as the sum of traces of the controllability and observability gramians. If the
function is the sum of traces of the controllability and observability gramians, the class
of balanced realizations introduced by Moore is obtained. Other choices of functions
yield different, new classes of function-minimizing realizations.

In §2 the Kempf-Ness theorem (Theorem 2.1) is reviewed, together with an
application, which shows how the Kempf-Ness theorem can be used to derive the
singular value decomposition of a finite-dimensional complex operator. A recent
generalization of the Kempf-Ness theorem is given, which is due to Azad and Loeb
[4]. Tt is this theorem that enables us to develop a unified approach to balanced
realizations, for both the balanced realizations introduced by Moore, as well as the
balanced realizations derived from the Kempf-Ness theorem. We then apply the
preceding theory in § 3 to prove our main technical result (Theorem 3.2) on the existence
and uniqueness properties of norm-minimizing realizations of an arbitrary transfer
function G(s). Moore’s balanced realizations for asymptotically stable systems are
derived as a special case. The simplest norm to which our main Theorem 3.2 applies
is the Euclidean norm, introduced in § 4. Realizations that minimize the Euclidean
norm are characterized for arbitrary transfer functions, as well as for symmetric and
Hamiltonian transfer functions.

There are some antecedents of our results and techniques in the control theoretic
literature. We mention, in particular, the work of Mullis and Roberts [17], [18], Hwang
[10], Williamson [27], and Verriest and Gray [24], where (Moore) balanced realizations
for asymptotically stable systems are also treated as a minimization problem for a
suitable performance measure. However, the techniques used by these authors are
quite different than ours. Byrnes and Willems [6] use moment maps in a similar way
as is done here to study a least squares estimation problem.

2. The Kempf-Ness theorem. The purpose of this section is to recall an important
recent result from invariant theory, which is due to Kempf and Ness [12]. A recent
generalization using several complex variable theory has been obtained by Azad and
Loeb [4] and plays a central role in our approach to the balanced realization problem.
For references on invariant theory, we refer to Dieudonné and Carrell [7], Kraft [14],
and Mumford and Fogarty [19].

Recall that a linear algebraic group is called reductive if the radical, i.e., the
maximal connected solvable normal subgroup, is a torus.

We consider an arbitrary complex reductive algebraic Lie group G with maximal
compact subgroup K. Examples of such groups are

(i) The general linear group GL(n, C) of invertible complex n X n matrices with
maximal compact subgroup U(n, C), the subgroup of n X n unitary matrices;

(ii) The special linear group SL(n, C) of invertible complex n X n matrices with

determinant 1. A maximal compact subgroup is SU(n, C), defined by all
unitary n X n matrices of determinant one;

(iii) The complex orthogonal group O(n,C) of all complex nXxn matrices T

satisfying T- T'= I,. A maximal compact subgroup is the orthogonal group
O(n, R) of real orthogonal n X n matrices.
Let

a:GXV->YV,
(2.1)

(g, x)—>g x

denote a linear algebraic action of G on a finite-dimensional complex vector space V.
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Thus « is an algebraic map such that, for all xe V and g, he G,

(2.2a) e x=x
(2.2b) (gh)-x=g-(h-x),
(2.2¢) the map V-V, x— g- x, is C-linear

hold (where e € G denotes the identity element). Given an element x € V, the subset
of V

(2.3) G-x={g x|ge G}

is called an orbit of G. Since G is a complex manifold, each orbit G- x is a complex
manifold that is biholomorphic to the complex homogeneous space G/H, where
H ={ge G|g- x=x} is the stabilizer group.

We are interested in the critical points of K-invariant smooth functions, defined
on G-orbits of an algebraic group action «. Here a function ¢: G- x >R on a G-orbit
G- x is called K-invariant if, for all ge G and all ke K,

(2.4) e(kg - x)=o(g" x)

holds. A specific example of such a situation arises as follows.

A Hermitian inner product (,) on V is called K-invariant if (k- x, k- y)={(x, y)
holds for all x,ye V and ke K. This induces a K-invariant Hermitian norm on V,
defined by | x||* == (x, x). Fix any such K-invariant Hermitian norm on V. For any given
x € V, we consider the following (induced) distance functions on G- x and G:

(2.5a) ¢:G-x>R, g x—|g x|’
and
(2.5b) ¢.:G-R, g~ |g- x|
Note that ¢,.(g) is the (square of the) distance of the transformed vector g - x to the
origin.
Let
(2.6) u(x):= D¢,(e)

denote the Fréchet derivative of ¢, at the identity element e of G. This defines a map
(2.7) p:V-og*, o x> pu(x)

from V to the dual of the Lie algebra g of G. Note that u is K-equivariant with respect
to the coadjoint action of K on g*. u is called the moment map for the action (2.1).
Thus the zeros of the moment map (2.7) are precisely the critical points of the smooth
function defined on the G-orbits G- x ={g - x| g € G}, which gives the (square of the)
distance of an element y = g- x to the origin.

We can now state the Kempf-Ness result. For a proof, we refer to [12], [19]. See
[23] for a real version of the theorem.

THaeoREM 2.1 (Kempf-Ness). Let a: G X V- V be an algebraic action of a complex
reductive group G on a finite-dimensional vectorspace V and let | - || be a K-invariant
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Hermitian norm on V. Then
(i) The induced norm function ¢.: G~>R has a global minimum (ie., ||go - x| =
inf,c ||g- x| for some goe G) if and only if there exists a critical point of
&, : G- R, if and only if the G-orbit G- x is a closed subset of V,
(ii) Let G- x be a closed subset of V. Every critical point of ¢, is a global minimum,
and the set of global minima of ¢,: G- x—>R is a single, uniquely determined
K-orbit.

The above result has been generalized by Azad and Loeb [4] for plurisubharmonic
functions defined on complex homogeneous spaces. To state their result, we recall
some basic facts and definitions from several complex variable theory concerning
plurisubharmonic functions. A basic reference is [15].

Assume that X < C"” is an open and connected subset of C". An upper semicon-
tinuous function f: X >R U {—oo} is called plurisubharmonic ( plush) if the restriction
of f to any one-dimensional complex disc is subharmonic, i.e., if, for all a, be C" and
z e C with a+ bz € X, the function

(2.8) z+— f(a+bz)

is subharmonic. The class of plurisubharmonic functions constitutes a natural extension
of the class of convex functions: Any convex function on X is plurisubharmonic. We
list a number of further properties of plurisubharmonic functions.

Properties. (i) Let f: X > C be holomorphic. Then the functions log |f| and |f?,
p >0 real, are plurisubharmonic (plush).

(ii) Let f: X - R be twice continuously differentiable. Then f is plush if and only
if the Levi form of f

(29) L(f) :=( 9 )

0z; 62,

is positive semidefinite on X. We say that f: X >R is strictly plush if the Levi form
L(f) is positive definite, i.e., L(f)>0, on X.

(iii) Letf, g: X - Rbe plush, a = 0real. Then the functions f + g and a - f are plush.

(iv) Let ¢: X > Y be holomorphic and f: Y >R be plush. Then fec¢: X >R is
plush. By property (iv), the notion of plurisubharmonic functions can be extended to
functions on any complex manifold (and even on any complex analytic subvariety of
C"). We then have the next important property;

(v) Let M < X be a complex submanifold and f: X - R plush. Then the restriction
f/m:M->R of fto M is plush. Any norm on C" is certainly a convex function of its
arguments and, therefore, plush. More generally, we have by property (v) the final
property;

(vi) Let || - || be any norm on C" and let X be a complex analytic subvariety of
C". Then, for every a € C", the distance function ¢,: X >R, ¢,(x) = ||x — a||, is plurisub-
harmonic.

If || - || is the induced norm of an Hermitian inner product on C" and X < C" is
a complex analytic submanifold, then the distance functions ¢,: X >R, ¢,(x)=
|lx —a|)?, are strictly plurisubharmonic.

For a proof of the following result, we refer to [4].

THEOREM 2.2 (Azad-Loeb). Let a: Gx V- V be an algebraic action of a complex
reductive group G on a finite-dimensional complex vectorspace V and let ¢ : G- x >R be
a smooth unitarily invariant strictly plurisubharmonic function defined on a G-orbit G - x.
Suppose that a global minimum of ¢ exists on G- x. Then every critical point of ¢ is a
point where ¢ assumes its global minimum. The set of global minima is a single K-orbit.
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Since any norm function induced by a K-invariant Hermitian inner product on
V is strictly plurisubharmonic on any G-orbit, part (ii) of the Kempf-Ness theorem
follows immediately from the Azad-Loeb result.

To see how the above theorems can be applied in a concrete situation, we discuss
the following example, which is closely related to the SVD of a finite-dimensional
operator.

Example (Singular value decomposition (SVD)). Here G=GL(n,C) and V=

CM*"x ™", n=min (M, N). K = U,(C) and a K-invariant Hermitian norm on V is
(A*=A")

(2.10) (X, V)|*=tr (X*X + YY*),
i.e., is given by the sum of the norm squares of the entries of X and Y. The action on
Vis
a:GL(n, C) x (C*"*"xC™N)»CM"" xC™N,
(S, (X, Y))—(XS7', SY).
The induced distance function on GL(n, C) is
éx.vy: GL(n,C)~>R

with
(2.11) Dx.v)(S) =tr (($*)7'X*XS™) +tr (SYY*S*),
from which the moment map is easily computed.
We find that
(2.12) w(X, Y)=2(YY*-X*X),
and thus the critical points are characterized by
(2.13) w(X, Y)=0X*X=YY*

Let GL(n,C) - (X, Y)={(XS™', SY)|Se GL(n, C)} be an orbit of the GL(n, C)-
action «a. It is not difficult to show that GL(n,C) (X, Y) is a closed subset of
CM*"x C™N if and only if rkX = rkY = rkXY; see Kraft [14].

Thus the Kempf-Ness theorem gives the following result.

COROLLARY 2.3. (i) There exists Sy GL(n, C), which minimizes the distance func-
tion ¢x vy defined by (2.11) if and only if rkX = rkY = rkXY,

(ii) Let rkX = rkY = n. Every critical point of ¢(x v, minimizes ¢x, 0 There exists
S e GL(n, C), unique up to a unitary left factor, such that (X Y) = (XS™', SY) satisfies

(2.14) X*X =YVv*

Using the well-known fact that every rank n matrix Ae C™*" has a full rank factoriz-
ation A= XY and that {XS™', SY)|S e GL(n, C)} is the whole class of such factoriz-
ations, Corollary 2.3 immediately implies the following result, which is equivalent to
the SVD.

COROLLARY 2.4 (SVD). (i) Every AeC"*N with rank A= n has a factorization
A=XY, where X and Y are M X n and n X N full rank matrices, with

(2.15) X*X =YY%
(i) If A= X,Y,=X,Y, are factorizations as in (i), then
X2=X1T_, Y2=TY1

for a unique unitary transformation T € U(n, C).
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Remark 2.4. (a) The singular values of an operator A are defined as the (nonnega-
tive) square roots of the eigenvalues of AA*. Thus the singular values of A coincide
with the eigenvalues of the positive definite Hermitian matrix (2.15). It follows that,
for rkX = rkY = rkXY, the minimal value of the distance function (2.11) is given by
the 2 X (sum of the singular values of XY).

(b) Part (i) of Corollary 2.3 is equivalent to a result of Flanders [8]. Flanders’s
proof, as well as those of Anderson and Olkin [2] and Wimmer [28], is, however, quite
different and longer than the above proof.

3. Norm and function balanced realizations. Consider the complex vector space
of triples (A, B, C)
3.1) L(n,m,p)={(A, B,C)eC"*"xC"*" xCP*"}.
The reductive group GL(n, C) of complex invertible n X n matrices S acts on L(n, m, p)
via the algebraic group action
(3.2) o:GL(n,C)x L(n, m, p) > L(n, m, p),
‘ (S, (A, B,C))— (SAS™', SB,CS™").

The orbits of o
(3.3) O(A, B,C)={(SAS™',SB, CS™) |Se GL(n,C)}

are complex homogeneous spaces and thus complex submanifolds of L(n, m, p).
A function f: O(A, B, C) - R is called unitarily invariant if, for all unitary matrices
SeU(n C),SS*=1,,

(3.4) f(SAS™', SB, CS™")=f(A, B, C)

holds. We are interested in the critical point structure of smooth, unitarily invariant
plurisubharmonic functions f:0(A, B, C) >R on GL(n, C)-orbits O(A, B, C). A par-
ticular case of interest is where the function f: O(A, B, C) - R is induced from a suitable
norm on L(n, m, p).

Thus let (,) denote a Hermitian inner product on the C-vector space L(n, m, p).
The induced Hermitian norm of (A, B, C) is defined by

(3.5) [(A, B, C)|*=((A, B, C), (A, B, C)).
A Hermitian norm (3.5) is called unitarily invariant if
(3.6) (SAS™, SB,CS™)| = (A, B, C)|

holds for all unitary transformations S, SS*=1I,, and (A, B, C)€ L(n, m, p). Any Her-
mitian norm (3.5) defines a smooth strictly plurisubharmonic function
¢:0(A, B, C)->R,

3.7
(3.7) (SAS™!, SB, CS™") — || (SAS™', SB, CS™)|?

on O(A, B, C).

In the following, we fix a strictly proper transfer function G(s)eCP*™(s) of
McMillan degree n, and we also fix an initial controllable and observable realization
(A, B,C)e L(n, m, p) of G(s) as follows:

(3.8) G(s)=C(sI-A)'B.

Thus the GL(n, C)-orbit O(A, B, C) parametrizes the set of all (minimal) realizations
of G(s).
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Our goal is to study the variation of the norm [|(SAS™', SB, CS™")|* as S varies
in GL(n,C). In particular, we seek to obtain answers to the following questions:

1. Given a function f: O(A, B, C) >R, does there exist a realization of G(s) that
minimizes f?

2. How can we characterize the set of realizations of a transfer function that
minimize f: O(A, B, C)->R?

As we will see, the Kempf-Ness and Azad-Loeb theorems give a rather general
solution to these questions. Let f: O(A, B, C)-> R be a smooth function on O(A, B, C)
and let || - || denote a Hermitian norm defined on L(n, m, p).

DEeFINITION 3.1. A realization

(3.92) (F, G, H)=(S,AS,", SoB, CS,")

of a transfer function G(s)= C(sI—A)'B is called norm balanced and function
balanced, respectively, if the function

¢:GL(n,C)~>R,
(3.9b)
S+ |(SAS™', SB,CS™V)|?

or the function
%:GL(n,C)->R,
(3.10)
S~ f(SAS™', SB, CS™"),

respectively, has a critical point at S=S,; i.e., if the Fréchet derivative

(3.11) D¢ls, =0,
respectively,
(3.12) D%|s,=0

vanishes. (F, G, H) is called norm minimal or function minimizing if ¢(S,), respectively,
F(S,), is a global minimum for the function (3.9) or (3.10) on GL(n,C). See Fig. 1.
We need the following characterization of controllable and observable realizations
as the GL(n, C)-stable points for the similarity action (A, B, C) — (SAS™', SB, CS™").
LemMA 3.2. (A, B, C)e L(n, m, p) is controllable and observable if and only if the
following conditions are satisfied :

. G-orbit

F1G. 1. Norm minimality.
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(i) The similarity orbit O(A, B, C):={(SAS™', SB, CS™")|S € GL(n, C)} is a closed
subset of L(n, m, p);

(ii) dime O(A, B, C) = n>.

Proof. The necessity of (ii) is obvious, since GL(n, C) acts freely on controllable
and observable triples via similarity. The necessity of (i) follows from realization
theory, since O(A, B, C) is a fibre of the continuous map

J:L(n,m,p)~> [[ C"7,
i=1

(3.13)
(F, G, H) — (HF'G|icN,),

where [];., C”*™ is endowed with the product topology.
To prove the sufficiency, let us assume that, e.g., (A, B) is not controllable while
conditions (i), (ii) are satisfied. Without loss of generality,

All AIZ] I:Bl]
A= B= c=[C,C
[ 0 Azz B 0 B [ 15 2]’

and (A,,, B,) controllable, A;n; X n; for i =1, 2. Consider the one-parameter group of
transformations

I, ©
S, = [ 0 t_IInz] € GL(n,C)

for ¢ #0. Then (A,, B,, C,):=(S,AS;", S,B, CS;")e O(A, B, C) with

All tA]Z:I [Bl]
At = 2 B = > = > t N
[ 0 A, =1 | GG, iG]

Since O(A, B, C) is closed,

A, O B,
(AO’ BO’ C0)=([ 0 Azz]’[o]’[C1’0]>60(A’ Ba C)’

which is stabilized by S,, € C*. This is a contradiction to (ii). Thus (A, B) must be
controllable, and, similarly, (A, C) must be observable. This proves Lemma 3.2. 0

The following theorems are the main results of this paper. They are immediate
consequences of Lemma 3.2 and Theorem 2.2 (Azad-Loeb) and Theorem 2.1 (Kempf-
Ness), respectively. Recall that a continuous function f: X - R on a topological space
X is called proper if the inverse image f '([a, b]) of any compact interval [a, b]<R
is a compact subset of X. For every proper map f: X - R, the image f(X) is a closed
subset of R.

THEOREM 3.3. Let G(s)=C(sI—A) 'BeC”*"(s) be a strictly proper rational
transfer function of McMillan degree n. Let f: O(A, B, C)~>R_(R, =[0, oo[) be a smooth,
unitarily invariant, strictly plurisubharmonic function on O(A, B, C), which is proper. Then

(a) There exists a global minimum of fin O(A, B, C);

(b) A controllable and observable realization (A, B, C) of G(s) is function minimal
if and only if it is function balanced

(¢) If (A, B, C)), (A,, B,, C,)e O(A, B, C) are minima of f, then there exists a
uniquely determined unitary transformation S € U(n, C) such that

(Az, B,, C,)= (SAls_l, SB,, Cls_l)-
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THEOREM 3.4. Let | - || be a unitarily invariant Hermitian norm on L(n, m, p) and
let G(s) e CP*™(s) denote a strictly proper rational transfer function of McMillan degree
n. Then

(a) There exists a norm minimal realization (A, B, C) of G(s);

(b) A controllable and observable realization (A, B, C) € L(n, m, p) of G(s) is norm
minimal if and only if it is norm balanced

(¢c) If (A, By, Cy), (A,, By, Cy)e L(n, m, p) are controllable and observable norm
minimal realizations of G(s), then there exists a uniquely determined unitary transforma-
tion S€ U(n, C) such that

(Az, B,, C)= (SAls_la SB,, Cls_l)-

Remark 3.5. (1) Let G(s) € R”*™(s) denote a strictly proper real rational transfer
function of McMillan degree n and let || - ||* be a unitarily invariant Hermitian norm
on the complex vector space L(n, m, p) (orlet f: O(A, B, C)-> R, be a smooth, unitarily
invariant, strictly plurisubharmonic function on the complex similarity orbit that is
proper and invariant under complex conjugation: f(F, G, H)=f(F, G, H) for all
(F, G, H)e O(A, B, C)). Then Theorems 3.3 and 3.4 remain valid if conditions (a)-(c)
in Theorems 3.3 and 3.4 are replaced by their respective versions (a’)-(c’) as follows
(when we use ‘“‘norm minimal,” we are referring to Theorem 3.4; “function minimal”
refers to Theorem 3.3):

(a") A real controllable and observable realization (A, B, C)e L(n, m, p) of
G(s) is norm (function) minimal if and only if it is norm (function) balanced;

(b") There exists a real norm (function) minimal realization (A, B, C) of G(s);

(") If (A, B;,C)), (A, B,,C)eL(n,m,p) are real controllable and
observable norm (function) minimal realizations of G(s), then there exists a uniquely
determined real orthogonal transformation S e O(n, R) such that

(AZ’ BZ, CZ) = (SAIS_I’ SBI’ Cls_l)'

This follows from the easily established fact that any similarity transformation Se
GL(n,C), which transforms a given real controllable and observable realization
(A,, B,, C)) into a real realization (A,, B,, C,) =(SA,S™', SB,, C,S™"), is necessarily
real, i.e., S € GL(n,R). Alternatively, the result follows immediately from Slodowy’s
real version of Theorem 2.1 [23].

(2) The norm balanced realizations were also considered by Verriest [26], where
they are referred to as “optimally clustered.” Also, Verriest points out the invariance
of the norm under orthogonal transformations but does not show global minimality
of the norm balanced realizations. An example is given that shows not every similarity
orbit O(A, B, C) allows a norm balanced realization. In fact, by Theorem 2.1 (Kempf-
Ness) (i), there exists a norm balanced realization in O(A, B, C) if and only if
O(A, B, C) is a closed subset of L(n, m, p).

Balanced realizations for the class of asymptotically stable linear systems were
first introduced by Moore [16] and are defined by the condition that the controllability
and observability gramians are equal and diagonal. We will now show that these
balanced realizations can be treated as a special case of our above theorems. For
simplicity, we consider only the discrete-time case and complex systems (A, B, C).

DEeFINITION 3.5. A complex realization (A, B, C) is called N-balanced if and
only if

(3.14) § A¥BB*(A*)* = § (A")kC*CAk.

k=0
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An asymptotically stable realization (A, B, C) (i.e., (A)<1) is said to be balanced,
or co-balanced, if and only if
(3.15) A*BB*(A*)* = ¥ (A*)*C*CA*
k=0 k=0

Note that the above terminology differs slightly from the usual terminology in the
sense that the controllability, respectively, observability, gramians are not required to
be diagonal. Of course, this can always be achieved by an orthogonal change of basis
in the state space. In Verriest and Gray [24], realizations (A, B, C) satisfying (3.14)
or (3.15) are called essentially balanced.

To prove the existence of ( N-)balanced realizations, we consider the minimization
problem for the ““ N-gramian norm” function

N
(3.16) fn(A, B, C)=tr ¥ (A*BB*(A*)*+(A*)*C*CA¥)
k=0
for N eNU {co}. Let (A, B, C) € L(n, m, p) be a controllable and observable realization
with N = n. Consider the smooth unitarily invariant function on the GL(n, C)-orbit
fN: @(Aa Ba C)_)R+7
(SAS™',SB, CS™")—~ fy(SAS™', SB, CS™"),

where fy(SAS™!, SB, CS™") is defined by (3.16) for any N e NU {co}. It is not difficult
to show that fy: O(A, B, C)~> R, is proper for N = n; see Perkins, Helmke, and Moore
[22]. Using properties (i)-(v) for plurisubharmonic functions that follow Theorem 2.1,
it is not difficult to show that f is strictly plurisubharmonic for any N e NU {0}, N = n.

Thus we can apply Theorem 3.3. To compute the critical points of fy: O(A, B, C)~>
R., we consider the induced function on GL(n, C)

Fn: GL(n,C)->R,,
S+ Fy(SAS™!, SB,CS™)

(3.17)

(3.18)

for any N e NU {o0}. A simple calculation of the gradient vector VFy at S = I, shows
that

(3.19) VFEN(I,)=2 g (A*BB*(A*)k — (A*)*C*CA")

for any N eNU {oo}. We conclude the following result.

COROLLARY 3.6. Given a complex rational strictly proper transfer function G(s) of
McMillan degree n, then, for all finite N = n, there exists a realization (A, B, C,) of
G(s) that is N-balanced. If (A,, B, C,), (A,, B,, C,) are N-balanced realizations of
G(s) of order n, N = n, then

(A29 B27 C2) = (SAIS_la SBI, CIS_I)

for a uniquely determined unitary transformation S € U(n, C). (A,, B,, C,) is N-balanced
if and only if it minimizes the N-gramian norm taken over all realizations of G(s) of
order n.

This also follows immediately from Corollary 2.3 and from the SVD (Corollary
2.4), applied to the factorization of the N x N-block Hankel ¥, = Ox- Ry, where
Ry =(B,AB,---,A"B), Oy =(C",A'C",---,(A)NC").

For asymptotically stable linear systems, we obtain the following amplification of
Moore’s fundamental existence and uniqueness theorem for balanced realizations.
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THEOREM 3.7. Given a complex rational strictly proper transfer function G(s) of
McMillan degree n and with all poles in the open unit disc, there exists a balanced
realization (A,, B,, C,) of G(s) of order n. If (A,, B,, C,), (A,, B,, C,) are two balanced
realizations of G(s) of order n, then

(A2, B;, Gy) = (SAIS_ly SB,, Cls_l)
Jfor a uniquely determined unitary transformation S € U(n, C). An n-dimensional realiz-
ation (A,, B,, C,) of G(s) is balanced if and only if (A,, B,, C,) minimizes the gramian
norm (3.17) (for N =00), taken over all realizations of G(s) of order n.
We consider a (discrete time) asymptotically stable transfer function G(s)e

CP*™(s) of McMillan degree n. Let o, =" - - Z o, denote the singular values of the
induced Hankel operator; see Moore [16], Glover [9]. For any peN, let

1/p
a‘}’)
1
and, for any stable (A, B, C), let
[(A, B, C)|, = (tr (W + Wh))"?,

I s

(3.20) S,(G):= (

J

where
Wei= Y ABB*(A%),

k=0
respectively,
Wo = Y (A*)kC*CA¥,
k=0

are the controllability, respectively, observability, gramians. The following result has
been shown by Williamson [27], in the special case where p =1. His proof is quite
different than ours and is based on an inequality of Mullis and Roberts [17].

THEOREM 3.8. Let (A, B, C) be a controllable and observable realization of the
asymptotically stable transfer function G(s). Then, for all peN,

(A, B, C)|,=2""- S,(G).
(A, B, C) is balanced if and only if, for one p €N (and hence for all p),
(3.21) I(A, B, C)|, =27 5,(G),

where S,(G) is defined by (3.20).

Proof. A straightforward computation of the gradient vector of the function
¢: GL(n,C)>R, S—|(SAS™', SB, CS™")|? at S=1, gives
(3.22) VO(I,) =2p(Wi— W5).
Thus (A, B, C) is function balanced for | |, if and only if W (A, B, C)” = Wy(A, B, C)’,
i.e., if and only if (A, B, C) is balanced. Thus the minimal value of |(A, B, C)|, is
achieved (where (A, B, C) runs through all controllable and observable realizations

of G(s)) if and only if (A, B, C) is balanced (this uses Theorem 3.7). In the balanced
case,

I(A, B, C)|,=2"7- (tr Wg)"~.

By Remark 2.4, tr Wo=5,(G) and, similarly, tr W& =[S,(G)]". The result
follows. O
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4. New classes of balanced realizations. The simplest candidate of a unitarily
invariant Hermitian norm on L(n, m, p) is the standard Euclidean norm, defined by

(4.1) (A, B, C)||*=tr AA*+tr BB*+tr C*C,

where X*= X' denotes Hermitian transpose. An application of Theorem 3.4 to this
norm yields the following result, which describes a new class of norm minimal
realizations.
THEOREM 4.1. Let G(s) be a real rational strictly proper transfer function of
McMillan degree n. Then
(i) There exists a (real) controllable and observable realization (A, B, C) of G(s)
with

(*) AA'+BB'=A'A+C'C.
(ii) If (A, By, C)), (A,, B,, C,) are (real) controllable and observable realizations

of G(s) satisfying (), then there exists a unique orthogonal transformation
S e O(n,R), with

(A2’ B2’ C2) = (SAIS_I’ SBI’ CIS-I)'

(iii) An n-dimensional realization (A, B, C) of G(s) satisfies (*) if and only if it
minimizes the Euclidean norm (4.1), taken over all possible n-dimensional
realizations of G(s).

Proof. For any controllable and observable realization (A, B, C) of G(s), consider

the function ¢ : GL(n,R) >R defined by the Euclidean norm

¢(S)=|(SAS™", SB, CS™")|*.

Thus ¢(S)=tr (SAS™'(S)'A’'S")+tr (SBB'S")+tr ((§")"'C'CS™"). The gradient vec-
tor of ¢ at S=1, is

(4.2) Vo(I,)=2(AA'—A'A+BB'-C'C),
and thus (A, B, C) is norm balanced for the Euclidean norm (4.1) if and only if
AA'-A’A+BB'-C'C=0,

which is equivalent to (*). The result now follows immediately from Theorem 3.2. O

Similar results hold for symmetric or Hamiltonian transfer functions. Recall that
a real rational m X m-transfer function G(s) is called symmetric, respectively, Hamil-
tonian, if for all s€C

(4.3) G(s)=G(s),
respectively,
(4.4) G(s)=G(-s)

(where ' denotes transpose).
Every strictly proper symmetric transfer function G(s) of McMillan degree n has
a minimal signature symmetric realization (A, B, C) satisfying

(4.5) (AL,) = A, C'=1,B,

qs
where I, =diag (¢,, - -, &,) with

1 .=1 D
4.6) e.~={ i=1--.p,
-1 i=p+1l,---,ptq=n.
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Here p — q is the Cauchy-Maslov index of G(s); cf. Anderson and Bitmead [1], Byrnes
and Duncan [5]. Similarly, every strictly proper Hamiltonian transfer function G(s) €
R(s)™*™ of McMillan degree 2n has a minimal Hamiltonian realization (A, B, C)
satisfying

4.7) (AJ) =AJ, C'=JB,
where

0 -1,
(4.8) J= [In 0 ]

is the standard complex structure. Let O(p, q), respectively, Sp(n, R), denote the (real)
isotropy groups of I, respectively, J, i.e.,

(4.9a) TeO(p,q) T, T=1,, Te GL(n,R),
(4.9b) TeSp(n,R) T'JT=J, Te GL(2n,R).

THeEOREM 4.2. (i) Every strictly proper symmetric transfer function G(s) € R(s
with McMillan degree n and Cauchy-Maslov index p — q has a controllable and observable
signature symmetric realization (A, B, C) satisfying

(4.10a) (AL,) =AlL,, C'=1I,B,
(4.10b) AA'+BB'=A'A+C'C.

(i) If (A,, By, C)), (A,, B,, C,) are two minimal realizations of G(s) satisfying
(4.10a) and (4.10b), then there exists a unique orthogonal transformation S=
diag (S;, S,) € O(p) x O(q) < O(n) with

(A2, B,, Cy) = (SAIS_I’ SB,, Cls—l)'

A similar result holds for Hamiltonian transfer functions.

TueoreM 4.3. (i) Every strictly proper Hamiltonian transfer function G(s)e
R(s)™ ™ with McMillan degree 2n has a controllable and observable Hamiltonian realiz-
ation (A, B, C) satisfying

(4.11a) (AJ)'=AJ, C'=JB,
(4.11b) AA'+BB'=A'A+C'C.

(ii) If (A,, By, C)), (A,, B,, C,) are two minimal realizations of G(s) satisfying
(4.11a) and (4.11b), then there exists a unique symplectic transformation Se
Sp(n,R)N O(2n; R) with

(A23 B2, Cz) = (SAls—l’ SBla CS_I).

Proofs. We first prove Theorem 4.3. Let Sp(n, C) denote the complex symplectic
group; i.e., Te Sp(n,C) if and only if Te GL(2n,C) and T'JT=J. Sp(n,C) is a
reductive Lie group with maximal compact subgroup K = Sp(n; C)N U,,(C). Let V
denote the complex vector space of all triples (A, B, C)eC*" xC*"*" x C™**"
satisfying (AJ)'= AJ, JB= C'. The Euclidean norm (4.1) defines a K-invariant Her-
mitian norm on V. By Lemma 3.3, the Sp(n, C)-orbit of a point (A, B, C) € V is closed
if (A, B, C) is controllable and observable. Theorem 4.3 now follows immediately from
Theorem 2.2 (Kempf-Ness), once it is observed that Remark 3.4 remains in force
(with the appropriate modification) and that Sp(n,R) N O(2;R) is the set of real
points of K.

Unfortunately, the above direct proof does not work for Theorem 4.2, since O(p, q)
is not reductive. We therefore proceed in a different way. We first prove (i). By Theorem

)mxm
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4.1, there exists a minimal realization (A, B, C) of the symmetric transfer function
G(s), which satisfies (4.10b), and (A, B, C) is unique up to an orthogonal change of
basis Se O(n;R). By the symmetry of G(s), with (A, B, C), (A’,C’, B’) is also a
realization of G(s). Note that if (A, B, C) satisfies (4.10b), (A’, C’, B’) also satisfies
(4.10b). Thus, by the above uniqueness property (ii) of Theorem 4.1, there exists a
unique S e O(n; R) with

(4.12) (A, C', B') = (SAS', SB, CS).
By transposing (4.12), we also obtain that

(4.13) (A, B,C)=(SA'S", SC', B'S")
or, equivalently,

(4.14) (A, C'",B)=(S'AS, S'B, CS).

Thus (by minimality of (A, B, C))S =S’ is symmetric orthogonal. A straightforward
argument (see Byrnes and Duncan [5] for details) shows that the signature of S is
equal to the Cauchy-Maslov index p —q of G(s)= C(sI —A) 'B. Thus S= T'I,,T for
T € O(n; R), and the new realization

(F, G, H)=(TAT', TB, CT')

satisfies (4.10a), (4.10b).
To prove part (ii) of Theorem 4.2, let
(A2’ BZ’ CZ) = (SAIS_la SB] ’ CIS—I)
be two realizations of G(s) that satisfy (4.10a), (4.10b). Byrnes and Duncan [5,
Thm. 4.1] show that (4.10a) implies that Se O(p, ¢). By Theorem 4.1(ii), also Se
O(n,R). Since O(p)x O(q) = O(p, q) N O(n, R), the result follows. 0

Remark 4.4. (1) There is a formal analogy between norm minimal realizations
(A, B, C) satisfying
(%) AA'-A’A+BB'-C'C=0
and balanced realizations obtained by the Riccati equation; see Jonkheere and Silver-
man [11]. Riccati balanced realizations are defined by the following result, whose
pronf is immediate, by letting T denote the positive definite square root of the uniquely
det.rmined positive definite stabilizing solution of the algebraic Riccati equation; see
[25] and [11] for details.

ProrosITION. Given any controllable and observable n-dimensional realization
(A, B, C), there exists a state space equivalent realization (A, B, C)=(TAT', TB, CT ")
satisfying
() A+A'+BB'-C'C=0.

If (A, B, C)), i =1, 2 are two such realizations, there exists a unique orthogonal transfor-
mation S € O(n, R) with (A,, B,, C,)=(SA,8”", SB,, C;S™).

Note the apparent similarity between formulas (*%) and (***).

(2) Euclidean norm balanced realizations (#*) of Theorem 4.1 were also con-
sidered by Verriest [26]. See part (2) of Remark 3.5.

Acknowledgments. The author thanks the two anonymous referees for their careful
review of this paper.
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EXISTENCE THEOREMS FOR POSITIVE SEMIDEFINITE AND SIGN
INDEFINITE STABILIZING SOLUTIONS OF H,, RICCATI EQUATIONS*

GARY HEWERT

Abstract. The existence of both positive semidefinite and sign indefinite stabilizing solutions of H,-type
Riccati equations is determined via joint eigenvalue and Hamiltonian tests. These tests determine the inertia
properties of the solutions. They are dependent on a formula—derived in this paper—that shows how the
solution of game Riccati equations can be decomposed into a sum of two well-known Riccati equations,
namely, the standard filter Riccati equation and the bounded real Riccati equation. Other properties of
stabilizing solutions such as solution partial order, spectral radius monotonicity, and rank are also discussed.

Key words. H, -optimal control, Riccati equations, bounded real system
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1. Introduction. This paper presents a collection of results on the game Riccati
equation

1
(1.1) ATX+XA+X<?B,B{—BZB{>X+CTC=0.

The existence of a stabilizing positive definite or positive semidefinite solution X (vy)
of the game Riccati equation with real parameter y defined on some infinite half-line
0<y=o0is a prerequisite for an H-control problem to have a solution [4]. Here A,
B,, B,, and C are real nXn, nXp, nXm, and q X n real matrices, respectively, and
AT denotes the matrix transpose. It is the objective of this paper to show that many
properties of X(y) can be connected to the standard filter algebraic Riccati equation
(FARE)

(1.2) AZ+ZAT-ZC"CZ+B,B; =0
and to the bounded real Riccati equation (BRRE)

1
(1.3) (A-ZCTC)W+W(A-C'CZ)"-WC"™CW—-— B,B{ =0
Y
by noting that any solution of the “dual”” game Riccati equation
1
(1.4) AY+YAT-YC'CY+B,B] ——; B,B{ =0
Y

can be written as the sum of the appropriate solution of FARE and BRRE (provided
they all exist). The technique of expressing the solution of the dual Riccati equation
(1.4) as the sum of two terms, one a solution to a filter Riccati equation and one a
solution of a bounded real Riccati equation, can be found within the proofs presented
in Willems [25], with a subsequent appearance in Molinari [16].

While real symmetric stabilizing solutions of the control algebraic Riccati equation
(CARE) are always positive semidefinite and maximal [13], there can exist sign
indefinite stabilizing solutions of (1.1) and (1.4). Nevertheless, if they exist, the
stabilizing solutions of these Riccati equations are always unique [19]. The following

* Received by the editors July 2, 1990; accepted for publication (in revised form) March 27, 1991.
+ Code 39103, Naval Weapons Center, China Lake, California 93555.
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variant of Theorem 3.3 unites all of these Riccati equations and provides an eigenvalue
characterization of the nonsingular sign indefinite stabilizing solutions, as well as a
test criterion that can be used to determine a lower bound for the y semi-infinite
interval of existence for X (y). A positive definite unique stabilizing solution of (1.1)
exists on some vy half-line if and only if (i) an antistabilizing negative definite minimal
solution Z_ of (1.2) exists, (ii) the negative semidefinite maximal antistabilizing solution
W_(y) of (1.3) exists on the same v half-line, and (iii) the spectral radius of — W_(y)ZZ!
is less than unity. This spectral radius test criterion is apparently new and is one of
the main results of this paper.

The results are more delicate for positive semidefinite stabilizing solutions X ()
of (1.1) defined on some half-line, since the antistabilizing solution of FARE need not
exist [7]. Nevertheless, when X () exists, by a fundamental theorem about the regular-
ity of solutions of (1.1) summarized in the Appendix, the ‘“‘slightly” perturbed game
Riccati equation for some sufficiently small positive real parameter &

1
(1.5) ATX5+X£A+X5(—ZB,BIT—BZBZT>X"‘+CTC+sI=0
Y

always has a positive definite stabilizing solution X °(y) defined on the same y-half-line.
Since the matrix norm of the difference between X°(y) and X (y) tends to zero as
€0, the spectral radius test in Theorem 3.3 is reformulated for the positive semidefinite
stabilizing solution X () by utilizing the “nearby” solutions X “(y).

The game Riccati equations required for a full solution to the H.-control problem
are more general than (1.1) and (1.4), which are studied in the first two sections.
However, all of the assumptions required in the main theorems and lemmas in those
sections are weak enough such that they are directly applicable to the more general
Riccati equations. Actually, a full solution to the H,-control problem requires two
Riccati equations, which are

(A- ByE{'DLC,)"™X + X(A-B,E;'DLC))
A 1 A
(1.6) +X(—2 B,B{—BzE;‘BZ)X
%

+ C;F(I_Dlel_lDsz)Cl =0,
(A-B,DLE;'C,) Y+ Y(A-B,DLE;'C,)T

A 1 A
(1.7) +Y<—2 c{cl—c{E;‘Q)Y
Y

+B,(I-DJE;'D,,)B] =0.

Here the superscript —1 denotes the matrix inverse, and I is the n X n identity matrix.
The matrices in these equations arise in a linear system of the form

X =Ax+ B,w+ B,u,
zZ= C1x+D12u,
y= C2x+D21W,

where x is the n X 1 state vector, w is the n X p disturbance input, u is the n X m control
input, z is the g X n error output, and y is the r X n measured output. Related variants
of these state equations are described in Safonov and Limebeer [22] and Zhou and
Khargonekar [27]. To ensure that the H,-control problem has a solution, Petersen,
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Anderson, and Jonckheere [18] require that this system satisfy the following additional
assumptions (see also Glover and Doyle [6] and Bernstein and Haddad [1]): D,D,,=
El > 0, DZID;FI = E2> 0,

A—jol B,
(1.8) rank[ ] =n+m forall w=0,
G, D,,
A—jol B,
(1.9) rank[ ]=n+r for all w =0.
G, D,

To qualify for the H,-control problem, both game Riccati equations (1.6) and (1.7)
must have positive semidefinite stabilizing solutions X,(y) and Y,(y) on a common
v interval of existence and satisfy the spectral inequality p(X.(7y) Yo(y)) <7¥* [6].

Throughout the paper, the y-dependent monotonic ordering of the maximal and
minimal solutions of the game Riccati equations on the y-half-line is established. These
monotonicity results are extended to give a monotonicity result for the spectral radius
p(Xo(v) Yo(y)). In the final section, a complete description of the rank of the stabilizing
solution of the game Riccati equation is presented, including the fact that the rank is
independent of y. While neither of these apparently new results are unexpected,
nevertheless, they do further characterize the y partial ordering and y-independent
rank properties of these solutions.

2. Stabilizing and antistabilizing solutions of the dual game Riccati equation. In
this section a formula is derived that expresses the maximal stabilizing solution of the
dual game Riccati equation as the sum of the maximal stabilizing solution of the FARE
and the minimal stabilizing solution of the BRRE. A complementary formula for the
minimal antistabilizing solution of the dual game Riccati equation is also included.
Using these formulas a simple eigenvalue test determines the inertia of either solution.

Before derlvmg these results, these add1t10na1 concepts are introduced. The inertia
of the matrix M is the triple In (M) (V(M) 8(M) w(M)) where V(M) 5(M)
7r(M ) are, respectively, the number of eigenvalues of M counting multlphcmes with
negatlve zero, and positive real parts [14] The symmetric matrix M is nonszngular if
6(M) 0. An nxn symmetnc matrix M for n=2 is sign indefinite if In (M) =
(V(M) 0, 7r(M)) with V(M)>0 and 7r(M)>0 Here and elsewhere, X > P(X = P)
denotes the usual partial order for symmetric matrices and means that X-P is positive
(semi)definite [10].

Recall that a real symmetric solution P of the algebraic Riccati equation

(2.1) AP+ PA—-PMP+Q=0

with real symmAetric matrices M and Q, M =0 is a maximal (minimal) [7], [21] solution
if P= P (P = P) for any other symmetric solution P of (2.1). Whenever they exist, the
maximal and minimal solutions will be denoted by P, and P_, respectively. Independent
of the inertia of M, a real symmetric matrix P that satisfies (1.5) is said to be stabilizing
if A-MP is stable. The matrix A- MP is stable if the real part of each eigenvalue of
(A-MP) is less then zero (i.e., Re A;(A-MP) <0,i=1,- - -, n).If all of the eigenvalues
of A- MP satisfy the inequality Re A;(A-MP) =0, then P is a strong solution. P is an
antistabilizing solution if —(A-MP) is stable. The spectral radius [10] of an nXxn
matrix M is the maximum modulus over the set of all eigenvalues p(M)=
max, <=, |A;(M)|. The 2-norm of M is |M|,=[p(M"M)]"? and is the maximum
singular value of M.
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Associated with the algebraic Riccati equation (1.5) is the 2n x2n Hamiltonian
matrix

(2.2) H=( A _M)

-Q —AT/)

If P is any solution of (2.1), then (P, —I)H(#)=0. The notation Ric (P, H) =0 will
symbolize this relation between a solution of the Riccati equation (2.1) and the
Hamiltonian (2.2). The Hamiltonians for the game Riccati equation (1.1) and the filter
algebraic Riccati equation are, respectively,

( )_( A (l/vZ)B,BT—BzBZ> H_( AT —CTc)
o - _CTC _AT > 2= —BQBZT _A .

Whenever the solutions Z, or Z_ for FARE exist, define the: Hamiltonian for BRRE as

(A-z.cO)" -Cc'c )

H(Z*’”:( (1/¥)BBT  ~(A-z.C7C))"

An eigenvalue A of A is (A, B) controllable if rank [A — A, B] = n. The pair (A, B)
is stabilizable if and only if (A, B) has no uncontrollable eigenvalue in the closed right
half plane. Observability and detectability follow by duality.

Recently, Petersen, Anderson, and Jonckheere [18] have proved the strict bounded
real lemma for nonminimal realizations. For completeness, their lemma will be repeated
here with an added statement and proof about the minimality of the stabilizing solution.
Willems [25] has proved, again for A stable, that if the bounded real Riccati equation
admits a real symmetric solution, then |G(s)|lo<1.

LEMMA 2.1 (strict bounded real lemma). The following are equivalent:

(i) A is stable and the transfer matrix G(s)= C(sI—A)™'B evaluated on the
imaginary axis satisfies the inequality | G(s)|lo=max,.r |G(jw)|,<1,

(ii) The Riccati equation

(2.3) ATP+PA+PBB™P+CTC=0

has a stabilizing solution Pg=0. Moreover, the solution Ps is unique and minimal.

Proof. Suppose that P is any other real symmetric solution of (2.2). After solving
(2.3) for CTC, substitute its value in the Riccati equation for Ps. After arranging the
two solutions, it follows that their difference satisfies the Lyapunov equation

(A+ BB"P)(Ps— P)+(Ps— P)(A+ BBPs)

(2.4)
—(Ps—P)BB"(Ps—P)=0

Since A+ BB”Ps is stable, the conclusion follows by Lyapunov inertia theory [14,
p. 447]. 0

Bounded real Riccati equations satisfy monotonicity and extension properties that
are derivable from general theorems of this type in Ran and Vreugdenhil [21], or
Gohberg, Lancaster, and Rodman [7] and for monotonicity Wimmer [26]. The follow-
ing result is found in Petersen, Anderson, and Jonckheere [18].

THEOREM 2.2 (bounded real extension theorem). Suppose that A is stable, Qisa
real symmetric matrix, and the Riccati equation ATP+ PA+PBB™P+ Q=0 has a real
symmetric solution P Furthermore, suppose that Q> Q=0. Then the Riccati equation
ATP+ PA+ PBB"P+ Q =0 will have a unique strong solution P =0 such that P = P
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Another key result is the relationship given by Boyd, Balakrishnan, and Kabamba
(BBK) [2] that connects the singular values of a stable transfer matrix G(s)=
C(sI —A)™'B and the spectrum of the Hamiltonian matrix

A (1/y)BBT
H(?’)_(_CTC —_AT )
Their theorem does not require any special observability or controllability conditions
on the system {A, B, C}.

THEOREM 2.3 (BBK theorem). Suppose that A is stable. ||G(s)||<A if and only
if 8(H(y))=0.

The maximal stabilizing solution of FARE and the minimal or maximal stabilizing
solution of BRRE—depending on whether (1.3) or (2.3) is solved—are now combined
to define the maximal and minimal stabilizing solution of the dual game Riccati
equation.

THEOREM 2.4. If the stabilizing Z.. of FARE exists and if §(H(Z,,v))=0 for
some ¥, 0<§9<oo, then the unique maximal stabilizing solution W.(y) of
Ric (W, H(Z, , v)) =0 exists for all y, 0 < ¥ = y = c0. Furthermore, the stabilizing solution
Y. (y) of Ric (Y, HE(y)) =0 also exists on the same interval and Y. (y)=Z.+ W.(y),
0<y=y=00. Moreover, if 0<y=7y,=v,=, then Y. (v,) = Y.(y,).

Proof. Since 8(H(Z,,¥))=0and A—Z,.C7C is stable, the transfer matrix G,(s)
for the realization (A—Z,CTC, B,, C) satisfies the inequality || G;(s)|l < ¥ (Theorem
2.3). Let W=—P in Ric (W, H(Z,, v)) =0 and obtain the equation

1
(2.5) (A—Z+CTC)P+P(A—Z+CTC)T+PCTCP+7 B,BT =0

By Lemma 2.1, the unique minimal solution P_(¥)=0 of (2.5) exists.
The explicit Riccati equation for Ric (W, H(Z,, y))=0is

1
(2.6) (A-Z.C"C)W+W(A-Z,C"C)"- WC"CW ——; B,B] =0.
Y

Transforming back the maximal stabilizing solution W, ()= —P_(9)=0 of (2.6)
is obtained.

Next, we show that W, (y) exists for any y in the infinite internal 0<y=y=o0
and satisfies the inequality

(2.7) W, (9)=W.(y), 0<y=y=co.

Since A—Z,CTC is stable for any y and (1/y*) B, B{ = (1/%)B, B/, the strong solution
P_(1y) of (2.5) exists and satisfies the partial order 0= P_(¥) = P_(y) by Theorem 2.2.
To show that W, (y) is stabilizing, note that (1/y)||G,(s)||«=(1/7)||Gi(s)[~<1 and
then apply Theorem 2.3 to show that §(H(Z,, y))=0 for all y= 7.

The next step is to show that the sum Y.(y)=Z,+ W,(y) is a solution of (1.4).
First, substitute it into (1.4) and rearrange the equation to obtain the identity (the
subscripts are unnecessary)

A(Z+ W)+ (Z+W(N)AT=(Z+W()CTC(Z+W(y))
+B2B2—i2 B,Bf
Y

(2.8)
=(AZ+ZAT—ZCTCZ+ B,BT)+(A-ZCTC)W(y)

1
+ W(y)(A-2CTC)T - W(y)CTCW(‘y)—7 B,BT=0.
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Thus, the sum of any two such solutions is a solution of the dual game Riccati equation.
Since (A—Z,C"C)+ P_(y)C'C is stable, the sum Z,+ W, (y) is stabilizing. The
maximality of Y, (y) can be established by the Lyapunov arguments used in the proof
of Lemma 2.1. By (2.7), Y. (y,) — Y (%) = W.(v,) — W.(%,) =0, which establishes the
partial order of Y, (7). 0

The properties of the dual minimal antistabilizing solution Y_(y) will now be
established by similar arguments applied to the Riccati equation Ric (W,
—-H(Z_, y))=0.

THEOREM 2.5. If the antistabilizing Z_ of FARE exists and if S(H(Z_, %)) =0 for
some Y, 0<9y<co, then the unique minimal stabilizing solution W_(y) of
Ric (W, —H(Z_, y)) =0 exists for all y, 0<§ = y=co. Furthermore, the antistabilizing
solution Y_(y) of Ric (Y, HL(y))=0 also exists on the same interval and the relation
is valid Y_(y)=Z_+W_(y), 0<y=vy=00. Moreover, if 0<y=y,=y,=0, then
Y (yv2)=Y ()

Proof. The congruence transformation

0 -I (0 N

implies by Sylvester’s law of inertia [10] that 6(—H(Z_,¥))=8(-H"(Z_,9))=
8(H(Z_,9))=0. i

Since A—Z_CTC is antistable, the transfer matrix G(s) for the realization (—(A —
Z_C'C), B,, C) satisfies the inequality I|é(s)||oo< ¥ by Theorem 2.3. Invoking the
reasoning in Theorem 2.4, 8(—H"(Z_,y))=0 for all y= 4.

The explicit Riccati equation for Ric (W, —H(Z_, y))=0is

1
29) [~(A-Z_.CTC)]W+ W[—(A-Z_C"C)]"+ WCTCW +—; B,BT =0.
Y

Again by Lemma 2.1 the stabilizing solution W_(y) of (2.9) exists. The extension and
solution monotonicity properties that are derived in Theorem 2.1 can be used to show
that W_(y) exists on the semi-infinite interval and satisfies the partial order

(2.10) W_(vy)= W_(¥), I<y=y=oo.

Thesum Y_(y)=Z_+ W_(y) is asolution of Ric (Y, HL(y)) = 0 because it satisfies
(2.8). Since —(A—Z_CTC)+ W_(y)C"C is stable, it follows that W_(y) is antistabiliz-
ing and that the sum Y _(y) is antistabilizing. By (2.10), Y. (y)—Y_(y)=
W_(y)— W_(¥) =0, thus, the partial order of Y,(vy) is established. O

Using the decomposition theorems just derived, the inertia properties of the
antistabilizing and stabilizing solutions of (1.4) can be easily derived. Moreover, they
clearly reveal how and why sign indefinite stabilizing solutions can occur. The existence
of sign indefinite stabilizing solutions of game Riccati equations for 0 < y < o0 highlights
a fundamental difference between them and the stabilizing solutions of the standard
control, filtering or the bounded real Riccati equations, which cannot be sign indefinite.
Only the inertia properties of the stabilizing solutions will be proved.

Let Ker (M) denote the null space or kernel of the matrix M and Im (M) denote
the range or image of M.

THEOREM 2.6. If the nonzero solution Z, of Ric(Z, H,)=0 is nonsingular and
W.(v) of Ric (W, H(Z,,vy))=0 exists for some ¥,0< 9 <o, then the solution Y. (y)
of Ric (Y, HI(y)) =0 exists for all y 0< 3 = y = co—by Theorem 2.4—and satisfies the
following properties:

(a) In (Y. (y))=In(I+ W.(y)Z}),
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(b) 8(Y.(y))=0ifand only if \(~W.(y)Z:")#1,i=1,---,n,

(¢) Y (y)>0 forall y,0<y=vy=00 if and only if p(—W.(9)Z:") <1.

Proof. Since Z, is nonsingular by Sylvester’s law of inertia In(Y.(y))=
In(Y.(y)Z:")=In(I+ W.(y)Z;") and (a)-(b) follow from this identity. Since Z, >0
and W,(y)=0, the spectral radius test [10], is equivalent to the statement Y, (¥)>0
if and only if p(— W.(%)Z") < 1. The inverse square root Z;"? exists, because Z, > 0.
Now, by (2.7), W.(9)= W.(y) for 0< 9 =y=00. The spectral sets for — W,(y)Z'
and —Z;"*W.(y)Z;"? are identical and they only contain real nonnegative eigen-
values [10, p. 468]. Thus, for 0<y=y =0,

p(=W.(y)Z)=p(=Z7* W (v)Z7?)
== (ZZ* W (y)ZI) | = |- (Z7 W9 27|
=p(-=ZIPW.($)Z:) = p(- WD) ZT). ul

In fact, if Y, (¥) is sign indefinite for some ¥ and if Y.(y) exists on the half-line
0 < 9= y =0, then by the continuity of eigenvalues and by the monotone nondecreasing
property of Y.(y) as a function of v, it will be singular for some finite value of y
because the In(Y,(y)) depends continuously on the eigenvalues of Y.(y) and
Y, (0)=2Z,.

The following converse of Theorem 2.4 is now obtained.

THEOREM 2.7. If there exists a maximal stabilizing solution Y.(vy) of
Ric (Y, HI(y)) =0 on some vy semi-infinite interval 0< 9=y =c0, then the following
solutions exist on the same interval:

(i) the stabilizing solution Z. of Ric(Z, H,) =0 exists and §(H(Z, ,v)) =0,

(ii) the stabilizing solution W.(y) of Ric (W, H(Z,, y)) =0 exists.

Proof. Since Y,(y) exists at y =0, the solution Z, = Y, (c0) clearly exists. Since
Z, exists, the similarity transformation

1 1
(2.11) (_Z (I)) H£(y)<z (I’) —H(Z., 7).

shows that In(HX(y))=In(H(Z,,y)). Thus, 8(H(Z.,y))=0 because Y.(y) is
stabilizing now, the proof in Theorem 2.4 shows that W, (y) exists on the same
interval. 0

By combining the proof of Theorems 2.5 and 2.6, the following dual result for
the antistabilizing solutions is obtained.

THEOREM 2.8. If there exists a minimal antistabilizing solution Y_(y) of
Ric (Y, HL(y)) =0 on some vy semi-infinite interval 0<y=+y=o0, then on the same
interval

(i) the antistabilizing solution Z_ of Ric(Z, H,) =0,

(ii) the stabilizing solution W_(y) of Ric (W, —H(Z_, y)) =0 exists.

Proof. Since Y_(7y) exists at y =00, the solution Z_= Y _(00) clearly exists. Since
(2.11) is a similarity transformation In (HZX(y))=1In (H(Z., v)), which means that
8(H(Z_,v))=0 because Y_(y) is antistabilizing. Now the proof in Theorem 2.5 can
be applied to show that W_(1y) exists. il

3. Stabilizing solutions of the game Riccati equation. In this section, the stabilizing
solution X (y) of the game Riccati control equation (1.1) is related via the separation
formulas derived in the previous section to the antistabilizing solutions Z_ and W_(y)
that are factors of the dual game Riccati equation antistabilizing solution. When y = o
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and X (y) is nonsingular, then this relationship reduces to the familiar fact, namely,
Z_=-X""(c0) [11].

To keep the controllability and observability assumptions to a minimum in the
subsequent theorems, some properties of the stabilizing solutions X (y) of (1.1) are
deduced. However, before these deductions are discussed, a key lemma that avoids
assuming that the pair (C, A) is observable is introduced. This is especially important
for the Riccati equations described by (1.6) and (1.7). Then a preliminary theorem is
proved that investigates the role of stabilizability and detectability, when X (vy) is a
stabilizing solution.

This decomposition is used in Petersen, Anderson, and Jonckheere [18] and
Hinrichsen and Pritchard [9]. It is a consequence of two key facts. Namely, the linear
subspaces determined by Im X (y) and Ker X () are orthogonal and Ker X (y) is an
A-invariant subspace of Ker C.

LemMmAa 3.1. Let X be any real symmetric solution of Ric (X, Ho(y))=0. The
matrices A, B,, B,, and C with respect to any orthonormal basis compatible with the
decomposition R" =1Im X ®Ker X can be written as

An Au) [Bu] [le] [Xu 0]
A= C=[C,0], B,= B,= X = .
( 0 A22 s [ 11 ]’ 1 B22 s 2 Bzz s 0 0

Moreover, if X is not identically zero, §(X,,) =0 [9], and X,, satisfies the equation
1
(3-1) A;F1X11 + X1 An+ X (;2' BnBlrl - leBle> X+ C;rlcll =0.

Some of the deductions in the next theorem are well known for Ric (X, H,(0)) =0,
and (iii) would follow from the H infinity papers such as [4] or [18]. However,
Ric (X, Ho(7y)) =0 can have sign indefinite stabilizing solutions. Because local proper-
ties of stabilizing solutions are important for numerical studies [12], a proof is included.
In fact, the next theorem, when combined with the result in the Appendix and with
the metric topology introduced by Gahinet and Laub [5], can be used to justify the
informal statement: the neighbourhoods defined by “‘small admissible perturbations”
of Ric (X, H,(vy)) =0 will always contain unique stabilizing solutions, whenever the
unperturbed equation has a stabilizing solution. Subsequently, a theorem will show
that if a positive semidefinite stabilizing solution exists for a single y, 0 <y <00 then
it exists for any larger value of vy. This extension property and the minimal assumptions
that guarantee it are apparently new.

Let H(y) denote the 2n x 2n Hamiltonian matrix for the slightly perturbed game
equation (1.8) obtained from H,(y) by perturbing the (2, 1) block matrix C"C by &I
for e>0and H?(Z., v) is the 2n X 2n matrix obtained from H(Z., y) by perturbing
the (1, 2) block matrix C"C by eI for £ > 0.

THEOREM 3.2. Suppose (that Ric (X, H,(y)) =0 has a nonzero stabilizing solution
X () for some y,0<y <00, then

(i) 86(H,)=0, otherwise,

(ii) if X(y) =0, then the pair (A, B,) is stabilizable,

(iii) if X(y)>0, then the pair (C,—A) is detectable.

Proof. Since  X(y) is stabilizing, the closed-loop matrix A+
((1/y*)B,B{ — B,B; )X () is stable. Since the decomposition in Lemma 3.1 can be
realized by a real orthogonal similarity transformation, the A,, block of the transformed
closed loop matrix will be stable. Now the dimension of X, equals the dimension
of the block matrix A,;;. The unstable eigenvalues (if any) of A,, are clearly
(A,1, (1/y*)B,B] — B,B; )-controllable. Since X;,(y) is nonsingular, (3.1) can be
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rearranged to yield the equivalent equation

A+ (% BuBlTl - leBle) X1i(y)
(3'2) -1 -1 T T
==X (V)(An+ X (y)CiiCh) Xu(y)

Equation (3.2) clearly shows that (A,,+ X1;'(y)C{,C},) is antistable, and so the stable
or pure imaginary eigenvalue of A,, (if any) are clearly (A,,, C{,C;,)-observable.
Equation (3.2) shows that the purely imaginary eigenvalues (if any) of A are (C, A)-
observable.

By Theorem A in the Appendix, the perturbed Riccati equation Ric (X°, He(y)) =
0 will have a nonsingular stabilizing solution X“(y). Rearranging the equation, it
becomes

(33) (A= BB, X“(¥))"X"(y)+ X"(v)(A- B,B; X*(7))

1
+ X (y) <_2 BlB;r'*'BszT) X€(7)+CTC'+8[=0.
Y

Since X°(y) is nonsingular and (eI, A— B,B] X°(y)) is observable, it follows by
Lyapunov inertia theory [14, p. 448], that In (A— B,B; X°(y))=In(-X°(y)) and
8(A— B,B; X*(y))=0. At the very least, all of the eigenvalues of A on the imaginary
axis are (A, B,)-controllable and so 6(H,)=0 [13], [15], otherwise if X (y)=0, then
X*(y)>0 (Appendix) and so (A, B,) is stabilizable. The second claim follows by a
similarity transformation identical to (3.2). O

The following theorem establishes the existence of nonsingular stabilizing solutions
of the control Riccati equation (1.1) by a Hamiltonian and spectral radius test over
the parameter interval. These tests can be implemented by a Hamiltonian bisection
search [9], [2] or by a gradient search on the spectral radius [17]. Moreover, these
conditions completely characterize the nonsingular stabilizing solutions of (1.1), includ-
ing the sign indefinite ones.

THeEOREM 3.3. The nonsingular stabilizing solution X (vy) of Ric (X, Hyo(v))=0
exists on the semi-infinite interval 0<y =y =00 if and only if

(i) the equation Ric (Z, H,) =0 has a minimal antistabilizing solution Z_<0,
(ii) the stabilizing solution W_(y) of Ric (W, —(H(Z_, y)) =0 exists on the same
interval,

(iii) the real eigenvalues of the matrix W_(y)Z;' satisfy the inequality
M(=W_(y)ZZ")#1 on the same interval.

Furthermore, In(X(y))=In(I+W_(y)ZZ') and X(y)>0 if and only if
p(W_(y)(-Z"))<1.

Proof. First, the sufficiency conditions are assumed. The matrix Y_(y)=
Z_+ W_(v) is an antistabilizing solution of the dual game Riccati equation by Theorem
2.5. Clearly, if the real eigenvalues of W_(y)ZZ" satisfy (iii) then Y_(7) is nonsingular
by Theorem 2.6. If Y_(7y) is nonsingular, then its inverse will satisfy the game Riccati
equation (1.1) and, by an obvious modification of (3.2), it will be the unique stabilizing
solution of (1.1), too. Since the stabilizing solution of (1.1) is unique X (y) = —(Y_(y)) ™"
so X (y) has the asserted properties. Z_ is nonsingular by hypothesis and so by Theorem
26 In(Y_(y)=In(I+W_(y)Z2").

If X () is the nonsingular stabilizing solution on 0< =y =00, then —X ()
is an antistabilizing solution of Ric (Z, H,) =0 and so (i) is satisfied. Again, by (3.2),
for any 7y in the interval Y_(y)=-X"'(y) is an antistabilizing solution of
Ric (W, HL(7y)) =0 on the same interval. By Theorems 2.5 and 2.8, (ii) and (iii) are
satisfied. O
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When the stabilizing solution is semidefinite, then (i), (ii), and (iii) are satisfied
by the perturbed Riccati equation Ric (W, H5(y)") =0 and, conversely, these condi-
tions guarantee the existence of a strong solution. A strong solution of (1.1) will also
be stabilizing if either the assumption 8(H.(y)=0 is satisfied on some semi-infinite
interval or the less familiar assumption (1.8) is satisfied.

THEOREM 3.4. If the stabilizing solution X (y) =0 of Ric (X, H.(v)) =0 exists on
the semi-infinite interval 0 <y =y =00, then for all sufficiently small € >0

(i) the equation Ric (Z, (H%(20))") =0 has a minimal solution Z¢ <0 on the same
interval,

(ii) the stabilizing solution W2 (y) of Ric (W, —(H*®(Z_, v)) =0 exists on the same
interval,

(iii) the real eigenvalues of the matrix W°(y)Z°™' satisfy the inequality
p(=We(y)Z5 ") <1 on the same interval.

Proof. Since X () is stabilizing and X(y)=0, Theorem A in the Appendix can
be applied to Ric (X°*, Hx(y)) =0, which has a stabilizing solution X“(y)>0. The
existence of Z° in (i) follows, because the pair (C”C + €I, A) is observable, and by
Theorem 3.2 the pair (—A, B,) is detectable. The other conditions are now immediate
from Theorem 2.8.

Conditions (i), (ii), and (iii) and Theorem 3.3 guarantee that Ric (X*, H5(y))=0
has a nonsingular stabilizing solution X°(y)>0. Theorem A in the Appendix then
guarantees the existence of a strong solution, and the difference X°(y) — X (y) can be
made arbitrarily small as £ decreases. g

The next theorem shows that if a positive semidefinite stabilizing solution of (1.1)
exists, for a single value of 7, then it will exist for all larger values of 7y; in other
words, its interval of existence is connected. This extension and connectivity property
of the y parameter can be extended to any perturbed equation that satisfies Theorem
A. Thus both the game Riccati equation and ‘“‘nearby’ perturbed solutions will also
exist over the entire gamma interval, which ensures that the regularity properties of
stabilizing solutions are well defined.

THEOREM 3.5. If a nonzero stabilizing solution X(y)=0 of Ric (X, Ho(¥))=0
exists for some ¥, 0<§ <0, then X(y)=0 exists and is stabilizing on the semi-infinite
interval 0 < 9 = y =00 and obeys the partial order X (y,) = X (y,) for 0<y=vy, = y,= 0.

Proof. Since X (¥)=0 is stabilizing, there exists by Lemma 3.1 a real orthogonal
matrix S such that X (%) and A are transformed by the congruence transformation
STAS and S"X(%)S into the block form

(All AIZ) (Xll(?) 0)
0 A/’ 0 0/’
The closed-loop matrix A+ ((1/vy*)B,B{ — B,B; )X () is stable and thus the A,, block
of the transformed closed-loop matrix will be stable. The unstable eigenvalues (if any)
of A,; are clearly controllable. By Lemma 3.1, the dimension of X;;(¥) equals that of
Aj,, and X,,(¥)>0 is a stabilizing solution of the reduced Riccati equation (3.1). By
Theorems 2.6 and 2.7, the stabilizing solution X;;(y)> 0 exists on the semi-infinite
intervals 0<§ =1y =c0. The inertia relation In (S7X(y)S))=1In (0, »(0), 7(X,,(¥)))
and the uniqueness of stabilizing solutions of (1.1) guarantee that X (y)=0 exists on
the semi-infinite interval.

By Theorem 3.4, the solution Y?(y) <0 exists on the same interval, and by Theorem
2.5, Y:(y,) = Yi(y,) for0< y =y, = y, = 0. Moreover, the proof of Theorem 3.3 shows
that the solution X °(y) of Ric (X °*, H%(y)) = 0 exists and satisfies the equation X °(y) =
—Y*°(y)™', which implies that the partial order X°(y,) = X*°(y,) is valid. 1]
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4. Monotonicity of the spectral radius. Since the spectral radius is not a norm, its
functional properties often require special considerations. Functional properties are
especially important when the spectral radius is coupled with a computational
algorithm. For example Pandey et al. [17] search over the vy interval for the optimal
H,-norm by a gradient method applied to the special radius p(X.(7v) Yo(7y)). The
next theorem shows that the discontinuities (if any) of the spectral radius
P(Xo(7y) Yo(y)) are jumps.

THEOREM 4.1. If there exist maximal stabilizing solutions X (y)=Z0 and Y(y)=0
of the respective game Riccati equations (1.6) and (1.7) defined on the same semi-infinite
interval 0<§y=7y=00, then p(Xu(v2)Yo(72)) =p(Xe(71) Yoo 1)) for 0<y=y,=
Y2 =00,

Proof. Throughout the proof, y is confined to the interval 0< 4y =y =oc0. Both
solutions satisfy the same y dependent partial order X (y,)= Xo(7v1), Yoo( v2) =
Y..(v:), by an obvious modification of the proof of Theorem 2.1 for the first inequality
and then by invoking duality for the second inequality.

Since both solutions X.(y) and Y, (y) are stabilizing, Theorem A in the Appendix
can be applied to the “slightly” perturbed versions of the game Riccati equations (1.6)
and (1.7), which are obtained from the original equations by adding the matrix &l
with & > 0 to the respective matrices C; (I — D;,E7'D},)C, and B,(I - D},E;'D,,)BY.
The perturbed solutions X %(y) >0 and Y (y) > 0 inherit the same y dependent partial
order as the original solutions.

For each £ >0 and vy standard balancing results [11] can be invoked to show that
there exists a similarity transformation T (the explicit dependency on & and vy is
omitted) such that X5(v) and Y& can be simultaneously diagonalized

T'XeNT=25(7)=T 'Y(n)T "

The real diagonal elements o5 (7y); of the diagonal matrix X:(y) are determined
by

oL (i= WX YR i=1, 0.

Since 2, () is the common unique maximal stabilizing solution of the “slightly
perturbed” game Riccati equations in the transformed state equations representation,
it inherits the y dependent partial order. Thus, the spectral radius ordering

P(Xo(72) Yoo(72) = p(X (1) Yoo 11))

for 0<y =1y, = y,=0 is established for any e.

The eigenvalues of X &(v) Yo(y) are all positive or zero real numbers [10, p. 468].
Furthermore, the eigenvalues of the matrices XX (y)(XX*(y)Y«(y)) and
XY2(y) Yo y) X X2(y) are identical. Thus, the following chain of inequalities can be
obtained:

P(Xoo(72) Yoo(72)) = P(ng(‘}’z) Yool 'Yz)ng(‘Yz))
= | X2 (2) Y (72) X L2 (12) |
= | X32(v2) Yool 72) X2 (72) = X 5(12) /2 Yo 72) X (72) V2|
+[XG(72) " Ya(1) X (7))l
= ”X;éz(‘)’z) Yool ‘yz)ng('y;) - cho(‘)’z)l/2 Y( 72)X§o(')'2)1/2”
H X S(r) 2 Yaly) (1) = Xo(n1) Yool v) X2 (1) |
X2 (7)) Yool v1) X L2 ()|l
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Since the obvious terms in the inequality chain tend to zero as ¢ >0, it follows that
P(Xeo(72) Yoo ¥2)) = p(Xeo(71) Yoo 71)) for 0<y=y,=y,=0. O

5. Rank. By Theorem 3.5, the rank of X () is a decreasing function of vy, because
X, (0)=X(y) for 0<y=oc0. In fact, a more complete description of the rank is
possible; namely, the rank of X (y) is a constant for all y and it is determined by the
eigenvalues of the dynamical system matrix A. According to Postlethwaite, Gu, and
Young [20] the rank of X (c0) is determined by the unstable controllable eigenvalues
and by the stable observable eigenvalues. Their descriptive and interesting eigenvalue
characterization of the rank of X (c0) is also valid for X (7). The strategy of determining
the rank of X (y) by using the direct sum decomposition of R" derived in Lemma 3.1
is apparently new.

THEOREM 5.1. If X () is a nonzero stabilizing solution of Ric (X, Ho(y)) =0 for
some vy, 0 <y =00, then the rank of X () equals the number of unstable eigenvalues of
A that are (A, (1/y*)B,B] — B,B7)-controllable plus the number of stable eigenvalues
of A that are (C, A)-observable. Moreover, if X(y) is stabilizing on some vy-interval
0<vy,=vy=7y,= then rank of X(y) is constant on the interval.

Proof. By assumption, the closed-loop matrix A+ ((1/v*)B,B{ —B,B])X () is
stable. The decomposition in Lemma 3.1 can be realized by a real orthogonal similarity
transformation. Since the eigenvalues of the A,, block are feedback invariants, the
transformed closed loop matrix will be stable. Now, the dimension of X;;(y) equals
the dimension of the block matrix A;,. The unstable eigenvalues (if any) of A,; are
clearly controllable. Since X,,(y) is nonsingular, (3.1) can be rearranged to yield the
equivalent equation

1
(5.1) A11+(7311BT1_3213§1)X11(7)

= _Xl_ll('Y)(Au +X1_11(7)C;11011)TX11(7)

Equation (5.1) clearly shows that (A,,+ X1} (y)CI C,,) is antistable, and so the stable
eigenvalues of A, (if any) are clearly observable, while the decomposition in Lemma
3.1 shows that the stable eigenvalues of A,, are clearly (C, A)-unobservable. Since
these two types of eigenvalues exhaust the possibilities, the rank of X (y) must be as
asserted.

Suppose that the rank of the stabilizing solutions X (y) is not constant on some
open interval. Since the number of unstable eigenvalues of A are independent of v,
the rank of X () can only change on the stable eigenvalues. If an eigenvalue A of A;,
is (Cy;, A;;)-observable, then it is also (C, A)-observable, because all right eigenvectors
of A,, are members of the subspace Ker (C) and all right eigenvectors of A,, are
members of the subspace Im (C), and the dimensions Im (C), A;; and Im X (y) are
equal. If the rank X (1y,) is different from the rank of X (y,) on the interval y, = 9, < 9, =
v, then, by using Lemma 3.1 again, there will exist a stable eigenvalue of A that is
both (C, A)-observable and (C, A)-unobservable, which is impossible. a

Appendix. The main theorem in this appendix is an amalgamation of separate
theorems—some stated with more generality—that have been proved in recent publica-
tions. The theorem itself has not appeared in any of the separate publications and it
will not be proved here. For completeness, each of the contributing results are referenced
and they can be consulted for the relevant proofs.
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THEOREM A. Suppose that M and Q are real symmetric matrices with Q=0 and ¢
is a nonnegative parameter.
The matrix Riccati equation

(A1) ATP+PA—PMP+Q=0

has a unique stabilizing solution P =0 if and only if
(i) the Hamiltonian
A -M
H=
(o %)

has no imaginary eigenvalues, and
(ii) the matrix Riccati equation for

(A.2) ATP*+ P A—P°*MP*+ Q+¢l=0

has a singular unique stabilizing solution P*>0 for ¢ (¢>0) sufficiently small that
depends continuously on e. Moreover, if P is stabilizing for Ric (P, H) then the stabilizing
solution P° for (A.2) will exist.

This fundamental result shows that the stabilizing solution of (A.1) will retain its
property in the proximity of a perturbed Riccati equation. The solution depends
continuously—at least locally—on the coefficient variation in the Riccati equation. By
using a norm-induced metric space and the implicit function theorem, Gahinet and
Laub [5] formulate the previous sentence in precise mathematical concepts. By a clever
use of the implicit function theorem, they show in a neighborhood—induced by the
metric norm—of the stabilizing solution set (P, A, M, Q) the matrix Riccati equation
for the perturbed matrices (A+AA, M +AM, Q+AM) will also have a stabilizing
solution, provided that AA, AM, and AQ are real matrices, AM” =AM, AQ” =AQ
and that they are “sufficiently close’ to the normal solution set. This local result does
not require any other special system requirements such as stabilizability, observability,
or inertia properties for AM or AQ. Another and earlier proof of the regularity of the
stabilizing solution of the matrix Riccati equation using the implicit function theorem
is found in [3].

Petersen, Anderson, and Jonckheere [18] prove that the existence of a positive
semidefinite symmetric solution of (A.2) implies that (A.1) will have a positive semi-
definite strong solution. Actually, the matrix Q+ eI in (A.2) can be replaced by Q =Q
with Q> 0 in their theorem.

When £>0 (A, eI) is clearly controllable, and so by a well-known result of
Shayman [23], every real symmetric solution of (A.2) is nonsingular. Finally, the
statement *“P = 0 then P° > 0" in the theorem is proved in paper by Safonov, Limebeer,
and Chiang [24]. Whenever (A.1) has a stabilizing solution P, then (A.2) for ¢
sufficiently small will have a stabilizing solution P° also, and both of these solutions
will be unique by a theorem in Petersen [19].

Acknowledgments. The author thanks the anonymous referees for their helpful
comments.
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A GLOBALLY CONVERGENT STOCHASTIC APPROXIMATION*

SID YAKOWITZ?

Abstract. By combining a constrained Kiefer-Wolfowitz search with an automatic learning algorithm,
it is shown that asymptotically normal convergence of an estimator to a global optimum under reasonably
lenient assumptions can be attained. It is enough that the objective function be smooth and locally strictly
convex at its minima. The central conclusion is that if 6, is the estimate produced by the method shown at
the nth decision epoch, then for some global minimizer 6%, n'/3(6,—6*) is asymptotically normally
distributed. This coincides with the conventional Kiefer-Wolfowitz convergence rate to a local optimum.

Whereas this study was motivated by needs of machine learning, the basic plan would seem applicable
to root-finding tasks, and to other types of stochastic approximation algorithms.

Key words. stochastic approximation, random search, automatic learning

AMS(MOS) subject classifications. primary 62G0S; secondary 62G99

1. An algorithm and statement of results. Many problems in automatic learning
can be abstracted as a stochastic minimization problem, to wit: Let f( ) be an unknown
function defined on a given domain D. On the basis of noisy observation pairs
{(6;, Y)}Zi, with

(1.1) Y. =f(6:)+Z(6:),
choose 6, in such a fashion that with respect to some criterion,
(1.2) f(6.) > fmin-

Here fyn designates the global minimum of f( ) on D, and Z(6;) is a 0-mean random
variable depending on the past only through the choice of 6;.

A number of investigators, e.g., Devroye [1], [2], Gurin [3], and Yakowitz and
Lugosi [14], have provided stochastic minimization algorithms that are globally con-
sistent in various senses, and Yakowitz and Fisher [11] and Yakowitz and Lowe [13]
have established rates of convergence. These works did not assume the objective
function to be smooth, as will be required here. However, under our more stringent
assumptions, a much more rapid convergence rate is assured. Computer experimenta-
tion on sequences of games, puzzles, and model queueing processes (some of which
is reported in Yakowitz [10] and Yakowitz and Lowe [13]) have convinced the author
that automatic learning holds promise as a practical methodology. A feature of the
objective functions f() from these areas of applications is that they are multimodal,
and local minima preclude the use of conventional methods.

Neural networks have become a popular facet of learning theory. We may readily
confirm (Khanna [5, Chap. 5]) that standard neural network algorithms resemble
stochastic approximation formulas. For that reason, the present study may have
relevance because a common complaint about neural network learning is that the
algorithms are attracted to suboptimal local minima.

The present paper is devoted to synthesizing an automatic learning procedure
with Kiefer-Wolfowitz-type stochastic approximations (see Kiefer and Wolfowitz [6])
so as to take advantage of the rapid convergence properties of the latter technique

* Received by the editors September 24, 1990; accepted for publication (in revised form) July 1, 1991.
The author was partially supported by National Science Foundation grant ECS 89-13642 and National
Institutes of Health grant RO1 AI29426.
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TABLE 1
A stochastic approximation learning algorithm.

The Components

D, where D is convex, D < R?
p(), a continuous probability density function (chosen by the user) with D as support.
{N(i)}, with
(1.3) N (i) =integer part of (C exp (i)), i=1,2,"--.
In (1.3), C is an arbitrary positive constant. The N(i)’s are referred to as ‘“new sample times.”
{a(i)} and {c(i)}, are positive sequences, with

a(i)=A/i and c(i)=C'/iV°.
Here A and C’ are positive constants, and the sequences are parameters of the K-W search.

Initialization
n=1, NP=0. (n is the decision time, NP is Number of test Points at time n.)

The Procedure
If ne{N(i)}, then get new test point.
1. Set NP=NP+1.

2. Choose a new test point Typ(n) at random according to the density p( ). Set 6, = Typ(n) and observe
the noisy value

(1.4) Y, =f(6,)+Z(6,).
3. Initialize a sample average, a resample counter, and a hypercube for the new test point by defining
myp(n)=Y,, and NSyp(n)=1,

and define H(NP) to be the hypercube centered at Typ with sides of length (1/ NP)'/?. This hypercube is
fixed for the rest of the process. (Tnp Will be constrained to wander around inside of H(NP) as the process
evolves.)

4. Select a good test point for resampling. If NP> 1, define MIN to be the index j that minimizes
m;(n), 1=j= NP(n). Designate as I'* the smallest index i such that

(1.5) m; = myn+2/log (n).
Go to 8.
Else if n ¢ { N (i)} then take a K-W step at the (apparently) best point and update other points as needed.

5. Make a K-W step at I*: We describe the K-W for the one-dimensional domain case, but the extension
to dimension d should be obvious. Set

0, =T+
NS = NS;+(n)
a=a(NS)
(1.6) c¢=c(NS)

Y1=£(6,+c)+Z(6,+c)
Y2=£(6,—c)+Z(6,—c)

1
DY*(8,, ¢) =5-(Y1-Y2).
(4

Set
1.7) T=T—axDY*(8,,c).
The K-W step redefines T;» to be Ty«=T for Te H(I*) or the closest point in H(I*) to T if Tg H(I*).
6. Update the sample mean and counter:
(1.8) my«(n)=1/(NS+1)[NSm;«(n—1)+(Y1+ Y2)/2]
and
NS=NS+1.

7. Update other test points if necessary: Do preceding step at any index i, 1 = i = NP, such that NS;(n)<n”.
Here y€ (0.5, 1) is a number which is held fixed for the duration of the process.

8. Set n=n+1 and repeat the procedure.
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while preserving robust consistency characteristics of the former. It will suffice for our
purposes that f( ) be smooth, at least piecewise, and locally strictly convex near its
minima.

Table 1 gives a global Kiefer-Wolfowitz (K-W) rule based on the Yakowitz-Lugosi
method. Basically, the (very conventional) idea is to occasionally explore the domain
to find better points and to improve estimates of values at old but unpromising test
points. However, at most decision times, we choose test points at which the perform-
ance, as measured by sample averages, is seemingly better. The purposes of this re-
sampling are to (i) improve the estimate at these places and (ii) attain performance
that is best with respect to the current state of knowledge.

The obvious but apparently new contribution we offer is to take K-W steps at
these “resample’ times. By this enhancement, we can hope that, as resampling proceeds,
each test point “wanders” into the bottom of the valley in which it finds itself. By
gradually acquiring new test points in the tradition of random search, eventually every
valley will be explored.

The central result (§ 2) is that for the hybrid method, and 6* some global minimizer

of (),
(1.9) n'>(6,— 6*)

is asymptotically normal.
We close this section by presenting the globally convergent K-W algorithm and
a simple illustration of its use.

An example. We close this introductory section by examining the experimental
side. Figure 1 is a plot of

(1.10) f(x)=xsin (30x), xe D=]0,2].

The noise is independent and identically distributed (i.i.d.) standard normal. Figure
2 gives the average observed performance (1/n) Z,';l Y; for a version of the K-W
learning algorithm, and, for purposes of comparison, Fig. 3 was obtained from a code
that is the same, except it does not take K-W steps, but keeps T; constant at its original,
randomly chosen value. That is, update (1.7) is omitted.

Plot of x sin(30x)

PR

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

F1G. 1. The objective function.
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A Global K-W Run

Average Y
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FIG. 2. A search with K-W steps, Y(n)=1/n Tizizn Y(0()).
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F1G. 3. A search without K-W steps.

Rationale and variations of the algorithm. The goal of finding a global stochastic
approximation rule having been set, there are many plausible routes to its accomplish-
ment. Alternative learning schemes that also could be synthesized with the K-W step
are briefly discussed in Yakowitz and Lugosi [14]. The author suspects that the algorithm
would be convergent without the hypercube constraint construct. However, a
demonstration does not readily dawn on him. In any event, there is no hope of attaining
a faster asymptotic rate than the present algorithm, which has the rate of the pure
K-W process.

We anticipate that readers with specific stochastic minimization problems at hand
will take liberties with our algorithm. To get an acceptable level of performance early
in the learning process, it is sensible to initially take a goodly number of new point
samples relatively soon. Perhaps computation in an interactive mode is warranted. If
our global stochastic approximation methodology takes root, it may be worthwhile to
devise an adaptive variation which chooses “new point” and “resample’ times adap-
tively according to the degree of observed success in the exploration of new points,
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and the observed sample variability in the running means m;(n). Such data-driven
extensions are akin to “automatic bandwidth selection” procedures of the nonpara-
metric estimation literature. To the extent that the nonparametric estimation literature
is a useful guide, we may anticipate that analytic prowess will be needed to assure
that convergence rates are maintained.

2. Convergence analysis. Here it is shown that a particular set of assumptions can
assure convergence, in distribution and mean square, of a global stochastic approxima-
tion (SA) minimizer at a stated asymptotic rate. However, the reader will see from the
plan we follow that other standard rules and assumptions of the SA realm can likewise
be merged with the learning algorithm to attain convergence, perhaps in other senses.
The first part of these developments pertains to pure K-W steps, and to avoid confusion
with the learning algorithm, the decision variable is x, in §§ 2.1-2.3. Thus we seek a
minimizer of f(x) on the basis of noisy observations Y(x)=f(x)+Z(x), xe D. In
§ 2.4, we synthesize the constrained SA results with the global learning algorithm to
demonstrate asymptotic convergence to a global minimizer.

2.1. Process assumptions.

About the objective function.

F.1. The function f( ) to be minimized is defined and three times continuously
differentiable on a convex Borel set D< R% The domain D is further presumed to
have an open subset.

F.2. The set of global minima (minimizers) of f( ) is finite but not empty.

F.3. Let fioc denote the infimum of the local but not global minima of f( ). Then

Sfroc> fuin-

F.4. Assume f( ) is locally strictly convex at its global minima, and each such
minimum is an interior point of D. Furthermore, hypothesize that not all third-order
partial derivatives are 0 at the minima.

About the noise.
N.1. The random variables Z(x) are indexed by x € D. Presume that {X(n)} is a
sequence obtained by some deterministic operation on observations

(X (i), Y(X(i)),i<n.

The distribution of Z(X (n)) depends on the past history only through the value X(n).
That is, in distribution, the conditioned variable

(2.1) Z(Xm){X (1), Y(X()), - -+, X(n)}=Z(X(n))| X (n).

N.2. For each x€ D, E[Z(x)]=0.

We remark that a consequence of (2.1) and the 0-conditional expectation assump-
tion is that {Z(X(n))} is a martingale difference sequence with respect to the sigma
field induced by the preceding X-Y values.

N.3. For some positive constant o> and all xe D, the conditional variance
var (Z(x)) = 0. The variance var (Z(x)) is further hypothesized to be continuous in
neighborhoods of minima of f( ).

N.4. For some positive number 8 and all x, we have

(2.2) E|Z(x)"° =M <.
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About the Kiefer-Wolfowitz steps.
S.1. The sequences {a(n)} and {c(n)} are defined by

(2.3) a(n)=A/(n+1), c(n)=C/(n+1)"e,

A and C being positive constants.

S.2. Fix some d-dimensional hypercube H — D, and suppose the initial value x(1)
is chosen arbitrarily from H. For any real function (random or otherwise) g(-) and
number ¢ # 0, we use the notation

(2.4) Dq(x, ¢)=(q(x+¢)—q(x—c))/2c.

If q( ) is defined on a higher-dimension space, then Dq(x.c) is a vector of like dimension.
The jth coordinate is given by

Dg;(x, ¢) = (q(x+ce) — q(x — ce;))/2¢,

where ¢; is the vector with 1 at the jth coordinate and 0’s elsewhere. With these
constructs, the constrained search proceeds as follows: For n=1, recursively define

(2.5) X(n+1)=X(n)—a(n)DY(X(n), c(n)).

If )Z'(n~+ 1)e H then X(n+1)=X(n+1). Otherwise, X (n+1) is the closest vector in
H to X(n+1).

2.2. Almost sure convergence. The theory for almost sure convergence for con-
strained stochastic approximation and asymptotic normality offered in Kushner and
Clark [7, Chaps. 5 and 7, respectively] is the foundation for our developments.
Hereafter, “KC” will denote this reference and precede its equation and theorem
numbers. This section and the following are devoted to recasting KC results into our
setting. Our approach to demonstrating asymptotic normality requires first obtaining
almost sure convergence, and that is the topic of discourse now.

LemMMA 2.1. Let f( ) satisfy the conditions F.1, F.2, the noise process satisfy N.1-N.3,
and the search be as in S.1 and S.2. Presume that f( ) assumes a minimum at x* at an
interior point of hypercube H and is strictly convex. Then almost surely,

(2.6) X(n)->x*.

Furthermore, if the convexity assumption is dropped, but X (i) visits every neighborhood
of x* infinitely often, then almost surely, (2.6) holds.

Proof. We proceed by showing that the assumptions of Theorem 5.3.1 [KC, p. 191]
are satisfied, and then state how the conclusion implies the lemma. To apply this
theorem, which ostensibly is directed at the Robbins-Monro case, we set h(x) = =V f(x),
as suggested by [KC, p. 190]. Then B,, as in [KC, eq. 5.3.1], is

(2.7) B.=—h(X(n))—Df(X(n), c(n))
and
(2.8) & =—DZ(X(n), c(n)).

From standard results on numerical differentiation.

(2.9) Bn=0(c(n)?).

Thus condition [KC, A5.1.5] is satisfied.
The condition [KC, A5.3.1] that the constraint functions be continuously differenti-
able is satisfied by the hyperplanes forming the boundary of H. Condition [KC, A5.3.2]
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is satisfied if the series
(2.10) ¥ (ali)/e()Z(X (D)

is almost surely convergent. But by N.3 and S.1, we have
Y [a(i)/c(i)fPo® <oo

which for such orthogonal series, is known to imply almost sure convergence of (2.10)
(e.g., Loéve [8]).

We have now established that all the conditions of Theorem KC 5.3.1 are satisfied.
The conclusion of the theorem is that if the point x is the limit of any convergent
subsequence of {X(n)}, then x is a Kuhn-Tucker (KT) point. By the strict convexity
assumption of our lemma, x* is the unique KT point, and since H is compact, there
must be a convergent subsequence. Thus (2.6) must hold. If convexity is dropped, the
second part of the lemma is assured by the second part of Theorem KC 5.3.1.

2.3. Asymptotic normality. Theorem KC 7.3.1 addresses asymptotic normality of
the unconstrained K-W algorithm directly. Under the conditions of Lemma 2.1, we
have almost sure convergence to the minimizer, which is an interior point, and so
eventually the points X (n) are all determined by the pure K-W formula (2.5), and
thus results about the unconstrained case apply.

LemMA 2.2. Under the conditions of Lemma 2.1, including the strict convexity
assumption, and also N.4,

(2.11) n'(X(n)—x*)

converges in distribution to a normal vector with 0 mean. Also, the variable in (2.11)
converges in mean square.

Proof. In the multivariable case, by “‘square” we mean right multiplication of the
d x 1 vector by its transpose. We follow the developments of [KC, Case 1, Chap. 7].
The result holds if we can show that the conditions of [KC, Thm. 7.3.1] are satisfied.
Our choice of the sequences a(n) and c(n) are in agreement with [KC, A7.2.4(a)].
Lemma 2.1 is condition [KC, A7.2.2], Condition F.1 is [KC, A7.2.3]. Our noise
assumptions N.1 to N.3 are [KC, A7.2.5] to [KC, A7.2.7]. This completes the
hypotheses, and the conclusion of Theorem KC 7.3.1 is the conclusion of the lemma.
(The discussion in [KC, § 7.4] makes this connection transparent.)

An expression for the limiting covariance matrix is given in [KC, 7.4.2], but it
involves terms and parameters which will not usually be available to the statistician.

2.4. Convergence of the learning algorithm. In what follows, we refer to the times
at which Algorithm Step 5 is taken, at which we resample at I*, as resample times.
The main result of our study is the following theorem.

THEOREM 2.1. If all the assumptions F.1 to F.4, N.1 to N.4, and S.1 are in force,
and the search algorithm of Table 1 is applied, then during resample times n, for some
minimizer 0% of (),

(2.12) n'>(,— 6%

converges asymptotically in distribution to a normal random vector with zero mean.
Moreover, the variable (2.12) converges in mean square to a constant matrix, and 0,
converges almost surely to 6*.

Proof. The plan is the following: We let V (for “‘valleys”) designate the union of
neighborhoods of the global minima on which f() is strictly convex, and on which
f() takes values no greater than fyyn+€/2, with &€ =f oc—fumn as in F.3. We will
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show that eventually there will be hypercubes, as in Step 2, which lie entirely in V
and which contain the minima as interior points. Almost surely, for all but finitely
many n, resampling will concentrate on but one of these convergent test-points. It is
then a simple matter to call upon the lemmas to confirm the statements of the theorem.
Let 6* be a global minimum of f( ) and B, a ball centered at 6* and hdving radius
r sufficiently small that f( ) is convex on B; and is bounded above by fyn+£/2 on
B,. To show that eventually there is some hypercube H (k) containing 6*, and such
that H(k) < B,, take N>2/r, and let E be the event that for some i= N, 8% ¢ H(i).
If E occurs, we have the desired hypercube. Let E© be the complement of E. Then

P[E°]=lim H (1-P[6*e H(i)])
(2.13) o
=lim IJV (A—=[p(6")((1/i)+0(1/i))])

and this above product converges to 0.

Now that we know that almost surely any test point will eventually fall within an
arbitrarily small search hypercube, the next goal is to show that for all but finitely
many resample times, test point index I*, as in Algorithm Step 4, will be selected to
be some fixed index of a K-W search in V.

Let f;(n) denote the average of all the true function values made at index
i, 1=i= NP(n), up to decision time n. That is, letting 7;(j) denote the time of the jth
call to test point T;,

NS, (n)

(2.14) fi(n)=1/NS;(n) El (f(0ryF () +£(8:,05 = ¢(7)))/ 2.

The actual averaged observations at index i, is, of course, the quantity m;(n), in the
algorithm. The observation error due to noise is

ei(n) = fi(n)—mi(n)
NS,(n)

= L (1/ NSi(n))LZ (0., +c(j)) +Z(8; = c(j))]/2.

J

(2.15)

The objective now is to demonstrate that
(2.16) P[|e:(N(j))|>1/log (N(})), for infinitely many i, j]=0.
Fix an index i and let S;(n) = NS;(n) - e;(n). Note that since Kolmogorov’s inequality
holds for martingales [4, p. 14], for any positive C,
(2.17) P[ max_|S;(k)|> C] = N(j)o?/C>
k=N(j)

From Step 7,
NS(N(j)) = N(@j).

From this, and after setting C = N(j)?/log (N(j)), and recalling that NP(n)=
O(log (n)), conclude that for some constant C’,

P[ max max lei(k)|>1/IOg(N(j))]

IENP(N()) N()=k=N(j)

(218) 2 2y—1
=C'log’ (N(j))o*/ N(j)* "
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The reader will verify that in view of the exponential growth rate of N(j) (recall (1.3)),
the right side of (2.18) is summable in index j. The Borel-Cantelli lemma then gives
us (2.16).

Since we are examining asymptotic behavior, without loss of generality and in
view of (2.16), in discussions to follow we assume that for all new sample times N (j)
at which I'* is reassigned,

(2.19) [m:(N(j))—Fi(N())|<1/log (N(j)), 1=i=NP(n).

We have noted that every global minimizer is eventually an interior point of some
Step 3 hypercube on which the conditions of Lemma 2.1 are satisfied. The conclusion
of Lemma 2.1 implies that every global minimizer is the target of some (in fact,
arbitrarily many!) K-W searches T;(n). Define ¥ to be the (random) set of indices i
such that T;(n) - 6, for some 6 a global minimizer of f( ), and designate G to be the
minimum index in ¥ By the second part of the Lemma 2.1 and our hypothesis F.3
(which implies that every global minimum is an isolated Kuhn-Tucker point), we
conclude that for i < G almost surely lim inf f;(n) > f;(n). Consequently, in view of
(2.16), only finitely many times can such a value i <G serve as I'*. That is, almost
surely, for all retest times n sufficiently large,

I*(n)z G.

Toward analyzing the convergence behavior of f5(n), we appeal to a law of the
iterated logarithm for the K-W process in Hall and Heyde [4, § 7.6]. Hall and Heyde’s
(designated now as HH) conditions B1 through B4 are covered by our smoothness
and convexity postulates F1 and F4, and the observation that eventually T(n) is a
pure K-W process converging to 6*. The HH condition BS5 is satisfied by our noise
assumptions N1 through N4. The HH analysis assumes that the K-W domain is of
dimension 1, but assuming dimension d > 1 has influence only in replacing scalars by
vectors, and reading absolute as norms, in their analysis. An implication of HH Theorem
7.15 is that almost surely,

(2.20) | To(16(j)) — 6% < CVlog (log (r(j)))/j”

for some positive constant C and all j sufficiently large. After summing j from 1 to
n”, and using that f(T(76(j))) —fmin = 0(To(76(j)) — 6*), we see that almost surely,

(2.21) fo(m)=fun=0(1/n"°).
Relations (2.16) and (2.21) yield that for all i> G and large j,
m;(N(j))+2/log (N(j))> fuun+2/10g (N(j))
(2.22) > fo(n)+2/log (N(j))+0(1/N(j)"®)
>mg(N(j)).

The preceding sequence implies that condition (1.6) for choosing I* will be satisfied
by G for all but finitely many N(j). This gives that almost surely, at all retest times
n sufficiently large, Lemmas 2.1 and 2.2 apply to the search Tg(n). The conclusions
of these lemmas imply the theorem. O

Upon recognizing that Step 1 and Step 7 times grow as o(n), we can readily
modify the global SA to assure asymptotic normality without restriction on n by letting
the N(i)’s be randomly chosen (independently of the search process) integers from
the interval

[C(1—a)exp (i), C(1+a)exp (i)],
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for @ an arbitrary number in the open unit interval and C as before. It is evident that
the asymptotic normality result and convergence rate will be unchanged, but, of course,
the almost sure convergence is sacrificed. The modifications of the proof of the theorem
to cover this alteration are fairly evident.

COROLLARY 2.1. If the conditions and the global SA are as in the theorem, except
that the N (i)’s are randomly chosen from the integers in

[C(1—a)exp (i), C(1+a) exp (i)],
then we have that, regardless of n,
(2.23) n'*(6, - 0%)

converges asymptotically in distribution to a normal random vector with zero mean.
Moreover, if the search domain D is bounded, the variable (2.23) converges in mean
square to a constant matrix.

3. Conclusions. To some, the orientation of this study, with its emphasis on the
“stochastic minimization” problem, will appear misguided. The major contribution
would seem to be to the stochastic approximation method, about which we find much
more research interest than machine learning. The orientation here stems from the
author’s conviction that the machine learning problem is the more significant, and that
stochastic approximation is but one important tool among many for machine learning.

On the pragmatic side, the author and his students have found the global stochastic
approximation to be effective for artificial-intelligence and heuristic search problems
with low-dimension variables. Our experience with problems in which the search
domain D has dimension higher than 10, say, has not been encouraging. This appears
to have more to do with the curse of dimensionality than our deviation from pure
K-W rules. (This phenomenon casts a shadow on the neural network enterprise.)

At the beginning of § 2, it was noted that our analysis could apparently be modified
to encompass other stochastic approximation rules or to obtain convergence in other
senses. In that regard, a fine study by Polak and Tsybakov [9] offers a stochastic
approximation idea based on kernel regression notions and shows how to achieve
optimal rates with respect to the class of all data-based nonparametric algorithms,
under certain standard assumptions about the smoothness and noise.

As a final point, it is to be noted that our technique can be employed for the
original Robbins-Monro task of finding the root of a regression function. Thus we
could seek roots for functions f( ) which only satisfy the standard conditions locally,
without sacrificing asymptotic rates.
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OPTIMAL MUTUAL INFORMATION FOR CODERS AND JAMMERS IN
MISMATCHED COMMUNICATION CHANNELS*

KENJIRO YANAGIt

Abstract. The mismatched communication channel with an infinite-dimensional real separable Hilbert
space as input and output spaces is considered. To study communication in the presence of jamming, a two
person zero sum game with mutual information of input source and output source as the payoff function
can be formulated. The coder’s goal is to make mutual information as large as possible, and the jammer’s
goal is to make mutual information as small as possible. The optimal mutual information under appropriate
constraints of coders and jammers is obtained.

Key words. information theory, game theory, communications, jamming

AMS(MOS) subject classification. 94A

1. Introduction. The additive Gaussian channels can be considered in the follow-
ing way. For the sake of simplicity, we consider both the input spaces and the output
spaces to be a real separable Hilbert space H. Suppose that the noise source u; is a
Gaussian measure on H with mean 0 and covariance operator R, and the input source
mx is a probability measure on H. Then the output source uy is defined as

#’Y(A):I‘LX®#'Z{(x,y);x+y€A}’ AE%’

where ux ® uz is the usual product measure of uyx and u; and 9 is the Borel o-field
of H. The compound source uxy derived from the input source wyx and the noise
source u is defined by

I'LXY(B)=#’X®#'Z{(x’y);(x,x+y)€B}’ BE%X%’

where 3B X B is the Borel o-field of H x H.
The mutual information I(X, Y) of wxy with respect to ux ®@ uy is defined as
follows: If uxy < ux@uy,

d
I(X, Y)=I log =2 (x, y) duxv(x,¥),
HxH MX®MY

and otherwise I(X, Y)=o0 (see [10],[11],[12],[17],[18]).

The information capacity is then sup {I(X, Y); ux € ®}, where ® is a set of
admissible ux . Baker [1] defined mismatched Gaussian channels in the following way:
Let uyw be a Gaussian measure on H with mean 0 and covariance operator Ry, satisfying

range (R%7?)  range (RY?)
and
range (Rw) = H.
Then there exists an unbounded densely defined selfadjoint operator S such that
R, =RY?(I+S)RY?.

* Received by the editors October 5, 1988; accepted for publication (in revised form) April 17, 1991.
+ Department of Mathematics, Yamaguchi University, Yamaguchi, Japan.
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An appropriate constraint is thus

O = { Mx; Mx 1S a mean zero probability measure satisfying

L 0% dpux (x) = P(>0)},

where || ||w is the norm of reproducing kernel Hilbert space of . Then the capacity
was obtained exactly.

McEliece and Stark [16] have modeled the conflict between coder and jammer
when coding is used by a two-player zero-sum game with mutual information as the
payoff function (see also [9], [19]). Recently, Hughes and Narayan [13], [14] obtained
the interesting results for optimal coding. On the other hand, if the payoff function is
instead taken as a quadratic distortion measure, it is known that Gaussian measures
constitute saddle points for both finite and infinite-dimensional formulations (see [2],
[31, [4], [51, [6], [7], [8]). But since we are interested in mutual information, we here
adopt the viewpoint given in [9] that this is a game with two players. Player A, which
we call the coder, controls the input source ux. Player B, which we call the jammer,
controls the noise source w,. The coder’s goal is to make I(X, Y) as large as possible,
and the jammer’s goal is to make it as small as possible. We call I(X, Y) the game’s
payoft function in our game. This game will be meaningless and trivial unless we place
restrictions on the players. We suppose that the coder’s choice of ux must lie in a
certain set ®, the set of allowable inputs, and that u; must lie in ¥, the set of allowable
noises. Then two programs are associated with this game.

Coder’s program: a = sup int;, I(X,Y).

uxe® HZE

Jammer’s program: B = inf sup I(X,Y).

nze¥ uxed
A strategy u% such that
(1) inf I(X*Y)=«a

nze¥
is called an optimal strategy for the coder. The significance is that (1) implies
(2) I(X*,Y)za

for all allowable noises uz. Hence, if the coder chooses the input u%, he is guaranteed
a payoft of at least «, regardless of the jammer’s strategy.

Similarly, an optimal strategy for the jammer is defined to be a strategy u% e ¥
such that

(3) sup I(X, Y*)=8.

uxe®

It follows that (3) implies
(4) I(X, Y*)=B

for all allowable input wx.
If it happens that a = 8, then combining (2) and (4), we have

(5) I(X*, Y*)=a=8
(6) I(X, Y*) = I(X*, Y*) = I(X*, Y)
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for every choice of allowable ux and u. If (5) holds, which is equivalent to (6), the
common value is called the value of the game. The pair (u%, u%) of optimal strategies
is called a saddle point. In absence of other information, the coder will want to play
strategy u%, and the jammer will want to play u%.

2. Preliminaries. We assume that dim [H]=o00. We adopt the following ® as a
constraint of allowable coders:

d= { Mx; x 1S a zero mean probability measure on H satisfying

JH x|l dux (x) = P(>0)}.

We also adopt the following ¥ as a constraint of allowable jammers:

¥ ={uz; uy is a zero mean probability measure on H with covariance operator
R, = RYA(I+S)RY?, where S has 6 (=the smallest limit point of the spectrum of S)
and {A,}, A, = A, (=the set of eigenvalues of S that are strictly less than 0), satisfying
the following conditions:

Z(O—A")_E_P

and

L (1+1,)=Q(>0)}.

We remark that the limit points of the spectrum of S consist of all eigenvalues of
infinite multiplicity, limit points of distinct eigenvalues, or points of the continuous
spectrum. And we remark that #{n; A,, <6} <oo, where #A denotes the number of
elements of A. Then we set L=#{n; A,, <0}. The above ¥ in the infinite-dimensional
channel is considered to be a naturally extended constraint of that which is stated in
the finite-dimensional channel (Theorem 6). When uy is Gaussian with covariance
operator

RX = Z 7'n[RIZ/2un]Q[IQIZ/Z“n],

where 7,=0 for n=1,}, 7, <0, {u,; n=1} is a c.o.n. set and (1O v)x =(x, v)u, and
when u, is also Gaussian, then we obtain

I(X,Y)=3Ylog(1+7,).

Rewriting the condition of uy, we have
Y (I +8)2U*u,|*= P,

n

where U is a unitary operator. Setting x2 =7, |[(I+S)"*U*u, |

1 X2
I(X, Y)=5210g(1+1+")t )

where ¥ x2=P, A, =(Sv,,v,), n=1,{v,; n=1} is a c.o.n. set in the domain P(S)
of S. We denote the direct sum by @. Let R, be the eigenspace of S relative to the
eigenvalue A,. In order to make the value of game finite, we assume that

R ®R,® - -® R, >linear supp (ux)

in Theorems 1-5 below, where linear supp (ux) means the linear support of wx.
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When u € ¥ is Gaussian, we at first obtain the following value

C=sup I(X,Y).

nxed

By the well-known results [1], [11], we obtain as follows:
1. IfYF_ (6—A,)= P, then

1L 1+6 1P+Y" . (A,—0)
7 =31 += n=1"n
7 2.2 o8 s 1+6
2. If ¥r_, (6—A,)> P, then the following hold:
(a) If P+Y._, A,> LA, then

1L Y- A+P+L
8 == lJog=i=t 2~ =
(8) 2.2t
(b) If KA 1= P+Yx_ A,> K\ for some K <L,
9)

1 K YK A+P+K

C==Y Jogaizt T TH
2.2

In both cases C is attained by Gaussian wx.

It is convenient to introduce the following notations:

®°={ux € ®; uy is Gaussian},
VO={u,eV; u, is Gaussian},
ap= sup inf I(X,Y),

nxe®® prew’

Bo= inf sup I(X, Y.
#Zeq"o p.xed>0

It is well known that we may show a,= B, to show a = B. And so, it is sufficient to

show (6) for every ux € ®° and u, € ®°. That is, we can assume that both allowable
coders and allowable jammers are Gaussian.

3. Statements and proofs. At first we state the following four theorems.
THEOREM 1. (L is fixed; 0 and {A,, A, -, A.} are variable)

L P
a=ﬁ=510g(1+6),

which is attained by Gaussian coder and Gaussian jammer satisfying x3 = x3 = X3 =
P/L \y=Ay=---=A.=(Q—L)/L, and 6> (P+Q)/L—1.
THeEOREM 2. (L and 6 are fixed; {A,,A,, -+ ,AL} are variable). Let M

[(P+Q)/(1+6)], when [k] denotes the largest integer which is not larger than k.
1. If L= M, then

I

w-p-Lio L(1+6)
2% T+6)-pP

which is attained by Gaussian coder and Gaussian jammer satisfying x; = x5 =
P/L,and Ay=---=A,=6-P/L.

2. IfL>M then
"B"_IO (]+_..)
a = = g N

1l
=
PIN
Il
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which is attained by Gaussian coder and Gaussian jammer satisfying x;=x5="-+=
xi+1=P/(L+1), and Ay =M=+ -=A 1, =Q/(L+1)—-1.
THEOREM 3. (0, L and {A,, A,, - - -, AL} are all variable)

1 P
a=B=510g<1+—Q—>,

which is attained by Gaussian coder and Gaussian jammer satisfying
xx=P 14=Q-1, 6>P+Q-1, L=1

THEOREM 4. (0 is fixed; L and {A,, A5, -+, A.} are variable).
1. If0>P+Q—1, then

a=p =110g<1+£),
2 Q
which is attained by Gaussian coder and Gaussian jammer satisfying
x}=P, ,=Q-1, L=1.
2. If =P+ Q-1, then
a=p =1 log &,
2 0+1—-P
which is attained by Gaussian coder and Gaussian jammer satisfying
x}=P, \,=0—-P, L=1.

Since the proofs of the above four theorems are similar, we only prove Theorem
2. Essentially, we need the following lemma.

LemMA 1. The following inequalities hold.

1. If x,Z0(1=i=n), then

n +- -+ "
10g(1+ﬁ)(1+§3> e (1+x—)§nlog<l+xl—l).
a a a na

The equality holds when x,=x,="- - -=Xx,.
2. If x,>0(1=i=n), then

na a a a
1 Yiop (18 (142) - (12:2).
Xt o+ Xx, X X5 Xp

The equality holds when x,=x,=" "+ =Xx,.

Proof of Lemma 1.

1. Let f(x)=1+x/a(x=0) and g(x) =log f(x). Then g"(x)=—1/(x+a)*<0. By
Jensen’s inequality,

n10g(1+

n n

where the equality holds when x, = x, =" - - = x,,. Then we have

Xt ot Xx, X X3\ Xy
pog (142500 g (102) (142 (142),
na a a a
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2. Let f(x)=1+a/x=(x+a)/x(x>0) and g(x)=logf(x). Then g"(x)=
a(2x+a)/x*(x+a)*>0. By Jensen’s inequality,

Xt ot x,
g +—>

)él{g(x1)+' <o+ g(x,)},
n n

where the equality holds when x; = x,="---=x,. Then we have

na a a a
nlog(l+——)§log(l+—)<l+—)--~(1+—-). O
Xt o+ X, X, X, Xy,

Proof of Theorem 2.
1. We show the left-hand side of (6). We have to maximize the value

1L x2
— 1 1+_”—
>z, Og( 1+0—P/L)’

where Y_ x2=P, x2=0(1=n=L). By part 1 of Lemma 1,

x3 x3 X3
1 1+ 1+ ol —=
Og( 1+0—P/L)( 1+0—P/L) ( 1+0—P/L)
xj+x3+-- -+x2L>
L(1+6)-P

=Llog (1 +
(The equality holds when x}="- - - =x7})

+L(1+0)—P)

L(1+6)
ET+o6)-P

éLlog(l

=Llo

(The equality holds when x3+- - -+x7 = P))
Then the maximal value is

2 o L(1+6)
L®L(1+6)-P
which is attained by xj=---=x}=P/L.
Next we show the right-hand side of (6). We have to minimize the value
P/L )

10
(10) 1+A,

1 L

- 1 1+
2 ngl Og (
where

Z=:1(1+)\n)§Qa gl(o_/\n)éR

Since L=M, we have L=(P+Q)/(1+6). Then L(1+6)—P=Q. Hence we may
minimize the value (10) where



OPTIMAL MUTUAL INFORMATION 47

That is equal to ZLI (14+A,)=L(1+6)—P. By part 2 of Lemma 1,

P/L P/L P/L
log| 1+ 1+ ol 1+
1+, 1+, 1+AL

P
=Llog(1+ .
og( L+A1+A2+---+AL)

(The equality holds when A, =:--=Ap)

+;)
L(1+6)—P

L(1+6)
rTa+e)-P

éLlog(l

=L1

(The equality holds when L+A;+---+ A, =L(1+6)—P)
Then the minimal value is

L. _L1+6)

2 % T(1+6)-P

which is attained by A, =---=A;=6—-(P/L).

2. We show the left-hand side of (6). We have to maximize the value

1 L+1 x2
U g (1 %)
2.2 e\ gy

where ¥ .71 x2=P, x2=0(1=n=L+1). By part 1 of Lemma 1 and the same method

of Theorem 1, it is obtained that the maximal value is

Ly (142)
2 og Q b

which is attained by x}=---=x7,,=P/(L+1).
Next we show the right-hand side of (6). We must maximize the value

1L+ P/(L+1))
=y 1 1+———
2 woh og( 1+, /)’

(11)

where

L+1 L+1

§1(1+An)§Q, 2:21(0—)\,,)213.

Since L> M, we have (P+Q)/(1+6)<L. Then (L+1)(14+60)— P> Q. By part 2 of
Lemma 1 and the same method of Theorem 1, it is obtained that the minimal value is

Lt (1+£)
) 4 o)’

which is attained by A;=---=A,,=Q/(L+1)—1. 0

The following is an example in which the optimal coders and the optimal jammers
do not exist.

THEOREM 5. (L and {A, A, -, AL} are fixed; 0 is only variable); ay,= B, does
not necessarily hold.
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Counterexample of Theorem 5. Let L=2, A, <A,, P>A,—A;,and Q=2+ A, +A,.
The condition of 6 is that 6 = (P+A,+A,)/2. Then

20 i X P—x
e“= max |min{(1+ 1+
0=x=P 1+A, 1+A,
P—x X
1+ 1+
1+, 1+,

—@+ P )Q+ P )
B 2(1+1,) 2(1+1,))°
On the other hand, by the result of Baker [1] (see (7), (8), (9)),

(PH+2+A,+1y)°
41+ A)(AFAY)

2B,

Hence By> «y.

Finally we assume that dim [ H] = N <o00. We adopt the following ® as a constraint
of allowable coders:

® ={ux; ux is a zero mean probability measure on H with covariance operator
Ry satisfying Tr[Rx 1= P(>0)}.

Since we can take Ry = I(=the identity), R, = R}¥*(I+S)RY? becomes R, =
I+ S. Then we can take 6 =0 because S has at most N eigenvalues. And {A,} are all
eigenvalues of S and {A,} always satisfy the following conditions:

Z(B_An)ép

So we use a true power constraint. Then we adopt the following ¥ as a constraint of
allowable jammers:

¥ ={u,; uz is a zero mean nondegenerate probability measure on H with
covariance operator R satisfying Tr[R;]= Q(>0)}.

Now we obtain the final theorem.

THEOREM 6. We have
5oy (1+5)
a _B - 2 g Q ’

which is attained by Gaussian coder and Gaussian jammer satisfying x; = x3="- - -
P/ N for eigenvalues of Ry and ri=r,=---=ry= Q/ N for eigenvalues of R;.
Since we can prove this by the same method, we omit the proof.

2
XN=

4. Remarks.

1. To motivate the problem formulation, and to illustrate the main results, we
give some specific examples of channels which would fit the infinite-dimensional Hilbert
space set-up and satisfy the various assumptions made on the covariance operators
associated with the input and noise signals.

The continuous time Gaussian channel is presented by

(12) Y(t)=J‘tx(u)du+Z(t), 0=t=T,
0

where x(-), Y(+), and Z(-) are the channel input, the channel output, and the noise,
respectively. The noise Z(-) is assumed to be a Gaussian process given by

Z(t)=B(t)+J" Jsf(s, u) dB(u) ds,

0 Jo
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where B(-) is a Brown motion and f(s, u) € L*([0, T]1x[0, T]) is a Volterra function
(i.e., f(s,u)=0if s<u).
The white Gaussian channel is presented by

Y(t)=th(u)du+B(t), 0=t=T,

0

and is a special case of the Gaussian channel (12). We assume that an average power
constraint

T
4[ E[x(u)*] du=PT

is imposed on the channel input, where P> 0 is a constant.
Let F and F* be the integral operators on L*[0, T] with integral kernel f(s, u)
and f*(s, u)=f(u, s), respectively, and define a selfadjoint operator S by

S=F+ F*+ FF*
The S above works for jammers. Since S is a Hilbert-Schmidt operator, the smallest

limit point of the spectrum of S is 0. Then we can assume that the negative eigenvalues
{A}, An= A4, of S satisfy the following conditions:

Tz P
and
Y (1+A,)=Q(>0).
In Theorem 2, we assume that {A,, - - -, A} are variable and in Theorem 4, we assume
that L and {A,, -+, A.} are variable.

2. We consider the problems that allow for the encoder to receive some feedback
information from the output of the channel. In general, the following model for the
discrete time Gaussian channel with feedback is considered:

Y,=U,tZ,, n=12--- N,

where Z={Z,;n=1,---, N} is a nondegenerate, zero mean Gaussian process rep-
resenting the noise and U={U,;1,:--, N} and Y={Y,;1, -, N} are stochastic
processes representing input signals and output signals, respectively. The channel is
with noiseless feedback, so U, is a function of a message X to be transmitted and the
output signals Y, -, Y,_;. We assume that a constraint, given in terms of the
covariance matrix, is imposed on the input signals. Rigorously speaking, we assume
the following constraints:

(A.1). A message X to be transmitted is a random variable, taking values in an
arbitrary measurable space and independent of Z. However, we may regard messages
X ={X,;n=1,---, N} as stochastic processes.

(A2). U, is #(X)v %,_,(Y)-measurable, where #(X) and %,_,(Y) are the
o-fields generated by X and {Y,; k=1, -, n—1}, respectively, and & v B denotes
the o-field generated by o-fields & and %.

(A3). X, E[U]=P,

Denote by Q the class of all pairs (X, U) of a message X and an input signal U
which satisfy the conditions (A.1)-(A.3). The mutual information quantity between a
message X and the output signal Y={Y,; n=1,---, N}is denoted by I(X, Y). Then
the capacity C of the channel is defined as

C=sup{I(X,Y); (X, U)eQ}.
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We denote Co(P) and C,(P) the capacities of Gaussian channels without and with
feedback, respectively. In[15], [20], we obtained the necessary and sufficient conditions
for the feedback capacity to increase.

Now we denote by R, ={z,} the covariance matrix of Z with eigenvalues 0 <r, =
r=---=ry. Welet L, ={l(#k); z;; #0}. Then Z is said to be white when L, = for
any k, Z is said to be blockwise white when Z is not white and there exists k such that
Ly =0, and Z is said to be completely nonwhite when L, # & for any k. When Z is
blockwise white, we denote by R, the submatrix of R, constructed by {k; L, # J}.

The results are summarized in the following Proposition.

ProrposiTiON 1. The following results hold.

(a) If Z is white, then Co(P)= C;(P) for any P.

(b) If Z is completely nonwhite, then Co( P) < C;(P) for any P.

(¢) If Z is blockwise white, then:

(i) P> P, implies Co(P)< C;(P),
(ii) P =P, implies Co(P)= C;(P),
where Py= mr,, —(r,+- - -+r,) and r,, is the smallest eigenvalues of ﬁz.

We apply our problems to the feedback case. We assume that dim[H]= N < 0.
We denote the following ® as a constraint of allowable coders:

®d ={(ux, T); mx is a zero mean probability measure on H with covariance matrix
Ry, T is a Volterra matrix satisfying

Tr[(I+T)Rx(I+'T)+ TRS/T]1= P(>0)},

where 'T is the transposed matrix of T.
We adopt the following ¥ as a constraint of allowable jammers:

V¥ ={uz; uz is a zero mean nondegenerate probability measure on H
with covariance matrix R, satisfying Tr[R;]= Q(>0)}.

Using Proposition 1, it is not difficult to show the following result.
ProposITION 2.

a=B=—]2Y10g<1+5P>,

which is attained by Gaussian coder and Gaussian jammer satisfying x3 = x3=" -+ = X =
P/N for eigenvalues of Rx and ri=r,=---=ry=Q/N for eigenvalues of R
and T =0.

Then we can see that feedback is not useful in our jamming channels.

Acknowledgments. The author would like to express his hearty thanks to the referee
in the course of preparing this paper.
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OPTIMAL CONTROL OF FAVORABLE GAMES WITH A TIME LIMIT*

MARTIN KULLDORFFf

Abstract. This paper shows how to optimally control a stochastic process if one seeks to reach a certain
value before a fixed time without first hitting zero. The process has a drift in the favorable direction. Discrete
time random walks, as well as continuous time diffusion processes, are considered. The controls available
are such that zero variance means zero drift, and more variance means more drift. To be more precise, in
the continuous time case it holds that dX, = o(X,, t)(udt + dB,), where o is the control variable. As corollaries
of the results, some interesting inequalities for stochastic processes are obtained.

Key words. stochastic control, gambling theory, red and black, limits of control problems, inequalities
for stochastic processes, Brownian motion, random walk

AMS(MOS) subject classifications. 93E20, 60J15, 60J60

1. Introduction. The problem of red and black, which has taken its name from
the game of roulette, has been of interest to probabilists for quite some time. It reads
as follows. Suppose that we visit a casino with only one game available. In this game,
we bet an amount s. With probability 1—w, we lose the stake, and, with probability
w, we win the amount s. w € (0, 1) is fixed by the casino. The stake can be any amount
of our choice, as long as it does not exceed the fortune f at that moment. Negative
bets are not permitted. Our goal is, with repeated bets, to maximize the probability of
reaching some fixed fortune c¢>f. Without loss of generality, we put ¢=1, which
implies that f€[0, 1]. The question is how we should bet, and, with that probability,
we reach the goal if we use the optimal strategy.

Although this problem has taken its structure from the world of casinos, the
interesting applications are found in areas that are less glamorous. One example is the
control of dams in connection to hydroelectric power plants [7]. The applications are
not dealt with in this paper.

The problem might be divided into four cases: the odds could be favorable (w > 3)
for unfavorable (w <3), and the playing time could be finite or infinite.

Dubins and Savage [2] solved the unfavorable infinite time problem. They gave
all optimal betting strategies as well as U(f'), the probability of reaching 1 if the initial
fortune is f and if an optimal strategy is used. Bold play, i.e., betting the minimum of
f and 1—f, is one of the optimal strategies.

The unfavorable finite time problem was solved by Dvoretzky (see [2, p.92]).
Also, bold play is one of the optimal strategies here.

In the favorable infinite time case, there are many strategies that reach the goal
with probability one. They share the fact that the bets are timid, so that the law of
large numbers ensures that the goal is eventually reached. Kelly [5] studied a related
problem, where he sought to maximize the expected growth rate of the fortune. He
gave the optimal betting strategy for this objective, which is betting a fixed proportion
of the fortune every time. The more favorable the game is, the larger this proportion
should be. This strategy of betting is now called the “‘Kelly criterion” and is also one
of the optimal strategies for the favorable infinite time case.

* Received by the editors March 26, 1990; accepted for publication (in revised form) June 3, 1991.

+ Department of Statistics, Uppsala University, P.O. Box 513, S-751 20 Uppsala, Sweden. Most of the
research was done while the author was at the School of Operations Research and Industrial Engineering
at Cornell University, Ithaca, New York 14853.

52



OPTIMAL CONTROL OF FAVORABLE GAMES 53

The fourth and last case remains, that of the favorable finite time problem. This
is, together with some generalizations, its limits, and its continuous time version, the
subject of this paper. Because of the favorability, bold play can no longer be expected
to be optimal, and, because of the time limit, timid play cannot be optimal. The solution
must lie somewhere in between. The problem was studied by Breiman [1]. He deter-
mined U(f, t), the probability of reaching 1 with fortune f, and ¢ times to play, if we
play optimally. He also gave a method for finding one of the optimal strategies.

In practice, the Kelly criterion has often been used for these problems as well.
The motivation for this has been based on intuition, a limit result of Breiman and the
fact that nothing better has been available. Breiman [1] showed that U(f, t) — K(f, t)
converges to zero uniformly as t>00. Here K is the probability of reaching 1 if we
use the Kelly criterion. This result is not as strong as we would like. For ¢ > 0, consider
the following strategy: First, we discard our entire fortune, except ¢ (if f= ¢, discard
nothing), and then we play according to the Kelly criterion. Let K,.(f, t) be the
probability of reaching 1 if we use this strategy. It is clearly not a good strategy if ¢
is small, but U(f, t) — K,.(f, t) converges to zero uniformly for any &£ > 0. To see this,
note that K(f, t)=K,(f, t) for f=¢ and that K(¢,t)~>1 as t > 0.

In § 2.2 we give an alternative solution to that of Breiman. This gives us simple
characteristics of U(f, t) and of an entire family of optimal betting strategies, and it
enables us to obtain their limits in § 2.6. Just as Dubins and Savage [2] extended their
result to general primitive casinos, i.e., where we, instead of s, gain ((1—r)/r)s, re (0, 1)
if we win, we do the same in § 2.4. In § 2.3 we replace the 0/1 utility of reaching or
not reaching 1 with the utility function u(f) =1, f€[0, 1], where u(f) is the value for
us to have fortune f with no time left to play. Section 2.5 extends the results further
to a family of utility functions.

More interesting than the discrete time problems, perhaps, are their continuous
time counterparts. Heath et al. [4] solved the continuous time equivalent of Kelly’s
problem, and Sudderth and Weerasinghe [6] showed that bold play is optimal for
unfavorable, continuous time, red and black when there is a time limit. In § 3 we solve
the continuous time version of the favorable limited time problem, both for 0/1, u(f) =f
and some more general utility functions. The solutions prove to be the same as the
limit of the discrete time problem.

Section 4 gives some inequalities for stochastic processes that follow as corollaries
to the preceding results.

There is no dependence between §§ 2 and 3, so they can be read independently.
The notational framework is that of Dubins and Savage [2].

2. Discrete time primitive casinos.

2.1. Description of problem. In the general discrete time problem, for a limited
number of times, we place stakes s(f, t). These might depend on f, the fortune, and
t, the number of times left to play. Of course, 0= s(f, t) = f. With probability 1 —w, we
lose the stake, and, with probability w, we win the amount ((1—r)/r)s. The numbers
we (0,1) and re (0, 1) are fixed to us. Since we are studying a favorable case, we have
that w>r.

There is a utility function u(f), describing the value of having fortune f when
time is out. Our goal is to maximize the expected utility at the end of the game. We
let U(f, t) be the optimal expected utility at fortune f with ¢ times left to play. Clearly,
U(f,0)=u(f). We wish to find U(J, t), as well as the strategy, i.e., sequence of stokes,
that will give the optimal expected utility.
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For readability, we use the following notation:

fl (;)p"(l -p)t ifke{0,1,- -, 4,

Flkltp)= if k<0

1 if k>t

This is, of course, P(X = k) when X ~ Binomial (¢, p).
DEerINITION. Let q(f, t) and k(f, t) be the unique numbers such that

f=F(k=1|t,1-r)+q(f, t)(;>(1—r)’<r‘“’< and 0=gq(f1)<1.

We often write k instead of k(f, t). Understanding F, g, and k is important in the
reading of the proofs.

2.2. Red and black. We first discuss the simplest case: red and black. We have
that u(f)=0 for f<1, u(1)=1, r=3, and w>3. The intuition we get from solving
this problem enables us to do the general case in the next sections, as well as the limit
problem. The proofs are only sketched or hinted at in this section, since these results
follow from those in § 2.4. For an alternative approach to this problem, see Breiman
[1]. He found U and gave a method for obtaining an optimal strategy.

DEFINITIONS. A fortune f is binary at time ¢, i.e., with ¢ times left to play, if f2°
is an integer.

A stake is binary at fortune f if we arrive at a binary fortune, regardless of whether
we win or lose.

A strategy is binary if it only uses binary stakes.

By using a binary strategy, the player finishes at fortune 0 or 1. The pay-off from
any coptimal strategy has the following property.

ProrosITION 1. It holds that U(f, t)= U(n/2', t), where n is the integer such that
n/2'=f<(n+1)/2"

Proof. The proof follows by induction.

This means that U(f, t) is a step function of f with jumps at the binary fortunes.

ProPOSITION 2. If the initial fortune is binary, then every optimal strategy is binary.

Proof. For the proof, use Proposition 1.

PrROPOSITION 3. If we play t times, there are 2' possible outcomes of the gamble. If
the initial fortune is binary with f = n/2' and the strategy is binary, then exactly n of the
2" outcomes result in reaching 1, and the remaining 2" — n outcomes result in reaching zero.

Proof. We surely reach 0 or 1 if we use a binary strategy, and, if w=3, we get a
martingale for the fortune, so P(reaching 1) = U(n/2’, t)=n/2' for integers n. Since
all specific outcomes have the same probability 1/2°, exactly n outcomes bring us to
1. Hence the proposition is true for w=3. Since the resulting fortune of an outcome
does not depend on w, it is true for all w. 0

For w>3 we can get an upper bound on U by adding the n outcomes with the
highest probabilities.

CoROLLARY 1. Let k=k(n/2',t). If n is an integer, then

U(E"—, t) =F(k-1|t,1-w)+ q(z—",, t)(;)(] — W)k,
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The result is that this is not only an upper bound, but also the actual value of U.
To show this, we must find a strategy that conserves U. In the following, including
Proposition 4, note that we are not dealing with probabilities but only with outcomes
(not being concerned about how likely they are), fortunes, and stakes.

With an initial fortune of n/2’, we need all outcomes with at most k(n/2',t)—1=
k—1 losses to bring us to 1, and there can be no outcome with more than k losses
that brings us there.

Suppose now that we win our first gamble. There are F(k—1|t—1,3)2" " outcomes
that start with a win and have at most k —1 losses. Since all these must lead us to our
goal, our new fortune in the case of a win must be at least F(k—1|t—1,3). Likewise,
the new fortune must be at most F(k|t—1,3). So

1 n n
Flk=1]t-1,= = = -1,3
(k 1]t 1,2) > s(z,, ) (k|t 1 2) S

If our first gamble is a loss instead, there are F(k—2|t—1,3)2"" outcomes that
start with a loss and have a total of at most k —1 losses. This means that, in the case
of a loss, we must finish with a fortune of at least F(k—2|t—1,}). Likewise, our new
fortune cannot exceed F(k—1|t—1,3). So

1 n n 1
—_—— —1.=)=sl— =—— - —-1.-
2, F(k 1)t 1,2>_s(2,,t>_2, F(k 2|t 1,2).

Putting these inequalities together, we get the following proposition.
ProrosiTION 4. If fis a binary fortune with t times left to play, then s(f,t) is an
optimal stake if and only if
(i) s(f, t) is binary,
(ii) s(f,t)=min{n/2'— F(k—-2|t—1,3), F(k|t—1,%)—n/2'},
(iii) s(f,)=|F(k—1]t—1,%)—-n/2'|.

To verify that such a stake always exists, use the formula
1 1
F(k—llt,%)=5F(k—1|t—1,%)+§F(k—2|t—l,%)

and the fact that F(k—1|t,3)=f=F(k|t,3).
We also have the next proposition.
ProrosITION 5 (see Breiman [1]). It holds that

U(f,t)=F(k—1|t,1——w)+q(2 )( )(l—w)" =k

where n is the largest integer such that f=zn/2".

2.3. Utility function u(f) =f. We now consider the general primitive casino, where
r is not necessarily equal to 3. In this section we will consider the case in which
u(f)=f We first need a simple combinatorial lemma.

LeEmMA 1. Let k=k(f,t). If F(k—1|t—1,1-r)=f=F(k|t,1-7r) (ie., k/t=
q(f, t)<1), then

f=F(k-1|t,1-r)+q(f, t)(’i)(l —r)kptk

X (q(f, t)—if)<t;1)(l =nfre

t
=F(k—1|t—1,1—r)+rt_
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IfF(k—1|t,1—-r)=f=F(k—1|t—1,1—r) (ie., 0= q(f, t) <k/t), then

f=F(k——1|t,1—r)+q(f, t)(li)(l—r)kr’_k

=F(k-2|t-1, 1—r)+|:r+£(l—r)q(f, t)](ltc:ll)(1—r)"’lr'“".
Proof. 1t holds that
Fk—1|t,1-r)+q(f, t)(;)(l—r)kr'_k
=rF(k—1|t—1,1-r)+(1—-r)F(k=2|t—1,1—7)
+q(f, t)( ,i)(l )ik

t—1

=F(k-2]t—-1,1-r)+
(k=2|t—=1,1-r) r(k_1

)(1 _ r)k—lrt—k

e a=natsn( ;7 )a-nste

t—1

=F(k-2|t—1, 1—r)+[r+£(1-—r)q(f, t)](k_l

)(1 _ r)k—lrt—k.
If q(f, t)=k/t, then r+(t/k)(1—r)q(f, t)=1; so the above is equal to
F(k—2|t—1,1—r)+<;(__11)(1-r)k_lr'_k-#[zt(l——r)q(f, t)+r—1:|<lt€:ll>

. (1 _ r)k—lrt—k

=F(k—1|t—1, 1—r)+(1-—r)[£q(f, t)—l]rtfk(t-l;1>(l—r)k_lr’_1_k

=F(k—1]t—1, 1—r)+rt_tk [q(ﬁ 1)_1:](t—];1)(1_r)krr—1—k. 0

THEOREM 1. Let

QU )=F(k=1|t1-w)+q(f f)<li)(1—w)kw’*" and

f=F(k—1|t,1-r)+q(f, t)(li)(l—r)kr'"k,

where F, k, r, and q are defined as in § 2.1. If w>r, then
i) Uh)=0(f1),



OPTIMAL CONTROL OF FAVORABLE GAMES 57

(ii) s(f; t) is an optimal stake at time t with fortune f if and only if

r

s(f, t)zmax{f—F(k—1|t—1,l—r), (F(k—1|t—1,1—r)—f)}

1-r
=s(f; 1) (minimum bet)
and

r

s(f, ) =min {f—F(k—2|t—1, 1-r), (F(k|t—1,1—r)—f)}

1-r
=5(f1t) (maximum bet).
Remark. As an alternate formula,

f—F(k—-1|t,1—r)(t
t _ \k,.t—k k
(k>(1 r)r

_ k t—k
=F(k"1|t,I“W)+[f—F(k—1|t,l—r)](l W) (L”) ,

1-r r

Q(f t)=F(k—1|t,1—w)+ >(1_w)kw,_k

Remark. Note that the optimal stakes do not depend on w.

To graph U(f, t), just draw straight lines through the points (F(k|t,1—r),
F(k|t,1—w)) when k is increasing from 0 to t. See Fig. 1.

Proof of Theorem 1. The proof follows by induction. It is trivially true for ¢t =0.
Assume the result for ¢t —1.

First, we show that Q is obtainable (U = Q); see Cases 1 and 2, below.

Case 1. Suppose that q(f, t) = k/t, i.e., F(k—1|t—1,1-r)=f<F(k|t,1—7r).

s

1
F1G. 1. Example of U(f, t) withw=%, r=%, and t=0, 1, 2, 3, and 4.




58 MARTIN KULLDORFF
This case corresponds to the fortunes in Fig. 2, where the minimum stake is
increasing. Let s(f, t) =f— F(k—1|t—1,1—r) = s(f, t), the minimum stake. According

to Lemma 1, f can be written as

t—1

k )(1 _ r)krt—]~k’

f=F(k—1]t—1,1—r)+rt—_’—k(q(jg ,)_’?‘>(
Uz -w)U(f-s, t—1)+wU(f+1:—’s, t—l)

=(1—w)Q(f—s,t—-1)+wQ<f+lT_rs,t—l)
=(1-w)Q(F(k—1|t—1,1-r),t—1)

+wQ{F(k—l]t—1, 1—r)+t—_?—];(q(f, t)—’?()(t_l;l)(l—r)kr'_l_k, z—1}

=(1-w)F(k—1|t—1,1—-w)

+W{F(k—llt—1,1—w)+7_t—k(q(ﬂ t)—’f)(t:)(l—w)"w‘—‘—k}
=F(k"1‘t-'1, l—w)+wﬁ<q(f; t)_l;()(t—,;1>(l_w)kwt—1—k

=F(k-1|t,1-w)+q(f, t)(,i)(l—w)kw'_k=Q(f, 1).

Case 2. Suppose instead that q(f, t) <k/t, ie., f<F(k—1|t=1,1-r).
Let s(f, t)=(r/(1—r))(F(k—1|t—1,1—=r)—f)=s(/, t). According to Lemma 1, f
can be written as

t—1

e 1)(1 _ r)k—lrt—k,

f=F(k—2|t—1,1—r)+(r+q(f, t)é(l—r))(

1727 3/27 7127 11/'27 19/ 27 1

FIG. 2. Optimal stakes s(f,t) when r=3 and t=4.
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U, )=2(1-w)Q(f—s, t—1)+wQ(f+—s t—l)

—(l—w)Q{F(k 2|t—1, 1—r)+ q(f, t)( )(l—r)k 1ok t-—l}
+wQ(F(k—1|t—1,1—r),t—l)

=(1 —w){F(k—2|t—l, 1-w)+q(f, t)(,z)(l—w)k_lw‘_k}
+wF(k—1|t—1,1—-w)

~ F(k—1]5,1-w)+q(f t)( ,i)(l W)W = Q. ).

Hence Q is obtainable.

Now we show that we cannot do any better than Q(U = Q). See Fig. 1 throughout
the rest of the proof.

Let

E(ft)=(1-w)U(f-s, t—1)+wU(f+l%rs, t—l)

l—l‘ l—W n w t—1—n 1_ w t—1—m
= constant+w s - —(l—w)s — R
r 1-r r —-r r

where m is such that F(m—1|t—1,1-r)Sf—-s<F(m|t—1, l—r), and n is such that
F(n—1|t=1,1=r)=f+((1—r)/r)s<F(n|t—1,1—=r). m and n depend on s.

Note that E,(f, t) is continuous and almost everywhere differentiable with respect
to s. We know that U(f, t) =max, E;(f, t) [2].

To prove that s is an optimal bet if and only if s =s=3§ and that we cannot do
any better than Q, we show that

>0 when s<s,
d
zEs(f,t) =0 when s<s<35,

(<0 when s>§

for all s, where E, is differentiable.
If s<s, then m =n; so

d 1-— n t—1—n _ _
—E(f,t)= W( w) (v_v) (l_r_l_v_v) >0 since w>r.
ds 1-r r r w

If s<s<§5 thenm=n-—1;
d (l_w)nwt n (l_w)n t—n
so —E|(f,t)= - P E—
ds (0 A=r)""" (1=r)"""r"
If s> 3§, then m=n—-2=n—1-—1i for some positive integer i; so

d (l_w)n—lwt—n (l_w)n—-iwt—n+i
— E(f,t)= — - -
dS s(f; ) (l_r)n—lrt—n (l_r)n—l——zrt—n+t

(l_w)n—iwt—n l_w i W i ' .
=(1_r)n—1——irt—n - \7 <0 since w>rand i=1. a

2.4. A 0/1 utility function. In this section we consider the case where u(f)=0
for f<1 and u(f)=1 for f=1. U(f, t) is, as previously defined, the probability of
reaching 1 using an optimal strategy and starting at fortune f with ¢ times left to play.

=0.
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DEFINITION. A fortune f is binomial at time ¢ if q(f, t)(%) is an integer.

Examples. (i) The binomial fortunes when t=2 are 0, r*, r*+r(1—r)=r, r’+
2r(1—=r)=1—(1—r)? and 1.

(ii) When r=3, then the binomial fortunes at time ¢ are the integer multiples of
3', i.e., the previously defined binary fortunes.

DEFINITION. A stake s(f, t) is binomial if we arrive at a binomial fortune, regard-
less of whether we win or lose, i.e., if f—s(f, t) and f+ ((1—r)/r)s(f, t) are binomial
fortunes at time ¢ —1.

THEOREM 2. If w> r and f is binomial, then U(f, t)= Q(f, t) (as in Theorem 1),
and s(f, t) is optimal if and only if

(i) s(f,tyzmax {f—F(k—1]t—1,1—-r),(r/(1—r))(F(k—1]t—1,1-r)—f}

L5(f,1),

(ii) s(f,)smin{f-F(k=2|t=1,1-r), (r/(1=r))(F(k|t—1,1-r) = f)}
L5(40),

(iii) s(f, t) is a binomial stake.

Compare this with Proposition 4 and Theorem 1. It means that for binomial f we
can do just as well for this case as for the case of § 2.3, despite u(f) being smaller.

Proof. The proof follows by induction. It is trivially true for t =0. We only must
show that there always exists a binomial stake fulfilling conditions (i) and (ii). The
rest follows from Theorem 1.

Case 1. Suppose that q(f,t)=k/t. We want to show that s(f,t)=
f—F(k—1|t—1,1-r)(=s(f, t)) is a binomial stake.

(i) f—s=F(k—1|t—1,1—r), which is binomial at time ¢t —1,

(ii)

1- k -1 k t—1—k
f+—rls=F(k—1|t—l,1—r)+‘t—_£;(q(j: t)—;)(tk )(1—-r) r

=F(k—1|t—1,1-r)+q(/, t)(li)(l —r)kptmimk

which is binomial at time ¢ —1, since f being binomial at time ¢ implies that q(f; t)()
is an integer.

Case 2. Suppose instead that q(f, t) <k/t Now we want to show that s(f, t)=
(r/Q=r)(F(k—=1|t—1,1—r)—f)(=s(f t)) is a binomial stake.

() f+((1—r)/r)s=F(k—1|t—1,1-r), which is binomial at time ¢ —1,

(ii)

f—s+F(k=2|t—1, 1—r)+;ct-q(f, t)(;:i)(l — )kt ptk

=F(k-2|t—1,1-r)+q(f, t)(li)(l — )tk

which is binomial at time ¢t —1, since q(f; t)(y) is integer-valued. 0

For nonbinomial f, we can use the fact that U is nondecreasing to obtain a lower
bound for U, and we can use Theorem 1 to obtain an upper bound. Let é( fit)=
F(k—1|t,1-w)+[q(f, )(0)]A-w)'w' ™, where f=F(k—1]|t,1=r)+q(f )(x)
- (1—r)*r'* ([x]is the integer part of x). This means that (5 takes jumps of magnitudes
(1—w)*w'™* (k varies) at binomial fortunes, and is constant otherwise. For binomial
fortunes, é =U.

COROLLARY 2. It holds that Q(f, )= U(f, 1) = Q(f, 1).
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Since |Q(f, t) — Q(f, t)| converges to zero when - oo, the bounds will be good
for large t. For the case of r =3=w, the result is stronger.

THEOREM 3. If r=i=w, then U(f, t)= Q(f, 1).

It is easy to find a counterexample to this equality for general r and w. Just pick
any r and w such that r <w <3 or 3<r<w and try it for sufficiently large t.

Proof. The proof follows by induction. It is trivially true for ¢t =0. Assume the
result for t—1. Let f,,f,, - - and g,, g5, - - be the binomial fortunes at time ¢ and
t—1, respectively. We know that g;—g;_; = (1—r)*r'"'"* for some k and that U(g;, t —
1)-U(gi_i, t—1)=(1—w)*w""* for the same k.

Since U is nondecreasing, and since O(f1)is a step function, it is enough to
show that U(f, t)= é( £, t) at fortunes f,—e, where >0 is arbitrarily small. To be
more precise, we must show that U(f,—¢, t) = U(f,_,, t) for all binomial fortunes f;.
It is clear that an optimal stake can be found among those of the form f; — e — g; = 0. So

U(f—s¢, t)=m;1x{(l—w)U(gi+e,t—1)+wU(fj+lT_r(j;—e—gi),t—1)}émax U..

1

Let g =f,—5 8n=1—5, ge=£f+((1=r)/r)5, and g =f;+((1—r)/r)s, where x
and m are index variables.
Let us first try g, = g; = g,., below:

U=Q1-w)U(gi+et—1)+wU(gs_i-x—0(g), t—1),
s0
U=1-w)U(g, t =)+ wU(gs—(i-x)-1, 1 = 1)
=(1-w)U(gi, t—1)+wU(gz_i-x), t— 1) —w(1—w) w'*
=U(f, ) —(Q—-w)w' ™ =U(f_,,1).
Now let us try g; < g,, below:
U=0Q-w)U(gi+& t—1)+wU(g, t—1),
where g < gx,(_; since r=3; so
U=sQ1-w)U(g, t=1)+wU(gn—(i-m)-1, t—1)
=(1-w{U(gs, t=1) = (x—i)(1=w) w7}
+w{U(gs,t—1)+(x—i—1)(1—w)k+ w1y
=U(f,t)—(x—i—-1)
A =w)w T =1 —w) I R (1 —w)kw' R
=U(f, t)—(1—w)w' ¥ (since w=3) = U(f_,, 1).
It remains to try g;> g,,, below:
U=01-w)U(g,t—1)+wU(g, t—1),
where g < g—(i—m) Since r=3; so
U=Q1-w)U(g, t—1)+wU(gn—(iem)-1,t—1)
=1 = w{U(gm, t—1)+(i—m)(1—w)w' '}
+w{U(gm,t=1)—(i—-m=1)1—w) w75}
=U(f, D= (i—m){(1=w)'w " (w=(1-w)}-(1-w)w™"
sU(f, t)—(1—w)w' *(since w=3)=U(f_, ). a
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To know which bets are optimal (r =3= w), we divide our fortune f into two parts:

) f={q(f£ 0 ~[q(f, ()1 —w) w'™ , the valuable part;

(i) {q(f D) ~Lq(f HB(1—w) w' ™, the worthless part.

If we use the valuable part and the money it generates during the course of the
play, to bet, according to Theorem 2, we achieve optimum. This means that we can
use the worthless part and the money it generates for bets whenever we want, and the
strategy will not influence our chances to reach our goal. We could, of course, also
use it, before we start playing, for some luck-bringing endeavor, such as throwing it
in a fountain. The strategies described here are not the only optimal ones, except when
the worthless part is zero (i.e., f is binomial).

2.5. Other utility functions. The results of this section follow immediately from
the previous theorems. Let S;(f, t) and S;(f, t) be the sets of optimal stakes in Theorems
1 and 3, respectively.

CoRrOLLARY 3. If u(f)=Q(f, s) (or é(f, 5)), then U(f,t)=Q(f,s+1t) (respec-
tively, é(f, s+1)), and s(f, t) is optimal it if belongs to the set S;(f, s+ 1)(S;(f, s+1)).

2.6. Limit results and approximation formulas. All limits in this section are the
same for the cases of §§ 2.3 and 2.4, so we do not make a distinction. ® denotes the
cumulative distribution function of the standard normal distribution.

What happens to U(f,t) when t->00? It is easy to see that it converges to 1
pointwise. However, this is not the limit that we are interested in. We want to know
the limit of U(f, t) when w and r vary with ¢ in such a way that w—r-0 as t - co.
This means that the bets get less favorable, but this is compensated by the number of
bets allowed, which increase. We do this in such a way that vt(w — r) equals a constant
¢ for all t.

THEOREM 4. If Vt(w—r)=c and w->wye(0,1), then lim,. U(ft)=
D(DT(f) + c/Vwo(1—wo)).

We obtain this same function as U for similar continuous time problems in
Theorems 6 and 7.

Proof. 1t holds that

F<F(k(f,t)|t,1-r)=P(S,=k(f; 1))

_ S,—t(l—r)<k(f,t)—t(1—r)_ k(f,t)—t(1—r)
—P<«/tr(l—r)= Vir(l=r) )~q)< Vir(1=r) >+At’

where S, ~Bin (f,1—r) and where lim,,, A, =0, since (k(f,t)—t(1—r))/Vtr(1—r)
converges. Hence k(f, t)>® '(f—A,)Vtr(1—r)+t(1—r). Likewise,

f=Fk(f,t)-1|t,1-r) = @(k(f’ ’);(11__’:)1 - ’)) AL

so k(f,)=® ' (f-A)Vir(l—r)+t(1—r)+1. Now
U(f, t)<F(k(f, 1)[t,1-w)=P(R,=k(f, 1))
=P<R,—t(l—w)<k(f,t)—t(l—w)>=q)(k(f,t)—t(1~w))+8
Viw(d—-w) —  Jw(d—w) Viw(1—w) !

(D(q)_l(f—A:)\/ tr(1 --r)+t(l—r)+l—t(l—w)> e
Viw(1—w) !

~1 ’ r(l_r) ¢ 1
N = )

A
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where R, ~ Bin (¢, 1—w) and where lim,_ &, =0. Likewise,

k(f, t)—l—t(l—w))+ ,
Viw(l—w) e

U(f, t)= F(k(f, t)—1|t,1-w)+c1><

r(1— c 1 )
>¢<¢ - A)\/ (l—w) «/w(l—w) x/tw(l—w)) e
$0 lim o0 woawo U (S, 1) = P(P'(f) + ¢/Vwo(1—wy)). O

If we want to use this result to provide approximate values for U(f, t), we should
perhaps use the following corollary instead, which follows from the proof of the
theorem.

CoROLLARY 4. If t, tw(1—w) and tr(1—r) are all large, then

_ 1 r(l \/_(w—r)

We might also be interested in the limit of s( f, t) as t > 00, It is not difficult to see
that it converges to zero uniformly (also when w—r—0), but this does not relay
anything about how fast or in what way it converges. Neither does it give us an
approximation formula for the bet sizes. Betting zero all the time is gainless.

Instead, we consider the limit of v s(f, t) as t 0. Since s(f] t) is not unique,
we can choose different sequences of v s(f, t), some of which may not converge.
Which sequence should we choose? When f = F(k|t,1—r), the bet size is unique, so
then the choice is obvious. For F(k—1|t,1—r)<f<F(k|t,1—r), we choose a bet
such that s(f; t) is between s(F(k—1|t,1—r), t) and s(F(k|t,1—r), t). In the case