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BALANCED REALIZATIONS FOR LINEAR SYSTEMS:
A VARIATIONAL APPROACH*

U. HELMKEt

Abstract. This paper develops a new geometric approach to balanced realizations, which enables
balanced realizations for arbitrary linear systems to be defined and studied. For an arbitrary (unitarily
invariant) strictly plurisubharmonic function on the set of realizations of a given transfer function, the class
of realizations is considered that minimizes the function. Based on results from invariant theory and complex
analysis, a general theorem on the existence and uniqueness properties of such function-minimizing realiz-
ations is derived. If the function is the sum of the traces of the controllability and observability gramians,
the usual class of balanced realizations is obtained. Other choices of functions yield different, new classes
of function-minimizing realizations.
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1. Introduction. Balanced realizations in the state space for asymptotically stable
linear systems are introduced by Moore [16] and have quickly found widespread use
in model reduction and approximation theory of linear systems. They are defined by
the characterizing property that their controllability and observability gramians are
equal and diagonal and an explicit construction is available based on the singular
value decomposition (SVD) of the associated Hankel operators. In signal processing,
balanced realizations and singular values already appear in the early work of Mullis
and Roberts [17], Hwang [10]. For parametrizations of classes of linear systems by
balanced realizations, we refer to Ober [21].

The current use of balanced realizations is mainly restricted to the class of
asymptotically stable linear systems, while only few attempts have been made to widen
the class of linear systems that can be balanced. Kenney and Hewer [13] introduce
balanced realizations for a certain generic class of transfer functions, which also
contains unstable systems. A different type of (LQG) balanced realizations was intro-
duced by Verriest [25] and further studied by Jonkheere and Silverman [11]. Their
construction is based on the unique positive definite solution of the algebraic Riccati
equation and thus works for arbitrary minimal systems (A, B, C).

From a theoretical viewpoint, the problem of finding balanced realizations of
linear systems is very similar to a classical problem in physics, namely, that of
diagonalizing the inertia tensor of a rigid body; see Arnold [3]. It is therefore of interest
to see whether it is also possible to analyze balanced realizations in the same way as
physicists analyze momentum tensors, i.e., via coadjoint orbits and moment maps.

In this paper, we develop such a new geometric approach, which enables us to
define and study balanced realizations for arbitrary, i.e., possibly unstable, transfer
functions in a coherent and systematic framework. Our main tool is a recent result
due to Kempf and Ness [12], who consider moment maps in the context of invariant
theory. The starting point for our analysis are arbitrary (unitarily invariant) Hermitian
norms on the set of realizations (A, B, C) of a given transfer function. All realizations
that minimize a given norm are called norm minimal, and, based on the Kempf-Ness
theorem, we derive a general existence and uniqueness theorem for such norm minimal
realizations. The result is then generalized for the class of smooth, unitarily invariant,
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strictly plurisubharmonic functions, a special case being the plurisubharmonic function
defined as the sum of traces of the controllability and observability gramians. If the
function is the sum of traces of the controllability and observability gramians, the class
of balanced realizations introduced by Moore is obtained. Other choices of functions
yield different, new classes of function-minimizing realizations.

In 2 the Kempf-Ness theorem (Theorem 2.1) is reviewed, together with an
application, which shows how the Kempf-Ness theorem can be used to derive the
singular value decomposition of a finite-dimensional complex operator. A recent
generalization of the Kempf-Ness theorem is given, which is due to Azad and Loeb
[4]. It is this theorem that enables us to develop a unified approach to balanced
realizations, for both the balanced realizations introduced by Moore, as well as the
balanced realizations derived from the Kempf-Ness theorem. We then apply the
preceding theory in 3 to prove our main technical result (Theorem 3.2) on the existence
and uniqueness properties of norm-minimizing realizations of an arbitrary transfer
function G(s). Moore’s balanced realizations for asymptotically stable systems are
derived as a special case. The simplest norm to which our main Theorem 3.2 applies
is the Euclidean norm, introduced in 4. Realizations that minimize the Euclidean
norm are characterized for arbitrary transfer functions, as well as for symmetric and
Hamiltonian transfer functions.

There are some antecedents of our results and techniques in the control theoretic
literature. We mention, in particular, the work of Mullis and Roberts 17], 18], Hwang
10], Williamson [27], and Verriest and Gray [24], where (Moore) balanced realizations

for asymptotically stable systems are also treated as a minimization problem for a
suitable performance measure. However, the techniques used by these authors are
quite different than ours. Byrnes and Willems [6] use moment maps in a similar way
as is done here to study a least squares estimation problem.

2. The Kempf-Ness theorem. The purpose of this section is to recall an important
recent result from invariant theory, which is due to Kempf and Ness [12]. A recent
generalization using several complex variable theory has been obtained by Azad and
Loeb [4] and plays a central role in our approach to the balanced realization problem.
For references on invariant theory, we refer to Dieudonn6 and Carrell [7], Kraft 14],
and Mumford and Fogarty 19].

Recall that a linear algebraic group is called reductive if the radical, i.e., the
maximal connected solvable normal subgroup, is a torus.

We consider an arbitrary complex reductive algebraic Lie group G with maximal
compact subgroup K. Examples of such groups are

(i) The general linear group GL(n, C) of invertible complex n x n matrices with
maximal compact subgroup U(n, C), the subgroup of n x n unitary matrices;

(ii) The special linear group SL(n, C) of invertible complex n x n matrices with
determinant 1. A maximal compact subgroup is SU(n, C), defined by all
unitary n x n matrices of determinant one;

(iii) The complex orthogonal group O(n, C) of all complex n x n matrices T
satisfying T. T’= In. A maximal compact subgroup is the orthogonal group
O(n, ) of real orthogonal n x n matrices.

Let

a:GxVV,
(2.1)

(g,x)- g" x

denote a linear algebraic action of G on a finite-dimensional complex vector space V.
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Thus a is an algebraic map such that, for all x V and g, h G,

(2.2a) e. x x,

(2.2b) (gh) x-g. (h. x),

(2.2c) the map V- V, x - g. x, is C-linear

hold (where e e G denotes the identity element). Given an element x V, the subset
of V

(2.3) G. x={g" xlg G}

is called an orbit of G. Since G is a complex manifold, each orbit G.x is a complex
manifold that is biholomorphic to the complex homogeneous space G/H, where
H {g Gig. x x} is the stabilizer group.

We are interested in the critical points of K-invariant smooth functions, defined
on G-orbits of an algebraic group action a. Here a function q G. x- E on a G-orbit
G. x is called K-invariant if, for all g G and all k K,

(2.4) q(kg, x)= qg(g. x)

holds. A specific example of such a situation arises as follows.
A Hermitian inner product (,) on V is called K-invariant if (k. x, k. y)= (x, y)

holds for all x, y V and k K. This induces a K-invariant Hermitian norm on V,
defined by Ilxll 2 :-- (x, x). Fix any such K-invariant Hermitian norm on V. For any given
x V, we consider the following (induced) distance functions on G. x and G:

(2.5a) x: G. x-N, g. x Ilg" xll =

and

(2.5b) thx: G- N, g Ilg" xll 2.

Note that th,(g) is the (square of the) distance of the transformed vector g. x to the
origin.

Let

(2.6) /x(x) := Db,(e)

denote the Fr6chet derivative of 4x at the identity element e of G. This defines a map

(2.7) /x V g*, x -/x(x)

from V to the dual of the Lie algebra g of G. Note that/x is K-equivariant with respect
to the coadjoint action of K on g*. /z is called the moment map for the action (2.1).
Thus the zeros of the moment map (2.7) are precisely the critical points of the smooth
function defined on the G-orbits G. x {g. x[ g G}, which gives the (square of the)
distance of an element y =g. x to the origin.

We can now state the Kempf-Ness result. For a proof, we refer to [12], [19]. See
[23] for a real version of the theorem.

THEOREM 2.1 (Kempf-Ness). Let a: G x V-. Vbe an algebraic action ofa complex
reductive group G on a finite-dimensional vectorspace V and let I1" be a K-invariant
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Hermitian norm on V. Then
(i) The induced norm function chx :G- has a global minimum (i.e., I[go" x

infg ][g. x[[ for some go G) if and only if there exists a critical point of
chx G-, if and only if the G-orbit G. x is a closed subset of V;

(ii) Let G. x be a closed subset of V. Every critical point ofbx is a global minimum,
and the set of global minima of ch G. x- is a single, uniquely determined
K-orbit.

The above result has been generalized by Azad and Loeb [4] for plurisubharmonic
functions defined on complex homogeneous spaces. To state their result, we recall
some basic facts and definitions from several complex variable theory concerning
plurisubharmonic functions. A basic reference is [15].

Assume that X c C is an open and connected subset of C n. An upper semicon-
tinuous function f: X- U {-c} is called plurisubharmonic (plush) if the restriction

off to any one-dimensional complex disc is subharmonic, i.e., if, for all a, b C and
z C with a + bz X, the function

(2.8) z -- f(a + bz)

is subharmonic. The class of plurisubharmonic functions constitutes a natural extension
of the class of convex functions: Any convex function on X is plurisubharmonic. We
list a number of further properties of plurisubharmonic functions.

Properties. (i) Let f: X-C be holomorphic. Then the functions log [f[ and If[p,
p > 0 real, are plurisubharmonic (plush).

(ii) Let f: X - be twice continuously differentiable. Then f is plush if and only
if the Levi form off

(2.9) L(f):=\OziO/

is positive semidefinite on X. We say that f" X is strictly plush if the Levi form
L(f) is positive definite, i.e., L(f)> 0, on X.

(iii) Letf, g X - be plush, a => 0 real. Then the functionsf+ g and a. f are plush.
(iv) Let q X Y be holomorphic and f: Y be plush. Then f q :X- is

plush. By property (iv), the notion of plurisubharmonic functions can be extended to
functions on any complex manifold (and even on any complex analytic subvariety of
Cn). We then have the next important property;

(v) Let M c X be a complex submanifold andf: X plush. Then the restriction

f4 :M- off to M is plush. Any norm on C is certainly a convex function of its
arguments and, therefore, plush. More generally, we have by property (v) the final
property;

(vi) Let I1" be any norm on C and let X be a complex analytic subvariety of
C. Then, for every a C, the distance function ba :X E, b(x) IIx- all, is plurisub-
harmonic.

If II, is the induced norm of an Hermitian inner product on C and X c C is
a complex analytic submanifold, then the distance functions h:XE, ba(X)=
IIx--all , are strictly plurisubharmonic.

For a proof of the following result, we refer to [4].
THEOREM 2.2 (Azad-Loeb). Let a: G x V V be an algebraic action of a complex

reductive group G on a finite-dimensional complex vectorspace V and let p G. x be
a smooth unitarily invariant strictly plurisubharmonicfunction defined on a G-orbit G. x.
Suppose that a global minimum of p exists on G. x. Then .every critical point of p is a
point where q assumes its global minimum. The set of global minima is a single K-orbit.
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Since any norm function induced by a K-invariant Hermitian inner product on
V is strictly plurisubharmonic on any G-orbit, part (ii) of the Kempf-Ness theorem
follows immediately from the Azad-Loeb result.

To see how the above theorems can be applied in a concrete situation, we discuss
the following example, which is closely related to the SVD of a finite-dimensional
operator.

Example (Singular value decomposition (SVD)). Here G=GL(n,C) and V=
cMn CnN, n =< min (M, N). K U,(C) and a K-invariant Hermitian norm on V is
(A* := A’)

(2.10) II(x, Y)II 2:- tr (x*x + YY*),

i.e., is given by the sum of the norm squares of the entries of X and Y. The action on
V is

a GL(n, C) x (CMxn xcnxN)-->CMxn XCnxN

(S, (X, Y)) - (XS-1, SY).
The induced distance function on GL(n, C) is

b(x,y)" GL(n, C)-

with

(2.11) Ch(x,r)( S) tr S*)-’X*XS-’) + tr SYY*S*),

from which the moment map-is easily computed.
We find that

(2.12) /x(X, Y) 2( YY* X’X),
and thus the critical points are characterized by

(2.13) ix(X, Y)=OC:X*X= YY*.

Let GL(n, C) (X, Y) {(XS-1, SY)IS GL(n, C)} be an orbit of the GL(n, C)-
action a. It is not difficult to show that GL(n, C). (X, Y) is a closed subset of
CM" x C"N if and only if rkX rkY rkXY; see Kraft [14].

Thus the Kempf-Ness theorem gives the following result.
COROLLARY 2.3. (i) There exists So GL( n, C), which minimizes the distancefunc-

tion qb(x,y) defined by (2.11) if and only if rkX= rkY= rkXY;
(ii) Let rkX rkY= n. Every critical point of(x,y) minimizes fbx,y). There exists

S GL(n, C), unique up to a unitary left factor, such that (f(, ,’):= (XS-1, SY) satisfies
(2.14)

Using the well-known fact that every rank n matrix A CM has a full rank factoriz-
ation A=XY and that {XS-’, SY)]S GL(n, C)} is the whole class of such factoriz-
ations, Corollary 2.3 immediately implies the following result, which is equivalent to
the SVD.

COROLLARY 2.4 (SVD). (i) Every A 6CMN with rank A= n has a factorization
A XY, where X and Y are M n and n x Nfull rank matrices, with

(2.15) X’X= YY*;

(ii) IfA X Y1 X2 Y2 are factorizations as in (i), then

Xz= X, T-1, Y2 TY1

for a unique unitary transformation T U(n, C).
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Remark 2.4. (a) The singular values of an operator A are defined as the (nonnega-
tive) square roots of the eigenvalues of AA*. Thus the singular values of A coincide
with the eigenvalues of the positive definite Hermitian matrix (2.15). It follows that,
for rkX- rkY rkXY, the minimal value of the distance function (2.11) is given by
the 2 (sum of the singular values of XY).

(b) Part (i) of Corollary 2.3 is equivalent to a result of Flanders [8]. Flanders’s
proof, as well as those of Anderson and Olkin [2] and Wimmer [28], is, however, quite
different and longer than the above proof.

3. Norm and function balanced realizations. Consider the complex vector space
of triples (A, B, C)

(3.1) L(n,m,p):={(A,B, C)ccnxnxcnxmxcpxn}.

The reductive group GL(n, C) of complex invertible n n matrices S acts on L(n, m, p)
via the algebraic group action

(3.2)
or: GL(n, C) L(n, m, p) L(n, m, p),

(S, (A, B, C)) ,--> (SAS-1, SB, CS-’).
The orbits of o-

(3.3) 0(A, B, C)={(SAS-’,SB, cs-’)ls GL(n, C)}

are complex homogeneous spaces and thus complex submanifolds of L(n, m, p).
A function f: (A, B, C) E is called unitarily invariant if, for all unitary matrices

S U(n, C), SS*=

(3.4) f(SAS-’, SB, CS-1) f(a, B, C)

holds. We are interested in the critical point structure of smooth, unitarily invariant
plurisubharmonic functions f: (A, B, C)-*E on GL(n, C)-orbits (A, B, C). A par-
ticular case of interest is where the functionf: (A, B, C) - E is induced from a suitable
norm on L(n, m, p).

Thus let (,) denote a Hermitian inner product on the C-vector space L(n, m, p).
The induced Hermitian norm of (A, B, C) is defined by

(3.5) II(a, B, C)II 2= ((A, B, C), (A, B, C)).

A Hermitian norm (3.5) is called unitarily invariant if

(3.6) [[(SAS-1, SB, cs-1)ll- II(A, B, c)ll
holds for all unitary transformations S, SS* =/,, and (A, B, C) L(n, m, p). Any Her-
mitian norm (3.5) defines a smooth strictly plurisubharmonic function

(3.7)
(A, B, C) - ,SAS l, SB, CS - II(SAS-’, SB, CS- 2

on e(A, B, C).
In the following, we fix a strictly proper transfer function G(s)Cpm(s) of

McMillan degree n, and we also fix an initial controllable and observable realization
(A, B, C) L(n, m, p) of G(s) as follows:

(3.8) G(s)=C(sI-a)-lB.

Thus the GL(n, C)-orbit (A, B, C) parametrizes the set of all (minimal) realizations
of G(s).
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Our goal is to study the variation of the norm ]I(SAS-1, SB, CS-1)II 2 as S varies
in GL(n, C). In particular, we seek to obtain answers to the following questions:

1. Given a function f: 6(A, B, C)- , does there exist a realization of G(s) that
minimizes f?

2. How can we characterize the set of realizations of a transfer function that
minimize f: (3(A, B, C) ?

As we will see, the Kempf-Ness and Azad-Loeb theorems give a rather general
solution to these questions. Let f: (A, B, C) be a smooth function on (A, B, C)
and let I1" denote a Hermitian norm defined on L(n, m, p).

DEFINITION 3.1. A realization

(3.9a) F, G, H) SoAS1, SoB, CS
of a transfer function G(s)=C(sI-A)-IB is called norm balanced and function
balanced, respectively, if the function

(3.9b)
th" GL( n, C) - ,S -, ]](SAS-1, SB, CS-1) [[2

or the function

: GL(n, C),
(3.10)

S f(SAS-1, SB, CS-

respectively, has a critical point at S--So; i.e., if the Fr6chet derivative

(3.11) Dlso- 0,

respectively,

(3.12) Dlso- 0

vanishes. (F, G, H) is called norm minimal orfunction minimizing if b (So), respectively,
(So), is a global minimum for the function (3.9) or (3.10) on GL(n, C). See Fig. 1.

We need the following characterization of controllable and observable realizations
as the GL(n, C)-stable points for the similarity action (A, B, C)

LEMMA 3.2. A, B, C) e L( n, m, p) is controllable and observable if and only if the
following conditions are satisfied:

FIG. 1. Norm minimality.
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(i) The similarity orbitS(A, B, C):= {(SAS-1, SB, CS-1)[S E GL(n, C)} is a closed
subset of L( n, m, p

(ii) dime (A, B, C)= n2.
Proof. The necessity of (ii) is obvious, since GL(n, C) acts freely on controllable

and observable triples via similarity. The necessity of (i) follows from realization
theory, since (A, B, C) is a fibre of the continuous map

" L(n, m, p)o I] cpm,
i=1

(3.13)
(F, G, H) ,-.-> (HFiGl ENo),

where [I i= CP is endowed with the product topology.
To prove the sufficiency, let us assume that, e.g., (A, B) is not controllable while

conditions (i), (ii) are satisfied. Without loss of generality,

0 A 0

and (A, B) controllable, A.n x n for 1, 2. Consider the one-parameter group of
transformations

S := GL( n, C)
0 -1I,

for 0. Then (At, Bt, C,):= (S,AS-/, StB, CS71) 7(A, B, C) with

0 A22
Bt :=

0
Ct := [C1, tC2].

Since (A, B, C) is closed,

(Ao, Bo, C) ([Al10 A2 0
’[Cl’0] eff(A,B, C),

which is stabilized by St, (2*. This is a contradiction to (ii). Thus (A, B) must be
controllable, and, similarly, (A, C) must be observable. This proves Lemma 3.2. 1

The following theorems are the main results of this paper. They are immediate
consequences of Lemma 3.2 and Theorem 2.2 (Azad-Loeb) and Theorem 2.1 (Kempf-
Ness), respectively. Recall that a continuous function f: X --> R on a topological space
X is called proper if the inverse image f-l([a, b]) of any compact interval [a, b]cR
is a compact subset of X. For every proper map f: X- E, the image f(X) is a closed
subset of E.

THEOREM 3.3. Let G(s)=C(sI-A)-BECpm(s) be a strictly proper rational

transferfunction ofMcMillan degree n. Letf: if(A, B, C) -> N+(N+ [0, oe[) be a smooth,
unitarily invariant, strictly plurisubharmonicfunction on (A, B, C), which is proper. Then

(a) There exists a global minimum off in (A, B, C);
(b) A controllable and observable realization (A, B, C) of G(s) is function minimal

if and only if it is function balanced;
(c) If (A1, B1, C1), (A_, B2, C2) (A, B, C) are minima off, then there exists a

uniquely determined unitary transformation S U(n, C) such that

(A2, Bz, C2) (SA1 S-1, SB1, C1S-1).
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THEOREM 3.4. Let I1" = be a unitarily invariant Hermitian norm on L(n, m, p) and
let G(s) C’m(s) denote a strictly proper rational transferfunction ofMcMillan degree
n. Then

(a) There exists a norm minimal realization (A, B, C) of G(s);
(b) A controllable and observable realization (A, B, C) L(n, m, p) ofG(s) is norm

minimal if and only if it is norm balanced;
(c) If (A1, B1, C1), (AE, BE, CE) L(n, m, p) are controllable and observable norm

minimal realizations of G(s), then there exists a uniquely determined unitary transforma-
tion S U n, C) such that

(A2, B2, CE) (SA1S-1 SB, C1S-1)

Remark 3.5. (1) Let G(s) Px (S) denote a strictly proper real rational transfer
function of McMillan degree n and let I1" 2 be a unitarily invariant Hermitian norm
on the complex vector space L(n, m, p) (or let f: O(A, B, C)-+ be a smooth, unitarily
invariant, strictly plurisubharmonic function on the complex similarity orbit that is
proper and invariant under complex conjugation" f(F, G, H)--f(F, G, H) for all
(F, G, H) 0(A, B, C)). Then Theorems 3.3 and 3.4 remain valid if conditions (a)-(c)
in Theorems 3.3 and 3.4 are replaced by their respective versions (a’)-(c’) as follows
(when we use "norm minimal," we are referring to Theorem 3.4; "function minimal"
refers to Theorem 3.3)"

(a’) A real controllable and observable realization (A,B, C) L(n, m, p) of
G(s) is norm (function) minimal if and only if it is norm (function) balanced;

(b’) There exists a real norm (function) minimal realization (A, B, C) of G(s);
(c’) If (A1, B1, C1), (A2, BE, C2) 6L(n, m,p) are real controllable and

observable norm (function) minimal realizations of G(s), then there exists a uniquely
determined real orthogonal transformation S O(n, R) such that

(A2, B., C2) (SA,S-1 SB, C,S-1)

This follows from the easily established fact that any similarity transformation S
GL(n, C), which transforms a given real controllable and observable realization
(A1, B1, C) into a real realization (A2, B2, C2) (SA1S-, SB, C1S-1), is necessarily
real, i.e., S GL(n, ). Alternatively, the result follows immediately from Slodowy’s
real version of Theorem 2.1 [23].

(2) The norm balanced realizations were also considered by Verriest [26], where
they are referred to as "optimally clustered." Also, Verriest points out the invariance
of the norm under orthogonal transformations but does not show global minimality
of the norm balanced realizations. An example is given that shows not every similarity
orbit if(A, B, C) allows a norm balanced realization. In fact, by Theorem 2.1 (Kempf-
Ness) (i), there exists a norm balanced realization in 0(A, B, C) if and only if
0(A, B, C) is a closed subset of L(n, m, p).

Balanced realizations for the class of asymptotically stable linear systems were
first introduced by Moore 16] and are defined by the condition that the controllability
and observability gramians are equal and diagonal. We will now show that these
balanced realizations can be treated as a special case of our above theorems. For
simplicity, we consider only the discrete-time case and complex systems (A, B, C).

DEFINITION 3.5. A complex realization (A, B, C) is called N-balanced if and
only if

N N

(3.14) Y AkBB*(A*)k= Y (A*)kC*CAk.
k =0 k =0
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An asymptotically stable realization (A, B, C) (i.e., o-(A)< 1) is said to be balanced,
or oo-balanced, if and only if

(3.15) AkBB*(A*)k-- (A*)kC*CAk.
k=0 k =0

Note that the above terminology differs slightly from the usual terminology in the
sense that the controllability, respectively, observability, gramians are not required to
be diagonal. Of course, this can always be achieved by an orthogonal change of basis
in the state space. In Verriest and Gray [24], realizations (A, B, C) satisfying (3.14)
or (3.15) are called essentially balanced.

To prove the existence of (N-)balanced realizations, we consider the minimization
problem for the "N-gramian norm" function

N

(3.16) fN(A,B, C):=tr (ABB*(A*)+(A*)C*CA)
k=0

for N et_J {oo}. Let (A, B, C)e L(n, m, p) be a controllable and observable realization
with N => n. Consider the smooth unitarily invariant function on the GL(n, C)-orbit

fN" (A,B, C)-+,
(3.17)

(SAS-1, SB, CS-1) -fN(SAS-1, SB, CS-1),

wherefN(SAS-1, SB, CS-) is defined by (3.16) for any N (.J {oo}. It is not difficult
to show that fN" (A, B, C)-/ is proper for N_>- n; see Perkins, Helmke, and Moore
[22]. Using properties (i)-(v) for plurisubharmonic functions that follow Theorem 2.1,
it is not difficult to show thatfN is strictly plurisubharmonic for any N CI {oo}, N -> n.

Thus we can apply Theorem 3.3. To compute the critical points offu" (A, B, C)
/, we consider the induced function on GL(n, C)

FN" GL( n, C)--> +,
(3.18)

S - FN(SAS-l, SB, CS-1)

for any N t CJ {oo}. A simple calculation of the gradient vector VFN at S I shows
that

N

(3.19) VFN(I) 2 Y (AkBB*(A*) k -(A*)kC*CAk)
k=0

for any N t U {o0}. We conclude the following result.
COROLLARY 3.6. Given a complex rational strictly proper transfer function G(s) of

McMillan degree n, then, for all finite N >= n, there exists a realization (A, B, C,) of
G(s) that is N-balanced. If (A1, B1, C), (A2, B2, C2) are N-balanced realizations of
G(s) of order n, N >= n, then

(A2, B2, C2)= (SA,S-’, SB,,

for a uniquely determined unitary transformation S U(n, C). (At, Ba, C) is N-balanced
if and only if it minimizes the N-gramian norm taken over all realizations of G(s) of
order n.

This also follows immediately from Corollary 2.3 and from the SYD (Corollary
2.4), applied to the factorization of the N x N-block Hankel Y(u- O. RN, where
RN := (B, AB,..., ANB), ON := (C’, A’C’,..., (A’)Nc’) ’.

For asymptotically stable linear systems, we obtain the following amplification of
Moore’s fundamental existence and uniqueness theorem for balanced realizations.
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THEOREM 3.7. Given a complex rational strictly proper transfer function G(s) of
McMillan degree n and with all poles in the open unit disc, there exists a balanced
realization (A1, B1, C1) ofG(s) oforder n. If (A1, B1, C1), (A2, B2, C2) are two balanced
realizations of G(s) of order n, then

(A2, B:z, C2)= (SAS-, SB1, C1S-l)

for a uniquely determined unitary transformation S U(n, C). An n-dimensional realiz-
ation (A1, B1, C1) of G(s) is balanced if and only if (A1, BI, C1) minimizes the gramian
norm (3.17) (for N=), taken over all realizations of G(s) of order n.

We consider a (discrete time) asymptotically stable transfer function G(s)
CP’(s) of McMillan degree n. Let try_->...-> rn denote the singular values of the
induced Hankel operator; see Moore [16], Glover [9]. For any p N, let

j=l

and, for any stable (A, B, C), let

where

respectively,

I(A, B, C)lp == (tr wpc + WPo)) l/p,

Wc := AkBB*(A*)k,
k=O

Wo := Y (A*)kc*CAk,
k--O

are the controllability, respectively, observability, gramians. The following result has
been shown by Williamson [27], in the special case where p 1. His proof is quite
different than ours and is based on an inequality of Mullis and Roberts [17].

THEOREM 3.8. Let (A, B, C) be a controllable and observable realization of the
asymptotically stable transfer function G(s). Then, for all p N,

I(A, B, C)[p _-> 2/p. Sp(G).

(A, B, C) is balanced if and only if, for one p N (and hence for all p),

(3.21) I(A, B, C)lp 2lip" Sp(G),

where Sp(G) is defined by (3.20).
Proof A straightforward computation of the gradient vector of the function

qb" GL(n, C)R, SI(SAS-, SB, CS-)IP at S= In gives

(3.22) V(In) 2p( W- Wfg).

Thus (A, B, C) is function balanced for ]p if and only if Wc(A, B, C)p Wo(A, B, C)p,
i.e., if and only if (A, B, C) is balanced. Thus the minimal value of [(A, B, C)lp is
achieved (where (A, B, C) runs through all controllable and observable realizations
of G(s)) if and only if (A, B, C) is balanced (this uses Theorem 3.7). In the balanced
case,

I(A, B, C)[p 2/p. (tr WPc) /p.

By Remark 2.4, tr Wc=SI(G)
follows. [3

and, similarly, trWPc=[Sp(G)]p. The result
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4. New classes of balanced realizations. The simplest candidate of a unitarily
invariant Hermitian norm on L(n, m, p) is the standard Euclidean norm, defined by

(4.1) II(A, B, C)ll2:-- tr AA*+tr BB*+tr C’C,

where X*= X’ denotes Hermitian transpose. An application of Theorem 3.4 to this
norm yields the following result, which describes a new class of norm minimal
realizations.

THV.ORZM 4.1. Let G(s) be a real rational strictly proper transfer function of
McMillan degree n. Then

(i) There exists a (real) controllable and observable realization (A, B, C) of G(s)
with

(.) AA’ + BB’= A’A + C’C.

(ii) If (A1, B, C), (A2, B2, C2) are (real) controllable and observable realizations
of G(s) satisfying (.), then there exists a unique orthogonal transformation
S O(n, ), with

(A2, B2, C2)- (SA1S-l, SB1, C1S-1).

(iii) An n-dimensional realization (A, B, C) of G(s) satisfies (,) if and only if it
minimizes the Euclidean norm (4.1), taken over all possible n-dimensional
realizations of G(s ).

Proof For any controllable and observable realization (A, B, C) of G(s), consider
the function b" GL(n, ) --> defined by the Euclidean norm

d)(S) [[(SAS-1, SB, CS-1) 2.

Thus b(S) tr (SAS-l(s’)-lA’S’)+tr (SBB’S’)+tr ((S’)-Ictcs-1). The gradient vec-
tor ofb atS=I is

(4.2) Vtk(/) 2(AA’- A’A + BB’- C’C),

and thus (A, B, C) is norm balanced for the Euclidean norm (4.1) if and only if

AA’ A’A + BB’ C’C O,

which is equivalent to (.). The result now follows immediately from Theorem 3.2.
Similar results hold for symmetric or Hamiltonian transfer functions. Recall that

a real rational m m-transfer function G(s) is called symmetric, respectively, Hamil-
tonian, if for all s C

(4.3) G(s)=G(s)’,

respectively,

(4.4) G(s)=G(-s)’

(where denotes transpose).
Every strictly proper symmetric transfer function G(s) of McMillan degree n has

a minimal signature symmetric realization (A, B, C) satisfying

(4.5) (alpq)’= alpq, C’= IpqB,

where Ipq diag (el,. ", e,) with

1 i=l,...,p,
(4.6) e=

-1 i=p+l,...,p+q=n.
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Here p-q is the Cauchy-Maslov index of G(s); cf. Anderson and Bitmead [1], Byrnes
and Duncan [5]. Similarly, every strictly proper Hamiltonian transfer function G(s)
R(s)’" of McMillan degree 2n has a minimal Hamiltonian realization (A, B, C)
satisfying

(4.7) (AJ)’ AJ, C’= JB,

where

[0(4.8) J=
I,

is the standard complex structure. Let O(p, q), respectively, Sp(n, R), denote the (real)
isotropy groups of Ipq, respectively, J, i.e.,

(4.9a) T O(p, q):> T’IpqT= Ipq, T GL(n, ),

(4.9b) T Sp(n, )ez T’JT= J, T GL(2n, ).

THEOREM 4.2. (i) Every strictly proper symmetric transferfunction G(s) (S)
with McMillan degree n and Cauchy-Maslov indexp q has a controllable and observable
signature symmetric realization (A, B, C) satisfying

(4.10a) AIpq )’ AIpq, C’ IpqB,
(4.10b) AA’ + BB’ A’A + C’C.

(ii) If (A1, B1, C1), (A2, B2, C2) are two minimal realizations of G(s) satisfying
(4.10a) and (4.10b), then there exists a unique orthogonal transformation S=
diag (S1, $2) O(p)x O(q)c O(n) with

(Aa, B2, C2) (SA,S-’, SB,, C,S-’).
A similar result holds for Hamiltonian transfer functions.
THEOREM 4.3. (i) Every strictly proper Hamiltonian transfer function G(s)’

R(S)"m with McMillan degree 2n has a controllable and observable Hamiltonian realiz-
ation A, B, C) satisfying

(4.1 la) (AJ)’ AJ, C’= JB,

(4.11b) AA’ + BB’ A’A + C’C.

(ii) If (A1, B1, C1), (A2, B2, C2) are two minimal realizations of G(s) satisfying
(4.11a) and (4.11b), then there exists a unique symplectic transformation S
Sp(n, ) O(2n; ) with

(Az, B, C) (SA1 S-1, SB1, CS-1).
Proofs. We first prove Theorem 4.3. Let Sp(n, C) denote the complex symplectic

group; i.e., T e Sp(n, C) if and only if T GL(2n, C) and T’JT= J. Sp(n, C) is a
reductive Lie group with maximal compact subgroup K Sp(n; C)(3 U,(C). Let V
denote the complex vector space of all triples (A, B, C) C2" x C2"m x C"
satisfying (AJ)’= AJ, JB C’. The Euclidean norm (4.1) defines a K-invariant Her-
mitian norm on V. By Lemma 3.3, the Sp(n, C)-orbit of a point (A, B, C) V is closed
if (A, B, C) is controllable and observable. Theorem 4.3 now follows immediately from
Theorem 2.2 (Kempf-Ness), once it is observed that Remark 3.4 remains in force
(with the appropriate modification) and that Sp(n,)CI O(2;) is the set of real
points of K.

Unfortunately, the above direct proof does not work for Theorem 4.2, since O(p, q)
is not reductive. We therefore proceed in a different way. We first prove (i). By Theorem
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4.1, there exists a minimal realization (A, B, C) of the symmetric transfer function
G(s), which satisfies (4.10b), and (A, B, C) is unique up to an orthogonal change of
basis S O(n; ). By the symmetry of G(s), with (A, B, C), (A’, C’, B’) is also a
realization of G(s). Note that if (A, B, C) satisfies (4.10b), (A’, C’, B’) also satisfies
(4.10b). Thus, by the above uniqueness property (ii) of Theorem 4.1, there exists a
unique S O(n; ) with

(4.12) (A’, C’, B’) (SAS’, SB, CS’).
By transposing (4.12), we also obtain that

(4.13) (A, B, C) (SA’S’, SC’, B’S’)
or, equivalently,

(4.14) (A’, C’, B’)= (S’AS, S’B, CS).
Thus (by minimality of (A, B, C))S S’ is symmetric orthogonal. A straightforward
argument (see Byrnes and Duncan [5] for details) shows that the signature of S is
equal to the Cauchy-Maslov index p-q of G(s)= C(sI-A)-IB. Thus S T’IpqT for
T O(n; ), and the new realization

(F, G, H):-(TAT’, TB, CT’)
satisfies (4.10a), (4.10b).

To prove part (ii) of Theorem 4.2, let

(A., B, C2) (SA,S-’, SB1, CS-1)
be two realizations of O(s) that satisfy (4.103), (4.10b). Byrnes and Duncan [5,
Thm. 4.1] show that (4.103) implies that S O(p, q). By Theorem 4.1(ii), also S
O(n, ). Since O(p) x O(q) O(p, q) f’) O(n, ), the result follows.

Remark 4.4. (1) There is a formal analogy be,tween norm minimal realizations
(A, B, C) satisfying

(**) AA’- A’A+ BB’- C’C 0

and balanced realizations obtained by the Riccati equation; see Jonkheere and Silver-
man [11]. Riccati balanced realizations are defined by the following result, whose
proof is immediate, by letting T denote the positive definite square root of the uniquely
det,,rmined positive definite stabilizing solution of the algebraic Riccati equation; see
[25] and [11] for details.

PROPOSITION. Given any controllable and observable n-dimensional realization
(,/, ), there exists a state space equivalent realization (A, B, C) TiT-1, T/, T-1)
satisfying

(***) A+A’+BB’-C’C --0.

If (ai, Bi, Ci), 1, 2 are two such realizations, there exists a unique orthogonal transfor-
mation S O(n, ) with (A2, B2, C2) (SA1S-1, SB1 C1S-1)o

Note the apparent similarity between formulas (**) and (***).
(2) Euclidean norm balanced realizations (**) of Theorem 4.1 were also con-

sidered by Verriest [26]. See part (2) of Remark 3.5.

Acknowledgments. The author thanks the two anonymous referees for their careful
review of this paper.
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INDEFINITE STABILIZING SOLUTIONS OF Hoo RICCATI EQUATIONS*
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Abstract. The existence of both positive semidefinite and sign indefinite stabilizing solutions of H-type
Riccati equations is determined via joint eigenvalue and Hamiltonian tests. These tests determine the inertia
properties of the solutions. They are dependent on a formulamderived in this paper--that shows how the
solution of game Riccati equations can be decomposed into a sum of two well-known Riccati equations,
namely, the standard filter Riccati equation and the bounded real Riccati equation. Other properties of
stabilizing solutions such as solution partial order, spectral radius monotonicity, and rank are also discussed.
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1. Introduction. This paper presents a collection of results on the game Riccati
equation

ATX +XA+X(B1B- B2Bf) X + cTc =0.(1.1)

The existence of a stabilizing positive definite or positive semidefinite solution X(y)
of the game Riccati equation with real parameter y defined on some infinite half-line
0 < 3’ =< is a prerequisite-for an Ho-control problem to have a solution [4]. Here A,
B1, B2, and C are real n x n, n x p, n x m, and q x n real matrices, respectively, and
AT" denotes the matrix transpose. It is the objective of this paper to show that many
properties of X(y) can be connected to the standard filter algebraic Riccati equation
(FARE)

(1.2) AZ + ZAT zcTcz .3t_ B2Bf 0

and to the bounded real Riccati equation (BRRE)

(1.3) (A-zcTc)w+ W(A-CTCZ)T- wcTcw 1-- BIBIT--0
Y

by noting that any solution of the "dual" game Riccati equation

(1.4) AY+ YAT- ycTcy+ B2Bf 1-
5 B1B1T= 0
Y

can be written as the sum of the appropriate solution of FARE and BRRE (provided
they all exist). The technique of expressing the solution of the dual Riccati equation
(1.4) as the sum of two terms, one a solution to a filter Riccati equation and one a
solution of a bounded real Riccati equation, can be found within the proofs presented
in Willems [25], with a subsequent appearance in Molinari [16].

While real symmetric stabilizing solutions of the control algebraic Riccati equation
(CARE) are always positive semidefinite and maximal [13], there can exist sign
indefinite stabilizing solutions of (1.1) and (1.4). Nevertheless, if they exist, the
stabilizing solutions of these Riccati equations are always unique [19]. The following

* Received by the editors July 2, 1990; accepted for publication (in revised form) March 27, 1991.
t Code 39103, Naval Weapons Center, China Lake, California 93555.
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variant of Theorem 3.3 unites all of these Riccati equations and provides an eigenvalue
characterization of the nonsingular sign indefinite stabilizing solutions, as well as a
test criterion that can be used to determine a lower bound for the 2’ semi-infinite
interval of existence for X(2,). A positive definite unique stabilizing solution of (1.1)
exists on some 2’ half-line if and only if (i) an antistabilizing negative definite minimal
solution Z_ of (1.2) exists, (ii) the negative semidefinite maximal antistabilizing solution
W_(2’) of (1.3) exists on the same 2, half-line, and (iii) the spectral radius of W_(2,)ZZ
is less than unity. This spectral radius test criterion is apparently new and is one of
the main results of this paper.

The results are more delicate for positive semidefinite stabilizing solutions X(2,)
of (1.1) defined on some half-line, since the antistabilizing solution of FARE need not
exist [7]. Nevertheless, when X(2,) exists, by a fundamental theorem about the regular-
ity of solutions of (1.1) summarized in the Appendix, the "slightly" perturbed game
Riccati equation for some sufficiently small positive real parameter e

(1.5) ATx +XA+X(B1B-BB)X + CTC + eI O

always has a positive definite stabilizing solution X (2,) defined on the same 2,-half-line.
Since the matrix norm of the difference between X(2,) and X(2,) tends to zero as
e0, the spectral radius test in Theorem 3.3 is reformulated for the positive semidefinite
stabilizing solution X(2,) by utilizing the "nearby" solutions X(2,).

The game Riccati equations required for a full solution to the H-control problem
are more general than (1.1) and (1.4), which are studied in the first two sections.
However, all of the assumptions required in the main theorems and lemmas in those
sections are weak enough such that they are directly applicable to the more general
Riccati equations. Actually, a full solution to the Hoo-control problem requires two
.Riccati equations, which are

(A- B’2E-1DrlEC1) Tf + f((A- B2E-1Drl2C1)

(1.6) + X B,BT B2E B .
+ CT(I D,2E-ID)C, O,

(A- B,D2TE’C) r+ r(A_ BIDIEIC)T

(1.7) + Y CC,-CE’C2

+ BI(I- D2TIEID2I)BT=o.
Here the superscript -1 denotes the matrix inverse, and I is the n x n identity matrix.
The matrices in these equations arise in a linear system of the form

Ax + B w q- B2u,

Z ClX d-- D12u
y Cx + D21 w,

where x is the n x 1 state vector, w is the n x p disturbance input, u is the n x m control
input, z is the q n error output, and y is the r n measured output. Related variants
of these state equations are described in Safonov and Limebeer [22] and Zhou and
Khargonekar [27]. To ensure that the Hoo-control problem has a solution, Petersen,
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Anderson, and Jonckheere 18] require that this system satisfy the following additional
assumptions (see also Glover and Doyle [6] and Bernstein and Haddad 1])" Drl2D12-
E > 0, D21D2] E2 > 0,

(1.8) rank[A-tiM B2] =n+m for all to=>0,
C D_

1.9) rank |
C2

B1 |=n+r for allto=>0.
D21

To qualify for the Ho-control problem, both game Riccati equations (1.6) and (1.7)
must have positive semidefinite stabilizing solutions X(y) and Y(y) on a common

3’ interval of existence and satisfy the spectral inequality p(Xo(y)Yo(y))< ,)/2 [6].
Throughout the paper, the y-dependent monotonic ordering of the maximal and

minimal solutions of the game Riccati equations on the y-half-line is established. These
monotonicity results are extended to give a monotonicity result for the spectral radius
p(Xo(3,) Yo(y)). In the final section, a complete description ofthe rank ofthe stabilizing
solution of the game Riccati equation is presented, including the fact that the rank is
independent of 3’. While neither of these apparently new results are unexpected,
nevertheless, they do further characterize the y partial ordering and y-independent
rank properties of these solutions.

2. Stabilizing and antistabilizing solutions of the dual game Riccati equation. In
this section a formula is derived that expresses the maximal stabilizing solution of the
dual game Riccati equation as the sum of the maximal stabilizing solution of the FARE
and the minimal stabilizing solution of the BRRE. A complementary formula for the
minimal antistabilizing solution of the dual game Riccati equation is also included.
Using these formulas a simple eigenvalue test determines the inertia of either solution.

Before deriving these results, these additional concepts are introduced. The inertia
of the matrix M is the triple In (]/)= (u(/t)/), 6(M), r(//)), where u(/Q), 6(/(/),
r(]/) are, respectively, the number of eigenvalues of 1/counting ultiplicities with

negative, zero, and positive real parts 14],: The symmetric matrix M is nonsingular if
6(M)=0. An n x n symmetric matrix M for n_->2 is sign indefinite if In (M)=
((//), 0, r(//)) with (M) > 0 and r(]/) > 0. Here and elsewhere, X > P(X >-_ P)
denotes the usual partial order for symmetric matrices and means that X-P is positive
(semi)definite 10].

Recall that a real symmetric solution P of the algebraic Riccati equation

(2.1) ATp + PA- PMP+ Q 0

with real symmetric matrices M and Q, M => 0 is a maximal (minimal) [7], [21] solution
if P =>/5 (p __< p) for any other symmetric solution/5 of (2.1). Whenever they exist, the
maximal and minimal solutions will be denoted by P+ and P_, respectively. Independent
of the inertia of M, a real symmetric matrix P that satisfies (1.5) is said to be stabilizing
if A-MP is stable. The matrix A-MP is stable if the real part of each eigenvalue of
(A-MP) is less then zero (i.e., Re Ai(A-MP)< O, i= 1,. ., n). If all of the eigenvalues
of A-MP satisfy the inequality Re Ai(A-MP)<= O, then P is a strong solution. P is an
antistabilizing solution if -(A-MP) is stable. The spectral radius [10] of an n x n
matrix M is the maximum modulus over the set of all eigenvalues p(M)=
maxl__<j__<. [Aj(M)[. The 2-norm of M is [IM[[2=[p(MTM)] 1/2 and is the maximum
singular value of M.
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Associated with the algebraic Riccati equation (1.5) is the 2n x 2n Hamiltonian
matrix

If P is any solution of (2.1), then (P,-I)H(p) =0. The notation Ric (P, H)=0 will
symbolize this relation between a solution of the Riccati equation (2.1) and the
Hamiltonian (2.2). The Hamiltonians for the game Riccati equation (1.1) and the filter
algebraic Riccati equation are, respectively,

H(y)= _cTc -AT H2= -B2Bf
Whenever the solutions Z/ or Z_ for FARE exist, define the Hamiltonian for BRRE as

H(Z+, T)_.((A-Z+CTC)T -cTc
(1/T2)B,BT -(A-Z+/-CTC)

An eigenvalue A of A is (A, B) controllable if rank [A- AI, B] n. The pair (A, B)
is stabilizable if and only if (A, B) has no uncontrollable eigenvalue in the closed right
half plane. Observability and detectability follow by duality.

Recently, Petersen, Anderson, and Jonckheere 18] have proved the strict bounded
real lemma for nonminimal realizations. For completeness, their lemma will be repeated
here with an added statement and proof about the minimality ofthe stabilizing solution.
Willems [25] has proved, again for A stable, that if the bounded real Riccati equation
admits a real symmetric solution, then O(s)lloo < 1.

LEMMA 2.1 (strict bounded real lemma). The following are equivalent:
(i) A is stable and the transfer matrix G(s)=C(sI-A)-IB evaluated on the

imaginary axis satisfies the inequality [IG(s)[lo=maxoR IIo(jo)ll= 1,
(ii) The Riccati equation

(2.3) ATp + PA + PBBTp + cTc =0

has a stabilizing solution Ps >- O. Moreover, the solution Ps is unique and minimal

Proof Suppose that P is any other real symmetric solution of (2.2). After solving
(2.3) for c Tc, substitute its value in the Riccati equation for Ps. After arranging the
two solutions, it follows that their difference satisfies the Lyapunov equation

(2.4)
(A + BBTps)(Ps P)+ (Ps P)(A + BBTps)

-(Ps-P)BBT(ps-P)=O

Since A+ BBTps is stable, the conclusion follows by Lyapunov inertia theory [14,
p. 447].

Bounded real Riccati equations satisfy monotonicity and extension properties that
are derivable from general theorems of this type in Ran and Vreugdenhil [21], or
Gohberg, Lancaster, and Rodman [7] and for monotonicity Wimmer [26]. The follow-
ing result is found in Petersen, Anderson, and Jonckheere [18].

THEORE 2.2 (bounded real extension theorem). Suppose that A is stable, 0 is a
real symmetric rnatri,,x, and the Riccati equation ATp+ PA + PBBTp + 0 has a real
symmetric solution P. Furthermore, suppose that ( >-Q >-O. Then the Riccati equa’on
ATp + PA + PBBTp + Q 0 will have a unique strong solution P >= 0 such that P <-_ P.
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Another key result is the relationship given by Boyd, Balakrishnan, and Kabamba
(BBK) [2] that connects the singular values of a stable transfer matrix G(s)-
C(sI- A)-IB and the spectrum of the Hamiltonian matrix

( A (1/y2)BB)H(y)= _CrC _A

Their theorem does not require any special observability or controllability conditions
on the system {A, B, C}.

THEOREM 2.3 (BBK theorem). Suppose that A is stable, if oly
if 6(H(3/)) =0.

The maximal stabilizing solution of FARE and the minimal or maximal stabilizing
solution of BRREdepending on whether (1.3) or (2.3) is solvedare now combined
to define the maximal and minimal stabilizing solution of the dual game Rieeati
equation.

THEOREM 2.4. If the stabilizing Z+ of FARE exists and if 6(H(Z+, ))=0 for
some , 0<<3, then the unique maximal stabilizing solution W+(3/) of
RJc W, H(Z+, 3/)) 0 existsfor all 3/, 0 < <= 3/<= . Furthermore, the stabilizing solution
Y+( 3/) of Ric Y, H(3/)) 0 also exists on the same interval and Y+( 3/) Z+ + W+( 3/),
0< _-< 3/_-<. Moreover, if 0< -<_ 3/1-<_ 3/2-<_o, then Y+(3/1) -< Y+(3/2).

Proof. Since 6(H(Z+, )) =0 and A-z+cTc is stable, the transfer matrix Gl(S)
for the realization (A-Z+CTC, B1, C) satisfies the inequality IIG (s)ll  (Theorem
2.3). Let W=-P in Pdc (W, H(Z+, 3/))-0 and obtain the equation

(2.5) (A-Z+CrC)P+P(A-Z+CTC)+PCrCp+ I-BIBI =O
T

By Lemma 2.1, the unique minimal solution P_()-> 0 of (2.5) exists.
The explicit Riccati equation for Ric (W, H(Z+, 3/))=0 is

(2.6) (A-Z+CrC) W+ W(A-Z+CrC)- WCrCW 1__ BIBlr 0.
T

Transforming back the maximal stabilizing solution W+(#/)=-P_(/) <-0 of (2.6)
is obtained.

Next, we show that W+(3/) exists for any 3/in the infinite internal 0< =< 3/-< o
and satisfies the inequality

(2.7) W+(’)<-_ W+(3/), 0< <-- 3/<_-.

Since A Z+CrC is stable for any 3/and 1 / 3/2) B1B -<_ 1 / )BIB, the strong solution
P_(3/) of (2.5) exists and satisfies the partial order 0 -< P_(/)_-< P_(3/) by Theorem 2.2.
To show that W+(3/)is stabilizing, note that (1/,r)llGl(s)ll <-(1/C,)llG (s)ll <l and
then apply Theorem 2.3 to show that 6(H(Z+, 3/))= 0 for all 3’ >= .

The next step is to show that the sum Y+(3/)= Z/ + W/(3/) is a solution of (1.4).
First, substitute it into (1.4) and rearrange the equation to obtain the identity (the
subscripts are unnecessary)

A(Z+ W(3/)) + (Z+ W(3/))AT--(Z+ W(3/))cTc(z+ W(3/))

+ B2B2- 1_ BIB
(2.8) ’

(AZ + ZAT_ zcTcz + B2Bf)+ (A- zcTc) W(3/)

+ W(3/)(A_ZCTC)T W(3/)cTcw(3/)_ 1__ B1BIT=O.
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Thus, the sum of any two such solutions is a solution of the dual game Riccati equation.
Since (A--z/cTc)+P_(0/)CrC is stable, the sum Z/+ W/(0/) is stabilizing. The
maximality of Y/(y) can be established by the Lyapunov arguments used in the proof
of Lemma 2.1. By (2.7), Y/(0/,)- Y/(4/2 W/(0/,)- W/(2)--> 0, which establishes the
partial order of Y+(y).

The properties of the dual minimal antistabilizing solution Y_(y) will now be
established by similar arguments applied to the Riccati equation Ric (W,
-H(Z_, 0/)) 0.

THEOREM 2.5. If the antistabilizing Z_ of FARE exists and if 3(H(Z_, ))= 0 for
some , 0<’<, then the unique minimal stabilizing, solution W_(0/) of
Ric (W,-H(Z_, 3,,))=0 exists for all 0/, 0< ’-_< 0/_-<. Furthermore, the antistabilizing
solution Y_(0/) of Ric (Y, H(0/))--0 also exists on the same interval and the relation
is valid Y_( 0/) Z_ + W_( 0/), 0 < / <- 0/<- . Moreover, if 0< ’ <_- 0/1 -<- 0/2 --< c, then
Y_(0/2) Y_(0/,).

Proof. The congruence transformation

(0 -oI) H(Z_ )( 0

I IO) =_HT(Z ,)

implies by Sylvester’s law of inertia [10] that 3(-H(Z_, ))=(--HT(Z_, ))=
3(H(Z_, )) 0.

Since A Z_CTC is antistable, the transfer matrix (s) for the realization (-(A
Z_C TC), B1, C) satisfies the inequality (s)ll by Theorem 2.3. Invoking the
reasoning in Theorem 2.4, 3(--HT(Z_, 0/))=0 for all

The explicit Riccati equation for Ric (W,-H(Z_, 0/))=0 is

(2.9) [-(A-Z_CTC)]W+ W[-(A-Z_CTC)] T + wcTcw+ I--5
Again by Lemma 2.1 the stabilizing solution W_(0/) of (2.9) exists. The extension and
solution monotonicity properties that are derived in Theorem 2.1 can be used to show
that W_(0/) exists on the semi-infinite interval and satisfies the partial order

(2.10) W_(0/) <_- W_(), 0< <-
The sum Y_(0/) Z_ + W_(0/) is a solution ofRic Y, HT(0/))= 0 because it satisfies

(2.8). Since -(A-Z_CTC)+ W_(0/)cTc is stable, it follows that W_(0/) is antistabiliz-
ing and that the sum Y_(0/) is antistabilizing. By (2.10), Y_(0/)-Y_()=
W_(0/) W_(/) _-> 0, thus, the partial order of Y+(0/) is established.

Using the decomposition theorems just derived, the inertia properties of the
antistabilizing and stabilizing solutions of (1.4) can be easily derived. Moreover, they
clearly reveal how and why sign indefinite stabilizing solutions can occur. The existence
of sign indefinite stabilizing solutions ofgame Riccati equations for 0 < 0/< c highlights
a fundamental difference between them and the stabilizing solutions of the standard
control, filtering or the bounded real Riccati equations, which cannot be sign indefinite.
Only the inertia properties of the stabilizing solutions will be proved.

Let Ker (M) denote the null space or kernel of the matrix M and Im (M) denote
the range or image of M.

THEOREM 2.6. If the nonzero solution Z+ of WlC (Z, H2)=0 is nonsingular and
W+(0/) of Ric (W, H(Z+, 0/))=0 exists for some ,, 0< 4/<, then the solution Y+(0/)
of Ric Y, H(0/)) 0 exists for all 0/0 < <- 0/<- c--by Theorem 2.4--and satisfies the
following properties:

(a) In (Y+(0/)) In (I + W+(0/)Z-_’),
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(b) (Y+(T)) =0 if and only if Ai(--W+(3")z_l)# 1, i= 1,’’’, n,
(c) Y+(3’) > 0 for all % 0 < , <= 3" <= if and only if p(- W+()Z;) < 1.

Proof Since Z/ is nonsingular by Sylvester’s law of inertia In(Y+(3’))=
In (Y/(3’)Z-_ 1) In (I + W/(3")Z-_) and (a)-(b) follow from this identity. Since Z/ > 0
and W/(y)<-O, the spectral radius test [10], is equivalent to the statement Y/()>0
if and only if p(- W/()Z_l) < 1. The inverse square root Z_/2 exists, because Z/ > 0.
Now, by (2.7), W+() => W+(3’) for 0 < _-< 3’ _-< o. The spectral sets for W+(3’)Z-_
and -Z-f_I/Zw+(3")Z/2 are identical and they only contain real nonnegative eigen-
values 10, p. 468]. Thus, for 0 < /=< 3" _-< c,

p(- w+( ,)z_’) n(-z_’/ w+( ,)z_’/)

II-(z;-’/=w+(,)z;-’/=)ll <=

jo(-Z1/2 W+(’)Z1/2) jo(- W+(")zl), ["1

In fact, if Y+(/) is sign indefinite for some 4/and if Y+(3’) exists on the half-line
0 < 4/-< 3’ =< , then by the continuity ofeigenvalues and by the monotone nondecreasing
property of Y/(3") as a function of y, it will be singular for some finite value of
because the In(Y/(3’)) depends continuously on the eigenvalues of Y+(3") and
Y+() Z+.

The following converse of Theorem 2.4 is now obtained.
THEOREM 2.7. If there exists a maximal stabilizing solution Y+( 3") of

Ric (Y, HT(3’)) =0 on some 3" semi-infinite interval 0< _< 3"o, then the following
solutions exist on the same interval"

(i) the stabilizing solution Z+ of Ric (Z, H)=0 exists and 6(H(Z+, 3’))=0,
(ii) the stabilizing solution W+(3") of Ric (W, H(Z+, 3’))=0 exists.

Proof Since Y+(3’) exists at 3’ , the solution Z+ Y+() clearly exists. Since
Z+ exists, the similarity transformation

( I Oi) Hr(3")(I OI)=H(Z+ 3")"(2.11)
-Z+ Z+

shows that In(H(y))=In(H(Z+, y)). Thus, 6(H(Z+, y))=0 because Y+(3") is
stabilizing now, the proof in Theorem 2.4 shows that W/(3") exists on the same
interval. El

By combining the proof of Theorems 2.5 and 2.6, the following dual result for
the antistabilizing solutions is obtained.

THEOREM 2.8. If there exists a minimal antistabilizing solution Y_(3") of
Ric (Y, H(3’))=0 on some 3" semi-infinite interval 0< /=< 3’=<, then on the same
interval

(i) the antistabilizing solution Z_ of Pdc (Z, H2)= O,
(ii) the stabilizing solution W_(3") of Ric (W,-H(Z_, 3"))=0 exists.

Proof Since Y_(3’) exists at 3" , the solution Z_ Y_(w) clearly exists. Since
(2.11) is a similarity transformation In (H(3’))=In (H(Z+, 3’)), which means that
6(H(Z_, 3’))=0 because Y_(3’) is antistabilizing. Now the proof in Theorem 2.5 can
be applied to show that W_(y) exists.

3. Stabilizing solutions of the game Riccati equation. In this section, the stabilizing
solution X(3’) of the game Riccati control equation (1.1) is related via the separation
formulas derived in the previous section to the antistabilizing solutions Z_ and W_(3’)
that are factors of the dual game Riccati equation antistabilizing solution. When 3’
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and X(y) is nonsingular, then this relationship reduces to the familiar fact, namely,
Z_ -x-l(oo) 11 ].

To keep the controllability and observability assumptions to a minimum in the
subsequent theorems, some properties of the stabilizing solutions X(y) of (1.1) are
deduced. However, before these deductions are discussed, a key lemma that avoids
assuming that the pair (C, A) is observable is introduced. This is especially important
for the Riccati equations described by (1.6) and (1.7). Then a preliminary theorem is
proved that investigates the role of stabilizability and detectability, when X(T) is a
stabilizing solution.

This decomposition is used in Petersen, Anderson, and Jonckheere [18] and
Hinrichsen and Pritchard [9]. It is a consequence of two key facts. Namely, the linear
subspaces determined by Im X(T) and Ker X(T) are orthogonal and Ker X(T) is an
A-invariant subspace of Ker C.

LEMMA 3.1. Let X be any real symmetric solution of Ric(X, H(T))=0. The
matrices A, B1, B2, and C with respect to any orthonormal basis compatible with the
decomposition Rn= Im X@ Ker X can be written as

0 A22] B22 B2
B22

X
0

Moreover, ifX is not identically zero, 3(Xll)= 0 [9], and Xll satisfies the equation

(3.1)

Some of the deductions in the next theorem are well known for Ric (X, Hoo(oo)) =0,
and (iii) would follow from the H infinity papers such as [4] or [18]. However,
Ric (X, H(T))=0 can have sign indefinite stabilizing solutions. Because local proper-
ties of stabilizing solutions are important for numerical studies 12], a proof is included.
In fact, the next theorem, when combined with the result in the Appendix and with
the metric topology introduced by Gahinet and Laub [5], can be used to justify the
informal statement: the neighbourhoods defined by "small admissible perturbations"
of Ric (X, Hoo(y)) =0 will always contain unique stabilizing solutions, whenever the
unperturbed equation has a stabilizing solution. Subsequently, a theorem will show
that if a positive semidefinite stabilizing solution exists for a single y, 0 < y < oo then
it exists for any larger value of y. This extension property and the minimal assumptions
that guarantee it are apparently new.

Let H(T) denote the 2n x 2n Hamiltonian matrix for the slightly perturbed game
equation (1.8) obtained from H(T) by perturbing the (2, 1) block matrix CrC by el
for e > 0 and He(Z+, y) is the 2n x 2n matrix obtained from H(Z+, y) by perturbing
the (1, 2) block matrix C’C by eI for e > 0.

THEOREM 3.2. Suppose (that Ric (X, H(T))=0 has a nonzero stabilizing-solution
X(y) for some % 0 < y < oo, then

(i) 3(H2) 0, otherwise,
(ii) ifX( y)>-_O, then the pair (A, B2) is stabilizable,
(iii) ifX(/) > O, then the pair (C, A) is detectable.
Proof Since X(T) is stabilizing, the closed-loop matrix A+

((1/TZ)BBI-B2Bf)X(T) is stable. Since the decomposition in Lemma 3.1 can be
realized by a real orthogonal similarity transformation, the A22 block ofthe transformed
closed loop matrix will be stable. Now the dimension of XI equals the dimension
of the block matrix AI. The unstable eigenvalues (if any) of Aal are clearly
(A11,(1/yZ)BB-B2B)-controllable. Since XI(),) is nonsingular, (3.1) can be
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rearranged to yield the equivalent equation

All + NllBI 21.1 Xll(’)
(3.2)

-X,-’ (T)(A,, +
Equation (3.2) clearly shows that (A + X-f(’y)CC) is antistable, and so the stable
or pure imaginary eigenvalue of A (if any) are clearly (A, CC)-observable.
Equation (3.2) shows that the purely imaginary eigenvalues (if any) of A are (C, A)-
observable.

By Theorem A in the Appendix, the perturbed Riccati equation Ric (X, H(3/))
0 will have a nonsingular stabilizing solution X(T). Rearranging the equation, it
becomes

(A BBX(3’))TX( 3/) +X(T)(A B-BX(T))
(3.3)

+X(T)(-72 BIB+BBf) X(T)+ cTc+e1:0.
Since X(3,) is nonsingular and (eI, A-B2BfX(T)) is observable, it follows by
Lyapunov inertia theory [14, p. 448], that In (A-BB2X(T))=In (-X(7)) and
6(A-BBfX(T))=O. At the very least, all of the eigenvalues of A on the imaginary
axis are (A, B2)-controllable and so 6(H2) =0 [13], [15], otherwise if X(y)->0, then
X(7) > 0 (Appendix) and so (A, B2) is stabilizable. The second claim follows by a
similarity transformation identical to (3.2).

The following theorem establishes the existence of nonsingular stabilizing solutions
of the control Riccati equation (1.1) by a Hamiltonian and spectral radius test over
the parameter interval. These tests can be implemented by a Hamiltonian bisection
search [9], [2] or by a gradient search on the spectral radius [17]. Moreover, these
conditions completely characterize the nonsingular stabilizing solutions of (1.1), includ-
ing the sign indefinite ones.

THEOREM 3.3. The nonsingular stabilizing solution X(T) of Ric (X, H(T))=0
exists on the semi-infinite interval 0 < y <= 3/ oo if and only if

(i) the equation Ric (Z, H2)= 0 has a minimal antistabilizing solution Z_ < O,
(ii) the stabilizing solution W-(T) of Ric (IV,-(H(Z_, T))=0 exists on the same

interval,
(iii) the real eigenvalues of the matrix W_(3/)Z-( satisfy the inequality

’i(--W-(’)/)Z--l) # 1 on the same interval.
Furthermore, In(X(T))=In(I+ W_(T)Z) and X(T)>0 if and only if
p(w_()(-z:’))<l.

Proof First, the sufficiency conditions are assumed. The matrix Y_(7)
Z_ + W_(3/) is an antistabilizing solution of the dual game Riccati equation by Theorem
2.5. Clearly, if the real eigenvalues of W_(3,)Z- satisfy (iii) then Y_(3,) is nonsingular
by Theorem 2.6. If Y_(3,) is nonsingular, then its inverse will satisfy the game Riccati
equation (1.1) and, by an obvious modification of (3.2), it will be the unique stabilizing
solution of (1.1), too. Since the stabilizing solution of (1.1) is unique X(3’) -( Y-(7))-
so X(3,) has the asserted properties. Z_ is nonsingular by hypothesis and so by Theorem
2.6 In Y_(T))= In (I + W_(T)Z-).

If X(T) is the nonsingular stabilizing solution on 0 < 4/=< 3’ =< c, then -X-()
is an antistabilizing solution of Ric (Z, H2)= 0 and so (i) is satisfied. Again, by (3.2),
for any 3’ in the interval Y_( T) -X-(T) is an antistabilizing solution of
Ric (W, H(y)) =0 on the same interval. By Theorems 2.5 and 2.8, (ii) and (iii) are
satisfied.
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When the stabilizing solution is semidefinite, then (i), (ii), and (iii) are satisfied
by the perturbed Riccati equation Ric (W, H(y)r)= 0 and, conversely, these condi-
tions guarantee the existence of a strong solution. A strong solution of (1.1) will also
be stabilizing if either the assumption 6(H(y)=0 is satisfied on some semi-infinite
interval or the less familiar assumption (1.8) is satisfied.

THEOREM 3.4. If the stabilizing solution X( y)>= 0 of Ric (X, H(y))=0 exists on
the semi-infinite interval 0 < y <= y <-_ o, then for all sufficiently small e > 0

(i) the equation Ric (Z, (H(o))T)=0 has a minimal solutionZ < 0 on the same
interval,

(ii) the stabilizing solution WL(3/) of Mc (W, -(He(Z_, 3/))=0 exists on the same
interval,

(iii) the real eigenvalues of the matrix W(3/)Z-1 satisfy the inequality
p(-- We_(3/)ze__-1) < 1 on the same interval.

Proof. Since X(3/) is stabilizing and X(3/)>-0, Theorem A in the Appendix can
be applied to Ric (X, HL(3/))=0, which has a stabilizing solution X(3/)>0. The
existence of Z in (i) follows, because the pair (C7"C + el, A) is observable, and by
Theorem 3.2 the pair (-A, B2) is detectable. The other conditions are now immediate
from Theorem 2.8.

Conditions (i), (ii), and (iii) and Theorem 3.3 guarantee that Ric (X, H(3/)) 0
has a nonsingular stabilizing solution X(3/)> 0. Theorem A in the Appendix then
guarantees the existence of a strong solution, and the difference X(3/)-X(3/) can be
made arbitrarily small as e decreases.

The next theorem shows that if a positive semidefinite stabilizing solution of (1.1)
exists, for a single value of % then it will exist for all larger values of 3/; in other
words, its interval of existence is connected. This extension and connectivity property
of the 3/parameter can be extended to any perturbed equation that satisfies Theorem
A. Thus both the game Riccati equation and "nearby" perturbed solutions will also
exist over the entire gamma interval, which ensures that the regularity properties of
stabilizing solutions are well defined.

THEOREM 3.5. If a nonzero stabilizing solution X() >= 0 of Pdc (X, H(y)) 0
exists for some y, 0 < y < o, then X(3/)>-_ 0 exists and is stabilizing on the semi-infinite
interval 0 < y <- 3/<- o and obeys the partial order X(3/2) <= X( 3/1) for 0 y <=

Proof. Since X()->_0 is stabilizing, there exists by Lemma 3.1 a real orthogonal
matrix S such that X(/) and A are transformed by the congruence transformation
SrAS and SrX()S into the block form

0 A2z,] (21
The closed-loop matrix A+ ((1/3/)B1BI BEB)X(3/) is stable and thus the A22 block
of the transformed closed-loop matrix will be stable. The unstable eigenvalues (if any)
of All are clearly controllable. By Lemma 3.1, the dimension of Xll() equals that of
All, and Xll()> 0 is a stabilizing solution of the reduced Riccati equation (3.1). By
Theorems 2.6 and 2.7, the stabilizing solution Xl1(3/)>0 exists on the semi-infinite
intervals 0< /=< 3/=<o. The inertia relation In (SX(3/)S))=In (0, u(0),
and the uniqueness of stabilizing solutions of (1.1) guarantee that X(3/)>-0 exists on
the semi-infinite interval.

By Theorem 3.4, the solution Y_(3/) < 0 exists on the same interval, and by Theorem
2.5, YL(3/) _-< YL(3/1) for 0 < /-<_ 3/1 --< 3/2 00. Moreover, the proof ofTheorem 3.3 shows
that the solution X (3/) ofRic (X, H(3/)) 0 exists and satisfies the equation X (3/)
y(3/)-1, which implies that the partial order X (3/2) Xe (3/1) is valid.
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4. Monotonicity of the spectral radius. Since the spectral radius is not a norm, its
functional properties often require special considerations. Functional properties are
especially important when the spectral radius is coupled with a computational
algorithm. For example Pandey et al. [17] search over the 3’ interval for the optimal
H-norm by a gradient method applied to the special radius p(X(3")Y(3")). The
next theorem shows that the discontinuities (if any) of the spectral radius
p(X(3") Y(3")) are jumps.

THEOREM 4.1. Ifthere exist maximal stabilizing solutions X( 3") >= 0 and Y( 3") >- 0

of the respective game Riccati equations (1.6) and (1.7) defined on the same semi-infinite
interval 0< <-3"-<, then p(X(3"2)Yoo(3"E))<-p(X(3"l)Yoo(3"l)) for 0< _-<3’1 -<

3"2 <- c.
Proof. Throughout the proof, 3’ is confined to the interval 0< _-< 3"=<o. Both

solutions satisfy the same 3’ dependent partial order X(3’2) --< X(3’l), Y(3’2) -<

Y(3’1), by an obvious modification of the proof of Theorem 2.1 for the first inequality
and then by invoking duality for the second inequality.

Since both solutions X(3’) and Y(3’) are stabilizing, Theorem A in the Appendix
can be applied to the "slightly" perturbed versions of the game Riccati equations (1.6)
and (1.7), which are obtained from the original equations by adding the matrix eI
with e > 0 to the respective matrices CI(I D,EE-(1Drl2)C1 and BI(I- DEIDE1)Brl.
The perturbed solutions X(3’) > 0 and Y(3’) > 0 inherit the same 3" dependent partial
order as the original solutions.

For each e > 0 and 3’ standard balancing results [11] can be invoked to show that
there exists a similarity transformation T (the explicit dependency on e and 3’ is
omitted) such that X(3") and Y can be simultaneously diagonalized

TTx( 3") T , (3") T-’ Yo( 3") T-T.

by
The real diagonal elements r(3’)i of the diagonal matrix E(3’) are determined

o-(3’), (A,(X(3’) y(3’)),/2, i-1,...,n.

Since E (3’) is the common unique maximal stabilizing solution of the "slightly
perturbed" game Riccati equations in the transformed state equations representation,
it inherits the 3" dependent partial order. Thus, the spectral radius ordering

p(X( 3"2) Y(T_)) -<- p(Xo( 3",) Yo( 3"1))

for 0 < /_-< 3’1 3’2 O0 is established for any e.
The eigenvalues of X(3’) Y(3’) are all positive or zero real numbers [10, p. 468].

Furthermore, the eigenvalues of the matrices xE(3")(X(3")Y(3")) and
X2(3’) Y(3")X2(3") are identical. Thus, the following chain of inequalities can be
obtained:

" 11Xlct3/2(3’1) Yco( 3’,)Xlco/2(3’1) II.
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Since the obvious terms in the inequality chain tend to zero as e- 0, it follows that
p(X(y.)r(yz))<-p(X(yl)Y(yl)) for 0 < -< 3/ =< 3/-< . [3

5. Rank. By Theorem 3.5, the rank of X(3/) is a decreasing function of y, because
X+()<=X(T) for 0< 3/-<_. In fact, a more complete description of the rank is
possible; namely, the rank of X(y) is a constant for all y and it is determined by the
eigenvalues of the dynamical system matrix A. According to Postlethwaite, Gu, and
Young [20] the rank of X+() is determined by the unstable controllable eigenvalues
and by the stable observable eigenvalues. Their descriptive and interesting eigenvalue
characterization ofthe rank of X+() is also valid for X(3/). The strategy of determining
the rank of X(3/) by using the direct sum decomposition of R derived in Lemma 3.1
is apparently new.

THEOREM 5.1. IfX(3 is a nonzero stabilizing solution of Ric (X, H(3/))=0 for
some % 0 < 3/<-o, then the rank ofX(3/) equals the number of unstable eigenvalues of
A that are (A, (1/3/2)B1B-B_B)-controllable plus the number of stable eigenvalues
of A that are (C, A)-observable. Moreover, if X(3/) is stabilizing on some T-interval
0 < 3/1 <- 3/<-- 3/2 <-- o then rank of X(3/) is constant on the interval.

Proof. By assumption, the closed-loop matrix A+((1/3/2)B1B-B2B)X(3/) is
stable. The decomposition in Lemma 3.1 can be realized by a real orthogonal similarity
transformation. Since the eigenvalues of the A22 block are feedback invariants, the
transformed closed loop matrix will be stable. Now, the dimension of Xl1(3/) equals
the dimension of the block matrix AI. The unstable eigenvalues (if any) of All are
clearly controllable. Since Xll(3/) is nonsingular, (3.1) can be rearranged to yield the
equivalent equation

(5.1) All -[- BllBTll B2,B Xl1(3/)

=-XI-ll(y)(All + X-I(y)CCI)TxI( 3/)

Equation (5.1) clearly shows that (All-+-XI-ll(3/)CICll) is antistable, and so the stable
eigenvalues of AI (if any) are clearly observable, while the decomposition in Lemma
3.1 shows that the stable eigenvalues of A22 are clearly (C, A)-unobservable. Since
these two types of eigenvalues exhaust the possibilities, the rank of X(3/) must be as
asserted.

Suppose that the rank of the stabilizing solutions X(y) is not constant on some
open interval. Since the number of unstable eigenvalues of A are independent of
the rank of X(3/) can only change on the stable eigenvalues. If an eigenvalue
is (Cll, Al)-Observable, then it is also (C, A)-observable, because all right eigenvectors
of A22 are members of the subspace Ker (C) and all right eigenvectors of All are
members of the subspace Im (C), and the dimensions Im (C), A11 and Im X(y) are
equal. If the rank X(3/1 is different from the rank of X(3/2 on the interval ’)/1 1 < 2
3’2, then, by using Lemma 3.1 again, there will exist a stable eigenvalue of A that is
both (C, A) observable and (C, A)-unobservable, which is impossible.

Appendix. The main theorem in this appendix is an amalgamation of separate
theorems--some stated with more generality--that have been proved in recent publica-
tions. The theorem itself has not appeared in any of the separate publications and it
will not be proved here. For completeness, each ofthe contributing results are referenced
and they can be consulted for the relevant proofs.
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THEOREM A. Suppose that M and Q are real symmetric matrices with Q >-0 and e

is a nonnegative parameter.
The matrix Riccati equation

(A.1) Arp + PA PMP+ Q 0

has a unique stabilizing solution P >-0 if and only if
the Hamiltonian

A -M)H=
-Q _AT

has no imaginary eigenvalues, and
(ii) the matrix Riccati equation for

(A.2) ATp + PA PMP + Q + eI 0

has a singular unique stabilizing solution P> 0 for e (e > O) sufficiently small that
depends continuously on e. Moreover, ifP is stabilizingfor Mc P, H) then the stabilizing
solution P for (A.2) will exist.

This fundamental result shows that the stabilizing solution of (A.1) will retain its
property in the proximity of a perturbed Riccati equation. The solution depends
continuously--at least locally--on the coefficient variation in the Riccati equation. By
using a norm-induced metric space and the implicit function theorem, Gahinet and
Laub [5] formulate the previous sentence in precise mathematical concepts. By a clever
use of the implicit function, theorem, they show in a neighborhood--induced by the
metric norm--of the stabilizing solution set (P, A, M, Q) the matrix Riccati equation
for the perturbed matrices (A+AA, M+AM, Q+AM) will also have a stabilizing
solution, provided that AA, AM, and AQ are real matrices, AMT= AM, AQT= AQ
and that they are "sufficiently close" to the normal solution set. This local result does
not require any other special system requirements such as stabilizability, observability,
or inertia properties for AM or AQ. Another and earlier proof of the regularity of the
stabilizing solution of the matrix Riccati equation using the implicit function theorem
is found in [3].

Petersen, Anderson, and Jonckheere [18] prove that the existence of a positive
semidefinite symmetric solution of (A.2) implies that (A.1) will have a positive semi-
definite strong solution. Actually, the matrix Q + eI in (A.2) can be replaced by ( >_- Q
with > 0 in their theorem.

When e >0 (A, eI) is clearly controllable, and so by a well-known result of
Shayman [23], every real symmetric solution of (A.2) is nonsingular. Finally, the
statement "P _>- 0 then P > 0" in the theorem is proved in paper by Safonov, Limebeer,
and Chiang [24]. Whenever (A.1) has a stabilizing solution P, then (A.2) for e
sufficiently small will have a stabilizing solution P also, and both of these solutions
will be unique by a theorem in Petersen [19].

Acknowledgments. The author thanks the anonymous referees for their helpful
comments.
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A GLOBALLY CONVERGENT STOCHASTIC APPROXIMATION*

SID YAKOWITZ

Abstract. By combining a constrained Kiefer-Wolfowitz search with an automatic learning algorithm,
it is shown that asymptotically normal convergence of an estimator to a global optimum under reasonably
lenient assumptions can be attained. It is enough that the objective function be smooth and locally strictly
convex at its minima. The central conclusion is that if 0n is the estimate produced by the method shown at

the nth decision epoch, then for some global minimizer 0", n/3(0-0*) is asymptotically normally
distributed. This coincides with the conventional Kiefer-Wolfowitz convergence rate to a local optimum.

Whereas this study was motivated by needs of machine learning, the basic plan would seem applicable
to root-finding tasks, and to other types of stochastic approximation algorithms.

Key words, stochastic approximation, random search, automatic learning

AMS(MOS) subject classifications, primary 62G05; secondary 62G99

1. An algorithm and statement of results. Many problems in automatic learning
can be abstracted as a stochastic minimization problem, to wit." Let f( be an unknown
function defined on a given domain D. On the basis of noisy observation pairs
{ 0i, Y/)} ’_--11 with

(1.1) Yi f( Oi) + Z( Oi),

choose 0n in such a fashion that with respect to some criterion,

(1.2) f( On) -"> fMiN.
Here fMIN designates the global minimum off( on D, and Z(Oi) is a 0-mean random
variable depending on the past only through the choice of 0i.

A number of investigators, e.g., Devroye [1], [2], Gurin [3], and Yakowitz and
Lugosi [14], have provided stochastic minimization algorithms that are globally con-
sistent in various senses, and Yakowitz and Fisher [11] and Yakowitz and Lowe 13]
have established rates of convergence. These works did not assume the objective
function to be smooth, as will be required here. However, under our more stringent
assumptions, a much more rapid convergence rate is assured. Computer experimenta-
tion on sequences of games, puzzles, and model queueing processes (some of which
is reported in Yakowitz [10] and Yakowitz and Lowe [13]) have convinced the author
that automatic learning holds promise as a practical methodology. A feature of the
objective functions f( from these areas of applications is that they are multimodal,
and local minima preclude the use of conventional methods.

Neural networks have become a popular facet of learning theory. We may readily
confirm (Khanna [5, Chap. 5]) that standard neural network algorithms resemble
stochastic approximation formulas. For that reason, the present study may have
relevance because a common complaint about neural network learning is that the
algorithms are attracted to suboptimal local minima.

The present paper is devoted to synthesizing an automatic learning procedure
with Kiefer-Wolfowitz-type stochastic approximations (see Kiefer and Wolfowitz [6])
so as to take advantage of the rapid convergence properties of the latter technique
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TABLE
A stochastic approximation learning algorithm.

The Components

D, where D is convex, D Rd.
p(), a continuous probability density function (chosen by the user) with D as support.

N(i)}, with

(1.3) N(i) integer part of (C exp (i)), 1, 2,.
In (1.3), C is an arbitrary positive constant. The N(i)’s are referred to as "new sample times."

{a(i)} and {c(i)}, are positive sequences, with

a( i) A/ and c(i) C’/ 1/6.

Here A and C’ are positive constants, and the sequences are parameters of the K-W search.

Initialization

n 1, NP--O. (n is the decision time, NP is Number of test Points at time n.)

The Procedure

If n N(i)}, then get new test point.

1. Set NP=NP+I.
2. Choose a new test point TNp(n) at random according to the density p(). Set 0, TNp(n) and observe
the noisy value

(1.4) Y,,=f(O,,)+Z(O,,).
3. Initialize a sample average, a resample counter, and a hypercube for the new test point by defining

mp(n)= Y,, and NSp(n)= 1,

and define H(NP) to be the hypercube centered at Tp with sides of length (1/NP) lid. This hypercube is
fixed for the rest of the process. (Tp will be constrained to wander around inside of H(NP) as the process
evolves.)
4. Select a good test point for resampling. If NP> 1, define MIN to be the index j that minimizes

m(n), <=j <- NP(n). Designate as I* the smallest index such that

(1.5) m <= mMiN + 2/log (n).
Go to 8.

Else if n {N(i)} then take a K-W step at the (apparently) best point and update other points as needed.

5. Make a K-W step at I*: We describe the K-W for the one-dimensional domain case, but the extension
to dimension d should be obvious. Set

O,,= T.
NS NSI. n

a a(NS)
(1.6) c c( SS)

Yl=f(O,+c)+Z(O,+c)
Y2=f(O,-c)+Z(O,-c)

DY*(O,, c) =c (Y1- Y2).

Set

(1.7) T= Tl.- a x DY*( O,,, c).
The K-W step redefines Tt* to be Tt. T for Te H(I*) or the closest point in H(I*) to T if TO: H(I*).
6. Update the sample mean and counter:

(1.8) mr.(n)= 1/(NS+ 1)[NSmI.(n-1)+(Y1 + Y2)/2]
and

NS NS + 1.

7. Update other test points if necessary: Do preceding step at any index i, <= i<= NP, such that NSi(n)< nL
Here 3’ (0.5, 1) is a number which is held fixed for the duration of the process.

8. Set n n + and repeat the procedure.
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while preserving robust consistency characteristics of the former. It will suffice for our
purposes that f() be smooth, at least piecewise, and locally strictly convex near its
minima.

Table 1 gives a global Kiefer-Wolfowitz (K-W) rule based on the Yakowitz-Lugosi
method. Basically, the (very conventional) idea is to occasionally explore the domain
to find better points and to improve estimates of values at old but unpromising test
points. However, at most decision times, we choose test points at which the perform-
ance, as measured by sample averages, is seemingly better. The purposes of this re-
sampling are to (i) improve the estimate at these places and (ii) attain performance
that is best with respect to the current state of knowledge.

The obvious but apparently new contribution we offer is to take K-W steps at
these "resample" times. By this enhancement, we can hope that, as resampling proceeds,
each test point "wanders" into the bottom of the valley in which it finds itself. By
gradually acquiring new test points in the tradition of random search, eventually every
valley will be explored.

The central result ( 2) is that for the hybrid method, and 0* some global minimizer
of f(),

(1.9) nl/3(On--O*)

is asymptotically normal.
We close this section by presenting the globally convergent K-W algorithm and

a simple illustration of its use.

An example. We close this introductory section by examining the experimental
side. Figure 1 is a plot of

(1.10) f(x) x sin (30x), x e D [0, 2].

The noise is independent and identically distributed (i.i.d.) standard normal. Figure
2 gives the average observed performance (l/n)Yi=l Y for a version of the K-W
learning algorithm, and, for purposes of comparison, Fig. 3 was obtained from a code
that is the same, except it does not take K-W steps, but keeps T constant at its original,
randomly chosen value. That is, update (1.7) is omitted.

1.5

0.5
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-2
0

Plot of sin(30x)
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FIG. 1. The objective function.
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FIG. 2. A search with K-W steps, Y(n)= 1In 1<-_i<-,, Y(O(i)).
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FIG. 3. A search without K-W steps.

Rationale and variations of the algorithm. The goal of finding a global stochastic
approximation rule having been set, there are many plausible routes to its accomplish-
ment. Alternative learning schemes that also could be synthesized with the K-W step
are briefly discussed in Yakowitz and Lugosi 14]. The author suspects that the algorithm
would be convergent without the hypercube constraint construct. However, a
demonstration does not readily dawn on him. In any event, there is no hope of attaining
a faster asymptotic rate than the present algorithm, which has the rate of the pure
K-W process.

We anticipate that readers with specific stochastic minimization problems at hand
will take liberties with our algorithm. To get an acceptable level of performance early
in the learning process, it is sensible to initially take a goodly number of new point
samples relatively soon. Perhaps computation in an interactive mode is warranted. If
our global stochastic approximation methodology takes root, it may be worthwhile to
devise an adaptive variation which chooses "new point" and "resample" times adap-
tively according to the degree of observed success in the exploration of new points,
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and the observed sample variability in the running means mi(n). Such data-driven
extensions are akin to "automatic bandwidth selection" procedures of the nonpara-
metric estimation literature. To the extent that the nonparametric estimation literature
is a useful guide, we may anticipate that analytic prowess will be needed to assure
that convergence rates are maintained.

2. Convergence analysis. Here it is shown that a particular set of assumptions can
assure convergence, in distribution and mean square, of a global stochastic approxima-
tion (SA) minimizer at a stated asymptotic rate. However, the reader will see from the
plan we follow that other standard rules and assumptions of the SA realm can likewise
be merged with the learning algorithm to attain convergence, perhaps in other senses.
The first part of these developments pertains to pure K-W steps, and to avoid confusion
with the learning algorithm, the decision variable is x, in 2.1-2.3. Thus we seek a
minimizer of f(x) on the basis of noisy observations Y(x) =f(x) + Z(x), x D. In

2.4, we synthesize the constrained SA results with the global learning algorithm to
demonstrate asymptotic convergence to a global minimizer.

2.1. Process assumptions.
About the objective function.
F.1. The function f() to be minimized is defined and three times continuously

differentiable on a convex Borel set D Ra. The domain D is further presumed to
have an open subset.

F.2. The set of global minima (minimizers) of f( is finite but not empty.
F.3. Let fLOC denote the infimum of the local but not global minima off(). Then

fLOC fMIN"

F.4. Assume f() is locally strictly convex at its global minima, and each such
minimum is an interior point of D. Furthermore, hypothesize that not all third-order
partial derivatives are 0 at the minima.

About the noise.
N.1. The random variables Z(x) are indexed by x D. Presume that {X(n)} is a

sequence obtained by some deterministic operation on observations

(X(i), Y(X(i))), i< n.

The distribution of Z(X(n)) depends on the past history only through the value X(n).
That is, in distribution, the conditioned variable

(2.1) Z(X(n))l{X(1), Y(X(1)),...,X(n)}=Z(X(n))]X(n).

N.2. For each x D, E[Z(x)] O.
We remark that a consequence of (2.1) and the 0-conditional expectation assump-

tion is that {Z(X(n))} is a martingale difference sequence with respect to the sigma
field induced by the preceding X-Y values.

N.3. For some positive constant cr2 and all x e D, the conditional variance
var (Z(x))<-cr2. The variance var (Z(x)) is further hypothesized to be continuous in
neighborhoods of minima of f().

N.4. For some positive number and all x, we have

(2.2) EIZ(x)l> M < oo.
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About the Kiefer-Wolfowitz steps.
S.1. The sequences {a(n)} and {c(n)} are defined by

(2.3) a(n) A/(n + 1), c(n) C/(n "t- 1) 1/6,
A and C being positive constants.

S.2. Fix some d-dimensional hypercube H c D, and suppose the initial value x(1)
is chosen arbitrarily from H. For any real function (random or otherwise) q(.) and
number c 0, we use the notation

(2.4) Dq(x, c) (q(x + c)- q(x- c))/2c.

If q( is defined on a higher-dimension space, then Dq(x.c) is a vector of like dimension.
The jth coordinate is given by

Dqj(x, c) (q(x + ce.i q(x- ce.))/2c,
where ej is the vector with 1 at the jth coordinate and O’s elsewhere. With these
constructs, the constrained search proceeds as follows" For n _-> 1, recursively define

(2.5) X(n+l)=X(n)-a(n)DY(X(n),c(n)).

If ., (n + 1) H then X(n + 1) "(n + 1). Otherwise, X(n + 1) is the closest vector in
H to 2(n+ 1).

2.2. Almost sure convergence. The theory for almost sure convergence for con-
strained stochastic approximation and asymptotic normality offered in Kushner and
Clark [7, Chaps. 5 and 7, respectively] is the foundation for our developments.
Hereafter, "KC" will denote this reference and precede its equation and theorem
numbers. This section and the following are devoted to recasting KC results into our
setting. Our approach to demonstrating asymptotic normality requires first obtaining
almost sure convergence, and that is the topic of discourse now.

LEMMA 2.1. Letf( satisfy the conditions F. 1, F.2, the noiseprocess satisfy N. 1-N.3,
and the search be as in S.1 and S.2. Presume that f( assumes a minimum at x* at an
interior point of hypercube H and is strictly convex. Then almost surely,

(2.6) X(n)- x*.

Furthermore, if the convexity assumption is dropped, but X(i) visits every neighborhood
of x* infinitely often, then almost surely, (2.6) holds.

Proof We proceed by showing that the assumptions of Theorem 5.3.1 [KC, p. 191]
are satisfied, and then state how the conclusion implies the lemma. To apply this
theorem, which ostensibly is directed at the Robbins-Monro case, we set h(x) -Tf(x),
as suggested by [KC, p. 190]. Then/3,, as in [KC, eq. 5.3.1], is

(2.7) /3, -h(X(n))- Df(X(n), c(n))

and

(2.8) , =-DZ(X(n), c(n)).

From standard results on numerical differentiation.

(2.9) ,=O(c(n)2).
Thus condition [KC, A5.1.5] is satisfied.

The condition [KC, A5.3.1 that the constraint functions be continuously differenti-
able is satisfied by the hyperplanes forming the boundary of H. Condition [KC, A5.3.2]
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is satisfied if the series

(2.10) , (a(i)/c(i))Z(X(i))
i=1

is almost surely convergent. But by N.3 and S.1, we have

Z [a(i)/c(i)]2tr2 < 0o

which for such orthogonal series, is known to imply almost sure convergence of (2.10)
(e.g., Love [8]).

We have now established that all the conditions of Theorem KC 5.3.1 are satisfied.
The conclusion of the theorem is that if the point x is the limit of any convergent
subsequence of {X(n)}, then x is a Kuhn-Tucker (KT) point. By the strict convexity
assumption of our lemma, x* is the unique KT point, and since H is compact, there
must be a convergent subsequence. Thus (2.6) must hold. If convexity is dropped, the
second part of the lemma is assured by the second part of Theorem KC 5.3.1.

2.3. Asymptotic normality. Theorem KC 7.3.1 addresses asymptotic normality of
the unconstrained K-W algorithm directly. Under the conditions of Lemma 2.1, we
have almost sure convergence to the minimizer, which is an interior point, and so
eventually the points X(n) are all determined by the pure K-W formula (2.5), and
thus results about the unconstrained case apply.

LEMMA 2.2. Under the conditions of Lemma 2.1, including the strict convexity
assumption, and also N.4,

(2.11) nl/3(X(n) x*)
converges in distribution to a normal vector with 0 mean. Also, the variable in (2.11)
converges in mean square.

Proof. In the multivariable case, by "square" we mean right multiplication of the
d 1 vector by its transpose. We follow the developments of [KC, Case 1, Chap. 7].
The result holds if we can show that the conditions of [KC, Thm. 7.3.1] are satisfied.
Our choice of the sequences a(n) and c(n) are in agreement with [KC, A7.2.4(a)].
Lemma 2.1 is condition [KC, A7.2.2], Condition F.1 is [KC, A7.2.3]. Our noise
assumptions N.1 to N.3 are [KC, A7.2.5] to [KC, A7.2.7]. This completes the
hypotheses, and the conclusion of Theorem KC 7.3.1 is the conclusion of the lemma.
(The discussion in [KC, 7.4] makes this connection transparent.)

An expression for the limiting covariance matrix is given in [KC, 7.4.2], but it
involves terms and parameters which will not usually be available to the statistician.

2.4. Convergence of the learning algorithm. In what follows, we refer to the times
at which Algorithm Step 5 is taken, at which we resample at I*, as resample times.
The main result of our study is the following theorem.

THEOREM 2.1. If all the assumptions F.1 to F.4, N.1 to N.4, and S.1 are in force,
and the search algorithm of Table 1 is applied, then during resample times n, for some
minimizer 0* off(),

(2.12) n/3(O,-O*)
converges asymptotically in distribution to a normal random vector with zero mean.
Moreover, the variable (2.12) converges in mean square to a constant matrix, and O,
converges almost surely to 0".

Proof The plan is the following: We let V (for "valleys") designate the union of
neighborhoods of the global minima on which f() is strictly convex, and on which
f() takes values no greater than f+ e/2, with e =feoc-fy as in F.3. We will
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show that eventually there will be hypercubes, as in Step 2, which lie entirely in V
and which contain the minima as interior points. Almost surely, for all but finitely
many n, resampling will concentrate on but one of these convergent test-points. It is
then a simple matter to call upon the lemmas to confirm the statements of the theorem.

Let 0* be a global minimum off( and B1 a ball centered at 0* and having radius
r sufficiently small that f() is convex on B and is bounded above by fMN+ e/2 on
B1. To show that eventually there is some hypercube H(k) containing 0", and such
that H(k)c B1, take N> 2/r, and let E be the event that for some >- N, 0" H(i).
If E occurs, we have the desired hypercube. Let E be the complement of E. Then

P[EC] =lim I (1-P[0*H(i)])
i----/N/

(2.3)
=lim II (1-[p(O*)((1/i)+o(1/i))])

i=N

and this above product converges to 0.
Now that we know that almost surely any test point will eventually fall within an

arbitrarily small search hypercube, the next goal is to show that for all but finitely
many resample times, test point index I*, as in Algorithm Step 4, will be selected to
be some fixed index of a K-W search in V.

Let f(n) denote the average of all the true function values made at index
i, 1 <=i<= NP(n), up to decision time n. That is, letting zi(j) denote the time of the jth
call to test point T,

NSi(n)

(2.14) fi(n) 1/SS,(n) (f(O,(j)+c(j))+f(O,(j)-c(j)))/2.
j=l

The actual averaged observations at index i, is, of course, the quantity m(n), in the
algorithm. The observation error due to noise is

ei(n)= fi(n)- m(n)
(2.15) Ns,(n), (1/NS(n))[Z(O,,(j+c(j))+Z(Oj-c(j))]/2.

j=l

The objective now is to demonstrate that

(2.16) P[]e(N(j))[> 1/log (N(j)), for infinitely many i,j]- 0.

Fix an index and let Sg(n) NSg(n). e(n). Note that since Kolmogorov’s inequality
holds for martingales [4, p. 14], for any positive C,

(2.17) P [ k<=N(j)max ]Si(k)[> C] <= N(j)cr2/ C2.

From Step 7,

NSi(N(j)) >- N(j) ’.

From this, and after setting C=N(j)r/log(N(j)), and recalling that NP(n)=
O(log (n)), conclude that for some constant C’,

P[ max max [ei(k)l>l/log(N(j)) ]i--NP(N(j)) N(j)V_kN(j)
(2.18)

=< C’ log (N(j))cr2/N(j)2r-1.
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The reader will verify that in view of the exponential growth rate of N(j) (recall (1.3)),
the right side of (2.18) is summable in index j. The Borel-Cantelli lemma then gives
us (2.16).

Since we are examining asymptotic behavior, without loss of generality and in
view of (2.16), in discussions to follow we assume that for all new sample times N(j)
at which I* is reassigned,

(2.19) Im,(N(j))-f(N(j))l<l/log(N(j)), l<=i<=NP(n).

We have noted that every global minimizer is eventually an interior point of some
Step 3 hypercube on which the conditions of Lemma 2.1 are satisfied. The conclusion
of Lemma 2.1 implies that every global minimizer is the target of some (in fact,
arbitrarily many!) K-W searches T(n). Define to be the (random) set of indices
such that T(n) 0", for some a global minimizer of f(), and designate G to be the
minimum index in . By the second part of the Lemma 2.1 and our hypothesis F.3
(which implies that every global minimum is an isolated Kuhn-Tucker point), we
conclude that for i< G almost surely lim inffi(n)>fG(n). Consequently, in view of
(2.16), only finitely many times can such a value i< G serve as I*. That is, almost
surely, for all retest times n sufficiently large,

I*(n)>-G.

Toward analyzing the convergence behavior of f(n), we appeal to a law of the
iterated logarithm for the K-W process in Hall and Heyde [4, 7.6]. Hall and Heyde’s
(designated now as HH) conditions B1 through B4 are covered by our smoothness
and convexity postulates F1 and F4, and the observation that eventually T(n) is a
pure K-W process converging to 0". The HH condition B5 is satisfied by our noise
assumptions N1 through N4. The HH analysis assumes that the K-W domain is of
dimension 1, but assuming dimension d > has influence only in replacing scalars by
vectors, and reading absolute as norms, in their analysis. An implication ofHH Theorem
7.15 is that almost surely,

(2.20) ]TG(r(j))- 0"] < Cx/log (log (r(j)))/j

for some positive constant C and all j sufficiently large. After summing j from 1 to
n , and using that f(T(,r(j))) --fMN O(T(’rG(j)) 0"), we see that almost surely,

(2.21) yG(FI)--fMIN-- 0(1/I"/1/6).
Relations (2.16) and (2.21) yield that for all i> G and large j,

(2.22)

mi(N(j)) + 2/log (N(j)) >fM,>a + 2/log (N(j))

>fo(n) + 2/log N(j)) + o(1/N(j) ’/6)
>m(N(j)).

The preceding sequence implies that condition (1.6) for choosing I* will be satisfied
by G for all but finitely many N(j). This gives that almost surely, at all retest times
n sufficiently large, Lemmas 2.1 and 2.2 apply to the search T(n). The conclusions
of these lemmas imply the theorem.

Upon recognizing that Step and Step 7 times grow as o(n), we can readily
modify the global SA to assure asymptotic normality without restriction on n by letting
the N(i)’s be randomly chosen (independently of the search process) integers from
the interval

[C(1-a)exp(i), C(1 + a) exp (i)],
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for a an arbitrary number in the open unit interval and C as before. It is evident that
the asymptotic normality result and convergence rate will be unchanged, but, of course,
the almost sure convergence is sacrificed. The modifications of the proof of the theorem
to cover this alteration are fairly evident.

COROLLARY 2.1. If the conditions and the global SA are as in the theorem, except
that the N( i)’s are randomly chosen from the integers in

[C(1-a) exp (i), C(1 + a) exp (i)],
then we have that, regardless of n,

(2.23) n/3(O,-O*)
converges asymptotically in distribution to a normal random vector with zero mean.
Moreover, if the search domain D is bounded, the variable (2.23) converges in mean

square to a constant matrix.

3. Conclusions. To some, the orientation of this study, with its emphasis on the
"stochastic minimization" problem, will appear misguided. The major contribution
would seem to be to the stochastic approximation method, about which we find much
more research interest than machine learning. The orientation here stems from the
author’s conviction that the machine learning problem is the more significant, and that
stochastic approximation is but one important tool among many for machine learning.

On the pragmatic side, the author and his students have found the global stochastic
approximation to be effective for artificial-intelligence and heuristic search problems
with low-dimension variables. Our experience with problems in which the search
domain D has dimension higher than 10, say, has not been encouraging. This appears
to have more to do with the curse of dimensionality than our deviation from pure
K-W rules. (This phenomenon casts a shadow on the neural network enterprise.)

At the beginning of 2, it was noted that our analysis could apparently be modified
to encompass other stochastic approximation rules or to obtain convergence in other
senses. In that regard, a fine study by Polak and Tsybakov [9] offers a stochastic
approximation idea based on kernel regression notions and shows how to achieve
optimal rates with respect to the class of all data-based nonparametric algorithms,
under certain standard assumptions about the smoothness and noise.

As a final point, it is to be noted that our technique can be employed for the
original Robbins-Monro task of finding the root of a regression function. Thus we
could seek roots for functions f( which only satisfy the standard conditions locally,
without sacrificing asymptotic rates.
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MISMATCHED COMMUNICATION CHANNELS*
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Abstract. The mismatched communication channel with an infinite-dimensional real separable Hilbert
space as input and output spaces is considered. To study communication in the presence of jamming, a two
person zero sum game with mutual information of input source and output source as the payoff function
can be formulated. The coder’s goal is to make mutual information as large as possible, and the jammer’s
goal is to make mutual information as small as possible. The optimal mutual information under appropriate
constraints of coders and jammers is obtained.

Key words, information theory, game theory, communications, jamming

AMS(MOS) subject classification. 94A

1. Introduction. The additive Gaussian channels can be considered in the follow-
ing way. For the sake of simplicity, we consider both the input spaces and the output
spaces to be a real separable Hilbert space H. Suppose that the noise source/Xz is a
Gaussian measure on H with mean 0 and covariance operator Rz and the input source
/Zx is a probability measure on H. Then the output source/xv is defined as

txv(A) tXx (R) tXz{(X, y); x + y A}, A ,
where x@z is the usual product measure ofx and z and is the Borel g-field

of H. The compound source xv derived from the input source x and the noise
source z is defined by

xv(B)=x@z{(x,y);(x,x+y)B}, Bx,

where N x N is the Borel g-field of H x H.
The mutual information I(X, Y) of xv with respect to x@v is defined as

follows: If xv << x@v,

(x, y) dxy(X, y),I(X, Y)
H

log
dx@ y

and otherwise I(X, Y)= (see [10], [11], [12], [17], [18]).
The information capacity is then sup {I(X, Y); x e }, where is a set of

admissible x. Baker 1 defined mismatched Gaussian channels in the following way:
Letw be a Gaussian measure on H with mean 0 and covariance operator Rw satisfying

range (R2) range (Rif2)

and

range (Rw)= H.

Then there exists an unbounded densely defined selfadjoint operator S such that

Rz R1/w2( I + S)R1/2W

* Received by the editors October 5, 1988" accepted for publication (in revised form) April 17, 1991.
? Department of Mathematics, Yamaguchi University, Yamaguchi, Japan.
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An appropriate constraint is thus

(/Xx;/Xx is a mean zero probability measure satisfying

Ilxll%v dlxx(X)<--P(>O)},
where w is the norm of reproducing kernel Hilbert space of/Zw. Then the capacity
was obtained exactly.

McEliece and Stark [16] have modeled the conflict between coder and jammer
when coding is used by a two-player zero-sum game with mutual information as the
payoff function (see also [9], [19]). Recently, Hughes and Narayan [13], [14] obtained
the interesting results for optimal coding. On the other hand, if the payoff function is
instead taken as a quadratic distortion measure, it is known that Gaussian measures
constitute saddle points for both finite and infinite-dimensional formulations (see [2],
[3], [4], [5], [6], [7], [8]). But since we are interested in mutual information, we here
adopt the viewpoint given in [9] that this is a game with two players. Player A, which
we call the coder, controls the input source/zx. Player B, which we call the jammer,
controls the noise source/Xz. The coder’s goal is to make I(X, Y) as large as possible,
and the jammer’s goal is to make it as small as possible. We call I(X, Y) the game’s
payoff function in our game. This game will be meaningless and trivial unless we place
restrictions on the players. We suppose that the coder’s choice of/xx must lie in a
certain set (I), the set of allowable inputs, and that/Zz must lie in , the set of allowable
noises. Then two programs are associated with this game.

Coder’s program:

Jammer’s program:

A strategy/X*x such that

a= sup inf I(X,Y).
/Xx /xz xI

/3- inf sup I(X,Y).

(1) inf I(X* Y)=a
zxI

is called an optimal strategy for the coder. The significance is that (1) implies

(2) I(X*, Y) >- o

for all allowable noises/.tz. Hence, if the coder chooses the input/X’x, he is guaranteed
a payoff of at least a, regardless of the jammer’s strategy.

Similarly, an optimal strategy for the jammer is defined to be a strategy/X*z xt
such that

(3) sup I(X, Y*)= ,8.
/Xx cP

It follows that (3) implies

(4)

for all allowable input

(5)

(6)

I(X, Y*) <-_ fl

If it happens that a =/3, then combining (2) and (4), we have

I(X*, Y*) a ,8

I(X, Y*) <= I(X*, Y*) <-_ I(X*, Y)
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for every choice of allowable/Zx and/Xz. If (5) holds, which is equivalent to (6), the
common value is called the value of the game. The pair (/x’x,/X’z) of optimal strategies
is called a saddle point. In absence of other information, the coder will want to play
strategy/x’x, and the jammer will want to play/X*z.

2. Preliminaries. We assume that dim [HI o. We adopt the following as a
constraint of allowable coders"

{/Xx;/Xx is a zero mean probability measure on H satisfying

fH "x’12w dlxx(X) <- P(>O)}"
We also adopt the following as a constraint of allowable jammers"

{/Zz;/Zz is a zero mean probability measure on H with covariance operator
Rz R2(i + S)R, where S has 0 (=the smallest limit point of the spectrum of S)
and {An}, An -< hn/l (=the set of eigenvalues of S that are strictly less than 0), satisfying
the following conditions"

and

(1 +A) =< Q(>O)}.

We remark that the limit points of the spectrum of S consist of all eigenvalues of
infinite multiplicity, limit points of distinct eigenvalues, or points of the continuous
spectrum. And we remark that #{n; An < 0}<, where #A denotes the number of
elements of A. Then we set L #{n; An < 0}. The above in the infinite-dimensional
channel is considered to be a naturally extended constraint of that which is stated in
the finite-dimensional channel (Theorem 6). When /Zx is Gaussian with covariance
operator

nx , rn[n2un][R2un],

where ’n---0 for n-> 1, Yn rn <c, {un n->l} is a c.o.n, set and (u@v)x=(x, v)u, and
when/Xz is also Gaussian, then we obtain

I(X, Y) =1/2E log (1 + r.).

Rewriting the condition of/Xx, we have

E ’,,[l(I/S)l/2U*unll
2 U 2where U is a unitary operator. Setting

1 xI(X, Y)=}log 1+

2where , x=P, A =(Sv, v), n 1 {v,, n 1} is a c.o.n, set in the domain (S)
of S. We denote the direct sum by @. Let R, be the eigenspace of S relative to the
eigenvalue A. In order to make the value of game finite, we assume that

R@ R:@. .@R linear supp (x)

in Theorems 1-5 below, where linear supp (/xx) means the linear support of x.
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When/Xz is Gaussian, we at first obtain the following value"

C= sup I(X, Y).

By the well-known results 1 ], 11 ], we obtain as follows"
1. If Y

__
(0 X,) P, then

(.- 0)1 L 1+0 1 P+,=a? log+-(7) C
2 =a I+A. 2 1+0

2. IfL
.=a (0- A.)> P, then the following hold"

(a) If P +Y=a A. > L,L, then

1 log
L
i=a Ai+P+L(8) C

2.=a L(I+A.)
K(b) If Kh/+a->P+.=a h.> K,/ for some K <L,

K

=-1 logi=aAi+P+K.(9) C
2 .=a K(1 +,.)

In both cases C is attained by Gaussian Zx.
It is convenient to introduce the following notations:

o= {/xx ;/Zx is Gaussian},

o= {/Xz ;/Xz is Gaus,dan},

ao= sup inf I(X,Y),
p.x p,z xIt

/3o= inf sup !(X,Y.
/Xz qt

x o
It is well known that we may show ao =/3o to show a =/3. And so, it is sufficient to
show (6) for every/x o and/Zz o. That is, we can assume that both allowable
coders and allowable jammers are Gaussian.

3. Statements and proofs. At first we state the following four theorems.
THEOREM 1. (L is fixed; 0 and {/1, /2, /L} are variable)

a fl =-log 1+

which is attained by Gaussian coder and Gaussianjammer satisfying X
P/L, ha=h2 hI=(Q-L)/L, and O>(P+Q)/L-1.

THEOREM 2. (L and 0 are fixed; {hi,h2,’’ .,h/} are variable). Let M=
(P + Q)/(1 + 0)], when k] denotes the largest integer which is not larger than k.

1. If L <-_ M, then

L L(I+ 0)
a =- lg L( l + O)_ p,

which is attained by Gaussian coder and Gaussianjammer satisfying X
P/L, and Aa AL=O--P/L.

2. If L > M, then

L+ 1
log 1+a=fl= 2
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2 X22__owhich is attained by Gaussian coder and Gaussian jammer satisfying xi-
x2+l P/(L+ 1), and 1-- 2 L+I Q/(L+ 1)- 1.

THEOREM 3. (0, L and {1, 2," ", hL} are all variable)

a =3 =log 1+

which is attained by Gaussian coder and Gaussian jammer satisfying

xl=P, I1=0-1, O>P+O-1, L=I.

TORM 4. (0 is fixed; L and { 1,
, ,} are variable).

1. If O > P + Q-1, then

= =log 1+

which is attained by Gaussian coder and Gaussian jammer satisfying

2x=P, I=Q-1, L=I.

2. If O <= P + Q-1, then

0+1
a =fl =log O+I-P

which is attained by Gaussian coder and Gaussian jammer satisfying
2xl=P, hi=O-P, L=I.

Since the proofs of the above four theorems are similar, we only prove Theorem
2. Essentially, we need the following lemma.

LEMMA 1. The following inequalities hold.
1. If xi >- 0(1 <= <= n ), then

log (1+)(1+)... (1 +-) =< n log (1 +
The equality holds when xl x2 xn.

2. If xi > 0(1 <-_ <= n ), then

n log (1 - " )( :1)(--<log 1+ 1+ 1+
X + + X

The equality holds when x --x2 x
Proof of Lemma 1.
1. Letf(x) 1 +x/a(x>-O) and g(x)=logf(x). Then g"(x)=-l/(x+a)2<O. By

Jensen’s inequality,

( ) 1Xl _t_....31_ Xn -- {g(Xl) +’’" + g(xn)},g
n n

where the equality holds when xl x2 x Then we have

n log (1 + xl+’’’+x,,)na log (1 +)(1 +2) (1 +--)
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2. Let f(x)=l+a/x=(x+a)/x(x>O) and
a(2x + a)/x2(x + a)2> 0. By Jensen’s inequality,

g(x)=logf(x). Then

where the equality holds when Xl x. xn. Then we have

( ) (nlog 1+ =<log 1+ 1+ 1+
xl + + Xn

_Proof of Theorem 2.
1. We show the left-hand side of (6). We have to maximize the value

1
log 1 + xn

2,=1 I+O-P/L
2 2where 22=1 x, P, xn -> 0(1 _-< n -< L). By part 1 of Lemma 1,

log 1+
x

1+ 1+
I+O-P/L I+O-P/L I+O-P/L

-<Llog {1+ x2+x+’’’+x)

.=x)(The equality holds when X

( " )_-<Llog l+L(l+0)_p
L(I+ 0)

=Llog
L(I+O)-P

2(The equality holds when xl +’’" + x2 P.)
Then the maximal value is

L(I+ 0)
log

L(1 + 0) P’

which is attained by x x P/L.
Next we show the right-hand side of (6). We have to minimize the value

1
log 1 +(10)

2,=1 I+A,

where

L L

2 (I+A,)=<Q, 2 (0-,,) >-P.
n=l n=l

Since L<=M, we have L<-(P+Q)/(I+O). Then L(I+O)-P<=Q. Hence we may
minimize the value (10) where

L

2 (0-.)_-> P.
n=l
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That is equal to Y L (1 + h,) < L(1 + 0) P. By part 2 of Lemma 1

P/L ,P/L P/L

_->Llog l+L+,++...+h
(The equality holds when

>_-Llog l+L(l+O)_p

=Llog
L(+0)

L(I+O)-P"

(The equality holds when L+ hi +" "+ AL= L(1 + O)-P.)
Then the minimal value is

L(I/ 0)
log

L(1 + 0) P’

which is attained by h h 0 (P/L).
2. We show the left-hand side of (6). We have to maximize the value

log 1 + x,
2,_-1 Q/(L+I

whereY+ 2< 2>0(1 < <
,=1 x, P, x, n L+ 1). By pa of Lemma and the same method

of Theorem 1, it is obtained that the maximal value is

L+
log 1 +

2

2 .=X+l=P/(L+l)which is attained by X

Next we show the right-hand side of (6). We must maximize the value

1
log 1 +(11)

2,=1 i
where

L+I L+I

2 (l+h,)--<Q, 2 (0-h,) -->P.
n=l n=l

Since L>M, we have (P+Q)/(I+O)<L. Then (L+I)(I+O)-P>Q. By part 2 of
Lemma 1 and the same method of Theorem 1, it is obtained that the minimal value is

L+I
log 1+

2

which is attained by
The following is an example in which the optimal coders and the optimal jammers

do not exist.
THEOREM 5. (L and {hi, h2,’’ ", hL} are fixed; 0 is only variable); a0 flo does

not necessarily hold.
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Counterexample of Theorem 5. Let L 2, h < h2, P > h2 --/ 1, and Q _>- 2 + h + h2.
The condition of 0 is that 0 >_- (P + hi + h2)/2. Then

e2= max [min {(1+O=xp

x P-x

"( 1 + P--)) ( 1 +lA2) ] ]
l+2(l+h,’ 1+2(1+ h

On the other hand, by the result of Baker [1] (see (7), (8), (9)),

e2t (P + 2 + hi + h2)2

4(1 +h,)(1 +h2)

Hence/30 > ao.
Finally we assume that dim HI N < oc. We adopt the following (I) as a constraint

of allowable coders"
cI) {/Zx; x is a zero mean probability measure on H with covariance operator

Rx satisfying Tr [Rx <- P(>0)}.
Since we can take Rw=I(=the identity), Rz=R2(I+S)R2 becomes Rz

I + S. Then we can take 0 oc because S has at most N eigenvalues. And {,,} are all
eigenvalues of S and {h.} always satisfy the following conditions"

So we use a true power constraint. Then we adopt the following as a constraint of
allowable jammers:

={Zz; /Zz is a zero mean nondegenerate probability measure on H with
covariance operator Rz satisfying Tr [Rz] <- Q(>0)}.

Now we obtain the final theorem.
THEOREM 6. We have

a fl =--log 1+

which is attained by Gaussian coder and Gaussianjammer satisfying X
P/Nfor eigenvalues of Rx and r r2 rN Q/Nfor eigenvalues of Rz.

Since we can prove this by the same method, we omit the proof.

4. Remarks.
1. To motivate the problem formulation, and to illustrate the main results, we

give some specific examples of channels which would fit the infinite-dimensional Hilbert
space set-up and satisfy the various assumptions made on the covariance operators
associated with the input and noise signals.

The continuous time Gaussian channel is presented by

(12) Y(t)= x(u) du+Z(t), 0<= t<= T,

where x(. ), Y(. ), and Z(. are the channel input, the channel output, and the noise,
respectively. The noise Z(. is assumed to be a Gaussian process given by

Z(t) B(t)+ f(s, u) dB(u) ds,
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where B(. is a Brown motion and f(s, u) L2([0, T] x [0, T]) is a Volterra function
(i.e., f(s, u) 0 if s < u).

The white Gaussian channel is presented by

Y(t)= x(u) du+B(t), O<-t<- T,

and is a special case of the Gaussian channel (12). We assume that an average power
constraint

’TE[x(u)2] du<= PT
o

is imposed on the channel input, where P > 0 is a constant.
Let F and F* be the integral operators on L2[0, T] with integral kernel f(s, u)

and f*(s, u)=f(u, s), respectively, and define a selfadjoint operator S by

S F+ F* + FF*.
The S above works for jammers. Since S is a Hilbert-Schmidt operator, the smallest
limit point of the spectrum of S is 0. Then we can assume that the negative eigenvalues
{A,}, A. <= A,+I, of S satisfy the following conditions:

and

Y (1 +*,) <- Q(>0).

In Theorem 2, we assume that {A1, , At} are variable and in Theorem 4, we assume
that L and {A,..., At} are variable.

2. We consider the problems that allow for the encoder to receive some feedback
information from the output of the channel. In general, the following model for the
discrete time Gaussian channel with feedback is considered:

Y,,=U,,+Z,,, n=l,2,. .,N,
where Z {Z, n 1,. , N} is a nondegenerate, zero mean Gaussian process rep-
resenting the noise and U { U,, 1, , N} and Y { Y,, 1, , N} are stochastic
processes representing input signals and output signals, respectively. The channel is
with noiseless feedback, so U, is a function of a message X to be transmitted and the
output signals Y,.-., Y,-1. We assume that a constraint, given in terms of the
covariance matrix, is imposed on the input signals. Rigorously speaking, we assume
the following constraints:

(A.1). A message X to be transmitted is a random variable, taking values in an
arbitrary measurable space and independent of Z. However, we may regard messages
X {X,; n 1,. ., N} as stochastic processes.

(A.2). U, is of(X)v of,_l(Y)-measurable, where Of(X) and of,_a(Y) are the
or-fields generated by X and { Yk k 1, , n 1}, respectively, and M v 3 denotes
the o--field generated by r-fields M and .

(A.3). EnN=I E[ U2n] P.
Denote by fl the class of all pairs (X, U) of a message X and an input signal U

which satisfy the conditions (A.1)-(A.3). The mutual information quantity between a
message X and the output signal Y { Y,,; n 1,. , N} is denoted by I(X, Y). Then
the capacity C of the channel is defined as

C sup {I(X, Y); (X, U)
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We denote Co(P) and Cy(P) the capacities of Gaussian channels without and with
feedback, respectively. In 15], [20], we obtained the necessary and sufficient conditions
for the feedback capacity to increase.

Now we denote by Rz {Zki} the covariance matrix of Z with eigenvalues 0 < rl =<
r2<=’’’<rN We let Lk {l( k); ZklO. Then Z is said to be white when Lk--(, for
any k, Z is said to be blockwise white when Z is not white and there exists k such that
Lk --, and Z is said to be comoletely nonwhite when Lk ( for any k. When Z is
blockwise white, we denote by Rz the submatrix of Rz constructed by {k; Lk (}.

The results are summarized in the following Proposition.
PROPOSITION 1. The following results hold.
(a) IfZ is white, then Co(P)= Cf(P) for any P.
(b) IfZ is completely nonwhite, then Co(P)< Cf(P) for any P.
(c) IfZ is blockwise white, then"

(i) P > Po implies Co(P) < Cf(P),
(ii) P <= Po implies Co(P) Cf(P),

where Po mr.,- rl +"" + r.,) and rm is the smallest eigenvalues of Rz.
We apply our problems to the feedback case. We assume that dim [H]- N <.

We denote the following as a constraint of allowable coders"
{(x, T);/Zx is a zero mean probability measure on H with covariance matrix

Rx, T is a Volterra matrix satisfying

Tr [(I+ T)Rx(I+tT)+ TRztT]<=P(>O)},

where T is the transposed matrix of T.
We adopt the following as a constraint of allowable jammers:

xI {/Zz;/Zz is a zero mean nondegenerate probability measure on H
with covariance matrix Rz satisfying Tr [Rz] <- Q(>0)}.

Using Proposition 1, it is not difficult to show the following result.
PROPOSITION 2.

a =fl =log 1+

which is attained by Gaussian coder and Gaussianjammer satisfyingx x x
PN for eigenvalues of Rx and r r rr QN for eigenvalues of Rz
and T O.

Then we can see that feedback is not useful in our jamming channels.

Acknowledgments. The author would like to express his hearty thanks to the referee
in the course of preparing this paper.
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OPTIMAL CONTROL OF FAVORABLE GAMES WITH A TIME LIMIT*
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Abstract. This paper shows how to optimally control a stochastic process if one seeks to reach a certain
value before a fixed time without first hitting zero. The process has a drift in the favorable direction. Discrete
time random walks, as well as continuous time diffusion processes, are considered. The controls available
are such that zero variance means zero drift, and more variance means more drift. To be more precise, in
the continuous time case it holds that dXt tr(X,, t)(lzdt + dBt), where cr is the control variable. As corollaries
of the results, some interesting inequalities for stochastic processes are obtained.

Key words, stochastic control, gambling theory, red and black, limits of control problems, inequalities
for stochastic processes, Brownian motion, random walk
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1. Introduction. The problem of red and black, which has taken its name from
the game of roulette, has been of interest to probabilists for quite some time. It reads
as follows. Suppose that we visit a casino with only one game available. In this game,
we bet an amount s. With probability 1-w, we lose the stake, and, with probability
w, we win the amount s. w (0, 1) is fixed by the casino. The stake can be any amount
of our choice, as long as it does not exceed the fortune f at that moment. Negative
bets are not permitted. Our goal is, with repeated bets, to maximize the probability of
reaching some fixed fortune c>f. Without loss of generality, we put c= 1, which
implies that f [0, 1]. The question is how we should bet, and, with that probability,
we reach the goal if we use the optimal strategy.

Although this problem has taken its structure from the world of casinos, the
interesting applications are found in areas that are less glamorous. One example is the
control of dams in connection to hydroelectric power plants [7]. The applications are
not dealt with in this paper.

The problem might be divided into four cases: the odds could be favorable (w > 1/2)
for unfavorable (w < 1/2), and the playing time could be finite or infinite.

Dubins and Savage [2] solved the unfavorable infinite time problem. They gave
all optimal betting strategies as well as U(f), the probability of reaching 1 if the initial
fortune is f and if an optimal strategy is used. Bold play, i.e., betting the minimum of
f and 1-f, is one of the optimal strategies.

The unfavorable finite time problem was solved by Dvoretzky (see [2, p. 92]).
Also, bold play is one of the optimal strategies here.

In the favorable infinite time case, there are many strategies that reach the goal
with probability one. They share the fact that the bets are timid, so that the law of
large numbers ensures that the g0al is eventually reached. Kelly [5] studied a related
problem, where he sought to maximize the expected growth rate of the fortune. He
gave the optimal betting strategy for this objective, which is betting a fixed proportion
of the fortune every time. The more favorable the game is, the larger this proportion
should be. This strategy of betting is now called the "Kelly criterion" and is also one
of the optimal strategies for the favorable infinite time case.

* Received by the editors March 26, 1990; accepted for publication (in revised form) June 3, 1991.

" Department of Statistics, Uppsala University, P.O. Box 513, S-751 20 Uppsala, Sweden. Most of the
research was done while the author was at the School of Operations Research and Industrial Engineering
at Cornell University, Ithaca, New York 14853.
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The fourth and last case remains, that of the favorable finite time problem. This
is, together with some generalizations, its limits, and its continuous time version, the
subject of this paper. Because of the favorability, bold play can no longer be expected
to be optimal, and, because of the time limit, timid play cannot be optimal. The solution
must lie somewhere in between. The problem was studied by Breiman [1]. He deter-
mined U(f, t), the probability of reaching 1 with fortune f, and times to play, if we
play optimally. He also gave a method for finding one of the optimal strategies.

In practice, the Kelly criterion has often been used for these problems as well.
The motivation for this has been based on intuition, a limit result of Breiman and the
fact that nothing better has been available. Breiman 1] showed that U(f, t)- K(f, t)
converges to zero uniformly as t--> c. Here K is the probability of reaching 1 if we
use the Kelly criterion. This result is not as strong as we would like. For e > 0, consider
the following strategy: First, we discard our entire fortune, except e (if f -< e, discard
nothing), and then we play according to the Kelly criterion. Let K(f, t) be the
probability of reaching 1 if we use this strategy. It is clearly not a good strategy if e

is small, but U(f, t)- K (f, t) converges to zero uniformly for any e > 0. To see this,
note that K (f, t) K (f, t) for f =< e and that K (e, t) 1 as .

In 2.2 we give an alternative solution to that of Breiman. This gives us simple
characteristics of U(f, t) and of an entire family of optimal betting strategies, and it
enables us to obtain their limits in 2.6. Just as Dubins and Savage [2] extended their
result to general primitive casinos, i.e., where we, instead of s, gain ((1 r)/r)s, r (0, 1)
if we win, we do the same in 2.4. In 2.3 we replace the 0/1 utility of reaching or
not reaching 1 with the utility function u(f)=f,f [0, 1], where u(f) is the value for
us to have fortune f with no time left to play. Section 2.5 extends the results further
to a family of utility functions.

More interesting than the discrete time problems, perhaps, are their continuous
time counterparts. Heath et al. [4] solved the continuous time equivalent of Kelly’s
problem, and Sudderth and Weerasinghe [6] showed that bold play is optimal for
unfavorable, continuous time, red and black when there is a time limit. In 3 we solve
the continuous time version ofthe favorable limited time problem, both for 0/1, u(f) =f
and some more general utility functions. The solutions prove to be the same as the
limit of the discrete time problem.

Section 4 gives some inequalities for stochastic processes that follow as corollaries
to the preceding results.

There is no dependence between 2 and 3, so they can be read independently.
The notational framework is that of Dubins and Savage [2].

2. Discrete time primitive casinos.
2.1. Description of problem. In the general discrete time problem, for a limited

number of times, we place stakes s(f, t). These might depend on f, the fortune, and
t, the number of times left to play. Of course, 0 =< s(f, t) <=f With probability 1 w, we
lose the stake, and, with probability w, we win the amount ((1- r)/r)s. The numbers
w (0, 1) and r (0, 1) are fixed to us. Since we are studying a favorable case, we have
that w > r.

There is a utility function u(f), describing the value of having fortune f when
time is out. Our goal is to maximize the expected utility at the end of the game. We
let U(f, t) be the optimal expected utility at fortune f with times left to play. Clearly,
U(f, O) u(f). We wish to find U(f, t), as well as the strategy, i.e., sequence of stokes,
that will give the optimal expected utility.
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For readability, we use the following notation:

,=o
p(1-p)’- ifke{0,1,

F(klt’P)=
0 if k<0,

1 if k> t.

,t},

This is, of course, P(X <-_ k) when X--- Binomial (t, p).
DEFINITION. Let q(f, t) and k(f, t) be the unique numbers such that

f F(k- l 1-r)+ q(f, t)()(1- r)krt-k and O_--<q(f, t)<l.

We often write k instead of k(f, t). Understanding F, q, and k is important in the
reading of the proofs.

2.2. Red and black. We first discuss the simplest case: red and black. We have
that u(f)=0 for f< 1, u(1)= 1, r=5, and w >5. The intuition we get from solving
this problem enables us to do the general case in the next sections, as well as the limit
problem. The proofs are only sketched or hinted at in this section, since these results
follow from those in 2.4. For an alternative approach to this problem, see Breiman
1]. He found U and gave a method for obtaining an optimal strategy.

DEFINITIONS. A fortune f is binary at time t, i.e., with times left to play, if f2
is an integer.

A stake is binary at fortune f if we arrive at a binary fortune, regardless of whether
we win or lose.

A strategy is binary if it only uses binary stakes.
By using a binary strategy, the player finishes at fortune 0 or 1. The pay-off from

any eptimal strategy has the following property.
PROPOSITION 1. It holds that U(f, t)= U(n/2 t, t), where n is the integer such that

n/2t<=f<(n+ l)/2.
Proof The proof follows by induction.
This means that U(f, t) is a step function off with jumps at the binary fortunes.
PROPOSITION 2. If the initialfortune is binary, then every optimal strategy is binary.
Proof For the proof, use Proposition 1.
PROPOSITION 3. If we play times, there are 2 possible outcomes of the gamble. If

the initial fortune is binary with f= n/2 and the strategy is binary, then exactly n of the
2 outcomes result in reaching 1, and the remaining 2t- n outcomes result in reaching zero.

Proof We surely reach 0 or 1 if we use a binary strategy, and, if w 1/2, we get a
martingale for the fortune, so P(reaching 1)= U(n/2’, t)= n/2’ for integers n. Since
all specific outcomes have the same probability 1/2t, exactly n outcomes bring us to
1. Hence the proposition is true for w 1/2. Since the resulting fortune of an outcome
does not depend on w, it is true for all w.

For w > 1/2 we can get an upper bound on U by adding the n outcomes with the
highest probabilities.

COROLLARY 1. Let k= k(n/2 t, t). If n is an integer, then

)U ,t <-F(k-llt,1-w)+q ,t (1--w)kw t-k.
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The result is that this is not only an upper bound, but also the actual value of U.
To show this, we must find a strategy that conserves U. In the following, including
Proposition 4, note that we are not dealing with probabilities but only with outcomes
(not being concerned about how likely they are), fortunes, and stakes.

With an initial fortune of n/2’, we need all outcomes with at most k(n/2t, t)- 1
k-1 losses to bring us to 1, and there can be no outcome with more than k losses
that brings us there.

Suppose now that we win our first gamble. There are F(k 1 1, 1/2)2 t-1 outcomes
that start with a win and have at most k-1 losses. Since all these must lead us to our
goal, our new fortune in the case of a win must be at least F(k- lit- 1, 1/2). Likewise,
the new fortune must be at most F(klt-1, 1/2). So

() n (n) (7<--s -7,tF k-lit-l, <-_F kit-i,1/2 -.
If our first gamble is a loss instead, there are F(k-21 t-1, 1/2)2-1 outcomes that

start with a loss and have a total of at most k-1 losses. This means that, in the case
of a loss, we must finish with a fortune of at least F(k-2It- 1, 1/2). Likewise, our new
fortune cannot exceed F(k- lit- 1, 1/2). So

Putting these inequalities together, we get the following proposition.
PROPOSITION 4. Iff is a binary fortune with times lef to play, then s(f, t) is an

optimal stake if and only if
(i) s(f, t) is binary,
(ii) s(f t)<=min{n/2’-F(k-2]t-l,1/2), F(klt-l,1/2)-n/2’},
(iii) s(f, t)>= IF(k- 11 t- 1, 1/2)- n/2’l.
To verify that such a stake always exists, use the formula

1 1
F(k- 11 t, 1/2)=- F(k- 11 t- 1, 1/2)+ F(k-21 t- 1, 1/2)

and the fact that F(k- 1] t, 1/2)<-f<- F(k t, 1/2).
We also have the next proposition.
PROPOSITION 5 (see Breiman [1]). It holds that

c(f, (- 1 , w+ q ( ww’-,

where n is the largest integer such that f>- n/2’.

2.3. Utility function u(f) =f. We now consider the general primitive casino, where
r is not necessarily equal to 1/2. In this section we will consider the case in which
u(f) =f. We first need a simple combinatorial lemma.

LEMMa 1. Let k=k(f,t). If F(k-llt-l,l-r)<=f<-_F(klt, l-r) (i.e., k/t <
q (,f, t) < 1), then

f=F(k-llt 1-r)+ q(f, t)()(1- r)kr-k

=F(k-llt-1 1-r)+r q(f,t)- (1-r)kr
t-k k
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If F(k- lit, 1 r) _-<f_-< F(k- lit- 1, 1 r) (i.e., 0 _-< q(f, t) < k t), then

f F(k-llt 1-r)+ q(f, t)( tk)(1--r)krt-k

=F(k-21t-l,l-r)+ r+-(1-r)q(f,t) k-1
(1--r)k-lr

Proof It holds that

F(k- l 1-r)+ q(f, t)( tk)(1-- r)kr’-k

rF(k- t- 1, 1- r)+(1- r)F(k-2] t- 1, 1- r)

+q(f, t)()(1--r)krt-
t- 1 ) r)k_ rt_k=F(k-21t-l’l-r)+r
k-1

(1-

(t-l)+- (1 r)q(f, t)
k l

(1 r)k- r

=F(k-21t-l,l-r)+ r+-(1-r)q(f, t)
k 1

(1--r)k-lr

If q(f, t)>=k/t, then r+(t/k)(1-r)q(f, t) > 1; so the above is equal to

F(k-21t-1,l-r)+
k

(1--r)k-lrt-k+ (1--r)q(f,t)+r--1 k-1

(1 r) k-1 rt-k

=F(k-llt-l,l-r)+(1-r) q(f, t)- 1 r_ k k
(1--r)k-lrt-l-k

F(k- lit- 1 1 r)+ r q(f, t)- (1 r)kr’-’-k
t-k k

THEOREM 1. Let

Q(f, t)=F(k-llt 1-w)+q(f, t)( tk)(1--w)kw t-k and

f F(k- l 1-r)+ q(f, t)()(1-- r)krt-k,

where F, k, r, and q are defined as in 2.1. If w > r, then
(i) U(f,t)=Q(f,t),
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(ii) s(f, t) is an optimal stake at time with fortune f if and only if

r
s(f, t) _-> max f-F(k-llt-l,l-r),lL r (F(k-llt-l,l-r)-f))

_s (f, t) minimum bet)

and

s(f,t)=<min f-F(k-21t-l,l-r),-i-_r(F(klt-l,l-r)-f)
g(f, t) (maximum bet).

Remark. As an alternate formula,

Q(f, t)=F(k_llt l_w)+f-F(k-llt, l-r)()(l_w)kwt_k

Remark. Note that the optimal stakes do not depend on w.
To graph U(f, t), just draw straight lines through the points (F(k[t,l-r),

F(k t, 1-w)) when k is increasing from 0 to t. See Fig. 1.

Proof of Theorem 1. The proof follows by induction. It is trivially true for 0.
Assume the result for t-1.

First, we show that Q is obtainable (U_-> Q); see Cases 1 and 2, below.
Case 1. Suppose that q(f, t) >-_ k t, i.e., F(k- lit- 1, 1 r) <=f< F(k] t, 1 r).

U(f,t)

FIG. 1. Example of U(f, t) with w , 1/2, and 0, 1, 2, 3, and 4.
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This case corresponds to the fortunes in Fig. 2, where the minimum stake is
increasing. Let s(f, t) =f- F(k- lit- 1, 1 r) =_s(f, t), the minimum stake. According
to Lemma 1, f can be written as

f=F(k-llt-l,l-r)+rt_ k
q(f,t)-

k
(1-

U(f, t) _-> (1 w) U(f s, t- 1) + wU(f+,-r )s, t-1
r

-(1 w)Q(f s’t 1)+wQ(f+l-rr s,t-1

(1- w)Q(F(k-llt- 1, 1- r), t- 1)

{ ( )(t-1) r)krt_l_k }+wQ F(k-llt-l,l-r)+)Z k
q(f,t)-

k
(1- ,t-1

=(1-w)F(k-llt-l,l-w)

+w{F(k-llt-l,l-w)+ t- k
q(f, t)-

k
(1--w)kwt-l-k}

=F(k-llt-l,l-w)+w
t- k

q(f’ t)-
k

(1 w)kw’-l-k

F(k- l 1-w)+ q(f, t)( tk)(1-- w)kwt-k= Q(f, t).

Case 2. Suppose instead that q(f, t) < k/t, i.e., f< F(k- lit- 1, 1 r).
Let s(f, t) (r/(1 r))(F(k- lit- 1, 1 r)-f)=_s(f, t). According to Lemma 1,f

can be written as

f=F(k-21t-l,l-r)+ r+q(f,t)(1-r) k 1
(1--r)k-lr

s(f,t)

2/9

119

1/27 3/27 7/27 11/27 19/27

FIG. 2. Optimal stakes s(f, t) when r= and t=4.
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U(f,t)>(1 w)Q(f-s,t 1)+wQ(f+l-r--s,t-lr

=(1-w)Q F(k-21t-l,l-r)+-q(f,t k

+ wQ(F(k- lit- 1, 1 r), t- 1)

=(1-w){F(k-2lt-l,l-w)+q(f, t)( tk)(1-- w)k-lwt-k}
/ wE(k- lit- 1, 1 w)

=F(k-llt, 1-w)+ q(f, t)( t,(1--w)kwt-k= Q(f, t).

Hence Q is obtainable.
Now we show that we cannot do any better than Q( U <_- Q). See Fig. 1 throughout

the rest of the proof.
Let

Es(f’ t) (1 w) U(f s’ 1) + wU(f+ l
s, -1

1-r (1-7)n(_)t-l-n (11_ rW) ,,,(_)t-l-mconstant +ws 1 w)s
r 1-

where m is such that F(m 11 1, 1 r) -<f- s < F(m 1, 1 r), and n is such that
F(n-llt-1, 1-r)<-_f+((1-r)/r)s<F(nlt-1, l-r). m and n depend on s.

Note that Es(f, t) is continuous and almost everywhere differentiable with respect
to s. We know that U(f, t)=max E(f, t) [2].

To prove that s is an optimal bet if and only if _s _-< s _-< g and that we cannot do
any better than Q, we show that

d I>0 when s <_s,

ds Es (f, t) when s < s < g,

I<0 whens>g

for all s, where Es is differentiable.
Ifs<_s, then m=n;so

ds E’’" r l-w)>0w since w > r.

If_s<s<g, then m=n-1;

d (1 w)"w’-" (1 w)"w’-"
so ss E(f t)--

(1 r)"-lr‘-" (1 r) -lrt
If s > g, then m -<_ n 2 n 1 for some positive integer i; so

d (1 w)"-lw’-" (1- w)"-iw t-’+i

d--- E(f t)
(1 r) "-1 r’-" (1 r)"-l-irt-’+i

r--__-qr-5-_; < 0 since w > r and ->_ 1.
(1 1-

2.4. A 0/1 utility function. In this section we consider the case where u(f)=0
for f< 1 and u(f)= 1 for f= 1. U(f, t) is, as previously defined, the probability of
reaching 1 using an optimal strategy and starting at fortune f with times left to play.
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DEFINITION. A fortune f is binomial at time if q(f, t)(/,) is an integer
F
2

F
2Examples. (i) The binomial fortunes when 2 are 0, r, + r(1-r) r, +

2r(1 r) 1 (1 r)2, and 1.
(ii) When r 1/2, then the binomial fortunes at time are the integer multiples of

It, i.e., the previously defined binary fortunes.
DEFINITION. A stake s(f, t) is binomial if we arrive at a binomial fortune, regard-

less of whether we win or lose, i.e., iff-s(f, t) and f+((1-r)/r)s(f, t) are binomial
fortunes at time t- 1.

THEOREM 2. If W> r and f is binomial, then U(f, t)=Q(f, t) (as in Theorem 1),
and s(f, t) is optimal if and only if

(i) s(f, t)>_-max {f-F(k-llt-1, 1-r),(r/(1-r))(F(k-llt-1, 1-r)-f}
A_s(f, t),

(ii) s(f, t) =<min {f- F(k-2 t- 1, 1 r), (r/(a r))(F(k[ t- 1, 1 r)-f)}
A g(f t),

(iii) s(f, t) is a binomial stake.
Compare this with Proposition 4 and Theorem 1. It means that for binomial f we

can do just as well for this case as for the case of 2.3, despite u(f) being smaller.
Proof. The proof follows by induction. It is trivially true for t- 0. We only must

show that there always exists a binomial stake fulfilling conditions (i) and (ii). The
rest follows from Theorem 1.

Case 1. Suppose that q(f, t) >- k/ t. We want to show that s(f,t)-
f-F(k-l[t-1, 1- r)(-_s(f, t)) is a binomial stake.

(i) f- s F(k- lit- 1, 1 r), which is binomial at time t- 1,
(ii)

s=F(-l-r’-+- q(f’- (-’--

F(k- l t-1 1-r)+ q(f, t)()(1-- r)kr’-l-k,

which is binomial at time t-1, since f being binomial at time implies that q(f, t)()
is an integer.

Case 2. Suppose instead that q(f, t)< k/t. Now we want to show that s(f, t)=
(r/(1-r))(F(k-llt-1, 1- r)-f)(=_s(f, t)) is a binomial stake.

(i) f+((1-r)/r)s=F(k-llt-1, l-r), which is binomial at time t-l,
(ii)

f-s+F(k-2]t-l,l-r)+q(f,t) k
(1- r

F(k-2l t-l,l-r)+q(f t,(;)(1
which is binomial at time t-1, since q(f, t)(/,) is integer-valued. [3

For nonbinomial f, we can use the fact that U is nondecreasing to obtain a lower
bound for U, and we can use Theorem 1 to obtain an upper bound. Let ((f t)=
F(k-l[t,l-w)+[q(f,t)([,)](1-w)kwt-k, where f=F(k-llt, l-r)+q(f,t)([,)
(1 r)krt-k (Ix] is the integer part of x). This means that 0 takes jumps of magnitudes

(1- w)kwt-k (k varies) at binomial fortunes, and is constant otherwise. For binomial
fortunes, Q U.

COROLLARY 2. It holds that Q(f, t)<- U(f, t)<= Q(f, t).
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Since ]Q(f, t)-0(f, t)l converges to zero when t-, the bounds will be good
for large t. For the case of r-< 1/2 <= w, the result is stronger.

THEOREM 3. If ?’1/2 W, then U(f, t)= O(f, t).
It is easy to find a counterexample to this equality for general r and w. Just pick

any r and w such that r < w < 1/2 or 1/2 < r < w and try it for sufficiently large t.

Proof. The proof follows by induction. It is trivially true for 0. Assume the
result for t-1. Let fl,f2," and gl, g2,"" be the binomial fortunes at time and

1, respectively. We know that gs gi- (1 r)kr’--k for some k and that U(gs,
1) U(gi-1, 1) (1 w)kwt--k for the same k.

Since U is nondecreasing, and since Q(f, t) is a step function, it is enough to
show that U(f, t)= Q(f, t) at fortunes f-e, where e > 0 is arbitrarily small. To be
more precise, we must show that U(f- e, t)= U(f-1, t) for all binomial fortunes f.
It is clear that an optimal stake can be found among those of the formf e gi >= O. So

U(f e, t) max (1 w) U(gs + e, 1) + wU +(f e gs), 1 =a max Us.
?"

Let gx--fj--g, gm--fj--_S g=f+((1-r)/r)g, and g,=f+((1-r)/r)_s, where x
and m are index variables.

Let us first try g, =< gs <- g,, below:

SO

Us 1 w) U(gs + e, 1 + wU(g-s-x3 o( e ), 1 ),

Us (1 w) U(gs, 1) + wU(g_(i_x)_l 1)

(1 w) U(gi, 1) + wU(g-(i-x), 1) w(1 w)kwt-’-k

U(fj, t)-(1- w)kw’-k= U(f_, t).

Now let us try gs < gx, below"

U, (1 w) U(gi + e, 1) + wU(g, 1),

where g < g+x-i) since r_-< 1/2; so

U, <= (1 w) U(gi, t- 1) + wU(gm-(i-m)-l 1)

<=(1-w){U(g, t--1)--(X--i)(1--w)k-wt--k-l)}
+ w{U(g, t--1)+(x--i--l)(1--w)k+lw t-l-(k+l)}
U(f, t)-(x- i- 1)

{(1 w)kwt-k--(1 w)k+lwt-(k+l)}--(1 w)kw,-k

<- U(f, t)-(1-w)kw’-k(since w_-->1/2) U(f_l, t).

It remains to try gs > g,,, below"

U (1 w) U(g, 1) + wU(g, 1),

where g < gm__,, since r_-<1/2; so

Ui <= (1 w) U(gi, 1) + wU(g,n-i-m)- 1)

=(1--w){U(gm, t--1)+(i--m)(1--w)kwt--k}
+ W{ U(ga,, t- 1)- (i- rn 1)(1 w)kwt-l-k}
U(f, t)-(i- m){(1- w)kwt-I-k(w--(1-- W))}--(1-- w)kw’-k

<= U(f, t)--(1--w)kw’-k(since W_-->1/2) U(f_, t).
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To know which bets are optimal (r _-< 1/2 =< w), we divide our fortunef into two parts"
(i) f-{q(f, t)()-[q(f, t)(,)]}(1--w)kw ’-k, the valuable part;
(ii) {q(f, t)()- [q(f, t)()]}(1-w)kwt-k, the worthless part.
If we use the valuable part and the money it generates during the course of the

play, to bet, according to Theorem 2, we achieve optimum. This means that we can
use the worthless part and the money it generates for bets whenever we want, and the
strategy will not influence our chances to reach our goal. We could, of course, also
use it, before we start playing, for some luck-bringing endeavor, such as throwing it
in a fountain. The strategies described here are not the only optimal ones, except when
the worthless part is zero (i.e., f is binomial).

2.5. Other utility functions. The results of this section follow immediately from
the previous theorems. Let Sl(f, t) and S3(f, t) be the sets of optimal stakes in Theorems
1 and 3, respectively.

COROLLARY 3. If u(f)= Q(f, s) (or Q(f, s)), then U(f, t)= Q(f, s + t) (respec-
tively, Q(f, s + t)), and s(f, t) is optimal it if belongs to the set Sl(f, s + t)(Sa(f, s + t)).

2.6. Limit results and approximation formulas. All limits in this section are the
same for the cases of 2.3 and 2.4, so we do not make a distinction. denotes the
cumulative distribution function of the standard normal distribution.

What happens to U(f, t) when t-> o? It is easy to see that it converges to 1
pointwise. However, this is not the limit that we are interested in. We want to know
the limit of U(f, t) when w and r vary with in such a way that w-r-> 0 as t-->
This means that the bets get less favorable, but this is compensated by the number of
bets allowed, which increase. We do this in such a way that x/(w- r) equals a constant
c for all t.

THEOREM 4. If v/-i(w- r)= c and w->wo(0,1), then lim_ U(f t)
cI)(cI)-l(f) + c/v/Wo(1- Wo)).

We obtain this same function as U for similar continuous time problems in
Theorems 6 and 7.

Proof. It holds that

f< F(k(f, t)lt 1 r) P(S, <- k(f, t))

=p(S-t(1-r)<k(f,t)-t(1-r)) (k(f,t)-t(1-r))xtr( 1 r) xtr(1 r)
dp xtr( 1 r)

+ At,

where St---Bin (t, l-r) and where limt_At=O, since (k(f t)-t(1-r))/v/tr(1-r)
converges. Hence k(f, t) > (:I)-l(f At)v/tr(1 r) + t(1 r). Likewise,

f> F(k(f, t)-llt 1-r)=Cb( k(f t)-1-t(1-r).)+A"/tr(1 r) t,

so k(f, t)<=dP-(f-A’t)v/tr(1-r)+ t(1-r)+ 1. Now

U(f t) < F(k(f t)l t, 1 w)= P(Rt <= k(f t))

v/tw 1 w) v/tw (1 w) x/"tw (1 w)

<_ dp(dP-(f- A’t)v/tr(1 r)+ t(1 r)+ 1 1(1 w) +\ x/tw(1-w) /

=,



OPTIMAL CONTROL OF FAVORABLE GAMES 63

where R,---Bin (t, 1- w) and where limt_., et 0. Likewise,

U(f,, t)>- F(k(f, t)- l 1-w)+*( k(f’ t)- l t(1- w)) + e’,x/tw(1-w)

>.(_l(f_A,)/ r(1-r) c 1 ) ,.
w(1-) + v/w(1 w)-x/tw(1- w)

+ et,

so limt-.,w-wo U(f, t)-- t:I(t:I)-l(f) -k c/v/Wo(1 Wo)).

If we want to use this result to provide approximate values for U(f, t), we should
perhaps use the following corollary instead, which follows from the proof of the
theorem.

COROLLARY 4. If t, tw(1 W) and tr(1 r) are all large, then

U(ft)_(_l(f) r(1- r) v/-(w-r))w(a w---- + x/w(a w)

We might also be interested in the limit of s(f, t) as o. It is not difficult to see
that it converges to zero uniformly (also when w-rO), but this does not relay
anything about how fast or in what way it converges. Neither does it give us an
approximation formula for the bet sizes. Betting zero all the time is gainless.

Instead, we consider the limit of x/ s(f, t) as t- . Since s(f, t) is not unique,
we can choose different sequences of x/ s(f, t), some of which may not converge.
Which sequence should we choose? When f F(klt 1- r), the bet size is unique, so
then the choice is obvious. For F(k- lit, 1 r) <f< F(k t, 1 r), we choose a bet
such that s(f, t) is between s(F(k-l 1- r), t) and s(F(k t, 1- r), t). In the case of
2.3, there is always such an optimal bet. That is also true for the case of 2.4, with

the exception of when k t/2.
THEOREM 5. It holds that limt_ x/ s(f, t) x/(r/(1 r))q((I-l(f)), where qb is

the density function of the standard normal distribution.

Proof It is enough to consider fortunes of the form F(k- lit 1 r). Let

f =F(k-llt, l-r) so s(f,t)=F(k-llt, l-r)-F(k-21t-l,l-r)
=(1-r)F(k-2lt-1 1-r)+rF(k-llt-1 1-r)-F(k-21t-1, i-r)

F(k-1 t-l,l-r)-F(k-21t-l,l-r);
k(f, t)>-l(f-At)x/tr(1-r)+t(1-r) and k(f, t)<--_-l(f-A’t)v/tr(1-r)+
t(1-r)+l; so k(ft)=-(f-,t)x/tr(1-r)+t(1-r)+d, where d[0,1]. It holds
that

lim x/ s(f, t)= lim v r{F(k- 11 t- 1, 1 r)- F(k-2[ t- 1, 1- r)}

r lim x/-i P(St_ k- 1)

r t---cx31im v/ v/tr(1 "r) x/tr(1 r)
+ et

1 -r r lim_oo 4 -l(f+ ,)+
tr(1 r)

+ r -,lim e

/ r
4(,_(fl,

1-r



64 MARTIN KULLDORFF

since

r t->colim / et =< r t-.oolim / tr(1 r) +- r(1

r
lim + - =0,i-r, (/-)+(l-r)

where A and B are constants. For the bound on et, see Feller [3, p. 170].
COROLLARY 5. If and tr(1-r) are large, then s( t)=(1/)-

r/(1 r) (-l(f)).
For r , this is similar to the optimal stake for the continuous time problem with

constant drift pt (Theorems 6 and 7).
The variance of a single bet is s( t)2(w(1- w)/r2). If we multiply the stake by

r/(1-r), we get variance (s(t)r/(1-r))2(w(1-w)/r2)=s(t)2(w(1-w)/
r(1-r)), which is equal to s( t) in the limit, since w-rO. This is the intuition
behind the r/(1- r) pag of the above formulas.

3. Continuous time problem. Consider the stochastic process Xt such that dX,
t(tdt + dBt), where Bt is the standard Brownian motion. In the gambling context,
Xt represents the fogune at time t. The fogune space is of the form [a, hi, and without
loss of generality, we assume it to be [0, 1 ]. t is a fixed function and, for some constant
M, t 6 M for all t. Zero and 1 are absorbing states, so, if Xt 0 or 1, then 0 for
all s t. Otherwise, the control variable t, which may only depend on what has
happened up to time t, can be chosen to be any nonnegative value as long as

ds < m Ve > 0 which implies lds <

T is a fixed stopping time, and our goal is to maximize the expected value of a utility
function u( T) which expresses the value of having foune f at time In addition,
we want to known U( t); the expected utility at time t, given that we have foune f
at time and that we use an optimal strategy.

With we denote the cumulative distribution function of the standard normal
distribution, and with its density function. Let *( t) be the optimal choice of
if we have foune f at time t.

Let S= {( t)" 0NfN 1 0N N T} be the state space. Let max {0, ,}.
DFo. Let m=I (2) ds, a measure of the remaining amount of

favorability." Note that when , , for all t, then m, T-t .
Without loss of generality, we assume that m > 0 when < This propey can

easily be obtained by a change of T, since 0 is one of the optimal strategies when
me =0.

3.1. Utilityfet (f, T) =f. We first study the problem with the utility function

To 6. Ifu( T)= then U( )= ( t)(-(f)+ m), ( t) S and
*( t)= *( t) (-(f))(/m,), ONfN 1, 0 < T.

Remark For , for all t, and for r T-t, the time left to play, we get the
formulas

1
U( T-r)=(-(f)+) and *( T-r)=(-(f)).

r

See Figs. 3 and 4.
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U(f,t)

FIG. 3. U(f, t) when t is a constant equal to and there are one and two time units left to play (mr
and ,/).

*(f,t)

.4

2

FIG. 4. tr*(f, t) when Ixt is a constant and there are one and two time units left to play (tz+ / mt and 1/V).

Note that this result is the same as that for the limit of the discrete time problem
of 2.6. Note also that the bet size does not depend on/x in this special case. In the
general case, the bet size only depends on/x in relation to m,. That is, for two functions
/xt and /2t, the optimal control is the same if/2, C/x,, for all and some positive
constant C.

The main tool in proving the theorem is Ito’s formula. Since the derivatives of U
are not finite, we are not able to use the formula directly. Instead, we first must look
at a problem where the state space is reduced to S ={(f, t)" e<=f<=l,O<=t<= T-e}
and where u(e, t)= U(e, t), u(f, T-e)= U(f, T-e) and u(f, t)=0, otherwise, u(f, ’)
is the utility function at fortune f if we stop the process at time ’. Let U and o-* be
the U and or* functions of this modified problem.

LEMMA 2. It holds that

U(f t) l](f t) /(f t) S and r*(f t) 6*(f, t) l(f t) interior of S.
Proof Let U’(U) be the derivative of U with respect to time (fortune); let U

be the second derivative of U with respect to fortune; and let I(r)=
Ut(X,s)+ UY(X,s)rtx+1/2U(X,s)r]. By definition, U(f t)= (f, t) on the
boundaries of S. First, we must show that U(Xt, t) is a martingale for the strategy
r* (/] is obtainable). Then we must show that /](Xt, t) is a supermartingale for all
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strategies (U is excessive). Let - be the stopping time when Xt hits the boundary of
S. We note that U C2 on an open set containing S and that

and

= as

Hence we can use Ito’s formula as follows:

[ IE[U(x., z)lX(t)]= E U(Xt, t)+ I(o.) ds + uf(xs, s)o’s dBs

U(Xt, t)+ E I(o.) ds

U(Xt, t) if I(o.) 0, which makes U(Xt, t) a martingale,
<- U(Xt, t) if I(o-)-<0, which makes U(X,, t) a supermartingale,

since the expected value of the integral with respect to Bs is zero. So it only remains
to show that l(o-*)=0 and that I(o.)=<0 for all o.; see the following equations:

+ 2 --1(/zs) + ((I) (f)+ ms)
I(o.*) (((I)-l(f) + ms)

2ms b((I)-’(f))

1+ (-1)
c(dP-’(f))ms )2 (tLs+) 2

((I)-l(f))2 b((I)-l(f)
ms

dp(tI)-’(f + ms)
ms -+ 1 0;

dI(o.) +u{(x,, + uf(x,,

+

b((I)-l(f))/z---L/zs+
ms

b ((I)-l(f) + ms) d(-’(f + ms)ms+

(I)-l(f)) //,s +(--1) 4,(_,(f))2

b(-’(f)+ ms) ( +

b(-’(f)) /xs

which implies that o"s qb(dp-l(f))(tx+s/ms)= o.s*, which maximizes I(o.), since

s)
6(,-l(f)+ m,)

ms<O.do"2 q ((I)-l(f))2

Proof of Theorem 6. Since U(f, T)= U(f, T)- u(f, T) and U(0, t)-- U(0, t)=
u(0, t), and since and U are bounded continuous functions, there exists a 6 > 0
for every e > 0 such that

(i) lim_o 6 0;
(ii) IU(f, t)-u(O, t)l<6 and I(J(f, t)-u(O, t)l<6, for all f <=e;
(iii) U(f, t)- u(f, T) < 6 and O(f, t)- u(f, T) < 3, for all >- T- e.



OPTIMAL CONTROL OF FAVORABLE GAMES 67

Take any (f, t) S. We want to show that U(f, t)= U(f, t). On the boundaries of
S, it is true by definition. On the interior, we have that, for sufficiently small e

(Lemma 2),

U(f, t)- U(f, t)-- U(f, t)- U(f, t)

lim U(f, t)- U(f, t))
e--0

=>lim(EI-o U(L,r) dv-Ef U.(f.,r) dv)
=lim_o Elf U(f,, "r)-u(f, "r) dv] ->lim_o Elf-2t dv] 0,

where z is as before and v is the probability measure of (f, t) under the strategy o-*.
Likewise,

U(f, t)- (f t)-<_lim E f U(f, ’) dw-E f U(f, ’) dw
e-O

=lim E[f U(f, -)- U(f, -) dw] <=lim E f-o

where w is the probability measure of (f, ) under the strategy tr*. Hence U(f, t)=
U(f, t) on the interior of S, which implies that or*= try* on the interior of S. [3

3.2. The 0/1 utility function. We now shift our attention to the utility function
u(f, T)=0 for f<l and u(1, T)=I. This is the one for which Sudderth and
Weerasinghe [6] solved the subfair case.

THEOREM 7. If u(f, T) 0 forf< and u(1, T) 1, then

U(f, t)= (f t)a__ (-l(f)+ mr), (f, t) S

and

o’*(f, t) *(f,, t) a_+_ qb(dp-l(f))(tx+/mr), O<=f--< 1,0--< t< T.

Proof Since, for all f, the utility function u(f, T) is smaller than that in 3.1, we
know from Theorem 6 that U(f, t)<= U(f, t).

To show that U(f, t)>-_ U(f, t), we consider the following modified problem. Let
t=/x,+ for <= T-e and u’t =0 for T-e < <= T. Consider the strategy tr(f t)=
1 for T >- T-e. With it, we leave the interval (0, 1) with probability 1 before
time T, since

_
]l/(T-s)l2 ds=o. The probability of leaving the interval at f= 1

is equal to the fortune at time T-e, since there is no drift (u’t) 0. Hence U(f, t)>=f
for => T-e, where U is the "U-function" of the modified problem.

From this and Theorem 6, we have that U,(f t) >- U(f, t+e).~ Now U(,f, t)>=
U (f, t) for all e, and hence U(f, t) -> lim_o U (f, t) -> lim_o U(f, + e) U(f, t).
o’*(f, t)= t*(f, t) now follows from Theorem 6.

Remark. In this paper we have fixed/xt as a predetermined function, while the
control variable tr(f, t) can be chosen almost freely. If we also have /xt as a control
variable, i.e., we can choose from among various /x,-functions, then it follows from
Theorems 6 and 7, respectively, that we should pick the function that maximizes mr,
while or(f, t) is chosen as before. It is an open question regarding what happens if
there is a restriction on the choice of tr(f t), such as an upper limit, or if the allowable
controls depend on the present fortune.
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3.3. Other utility functions.
COROLLARY 6 (to Theorem 6). Ifu(f, T)=(dP-l(f)+m), m>--O, then

U(f, t)=(dP-l(f)+m+mt) and tr*(f, t)=dp(dp-l(f))ix+/(m+mt).

Remark. Note that the optimal strategy is no longer independent of/x when/x, =/x
for all t. We assume that the intuition behind this is that u(f, T) is no longer a convex
function.

4. Inequalities for stochastic processes. In this section we reformulate the problems
into stochastic processes, where tr (or s), which previously was a control variable, is
now arbitrary and possibly unknown. We wish to establish some inequalities of the
probability of hitting an upper bound u before some given time T and before hitting
a lower bound I.

Consider the random walk X --Xt_ - o’t_ Yt-1, where Yt-1 has the two-point
distribution P( Y -1) 1 w and P( Y (1 r)/r) w, w > r and where trt_l is
arbitrary. Let F, k, and q be defined as in 2.1 and let ’u =min {t." Xt >-_ u} and
rl min { t: X, -<_ l}.

INEQUALITY 1. If W >-- 1/2 >-- r and < Xo < u, then

P(’u<-_T,’,<[Xo)<F(k-IlT, 1-w)+ [q(f, T)(T)]k
(1--w)kwr-k

<F(klT, l-w),

where f= (Xo- l)/(u l) and Ix] is the integer part of x.

Proof. The proof follows from Theorem 3, where we found the strategy or* that
maximizes the above probability.

INEQUALITY 2. For any w > r and if < Xo < u, then

P(’<- T, ’ < %,Xo) <- F(k- l T, l- w)+ q(f, T)( Tk)(1- w)kwr-k < F(k, T, l- w).

Proof. The proof follows from Corollary 2.
Remark. Since P(Xr>=u, Xs > for all s< TIXo)<-P(-<= T, - < -llXo), we get

inequalities for this probability, also.
We now turn to the continuous time process dX, r,(/xt dt + dB,), where Bt is the

standard Brownian motion and where o’t is arbitrary but nonnegative and fulfils the
conditions stated in the beginning of 3.

INEQUALITY 3. If < Xo < u, then

u-1
q-mt

where mt is defined as in 3.
Proof. The proof follows from Theorem 7.
Remark. The inequality also holds for a process dXt=o’t(ltdt+dBt), where

O’tt O’t/Lt for all t.

Acknowledgment. The author thanks David Heath for valuable discussions.
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ON A CERTAIN ASYMPTOTIC BEHAVIOUR OF TIME-INVARIANT
RICCATI MATRIX DIFFERENTIAL EQUATIONS*

WERNER KRATZ-

Abstract. The main result of this paper reads as follows: Given (real) (n x n)-matrices A, B, C, and

Co such that B, C, and C are symmetric, such that B and Co are nonnegative definite, such that the pair
(A, B) is (completely) controllable (i.e., rank [B, A,. , An-IB] n), and such that the triple (A, B, Co) is
strongly observable (i.e., Ax + Bu, Cox=-O on some nondegenerate interval implies x(t)-=0), then, for
any to> 0 and any symmetric matrix Qo, the solution Q(t; A) of the Riccati matrix differential equation

Q+ATQ+QA+QBQ-C+ACo=O, Q(O)=Q

exists on [0, to] if h _-< ho, and it satisfies limx__ Q(to; A) c (i.e., all eigenvalues of the symmetric matrix
Q tend to o). The result is that the new notion of strong observability is even necessary for the assertion.
This result on Riccati matrix equations is motivated by the following application. It is shown that

o }rain [xTCx + uTBu] dt XTCox dt, where x(t) 0, and Ax + Bu with u CS[0, to]

exists just under the same assumptions as above.

Key words. Riccati matrix differential equation, linear systems, controllability, observability, optimal
linear regulator, Rayleigh quotient

AMS(MOS) subject classifications. 49A10, 34A10, 93B05, 93B07, 93C45

1. Introduction. The main objective of this paper is a result on the asymptotic
behaviour of certain Riccati matrix differential equations, which is discussed below.
These investigations, however, were motivated mainly by the following optimization
problem. Given a time-invariant linear system

Ax + Bu, y Cox
with state x, input u, and output y, we ask whether the

(*) min{R(x)l=Ax+Bu for some u CS[0, to], x0}

exists, where the "Rayleigh quotient" R(x) is given by

;o ot
t)Cx(t)+u (t)Bu(t)} dt xT(t)CoX(t) dt,R(x) {x(

where C[0, to] denotes the piecewise continuous functions on [0, to], where we assume
naturally that C, B, Co are symmetric (n x n)-matrices, and where B and Co are
nonnegative definite (observe that the nonnegative-definiteness of B corresponds to
the Legendre condition in the calculus of variations). In this paper, we give conditions
on the matrices involved that guarantee the existence of the minimum above. Of course,
this problem is closely related to the linear optimal regulator, where only the quadratic
functional in the numerator of R(x) is considered, and its theory is well developed.
Here, we seek to minimize the numerator relative to another quadratic functional
(which can be interpreted as output-performance of the linear system). Moreover, the
question of minimizing R(x) is a classical problem in the calculus of variations (here
R(x) is the so-called Rayleigh quotient of corresponding eigenvalue problems; see,

Received by the editors March 20, 1991" accepted for publication (in revised form) August 13, 1991.
? Abteilung Mathematik, Universit/it Ulm, Albert-Einstein-Allee 11, D-7900 Ulm, Germany.
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e.g., [21-23]), and it is completely solved only for special cases, namely, quadratic
functionals (where B and Co are regular) and for so-called Sturm-Liouville problems
(where rank B rank Co 1) [3], [21]-[23]. Except in these two cases, there was always
assumed some definiteness property (which reduces to the assumption that R(x) is
bounded from below; see, e.g., [23, p. 381, (K)], [4], [11], [18], [21], [22], [25], and
others]) to prove that the above minimum exists (which corresponds to the existence
of a (minimal) eigenvalue of the related eigenvalue problem).

As we see below, the problem of minimizing R(x) is intimately connected with
the asymptotic behaviour of a corresponding matrix differential equation, which plays
also an important role for the linear optimal regulator [2], [7], [10], [17]. Our main
result (Theorem 3, below) reads as follows:

Given (real) (n n)-matrices A, B, C, and Co such that B, C, and Co are symmetric,
such that B and Co are nonnegative definite, such that the pair (A, B) is controllable
(i.e., rank [B, A,. , A"-IB] n), and such that the triple (A, B, Co) is strongly observ-
able (i.e., Ax + Bu, Cox =-0 on some nondegenerate interval implies that x---0).
Then, for any to> 0 and any symmetric matrix Qo, the solution Q(t; ,) of the Riccati
matrix differential equation

(+) Q+ATQ+QA+QBQ-C+ACo=O, Q(0) Qo

exists on [0, to] if h-<_ ho, and it satisfies

lim Q(to;A)=

(i.e., all eigenvalues of the symmetric matrix Q tend to c).
Using this result, we prove in Theorem 4 that the minimum (.) does exist just

under the same assumptions. In Proposition 6, we show that the new notion of strong
observability is also necessary for the assertion of Theorem 3 (i.e., the asymptotic
behaviour of Q(t; A), above). This asymptotic behaviour is known (even in a more
explicit form) when we deal with special cases coming from Sturm-Liouville problems
[14], [15], [20] or from quadratic functionals [3], as mentioned above. Throughout
this paper, we restrict ourselves to constant matrices, but inequalities related to Riccati
equations (see, e.g., [24]) lead to corresponding results for time-dependent systems.

Now we summarize the setup of this paper. In 2 we derive a normal form for
controllable systems, which is related to the standard normal form used to show the
theorem on pole assignment (see, e.g., [12], [19], [26]). In 3 we prove a central
inequality (Theorem 2), which is the key for the proof of our main result. This inequality
(together with the normalization of 2) leads to a form of Co, such that the general
Riccati equation (+) separates into special equations, which are related to Sturm-
Liouville problems where the asymptotic result is known (see Proposition 5, below).
In 4 we state the correspondence of (+) to certain linear systems in the sense that
Q solves (+) if and only if

Q=UX-, where=aX+BU, (J=(C-hCo)X-ArU,
and this is used to derive inequalities on Riccati equations (Proposition 3). While 5
is devoted to the proof of our main result (Theorem 3), we apply this result in 6 to
show the existence of the minimum (.) (Theorem 4). This proof of Theorem 4 uses a
standard technique known from the linear optimal regulator. Moreover, we prove the
necessity of strong observability (Proposition 6) in 6, as discussed above.

2. The normal form. In this section, we derive a canonical form of (completely)
controllable systems, which is the basis for the main theorem in 5. The first part
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(Proposition 1) of this normal form is contained in 13, Prop. 1], where the transforma-
tion is constructed explicitly by induction], and it essentially equals the so-called
Hessenberg form [26, eq. (5.186)]. Moreover, our final canonical form (Theorem 1)
can be used to very easily derive the standard normal form for proving the theorem
on pole assignment [1], [19], [27], [12, Satz 3.5 "Regelungsnormalform"] (see also
[6], [9]). Hence our normal form (and its proof) can be used to give a rather simple
alternative proof of pole assignment for controllable systems (either using Theorem 1
directly or by deriving first the standard normal form as in [1] or [12], [19]).

PROPOSITION 1. Assume that the pair (A, B) of (real) (n n)-matrices A and B
is controllable, i.e., rank [B, AB, , Ar-B] nfor some (minimal) r {1, , n}, and
let lr=rankB, "/x=r-k+l l,=rank[B, AB,...,Ak-B] for k= 1,’." ,r. Then 1_-<11_-<

<--lr’ =1 ltx--n, and then there exists an orthogonal matrix T such that

with an (l x n)-matrix Bo of rank l; and
(ii) TrAT=(A.), l, ,{1,..., r} with (l. xl)-matrices A., where A.=O for

> x + 1 and rank A. l. for A. A.,.+ Ar_l,r, 1, r- 1
(see 13, Prop. 1 ], and observe that r is che so-called controllability index of the system
2 Ax + Bu, according to 19]).

Now we can derive our normal form.
THEOREM 1. Under the assumptions and with the notation of Proposition 1, there

exists a regular matrix T such that

with an l x n )-matrix Bo of rank l as in Proposition 1; and

0

J 0

(ii) T-1AT "’"
0

A Art
with (l. x l.+) matrices J. of the form J. (I 0), where I I. is the (l. x l.)-identity
matrix, and with certain L x l.)-matrices

Proo We may assume that

A (A),

are as in the statement of Proposition 1. First, let T diag (T,..., Tr) be a block-
diagonal matrix with regular (l, /,)-matrices T, and with T L Then T-AT A)

A) A) A) 0 for u> +1, and, inductively,(A)).. with ._,, T. _,, T,. Hence ._,,
A TA,,+ T,+ :(IlO) for =1,.-. r-1 with suitable, regular matrices,+1

T2," , Tr, since rank A,.,+ 1,. Moreover, the form of B remains unchanged when
multiplying with T- from the left. Next, let

I 0 0

0 I
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Then

and

A(2) T-1A(1) T

0 Ji
--(2)
A21 c22 J2

"Oo
A(2) (2)
\-’Xrl Arr

After r steps these transformations lead to the final form, namely,

A(r)

J1 0

Oo

Jr-1
A; Arr

which is asserted in our theorem, while B remains unchanged
In view of our application of this normal form, we can simplify this form further

by dealing with inequalities instead of identities. This is motivated by the monotonicity
behaviour of Riccati equations (as discussed below). We henceforth write A=< B for
square-matrices A, B, if A and B are symmetric and if B-A is nonnegative definite.

COROLLARY 1. Under the assumptions and with the notation of Proposition 1
(respectively Theorem 1), suppose, moreover, that B >=0 and that C is another (n
n )-matrix, which is symmetric. Then there exists a regular matrix T and a real a > 0 such
that

B -J gl

where ,= T-’AT, = T-1B(T-1) T, d= TTCT,
0 J1 0

0

with J, (I,I0) for tx 1,. ", r- 1 as in Theorem 1, and where ( ) with
lr)-identity matrix L

Proof Suppose, first, that T is a regular matrix as in the statement of
Theorem 1. Then

0 Bo
with a positive definite (lr lr)-matrix Bo, since B is symmetric, nonnegative definite,
and rank B rank Bo It. Moreover, we may assume that 2Bo =< I (multiply T by some
positive number, which does not change A). Now, given any vectors c, d Rn, let
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cT (C(,..., Cf), dT= (d(,..., dr) with c,, d,*-. Then

cr + aI)c + d r )d + 2d r (j fi)c

=cr(;+aI)c+drr(I-Bo)dr-2df Arcv
=1

>=- dr-2 Arc +cr(d+aI-2(fi-J)(fi,-J)r)c>=O,

if a > 0 is sufficiently large. El
Next, we give those transformations T, under which the normal form of Corollary

1 is (essentially) invariant. To do this, we must refine the block-structure of A (respec-
tively, J) as follows: Let 11,’’’, lr be given as before (i.e., as in Theorem 1 and
elsewhere) such that 1 =< ll =<" --< lr, =1 l n. We subdivide the blocks of length l,
further, namely, into u blocks of lengths A,= l,- 1,_1 -->--0 (with lo := 0). Then Y,=I A,-
l for u 1,. ., r. Using this notation, we obtain the following result.

COROLLARY 2. Assume thatJand are given as in Corollary 1, and let A l,- l,-i
for IX 1,..., r, lo:= 0. Moreover, let u {1,..., r}, and suppose that T is a regular
matrix of thefollowingform: T-1= diag (T1," ", Tr) is block-diagonal, where the blocks
T, along the diagonal are l, l,)-matrices such that T, Ifor tx 1,. ., u- 1,

Cuu

with arbitrary (A x A,)-matrices C,, where C is regular, and let

I 0 I 0

T+I= Ci ...,Tr=
C,u "Cuu" - vth row.

Then T-1JT J, T-I(T-1) T (o o) with a positive definite (1 lr))-matrix Bo(Bo
Tf Tr), and, of course, TrT <= aI for suitable a > 0.

Proof The statements of the corollary follow quite easily if we show that
--1T,J,T,/I =J, for IX 1,..., r- 1. This is trivial for IX 1,. , v-2, and, for Ix v-l,

we have that

Tu_lJu_1TI:(I .0 )(I ) =(IlO)=J_.
A *

Finally, for IX u,. ., r-1, we obtain that

DFINITION 1. Transformations T, which are a (finite) product of matrices as
described in Corollary 2 above, are called invariant matrices.

3. The central inequality. The result of this section is the key to the proof of our
theorem on the asymptotic behaviour of ccati equations. Before we can state the
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inequality, however, we need some notion. Let (as in the preceding section)

n, l_<-ll_-<..._-<Ir with l=n, and

A=l-l_l, v=l,...,r withlo:=0, such that

l= A,, in particular m := A.=Ir;
/x=l

the (n x n)-matrices J and are defined as in Corollary 1. Then a function x C1(#)
(on some interval # ) satisfies

Jx +u on # for some function u(t) C(#)

if and only if x(t) is of the following form:

xT(t) (xlT(t), xT(t), X2T(t), x’T(t), x.T(t), x3T(t), XTr(r))
(1)

with x(t) e a, e C-+1(#) for v 1,. ., r.

(By x, x’, x", x(), and so forth, we denote the first, second, vth, and other derivatives
of x.)

Dv.rINITION 2. Functions x(t) of the form (1) are called admissible on #, and,
for such functions, we define

;T(t):= (X(( t),’’’, Xf(t)) (Yl(t), Y2(t), y,,(t)) m.
Observe that yl(t),’’ ", ym(t) are just the "free" real-valued functions defining the
corresponding admissible x(t). Moreover, we want to mention that we allow, in
particular, A 0 for v {2,. ., r}, such that the corresponding x(t) does not occur.

THEOREM 2. Let C be a symmetric and nonnegative definite (n x n)-matrix and
to> 0, such that (compare Definition 3 below)

f(x) := xr(t)Cx(t) dr>0

for all admissible functions x(t) on [0, to], which do not vanish identically. Then there
exist constancs _-> 1, eo> 0 and an invariant cransformation T such that the following
holds"

f(Tx) >
v=l

(2)

Jo {ellyil2- ae2([yl +... + [y]r-l’12 +’’" + Em[Yml2} dt

for all admissible functions x(t) on [0, to] and for all e,..., e, with 0<e<= eo,
8" e+l<--eforv=l,’’.,m (era+l:"- 0).

Proof. We procede by induction with respect to n M. First, if n 1, then r m

A 1, and the assumption on f(x) implies that C > O. Hence

f(x) Cx(t) dt > x2(t) dt if 0< e= eo: C,

which yields the induction hypothesis for n 1. Next, let n _-> 2, and suppose throughout
that x(t) is admissible. We consider two cases.

Case 1. We have that A __> 1. Let xr(t) (:r(t), y()) with real-valued y() (i.e.,
:(t) denotes the first A-1 coordinates of x(t), and rr(t) denotes its transpose).
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Then xr(t)=(r(t),y(t)), where (t) is admissible according to Definition 2, but
g(t)n-1 instead of with corresponding "parameters" r 1, =A for v=

1, , r- 1 and lr lr 1, Ar Ar- 1 0, m 1 such that the induction hypothesis
may be applied to these (t). We write

Cll C12C=
C1

such that C is an ((n- 1) x (n 1))-matrix, C C ", and such that C=. Then

xCx C+2Cuy + Cy.
Here we see the main assumption, i.e., f(x) xCx dt > 0 if x(t) 0 (compare the
notion of strong observability in Definition 3). It implies that C2 > 0, since otherwise
we would have that f(x)=0 (i.e., xCxO on [0, to]) for (t)0 and arbitrary,
nonvanishing y(t) C[0, to], which yields an admissible x(t)O by Definition 2.
Hence

(3) xrCx:grCg+C= y+Cg
with C-(1/C=)CC. Then is nonnegative definite (since C is nonnegative
definite), and f():=Ix(t)(t)dt>O for all admissible g(t)0 (put y(t)=
-(1/C=)Cg(t) and use (3)). Thus we may apply the induction hypothesis, i.e., that
there exist 6 1, go> 0, and in invariant transformation T(,_(,_ such that

v=l = v_+l

for all admissible #(t) and all e, , e_, em := 0 with 0 < e. o, &.+ e. for
v 1, , m 1. Now, for 0 <em C=, we obtain that

( ) (
C22( C22 e.,)

ey=- a*e Ely.l=+ +ly-")l=]
v=l = v_+l

if 8*= 8"(C22 C2 ) is SUCiently large. Using (3) and (4), we obtain the induction
hypothesis for some a g 2a 1, 0 < eo go with

(which is an invariant transformation, too).
Case 2. We have that &, =0. Then r2, and the admissible functions x(t) are

(r-Iofte form x(t)=(xT(t),x(t),...,x, (t),""", X,_l(t)), so tat l:= n-mmm.
We write

c=(C,, C,=}t
C= C=/ }’

m

and, according to this notion, we split this into two subcases.
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Case 2.1. C22 is singular. This is the main case, where the invariant transformations
of Corollary 2 are needed; actually, the whole degree of freedom of our normal form
is exhausted. Since C22 is singular and symmetric, there exists a lower-triangular and
regular (m m)-matrix Tr and some p {1, , m} such that the pth column and the
pth row of 2z:= (T71)TCz2TTI are zero. Such a matrix T is obviously a product of
matrices Tr, as occurring in Corollary 2; i.e.,

Tr with (A x A,)-matrices C,.

Moreover, by Corollary 2, if T-= diag (T,. ., Tr) with

T= ". for v=l,...,r,

Cv

then T is an invariant matrix. We have that f(Tx)= xr(t)x(t) dt, where

e= :r c:r ( e’’, /"

Since the pth column and the pth row of C22 are zero, and since C is nonnegative
definite, it follows that the pth column of 2, respectively, the pth row of 21 1T2,
is zero (i.e., the whole corresponding column, respectively row, of C is zero). This
means that the highest derivative of the function Yo (where yr= (Yl,"" ", Ym) as in
Definition 2) does not occur in the quadratic form x r(;x at all. Hence the induction
hypothesis for n-1 yields the assertion for n.

Case 2.2. Cz2 is regular. In this case, we prove a stronger assertion, namely, that
there exists a > 0 such that

(5) fo +...+ly.,I2}f(x) > ce {lyll2 dt

for all admissible x(t).
In this case (i.e., Ar =0 with regular C22), our assertion can be reduced to a

situation, where Corollary 3 to Theorem 4 below is applicable, as follows. For any
admissible x(t), write xTr(t)=(r(t), u*r(t)) with ffEt and u*E such that u*=
(.,.(r-1)T tT
-1 xr_). Moreover, let

Alx

-C-21 C21 }m

Blx :=
OC

Cl/x/:-- Cll- c2T1 C2--21 C21 /(t):--
C22u*(l) + C2,(t)

Then the pair (A, B) is controllable (even in normal form as in Theorem 1), 2 A: + Bt7
(if and only if x is admissible), and xrCx 2r2+r. It follows that f(x)=
{2ry. + aT-a} dt > 0 for all admissible x, i.e., 2 ft,2 +/ with x 0. Now Corol-

lary 3 below for dimension < n implies that there exists a > 0 (depending on C, A, B,
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and also on to) such that

-Io dt fo’{,y,l +. .+ly[ dtf(x) > a ix(t)l > 2 2}

for all admissible x(t) (choose the identity matrix as corresponding x/-matrix Co).
This completes the proof of Theorem 2.

Remarks. (i) The foregoing proof shows that the matrix T and the constant ->

depend on the matrix C only, while the constant eo> 0 depends additionally on to
(because of Case 2.2., where Corollary 3 to Theorem 4 is applied; observe the corres-
ponding remark there).

(ii) Note, that A 0 for some v e {2, , r} is explicitly allowed (while A >_

1). Then l,_ l, and =-l+""" is empty, i.e., 0. Moreover, the sum ly,l+ +
ly-)]2 is also 0, if v r.

4. Auxiliary results on Riccati matrix differential equations. We need some state-
ments on Riccati equations, which are essentially known, so we omit the proofs, except
for Proposition 3, which differs substantially from the cited results. Throughout, we
assume that A, B, C, and Qo are any (real) (n n)-matrices, and we consider the initial
value problem for the Riccati matrix differential equation

(6) O + ATQ + QA+ QBQ c o, Q(to) Qo

on some interval 5 of the real axis with to 5. First, we have the well-known correspon-
dence with a linear system, a so-called Hamiltonian system (see, e.g., [15], [16], [23],
[24]).

PROPOSrrION 2. An (n n)-matrix function Q(t) is a solution of (6) on if and
only if the following holds: Q(t)= U(t)X-l(t), where the (nn)-matriees X(t) and
U solve the initial value problem

(7) 2=AX+BU, O=CX-ATU, X(to)=I, U(to)=Qo,
and where X(t) is regular for .

Next, we state the important comparison result, which is essentially contained in
[15, Prop. 2] (see also [24, p. 118]).

PROPOSrrION 3. Assume that B, C, and Q0 are symmetric, that B >-0 (i.e., nonnega-
tire definite), and that 5=[t0, T)(T> to). Moreover, let , , ;, and Oo be (nx
n)-matrices that satisfy the fact that , , and Oo are symmetric such that to <--Qo and
such that

(S)
-A -B - -B

Then, if the solution O( t) of d+T(+(+ (/0 ( 0, O( to) Oo exists on , the
solution Q( t) of (6) exists on also, and it satisfies
(9) Q( t) >- Q( t) for c to, T).

Proof The proof is based on the correspondence to linear sys.te.rns according to
the previous Proposition 2 (so that Q= UX-, respectively, Q= UX-) and on the
following identity, which follows from (7) directly (see [15, Prop. 2])

d-d-XT(Q-O)X=(OX U)TB(OX U)
dt

+(XT’xTO) -A J-B OX >=0
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since B-> 0, and since (8) holds for all 5, where Q(t) exists (observe that Q(t) and
Q(t) are symmet.ric for all because Qo and Qo are symmetric). This inequality yields
(9) using Qo >- Qo. To prove that Q(t) exists on [to, T) we procede similarly to the
proof of Proposition 4 in [15]. If Q(t) does not exist on [to, T) then there exists

tl (to, T) such that the following holds (use Proposition 2, above)" Q(t) exists on
[to, q), X(t) is regular for [to, tl), X(t) is singular such that X(t)e-0 for some
cC"\{0}, and g(t):= cT"Xr(t){Q(t)-O(t)}X(t)c=cT"XT(t){U(t)-O(t)X(t)}c=-O
on [to, t] (since g(to)=>0, g’(t)=>0 on [to, t1], and g(tl)=0). Hence (Q(t)-
O(t))x(t)c=o on [to, t) (use that Q(t)>-O(t)), which implies that {U(t)-
Q(t)X(t)}c=-O. Thus U(tl)C=X(tl)C=O, contradicting the fact that rank x(t))=- n. 13

Finally, we state the transformation behaviour of Riccati equations (see [24],
p. 104]).

PROPOSITION 4. Given any regular matrix T; then Q(t) solves (6) on the interval
if and.only if O(t):= TTQ(t) T is on a solution of ( +T0+O+OO O,

0(to) Qo, where = T-IAT, = T-B(T-1), = TTCT, and 0o TrQo T.

5. The main result. Before stating our main result, we need two notions, the
well-known notion of "controllability" (see, e.g., [5, p. 80] and [2, p. 390]) and a new
notion of "strong observability," which is stronger than the well-known notion of
observability [2], [5].

DEFIrI’rION 3. Let be given (n n)-matrices A, B, and C. Then we call (i) the
pair (A, B) (completely) controllable, if rank [B, AB, , A"-IB] n; and we call (ii)
the triple (A, B, C) strongly observable if Ax + Bu, Cx 0 on some nondegenerate
interval 5, and u Cs(5) always implies that x-= 0 on 5.

Remarks. (i) Obviously, strong observability of (A, B, C) implies that the pair
(A, C) is (completely) observable (put u 0). This notion of strong observability seems
to be new, and it is actually in a sense equivalent to the asymptotic behaviour of a

corresponding Riccati equation (stated in our main result below). This "equivalence"
is shown in the next section (Proposition 6). Observe, moreover, that both notions of
Definition 3 are invariant under transformations according to Proposition 4, i.e., when
replacing A, B, C by /= T-1AT, = T-B(T-) r, and (= TT"AT, where T is any
regular matrix.

(ii) The assumption of piecewise continuity on u (i.e., u CS(5)) in Defiition 3
may be replaced by the assumption that u is an entire function (i.e., u(t)=k=O Ukt

k

for all E) without changing the notion of strong observability; we only need this
weaker assumption.

Now we can state the main result of this paper.
THEOREM 3. Let be given (real) n n )-matrices A, B, C, Co satisfying the assump-

tions" B, C, and Co are symmetric; B and Co are nonnegative definite; the pair (A, B)
is controllable; and the triple (A, B, Co) is strongly observable. Then, for any to> 0 and

for any symmetric matrix Qo, there exists Ao Ao(to, Qo; A, B, C, Co) such that the solution
Q( t; A) of the initial value problem

(10) Q+ATQ+QA+QBQ-C+ACo=O, Q(O) Qo

exists on [0, to] whenever ,k <-,o, and it satisfies
lim Q(to; h) c; i.e., all eigenvalues of the
A-

()
symmetric (n x n)-matrix Q(to; h) tend to o as h- -.

Proof Using Corollary 1 and Proposition 3, we may assume that the system is
transformed to "normal form." More precisely, we may suppose that the matrices A,
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B, C, Co, and Qo have the following form (compare 2 and 3)"

A--J--

0 J1 0

0

with (//+,)-matrices ],=(I[0) for t=l,...,r-1, B=g=( ) with the (/x
/r )-identity matrix I, where 1 =< 11 " lr with = l n, C -aI, and Qo -I
with sufficiently large positive constants a and . Moreover, we use the notation of

3" among others, the quantities A l.-I-1, m =1 A lr, and the notion of
admissible functions x(t) according to Definition 2. Then the assumption of strong
observability implies that

x (t) Cox(t) dt > 0 for all > 0 and for all admissible functions x(t)T

,0

(i.e., Ax + Bu for some function u) on [0, tl] with x 0. Hence Theorem 2 applies,
where we may assume that the transformation matrix T I (using Corollary 2 and
again Propositions 3 and 4 such that we can still assume that A J, B , C =-aI,
and Qo =-I). Now Theorem 2 (noting additionally remark (i) to Theorem 2 and the
remark to Corollary 3, below) yields the following: There exists 1, and, for a given
0 < V to, there exists eo(V) > 0 such that

(12) xT(t)Cox(t) dt
o

:1 =1_+1

o’ xT(t)oX(t) dt with the diagonal matrix

A=l A+A=/

Co= diag (el,’", el,-e, ,-el+l, el+l, e,
-e, ",-el+, el:+1," ", el, ",

--e2, --Elr_l+l, E/_+I, Elr)
Al+

for all tlto, 0<eeo, e+e (=l,...,m=lwith e+l := 0), and for all
admissible functions x(t) on [0, to]. Using this inequality and notation, we obtain the
following lemma, which is similar to Proposition 3.

LEMMA. Let 0< to such that the solution Q(t; O) of (10) (with A =0) exists on
[0,], and let AO be fixed. Moreover, assume that 1, eo()>O, O<eeo,
e+ e for = 1,’.., m, as above. en, if the solution Q(t)= Q(t; A) of
(13) Q+A +OA+OBO C+Ao 0, (0) Qo

exists on [0, to], the solution Q(t; A) of (10) exists on [0, to] also, and it satisfies
(14) Q(t; A) Q(t; A) for all , to].

Proof of the lemma. First, Q(t; A) exists on [0, ] since A0 and Co0 by
Proposition 3 (with A=A, B= B, Q(t)=Q(t; 0), C =C, and C-ACo (which is C)
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instead of C). Then the existence of Q(t; A) on r/, to] follows similarly as in the second
part of the proof of Proposition 3, provided that we have shown (14) (assuming the
existence). Now, by Proposition 2, we have that Q(t):= Q(t; A)= U(t)x-l(t), where
X(t), U(t) solve the linear system ." AX + BU, (C-ACo)X-AT‘U with X(0)
/, U(0)=-fl/. The asserted inequality (14) follows, if we show that

cT‘XT‘(t){Q(t)-O(t)}x(t)c>-O for all t[7, to] and cCn.
Therefore let c C and consider that x(t)= X(t)c. It follows that Ax + Bu with
u(t) U(t)c Q(t)X(t)c, i.e., x(t) is admissible, and

d
X 7‘(t){ Q(t) ((t)}x(t) x7‘(t)(-A Co- (o)}X(t) + O( t)x(t) u(t)) 7-;

dt

B((t)x( t) u(t)) >- xT(t){-A Co- (o)}X(t)

(using B => 0, Ax + Bu, and the Riccati equations satisfied by Q, respectively, ().
Hence inequality (12) implies that

x(t{Q(t)-d(t)tx(>-(-t) x(-)(Co-do)X(-)

for t It/, to], which yields (14).
Now we can continue the proof of Theorem 3. According to the preceding proof

and the lemma, we may choose constants a > 0, fl > 0, 7 (0, to], eo co(r/)> 0, and
8-> 1, and we canflut A J, B , C =-aI, and Qo =-ill Then it suffices to prove
that the solution Q(t; A) of (13) exists on [0, to] for A-< Ao < 0 (-Ao sufficiently large)
with lima__ Q(to; A)= oo, where the numbers e can be chosen as suitable functions
of A, satisfying 0<e(A)_-<eo, 8e+l(A)<--_e(A) for v=l,.. ",m=lr. We choose the
e(A) inductively as follows" el(A)----eo>0 and p(A)=2(/Ae, -Ae+I(A)= p(A) for
,- 1,..., m. Then

(15) p(A)oo, -Ae,,+l(A)p2= 1/p(A)O asA--for u=l,...,m

such that the restrictions on the e are satisfied for h-<_ ho < 0. Now we have, by
Proposition 2 that 0(t; h)= U( t)X-l( t), where the columns x(t), respectively, u(t),
of the (n x n)-matrices X(t), respectively, U(t), solve the linear system

(16) =Jx+Ju, fi=(-aI-ho)X-JT‘u.
This normal form of (7) is constructed in such a way that it separates into self-
adjoint scalar differential equations (which correspond to Sturm-Liouville eigenvalue
problems, where the asserted asymptotic behaviour (11) is known; see, e.g.,
[15, Thm. 11] and [14, Thm. 2]) as follows" Columns x(t), u(t) solve the differential
system (15) if and only if x(t) is admissible according to Definition 2 (i.e.,
xr(t)=(x(t),l (t), ,xf(t)), and we put 7‘(t)=(Xl (t), ,xf(t))=
(yl(t),’", ym(t)) R as in Definition 2), if u(t) is of the form (very abbreviated)

uT(t) (--1)ry2r-1)+ . (--1 (--Cr+A 8e2)y2-2), yl(t),’’" ym(t),

and if the functions Yl(t),".., y,n(t) solve the selfadjoint differential equations

s-1

(17) (-1)y)+ (-1)"(-a+ASe+l)y")=(Ae,+o)y,

for/x {1,. ., m}, s {1,. ., r} with Ir-s </z -<_ l+l_s.
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Since the initial value matrix Qo=-flI is .diagonal, the matrices X(t), U(t)
"separate completely," which means that Q=UX-1 is given by t(t;A)=
PTdiag(Ql(t;A),..., Qm(t;A))P with some permutation matrix P, where the
diagonal blocks Q,(t; A) solve Riccati equations corresponding to (16). More precisely,

(18) Q,+AsQ.+Q,As+Q,BsQ,-Cs+ACos=O, Q,(O) -/3I

for/x{1,...,m}, s{1,...,r}, lr_s </x-< lr+l_s, where the (s x s)-matrices
Cs, Cos are given by Cs=-a/, Cos=diag(e,,-6e,+l,’",-6e,+l), Bs=
diag (0,..., 0, 1), and the companion matrix

As--

These solutions Q,(t; A) are evaluated asymptotically in [15, Thm. 11], [14, Thm. 2],
and the corresponding result needed here is stated in Proposition 5, below. Since

2s-Ae pr(A)-> p (A) o and-Ae+ p, Proposition 5 (with e(p)= 1/p) implies
that Q,(t; A) exists on [0, to] for A_-<Ao and that lima__ Q,(to; A)= for all /z=

1,..., m, which yields the desired assertion. [3

PROPOSITION 5. Assume that A is the (sxs)-companion matrix, that B=
diag (0,. ., 0, 1) as above, and that Co diag (1, 0,. ., 0), C
diag (ro(p), , rs-l(p)) such that

Ir(p)lp=-e(p)-O as p->ofor u=O,... ,s-1.

Then, for any to> 0 and for any symmetric matrix Qo, the solution Q( t; p) of

O + aTQ + QA+ QBQ + C + pZSCo O, Q(O) Qo

exists on [0, to] for p > 0 sufficiently large, and it satisfies
Q(to; p)= p;o{G+ O(e(p))}lp-* as p-->,

where Do diag (pS-1,..., P, 1) and where G is a positive definite matrix (depending
on s only).

Proof. The proof (and the assertion) of Theorem 2 in 14] uses the more restrictive
assumption that e(p)= O(p-) (which is needed there for Theorem 1). An inspection
of the explicit calculations in that proof, however, immediately shows that Proposition
5, above (with O(e(p)) instead of O(p -2) in [14, Thm. 2]), is true. [3

6. Applications to the linear regulator in optimal control. In this section, we prove
a consequence of Theorem 3 concerning the quotient of quadratic functionals

R(x) := {xTCx+uTBu} dt xTCoxdt,

where the denominator is positive for admissible x(t)O. Then the quotient R(x) is
-->Ao if and only if the quadratic functional

I(x; Ao): {xrCx+urBu} dt-Ao xrCoxdt

is >_-0, which relates the minimization of R(x) to the optimal linear regulator problem.
Our result on the minimization of R(x) is well known if B Co I (see, e.g., [23,
Chap. IV, Thm. 3.1] and [3, 7.2]); in particular, the method of proof is normally
used when dealing with the linear regulator in optimal control (see, e.g., [17, 3.3]).
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Moreover, Theorem 3 can be used to prove a far more general result (including general
boundary conditions and also time-dependent systems) via Theorem 4 of [3]. This will
be done in a forthcoming paper, where a general oscillation result (compare [3, Thm.
3]) will be derived. Here, however, we need a rather special case, which was already
used in the inductive proof of the central inequality (2) in Theorem 2, above. Moreover,
the proof below is rather easy (when Theorem 3 is known), and it makes this paper
self-contained.

THEOREM 4. Under the assumptions of Theorem 3, there exists

Ao := min {R(x)lx(t admissible and 0},

where x( t) is admissible if Ax + Bu for some u CS[0, to], and where

o /iooR(x) := {xTCx q- uTBu} dt XTCoX dt.

Moreover, )to R (z), where. Az + Bv, f C )toCo)z Arv on [0, to], v(O) v( to) O.

Proof Consider the solution Q(t; )t) of the initial value problem (10) with Qo 0.
Then, by Proposition 2, we have that Q(t; )t)= U(t; )t)X-l(t; )t) where ., AX + BU,
(J=(C-XCo)X-ArU and X(0)=/, U(0)=0. By Theorem 3 and [3, Thm. 1 with
Sz4 =/, $13 0], there exists )to> - such that the following holds: Q(t; )t) exists (i.e.,
X(t; )t) is regular) on [0, to] for )t <-)to, Q(to; )t) is positive definite for )t <)to, and
Q(to; )to) is singular, i.e., U(to; )to)C 0 for some c R"\{0} (observe that )to < c is an
immediate consequence of inequality (19), below). Now assume that x(t) is admissible,
i.e., Ax + Bu with u CS[0, to]. Then we obtain from Riccati’s equation (10) that

d
(19) ttxr(t)Q(t; A)x(t)=-(u-Qx)rB(u-Qx)+urBu+xr(C-ACo)x

for [0, to] and )t-<)to (observe that formula (18) reduces to the so-called "Picone
identity" [3, (6.1)] in this special case). Since B is nonnegative definite, Q(0)= 0, and,
since Q(to; )t) is positive definite for )t < )to, we obtain the inequality

(20) Io{xrCx+uT"Bu} dt>=A IoXrCoxdt for A <Ao.

Hence R(x) >- )to. Moreover, )to R(z), where z(t) X(t; )to)C 0 satisfies Az + By,
t (C )toCo)z Arv for v(t) U(t; )to)C with v(0) V(to) 0, which completes the
proof. U

Remarks. (i) Observe that controllability and strong observability imply that the
differential system Ax + Bu, ft (C )tCo)x AT"u is normal according to [3, (A2)],
which is needed for the application of [3, Thm. 1], above. Moreover, if Co =/, then
this notion of normality coincides with "identically normal" in [23, p. 313] and with
condition [C] in [8, pp. 36, 37].

(ii) Next, note that Co=> 0 and strong observability is equivalent to o xTCox dt > 0
for every admissible and not vanishing x(t) and every to> 0. Hence the denominator
of the quotient R(x) is never zero when taking the minimum as above.

(iii) A simple but nontrivial application of Theorem 4 (which is not covered by
known results, to our knowledge) results from the following example.
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Example. Let

1 0 0 1 0 0 1 0 0 0 0 0

Co=
0 1 0 0

A=
0 0 0 1, B= i

0 0 0

0 0 0 0 0 0 0

0

0 1 0

1 0 0 0 0 0 0 0 1

and let C be any symmetric (4 x 4)-matrix, e.g., C =-aL Then (A, B) is controllable,
and x(t)= (xi(t)) C[0, to] is admissible if and only if 1 x3 and 2 x4. Hence,

xTCox dt {x+ (x, + 2)2} dt > 0 for all admissible x(t) 0. This implies that
(A, B, Co) is strongly observable. For this example, the full strength of Theorem 2 (in
particular, Case 2.1 of its proof) is needed for the proof of Theorem 3, which becomes,
in this rather elementary case, by no means trivial (including Theorem 4).

An immediate consequence of Theorem 4 is the following result.
COROLLARY 3. Under the assumptions of Theorem 3, suppose additionally that

o {xrCx + u TBu} dz > 0 for all > 0 and all admissible x( z) with x( z) 0 (and Ax +
Bu). Then there exists (a maximal) a a(t) > 0 such that

{XTCx "J- U TBu} dr >= a xTCoX dr

for all admissible x(’) C[0, t].
Remark. Of course, a(t), above, depends on in general; a rather elementary

reasoning either directly with R(x) or considering det U(t; A) (according to the proof
of Theorem 4) shows that a(t) is continuous on (0, ). Hence, for 0< 6 =< to, there
exists e e(6, to)>0 such that a(t)>-_e for all t[, to].

Finally, we prove that strong observability is necessary for the statement of
Theorem 3 (and actually also of Theorem 4!).

PROPOSITION 6. Let there be given (real) (n x n)-matrices A, B, C, Co, and Qo
such that B, C, Co, and Qo are symmetric, and such that B is nonnegative definite. Assume
that, for any to > O, the solution Q( t; A) of (10) exists on [0, to] whenever A _-< Ao(to) and
satisfies (11). Then Co is nonnegative definite, and (A, B, Co) is strongly observable.

Proof. Let there be given to>0 and an admissible function x(t) on [0, to] with
X(to) 0 such that 2 Ax + Bu for some u e CS[0, to]. Since B is nonnegative definite
and since the solution Q(t; A) of (10) exists on [0, to] for A<-Ao, we obtain from (18)
the inequality

io,o io(-h) xrCoxdt>--xr(O)Qox(O) {uTBu+xrCx} dt

+xT(to)Q(to; h)X(to) for all h<=ho

Now xT(to)Q(to; h)X(to)- as h o--o by our assumption, and this implies that
XTCox dt > 0. Hence Co is nonnegative definite, and (A, B, Co) is strongly observable

(compare remark (ii) after Theorem 4). [3
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NONLINEAR OPTIMIZATION: ON CONNECTED COMPONENTS
OF LEVEL SETS*
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Abstract. This paper is concerned with differentiable constrained optimization problems in finite
dimensions. The constraint qualification used is of Mangasarian-Fromovitz type. This paper studies the
connected component of the level set of the objective function containing a specific local minimizer,
considering that component as a function of the objective level. Special attention is paid to compactness
and continuity aspects, also in connection with the occurrence of stationary points. Moreover, a covering
of such a compact connected component is presented with differentiable curves tending to the specific local
minimizer along which the objective function monotonically decreases.

Key words, level sets, connected components, descent curves, Mangasarian-Fromovitz constraint
qualification, stationary points, strongly stable stationary points, MFCQ
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1. Introduction. Main results. Let R be the n-dimensional Euclidean space, and
Ck(R, R), k >-O, the space of real-valued, k-times continuously differentiable func-
tions on R. Iff CI(R, R), then Df(x) represents the derivative (row vector) off
at x. We consider the following optimization problem in standard form:

(P) Minimize f(x) subject to M,

where the feasible set M is defined as

M {x Rlhi(x) O, I, g(x) O,j J}

and I {1, , m}, J {1,. , s} are two finite index sets with rn < n. Furthermore,
we assume that f, hi, gj C2(R, R), i I, and j J. For x R n, we define the set of
active inequality constraints

Jo(x) {j J g(x) O}.

We say that a point M is a stationary point of (P) if there exist numbers ui,

! Jo() satisfying the following system:

(1.1) Df()+ Z uiDhi(,)+ E ujDg(,):O, u>=O,jJo().
iG jGJo()

By E (P), we denote the set of all stationary points of (P). If is a local minimizer
and if, in addition, a certain constraint qualification is fulfilled at 2, then E (P) (cf.
[3]). In this study, we need two constraint qualifications, the well-known linear
independence constraint qualification (LICQ) and the Mangasarian-Fromovitz con-
straint qualification (MFCQ) at a point . These are defined below.
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LICQ is said to hold at if the vectors Dhi(:), I, Dgj(),j Jo(:) are linearly
independent.

MFCQ is said to hold at if the following two conditions are satisfied"
(i) The vectors Dhi(:), I, are linearly independent; and
(ii) There exists a vector sc R satisfying

Dh(:) O, I; Dgj(:) < O, j Jo().

It is easily seen that LICQ implies MFCQ at ;. In recent years, many results
belonging to stability or continuity analysis have been proved under the assumption
that MFCQ is satisfied at certain points. Recall, for example, that MFCQ is satisfied
at E(P) if and only if the set of Lagrange multipliers, u, i I U Jo(5) satisfying
(1.1) is bounded [4]. Furthermore, we refer to Kojima’s necessary and sufficient
conditions for strong stability of stationary points under MFCQ [10]. In [6], [7], [11],
one-parametric optimization problems are studied, and, in particular, the local structure
of the one-dimensional set of stationary points. There it is shown that the failure of
MFCQ gives rise to bifurcation points of the feasible sets under consideration and to
boundary points of the set of stationary points. Under MFCQ, the (structural) stability
and continuity of the set-valued mapping

(h,, ga, I,j J) - {x R" h,(x =0, I, g(x) <-O,j J}

are studied in papers [5], [9]. Finally, we also refer to continuity aspects given in [13].
Many ofthese results are basic for the theoretical background and the development

of concepts and algorithms in nonlinear optimization. In this paper, we study properties
of a connected component of the level set off depending on the level. Special attention
is paid to compactness and continuity aspects, also in connection with the occurrence
of stationary points. We call a subset A B a connected component ofB ifA is connected
and if, for every connected subset C of B with A C, it holds that A C. A set A is
called path-connected if, for any two points x, y A, there exists a continuous mapping
to: [0, to(t) A with w(0) x and to(l) y. In particular, the set {w(t) [0, 1 ]}
is called a path.

For a R, we define m ={x m[f(x)<- a}, m ={x mlf(x) < a} and, for
M, a >-f(,) (a >f()), the set m(& a) (mo(2, a)) as the connected component of

Ma(M), which contains 2. To compute a stationary point of (P), we can use an
algorithm that starts with a point x and computes a sequence {x} whose cluster points
belong to E (P). In many cases, this sequence {x i} =o,1,2, "belongs to (a neighbourhood
of) exactly one connected component of M (or one path-connected component of M,
if using trajectory methods), and the condition f(x+)<-f(xi)-ei(ei>O, e i-0) is
satisfied. Therefore we are interested in (topological) properties of the sets M(& a)
depending on a. We investigate properties of M(& a), a [f()), i], and, throughout
the paper, we assume the following two conditions:

(V1) 2 is an isolated local minimizer of (P) and a is fixed with a>f()); and
(V2) MFCQ is satisfied at all points x M(& i).
Before stating the first theorem, we return to Kojima’s strong stability. In [10] the

so-called stationary index (s.i. ())) of a strongly stable stationary point 2, the appropri-
ate generalization of the Morse index [12], is defined if MFCQ is satisfied at 9. In
particular, if MFCQ holds at 9, but LICQ does not, then s.i. ()=0.

The close relationship between the change of the topological structure of M"
when passing the level of a strongly stable stationary point 9, and the stationary index
s.i. () is investigated in [8] and [5, Thm. C]. A consequence of MFCQ and strong
stability is the following theorem.
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THEOREM 1. Suppose that every point of (M(2, a)\{2})CI E(P) is strongly stable.
Then M 2, is path-connected.

The next theorem provides the existence of a covering of the set M(2, a)\{2} with
disjoint trajectories contained in M(2, a) and tending to 2 along whichf monotonically
decreases.

THEOREM 2. Let M(2, (t) be compact and M(2, tI)f-IE(P)= {2}. Then for each
6 M(2, ti)\{2}, there exists a continuous function

" t[O,f()-f(2)]-(t)M(2, )

with the following properties"
(i) ](o,f()-f()) is continuously differentiable;
(ii) (0)= x, (f(:)-f(2))= 2;
(iii) f((t))=f(:)- t;
(iv) Let M(2, a) with f(Y) >-f(). Then either (a) for each [0,f()-f(:)),

Oi,(t)=(f(Y)-f(2)+t), or (b) for each t[O,f()-f(2)), (t)#
(f(Y) -f() + t).

For our purposes, we introduce the following assumption.
(V3) The stationary points in M(2, a), other than 2 itself, constitute a finite set,

each element of which is strongly stable with stationary index strictly greater
than 1 (in the sense of Kojima). If this set is nonempty, we denote it by
{xl,

For our purposes, we define the cone N at M as follows"

N ADh(.)- 2 lDg() txj R,j Jo()) U {0}.
jeJo(

tx >= O

Furthermore, let I1" denote the Euclidean norm and, for e > 0, A R and R ", put

d(, A)= inf {11-xll Ix A},

B()) {x 6 g" IIx-;ll < and

B(A) {x R" [d(x, A) < e}.

The condition defined below is an appropriate modification of the ("Palais-
Smale") condition C* in [5].

DEFINITION 1. Condition C+ is fulfilled by the function g C(R ", R) on a set
SR" if

inf {d(Dg(x), N) Ix S} > O.

If (V3) is fulfilled, then there exist open bounded neighbourhoods Uo of 2 and
U ofx,i=l,...,p such that

Ui’] Uj--(, i#j, i,j=O,...,p and

P(1.2)
MFCQ is satisfied at all x (..J Ui.

i=0

Henceforth, we sometimes use, under (V3), the following additional assumption:
(V4) The function f fulfils condition C+ on the set M(2, t7)\ (3 p

=o U for every
choice of open bounded neighbourhoods Uo of 2 and U of x, 1, , p
satisfying (1.2).
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THEOREM 3. Let conditions (V3) and (V4) befulfilled. Then, for every a [f(), t],

(1.3) M(2, a) NMa=M(2, a).

In the following two theorems, we consider continuity properties ofthe point-to-set
mapping

F" a [f(:), a] r(a) M(, a).

A well-detailed study of continuity aspects related to point-to-set mappings is given
in [1]. Using the definitions from [1], the mapping F is said to be continuous at

[f(), ti] if F is (i) lower semicontinuous in the sense of Berge (lsc-B) at , as well
as (ii) upper semicontinuous in the sense of Hausdortt (usc-H) at d. F is called lsc-B
at if, for any open set f c R" with f f’) F() , there exists a neighbourhood B(d)
such that f f)F(a) for each a B(d). We say that F is usc-H at if, for each
e > 0, there exists a 6 > 0 such that F(a) c B(F()) for every a B().

Before stating the next theorem, we remark that Theorem 4 is true without assuming
(v).

THEOREM 4. (i) If F is lsc-B at , then

(1.4) cl Mo(, a)= M(g, a)

(where cl denotes the closure);
(ii) Let Mo(, ) be path-connected and let (1.4) be satisfied. Then F is lsc-B at

(iii) If M(., ) is compact, then F is usc-H at
From the latter theorem, we obtain the following results for our special situation.
THEOREM 5. Assume conditions (V3) and (V4). Then
(i) cl Mo(, a)= M(, a) for all a
(ii) M(., a) is compact for all a [f(),
(iii) F is continuous at a for all a [f(:), ti].
In 2 we present some basic lemmas used later. Then 3 contains the proof of

the Theorems 1-5 given above, as well as some additional remarks.

2. Lemmas, preliminary results. In [5, Thm. A] it is shown that M is a topological
manifold with the boundary 6M {x R" hi(x) 0, I, maxjj gj(x) 0} if MFCQ
is satisfied at all points of M. As a local consequence, we formulate the following lemma.

Lemma 1. Let MFCQ be satisfied at a point M. Then
(a) There exist open neighbourhoods U(:) of and U of the origin in R such

that U() M is connected and homeomorphic to U ifJo()= , and otherwise homeo-
rnorphic to R"-"-1 R+, where R+ {y R lY --> 0};

(b) Let U() be chosen as in (a). Then U() fq M is path-connected.
Proof. If Jo()= , then MFCQ (i) implies that, locally around , the set M is a

C2-manifold and therefore homeomorphic to a (path-connected) neighbourhood
of the origin in R-". If Jo() , the desired homeomorphism is constructed in the
proof of [5, Thm. A].

Corollary 1. Let A be a connected component of M, and let MFCQ be satisfied at
all points of A. Then A is path-connected.

Proof. The proof is immediate from the fact that A is connected and locally
path-connected.

In the following lemma, let 7" R" be a vector field defined on the open subset
c R ". The lemma is a well-known result from the theory of ordinary differential

equations.
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LEMMA 2. (a) Ifl is locally Lipschitzian, respectively, belongs to the class Ck(k >-- 1),
then, for each G, there exist an open neighbourhood U() of, a number e() > O,
and a unique mapping p ck( u() X (--e(), e()), G) (k=0, respectively, k > 1) such
that

(x, t) 7((x, t)), 7(x, O) x, and
Ot

(I)
tl+ t2 x f tl

(I)
t2 x

for all x U(:), {tl, t2} c (-e(), e(:)) satisfying ]t / t]< e(), where we put t(" )=
@(., t).

(b) If= Rn, 1 locally Lipschitzian (or Ck(k >-1)), and bounded, then p is defined
on Rnx R; i.e., q is completely integrable, and (., t) is a homeomorphism (or C k-

diffeomorphism for each R.
In the following^lemma, we need condition C/ introduced in 1.
Lemma 3. Let M be a closed subset ofM and let MFCQ be satisfied at all points

of ]I. Suppose thatffulfils condition C+ on ]. Then there exists a bounded vector field
rl C (R, R with the following properties:

(i) For all x M,

(ii) For all x M,

Df(x)n(x)<-_O,

Dh,(x)rl(x)-0, I,

Dg(x)rl(x) <= O, j e Jo(x);

Df(x)q(x) <-_ -l;

(iii) The flow of the vector field q satisfies the relation

(., t)[M(, a)]c M(, a)

for all a >-f() and all >= O.
Proof. Lemma 3 can be proved in the same way as [5, Thm. C], substituting M

for the set Mab in the latter reference. In particular, condition C+ yields the boundedness
of the vector field 7.

In the next lemma, let X be a topological Hausdortt space and denote by
Hq(X), q 0, 1, 2,... the qth singular homology space over the reals with respect to
X. Roughly speaking, the dimension of Hq(X) represents the number of "(q+
1)-dimensional holes" in X (see [8, Chap. 5]). The next lemma is well known (cf. 15]).

LEMMA 4. (a) The cardinality of path-connected components of X is equal to
dim Ho(X) (where dim denotes the dimension);

(b) Let X and Y be homotopy-equivalent Hausdorff spaces. Then, for all q-
O, 1, 2,..., Hq(X) Hq( Y).

3. Proofs of the theorems and remarks.
Proof of Theorem 1. The proof is given in two steps.

Step 1. First, we show that every nonempty connected component Z of
M(, a)\{x E(P) If(x) ti } is path-connected. Let Z and

A= {x Z Ithere exists a path in Z connecting x and :}.

We know ; A, and we prove that A is open and closed in Z. Suppose that : A.
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Since 9 {x E(P)[f(x)= a}, MFCQ is fulfilled at with respect to the set

Ma= xeRn]gj(x)<__O,je
If(x) a

Now Lemma 1 implies the existence of an open neighbourhood U() of 2 such that
U() {x E(P)If(x) a} and U() Ma is path-connected. The latter two facts
imply that U() Ma c Z and U() Ma U() Z, as well as U() Z c A. Now
let e A, x’ and x’ e Z. From Lemma 1 and the fact that x’ {x E(P)If(x)
we see that ,oe U(x’) for an appropriate index io, and, consequently, there exists a
path in Z connecting x’ and ,o.

Step 2. Now let eM(, a)E(P) and f()=. From (V1), we know that
f() < a, and hence . If the stationary index of vanishes, then is a strict local
minimizer. It follows that there exists a neighbourhood U of such that Ma U {}.
Consequently, the connectedness ofM(, a) implies that M(, a). So the stationary
index of must be greater than zero, and hence LICQ is satisfied at (cf. 10, Thm. 7.2]).
Consequently, there exists a vector v e R" satisfying

Dh()v O, L Dg()v O, j e Jo(), vrDL()v < O.

Here L =f+ uh +oug is the corresponding Lagrange function (with unique
numbers u, u such that (1.1) at is satisfied). Fuhermore, choose vectors R,, n -Izl- I1o( )1 such that Dh,() I, Dg() j Jo(), , 1,..., n -Itl-
I1o( )1 form a basis of R. So we can construct the local C-coordinate transformation

[hi(x),iI

and the C-vector field v(x)= D-l((x))D()v, defined on an ppropriate neigh-
bourhood of . It is easily seen that there exists a neighbourhood U(0) of 0 such that
the relations

(, t) ME(P) and f(*(2, t)) < a

hold for all e U(0){0}, where (, t) denotes the trajectory through corresponding
to the vector field v(x).

Now Theorem Cb. in [5] implies that locally around the set M(, ){} is
connected if s.i. () 1. In this case, the path {(, )t 0, e (0)} connects the
points (,0)= and (, t)eM(,a)(P), >0, e U(0). If s.i. ()= 1, then,
locally around , the set M(, ){} consists oftwo connected components; a moment
of reflection shows that the sets

{*(, t) lt > 0, e (0)} and {*(, t)t < 0, e (0)}
do not belong to the same connected component.

The results given in Steps 1 and 2 imply that the set

{x e M(, )lthere exists a path in M(, ) connecting and x}

is nonempty, open, and closed in M(, ). Thus we are done.
Proof of eorem 2. Let e M(, ){} be arbitrarily chosen and fixed. As a

consequence of (P), condition (V2), and the well-known Farkas lemma, we see
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that the set

(3.1) A()={vR"lDf()v<O’Dhi()v=O’iI }"Dgj(:)v < O, j e Jo(:)
is nonempty. Now choose :1 e R", 1- m + 1,. ., n in such a way that the vectors
Dhi()), e I, sI, m + 1, , n form a basis of R ". Put y l,(x), where yi hi(x),
! and y :(x- )), 1= m + 1,..., n. Obviously, or v())e A()), there exists an open
neighbourhood G()) of ) such that, for any x e G()), the Jacobian Df(x) is regular
and Jo(x) c Jo()), as well as 3(x) e A(x), where 3(x) Df-l(l(x))Dl’(:)v(2) and
A(x) as in (3.1). Now we can define the open covering

U e()
M(, a)\{:}

of the set M(2, a)\{2} with 2 .
By means of a Cl-partition of unity subordinate to the covering {(),

M(2, )\{2}}, selecti.ng on each () the vector field 3(x), we get a Cl-vector field
/3(x) on satisfying F(x) A(x) for every x M(2, ti)\{2}. In particular, Df(x)13(x)
0, x G and, therefore, we can define the Ca-vector field

F(x)
F(x)

IIDf(x)F(x)ll
on satisfying F(x) A(x) and Df(x)F(x)=-1 for every x e M(2, a)\{2}. In virtue
of Lemma 2, there exist an e()) > 0 and an open neighbourhood V()) x (-e()), e()))
of (), 0), as well as a unique flow (x, t)e C of F(x) on V())x (-e(), e()) with

(x, 0)= x for x e V()). Obviously, we have that

(3.2) f((x, tl) -f((x, t2) t2- tl
for any {tl, t2}c (-e(2), e(:)) with It, + tl < e() and x V().

PROPOSIa-ON. (,. is defined for all e [0,f()- a] and every a (f(2),f()).
We proceed with the proof, assuming that the above proposition has already been

proved. By {(2, t)[te[O,f()-f(2))}c M(2, a) and the compactness of M(2, a), it
follows that the set

dP(x",f()--f(2)) := {x 6 M(2, a)
there exists a sequence {ti}c [0,f()-f(2))}satisfying lim @(, i) X

t’-f(x)--f()

is nonempty and that it is f(x)=f(2) for every x e[rb(,f()-f(2))]. In view of
M(2, ti) f’l M(= {2}, we obtain lim_,y(_y( (, t) 2.

Finally, we must prove the above proposition.
Proof. Let a e(f(2),f()) be arbitrarily chosen and fixed. Since the set

M(2, a, ti) := {x e M(2, ti) If(x) >_- a} is compact, there exists a finite covering
{ 17"() I e M(2, a, a), e } of M(2, a, a), where is a finite index set and I7"() (as

=iabove) are open neighbourhoods of x, . Put e min {e(Yg) }. Since (x, t) is
uniquely determined and well defined on M(2, a, )x (-e, e), it can be uniquely
extended at every reached point from M(2, a, a).

By (3.2) we obtain that

f((x", t)) =f(:)- t, 6 [0,f(x) a],
and we achieve the desired result. M

Remark 1. If we delete the compactness of M(2, a) in Theorem 2 without any
substitute, then the trajectory (, t), >-0, constructed in the proof of Theorem 2,
need not tend to 2, and it might happen that lim,_ I1( t)ll =c for some {.
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In Fig. 1, such a situation is sketched for the case where III- I11-- . Here the
function f is represented by means of some level lines, and the dotted, boundary line
is identified with the "point at infinity."

Remark 2. In the following, we occasionally use the expression: "We add locally
at x a constant e to the function f"(i {1, , p} and fixed). By this expression, we
mean that we add to f a function e. sc C(R", R) having the following properties"

(i) 0_-< sO(x) <= 1,
(ii) :(x)= 1 in a neighbourhood of x i,
(iii). There exists an open bounded neighboqrhood O of x with support (:)=

U’(’I U i, where U is defined as in (1.2), and x is the only stationary point of the
resulting perturbed problem in and is strongly stable with stationary index s.i. (x ’).

Proof of Theorem 3. Obviously, M(), a)f’lMa= M(), i). Now suppose there
exists an a (f()), i) such that (1.3) is not satisfied. We add locally at every x, i=

---a1,...,p withf(xi)= ti a constant -e<0 and at every x, i= 1,...,p withf(x)
a constant e_> 0 to f We denote this perturbed function by f Furthermore, put
f4 {x m If(x) <- a}, and/Q(, a) is the connected component of//a containing

It is easily seen that we can choose the perturbation functions and the constants

e and e in such a way that the following properties are fulfilled"
(a) a+e<-el,
(b) hT/(, a)= M(:, a), M($, a)= (:,
(c) There exists a point {M(, a)fq Ma}\M(, a) with M
(d) /Q(, )c M(:, a)U [,_.Jj 0j, where 0s is defined as in Remark 2 and j varies

in the set {j { 1,. ., p} [f(x) a}. By (V3) and f(x’) < a, i= 1,..., p, it follows that
MFCQ is satisfied at all x M(ff, ) with respect to the constraints hi(x)=0, i
I, gj(x)<=O,jJ, and f(x) <- &

Properties (a)-(c) imply that ) e (/r(, a) fl/ra)\//()7, a), and hence

(3.3) M(97, ti)f3 M M(97, a).
By property (d) and Lemma 1, we see that M(), i) is a.topological manifold, ~and,_
c.onsequently, there exists an open neighbourhood V of M(), ti) satisfying V f’l M=
M(), ti). Then { V, R"\hT/(:, i)} is an open covering of R". Let qi C(R", R), i= 1, 2
be a partition of unity subordinate to this covering. In particular, we have that

(I)ll//()2, fi 1 and (2[Rn\V 1.

FIG.
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Now we consider the following optimization problem. Minimize f(x).subject to
M, where

1={xeR" hi(x)=O’ieI }(x)gj(x) + z(X) <-- O,j J

Put//a= {x e//If(x) <-_ a}. Obviously, we have that

(3.4) //n /(9, a),//a h7/(9% a)f-1 hT/,

and the stationary points of this problem are )% x, , xp. Also, x is strongly stable
with the stationary index s.i. (xi), 1, , p. Furthermore, by (d), MFCQ is satisfied
at all x e//a, and (V4) is also satisfied (if we substitutef byf and M(), ) by /(), )).
These facts remain trueA if we ,perturb f in such a way that f(x i) f(x) for ij,
i,j 1,..., p, and if M and M are not changed. Then, by Theorem Cb in [5] and
Theorem 5.2.1 in [8], it is dim Ho(M) dim Ho(M) (= 1), and so, in view of Lemma
4(a),// and//a have the same number of path-connectedcomponents. This, however,
is in contradiction with (3.3), (3.4), and the definition of M()7, a). The validity of (1.3)
at a =f()) is obvious, since we can essentially use a similar argument.

Remark 3. In the following two examples, III IJI , andf is sketched by means
of some level lines. These examples illustrate that (1.3) is, generally, not fulfilled if
one of the conditions (V3), (V4) is violated. In Fig. 2, the connected set M(), i)
contains a stationary point with stationary index 1, and M()L ) 71M consists of two
connected components for a < i with a sufficiently near

In Fig. 3, condition (V4) is not fulfilled, and, as in Fig. 1, the dotted boundary
line is identified with the "point at infinity."

Proofof Theorem 4. Throughout this proof, the index always varies in the whole
set of natural numbers" 1, 2, 3, .

{X f (x)=a}

M (, .) -
( )/%Ma &

FIG. 2

{xlf(x)=}

{x f (x)=}

M(x,a)&

FG. 3
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(i) Obviously, we have that cl Mo(, a)c M(, a), and, therefore, we suppose
that there exists an satisfying

; M(, a)\cl Mo(, a).

Let {e i} be a sequence with e i-+O, ei>O. Since M(:, a)fq B,(.) f and F is lsc-B
at , there exists numbers 6i> 0 such that M(, gt) fq B,(x) for all a Bi(gt). Thus
we have sequences {Y}, {a i} with a < a, yi M(., ai) lq B,(.), and, consequently,

ii Mo(, d) (since M(, a i) is connected, M(, a ),M(x, a )c M), --> , and
cl Mo(, ), a contradiction.
(ii) Suppose that there exists an open set with M(, d) (3 and a sequence

{a i} such that a -> and M(, a) [3 . Since M(, a) c M(2, a:) whenever a <_-

a, it follows that a i< and

(3.5) M(,a)fq= foralla<a.

By (3.5) and assumption (1.4), there is an Mo(2, a)N with f() ->_f(X) and
M(X, ). Now let Y M(2, ) (note that M(2, ) Q since 2 6 M(2, )), and hence

Y E Mo(2, ). In view of the path-connectedness of Mo(2, ), there exists a path in
Mo(X,a) connecting Y and , and therefore <-max{f(x)lx}<a and Re
M(2, max {f(x)[x }) n , which contradicts (3.5).

(iii) Suppose that there exist a positive number g and sequences {a}, {} such
that ai> t, a -a,Y, E M(2, a i) and Y:Be(M(2, )). Furthermore, let e>0 and ei
0. Since B,(M(2, a)) is open and connected and, therefore, path-con,nected, we have,
for every i, a path i in B,(M(2, a)) connecting and . By ’ we denote the
connected component of n cl B(M(2, a)), which contains 2. As a consequence
ofY B(M(Y,, a)), there is an :i6 ci such that d(:, M(, i))= g, and the compact-
ness of M(2, i) implies the existence of a cluster point 2 of {}. We show that the
set

A {ylthere exists a subsequence {Y"}{.,}{i} with y’c ’ and y’ y}

is connected. Then, by B,(M(:, a)) and X A, we obtain that d(y ,, M(X, a ,))-
O, f(y)<- for^ y A, and., consequently, A M(, a). This, however, cannot be true
in view of :A and d(, M(:, a))= . If A were not connected, then there would
exist open sets , satisfying f3 2 , 1 fq A , 2 f3 A and A c 1 f3 .
Now let and Y A f3 2. Then there exists a sequence {Y,} such that Y,- Y and
Y’ ’ fq 2. By : , f3 and since , is connected, it follows that , 1 (-J 2,
and thus there is an :, c,\( (_j 2). The compactness of M(, a.) implies that A
contains a cluster point of {’} satisfying A\( (_J 2), which contradicts A. This completes the proof.

Remark 4. The proof of Theorem 4(ii) shows that the condition that Mo(:, a) is
path-connected can be weakened. It is sufficient to assume that, for any point
Mo(:, )\cl(._Ja<a M(:, a), there exists a point Ua<d M(, a) and a path in
Mo(:, ) connecting : and Y.

The following example, however, illustrates that the path-connectedness of
Mo(ff, ) cannot be deleted without any substitute. In Fig. 4(a), f is sketched by means
of some level lines, where is the maximum off and the line [x, x2] connecting x
and x is just {xlf(x)= d}. Outside of the "boundary level lines," let f be constant
with f=f(:). The feasible set M is described by the inequalities O<=x <=x, x<=x2 <=
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f constant

x1

{x f (x) =}

(a)

x 2

x
2

o

(b)

FIG. 4

x2, and g(x)<-_0, where

U {x’} x
2k-1 2k

UU {x2} x
2k’ 2k+l

cl Mo(, )= M(, ).

We see that M(, 4) is not compact and that F is not usc-H at 8.

(cf. Fig. 4(b)). The existence of such a smooth function g follows from the fact that
every nonempty closed subset A ofR can be represented as the zero set ofa nonnegative
function ha 6 C(Rn, R) (cf. [2]). (Recall that Theorem 4 is true without assuming
(V2).)

The sets M(, a) (=M) and Mo(, ti)= M(, )\[X1, X2] are connected, but not
path-connected. For a < , the set M(, a) contains only points with nonnegative
x2-components and so we have that cl Mo(ff, i)= M(ff, a), but F is not lsc-B at a.

Remark 5. In Theorem 4(iii), we proved that F is usc-H at a if M(, a) is compact.
For the function f sketched in Fig. 3, it holds that
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Proofof Theorem 5. (i) Let a (f(2), a] be arbitrarily chosen and fixed. We show
the inclusion M(2, a) c cl Mo(2, a), since cl Mo(2, a) D M(2, a) is obvious. Let x
M(2, a), and we distinguish two cases. If x E(P), then (V2) and Lemma 1 imply the
existence of a sequence {i} (the index is always varying in the whole set of natural
numbers) such that i_ x and 7iM M(2, a). Then, in view of Theorem 3, we
obtain that g Mo(2, a). Now let x E(P). If x=2, we can put :i=2, and it is
i Mo(2, a) and :i_ x. For x 2, by Theorem 1 and (V3), there exists a sequence
{:i}c M(2, a) satisfying i-x and g E(P). Using the argumentation of the first
case (x E(P)) for each , there exists, for every e > 0 and every index io, a point
:(io, e) Mo(2, a) such that II(io, )-11 < . Consequently, for a sequence {e g} with
e >0, e 0, we can construct a sequence {’}c Mo(2, a) such that II’-xll < , and
therefore g - x.

(ii) The proof of (ii) is given in four steps, which are demonstrated below.
Step 1. In view of Lemma 2.2 in 14], there exists an a/ >f(2) such that M(2, a/) fq

E(P) ={2} and M(2, a) is compact for each a [f(2), a/]. By (V3) we can choose a
discretization f(2) ao < a/ < al <" < ar with 1 =< r- 1 <_- p such that, for each

{1,. ., p}, there exists an index j {1,. ., r} satisfying f(x i) aj.

Step 2. Choose an open bounded neighbourhood Uo of 2 such that f(x)< a/ for
all x Uof) M. For any d (a/ al), we put M M(2, d)\/-)o and, in virtue of (V4)
Lemma 3, and Theorem 3, we obtain a Cl-vector field r/ on R" with the flow p(x, t)
satisfying

( - a+)[Il] c M(2, a+).
Since q(., a a+) is a homeomorphism and, according to Step 1, M(2, a.+) is compact,
it follows that M is compact, and, considering the boundedness of Uo, M(2, a) is
compact for each a [f(2), a).

Step 3. Obviously, we can choose positive numbers % e and the neighbourhoods
Ui, i=O,...,p in (V4) in such a way that y+3e <min {ak--ak_llk-- 1,’’ ", r} and

(3.6) f(x)-f(x’) < y for each x Ui.
Without loss of generality, suppose that 3’ a+-f(2). In this step, let k 1, ak l.
is always varying in the set Ak =.{i 1,.’’, p[f(xi)= ak}. Now, we locally add at x
the constant -3e tof and define U as an open bounded neighbourhood of x satisfying
f(x) < ak--2e whenever x /, where f is the so-perturbed function f. Furthermore,
/t7/(2, a) denotes, for a _>-f(2), the connected compon.ent of {x Mlf(x) <- a}, which
contains 2. Then, for each a [f(2), a], it is M(2, a) c M(2, a), and some consideration
shows that, in view of (3.6) and Theorem 3, we also have that M(2, a)c M(2, a)U
UA Ui. For a If(2), ], it follows that M(2, a) is compact if and only.if M(2, a)
is compact, and, in particular, Step 2 simplies the compactness of M(2, a), a

[f(2), a). For an arbitrarily chosen lag, ak+), we put

U
{i= 1," p [f(xi)<=ak}U{O}

and, by (V4), Lemma 3, and Theorem 3, we obtain a Cl-vector field (x) with the
flow p(x, t). The above construction implies that

(’, d--(ak--e))[]l]c 1(4(2, ak--e).
Since 0(., d-(a-e)) is a homeomorphism and M(2, a-e) is compact and

u
1,"’,p ]f(xi)<=a}U{O}

is bounded, the compactness of the sets /,/17/(2, d), and M(2, a) follows for each
a[f(2),ak+a).
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Step 4. In Steps 2 and 3, we proved the compactness of M(, a) for a e [f(ff), al)
and a e [al, a2), respectively. We proceed by using the method of mathematical induc-
tion. In Step 3, let the index k run along the set {2,..., r-1} in numerical order,
where, at k ko, the compactness of M(., a), a [ako, ako/l) is proved by means of
the above-shown compactness of M(, a), a [f(ff), ako).

Finally, we must show the compactness of M(, ti). Let always vary in the set

At. We locally add at x a constant 6i> 0 to f, and we denote the resulting function
by f. Then the set / {x 6 R" If(x)> a} is open and / n M(, a) is bounded since
(V3). Put

/Q M(2, )( U U }.{je{ 1,..-,p} ]f(xj) ar_l}U {0

By (V4), Lemma 3, and Theorem 3, we obtain a Cl-vector field with the flow q(x, t)
satisfying

( e)[ll] c M(2, t e).

Using the compactness of M(g, ti- e) and an analogous argument as above, it follows
that M(g, a) is compact. This completes the proof of (ii).

(iii) We show that F is usc-H and lsc-B at each a [f(), ]. Obviously, F is lsc-B
at f(g), and, in view of Theorems 4 and 5 (i)(ii), it suffices to prove that Mo(g, a)
is path-connected for each a e(f(g),a]. Choose 8(f(g),ti] and {51,52}c
Mo(g, 8). By Theorem 3 and Mo(g, 8)cM(g, 8), we obtain that {51,:2}
M(g, max {f(5), f(52)}) c Mo(:% ), and, in view ofTheorem 1, we obtain the existence
of a path in Mo(2, d) connecting and )2. [-]

Remark 6. Theorem 5.2.1 in [8] and Lemma 4 (b) of this paper imply that M(g, al)
and M(2, a2), a <a2-<8 need not be homotopy-equivalent, since, in the case where
(Mo(2, a)\M(g, al))NE(P) , there might exist q such that dim Hq(M(2, a))
dim Hq(M(2, a2)). In particular, the continuity of F is not sufficient to guarantee
homotopy-equivalence of the images of F.

M(,aI) M(,,a2)

>a
aI

a 2
(b)

FIG. 5
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Remark 7. It is easily seen that assertions (i)-(iii) of Theorem 5 remain true if
we assume, instead of s.i. (x i) > 1 in (V3), that (1.3) holds for all a [f(), ti] and s.i.
(x i) => 1, i--1,..., p. In Fig. 5(a), the function f is sketched by means of some level
lines, and the three appearing stationary points are strongly stable, having stationary
indices 0,1, and 2. Moreover, it is dim Ho(M(,a)f-lMal)=dimHo(M(,al))
and dim HI(M(), a2)) dim HI(M(), al)) + 1, where f(97) < al <f()) < a2 <
E(P)f’I M(, ) and s.i. ()= 1 (see Fig. 5(b)).

Finally, we present a corollary in which (V2) is used in a modified form.
COROLLARY 2. Let MFCQ be satisfied at all x Mo(, gt). Then
(i) Mo(, )= U.<, M(:, a),
(ii) If, in addition, F is lsc-B at gt, then cl Ua<a M(), a)= M(), a).
Proof. (i) Obviously, Ua<a M(), a)c Mo(), ti). Now suppose that Mo(),

Ua<a M(), a) . Some consideration shows that there exists an 9 Mo(), i) such
that, for each neighbourhood U()) of ), we have that

(3.7) U()) f) U M(X, a) and

By Lemma 1, we obtain a neighbourhood of ) such that f(x)< d < ti for all x
and f-I Ma t) f’l M is ,path-connected. Formula (3.7) implies that f’l M c

Ua<a M(2, a), which contradicts (3.8). Assertion (ii) is a consequence of (i) and
Theorem 4(i). [3

Acknowledgment. The authors are highly indebted to one of the referees for his
precise and constructive criticism.
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CONTROL OF A SECOND-ORDER INTEGRO-DIFFERENTIAL EQUATION*

JONG UHN KIMt

Abstract. Reachability for a second-order integro-differential equation is proved. The method is based
upon a new kind of unique continuation property. The main significance of the result is that there is no
restriction on the size of the memory kernel.

Key words, reachability, integro-differential equation, unique continuation property
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Introduction. In this paper we discuss a teachability problem for a second-order
integro-differential equation of the following form:

u,(x, t) a( t)Au(x, t) + b( t)ut(x, t) + c( t)u(x, t)
(o.1)

-A Q(t, o’)u(x, o) do’= 0 in a x (0, T),

(0.2) u=g on 00(0, T),

(0.3) u(x, O) O, u,(x, 0) 0 in 12.

Here is an open bounded subset of R with smooth boundary 012. When n 1, (0.1)
reduces to a model equation in linear viscoelasticity. The question of reachability is
posed as follows. For given (Uo, Ul) in [l, is there a boundary control g that can drive
the solution of (0.1)-(0.3) to the final state

(0.4) u(x, T)= Uo(X), u,(x, T)= ul(x) in f?

The purpose of this work is to present an affirmative answer without any size
condition on the memory kernel Q(t, or); see Theorem 1.1 below. Let us first review
some known results on analogous problems. A reachability problem for a plate equation
with a memory was first resolved by Leugering [8]. His main tool was harmonic analysis
under the assumption that the space domain is a rectangle and that the memory kernel
is in the form of convolution. For a similar equation in a general domain, Lagnese
and Lions [5] proved reachability by a different method. Their argument is valid for
a general memory kernel including nonconvolution type, but under the assumption
that the size of kernel is sufficiently small. Lasiecka [6] also obtained a similar result
by a direct operator method with a more general memory kernel that depends both
on time and space variables. For a general discussion of analogous problems, the
reader is referred to Lions [9]. The common assumption was always that the size of
kernel is sufficiently small except in the work of Leugering [8]. In fact, if the size of
Q(t, or) in (0.1) is sufficiently small, the above problem can be resolved by the same
argument as in [5] and [9]. Here we assume that the memory kernel is independent
of space variables in contrast to [6]. By virtue of this assumption, we can employ a
fairly simple, but different argument based on a new kind of unique continuation
property, which is proved by adapting an idea of Bardos, Lebeau, and Rauch 1 ]. The
technical details are given in the following sections.

* Received by the editors November 26, 1990; accepted for publication (in revised form) September
20, 1991. This work was done at Mathematical Sciences Research Institute, Berkeley, California 94720,
under National Science Foundation grant DMS-8505550. The author was also partially supported by Air
Force Office of Scientific Research grant 89-0268.

t Department of Mathematics, Virginia Polytechnic Institute, Blacksburg, Virginia 24061.
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(1.1)

(1.3)

(1.4)

1. Statement of the main result. We assume that

a(t) C2([0, )) and a(t)-> ao, for all t, for some positive constant ao,

b( t) c cl([o, o3)),

c( t) C([O, oo)),

Q(o-, t) c([o, ) x [o, )).

Let To be a positive number such that

or
(a(r)) /2 do. diameter of (l.

THEOREM 1.1. Suppose that T> To. Then, for given (Uo, ua)6 L2(I) H-I(gl),
there is a control g L2(O (0, T)) such that the solution of (0.1)-(0.3) satisfies (0.4).

By means of a simple transformation of variables, we reduce the above problem
to a simpler form.

Let us define p(t) by

io(1.5) p(t) (a(o.))/ do for >_-0,

and set

(1.6) s=p(t),

(1.7) v(x, s)= u(x, q(s)),

where q(. is the inverse of p(. ), i.e., q(s). It is easy to see that (0.1) is equivalent
to

v(x, s)-Av(x, s)+ a(q(s))-{p"(q(s))+ b(q(s))p’(q(s))}v(x, s)

(1.8) + a(q(s))-c(q(s))v(x, s)

-A a(q(s))-O(q(s),q())dq()v(x,)d=O in a x (0, p(r))
d’

which can be rewritten as

(1.9)

Next we set

v(x, s)- Av(x, s)+ b(s)v(x, s)+ b(s)v(x, s)

ZX Q(s, ,)v(x, ) d 0 in f x (0, p(T)).

)(1.10) w(x, s)= v(x, s) exp b,(o.) do.

Then (1.9) is equivalent to

( 1 1 )ws,(x, s)-zXw(x, )+ b:()-- bi(s)-- bl(S) w(x, s)

(1.11)

fo--A Q,(s, ) exp bl(o. do" w(x, ) d=0 in a x (0, p(T)),
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which we rewrite as

(1.12)
Wss(X, s)-Aw(x, s)+ b3(s)w(x s)--A Q2(s, ()w(x, ) dsC=0

in (0, p(T)).

It follows from (1.1)-(1.4) that

(1.13) b3(s) C([0, c)),

(1.14) Q2(s, ) C2([0, c) [0, )).

Now we consider a reachability problem for the following equation.

(1.15) u.(x, t)-Au(x, t)+ a(t)u(x, t)-A O(t, o)u(x, o’) do=0 in a x (0, T),

u=g onOx(O,r),

u(x, O) O, ut(x, O) 0 in ,(1.16)

(1.17)

where we assume that

(1.18)

(1.19)

Our claim is the following.

a(t) 6 C([O,c)),

O(t, ) c([o, ) [o, )).

THEOREM 1.2. Let T be greater than the diameter of . Then, for given Uo, Ul)
L2(gl) H-I(), there is a control g6 L2(0x(0, T)) that can drive the solution of
(1.15)-(1.17) to the final state

(1.20) u(x, T)= Uo(X), ut(x, T)= Ul(X in a.
Through the above transformation of variables, it is obvious that Theorem 1.2

implies Theorem 1.1.
The essence of the proof of this theorem is to establish a certain key estimate

(Lemma 2.1) of the dual problem. For this, we reduce the dual equation to a simpler
equation with a memory as a compact perturbation by solving an associated integral
equation. Then, by means of the known estimates for solutions of a wave equation,
the proof of the key estimate can be reduced to a unique continuation property of an
integro-differential equation. Finally,. we resolve this unique continuation property by
adapting an idea in the proof of Proposition 6 in [1]. The details are presented in the
following sections.

(2.1)

2. Proof of Theorem 1.2. Let us consider the dual problem.

Cn-Adp+a(t)dp-A Q(cr, t)ck(x, tr) do’=0 in l)x(0, T),

(2.2) b 0 on 0 x (0, T),

(2.3) (x, T)= Co(X), ,(x, T)= ,(x) in 12.

The crux of the matter is to establish the following key estimate.
LEMMA 2.1. Let Tbe greater than the diameter of 12. For (o, 1) H(O) L2(-),

let ck be a unique solution of (2.1)-(2.3) in C([0, T]; H(Y)) C1([0, T]; L2(12)). Then,
it holds that Ov/Ou L2(OO (0, T)) and

(2.4)
Ov
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where M denotes a positive constant independent of Cho and thl, and v is defined by

(2.5) v(x, t)= c(x, t)+ Q(r, t)c(x, r) def.

Here a/a denotes the outward normal derivative on all.
We postpone the proof of this and proceed to prove Theorem 1.2. We define a

mapping A on H(f) x L2(2) as follows. For given (bo, thl) e H(f) x L2(O), let b be
a unique solution of (2.1)-(2.3) in C([0, T]; H(ft))VI CI([0, T]; L2(f)). By choosing
g=av/a,, where v is defined by (2.5), we find a unique solution u of (1.15)-(1.17)
according to Lemma 3.5 below. Now we define

(2.6) a(6o, 61)= (-u,(T), u(T)).

Then, A is a continuous linear mapping from H(f)x L(f) into H-l(f) L2(O).
The continuity of A will be obvious in the next section. On account of (2.4) and (3.26),
we also have

(2.7) (A(bo, 6.), (60, 6.)) > M(l16ollo.+ 116,11=.)),

where (,) stands for the duality pairing between H(f) L2(O) and H-(f) L2(f).
Hence, Theorem 1.2 follows from the Lax-Milgram lemma. In the next section, we
present some technical preliminaries for the proof of Lemma 2.1.

3. Preliminaries. We consider the following initial boundary value problem.

(3.1) vtt-Av=h infx(0, T),

(3.2) v 0 on 0f x (0, T),

(3.3) v(x, O)= Vo(X), v,(x, O)= vl(x) in f.

The following facts are well known.
LEMMA 3.1. For (Vo, vl) H(f) x L(f) and h LI(0, T; L2(f)), there is a unique

solution v of (3.1)-(3.3) in C ([0, T]; H(O)) (q CI([0, T]; L2(y)). Furthermore, it holds
that

to,;..+ v, t0,;.+ a, dt
(3.4) ii ll

where d/O denotes the outward normal derivative on 0 andM is a constant independent
of Vo, v, and h.

For the proof, see [9].
LMM 3.2. Let h =0 and let T be greater than the diameter of O. en, for

(Vo, v) H(O) x L2(O), it holds that

(3.5) dx dt

for a positive constant M independent of Vo and v.
This was originally due to Ho [2] and was later improved in the present form by

Komornik [4]. The next lemma will be used to define a weak solution.
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LEMMA 3.3. Let u be a smooth solution of (1.15)-(1.17) with g6 C(OO (0, T)).
Then, it holds that

(3.6) u

where M is a constant independent of g.
Proof Fix any 0 < s T and let be a smooth solution of the following dual

problem.

(3.7) ,(x, t)-(x, )+(t)4(x, t)- .Q(, )(x,) d=0 in ax(0, s),

(3.8) =0 onOOx(0, s),

(3.9)

where oand belong to C(O). Multiplying (3.7) by u and integrating overO x (0, s),
we obtain

folio Ov
(3.10) (61, u(s))-(6o, ut(s))= g dx at,

where (,) denotes the inner product in L2(O) and

(. v(x, = 4(x, + (, l(x, .
This can be inveed to give

(3.) (x, t)= v(x, ) + (, t)v(x, ) ,
where R(, t) is determined from Q(, t) and R(, t)e C([0, ) x [0, )). It is
apparent that v satisfies

(3.13) vo v(x, s) o, v v,(x, s) 4- Q(s, s)4o,

(3.14) v=0 onoax(0, s),

v,(x, -v(x, )- (,

+ (t)R(, t)v(x, ) d+ R,(, t)v(x, ) d=0 in a x (0, s).

It is well known that

(3.16)

where M is a constant depending on T, but independent of Vo, v, and 0 < s N Z By
writing (3.15) in the form of (3.1) and modifying the time interval in an obvious
manner, we can use (3.4) to derive

fo(3.17) -m oll.)+ , .)),

where M is independent of $o, $ and 0< s Now we consider (3.10). By setting
$o 0, we have

(3.18)



106 JONG UHN KIM

where M is independent of bl, g and 0 < s-< T, from which it follows that

(3.19) u(s)l] L2(n) <

for all 0=<s=< T. Similarly, we set 1 =0 and use (3.17) to obtain

(3.20) u,(s)l[--’) --< M IIg L2(O-x(O,Z))

for all 0_-< s _-< T. The proof of (3.6) is now complete.
By the method of transposition, we can define a weak solution as in [5] and [9].
DEFINITION 3.4. For given g L2(Of (0, T)), a function u

C1([0, T]; H-I()) is called a solution of (1.15)-(1.17) if

(3.21) uh dx dt g-- dx dt

for every h C(f (0, T)), where

(3.22) v(x, t)= 4(x, )+ 0(o-, t)4(x, r) do"

and 4 is a solution of

(3.23) qb,-Adp+(t)dp-A Q(cr, t)ck(x, tr) dtr=h in 12 (0, T),

(3.24) b 0 on 00 (0, T),

(3.25) 4(x, T) 0, b,(x, T) 0 on

(3.26) ((/11, U( T))- (6o, ut( T)) g-- dx dt,

where v is defined by (2.5) in terms of dp C([0, T]; Ho(l)) f’) C’([0, T]; LZ(f)), which
is a solution of (2.1)-(2.3). In (3.26), (,) denotes either the duality pairing between H(f)
and H-I(,) or the inner product in L-(f).

Finally, we present a certain regularity property of solution. Let us set

(3.27) w(x, t)= v(x, t) exp R(o-, o-) do"

where v is defined by (2.5) in terms of b, which satisfies (2.1). Then, (3.15) with s T
is equivalent to

(3.28) wtt-Aw+]/(t)w+ G(o-, t)w(x, tr) dcr=O in Ox(0, r),

It is evident that a smooth solution is also a solution according to the above
definition.

LEMMA 3.5. Forgiven g L2(Of x (0, T)), there is a unique solution of (1.15)-(1.17).
Proof We can find a sequence {gr,}m= in C(OI) (0, T)) such that g" converges

to g strongly in L-(0f(0, T)). For each gin, there is a smooth solution u" and
{um}=l is strongly convergent in C([0, T]; L2(f))f’) C([0, T]; H-(f)) by virtue of
(3.6). The limit function u is obviously a solution of (1.15)-(1.17). Uniqueness is trivial.

Through a similar procedure, we can also prove the following identity, which was
already used in the proof of Theorem 1.2.

LEMMA 3.6. For g L(Of (0, T)), the above solution also satisfies
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where 7(t) and G(tr, t) are expressed in terms of a (t) and R (tr, t), and

(3.29) 7(t) C([0, )),

(3.30) G(tr, t) C([0, )x [0, )).

LEMMA 3.7. Let T be greater than the diameter of f and let o be an open subset
of such that oc . Suppose that w C([0, T]; L2(f))f-) CI([0, T]; H-l(f)) satisfies
(3.28) in the sense of distribution in f x (0, T). If w -0 in (\fo) x (0, T), then
w C([0, T]; H(f)) VI cl([0, T]; L(f)).

Proof Let w w p, where p is the Friedrichs mollifier in R" and the convol-
ution is taken only in the space variables. We take e so small that supp w c f [0, T].
Then, w satisfies (3.28) in f (0, T) and w C([0, T]; H(f)). We then write

(3.31) w q + sr,
where q C([0, T]; H(f))f) C1([0, T]; L2(f)) is a solution of

(3.32)

(3.33)

(3.34)

and ’ is a solution of

(3.35)

(3.36)

t-Aqt T(t)w-I T

q’=0

q(x, T)=0,

G(tr, t)w(x, tr) dtr in f x (0, T),

on 0 x (0, T),

4,(x, T) 0

tet-Ae’-O in lqx(O, T),

sr=0 on0x(0, T),

in

(3.37) stY(x, T)= we(x, T), ;(x, T)= w;(x, T) in

By virtue of Lemma 3.1 with time reversed, we find that

(3.38) ][d/el[c([O,T];H(a))+I[d/J[C([O,T];t.2(a))MIIWI[c([O,T];L2(a)),

(3.39) dx dt Mll w  (CO,
nkOv/

for a constant M independent of e and w. In the mean time, since supp w c fl x [0, T],
we have

(3.40) 0 on 0fl x (0, T),

which, combined with Lemma 3.2 and (3.39), yields

(3.41 IIwT(r l[ ()
It now follows that

where M is independent of e and w. This yields w C([0, T];
r];

4. Proof of Lemma 2.1. We shall first prove the following.
LEMMA 4.1. Let T be greater than the diameter of

C([0, T]; H(fl)) CI([0, T]; L2(fl)) be a solution of (3.28) in flx (0, T) such that
Ow/O 0 on 0fl x (0, T). en, w 0 in fl x (0, T).
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Proof. Let "1 be a bounded open subset of R" with smooth boundary such that
12 c 121 and let T> diameter of 121 > diameter of 12. We can extend w to 121 x (0, T)
such that w(x,t)=O for x121\12. Since w=0w/0u=0 on 012x(0, T), w
C([0, T]; H(121))f-I C1([0, T]; L2(121)) and w satisfies

(4.1) wtt-Aw+ y(t)w+ G(cr, t)w(x, o’) dr=0

in the sense of distribution in 121 x (0, T). We now set

bo= {w C([0, T]; H(121)) f’l C1([0, T]; L2(121)) w is a
(4.2)

solution of (4.1) in 121 (0, T) and w =0 in (1\12) (0, T)}.

It is easy to see that 5e is a Banach space equipped with the norm of C([0, T]; H(121)) 71
C1([0, T]; L2(121)), which we shall denote by 11. IIe. It will be shown that oW is of finite
dimension. Let

(4.3) =(weoW: Ilwll<__ 1}.
If is compact, then ow is of finite dimension. For this, we will use the regularity
result established in Lemma 3.7 as in [7]. Choose any w e and set

Ow
(4.4) r/i- i-- 1,’-., n.

Oxi

Then, it is evident that Lemma 3.7 can be applied to each r/i. By virtue of (3.42), we
find that rti e 9 and

(4.5) IIw, ll_-< M,
where M is a positive constant independent of w, provided w e . Hence, it follows
that is bounded in C([0, T]; H(121)f’lH2(121))f’l C1([0, T]; Ho1(121)). It is also
bounded in C2([0, T]; L2(121)) by (4.1). Therefore, is compact. Next choose any
w e 5e. Since ow is of finite dimension and O/Oxl is a linear operator from into
there is an integer N >-1 such that

w+al w+. .+aw=O in121x(0, T),

for some constants al,’’’, as; see [3, p. 191]. We show that w=0 in 121 x (0, T).
Let us use the notation

(4.7) y=XlR,

(4.8) z (x2," ", x,, t)
so that (x, t)= (y, z). Now we choose any (Yo, Zo)e 12 x (0, T). Then, there is yl such
that (Yl, Zo)e (121\12)x (0, T) and the line segment connecting (Yl, Zo) and (Yo, Zo) is
contained in 121 x (0, T). There are also positive numbers 61 and 2 such that the
cylinder I, x B is contained in 121 x (0, T) where I, (Yl- 1, Yo + 61) and B
{z R"" IZ-Zol < 62}. We can further require that [yl-61, yl]x B is contained in
(121\fi) x (0, T). Next we choose any b e C(B) and set

(4.9) (Y) I- wth dz.

Then, sO(y)e L2(I,) and it holds that

(4.10) :+al :+. .+au=0
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in the sense of distribution in I,, which yields that sc C(I). In the meantime, sc 0
in (y-61, Yl), since w=0 in (121\12)(0, T). This implies that so=0 in I,. Con-
sequently, w =0 in a neighborhood of (Yo, Zo). We finally conclude that w =0 in

fl (0, T). Now the proof is complete.
Proof of Lemma 2.1. First, (3.17) implies that Ov/Ov L2(Of (0, T)). We define

w by (3.27). Then, (2.4) is equivalent to

(4.11) Io7" Io (0-vW) 2

a

where

(4.12) Wo(X) w(x, T), w(x) w,(x, T) in a.
Assume that (4.11) is false. Then there is a sequence {(w, w’)}= in H(f) x L2(f)
such that

(4.13)

(4.14)

(4.15)
L(0, T; L2(2))

w + w? 2c2(,)=1 for all m,

(w’, w?)-(w, wT) weakly in Ho(f)xL2(f) as moo,

(wm, w?)-(w, wT) weak.in L(0, T;

as rn - oo

(4.16) dxdt-O as m - oe.
a\Ov/

Here each w is a solution of (3.28) and

(4.17) w 0 on 0f (0, T),

(4.18) w’(x, T)= w(x), w?(x, T)= w’;’(x) in 12,

and w is a solution of (3.28), (4.17) and

(4.19) w(x, T)- w(x), w(x, T)--w(x) in .
Since Ow/Ou=O on 012x (0, T), which follows from (4.16), we find that w=0 by
virtue of Lemma 4.1. As before, we write

(4.20) wrn clm-[" m
where @" C([0, T]; H(12))f-) C1([0, T]; L2(f)) is a solution of

(4.21) Jrt--AI]jm=--’()Wrn-- a(o, )w’(x, o) do" in ax(0, T),

(4.22) q" 0 on 0f (0, T),

(4.23) tpm(x, T)=0, q(x, T)=0 in ,
and .m C([0, T]; H(12))(q C1([0, T]; LZ(f)) is a solution of

(4.24) srt Arm 0 in x (0, T),

(4.25) sr" 0 on 0f (0, T),

(4.26) sr"(x, T)= win(x, T), ff’(x, T)= w’(x, T) in f.

Since (4.15) implies that

(4.27) w" 0 strongly in LI(0, T; L2(")),
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it follows from Lemma 3.1 (with time reversed) that

(4.28) dxdt-->O as m-->oo.

Now we derive from (4.16), (4.20), and (4.28) that

foTfo (om 2

(4.29) dx dt --> 0 as m --> oo.
a\Ou/

Thus, by Lemma 3.2, we have

(4.30) win(x, T)II ,A<> / IIw?(x, T)II 22<. -, 0

as m-> oo, which contradicts (4.13). Now the proof of (4.11) is complete.

Acknowledgments. I would like to acknowledge a very helpful discussion with
E. Zuazua in Vorau, Austria. He suggested a transformation in the time variable to
reduce the equation to a simpler form. I am also indebted to nice lectures given by
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METROPOLIS-TYPE ANNEALING ALGORITHMS FOR GLOBAL
OPTIMIZATION IN Ra*

SAUL B. GELFAND AND SANJOY K. MITTER

Abstract. The convergence of a class of Metropolis-type Markov-chain annealing algorithms for global
optimization of a smooth function U(. on Ea is established. No prior information is assumed as to what
bounded region contains a global minimum. The analysis contained herein is based on writing the Metropolis-
type algorithm in the form of a recursive stochastic algorithm Xk+l Xk-ak(V U(Xk)+ k)+ bkWk, where
Wk} is a standard white Gaussian sequence, {sck} are random variables, and ak A/k, b v/-/x/k log log k

for k large. Convergence results for {Xk} are then applied from our previous work SIAMJournal on Control
and Optimization, 29 (1991), pp. 999-1018]. Since the analysis of {Xk} is based on the asymptotic behavior
of the related Langevin-type Markov diffusion annealing algorithm dY(t) -V U(Y(t)) dt+ c(t) dW(t),
where W(. is a standard Wiener process and c(t)= x/-/v/g for large, this work demonstrates and
exploits the close relationship between the Markov chain and diffusion versions of simulated annealing.

Key words, global optimization, random optimization, simulated annealing, stochastic gradient
algorithms, Markov chains

AMS(MOS) subject classifications. 65K10, 90C30, 60J60

1. Introduction. Let U(.) be a real-valued function on some set E. The global
optimization problem is to find an element of the set S*= {x: U(x)<= U(y) for all
y E} (assuming that S* ). Recently, there has been much interest in the simulated
annealing method for global optimization. Annealing algorithms were initially proposed
for finite optimization (E finite), and later developed for continuous optimization
(E Ed). An annealing algorithm for finite optimization was first suggested in 17], [2]
and is based on simulating a finite-state Metropolis-type Markov chain. The Metropolis
algorithm and other related algorithms such as the "heat bath" algorithm, were
originally developed as Markov chain sampling methods for sampling from a Gibbs
distribution [1]. The asymptotic behavior of finite state Metropolis-type annealing
algorithms has been extensively analyzed [3], [5], [9], [12], [14], [21], [24], [25].

A continuous-time annealing algorithm for continuous optimization was first
suggested in [10], [13], and is based on simulating a Langevin-type Markov diffusion
as follows:

(1.1) dY(t)=-VU(Y(t)) dt+c(t) dW(t).

Here U(.) is a smooth function on Ed, W(.) is a standard d-dimensional Wiener
process, and c(. is a positive function with c(t)- 0 as . In the terminology of
simulated annealing algorithms, U(x) is called the energy of state x, and T(t) c2(t)/2
is called the temperature at time t. Note that for a fixed temperature T(t)= T, the
resulting Langevin diffusion, like the Metropolis chain, has a Gibbs distribution
oc exp (-U(x)/T) as its invariant measure. Now (1.1) can be viewed as adding
decreasing white Gaussian noise to the continuous time gradient algorithm

(1.2) (t)=-VU(z(t)).
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We use (1.1) instead of (1.2) for minimizing U(. to avoid getting trapped in strictly
local minima. The asymptotic behavior of Y(t) as t has been studied in
[4], [10], [11], [18]. In [10], [18] convergence results were obtained for a version of
(1.1), which was modified to constrain the trajectories to lie in a fixed bounded set
(and hence is only applicable to global optimization over a compact subset of Rd); in
[4], [11] results were obtained for global optimization over all of Rd. Chiang, Hwang,
and Sheu’s main result from [4] can be roughly stated as follows: If U(. is suitably
behaved and c2(t)= C/log for large with C> Co (a constant depending only on
U(. )), then Y(t) - S* as - 3 in probability.

A discrete-time annealing algorithm for continuous optimization was suggested
in [8], [18] and is based on simulating a recursive stochastic algorithm

(1.3) Xk+ Xk--ak(V U(Xk)+ k)+ bkWk.

Here U(. is again a smooth function on d, {k} is a sequence of d-valued random
variables, { Wk} is a sequence of independent standard d-dimensional Gaussian random
variables, and {ak}, {bk} are sequences of positive numbers with ak, bk0 as k-.
Algorithm (1.3) could arise from a discretization or numerical integration of the
diffusion (1.1) so as to be suitable for implementation on a digital computer; in this
case, k is due to the discretization error. Alternatively, algorithm (1.3) could arise by
artificially adding decreasing white Gaussian noise (i.e., the bkWk terms) to a stochastic
gradient algorithm

(1.4) Zk+I Zk ak(V U(Zk) + ),

which arises in a variety of optimization problems including adaptive filtering, iden-
tification and control; in this case, SCk is due to noisy or imprecise measurements of
V U(.) (cf. [19]). We again use (1.3) instead of (1.4) for minimizing U(.) to avoid
getting trapped in strictly local minima. In the following, we refer to (1.4) and (1.3)
as standard and modified stochastic gradient algorithms, respectively. The asymptotic
behavior of Xk as k- has been studied in [8], 18]. In 18] convergence results were
obtained for a version of (1.3), which was modified to constrain the trajectories to lie
in a compact set (and hence is only applicable to global optimization over a compact
subset of d); in [8] results were obtained for global optimization over all ofd. Also,
in [18] convergence is obtained essentially only for the case where SCk =0; in [8]
convergence is obtained for {SCk} with unbounded variance. This latter fact has important
implications when V U(.) is not measured exactly. Our main result from [8] can be
roughly stated as follows: If U(.) and {:k} are suitably behaved, ak =A/k and
b2k B/k log log k for k large with B/A> Co (the same Co as above), and {Xk} is
tight, then Xk 5;* as k - in probability (conditions are also given in 8] for tightness
of {Xk}). Our analysis in I-8] of the asymptotic behavior of Xk as k- is based on
the behavior of the associated stochastic differential equation (SDE) (1.1). This is
analogous to the well-known method of analyzing the asymptotic behavior of Zk as
k-o based on the behavior of the associated ordinary differential equation (ODE)
(1.2) 19], [20].

It has also been suggested that continuous optimization might be performed by
simulating a continuous-state Metropolis-type Markov chain [10]. This method has
been applied to the restoration of noise corrupted images [16], [23]. In these works,
Gaussian random field models are used so that the state space is unbounded. Although
some numerical work has been performed with continuous-state Metropolis-type
annealing algorithms, there has been very little theoretical analysis, and, furthermore,
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the analysis of the continuous-state case does not follow from the finite-state case in
a straightforward way (especially for an unbounded state space). The only analysis of
which we know is in [16], where a certain asymptotic stability property is established
for a related algorithm and a particular cost function that arises in a problem of image
restoration.

In this paper, we demonstrate the convergence of a class of continuous-state
Metropolis-type Markov-chain annealing algorithms for general cost functions. Our
approach is to write such an algorithm in the form of a modified stochastic gradient
algorithm (1.3) for suitable choice of :k, and to apply results from [8]. A convergence
result is obtained for global optimization over all of d. Some care is necessary to
formulate a Metropolis-type Markov chain with appropriate scaling. It turns out that
writing the Metropolis-type annealing algorithm in the form (1.3) is more complicated
than writing standard variations of gradient algorithms, which use some type of
finite-difference estimate of V U(. ), in the form (1.4) (cf. [19]). Indeed, to the extent
that the Metropolis-type annealing algorithm uses an estimate of V U(. ), it does so in
a much more subtle manner than a finite-difference approximation, as is seen in the
analysis.

Since our convergence results for the Metropolis-type Markov-chain annealing
algorithm are ultimately based on the asymptotic behavior ofthe Langevin-type Markov
diffusion annealing algorithm, this paper demonstrates and exploits the close relation-
ship between the Markov chain and diffusion versions of simulated annealing, which
is particularly interesting in view of the fact that the development and analysis of these
methods has proceeded more or less independently. We note that similar convergence
results for other annealing algorithms based on the continuous-state Markov-chain
sampling method (such as the "heat bath" method) can be obtained by a procedure
similar to that used in this paper.

It is important to note that, although we establish the convergence of the
Metropolis-type Markov-chain annealing algorithm by effectively comparing it with
the Langevin-type Markov diffusion annealing algorithm, the finite-time behavior of
the algorithms may be quite different. Some indication of this arises in the analysis;
see Remarks 1 and 2 in 4.

The paper is organized as follows. In 2 we discuss appropriately modified versions
of tightness and convergence results for modified stochastic gradient algorithms, as
given in [8]. In 3 we present a class of continuous-state Metropolis-type annealing
algorithms and state some convergence theorems. In 4 we prove the convergence
theorems of 3, using the results of 2.

2. Modified stochastic gradient algorithms. In this section, we give convergence
and tightness results for modified stochastic gradient algorithms of the type described
in 1. The algorithms and theorems discussed below are a slight variation on the
results of [8] and are appropriate for proving convergence and tightness for a class of
continuous state Metropolis-type annealing algorithms (see 3 and 4).

We use the following notation throughout the paper. Let V U(.), A U(.), and
HU(. denote the gradient, Laplacian, and Hessian matrix of U(. ), respectively. Let
I" [, (’, "), and (R) denote Euclidean norm, inner product, and outer product, respectively.
For real numbers a and b, let a v b maximum {a, b}, a ^ b minimum {a, b}, a]+=
a v 0, and [a]-= a ^ O. For a process {Xk} and a function f(. ), let En,,{f(Xk)} denote
conditional expectation, given X, =x, and let E,.,.,2,,,2{f(X)} denote conditional
expectation, givenX Xl and X,2 x_ (more precisely, these are suitably fixed versions
of the conditional expectation). Also, for a measure /x(.) and a function f(.), let
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I(f)=fdl. Finally, let N(m,R)(.) denote normal measure with mean m and
covariance matrix R, and let I denote the identity matrix.

2.1. Convergence. In this section, we consider the convergence of the discrete-time
algorithm

(2.1) Xk+l Xk-- ak(V U(Xk)+ k)+ bkWk.
Here U(.) is a smooth real-valued function on Rd, {k} .is a sequence of Rd-valued
random variables, { Wk} is a sequence ofindependent standard d-dimensional Gaussian
random variables, and

A
ak =--, bk x/k log log k’

k large,

where A, B are positive constants.
For k=0, 1,..., let k tr(Xo, Wo,’’’, Wk-1, o,’’’, :k-1). In the following,

we consider the following conditions (a,/3 are constants whose values are specified
later).

Condition 1. U(.) is a C2 function from d to [0, ) such that

lim (VU(x) ]_])Ixl- IVU(x)[’ 1,

inf (IV U(x)[2- A U(x)) > -oo.

Condition 2. For e > 0, let

d’(x) - exp - dx, Z= exp -i dx<oo.

r has a weak limit r as e- 0.
Condition 3. Let K be a compact subset of Rd. Then there exists L, ko => 0 such

that, for every k _-> ko,

(2.2a) E{]kJE]k} <-- La’, VXk K, with probability one (w.p.1),

(2.2b) Lak, VXk K, w.p.1.

Wk is independent of k.
We note that r concentrates on S*, the global minima of U(. ). The existence of

r and a simple characterization in terms of HU(. is discussed in [15].
In [4] and [8], it was shown that there exists a constant Co, which plays a critical

role in the convergence of (1.1) and (1.3), respectively (in [4] Co was denoted by Co).
Co has an interpretation in terms of the action functional for the perturbed dynamical
systems

(2.3) dY(t)=-VU(Y(t)) dt+e dW(t).

Now, for 4(" an absolutely continuous function on Rd, the (normalized) action
functional for (2.3) is given by

inf
1 (I( t, x, y) [4,(s)+V

th(t)=y
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According to [4],

Co=23- sup (V(x,y)-2U(y)),
x,y So

where V(x, y) limt_o I(t, x, y), and So is the set of all the stationary points of U(. ),
i.e., So={X: V U(x)=0}; see [4] for a further discussion of Co, including some
examples.

Let K1 c d, and let {X} denote the solution of (2.1) with Xo x. We say that
{X" k >= 0, x K1} is tight if, given e > 0, there exists a compact K2 c d such that
Po.x{Xk K2} > 1 e for all k -> 0 and x K1. Below is our theorem on the convergence
of X as k-oo.

THEOREM 1. Assume that Conditions 1-3 hold with a >-1 and fl >0. Let {Xk}
be given by (2.1), and assume that {X: k >= O, x K} is tightfor K a compact set. Then,
for B/A > Co and any bounded continuous function f(. on d,

(2.4) lim Eo,,(f(Xk))= 7r(f)

uniformly for x in a compact set.
Note that since 7r concentrates on S*, under the conditions of Theorem 1, we

have that Xk- S* as k c in probability.
Theorem 1 is the same as [8, Thm. 2], except there we assumed that (2.2) was

valid for all k_>-0. However, examination of the proof of [8, Thm. 2] shows that we
actually established that

(2.5) lim Eox.ko o{f(Xk)} 7r(f)
k->eo

uniformly for Xo in a compact set and all x, only assuming that (2.2) is valid for all
k-> ko. It is easy to show that (2.4) follows from (2.5) and the assumption that
{X" k => 0, x K} is tight.

2.2. Tightness. In this section, we consider the tightness of the discrete-time
algorithm

(2.6) Xk+l Xk ak(bk(Xk) + rlk) + bktrk(Xk) Wk.

Here {Ok(" )} are Borel functions from d to Rd, {O-k(" )} are Borel functions from Rd
to , {r/k} is a sequence of d-valued random variables, and { Wk}, {ak}, {bk} are as in
2.1. Below, we give sufficient conditions for the tightness of {X" k _-> 0, x K}, where
K is a compact subset of d. Note that algorithm (2.6) is somewhat more general than
algorithm (2.1). We consider this more general algorithm because it is sometimes
convenient to write an algorithm in the form (2.6) (with bk(X) # V U(x) for some x, k)
to verify tightness, and then to write the algorithm in the form (2.1) to verify conver-
gence. We give an example of this situation when we consider continuous-state
Metropolis-type annealing algorithms in 3 and 4.

Let (k-" o’(Xo, Wo,’’’, Wk-1, o,’’’, Tlk-1). We consider the following condi-
tions (a,/3, 3’1, /2 are constants whose values are specified later).

Condition 4. Let K be a compact subset of d. Then

sup Ig,, (x)l <
k;xeK

lim a<,
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lim a > O,

lim (,(x)x)I  (x)l’lxl
> 0.

Condition 5. Let K be a compact subset of a. Then

sup Itrk(x)[<o, lim <

Condition 6. There exists L 0 such that

(2.7a) w.p.1,

(2.7b) IE{nl}lta(lxl+ 1) w.p.1.

Wk is independent of k-
THEOREM 2. Assume that Conditions 4-6 hold with a > 1, fl > 0, and 0 <- /2 <-- ")/1 <

1/2. Let {Xk} be given by (2.6), and let K be a compact subset ofd. Then {X: k _-> 0, x K}
is a tight family of random variables.

Theorem 2 is proved similarly to [8, Thm. 3], where we assumed that crk(’)= 1
and did not allow the bounds in (2.7) to be state-dependent. The extension to the
present case is straightforward.

3. Metropolis-type annealing algorithms. In this section, we review the finite-state
Metropolis-type Markov-chain annealing algorithm, generalize it to an arbitrary state
space, and then specialize it to a class of algorithms for which the results in 2 can
be applied to establish convergence.

The finite-state Metropolis-type annealing algorithm may be described as follows
[12]. Assume that the state space E is finite set. Let U(.) be a real-valued function
on E (the "energy" function) and { Tk} be a sequence of strictly positive numbers (the
"temperature" sequence). Let q(i,j) be a stationary transition probability from to j,
for i, j E. The one-step transition probability at time k for the finite-state Metropolis-
type annealing chain {Xk} is given by

(3.1)
P{Xk+l =jlx i}= q(i,j)sk(i,j), j i,

P{Xk+ i[Xk i}= 1- Y q(i,j)sk(i,j),
ji

where

(3.2) sk(i,j)=exp (-[U(j)- U(i)]+).
This nonstationary Markov chain may be interpreted (and simulated) in the following
manner. Given the current state Xk i, generate a candidate state Xk =j with probability
q(i,j). Set the next state Xk/l =j if Sk(i,j)> Ok, where Ok is an independent random
variable uniformly distributed on the interval [0, 1]; otherwise, set Xk+ i. Suppose
that the stochastic transition matrix Q=[q(i,j)] is symmetric, i.e., q(i,j)= q(j, i), and
the temperature Tk is fixed at a constant T> 0. Then it is easy to show that the resulting
stationary Markov chain has a Gibbs invariant measure with mass az exp (-U(i)! T).
Furthermore, if the chain is recurrent, then the chain, in fact, has a unique Gibbs
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invariant probability measure, and the transition probabilities converge to the Gibbs
probabilities as k oo for all initial states. Of course, if a finite-state Markov chain
is irreducible, then it is recurrent. There has been much work on the convergence
and asymptotic behavior of the nonstationary annealing chain when T,0
[3], [5], [9], [12], [14], [21], [24], [25].

We next generalize the finite-state Metropolis-type annealing algorithm (3.1), (3.2)
to a general state space. In the formulation and analysis of general state space Markov
chains, it is usually assumed that the state space 5; is a or-finite measure space, say
(Z, A,/z) (see [22, Chap. 1] for a thorough discussion of general state space Markov
chains). Let U(. be a real-valued measurable function on such a E, and let { Tk} be
as above. Let q(x, y) be a stationary transition probability density with respect to /x
from x to y, for x, y E. The one-step transition probability at time k for the general
state Metropolis-type annealing chain {Xk} is given by

(3.3) P{Xk+I AIX x}= fa q(x, y)Sk(X, y) dl(y)+ rk(X)la(X),

where

(3.4) s(x, y)=exp (_ U(y)- U(x)]+)T

(rk(X) gives the appropriate normalization, i.e., rk(X) 1-- q(x, y)Sk(X, y) dl.z(y)). Note
that if/x does not have an atom at x, then rk(X) is the self transition probability starting
at state x at time k. Also, note that (3.3), (3.4) reduces to (3.1), (3.2) when the state
space is finite and/z is counting measure. The general state chain may be interpreted
(and simulated) similarly to the finite-state chain" here q(x, y) is a conditional probabil-
ity density for generating a candidate state Xk y, given the current state Xk x.
Suppose that the stochastic transition function Q(x, A) a q(x, y) dlx(y) is symmetric,
i.e., q(x, y)= q(y, x), and the temperature T is fixed at a constant T>0. Then it is
easy to show that the resulting stationary Markov chain has a Gibbs invariant measure
with density (with respect to z) exp (-U(x)/T). Furthermore, if this measure is
finite and the chain is/x-recurrent, then the chain, in fact, has a unique Gibbs invariant
probability measure, and the transition probability measure converges to the Gibbs
measure (in the total variation norm) as k for all initial states [22, Thm. 7.1, p. 30].
It is known that if a chain is /x-irreducible2 and satisfies a certain condition due to
Doeblin [6, Hyp. (D), p. 192], then it is tz-recurrent. In [7, Chap. 3], we use this theory
to give some sufficient conditions for the ergodicity of general state Metropolis-type
Markov chains when Z is a compact metric space and /x is a finite Borel measure.
However, there has been almost no work on the convergence and asymptotic behavior
of the nonstationary annealing chain when T 0, although, when is a compact
metric space, we would expect the behavior to be similar to when Z is finite.

We next specialize the general state Metropolis-type annealing algorithm (3.3),
(3.4) to a d-dimensional Euclidean state space. This is the most important case and
the one that has seen application [16], [23]. Actually, the Metropolis-type annealing
chain that we consider is not exactly a specialization of the general state chain described
above. Motivated by our desire to show convergence of the chain by writing it in the

If, for every x E and A A such that/x(A) > 0, Po,x {.-Jk=l {Xk A} 1, then {X} is/x-recurrent.
If, for every xE and AA such that/x(A) > 0, Po,x (._J=l {X A}>0, then {X} is/x-irreducible.
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form of the modified stochastic gradient algorithm (2.1), we are led to choosing a
nonstationary Gaussian transition density

(3.5) qk(x,y)= (1 ly-xla

)(2,rrbkrak(x))d/2 exp - bktrk(X)

and a state-dependent temperature sequence

(3.6) Tk(x) bZktrZk(X) ( cnst rzk(x))2ak log log k

where

(3.7) trk(X) (klXl) v 1, 60.
To understand these choices, suppose that x lies in some fixed compact set. Then, for
k large enough,

1 ( 1 ly_-_xl:(3.8) qk(x,y) (2rb)d/a exp -- b ]

and

(3.9) Tk(X) Tk
2a

The choice of the transition density (3.8) is clear, given that we want to write the chain
in the form (2.1). The choice of the temperature schedule (3.9) is also clear if we view
(2.1) as a sampled version of the associated diffusion (1.1) with sampling intervals ak
and sampling times k

k-
n=o an, since then we should have the corresponding sampled

temperatures T(tk) ca(tk)/2. Indeed, it is straightforward to check that, if C B/A,
then

bk c2( tk)
Tk

2ak 2
T( tk) as k->

(recall that ak- A/k, bk B/k log log k, and c2(t)- C/log for large k, t). Finally,
the reason that the Ixl dependence is needed in trk(x), and hence both (3.5), (3.6), is
that to establish tightness of the annealing chain by writing the chain in the form of
(2.6), we need a condition similar to the following:,

I  (x)l-->const Ixl, Ixl large, k fixed,

for suitable choice of k(" ). In other words, the annealing chain must generate a drift
(toward the origin) at least proportional to the distance from the origin. This discussion
leads us to the following continuous-state Metropolis-type Markov-chain annealing
algorithm and convergence result. To establish convergence, we must assume, along
with Conditions 1 and 2, the following condition.

Condition 7. It holds that

inf li-- sup IHU(y)[
>o Ixl- ly-xl<,lxl U(x)

This condition is satisfied if, for example, U(x)---constlx[ p and HU(x)=
O(Ixl p-2) as Ix - o0, for some p _-> 2.
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Metropolis-Type Annealing Algorithm 1. Let {Xk} be a Markov chain with one-step
transition probability at time k given by

(3 10) e{x+ AIx x} f s(x, y) dN(x, bkrk(x)i)(y)+2 2 rk(X)la(X)

where

(3.11) trk(X) (alx [) v 1,

(3.12) sk(x, y)=exp ( 2ak U(y)- U(x)]+)b2 o-(x)
and 3’ > 0 (rk(x) gives the correct normalization).

THEOREM 3. Assume that Conditions 1, 2, and 7 hold, and also that

lim IV U(x)l <(3.13)
Ixl-,oo [x----

Let {Xk} be the Markov chain with transition probability given by (3.10)-(3.12) and with
0 < <. en, for B/A > Co and any bounded continuous function f(. on Nd,
(3.14) lim Eo{f(Xk)} (f)

k

uniformly for x in a compact set.
The proof of Theorem 3 is in 4.1. Observe that the conditions of Theorem 3 are

satisfied if, for example, V U(x) const x and HU(x) O(1) as ]x m. We can allow
for faster growth in V U(x) by using a suitable modification of (3.12).

Metropolis-Type Annealing Algorithm 2. Let {Xk} be a Markov chain with one-step
transition probability at time k given by

(3.15) P{X+ AIX x}= ( s(x, y) dN(x, b(x)Z)(y)+ r(X)A(X),
JA

where

(3.16) k(X) (aZlxl) v 1,

( 2ak U(y)- U(x)]+.) if U(x)<=sk(x, y) exp k o’S(X) a
(3.17) ( 2ak [ly12-lx12]+ IX[2""1

=exp\ b, -(’i ]
if U(x)>a

and 3’ > 0 (rk(x) gives the correct normalization). Note that if K is any fixed compact,
Xk=x K, and k is very large, then (3.17) and (3.12) coincide. Note also that (3.17),
like (3.12), only uses measurements of U(. (and not V U(. )).

THEOREM 4. Assume that Conditions 1, 2, and 7 hold, and also that

(3.18) lim IVU(x)] Ix]
<.

ixl Or(x)
Let {Xk} be the Markov chain with transition probability given by (3.15)-(3.17) and with
0 < 3" < . Then, for BA> Co and any bounded continuous function f(. on Re,
(3.19) lim Eo,x{f(Xk)} 7r(f)

uniformly for x in a compact set.
The proof of Theorem 4 is in 4.2. Observe that the conditions of Theorem 4 are

satisfied if, for example, V U(x).-- const Ixlp-2x and HU(x) O(Ix[ p-2) as Ixl o, for
some p -> 2.



120 S. B. GELFAND AND S. K. MITTER

4. Proofs of Theorems 3 and 4. In the following, cl, c2,’’" denotes positive
constants whose value may change from proof to proof. We need the following lemma.

LEMMA 1. Assume that V(.) is a C2 function from Ra to . Let

s(x, y) exp (-hi V(y) V(x)]+)
and

where A > O. Then

for all x, y Rd.
Proof Let

(x, y) exp (-A[(V V(x), y x)]+),

Is(x, y)- (x, Y)I -<- A sup IHV(x + e(y x)) [y xl2
ee(O,1)

f(x, y) V(y) V(x) -(7 V(x), y x).

Then, by the second-order Taylor theorem,

(4.1) If(x,y)[<= sup InV(x+e(y-x))lly-xl2.
ee(0,1)

By separately considering the four cases corresponding to the possible signs of V(y)-
V(x) and (V V(x), y- x), it can be shown that

(4.2) Is(x, y) (x, Y)I --< 1 -exp (-hiT(x, y)l) -<- hlf(x, y)l.
Combining (4.1) and (4.2) completes the proof, rq

4.1. Proof of Theorem 3. We write

(4.3) Xk+l Xk ak(V U(Xk) + k) + bk Wk
(this defines k) and apply Theorem 1 to show that, if {X: k =>0, x e K} is tight for
K compact, then (3.14) is true. We further let O(x)= V U(x), write

(4.4) Xk+ Xk- ak(t(Xk) + r/k) + bkrk(Xk) Wk
(this defines r/k), and apply Theorem 2 to show that {X: k -> 0, x K} is, in fact, tight
for K compact, and that (3.14) is, in fact, true.

We first show that we can find a version of {Xk} in the form

(4.5) X+, X + bo-(X)&W.
To do this, we inductively define the sequence { W, ’} of random variables as follows.
Assume that Xo, Wo," , W_, ’o," ", ’-1 have been defined. Let W be a standard
d-dimensional Gaussian random variable independent of Xo, Wo," , W_I, ’o," ",

’_, and let ’ be a {0, 1}-valued random variable with

(4.6) e{k 11Xo, Wo, Wk, o, rk-,} Sk(Xk, Xk + bkO’k(Xk) Wk).

Using (4.6), it is easy to check that (4.5) is a Markov chain that has transition probability
given by (3.10)-(3.12). Hence (4.5) is indeed a version of {Xk}, and we henceforth
always deal with this version.

Now, comparing (4.3) and (4.4) with (4.5), we have that

bk(4.7) SCk -V U(Xk)+ (1 O’(Xk)k) Wk

and

bk(4.8) r/=-O(X)+--o-(X)(1-,)W.
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Furthermore, it is easy to show that Wk is independent of k and k, and also that
P{k e k} P{k IXk} and P{k [k} P(qk IXk}. We use these facts below.

The following lemmas give the crucial estimates for E(ll=l), IE(l)l,
E{Iw[=l%}, and [E{k[

LEMMA 2. Let K be a compact subset of d. ere exists L, ko 0 such that, for
every k ko,

(a) IE{[}lL(a/b) for all XkeK, w.p.1;
(b) E{II=I} t(bk/ak) for aH Xk K, w.p.1.
LEMMA 3. ere exists L 0 such that
(a) IE{nl}lL(aL-=/b)([X[+l) w.p.1;
(b) E{nI}L(b/a+*)(IXI+I) w.p.1.
Assume that Lemmas 2 and 3 are true. Then Condition 3 is satisfied with

1 and 0 < fl <. Conditions 4-6 are satisfied for a T > 1, 0 < fl <-2% and
T T2 0 (recall that we assume that 0 < T < )- Hence Theorems 1 and 2 apply, and
Theorem 3 follows. It remains to prove Lemmas 2 and 3. We use the following claim.

CLAIM. Let ud with ]u 1. en
(a) io.,w>, dS(0, )(w)= O();
(b) o,.w>, w aS(0, )(w)= O();
(c) o,.w>, ww dN(0, )(w)= O().
Proo Let Ul= u, and extend Ul to an ohonormal basis {u,..., Ud} for d.

Then, by changing variables (rotation) and using the mean value theorem, we obtain
that

(a)

(b)

(c)

ProofofLemma 2(a). Since K is compact and a- 0, we can choose ko such that
a[Xk[ <-_ 1 (and so Crk(Xk)= 1) for all Xk K and k_-> ko. Hence, using (4.7) and the
fact that P{k " Ik} P{k " IXk} and Wk is independent of Xk, we have, for k >- ko
and Xk K (w.p.1), that

b-V U(Xk)+-- E{(1 Srk) Wk[Xk}
ak

(4.9) =-V U(X)- bk E{ WkE{k [Xk, Wk}lXk}
ak

-V U(Xk)-- bk E{ WP{k 11X, W}IXk}
ak

-V U(Xk)-- b_._k E{ WkP{k l[Xk, Wk}}.
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Henceforth, we assume that k -> ko and condition on Xk X K. Then, using (4.6), we
obtain that

Let

(4.10) E{#lX= x}= -V U(x)- b I ws(x, x + bw) dN(O, I)(w).
ai

2ak )(4.11) k(X, y) exp b--k [(V U(x), y x)]+

and k(X, y) Sk(X, y) S"k(X, y). Using the fact that HU(. O(1) on a compact, we
obtain that, for any fixed 6 > 0,

sup ]HU(x + e(y x)) _-< Cl,
e(O,1)

for all lY-xl < & Hence, using Lemma 1,

ak(4.12) ]k(X, Y)I <- C2 b---k lY XI:, lY Xl < 6.

Of course,

(4.13)

Using (4.12), (4.13), and a standard estimate for the tail probability of a Gaussian
random variable, we obtain, for i-> 0, that

I lwl’l  (x, x + b w)l dN(O, I)(w)

<= [w[’lgg(x x + b,w)[ dN(O, I)(w)
wl,5/ bk

(4.14) + wl(x, x + bw) dN(O, I)(w)
[wl>/b

Nc3a+c3exp(- c)
=O(a).

Now, expanding (4.10) and using (4.14) gives

E{X x}= -V U(x) b (x, x+b) dN(O, I)()

b [ (x, x + b) N(O, )()

(4.5 -U(x- b [ f(x, x +b g(o,(

+O(b)

(4. - U(xl b [ a(0,(

w exp (V U(x), ) dN(O, I)(w)

+O(b).
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Clearly,

(4.17) E{sCk IXk x} O(bk)

for x such that 7U(x)=0. Henceforth, we assume that VU(x)SO. Let V t)(x)=
7 U(x)/[7 U(x)]. Completing the square in the second integral in (4.16), we obtain that

{ x x} -v U(x) b [
ak d(VO(x),w)<-o

wdN(O,I)(w)

(4.18) _mbk fak v O(x),w>>=o
wexp 2 ak IVU(x) dN - V U(x), I (w)

+O(bk).

Now V U(x)= O(1), and so

((ak)
2

12) ((ak]2](4.19) exp 2 [VU(x) =1+0 \-] ].

Substituting (4.19) into (4.18), using VU(x)=O(1) and ak/bk=O(1), and changing
variables from W+2(ak/bk)VU(x) to W, gives

l{"lx’ x}= -V U(x)- b" Iak v O(x),w)<-o
wdN(O,I)(w)

ak VlJ(x),w)>=O(ak/bk)
w dN(O, I)(w)

+2V U(x) I<VO(x).w>>--_O(,,k/bk) dN(O,I)(w)

(4.20)
+o ( akk) + O bk

bk foak _-<(V [J(x),w)<=O(ak/bk)
wdN(O,I)(w)

-2V U(x) aN(O, I)( w)

Hence, by (a) and (b) of the claim, and by again using V U(x)= O(1), we have that

(4.21)

Combining (4.17) and (4.21) completes the proof of Lemma 2(a). H
ProofofLernrna 2(b). As in the proof of Lemma 2(a), choose ko such that a[lXk <-- 1

(and so trk(Xk) 1) for all Xk K and k-> ko. Hence, using (4.7) and the fact that
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P{sCg " Ig} P{g " IXg}, Wg is independent of Xg, and V U(. 0(1) on a compact,
we have, for k => ko and Xg K (w.p.1), that

E{((1-)W)@((1-g)W)IXg}+e(X)- {w@w{x, wllx}+e(X)

I- {WNwP{ lx, w}}+ e(X),

where

eg(Xg) o ( b- IV U(Xk)[ + IV U(Xk)[2)

Henceforth, we assume that k >= ko and condition on Xk X K. Then, using (4.6), we
obtain that

(4.23)

x, I- W(WSk(X,X+bkW dN(O,I)(w)
\ak/

Let gg(x, y) be given by (4.11) and gk(X,y)= Sk(X,y)--gk(X,y). Then, expanding
(4.23) and using (4.14), gives

I w(R) WCk(X, X + bkW) dN(O, I)(w)

--( b-k]2 f w(R)wk(X,X+bkw) dN(O, I)(w)
\ak/

(4.24) I- W@WS"k(X,X+bkW) dN(O,I)(w)
\ak/

(4.25)
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Clearly,

(4.26) {:(R) Ix =x}= o(b)
for x such that V U(x)=0. Henceforth, we assume that VU(x)S0. Let V(x)=
V U(x)/IV U(x)l. Completing the square in the second integral in (4.25), we obtain that

O(x),w)<=o
w(R)wdN(O,I)(w)

(4.27)

w(R)w

exp 2 ak (iVU(x)I)2 dN ----k VU(x),I (w)

Substituting (4.19) into (4.27), using V U(x)= O(1) and ak/bk O(1), and changing
variables from W+2(ak/bk)VU(x) to W gives

v O(x),w)-<_o
w(R)wdN(O,I)(w)

-k Vll(x),w)_O(ak/bk)
w(R)wdN(O,I)(w)

(4.28) +O(1) + O(b_)
\ ak/ <=(’VO(x),w)<O(ak/bk)

w(R)wdN(O,I)(w)

Hence, by part (c) of the Claim,

(4.29) E(:k(R) k Xk X} O(b-2)
Combining (4.26) and (4.29) and using Ikl2<--__](k(R)(kl completes the proof of
Lemma 2(b).

Proof ofLemma 3. Using (4.8) and the fact that P{rlk’lk}=P{rlk’lXk}, Wk
is independent of Xk, and q(x)= V U(x)= O(Ixl+ 1), we get, similarly to (4.9) and
(4.22), that

E(Tk Jk} -O(Xk)- bk
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and

where

tr2k(Xk)I

r(X) {W(R) WP{= lX, W}}+ e(X),

(bk )ek(X) 0 O’k(Xk)I/(Xk)I + Io(x)l

o (x)([xl+l)+lxl

Hencefoh, we condition on Xk X and assume, for simplicity, that x 1 and a 1.
Let

( 2ak[(VU(x),y--x)]+)(4.30) k(X, y) exp b
and gk(X, y)= Sk(X, y)- S(X, y). Using Condition 7, we obtain, for some > 0, that

sp I(x+
o,1

for all I-xl < lxl. By assumption, however, V U(x)= O(Ixl), and so, by the mean
value theorem, U(x)= O(x). Hence, using Lemma 1, we obtain that

a x
and, similarly to the derivation of (4.14), we obtain that

(4.31) wl(x,x+b(x)w) dN(O,)(w)=O(a).

Next, using (4.31), we obtain, similarly to the derivation of (4.15) and (4.24), that

{Ix x} -(x- b(x [ s(x, x +b(x g(o,(

+O(b(x

and
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At this point, we separately consider the cases where alx[<= and > 1 (tYk(X) --1 and
alxl, respectively). Proceeding as in the proof of Lemma 2 and using (x)- O(Ix[)
and a k-V/bk O(1), we can show that

and

F{w,lX,--x}--o(aL-=b 1’
aL-’ Ixl), aZIxl > 1,=0 ’bk

E {’rIk @ "Ok Xk --x}--O(al’/), a’lx[ <--_ 1,

0 (ab, [x12), a[x[ > 1.

Combining the two cases completes the proof of the lemma.
Remark 1. In Fig. 1 we demonstrate the type of approximations used in the proof

of Theorem 3. In Fig. l(a) we show the transition density pk(X, y) for the Markov
chain with transition probability given by (3.10)-(3.12); in Figure l(b) we show the
transition density p’k(X, y) for the same Markov chain but using k(X, y) (4.30) in place
of Sk(X, y) (3.12); and in Fig. l(c) we show the transition density p’(x, y) for the
Markov chain of (2.1) with sck 0. Note that the densities in Figs. l(a) and 1 (b) contain
impulsive components associated with the positive probability of no transition. All
three densities are "close" for sufficiently large k and x in a compact set, and this is
the basis of the proof. However, for small k, the transition densities can be quite
different. In particular, it is seen that the Metropolis-type algorithm takes a less "local"
point of view than the gradient-based algorithms.

y)

(a)

(b)

(c)
p"k(X,y)

FIG. 1. Three transition probability densities.
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Remark 2. The Metropolis-type Markov-chain annealing algorithms use only
measurements of U(.) (and not V U(.)). Another class of algorithms that use only
measurements of U(.) could be based on a finite-difference approximation DkU(’)
of VU(.),

(4.32) Xk+l Xk akDkU(Xk) + bk Wk.
Suppose that DkU(" is a random direction forward finite-difference approximation;
i.e., suppose that Ok is an independent random vector uniformly distributed on the
d-one-dimensional unit sphere, and

U(x + hkOk)- U(x)
DkU(X) Ok

hk
({hk} is a sequence of nonzero numbers with hk-0). If we write (4.32) in the form
(2.1), then, by analysis similar to [19, pp. 58-60], it can be shown that :k is bounded
for Xk in a compact. However, when we write (3.10)-(3.12) in the form (2.1), the best
estimate we can obtain suggests that :k is unbounded for Xk in a compact (see Lemma
2(b), and note that bk/ak- Oe). Hence the Metropolis-type approximation appears to
be much farther away from an exact gradient-based algorithm than a finite-difference
approximation.

4.2. Proof of Theorem 4. We write

Xk+ Xk ak(V U(Xk) + k) + bkWk
(this defines sck) and apply Theorem 1 to show that, if {X: k->_ 0, x K} is tight for
K compact, then (3.19) is true. We further let

Ok(x) V U(x) if U(x) a
2x if U(x)>a

write

(this defines */k), and apply Theorem 2 to show that {X: k => 0, x e K} is, in fact, tight
for K compact and (3.19) is, in fact, true.

The following lemmas give the crucial estimates for
E{lqk][Cgk}, and [E{rlkl 3k}[ (compare with Lemmas 2 and 3).

LEMMA 4. Let K be a compact subset of Nd. Then there exists L, ko >- 0 such that,
for every k >->_ ko,

(a) for all Xk K, w.p.1;
(b) E{l  l=l  I <- L(b/a) for all Xk K, w.p.1.
LEMMA 5. There exists L >-_ 0 such that
(a) [E{glqg}[<-_Z(a-a/bg)(IX,l/ 1) w.p.1;
(b) _-< L(bk/a+2’)(tXk[-+ 1) w.p.1.
Assume that Lemmas 4 and 5 are true. Then Condition 3 is satisfied with a -1/2 >

1 and 0 </3 < 1/2. Conditions 4-6 are satisfied with a 1/2 2 y > 1, 0 </3 < 1/2 4% yl

% and y2 0 (recall that we assume that 0 < y < ). We note that the second relation
in Condition 4 is verified with 3’1 =y by considering the two cases where U(x) is <
or >= (Ixl2+l)/a and applying (3.18); in fact, we obtain that d/k(X)=O(Ix]/a as

ixl- c uniformly for all k. Hence Theorems 1 and 2 apply, and Theorem 4 follows.
It remains to prove Lemmas 4 and 5.
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Proof of Lemma 4. Since K is compact and a 0, we can choose ko such that
U(Xk)<----(lXkl+l)/a’ for all XkK and k>=ko. Hence the proof of Lemma 4 is the
same as that of Lemma 2.

Proof of Lemma 5. Using G(x)=O(lx[/a[+l) (see discussion following the
statement of Lemmas 4 and 5), we get, similarly to the proof of Lemma 3, that

and

where

E{ rlk k} Ok Xk b__k
ak

trk(Xk) E{WP{ 1 IX, Wk}}
Wk

(x)t

r(x) {w(R) wP{= !lx, w}}+ e(X)
Wk

(bk )e(X) 0 (.)1.()1 + Io(x)l=

Ix12O(kk O’k(Xk)(@Vk + l) + akv ,]
Hencefogh, we condition on Xk X and assume for simplicity that Ixl 1 and ak 1.

Let

( 2ak [(VU(x),y-x)]+) if U(x)
Ix]+ls(x, y) exp b (x) a

exp b (x) if U(x) >a
and (x, y) s(x, y)- (x, y). Now if a C function V(. satisfies Condition 7, then,
for some > 0,

sup Iv(+( xl .:_, +
ee(0,1)

for all ly-x < lxl; so this inequality holds when V(z)= U(z) and when V(z)= zl.
Hence, by considering the two cases when U(x) is N or > ([xl+ 1)/a and using
Lemma 1, we obtain that

F" I xl I xl < (x,l(x,l b (x’
and, similarly to the derivation of (4.14), we obtain that

(4.33) [wl(x, x + b(x)w) dN(O, I)(w) O(a-).

Next, using (4.33), we obtain, similarly to the derivation of (4.15) and (4.24), that

{nx xt= -(x b(x [ (x, x +b(x (0,(
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and

r2k(X)I

0"2k(X) W(Wk(X,X+bkO’k(X)W dN(O,I)(w)

+Oa+ a r a /

We now separately consider the cases where a]xl and >1 ((x)= 1 and
respectively). Proceeding as in the proof of Lemma 2 and using (x)= O(lx[/a) and
a-2/b 0(1), we can show that

E{n INk x} 0 bg ]’
a lxl 1,

0
b

and

E{ "rlk ( ’rlk Xk X} O ak2,) a " x <- 1,

O( b--kklXl2) alx[ > 1.

Combining the two cases completes the proof of the lemma. [3

Acknowledgments. The authors thank the referees, for a careful reading of the
manuscript, which uncovered an important technical problem, and for suggesting its
solution.
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SINGULAR PERTURBATIONS IN MANUFACTURING*

H. METE SONER"

Abstract. An asymptotic analysis for a large class of stochastic optimization problems arising in
manufacturing is presented. A typical example of the problems considered in this paper is a production
planning problem with random capacity and demand. In this example, it is assumed that the capacity of
the system fluctuates faster than the other quantities. The general model considered here also has a fast
controlled Markov process in its state description. By using the difference in the time scales of different
quantities, the problem is simplified by "averaging" out the fast process. Then asymptotically optimal
strategies are constructed from the optimal solutions of the limiting problems. The proofs of these results
use the theory of viscosity solutions to dynamic programming equations. However, the formal construction
of the asymptotically optimal strategies does not require knowledge of this theory.

Key words, dynamic programming, viscosity solutions, production planning, manufacturing, singular
perturbations

AMS(MOS) subject classifications. 90B30, 93E20, 35R35

1. Introduction. Most modern manufacturing systems are complex and large in
scale, including several subsystems, a wide variety of equipment, and a number of
different products. Moreover, operating policies of these systems must respond to
discrete events that are quite different from one another, for example, machine setups,
failure and repairs, demand changes, purchasing and building new facilities, etc.
Because of the size of the systems, it is impossible to achieve optimal operating policies.
The only practical strategies are the suboptimal ones, derived using the structure of a
given system. Generally, these techniques amount to reduction of the complexity by
decomposing the original system into simpler subsystems. We limit ourselves to systems
that have hierarchical decomposition. Based on this structure we "average out" certain
parameters, thus simplifying the optimization problems. Then suboptimal policies are
obtained as solutions to these simplified problems. For further information on control
of manufacturing systems, we refer the reader to Gershwin et al. [9]; on hierarchical
production planning, see Gershwin [8] and Bitran and Tirupati [3].

Recently Lehoczky et al. [11] carried out the above procedure for a specific
stochastic production planning problem. However, the scope of the mathematical tools
used in [11] is not limited to the production planning problem. In this paper, we
demonstrate the versatility of these techniques by introducing a general framework for
asymptotic analysis of optimal stochastic control problems. This framework, in par-
ticular, includes the problem studied in [11] and its generalizations.

Typical of the problems we consider is a production planning problem subject to
random changes in capacity and demand. We consider the case in which the capacity
fluctuates faster than the other quantities, when the system is working. In other words,
when there is production, the rate at which the capacity changes occur is much larger
than the rate of fluctuation in demand, the rate of discounting, and other time scales.
In this model the capacity process depends on the production rate. The model without
this dependency is analyzed in [11] and a limiting problem is obtained by simply
replacing the random capacity by its average value. However, for the general model,

* Received by the editors December 5, 1990; accepted for publication (in revised form) September 23,
1991. This research was supported in part by National Science Foundation grant DMS-9002249 and Army
Research Office grant DAAL-03-86-K-0171 and the Center for Nonlinear Analysis.

? Department of Mathematics, Carnegie Mellon University, Pittsburgh, Pennsylvania 15213.
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a straightforward averaging, as it was done in [11], is no longer valid. In fact, the
"average" capacity is a function of the production rate and its computation is quite
complicated. This dependency also implies that in general the diffusion approximation
is not possible. Therefore, we are not able to use the elegant analysis of Kushner [10].

The mathematical analysis of this paper uses the dynamic programming principle
and the viscosity solutions of the differential equations. Although our proofs are
complicated at times, on the formal level the methodology is straightforward and we
wish to emphasize this. An outline of the formal method is as follows" First derive the
dynamic programming (Bellman) equation for the full problem. Then let the fluctuation
rate of the faster process go to infinity in the equation. Obtain the formal limiting
equation by assuming the regularity of the value function. Compute the optimal control
problem related to the limiting equation and its optimal solution. This solution in turn
generates an asymptotically optimal control for the original model. The asymptotic
optimality of this control was recently proved by Zhang and Sethi [15] for the model
considered in [11]. Finally, we note that our techniques are related to those in
Bensoussan [2] and Saksena, O’Reilly, and Kokotovic [13].

The paper is organized as follows. The stochastic production planning problem
is described in 2. Using this problem as a model, we introduce the general framework
in 3. Section 4 is devoted to the proof of the convergence result. A suboptimal but
asymptotically optimal control is constructed in 5. Finally, a discussion of the
convergence rate is given.

2. Production planning. Consider a manufacturing facility in which there are rn
identical machines that are equally capable of producing n distinct part types. The
production must be scheduled to meet a demand that fluctuates randomly. However,
we assume that the machines are subject to a Markovian breakdown and repair process.
Thus the demand may not be met every time, and the production strategies should
take this into account.

Akella and Kumar [1] studied the one-dimensional model (n rn 1) with a
constant demand rate. They explicitly computed the optimal production rate, which
is a bang-bang control. They showed that there is a threshold level a*_-> 0 such that,
when the only available machine is in working condition, the production rate is either
zero or equal to the full capacity if the inventory is strictly greater than a* or less than
a*. Of course, when the machine is down, the only possible production rate is zero.

The general model we are considering also admits an optimal control, which is
bang-bang. However, for large n and rn the computation of the threshold levels is
complicated. Also the description of the production rate includes not only the threshold
levels but the fractions of the capacity devoted to each part. We simplify this model
by using its hierarchical structure. As discussed in the Introduction, we assume that
the occurrence of machine breakdown and repair process is faster than the other time
scales that are relevant to this problem.

We continue with the description of the model. Let an n-vector x(t) denote the
inventory at time _>-0. For a given production rate (control) u(t), the inventory (state)
satisfies the ordinary differential equation

d
(2.1) d-- x(t) u(t) d (t), > 0,

where d (t) =(dl (t), , d, (t)) is the demand vector. The demand process is assumed
to be Markov, taking values in a discrete set D c (0, )". The components of the
production rate are nonnegative and they are bounded from above by a constant related
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to a(t), the number of available machines at time t. We assume that a(t)
{0, 1,. ., m} is a Markov chain with infinitesimal generator

(2.2)
1 QU(,) (l qij(u(t))
E \E ] i,j =O,1,--.,m

Note that the generator of a depends on the production rate u(t). Since the machine
failures are more likely when the production rate is high, this dependence is a natural
one. However, in certain situations one may argue that it is negligible as it was assumed
in [11].

The parameter e > 0 appearing in the machine availability process is related to
the hierarchy in the time scales. Indeed, the mean rate of change of a( is of order
1/e, while the rate of change of demand is bounded in e. Hence, for small e > 0, these
two time scales are of different order.

The optimization problem is to minimize

(2.3) J(x, d, i; u)= Ex.d,, e -t G(x(t), u(t)) dt

over all nonanticipative production processes, u(t), satisfying the machine availability
constraint

(2.4) u(t)K(a(t)) /t>--O,

where E,,d,i denotes the mathematical expectation with initial conditions x(0)-x,
d(0) d, and a(0)= i. The constraint set is given by

K(i)={u[O, oo)"" g=l. UkYk<=i}
with nonnegative constants Yk.

Let v(x, d, i) be the value function

v(x, d, i) inf J(x, d, i; u), x R", d D,
u(.)

Then v is a (viscosity) solution of

0=v(x,d,i)+ sup {-(u d) Dxv(x, d, i)- G(x, u)
uK(i)

(2.5) E qij(u)[v(x, d,j)-v(x, d, i)]
e j=0

d’DE glad’IVY(x, d’, i)-v(x, d, i)]}
for all x R’, d D, i {0, 1,..., m}, where Q= (ldd’)d,d’D is the infinitesimal gen-
erator of d(. ), and Dx denotes the gradient in the x-variable.

We close this section by rewriting (2.5) in a manner which is compatible with the
notation of the next section. For (x, d, i) R x D x {0, 1, , m}, and p R n, L RIDI,
K R m+l, define H(x, d, i-, p, L, K) by

(2.6)
H(x, d, i; p, L, )= sup -(u-d).p-G(x, u)-

vK(i) j=0

Y’. qdd’[La’-- Ld ].
d’D
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Then (2.5) can be rewritten as

v(x, d, i)+ H(x, d, i; Dxv(x, d, i), v(x, ., i),
1
v(x, d, "--0o

/

Finally, we note that the sum of the entries of each row of any infinitesimal
generator is zero, i.e.,

%(u)= glaa,=O, Vi{0,...,m}, dD.
j=0 d’D

This implies that

(2.7) H(x, d, i; p, L+ Cl, + c2) H(x, d, i; p, L, )

for any constants c, ce (-oe, oo), and L+ c denotes the vector obtained by adding
the constant c to each component of L; + c is defined similarly.

3. General model. We consider a family of discounted, infinite horizon stochastic
optimal control problems indexed by a parameter e>0, with a state space
Rx D x Z. We take both D and Z to be finite sets. For (x, d, i)e E, let v(x, d, i) be
the value function satisfying the dynamic programming equation

(3.1) v -v(x,d, .) =0 V(x,d,i)eE,
\ /

where H is a real valued function of E x R"x RIDI R Ill. We will not describe the
underlying stochastic model. But the function H is given in terms of the running cost
and the dynamics of the state process. In particular H is jointly convex in the last three
variables and has the invariance property (2.7). We now make a structural assumption.
Fix (x, d) R x D, p R", L RIDI, and ce e RIll. Consider the nonlinear equation

(3.2) oint-n(x, d, i; p,L,)=0 Vi6Z,

where RIll is the unknown. Due to the translation invariance (2.7), if is a solution
of (3.2) then + c is a solution for any constant c. So we should search for a unique
solution in the quotient space which we call

(3.3) ’zl--{ K Rlzl: ieZ Ki=0}"
The translation invariance also yields that the range of the map
,--{H(x, d, i; p, L, }iz is not equal to RIll. Hence we may only expect (3.2) to have
a unique solution e Pill provided that the components of a satisfy a (possibly
nonlinear) scalar equation. More precisely we assume that there are functions

(3.4i) Hav: R" x D x R" x RIDI RIzI R,

and

(3.4ii) A :E x R x RIDI RIzI R
such that for all (x, d, i),,pR", LRIDI, and aRIll, we have A(x, d, .;p,L; o)
lzl, and

(3.5) o,+n(x,d,i; p,L,A(x,d,.; p,L; c)) =0,

provided that a {ai}iz satisfies

(3.6) Hav(X, d; p, L; c) 0.
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Clearly, the function Hav is not uniquely determined. However, under mild assumptions
on the coefficients of the optimization problem, we can show that it is continuous and
monotone in a. Then by multiplying it by (-1) if necessary, we may take it to be
nondecreasing in a. So the following assumption is not restrictive:

(3.7) A, Hav are continuous and Hav is nondecreasing in a.

Note that (3.1) is similar to (3.2). However, in (3.2) variables p and L are assumed
to be independent of i, and in (3.1) p Dxv(x, d, i) and Ld v(x, d’, i). However,
we expect the dependence of v on to be averaged out in the limit e 0. So suppose
that v(x, d, i) converges to v(x, d), and

K(x’ d’J) 1[ v(x,d,j)- v(x,d,k)
E kZ

converges to K(x, d, j). Due to the invariance (2.7), we may rewrite (3.1) as

v(x, d, i)+ H(x, d, i; Dxv(x, d, i), v(x, ., i), (x, d," ))=0.

Now let e go to zero. Formally, we obtain

v(x, d) + H(x, d, i; Dxv(x, d), v(x," ), (x, d," )) 0 /i Z.

Note that the above equation is a special case of (3.2) with p D,v(x, d) and Ld,
v(x, d’). Hence (3.6) yields.

Hav(X d; D,v(x, d), v(x, ); v(x, d))=0,

where for x R", d D, p R n, L R IDI, and a scalar v,

Hav(X, d; p, L; v)= Hav(xd’, p, L; )

with (v, , v) RIzl.
In the next section, we will show that v converges to a solution of the above

equation. Since Hav is convex in the last three variables, Hav=0 is the dynamic
programming equation of an optimal control problem with state space R x D. There-
fore v is the value function of this problem. The connection between the equation
Hav=0 and the optimal control problem will be clarified in Examples 3.1-3.3, below.

Our final assumption is a strong monotonicity condition on Hav. For each e Z,
R set

a -H(x, d, i; p, L, K), Z.

Since K may depend on i, we can not conclude that (3.6) holds. However, we assume
that

(3.8i) Hav(X, d, i; p, L; a)=< 0 (or ->0, respectively)

whenever there is R Izl such that for all i, j Z,

(3.8ii) -< j+[i-Kj] (or =>, respectively).

We now give two examples to clarify the above hypothesis.
Example 3.1. Consider (2.5) with n m 1, D= {do}, and qol(u)=-qoo h >0,

qlo(U) -qll(U) =/(u) => 0. Then K(0)= {0}, K(1) [0, 1/71] and the Hamiltonian H
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in (2.6) has the form

H(x, 0; p, ) dop- G(x, 0)- [,- o],

H(x, 1; p,)= sup {-up-G(x,u)+tz(u)[l-O]}+dop.

Equation (3.2) is equivalent to

(3.9i) ao+ dop- G(x, 0)- A[,- o] 0,

(3.9ii) a+ sup {-(u-do)p-G(x, u)+(u)[a-o]}=0.
O<=u<--_l/ /

Suppose that for a given (ao, a) we have a solution (o, a) 2 solves (3.9). Then
(3.9i) yields

(3.10) :,- :o= [ao+ dop G(x, 0)].

Since (Ko, K1)E 2, 0 "t- K1 =0. Therefore,

1
l=A(x, 1; p, a)=--7. [ao+dop-G(x 0)],

ZA

no A(x, O; p, a) --K

Observe that we used only (3.9i) to obtain the above formula. The other equation,
(3.9ii), will be used to compute Hay. Indeed, using (3.10) in (3.9ii), we arrive at

Hav(X; p; c) O,

where

Hav(X p; O0, Ol)=ffl’J- sup
f"l,_(u_do)p_G(x,u)+...tz(u)[ao+dop_G(x,O)]}.

0---U<:I/T1 ( J2h
To verify (3.8), suppose that (3.9i) holds with o=(, 1o) and (3.9ii) holds with

0__=(K, hi). Then (3.10) holds with nl n on the left-hand side. Also suppose that
(3.8ii) holds. Then

0__

Using the above inequality and (3.10) in (3.9ii), we obtain Hay(X, p; ao, 1) -<- 0. Hence
(3.8i) holds.

In this example, the optimal control problem related to the limiting equation
Hav- 0 is to minimize

exp
tz( u s as (x(t),u(t))+

Ix(u( t))
G(x(t) 0)| dt

2A

subject to

-d-d x(t)=
dt u(t)-(l+tX(u(t)--)) d’2A

t>0

and u(t)E[0, 1/yl], t_0.

Example 3.2. Again consider (2.5) with n 1, m 2, D= {do}, and

--/1 /1 0

Q(U)-- d,l(I,/) --[]’/I(U) - 2] /’2
0 2(u) -(u)
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Then K(0)= {0}, K(1)= [0, 1/yl], K(2)=[O, 2/yl]. Suppose that for a given x,p,
R3, K E 3 solves (8.2). Then a computation similar to the previous case yields

1,- Ko=-7 [ao+ dop G(x, 0)],
al

i[/2-- /1 "-- O + sup
t2

(-(Ul-do)p-G(x, Ul) ""/2,1 (Ul)[ K --/(0]} ]
sup {-(u)_-do)p-G(x, U2)--[A,2(U2)[K’2--/(1]}=0.

O<u2<=2/Yl

Hence

Hav(X; p; a)= sup

0 2/3q

u2)p--g(x, Ul,
/X2(

/ 01 "- O0L hi

where

]d,2(,Ul)f( Ul, //2) (//2 do) -- / Ul do)
A2 L

g(x, Ul, /’/2)- G(x, u2)+
[L2(U2) [G(x, Ul)’}-]LI(ul) G(x, 0)].

The corresponding control problem is similar to that described in the Example 3.1.
Example 3.3. Again consider (2.5) with n 1, D {do} and Q(u) Q is an irreduc-

ible (m + 1) x (m + 1) stochastic matrix. Then, (3.2) has the form

(3.11) (Xi--’-- sup {-(u-do)’p-G(x,u)}+(Qx,)i, i{0,1,...,m}.
O<=ui/Ti

Since Q is irreducible, there is a positive vector p R m+l such that Pi > 0, Yi Pi- 1, and
(pQ)i 0 for all i. Multiply the above equation by pi and sum over to obtain

E a,p,+ sup {-pi(ui-do)P-piG(x, u,) =0.
i=0 O’- ui i/’Yl

A straightforward algebraic manipulation gives

Hav(X, p; a) Y OliP -- sup {-(u do)p G(x, u)},
i=0 O--<ut7

where

iPi/
i=O

G(x, u) =inf _, piG(x, Ui)" Uj K(j) and Y’. viui u
=0 =0

To verify (3.8), suppose that (3.11) holds with KiE Rm+l, and /(i’s satisfy (3.8ii).
Multiply (3.11) by vi, sum over i, and then use the formula for Hav to obtain

nav(X,p; tX)-- Z PiqijKj.
i,j =0
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Now use (3.8ii) and the nonnegativity of qo for j, to obtain

’<
d=o d=o

+
=0 i=0 =0 j=0

---0.

The corresponding optimal control problem is simple, and it is described in Example
5.1.

These examples can easily be generalized to obtain the following lemma.
LEMMA 3.1. Suppose that H is as in (2.4) and G(x, u) is convex in the u-variable,

and either a( t) is a birth-death process, i.e.,

/, (u), j-i-l, i=l,...,m,

(3.12) qj(u)=,
h,, i=j-1, j= l, m,
-[h+/x(u)], /fi=j=0,...,m,
O, otherwise,

with tz(u)>-0, h > 0, or Q(u)-- Q for all u and Q is irreducible. Then the assumptions
(3.5), (3.6), and (3.8) are satisfied.

The convergence results under the second hypothesis is first obtained in [11].
These results are then improved in [15]. The asymptotic analysis of v under the first
set of assumptions, however, is not covered in the previous studies. In this case, the
parameter h is the machine repair rate when i- 1 machine are operating. It is natural
to assume that h is independent of the production rate. The quantity /x(u) is the
machine failure rate when machines are operating with a production rate of u, and,
in general,/z is a function of the production rate.

4. Convergence. In this section we study the limiting behavior of v as e tends to
zero. In whatever follows we always assume the structural assumptions (3.5)-(3.8).
However, to obtain convergence results we need to impose some uniform estimates
on v. In this section we assume that there are K, v _-> 0, independent of e, such that
for all e (0, 1], (x, d, i) E,

(4.1i) [v
1

(4.1ii)
ix y[ Iv (x, at, i) v (y, d, i)[ _-< K(1 + [x[), 0 < ]y x[ _-< 1,

(4.1iii) [v (x, d, i) v (x, d, j)[ <= eK (1 + Ix[), j Z.

The inequality (4.1ii) is a uniform Lipschitz estimate. If the function v is continuously
differentiable in the x-variable, then (4.1ii) is equivalent to the uniform boundedness
of the gradient, i.e.,

(4.2) sup
e(0,1]

The estimate (4.1iii) is related to the scaling used in the equation (3.1). Notice that in
(3.1) the vector (1/e)v(x, d,.) appears. So intuitively we expect the differences
IvY(x, d, i)- v(x, d, j)[/e to be locally bounded as assumed in (4.1iii). Note that the
translation invariance (2.7) is the reason why we do not expect vE/e to be bounded.
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In the production planning examples, these estimates are always satisfied. Indeed
consider the cases discussed in Lemma 3.1 and assume that

1 IG(x, u)-G(y, u)l_<- K(1 +]xl)(4.3) [G(x, u)[+ Ix-Y[
for all x, y, u e R", 0 < Ix y[-<_ 1. Then for the second case of Lemma 3.1, the estimates
(4.1) are proved in [11]; see Lemma 2.1 in [11]. A very similar proof yields these
estimates also in the first case of Lemma 3.1.

Using (4.1) and the Ascoli-Arzela theorem we construct a sequence, denoted by
e again, and locally Lipschitz continuous function v(x, d) such that v (x, d, i) converges
to v(x, d) uniformly on compact subsets on 51. As we discussed in 3, formally v solves
the limiting equation

(4.4) Hav(x,d;D,v(x,d),v(x,’); v(x,d))=O, (x,d)eR"xV.

Recall that for (x, d; p, L) e R x D x R x RIDI and a scalar v,

Hav(X, d; p, L; v):= Hav(X, d; p, L; f),

with (v, v,..’, v) RIzl, We will show below that v indeed is a solution of (4.4).
In general, v is not ditterentiable and the equation (4.4) must be interpreted in

the viscosity sense. We refer the reader to Crandall and Lions [5]; Crandall, Evans,
and Lions [4]; Lions [12]; Soner [14]; Fleming, Sethi, and Soner [6]; and [11] for the
definition and the properties of the viscosity solutions of (3.1) or (4.4).

THEOREM 4.1 (Stability). Assume (4.1), and that v is a viscosity solution of (3.1).
Suppose that (4.4) has a unique viscosity solution v satisfying (4.1). Then v converges
to v uniformly on compact subsets of Rn D, as e tends to zero.

Proof Let iS(x, d) be the limit of v(x, d, i) for some sequence e,, - 0. Let q(x, d)
be a continuously differentiable function and for d D, let Xo R be the strict maximum
of 3(., d)- q(., d) on R ". To show that 5 is a viscosity subsolution of (4.4), we must
verify the inequality

(4.5) Hav(Xo, d; Dxd/(Xo, d), (Xo, "); 7(Xo, d)_-<0.

Co .sider the map x-+v(x, d, i)-4,(x, d). Since Xo is a strict maximizer, there are
Xm[i R converging to Xo and maximizing the above map locally in the x variable.
Then the viscosity property of v := v yields

Vm(Xm(i), d, i)+ H(xm(i), d, i; Dx(Xm(i), d), V’(xm(i), ", i), 1.__ Vm(X,,(i), d, ) <--_0.
\ Em /

Since v converges to fi and x,,(i) converges to Xo, there is a sequence K,0 such that

(4.6) (Xo, d) + H(xo, d, i; Po, e(Xo, ), to"") <= Kin,

where po DxO(Xo, d) and

,,i
1

=v"(x,(i),d,j), xR, i,jZ.
Em

Since Xm(i) is a local maximizer of v"( d, i)-,(., d), we have

v(x,(j), d, j)- d/(Xm(j), d) v(x,(i), d, j)- d/(Xm(i), d)

for all i, j Z. Set (Xm(j), d). Then
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for every i, j 6 Z. Hence, (3.8) implies that

Hav(Xo, d; Po, ff(Xo, ");/3)-<-0,

where

fl(i) -H(xo, d, i; Po, 5(Xo," ), Kin’i), Z

Also (4.6) yields that/3(i) _-> (Xo, d)-Km for every i Z. Hence, the monotonicity of
Hav yields that

Hav(Xo, d; Po, (Xo, ");/5(Xo, d)-g,,)<=Hav(Xo, d; Po, O(Xo, "); fi)<-0 Vm.

Now let m go to infinity and use the fact that Km--> 0 to obtain (4.5). Hence 5 is a
viscosity subsolution. Similarly we can show that it is also a viscosity supersolution,
and therefore a solution. Since (4.4) has a unique viscosity solution v satisfying (4.1),
=v.

COROLLARY 4.1. Assume the hypothesis ofLemma 3.1, and (4.3). Then v converges
uniformly on compact subsets of Z, as e tends to zero.

Proof We have argued that (4.3) implies the estimates (4.1). Also the uniqueness
of viscosity solutions of (4.4) satisfying (4.1) follows from the classical techniques of
Crandall, Evans, Lions [4].

5. Asymptotically optimal controls. In this section we outline a procedure of
constructing suboptimal controls by using the limiting equation (4.4). We will show
that under certain assumptions, the difference between the value function and the
performance of the controls that we construct converges to zero in the limit e-> 0.
Before we describe the procedure for the general case, we discuss two examples.

Example 5.1. Consider the case described in Example 3.3. Let v(x) be the unique
viscosity solution of the limit equation,

0 gav(X D,v(x), v(x))

v(x)+ sup {-(u-do)D,v(x)-G(x, u)}.

Then v(x) is the value function of a deterministic optimal control problem. Indeed,

v(x) inf e -t J(x( t), u( t)) dt,

subject to constraints x(0) x, (2.1) with d(t) -= do, and 0 <- u(t)-< for all t_>- 0.
Suppose that v is differentiable. For each x, pick

u*(x) e argmax {-(u- do)Dxv(X)- d(x, u)" 0 <- u < }.

If

d
(5.1) d--x(t)=u*(x(t))-do, t>0,

has a solution, then it is elementary to show that a(t) u*(x(t)) is optimal. So suppose
that this is the case. Then we construct a feedback control for the e > 0 problem by
setting

u*’(x, i)-- iu*(x), x (-oo, oo), i= O, 1,..., m.
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Then we expect u*’ to perform close to the optimal control. Indeed, Zhang and Sethi
[15] have shown that

lim IJ(x, i; u*’)-v(x, i)l- O,
e-->O

provided that (5.1) has a unique solution.
Example 5.2. Now we return to Example 3.2. As in the previous example suppose

that the solution v of the limit equation is differentiable, i.e.,

sup {l(ul, u2)l)(x)-f(ul, u2)Oxt)(x)-g(x, Ul, U2)}-- 0

where f, g are as in Example 3.2, and

Let u*(x), u*2(x) be a maximizer in (5.2). Clearly, the sequence u*(x, O) O, u*(x, 1)
u*(x), and u*(x, 2)=u*2(x) satisfies the machine availability constraint and is a
candidate for an asymptotically optimal control. We will show in Theorem 5.1 below
that this is indeed the case, provided that u* has certain properties.

To motivate the construction in the general framework, we will derive a property
of u* next. Set

and

p(x)=D,,v(x),

A(x, i)= A(x, i; p(x), f(x)), i=0, 1, 2;

recall that 5(x)= (v(x), v(x), v(x)). Then by (3.5), we have

0 v(x)+ H(x, i; p(x), A(x," ))

=v(x)+ sup {-(u-do)p(x)-G(x,u)-(Q(u)a(x,’))(i)}, i=0,1,2.
Oui/ 3’

Then it is straightforward to show that u*(x, i) maximizes the expression in the above
equation. We will use this description of u* in the discussion of the general problem.

In general, the Hamiltonian H has the form

(5.3) H(sC; p, L, K)= sup {-"’(p, L, K)-G(sc, u)}
ueK()

for , p R", L RI1, RIzl, a set K (:) c U, a function G of : U, and a family
of linear operators "’(p, L, ), which are invariant under scalar translations of L, .
In the notation of 2, for example, U [0, oo)", K(sC)= K(i),

(5.4) ,,e(p, L, u d) p + (O.L)(d) + O(u)K )(i)

for sc --(x, d, i)e . Assume that v is ditterentiable and set

p(x, d)= Dxv(X, d), a(x, d, i)= a(x, d, i; p(x, d), v(x, ); 5(x, d)).

Then choose u*(sc) K(sc) such that

-u*(e)’e(p(x, d), v(x, ), A(x, d, ))-G(, u*(sc))
(5.5)

H(sC; p(x, d), v(x,. ), A(x, d,. )).
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It is known that not every feedback control yields a well-defined state process. However,
we assume that u* is indeed related to a well-defined state process. Let J’*() be the
value of the pay-off functional. Then J’* formally solves

(5"6) J’*()-u*("(DxJ’*()’J’*(x’ "’ i)’lJ’*(x’e d, .)) -G(, u*(sc)) =0.

The definition of u* implies that the formal limit of (5.6) is (4.4). So we expect
J’* to converge to v; the unique (viscosity) solution of (4.4). However the coefficients
of (5.6) are not necessarily smooth, and the procedure of 4 may not apply to this
case. Still a convergence theorem holds if (5.6) has a comparison principle, which
we define next.

DEFINITION 5.1. We say that (5.6) has a comparison principle if any viscosity
subsolution w of (5.6) satisfying (4.1i) is less than or equal to any viscosity supersol-
ution ff of (5.6) satisfying (4.1i).

If, for example, u’ is as in (5.4), then (5.6) has a comparison principle for a
large class of u*(. ). This class, in particular, includes the Lipschitz continuous func-
tions.

We start our convergence proof with a lemma, which is due to Souganidis.
LEMMA 5.1. Suppose that the unique viscosity solutions v of (4.4) and v of (3.1)

are convex, continuously differentiable in the x-variable, and satisfy (4.1). Then
Dxv(x, d, i) converges to Dxv(x, d) uniformly on compact subsets of E, as e -->0.

Proof. Pick en - 0, xn - x such that p Dv,,(x, d, i) converges to p. First, the
convexity of v-( d, i) yields

v"(x, + y, d, i)- v"(x,, d, i) >- p,. y, Vy.

Let n go to infinity to obtain

v(x+ y, d)-v(x, d)>=p, y Vy.

Then the differentiability of v implies that p Dv(x, d). [3

For : (x, d, i) E, set

A() A(; Dv(), v(x, ., i); v(x, d, )).

Equation (3.1) and the translation invariance (2.7) yield that

a(,)=l[v(sc) v(x,d,j)]E jZ

Using the definition of A, we rewrite (3.1) as

(5.7) v(sc)+ H(; V,v(), v(x, ., i), A(x, d, ))=0.

Set

K() v()-"*(’e(Dxv(), v(x,., i), A(x, d,. ))- a(, u*()).

In view of (5.3) and (5.7), K()=<0.
LZMMA 5.2. Suppose that (5.6) has a comparison principle. Let J be the viscosity

solution of (5.6) satisfying (4.1). Then

(.8) v <-_j.
Proof Since K-<0, v is a subsolution of (5.6) . Therefore, the comparison

principle yields v _<- J. [3
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LEMMA 5.3. Assume the hypothesis of Theorem 4.1 and Lemma 5.1. Then K
converges to zero, as e- O.

Proof. This follows from the continuity of A, (3.7), the convergence of v and
Dxv, and the definition of *.

The above result indicates that the difference J-v should converge to zero. To
prove this convergence, we assume that there are K, K, u,

(5.9) [a(sc; p,L; )l_-<g(l/lxl ) VlPl/[tl/ll<=K(l/lxl),
and

(5.10) sup I’a(p,L,)l<-_g(l+lp[+lLl+[[)
ueK()

LEMMA 5.4. Assume (5.9), (5.10). Then for every , >-0 there is a continuously
differentiable function rl (x) >= 1, such that

(5.11) 1/2n(x)-u’e(D,n(x),O,O)>=O VgY-,, uK(),
and

(5.12) r/(x)-->/(1 + Ix[ ).
Proof Let r/(x)= C +/lx[ for some C _->/ and a-max {2, 7}. We will show

that, for an appropriate choice of C, r/ satisfies (5.11) and (5.12). Indeed,

D,(x) aIxlxl a-2,
and (5.10) yields

I’(Dn(x), o, 0)l =< g(1 + [a/]lxl--1).
Therefore,

1/2q(x)-Su’t(Dxq(x), O, O)-> (1/2C-/)+/[xla-l(1/2lX[ a/).
It is now elementary to show that the right-hand side of the above inequality is positive
for every x if C is sufficiently large.

THEOREM 5.1. Assume the hypothesis ofTheorem 4.1, Lemma 5.1, and (5.9), (5.10).
Then J-v converges to zero. In particular, u* is asymptotically optimal.

Proof Since v satisfies (4.1), (5.9) implies that

Ia()l-< g(a+lx]).
In view of (5.10), the above estimate together with (4.1) yields

Ig()l_-< (1 /]xl-1)
for some K, 5__> I. Let r/ be as in Lemma 5.4. Then (5.12) implies that
converges to zero uniformly on E, as e- O. Set

k=inf{IK()/q(x) I"
and

w(()=v()+2krl(x), (=(x,d,i)E.

Then, the linearity of "’, the definition of K , and (5.11) yield

w() u*()’(Dxw(), w(x, i),
1 )-w(x,d, .) -G(,u*())
E

K()+2k[rl(x)-"*()’(D,’q(x), O, 0)1

>-K()+kn(x)>=O.
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Hence w is a supersolution of (5.6). Consequently, the comparison principle implies
that J-<_ w e. Now let e go to zero and use the convergence of K to zero together
with (5.8) to obtain the convergence of J to v.

Remark. If the operator "*(’(p, L, k) is continuous in :, then K(:) converges
to zero uniformly on compact subsets of E. Therefore w e, defined as in the above
proof, converges to v uniformly on compact sets. Consequently, the conclusion of
Theorem 5.1 holds uniformly on compact subsets of E.

Example 5.3. Consider the problem described in 2 with n 2, rn 1, D {(6, 1)},
yl=[3/K, y2 1/K, tx(u)=tx[VUl+U2] Ao 1, and G(x,y, u)- lxl/lyl, where all
the parameters are positive. Set

E K/z+ 1,

A Klxv+.
Case 1. A <-_ Ea. In this case, the optimal feedback control is

u*(x,y, 1)=

(0, 0) if x>0, y>0,
(0, 1) if x>0, y=0,
(0, K) if x> 0, y<0,
(E6, K-A6)/[I+lz6(-u)] if x=0, y<0,
(K/[3,0) if x<0,
(6, 0) if x=0, y>0,

(6, 1) if x=0, y=0.

Case 2. A >-- Ea. Then

u*(x,y, 1)=

(0, 0) if x>0, y>0,
(0, 1) if x>0, y=0,
(0, K) if y<0,
(K-E,h)/[lzv+(1-tx)B] if x<0, y=0,

(K/fl, 0) if x <0, y>0,
(6, 0) if x=0, y>0,
(6, 1) if x=0, y=0.

The value function is continuously differentiable in either case, and a comparison
principle for (5.6) holds.

The above strategies differ only on the fourth quadrant. This is expected because
in the other quadrants at most one of the products is in shortage, and then the optimal
policy is to produce the product in shortage, if there is one, in full capacity. However,
in the fourth quadrant of each of the products is in shortage, and therefore a priority
rule is needed. The above calculations provide just this. In the first case, the optimal
strategy is to produce x in full capacity. Hence in this case, the first product has priority
over the second one. In the second case, this priority changes. So we may sum the
above findings into the following rule"

If A <--_ Ea, produce the first product in full capacity if there is any shortage of it
regardless the inventory level of the second product. If A >-_ Ea, reverse this rule.

6. Convergence rate. The exact rate at which Iv-vl converges to zero is an
interesting question. Recently Zhang and Sethi 15] obtained the rate e 1/2 or e 1/4 under
different assumptions for the case described in Example 3.3. Also, they show, with an



146 H. METE SONER

explicit example, that in general e 1/2 is the best rate. However, when the limit function
is continuously differentiable we expect that the function (v(x, d, i)-v(x, d))/e is
uniformly bounded in e on every compact subset of . A similar result was proved in
[7].
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MAXIMUM LIKELIHOOD ESTIMATOR FOR TWO-POINT BOUNDARY
VALUE PROCESS*
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Abstract. The problem of identifying unknown parameters in two-point boundary value (TPBV) pro-
cesses is studied. Using the explicit form ofthe likelihood functional, the conistency property ofthe maximum
likelihood estimator is analyzed under a large number of independent experiments.

Key words, two-point boundary value (TPBV) process, maximum likelihood estimator, consistency,
likelihood functional
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1. Introduction. The smoothing problem for boundary value (TPBV) processes
has been extensively studied by Adams, Willsky, and Levy [1], [2]. These are random
fields (processes) satisfying partial (ordinary) differential equations with noisy boun-
dary conditions. A rigorous mathematical treatment of boundary value processes and
the related smoothing and identification problems may be found in Bagchi and Aihara
[3]. The likelihood functional derived in that paper is not given in terms of system
parameters and is therefore not particularly suitable for identification purposes. In
Bagchi and Westdijk [4], this likelihood formula has been further worked out for the
one-parameter case, the so-called two-point boundary value (TPBV) processes, and
expressed in terms of the system parameters. In this paper, we use this expression to
study consistency of the maximum likelihood estimates of the unknown system para-
meters for TPBV processes.

TPBV processes are observed in a fixed-time interval; say [0, T]. Based on one
realization of the observation process in this time interval, no statement can be made
about the asymptotic properties of estimates of the unknown parameters. In this paper,
we make n independent experiments. Based on the observations yl 2 0 < <

t, Mr, Yt
T, we obtain the maximum likelihood estimate of the unknown system parameters.
Using the approach proposed by Borkar and Bagchi [5], we show the consistency of
the maximum likelihood estimate obtained for TPBV processes.

2. Problem formulation and the likelihood functional. Suppose that {xt, >:0} is
an n-dimensional, real-valued, time-invariant, TPBV process satisfying

(2.1)

and the boundary condition

(2.2)

dxt=A(O)xtdt+B(O) dw,

Vxo+ VTxT
where {wt, >= 0} is a p-dimensional standard Brownian motion, v is an n-dimensional
Gaussian random vector, independent of { wt, 0 <= <-_ T}, with Ev 0 and Evv* Ev > O,
with (*) denoting transpose.
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A(O) is an n x n matrix and B(O) is an n x p matrix. The components of A(O)
and B(0) depend on the unknown parameter vector 0 19, where 19 is a compact set
in Rk. V and Vr are constant n x n matrices.

The measurement process {Yt, 0_-< t-< T} is given by

(2.3) dyt Cxt dt + D dwt, Y0 0,

where yt is an m-dimensional random vector and the matrices C and D are known.
We assume that BD* 0 (the state and measurement noises are independent) and that
DD* is a positive definite matrix. Without loss of generality, we may take DD*-I
(identity matrix).

Our problem is to determine an estimate for 0 based on n independent experiments
that give us a sample y,...,y’, 0_-< -< T of n independent trajectories of the
observation process {Yt, 0 <_- <_- T}. Based on these samples, we determine the maximum
likelihood estimate 0, of the unknown parameter 0 by maximizing the likelihood
functional for the problem. Our objective is to show consistency of the maximum
likelihood estimator obtained for the unknown parameter vector 0.

We derive in this section the exact form of the likelihood functional for our
problem. The detailed derivation may be found in [4] and is based on an important
result of Shepp [6]. We present here only the broad outline of the results obtained in
[4], which helps us also in setting the notations used throughout the paper. It is easy
to solve (2.1), (2.2), and the solution is given by

xt dp( t)( V + vT(I)( T))-1

(2.4)
V (u)-lB dwu vT((T) (u)-lB dwu + v

where the (fixed) parameter 0 is not explicitly mentioned, the matrix V+ VT"(T) is
assumed to be invertible, and d(t)= eAt, the state transition matrix for the system.
The signal process in (2.3) is then

(2.5) Cxt V(t)v+ h(t, u) dwu, 0<= t<= T,

where

(2.6a) V(t) CdP( t)( V’F vT( T))-1

and

V(t) V(u)-IB, 0<= u <-_ t,
(2.6b) h(t, U)

-V(t) vT(T)dP(u)-IB, t<u<= T.

Define

(2.7)
r(t, u) a- E{(Cxt)(Cx,)*}

V(t)E,V(u)*+ h(t,z)h(u,z)*

Define the operator R" L’[0, T] L[0, T] by

(:.a (f( (, uf(u du.

The covariance operator Ry of the observation process is then given by

(2.9) Ry=I+R.
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Noting that the operator R is trace class, the Fredholm determinant is

(2.10) d =[I (1 +Aj),

where ,tj’s are the eigenvalues of R. Furthermore, there exists a unique operator K
such that

(2.11) K R(I+R)-1= I-(I+R)-1.

Let py denote the measure induced by the process yt, 0 -<t -<- T on the space
C([0, T]; ") of "-valued continuous functions on [0, T] with pw denoting the
Wiener measure thereon. By a result of Shepp [6] mentioned above, py is absolutely
continuous with respect to Pw, and the Radon-Nikodym derivative is given by

dpw
(3’.)= d exp k( t, s) dye, dy,

where k(t, s) is the kernel of the operator K and the integral on the right-hand side
of (2.12) is a double Wiener integral as defined in [6].

It may be possible to define this integral as a quasimaingale following It [7],
but in that case a correction term would appear in the right-hand side of (2.12).

Using Krein factorization [8], we get

(2.13) R;’= (I + R)-’= (I- L*)(I- L),

where L is a Volterra operator with kernel l(t, s) and, as is shown in [8, pp. 232-234],

log d-/= Yr log (I + R)-l= -l yr (L + L*
2 2

(.4
Tr l(

2

It has been shown in [4] that

(2.15) Tr l(

where {F(t)-}. is the (1, 2)th block of the block matrix F(t)- with

(. F(la w( e-’+ (.
Here is

kH:(t) C*C -a*/’

and H(t), i= 0, 1, 2, satisfy the differential equations

(2.18a) no(t)=Hl(t)BB*Hl(t)*, Ho(T) VE;’V,
(2.18b) ,(t)=n,tt)*n(t)-n,tt)a, n,(T) V*X;lv5
(2.8c) (t)=n(t)*n(t)-n(t)a-a*n(t), n(T)

Fuhermore, as shown in [4], with denoting the smallest -algebra generated by
y, 0s
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Therefore, we get

(2.20) logpPwY(y.)= [C, dy]-- Tr[C{F(t) ,C dr.

Suppose now that we make n independent experiments, yielding independent sample
trajectories y 2 For k 1 2,. n, lett, Yt, Yr.

(2.21) dxk(o)=a(o)xkt(o) dt+B(O) dwk,,
and

(2.22) dyk Cxk at + o dwk
^k ALet xt E[xtk[ kr].
Then the log likelihood functional is given by

(2.23)

Vxo + Vx v,

dp
L,(y 1, y"; 0)=log 1-I (y.k)= log (y.k)

k=l k=l dw
C)tk(0), dytk] Tr C{F(t; 0)--1}1,2 c*] dt

2k=l
3. Sample properties of signal and observation processes. We begin with the strong

laws for independent sample trajectories.
THEOREM 3.1 (strong law of large numbers). It holds that

and

(3.2)
1 (Cxk)(Cxkt)._.E{Cx,(Cx,).} as noo Vt[0, T] a.s.
glk=l

with {x,, 0 <- t<-_ T} given by (2.4).
Proof From the strong law of large numbers in [9, p. 363], to prove (3.1), we

only need to check that

E{[Cxk, 4} <-Const independent of k.

Noting that Cxkt is a Gaussian random process, we have

E{lfxk[4} 3 (E {I Cx,lz})2.
It follows from (2.5) that

u{ICx,l}=3 Tr{V(t)Y,V(t)*}+ Tr{h(t, u)h(t, u)*} du

<_-Const independent of k.

The proof of (3.2) is similar.
THEOREM 3.2. It holds that

Io [;o k(t,sdy,,dy
nk=l

(3.3) c, dy,
3o

;oE Ct, Cxt] dt + Tr K a.s. as n

(3.1) _1 Cxk o as noo Vt6[O, T] a.s.
/’/ k=l
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Proof Let

(3.4)

Then

k( t, s) dyk, dy

I, [C2 Cxk, dt+ k(t, s)Cxk ds, D dw
/’/ k=l k=l

+ k(t, s)O dwks, D dw
k=l

say. Using the same method used in Theorem 3.1, we have

[Io(3.6) I - E k( t, s)Cxs ds, D dwt 0 a.s. as /,/--- oo,

and the independence of the signal and measurement noises implies that

k(t, s)Cx ds, Cx dt
g/k=l

(3.7)

[k(t, s)Cx, Cx,] ds dt

C, Cx] dt a.s. as n .
All we must do now is to study the convergence of I3, which is defined in the sense
of a double Wiener integral.

From Shepp [6], we have

E(I)
1 fo

r

Tr k(t, t) dt Tr K.
k=l

Let J=jf[fk(t,s)Ddw,Ddw]-TrK. Then {J} is a sequence of mutually
independent random vectors of zero mean, and, by the strong law of large numbers,

(3.8) I3 Tr K a.s. as n .
Combining (3.6)-(3.8), we get the desired result.

4. The identification problem. We have already obtained the likelihood functional
L(y, , y; O) for our problem. Since O is a compact set, for each in the sample
space, we can find an element 0() O such that

(4.1) L(y,...,y?;OL)L(y,...,y?;O’) for all 0’0;
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that is,

aP o=o log
dp’

0’log (y.k) _--> (y.k) for all O.
k=l k=l

In particular, for 0’= Oo (the true value of the parameter, which is assumed to lie in
(R)), we have

(4.2) log
g= dp--o (yk" e O"

We call , the maximum likelihood estimate (MLE) of 0o based on n independent
sample trajectories y!,..., y.".

To establish consistency of the MLE, we must check the continuity of :k(0) with
respect to 0. For this, we need the following assumption.

Assumption A1. There exists a constant C such that

sup [[A(0)ll <_- C, sup I[Vom(O)[[ <-_ C,
00 00

sup IIB(0)ll c, sup IlVoB(O)ll c.
00 00

LEMMA 4.1. It holds that

(4.3)

lim sup c:k, o ), D dw
n-->oo 00 /’/ k=l

sup Tr k(t, t; O) dt a.s.

Proof The main idea of this proof is to transform the double Wiener integral into
the It6 type integral. Then we can directly apply the results proposed by Borkar and
Bagchi [5] to our case. It is easy to show that

1 Ior 1 Ior[forC)k(0), D dwk k(t, s’, O) dyke, D dw
/1 k-1 /’/ k=l

(4.4)
1 IoT(IoT k(t, s; O)Cx)(Oo) as D dwk
Mk=l

1 or[or+-- k(t, s; O)D dw, Ddw
k=l

where the first term of the right-hand side of (4.4) is defined in the It6 sense [7] because
Cxk and Dwk are independent, and we find that Dw is t-maingale for
{Dw;Os T}. Using the integration by pas formula for the double Wiener
integral, the second term of the right-hand side of (4.4) becomes

k(t, s; O)D dw,, D dw)
k=l

(4.5)

=_1 wkr,D,k(T, T; O)Dwr

1 wkT,D, foT+-- {k(t, T; O)+k(T, t; O)}Ddwk
/k=l

k,D* Dwk ds dt+- Wt
n g= OtOs

=I1 +I+I3,
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say. With the aid of It6’s formula and DD* I, we have

k:l’l,.I1 wt ,(T, T; O)Ddwkt-Tr{k(T, T; 0)}. T,
nk=l

I w k(, t, T; O) + k( T, t; 0 D dw
/’/ k=l

+ Tr {k(, T; O)+k(T, t; 0)} dr,
o

and, for the integrand of I;’ term, setting > s,

Wt Ws Dwskn k= OtOs n k= OtOs

1 f7" oEk(t,s" O)+-- wk*D*
g/ k=l OtOs

applying the It6 formula to the first term, we have

2wk*D* D dwW + w*D* Ok(t’ s; O)
g/ k=l OtOs OtOs

(ok(t, s; O)
+Tr

t - }s.
Hence

I’ 2wk,D, 02k(t, s; O)
n k=l OtOs

,t Ok(t, s" O)k:,g l-,"3v W

st ts

+ Tr
t - (ts) dtds.

Combining all estimates, we have

(4.6)

D dwk

D dwk} dt ds

+ g t,s,z, w )dwdsdt
nk=l

-Tr {k(T, T; 0)}+ Tr {k(t, T; 0)+ k(T, t; 0)} dt

ii  io+ Wr
I. -0- (t ^ s) at as,

where

D dww"

fk(t, wk; 0)= k(t,s; O)Cxk(Oo) dsD-2wk*D*k(T, T; O)D

k*D*(k(t, T; O)+k(T, t; O))D+2Wt
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and

kgk(t, S, z, Wk) {2Xs<,w, +(1 X,<,)wk*)D* 02k(t’ s O)
atas

where
1 ifs < t,

g<,=
0 ifs>t.

Hence, we must prove that

(4.7) lim sup fk(t, Wk’, O) dwk, 0
nx 00 k=l

and

)(4.8) lim sup g( t, s, r; w dw 0
00 k=l

To apply the results of Borkar and Bagchi [5], we define

and

2w, [w,, w,,...,

a.s.

a.s.

f(t, v, O)=[fl(t; wl’ O),f2(t, w2; 0),""" ,f’(t, w’; 0)]

forO_-<s, -< T.

From Assumption A1, we can show that

Ilk(t, s; 01)-k(t, s; o=)11 -< cllol-o2[I

(4.10)

C(m)=(m(2m-1))m-lTm-1

{lllo<--_ C(m)m- E (k(t, s; 01)- k(t, s; 02))cxk(Oo) ds
k=l

-2wk*D*(k(T, T; O1)-k(T, T; O2))D

+2wk*D*((k(t, T; O1)-k(t, T; 02))

+ ((r, t; o) (r, t; ol

where

so that

(4.9)
1 IO’" .fofk(t, Wk O) dwk 1 ](t, , o) d,.
nk=l n

Hence, for every 01, 02 e (R), 2m p + 1 (O R), and m 2, by using the same argument
as Lemma 3.1 of [5, p. 196], we have

E{(I ((t, O1)-(f, 02))dt)
2m )

e IIf( , ’, Ol) -f( , ’, o)11
k=l

C(m) " m Ior}’m E{llf(t, w; O1)--fk(t, wk; 0)11) dt,
k=l
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Furthermore,

and

E [Ixk(0o)ll ds _<-Const independent of k

E{ w, } =< Const independent of k.

Hence, (4.10) becomes

{(IoT

E (y(t, ; 0,)-f(t, ; 02)t dt

2n
_-< Const 11191 192112m,

noting that, from m-> 2, there exists an a > 0 such that

(4.11) -< Const 01 192112m
l+a

This estimate is the same as Lemma 3.1 [5, p. 196]; hence (4.7) can be derived.
Repeating the same argument as above, we can prove (4.8). Details are omitted.

From (4.6)-(4.8), we have

lim sup
1 [’ C,(O), D dwk]

noo 00 n do

=sup -Tr{k(T, T; 0)}+ Tr{k(t, T; O)+k(T, t; 0)} dt

+ Tr ; (t s) dt ds a.s.

(integrating by pas)

sup Tr k(t, t; 0) dt a.s.
0e

This is the desired result.
THEOREM 4.1. Let be the see of measure zero outside of which Lemma 4.1 holds.

For each M, letting O be che maximum likelihood estimate of0o, we have thefollowing
strong consistency property:

(4.12) liml o" Ic((o)-x(oo))l
nm k=

Proo From (4.2), the MLE 0 satisfies

(4.13)
d(1, 0,)]

exp
k=l

[C((O)-x,(Oo)), dy] 1.

From (2.14) and (2.15), we find that

(d(1, Oo))/ n
log

d(1, 0) = {Tr {K(0o)- K(0)}}

Tr{CP(t; 19o)C*-CP(t" O)C*} dr.
2
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Hence, from (4.13),

{c(kt(o,,)--x,(Oo)), dyke]
2k=l

(4.14)
Tr CP( t" O)C* CP( t" 0o)C*] dt > O.

Dividing (4.14) by n, the first term of the above inequality becomes

1 fo
r

x,(Oo)), dykt]lim nn [C(k(o)_ ^k

k=l

lim [C(()-(0o)), Cx(Oo)] dt
n k=l

k k+n-- = [C(x,(O.)-x,(Oo)).dw]

lim {T + T},

say. From Lemma 4.1 and (3.3), it follows that

(4.15)
!i.rn T. !irn Tr [k(t, t; ,,)-k(t, t; 0o)] dt

irn Tr CP(t; O,)C* CP(t; Oo)C*] dt

Hence, dividing (4.14) by n and using (4.15), we have

(4.16) lim T’ _-> 0 a.s.

aoSo

This implies that

lim n [Cxk(,), Cxk(Oo)] dt
no k=l

->_ lim [C(0o), Cx(0o)] dt
k=l

(4.17)
c,(oo), Cx,(Oo)]

Hence, by using (4.17), the following inequality can be derived:

lim [C(x(Oo)-C(O)), Cx(0o)] dt
k=l

lim IC(x(Oo)l dt-N IC,(Oo) dt
n k=l

(4.18)
E [Cx,(Oo)-C,(Oo)[ dt

Tr CP(t; 0o)C*] dt a.s.
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On the other hand, from (4.18), we also have

lim nn [C(x(Oo)-C.)(O")), Cx(Oo)] dt
nc k=l

.olim2n =1 ICx(Oo)l2 dt- IC(02) dt

+ --lim2n =, C((0), C()- Cx( 0o)] de

N Tr [CP(t; 0o) C*] dt a.s.

._lim2n k= [C(x, (.), C(O.)-Cx,(Oo)] dt

<_- Tr CP(t; 0o)C*] dt

;o-.lim 2n k=
[Cx( 0o)[ dt [C(0)2 dt

(4.19)
Tr CP(t; 0o)C*] dt

o

-i ICx,(Oo)l d- lC(o)l d

N 0 a.s.,

where we used the fact that P(t; 0o) is an error covariance in the sense of minimum
variance estimate, i.e.,

r{(, oo}-{lx,(Ol-l,(o}o oe o.
Then, summing (4.18) and (4.19), (4.12) can be derived.
CooA. I holds that

O {O]Poo{C(O)= C(Oo) a.e.t., Vn}= 1} a.s.

Proo The proof follows from the previous theorem and the fact that

I0[cf(o>-cxf(Oo)l t lc(o)- cf(Oo)[
k=

+ Tr (CP(t; 0o) C*) dr,
o

where the expectation is with respect to the stationary measure.. Cels. The remaining problem for parameter identification for the TPBV
process is to derive the practical algorithm for generating the optimal MLE. Noting
that explicit form of smoother for the TPVB process has been derived in [4] in a
computable form, it is possible to show the explicit form of necessary condition for
the optimal MLE. Then, by using the similar technique presented by Aihara and Bagchi
10], from the derived necessary condition, we can construct a practical algorithm for

generating the optimal MLE.

Then
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A METHOD OF CENTERS BASED ON BARRIER FUNCTIONS FOR
SOLVING OPTIMAL CONTROL PROBLEMS WITH CONTINUUM STATE

AND CONTROL CONSTRAINTS*

E. POLAK?, T. H. YANG?, AND D. Q. MAYNE

Abstract. This paper describes a method of centers based on barrier functions for solving optimal
control problems with continuum inequality constraints on the state and control. The method decomposes
the original problem into a sequence of easily solved optimal control problems with control constraints
only. The method requires only approximate solution of these problems.

Key words, optimal control algorithms, method of centers, barrier functions, state space, control
constraints
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1. Introduction. The difficulty of an optimal control problem is very much a
function of the constraints. In the realm of optimal control problems, optimal control
problems with control constraints and inequality state-space constraints rank close to
the top in terms of difficulty or, alternatively, close to the bottom in terms of tractability.
In this paper, we use ideas contained in recent work on phase I-phase II methods of
centers [20], methods of centers based on barrier functions [7], 16], [22], and barrier
function methods for semi-infinite minimax problems [21] to construct a reasonably
promising optimal control algorithm for solving optimal control problems with both
control and inequality state-space constraints. An important feature of this algorithm
is that it decomposes the original problem into an infinite sequence of highly tractable
optimal control problems with integral cost and control constraints only, each of which
need only to be solved approximately.

To help establish the extent to which this paper advances the state of the art, we
now discuss some of the earlier results in this area. We recall that free-time problems
can always be transcribed into fixed-time problems by means of an augmentation of
the dynamics (see [26]), and hence we need only discuss fixed-time problems. First
(see [2]), unconstrained optimal control problems and optimal control problems with
inequality endpoint constraints (both without control constraints), with smooth
dynamics, can be formulated as

(1.1a) min f(u)
uC

and

(1.1b) min {f(u)I f(u)-<_o, j= 1, 2,..., q},
uC
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respectively, with all the functions fJ(. continuously Frechet differentiable on the
pre-Hilbert space where I1"11= denotes the norm L’[0,1].
These problems can be solved by exact analogues of the Armijo gradient method [1]
(see, e.g., [8], [27]) and of the method of centers (see [17], [18]), respectively.

Simple optimal control problems with control constraints only assume the form

1.2a) min fo u ),
uU

where Ua--{uL.2[u(t)6 U, t[0, 1]}, with U a compact subset of Rm, and f( as
above. For simple sets U, these problems can be solved by analogues of the slow-to-
converge Frank-Wolfe algorithm [5], the faster Goldstein-Levitin-Polyak gradient
projection method (see [3]), and a multiplier method [6], as wellas by two algorithms
that are optimal control specific: the strong variations algorithm in [23] and the
relaxed-control steepest-descent algorithm in [27]. The addition of control constraints
to (1.1b) results in a problem of the form

(1.26) min {fO(u)lf(u)-<0, j 1, 2,..., q},
uU

which can be solved by an extension (see [12]) of the method of centers [17], [18].
However, the control constraints result in a considerable increase in difficulty in the
search-direction-finding problem. The addition of equality constraints to (1.2b) can
be handled by means of exact penalty functions (see, e.g., [12]-[14]).

The most difficult optimal control problems have both control and state-space
constraints and can assume the following abstract form:

{ max qbk(u,t)<--O,k=l 2,... r}(1.3) minuu f(u)lfJ(u)<O’j=l’2"" q’,to,ll

where the functions fJ (.) and b k(.,. are all continuously differentiable. We recognize
these problems as generalizations of finite-dimensional semi-infinite programming
problems (see 19]). The presence of the control constraints generates a major obstacle
because it precludes the efficient use of minimax theorems in the solution of extremely
difficult search-direction-finding problems (see [19] for their use in semi-infinite
optimization).

Not counting nonlinear programming algorithms on discretized versions of optimal
control problems or algorithms whose convergence has not been established (see, e.g.,
[9], [10], [15]), there appear to be only two algorithms in the literature for the solution
of problems of the form (1.3). They are both extensions of the method in [17], [18];
the one in [28] is based on the use of relaxed controls, whereas the one in [12] is not.
Both of these algorithms postulate extremely difficult search-direction computations.

The algorithm we present in this paper is much simpler in structure than either
of the algorithms [28], [29] or [11], [12]; furthermore, it is easily implemented using
existing methods (such as in [3], [8]). In 2 we present our algorithm in a simplified
(conceptual) form. In 3 and 4 we give full details of two alternative versions of our
new algorithm and prove their convergence to feasible stationary points. Computational
results are reported in 5 and show that the algorithm performs satisfactorily.

2. A conceptual phase 1-phase II method of centers. We consider optimal control
problems defined in the pre-Hilbert space L,2 A {L[0, 1], I1" I1=, consisting of elements
in Lm[0, 1] but endowed with the L2[0, 1] scalar product (.,.)2 and corresponding
norm I]" 112. The problems are normalized, fixed-time problems with control and
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state-space constraints, of the form

P: min If(u)lf(u)<-O, j- 1,2,..., q,

(2.1a)

tto.maxl] )k(u’ t)O, k= 1, 2,... q2, u G/
where

(2.1b) Ga--{u6L,zlu(t) 6 U, Vt [0, 1]}

with U cR". The cost function fo. L,2-R and the endpoint constraint functions
fJ" L,2-, j 1, 2,..., ql are defined by

(2.2a) fJ(u) a= g(xU(1));
whereas the state-space constraint functions b k. L,2 [0, 1 , k 1, 2,..., q2, are
defined by

(2.2b) ckk(u, t) a= gk(xU(t)),

where the functions f, gk .,R and xU( is the solution of the differential equation

(2.3a) ( t) h(x( t), u( t)), [0, 1],

(2.3b) x(0) Xo,

where h" " x R" - m, and Xo " is given.
We assume that the problem P has a solution. In addition, we will require the

following hypotheses, which ensure (see [2]) that (a) the solutions x(.) exist and
are locally Lipschitz continuously differentiable, (b) the functions fJ(.) are locally
Lipschitz continuously ditterentiable, and (c) the functions b( are locally Lipschitz
continuously differentiable in u and continuous in t.

Assumption 2.1. Let the following hold:
(i) The set Ucm is compact and convex;
(ii) The functions gJ, gk. , _

are locally Lipschitz continuously ditterentiable;
(iii) The function h" " x R’ -" is locally Lipschitz continuously differentiable;
(iv) There is a constant M<c such that [Ih(x, u)ll<-M(l/llxll) for all (x, u)

X x U, where X is a sufficiently large but bounded subset of
For the purpose of convergence analysis, it is useful to introduce the relaxed-

controls closure of the set G.
We recall that a Radon probability measure tx on the Borel sets of U (in (2.1b))

is a positive measure such that Ix(U) 1. The set of Radon probability measures will
be denoted by rpm (U). A relaxed control o- is a measurable function o-’[0, 114
rpm (U). We define the relaxed-controls closure of the set G (in (2.1b)) by

(2.4a) ---a {o-" [0, 1]rpm (U)[r is measurable}.

We use the weak* topology on LI([0, 1], C(U))* to topologize . Consequently,
{ri} c G converges to r G if and only if

(2.4b) lim ok(t, u)r,(t)(du) dr= 6(t, u)r(t)(du) dt
U

Vt E LI([o, 1], C(U)),
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where LI([0, 1], C(U)) denotes the space of absolutely integrable functions that map
the interval [0, 1] into C(U), the space of real-valued continuous functions defined
on U.

In this topology, G is sequentially compact. We recall that there is an injection
of the ordinary controls into the relaxed controls: With each ordinary control u G,
we associate a relaxed control o- G such that tr(t)(S)=6,(,)(S) for all measurable
sets S c U, where 6u(S)= 1 if u S and 6u(S)= 0 otherwise.

Relaxed controls give rise to relaxed dynamics as follows:

(2.4c) (t)= h(x(t), u)(t)(du), t[0, 1],
u

(2.4d) x(0) Xo,

whose solutions we will denote by (t). We extend this notation also to the functions
in (2.2a), (2.2b); thus fJ(cr) gJ((1)) and 4k(o", t)= gk((t)).

Our exposition will be simpler if we assume a single form for both the state-space
and endpoint constraints. This requires that the functions fJ(. be replaced by functions

b (x"(1)) for all [0,1]. Then, ifweletof the form max,o,13 (u, t) with b (u, t) a g
q ql + q2 and replace the indices k in (2.2b) by j q + k, problem (2.1a) becomes

(2.5a) P: min{f(u) max 4J(u, t)=<0, j= 1 2,..., q, u
t[0,1]

or, in the even more compact form,

(2.5b) P: min{f(u)l(u)<=O,j=l,Z,...,q, uG},
where qd(u) a__. max,to, bJ(u, t).

We can also state the relaxed control version of (2.5b), as follows:

(2.5c) : min {f(cr) qJ(cr) -< 0, j 1, 2,..., q, cr (}.
Since we have assumed that P has a solution, the minimum values for P and P are the
same. However, it is conceivable that P has solutions that do not have counterparts
in G.

qd(u), where q a {1 2,.. q}, and let q(u)+ AFor any u L,2, let q(u) a max
max {0, q(u)}. The phase I-phase II methods of centers that we present in this paper
are based on the use of the unifying function F" Lo, Loo,2 -’-> , defined by

(2.6) F(ulu’) max {f(u)-f(u’)- 2,(u’)+, pJ(u) p(u’)+}.

The following result is obvious.
PROPOSITION 2.1. (i) For all u L,2, F(ulu)=O. (ii) Suppose that G is a

local optimizerfor problem (2.5b). Then F(ula >-_ 0 for all u G near , i.e., is a local
minimizer for the problem min, F(u a).

Phase I-phase II methods of centers are based on the following geometric notion:
Given a point u G, its successor u+ is chosen to be a "center" of the set

(2.7) V(u) a-- {u

For our methods of centers to work, we must introduce the following commonly
used "constraint qualification" type of hypothesis, which is easily interpreted in terms
of Proposition 2.1.

The scale factor 2 in the term 2q(u’)+ in (2.6) can be replaced by any other scale factor y > 1.
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Assumption 2.2. For every r G that is not a solution of P, there exists a u G
such that F(ulcr < 0.

The methods differ by the manner in which they define a "center." The simplest,
but not practical, definition of the "center" Ui+l is

(2.8) ui+l argmin F(u[ui).

Solving (2.8) for ui+l is hardly easier than solving the original problem (2.5b). Hence,
we will now introduce a much more tractable definition of a "center" based on the
parametrized barrier function p "L.2 x L.2 for the above sets V(u’), defined by,
for a > 0,

(2.9)
a + 2q(u’)+ +f(u’)-f(u)

+Z
j=l

dt.

Because for a > 0, p(u’ u’)<, the parameter a makes it possible to use the
point u’ for initializing a descent method in solving minu v(u,)p(u[u’).

We begin by establishing that as a- 0, p(. ]u’) becomes a barrier function for
the set V(u’).

LEMMA 2.1. There exists a constant L > 0, such that, for all u’ G, u V( u’), and
a>O,

(2.10)

p,(ulu’) >-
a + 2qt(u’)+ +f(u’)-f(u)

_( L )1
log 1 ++L (a + q,(u’)+- q,(u))

Proof. It follows from our assumptions that there exists a constant L < o, such
that each bJ(u, is uniformly Lipschitz in on [0, 1 with the same Lipschitz constant
L for all u G. Without loss of generality, we may assume that L>= q(u’)/-q(u) for
all u, u’ G. Now, given u’ G and u V(u’), let k q and ’ [0, 1] be such that
bg(u, f) if(u), and let t6[0, 1] be arbitrary. Then we fiave that

(2.11) 6g(u, t) >-- 6g(u, t)- Lit- tl @(u)- Lit-
Consequently, since q(u’)+- q(u) >= 0,

1 j. 1pulu’>=
a +26(u’) +f(u’)-f(u) +

dt
+ o (a + (u’)+- d,bk(u, t))

(2.12) >=

1 j’( ,!1( b( LIlla+2p(u’) +f(u’)-f(u) +
dt

+ o .a+.u’.+-.u.+_,t-_,.
1

2/,(u’)+ +f(u’) f(u)

log ((a + @(u’)+- @(u) + Lt)(a + q,(u’)+- q,(u) + L(1-
( + (u,)+- q,(u))

a + 2q(u’)+ +f(u’)-f(u)
1 (+- log 1 +

( + q,(u’)+- 6(u))



164 E. POLAK, T. H. YANG, AND D. Q. MAYNE

where the last line is obtained by minimizing the preceding line with respect to ’,
which happens when

It follows by inspection of (2.10) that when u
i.e., that Po(’, u) is indeed a barrier function for V(u).

Now consider the following conceptual algorithm for solving the problem P (2.5a).
Algorithm 2.1.
Data" Uo G and a sequence {)o such that c>0 for all k and 0 as

Step 0: Set 0 and k 0.
Step 1" Compute

(2.13) ui+l A(ui) ---a argmin p,,,(u]u).
V(ui)

Step 2" If F(U+l[U)=O, replace k by k+ 1 and go to Step 1.
Step 3" Replace ibyi+land kbyk+l, andgoto Step 1.
Note that (2.13) defines U+l as a solution of the simple optimal control problem,

shown below:

u Ck,+2p(Ui) +g(xU’(1)) g(x"(1)) ++ J= ak,_Ft(Ui)+_gJ(xU(t))
dt

where, as before, x(t) is the solution of (2.4a), (2.4b). This problem has only control
constraints; its cost is the endpoint-plus-integral form. Barring possible ill conditioning,
such problems are tractable by algorithms such as the Goldstein-Levitin-Polyak
gradient projection method (see [3]) or by the algorithm described in [2]. However,
these methods require an infinite number of iterations to produce an accumulation
point that can only be shown to be stationary (not necessarily optimal); hence Algorithm
2.1 is only conceptual.

THEOREM 2.1. (i) Suppose that Algorithm 2.1 jams up in the loop between Steps 1
and 2 at the control u. Then u is a solution of P. (ii) Suppose that {u}o is a sequence
ofcontrols constructed by Algorithm 2.1. If this sequence has an accumulation point G,
then is a solution of P.

Proof. (i) For contradiction, suppose that u is not a solution of P. Since the
algorithm is cycling in the loop between Steps 1 and 2, k-o. Let tk -a

argmin v(,o p, (u u). Then, since Ok ") 0 as k- oe and F(/k U/O) 0 for all k, we
conclude that p(/k]/’//o) -’) 00 as k-* oe. By Assumption 2.2, however, since u is not a
solution of P, there exists a t V(u) such that F(tlu)<0, which implies that
Po(t] u) < oo. Since p (t u) is continuous in a, there exists a ko such thatp(t] u) _-<

2po(lu) for all k_>- ko. Because p(k]U) -- oe, however, there exists a kl such that
p(klUq) >p(lU) for all k-> kl--> ko, which contradicts the fact that tk is a
minimizer.

(ii) Suppose that there exists an infinite subset K c N and a t G such that the
subsequence {u}/ converges to t; we write this as u t e G as oo. For contradic-
tion, suppose that t is not a solution of P.

Case 1. There exists an io such that @(uq)_-<0, so that -O(u)+=0. Since

F(Uio+llU) < 0, we have that

(2.15a) f(Uio+l) f(u) < O,

(2.15b) @(Uo+l) < 0.

It now follows by induction that, for all i->_ io,



A METHOD OF CENTERS FOR OPTIMAL CONTROL 165

(2.16a) fo( Ui+l _fO(ui) < O,

(2.16b) (ui) <0.

Hence, since the sequence {fo( ui)} i=o is monotone decreasing, and sincef(u) &fo()
as i- c, by continuity, it follows that f(u)-f(a) as ic; therefore, since

(2.17a) p,(u+]ui)>
ak, +fO(ui) _fO(ui+1)’

and Ogki-- 0 as - o, we have that

(2.17b) Poki(Ui+llUi)CX3 as i.

However, since is not a solution to P, by Assumption 2.2 there exists a u* V()
such that F(u*]) < 0 and therefore that po(u*l) < . Since, by construction, V() c
V(ui) for all i=> io, it follows that

(2.18) p=,(u,+lu,)p=,(u*lu) li>= io.
Furthermore, by continuity of p,(u*lu) in (a, u), p%(u*lu) po(u*] )<; hence,
there exists an il => io such that, for all 6 K, => il,

(2.19) p,k,(Ui+l ]u,) 2po(u*la),
which is a contradiction of (2.17b).

Case 2. Suppose that (u)> 0 for all i. Then, since p,(u+]u) for all i,
it follows from (2.10) that (ui+)< (u) for all i and hence, since by continuity
q(u) -- q() as i-, that 4,(u)- 4,() as i. Hence, since by (2.10)

(2.20a) 1(p,k,(Ui+llUi)>log 1+
(, + 6(u,)+- 6(u+,))

and ak,- 0 as - , we have that

(2.20b) p,k,(u,+,[ui)- as i.

However, by Assumption 2.2, since is not a solution of P, there exists a u* V(ff)
such that F(u*la)<0, and hence po(u*la)<. By continuity of F(u*[.), it now
follows that there exists an i2 such that F(u*jui)<O for all i K, i>= i2, and hence we
see that u* V(ui) for all K, i-> i2. Hence, again by continuity, there exists an i3 >- i2
such that

(2.21) p,(u,+ u) <- p,(u* u,) <= 2po( u* ) <,
which contradicts (2.20b). [3

Since the set G is not compact, it is entirely possible that a sequence {ui}=o
constructed by Algorithm 2.1 has no accumulation points in G. In that case, Theorem
2.1 is vacuous. However, the sequence {u}o must have accumulation points, in the
sense of control measures, in the sequentially compact set G. The following result
follows directly from the arguments used to prove Theorem 2.1.

COROLLARY 2.1. Suppose that {ui}o is a sequence of controls constructed by
Algorithm 2.1. If this sequence has an accumulation point G, then is a solution

of P.

3. An implementable phase I-phase II method of centers. The main objection to
Algorithm 2.1 is that the update operation in (2.13) is not implementable. We will now
develop an implementable algorithm that replaces (2.13) by an approximate stationarity
condition and incorporates a feature that enables us to use the point u as a starting
point in computing u+ by an algorithm such as Algorithm 5.14 in [2].
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First, referring to [2], we see that the Frechet differentials (of the functions fo(. ),
4(., t) in (2.53)) df(u; u’-u), dck’(u, t; u’-u) exist and can be expressed in terms
of scalar products with gradients Ff(u) and V43(u, t), which are in Loo.2, i.e.,
df(u; u’- u) (7f(u), u’- U)2 and d(u, t; u’- u) (7,4(u, t), u’- u)2. Neither
our proofs nor our algorithm require formulae for these gradients.

Next, we define an optimality function O" G- for the problem P (2.5a), which
is a first-order convex approximation to the function F(u’[u), by

O(u) A min max {1/21[ u’- u[[2 + {-2q(u)+ + df(u; u’- u),
u’G

(3.1) c(u, t)-q(u)+ +(V,dp(u, tj), u’- u)2,

tj [O, 1], j q}}.

At one point in our convergence proof, we will need to bring in the relaxed-controls
topology. Hence, we need the relaxed-controls extension of O(u). For this purpose, it
is useful to recall that alternative formulae for (Vf(u), u’- u)2 and (VbJ(u, t), u’- u)
are given by

(3.2) (Vf(u), u’-u)z=(Vg(x’(1)), 8x"""(1)),

(3.3) (Vch(u, t), u’--u)z=(FgJ(x"(t)), 8X’’ "(t)),

where 8x"""(t) is the solution of the first variational equation

8(t)= [Oh(x(t)’ u(t))]
(3.4)

[Oh(x(t), u(t))][u,(t) u(t)] 6x(O) 0"
Ou

As in [30] and [2], given a relaxed control cr G with corresponding solution
(. of (2.4c), (2.4d) and a function s" U L2,o we define 8:’( to be the solution
of

(3.5a) 8(t) f[h((t)’u)] cr(t)(du)Sx(t)
u Ox

+ s(u)(t)cr(t)(du),
u Ou

(.Sb) x(0) =0.

Next, we say that a search direction function s" U L2, is admissible if, for all u U,
u+s(u)(t) U for almost all t[0, 1]. We define S to be the set of all admissible
search direction functions. These definitions allow the relaxed-controls extension
0"G of 0(.) to be defined by

O(g) min max {]s][ + {-2()+ +(vg(()), =.()5,
sS

(.6) (, ts)-()+ + (vg((ts)), ,(ts)),

t [0, ], j q}}.

The following result can be found in [2].
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THEOREM 3.1. We have the following conditions"
(i) The optimality functions 0(. and 0(. are well defined and continuous;
(ii) If o’ G corresponds to the ordinary control u G, then 0(or)= 0(u);
(iii) If G is an optimal soluton to the problem P, then 0 (t) 0;
(iv) If 6" G is an optimal solution to the problem P, then 0(6)= O.
In our proofs, we find it convenient to use an alternative formula for O(u). Let

the set of Radon probability measures on the interval [0, 1 be denoted by rpm ([0, 1 ]),
let V denote the set of measurable functions v’[0, 1] rpm ([0, 1]), and let

(3.7a) W a--{w=(w, w l, wq)Rq+l wi-- I wi>O, i=0,1 ,q}
i=0

Finally, with rfm ([0, 1]) denoting the space of Radon finite measures, let be the set
of measurable functions/x" [0, 1] [rfm ([0, 1])]q+l defined by

(3.7b) a---{lz[rfm([O, 1])]q+lllzJ=wJv, j=O, 1,...,q we W, v V}.

Then it is obvious that

(3.7c)

(u) & min max { llu’- ull + { Ir. 0,1]
[-2d/(u)+ + df(u; u’- u)]tx( t)(dt)

+j=l frO.l] [th(u’ t)-d/(u)+]txJ(t)(dt)

We will require the following assumption, which is usually required for methods
of centers and feasible directions.

Assumption 3.1. (i) The (-closure of the set {uGlO(u)<-o} is equal to the
G-closure of its interior. (ii) For all u G such that q(u) > 0, O(u) < O.

Next, referring to definition (2.9), we conclude that

Vf(u)Vup(ulu’)
[a + 2q,(u’)+ +f(u’)-f(u)]2

(3.8a)
V,b(u, t)+

4’ t)]dt._- [+(u’/- (u,

To evaluate V,p(ulu’), we do not use the cumbersome formula (3.8a); rather,
we use the following computationally efficient formula:

(3.8b) V.p(ulu’)(t)=[Oh(x"(t) U(/))] T

0t/

where a"’"(t) is the solution of the following adjoint system:

(3.8c)

(t) [Oh(x(t)’ u(t))] T

a(t)
0x

q VxgJ(x"(t))
E u’ gi x" ]’j=, Joe + tit( )+-- (t))

te [0, 1],

(3.8d) a(1)
1

[a + 21p(u’)+ + g(x"’(1))-g(x"(1))]2 Vg(x’(1))"

Algorithm 2.1 now gives rise to the following implementable algorithm.
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Algorithm 3.1.
Data" Uo G, e > 0, and {ak}-_o such that ak > 0 for all k t and ak , 0 as k - c.
Step O: Seti=0andk-0.
Step 1: Use any descent algorithm to generate a Ui/l V(ui) such that

(3.9) 0_-> min (Vupk (U+l [u), u u+1)2 +1/2[[u u+l
2 -> -e.

uG

Step 2: If F(Ui+l[U)=O, replace k by k+ 1 and go to Step 1.
Step 3: Replace ibyi+l and kbyk+l, andgoto Step 1.
The proof of convergence of Algorithm 3.1 depends on the following two lemmas.
LEMMA 3.1. Suppose that Assumption 2.1 holds, that y > 0, that u’ G, and that

u V(u’). Forj q, let T(u) [0, 1] be defined by

(3.10a) T(u)-{t[O, 1]] ,(u, t)-> ,(u)- }.

Then, for each T(u), with [0, 1 and j q,

1 1
(3.10b)

((u’)+- b(u, t))- y

Proof. Because t T(u), b(u, t)<(u)-y. Since u V(u’), we obtain that
(u’)+_-> (u). Hence,

(3.11) (u’)+-b(u, t)>_ b(u)-b(u, t)_-> y,

and the desired inequality follows. [21

LEMMA 3.2. Suppose that Assumption 2.1 holds. Then, for any M, < o, there exists
a constant 8 > 0 such that, for any 0 < a <-_ Ms, for all u’ G, and for all u V(u’),

f u’
1

(3.12) (a + q(u’)+- (u)) q b )2
dt >= 8 > O.

0.1] (Ce + @( )+-- (U, t)

Proof. Since G is bounded, it follows from Assumption 2.1 that there exists a
Lipschitz constant L < oo such that each 4J(u, is uniformly Lipschitz in on [0, 1]
for all u G. Without loss of generality, we may assume that L=> 4,(u’)+- 4,(u) for all
u, u’ G. Let j q be such that To(U) is nonempty, let tu To(U) be given and let

[0, 1]. Then we have that

(3.13a) ch(u, t) >--_ chJ(u, t.) Lit- tul q(u)- Lit- t
Now suppose that 0< V<-_L+M. Then {t [0, 1]IIt-tI<-v/(L+M)} T(u), and
hence m(T(u))>-//(L+M), where m(-)denotes the Lebesgue measure on .
Hence, we conclude that

(3.13b)

[" + 0(u’)+- q,(u)
_Y Jto,, (, + q,(u’)+- ,(u, t))

dt>_ fT a+qt(u’)+-d/(u)

+() (a + (u’)+- bJ(u, t))2
dt

v , + 4,(u’)+- 4,(u)
(L+ M,) (a+4(u’)+-4,(u)+ y)2"

Setting y=a+q(u’)+-(u)<=M+L and 8=1/4(L+M,), we obtain the desired
result. F!
TogM 3.2. (i) Suppose that Algorithm 3.1 jams up in the loop between Steps 1

and 2 at the control u. Then 4,(u)<-O and O(u)=0. (ii) Suppose that {u}7=o is a
sequence of controls constructed by Algorithm 3.1. If this sequence has an accumulation
point G, then 4,()<-0 and 0() =0.
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Proof (i) The proof of this part is essentially the same as for (i) of Theorem 2.1
and hence is omitted. (ii) Since ui+l is constructed from ui by a descent method, it
follows from F(u,+,lu,)<O that, if ff(u) <_-0, then s(u+l)_-<0 also. Hence, our proof
breaks down into the examination of two cases.

Case 1. Suppose that u-- t G as i oo and that there exists an io such that
(u)-<0 for all i>=io. Then, by construction, the sequence {f(ui)}i_-i is monotone
decreasing, and, since it is bounded, it must converge to f(17). The fact that (17)-< 0
follows directly from the continuity of (. ).

Now, for _>- io, j q, and [0, 1 ], let

(3.14a) p(t) &[ak’+f(u’-)-f(ui)]2
(Cek,- qbJ(ui, t))2

Finally, let

(3.14b) ,, 1+ p( t) at.
j=l

It now follows from (3.8a) and (3.9) that, for all i---io,

_-> 19’(u,) &- min
1

(u,; u u,) p(t) ddp (ui, t; u ui) - u ui0
uG 1, j=l

(3.15a)
A [Cek,-FfO(ui-1)--fO(ui)]2

Pi

Since v=> 1 for all i_-> io and since f(u)-f(a) and ak,--0 as i-, it follows
that e-0 as i- c. Next, it follows from (3.7c) that, for all i_> io,

(3.15b)
//i j=l

_-> -+- o{(14)(u, d.

Now, for any 3,>0, let I(u)c [0, 1] be defined by

(3.16a) I(u) a={t[O, 1] 4bJ(u, t) =>-T/2}.
It now follows from (3.14a, b) and the relation

0_>
f)J(u t) f)J(U t)

(Cek,- qbJ(Ui, t))2= (--(J(ui, t))2

that, for any j q, and any 3’ > 0,

(3.16b)
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Since [aki+fO(tli_l)--fO(ui)]2/12i--)O as i-->o, (3.16b) holds for any y>0 and, by
Theorem 3.1, 0(. is continuous, it now follows that 0(a)= 0.

Case 2. We now suppose that q(ui)> 0 for all i N. Then we must have that the
sequence {$(ui)}i%o is monotonically decreasing, and hence it must converge to q(a).
We note that q(ui) $(ui)+ for all CN. In this case, we define

(3.17a) pi(t)&
(Olki + 2ff](Ui_I) +fo( Ui_I _fO(ui))2,

(3.17b) p(t)& Oki + (Ui--1)-- ll(ui)
(Oki "]- /(Ui_I) J(ui, t))z’

j=1,2,..., q.

It now follows from Lemma 3.2 that

(3.18)

and from (3.9) that

(3.19)

u, p( dt > > 0
j=0

Clearly, e-> 0 as i-> 00. Next, by the same argument as in (3.15b), we obtain that

Oe O(ui)On(ui)- -2pi(t)d/(ui_l) dt
1,

j=l

(3.20)

 (iole-+- -o(l(u_l a

p(t)[qbJ(ui, t)-t(Ui_l)] dt
j=l

First, it follows from (3.18), the relation

0 >
(aki t" //(Ui_I)- bJ(ui, t))2-- J(ui, t) d/(ui_)’

and Lemma 3.1 that, for all j q and for any y > O,

0<--_ p(t)[6J(ui, t)-/(/’/i--1)] dt
1,

TJ(ui)
fl(t)[J(tli, t)-- t(lgi_l) at
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(3.21)

Since t(Ui)-- /t(Ui_I)"O and ak,’O as io and (3.21) is satisfied for any y>O, we
obtain that

(3.22)
1 fo p(t)[dpJ(tli, t)--(Ui_l) dt-O, as
/i j=l

Hence, to complete our proof, we need only show that q(ui)0, as i- .
For contradiction, suppose that O(a)> 0. We now have two possibilities. The first

is that 2q(ui) +fO(u_l) _fO(u) 0 as - c, which implies that for all sufficiently large
oi, f(u)=f (U-l)+4,(a) and hence that f(u,)oo as ioo. Since the set G is

bounded, this is clearly impossible. Hence, we consider the second possibility: There
exists an infinite subset K’c N and a 6 > 0 such that 2q,(ui)+f(ui_)-f(ui)>= for
all i K’. In turn, this implies that o p(t)dt 0 as i-. Furthermore, we may
assume that u o-* , in the sense of control measures, as - oo. Clearly, we must
have q(tr*)= q(a)> 0. In view of the above, (3.20), (3.21), and the continuity of if(. ),
this implies that 0(tr*)=0. However, this contradicts Assumption 3.1, and hence our
proof is complete. U

4. A special case. It is not at all uncommon for the set U in (2.1b) to be described
in terms of convex inequalities, as follows"

(4.1) U&{z’lsl(z)<=O, l= 1,2,..., q3},
where the s" N’N are all Lipschitz continuously ditterentiable convex functions.

If, for j q + q2 + 1,..., ql + q2 + q3, we define the functions Lo,2 x [0, 1 - Nby

(4.2) chJ(u, t) & sJ-q,-q2(u(t)),
we find that bJ( ., t) is differentiable on L,2, with d,qbJ(u, t; u’-u)=
(VsJ-q-q2(u(t)), u’(t)-u(t)).

Now, let q4-a ql + q2 and q5
__a

ql + q2 + q3; then (2.5a) becomes

(4.3a) P’: min ]f(u) max b2(u, t)-<0, j= 1 2,..., q, u L.2,
t[0,1]

or, in the even more compact form (see (2.5b)),
(4.3b) P’: min {f(u)loJ(u)<=o, j= 1, 2,..., qs, u L,},
where O(u) __a

max,ro.al b(u, t).
For problem P’, letting q,(u) =max{q/(u),j= 1,..., qs}

max {0, q,(u)}, we define the optimality function 0’: L,2 by

O’(u) a-- min {1/211u’-ull+max {df(u; u’-u)-2q,+(u).
’. Loo,2

and @(u)+

(4.4) 62(u. t)- q,(u)+ + d.,(u, t; u’- u).

[0, 1 ], j e qs}}



172 E. POLAK, T. H. YANG, AND D. Q. MAYNE

which is a first-order convex approximation to the unifying function F’(u’ u), defined
by (2.6) with q and the functions bJ(., .) redefined as above.

We begin by establishing a relationship between the functions 0(. and 0’(. ).
THEOREM 4.1. Suppose that

(4.5) a_{z U IsJ(z)<O, j= 1, 2,..., q3},

where l) denotes the interior of U, and where is not empty. Then, for any u e G, O(u) 0

if and only if O’(u) 0.
Proof Suppose that 0() 0 but 0’() < 0. Since 0’() < 0, there exists a a e Loo.2

such that F’(ala)<O. If 4,(a)+ 0, then because of F’(a[a) <0 we have that

(4.6a) f(a)-f(a)-2(a)+=f(f)-fO(a)<o,
bJ(t7, t)-@(a)+ Y(tT, t).< 0,

(4.6b)
Vte[0, 1], for j= 1,..., ql+q2,

(4.6c)
6(t7, t)-@(a)+ bJ(tT, t)<0,

Vt [0, 1], forj=ql+q2+l,..., ql+q2+q3.

By (4.6c) fi G. It now follows from (4.6a) and (4.6b) that 0() < 0, which contradicts
our hypothesis.

Next, we need to prove that 0()+=0. Suppose that q()+>0. Since G,
b(, t) _<- 0 for all j q\q4 A {ql + q2 + 1,. , ql + q2 + q3} and for all 6 [0, 1]. Hence,
q()+ > 0 implies tha- there exist jo q4 and to [0, 1 ] such that q() bJo(, to) > 0.
However, in this case Assumption 3.1 ensures that 0()< 0, which is a contradiction,
and therefore, q()+ 0.

Suppose that 0’(t)=0. For the sake of contradiction, suppose that 0() <0. Let
:(ul be defined by

(ula)=1/211u-all+max {-2g,(a)++ df(t; u-a),
(4.7a) b(a, t)- ,(a)+ + d,b(a, t; u

te [0, 1], j= 1,..., ql+q2}.

Sin:e 0()< 0, there exists a a e G such that

(4.7b) 0(a) min

For a e (0, 1), let u __a a + a (ti a). Then u e G for all a e (0, 1) because the set G is
convex. Since -24,(a)+_-<0 and 4J(, t)-4,(a)+_-<0 for all Z we have that, for all

(4.7c) (fil) _--< (u [) _--< -2a6 < 0.

Let be any control such that (t)e for all e [0, 1]. Then, by (4.5), there exist
tj such that max[o.1] (t, t) -6j < 0 for all j q\q4. Let u.t
(1-a)+(a+fl(-a))=u+afl(-a), where fl(0, 1). Obviously, u’,6G. By
the continuity of so( I), for any a e (0, 1), there exists a fl e (0, 1) such that

(4.7d) 0() < :(u, a)<-ca <0, vo</3 <.
Since the functions b( t) are convex for allj qs\q4 and for all [0, 1], we conclude
that, for all j qs\q4, for all [0, 1], for all a (0, 1), and for all/3 (0, 1),

4,(u’,, t)-< (1-c)4,(a, t)+ c4,(a +/3(a-a), t)

(4.8a) -< (1-cz)b(a, t)+ c{(1-/3)(a, t) +/34,(, t))}
_-< c/a < o.
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The last inequality is valid because bJ(t/, t)-<0, bJ(tT, t)=<0, and bJ(u", t)-<-<0.
Also, because all the gradients VubJ(., t) are Lipschitz continuous,

bJ(u’,/3, t)= bJ(a, t)+(VuqJ(a, t), u’,( t) a( t))

+ ((VqSJ(a+ s(u2,0-a), t)-VbJ(a, t)), u’,o-a ds
(4.8b)

-> bJ(a, t)+(V.bJ(a, t), u’,o( t)- a( t))

Lj2/2(lla(t)- a(t)l[ 2 //32 t( t)- tT(t) ll2),

where Lj a= max,to,ll Lj(t) and Lj(t) is a Lipschitz constant of VuqJ( ., t). Combining
(4.8a) with (4.8b), we can conclude that there exist ao, /3o (0, 1) such that, for all
0< ce =< ao, for all 0</3 -</30, for all [0, 1], and for all j qs\q4,

1/2llu’,o(t)-a(t)ll2+ 6(a, t)+(v6J(a, t), u,t(t)-a(t))
(4.8c)

-< -cq36j/2 < 0.

Since (4.7d) and (4.8c) imply that, given 0 < a _-< ao, for all 0 </3 <_-min {/3,/3o},

(4.8d) O’() <=max {-a3, -a3j/2, j qs\q4} < O,

we obtain a contradiction of our hypothesis, and hence our proof is complete. El
Clearly, Algorithm 3.1 is-applicable to P’, and it may be initialized with a control

that is not in G. However, we must amend Assumption 3.1 as follows. Since relaxed
controls must be associated with bounded controls, we introduce an arbitrarily large
compact set U*c Rn, and we define G* by (2.1b) with U replaced by U*. We denote
the corresponding set of relaxed controls by G*.

Assumption 4.1. (i) The (*-closure of the set {u G*16(u) <_- 0} is equal to the
t*-closure of its interior. (ii) For all u G* such that q(u) > 0, O’(u) < O.

At this point, the following result should be obvious.
THEOREM 4.2. (i) Suppose that Algorithm 3.1 is applied to problem P’ and jams

up in the loop between Steps 1 and 2 at the control u6. Then q(u6)<-0 and O’(u6)=
O(u) =0.

(ii) Suppose that {ui}io is a sequence of controls constructed by Algorithm 3.1 in
solving P’. If this sequence has an accumulation point G Loo,2, then d/()<-O (so that

G) and 0’(t/)= 0(t/)--0.
There is considerable programming convenience in using the formulation P’ over

P when possible. Our computational results in the next section show that the use of
the formulation P’ does not result in any penalty in terms of computing times.

5. Numerical results. We now present two examples that illustrate the performance
of Algorithm 3.1. In our experiments, the computations in Step 1 of Algorithm 3.1
were carried out by using Algorithm A in [21], which is of the Gauss-Newton type.
The sequence {Ck}k=o was defined by Cek+ ak/1.1 with Ceo= 0.005. Our experiments
suggest that larger values of Co result in an increase in the number of iterations needed
to solve a problem.

Example 5.1. Our first problem is a minimum-time brachistochrone problem with
a state-variable inequality constraint, described in [4]. We treat this problem in
fixed-time scaled form, where the scale variable T corresponds to the actual final time.

(5.1a) P" min {T2 max dpJ(% t) <-O, j l, 2, Vt[O, 1]}"Y Lo,2 t[0,1]
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FIG 1. (a) Cost versus iteration number, (b) state-space trajectories, and (c) controls at various iterations

for Example 5.1 with set (i) of initial conditions.

where

(5.1b) cl(y, t)= y(t)-x(t) tan O-h,

(5.1c) (2(y, t)=1/2(x(1)_l)2_,
where horizontal distance x and vertical distance y are defined by

(5.2a) 2(t) TV’Zgy(t) cos y(t),

(5.2b) )(t) Tx/2gy(t) sin 7(t),

where g is the acceleration due to gravity; y is the path angle to the horizontal; 0 and
h are constants; and : is a small tolerance by which we are willing to relax the
requirement x(1) =/.
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FIG. 2. (a) Cost versus iteration number, (b) state-space trajectories, and (c) controls at various iterations

for Example 5.1 with set (ii) of initial conditions.

Since the system equations (5.2a) and (5.2b) cannot be integrated explicitly, we
must use a numerical integration scheme, which discretizes the time interval [0, 1].
The discretization may be either fixed or variable. We used 40 uniformly spaced points
in conjunction with the Runge-Kutta second-order method [25]. The gradients used
were those corresponding to the discretized dynamics imposed by the integration
scheme. The results that we obtained converge to the expected results, obtained
analytically in [4, p. 120]. We stopped our computations when the constraints were
satisfied and the difference in the cost values between successive iterations was less
than 1 x 10-5.

We used the following two sets of initial conditions: (i) (x(0),y(0), T)=
(0.0, 0.3, 2.0), 0 0.2, h 0.6, 4.0, and sc 0.0005; and (ii) (x(0), y(0), T)
(0.0, 1.0, 2.0), 0 =0.2, h 2.0, 10.0, and sc =0.0005.

Figure l(a) presents a plot of the values f(ui) versus iteration number i. Figures
1 (b) and 1 (c) show state-space trajectories and inputs at various iterations, respectively,
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FIG. 3. (a) Cost versus iteration number, (b) state-space trajectories, and (c) controls at various iterations

for Example 5.2 using penalized control.

obtained by using the first set of initial conditions. The value of 1/2T2 is determined to
be 0.99971 after twelve iterations. The results of the computations using the second
set of initial conditions are shown in Figs. 2(a)-2(c). The final value of 1/2T2, 1.63998
seconds, is obtained after ten iterations.

Example 5.2. Our second problem is a fixed-time minimum final error problem
with a state-variable inequality constraint and bounds on the control

(5.3a) P" min{1/2llx(1)ll2lx2(t)-l<=O, Vt[o, 1]},
uEG

where the state is determined by the scaled differential equation

(5.3b) 2(t)= 22(t)
=T

0
x(t)+T u(

with T>0 the actual final time. The input u(.) is scalar-valued and uG
{, e L,l Ilull -< o0to We use the initial state given by x(0) (-3.0, 0.1) r. We set l= 0.15
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FIG. 4. (a) Cost versus iteration number, (b) state-space trajectories, and (c) controls at various iterations

for Example 5.2 using nonpenalized control.

and T 20. With s(. defined by s(t)= u(t)2-1.0, problem P (5.3a) becomes

(5.4a) P’: min {llx(l)ll 2 max qbJ(u, t) <-O, j l, 2}uLc,2 t[O,1]

where

(5.4b)

(5.4c)

61(I,/, t)= x2(t)-l,
qb2(u, t)= s(t).

We applied Algorithm 3.1 to both problems P and P’.
Figures 3(a)-3(c) present plots of the cost f(ui) versus iteration number i, as well

as corresponding state-space trajectories and inputs at various iterations obtained by
using formulation (2.1a). Similar results from using formulation (4.3b) are shown in
Figs. 4(a)-4(c). As we can see, the results obtained are almost identical.
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It is clear from our experimental results that Algorithm 3.1 is effective in solving
optimal control problems with continuum state and control constraints. Also, when
we have a special description of the set of controls, we can take advantage of it without
any penalty.

6. Conclusion. We have presented two versions of a phase I-phase II method of
centers algorithm for the solution of optimal-control problems with control and state-
space constraints. The computational advantages of these algorithms derive from the
fact that we used barrier functions for defining an approximate center to be computed
at each iteration. Although, at first glance, the algorithms appear to have potential for
failure due to ill conditioning, preliminary computational results show that this is not
so and that, in fact, the algorithms are highly effective. This observation agrees with
the numerical results reported in [21] for a related algorithm that solves semi-infinite
minimax problems.
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Abstract. This paper considers the problem of constructing nearly optimal controls for discrete-time,
infinite horizon, stochastic control problems under partial observations, with the average cost criterion.
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1. Introduction. Stochastic control problems with partial observation have con-
siderable importance in applications, and a large body of literature is available concern-
ing this subject (see, e.g., [5] and references therein). Nevertheless, while many results
are available concerning existence of optimal controls, little is known concerning the
construction of an optimal, or at least nearly optimal, control. Here we address such
a problem in the case of infinite horizon with the average cost criterion and partial
observations of the state. The construction of nearly optimal controls is closely related
to approximations of stochastic control problems, and in this area some pioneering
work is due to Kushner (see [8]; see also the more recent survey [9]). In line with
previous work [2] on using approximation methods to derive nearly optimal controls,
in a first paper 12] we studied the case of infinite horizon with discounting and partial
observations of the state. Here we again study the infinite horizon problem, but with
the average cost criterion and partial observations of the state, which required a rather
different approach and for which, to our knowledge, nothing has yet appeared in the
literature (see [5], where, in the case of partially observed diffusions, open problem 6
is such a problem).

We consider a rather general setting of the problem, where the state process is
Markov, characterized by its transition kernel, and evolves on a locally compact state
space. On the other hand, we treat only the discrete-time case, but this case arises in
many circumstances and is natural when the observations, and therefore also the
controls, are taken at discrete-time points.

As admissible controls, we take those corresponding to the so-called separated
problem, namely, those that depend on past and present observations only through
the filter values. We do not address the problem of whether the optimal control for
the separated problem is optimal also when the controls are simply adapted to the
tr-field generated by the observations. Such a fact is true in many situations (see, e.g.,
[3]; see also [12] for a proof in the continuous-time, infinite horizon case with
discounting, when, besides continuously acting controls, also impulsive control and
stopping are allowed), and here we simply accept it, concentrating our efforts on the
construction of a method to obtain a control that is nearly optimal with respect to

* Received by the editors October 29, 1990; accepted for publication (in revised form) September 2, 1991.
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such a class of admissible controls. The class of controls that we consider, and the
assumptions that we impose, are mainly motivated by the need to have a unique
invariant measure for the controlled filtering process.

The method consists of two basic parts: The first partmessentially 3--consists
of a procedure to determine a nearly optimal control function that, when applied to
the true filter values, yields nearly optimal controls. Since generally the true filter values
connot be computed in practice, in the second part--essentially 4--we introduce a
computable approximate filter and show that, when applying the nearly optimal control
functions of the first part to the approximate filter values, we still obtain nearly optimal
controls.

In 1.1 we give a precise formulation of the problem. In 1.2 we state and explain
our assumptions. Section 1.3 is devoted to some preliminary results, including results
on measure transformations that allow the problem to be cast in its proper frame.
Section 2 contains some fundamental results for the rest of the paper, namely, on
convergence of invariant measures that underlie many more specific results, as well as
on approximations of controls. Section 3 describes the first part of our approximation
method, namely, the construction of a control function that, when applied to the true
filter values, yields nearly optimal controls for the original problem. Section 3.3
summarizes the algorithmic aspects of our (approximation) procedure. Finally, 4
concerns the definition of a computable approximate filter process and the proof that,
when evaluating the nearly optimal control functionnconstructed in 3mat the
approximating filter values, we still obtain nearly optimal controls for the original
problem.

Concerning notation, we sometimes use (A) to denote both the Borel sets in A
as well as the (bounded) Borel functions on A; the context should create no ambiguity.

1.1. Problem formulation. On a given probability space (fl, o, p), consider a
controlled Markov process (xi), 1, 2, , with values in a locally compact separable
state space E. Assume that (xi) has initial law/z and denote by PUi(x, drl) its transition
kernel in the generic period i, where u represents the control that takes values in a
set of control parameters U c k, which is compact and such that {0} U. The process
(x) is only partially observed through observations (y), y Yt d, defined by

(1.1) yi h(x) + wi, 1, 2,. .,
where h C(E, d), the space of continuous bounded functions from E into d, and
(wi) are independently and identically distributed d-dimensional standard Gaussian
random variables, independent of Xk for k_-< i. We assume that each ui is adapted to
the observation o’-algebra Y := cr{yl,... yg}. Given a bounded Borel function th on
E, now define a process r’U( with values in the space (E) of probability measures
on E, endowed with the topology of weak convergence, as follows:

(1.2) 7r’’(6) E{6(xi)l Y},

where E, stands for the expectation, given the initial law/x for the process (Xi) that
is controlled by a law u to be defined below and where we use 7r(b) to denote the
integral of a function 4(x) with respect to the measure "rr(dx). We call (Tr’") the
filtering process corresponding to the controlled process (xi) with observations (1.1).
This process can easily be seen to be Markov; its transition kernel will be denoted
(see (1.33) below) by II (/x, A), with A ((E)) the o--field of Borel subsets of (E).
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We are now more specific as to the sense in which we consider U to be Yi-adapted:
We define the class M of admissible control functions as the class

M {u (E)- U; u is continuous}.

By analogy to known results in the discounted infinite horizon case concerning the
so-called separated problem (for a proof, see, e.g., [12, Thm. 3]), in the first part of
the paper, more precisely in 1-3, we then consider Y/-adapted controls ui of the form

(1.3) U U ’7"l’’u U E

Since generally the true filtering process cannot be computed, in the last part of the
paper, essentially 4, we consider yi-adapted controls of the form (1.3), where r
is replaced by a computable approximate filtering process.

Being interested in ergodic stochastic control, given a continuous and bounded
function e(x, v): E U , we consider as an objective function to be minimized the
following functional:

(1.4) J(u) lim sup n -1 E{c(xi, u(r""))}.
i=0

The minimization is over the class M of admissible control functions. In 2 and 3,
we describe a feasible method for the construction of a nearly optimal control function
u(. for the cost functional (1.4) in the class M as well as in restricted subclasses to
be defined later.

Given a nearly optimal control function fi, we are still not able to apply the
controls of the form (1.3) since the filtering process (Tr’’) cannot be computed
explicitly. Therefore, in 4 we define a computable approximating filtering process
(zr7()) taking values in a finite-dimensional simplex S’; we also define a mapping,, from M into functions defined on S" such that, given a nearly optimal control
function fi E M, the controls

(1.5)

are nearly optimal, i.e.,

n--1

lim sup n-’ Z E,{c(xi, Ui)} inf J,(u)+ e,
i=0 uM

thus completing the description of a feasible method for the construction of nearly
optimal controls for our ergodic control problem.

1.2. Basle assumptions and their discussion. We make the following assumptions:
(A1) For fixed v U, the transition kernel P(x,.) is Feller.
(A2) If U Vm -- V, then, letting denote weak convergence, P(x, )=# P(x,

uniformly for x from compact subsets of E, i.e., for any f C(E), P"f(x) Pf(x),
uniformly on compact subsets of E.

(A3) For each open set t9 c E, v U, x E, P(x, 7) > 0.
(A4) There exists r/(. E (E) such that for all x E we have P(x,. rt(" for

v ().

Remark 1.2.1. Assumptions (A1) and (A2) guarantee (see Proposition 1.2(ii),
below) the Feller property of the filtering process (zr’") and seem to be natural.
Assumption (A3) corresponds to the nondegeneracy of the controlled transition kernel
of the state process. Assumption (A4) might appear restrictive, but is satisfied in a
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variety of applied models (see, e.g., [1]); more generally, it holds in the following
example.

Example (EX). Let E n and let xi satisfy

(1.6) Xi+l f(xi, ui) + g(xi, ui)vi, Xo x

where f(x, u), g(x, u) are continuous functions such that for all x E we have f(x, O)
const, g(x, 0)= c. I (c # 0), and where (vi) is an independently and identically dis-
tributed sequence of standard Gaussian random vectors, independent of (w) in (1.1).

Note that, for the example, (A1)-(A3) are also satisfied.
We now make further assumptions that depend on whether E is locally compact

without being compact. In the case where E is locally compact, but noncompact, we
make the following further assumptions.

(B1) There exists j {1, 2,. , d} such that the jth component hi(x) of h(x) has
a limit at "oo" and attains at "oo" either its strong maximum or strong minimum. More
precisely, letting

(1.7) K, {x E Ip(x, ) <= n},

where p is a metric on E compatible with the topology and g is a fixed element of E,
we either have

(1.8) sup hj(x)<suph(x) forn=l,2,...
xcK xcE

or

(1.9) inf hJ(x) > inf h(x).
K E

(B2) For each e >0, there exists u 1 and a unique invariant measure I, u

corresponding to the transition operator 1-IU(/z, .), such that u is e-optimal in the
sense that, for a given initial law/x of the state process (x), we have

(1.10) L f c(x’u(’))’(dx)*’(d’)=J"(u)<=infJ"(u)+e"
(E) u

(B3) There exists an initial law/z such that the family of Cesaro averages

E (Hu)i(/z,’), ue, t=l,2,...
i=0

is tight.
(B4) For any compact set K c E, there exists a > 0 such that

inf inf P (x, K c) >__ a.
U xcE

Remark 1.2.2. Although assumption (B2) contains an usual requirement in ergodic
control (see, e.g., 10; 6]), its verification in general cases seems to be an open problem
(in particular, concerning the existence of a unique invariant measure). This problem
is studied in [6], but for a very particular partially observed model. On the other hand,
if we restrict the class of admissible control functions to a subclass c , then,
given the other assumptions, we may hope to be able to obtain uniqueness of the
invariant measure for (Try’"). This is indeed the case and, to define the subclass , let
r" [0, 1]-> [0, 1] be a continuous nondecreasing function such that, with 0 < b < c < 1,

for x<b,
(1.11) r(x)=

for x> c.
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Furthermore, let q,n(x) C(E) with values in [0, 1] be a given function satisfying

{10 frx6Kn-1,
(1.12) O,(x)

for x E\K,.

Now define

(1.13) = U ., with,={uMlu(u)=a.(v)r(v(q,) for as4};
n=l

i.e., M consists of control functions in M that are equal to zero in a weak neighborhood
of "c." It follows from Corollary 2.4, below, that, given the other assumptions, (B2)
is automatically satisfied for the class M and that, if (B2) can be verified, the optimal
minimal values of the cost functional Jr(u) over M and M coincide. Note, furthermore,
that Proposition 1.1 and its Corollary 1.1, below, provide sufficient conditions for (B3)
to hold. It is easily seen that the condition of Corollary 1.1 holds for Example (EX),
provided that g(x, u) is bounded andf(x, u) satisfies, for all x e X, the growth condition

(1.14) sup Ilf(x, v)lle<-’r,(llxlle/K),
tEU

where I1 denotes the Euclidean norm, y (0, 1), and 0< K <. Adding to these
conditions the requirement that there exists a > 0 such that for all x ", v e U, z ",

(1.15) (g(x, v)z, g(x, v)z)>-allzll,
it is easily seen that in (EX) we have, for sufficiently large m,

(1.16) 32}
so that (EX) also satisfies (B4). Assuming finally that we add to the state equation
(1.6) an observation equation with h(.) satisfying (B1), we have in (EX) a rather
general example for which (A1)-(A4) and (B1)-(B4) are all satisfied, provided that
the admissible controls are restricted to M. Concerning assumption (B4), note finally
that it represents a nondegeneracy condition for the state process that is always satisfied
for state evolution models with nondegenerate additive Gaussian noise.

To study the case where E is compact, we assume the following assumptions in
addition to (A1)-(A4).

(C1) There exists j{1,2,..., d} andE such that either

(1.17) hi() > h(x) for any x E, x # :
or

(1.18) h2()<h2(x) for anyxE,x#..

also require the following assumption.
(C2) There exists no and a sequence of positive an such that for all n _>- no we have

inf inf PV (x, B,) => a,
U xeE

with B. {x E lp(x, :) <--_//-1}.
Contrary to the case where E is locally compact, but noncompact, provided it is

possible to verify assumption (B2), we do not necessarily have to restrict the original
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class 1 of admissible control functions to the subclass , here we are forced to consider
a subclass that we denote by r. Letting @(x) C(E) with values in [0, 1] be any
function such that

(1.19) closure {x O(x) > 0},

the class r is given by

(1.20) r__ {U ,S U(/)--- a(v)r(v()) for t M};

i.e., r consists of control functions in that are equal to zero in a weak neighborhood
of the Dirac measure 6.

Remark 1.2.3. Also for this case where E is compact, it follows from results to
be obtained below that, given assumptions (A1)-(A4), (C1), (C2), as well as (B3),
assumption (B2) is automatically satisfied for the class r. In fact, by Theorem
2.3(ii), (iv) below, for each u r there exists a unique invariant measure u for the
filtering process. Furthermore, by (A1), (A2) (see Proposition 1.2(ii) below), the filtering
process (Tr’u) is, for each u r, a Markov-Feller process; if then the initial law/x
is such that (B3) holds, the ensuing tightness of the Cesaro averages together with the
Feller property of (r’), giving (1.10).

In the course of the paper, we make two further assumptions (A5) and (A6),
which are also satisfied by Example (EX) under additional mild assumptions on the
coefficients, and where we further require that the cost function c(x, v) can be uniformly
approximated by step functions in x.

Remark 1.2.4. The strongest of all our assumptions appears to be (A4). We can,
however, provide an alternative approach to our problem, based on an extended notion
of control that includes compulsory shifts on the state, depending on the value of the
filter, and for which assumption (A4) is not required. Details are in [14].

We conclude this section with Proposition 1.1 and its Corollary 1.1, giving sufficient
conditions for (B3) to hold. We use the symbol P, to denote the probability measure
induced either by the signal process (xi) starting from the initial measure/x, or by the
corresponding filtering process (Tr").

PROPOSITION 1.1. Suppose that for any e > 0 there exists an increasing sequence of
compact sets Lk c E such that for any u M

t--1

(1.21) limsup -1 Z Z 2kp{XiZCk}"
tx3 =0 k

then the family {t-1 , t-1 (I-[u)i(/, "), t/C 6, t=l 2,...} is tight.i=0

Proof. Let F(e)={u (E)" ,(L)_-<2-k for all k= l, 2, .}. Clearly, F(e) is a
compact subset of (E). Moreover,

(1.22)

.u 2-k(II)(/x. F(e)) P.{er"u F(e)} P.{Tr, (Lk) <---- for all k}

Therefore, by (1.21)
t--1

(1.23)

1 P{Tr’"(L,) > 2-k for some k}

>- 1- Z 2kp{x, Lk}
k=l

liminft-ly (II")(/x,F(e))=>l-limsupt-1 Z Y, 2kp{X,Lk}>--l--e,
tcx i=0 t- i=0 k=l

from which our claim follows.
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COROLLARY 1.1. Assume that E n with Euclidean norm I1" lie and let

(1.24) b sup sup E{llx, lle} <;

then (1.21) holds.
Proof. We define Lk {x" Ilxlle<-2=%-b}. Then by Chebyshev’s inequality

P {l[x, > 22kE-lb} 2-2kEb-lE {l[x, lie} < e2-k,

and (1.21) is obviously satisfied.

1.3. Preliminaff results. Consider the process (L,) defined as follows"

[ 1
(1.25) L exp -(w, h(x))- (h(x), h(x)) Lo 1

i=1

with (., standing for the Euclidean scalar product in . Given the increasing family
of -algebras

(1.26) (XW)" := {Xo,""", x,; wa, , w,},

the process (L,) becomes a ((XW)", P)-maingale. Therefore we can define a new
probability measure pO by

(1.27) oPl(xw)" E,(xw)" for n 1,2,....

The following lemma is known and can be easily proved (see, e.g., [13]).
LEMMA 1.1. Under pO, the y are independently and identically distributed standard

Gaussian, independent of the process (x), and (x) has the same initial law and the
same transition kernel P"(=’")(x, d) as under P. Moreover,

(.8) (w. oL,Pl(xw).

with

[ 1 ](1.29) L, =(L,)-1= fi exp (y,, h(x,))--(h(x,), h(x,)) Lo 1.
i=1

Using the conditional Bayes rule, usually called the Kallianpur-Striebel formula,
we may now write

E[L,4(x,)] Y/] tr""(th)
P,- a.s.,(1.30) 7r’"(b)

where, for i= 1, 2,...,

h(x,))--(h(xi), h(x,)) ck(x,)lx’-lY Ir’

(1.31) =E Li-1 exp (y,,h(z))--(h(z),h(z)) (z)P"=f’zT)(Xi_l,dz)lY

exp (y,, h(z))-- (h(z), h(z)) 6(z)PU(="-"l)(x, dz)tr,Ul(dX)
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with r(. =/z(. ), and where E, denotes expectation under the measure pO, assuming
that (xi) has initial law/x. By (1.30) it follows that the filtering process (r’U), defined
in (1.2), can be obtained recursively as

’() (),

’() exp (y, h())- (h(z), h(z))

(z)(:(x, )(x)
(1.32)

exp (y, h(z))- (h(z), h(z))

:= MU (Yi, ,-)(6),
where we implicitly define the operator M. The following proposition can now be
proved (see [13]).

PROPOSIIO 1.2. Let u e be given and assumptions (A1), (A2) hold. en
(i) e mapping M (y, )" d X (E) (E) is continuous;
(ii) e process ’) is, for the filtration (Y) and under the probability measure

P, a Feller-Markov process on (E) with transition kernel H(g, A) given by
n-(, A) (2) -("/

(1.33) exp -(y-h(),y-h())

for A e N((E)), the -field of Borel subsets of (E).
To have a Feller propey for (’), i.e., to know that transforms C(())

into itself, is very impoant for various reasons. We can then show, for example, that- ("), provided that they are tight and converge weaklythe Cesaro averages n
to an invariant measure of ". Consequently, the mnctional (1.4) may be rewritten
as

J(u) lim sup n-’ E c(z, u(,n’’’))’rr’’(dz)
noo i=0

c(x, u())(ax)(a)
(E)

for -almost all e (E).
2. Fundamental results.
2.1. Convergence of invariant measures. In this section, we prove Theorems 2.1 and

2.2 on convergence of invariant measures, where in the first theorem the control
functions belong to the class N, while in the second we restrict them to the classes
or .

For this purpose, given v e U, consider the transition kernel P(x,.) governing
the given Markov process (x) on E and let P(x, be a sequence of Markov transition
kernels approximating P(x,. in the sense that

if UVmV, thenPm(x,.)PO(x, ")
(2.1) uniformly in x from compact subsets of E.

Fuhermore, given u e (or , ), let Um be a sequence of Borel maps from (E)
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into U such that

(2.2) u,,,(v)--> u(v) uniformly in v from compact subsets of 8)(E).

Finally, let hm(x be a sequence of bounded Borel maps approximating h(x) in (1.1)
in the sense that

(2.3) sup[h,(x)-h(x)l-->O for m-->m.
xE

Recall now that, given u s (or s, r), (Try’") denotes the filtering process
corresponding to the state process (xi) with initial distribution /z, transition kernel
P"(x,. ), and observations (1.1); note also that P"(x,. stands for the transition kernel
that, in the generic period i, is given by P,(x,. with vi u(Tr’").

Analogously, given u e ag (or a, ar) and Pm(X, as well as Um(V according to
(2.1) and (2.2), respectively, let (rr7’’’’m) denote the filtering process corresponding to
the state process (xT’) with initial distribution /x, transition kernel P.,(x’f,. ), and
observations Yi-’-hm(X?)--Wi; again, P,.(x,. stands for the transition kernel that, in

rn/xthe generic period i, is given by P(x with v u, (, =).
Below, we use the following additional notation: By analogy to M"(y, v) and

HU(/z, .) in (1.32), (1.33), we let

Mm(y, v)(qb):= exp (y, hm(a))--- (h,,(z), hm(z)) 4)(z)P,m()(x, dz)v(dx)

(2.4)

exp (y, hm(z))- (hm(z), hm(z)) P(V)(x, dz)(dz)

for a bounded Borel function 4) on E and use II,m(/x,. to denote the transition kernel
of the Markov process (Tr"""m). Furthermore, by analogy to previous usage, we let
H"(/z, F) and II(/z, F) denote the integrals of a bounded Borel function F(v)
((E)) with respect to the measures HU(, dr) and Hm(g, dv), respectively.

We are now ready to state the first theorem.
THEOREM 2.1. Given u , let (2.1)-(2.3) hold, as well as
(i) Assumptions (A1), (A2);
(ii) u is such that the corresponding filtering process (’) admits a unique

invariant measure
(iii) For each Um satisfying (2.2), there exists an invariant measure for the

filtering process (, m);
(iv) efamily {Om, m= 1,2,." .} is tight.
en m for m .
THEOREM 2.2. Let u or be given and (2.1)-(2.3) hold. Assume (A1)-(A4)

as well as
(i) For u , assume furthermore (B 1), (B4), with (B4) holding uniformly in m

also for the sequences of kernels P(x,. in (2.1);
(ii) For u assume furthermore (C 1), (C2), with (C2) holding uniformly in m

also for P(x, ).
en there exist unique invariant measures m corresponding to thefilteringprocesses
mu u(" respectively, and

for
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Furthermore, for any F c ((E)), (E), any u g or u r satisfying the condi-
tions in (i) and (ii), respectively, and for sufficiently large m,

t-1

(2.5) lim -1 (rIn’(/2, F))’= F(v)"m(de),
t i=0 (E)

t--1

(2.6) lim - Y’. (1-I’(,, F))’= F(,)(d,).
t-oo i=0 (E)

For the proof of the above theorems, the following proposition and its corollary
will be crucial.

PROPOSITION 2.1. Let (2.1)-(2.3) hold and assume (A1), (A2). If Fro ((E))
is a sequence of Borel functions with uniform bound bF, i.e.,

(2.7) IlFm bF
and satisfies
(2.8) FmFC((E))

uniformly on compact subsets of (E), then

(2.9) 1-Im(u, Fm)- 1-[u(, F)

uniformly in u from compact subsets of (E).
Proof. See Appendix A.1.
Corollary 2.1 follows immediately.
COROLLARY 2.1. Under the assumptions of Proposition 2.1, if ’m= ’, then

H,(%, Fm)-II"(,, F) for

Proof of Theorem 2.1. By the tightness assumption (iv) of Theorem 2.1, we have
that the family {Um, m 1, 2, "} has a compact closure [4, Thin. 6.1] and there exists
a measure Oc ((E)) and a subsequence of {m}, for simplicity also denoted by
{m}, such that ,. Then, for F C((E)),

I(I)(F) (I)(H"F)I-<_ I(I)(F) (I) t-rlm(F)l + I(I t-tlm(F) (I)
(2.10)

+ I.(I/(F) (17UF)I + Ir(1-I"F) (1-I"F) I.
Since {,, m 1, 2, .} is tight, for each e > 0 there is a compact set F c (E) such
that

Hence

(2.11)

,(F)_->l-e form=l,2,..-.

[.(nTcF)-7(n"F)l<- 211Flle +sup

By (A1), (A2), and Proposition 1.2, we know that H"F C((E)). Therefore, letting
m- in (2.10), from Proposition 2.1 and (2.11), we obtain

(2.12) [(F) (H"F)[ 2]] F[[

Thus, since e can be chosen arbitrarily small, we obtain (F)=(H"F) for any
F(E), and, by the uniqueness of the invariant measure of (’"), we have
=.

For the proof of Theorem 2.2, we need additional notation and futher preliminary
results. Concerning the notation, let ,(x) C(E) with values in [0, 1] be the same as
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q,(x) in (1.12) if (B1), (B2) hold, while in case of (C1), (C2) it is given by

fO for xe{z EIp(z, :)<-_ 1/n},
(2 13) q-,(x) [1 for xe{zEIp(z,:)>-2/n}
and is furthermore Lipschitz with Lipschitz constant n.

Consider now u e ; then (see (1.13)), for some n, u e ,. On the other hand, if
ue, then (see (1.20)), for some n, {zeE[p(z, 2) 2/ n} c {x @(x) O}. Whether
u e d or u e , let be a positive integer with the propeies just mentioned and define

(2.14) F= {v (E), v() < b},

where b is as in the definition of the function r(. in (1.11). Consider then the stopping
times

r’u inf {i > 01 ’" F} inf {i > 0[ ’"() < b},

"’" inf {i 01’" F}

r inf{i > 01 mgu

’ r},

’
as well as the sequences

,Uz’=zo’u, rn+l=Zn’ +r’uO,,",

, , , ,
TI( T(m) TU(m) +rn(m) 7(m

where O. stands for the Markov shift operator of the corresponding filtering process.
Finally, for given y d, (E), define the measures R(y, ), Rm(y, ) (E) by
(K (E)) as follows:

(2.15) R(y, #)(K)
j exp [(y, h(z))-(h(z), h(z))](dz)

exp [(y, h(z))-(h(z), h(z))J(dz)’
[(y, h(z))-(hm(z), h(z))](dz)

(2.16) R(y, )(K)=
exp [(y, hm(z))-(h( h(z))](dz)’

so that, letting

we have (see (1.32), (2.4))

(2.18) M"(y, )= R(y, ()), M(y, )= R(y, ()).
LEMMA 2.1. Under (B1), (B4) or (C1), (C2),for any (0, 1), M > O, n 1, 2,. ,

and any u we can find Yo, mo such that, if (yJ is the jth component ofy d)
(2.19) Y > Yo, [yil M when #j,

we have for any (E) and m >mo
(2.20) M"(y, )(K) % M(y, v)(K) ,
(2.21) M"(y, )(B,) y, M(y, )(B,) y,

according to whether (B1), (B4) or (C1), (C2) are satisfied and where K, is as in (1.7),
and B, as in (C2).

Proof See Appendix A.1.
From Lemma 2.1 and the above definitions, we immediately have the following

corollary.
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COROLLARY 2.2. Under (B1), (B4) or (C1), (C2),

inf inf rlu(u,F)->_/3>0,
ue u(E)

inf inf inf 17 ,m(v, F) _--> fl > O,
u v(E) m>=mo

Consequently, the following holds.
COROLLARY 2.3. Always under (B1), (B4) or (C1), (C2), for k 1, 2,. , we have

1,7"’ <o0,sup sup k

u ve(E)

v,u ksup sup sup E(r(mT) <,
uM v(E) mm

which implies the same statement also for ’ and’We also have the following lemmas.
LEMA 2.2. Under the assumptions of eorem 2.2, the processes (’) and
mu(/’)where for simplicity of notation we identify r with r," and with

rhave, for m greater than the mo in Lemma 2.1 and for v F, unique invariant
measures I (.) and I (.), respectively. More precisely, we have for B ((E))

(2.22)

(2.23)

where rl(. is the measure corresponding to (A4) and E" denotes expectation under the
control function u and initial distribution u (E ).

Proof. The proof uses the definition of the set F in (2.14) and of the stopping
times below (2.14) as well as the properties of the controls u M or u M mentioned
above (2.14).

LEMMA 2.3. Under the assumptions of Theorem 2.2, for m > mo there exist unique
rtl’lZ’/2m’ respectively. Lettinginvariant measures dp ",, of the processes {Tr’u} and { Tr

B ((E)), they are given by

"(B) (27r) -d/2 EUR(y,.) XB(Tr
i---

exp -- (y- h(z), y- h(z)) dy r(dz)
(.4

"(f (2)--a/2Id EUR(y’n){+I}

exp--(y-h(z),y-h(z)) dyr(dz)
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.:I:.....(B)= (2.rr) -a/:z E(y..) Z Xu(’rr?"’’’’")
i=0

exp -- (y- h(z), y- h(z)) dy rl(dz)

(:z.)

exp -- (y h(z), y h(z)) dy r(dz)

Proo The proof uses the following intermediate result Since by the previous
’ with F, by Corollary 2.3lemma there exists a unique invariant measure I for ,

there exists a unique invariant measure also for (’) with e (E) that is given
by

:o x(’")}"(d)
r E{}I"(du)

and analogously for the process "’ . From here, we then proceed by analogy to
the proof of the previous lemma, exploiting the definition of the set F and the structure
of the controls u M or u Mr.

At this point, to prove Theorem 2.2 it suffices to show the convergence of the
right-hand side in (2.25) to the right-hand side in (2.24). By Corollary 2.3, this, in turn,
is equivalent to showing that

,, )F(, )}
(2.26)

E,,,>){x(’")...x( "",:l)V(,-)}.
Because the function of (’",..., ’") on the right-hand side of (2.26) is not
Continuous, we also need the following auxiliary result, whose proof is in Appendix A.1.

LEMMA 2.4. Let u (M) and Z be a continuous a-valued random variable;
furthermore, let (E be such that, if c E is an open set, then u() > O. efollowing
then hold"

(i) Under (B1),for any C(E) such that supp ()c K, and any b6(0, 1), we
have

P{M"(Z, u)(O)= b}=0;

(ii) Under (C1),for any O 6 C(E) such that supp (O)c EB, and any b6(0, 1),
we have

P{M"(Z,u)()=b}=O.

We finally also have Proposition 2.2, whose proof follows immediately from
Lemma A.1.3 in Appendix A.1 and the fact that, for all y 6 , u (E),

(2.27) R(y, ) R(y, ).

PROPOSITION 2.2. Under the assumptions of eorem 2.2, given a positive integer
q and F,. ., Fq C((E)), we have, for all (y, u) 6 a x (E),

Ey,,){F,(’")...F,(’")} for m.
We are now in a position to complete the following proof.
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Proof of Theorem 2.2. The statement of Proposition 2.2 is equivalent to the weak
convergence

71.?,Rm,um, qTn’Rm’Ura)::::( 71"IR’U, ",71"qR’U).
By Lemma 2.4 we then obtain (2.26) from which we get the desired weak convergence
of the invariant measure, noting that

m,R ,uRm(y.,)Li=oXn(Tr, m)

=x(R,,(y, rl))+ E Xrc(Rm(Y, rl))
i=1

EU,n (yrl){XFC(7.1.?,Rm,Um) XFC 7ri.,_lm,m R um)XB(Trim,Rm,Um)}Rm
The last statement of the theorem follows from the law of large numbers applied to
the uniformly ergodic processes ,(r’U., and (r.(m",’,um) (see Lemma 2.2) and from
Corollary 2.3 (details are similar to Proposition 3 in [7]). U

2.2. Approximation of admissible control functions. For our approximation pur-
pose, it is crucial to have not only a unique limiting invariant measure, but also control
functions u’(E) U of a possibly simple form. We therefore approximate the
admissible control functions in the classes M, M, M considered so far, by simpler
control functions in corresponding families parametrized by two parameters L> 0 and
n--1,2,-.., in such a way that

(a) For all approximating control functions u, the controlled filtering process
(Trf’) admits a unique invariant measure ;

(b) The infima of the objective function J,(u) over the classes d, d, d and over
the corresponding classes of approximating control functions can be made as close as
possible by choosing the parameters L and n sufficiently large.

DEFINITION 2.1. If E is noncompact and (B1) holds, then, given L> 0 and integer
n > 0, let

M(L, n):= {u M u(u)= tT(r,(bl), , u(b,))r(,(p,))},

where

tT" "--> U is Lipschitz with Lipschitz constant L,
b, b:, , b, is a dense sequence in Co(E), the space of continuous functions
vanishing at infinity, and

r(.) and ,(.) are fixed and given as in (1.11), (1.12).
Note that M(L, n) is a subclass not only of M, but also of .
DEFINITION 2.2. If (C1) holds, then, given L> 0 and integer n > 0, let

.r(L, n):= {u Mr U(’) (’(bl), ", ,(t;b,))r((O ^ //n))},
where a and r(. are, as in Definition 2.1,

41, 42," , 4,, is a dense sequence in C(E) or Co(E) according to whether E
is compact or only locally compact,

(. is any function as in (1.19) with the additional requirement of being Lipschitz
with constant n, and

,(. are given Lipschitz functions with constant n, taking values in [0, 1], and such
that

for x {z E" p(z, ) < 1/n} U E\K,,
for x Kn_l\{Z E" p(z, ) < 2/n},

where K, is as in (1.7).
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We now state Theorem 2.3, which will not only be of interest in itself, namely, to
justify the choice of the classes (L, n), r(L, n), but its setup will be useful also in
various situations in the rest of the paper, where it is important to have a unique
limiting invariant measure (see, e.g., Proposition 3.2 and Theorem 3.1 below).

THEOREM 2.3. Assume (A1)-(A4). Then
(i) If (B1)-(B3) are satisfied, for each t.t (E) for which (B3) holds, we have

(2.28) lim inf J,(u) inf J,(u)"
L C L, n)

(ii) If (B3), (C1) are satisfied, for each Ix (E) for which (B3) holds, we have

(2.29) lim inf Jt,(u) inf Jr, (u)"
L- g L,

(iii) If (B 1 ), (B4) are satisfied, for any Ix (E), we have

(2.3) lim inf J,(u) inf_ J,(u)"
L- ,C L, n)

(iv) If (C1), (C2) are satisfied, for any tx (E), we have

(2.31 lim inf Jr, u inf J, u ).
L-oonoo cr L,n

Moreover, the controlled filtering process (r’") admits a unique invariant measure dP
in the following situations"

For u (L, n) under the assumptions of case (i);
For u under the assumptions of either case (ii) or (iv);
For u under the assumptions of case (iii).
Proof. By the very definition of compact sets in (E), for each compact set

A (E), and (,) as in (1.12), we have r(v(,)) 1 for vA and n sufficiently large.
Moreover, for any q C(E), for which 0_< ,<_-1, closure {x: ,(x) > 0} there is a
sequence (g,) of Lipschitz functions taking values in [0, 1] and having Lipschitz
constant n, such that, with (,,) as in Definition 2.2, we have by the Stone-Weierstrass
theorem (see, e.g., [11, Thm. 9.28])

(2.32) lim min {,(x), g,(x)}- ,(x)

uniformly on compact subsets of E, from which we obtain the convergence r(,(,, ^
g,)) - r(v()), for n - co, uniformly in , from compact subsets A of (E). Furthermore,
by a suitable version of the Stone-Weierstrass theorem (see [16, App.]), each u
C((E), U) can be approximated uniformly on compact sets with the use of functions
t(t,)=tT(g(b),...,t,(b,)), n=l,2,..., aC(",U). Therefore, each u,
respectively , can be approximated uniformly on compact sets with the use of
functions of the type u() from the respective classes (L, n), r(l, n), with L, n
sufficiently large.

Starting with case (i), note that, for each u satisfying (B2), there exists a
sequence Lm with Lm --< L,+I , and a sequence u,, (L,, m), such that u,. (,) -u (t,) uniformly on compact subsets of(E). Since by Proposition 1.2, under (A1)-(A2)
each process (Tr’") is Feller, and by (B3) the family

(I-um)i(J&,’), t--1,2,’"
i=0

is tight, any weak limit m of

1 t-1

2 Hum)i(lz, with t- OC
i=o
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is an invariant measure ofHu. Moreover, by (B3) again, the family {u, m 1, 2, .}
is tight. Therefore, recalling that by (B2) we have a unique invariant measure , the
assumptions of Theorem 2.1. are satisfied, and we have for rn-c. Con-
sequently, (2.28) holds.

To prove (2.29), let us for a moment assume the uniqueness of an invariant measure
of the controlled filtering process 7r

’u for u s4 r. Given this fact and a sequence
Urn G_ sr(Lrn, m) (tm, mcx3) such that Um(V)-- U(V) uniformly on compact subsets of
(E), since by (B3) the family {u, m 1,2,...} is tight, all the assumptions of
Theorem 2.1 are again fulfilled. Thereforeu=:> for m , and, taking into account
that for each/z (E) for which (B3) holds and u d

1 t--1

Y (H")’(/x,.)==>, letting
i=0

we obtain (2.29).
The proofs for the cases (iii) and (iv) are based on Theorem 2.2 and follow almost

immediately from (2.5) and (2.6).
It remains to show the second assertion of the theorem. By results of the proof

of Theorem 1.21 and the remark following Theorem 1.4 in [15], the existence of a
unique invariant set, i.e., the fact that there are no .two disjoint invariant sets, ensures
the existence of a unique invariant measure. Therefore we prove that there exists a
unique invariant set for the process ri’ ,/z (E).

Let u 4(L, n). For i=0, 1, 2,..., define

i+(4, Y)= exp (y, h())- (h(n), h())

(2.33)

( [ 1 ] )-i’ (d)exp (y, h()) (h(), h())

with

(2.34)

Clearly, 7r_(b)= 7r;(b, Yi+I). Assume that (1.8) is satisfied. Then

(2.35) r-(Pn, y)-0 for the jth coordinate yJ of y tending to o.

In fact, let IIhll SUpx,,o [h(x)]. By (1.8), IIhll > IIhl] and

(2.36) zr,+l(pn, y)=’’’"I/(n pn(z) exp[(y, h(z)- IIhll)-1/2(h(z), h(z))]Cr?’(dz)
exp [(y, h(z)- [Ih[l.)-1/2(h(z), h(z))]Cr’(dz)

From (A3) and (2.34), -k’"()> 0 for some open set , implying (2.35).
Now, by (2.35) there are dj > 0, d > 0, such that, for y > dj and [y[-< d with k j,

we have 7r_(@,, y) < b with b as in (1.11). Therefore r(Tr_(qn)) 0, and, con-
sequently, u(rr+l)= 0, all with a positive probability. Thus, on account of assumption
(A4),

I exp [(yi+e, h(z))-1/2(h(z), h(z))]4(z)n(dz)
/.,(2.37) r/e(b, y/)=

exp [(yi/, h(z))-1/2(h(z), h(z))]n(dz

with positive probability. Since for any other u (E), again with positive probability,
r+(, Yi/) is equal to the right-hand side of (2.37), there is a unique invariant set
for the filtering process (zr’"). The proof of the uniqueness of the invariant measure

for u (L, n) and under (1.8) is thus completed. The case where u 4(L, n) and
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under (1.9) can be shown analogously. The proof of the uniqueness of u for u M
and under (C 1) consists of similar steps" namely, we show that ri+l(q, y) - 0for"’"yJ -cX3

under (1.17) or for yJ--o under (1.18), which by (A3) and (A4) implies that
r(Tri+l (l#)) 0, and, consequently, u "’7ri/l) =0, with a positive probability. Therefore,
for any v(E), "’7ri+2 is equal with positive probability to the right-hand side of
(2.37), which implies the uniqueness of the invariant set and, consequently, of the
invariant measure. The cases of u M under (C1), (C2) and of u M under (B1),
(B4) follow immediately from Theorem 2.2 and the definitions of the aproximating
control functions in the classes M(L, n), M (L, n). rq

COROLLARY 2.4. Under (A1)-(A4), (B1), (B4) for the class M ofadmissible control
functions defined in (1.13), we have that assumption (B2) is satisfied. If (B2) can be
verified independently, we also have for any Iz (E)

inf J,(u) inf_ J,(u).
uM u

3. Construction of a nearl optimal control function.
3.1. Approximation o[ the state process. So far, the admissible control functions

have been reduced to those that are elements of M(L, n) or M(L, n), but it will be
difficult to determine an optimal or even only -optimal control for ,(u) in the classes
M(L, n) or M(L, n). We therefore need to further approximate the problem at hand;
the first step in this direction is a diseretization of the state process (x), which will be
seen to imply that the corresponding filtering process takes values in a finite-dimensional
space. For this purpose, we start by partitioning the state space E as follows"
For each positive integer m, we choose disjoint Borel sets B’, k 1, 2,. ., km, such
that

(i) Bk E;
k=l

m(ii) B’ have nonempty interiors, the closures Bk of Bk
for k < k,, are compact;

(Din) (iii) sup diam (B’)-0 as m-oo where diam (B)
(k=l,2 kin-1
stands for the diameter of the set B;

(iv) Bkm km+ km
m=l

(v) for k-1, 2,..., k,, there are indices rl,’", ri such that
i(k)

B’ (3 Bm+l
rp

p=l

Moreover, we assume that
(A5) Each hi(x), j= 1, 2,..., d, as well as the function c(x, v) in the objective

function (1.4) can be arbitrarily closely approximated in a uniform way by step functions
h(x) and c,, (x, v) given, respectively, by

(3.1) h(x)= L XB’y(x)hkm
k=l

and
k

(3.2) c,,,(x, v)= ., XB’(x)c’(v) with c’ C(U).
k=l
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Next, for a given m, we choose a set of selectors {z’, k 1, 2,..., k,,} of the
partition (Din) with the following properties:

Zk int (B,), {Zk, k-- 1, 2," ., km}c {zn+l, k 1, 2,. ., km+l}
(3.3)

Zkm--O form

and consider the simplex S in Yt k given by

S’= (s,’’’,sm) O_-<s_-<l, k=l,2,’" ",kin, s=l
k=l

By analogy to M(L, n), we let a corresponding class M,, (L, n) of controls u:S "-) U
be defined by

sm(, n := u e c(sm, u u(s (zrs, 2
=1 k=l

(3.4)

r ,(z)sg
=1

where , , r, and , are as in Definition 2.1. Similarly, we have

(, n:= u e c(s% u u(s 2 (zrs, 2 (rs
k=l k=l

r (b ^ Pn)(z’)sk

where a, 4i, r, q, and 0, are as in Definition 2.2.
Since we will have to pass from controls in one class to controls in another class,

it is useful to consider the following mappings"

k,,,

(3.6) ,,," (E) u- ., u(B’)3z, (E),
k=l

(3.7)

(3.8)

,. C((E), U) u- ,,u with mU(V) u(,,v),

(ko ),. M u ,,u C(S’, U) with mu(s)= u kl Sk3z’

It follows immediately that

(3.9) ,,u(v) u 2 v(B’)6z ,,u(v(B’), v(B’))

and, consequently,

(3.10) .ms(L, n)-- dm(L, n), ,,,M’(l,n)=M(L,n).

LEMMA 3.1. We have

(3.11)

(3.12)

(3.13)

,,,v v as m-o, uniformly on compact subsets of (E);

For u M, ,,u(u) u(u) as m, uniformly on compact subsets of(E);

If((E), U) u,, u C(’(E), U) uniformly on (E), then mU,,(U)
U(U), uniformly on compact subsets of (E), as m c.
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Proof If F c (E) is compact, then for any e > 0 there is a compact set K and
integer mo > 0 such that K c U= Bn P < kmo, and u(K) > 1 e for u F. Then, for
ck C((E)), using (Dm)(iii),

sup Iv(4,)- mV(4,)]_--< 2e114,11 +sup
kueF ueF f3B

I(x)- ()l,(dx)

and, since e > 0 can be chosen arbitrarily small, we obtain (3.11).
Convergence (3.12) is an almost immediate implication of (3.11) and Lemma A.I.1.
For the proof of (3.13) let us note that, denoting by pu a metric compatible with

the topology of U, we have

p(mu(), u(,,))<-_p(.,u.(,,), .u(.))+p(mu(.), u(.)).

By (3.12) and the definition of ,, we then obtain ,,u,,,(u) u(u), uniformly on
compact sets of (E). [3

Now let Em { 1, 2, , k,,}, which, through the correspondence k- z’, we can
identify with the set {z’,..., Zkmm } and consider the following two approximated
transition kernels"

krn
(3.14) /5,(*’)(x, ")= E Xu7(x)Pm’o’)(z’, "),

k=l

defined on the original state space E, and

(3.15) Pm(k, p) P(z, Bp ), k, p E,,,

for an embedded Markov chain on Era.
We also henceforth assume that
(A6) The partition (Din) as well as the choice of selectors {z’, k 1, 2,..., kin}

is such that, for each k, p 1, 2,..., k, v U,

OB’) O.P(Zk

Note that under (A2) and (A6) the mapping U v- P’(z’, B’) is continuous.
Consider then the two partially observed control systems, below"
(CS1) The unobserved state process (27’) evolves on E according to the transition

operator P,(x,. with initial law (E); the observations (Yi) are of the form

(3.16) Yi--- h,,,(x’f) + ,,, i= 1, 2,...,

where i is a sequence of independently and identically distributed d-dimensional
standard Gaussian vectors, independent of :’, k -< i. We denote by (--7"’u) (E)
the corresponding controlled filtering process.

(CS2) The unobserved state process (xT’) evolves on E,, according to the transition
probability matrix P,(k, p) with initial law/2 given by

(3.17) ((BT), ", (Bk)) 6 Sm.
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The observations (Yi) satisfy

(3.18) 37i E hm(z’)6{t,}(xT’)+ if:i,

where, again, () are independently and identically distributed standard Gaussian
vectors independent of (x), k < i. We denote by i the corresponding controlled
filtering process.

By analogy to (1.32), define now, for u, u(E), ya,

M(y, v)():= exp (y, hm(z))- (hm(z), hm(z)) (Z)P()(X, dz)v(dx)

(3.19)

exp (y, hm(z))- (hm(z), hm(z)) P()(x, dz)v(dx)

and, for u

M(y, Sl,’’’, sm)(k):= exp (y, h)- (hm, h) pS(q, k)s
(3.o

exp (,

La 3.2. For u , 1, 2, , ), we have

(3. ,i )(6)

and (7""’) is a Markov process with transition operator (A ((E)))

(3.22) H(v,A)=(2)

(M(y, )) ay

Furthermore, for u m(L, n) or (L, n), s S, 1, 2,. ,
(3.23) ’’"’k) M(p,+ .... )(k) o+ ....’k)=s (kE)

and (’’) is a Feller-Markov process with transition operator (A (S))

n(s, A) (2)-(/ 2 exp (y- h, y- h) P((k, q)
(3.24) =1 =1

(y,) +.
Proof The proof can be obtained by an adaptation of Lemma 1.1. and Proposition

1.2, using also the continuity assumption (A6) for the proof of the Feller propey of

The actual process of interest is ’’ ), which evolves on a finite-dimensional
space; ( is an intermediate auxiliary process needed in the convergence proofs.
To be able to state our main approximation result (namely, Theorem 3.1, below), we
need some preliminary results on invariant measures for the processes (_,a,-- and
m,, that will allow us to formulate the approximating paially observable control

problem on a finite-dimensional state space.
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It can be easily seen that, for u d,,(L, n), the process (Tr’’"’u) is the Feller on
the compact state space S’; therefore there exists an invariant measure ,, and we
have the following proposition, whose proof is given in Appendix A.2.

PROPOSITION 3 1 Given u d(L, n) or r(L, n) if is an invariant measure
mof ), then

for A ((E)) is an invariant measure of (--"’"ur1

We now define the approximating control problem as the partially observable
problem (CS2) with cost function given, for u d,,(L, n) or d,(L, n), by

(3.26)

t-1

J(u) lim sup -1 Z EI2{Cm(xim, u(__m,12,u’lli],,
tc i=0

where, by the correspondence k- z’, we have identified Zkkm__ Zkm t{k}(X7 with X im
The following proposition can now be stated, whose proof is also in Appendix A.2.
PROPOSITION 3.2. Assume (A1)-(A6) and either (B1) or (C1). Given an integer

n > O, let too(n) be such that for m > too(n) we have, in the case of assumption (B1),
that p (zk, ) > n, and, more precisely, for 1.8) respectively 1.9)),

(3.27) h k,j < h km’j k,j kin,h, > hm with k= l, 2, k, l,

while, in the case of (C1), there is a q{1,..., k,,} such that Bq, Bq c

{x" p (x, ) < 1/ n }, and, more precisely, for (1.17) respectively, (1.18)),

(3.28) hJ<hqr (hk’J> h with k q.

Then, for any u d(L, n or u d (L, n), according to whether (B 1 or (C 1 is satisfied,
and m > mo(n) there exists a unique invariant measure of (Tri ;"). Moreover, for
any u d(L, n) (d (L, n)), and initial law S,

(3.29)

km

mk=

(E)

with "m defined by (3.25).
We are now ready to prove the main state-approximation result.
THEOREM 3.1. Assume (A1)-(A6) together with (B1), (B4), or (C1), (C2), or (C1)

and the compactness of E. Then, under (B1), (B4),

(3.30) lim inf J’(u)= inf J,(u),
4 L n) 4 L,

while under (C 1), (C2), or (C 1) and the compactness of E,

(3.31 lim inf Ja u inf J u
uSn(L,n u4r(L, n)
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for each tx E ). Moreover, iffor s S’, and e > 0

7(s,..., s)= l(Z")s, , 4,,,(z";)s,
=1 k=l

(3.32) k

a(s,..., s)= a (z s,. ., 2 (zs
k=l

(3.33)

are for m= 1,2,... sequences of e-optimal control functions for J(u) over

m(L, n)( (L, n ), respectively), then any uniform limit of
(3.34) a() ((4), , ())r(p()),

(3.35) () ((1),""", ())r(( ))

forms an e-optimal control function for J(u) over (L, n)((L, n), respectively).
Remark 3.1. In Theorem 3.1, we make assumptions (A1)-(A6) and one among

the three alternative additional groups (B1), (B4), or (C1), (C2), or (C1) and the
compactness of E. This setting will remain the same for the rest of the paper. We want
to point out, however, that the results to follow can also be obtained under assumptions
(B1), (B3) by imposing additional tightness conditions; this latter approach is taken
in [13].

Proof of eorem 3.1. We divide the proof into two steps.
Step 1. For a given strategy u e (L, n) or (L, n), we have

(3.36) lim J(mu)=J,(u).

For this purpose, letting

(3.37) P2,(x, )= Z XBy(x)P(z’, ),
k=l

note that all assumptions of Theorem 2.1 or Theorem 2.2 are satisfied with u,,, ,,u,.... ?’"’, y ,P P,P P In fact, under our assumptions,
by the second pa of Theorem 2.3, we have that, for each u (L, n) or r(L, n),
there exists a unique invariant measure " of the filtering process (’"). Fuahermore,
(2.1) follows from (3.38) below, (2.2) is a consequence of Lemma 3.1, (2.3) is guaranteed
by (A.5), and (B4) holds, uniformly in m, for each P(x,. by its definition. We next
show that under our assumptions we have

if U 0 0, then
(3.38)

PmP(x," uniformly in x from compact subsets of E.

In fact, assume that K E is a compact set. By the construction of the paition (D),
for each m and x e K, there exists an index m(x) such that x e B() and, letting m m,
SUpxr p(z(,x)O. Then, forf C(E) we have from (A1) and (A2)

Imf(x) PVf(x)l IPOf(Z(x)) POf(Z(x))l
(3.39) +lPf(z(x))-Pf(x)lo for m,
from which (3.38) follows. Applying Theorem 2.1 or Theorem 2.2, we then have

(3.40) " for m ,
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and for any e>0 there is a compact set F(e)c (E) such that for m= 1,2,...

(3.41) ,(F(e)) -> l-e, U(F(e)) -> 1-e.

Since F(e) is tight, there is a compact set K(e)c E such that

(3.42) v(K(e))>=l-e for uF(e).

By the continuity of c(x, v), given e > 0, there is 6 > 0 such that

(3.43) pu(v, v’)<6 implies sup It(x, v)-c(x, v’)l<e.
xK(e)

Finally, by Lemma 3.1, for rn > rh

(3.44) sup pu(,,u(v), u(v)) < 6.

Now, applying (3.29), we have

(E)

(3.45)

c(x,

Clearly, (3.40) implies that Im "->0, and from (A5) it follows that I][Im-->0. By (3.41)-
(3.44) for m > rh,

(3.46)
II,,,--< fr f ]c(x, u(v))-c(x, ,,u(v))lv(dx)(dv)+4llclle

(e)

<= e(a +411ell).

Thus (3.36) holds.
Step 2. From Step 1, we have

(3.47) limsup inf Jt(u) inf J,(u)
.-Cg L n) .C L, n)

or

(3.48) lim sup inf Ja u <- inf J, u ).
un(L,n) ur(L,n)

The inverse inequalities follow from the second assertion of the theorem, an assertion
that we will prove next. Let t,,, given by (3.32) (respectively, (3.33)), be such that for
m 1, 2,..., they form a sequence of e-optimal control functions for J(u) over
M,,(L, n)(Mrm(L, n), respectively). Since ft,, are bounded and Lipschitz with Lipschitz
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constant L, by Ascoli’s theorem (see, e.g., [11, Thm. 9.33]), there is fi C(R n, U) and
a subsequence mk such that t,k- uniformly on
[-II II, 113. Also, since are Lipschitz with Lipschitz constant n and values from
[0, 1], we may assume that mk is chosen in such a way that O(x) (x) uniformly
in K,. Let us now define

(3.49) () ((1), ", (,))r((,)) (L, n)

OF

(3.50) a() fi((), , ())r(( A ff))c r(L, n).

Then, both in the case ffm (L, n) and ff r(L, n), we have

(3.51) am() () uniformly in (E)
with a() given by (3.49) or (3.50), accordingly. Hence, by (3.13),()()
uniformly on compact subsets of (E). Letting the subsequence mk also be denoted
by m for simplicity of notation, we again apply Theorem 2.2, this time with u
Um=a m=--, ’’m= -a,, m, p=pm, p Therefore

3.52 a,
and, by analogy to (3.41)-(3.46), we obtain

(3.53) lim a(u) =L(a).
m

Since a=u, as can easily be checked, and a is e-optimal for Ja over
(L, n)((L, n), respectively) from (3.47) and (3.48), we have

3.54) J,(a) lim sup inf Ja(u)+e inf
Um(L,n u(L,n)

and

(3.55) J,(a)-<_ lim sup inf J(u)+e<-_ inf Jo,(u)+e,
moc un(L,n) ur(L,n)

respectively. This means, however, that a given by (3.49) (respectively, (3.50)) is
e-optimal for J, over 4(L, n ), (4 (L, n ), respectively), which is the claim of the second
part of the theorem. In addition, since in (3.54), (3.55) e can be chosen arbitrarily
small, taking also (3.47) and (3.48) into account, we obtain (3.30) ((3.31), respectively).
The proof of Theorem 3.1 is thus completed.

COROLLARY 3.1. Under the assumptions of Theorem 3.1, if m given by (3.32)
(respectively, (3.33)) are e-optimal for J’(u) over m(L, n) (respectively, (L, n)),
then , defined in (3.34) (respectively, (3.35)) are, for m sufficiently large, 2e-optimalfor
L, u over L, n respectively, zl L, n ).

Proof. It is enough to show that

(3.56) limsupJ(,)_< inf Jo,(u)+e,
L,

which follows from the fact that, for any subsequence a,k converging uniformly to a,
again from Theorem 2.1 we have

(3.57) Jo,(a,,,)-J,(a)<= inf J,(u)+e. [3
u(L,n)

3.2. Finite set of control functions. By Theorem 3.1 and Corollary 3.1, we know
that we can obtain a nearly optimal control function for our original problem in the
classes (L, n), r(L, n), provided that we are able to obtain, for sufficiently large
m, an optimal or at least nearly optimal control function for J’(u) in the classes
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,,(L, n) or (L, n), respectively. By Theorem 2.3, such control function is then
nearly optimal also for J,(u) in the original classes 1 or and r, respectively, if
L and n are sufficiently large. The construction of an optimal control function in the
classes ,,(L, n), ,(L, n) is still a formidable problem; on the other hand, we need
only a nearly optimal control function, and this allows us to proceed with further
approximations. For this purpose, note first that the sets of Lipschitz-continuous
functions CL(H,, U) from H, :-[-I1 111, II llllx’.. x[-II ,ll, I1  112 into the
compact set Uc yt k and C(K [0, 1]) from K {x" p(x, :) < n} into [0, 1], are
compact, so that for any 6 > 0 there exist finite 6-nets CL(6) C CL(H,, U) and C, (6) c
C,(K, [0, 1 ]). Since the functions t" Yt" -* U, used in the definitions of Sm(L, n) and
,(L, n), are Lipschitz with constant L and, for given bl," , b,, they are actually
defined on the compact set H,, consider then the classes m(L, n)c Sm(L, n), and
sr’m(L, n) (L, n) given by

n) u C(Sm, U)" la C()m(L, for which

(3.58) u(s)= Y 4,(z)s,..., Z 6(")s
k=l k=l

(3.59)

r E ,,(Zk)Sk
k=l

r, {s (L, n) u e C(Sm, U): ::ta e CL(6), e .(6) for which

u(s)= a Z 4,(z’)s,,, Z
k=l k=l

r (O ^ d/,)(z’)Sk
=1

and note that such classes contain only a finite number of elements In principle, it is
then possible to evaluate Jc,(u) for each u e (L, n), r6,. (L, n), compare the corres-
ponding values, and thus determine an optimal control function u* for J"(u) in the

(L, n), respectively. To evaluate Ja(u), by Propositions 3.1classes sC(L,n) and 6

an6 3.2, we must be able to compute the invariant measure 7, of the process (ri a-

on S for each u m(L, n) or 16(L, n). Since S is infinite-valued, to make such
computation feasible, we must introduce further approximations, so that instead of an
optimal u* we will be able to compute only an e-optimal control function u for J"(u)
in m(L, n) and r6(L, n), respectively. The details of such further approximations
are fully described in [13]; here we limit ourselves to prove Theorem 3.2, which shows
that, for 8>0 sufficiently small, the computation of u in the classes m(L, n) and
sq6(L, n) is sufficient for our purposes; all we need, in fact, isa nearly optimal control
function for J"(u) in the classes ,,(L, n) and ,(L, n), respectively.

TIJEOREM 3.2. Assume (A1)-(A6) and either (B1) or (C1). Forfixed L and positive
integer n, we then have, for every m > mo(n), where mo(n) is given in Proposition 3.2,
and any 12 Sm,
(3.60) lim inf Jz (u) inf J’(u)

8--9,0 u,g(L,n) uZffm( L,n)

for the case of (B 1), and

(3.61) lim inf J’(u) inf J"(u)
6 0 ,s4 f’ L,

,fn L,

for the case of (C1).
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Proof With E Era, (E)= S’, and since, furthermore, letting 6-0, each u
gm(L, n) or M,(L, n) can be uniformly approximated by us M(L, n) (M(L, n),
respectively), all assumptions of Theorem 2.1 are satisfied. Therefore, by Theorem 2.1
we have J(u)=limoJ(u), and consequently (3.60) and (3.61) hold.

3.3. Algorithmic structure of our procedure. Summarizing the results of 3, we
have a constructive method for determining a nearly optimal control function for the
original problem. This control function is given by an e-optimal control function u

fl(L,n ng (L, ), respectively, which, by the fuher approxima-for d (u) over and
tions described in [13], can indeed be computed. In fact, by Theorem 3.2, such u is
2-optimal for d over (L, n) (respectiwly, (L, n)) if is suciently small.
Combining this finally with the results of 2.2 and 3.1, we have that, provided
fuhermore that L, n and m are suciently large, this u induces a nearly optimal
control function (L, n) (respectively, r(L, n)) for the original problem. To
obtain from this control function the actual control values, it must be evaluated
for the current filter values (’) of the original problem. Although such filter values
cannot be computed in practice, we are neveheless able to compute (see (4.6) below)
an approximating filtering process () over the simplex S. In 4 we show that,
by using with the approximate filter values ), we indeed obtain (for L, n, m,
suciently large and suciently small) nearly optimal controls for the original
problem.

4. Filter approximation and near optimal control values. The purpose of this section
is to show that (provided that the values of the parameters L, n in 2.2, and m in
3.1 are suciently large, while that of in 3.2 is suciently small) the control

function (L, n)c (or (L, n)c ), determined according to the previous
3, yields nearly optimal control values also if evaluated in correspondence of the

computable approximate filter (() S defined in (4.6) below for a generic initial
measure Sm,

To obtain the desired result, we must also introduce, besides (2(a), other
auxiliary measure-valued processes. For this purpose, recall the measure ()(.)
defined in (2.17) and analogously let

(4.1) "(, )(. )= f P"((x,. )(dx)

for any , (E) and u .
Given u (L, n) or (L, n) and an arbitrary measure (E), first let ()

be a process in (E) defined recursively by

(4.2) g)( u(), -()’. () if"i+lk )=R(yi+,, (})))(),
where R(., .) is as defined in (2.15) and (y})) are the observations given by (1.1)
when (x) is governed by the transition function P"(=)(.,.). Furthermore, given
u (L, n) or r(L, n) and , (E), let the process ("’)) in (E) be defined by

(4.3) "’)(’) (.) +, (.) R ),
where (y) are as above.

Note that, if the state process (x) is governed by the same transition function
P"")(., .) as above, but stas with a given initial law , then by (1.30)-(1.32) we
obtain that

(4.4) E,{O(x)l Y}= R(y}, ff"(}), }])()= }"’() for i= 1,2,....
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Given u esg(L,n) or r(L,n), u(E), Sm, with O(k)=u(B’) for k=
1, 2,..., k,,, by analogy to (3.21), (3.23), we further introduce two approximating
filtering processes -’() in (E) and () in S defined as follows

(4.5) )(. u(. ), +,=m(" -,M(y;], #?( ))(.

(4.6) y((k) (k), (k) M-t.+(), ()(k),

with y)now denoting the observations givenby (1.1)when the state process (x)is
governed by the transition function Pm"(7(.. ), which, due tp (3.9) and the fact
that #?()(B)= 2((k) (cf. Lemma A.2.1), is equivalent to P"(=7)(., .). Note
that the approximating filter process (()) S is explicitly computable; in fact, the
observations y}) correspond to our real observations since (x) is governed by the
original transition kernel P(.,. with control values v mu(().

Finally, given u (L, n) or (L, n) and , (E), let, by analogy to (4.3),
the process (7("’)) in (E) be defined by

y(-,(. )= (. ),

(4.7) (,(. )= R(y(+, m,(m("", S())(.

i+,, 7 )(’),

where (y) is as defined below (4.6) and where we have implicitly extended the
definition of "( .,. ), again using the fact that #?()(B)= S()(k). Analogously to
(4.4), note again thaJ, if the state process (x) is governed by the transition function
Pu(#m())(’, )= pmU("(")(’, and stas with the given initial law , then by
(1.30)-(1.32) we obtain that

(4.8) .{(x,)[ yi}= 7(,,() for i= 1,2,....

Therefore, the process ("’ depends on the measure through the values of

= (u(B),..., (B)) only. With abuse of notation, we write ("’)= 2("’ and
("’) with s. (For the relationshipdefine the process 7("") with s S as equal to

between and , we recall (3.17).) We are now in a position to consider the three
pairs of processes ("’), )), (7("’), #7()), (7("’, 2(). By considerations
similar to those in the proof of Proposition 1.2, we can show that these processes are
Markov with transition operators T", T, T defined, respectively, as follows: For
F N((E) x (E)) the set of bounded Borel functions on (E) x (E) and u
sO(L, n) or ,_9r(L, n), we have

TF(tz, ,)= E{F(r’’),

1
(4.9) Ii Ii (f (27r)-d/ exp [--(y-h(z), y-h(z))])

F(R(y, "(tx, ’)), R(y, (,)) dy P"(’)(x, dz)(dx),

,F(, )= .{V(’("’), #"())}

(4.10) (2"rr) -d/: exp --2 (Y- h(z), y- h(z))
E

F(R(y, ’"(tx, )), 1Ql(y, ,)) dy P"(’)(x, dz)tz(dx),
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while for F 3((E) Sm)
T,/(/, )= E{/(r’(,),

(4.11) (2) -a/ exp -(y-h(z),y-h(z))
((, "(, )), "(, ))
P’"()(x, dz)(dx).

Moreover, by a suitable adaptation of the proof of Proposition 1.2, we can show that
under (A1), (A2) the operator T" is Feller. Assuming, in addition, (A6), we obtain
the Feller propey of T as well.

The relationship between the operators T and T is shown in Lemmas 4.1 and
4.2. By analogy to Lemma A.2.1, we first have Lemma 4.1, whose proof is completely
similar to the second pa of that of Lemma A.2.1.

LMMA 4.1. Let F ((E) S), then, for , v (E),

( (g

F(’, Sl ,. ., s)r(, , ’x ds).
(

Corresponding to Proposition 3.1 and using Lemma 4.1, we immediately have
Lemma 4.2 as well.

LMMA 4.2. I for u (L,n) or r(L,n) the measure is an invariant
measure of the operator T, then with A e ((E) x (E))

(4.13) (A)a , 2 s2, A (d’, ds)
()xs’"

is an invariant measure for the transition operator T.
Pooso 4.1. Assume (A1)-(A4). en
(i) Under (B 1), (B4), for each u (L, n), there is a unique invariant measure

ofr;
(ii) Under (C1), (C2), for each u (L, n), there is a unique invariant measure

(iii) Under (A6) and (B1), (B2), for each u (L, n) and m > mo(n) with mo(n)
dOned in Proposition 3.2, there is a unique invariant measure of T

(iv) Under (A6) and (C1), (C2), for each u (L, n), and m > too(n), there is a
unique invariant measure of T

(v) Under (A6), (C1) and the compactness of E, for each u (L, n) and m>
too(n), there exists a unique invariant measure of T and of T.

Proof For cases (i)-(iv), we use the arguments from the proof of Theorem 2.2;
namely, letting

{(, ) (E) x (E)](O) < b},

P= (.,s(exs 2

define
(,u)T=inf{i>01(r zrl)) } in case of T

-= inf {i > 0 (r7(’), #7’() ’} in case of,
z=inf{i>0[(zr7(’, zr()) } in case of T

and show suitable versions of Lemmas 2.1-2.3 and of Corollaries 2.2 and 2.3.
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For case (v), we use the tightness and Feller property of T and T, for the
existence, while for the uniqueness we use the fact that with positive probability
r(rr)(q ^ q’n)) and r(rrT’)(q, ^ q,,)) are equal zero, implying by (A3)-(A4)the unique-
ness of the invariant set. The details are similar to those in the proofs of Theorem 2.3
and Proposition 3.2.

The next result is fundamental for our further approximations.
PROPOSITION 4.2. Assume (A1)-(A6) together with (B1), (B4), or (C1), (C2), or

(C 1) and the compactness of E. Then, under (B 1), (B4) for u M(L, n), and under (C1)
for u Mr(L, n), we have

(4.14) , ==> xI," for m --> oo.

Proof For the case when (B1), (B4) or (C1), (C2) are satisfied, we follow the
arguments of the proof of Theorem 2.2, in particular, Lemmas 2.3 and 2.4 and a suitable
version of Proposition 2.2. Under (C1) and the compactness of E, by analogy to the
first part of the proof of Theorem 2.1, it suffices to show that, for any F
C(:(E) x (E)),

(4.15) TF(tx, v) -+ T"F(tz, v) for m -+ oo

uniformly in (/x, v) (E)x (E). We have

T"F(z, )- "mF(/z, v)

N (2) -d/2 exp - (y- h(z),

(4.16)

y-h(z))]
IF(R(y u (tz, v)), R(y, .u ())) F(R(y, "(tx, v)), M(y,v))ldy-"

PU()(x, dz)tx(dx)+ IIFII f (2rr) -d/2 exp -- (y- h(z), y- h(z))

(P"(’(x, dz)- P&"U’)(x, dz) dy tz(dx) Im + II.,.

By a suitable version of Lemma A.1.2, we have that M,(y, v)R(y, sr’(v)), uniformly
for y eB, a compact subset of d and v e(E). Moreover, by Lemma 3.1,
R(y, "(l, v))R(y, U(tz, v)) uniformly for ye B, (v, tx)e (E) x (E). There-
fore, repeating the considerations of the proof of Proposition 2.1, we conclude that
Im +II,,,--> 0 uniformly in (v, tx)(E)x(E), r-I

Note that, if the state process (xi) is governed by P{)(.,. with rr given by
(4.2) for v =/x and starts with the initial law/x, then clearly the processes rr*’ (see
(1.32)), r{*’*) (see (4.3)) and rrl*) (see (4.2)) all coincide. Given u M(L, n) or Mr(L, n),
we then have, under the assumptions of Theorem 2.3,

t--I

J,,(u) lira sup t-’ E,,{c(x, u(rr))}
t--> i=0

(4.17) lim sup t- t {f }E c(z, u(rr’"))rr’U(dz)
too =0

=f fie c(z,u(v))(dZ)u(dv)(E)

valid for all/x for which (B3) holds in the cases (i) and (ii) specified in Theorem 2.3,
and for all/x (E) in the remaining cases (iii) and (iv).
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In what follows, given any sequence (’F/i) of U-valued random variables, we
consider the cost function J,((r/i)) as given by

t--1

(4.18) J,((li)) lim sup -1

t--> i=0

LEMMA 4.3. Assume the state process (xi) is governed by Pu((., .) with u
M(L, n) or Mr(L, n) for a generic v :)(E), but starts with the given initial law Ix. Let
the assumptions of Proposition 4.1(i), (ii), or (v) hold. Then for all pairs (Ix, v)e
(E) x (E), we have with ui u(zr)

t--1

J,((ui)) lim sup -1 , E,{c(xi, u(zr))}
too i=0

lim sup t-1 {f }E c(z, u()),(az)
too i=0

(4.19)

=I I c(z’u(’))’(az)’I"u(a’a’)
(E)x(E)

=L c(z’u(v’))v’(dz)du(dv’)"
(E)

Proof. The first identity in (4.19) follows from (4.4). By a suitable version of the
second part of Theorem 2.2 in the case of assumptions (i) and (ii) of Proposition 4.1,
and by the weak convergence of the Cesaro averages, the Feller property of T and
the uniqueness of its invariant measure W in case of assumption (v), we obtain the
second identity. Since the value of the integral

I c(, u(’)l’(az)),"(a’xa’)
(E)x(E)

does not depend on Ix or v (E), this is also the limit for the case where v Ix. Then
via (4.17) we obtain the last identity.

We can now state the main result of this section contained in Theorem 4.1 and
Corollary 4.1.

m,THEOREM 4.1. Let u M(L, n) or Mr(L, n) be given and define a control ui by
m,(4.20) ui

where (,r’) is the approximating filtering process on the simplex S given by (4.6)for
an arbitrary initial measure v (E). Under the assumptions of Proposition 4.2, if
m > mo(n), for (Ix, ) (E) x S, we have

t--1

J((ui ))=limsup t- Y E,{c(xi,mU(ZrT’))}
t--, =0

tim sup t-1 tl {ftz },, c(z,
t--> i=0

(4.21)

I I c(z’ eu(s))’(dz))’v(a’ as)
(E)xS

C( Z, ,mU( llt) Ixt( dz)xIl’Um( dIxt x
(E)x’(E)
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Furthermore, we have

(4.22) lim J,((u’’))= J,((u,)),

where ui u(Tr’u) is the control obtained from the given u M(L, n), evaluated at the
original filtering process

Proof Up to the last identity, (4.21) follows from a suitable version of the second
part of Theorem 2.2 in the case of assumptions (B1), (B4) or (C1), (C2), and by the
weak convergence of the Cesaro averages, the Feller property of T, and the uniqueness
of its invariant measure q, in case of assumption (B1) and the compactness of E.
The last identity in (4.21) is a consequence of Lemma 4.1 and definition (4.13) of
Finally, the convergence (4.22) follows from (4.21), Proposition 4.2, (4.19), and the
convergence W,,u u for m, which is uniform on compact subsets of (E) (see
Lemma 3.1).

COROLLARY 4.1. Let u be the e-optimal control function for J’(u) over M(L, n)
orM L, n) determined according to 3. Let Tr’c)) be the approximatefiltering process
on the simplex S", determined according to (4.6) for the given initial measure Ix. Let u*
be the control defined by

(4.23) u/*

Then, given e > O, if L, n, m are sufficiently large and 6 sufficiently small, we have

(4.24) J((u* )) <= inf J,(u)+ e,

where, depending on the formulation of the original problem, the infimum is taken over
M, , or Mr; i.e., (u* is a nearly optimal control of the original problem.

Proof From the previous sections, we know that u induces a control function
M(L, n), (r(L, n)) such that, defining

(4.25) u, ua(rr,’ ),

where (rr’u) is the original filtering process given by (1.32), we have for sufficiently
large L, n, m and small 6

(4.26) J,((R)) <_-inf J,(u) +2
where, again, depending on the formulation of the original problem, the infimum is
taken over M, M, or ar. On the other hand, from Theorem 4.1, we know that, defining

(4.27) ,a ^e.u(

where (Tr’’z) is the approximate filtering process on S obtained from (4.6) for the
given initial measure Ix, we have for sufficiently large m

(4.28) J,((a"’z)) =< J,((a,))+-.
2

Since

(4.29)

we have

(4.30) u*
and, combining (4.26), (4.28), and (4.30), we obtain the desired (4.24).
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Appendix A.1 (Auxiliary results and proofs for 2.1). We first recall without proof
the following lemma.

LEMMA A.I.1. Suppose that (M1, Pl), (M2, P2) are metric spaces, F: (M1, Pl) -(ME, P2) is a continuous map and K c M1 is a compact set. Moreover, Fm (M1, Pl) -(M2, p2) are measurable mappings that converge to F, uniformly on compact subsets of
M1. Then, for any e > O, there exists 6 > 0 and mo such that for m > mo
(A.I.1) pl(x,x’)<6p=(F(x),Fm(x’))<e forallx6K, x’GM

LEMMA A.1.2. Under the assumptions of Theorem 2.1, we have

(A.1.2) M(y, u)M(y, ,) as m->o

uniformly for y B, , F, which are compact subsets of d and (E), respectively, and
where M (y, ,) is given in (1.32).

Proof. Given 4 C(E), we have

exp (y, hm(z))-- (hm(z), hm(2)) b(z)P,m(")(X, dz)’(dx)

exp (y, h(z))-- (h(z), h(z)) ck(z)P")(x, dz),(dx)

(A.1.3)
-exp (y, h(z))-- (h(z), h(z)) dp(z)P.,(")(x, dz)u(dx)

exp (y, h(z))-- (h(z), h(z)) dp(z)

(P,m)(x, dz)-P"(x, dz))u(dx)

Now

Im+IIm.

Im < ( [yl l[hm h[[ +l
2
II(h, hm)-(h,

_1f.I(exp[(y,h,,,(z)) -(hm(z),hm(z))]
(A.1.4)

+exp (y, h(z))--(h(z), h()) Irb(z)lP.((x, d)u(dx)

<-( ’ylllh-hl’/l2 II(h, hm)-(h, h)[[ (elylllhmll+

which by (2.3) tends to zero for m c, uniformly in y B.
Note now that by the Stone-Wierstrass theorem [11, Thm. 9.28 and Prob. 9.32],

the function

(A.1.5) [-IIhl], Ilhll] (Y, r)- exp [(y, r)-1/2(r, r)]
’k b,(y)ci(r)can be uniformly approximated with the use of functions gk(Y, r) ="i=
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where b, C(B), c,e C([-Ilhll, Ilhll3); i.e., given e >0, there exists gk such that

(A.1.6) sup sup [exp [(y, r)-1/2(r, r)]- E bi(y)ci(r) < e.
yB r[-Ilhll,llhll] i=1

Using this approximation and noting that from the compactness of F, for e > 0 given,
there is a compact set K c E such that v(K)>= 1-e for , F. We then obtain

II N exp (y, h(z))- (h(z), h(z)) (z)

(P(’)(x, dz)-P’()(x, dz))u(dx) +21111 elylllhll

(A.1.7) N b(y)c,(h(z))(z)(P((x, d)-P((x, dz))(dx)

i=1 xK

Letting m , from (2.1) and (2.2) we get

(A.1.8) lim sup II2ell(1 +sup
m yB yB

From (A.1.3), (A.1.4), (A.1.7), and (A.1.8), letting e 0, we finally obtain (A.1.2),
which finishes the proof of Lemma A.1.2.

Proof of Proposition 2.1. For F C((E)), we have

(2)-(/ exp

P()(, d)F(M(y, u))

exp -(y-h(n),y-h(n)) P((, dn))F(M"(y, )) dy (d)

(2)-a/2) exp - (y- hm(n), y- hm(n))

-exp - (y- h(n), y-

(A.1.9) P((, dn)Fm(Mm(y, )) dy (d)

+ (2)-/ Cxp -(y-(n),

+ (2)-(a/ exp - (y- h(n),

(F,,,(M,.(y, ,))- F(M"(y, u))) dy ,(dff) Im h- II,,, +III,.,,.
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We now obtain

Im<(2’n’)-(a/2) fE I I, ([y]]]hm-h]]+]](hm, hm)-(h, h)]])

1(exp [-- (y hm rl), y-hm(q)) +exp --(y-h(
bFP-,(’)(", dq) dy

_--< (27r) -(a/2) exp -7 (y- hm(r/), y- hm(n))
a

[1(A.I.IO) +exp --(y-h(q),y-h(q)) II(hm hm)-(h, h)ll dy

+ (27r) -(a/2) (y, y) exp -- (y- hm( )1/2’q), y- hm(’q)) dy

+ (27r) -(a/2) (y, y) exp - (y- h( rl) y- h(,q)) dy

Ilhm-hll}b,Pm’(")(L drl)v(d)

211(h, hm)- (h, h)ll by +(2 + II(h, hm)ll + II(h, h)ll)llhm hllb ->0
for m - oe.

To evaluate IIm and IIIm, let F c (E) be a compact set. For any e >0, there exist
compact sets K c E, B c a such that for u F, u(K) >_- 1 e and

, --(Y-h(rl),Y-h(rl)) dy>=l-e.

By Proposition 1.2(i), M"(B, F) is a compact subset of (E). Applying Lemma A.I.1
to (M,, pw), (M=, P2) I-I), K M(B, F), where pw stands for the
metric compatible with weak convergence on (E), for a sufficiently large m, by
Lemma A.1.2 we have

(A.l.12) sup sup IFm(MT,(y, ))-F(MU(y, v))l<-e.
yB vl-’

Estimating IIm, we again use the approximation (A.1.6), obtaining

(A.l.13)

1(27r)-(a/2)fKIBIvexp[---(y--h ’q), y- h(’q))]
(P,(’)(sr, dl)-pu(.)(, dn))Fm(M,.(y v)) dy v(d) + 2be +2be

<-- 6bee + (2,n’) -(d/z) exp - (y,
ik

Y) ,=l lC(Y)l
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bi(h(rl))(P’()(, drl)-P"()(, drl)) IF,,, (M,m(y, v) dy v(d)

<-_ 6bFe + bv(27r) -(a/2 2 exp -- (y, y) Ici(y)l dy
i=1

bi(h(rl))(P"(’)(, drl)- P"(’)(, drl))

Then, using (2.1) and (2.2), we get for v F

(A.l.14) lim sup II,, _-< 6bFe.

Finally, by (A.l.12) we have for sufficiently large m

IIIm ----< (2r) -(a/) exp -- (y-- h(r/), y- h(r/)) P"()(sr, dr/)

(A.1.15)

dy P"(")(, drl)v(d)+4bFe
<- e(4bF + 1).

In summary, from (A.1.9), (A.I.10), (A.l.14), (A.l.15),

(A.l.16) lim sup sup IIm(v, F)-IIU(v, F) <- e(lObv + 1).
mc(3 vF

Letting e 0, we obtain the proof of Proposition 2.1. [3

Proof of Lemma 2.1. Let us first consider the case (B1), (B4) and, to be specific,
assume that alternative (1.8) holds. Given n, we can then find nl> n such that
h(z) >-Ilhll + for some e > 0 and all z K,,, where Ilh[[. SUpxK,, Ih(x)[. Then,
for y> yo> 0 and [y’l -< M, if C j,

R(y, u(l))(Knl <-- e2llhllM

exp (y, h(z)-IIhll)- (h(z), h(z)) (p)(dz)

1
e211hllM e(1/2)llhl12 e-Yo e21lhll M

"(u)(K,)

e4llhllM e.(1/2)llhll2 _1 e_eYo< y.

By (2.18), this then implies the first statement. Similarly, we obtain M,(y, v)(K)>=
where mo is such that, for m > too, hm(Z)>= [Ihm[[ + e. Analogously, we may study the
case (C1), (C2).
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_Proof of Lemma 2.4. We prove case (i) of Lemma 2.4 for alternative (1.8). If
P{M"(Z, u)(b)= b} >0, then by continuity (see Proposition 1.2), M"(Z, u)(ch)= b for
all y from some open subset G of d. By (A3), it then follows that b > 0, since, for
nonnegative b (z) # 0,

exp (y, h())- (h(z), h(z)) (z)P((x, dz)(dx) > O.

Note now that

exp (y,h(z))-(h(z),h(z)) ((z)-b)P(x, dz)(dx)=O

for y e G. Differentiating m times with respect to y, we obtain

(hi(z)) exp (y, h(z))-(h(z), h(z)) ((z)-b)P(x, dz)(dx)=O

for ye G, m =0, 1,2,.... Therefore, for any continuous function c:[-Ilhl, Ilhlll ,
c(h(z)) exp (y, h(z))-(h(z), h(z)) (4(z)-b)e(x, z)(x)=0

for y G. There exists a compact set K with K c K such that

sup h(z) inf h(z) a > sup h(z).
z zKC zK

Let g, be a strictly increasing, continuous, and bounded function: [-Ilhll, Ilhlll
and set

g(a) for a < a,
g(a)

g(a) for a > a1.

Then, for y G,

(gl-g2)(hJ(z)) exp (y, h(z))--(h(z), h(z))

(ck(z)-b)pU(x, dz),(dx)=O

and, consequently,

(gl-g2)(hJ(z)) exp (y, h(z))--(h(z), h(z)) (-b)P’(x, dz)v(dx)=O

for y G. However, (g-g2)(hJ(z)) is strictly positive on an open subset of K.
Therefore, by (A3), b 0, implying thus a contradiction.

Case (ii) can be shown in a similar way.
LEMMA A.l.3. Consider the assumptions ofProposition 2.2 and supposefurther that

there exist uniformly bounded sequences F?
Fi for m , uniformly on compact subsets of (E). en, if m , we have for each
positive integer q

(A.l.17)
,u(F,(a )... F(q"
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Proof We prove by induction. Step q 1 follows from Corollary 2.1. Assume that
(A.l.17) holds for q; then for q+ 1 we have

E{FT’(Tr?.... )... Vm, m,v ,uFq (q’l’q" )Fq+I(,TT.+I m)}
(A.l.18)

=E{F,(TrT,,,,,’). m, Um,. tr )(r. F.+I)}.
Recall now from Proposition 2.1 that

Hum’( V, Fq+) --> I[U( v, Fq+l) for m --> c

uniformly on compact subsets of (E). By the induction hypothesis, we then have
the convergence of (A.l.18) to

E {Fl ,,Fl. , Fq+ ,7"l" q+ }. [-]

Appendix A.2 (Auxiliary results and proofs for 3.1).
LEMMA A.2.1. Let u M(L, n) or M (L, n). Given the partially observed system

(CS1), let

(A.2.) x, E kxr(x, ).
k=l

Then xT’ is a particular .version of the state process in the system (CS2) corresponding to
5gthe transition matrix P,," (k, p). Furthermore, the observations i in (3.16) and (3.18)

coincide and

(A.2.2) #7""U(B’) 7r"a’’"(k), k 1, 2,..., km
l ki.e., 7"J-i’" is a restriction of -mlxu

7ri" to (S ). In addition, if F’ "- is bounded
measurable, then

F(,(B’), , V(Bk))II,(v’, dr)
(E)

(A.2.3)

/ F(s,,..., s)r(v’(B’), v’(Bm), ds).
ds

Proof By the definition of hm in (3.1) and by (A.2.1), we clearly have that the
observation processes 97 of the types (3.16) and (3.18) coincide. Furthermore, the initial
law for (x7) is /2, which, by (3.14) and (3.15) as well as by (3.8), implies that the
transition matrix for (xT’) at the initial stage i=0 is P’"a)(x’, p). The fact that the
transition law for x is P,," (k, p) for any period follows then by induction using
always (3.14), (3.15), and (3.8). Relation (A.2.2).now follows,, again by induction,
comparing the values of ][Un (yi+ rai=",,") and Mme’u (Yi+ qT?’’5[?mu" )"

Coming to the second part of the lemma, let G (S) and F 1. Then

1( v(BT’), ", V(Bk))II( v’, dr) H,(u’, D)
(E)

1-Im"(v’(BT), ,’(Bkm), G),

where D={v (E)[(v(B’),..., v(B’’)) G}. Thus (A.2.3) is satisfied for simple
functions and, consequently, by a standard procedure also for any bounded measurable
function F.
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ProofofProposition 3.1. Given A ((E)), u M(L, n), or Mr(L, n)), note from
(3.14), (3.19), (3.22) that the value of II(,, A) depends only on (,(B), ., ’(Bk)),
i.e., there is a measurable, bounded function F such that

(A.2.4) H(, A)= F((B1 )," , (Bk)).
Therefore, using (3.25), (A.2.4), and (A.2.3), we obtain

H(, A)"(d)
(E)

fl(, A) SkS, d ds)
(E) =1

(A.2.5) fl=(, A)= Sgz7, d (ds)
(E) =1

2 ar, A (s,. s, da (ds)
k=l

Is ( k=l
with a (a,..., a)e S, which is our claim.

ProofofProposition 3.2. By the propeies (D) and (A5), there exists, both under
(B1) and (C1), an too(n) with the propeies formulated in the first pa of Proposition
3.2. The proof of the uniqueness of the invariant measure is based on arguments
similar to those used in the proof of Theorem 2.3. Namely, proceeding analogously
to (2.35)-(2.37), we show that there exists a unique invariant set for the controlled
filtering process, which implies the uniqueness of the invariant measure

The first pa of identity (3.29) now follows from the Feller propey of (2’’)
and the uniqueness of the invariant measure. It remains to prove the second pa
of (3.29). By (3.25) we have

c(x, u((axl;(a
()

(A.. c(x, u(l(xn sr, as
() =1

cm(x, ((ax; sr, e(as.

By (A5) and the definition of,
(A.2.7) c(x, u())(dx)= c u (B)r (B)

is a function of ((B),..., (B)) only. Therefore, applying (A.2.3), we continue
(A.2.6), obtaining
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u &7uwhere the last identity follows from the fact that .m is an IIm invariant
measure. I-I
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A SUBSPACE DECOMPOSITION PRINCIPLE FOR SCALED
GRADIENT PROJECTION METHODS: LOCAL THEORY*

J. C. DUNNt

Abstract. This paper is a sequel to an earlier work on a modification of the Gafni-Bertsekas
scaled gradient projection method. Global convergence theorems proved in the first paper are com-
plemented here by a local convergence analysis for the general S(]P schemes and for special SGP
algorithms with Newtonian scaling operators.

Key words, constrained minimization, gradient projection, Newtonian scaling, local conver-

gence

AMS(MOS) subject classifications. 49D07, 65K10, 65B99

1. Introduction. The Goldstein-Levitin-Poljak unscaled gradient projection
(GP) scheme [1], [2] inherits the basic convergence behavior of its steepest descent
counterpart for unconstrained minimization [3]-[11], and costs little more to imple-
ment in the simple polyhedral and nonpolyhedral convex feasible sets commonly found
in control problems, network flow problems, and other applications (e.g., Cartesian
products of orthants, boxes, simplices, balls, cones, etc., [3], [5], [12]-[15]. For such
problems, the GP method will compute well-conditioned nonsingular minimizers very
efficiently. On the other hand, like steepest descent, the GP algorithm converges
slowly to minimizers that are only moderately ill-conditioned, and some sort of New-
tonian scaling of the objective function gradient is needed to restore acceptable rates
of convergence in such cases. Bertsekas explains how this scaling might be done in
orthants, boxes, and simplices [14], proves global and local convergence theorems in
this setting, demonstrates the effectiveness of the scaled gradient projection (SGP)
method for multistage bounded input optimal control problems, and proposes an ex-
tension of the scaling principle for general polyhedral feasible sets in n. In [15], Gafni
and Bertsekas describe a modified scaling principle that can be implemented in any
closed convex set, prove a global convergence result at this level of generality, and
show that in polyhedral sets in n, any iterate sequence {ui} with a nondegenerate
proper (i.e., strict) local minimizer in its limit point set must converge to , and
converge superlinearly when is nonsingular and the objective function gradient is
properly scaled.

While the global convergence theorem in [15] holds in arbitrary closed convex sets
in a Hilbert space, the accompanying local superlinear convergence result is essentially
limited to polyhedra since the scaling subspaces produced by the Gafni-Bertsekas
dual cone decomposition in nonpolyhedral sets are too small to support Newtonian
scaling operators likely to induce superlinear convergence [16]; moreover, the local
result assumes that {u} has a nonsingular minimizer in its limit point set, and
is therefore weaker than the true local convergence theorems in [14] and [5], [8], [9]
(which establish convergence of {ui} to any nonsingular local minimizer from all

*Received by the editors September 10, 1990; accepted for publication (in revised form) October
24, 1991. This research was supported by National Science Foundation grant DMS8702929.

Mathematics Department, Box 8205, North Carolina State University, Raleigh, North Carolina
27695-8205.
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sufficiently nearby starting points it1). In addition, the local convergence proof in [15]
is not valid in infinite-dimensional spaces. With these observations in mind, [13] and
[17] consider a variant of the scaling principles in [14], [15] designed for closed convex
feasible sets prescribed by finitely many smooth inequality constraints in a real Hilbert
space. The new subspace decomposition and scaling principle preserves the descent
and limit point stationarity properties of the algorithms in [14], [15], produces scaling
subspaces that support the Newtonian scaling operators in [16], generates the same
iterates as Bertsekas’s original SGP algorithm near nondegenerate stationary points in
orthants and boxes, is simpler than the Gafni-Bertsekas dual cone construction, and
has some cost advantage over both of the earlier SGP schemes even in rudimentary
polyhedral sets in ]Rn (e.g., in a n-dimensional orthant, the derivative sign tests in [14]
and cone projections in [15] can require O(n) floating point comparisons beyond the
O(n) flops count for subspace decomposition).

The present article complements the global analysis in [17] by resolving several
basic local convergence questions for the subspace decomposition principle in convex
feasible sets prescribed by finitely many smooth inequality constraints, and for a gem
eralization of the Gafni-Bertsekas dual cone decomposition principle in polyhedra; as
in [17], the setting is a general real Hilbert space and the results obtained apply to
finite- and infinite-dimensional nonlinear programs. For convenience, the SGP algo-
rithms, constraint qualification, and several definitions from [8], [17] are fully described
in 2, along with the Newtonian scaling operators in [16]. Section 3 then addresses
the local convergence behavior of the SGP algorithms for general (i.e., not necessarily
Newtonian) scaling operators that satisfy only minimal boundedness and coercivity
conditions. It is first shown that the SGP sequences {ui} converge to a stationary
point from all nearby starting points u only if is a proper local minimizer and an
isolated stationary point. A partial converse of this result is then proved for nonde-
generate stationary points in ]n, and several other partial converses are established
in arbitrary real Hilbert spaces. The proof strategy employed here subsumes the local
convergence proof in [14] and parallels the analysis in [8] and [9]. Nondegeneracy and
local uniform growth conditions are imposed on the objective function near to insure
that the iterates u will remain in any arbitrarily small neighborhood of in the feasi-
ble set if u is sufficiently close to (i.e., to make a "stable" fixed point for the SGP
algorithms). Additional local growth conditions on some measure of nonstationarity
near can then be invoked to force convergence of {u} to for all sequences {u}
confined to a sufficiently small neighborhood of (i.e., to make an "asymptotically
stable" fixed point, or "stable local attractor"). In particular, if the required growth
conditions hold and the objective and constraint function gradients are Lipschitz con-
tinuous near , then SGP iterates that begin near are shown to eventually enter
and remain within the smooth manifold defined by the active inequality constraints
at , and then converge to . All of the aforementioned nondegeneracy, growth, and
continuity hypotheses are demonstrated for nonsingular local minimizers, and linear
convergence rates are also proved in this special case; however, local asymptotic sta-
bility is established here for a much larger class of strict local minimizers, and the
proof technique in [8] will yield a hierarchy of associated convergence rates for SGP
processes in polyhedral sets. Thus, the analysis in 3 not only proves desirable generic
local convergence properties for the new SGP subspace decomposition scheme in non-
polyhedral sets, but also substantially extends and strengthens the local convergence
theorems of [14], [15] in polyhedra. In the concluding 4, the focus is narrowed to SGP
algorithms that use the largest admissible scaling subspaces and the associated New-
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tonian scaling operators in [16]. In this setting, the subspace decomposition scheme
and the Gafni-Bertsekas dual cone decomposition scheme are shown to produce iden-
tical iterates near nondegenerate stationary points (and in particular near nonsingular
minimizers) in polyhedra, and a new local superlinear convergence theorem is proved.
for the subspace decomposition principle in nonpolyhedral sets.

Several interesting questions are left unanswered in this investigation. For in-
stance, while all of the SGP schemes considered here have the same basic descent and
limit point stationarity properties and exhibit identical local convergence behavior
near nondegenerate stationary points wherever they are jointly applicable, this does
not rule out potentially significant differences in their global convergence properties
(and hence their net computational costs) within specific problem classes; existing
global convergence theories and published numerical experiments are simply not ca-
pable of resolving this issue at present. In addition, counterparts of the important
quasi-Newton scaling operator recursions for unconstrained minimization have also
received no explicit consideration here. It is easily seen that quasi-Newtonian versions
of the subject SGP algorithms will retain the local superlinear convergence property if
their scaling operator sequences obey asymptotic quasi-Newton conditions like (43) in
the SGP framework. If the unconstrained quasi-Newton theory is a reliable guide here,
then the general linear convergence rate estimate and active constraint identification
results in Theorem 4 of 3 should supply the essential first steps in a demonstration
of this sort.

2. SGP methods. Let be a nonempty closed convex set in a real Hilbert space
and let J be a continuously Frchet differentiable real function to be minimized over
The SGP algorithms in [13]-[15], [17] generate successive feasible approximations
EFt recursively with

(la) u+ P(u + avi)

where at each

(lb)
(lc)
(ld)
(le)

(lf)

(lg)
(lh)

(1i)
(j)

(lk)

V VN "}-VT

VN 8NPN(--VJ(u)),
VT PTSTPN* (-VJ(u)),
N a closed convex cone containing K(u),

K(u) the normal cone at u

{. v , e r, (,,,- ,} _< o},
N* the dual cone for N

{,. v , (,, /_< 0},
T {VN} -t- Cl N*,

IT] the closed linear hull of T,

ta >_ SN >_ !2 > O,

Sr a bounded linear map from [T] into IT] such that

(PN.(-VJ(u)), STPN.(-VJ(u))} > #ollPv.(-VJ(u))ll,
and
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and

cr- maxs, subject to

(lm)
J(u) J(Pa(u + sv) >_ 5{(SNS)-l[[u + SVT P(u + sv)[I

+ (P. (-vJ()),

and where 5 and/ are fixed real numbers in (0, 1), a and tt0,.. #3 are fixed positive
real numbers, and PA denotes projection into the set A.

Further restrictions are needed on the cones N in (1) to insure desirable global and
local convergence behavior for the associated sequences {ui}. The extended Gafni-
Bertsekas construction treated in [17] begins with an explicit affine inequality repre-
sentation

(2a) gt {u bl Vj ,7, (aJ, u} bY

_
0}

for the closed convex set , where the index set 7 is finite for polyhedral gt, and
infinite otherwise. Given an arbitrary but fixed positive number eo, we then put

(2b)
(2c)
(2d)
(e)

and require that

(2f) N D C(u)* {w*" Vw e C(u), <w*, w) <_ 0}

at each u t. This restriction is weaker than the condition imposed in the original
Gafni-Bertsekas scheme of [15], namely that

where = {w Yj e Y, (w, aJ} <_0}

and
y D y(u).

In particular, the latter condition does not admit arbitrary closed subspaces N D
c()*.

When the cone N is a subspace, (1) reduces to

(3a) u+ P(u + avi)
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with

(3b)
(3c)
(d)
()
()
()
(35)

(3i)

V VN--VT,

VN --SNPNVJ(u),
VT -STPTVJ(u),
N a closed subspace D K(u),

K() {: V e , (,- ) _< 0},
T N+/-,

#a > SN > #2 > 0,

ST a bounded linear map from T into T, such that

(PTVJ(u), STPTVJ(u)) >_ #olIPTVJ(u)II 2,

and

(j)

and

maxs, subject to
8
E {1,fl, fl2, },

(3k)
J(u) J(Pa(u + sv)) >_ {(8NS)-ll[t -- 8VT Pt(lt -- 8v)112

(PTVJ(u), VTiS}.

As before, further restrictions on the subspaces N in (3) are dictated by global and
local convergence considerations. The subspace decomposition and scaling procedure
in [13], [17] applies to closed convex ft with representations

(4a) gt {u e bl gi(u) <_ O, j 1,... ,m}.

With eo and 0 fixed in (0, oc) and (1, oc) respectively, put

(4b)
(4c)
(4d)
(e)
(4f)
(4g)
(4h)
(4i)

and require that

(4j) N N(u)
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at each u E ft (note that the sets fro(U), Y(u), o(U), and G(u) may be empty at
certain u E f).

The SGP scheme (3), (4) is designed to admit the convergence-accelerating New-
tonian scaling operators of [16]. In this construction, we set

(ha) N N(u),
(hb) T T(u) N(u) +/-

and

(5c) ST- oT(?) A_. ETLI
with

(hd) ET PTEIT
(he) LT PTLIT
(hf) E= I + sNA
(hg) L V2J(u)+ A

(hh) A E lJ(U)V2gj(u)’
j=l

where the /j(U)’S are obtained by solving the linear equations

(5i)
m

E Aj(u)Vgj(u) -PNVJ(u),
j=l

() 0, j j().

The associated full step Newtonian projection (NP) iteration in [16] sets a 1 in place
of (3k), and implements (3a)-(3h), (4), and (5). Since the resulting NP sequences {u }
are locally superlinearly convergent to nonsingular minimizers when (4a) satisfies a
standard constraint qualification (see below), it seems likely that a similar result can
hold for Newtonian SGP processes (3), (4) employing the operators (5). This is shown
in 4 when c 1, 6 (0, 1/2) and the scaling paramter SN satisfies the auxiliary rule

(6a) SN SN(U) A
1,

,"

if b(u) 0

()minl, b-, ifb(u)#O,

where

(6b)

(6c)
a(u) (1 26)(PTVJ(u), LPTVJ(u)),
b(u) -IIATLrlPTVJ(u)I 2 + I(PTVJ(u), ATLIPTVJ(u))I.

Under these circumstances, the construction (5) is compatible with (3h)-(3j) near

nonsingular local minimizers g, and the rule (3k) eventually produces unit steps a 1
for SGP sequences {ui} converging to g, i.e., the Newtonian SGP scheme (3)-(6)
eventually reduces to the NP iteration in [16].
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In [17], [161 and in the following local convergence analysis, it is assumed that
(4a) satisfies the following constraint qualifications.

CONSTRAINT QUALIFICATION Q. Either
(i) the functions gj in (4a) are aJfine, i.e.,

with aJ E b[ and bJ I, or else
(ii) (4a) is a normal representation for t2, i.e.,

V u fl, o(u) is linearly independent.

In what follows, we will refer to this constraint qualification as Q.
As in [17], a point g Ft is said to be stationary if and only if

or, equivalently,
0.

In convex sets ft, every local minimizer of J is stationary. A stationary point
is said to be nondegenerate if and only if

VJ(g) e riKa (g),

where ri denotes the interior of Ka(u) relative to its closed affine hull.

3. Local convergence theorems for general SGP methods. The descent
property and fixed point characterization established by Lemma 3 and its corollary
in [17] implies that J must be constant on the limit point set for any SGP sequence
{u} generated by (1), and that no local maximizer can be a limit point, except
trivially when u for some i. Moreover, while the descent property does not rule
out nontrivial subsequential limits at saddles or other spurious stationary points, such
occurrences are atypical. These observations, together with the global convergence
analysis in [17], and Theorem 1 and Lemma 1 below, suggest that SGP sequences
produced by (1), (2) or (3), (4) either have no limit points or are likely to converge
to some local minimizer. However, it has not yet been shown that convergence to any
particular local minimizer g must occur if u is eventually close enough to g. This
asymptotic stability question is addressed here for (1), (2) and (3), (4) in polyhedral
convex a satisfying the constraint qualification Q(i), and for (3), (4) in closed convex
ft satisfying Q(ii). The principal results obtained for (1), (2) extend Proposition 3 in
[15] in several directions, while the results for (3), (4) are entirely new.

The following development draws on the terminology and theorems in [8], [9].
DEFINITION 1. (i) A fixed point g for the SGP iteration (1) is stable if and only

if for each e > 0, there is a corresponding A (0, e] such that for all sequences {u}
generated by (1),

- 11 -< zx vi, - 11 -<
(ii) A fixed point g for the SGP iteration (1) is asymptotically stable if and only

if g is stable and there is a A > 0 such that for all {u} generated by (1),

IIU --Ell < / := lim u g.
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THEOREM l. If is an asymptotically stable fixed point for the SGP iteration

(1), then - is a proper (i.e., strict) local minimizer and an isolated stationary point
for J in .

Proof. Since every stationary point is a fixed point of (1) [17], cannot be asymp-
totically stable if stationary points accumulate at . Therefore, suppose that is an
isolated stationary point but is not a proper local minimizer. Then every neighbor-
hood of in f contains a nonstationary point u at which J(u1) <_ J(). For any
sequence {ui} that begins at u and. is generated by (1), the descent property insures
that for all >_ 2,

J(ui)

_
J(u2) < J(u1)

_
J().

Since J is continuous at , it follows that {ui} cannot converge to . Thus if is
not an isolated stationary point or is not a proper local minimizer, then is not an
asymptotically stable fixed point for (1).

Note 1. An example in [18] shows that asymptotically stable proper local min-
imizers can accumulate at a proper local minimizer ; for certain ’s of this type,
the sequences generated by (1) cannot converge to
i.e., cannot be computed with (1).

Our objective now is first to extend the convergence assertion in Proposition 3
of [15], and then to establish several stronger partial converses of Theorem 1 for SGP
iterations (1), (2) and (3), (4).

Definition 2. (i) is a uniformly proper local minimizer for J in Ft if and only if
EFt and there is a p > 0 and a nondecreasing positive-definite function a" [0, p]

[0, c] such that for all u E gt

(ii) is a uniformly isolated stationary point for J in gt if and only if d() _A

[[- Pa(- VJ())[[ O, and is a uniformly proper local minimizer of d(u) in ft.
More generally, is a uniformly isolated zero of f :/A - [0, cx) in a closed subset
J[ c t2 if and only if j[, f() 0 and is a uniformly proper local minimizer of
f inA.

Note 2. If dimL/< cx, then every proper local minimizer of a continuous function
J is uniformly proper, every isolated stationary point of a continuously differentiable
function J is uniformly isolated, and every isolated zero of a continuous function f is
uniformly isolated [8].

LEMMA 1. Let be a limit point for a sequence {ui} generated by an SGP
iteration (1). If is a uniformly proper local minimizer of J in fl, then {ui} must
converge to .

Proof. Let J, p, and a(.) meet the condition in part (i) of Definition 2. Suppose
that {ui} does not converge to . Since u ui+ - 0 (Lemma 4 in [17]), there is an
e > 0 and an infinite set Z of positive integers such that for all

J(u >_ > O.

On the other hand, the descent property insures that

lim J(ui) J().
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This contradiction proves that {ui} must converge to
Note 3. The convergence assertion in Proposition 3 of [15] may be seen as

corollary of Lemma 1 (see Note 2).
The strongest local convergence theorems for unconstrained variable metric gra-

dient methods in t L/have been proved for a special type of uniformly proper local
minimizer/uniformly isolated stationary point, namely, the so-called nonsingular local
minimizer where VJ vanishes and V2J is continuous and coercive; at such points,
we have

(7a) J(u) J() >_ cllu-
and

(75) IIVJ(u)ll _> c211u
for some c > 0, c2 > 0 and all u near [8]. This notion of nonsingularity has a
natural extension in Definition 3 below, and once again occupies a central position
in the local convergence theories for (1), (2) and (3), (4) in closed convex t with
representations (4a) satisfying the constraint qualification Q. Observe first that if (4a)
satisfies Q, then at each stationary point , there is a Karush-Kuhn-Tucker (KKT)
multiplier vector ]m such that

m

(Sa) VJ() EJVgj (),
j----1

(85) Aj_>0, j-1,...,m,

(8c) (Aj >0=j0()), j-1,...,m

with 0(u) defined in (4); moreover, it has been shown in [10] that

is a nondegenerate stationary point
(9)

S m, /k satisfies (8) and (j ,70() = Aj > 0), j 1,..., m.

In particular, if Q(ii) holds, then is unique. At u gt, put

T0()- N0() +/-

with No(u) defined in (4). When J and the functions gj in (4a) are twice Fr!chet
differentiable at u, put

72J(u), if Q(i) holds

(10) L(u,/) 72J(u)-[- ,jV2gj(u), if Q(ii) holds.
j--1

DEFINITION 3. Assume that [t is a closed convex set with a representation (4a)
that satisfies the constraint qualification Q. A local minimizer (respectively, stationary
point) for J in f is nonsingular if and only if is nondegenerate, J and the functions

gj in (4a) are twice continuously differentiable at , and the reduced Lagrangian
Hessian,

PTo()L(, -) To(

is coercive (respectively, bijective) for any KKT multiplier A satisfying the right-hand
side of (9). (Note that either/k is unique or L(,/k) does not depend on the choice of
A. Therefore, in all cases, L(, A) is uniquely prescribed at .)
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LEMMA 2. Suppose that E is a nonsingular local minimizer for J in a closed
convex set t with a representation (4a) that satisfies the constraint qualification Q,
and let

Then for some p > O, cl > O, and c2 > O, and all u,

(11a)
(11b)

u E B(E, p) A f J(u) J(E) > ClllU- ll 2,
u e B(E, p) c A() [[PTo()VJ(u)II >_ C211U Ell.

Proof. The estimate (lla) can be deduced with (9) and the general Banach space
sufficiency proof technique in [19, pp. 191-192]. The estimate (11b) is established in
[9] when Q(ii) holds. Suppose instead that (4a) satisfies Q(i). Observe that for all
u 4(E), one has Jo(u) J0(E) and consequently To(u) T0(E). Since PTo()VJ(u)
and PTo()V2J(U)ITo() can be seen as the gradient and Hessian of a translate of J
restricted to the Hilbert space T0(T), assertion (llb) now follows from (75) and the
coercivity of PTo()V2J()ITo() PTo()L(E’ -) ITo()"

Note 4. In view of (11), every nonsingular local minimizer is automatically a uni-
formly proper local minimizer and a uniformly isolated zero of the function I]PTo()VJ(u)
in A().

One additional property of nondegenerate stationary points is needed to establish
a link with hypothesis (B) in the local convergence analysis of [15], and to develop an
analogous local theory for (3), (4) in nonpolyhedral sets.

LEMMA 3. Let be a nondegenerate stationary point for d in a closed convex
set with a representation (4a) satisfying the constraint qualification Q. Assume that
the functions gj in (4a) are continuously Frdchet differentiable at E. Let al and a2 be
fixed positive numbers, with 1 < a2. Then for some corresponding e > 0, and for all
h and s,

(12) and s

Proof. Put V -VJ(g) ri K(g). Suppose that Q(i) holds. Then for some
0, and all h and s,

and s E [c1, c2] = (g + SPTo(5)h) e A(E) and s( + PNo()h)
+ SPTo()h) e A(g) and s( + Pyo()h) e K(g + SPTo()h)

Pa(g + s- + sh) ( + SPTo()h) A(g).

On the other hand, if Q(ii) holds, then an argument similar to that used in the proof
of Lemma 1 in [9] will show that 70(Pa(E + s + sh)) 0(g) for s [al,c2] and
Ilhll sufficiently small. Thus, note that since the gj’s are continuous at E, and since

it follows that
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To prove the reverse inclusion, note that if o() 0 then trivially o() C o(Pa(+
st + sh) for all s, h. Therefore, suppose that 0() 0. With reference to (9) there
is a A E R" such that

(13a) (j ,7o() ==> Aj 0), j 1,..., m,

(135) b
zx

min A-j>0,
jJo()

m

(13c) V EjVgj ().
j=l

Furthermore, Q(ii) insures that for all s, h, there is a corresponding g(s, h) E Nm such
that

(14a)
(14b)

and

(14c)

therefore,

(14d)

with

ej(s,h) >_ O, j- 1,... ,m,

(j 70(Pa(g + st + sh)) => ej(s, h) -0), j= 1,... ,m,

m

+ v + h Pa( + v + h) e(, h)V(P( + + h));
j=l

2llhll + Ilel12 IlVg(P( + v + h)) Vg()ll2
m

>- ,(ej(, h) sj)Vgj()ll
j=l

1/2

)IIv(pa( + v + h)) V()II IIV(Pa( + v + h)) V()ll
j=l

For s e [a., a] and lhl sufficiently small, it will now be shown that gj(s, h) must be
positive for all j o(g), and hence that o(g) c o(Pa(g + sV + sh)). Observe first
that Q(ii) and the continuity of the gradiems Vgj(.) at g imply that

7ll cjVgj(Pa(g+ sv+ sh))ll ej

Therefore, in view of (14), there is an e (0, e2] such that for all s, h,

1
][hl[ < e and s [al,a2] 7-1sb > 7-1 max [ej(s,h)- sail

Vj &(g), gj(s,h) s j >0

&() c &(Pa( + v + h)).
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Note 5. Suppose that t2 is a polyhedral convex set with a representation (4a)
satisfying Q(i) and let (12) hold with al a2 1. Then for all h,

h E No(g) and hll _< e => Pa(g- VJ(g) + h) E

=> e A(g), [(g- ) + (-VY(g) + h)] e

Since g- T0(g) N0(g) +/- and -VJ(g) + h G N0(T) D K(g), it now follows that
for all h

h E N0(T) and Ilh[I < e -VJ(g)+ h K(g).

Thus, when Q(i) holds, the converse of Lemma 3 is also true, and the nondegeneracy
condition -VJ(g) ri K(g) is equivalent to hypothesis (B) in [15]. This can also be
shown by applying Theorem 2.8 in [10], after noting that 4(g) is the relative interior
of a quasipolyhedral face when Q(i) is satisfied. Similarly, when Q(i) holds, it turns
out that A(g) is an open facet in ft [8], and for any such one can prove that

int Pf [.-] ,)F -Jr- ri K(-),

where K(’) K(u) for all u 9c; once again, Lemma 3 and its converse are corollaries
of this more general result.

The following lemma leads immediately to a stability condition for fixed points
of the SGP iterations (1), (2) and (3), (4).

LEMMA 4. Let g be a nondegenerate stationary point in a closed convex set ft
with a representation (4a) that satisfies the constraint qualification Q. Suppose that J
and the functions gj in (4a) are continuously Frdchet differentiable at g. Then

(15) p > 0, Vu e B(g,p)rf, [Pa(u- VJ(u)) E A(g) and fl(u) fl(g)]

with fl(u) defined by (4). Furthermore, if Q(i) is satisfied then (15) also holds with
(u) defined by (2).

Proof. Suppose that Q(ii) holds. Then, by Lemma 3 and the continuity of VJ(.)
at g,

(16) qPl > O, V B(g, pl), P(u- VJ(u)) e el(g).

The remaining portion of (15) is established by Lemma 3.5 in [16], whose proof bears
repeating here. Observe first that d(.), gj(.), and Vgj(.) are continuous at g, with
d(g) 0. Hence for any fixed 0 there is a p2 (0, pl] and a c < 0 such that for all u,

(17)
y() c J0()

C
g () < < -OllVg ()I1()

2

with 7(u) defined by (4). To prove the reverse inclusion, note that by (16) and the
mean value theorem, we have, for all u,

(18)
u E B(g, p2) r f => Vj o(g), gj(Pa(u VJ(u))) 0

=>VjEo(g), J Eft,

g() > -(llVg()ll + IlVg(d) Vgj(u)li)d(u), and I1. 11 _< d()l.
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Furthermore, by Q(ii), IlVgj( )lI > 0 for all j E 70(). Consequently for any fixed
0 > 1, there is a p E (0, p2] such that for all u,

(19)
e .B(, ,o)r’l a =: "7’ j ,fro(g),

with ,7(u) defined by (4).
Now suppose that Q(i) holds. In this case, (16) follows from Lemma 3 as before,

and (17) is therefore true once again for any fixed 0, and thus for 7(u) defined by (2)
or (4). Conversely, since affine gj’s have constant gradients, Vgj aJ, the estimates in

(16) establish (17) for any fixed 0 _> 1 and hence for 7(u) defined by (2) or (4).
Note 6. If - is fixed in (0, oe) and e(.) is replaced in (2) and (4) by any continuous

measure of nonstationarity satisfying

>_ I1 - Pa( -

near nondegenerate stationary points , then the estimates in (15) continue to hold
provided Pa(u- VJ(u)) is replaced by Pa(u- -VJ(u)). Since this alteration has no

impact on the subsequent local convergence analyses, the function e(.) in (2) and (4)
is merely the prototype for a large class of admissible nonstationarity measures for
SGP iterations (1), (2) and (3), (4). In fact, we wonder whether the restriction 0 > 1
imposed in (4) is again superfluous, as it was in the global analyses of [17]. This would
certainly be true if there is a 0 > 1 and sufficiently small positive numbers - and p
such that for all u,

Unfortunately, this proposition is generically false for nondegenerate stationary points
in the relative boundary of sets (4a) satisfying Q. For example, in b/ 2 let t2 be
the nonpositive orthant {(Ul, u2) "ul _< 0, u2 _< 0} and let J(u) -Ul u2. Then
ft satisfies Q, and J has a nondegenerate stationary point (and global minimizer) at- (0, 0). At boundary points (Ul, 0) near in f, it can be seen that for all -,

< <

I1 - P(u- -VJ(u))ll =I]u- Pr(u- VJ(u))l I.
Thus for any fixed 0 > 1 and - (0, 1), every deleted neighborhood of in ft contains
points at which

Since similar counterexamples are readily constructed in nonpolyhedral sets (4a), there
seems to be no easy way around the restriction 0 > 1 in (4).

LEMMA 5. Assume that fl is a closed convex set with a representation
satisfying the constraint qualification Q. Let be a uniformly proper local minimizer
and a nondegenerate stationary point for J in f, and suppose that J and the functions
gj in (4a) are continuously Frdchet differentiable at . Then is a stable fixed point

for the SGP iteration (3), (4). Furthermore, if O(i) is satisfied then is also a stable

fixed point for (1), (2).
Proof. By Lemma 3 and its corollary in [17], is a fixed point of the SGP itera-

tions in question, and stability will follow from the descent property and a Lyapunov
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construction, provided the associated maps u - Pa(u + av) are continuous at g, uni-
formly in the parameters N, SN and ST admitted by (3), (4) or (1), (2), respectively.

For any map u -- Pa(u + av) satisfying (3), (4), we have
(0)

[ + (,1 + ,)llp()vg()ll + ,llvg() vg()ll

since N+/- r C T(u). If Q(ii) holds, then Lemma 3.2 and Theorem 3.1 in [15]
establish that

(20b) lim_ PT()VJ(u) 0.
U--U

Hence u -- Pa(u + av) is seen to be continuous at g, uniformly in N, 8N and ST
when Q(ii) holds. Given any e > 0, it is now possible to construct a corresponding
set :/ C B(g, e) such that Z is invariant under every such map, and g lies in the
interior of :/ relative to ; evidently, this construction will prove that g is stable for
(3), (4). With reference to Definition 2, choose p > 0 and a(.) so that for all u,

u B(, p) nft :=> J(u) J() >_ a(llu

Fix e in (0, p]. Then for some r > 0, and all u, N,T, 8N, and ST,

u E B(, r) C a and (3), (4) => IIPa(u + cry) Ell < e.

Construct the corresponding set

and J(u)- J() < a(r)}.

By the descent property and the properties of a(.), it follows that for all u, N, T, SN, ST,

and (3), (4) =>(a([[u [I) 5 J(u) J() < a(r)
and J(P(u +crv))- J() < a(r))

and J(Pn(u + av)) J() < a(r))
P(u + v) .

Thus I is invariant under any map u -+ Pf(u + cry) satisfying (3), (4); moreover,
since J is continuous at g, there is a A (0, r] such that

B(<) na c zo c (, )ha.

By construction, if u B(g, A)n and if {ui} is generated by (3), (4), then u must
remain in : for _> 1.

Similarly, for any map u -- Pa(u + av) satisfying (1), (2), it can be seen that
(21a)
IIP(u / v) I1 +( + >3)llPc()(-VJ(u))ll + 311VJ(u)
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Furthermore, if Q(i) holds, then Lemma 4 implies that for u near in ,
(21b) c(), c(), c();

therefore,

(21c)
IIPc(u)(-VJ(u))ll IIPc()(-VJ()) + Pc()(-VJ(u))

<-Ilvg()-

Hence, u Pn(u+av) is continuous at uniformly in N, SN, and ST, and a repetition
of the foregoing argument proves that is stable for (1), (2), and hence for (3), (4)
(see Note 1 in [17]). [:]

Lemma 5 immediately yields a complete characterization of nondegenerate asymp-
totically stable fixed points for (3), (4) and (1), (2) in finite-dimensional spaces.

THEOREM 2. Assume that dimb/< c and that gt is a closed convex set with a

representation (4a) satisfying the constraint qualification Q. Let be a nondegenerate
stationary point for J in and suppose that J and the functions gj in (4a) are

continuously Frdchet differentiable at . Then is an asymptotically stable fixed point

for the SGP iteration (3), (4) if and only if is a proper local minimizer and an
isolated stationary point for J in . Furthermore, if Q(i) is satisfied, then, the same
conclusion holds for (1), (2).

Proof. By Theorem 1, an asymptotically stable fixed point for any SGP iteration

(1) must be a proper local minimizer and an isolated stationary point. Conversely,
suppose that is a proper local minimizer. Since J is differentiable at and hence
continuous near , it can be seen that is a uniformly proper local minimizer (see
Note 2). Since is nondegenerate, Lemma 4 asserts that is stable for (3), (4). Now
suppose that for some > 0, is the only stationary point in B(, ) V gt. Choose
A E (0, ] so that every sequence that begins in B(, A)N gt and is generated by (3),
(4) will remain in B(, )N . All such sequences must converge to , in view of
Theorem 2 in [17] and the compactness of B(,) gt. When Q(i) holds, the same
argument applies to (1), (2).

Two variants of Theorem 2 will now be established in arbitrary real Hilbert spaces
L/, with the aid of the following supplement to Lemmas 5-8 in [17].

LEMMA 6. Let be a nondegenerate stationary point for J in a closed convex
set gt with a representation (4a) that satisfies the constraint qualification Q. Assume
that J and the functions gj in (4a) are continuously Frdchet differentiable at . If
Q(ii) holds and v is determined by (3b)-(3j) and (4), then for some A > O, p > 0 and
> 0, and all a e (0, A] and u

and
(b)

(VJ(u), u Pn(u + crv)} >_ [sl-211u / VT P(u / v)ll (PTVJ(u), VT}]a

with

x- (v pvJ()) e T c T()
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and

(22d)

Furthermore if Q(i) holds and v is determined by (lb)-(ll) and (2), then for some
A > O and p > O, and all cr E (O,A] and u E B(,p) Nf,

(x, P( +) ) _> (x,)

and
(23b)
(vJ(), P( + )) _> ()-I1 + P( + )11 + (P. (-vJ()),

with

(23c) x VT + SNPN* (-VJ(u)) T C C(u).

Proof. The estimates (22b) and (23b) derive from the inequality (8) in [17] and
(22a) and (23a), as explained in the proof of Lemma 2 in [17]. The inequalities (22a)
and (23a) are established as follows. Recall first that for all a > 0, u f, v b/,

(u + av Pa(u + av)) e K(Pa(u + av))

and

(24b)

Now suppose that Q(ii) holds. An examination of the first part of the proof of Lemma 7
in [17] will show that for some M > 0, A1 > 0, pl > 0, n > 0, and for all a, u, v

(25) u E B(, pl)Cl ft, (3b)-(3j), and (4) =v [[vll <_ (#1 + #3)[[VJ(u)[I < M

and

r e (0, All, e B(, Pl)CI a, (3b)-(3j), and (4) =V
m

Vx e T(u), <x, Pa(u + av) u) > (x, v)a + Ilxll(, , v)-
j=l

where c is a nonnegative vector in m, depending on a, u, v and satisfying

(jfl(Pa(u+rv))=cj-0), j-1,... ,m.

This much is true for any g ft. Moreover, if g is a nondegenerate stationary
point, then in view of (24b), (25), and Lemma 4, there are numbers A E (0, All
and p (0, pl], such that for all a, u, v,

a e (0, A], u e B(g, p) C a, (3b)-(3j) and (4) = fl(u) 0(g) J(Pfl(u + av))
m

v() e N()
j=l

V x e T(u), (x, Pn(u + av) u) ix, v)a + Ilxllv(, , v)
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On the other hand, suppose that Q(i) holds. Then according to Lemma 4 and (24),
there are numbers M > 0, A > 0 and p > 0 such that for all a, u, v,

u B(g, p) ft, (1B) (1L), and (2) => IIv[I _< (# + #a)llVJ(u)l _< M

With Lemma 6, it is now possible to prove that the step lengths a generated
by (3), (4) and (1), (2) are bounded away from zero near nondegenerate stationary
points , provided J and the constraint functions gj have locally Lipschitz continuous
gradients near . A bound of this sort is needed for the active constraint identification
result in Proposition 3 of [15], and plays a similar part here in the proofs of Theorems 3
and 4 to follow.

LEMMA 7. Let be a nondegenerate stationary point for J in a closed convex set
f with a representation (4a) satisfying the constraint qualification O. If O(ii) holds
and the gradients of J and the constraint functions gj in (4a) are Lipschitz continuous
near , then the step lengths cr generated by (3), (4) are bounded away from 0 near .
Similarly, if Q(i) holds and the gradient of J is Lipschitz continuous near then the
step lengths a generated by (1), (2) are likewise bounded away from O.

Proof. Suppose that Q(ii) holds and a is determined by (3), (4) at u E f. If u is

stationary, then a a. Assume that u is not stationary and that cr _< a/. Then (3k)
implies that

J(u) J(Pa(u + -l(rv)) <({(8N-1(7)-111t -- -lavT Pa(u + -lv)ll 2

(26) (PTVJ(u), VT)-o}

With reference to (10), observe that

(27a)

with

(27b) lim_ PT(,)VJ(u) O.
U--U

Hence, there are numbers A > 0, p > 0, > 0, and pl E (0, p] such that the estimates

(20) hold, and for all u B(g, pl)CI a,

(28b)
1

/-1J(u)-J(P(u+-lv)) >_ (VJ(u),u-P(u+fl-lv))--LjllP(u+ v)-ull 2,

and

(28c)
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where Lj and Lg are local Lipschitz constants for VJ and Vg. According to (22) and
(28), it follows that for all u E B(, pl)C? f, either cr > min{a, A}, or

(29a)

and
(29b)

(VJ(u), u-Pn(u + -lav)>

_
(SN-a)-lllu + -laVT Pn(u + -1v)112

The estimates (26), (28), (29), and the parallelogram law imply that for all u e
B(, pl)1 f, either cr > min{a, A} or u is nonstationary and
(30a)
c, llP(u / -lgv) ulle-l (1 a)[ Ilu + D-VT Pa(u + D-*v)ll

+ ,o= liar I= (Z-)=]
> C2[[U + -IVT Pn(u + -lav)[2 + VT[[2(-la)2]
llp( + Z-I)

where

(aOb)

and

cl -Lj + 2#a# (#1 + #a)n Lg(1 + -lanLg)

(aoc)
1

c2 (1 5) min{#-1, #0#-2}.

Hozever, if u is nonstationary then Corollary 1 of Lemma 3 in [17] guarantees that
IIPa(u + -crv) u]l > 0 and thus

r > 3cc- > O.

Consequently, for all u B(, pl) C1 ,
a > min{a,/3A,/3c2c- } > O.

A simpler but analogous argument applies when Q(i) is satisfied and a is deter-
mined by (1), (2). As before, a a when u is stationary. If u is not stationary
and a _< a then (lm) implies a counterpart of (26) with PTVJ(u) replaced by
-PN,(-VJ(u)). Moreover, with reference to (21), we obtain

with
im_ IIPc()(-vJ(u))ll o
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in place of (27). Hence there are numbers A > 0, p > 0, and pl E (0, p] such that
(42a), (42b) holds with (23). In view of (23), it can be seen that for all u E B(, pl)ggt,
either a > flmin{a, A} or,

(VJ(u), u- Pa(u + fl-av)) >_ (SNfl--l(7)--lllt -- fl-IO’VT g(t --+ (PN.(-VJ(u)), VT}-o.
Together, these estimates and the parallelogram law imply that for all u

a _> min{a,/3A, C2C- } > 0

with

and
1
(1 5)min{# #0#-2}.C2

THEOREM 3. Assume that f is a closed convex set with a representation (4a)
that satisfies the constraint qualification Q. Let be a nondegenerate stationary point
and a uniformly proper local minimizer for J in , and suppose that the gradients
of J and the functions gj in (4a) are Lipschitz continuous near in . In addition,
assume that is either a uniformly isolated stationary point, or more generally, a

uniformly isolated zero of the nonstationarity measure d(.) in the active constraint

manifold A(). Then is an asymptotically stable fixed point for the SGP iteration

(3), (4). Moreover, if Q(i) holds then is an asymptotically stable fixed point for (1),
(2) as well. In either case, every associated SGP sequence {ui} that converges to is

eventually confined to the active constraint manifold A().
Proof. Suppose that Q(ii) holds. Then by Lemma 5, is a stable fixed point for

(3), (4). Suppose that is a uniformly isolated zero of d(-) in A(). Then for some
p > 0, some nondecreasing positive-definite real function a(.), and all u,

(31) a(ll 

According to Lemma 7, there are numbers p. (0, pl], Ctl > 0 and c2 > 0 such that
for all u,

u B(g, p2)C ft and (3) (4) = c2 _> CrSN >_ c.

With reference to the proof of Lemma 5, note that for (3), (4),

Pft(u + ov) Pf(- O8NVJ(-) + h(u))

with

(32b)

therefore,

(32c) lim_ h(u) O.
U---



238 J.C. DUNN

Hence by Lemma 3, there is a p3 E (0, p2] such that for all u,

u e B(, p3) A f and (3) (4)

Furthermore, since is stable, there is a f14 e (0, P3] such that if u e B(, p4) N
and {ui} is generated by (3), (4), then u G B(,p3)N Ft for all/ _> 1; therefore
u E B(, p3) N A() for all _> 2. For all such sequences {u}, the corresponding step
lengths a are bounded away from zero and Lemma 4 in [17] implies that

lim d(u) 0;

therefore,

in view of (31).
Now suppose that Q(i) holds and is a uniformly isolated zero of d(.) in A()

+ K() +/-. For (1), (2), the estimate (32) is replaced by

+

with

[[h(u)[I -< u ll + a(#l + #3)l{Pc()(-VJ(u)){I + c#3l[Vj(u) vj(){I;

therefore,
lim_ h(u) O.

Lemmas 3, 5, and 7 are then used as before to show that is asymptotically stable
for (1), (2) and hence (3), (4) (see Note 1 in [17]), and that every corresponding SGP
sequence {u} which converges to , eventually enters and remains in A(). [

THEOREM 4. Assume that is a closed convex set with a representation (4a)
that satisfies the constraint qualification Q. Let be a nonsingular local minimizer

for J in t. Then is an asymptotically stable fixed point for the SGP iteration (3),
(4).. Moreover, if O(i) holds then is an asymptotically stable fixed point for (1),
(2) as well. In either case, every associated SGP sequence {u} that converges to
is eventually confined to the active constraint manifold 4(). Furthermore, if {u}
converges to , and if u for all i, then for some r [0, 1) and some positive real
sequence {pi},

(33a) lim sup
J(ui+)- J()

-oo j(ui j()
r

and

(33b) II -l[ _< p, i- 1, 2,...

with

(33c) lim sup
p+l

ioo Pi
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Proof. According to Definition 3 and the estimate (11a) in Lemma 2, g is a
nondegenerate stationary point and a uniformly proper local minimizer; moreover,
the gradients of J and the functions 9j are Lipschitz continuous near g in ft. All of
our claims except (33) will then follow from Theorem 3 if it can be shown that g is
also a uniformly isolated zero of d(.) in 4(g). When Q(i) holds, this can be proved
with Lemma 3.1 in [8], or more directly as follows. Note that by Lemma 4,

Pa(u- VJ(u)) e A(g) g + T0(g);

therefore,

[u- VJ(u)- Pa(u- VJ(u))] e K(Pa(u- Vg(u)) K(g) c T0(g) +/-

for u sufficiently near g in ft; moreover, if u is also in A(g), then

u- Pa(u- VJ(u)) e T0(g).

Consequently, for u near g in A(g) we have

(u- Pa(u- Vg(u)) PTo()VJ(u)) e To(g)n To(g) +/-

and hence

therefore,

u- Pa(u- VJ(u)) PTo(5)VJ(u) 0;

d(u) -II.PTo()VJ(u)I--IIPTo(u)VJ(u)ll.
The estimate (llb) in Lemma 2 now implies that g is a uniformly isolated zero of d(.)
in ji(g). Similarly, if Q(ii) holds, then Lemma 2 in [9] asserts that

>_

for some,c > 0 and all u near g in A(g), in which case (llb) insures once again that
g is a uniformly isolated zero of d(.) in

To prove (33) suppose first that Q(ii) holds. Then, according to Lemma 3 in [9],

(34) (PTo(u)VJ(u), u g) > J(u) J(g)

for u sufficiently near g in A(g). In view of (lla) this implies that

IlPTo() VJ(u)
for u near in A(). Hence if {u} is generated by (3), (4) and converges to , the
inequalities

J(u) J(ui+) 5ocl(J(u) J(g))
and

must hold eventually. This establishes (33) for (3), (4). On the other hand, suppose
that Q(i) holds. Since g is nonsingular, the restriction of J to A(g) g + T0(g) is
convex near g; therefore, (34) is satisfied once again near g in A(g). A repetition
of the argument following (34) will prove (33) for (1), (2) and hence for (3), (4) (see
Note 1 in [17]).

Note 7. When Q(i) holds, Theorem 2 and Lemma 3.2 in [8] can be used to es-
tablish sublinear convergence rate estimates for (1), (2) and (3), (4) near certain
asymptotically stable singular minimizers



240 J.C. DUNN

4. Newtonian convergence acceleration. The linear convergence rate results
in Theorem 4 are "worst case" estimates for general SGP iterations (1), (2) and (3),
(4) near nonsingular minimizers; in particular, these estimates apply to the original
unscaled Goldstein-Levitin-Polyak GP iteration obtained when SN 1 and N 5/
in (1). The analysis in this section now focuses more narrowly on SGP iterations
(3), (4) that employ the smallest admissible subspaces N N(u), and hence the
largest admissible scaling subspaces T T(u) N(u) +/-. On the face of it, these
algorithms offer the greatest latitude of choice for local convergence acceleration within
the scheme (3), (4), and it is shown below that the special SGP iteration (3)-(6) is
indeed locally superlinearly convergent to nonsingular minimizers in closed convex
sets with representations (4a) satisfying Q. Moreover, when Q(i) holds, a valiant of
Proposition 3 in [15] is obtained by demonstrating that, near nondegenerate stationary
points at which VJ is continuous, every SGP iteration (1), (2) with N C(u)* is
locally equivalent to some SGP iteration (3), (4) with N N(u). This last result will
be proved first.

LEMMA 8. Assume that is a polyhedral convex set with a representation (4a)
that satisfies the constraint qualification Q(i). Let be a nondegenerate stationary
point for J in and suppose that J is continuously Frdchet differentiable at . Then
there is a p > 0 such that in B(, p) N , every SGP map u - Pa(u + av) satisfying
(1), (2) with N C(u)* coincides with some SGP map u Pa(u + av) satisfying
(3), (4) with N N(u).

Proof. For u E It, let

x(u) Pc(u)(-VJ(u)),

It suffices to show that for some p > 0 and all u E B(, p) N ,
pr( )vJ

According to Lemma 4, there is a pl > 0 such that for all u

(36) C(u)* K() and N(u)= [K()].

Hence (35a) will follow if it can be shown that for some p G (0, ill] and all u

Note that K(g) +/- C K(g)*. Furthermore, y(u) K(g) for all u E B(g,/91) ’1 a, in
view of (36). Hence, for all

To prove that the reverse inclusion holds near g in ft, let

h(u) P()(-VJ(u)) PK(5)(--VJ(g)) 6 [K(g)]

and observe that
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Since -VJ() ri K(), and VJ(.) is continuous at , there is a p e (0, pl] such that
for all u B(, p) N Ft

PK()(-VJ(u)) e ri K(),

i.e., for some e > 0 and all 7,

(37) / [K(g)] and I1/11 _< e = (PK()(-VJ(u))+ rl) K(g).

Now suppose that w e y(u) -L FI K(g)*. In view of (37) it can be seen that for all
u B(g, p)Cl Ft and all

(1, w) (PK()(-VJ(u)) + l, w}

_
O.

Since [K()] is a subspace, it follows that w K() +/-

B(, p) a,
(,)+/- K(), c K(,)-.

Consequently, for all u

This establishes (35a). Next, observe that

(38) -VJ(u) x(u) + y(u)

and

(38b) (x(u), y(u)} 0

(cf. [20, Lemma 2.2]). According to (35a) and (38b), we therefore have

x(u) e T(u)- y(u) +/- n C(u) C C(u)

for all u e B(g, p)O a. This proves (35b). Finally, conditions (35b) and (38a) yield

y(u) -VJ(u) x(u)
-VJ(u)+ PT()VJ(u)
-PN(,)VJ(u)

for all u ’B(g, p) C3 Ft.
THEOREM 5. Let be a nonsingular local minimizer for J in a polyhedral convex

set Ft with a representation (4a) satisfying the constraint qualification Q(i). Then there
are positive numbers p and -ill >- -rio such that for all u B(g, p) C? ft, the operators
PT()V2J(u)]T() are bijective and the corresponding inverse operators,

ST(U) (PT(.)V2J(U)IT(.))-,
in (5) satisfy the conditions

(39a) IIS()II 1

and

(39b) inf (W, ST(U)W} > -fiollW[I
weT(u)
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Furthermore, suppose that {ui} is generated by an SGP iteration (3), (4), with #1 >_
and 1 and assume that for all i,#, > -o >- o, 5 (0, ),

(40) uiEB(,p)VNi-N(ui) and Sr-ST(ui).

Then {u} converges to , provided u is sufficiently near in ; moreover, if {u}
converges to , then eventually,

(41a)
(41b)

A() + T0(),
Ui+1 U -F-o’iv,

and
O"i max s

subject to

and

(41c)

where

J(ui) J(Pn(u + sv)) >_ --5(PTo()VJ(ui), vis,

(41d) v --(PTo()V2J(ui)[To() )-iPTo()VJ(u)

Accordingly,

(42a) ai 1

for sufficiently large i, and {ui} converges q-superlinearly to , i.e., either
eventually, or

Proof. By Definition 3, the reduced Hessian PTo()VJ()ITo() is self adjoint and
coercive, and V2J(.) is continuous at . By Lemma 4, N(u) N0() and T(u) To()
near in . Hence the operators PT(u)V2J(u)]T(u) and their inverses are bounded
and coercive uniformly near in . By Theorem 4, all sequences {ui} generated by
(3), (4) must converge to from nearby starting points u in Ft, and must eventually
enter and remain within .4() + T0(), as stated in (41a). For large i, we therefore
have

u +* To(), [U + (ivi- Ui+1] e K(ui+l) K() C No().

Thus, (40) insures that for large i

(U ti+1 "- o’iv) e To() a go() {0}.

This proves (41b) and hence (41c). The remaining assertions are obtained from Propo-
sition 1.15 in [21], after noting that (41b), (41c) amounts to an unconstrained relaxed
Newton iteration with Armijo steps.
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Note S. Assertions (41a)-(41c) and (42) continue to hold if the Newtonian scaling
restriction in (40) is replaced by the weaker quasi-Newton condition

[I(S- ST(Ui))PT()VJ(ui)I(43) lim 0.- I[PT()VJ(ui)I

(See Proposition 1.15 in [21].)
Note 9. An application of Lemma 8 yields a counterpart of Theorem 5 for SGP

iterations (1), (2) satisfying N C(ui) in place of N N(ui); this result may be
viewed as a supplement to the Newtonian convergence acceleration consequences of
Proposition 3 in [15] (note that in [15], is assumed to be a subsequential limit of the
sequence {ui}).

In nonpolyhedral convex ft, the normal scaling parameters SN have a more im-
portant bearing on convergence acceleration than heretofore. Previously, the numbers
S}v merely had to remain bounded away from 0 and oc, but now they must satisfy ad-
ditional restrictions to insure that near nonsingular minimizers, the Newtonian scaling
operators ST(U) in (5) satisfy conditions (3i), (3j), that the step length rule (3) admits
a 1 when 5 E (0, 5) and a 1, and hence that (3)-(5) reduce to the superlinearly
convergent NP iteration in [16]. All these requirements are met by the rule (6).

THEOREM 6. Let be a nonsingular local minimizer for J in a closed convex
set fl with a representation (4a) satisfying the constraint qualification Q(ii). Then
there are positive numbers p, 3 -> 2, 1 0 such that for all u B(, p) N t2 the
operators PT()V2J(u)IT() are bijective, and the corresponding operators ST(U) and
scaling parameters sg(u) in (5), (6) are well defined and satisfy the conditions

(44a)
(44b)
(44c)

> s (u) >

(PT()VJ(u), ST(U)PT(u)VJ(u)} >_ -fiol]PT()VJ(u)I[ 2

Ils ( )ll <

Furthermore, suppose that {u} is generated by an SGP iteration (3), (4) with #1 >_
#1 >- 0 >- #0, #3 _> 3 >- 2 >- #2, 5 (0, ), and a 1, and assume that for all

(45) u e B(, p)N == N N(ui), SN SN(U) and S ST(U)

Then {ui} converges to provided u is sufficiently close to ; moreover, if {ui}
converges to , then eventually

(46a) u

(46b) a 1,

and hence {ui} converges q-superlinearly to .
Proof. It is shown in 3 and 4 of [16] that the multiplier function A(-) in (5) is

continuous at , that the associated operators LT(U) and their inverses are uniformly
bounded and coercive near , and that

(47) lim_ PT(u)VJ(u) O.
U---U

Since the operators AT(U) are also uniformly bounded near , it can be seen that
conditions (5) and (6) uniquely define scale factors SN(U) and scaling operators ST(U)
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satisfying (44). By Theorem 4, all sequences {ui} generated by (3), (4) must converge
to from nearby starting points u1, and eventually satisfy (46a). Condition (46b) will
now follow from (3k) if it can be shown that for u E Jt() sufficiently near ,

J(u) J((u, 1)) {N()-ll ST(U)PT(,)VJ(u) (u, 1)[[
/ (PT(,)VJ(u),ST(u)PT(,)VJ(u))} > O,

where

(48b) (u, s) Pa(u- SSN(U)PN(,)VJ(u)- s ST(u)PT(,,)VJ(u)).

With reference to (32), note that

(u, 1) Pa(- SN(U)VJ(-) + h(u))

with 8N(U) bounded away from 0 and cx near , and

lim_ h(u) O.
UU

Therefore, for u E 2 near
(u, 1) e A(),

by Lemma 3. Consequently, for u 4() near , and for all i,

y() o()= o((, ))- o()

and

i ,.7(u) 0 gi(u) gi((u, 1)) (Vgi(u), u (u, 1))
( (, 1) v()( (, 1)))2

/ o(11 (, 1)112).

In view of (5), this yields

(u- (u ), A(u)(u-(u, )))+o(llu- (u, 1)11);0 -(PN(,)VJ(u), u- (u, 1))

therefore,

(49)
J(u) J((u, 1)) (PT(u)VJ(u), u (u, 1))

1 <u (u, 1) L(u)(u (u, 1))) + o(11 (, 1)11)
2

as u + g with u 4(g). In addition, the analysis in 4 of [16] shows that for u
near u,

(5o)
(50b)

(u, 1) g o(llu 11),
PT()(u ) + o(ll 11),

and

(80c) PT(u)VJ(u) LT(U)-IPT(u)(u ) + o(ll 11);
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therefore,

(51) u (u, 1) LT(U)-IPT()VJ(u) +

as u --+ with u E A(). (In particular, see (4.13), (4.23), Lemma 4.2, Corollary 4.2.1,
Lemma 4.3, and the remark concerning SN(U) at the beginning of 4 in [16].) In view
of (49) and (51), it can now be seen that the left side of (483) is bounded below by

(1)- (PTo,)VJ(u),LT(u)-IPT(,)VJ(u)} 5SN(U){]IAT(U)LT(U)-PT(,)VJ(u)[[

+ [<PTo,),AT(u)LT(u)-PT(,)VJ(u)}[} + o(llPT(,)VJ(u)[[)

> (1--25) 2

2 (PT()VJ(u)’LT(u)-PT()VJ(u)} + (]PT()VJ(u)]]) 0

as u --+ g with u E gl(g). This estimate and (463) establish (46b), and q-superlinear
convergence of {ui} then follows from (50a). [::]

Note 10. If the Hessians of J and the functions 9j are Lipschitz continuous near
a nonsingular minimizer g, then the q-superlinear convergence rate estimate in The-
orems 5 and 6 can be replaced with a sharper q-quadratic convergence rate estimate

(see Note 4.2 in [161).
Note 11. An examination of (4.13), (4.23) and the related analysis in 4 of [16]

will show that the conclusions in Theorem 6 also remain valid if the Newtonian scaling
restriction in (45) is replaced by the quasi-Newton condition (43).
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TWO GENERALIZATIONS OF A THEOREM OF
ARROW, BARANKIN, AND BLACKWELL*

RICHARD J. GALLAGHER AND OSSAMA A. SALEH*

Abstract. In 1953, Arrow, Barankin, and Blackwell proved that if/n is equipped with its
natural ordering and if A is a closed convex subset of/n, then the set of points in A that can be
supported by strictly positive linear functionals is dense in the set of all efficient (maximal) points of
A. In this note two generalizations of this result are given. The first of these is in the setting of a dual
system and requires relatively weak assumptions on the ordering cone but a rather strong compactness
assumption on the set A. The second generalization, which is in the setting of a locally convex space,
relaxes the compactness assumption on the set A but demands more stringent assumptions on the
ordering cone. This second result was recently obtained by Petschke for normed spaces [M. Petschke,
"On a theorem of Arrow, Barankin and Blackwell", SIAM J. Control Optim., 28 (1990), pp. 395-401].
The proof given here is substantially different from that given by Petschke.

Key words, vector optimization, scalarization, proper efficiency
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1. Introduction. In 1953 Arrow, Barankin, and Blackwell [1] proved that if Rn

is equipped with its natural ordering and if A is a closed convex subset of Rn, then
the set of points in A that can be supported by strictly positive linear functionals
is dense in the set of all efficient (maximal) points of A. (Here, a point a0 E A
is said to be supported by a linear functional f if f(ao) >_ f(a) for all a E A.)
This theorem has important implications in mathematical economics and multiple
objective optimization. In particular, in mathematical economics a strictly positive
linear functional p can be regarded as a pricing system, and a point a0 A supported
by p represents an efficient allocation of resources that can be sustained by the pricing
system p. Hence, the theorem states that under appropriate conditions, "nearly every"
efficient allocation of resources can be sustained by a suitable pricing system. In the
case of multiple objective optimization where one is interested in identifying the set of
all efficient points of a given set A, the theorem implies that "nearly every" efficient
point of A can be found as the solution of a suitable single-objective real-valued
optimization problem.

Over the past 25 years, several authors have generalized the Arrow-Barankin-
Blackwell theorem in various ways. Hartley [12] and Bitran and Magnanti [2] showed
that the theorem remains valid if R is partially ordered by an arbitrary closed pointed
convex cone. Three mathematical economists, Radner [24], Majumdar [19], and Pc-
leg [21], obtained density results in the infinite dimensional normed vector lattices
t, L and gp, 1 <_ p _< c, respectively. Chichilnisky and Kalman [6] proved a den-
sity theorem in a Hilbert space setting; and Salz [26], Borwein [3], [4], Jahn [13], Dauer
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and Gallagher [9], and Petschke [23] proved density results in general normed spaces.
Three other papers that should be mentioned are those of Peleg [20], which includes
a constructive proof of the original theorem of Arrow, Barankin, and Blackwell; and
DaCunha and Polak [8] and Durier [10], which include related density theorems for
constrained multiple objective problems having a finite number of objectives.

A brief examination of the various hypotheses used in [3], [4], [9], [13], [23], and
[26] to obtain density results in general normed spaces, reveals that there is a trade-off
between restrictions placed on the ordering cone and restrictions placed on the set A.
That is, existing density results either require strong assumptions on the ordering cone
and relatively weak assumptions on the set A, or relatively weak assumptions on the
ordering cone and strong assumptions on the set A. However, no counterexamples
appear in the literature that demonstrate that such trade-offs are necessary. Hence,
further study is warranted.

It is the purpose of this paper to present two density theorems, in the most general
settings known to the authors, which exemplify the above-mentioned trade-offs. It is
hoped that the unified treatment given here will provide some insight and direction
towards either obtaining density results with less restrictive hypotheses, or showing
that the known results are, in some sense, the best that can be obtained.

The first theorem (Theorem 2.6) generalizes the density results in [3], [4], [9],
and [24] to the setting of a dual system. Although the technique of proof relies, on
a standard argument, abstracting the problem to this setting emphasizes the precise
properties that the ordering cone must satisfy in order for the argument to remain
valid. More important, by Corollary 2.8 it follows that the density result of Borwein
[3, Thm. 2] remains true without requiring the cone to have a weakly compact base.
Indeed, the result only requires the cone to be closed and convex and to admit strictly
positive continuous linear functionals. Borwein himself noted this in a later paper
[4, Thm. 5], but made no comment on the proof. Since two recent papers [13], [23]
quote only the former result, it seems that even in a normed space setting, Corollary 2.8
is not widely known.

The second density theorem presented in this paper (Theorem 3.1) extends a
recent result of Petschke [23] to the setting of a locally convex space. Petschke has
shown that in a normed space the Arrow-Barankin-Blackwell theorem holds provided
the ordering cone has a closed bounded base and the set A is weakly compact and
convex. The proof given by Petschke is somewhat lengthy and depends strongly on
the norm structure. In Theorem 3.1 it is shown that the result is even true in a locally
convex space. The proof given is quite short and relies only on standard separation
arguments.

The paper is organized as follows. In 2 we introduce the notion of a D-cone,
demonstrate that the properties of such a cone are relatively easy to satisfy in locally
bounded spaces (in particular, in normed spaces), and establish Theorem 2.6 which
assumes that the ordering is induced by a D-cone. In 3 we review the notion of a base
for a cone, discuss the relationship between D-cones and cones with a closed bounded
base, and establish Theorem 3.1 which assumes that the ordering is induced by a cone
with a closed bounded base. In both 2 and 3 several corollaries of the main results
are given. Some concluding remarks and an open question are given in 4.

2. Density for a space ordered by a D-cone. We begin by reviewing the
definition of a dual system. For a comprehensive treatment of this concept, the reader
is referred to Schaefer [27].
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Let ’ and 9 be vector spaces over R, and let (., .} be a bilinear form on X 9
satisfying the separation axioms (2.1) and (2.2) below.

If (x0, f} 0 for all f E $-, then x0 0.

If (x, f0} 0 for all x E X, then f0 0.

(The symbol 0 denotes the zero vector in the appropriate space.) Then the triple
(A’, 9r, (.,-}) is called a dual system over R, and is usually denoted more briefly as
(A’, $’}. The prototype example of a dual system is the case when A’ is a normed space
and 9c is the topological dual X* of A’. In this case the bilinear form (x, f) f(x)
defines a dual system.

A subset K C_ A’ is said to be a pointed convex cone if K is convex, AK C_ K for
all A _> 0, and K C (-K) {0}.

Throughout this section, let (A’,$’) denote a dual system over R, and suppose
that A’ is partially ordered by a pointed convex cone K. The dual cone K+ and its
quasi-interior I(+i are defined as

K+ {f $"(k,f} _> 0 for all k K}

and
K+i {f 9c.(k,f} > 0 for all k K \ {0}}.

If the set K+i is nonempty, we say that K admits strictly positive linear functionals.
Throughout this work, it will be assumed that K+i is nonempty. For general conditions
under which such an assumption is valid, see [5, Prop. 2.7], [14, p. 58], [16, Thm. 2.7],
[18, Thm. 2.8], and [22, pp. 26-27]. We mention specifically that the positive cones
in the normed vector lattices Rn, C[a, b], tp, and Lp all admit strictly positive linear
functionals.

The following notions are fundamental in the study of vector optimization. Def-
inition 2.1 is standard, and the terminology in Definition 2.2 for points that can be
supported by strictly positive linear functionals was introduced in [9].

DEFINITION 2.1. Let A’ be a vector space partially ordered by a pointed convex
cone K, and let A be a nonempty subset of X. A point a E A is said to be an efficient
(maximal) point of A if A C ({a} + K) {a}.

DEFINITION 2.2. Let (A’, 9r} be a dual system over R, let A be a nonempty subset
of A’, and suppose that ’ is partially ordered by a pointed convex cone K. A point
a0 A is said to be a positive proper efficient point of A if there exists f K+i such
that (a0, f} _> (a, f} for all a A.

We denote the set of efficient points of A by E(A) and the set of positive proper
efficient points of A by Pos(A). In Lemma 2.3 some elementary observations regarding
the sets E(A) and Pos(A) are given. The proof is left to the reader.

LEMMA 2.3. Let (,’, } be a dual system over R, and suppose that ; is partially
ordered by a pointed convex cone K.

(a) If A c_ X, then Pos(A) c_ E(A).
(b) If A and C are nonempty subsets of X satisfying A c_ C c_ A K, then

E(A) E(C) and Pos(A) Pos(C).
(c) Suppose X is equipped with a topology such that (., f} is continuous for

all f jz, and suppose that K+ is nonempty. If C is a compact subset
of X, then Pos(C) is nonempty.
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We next introduce the notion of a D-cone, the properties of which are fundamental
to the proof of the density theorem (Theorem 2.6). The letter "D" in the name
emphasizes the role that property (b) of the definition plays in the proof of the theorem;
namely, to ensure that a set of saddle points which is constructed is indexed by a
directed set ("D" for directed) so as to form a net.

If f and g are in 9, we use the notation f <_ g to indicate that g- f E K+.
DEFINITION 2.4. Let (,V,9} be a dual system over R, and let 9 be equipped

with the topology induced by X. A pointed convex cone K in X is said to be a D-cone
if there exists a nonempty subset D of K+i satisfying the following three conditions:

(a) the set D is contained in a compact convex subset of
(b) for every f, g E D, there exists h D such that h _< f and h _< g; and
(c) if (x, f} _> 0 for all f D, then x K.
We remark that even if the assumptions that K is pointed and convex are not

explicitly mentioned in the above definition, they are implicitly implied by other as-
sumptions. Indeed, the fact that K+ is nonempty implies that K is pointed; and
condition (c), together with the fact that D is a subset of K+i, implies that

fED

Hence, K is convex. Moreover, if X is equipped with a topology such that {-, f} is
continuous for all f E 9, then K is closed.

In Lemma 2.5 sufficient conditions for a cone to be a D-cone are given. An
important consequence of the lemma is that in a normed space any closed convex
cone that admits strictly positive continuous linear functionMs is a D-cone. Thus,
in particular, the nonnegative orthants in Rn, C[a, b], tp, and Lp, 1 _< p _< c, are
D-cones. It is alsointeresting to note that in addition to the above-mentioned normed
spaces, the lemma also implies that the nonnegative orthants in the non-locally convex
spaces tp, 0 < p < 1 (e.g., see [25, p. 82]) are D-cones.

LEMMA 2.5. Let X be a locally bounded Hausdorff topological vector space such
that X* separates points of X, and let K be a weakly-closed convex cone in X such
that the set

K+ {f X* f(k) > 0 for all k K\ {0}}
is nonempty. Then K is a D-cone.

Proof. Let V be a bounded neighborhood of the origin in X. By the Banach-
Alaoglu Theorem (e.g., see [25, Thm. 3.15]) the polar

V {f X*’lf(v)l

_
1 for all v V}

of V is weak-star compact. Also, since Y is bounded, it follows that sup{l/(v)l v e V}
is finite for all f X*. Thus K+ f V is nonempty. Now, let p K+ f Vo, and
define

D U ({(1In)p} + K+)f Vo.
n--1

Then D is a nonempty subset of K+ contained in the weak-star compact set V. It
must be shown that conditions (b) and (c) of Definition 2.4 are satisfied.

Suppose f, g e D. Then f (1/r)p + k+l and g (1/s)p + k+2 for some positive
integers r and s and some k+, k2+ e K+. Choose t max{r, s} and define h (1/t)p.
Then h E D, h _< f and h _< g. Hence, condition (b) is satisfied.
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Suppose x K. Since A’ (/t’ with the weak topology) is a locally convex space,
and since K is weakly closed and convex, there exists q (A’)* such that q(x) < 0 <_
q(k) for all k K. The fact that A’* separates points of A" implies that X* (A’)*
(e.g., see [25, pp. 62-63]) and hence, q e K+. Now, since V is bounded, we may
assume that sup{Iq(v)l v e V} < 1/2. Then for n sufficiently large, we have
(1/n)p + q D and ((1/n)p + q)(x) < 0. Hence, condition (c) is satisfied.

We now state and prove the main theorem of this section. The proof of the
theorem uses essentially the same argument as the proofs of the density theorems given
by Radner [24, p. 351, Bowi [3, Thm. 2], and Dauer and Gallagher [9, Thm. 4.5],
which are all in the setting of normed spaces. (Radner’s result is specifically stated for
t.) Proving the theorem in the more abstract setting of a dual system emphasizes
that the essence of the argument is independent of any norm structure, and it clarifies
the precise properties that the ordering cone must satisfy in order for the argument
to remain valid; in particular, the cone must be a D-cone.

The notation ellS] is used to denote the closure of a subset S of a topological
space.

THEOREM 2.6. Let (X,} be a dual system over R, let be equipped with the
topology induced by 2(, let X be equipped with a topology such that (., f} is continuous

for all f , and let iV be partially ordered by a D-cone K. If A is a subset of,Y, and

if there exists a compact convex subset C ofX such that A c_ C c_ A-K, then E(A)
cl[Pos(A)].

The following lemma will be used in the proof of Theorem 2.6; it is a corollary of
a minimax theorem due to Fan [11, Thm. 1].

LEMMA 2.7. Let A and B be compact convex sets, each in a topological vector
space, and let ep be a real-valued function defined on A B. Suppose that for each
b E B, (a, b) is a continuous convex function on A, and for each a A, (a, b) is a
continuous concave function on B. Then there exists a pair (a0, bo) A B satisfying

O(ao, b) <_ O(ao, bo) <_ o(a, bo)

for all a A and all b B.
Proof of Theorem 2.6. Without loss of generality it will be shown that if 0 E(A),

then 0 E cl[Pos(A)]. Since K is a D-cone, there exists a nonempty subset D of K+i
satisfying (a), (b), and (c) in Definition 2.4. Let B be the compact convex subset
containing D, and for each p D define

B(p) {f e B f > p}.

Then B(p) is a compact convex subset of 9c. Since C is also compact and convex,
Lemma 2.7 implies that there exists Cp C and fp B(p) satisfying

(2.3) (c, fp) < (Cp, fp} < (Cp, f)

for all c E C and all f B(p). Since fp K+i, it follows that Cp Pos(C). Also,
since A c_ C C_ A- K, it follows by Lemma 2.3 that cp Pos(A).

Since the set D satisfies condition (b) in Definition 2.4, the pair (D, _<) is
directed set (e.g., see [7, p. 3771). Hence, the set {Cp "p e D} is a net in Pos(A). Since
C is compact, the net has a cluster point, say C. It follows that 6 cl[Pos(A)].

To finish the proof, we show that 0. Since 0 E(A) E(C), it suffices to
show that 6 K. Thus, by (c) in Definition 2.4, we need only show that (6, g) > 0 for
all g E D. To this end, let g D and e > 0 be given.
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Since is a cluster point of {Cp "p D} nd since {., g) is continuous, there exists
r D, r _< g such that

Since r _< g, we have g B(r). Hence, since 0 C, inequality (2.3) implies that
{c, g/ >- 0. Thus, (, g/ > -. Since and g are arbitrary, it follows that (, g} _> 0
for all g E D. Hence,

As an immediate corollary of Theorem 2.6 and Lemma 2.5, we obtain the fol-
lowing generalization of a result of Borwein [4, TAm. 5]. As was mentioned in the
Introduction, it seems that Borwein’s result is not widely known.

COROLLARY 2.8. Let X be a locally bounded Hausdorff topological vector space
such that 2* separates points of X, let K be a weakly closed convex cone in X such
that the set K+i is nonempty, and let A be a subset of X. If there exists a compact
(respectively, weakly compact) convex subset C of Y such that A c_ C c_ A- K, then
E(A) E cl[Pos(A)] (respectively, E(A) _c weak-cl[Pos(A)]).

In Corollary 2.10 a local version of Corollary 2.8 is given for the case when X’ is
normed. The following elementary lemma is used in its proof.

LEMMA 2.9. Let X’ be a normed space and let A be a convex subset of X. Let
> 0 and A be given, and define

A(a) {a A’II- all < }.

Let f A --, R be a concave function, and suppose that there exists a* A(s) satisfying

f(a* >_ f(a) for all a e A().

Then

f(a* >_ f(a) for all a A.

Proof. If a E A, there exists t, 0 _< t < 1, such that ta* + (1 t)a A(). It
follows that f(a* >_ f (a). [3

COROLLARY 2.10. Let ,Y be a real normed space partially ordered by a closed
convex cone K such that K+i is nonempty, let A be a nonempty subset of,Y, and let
a A be an efficient point of A. If either

(a) A is convex and the set A(t) {a A" [[a-all <_ t} is compact for
some t > O, or

(b) A- K is convex and the set (A K)(t) {x A- K llx all <_ t} is
compact for some t > o,

then a cl[Pos(A)].
Proof. () Let , 0 < <_ t, be given; nd define

A(a) {a A’II- all < }.

Since A(t) is compact and convex, and since a is an efficient point of A(t), Corollary
2.8 implies that a cl[Pos(A(t))]. Hence, there exists a* A() and f K+i such
that f(a*) >_ f(a) for all a E A(). By Lemma 2.9, it follows that f(a*) >_ f(a) for all
a A; that is, a* Pos(A). Since is arbitrary, it follows that a c[Pos(A)].

(b) This follows directly from part (a) and the set equalities E(A) E(A- K)
and Pos(A) Pos(A- K). [:3
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3. Density for a space ordered by a cone with a bounded base. Through-
out this section, iv will denote a (Hausdorff) locally convex topological vector space
and K will denote a cone in iv. We say that a subset B of K is a base for K if B is

convex, 0 cl[B], and

K cone(B) de__f {Ab" A > 0, b E B}.
It is easily established that in a locally convex space, a based cone is convex and
admits strictly positive continuous linear functionals (e.g., see [5, Prop. 2.7]). If, in
addition, the base is closed and bounded, then K is closed [15, p. 121]. Hence, by
Lemma 2.5, in a normed space, a cone with a closed bounded base is necessarily a
D-cone. But in general, a D-cone need not have a bounded base. For example, the
nonnegative orthants in C[a, b], gp, and Lp, for 1 < p _< oc, are D-cones but do not
have bounded bases (e.g., see [9, Cors. 3.4 and 3.5] and [15, pp. 121-122 and 169]).

In this section we obtain density results similar to those given in the previous sec-

tion, but are able to relax the hypotheses on the set A by assuming that the ordering
cone has a closed bounded base. The primary examples of partially ordered locally con-
vex spaces in which the ordering cones have closed bounded bases are R’, t1, and L
with their natural orderings and with either their norm or weak topologies. Other
examples of closed and bounded based cones arise naturally in certain dual spaces.
Indeed, if K is a cone in a locally convex space iv such that the interior of K is
nonempty, then the dual cone K+ {f E X* f(k) >_ 0 for all k K} has a weak-
star closed and bounded baser(i.e., a weak-star compact base) [15, p. 23]. Thus, in
particular, if K denotes the nonnegative orthant in C[a, b], , or L, then the dual
cone K+ in the associated dual space has a weak-star closed bounded base. There
is, of course, no shortage of closed and bounded based cones. Indeed, one can con-
struct such cones from any closed, bounded convex set B not containing 0; simply let
K cone(B). For a thorough study of cones with bounded bases, see Jameson [15,
pp. 120-126].

The main result of this section is Theorem 3.1, which is in the setting of a locally
convex space. This result was recently obtained by Petschke [23] for normed spaces.
It is important to note that the proof given here is substantially different from that
given by Petschke. Indeed, Petschke shows that in a normed space (X, II" II) cone
K with a closed bounded base is representable as a Bishop-Phelps cone; that is, there
exists I iv* and a norm p(.) on iv which is equivalent to I1" such that

K- {x e X-p(x) _< f(x)}.

Once this representation is established, the density result given in Jahn [13, Thm. 3.1],
which requires the cone to be a Bishop-Phelps cone, is utilized. For completeness, we

mention that the proof given by Jahn for his result involves an argument using weakly
lower semicontinuous convex functions and subgradients to generate positive proper
efficient points arbitrarily close to a prespecified efficient point. In contrast, the proof
of Theorem 3.1 given below relies on standard separation theorems to generate such
points.

THEOREM 3.1. Let iv be a locally convex topological vector space partially ordered
by a cone K with a closed bounded base, and let A be a subset of iv. If there exists
a weakly compact convex subset C of iV such that A c_ C c_ A- K, then E(A) c_
cl[Pos(A)].

Proof. Without loss of generality, assume 0 E(A). Let W be a convex open
neighborhood of 0. We show that W fl Pos(A) 0. Since iV is locally convex, there



254 R. J. GALLAGHER AND O. A. SALEH

exist convex open neighborhoods U and V of 0 such that cl[V] C_ W and U + U c_ V
(e.g., see [25, pp. 9-10]).

Let B denote a closed bounded base for K. Since B is bounded, we may assume
that B c_ V. Since 0 E E(A) E(C), we have C 21 K {0}. Hence, C A B 0; and
consequently, letting C C 21 cl[V], we have C 21 B 0. But C is weakly compact
and convex, and B is weakly closed and convex; so there exists g E A’* and C
such that

g() max{g(c)’c C} < inf{g(b)" b B}

(e.g., see [25, Thm. 3.4(b)]).
To finish the proof, it suffices to show that a Pos(A). From (3.1), there exists

a convex open neighborhood N of 0 such that N C_ U and

B B + N c_ {x X’g(x) > g()}.

Let P cone(B). Then K \ {0} C_ int[P] (the interior of P). We next show that
P N (C {}) {0}. For the sake of contradiction, suppose there exists ,k > 0 and
c C \ {} such that c ,kD for some D . Since C is convex and since 0 C,
the vector z := (1 + A)-lc C. Also z E cl[V] and g(z) > g(). But this contradicts
(3.1); hence, P N (C {}) {0}. Consequently, int[P] N (C {a}) 0. Thus, there
exists f A’*, f 0, such that

sup{f(x) x e (C- {})} _< 0 _< inf{f(p) p e P}.

Moreover, f(p) > 0 for all p e int[P] (e.g., see [25, Thm. 3.4(a)]). Since K \ {0} C_
int[P], f(k) > 0 for all k E K \ {0}. Also, it follows from (3.2) that f() >_ f(c) for
all c e C. Hence,

The following corollary provides a local version of Theorem 3.1 in a normed space
setting. Its proof is nearly identical to the proof of Corollary 2.10 and is therefore
omitted.

COROLLARY 3.2. Let A" be a real normed space partially ordered by a cone
with a closed bounded base, let A be a nonempty subset of X, and let A be an

efficient point of A. If either
(a) A is convex and the set A(t) {a A lla- 511 <_ t} is weakly compact

for some t > O, or

(b) A-K is convex and the set (A K)(t) {x e A-K’llx-511 <_ t} is
weakly compact for some t > O,

then e cl[Pos(A)].
The next corollary, in the setting of a reflexive normed space, generalizes the finite

dimensional results of Hartley [12, Thm. 5.5] and Bitran and Magnanti [2, Cot. 3.1].
(Also, compare with [13, Cor. 3.4].)

COROLLARY 3.3. Let , be a reflexive Banach space partially ordered by a cone
K with a closed bounded base, and let A be a subset of X such that either A is closed
and convex or A- K is closed and convex. Then Pos(A) is norm dense in E(A).

We conclude this section by mentioning that Theorem 3.1 can be applied to prove
an important result of Klee, which states that the support points of a locally weakly
compact convex subset A of a locally convex space are dense in the boundary of A
[17, Thm. 9.11]. The authors will present this proof in a forthcoming paper.
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4. Conclusion. As was mentioned in the introduction and as is revealed when
comparing Corollary 2.8 with Theorem 3.1, if A is a subset of a normed space, then
existing results giving sufficient conditions for the set Pos(A) to be norm dense in
the set E(A) either require strong assumptions on the ordering cone and relatively
weak assumptions on the set A, or relatively weak assumptions on the ordering cone
and strong assumptions on the set A. It is not known whether such trade-offs are
absolutely necessary. From the results presented here, an obvious question that arises
is the following: Is it possible to show that Pos(A) is norm dense in E(A) if A is only
assumed to be weakly compact and convex (as in Theorem 3.1) and the ordering cone
is only assumed to be closed and convex and to admit strictly positive continuous
linear functionals (as in Corollary 2.8)? It would seem that the method of proof or
counterexample needed to answer this question would have important implications
with regard to other functional analytic questions as well.
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Abstract. The value function of Mayer’s problem arising in optimal control is investigated, and
lower semicontinuous solutions of the associated Hamilton-Jacobi-Bellman equation are defined in
three (equivalent) ways. Under quite weak assumptions about the control system, the value function
is the unique solution. Moreover, it is stable with respect to perturbations of the control system and
the cost. It coincides with the viscosity solution whenever it is continuous.
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1. Introduction. Consider the following Hamilton-Jacobi-Bellman (HJB) equa-
tion:

( OV(t x)) O, V(T,.) g(.)
OY

(t,x) 4- H t,x, -x(1) Ot

associated with the Mayer problem arising in control theory:

minimize { g(x(T)) x(T) e K }

over all solutions of the control system

(2) x’ f(t,x,u(t)), u(t) E U

satisfying the initial condition

(3) x(0)

where K is a given set (called target).
By a simple change of variables, the classical Bolza problem

minimize 9(z(T)) + L(t,z(t),(t))dt z(T) K

over all state-control solutions (z, ) of (2), (a) may be reduced to the Mayer problem.
In (1) the Hamiltonian H is given by

H(t,z,p) sup {p, I(t,z,))
U

The value function for Mayer’s problem is defined by

(4) V(to, Zo) inf{9(x(T)) z is a solution of (2), z(to) :co, z(T) K}

In general, V is merely lower semicontinuous and is equal to +oc at all points from
which it is impossible to reach the target K. In fact, we can even avoid explicitly
mentioning the target K in (4) by setting 9(x) +oe whenever z K.
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The value function allows us to single out optimal trajectories since it is nonde-
creasing along solutions of (2) and is constant along optimal solutions. These two
properties and the final value V(T,-) g(-) characterize the value function.

When V is differentiable, it solves the partial differential equation (1). When it
is merely lower semicontinuous, the solution of the HJB equation must be defined in
such way that under quite general assumptions on H and g, V is the unique solution
of (1).

In [12], [14] the notion of viscosity solution was introduced to deal with continu-
ous solutions of the Hamilton-Jacobi equation. The basic idea consists in replacing
the gradient by superdifferential and subdifferential and the equality in (1) by two
inequalities. In [13] several results concerning uniqueness of solutions in the class of
uniformly continuous functions is given.

A different approach, based on Dini derivatives, was developed in [25], [26] for
Lipschitz solutions.

Since the value function is merely lower semicontinuous, an extension of viscosity
solutions to semicontinuous functions is needed.

In [16]-[19] a study using contingent derivatives (which are extensions of Dini
derivatives to semicontinuous functions and are defined in 2) was proposed. It was
shown that a function V satisfying two contingent inequalities (called contingent so-
lution of the HJB equation) has properties of the value function: it is nondecreasing
along solutions of (2) and is constant along at least one solution. It is unique whenever
the final value V(T, .) is fixed. Proofs are based on viability theory ([2]-[4]). Relation-
ships with viscosity solutions were also discussed. Contingent derivatives have further
applications in control theory. For instance, in some cases the optimal synthesis may
be obtained using the directional derivatives of the value function (see [19], [10]).

Results obtained in [16]-[19] do not allow us to deal with arbitrary lower semi-
continuous functions. Namely, one of the contingent inequalities

V (t,x) Dom(V), t < T, supDT(-V)(t,x)(1,f(t,x,u)) < O,
uGU

which implies an invariance property of the epigraph of -V, allows us to deal only
with upper semicontinuous V.

In this paper we replace it by a new inequality, specifically,

V (t,x) e Dom(V), t > 0, supD;V(t,x)(-1,-f(t,x,u)) < 0,
uU

which yields an invariance property of the epigraph of V. Such a modification leads to
much stronger results. On one hand, it allows us to provide a characterization of the
lower semicontinuous value function in terms of contingent derivatives and the final
value V(T, .) g(.) (see 2 for the main result); on the other hand, every continuous
contingent solution of the HJB equation turns out to be its viscosity solution (this
is shown in 7). In particular, it implies uniqueness results for viscosity solutions of
HJB equations with convex Hamiltonian H(t, x, .) under less restrictive assumptions
than in [13].

Recently, in [8], [9], a modification of the concept of viscosity solutions for semicon-
tinuous functions was proposed. The approach is based on a construction of "touching
from one side" functions, which is usual for viscosity solutions theory. Such a modified
definition of a solution states that a lower semicontinuous function V is a solution of
(1) if for all (Pt,Px) R R in the subdifferential of V at (t,x) ]0, T[Rn,

--Pt q- H t x, -Px 0
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and for all 5 E Rn,

(5) V(0, N) liminf V(t,x) & g(N)= liminf V(t,x).
t,x O+, -) t,x T- -)

We have uniqueness of lower semicontinuous solutions of (1), when H is, loosely
speaking, Lipschitz and convex with respect to p. Furthermore, a continuous function
V is a viscosity solution if and only if it satisfies the above properties. This result is
improved in this paper by relaxing assumptions about the Hamiltonian H.

We discuss three equivalent definitions of lower semicontinuous solutions of HJB
equation: the one from [8], a modified "contingent definition," and the one with (5)
replaced by the following: For all (Pt,Px) in the subdifferential of V at (0,),

-pt + H(O, x, -px) >_ O,

and for all (Pt, Px) in the subdifferential of V at (T, ),

-Pt + H(T, x, -Px) <_ O.

As in [16], the modified "contingent definition" yields monotonicity. The approach
we use is still based on viability theory. We describe the dynamics by differential
inclusions since, by the well-known arguments, the control system (2) can be reduced
to the differential inclusion

x’ F(t, x) := f (t, x, U).

The outline of the paper is as follows: In 2 we state the main result. Section
3 is devoted to the monotone behavior of contingent solutions and 4 is devoted to
solutions formulated in terms of subdifferentials. In 5 we address the definition of
solution proposed in [8] using alternative boundary conditions. A comparison with
continuous viscosity solutions is provided in 6. In 7 we associate with a Hamilton-
Jacobi-Bellman equation (1) (with convex Hamiltonian) an optimal control problem
whose value function is the only solution of the HJB equation. This leads to both
existence and uniqueness results for (1). Finally, in 8 the stability of value function is
investigated. In view of the results of 7, this allows us to study stability of solutions
of the HJB equation under perturbations of H and g.

2. Main theorem. Consider T > 0, a set-valued map F [0, T] x Rn R
and the associated differential inclusion

(6) x’(t) F(t, x(t)) almost everywhere.

We denote by S[to,T](xo) the set of absolutely continuous solutions of (6) defined on

[to, T] and satisfying the initial condition z(to) xo.
Let an extended function g:Rn R hJ {+oc} and 0 R be given. Consider

the following minimization problem (called Mayer’s problem):

(7) min {g(x(T)) z is a solution to (6), x(0) [0}.

The value function 2 [0, T] x R -, R U {+oc} associated with it is defined by the
following: for all (to, x0) [0, T] x R,
(s) 2(to,xo) inf{ g(x(T)) x e S[to,T](xo) }.
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Denote by BR(O) the closed ball of center zero and radius R > 0. We impose the
following assumptions

(a) F is continuous with nonempty convex compact images;

(9)
(b) k E LI(0, T) such that for almost all t E [0,T], we have

V x e Rn, supvF(t,x)Ilvll < (t)(1 / Ilxll);

(c) V R > O, CR e LI(O,T) such that for almost all t [0, T]
F(t,.) is cR(t)-Lipschitz on BR(O).

PROPOSITION 2.1. If (9) holds true, then 2 is lower semicontinuous and

(10) V (to,xo) e [0, T] Rn, )2(to, xo) min {g(x(T)) x e S[to,T](xo) }
Furthermore,

(11) V5 Rn, g(5)- liming )2(t,x), 12(0,5)- liming )2(t,x).
t-T x O+ --.-

Proof. The first statement results from the compactness of S[to,T](Xo) in C(t0, T; R)
(see, for instance, [4], [5, p. 273]). To prove (11), consider 5 e R and let ti +
T-, 5i --* 5 be such that

lim 2(ti, 5i) lim inf 2(t, x).
i--.c t--T-

Consider y R and x S[t,T](Y) such that x(T) 5. Then, by (9), yi -- 5.
Since 2(t, yi) <_ g(xi(T)) g(5), we obtain

lim V(ti,Si) _< liminfV(ti,yi) <_ 9(5) V(T,5)

and deduce the first equality in (11) using the lower semicontinuity of V.
Let x E S[0,T](5) be such that 12(0,5) g(x(T)). Then 12(0,5) _= P(t,x(t)) for

all t [0, T], and the result follows from from the lower semicontinuity of
DEFINITION 2.2. Consider an extended function a:Rn H R t2 {+oc}.

(i) The domain of , Dom(p), is the set of all x0 such that (x0)
(ii) The subdifferential of a at x0 Dom(qa) is given by

O-(xo) {p Rnl liming__.xo
(x)- (x0)-llx_ x011

< p,x- x0 > _> 0}
(iii) The contingent epiderivative of at x0 Dom() in the direction u E R

is given by

DT(xo)(u liming
p(xo + hu’) 99(Xo)

h--O+, u’--.u h

Remark. The subdifferential was used in [12], [14] to define viscosity supersolu-
tions of Hamilton-Jacobi equations. The contingent epiderivative was used in [1], [4]
to investigate stability. See also [5, Chap. 6] for further properties.

Assume that F has nonempty compact images and define the Hamiltonian H
[0, T] x R x R - R by

(12) H(t, x, p) max (p, v).
vF(t,z)
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Then H(t,x, .) is convex and positively homogeneous. Furthermore, if F is upper
semicontinuous (respectively, lower semicontinuous), then so is H.

Consider a function V: [0, T] x R - R t2 {+oc}. We may always assume that
V is defined on R x R by setting V(t, x) +oc, whenever t [0, T]. In the theorem
below we use Definition 2.2 with such an extension of V.

THEOREM 2.3. Assume (9) and let V [0, T] x R R U {+ec} be an extended
lower semicontinuous function.

Then the following five statements are equivalent:

(i) V is the value function, i.e., V 12;

(ii)

(iii)

(iv)

V(T, .)- g(.) and for all (t0, x0) e Dom(V) we have
V x e S[to,T](xo), V t [t0, Tl, V(t,x(t)) > V(to, xo)

e S[to,T](xo), V t e [t0, T], V(t,-2(t)) < V(to, xo);

V(T, .) g(.) and for all (t, x) e Dom(V),
0 <_ t < T infvF(t,x) DTV(t,x)(1, v <_ 0
0 < t < T supveF(t,x) DTV(t,x)(-1,-v) < 0;

V (t,x) e ]0, T[xRn, V (pt,px) e O_V(t,x), -pt + H(t,x,-px) 0
V (pt p e O_Y O, x -pt + H O, x, -P > 0
V (pt,px) e O_V(T,x), -Pt + H(T,x,-Px) <_ 0 and V(T, .) g(.);

(v) V (t,x) e ]0, T[Rn, V (Pt,Px) e O_V(t,x), -Pt + H(t,x,-px) 0
V N E Rn, V(0, 5) lim inft--.0+,- V(t, x)
V e Rn, V(T,-2) liminftT_,xY(t,x), and V(T,.) g(.).

Finally, if Dom(V) is closed and the restriction of V to its domain is continuous
and if

(13) ((0, T} an) Dom(V) C (]0, T[ an) Dom(V)

then the above statements are equivalent to the following:
V is a viscosity solution of the Hamilton-Jacobi equation

( OV(t,x)) 0 V(T,.) g(.)
OV

(t x)+ H t x,-
on Dom(V).

Remark. We recall the definition of viscosity solutions in 6.
The fact that (i) (ii) is well known (see, for instance, [15, 3.3]). We prove

all other equivalences in 3-6.
3. Monotone behavior of contingent solutions. Theorems 3.2 and 3.3 proved

below yield equivalence of (ii) and (iii) in Theorem 2.3. We need the following
definition.

DEFINITION 3.1. Let K C R be a nonempty subset and x0 K. The contingent
cone to K at xo, TK(Xo), is defined by

v TK (Xo) lim inf d v, 0
h0+ h
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This notion was introduced by Bouligand in the early 1930s. See, for instance,
[5, Chap. 4] for many properties of tangent cones.

It was shown in [5, p. 226] that for : Rn -- R U {+oc} and x0 E Dom()

(14) P(DT99(xo) Tgp() (xo, 99(Xo)),

where gp denotes the epigraph. Consider F [0, T] x Rn Rn.
THEOREM 3.2. Let V [0, T] x Rn - R 2 {+c} be an extended lower semicon-

tinuous function. Assume that F is upper semicontinuous, that F(t, x) is nonempty
convex and compact for all (t, x) E Dom(V), and that for some integrable function
: [0, T] R+,

V (t, x) Dom(V), sup Ilvll <_ k(t)(1 + Ilxll).
veF(t,x)

Then the following two statements are equivalent
(i) V (t,x) Dom(V) with t < T, inf(t,x) DV(t,x)(1, v) <_ 0;
(ii) V (t0,x0) [0, T]Rn, 5 S[to,T](xo), Vt [to, T], V(t,-2(t)) <_ V(to,xo).

Proof. Assume that (i) holds true and fix (to, x0) Dom(V). Define the upper
semicontinuous set-vMued map F R+ R R .z R R R by

{1} F(t,x) {0}
F(t,x,z)

[0, 1] (F(T, x) {0}) {0}

when t < T

when t > T

and consider the viability problem

(15)
(t,x,z)’ F(t,x,z),
(t,x,z)(to) (to,xo, V(to,xo)),
(t,x,) e @(v),

By (14), for all (t,x,z) e gp(V) we have F(t,x,z) nTgp(v)(t,x,z) # O.
The viability theorem [22] (see also [4, p. 180], [2], [3]) yields that problem (15)

has a solution

[to,T] t-- (t,(t),z(t)) e $p(V).

Thus V(t,-2(t)) <_ z(t)= V(to, xo) for all t e [t0, T] and (ii) follows.
Conversely, assume that (ii) is satisfied. Fix (to, x0) Dom(V) with to < T and

let be as in (ii). Let hn 0+ be such that IN(to + h)--2(to)]/h, converge to some
v. By the mean value theorem [4, p. 21], v F(to, xo), and by (ii),

DTV(to,xo)(1, v) <_ O.

THEOREM 3.3. Let V [0, T] x Rn H R U {+ec} be an extended lower semicon-
tinuous function. Assume that F verifies (9).

Then the following two statements are equivalent:
(i) V (t, x) e Dom(V) with t > 0, supeF(t,x) D,V(t, x)(-1, -v) < 0;
(ii) V (to,xo) e [0, T] x R, V x e S[to,T](xo) and for all t e [to, T], Y(to, xo) <

V(t,x(t)).
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Proof. Assume (i) and fix (to,xo) E [0, T] x R", x S[to,T](xo). Since (i) does
not involve T, it is sufficient to prove the inequality in (ii) for t T and it is enough
to consider the case V(T, z(T)) <

Let U denote the closed unit ball in R". From [5, p. 380] there exists a continuous
function f :[0, T] x R" x U H R" such that

V(t,x) e [O,T] xRn, F(t,x) f(t,x,U),
V u e U, f(t,.,u)is 5ncR(t)- Lipschitz on BR(O) for a.e. t e [O,T],
V u,v e U, IIf(t,x,u) f(t,x,v)l < 5n(supyF(t,x IlYlI)IIu- vii.

By [5, p. 316] for a measurable u "[t0, T] - U, x’(t) f(t,x(t),u(t)) almost every-
where. Consider a sequence of continuous maps uk [to, T] U converging to u in
Ll(t0, T; U) and let xk denote the solution of

x(t) f(t, xk(t), uk(t)), t e [t0, T], xk(T)- x(T).

The Gronwall lemma yields that xk(to) converge to x0. On the other hand, the map
t (T t, xk(T t), V(T,x(T))) is the only solution of

(16)

’(t) -,
y’(t) -f(T t, y(t), u(T t)),
z’(t) O,
(0) T; y(O) x(T), z(O) V(T,x(T)).

By (14) and (i)we know that

v (, x, z) e (-1,-f(7, x,u(7)),O) Tp(V)(7, x,z).

The map (t,x).z {-f(T- t,x, uk(T- t))} being continuous, the viability theorem
[22] yields that (16) has at least one solution

[0, T-t0] t (?(t),y(t),z(t)) e Sp(V).

Consequently,

VO <_t <_T-to, (T t,x(T t), V(T,x(T))) e p(V);

therefore, for all 0 _< t _< T- to, V(T,x(T)) > V(T- t, xk(T- t)). In particular,
V(to, xa(to)) <_ V(T,x(T)). Taking the limit when k --. oc and using that V is lower
semicontinuous, we deduce (ii) for t T.

Conversely, assume that (ii)is verified. Let (t0, x0) Dom(V) be such ,that
to > 0. Fix v F(to, xo). Filippov’s theorem [4, p. 120] implies that for some h > 0
there exist Y0 R" and y [to_-,to](Yo) shah that y(to) xo and

lim
y(to h) Xo

h-0+ h

On the other hand, by (ii), for all h e [O,h], V(to h,y(to h)) < V(to,xo). Con-
sequently DTY(to, xo)(-1,-v) < O. Since v F(to,xo) is arbitrary, statement (i)
follows.
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4. Subgradient form of the HJB equation. The equivalence (iii) ==> (iv)
of Theorem 2.3 follows from Lemmas 4.3 and 4.4 given in this section. From [19] (see
also [5, pp. 249, 253]) we have the following result.

PROPOSITION 4.1. Let Rn - R U {=koc} and Xo E Dom(). Then the
following statements are equivalent:

(i) p E O_(x0);

(ii) V u e an, < p,t > <_ DT(xo)(u);

(iii) (p,-1) [Tgp()(xo, (x0))]- (the negative polar cone).

The following result can be deduced from [24, Theorem 1] (see also [23]).
LEMMA 4.2. Consider an extended lower semicontinuous function Rn

R tJ {+oc} and xo Dom(). Let (p, 0) [Tgp()(x0, (x0))]- be such that p O.
Then for every > 0, there exist x, p in R and q < 0 such that

Consider a set-valued map F [0, T] Rn R with nonempty compact images
and define the Hamiltonian H by (12).

LEMMA 4.3. Consider an extended lower semicontinuous function V [0, T]
R" - RU {+oc}. Assume that F is upper semicontinuous and has nonernpty convex
compact images on Dom(V).

Then the following four statements are equivalent:
(i) V (t,x) E Dom(V) with t < T and Y (Pt,Px, q) [Tzp(v)(t,x, V(t,x))]-

(17) --Pt + H(t,x,-Px) > 0;

(ii) For all (t,x) Dom(V) with t < T and for all y > V(t,x)

({1} x F(t,x) x {O}) NTp(v)(t,x,y) O;

(iii) For all (t, x) e Dom(V) with t < T

min DtV(t,x)(1,v) <_ 0;
vEF(t,x)

(iv) For all (t, x) Dom(V) with t < T

V (pt,px) e O_V(t,x), -pt + H(t,x,-px) > O.

Proof. By (14), (ii) (iii). Clearly (ii) ==, (i).
If (i) holds true, then, from the separation theorem,

(18) ({1} F(t,x) {O})fq-6(Tp(y)(t,x,y)) # 0

for all (t,x) Dom(V) with t < T and y >_ V(t,x). Finally, since F is upper
semicontinuous and has convex compact images, by [21] (see also [6] for a better
proof), (lS)implies (ii).

By Proposition 4.1, (i) yields (iv). Assume next that (iv) is verified. Fix (t, z)
Dom(V) with t < T and (Pt,P,q) [Tp(v)(t,x,V(t,x))]-. Then q _< 0. If q < 0,
then

Pt V -1) [Tgp(V)(t,x V(t x))]-.Iql’ [ql’
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Prom Proposition 4.1 and (iv) we deduce (17). It remains to consider the case q 0
and (pt, px) 7 O. For this purpose it is enough to apply Lemma 4.2 and to use the
upper semicontinuity of H. [3

LEMMA 4.4. Consider an extended’ lower semicontinuous function V" [0, T] x
Rn - R U {+cx} and assume that F is lower semicontinuous and has nonempty
compact images on Dora(V).

Then the following four statements are equivalent:
(i) V (t,x) E Dom(V) with t > 0 and V (Pt,Px,q) [Tep(v)(t,x,V(t,x))]-

-Pt + H(t, x, -px) < 0;

(ii) For all (t, x) Dom(V) with t > 0 and for all y > V(t, x)

{-1} x (-F(t,x))x {0} C Tp(v) (t, x, y);

(iii) For all (t, x) Dom(V) with t > 0

sup DTV(t,x)(-1,-v < 0;
vF(t,x)

(iv) For all (t, x) e Dom(V) with t > 0

V (pt,p) e O_V(t,x), -Pt + H(t,x,-p) < O.

Proof. We deduce from (14) that (ii) is equivalent to (iii). Clearly, (ii) == (i).
The separation theorem and (i) yield

(19) {-1} x (-F(t,x)) x {0} C --6(Tep(v)(t,x,y))
for all (t,x) E Dom(V) with t > 0 and y > V(t, x).

Since F is lower semicontinuous, (19) and [5, p. 130] imply that for all (t, x)
Dom(V) with t > 0 and all y > V(t,x),

{-1} x (-F(t,x)) x {0} C Liminf(t,,,,y,)ep(v)(t,,y)-C-6(Tp(v)(t’,x’,y’))
C Tep(r)(t, x, y),

where Liminf denotes the lower set limit and ep(V) the convergence in the epigraph
of V. Hence (ii) follows from (i). Arguments similar to those of the proof of Lemma
4.3 yield (i) (iv). [3

5. Alternative boundary conditions. We observe that in Theorem 2.3 (iv)
== (v), thanks to the equivalence (iv) <==:> (i) and in view of Proposition 2.1. In this
section we prove that (v) yields (iii). Consider a set-valued map F" [0, T] x R Rn.

THEOREM 5.1. Assume (9). If an extended lower semicontinuous function V"
[0, T] x R H R t2 {+} satisfies

(t,x) e ]0, T[Rn, ’ (Pt,Px) e (9_Y(t,x), -Pt q- H(t,x,-px) O,
V 5 e Rn, V(0, 5) lim inft-,0+, x V(t, x),
V - Rn, V(T, N) lim inft--,T-, x- V(t, x)

then for all (t, x) e Dom(Y),

0 < t < T supeF(t,)DTV(t,x)(-1,-v < O,(20) 0 < t < T infvF(t,)DtV(t,x)(1, v < O.
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Proof. From the proofs of Lemmas 4.3 and 4.4 we deduce that for all (t, x) EDom(V)
with 0 < t < T we have

inf DTY(t,x)(1, v <_ 0, sup DTV(t,x)(-1,-v <_ O.
vEF(t,x) vEF(t,x)

This and Theorems 3.2 and 3.3 imply that for all 0 < t <_ t2 < T

(21) V x S[tl,t.](xl), V(tl,x) <_ V(t2, x(t2))

and

(22) ’ (tl,Xl) e Dom(V), x e S[t,t.](x) with V(t,xl) V(t2,x(t2)).

We show next that (21) holds true also for t2 T. Consider any (to, xo) Dom(V)
and x S[to,T] (x0). Let x(T) 5 and ti -- T-, xi -- 5 be such that

lim V(ti, xi) V(T, 5).

By Filippov’s theorem [4, p. 120], there exist and y E S[0,T](i such that y(t)
x and yi converge to x uniformly on [to, T]. Then for all arbitrary but fixed to < t < T
and all/large enough, V(t,y(t))<_ Y(t,x). Since V is lower semicontinuous,

V(t,x(t)) <_ liminfV(t, yi(t)) <_ lim V(ti, xi)= V(T,5).

This, (21), and Theorem 3.3 yield the first inequality in (20).
To prove that (22) holds true also with tl 0, fix (0, 5) e Dom(Y) and consider

t -+ 0+, 5 -+ 5 satisfying

V(0, 5) lim V(t,,

Let 9 Rn and x S[0,T](i be such that xi(t) 5i and

1
gt<_t<T

i’ V(t,,5) V(t,x(t)).

Taking a subsequence and keeping the same notation, by the convergence theorem [5,
p. 273], we may assume that x converge uniformly to some x S[0,T] (5). Then for
all 0 < t < T,

V(0,5) lim V(t, xi(t)) >_ V(t,x(t)).

This, (22), and Theorem 3.2 imply the second inequality in (20). [:]

6. Comparisons with viscosity solutions. Let F [0, T] Rn -,* Rn be a
set-valued map with nonempty compact images and H be given by (12). Consider
the Hamilton-Jacobi-Bellman equation

(23)
OV ov

(t x)) o(t,x) + H t
Ot ox

An extended lower semicontinuous function V’[0, T] x R" -+ R tO {+oo} is called
viscosity supersolution of (23) if for all (t, x) E Dom(V) with t ]0, T[ we have

v (p,,p.) o_v(t,x), --Pt + H(t,x,-px) >_ O.
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Remark. We refer to [12], [14] for the continuous case and also underline that the
interior of Dom(V) may be empty. This leads to a slight difference with the usual
definition of viscosity supersolutions, usually defined on the closure of an open set.

However, for optimal control problems with constraints it may happen that the
domain of definition of the value function has an empty interior. For this reason it is
more natural to deal with arbitrary lower semicontinuous solutions of HJB equations.

In particular, any V satisfying (v) of Theorem 2.3 is a viscosity supersolution.
THEOREM 6.1. Let V :[0, T] x Rn R U {+oc} be an extended lower semicon-

tinuous function. Assume that F is upper semicontinuous and has nonempty convex
compact images on Dora(V).

Then the following two statements are equivalent:
(i) V is a viscosity supersolution of (23);
(ii) For all 0 < t < T and x E Rn such that V(t, x) 7 +oc, we have

(24) inf D v(t, x) (1, v) _< 0.
vEF(t,x)

The proof follows by the same arguments as in the proof of Lemma 4.3.
Next we recall the notion of viscosity subsolution of (23).
DEFINITION 6.2. Consider an extended function Rn R tO {+oc}. The

superdifferential of at x0 E Dom() is defined by

p e O+q(xo) limsup
q(x)-(Xo)- <p,x-xo > < O.

x- xo IIx- xoll
The contingent hypoderivative of at x0 Dom() in the direction u R is defined
by

q)(xo + hu’) (xo)
D$99(xo)(u lim sup

h--*O+, u"-+u h

Clearly,

and

o+ (xo) and Di(Xo (U) -D (-) (xo (u)

Ttyp()(xo, (xo)) 7-lyp (Di(xo))

where 7-gyp states for the hypograph. In particular, p (9+(xo) if and only if

(25) V u E R, D+(xo)(U) < (p, u)

Thus

(26) p e O+(xo) (-p, +1) e (TT-typ ()(xo,(xo)))-.
An extended upper semicontinuous function V: [0, T] x R -----> R U {-oc} is called a
viscosity subsolution of (23) if for all (t, x) Dom(V) with 0 < t < T we have

v (p ,px) e o+v(t,x), -Pt + H(t,x,-pz) <_ O.

In the above we set V -oc on the complement of [0, T] x R and define the
superdifferential for such extended function.
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THEOREM 6.3. Let V’[0, T] x R R U {+} be an extended function whose
domain is closed and such that the restriction of V to Dom(V) is continuous. Assume
that F satisfies (9). Then the following two statements are equivalent:

(i) V is a viscosity subsolution of (23);

(ii) For all 0 < t < T and all x E Rn with (t, x) Dom(V),
suPvEF(t,x DTV(t,x)(-1,-v) <_ O.

Proof. Assume (ii) and set V(t,x) +cx for all (t,x) Dom(V). Then V is
lower semicontinuous. Fix 0 < to < T. By Theorem 3.3, for every to < tl < T and
every x S[to,tl](Xo) the following holds true:

v t [to, V(to, x0) _< v(t, x(t))

Fix v F(t0, xo). From Filippov’s theorem [4, p. 120], there exist to < tl < T and x
S[tO,tl](Xo) such that x’(to) v. The above inequality yields 0 _< DV(to,xo)(1, v).
Consequently,

V (pt,Px) O+V(to, xo), 0 <_ Pt A- < px,V >

Since v F(to, xo) is arbitrary, V is a viscosity subsolution.
Assume next that (i) is verified. We set V(t,x) -c for all (t,x) Dom(Y).

Then the hypograph 7-lyp (V) of V is closed. Exactly as at the end of the proof of
Lemma 4.3 we show that for all (t,x) eDom (V) with 0 < t < T and all z < V(t,x)

(27) V(qt,qx,q) e (Tv-typ(v)(t,x,z))-, ’.It + H(t,x, qz) < O.

We next deduce from (27) and the separation the,)rem that for all (t,x) e Dom(V)
with 0 < t < T and all z < V(t,x)

{1} x F(t,x) x {0} C (Tnvp (v) (t, x, z)

This, [5, p. 130], and lower semicontinuity of F imply that for all (t,x) Dom(V)
with 0 < t < T

1} x F(t, x) {0} c Liminf (t’ x’, (t, xz’ V(t,x)) co (Typ (v)(t’,x’,z’)),
(t’, x’, z’) e  tvp (v)

C Tnvp (v)(t,x, V(t,x)) 7-ty; (DV(t,x)).

Thus for all (t, x) eDom(V) satisfying 0 < t < T,

inf DV(t,x)(1,v) > O.
vEF(t,x)

Consider the extended lower semicontinuous W’[0, T] Rn R U {+c} defined
by W(t,x) -V(T- t,x). Then for all (t,x) Oom(W) with 0 < t < T and all
v F(T- t, x), we have

DTW(t,x)(-1, v --DV(T-t,x)(1, v) <_ O.

Fix any (t0,xo) Dom(V) with 0 < to < T, v F(to, xo) and consider a solution
y(.) of the differential inclusion

y’ -F(T t, y),
y(T-to) x0, y’(T-t0) -v.
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(It exists by [4, p. 120].) Then, applying Theorem 3.3 with W and the set-valued
map (t, x),z -F(T- t, x), we deduce that for all small s > 0,

W(T- to, <_ W(T- to + to +
and therefore for a sequence vs v we have V(to s, zo svs) <_ V(to, zo). Thus
DTV(to,zo)(-1 -v) <_ O. Since v E F(to,zo) is arbitrary, (ii) follows.

Let Dom(V) c [0, T] x Rn be a closed set such that (13) holds true and V
Dom(V) - R be a continuous viscosity solution of (23) (i.e., it is simultaneously
super and subsolution in the viscosity sense). Then, using Theorems 6.1 and 6.3 and
Proposition 4.1, we check that V verifies (v) of Theorem 2.3. Conversely, if V verifies
(v), then (iii) holds true and from Theorems 6.1 and 6.3, V is a viscosity solution of

The proof of Theorem 2.3 is completed.

7. Representation of solutions of Hamilton-Jacobi equations with con-
vex Hamiltonians. Consider H [0, T] Rn R R and the Hamilton-Jacobi-
Bellman equation

( 0v )(28)
OV

(t,z) + H t, z (t,x) O.
0t

We look for its solutions in the class of lower semicontinuous extended functions
V: [0, T] U {+o}.

In this section we impose the following assumptions:

(i) H is continuous;

(ii) H(t, z, .) is convex;

(29) (iii)

(iv)

k LI(O,T), V p B, IIH(t,x,p)ll < k(t)(1 + Ilxll);

V R > O, cR

_
LI(O,T) such that for almost all t 6 [0, T]

V p B, H(t, .,p) is cR(t) Lipschitz on BR(0);

(v) H(t, z, .) is positively homogeneous,

where B denotes the closed unit ball in Rn.
Remark. In all the results of this section we assume (29). However, assumption

(v) may be replaced by the Lipschitz continuity of H(t,z, .) together with (modified
with respect to p) conditions (iii), (iv). Then it is possible to study solutions of
(28) via a Hamilton-Jacobi-Bellman equation with the new (conjugate) Hamiltonian
meeting assumptions (29) (as was done, for instance, in [8]). We avoid a detailed
discussion on such a more general case, because the optimal control problems give
rise to positively homogeneous H(t,x, .).

Define F:[0, T] x R .z R by

(30) r(t,x) {vERdi
Ilpll-1

(p, v> <_ H(t,x,p) }

PROPOSITION 7.1. If (29) holds true, then F verifies (9) and

Vp R, sup <p,v>= H(t,x,p).
vEF(t,x)
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Proof. By [11, p. 54] F has convex compact images and is continuous. Let
F(t,x) be such that I111 supvF(t,x) lvll. Applying assumption (29) (iii)with

p /I111, we obtain (9) (b). Fix t E [0, T], R > 0 and let x, y E BR(0), z F(t, x).
Observe that for every p B,

(p, z} <_ H(t, x, p) <_ H(t, y, p) + cR(t) llx yll

Hence, by the separation theorem, z
F(t,y) + cn(t)IIx- Yll B and (9) (c) follows. The last statement is a well-known
result of functional analysis.

THEOREM 7.2. Assume (29) and consider an extended lower semicontinuous

function V: [0, T] a H a U
Then the following two statements are equivalent:

(i) V satisfies the equation

(31) V (t,x) ]0, T[Rn, V (pt,px) O_V(t,x), -pt + H(t,x,-px) 0

and inequalities

V (Pt,Px) e O_V(O,x), -Pt +H(O,x,-px) >_ 0

V (Pt,px) e O_V(T,x), -pt+H(T,x,-px) <_ 0;

(ii) V satisfies (31)and

V Rn, V(0, ) lim inf V(t, x) and V(T, ) lim inf V(t, x).
(t, )-(0+, ) (t, x)-(T-, )

Furthermore, define the extended lower semicontinuous function g(.) V(T, .) and
let F be given by (30). Then the above statements are equivalent to

(iii) For all (to,xo) e [0, T] R’,

(32) V(to,xo) inf {g(x(T)) x S[to,T](xo)}.

Finally, if Dom(V) is closed and the restriction of V to its domain is continuous and
f

({0, T}R)Dom(V) C (]0, T[Rn)Dom(V),

then the above statements are equivalent to the following:
V is a viscosity solution of Hamilton-Jacobi equation (28) on Dom(V).
The proof follows from Theorem 2.3 and Proposition 7.1.
COROLLARY 7.3 (maximum principle). Assume (29) and let V1, V2 be extended

lower semicontinuous functions from [0, T] x R into R U {+c} satisfying (i) (or,
equivalently, (ii)) of Theorem 7.2.

If V(T, .) >_ V2(T, .), then V >_ V2.
Proof. By Theorem 7.2, V/is given by (32) with g V/(T, .). [

Remark. By the analogy with viscosity solutions, an extended lower semicontinu-
ous function V: [0, T] R - RU {+c} can be called a solution of (28) if it verifies
(i) or (ii) of Theorem 7.2. In particular, in [8] (ii) is taken as a definition of solution.
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8. Stability of value functions. In this section we show that the lower epilimit
of value functions is still the value function of a Mayer problem. Definitions and
properties of epilimits can be found, for instance, in [5, Chap. 7].

THEOREM 8.1. Consider set-valued maps Fi [0, T] a Rn, _> 1 satisfying
(9) with k(.), cR(.) independent of i, and extended lower semicontinuous functions
gi" a H R u {+oc}. Assume that infi>l,

Let 12 be defined by (32) with F and g replaced by
dot th lo #nit 4. t (.) (T, .).

If for a set-valued map F’[0, T] Rn Rn and for every (to, xo) e [0, T] R

Limi_o, (t,x)_.(to,xo)Fi(t, x) F(to, xo),

then 12 verifies (32).
Proof. We first claim that 12 is nondecreasing along solutions of differential inclu-

sion (6). Indeed fix tl E]t0, T], x S[to,T](xo). Then for almost all t [to, T],

V _> 1, dist (x’(t),Fi(t,x(t))) <_ IIx’(t)ll + k(t)(1 + IIx(t)ll)

limi-o dist (x’(t), Fi (t, x(t))) O.

Let (tj,xl) -- (tl,x(tl)) be such that ]2(tl,x(t)) limj_ ]2ij(tj,x). From Filip-
pov’s theorem [4, p. 120] there exist solutions xj of

x(t) e r (t, x(t)), t e [to, T],
x(t) x

such that limj_o suPt,[to,T] IIxj(t) x(t)II o. Thus, for all large j,

li(to,xj(to)) <_ )2i(tj,xj(tj)) l;i(tj,xl)

and from the lower semicontinuity of l; we obtain

12(to, xo) <_ lim ]2i(tj,xl) ]2(tl,x(tl)).

We next show that for all (to, x0) [0, T] x Rn, there exists x e S[to,T](xo) such that
12(to, xo) > g(x(T)). Indeed fix (to, x0) e Dom(12) and let (tj, xj) (to, xo) be such
that

lim 12ij (tj, xj) ]2(to, xo).
j oc

Consider j S[t,T] (xj) such that 12i (tj, xj) gi (j (T)). Taking a subsequence
and keeping the same notations we may assume that j converge (pointwise) to some

S[to,T](xo). Thus, by the lower semicontinuity of g,

)2(to,xo) lim gi(-j(T)) > g(-2(T))- V(T,-2(T))
j

From the equivalence of i) an ii) in Theorem 2.3 we deduce that 12 is the value function
of problem (7).
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A TRIBUTE TO WENDELL H. FLEMING

For forty years Wendell Fleming has advanced mathematics, sometimes in funda-
mental ways, in the areas of geometric measure theory, the calculus of variations, the
theory of differential games, stochastic control theory, and population genetics. In
addition, he has served as an educator, an administrator, and a national leader in
policy matters affecting mathematics. His dedication to mathematics and his tireless
support o" mathematicians, especially young ones, has been a hallmark throughout
his long, illustrious career. Those of us who have had the good fortune to know and
work with Wendell have come to admire his wisdom, integrity, and kindness, and to
cherish his friendship.

Wendell Fleming was born March 7, 1928, in Guthrie, Oklahoma, where his father
was teaching temporarily. In 1929 the family returned to Indiana, where Fleming, who
considers himself a native Hoosier, grew up on a farm near Sullivan. Upon graduation
from Sullivan High School in 1945, he entered Purdue University, majoring in chemical
engineering. There he met Flo Tatum, whom he married in 1948. At that time Purdue
had (and still has) a course designed to give students insight into their future careers
in engineering. After taking this course, Fleming decided to switch to mathematics.
He attributes this decision to the discovery that he was "good at math." One of his
chemical engineering professors, upon learning of his decision, told him that mathe-
matics was a stable subject--nothing had changed in 100 years and nothing would
change in the next 100 years. After graduating from Purdue, Fleming attended the
University of Wisconsin, where he wrote a thesis in surface area theory, under the
direction of L. C. Young. He received his Ph.D. from Wisconsin in 1951.

For the next four years, Fleming was employed as a mathematician by the Rand
Corporation. Returning to academic life in 1955, Fleming accepted a position as
assistant professor at Purdue University. He moved to Brown University in 1958, and
has remained on the Brown faculty. He served a term as chairman of the Department
of Mathematics and is now in his third term as chairman of the Division of Applied
Mathematics. Since joining Brown, he has spent a year at the University of Wisconsin,
a year at Stanford University, a semester at the Massachusetts Institute of Technology,
a semester at the Institute for Mathematics and its Applications at the University of
Minnesota, and shorter periods of time at other institutions.

Fleming was granted a National Science Foundation Fellowship for the period
1968-1969 and was named a Guggenheim Fellow for 1976-1977. He was an invited
plenary speaker at the 1983 International Congress of Mathematicians. In 1987 he was
awarded the American Mathematical Society’s Steele Prize for his work with Herbert
Federer on geometric measure theory. In 1991 Fleming was awarded the degree Doctor
of Science, Honoris Causa, by Purdue University.

Wendell Fleming has authored or coauthored three books. His first, Functions of
Several Variables, is a highly regarded undergraduate text. Deterministic and Stochastic
Optimal Control, coauthored with Raymond Rishel, has been a standard reference in
stochastic optimal control for fifteen years. The recent development of viscosity sol-
utions of partial differential equations has inspired a new book on stochastic optimal
control, entitled Controlled Markov Processes and Viscosity Solutions, written with
Mete Soner.

Twenty students, including the third author of this tribute, have obtained Ph.D.
degrees under Wendell Fleming’s supervision. Many of these students are active in
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research, and work of two of them, Mete Soner and Thaleia Zariphopoulou, appears
in this issue.

Good citizenship has been a high priority in Wendell Fleming’s career. He has
served on the editorial boards of eight journals, including the SIAM Journal on Control
and Optimization from 1979-1990, and as an editor for two book series. He has served
on numerous committees of the Conference Board of Mathematical Sciences and the
American Mathematical Society, and for five years compiled reports on graduate
education and employment for the AMS Notices. During 1981-1984 he was a member
of the Board of Governors of the Institute for Mathematics and its Applications (IMA),
and he helped organize the IMA programs for the years 1985-1986 and 1992-1993.
From 1986-1988 he chaired the Air Force Review Panel for Mathematical Sciences
and the Panel on Future Directions in Control Theory, from which emerged an
influential report.

Wendell Fleming’s research to date can be roughly divided into four areas: (a)
the calculus of variations and geometric measure theory, (b) differential games, (c)
stochastic control, and (d) population genetics. Each of these is discussed below.

(a) Beginning in the 1950s, Fleming played a major role in both the rapid
development of the calculus of variations and the initiation of the new field of geometric
measure theory. He made many significant and lasting contributions to these subjects,
including some that were fundamental. L. C. Young, Fleming’s Ph.D. supervisor,
introduced the theory of generalized surfaces for the purpose of creating a general
setting for problems in multi-dimensional calculus of variations. Both Fleming and
Young made great strides in developing the theory of generalized surfaces and this
work undoubtedly influenced Fleming’s subsequent work with Federer.

In 1960, Fleming coauthored a seminal paper with Herbert Federer, "Normal and
integral currents," Ann. of Math., 72 (1960), pp. 458-520, which marked the beginning
of geometric measure theory as it is known today. This paper introduced and developed
the theory of integral currents, which, like generalized surfaces, provides a general
framework for geometric problems in the calculus of variations. De Rham’s concept
of a k-dimensional current in R is used to identify a k-dimensional oriented manifold
M with the operation of integrating a k-form over M. De Rham’s currents are linear
functionals on differential k-forms and become Schwartz distributions in the case k 0.
To be useful in applications, integral currents had to be general enough to allow
integration of forms over sets that differed in small measure from oriented C 1-

manifolds, while at the same time they had to provide compactness properties needed
for existence of solutions to geometric problems in the calculus of variations, such as
the problem of least area (Plateau’s Problem) in arbitrary dimension and codimension.
In the 1930s, Douglas and Rado were the first to make substantial progress toward
the resolution of Plateau’s problem. Their work established the existence of a solution
to the problem of finding a surface of least area of prescribed topological type bounded
by a given curve in R3. However, their methods were not general enough to treat the
phenomenon illustrated by Fleming in his paper "An example in the problem of least
area," Proc. Amer. Math. Soc., 7 (1956), pp. 1063-1074. Here he showed the existence
of a simple closed rectifiable curve in R such that the problem of least area with
unrestricted topological type has no solution of finite topological type. The theory of
integral currents is general enough to accommodate this pathology. It also supplies a
powerful linkage between measure theory and algebraic topology and gives the
existence of minimizing integral currents in integral homology classes. For their
remarkable achievements, Federer and Fleming were awarded the Steele Prize, which
carried with it the following citation: "The 1987 Steele Prize for a paper which has
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proved to be of fundamental or lasting importance in its field is awarded to Herbert
Federer and Wendell Fleming for their pioneering paper "Normal and integral
currents"."

Fleming used the theory of integral currents to investigate the regularity of solutions
to the problem of least area in the paper "On the oriented Plateau problem," Rend.
Circ. Mat. Palermo, 11 (1962), pp. 1-22. Previous attempts on the problem of least
area, including those by Douglas and Rado mentioned earlier, did not completely
resolve the question of the solution’s regularity, allowing the possibility of branch
points. Fleming settled the question in the case of a two-dimensional oriented minimiz-
ing current in R by showing that, away from the boundary, it is a smooth minimal
surface in the sense of classical differential geometry. Techniques developed in this
paper have played a key role in subsequent work on regularity of minimal currents.
In this paper Fleming also provided a completely new method of attacking the Bernstein
conjecture, which states that a smooth function satisfying the minimal surface equation
on Rn- has the property that its graph is a hyperplane in R n. At that time, proofs
were known for the case n 3, and most used methods of complex analysis. Fleming’s
proof did not. He showed that the Bernstein conjecture would follow from an interior
regularity result for minimal integral currents with codimension one in R". His regularity
theorem thus gave another proof of the Bernstein conjecture for n 3. His discovery
concerning regularity results for minimal currents and the Bernstein conjecture was
used extensively in subsequent efforts by various authors that eventually led to a
complete resolution of the conjecture.

(b) In the early 1960s Fleming published two papers that greatly influenced
developments in differential game theory. The study of differential games was initiated
in the mid 1950s by Isaacs, who treated many examples in a formal fashion. A
mathematically satisfactory general treatment of the notion of strategy and of the
question of the existence of value had, however, not been developed. The first major
step in this direction was Fleming’s 1961 paper, "The convergence problem for differen-
tial games," J. Math. Anal. Appl., 3 (1961), pp. 102-116. Fleming discretized time and
replaced the differential equation dynamics by difference equation dynamics. The
integral payoff was also replaced by a discrete approximation. Decisions were made
by each player at each of n discrete times, with full knowledge of the history of the
game prior to, but not including, the current time. Fleming showed that the values
Vn (x, T) of the nth step discrete game tended to a limit V(x, T) as n- c. This limit
he took to be the value of the game. To prove this result, Fleming introduced the
discrete-time majorant (or upper) game and the discrete-time minorant (or lower)
game, in which the maximizing and minimizing players, respectively, have information
advantages. In this paper certain restrictive assumptions were made concerning the
form of the dynamics and the payoff.

In his second paper, "The convergence problem for differential games II," in
Advances in Game Theory, Ann. of Math. Stud., Vol. 52, M. Dresher, L. S. Shapley,
and A..W. Tucker, eds., Princeton University Press, 1964, Fleming removed the
restrictions on the dynamics and on the integrand of the payoff. To achieve this, he
introduced the novel device of considering the discrete game with a small noise term
added at each decision time. He showed that if e > 0 is the measure of the smallness
of the noise and if V(x, T) denotes the value of the nth stage discrete game with
noise term, then for each fixed e > O, V(x, T) tends to a function W(x, T) as n-.
Here W(x, T) is the solution of the Isaacs equation with a term (ez/2)AV added,
where A denotes the Laplacian. He also showed that if V,,(x, T) is, as before, the value
of the nth stage game without noise, then IVy(x, T)- V,(x, t)] is uniformly small. From
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this it follows that V,,(x, T) tends to a limit, which he again defined to be the value
of the game. For the next 20 years the ideas introduced in these papers were taken up
by many authors in their treatments of differential games. The partial differential
equation considerations connected with small-noise games were precursors of the
development of the theory of viscosity solutions, whose recent introduction has greatly
simplified the theory and removed the need to study small-noise games.

(c) In the late 1960s, Wendell Fleming began pioneering work in the formulation
and study of continuous-time, nonlinear, stochastic control models. He first provided
conditions under which models with complete observations and models with partial
observations were well-posed, raised and offered some resolution to the thorny problem
of degeneracy of the underlying diffusion, and broached the issue of singular perturba-
tion of deterministic problems by the addition of a small-noise term. This work was
centered around the Hamilton-Jacob-Bellman equation, and relied on the author’s
facility with nonlinear partial differential equations as well as stochastic analysis. With
the publication of"Optimal control ofpartially observable diffusions," SIAM J. Control
Optim., 6 (1968), pp. 194-214, Fleming initiated the study of continuous-time nonlinear
problems with partial observations, providing a modeling framework and methods for
the proof of existence of optimal controls. The paper "Duality and a priori estimates
in Markovian optimization problems," J. Math. Anal. Appl., 16 (1966), pp. 254-279,
introduces nonanticipative controls as a device to overcome the complications arising
from the nonsmooth dependence of the control variable on the state variable. This
paper also shows how to characterize the solution of a degenerate Hamilton-Jacobi-
Bellman equation as the unique almost everywhere solution obtained as a limit of
solutions to perturbed problems. Such equations typically have many almost everywhere
solutions; Fleming’s method is now understood to yield the "viscosity solution," which
is the one of interest in control theory. In "Stochastic control for small noise intensities,"
SIAM J. Control Optim., 9 (1971), pp. 473-517, Fleming obtained an expansion of the
value function in powers of a noise parameter. This kind of analysis, which contains
a first glimmer of large deviation theory for diffusion processes, has been simplified
and expanded through the use of viscosity solutions; Fleming has been intimately
involved in these developments.

(d) In the 1970s, Wendell Fleming turned his considerable analytical skills to

problems in population genetics. Learning the models and issues of population genetics,
he contributed several highly regarded papers.

A central issue in population biology regards the existence and the character of
equilibrium distributions of genetic types (alleles). Fleming’s first paper in the field,
coauthored with Chau-Hsing Su, was "Some one-dimensional migration models in
population genetics theory," Theoret. Population Biol., 5 (1974), pp. 431-449. Fleming
and Su investigated mutation, random genetic drift (the stochastic fluctuation of gene
frequencies in finite populations), and migration in a line segment. They formulated
a boundary value problem for the covariance between the gene frequencies at two
arbitrary points in the habitat, solved it at equilibrium, and found the eigenvalues and
eigenfunctions that control convergence to equilibrium.

In "A selection-migration model in population genetics," J. Math. Biol., 2(1975),
pp. 219-233, Fleming analyzed a partial differential equation model for gene frequency
in a bounded, one-dimensional habitat. Fleming’s model, a generalization of the
classical Fisher model and closely tied to contemporaneous research activity, provides
a sterling example of careful and complete analysis with genuine applied significance.
Using Lyapunov function techniques to study the asymptotic behavior of the solution
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to the equation at hand, Fleming identified both stable and unstable equilibria in
different parameter regimes and discovered bifurcation of equilibria. Moreover, he
showed in this general framework how extinction of one allele could occur, a somewhat
surprising result.

In "Equilibrium distributions of continuous polygenic traits," SIAM J. Appl.
Math., 36 (1979), pp. 148-168, Fleming undertook to model the distribution of a
continuous trait (such as size) influenced by a finite number of loci. The evolutionary
processes involved were selection, mutation, and recombination (paternal and maternal
genes mixing to form offspring). Again, one wants to know the equilibrium distribution.
The existing models at the time either assumed independence of the distributions-at
different loci or else assumed a multivariate normal equilibrium distribution at the loci
under consideration. Instead of making these kinds of restrictive assumptions, Fleming
chose to exploit the fact that mutation and selection are weak influences, and to expand
the equilibrium distribution in terms of these small parameters. The expansion of the
equilibrium he obtained turned out to have the normal distribution as its leading term,
but also nonnormal deviations introduced by higher-order terms.

Wendell Fleming’s best-known work in population genetics is the fundamental
paper "Some measure-valued Markov processes in population genetics theory,"
Indiana Univ. Math. J., 28 (1979), pp. 817-843, with Michel Viot. Fleming and Viot
constructed a measure-valued process to model populations subject to mutation, natural
selection, and random genetic drift. Prior to the construction of this so-called Fleming-
Viot process, population geneticists were restricted to models in which traits or "types"
of individuals were discrete, so that the distribution of types in a population could be
described as a finite-dimensional, or perhaps countably-infinite-dimensional, probabil-
ity vector. Using approximation arguments and the martingale characterization of
Markov processes, Fleming and Viot managed to build a process taking values in the
set of measures on a locally compact space of types. Despite the generality of the
Fleming-Viot process, its usefulness, even at the level of explicit computations, has
been subsequently demonstrated by the work of many authors. The reader is referred
to the survey paper "Fleming-Viot processes in population genetics," by T. Kurtz and
S. Ethier, appearing in this issue.

On behalf of the numerous mathematicians and other scientists who have been
inspired by the work and person of Wendell Fleming, we express to him our gratitude
through the dedication of this special issue of the SIAM Journal on Control and
Optimization on the occasion of Wendell’s sixty-fifth birthday.

L. D. Berkovitz
Purdue University
Steven E. Shreve

Carnegie Mellon University
William P. Ziemer

Indiana University

Editor’s Note

The SIAM staff is indebted to everyone who made this issue possible. In particular,
we would like to thank Steven Shreve, of Carnegie Mellon University, for serving as
Editor-in-Chief for this issue. We would also like to thank the following editors for
their efforts: Leonard Berkovitz (Purdue University); Thomas Kurtz (University of
Wisconsin); Pierre-.Louis Lions (Universit6 du Paris-Dauphine); and Etienne Pardoux
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(Universit6 de Provence). Thanks are also due to Wendell Fleming for providing a list
of his publications and the photo that accompanies this tribute.
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WITH AVERAGE COST CRITERION: A SURVEY*
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This paper is dedicated to Wendell Fleming on the occasion of his 65th birthday.

Abstract. This work is a survey of the average cost control problem for discrete-time Markov
processes. The authors have attempted to put together a comprehensive account of the considerable
research on this problem over the past three decades. The exposition ranges from finite to Borel
state and action spaces and includes a variety of methodologies to find and characterize optimal
policies. The authors have included a brief historical perspective of the research efforts in this area

and have compiled a substantial yet not exhaustive bibliography. The authors have also identified
several important questions that are still open to investigation.

Key words, controlled Markov processes, average cost, stationary policies, dynamic program-
ming, optimal policies, ergodicity
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1. Introduction. The average cost criterion (equivalently, the long-run average
or ergodic cost) is a popular criterion for optimization of stochastic dynamical systems
over an infinite time horizon. It is a reasonable criterion to use when the anticipated
time interval for optimization (which in practice is finite) is long compared to other
timescales involved, and there are no compelling reasons to prefer short-term opti-
mization over long-term. Naturally, it is not favored in financial applications where
money spent now is worth more than money spent later, but there are situations

(communication networks being a prime example) where a "steady state" operation
is expected over intervals that are long compared to the time constants of the system.
Then it makes sense to minimize the limiting time-averaged cost, i.e., the "average
cost ."

Mathematically, the criterion stands out as being much more difficult to analyze
than the others; while other classical criteria lead to reasonably complete solutions,
the average cost does not. The finite state and action problem is well understood,
but there are numerous counterexamples in which infinite state or action problems do
not have a nice solution. In fact, it appears not as a single problem but a collection
of problems, some of which do not have a nice solution (cf. [150]). Thus, a variety
of approaches have been developed to handle different situations. Not surprisingly,
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this is one chapter of Markov decision theory that is anything but closed. At the
same time, it has come of age, having been studied for over 30 years, with promises of
significant advances on the horizon. This, in short, is the raison d’etre for this survey;
we have attempted to put together a coherent account of what has been done, with
an indication of what future advances may be.

Any such project has obvious limitations. Space constraints dictate a certain
amount of selection, and not every relevant work can be covered in significant detail.
We have included proofs where we felt they were essential to understanding the results
or contained potentially useful novel ideas. In all cases, a serious attempt at objectivity
has been made. For complementary reading on the general subject of Markov decision
theory, see [137], [181], [196], [207].

The paper is organized as follows: 2 describes the problem formulation in full de-
tail. Section 3 gives a brief history. Sections 4-6 extensively treat the finite state, the
countable state, and the Borel state space cases, respectively, under complete obser-
vations. Section 7 treats the problem under partial observations. Section 8 describes
some recent results on multiobjective average cost control. Finally, we conclude with
some relevant remarks.

2. Preliminaries and formulation of the problem. In this section, the model
and basic results concerning controlled Markov processes are given in the most general
form needed for our presentation. In some subsequent sections, we specialize our pre-
sentation to situations in which measure-theoretic aspects are of no essential concern,
as in the case for models with countable state space, allowing for a more transparent
exposition. Before presenting the model, we summarize our key notation as follows:

]: set of real numbers;
N: set of positive integers;
N0: set of nonnegative integers;
B(W): Borel a-algebra of a given topological space W;
"R(W); for a Borel space W (see [15], [82]), the set of all probability
measures on (W) endowed with the topology of weak convergence (see
[134]).

The following are function spaces on a topological space W:
Cb(W)"- {v" W -+ lv is continuous and bounded};
A/I(W)"- {v" W -+ 1R Iv is Borel measurable};
A/lb(W)"= {v" W--+ lRIv is Borel measurable and bounded};
.(W):= {v" W - lR[v is lower semicontinuous and bounded below};

:=

For v E J4b(W), we let
II ,ll
span(v)"-- supw,w,ew {v(w) v(w’)};
v+ := v infew {v(w)}, v- v sup,oeW {v(w)}.

We refer to span(v) as the span seminorm of v.
The following is a list of the abbreviations used in this paper (the section where

each abbreviation is first introduced is indicated in parenthesis):
AC average cost (2.4);
ACOE average cost optimality equation (3);
ACOI average cost optimality inequality (5.2);
CMP controlled Markov process (2.1);
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CO
DC
DCOE
PO
POCMP
TC

completely observable (3);
discounted cost (2.4);
discounted cost optimality equation (2.6);
partially observable (7.2);
partially observable controlled Markov process (3);
total cost (2.4).

2.1. The model. A discrete-time, stationary controlled Markov process (CMP),
or Markov decision process, is a stochastic dynamical system specified by the five-tuple
(S, A, U, P, c), where

(a) S is a Borel space, called the state space, the elements of which are called
states;

(b) A is a Borel space, called the action or control space;
(c) U S -- B(A) is a strict, measurable, compact-valued multifunction (see

the Appendix). V(x) represents the set of admissible actions (or control inputs) when
the system is in state x E S. Accordingly, the set of admissible state/action pairs is
K := {(x,a) x E S, a U(x)} Graph(U), and we have that K (S A).
This set is endowed with the subspace topology corresponding to Y(S A);

(d) P is a stochastic kernel on S given K, called the transition kernel. It is
assumed to be Borel measurable, i.e., P(D .): K --. [0, 1] is Borel measurable, for
each D (S);

(e) c: K -- I is the (measurable) one-stage cost function.
The evolution of the system is as follows. Let Xt denote the state at time t

and At the action chosen at that time. If Xt x S and At a U(x), then (i) a
cost c(x, a) is incurred, and (ii) the system moves to the next state Xt+x, according
to a probability distribution P(-I x, a). Once the transition into the next state has
occurred, a new action is chosen, and the process is repeated.

The total period of time over which the system is to be observed is called the
planning (or decision-making or control) horizon and is denoted by T. It can be a
finite interval {0,..., N- 1}, with N N, or an infinite horizon, e.g., T N0.

The (admissible) history spaces are defined as

Ho:=S, Ht := Ht-i K, t No,

and the canonical sample space is defined as := (S A) These spaces are
endowed with their respective product topologies and are therefore Borel spaces. A
generic element w 2 is of the form (x0, a0, xl, al,... ), xi S, ai A; all
random variables will be defined on the measurable space (2, B(2)).

The state, action (or control), and information processes, denoted by {Xt}tT,
{At}teT and {Ht }teT, respectively, are defined by the projections

Xt(w) := xt, At(w):= at, Ht(o) := (xo,...,at-,xt),

for each realization w (x0,...,at-l,xt,at,...) . Since B(a) (B(S)
B(A)), the above are well-defined random processes on (t,B(t)). Note that
B(t) Vt0 t, where t a(Ht), the a-algebra generated by Ht.

Example 2.1. Let S, A, W be Borel spaces and F S A W - S a Borel
function. Consider a nonlinear stochastic system described by the system equation

Xt+l F(Xt, At, Wt)
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where the process {Wt } is a sequence of independent and identically distributed (i.i.d.)
W-valued random variables, with common probability distribution 7)w, often referred
to as a stochastic state disturbance, or noise; {Wt} is assumed to be independent of
X0. Suppose that a strict, measurable, compact-valued multifunction U S --. N(A)
has been specified, giving the necessary constraints on the control actions, or that
U(x) A, for all x E S, if there are no constraints. Then the evolution of the system
is equivalently described in terms of the stochastic kernel P on S given K defined as

P(D x,a) fw I{F(x,a, w) D}Pw(dw), (x,a) K, D B(S),

where I{A} denotes the indicator function of the event A. The additional specifi-
cation of a measurable cost function c K --, R would completely define a CMP
(S,A,U,P,c).

Ezample 2.2. Consider a countable set S endowed with the discrete topology.
With no loss in generality we can take S No. Let A be a Borel space and U(x) A,
for all x S. In this case, every stochastic kernel on No given K := No x A reduces to
a collection of discrete probability distributions parameterized by (i, a) K. These
can also be represented by a collection of stochastic matrices {P(a)- [pij(a)]}aeA;
i.e., P(a) is a state transition matrix, and pj(a) is the probability that the state of
the system makes a transition from to j, under action a. Therefore, additionally
specifying a cost function c:N0 x A --, R completely defines a CMP.

2.2. Policies and performance criteria. An admissible control strategy, or
policy, is a sequence r {rt}teT of Borel measurable stochastic kernels on A given
Ht, satisfying the constraint

xt S, ht Ht.

The set of all admissible policies will be denoted by II.
If # E T’(S) and r II are given, there exists a unique probability measure

on (f, N(f)) satisfying the following [15, Prop. 7.28, pp. 140-144], [130, Prop. V.I.1,
pp. 162-164], with D e B(S) and C e N(A):

(2.1)
(e.e)

7)J(Xo D)= #(D),
C IH ) H,),

PZ(Xt+ e D lilt, At)= P(D Xt, At),

Therefore, if # is the distribution of the initial state X0, and policy r E H is used,
the underlying probability space of all random variables of interest is (f, N(a), 7)).
The expectation operator with respect to 7) will be denoted by E. Furthermore, if
# is a Dirac measure at x G S, we will simply write 7)x and Ex.

Certain classes of admissible policies are of special interest. A policy r is called
a Markov randomized policy if there exists a sequence of measurable maps {ft}teT,
called randomized decision rules, where ft :S - T’(A), for each t G T, such that

H,)=/,(x,)(.),

Conversely, every sequence of measurable maps ft S -- T(A), t T, satisfying
ft(x)(U(x)) 1, defines a Markov randomized policy in an obvious way; with some
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abuse in notation, the sequence itself will be referred to as the policy. The set of all
Markov randomized policies will be denoted by HM. A policy {ft}teTE IIM is called a
stationary randomized policy if there is a randomized decision rule f such that, for all
t T, ft f. The set of all stationary randomized policies will be denoted by HsR. A
nonrandomized, deterministic, or pure decision rule is a measurable map f S --, A.
A policy {ft}teT IIM is called a nonrandomized, deterministic, or pure Markov
policy if each ft is deterministic. Hence, in this case, At ft(Xt) almost surely. The
set of deterministic Markov policies will be denoted by IIMD. Stationary deterministic
policies are defined in the obvious way. The set of all stationary deterministic policies
is denoted by IISD, and, for r IIzD, r(x) will denote the action chosen at x S.
Clearly IIsD C_ IIMD C_ IIM

_
IX, and IIsD C_ IIsR C_ I-[M.

It is easily seen that, under a policy r {ft}teT e IXM, the state process {Xt}teT
is a Markov process. That is, for D E N(S),

’)/ (Xt+l D lXt,... ,Xo) T)J (Xt+l D Ix
fa P(DIXt’ a)ft(Xt)(da),

and, under a policy r’ HsR, {Xt}tGT is a Markov process with stationary transition
probabilities.

Each policy rr H incurs a stream of random costs, e.g., {c(Xt, ft(Xt)) }teT’ for

{ft}teT HMD. Depending upon the problem requirements, several cost evaluation
criteria are studied. The following criteria are frequently used.

Total cost (TC). The total cost incurred by the policy rr G H over the entire
planning horizon is given by

When the horizon is finite, i.e., T {0,..., N- 1}, N No, we denote the above
more explicitly as JN(#, r). Furthermore, given a terminal cost function h 2Mb(S),
we define

JN(#’Tr’h)’-E [lc(xt’At)+h(XN)]"Lt=O
Discounted cost (DC). Let 0 < < 1, the discount factor, and r II be given.

The total discounted cost incurred by r over the infinite planning horizon is given by

Average cost (AC). The expected long-run average cost incurred by 7r E H is
given by

J(#, 7r) lim sup E
N-1 ] 1E c(Xt, At) lim sup JN (It, r)
t--0 N--+ cxa

Sample path average cost. This is a pathwise version of the AC, and, for X0 x,
it is given by

Js(x, rr) limsup
1 "--- c(Xt At)

--0
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where {Xt} and {At} are the state and control process induced by r E H. Here,
Js(x, ) is to be regarded as an extended real-valued random variable on the canonical
sample space.

For the AC criterion, the limit of the expected average cost may not exist for some
or all policies EII, and thus the limit superior is used. This is always well defined and
captures the worst possible asymptotic expected average performance under policy
7 H; i.e., it gives a "pessimistic" measure of performance. On the other hand,
the limit inferior could also be used, which would yield an "optimistic" measure of
performance by capturing the best possible asymptotic expected average performance.
The planning horizon for the TC criterion can be finite or infinite, whereas, for the
other criteria above, it is always infinite. Under certain conditions, it can be shown
that a problem with the DC criterion is equivalent to one with a TC criterion, with
a random (finite) horizon; see [40, pp. 31-32]. Also, it can be shown that, for each
e H, a policy ’ e HM can be found such that E [c(Xt At)] E,

each t N0 and any initial distribution p (S) [42], [51, 3.8]. Thus, for criteria
that are determined by these expected costs, such as the AC, DC, and TC criteria, it
suffices to consider policies in

For an infinite planning horizon, JT(, ) need not be well defined or may be
infinite for all u H, rendering this criterion useless for comparing the performance
under different policies. Therefore, the DC or AC criteria are usually selected when the
planning horizon is infinite. When the DC criterion is used, a rather complete theory
is available for the corresponding dynamic programming formulation of the problem
[14], [15], [51], [82], [103], [150], [200]. In this situation, future costs are discounted at
a fixed rate 0 < < 1, and therefore, if is not sufficiently close to 1, the asymptotic
behavior of the state/cost process may not be important at all. Quite the opposite is
the case with the AC criterion, under which all decision times are given equal weight,
and we take the limit of time-averaged expected costs. The finite time evolution of the
state/cost process is, in some sense, completely irrelevant in this case, and some sort
of asymptotic stable behavior is desired, making this case mathematically much more
involved than the previous one. Hence, the DC and AC can be seen as two opposite
extremes in the spectrum of possible criteria that can be considered, in the sense that
the first one captures primarily the performance of the process at the present and near

future, and the second captures the performance at the distant future.

2.3. The optimal control problem. The optimal control (or decision) problem
is that of selecting an admissible policy such that a given performance criterion is
minimized over all admissible policies. For example, for the DC criterion, a policy
7* H is said to be ()-discount e-optimal for the initial distribution # if

where e > O. If a policy is discount e-optimal for all distributions # "P(S), then it is
simply called discount e-optimal. If a policy is discount e-optimal for all e > O, then
it is called discount optimal. The (optimal) value function is given by

J(p) := inf Jfl(p, rr).
-a-H

Also, if p is concentrated at x E S, we denote the value function by J(x). Similar
definitions apply to other criteria; J(#) and J*(#) will denote the optimal value
functions for the TC and AC criteria, respectively. For sample path AC, we define an
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optimal policy as follows: We say that a policy * E H is sample path AC optimal (or
almost surely AC optimal) if there exists a constant p* such that, for any initial law
#,

J(#, u*) p*, 7)*-a.s.,
while, for any other policy EII and any initial law #,

_>

The constant p* is the sample path optimal average cost.
Having defined various optimality criteria and the set of admissible policies H, the

obvious question now is: Do there exist optimal policies? Without imposing further
assumptions on our general model, the answer is no. One of the reasons behind this
is that the Borel measurability assumption in the definition of admissible policies is
too restrictive, in general, to be able to attain the infimum in (2.4). To circumvent
this problem, either a broader sense of measurability is allowed, i.e., a larger set of
admissible policies is used, or further assumptions are imposed. The first approach was
taken by Shreve and Bertsekas [15], [164], [165], who considered universally measurable
policies, a class properly containing the (Borel measurable) admissible policies defined
previously; see also [51]. We will instead follow the second approach mentioned above
and concentrate on the semicontinuous model, as studied in [15], [47], [51], [71], [88],
[123], [152]-[154].

2.4. The semicontinuous model. In general, we consider the case when the
one-stage cost function c(., .) is unbounded. Since, for the most part, the criteria
considered in this paper are given by a sum of expected costs over the infinite horizon,
then, to avoid indeterminate situations, the following conditions will be assumed to
hold throughout the paper, unless otherwise indicated.

Assumption 2.1. c(x, a) >_ 0 for all (x, a) K.
Assumption 2.2. The transition kernel P(. Ix, a) is weakly continuous in (x, a);

that is, v(-) Cb(S) implies that fs v(Y)P(dY ", ") Cb(K).
Assumption 2.3. (i) The multifunction U(x) is upper semicontinuous; (ii) c(., .)

Remark 2.1. Concerning Assumption 2.1, note that (for the AC and DC criteria)
we must only assume that the cost is bounded below. The assumption that the
cost is nonnegative is only made for convenience. Assumption 2.2 is equivalent to

f v(y)P(dyl., .) e/:(K), for each v(.) e (S) [51, p. 52]. This property is crucial in
our development.

Example 2.3. For the nonlinear stochastic system in Example 2..1, assume further
that

(i) A is compact,
(ii) For each x S, U(x) is. closed (and therefore compact), and
(iii) The system function F K W --+ S is continuous.
If c(., .) (K), then, byRemark 2.1, Assumption 2.2 will hold. Furthermore,

the assumption on the compactness of A can be dispensed with if there are compact
subsets K1 c_ K2 c_ in S A, such that K [.Jn Kn and

]iminf {c(x, a) (x, a) K \ Kn-1 }

since, in this case, A can be conveniently compactified; cf. [15, Cor. 8.6.1, p. 210].
Also, the case in which S n, A I", and c(x, a) xQx + aRa, where Q and
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R are positive semidefinite and positive definite matrices, respectively, of appropriate
dimensions can also be considered by a (one-point) compactification of A [164, pp. 965-

9661
Under Assumptions 2.1-2.3, the undiscounted dynamic programming map T given

by

inf {c(x,a)+sV(Y)P(dylx, a)} VxES(2.5)

maps (S) into itself. Also, for 0 </3 < 1, the discounted dynamic programming map

TZ (S) - (S)is given by

(2.6) TZ(v) := T(3v).

The following properties are easily verified.
LEMMA 2.1. Let v, v’ (S). Then (i) for all k , T(v + k) T(v) + k; (ii)

if v <_ v’, then T(v) <_ T(v’).
Some key results for the stochastic control problem under a DC criterion are

summarized in the following theorem.
THEOREM 2.1. Under Assumptions 2.1-2.3
(i) The following equation, which is called the discounted cost optimality equa-

tion (DCOE), holds:

(2.7) J(x) Tz(J)(x) aeU(x)inf {c(x, a) + Is J(Y)P(dy x’ a) } x S;

(ii) A policy 7* IIsD is discount optimal if and only if 7*(x) attains the
infimum in (2.7), for all x S;

(iii) A discount optimal policy 7* IIsD exists;
(iv) Define T (S) -- (S) as the identity operator and T (S) (S),

k N, by T(f)"- Tz(T-I(f)). Then, for any f b(S),

T(f)(x) k_ J(x) for all x e S

(v) J(.) is nonnegative and lower semicontinuous.

Remark 2.2. The above results are essentially contained in [15], [51]. The exis-
tence of a measurable selector that attains the infimum in (2.7), e.g., the result in

(iii) of Theorem 2.1, follows from [15, Prop. 7.33, p. 153], [29], [47, pp. 35-38], [51,
2.6], [88], [139, Thm. 4.1, p. 9], [184, Tam. 9.1, p. 880]. The scheme used in (iv) of
Theorem 2.1 to compute J(.) is called the value iteration (or successive approxima-

tions) algorithm. When the one-stage cost function is bounded, the usual approach is
to prove the existence of a unique solution to the DCOE via a contraction mapping
theorem [14], [82]. Otherwise, J(.) is not necessarily the only fixed point of TZ; how-
ever, J (.) is the minimal fixed point of TZ among the class of nonnegative functions
in (S)[15, Chap. 5], [173].

3. A sketch of historical development. We now present a brief historical
sketch of the development of CMP, with an emphasis on the average cost criterion.
The roots of CMP can be traced back to the pioneering work of Wald [186], [187]
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on sequential analysis and statistical decision functions. In the late 1940s and early
1950s, several investigators formulated the essential concepts of CMP, which are found
in their work in sequential game models. A CMP can be viewed as a one-player
game. Of particular interest is the work of Bellman and Blackwell [12], Bellman and
LaSalle [13], and also Shapley, who formulated the essential mechanism of stochastic
dynamic programming and used the theory of contraction mappings [160]. Using his
famous heuristic "minimum cost to go," Bellman showed how powerful the dynamic
programming technique was by using it to solve problems in a myriad of settings [9]-
[11]. Bellman studied mostly problems with a finite horizon, for which the backward
induction approach of dynamic programming suffices to give a complete treatment.
The situation is quite different in problems over an infinite horizon. Early work on
CMP is also reported in econometrics [4], [49].

Howard [95] was apparently the first to study CMP with an average cost crite-
rion. His policy iteration algorithm was the first major computational breakthrough,
and his book helped establish CMP as an independent subject of investigation. For
CMP with finite state and action spaces, Howard’s policy iteration scheme estab-
lished the existence of a stationary deterministic policy, optimal in this class only.
Derman [38] and Viskov and Shiryaev [183] independently showed that this policy
was optimal among all admissible policies. Other computational methods were later
proposed. Manne [125] gave a linear programming formulation for the AC criterion,
and Wagner [185] later characterized extreme-point optima of the linear program as
stationary deterministic policies. White [197] introduced the value iteration (or succes-
sive approximations) technique. Excellent accounts of these and other computational
methods are given in [14, 5.2] and [137].

On the theoretical side, Blackwell’s seminal paper [18] gave considerable impetus
to research in this area, motivating numerous other papers. In [18] Blackwell studied
CMP with finite state and action spaces. He considered the DC criterion in great
detail and established many important results. In the same paper, he initiated an
approach for the AC case, which we will refer to as the vanishing discount approach:
he treated the AC case as a limit of the DC case, when the discount factor goes to
1, i.e., the discounting effect vanishes. Blackwell established in [18] the existence of a
stationary deterministic policy that is discount optimal, for all/3 sufficiently close to
1. This type of optimality is now called Blackwell optimality [14, pp. 336-341]. The
relation between the discounted and average case also becomes apparent via Tauberian
theorems [87, 4.6]. This fact seems to have been observed first by Gillette [79], who
used Tauberian theorems to establish the existence of optimal stationary policies in
a stochastic game problem with an AC criterion. Also, using Tauberian theorems,
Derman [38] showed that the Blackwell optimal policy found in [18] was also optimal
for the AC criterion. Average cost CMP with finite state and arbitrary action spaces
were studied under various conditions in the works of [35], [57]-[59], [100].

Blackwell optimal policies do not necessarily exist when the state space is count-
ably infinite [122]. In fact, average optimal policies need not exist in this situation
[121], [150]. Similar nonexistence result holds when the state space is finite, but the
action space is an arbitrary compact metric space [8]. For such models, the existence
of an optimal policy has been proved by Bather [8], Martin-LSf [126], and Feinberg
[58], under certain conditions. Derman [39] studied the problem with countable state
space, finite action space, and bounded cost. He studied the following equation, which
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became known as the average cost optimality equation (ACOE):

p+ h(i)= aEU(i)min {c(i, a) + E P(J i, a)h(j) }
where p is a scalar, h: S -- , S No, and we write P(JI’,’) for P({J}I’,’). He
showed that, if the ACOE has a bounded solution, i.e., a solution (p, h) with h(.) a
bounded function, then the stationary deterministic policy realizing the pointwise min-
imum on the right-hand side of the ACOE is average optimal, and p is the minimum
average cost. Derman’s paper, in conjunction with Derman and Veinott [43], showed
that a sufficient condition for the existence of such a solution was that the expected
hitting time of a fixed state under any stationary deterministic policy is bounded
uniformly with respect to the choice of the policy and the initial state. Motivated
by Blackwell’s work, Taylor [177] extended the vanishing discount approach to obtain
a bounded solution for a Markovian sequential replacement problem by studying the
asymptotics of the differential discounted value function ha(. := J(.) J(0). Ross
[147], [148] refined Taylor’s procedure and showed that, under the Derman-Veinott
[43] condition, {hz(’)}Ze(0,1) was uniformly bounded in /. By letting/ T 1, Ross
established that the ACOE had a bounded solution. This made the vanishing dis-
count approach very popular. In subsequent works, many variants of Derman-Veinott
recurrence conditions appeared. See [52], [178] for a great variety of such conditions.
These conditions are difficult to remove, and counterexamples abound [150]. Actually,
it has been shown in [64], in a very general setting, that the uniform boundedness of
{hz(’)}Z(0,1) in/ is also a necessary condition for a bounded solution to the ACOE
to exist. Cavazos-Cadena [30], [31], under some additional conditions, showed that the
existence of bounded solutions to the ACOE necessarily impose a very strong recur-
rence structure on the model. Lippman [115] studied controlled semi-Markov processes
with unbounded cost with both discounted and average cost criteria. Following the
vanishing discount approach, he derived results for the average cost case under several
restrictive assumptions. Federgruen, Hordjik, and Tijms [53] have explored the same
approach.

Hordijk [91] extended many earlier results to countable state space and compact
action spaces. He introduced the Lyapunov function method for CMP. He used this
method to obtain a (possibly unbounded) solution to the ACOE, yielding an optimal
policy. However, the Lyapunov function method necessarily imposes a blanket stability
of the processes (in the sense of positive recurrence). Such stability is not always met
in, e.g., many queueing model applications. In addition, he introduced some new
concepts, particularly based on the relation of stochastic dynamic programming with
Markov potential theory. There is a vast amount of literature devoted to CMP in
several volumes of the Mathematisch Centrum tracts; see [181] and the references
therein.

With Hordijk’s work, it appeared that a shift away from the vanishing discount
approach was necessary. Rosberg, Varaiya, and Walrand [144] treated the average
cost criterion as the limiting case of the finite horizon problem, but details of their
arguments depend heavily on the specifics of the problem they consider, viz., the
control of two queues in tandem with a linear cost structure. Federgruen and Tijms
[56] initiated a direct study of the ACOE by a span seminorm method, for bounded
costs. This method allows us to obtain useful value iteration algorithms. Later,
Federgruen, Schweitzer, and Tijms [55] treated the problem with countable state space
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and unbounded costs. Assuming a recurrence condition on the model, they established
the existence of a (possibly unbounded) solution to the ACOE, thereby establishing
the existence of an optimal stationary deterministic policy.

In a series of papers [20]-[25], Borkar presented a convex analytic approach to
treat the problem with countable state space, compact action space, and unbounded
cost. This approach can be seen as an extension of the ideas in Manne [1251 and
Wagner [185]. Borkar stressed the existence of an optimal stable stationary deter-
ministic policy, i.e., one that induces a positive recurrent process. While a blanket
stability assumption (e.g., of Lyapunov type) may be too restrictive to cover many
queueing applications, it nevertheless is desirable that the optimal policy be stable.
Borkar showed that, to obtain an optimal stable stationary deterministic policy, ei-
ther a blanket stability hypothesis or a condition on the cost that penalizes unstable
behavior is necessary. He also emphasized the concept of almost sure optimality by a
"pathwise" treatment of the problem. A comprehensive account of the convex analytic
approach to CMP is given in [26].

After the extensive works of Hordijk, Federgruen et al., and Borkar, it seemed
that the vanishing discount approach was not appropriate for many classes of problems
with unbounded costs. However, this approach has been revived and generalized to a
great extent in [17], [61], [63], [74], [76], [77], [83], [85], [155], [156], [167], [172], [190].
In some of these references, an inequality version of the ACOE is studied. In view of
the results of [30], [31], and [641, it is clear that a bounded solution to the ACOE is
too restrictive, in general. A natural candidate solution is one that is bounded below
[28], [76], [85], [155], [156], [172], [190], or one having suitable growth properties [28] or
satisfying other conditions [167]. Weber and Stidham [172], [190] studied the problem
for queueing systems. Under a penalizing condition on the cost and some structural
assumptions, they established the existence of a (possibly unbounded) solution to the
ACOE and showed the existence of an optimal stationary deterministic policy. Sennott
proceeded along similar lines. She identified very general conditions on the discounted
value function so that the vanishing discount approach could successfully be pursued.
We refer to [155]-[157], [172], [190] for many interesting examples of queueing systems
and to [34] for a comparison of different sets of assumptions. Extensions of these
techniques to semi-Markov decisions processes with applications to queueing systems
have been reported in [157].

The first attempt to give a description of CMP with more general state and ac-
tions spaces was carried out by Karlin [98]. Blackwell [19], Maitra [123], and Strauch
[173] studied CMP with a general state space and the discounted cost criterion. Their
work was significantly extended by Shreve and Bertsekas in [15], [164], [165]. Fein-
berg [60] studied CMP with Borel state space and with arbitrary numerical criteria,
which include TC, AC, and DC as particular cases. By establishing the convexity of
the set of strategic measures (measures of the type P on the canonical space), he
established the existence of an a-optimal f E IIsD for these criteria. De Leve [112]-
[114] considered general state and action space CMP in continuous time with an AC
criterion, with an emphasis on the ergodic behavior of the processes. Ross [148] used
the vanishing discount approach to study CMP with an AC criterion, general state
space, finite action space, and bounded cost function. He showed that, if the family of
differential discounted value functions {h(’)}(0,1) is equicontinuous and uniformly
bounded, then the ACOE admits a bounded solution, yielding an optimal stationary
deterministic policy. Ross also introduced the concept of minorant. He showed that,
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if there exists a state x0 E S and a 0 such that

P(xo Ix, a) c for allaEU(x), xS,

then the average cost case could be reduced to a discounted one. This was greatly
extended in the work of Gubenko and Statland [80] (see also [43]). They showed
that, under similar minorant (or majorant) conditions, a contraction map, with re-
spect to the sup norm, could be defined on AJb(S), which would yield a bounded
solution to the ACOE. They also obtained bounded solutions to the ACOE under
continuity and boundedness conditions, which guarantee that {han (-)}, with/n " 1,
is uniformly bounded and equicontinuous; thus a similar approach as in [148] can be
followed. Georgin [72], [73] also explored this approach, under some ergodicity condi-
tions. Tijms [179] and Hiibner [96] directly studied the ACOE, under some ergodicity
assumptions, by showing that the undiscounted dynamic programming map is a con-
traction on Ab(S), with respect to the span seminorm. For an excellent presentation
of these methods and the type of ergodicity conditions used, see [82, 3.3]. Wijngaard
[201], [202] and Kumar [101] studied the problem under Doeblin’s condition using an
operator theoretic method. Under several conditions, Kurano [104] obtained solutions
to the ACOE and also showed the existence of an average optimal stationary deter-
ministic policy. Also, in [105]-[107], he obtained the existence of an optimal stationary
deterministic policy under Doeblin’s condition. For a comprehensive presentation of
the different recurrence conditions used for the above purposes, see [86].

The study of partially observable controlled Markov processes (POCMP) was ini-
tiated independently by various authors [5], [46], [50], [161], [162]. The reduction
to models with complete information (see 7) was exhibited for various cases in [5],
[138], [151], [205]. The study of finite state space POCMP with an AC criterion was
initiated by Sondik [170]. Transforming the problem into an equivalent completely
observable (CO) problem with Borel state space, Sondik tried to cast the problem in
the framework of Ross [148] but did not show equicontinuity of {ha(.)}a(0,1). Ross
[150], Wang [189], and White [191] showed this equicontinuity condition for specific
scalar replacement problems. Ohnishi, Mine, and Kawai [132] studied a multistate
replacement problem by using concavity properties of ha(. ). Platzman studied the
general problem of finite state and action space POCMP, also by using concavity
properties of the functions ha(. ). Under certain reachability conditions, he proved
that the family {ha(.)}a(0,1 is uniformly bounded. However, even though this fam-
ily may not be equicontinuous with respect to the Euclidean metric, he showed that
it is equi-Lipschitzian with respect to some other appropriate metric, thus putting the
problem within the framework of Ross [148]. Fernndez-Gaucherand, Arapostathis,
and Marcus [62], [63] followed a different approach to the problem, using the concepts
of invariant sets of a CMP and controlled sub-Markov processes. This approach allows
us to consider POCMP with countable state and observation spaces. Borkar [26] also
studied the problem via his convex analytic approach.

4. Finite state space. In this section, we will consider models with a finite state
space. Initially, we restrict our attention to the case when A is a finite set; models
with compact action space will be discussed at the end of the section.

4.1. Finite action spaces. Let S {1,..., k}. In this case, IIsD is finite. This
fact plays a crucial role in the analysis for the average cost problem. For a policy 7
let Ja() denote the vector (Ja(1 ),..., Ja(k, ))T similarly, we define JN (7), J(),
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J, J*, and Jr. For a stationary deterministic policy f E IIsD, let P(f) denote the
transition matrix of the corresponding process and

c(f) (c(1, f(1)),..., c(k, f(k)))T.
Also, the (i, j)th entry in the nth power of the transition matrix P(f) will be denoted
by Pi(f) or Pn(f)(i,j). It is well known that

N-1

lim
1 p,

N-o - E pn(f) := (f)
n=0

exists [18], [87, Chap. 4], [137], where po(f) I (the k k identity matrix). Using
the theory of stochastic matrices, the following results can be proved. For details, see
[8], [18], [87], [137].

THEOREM 4.1. For each f HSD
(i) J(f) P*(f)c(f);
(ii) The number of linearly independent equations in (I- P(f))w c(f) J(f)

is k minus the number of communicating classes in P(f);
(iii) The equations

(4.1) (I- P(f))w c(f) v,

(4.2) P*(f)w 0

have solutions v J(f) and w w(f), where

w(f) (I- P(f) + p.(f))-I (I- P*(f))c(f);
(iv) v g(f) and w w(f) are the unique solutions to (4.1) and (4.2) for

which v(s) v(s’) if s and s’ are in the same communicating class of P(f), and
v(s) J(s, f) if state s is transient in P(f).

Remark 4.1. (a) It is easily seen from the above theorem that if, under an f
HSD, the process is irreducible or unichain (see [87]), then J(., f) is constant.

(b) The matrix

H(f) (I- P(f) + p,(f))-I (I- P*(f))
is called the deviation matrix. It plays a fundamental role in the analysis. For the
discounted case, Jz(f) (I-/P(f))-lc(f). Analogous results can be developed for
the average cost case using H(f). The following result, due to Miller and Veinott
[127] and Lamond and Puterman [110], can be proved using the spectral theory of
stochastic matrices.

THEOREM 4.2. Let / [0,1) and A (1-)/-1. Let f IIsD and u be the
eigenvalue of P(f) less than one with largest modulus. If 0 <_ ) <_ 1- I,[, then

(4.3)

and

(4.4)

(//r _+_ I- p)-i ,-lp,(f)
__
E(_,k)nHn+l(f)
n=0

Jz(f) (1 +/k) )-lP*(f)c(f) + E(-)n)Hn+l(f)c(f)
n=0
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Remark 4.2. (a) The quantity h(f) H(f)c(f) plays a crucial role in the analysis
of the problem. It is called the bias or transient cost. It can be easily seen from the
Neumann series expansion of (I- P(f)+ p.(f))-I [137] that, for s E S,

From the above representation, h(f) can be interpreted as the expected total cost for
a CMP with cost c- J. If P(f) is aperiodic, the distribution of Xt converges to a
limiting distribution, so eventually c(Xt, f(Xt)) and J(Xt, f) will differ very little.
Thus, h(f) can be thought of as the expected total cost "until convergence" or the
expected total cost during the "transient" phase of the evolution of the process [137].

(b) Howard [95] has shown that

JN(f) NJ(f) + h(f) + o(1).
Therefore, as N becomes large, for each s S, JN(f) approaches a straight line with
slope J(f) and intercept h(f). When J(f)(s) is constant, JN(S)- JN(S’) approaches
h(f)(s) h(f)(s’), so that h(f) is the asymptotic relative difference of starting the
process in two states s and s’. That is why h(f) is often referred to as the relative
value. See [14, pp. 304-308], [36] for a good discussion of these matters.

(c) Expansion (4.4) extends Blackwell’s expansion [18].
(d) Using expansion (4.4), the following important result is immediate.
COROLLARY 4.1. For f IIsD, J(f) limzT (1 )Jz(f).
Following Blackwell [18] and Derman [40], we now prove the following existence

results.
THEOREM 4.3. There exists an f 1-ISD that is discount optimal for all

sufficiently close to 1 and is also optimal for the average cost criterion.

Proof. For each f HD and s S, Jz(s, f) is obviously an analytic function of. Let {n}, 0 < n < I be a sequence such that/ " 1. For a fixed n, let f IIsD
be -discount optimal (see Theorem 2.1). Since 1-IsD is a finite set, the sequence
{f} must contain at least one f* HZD that occurs infinitely often. Let {/} be
a subsequence of {n} such that n " 1 and f* f f Then, for every
g e I-I, Jn (f$) <_ Jn (g). Since ll coordinates of Jz(f*) and Jz(g) are analytic
functions of , it follows that

gz(f,) <_ Jz( )
for all/ near 1. Since this holds for all g II, it follows that f* is/%discount optimal
for all/ near 1. We next show that f* is average optimal. Let II. Then

(1 -/nk)Jk (f*) <-- (1 nk)J (Tr), k 1,2,

Therefore, letting k c and using Theorem 4.1 and a standard Tauberian theorem
(Theorem A.2 in the Appendix), it follows that

J(f*) lim (1 )Jz(f*)
ZT1
lim (1 nk)Jn (f*)

<_ limsup (1 -/,)Jn (7) <__ J(7),

and the proof is complete.
We now briefly mention three numerical approaches. For details, we refer to [14],

[137], [180], among others. Our presentation follows [137].
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Value iteration. We assume that, under any f E IIsn, the corresponding chain
is unichain and aperiodic. For any positive integer N, the finite horizon value function

J satisfies the equation

min {c(f)+ P(f)J}.(4.5) JN+I fI-lsD

Equation (4.5) can act as an iteration equation with J --_ 0 as the initial condition.
Let f+1 E IIsD realize the minimum in (4.5). We can treat (1/N)Jv and f as our
guesses for J* and an average optimal policy. Then Jv NJ* converges as N - oc.

Also, there exists an integer No such that, for any N >_ No, any f IISD that attains
the minimum in (4.5) is average optimal. However, this property does not yield an
error estimate and hence fails to provide a stopping rule for the iteration scheme. To
this end, with h (h(1),..., h(k)), we let

L(h) min{Th(x) h(x) }
xS

U(h) maxTh(x) h(x) }.
xS

It can be shown that [137]

min{J(x)- J_l(x)} < J* < max{J(x)- Jr_l(X)}
xS xS

and
L(J_1) _< L(Jv) <_ J* <_ U(Jv) <_ U(J_I).

Furthermore, limN__+ {U(J) L(J) } 0. Thus, an average -optimal policy can
be found by stopping the value iteration when

U(Jv -L(Jv < .
There are other variants of this approach; see [54], [56], and [96].

Linear programming. To simplify our presentation, we will assume that, under
any f IIsR, the corresponding process is irreducible. Let P(f) denote the transition
matrix of the process, and r/(f) 7(S) its invariant measure. Then, for any s S,
J(s, f) J(f), a constant, and

J(f) E E c(s,a)f(s,a)I(f)(s).
sS aU(s)

Therefore, the average cost problem can be reduced to the following linear program-
ming problem:

(4.6a) minimize E E c(s, a)x(s, a)
sS aeU(s)

subject to

(4.6b) x(s,a) >_ O, s E S, a U(s),

(4.6c) E E x(s,a)-l,
S aU(s)

(4.6d) E x(s, a) E E x(s’, a)P(s’ s, a)
au(s) ,s av(,)

Under the irreducibility assumption, the simplex method can be employed to find an
optimal stationary deterministic policy. This formulation is due to Manne [125].
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Policy improvement. We work under the irreducibility assumption. The dual
to the linear program (4.6a)-(4.6d) is the problem of finding variables g and h(s),
sES, to

(4.7a) maximize g

subject to

(4.7b) g + E (5(s, s’) P(s’ s, a))h(s) <_ c(s, a),
s’ES

(s, a) E S U(s), where 6(s, s’) is the Kronecker delta.
The functional equation

(4.8) g + h(s) min {c(s, a) + E P(st s’ a)h(s) }aEU(s)

is equivalent to (4.7a), (4.7b) under the irreducibility assumption and is the average
cost optimality equation [87]. We will discuss this equation in detail in the next
section. It will be shown that an f IIsD is optimal if and only if f realizes the
pointwise minimum in (4.8), and then g is the optimal average cost. This suggests the
following iteration algorithm.

(i) Let n 1. Choose f HD. Let hn(s) :- 0 for all s S.
(ii) Find a solution gn and hn(s) of the following equation:

gn -- hn(8) c(8, fn(8)) + E r(st 8,

sS

(iii) For each s S, compute

min {c(s, a) + E P(s s, a)h,(s) } gn hn(sn(8)
aeU(s)\{f(s)}

sS

If Cn(s) _> 0 for all s S, then fn is average optimal and gn is the
optimal average cost. If Cn(S) < 0 for some s E S, then pick a U(s)
such that

c(s, a) + E P(s’ s’ a)h(s’) gn hn(8) < O.
sES

Define f+l e IIsD as fn+l(S) a and f+l(’) fn(’), otherwise.
Then fn+l yields a lower average cost. Since IIsD is finite, the policy
improvement scheme converges in a finite number of steps.

4.2. Compact action spaces. We now consider the problem where the action
set A is not finite but a compact metric space. In this situation, an optimal policy
may not exist; see [51, p. 178, Ex. 1]. Note that here IIsD is no longer finite. Under
certain ergodicity assumptions, Martin-LSf [126] and Feinberg [57] have proved the
existence of an optimal f IIsD. We will discuss various ergodicity assumptions on
a countable state space in detail in the next section. First, we focus on e-optimal
policies established by Chitashvili [35] and Feinberg [58]; see [51, Chap. 7].
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THEOREM 4.4. Under Assumptions 2.1-2.3, for every > O, there exists an

-optimal f E IIsD.
Proof (Sketch). For f IIsD, let J(f) be as in Theorem 4.1. For S, let

(4.9) (i)= inf J(f)(i).
fEYIsD

Clearly, J*(i) <_ J(i), for each S. Corresponding to S, select an fi IISD
such that

(4.10) J(fi)(i) <_ J(i) + .
The set .- {f(j) i,j S} is obviously finite. Taking the action set to be _, the

preceding results can be applied to the finite CMP (S, , P, c). For this model, there
exists a stationary deterministic policy, say f*, which is average optimal. Thus

(4.11) J(f*)(i) <_ J(f)(i) <_ J(i) + for each e S.

Let
p*(i) limsup(1 )J(i).

T1

Then, by Theorem A.2, in the Appendix,

(4.12) p*(i) <_ J*(i) for each i G S.

By (4.11), it suffices to show that J*(i) J(i), for each e S. From (4.12), it then
suffices to show that p*(i) >_ J(i). For each 3 (0, 1), let fz E IISD be/%discount
optimal. Let f be a limit point of fz as/3 T 1. Then using (4.4) (which is valid in this
case as well) and Assumptions 2.1-2.3, it can be shown that

p*(i) >_ J(f)(i) >_ J(i).

Concerning the existence of an optimal policy, we state the following result.
THEOREM 4.5. Let Assumptions 2.1 and 2.2 hold and further assume that c(.) is

continuous on IIR and that, under any f IIsR, the corresponding chain is unichain.
Then there exists an optimal policy in f IIsD.

The result is almost immediate from the fact that, under the unichain assumption,
P*(.), and therefore also J(.), is continuous on HsR [91, Lemma 10.2]. For further
details, including the convergence of a policy improvement algorithm, see [94].

5. Countable state space. The average cost problem becomes much more com-
plicated when the state space is countable. Maitra [121] has given a counterexample
that shows that there need not exist an optimal policy. In [122] Maitra has studied a
particular problem in which there does not exist any policy that is/-discount optimal
for all/ sufficiently close to 1. Flynn [68] has constructed a more dramatic counterex-
ample. In his example, there exists an average optimal policy in IIsD. Nevertheless
he exhibits an f 1-IsD and a /0 G (0, 1) such that f is/%discount optimal for all
/ e (/0, 1), but it is not average optimal. Fisher and Ross [67] have presented a coun-
terexample that shows that the optimal policy need not be stationary or deterministic.
We refer to [150] for several other counterexamples. It is apparent that the average
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cost problem is closely related to the ergodic behavior of the process, and it is well
known that the ergodic theory of Markov processes on a countable state space is much
more involved than on a finite state space; for example, a Markov process on a finite
state space cannot be null recurrent. Another vital difference in this case is that the
number of stationary deterministic policies is no longer finite. To study the ergodic
theory, some recurrence conditions are necessary. There are many such conditions
available in the literature [26], [52], [178]; we will survey a few representative ones.

In what follows, the state space S {0, 1, 2,... }. For each i E S, the action
space U(i) is a prescribed compact metric space. We will always assume that, for
fixed i, j S, c(i, .), P(ilj .), are continuous. These conditions can be weakened or
dropped in several places, as will be clear from the specific context.

Derman [38] studied the ACOE that, with p a scalar and h S , takes the
following form:

min c(i, a) + P(j i, a)h(j).(5.1) P +
,u(i) )

A solution to (5.1) is a pair (p, h) satisfying it.
Suppose that f HSD is a minimizing selector in (5.1). Then (5.1) becomes

(5.1’) p + h(i) c(i, f(i)) + P(j i, f(i))h(j)

Equation (5.1) asserts that, apart from p, the cost if the process stops now equals
the expected cost if it continues under the policy f for just one more period. We can

give a similar interpretation to (5.1). Hence, we may think that p is the average cost
under f and that no other f HSD has a smaller average cost. Thus, the function h
in (5.1) is roughly a measure of how much we are prepared to pay to stop the process,
though continuing to pay an average cost p in the future [141] (cf. Remark 4.2(a)).
Therefore, the function h may be viewed as a cost potential. Also, by a stochastic
representation of h, using (5.1) and (5.1’), h is indeed a potential. Hordijk [91] has
pursued this line of thought in great detail, which we will discuss later.

We start with a characterization of optimal policies.
THEOREM 5.1. If the ACOE has a solution (p, h) satisfying

(5.2) lim 1Eh(Xt) 0 V e HD V e S

then there exists an f HD such that

p J(i,f)= J*(i) V e S.

Moreover, an f HSD is average optimal if, for each S,

(5.3) c(i, f(i)) + P(j i, f(i))h(j)- min {c(i,a)+ P(j i,a)h(j)},
jeS

aU(i)
jS

and, conversely, if an f HSD is average optimal and the corresponding chain is
irreducible and positive recurrent, then (5.3) holds.

Proof. Let f HD satisfy (5.3). Then, since

E[[h(Xt+) t] P(j Xt, f(Xt))h(j),
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it follows from (5.1) and (5.3) that

(5.4) p + h(Xt) c(Xt, f(Xt)) + E[ [h(Xt+l)
Summing (5.4) from t 0 to N- 1, dividing by N, and taking expectations, we obtain

E[+ N

Next, letting N --, c and using (5.2) yields

P-N-lim IE[ LIlc(xt’f(Xt))l
On the other hand, if r is any other policy, we can show using the same arguments
that

p<limsup
1 [ ]N E c(Xt, At)

L t:0

Hence, f is average optimal. Conversely, let f E FisD be average optimal and suppose
that the corresponding chain is irreducible and positive recurrent. If f does not satisfy
(5.3), then there exist io S, ao U(io) and 5 > 0 such that

c(io, f(io)) + E P(J i, f(io))h(j)
jEs

c(io,ao) + E P(Jli’a)h(J) + 5.
jES

Let f’ IIsD be defined as follows:

f f(i) ifi#io,
f,(i)

ao if io.

Then, using (5.5) along with irreducibility and positive recurrence, it is easily seen
that J(i0, f’) < J(i0, f), which contradicts the average optimality of f. [

Remark 5.1. (a) We say that (5.1) admits a bounded solution if h(-) is bounded.
If the ACOE has a bounded solution, then (5.2) is clearly satisfied; moreover, using the
martingale stability theorem [117, .p. 53], it can be shown that the f IIzD selecting
the minimum in (5.3) is sample path average optimal [72].

(b) Various extensions of last assertion of Theorem 5.1 have been obtained by
Sennott [158].

Derman and Veinott [43] have prescribed a certain recurrence condition that en-
sures that (5.1) admits a bounded solution. We will discuss it later in this section.
The ACOE resembles the dynamic programming equation, and Theorem 5.1 is analo-
gous to a dynamic programming characterization of an optimal policy. However, the
dynamic programming heuristic does not lead directly to the ACOE. Taylor [177] de-
veloped a vanishing discount approach for a particular problem, which was extended
for the general case by Ross [147]-[150]. Our presentation here follows Ross [150]. As
noted earlier, the average case can in some sense be treated as the limiting case qf
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the discounted problem as the discount factor approaches 1.
function J}(.) satisfies the DCOE (cf. Theorem 2.1)

The discounted value

J}(i)- min {aEU(i)
c(i, a) +/3E P(J i’ a)J}(j) },

jEs

and a/3-discounted optimal policy selects a minimizing action. One possible way of
finding an average optimal policy might be to choose the actions minimizing

However, this limit need not exist and indeed would often be infinite for all actions.
The situation can nevertheless be salvaged by considering a "differential" discounted
value function, i.e., hz(i)’= J(i)- J(0), where 0 e S is an arbitrary, fixed state.
The function hZ(.) satisfies

(5.6) (1-/3)J (0) + hz(i) aeu()min {c(i, a)+/3E P(Jli’ a)h/(j)}.
js

From (5.6) it is now apparent that (5.1) can be derived under certain conditions by
letting 1. We state here a simple result [150], despite the fact that it also holds
under weaker hypotheses (see Theorem 5.9).

THEOREM 5.2. Suppose that there exists a constant K > 0 such that Ihz(i)] <_ K,
for all/3E (0,1) and E S. Then

(i) The ACOE admits a bounded solution (p, h);
(ii) For some sequence/3n ---* 1, h(i)= limn_, hzn (i), e S;
(iii) limz--,1 (1 3)J(i) p for any e S.
Proof. Let/3n T 1 be given. By the uniform boundedness of hz(.), using a diago-

nalization procedure, we can find a subsequence, which for simplicity we also denote
by /3n, such that hzn (i) - h(i) for each S, where h(.) is a bounded function.
Again, since (1 n)Jn (0) is bounded, there is a further subsequence/k T 1 such
that

lim (1 nk)J* (0)

exists. Part (i) of the theorem then follows from (5.6) and an application of the
dominated convergence theorem. Furthermore, by Theorem 5.1, p is the minimum
average cost. Since the above results are independent of the sequence chosen, (iii)
then follows.

Remark 5.2. It has been shown [64] that, if the ACOE has a bounded solution,
then there exists a constant K > 0 such that Ih(i)l <_ K for all/3 (0, 1), E S.

5.1. Bounded costs. In this section, we assume that c(.,.) is bounded. Ross
[150] has proved that under a Derman-Veinott [43] type recurrence condition (see
(5.7), below), the uniform boundedness hypothesis of Theorem 5.2 is satisfied.

THEOREM 5.3. Let f IISD and let {Xt} be the corresponding state process. Let

--min{t_>l Xt=O}.
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If there exists a K > 0 such that

for all f E IISD and all S, then h(i) is bounded uniformly in (0, 1) and S.
Proof. Let/ (0, 1) and fz IIsD be -discount optimal. We have

where M is a bound on c(., .). From (5.7) and (5.8), it follows that

Also, from (5.8) and applying Jensen’s inequality, we obtain

>_ _>

Therefore,

(5.10) J(O)- J(i) <_ (1- K)J(O)
M

_< (1 K)
1 --/ -< MK.

The desired result follows from (5.9) and (5.10). [:]

After the work of Derman [38], Derman and Veinott [43], and Ross [147], [148],
several recurrence conditions have appeared [178]. We explore a few representative
ones.

Let f HSD. For a finite set A C S, let

(5.11) ’A--min{t>_l XtA}.

Assumption 5.1. There is a finite A c S and a constant K > 0 such that

E[[-A] < K for all/ S and f IIsD. Furthermore, for any f IID the
corresponding process does not have two disjoint invariant sets.

Assumption 5.2. There exists a constant K > 0, and, for every f E IIZD, there is
a state j(f) S such that

Assumption 5.3 (simultaneous Doeblin). There is a finite set A, an integer n >_ 1
and a scalar c > 0 such that

E P(Jl i’f(i)) >_ c
jEA
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for all E S and all f IISD. Furthermore, for any f IIsD the corresponding
process does not have two disjoint invariant sets.

Assumption 5.4 (scrambling). There is an integer n _> 1 and a scalar a > 0 such
that, for any f IIsD,

E min{p.n p.n (f) } > c,1,j (f) ,2,3

Assumption 5.5 (ergodicity). There is an integer n _> 1 and a scalar p > 0 such
that, for each f IIsD, there exists an (f) E T(S) for which-[P7(f)- (f)(J)l 2(1 p)[m/nJ

J

for all E S and rn _> 1, where LxJ denotes the largest integer not exceeding x.
Remark 5.3. Clearly Assumptions 5.1 and 5.2 are generalizations of the Derman-

Veinott condition. Hordijk [91] has proved the existence of a bounded solution to the
ACOE using Assumption 5.1. Under Assumption 5.5, for each f E HSD, (f) is the
unique invariant measure of the corresponding process.

Federgruen, Hordijk, Tijms [52] have established the following theorem.
THEOREM 5.4. Assumptions 5.1-5.3 are equivalent. Also, if for any f HSD the

corresponding process is aperiodic, then Assumptions 5.1-5.5 are equivalent.
Remark 5.4. Under any one of Assumptions 5.1-5.5, Federgruen, Hordjik, and

Tijms [52] have established the existence of a bounded solution to the ACOE by
extending the vanishing discount approach of Taylor and Ross.

We have thus far seen several recurrence conditions which are sufficient for the
ACOE to admit a bounded solution. Cavazos-Cadena [30], [31] has dealt with the
converse question of what are the necessary recurrence conditions for the ACOE to
have a bounded solution. He has obtained the following result. Consider the following
assumption.

Assumption 5.6. There exists a constant K > 0 such that, for each bounded and
measurable c" S x A --+ 1 and every collection {U(i) S}, U(i) c A, there exist
p E I and h" S -- 1 bounded that solve (5.1) and satisfy Ilhll <_ Kllcll where I1" is
the sup norm.

THEOREM 5.5. Assumptions 5.2 and 5.6 are equivalent.
The proof follows by an application of the uniform boundedness principle. For

details and other variants, we refer to [30], [31]. Thus, an assumption on the existence
of a bounded solution to the ACOE necessarily imposes a strong recurrence structure
on the system. Also, note that Assumption 5.6 involves not just one CMP but a family
of CMP (one for each c and {U(i)}). Since it is equivalent to Assumptions 5.1-5.3
and under aperiodicity conditions to Assumptions 5.1-5.5, it follows that Assumptions
5.1-5.5 are too strong for many important applications. In fact, there are interesting
situations [20] in which these conditions are not satisfied, but for which we can find
average optimal stationary deterministic policies.

Ross [148] has proved that, under the following recurrence condition, the AC can
be reduced to an. appropriate DC. Therefore, in view of Theorem 2.1, the problem can
be resolved in this case.

THEOREM 5.6. If there exists a constant a > 0 such that

P(O ,a) >_ a > O
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for all E S, a U(i), then the AC can be reduced to an appropriate DC.
Proof. Let

(j i,.) { (1- c)-lp(j i,.)
(1 c)-l(p(01i,-) c)

for j = 0,
for j-- 0.

Let J(.) denote the fl-discounted value function for the CMP with cost c(.,-) and

transition law P(. I’, "). Then it is easily verified that, for each S,

-* -* min {c(i a)+ E P(j ,i,a)7. }Jl- (J)cJl_ (0) + Jl-a (i)
aV(i)

jS

Let f IIsD be (1- a)-discount optimal for the modified CMP. It follows from
Theorem 5.1 that f is AC-optimal for the original CMP, and the optimal average cost
is (J_a (0).

Remark 5.5. Note that, if the ACOE has a bounded solution (p, h), then p is
the optimal average cost for any initial condition. Hence, the existence of a bounded
solution to the ACOE suggests that some kind of "unichainedness" is in effect, since,
for the multichain case, the average cost would, in general, depend on the initial
condition. The multichain version of the ACOE is

(5.12a) min P(j i, a)p(j) p(i),
u(i)

(5.12b) p(i) + h(i) aul(i)min {c(i,a) + E P(j i, a)h(j)},
where

(5.12c) Ul(i) {a U(i) min j P(j a)p(j) p(i) }.aeU()

This equation has been studied by Zijm [208] for countable state space. For more
general state spaces, it was extensively studied much earlier by Yushkevich [204] (see
also [51]); this work will be discussed in the next section.

If (5.12) has a bounded solution p(i), h(i), where both p and h are bounded func-
tions, then we can show, as before, that p(i) is the optimal average cost starting from
state S and a minimizing selector in (5.12) yields an average optimal stationary
deterministic policy. Under a certain "geometric convergence condition," Zijm [208]
has established the existence of a bounded solution to (5.12). Under the additional
assumptions that under any stationary deterministic policy the corresponding pro-
cess has at most a finite number of ergodic classes, he has shown that the geometric
convergence condition is equivalent to a number of recurrence conditions of the type
Assumptions 5.1-5.5.

Hordijk [91] establishes the existence of an average optimal f IIsD without
utilizing the ACOE. Let IISD be endowed with the product topology. Then 1-IsD is
compact and metrizable. Let us consider the following assumptions.
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Assumption 5.7. For each f E HSD and E S, there exists a measure

7(S) such that i(f)(j) lim (l/N) N--1E =0 J).
N--+oo

Assumption 5.8. f (f) is continuous for any 6 S.
Assumption 5.9. For each 6 S, {(f) f IIsD} is tight (for a definition of

tightness, see [134, Def. 3.1, p. 28]).
Assumption 5.10. For each f 6 IIsD, the corresponding process is recurrent.
Assumption 5.11. For each f 6 HSD, the corresponding process does not have

disjoint-invariant sets.
Assumption 5.12. {P(f)(i, .) 6 S, f 6 IIsD} is tight.
It is easy to see that Assumptions 5.7 and 5.8 imply that, for each i 6 S,

{(f) f IIsD} is compact. Hence, in particular, Assumptions 5.7 and 5.8 im-
ply Assumption 5.9. By definition, Assumption 5.9 implies Assumption 5.7. Also, it
can easily be shown that Assumptions 5.9 and 5.11 imply Assumption 5.8, and that
Assumption 5.12 implies 5.9. However, Assumption 5.12 may be easier to verify.

THEOREM 5.7. Each of the following five combinations of assumptions is suffi-
cleat for the existence of an average optimal f IIsD" (Assumption 5.7, Assump-
tion 5.8), (Assumption 5.9, Assumption 5.10), (Assumption 5.9, Assumption 5.11),
(Assumption 5.10, Assumption 5.12), (Assumption 5.11, Assumption 5.12).

Remark 5.6. The main idea behind the proof of this theorem can be traced back to
the proof of Theorem 4.3. We give the main points and skip the details. Let/n e (0, 1)
be a sequence such that n T 1, let fzn HSD be/n-discount optimal, and foo be
limit point of {fn} in HSD. Suppose that p*(i) is a scalar satisfying (1-/n)J*(i)
p*(i), for each 6 S (along a suitable subsequence). Then, by using Tauberian and
ergodic theorems, we deduce that J*(i) p*(i) and foo is average optimal under
(Assumption 5.7, Assumption 5.8). Under (Assumption 5.9, Assumption 5.10),
is average optimal for initial states E [.J{ supp(?i(fo)), where "supp" denotes
the support. Then by Assumption 5.10 there exists an f such that the corresponding
process starting from any 6 S \ S reaches S. Set

f(i)- I(i) if/ S,
f(i) if/ S.

It follows that f is average optimal. The other cases can be dealt with in a similar
manner.

5.2. Unbounded costs. We have thus far considered bounded costs only. There
are practical situations (e.g., in queueing systems) where the cost is typically un-
bounded. We assume that c >_ 0 (cf. Assumption 2.1). Let us now consider the
ACOE for unbounded c. Note that the boundedness of c, did not play any role in the
proof of Theorem 5.1. or unbounded c, the ACOE is unlikely to admit a bounded
solution.

Lippman [1115], [116] has studied controlled semi-Markov processes with unbound-
ed costs. He has placed polynomial bounds on the movement of the process in one
transition. He has made a further assumption that there exists an f IIsD such that
both the mean first passage times and mean first passage costs from any state to state
zero under the policy are finite. Moreover, if f I-IsD is close to -discount optimal
for a sequence of discount factors, then it is AC-optimal. Lippman has employed the
vanishing discount approach of Taylor and Ross to establish the existence of a solution
(p, h) to the ACOE with h satisfying (5.2), thereby establishing the existence of an
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average optimal f E HSD. He has also given some examples from queueing systems
where his conditions are satisfied. However, his condition on the -discounted value
function appears to be very difficult to verify.

Hordijk [91] has used a Lyapunov stability condition to establish the existence of
an average optimal f E HD.

Assumption 5.13 (Lyapunov condition). Let

{ P(f)(i, j),
P(f)(i,j)

O,

There exists a function w S --+ ]I{+ such that, for all S,
(i) c(i, f(i)) + 1 + j (f)(i,j)w(j) < w(i), for all f e HSD;
(ii) j P(f)(i,j)w(j) is continuous in f;
(iii) limn- j Pn(f)(i,j)w(j) O.
THEOREM 5.8. Under the above Lyapunov condition, there exists an AC-optimal

f HSD.
Proof (Sketch). Let f IISD. For E S, we define ri min{t > 1 Xt

i}, where Xt is governed by f. Then, under Assumption 5.13, using the standard
techniques of stochastic Lyapunov function method [91], [108], the following results
can be proved:

E[ _< w(i),

-1 c(Xt, f(Xt))J < w(i)
t-----O

Indeed, with n G N and n > 1,

S[ [W(XnATo) nATo] w(i) -El f[ [w(Xt+l) Xt] w(Xt)
L t=0

< -E{[nA-o],

where the last inequality is due to Assumption 5.13. Hence, E[ In A q-0] _< w(i), and,
letting n T oc, (5.13) follows. Also, (5.14) can be proved along the same lines. By an

ergodic theorem [133],

N--c
L t=0 L t=0

p(f).

Let p* inffIIsD P(f). Then p* _< w(O). Define

Fo-1
h(i): inf E[ IEfrIsD L t=0



DISCRETE-TIME CONTROLLED MARKOV PROCESSES 307

Then h(0) 0. Using (5.13), (5.14), and Assumption 5.13(iii), it can be shown
that (p*, h) is a solution of the ACOE with h satisfying (5.2), and the desired result
follows. []

Remark 5.7. (a) Note that by Assumption 5.13(i) the cost function c does not
grow faster than the Lyapunov function w. Thus, there is a restriction on the growth
of c imposed by w. In CMP, w(i) i, w(i) 2 are typical examples of Lyapunov
functions [91]. In the latter case, for example, we can treat only those unbounded cost
functions that do not grow faster than quadratic functions.

(b) Assumption 5.13(iii) is cruciM in showing that the cost potential h satisfies

limt-o (1/t)E[h(Xt)- O, for all f E HSD, and E S.
Federgruen, Hordijk, and Tijms [53] have extended Hordijk’s results by replacing

the single attracting point {0} by a finite set K C S. Their main assumption is the
following: There exists a finite set K c S such that, for each initial state S, the
suprema over the mean hitting time of K and mean hitting costs are finite. This, in
turn, is equivalent to the existence of a Lyapunov function w S -- IR+ satisfying
Assumption 5.13(i), where now P is defined as

P(f)(i,j), j

_
K, f e HSD,

P(f)(i,j)-
0, j K.

Under the additional assumptions that Assumption 5.13(ii) and (iii) hold, and the
"communication condition" that for any f IIsD the corresponding process has no
two disjoint invariant sets, they have established the existence of a solution (p, h)
to the ACOE by employing the vanishing discount approach and have shown that h
satisfies (5.2). This work has been further extended by Federgruen, Schweitzer, and
Tijms [55]. They have dropped the unichainedness assumption in [53]. Instead, they
assume that any state can be reached from any other state via some policy. Under this
and other conditions in [53], they have established the existence of a solution (p, h) to
the ACOE, with h satisfying (5.2). They have deviated from the vanishing discount
approach and have, instead, utilized Tychonoff’s fixed point theorem in their analysis.
We again note that, in all these investigations, a restrictive growth condition on the
cost function is imposed, as noted in Remark 5.7.

The Lyapunov stability condition necessarily imposes a blanket stability (i.e.,
positive recurrence) of certain states (cf. (5.13)), which may be very restrictive. On
the other hand, (5.2) is not easy to verify in general and, indeed, may not hold in
the case of many queueing models [141]. Another generalization of the boundedness
of the solution of the ACOE could be boundedness from below. This will be the case
if the cost function has some "monotone" properties, which naturally arise in various
queueing models. This line of thought has been pursued in various ways in [24], [28],
[74], [76], [77], [141], [142], [155], [156], [172], [190].

Sennott [155], [156] has prescribed very general conditions in this direction. We
will now briefly describe them. Consider the following assumptions.

Assumption 5.14. For every E S and every
Assumption 5.15. There exists a nonnegative integer L such that

hz(i) := J(i)- J(O) >_ -L.

Assumption 5.16. There exists a function M S -- + such that hz(i) <_ M(i)
for all S and any/ (0, 1). For every S, there exists an a(i) U(i) such that

E P(Jl i’ a(i))M(j) < x.

J
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THEOREM 5.9. Under Assumptions 5.14-5.16, there exists an AC-optimal f E
Y[SD

Proof. Let/n E (0 1) be such that/3n T 1. Let a be n-discount optimal. Let
f be a limit point of an as n -, oo. To simplify the notation all subsequences of
/ will also be denoted by n. By Assumption 5.16 and a diagonal argument there
exists a function h S - I such that lim_ ha (.) h(-). By Assumption 5.15,
h(.) >_ -L. Let p S - 1+ be a function such that lim_ (1 -/)J*an(i) p(i).
Using Assumption 5.16, it is easy to see that p(i) p*, a constant. Now, for S,

(5.15) (1 -/n) J’an (0)+ han (i) C (i, fan (i)) + nE P(J i’ fan (i))han (J)

Fix an i S. Add L to both sides to make (han (i) + L) > 0 and take "liminf" on
both sides of (5.15). Then, by Fatou’s lemma and the assumption of continuity of
P(jli, .), we conclude that

p* + h(i) > c(i, f(i)) + E P(J i, f(i))h(j).
J

Since h(-) is bounded below, the proof of Theorem 5.1 can be modified to show that
J(i, f) <_ p*. By Theorem A.2 in the Appendix, J(i, ) >_ p* for any x E II. Hence,
J(i, f)= J*(i) p*, and. f is AC-optimal.

Remark 5.8. (a) From the above proof, it is clear that if p is a scalar, h S - R
is bounded below, and

(5.16) p + h(i) >_ min { c(i a) + E P(j i, a)h(j) }aU(i)
J

then p is the optimal average cost, and any f I-IsD selecting the minimum on the
right-hand side of (5.16) is AC-optimal. In this case, we may replace the ACOE by
an average cost optimality inequality (ACOI), viz., (5.16).

(b) If, for each S, U(i) is finite, then, in the above proof, fa (i) f(i) for
large n. Then we can write, for large n,

p + h(i) c(i, f(i)) + E P(J i’ f(i)) ha, (J)"
J

By Fatou’s lemma,

p + h(i) > c(i, f(i)) + E P(J i’ f(i))h(j).
J

Consider the stronger assumption, below.
Assumption 5.17. Assumption 5.16 holds, and Ej P(Jli, a)M(J) < x, for all

aEAandiES.
Under Assumption 5.17, using dominated convergence, it is easy to see that

min {c(i a)+ EP(j i,a)h(j)},p + h(i)
aeu()

J
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and we obtain the ACOE. If, for each E S, there is a finite set Ri c S such that
P(j i, .) 0 for j Ri, then Assumption 5.17 will obviously hold. Such a condition
is satisfied for systems whose dynamics have a nearest-neighbour motion property [28].

(c) If there exists an f IISD, under which the process is ergodic, irreducible with
an invariant measure (f) e T(S), and c(i, f(i))(f)(i) < oo, then Assumptions
5.14 and 5.16 hold. Assumption 5.15 holds if J(i) is increasing in i. Direct conditions
implying Assumptions 5.14-5.17 can be found in [28], [32], [34], [76], [77], [155], [156],
[172], [190]. See also [141], [142].

(d) Let f IIsD be a policy that attains the minimum on the right-hand side
of (5.16). Fix an S. If the chain under f is positive recurrent at i, then we can
show that equality holds at in (5.16). However, the lack of positive recurrence at i
may lead to strict inequality in (5.16). Cavazos-Cadena [33] had exhibited an example
to demonstrate this. He has further shown in his example [33] that Assumptions
5.14-5.16 are satisfied, but the ACOE does not admit any solution.

5.3. The convex analytic approach. We will now describe Borkar’s convex
analytic approach for the average cost case [20]-[26]. The convex analytic approach
to the AC-problem is a natural extension of the linear programming approach when
the state/action spaces are no longer finite. In this approach, we view the control
problem as the problem of minimizing a linear functional on the convex set of "ergodic
occupation measures," to be defined shortly [20]-[26]. This approach can also be used
to treat other standard cost criteria, but it may be more involved for treating cases
such as the DC criterion. On the other hand, it is more flexible and powerful for
certain other purposes, e.g., pathwise average cost, constrained optimization problem,
among others. Since the techniques involved here are entirely different from what we
have thus far followed, we will embark on a more detailed discussion.

By replacing each U(i) with 1-[} U(k) and P(jli, .) by its composition with the
projection 1} U(k) -+ U(i), we may and will assume that the U(i)’s are replicas of
fixed compact metric space A. We say that an f IIsR is stable if the corresponding
process is positive recurrent. We will assume that, under an f E IIR, the process has
S as its single communicating class. (This can be relaxed in some cases; see [26] for
a discussion on this.) Therefore, f will have a unique invariant measure
satisfying

(f)P(f) (f).
Let IIssR denote the space of stable stationary policies. IISSD is defined analogously.
For an f e IlssR, denote by )(f) "P(S x A) the "ergodic occupation measure"
defined by

Is g d(f) E (f)(i) /A g(i, a)f(i)(da)
xA

for g Cb(S x A). We will consider the sample path average cost optimality, which
is stronger than the usual AC-optimMity. Let

IR {)(/) f e IIssR}, ID {)(/) f e IIssD }.
Note that )(f) can only be defined for an f rlssR. To consider optimality in II, we
will need to consider the following empirical processes. Let r II and let (Xt,At) be
the corresponding processes with initial law # 7(S). Define the "P(S x A)-valued
empirical process {,t }t>_ by

lt-1
(5.17) t(C x D)= - E I{Xs C, As D}, t k 1,

s--0
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for C, D Borel in S, A, respectively. Let S S t2 {c} be the one-point compactifi-
cation of S. By abuse of notation, we may identify t with the element of 7(S A)
that restricts to it on S A. Since T(S A) is compact, {t}, viewed as a sequence
of (S A)-valued random variables, converges to a sample path dependent compact
limit set in T(S A). We characterize this set in Lemma 5.1, below, the statement
of which calls for some new notation. Note that any element E 7(S A) can be
decomposed as

(B) 5,’(B N (S A)) + (1 5")"(B ({oc} A))

for B Borel in S A, 5. E [0, 1] is uniquely specified and u’ G T(S A) (respectively,
-" e T({oc} A)) is uniquely specified if 5 > 0 (respectively, 5 < 1). We may
render u, u" unique at all times by imposing an arbitrary fixed choice thereof when
5 0, respectively, 1.

LEMMA 5.1. Outside a set of zero probability (with respect to 7)), the following
holds: For any limit point, of {-t} in T(S A) for which > O,

for some f HssR.
Proof. By the martingale stability theorem [117, p. 53],

lim
1

8---1

lim -l[I{Xs-i} E g(i[j, ns-1)X{Xs-1
toc t

s=l jES

t-lim [ut({i} x A)- fP(i I" .)dut]
0 a.s.,

for each i S. Consider a sample path outside the set of zero probability on which
the above fails for any E S. Then, for any as in the statement of the lemma, we
must have

,’({i} A) >_ ] P(i ", ") d’, S.
J

Note that an inequality is obtained here, since the second term on the right-hand side
of (5.18) is obviously nonnegative. Summing over S on both sides, it follows that
equality must hold. Decomposing ’ as ’(i, da) p(i)f(i)(da), where p 7(S) is
the marginal on S and f(i) ’(A) is a version of the regular conditional law
that defines an element of HSR, we obtain

P(i) E P(j)P(f)(i,j).

Hence, - ri(f), and the conclusion follows.
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LEMMA 5.2. The sets IR and ID are closed; also, IR is convex and has its extreme
points in ID.

Proof. Let )(fn) E IR and )(fn) --+ v for some v in T(S A). Then, for all
iES,

)(fn)({i} A)- ] P(i .)&)(f), n > 1.

Letting n - ec, ,({i} A) fP(i ",’)dr. Now argue as in the proof of the
preceding lemma to conclude that )(f) for some f IIssR. This proves that IR
is closed. The proof that ID is closed is similar. Let fl, f2 IIssR and 0 < A < 1.
Define f IISSR as follows:

f(i)
)7(fl)(i)f(i) + (1 ))?(f2)(i)f2(i)

(fl)(i) + (1 )v(f)(i)

Then using the properties of invariant measures, it is not difficult to see that

w(f) Aw(f)+ (1 A)w(f2),
)(f) A)(f) + (1 A))(f2),

showing that IR is convex. Now let f 1-Is,jR be such that, for some i0 E S and
0 < < 1, there exist ,2 "P(A) such that

P(. io, a)f(io)(da) ) / P(. io, a)(da) + (1 )) : P(. io, a)2(da),

P(. io, # J P(.
f

a)l (da) a)2(da).

Define fl, f2 HsR as
f(j), j#io,

fi(j) I, , j io.

Then it can be shown [24] that fl, f2 e IIsR, and any two of r(f), r(fl), (f2) are
distinct from each other. Let b (0, 1) be such that

) b?(f)(io) / (b7(f)(io) + (1 b)(f2)(io))

Then we can argue as before to conclude that )(f) b(fl) + (1 b))(f2). Therefore
)(f) is not an extreme point of IR. This. implies that, for )(f’) to be an extreme
point of IR, P(. i, a) must be constant over a supp(f’(i)), for each S. Hence,
P(f") P(f’), for all f" HSSR such that supp(f"(i)) C supp(ff(i)), for each
i S. In this case, rl(f") r/(f’). Suppose that for some i, say 1, there exist
c (0, 1) and I, "R(A), bi , such that if(l) ai + (1- a). Define
f, f IIssR by

(i) ifi 1,

It follows that (ff) ?(f) r(f.). It is also easy to check that

)(f’) a)(f;) + (1 a))(f),
)(f) : )(f),



312 ARAPOSTATHIS, ET AL.

which contradicts the extremality of )(f’). Hence, f’(1) must be a Dirac measure.
Applying this argument to each E S, we deduce that f IIssD. From this, it follows
that the extreme points of IR lie in ID.

We now proceed to show the existence of a sample path average cost optimal
f IIssD. It is clear that a blanket stability condition or some condition on the
cost that penalizes unstable behavior is required to give the desired existence. For
example, consider the case where c(i, a) exp(-i), which rewards unstable behavior.
Clearly, the cost for any f IIssR is almost surely positive. On the other hand,
provided that 1-IssR 7 IIsR, there exists an unstable policy in HSR that results in
an almost-sure zero cost and is, therefore, optimal (the hypothesis that under some

f HSR the process has S as its single communicating class plays a crucial role in
this assertion). We want to rule out this possibility, as stability is a very desirable
property of a policy. We wish to find conditions under which our goal will be achieved.
Let f IIssR. Define

f
P(f) I cd(f) p* inf p(f)

fEIIssR

Note that, under f E HssR, J(i, f) p(f) for each i S. We consider two sets of
hypotheses.

Assumption 5.18 (the near-monotonicity condition). It holds that

liminf min c(i, a) > p*.
i--o aEA

Intuitively, Assumption 5.18 penalizes the drift of the process away from some
finite set, requiring the optimal policy to exert some kind of a "centripetal force"
pushing the process back toward this finite set. Thus, the optimal policy gains the
desired stability property. If c(i, a) k(i) for some k" S --, ]R+ and k(i) is increasing,
then this condition will automatically be satisfied. Such penalizing conditions quite
often occur in queueing applications (see [20], [155], [156], [172], [190]).

Assumption 5.19 (stability condition (cf. Assumptions 5.7-5.12)). IIsR IIssR
and IR is compact.

Assumption 5.19’. Equivalent conditions to Assumption 5.19 are

(i) HSD IISSD and ID is compact;
(ii) The mean return times to a prescribed state (say 0) are uniformly integrable

over all f G IIs;
(iii) This is the same as (ii), but with HSD replacing IIsR.
THEOREM 5.10. Under Assumption 5.18 or Assumption 5.19, there exists an

f IISSD, which is sample path average cost optimal in

Proof. From Lemma 5.2, it can be shown by an application of Choquet’s theorem
[25], [26] that, if u - f c du attains its minimum on Iu, it will do so for an f HSD.
Under Assumption 5.19, it can be shown that f )(f) is continuous. Therefore,
the desired result follows under Assumption 5.19. We next consider the case under
Assumption 5.18. Let fn IIsR be such that p(fn) p*. By identifying )(fn) with
the element of 7(S x A) that restricts to it on S x A for each n and then dropping
to a subsequence if necessary, we may assume that )(f) - u in 7(S x A) for some
u. Let n -- oc in the equation

)(f)({j} x A)- /P(JI’, ")d(fn),
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and argue as in Lemma 5.1 to conclude that, for # as in (5.18), 5 > 0 implies that

#({j} A)-/P(j].,.) d#, j E S.

Decomposing ’ as #(i, da) -g(i)f(i)(da), i e S, we have P (f) and therefore
# )(f). Let c, cam for m_> 1 and pick > 0 such that Assumption 5.18
continues to hold with p* + in place of p*. Then

p*- lim
n---oo

_> lim f
Cm d(f) + (1 5)((p* + ) Am).

Letting m -- ec,
p* >_ 5.p* + (1- 5")(p* + ).

This is possible only if 6, 1 and f c dO(f) p*. [3

The above theorem, however, does not ensure optimality of the cost-minimizing
policy in IR with respect to arbitrary policies. For the near-monotone case, this can
be resolved without any further assumptions, but, for the stable case, we need the
following.

Assumption 5.20. If min{t _> 1 Xt 0}, then

sup E [’] <

Remark 5.9. Assumption 5.20 clearly implies Assumption 5.19. The converse
need not be true, as can be shown by an explicit example [24]. Some sufficient con-
ditions for Assumption 5.20 are (i) a Lyapunov condition [28], which we will describe
shortly (cf. Theorem 5.11), (ii) the strong uniform recurrence condition of Doeblin
and its variants [178], and (iii) the condition that there exist an N < oc for which

sup sup 7) (- > N) < 1,
rEII

where - is as above.
THEOREM 5.11. Under Assumption 5.18 or Assumption 5.20, there exists an

f IIsD, which is sample path average cost optimal.
Proof. Under Assumption 5.20, it can be shown [26] that the processes ut as

defined in (5.17) are tight over H. Therefore, 5, as in the statement of Lemma 5.1
may be taken to be 1. This resolves the case under Assumption 5.20. Under (A5.18),
let u be a limit point of {ut} in (S A) along some subsequence. Then, as in the
proof of Theorem 5.9, it can be shown that

(5.19) limt_inf J c dpt >_ p*.

Since this is true for any limit point of {t} in T’(S A) and for all sample points
outside a set of probability zero, the desired result follows in this case also. O
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Remark 5.10. Some open problems arising in this context are:

(i) Can Assumption 5.20 be replaced by Assumption 5.19 while retaining the
desired optimality?

(ii) If IIsR 1-Is,dR, will Assumption 5.19 hold automatically?
Remark 5.11. The condition in (5.19) implies a much stronger optimality, which

will be discussed in 6.
Now, after the existence result of Theorem 5.11, an alternative treatment of the

ACOE is possible. We will present a brief description without proofs. For details, see

[24], [26], [28]. Define h: S - I by

Lt=O

where T min{t _> 1 Xt 0} and fo E IIsD is any sample path average cost
optimal policy. In [22], [24], it is shown that (h(.),p*) satisfies the ACOE under the
following additional hypothesis called stability under local perturbations.

Assumption 5.21. Given an f IISSD with p(f) < oc, any f’ HSD ob-
tained from f by changing the actions at most finitely many states is also stable and
p(f’) <

A sufficient, though not necessary, condition for Assumption 5.21 to hold is that
every state has at most finitely many neighbors; i.e., for each i S, there is a finite
set Ri c S such that P(jli, .) 0 for j 9 Ri.

In many cases, the solution (p*,h) of the ACOE can be characterized (Theo-
rem 5.12, below). The usual characterization of AC-optimal f IIsD in terms of the
ACOE can also be proved for the foregoing.

THEOREM 5.12. Assume Assumption 5.18 and let fo, h be defined as above
(cf. (5.20)). Let

H { (p, w) (p, w) satisfies the ACOE, w(0) 0, inf w(.) > -oc}.

Then (p*, h) is the unique element ofH corresponding to the minimum value of p (i.e.,
if (p’, w’) is another element of H, then p’ >_ p* with equality if and only if w’ h).
Now, instead of Assumption 5.18, suppose that c is bounded and the following Lya-
punov condition holds: There exists an w S ---+ I+, a finite A c S and an e > 0
such that

(a) 0 e d and the set {i e A P(j i,a) > 0, for some j e A, a e A} is

finite;
(b) limi__ w(i)
(c) Under any

E, [(w(Xt+l) w(Xt) + )I{Xt

_
A} t] <- O, a.s.;

(d) There exists a random variable Z and a scalar > 0 such that E[exp(AZ)] <
and, for all b >_ O,

Then (p*, h) is the unique solution of the ACOE in the class {(p, w) w(0)
0, limsupi__, h(i)/w(i)<
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Remark 5.12. An alternative "intrinsic" formulation of the ACOE is also possible.
For any f E IIssD, define hf S --, R by

We say that f is locally AC-optimal if it yields a lower cost than any other element of
I-IsD obtainable from f by changing f in at most finitely many states. In addition to
the foregoing hypotheses, assume that every locally AC-optimal f is AC-optimal (for
bounded c, a sufficient condition for this is that IIsD IIssD and {(f) f IIssD }
is tight). We then have that f is sample path average cost optimal if and only if, for
iS,

hf(i) inaf{j P(j i, a)hf(j) + c(i,a) }.
This statement is "intrinsic" in the sense that all quantities (i.e., hf, p(f)) are com-
putable in terms of f. An interesting open problem is to characterize the most general
conditions under which local AC-optimality implies AC-optimality.

Remark 5.13. The Lyapunov condition in Theorem 5.12(ii) implies Assumption
5.20 and has many other implications [26], but condition (ii)(d) there is rather strong,
and, due to this, it may be difficult to construct such a function in a given situation.
A partial answer to this question is given in [74]. It would be interesting to investigate
if the Lyapunov conditions studied by [55], [91] (cf. Assumption. 5.13), which do not
involve condition (ii)(d) above, imply Assumption 5.20.

6. Borel state and action spaces. We consider in this section the case in which
S and A are general Borel spaces. This is a natural setting for many problems, e.g.,
control of stock in water reservoirs, allocation of a resource between production and
consumption, control of biological populations, harvesting a natural resource; see [17],
[51], [82], and references therein for several examples. Also, the equivalent formulation
of POCMP in terms of the conditional distribution of the (unobservable) state leads
to a problem with an uncountable Borel state space, as we see in 7.

In this more general context, the ACOE is written as

(6.1) p(x) +h(x) aEU(x)inf {c(x, a) + fs h(Y)P(dy x, a) }
x e S,

where p, h AA(S). As in 5, a pair of functions (p, h) as above is called a solution
to the ACOE, and, if p and h are bounded, we will say that the solution is bounded.
Also, as in Theorem 5.1, our aim is to relate the AC problem to the existence of
solutions to the ACOE. We have the following theorem.

THEOREM 6.1. Suppose that (p, h) is a solution to the ACOE and that, for each
policy r IIM, the following holds:

(6.2) t--.lim E [h(Xt t)
=0 Vx E S.

Then we have the following:
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(i) There holds

n- n+ l
x p(Xt < J(x r)

t--O

and if r E 1-IsD is such that 7r(x) attains the infirnurn in (6.1), then equality is attained
in (6.3);

(ii) /fp(x) p* e N, for all x e S, then J*(x) p*, for all x e S, and any
7r* IIsD such that r*(x) attains the infimum in (6.1) is average optimal.

The proof of Theorem 6.1 follows that of Theorein 5.1 and is essentially contained
in [177], more explicitly in [80], [148]; see also [78, pp. 66-68], [82, pp. 53-55], [150,
pp. 93-94]. Note that (i), above, says that if p(-) is taken as the cost function to define
another CMP (S, A, U, P, p) then, for any r IIM, the average cost incurred under
the cost function p(.) does not exceed that under cost function c(., .).

Given the results above, it is of interest to find conditions under which there
exists a solution (p, h) to the ACOE, satisfying (6.2). If h is bounded, then (6.2)
is satisfied trivially. Also, if the random variables {h(Xt)} are uniformly integrable
under P, for 7r E IIM and x S, then there exists a constant 0 < K < such that
E [Ih(Xt)l] <_ K. Hence, if such a uniform integrability condition holds under every
7r IIM and x S, then (6.2) is also satisfied trivially. The latter approach has been
used by Shwartz and Makowski for some queueing problems [166]-[168].

6.1. Bounded costs. We first assume that c(.,.) is bounded. When there
are bounded solutions (p, h) to the ACOE, then much stronger results than those in
Theorem 6.1 (i) can be obtained. To state these, some definitions are needed.

Let R and H be bounded, measurable, real-valued functions on S, i.e., R, H
.Mb(S) and let r* E H. Following the terminology of Dynkin and Yushkevich [51],
the triplet (R, H, r*) is said to be canonical if

(6.4) JN(x, r*, H) J[v(x, H) H(x) + NR(x) VN e N0, x S,

and 7r* H is said to be a canonical policy if it is an element of some canonical
triplet. Note that, if (R, H, 7r*) is a canonical triplet, then r* is N-stage optimal, for
all N N0, when H is taken as the terminal cost. This concept was introduced by
Yushkevich [204]. For finite models, Denardo and Fox [37] used a similar approach.

A policy r* EII is said to be strong average optimal if

(6.5) lim sup
1

N--c -JN (X 7r* < lim inf
1

N---cx -JN(x, Tr) Vx e S, 7r e II.

Alternate definitions of strong average optimality are given in [69], [70]. Clearly, a
strong average optimal policy r* is also average optimal, and the limit of the sequence
{1/NJN(x,r*)}, as N -- oc, exists. An interpretation of (6.5) is that the "most
pessimistic" average performance under r* is no worse than the most "optimistic"
performance under any other policy. We have the following result.

THEOREM 6.2. Let 7r* IIsD, let p,h Jb(S), and let c ]MD(K). Then
(p, h, 7r*) is a canonical triplet if and only if

(6.6) p(x)= inf
aEg(x)
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and

(.) (x) + h(x) inf { c(x, a) + Is h(Y)P(dY x, a) }aU(x)

and 77"(x) attains the infimum in both (6.6) and (6.7), for all x E S.
Proof. Necessity. Let (p, h, 7*) be a canonical triplet. Then, by (6.4),

(6.8)
h(x) + p(x) + Np(x) J+l (X, h)

()(x)

c(x, r* (x))+ [ Jv(y,h)P(dylx, r*(x)).

Since Jo(x, 7*, h) J(x, h) h(x), then (6.7) follows from (6.8) by letting N 0.
Furthermore, since p(.), h(.), and c(.,-) are bounded, then dividing both sides of (6.8)
by N and letting N x yields (6.6).

Sufficiency. Let (p, h) satisfy (6.6) and (6.7) and let 7*(x) attain the infimum in
these expressions. We use induction to show that (p, h, r*) is a canonical triplet. For
N 0, this is trivially satisfied. Suppose that N E No is the first integer for which
(6.4) fails; then

Jv(x, h) T(J_1)(x)
T(h + (N- 1)p)(x)

aV(x)inf {c(x,a)+ Js h(Y)P(dylx’a)+(N-1)Is p(y)P(dy] x,a)}
>_ T(h)(x) + (N-1) av(x)inf {/sp(y)P(dy x, a)}
T(h)(x)+ (N- 1)p(x) h(x)+ Np(x).

On the other hand,

J;(x, h) <_ J(x, ,, h)

(x, * (x)) + .f
_

(, *, )P( x, *(x))

c(x, r* (x)) + .f [h(y)+ (N- 1)p(y)]P(dy[x, * (x))
T(h)(x)+ (g- 1)p(x) h(x)+ Np(x)

contradicting our hypothesis. Therefore, (p, h, *) is a canonical triplet.
The results in Theorem 6.2 were obtained by Yushkevich [204]; see also [51]. Note

that (6.7) is the ACOE and that (6.6) allows p(.) to be treated as a constant, with
respect to the optimization problem. Of course, if p(x) p* for all x S, then (6.6)
is satisfied trivially. The coupled equations (6.6) and (6.7) were apparently introduced
by Howard [95, pp. 61-62], in the context of finite state CMP for which, under some
policies, {Xt} has several ergodic classes, i.e., the so-called multichain case. In this
case, different ergodic classes may have different optimal average cost, and p(.) gives
this cost, as will be shown.
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From Theorem 6.2, we see that the canonical policy c* is a measurable selector
for both (6.6) and (6.7). However, Assumption 2.2 in 2 is not enough to guarantee
the existence of selectors in either (6.6) or (6.7), since p and h are assumed to be
bounded and measurable functions, but not necessarily lower semicontinuous. For
this situation, the following condition is needed.

Assumption 6.1. The transition kernel g(. Ix, a) is strongly continuous in (x, a);
that is, u E db(_) implies that fs u(y)P(dyl., .) Cb(K).

It follows that under Assumptions 2.1, 2.3, 6.1, measurable selectors exist for
each of (6.6) and (6.7), and
selector for both (6.6) and (6.7). If (p, h, r*) is a canonical triplet, then (p, h) solves
the ACOE, and (6.2) is satisfied, since h is bounded. Consequently, the results of
Theorem 6.1 follow. The next result presents other important implications.

THEOREM 6.3. Let (p, h, zr*) be a canonical triplet, and let c Jb(K). Then,
for each x S,

(i) JN(x, 7c*) <_ JN(x, 7r) + span(h), for every zc e H;
(ii) 7c* is strong average optimal;
(iii) J(x, zc*) J*(x) p(x);
(iv) h- (x) + p(x) / (1
(v) p(x) x e

limsup
1 1 c(Xt, At) >_ p*,

N---o t=O

when Xo x, and {At } is generated using the policy r. Furthermore,

N-1

lim =1 E c(Xt, At) p, P-a.s
N--oo

--0

if and only if
N-1

lim
1 EN--o - ((Xt, At) O, P-a.s.,

t=0

where K -- I is given by

P(x, a) c(x, a) + /
(vi) r* is sample path average cost optimal.
Pro@ To prove (i), note that, for all - E H,

JN(X 7r* h)-Er* [lc(xt,At)+h(XN)
_E [lc(xt,At)+h(XN)IL t=0

Hence,

h(y)P(dy x, a) p* h(x);

J (x, h).

JN(x, 7c*) <_ JN(x, r) + Eg[h(XN)] E* [h(XN)]

<_ JN(x, zc)+ span(h) V - e H.
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By the boundedness of h(.), we have that

N- -Jg(x, r*, h) g--.lim
h(x) +NNp(x) p(x).

Furthermore, since JN(x, 7r*,h) JN(x, 7r*) + E*[h(XN)], then

p(x)- lim
1

N- -JN(x,

and (ii)-(iii) follows from (i).
Next, since (p, h) solve the ACOE, then (p, h-) and (p, h+) are also solutions

to the ACOE. Since h-(.) <_ 0 <_ h+(.), then by Lemma 2.1 we have that T(h-) <_
T(/3h-) Tz(h-), and T(h+) >_ T(h+) Tz(h+). Then, (iv) follows by induction,
using Theorem 2.1 (iv); see [64].

Turning our attention to (v) and (vi), observe that, due to (6.7), (I)(x, a) _> 0 for
all (x,a) E K. Also, by the (Markov) property (2.3)in 2, we have that, for any
r E If,

Let

and

Zt := c(Xt,At) + h(Xt+) h(Xt) p* (Xt,At)

N-1 N-1 N-1

E c(Xt, At)- Np* + h(XN)- h(Xo)- E ((Xt, At).
t=0 t=0

Note that {Zt} is a (bt, 79) martingale difference, where t cr(Ht+l,At+l). Since
{Zt} is bounded uniformly in t, by the martingale stability theorem

N-1

lim MN_ lim
1 EN-oc N N-oo - Zt O, ’)--a.S.

t=O

Therefore, by the boundedness of h(.),

N_IN-1
1 EO(Xt, AtEt=o c(Xt,At) p* - t=o

0, P-a.s.

Finally, (v) and (vi) follow, since O(x,a) > 0 for all (x,a) e K and since, for a
canonical policy r*,

The results in (i)-(iii) of Theorem 6.3 are essentially contained in [51, Chap. 7];
that in (iv) is motivated by similar results in [136] and [64]; (v) and (vi) are due
to Georgin [72], see also [82, pp. 52-55]. Also, the function (I) defined in (v) was
introduced by Mandl [124] and is often referred to as Mandl’s discrepancy function.

In view of Theorem 6.3, it follows that a canonical triplet yields the desired results.
We therefore look for conditions on the primary objects like the cost function c and
transition kernel P, which imply the existence of a canonical triplet, so that the theory
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can be used in a given practical situation. To this end, a standard procedure is to
assume some ergodicity conditions that will ensure the existence of a bounded solution
to the ACOE. We have already discussed several such conditions for the countable state
case (cf. Assumptions 5.1-5.5). Analogues of such assumptions are also available in the
literature, an extensive survey of which appears in [86]. We will focus on a particular
ergodicity condition that not only subsumes many such conditions but also facilitates
easily implementable numerical schemes. Our presentation here follows essentially
that in [82, Chap. 3].

Assumption 6.2. There exists a number a < 1 such that

sup liP(. P(.
k,MK

where I]" IITV denotes the total variation norm.
Example 6.1. Let S R, A c R, a compact set. Consider the system

X+x F(Xt, A) + G(Xt)Wt Xo :X,

where F: R x A - R, G: IR -+ IR are bounded, continuous and G(.) > 0, and {Wt} is
a sequence of independent N(0, 1) random variables (N(a, b) stands for the Gaussian
distribution with mean a and variance b). In this case, the transition kernel is given
by

P(. x, a) N(F(x, a), a2(x)).
Using the assumed conditions on F, G we can show that Assumption 6.2 holds. We
omit the details. An important consequence of Assumption 6.2 is given below; for a
proof and further discussion, see [82, Chap. 3].

LEMMA 6.1. Suppose that Assumption 6.2 holds. Then, for any f E IIsD, the
corresponding process {Xt} has a unique invariant measure r(f) (S) satisfying

(6.9) IIP*(" x, f(x))  (f)(’)llTy t-0, 1,...,

where pt(. x, f(x)) denotes the t-step transition probability measure under f with
Xo=x.

Remark 6.1. (a) Lemma 6.1 also holds for any f IIsR.
(b) It follows from (6.9) that, for any f IIsD, pt(. Ix f(x)) converges to r(I)

in total variation norm, uniformly in x, and at a geometric rate.
(c) It is clear that, for any f IIsD,

c(x, f(x))(f)(dx)

for any initial law #.
(d) Compare (6.9) with Assumption 5.5 In view of Theorem 5.4, Assumption 6.2

may be viewed as a representative counterpart of Assumptions 5.1-5.5 for the general
state space case.

We now introduce the concept of span-contraction.
DEFINITION 6.1. Let T Adb(S) - A/D(S). T is said to be a span-contraction

if, for some / [0, 1),

span(Tu- Tv) < 7span(u- v) for all u, v e Mb(S).
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Let be the equivalence relation on ./b(S) defined by u v if and only if there exists

some constant C such that u(x) v(x) C for all x E S. Let .Ab(S .Ab(S)/,.,,
the quotient space, endowed with the quotient norm induced by the span seminorm.

For v e J4b(S), let denote the corresponding element of /[D(S) and T 24b(S) --4D(S) be the canonically induced map, i.e., T Tv, v J4b(S). It is easily seen

that, if T is a span-contraction on AJb(S), then T is a contraction on D(S) and
therefore has a unique fixed point. In turn, it follows that the map T has a span-fixed
point; i.e., there exists a v* AJb(S) such that span(Tv* v*) 0 or, equivalently,
Tv* v* is a constant. It also follows that any two span-fixed points of T must differ
by a constant.

We now replace Assumption 2.3 with the following
Assumption 6.3. (i) The multifunction U(x) is continuous; (ii) c(., .) e CD(K).
We have the following result; for a proof, see [82, Lemma 3.5].
LEMMA 6.2. Under Assumptions 2.2, 6.2, and 6.3, the operator T defined in (2.5)

maps Cb (S) to Cb (S) and is a span-contraction.
COROLLARY 6.1. Under Assumptions 2.2, 6.2, and 6.3, the ACOE has a bounded

h,) e
Proof. This follows from the fact that there exists a h* Cb(S) such that

span(Th* h*) 0. Hence, Th* h* + p* for some constant p*.
Remark 6.2. (a) Assume Assumptions 6.2 and 6.3. Let (p*, h*) E Cb(S) be

a solution to the ACOE and fix x0 S. Define h(.) h*(.)- h*(xo). Then (p*, h) is
also a solution to the ACOE. By the span-contraction property of T, it is the unique
solution in Cb(S) satisfying h(xo) 0; i.e., if (p’, h’) Cb(S) is any other
solution of the ACOE in Cb(S) such that h’(xo) 0, then p’ p and h’ h.

(b) In view of the span-contraction property of the operator T, the value iteration
scheme described in 4 can be extended to this case; for details, we refer to [82,
Chap. 3].

(c) Note that Corollary 6.1 asserts the existence of a canonical triplet.
Remark 6.3. In 4 we have identified the duality between the linear programming

formulation and the ACOE under the irreducibility assumption. This has been ex-
tended by Yamada [203] to the case when the state space S is a compact subset of
n and the transition law has a density that satisfies a certain "positivity" condition.
Hernndez-Lerma, Hennet, and Lasserre [84] have further extended this result to the
Borel state space setting under Assumption 6.2.

Kurano [105]-[107] has studied the problem for compact state and action spaces,
under the hypothesis of Doeblin. Doeblin’s condition for the general state space can
be described as follows.

Assumption 6.4. There exists a nontrivial finite measure # on (S, (S)), a posi-
tive integer t, and an > 0 such that

P(A x, f(x)) >_1- if#(A)>_e,

for all f IIsD and x S.
THEOREM 6.4. Let the state and action spaces be compact and Assumptions 6.3

and 6.4 hold. Then there exist an f IIsD and a set A B(S) with #(A) > such
that P(A x f(x)) 1 for all x S, and f is optimal, provided that the initial law
is supported on the set A.

Furthermore, assume the following.
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Assumption 6.5 (reachability). For any x E S and D E (S) with tt(D)
and as in Assumption 6.4, there exists a r H such that

P2 Xt

Assumption 6.6. One of the following two conditions is satisfied:
(i) #(OD) 0 if #(D) > 0, where OD denotes the boundary of D;
(ii) For each D e B(S) with #(D) > , P(DIx a) is continuous in (x, a).
THEOREM 6.5. Under Assumptions 6.3-6.6 there exists an f IIsD, which is

optimal.
Remark 6.4. (a) The proof of Theorem 6.3 exploits the idea involved in Lemma 5.1

of extracting a stationary randomized policy from a limit point of empirical processes.
A novel idea in [105] is to remove the randomization by using the ergodic decomposi-
tion of Markov processes under Assumption 6.4. The compactness is used to ensure
the tightness of the empirical processes under any policy. This can be dropped if the
cost function has a penalizing condition or if there is a blanket stability of Lyapunov
type. The details closely mimic the development at the end of 5.

(b) Wijngaard [201] has also obtained the existence of an optimal f e IIsD under
Doeblin’s condition using an operator theoretic method.

We will now discuss the vanishing discount approach to obtain a bounded solution
to the ACOE. For a fixed.x0 e S, let ha(. J(.)- J(xo) denote the differential dis-
counted value function. For a general state space, the usual diagonalization procedure
used on a countable state space is not amenable. Nevertheless, if ha(. is uniformly
bounded and equicontinuous, then we can use a more subtle diagonalization involving
the Arzela-Ascoli theorem to take the required limits and obtain a bounded solu-
tion to the ACOE. This was studied by Ross [148]. Following [17], [72], [73], we will
discuss some sufficient conditions to obtain the required uniform boundedness and
equicontinuity of ha (.).

Assumption 6.7. For each (/’, 1), for some 0 < /’ < 1, and f 1-IsD, the
corresponding state process has a unique invariant probability measure /(fz) such
that

(6.10) sup
xES

E(/’,I)

IIPt( Ix, fz(x)) (fz)(’)llTY < .
t=l

The following result is now easy to establish.
LEMMA 6.3. Under Assumptions 6.1, 6.3, and 6.7, ha(. := J(.)- Jz(xo),

xo S fixed, is uniformly bounded, and is equicontinuous for 1 (/’, 1).
COROLLARY 6.2. Under Assumptions 6.1, 6.3, and 6.7, the ACOE has a solution

(p*, h) such that h Cb(S).
Remark 6.5. If Assumption 6.4 is satisfied and we further impose the condition

that, for every f IID, the corresponding state process has a single ergodic class,
then (6.10) holds. In particular, if P(dylx a) has a density p(y, x, a), with respect
to some a-finite measure #, and there exists a nonnegative measurable function p0

satisfying f po(y)#(dy) > 0 and p(y,x, a) >_ p0(y), for all (x, a), then Assumption 6.4
holds and (6.10) can be easily verified. If (x, a) -- p(y,x, a) is continuous, then by
Scheffe’s theorem, p(. Ix, a) is strongly continuous in (x, a).
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6.2. Unbounded costs. We now drop the boundedness condition on the cost
function and discuss some recent developments involving refinements and extensions of
the vanishing discount approach. Since for unbounded costs the uniform boundedness
of the differential discounted value function ha(. is rather unnatural, we attempt to
extend the procedure of [155], [156] to the present case. To this end, we make the
following analogues of Assumptions 5.14-5.16.

Assumption 6.8. There exists a nonnegative function b E A/(S), a constant
M >_ 0, and a sequence {n} C (0, 1), n T 1, such that for all x E S, (i) -M <_
hn (x) <_ b(x), and (ii) fs b(Y)P(dy x, a) < c, for all a U(x).

Assumption 6.9. There exists a policy and an initial state 2 such that
J(2, 7r) < .

Assumption 6.10. There exists/’ (0, 1) such that supze(Z,, Z(x) < c, where

Z(x) J(x) inf J(x).
Assumption 6.11. The transition kernel P(. x, a) is strongly continuous in a, for

each x S.
Under Assumptions 6.8 and 6.11, defining h(x) liminf_ hz (x), x S, and

using Fatou’s lemma, we can show that there exists a constant p* such that

(6.11) lim (1 n’)J, (x) p* for all x e S
n/__+

where 3n’ T 1 is a subsequence of {3n}, and

(6.12) p* + h(x) >_ min c(x, a)+ h(y)P(dy x a) } x S
aU(x) [ JS )

which is the ACOI (see (5.16)) for this case. Similarly, under Assumptions 6.9-6.11,
we can find a constant p* such that, along a suitable sequence 3n (/P, 1), /n T 1,
limn_(1 -/) infxs J(x) p*. Then, defining h(x) liminf_ hzn (x), we can
deduce (6.12). Thus, we have the following result.

THEOREM 6.6. Under Assumptions 6.8 and 6.11 or under Assumption 6.9-6.11,
there exists a constant p* and a function h, which is bounded below and satisfies (6.12).
Any policy 7 IIsD realizing the minimum on the right-hand side of (6.12) is average
optimal and p* is the minimum average cost.

Remark 6.6. For details, we refer to [83], [85], [140]. In the case of a countable
state space, a number of sufficient conditions on the transition kernel and the cost
function that enable us to verify Assumptions 5.14-5.16 are available, as mentioned
in 5. This does not seem to be the case for a general Borel state space model,
although several interesting examples have been studied in [83], [85], and [140]. Also,
Assumption 6.11 is a very strong condition and will not, in general, be satisfied for the
transition kernel of the equivalent problem for a partially observable model. Thus, this
case needs further investigation. Finally, note that Assumption 6.10 may in principle
be easier to verify than Assumption 6.8.

Remark 6.7. We note that Theorem 6.6 provides only an ACOI, and not the
ACOE. In many situations, the discounted value function is convex (e.g., in linear
systems with quadratic cost [14]), or concave (e.g., the separated problem in partially
observable models). This class of problems has been used in [61] to obtain the ACOE
under Assumptions 6.8, 6.11, and some additional assumptions.
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7. Partially observable controlled Markov processes. Thus far, we have
assumed that the complete history of the process Ht is available to the decision-maker,
at each stage t E T. However, in many situations, some components of the state
process may not be directly available to the controller since, e.g., it may be impossible
or too costly to measure these. Furthermore, due to imprecisions in the measuring
devices, only noisy observations of the state may be available. When these situations
arise, the problem is said to be a partially observable controlled Markov process.
Here, we study POCMP with finite or countably infinite state and observation spaces,
and finite or compact action set. A major portion of our exposition concentrates
on the vanishing discount method, where we see that the particular structure of the
POCMP can be employed to yield stronger results than those available for general
Borel spaces. We also review Borkar’s convex analytic approach, specialized to the
partially observable case [26].

7.1. Models with partial state information. The model for this problem
is essentially that in [51, Chap. 8] and is as follows. The state process is described
by a pair {Xt, Yt }tT taking values in a product of Borel spaces X Y. Only the
second component {Yt }tT of the state process is available for decision-making, and,
reflecting this, Y is called the observation or message space, and Yt the observation
process. With A denoting the action space, the evolution of the system is governed
by a measurable stochastic kernel P on X Y given X Y A.

Let # E T(X Y) be an initial distribution of the state. Decomposing (disinte-
grating) the measure #, we have

tt(dx, dy) Qo(dy) o(dx Y)

where Q0 is the marginal of # on Y and o is a version of the regular conditional
law, defined Q0 almost surely; we pick any version from this equivalence class and
keep it fixed thereafter. Note that knowledge of #, since the value of Y0 is available
to the controller, implies that an a posteriori distribution P0 (given Y0 y) for the
unobserved initial state is introduced. We include b0 into the observed history by
letting

Ho := T(X) x Y, Ht Ht-1 x Y x A, t No.
The set of admissible actions is specified by a strict, measurable, compact-valued

multifunction U Y -- B(A). Hence, in this context, an admissible policy is a

sequence r {Trt}teT of Borel measurable stochastic kernels rt on A given Ht satis-
fying, for all t T, the constraint

7rt(U(yt) l-t) =1 V-t -t.
The set of all admissible policies is again denoted by II.

Remark 7.1. In general, decisions take into account past and present information,
not just the last observation. Note that the constraints on the actions cannot depend
on the unobservable component Xt of the state. If this type of constraint must be
included in the model, then it must be provided to the controller as an additional
observation. Similarly, if the cost process {c(Xt, Yt, At)} is available to the controller,
then it should also be regarded as an additional component in the observation process
[51, p. 201].

Remark 7.2. Quite often, tt is specified as

#(dx, dy) Qo(dy x)#o(dx),
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where #0 E 7(X) is an initial distribution for Xo, and Qo is a stochastic kernel on Y
given X [15, Chap. 10], [82, Chap. 4].

With # E T(X x Y) and an admissible policy r specified, there exists a unique
probability measure :P on (Ft, N(f)), where f "-(X x Y x A), defined by

T) (dxo, dyo, dao, dat-1, dxt, dyt)

#(dxo, dyo)7ro(dao o, yo) P(dxl, dyl xo, yo, co)...
rt-l(dat-1 o, yo, co,..., yt-1) P(dxt, dyt xt-1, yt-1, at-l).

7.2. Transformation into a completely observable model. A common ap-
proach in the analysis of a partially observable (PO) model is to construct a completely
observable (CO) model, equivalent to the original one in the sense that corresponding
policies have equal costs. The advantages in doing this are obvious, since the theory
of CO problems is much better developed. However, the price usually paid is that the
dimensionality of the new state space is substantially larger than that of the original
one.

Such an equivalent CO problem can be obtained in many ways. The main idea
is to specify an information state process that summarizes, at each time, all relevant
information for decision-making. Clearly,-t (o, Yo, Ao,..., At-, Yt) can be used
as an information state process, but this leads to a nonstationary CO model, in which
"growing memory" difficulties arise; see [15, Chap. 10]. We present here the more
standard approach where the inferential knowledge of Xt is summarized using its
conditional probability distribution, given the entire observed history up to time t.
We first present the construction of the equivalent CO model for general Borel state
spaces and then specialize to models with countable state space. Also, the following
assumption will be in effect throughout this section.

Assumption 7.1. The transition kernel P(. x, y, a) and the cost function c(x, y, a)
do not depend on y, and U(y) A for all y Y.

7.2.1. Borel state space. Given a PO model (X x Y, A, U, P, c) satisfying As-
sumption 7.1, we construct a CO model (T(X), A, U,/C, 5) as follows. Let {t, Yt } teT
and {Ht }tT denote the state process and the history spaces, respectively. The set

of admissible actions is selected by letting U() A for all "P(X). We define
the cost function 5 by

(7.1) (, a)"-/x c(x, a)(dx), e 7(X).

It remains to construct the transition kernel . Working on the canonical sample space
fl- (T(X) x A) ,we first define a stochastic kernel q on X x Y given T(X) x A
by

(7.2) q(dx, dy a)"- Ix P(dx, dy x’, a)(dx’), e T(X),

and, decomposing q, we obtain

(7.3) q(dx, dy ,a) Q(dy ,a) (dx ,a,Y).

Equation (7.3) is the filtering equation. For fixed (, a), the map y -. , as defined
implicitly in (7.3), is a measurable mapping from Y to T(X). Consequently, along
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with the distribution Q on Y, it induces a distribution K; on I(’P(X)), which is a
measurable function of (, a) or, in other words, a stochastic kernel on 7(X) given
7(X) x A. It follows that the model (T(X),A,I,), with state process {t}teT
forms a completely observable controlled Markov process, with transition kernel given
by

(7.4) (B ,a)’= fy I{(. ,a,y) B} Q(dyl,a), B e ((X)).

The distribution/20 of 0, corresponding to an initial distribution # of the PO model,
is taken to be

(7.5) fito(B)

Given a history ht (o,yo,... ,at-l,yt) E Ht in the PO model, we can con-
struct 1, 2,... in a recursive manner by starting from 0 and, having obtained
t-1, solving for in (7.3), with (, a, y) (t-1, at-l, yt), and letting Ct . In
this manner, we obtain a corresponding history ht (o, do,..., at-l, t) Ht for
the CO model; we denote this correspondence by the map 9t Ht Ht. We can
then assign to each admissible policy # II in the CO model a corresponding policy
7r g*(#) in the PO model, defined by

(7.6) 7rt(. I-t) #t(" gt(-t)), -t -t.

Clearly, every policy r II can also be regarded as a policy in II; in other words,
the map 9* is onto. If :P is the probability measure induced by the policy # and the

initial distribution/5 (corresponding to #) on the canonical sample space t, then, for
each C c=_ B(X),

(7.7) P*(5) (Xt e C l-t -t) t(C), 7)-a.s.
Utilizing (7.1), (7.4), and (7.5), it can be verified that

(7.8) 5[(gt, At)] VtTE (5) [c(Xt, At)] E
thus establishing that the two models are indeed equivalent as claimed. It follows
that the process t summarizes all information, relevant for control purposes, and is
called for this purpose a sufficient statistic (see [50], [161], [162]). We define the set of
separated policies IIs as those policies r II for which there a Markov policy # on the
equivalent CO problem such that r g*(#), as defined in (7.6). In other words, with
#- {ft}teT IIM, ft’T(X) -- T(A) and for each initial distribution tt T(S),

Thus, the actions taken using a separated policy only depend on [-/t through the
conditional distribution of Xt. In other words, the following separation principle
holds" If an optimal policy exists in II, one exists in Hs. Hence, the processcan be
controlled optimally by first estimating the state via the conditional distribution and
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choosing control actions based solely on the latter. These and other results, in various
degrees of generality, were independently obtained by various authors, e.g., [3], [5],
[89], [138], [151], [163], [174], [175], [199], [205].

Exarnple 7.1. A partially observable version of the stochastic nonlinear system in
Example 2.1 is described by the equations

Xt+l F(Xt, At, Wt)
Yt Cl(Xt, At- 1, Vt)
Y0 a0(x0, v0),

where G and Go are Borel measurable, and the disturbance {Vt }teT is an i.i.d, sequence
of random variables taking values in a Borel space V, with a common distribution
7)v; furthermore, it is assumed that X0, {Wt }, and {Vt } are mutually independent.

7.2.2. Countable state space. We now specialize to the case where the state
space X x Y is a finite or countably infinite set, the action space A is a finite or

compact set and with Assumption 7.1 in effect. Thus, U(y) A for all y E Y, and
the kernel of the process takes the form P(x, y x, a). We also assume that the cost c
and the kernel P are continuous with respect to a E A. The space T(X) is identified
with the set A of probability vectors, i.e.,

(7.9) A.--{ [0’1IX xeXE (x)--1}
endowed with the topology given by the metric

d(21,22) :-- E )l(x) )2(x)[ [[1 2111,
xX

where I]" II1 stands for the standard tl-norm on Rx.
In general, the recursive (filtering) equation (7.3) used to compute t+1, is ob-

tained via a decomposition of measures technique; see [15, Chap. 10], [51, Chap. 8],
[82, Chap. 4], [205]. This is particularly simple to accomplish (using the Bayes rule)
when X and Y are countable or when the system is described by a linear system
function and the disturbances are Gaussian; see [5], [14], [103], [174], [175]. For this
purpose, we need the following definitions (compare with (7.2), (7.3)):

(7.10) q(x, y , a) E P(x, y x’, a) (x’),
xX

(7.11) V(y, , a) E q(x, y , a),
xX

q(" ’Yl’a) if V(y, a) = O,V(y,b,a)(7.12) T(y, , a)(.)
O, otherwise.

Note that the map - T(y, , a) maps A into itself. In the countable case, Ct can
be computed by letting Ct T(yt, t-1, at-l). Here, V(y, , a) is interpreted as the
(one-step ahead) conditional probability of the observation being y given an a priori
distribution for the core state, under decision a. Likewise, T(y, , a) is interpreted
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as the a posteriori conditional probability distribution of the core state, given that
decision a was made, observation y obtained, and an a priori distribution . Also, the
kernel in (7.4) takes the form

(7.13) (B , a):= E V(y, , a)I{T(y, , a) B}, B I(A),
yY

while the cost 5 is computed by

(7.14) 5(, a) E c(x, a)(x)
xX

Remark 7.3. It is common to specify, instead of the kernel P, a transition kernel
P on X given X A, and an observation kernel Q on Y given X A [14], [63], [82],
[128], [170]. Note that this is only a special case of our presentation, which happens
when the kernel P admits the decomposition

P(x, y x’,a) Q(y x, a)P(x x’,a).

In this case, we can express (7.10)-(7.12) in a convenient vector form by viewing
as an element ofx and defining the transition matrix [(a)]x,x, (x Ix’, a) and

the observation matrix Qy(a) diag{Q(y x, a x E X}. Then, with denoting
the vector in x defined by -x(Y , a) := q(x, y , a) and 1’ (1,... 1), we have

(7.10’) (Y , a)- Qy(a)P(a)2,
(7.11’) V(y, 2, a) l’Q(a)P(a)

(analogously for (7.12)).
Note that a nonrandomized separated admissible policy can be viewed as a se-

quence of maps t A - A. Then an equivalent, completely observable, discounted
cost problem (DC) can be formulated as finding a separated admissible policy that
minimizes

The average cost problem (AC) is analogously defined.
Note that the one-stage cost function 5(, a) is linear in E Z. It is easy to

show that the expectation operator corresponding to the kernel K preserves concavity
(convexity) [6], [50]. The following results complement those in Theorem 2.1.

THEOREM 7.1. For a (DC’) decision problem, J(.) is a concave function, for all
0 < <1. The DCOE is given by

(7.15) J()- min(,a) +/ E V(y,,a)J(T(y, a))}
yY

and any (nonrandomized) separated stationary policy that attains the minimum above
is optimal.

Remark 7.4. The optimality equation (7.15) is obtained from the general theory
of CMP [15], [82]. For other results, see [5]-[7], [14], [50], [128], [161], [169], [170],
[171]. Also, for a survey of relevant computational methods, see [119].
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In this context, a pair (p, h) is said to be a solution to the ACOE if, for all E A,

(7.16) p+ h() min(,a)eA[, + E V(y,2, a)h(T(y, , a)) }.
yY

7.3. The vanishing discount approach. As shown in 5, for a countable state
space CMP, boundedness conditions on the differential discounted value function were
sufficient for solutions to the corresponding ACOE to exist. We consider here the
following hypothesis.

Assumption 7.2. There exists a sequence n T 1, such that hn is bounded.
Despite the fact that the model (A, A,, 5) has a general Borel state space, it

has two special features that simplify the analysis via the vanishing discount method.
The first of these features is the concavity of the discounted value function, while
the second is the fact that the kernel )E(. P, a) vanishes on the complement of a
countable set (for fixed and a), and thus the integrals with respect to reduce to
infinite sums.

For the finite state and action space case, the concavity of the discounted value
function has been exploited by Patzman [36] and by Ohnishi, Mine, and Kawai [132].
These authors utilize the fact that a collection of concave functions, defined on some
relatively open convex set C, which are finite and pointwise bounded, is uniformly
bounded and equi-Lipschitzian relative to any closed subset of C [143, Thin. 10.6].
Thus, under Assumption 7.2, the finite dimensionality of A and the concavity of
hz(.) are used in [132], [136] to obtain a bounded solution (p*, h) to the ACOE, via
the vanishing discount approach. In particular, they partition A into its interior, its
vertices, and its edges, i.e.,

A-UAj

Note that [fl[ 21x1+1 1 and that each set Aj is a relatively open convex set. Given
a sequence n T 1, then the concavity of hz(.) and Assumption 7.2 are used to obtain
subsequences/n(j) such that {hZn(j)(.)} converges on Aj. Platzman [136] defines a
metric on A that accomplishes this partition. Let

:= {i e x (i) > o}, e

2/)2) :=1-min{ 1(i)
"i E Z(2/)2)} 2/)1,

O(1, 2)"-- max{d(l, 2); d(2, )1)}.

In [135, pp. 88-89], Platzman shows that D(.,.) is a metric that leaves A discon-
nected and with components identical to the elements of the partition { Aj }jej. The

following is shown in [136, Lemma A.1].
LEMMA 7.1. Let f A - I be concave and bounded below; then

If(C1) f(2)1 _< span(f) D(I,

Hence, under Assumption 7.2, {hz(’)}Z(0,1) is an equi-Lipschitzian family, with
common Lipschitz constant given by the (smallest) uniform bound, and the Arzela-
Ascoli theorem can be used as in [148] to obtain a bounded solution to the ACOE
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If the state space is infinite, the above method does not work, simply because
the partition induced by the Platzman metric results in a nonseparable space. In this
situation, the particular structure of the kernel has been employed in [63] to develop
a theoretical framework based on the notion of invariant subsets (subprocesses) of a
CMP, and sufficient conditions are given for the existence of solutions to the ACOE,
in the case of a finite action space. The key point is to note that, if we let B(, a) :=
{T(y, b, a) y E Y}, which is a countable set since Y is countable, then K:(B(, a), a) 1. Thus, at any time t E No, the set of possible next states for t is the set

[-JaeA B(q2t, a), which is countable, provided that A is finite. This special structure
has also been identified by other authors, e.g., [5, p. 187], [136, p. 369], [170, pp. 19-20].

We briefly summarize the work in [63]. The notions of descendents, ancestors,
and relatives of a point b A are first introduced. The descendents of are defined
as the smallest subset of A containing b that is invariant under the action of the maps
in the collection {T(y,., a) y Y, a A}, while the ancestors of b are defined as
all the points in A that reach under the application a finite sequence of these maps.

(1) is the set formed by the unionFinally, the relatives of a point , denoted by 9gV
of its descendents and ancestors. Note that the definition of the descendents is an

extension, to the present context, of Doob’s concept of consequent sets [45, p. 206].
Subsequently, the genealogical tree GTw of is defined by

GT := .J v(n)

where the sets (n),. are defined recursively as

-(n+l) (1)
V := nEN.

The descendents of a point form a countable set, but the ancestors can, in general, be
uncountably many. To guarantee that the relatives and hence the genealogical tree of
a point is a countable set, the following condition is introduced.

Assumption 7.3. For all y Y, a E A, and A, T-l(y, ,a) is a countable
set.

Introduce the relation ’ if GT GT,. It follows that "" defines an
equivalence relation on Z resulting in a partition of A into equivalence classes that are
precisely the sets GT. Under Assumptions 7.2 and 7.3, the standard diagonalization
argument can be employed on each equivalence class GT to construct a pair (p*, hcT
that solves the ACOE on GT (the boundedness hypothesis (Assumption 7.2) can be
weakened by letting the constant M depend on the equivalence class). Then, by
defining h(b):= hcT (0) for all b e A, (p., h) clearly solves the ACOE on A. One
peculiarity of this approach is that the resulting function h is not guaranteed to be
measurable. This is not a major problem though, since an important consequence of
the particular structure (with finite action space) is that the "measurability of various
objects is of no essential concern" for the equivalent problem [15, p. xi]. The approach
in [63] fails when the action space A is not finite.

Since the vanishing discount method relies heavily on the boundedness of the
differential discounted value function, the problem of finding sufficient conditions on
the cost and the kernel of the process for this to hold becomes important. Platzman
[136] has given (reachability and detectability) conditions for Assumption 7.2 to hold;
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however, these conditions are difficult to verify. On the other hand, many models of
interest possess special properties, which allow the verification of Assumption 7.2 very
easily. We examine some of these properties next.

Suppose that a partial order "-z" has been defined on A and let "-A" denote a
linear order on A; we assume that A is finite. We also identify X with N0 and endow
it with its natural ordering.

DEFINITION 7.1. Consider ((A,-),(A,-A),,) and let )1,22 E /. We
state the following:

(i) The value functions are monotone if

1 -A )2 J(1) J()2) for all 0 < < 1;

(ii) A (nonrandomized) stationary separated policy r is monotone if

1 -’<A 2 71"(1)"A 71"(2).

Two frequently used partial orders on A are the stochastic dominance -st and
the monotone likelihood ratio -tr, defined below.

DEFINITION 7.2. Let 1, 2 E A; we state the following:
(i) )1 -st )2 if Ei>_q 1 (i) <_ Ei>_q 92(i), for all q X;
(ii) 21 -lr 2 if 21(j))2(i) )l(i))2(j), for all i,j X such that <_ j.
Let eJ denote the element of A with the jth component equal to 1, j X; thus,

e.g., e (1, 0, 0,... ). The following is easily shown.
LEMMA 7.2. If 1, 2 and 1 22, then 1 -st 2. Also, for all A,

eO -lr 2.
DEFINITION 7.3. An action aj A is called a reset action if, for some j X,

T(y, , aj) eJ, for all y Y and A.
A reset action aj corresponds to the core state of the system being j, with prob-

ability one, at the next time epoch after action aj has been taken. This type of action
arises naturally in manufacturing systems subject to inspection, maintenance, and
replacement. The following results derive from the work of Sondik [170]; see also [63].

LEMMA 7.3. If there exists a reset action aj A, then

J()- J(eJ) <_ 5(,aj) V e A.

If X is finite and for each j X there is a corresponding reset action, then for each
/ (0, 1) there exists J X such that

0 _< _< M V e

where M max{c(i,a)[i X,a A}.
Remark 7.5. Note that, if J(.) is monotone with respect to -t and if there is

an action a0 A that resets the state to e, then 0 < J}()- J}(e) <_ (,a0)
uniformly in (0, 1). Furthermore, note that when X is finite, a constant M > 0
exists such that (, a0) _< M, for all A, and thus Assumption 7.2 holds.

Models with a replacement action that resets the system to an "as new" state e
have been considered in [2], [118], [131], [132], [149], [188], [189], [191]-[195]. Related
problems are those considered in [66], where a reset action to a most desirable state is
available, and in [90], where (maintenance) reset actions aj are available for all j : 0,
with X a finite set.
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7.4. The convex analytic method. We will now briefly describe Borkar’s
convex analytic approach. The action set A is assumed to be any compact metric
space. We also assume that c and P are continuous in a. We will consider the
pathwise average cost. This cannot, in general, be written as an equivalent cost in
terms of {t }, but it is natural to propose that

(7.17) limsup
1

T--1

t--0

as a substitute. Any # E 7(A A) can be decomposed as

(7.18) #(de, da) -fi(d)() (da),

where is the marginal of # on A and (I) is the regular conditional law defined
almost surely. We always work with one arbitrary representative of this equivalence
class. Define F c J(A x A) by

(7.19)

F- {#E’p(AxA)
={#7(AxA)

For , as in (7.18), is invariant under\
the stationary randomized policy

/fJ f a)(’)(da)-fi(d’)

for all f Cb A

From (7.19) we can easily check that F is closed. Note that the set of invariant
probability measures for the process {t } controlled by a stationary randomized policy
(I), when nonempty, need not be a singleton. In general, it will form a closed convex
set in 7(A), the extreme points of which correspond to ergodic measures. That is,
the above process with one of these extreme measures (say, #) as the initial condition
will be ergodic. Then (7.17) will almost surely equal f d#. In view of the ergodic
decomposition of a stationary Markov process, this will also be the case for other
invariant measures (which will be a convex combination of the ergodic ones). Define

inf ! 5 d#.

We assume that p* < oc. We consider two alternative conditions under which the
above infimum will be a minimum.

Assumption 7.4 (near-monotone case), c satisfies limi- infa c(i, a) oc.
Assumption 7.5 (stable case). Assumption 5.19’ (ii) holds.
Observe that the "near-monotonicity" condition here is more restrictive than the

one used in 5. We now state the following result; the proof is analogous to that of
Theorem 5.10.

LEMMA 7.4. Under either Assumption 7.4 or Assumption 7.5, the map it H

f dit attains its minimum on F.
by

f drlt -[ f(t,At), t > l, f CD(A X A),
m--0

where {t } is governed by some policy. Again, we can prove the following analogue
of Lemma 5.1.
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LEMMA 7.5. With probability 1, any limit point of {r/t} in T’(A x A) lies in F.
Consider the near-monotone case. Suppose that, for a given sample path, a

subsequence of {r/t } has no limit point in (A x A). Arguments similar to those in
the proof of Theorem 5.1 can be used to show that the cost must go to +cx along this
subsequence. In view of Lemma 7.5, this leads to

T-1

(7.20) lim inf
T--+ E 8(zt,At) >_ p* a.s.

t--0

Along with Lemma 7.4, this would seem to lead to the existence of an optimal sta-
tionary randomized policy. There is, however, one catch. It is not a priori clear that
any initial law for {t } would be in the domain of attraction of the element(s) of F
that minimize the cost (or, for that matter, whether this domain of attraction can
be reached in a finite random time from any initial law under some policy). Simi-
lar "reachability" problems surface when we try to extend the dynamic programming
equations. These are circumvented under somewhat stringent conditions in [136], as
we have already discussed.

Finally, we can prove the convexity of F. Again, it is unclear how (and whether)
we can characterize the extreme points of F as those corresponding to stationary
(nonrandomized) policies. As the ACOE is not available in this approach, the existence
of an optimal stationary policy remains an open issue in general. In the stable case, it
is not clear if (7.20) holds, and thus this case remains open to investigation. To sum
up, the convex analytic approach to POCMP needs to be further studied.

8. Multiobjective and constrained models. An important success of the
convex analytic approach discussed in 5 is in the domain of multiobjective problems,
in which there is more than one cost (objective) function. We will first consider a mul-
tiobjective CMP with average cost criterion recast as a CMP with several constraints.
CMP with one or multiple constraints have been studied in [1], [16], [26], [40], [41],
[44], [92], [93], [97], [120], [129], [145], [146], [166]. Our presentation follows [25], [26].

We consider the case when S (0, 1, 2,... }; A, the action space, is a prescribed
compact metric space; and P(jli, a) is continuous in a for fixed i, j. Also, V(i) A
for all E S. In the constrained CMP problem, we have, in addition to the cost
function c Cb(S X A), rn additional "costs" ci Cb(S X A), 1 _< _< rn and are
required to satisfy

ai <_ f c dl(f <_ bi l <_ <_ rn(8.1)
d

for prescribed numbers b > a, f IIsD, and )(f) e "P(S x A) is as in 5. (We are
assuming all costs are bounded for simplicity. Also, we are confining our attention to
IISSR; this suffices under reasonable hypotheses, as we saw in 5.) We will assume
Assumption 5.20 in 5.

Recall that IR {)(/) f e IIsR}. Let R be the subset of IR, where the

constraints (8.1) are satisfied. Then IR is closed and convex. We assume also that it
is compact (this will be true under Assumption 5.20 in 5). Under this assumption,
we can show, as in 5, that there exists an f* IIsR that is optimal for this problem.
We will now proceed to show that f* requires randomization in at most rn states.

Let g e CD(S X A). For some a e I, let H IR {b f g de <_ a}, assumed
to be nonempty. Clearly, H is closed and convex. Let )(f) be an extreme point of H.
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Suppose that it is not an extreme point of I itself. Then there exist distinct measures

)(fl), )(f2) such that at least one of them (say )(f)) is not in H, and )(f) is a
convex combination of the two. Suppose that )(f2) IR \ H, )(f22) is another such
pair. Then it can be shown that )(fj), 1 <_ i,j <_ 2 are collinear (/, In, H, and so
on are viewed as subsets of ffJl(S A), the Banach space of finite signed measures
on S A). Therefore, all pairs of points in IR satisfying (a) at least one of them is
not in H, and (b) )(f) is a convex combination thereof, lie on a single straight line in
ff)l(S A). Let Z denote the intersection of this line with IR. Under our hypotheses
on I, Z is a closed finite line segment. Let N(f), N(f2) denote its endpoints. Then it
can be shown that N(fi), 1, 2 are extreme points of IR. By Lemma 5.2, f HSSD;
also, f and f2 are distinct since )(f) is not an extreme point of I. Therefore, there
exists an a (0, 1) such that

(f) a’(f) + (1 a’))(f2).

Arguing as in the proof of Lemma 5.2, it is clear that for each S we may take
f(i) to be a convex combination of f(i) and f(i). Let f IIzD be such that, for
each S, f(i) either f(i) or f2(i). Then, under our hypotheses (Assumption
5.20 of 5), we cn show that )(f) Z. Now consider Z as a union of two closed line
segments Z and Z2, Z1 being the line segment between )(f) and )(f), and Z2 that
between )(f2) nd )(f). Let {f} be a sequence in Ilso, defined as follows" f f,
and

f.(i), i<_n,
f(i)

f (i), > n.

Then, by the above considerations, )(ffn) Z. Since fin -- f2 as n -- c, we conclude
that )(ffn) )(f2) (the map f )(f) is continuous under Assumption 5.19). Thus,
the sequence )(f), n >_ 0 starts in Z and eventually moves into Z2. Let n denote
the first time this happens. Then either )(fn) )(f) or )(f) is a convex combination
of )(fn) and )(fn-). Since f(i) f_(i) for : n, the arguments employed in
Lemma 5.2 show that we may take f(i) the Dirac measure at fin( for i : n and
f(n) a suitable convex combination of Dirac measures at f (n) and f2(n). We have
established the following result.

THEOREM 8.1. Each extreme point of H corresponds to an (f) such that f
IIn satisfies the following claim: For all but at most one i, f (i) is a Dirac measure
at some point of A. For the single remaining i, if any, f(i) is a convex combination
of two such Dirac measures.

A variant of the above theorem leads to the following result [27].
THEOREM 8.2. The minimum of f cd on In, is attained at an (f)

IR, where f is either deterministic or satisfies the following claim: There are states
il,..., ik S and positive integers n,..., n > 1 such that f requires randomization
among nj values at state ij, 1 <_ j <_ k; requires no randomization for the remaining
states; and i---1 Tti

_
m.

Once this existence result is available, necessary conditions for optimality can be
obtained from the standard Lagrange multiplier theory.

THEOREM 8.3. There exist , >_ O, 1

_
i

_
k such that ](f), as in Theo-

rem 8.2, minimizes

k k

r -- F(r/, (/i}, (/3i}):=/cdrl- E/i(bi- fcid) E.i(fcid-ai)
i=1 i--1
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on IR. Furthermore, if IR has nonempty interior, the following saddle-point property
holds: For all hi,i >- O, 1 <_ <_ k, E IR,

r((f), {Xi}, {}) <_ F((f), {A}, {/}) <_ F(?, {hi}, {/}).

Remark 8.1. The result in Theorem 8.1 cannot be improved in general. Indeed,
in [26] there is a counterexample to show the nonexistence of an optimal f E IIsD for
the CMP with one constraint.

Remark 8.2. We have discussed the stable case only. Analogous results can be
obtained for the near-monotone case (conditions similar to Assumption 5.18). For
details, we refer to [25].

Remark 8.3. When the action set A is countable, analogous results are obtained

We next consider another multiobjective CMP with AC criterion. We have m cost
functions ci Cb(S A), 1 _< _< rn. All cost functions are of equal importance, and,
as a result, the optimality problem cannot be recast as a constrained one. Therefore,
we directly deal with the optimality problem with a vector cost criterion. This has
been studied in [48], [75].

Let IR be compact. Consider the vector cost criterion

In general, there need not exist an f IISSR that minimizes all of f ci d(f) over

IR. This motivates the concept of Pareto optimality. An f 1-IssR is said to be
Pareto optimal if there does not exist any e IIssR for which f ci d)(?) _< f ci d0(f),
1 _< _< rn, with inequality being strict for at least one i. Pareto optimality is
clearly the minimal requirement for any reasonable notion of an optimal solution for
the multiobjective problem with no priority among objectives. The Pareto optimal
solutions can be characterized as follows.

THEOREM 8.4. Any f IIssR that minimizes Eim=l hi f Ci d(f) for some hi > O,
1 <_ <_ m is Pareto optimal. Conversely, any Pareto optimal f HsR minimizes
the above functional for some choice of ) >_ O, 1 <_ <_ m.

Remark 8.4. Note that the converse is only partial, since we have i >_ 0 instead
of hi > 0. It becomes exact if S and A are finite.

We often reduce a vector cost criterion as above to a scalar one by introducing
a "utility function." One such case is that of finding the "shadow minimum" for the
problem of minimizing the vector cost, - If cld,,..., f c, d,] m on IR. Letting
L denote the range of this map, L can be shown to be closed and convex. Suppose
that y min{f c d, , e IR}, 1 <_ <_ m. Let y* (y,..., y). The point y* is
called the ideal (or utopian) point. The point x* L that is closest to y* is called the
shadow minimum. This point is unique and is characterized by

(y*-x* z-x*} < 0 zES.

For finite S and A, a combined linear-quadratic program can find x* explicitly [75].
The point x* is easily seen to be Pareto optimal.

9. Conclusions. We hope this paper has provided a useful presentation of the
problems and techniques in average cost control of Markov processes. As is amply
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clear, there is not a globally applicable approach. Instead, we expect to build a
library of special tricks, a collection of simple verifiable sufficient conditions under
which the problem is accessible, possibly with different techniques. Going one step
further, there are the more difficult, partially observable, and multiobjective problems.
Though these have seen some significant results of late, there remains much more that
eludes satisfactory analysis. A similar comment applies to computational aspects
and adaptive control, two topics we have not touched upon here. For computational
aspects, we refer to [81]., [87], [137], [180] and, for adaptive control, [26], [82], [102].
Also, we have not dealt with the vast literature on sensitive optimality [137], [182],
nor with some some other criteria, such as overtaking [111], variance sensitive [198],
and weighted cost [60], [65], [99]. Finally, the discrete-time models have interesting
applications to continuous-time problems, for which we refer to [14, 6.7], [109], [159],
[206].

Appendix. Multifunctions and measurable selectors. Let V and W de-
note nonempty Borel spaces and let 2W denote the collection of all nonempty subsets of
W. A multifunction (or set-valued function) if from V to W is a map if V -- 2W

The subset Dom(if) {v E V if(v) : } is called the domain of if. When
Dom(if) V, we say that the map if is strict. In what follows, we assume that if
is a strict multifunction. If, for each v E V, if(v) is a compact (closed, measurable)
subset of W, then if is said to be compact (closed, measurable)-valued. A selector (or
selection) of if is a function : V W such that (v) if(v), for all v Dom(if).
The set of (Borel) measurable selectors of if will be denoted by $(if). The graph of
if, denoted by Graph(if), is defined as

Graph(if) := {(v,w) v V, w if(v)}.
For a set W E 2w we define

and we say that if is (Borel) measurable if if-1 [B] (V), for each closed subset B of
W. If if is closed-valued, then measurability of if implies that Graph(if) B(V W);
furthermore, if if is compact-valued, then the converse also holds [88], [184, Thm. 4.2].
The multifunction if is called upper semicontinuous if, for every v V and every
open set G D if(v), there exists a neighborhood N of v such that if(v’) c G, for all
v N; it is called lower semicontinuous if, for every v E V and every open set G
such that G g if(v) , if-l(v) contains an open neighborhood of v. Also, if is said
to be continuous if it is both upper and lower semicontinuous.

The following result, in different variations, has been shown by several authors
[15, 7.5], [47, Lemma 6, p. 38], [51, Chap. 2], [88], [154] and also summarized in [82],
[184, Thm. 9.1].

THEOREM A.1. Let if be a compact-valued, measurable, strict multifunction from
V to W. Let f Graph(if) - ]K be a measurable function, such that, for each
v V, f(v,.) is lower semicontinuous on if(v). Then there exists a measurable
selector * S(if such that

f { f(v, } V v V.

Let f* V -- , defined by f*(v) := f (v, *(v)). If if is upper semicontinuous and
f is bounded below, then f* (V). Also, if if is continuous and f Cb(V W),
then f* Cb(V).
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A Tauberian theorem. The following Tauberian theorem plays a very impor-
tant role in the analysis of the average cost criterion. For its proof, which is very
difficult to locate in the literature in this particular format, we refer to [176].

THEOREM A.2. Let {an} be a sequence of nonnegative numbers and E (0, 1).
Then

N-1

liminf
1 E EN-

a <_ lim inf(1 ) a
m=0 n=0

_< lim sup(1 ) Ean <_ lim sup am.
T1 n=O N--oo m=O
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1. Introduction. The neutral diffusion model in population genetics, in which
each individual is of some "type" and the set E of types is finite, has state.space

(1.1) AE-- {(Pi)i [O, 1]E EPi--1 },
iE

where pi denotes the proportion of the population that is of type i. Its generator is

(1.2) L - E pi(5ij pj)
Opi Opj

+ qiJPi
Opj

i,jE

where (qij)i,jEE is the infinitesimal matrix for a Markov process in E; for j, qij is
interpreted as the intensity of a mutation from type to type j.
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Except for some technical requirements on (qij)i,jEE, the same description is
valid when E is countably infinite. One such example is Ohta and Kimura’s (1973)
stepwise-mutation model, in which E Z and

(1.3)
10 ifj-i+l

qij -0 ifj-i
0 otherwise

for some 0 > 0.
The case in which E is uncountably infinite, however, requires a different ap-

proach. The key idea, due to Fleming and Viot (1979), is to topologize E and replace
AE by 7)(E), the set of Borel probability measures on E with the topology of weak
convergence. Then (1.2) becomes

(1.4)

where 5(#)/Stt(x) lim__.0+ a-l{(# + aSx)- (#)} and A is the generator for
a Markov process in E. Here x E 7)(E) denotes the unit mass at x E E. The
resulting probability-measure-valued diffusion process is referred to as a Fleming-Viot
process. E is called the type space and A is known as the mutation operator. Terms
corresponding to recombination and selection can also be included in (1.4); see (3.12)
below.

It may reasonably be asked why an uncountable type space is needed. There are
at least three reasons, and they are illustrated by the following three examples from
population genetics, about which we will have more to say in 9.

(a) Continuous-state stepwise-mutation model (Ohta and Zimura (1973), Fleming
and Viot (1979)). Here E R and

1Of,,(1.5) (Af)(x) - (x),

which arises as a limit of the case E Z and (1.3) after a suitable rescaling. The idea
is that the type of an individual could be a quantitative characteristic measured on a

continuum, thereby requiring an uncountable type space.
(b) Infinitely-many-neutral-alleles model (Kimura and Crow (1964), Watterson

(1976), Ethier and Kurtz (1981), (1986), (1987)). Here E is arbitrary (except as
noted below) and

1;(1.6) (Af)(x) -0 (f() f(x)) P(x, d).

10 and the type of a mutant offspring of a type zMutations occur with intensity
parent is distributed according to the one-step transition function P(z, d). The basic
assumption of the model is that every mutant is of a new type, which requires that
P(z, .) be nonatomic (i.e., have no atoms) for each z E. For this we need E
uncountable.

(c) Infinitely-many-sites model without recombination (Kimura (1969), (1971),
Watterson (1975), Ethier and Griffiths (1987)). Here E [0, 1]z+ and

if01(1.7) (Af)(x) x)
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The interpretation is that [0,1] is the set of sites on the chromosome, and an individual
is of type x (x0, xl,...) E E if x0, xl,.., is the sequence of sites at which mutations
have occurred in the line of descent of that individual. Note that, even if [0,1] were
replaced by a finite set (with at least two elements), E would still be uncountable.
The idea of using the type space to keep track of certain aspects of the history of the
process is a very useful one.

As the work of Dawson, Dynkin, Le Gall, Perkins, Shiga, and others suggests,
the subject of measure-valued diffusion processes has become an active and important
branch of probability theory in recent years. The class of Fleming-Viot processes is
surely one of the two most studied classes of measure-valued diffusions. It is our aim
here to survey the subject of Fleming-Viot processes. Emphasis will be on results
that relate to diffusion models in population genetics. This was, after all, the original
motivation of Fleming and Viot (1979).

We assume throughout that (E, r) is a complete separable metric space. However,
in most applications, E is compact or (as in example (a) above) locally compact. Of
course, the locally compact case can be reduced to the compact case by a one-point
compactification. Thus, we assume compactness of E whenever it is convenient to
do so.

2. Some measure-valued Markov chains. The Fleming-Viot process arises
most naturally as the limit in distribution of certain sequences of Markov chains
occurring in population genetics. Here we describe three such models.

2.1. A diploid model. We define an equivalence relation on E2 E E as
follows: (x, y) (z, w) if (x, y) (z, w) or (x, y) (w, z). The quotient set E(2) of all
equivalence classes can be regarded as the set of all unordered pairs {x, y} of elements
of E. In a diploid population, chromosomes occur in pairs, and so an individual is
described for our purposes by its genotype, which is an element of E(2). The formula

(2.1.1) {z, z) + + z))

defines a metric for E(2), and the quotient map p E2 -. E(2) given by p(x, y) {x, y}
is continuous. It can be shown that, if f is symmetric and Borel measurable on
E2, then the function g on E(2) defined by g({x,y}) f(x,y) f(y,x) is Borel
measurable.

Given # E 7)(E(2)), we define its symmetrization ft 7)(E2) by

(2.1.2)
1

p(r) +
(2)

For example, if #- 6{x,y}, then - (6(x,y) + 6(v,x)). Note that #p-1 #, so # can
be recovered from its symmetrization. We say that # 7)(E(2)) is in Hardy-Weinberg
form if/ is a product measure, that is, if -/r-1 ftr-1 (/r-1)2, where r is the
projection of E2 onto its first coordinate.

This model, as well as the other two, depends on certain "parameters," which we
introduce here for all three models. For each positive integer M, let WM be a positive,
symmetric, bounded, Borel function on E2, let RM((X,y),dx’ dy’) be a one-step
transition function on E2 B(E2) satisfying

(2.1.3) RM((x,y),dx’ dy’) RM((y,x),dy’ dx’),
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and let QM(X, dx’) be a one-step transition function on E x B(E). The functions WM,
RM, and QM involve selection, recombination, and mutation, respectively.

Let N > 1 be the diploid population size. It will be convenient to de-
fine the mapping N (E(2))N - 7)(E(2)) by letting r;N({Xl,Yl},...,{XN,YN})
be the empirical distribution determined by the (not necessarily distinct) points
{Xl,Yl},...,{XN,YN} e E(2)"

(2.1.4) rN({xl,yl},. {XN,YN}) N-l({xx,y} +"" + {xg,yN})"

The state space for the model is

(..) V(E()) ((E())) c V(E()).

Given p P(E(2)) we define P2N, P2N, 2N C (E(2)) by

(2.1.6) pg(dx

(2.1.7) p(dx’ dy’) ./ RN((X, y) dx’ dy’) p* (dx z gy)

(2.1.8) *(dx’ dy’) f Q2N(x, dx’)QN(y, dy’) (dx dy);
JE

in general, {f,p} fE f dp for f e B(E) and p e P(E). (The condition (2.1.3)
ensures that is the symmetrization of a measure in P(E()).) The Mnrkov chain
has one-step transition function PN(p,d,) on PN(E(2)) B(PN(E(2))) given by

(2.1.9) PN(P,’)

[ (Py)N(d{x,Y} d{XN,YN})5,((x,l} (x,))(’).
J(E(e))N

(A measure raised to the Nth power denotes its N-fold product measure.) The model is
a slight generalization of a model of Ethier and Kurtz (1987), which in turn generalizes
a model of Ethier and Nagylaki (1980).

The interpretation is as follows. If p N(E(2)) is the empirical distribution of
the N genotypes in the parent generation, then the empirical distribution of the N
genotypes in the offspring generation is determined from in the four steps (2.1.6)-
(2.1.9), corresponding, respectively, to reproduction and selection, recombination, mu-

tation, and regulation (random sampling). In particular, (2.1.6) implicitly assumes
that an infinite number of zygotes are produced in Hardy-Weinberg form as the ini-
tial step in the life cycle. See Nagylaki (1990) for a detailed discussion of the original
formulation of the model.

2.2. The Wright-Fisher model. This model is mathematically simpler than
the preceding one, but less reasonable biologically. In a diploid population of size N,
there are M 2N gametes. Here we consider only the empirical distribution of the
gametic types. It is unnecessary to require that M be even, so let M be a positive
integer, and define ?M: EM -+ "P(E) as in (2.1.4):

(2.2.1) TM(Xl,... ,XM) M-l(hxl +""-}- 5XM)"

The state space for this model is

(2.2.2)



FLEMING--VIOT PROCESSES IN POPULATION GENETICS 349

Given # E 7)(E), we define # E P(Ez) and #, #* P(E) by

(2.2.3) (dx dy) WM(X,y) p2(dx dy)/(WM,p2>,

](2.2.4) ,M(dX )-- RM((X, y), dx’ x E),M(dX dy),

O (x, dx’)

where WM, RM, and QM are as in 2.1. The Mrkov chain has one-step transition
function PM(p,d,) on PM(E) B(PM(E)) given by

PM(,,’) f dx ) 5,M(I XM)(’)"
JEM

For future reference, we note that PM(P, d,) can be extended to P(E) B(PM(E)).
The present formulation of the model is from Ethier and Kurtz (1993a), nd

the interpretation is similar to that in 2.1. The Wright-Fisher model has some
characteristics of diploid model (e.g., (2.2.3) and (2.2.4)) and some characteristics
of haploid model (e.g., (2.2.6)). It is, nevertheless, the most widely used discrete
stochastic model in population genetics.

We note that, if we define : P(E(2)) P(E) by (#) -, the image of the
diploid model of 2.1 under 7 is not generally the same as the Wright-Fisher model
(with M 2N). It is the same if the fitness function is multiplicative (i.e., w2g(x, y)
VN(X)VN(y)) nd recombination is absent (i.e., RM((x, y), .) 5(,)(.)), for then
p* P(E()) is in Hardy-Weinberg form for all # PN(E(2)).

2.3. A Moran model. There are many variants of the model originated by
Moran (1958). We describe a particularly simple one that allows us to use the notation
introduced earlier. Unlike in the two preceding models, generations are overlapping.
Transitions involve the death of an individual and the birth of another. Let M > 1 be
the number of gametes in the population. The Markov chain has state space
and one-step transition function gM(It, d,) on 7)M(E) x B(T)M(E)) given by

(2.3.1) PM(#, .) fE #(dx) I*(dxt) tt-M-16x+M-16x, (’),

where #* 7)(E) is defined in terms of # 7)(E) by (2.2.3)-(2.2.5). The interpre-
tation is clear.

3. The Fleming-Viot process: characterization. Let {(M), - Z+}
(M 1, 2,...) be a sequence of Wright-Fisher models as described in [2.2. Under
suitable conditions on E and the sequences {WM}, {RM}, and {QM}, and assuming
weak convergence of initial distributions, it can be shown (see 4) that

(3.1) (M)
[Mt], t >_ O} :=> {#t, t>_0} in Dp(E)[O,x) as M--

where {#t, t _> 0} is a diffusion process in 7)(E). In this section we identify and
characterize the limiting diffusion.

Let M denote the discrete generator for the Mth rescaled Markov chain:

M
(E)
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where PM is given by (2.2.6); we regard (3.2) as being defined on all of P(E), not
just on 7M(E). We want to find sufficient conditions for the limit of (3.2) to exist as
M -- . We initially restrict our attention to test functions 99 of the form

(it) (fl, it)’" (fk, it),

where k >_ 1 and fl,..., fk e B(E); recall that (f, it}- fE f dit. By (2.2.6),

(3.4)
k k

M(E) i--l i--i

M M

fl(xjl)’" fc(xjk)(it**)M(dx dxM)
jl--1 jk=l

k

i=1

M{O(M-2) + M- M
(M- k + 1)! "-’’

l_i<j_k l’l#i,j

+M-k
k kM! H(fi #*} H(fi itl }

i--1 i--1

l:li,j

k

i----1 l:l<i l:l>i

uniformly in it E P(E). This calculation is from Kurtz (1981).
To ensure that this converges, we assume the existence of a E Bsym(E2) (the

selection intensity function), a bounded linear transformation B from B(E) to B(E2)
(the recombination operator) of the form

(Bf)(x, y) o /E(f(x’ f(x)) R((x, y), dx’),

where a _> 0 (the recombination intensity) and R((x, y), dx’) is a one-step transition
function on E2 B(E), and a possibly unbounded linear operator A on B(E) (the
mutation operator, defined only on a subspace (A)) such that

(3.6)

(3.7)

(3.s)

WM(X, y) 1 + M-o(x, y) + o(M-1),

f(x’) RM((x,y),dx’ E) f(x) + M-l(Bf)(x,y) + o(M-1),

EI(X’ QM(x, dx’) f(x) + M-I(AI)(x) + o(M-1),
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for all f E B(E) and f E :D(A), respectively, uniformly in x, y E. This then implies
that

(3.9)
(f + M-1Af,#I + o(M-)
((f + M-1Af)or + M-1B(f + M-Af),#*MI +o(M-1)
(((f + M-Af) o + M-Bf)(1 + M-a), p2} + o(M_l)(1 + M-la,
(f,#)+ M-l{(df,#)+ (BI,#) + ((f o 7r)cr, #2} -(f,#)(a,#2)}+o(M-1)

for all f :D(A), uniformly in # 7)(E), where 7r is the projection of E2 onto its first
coordinate.

Thus, if for p B(P(E)) of th form (3.3) with k > 1 ,d fl,..., f (A) w

(3.10)
_i<j_k l:li,j

k

i=1 l:li
k

i=1 l:li

then. assuming that (A) is an algebra. (g.4) and (g.9) imply that

(a.l) (C)(.) (C)(.) + o(),

uniformly in (E). More generally, we define by

where (.)/.(x) -lim0+ e-{(. + ex)- (.)}. and we take () to be the
set of all B((E)) of the form

(a.la) (.) F((I1..). (h..}) F((f..}).

where

1

i,j=l

+ {(Af, p} + (Bf,p2}}Fz((f,p})
i=1

k

+{((f
i=1

define
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The formulation (3.14) is from Fleming and Viot (1979), whereas (3.12) is due to
Dawson and Hochberg (1982).

Another choice for the domain of/2 that is often useful is the set of all E
B(P(E)) of the form (#) (f,#k}, where k _> 1 and f B(Ek) satisfies certain
conditions. To describe these conditions precisely, we need to be more specific about
our assumptions on A. We assume that E is locally compact and that the closure of
A generates a Feller semigroup {T(t)} on 7(E), the space of real continuous functions
on E vanishing at infinity. (If E is compact, then 0(E) C(E).) Note that {T(t)}
is given by a transition function P(t,x, d), that is,

(3.15) T(t)f(x) -/E f() P(t, x, d).

For each k _> 1, we define the semigroup {Tk(t)} on B(Ek) by

(3.16) Tk(t)f(xl,. ,xk) ;... fE f(l,... ,k) P(t, xl,d) P(t, xk,dk),

and we let A(k) denote its generator; note that D(A(k)) is a subspace of B(Ek).
In addition, for each k >_ 2 and 1 _< < j _< k, we define (I)) B(Ek) -. B(Ek-l)

by letting (I)) f be the function obtained from f by replacing xj by xi and renumbering
the variables:

--j f)(Xl,... ,Xk-1)- f(x,... ,Xj-I,Xi,Xj,... ,Xk-1).

For each k _> 1 and 1 _< _< k, we define H}k)’B(Ek) -/(Ek+l) by

(3.18) (H}k) f)(x,. ,Xk+) fE f(Xl,.. ,Xi-l,,Xi+l,. ,Xk) t:((xi,Xk+l),d)

and Kk) B(Ek) - B(E+2) by

(3.19) (K}k) f)(Xl,... ,XI+2) - + O’(Xi, Xk+l O’(Xk+l, Xk+2)
2

f(xl,... ,xk),

where SUPx,y,zEE Ia(x, y) or(y, z)l and 0/0 0.
For each k > 1 and f /)(A(k)), we define Pl B(T)(E)) by

(3.20) S(#) (f, #),

and we note that (3.12) reduces (informally, at least) to

(3.21) (t:f) (,)
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This leads immediately to the so-called dual process. For each k >_ 1, f E B(Ek),
and # E P(E), write

(3.22) f(#) u(f) (f,

and consider the Markov process in LJk=IB(E) with generator # satisfying

By (3.21), this is a process that jumps from f B(E) to Ol)f B(Ek-l) at rate 1

(1 _< < j _< k), to H})f B(E+1) at rate a (1 _< _< k), and to K}.k)f B(E+2)
at rate 2 (1 _< _< k). Between jumps it moves from f B(Ek) to Tk(t)f B(E)
in time t. The process was first described by Dawson and Hochberg (1982).

Let us be more explicit about the dual process. Let M {M(t), t _> 0} be the
pure-jump Markov process in N, the set of positive integers, with transition intensities

qk,k_ k(k- 1)/2, qk,k+l ok, and qk,k+2 2-k. Let 0 -0 < 7"1 7"2 < be
the jump times of M (this sequence will be finite if a 0), and given M, let
I, I2,... be a sequence of conditionally independent random operators such that, if
n > 1 and M(-n-) k, then

-1

(3.25) (l<i<k) ifM(-n)-k+l,

(3.26) (l<i<k) ifM(-n)=k+2.

(3.24) P{F=(I))IM}- (k2) (l<i<j<_k) ifM(r)=k-1,

p{p H{) M} -P{Fn K)[ M}- k-1

The dual process can then be written as

(3.27) Y(t) TM(k)(t- 7)VTM(_,)( 7_)r_
F2TM(rl)(-2 -I)F1TM(o)(-I)Y(O) if Tk

_
t < Tk+l, k

_
0,

where Y(0) B(EM()). The next result is essentially from Ethier and Kurtz (1987).
THEOREM 3.1. Let E be locally compact and suppose that the closure of A gen-

erates a Feller semigroup on C(E). Define B in terms of > 0 and a transition

function R((x, y), dx’) on E2 13(E) by (3.5), and let a e Bsym(E2). Then the mar-
tingale problems for defined by (3.3) and (3.10), by (3.13) and (3.14), and by (3.20)
and (3.21) are equivalent. If {#t, t >_ 0} is a solution and if {Y(t), t > 0} is defined
as above and is independent of {#t, t > 0}, then

(3.28) E[(f,

for all m > 1, f e B(E’), and t > O, where Y(O) f and M(O) rn.
A number of authors (Fleming and Viot (1979), Kurtz (1981), Ethier and Kurtz

(1987), Donnelly and Kurtz (1993)) have given conditions under which the Cp(E)[O, oc)
martingale problem for is well posed, thereby characterizing the diffusion process
associated with . Because of Theorem 3.1, uniqueness of solutions (with specified
initial distribution) is almost immediate. Existence, however, requires a relative com-
pactness argument. The following conditions are essentially from Ethier and Kurtz
(1987).
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THEOREM 3.2. (a) Under the assumptions of Theorem 3.1, uniqueness of solutions
of the martingale problem for defined by (3.13) and (3.14) (with specified initial
distribution) holds.

(b) Suppose in addition that either B 0 or both E is compact and B maps C(E)
into C(E2). Then the Cp(E)[O, oc) martingale problem for is well posed.

It is occasionally necessary to simultaneously generalize (3.14) and (3.21). For
this purpose we consider the set of all E B(P(E)) of the form

(3.29) q(#) F((fl, _nl },... (fie, tn/
where k _> 1, nl,... ,nk >_ 1, fl e T)(A(nl)),..., f e D(A(nk)), and F C2(Rk). In
this case (3.12) becomes (again, informally)

(3.30) ()(#)

k

i--1

where fft(n"n)(fi fj) is the function in B(En+nJ -1) obtained from fi(x)fj(y) by
replacing y, by x and renumbering the variables, I is as in (3.21), and the prtiM
derivatives of F have the same arguments as F in (3.29). Under the assumptions of
Theorem 3.1, the martingale problem for defined by (3.29) and (3.30) is equivalent
to those of the theorem.

Let {pt, t 0} denote the canonicM coordinate process on Cp(E)[0, ). Let
denote the Borel a-field, and put t a{p 0 s t} for each t 0. We now

state result showing that the transformation from the neutrM model (no selection)
to the selective model is a Girsanov-type transformation. The result is essentially from
Dawson (1978).

THEOREM 3.3. Suppose, in addition to the assumptions of Theorem 3.1, that
a Bsym(E2) (A(2)). Let P P() be a solution of the martingale problem for
o defined by (3.20) and (3.21) with O. Then

{1 1 ]i }(3.31) /t exp q(#t) (/z0) (e-/2ff_.oe/2)(lts) ds

is a mean-one {t}-martingale on (,,P). Moreover, if we define Q p() by
dQ/dP Rt for all t O, then Q is a solution of the martingale problem for
defined by (3.20) and (3.21).

The first assertion follows from Lemma 4.3.2 of Ethier and Kurtz (.1986). The
fact that Q corresponds to is essentiMly a consequence of the calculation

o(fe/) yoe/2
/2

where the last step uses (3.30). Also by (3.30), the integrand in (3.31) reduces to

(3.33)
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We consider separately the special case in which B 0 and a 0. The following
result seems to be new.

THEOREM 3.4. Let E be compact, and suppose that the closure of A generates a
Feller semigroup on C(E). Then the closure of the operator defined on

7:)(/2)- {y’f e :D(A(k))n C(Ek), k >_ 1}

by (3.21) with a - 0 generates a Feller semigroup on C(7)(E)).
Proof. We apply the Hille-Yosida theorem. T)() is dense in C(P(E)) since

T(A(k))NC(E) is dense in C(Ek) for each k _> 1. Dissipativity of follows by (3.11)
and the fact that the closure of defined by (3.3), (3.10), and linearity extends
defined by (3.34) and (3.21). Let A > 0. We need to show that (A- ) is dense in
C(7)(E)). Given k _> 1 and g E C(E), define f 7)(A(k)) C(Ek) by

(3.35) f- (AW(k2)-A(k)) -1
n--0 l<_i<j<_k

t) (/ -t- (k2) A(k))-lg,

where )’C(Ek) - C(Ek) is defined by letting P)f be the function obtained
from f by replacing xj by xi. Then

(3.36) (A + (k) A(k))f p)f g,

so (-.)f pa, and the range condition follows. Thus, the closure of/2 generates a
strongly continuous conservative contraction semigroup {T(t)} on C(’P(E)). If k _> 1,
f C(Ek), and y _> 0, then

(3.37) IIfll- T(t)/(#)- T(t)(llfl[- f)(#)_< II IIfll- IIfll

for all # G 79(E) and t >_ O, so the positivity of {T(t)} follows. (Note that y _> 0
does not imply f >_ 0.)

4. Convergence. We begin by showing that, under suitable conditions, the
Fleming-Viot process of 3 approximates the Markov chains of 2.

LEMMA 4.1. For each M >_ 1, let PM(#, dp) be a one-step transition function on

T)M(E) x I(T)M(E)) (see (2.2.2)) and let M > O. Assume that limM__,/M
Let T) C B(E) and suppose that for each f, g T) there exist ay,a, by B(7)(E)) such
that

(4.1)

(4.2)

(4.3)

/M f((f..) (f,#)) PM(#,d,) by(#) + o(1),

zM f((f..) (f, #})((g, ,) (g,#)) PM(#,d,) af,g(#) + o(1),

/3M /((f, ’} (f, #))4 PM (#, d,) o(1),

as M -- c, uniformly in # 7)M(E). Let e B(7)(E)) have the form

(4.4) 99(#) F((fl, #},..., (fk, #)) F((f, #}),
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where k >_ 1, fi,..., fk e 79, and F E C2(Rk), and define

(4.5) (M)(#) /M /(() (#)) PM(#, d)

and

(4.6)
k k

()(#) E af,f(#)Fzzj((f,#))+ Ebf(tt)Fz((f,t)).
i,j=l i--1

Then

(4.7) + o(1)

as M - c, uniformly in # 7)M(E).
Proof. The result is immediate from a second-order Taylor expansion. []

Suppose that the assumptions of Theorem 3.2(b) hold, that the sequences {WM},
{RM}, and {QM} satisfy (3.6)-(3.8), and that a is continuous. Suppose also that
{#t, t >_ 0} is a solution of the Cp(E)[O, c) martingale problem for the operator
defined by (4.4) and (4.6) with 79

af,g (#) (fg, p> (f p} (g,

and

(4.9) bf(#) c{(Af, p} / (B/,#2} + ((f o ), p2>

where c is a positive constant.
Let {(N), - Z+} (N 1, 2,...) be a sequence of diploid models as described

in 2.1, and suppose c- 1. If 0(N)-1 =:> #0, then

(4.10) {^(N) -1 t

_
0} :::} {#t t

_
0}//[2Nt] 7r

in Dp(E)[O, oc). This follows from a slight modification of Lemma 4.1 (or of (3.4)),
together with Corollary 4.8.17 of Ethier and Kurtz (1986).

Let {(M), - Z+} (M- 1,2,...) be a sequence of Wright-Fisher models as

described in 2.2, and suppose c- 1. If u0
(M) = #0, then

(4.11) (M)
l/[Mt] t

_
0} =: {t, t

_
0}

in Dp(E)[0, oc). This follows from Lemma 4.1 or (3.11), together with Corollary 4.8.17
of Ethier and Kurtz (1986).

Let {(M), - Z+ } (M 1, 2,...) be a sequence of Moran models as described

If 0
(M)in 2.3, and suppose c- 5" =a #0, then

(4.12) (M){[Mg.t/2], t

_
0} =:} {/it, t 0}

in Dp(E)[O, oc). This follows from Lemma 4.1, together with Corollary 4.8.17 of Ethier
and Kurtz (1986).
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There are two problems with the above diffusion approximations. First, the
topology of weak convergence is too weak for many applications. For example, we
might be interested in functions o on 7)(E) such as

(4.13) o(#) #2(D), D- e E .x-

the population homozygosity. But this function is not continuous in the topology of
weak convergence (unless D is open, as, e.g., when E is finite). Second, the assumption
that the selection intensity function a is continuous rules out a number of important
examples, e.g.,

(4.14)

where a is a real constant and D is as in (4.13); this corresponds to the situation in
which homozygotes have a selective advantage or disadvantage compared to heterozy-
gotes. We treat these two issues separately.

A solution to the first problem is obtained by imposing a stronger topology on

7)(E). Here we assume that (E, r) is a complete separable metric space. Let p denote
the Prohorov metric on 7)(E), which induces the topology of weak convergence. Define
the metric pa on 7)(E) by

(4.15) pa(#, ) p(#, ) + I/E ] (r(x,y)) (dx) #(dy)sup 1
0<<1 +

The topology on 7)(E) induced by p is called the weak atomic topology (Ethier and
Kurtz (19933)).

LEMMA 4.2. Let {#n} C 7)(E) and # E 7)(E). The following are equivalent:
0.

(b) p(#,, #) - 0 and Ex #({x})2 Ex #({x})2.
(c) p(#n, #) ---+ 0 and the sizes and locations of the atoms of # converge to the

sizes and locations of the atoms of #.
(hXn +hX) then p(# 6x) 0For example, if x, x, Xn # x for all n, and #n

but p(#, 6x O.
Let k >_ 1, n (nl,...,nk) E Nk, and n nl+... +nk > 1, and define

Fn {(x,...,xn) e E there exist distinct yl,...,y E such that I{1 < < n"

x{ YJ}I- nj for j 1,...,k}. Then the mapping , "7)(E) - [0, 1] given by
,(#) #"(F,) is continuous in the weak atomic topology but not typically in the
topology of weak convergence. Of course, (4.13) is a special case. See 9.2 for the
relevance of such functions.

The result we need in order to generalize the diffusion approximations discussed
above is the following theorem.

THEOREM 4.3. A sequence of processes {M), t _> 0} (M- 1, 2,.. .) with sample
paths in D(p(E),p)[O, c) is relatively compact in D(p(E),p)[O, oo) if and only if it is

relatively compact in D(p(E),p)[O, oc) and for each T > 0 and 5 > 0 there exists : > 0
such that

(4.16) liminfP{ sup (tM) x [_tM))({(x,y) g2" 0 < r(x,y) < }) _< (} _> 1 -6.
M--cx) O<t<T
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To establish relative compactness in D(p(E),pa)[O, c) for the three models of 2,
additional assumptions are needed. For each M _> 1, write

) M(X)(4.17) QM(X .) 1
OM(X) 5x(’) + AM(X,.)
2M 2M

where OM E B(E) is nonnegative and AM is a one-step transition function on E B(E),
and suppose that

(4.18) sup sup OM(X) < (x),
M xEE

(4.19) lim limsup sup OM(X),kM(X, Bs(y)) O,
---0 M--(x x,yEE

and

(4.20) lim sup R((x,y),B(z)) O,
--*0 x,y,zE

where B(y) is the ball of radius e centered at y. These assumptions, in addition to
the ones imposed previously, guarantee that (4.10)-(4.12) hold in D(p(E),pa)[O,
see Ethier and Kurtz (1993a).

We turn next to the problem of relaxing the continuity assumption on the selection
intensity function a. Let E be compact, let 0 > 0 and u0 E 7)(E), and put

(4.21) (Af)(x) - (f({) f(x)) ,o(d{).

We assume all previously stated assumptions in this section except for the continuity
of a, and we assume in addition that A is given by (4.21) and B 0. Define a0

B(E) by ao(x) a(x,x), and let D {x E a0 is discontinuous at x} and
D; {(x, y) E2:a is discontinuous at (x, y) and x :fi y}. Assume further that

(4.22) P{(tto + o)(Doo) 0} 1

and

(4.23) P{(#o + uo)2(Dg) 0} 1.

Then (4.10)-(4.12) hold in D((E),)[0,
As for the proof, relative compactness in D((E),)[0,) is established as before.

The difficulty is in identifying the limiting process. The assumptions (4.22) and (4.23)
ensure that f is continuous in the weak atomic topology almost surely with respect
to the distribution of #t for each f C(Ek), k >_ 1, and t >_ 0. This is proved
using Theorem 3.3 above and Theorem 8.3 below, the latter explaining why (4.21) is
assumed. But undoubtedly the conclusions hold in greater generality.

Finally, convergence in distribution of sequences of Fleming-Viot processes as
well as weak convergence of stationary distributions can be established under similar
conditions to the above. See Ethier and Kurtz (1993a). One technique we have not
discussed here is the use of dual processes to prove convergence in distribution of
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sequences of Fleming-Viot processes. In particular, this is well adapted to the case of
discontinuous selection intensity functions. See Ethier and Kurtz (1987).

5. Ergodicity. The ergodic theorem for a measurable E-valued stationary
process Z states that if f is a real-valued Borel function on E with E[If(Z(0))I] < c,
then

(5.1) lim
1 f0t- - f(Z(s)) ds Elf(Z(0)) :Y],

where 2" is the a-algebra of invariant events, that is, events of the form {Z(.) E F},
F e B(E[,)), such that {Z(.) e F} {Z(t + .) e F} for all t _> 0. If the events in :Y
are all of probability zero or one, then Z is said to be ergodic and the right-hand side
of (5.1) is just Elf(Z(0))]. (See, e.g., Durrett (1991, Chap. 6).)

If P(t, x, d) is the transition function for an E-valued Markov process and 0
7)(E) is a stationary distribution for P(t, x, d), that is,

(5.2) /E P(t, x, F) o(dx) 0(F), F B(E),

then a sufficient condition for ergodicity of the the stationary process obtained by
taking u0 to be the initial distribution is that u0 be the unique probability measure
satisfying (5.2). If the closure of A generates the semigroup corresponding to P(t, x, d)
on a subspace of B(E) that is separating, then (5.2) is equivalent to

(5.3) (Af, ol O, f e T)(A).

The following is essentially a result of Dynkin (1989).
THEOREM 5.1. Let E be compact, and suppose that the closure of A generates

a Feller semigroup on C(E). Suppose further that there exists a unique o
satisfying (5.3). Then there exists a unique stationary distribution for the Fleming-
Viot process with type space E and mutation operator A (and no recombination or

selection).
Proof. Existence is automatic by virtue of the Feller property of the Fleming-Viot

process. For uniqueness, we must show that there is a unique H G P(P(E)) satisfying

(5.4) H) 0

for all k

_
1 and f 7)(A(k))NC(Ek), where/:f is as in (3.21) with a 0. For

k- 1, (5.4) becomes

(5.5) (Af, Pl II(dp) 0, f e T)(A),
(E)

which by the assumption on v0 implies that fp(E)tt(P) II(d) -0(r) for all F E (E)
and hence that

(5.6) ] <f, #> II(dp) <f, 0>, f e C(E).
(E)
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We proceed by induction. Given k >_ 2, suppose that fP(E)(f, k-1)I(dp) is

determined for all I E C(Ek-1). By (5.4),

(()f- A(k)f,) II(dm) L (q)!.)f, #-1)H(d#)
(E) (E) l<_i<j<_k

\-3

for all f 7)(A())C C(Ek), but since the rangeof A- A(k) contains C(Ek) for all
,k > 0, (5.7) implies that

(5.8) ] (f #k} II(d#) /p E
(E) (E) l<_i<j<_k

.) R(k) f, l,- H(dtt)

for all f C(Ek), where

R(k)f- (() A(k))-lf- e-()tT(t)fdt.

Uniqueness of stationary distributions follows.
For a Markov process Z with transition function P(t, x, d) we are typically in-

terested in statements stronger than just uniqueness of stationary distributions. In
particular, we would like to know that for an arbitrary initial distribution, the process
is, in some sense, asymptotically stationary. Two possible senses are

(5.10) lim E[f(Z(t))] (f,/2o) f e C(E)

for every initial distribution, which we refer to as weak ergodicity (occasionally we may
need to replace the limit in (5.10) by the corresponding CesSro limit), and

(5.11) lim IlP(t x, .) -/201lvar 0, X E,

which we refer to as strong ergodicity. Here 11/21 /2211var SUPFEB(E 1/21(r) --/22(F)1.
One important consequence of strong ergodicity is that

(5.12) lim
1 ]i (f,,o) f e B(E),

for every initial distribution.
Duality gives a simple proof of weak ergodicity in the absence of recombination

and selection.
THEOREM 5.2. Let E be compact, and suppose that the closure of A generates a

Feller semigroup {T(t)} on C(E) corresponding to a weakly ergodic Markov process
(equivalently, there exists /20 T)(E) such that limt-oT(t)f(x) (f,/20} for all

f C(E) and x E). Then the Fleming-Viot process with type space E and mutation
operator A is weakly ergodic.

Proof. Note that without recombination or selection, the Markov jump process
M in the definition of the dual process is a pure death process absorbing at 1. Let- be the absorption time. Then by the duality identity (3.28) and the assumption of
weak ergodicity, for each m _> 1 and f C(E") we have

(5.13) tliIn
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regardless of the distribution of #0. Together with the Riesz representation theorem,
this proves the theorem. V1

Coupling arguments provide one approach to strong ergodicity. The basic idea is
to construct E-valued Markov processes Z1 and Z2 with transition function P(t, x, d)
but with different initial distributions on the same probability space in such a way
that there is a random time - such that ZI (t) Z2(t) for all t >_ -. We then have the
basic coupling inequality

(5.14) IIP{ZI(t) e .} P{Z2(t) "}llv -< P{T > t}, t >_ O.

If ZI(0) has distribution 5x and Z2(0) has distribution/20 (a stationary distribution),
then

(5.15) IIP(t,x, ")-/2011wr <_ P{- > t}, t >_ 0.

We say that the coupling is successful if P{- < c} 1. We call the coupling a
Markov coupling if the coupled pair is a Markov process in E E. See Griffeath
(1978) for a general discussion of coupling. The following theorem is from Ethier and
Kurtz (1993b).

THEOREM 5.3. Let E be locally compact, and suppose that the closure of A gener-
ates a Feller semigroup on (E). Let 4 be the generator for a Markov process in E E
giving a Markov coupling for A, that is, if (Z1, Z2) is a Markov process correspond-
ing to A with initial distribution /21 /22, where/21,/22 E P(E), then Z is a Markov
process corresponding to A with initial distribution/2 for 1, 2. Let {first, t >_ 0}
be a Flerning-Viot process with type space E E and mutation operator A (and no

recombination or selection). Then #I)(F) /t(F E) and #2)(F) fitt(E F)
define Fleming-Viot processes with type space E and mutation operator A. If the cou-
pling given by A is successful, then there exists a random time - < x a.s. such that

fitt{(x, x) x E} 1 for all t _> -. In particular, t’
(1) #2) for all t _> -, so the

Flerning-Viot process with type space E and mutation operator A is strongly ergodic.
The simplest example satisfying the hypotheses of the theorem is

(Af)(x) 1 /E2
(f() f(x))

with

(5.17) (fi.f)(x, y) 102 JE (f(, ) f(x, y)) /2o(d),

where 0 > 0 and/20 7)(E). In this case the coupling inequality (5.15) gives the rate
of convergence to equilibrium for the Fleming-Viot process; see (8.11) below.

Theorem 5.3 can be extended to models with recombination under a somewhat
stronger assumption on the coupling .. See Ethier and Kurtz (1993b).

There does not seem to be a direct extension of Theorem 5.3 to models with
selection. In particular, there does not seem to be a selection intensity function on
the product space E E for which both marginal processes are Fleming-Viot pro-
cesses in 7)(E) with the desired mutation and selection. We can, however, define a
selection intensity function on E E for which one of the marginal processes has the
desired properties. For a Bsym(/ E), define # Bsym(/2 E2) for i= 1, 2 by
(ri((Xl,X2), (Yl,Y2)) O’(Xi,Yi).
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Let the coupled neutral model of Theorem 5.3 be defined on a probability space
(gt,9,P), and let cr E /sym(E E)CI T)(A(2)). For i 1,2, define 8i as above,
define R as in (3.31) using 8i, and set dQ R dP on the a-algebra generated by
{/2s 0 < s < t}. Since on any time interval [0, t] the Radon-Nikodym derivatives are
bounded below by a constant p(t), we see that

(5.18) q{#) E F) >_ p(t)P{#) F} > p(t)P{/i) F, - <_ t}.

But the right-hand side of (5.18) does not depend on i, so if t is large enough that

P{- < t} > 0, we see that the distributions Q1(#1))-1 and Q2(#2))-1 cannot be
mutually singular. It follows that the Fleming-Viot process with mutation operator
A and selection intensity function cr can have at most one stationary distribution. If
there exist t > 0 and > 0 such that P{- <_ t} > for all choices of the distribution
of 0, then a renewal argument gives the following theorem from Ethier and Kurtz
(1993b).

THEOREM 5.4. Suppose the assumptions of Theorem 5.3 hold. Let {[tt, t >_ 0} be
as in that theorem, and assume that there exist t > 0 and > 0 such that P{ <_ t} >_
for all choices of the initial distribution. Let a Bsym(E E) C/:D(A(2)). Then the
Fleming-Viot process with type space E, mutation operator A, and selection intensity

function a is strongly ergodic.

6. An infinite particle system. Let E be compact. (Recall that if the
desired type space is only locally compact, e.g., Rd, then E can be taken to be its
one-point compactification.) With reference to (3.21), observe that in the case of no
recombination or selection,

(6,1) (7)S)(#) E ((O1)f’ #n- (f, n}) _nt_ (A(n)f, #n} (Cf,

for all f 7?(A(n)), where

(6.2) (Cf)(x,... ,xn)

E {f(Oij(Xl,... ,Xn)) f(xl,... ,Xn)} -t-(A(n)f)(xl,... ,Xn),
l<_i<j<_n

Oj(x,... ,x) being the element of E obtained from (x,... ,x) by replacing the
jth component by the ith.

We interpret C as an operator with domain in B(E). It is clear that C is the
generator for an E-valued process X (XI,X2,...) whose jth component (which
we refer to as the particle at level j) evolves according to the mutation process until
it "looks down" to level for some < j and changes its value to the value on level
i. This process was first considered by Dawson and Hochberg (1982), and it played
a key role in their work on the support properties of the Fleming-Viot process with
Brownian mutation. It was studied in depth in Donnelly and Kurtz (1993), and results
from that paper are summarized here.

Let {S(t)} denote the Feller semigroup defined on C(E) corresponding to C.
Then, viewing C(En) as a closed subspace of C(E), we note that S(t)’C(E) -C(En) for all t > 0. The fact that (6.1) holds of course implies for each A > 0 that

(6.3) (A )qf(#) ((A C)f, lz}
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for all f e T)(A(n)) N C(En) and hence that

(6.4) (/ _/)-lflf(#) ((/ C)-lf,#n)

for all f E C(En). This last identity ensures that

E,[(f, #?}] (S(t)f,#} E,X[f(Xl(t),..., X(t))]
for all f C(E) and t _> 0. Here E, denotes the expectation for the Fleming-
Viot process under the assumption that the initial state is #, and E,x denotes the
expectation for the particle system under the assumption that XI(0),X2(0),... are
i.i.d, with common distribution #. Let u 7)(P(E)). By (6.5),

E,[(f, #t )] u(d#) / xE,[f(Xl(t),... ,Xn(t))] u(d#)
(E)

for all f B(En) and t >_ 0. The left-hand side is just the expectation for a Fleming-
Viot process with initial distribution u, and the right-hand side is the expectation for
the particle system under the assumption that (X (0), X2(0),...) is an exchangeable
sequence with

(6.7)
n

P{XI(0) F1,... ,Xn(O) Fn} II #(Fi)(d#).
(E) i=1

The identity (6.6) implies that

(6.8)
n

P{XI(t) E F1,...,X(t) Fn} =/7 IIP(r)ut(dp)
(E) i--1

for all t >_ 0, where t is the distribution at time t of the Fleming-Viot process with ini-
tim distribution u. Consequently, we see that if (X (0), X2(0),...) is an exchangeable
sequence, then (X (t), X2(t),...) is an exchangeable sequence, and the corresponding
de Finetti measure

(6.9) fit lim
1

x(t)
i=1

has the same distribution as #t. In fact, as the next theorem states, the process
{fit, t >_ 0} is a version of the Fleming-Viot process.

THEOREM 6.1. Let E be compact, and suppose that the closure of A generates a
Feller semigroup on C(E). Let X (Xl,X2,...) be a Markov process in E with
generator C and suppose that (X (0), X2(0),...) is exchangeable. Then, for each t > O,
(Xl(t),X2(t),...) is exchangeable, and the process given by the de Finetti measures
(6.9) is a Fleming-Viot process with type space E and mutation operator A.

Proof. Note that the process given by the first n components of X is itself a
Markov process. In Donnelly and Kurtz (1993) it is shown that this En-valued process
can be coupled to an E’-valued process y(n) with generator

(6.10) (f)(xl,... ,xn)
1 E{f(Oij(Xl, ,Xn))- f(x, ,Xn)} + (A(n) f)(xl, ,Xn)
2
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in such a way that

1 1
n

(6.11) n)
n E n E5y(n)(t 5x(t)

i=1 i=1

for all t >_ O. (y(n) can be thought of as a variant of a Moran model in which mutation
takes place continuously rather than only at birth/death events. Note that by the
obvious symmetry of y(n), this coupling also gives the exchangeability of X(t).) It is

(n)easy to check that the sequence of empirical measure processes t t _> 0} converges
to the F:leming-Viot process.

An explicit construction of the particle system can be given in terms of a collection
of unit Poisson processes {Nij, 1 <_ < j < x} where Nij determines the times at
which the 3h level looks down to the ith level, and a collection of independent random
mappings Ujk E [0, x) -+ E that determine the values at the jth level between
the kth and (k + 1)th look-downs from the jth level. That is, for x E E and j,k >_ 0,
Ujk(x, .) is a version of the mutation process starting from x, Xl(t) U10(XI(0), t)
for all t _> 0, Xj(t) Ujo(Xj(O),t) until the first look-down from level j, and if the
kth look-down from the jth level occurs at time - and the look-down is to level i, then
up until the time of the (k + 1)th look-down from level j, Xj(t) Ujk(X(7), t- ’).

If the mutation process is a diffusion, then the particle system can be obtained
as the solution of an infinite system of stochastic differential equations. Let {Nij } be
as above, and let {Wj } be a sequence of independent Brownian motions which are
independent of the sequence {Nij}. Then we can take

(6.12) Xj(t) Xj(O) + a(Xy(s)) dWj(s) + b(Xj(s)) ds

+ E (Xi(s-) Xj(s-))dNij(s).

Note that the solution of this system exists and is unique if, for example, a and b are
Lipschitz continuous.

If the mutation process has a stationary distribution, then we can assume that
X1 (t) is defined for all -c < t < cx, and taking the processes Nij to be unit Poisson
point processes on (-c, c) (Ny (a, b] will denote the number of points in the interval
(a, b]), an analogue of the above construction can be carried out on the time interval
(-c, c) in which there is a look-down from level j to level at each point in Nj.
Note that the resulting E-valued process will be stationary. If the stationary process
X1 is ergodic (in the sense that events defined in terms of X that are invariant under
a time shift must have probability zero or one), then X (and hence the corresponding
Fleming-Viot process) is ergodic.

Assume that we are in the stationary setting described in the preceding paragraph.
In this model, we can trace the ancestry of a particle by following the look-down process
backward in time. For s < t, we define aj(s, t) to be the level of the ancestor at time s of
he jth-level particle at time t. To be precise, for s < t, let Nj(s, t] Ei:i<j Nij(8, t].
Define /j(t) sup{u < t Nj(u,t] > O} and let aj(/j(t)) be the index such
that /j(t) Niy. Define aj(s,t) j for j(t) <_ s < t and aj(s,t) aj(Tj(t)) for
((t))(/y(t)) _< s < j(t), and extend the definition of aj(s,t) to all s < t in the
obvious manner.
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Let r(s,t) {aj(s,t): j 1,..., n} (allowing n cx). Then, letting Irn(s,t)l
denote the cardinality of Fn(s, t), it follows that for s < t, [F(s, t)l < cx. In particu-
lar, D (u) Ir (t- u, t)l is a pure death process with transition intensity k(k- 1)/2
from state k. If we define the equivalence relation R on {1, 2,...} by setting j if
ai(t- u, t) aj(t- u, t), then {R, u _> 0} is Kingman’s (1982b) coalescent.

For definiteness, fix t 0 in the above construction. Define -1 inf{u D(u)
1}. Then this construction determines an embedding of a tree in the particle system
on the time interval [--1,0] whose branches are formed by the ancestral lines of the
particles at time 0. The mutation processes determine the evolution of the types of the
particles beginning with the type of the two particles at time --1 with descendants
at time zero. (Note that one of the two particles will be X..) This observation
demonstrates that the genealogical tree with mutation considered by Donnelly and
Tavar (1987) can be enbedded in the particle system.

This embedding of the genealogical tree in the particle system provides a powerful
tool for studying Fleming-Viot processes. For example, Theorem 7.2 below can be
proved by observing that, for pure-jump mutation operators, the genealogical struc-
ture implies that, except at points of discontinuity of a component Xi, Xi Xj for
infinitely many j. This type of argument is also at the heart of the results of Daw-
son and Hochberg (1982) on the support properties of the Fleming-Viot process with
Brownian mutation.

7. Bounded mutation operators. Here we consider Fleming-Viot processes
with mutation operators A on B(E) of the form

(Af)(x) O(x) /E(f() f(x)) P(x, d),

where 0 E B(E) is nonnegative and P(x,d) is a one-step transition function on
is of course unnecessary but will be convenient later.)E x B(E). (The factor

THEOREM 7.1. Let be the generator (3.20) and (3.21) for the Fleming-Viot
process with type space E, mutation operator A as in (7.1), no recombination, and
selection intensity function a Bsym(E2).

(a) Then the Cp(E)[0, oo) martingale problem for is well posed.
(b) In the absence of selection, the closure of acting on

(7.2) {f e B(P(E)): f e B(En), n > 1}

generates a strongly continuous positive conservative contraction semigroup on the

of on

(c) In the absence of selection, and assuming that E is compact, 0 is continuous,
and P(x, d) has the Feller property, the closure of restricted to

(7.3) {of e C(7)(E)) f e C(En), n >_ 1}

generates a Feller semigroup on C(7)(E)).
Proof. Part (c) follows from Theorem 3.4, and part (b) is proved similarly. This

and the Girsanov transformation give existence in part (a), while uniqueness is a
consequence of duality.

The main effect of assumption (7.1) is that the resulting Fleming-Viot process
lives in 7)a(E), the set of purely atomic Borel probability measures on E. This result
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is due to Ethier and Kurtz (1986), (1987). It is also a consequence of the work of
Shiga (1990).

THEOR.M 7.2. If (#t, t >_ 0} iS a Fleming-Viot process as in Theorem 7.1, then

P{#t E Pa(E) for all t > 0} 1.

If II is a stationary distribution for such a Fleming-Viot process, then II(Pa(E)) 1.
In fact this result also holds with recombination, but the simple proof of Ethier

and Kurtz (1987) does not apply in that case. Donnelly and Kurtz (1993) have
extended the theorem to general pure-jump mutation operators.

The next observation is frequently useful in applications. It is a consequence of
Doob’s martingale inequality.

PROPOSITION 7.3. Under the assumptions of Theorem 7.1, if {#t, t >_ 0} is a
solution of the Cp(E)[0, c) martingale problem for , then for each a in (7.2),

’0

is a martingale with almost all sample paths continuous.
This shows that the sample paths of such a Fleming-Viot process are continuous

in the weak atomic topology on T)(E).
COROLLARY 7.4. Under the assumptions of Theorem 7.1, if {#t, t _> 0} is a

solution of the Cp(E)[0, cx) martingale problem for 1:, then almost all sample paths of
{#t, t _> 0} belong to C(p(E),p)[O,

Shiga (1990) strengthened this conclusion (except at time t 0) considerably.
THEOREM 7.5. Let E be locally compact, and assume the conditions of Theorem

7.1. If {#t, t >_ 0} is a solution of the Cp(E)[O, ) martingale problem for , then
almost all sample paths of {#t, t > 0} are continuous in the total variation norm.

Note that, if # 7)(E) is nonatomic and u G 7)a(E), then I1#-/l[var 1. This
implies that continuity in the total variation norm cannot hold at time t 0 unless

We conclude this section by discussing the stationary distribution of a Fleming-
Viot process with a bounded mutation operator (and no recombination or selection).
For simplicity, we assume that E is compact, 0 in (7.1) is a positive constant, and
P(x,d) has the Feller property. The following result is due to Ethier and Kurtz
(1992) and has been used in the population genetics literature in connection with the
model discussed in 9.5 below (Griffiths and Watterson (1990)).

THEOREM 7.6. Let E be compact, let 0 > O, and let P(x, d) be a one-step Feller
transition function on E 13(E) that is weakly ergodic in the sense that

(7.6) lira (e(g-x)t/2f)(x) (f, u0} f e C(E) x e E,

where (Pf)(x) fE f() P(x, d) and o e V(E). Let II e P(7)(E)) denote the unique
stationary distribution of the Fleming-Viot process with type space E and mutation
operator A defined by

(7.7) (Af)(x) - (f() f(x)) P(x, d).

Define the Markov chain {X(-), - e Z+} in E2 U E3 U... as follows. Let X(O)
(0,0) E E2, where o is an E-valued random variable with distribution o. From
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state (Xl,...,x,) E E’, where n > 2, one of two types of transitions occurs. With
probability O/(n(n- 1 + 0)) a transition to state (xl,... ,x_,i, xi+,... ,Xn) E
occurs (1 <_ <_ n), where is distributed according to P(x,d). With probability
(n- 1)/((n + 1)n(n- 1 +0)) a transition to state (x,... ,Xj--I,Xi,Xj,... ,Xn) En+
occurs (l<_i_<n, l_<j_<n+l). Then, for each n >_ 2,

(7.8) X(’r,+l 1) has distribution / n(.) i-[(d,//,),
(E)

where rn denotes the hitting time of E. Moreover, the empirical measure determined
by the n coordinates of X(Tn+l 1) converges almost surely as n -+ oo to a P(E)-
valued random variable with distribution II.

The two types of transitions of X correspond to mutations and duplications,
which is reminiscent of Hoppe’s (1987) urn process. Equation (7.8) makes it very easy
to simulate the nth moment measure of the stationary distribution H, which can be
interpreted as the distribution of a random sample of size n from #, where the random
measure # is distributed according to II. Except in the special case in which P(x, d)
does not depend on x (treated in the next section), the explicit form of II seems to
be unknown. A continuous-time version of this Markov chain can be embedded in the
particle system of 6, giving an extension of (7.8) to models with general mutation
operators. See Donnelly and Kurtz (1993).

8. Reversibility. In this section we consider the special case of 7 in which the
mutation operator A has the form

(8.1) (Af)(x) (f() f(x)) vo(d),

where 0 > 0 and v0 7)(E). We assume for convenience that E is a compact metric
space.

If we further assume that E is finite and the support of v0 is all of E, and if
we identify 7)(E) with AE (see (1.1)), then the resulting Fleming-Viot process has
generator L as in (1.2), where

10 Ovo({j}) > O, i,j E, j.(8.2) qj - -In this case Wright (1949) discovered that there is a unique stationary distribution
r 7)(AE), namely, the Dirichlet distribution with parameter (0)eE, which has
([E 1)-dimensional Lebesgue density proportional to l-IeEp-1. See Ethier and
Kurtz (1981) for a proof.

To describe the stationary distribution (unique by Theorem 5.1) in general, we
need to introduce Kingman’s (1975) Poisson-Dirichlet distribution. Consider an inho-
mogeneous Poisson point process on (0, cx)) with intensity function Ou-le-u (u > 0).
With probability 1, the points can be arranged in decreasing order Z > Z2 >
and have a finite sum Z Z1 + Z2 +.... We define the Poisson-Dirichlet distribu-
tion with parameter 0 to be the distribution of (Z1/Z, Z2/Z,...). In particular, it is
concentrated on

(8.3) Vow= p=(pl,p2,...)’p>p2>’">O, p-I
i=1
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which is topologized as a subset of the product space [0, 1].
There is an alternative characterization that helps to explain the term "Poisson-

Dirichlet" (Kingman (1975)). For each n _> 2, let (p,..., pnn) be A(1 n}-valued with
the symmetric Dirichlet distribution with parameter pn > 0. Let p}l) >_ >_ p()
denote the descending order statistics. If npn 0 > 0, then the distribution of

(p),..., p(), 0, 0,...) converges weakly on V to the Poisson-Dirichlet distribution
with parameter 0.

The following description of the stationary distribution is due to Ethier and Kurtz
(1986, 1993a).

THEOREM 8.1. ThE Fleming-Viot process with type space E and mutation operator
A defined by (8.1) (where 0 > 0 and o E 7)(E)), has a unique stationary distribution
II0,,o E 7)(P(E)), which is given by

(8.4) n0,,o(.) P p6 e.
i--1

where (p,p2,...) has the Poisson-Dirichlet distribution with parameter O, and
2, are i.i.d, uo, independent of (p, p2,...).
Note that this conclusion is consistent with Theorem 7.2.
The following result of Shiga (1990) and Ethier (1990a) gives reversibility.
THEOREM 8.2. The Fleming-Viot process of Theorem 8.1 is reversible with respect

to II0,,o. In other words, if {#t, -oc < t < oc} is a stationary Fleming-Viot process
with type space and mutation operator as in Theorem 8.1, then

< t < < t <

One might ask whether reversibility of Fleming-Viot processes holds more gen-
erally than for mutation operators A of the form (8.1) (assuming no recombination
or selection). When E is finite, Shiga (personal communication) has shown that the
answer to this question is negative. It seems reasonable to conjecture that the answer
is negative in general.

We now state a recent result of Ethier and Gritfiths (1993) giving the transi-
tion function for the Fleming-Viot process of Theorem 8.1. It generalizes the finite-
dimensional results of Shimakura (1977, 1981) and Griffiths (1979). For each n > 1
define r/n" En -+ T)(E) by

(8.6) n(Xl,... ,Xn) n-1 ((5Xl q-...- 5Xn).

Let {Dr, t >_ 0} be the pure death process in Z+ L0 {oo} starting at c with deth
rates

(8.7) An n(n- 1 + 0)/2, n > O,

(oc is an entrance boundary) and define

(8.8) dn(t) P{Dt -n}, n > O, t > O.

It can be shown (see Wavard (1984)) that

(8.9) tin(t)

f 1- Em=l(2m- 1 + O)(m!)-l(--1)m-O(m_)e-).t
Em=n(2m 1 + O)(m!)-l(--1)m-’(’)(n + O)(m_l)e-X-

if n-O,
if n> 1.
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Here we use the notation a(0) 1 and a(n) a(a + 1)... (a + n 1) for n _> 1.
THEOREM 8.3. The Fleming-Viot process of Theorem 8.1 has transition function

P(t, #, du) given for each t > 0 and # E 7)(E) by

P(t,,,.)
do(t) H0,.o (’)

+ E dn(t)/E
n-1

#n(dxl dxn) IIn+O,(n+O)-l{nrn(Xl Xn)+VO}(’)"

In particular, the theorem shows that, for each t > 0 and # E 7)(E), P(t, #,-) is
a mixture of probability distributions of the form (8.4). This is of course consistent
with Theorem 7.2.

Shiga (1990) proved strong ergodicity under these assumptions. The theorem
allows one to say more.

COROLLARY 8.4. Under the assumptions of Theorem 8.3 and for each # 7)(E),

(8.11) liP(t, #, .)- H0,o(’)]lvar 1- d0(t), t > 0.

Moreover, equality holds in (8.11) if # and o are mutually singular.
Tavar6 (1984) has shown that e-l <_ 1 -do(t) <_ (1 + O)e-It for all t > 0.
We conclude this section by considering the effect of selection on Theorems 8.1

and 8.2. These results are from Ethier and Kurtz.. (1993a), (19935).
THEOREM 8.5. Let a Bsym(E2). Then II0,,o e P(7)(E)) defined for the appro-

priate constant C by

(8.12) n (d.)O,uo

is the unique stationary distribution for the Fleming-Viot process with type space E,
mutation operator A defined by (8.1) (where 0 > 0 and o 7)(E)), and selection
intensity function a.

THEOREM 8.6. The Fleming-Viot process of Theorem 8.5 is reversible with respect
to H0,’o

The proof of reversibility is based on the reversibility-preserving transformation
of Fukushima and Stroock (1986).

9. Examples. In this section we examine several Fleming-Viot processes of
interest in population genetics. To provide a better understanding of the models, a
number of proofs are included.

Handa (1990) and Vaillancourt (1990a), (1990b) have considered interacting sys-
tems of Fleming-Viot processes to study the effects of geographical structure. AI-
though these processes do not strictly fit into the present framework and are therefore
not discussed below, they are very much in the same spirit.

9.1. Continuous-state stepwise-mutation model. Here E- Rd and

10
Ox’ T)(A) C2(Rd),(9.1.1) A-

i=1

for some 0 > 0. The resulting Fleming-Viot process is the one originally studied by
Fleming and Viot (1979) and extensively analyzed by Dawson and Hochberg (1982).
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The discrete-state stepwise-mutation model (with E Zd) is due to Ohta and Kimura
(1973) and was studied by Shiga (1982).

We consider first the ergodic behavior of the process. The mutation process is
&dimensional Brownian motion (multiplied by a constant), so the ergodic theorems
of 5 do not apply. Nevertheless, if we translate the random probability measure at
time t by minus its empirical mean, convergence in distribution holds as t - oc. This
extends a result of Dawson and Hochberg (1982) and is analogous to a result of Shiga
(1982) for the discrete-state stepwise-mutation model. It has its origins in work of
Moran (1975), (1976)and Kingman (1976).

The infinite particle system X discussed in 6 provides an alternative approach
to this result. Centering each component of X by the first component X1 instead of
by the empirical mean, the resulting process X (0, X2 X1, X3 X1,...) is easily
seen to be asymptotically stationary. See Donnelly and Kurtz (1993) for details.

To prove the theorem, we first need a lemma.
LEMMA 9.1.1. Let {r,,} be a sequence of p(Rd)-valued random variables such

that, for each n >_ 1 and rn >_ 1, E[fRd Ixlm ,n(dx)] < oc. If

(9.1.2) ,lim E[d xall/n(dX)’’’d xakl]n(dx)] rk(zl’ ozk)

OI Xa and ifexists for all k > 1 and ct (k E (Z+)d where x x

sup max rn-rl (2mei)l/(2m) <
m>l l<i<d

where e (5il,..., 5id), then there exists a 7)(Rd)-valued random variable such that
un converges in distribution to as n --Proof. By (9.1.2) with k 1, {E[un(.)]} is tight, and hence tightness (and
therefore relative compactness) of the sequence P{u E .} follows. Any limit point II
of this sequence has the property that its kth moment measure f(le)k #k(.) H(d#) has
moments rk(al,..., ak). By (9.1.3), these moment measures are uniquely determined,
and consequently H is uniquely determined. This implies that P{

THEOaEM 9.1.2. Let {tt, t _> 0} be a Fleming-Viot process with type space Rd

and mutation operator (9.1.1), and suppose that E[fRe Ixlm#o(dx)] < oc for each
rn > 1. Then

kO<_t<_T

for all T > 0 and rn > 1, so, with probability 1, the empirical mean process

(9.1.5) x(t) =/Rd X #t(dx), t >_ O,

exists and has continuous sample paths. Let {#, t > 0} denote the centered process,
defined by

(9.1.6) #(’) #t(" + x(t)).

Then there exists II P(p(Rd)) not depending on #o such that

(9.1.7) lim E[(t)l- (, II} e C(P(Ra)).
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Proof. By Theorem 3.1 (with a slight change in notation),

(9.1.8) N(t)El(f, #}] E[(Y(t), 0

for all/_> 1, f E C((Rd)t), and t _> 0, where

(9.1.9) Y(t) Tk(t- E AilFk+l"’Fl-lTl-l(Al-1)[’lTl(Al)f
i=k+l

and N(t) k if E Ai-<t<EA’ l<_k<_l.
i--k+l i--k

Here At,... ,A2 are independent exponential random variables with E[Ak] 1/(k2)
and A1

(9.1.10) Tk(t)f (x) (2uOt)-kd/2 I f(y) e-ly-xl2/(TM) dy,
a (Id)k

and Ft,... ,F2 are independent random operators with Fk (I)) with probability

1/(2k), 1 <_ < j <_ k. Furthermore, At,..., A2, Ft,..., F2, and #0 are independent.
In fact, we claim that (9.1.8) holds (with both sides finite) for all _> 1, f E

C((Rd)t) with polynomial growth, and t >_ 0. Indeed, if we define fm,k on (Rd) for
rn, k >_ 1 by

k m

i--1

then straightforward estimates give

(9.1.12) Tk(t)fm,k

_
Cm,k(t)fm,k and Fkfm,k

_
2mfro,k-I,

where Cm,k(t) 22m-1(1 -- (]dO/2)m(2m)! (m!)-ltm). Therefore,

(9.1.13) [Y(t)[ -- 2(l-k)mCm’l(Al)’"Cm’k+l(Ak+l)Cm’k(t- E Ailfm’ki--k+l

if [Y(0)]_<f,,t, E Ai_<t<EAi, l_<k_l.
i--k+1 i--k

Since exponential random variables have all moments finite, this implies the claimed
assertion. Doob’s martingale inequality applied to the continuous martingale

(9.1.14) M[ (fm,1/(1 + fm,),#t} (A[fm,/(1 + fm,)],#s} ds,

leads to (9.1.4).
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Now, given a E (Z+)d, define ga E C((Rd) lal+l) by

(9.1.15) ga(yO, yl, ylal) H H (yOi YJi )’
i=1 j=al+...+ai-l+l

and note that g is translation invariant in the sense that

(9.1.16) go(y0 -- Z, yl

__
Z,..., y I(1 -- Z) g,(y0, yl,..., ylCl)

for all y0,..., yll, z Rd. Since translation invariance is preserved by the semigroup

(9.1.10) and by the operators (I)), the dual process {Y(t), t

_
0} with Y(0) g,

is translation invariant valued. Let - AII+ +..-+ Au. Then Y(-) is a (random)
translation invariant function of one variable (x Rd), hence constant in x. Moreover,

(9.1.17)

- E[(Y(-), #o)] E[Y(-)(0)]

as t -- c, where the limit is justified using (9.1.13). This gives (9.1.2) (with un n
for k 1, and the general case is similar. Since

E (dx) E
d d

N(t)E[(Y(t), o- E[Y(-) (0)]

e-t NI(B (t) dt

for 1,..., d, where - is exponential with parameter 1 and B1 and B2 are indepen-
dent one-dimensional Brownian motions with variance parameter 0, (9.1.3) holds as
well, and so the result follows from Lemma 9.1.1. V

The most striking results about this process concern its sample path behavior.
Here is a small .part of what is known. The first conclusion is due to Konno and Shiga
(1988) and Reimers (1989) and the second is due to Dawson and Hochberg (1982) and
Reimers (1993); see also Shiga (1990).

THEOREM 9.1.3. Let {#t, t

_
0} be a Flerning-Viot process with type space Rd

and mutation operator (9.1.1).
(a) If d 1, then, with probability 1, #t is absolutely continuous with respect to

Lebesgue measure on R for all t > 0 and its density is jointly continuous in t and x.
(b) If d

_
2, then, with probability 1, #t is singular with respect to Lebesgue

measure on Rd for all t > O.

9.2. Infinitely-many-neutral-alleles model. Here E- S, which is assumed
to be a compact metric space, and A is given by

(Af)(x) 10 Is2
(f() f(x))P(x d)



FLEMING--VIOT PROCESSES IN POPULATION GENETICS 373

where 0 > 0 and P(x, d) is a one-step Feller transition function on S x B(S) satisfying

(9.2.2) P(x, {}) 0, z, E S.

10, and P(z .) is the distribution of the allelicIn other words, mutations occur at rate
type of a mutant offspring of a type x parent. The condition (9.2.2) models the basic
assumption that every mutant is of a new type.

The model is due to Kimura and Crow (1964); see Crow (1989) for a historical
survey. Kingman’s (1975) introduction of the Poisson-Dirichlet distribution led Wat-
terson (1976) to formulate the model as the limit of a sequence of finite-dimensional
diffusions. Ethier and Kurtz (1981) characterized the limiting process in

(9.2.3) V p (Pl,P2,...) Pl >_ P2 >_ >_ O, Pi <_ 1
i=1

and subsequently (Ethier and Kurtz (1986), (1987)) reformulated the model as a
Fleming-Viot process.

The process in V is characterized in terms of the generator

01E 0" lOlpi(9.2.4) G - ,J= =

acting on 79(G) subalgebra of C(V) generated by 1,7),a3,... where m
C(V) is defined for m _> 2 by Pro(P) -i=Pi (Sums in (9.2.4) are evalu-
ated on V (see (8.3)) and extended to Vo by continuity.) It is known (Ethier
and Kurtz (1981)) that this process has a unique stationary distribution, namely, the
Poisson-Dirichlet distribution with parameter 0. (In fact, it has a transition density;
see Griffiths (1979) and Ethier (1992b).)

Define 7 7)(S) H V by letting 7(P) (P,Pu,...) if pi is the size (or mass) of
the ith largest atom of # (or 0 if # has fewer than atoms) for each _> 1, and note
that /(P(S)) V.

THEOaEM 9.2.1. Let {#t, t >_ 0} be a Fleming-Viot process with type space S and
mutation operator A given by (9.2.1), where 0 > 0 and P(x, d) is a one-step Feller
transition function on S x B(S) satisfying (9.2.2). Then {7(#t), t > 0} solves the

CV [0, oc) martingale problem for G.
Proof. Let k > 1, ml,...,mk >_ 2, and m-m +... +ink. Define f B(S") to

be the indicator function of the set of (Xl,... ,x,) e STM for which Xl

Xml+l Xml+m2 Xml+...+mk_l+l Xm. Then

(9.2.5) F(p) <f, #m> (ml (")/(tit))""" (fi)tk

and

(9.2.6)
k

"= l:li

+ E ?nimj)gmi+m--X (7(#)) H rnt (’)’(#))
l<_i<j<_k l:li,j

1/2m(m 1% O)ml (7(#))’" -k (7(#))
G(,I""" ,k )(7(#))
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for all # E 7)(S), where 1 --- 1, and the result follows using Proposition 7.3.
Both {#t, t >_ 0} and {"/(#t), t >_ 0} are referred to as the infinitely-many-

neutral-alleles diffusion model; for obvious reasons, the former is sometimes called the
labeled model, whereas the latter is known as the unlabeled model.

A related diffusion process assumes values in

{(9.2.7) A z- (zl,z2,...)’z _> 0, z2 >_ 0,..., Ezi <_ 1

It was characterized by Ethier (1981) in terms of the generator

1 E 02 10zz(&j zj) Oz Ozj - Oz(9.2.8) a " i,j=l "=

acting on :D() {f E C2(Ao) f depends on only finitely many coordinates}.
To interpret this process, we define 7)(S) 7)(S) - A by letting (#,,)
(Zl, z2,...) if zi is the mass given by # to the ith largest atom of (or 0 if has fewer
than atoms) for each >_ 1. (Technical note: There is an ambiguity in the definition
if has two or more atoms of the same size. To overcome this, assume that S is totally
ordered by < and that {(Xl,X2) S2 Xl < x2} is a Borel set. The atoms of the same
size can then be ordered according to <, and the mapping is Borel measurable.)
The following result is a slight extension of a result of Ethier (1990a).

THEOREM 9.2.2. With {#t, t _> 0} as in Theorem 9.2.1, {(#t, #0), t >_ 0} solves
the C- [0, c) martingale problem for .

Note that the ith coordinate of p(#t, #0) is the frequency at time t of the al-
lele that is ith most frequent at time 0. Thus, this process keeps track only of the
frequencies of the alleles present at time 0 and ignores new mutants. In particular,
E e-Ot/2[Ei= (#t #o)] <_ < 1 for all t > 0.

Now let us define P C(S) - C(S) by (PI)(x) fs f() P(x,d) and assume
that there exists 0 T)(S) such that

(9.2.9) lim (e(P-)t/2f)(x) (f, 0}, f e C(S), x S.

THEOREM 9.2.3. The Fleming-Viot process with type space S and mutation op-
erator A given by (9.2.1), where 0 > 0 and P(x,d) is a one-step Feller transition

function on S B(S) satisfying (9.2.2) and (9.2.9), is weakly ergodic and has a unique
stationary distribution H P(P(S)). Moreover, the II-distribution of"/is precisely the
Poisson-Dirichlet distribution with parameter 0. Let k >_ 1, n (hi,... ,nk) Nk,
and n n + + nk, and define

(9.2.10) Fn- {(x,...,xn) S there exist distinct y,...,y S such that

I{1 <_ i <_ n x yJ}l nj for j 1,... ,k}.

Then the Ewens (1972) sampling formula holds, that is,

f
(9.2.11) / p(Fn) II(d#)

()

n! Ok-1

nl’’’ nkax!.., an! (1 + 0)-.. (n- I + 0)’

where a { l <_ j <_ k nj } for l n.
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Proof. The first assertion follows from Theorem 5.2. Let k > 1, m1,..., mk >_ 2,
and ?Tt--?Ttl nt-’’" -}-ink, and define F E B(7)(S)) as in (9.2.5). By (9.2.6),

(9.2.12) (F)() II(dp) =/f G Pm Pmk dH/-1

and this gives the second assertion. The last assertion is a property of the Poisson-
Dirichlet distribution (see, e.g., Watterson (1976)).

We should emphasize that the results of this subsection rely on (9.2.2); the as-
sumption (8.1) (and in particular reversibility) is not needed.

9.3. Infinitely-many-neutral-alleles diffusion model with ages. Here S,
0, and P(x, d) are as in 9.2, E S x [0, oo], and

(0 10f) (x, a) + (f( 0) f(x a)) P(x, d)(9.3.1) (Af)(x,a) -a 2

with :D(A) C0,1 (S x [0, c]). We associate an age with each allele represented in the
population, and we take the type space E to be the set of all ordered pairs of alleles
and ages. Again, mutations occur with intensity 1/20 and according to P(x, d), and
new mutants initially have age 0. Ages increase deterministically with time at rate 1.

Ages of alleles have been studied by several authors, including Watterson and
Guess (1977), Kelly (1979), Donnelly (1986), Donnelly and Tavar(5 (1986), (1987), and
Hoppe (1987). The formulation as a Fleming-Viot process is from Ethier (1990a).

The mutation operator (9.3.1) is unbounded, so Theorem 7.2 does not apply.
Nevertheless, its conclusion is valid here; in fact, we can say more. Let

(9.3.) (S [0,])={e(S [0,]):(S{})=0,
#2({((xl,al), (x2, a2)): (Xl x2, al a2)or

(Xl X2, al a.)}) 0}

The extra Conditions mean that no allele has infinite age, each allele has only one age,
and no two alleles have the same age.

LEMMA 9.3.1. Let {#t, t > 0} be a Flerning-Viot process with type space S x
[0, oc] and mutation operator A given by (9.3.1), where 0 > 0 and P(x, d) is a Feller
transition function satisfying (9.2.2), and suppose that P{0 E P2(S x [0, ec])} 1.
Then

P{#t e 7)2(S x [0, ocl) for all t >_ 0} 1.

We now assume a slightly stronger condition than (9.2.9), namely,

(9.3.4) nlirno f()pn(x, d) {f, u0}, f C(S), x e S,

LEMMA 9.3.2. Assuming (9.3.4), the Fleming-Viot process of Lemma 9.3.1 is
weakly ergodic and has a unique stationary distribution H P(P(S x [0, oc])). Also,
H(7)2(S x [0, oc]))= 1.

The Ewens sampling formula (9.2.12) was generalized to age-ordered samples by
Donnelly and Tavarg (1986). Ethier (1990a) rederived the Donnelly-Tavar6 sampling
formula in the present framework.
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THEOREM 9.3.3. Let k >_ 1, n--(nl,...,nk)E Nk, and n-nl +...+nk, and
define

F {((xl,al),..., (xn, an)) (S [0, oo])n"
there exist distinct yl,..., Yk S and 0 < Ctl < < OZk < O
such that I{1 < <_ n (xi, ai) (yj,aj)}l nj for j 1,...,k}.

Then, under the assumptions of Lemma 9.3.2,

(9.3.6) /9 (r;) n(d)
(s[0,])

nl(n + n2)... (nl +... + na) (1 + 0)..-(n 1 + 0)"

Note that F is the set of all ordered samples of size n containing k alleles, of
which the youngest has n representatives, the second youngest has n2 representatives,
and so on.

We now consider a second way to study the ages of the alleles in the infinitely-
many-neutral-alleles diffusion model. It is based on the sample paths of the Fleming-
Viot process of 9.2, except that we require reversibility. The following lemma is from
Ethier (1990a).

LEMMA 9.3.4. Let {#t, - < t < c} be a stationary Fleming-Viot process with
type space S and mutation operator

(9.3.7) (Af)(x) (f() f(x)) 0(d),

where 0 > 0 and o 7)(S) is nonatomic. Recall the notation in Theorem 9.2.2 and
define

(9.3.8) X+(t) (#t,#o) and X-(t) (tt-t,/to), t

_
O.

Then almost all sample paths of X+ and X- belong to C- [0, ), and X+ and X-
induce the same distribution on C-K [0, ).

Theorem 9.2.2 shows how X+ (and therefore X-) evolves; and Theorem 9.2.3
implies that X+(0) X-(0) has the Poisson-Dirichlet distribution with parameter 0.
The proof of Lemma 9.3.4 is essentially immediate from the reversibility of
t < c} (Theorem 8.2).

For each _> 1, define -i" C5 [0, c) - [0, ] by -i(x) inf{t _> O’xi(t) 0},
where inf

THEOREM 9.3.5. Let X- be as in Lemma 9.3.4 and let U be an independent
uniform [0, 1) random variable. Define the positive-integer-valued random variables
and by

(9.3.9) c--i if -i(X-) > -j(X-) for all j eN-{i}

and

(9.3.10) if
i--1

x7 (o)_< u < x? (o);
j=l j=l
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both are defined on an event of probability 1. Then

(9.3.11) Xj (0) X (0)

and the common distribution is the beta(l, 0) distribution.
Remark. (9.3.11) says that the frequency of the oldest allele at. time 0 in the sta-

tionary infinitely-many-neutral-alleles diffusion model is distributed as the frequency
of a randomly chosen allele at time 0.

Proof. The assertion (9.3.11) follows from the calculation

(9.3.12) P{- x-(o)}
P{-(X-) _> sup -d(X-) X-(O)}

j:jTi

j:ji

x7 (o)
P{fl X-(0)},

(x;, x?, o, o,...)
j:ji

x-(o)}

where the third equality uses Theorem 9.2.2, Lemma 9.3.4, and the observation that
the function zl/(Zl + z2) is harmonic for Ft. Actually, this function has a singular-
ity at (0, 0,...), so to make the argument precise and to verify the first equality in
(9.3.12), one must check that if Z is a solution of the CK {0, oc) martingale problem
for Ft starting at z E Ac, and if Zl + z2 > 0, then P{TI(Z) -2(Z)} 0. See
Ethier (1990a) for details; alternatively, Shiga (personal communication) has pointed
out that this follows from his representation (Shiga (1990)) of the neutral diffusion
model in population genetics as a normalized time-changed continuous-state branching
diffusion.

As for the distribution of (9.3.11), let V have the beta(i,0) distribution. Then,
for each k >_ 1,

(9.3.13) E[X (0) k] E X/-(0) k P{fl X- (0)}

E .X/-(0) k+l (1 + 0) (k + 0)

where the third equality uses the Ewens sampling formula, and the result follows. [

Theorem 9.3.5 is a special case of a result derived heuristically by Griffiths (un-
published) and subsequently established by Ethier (1990b) (see Sawyer (1977), Don-
nelly and Tavar6 (1986), Hoppe (1987), and Donnelly and Joyce (1991) for closely
related results). The general result says that the frequencies of the oldest, second-
oldest, third-oldest, alleles in the stationary infinitely-many-neutral-alleles dif-
fusion model are distributed as the coordinates of the so-called size-biased Poisson-
Dirichlet distribution with parameter 0, which in turn are distributed as Z, (1-Z)Z,
(1 Z)(1 Z.)Za, where Z1, Z, Za,... are independent beta(l, 0). This last
distribution is now known as the GEM distribution with parameter 0. The equality of
the size-biased Poisson-Dirichlet and the GEM is a result of Patil and Taillie (1977)
(see Donnelly and Joyce (1989) for a proof). We remark that Theorem 9.3.5 (and the
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generalization) can be proved in the generality of Theorem 9.3.3 (see Ethier (1990b),
(1992a)), but the present argument using reversibility is more appealing.

9.4. The two-locus model with recombination. Here E- E1 E2, where
E1 and E2 are for simplicity assumed to be compact metric spaces representing the
sets of alleles (or types) at two particular loci. Mutation operates independently at
the two loci in accordance with mutation operators A1 and A2, which are assumed
to generate Feller semigroups on C(E1) and C(E2), respectively. Thus, the mutation
operator here is the closure A of the linear operator A defined on (A) span{f1 f2
fl e T)(A1), f2 e P(A2)} by

(9.4.1) A(fl f2) Alfl f2 + fl A2f2,

where (fl f2)(Xl,X2)- fl(xl)f2(x2).
The distinguishing feature of the model, however, is recombination. Assume that

the transition function RM in (2.1.7) and (2.2.4) has the form, for each M _> 1,

(9.4.2) RM((Xl,X2), (Yl,Y2),’) (1--rM)(t(x,x2) ((y,y2))--OM(i(x,y2)

The idea is that with probability rM, two chromosomes withwhere 0 <_ rM <_ .
respective types (Xl,X2) and (yl,ye) split at some point between the two loci and
recombine, yielding chromosomes with types (Xl, y2) and (yl, x2). If limM_. MrM
c E [0, oc), then the recombination operator B in (3.5) has the form

(9.4.3) (Bf)((xl,x2), (Yl, Y2)) c(f(xl,y2) f(xl,x2)).

The resulting Fleming-Viot process has been studied by many authors in the finite-
dimensional case and by Ethier and Griffiths (1990a), (19905) and Hochberg (1991)
in general.

Let us define rl and 71"2 to be the projections of E E1 E2 onto its two
coordinates. If {#t, t >_ 0} is a Fleming-Viot process as above (type space E, mutation
operator A, recombination operator B), it is immediate that {#tl, t >_ 0} and
{tttr l, t >_ 0} are Fleming-Viot processes with type spaces E1 and E2 and mutation
operators A1 and A (and no recombination). Thus, the two-locus diffusion model
can be regarded as a Markov coupling of two one-locus diffusion models, with the
recombination parameter measuring in some sense the degree of independence between
the marginal processes. The case a 0 is known as the case of complete linkage,
whereas the case a - cx corresponds to no linkage, as the following theorem shows.
The result is due to Littler (1972) and Ethier (1979) in the finite-dimensional case,
and to Ethier and Griffiths (1990a) in general.

THEOREM 9.4.1. Let El, E, E, A1, A2, A, and B be as above. Let {#1) t >
0} and {#2), t >_ 0} be independent Fleming-Viot processes with type spaces E1
and E2 and mutation operators A1 and A2, and let {#,t, t > 0} be a Flerning-
Viot process with type space E, mutation operator A, and recombination operator
B, with the dependence on c made explicit. If (/.tc,07rl,/tc,07r 1) (t(01),/.t(02)) it

T)(E1) x 7)(E2) as c -- oc, then

(9.4.4) {(/tc,t7rl,tc,tTr;1), t 0} := {(tl),t2)), t 0}

in C.p(E1).P(E2)[O 00).
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This result asserts asymptotic independence of the marginal processes as a
As might be expected, a similar conclusion holds for stationary distributions. Define
: P(E1) x ])(E2)- D(E) by (#1,#2) 1 x 2.

THEOREM 9.4.2. Assume, in addition to the assumptions of Theorem 9.4.1, that
the Feller 8emigroup8 {Tl(t)} and {T2(t)} generated by AI and A2 are weakly ergodic,
that is, there exist 121 E T)(EI) and 122 )(E2) such that

(9.4.5) lim Ti(t)f(x) (f fC(Ei), xE, i-1,2.

Let H(1) )(P(E1)) and II(2) 7)(P(E2)) be the unique stationary distributions of
the Fleming-Viot processes with type spaces E1 and E2 and mutation operators A1 and
A., and let Ha 7)(T)(E)) be a stationary distribution of the Fleming-Viot process
with type space E, mutation operator A, and recombination operator B (unique by
Ethier and Gri]fiths (1990a)). Then Ha = (H(1) II(2))-1 on 7)(E) as a .

In particular, the limiting stationary distribution is concentrated on the set of
product measures.

We conclude this subsection with a simple but useful observation. (We continue
to assume that El, E2, E, A1, A2, A, and B are as above.) Write the typical element
of E as ((x,xl),...,(x’,x)). Suppose a,b,c >_ 0 and n a+b+c _> 1. Denote by
Ca,b,c(En) the space of continuous functions f on E that do not depend on x2,..., x
or on x+l,... ,x+b. Given such an f, let us say that the "monomial" f C(7)(E))
defined by f(#) (f, #n} has degree a+b+2c. Then the generator of the Fleming-
Viot process with type space E, mutation operator A, and recombination operator B
preserves degree, that is, if the monomial f belongs to D(), then f is a linear
combination of monomials, each of degree at most that of f.

Here is an elementary application of this idea. For 1, 2, let Ai be defined by

(9.4.6) (Af)(x) -0 (f() f(x)) P(x, d),

where 0 > 0 and P(x,d) is a one-step Feller transition function on E B(E)
satisfying P(x, {}) 0 for all x, E. The Fleming-Viot process with type space
E, mutation operator A, and recombination operator B is the two-locus analogue
of the infinitely-many-neutral-alleles diffusion model of 9.2. Assume that the Feller
semigroups {Tl(t)} on C(E1) and {T2(t)} on C(E2) generated by A1 and A2 satisfy
(9.4.5), and let II be as in Theorem 9.4.2 (with 0 _< a < c). Then (see Strobeck
and Morgan (1978), Griffiths (1981), and Ethier and Griffiths (19905))

#2({((Xl,X2),(Yl,Y2)) e E2 xl --Yl, x2 ye}) II(dp)
(E)

(3 + 0)(6 + O) + a(2 + 0 + 2(6 + 0)) + 2a2
(1 + 0)(3 + 0)(6 + O) + a(2 + 0)(13 + 30) + 2a2(2 q- 0)’

where 0 01 --02 and (1 + 01)-1 + (1 + 02) -1. It seems clear that there is
no explicit formula in the present context that is analogous to the Ewens sampling
formula (9.2.11).

9.5. n-locus model with gene conversion. Fix n >_ 2. Here E- [0, 1] and
A is defined by
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(9.5.1) (Af)(xl, ,Xn)

{j01VE S(xl,...,Xi-l,,Xi+l,...,xn)d- f(xl,...,
i--1

+ (()f)(,... ,x)- f(,...

where )" C([0, 1]) C([0, 1]) is defined by letting )f be the function ob-
tained from f by replacing xi by xi; here v > 0 is the mutation intensity at each locus,
and > 0 is the rate at which the allele at locus j is converted to the allele at locus

(i,j 1,...,n; j). The model is due to Ohta (1982), (1983), and the present
formulation is that of Shimizu (1985), (1990).

LEMMA 9.5.1. The pure-jump Markov process in [0, 1] with generator A given by
(9.5.1) is weakly ergodic and thereSore has a unique stationaw distribution. Conse-
quently, the Fleming-Viot process with type space [0, 1] and mutation operator A is

weakly ergodic and therefore has a unique stationaw distribution P(P([0, 1])).
Pro@ By Theorem 5.2, we need only verify the first assertion. Let

{(xl(t),...,x(t)), t 0} denote the Markov process with generator A. The func-
tions fm (x,...,x) f (m,...,m) x...x give rise to a dual
process {(m(t),...,m(t)), t 0} in (Z+) with transitions

(9..) (,...,) (,..., ,-1,0, +,...,)

with rate v/(mi + 1) for 1,...,n, and

(9..a) (,...,) (,..., ,-,, +,+,..., -1,0, +,...,)

with rate for i,j 1,..., n, j. This process absorbs at (0,..., 0) in finite time
with probability 1. Thus, as t ,
(9.5.4) E(xl Xn)[Xl(t)m "’’Xn(t)m]

mn(t)E(m m) x (t)
Xn exp -v

mi(s) / 1

E(ml,...,mn exp -v
.= mi(s) + 1

for 311 (Xl,...,Xn) [0,1] and (m,...,m) e (Z+)n, and the wek ergodicity
follows. [

The following result is due to Shimizu (1987), (1990).
THEOREM 9.5.2. Let II be as in Lemma 9.5.1, and let II0 be the unique stationary

distribution for the Fleming-Viot process with type space [0, 11 and mutation operator
Ao given by

(9.5.5) Xfol(Aof)(x) -0 (f() f(x)) d,

where O v/A. Then, for each k >_ l and n-- (nl,...,nk) E Nk,

f f
(9.5.6) [ #(Fn) II(d#) ] -(Fn) g0(d-),

([0,1] J7") [0,1])
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where rn is as in (9.2.10) and n nl - + nk.
Remark. The right-hand side of (9.5.6) is given by the Ewens sampling formula

(9.2.11). Several explanations have been proposed for this result (Watterson (1989a),
(1989b), Shimizu (1990)), but it seems to us that (9.5.9) below is the key observation.

Proof. Define a, /e 7)([0, 1] n) by

f f
/ ! .-(.)

([0,1] J)([0,1])

Then

(9.5.8) 0=/7([0,1]n) [(f, }] II(d#)-]([0,1]n)
IAf,#} II(d#)= f[0,1] Afda;

here [{f, #}] is short for ()(#), where (#) (f, #}. Moreover, letting 0 denote
the generator of the Fleming-Viot process with type space [0,1] and mutation operator
A0, we note that

(9.5.9) 0[(f,/]n}] (2.)--1 (Af, n}

and hence

(9.5.10)
f

0 / o[(f,-}] rio(d-)
([0,1])

(,,)--1 /.p /.nf,/in) I-[o (d/) (/)- j[o([0,1]) ,1]

We conclude from (9.5.8), (9.5.10), and Lemma 9.5.1 that a /, and hence that
(9.5.6) holds. [3

9.6. Infinitely-many-sites model without recombination.
[0, llz+ and

Here E

(9.6 1) (Af)(x) 10 j012
(f(, X) f(x))d.

The interpretation is as follows. The set of sites on the chromosome is identified with
[0,1]. An individual is of type x (x0,xl,...) E E if x0,xl,.., is the sequence of
sites at which mutations have occurred in the line of descent of that individual. For
example, x0 is the site at which the most recent mutation occurred to the individual
or any of its ancestors.

The infinitely-many-sites model is due to Zimura (1969), (1971), who included
recombination as well. Watterson (1975) studied the model without recombination,
and the present formulation is due to Ethier and Griffiths (1987).

If n _> 1, we say that (x1,..., x) E E is a genealogical n-tree if
(a) the coordinates xij, j Z+, of xi are distinct for fixed {1,..., n};
(b) whenever i,i’ {1,...,n}, j,j’ Z+, and xij xi,j,, we have xi,j+t

xi,,j,+t for all >_ 1;
(c) there exist jl,...,j E Z+ such that xjl Xnjn.
Informally, (a) means that mutations never occur more than once at the same

site; (b) means that if two individuals have ancestors with the most recent mutations
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in their respective lines of descent at the same site, then the ancestors are of the same
type; and (c) means that every n individuals have a common ancestral type, hence a
common ancestor.

For each n _> 1, let Tn c En be the set of all genealogical n-trees, and let

(9.6.2) 79(E) {# E Pa(E)’#"(T) 1 for every n >_ 1}.

LEMMA 9.6.1. The Fleming-Viot process with type space E [0,1]z+ and
mutation operator A given by (9.6.1) has a unique stationary distribution II, and
II(79(E)) 1. If {#t, t k 0} is a Fleming-Viot process with type space E and muta-
tion operator A, and if P{#0 E 79(E)} 1, then P{#t P(E) for all t k 0} 1.

Given n >_ 1 and (Xl,... ,xn) T, we say that z [0, 1] is a segregating site
of (Xl,... ,x,) if z appears in at least one but not all of the sequences xl,... ,xn.
Watterson (1975) determined the distribution of the number of segregating sites in
a random sample Xl,..., x, from #, where # is distributed according to II. In the
present setting, the result is due to Ethier and Griffiths (1987). For each n >_ 1 and
s >_ 0, let Tn,s C E be the set of genealogical n-trees with s segregating sites.

THEOREM 9.6.2. The stationary distribution II of Lemma 9.6.1 satisfies

(9.6.3)
n--1

for each n >_ 2 and s >_ O, where Y1,..., Y_ are independent with Yj geometrically
distributed on Z+ with parameter j/(j + 0).

Proof. For each n _> 1 and s >_ 0, define p,s B(P(E)) by Pn,(#) #n(T,),
and let pn, fP(E),(#)II(d#). Then, clearly p,s 0, and the identity

fp(E) (,)(#)H(d#) 0 reduces (with some effort) to

(n2) lno(Pn, Pn,s)- O, n > 2, s >0(9.6.4) (p-l, p,s) / -
where Pn,-1 O. Letting qn(z) E=opn,z, we find from (9.6.4) that

(9.6.5) (n- 1)qn-(z) + Oz%(z) (n- I + O)qn(z),

and hence

(9.6.6)
j-1

qn(z) I-I j_ l +O(l_ z),
j-----2

as required.

9.7. Infinitely-many-neutral-alleles model with allelic genealogies.
Again, let S be a compact metric space. Here we define E SZ+ [0, c]z+ and

(9.7.1) ((9)(Af)(x,a) a0f (x,a)+ 0 (f(,x, 0, a)- f(x,a))P(xo, d),
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where 0 > 0 and P(x, d) is a one-step Feller transition function on S /(S) satisfying
(9.2.2); D(A) is defined in the obvious way (cf. (9.3.1)). An individual is of type
(x,a)- ((x0,xl,...), (a0,al,...)) E E if

x0 its allelic type,

a0 the age of x0,

xi the allelic type of the individual that produced xi-1 by mutation, k 1,

ai the age of xi at the time xi-1 first appeared, > 1.

This model is due to Ethier and Shiga (1993) and was motivated by the work of
Takahata and Nei (1990) and Takahata (1991). It includes the processes of 9.2, 9.3,
and 9.6 as marginal processes. The stationary distribution is of primary interest.

LEMMA 9.7.1. Assuming (9.2.2) and (9.3.4), the Fleming-Viot process with type
space E Sz+ x [0, oc]z+ and mutation operator A given by (9.7.1) has a unique
stationary distribution II 7)(T)(E)) and is weakly ergodic.

As in 9.6, if n >_ 1, we say that ((xl,al),..., (Xn,an)) E is a genealogical
n-tree if

(a) the coordinates xj, j Z+, of x are distinct for fixed {1,..., n},
(b) whenever i,i’ {1,...,n}, j,j’ Z+, and xij -xi,j,, we have

(Xi,j+l, ai,j+l) (xi,,j,+l, ai,,j,+l) for all >_ 1 and J

(c) there exist jl,...,jn Z+ such that xj xnj.
For each n > 1, let Tn C En denote the set of all genealogical n-trees, and define

7)(E) as in (9.6.2).
LEMMA 9.7.2. Under the assumptions of Lemma 9.7.1, II(Pa(E))- 1.
We assume hereafter that

(9.7.2) P(x, d) uo(d),

where u0 79(S) is nonatomic.
For 1 < k < n, let r(n,k) denote the set of partitions of {1,...,n} into k

nonempty subsets 3,.-., k, labeled so that min1 < < min k. The n-coalescent
with mutation (Zingman (1982a)) is a pure-jump Markov process with state space

n

(z+) [_J }) },
k=l

initial state ({1},..., {n}; 0,..., 0), and transitions from (/1,...,/k; ?Ttl,..., ink) to

(9.7.4)

with rate 1, l_<i<j_<k, andto

(9.7.5)

with rate 0/2, 1 <_ _< k. When there are k sets in the partition, the jump rate is

k(k- 1 + 0)/2. Transitions to (9.7.4) represent coalescences, whereas transitions to
(9.7.5) represent mutations. Thus, ml,..., mk count the numbers of mutations in the
k lines since the most recent coalescence.

For 1,..., n, let Mi(t) mj(t) if 3j(t), o-0 inf{t > 0" Mi(t)- M(t-)
1}, and -iz inf{t > -i,-I Mi(t) Mi(t-) 1} for each _> 1. Arrange the distinct
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elements of {-il 1,..., n, E Z+} in ascending order -(0) < -(1) < -(2) < Let
0,1,2,... be i.i.d. 0. For 1,...,n and 1E Z+, let xil j if -t -(j).

THEOREM 9.7.3. Assume (9.7.2) and let II be as in Lemma 9.7.1. Then
((xo,xl,x2,...), (-i0, -1 ’0, -2 -1,...)) (i 1,... ,n) have joint distribution

This shows that the nth moment measure of H (which can be interpreted as
the joint distribution of a random sample of size n from #, where # is distributed
according to II) can be expressed in terms of the n-coMescent with mutation and 0.
The correspondence is not one-to-one, however. In particular, the coalescence times
have no interpretation in the allelic genealogy. See Ethier and Shiga (1993) for the
proof and further discussion.
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CURVATURE-DRIVEN FLOWS: A VARIATIONAL APPROACH*
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This paper is dedicated to Wendell Fleming on the occasion of his 65th birthday.

Abstract. This paper introduces a new mathematical approach to the study of time evolutions of solids
K(t) in n-space whose boundaries move with velocity equal to the weighted mean curvature derived from
the boundary surface energy (OK(t)). These "fiat curvature flows" are limits of sequences of solutions
to variational problems in which a sum of surface and bulk energy is minimized. The construction works
equally well for smooth elliptic ’s, for nondifferentiable crystalline ’s, and for anything in between. The
flows agree with classical smooth flows when the data is smooth and elliptic in any dimension and coincide
with motion by crystalline curvature for polyhedral curves in the plane.

Key words, curvature evolution, flat curvature flow, motion-by-mean curvature, weighted mean cur-
vature, currents, calculus of variations, geometric measure theory
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1. Introduction. This paper is a contribution to the study of time evolutions of
solids K (t) in space whose boundaries move with velocity equal to the weighted mean
curvature derived from the boundary surface energy oh(OK(t)). By "weighted mean
curvature" at boundary point p, we mean (intuitively) the rate at p at which surface
energy decreases with unit rate of volume change. If 0K(t) is a smooth hypersurface
and if the surface energy dO(OK(t)) is the surface area of OK(t), such evolution is
called "motion-by-mean curvature." For other smooth surface energies, weighted mean
curvature can be expressed as a weighted sum of principal curvatures. In this paper,
we give a reasonable construction of such motion for general convex parametric surface
energy functions . Our estimates apply, in particular, to crystalline surface energies,
which are not differentiable. (The paper [BSS] by Barles, Soner, and Souganidis reviews
and unifies several approaches to a class of geometric flows including motion by mean
curvature. The paper ITCH] of Taylor, Cahn, and Handwerker gives a general dis-
cussion ofgeometric models of crystal growth, including both metallurgical applications
and even more formulations of motion by weighted mean curvature; it includes
references to contributions by S. Angenent, K. Brakke, L. Bronsard, Y.-G. Chen,
K. Ecker, L. C. Evans, M. Gage, Y. Giga, S. Goto, M. Grayson, R. Hamilton,
G. Huisken, T. Ilmanen, R. V. Kohn, W. Mullins, S. Osher, J. A. Sethian, H. M. Soner,
P. E. Souganidis, J. Spruck, J. E. Taylor, and many others.)
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For a given initial solid K (0) and parametric surface energy function , we select
a sequence of solid positions Kj(t) associated with timesteps of size Atj. Compactness
theorems for integral currents, invoked in Cantor’s diagonal process, guarantee the
existence of a subsequence j(1), j(2), j(3),.., of 1,2,3,... such that, for a dense set
of times, the currents [Ki)(t)] will converge to a limit current [K(t)] as i-; this
fact, in itself, does not preclude the possibility that the [K(t)]’s might vary in a wildly
discontinuous way. As our pivotal result, we prove a priori estimates for the discrete
evolutions K, which imply the H6lder continuity of the limit K in the appropriate
metric (see 4). We also show that, if the initial boundary lies outside a given Wulff
shape, then the boundary later lies outside a suitably scaled Wulff shape, and, if the
initial solid lies inside a given WultI shape, then, it later lies inside a suitably scaled
Wulff shape (see 5). Additionally, we establish sufficient conditions, so that the
evolution be smooth locally in space-time (see 6). We further show (see 7) that, if
OK(O) is a smooth hypersurface and is smooth and elliptic, then there is a smooth

curvature flow beginning with OK(O) and continuing for at least a short while. For
smooth and elliptic ’s, flat curvature flows coincide with smooth flows for as long
as the latter remain smooth. In 8 we give several examples.

In a related paper [AT], Almgren and Taylor show that, for polyhedral curves in
the plane driven by a crystalline even , the motion constructed in this paper typically
coincides with motion by crystalline curvature produced by direct integration of
ordinary differential equations.

The mathematics contained in this paper largely belongs to the field of geometric
measure theory. WendellFleming made fundamental and pivotal contributions to the
field during the 1950s and 1960s, part of which time the first author was a graduate
student in mathematics at Brown University. (The 1960 paper [FF] laid many of the
foundations of modern geometric measure theory; this paper was awarded the 1986
Steele Prize of the American Mathematical Society for a seminal contribution to
Mathematics.)

2. Questions and answers about curvature flows.
2.1. What are the ingredients of curvature flows? The context in which we study

curvature flows is the following.

2.1.1. Environment. The ambient space in which we study curvature flows is
n-dimensional Euclidean space n, which is measured by n-dimensional Lebesgue
measure n and (n-1)-dimensional Hausdorff measure y(,-1. When we write
A ,_1 B, we mean "-(A---B)=0. We set

["(p,r)="f-){x:lx-pl<-r}, ce(n) w" ([" (0, 1)).

We denote by /3(n) the covering multiplicity constant of the Besicovitch covering
theorem (denoted 2sr + in [F, 2.8.14]). We additionally denote by qg the collection
of all compact subsets of" equipped with the Hausdorff distance function HD, so that

H(A, B) sup {inf{la- bl: a e a}: be B}+sup {inf{la- b]: be B}: a e A}

for A, B e % There seem to be no particular obstacles to the study of curvature motions
in other ambient manifolds.

2.1.2. Solids and their boundaries. By solids, we mean n-dimensional integral
currents [K] :"t_ K in Nn associated with bounded measurable subsets K of "having finite perimeter. Currents seem the natural setting for our study, since, in
particular, sets differing in measure zero are identified; various definitions and proper-
ties of currents are set forth in 3.1, below. We denote by Y{" the space of such solids,
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and, when we write [K] 77{, we mean, in particular, that K is such a set of finite
perimeter. Associated with each such K is the rectifiable set OK of points p in n at
which K has a well-defined unit exterior normal vector n/(p). As currents, we can
write O[K]=n-IcoK ^*nK. We denote by 0?7{ the space of (n-1)-dimensional
integral currents O[K] associated with [K]s in ;7{. The metric we use on solids is given
by the mass norm M, which in this case can be written as

M([KI-[L]) 3"(K A L);

here

K A L= ((K L) U (L--- K)) K (" L) U (" K) ( L

denotes the symmetric difference between K and L. There is a corresponding 6; norm
on boundaries given by setting

6;(O[K]-O[L]) M([K]- [L]).

The norm 6; is essentially equivalent to the flat norm on currents. The support spt 0[K]
of each member O[K] of OK, of course, is a set belonging to %

2.1.3. Surface energy integrands and their integrals. We denote by

a fixed parametric surface energy integrand; this means that is continuous and is
positively homogeneous of degree one (i.e., (Av)= A(v) if A is nonnegative). We
also assume that is positive on " except at the origin and that is convex. (This
assumption of convexity is not necessarily true for the surface energy functions of
physical crystalline materials. When energies are not convex, it is customary to replace
the actual energy by the smallest convex energy that is not less than the actual energy
and then to understand surfaces to have tangent planes in the sense ofvarifold geometry.
The Wulff shape of the convexified energy (see 5) is the same as that of the original
energy.) We call even, provided that (-v)=(v) for each v. We call smooth,
provided that the function cI) is three times H61der continuously differentiable except
at the origin. We call a smooth elliptic provided that is uniformly convex in the
sense that the restriction of to any arc length parametrized line in n not containing
the origin has strictly positive second derivatives. We further denote

0<o=: inf{(v): Ivl- 1}_-<--: sup {(v): Iv]= 1}<

as lower and upper bounds for surface energy density on unit normal vectors. By the
integral of over O[K], we mean the number

Similarly,

(nK(p))

(--nK(p))

since -0[K] is the boundary of-[K], the current with negative orientation associated
to K. The mass integrand M is given by setting M(v)=[vl for each v, so that
M(O[K])
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2.2. In the smooth case, what is @ curvature, and what is its relation with @? Suppose
S is a twice continuously differentiable closed submanifold of n oriented by unit
normal vector field n. Associated with S is the smooth normal curvature vector field

H= H.,s S- N

given by setting for each p S,

H.,s(p) n(p)trace (D2cI)(n(p))o D2R(p)).
Here R is any twice continuously differentiable real-valued function defined in some
neighborhood U of p in n for which

$71U=R-I{0} and VR(p)=-n(p).

Also, DZR(p) here denotes the n xn Hessian matrix of second derivatives of R
evaluated at p, and D(nK (p)) denotes the n n Hessian matrix of second derivatives
of evaluated at the unit normal vector n(p); R is defined on the ambient , while

is defined on the of normal vectors. (If S is the sphere of radius r in " oriented
as the boundary of a ball and (v) M(v) ]vl (so that (S) Y("-(S) is the surface
area of S), then we could take R(x)=(2r)-l(r-Ixl2) and compute H.,s(p)
-(n- 1)p/r for each p in the sphere of radius r.)

If G, [n [n (t [) is a deformation of starting with the identity at time 0
and having initial velocity vector field g=(d/dt)G,[,:o (which vanishes on OS), then

@(G,(S)) f, g(p) H. s(P)
dt t:0 S

If S OK for some [K] Y{ and n nK, then we write H H.,o and have, correspond-
ingly,

d
(G,(OK)) g(p)" H.,o:(p)

dt t:o pOK

Since

d
--"(G,(K))
dt t=O

Ipo g(p). n (p)

we can intuitively regard H.,0K(p) as the infinitesimal rate of change of surface energy
with volume at p.

2.3. What is smooth @ curvature flow? Suppose that is smooth and that

[K(. )l: (a, b)-+ Y{

is a time parametrized family of solids. We say that the O[K(t)]s constitute a smooth
p curvature flow, provided that the OK (t)s are a smoothly varying family of hypersur-
faces and that, for each a <s < b and each pOK(s), the normal velocity of the OK(t)s
at p at time s equals H,or(,)(p). Obvious definitions apply for flows on closed and
half open intervals of time. Also, the notion of smooth @ curvature flows has an
obvious localization in space.

2.4. Do smooth @ curvature flows exist? If is elliptic and OK(O) is a three times
H61der continuously differentiable submanifold, then there will exist a smooth
curvature flow O[K(t)] beginning with 0[K(0)] and defined for some interval of times
of positive length; see Theorem 7.1. Examples show that such flows can develop

singularities in finite time.
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2.5. What are nonparametric smooth I) curvature flows? Suppose that is elliptic.
Suppose also that U is an open subset of[n-1+ and f: U-> is twice continuously
differentiable. We say that f is a nonparametric smooth curvature flow, provided that
the hypersurfaces E(t) =n {(x,f(x, t)): (x, t) U} are varying smoothly with normal
velocities equal to H.,(,) for some continuous choice of normal vectors.

2.6. What is a flat @ curvature flow? By a fiat curvature flow, we mean any
function O[K(. )]:+->0Y[ that is constructed by the following variational procedure.
Whenever [K] Y{ and [L] Y( and At is a positive number, we set

1 Jl dist p, 0K) dnp.([KI,[LI, At)=P(O[L])+-
ct<L

Suppose then that [K(0)] Y{ is a given initial solid position. For each fixed integer j,
we set At 2-j and choose

by the inductive requirements that

[K(.)]: +- Yf

[Kj(0)] [K(0)],

and, for each k=0, 1,2,3,...,[K)(kAt+At)] is chosen so that

([Kj(kAt)], [Kj(kAt + At)], At) ([Kj(kAt)], ILl, t)
and

Kj(kAt + s)= Kj(kAt + At)
for each 0<sAt. This defines approximate flows O[Kj(t)] for j= 1,2,3,... and all
0. A function O[K(. )l:+ 0Y[ is called a fiat curvature flow, provided that

lim (O[K(t)]-O[Kj(i)(t)])=0

locally uniformly in time for some approximate flows O[Kj(t)] and some subsequence
j(), j(2), j(3),.., of , 2, 3,....

2.7. Do flat ervature flows exist? We show in 4.4, below, that there are a
priori H61der continuity estimates for the approximate flows constructed above.
These estimates imply the existence of the required convergent subsequences in 4.5.

2.8. Are flat ervatre flows smooth? Suppose that is smooth and elliptic and
that the boundary of our initial solid is a three times H61der continuously differentiable
hypersurface. Then, at least for a sho time, a smooth curvature flow will exist,
beginning with this hypersurface; see Theorem 7.1. For as long as this smooth flow
does exist, it will coincide with any flat curvature flow; see Theorem 7.4.

2.9. What are viscosity enrvatre flows? Suppose that is smooth and that
A (a, b) is continuous in theD topology so that E " x (a, b) { (x, t): x A(t) }
is closed in "x (a, b). Assume also that :"x (a, b) E {-1, 1} is a continuous
orientation function; is supposed to take value -1 in the crystal, and +1 otherwise.
We say that A is a viscosity curvature flow (with respect to ), provided that the
following condition holds: Suppose that g :"x (a, b) is any twice continuously
differentiable test function so that F=nx(a,b){(x, t): g(x, t)=0} is closed and
F+=nx(a,b){(x, t): g(x, t)>0} is open. In the case where EF+ is empty and
Z F consists of a single point (p, s) at which 7g(p, s)# 0, we then require that

O(p,s)trace D (ps) Dg(p,s)
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here we take the + sign if r is positive in F+ near (p, s), and the sign otherwise. It
is easy to check that an equivalent definition results if we replace the condition that
Z 0 F consist of a single point (p, s) by the requirement that (p, s) Z 0 F.

2.10. Do viscosity tl, curvature flows exist? Viscosity curvature flows (as defined
above) for smooth elliptic are closely related to the viscosity solutions of the level
set approach, which were initially shown to exist and be unique for any continuous
initial data by [CGG] (for =M, this was simultaneously shown by [ES1]). The
current status of that and related approaches is given by [BSS]. In any of those contexts
or in that of 2.9 above, any smooth curvature flow can be shown to be a viscosity
,I, curvature flow. Now, suppose that O[K(t)] is a flat curvature flow constructed
from approximating flows O[Kj(t)]. Let A(t) spt O[K (t)l and Aj(t) spt O[K(t)l for
times t. In case A(t) is continuous in the l topology for a<t<b and
Hfl3(A(t),A(t))O locally uniformly in for a<t<b, then A(t) is a viscosity
curvature flow (in 2.9), as we show in 6.2.

2.11. Are viscosity I, curvature flows smooth? The most general information we
know about this question is the following. Suppose that U is an open subset ofn-1 [+
and that f: U is a Lipschitz function. A necessary and sufficient condition that f
be a nonparametric smooth curvature flow is that the function {(x, f(x, t))} be
a viscosity curvature flow. The H61der continuous differentiability off follows from
the work [CW] of Caffarelli and Wang, while the twice H61der continuous differentiabil-
ity follows from work [W] of Wang.

2.12. Why is it reasonable to think of fiat P curvature flows as curvature flows? Sup-
pose that is elliptic. We show in 3.5-3.8 that the general surface regularity theory
of [Bo] (or of [A1] in case is even), together with higher differentiability estimates
from the associated Euler-Lagrange partial differential equations (PDEs) guarantee
that each OK,(t) (t > At) will ygn-1 almost everywhere be a smooth submanifold of
and that, at each regular point p of OKj(t),

Ha olCjt)(P)
dist (p, OKj( t- At))

n(p)
At

here At 2-j is the timestep associated with the approximations Kj(t), and n(p) n(p)
is the unit exterior normal vector to the symmetric difference 12 Kj(t-At) A Kj(t).
In this sense, at each stage of the approximation, we have a reasonable approximation
to a curvature flow if we accept

dist (p, OKj( At))
At

as a reasonable approximation of interface speed and are willing to measure curvature
at p in OKj(t) rather than, say, somewhere on OKj(t-At).

For smooth elliptic @ and smooth initial data, flat @ curvature flow coincides
with smooth curvature flow at least until singularities develop in the smooth flow,
as shown in Theorem 7.4.

For polyhedral curves in the plane and a crystalline , which is also even, flat
curvature flow typically coincides with motion by crystalline curvature computed by
integration of ordinary differential equations, as shown in [AT].

For all other surface energy functions, the construction also appears to be a
reasonable one and has strong a priori estimates.
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2.13. What are reasons for interest in general fiat curvature flows? Our original
interest in flat flows arose in the study of the changing geometry of a crystal as it
evolves within its melt in a cold environment either by melting crystal or freezing melt
[AW]; our interest is both theoretical and computational. In one model of such
evolution, we intuitively consider the equation

v M(+ wmc)

in which v denotes the surface normal velcity, is the undercooling below the freezing
temperature To of a planar interface, wmc is the weighted mean curvature of the
interface measuring the desire of the interface to decrease its surface energy, and M
is the mobility of the interface measuring the response of the interface to the driving
pressures of undercooling and surface tension. This model also applies to a wide range
of other interface motion problems, involving chemical- as well as temperature-depen-
dent bulk driving forces. In the freezing problem, we usually add a heat of fusion as
new regions crystallize (or take heat away if melting occurs). This raises the temperature
and slows the growth (since the amount of undercooling is decreased). One of the
limiting factors in the rate of growth is thus the speed at which this added heat can
diffuse away to the cold environment. The more subtle part of the problem, however,
involves the curvature wmc, since this changes with changes in crystal shape. To focus
on this difficulty, we can assume that the ambient temperature is To and that heat
diffuses infinitely fast; under this assumption, f is always zero. There seems little
general theoretical or experimental knowledge about the form of the mobility function
M (only its sign seems determined by classical thermodynamics [Gu]). To focus on
the curvature difficulty, we also simply assume that the mobility M is identically equal
to one. We are thus led to the study of our heuristic equation that

l) K HcI),oK

to which we referred above. In this case, the only relevant driving force is that seeking
to reduce surface energy so that any initial crystal will ultimately melt. By doing this,
we are able to concentrate on the following central difficulties involved in making
theoretical and computational sense of such flows:

(i) It is necessarily the case (by example) that such flows will develop singularities
in finite time (such as necks pinching off or separate crystals shrinking to points at
different times). Since we wish the flows to be defined for all time, it is necessary to
find a construction or definition that enables us to continue the evolution even in the
presence of singularities (including unbounded or undefined curvatures);

(ii) Generally, it is numerically difficult and unreliable to try to obtain curvature
information from combinatorial representations of surfaces [U], [DS]. (Note that the
crystalline curvature approach avoids this problem by using a natural parametrization
derived from the Gauss map; see [T2] for the case of the motion of polyhedral curves
in the plane);

(iii) Many naturally occurring surface energy functions for crystalline materials
are not smooth and elliptic. Surface energies play a demonstrably important role in
the geometry of the crystallization process for such surface energy functions, but their
influence is not expressible in naively formulated notions of curvature, since the rate
of change of surface energy with volume for faceted shapes or shapes with corners
typically is either zero or infinite. We are thus led to find a process in which surface
energy wants to be minimized but is constrained by a cost of adding or deleting from
the solid region.
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2.14. Is it possible to compute fiat flows? Generally, it is difficult to perform the
variational minimizations required by our procedure, but, when n 2 or the variational
problem can be legitimately confined to a finite-dimensional subspace, there has been
substantial progress, including working codes and graphics. For crystalline surface
energies, this reduction to a low-dimensional subspace has been shown to hold for
n 2 [AT], and the appropriate approximations for n- 3 seem to be in hand. These
situations are illustrated in papers and videotapes by Taylor [T2]-[T4]. Also, for n 2,
computations including both curvature and bulk driving forces involving quantities
that diffuse are illustrated in work of Roosen and Taylor [RT], [R]. In a related paper
of Almgren [A1], the mobility M is taken to be infinite so that bulk driving force
balances weighted mean curvature.

2.15. What are the main missing ingredients about tp curvature flows in the fiat
sense? Perhaps the biggest missing estimate is one that would guarantee that
n-(sptO[K(t)]---OK(t))=O for times t. This does hold in the approximations to the
flow as shown in 3.4. However, (except when M) we know no way to preclude
the possibility that approximations develop filigree structures that become increasingly
elaborate as At $0; if this does happen, it might well lead to limit currents with
excessively large supports. Another missing estimate in the smooth case is one that
would gurantee that, if OK (t) were measure theoretically nearly a fiat disk somewhere,
then, a short time later, it would become a smooth nearly fiat disk evolving smoothly.
A third missing estimate is one that would guarantee that combining a flat flow from

0 to T with one from T to T2 would yield a flat flow from 0 to T2.

3. Existence and structure of g minimizers. This section establishes existence and
properties of minimizers including regularity in the case where surface energy is
smooth and elliptic. We first set forth basic properties of currents needed in our analysis.
The existence of minimizers is then a consequence of a compactness theorem for
integral currents in the G topology. We establish various properties of minimizers
and show their relation to the (, to, ) minimal currents of Bombieri and the (y, 6)
restricted sets and the (, e, ) minimal sets of Almgren; surface energy integrals over
sets are defined only for even . If our surface energy function is smooth and
elliptic, such minimality alone implies that the supports of minimizers are almost
everywhere continuously differentiable submanifolds of [n. The particular form of our

minimization, however, enables us to conclude higher differentiability. In particular,
if K is a minimizer in ([Ko], [K], At) and OKo is a Ck’ submanifold, then those parts
of OK near OKo will be a Ck+2 submanifold almost everywhere. If n 2 or 3, there
are no singularities in minimizers for elliptic .

3.1. Integral currents and their properties. The present study of flat curvature
flows is set in the context of integral currents for several reasons. First, when sets are
regarded as currents, the identifications we want are automatically made. Second, we
are able to utilize constructions and estimates proved for currents rather than attempting
to reprove them without the current structure. Some basic references for currents are
Federer’s treatise F], the text S] by Simon, and the introductory book [M1 by Morgan.

3.1.1. General currents. A general k (dimensional) current T in [n is a real-valued
continuous linear functional on the real vector space of infinitely differentiable differen-
tial k forms in E" with compact support. If k-> 1, then the boundary of T is the k-
current 0 T given by setting 0 T(to) T(dto) for differential k 1 forms to; i.e., Stokes’
theorem becomes a definition.
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Associated with any infinitely differentiable proper mapping f:n __> ,, and any
k current T in " is the k current f. T in m defined by setting f. T(w) T(f*w) for
differential k forms w in m. In particular, of. T =f.OT.

3.1.2. Rectifiable sets anti Lipsehitz maps. A subset S of " is called k rectifiable,
provided that, for each e >0, there is a compact continuously differentiable k-
dimensional submanifold with boundary Me for which Y(k(s A Me)< e. (Such sets
are called (wk, k) rectifiable and k measurable in [FF, 3.2.14].) When R, S are k
rectifiable subsets of n and f:n-*" is Lipschitz, then the following is true [F,

3.2.19, 3.2.20, 3.2.23, 3.2.29]:
(i) R t5 S and R f S are k rectifiable subsets of " and f(S) is a k rectifiable

subset of " in case m => k;
(ii) k almost every p in S admits an (Nk, k) approximate tangent plane ’s(P)

Tank (yk kS, p), which is a k-dimensional linear subspace of ", and f admits an
(Yk,k) approximate differential ap Df(p):’s(p)-->N" and an (Yk,k) approximate
Jacobian ap Jkf(P)= /k ap Df(p)[];

(iii) If m _-> k and g ""-->, then

Is (g f) aP Jfd=Im g(z)N(f lS’ z) dz;

here N(f[S, z)=Card (S (’l f-{z}) is the multiplicity with which flS assumes the
value z;

(iv) If m<k and g:S-N is "-k_S integrable, then Sf’lf-{y} is k-m recti-
fiable for " almost every y Rm, and

g. ap J,fd’ gd’-’’ d y

(one form of Federer’s coarea formula).
Suppose that S is an n-1 rectifiable subset of " and that our surface energy

integrand cp is even, i.e. oF(v)= (-v), for each v in accordance with 2.1.3. In that
case, we extend our notion of surface energy by setting

,(s) f ,(n(x)) de"- x,
dxs

where ns is any "-t_S measurable unit vector-valued function for which ns(x) is
perpendicular to Zs(X) at almost every x.

3.1.3. Rectifiable anti integral currents. (See [F, 4.1.24].) A k current T in " is
called rectifiable, provided that it can be expressed as

T t(S, 0,r)

for some bounded k rectifiable set S, some positive integer-valued gkt_s summable
density function 0: S-* Z+, and some simple unit k vector-valued orientation function
tr: S- /k" that is compatible with the approximate tangent plane structure of S;
i.e., zs(p) is the linear subspace associated with or(p) for ygk almost every p in S [F,
4.1.28]. If to is a smooth differential k from with compact support, then

T(oo) =t(S, o, )(o)=: f ((x), o(x))O(x) de x;
dxs
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this definition also makes sense for unbounded S’s, provided that 0 is locally summable.
The variation measure TII associated with T is given by setting

rll ^ 0, i.e., 11TII(A) 0dk

for each A c Nn; here * denotes the upper integral.
The mass of T [F, 4.1.27] is the number

M(T)= TI[[R" j 0 d:k =sup {T(o)" Ilwll <_- 1} sup {T(o)" IoN 1},

while the size of T is the number

S(T) f 1 dW (S).

We say that T is an integral k current, provided that T is a rectifiable k current, and,
additionally in case k 1, O T is a rectifiable k-1 current. (The term "integral" here
refers to the fact that the density function 0 takes positive integer values; real rectifiable
currents have real-valued density functions.)

Associated in a natural way with any rectifiable k current T t(S, 0, ) in n and
any Lipschitz mapping f:N" Nm is the rectifiable k current f T in N defined by
setting

f. T(o)= lim T(gw)
j

for any sequence {gj}j of infinitely differentiable mappings with uniformly bounded
Lipschitz constants that converge uniformly to f [F, 4.1.14]. Fuhermore, the follow-
ing hold:

(i) If

(P) Z O(x)
((x), ap Df(x))

xSf-l{p}{z ap Jkf(X)>O} ((X), k ap Df(x))[
and R m {p: (p) 0} then [F, 4.1.30]

In paicular, R ._ f(S) and, if g N" Nm is another Lipschitz mapping that agrees
with f on S, then g T=f T;

(ii) If k 1 and T is an integral k current, then f T is an integral current and

Of.T=f.OZ
If T t(S, 0, ) is a rectifiable k current it is often the case that the suppo spt T

of T will be considerably larger that S. If follows from [F, 2.10.6, 2.10.17(4)] that
one condition that is sufficient so that (spt T S)= 0 is that there exist continuous
positive functions a, b :Nn N+ such that the density ratios

o (11 TII, p, r) =:
(k)r

are not less than a(p) whenever p spt T and 0 < r < b(p). If such a and b exist, then
it follows that

O*([[ TI], p)=: lim sup
Tlln(P’ r)

> a(p)
+o (k)r

whenever p spt (T); O*(] TI] p) is called the upper k density of TI at p.
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We can extend the definitions above in obvious ways to define currents that are
locally rectifiable or locally integral.

3.1.4. Integral currents of dimension n in ". (See [FF, 4.5].) The n-dimensional
Euclidean current

:" t([ n, 1, el ^" ^ en)

is a locally integral current with 0 =0, which, when restricted to a bounded n
measurable subset K of n, gives the rectifiable n current

[K]=_"_K=t(K, 1, el ^’’ "hen).

If [K is an integral current, then [K Y{, and we can write

O[K] yn- ^
, nK t(OK, 1, *nK

[F, 4.5.6], as indicated in 2.1.2. General integral n currents T inn can be represented
uniquely as

T=t(a, 0, o-)= [Ni]- [Lj],

where

Ni ={x: r(x) =el ^" ^ en and O(x) >= i},

Lj {x: o-(x) -el ^" ^ e, and O(x) >=j}.

In particular, N1 C1 L1 , and N1 = N2 = N3..., and L1 L2 g Furthermore
[F, 4.5.17],

or= Y OI NiI Y OI Ljl

with

so that

M(0 T)= 2 M(0INI)+Y M(0ILI).

For such T, we set in the obvious way

(OT) =Z (O[Ni]) +E (-O[Lj]).

We note that whenever [K ], ILl Y{" then

[KI+[LI=[K U Ll+[K CI Ll, O[KI+O[LI=O[K LI+O[K CI Ll,

and we confirm that

O(K U L) 1,30(K CI L) = ,,_, OK 1,30L

and

(O[K U LI)+(O[K CI L]) <-(O[KI)+(o[L]).

3.1.5. A compactness theorem for integral currents. (See [F, 4.2.17], [A2, 4.3].)
There are various compactness theorems for integral and real rectifiable currents. One
that is suitable for our purposes is the following. Suppose that T1, T, T3,... are
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integral k currents in R such that supi M(Ti) <oo, supi M(OTi)<oo, and Lli spt (T/)
is bounded. Then there is a subsequence i(1), i(2), i(3),.., of 1, 2, 3,... and an integral
k current T such that Tg(j -* T weakly as j - oo, i.e., T(j(o)) - T(w) as j - oo for each
smooth differential k from w. It follows that M(T) <_- lim inf_,oo M(T() and is also
true that S(T) <_- lim inf_oo S(T()) [A2, 2.10]. In case k n, then M(T- Ti(j) - 0; a
consequence of this is that, if T [Ki] Y{ for each i, then T [K] Y{ for some K.
In case k n 1, then G( T- T()) -, 0 and (T) <_- lim inf_,oo (T/()). (A corresponding
lower semicontinuity estimate holds for integrals of appropriate convex surface energy
integrands for general dimensions k.)

3.1.6. The cone construction. (See [F, 4.1.11].) Associated with any integral k,
current T (k=< n-l), and point p in En is the cone [pIN Tover Twith vertexp, which
is an integral k + current with

0(IpI>N T)= T-[pINOT.

In case spt Tc(p, r), then spt ([plN T)cn(p, r), and we can estimate

S(IpI>N T) <- M(IpI>N T)=< M(T).
k+l

As a consequence of the constancy theorem [F, 4.1.7], together with the cone
construction, we infer that, corresponding to each integral n 1 current R with 0R 0,
there is a unique n current Q [0]>N R with oQ R.

3.1.7. Isoperimetric inequalities. (See [A3].) Whenever T is an integral k current
(with -< k _-< n 1) with 0 T 0, there is an integral k + 1 current Q with 0Q T, having
support in the convex hull of T such that

M(Q) _-< y(k + 1)M( T)S(T)/k <- y(k + 1)M(T)+/"

here the isoperimetric constant y(k + 1) is determined by the requirement that equality
results if Q is a flat k+ 1 disk having a standard round k sphere T as boundary. As
noted in 3.1.5, Q will be uniquely determined by T in case k n- 1. The left-hand
inequality above also holds for real rectifiable currents.

3.1.8. Slicing integral currents by Lipschitz functions. (See [F, 4.3].) There is a
quite general theory of slicing for currents. The special case we need is the following.
Suppose that T--t(S, 0, r) is an integral k current (k-> 1) and p :En-*[ satisfies a
Lipschitz condition with constant 1. We set m(r) [1TIl{x: < r} for each r so that
m is nondecreasing and hence differentiable for almost every r. Then, for almost every
r, the following will hold:

(i) [ITl[{x: p(x) r} =0;
(ii) The restriction current Tk{x: p(x)< r} is an integral k current, while the

restriction current OTk{x: p(x)< r} is an integral k-1 current;
(iii) The slice current (T, p, r)= t(S FI {x: p(x)= r}, O, r), for the appropriate ’, is

a well-defined integral k- current with M((T, p, r))<= m’(r) and

O(TI_{x: p(x)<rI)=OTl_{x" p(x)<rI+(T,p, r);

(iv) The slice current (OT, p, r) is a well-defined integral k-2 current with

0(r, O, r)=-(0 T, 0, r).
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3.1.9. Half-space comparisons. Suppose that [K]e Yf and A: - is linear with
II [I-- 1. Then, for every r in , [K (’1 {x: A(x) < r}]e Yf, and we can use Stokes’ theorem
and Jensen’s inequality IF, 2.4.19] to infer that

and

M(0[K f-I {x: A(x) < r}l) _-< M(0[K])

dp(O[K f-I {x: A(x) < r}]) _--< (0[KI).

3.2. Existence of g minimizers. Suppose that A > 0, [Ko] e ’ and [L1], [L2], [L3],...
are currents in ’[ for which

lim g([Kol, [Li], At) inf { g([Kol, [L], At): [Lle

In view of 3.1.9, we can modify our Li’s if necessary so that [..JiLi is bounded. Since
go > 0 ( 2.1.3), we infer that supi M(OLi)< oe. The compactness theorem indicated in
3.1.5 and the lower semicontinuity of integrals guarantee the existence of a

subsequence i(1), i(2), i(3),.., of 1, 2, 3,... and IK]e Y{ such that

and

lim G(OILi()I-O[KI) lim n(Li(j)/ K) =0

g(lKo], [KI, At) inf { g(lKo], [LI, At): [Lie

We define such a [KI to be an g minimizer for [Kol over At. (If we say K1 is an
minimizer for [Ko] over At, it is to be presumed that [Ko] and |K] are in Y{ and At > 0.)
We infer from 3.1.5 again that the support of any such g minimizer [K] must lie
within the convex hull of the closure of OKo.

3.3. Properties of g minimizers. Suppose that [K] is an g minimizer for [Ko]
over At.

3.3.1. For ILl e Y{, we check

KoA L KoA K c K A L

and infer from the definition of g that

1 fx dist (x, OKo) d" x.(OIKI) <-- OP(OIL]) +-
3.3.2. We assert that, whenever Q is an integral n current in Nn, then

([KI)<=P([KI+OQ)+S(Q)sup{dist(x’OK) }x e spt Q
At

To see this, we write

Q 2 [QI-2 [PI, [KI+ Q 2 [Nil-Y [Jl,

as in 3.1.4. As a comparison region, we set L= N1 (K-- P1)U Q1 so that

K AL=(QlK)U(PlflK)cQIUP1.

Our assertion now follows from 3.3.1 and 3.1.3.
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3.3.3. Suppose that q :R Rn is Lipschitz and W {x: q(x) # x} is bounded. We
assert the following:

(i) oYg"-’(OK n W)<=Yg"-’((OK n W))+ E,
and, in case q is even,

(ii) (OKN W)<=((OKN W))+E,
where

diam W q(W))
E=

To see this, we write

dist (x, 0Ko) }[’-I(oK N W)+ Yg"-((OK n W))] sup
xspt Q At

q[K]- [K] E [Nil-Y [Ls]

as in 3.1.4, and, as a comparison region, we take J N1U (K---L1) so that (since
N1 n L )

K/kJ=(NI’-K)[J(KL1)c NU L1

with

O(N U L) n-1 ON1 U OL1 ._1 p(OK N w) U (oK N W).

We then infer from the cone construction with p in W that

on(K / J) n(N U L1)

M([plO[N1U L])

<diam (WU CW)[yn_(OK W)+n_((OK W))].
n

We write

[KI=IKI+Z INI-Z ltl=lJ]+ Z IN/*I-Z ILl]
i2

for appropriate N*’s and L’s, and we use 3.1.4 to conclude that

aJ c .-1 ,#(oK n W) U (OK W).

Since q(x) x for x OK W, we infer from the formula in 3.1.3(i) that ns(p) nK(p)
for n-1 almost every point p in OK n oJ q(OK n W). Caution" Examples show that
there can be a set of positive n- measure in OK N oJNp(OK W) for which
nj (p) -nK (P). We infer that

(O[J])=(O[J]I_(OK,--, W))+(O[J]I_q(OK 71W))

=(O[K]I__(OK--- W))+(O[J]L(OK 71W)).

In view of 3.3.1, we estimate that

q(0IKIL W) q(0tK]) O(0[KIL (OK W))

1 f dist (x, OKo) d x.=< (0[J] L q(OK n W)) +- .1 /j

The two assertions of 3.3.3 follow.
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3.4. g minimizers have lower density ratio bounds. Suppose that [K] is an
minimizer for [Ko] over At. Suppose also that the convex hull of Ko has diameter
no larger than D-1 (for some D_->1). We will show the existence of uniform
lower bounds to the density ratios of the measures IIO[K]II at points p in " for
which (R)*"-l(][O[K][[,p)>O. As noted in 3.1.3, this will imply that
"-l(closure (OK) A OK):0.

We abbreviate T=O[K] and suppose that pn with (R)*"-([[ T]], p)> 0. We set
p(x) [x-pl for x n and Tr Tt_ {x: p(x) < r},

m(r) M(Tr)= "-(OK n 3"(p, r))

for r > 0. We use 3.1.8 to infer that for almost every r > 0, the slice (T, p, r) exists
with O Tr (T, p, r) and M(0Tr)_-< m’(r). We then use the isoperimetric inequality in
3.1.7 to infer the existence of an integral n 1 current R having support in B"(p, r)

such that OR 0 Tr T, p, r) and

M(R) <_- y(n 1)M(OT)("-’)/("-2) <= y(n 1)m’(r) ("-’)/("-2).

Since O(R- Tr) 0, we infer from 3.1.6 that the cone Q=Ipl<(R- Tr) satisfies the
conditions oQ R- Tr and

r r
M(Q) _-<- M(R Tr) <-- y(n 1)m’(r)(n-1)/(n-2) + m(r)).

n rl

We infer that

dp(T+OQ)-dp(T)=dp(R +(T- Tr))-(Tr+(T- Tr))=dP(R)-dP(Tr),

and we use 3.3.2 (recalling that T =0[Kl) to conclude that

otn(r) <= ( T)

{ dist (x, OKo) ,, }_<-- (R)+M(Q) sup
At

x (p, r)

<_ py( n 1)m’(r)<"-/-r
,(r)<._l/<._) {dist (x, OKo)

+-(y(n-1)m + m(r)) sup
n At

We restrict r’s to not exceed 1, and we infer that

0
’( r) (n-1)/(n-2)m r) <= -oo Y n -1)m + r

D

nAtdPo
(y(n 1)m’(r)("-’)/(n-2) + m(r)),

so that

m(r) r
nAtPo

_-< y(n- 1) m’(r) (n-’)/(n-2) 1 + r
Ato

In case

r<- r=
\ 3D/At and C(n-1)/(n-2)-- 2y(n 1) o

then

m(r) <--_ C(n-1)/("-2)m’(r) (n-1)/(n-2)
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which implies that

((n-1)m(r)l/(-l))’= m’(r) 1

m(r) (n-2)/(n-l= C’

since m(r) is nondecreasing in r, we conclude that

r(n-1)m(r)l/("-’)>=--C’ m(r) >=
(n-1)C

If ro -< r_-< At, we can conclude further that

n-r-l! >= m(r) ()
"-I

t"o (n-1)C \3D/

We set

1 ( I0 ) (n--1)2/(n--2)

(n-l) "-l 2y(n-1)
noinf 1,
3D J’

and we conclude that

m(r)
,--i-->O for0<r--<_At.

3.5. g minimizers are (, to, 3) minimal currents in the sense of Bombieri. (See
[Bo, Def. 1].) Suppose that IK] is an "g minimizer for IKo] over At and D- 1 => diam (Ko)
(for some D > 1). Suppose that X is any n-1 integral current with OX--0 whose
support lies in a compact set C for which

no
diam (C) r _-< 8 =: A t.

3D

We assert that

where

@(OIKIL C) =< @(OIKIL C + X) + w(r)M(OIKIL C + X),

w(r) r\ ndP.oAt]
This condition is what is required for the current O[K] to be (, w, 6) minimal in the
sense of Definition of [Bo].

In case is smooth and elliptic, we assert further the existence of an open subset
U ofR" such that "-l(spt O[K]--- U) =0 and spt O[K]f’I U is a continuously differenti-
able (n- 1)-dimensional submanifold of R". In case n 3, then spt O[K] is a compact
continuously ditterentiable two-dimensional submanifold of 3 without boundary.

To see our first assertion, we pick p in C and set Q [p]x (see 3.1.6) so that
oQ x and

S(Q)<=M(Q)<=-M(X)<=-[M(o[KIt_C+X)+M(oIKIt_ C)].
n n

From 3.3.2, we infer that cb(OIKI)<-cb(OIKI+X)+S(Q)(D/At), so that

(0[K]_ C) =< (0[Klt_ C + X)+
rD

nAto
[(0IKlt_ C + X)+(olKlt_ C)].
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In case r= 6, we infer that

and hence

rD
1+

nAtPo
1+3

rD nAto’
nAto

rD

( )(O[KILC)=<(O[KILC+X) l+3nAto
Our first assertion follows directly.

The almost everywhere regularity asserted above follows from the final remark in
[Bo], together with the density ratio estimate of 3.4. The everywhere regularity in
the case where n 3 similarly follows, with the additional observation that tangent
cones to OIK] are absolutely minimizing, hence everywhere regular in accordance
with [ASS].

3.6. The supports of minimizers are (y, 6) restricted sets in the sense of
Almgren. (See [A1, II.1].) Suppose At>0 and [Ko], [K] are solids in Yf with

([Ko], [K], At) inf { ([Ko], [L], At): [L] Yf}

and D-l->_diam (Ko) (for some D> 1). We set

o { n’o }S=sptO[K], y=2oo, 6=inf 1,--At
and assert

(i) Y"-l(s G OK)=0;
(ii) Y("-(S f-I W) <= yY"-(q(S f’l W)) whenever

(a) q :" " is a Lipschitz mapping,
(b) W= {x: q(x) x},
(c) diam WU q(W)) < 6.

These conditions comprise the definition of S being (y, 3) restricted with respect
to the empty set in the sense of [A1, II.1]. This implies that S has the various
properties demonstrated in Theorem II.3 of [A1].

Assertion (i) follows from the lower density ratio bounds established in 3.4, as
noted in 3.3.1. Assertion (ii) follows from assertion (i) and 3.3.3(i); compare the
estimates in 3.4 and 3.7, below.

3.7. The supports of minimizers are (, e, 3) minimal sets in the sense of
Almgren. (See [A1, III.1].) Suppose that is an even integrand, [Klis an minimizer
for [Ko] over At, D_-> 1 +diam (Ko), and A 3D/nPo. We set

S=spt0[Kl, e(r)=r 6=inf 1,

for 0 < r < 6 and assert
(i) S is (% 6) restricted (for suitable y > 1);
(ii) (S 1 W) -< (1 + e(r))(q(S 1 W)) whenever

(a) q :Nn
_
Nn is a Lipschitz mapping,

(b) W= {x: q(x) x},
(c) diam W t3 q(W)) r < 6.
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These conditions comprise the definition of S being (@, e, 6) minimal with respect
to the empty set in the sense of [A1, III.1]. This implies that S has the various
properties demonstrated in Theorem III.3 of [A1]; in particular, if cp is smooth and
elliptic, then there is an open subset U ofN such that 2(n-1(S--- U)=0 and S U is
locally a H61der continuously diiterentiable (n- 1)-dimensional submanifold of N" for
each H61der exponent less than 1/2.

Assertion (i) follows from 3.6. Assertion (ii) follows from 3.3.3(ii). In particular,
we estimate from assertion (i), above, and 3.3.3(ii) that

r D
(sn w)-<((sn w))+ [(sn w)+((sn w))] _---:.,no

so that

(P(SGW) 1-r _-<(P(p(SCIW)) l+r

We check that

l+r

provided r <-_ A t/ A.
THEOREM 3.8 (higher regularity of minimizers). Suppose that is smooth and

elliptic and that [K] is an minimizer for [Ko] over At. For each pN", let g(p)=
+/-dist (p, OKo), where we take the negative sign if pc Ko, and take the positive sign
otherwise.

(1) For ,-1 almost everypointp in spt O[K], there is a Euclidean motion L:-,
together with positive numbers R and M and a continuously differentiable function
f:a-(o, 2g)-->(-M, M) for which

L(K) CI (’-’(O, 2R) x (-M, M)) {(x, y)" x B"-’(O, 2R), -M < y <f(x)}.

Furthermore, g is Lipschitz continuous with Lipschitz constant equal to 1, and g(x, f(x))
is Lipschitz as a function of x.

For simplicity .of notation, we will hereafter assume that L is the identity mapping
on " and that R, M, andf are fixed.

(2) f weakly satisfies

=g(x,f(x))
v=(--(of/ox1)(x) _(of/oxn_l)(x),l )/ At

is thus twice Hi$1der continuously differentiable in n-l(0, R), and strongly satifies

g(x, f(x)) "-’ oZdP
Z (v)

(3.8.2) At i,= Ovi Ov V=(__(of/oxl)(X --(of/OXn_l)(X),l) ON OXj

Hv,oc(x, f(x))" nc (x, f(x)).
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(3) f, in fact, satisfies the a priori estimates on second derivatives

sup{ (x)
OX OXj li<=j<=n-l,x3n-l(O,R)}

f(x)
Ox

l=<i=<n_l, x[n-l(0, 2R)}
A--sup{lVg(x)l" x"-(O, 2R)}

here C is a constant depending only on an upper bound for Ivfl.
(4) y(,-1 almost everywhere, spt O[K] is a twice continuously differentiable submani-

fold of , with estimates on its principal curvatures analogous to those in (3) above.
5 If Igl is sufficiently small, g will be as differentiable as OKo is. If g is k times

H61der continuously differentiable with exponent a for some positive integer k and some
0 < a < 1, and iff is a Lipschitz solution to (3.8.1), then f is, in fact, k + 2 times H61der
continuously differentiable with exponent ce.

Proof (1) We know from our analysis in 3.5 or 3.7, above, that spt O|KI is
almost everywhere a continuously differentiable submanifold of "; the distance
function is always Lipschitz with Lipschitz constant 1 (by the triangle inequality), and
the Lipschitz dependence on x follows from the fact that f is Lipschitz.

(2) Since IK is an g minimizer,fmust weakly satisfy the Euler-Lagrange equation
for g, which is (3.8.1). Since f is Lipschitz, (3.8.1) is uniformly elliptic; i.e.,

n-1

i,j:l

for every : in ,-1 and some v v( ll/ Lip) > 0.
Using [LU, Chap 6, Thm. 1.1, p. 339], we conclude that f is H61der continuously

differentiable with H61der norm depending only on the sup norm of Vf However, we
can differentiate (3.8.1) again and conclude that the first paial derivative of f with
respect to Xk is itself a solution of the linear PDE

1 Og
(x,f(x))+ (x,f(x))(x) ai,j(X (X)

t OXk OXk i,j:l OXj

for

which is H61der continuous. Using [G, Chap VII, Thm. 1.2, p. 219] (and the fact that
g is Lipschitz), we conclude that Of/Oxk is also H61der continuously differentiable.
Conclusion (3) now is a consequence of the fact that Of/Oxk satisfies a linear PDE.

(3) This is essentially a restatement of (1)-(3).
(4) This follows from [KP] and [G] as before.
Comment. We do not use the estimates on the second derivatives in (3) in this

paper, nor do we use the curvature estimates in (4) or the estimates in (5). These results
are included here as essentially the maximum regularity that we know, in general,
about minimizers (see 7). We note that it is difficult to use (5) to conclude higher
differentiability in the approximate flows O[K(t)] constructed as in 2.6, since any
given At=2- may not be sufficiently small. Conclusions (1), (3), and (5) of Theorem
5.4 give our best general barrier estimates; see also the barriers constructed in 7.1.
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THEOREM 3.9 (scaling of minimizers and tangent currents). Suppose that our

surface energy function cb is smooth and elliptic and the [Kl is an minimizer for [Kol
over At. For each point p in n (which we fix) and each scale factor R > O, we set

fp,R(X) R(x-p) (a translation followed by a homothety) and [K(R)l=[fp,K] and
IKo(R)l=Ifp,RKol.

(1) Each IK(R)] is an minimizer for IKo(R)I over R2At, i.e.,

1 Ix dist (x, OKo(R)) d x(O[K(R)I)+R2t
K(R)Ko(R

=inf (0[LI)+Rt
o(

dist(x, OKo(R)) d x: [LI2(

(2) ach increasing sequence R 1 ), R (2), R (3),... ofpositive numbers that diverges
to infinity has a subsequence R (i(1)), R (i(2)), R(i(3)),... such that the currents
[K(R(i(j)))I converge, asj, o a limit locally integral current [Jl; such convergence
means that, for each radius r, lim(J K(R(i(j))))=O. e boundary O[Jl of
each such limit current [Jl is absolutely minimizing, and te supports of the
O[K R (i(j)) )1’ s converge o the support of O[J], asj , locally uniformly in the Hausdorff
distance topology.

Notation. Any such current O[Jl is called a tangent current to O[K] at p. Conclusion
(2) asses that any tangent current to any minimizer at any point is locally
minimizing. In general, it is an open question whether there can be more than one
tangent current at a given point p.

Proo With regard to the first asseion above, we compute that

(O[Ko(R)]) R"-’(O[K]),

1 fx dist(x, OKo(R))d"x=Rn+
1

dist(x, OKo) d"x.
At K(R)Ko(R At KKo

The existence of the convergent sequence {K (R(i(j)))}j follows from general compact-
ness theorems for locally integral currents such as [A2, 4.4] (see also [F, 4.2.17],
[ASS, Thm. 1.1, p. 225], and 3.1.5, 3.2, above). The bounds on mass necessary for
applying such theorems follow from the observation that, for each q
and r,

1 f dist (x, OKo(R)) d x,(O[K(R)I)(o[KR"(q’ r)l)+gt
which implies that

(OIK (R)IL_[n(q, r)) <= dna(n)rn-l + | dist (x, OKo(R)) d x,RZA .lan(q,r)

since n-l(oBn(q, r))= no(n)rn-1. For each fixed q and r, we can check that

dist (x, OKo(R)) d --0.

This last fact, in addition to providing upper density ratio bounds, implies that the
integrals over K (R)/h Ko(R) matter less in the g minimization as R becomes large.
We use this fact to infer that any limit O[J] is locally @ minimizing.
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The lower density ratio bounds established in 3.4 are used to establish the
convergence of the supports. [3

THEOREM 3.10 (elliptic g minimizers are smooth near contact points with smooth
barriers and in low dimensions). Suppose that our surface energy function op is smooth
and elliptic and that [K] is an g minimizer for [Ko] over At.

(1) If {p}=sptO[K]flB"(q, r) for some points p and q in " and r=]q-p], then
there is an open neighborhood U of p such that spt (0[K]) U is a twice continuously
differentiable hypersurfaee in E n. In particular, spt 0[K]TI U OK 71 U.

(2) If n 2 (respectively, n 3), then spt O[K OK is everywhere a smooth curve
in the plane (respectively, a smooth surface in space).

Proof The criterion that we use for regularity above is that the support of O[K]
within a small ball centered at p can, in fact, be contained in a very thin disk through
p in that ball. Knowing this, we can then invoke the regularity construction of Bombieri
to conclude C regularity in a smaller ball; the higher regularity then follows from
Theorem 3.8(2). The way in which we establish such a disk condition on the supports
is by showing that there is a tangent current to O[K] at p whose support is regular.
This being the case, we also infer that there is a tangent current there having a hyperplane
as support. The disk condition is then a consequence of the convergence of the supports
given in conclusion (2) of Theorem 3.9.

Now consider the conditions assumed in assertion (1) of Theorem 3.10. We let
fp,R be as in Theorem 3.9 (same p) and let O[J] be any minimizing tangent current
as in Theorem 3.9(2). We infer that the support of O[J] lies in the half-space {v: v. (q-
p)-> 0} and contains the origin. We now use Remark 1 about minimizers following
[ASS, Thm. 1.2, p. 227] to conclude that the origin is a regular point of spt O[J]. This
then implies conclusion (1), above. The first assertion of conclusion (2) of the above
theorem follows in a similar way, based on the one-dimensional regularity for
minimizers given in [F, 5.3.20]. The second assertion of conclusion (2) similarly is
based on the two-dimensional regularity of minimizers given in [ASS, Cor. 3.2,
p. 255J. [3

4. Existence and H61der continuity of flat curvature flows. The goal of this section
is to establish modulus of continuity estimates on approximate curvature flows that
imply a priori H61der continuity in the G metric of any limit fiat curvature flow.
Such a modulus of continuity estimate is a pivotal result in this paper in justifying the
variational approach to curvature motion. It follows from our minimization construc-
tion that each K/(t) lies within the convex hull of the initial K(0) with

oM(0[K/(t)l) _-< (0[Kj (t)]) =< P(O[K (0)l) =< M(0[K (0)l).

We can thus use compactness theorems for integral currents ( 3.1.5), together with
Cantor’s diagonal process, to infer the existence of a subsequence j(1), j(2), j(3),...
of 1, 2, 3,..., so that, for a dense set of times, the currents O[K/i)(t)] will converge to
a limit current 0[K (t)] as - . Since this fact, in itself, does not preclude the possibility
that the O[K(t)]’s might vary in a wildly discontinuous way, some additional estimate
is necessary to guarantee continuity, and the H61der estimate does this.

Suppose that [K] is an minimizer for [Ko] over At. Since we can always take
K Ko in minimizing ([Ko], [K], At), we will take a different K only if there is a
reduction in surface energy at least equal to the cost

f dist (p, OKo) d" p.
A 3po:
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In Proposition 4.2 (based on Proposition 4.1), we are effectively able to dominate the
volume of Ko/ K in terms of

Atl/2((OtKo]) (0lK ]) )1/2
0

where 0 denotes a positive lower bound to the density ratios of II0[Kolll; the necessary
bounds were established in 3.4. Theorem 4.4 is a formal statement of the a priori
H61der bound, and Theorem 4.5 is a formal statement of the existence of fiat
curvature flows.

The lower density ratio bound 0 for 119lKolll depends on the assumption that |Kol

itself is an minimizer. Without this assumption, 0[Ko] might contain filigree and
nooks and crannies, and hence there may be a large volume within a short distance
from OKo.

We note that the best general estimate we have on how far OK can be from OKo
(with no minimizing assumption on Ko) is comparable to At/2 (which would not give
a uniform modulus of continuity when summed over many At’s). One side of this
bound will be obtained in conclusion (2) of Proposition 5.3; the other side of the
bound follows if we reformulae our study in terms of complementary currents as noted
in Step 3 of the proof of Theorem 5.4. See also conclusions (1) and (3) of Theorem 5.4.

PROPOSiTiON 4.1 (a volume-distance inequality). Suppose that C is a closed subset
of " and p(x)= dist (x, C) for each x. Suppose also that A is an " measurable subset

of n and that At and E are positive numbers such that

pdL# <=E.
At a

Then, for each 0 < R < o,

n(A C) 2/2(sup { ,n-l(A p-{r}): 0 < r < R})/e(At) /2+

Proof of Proposition 4.1.
Step 1. For each function f:[0, R]--> [0, S], we have

fdr <= 2/S/- rf(r) dr

At

for each s. We denote by g:[0, R]->[0, S] the nonincreasing function having h as
distribution function; g is called the decreasing rearrangement of f Fubini’s theorem
implies that

fdr h ds g dr,

and it is obvious that

gp dr <- fp dr
o

Proof Iff is not measurable, then neither side of the asserted inequality is defined.
Suppose then thatf is measurable and let h:[0, S]- [0, R] be the distribution function
of f defined by requiring that

h(s) l{r:f(r) > s}
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for every nondecreasing function p [0, R - +. We use this second fact, together with
Fubini’s theorem, to estimate

rf(r) dr >= rg(r) dr

R g(r)

r ds dr
r=O d =0

S (h(s) r dr ds
=0 dr=O

h2(s) ds.
2 =o

We use the first fact, together with the extreme inequality above and Schwarz’s
inequality, to estimate

f(r) dr h (s) ds
r=O =0

S1/2 h2(s) ds
=0

(i0<--_ 21/$1/ rf(r) dr

which establishes the assertion of Step 1.
Step 2. Suppose that n-(p-l{r} (-I A) _-< S < ccfor almost every 0 < r < R. Then

5n(AVlp-I(O,R))<-_2/S/ od
(-Io-l(0,R)

Proof. For each 0< r < R, we setf(r) 3f-(A fl D-l{r}) and use Federer’s coarea
formula ( 3.1.2(iv)) to estimate

n(A) Jod f(r) dr

and

p d" rf(r) dr.

The assertion of Step 2 now follows from Step 1.
Step 3. For 0 < R < oo, we note that

"(A p-’(0, R)) =< 2’/-(sup {n-l(A p-l{r}): 0 < r < R})’/2(At)1/2E1/2

as a consequence of Step 2, while clearly

RL"(Af3p-[R, ))<-_ f
.I A UI p-l[ R,oo)

so that n(AVIp-[R, o))<-(At/R)E. The proposition follows.
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PROPOSITION 4.2 (a volume-distance inequality when the zero set has density
ratios bounded from below). Suppose that C is a compact subset of Nn and p(x)=
dist (x, C) for each x. Suppose also that A is an " measurable subset of Nn and that
6, O, At, and E are positive numbers such that

At
p d.cwn <= E

and

"-’(C (’l B"(p, r))>_ Or"-1.
whenever p lies in C and 0 < r <- (3. Then, for each (3 < R < o,

"(A--C)<-_ 2F 3f"-l(c) (At)I/ZE/2+--E.
R

Here
F 22"+na(n)fl(n)/O,

a (n) is the volume of the unit n ball in ", and (n) is the constant of the Besicovitch-
Federer covering theorem in ".

Proof of Proposition 4.2. Given Proposition 4.1, we prove this proposition by
showing that

sup N-(o-{r})-< F N-(C).
O<r<R

We prove this in three steps, shown below. In them, we use Z rather than C, because
sometimes we are dealing with only a portion of C or a scaled and translated portion
of it. Similarly, we use tr rather than p to denote distance to . (The proposition will
be applied with C =sptO[Kj(kAtj)] in Theorem 4.5.)

Step 1 (a divergence theorem estimate between level sets of a distance function).
Suppose that tr is the distance function to some compact subset Z of ". Then, for
almost every 0 < R < S < co,

n-1
--(o--{S})_ "-l(r-l{R}) =<

R
"(cr-I(R, S)).

Proof We would like to prove Step 1 via the intermediate relations

Vtr" n dn-- Vor- n dW- Act d" -<_ 1
-l{s -l{g -I(R,S R -l(g,s

with the equality following from the divergence theorem (with n=n-,(R,s), and the
inequality arising from the facts that the Laplacian of the distance function from a
point is (n- 1)/R and that the infimum of two functions has its Laplacian less than
the supremum of the two Laplacians (with the Laplacian along the crease where the
two functions are equal being -). However, cr need not be smooth enough to do
this directly (unless C consists of just a couple of points). We must therefore work
harder.

Suppose that f is an open subset of ", that f, g:2- are infinitely smooth, and
that V(f-g) does not vanish on the smooth submanifold F- {x; f(x)= g(x)}; we set
A =f{x:f(x)< g(x)}. We check that the distribution Laplacian of the function
h inf {f g} is associated with the measure

"L ^ Ah+ n-1 k_lY ^ (hA" Vg--llA" Vf)
and that IIa Tg- lla" Tf is negative; here Ah is set equal to zero on F. By saying this,
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we mean, in particular, that

fAqghdn=IqgAhdn+frqg(nA’Vg-llA’Vf) dn-1

for every test function with compact suppo in . It follows that, if M is positive
and Af M and Ag M, then

for every nonnegative test function with compact suppo in . More generally, if

f and g are summable functions with

npfd’NMad and

for every nonnegative test function with compact suppo in , then

f A inf {f g} d M f d

for such . Indeed, regularization and the Morse-Sard-Federer theorem reduce the
estimate to the case in which f and g are smooth as above. The Laplacian of the radius
function r is computed to equal (n 1)/r for r 0. Since is the infimum of a countable
set of nonnegative radius functions centered at points dense in , we use Lebesgue’s
dominated convergence theorem to conclude that, whenever 0<R<S< and

-(R, S), then
n-l

R
for every nonnegative test function with compact suppo in . Suppose that e is
a spherically symmetric smoothing function with suppo contained in (0, e) and.e is a smoothing of and V is the smoothing of V, equivalently, the
gradient of . Then, as is well known, uniformly as e 0 and V V almost
everywhere as e 0. We use Federer’s coarea formula ( 3.1.2(iv)) to confirm that, for
almost every R and S, our O will be a set having finite perimenter 0, which is -almost equal to -{S}U -{R}, while, for - almost every p in -{S}, n,(p)=
V(p), and for- almost every p in -{R}, n,(p) -V(p). Similarly, for almost
every R and S,

Iv  -v l as e0.d-I0

For almost every R and S, we can let X, denote the characteristic function of and
use the divergence theorem to infer that

(V -V) na d"-1

-{s} -{s}

-f V.Vd"-’-/ (V-V).odn-1

-{R} -{R}

-{S} -{}
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while

Ao- d" lim fa (Xa * O)Acr dW"
6 $0

lim$o re, A(Xa * o- d"

lim | A
850

n-1
=< lim
$o R-6-e

Our asserted inequality follows by combining these two inequalities and letting e $ 0.
Step 2 (an estimate on the size of level sets of a distance function inside balls).

Suppose that o-" E" -+ E+ gives the distance to some closed subset : of ". Then

a"-’(O’-’{ 1 } [" (0, 2)) =< 22"+’ nc(n).

Proof Replacing by 8" (0, 3), if necessary we assume without loss of general-
ity that cB"(0,3). Federer’s coarea formula ( 3.1.2(iv)) implies the existence of
5<R<l such that 3g"-l(cr-l{R})=<2"(er-(1/2, 1)). Combining this with Step 1 we
obtain

)a"-’(o’-l{1}) < n-l(o--l{R}) qt- 2(n 1)’" (o’-l(R, 1))

_--< 2n" (or-’(1/2, 1))

=< 2n" (B" (0, 4))

Step 3. For almost every 0 < r < oo,

< Fag"-I(c) in case 0 < r < 6,a"-l(p-l{r}) =[F(r/6)"-"-I(C) in casea<=r<oo,

where F=22"+1na(n)(n)/O as above.
Proof Fix 0 < r < oo and consider balls B"(p, r) corresponding to all points p in

C. Then, according to our hypothesis about density ratio, for each p and r we have

r"-’<=-- (CCiSn(p,
0

in case 0< r< 6

and

for 6<-r<oo.

The Besicovitch-Federer covering theorem (or a direct argument in this case)
guarantees the existence of points p, P2, P3,... in C such that C is contained in the
union of the "(p, r)’s and no point in " is contained in more than /3(n) of the
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3"(pi, r)’s. Since C is bounded, the number of these balls is finite. Clearly, p-l{r} is
contained in the union of the Bn(pi, 2r)’s, since each point in p-l{r} is distance r from
some point in C and that point is contained in one of the Bn(p, r)’s. Hence, we can
scale Step 2, above, by the homothetic factor r in an obvious way to estimate

-l(p-{r}) <= Ygn-(p-{r} fq B(p, 2r)) <_ 22+ nce( n)r-.
We abbreviate r=22"+na(n)/O. In case 0<r< 6, we fuher estimate

n-l(p-{r})7 n-l(cn(pi, r))7(n)n-l(c).

In case 8 r <, we similarly estimate

-l(P-{r})

The asseion of Step 3 follows.
The asseion of the proposition follows from Step 3 and Proposition 4.1, as noted

initially.
PROPOSITION 4.3 (an inequality for sums). Suppose that A, E, At are positive

numbers for i= 1,..., N and

N N N

A= A, E= E, At= At l.
i=l i=1 i=1

Suppose also that, for each 1,..., N and each R Ati,

ANF (t)/N +
R

for some positive constant F. en
A

Proo For each i, set R t/t/(+ and use Schwarz’s inequality to estimate

i=1

N

i=1

(F

THEOREM 4.4 (a H61der estimate for the discrete approximations to flat curvature
flows). Assume

(a) [K(0)I is an initial solid in 2(;
(b) (spt 01K(0)I) 0;
(c) j is a fixed positive integer and t 2-;
(d (0 (0;
(e) For each nonnegative integer k, we choose K((k + 1) t)l 2( so that

(IK(kt)l, lK((k + 1)t)l, t) inf { ([K(kt)l, [Ll, t):
(f) Nt, with N a positive integer such that N 1.
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Then there is a F < oo (given explicitly in the proof) such that, for any nonnegative
integer k,

(O[K(kAt)l-O[K((k + N)Zkt)I) <-- FAt’/"+’).

Proof of Theorem 4.4. Let D=diam(K(0))+l and E=(O[K(O)]). For each
nonnegative integer.k, let E =(O[K(kAt)])-(O[K((k+ 1)Ate)I).

Step 1. For each k,

1 Ix dist ((x, OK,(kAte)) d" x <- Ek.
Atj eK)(kAtj)AKj((k+l)At))

Proof This is a statement of the fact that IK;(IAt;)] is among the candidates for
[Kj((I+ 1)Atj)l in the minimization, and ([Kl, [Kl, c)=(O[Kl) for any solid K and
any c>0.

Step 2. For each k, "-(OKj(kAtj)) <- E/o.
Proof The volume integral part of Step 1 cannot be negative, so Et_->0, for

each 0_-< L For each k, we add these inequalities for 0_-< 1_-< k-1 to conclude that
(O[Kj(O)l)-(O[Kj(kAtj)l)>.O. Step 2 follows.

Step 3. Let Fo=(22"+1na(n)fl(n))/O and FI=(2FoE/o). Here 0 is the lower
bound to the density ratios of 3.5, and a(n) and/3(n) are as in 2.1.1. Then

3(OlK;( kzXt)l- O[K;(( k + 1)Zt)l)
="(K(kAt) / K((k+ 1)Ate))

I (jtj)
n-1 I 1/2

_-< 2Fo W"-l(oKj(kAtj)) (Atj)I/ZE/2

--<F1 (A)l/2- R Ek

for each R with A tj < R <
Proof The equality is a definition. The first inequality follows by applying Proposi-

tion 4.2 with C, 8, 0, E, A replaced there by spt o[Kj(kAtj)l, Atj, O, Ek, Kj(kAtj)/ Kj((k +
1)At), respectively. (The hypotheses of Proposition 4.2 are satisfied, according to Step
1 and 3.5.) The second inequality follows from the definition of F1 and Step 2.

Step 4. Let F FIE1/2+ E. Then, for any nonnegative integer k,

G(O[K(kAt)I-O[K((k + N)At)I) <--_FAt/"+).

Proof By the triangle inequality,
N

G(O[Kj(kAtj)]-O[Kj((k+ N)Atj)])<= E G(O[Kj(k-1 + iAtj)l-O[Kj((k+ i)Atj)]).
i=1

We now apply Proposition 4.3, with A, Ai, E, Ei, At, Ati, R, F replaced there by
G(O[Kj(kAtj)]-O[Kj(kAtj + At)]), G(O[Kj(k- 1 + iAtj)]-O[Kj((i + k)Atj)l), E’, Ei, At,
Atj, R, F1, respectively, where E’= i Ek-+i <-- E. The hypotheses of Proposition 4.3
are satisfied according to Step 3. [3

THEOREM 4.5 (existence and HGlder continuity of flat curvature flows). Let
K (0) be an initial solid in Yffor which"(spt 0[K (0) ]) 0 and suppose that approximate

flat curvature flows [Kj(. )l:+ Y{ have been constructed as in 2.6. Then there is a

subsequencej 1 ), j(2), j(3),... of 1, 2, 3,... and aflat curvatureflow K (.) l: + -> Y{

such that

G(OIKj(i)(" )I-OIK(" )I)O as
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locally uniformly. Furthermore, whenever 0 <= s < <= s + 1 < o, then

G(OIK (s)]- OIK t)l) =< FO(oIK (O)l)]s t] 1/(n+l)

for any such limit; here

F=I+2Fo
(I)0

where Fo is the constant of Theorem 4.4, depending on the dimension n, the upper and
lower bounds o, o of the surface energy density, and the diameter of K(O).

Proof of Theorem 4.5. As stated in the Introduction, we infer from the existence
theorem for minimizers ( 3.2) that all the Kj(t)’s lie within the convex hull of the
closure of K(0) and have boundaries with masses dominated by E/Po; hence the
compactness theorem for integral currents ( 3.1.5), together with Cantor’s diagonal
process, guarantees the existence of a subsequence j(1), j(2), j(3),.., of 1, 2, 3,... and
a function [Ko(’)l such that [Kj(i)(t)l-->[K(t)l as i-> for each fixed positive dyadic
fractional number (i.e., each k2-" for some integers k, m). The above assertions,
for all positive s, t, now follow readily from the uniform H61der continuity estimate
of Theorem 4.4. The continuity at zero follows from the observation that, if

limt+o W"(K(0)/k LAt) were not zero, then the energies of the minimizers would
go to infinity, which they do not, since Ko itself is a candidate in each case. [3

Remark. Stefan Luckhaus told us on July 23, 1992 that, in a forthcoming preprint
[LS], he and Sturzenhecker will give a different argument for showing the H61der
continuity of flat curvature flows for the area integrand. Their estimate has exponent
1/2, in contrast with our exponent 1/(n + 1), above.

Note added in proof. A suggestion by Thomas Ilmanen in August 1992 has led us
to an argument showing H61der exponent 1/2 for all .

5. Wulff shapes and g minimizers.
5.1. Wulff shapes. The Wulffshape for our surface energy function is the current
associated with the convex body

W=: E" t3 {x: x. u _-< (u) for each unit vector u

by giving it positive orientation. Also, we denote by W* the central inversion of o/;
when it is used as a current (e.g., in evaluating surface energy), it is typically given
negative orientation and thus written -[Tg’*].

By a scaled Wulff shape for , we mean a solid [WR] (for some positive R) that
is a homothetic image of [W], the scale chosen so that the result has volume R n. A
basic property [T1] of any scaled Wulff shape [WR] is that

(o[ WRI) <= (OILI)
whenever [L] Y{ with Wn(L) n(WR) R. In our constructions, we will use scaled
Wulff shapes [WR] in constructing comparison currents in minimizations and use
the underlying sets WR in constructing barriers by set addition. Similarly, we will used
scaled inverted Wulff shapes -[ W*R], which have the property that

(-o[ W*I) _-< (-OILI)

whenever L] Y{ with "(L) " WR R". Scaled Wulff shapes and scaled inverted
Wulff shapes for our surface energy are analogous to soap bubbles for surface area
in the sense that, for the volume enclosed (appropriately positively or negatively
oriented), the surface energy attains its minimum value. (We think of the Wulff shape
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as being the equilibrium shape of a crystal within another substance or vapor and the
inverted Wulff shape as being the equilibrium shape of a hole in the crystal filled with
the other substance.)

This extremal property, together with the ability to adjust volumes by homothetic
expansions or contractions, enables us to obtain useful estimates, in terms of volume
differences, on the surface energy of a Wulff shape with a small piece added or removed.
Since our flat @ curvature flows are limits of minimizers of , there is the potential
for useful estimates if distance to the previous boundary, say OKo, can be controlled.
Such distance control is obtained if we assume either that OKo lies inside a larger Wultt
shape or outside a smaller one. When things are sorted out, we can conclude that flat
@ curvature flows that start outside an appropriate initial Wulff shape will remain
outside a suitably shrinking Wulff shape, while those starting inside an apppropriate
Wulff shape remain inside Wulff shapes shrinking at a somewhat different rate. We
also use scaled inverted Wulff shapes when outside the crystal solid. Caution: All the
assertions in this chapter are based on Wulff shapes shrinking from initial time 0
and are not known to hold when starting at a later time to>0 unless all the OKj(to)’S
(j= 1, 2, 3,...) satisfy the starting assumptions (and not only OL(to)).

We set

w,=: sup {r: B"(0, r) c W1} -<- w*=: inf {r: B"(0, r)

If 0 < R < 1, then the following statements hold:
(i) Each point in N"-- W1 is distance at least (1-R)w, from WR;
(ii) Each point in Wt is distance no more than (1-R)w* from WR.
To see (i), we note that the infimum of the distances between points in the closure

of 0 W1 and in the closure of 0 Wn is attained and necessarily the support planes to

W1 and Wn are unique and parallel. The homothety carrying W1 to Wn carries one
of these planes into the other. The infimum of distances between such planes is clearly
(1-R)w,. Ifp W1, then Rp WR with [p-Rp[=(1-R)[p[<-_(1-R)w*; (ii) follows.

PROPOSITION 5.2 (estimates on perturbations of a Wulff shape). Let [W] be
a scaled Wulff shape for and suppose that [U], IV] are also solids ofpositive mass in
Y{. Then

(1) (’(W)/n(u))("-)/"(OIUI)>=(OIW]);
(2) If V c W with 2"(V) <= "(W), then

@(Ol WI)-(01W,--- VI) _-< 1 1 -,( W----- (OI Wl)

n "(w)
+

n \"(w)

(3) If V c N" W, then

(0[WU V])- (01W]) _-> 1 +
,,,( W’-- 1 (0[ W])

>_(OlWl)[n-l("(V)) n-l("(V))2].  o(w)

Now, suppose additionally that [K l, [L] are solids ofpositive mass in

(4) If L K U W and 2"( W--. K) <-_ "( W), then

(o[L]) (OIK])

<_,(OtW])[n-1 ["( W--. K)) 21/n(n 1)(w-( W---K)2].n \ gi’i +
n \ -;i ]
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(5) If L K f-I W, then

(0[K]) (0[L])

n \ "(W) 2n:2 "(W)

Proof of Proposition 5.2. To establish the first assertion, we apply a homothetic
transformation to U with scale factor ("(W)/"(U)) 1/" to adjust the volume of U
to equal that of W. The surface energy scales by factor ("( W)/"(U)) ("-1)/". The
left-hand inequalities of assertions (2) and (3) follow from (1). The right-hand
inequalities of (2) and (3) respectively follow from the extended mean value theorem
applied to the function (1 +x) "-1)/" in ranges -1/2_<-x_-<0 and 0_-<x <oe, respectively.

To establish (4), we set V W---K c W and use the last inequality in 3.1.4 to
check that

cD(oILI)+(OIW--- VI)= (o[WU KI)+(o[Wf"I KI)
_<- q(o[ WI) + q(0[Kl);

assertion (4) now follows from (2).
To establish (5), we set V K--- Wc Nn... W and use the last inequality in 3.1.4

to check that

(O[KI)+(O[WI)>-(O[K U WI)+(O[K (’1W])

(0[WU VI)+(O[LI);
assertion (5) now follows from (3). [3

PROPOSITION 5.3 (g minimizers and Wultt shapes). Suppose that [K] is an g
minimizer for [Ko] over A t. Suppose also that 0 < R < S < c.

(1) If Ws Ko and 0 <2 WR K) <-- R n, then

S-R n-1 (0[Wll) 21/n(n-1) (0[Wll) n(WR"’K)
R--< + :2At n w, n w, R

(2) If
S Atl/2(2(O[Wll)ll/2R
2 w, /

then

Nn... K (n,..., Ko) + W*s (set addition).

(3) If Ko Ws and n(K WR) > O, then

S- R n 1 (0[ W1]) n 1 (0[ W1]) n(K WR)
R_-->
At n w* 2n2 w* R

Proof Suppose that Ws Ko and 2n( WR K) _--< R n(WR). As a com-
parison surface to our minimizer K, we set L K U WR K U (WR K) and check
that Ko/ L c Ko/ K with Ko/ K---Ko/ L WR K. Since K is an g minimizer,
we conclude using statement 5.1(i) that

1 J dist (x, OKo)O(O[L]) O(0[K]) d"x

(WK)S 1- w,.--t
Asseion (1) follows from conclusion (4) of Proposition 5.2.
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To verify assertion (2), we check that our assumption implies that

R2 n-1 (0IWI) 2/"(n-1)(0IW]) 1
> + 2 -"At n w, n w, 2

If the asserted inclusion did not hold, then the set (R" K)---[(R" Ko)+ W*s] would
contain some point p. Applying a translation, if necessary, we assume without loss of
generality that p is the origin in R" and hence infer that Ws c Ko and " WR K) > O.
In this case, we additionally assert that "( WR K) <-- R"/2. If this inequality did not
hold, i.e., if L"(WR K)> R"/2, we could construct a comparison set L K U WR
as above and, as in the above proof of (1), confirm that

(0[L]) (0[KI) =>- WR K)S 1 w,

We use the last inequality in 3.1.4 to further estimate that

so that

and hence

2At

I,(oILI) =< (oIK U Wl) + (oIK fl Wl) _-< (oIKI) + ,I(al Wl),

q(0IL]) (0[K]) _-< Rn-ldp(ol Wl]),

2At

which is false by our definition of R. Under our original assumption that (2) fails, we
conclude that the hypotheses of (1) are satisfied, from which we infer that

S-R n-1 I’(0IWI) 2/"(n-1)(0IWI) 1
R--< + 2At n w, n w, 2’

which is also false by our assumptions on R. This completes the proof of (2).
To verify assertion (3), we assume that Ko c Ws. As a comparison surface to our

minimizer K, we set L K WR so that Ko A L--. Ko A K K-- WR. Since K is an
g minimizer, we conclude using statement 5.1(ii) that

1 I dist (x, OKo) d x(0IKI)- (0ILI) --<$7

_-<-- (KW)S -Assertion (3) follows from part (5) of Proposition 5.2.
THEOREM 5.4 (flat curvature flows and shrinking Wulff sets). Assuming that

0 < S < c is given, we set

S2

So(t)=(S2-cot) 1/2 for O<-_t<=
Co

S2

S(t)=(S2-ct) 1/2 for O <-t<=--;
here

2(n 1) (0I WaD
co Co ,.CO

n
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For later use, we set

W
16(01W1])"

Assume that OIK2(" )]:+ OY{ are approximate fiat curvature flows for j 1, 2, 3,...
associated with timesteps At 2-2. Assume also that O[K (.)]:+ 0Ytc is aflat curvature

flow that is the limit of a subsequence of the O[K (.)]’s and that p is a point in
Then the following are true:
(1) Suppose that {p} + Ws c Kj(koAt2) for some j and ko. Ifj is large enough so

that Atj < cS2 and k is small enough so that (k- 1)Atj S/2, then {p}+ Ws_(2co/S)kAt
K2((ko+ k)Atj);

(2) If {p}+ Ws K(O), then {p}+ Wsot) K(t) for each O<-t<=S/co;
(3) Suppose that {p} + W .-- K(koAtj) for some j and ko. Ifj is large enough

so that Atj < cS and k is small enough so that (k-1)Atj<- S/2, then {p}+
w-o/t K((ko+ k));

(4) If {p} + Ws* K (0), then {p} + Wsot) K (t) for each 0 < < $2/Co,
(5) If Kj(koA tj) { p} + Ws for some j and ko, then, for each k 1, 2, 3,...,

K2((ko+ k)At2) c {p} + Wsup{S/2.s-(_cO/s)ka,j};

(6) If K(O)c {p}+ Ws, then K(t)c {p}+ Wso(,) for each O<=t<=S2/c.
Proof.
Step 1. Whenever 0 < R < S <, we check that

Ws WR + WS-R and "--- WR ("" Ws)+ W*S-R.
Step 2. Suppose that 0 < S < o and [Ko] Y{ with Ws Ko. For each

$2( w,
0<At<

16 2(v’])
we choose [Ka,] Y{ such that

(IKo], [Ka,l, At) inf { g(IKo], ILl, zt)" [Lie

We infer from assertion (2) of Proposition 5.3 and Step 1 that Ws/2"" Ka, and set

S
R(At)=sup {r: Wr WAt=}-’.

We then infer from assertion (1) of Proposition 5.3 that

S-R(At) n-1 (OIWll) CoR(At)_<
At n w. 2

which implies, in addition, that

2(n- 1) (Ol WI)
S-R(At)<-At

nS w,

We infer conclusion (1) of Theorem 5.4 from this last formula. Suppose then that
f" [0, At] -/ is a smooth decreasing function with f(0) S and, for each 0 < c < At,

At (2(n-1)(I)(0[ W1])) 2

--(f2)’(C) > Coq-- n w,
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Then, according to the mean value theorem, there is 0 < c, < At such that

f:(0) -f2(At)
-(f2)’(c*) = At

>- Co +- n w,

At(2(n-1) (0[W1]) 2S- R(At)
R(At) +>=2

At - n w, /

which implies that

so that

S2-f2(At) >--_ (S- R(At))((S + R(At))-(S- R(At)))

+ (__)2(2(n-1) (01W,I)) 2

/’/ W,

R(At)2 >=f2(At)-(S- R(t))2 + >=f2(At).
Y/ W

Since So(" satisfies the equation -(S( ))’-- Co, we infer conclusion (2) of the theorem.
Step 3. In an entirely straightforward way, we can reformulate the study of flat

@ curvature flows [K (.)] in the language of the complementary currents

1"--- K(.)I:F"-tK(.)I=t("--- K(.), 1, e, ^...^e,).

The main observation is that, whenever |K], ILl Y{, then

f dist (x, OK) d x(0ILI) +
./xc

equals

1

Jx dist (x, 0(" K)) d" x(-01" LI) +-
so that the g minimizations in constructing approximations would be formally the
same (since n-_L-- -n); we must just use negative orientations for the evaluation of
surface energies. Since the constructions used in proving conclusions (1) and (2) of
Proposition 5.3 are entirely local, they admit a straightforward reformation when the
assumption Ws c Ko is replaced by the assumption Ws* "’-" Ko. The arguments
above used to prove conclusions (1) and (2) of Theorem 5.4 translate into proofs of
conclusions (3) and (4) of the theorem, respectively.

Step 4. The proof of conclusions (5) and (6), above, are based on estimate (3) of
Proposition 5.3 and are similar (but easier) than the proofs of conclusions (1) and (2),
above. We leave them to the reader.

6. Hausdorff distance convergence and viscosity solmions. One of the key com-
ponents in our study of flat curvature flows is establishing their relationship to
smooth curvature flows. This is a substantial task because the discrete approximating
flows are possibly of varying topological types and, in higher dimensions, can be
partially singular. Examples show that, in mean curvature flow of some surfaces in
space, singularities must develop at times before the final disappearance. The main
intermediate steps between flat flows and smooth flows are viscosity curvature flows.
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In this chapter, we show in Theorem 6.2 that, if the supports of the currents in a flat
P curvature flow vary continuously in the Hausdortt distance topology and if they are
the uniform limits of the supports of the approximating flows in the same topology,
then the supports of the fiat cp curvature flow constitute a viscosity cp curvature flow.
The smoothness of such a viscosity flow is discussed in 2.11. It should be noted,
however, that although the existence of a limit flat P curvature flow is proved in
Theorem 4.5 (regardless of whether P is smooth and elliptic) the HD continuity is not
known to hold in general.

LEMMA 6.1 (comparison of weighted mean curvatures). Suppose that 4p is smooth
and elliptic and that [K] is an minimizer for [K0] over At, so that B=sptO[K] is

smooth almost everywhere (by conclusion (4) of Theorem 3.8). Suppose further that
h: ---> is a twice continuously differentiable testfunction so that =[n 0 {x: h(x) 0}
is closed and + =n f-){x: h(x)> 0} is open. Suppose finally that B f),+ is empty and
B f-) consists of a single point p at which Vh(p) 0 so that , is a smooth hypersurface
near p. Then p is a regular point of B with a well-defined unit exterior normal vector

nK (p). We orient , near p to have orienting normal vector ni (p). Then

H.,oi(p) Vh(p)<-H.,.(p) Vh(p)=n(p) Vh(p)trace (D2cp(n(p)) D2h(p)).

Proof The one-sided barrier offered by E+ near p is enough to guarantee that p
is a regular point in accordance with part (1) of Theorem 3.10. The final assertion now
follows from the definitions, since the situation is entirely classical, rq

THEOREI 6.2 (uniform HD limits of flat flows are viscosity flows). Suppose that
is elliptic and smooth and that OIK(t)l are approximate curvatureflowsforj 1, 2, 3,...

and 0<t< constructed as in 2.6. Suppose also that j(1), j(2), j(3),.., is a sub-
sequence of 1, 2, 3,... and OIK (t)l is a limit fiat dp curvature flow for which

lim ,(O[K,(t)l-O[K(t)])=0.

We set

A, A"+- , A(t) spt O[K(t)], A(t) spt a[K (t)].

IfA is continuous for a < < b (some a and b) and

lim (Ai)( t), A( t)) 0

uniformly for a < < b, then A(t) is a viscosity dp curvature flow in (a, b) with respect
to the orientation function o-( x, t) 1 if x spt K (t) A(t) and o-(x, t) + 1 if x
spt [K(t)].

Proof Since A isH continuous in (a, b), the set C= (a, b) 0 {(x, t)" x A(t)}
is closed in n (a, b). To show that A is a viscosity P curvature flow (with respect
to o-, above), we suppose that g" (a, b) - i.s some twice continuously differentiable
test function so that F=:"x(a,b)fq{(x,t)’g(x,t)=O} is closed and F+=:

(a, b)f){(x, t)" g(x, t)>0} is open. We also suppose that CF+ is empty and
that C 0 F consists of a single point (p, s) at which Vg(p, s) O. We must show that

0__g (p, s)_->trace D* +
IVgl (p’ s) Oxg(p, s)

at

here we take the + sign if o is positive in F/ near (p, s), and the sign otherwise.
We now define A](t) limr$ A(t) I.j limr. A(t) (taking the limit in the H topology)
and set C=N’x(a,b)l{(x, t)" x e A](t)} so that each C is closed in x (a, b). By
our uniqueness assumption on (p, s), there will exist points (p, s) C( converging
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to (p, s) such that 1-" ---: n X (a, b) FI {(x, t)" g(x, t) g(Pi, si)} is closed, F-=:
" x (a, b) FI {(x, t)" g(x, t) > g(Pi, si)} is open, Ci rq F- is empty, (pi, si) C()FI F, and
Vxg(p, s) O. For each i, we set At 2 -j() and estimate

dist (p, OKj()(si))
t

g(p, s)- g(p, s- t)
IVxg(pi, si)lti

a 1

Ot
(Pi, Si)IVg(p,,

The theorem now follows from Lemma 6.1.
PROPOSIWIO 6.3. Assume that our surface energyfunction is smooth and elliptic.

Suppose that [K (0)1 { is an initial solid such that OK (0) is a two times continuously
differentiable (n- 1)-dimensional submanifold of " without boundary. en, for each
M <, there exists o 6o(M) > 0 with the following property.

For O <, let O[K(t)], O[K2(t)], O[K3(t)],.. { constitute approximateflows as
in 2.6, all starting with 0[K(0)I. Suppose also that j(1), j(2), j(3),.., is a subsequence
of 1,2,3,... and that O[K(t)]Y{ gives a flat curvature flowfor which O[K(t)]=
limi O[K2)( t)I.

Suppose that 0 < 6o and, for each 0 < < 6 and all sufficiently large j’s, that the
set OK2( t) is a twice differentiable n 1 )-dimensional submanifold of" without boundary
and that no principal curvature of any OK,(t) exceeds M at any point. en

(1) For each j 1, 2, 3,... and each positive integer k such that k2-2< 6 the set

OK,(t) is a 2(k 1) times continuously differentiable (n 1)-dimensional submanifold
of ";

(2) We have convergence

uniformly for 0 < 6 as ;
(3) OK (t) is continuous in the topology for 0 < 6;
(4) For each 0 < to < 6 and each Po OK t), there exists a rotation O" " " and

a Lipschitzfunctionf:"- and r>0 such that the set

"+((Po, to), r)[{((x,f(x, t)), t)’x "-, t} {(p, t): 0<t< , O(p)OK(t)}]

is empty;
(5) For 0 < 6, spt O[K (t) OK (t) is a viscosity curvature flow with respect to

the natural orientation;
(6) For O < 6, O[K(t)] is a smooth curvature flow.
Proof According to [M2, Prop. 3.3], and * (and hence WR and W for any

R > 0) are uniformly convex. Our assumption on the principal curvatures guarantees the
existence of a single S > 0 such that, for all sufficiently large j’s, for each 0 < 6 and
each x OK,(t), there are unique points p K2(t) and q " K2(t) such that

((p}+ w)r(t)={x}, ({q}+ w)o(t)={x}.
These estimates, together with assumptions (1) and (3) of Theorem 5.4, guarantee the
existence of a constant M < such that, for all sufficiently large j,

I]-I]ID(OK2( t), aK2( + 2-2)) _-< M1At
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whenever 0_-< < + 2-j < . Our assumption on principal curvatures implies that each
of the OKj(t)’s can be written locally as graph of a smooth function with very small
first derivatives over a disk of fixed size. Our Hausdorff distance estimate implies that
the coordinate systems used in the representation of OK(O) as graphs can also be used
for representing the OKj(t)’s, provided that go is sufficiently small. Conclusion (1) of
the proposition now follows from the higher regularity asserted in Theorem 3.8, since
the signed distance to a Ck manifold is itself C k near the manifold in accordance with
[KP]. Our above remarks about coordinate system representations with small first
derivatives together with our Hfl) estimate between hypersurfaces at different times,
give the common Lipschitz bounds in space-time sufficient to imply conclusions (2)-(4).
Conclusion (5) follows from conclusions (2) and (3), together with Theorem 6.2.
Conclusion (6) follows from conclusion (4), together with [CW] and [W], as noted
in 2.11.

7. Existence and smoothness of flat @ curvature flows. In this section, we establish
the short time existence of classical curvature flows, provided that our initial
hypersurface is C3+ and that is smooth and elliptic. We also show that, for a
normal velocity that is slightly faster or slightly slower than curvature, we can
similarly obtain flows for short times. The uniformity of these estimates implies that,
if we assume a curvature flow exists for a longer time, then there will also exist
slightly faster or slower flows with nearby starting conditions for essentially the same
time. These slightly perturbed flows then become barriers to fiat curvature flow and
lead to a proof that fiat curvature flow coincides with smooth curvature flow as
long as the latter exists. If such a flow is written as a graph xn =f(xl, x2,..., xn-1, t)
then the various partial derivatives O2f/OxiOxj and Of will be H51der continuous and
will satisfy our evolution equation in the ordinary way. We learned recently that Giga
and Goto [GG] proved similar results for general curvature flows by a method similar
to that used by Evans and Spruck [ES2, Chap 2]. Our proof is different from theirs.

TIaEOREM 7.1 (short time existence of smooth curvature flows and flows with
slightly perturbed velocities). Suppose that our surface energy dp is smooth and elliptic
and that [K(0)] is a solid in {for which OK(O) is a C3/c hypersurface. Then there is a
neighborhood U of OK(O) in the C+ topology and a neighborhood V of zero in and
a positive time To such that, for each OL(O) in U and each s in V, there is a smooth flow
OL(t) for 0 <-_ <- To starting with OL(O) such that the normal velocity of OL(t) at point
p in OL(t) equals

H.,o(t)(P) + sn(t)(p).

A more technical description of the statement of this result is developed during
the course of the proof.

Proof. There are several parts of our proof.
(1) We introduce function space terminology with which to write evolving surfaces

OL(t) as graphs of real-valued functions g(x, t) over x [0, T]; here =0K(0) is a
fixed smooth domain manifold that is the boundary of a region A K(0) having unit
exterior normal vector field n nA J//---> N and 0 < T-<_ 1. At time t, we associate with
the function g(x, t) the surface

(7.1) {x + g(x, t)n(x): x }.

We consider simultaneously Banach spaces of functions associated with all time
intervals [0, T], 0 < T =< 1 because we do not know in advance the interval of time for
which we will be able to obtain solutions; in particular, the evolving surfaces might
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quickly move out of the region in Nn in which they can be represented smoothly in
the form (7.1).

As a signed distance function defined for x in ", we set d(x) +dist (x, /); here
we take the negative sign if and only if x belongs to A.

(2) We will use the formula given in 2.2 to derive the nonlinear parabolic PDE
that a function g(x, t) must satisfy for the surfaces given in (7.1) to constitute a smooth
cp curvature flow. This equation will be of the form

gt
(7.2) [n_(i_gD2d)_lVg G(x, g, Dg, D2g).

Associated with this equation is the nonlinear operator F between Banach spaces of
functions given by setting

(7.3) F[g]= in_(I_gDd)_lvgl-a(x,g,Dg,Dg),g(.,O)
Given f in C2+(M), finding a function g(x, t) such that F[g(x, t)]=(0, f(x)) is
equivalent to finding a smooth P curvature flow beginning with the surface

{x +f(x)n(x): x

Similarly, finding a function g(x, t) such that F[g(x, t)]=(s, f(x)) is equivalent to
finding a smooth flow beginning with the same surface but whose normal velocity
equals the P curvature plus s times the unit normal vector to the surface at that time.

(3) We would like to apply the inverse function theorem [B, Thm. 3.15] to the
function F to guarantee the existence of function g(x, t) such that Fig(x, t)] (e, f(x))
for small e and small initial function f The hypotheses of this theorem involve the
FrGchet derivatives

F[g+sh]-F[g]
DF[g](h) lim

s-->0 S

which, for each fixed g, gives a linear partial differential operator on the tangent (same)
Banach space of functions h. We compute and exhibit these derivative DF[g]; by
inspection, they depend continuously on g.

We must then show that each DF[g] is an isomorphism. This is accomplished
first by using the a priori estimates of [LSU, Thm. 10.1, Chap. 4] to obtain a mapping
norm bound (using a stronger norm) on DF[g]- in coordinate patches for those
functions that are in the image. We use a maximum principle argument to infer that
we can replace the stronger norm with the norm relevant for our problem.

We then show why the estimates on DF[g]- are, in fact, independent of the time
interval [0, T] in our original problem, provided that T 1.

Finally, we use the surjectivity criterion [GT, Thm. 5.2] that, in homotopies of
bounded linear mappings between Banach spaces, either every map is surjective or
none are. This reduces the surjectivity problem to finding a convenient linear parabolic
operator, which we know to be surjective. We effectively choose a smooth metric on

and use [LM, Thm. 5.2] to conclude that the heat operator in this new metric maps
smooth functions surjectively onto smooth functions, and thus we can use the heat
operator as that convenient linear parabolic operator.

(4) Knowing that the inverse mappings DF[g]- are varying continuously and
are uniformly bounded (for bounded g’s) regardless of the time interval in our domain,
we must check that there is some g(x, t) such that F[g] is small. That being the case,
the inverse function theorem implies that for all small (s, f) there will exist a unique
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g such that F[g] =(s, f) and that g depends continuously on s and f. The function
g(x, t) we take is constructed as follows. Let G(x) be a slight smoothing of the
function G(x, 0, 0, 0) and set

g(x, t)= tG(x).

Provided that T is small enough, F[g] will be close to (0, 0) as required. This is the
point at which we need the freedom to take our time interval [0, T] to be short.

We now give more details.
Step 1 (Banach spaces of functions). Whenever U is a nonempty bounded open

subset of n or of n-1 and k is a positive integer and 0< c < 1, we have Banach
spaces ck+(U) of functions f: U-* whose kth derivatives are H61der continuous
with exponent a. We denote the usual norms by [[f[[c+. Similarly, on domains

[0, T] we have Banach spaces

C+’+)/2( U x [0, T])

of functions g: U x[0, T]o with norms denoted by ]]g]]c+.,+/. These norms are
those set foh by Ladyzhenskaya, Solonnikov, and Ural’ceva in [LSU, Chap. 1, 1];
we more closely follow the terminology of Evans and Spruck [ES2, Chap. 2] (we
should add the term (Du) in the definition of uc,+,,,+/ there). In paicular,

[]g]]c2+.,2+,/2 sup ]g(x, t)J+sup ]Dg(x, t)l+sup ]DZg(x, t)]+sup [g,(x, t)]
X, X, x, X,

Is t(+/ (x, s), (x, t) W x [0, T] with s

+sup{ lDg(x’t)-Dg(y’’)l (x,t) (y,t)Wx[O,T]withxCy}
+sup{ g’(x’ t)-g’(y’ t)[

(X, t) (y, t)6 Wx[0, T]withxy}Ix-el

+sup {lDg(x’ s)- 2g(x’ t)l
Z (x, s), (x, t) W x [0, T] with s

+sup{lg’(x’s)-g’(x’t)l’(x,s) (x,t) Wx[0, T] with s ,}
As indicated above, we assume that is a compact smooth hypersurface of "that is the boundary of a region A. By smooth, we mean that is everywhere locally

the graph of a function (written in Caesian coordinates) that is three times H61der
continuously dierentiable with exponent (some 0 < < 1). We fix w > 0 suciently
small such that, in the open set W {x: d (x) < w}, the nearest point retraction mapping
: W is twice H61der continuously differentiable. Our signed distance function
d is three times H61der continuously differentiable in

For our purposes, on the domain , we use the Banach spaces C+() of
functions f: N for which f C+(W) with corresponding norm given by

Similarly, on domains x [0, T] we use the Banach spaces

C+’(+’)/2( [0, T])
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of functions g" x [0, T] R for which g r x 1 ck+’k+"/e( W X [0, T]) with corre-
sponding norms given by

g c k+..k+.>/2 go r X 1 c k+"’+"/2.

Step 2 (the parabolic PDE). We assert that the nonlinear parabolic PDE that
g(x, t) must satisfy to correspond to a smooth curvature flow is the following"

gt
trace ([DeO(n (I gD2d)-Vg)][n-(I-gD2d)-lVgl

(7.4) [(I-gD2d)-o Deg
(I-gDed)-l-(I-gD2d)-lo D2d]);

here I denotes the n x n identity matrix, Vg(x, t) -: V(g(., t) r)(x), Dg(x, t) -:
D2(g(., t) r)(x). This equation is a translation to our coordinates x in of
the formulas given in 2.2 based on the fact that, for each time t, the surface
{x + g(x, t)n(x)" x } has defining equation

d g(., t) r

in R". The asserted equation follows from this observation, together with the facts that

V(g(., t)o r)(z)= (I-g(rz, t)Ded(rz))-lVg( t)(rz)
and

D2(g(’,t))(z)
I g( rz, t) D2d rz) -’ D(g( r)(rz)o I g( rrz, t)Ded rz) -1.

As indicated in (7.2), we abbreviate the expression on the right-hand side of the equality
in (7.4) as G(x, g, Dg, DZg) and define our functions

F’C+’(+)/( x[0, T])n {g" sup Igl< w} c,/( x[o, r])x C2+()
by formula (7.3).

Step 3 (the Fr6chet derivatives). Corresponding to fixed g, we then compute the
linearized operator

DF[g]" C2+’2+/:( x[0, T])o C’/2( x[0, T]) x C2+(),
h 1 gt

DF[g](h)= in_(i_gD2d)_lVg- ]n_(i_gD2d)_Vg
(n-(I-gD2d)-Vg)

[-(I-gD2d)Vh-(I-gD2d)-2D2dVgh]
-trace ([D2O(n-(I-gD2d)-lVg)]

o[(I-gD2d)-lo (D2(h ))o (I-gD2d)-])
+ trace ([D2O(n (I gD d)-lvg)

[[(I-gD2d)-2o D2d D2go (I-gD2d)-h]
(7.5) +[(I-gD2d)-l D2g (I-gD2d)-2(Dd)h]

-[(I- gD2d)-2 (D2d)2h]])
+ trace ([Da(n (I gD2d)-lVg)

[(I gD2d)-lVh + (I gDd)-2D2dVgh]]
[(I gD2d)-o (D2(go ))o (I- gD2d)-
-(I-gD2d)-lD2d]), h(., 0)

J
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By inspection of (7.5), we see that the linear opeator DF[g] depends continuously
on g.

Step 4 (a bound in local coordinates on the mapping norms of the inverses of the
Fr6chet derivatives). We localize the linear second-order PDEs (7.5) to regions in
which for some orthonormal coordinate system d// can be written as the graph of a
function o(x,, x2,..., Xn--1) defined in some region U in Rn-1 and having H/51der

continuous third derivatives. If we represent h in these local coordinates
(x, x2,..., x,,_), then the restriction of DF[g] to these coordinates has the form
h (e*(h), h(., 0)). We multiply this * by

[n-(I-gD2d)-’Vg[

(which does not vanish for g’s in our domain) to obtain a partial differential operator
t in the form

(7.6)

n-1 02h
,cr(h)= Oh(x, t)- E ai,(x, t)

,= Ox Ox
(X, t)

"- Oh )+ Z bi(x, t) (x, t)+ c(x, t)h(x, t)
i- Xi

We check that the coefficient functions ai.j(x, t), bi(x, t), c(x, t) all belong to

C+’(+’)/2( U x [0, T])

with uniformly bounded II" [[c+’(+)/2 norms, provided that our g’s, which belong to

C2+’’(2+)/2( U x [0, T]) f-] {g: Ig(x, t)[ < w},

have Ilgllc2+.>ov2 uniformly bounded. By direct computation, we infer from the
ellipticity of that the ai,j(x, t)’s satisfy the ellipticity condition

n-1

E a,,(x, t)i = 2 for all sc R"-"
i,j=l

here the positive constant v depends only on norm bounds for our g’s Theorem 10.1
of [LSU, Chap. 4, p. 351] applies to linear partial differential operators of the form
of in (7.6), and we infer from that theorem the existence of constants Cr, t, Br, t
(depending only on T and our norm bounds on the coefficients, and hence only on T
and the norm bounds for our g’s) such that, for each

h e C2+e’(2+e)/2( U x [0, T]),

(7.7) Ilhllc+..,+,= C,[[(h)[[cO+.,o+,=+ C.[[h(., 0)llc+.,>,+ B-,llhll.
Estimate (7.7) seems the best local estimate. It, however, has the unfortunate
dependence.

Step 5 (a global bound on the mapping norms of the inverses of the Fr6chet
derivatives that depends on T). Since d// can be covered by finitely many local
coordinates patches U, we infer that the local bounds given for the mapping norms
of the DG(g)’s give global bounds. By analogy, we write DF[g](h)=(*(h), h(., ))
and define a global operator by requiring that its restrictions be the c’s above.
Our local estimates then guarantee, for each

h e C2+a’(2+a)/2(,////X [0, T]),

that

(7.8) h C2+q(2+)/2 CT
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We claim that estimate (7.8) holds with the constant BT set equal to zero, provided
that we increase the size of CT if necessary. To see this, we consider the function

hc(x, t)=e-Cth(x, t) for large C

and let (Pc, tc) be a point in x [0, T] at which hc assumes a maximum value. This
point (Pc, tc) corresponds to some point (Xc, tc) in one of our coordinate patches U.
In the coordinate patch U, we evaluate

t(hc -Ce-Cth + e-ctLet, (h).
Either tc 0 so that the maximum of hc and hence of h is dominated by the sup norm
of h(., 0), or tc > 0 and we can use the first and second derivative properties of function
at their maximums to conclude that

O<=-c(xc, tc)hc(xc, tc)-Ce-C’ch(xc, tc)+e-c’c.t(h)(xc, to),

in which case (since C was large and positive) the maximum of hc and hence of h is
dominated by (h). We can replace h by -h to obtain a corresponding estimate for
the minimum of h. We conclude that

(7.9) Ilhllf2+=,2+/z cl]=(h)ll c0+,0+,,2+ C]]h(., 0)11 c2+,2+,/2
for suitable Cr’s.

Step 6 (a global bound on the mapping norms of the inverses of the Fr6chet
derivatives that does not depend on T). We assert that

(7.10) 1[h11c2+,2+,/2 CIl(h)llcO/,o+2+ CIIh(’, 0)lie2+=,2+/2

provided that we take the constant C to be that corresponding to T 1 in (7.9). This
is accomplished by the following device. To the operators t for functions defined
on domains U [0, T] above, we associate new operators defined on U [0, 1] by
setting

aid(x, t) if 0 _--< t_<- T,
aid(X t)

ai.j(x, T) if T-<_ -<_ 1,

and so forth. The H51der norms of the coefficients of the ’s on the time interval
[0, 1] clearly remain bounded by the norms on [0, T]. Our assertion follows.

This completes our proof that the DF[g]-l’s have bounded mapping norms on
their images.

Step 7 (the operators DF[g] are surjections). As mentioned above, we wish to
show surjectivity by using the homotopy criterion of Theorem 5.2 of [GT]. We choose
a new infinitely differentiable manifold W, which is very close to rid, and we let p
denote the nearest point retraction mapping of a neighborhood of W (containing d//)
onto W. The restriction of p to M gives a diffeomorphism of 3//with W, which is three
times H/Slder continuously differentiable. This produces an isomorphism of our various
function spaces on M with the corresponding spaces on W. We denote by Ax Laplace’s
differential operator on W. It is well known that we can solve the usual heat equation

with initial condition g(., 0)= for all smooth q’s and O’s. It is difficult, however,
to find a statement of this fact useful for our purposes. However, in desperation, we
can invoke Theorem 5.2 [LM, p. 30] (as used in the proof [LM, Thm. 5.3, p. 32]) to
infer the existence of infinitely differentiable solutions to our equation, provided that
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p and are both infinitely ditterentiable. The H61der estimates on DF[g]-l’s work
equally well for the inverse of the operator O/ot-Ax. Since we know all infinitely
differentiable functions are in the range of O/Ot Ax, we can use these H61der estimates
to conclude that H61der continuous q’s and O’s are also appropriately in the image.
Our above diffeomorphism now translates the problem with the heat operator on
to a uniformly parabolic problem on (actually just a change of coordinates). This
new problem on then gives the desired surjectivity property, and we conclude that
each of our DF[g]’s is onto.

We have now shown that the DF[g]’s are uniformly isomorphisms as required.
The remainder of argument to prove the theorem was set forth above.

COROILArY 7.2 (perturbations of smooth elliptic curvature flows). Suppose that
our surface energy function dp is smooth and elliptic. Suppose also that [L(t)] is a

time-parametrized family of solids such that the OL(t)’s constitute a smooth Op curvature

flow for 0 <- < to (some to). Then, for each 0< tl < to there exist the following:
(a) A positive initial perturbation distance bound p;
(b) A positive perturbation velocity bound
(c) Solids L[r, s, t] Y{forperturbation parameters -p < r < p and -or < s < o’, and

times 0 <- <- t;
(d) Associated signed distance functions d[ r, s, t]: I2" - N for -p < r < p, -tr < s <

tr, and 0<-_ t<= t, such that d[r, s, t](x) +dist (x, OL[r, s, t]), where we take the minus
sign for x L[ r, s, t];

with the following properties
(1) _For each 0 <- <- tl, L[0, 0, t] L(t);
(2) For each r and s, L[r, s, 0] {x: d[0, 0, 0] < r};
(3) For each r, s, and t, OL[ r, s, is a smooth hypersurfaee in " that varies smoothly

in the parameters r, s, and t;
(4) For eaeh fixed r and s the normal velocity ofL[r, s, t] at thepointp in OL[r, s, t]

and time equals the dp curvature plus s times the exterior normal vector, i.e.,

Od[r,s,t]
ot

(p) H.,oLtr,s, tl(p)+ snctr,s, t3(p);

(5) For each fixed positive s, there exists A to > 0 such that, whenever 0 < A < A to,
O<--t-At<t<=t, and pOL[r,s, t] then

Sd[r, s, t- At](p)
>--llL[r,s,t](P) H’L[r’s’t](P)+-"ZXt

A similar statement holds if s is negative, except in that case we obtain

d[r,s,t-At](p) s
< ntr,,t(p H ot.... t(P) +-.At 2

Proof We divide the time interval [0, to) into short subintervals 0 < t < t2 <" <
try < to of equal length. For tk =< t=< tk+l, we represent time-varying surfaces that are
close to OL(t) as graphs of functions g(x, t) defined for x OL(t) and t <-t-< t+l;
such a surface is thus of the form

{x + g(x, t)nL(tk)(X): X oL( tk)}.

Theorem 7.1 tells us that over each suitably short time interval [tk, tk+l] we are
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guaranteed the existence of slight perturbations of OL(tk) evolving by slight perturba-
tions of smooth curvature flow. We also infer from Theorem 7.1 and the fact that
OL(t)’s are evolving by smooth curvature flow that surfaces that start close to OL(tk)
at time tk will be close to OL(tk+) at time tk+. Since smooth curvature flows are
viscosity curvature flows, we can use the regularity theory set forth in [W] to infer
that each OK(tk) everywhere locally will be a graph of a C3+ function when written
in Cartesian coordinates. We are thus able to apply Theorem 7.1 repeatedly for the
finite number of times required to establish the present corollary. [3

LEMMA 7.3 (inside and outside barriers for minimizers). Suppose that our surface
energy function is smooth and elliptic and that [K] is an minimizer for [Kol over
At. Suppose also that [Lo] and |L] belong to Y{ and that OLo and OL are smooth
hypersurfaces. We specify the signed distance functions

d(x) +dist (x, OKo), [respectively, d,(x) +dist (x, 0Lo)],

where we take the negative sign if x Ko [respectively, if x Lo], and take the positive
sign otherwise.

(1) If Koc Lo and K c L and

d.(p)
> n(p) H.,o.(p)At

for each p OL, then spt 0[K f’l 0L .
(2) If Lo c Ko and L c K and

a,(p)
<n/(p) H.,oi(p)At

for each p 0L, then spt 0[K fq 0L .
Proof We will prove conclusion (1) of Lemma 7.3 by contradiction. Suppose then

there is a point p in spt 0[K] (q 0L. The assumption that K = L means that L is a smooth,
one-sided barrier to spt O[K]. We infer from conclusion (1) of Theorem 3.10 that p is
a regular point of spt O[K]. We infer from assumption (2) of Theorem 3.8 that

d(p)
A- n/ (p) H.,oi(p).

The inclusion Ko c Lo implies that d.(p)<-d(p). The inclusion K L implies that

nK(p)" H.,oK(P)<--nL(p) H.,oi(P)

and that n:(p)= n/(p). We combine these inequalities to obtain

d,(p) d(p)
--< -n/(p). H. oK(P)<--nr(p) H.,o(p)n(p). Ha,,oi(p) < At At

which is false. This proves (1) of Lemma 7.3. Conclusion (2) of the lemma follows
with a similar argument. H

THEOREM 7.4 (smooth elliptic curvature flows are flat flows). Suppose that our

surface energy function is smooth and elliptic. Suppose also that [L(t)l is a time-

parametrized family of solids such that the OL( t)’s constitute a smooth curvature flow
for 0 <- < to (some to). Let O[K(t)] be anyflat curvature flow for which K(O)= L(O).
Then K L( for each 0 <-_ < to.

Proof For L(t), to as above, we let tl, p, r, L[r, s, t], d[r, s, t] have the meaning
given in (a)-(d) of Corollary 7.2. For j 1, 2, 3,... and k 0, 1, 2,..., we set Atj 2-j
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and denote by [K(kAtj)] 7 the approximators used in constructing flat curvature
flows as in 2.6, starting with IK(0)I= IL(0)I.

Clearly, for any s,

K(0)c {x: d[0, 0, O](x)<p/2}= L[p/2, s, 0].

We assert the existence of 0< t2 =< tl and a positive integer j0 such that, for any
-o./2 -<_ s <= o./2 and any 0 _-< _-< t2,

Kj(kAt)= {x: d[0, 0, O](x)<p/6}
(7.11)

c (x: d[0, 0, 0](x)<p/3}c L[p/2, s, t]

for all j>=jo, provided that k is sufficiently small so that kAt<-_t2. The left-hand
inclusion follows from conclusions (1) and (3) of Theorem 5.4, while the right-hand
inclusion follows from the smooth dependence of the L[r, s, t]’s on r, s, t.

We temporarily fix 0<So=< o./2 and use conclusion (5) of Corollary 7.2 to choose
jl>=jo such that, whenever j_>-jl, -p/2<-_r<-_p/2, Atj <- t<= tl, then

(7.12)
d[r, So, t- Atj](p) So

At
>-- nctr’s’t(P) Ha"Ltr’s’t3(P) +--

We now fix j2>=jl and let ko denote the largest integer for which koAt2<= t2. By
our choice (7.11), above, each K2(kAtj2) lies strictly inside L[p/2, So, kAt2] for k=
0,..., ko. With So, j2 fixed, and k restricted to {0,..., ko}, we denote by 0-< rl < p the
smallest nonnegative number such that Kj(kAt) lies strictly inside L[r, So, kAtj] for
each k {0,..., ko} and all rl < r <- p/2. We assert that rl 0. If this were not the case,
there would be kl e {1,..., ko} (clearly, k 0) such that [K(klAt)l is an minimizer
for [K((kl-1)At)] over At with

Kj((kl 1)At) L[rl, So, (kl- 1)Ate2], K2(klAt) L[rl, So, klatch]

and

spt O[K(k,At)l fq OL[ r, So, k,At] #

(since otherwise there would be a smaller rl). In view of (7.12), this situation is
incompatible with conclusion (1) of Lemma 7,3. We therefore infer that r =0. We
further infer, for each fixed 0< s-< o./2, that K(kAt) L[0, s, kate] for all sufficiently
large j and all k for which 0=< kAt <= t2.

An analogous argument based on conclusion (2) of Lemma 7.3 implies that, for
each fixed -o’/2 < s < 0, K(kAt) L[0, s, kAtj] for all sufficiently large j and all k
for which 0-< kAt <= t2.

We then infer from the smooth dependence of L[r, s, t] on r, s, and the definition
of flat convergence that K (t)= L[0, 0, t] L(t) for each 0 <_- _-< t.

We now wish to remedy the difficulty that K(t)= L(t) only for 0_-< t-< t2. This
difficulty came from the requirement that K(kAt) L[p/2, So, kate] for our times Ate,
and initially we could infer such inclusion only for kAtj’s not exceeding our t2. We
now know that OKj(kAtj) lies extremely close to OL(t) for kAtj’s extremely close to

t and j extremely large. We can now use this fact, together with shrinking Wultt shape
barrier estimates given in conclusions (1) and (3) of Theorem 5.4 to infer the existence
of a time greater than t2 such that OKj(kAtj) lies still quite close to OL(t2) for kAtj’s
between t2 and 3. For huge j’s and t3, which is not too much greater than t2, we
conclude that Kj(kAtj)c L[p/2, So, kAtj] for kAtj’s not exceeding our t3.



432 F. ALMGREN, J. E. TAYLOR, AND L. WANG

We then look at even larger j’s to extend the arguments to a t4 greater than t3.
This procedure works (since our estimates are effectively uniform out to time tl) to
push the time of coincidence out to time t. Since t was any number less than to, we
conclude that K (t) L(t) for 0 <= < to. []

8. Examples of flat curvature flows.
8.1. Circles moving by flat arc length flow. The unique fiat arc length curvature

flow of curves in the plane starting with 0[((0, 0), to)] is given by

0[((0, 0) (r-2t)/)l for 0-< <--
2

O[K(t)l(t)= r< t<0 for=
To see this, we suppose that n 2 so that the integrand (v)=lv is the arc length
integrand. Using the terminology of 5.1 and Theorem 5.4, that we check that W

-1/2 (0[WI) 2rr ’/-, Co= co 2rr, c, (32rr)-, So(t)2((0, 0), 37"--1/2), 142, 142"--- 37"

S(t) ($2-27rt) 1/2, and

Ws =B2((0, 0), rr-1/2S) for each S.

We infer from conclusions (2), (4), and (6) of Theorem 5.4 that, for each point p and
each initial radius ro, the shrinking circles

2

O2(p, (r--2t) ’/2) for 0 < < r
2

are barriers to any fiat arc length curvature flow from both the outside and inside. Our
original assertion above follows.

8.2. Nonuniqueness of fiat arc length curvature flows for an initial curve resembling
a figure-eight curve. We will construct an initial solid [K(0)] whose boundary curve
C =0K(0) is a continously differentiable immersion of a circle resembling a figure
eight lying on its side. The crossing occurs at the origin and has tangent given by the
lines y +/-x. Corresponding to one subsequence of approximating flows, the crossing
in the limit fiat flow will split horizontally into two halves. Corresponding to another
subsequence, the crossing will split vertically. The difference in splitting occurs because
on the scale appropriate to the first subsequence of At’s the crossing seems to occur
at an angle slightly less than 90 (which favors the horizontal split for approximators
associated with such At’s), while, on the scale appropriate to the second subsequence
of At’s, the crossing angle is slightly greater than 90 (favoring the vertical split). The
construction and argument require several steps. To be specific, we assume that K(0)
contains the disks B2((12, 0), 3) and 2((--12, 0),3) and is disjoint from the disks
2((0, 12), 3) and B2((0, -12), 3).

We denote by 7.2 ._.>2 reflection across the x axis and denote by r/.2 _.>2
reflection across the y axis in R2.

PROPOSITION 8.2.1 (approximators can be chosen with sc and r/ symmetry).
Suppose that [K0] is a solid in Y{ with Ko (Ko rlKo, and 0 < At < oo. Then at least
one of the currents [KI, which is an g minimizer for [K01 over At, has the symmetries

K=K=rlK.
Proof For any minimizing, K,, select the quadrant Q in which

1 f dist (x, OKo) d2 xd(OK, L Q) +-- 3,,Q.o
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is the smallest and replace K, by K K, [_J :(K,) (_J r/(K, (,J :(K,)). The main observa-
tion in showing

g(IK0l, [KI, at) -<_ g(lK0l, [K,I, At)

is that, for each point p in 2, some closest point in OKo to p lies in the quadrant to
which p belongs. l

We denote by [Kj(kAtj)l, j= 1, 2, 3,..., k=0, 1,2,..., approximators to flat arc
length curvature flows [K (t)l beginning with [K (0)1; here Atj 2- for each j. In view
of Proposition 8.2.1, we require that Kj(kAt)= (K(kAt)= TKj(kAt) for each j and
k. We recall the scaling estimates set forth in conclusion (1) of Theorem 3.9 and define
K(k)=At-fl/ZK(kAt) for each j and k (homothetic expansion by factor At;-1/2);
hence each [K(k+ 1)] is an g minimizer for [K(k)] over (i.e., the time step
equals 1).

8.2.2. Dumbbell-shaped barriers. We want to consider regions consisting of two
widely separated large disks joined by a narrow strip. With this in mind we set

A(l, r, s): [2((0, 1), r)U 2((0,-l), r) U [-s, s] [-l, l]

for numbers > r >> s. In our applications, we will take 12 and _-< r =< 3 or At;-/2
times these numbers.

PROPOSITION 8.2.3 (nonshrinking central strips in the dumbbell barriers);
Suppose that [K] is an g minimizer for [K0] over At and that l> r>> s> 32rrAt /2. If
a(l, r, s) f-I Ko , then a(l, r (4vr/r)At, s) ffl K .

Proof It follows from conclusion (3) of Theorem 5.3 that A(l, r-(4rr/r)At,
s-(4r/s)At) fl Ko . Verification of the larger avoidance is based on construction
of comparison curves in the g minimization; details are left to the reader. [3

Analogous statements hold for the image of A(l, r, s) and Ko under any Euclidean
motion or if A(l, r, s)c Ko.

The presence of two large disks at the ends of the strip means that the strip does
not have to shrink to remain a barrier and that the separation persists until the disks
have shrunk.

Proposition 8.2.3, together with conclusion (2) of Theorem 5.4, imply that, if Atj
is small and

K(koAt) f-I A(12, 2, 33vrat)/2) ,
then

K((ko+ k)At) f-l A(12, 1, 33rAt)/2) ,
provided that 2 vrkAtj -< 1. In other words, if, for some j, K(koAt) achieves a horizontal
separation by amount 33rAt)/2 and koAtj is small enough so that K(koAt) is still
disjoint from the disks 2((0, 12), 2) and 2((0, -12), 2), then the horizontal separation
in the K(kAt)’s will persist for additional time at least 1/2yr.

If the separation criterion is stated in terms of the sets Kj*.(k), then horizontal
separation of 33r is sufficient for the separation to persist for time 1/2rr.

8.2.4. Double-sector-shaped regions and retraction functions. We want to consider
regions shaped like two symmetric pieces of pie having vertex angles slightly smaller
or slightly larger than a right angle and also retractions of the plane less the y axis
onto such regions. For this section only, we use polar coordinates r, 0 for the plane.
For a (large) radius R and a (small) perturbation angle -r/8 < w < r/8, we set

X(R, O)) 2((0, 0), R) {(r, 0): either {01<_- /4-,o or [O-rl<-vr/4-w}.
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We define functions :[to]: N2.(y axis)N2, which retract each R disk (with the y
axis removed) onto X(R, to), by requiring for each r and 0 that

’(r, 0) if (r, O)eX(R, to),

r, -to 0- -to if---r r

+to 4 w<O<,

F[](r, 0)= r, + + + -0 if-+ <0<--+,4

+m 2 4

r, 0 m if
-3

+ 4 2

When restricted to each of the half-spaces - < 0 < and < 0 < 3/2, our mapping
F[] clearly is length nonincreasing and is area nonincreasing in case > 0.

We can use the X(R, )’s and F[m]’s to obtain estimates necessary for our
construction.

We denote by ko the smallest integer for which (ko- 1)(4/67) > 33 for use in the
following proposition and additionally below.
Pooso 8.2.5 (small separations grow to big separations). Suppose that

0<</8 and

]( a((0, 0, 00 x(00, a((0, 0,

for some 0 < R < 1 and for k 1, 2,..., ko. en

7( a((o, 0,7
a((7, 0,7-( u a((-7, 0,7-(-

for each k 0, 1,..., ko. In particular,

K(ko) ((0, 0), 100) [-33, 33] x N .
Proo The comparison surface construction used in the proof of pa (5) of

Theorem 5.4 is local and applies to the present case.
Analogous statements hold with m < 0, provided that Ko is replaced by N Ko,

K is replaced by N K, X(S + S, ) is replaced by X(S + S, ) Ko, and so foh.
Pooso 8.2.6 (a sucient condition to keep minimizing K’s inside

X’s). Suppose chat 0 < < /8 and 0 < S <. Suppose also tha KI is an minimizer

for [Ko] over t with K K K. In case

o ((0, ol,sl x(s,

and

[((0, 0,s ((0, 0, s] x(s, ,
then K ((0, 0), S)c X(S, ).

Proo Suppose that [K.I is an minimizer for [Ko] over t with K. K. K.
and with K. X(S + S, ) . Consider as a comparison solid the current associated
with a set K. ((0, 0), S)U N; here N is obtained as follows. Write

F[m].[K {(x, y): x > 0}1+ F[].[K {(x, y): x < 0}1 [NI- [L]
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in accordance with 3.1.4 and take that N1. We check that

(IKo], IKI], fit) < (IKo], IK.I, fit),

contrary to assumption. El
Analogous statements hold with to > 0, provided that Ko is replaced by E2... Ko,

K is replaced by E2.. K, X(S + AS, to) is replaced by X(S + AS, to) Ko, and so forth.
PROPOSITION 8.2.7 (how to satisfy the hypotheses of Proposition 8.2.6). Suppose

that 0 < to < 7r/8 is given and S is chosen sufficiently large so that

S >- l O07r and
47r cos
s/-5 ko + <=-y.

Then there exists 0 < R < S with the following property. Suppose, for a particular choice

of j, that we know that Kj*.(O)f-I[2((O,O),5S)--B2((O,O),R)]cX(5S, 2to). Then
Kj*. (k) f) [[2((0, 0), 2S)--- 2((0, 0), S)] c X(2S, to) for all k O, 1,..., ko.

Proof For points p lying in OX(5S, 2to) f) [e((0, 0), 2S) 2((0, 0), S], denote by
r(p) the radius for which the point q(p)= r(p)nx<ss.2o,) lies in the y axis. Clearly,
S/2<lr(p)l<3S. Since the balls e(q(p),r(p)) now lie outside X(5S, 2to)U
2((0, 0), R) (provided R is small), we can use conclusion (1) of Theorem 5.4 to let
the balls shrink while remaining barriers to the K(k)’s. Our numbers above have
been chosen so that the radii r(p) need shrink by amount no more than Sto/2. [3

PROPOSITION 8.2.8 (initial separation). Suppose that 0< to < 7r/8 is given and S is
the smallest numberfor which

S>_- 1007r
47r toS

and - ko+ 1)<_----.
Then there exists 0 < R < S with thefollowing property. Suppose that KR is an d minimizer

for Ko over 1 with Ko-- Ko ?Ko, KR KR rlKR, and

Ko(-] [B2((0, 0), 5S) 2((0, 0), R)] X(5S, 2to) a2((0, 0), R).

Then

gR -)a2((0, 0), S) X(S, to).

Proof. Corresponding to R 0, we use Propositions 8.2.6 and 8.2.7, together with
part (5) of Theorem 5.4 (as in the proof of Proposition 8.2.5), to infer that, if K. is
an minimizer for Ko over 1 with K, K, rtK. and Kof-) B2((0, 0), 5S)
X(5S, 2to), then K. f3 2((0, 0), S) X(S, to) and

K. f)[2((0, 0), 677r) c 2((677r, 0), 677r 4/67) U a2((-677r, 0), 677r 4/67).

Any sequence of R’s converging to zero must contain a subsequence such the [KR]’S
converge to a minimizing [K,l. From the uniform lower density bound, we conclude
the convergence of the OKR’S to OK, in Hausdorff distance. The remainder of the proof
is left to the reader. [3

8.2.9. An example of nonuniqueness of fiat curvature flows. As indicated above,
we will describe the construction a special initial solid |K] for which there is more
than one flat arc length curvature flow beginning with 0[K ]. The boundary curve C 0K
will resemble a figure-eight curve C lying on its side and passing through the origin
tangent to the lines y +/-x. C will also have the symmetries C :C r/C. First, we
specify small perturbation angles to (-1)2-(1+) of alternating signs. They key to
the construction of C near the origin is selection of special radii S > R > $2 > R2...
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converging to zero; the proposition below asserts that we can make a suitable selection.
Having suitably selected such radii, we construct a symmetric C such that, for each i,

C ["] [[2((0, 0), Si)’-[2((0, 0), Ri)]

=OX(S -t- 1, 2wi)fl [B2((0, 0), Si)---B2((0, 0), Ri)],

while

C VI [2((0, 0), Ri)--- B2((0, 0), Si+l)

is a reasonable interpolation curve. We then extend C outside B2((0, 0), $1) to be a
smooth symmetric curve resembling a figure eight on its side so that, if K(0) be the
bounded region whose topological boundary is C, then K(0) contains the disks
2((12, 0), 3) and 2((-12, 0), 3) and is disjoint from the disks ((0, 12),3) and
2((0,-12), 3).

Corresponding to a suitable choice ofj(1) <j(2) <j(3) <. ., we let O[K(i)(kt()l
be any collection of approximate flat curvature flows for which

K(katj() K(katj()= nK(katj().

We then have the following proposition.
PROPOSITION 8.2.10 (nonuniqueness of fiat arc length curvature flows). It is

possible to choose j( i)’s, S’s, and R’s with which to make the construction in 8.2.9 so
that the following conditions hold.

(1) For all suciently large i’s that are even, our approximating boundary curves
O[Kj((ktj] can be chosen to split horizontally into two pieces, one in the right half
plane and the other in the left halfplane, and this type of horizontal split of the crossing
will persist until the final disappearance of the evolving curves. Furthermore, if O[K t)l
is a flat arc length curvature flow that is the limit of a subsequence of Kj(i)(" )’s in which
the i’s are even, and C(t)= OK(t), then C(t) instantly splits horizontally into at least
two components, which remain separated until the final disappearance.

(2) For all suciently large i’s that are od& our approximating boundary curves
O[Kj()(ktj(i))] can be chosen to split vertically, and near the origin there will be part in
the upper half plane and part in the lower half plane. is type of vertical split of the
crossing will remain at least while k&tj()N 1/2m Furthermore, if O[K(t)] is a flat arc
length curvature flow that is the limit of a subsequence of Kj(i)(" )’s in which the i’s are

od& and C(t) OK (t), then C (t) instantly splits vertically an& in small neighborhoods
ofthe origin, C (t) contain at least two components separated vertically. Vertical separation
near the origin persists for time at least 1/2.

Proo We pickj(1)and0<S <1 such that, if 5S t/2
) S, then S is the smallest

number for which

4
S100 and (ko+l)N.

’/2 2

Associated with this S and with , we choose R < S so that the number A,(l
satisfies the requirements of the number R in Propositions 8.2.7 and 8.2.8. We then
pick j(2) >j(1) and S >> R to satisfy the analogous conditions above. We then sequen-
tially pick R, $3, R3, and so foh. We use Propositions 8.2.5-8.2.8 to establish the
asserted behavior for time at least 1/2. In the case of the horizontal split, we can
additionally use large circle barriers to guarantee that rejoining does not occur.

8.3. How we might construct an initial surface for which there are a continuum of
different flat surface area curvature flows. We take n 3 so that (v) lv is the surface
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area integrand. We suggest how to construct an initial surface S for which there might
be a continuum of different flat curvature flows. The basic idea is to take a figure-eight
curve C as in 8.2, translate it a substantial x distance away from the origin, and then
rotate the image around the y axis to obtain a surface S of revolution. It seems that
careful modification of S near its singular curve (inspired by the construction of 8.2.9
and Proposition 8.2.10) would lead to flat surface area curvature flows, starting with
S, in which there was initial horizontal separation for positive x and initial vertical
separation for negative x. In particular, the type of separation changes from horizontal
to vertical, or vice versa, as we cross the yz plane along the singular curve. This being
the case, we apparently could further modify the behavior of S near its singular curve
so that the plane at which type of separation changes could be any plane containing
the z axis, provided that we used the right subsequence of approximatiors. Much more
elaborate types of splitting patterns also seem to be possible.

Acknowledgments. The authors thank Andrew Roosen and Andrea Sufke for a
careful reading of a large part of this manuscipt and for their suggestions for the
improvement of the exposition.
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FRONT PROPAGATION AND PHASE FIELD THEORY*
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This paper is dedicated to Wendell Fleming on the occasion of his 65th birthday.

Abstract. The connection between the weak theories for a class of geometric equations and the
asymptotics of appropriately rescaled reaction-diffusion equations is rigorously established. Two different
scalings are studied. In the first, the limiting geometric equation is a first-order equation; in the second, it
is a generalization of the mean curvature equation. Intrinsic definitions for the geometric equations are
obtained, and uniqueness under a geometric condition on the initial surface is proved. In particular, in the
case of the mean curvature equation, this condition is satisfied by surfaces that are strictly starshaped, that
have positive mean curvature, or that satisfy a condition that interpolates between the positive mean curvature
and the starshape conditions.

Key words, viscosity solutions, mean curvature flow, front propagation, reaction-diffusion equations
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Introduction. In this paper we study the connection between the weak propagation
offronts (closed hypersurfaces in E N, which propagate in the normal direction with
the velocity depending on the position, the normal vector, and its gradient) and the
phase field theory, as it applies to the study of the asymptotic behavior of reaction-
diffusion equations. More specifically, we study the properties of the signed distance
function to the front; we relate these properties to the level set formulation of moving
fronts, and we present some new, general, and, in some cases, sharp results guaranteeing
the uniqueness of the fronts ("no interior"). Finally, we develop a rigorous justification
of the "phase field" theory.

The study of propagating fronts is very interesting from both the theoretical point
of view as well as for applications (e.g., phase transitions in continuum mechanics,
flame propagation, pattern formation, chemical kinetics, etc.). The strong geometrical
formulation of the motion (which requires smoothness) faces the development of
singularities; the motion can, therefore, be defined only locally in time, which is quite
unsatisfactory for the applications. On the other hand, a weak geometrical formulation
by Brakke [Br] for motion by mean curvature gave rise to nonuniqueness problems,
but resulted in deep regularity results for the motion. More recently, two different
approaches were introduced to deal with these issues, namely, the level set and the
phase field approach. The level set approach, which was put forward by Evans and
Spruck [ESpl] for motion by mean curvature and Chen, Giga, and Goto [CGG] for
general motions, is based on considering the front as a level set (for definiteness the
zero level set) of the solution of a degenerate parabolic partial differential equation
(pde). The phase field approach, suggested by Bronsard and Kohn [BrK] and DeGiorgi
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[D], defines the front as the boundary of the regions where the solutions of certain
(scaled) reaction diffusion equations converge to the equilibria points of the associated
vector field. Both approaches have their own advantages. The level set formulation
provides a large number of analytical tools to study the motion because it allows for
the use of very recent developments of the theory of nonlinear degenerate parabolic
pde’s. The phase field formulation is very indirect but also closely related to (and very
natural for) the applications. A great deal of work in this paper is devoted to justifying
the "phase field" formulation. One way to relate these two approaches is to study the
properties of the distance function to the front; much of the work in this paper is
devoted to this. In fact, we could propose an alternative way to study front propagation
using the distance function. This was done by Soner [So] when the normal velocity
of the front does not depend on its position. We chose not to do so in this paper,
although given what we prove here for the distance function we can easily develop
such an approach. A very intriguing mathematical question arising with the weak
formulation of moving fronts is whether such fronts are uniquely determined by their
initial position (if they are described using the distance function); this is closely related
to whether the level set formulation gives rise to fat level sets. Two sections in this
paper are devoted to studying these questions.

The paper is organized as follows: In 1 we recall the level set formulation and
slightly improve some of the known results. In 2 we discuss the "nonempty interior"
difficulty and give an equivalent characterization. Section 3 is devoted to deducing
some important properties of the (signed) distance to the fronts. In 4 we study the
nonempty interior difficulty. We give some general sufficient conditions and present
some counterexamples. Section 5 provides some uniqueness properties for the distance
function, which will be used in 10. In 6 we discuss the asymptotic limits of
reaction-diffusion equations and the phase field theory. Section 7 is devoted to a formal
derivation of the results. In 8 we briefly review the theory of traveling waves of
reaction-diffusion equations and we formulate our main assumptions. The main results
about the phase field theory are stated in 9; their proofs are given in 10. Finally,
in 11 we present some possible applications and state a few open problems.

1. Geometrical evolution of level sets and degenerate parabolic pde’s. In this section
we recall and slightly generalize the level set formulation presented in Chen, Giga,
and Goto [CGG] (see also Evans and Spruck [ESpl] for motion by mean curvature
and Giga et al. [GGIS]). As mentioned in the Introduction, the underlying idea is to
think of the front as the zero-level set of the solution of a pde. This type of formulation
first appeared in a theoretical work of Barles [Bali on fronts moving with constant
normal velocity. Barles [Bali was motivated by the computational work of Sethian
[Sell for a simple model in flame propagation. Later, Osher and Sethian [OS] exten-
sively used this type of idea to perform numerical computations for different types of
motions and, in particular, motion by mean curvature. Evans and Spruck [ESpl]
provided the mathematical foundation of the level set approach for motion by mean
curvature and Chen, Giga, and Goto [CGG] independently studied motions in the
generality described below.

To better explain the ideas involved, we first present a formal derivation: Let Ft
be a smooth front at time > 0 and assume that Ft ODt, where D, cN is open. The
outward normal velocity V of F at x(Ft) is given by

(1.1) V= v(x, t, n, Dn),

where v is a continuous function of its arguments, n is the exterior unit normal vector
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tO F,, and Dn is its gradient. Furthermore, we assume that there exists a smooth
function u :[2N [0, C) [2 such that

D, {x N u(x, t) > 0}, F,={xRN:u(.,t)=0} and DuOonF,.

A classical calculation yields

u Du
V- n- and Dn=-

IDol
I-

Inserting the above formulae in (1.1) we obtain

u, + F(x, t, Du, D2u) =0,

where F is related to v by

(1.2) F(x, t, p, X)=-Iplv x, t,
Ipl’ Ipl

I-
p

for p e and X e S, the space of N x N matrices. An immediate consequence of
(1.2) is that, for all (x, t)e x (0+), pN, and X e SN, F satisfies

(1.3) F(x, t, Ap, AX +/x(p (R)p)) AF(x, t, p, X) (A > O,/x [2).

Any F that satisfies (1.3) will be called geometric.
For (1.1) to be well-posed, it is also necessary to assume that it is parabolic, i.e.,

that v is nonincreasing in the Dn argument. This translates in terms of (1.2) to F being
(degenerate) elliptic, i.e.,

(1.4) F(x, t, p, X) <= F(x, t, p, Y) ifX_-> Y,

for all (x, t) [2N X (0, --00), p S, and X, Y SN. The fact that F is degenerate (in
fact at least in the p(R)p direction) follows from (1.3). Finally, we point out that F is
as smooth as v with a possible discontinuity at p 0.

The level set approach to front propagations can be described as follows. Given
a closed set Fo in [2N (front at time 0), choose Uo: NN

_
[2 such that

ro {x e: Uo(X) 0},

solve (in the appropriate way) the pde

ut + F(x, t, Du, D2u) --0
(1.5)

u(x, O) Uo(X) on, in [2 x (0, ),

and, finally, define F, (the front at time t) by

(1.6) F, {x [2: u(x, t) 0}.

The main issues associated with such a program are (i) whether (1.5) does have a
global solution allowing to define F, and (ii) whether F, depends only on Fo and not
the form of Uo outside Fo.

The first issue is settled ([ESpl], [CGG]) by considering viscosity solutions.
Viscosity solutions, which turn out to be the correct class of generalized solutions for
first- and second-order fully nonlinear pde’s, were introduced by Crandall and Lions
[CL](see also [CEL] and Lions [Li] for first- and second-order equations, respectively).
Forthe precise definition and some ofthe most recent developments, as well as references,
we refer to the "user’s guide" by Crandall, Ishii, and Lions [CIL]. In what follows
(unless otherwise stated) by solution we will always mean viscosity solution. To avoid
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some technicalities we will denote by (F) a set of some general assumptions needed
for the statement of the next theorem. We will state and discuss these assumptions at
the end of this section. Finally, we will denote by UC() the set of real-valued
uniformly continuous functions defined on .

THEOREM 1.1. Assume (F), (1.3), and (1.4). Then, for any Uo UC(RN), there
exists a unique solution u6 Uc(RN[o, +o)) of (1.5). Moreover, if u and v are,
respectively, sub- and supersolutions of (1.5) in UC(rv [0, +)), then

(1.7) u(., 0)_--< v(’, O) in =:>u <= v in [0, +).

Next we discuss the issue of whether F, depends only on Fo. This follows from
(1.3), which yields that (1.5) is invariant by nondecreasing changes u--q(u). (See
[ESpl], [CGG]).

THEOREM 1.2. Assume the hypotheses of Theorem 1.1 hold and let u, v
UC(rv [0, +)) be solutions of (1.5) such that

and

(1.8)

{x: u(x, o) > o} {x: v(x, o) > 0}, {x: u(x, o) < o} {x: v(x, o) < 0},

Then, for all > O,

and

{x: u(x, O) O} {x: v(x, O) 0},

lim lu(x, 0)1, lim Iv(x, 0)1> O.
Ixl-+ Ixl-/

{x: u(x, t) > O} {x: v(x, t) > 0}, {x: u(x, t) < O} {x: v(x, t) < O}

{x: u(x, t) O} {x: v(x, t) O}

This result justifies the term equation of geometric type for (1.5), since it yields
that the evolution of the level set Fo- F, depends only on F and on the "signs" of
the initial datum in the different regions (which in turn give a sense to the expressions
"inside Fo" and "outside F0") and not really on the choice of the initial datum. Such
a result was first obtained by Evans and Souganidis [ES1] in the case where F is
independent of D:u using representation formulae from the theory of deterministic
differential games. In the generality stated above the result was obtained in [CGG].
Next we present a slightly simplified proof.

Proof. Consider the functions 4 and q given by

ch(t)=inf{v(y,O)lu(y,O)>-t} and d/(t)=sup{v(y,O)lu(y,O)<=t}.

It is immediate that b and q are nondecreasing, lower- and upper-semicontinuous
(lsc and usc), respectively, and

(1.9) b(u(., 0))_-< v(., 0)-< q(u(’, 0)) on RN.

Moreover, the assumptions on u(., 0) and v(., 0) yield that 4 and q are actually
continuous at 0 with 4(0) q(0) 0. Finally, standard regularization procedures imply
the existence of two sequences of nondecreasing and nonincreasing, respectively,
smooth functions (4n), and (qn), such that

(1.10) b sup 4. and
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Since F is geometric, b,(u) and q,(u) are solutions of (1.5). Moreover, (1.9), (1.10),
and Theorem 1.1 yield

4,(u) --< v_<- q,(u) in EN X [0, +c).

Letting n we conclude easily, since, in view of the assumptions on u(., 0) and
v(., 0) and the definition of and , (t) > 0 if > 0 and (t) < 0 if < 0.

We continue by discussing some examples of motions and their related
"geometrical" equations.

In the first example, the hypersurface is assumed to propagate in the normal
direction with velocity v(x, t, n). The geometric equation in this case is

(1.11) u,-v x, , lDul =0 in x (0, ),

with F(x, t, p, M)= -v(x, t, p/Ipl)lpl satisfying (1.3). This type of propagation, when
v c constant, was introduced by Landau as a flame front propagation model and
was studied both analytically and numerically by Sethian [Sel] using (1.11). Then
Barles [Bal] showed the connections between (1.11) and (1.3).

Another very interesting example, both theoretically and from the applications
point of view, is the motion of a hypersurface with normal velocity equal to its mean
curvature. Here (1.5) takes the form

(1.12) Ut--AU+ (D2uDuIDu)=o inN x(O, ),
IDul2

where (. .) denotes the usual inner product in . In this case (1.3) holds for every
A (not only A > 0). This yields that the equation is invariant by any change Equation
(1.12) was studied first numerically by Osher and Sethian [OS] and then analytically
by Evans and Spruck [ESpl]-[ESp4] (see also Chen, Giga, and Goto [CGG], Soner
So], etc.).

Another example of propagations that arise very naturally in the theory of phase
transitions is the case of anisotropic motion where (1.5) is of the form

+lOul =0

for some smooth functions H and , with H convex. Equation (1.13) is studied in
[So] and [CGG]. There are some very interesting models of phase transitions that
yield (1.13) but with H not convex. Following a relaxation process, these problems
give rise to (1.3) but with F discontinuous (in addition to p 0) at ceain directions
in the gradient space. This is the subject of Guin, Soner, and Souganidis [GSS].

We conclude this rather long overview of the level set approach by stating and
discussing assumption (F), which was necessary for the comparison result of Theorem
1.1. Assumption (F) consists of several pas, namely,

(x, t, p, X)F(x, t, p, X) is bounded for bounded (p, X)

(F) and continuous forx, t[0, R], pB(O,R){O}

and IIX R, for all R > 0.

F,(x, t, (x-y), x)- F*(y, t, (x-y), Y) -(Ix-yl( + [x-yl)),

Y S such

(F2)

where w(0+) 0 and for all x, y EN, (0, +c), a _--> 0 and matrices X,
that (ox _v)_-< Ka( -}) for some constant K > 0. Finally,

(r) ,(x, t, o, o)= F*(x, t, O, 0);
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we recall that F* and F. denote the upper- and lower-semicontinuous envelopes of
F, respectively.

The proof of Theorem 1.1 can be found in [CGG]. The arguments of [CGG] can
be, however, slightly simplified by remarking that, since (1.5) is invariant under
nondecreasing changes, it is enough to have a comparison result in BUC(u [0, )),
the space of bounded, uniformly continuous functions. This leads to an easier treatment
of the unboundedness of the domain. In fact, with these assumptions, Theorem 1.1
extends easily to the case where either the sub- or the supersolution to be compared
is discontinuous. Since we will use this remark throughout the paper, we state it as a
separate theorem. (For the definition of discontinuous sub- and supersolutions we
refer to [Is].)

THEOREM 1.3. Assume (F), (1.3), and (1.4). Ifu UC(N x[0, 0(3)) isasubsolution

of (1.5) and v: N X [0, oO) is a discontinuous supersolution, then u(., 0)_-< v(., 0) on
Nyields u(., t) <-- v( ., t) on Nfor all > O. A similar result holds ifu is a discontinuous
subsolution and v UC(N x [0, oo)) is a supersolution.

The final remark of this section is that assumption (1.8) in Theorem 1.2 can be
relaxed to handle the case of unbounded fronts: we only need to assume that for each
a > 0 there exists e > 0 such that

lu(x, 0)l, Iv(x, 0)l--> e > 0 if d(x, Fo) ->- a > 0.

2. The nonempty interior dittieulty. The level set approach seems to avoid all the
geometrical difficulties related to the onset of singularities, etc. The evolution Fo
is well defined and unique. Given this fact, the next natural questions are related to
the regularity of Ft. When N 2 this issue was completely resolved by Angenent [A1],
[A2] (see also the references therein). For N >_-3 the issue is more complicated. In
addition to a local existence result by Hamilton [HI and Evans and Spruck [ESp2]
for motion by mean curvature, there are only partial regularity results (only for motion
by mean curvature) due to Evans and Spruck [ESp3], [ESp4] and Ilmanen [Ill], [I12].

A more basic question is whether F has an empty interior for > 0. In principle,
we expect It to be a hypersurface in u; in view of this F, having interior seems rather
unreasonable. This is related to the nonuniqueness features for the motion of front
described by the distance function, as we will explain in the next section. Before we
continue discussing this difficulty, we give a more precise definition.

DEFINITION 2.1. Let F be the evolution of Fo by the level set approach. We say
that {Ft}__>o is regular if

cl {(x, t): u(x, t) > 0} {(x, t): u(x, t) >- 0} and

int {(x, t): u(x, t) >-_ 0} {(x, t): u(x, t) > 0}.

Clearly if {Ft}t__>o is regular then U ,=>o (Ft { t}) has an empty interior inu [0, ).
Moreover in most examples the later is equivalent to F, having an empty interior for
all => 0. Indeed for motion with constant normal velocity, this follows from the finite
speed of propagation. For motion by mean curvature, it can be shown using explicit
solutions of the form ([x[2+(N-1)t) as barriers.

We continue with a new formulation of the no empty interior question in terms
of whether (1.5) has unique discontinuous solutions, with initial datum ao-]a, where
]A denotes the characteristic function of the set A, and Oo and O are the "inside of
Fo" (i.e., the set where Uo is negative) and "outside of Fo" (i.e., the set where Uo is
positive), respectively. (See the discussion after the statement of Theorem 1.2).

THEOREM 2.1. {Ft}to is regular ifand only if there exists a unique solution of (1.5)
with initial datum ]o-
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In the above statement by a uniqueness we mean that if v, w are two solutions of
(1.5) with the same initial data, then (v)* (w)* and (v). (w)..

Proofof Theorem 2.1. Let u UC(Eu [0, )) be the solution of (1.5) with initial
datum d(x, Fo), the signed distance to Fo, which is normalized to be positive inside
Fo and negative outside. Recall that by Theorem 1.2, it suffices to use d(x, Fo) as an
initial datum to obtain Ft. For e > 0, and a scalar a set

u(x, t)- tanh ((u(x, t)+a)/e),

where tanh (.) is the hyperbolic tangent function, u is also a solution of (1.5) (by
(1.3)). The stability results for discontinuous viscosity solutions (cf. Crandall, Ishii,
and Lions [CIL]) yield that the limit u--lim_.o u is a viscosity solution of (1.5).
Moreover, the properties of tanh yield

1 if u (x, t) > a,

u%(x,t)= -1 if u (x, t) < a,

0 if(x, t) Int {u a}.

For the rest of the points, the value of uo(x, t) depends on the lsc or usc envelope we
consider in the definition of the discontinuous viscosity solution. Now set

tT=limu and _u=limu.
a’o e$o

The above limits are taken in the viscosity sense (cf. [CIL]). The functions tT and _u
are again solutions of (1.5). Moreover,

t)= 1 if u(x, t) => 0
and _u(x,t)= ifu(x,t)>0

-1 ifu(x,t)<0 [.-1 if u(x, t) <- 0"

If {F,},__>o is not regular, tT and _u, are two different discontinuous solutions of (1.5)
with initial datum ]]no-;.

Conversely, if {F,},__>o is regular, let w be a solution of (1.5) with w(., 0) ]no-n
and choose a sequence (bn)n of smooth functions such that b 1 on [0, +), 4" => 0
in , 4n() c [-1, 1] and inf, 4n ---1 on (-, 0). Since w*(x, 0)-< b,(d(x, Fo)) in,
(1.3) and Theorem 1.3 yield w* <- 4,,,(u) in u (0, +c) and

w*(x, t) --<_ -1 inf b,(u(x, t)) on {u < 0}.

On the other hand, (F3) gives

F*(x, t, O, O)= F,(x, t, 0, 0)= 0;

hence, +1 and -1 are, respectively, sub- and supersolutions of (1.5). Therefore,

-1_-< w.=< w*=< 1

and, finally, w* -1 on { u < 0}. The same method shows that w. 1 on { u > 0}, which,
in view of the assumption that {u 0} is regular, identifies w uniquely. [3

By examining the solutions tT and _u, both equal to u in the "empty interior"
case, we see that we switched from the pde formulation of the motion to a "quasi-
geometric" formulation, since the notions of sub- and supersolution are only relevant
on the sets F, =0{(., t)= 1} and _Ft =0{_u( t)= 1}. This is related to the distance
function formulation for the motion, which we explain in the next section.
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3. The properties of the distance function to the moving front. In this section we
study the properties of the (signed) distance d(x, F,) to a front F,, whose evolution
has been defined by the level set approach described in 1. The results we present
here extend the work of Soner [So], who actually used the properties of the distance
function to define the evolution of fronts in the case where the velocity of the front is
independent of the position. Although we could do the same here, we chose not to do
so, since, once the correct definition is given, all the arguments will follow exactly as
in [So]. Another motivation to study the properties of the distance function, in addition
to the fact that this quantity intrinsically defines the front, is that the distance function
plays a central role in studying the fronts generated by reaction-diffusion equations
("phase field theory"), as we will explain in 6-10.

As usual we begin with a closed set Fo in N and assign to it a notion of inside
and outside in terms of the sign of its distance function. Let Fo- F, be the evolution
of Fo defined by the level set formulation. To state the main result we define the
extinction time t*6 (0, +c] for F, by

t* sup { > 0 such that F, }.

Finally, we denote by d the signed distance function to the front F,.
THEOREM 3.1. Assume that {F,},=>o is regular. Then _d d ^ 0 and d d v 0 satisfy,

respectively,

and

(3.2)

_d At- F(x _dD_d, t, D_d, D_d) <= 0 in x (0, t*)

d + F(x d-Dd-, t, Dd-, D2d) >= 0 in ,N (0, t*).

Moreover,

(3.3)

and

(3.4)

-( D2_dDd_ D_d <= O in {_d <0}

Remark 3.2. The assumption that F, has empty interior was made only to simplify
the presentation. In fact, when F, is not regular we can show that (3.1)-(3.4) still hold
when d is replaced with appropriate functions. Indeed let F, =0{x: fio(x, t)= 1} and
F_, =0{x: _u(x, t)= 1}, where _uo and are defined as in the proof of Theorem 2.1.
Then (3.1), (3.3) and (3.2), (3.4) hold true for d(x,F,) and d(x,F_,). This again is
related to the connections between the nonempty difficulty and the nonuniqueness in
the weak geometric and distance function formulations of motions. For a detailed
discussion of these connections we refer to [So].

Remark 3.3. We can read the speed of the moving front from (3.1) and (3.2).
Indeed, if we know a priori that the front moves along its normal direction and if d
is assumed to be smooth, then

dt + F(x, t, Dd, D2d) 0 if d O,

which, in view of (1.1), yields V= v(x, t, n, Dn)= -F(x, t, n, Dn).
Remark 3.4. We cannot expect that d will solve a pde like (1.5) as it can be

observed by a direct calculation if everything is smooth. The term x-dDd in (3.1)
and (3.2) has a geometric meaning. Indeed, if x F,, then x- dDd F,.

-(D2dDdlDd)>:O in
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Proof of Theorem 3.1. We only prove (3.1) and (3.3); (3.2) and (3.4) can be
obtained by similar arguments. To this end, observe that for each k > 0 the functions

0 ifu(x, t)= 1,
Wk(X, t)

-k if uo(x, t)=-l,
0are solutions of (1.5), where u u is defined in the proof of Theorem 2.1. We next

introduce the function

An easy calculation yields

#t,(x, t)=Sy?pN {Wk(y, t)--lx--Yl}.

ff;k(X, t)= max (_d(x, t),-k).

On the other hand, standard arguments from the theory of viscosity solutions (cf. Lasry
and Lions [LL], Jensen, Lions, and Souganidis [JLS]) yield that #k is a subsolution
of (1.5). The inequalities (3.1) and (3.3) then follow easily when d 0. If d =0, we
must observe that 12k Wk in NN X (0, oe) and if lk(X t) Wk(X, t) at some point (x, t),
then D2’+ffk(X, t) c D2’+Wk(X, t); the last inclusion being exactly what is needed at
d 0. Letting k- oe completes the proof.

4. When is the empty interior condition fulfilled? We hope that it has been become
clear by now that settling the empty interior condition, is of great importance, since it
may lead to some rather unintuitive situations. Unfortunately, if no conditions are
imposed on Fo, interior may be created for > 0. See, for example, Evans and Spruck
[ESpl], Soner [So], and Ilmanen [Ill] for some simple examples in this direction for
motion by mean curvature. However, it can be argued that the interior in the examples
of [ESpl] and [So] is due mainly to the fact that the initial data are not smooth, which,
in turn, yields that the normal direction is somehow not well defined. This, of course,
raises the question of finding some necessary and sufficient conditions of Fo so that
no interior is created. We will address this question below for the case of first-order
and second-order motions whose geometric pde’s are of the form

(4.1) u, + a(x, t)lDu 0 in N X (0, 00)

and

(4.2) u, + F(Du, DZu) =0 in NN X (0, ),

with initial datum

(4.3) u(x, O) d(x, Fo) in N.
Throughout this section we will assume that

(4.4) Fo O{x N. d (x, Fo) < 0} O{x " d(x, Fo) > 0}

which, in particular, implies that Fo has no interior.
THEOREM 4.1. Assume (4.3), (4.4), a wl’(NN x (0, T)) (VT> 0), and that either

(i) a does not change sign in RNx (0, +o0) or (ii) c is independent of t. Then F,=
{x" u(x, t)=0} is regular, where u UC(N x (0, oo)) is the solution of (4.1), (4.3). In
particular F, has empty interior.

Theorem 4.1 is almost sharp. Indeed at the end of this section we will give an
example of a(x, t) which changes sign and F, develops interior. We do not, however,
know whether interior is created if a =-a(x,p/[p[) changes sign. (The case. where
a(x, P/IPl) > 0 was treated in [Sor].)
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Proof of Theorem 4.1. We present here the proof only in the case of (ii) since (i)
is obtained by similar and even simpler arguments. In view of Theorem 2.1 and the
discussion after Definition 2.1, it suffices to prove the uniqueness of discontinuous
solutions of (4.1) with the initial datum

u(.,0)=ao-a in’N,

where 12o(X: d (x, Fo) > 0}. To this end, we first claim that we can examine the situation
separately in the sets

OI--{xNIoI(x)>O} and O={xRNIa(x)<O}.
A formal argument to understand why this claim is true consists in looking at the
optimal control interpretation of (4.1) and in remarking that the paths of the dynamics
starting from a point in O1 (or O) can never reach the boundary of O (or O2). To
justify this argument completely, we adapt some arguments introduced by Barron and
Jensen [BJ1] (See also Barles [Ba2]).

Let u be a solution of (4.1) and consider the function u: O x [0, +oo) - N given
by

u(x, t)= inf {u(y, t)+ e-’tlx-yl
yeO ea(y)

Combining classical (in the context of viscosity solutions) computations with the
arguments of [BJ1], we easily show that u is an approximate subsolution of (4.1) in

O1 x (0, +) for 3’ > 0 large enough. Moreover, u is continuous and satisfies

u (., O) _-< ao- la; on 01.

If v is another solution of (4.1) and (4.3), we claim that, as e-0,

u<=v.+o(1) in 01 x [0, +o).

Indeed, we perform the usual uniqueness arguments for viscosity solutions with a test
function O: (01 x (0, +)) x (01 x (0, +oe))- N given by

O(x, t, y, s) u (x, t) v.(y, s) Ix YI 0 Ix[2+lyl2+ +
t (x) (y)’

where fl and 0 are small parameters. The only slight new point comes from the term

(x)
+

ce(y)

which takes care of the lack of boundary condition on 001 (0, +). We leave the
rest of the routine but tedious details to the reader.

Remark 4.2. An alternative way to understand the comparison result in the proof
of Theorem 4.1 is to say that (4.1) holds up to the boundary of O1 (0, +). Indeed,
let u by a usc subsolution of (4.1) and assume that (x, t)001 (0, +) is a strict
local maximum of u-4 for some smooth 4. The function

0
(y, s)-u(y, s)-c(y, s)-

o(y)

attains a maximum at (yo, so)(x, t) as 0-0. Evaluating (4.1) at (yo, so) and letting
0 - 0 yields the result.
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We next turn our attention to the case of the motion governed by (4.2); the typical
example here being motion by mean curvature. We will be making the following
additional assumption on F:

(4.5) F( txOtp, la,:OtXQ)= /.t2F(p, X)

for all x > 0, p En, X SN and Q ((N), where O’ is the adjoint of O and (N)
is the group of N N orthogonal matrices (Qt= Q-).

THEOREM 4.3. Assume that (1.3), (1.4), and (4.5) hold and that Fo is of class C2.
In addition, assume that there exist nonnegative constants ci 1, 2, 3), a skewsymmetric
matrix H, and Xo EN such that

(4.6) c(x-xo) Dd(x)+c2H(x-xo) Da(x)-c3F(Da(x), D2s(x)) 00n Fo,

where d is the signed distance to Fo. Then the set t_J ,>o (Ft {t}) has empty interior in
u (0+o).

The left-hand side of (4.6) is the generator of rotation, dilations, and translations
in (x, t) evaluated at =0 on Fo. Condition (4.6) includes as special cases results of
Ilmanen [Ill] and Soner [So] for motion by mean curvature. On the other hand, (4.6)
is not necessary. Indeed, recent work of Soner and Souganidis [SS] (see also Altschuler,
Angenent, and Giga [AAG]) for bodies of rotation moving by mean curvature shows
that there exist smooth Fo’S which do not satisfy (4.6), but their evolution never develops
interior. It follows, however, that (4.6) holds near the singularities of F, [SS]. This is
related to a conjecture of DeGiorgi [D]. A related observation is that if (4.6) holds at
a later time, this again yields no interior. For the case of mean curvature, Evans and
Spruck [ESp4] also showed that under some assumptions on Fo, almost every level
set of the solution of (1.12) does not develop interior. Finally, at the end of this section
we give an example where interior is created if the velocity depends on t.

Proof of Theorem 4.3. Let u UC( +(0, oe)) be the unique solution of (4.2)
and (4.3) and, for h > 0, define the function

Uh(X, t)= (U((1 + Clh e c2hl (X-Xo)+ Xo, (1 + ch)t + c3h))

where is some increasing smooth function with q(0)= 0 to be chosen later. In view
of (1.3) and (4.5), Uh is also a solution of (4.2), since H being skewsymmetric yields
Q ec2hH (N). Moreover, if h is small enough, there exists some r/> 0 such that

(4.7) [u(’,0)-uh(’,0)l >-rlh onion.

Assuming for the moment (4.7), we observe that Theorem 1.1 yields either Uh <= U- qh
or uh=<u+r/h in NNx(0, ee). If U,>o(F,x{t}) has interior, either of the above
inequalities, however, yields a contradiction, for if u 0 in some neighborhood of a
point (Xo, to), then so does Uh for h sufficiently small.

We return now to the proof of (4.7). We first observe that we may choose so
that we only need to check (4.7) in a small neighborhood of F0. But for a suitable
choice of such a neighborhood u is smooth. We can therefore perform the expansion

u((1 + c,h) ec2" (X-Xo)+ Xo, c3h) u(x, 0)+ h(c,(x-xo) Du(x, O)

+ c2H(x-xo" Du(x, 0)+ C3Ut(X 0))-{’- o(h).

Using (4.6), that u(x, 0)= d(x), and the fact that the equation holds for small t>0
(since Fo is smooth) we conclude the proof.
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In fact, with a modification of the above proof, we can prove that F, is regular.
We leave this modification to the reader.

We continue with an example of interior for a motion governed by (4.1).
PROPOSI’rON 4.4. Consider (4.1) in (0, ) with a(x, t) x- t. There exists an

interval I (fl, y) such that the evolution Fo F has nonempty interior at some to> 0,
where Fo 0L

Proof In view of Theorem 2.1, it suffices to show that there exists I such that the
equation

ff u, + (x t)lul- 0 in x (0, c),
(4.8)

u(x, 0) (, ,) (x) on ,
has more than one solution. To this end, choose Xo > 0, solve the forward and backward
ordinary differential equations (ode’s)

(t) +a(X+/-(t), t) with X+(xo)= Xo,

and set /3 =X+(0), r/= X_(0), and 1=(/3, r/). We will compute the minimal and
maximal solution of (4.8), using the control interpretation of this equation. Indeed,
consider the dynamics given by

gx(s) a(yx(s), s)v(s), yx(t) x,

where v(. L((0, +), [-1, 1]) is the control process. Following Barles and Perthame
[BaP] or Barron and Jensen [BJ2], we can prove easily that the minimal and maximal
solution of u, + (x-t)lux1-0 in 111 {x > t} are, respectively,

u.(x, t)= inf u,(y,(O), 0) and u*(x, t)= inf u*(yx(O), 0),
v(.) v(.)

where u(x, 0) (i -]xc) (x). It is easy to see from the above formulae that u. =-1 on
{(x, t): x t}, u* -1 on {(x, t): x t}\{(Xo, Xo)} and u*(xo, Xo) 1. We now turn our
attention to f2 {(x, t): x < t}. Here the maximal and minimal solutions are, given by,
respectively,

and

fi(x, t) sup {-]=, + u*(y,(z),
v(.)

_u(x, t) sup {-]=t + u,(y,(z),
v(.)

where, for each v(.), r is the exit time from -2" It follows that, while
fi equals 1 at each point (x, t) f for which the trajectory y may reach the point
(Xo, Xo). It is easy to check that the set of these points is exactly the region {(x, t) f2"
X/(t) _-< x -_< X_(t)} which has a nonempty interior.

Since (4.8) has a nonuniqueness feature, we conclude by Theorem 2.1. l-1
The next example of nonuniqueness corresponds to volume preserving mean

curvature flow. The derivation of this motion and its significance for applications is
discussed in 11.

Let Fo be the union of three disjoint circles in Re, i.e., Fo=
OB(x,Ro)k_JOB(x,Ro)k_JOB(x3, ro), with x(i=1,2,3) to be chosen later and
0 ro < Ro. We consider the motion of Fo with normal velocity

V=-div(Dn)+a(t) (t> 0),



FRONT PROPAGATION AND PHASE FIELD THEORY 451

where a(t)=27rN(t)L-l(t), N(t) and L(t) being the number of disjoint parts of Ft
and its length, respectively. In view of this explicit formula, at least for small time,

F OB(x, Rt) [._J OB(x2, Rt) [..J OB(x3, rt),

where Rt, rt satisfy the ode’s

t -Rt-1 + o(t) and i* --rt
1- + a(t) with a(t) 3(2Rt + rt) -1.

Let tl sup { > 0 such that rt > 0}. The form of Ft above is valid for all (0, q). Since
t is independent of the choice of the xi’s we can choose xl and x2 so that Ix1- x2]-- 2Rt,.
In view of this choice,

Ft, OB(x,, Rt,) U OB(x2, Rt,),
with the two circles touching at a point. There are two possible evolutions for t_>-t
depending on whether we think of F, as one set or two separate ones. In the first case
Ft moves with a(t) 27r (length (Ft))- and actually converges to OB((x + x2)/2, Ro),
as t-, where R=(2R+ r)/2. In the second case, Ft remains stationary (i.e.,

-1 for t>t)ce( t) Rtl
We conclude the discussion about the "nonempty interior" difficulty with a general

comment for the t-dependent velocities. It appears that we cannot hope to have a
general theorem guaranteeing no interior without making very severe restrictions on
the t-dependence of the normal velocity. The reason for this claim is the following.
In principle, all motions have some "pathological" situations, where interior develops.
We can take any such motion, perturb its velocity by a time dependent forcing term
so that to drive the front to the pathological situation, and then simply turn off the time.

5. Uniqueness results for the distance function formulation. As mentioned in 3,
we can have a weak formulation of the propagation of a front in terms of whether the
signed distance to the front satisfies the inequalities (3.1) and (3.2). A natural question
to ask is whether (3.1) and (3.2) are enough to identify the distance function uniquely,
i.e., if z satisfies (3.1) and (3.2) and z(x, O) d(x, Fo), is it true that z-= d? In addition
to being a natural mathematical question to ask, having such information simplifies a
lot some of the analysis of the "phase field" theory.

In the following, and only to considerably simplify the presentation, we will only
consider the equation

( (D2uDu, Du))(5.1) u,- o An IDul- + a(x, t)]Du[ 0 in [u x (0,

with the initial datum

(5.2) u(x, O) d(x, Fo) in N,
with 0-->0 and a W’(N x (0, oo)). (Some of the arguments and the conclusions
below hold if 0 O(x, t) (under some assumptions) as well as for anisotropic motions.
We will discuss these situations elsewhere.)

As before, we denote by F, {x: u(x, t)=0}. Theorem 3.1 and the discussion
following it say that the functions dl= d(x, F,) and d2-- d(x, F_t) (where F,
O{x" u(x, t) > 0} and _I’, O{x" u(x, t) >= 0}) satisfy the inequalities

(5.3) z,-OAz+a(x-zDz, t)<-O, 1-lDz[ =0 in {z<0}

and

(5.4) z,- OAz + ce(x zDz, t) >= O, IDzl 1 0 in {z > 0}.
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Of course, if the no-interior condition holds for every > 0, (5.3) and (5.4) are satisfied
by d d(x, F,). The inequalities in (5.3) and (5.4) are a combination of (3.1) and (3.3)
and (3.2) and (3.4), respectively, as they apply to (5.1). On the other hand, the equalities
in (5.3) and (5.4) follow from the differentiability properties of the distance function
and the definition of viscosity solutions.

Next we look into the converse of Theorem 3.1, i.e., we are interested in whether
(5.3) and (5.4) identify z as the distance function.

TIqEOREM 5.1. If the usc (respectively lsc) function z satisfies (5.2) and (5.3)
(respectively (5.2) and (5.4)), then

(5.5) z<=d2 in {z<0}{d2<0},

(5.6) z>-dl in {z>0}{dl>0},

respectively. If z satisfies (5.2)-(5.4) and {F,}t__>o is regular, then

(5.7) z(x, t) d(x, F,) in

Proof The proof is based on the following two lemmas.
LZMMA 5.2. Ifz is USC (respectively lsc) and satisfies (5.3) (respectively, (5.4)), then

z is a subsolution (respectively supersolution) of

(5.8) zt-O(Az-(D2zDz’ Dz))i-D-zl5 / (x zDz, t)lOzl 0

in {z < 0} (respectively, {z > 0}).
LEMMA 5.3. If a use (respectively lsc) function z satisfies (5.3) (respectively (5.4)),

thenfor C large enough, z_ et(z ^ O) (respectively e’(z v 0)) is a subsolution (respec-
tively supersotution of (5.1).

We first conclude the proof of the theorem and then prove the lemmas. We proceed
by proving (5.5), since (5.6) follows in a similar way. To this end, observe that, since
_z (defined in Lemma 5.3) is a subsolution of (5.1), Theorem 1.2 yields _z=<u ^0 in
N (0, ); recall that u ^ 0 is still a solution of (5.1), since (u) u ^ 0 is an increasing
change of u. So, if u <0 (or, equivalently, if d2 <0), z <0 and the proof of (5.5) is
complete.

Finally, if {Ft},__>o is regular, then dl d2--d and (5.5) and (5.6) yield

{z < 0} {d < 0}, {z > 0} {d > 0} and {z 0} {d 0};

therefore, z d by the uniqueness results for the equations Dz[- 1 0 and 1 -[Dz O,
respectively, in {z > 0} {d > 0} and {z < 0} {d < 0}.

We now return to the proofs of the lemmas.
ProofofLemma 5.2. We only treat the case of a usc z that satisfies (5.6); the other

case is proved similarly. Since z is usc, the set f--{z < 0} is open. Moreover, z being
a solution of 1-IDzl--0 in f, {x" z(x, t)< 0} for all t> 0, yields

z(x, t)=sup{z*(y, t)--lx-yl" yf,},

where z*(y, t) lim supFt,y’--,y z(y’, t). This formula implies that z is locally semiconvex
with respect to x, i.e. O2z/Ox2> -C in 12, for all unit vectors X N. Next we define
the e-supconvolution z of z in f with respect to by

z (x, t) sup ( z(x, s) s)2}(x,s)f
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It follows easily that, for (x, t) belonging to compact subset V of f and e > 0 small
enough, the supremum is actually achieved in f (and not on 012) and that z satisfies

(5.9) 1-[Dz]=0 and z-OAz+(x-zDz,t)<--Ce in V,

where C depends only on the Lipschitz bound of ce. Let (Xo, to) f be a strict local
maximum of z-b in f for smooth 4 and take V f in (5.9) to be a neighborhood
of (Xo, to). Since z - z, there exists (x, t) V maximum points of z- b, such that
(x, t)-(Xo, to) as e-0. Now we use Alexandrov’s Maximum Principle-type argu-
ments, brought in the theory of viscosity solutions by Jensen [J]. More precisely,
Lemma A.3 of [CIL] implies the existence of X SN such that

(5.10) (,(x, t),Dqb(x, t),X)JZ’+z(x, t) and -K <-_X<-_D,ccfl(x, t),

for some constant K, which is related to semiconvexity constant of z and, therefore,
of z in V; the upper bound on X comes from the Maximum Principle. (We refer to
[CIL] for the definition of j2,+.) Also we claim that XDd(x, t) =0. Indeed, since

IDz almost everywhere, 2 eOzeDxxz 0 at any point where z is twice differentiable.
On the other hand (cf. [CIL, Lemma A.3]), XDch(x, t) is obtained as a limit of
DZxzDz evaluated at nearby points. Finally, recall that Dch(x, t) Dz(x, t), since
z is differentiable at maximum points of z-b (again due to the semiconvexity).

Inserting all the information in (5.9) we obtain

ID[: ] + (x-D, )- C,

where in the two inequalities above, z and b and its derivatives are evaluated at
(x, t). Letting e- 0 we conclude, the proof.

Proof of Lemma 5.3. We again only present the proof in the case that z is a usc
subsolution.

If c is larger than the Lipschitz constant of a, Lemma 5.2 implies that ee’z is a
subsolution of (5.1), since Dzl 1 yields

(x zDz, t) >- (x, t) cz (x, t)lDzl cz.

To conclude let (q,), be a sequence of smooth functions such that q, (t) 0 if >_- 1 / n,
q/, =>0 and q/, 1 uniformly on compact subsets of (-, 0]. Using the preceding
lemma, it is easy to check that d/,(ee’z) is a subsolution of (5.1). Letting n o we
conclude, since q,(e’z) et(z A 0).

6. Asymptotic limits of Reaction-Diffusion equations-Phase field theory. Reaction-
diffusion equations of the form

(6.1) b,- Ab +f(x, t, 4’)= 0 in

arise naturally in many areas of applications, such as phase transitions, flame propaga-
tions, pattern formations, chemical kinetics, etc. In most of these applications, fronts
develop for large times as the boundaries of the regions where the solution b of (6.1)
converges to the different equilibria of the vector field f (cf. Fife [Fi]). For a discussion
of some cases where the solutions of (6.1) converge to the different equilibria off we
refer to Aronson, and Weinberger [ArW], Fife and McCleod [FiM], etc. The main
issue is to identify the rate at which 4) converges to the different equilibria. For this,
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we must have a better understanding of the fronts and, in particular, the way they
propagate. In the case f(x, t, b)=f(b), formal results of Fife [Fi] and Caginalp
[Cal]-[Ca3] imply that the fronts propagate with normal velocity

(6.2) V= ce +-K + O (t >> 1),

when K denotes the curvature.
Our goal here is to justify (6.2) rigorously in the generality of (6.1). One way to

do this is to scale 4 so as to capture the different terms in the asymptotic expansion
(6.2). To obtain the first term, the appropriate scaling is (x/e, t/e). If a =0, we then
go to the next scaling (x/e, t e2). These considerations give rise to singular perturbation
problems of the form

(6.3) ;-e+f(x,t,)=O in=(0,+)

and

(6.4) qbT-A4)+l-f(x,t, dp)xO in Ru x (0, +eo),
E

with initial data

(6.5) b( ., 0)= b(.) on

Here 4 is a given function that initializes the front and f is some approximation
of f Singular perturbation problems of the form (6.3) and (6.4) are of independent
interest for they also arise in models with slow diffusion and fast reaction, in phase
transitions, etc.

In the following we study the behavior, as e- 0, of (6.3) and (6.4) under the
assumption that 4-f(x, t, 49) is a "cubic-type" nonlinearity, i.e., it has two stable
and one unstable equilibria. Typical examples off are

(6.6) f(x, t, q)=Z(q-etx(x, t))(q2- 1),

(6.7) f(x, t, q)= 2(q-/x(x, t))(q2- 1),

and

(6.8) f(x, t, q)=2(q-tx)(q2-1)+eO(x, t),

where 0,/xe WI’(N" x [0, +oe)) are given and/x takes values in (-1, 1).
To simplify the presentation, we restrict ourselves to problems where the second-

order operator is the Laplacian, although all the arguments can be modified to apply
to more general elliptic operators (under, of course, suitable hypotheses). This will be
addressed in the future. Finally, we remark that the case where f is of "quadratic"
type (i.e.,f has one stable and one unstable equilibria) has been studied by probabilis-
tic methods by Freidlin [Fr] and, in greater generality, by pde-type techniques by
Evans and Souganidis [ES2], [ES3] and Barles, Evans, and Souganidis [BaES]. The
latter work actually studies a general system of reaction-diffusion equations.

We conclude this section with a brief discussion of the "phase field" approach
to study propagating fronts. This consists of first studying the behavior of b as e - 0
in (6.3) and (6.4) and then defining the propagating front as the boundary of the
regions where the b’s converge to the different equilibria of the vector field. The
advantage of this approach, which is rather indirect, is that it avoids any discussion
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of the empty interior and the nonuniqueness difficulties at least at first glance provided
of course that such a convergence can be proved. However, it will become apparent
below that the convergence is closely related to the interior issue. Perhaps another
advantage of the phase field approach is that it allows other numerical methods. This
way to study motion by mean curvature was proposed by Bronsard and Kohn [BrK]
and DeGiorgi [D]. A byproduct of our analysis in the following sections is that the
phase field formulation is equivalent to the level set and distance function ones, taking
into account the nonempty interior difficulty.

7. Formal discussion. In this section we discuss, in a formal way, the essential
mathematical difficulties involved in the study of (6.3) and (6.4). To simplify the
arguments, we consider the special case

(7.1) f(x, t, q)=fo(q)-eO=2(q-tx)(qZ-1)-eO (0).

We begin observing that, for sufficiently small e >0, there exists h%(0)< h(0) <
h

_
(0) such that

Set

f(x, t, h_(O))=f(x, t, h;(O)) f(x, t, h_(O)) =0.

m(O)=h_(O)-hL(O),

(7.2) q(r, 0)= hL(O)+ m(0) (1 +exp (-m(O)[r+ r(O)]))-l(rN),

c(O) 2h;(0)- h_(O)- h%(O),

where r(O) is chosen so that q(0, 0)= h;(O). A straightforward calculation yields

qrr+C(O)q;=fo(q)--eO(7.3)

with

(7.4) lim q(r, 0)= h. (0);

in other words, q is the traveling wave corresponding to the nonlinearityfo- e0, which
travels with speed e(0). Indeed, if we set

(,t)=q(-e(O)t) inNx(0,),

then

,-=fo()- e0 in x (0, ).

In fact, for any "cubic-type" nonlinearity, there exists a unique pair of traveling wave
and speed satisfying (7.3) and (7.4). A detailed discussion of this fact as well as
references will be given in the next section.

We now return to (6.3) and write the solution as

=q(,0) inNx(0,).

A simple calculation yields

1
-q;[zT- ez + c(0)]

1
q;(lDz[2 1)=0 in NN X (0, )

where q and q are evaluated at (z / e, 0).
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Analyzing the two terms in the above equation separately, as e 0, we formally
conclude that IDze 1 and, therefore,

z (x, t) signed distance function of x to F,,

where F, is the interface, and

z,-eAz+c(O)=O on F,.

Since h;(O)= lz + eO(f[(lx))- and h:(O)= +l + eO(f[(+l))-, (7.2)yields

lim c (0) 2
0

Therefore, always formally, F, moves with normal velocity V=-2/z. The geometric
pde that gives F, as the zero level set of its solutions is

u, + 2txlDu 0 in [N x (0, o).

In view of the discussion in 6, to consider (6.4) with the vector field f given
by (7.1), we must assume/x-0, i.e.,

f(x,t,q)=Zq(q2-1)-eO.
Proceeding as for (6.3) above, we write

b q(-, 0)in N x (0, c)

and find

lq;[zT_Az+e_,c(O) lzq;r(lDz12 1)=0 inN(0, o),
F E

where q7 and q rr are evaluated at (z/e, 0). Arguing as before, we find (formally) that
z(x, t)signed distance function from x to F,, where F, is the interface, and

zT-Az+e-c(O)=O on F,.

Using the expressions for h(O), h.(O) and (7.2) we find

lim e- c (0) -- 0.
e-0

Therefore, always formally, F, moves with normal velocity

V mean curvature + 0.
The corresponding geometric pde is

( (D2uDulDu)) 3
in N (0,

8. Traveling waves. Here we discuss the existence and the general properties of
traveling waves for functions uf(x, t, u), which have the property that, for a and
e small, the function uf(x, t, u)-ea behaves like a "cubic function" of u. More
precisely, we assume that, for a and e sufficiently small, the equationf (x, t, u)- ea =0
has exactly three zeros: h(x, t, a) < h(x, t, a) < h_(x, t, a). Moreover, we assume that

f(x,t,.)-ea>O in(hL, h;)U(h_,+oo),

f(x,t,.)-ea<O in(-oe, h__)U(h;,h_),

f,(x, t, h.)>= y>O,

with 3’ independent of (x, t, a, e).
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Since, for fixed (x, t, a, e), the function u-f(x, t, u)-ea satisfies the hypotheses
of Aronson and Weinberger [ArW] and Fife and McLeod [FiM], there exists a unique
pair (q(r, x, t, a), c(x, t, a)) such that

qr(r,x, t, a)+c(x, t, a)q;(r,x, t, a)=f(x, t, q(r,x, t, a))-ea(8.2)

and

(8.3) lim q(r,x,t,a)=h,(x,t,a) and q(O, x, t, a) h)(x, t, a);

the second part of (8.3) is necessary to fix q since (8.2) is invariant under translation
in r.

We continue listing a set of technical assumptions that we will be making on
(q, c). We then verify these assumptions for a particular class of f’s, which arise
naturally in applications. To this end, we assume that, as e- 0,

(8.4)

(8.5)

and either

(8.6)

or

(8.7)

q and c depend smoothly on (x, t, a),

h(x, t, a) h+/-(x, t, a), h;(x, t, a) ho(x, t, a),

c(x, t, a)-ce(x, t, a)

-e-’c(x, t, a)- ce(x, t, a), if c(x, t, a)O,

with all the limits local uniform in (x, t, a). Moreover, if

a(x, t)= ce(x, t, 0), h+/-(x, t)= h+/-(x, t, 0), and ho(x, t)= ho(x, t, 0),

we assume that there exists K > 0, independent of (x, t), such that, for e and a small
enough and all (x, t),

(8.8) Ice(x, t)- a(y, t)[ _-< glx-y[.

If (8.7) holds, we also assume

(i) ]h+/-,-ah+/-l <_- K
(8.9) (ii) lim sup [elqTl+elaql+lDqrl]=O

eO (x,t,r,a)

(iii) -l lqr(r, x, t, a)] + l-Tlq;(r, x, t, a)l <= K e-K/ for all Irl>_-,

Finally, for all (x, t) and e, a sufficiently small, we assume

(8.10) q_>-0 and q]>=0.

Next we present an example where the above hypotheses hold true. Indeed,
consider

(8.11) f(x, t, q)=2(q-tx(x, t))(q2-1)-eO(x, t),

where 0’NUx (0, oe)-[ is a given function. Let h;, h,, q and c be as in 7 for
each (x, t) and define

h;(x, t, a)= h;(O(x, t)+ a), h.(x, t, a)= h(O(x, t)+a),

q(r, x, t, a)= q(r, O(x, t)+ a),

and

c(x, t, a)= c(O(x,t)+ a).
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It is immediate that (8.4) holds (if 0 is smooth) and that (8.5) holds with h+/-(x, t, a) +1
and ho(x, t, a)=/.t; (8.6) holds with c(x, t, a)= 2/.t(x, t)where/ lim_o % If/.t(x, t)=
0, then (8.7) yields a(x, t, a)=(O(x, t)+ a), provided that O(x, t)- O(x, t) uniformly.
In view of the above, (8.8) needs

(8.12) ]O(x, t)-O(y, t)[Klx-yl or ]/(x, t)-tz(y, t)[-K[x-yl

To conclude, using the explicit formulae in (7:2) we compute

D,q qo 0,, Dxq qoDxO, Axq qoAxO + qoo[D)O] 2.
Since Iqo] <--eK and [qoo] <--e2K for some K > 0, (8.9) (ii) holds if 0 is such that

(8.13) lim e[sup
eo (x,t)

For (8.12) and (8.13) to hold, it suffices to assume that

(8.14) (0)>o is uniformly bounded in C2’1(N [0, 00)).

Finally, (8.9)(iii) and (8.11) hold provided 4e]0l-< 1, which follows from (8.14) for e

small.
We conclude this section observing that similar computations are possible for

(8.15) f(x, t, q)=Z(O(x, t)q-t.t(x, t))((O(x, t)q)2-1).
9. Asymptotic behavior of reaction-diffusion equations; the main results. We next

state our main theorem about the behavior of the solution b of (6.3) and (6.4). To
study (6.3) we consider f’s that satisfy (8.1)-(8.6) and (8.8) and (8.10). For (6.4) we
will consider f’s such that (8.1)-(8.5) and (8.7)-(8.10) hold. In either case, we will
denote by (q(r, x, t), c (x, t)) the pair of traveling wave and speed which corresponds
to f and we will assume

(9.1) a(x, t, a) >- a(x, t) for all a>0.

Throughout the discussion below we will be assuming that

(9.2) ck (x, O) q(d(x’ F) ),x, 0 on N,

where F0 is a closed set in N. The last assumption can be weakened at the expense
of rather lengthy arguments. We will address this issue elsewhere.

In view of the (formal) discussion in 7 we expect that the limiting behavior of

b will be governed by the geometric pde’s

(9.3)
for (6.3) and

u,-a(x,t)]Du]=O in(O, oo)

[Du]- -a(x, t)[Du] 0 in N (0, 0o)

for (6.4), with (by (9.2)),

(9.5) u(x, O) d(x, to) on N.
THEOREM 9.1. Let b be the solution of (6.3), (9.2) with f satisfying (8.1)-(8.6)

and (8.8), (8.10), and (9.1). If u is the solution of (9.3), (9.5), then, as e-O,

(i) qb(x, t) h+(x, t) ifu(x, t)>O,
(9.6)

(ii) b(x, t)- h_(x, t) ifu(x, t)< O,

with the limits locally uniform in {(x, t) u(x, t) 0}.
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THEOREM 9.2. Let qb be the solution of (6.4), (9.2) withf satisfying (8.1)-(8.5),
(8.7)-(8.10), and (9.1). If u is the solution of (9.4), (9.5), then, locally uniformly in
{(x, t): u(x, t) 0}, as e 0

(i) ch(x, t) h+(x, t) if u(x, t)>O,
(9.7)

(ii) 4 (x, t) h_(x, t) if u(x, t) < O.

In the special case where f(x, y, u)= 2(u-/x)(1-u2), Barles, Bronsard, and
Souganidis [BaBS] studied the limiting behavior or of the solutions 4 of (6.3). Gfirtner
[G] also studied the same problem when f(x, t, u)=f(x, t, u) by a combination of
probabilistic and analytic techniques. Evans, Soner, and Souganidis lESS] studied the
limiting behavior of 4 in (6.4) when f(u)= 2u(1- u2); this problem was first studied
in the context of radially symmetric functions by Bronsard and Kohn [BrK]. Finally,
Chen [Ch] and DeMottoni and Shatzman [DS] obtained results similar to Theorems
9.1 and 9.2 (for special cases of f) assuming, however, that F, is a smooth surface.
No such assumption is made here.

We conclude this section by remarking that we can actually obtain more precise
results than (9.6) and (9.7). Indeed, it is possible to obtain WKB-type expressions for
4 of the form

(d(x,F,)+o(1) )(x,t)=q ,x,t
E

This is done in 10.1 for some simple cases. The arguments for the general case are,
however, rather complicated and will be presented elsewhere.

10. Proofs. Instead of presenting a general proof for Theorems 9.1 and 9.2, we
will first give some less general but more direct arguments utilizing the results of 5.
At the end we will turn to the general case. The reason for doing this is that in the
less general cases it is possible to work directly at the e 0 level, as opposed to the
general case where we need to build super- and subsolutions for e > 0. The latter
approach ties us down to cases where the maximum principle holds.

10.1 The (x, 0-independent case. Here we assume that f (and therefore q) is
independent of (x, t) and is given by (6.6) for (6.4) and (6.7) for (6.3). In fact, the
traveling wave in either case is q(r)=tanh (r)(rE) and the speed 2e/z and 2/z for
(6.6) and (6.7), respectively.

Following the discussion in 7, if

(10.1) b q(-) in N (0, C),

then z solves

(10.2) z;-eAz+2q (IOz

in the case of (6.3), and

(10.3) zt -Az +-q ([Dz
E

in the case of (6.4), with, in either case,

1)+2/z=0 inNx(0,

1)+2/x=0 inNx(0,)

(10.4) Z(X, O) d(x, ro) on
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We want to study the behavior of z as e --> 0. To this end, we assume for the moment
that (z)>o is locally uniformly bounded inEN x (0, T) for some T> 0 and we proceed.
Since (10.2) and (10.3) are translation invariant with respect to x, it is immediate that

(10.5) IDzl_-< 1 in N x (0, ).

On the other hand, the form of (10.2) and (10.3) makes any kind of estimate z hopeless.
To circumvent this difficulty we use the, by now classical, half-relaxed limit techniques
described in Barles and Perthame [BaP] (see also [CIL]), i.e., we consider the functions

(10.6) z*(x, t)=limsup z(x,s) and z,(x, t)=liminf z(x,s).
e-->O e->O
S-->I S-’>I

We begin with (10.3), which can be rewritten as

(10.7) z, Az+2/x
2 (_)

_
__q (IDz12-1).

The form of q and (10.5) yield

--q (1 -_->o ifz>0

and

--q (IDz -1)=<0 ifz <0.

Using (10.5), (10.7), and the above inequalities we get that z* is a usc subsolution of
(5.3) with a=-2tz and a solution of 1-1Dzl=0 in {z<0} and that z, is an lsc
supersolution of (5.4) with a =-2/x and a solution of IDzl- 1 =0 in {z > 0}. That z*
(respectively, z,) is a subsolution (respectively, supersolution) of (5.3) in {z<0}
(respectively, (5.4) in {z > 0}) follows from (10.7) and the above inequalities, that z*
(respectively, z,) solves 1-1Dzl =0 (respectively, IDzl-1=0)in {z <0} (respectively,
{z > 0}) follows the passage to the limit in both (10.5) and (10.7).

Theorem 5.1 implies that z* _-< de in {z* < 0} {u < 0} and z, >= dl in {z, > 0}
{ u > 0}, where u is the solution of (9.4) with a -2/x. Moreover if the "empty interior"
condition holds, Theorem 5.1 yields z*(., t)= z,(., t)= d(.,F,); therefore we have
the result.

In the case of (10.2), we rewrite the equation as

zT-ez+RlOzl=-(IOzl-1) 2+2q (IOzl + 1))

and pass to the limit using sign-type arguments, similar to the first case but for the
limiting equation. Indeed, since/z (-1, 1), we obtain

z,+ZlOzl<-_O in{z<0} and z,+ZlOzl>-O in{z>0},

where above we have suppressed the z* and z, notation. The arguments of the proofs
of Theorem 5.1 and Lemmas 5.2 and 5.3 yield

{z* < 0} { u < 0} and {z, > 0} = {u > 0};

we conclude as before.
It remains to prove the uniform local bound on z. Such a bound is easy for (10.2)

and we leave it up to the reader; here we concentrate on (10.3). Let q: --> be a C
function such that q-=0 in [0, +co) and q(-)=-I with q’>0 in (-c,0) and q/’
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bounded and consider the function o3 defined by o5 0(z). In view of the choice
of 6, it is clear that -1 =< a3 =< 0, i.e., o3 is bounded. Next we define

*(x, t) lim sup o3 (x, s);
e-->0

v* is well defined and v*=-1 if z*=-oo, v*= 6(z*) if z* (-oo, 0) and v* =0 if
z*_-> 0. Combining the above with arguments from the proof of Theorem 5.1, it can be
shown that v* is a subsolution of the two-sided variational inequality

max w, min w+l,w,-Aw-
Dwl

A direct modification of the usual comparison results yields

* -< (u) in ,i (0, o),

where u is the solution of (9.4) with c---2/x. Arguing in exactly the same way with
_w =-p(-z), we find

w.(x, t)= lim w_(x, t)>--(-u) in u (0,
-->0
s-->!

We conclude as follows: Let t*= sup {t > 0: there exists x N such that u(x, t)> 0}.
If < t*, the sets { u > 0} and { u < 0} and, therefore, {z* < 0} and {z, < 0} are nonempty.
Then there exist points in a bounded region of N (depending only on u) such that
z* < 0 and z. > 0. The local uniform bound then follows from (10.5) for all T < t*. If
> t*, then z*< 0 and therefore b-*-1 at any such point. ]

10.2. The (x, 0-dependent case. We now study (6.3) and (6.4) in the case where

f is given by (6.6)-(6.8). We only give the proof for (6.4) for f given by (6.6); the
other cases can be treated similarly. First, we recall that the traveling wave q associated
with (6.6) is still q= q=tanh. As before we perform the change b= q(z/e) and
find (10.7) takes the form

(10.7) z;-Az+2lz(x,t)+-q (IDz -1)=0 in (0, c)

with

z (x, 0) d (x, Fo) on .
The main difference between this case and the (x, t)-independent one is that (10.7) is
no longer translation invariant with respect to x. Instead of (10.5) here we have

(10.8) [Dzl <= e c’ in N x (0, ),

where C is the Lipschitz constant of 2/z with respect to x.
Next we intoduce the function _z defined by

_z(x, t)= inf (rl(z(y, t))+lx-yl)
yGN

where r/C2 is such that: rt(0) =0, r/’>l in (0, oo), r/’<l in (-c, 0) and/3> ">0
and r/_->-/3 -1 on for some /3 > 0. Since rt is bounded from below, it is clear that
the infimum in the definition of _z is achieved for some y(x); y also depends on
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but we suppress this here. We now perform the usual arguments for this type of
inf-convolution. If y(x) x, then

Dz (y (x), t)
x-(x)

n’(z(y(x), t)) Ix- y(x)l
hence

(10.9) q (IDzl2-1) q r/,(z)2 1) <_- 0 at (y (x), t).

On the other hand, if y(x)= x and _z(x, t)= z(x, t)> O, then [Dz(x, t)[ _<-1 and

(10.10) q( Z-f)(IDz12-1) <=0.

Combining the last two inequalities and (10.8) we obtain

(10.11) _z;-A_z +ezc’ +2r’(z(y(x), t))l(y(x), t)>=O in {_z > 0}.

As in the previous section we assume that the z’s (and therefore the _z’s are locally
uniformly bounded in Nr x (0, oo) and we consider

z,(x, t) lim inf z(x, s) and _z(x, t) lim inf_z(x, s).
e-0 e0
S--t S-->I

Letting e 0 in (10.7) we get

(10.12) sgn (z,)(IDz,l-1)>-O in NN x(0, oe).

We also must send e 0 in (10.11). To do so we assume that y(x)y(x) for some
y(x) as e-*0 (since the family (y(x)) is bounded, y.(x)y(x) for some y(x) at
least along some subsequence); hence

z_, Az_ q- e2ct + 2q’(z,(y(x), t))lx(y(x), t) >= 0 in {_z > 0}.

Now we remark that

z_(x, t)= rl(z,(y(x), t))+[x- y(x)l;

the definitions of z and _z together with (10.9), (10.10), and (10.12) and the properties
of r yield z,(y(x), t)=0 and, therefore, _z(x, t) d(x, {z, =0}) and r’(z,(y(x), t)) 1.
We conclude by combining the arguments of the previous section and the ones of the
proof of Theorem 5.1 and letting/3- 0.

10.3. The general case. Unfortunately, we cannot prove Theorems 9.1 and 9.2 in
the case of general f by a direct passage to the limit; one of the main difficulties
being the lack of an explicit formula for the traveling wave q and its speed e. Here
we will proceed by constructing sub- and supersolutions for (6.3) and (6.4) following
ideas introduced in Evans, Soner, and Souganidis [ESS]. As before, we will only
present the proof of Theorem 9.2; Theorem 9.1 is proved in a similar way with some
modifications noted below. We begin with some preliminary facts.

For fixed 6, a > 0, let u ’a be the solution of

’+ F(x, t, Du’, D2u’’) (a(x, t, a) a(x, t))JDu’
(10.13)

u’(x, O) d(x, Fo)+ 8 on NN
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where

F(x, t, p, X)= -tr(X)+
(xplp)

-(x,t)lpl.

if

d,a(x, t)= d(x, {y. u.a(y, t)=0}),

Theorem 3.1 yields that

(10.14) d’-Ad -a (x d’Dd’, t, a)>0= in {d’a > 0}.

Following the proof of Lemma 3.1 of [ESS], we define

(10.15) w’(x, t)= (d’(x, t)),

where, as in [ESS], ’[- is a smooth function satisfying

(z) =-8 if z=<-
4’

(10.16)

6
Ts(z) z-6 if z_->-

2’

6 6
s(z)_-<-- if z-<-

2 2’

0 < W < C and [<-_ C6 on

where C > 0 is independent of 6. A straightforward modification of Lemma 3.1 of
[ESS] together with (10.15) yields the following lemma.

LEMMA 10.1. There exists a constant C, independent of 6 and a, such that

C
(10.17i) wt -a(x, t, a)l ]>--_--- in [0, t*),

(10.17ii) w, -a(x- t, a)>--O on >

and

(10.18) IDw’[ l in {d’ >},
where t* is the extinction time of {u’a= 0}.

Finally, we define

(10.19) (x, t)= q x, t, a on N X [0, ),

where, for notational simplicity, we do not exhibit the dependence of on 6 and a.
PROPOSITION 10.2. Assume thatf satisfies the hypotheses of Theorem 9.2. Then,

for every a > O, is a supersolution of (6.4), if e Co(6, a) and 6 <-_ 6o(a).
The proof of the proposition is similar to the proof of Theorem 3.2 of [ESS]. The

form, however, of is different than the one used in [ESS]. As usual we will present
the proof as if w’ has actual derivatives, keeping in mind that everything actually
has to be checked in the viscosity sense; we will leave it to the reader to do so.
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Proof. We must show that

(10.20) 7-A

for e --< eo(6, a) and 6 _-< 60(a). Using the equation for q (, x, t, a), we calculate

(10.21)

J

_
Dw6,a2;-AcI) +-f (x, t, )= (I 1)

+--qr W,’ + +--

where q and q rr are evaluated at (w’a/e, x, t, a), with

(10.22) J(x, t) qT+-DqDw’ +Aq , x, t, a

In view of its definition, it is immediate that ]Dw’O]_-< C where C is as in (10.16).
Therefore, by (8.9) (ii),

o(1)
(10.23) J as e - 0 uniformly in (x, t, 6, a).

We proceed by examining three cases.
Case 1. 6/2 < d’ < 26.
Using (10.18), the Lipschitz continuity of a with respect to x, the fact that d’ < 26,

and the form of rt, we get

wt’"-Aw’ -ce(x, t, a)--> -C6 and IDw’"l 1.

Substituting in (10.22) and employing (10.23) we obtain

If 1[ ( c(x,t,a)
(10.24) ;-A +-- (x, t, )>=- q; -C6+ -a(x, t, a))+a+o(1)],
where again q is evaluated at (w’/e,x, t, a). Since e-lc(x, t, a)--a(x, t, a) as
e 0, uniformly in (x, t, a), we see that the right side of (10.24) is positive if e and 6
are sufficiently small.

Case 2. d’ <-_ 6/2.
In this case the choice of r/ yields

w.<=-6/2.

Consequently, (8.9) (iii) yields that

)q ,x,t,a
1 W’a )qr ,x, t, a

for some appropriate constant K. Using that IDw’Ol<= C as well as (10.17) in (10.21)
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we obtain

d Acb +-f(x, t, >- Ke --- c +o(1)+-e as e --> 0;

for e small enough the right hand side of the above inequality is again positive.
Case 3. d &a > 26.
In this case we have w’a> 6. Using (10.17) and (8.9) (iii) we conclude as in the

previous case.
We are now ready to give the proof of Theorem 9.2.

Proof of Theorem 9.2. Fix (Xo, to) N [0, t*) such that U(Xo, to) -/3 < 0. The
stability of solutions of the geometric pde’s yields that u’ -> u, as 6, a --> 0, uniformly
in (x, t). We choose, therefore, sufficiently small a and 6 so that

(10.25) u’(Xo, to) < -/3 < 0.
2

Let cP be given by (10.19). In addition to being a supersolution of (6.4) for sufficiently
small e > 0, satisfies

(x,O)>q(d(x’F) ),x, 0 on E,
where the last inequality follows from the fact that

w’a(x, O) n(d(x, to)+ )_>- d(x, to).

It follows by the standard comparison theorem for viscosity solutions and (8.10) that

<_-- in N [0, t*).

On the other hand, (10.25) yields d’(Xo, to) <0; hence

lim sup (Xo, to) <-- lim sup (P (Xo, to) h_(xo, to).
e0 e->0

To prove the reverse inequality, we consider CP(x, t) h_(x, t) y for some 3’ > 0. Since
h_ C2’,

1 1-AP+-f(x, t, P)<--K +-5[-yf(x, t, h_(x, t))+ o(y)].
E E

By (8.1), the right-hand side is negative for small e and 3’. Hence by the maximum
principle

lim inf (x, t) >- h_(x, t) y for all (x, t) and y > 0.
e-->0

We conclude by letting y--> 0. A simple modification of the above arguments yields
that -> h_ locally uniformly in {u < 0}.

The fact that b --> h+ in {u > 0} follows in a similar way, provided we construct
a subsolution of (6.4).

To prove Theorem 9.1 we must consider the traveling waves associated by f-a
and argue about a lower bound on -eAw’. The latter follows from the facts that
W

a,t t 0 if and only if d’ >= 6/4 and Ad a’6
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11. Possible applications. In this section we briefly discuss two applications where
(6.4) arises naturally, with f of the form

(11.1) f(x, t, q)= 2q(q2- 1)- eO(x, t),

which, in view of the discussion in 8, satisfies the desired properties, provided (0)
is bounded in C-’1. On the other hand, we do not know whether (0) satisfies this
necessary condition.

Example 1 (volume constraint). Let 12 be a bounded domain in En with an
outward normal vector n(x), x 012 and consider the reaction-diffusion equation

(11.2)
bT-Ab +-2-2qS((b)2- 1)= a(t) in 12,

-0 on 0f,
On

where

(11.3)
1

a(t) =A(gb( t))- | b)2
2 2ok (( -1) dx.

e meas (12)

If we set

(8.13) reduces to

O(x, t): eA(dp(., t)),

lim e 2 sup IoT(t)l =0.
e$0

We do not know whether this estimate holds. Formally the limiting equation is

(11.4) V mean curvature + c (t) in ,
with Neumann boundary condition on 0f (see Giga and Sato [GS]). If F, is a solution
of this equation, then

Volume enclosed by F dx li [ck(x,t)+l]dx.

Moreover,

dt
(gb + 1) dx= Aqb --fo(rk )+A dx=O,

i.e., the volume of the region enclosed by F is constant in time. For a detailed formal
analysis of this problem refer to Rubinstein and Sternberg [RS].

The pair (F,, a(t)) is called a volume preserving mean curvature flow. The
associated geometric pde in Nn is

u,--(Au (D2-uDu-[ Du)
iDul2 ] a(t)lDu[ 0 in n x (0, oo).
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When N 2, Lagrange multiplier a(t) is given by the explicit formula

ce( t) 27rN( t)/ L( t),

where N(t) is the number of disjoint of connected parts of F(t) and L(t) is the length
of F,. This formula indicates that the Lagrange multiplier may, in general, be discon-
tinuous in time. If, however, we do not insist that F is the boundary of a region and
replace a (t) by the above formula, then a complete theory is available. In this framework
the solution may develop self-intersections, which are not desirable in a physical
problem.

In 4 we presented an example of nonuniqueness for the volume preserving flow
by mean curvature.

Example 2 (supercooled Stefan problem). We consider the problem of a melting
or growing crystal in a melt. Let O(x, t) be the appropriately scaled temperature and
C(t) c EN be the region occupied by the crystal. Gurtin [Gu] derived the equation

0
(11.5) O--[O(x, t)+ lc(,)(x)] AO(x, t) in (0, ) N,

with the free boundary condition

(11.6) normal velocity of F, curvature -O(x, t) on Ft,

where the latent heat 1>0 is a given quantity and c(,) is the characteristic function
of the set C(t). In general, anisotropic versions of the above equation are more
appropriate and we refer to Gurtin and Soner [GuS] for a discussion of the generaliz-
ations of (11.5), (11.6), as well as appropriate notion of solution and the underlying
physics. Luckhaus [Lu] and Almgren and Wang [A1W] also studied a similar problem
in which (11.6) is replaced by the Gibbs-Thompson relation

0 curvature 0 on F,.

The system (11.5) and (11.6) can be approximated by the reaction diffusion
equations

(11.7) O

and

(11.8)

The above approximation was first proposed by Caginalp [Cal]-[Ca3]. The conver-
gence of this system was proved by Caginalp and Chen [CC] in the radial case by a
method based on knowing that the limiting motion is classical. Indeed, in the radial
case the interface F, is a sphere and (11.6) reduces to an ordinary differential equation.
In general, we do not expect F, to be a smooth, classical solution of (11.6). The
convergence of the system (11.7)-(11.8) is an open problem.
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This paper is dedicated to Wendell Fleming on the occasion of his 65 th birthday.

Abstract. The authors consider the problem of pricing European options in a market model similar to
the Black-Scholes one, except that proportional transaction charges are levied on all sales and purchases
of stock. "Perfect replication" is no longer possible, and holding an option involves an essential element
of risk. A definition of the option writing price is obtained by comparing the maximum utilities available
to the writer by trading in the market with and without the obligation to fulfill the terms of an option
contract at the exercise time. This definition reduces to the Black-Scholes value when the transaction costs
are removed. Computing the price involves solving two stochastic optimal control problems. This paper
shows that the value functions of these problems are the unique viscosity solutions, with different boundary
conditions, of a fully nonlinear quasi-variational inequality. This fact implies convergence of discretisation
schemes based on the "binomial" approximation of the stock price. Computational results are given. In
particular, the authors show that, for a long dated option, the writer must charge a premium over the
Black-Scholes price that is just equal to the transaction charge for buying one share.

Key words, option pricing, Black-Scholes formula, transaction costs, utility maximisation, stochastic
control, free boundary problem, quasi-variational inequality, viscosity solution, Markov chain approximation
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1. Introduction. Option pricing has been a focus of mathematical research in
finance since the publication of the Black-Scholes formula in 1973 [3]. Consult Cox
and Rubinstein [5] for a full explanation of financial options and their uses. Black
and Scholes gave a valuation for a European call option, a contract that confers on the
holder the right to buy at the exercise time T one share of a specified stock at an agreed
price/ (known as the strike price). Let S(t) denote the stock price at time t. Clearly,
the option is worthless if S(T)<=/ but has positive value to the holder, and will be
exercised, if S(T)>/L The writer of the option thus has the obligation to deliver one
share at time T for a cash payment of / if S(T)>/. The pricing problem is to
determine what a buyer should be prepared to pay at some earlier time to acquire
such an option and how much the writer should charge for issuing it. Since holding
an option is certainly a speculative position, it seems at first that the answer to this
question must depend on the buyer’s or writer’s attitude to risk and therefore that
there can be no "universal" pricing formula. However, Black and Scholes showed that,
in certain circumstances, such a universal formula is indeed possible. Specifically, they
assumed that the stock price process S(t) is a geometric Brownian motion (this is
described in 3, below), that a bank account, i.e., a riskless investment paying interest
at a constant rate r, is available, and that funds may be transferred from bank to stock
and vice versa without restrictions or costs. Then it turns out that perfect hedging is
possible: we can form a (time-varying or dynamic), self-financing portfolio of holdings
in bank and stock whose value at time T is, with probability one, equal to (S(T) -/)+.

Received by the authors February 18, 1992; accepted for publication (in revised form) May 4, 1992.
? Department of Electrical and Electronic Engineering, Imperial College, London SW7 2BT, England.
Department of Mathematics and Business School, University of Wisconsin, Madison, Wisconsin 53201.
These are in general two separate calculations, although ultimately the writer and the buyer must of

course agree on the same price. The circumstances required for such agreement to be reached are not
discussed in this paper, but see 8 for some further remarks.
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(This is the value of the option at time T in the absence of any transaction costs, since
if S(T)> E the option can be exercised and the stock immediately resold, yielding a
profit of S(T)-E.) It follows that the value of the option at time < T is the cash
value w(t) of the hedging portfolio at that time. Indeed, suppose that the option is
offered for z < w(t); then an investor can proceed as follows. He takes a short position
in the hedging portfolio, thus acquiring w(t) at time t, of which z is used to purchase
the option, the remainder (w(t) z) being invested in the bank. At time T the investment
in the bank is worth x := (w(t)- z)exp (r(T-t)) and by exercising the option and
immediately reselling the stock if S(T) >/ the investor acquires (S(T) E)+. Since
the latter is exactly the amount required to close the short position, a sure profit of x
has been made. A similar arbitrage opportunity is available to the writer if he is able
to command a higher price than w(t). It is axiomatic that arbitrage opportunities cannot
exist (they contravene any concept of market equilibrium), and therefore w(t) is the
unique fair price for the option, from either the buyer’s or writer’s point of view.

In fact, perfect hedging of very general European contingent claims (ECC) is
possible in the Black-Scholes world: if q is any function of the stock price trajectory
{S(u): t=< u-< T} whose expectation exists, then there is a dynamic portfolio whose
value at time T is exactly q; this is the replicating portfolio. The ability to replicate
arbitrary contingent claims is described as completeness of the market. In the Black-
Scholes world, completeness ultimately hinges on the martingale representation property
of Brownian motion; see Karatzas [13] for a full explanation. By the same argument
as above, the fair price for an ECC with payoff q is the initial endowment of the
replicating portfolio.

There is a paradoxical element to the Black-Scholes approach, which has been
called the "Catch-22 of option pricing theory": the claims that can be priced are just
those that are redundant in that the investor could, in principle, simply take a position
in the replicating portfolio rather than actually buy the option. Thus, apparently such
options have no reason to exist. The fallacy here is that we do not live in a Black-Scholes
world. In particular, the replicating portfolio cannot be implemented exactly, since it
involves incessant rebalancing, which is impractical in the face of any form of market
friction such as transaction costs. In this paper, we develop a theory of option pricing
in which transaction costs are explicitly taken into account. Perfect hedging is no
longer possible, and therefore buying or writing options involves an unavoidable element
of risk. For this reason, a preference-independent valuation is no longer possible, and
the investor’s or writer’s attitude toward risk must be considered.

In this paper, a new definition is given for the writing price of a European option,
based on utility maximisation theory. This is a modification of the definition introduced
by Hodges and Neuberger [11], using a very similar approach. It is also shown that,
if a replicating portfolio exists and the class of trading strategies forms a linear space,
then the new definition of the writing price coincides with the Black-Scholes price for
the contingent claim; in 3 the Black-Scholes model is stated as an example of a
market model where these conditions hold. In 4 this model is modified to account
for transaction costs. We assume for mathematical tractability that investors trade only
in the underlying security, although in the presence of transaction costs they might
well wish to invest in other securities also. The new definition involves the value
functions of two different stochastic control problems and in 4 the nonlinear partial
differential equation (p.d.e.), satisfied by these value functions, is derived using informal
arguments. Then we prove that these value functions are the unique viscosity solutions
(with the appropriate boundary conditions) of this nonlinear p.d.e, in 5, and a
discretisation scheme is outlined in 6, together with the proof of convergence to the
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unique solution. Finally, 7 presents the results of this scheme for investors whose
preferences are modeled by an exponential utility function (i.e., their index of risk
aversion is independent of wealth).

An alternative approach to the pricing problem was outlined by Leland [16],
where a hedging strategy is derived based on discrete time rebalancing under transaction
costs, but this method is not optimal in any well-defined sense. Also, Bensaid et al.
[2] and Edirisinghe, Naik, and Uppal [10] price options using the concept of super-
replicating strategies in a discrete time (binomial) model. Our initial reaction is that
this approach is unlikely to be viable in a continuous time setting, but this is a question
that merits further investigation.

2. Option pricing via utility maximization. In this section, we give a general
definition of option price based on utility maximization. This is a modification of work
by Hodges and Neuberger 11 ], who introduced many of the key ideas. The definition
can be stated in very general terms, not restricted to any particular market model. The
main result of this section, which demonstrates that our approach is well founded, is
Theorem 1, which shows that, if perfect replication is possible, then our price coincides
with the Black-Scholes price. On the other hand, our definition is applicable in many
situations where the Black-Scholes methodology fails.

We consider a time interval [0, T] and a market, which consists of n stocks
whose prices S_(t)--(Sl(t),...,Sn(t)) are assumed to be stochastic processes
on a given probability space (1), if, P); their natural filtration is ,
r{Sl(u),...,S,(u): O<-u<-t}. Investors can also keep their funds in cash, i.e., a
risk-free asset, denoted by B. We wish to give a price applicable at time zero for a
European option with exercise time T on one of the stocks, say Sl(t).

Let -(B) denote the set of admissible trading strategies available to an investor
who starts at time zero with an amount B in cash and no holdings in stock. We identify
an element r-(B) with a vector stochastic process (B=(t), y’(t))=(B(t),
y(t),...,y(t)), t[0, T], where B=(t) denotes the amount held in cash and yff(t)
the number of shares of stock held, i= 1,..., n, over [0, T] (this may or may not be
constrained to be an integral number). There may be costs associated with transactions.
In particular, c(y, _S) is the liquidated cash value of a portfolio vector y; i.e., the
residual cash value when long positions (Yi > 0) are sold, and short positions (Yi < 0)
closed. We assume that c(O_, S_)= O.

An option on stock S(t) is the right to buy one share at time T at a price E,
which may be a constant (in the case of a simple call option), or, more generally, may
be an fir-measurable random variable (allowing for more exotic things such as
look-back options). We suppose that the option writer forms a portfolio in order to
hedge the option and liquidates the portfolio at time T. Suppose that (B, y, _S) denote
the cash, stock holdings, and stock price vector at time T, respectively. If $1--< E, the
option is not exercised, and the cash value of the portfolio is B + e(y, _S). If S > E,
then the buyer pays the writer E in cash, and the writer delivers one share to the buyer.
The value of the writer’s portfolio after this transaction is B + E + c(y-e_, S_), where
_e denotes the vector (1, 0,..., 0).

Let : , the writer’s utility function, be a concave increasing function such
that (0)=0. It is important that (x) is defined for both positive and negative x.
Now define the following value function:

(2.1)
Vw(B)= sup _{-II(B=(T)+I<s,T)<__Ec(y(T),S_(T))

-(B)

+ I(S,(T)>E)[C(y_=(T) -_e,, _S(T))+ E])},
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where : denotes expectation, and Ia is the indicator function of the event A. We
assume that Vw(B)< oo for all B and that Vw(B) is a continuous and monotone-
increasing function of B. Note that Vw(B) is the maximum utility available to the
writer at time T by liquidating his portfolio after his obligations to the buyer have
been met, given an initial endowment B. Now define

(2.2) Bw inf {B: Vw(B) >- 0}.

The writer is thus indifferent between (a) doing nothing and (b) accepting Bw and
writing the option. This is, however, not the correct comparison for determining a fair
option price. Let

(2.3) VI(B)= sup _{ll(B(T)+c(y=(T),S_(T)))}
-(B)

and define the initial endowment B1 by

(2.4) B, inf {B" V(B) >= 0},
where B =<0, since clearly V(0) => 0. Think of (-B) as the "entry fee" that the writer
is prepared to pay to get into the market. Our definition of the option writing price
Pw is now

(2.5) Pw Bw- BI.
At this price, the writer is indifferent between going into the market to hedge the option
and going into the market strictly on his own account. Note that in hedging the option
in this way the writer may well hold stocks other than the one on which the option is
written.

A primary justification for this definition is that it reduces to the Black-Scholes
valuation in cases where this is applicable. Given an option contract on S, a replicating
portfolio for the writer is an element -k -(/), for an initial endowment/, such that
(B(T), y(T))= IS,(T)>E(--E, e).

THEOREM 1. Suppose that the class - is a linear space; i.e., that if - -(Bi),
i= 1, 2 then arl + br26 -(aB + bB) for a, b, wherea + br2 (aB=’(t) + bB(t),
ay,(t)+ by(t)). Suppose also that both Vw(B) and VI(B) are continuous and strictly
icreasing unctions of B. Then Pw if a replicating portfolio r -() exists.

Proof It follows from the linearity of - that an arbitrary trading strategy r 6 -(B)
can alwa.ys be written in the form r +, where 6 -(/) and - 6 -(/) with
B B + B. Thus, by the continuity and monotonicity assumptions,

0= Vw(Bw)

sup _{(B(T)+Is,T<__z)c(y=(T),S_(T))
(Bw)

sup

sup
(rc -(Bw--)

+ IS,T>E)[E + c(y(T)-_el, _S( T))])}

[E{ (B*(T) + B*( T) + I(S,(T)<=E)C(y__*( T) + y_( T), S_(T))

+ IS,T>e[E + c(y(T) +y(T) -_e,, _S(T))])}

:{ //(B( T)- EI(s,(T)> E)+ IS,(T)<=E)C(Y( T), _S(T))

+ I(S,(T)>E)[E + c(y(T), _S( T))])}

sup E{(B(T)+c(y(T),S_(T)))}
-(B-)

Va(Bw B).
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It follows that Bl=inf{B: VI(B)=>0} is equal to (Bw-) and hence that /=
Bw B1 Pw.

3. Option pricing without transaction costs. In this section, we show that the
standard Black-Scholes model satisfies the conditions of Theorem 1. The stock price
and the price of the amount in the bank are described by differential equations, and
it is assumed that there are no transaction costs: c(y, _S)= y’r_S. Several assumptions
are made on the admissible trading strategies, which imply that -(B) is a linear space.
For a more detailed presentation of a similar market model, refer to Karatzas [13].

The price of a stock Si(t), i= 1,..., n, is modeled by the following Markov
diffusion process"

(3.1) dSi(t)=S(t)(ot(t) dt + o’_ (t) dR_(t)),

and the price ofthe amount in the bank is modeled by the following ordinary differential
equation (o.d.e.)"

(3.2) dB(t) r(t)B(t) dt,

where _R(t) is an n-dimensional P-Brownian motion, which generates the filtration,
t, to which Si(t) is adapted, (t) is the mean growth rate of Si(t), _(t) is the ith
row of the n n volatility matrix r, and r(t) is the interest rate. All of these are
stochastic processes adapted to ,. It is assumed that both (t) and r(t) are uniformly
bounded and that

(3.3) ::le > 0 such that r(t)trr(t) > el Vt E [0, T],

where I is the n x n identity matrix. This last condition is known as the nondegeneracy
condition, and it implies that at least one of the n sources of uncertainty in the model
affects the price of S(t), for each 1,..., n. The set of admissible trading strategies
-(B) consists of the (n + 1)-dimensional, right-continuous, measurable, adapted pro-
cesses, (B (t), y(t)), such that the investor’ s wealth is bounded below by a nonpositive
integrable random variable. The wealth W(t) obeys the following stochastic differential
equation"

dW(t) riB(t) + y-r(t) dS_(t)
(3.4)

r(t)B(t) dt + y(t)S,(t)o,(t) dt + y,(t)S(t)_(t) d_R(t),
i=1 i=1

which can also be written as

(3.5) dW(t) r(t)W(t) at + yi(/)si(t) _o-/x(t) d’_R(t),
i=1

where "_R(t) is a Brownian motion with drift.
That -(B) is a linear space can be verified directly from (3.5). Also, all the value

functions are concave and increasing functions of B, as the utility function is a concave
and increasing function of the investor’s wealth. It can then be easily derived that both
value functions are continuous functions of B, and Theorem 1 holds for all the
contingent claims, q (SI(T) E)+, such that :{q} < for some v > 1.

Remark. The validity of our price definition may alternatively be proved by
deriving expressions for the value functions, following the steps in Karatzas [13].

4. Transaction costs: The Bellman equation for the value functions. It is now
assumed that investors must pay transaction costs, which are proportional to the amount
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transferred from the stock to the bank. A market model, similar to that of Davis and
Norman [8], is then developed, based on the model outlined in the previous section.
The main purpose of this section is the derivation of the fully nonlinear p.d.e., actually
a variational inequality, satisfied by all the value functions of the utility maximisation
problems stated in 2. Also, a special utility function is defined, the properties of
which enable us to determine the dependence of the value functions on the initial
endowment B, and thus reduce the dimensionality of the problem.

It is assumed that investors trade only in the underlying stock S(t), on which the
contingent claim is written, to further reduce the dimensionality of the problem. Note
that, in general, investors may wish to trade in all the risky securities available in the
market to maximise their performance criteria. The cash value of a number of shares
y(t) of the stock is

(4.1) c(y(t) S(t))=
(I +A)y(t)S(t)’f ify(t) <0,

t (1-/x)y(t)S(t), ify(t)->O.

where A and/z are the fraction of the traded amount in stock, which the investor pays
in transaction costs when buying or selling stock, respectively. The time interval
considered is [0, T], and the market model equations are

(4.2) dB(t) rB(t)at-(1 +A)S(t)dL(t)+(1-tx)S(t)aM(t),

(4.3) dy(t):dL(t)-dM(t),

(4.4) dS(t)=S(t)(a at+o-dR(t)),

where L(t) and M(t) are the cumulative number of shares bought or sold, respectively,
over [0, T] by an investor, R(t) is a P-Brownian motion that represents the single
source of uncertainty, and r, a, and tr are nonrandom constants. As before, o, denotes
the natural filtration of R(t). This system of equations describes a degenerate diffusion
in R3.

DEFINITION 1. The set of trading strategies 3-(B) consists of all the two-
dimensional, right-continuous, measurable processes (B(t), y(t)), which are the
solution of equations (4.2)-(4.4), corresponding to some pair of right-continuous,
measurable, fit-adapted, increasing processes (L(t), M(t)), such that

(4.5) (B(t),y(t),S(t)) K Vt[O,T],

where K is a constant, which may depend on the policy 7r, and

(4.6) : ={(B,y,S)ERxx+: B+c(y,S)>-K}.

By convention, L(0-) M(0-) 0.
Remark. Investors may start with any combination of the two assets at time

s [0, T] in the general utility maximisaton problem, and in that case the class of
admissible trading strategies depends on the time s and the initial portfolio, which is
characterised by the initial amount in the bank B, an initial number of shares y, and
the initial value of the stock S. The constraint (4.5) is required for technical reasons
in 5, and it only rules out strategies that are clearly nonoptimal, as the objective is
the maximisation of the utility of final wealth. Also, either L(0) or M(0) may be
positive; i.e., a jump at the initial time is possible. Finally, (4.2) and (4.3) imply that
the trading strategies are self-financing.

Now define the following two functions of wealth at the final time:

(4.7) (I) T, B(T), y(T), S(T)) B(T) + c(y(T), S(T))
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and

(4.8) w( T, B(T), y(T), S(T)) B(T) + I(s,(r)=e)e(y(T), S(T))

+ Is,T)>)[ c(y( T)- 1, S(T)) + E]

and the following value functions:

(4.9) V(s, B, y, S) sup :{0//(j( T, B=(T), y(T), S=( T)))}

where (s, B, y, S) [0, T] xxx+, and the index j is or w.
From these definitions, it is evident that the dynamic programming algorithm will

yield the same p.d.e, for each value function, the terminal condition of which is
determined by the utility of the two functions j(T, B, y, S), where j is 1 or w. In the
following, we derive, at least formally, the Hamilton-Jacobi-Bellman equations, associ-
ated with the two stochastic control problems, which prove to be variational inequalities
with gradient constraints. Consider, temporarily, a smaller class of trading strategies
-’, such that L(t) and M(t) are absolutely continuous processes, given by

(4.10) L(t)= l(s:) ds: and M(t)= m(s:) d:,

where l(:) and m(:) are positive and uniformly bounded by k < oo. Then (4.2)-(4.4)
is a vector stochastic differential equation with controlled drift, and the Bellman
equation for a value function denoted by Vy is

(4.11)

max
O<:l,m<:k \----y (lq"/)

OqB /
(1 .)S m

0gf k V 0.2S202 Vf++rB
0 Vj + ors +-

$2
0

Os OB 2 0

for (s, B,y,S)[O, T]xxIx+. The optimal trading strategy is determined by
considering the following three possible cases:

(4.12) OV-(I+A)sOV>o and OV sOV>o,
Oy OB Oy

(1- /x)
OB

where the maximum is achieved by m 0 and buying at the maximum possible rate k;

(4.13) OV-(I+A)sOV<o and OV-(1-1)sOV<o
Oy OB Oy OB

where the maximum is achieved by 0 and selling at the maximum possible rate
m k; and

v; ov; sOV;(4.14) O-(I+A)sOVj<-O and -(1-) =>0,
Oy OB Oy OB

where the maximum is achieved by doing nothing; that is rn 0 and l--0. (Note that
in this case the process (B(t),y"(t),S(t)) becomes an uncontrolled diffusion, which
drifts under the influence of the stock process only.) All the other permutations of
inequalities are impossible, as all the value functions are increasing functions of B
and y.

The argument is very similar to that in Davis and Norman [8].
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The above results suggest that the optimisation problem is a free boundary problem,
where, if a value function is known in the four-dimensional space, defined by the state
of the investor (s, B, y, S), the optimal trading strategy is determined by the above
inequalities. Also, the state space is divded into three regions, called the buy, sell and
no-transaction regions, which are characterised by (4.12), (4.13), and (4.14), respec-
tively. Clearly, the buy and sell regions do not intersect, as it is not optimal to buy
and sell at the same time. The boundaries between the no-transaction region and the
buy and sell regions are denoted by OB and OS.

As k oo, the class of admissible trading strategies becomes the class defined at
the beginning of this section. It is conjectured that the state space remains divided
into a buy region, a sell region, and a no-transaction region, and the optimal trading
strategy mandates an immediate transaction to OB or OS if the state is in the buy region
or sell region, followed by transactions of "local time" type at OB and OS. Therefore,
each of the value functions satisfies the following set of equations:

(i) In the buy region, the value function remains constant along the path of the
state, dictated by the optimal trading strategy, and therefore

(4.15) V(s, B, y, S)= V(s, B-(1 + A)S 6yb, y+ 6yb, S),
where 6yb (the number of shares bought by the investor) can take any positive value
up to the number required to take the state to OB. Allowing 6yb 0, (4.15) becomes

sO(4.16) OV (I+A) =0
O.,v -(ii) Similarly, in the sell region, the value function obeys the following equation:

(4.17) V(s, B, y, S)= V(s, B+(1-1x)SGys, y-Gys, S),
where 6ys (the number of shares sold by the investor) can take any positive value up
to the number required to take the state to OS. Allowing 6ys-0, (4.17) becomes

sO(4.18) 0V (1 -/x) =0.
Oy -(iii) In the no-transaction region, the value function obeys the same set of

equations obtained for the class of absolutely continuous trading strategies, and
therefore the value function is given by

V OV VI 2t.2 02V(4.19) O--+ rB--- + cs O--+ O,
Os OB -- 2

cr
OS--and the pair of inequalities, shown above in (4.14), also hold. Note that, due to the

continuity of the value function, if it is known in the no-transaction region, it can be
determined in both the buy and sell regions by (4.15) and (4.17), respectively.

In the buy region the left-hand side of (4.18) is negative, and, in the sell region,
the left-hand side of (4.16) is positive. Also, from the two pairs of inequalities (4.12)
and (4.13), it is conjectured that the left-hand side of (4.19) is negative in both the
buy and sell regions. Therefore, the above set of equations is condensed into the
following fully nonlinear p.d.e.:

(4.20)

max (---y-(l+A) O---,-\y-(1-/x)---/,
av + + =0rB

O Vj
os O Vj lo.2S202V1

Os OB -- 2 -J
for (s, B, y, S)[O, T]xRxxR+.
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Now consider the exponential utility function given by

(4.21) //(x) 1 -exp (-yx),

where the index of risk aversion is -"(x)/g’(x)=y, which is independent of the
investor’s wealth. The definition of the value functions (4.9) can be written as

(4.22) V(s, B, y, S) inf :{exp(-yB(T)) exp(-yqt(T, y(T), S(T)))},

where Ir(T,y(T),S=(T)):=j(T,B=(T),y=(T),S’(T))-B=(T), and the amount
B=(T) is given by the following integral version of the state equation (4.2):

fr (1 + A)S(t) fr(1-1x)S(t(4.23) B(T) =---B dE(t)+ dM(t),
6(T,s) 6(T,t) 6(T,t)

where 3(T, t) is the discount factor, defined by

(4.24) 6( T, t) exp(-r( T- t))

for the constant interest rate r. Therefore,

(4.25) V(s, B, y, S)= 1-exp -3/(T, s)
Oj(s, y, S),

where O(s, y, S) is a convex nonincreasing continuous function in y and S, defined
by Q(s, y, S) 1 V(s, 0, y, S). This representation means that, at time s, the monetary
amount invested in the risky asset is independent of the total wealth. It also entails
two very important simplifications. First, the writing price is given by the following
explicit function of O(s, 0, S) and O(s, O, S):

(4.26) pw(S, S) =6(T’S)ln ( Qw(s, O, S))T QI(S,O, S)

Second, (4.20) is transformed into the following p.d.e, for Q(s, y, S):

Oy 6( T, -si o’ Oy 6( T, s) Os OS 2 OSz l
O

with boundary conditions, for Q(s, O, S) and Qw(S, O, S), given by

(4.28) Q( T, y, S) exp (-yc(y, S))

and

(4.29) Qw(T,y,S)=exp(-y(I(s=)c(y,S)+I(s>e)[c(y-l,S)+E])).

Note that the function Qj(s, y, S) is evaluated in the three-dimensional space [0, T]
RxR+.

If y defines the vertical axis, the optimal trading strategy when there are no
transaction costs is defined by a surface denoted (s, S); investors must trade in such
a way that y (s, S) at all times. For V1, this surface is given by

6( T, s) c r
(4.30) ql(S, S) 2yS r

by using the results in Karatzas [13]. For Vw, this surface is given by

Oc(s, S) 6( T, s) a r
(4.31) w(s,S)=+

OS yS r
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where CO(s, S) is the price of the European contingent claim in a market with no
transaction costs and the partial derivative with respect to S is the replicating portfolio.
In the case with transaction costs, it is conjectured that OB and OS are two surfaces,
fib (S, S) and/3s (s, S), which lie strictly below and above 5 (s, S), and the no-transaction
region is between them (the numerical results, obtained in later sections, support this
assertion). If the state of the investor (s, y, S) is in the no-transaction region, then it
drifts, under the influence of the diffusion that decribes the stock price, on the plane
defined by y const. If the state is in the buy region or sell region, then the investor
performs the minimum transaction required to take the state to b(S, S) or fl.(s, S)
with an immediate purchase or sale of stock. As noted above, if the function 0j(s, y, S)
is known in the no-transaction region, then (4.16), (4.18), and (4.22) are used to derive

(4.32) Qj(s, y, S) Q(S, yb, S) exp( T(I + A)S(y )a(T, s)
--Yb)

where Yb C fib(S, S). A similar equation can be derived for Q(s, y, S), for all y _->/3, (s, S).

5. Existence and uniqueness of the solutions of the p.d.e. In this section, we
characterise the value functions V given by (4.9) as weak (viscosity) solutions of the
variational inequality (4.20). Since the stochastic control problems, whose value func-
tions are given by (4.9), are associated with the same Hamilton-Jacobi-Bellman
equation, we only examine the problem with value function V1. We next show that
this value function is a constrained viscosity solution of (4.20) on [0, T] g/, where
g: is defined by (4.6); the characterisation of V1 as a constrained viscosity solution
of (4.20) is natural due to the presence of the state constraints (4.5).

The notion of viscosity solutions was introduced by Crandall and Lions [6] for
first-order equations, and by Lions [17] for second-order equations. For a general
overview of the theory, we refer to the user’s guide by Crandall, Ishii, and Lions [7].
Next, we recall the notion of constrained viscosity solutions, which was introduced
by Soner [18] and Capuzzo-Dolcetta and Lions [4] for first-order equations (see also
Ishii and Lions [12] and Katsoulakis [14]). To this end, we consider a nonlinear
second-order p.d.e, of the form

F(X, W, DW, D2W)=0 in[0, T]x,

where 3, DW, and D2W denote the gradient vector and the second derivative of
W, and the function F is continuous in all its arguments and degenerate elliptic,
meaning that

(5.2) F(X, p, q, A + N) <- F(X, p, q, A) if N->_0.

DEFINITION 2. A continuous function W: [0, T] x g- is a constrained viscosity
solution of (5.1) if (i) W is a viscosity subsolution of (5.1) on [0, T]x g; that is, if,
for any c C’2([0, T] x gT) and any local maximum point Xo [0, T] x g? of W-b,

(5.3) F(Xo, W(Xo), Dqb(Xo), D2q(Xo)) =<0,

and (ii) W is a viscosity supersolution of (5.1) on [0, T] ; that is, if, for any
& C’2([0, T] x ) and any local minimum point Xo [0, T] of W- ,
(5.4) F(Xo, W(Xo), D(Xo), De(Xo)) _>- O.
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THEOREM 2. The value function Vl(S, B, y, S) is a constrained viscosity solution of

on [0, T] x

min --y-(l+h)S---,---y-(1-/z)S
OW
OB’

\--s(OW+rBOW+oB aS--+-OW21’2S202W1-] 0

Proof In our case, the state X is (s, x), where x (B, y, S) K. Also, (4.20) has
been given the above form to turn it into an elliptic p.d.e., to which the uniqueness
theorems are applicable. Let Xo (So, Bo, Yo, So) [0, T] x qK" it follows, from results
of Zhu [19, Thm. iv.2.2], that there exists an optimal trading strategy, dictated by the
pair of processes (L*(t), M*(t)), where X*o(t)=(t,B*o(t),y*o(t),S*o(t)) is the optimal
trajectory, with Xo*(So)= Xo.

(i) First, we prove that V1 is a viscosity subsolution of (5.5) on [0, T] q:; for
this, we must show that, for all smooth functions b(X), such that VI(X)-oh(X) has
a local maximum at Xo [0, T] , the following inequality holds"

min
\ y -(l+h)So - /, Oy OB

(5.6)
_(Orb(o) O(Xo) Orb(o) 1 02

\
+rZo+oSo+-o:S ,Xo)

OB oS 2 oS2 <=0.

Without loss of generality, we assume that VI(Xo) b(Xo) and V1 =< b on [0, T]
/. We argue by contradiction" if the arguments inside the minimum operator of (5.6)
satisfy

(5.7)
Och(Xo)

(1 +h)So
Orb(X)

Oy OB

(5.8)
Oqb(Xo)

(1 t.t)So
Oqb(X)

Oy OB

then there exists 0 > 0, such that

(5.9) 0th(Xo) + rBoOCh(Xo)+ aSo+Oth(Xo) o.2S 0(Xo)
Os OB OS OS2

From the fact that b is smooth, the above inequalities become

(5.10) 0th(X) (1 + A)S
Oqb(X)

<0,
Oy OB

(5 11)
Ob(X)

(1 /.t)S-(X)
Oy OB

and

(5 12)
06(X) + rBOCh(X) + asOch(X) +lo.2SzO2ch(X)
0-- 0B 0S 2 0S

< O,

where X (s, B, y, S) g(Xo), a neighborhood of Xo. In Lemma it is shown that
Xo*(t) has no jumps, P-a.s., at Xo=Xo*(So). Hence, z(to), defined by

(5.13) z(co)=inf{t[So, T]: Xo*(t) g(Xo)},
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is positive P-a.s., and therefore

_O_{.}>_IsT(Od?(X*(t))Oy

_: I (0b(Xo*(t))
(5.14) +[EI(Och(X*o(t))+rB.o(t)Os

6(Xo*(t))
+So*()

{}-{I} + {I3},

(1 +A)So*(t)
0qS(Xo*( t))|\ dL*(t)

OB /

(1 -/x)So*(t) t))|\ dM*(t)
OB /

Ob (Xo*(t))
OB

1 202b(Xo*(t)))+-o’2(So*(t)) dt
2 OS2

where (L*(t), M*(t)) is the optimal trading strategy at Xo. Applying It6’s formula to
th(X), where the state dynamics are given by (4.2)-(4.4), we get

(5.15) :{th (Xo*(’))} 6(Xo)+_(I,}-[F_{I2}+[E{I3}.

Since V(X)-< oh(X), for all X (Xo), and VI(Xo) th(Xo), (5.14) and (5.15) yield

(5.16) [E{ Vl(Xo*(Z))} =< VI(Xo)+ ({I,} :{I2} + :{I3}) < VI(Xo)-

which violates the dynamic programming principle, together with the optimality of
(L*(t), M*(t)). Therefore, at least one of the arguments inside the minimum operator
of (5.6) is nonpositive, and hence the value function is a viscosity subsolution of (5.5).

(ii) In the second part of the proof, we show that V1 is a viscosity supersolution
of (5.5) in [0, T] x :; for this we must show that, for all smooth functions b(X),
such that VI(X)-t(X has a local minimum at Xoe[0, T] :, the following
inequality holds:

(5.17)

min {_(0th(X)Oy

_( o4(XO)os
-(1+ A)SoO(x---)) 0th(X--)- (1-tz)SoOch(x)

OB Oy OB

o4(Xo) o4(Xo)+rBo+ceSoOB OS
1 2
,=0 4, (Xo)+- >0,

2
,o

OS

where, without loss of generality, VI(Xo)= b(Xo) and V1 => th on [0, T] q/. In this
case, we prove that each argument of the minimum operator of (5.17) is nonnegative.

Consider the trading strategy L(t) Lo> 0, So_-< -< T, and M(t) 0, So_-< -< T. By
the dynamic programming principle,

(5.18) V1 (So, Bo, Yo, So) >- VI (So, Bo 1 + A SoLo, Yo + Lo, So).

This inequality holds for b(s, B, y, S) as well, and, by taking the left-hand side to the
right-hand side, dividing by Lo, and sending Lo- 0, we get

(5.19) Och(X) (1 + A)SoOCh(X)<--O._
oy OB

Similarly, by using the trading strategy L(t)=0, So -< t-< T, and M(t)= Mo> 0,
So <- <_- T, the second argument inside the minimum operator is found to be nonnegative.

Finally, consider the case where no trading is applied. By the dynamic program-
ming principle

(5.20) rE{ V,(Xod(t))} -< Vl(So, Oo, Yo, So),
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where Xod(t) is the state trajectory when M(t) L(t)=0, So<= t-<_ T, given by (4.2)-(4.4)
as

(5.21) Xdo(t)=(t, Boexp(r(t-So)),yo, Soexp((a-1/2o’2)(t-So)+o(R(t)-R(so))))

and Xod(t) (Xo). Therefore, by applying It’s rule on 4(s, B, y, S), inequality (5.20)
yields

{I (04’(xd(’)) 04’(Xod(’)) 0’b (xd(’)): + rnoa(s) + ceSod(:
as OB oS

(.)
+(so()) (Xo (:))) }OS d >-0,

and, by sending t- So, the third argument inside the minimum operator is found to
be nonnegative (for detailed proof, see Lions [17]). This completes the proof.

LEMMA 1. Assume that inequality (5.7) holds and denote the event that the optimal
trajectory Xo*(t) has a jump of size e, along the direction (0,-(1 +A)So, 1, 0), by A(w).
Assume that the state (after the jump) is (So, Bo-(1 +A)Soe, yo+e, So) (Xo). Then

(5.23) (049(Xo)oy
4)(X)]p(A) >_ O,-(I+A)S B /

and therefore P(A)=0. Similarly, if inequality (5.8) holds, then the optimal trajectory
has no jumps along the direction (0, (1-/z)So,-1, 0), P-a.s. at Xo.

Proof By the principle of dynamic programming,

(5.24)

and therefore

V(so, Bo, Yo, So):-{Vl(So, Bo-(1 + A)Soe, yo+ e, So)}

VI(S0, Bo- (1 + A)Soe, Yo + e, So) dP
A(,o)

+ j V,(so, Bo, Yo, So) dP,
f-A(w

(5.25) l (dp(so, Bo-(l+A)Soe, Yo+e, So)-dp(so, Bo,Yo)) dP>=O,

since V(X) <= b(X) for all X (Xo) and V(Xo) b(Xo). Therefore,

(5.26) lim SoUP { fA dp(so, Bo-(l+X)Soe, Yo+e, So)-qb(so, Bo,Yo, So) dp}>_O
and, by Fatou’s lemma,

(5.27) fa lim sup{4)(s’B-(l+A)Se’y+e’S)-ch(s’B’y’S)} dP>-O’
(,o)

which implies (5.23).
This section is concluded by showing that the value function V1 is the unique

bounded constrained viscosity solution of (5.5). Since this uniqueness result will be
used mainly for the convergence of the numerical scheme presented in the next section,
we prove the theorem for the exponential utility function. For simplicity of exposition,
we assume that the interest rate r 0. The argument is the same but notationally more
cumbersome when r > 0.
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THEOREM 3. Let u be a bounded upper semicontinuous viscosity subsolution of (5.5)
on [0, T]x K, and let v be a bounded from below lower semicontinuous viscosity
supersolution of (5.5) in [0, T] /, such that u( T, x) <- v( T, x), for all x i, and
u( t, B, y, O) <- v( t, B, y, 0), on [0, T] r, where u( T, x)= 1-exp (-y(B + c(y, S))) and
u(t, B, y, 0)- 1-exp (-yB). Then u <- v on [0, T] ’r.

Note. The proof relies on arguments used in v of Ishii and Lions [12]; only the
main steps are presented.

Proof. Sketch. We first construct a positive strict supersolution of (5.5) in [0, T]. To this end, let h" [0, T]x -+ be given by h(t, B,y, S)=
1 -exp (-T(B + kyS))+ C(T- t)+ C, where the constants k, C, and C satisfy

2

(5.28) l+h> k> 1-/x, C > exp (yK),
20-

and C2 > exp (K) 1.

Then

(5.29)

H(X, hi, Dh, D2h)
oh oh oh oh oh

=min-yy+(1 +h)S (1
OB Oy SOB’ Os

exp (-y(B + kyS))

min { yS(1 + h-k), yS(k-(1-lz)),

1 TZk20.2(yS)2C exp (3,(B + kyS)) +- aky(yS)

aS
Oh 10-2S-h---- oS2J

Using (5.28) and the fact that the minimum value of the quadratic (’)=
1/2y2k20-22-ayk is -a2/20-2, the above inequality yields

H(X, hi, Dh, D2h)
(5.30)

> exp (-y(B + kyS)) min {yS(1 + A k), yS(k-(1 tz)), K’}

in [0, T] x , where 0 < K’ < C (a2/20"2) exp (yK).
Therefore, h is a strict supersolution (5.5). The fact that h > 0 follows from the

choice of the constant C2.
To conclude the proof of the theorem, we will need the following key lemma. Its

proof follows along the lines of Theorem vi.5 in Ishii and Lions [12], and therefore it
is omitted.

LEMMA 2. Let u be a bounded lower semicontinuous viscosity subsolution of (5.5) on

[0, T) , and let v be a boundedfrom below uniformly continuous viscosity supersolution
of (5.5) in [0, T) of the equation H(X, vt, Dv, D2v)-f(x) =0, wheref>O in

u( T, x) <- v( T, x), for all x , and u( t, B, y, O) <-_ v( t, B, y, 0), on [0, T] x . Then
u <-yon [0, T]x

We now conclude the proof of the theorem. To this end, we first observe that,
because of the choice of k, C and C2,

(5.31) h(T,B,y,S)>l-exp(-y(B+c(y,S))) and h(t,B,y,O)>l-exp(-yB).

Next, we define the function w= Ov+(1-O)h, where 0< 0< 1, and, using (5.31),Jwe
get

(5.32) w(T,B,y,S)>=u(T,B,y,S) and w(t,B,y,O)>-u(t,B,y,O).
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We also observe that w is a viscosity supersolution of H-g 0, in [0, T] x :, where
g=(1-O)f In fact, let O C1’2([0, T]x g/) and assume that w-O has a minimum
at Xo. Then v-4 also has a minimum at Xo, where 4 (1/0)x(0- (1- O)h). Using
the fact that v is a viscosity supersolution of H 0 and (5.30) we get

(5.33)
OH(Xo, dpt(Xo), Ddp(Xo), D2b(Xo))
+(1 O)H(Xo, h,(Xo), Dh(Xo), D2h(Xo)) >= (1 O)f(Xo).

As the Hamiltonian H(x, p, q, A) is jointly concave with respect to (p, q, A), (5.33) yields

(5.34) H(Xo, O,(Xo), DO(Xo), D2O(Xo)) >= (1- O)f(Xo),

which in turn implies that w is a viscosity supersolution of H g 0. Finally, applying
Lemma 2 to u and w, we get

(5.35) u<=w on[0, T]x

and sending 0 ’ 1 concludes the proof of the theorem.

6. Discretisation and solution of the problem. The solution of the p.d.e. (4.20) is
obtained by turning the stochastic differential equations (4.2)-(4.4) into Markov chains
to apply the discrete time dynamic programming algorithm. The method here closely
follows the one given in Martins and Kushner [15]. The discrete state is (, B, r/, N),
whose elements denote time, amount in the bank, number of shares, and stock price
in a discrete space. The value functions, denoted by V1 and Vw, are given a value at
the final time by using the boundary conditions for the continuous value functions
over the discrete subspace (B, r/, N), and then they are estimated by proceeding
backward in time by using the discrete time algorithm. As in the continuous time case,
this algorithm is the same for both value functions and is derived below for a value
function denoted by V’(, , r/, ), where p is a discretisation parameter, which depends
on the discrete time interval 6t. If 6t and the resolution of the r/ axis 8r/ are sent to
zero, then the above discrete value function converges to a viscosity subsolution and
a viscosity supersolution of the p.d.e. (4.20). Therefore, all the discrete value functions
converge to their continuous counterparts; this is due to the uniqueness of the viscosity
solution.

The discrete time variable takes values in {0, t, 2t,..., Nt}, where t is the
discrete time interval and T-s N6t. The Markov chain for the discrete stock price
process S() is modeled by

x ku with probability 1/2,
(6.1) S( + 1)

S() x kd with probability 1/2,
where the values of ku and kd are determined by equating the first and second moments
of the chain with those of the diffusion, which describes S, and therefore

(6.2) ku exp (ce 6t + r,,-i) and kd exp (c 6t rVi).
The discretisation scheme and its convergence properties are more thoroughly explained
in Chapter 5 of Cox and Rubinstein [5]. The discrete time equation for the amount
in the bank () is

(6.3) B( + 1)= [B() exp (r 6t),

which is a deterministic difference equation.
The discrete time dynamic programming principle is invoked, and the following

discretisation scheme is proposed for the p.d.e. (4.20)"
(6.4) (p)V; VJ’ =0,
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where (p) is an operator given by

(6.5)
(p)V’ max {V’(, I-(1 + ),p, ’q + :p, ,), V’(, I + (1-)p, ,q :p, ),

z{V( + p, [ exp (rp), 7, N exp (ap + 0crx/-))}},

where p 6t, K is a real constant and 0 is a random variable taking values +1 with
probability 5 each. This scheme is based on the principle that the investor’s policy is
the choice of the optimum transaction, that is, to buy or sell or do nothing for a

particular state given the value function for all the states in the next time instant. We
next show that, as the discretisation parameter p --> 0, the solution V’ of (6.4) converges
to the value function V, or, equivalently, to the unique constrained viscosity solution
of (4.20). Although the proof of the theorem follows along the lines of Barles and
Souganidis [Thm. 2.1, p. 1], it is presented here for completeness.

THEOREM 4. The solution / of (6.4) converges locally uniformly as p-> 0 to the
unique continuous constrained viscosity solution of (4.20).

Proof Let

V(t,B,y,S)=V(,N,. q,B), ift[,+p),y[l,+Kp),
(6.6)

(j(B, , N), if t= T
and

(6.7) (X) lim inf {/’(Y)} and V(X) lim sup {V;(Y)},
Y X,p-->O Y X,p--->O

where X (t, B, y, S). We will show that and V are a viscosity supersolution and
a viscosity subsolution of (4.20), respectively. Combining this with the uniqueness
result of Theorem 3 yields _-> V on [0, T] x K. The opposite inequality is true by
the definition of E and V, and therefore,

(6.8) (x) v(x)= v(x),

which, together with (6.7), also implies the local uniform convergence of V’ to V
(see 1 ]).

We will only prove that is a viscosity supersolution of (4.20), since the arguments
for V are identical. Let Xo be a local minimum of -b on [0, T] x K, for th
C1’2([0, T] x K).Without loss of generality, we may assume that Xo is a strict local
minimum, that (Xo)=ch(Xo), and that th-<-2xsupp(llvll outside the ball
N(Xo, R), g > 0, where (X)- oh(X) _-> 0.

Then there exist sequences p, [+ and Y, [0, T] x /(, such that

(6.9) p,->O, Y,-->Xo,V;"(Y,)--> (Xo), Y, is a global minimum point of V’--th.
Let h, V’- oh; then

(6.10) h, -- 0 and V-(X) >_- b(X) + h,(X) VX [0, T] x :.
To show that is a viscosity supersolution of (4.20), it suffices to show that

(6.11)
(Xo) a4(Xo) a4(Xo)
+rBo+aSo

Os OB OS +-s (Xo)
> 0.

2 OS2
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Let Y, (tp., Bp,., Yo., $0,,), where to. E o., o. + P,) and yp. no., no. + P,). Then

=max {Vf-(o., ,. (1
(6.12)

{V-(o. +p,, o, exp (O,), no., $. exp (p, + 0))}}.
Now we look at the following three cases.

Case 1. It holds that

Then (6.10) implies that

(6.)

and therefore

O liinf
(6.14) liminf {(t’B-(l+1)Sp’y+p’S)-(t’B’y’S)}

0(Xo ( + aSoO(Xo.
oy OB

Case 2. It holds that

Working similarly to the above case, we get

(6.15) Oe _(O(Xo (Xo)].
Case 3. It holds that

Then (6.10) implies that

(6.16) E{@(p. +p,, Bp. exp (rp,), p., p. exp (p, + Oct))}

and therefore

(6.17)

o4)(Xo) o4(Xo) o4(Xo)+rBo+aSo
Os OB OS

P

1 0.22 024) (Xo)

Combining (6.14), (6.15), and (6.17) yields (6.11), and the proof is complete.
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In the discrete time framework, the exponential utility function, given by (4.21),
has the same effect on the value function as before, and therefore (4.25) can be written
as follows:

(6.18) V(, , *7, N)= 1-exp -YA(N, ) (’ ’ N)’

where A(u, u’) is the discrete time discount factor, given by

(6.19) A( u, u’) exp (-r(u u’)),

where u and u’ take values in the same set with and u _-> u’. The discretisation scheme
for the new functions (, rt, N):= 1 -V(, 0, rt, N) is derived from (6.4) and (6.18) to
be

Qj(, 7, 5) min {b(, , 5) X j(, 7 + ’, ),
(6.20)

zs( ’, 5) X Q:(, 7 ’, 5), z{Qj(i + , 7, (R) X )}},

where

(6.21)

and

(1 + A)Ssr][Fb(, sr, 5)=exp y
A(N, ) ]

(6.22) (1-))z(, -,g)=exp -y i)k2i
and the boundary conditions at N are given by the discrete space versions of (4.28)
and (4.29). As in the continuous time case, if the value functions are known in the
no-transaction region, then they can be calculated in the buy and sell regions by using
the discrete space versions of (4.15) and (4.17)" Suppose that 7* is the value of 7, at
which it is optimal to buy sr shares, whereas, at *+ " it is optimal to perform no
transaction at all; then the function Q(, 7, 5) is determined by

(6.23) Oj(,

and a similar equation can be derived for rt > n, the value of rt at which it is optimal
to sell r shares by using :s (, r/- r/*, ). Finally, the price of the European contingent
claim is given by

0, ))(6.24) Pw(, ;)=A(N,3, t_)In
i[, 0, -j

which is the discrete time version of (4.26).

7. Numerical results. The algorithm developed in the previous section was imple-
mented, and the writing price of a European call option was calculated for a writer
with exponential utility function given by (4.21) and for constant model coefficients.
For comparison, the Black-Scholes value was also calculated from

(7.1)

where

pb(S, S)= SN(x)-Ee-r(r-SN(x-o’x/T-s),

In (S/Ee-(r-’3) 1
+-o’x/T- s,(7.2) X= o’x/T-s 2
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and N(.) denotes the normal distribution function with mean zero and variance 1.
The number of stock units held in the hedging portfolio is simply N(X). The boundary
conditions for the value functions were set according to the analysis presented in 1,
and several values of proportional transaction costs were tried. The effects on Pw of
the model parameters, the time to expiration, and the stock price at the time the option
is written were in line with expectations and are outlined below. The parameters
and/ were set equal to each other and are denoted by T.C. in the figures.

For both value functions, the boundaries OB and OS were found to lie below and
above the optimal trading strategy without transaction costs, and the no-transaction
region was observed to widen as the expiration date approached. (Note that we have
not proved that the optimal transaction policies consist of reflection off these boun-
daries, although, of course, we believe this to be the case.) This shows that the investor
is reluctant to transact toward the end of the trading interval, as he thinks that the
stock price may not vary too much until the final time. (The cost of transactions is
likely to reduce the utility of the final wealth more than the cost of providing one share
at the final time.) Also, the boundary OB, for the value function Vw(s, B, y, S), was
virtually equal to the Black-Scholes trading strategy N(X), indicating that the writer
considers the cost of the obligation to provide one share of stock at the final time (if
he does not already own it) as the most significant factor, affecting the trading strategy
for this value function.

The most important result appears in Fig. 1, where the price difference Pw--PbL is
plotted against time over a three-year period, with the parameter values for a one-year
period shown in its title (Pb is the Black-Scholes price, given by (7.1)). The expiration
date is at the end of the third year, where both prices vanish, as the option is worthless.
The price difference a long time before the expiration of the claim is equal to AS,
which is the amount required to buy one share of the stock. The reason for this is
revealed by observing N(X) over the three time periods, plotted in Fig. 2 for the same
parameter values. Although S < E, N(X) increases as the time to expiration increases
and dictates that the investor must own almost one share of the stock in a market with
no transaction costs if the time to expiration is long enough. By that time, the extra
price that the writer charges is the amount required to buy one share of the stock,
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FIG 1. T.C. 0.2 percent" S 19" E 20; 3’ 1.0; cr 0.05; 8.5 percent; ce 10 percent.
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which is the "hedging" strategy of the option writer, who performs few transactions
long before expiration because of the wide range of possible paths of the stock price
until the final time. Also, as the final time approaches, the price difference shows a
"hump," which represents the period of active trading by the option writer. Finally,
if S > E, the price difference is AS at the final time.

The variation of the peak of the price difference with he model parameters was
investigated, and the following results were obtained. The "overshoot" ratio ((Pw-
pt,)-AS)/AS was calculated, and it was observed that it is (i) a linear increasing
function of the logarithm of the index of risk aversion 3’ (ii) a linear increasing function
of the volatility r, (iii) a decreasing function of the stock price S, (iv) a convex
decreasing function of the proportional transaction charge A =/x, (v) a convex function
of the interest rate r, and (vi) a linear decreasing function of the stock’s mean growth
rate c. These results are illustrated in Figs. 3-8, where the relevant parameter values
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FIG. 3. T.C. 0.2 percent" S 9" 10; 0.075" 7 percem" 10 percent.
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FIG. 5. S 29" E 30; )’ 2.0; o" 0.075; 7 percent; a 10 percent.

are shown in their titles. The results are interpreted as follows. As the writer becomes
more risk averse, the boundaries aB and aS come closer to the optimal trading strategy
without transaction costs, thus mandating more transactions and increasing the option
price. The linearity with In (3’) is probably due to the form of the utility function. As
the volatility of the underlying risky security increases, the uncertainty facing the option
writer is greater, and the option price increases, as is in the case without transaction
costs. As the stock price increases over the exercise price, the price difference is AS;
at expiration, the Black-Scholes strategy N(X) dictates holding one share of the stock
until expiration, and the "hump" is small. As the transaction costs increase, AS
increases; but the above ratio decreases as the writer tries to perform less transactions
(the boundaries aB and aS move away from the optimal trading strategy without
transaction costs). Finally, the mean growth rate a and the interest rate r have little
effect on the above ratio as compared to other parameters.
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8. Concluding remarks. There are several directions in which our approach needs
further investigation.

1. Nonexponential utilities. There is no issue of principle here, but only of a further
increased computational load, since the reduction from four dimensions to three is no
longer available. Since the risk averse writer’s strategy is basically a hedging strategy,
we believe that the form of the utility function is unimportant and that only its curvature
at the origin plays any real role. If true, this would provide a justification for using
the computationally simpler exponential function.

2. Diversified portfolios. As pointed out earlier, in our framework the writer may
well wish to include other stocks (not just the one on which the option is written) in
the hedging portfolio. Again, this simply increases the dimensionality of the problem.
By allowing investment in other stocks we are enlarging the class of possible hedging
strategies, and hence the option writing price will be reduced; we do not know, however,
by how much.
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3. American options. Clearly, a similar approach could be taken to the pricing of
American options. There is, however, a conceptual problem in that the buyer, not the
writer, controls the exercise strategy, and the pricing problem must involve the solution
of one more utility maximisation problem over all the exercising strategies available
to the buyer. In particular, there seems no reason why the buyer should use the
"frictionless exercise strategy" as described in 6 of Karatzas [13]. The precise
definition of the problem is currently under investigation.

4. Equilibrium. Under what circumstances will a writer and a buyer agree on a
"deal," i.e., a common price for an option contract in the framework we have described ?
This is a very important question; one that we do not claim to understand fully. It is
possible to define a buying price in a way that mirrors our definition of the writing
price, and this is what Hodges and Neuberger [11] do. In the notation of 2, if the
buyer forms a hedging portfolio whose composition at the exercise time T is (B, y)
then its cash value after exercise of the option is B-E + c(y +_el, _S). Analogous to
the definition (2.1) for Vw, we can therefore define

(8.1)

and

Vb(B)= sup _{21(B(T)+Is,T<=Ec(y=(T),S_(T))
-( B

+ I(s,(r> E[c(_y(T) + _e,, _S( T))- E])}

(8.2) Bb inf {B: Vb(B) >-_ 0},

and the buying price Pb as

(8.3) Pb Bb B1,

where B is given by (2.4). However, we do not believe this definition to be an
appropriate one. The most obvious objection is that it is very hard to see how writer
and buyer could ever agree on a price. Certainly Pw # Pb if all parameters are the same
for all calculations. One may hypothesise that writer and buyer agree on market
parameters, but have different utility functions. This fails, however, because it is always
the case that pw> Pbs and Pb %pbs, where Pbs is the (preference-independent) Black-
Scholes price. At a more fundamental level the above buying price seems inappropriate
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because it fails to respect the essential asymmetry in an option contract, namely that
buying an option is a form ofinsurance, whereas writing one is a gamble. This distinction
disappears in the Black-Scholes world, as there is no essential element of risk on either
side, but no general theory of option pricing can be satisfactory if this distinction is
not taken into account. This is an interesting area for further research.

Acknowledgments. The starting point for this work was a preliminary version of
the paper [11], presented by Stewart Hodges and Anthony Neuberger at a workshop
organised by the Financial Options Research Centre of Warwick University in 1989.
Readers of [11] will appreciate that several of the key ideas were introduced in that
paper. Collaborative work on the present paper was initiated while the first and third
authors were visiting the Graduate School of Business, Stanford University, December
1990. We would like to thank Darrell Duffle, Avi Mandelbaum and the Finance and
Decision Sciences groups at the Graduate School of Business at Stanford University
for this opportunity as well as for stimulating comments on the work in progress. We
also appreciate some incisive comments by Lucien Foldes at the London School of
Economics and Political Science and discussions with Helyette Geman, which clarified
our thinking.

REFERENCES

G. BARLES AND P. E. SOUGANIDIS, Convergence of approximation schemes for fully nonlinear second
order equations. Asymptotic Anal., 4 (1991), pp. 271-283.

[2] B. BENSAID, J. LESNE, H. PAGES, AND J. SCHEINKMAN, Derivative asset pricing with transaction

costs, working paper, Bank of France, Centre de Recherche (1991).
[3] F. BLACK AND M. SCHOLES, The pricing of options and corporate liabilities, J. Political Economy, 81

(1973), pp. 637-659.
[4] CAPUZZO-DOLCETTA, AND P.-L. LIONS, Hamilton-Jacobi equations and state constraints problems,

IMA preprint ser. 342, University of Minnesota, MN, 1987.
[5] J. C. Cox AND M. RUBJNSTEIN, Options Markets, Prentice-Hall, Englewood Cliffs, NJ, 1985.
[6] M. G. CRANDALL AND P.-L. LJONS, Viscosity solutions of Hamilton-Jacobi equations, Trans. Amer.

Math. Soc., 277 (1983), pp. 1-42.
[7] M. G. CRANDALL, H. ISHII, AND P.-L. LIONS, User’s guide to viscosity solutions ofsecond order partial

differential equations, Department of Mathematics, University of California, Santa Barbara, 1990,
preprint.

[8] M. H. A. DAVIS AND A. R. NORMAN, Portfolio selection with transaction costs, Math. Oper. Res., 15
(1990), pp. 676-713.

[9] M. H. A. DAVIS AND V. G. PANAS, European option pricing with transaction costs, Proc. 30th I.E.E.E.
Conference on Decision and Control (1991), pp. 1299-1304.

[10] C. EDIRISINGHE, V. NAIK, AND R. UPPAL, Optimal replication of option with transaction costs,
University of British Columbia, working paper, 1991.

[11] S. D. HODGES AND A. NEUBERGER, Optimal replication of contingent claims under transaction costs,
Rev. Futures Markets, 8 (1989), pp. 222-239.

12] H. ISHII AND P.-L. LONS, Viscosity solutions offully non-linear second-order elliptic partial differential
equations, J. Differential equations, 83, (1990), pp. 26-78.

[13] I. KARATZAS, Optimisation problems in the theory of continuous trading, SIAM J. Control Optim., 27
(1989), pp. 1221-1259.

14] M. KATSOULAKIS, State-constraintproblemsfor second orderfully nonlinear degeneratepartial differential
equations, Ph.D. thesis, Brown University, Providence, RI, 1991.

15] L. H. MARTINS AND H. J. KUSHNER, Numerical methods for stochastic singularly controlled problems,
SIAM J. Control Optim., 29 (1991), pp. 1443-1475.

16] H.E. LELAND, Option pricing and replication with transactions costs, J. Finance, 40 (1985), pp. 1283-1301.
[17] P.-L. LIONS, Optimal control of diffusion processes and Hamilton-Jaeobi-Bellman equations, parts &

2, Comm. Partial Differential Equations, 8 (1983), pp. 1101-1174, 1229-1276.
[18] H. M. SONER, Optimal control with state-space constraints, SIAM J. Control Optim., 24 (1986), pp.

552-561.
[19] H. ZHU, Characterisation of variational inequalities in singular control, Ph.D. thesis, Brown University,

Providence, RI, 1991.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 31, No. 2, pp. 494-517, March 1993

(C) 1993 Society for Industrial and Applied Mathematics

OO7

ESTIMATION OF THE QUADRATIC VARIATION OF NEARLY OBSERVED
SEMIMARTINGALES WITH APPLICATION TO FILTERING*

JEAN PICARD?

This paper is dedicated to Wendell Fleming on the occasion of his 65th birthday.

Abstract. Consider a filtering problem in which the available information is a noisy observation of a
continuous semimartingale Hr. In the case of a high signal-to-noise ratio, it is proved that H, and its
quadratic variation can be jointly estimated by means of a finite-dimensional filter; moreover, for this result,
the observation noise and H, are not required to be independent. This problem can be viewed as a linear
filtering problem with randomly time-varying parameters, and our filter is auto-adaptive with respect to

changes of the parameters. These results are then applied to the nonlinear filtering of Markov diffusion
processes when the observation function is not injective but satisfies a weaker detectability assumption. It
appears that filtering such a system involves two timescales. The study is based on time discretization; the
main tools are an averaging principle and an application of the asymptotic ordinary differential equation
method for the study of stochastic algorithms.

Key words, nonlinear filtering, systems with small noise, linear filtering with unknown parameters,
adaptive filtering, averaging principle, stochastic algorithms

AMS(MOS) subject classifications. 93Ell, 60G35, 62F35

Introduction. The problem of nonlinear filtering consists in estimating some
stochastic process that is not directly observed. Recently, many works were devoted
to the case where the process is nearly observed; this is indeed an asymptotic framework
in which several computable filters can be mathematically studied. More precisely,
suppose that the observation is the d-dimensional process Yt, which is given by

(0.1) Y,= H,ds + eBt,

where Ht is an adapted continuous process, B, is a standard Wiener process independent
of H, and e is a nonnegative parameter. If e 0, then Ht is adapted to the filtration, generated by Y,; we will say that/-/t is observable. Similarly, any process Zt that
is adapted to the filtration of H is observable. If e is positive and small, we may expect
that such a process is asymptotically observable; we can indeed prove with the method
of [17] that, if Zt is integrable, then its conditional mean, given 0,, denoted by ,,
converges to Z in L as e tends to zero. However, the exact computation of, generally
requires us to solve an infinite-dimensional equation, so we look for a computable
approximation. This means that we must find an observable process Z,, which is
obtained by solving a finite-dimensional equation and such that IIZ,-Z, II1 tends to
zero as e 0. Another problem consists in estimating ,.,- _, it has at most the order
of Zt-Z, but can be much smaller if the filter is efficient.

An important case is the filtering of diffusion processes; we suppose that /-/,
h(Xt), where X, is a n-dimensional diffusion process given by

(0.2) dX f(Xt)dt + g(Xt)dW.
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Assuming that the smooth coefficients (f, g, h) are such that X, is adapted to the natural
filtration of h(X,) (this is a detectability assumption), we want to design an efficient
suboptimal filter. The easiest case is the case where h is injective; see [5], [12], [1] for
the scalar case and [13], [14] for the multidimensional case. Under some additional
conditions, it can be proved that the extended Kalman filter provides an observable
process t such that X,-, and ’,-, are, respectively, of order and e; this
filter requires us to solve an equation of dimension n(n + 3)/2, but we can also find a
simplified filter of dimension n satisfying the same estimates. Moreover, a deviation
in the filter at time (caused, for instance, by an aberrant observation) is forgotten
after time with an exponential rate of order l/e; we say that the memory length is
of order e (some formal definitions of the memory length are proposed in [10]). More
recently, conditions that are more general than the injectivity of h have been considered;
in these cases, we can again find approximate filters, but X-X, is generally larger
than x/-. A first example is the case where h’g=O and x-- (h(x), Lh(x)) injective,
where h’ is the Jacobian matrix of h and L is the generator of x; this means that H,
is absolutely continuous and that X, is a function of (H,,/:/,). A class of systems
entering into this framework is studied in [18] and [11, 3], and we find a filter X,
such that X, , is of order e 1/4, h(X,) h(;,) is of order F_, 3/4, and the memory length
is of order x/-. Thus the components of X, are observed with different precisions but
in the same timescale.

A second example is the case where x (h(x), h’gg*h’*(x)) injective; if we let
(H, H), be the quadratic covariation matrix of the process Hi, this assumption means
that Xt is a function of and d(H, H),/dr, so that X is again adapted to the filtration
of Hr. Note that, contrary to previous examples, this case is purely nonlinear, in the
sense that a linear system cannot satisfy this injectivity condition except when h itself
is injective. First, suppose that, for any ho, the set {h(x)= ho} is finite. Since we have
a good observation of h(X), then, to find an observable approximation of X,, we
must only choose between a finite number of possible approximations. This can be
achieved by one of the test procedures described in [3]. Our results can be applied to
the design of such a test, but we instead concentrate on the case where the sets
{h(x) ho} are connected manifolds. Then the filtering problem can be decomposed
into, first, an estimation H, of h(X,) and, second, an estimation X, of Xt on the
manifold {h(x)=/-/}; a particular example has already been studied in [15]. Here, we
find a family of observable processes X,, which can be computed by solving finite-
dimensional equations and which approximate X,. Their infinitesimal increment dX,
is obtained by adding a component due to the variations of h(X,) and a component
that is tangent to { h (x) h (X)} and that is due to the variations ofthe other components
of Xt. Roughly speaking, these filters look like Kalman filters, but their gain processes
are obtained from stochastic differential equations rather than Riccati equations. It is
proved that X,-J and h(Xt)-h(.,f2,) are, respectively, of order 61/4 and x/-, that
h (J,) -/r, is of order e 3/4, and that the memory length is of order e for the estimation
of h(Xt), but only of order v for the other components. Thus, the filter has two
timescales; for detectable almost linear systems, it was proved in [6] that multitimescale
filters are involved when the noises have different levels on the various components
of Xt and Y,. Here, multitimescale properties are a consequence of the geometric
structure of the system.

Until now, we have explained the nature of our results for the filtering of diffusion
processes; however, we will first consider this problem in a non-Markovian setting.
This situation is much more general with regard to the assumptions, but we consider
it easier to understand because we have not taken into account the geometric structure
ofthe diffusion process. We also allow the signal and observation noises to be correlated.
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We suppose that (/-L, Y,) is an (Ed x Ea)_valued It6 process of the form

(0.3) /-/ Ho+ Fsds+ G, dW,

(0.4) Y= H, ds + e J dW,

for a standard m-dimensional Wiener process and adapted processes , G,, and
J,. The problem of estimating can be viewed as a linear filtering problem with
time-varying unknown parameters (F,, G,, Z). The process can be estimated with
an error of order and a memory length of order e, and we want to know which
pa of the parameters can be estimated. The Markovian case described above is then
obtained by putting some nonlinear constraints on H, and the parameters. First, it is
clear that, by computing the quadratic variation of , ZJ can be estimated with an
arbitrary precision. On the other hand, cannot generally be estimated with a small
error. Take, for instance, Z 0, G, I, and F, F; then we observe a Wiener process
with drift F, but it is well known that the drift can be identified only after a large
amount of time. In this paper, we prove that G,G can be estimated with an error of
order e /4 and a memory length of order ; concerning the correlation between the
noises, it appears that the skew-symmetric pa of G,J can be estimated in the same
conditions, but its symmetric pa is generally not asymptotically observable. These
results are proved by discretizing the time with the step e 3/4, which is intermediate
between the two timescales; thus, with respect to the phenomena occurring in the
timescale e, we can prove an averaging principle, and, with respect to the phenomena
occuring in the timescale, the discretized problem looks like the long-time behaviour
of a stochastic algorithm with a small slowly varying gain. There exists a wide literature
about stochastic algorithms, see, for instance [2], but our exposition will be self-
contained. The main idea is that the behaviour ofthese algorithms can be approximately
described by an ordinary differential equation. This tool was already applied in [9]
and 16] to the estimation of fixed parameters in a linear system; here, the parameters
are not constant but vary slowly with respect to the memory length of the filter. Observe,
in paicular, that the limiting differential equation involves random coecients.

The approximate knowledge ofthe parameters enables us to improve the estimation
of H, so the next step consists of designing an adaptive filter that jointly estimates
and the parameters. This can be done under stronger conditions, and it appears that

can be computed with an error of order e/4, even if the parameters cannot be
identified; we say that the filter is self-tuning. The next step, which is not dealt with
here, would consist in comparing the eciency of the different filters concerning the
parameter estimation; for this purpose, we must observe that the filtering problem
actually contains two periods: First, we must estimate quickly and roughly the system
for small times; if we have no knowledge on the initial conditions, this requires
uniformly stable filters. Then, staing with these rough estimates, we must track the
system as it evolves; as long as we neglect large deviations phenomena, this requires
only locally stable filters. If we want to optimize the filter with respect to its local
tracking propeies, we obtain a filter that is locally (but not necessarily uniformly)
stable. Thus we sometimes must use two different filters for the two periods. In this
paper, we describe a filter that can be proved uniformly stable, and we introduce a
wider class of locally stable filters.

These algorithms are then applied to the local tracking of Markovian diffusions
observed with a small correlated noise. We suppose that the n-dimensional signal
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and the d-dimensional observation Y(d < n) satisfy

(0.5) dXt =f(X,) dt + g(Xt) dWt,

(0.6) dYt h(Xt) dt + ej(X,) dW.
We also suppose that jj* and h’g(I-j*j)g*h’* are elliptic; this last condition means
that there is some nondegenerate noise in h(X,) that is independent of the observation
noise. If it is not satisfied, the filtering error may be too small for our method to work.
Under these assumptions, the linear system

(0.7) dHt h’g(x) dWt, dYt Htdt +j(x) dW,,

obtained by freezing the coefficients at x and normalizing the noise, admits a stationary
Kalman filter, and we denote by p(x) its gain. Then our local detectability condition
is that x (h(x), p(x)) is locally injective; under this condition and if Xo is known,
we can find a good filter X, that tracks X,. Under the additional assumption jj*= I,
which implies that the filtering problem is not singular, we prove that h(Xt) is a good
approximation of the conditional expectation of h(X,) given ,, Observe that if,
moreover, the noises are independent (this means that jg*=0), we have p=
(h’gg*h’*) 1/2.

Let us now briefly describe the contents of this work. In 1 we first set our notation.
In 1.1 we describe filters that do not necessarily give the best results but that work
in a quite general framework. In 1.2, under some additional assumptions, we describe
some adaptive filters, and in 1.3 we consider the Markovian case. These results are
respectively proved in 2-4.

1. The results. Throughout this work, we fix a probability space (12, -, P) with a
filtration , and we let W, be a standard m-dimensional -Wiener process. We
suppose that fro is trivial; this condition is not a restriction (if it is not satisfied, we
can apply our results by working conditionally on -0) and is only used for notational
convenience. It means that the initial condition of our system is unknown but deter-
ministic. We also have a filtration t c -, generated by an observation process Y,,
and ,-adapted processes are said to be observable.

Let us set some definitions. If Z, is a family (indexed by e) of stochastic processes
and if z, is a family of deterministic positive functions, we say that Z, is (at most) of
order z,, and we write Z O(z,) if, for any 1 <- k < ,
(1.1) lim sup sup <

-O Z

for in some bounded or unbounded time interval (which will be made precise in the
statements). If U is a family of events, we say that Z, is of order z, on U if Ztl t is
of order z,. The statement Z- Zs O(e) for It- s -< e" means that

(1.2) limsupsup{e-l]Z,-Zs[Ik; [t-s[<=e}<
e--O

for any k. We sometimes use the weaker notion of domination in probability; we say
that Z, is of order z, in probability if

(1.3) lim lim sup sup P[IZ,[ > Az,] 0.
Aoo e-0

In particular, if Z, is O(e k) on an event of probability tending to 1, then Z, is of order
e in probability. The notation O(e) means of order e for any k. The set Ma is the
space of d d matrices; it is a Euclidean space with the product trace(AB*). The
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subset of matrices, the eigenvalues of which have positive real part, will be denoted
by MS. For A in M, we put

(1.4) A* 2 e-A*Se-ASds.

Observe that, if A is symmetric, At is its inverse. A family of processes Zt is said to
be of class if Zt are Itg processes such that Zo O(1) and

(1.5) dZt O(1)dt + O(1)dWt.

For a R, we say that a family of Md-valued processes At is exponentially stable in
the timescale e if the solution of

(1.6) Z, I + e AsZsds

satisfies

(1.7) Iz,zT’l -< C exp {-ce (t s)}

for some positive c and C. Examples of such processes are At =-P,, where Pt is
symmetric and uniformly elliptic, or A, =-P, where P is in a compact subset of MS;
in these two examples, A, is exponentially stable in any timescale. Other conditions
ensuring the exponential stability will be given in Lemma 1.

1.1. Estimation of the signal and its quadratic variation. Consider the process
(I-L, Yt) defined by (0.3), (0.4) for some adapted processes Ft, G,, Jr, which may
depend on e. We want to find observable approximations of the processes/-/, G,, and
J,, assuming the knowledge of J,J*. The filter for H, is given by

(1.8) dB, t at +Pt (d- Bt at)
E

for some drift Ft, some gain process Pt, and some initial condition Ho.
THEOREM 1. Assume that H is of class , that Ft O(1), that Z O(1), and that

-Pt is bounded and exponentially stable in the timescale e. en
(1.9) t 0(+Ho- o[ e-’/)

for some c > O.
As is often the case for systems with small observation noise, the value of F, is

not impoant for the eciency of the filter. However, the dependence of H, on the
process P, is crucial; the estimation of the parameters G, and J, is based on differenti-
ation with respect to fi,. For E Ma, let F , be the derivative of , with respect
to a peurbation of E in the direction E. We have

E
(1.10) dF= EFdt+-(dL-,dt)
with F 0. The map E F is linear from Ma into a, and let us denote it by
F, V,. In paicular, its adjoint F is linear from a into Ma, and we can consider
the Ma-valued observable process F(dL-, dr). Note that

__1 V IH. O.l du.(1.11) r (dYu-Hudu)= du= e
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We now describe the asymptotic value of this process as e- O. To this end, we need
the following elementary results about linear systems.

For G, J in Md and /5 M, consider the linear system

(1.12) dh, GdW,, dy, h,dt + Jaw,, dh, P(dy,- h,dt),

and let A(G, J,/5) be the limit of Z[h,-h-,I 2 as t-oo; the function A(G, J,/3) is the
trace of the matrix-valued function Q-- Q(G, J, P) defined by

(1.13) /5( + 0/5. G -/3j)(G -/sj)..

By differentiating with respect to P in the direction E, we obtain

(1.14)

SO

(1.15) VE( e-P(EO+QE*+EJ(G-J)*+(G-ISJ)J*E*)e-p* ds.

By taking the trace, we obtain

(1.16) VA=-trace (fiRE*),
where/5, and R R(G, J,/5) are defined by (1.4) and

(1.17) R Q + GJ* PJJ*.

Thus,

(.8) VA(G, J, )= -*R(G, , ).
Let us return to system (0.3), (0.4) with time-varying coefficients and to the filter

(1.8). By means of an averaging principle and from the previous calculation, it will
be proved in Lemma 2 that, for t-s >> e, under some conditions including /5, e M,
we have

(.20) v IH. H, du -e P,R, du

with Rt R (Gt, Jr, Pt), and therefore from (1.11)

(. r(agu-u eu.

Thus, we have an observable approximation of R, since is known, we can deduce
approximations of R. If K > 0 and if R is solution of

it appears that R- is of order e TM for >>.
THEOREM 2. Assume the conditions of eorem 1 and suppose, moreover, that

Ho-o is oforder , that G, and Z are of class , that takes its values in a compact
subset ofM, and that

(.3 - o(3/, [, sl] o(
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3/4 For K > O, let , satisfy (1.22) with K > 0 and 1o
R,-/, O( 61/4 + IRo-/ol e-c’/)

O(1). Then

uniformly for >-- O.
On the other hand, we check from (1.13) and (1.17) that

(1.25) GtG*t ff’tR*t + Rtfi*t + 15tJtJ*t P*t
and

(1.26) G,J* JtG* Rt R*t + fitJtJ*t JtJ*t fi*
Thus, by replacing Rt by R, in these expressions, we deduce approximations for the
quadratic variation of/4, and the skew-symmetric part of the quadratic covariation of
Ht and Y,. If we choose P,=K’! for some K’>0, the estimates for GIG*, and
GtJ*t- JtG*, depend, respectively, only on the symmetric and skew-symmetric parts of
F*x, x Ea, so that the estimation of these two quantities can be separated. Each of
them requires only the computation of F, for E symmetric, respectively, for E
skew-symmetric; in particular, if we know that GtJ*t 0 (independent case), we limit
ourselves to E symmetric.

In the case where J, =0, the above result may still be applied and provides an
approximation of the quadratic variation of an observable process /-/,; however, in
this case, e can be chosen arbitrarily, so the precision of the approximation is also
arbitrary. This remark can be applied to the estimation of J,J,*.

The symmetric part of G,J*, generally cannot be identified, as can be seen, for
instance, for linear systems with an unknown parameter. Suppose that W, is two-
dimensional; that H, is real; that 0 is some real random parameter; that the conditional
law of Ho given 0 is Gaussian with mean 0, variance 1-sin 0; and that

(1.27) d/-/ cos OdW + sin OdW,

(1.28) dYt I-ttdt + edW2t.
If o,o is the filtration generated by 0 and Y, and if/,o is the conditional mean of/-/,
given o,, then/-]r, is given by the Kalman filter

(129) ^0 1 ^0Ho =0, dHt =-(dYt-Htdt).
E

In particular,

(1.30)

/_0t is a Lipschitz function of Ys, s <= t)’, if we put

Y H ds + efl t,

is a D Wiener process, and Y, is adapted to the filtration of/3 o Since /3then /t t"

and 0 are independent, it appears that Y and 0 are independent, so the knowledge
of Y does not give any information on 0. In particular, we cannot decide whether the
signal and the observation noise are independent (0 =0). More generally, for the
stationary filtering of linear systems with unknown parameter (G, J) such that JJ* I,
parameters yielding the same gain in the Kalman filter are indistinguishable; this is
also approximately true for time-varying parameters. To conclude this discussion, we
can say that the stationary gain of the Kalman filter of the frozen system G, J) Gt, J,)
is the only quantity that can be identified; in particular, the processs Rt estimated in
Theorem 2 is a function of this gain. We will now explain how to directly estimate
this gain.
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1.2. Adaptive filters. Consider again the linear system (1.12) with coefficients
(G, J), suppose that JJ* is inversible, and let

(1.31) S- S(J)= I-J*(JJ*)-lJ

be the orthogonal projection on ker J. Assume that GSG* is inversible (this condition
means that there is some nondegenerate noise in the signal that is independent of the
observation noise); then the linear system admits a stationary Kalman filter. Its gain
P= P(G, J) is obtained as the solution of R(G, J, P)=0 and is given by

(1.32) P Q + GJ*)(JJ*)-1

with Q Q(G, J) solution of

(1.33) Q(jj.)-I Q + Gj.(jj.)-I Q + Q(jj.)-IjG. GSG*.

Let us now return to the time-varying system (0.3), (0.4) and to the filter (1.8),
and let us consider which is the best choice of P, for the estimation of H,. IfP P( G,, J,)
is observable, then we should use P, P,. However, in our situation, G, and J, are not
observable, so we want P, to be an approximation of P,, and, moreover, we want to
jointly estimate (H,, P,). To this end, let us take the following viewpoint: We want to
make IH,- ISI, 2 dt as small as possible, and from (1.11) we have a good observable
approximation of its gradient with respect to P,. Thus, we can use a gradient algorithm;
for K > 0, we let P, be solution of

K
(1.34) dP, e- F*(dY, Ht at).

THEOREM 3. Assume that G,, J,, and H, are ofclass ; that G, and J are bounded;
that Jfl*, and G,S,G* are uniformly elliptic; that , O(1), and that Ho- I2Io O(v/-d).
Let P,= P(G, J) be defined by (1.32) and consider the filter (1.8), (1.10), (1.34) with

o in a compact subset of M-. Then

(1.35) nt- ISIt O(x/-) and P, O(E 1/4 -47 IPo- ffole -Ct/eT)
on bounded time intervals, except on an observable event ofprobability O(e).

Remark 1. The rare event on which we cannot make our estimation is the set
where P, becomes too large, too unstable, or has variations that are too fast. Observe
indeed that, from our assumptions, P, stays in a compact subset of M; however,
nothing prevents/5, from leaving this subset. It may even leave M+

d, and, in this case,
the system becomes unstable. This can probably be remedied by modifying (1.34) near
the boundary of M+

d, so that /5, is constrained to stay in the above compact subset;
after time descretization, the modified filter should reduce to a projected stochastic
algorithm as described in [7].

Remark 2. As in 1.1, we deduce estimates for the quadratic variation and
covariation of H and Y via the formulas

(1.36) G,G* P,J,J*, P’t,

(1.37) G,J*, J,G*, PtJ,J*, J,J*t P*,

which are proved from (1.32) and (1.33).
The filter of Theorem 3 is uniformly stable for the estimation of P, in the sense

that it identifies P, even if Po is badly known. A wider class of filters is obtained by
replacing K by a process K,, taking its values in the space Mdd of endormorphisms
of Md. If we assume that Po-Po is small, we only need local stability on the filter and
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obtain the following result: for K in Mdd, U, V in Md, we let p(K, U, V) be the
endomorphism of Md defined by

(1.38) p(K, U, V)"p > K[ UpV].

THEOREM 4. Assume that the conditions of Theorem 3 are satisfied, that Po-Po is

oforder e /4, and that K, is a bounded observable M(d d)-valued process such that Kt Ks
is oforder e/4 for It- s] <-_ e 3/4 (in the sense of (1.2)). Suppose also that, for any bounded
symmetric uniformly elliptic processes U,, Vt ofMd, the process -p(Kt, Ut, Vt is exponen-
tially stable in the timescale x/7. Consider the filter defined by (1.8), (1.10), and

(1.39) KtdP, =- [F*, (dY, ft, dt)].

Then Ht fit and Pt -fi are, respectively, oforder and e 1/4 on bounded time intervals,
except on an observable event ofprobability 0().

Let us now look at the conditional mean/-/t of Ht given Jt. The filters of Theorem
1 satisfy Ht-- O(v/7), so, by conditioning on J,/t-t is also O(x/). We now
see that adaptive filters are better for the estimation of/-/,. The following result can
be applied to the filters of Theorems 3 and 4.

THEOREM 5. On a time interval To, T], suppose that Gt and J, are bounded, that
G,, Jr, and Ht are of class , that GtStG* is uniformly elliptic, and that JtJ*t I. Suppose
also that, for each e fixed, there exists some a > 0 such that

(1.40) sup IF exp
Tot T

Let Ft and Pt be observable processes and consider the associate filter (1.8). We suppose
that Ft O(1) and that, except on an event of probability O(e), H,- Ht and Pt-P
are, respectively, O(x/7) and O( e /4) on To, T]. Then, for any T’o To, T1), the process
IYI-Ht is of order e 3/4 in probability on the time interval T’o, T1].

Remark. This result is false without the assumption on Jfl*; if indeed Jfl* is
random, then H, may be observable, for instance, when Ht is a function of Jfl*. In
such a case, /-), is equal to /-/,, but Ht-/-, is not of order e 3/4.

The next step would consist in giving a more precise estimation of P,-P, and in
comparing the efficiency of the filters obtained for various gains Kt.

1.3. Filtering of Markov diffusion processes. In the Markovian case described in
the Introduction, the processes P,, Q,, and S, defined by (1.31)-(1.33), respectively,
are equal to p(X,), q(X,), and cr(Xt), where

(1.41)
P= (q+ h’gj*)(JJ*)-’ tr= I-j*(JJ*)-lJ’

q(jj*)-’ q + h gj’* (jj"*)-’ q+ q(jj*)-’jg* h’* h’gog* h ’*.

We also use the function p* obtained from p by (1.4). We follow previous results, but
we also must consider the geometric structure of the process (X,, Y,). We are only
interested here in the local tracking of X,, so we suppose that Xo-Xo is small.

THEOREM 6. Let f, g, j, and h be fixed Borel functions defined on En. Assume that
f has at most linear growth at infinity; that g, j, and h’ are Cb; that jj* and h’gtrg*h’*
are uniformly elliptic; that Xo is bounded; and that (X,, Y) is the solution of (0.5),
(0.6). Let & and 0 be fixed Cb and clb functions, respectively, defined on " such that,
for each x, oh(x) is a linear map from Ed into ", O(x) is a linear map from Md into
"; we suppose that h’ch =p, that h’O =0 (so that the image of O(x) lies in ker h’(x)),
and that the real parts of the eigenvalues of the maps

(1.42) p(x)" ker h’(x) - ker h’(x), tz O(x)[p*(x)Vp(x)jj*(x)]
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are bounded below by a positive constant. Let X be the solution of

(1.43)
1dx’=le ch()(dY-h() dt)+7f O(,)[F,*(dY,- h(,) dt)],

(1.44) dr,
1 E=--p(2,)r, dt+-(dY-h([t) dt).

Suppose that Xo-o is of order e 1/4 and that h(Xo)- h(f2o) is of order x/. Then

(1.45) X,-2,=O(e/4), h(Xt)-h(2t)=O(x/)

on bounded time intervals, except on an event ofprobability O( e Moreover, ifjj* I
and if I2It is the conditional expectation of h(X) given , then I2I- h(fit) is of order
e 3/4 in probability on any fixed time interval To, T1]

Remark 3. We do not claim in this result that the rare event on which we cannot
make our estimation is observable.

Remark 4. The ellipticity and boundedness assumptions imply that p takes its
values in a compact subset of M, so p* is bounded and elliptic. If gj* 0 (independent
noise) and jj*= I, then p (h’gg*h’*) 1/ is symmetric and p* __p-1.

Remark 5. As in Theorem 5, the estimation of H, requires an additional assumption
on jj*; it is indeed well known (see [17]) that the optimal filter is singular if jj*(x)
depends on x. Without the assumption jj*= I, we can only say that h(X,) is the best
approximation of h (X,) among filters of type (1.43).

Remark 6. Our conditions are local, so we must assume that Xo-Xo is small. To
drop this condition, we may conjecture that the stability condition should be the
following one: For any fixed x and any o in the manifold {h(g)= h(x)}, the solution
of

(1.46) ) -O(Y,)VA(g(x),j(x), p(g))

converges to x as t- co. Roughly speaking, the condition about the eigenvalues of
p(x) means that this holds for )o in a neighbourhood of x.

Remark 7. As before, the next step would consist in estimating more precisely
X,- X, to compare the efficiency of the filters corresponding to various 4 and O. In
the particular example_of [15],.. a precise estimation of X, was derived; we found a
filter 3?, such that Xt-Xt and Ht-h(t) are, respectively, O(v/) and O(e). However,
this example is particular in the sense that it is partly linear, and we do not know how
to prove similar properties in the general case.

Example. Let us describe a filter satisfying the conditions of the theorem. It follows
from the assumptions on the coefficients that h’h’* is inversible, so we can use

(1.47) ch= h’*(h’h’*)-p.

We can also let O(x) be defined by its adjoint

(1.48) ker h’(x) -. Md, /x p(x)V,p(x).

Then, for x and u in ker h’(x), we have

(p(x)/x)* , trace ((p (x)/x) ,*)

(1.49) trace (O(x)[p*(x)V,p(x)jj*(x)],*)

trace (p*(x)V,p(x)jj*(x)V,p(x)*p*(x)*).
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In particular, p(x) is symmetric, so the assumption on its eigenvalues is satisfied as
soon as it is uniformly elliptic; this holds under the condition

(1.50) IVp(x)[ _-> cl l
for any in ker h’(x). This condition means that x -> (h(x), p(x)) is locally injective.

2. Proofs of Theorems 1 and 2.
2.1. Exponentially stable systems and Theorem 1. We first summarize the basic

properties of exponentially stable processes, which will be used later. Some of these
properties were proved in [14]; see also [4].

LEMMA 1. Let At be a bounded family of matrix-valued adapted processes. Then
(1) The three following conditions are equivalent"

(i) The process At is exponentially stable in the timescale e;
(ii) The solution A, of

(2.1) e,, AtAt + h,a*, + I, ho I

is bounded;
(iii) There exists an absolutely continuous process At with values in symmetric

matrices, such that ho -> I, At is bounded and

(2.2)

(2) IfAt is exponentially stable in some timescale, then there exists a constant C > 0
such that any A, satisfying ]A,- A, <= C is exponentially stable in the same tirnescale.

(3) Suppose that the real parts of the eigenvalues of A, are bounded above by a
negative constant, and that, for t- s <= e, we have

(2.3) [at a[ <- Cet

for some positive and C; then At is exponentially stable in the timescale e.
(4) Suppose that At is exponentially stable in the timescale e , that Zt satisfies

(2.4) dZt =--e AtZt dt +---g dt +- g, dWt,

and that f and gt are of order e v uniformly for >= O. Then

(2.5) Z, O( e + IZol e-’/)

for some c > O, uniformly for >-- O.
Proof ofpart (1). To prove that (i) implies (ii), note that, if Zt is solution of (1.6)

io(2.6) At ZtZ*, + e ZtZ-I(Z,Z-I)* ds

is bounded from (1.7). It is immediate that (ii) implies (iii). To prove that (iii) implies
(i), we look at the equation satisfied by (z,z-;)*a-;’z,z-; for => s, and, by means of
the inequality A-2>= Ai-1/[A,[, we deduce that it decreases exponentially fast.

Proofofpart (2). In condition (iii), it is clear that, by multiplying At by a positive
constant, we can replace the condition "-I" by the condition "uniformly elliptic."
Since At is bounded, this property also holds for

Proof ofpart (3). Consider the time subdivision si ie; define As, by

(2.7) as,Asi + Asias* + yI O,
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where y > 1 is such that Ao_-> I; and let At be the affine interpolation of these values.
Then At is bounded; moreover, for si < < si+l, we have

(2.8) I,- 1--< c, I,1--< c-SO

(2.9) st-AtAt- AtA*t >- (y-Cet)I >- I

for e small enough. Therefore, the exponential stability of At is deduced from the
characterization (iii).

Sketch of the proof of part (4). We do not give the whole proof of this result,
which is easily deduced from Lemma 1.3.2 of [14]. We take a process At satisfying
(iii), and, by applying Ito’s formula, we write the differential increment of Z*,A-/1Zt.
From (iii), we deduce that the moments of this process satisfy differential inequations,
and therefore, we obtain estimates on these moments.

Remark. By considering the trace of Ai-1, it can be checked that a process At
satisfying (2.2) is uniformly elliptic as soon as At is bounded.

Proof of Theorem 1. By putting Zt Ht-/-/t, we have

(2.10) dZt=-rtZtdt+(Ft-Pt) dt+(Gt-PtJt) dW’t,

so we must only apply part (4) of Lemma 1.

2.2. An averaging principle. Assume the conditions of Theorem 2. Observe that
part (4) of Lemma 1 implies that Ft is of order x/. Since the estimation problem
involves two timescales, the idea is to use a discretization of the time with a meshsize
intermediate between the two timescales, more precisely, e 3/4. Thus we define ti ie 3/4.
The notation Oi(e y) will mean of order e y with zero conditional mean given %,.

Lemma 2, below, is an averaging principle; it will be basic in the proof of all our
results. In classical results such as [8], we consider a fast ergodic process t and a
slow process, which is solution of a stochastic differential equation, the coefficients of
which depend on (t. Then we prove that the behaviour of the slow component can be
approximated by taking the average of the coefficients with respect to the invariant
measure of t. In the proof of the following result, the statistics of the fast component
are allowed to vary slowly.

LEMMA 2. In the assumptions ofTheorem 2, relax condition (1.23) on the oscillations

of in the following one. We suppose that t-s is of order 61/4 for It-s] <= 6 3/4. Then,
for >= O, we have

(2.11) e -7/ F*(dY, H, du)=- *tRt+ O(e 1/8) + O(e /).
ti

Proof By developing dYe, observe that

(2.12) :-7/4 F*(dgu Su du) -7/4 F*(gu gu) du + Oi(F_,l/8).
dt

Moreover, since F* is the adjoint of Fu, for any E in Md, we have

(2.13) trace F*(Hu ) du E* (H )*Fe du,

so it is sufficient to estimate this quantity for E fixed and prove that

’+ /8) /4).1
(2.14) e -7/4 (H, H,- *F, du=-gtrace(P*,,R,E*)+Oi(e +O(e

dt
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For ti<= < ti+l, consider the process (r/t, so,), which is the solution of

(2.15) dr/, P" G,. P.J,.
r/, dt + dW,

e v/-[

(2.16) dt Pttdt+-- EJr.
e" e

r/t dt +-- dW,

with r/,, (Ht,-,,)/v/- and ,, =F/v/-; observe that sc,=-Ver/,. The variables /5,,
are in a compact subset of M, so we can deduce from part (4) of Lemma 1 that
and t are O(1). We have assumed that Gt and J, are of class 5, so their oscillations
on [ti, ti+l] are of order e3/8; we have also assumed that the oscillations of/5, are of
order 81/4. Thus, by comparing the above equations with the equations of H, t and
F, and by applying part (4) of Lemma 1, we obtain that

/"/t /"t 1/4) I 1/4)(2.17) r/,=-----e+O(e and sc,=e+O(e
Conditionally on %,, the process (r/t, set), t -< < t/l is Gaussian; moreover, since
is in a compact subset of MS, for ti <: S <: < ti+l, the conditional covariance of (r/s, sos)
and (r/t, set) is of order exp (-c(t-s)/e). In particular, the conditional covariance of
r/s sos and r/t*:t satisfies an estimate of the same type, so the conditional variance of
E--3/4 ii r/uu du is of order 61/4. Thus

ti+l
--3/4 :

6
-7/4 (Hu Hu)*r. du e r/u, du + O(e /4)

.It

ti+l
(2.18) E--3/4 [,u*.1077. 1/8) 1/4).,.[et, du + Oi( e + O( e

Then, for t _-< < ti+l, we write the equations satisfied by r/tr/,* and r/t,*, and we compute
their conditional expectations. We deduce that with an error of order exp (-c( t)/e),
the conditional expectation of r/tr/,* is the asymptotic covariance error for the linear
system with coefficients (G,,, J,,) and gain Pt,. Thus
(2.19) ((G,,, J,,, fit,)+ O(e-C(t-")/).
Similarly, for r/t,*, we check that we can differentiate the previous estimate, and we
obtain

(2.20) IF[ w,,* + ,w,*l -v &, +

BY taking the trace and using (1.16),

,_eti -- VE A( Gti Li Pti .-Jl- O( e-c(’-’’)/)

1
(2.21)

2
trace (P,*,R,,E*)+ O(e-(’-’,/

so, by integrating on [ti, t+l] and applying (2.18), estimate (2.14), which was required,
is proved. [3

2.3. Linear stochastic algorithms and Theorem 2.
LEMMA 3. Let Zt be a nonnegative adapted step processfor the subdivision t ie 3/4.

Suppose that Zo 0 and that

(2.22) Z,,+, < lti- cF_.l/4gti--,( 1 + v/Zt,) Oi( E 1/8) -1
I- O( E 1/4))

for some c > O. Then Zt is 0(1).
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Proof Let k_-> 2 be an integer. From the ineqality

(2.23) [(a + b) k a k ka k-1 b <-_ Cak-2b2 + Cbk

applied with a + b, the right-hand side of (2.22), and a Z,,(1-cel/4), we obtain

Zk’,+, <= Z,(1 C81/4) k "4- (ztki -1/2 -- Ztki-’)Oi( 81/8)(2.34) +(z,k-’/2+Z-2)O(8’/4)+(l+Zt/2)o(sk/8).
By taking the expectation,

[E[Z+,] =< [E[Z,](1 ce’/4) k +_[Z,-’/20(
(2.25) +_[z,k,-20(el/4)]+_[zk/Zo(ek/8,, + O(e k/S).
Thus, if we let ui be the kth moment of Z,,, by using H61der’s inequality in the last
three expectations of previous formula and the estimate

(1 cel/4) k eke 1/4 + O(v/-d),(2.26)

we obtain

(2.27) Ui+l bli kel/4ui + uiO(x/) -ff u(2k-1)/(2k) o(

.(k-2)/ko(61+ ui /4)+(1 +V/-)o(ek/8).
There is some constant y> 0 such that, for e small enough, ui+l-u-<0 for u_-> y;
moreover, for ui <--y, ui+l- ui is of order 8.1/4. Thus

(2.28) lgi’y-[-O(E1/4)--- O(1). [’]

LEMMA 4. Let At be a bounded adapted matrix-valued process that is exponentially
stable in the timescale x/-d and such that A,- A. is of order e 1/4 for [t-s[ <-e 3/4. Let Z,
be an adapted vector-valued step process such that Z, 0(1) and

(2.29) Z,i+ Zt, q- e’/4At,Zt, q- Oi( e 3/8) q- O(x/-).
Let z, be the solution of

(2.30) ’ =ee A,z,, Zo Zo.

Then Z z is of order e 1/4; in particular,

(2.31) Z O(e /4 4-IZole-’/).
Proof This lemma can be viewed as a discrete-time analogue of part (4) of Lemma

1; the recursive expression (2.29) can be interpreted as a stochastic algorithm, and
(2.30) is the limiting ordinary differential equation. Since z, is of order IZol e-c’/, note
that we must only prove the estimate on Z,- z,, and (2.31) will follow; moreover, from
our assumption on the oscillations of At,

(2.32) Z/i+I Z,,-}- el/aAt,zt,-[- O(x/--).
Thus Z, and Z-z, satisfy the same recursive estimate (2.29), and the proof can be
reduced to the case where Zo 0. Let ,, be a process satisfying the conditions of the
characterization (iii) of Lemma 1 and put V, ,-, so that V, is bounded, uniformly
elliptic, and

(2.33) V,+ V,A,+A*t Vt<=-cVt.
By integrating this inequality,

(2.34) 8-1/4(Vt,+,- V,,)+ V,,A,,+AV,, <- --Vt,+0(81/4).
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On the other hand, by writing the recursive formula satisfied byZ V,;z,; and by applying
the recursive estimate (2.29) of Z,,, we obtain

* v,.+,z,.+, z,*.. v,.z,. + z,*,( v,. v,. +/ *

(2.35) /lz,,Izo(v/7)/lz,,l(oi(3/s)/ O(V/--)) "3
t- O(83/4).

We have assumed that Z, O(1), so

(2.36) IZ,,1=O(,/7) IZ,,I O(,/7).
By also applying (2.34), we obtain

Z* Vq+lZq+, Z$VtiZti(1-ce e3/a)’i+l ’i /4) QLlZti](Oi(

(2.37) + O(V-)) + O(e3/4).
Thus Z*VZ/x/7 satisfies the assumptions of Lemma 3, and so is O(1).

Proof of Theorem 2. We have

(2.38) dR,=-- O(1) dt+O(x/)

On the other hand, since /5_, lies in a compact subset of M, we deduce that /5 is
bounded and uniformly elliptic; thus it is exponentially stable in all timescales, and
we deduce from part (4) of Lemma 1 that R,= O(1). By again applying (2.38), the
oscillations of/, on intervals of length 8

3/4 are shown to be of order e /4 fit satisfies
the same condition, so

K C ’i+l

J F*,(dYt-H, dt)
g

1/4.t._4c. 0(/-)(2.39) Rti+l R,, 737 ,, 2
e _,,

and, from Lemma 2,

K 1/4p’l" 3/8)(2.40) R,,+,- Rq---f 8 ,,(R,,- ti)4r- 0i(8 -Jr- O(V/--).

On the other hand, R, R(G,, J,, P,), and R is a smooth function; since G, and J, are
of class 5 and from assumption (1.23) about the oscillations of P,, we have

(2.41) Rti+l- R,, O(e3/8)
_
O(V/’).

Thus the step process Z, defined by Z,,--R,- R,, satisfies the assumptions of Lemma
4 and therefore is of order sl/4-t IZole-c’/.

3. Proofs of Theorems 3-5.
3.1. Nonlinear stochastic algorithms.
LEMMA 5. Let Zt be a bounded adapted step process associated to the subdivision

t), with values in a Euclidean space E. We suppose that

(3.1) Zt,+,--Ztiq-gl/4b(flti, Zq)q-Oi(83/8)q-O(v/7),
where , is a process of class taking its values in a compact subset Y{o of a Euclidean
space, and b is a smooth function on 51{o x E; we denote b’= Oh/Oz. We also suppose that
b(/3, 0) 0 for any , that the real parts of the eigenvalues of b’(fl, O) are bounded above
by a negative constant, that b’(fl,, O) is exponentially stable in the timescale x/7, and that,
for any fl and zo, the solution of

(3.2) :/ b(/3, z), Zo=Zo
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converges to zero as t- +o. Let zt be the solution of

1
(3.3) t e-e b(flo, zt), Zo= Zo.

Then Z- zt is of order e 1/4" in particular, Zt is of order el/4+
Remark 8. This result can be viewed as a nonlinear version of Lemma 4. The idea

of the proof is to transform the differential equation into an almost linear one, so that
we can apply Lemma 4.

Remark 9. The assumption about the solution of (3.2) implies that the real parts
of the eigenvalues of b’(/3, 0) are nonpositive; thus the additional assumption about
these eigenvalues simply means that they should not be on the imaginary axis.

Proof From part (2) of Lemma 1, since b’(/3,, 0) and b’(flo, 0) are bounded and
exponentially stable, there exists a A > 0 such that any At satisfying

(3.4) IAt- b’(/3t, 0)l =< A or IA,- b’(/3o, 0) <= A

is exponentially stable. On the other hand, there exists a matrix-valued smooth function
a such that b(, z)= a(, z)z; let 5(/3, z) and t7(/3, z)= 5(/3, z)z be other smooth
functions that coincide with a and b for z in a neighbourhood of zero such that

(3.5) 7(/3, z) b’(/, 0)1 t

and such that, for any/3 and o, the solution of

d
f ;(t, f, o o(3.6)

dt

converges to zero as t- +. Then 5(/3t, et) and 7(/3o, e,) are exponentially stable for
any process e,. Since b and / coincide on a neighbourhood of zero, for any/3, there
exists a smooth diffeomorphism D(fi,.), which transforms the flow cI) of (3.2) into
the flow of (3.6); it is given by

(3.7) D(fl, z)= Pt(-t,(t, z))

for sufficiently large, so that ((s, z), s_-> t) stays in the above neighbourhood of
zero. Similarly, the inverse of D is given by

(3.8) D-l(/3, z)= 3 (-t, (t(t, z))

for large enough. Moreover, D and D-1 are smooth. The property of transformation
of flows can be translated as

(3.9)
OD
Oz

(, z)b(, z)= b(, D(fi, z)).

Put _, D(t, Zt); then

OD

(3.10) + O(1/+1-

By using the recursive expression (3.1) for Z, and by applying (3.9), we obtain

(3.11) t,+, Li + 6/4(t,, ,)+ 0i(E3/8) + 0().
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The assumptions of Lemma 4 are satisfied with A t(flt, Zt); thus, if ’t is the solution
of

(3.12) t -e a(fl,, t)sr,, ’o .o,
then sr, -t is of order e 1/4. By using this estimate and

(3.13) Ifl,-flo]t O(x/ e -c’/’/7) O(61/4),
we deduce that

1
(3.14) t =6-6 (a(/O’ t), "-[- O(E1/4))

Moreover, if is the solution of

d 1
(3.15) d- z’ =e-e/(/3o, Yt), Yo ,o,
then

d~ 1
(3.16) d- z, =e-e (a(flo, sr,)t +

where y, is a process satisfying

(3.17)

Thus

d
1/4)(3.18) d(,-)=-e (a(o,,)+y,)(t-.t)+-ee O(e

The process (/3o, ’,) is exponentially stable in the timescale v, and, from (3.17), a
perturbation by y, does not destroy this stability. So ’,- is o(el/4), and therefore
t-Yt is also O(el/4). Now we apply

(3.19) Zt D-l(flt, --t), zt D-l(flo, Y-t).

The function D-l(/3, is the identity on a neighbourhood of zero; if C is chosen large
enough, for => Cv, in this neighbourhood, so z, is equal to D-l(flt, Y.t), and the
Lipschitz property of D-1 with respect to z implies that Z, z, is O(el/4). For < Cv,
we use

(3.20) IZ, ztl =< CI/3,-/3ol + C[L ff,
to obtain the same estimate. U

3.2. Uniformly stable filters and Theorem 3. Assume the conditions of Theorem
3; we first describe the observable event of probability 1- O(e) on which we will
estimate H,-/4, and Pt-Pt. We have supposed that (Gt, Jr) takes its values in a
compact subset Y{o of the set of matrices (G, J) such that JJ* and GS(J)G* are definite
positive’, we have also supposed that/30 is in some compact subset Y{’ of M+a. On the
other hand, A(G, J, p) is uniformly bounded for (G, J) {’o, P {, and infco A(G, J, p)
converges to +c as p tends to OM- {}. We deduce that there exists a compact
subset { of M such that

(3.21) inf inf A( G, J, p) > sup sup A(G,J,p).
P{ G’J) P?7(l G,J)(o
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Consider the subdivision S ie and let 7. be the infimum of times => 0 such that Pt
or ]/5,_/ss; _>_ e,/4 for si-<t< si+. In Lemma 6, we prove the estimates (1.35) on the
random observable time interval [0, 7.]; this implies that, for T fixed, these estimates
hold on the time interval [0, T] except on the event { T < 7.}, so it is then sufficient to
prove that the probability of this event is O(

LEMMA 6. The estimates about Ht-Ht and P,-Pt stated in Theorem 3 hold on
{t 7}.

Proof We deduce from part (3) of Lemma 1 that -P is exponentially stable in
the timescale e up to time 7., so the estimate about H- Ht follows from Theorem 1.
Moreover, from Lemma 2, we have

(3.22)
K

Pti+l- Pli --- E’/4VA(Gt,, J,,, ,) + O(e3/8) + 0().

The function A(G, J, p) is not defined for any matrix p, but we can extend it into a
function Ao(G, J, p) defined everywhere, which coincides with A for p in Y{, tending
to +oe at infinity, and such that VAo is zero only at p P(G, J). Then Z, P,-P,
satisfies the recursive condition (3.1) of Lemma 5 with/3, (G, J) and

K
(3.23) b(G, J, z)=

2
VAo(G, J, z + P(G, J)).

For any (G, J), the flow defined by (3.2) is the flow of a gradient dynamical system
with a globally attractive equilibrium, so, to apply Lemma 5, we must only check that
the eigenvalues of b’(G, J, 0) are not on the imaginary axis. Since b’(G, J, 0) is sym-
metric, it is sufficient to prove that it is inversible. Thus, let us study the function
A(G, J, P) in the neighbourhood of P(G, J); since V Q(G, J, P) is zero for P P(G, J),
we have

(3.24) ((G, J,/5) Q(G, J) + O(lfi Pie).

From (1.17) and since R(G, J, P)=0, we have

R( G, J, 15) Q( G, J)+ GJ*- PJJ* + O(IP- p12)

(3.25) (P- P)JJ* + O(IP- PI2).

From (1.18), we deduce that

(3.26) VA(G, J,/5) _p,(p_ )jj. + 0(1-

so b’(G, J, 0) is given by

Kp,(3.27) b’( G, J, O)" z --- zJJ*
2

In particular, it is inversible; so we can apply Lemma 5, and the estimate on P,-Pt
follows.

Proof of Theorem 3. As was stated previously, it is now sufficient to prove that,
for any fixed T, the probability of {T> 7.} is O(e); to this end, we must only prove
that, for any i,

(3.28) P[s-< 7- < s+,] O(e)
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uniformly in i. The estimation of P[ T> 7.] then follows by adding this estimate over
the O(1/e) possible values of i. On the event {si_-< 7.< si+l}, the variable P-Pi is of
order v/-, so

P[]/3 lsi >= 61/4, S <= 7" < Si+I]

(3.29) -< 6-k/4[E[] -/Ss, [/ s <- 7" < si+l] O(t/4)
for any k and is therefore O(e). On the other hand, let p, be the solution of

K
(3.30) /i, 2/_

_
VA(ao, Jo, P,), po Po.

Since p, is solution of a gradient equation, it follows that A(Go, Jo, P,) is nonincreasing,
SO

(3.31) inf A( G, J, pt) <- A( Go, Jo, p,) <- A( Go, Jo, Po)
O,J {o

_--<sup sup A(G,J,p).
p,7{; G,J)c2lo

Since P, is the point that minimizes A(G,, J,,. ), we also have

inf A( G, J, Pt) <-_ A( G,, J,, P,) <-_ A( G,, Jt, Po)
G,J ,7(o

(3.32) -<_ sup sup A(G,J,p).
p’{l (G,J)2{

Thus it follows from condition (3.21) that, on {t =< 7"}, P, and p, take their values in
and that the distance between these two processes and OY{ is bounded below by a

positive constant Co. From the application of Lemma 5 used in Lemma 6, we have

(3.33) /5,= pt_Po_l_ptnt_o(6l/4)

on {t-< 7.}. It follows from (3.30) that p, converges exponentially fast to Po; thus, if
Si>= E

1/4 then p.._/5,, is of order 61/4 on {si<ZT"} SO p_/5 is of order e 1/4 on
{si--< 7" < si+l}, and therefore

P[P, 0Y[, si <- 7" < Si+l]

(3.34) <-- P[[P- PI >- Co, si <-- r < s+] O(e).

Similarly, if si < e 1/4, then P., Po is O(el/s) so P,i -/5., is of order e 1/s on {si < 7"},
and therefore we obtain the same estimate. The wanted estimate (3.28) is then obtained
by adding the two probabilities (3.29) and (3.34).

3.3. Locally stable filters and Theorem 4. For the proof of Theorem 4, let 3/{ be a
compact subset of M such that P, takes its values in a compact subset of the interior
of Y{ and let 7" be (as before) the infimum of times such that/5., y{ or I/5, -/5,il => e /4

for si=<t<si+l. Let 7"o be the infimum of times t_->0 such that IPt-/5, I->e 1/ or
[/5., _/5,,. >__ el/4 for si <-- < si+. Note that 7"o is not observable and that 7"o <- 7" for e small
enough.

LEMMA 7. Under the conditions of Theorem 4, Ht- I is 0(,/-) on {t <= 7"} and
P, P, is O( E:1/4) on { <-- 7"o}.

Proof From part (3) of Lemma 1, -P, is exponentially stable up to time 7", so we
can apply Theorem 1 and obtain the estimate on H,-/4,. By applying (3.26), it appears
that

(3.35) K,[VA(G,, J, P,)] fi,[P P,]
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for some process fi, that is a smooth function of K,, G,, Jr, Pt such that

(3.36) I,- p( K,, 0’,, J,J*, )l <- CIP, P,I.
The Lipschitz dependence of fi, implies that the oscillations of fi, are O(e /4) on
t, ti+], and we deduce from part (2) of Lemma 1 and (3.36) that -fi, is exponentially

stable in the timescale - up to time z0. On the other hand, from Lemma 2 and (3.35),
/4

(3.37) Ei+i Ei -T ti[Ei Pti]-[- Oi(e3/8)-[- O(/--).

Therefore, we can apply Lemma 4 to Zt P,-Pt and deduce that this process is of
order E

1/4 on {t =< Zo}.
Proof of Theorem 4. Let us consider the event {si -< Zo < s/+}; we deduce from

Lemma 7 that, on this event, /5 -Po and/3 -/3, are, respectively, of order e /4 and
x/-. Thus, by proceeding as in Theorem 3, the probability of this event is O(e). By
summing over the O(1/e) possible values of i, we deduce that P[% < T] is O(e). On
the other hand, note that P,- fit is O(1) on {t-< -}, is O(e /) on {t _-< ’o}, and that the
probability of {%< t<=z} is O(e); we easily deduce that P,-ff’t is O(e /4) on {t<=z}.
Moreover, since Zo--< z, the probability of {z < T} is O(e), so we can conclude as in
Theorem 3.

3.4. Linearization and Theorem 5. For the estimation of/_it,, the idea is to choose
some time before and to compare our system with the linear system obtained by
freezing the parameters at that time. This comparison is based on a change of probability
chosen, so that, under the new probability, Y, becomes the observation process of a
linear system.

Proof of Theorem 5. Put tl i 8/9, let us fix some time t, and let be the index
such that t’ < < ti+. Let z be the infimum of times s > t’ such that IH-HI > 1,i+1

[Ps-/Ss[_-> l, ]Gs-Gtle 1/9, or ]Js-Jt;le 1/9. Then, for tl<-s<-_t, Hs-ffI. and p _/5
are, respectively, O(x/-) and O(e 1/4) on {t_-< z}, and the probability of this event is
O(e). Define

(3.38) if’s= (GuSuG*)-l/2auSudWu, B,= JdWu.

They are two independent standard Wiener processes with respective dimensions n
and d, and the system for (H, Y) can be written as

(3.39) dH F,ds + G,SG)’/2dff’, + GJ* dB.,

(3.40) dY Hds + edBs.
Now consider the processes/_),/., r, which coincide with H, B,. if’, for s < t’ and
which are solutions of

(3.41)

1
(3.42) dBs dB +- (H IYI)ds,

(3.43) _l/2GsJ,sdIC dW, + GSG IYls H ds
E

" this is a linear equation in H, so, in particular, it has a unique solution.for s > ti,
Note that, from (3.40) and (3.42), the observation is given by

(3.44) dYs ITtds + ed.
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Consider also the local martingale given by L, 1 for s <- t’ and

(3.45) dL=L- (I-H,)*dB-L-- (I-H)*JG*s(GsSG*)-’/2dlY

For e fixed and s bounded, we deduce from (1.40) andfor s > ti.

1 1/2( -1/2GsJ,d(Hs-Hs)= Fsds+-((G,;St;G) GsSsG* -G,;J*,,i)(H-I2L)ds

(3.46) + ((GSG*)1/2- GtSt;G*t,,)l/2)dff’ + GsJ Gt;J)dB.
that an exponential moment of ]H 1 is bounded, so it follows from classical results
that L is actually a marti,ngale. Thus we can consider the probability L,P on if,.
Under this probability, W and /} are independent Wiener processes. We now have
two probabilities; note, however, that the notation O(e k) is a relation of domination
in the spaces Lk(p), but not necessarily in Lk(). Consider the process

(3.47) h [/s] o%,; v 0].
Under P, after time ti, the filtering problem (3.41)-(3.44) is linear with coefficients
(G,;, J,;), so the optimal filter is given by a Kalman filter

(3.48) dh =P (dYs hsds), h,;=

where the gain p is solution of some differential Riccati equation. The solution of this
equation converges exponentially fast to the solution of the algebraic Riccati equation,
which is Pt;. Since P-/Ss is O(e 1/4) up to time ’, we deduce that, for tl -< s-< t,

(3.49) Ps Pt; d- O(e-c(s-t’i)/e) Ps + O( E4/9 -t-- e -c(s-t;)/e)

Ps + O(El/4+ e-c(’-’;)/)
on {t =< r}. Moreover, the error covariance matrix for the linear filter (3.48) is sp so

(3.50) :[1/ h[lo%; v 0.]’/ :[ [/_) hl"],/" 0(,/-)
for any k. By comparing the equations (3.48) of h and (1.8) of H, and by applying
(3.49) and part (4) of Lemma 1, since t- t=> 28/9 >> e, it app,ears that h,- is O(e3/4)
on {t_-< r}. On the other hand, note from (3.46) that Hs-H is O(e 8/9) on {t_-< r}, so
In L, is o(el/3). Thus the event

(3.51 fo {I L, 11 _-< e /7} { _-< z}

is of probability 1- O(e) under P. We deduce that

(3.52) b[fo] IF[ L, lao] => 1 22/7)P[12o] _-> 1 O(e/7),
so, for any event A,

[[a] II[a 12o] +[[a f] =[E[Ltla,co]+ O(e/7)
(3.53) P[A] + O(e2/7)
uniformly in A. This implies that a process is of order e

g
in P-probability in the sense

of (1.3) if and only if it has the same property in P-probability, and we will use
the notation Op(e) for this relation of domination. We have already checked that
I,- ht and -/-t are, respectively, 0(83/4) and O(28/9) on {t _-< ’}, so we have

(3.54) ,-, rE[ H, -/,1 ,] :[(, h,)laol ,] + Op(23/4).
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Let Po be the probability P conditioned on 12o; then

(3.55) :o[t ht[,] + Op(E),

SO

(3.56)

/’t 0[/rt htl,] "-[- Op(E3/4)

"[- Op( E3/4).

Note that

(3.57) IL;-’ lao- 11 e 2/7 + la,

so, from (3.52),

(3.58) [:[ILTl,o 118/7] _-< Ce 2/7

From (3.50), we also verify that

(3.59) [-[[t- h, lal ,] /8 -[:[l,- htl8] 1/8-- O(v/-),

so, from H61der’s inequality,

[:[[-[ L-’ ao(/-,- h,)[ ,]l-<- [-[ (Li-’ lao- 1)(/-r, h,)[

(3.60) O(E1/4)O(/)-- 0(E3/4).

Thus the numerator of (3.56) is Op(e3/4); the denominator is +Op(e-/7), so the
quotient is 0.(e3/4). 1-1

4. Proof of Theorem 6. Consider the subdivision sl ix/- and let - be the infimum
’< < IXt 2tl > 3/16of times > 0 such that IX, X,] > e 1/8 for si si+l or e

LZMMA 8. Under the conditions of Theorem 6, the estimates on X, X, and h Xt)
h (X,) hold on { <= ’}.

Proof First, we prove from part (3) of Lemma 1 that -p(X,) is exponentially
stable up to time r in the timescale e, so, by applying part (4) of Lemma 1 to
h(X,)-h(,), it appears that this process is O(v/-) on {t<= r}. Define

(4.1) y I qbp-l h ’.

For each x, y(x) is the projection on ker h’(x) in the direction of the image of b(x).
Observe that

(4.2)

Xt- T(J,)(X, z’t) -f- )p-l(t)(h(Xt)-h(t))

dpp-l(2t)(h(X,)- h(2,)- h’(,)(X,-

so if we define

(4.3) Z, y(X,)(X,-Xt),

since IX,-,12 and h(X,)-h(;,) are, respectively, O(e 3/8) and O(x/-), we obtain

(4.4) X, ,t Zt "- O( E 3/8)
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on { _-< -}. Therefore, we must prove that Z, is O(e 1/4) on { _-< ’}. From the definition
of ), and the properties of b and q, we have yth--0 and ),q--q, so, by applying Ito’s
formula to (4.3),

dZ, (X,)dX, + d(X,)(X, X,) + d((X), X
(4.5)

3/2 O(3,)[F,*(dY, h(,t)dt)].

Since

(4.6) d, O(e-1/Z)dt + O(1)dW,

the oscillations of , on [ti, ti+l] are O(e/4), so Lemma 2 shows that

t,+, 1 1/8(4.7) e -7/4 F*(dY,-h(Xt)dt)=-p*(iti)r(Xt,,Xt,)+Oi(e )+O(e 1/4),
ti

where, from (3.25),

(4.8) r(x, ) R(g(x),j(x),p(ff))=(p’()(x-))jj*(Y)+O(]x-]2).

Thus, from (4.4),

(4.9) r(Xt, t) (P’()Z,)jj*(,) + O( e3/S),
and since the oscillations of q() are o(el/4), we deduce from (4.7) and the definition
(1.42) of p that

I,i 1 1/8 1/4).(4.10) -7/4 g,(2,)[F*,(dY,-h(2,)dt)J=-p(2,,)Z,,+O,(e )+O(e

On the other hand, since the oscillations of Xt- ;, are o(el/4),
ti+l

(4.11) dy(X, )(Xt Xgi) (’)/(Xt/+l) y(Xti))(Xti Xti -Jl- o(r-’),
ti

so, from (4.5) and (4.10),

(4.12)

1/4

P(Xti)Zti+(y(Xti+l

/(.ti )(Xti .ti + Oi( . 3/8) -- 0(%//-).
The variables Z,, Jti+,--,i, and Xi--li are, respectively, of order e3/6, e /4 and
e 3/16 on {t_-< ’}, so Z,,+,-Z, is of order e 3/s and, from (4.4) .+ -_,. has the same
order. This implies that the second term in the estimation (4.12) is actually O(e9/6).
Thus

(4.13) Z,,+,-Z,
1/4

E
p(2ti)Zti -[- Oi(. 3/8) -- o(%f--).

Define

(4.14) py + dpp-l h ’.

Then the linear map t(x) is equal to p(x) on ker h’(x) and to I on the image of b(x);
thus we can replace p by fi in the estimation (4.13), and the set of eigenvalues of t(x)
is equal to the set of eigenvalues of p(x) in ker h’(x), plus the value 1. In particular,
the real parts of these eigenvalues are bounded below by a positive constant; moreover,
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the oscillations of X, are controlled, so we can deduce from part (3) of Lemma 1 that
-t(,) is exponentially stable in the timescale x/. Then it follows from Lemma 4 that
Z, is O(e 1/4) on {t_<z}, so X-Jt satisfies the same property. E

Proof of Theorem 6. On { -_< ’}, X Xt and

x, x; (x, x,) (x;- x) + (x, x)
are O(el/4), so we verify as in Theorem 3 or Theorem 4 that the probability of {T>

o).is O(e The estimate on /-) follows from Theorem 5.
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CONVEX DUALITY AND NONLINEAR OPTIMAL CONTROL*
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This paper is dedicated to Wendell Fleming on the occasion of his 65th birthday.

Abstract. Problems in nonlinear optimal control can be reformulated as convex optimization problems
over a vector space of linear functionals. In this way, methods of convex analysis can be brought to bear
on the task of characterizing solutions to such problems. The result is a necessary and sufficient condition
of optimality that generalizes well-known sufficient conditions, referred to as verification theorems, in
dynamic programming; as a byproduct, we obtain a representation of the minimum cost in terms of the
upper envelope of subsolutions to the Hamilton-Jacobi equation. It is a striking, illustration of the wide
range of problems to which convex analysis, and, in particular, convex duality, is applicable. The approach,
applied to parametric problems in the calculus of variations, was pioneered by L. C. Young [Lectures on

the Calculus of Variations and Optimal Control Theory, W. B. Saunders, Philadelphia, PA, 1969]. As recent
work has shown, however, it is equally fruitful when applied in optimal control. This paper, which is
expository, offers a self-contained treatment of the application of methods of convex duality to general
nonlinear problems in deterministic optimal control. At the same time, it provides extensions of previously
published results in several directions. A simple proof is given of the main "convex closure" theorem relating
generalized flows and relaxed arcs; this is based on mollification techniques recently developed by Fleming
and Vermes [SIAM J. Control Optim., 27 (1989), pp. 1136-1155] for constructing smooth subsolutions to
the Hamilton-Jacobi equation.

Key words, optimal control, convex analysis, dynamic programming
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Introduction. Convex analysis is widely acknowledged to have an important but
specialized role in optimization. The class of convex optimization problems with which
it is concerned is one for which global minimizers admit a simple and precise charac-
terization. Excluding degenerate cases, we find that for such problems the usual
multiplier rules are necessary and sufficient for global optimality, that multipliers can
be interpreted as minimizers for dual maximization problems, and that the supremum
of the cost for the dual problem provides a tight lower bound on the minimum cost
for the original problem. These advantages are bought at a heavy price, however,--a
theory for convex optimization problems casts aside at the outset the possible existence
of local minima as well as other phenomena that are correctly associated with nonlinear
systems.

In view of these associations, it comes as a surprise that convex analysis has a
significant role in the study of fully nonlinear problems in the calculus of variations
and optimal control. The marriage of special techniques and general problems is
possible here because, even if an optimization problem with which we are initially
presented involves a nonconvex cost and nonconvex constraints, there is scope for
changing the linear structure on the underlying vector space (or embedding the domain
in a new vector space, which is the same) to furnish a convex problem.

A way to harness methods of convex analysis for application to parametric
problems in the calculus of variations is provided by L. C. Young’s theory ofgeneralized
flows, an expository version of which appears in 15]. Let us refer to our initial problem
as the "strong" problem, and the convex problem with which we associate it as the
"weak" problem. Setting up the weak problem involves embedding the class of arcs
considered in the strong problem in a new vector space , some space of linear

* Received by the editors October 18, 1991; accepted for publication (in revised form) December 23, 1991.
? Department of Electrical and Electronic Engineering, Imperial College of Science, Technology and
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functionals, and extending the cost function for the strong problem as a linear function
over . The constraint set for the weak problem is a convex set, defined by a family
of affine equality and inequality constraint functions, which contains the images of
arcs for the original problem under the embedding. Conditions on a minimizer for the
strong problem are then obtained by showing that it corresponds to a minimizer for
the weak problem and by applying methods of convex analysis to this convex optimiz-
ation problem.

Young’s ideas were placed in a broader context by Ioffe [5], Levin and Milyutin
[8], K16tzler [7], and Vinter [11] and extended to apply to nonlinear problems in
optimal control. These papers typically establish existence, in some sense, of a sub-
gradient of a certain convex function associated with the cost over some abstract vector
space of boundaries. As shown by Vinter and Lewis [12], [13], connections between
such results and other, more familiar ones in optimal control theory become apparent
when methods of convex duality are applied to the weak problem. In this way, we
obtain necessary and sufficient conditions of optimality, which improve on the familiar
sufficient conditions passing under the name of "verification theorems" in the dynamic
programming literature. A byproduct is a representation of the minimum cost in terms
of the upper envelope of smooth subsolutions to the Hamilton-Jacobi equation.
Recently, Fleming [3] and Fleming and Vermes [4] successfully adapted the approach
to apply to a large class of optimal control problems, relating to both deterministic
and stochastic systems, and they have simplified, by means of mollification techniques,
proofs of the key intermediate steps relating the strong and the weak problems.

When we attempt to characterize minimizers in terms of the solutions to the
Hamilton-Jacobi equation for general classes of optimal control problems, we encoun-
ter the difficulty that strict sense solutions (i.e., continuously differentiable ones) to
the Hamilton-Jacobi equation may fail to exist. A number of remedies are available
based on a variety of notions of generalized solution to the Hamilton-Jacobi equation
(viscosity solutions [9], generalized solutions involving the Clarke generalized gradients
[2], or lower Dini derivatives [14], among others). It is now apparent that the convex
analysis approach provides another means of overcoming the difficulty--in place of
strict sense solutions to the Hamilton-Jacobi equation, optimality conditions are given
in terms of smooth subsolutions to the equation.

A distinguishing feature of the convex duality approach is that it may be applied
to optimal control problems with general endpoint constraints, even in "degenerate"
situations. Optimality conditions supplied in [2], which also treat endpoint constraints,
are typical in requiring satisfaction of certain "calmness" or "normality" hypotheses.
On the other hand, the viscosity solutions literature is primarily-concerned with
situations where the value function associated with perturbations of the initial time
and state is defined on some suitably large domain, situations corresponding to no
endpoint constraints, where nondegeneracy hypotheses of a "controllability" nature
apply or where we place restrictions on the manner in which arcs may strike the target
set. Such hypotheses play no part here.

Another feature is the mild nature of the hypotheses under which optimality
conditions can be derived by means of convex duality. It is required that the cost be
expressible in terms of lower semicontinuous functions and the multifunction, by
means of which the dynamics are modelled, be upper semicontinuous. We are not
limited, in particular, to treating problems for which the data is Lipschitz continuous
in the state variable, as in [2], [14].

This paper is expository in nature; the arguments involved are direct, and the
proofs are largely self-contained. The proof of the central "convex closure" theorem
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is based on techniques of Fleming [3] and Fleming and Vermes [4] for constructing
smooth subsolutions to the Hamilton-Jacobi equation, which take a particularly simple
form for the deterministic problems considered here. At the same time, we provide
extensions in several directions. As compared with [12], [13], a more general cost
function is now permitted, requirements that the data is continuous are weakened, and
the hypothesis implicit in 13] that all points in the target set be reachable is completely
dispensed with. Changes, too, in the duality arguments arising in the analysis of the
weak problem lead to improved optimality conditions, as indicated above, and, once
again, simpler proofs. The differentiability and linear growth conditions on the data,
implicit in the hypotheses of [4] (specialized to the deterministic case), are replaced
by "semicontinuity" conditions and boundedness assumptions on the underlying
domain.

1. Generalized flows. Our object here is to set up machinery for the application
of methods of convex duality to nonlinear problems of optimal control. This involves
abstracting the classical concept of an arc ("ordinary arcs"). Two levels of abstraction
are involved. The first is to view it as a special case of a "relaxed arc." This concept
is a familiar one, and its role in existence theory is widely appreciated. The essential
idea is to regard values of the velocity as linear functionals. The second level of
abstraction is to interpret a relaxed arc itself as a linear functional, possessing certain
arc-like properties, termed a generalized flow. It is this lesser-known concept that is
the key to the reformulation of nonlinear optimal control problems as a convex
optimization problems.

1.1. Relaxed arcs. A well-known phenomenon in the calculus of variations is
where, if the cost integrand is not convex in the velocity variable, then minimizing
sequences of arcs may have velocities that switch increasingly rapidly. To provide an
existence theory covering such situations, we must attach meaning to "limits" of such
sequences. For this purpose, Young introduced the concept of generalized curves, or
"relaxed arcs" according to modern nomenclature. We give a brief review of the ideas
involved, slanted toward the requirements of the following sections.

Take to, T] to be a fixed interval and f c Nn a compact set containing the origin.
DEFINITION 1.1. An element (tl, X, m) is a relaxed arc (with reference to the

velocity set f) if tl [t0, T], x(. is a Lipschitz continuous mapping from [to, tl] to
Rn, m (also written t-* m,) maps [to, tl] into the space of regular Borel probability
measures on f, and the following conditions are satisfied:

(i) m is measurable in the sense that, for each g C(I)), the scalar-valued function

t-I g(v)m,(dv) is Lebesgue measurable;
(ii) m is a "generalized velocity" of x(t) in the sense that

2(t)= / vm,(dv) a.e. t[to, tl].

The set of relaxed arcs can be regarded as an extension of the class of ordinary
arcs, namely, elements (tl, x) for which tl [to, T], and x is a Lipschitz continuous
Rn-valued function on [to, tl] satisfying the velocity constraint "2(t)l) almost
everywhere." To this end, we associate with an ordinary arc(q,x) the relaxed
arc (tl, x, m) for which

mt := 6, a.e. [to, t].
Here 6{a denotes the probability measure concentrated at the point {a}.

It is often convenient to regard the functions x and m, which constitute a relaxed
arc (tl, x, m), as functions with domain all of [to, T]. For this purpose, we extend x
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by constant extrapolation from its value at t- tl; thus

x(t) := X(tl) for (tl, T],

and we extend rn by setting

mt := t{0} for 6 (tl, T].

The following theorem is proved by methods of ([15, 67]). It refers to the set of
integrands

:= { h to, T] [2" 1 --> [2 h (., y, v) is measurable, h (t., is continuous, and

]h(t,., )[CB is integrable for any compact set B [22,}.

THEOREM 1.2. Let {(ti, xi, mi)} be a sequence of relaxed arcs such that the xi’s are
uniformly bounded in C([to, T]; [2"). Then there exists a subsequence (also written
{(tl, xi, rni)}) and a relaxed arc (t, x, m) such that

til -’> t

X -’> X uniformly on [to, T],

h(t, xi(t), v) dmi(v)dt--> h(t, x(t), v) dmt(v) dt as i-,
to to

for each h .
Given an integrand h c, the integral functional

(1.1) J(t,x):-- h(t,x(t),(t)) dt
to

over ordinary arcs t, x) extends to a functional Jr over relaxed arcs as follows:

(1.2) Jr(t,x, m):- h(t,x(t), v) dmt(v) dt
to

in a manner that is compatible with the way in which we identify the ordinary arcs with
a subclass of the relaxed ares.

Since no convexity conditions feature in the definition of the set , for any h
drawn from we should not expect the problem

"Minimize J(t, x) over ordinary arcs (t, x) for which x R"

to have a solution. Here R is a closed bounded subset of C([to, t]; n), and J is the
integral functional (1.1). (The constraint set R may incorporate a priori bounds that
we are able to establish on candidates for a minimizer.) We can at least, however,
ensure existence of solutions to the following problem in which the domain of J is
extended to the relaxed arcs:

"Minimize Jr(t, X, rn) over relaxed arcs (tl, x, rn) for which x R."

Provided that the set of (t, x, rn)’s satisfying x R is nonempty, there exists a minimiz-
ing sequence {(tl, xi, m )} of relaxed arcs for the minimization problem with extended
domain. According to Theorem 1.2, we may extract a subsequence (also written
{(t, Xi, mi)}) and identify a relaxed arc (q, x, m) such that

inf Jr lim Jr(t, xi, m Jr(tl, x, m)
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and x R. Here inf J denotes the infimum cost for problem Jr. Evidently, (t, x, m) is
a minimizer for the "relaxed" problem.

1.2. Generalized flows. The next step is to view relaxed arcs, themselves an
extension ofthe notion of ordinary arc, as examples of "generalized flows." Generalized
flows are linear functions that capture certain significant properties of relaxed arcs.

Take a point Xo" and an interval [to, T]. Let K and r be positive numbers
that satisfy

(1.3) Xol + rl T tol --< K.

We write

D to, T] x KB and fl=rB,

where B denotes the closed unit ball. Consider now the following set of constraints:

to, T],

(c) (t)O a.e.t[to, t],

(t,x(t))D for all [to, tl],

X(to) Xo.

A relaxed arc (tl, x, m) with velocity set f, which satisfies these constraints, will be
called a relaxed arcfor system (C). (The second of these constraints is taken to indicate
that 12 is the velocity set of the relaxed arc.) Evidently, the class of relaxed arcs for
system (C) is nonempty.

A relaxed arc(tl,x, m) for system (C) defines a linear functional (x, 3,) on
C(D x f) x C(D) as follows:

(1.4) ((/x, Y), (sc, r/))) (t, x(t), v) dm,(v) at + n(t,, x(t,))
to

for all (sc, r/) C(D x f) x C(D).

It is easy to see that (/x 3’) is, in fact, a bounded linear functional on C(D x) x
C(D) and hence defines an element in the vector space C*(Dxf)x C*(D), which
is isometrically isomorphic to the dual space (C(D xf)x C(D))*.

We denote by S the set of linear functionals that arise in this way. The symbol is
chosen to indicate that they are associated with relaxed arcs (tl, x) satisfying the
constraints (C) in some "strong" sense as follows:

(1.5) S := {(/x, 3’) C*(D x f) x C*(D)" there exists a relaxed arc for (C)
satisfying (1.4)}.

The set S is nonempty; it contains the linear functional (/x, 3’) associated with the
ordinary arc (T, x Xo), for example. S is obviously bounded with respect to the dual
norm. It is also weak* compact. To see this, we first note that, by Theorem 1.2, S is
sequentially weak* compact. S, however, is bounded in the dual norm, and C(D x f) x
C(D) is separable. By Bishop’s theorem [16], the weak* topology on C*x C*
relativized to a ball in C*x C* containing S is metrizable. It follows that S is weak*
compact.

Let us now examine sufficient conditions for membership of S. Take (/x, 3’) S. It
is evident from (1.4) that

(1.6) tx >- O, 3">-0, ItXlc. <- T- to, and [Ylc.=<l.
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Here, positivity is understood in the sense that (/x, h) => 0 when h is nonnegative-valued.
I" c* denotes the dual norm.

A further property that reflects the fact that (/x, y) is associated with a relaxed
arc (tl, x, m) issuing from the point (to, X(to)) in (t, x)-space and terminating at some
point (tl, X(tl)) D is

(1.7) (/z, b,(t, x) + bx(t, x). v) f b dy b(to, Xo)

for all functions b C1(/"). (In this relationship, (t, x, v) is to be regarded as a
generic point in D 1.)

To see this, we calculate

<, ,+ x" v) (t,x(t))+--(t,x(t))" vdmt(v) at
to Ox

,o
( ’ x( +-- (, x(.( (, x(

OX

(1, X( (o, Xo (o, Xo.

We use these conditions to define a new set of linear functionals . In this case,
the chosen symbol indicates that these functionals are associated with relaxed arcs for
(C) in some weak" sense as follows:

(1.8) :={(, 7)C*(Dxa)xC*(D):(, )satisfies(1.6)and(1.7)}.

Since the conditions defining membership of are necessary conditions for
membership of S, we have S c . We note also that is a convex weak* compact
subset of C*x C*. Convexity is obvious. is weak* compact because it is bounded
with respect to the dual norm and expressible as the intersection of a family of weak*
closed subspaces and half-spaces.

Our preliminary findings concerning the two subsets S and of C*(Dx)x
C*(D), and their interrelation may be summarized as follows: S and are nonempty
weak* compact subsets of C*(D x a)x C*(D), S is convex, and S c .

1.3. Te sretre f geerlie fls. Our goal is to derive optimality conditions
for minimizing arcs by analysing the propeies of the set of generalized flows. The
feasibility of this approach hinges, of course, on our ability to establish a close
relationship between the set S of relaxed arcs and the set . The two sets do not
coincide. Indeed, if p and are two distinct elements in S, the point C*x C*
defined by

(for all g C x C) defines an element in but not in S. It is the case, however, that
the two sets are related through the operation of convex closure." The following
theorem, which discusses the details of this relationship, has a crucial role in the theory.
ToM 1.3. Let the sets N c C*(Dxa)x C*(D) be as defined in (1.5) and

(1.8). en is the weak* closed convex hull of S’, i e., is the intersection of all
weak* closed convex sets containing S.

A proof of this theorem is given in 1.4. It is similar to one of Fleming [3] and
is, in essence, a specialization of arguments in [4].
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As a corollary, we have that an arbitrary element in 7V can be decomposed into
a convex combination of elements in S; the weightings assigned to individual elements
in S .are specified through a probability measure on the Borel sets of S. (Here we refer
to the Borel sets generated by the dual norm topology on S, which coincide with those
generated by the weak* topology.)

COROLLARY 1.4. Let v be an arbitrary element in 7#. Then there exists a regular
probability measure A on the Borel subsets of S such that

(1.9) (v, g)= 1- (A, g) dA(A)

for all g C(D 12) C(D).
Proof Denote by H the class of regular probability measures on S. For any A H

and gC(Df)C(D), the function A(A,g) is weak* continuous on S and
therefore A-integrable. It follows that the right side of (1.9) is well defined. For each
A II, the mapping

g- f (v, g) dA(V)

is a bounded linear functional on C(D f) C(D) and hence defines an element in
the dual space C* C*. Denote by the subset of points in C* C* generated, in
this way by allowing A to range over the set II. It is straightforward to show that S is
a convex set containing S. The set is also weak* compact. To see this, take a weak*
convergent sequence {ui} of measures with limit u, expressible in terms of measures
Ai, i-- 1, 2,... drawn from the set II according to

(a[’i’ g)= Is (% g) d A,(3,) for all g C(D x 11) x C(D).

By limiting attention to a subsequence, if necessary, we can arrange that the Ai’s (or,
strictly speaking, the bounded linear functionals associated with the mi’s) converge
weak* to some A 1-I:, P,assage to the limit now gives (1.9) for all g C(D f) C(D).
In other words,/x S. S is therefore sequentially weak* co,mpact. Since it is bounded
in the dual norm, it is weak* compact. Then, however, S must contain 7V, which,
according to Theorem 1.3, lies in the intersection of all weak* closed convex sets
containing S. This is what the corollary asserts.

A minor refinement of this last result will be required. Recall that any positive
bounded linear functional v (/z, 3’) on C(D 1)) C(D) has associated with it an
element (dtx, dy) comprising bounded, regular positive Borel measures d/z and dy on
D and D, respectively. These measures provide an extension of the linear functional
v, namely,

g- foxa gl dlz + fo g2 d%

to the class of"integrands" g (gl, g2) in which gl and g2 are extended-value functions
on D f and D, respectively, which are Borel measurable and bounded below. Of
particular interest to us will be integrands in this class comprising pairs of lower
semicontinuous functions.

COROLLARY 1.5. Take any v 7g" and let A be the measure of Corollary 1.4. Then,
for any element g (gl g2) comprising functions gl D x f - N U {+oe} and gl D -N U {+}, which are lower semicontinuousfunctions, (1.9) remains valid when we interpret
the functional evaluations (v, g) and (A, g) in the extended sense described above.
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Proof Let/z, A and g (gl, g2) be as in the statement of the corollary. Let {g}
and {g} be sequences of uniformly bounded, continuous functions, minorizing gl and
g2 and converging everywhere to g and g2, respectively. For i= 1, 2,..., (1.9) is valid
when (g’, g’l) is substituted for (gl, g2)- Such sequences exist [1, p. 212]. Corollary 1.4
is now proved by expressing the functional operations in terms of measures and passage
to the limit with the help of the monotone convergence theorem. [3

1.4. Proof of Theorem 1.3. Suppose that the assertion is false. We may then choose
an element (/Xo, yo) 7/U\-6 S. Here -6 S denotes the weak* convex closure of S.
Therefore, {(Xo, 3’0)} and -6 S are strictly separated. This means that there exist a
function (lo, go) C(D f) C(D) and a number a such that

(1.10) (/z, 1o) + (y, go) => a for all (/z, y) S

and

(1.11) (/Zo, lo) + (yo, go) < a.

Noting that continuous functions on D and D can be uniformly approximated
by Lipschitz continuous functions, we are justified in replacing lo and go by new
functions that are Lipschitz continuous and that (following possible adjustment of the
number a) satisfy (1.10) and (1.11).

Now assume that lo, go have been extended to the whole of[ +2n, +n, respectively,
as Lipschitz functions. (This can be done, for example, by constant extrapolation of
values at the boundary of each of the sets D , D along rays radiating from some
fixed interior point.)

For each (t, x) (-o, T], we define

(1.12) b(t,x):=inf lo(s, y(s), v) dms(v) ds+go(tl, y(t))

where the infimum is taken over elements { t, y, m}, which comprise a point t t, T],
a Lipschitz continuous function y: t, tl]- ", and a measurable function s -/z. map-
ping the interval t, t] into the space of regular probability measures on , which satisfy

y(t)=x,

?(s) f v dms(v) a.e. s t, t].

Routine modification of standard arguments (see [2]) gives us the following lemma.
LEMMA 1.6. The function 4’ (-oo, t] is locally Lipschitz continuous.

Inequality (1.10) can be expressed as

I" I lo(s, y(s), v) dm(v) dt+go(tl, y(tl))>=a
to

for all relaxed arcs (q, y, m) for system (C). Now, in view of (1.3), the constraint

"(s, y(s)) D for all s t, tl]"

is inactive. By definition of b, then,

(1.13) ch( to, Xo)>-- a.
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LEMMA 1.7. Let t, x) be a point in (-, T) x n at which ch is differentiable. Then,
for all v ,

0

0-- b( t, x( t)) +-- qb( t, x( t)) v + lo( t, x,
Ox

Proof For each v and e (0, T- t), the "arc"

(t+ e, y(s)=- x+(s- t)v, l 6)
lies in the set of elements over which the infimum in (1.12) is taken. It follows that

t+e
-, -1 lo(s, x+ (s t)e, e) ds.e [go(t+e,x+ev)-qb(t,x)]>--e

The definition of 4) also implies that

go( + e, x + ev) >- + e, x + ev).

The assertions of the lemma are now proved by combining these inequalities and
passing to the limit as e$0. (This is justified under the differentiability assumption and
because the integrand is continuous.)

Consider now the mollifiers pi: (-o, 0] n , 1, 2,... defined according to

pi(t,x)=+1) if-i-_-<t_-<0 and -i-<=xi<=O,
otherwise.

Given a locally integrable function h on +", the function h, pi is assumed to be

(h*p,)(t,x):- fl h(t+’,x+)p,(r, ) drd.

The following lemma lists properties of h, p.
LEMMA 1.8. Let h :"+- be a locally Lipschitz continuous function and let p,

i= 1, 2,..., be as defined above. Then
(i) h , p, cl(+") for i= 1,2,...
(ii) V(h,p)= a,, Vh(t+ r, x+)pi(’, ) drdfor i= 1, 2,...
(iii) (h * p) t, x) - h t, x) uniformly on compact sets.
The mollifiers are now used to establish existence of smooth approximate subsol-

utions to the Hamilton-Jacobi equation.
LEMMA 1.9. There exist a sequence {()i} in C(E"+) and a sequence of numbers

{6}, with 6$0, such that ch(t,x)-ch(t,x), uniformly on D, as i-o, and

0 0
(

(1.14) o--tchi(t’x)+Chox t,x)’v+lo(t,x,v)>--6i for(t,x)6D, v,
i=1,2,....

Proof Extend 4) to all of " as a locally Lipschitz continuous function and
define 4) :-- 4) * P for 1, 2,.... According to Lemma 1.8, each 4)i is a C function
and 4 - 4) uniformly D. By the almost everywhere differentiability of locally Lipschitz
functions and by Lemma 1.7, we know that, for all v and almost every (t, x), t,]x",

0 0
O <=-- cfl( t, x)+ d#( t, x) v + lo( t, x, v).

Ot Ox
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For each i, the mollifier pi is nonnegative-valued. The inequality is therefore preserved
on convolving both sides of the inequality with pi. Writing b: b. pi and appealing
to Lemma 1.8, we deduce that

O<-ch(t,x)+chx(t,x).v+(lo.p)(t,x, v) forall (t,x, v)Dxf.

Now set

6i Ilo- 1o* Plc(o), 1, 2,....

According to Lemma 1.8, 6$0 as i-cc. Equation (1.14) is then valid for this choice
of { 6}.

We are now ready for completion of the proof of Theorem 1.3. Take {bi} and
{6} as in Lemma 1.9. By definition of the set o/g of linear functionals, the element
(Xo, 7o)e o/ satisfies

(Xo,b,i+b v) (To, Oh i) ch o Xo for/ 1,2,....

Then, by (1.14),

b’(to, Xo)=(o, __() _t )i,x

<--(,o, 1o)+(o, 4,)+ i,

where ei=8lpolc.+lch-chlc(o). By Lemma 1.9, e-0 and chi(to, Xo)-ch(to, Xo)-
ch(to, Xo) as i- oe. It follows now from (1.11) and (1.13) that

a _-< b (to, Xo) lim 4 i(to, Xo) --< (Xo, 1o) + Yo, b) < a.

We conclude from this contradiction that o/ -6 S.

2. Optimality conditions. Our knowledge about generalized flows is now used, in
the derivation of optimality conditions. We consider an optimal control problem (P)
in which the terminal time tl is a choice variable (this is a "free time" problem), where
a description of the dynamics is provided in terms of a differential inclusion and where
constraints, expressed in terms of general set inclusions, are imposed on values of the
state trajectory x(. ), the terminal time tl, and the terminal in state x(q). Problem (P)
is as follows"

" l(t, x(t) 2(t)) dt + g(tl, X(tl)) over points tl to, T] and(P) Minimize Ito
Lipschitz continuous functions x’[to, tl]- Nn that satisfy

(2.1) 2(t)eF(t,x(t)) a.e.t[to, q],

(2.2) (t,x(t))a for all [to,

(2.3) X(to)=Xo, (t,x(tl)) C.

In problem (P), the interval to, T], the point Xo N", the extended-value functions
1" to, T] x " - U {+oe} and g’[ to, T] x N" - N U {oe}, the multifunction F’[ to, T] x
N"--R", and the set Ac[to, T]xN" are given. We refer to elements (tl, x), in which

tl [to, T] and x is a Lipschitz continuous N"-valued function on [to, tl] satisfying
(2.1)-(2.3), as admissible trajectories for problem (P).

The data for problem (P) satisfies the following hypotheses:
(H1) and g are lower semicontinuous;
(H2) F takes values compact, convex sets, and the set

{(v, (t,x))6["x([to, T] xN")" vF(t,x), (t,x)a}

is compact;
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(H3)
(H4)

(HS)

A and C are compact sets;
There exists an admissible trajectory ([1,)Z) for problem (P) for which

l
t(t, ,(t), :(t)) dt + g([l, 2([1)) < cx:;

to

For each (t, x) to, T] n, the function l(t, x, restricted to the convex
set F(t, x) is a convex function.

2.1. The main results. We shall show in 2.4 that our earlier analysis of the
structure of generalized flows leads to the following dual representation ofthe minimum
cost for problem (P).

THEOREM 2.1. Under hypotheses (H1)-(HS), problem (P) has a solution. The
infimum cost, inf P, is

inf (P) sup {&(to, Xo)},
where the supremum on the right is taken over functions ch in CI(El+n) that satisfy

0 0

O--t qb( t, x) +--Ox d( t, x) v + l( t, x, v) >= O for all (t,x)A, vF(t,x)

and

oh(t, x) <-- g( t, x) for all t, x) c= C.

The above theorem leads directly to the following optimality conditions.
THEOREM 2.2. Let t* x*( )) be an admissible trajectory for problem (P). Assume

that hypotheses (H1)-(H5) are satisfied. Then the following conditions hold.
(i) Sufficient condition. Suppose that there exists a sequence offunctions {4 i} in

C(N1+") such that, for i= 1, 2,...,

0
i(

0
(2.4) --tfl t’x)+--i(t’x)’v+l(t’x’v)>--Oox for all t, x) A, vF(t,x),

(2.5) bi(t, x) <- g(t, x) for all (t, x)e C,
and furthermore

(2.6) lim i(to, Xo)= l(t,x*(t),2*(t)) dt+g(t*,x*(q)).
dt

Then t* x*( )) is a minimizer.
(ii) Necessary condition. Suppose that t*, x*(. )) is a minimizer. Then there exists

a sequence {b i} in C(+") satisfying conditions (2.4)-(2.6).
Proof (i) Let {bi} be a sequence with the stated properties and let (q, x(. )) be

an arbitrary admissible trajectory for (P). Since, for each i, the function t- dp(t, x(t))
is Lipschitz continuous, we may express it as the integral of its derivative. Thus

tl d
i( to, Xo) -t i( t, X(t)) dt + t)i( tl X( tl)).

to

Using the chain rule to reduce the integrand and noting the boundary condition (2.5)
on bi, we obtain

qbi(to, Xo) <-- dpi(t,x(t))+--7..i(t,X(t))’(t) dt+g(t,,x(t,)).
to

Since b satisfies (2.4), we conclude that

I ’1
(i(t0, Xo) --<-- t(t, x(t), (t)) dt + g(t,, x(t)).

to
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In the limit i--> , we obtain

lim 4i(to, Xo) -< l( t, x(t), 2(t)) dt + g( tl, x(tl)).
i-e

t0

This inequality combines with (2.6) to establish that (t*, x*(. )) is a minimizer.
(ii) Now suppose that (t*,x*(.)) is a minimizer. Let {4i} be a maximizing

sequence associated with the supremum in the statement of Theorem 2.1. Then the
4i’s automatically satisfy condition (2.4) and (2.5). The remaining condition (2.6) is
also satisfied, since, by Theorem 2.1, the supremum coincides with the infimum cost
for (P).

In problem (P), the model for the system dynamics is a differential inclusion.
There is, however, considerable flexibility built into the formulation, since the cost
integrand is allowed to be a lower semicontinuous extended-valued function. Suppose,
for example, that the differential inclusion was replaced by a differential equation with
control as follows:

2(t)=f(t,x(t), u(t)) a.e. t[to, t], u(t) U,

and the integral functional term in the cost were of the form t, l’(t, x(t), u(t))dt.
Minimization is now conducted over Lipschitz continuous functions x and measurable
functions u satisfying the constraints. The problem assumes the guise of (P) when we
choose the multifunction F and the extended-value cost integrand to be

F(t,x):---f(t,x,U) and t(t,x,v):=inf{t’(t,x,u):v=f(t,x,u)},

respectively. (We interpret the infimum as + at points for which v f(t, x, U).) Under
mild hypotheses, we arrive at an equivalent problem in this way (see [6]). The conditions
on F ,and in (HI) and (H2) are satisfied if, for example, l’ and f are continuous
functions, U is a compact set, and f(t, x, U) is convex. Theorem 2.2 then provides
optimality conditions for optimal control problems involving differential equations
with control, via the reformulation.

2.2. A weak formulation. Our object here is to reformulate problem (P) as an
optimization problem over a space of linear functionals. Choose positive numbers r,
K such that

Ivlr forall vc:_F(t,x), (t,x)_A,

C, A c to, T] KB),

(2.7) IXol +IT- tolr <- K.

Such choices are possible in view of hypotheses (H2) and (H3). We write D=
to, T] (KB) and 12 rB.

The optimization problem here of interest, denoted by (W), is as follows:
(W) Minimize D, dlz +D g dy over elements (/x, 3’) 7# that satisfy

(, d,,(v))-0, (, d(t, x))=0, (% d(t, x))=0.

In these relationships, F is the multifunction

F(t,x) if(t,x)A,
F(t,x):=

if(t,x)C:A,
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and dz (") :k ._> denotes the Euclidean distance function associated with a set Z c k.
Generic elements in C(D 1) and C(D) are written as (t, x, v) and (t, x), respectively.

Problem (W) requires some interpretation. Recall that o/g. is the subset of
C*(DFt)x C*(D) comprising elements that satisfy

and

x, dp(t,x)+-xdP(t,x)’v =(%d)-dp(to, Xo)

for every 4 CI(RI+").
Given (x, y) W, the cost function involves integration with respect to the regular

Borel measures on D and D, which represent x and 7, respectively. The integrals
are well defined, since the integrands and g are lower semicontinuous (and therefore
Borel measurable and bounded below on the compact domains D f and D).

It is easy to see that

(2.8) inf (P) _-> inf (W).

This follows from the fact that, if the arc x satisfies the constraints of problem (P),
then the element (1, y) C*(D x) x C*(D) defined by

(x, ():= (( t, x( t), 2( t)) dt and (% 7) rt(tl,X(tl))
to

for all (e C(D x 1)) and rt e C(D) satisfies the constraints of problem (W), and the
values of the costs are the same. We now use the machinery developed in 1 to obtain
the converse inequality.

THEOREM 2.3. Problems (P) and (W) have minimizers, and inf (P)=inf (W).
Proof First, note that the set of elements satisfying the constraints in (W) is a

weak* closed subset of the weak* compact set k/# and, as such, is weak* compact. It
is nonempty, since it contains the element associated with the admissible arc (,)) of
hypothesis (H4). The cost functional for (W) is weak* lower semicontinuous on
{(/x, y) C* x C*: x => 0, y _-> 0}. To verify this, we must show that, for any c R, the set

S={(tx, y)C*xC*’Ic ldlx+IDgdy<--a }
is weak* closed. It is easily deduced from the monotone convergence theorem that

i:1

where

S2:={(p,y)eC*xC*’IDa li dtX + fD gi dy <= }.
In these definitions, {li} is some sequence of continuous functions on D x 1) minorizing
and converging everywhere to l, and {gi} is any sequence of continuous functions

on D minorizing g and converging everywhere to g. The fact that S is weak* closed
now follows from the weak* closedness of the S’s. Existence of a minimizer (/Xo, Yo)
is therefore assured.
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We now demonstrate the existence of an admissible arc for (P), the value of whose
cost coincides with that of (/Zo, 3’0) in problem (W); this fact combined with (2.8) will
permit us to conclude that (P), too, has a minimizer and that inf (P)= inf (W).

Since (/Xo, 3’0) 7V, we know from Corollary 1.4 of the existence of a regular
Borel probability measure A on S such that

(2.9) (/Xo, To)= Is (/x, 3’) dA(/x, 3/).

The fact that (/Xo, yo) is feasible for problem (W) implies that

fs(lX dz(t,)(v)) dA=O,

s(t

x, dA(t, X)) dA=0, and

s(T,

dc(t,x)) dA=0.

Let S’ be the weak* closed subset of points (/x, y) in S such that

(2.10) (tx, dF(t,x)(V))--(tx, da(t,x))=(% dc(x))=O.

Since the integrands involved are nonnegative, we deduce that S’ has full A-measure.
Turn now to consideration of the cost function for (W). Equation (2.9) and the

fact that S’ has full measureimply that

(2.11) ldtxo+ gdyo Idtx+ gay dA(/z, 3/).
S’

Suppose that j d/x + j g dy > j d/xo + J g dyo for every (/z, 3/) S’. Then, since A restric-
ted to the Borel subsets for S’ is a probability measure, we have

I ,[I ] I’ I
This contradicts (2.11). Hence there exists some element (, y) in S’ such that

f ld.+f gdy=f ldlxo+ygdyo.
Let (t, x, m) be the relaxed arc associated with (/x, 3’). We have

(2.12) l(,x(), v) dm,(v) dt+g(,x())= ldxo+ gdyo.
o

It follows from (2.10) that

(2.13)

(2.14)

and

(2.15)

Equations (2.14) and (2.15) show us that

(2.16) graph {x}c A and

I d(t.x(,))(v) dm,(v)=O a.e. [to, t,],

da(t, x(t))=0 a.e. [to, tl],

de(t1, x( tl)) O.

(tl,X(tl))C.
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(2.17)

Define

From (2.13) and (2.14) we deduce that

support {m,}c F(t, x(t))

(2.18)

Then

aoe.

c(t) := l(t, x(t), v) dm,(v) dt.
to

:(t) v

This relationship, together with (2.17), imply that, for almost every t,

(t)
-c-6

v
vF(t,x()

c {(c, v) N xNn" c _-> l(t,x(t), v)and v f(t,x(t))}

a.e. to, t].

This follows from the fact that the restriction of l(t, x(t),. to the convex set F(t, x(t))
is a lower semicontinuous, convex function. Then, however,

(2.19) (t)>=l(t,x(t),2(t)) a.e.[to, t]

and

(2.20) 2(t)F(t,x(t)) a.e. [to, q].

From (2.12), (2.18), and (2.19), we deduce that

(2.21) Idtxo+ gdyo >- l(t,x(t),2(t)) dt+g(t,X(tl)).
to

In view of (2.16) and (2.20), (t, x) is an admissible arc for (P), while (2.21) establishes
that this arc has cost not greater than inf (W). The proof is complete. [3

2.3. Fenehel duality. This section provides a brief summary of aspects of convex
analysis relevant to the analysis of the weak problem. It focusses on one procedure
(Fenchel duality) for generating optimization problems "paired in duality." For a
fuller account, see [10].

Take 9 and 9’ to be locally convex topological vector spaces, in duality with
respect to a bilinear form (.,.)’9 x 9’- . This means that every continuous linear
functional on 9 can be represented by (., y’) for some y’ 9’ and that every continuous
linear functional on 9’ can be represented by (y,.) for some y 9.

DEFINITION 2.4. (i) Consider a function p: 9-0. The convex conjugate of p is
the function p" 9’- N, defined by

(2.22) p’(y’) := sup {(y, y’)-p(y)" y 9}.

(ii) Consider a function q" 9-N. The concave conjugate of q is the function
q" 9’ N, defined by

(2.23) q’(y’) := inf {(y, y’)- q(y)" y 9}.
It will always be evident from context whether a convex or concave conjugate is

intended, and confusion should not arise from using the prime notation for both
constructs.
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Because the spaces and ’ are interchangeable, we can apply the operation of
convex conjugation to functions on ’, thereby obtaining functions on . In particular,
if we start with a function p" -> , we can construct the convex conjugate p’: ’-
according to (2.22) and then the second convex conjugate p": 9-, , namely,

p"(y) := sup {(y, y’)-p’(y)" y’ ’}.
Likewise, we can define the second convex conjugate q"" - of a function q" -> ,
namely,

q"(y) := inf {(y, y’)- q’(y): y’ ’},
where q’ is given by (2.23).

Of particular interest are the conjugates of proper functions, as shown in
Definition 2.5.

DEFINITION 2.5. (i) A function p" -> N is said to be a proper convex function if
p is a lower semicontinuous, convex function such that p(y)>-oo for all points y
and p()5)< +oo for some point )5 .

(ii) A function q" --> is said to be a proper concave function if q is an upper
semicontinuous, concave function such that q(y)< +oo for all points y and q(f)>
-oo for some point )5 .

In fact, there is a one-to-one relationship between proper convex functions and
their convex conjugates; a proper convex function is recoverable from information
about its convex conjugate by taking the second convex conjugate. Analogous results
apply to proper concave functions.

PROPOSITION 2.6. (i) If a function p" -> is a proper convex function, then its
convex conjugate is a proper convex function. We have

p(y) p"(y) for all y ,
where p" is the second convex conjugate ofp.

(ii) If a function q" --> is a proper concave function, then its concave conjugate
is a proper concave function. We have

q(y) q"(y) for all y ,
where q" is the second concave conjugate of q.

A Fenchel program is a convex optimization problem taking the form

(I) Minimize p(y)- q(y) over y ,
in which p" -> and q"- are proper convex and proper concave functions,
respectively. We call this the primal problem.

Fenchel duality is concerned with relating it to the associated concave problem,
the dual problem, namely,

(II) Maximize q’(y’)-p’(y’) overy’ ’,
in which p’ and q’ are the convex and concave conjugates of p and q, respectivly.

By the definitions of the conjugate functionals, we have that, for any y and
y’ ’,

p(y) q(y) {(y, y’)- q(y)}-{(Y, y’)-p(y)} _-> q’(y’)-p(y’).
It follows that

inf {p(y) q(y)’y } => sup {q’(y’) -p’(y’)’y’ ’}.
Interest centers on circumstances when inequality here can be replaced by equality;
in such circumstances, the primal and dual problems are said to be in strong duality.

We use the following criterion for strong duality. The hypotheses involved also
ensure that the primal problem has a solution.
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PROPOSITION 2.7. Let p" -> ff and q" -> be proper convex and proper concave
functions, respectively. Denote by p’ and q’ the convex and convex conjugate functions
ofp and q, respectively. We suppose that the following condition holds"

(H) There exists a point y’ ’ such that p’ is continuous in a neighborhood of y’
and q’(y’) > -c.

Then

(2.24) inf {p(y)- q(y)’y } sup {q’(y’) -p’(y’)’y’ ’}.

Furthermore, the infimum on the left is achieved. This is true even if the infimum is +,
in which case, any y is interpreted as a minimizer.

2.4. Proof of Theorem 2.1. The proof of Theorem 2.1 involves reformulating the
weak problem (W) of 2.2 as a Fenchel program, namely,

Minimize p(y)- q(y) over y

and applying the theory of the preceding section.
In this application, the space is chosen to be the space C*(Df) C*(D)

with the product weak* topology, and ’ is chosen to be the space C(D 12) C(D)
with the supremum norm toplogy. The bilinear form pairing these two spaces in duality
is simply

((, ), (, ) := (, +(%

for (IX, y) C*(Dxf) C*(D) and (, r/) C(D) C(D). The two terms on the
right are intended to describe the action of bounded linear functionals Ix and 3/in the
dual spaces C*(DO) and C*(D) on points and r/ in C(Dxf) and C(D),
respectively.

The reformulation (we use the label (W)’) amounts to retaining the value of the
cost function on points satisfying the contraints ofproblem (W) as originally formulated
and replacing it by + on points where they are violated. It is as follows"

(W)’ Minimize p(ix, y)-q(ix, y) over (Ix, y) C*(D f) C*(D).
Here p" C* C*- R U {+} and q" C* C* - {-} are defined as follows"

p(/x, ,):= f dlx + f g d, + X,(lx, 3’) and q(/x, ,):= --XQ(Z, y).

In these expressions, /a denotes the indicator function of a set A, below:

XA(a) :-- {cx3

if a

a C: A’

The sets P and Q are taken as

P:= {(Ix, y) C* C*" IX_-> O, y=>O, Ilc._-< (T to), I/I* -< 1,

and

and (Ix, 3’) satisfies condition (i) below}

Q := {(Ix, y) C* C* (IX, y) satisfies condition (ii) below}:

(i) (Ix, d(,,,(v))=0, (Ix, da( t, x)) O, and (3/, dc( t, x)) O;
(ii) (Ix, 4,+4x’V)=(% 4)-4(to, Xo) for all 4 cl(Nl+n).

The convex and concave conjugates of p and q are

(2.25) p’(sc, ,/)= sup {(IX, sc)+(y, r/)-p(Ix, 3’):(Ix, Y) C*(DI) C*(D)}
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and

(2.26) q’(se, rt)= inf{(/x, ()+(y, r)- q(x, y) (x, y) C*(D xf) x C*(D)},

respectively.
The information we require about p and q, and their conjugates, is embodied in

the following proposition. Here we use the notation b+, below, to describe the "non-
negative" part of a real-valued function b:

b+(s) :-- max {0, b(s)}.

LEMMA 2.8. The functions p and q are proper convex and proper concave functions,
respectively, with respect to the weak* topology. The convex and concave conjugates p’
and q’ of these functions are, respectively,

p’(:, r)= max (- t)+( t, x, v)’(T-to)+ max (r-g)+(t,x)
t,x,v)A graph{ F} t,x) C

and

q’(, rl) rl(to, Xo)-X2(tx, Y),

in which - is the closure in the supremum norm topology of the set

-:= {((, n’) Cx c’((t,x, v)

4),(t, x) + dpx(t, x). v, rl’= -d for some ck CI(NI+")}.

Proof The function p can be expressed as p(/x, y)= r(/x, 3,)+ Xp(X, 3,), where

r(tz’ 3,) :-- fDxa dtX + ID g d3,+X{(#’v’)c*c*:#>=’"’>-}(tz’ 3,)"

The function r is finite-valued at the point associated with the admissible trajectory
([,)) of hypothesis (H3). r cannot take the value -oe, since and g are bounded
below, and r is lower semicontinuous according to our earlier observations, r then is
a proper convex function. The set P is expressible as the intersection of a family of
weak* closed sets of the following form:

{(/x, 3,) C*(D x a) x C*(D): ((/z, c), d) =< a}
for some d C(D x f) x C(D) and a . P is nonempty since it contains the element
(/2, /) corresponding to the admissible trajectory (-1, if). As such, P is a nonempty,
convex, weak* closed set. Along similar lines, we show that the set Q is also nonempty,
convex, and weak* closed. It follows that p and -q are proper convex functions. (The
indicator functions of nonempty, closed, convex sets are proper convex functions, and
the class of lower semicontinuous, convex functions is closed under summation.) Then
q (=-(-q) also is a proper concave function.

We now compute the values of p’. Take any (, r/)e C(D x f) x C(D). Evidently,

(2.27) p’(,w)=sup{f
D

(-1)d’el}+sup{f
D
(rl-g) d3,’3,P2},

in which

P:={txC*(DxlI)’Ix>-O, ID dF(,,x)(v)dlx=O,
xf

dA( t, x) d/x=O and IDxD. x
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and

P:={y6C*(D)’y>-o,fdcdy=O and fodyl}.
Consider the first supremum in (2.27). It is clear from the conditions defining set

P1 that the support of each in P1 is contained in graph {F} A. If /- g is nonpositiveo
valued, the supremum is zero. Otherwise, the supremum is achieved by concentrating
the measure at a point in the compact set graph {F} A where the upper semicontinuous
function -g takes its maximum value. The supremum is

max (: 1)+. T to).
A graph{ F}

The value of the second supremum in (2.9) is likewise shown to be maxc (r/- g)+.
This verifies the formula for the conjugate functional p’.

We now turn to the function q’. Consider first a point (:, r/) 3-. Since 3- is a
closed subspace, it follows from the separation theorem (strict form) that there exists
(/z’, y’) C*(D x) x C*(D) such that

(2.28) (/z’, ) + y’, r/) < 0

and

(2.29) (l’, cfl,(t,x)+c(t,x).v)+(y’,-b) 0

for all 4 C(+")
Now we know that the generalized flow (/2, /) corresponding to the admissible

trajectory (-, ) satisfies

(2.30) (fi, ch,(t,x)+Chx(t,x)’v)+(,-ch)=-ch(to, Xo)

for all th C(l+n). Note that, by (2.29) and (2.30),

(, /) + (’, ’) -for every a . It follows that

q’(, r/) inf {((/z, 7), (:, r/))" (/z, 7) Q}

_-<((/2, /), (sc, 7))+ inf ((/z’, 7’), (,

by (2.28). We conclude that q’((, r/)=-.
It remains to consider a point (, 7) 3-. Since 3- is the strong closure of 3-, there

exists a sequence of functions {4i} in C(1+") such that

(2.31) ch(t,x)+ch(t,x).v- (t,x) and -ch(t,x)-rl(t,x)

uniformly on D and D, respectively.
For any (/z, 7) Q, we have

((/z, y), (:, rt)) lim ((p, y), (ch,(t, x)+ ch(t, x). v, -ch(t, x)))

lim -4( to, Xo)

r/( to, Xo),
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by (2.31). It follows that

q’(:, r/)= inf{((tz, y), (, r/)): (/x, y) Q}= rl(to, Xo).

q’ therefore takes the form asserted in the lemma.
The formulae we have just derived for the conjugate functionals p’ and q’ lead

to a simple characterization of the supremum cost for the dual problem.
LEMMA 2.9. It holds that

sup {p’(sc, r/) q’((, r/)" (sc, r/)e C(D x f) x C(D)}=sup{ch(to, Xo)},
where the supremum on the right is taken over elements 49 C1(Rl+") that satisfy

min {4),(t,x)+4)x(t,x).v+l((t,x, v)}>=O for (t,x)ea
vF(t,x)

and

c(t,x)g(t,x) forall (t,x)6C.

Proof By Lemma 2.8,

sup {q’(:, rt)-p’(:, rt) "(:, rt) C(Df) C(D)}=sup{m((, 7)’(, l) -},

where m is the function

max (-l)+(T-to)-mcax(rl-g)+m(:, r/):= r/(to, Xo)
Agraph{F}

and where - is the closure of the set - defined in Lemma 2.8. Since, however, m is
a continuous function, the supremum on the right side is unaltered if we replace -by -. It follows that

sup {q’- p’} sup rfi (6),
4,e C(

where

(q) :-- -b(to, Xo)

For any b Cl(+n), define

c:= max (c, + 4x. v- l) /
A graph{ F}

and consider the C function

max (4),+4)x.v-l))+(T-to)-max(-f)-g)+.
A graph{ F} C

and c2:=max(--g)+

C

(t, x):= dp( t, x) + c2 c( to).

We find that

r() >- .(),
,(t,x)+x(t,x)’v-l(t,x, v)<=O forall(t,x,v)graph{F}f-lA,

and

-b( t, x) <= g( t, x) for all t, x) 6 C.

It follows that

sup {p’- q’}

sup {-4(to, Xo)" 4’ cl(l+n), , -- x" v 0

on graph {F} CI A, 4) =< g on C}

sup {b(to, Xo)" b 6 cl(l+n), , + )x" v--- 120
on graph {F} fl A, b -< g on C}. V1
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We now return to the proof of Theorem 2.1. p’ is a continuous function on
C(D ) C(D), and q’ is, of course, proper. By Proposition 2.7,

inf { W} (=inf {p q}) sup {q’-p’}.

Assembling this inequality with the assertions of Theorem 2.3 and Lemma 2.9 we see
that (P) has a solution and

inf {P} sup {b(to, Xo)},

where the supremum on the right is taken over functions 4 C(1+") satisfying the
constraints listed in the statement of Theorem 2.1. This what we intended to prove.
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INFINITE-DIMENSIONAL VOLTERRA-STIELTJES EVOLUTION
EQUATIONS AND RELATED OPTIMAL CONTROL PROBLEMS*

JIONGMIN YONGt

Abstract. Due to impulse control problems, a controlled Volterra-Stieltjes system in some Banach space
is studied. In the system, the vector measure appearing in the Stieltjes-type integral (called Young integral
here) is taken as a part of control action. In this paper, a general theory for infinite-dimensional Volterra-
Stieltjes evolution equations is presented, and, for an optimal control problem governed by such type
controlled system with a general endpoint constraint, a Pontryagin-type maximum principle is proved.

Key words. Young integral, Volterra-Stieltjes integral equation, distributed parameter system, measure
control, maximum principle, optimal control

AMS(MOS) subject classifications. 49B27, 93C25, 93C22, 34G20

1. Introduction. Let us first give a motivation of the optimal control problem
studied in this paper. Let X be a Banach space and A’(A)cX-->X be the
infinitesimal generator of some Co-semigroup eAt on X. We consider a controlled
evolution system

(1.1)
( t) Ax( t) + g( t, x( t), u(t)), t[0, T],
x(0) Xo.

The state of the system is usually understood as the mild solution of (1.1). Namely,
the state x(. of the system satisfies the following Volterra integral equation:

io(1.2) X(t)=eA’xo+ eA(’-’)g(s,x(s), u(s)) ds, re[0, T].

Now suppose that we have another control action--an impulse control; i.e., at moment

= ’i, i--> 1, we make an impulse i to the state x(--0). We refer {(r, )1 i_-> 1} as an
"impulse control." Thus we have that

X ’7"i X 7"i O - i >--_

Then the state x(. formally satisfies the following evolution equation:

(t)=Ax(t)+g(t,x(t), u(t))+ , iS(t-’i), t[0, T],
(1.3) i->

x(0) x0,

where 8(. is the 8-function. Similar to (1.2), we understand the state x(. of system
(1.3) as the solution of the following integral equation"

x(t) eAtxo + eA(t-S)g(s, X(S), U(S)) ds

(1.4)
+ eA<t-’)iX,, )(t), [0, T].
i1
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It is more reasonable that, in general, the impulse i at time -i should also depend
on the state x(z-0), which is the state of the system before making impulse . Thus
it is more natural to consider the following state equation (compare with (1.3)):

dx(t)=(Ax(t)+g(t,x(t), u(t))) dt

(1.5) +go(t,x(t-O), u(t)) d(t), t[0, T],

x(O)=xo,

where (t) i.l i/[7-i,cx3)(t), [0, c). If we let

g0(t,x,u)
(t)= +

(t) (t)

then (1.5) can be written as

(1.6)
dx(t) Ax(t) dt + G(t, x(t-O), u(t)) drl(t),

x(0) Xo.

t[O, T],

From the above, we see that it is reasonable to consider the following controlled system
(formally):

(1.7)
dx( t) Ax( t) dt + F( t, x( -0), u(t)) dtx( t),

x(0) Xo,

t[0, T],

with some (Z, X)-valued function F and some vector-valued measure/x(. ), which
together with u(.) will be considered as control actions. We specify the meaning of
(1.7) in 2. Associated with (1.7), we are given a cost functional

(1.8) J(x(. ), u(" ), (" ))- (f(t, x(t-O), u(t)), tx(dt)).

Again, we give the precise meaning of the above later in the paper. Clearly, in the
case where there is no impulse, (1.8) is reduced to the usual cost functional of Lagrange
form. We should note, at this moment, that the functional (1.8) is adopted from [32].
It is not the most interesting case for the optimal impulse control problems since, in
those problems, the cost functional is not necessarily linear in the impulse control
variable/x(.). For details, see [34] and [37] (see also [35] for the finite-dimensional
case).

The control problem we study in this paper is minimizing functional (1.8) over
some class of admissible controls, subject to the state equation (1.7) and an endpoint
constraint for the state of the following type:

(1.9) (x(O), x(T)) a c X x X.

In [31], [32], a similar problem in finite-dimensional spaces was studied. It is
immediate that the first major difference between this paper and [31], [32] is the issue
of whether the coefficient of /z(.) depends on the state x(.). Second, we are in
infinite-dimensional space, and we have a general endpoint constraint (1.9), which is
different from the separated endpoint constraint case (see [23] for comments). On the
other hand, we should note that the operator-valued function F( t, x, u) must be assumed
Fr6chet differentiable in x, which is slightly more restrictive than [32] for the finite-
dimensional case (in [32] only the Lipschitz continuity in x was assumed). The removal
of this restriction, as well as the study of more general cost functionals, is expected
in our future work. For some special cases, the idea of [36] might be useful (see also
[4]). We refer to [12] for some relevant results.
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Impulse control problems have frequently been discussed. We refer to [6], [7],
[25] for finite-dimensional stochastic systems, to [5], [35] for finite-dimensional deter-
ministic systems, and to [34], [37] for infinite-dimensional cases. We refer to [8]-[ 10],
[30], [33] for some classical optimal control problems and to [1]-[4], [17], [22]-[24]
for distributed parameter system cases.

The so-called Young integral for scalar functions was introduced by L. C. Young
in 1914 [38]. We refer to [18], [19] for the theory of Volterra-Stieltjes integral equations
involving the Young integral (for the scalar-valued case). Some relevant results concern-
ing the Volterra-Stieltjes integral equations (involving some other types of integrals)
can be found in [21], [26], [28]. We should note that the integrals involved in [31],
[32] were of the Bochner (i.e., the Lebesgue) type. We adopt the Young integral because
such an integral inherits the exact "discontinuity" of the measure with respect to which
the integral is taken. This is the case for the impulse control problems. It seems that
a similar property of the Bochner-type integral is not as good as the one of the Young
integral (see Remark 3.1).

The main results of this paper consist of the study of the infinite-dimensional
Volterra-Stieltjes integral equations and the Pontryagin-type maximum principle for
the related optimal control problems. We organize the paper as follows. In 2 we
present a theory for the infinite-dimensional Volterra-Stieltjes integral equations. In
3 we state the optimal control problem and the maximum principle. We give some

auxiliary results in 4. Section 5 is devoted to proving the maximum principle. Some
relevant results concerning the vector measures and Young integrals are collected in
the Appendix.

2. Volterra-Stieltjes integral equations. In this section, we present some basic
results concerning the Volterra-Stieltjes equations involving the Young integral. We
refer to the Appendix for relevant results concerning the Young integral. We let
and Z be Banach spaces, K be a subset of Z, and

/x(. BVo([0, T]; K)

{v(. )" [0, T] K v(. is of bounded variation and v(0) 0}.
We denote the bounded variational vector measure associated with/z by/2. The total
variations of/x and/2 are denoted by I/x[ and I/2[, respectively. Let

A-{(t, z) [0, T] x[O, T]lO<-_ z< t<- T}

and let A be the closure of A. We consider the following integral equation"

(. x( (+

Let us assume that the following statements are true.
Assumption 1. The function 0(. )e (2,([0, T]; X) holds (see the Appendix).
Assumption 2. The function G’AxX-(Z, X) satisfies the following con-

ditions"
(i) There exists a constant L such that

(2.2) G(t, z, L(1 + Ixl) v(t, z) e , x e x,
(2.3)

(ii) For any re [0, T] and x X, the map G(., r, x) is continuous on It, T].
We have the following result.
TIaEOrEM 2.1. Let tz(" ) BVo([0, T]; K), and let Assumptions 1 and 2 hold. Then

(2.1) has a unique solution x(. ) C([0, T]; X).
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To prove this theorem, we need the following lemma, the proof of which can be
found in 18].

LEMMA 2.2. Let A(. 6 BVo([0, T]; ) and hoe ff. Then there exists a unique solution
h(. BV([0, T]; [) of the following integral equation"

(2.4) h(t)=ho+ h(r-O) d(-), t[0, T].

Moreover, the solution h(. can be written as

(2.5) h(t)=hoe(’[l+A(t)-(t-O)]e-’-’-
H [I+A(’-+-0)-A(’-0)] e-t+)--)], t[0, T].

0_<-r<

COROLLARY 2.3. Let A(" BVo([0, T]; ) be increasing and ho > O. Then the unique
solution h (.) of (2.4) satisfies
(2.6) ho_-< h(t) _-< hoea(’) [0, T]

Proof By (2.5), we see that (since ho->0 and A(.) is increasing)

(2.7) h(t)>-O Vt 6 [0, T].
Thus by (2.4) we see that

(2.8) h(t) _-> ho Vt [0, T].
On the other hand, since (1 + a)e-a_<- for all a-> 0, we obtain the other half of
(2.6). [3

Proof of Theorem 2.1. First, by Lemma 2.2 we let h(. be the unique solution of
the following equation:

(2.9) h(t)=l+2L h(r-O) d[p,l(’), te[O, T].

Then by Corollary 2.3 we know that

(2.10) _--< h(t) _-< e211(’), [0, T].
Next, we define

(2.11) IIx(.)ll -- sup h(t)-lx(t)l
t[0,T]

By definition, we see that C.([0, T]; X) is complete under this norm. Then, for any
x(. ) C.([0, T]; X), we define

 e[0.

Since q(. )e C,([0, T]; X), by Proposition A.8 of the Appendix, we see that

(2.13) " C([0, T]; X)--> C,([0, T]; X).
On the other hand, for any x(. ), (. ) C,([0, T];X), we have that

l(9x)(t)-(9;)(t)l<- e Ix(-0)-;(,-0)[

Vt e [0, T].

Hence [l(6ex)( .)-(6e)(.)ll-<_llx(.)-(.)ll. Then, by the Banach fixed point
theorem, there exists a unique solution x(. ) C([0, T]; X) of (2.1).
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The next results give some basic properties of the solution of (2.1). The proofs
are simple.

PROPOSITION 2.4. Let Assumption 2 hold and let q(.), .(. C,([0, T]; X). Let
x(.) and (.) be the solutions of (2.1) corresponding to q(.) and (.), respectively.
Then, for any fl > 1,

< /3 [sup ,((-)-q3(-)1] eL.’’(’), t[0, T],(2.14) ]x(t)- (t)]

(2.15) [x(t)= 0,,sup [(,)l+Ll[(t) e1"1(’), t[0, T].

Assumption 3. There exist functions w [0, T] x+ + and 0 [0, T] + with
the propeies that wo(0, r)= 0, for all r 6 +, wo(t,. and wo(’, r) are nondecreasing
and 0(. is [fi]-integrable, such that

IlG(t, , x)- G(s, , x)l[.z,x) wG(p(t s),
(2.6)

V[0, T], t,s[, T], xX.

PROPOSiTiON 2.5. Let Assumptions 1-3 hold. en, for the unique solution x(. of
(2.1), we have that

Ix(t)-x(s)l[(t)-(s)]+ e(1 +0=,sup

(.7 + o.(,, sp Ix(. o(,al,(,
OrN

VO<=sN <- T.

In particular, if q(. BV([0, T]; X) and

(2.18) w(t, r)= t(r) V(t, r) 6 [0, T] x +,
for some nondecreasing function 05 :++ with 05(0)=0, then x(.) BV([0, T]; X).

We should note that, in the case we study, the function q(.) is not necessarily
bounded variational and that (2.18) does not hold (in general), either. Thus we are
not expected to obtain bounded variational solutions (although they are -continuous).
However, in the finite-dimensional case, we do have x(. ) BV([0, T]; X), provided
that (2.16) and (2.18) hold, which is not too restrictive. Also, we should note that
Assumption 1 is just for simplicity. It can be replaced by

q(.) D([0, T]; X)--{q :[0, T]-Xlq(t+O and q(t-0) exist

for all 6 [0, T]},

and we seek the solutions of (2.1) in D([0, T]; X) instead. The results will be similar.
The remainder of this section is devoted to the study of the following linear

equation:

x(t) eA’Xo + eA(’-’)B(", X(Z-- 0), dtz(z))

(2.19)
-F eA(’-’) O(T) dp(’r), t6[O, T].

We make the following assumptions.
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Assumption 4. The operator A" (A)c X X generates a Co-semigroup eAt

X and, for some constants M-> and w E,
on

(2.20) IleA’ll(x)<- Me t>-o.

Assumption 5. Function B’[0, T]- (X Z; X) is uniformly Borel-measurable,
with (X x Z; X) being the set of all bounded bilinear forms from X Z to X (see
the Appendix), and IIn( )ll. is bounded by Lo.

Assumption 6. 9(.) BVo([0, T]; Y) and G(.) B([0, T]; (Y, X)), with Y
being some Banach space.

Under Assumptions 4 and 5, we know that there exists a unique solution x(. of
(2.19). Our next goal is to give a variation of constants formula. To this end, let us
define the evolution operators , 19" A (X) as follows"

(t, S)Xo eA(’-’)Xo + eA(’-’)B(", dP(7.--O, S)Xo, dtz(T)),

(2.21) O<-_s<=t<- T, xoX,

(s-0, s) =/, O<-_s<-T;

19(t, S)Xo eA(t-)n(7", 19(,/’--0, S)Xo, d/z(7.)),

(2.22) O<-s<-t<-- T, xoX,

6)(s -O, s) -I, O <= s <- T.

It is clear that the above operator-valued functions are well defined. Also, we see that

(2.23) 19(s, s) 0, O(s +o, s)- n(s, -I, (s + o)- (s)).

Thus, if/x(. is right-continuous at some point s [0, T], then

(2.24) 19(t, s)=0 /0=< s < t-< T.

THEOREM 2.6 (variation of constants formula). The unique solution x(. of (2.19)
can be represented by

(2.25) x(t)=dP(t,O)xo+ ((t,s)+19(t,s))G(s) d,(s), t6[0, T].

Proof For simplicity, we denote

(2.26) (t,s)=(t,s)+19(t,s), O<=s<=t<--T.

Then we have that

(2.27)

g( t, S)xo= eA(t-S)Xo-[" eA(t-’)B(7., (7.--0, S)Xo, dtx(7.)),

O<=s<=t<=T, xo e X,

(s-0, s) 0, 0_-<s=< T.
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Now we set

(2.28) y(t)=dP(t, 0)Xo+ (t, s)G(s) d,(s), tel0, T].

Then we have that

(2.29) y(T--0) (’--0, 0)X0+ (r--0, s)G(s)(ds),
0,-)

[0,

Let us observe the following:

eA(’-)B(r, y(’-O), dtx(7"))

eA(’-)B(’r, dP(,r--O, O)xo, dtx(7"))

(2.30)

=dp(t, O)Xo--eA’xo + ((t, s)--eA’-s))(S) d’(s)

y(t) eA t-,)’x0 eA( (S) d,(s).

Hence (2.25) follows from the uniqueness of the solutions of (2.19). 1-1
In the above, the crucial step is to use the Fubini-type theorem (Theorem A.9) to

exchange the integral order. For the case where /x(.)E([0, T]; Z) and ,(.)
([0, T]; Y), the proof looks clearer.

LEMMA 2.7. The operator-valued function qt(.,.) also satisfies the following:

(2.31)
(t,S)Xo=eA(t-S)Xo-t- (t, r)B(% eA(’-S)Xo, dtx(’))

O<_s<__t<=T.
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Proof We let the right-hand side of (2.31) be (t, s). Then, by noting Theorem
A.9 and the fact that (s-0, s)=0, we have that

(t, r)B(r, ea(r-S)Xo, dtx(r))

eA(t-’)B(,r, eA(’-S)XO, dtx(,r))

+ eA(’-’)B(r, (r-O, "r)B(7", eA(-’)Xo, d/x(7")), dla,(r))

ea(’-’(r, e(’-’xo,(r))
(.3

+ e’-’(r, (r -0, r)(r, e(’-’Xo, ()), (r))

+ *(-0, r(r, e(’-’xo, .(r,(

eA(t-)B(7 xr(’r--0, S)Xo, d/z(’r)).

By uniqueness, we obtain (2.31). E1
This result is very similar to that given in [11] for the case where /x(t)--t (see

also [22]). This result will be used in deriving the adjoint system along the optimal
pair in 5.

3. Optimal control problem. In this section, based in the preliminary results of
the previous section, we state our optimal control problem and the main results
concerning the control problem of this paper. We let X and Z be two Banach spaces,
K be a convex and closed cone in Z, and U be a metric space. We define

/= {u(" ):[0, T]- Ulu is Borel-measurable}

and

{o(" )}+ o([O, ];

where o([0, T]; K) is defined as in the Appendix, and /Xo(’) BVo([0, T]; Z). By
Proposition A. 1, we know that ://is convex. Next, let us make the following hypotheses.

Hypothesis 1. The dual X* of X is strictly convex.
Hypothesis 2. This is identical to Assumption 4 (see 2).
Hypothesis 3. The map F:[0, T]x X U (Z, X) satisfies the following con-

ditions:
(i) For any (x, u)Xx U, the map F(.,x, u):[0, T](Z,X) is uniformly

Borel-measurable. For any (t, x) [0, T] U, the map F(t,., u) X (Z, X) is con-
tinuously Fr6chet differentiable. For any (t, x) [0, T] X, the map F(t, x, U
(Z, X) is continuous;

(ii) There exists a constant L> 0 such that

(3.1) IIF(t,x,u)ll.{.,,<-_L(l+lxl), (t,x,u)[O, T]xXx U,

(3.2) IIF(t,x, u)-F(t,;, u)ll..,<-_LIx-l, (t, u)E[0, T]x U, x,;EX.
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Hypothesis 4. The map f: [0, T] X U- Z* satisfies the following conditions.
For any (x, u) X U, the map f(., x, u) [0, T] Z* is uniformly Borel-measurable.
For any (t, x) [0, T] U, the mapf(t,., u):X - Z* is continuously Fr6chet differenti-
able. For any (t, x) [0, T] X, the map f(t, x,. ):U Z* is continuous.

Hypothesis 5. The set lq is convex and closed in X X.
Now, for any Xo X and a pair (u(.),/x(. )) o// , the response of the controlled

system is defined to be the unique solution of the following integral equation"

(3.3) x(t)=eA’xo + eA(’-’)F(’,x(’-O), u(r)) d/x(’), t6[0, T].

From the theory we presented in 2, we see that the above equation makes sense.
Moreover, by Theorem 3.1, we know that, under Hypotheses 2 and 3, there exists a
unique solution x(.)C([O,T];X) of (3.3) corresponding to the triplet
(Xo, u(. ),/x(. )). System (3.3) is a mild form of (1.7). Thus we sometimes refer to the
solution x(. of (3.3) as the mild solution (1.7). We call x(t) the state of our system
at time t; x(. the trajectory of the system, and Xo, u(. ), and /x(.) the initial state,
continuous control, and measure control, respectively. We see that the measure control
is an extended notion of the so-called impulse control [6], [7], [34], [35]. Hypothesis
1 is technical for later purposes. For the case where X is reflexive or separable, we
can always change the norm of X to another equivalent one so that Hypothesis
holds (see [23] for comments).

Remark 3.1. It is very important to note that, by using the Young-type integral
in (3.3), the trajectory of the system inherits the discontinuity of the measure control
/x(. ). In fact, if we let x(. be the solution of (3.3) corresponding to (x0, u(. ),/X(. )),
then, by Proposition A.8, we have that

x(t)=x(t-O)+F(t,x(t-O), u(t))[/x(t)-/x(t-O)], t6(O, T]

and

x(t+O)=x(t)+F(t,x(t-O), u(t))[/x(t+O)-/x(t)], t(O, T].

The Bochner-type integral does not have such a property! As in [32], the Bochner-
(or Lebesgue-) type integral was used, and, as a result, the trajectories had to be
restricted to right-continuous functions. In our case, the trajectories are only of elements
in the space D([0, T]; X).

The payoff of our control problem is the following (which is the same as (1.8)):

(3.4) J(x(" ), u(" ),/X(" ))= (f( t, x( t-O), u( t)), d/(t)).

The meaning of the right-hand side of (3.4) is clear if we regard the map f as a
oY(Z, )-valued function. Now we are ready to state our optimal control problem.

PROBLEM C. We minimize functional (3.4) over all (u(. ), /x(. )) J/l, subject
to system (3.3) and the endpoint constraint

(3.5) (x(O),x(T))eO.

Next, let (x#( ), u#( ),/x#(. )) be an optimal solution to Problem C. We define

(3.6) # {u(" a//I u(z) u#(z), if/x#(" jumps at z}.

Note that F:[0, T] X U- (Z, X). Thus the Fr6chet derivative F, of F is a map
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from [0, T] x X x U to/}(Z x X; X). We let

B(’r, , z)= Fx(7", x#(7"-O), u#(z); :)z

F(7", x#(7"-O)+ e, u#(’r))z F(7", x#(7"-O), u#(7"))z
(3.7) --lim

e-->0 E

V(-, :, z)E [0, T]xXxZ.

Then we may define B( .,. )*" [0, T] x Z--> (X*) as follows"

(3.8) <B(’r,z)*x*,>=<B(7",,z),x*> V(7",,z,x*)[O, T]xXxZxX*.

As in 2, we let (.,.), 19(.,.), and q(., .) be the evolution operators associated
with the operator A and the bilinear form-valued function B(z, , z) (see (2.21), (2.22),
and (2.26)). Then we define

,(r, -[(-, x*( -o, u(.- (., x(-o, u(.l d.(-

+ ,(r, lF(,x(-O,u(. ((--.(

(u(.), u,(.)) x t}
(3.9)

and

(3.10) 2 {y,-( T, O)yol (Yo, Y,) 1}.

We introduce the Hamiltonian

(3.11)
H(7", x, u, qo, q)= qof(., x, u)+ F(r, x, u)*O

v(, x, u, o, q,) [0, T]xXxxX*.

We note that the function H(’, x, u, o, q) is Z*-valued.
Now we are ready to state our main result for Problem C.
THEOREM 3.2 (maximum principle). Let Hypotheses 1-5 hold. Let (x#( ), u#( ),

i#( )) be an optimal solution to Problem C. Let the set

-={r-qlr, q}

be finite-codimensional in X [17], [22], [23]. Then there exists a pair (b(.), qo)
D([0, T]; X*)[, such that

,() e*(-,4,(r)+ e*(--,(., d(r))*4,(-)

(3.

+ 4,o ea*’-’L(, x(" 0, u(’* .(. e [0,

(3.13) q<_- 0,

(3.14) (q(.), qo) 0,
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or
<H(r, x#(r_O), u#(r), o, if(r)), d/z#(’r)>

(3.15)
r

max
(-)c, 30

u#(r), o, q(.)),

(3.16)

Iomax (H(r, x#(r-O), u(r) 0, (r)) dlx#(-)),
u(. )eo#

(3.17)
((0), yo-x#(O))-(O(T), yl-x#(r))

-(p(T),(R)(T,O)(yo-x#(O)))<-_O, (yo, y,)el2.

Remark 3.3. Condition (3.17) is the transversality condition for the optimal
solution of our problem. The appearance of the term ((T), (R)(T, 0)(yo-x#(0))) is
unexpected. This is caused by a possible jump of the measure control /x(. at t- 0.
It is interesting to note that in the case where

(3.18) /z#(0 + 0)=

(i.e., where no jump of #(. appeared at 0), from (2.24), we see that

(3.19) (R)(t, 0) 0 Vt [0, r].

Thus condition (3.17) is reduced to the familiar form

(3.20) ((O),yo-x#(O))-(g’(r),y-x#(r))<--O, (Yo, Y) .
4. Some lemmas. In this section, we present some lemmas which are necessary

for the proof of the maximum principle in the next section.
LEMMA 4.1. Let Assumptions 4 and 5 hold. Let x( and( be the unique solutions

of (3.3) corresponding to (Xo, u (.), tz (.)) and (.o, ("),/2 (.)), respectively. Then there
exists a constant C, depending on the bounds of [Xo[, [-o[, I/zl(T), [/21(T) and L, such that

IX(t) )(t)l--< C[Ixo- /  l(t)
(4.1)

Proof First, from (3.3), we see that

(4.2) [x(t)l<=Me’[Xo[ +ML e(t-(l+lx(’-O)[) dll().

Thus

(4.3)
/ ME e-’lx(-O)] dll().

Set o’(t)= e-’lx(t)l. Next, let/3 > 1 and he(. be the unique solution of

(4.4) h(t)=
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Then

(4.5)

By Corollary 2.3, we have that

sup [cr(r)h(r)-’]<-_ Mlxol+ ML(1 v e-")ll(t)
0__<-r<=

(4.6)
1

+-- sup [o’(’r)h/3(7")-l].

Hence, again by Proposition 2.5, we obtain

(4.7) ix(t)l<= /3 (MlxoI+ML( v e-t)ltxl(t)) e’t+MLll(t) /[0, T].

Similarly,

(4.8) 1(t)[#_1/3 (MIoI+ML( v e-’)l2l(t))e’t+t3l’l’l(t), t[0, T].

Then we have that

(4.9)

Ix(t)- (t)l <= M e’lxo- ol

Thus, by Gronwall’s inequality, we obtain

(4.10) Ix(t)-(t)l<-f[Ixo-ol+l-l(t)+ll((ua))], t[0, T].

Exchanging (Xo, u(. ),/z(. )) and (o, (" ),/2(. )), we obtain (4.1).
The above result gives the continuous dependence of the solution x(.) on the

data (Xo, u(. ), (. )).
Now let us introduce the following:

d((Xo, u(" ),/z(" )), (Yo, v(" ), u(" )))

(4.11) ={IXo-yol2+ltz-,l(T)2+l#l({u v})2+ll({u v})2} 1/2

V(Xo, u(. ),/x(. )), (Yo, v(" ), ,(" ))

It is clear that d is a metric on the space X x 0//x J//. We have the following lemma.
LEMMA 4.2. The space (X x all x , d) is a complete metric space.

Proof Let {(x, u"(. ),/z"( )} be a Cauchy sequence in X x x under d. Then
we see that

(4.12) x - Xo in X, (n ),
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for some Xo X. Now we show that there exists a (. ) such that

(4.13) ]/xn -/xl(T)- 0, n - c.

In fact, there exists a/x(. ) BVo([0, T]; K) such that (4.13) holds. Thus we must show
that/x(. ). To this end, we let

(4.14) fin(E) f 0.()lz"l(d) v([o, T]), n_-> 1

and set

(4.15) n(E)

Then, by (4.13), we see that

(4.16)

Thus, noting 10n(’)l<_-1, we obtain

V([O, T]), n>-l.

VE e 3([0, T]), n- oo.

Xo yo,

(.)= (.),

u(t)=v(t),

if and only if

(4.17)
<--21"-I(T)- 0

Hence we see that

f Io,()-o,()lll(d)-I"- ml([0, T])-O;(4.18)
0, T]

i.e., the sequence {0n(" )} is Cauchy in LI(0 T). Thus there exists a 0(. ) LaI(0, T)
such that

(4.19)
0,T]

Then, by (4.15) and (4.17), we obtain

(4.20) fi(E) f 0()lzl(d) VE e ([0, T]).

Then it follows that/x(. )e . Finally, from

(4.21) [/21({u # um})lfi/’l({u u"}) / I/2-/2nl([0, T]) 0, m, n- oo,

we know that there exists a u(. ), such that

(4.22) un( u(. ), n - c, 1/2[ a.e.

It is clear that we may assume u(. to be Borel-measurable. Thus u(. e a//. Hence the
lemma is proved.

We should note that in (X x 0//x , d),

(Xo, u(.), (.)) (yo, v(.), (.)),
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Thus, by changing the values of u(. on a set of ]fi, l-measure zero, we have not changed
the element (Xo, u( ), /z( )) in the space (X M, ). On the other hand, from
Lemma 4.1, we see that the map from the data (Xo, u(. ),/x(. )) to the solution x(.
of (3.3) is well defined from (X x o?/x M, d) to D([0, T]; X).

LEMMA 4.3. Let A(. BVo([0, T]; ) be nondecreasing andf" A- X be such that,
for some nondecreasingfunction of( )’[0, T] -+ with oy(O) 0 and some ]l-integrable
function r(. ), we have that

(4.23) If(t, 7")-f(, V(t, "r), (t", 7") .
Moreover,

(4.24) f(t, ’) 0 if h(" jumps at ’.

Then, for any p (0, 1), there exists a Borel-measurable set Eo
c [0, T] such that

(4.25) X(Eo) pX([0, T]) =< pX([0, T]),

(4. o f(,a(= f(,xo( a(+o(o,

uniformly in e [0, T].
Proo By (4.24), we see that

(4.27) f(t, ) d1(r) f(t, )X.(d).
0,T]

Then, by the arguments used to prove the similar result for X.(.) being Lebesgue-
measurable (see [22], [23]), we can obtain a Borel-measurable set Eo c [0, T] such that

and (4.26) holds. Since the jump points of I(.) is at most a countable set, we may
change o somewhat so that

(4.29)

Hence (4.25) follows.
CorollArY 4.4. Let ( e and G( , r) (Z, X) be uniformly Borel-

measurable satisfying che following:

(4.30) Ila(t,

(4.31) (t, ,)-(s, ,)ll.(.x(lt-sl)b(,) v(t, ,, (s, ,)e,

where a(. ), b(. e BIaI([0, T]; N), and (. )’[0, T] N+ is a nondecreasing function
with (0)= O. Moreover, we let

(4.32) G(t,

en, for any p (0, 1), there exists a Borel-measurable set Eo c [0, T] such that

(4.34) p G( t, r) d(r) G( , r)Xeo () d(,) + o(p),

uniformly in [0, T].
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LEMMA 4.5. Let u (.), IX (.)), u# (.), tx
# (.)) 11 x All be such that

(4.35)

(4.36)

Let

For u(. ) , with

(4.37)

set

(4.38)

Then

(4.39)

lim IIx Ix#l(T) 0,
e-0

lim I/2#[({u u#})= 0,
0

lim
e--0

D {z [0, T]J/z (’) jumps at

D# {r [0, T]IIx#(. jumps at

u( -) u# z), z D#

u(.)= U(" )Xco,\D(" + U(" )xD(" ).

lim Ig#[({u u})-- 0,

Proof For n >-_ 1, let

D ={7"6 [0,

D" # Ix## {-m[0, T][Itt (+0) ()1

or I()-(--o)1 1/n},

or I*(-)-#(-o)1 1/n}.

Then, by (4.35), we see that, for any n >= 1, there exists an e, >0, such that, for all
e 6 (0, e,),

(4.40)

Thus, by noting the fact that

D= U D", D#= U D#,
n-----1

we have that

p II(D.’\D.) 0,

(4.41)
!i I#I(D’\D.)-o,

Next, by (4.37), we have that

(4.42)

Thus we obtain

(4.43)

while

and

U(" )-" U(" )X[O,T]\D#(" )-[-U#(’),D#( )"

{u u}_ D U D#,

D U D# (D\,D#) U (D#\D) U (D VI D#)

(D.fqD#)f’l{u u}G {u u#}.

Hence (4.39) follows from (4.36) and (4.41).
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5. Proof of maximum principle. In this section, we give a proof of the maximum
principle stated in 3. As assumed in 3, we let (x#( ), u#( ),/.#(. )) be an optimal
solution of Problem C such that the condition of Theorem 3.2 concerning t holds.
For any (Xo, u(. ),/z(. )) X x x , we let x(.; Xo, u(. ),/.(. )) be the corresponding
solution of (3.3), and we define

(5.1) x(t) (f(’r,x(’r;xo, u(’),tx(’)),u(’r)),dl,x(’r)), te[0, T].

Then we see that x(T) J(x(. ), u(. ),/z(. )), the cost functional of Problem C. Now,
for any e > 0, we define

J (Xo, u(. ),/x(. )) {da(Xo, x( T; Xo, u(. ),/z(. )))2

(.2) + a,o>(x(T; Xo, u(. ), (. )))}’/

V(Xo, u(. ), z(. )) x x x ,
where

o() (-oo, +x( r)],

da(Xo, x,) inf {(IXo yol + Ix, yl)/ (yo, Y,) f},

do()(x) inf {Ix- yO] [yO o( e )}.

Then it is clear that

(.3) L(Xo, u(. ), (. )) > o V(Xo, u(. ), (. )) x t,

(5.4) J(x#(0), u#( ),/x#( ))= e inf J(xo, u(.),/x(. ))+ e.
X xff/xA/

Thus by Ekeland’s variational principle [15], [16], we can find an (x, u( ),/x( ))
X x x A/, such that

(5.s) ((x,, u( ), (. )), (x#(O), u( ), (. ))) _-< 4-,

(5.6) L(x,, u(. ), ( )) <-_L(x#(O), u#(. ), #(. )),

L(Xo, u( ), ( )) >- L(x(O), u(’), (’))

(5.7) -x/-a((Xo, u( ),/z ()),(Xo,U(".),/z(.)))

V(xo, u(. ), (. )) x x o x .
We let x( be the solution of (3.3) corresponding to (x, u( ),/z( )) and x’(
be the corresponding function defined by (5.1). Next, we let D# and De be the same
as those defined in 4 and fix any p (0, 1) and (Xo, u(. ),/z(. )) X x o-//x with

(5.8) u(" ) o//# {u(" ) o//lu(z u#(z), V’r D#}.

Then let

(5.9) u(’r)=u(z)Xto.r]\o(’r)+u(’r)XD,(’r), z[0, T].

By Lemma 4.5, we have that

(5.1o) .)), o, o.
Next, by Corollary 4.4, we can find a Borel-measurable set E, [0, T] such that

(5.11) I/2[(Ep) p[/2)[([0, r]) -< p[/2l([0, r])
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and

(5.12) p eA(’-)AF(’r) d/z(7") eA(’-)AF(’r)Xo(7") di(7")+ o(p),

uniformly in [0, T], where

AF(’)=F(’,x(r-O),u(’))-F(7",x(r-O),u(’)), " [0, T].

Then we define

Xo,p Xo + pXo,

(5.13) u(" )= u(. )Xto, r]\o( )+ u(. )Xo(" ),

(. )= (. )+ p((. )-(. )).

It is clear that (xg,o, uo(. ),/xo(. )) X x 0//x M. Now let xo(. be the unique solution
of (3.3) corresponding to (Xo,o, Up(. ),/Zp(. )) and oxo’ (’) be defined as in (5.1) corres-
pondingly. We now would like to derive the variation equation associated with (3.3).
We observe the following:

1
--[Xg(t)--X(t)]
P

(5.14)
eAtxo + eA(t-Z)F(7", Xeo(’r--O), u;(’r)) d(p,(7") -/2,(7"))

/ x( 0), u;())] d ()+-- eA(’-)[F(r, Xp(7" 0), U,(’))-- F(’r,
P do

+-- eA(t-)[F(", X(’--O), u(7"))-- F(’r, x(’- 0), u(’))]Xeo(r) d/z(r).
P

By (5.13) and Lemma 4.1, we see that

(5.15) lim sup Ixo(t)-x(t)l=o.
pO Ot<=T

Hence a careful calculation shows that (see (5.12))

(5.16)

1
--[x;(t)-x(t)]
P

eAtXo+ eA(t-’)F(.r, X(7"--O),

fo ’-)F(, 0), u (), x;(-0)-x(-0)) d ()+ eA( X(,r
p

+ eA(t-’)AF (’) d/z (’) + o( 1 ),

uniformly in [0, T], where

(5.17) F(-r, x, u; :) lim
h-O h

F(r, x + h, u)- F(r, x, u)
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the Fr6chet derivative of F(r, x, u) in x in the direction . Hence the limit

(5.18) limX(r)-x(t)-(t),- t[0, T],
p0 tO

exists, and (.) satisfies

( e’xo+ e’-’(, x(-o, u(; (r-o(

io(5.19) + eA(t-)f(,X(r--O), u(r)) d((r)-(r))

+ e(’-’F(r ,(. e [o.

Similarly, we have the existence of the limit

(5.20) limX,,(r)_xO,(t)=o(t),o t[0, T],

and sc( satisfies

(5.21)

where

(t) (fx(r, x(r-O), u(r))(r-0),

+ (f(.x(,-o.u(.((,-(

+ (f(-. ,(. e [o.

Af(’r)=f(7 x(’-O), u(r))-f(’r, x(7"-O), u(’r)), 7" [0, T].

Then, from (5.5), we know that
o t), 6 [0, T],lim x (t)= x#(t), lim x(t)= x#’(

e->O e->O

(5.22)

with

(5.23)

(5.24)

lim (t) (t), lim (t) (t), t6[0, T],
e->O e->O

(t)= eA’Xo + eA(’-)Fx(r, x#(’--O), u#(r); :(--- 0)) d/x#(")

+ e’-’(,.x(,-o.u(, ((-(,

;o+ e(’-’ZXF() d,(r. e[O. r];

o(= (L(,x(-o, u#(,’(-o,(,

+ (f(,.x(,-o.(,.((,-,(,

+ {Af# (’), dx# (-)}, [0, T],
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where

AF#(r)=F(r,x#(r-O),u(r))-F(r,x#(r-O),u#(r)), re[0, T],

Af#(r)=f(r, x#(r-O), u(r))-f(r, x#(z-O), u#(r)), [0, r].

Next, by (5.7), we have that

47((x,, u( ), (. )), (x,,, u(. ), ,(. )))
(5.25)

< L(Xo,,,, u,(.), m(’))-L(Xo, (’), (’)).

Then, by (5.11), (5.13), and (5.15)-(5.21), after dividing p and sending p-0 (similar
to [23]), we have that

-,,7{Ixol + I  1(T)2 + I(T) + I1( T)]2}’/2
1 0

X--< {da((Xo, x T)); (Xo, sc(T)) da(xo, (T))
(5.26) -J(x, u( ), t( ))

+ do()(x’(r); (r)) dao()(x’(r))}
(, Xo)+(O, s(r))+ oo(T),

where

(5.27) q3

(5.28) q

(5.29) o
with

da(x,x(T))a
L(Xo, u(’), (’))’
da(x;, x( T))b

L(Xo, u(" ), (" ))

dao()(x’(T))
L(Xo, u(" ), (" ))

(5.30) {(a, b)}=Od(x,x(T)).

Here the notations of Clarke’s generalized directional derivative and gradient of
functions d, and do() are adopted (see [10] for details). By Hypothesis 1, as in [23],
we know that Od,(x, x(T)) is a singleton. Also, we have that (see [23])

(5.31)

Since is convex, by (5.30), we have that

(a, Yo x)+(5.32)

Thus

(5.33)
(qS, yo-x#(O))+ (, y,-x#(T))

_-< {Ix Xol + Ix(T) x# T)Iz}’/z 6 O,

Then, by (5.22) and (5.26), we obtain

(5.34)
(qS,Xo (Yo x#(0)))+(q, (T)-(Y,-x#(T)))+q(T)>=-

V(Yo, Yl) ,

(e- 0).

with

(5.35) lim 0,
e--O
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uniformly in (Xo, u(. ),/x(. )) in bounded sets of X x x A/. Next, let (see (3.7))

(5.36) B(z, :, z) F,,(z, x#(z-O), u#(z); sC)z V(z, so, z) [0, T] x X x Z,

(5.37) v(z) ( 7")
#()} v[0, T],

\

and

(5.38)

Then (5.23) reads

(5.39)

3() (F(, x#(- 0), u()), Vz [0, T].

sO(t) eAtxo-t- eA(t-)B(7", :(7"--0), dht#(7"))

+ ea(’-(r) d,(’) V e [0, T].

Similarly, (5.24) can be written as

(5.4o ’( (L(,’(,-ol, #(,+ (f(,, (,

with

f,(’r)=Z(r,x#(’r-O), u#(’r)), 7" [0, T],

f(’r)=(f(’r,x#(’r-O), u#(’)), Af#(’))), ’ [0, T].

By Theorem 2.6, we obtain

(5.4 ,(=,(,OXo+ .(.a(,(,l, e[o, r].

Then we see that

’q’t 6 [0, T],

(5.42) = (t,’)(a’)d,(a’)l(u(.),(.))#}.

Since we assume that - is finite-codimensional in X, it is easy .to see that (see
[23]) the set

,(

is finite-codimensional in X x X. Thus, as [17], [23], from (5.31) and (5.34), we can
find a subsequence e 0, such that

(5.43) (, ,) (, , o) 0.

Then, from (5.22), (5.26), and (5.29), we have that

(5.44) (, Xo)+(

(5.45) 0.
From (5.32), we have that

(5.46) (, yo-x)+(, y,-x(T))O V(yo, y,)O.
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Next, we define

(5.47) o _qo =< 0

and

t

(5.48)
q(t)=(T, t)*p(T)+@ (r-0, t)*f,,(r)* dlz#(r),

6(T) 6

Then we have that

0=> (q(T), so( T))- (p(0), (0)) + 6so(T) + (6(0) qS, Xo)

t[0, T],

q,(r), ,I,( :r, O)xo + ,I,( r, -) G(-) d,,,(-)

( Io,t,(T, 0)*6(T)+6 xt’(r-O,O).*fx(r)* dtz#(r),Xo

+o f(r) (r-0,0)Xo+ (r-0, s)G(s)(ds) d*(r) ,)
o,

+o (f(,, (+((0 e, xo
(5.49

((r, ,*(r, a(, (-(O(r, 0*(r, xo)

+(6(o)- O(T, 0)*(T), Xo).

The above holds for all (Xo, u(. ), (. )) X x x . Thus, by taking Xo =0, we obtain

T

O=> (H(-r, x#(’r-O), u#(’r), o, (’r)), d(/z(’r) -/z#(’r)))
o

+ (t4(, x*(-o), u(), o, ())

H(’, x#(’-0), u#(r), b, (r)),

V(u(.), (.)) u# x.
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Hence (3.15) and (3.16) follow. Now, by taking (u(.),/x(. )) (u#( ), 0) in (5.49), we
obtain

(5.52) (p(0) q5 (R)(T, 0)*q(T), Xo) =< 0 VxoX.
Thus

(5.53) q5 p(0)-19( T, 0)* q(T).

Then (5.46) reads

(5.54) (6(O)-O(T,O)*q(T),yo-x)-(q(T),yl-X#(T))<=O V(yo, y) f.

This gives the transversality condition (3.17). By (5.43), (5.47), (5.48), and (5.53), we
see that

(5.55) (g,(.), g,o) 0.

Finally, by (5.48) and Lemma 2.7, we have that

4() ea*(-’4,(r) + ea*(’-’(, d.#(.))*’(r. -)*4,(r)

+ 4,0 e*(’-’f(,*

+ ea*’-’,f(.*

Thus, the function q(.) defined by (5.48) is the solution of (3.12). Hence we have
completed the proof of Theorem 3.2. [3

Appendix. In this appendix, we present some relevant results concerning the Young
integral and the vector measures, among others.

First, we let T> 0 be a constant, Z be a Banach space, and K be a subset of Z.
We define

BV([0, T]; K)= {/x(. )’[0, T]- K l/x(. is of bounded variation},

BVo([0, T]; K) {/x(. BV([0, T]; K)I/z(0) 0}.

For convenience, we take the convention that, for any/x(. ) BV([0, T]; K),

(A.1) /z(O- O) =/x(O), /x(T+ O) =/x(T).

Next, for any/x(. ) BV([0, T]; K), we define

(A.2)
/2([0, t]) =/x(t + 0) -/x(0), O<-t<-_T,

12((s, t])=tx(t+O)-tx(s+O), O<-s<-_t<- T.

Extending this vector-valued set function to ([0, T]), the Borel tr-field of [0, T], we
obtain a vector measure/2(. ), which is of bounded variation. We refer to/2(. as the
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vector measure induced by /x(.). For /z(.)BV([0, T];K), we let
BV([0, T]; +) be the variation of/z(. ); i.e., Iml(t) is the total variation of/z(.) on
the interval [0, t]. It is clear that

{’lzl([0, t])--I,l(t +0),
(A.3) .lzl(E0, t)) [/zl(t-0),

V0<-- t<-- T,

where Izl(,) is the variation of the vector measure /2(. (see [13]). Next, by noting
that any (.) BV([0, T]; K) has at most countably many discontinuity points, we
may define

/xt,(t)= E [tx(r+O)-tz(r-O)]+tx(t)-tx(t-O) t[O, T],
(A.4) o_-<<t

ixc(t)=tz(t)-pa,(t ’’t [0, T].

Then, it is easy to show (mimic the proof for the scalar-valued case; see [27]) that
/xc(. ) BV([0, T]; Z)f3 C([0, T]; Z) and

(A.5) Il(t)--l,l(t)/ll(t) ’t [0, T].

Now we let /2(.) and /2(.) be the vector measures induced by /z(.) and /x(.),
respectively. Then we have that

(A.6) [/21(E) [/2[(E) + [/2[(E) ’E ([0, T]).

Next, if Z has the RNP (Radon-Nikodym property [13]) with respect to I/2[, then
there exists a [/2[-integrable function 0(. ):[0, T]- Z such that

(A.7) fi(E) I
(A.8) IZl(E) I
(see [13] for a proof). Thus

(A.9) 10()lz 1,

Let us set

VE ([0, T]),

VE ([0, T])

Izl a.e. ’ [0, T].

f
o([0, T]; K)= /x(. ) BVo([0, T]; K) fi(E)= 1 O( r)lfi,[( dr),

(A.10)

([0, T]), for some 0(. ), with 10()lz 1, Izl a.e.].VE

PROPOSITION A.1. Let K be a convex cone in Z. Then Ylo=-/o([0, T]; K) is a
convex cone.

The proof is straightforward.
Now let X be another Banach space. An operator-valued function F(. ):[0, T]-

(Z, X) is said to be uniformly Borel-measurable if there exists a sequence of Borel-
measurable simple functions Fn(" ): [0, T]- (X, Z) such that

(A.11) lim IlF.(t)-F(t)lle(z,x)=O t [0, T].
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It is easy for us to define the Bochner integral for the operator-valued function
F(.):[0, T](Z,X) with respect to the vector measure /2 induced by
BVo([0, T]; Z). We denote

B,([0, T]; (Z, X)) {F: [0, T] - (Z, X)IF(. is/2-Bochner-integrable}.

Next, we would like to introduce the Young integral.
DEFINTION A.2. Let /z(’) BVo([0, T];K) and F(.):[0, T](Z,X) be uni-

formly Borel-measurable. We say that F(.) is /z-Young-integrable if F(.) is
Bochner-integrable and

(A.12) F()llz,x)l(/ o)- (-- o)1 < ,
0-_ T

In this cae, we define the Young integral of F(. with repect to/_t(. by the following:

F(r) d/z(r)= F(r)fic(dr)+ E F(r)[/x(r+O)-/z(r-O)]
S,t

+ F(s)[l(s+O)-I(s)]+ F(t)[l(t)-l(t-O)],
(A.13)

VO<-s<t<- T,

F(r) d/x(r) 0 [0, T].V

We let

Yt,([0, T]; (Z, X))= {F: [0, T] (Z, X)IF is/x-Young-integrable}.

Then we have the following result concerning the relation between Bochner and Young
integrals.

PROPOSITION A.3. Let tx(" ) BVo([0, T]; K). Then

(A.14) Y,([0, T]; ?(Z, X))= B([0, T]; (Z, X)),

and, for any F( B,([0, T]; L(Z, X)), we have that

(,( (,g(,-(s[(s-(s-O]

([(+o-(
(A.15) [ F(z)fi(dr)+ F(s)[(s+O)

(s)] + F(t)[(t) (t -0)],

VO-<s<t=< T.

In particular,

(A.16) F(r) d/x(z)= F(z)l( dr).
0 0,T]

A similar result for the case where F(. and (. are scalar-valued can be found
in [18]. Since, in our optimal control problem, the vector measure /2(.) (or the BV
function (-)) will be a part of control, we need the following notion.

DEFINITION A.4. A function F(. :[0, T] --> (Z, X) is said to be BVo([0, T]; K)-
integrable if for any tt(’)BVo([0, T]; K), F(.) is /2-Bochner-integrable, or,
equivalently,/z-Young-integrable.
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PROPOSITION A.5. Let F( )’[0, T] --> (Z, X) be uniformly Borel-measurable. Then
F(. is BVo([0, T]; Z)-integrable if and only if
(A.17) IlF(’r)llz,x) C, re[0, T].

Proof The sufficiency is obvious. To prove the necessity, we suppose the contrary.
Then there exist sequences % 6 [0, T] and zi Z with Izil 1/i2 (i 1) such that

(A.18)

Then let

tx( t) , zixt,.)( t), [0, T].
il

We see that this/z(. BVo([0, T]; Z) and F(. is not/-Bochner-integrable. V1

Next, we introduce the/.t-continuity. Let/z(. )e BVo([0, T]; K). We introduce a
metric on [0, T], which is related to /z(.) and is stronger than the usual Euclidean
metric, as follows:

(g.19) p,(s, t):ls-tl+lll(s)-Il(t)l Vs, t[0, T].

Then, for any metric space V, we define

C,([0, T]; V)= {v(. )’[0, T]---> Vlv(.) is uniformly continuous
(A.20)

from [0, T] with metric p,(. to V}.

We should note that, in general, [0, T] is not necessarily compact under metric p(.
(see [18] for relevant remarks on the scalar-valued case). Thus, in (A.20), we require
v(. to be uniformly continuous, instead of just continuous.

PROPOSITION A.6. Let tz BVo([0, T]; K). Then

(A.21) /z(. ) C,([0, T]; K),

and, if v(. C,([0, T]; V), then

{t m [0, T]lv(t -0) v(t)} {t m [0, T]lz(t- 0) tt( t)},

{t [0, T]lv(t+O) v(t)} c__ {t [0, T]l/x(t +0) /z(t)}.

(A.22)

(A.23)

In particular,

(A.24) C([0, T]; V)_ C([0, T]; V) V(. ) BVo([0, T]; K),

(A.25) C([0, T]; V)= C([0, T]; V) V(.) BVo([0, T]; K)VI C([0, T]; K).

Proof. By (A. 19), we see that

(A.26) Itz(t)-i.t(s)l<=p(t,s) Vt, se[O, r].

Thus (A.21) follows. Now we let v(. ) C([0, T]; V) and d be the metric of V. Then
there exists a modulus of continity to(. such that

(A.27) d(v(s), v(t))<-to(p(s, t)) Vs, re[0, r].

Thus, if t (0, T] with the property/z(t-0) =/z(t), then

d(v(t), v(t-e))<=co(p,(t, t-e))
(A.28)

-< o( / Il(t)- It(t- ))- 0 ( -0).
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Thus (A.22) follows. Similarly, we can obtain (A.23). Then (A.24) follows easily. To
obtain (A.25), we let/z(. BVo([0, T]; K) fq C([0, T]; K). Then c([0, T]; ).
Thus, for some modulus of continuity to(. ), we have that

(A.29) [ll(s)-Il(t)lo(Is-tl) s, t[O, T].

Hence, if v(. C,([0, T]; V), then, for some modulus of continuity 03(. ), we have that

(m.30) d(v(s), v(t))<=t(p,(s, t))-< a3(]s ti+to(Is-t[)).
Hence (A.25) follows.

Any function v(. ) C,([0, T]; V) is said to be/x-continuous. The main features
of the /z-continuous functions are that they at most jump at the points where /z(.)
jumps, and at every point [0, T], the left and the right limits exist. We should note,
however, that these functions are not necessarily of bounded variation.

Next, we consider the indefinite integral of the Young type. To this end, let
/z(. BVo([0, T]; K) and F(. Y([0, T]; (Z, X)). Then, for any [0, T], we
have that

(A.31)
F(-) dtz(-)= F(r)/c(dr)+ Z

0,t] 0<r<t
F(r)[/z(r + 0)-/x(r- 0)]

+ F(0)[/z(0 + 0) -/z(0)] + F(t)[tx(t)-Iz(t-O)].

We refer to the above indefinite Young integral.
PROPOSITION A.7. Let tx( BVo([0, T]; K) and F( Y,([0, T]; (Z, X)). Let

(A.32) f(t)= F(r) dx(’) Vte [0, T].

Then f(. C,([0, T]; X) f-I BV([0, T]; X), and

(A.33) f(t+O):f(t)+F(t)[tx(t+O)-ix(t)] t[0, T),

(A.34) f(t-O) -f(t) F(t)[/z(t) -/.,(t 0)], (0, r],

I/l(t)=< IIF(,)II<,,) dll(),(A.35) [0, T].

We let A-- {(t, z) [0, T] x [0, T]]t >= r} and be its closure. Let G(.,.)’-->
(Z, X), and consider the following integral"

(A.36) g(t)=- G(t, r) dtx(r), te[0, T].

We have the following result, the proof of which is straightforward.
PROPOSrrION A.8. Let tx( BV0([0, T]; K) and G( ., A-> (Z, X). We

assume the following:
(i) G(.,. is uniformly Borel-measurable. There exists a Iil-integrable function

a(. )’[0, T] -> such that

(A.37) IlG(t, r)ll:e<,)--< a(.) V(t, r)A.

+ +(ii) There exist functions tog -- and 0 [0, T]-->+, with the properties that

toe is nondecreasing, toe(O)= O, and 0(. is ll21-integrable, such that

(A.38) G(t, r)-G(s, r)[[_e(z.x)<=to(p,(t,s))O(z) V(t, r), (s, r)A.
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Then the function g(. defined by (A.36) is and

g(t+0) G(t+O, r) d/x(r)+G(t+O, t)[/x(t+O)-/x(t)],
(A.39) r, [0, T],

g(t-0) | G(t-O, r) d/x(r)-G(t-O, t)[/x(t)-/x(t-O)],

where

(A.40) G(t-O,t)=G(t,t), t[0, T], G(T+O, T)=G(T, T).

In particular, if there exists a constant C such that

(A.41) we(r) Cr Vr,

then g(. ) BVo([0, T]; X).
Next, we consider a Young-type multiple integral and the corresponding Fubini

theorem. We let X, Y, and Z be a Banach space and let T, S> 0 be constants. Let
/X(. ) BVo([0, T]; Z) and v(. ) BVo([0, S]; Y). We let

YxZ;X)=B’YxZX B( is bilinear and

(A.42)

I111= sup IB(y,z)l,<}.
lylx.lztz<=

It is easy to see that Y x Z; X) is a Banach space. Thus we may define the uniform
Borel measurability for Y x Z; X)-valued functions and the multiple Bochner-type
integral of such functions with respect the vector measures /2 and . Then we can
introduce the (/xx v)-Young integral, which is defined in the following way" Let

"[0, T] x [0, S] - ( Y x Z; X) be uniformly Borel-measurable and

(A.43) fto.rjto.s II(t, s)II IZl(dt)l l(as) < o.

Then, for 0-< to _-< t -< T and 0-< So -< sl -< S, we define

air(t, s, d/x(t), dr(s)) air(t, s, d/x(t), (ds))
to to SO,Sl

(A.44) *(t, so, d/x(t), v(so)- (so-0))

air(t, s,, d/x(t), V(Sl +0)- V(Sl)).
to

The meaning of the right-hand side of (A.44) is clear ( d/x(t) always means the Young
integral, and (ds) means the Bochner integral). In the case where the above Young
integral can be defined, we say that the function is (/x x v)-Young-integrable. From
our definition, the (/2 x )-Bochner integrability and the (/x x v)-Young integrability
are the same. Thus, hereafter, we simply refer to these two integrabilities as the
(/x v)-integrability. Next, let us introduce the following notation (compare (A.13)):

(A.45)
F(z) d/x(r)= F(z)12(dr)+ 2

S,t]

+ F(t)[/x(t)
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(A.46)

(A.47)

F(-) d(-) F(r)fi,(d’r)+ E
s, t] s’r<t

+ F(t)[/z(t) -/z(t -0)],

F(’r) d/z(r)= f F(r)fi,,:(d’r)+ ,
S,/] S’r.t

+ F(s)[(s+O)-(s)],

F(r) d/x(r)= f F(r)/2(dr)+ Z
s,t] s<7"<=t

+F(s)[(s +o)- (s)].

g()[(+ o)-(-o)]

F()[(+ o) ( o)]

F(’r) t(7" + 0) -/z(-r 0)]

Similarly, we can define i) F(r) d/x(r), i) F(r) d/z(r), i F(r) dt(r) and

.[1 F(r) dtx(z). It is easy to see that

F( r) did(r)

F() d()

s,t)

s,t]

F(’r)12(dr), F(r) d/x(r) F(’r)12(d’r),
S,I)

F(’r)12( dr),

(A.49)

F(’r) d/z(’r)
s,t]

F( z) fi( dr).

The following result is a kind of Fubini theorem for the (/z v)-Young integral.
The result has its own interest. To our knowledge, even for the scalar case of the Young
integral, such a result is new. In deriving the adjoint system along the optimal triplet
in 5, it played an important role.

THEOREM A.9 (the Fubini theorem). Let /x(.)BV([0, T]; Z), u(.)
BV([O, T]; Y) and B( )’[0, T] x [0, S]-. Yd( Y x Z; X) be (tx x v)-integrable. Then

B(r, r) d/x(r) dr(r) B(r, r) dr(r) d/x(r)

(A.50) B(r, r)[/x(r+0)-/z(r)] dr(r)

B(r, r)[v(r)- v(r-0)] dtz(r)

V0=<s< r<t<= T.

In particular, if
(A.51)

then

(A.52)

B(r, r) =0 VO--< r=< T,

B(r, r) d/z(r) dr(r) B(r, r) d(’) d/x(r).

In the above, we have taken the convention that

B( t, s)yz B( t, s)zy V(y, z) Y x Z.

This will not cause any confusion from the context. The proof of the above result
consists of some direct computations. We see that in the case where (A.51) fails, the
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right-hand side of (A.50) is not necessarily zero. Thus, when changing the order of
Young integrals, we must be somewhat careful.
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LIPSCHITZIAN STABILITY IN NONLINEAR CONTROL
AND OPTIMIZATION*
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Abstract. This paper studies Lipschitz properties, relative to the parameter p, of the set of solutions to
problems of the form

Find zfp such that Tp(Z) Fp(z).

As applications, various problems in control and optimization are examined, focusing in particular on the
stability of the feasible set of a control problem, and the stability of solutions of infinite-dimensional
mathematical programs and optimal control problems. In another application, an estimate is obtained for
the error in the Euler approximation to an optimal control problem.

Key words, stability, sensitivity, feasible set, optimal set, discrete approximations, Euler approximation,
sufficient optimality conditions
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1. Introduction. This paper presents a general framework for analyzing Lipschitz
stability in control and optimization. As applications of the theory, we study the
dependence on a parameter ofthe set of controls and states that satisfies given inequality
constraints. We also study the dependence on a parameter of the optimal solutions of
various problems in nonlinear control and optimization.

The paper begins by studying (in 2) the following problem:

(1) Find z [p such that Tp (z) Fp (z),

where p is a parameter, Tp maps f/p to Yp, Yp is a normed linear space, and Fp(z) is
a subset of Yp for each z fp. Loosely speaking, we proceed in the following way:
Along with (1), we consider an auxiliary problem

(2) Find z flp such that Lp(z)+y Fp(z),
where y Y is treated as a new parameter. It turns out that if Lp approximates Tp in
a suitable sense, and if the set of solutions of (2) possesses certain Lipschitz properties
with respect to y, uniformly in p, then the set of solutions of (1) will have analogous
properties with respect to p. In particular, if Tp is smooth, then Lp can be its linearization.
For a nonsmooth Tp, we should choose a nonsmooth Lp.

Our abstract approach is based on a refinement of the set-valued contracting
mapping principle (Lemma 1). An existence result given in Theorem 1, leads to various
stability results. In particular, Corollary 1 obtains an estimate for the distance from a
reference point to the set of solutions of (1). In Corollary 2, we assume that f/, F, and
L are independent of p, obtaining an implicit function theorem: If the solution set of
(2) is pseudo-Lipschitz with respect to y around some given point, and if L strongly
approximates Tp, then the set of solutions of (1) is pseudo-Lipschitz as well. Corollary
3 obtains a result related to metric regularity of the map T-F.
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Generalized equations of the form (1) have been considered by Robinson in a
series of papers [35]-[38] with 12 and F independent of p. Our analysis contains some
of his results. While the theory of [35]-[38] is applied to finite-dimensional mathe-
matical programming problems, our focus here is infinite-dimensional optimization,
primarily optimal control. Our analysis is more in the spirit of [19] and [20].

Recently, a different approach to sensitivity based on nonsmooth analysis and the
differentiability properties of set-valued maps was developed by Aubin [4], Aubin and
Frankowska [6], Rockafellar [39] and [41], King and Rockafellar [24], Mordukhovich
[32], and others. In [16] this approach is applied to various control problems. A
motivation for the nonsmooth approach to Lipschitz stability is given by Rockafellar
in [40].

An outline of our paper follows, while detailed comments connecting specific
results in our paper to related literature appear throughout the paper. Section 3 examines
the feasible set for a nonlinear control system with inequality state and control
constraints that depend on a parameter. We show that if the functions defining the
constraints are sufficiently smooth, and if an interior point condition holds for a
linearized system, then the feasible set is pseudo-Lipschitz. Moreover, the interior point
condition holds if the gradients of the active constraints satisfy an independence
condition, the same condition that appeared in Hager’s analysis [18] of Lipschitz
continuity in time for an optimal control. At the end of 3, we present an example of
a nonsmooth control system with state and control constraints, and we demonstrate a
method for proving local controllability.

Section 4 considers a quadratic minimum problem in a reflexive Banach space
with linear cone constraints. We show that a coercivity condition together with surjec-
tivity of the gradients of the (active) constraints guarantee local Lipschitz continuity
of the solution relative to the data. In 5 we apply this result to a nonlinear optimization
problem, and a quadratic program plays the role of an auxiliary problem.

In 6 we consider a nonlinear control problem with convex control constraints.
The treatment of the control problem requires special care due to the discrepancy
between the function spaces needed for coercivity and for differentiability. An example
shows that the method of analysis can still be applied, even when the coercivity
condition is violated.

Finally, in 7 we obtain error estimates for Euler’s approximation to a nonlinear
optimal control problem with convex control constraints. In this case, the parameter
p in (1) corresponds to the mesh spacing. The key step in the analysis is to show that
the solution of a perturbed discrete linear-quadratic problem, related to the auxiliary
problem (2), depends Lipschitz continuously on a parameter, uniformly in the mesh
spacing. Our method makes use of the so-called averaged modulus of smoothness,
introduced by Sendov and Popov [42]. When the optimal contol has bounded variation,
the error in the discrete control is on the order of the mesh spacing.

2. Abstract theory. Let Z be a Banach space, let 12 be a closed subset of Z, let Y
be a normed vector space, and let 2 Y denote the collection of subsets of Y. Given a
map T" 12-> Y and a map F" i2-> 2 Y, we consider the following problem"

(3) Find z i2 such that T(z) F(z).

Of course, for appropriate choices of l-l, T, and F, (3) may represent an equation, an
inclusion, or a variational inequality. In this section, conditions are formulated that
guarantee a solution to (3). This existence theorem applied to perturbations of (3)
yields stability results. Throughout this paper, [1. denotes a norm in the appropriate
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space. Given subsets P and Q c Z, the one-sided distance from P to Q (or excess
function), denoted [[P-Q[, is defined by

P Q! sup inf P q II.
pP qQ

If Q is empty, we set lip- Q[=oo. Given z Z, let Br(z) denote the closed ball with
center z and radius r.

We will use a contraction mapping principle for set-valued maps to obtain an
existence result for (3). The proof that follows is similar to the usual proofs for the
existence of a fixed point (see [22, p. 31] or [34]); however, since our Lipschitz
assumption (b) below is weaker than the usual Lipschitz assumption, we include a
proof for completeness. Although this fixed point result is stated for a Banach space,
it holds in any complete metric space.

LEMMA 1. Let :1)- 2a with (z) closed for every z 1). Suppose that there exist
real numbers r and A, and Zo 1) with the following properties:

(a) 0<=A<I and ),,Zo-.Zo.[<r,
1-A

(b) II(y) FhBr(zo)-(z)l-Al[y-zll for every y and z Br(zo) f-I1).

Then there exists z Br(zo) gl 1) such that z (z). If is single-valued, then assumption
(a) can be replaced by

(a’) 0<_--A<I and IIz-(z)[[=<r,
1-h

and there exists a unique z Br(zo)["]1) with z =(z).
Proof By assumption (a), there exists z,(Zo)such that I]z-zo[[<r(1-A).

Proceedings by induction, suppose that there exists Zk+(Zk)Br(ZO) for k=
1,2,...,n-1 with I[Zk+--Zkll<r(1--A)A k. By assumption (b) and the induction
hypothesis, we have

]lz. -(z.)l--< I]I’(z._,) t3 B(zo)- (z.)l--< llz. z.-, < r(1 )".

Hence, there exists z.+,(z.) such that Ilz.+,-z.ll<r(1-A);". By the triangle
inequality,

k =0 k =0

so that zn+ B(zo). This completes the induction step.
By the triangle inequality and for n > rn, we have

n--I n--1

z. z <= Y z.+l z. =< r(1 A) A k < rA
k--rn k----

Thus the Zk form a Cauchy sequence that converges to some limit z B(zo)f3 1). By
assumption (b),

IIz -(z)l-< @(z-,) F1 B(zo) -(z)l z-,- zll.
Again, by the triangle inequality,

I1-()1--< I1-zll / IIz ()l--< I1 11 / 11-,- zll,
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which approaches zero as k increases. Since (z) is closed, it follows that z (z).
If is single-valued, then by (b), z is the unique element in Bt(zo)fqf for which
z=(z).

Given y Y and a mapping L from Z to Y, consider the auxiliary problem

(4) Find z f such that L(z)+y F(z).

Note that the set of solutions to (4) is closed if L is continuous and the graph of F is
closed. Given Zo Z and Yo 6 Y, define the parameters Dr and 6 by

T(z) T(y) L(z) + L(y)
sup and

y,zzon IIz-yll
yz

6 T(zo) L(zo) Yoll.

If L is a bounded, linear operator, and Zo lies in the interior of , then Dt 0 when
r-0 if and only if T is strictly (Fr6chet) differentiable at Zo (see [5, p. 16]). We have
the following generalization of [20, Thm. 1].

THEOREM 1. Let 3/ and r be real numbers that satisfy the relations

(5) O <- 3/Dt < and r > 3/6
1 3

Defining the set

mr-- [,.J { T(z) L(z)},
Br( zo)Of

let denote a map from A to 2a with the following properties" Zo6 (yo), (Y) is a
closed, nonempty subset of the solutions to (4) for each y At, and

(6) II(y,) o Bt(zo)- q(Y2)l ylly,-y2l[ for every y, and y2e At U {yo}.

Then (3) has a solution z Bt(zo). If in addition there is only one solution of (4) for
every y At, then z is the unique solution of (3) in Bt(zo), and the second condition in

(5) can be weakened to r >=
Proof We apply Lemma 1 with (z)=(T(z)-L(z)). Thus z is a solution to

(3) if z (z). By (6), we have

[[(z) n Bt(zo)-(y)[<= yll T(z)- T(y)-t(z)+ t(y)l[--< yOllz-Yll

whenever y and z Br(zo) I"] . Hence, satisfies (b) of Lemma 1 with constant h 3/Dr.
Since Zo V(Yo), it follows that

Zo ,(zo)l (yo) f-I Bt(zo) (T(zo) L(zo))[
-< rllyo/ L(zo)- T(zo)ll-

Dividing this inequality by 1 -A, we see that r > Ilzo-’(zo)l! (1 -h). Since the contrac-
tion property of Lemma 1 holds on Bt(zo) CI fl, there exists z Bt(zo) with z (z). If
the solution of (4) is unique for every y Ar, then is single-valued on Bt(zo) f.
By Lemma 1, there exists a unique zBt(zo)fqf with z=(z). Hence, there is a
unique solution to (3) in Br(zo).

Remark 1. Note that if cr >= rDt + a, then At c B(yo). To prove this, we take the
norm of the identity

T(z) L(z) Yo T(z) T(zo) L(z) + L(zo)] + T(zo) L(zo) Yo],

where z Bt(zo)CI f, and we apply the triangle inequality to obtain the relation

T(z L(z) Yol[ <= rDr + a <--<_ o’.
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Now we consider a family of equations, each equation depending on a parameter
p contained in a metric space P. Associated with each p P, there is a closed subset
fp of a Banach space Zp, a normed vector space Yp, and a pair of maps Tp:fp Yp
and Fp :fp 2 Y. Analogous to (3), we study the following problem:

(7) Find z lip such that Tp(z) Fp(z).

Let 0 be a fixed element of P. Using Theorem 1, we will study the continuity of the
map p- E(p), where E(p) is the set of solutions of (7), making use of the following
auxiliary problem"

(8) Find zfp such that Lp(z)-byG Fp(z),

where Lp :Zp Yp, and y6 Yp. We give three specific results assuming the maps
appearing in (7) and (8) satisfy certain conditions near a reference point. The parameters
Dr, At, and 6 of Theorem now depend on p as follows:

T(z) Tp(y) Lp(z) + L(y)
Dr(p) sup

.zz. IIz-yll
yz

a(p)=ar(p,), where Ar(p,x)= tA {Tp(z)-Lp(z)}, and
Br(x)Ol"

(p) T(z)- t(z)-Y II.
(Although the norms above may depend on p, this dependence is not indicated
explicitly. In 5 we consider a finite-dimensional discretization of an optimal control
problem, in which case the norms depend on the mesh spacing.)

COROLLARY 1. Let p denote a map from a neighborhood of yp to 2t with the
following properties: zp p(yp), p(y) is a closed, nonempty subset of the solutions to

(8) for each y A(p), where cr > O, and for some 3" and a > O, we have

(9) IIp(y)fqB(zp)-p(y2)l<-3"lly-y2ll for every y and y2A(p)lO{yp}.

If Dr(p) and 6(p) tend to zero as r and p tend to zero, then for each 3,+> 3’ and for
each p sufficiently close to zero, (7) has a solution z such that

(10) IIz,,- ell--< r/ll T,(z,)- L,(z,)-YpII.

If there is only one solution to (8) for every y A(p), then z, satisfying (10), is the
unique solution of (7) in a neighborhood of Zp.

Proof Apply Theorem 1 with 6=6(p) and r= 3’/6(p). If 6=0, then Zp is a
solution of (7), and (10) holds with z Zp. If 6 > 0, then choose p sufficiently close to
0 that

tr>-r, ),Dr(p)<l, a_->r, and 3’+> 1- 3’D(p)"

Hence, Theorem 1 yields (10). 13
Now we wish to start with a given solution z0 of (7) associated with p 0 and

show that for small perturbations in the parameter, we can solve the equation, and in
some sense, the solution is "well behaved." In this analysis, we allow T to depend on
p, while f and F are independent of p. That is, the following problem is considered"

(11) Find z f such that Tp(z) F(z).
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To study the continuity of the solution map, we work with the fixed auxiliary problem
(4) (L is independent of p).

We define an analogue Er(p) of Dr in which T is replaced by Tp, below:

(12) Er(p) sup
Y,ZEBr(ZO)(- IIz--Yll

yz

T (z) Tp(y) L(z) + L(Y)

Following the terminology of Robinson [38], we say that L(z) strongly approximates
Tp(z) at z Zo and p =0 if and only if Er(p)O as p and r tend to zero. Note that L
does not need to be smooth. For example, if Tp(z)=fp(g(z)), where fp is Fr6chet
difterentiable and g is Lipschitz, but not necessarily differentiable, then L(z)=
f’o[g(zo)]g(z) strongly approximates Tp(z) at z Zo and p =0 under appropriate con-
tinuity assumptions (see [38]).

In the following corollary, we take Zp Zo and yp Yo, and we replace assumption
(9) by pseudo-Lipschitz continuity. Recall (see [4]) that the map is pseudo-Lipschitz
with modulus y, around a point (Yo, Zo) in the graph of, if there exist neighborhoods
V of Yo and U of Zo such that

whenever y and y2 V. Letting ’r(P)--E(p)fq Br(zo) denote the restriction of E(p)
to Br(Zo), we have the following corollary.

COROLLARY 2. Given Zo E(0), define yo To(zo)-L(zo), and let q(y) denote the
set of solutions to (4). We assume that is closed and nonempty-valued near Yo, that
qt is pseudo-Lipschitz with modulus y around (Yo, Zo), and that L strongly approximates
Tp (z) at p 0 and z Zo. If Tp (z) is continuous in p at p O, uniformly in a neighborhood
of z Zo, then for each y+> 3’ and for r sufficiently small, there exists s > 0 such that
’r(P) is nonempty for every p B(0); moreover, for each p and q Bs(O) and for each
zp Er(p), there exists Zq E(q) such that

(13) IIz-zll
If there is only one solution to (4) for every y near Yo, then the solution of (11) is unique
in Br(zo) for every pc Bs(0). Moreover, the gqC.,(q) satisfying (13) also lies in Br(zo).

Proof. Define the parameters

d(a,s)= sup IIY (z)-Yq(z)ll and Dp= sup Ep(p).
p,qE Bs(0) p Bo(O)

Ba(zo)

Let U and V be the neighborhoods of Zo and Yo appearing in the definition of
pseudo-Lipschitz continuity. Choose tr sufficiently small that B(yo)C V. Choose p
sufficiently small that Bo(zo)c U

(14) o’> p/p and y< y+(1-y/p).
Choose a and s sufficiently small that

(15) p>-2a, p>-s, a>y+d(a,s), and o>-_pOo+d(a,s).
Let p B,(0). Referring to Remark 1, we see that Aa(p, Zo) C B(yo). Theorem 1 with
T replaced by Tp and with r= a implies that Ea(p) is nonempty.

Given p and q B(0) and Zp Ea(p), let us apply Theorem 1 with Zo, Yo, and T
in the theorem replaced by zp, yp Tp(zp)- L(zp), and Tq, respectively. In Theorem
1, we take

+r y , where d(a, s).
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If 6 O, then (13) holds trivially by taking Zq Zp. If 6 > O, then by (15) we have

3,6
l-yD,,’

where Op E,(q)<-_ O,. Since Br(zp)C B,(Zo), we have &r(P, Zp) &a(p, 0) B(yo).
Hence, condition (6) of Theorem 1 holds, and (13) is established.

If the map W is single-valued, then there exists a unique solution of (11) in Br(zo)
for every p B(0). Similar to the proof of Theorem 1, the map p(Z)= W( Tp(Z)- L(2))
is a contraction on the ball B(2o) with contraction constant A TD for each p B(0).
The distance from Zp to Zq is estimated by the following sequence of inequalities"

IIz z ll +

which yields (13).
Observe that if there exists a constant K such that Tp satisfies the Lipschitz condition

distance {p, q}

for every z in a neighborhood of Zo, then (13) implies that for every Zp Xa(p), there
exists Zq E(q) such that

IIz - zqll <- distance {p, q};

that is, the map is pseudo-Lipschitz around p 0 and z Zo. Thus we conclude that
if the auxiliary problem strongly approximates the original problem, and if the solution
map of the auxiliary problem is pseudo-Lipschitz, then the solution map of the original
problem is pseudo-Lipschitz as well.

Remark 2. Corollary 2 is a generalization of Theorem 2.1 in [37] and of Theorem
3.2 in [38]. In [37] 12 is a closed convex set, F(z) is the normal cone to 12 at z, Tp(z)
is Fr6chet ditterentiable with respect to z around z Zo and p =0, and both Tp(z) and
its derivative T’p(Z) are continuous with respect to z and p at z Zo and p=0.
Furthermore, it is assumed that (4) with

L(z)= To(zo)+ T’o(Zo)(Z- Zo)

has a unique solution that is Lipschitz near yo=0. In [38] F(z)=0, L(z) strongly
approximates Tp(z) at z= Zo and p=0, and the assumptions for L(z) are equivalent
to the condition that L-1 is single-valued and Lipschitz near 0.

Corollary 2 is an implicit function theorem in which we avoid the surjectivity
(interiority) condition, for a suitably defined derivative, that is usually present in a
Graves-type theorem (see [7, p. 95]). For example, given a closed-valued map F:Z 2 Y

and given (Zo, Yo) in the graph of F, let f:Z Y be a continuous function that is
strictly Fr6chet ditterentiable at Zo. Let us apply Corollary 2 with L(z) -f’(zo)(Z- Zo),
p =y Y, Tp(z)=p-f(z), and q defined by

(y) {z Z: y f’(zo)(Z- Zo) F(z)}.

By Corollary 2, is pseudo-Lipschitz around (Yo, Zo) if and only if the map [F +f]-I
is pseudo-Lipschitz around (Yo +f(zo), Zo).

In the remainder of the paper, we also make use of the following result.
COROLLARY 3. If the assumptions of Corollary 2 hold, then for each y/ > y, there

exist positive constants a, p, and e with the following properties: For every z Ba(zo),
p Bo(O), and Wp F(z) with Tp(z)- wll--< , there exists Zp ,(p) such that

(16) Ilz zpll <= 3’+11Tp(z)- wll.
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Proof. Choose cr and p as in the proof of Corollary 2 to satisfy (14). Let a and
e > 0 be small enough that

_P_>a> y+(17)
2

e and o’>-pD,+e.

Given p B,(O), z B,(Zo), and Wp F(z) with w ll--< let us define yp
Wp- L(z). We apply Theorem 1 with Yo, Zo, and T replaced by yp, z, and Tp, and with
-IIT(z)-wll. If 8=0, then zE(p), and (16) holds. If 8>0, we take r=y+&
Since 8 =< e, it follows from (14) and (17) that

y8 P< r= y+t_-< y+e_-< a_-<<p.1-y(p

Hence, Br(z)c B,(Zo), which implies that Ar(p, z) c A,(p, Zo). By Remark 1 and (17),
we have A,(p, Zo)C B,(yo) so that assumption (6) of Theorem 1 holds. By Theorem
1, there exists a solution Zp Br(z) to (11), where r= 7+8, which establishes (16). !-I

Remark 3. Relation (16) implies that

llz-(p)l -< +II Tp(z)- wpll.
Since the left-hand side of this inequality does not depend on wp, it follows from
Corollary 3 that when ]]Tp(z)-F(z)l is sufficiently stoat1, we have

(18) ]lz E(p)I -< y+ll Tp(z) F(z)l.

In particular, if Tp(z)= T(z)+p, we conclude that the map T-F is metrically regular
around (Zo, 0). It turns out that metric regularity is equivalent to the pseudo-Lipschitz
property (see Penot [33]). For a discussion of related results, see Cominetti [10], and
the references therein.

Corollary 3 is a generalization of Theorem 1 in [36] where the estimate (18) is
obtained under the following conditions: F is a closed, convex cone, independent of
z; Tp(z) is continuously Fr6chet differentiable; and interior point regularity holds. This
regularity condition implies, via the celebrated Robinson-Ursescu theorem (see [36]
and [43]), that the solution map of the linearized (auxiliary) problem is pseudo-
Lipschitz.

3. Feasibility and controllability. As a first appliction of the abstract theory, we
study the continuity of the map "parameter-> feasible set" of a nonlinear control system
with constraints. The following model problem is analyzed" Given an interval I [0, 1 ],
the state x is a map from I to R n, while the control u is a map from I to R ". Given
0 between 1 and oo, let L(R’) denote the space of functions u" I R with lu(t)l
integrable where 1. is the Euclidean norm. Let W1’(R) denote the space of functions
x" I--, R with both x and its derivative in L(R"). We often omit the argument R
or R when the context is clear. Of course, when 0 is oo, these spaces are modified
in the standard fashion" L is the space of essentially bounded functions, and W1’

is the space of Lipschitz continuous functions (or, equivalently, the space of essentially
bounded functions with essentially bounded derivatives). Given functions

fp" R+’ x I-> R , Kp" R" x I R, and Sp" R" x I-> R ,
where p is a parameter, and, given a starting condition a R, the feasible set E(p)
consists of the set of u L and x W1" that satisfy the relations

(t) =fp(X(t), u(t), t) and Kp(u(t), t) <- 0 a.e. I,
(19)

x(O) a, Sp(x(t), t) -<_ 0 for every I.
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Using the notation of (11), the feasible set in the control problem consists of those
z such that Tp(z) F(z), where

a {Z (X, U)" X Cr_. W1’0, u e L, x(O) a},

Tp(x, u)= K(u) and F(x, u)= L

_
S.(x) L

_
Here L denotes the nonpositive functions in L.

Given a pair Zo (Xo, Uo) that is feasible for (19) when p =0, we wish to study
the behavior of E(p) for p near zero. Throughout this section, we make the following
assumption: There exists a closed set A cRnxR"xI and a 8>0 such that
(Xo(t), Uo(t), t) lies in A for almost every /, the distance from (Xo(t), Uo(t), t) to the
boundary of A in the hyperplane R x R x {t} is at least 8 for almost every /, the
derivatives offp(X, u, t), Kp(u, t), and Sp(x, t) with respect to x and u exist on A, and
these derivatives along with the function values are continuous with respect
to (x, u, t) A and p near zero. From the development in 2, Lipschitz properties of
the solution map for the nonlinear problem are related to Lipschitz properties
of the solution map for an auxiliary problem (4) when y is in a neighborhood
of To(zo). We consider the following linearization of (19):

)( t) :o( t) A( t)(x( t) Xo( t)) + B( t)(u( t) Uo( t)) + yl(t),

(20) K(t)(u(t)- Uo(t)) + y2(t) _-<0,

S( t)(x( t) Xo( t)) -t- y3(t) -< 0,

where Yl L, Y2 and Y3 G L, and

A(t) Vxfo(Xo(t), Uo(t), t),

B(t) V ,fo(Xo(t), Uo(t), t),

K(t) V,Ko(uo(t), t),

S(t) VxSo(xo(t), t).

Above any equality or inequality involving measurable functions is interpreted in the
sense "almost everywhere."

From the development of 2, we see that pseudo-Lipschitz continuity of the
feasible map can be deduced from the following three conditions:

(i) Lipschitz continuity of Tp(z) with respect to p,
(ii) Do is sufficiently small,
(iii) The solution map associated with the linearized system is pseudo-Lipschitz.

With regard to condition (i), Lipschitz continuity of Tp(z) with respect to p is equivalent
to Lipschitz continuity of fp (z), Kp (z), and Sp (z) with respect to p. Also, Dp tends
to zero as p tends to zero under our smoothness assumptions. In the following
two lemmas, we study the Lipschitz continuity of the solution map for the linearized
system.

LEMMA 2. Let Zo (Xo, Uo) f be feasible in (19) when p O, let A(y) denote the
set of solutions (x, u) W’ x L to (20), and define yo To(zo). If there exist a > O,



578 ASEN L. DONTCHEV AND WILLIAM W. HAGER

W E W1’0, and v L such that

vg( t) A( t)w( t) + B( t)v( t),

(21) (K(t)v(t)+ Ko(uo(t),

(S(t)w(t)+ So(xo(t), t)),<--a,

w(0) -0,
i= 1,2,...,/x,

i= 1, 2,..., ,,
then A is pseudo-Lipschitz around (yo, Zo).

Proof This result follows from the Robinson-Ursescu theorem (see [36] and [43])
as stated (for example) by Aubin and Ekeland in [5, p. 132] or Clarke I-9, p. 236]. That
is, if there exists r> 0 such that for each y in a neighborhood of Yo, we can find
z Br(zo) with z A(y), then the map y- A(u) f’) Br(zo) is Lipschitz continuous, from
which it follows that A is pseudo-Lipschitz around (Yo, Zo). The proof of the lemma
proceeds as follows: Given y Y and a pair (w, v) satisfying (21), let x denote the
solution to the differential equation in (20) corresponding to the control u v + Uo and
the starting condition x(0)= a. Observe that x can be expressed as

x= W+Xo+My,

where M is a bounded linear map from L to W’. Hence, we have

S(x Xo) + Y3 S(w + My) + Y3 <= --ce + SMy + Y3- So(xo).

Similarly, putting u v + Uo into the control constraint of (20) gives

K (u Uo) + Y2 --< -a + Y2 Ko(uo).

Thus there exists o->0 such that x and u satisfy the constraints in (20) whenever
y e B(Yo), where

Yo To(zo) Ko(uo)
So(Xo)

By the triangle inequality, we have

Ilu uoll / IIx-xoll--< Ilvll / Ilwll / My II--< Ilvll / Ilwll / IIMII
for every y B(yo). Setting r= Ilvll / Ilwll / IIMII, it follows that Br(zo) A(y) is
nonempty whenever y B(yo). This completes the proof.

The proof of Lemma 2 provides a way to construct a single-valued : For each
y Y, x is the solution of the differential equation (20) corresponding to u v+ Uo.
Now we present a condition that yields the existence of a state and control satisfying
the interior point condition of Lemma 2. This condition is the same one that appeared
in the study 18] of Lipschitz continuous solutions in optimal control. First, we provide
some terminology. We say that a function g is piecewise continuous if there exists a
finite sequence {ti} with

0 o ( ( ( ( N 1,

such that g is continuous on the open interval (ti, t/) for each i, and one-sided limits
exist at each t. A function is piecewise continuously differentiable if it is continuous
and its derivative is piecewise continuous. If K(t) is the coefficient matrix for u in
(20), then K B(t) and K N(t) denote the submatrices of K(t) consisting of rows
associated with those indices for which either

Ko(uo(t), t) 0 or Ko(uo(t), t) < 0, respectively.

In other words, K B(t) and K N(t) are the submatrices corresponding to the binding
and the nonbinding constraints at time t. The submatrices Sn and SN of S are defined
in a similar fashion. Basically, we will show that if the columns of K(t)r and
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B(t) rSB(t)r are uniformly linearly independent, then the interior point condition of
Lemma 2 is satisfied.

LEMMA 3. Let Zo= (Xo, Uo) fl be a point feasible for (19) when p=0, and suppose
that So(a, 0)<0, So(xo) is piecewise continuously differentiable, both Ko(uo) and the
matrices K and B are piecewise continuous, and at each where these piecewise continuous

functions are continuous, the following independence condition holds: There exists fl > 0
such that

IgB(t)rb + n(t)rSB(t)rcl>= t(Ibl / Icl)
for every b and c. Moreover, at a time of discontinuity, this independence condition also
holds, but with replaced by both / and t-, and with the binding constraint set replaced
by those ofKo(uo( t+)) and Ko(uo( t-)), respectively. Then there exist w Wl’ and v L
that satisfy hypothesis (21) of Lemma 2 for some a > O.

Proof. Before considering the state constraints, we give a proof in the case of no
state constraints. We first show that there exist a scalar 8 > 0 and sequences {ti} and
{ri} such that

ti<:’l’i<:ti+l for0=<i=<N, to=to=0, r=tN+=l,
(22) Ko’(Uo(t), t)<=-8 for each ti<: <-

(23) Ig’(t)bl lbl for each ti < < ti+l, for every b,

where the Bi superscript means those rows (or components) associated with the binding
constraints at ri, while the Ni superscript means those rows (or components) associated
with nonbinding constraints at ri. The right-hand side of the inequality KoN,(Uo(t), t)<--
-8 is interpreted as a vector with every component equal to -8.

To prove (22) and (23), we verify that they are satisfied on the closure of each
open interval J where K and Ko(uo) are continuous. Let us define the parameter s(t)
by

e(t) minimum {-Ko(uo(t), t)i: Ko(uo(t), t)i 0}.
li

If all the constraints are binding at t, then we set e(t)= +. The value of Ko(uo) at
an endpoint of J is taken to be its limit at that point. By the continuity assumptions,
it follows that for each J, there exists an open ball O,, containing t, such that

e(t)K’(Uo(S))- for every s O,
2

and

for every s 0,,

where the superscript Bt stands for rows binding at t, while the superscript N, stands
for components nonbinding at t. If is an endpoint of J, then the open ball is replaced
by a half-open ball. By compactness, this cover of J has a finite subcover. In (22) and
(23), the % are the centers of the balls in the subcover, while the ti are arbitrary points
in the overlap region between adjacent balls. The parameter 8 is given by

8 1/2 minimum {e(ro), e(rl),..., e(rN),
The control v that satisfies the interior point condition of Lemma 2 can be

constructed in the following way: Given r> 0 and between ti and ti/l, v(t) is the
minimum norm solution of the equation K’(t)v(t)=-r (if there are no binding
constraints, set v(t)=0). Since Ko(uo(t), t) is nonpositive, we have

(24) KSi(t)v(t)q gg’(Uo(t), t)<--r.
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By (23), the smallest singular value of KB’(t) is bounded from below by 6. It follows
that v(t) has the following bound in the Euclidean norm:

Iv(t)l
6

where/z is the number of component of Ko. Hence, by (22) v also satisfies the inequality

(25) gN’(t)v(t)+ go’(Uo(t), t)<-- IK’(t)l- .
Relations (24) and (25) imply that v satisfies the interior point condition (21) for tr

sufficiently small.
When state constraints are present, this proof must be modified in several ways.

By incorporating the state constraints in the definition of e(t), we can choose 5 to
satisfy the additional relation

So,(Xo(t), t) -< -6 for each t _<- -< t+.
In addition, the independence condition (23) generalizes to the form

(26) IgB’(t)rb + n( t) rS’( t) 7"cl >--  (Ibl + Icl).
Similar to the control constrained case, we wish to construct a control v and a state

w such that K n,v(t)=-or and SO’w(t)=-o" for between t and t/, and both v
and w are bounded pointwise by a constant times o-. This construction is complicated
by the fact that v and W must satisfy the linear differential equation in (21).

The proof proceeds by induction, interval by interval, from left to right. Suppose
that on the interval [to, tk] we can construct a control v and a corresponding state

w such that for each cr sufficiently small, we have

Iw(t)l<-c, S-,w,(tk)---o-,
where c is independent of tr, and with a =tr, the control v v and the state w w
satisfy the relations (21) on the interval [0, t]. We now show that this construction
can be continued on the interval Its, t+]. The control v and the state w on the new
interval are chosen to satisfy the relations

K B(t)v(t) -tr, for k ( <-- tk+l,

(27) (Sn(t)W(t)),=(Sn(tk)W,(tk)),+y,(t--tk) for tk <t<--tk+e,

Sn(t)w(t) -o" for tk + e < <-- tk-.

The parameters y and e are selected so that (Sn(tk+e)W(tk+e))=--tr, or
equivalently, so that

(Sn( tk)w( tk))i-I- O"

Since w(tk) tends to zero as tr tends to zero, it follows that for any e, y tends to zero
as tr tends to zero.

To obtain a control that satisfies (27), we differentiate the second and third
equations in (27) and we substitute from the state equation ff Aw+ Bv to obtain

dSB(t)Sn(t)B(t)v(t)=yi-w(t)-Sn(t)A(t)w(t) for tk<t<--_tk+e,
dt

(28)

Sa(t)B(t)v(t) dSn(t)
w(t) SB(t)A(t)w(t) for k-I- 13 < < tk+dt
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By the independence condition (26), the minimum norm control v(t) that satisfies the
equation K Bk(t)v(t)--or along with (28), where w is the solution to

b( t) A( t)w( t) + B( t)v( t), w( t) w(t),
is bounded pointwise by a constant times tr. If the ith state constraint is binding at
both ’k-1 and Zk, then by the construction of w, we have

(S(t)w(t))i -or for tk <- <-- tk+l,

which implies that

(S(t)w(t)+ So(xo(t), t))i<--r for tk <- <- tk+.

If the ith state constraint is nonbinding at either Zk- or Zk, then So(Xo(tk) tk)i<--6.
Hence, for e sufficiently small, So(xo(t), t)i--< 6/2 for between tk and tk -[- e. Taking
tr sufficiently small yields

(S(t)w(t)+So(Xo(t), t)),_<--6/4 for tk <--t<--tk+e.
Now consider in the interval Irk-[-e, tk+]. If the ith constraint is binding at Zk, then

(S(t)w(t)+ So(xo(t), t))i<-o
If the ith constraint is nonbinding at Zk, then

(S(t)w(t)+ So(xo(t), t))i<=iS(t)w(t)[-6.
Since w is bounded by a constant times tr, the induction step is complete.

To conclude, we state a specific sensitivity result for the feasibility problem (19)
based on Corollary 3.

THEOREM 2. If (X0, t/0) isfeasible in (19) whenp O, and there exist a > O, w W1’

and v L satisfying (21 ), then for each p in a neighborhood of 0 and for each (x, u)
in a neighborhood of Zo-(Xo, Uo), there exists Xp and Up that are feasible in (19), and
we have

(29) IIx,-xll ,,o+llu,-ull   c(llL(x,
where the "+" subscript stands for the positive part and c is independent ofp.

Proof. Relation (29) follows from Corollary 3 and Lemma 2, where we identify
the z of Corollary 3 with the pair (x, u), while wp is identified with the triple (0, Kp (u)_,
Sp(x)_). Here the subscript "-" stands for the negative part.

Remark 4. Using generalized derivatives of set-valued maps, a result related to
Theorem 2 is established in [16, Thm. 10.1] for a problem with final state constraints.
A linear system with convex state and control constraints is studied in [14].

We can use the same approach to study local controllability. The following simple
example illustrates the basic ideas. Let us consider the nonsmooth control system

(30) .(t) -Ix(t)[ + x(t) u(t) + u(t) a.e. 6 I,
with the constraints

x(0)=0, x(t)>-_t-1 for every t/, -1-<u(t)-I a.e. tel, x W’, uL.
A control system is locally controllable around 0 at t- if for each a near zero that
satisfies the state constraints at 1, there exists a feasible trajectory with x(1)= a.
We will apply Corollary with the following identifications:

f {(x, u) W’xL:x(O)=O,x(t)>-t-1
for every 6/, -1 =< u(t) -<_ a.e. I},

Tp(x, u) [3 [xl XSu tt] and Fp(x, u) O.
x(1)-p
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Local controllability is equivalent to existence of a solution to (7) for every p-> 0, p
sufficiently small.

In applying Corollary 1, we take P R/, the nonnegative real numbers, Zp Zo-=
(Xo, Uo) 0, Yo 0, and

x(1)

With this definition, the auxiliary problem becomes the following:

(31)
Find (x, u) 11 such that

:(t) -Ix(t)]- u(t) + yl(t) 0, x(1)+y2=0.

Hypothesis (9) of Corollary is satisfied if there exists a single-valued map from
Lx R to wl’x L, with (0) =0, with (x, u) xtt(y, y2) a solution of (31), and with

Lipschitz continuous on the set A(p) of Corollary 1. It can be verified that the
following choice for has the desired properties:

1-e’
el y-

(y)
Y2 y(
-e

t)

(Note that if (y, y) A(p), then y2<-_O since p _-> 0.) Hence, the control system (30)
is locally controllable around 0 at 1.

4. Quadratic programs. In applying the results of 2 to problems in optimal
control and mathematical programming, we must derive Lipschitz results for the
auxiliary problem. This section collects properties of quadratic programs that are
relevant to the analysis.

LEMMA 4. Let X denote a reflexive Banach space, let A X be a nonempty closed,
convex subset, and consider the problem

(32) minimize 1/2(Ax, x)+(ck, x) over x A,

where (.,.) denotes the duality pairing between X and the dual space X*, b X*,
A X - X* is a continuous linear operator, and (Ax, y) (Ay, x) for every x and y X.
If there exists a constant cr > 0 such that

(33) (A(x,-xz),x,-xz)>-_ ,llx,-xzll for every x and xzG A

then there is a unique solution to (32), and is the unique solution to the following
variational inequality:

(34) Find A such that (A + ok, x 2) >= 0 for every x A.

IfXl and x2 denote the solutions of (32) corresponding to ck qb and ck ck2, then we have

(35)

Proof. In a Hilbert space, the existence of a solution : to (32) and the correspon-
dence between a solution to (32) and a solution to (34) is found for example, in [26,
Chap. 1]. The Lipschitz result (35) is found in [20, Lemma 1] for a Hilbert space.
These Hilbert space proofs are also valid in a reflexive Banach space. I-!

The usual second-order sufficient condition for (32) has the form

(36) (A(x- ), x ) >= a IIx- for every x A,
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where a > 0. Hence, condition (33) is stronger than the second-order sufficient condi-
tion. An important difference between (33) and (36) is that after small perturbations
in A, (33) still holds for some a > 0; after small perturbations in A and 2, (36) may
not hold for any a 0.

Under the hypotheses of Lemma 4, let us consider the constraint set

(37) A={xeX: Bx+OeK},

where B:X- W is a continuous, linear operator; W is a Banach space; q W; and
K c W is a closed, convex cone with vertex at the origin. In this case, (32) takes the form

(38) minimize1/2(Ax, x)+(&, x) subject to Bx + q K.

Given x and x2 e A, observe that v x x2 has the property that By K K. Hence,
when A is given by (37), (33) holds if

(39) (Av, v)_-> llvll whenever Bv K-K.

Conversely, if B is surjective and (33) holds, then (39) holds. Hence, (39) and (33)
are equivalent when B is surjective.

Letting K + denote the polar cone defined by

K+ {, e W*: (Z, k) _-> 0 for every k e K},

suppose that there exists A K + and e X satisfying

(40) A2-B*A+=O and (A, B2+O)=O, where B2+q, eK.

It follows that

0 (AX + b, x ) -(Z, Bx + d/) <= (A + oh, x 2)

for every x X with Bx + K. By Lemma 4, is the unique solution to (32). Note
that the conditions (A, B2 + g0=0 and B: + g, K of (40) are often written in the
compact form

BX + q OK+(A),
where OK+(A) {we W**: (w,/-)>0 for each/6 K+} is the normal cone at to
the set K+.

If g is a solution to (38) and B is surjective, it is known (see Kurcyusz [25]) that
there exists a unique Lagrange multiplier 6 K + satisfying (40). Assuming that B is
surjective and (33) holds, let us study the dependence of the solution and the multiplier
associated with (38) on the parameters & and q. Given b b6 X* and q=q W
for 1 and 2, let : be the corresponding solutions to (38), and let A be the associated
multipliers satisfying (40). If x Y is any solution to Bx =-0, then by the open
mapping principle (see [7, p. 57]), B- is Lipschitz continuous, and there exists a
solution x Y to Bx =-qt such that

where c is independent of k and @2. Making the change of variables ’i Wi "47 i in
(40), we obtain

(41) Awi- B*Ai + A.i + i 0, Bw K, and (Ai, Bwi) O.

Hence, w wi is the solution to the problem

minimize 1/2(Aw, w) / (Ai + cki, w)

subject to Bw K.
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By Lemma 4, inequality (35), we have

llw,- w=ll--< I1,- =11 / Ilall 111-211 <--I1,- 211 + cllall I1,- =11.
Taking the norm of the identity x- x2 w- w2 +1- 2, and applying the triangle
inequality, we obtain

IIx,-x=ll c116,- 6=11 + cll,-

where c is independent of the 6 and the . Moreover, since B* is one-to-one and
(B*)- is a continuous linear operator, (40) implies that IIx,- A=II has a similar bound.
These observations are summarized in the following lemma.

LZMMA 5. Suppose that B is surjective and (33) holds. Ifx and h are the solutions
to (40) corresponding to and , i= 1 and 2, then there exists a constant c,
depending only on A and B, such that

IIx,-x=ll + I1,- =11 c116,- 6=11 + cll,-

Clearly, the coercivity condition (33) is preserved after small peurbations in A.
In the context of (38) with B surjective, we now show that the coercivity condition
(33) is preserved after small peurbations in B, and after arbitrary peurbations in .
Since B is surjective, we observed earlier that (33) is equivalent to (39). Since ff does
not appear in (39), coercivity is preserved after any peurbation in . Now let us
consider the effect of changes in B. Given a bounded linear operator B" X W, the
open mapping principle implies that there exists a constant c, depending only on B,
with the following propey: IfB K K, we can find v X with Bv B K K and

(42) IIv- 11 olin- 11 ell.
By the triangle inequality, we have

(43) (1-clln-ll)llollllvll(l+clln-ll)llell.

Defining 6v v- and applying (33) yields

(44) {A6, > llvll2-2<Av, 6v)+(A6v, 6v).

Utilizing the inequality 2ab paZ+ b2/p, where p is an arbitrary scalar, we have

IlallI<av, v>l Ilall Ilvll IIvll IlvllZ+ IIvll z.

This inequality, coupled with relations (42)-(44), yields the following result.
LEMMA 6. If the coercivity condition (39) holds and B is surjective, then for A in a

neighborhood ofA and for B in a neighborhood of B, there exists o > 0 such that

<Av, v>_-> llvll 2 wheneverv K-K.

We observe that in certain cases, the coercivity condition (33) holds for the set A
if it holds on a subset A f’i F.

LEMMA 7. Let F and A be convex subsets ofX, and suppose that there exists a > 0
such that

(45) (A(x, x2), x,- x2) => cr [Ixl- x=ll 2 for every x, and x2 A f’l F.

If int F, the interior of F, intersects A, then (33) holds.
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Proof Given V E A, 1 and 2, and v E int F f’] A, define /.)i(/) by

vi( v, + )v.

Since A is convex, v(fl)e A for i= and 2, whenever /3 e [0, 1]. Since v(fl)-> v as
/3-> 0, we can choose fl > 0 small enough that v(fl)e F for i= and 2. Applying (45)
with xi vi(fl), we obtain (33). I-]

Remark 5. Suppose that B (B, B2), , (q,, q,2), and K K K2, where
is surjective, and where there exists v X with Bv + q, E K1 and B2v + q’2 int K2.
Combining Lemmas 6 and 7, we see that if the coercivity condition (33) holds, then
for A and B near A and B respectively, there exists a > 0 such that

</iv, v>_>-llvll 2 whenever Bve K1-K
5. Optimal solutions. In this section, we use Corollaries and 2 to study an

optimal solution of the problem

(46) minimize Cp(x) over XeOp,
where p is a parameter in a metric space P, fp is a closed, convex nonempty subset
of a reflexive Banach space X, and Cp" X- R. Given a local minimizer Xo of (46)
corresponding to p =0, we assume that for each p e P, the functional Cp(x) is twice
Fr6chet ditterentiable with respect to x in a neighborhood of Xo, the derivatives C’p(X)
and C(x) with respect to x are continuous in p and x in a neighborhood of p =0
and x Xo, and there exists a > 0 such that

(47) <Cg(xo)(xl-x=),x,-x=>>-llx,-x2112 for every Xl,X2E U "p.
pP

In addition, we assume that limv_.o la.-aol =o, where [A-B[= IIA-Bl/ IIB-AI is
equivalent to the Hausdortt distance between the sets A and B.

TnorM 3. For each fl > 1/a and y > c;,(xo)ll, there exists s > 0 with thefollowing
property" For each p B,(O), we can find a strict local minimizer xp of (46) such that

(48) Ilx-xoll<-/311C;(xo)-C’o(xo)ll/.// la.-aol
If C’o(Xo)=O, then we require y> IIC(xo)ll, and we replace the exponent 1/2 in (48) by

Proof Since Xo is a local minimizer of (46) and 1)o is convex, we have

(49) (C’o(Xo),X-Xo)>-O for every Xeao.
Given p e P, (47) and Lemma 4 imply that there exists a unique sop e fp satisfying the
relation

(50) (C’o(Xo)+L(p-Xo),X-p)>=O for every

where L C’(Xo). Adding (49) with x Zo and (50) with x zp to inequality (47) with
x SOp and x Xo, we get

v Xol[= <- L(p Xo), Zp Xo> / C’o(Xo), Zo- p / Zp Xo>
for every Zo E fo and Zp Op. From this, it follows that

:, xoll 2 <--IILII I1 xoll Ilxo-al / IIC’o(xo)ll(llxo-al/ I1 aol).

Consequently, SOp Xo as p- 0, and we have

(5 a) I1# xoll 2 --< (11 Eli I1# Xo[I / C;,(Xo) II)la aol.
Now let us consider the following problem"

(52) Find x, ca. such that (C’p(Xp),X-Xp)>-O for every xea..
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We apply Corollary 1 to this problem, making the following identifications:

z x. r. c;. y. C;(xo)- (Xo).

The auxiliary problem is the following:

and Fp(x) Ol’p(X).

(53) Find xlIp such that (L(x)+y, w-x)>-O for every

By Lemma 4, there exists a unique solution of (53). for each y X*, and this solution
is a Lipschitz continuous function of y with Lipschitz constant l/a, independent
of p. By Corollary and for any constant/3 > l/a, there exists a solution Xp to (52)
for p near zero, and we have

(54) IIx pll--< t c;<#)-
By the definition of yp, it follows that

Itc;(#)- L(#)- y,,II IIC’,,(#)-C’o(Xo)- e(#- xo)ll.
By the continuous ditterentiability assumptions, it follows that for any e > 0, there
exists an s > 0 such that

IIC,(,)-C’o(Xo)-L(,-xo)ll ll-xoll for every pc B(O)
and

IIc;(,,)-cg,(,)ll llC;(xo)-Cg,(xo)ll+ ll,,-xoll for every pe Bs(O).

These inequalities, combined with (51), (54), and the triangle inequality, yield (48).
By (47), Xp is a strict local minimizer of (46) for p near 0. q

Remark 6. In general, the exponent 1/2 in (48) is sharp (see [13, p. 13]). Theorem
3 is a generalization of Proposition 1.2 in [13].

Typically, Theorem 3 yields a H61der-type estimate for Xp-Xo. However, when
the constraint set is described by equalities and inequalities that possess certain
regularity properties, a Lipschitz estimate can be established. We consider the following
problem:

(55) minimize Cp x subject to Gp x e K,

where Gp:X W, W is a Banach space, and K c W is a closed, convex cone with
vertex at the origin. Letting Xo denote a local minimizer of (55) corresponding to p =0,
we assume henceforth in this section that Cp and Go possess the following smoothness
properties: Cp(x) and Gp(x) are twice Fr6chet ditterentiable in x in a neighborhood
of p 0 and x Xo, and these derivatives are continuous in p and x at p 0 and x Xo.
The functions Gp(x), C;(x), and G;(x) are Lipschitz in p e P, uniformly in x near Xo.
Let Hp denote the Lagrangian defined by

Hp(x, A)= Ce(x)-(, Gp(x)),

where e W*. The first-order necessary conditions associated with a solution to (55)
can be expressed in the following way:

(56) grxHp(xe, 1e).=0 and Gp(xe)eOK+(p), where xpeX and ,peK+.
It is well known (see [25]) that if G’o(Xo) is surjective, then there exists ,o satisfying
(56) for p=0. Our Lipschitz result is based on the following coercivity condition:
There exists a > 0 such that

(57)
<VxHo(xo. Ao)(X2-x.). x.-xOe IIx2- xll =
whenever Go(xo) + G(xo)(Xi Xo) e K, for 1, 2.
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THEOREM 4. If G’o(Xo) is surjective and the coercivity condition (57) holds, then
there exists s > 0 such that (55) has a strict local minimizer Xp for each p Bs(O), and
both Xp, and the associated (unique) multiplier Ap K+ satisfying thefirst-order necessary
condition (56), are Lipschitz continuous functions ofp Bs(O).

Proof. We apply Corollary 2 with the following identifications: z-(x, A), Z--
X xX*, =X x K+,

r
L (x) a’ and

OK+(A)

Hence, the problem "Find z f such that Tp(z) F(z)" is the same as finding x and
A satisfying the first-order necessary condition for (55). In the auxiliary problem, we
take L= T’o(Zo). Hence, the auxiliary problem is equivalent to the following: Given
X*and @W, findxXandAeK/suchthat

(58)
Ax B*A + O and

where A V Ao)Ho(xo,

Bx + q e OK+(A),

and B G’o(Xo).

By Lemma 5, the solution to (58) is a Lipschitz continuous function of and . By
Corollary 2, there exists a solution Zp (Xp, Ap) to (56), which is a Lipschitz continuous
function of p for p near 0. By Lemma 6, the coercivity condition (57) holds when the
zeros are replaced by p near 0. Hence, the second-order sufficiency condition holds
(see Maurer and Zowe [30]), and Xp is a strict local minimizer of (55) for p near 0.

Theorem 4 yields Lipschitz continuity without assuming strict complementary
slackness. For an illustration, suppose that Gp- (gp, hp) and K Kg x Kh, where Kg
and Kh are closed convex cones with vertices at the origin of the associated Banach
spaces. In this cases, the optimization problem (55) takes the form

minimize Cp(x)
(59)

subject to gp(X) e Kg, hp(x) e Kh.

The Lagrangian Hp is given by

Hp(x, tz, v)= Cp(x)-(tx gp(X))-(v, hp(x)),

where A (/, v) is the multiplier in the dual space. Again, if Xo is a local minimizer
of (59) and G(xo) is surjective, then there exists a multiplier Ao (o, Vo) satisfying
(56) for p=0. Let us assume that ho(xo)-0 and voint K+

h- In finite dimensions, hp
corresponds to the part of the inequality constraints that are active at p-0 with
associated multipliers that are strictly positive. We make the following coercivity
assumption:

(60)
whenever go(Xo) + g,(xo)(x Xo) e Ks, h’o(Xo)(X Xo) O, for i= 1,2.

By Theorem 4, the following optimization problem has a local minimizer for p
near 0 that depends Lipschitz continuously on p:

(61)
minimize Cp(x)

subject to gp(X) e Kg, h,(x) O.
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Observe that this problem differs from (59) since the constraint hp(x)E Kh associated
with (59) has been replaced by hp(x)=0. Exploiting the assumption that ’o lies in the
interior of K-, we show that this local minimizer for (61) is also a local minimizer of
(59).

COROLLARY 4. If (g(xo), h(xo)) is surjective, the coercivity condition (60) holds,
and ’o lies in the interior ofK+

h, then there exists s > 0 such that (59) has a strict local
minimizer Xp for each p Bs(O), and both Xp, and the associated multipliers tXp K +g and
,p K satisfying the first-order necessary condition, are Lipschitz continuous functions
ofp e Bs(O).

Proof. We apply the proof given for Theorem 4 to problem (61) replacing K by
Kg x {0} and replacing the coercivity condition (57) by (60). It follows that there exists
a solution xp of (61) and associated Lagrangemultipliers/.,p and Vp that are Lipschitz
continuous functions of p near 0 and that satisfy the first-order necessary conditions
for (61). Since Vp int K- for p near zero, the first-order necessary conditions for (59)
hold. By Lemma 8 of Appendix, l, Xp is a strict local minimizer of (61).

Finally, let us suppose that Gp (fp, gp, hp) and K Ky x Kg x Kh, where Ky, Kg,
and Kh are closed convex cones with vertices at the origin of the associated Banach
spaces. Hence, the optimization problem (55) takes the form

(62)
minimize Cp(x)

subject to fp(X) Ky, gp(X) Kg, hp(x) Kh.

If fo(Xo) int Kf, then under the hypotheses of Corollary 4, the solution Xp of (59) is
a Lipschitz continuous function of p and fp(Xp) Kf for p near 0. Hence, the local
minimizer Xp of (59) is a local minimizer of (62).

Remark 7. Theorem 4 and Corollary 4 yield Lipschitz continuity of a local
minimizer in a neighborhood of a reference point, without assuming strict complemen-
tary slackness. In finite dimensions, this problem was studied by Hager in [18] and
by Robinson in [37]. Note that the coercivity assumption (60) is slightly weaker, in
the infinite-dimensional context, than the coercivity assumption used in earlier work
(see [18], [23], [37]) since (60) only requires coercivity relative to those xi satisfying
the constraint go(Xo) + g’o(Xo)(X, Xo) Kg.

In comparing Corollary 4 to the recent paper [23] of Ito and Kunisch, note that
in [23] the infinite-dimensional constraints are linear inequalities, the problem is
formulated in a Hilbert space, and the nonlinear constraints for which the associated
dual multiplier can vanish are finite-dimensional. Alt presents in 1] and [3] a stability
analysis that is related to ours, but different. In [1] he considers a cone constrained
problem, under the assumption that any neighborhood of the reference point contains
a solution of the perturbed problem. In [3] he studies Lipschitz continuity of the
solution of a problem with nonlinear cone constraints and with equality constraints
under a weaker constraint qualification (Robinson’s constraint regularity condition),
but a stronger coercivitym(60) is required to hold on the kernel of the gradients of
the equality constraints; moreover, he assumes that the variation of the Lagrange
multipliers for the perturbed problem can be estimated in terms of the variation in the
solution and the variation in the parameter (under our surjectivity condition, this
hypothesis is satisfied). Recently, Malanowski [28] has obtained a Lipschitz continuity
result in a Hilbert space setting that parallels the analysis of Ito and Kunisch [23],
using a regularity condition for the constraints that is weaker than surjectivity.
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6. Optimal control. Let us consider a nonlinear optimal control problem with
control constraints

minimize f gp(X(t), u(t)) dt

(63) subjectto ( t) fp(X( t), u( t)) and u(t)U a.e.t/,

x(0)=a, x W’, uL,
where fp: R"+" R", gp: R"+" - R, U c R" is nonempty, closed, and convex, a is the
given starting condition, and 0 e 1, ]. We assume that there exists a solution (Xo, Uo)
to (63) corresponding to p 0, and we wish to show that there exists a nearby solution
for p in a neighborhood of zero. To this end, suppose that there exists a closed set
A c R" x R and a 6 > 0 such that (Xo(t), Uo(t)) lies in A for almost every /, the
distance from (Xo(t), Uo(t)) to the boundary of A is at least 6 for almost every /,
and the first two derivatives of fp(X, u) and gp(X, u) with respect to x and u exist on
A, and these derivatives, along with the function value fp(X, u), are continuous with
respect to (x, u) A and p near zero.

Let Hp denote the Hamiltonian defined by

Hp(x, u, A)= gp(X, u)+ A rfp(X, u).
If (Xp, Up) is a solution of (63), then the minimum principle [22, p. 134] implies the
following:

V,Hp(xp(t), Up(t),Zp(t))r(V-Up(t))>-O a.e. te 1 and for every ve U,
where Z Zp is the solution of the adjoint equation

(t) =-VxHp(x(t), u(t), Z(t)) a.e. e I, Z(1) =0,
associated with X=Xp and u Up. Let f*o(t) and H*o(t) stand for fo(Xo(t), Uo(t)) and
Ho(xo(t), Uo(t), Zo(t)), and define the matrices

a(t) =Txf*o(t), B(t)=V,f*o(t), Q(t)=TZxH*o(t),
R(t) V H*o(t) S(t) V 2 H*o(t)

The following coercivity assumption will be utilized: There exists a > 0 such that

(64) f (x(t)VQ(t)x(t)+u(t)TR(t)u(t)+2x(t)VS(t)u(t)) dt >=a f lu(t)l :z dt
d

whenever xW’:, x(O)=O, uL:, =Ax+Bu, u=v-w for some v and wL:
with v(t) and w(t) U for almost every t L By taking v= w except on a small
interval, it can be shown, below, that a pointwise coercivity condition holds (see the
recent paper [15]):
(65) urR(t)u>-alul a.e. tlwheneveru=v-wwith rand weU.

THEOREM 5. Ifthe eoercivity condition (64) holds, then there exists positive constants

K, r, and s such thatfor each p B.(O), (63) has a strict local minimizer (Xp, Up) Br(xo, Uo)
and the relation

holds whenever p and q Bs (0).
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Proof We apply Corollary 2 where the z of Corollary 2 is identified with (x, u, A),
while 1), Tp, and F are defined in the following way:

l)= {(x, u, A)" x W1", u L, A Wl’, x(O) a,

A(1)=O, u(t) U a.e. tI},

Tp(x, u, A)= VuHp(x, u, A) and F(x, u, A)= 0 u)

The space Y containing the range of Tp is L x Lx L. We make the following choice
for the operator L of Corollary 2: L(z)= M(z-Zo), where

M(x, u, ) Ru + Srx + BrA
Ax + Bu

It can be verified that under the smoothness assumptions, Er(p) 0 as p and r tend
to zero, where Er(p) is defined in (12).

Given qi and si in L and r in L for i= and 2, let us consider the following
problem:

(66) Find(x,u,A)lIsuchthat L(x,u,)+ r F(x,u,A).

In [20, Lemma 3], we show that when the coercivity assumptions (64) and (65) hold,
(66) has a unique solution (x, ui, Z), and the following Lipschitz property holds"

Ilx-Xll]’,+ Ilu- u, ll+ II=- ,11 ’,
[llq- qlllL -+- [Ir- r, + Ilsz- SlllL].

Hence, q is Lipschitz, and by Corollary 2, problem (11) has a locally unique solution
that satisfies the conclusion of Theorem 5. Since the estimate of Theorem 5 yields an
L perturbation in both state and the control, and since the coercivity assumption (64)
is preserved after small perturbations in Q, R, S, A, and B, it follows from Corollary
5 in Appendix 1 that the solution of (11) provided by Corollary 2 is a strict local
minimizer for the optimal control problem (63) when p is near zero.

We show by an example that Lipschitz continuity can be obtained without the
coercivity condition (64). Consider the following problem:

minimize x(1) + x2(1)

(67) subject to 21 px sin x2 + u, 22 u2, x(0)= 1, x2(0) 1,

U 2<2,+U2=
where p is a real parameter. For p =0, the optimal solution is Uo (-1,-1) and
Xo (1 t, t), and the corresponding adjoint variable is Ao (- 1, 1). The auxiliary
problem has the form

i Ui -t- Si, xi(O 1, Jt q, /i(1) 1, for 1, 2,

(A+r)r(v-u)>=O whenever Vl+V=<2.
The control solving the auxiliary problem is

u w/Iwl, where w(t)= ri(t)- + q(s) ds.
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Hence, the solution of the auxiliary problem is unique and Lipschitz continuous, with
respect to y- (s, r, q) around 0, as a function from L to WI’ L. By Corollary 2
and for p near zero, there exists a solution (Xp, Up, Ap) of the first-order necessary
conditions associated with (67), which is unique in a neighborhood of (Xo, Uo, Ao) and
which is a Lipschitz continuous function of p near 0. Using the uniqueness of (Xo, u0),
it can be shown that (Xp, Up) is the unique solution of (67). In this example, we use
the strong convexity of the constraining set instead of the coercivity condition to ensure
Lipschitz continuity.

Remark 8. Lipschitz results for problems with convex cost, linear dynamics, and
linear inequality state and control constraints are obtained by Dontchev [13, Chap. 2]
using duality theory and the regularity of the optimal control established by Hager
[18]. Later, Malanowski [27] studied a problem with a quadratic cost functional, linear
inequality state and control constraints, and system dynamics that are linear with
respect to the control. A similar problem without state constraints, but with convex
control constraints, is considered by Alt in [3] using Robinson’s strong regularity
condition. In [2] Alt considered a nonlinear problem with inequality control constraints.
He obtains an estimate for the optimal control, assuming existence of a solution to
the perturbed problem in a neighborhood of the reference point (see Remark 7).

7. Euler’s method. Again, let us consider a nonlinear control problem with control
constraints, below:

minimize f g(x(t), u(t)) dt

(68) subject to 2(t) =f(x(t), u(t)) and u(t) c U a.e. c I,

x(0)=a, x Wl’, uL,
where f" R"+" R", g" Rn+m - R, U R is nonempty, closed, and convex, and a is
the given starting condition. We assume that there exists a solution (x*, u*) to (68)
with u* Riemann integrable, that there exists a closed set A Rn+" where both f
and g are twice continuously differentiable, and that there exists 6>0 such that
(x*(t), u*(t))A and the distance from (x*(t), u*(t)) to the boundary of A is at least
6 for every L When we write 2", we mean a function whose values on I coincide
with those of f(x*, u*).

Let H denote the Hamiltonian defined by

H(x, u, h)= g(x, u)+ h rf(x, u),

and let h h* be the solution of the adjoint equation

(69) (t) -VxH(x(t), u(t), h(t)) a.e. c I, (1)-0,

associated with x x* and u u*. By the minimum principle [22, p. 134], we have

(70) VuH(x*(t),u*(t),A*(t))r(v-u*(t))>=O a.e. tI andforevery vU.

Given a natural number N, let h 1/N be the mesh spacing, and let xi and ui
denote approximations to x(t) and u(t) at ti ih. We consider the Euler discretiz-
ation of (68) given by

minimize
N-1

E hg(xi,
i=0

(71) subject to x+l X "JI- hf(xi, ui) and

u6 U, i=0, 1,..., N-l, xo=a.
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If (x h, u h) denotes a solution to (71), let A =/h denote the solution of the discrete
adjoint equation

(72) Ai Ai+ + hVxH(x, u,/i-+-1), N- 1, N-2,..., 0, AN =0,

associated with x xh and u uh. By the discrete minimum principle [22, p. 280], we
have

(73) V,H(xh,uh,Ah+,)T(v--uhi)>=O forallvU, i=0,1,...,N-1.

To estimate the distance between (x*, u*) and (xh, uh), we need a coercivity-type
assumption for the discrete problem. Define the following matrices:

2a( t) Vxf*( t), B( t) V,f *( t), Q( t) VxxH t),

R(t)=V H*(t), S(t)=V H*(t)

Heref*(t) and H*( t) stand forf(x*( t), u*( t)) and H(x*( t), u*( t), A*(t)), respectively.
Letting A, B, Qi, S, and R denote the corresponding time-varying matrices evaluated
at t, we assume that there exists a scalar a > 0, c independent of N, such that

(74) u rRu >= a[ul2, 0 =< =< N- 1 whenever u v- w with v and w U,
N-I N--I

(75) Y xfQixi + ufRu + 2xfSu >= a , Iblil 2
=0 =0

whenever ui v- w for some v and wi U, and

(76) xi+=xi+hAixi+hBiui, i=0, 1,..., N-l, Xo=0.
Obviously, the discrete condition (74) holds if there exists a > 0 such that

urR(t)u>=lul2 for every tl and for each u=v-w with v and weU.

In Appendix 2, we show that assumption (75) for the discrete problem can be deduced
from an analogous assumption for the continuous problem. In analyzing the discrete
problem (71), we utilize a discrete Lp norm defined by

N-1

(llullLp) p= hlulP, l<-p<o, and IlUlll(R)=maximum{luil:O<=i<U}.
i=0

If b and v satisfy the finite difference system

c+ c + hAci + hl)i, O, 1,..., N- 1, do O,

then there exists a constant c, independent of h, such that

(77) ]jIC]]V]]L’C]IV]]L for each j 0, 1,..., N.

Squaring this inequality, multiplying by h, and summing over j yields

Hence, if" the coercivity condition (75) holds relative to the control, then the following
joint state-control coercivity condition holds: There exists a > 0 such that

h Y’, xTiQixi "3
I- urR,u, + 2xTiSitli t(llxll=+

i=0

whenever u v- w for some vi and w U, and

xi+i xi + hAx + hBiui, O, 1,..., N- 1, Xo O.
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Our convergence result for the discrete problem is expressed in terms of a modulus
of smoothness introduced by Sendov and Popov [42]. The local modulus of continuity
to(u; t, h) of the function u is defined by

to(u; t, h) sup ([u(a)- u(b)]: a, b It- h/2, + h/2] f’) Z},

while the average modulus of smoothness r is given by

r(u; h)= f to(u; t, h) dt.
d

In [42, pp. 8-11] it is shown that r(u; h)-->O as h -->0 if and only if the bounded function
u is Riemann integrable on I; moreover, r(u; h) O(h) if and only if u has bounded
variation on L The main result in this section is the following theorem.

THEOREM 6. If U* is Riemann integrable and the coercivity assumptions (74) and
(75) hold, then for all N sufficiently large, there exists a local minimizer (x h, u h) of (71)
such that

maximum ]u*(ti)-- uhi =O(h + r(u*; h)),
Oi<_N-I

maximum Ix*( t,) x?l O( h + ’(u*; h)),

maximum I,x*(t,)-,x,l-O(h+(u*; h)),

maximum *(ti)- =O(h+r(u*; h)).
O<=i<=N--1 h

Hence, if u* has bounded variation, then each of these error estimates is of order h.
Proof. We apply Corollary to the necessary conditions associated with the

discrete problem (71). The parameter p of Corollary is identified with the mesh
spacing h the set fp consists of discrete triples (x, u, A), where ui U for each i.
Component i, O_-<i-<_ N-1, of the operators Tp and Fp, denoted T/h and Fh, respec-
tively, is the following"

u,, Ai+l)-k-(Ai+,-Ai)/h 1T(x, u, A)= V,H(x,, l,, //+1)
f(xi, ui)-(Xi+l-Xi)/h

and I 1Fi (x, u, A)= OU(tli)
0

Given z (x, u, A) in the discrete space Zp associated with fp, we use the L norm
for each of the three components x, u, and A of z. In the discrete space Yp associated
with the range of Tp, we use the L norm for the first and last component, and the L
norm for the middle component. That is, if y (a, b, c) Yp, then

Ilyllp-Ilallc / Ilbll+ Ilcllc,
The point Zp of Corollary 1 is given by Zp (x , u , A I), where

X[ x*(ti), tl[ tl*(ti), A[ A*(ti).

Also, in Corollary 1, component of the point yp, denoted y/, is the triple

0

yh V.H(x[. ui A,
0



594 ASEN L. DONTCHEV AND WILLIAM W. HAGER

Observe that with this choice for yp, we have yp F(zp). We define a linear operator
Mh that acts on a discrete triple (x, u, A) to produce a vector whose ith component is

AfAi+l + Oixi + Siui + (Ai+I- zi)/h’]
mi (x, u, A)-- Riui + Sfx, + BA,+, J.Aix + Biu (xi+ xi)/ h

Taking Lp(z)= M(x, u, A)-Mh(x, u t, A), observe that Lp(zp)=O.
It can be verified that under the smoothness assumptions and for p smaller than

6, we have Do (h) 0 as h O. Now consider the term

i+l-Ai)/h
:s) r,,)-y,),= v.x, u[,a+,)-v.x, .i,a,)

fx,y)-+,-x[)/

The middle component of this vector is O(h) since A* is Lipschitz continuous. Since
the analysis of the first and last component in (78) is similar, we only focus on the
last component

h
If(x u[) *(t)l dt

(79)

where c denotes a generic constant, independent of h. Multiplying (79) by h, summing
over i, and exploiting the inequality (u; kh)Nk(u; h) for each natural number k
(see [42, p. 11]), it follows that

rp(zp)- ypllp =O(h + ,(u*; h)).

Next, we must analyze the auxiliary problem and establish the existence of a
constant satisfying (9). The analysis essentially parallels that of [20] except that
continuous norms are replaced by their discrete analogues. We must examine how the
solution to the following system depends on the peurbations qi, ri, and si:

Afhi+ Af. Qixi + Siui + -1- qi O, hN 0,

(80) (Riui-I-STixi-FnTAi+l-Fri)(v-tli)>O for every v U,

Xi+ Xi
Aixi + Bil,li __t_ si O, X0 a,

h

0, 1,..., N 1. Note that system (80) constitutes the first-order necessary conditions
(see [22, p. 280]) associated with the following quadratic program:

minimize
1

h - xTiQixi-1-- tlTRitli-1- xTSiu Av qTix + rTu
i=o

(81) subject to Xi+ X -It- hAixi-I- hBiui + hsi and

//i U 0_-<i-<_N-1, xo=a.
By Lemma 4 and the discussion that follows it, there is a one-to-one correspondence
between a solution to (81) and a solution to (80) when (75) holds.
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Now consider the perturbations (qi, r i, s ) for i= 1 and 2. Let (X i, !,t i, h i) denote
the associated solutions to (80). Referring to Lemma 4 (see [20, 2] for more details),
we have

Ilu
where c is a constant independent of h. Utilizing (77), we also conclude that

(82)

Finally, by (74) and Lemma 4, we have

Ilu
Combining this with (82) yields

[Ix
c(llq q=ll + Ilr’- r=ll  + IIs s=ll c).

Hence, there exists a constant
By Corollary 1, there exists a solution to the discrete necessary conditions (72)

and (73) associated with (71) that satisfies the first three estimates of Theorem 6. The
discrete and continuous state equations, along with the previously established error
estimates, imply that

x+,-x
h)).

which gives the last estimate of Theorem 6. The fact that x h and u h are local minimizers
for (71) follows from Corollary 6 in Appendix 1, the coercivity condition (75), and
the fact that coercivity condition (75) is preserved after small peurbations in Q, R,
S, A, and B.

Remark 9. Note that the coercivity assumptions (74) and (75) do not necessarily
imply that an optimal control is either unique or continuous. For example, if g(x, u)
(u2 1), f 0, and U R , then for each measurable set M c 1, the function defined
by

u(t)=l for teM and u(t)=-I for tM

is an optimal control that satisfies (74) and (75).
Remark 10. Results most closely related to Theorem 6 include the papers of

Budak, Berkovich, and Solov’eva [8] and Cullum [11] in which convergence of the
optimal value associated with discrete approximations to state and control constrained
problems is established. Mordukhovich [31] shows that the discrete optimal cost
converges to the true optimal cost if and only if a relaxation of the control problem
is stable. Estimates for the error in the optimal control associated with higher-order
discretizations of unconstrained nonlinear problems are derived by Hager 17]. Dont-
chev [12] obtains an error estimate for Euler’s approximation applied to an optimal
control problem with convex cost, linear system dynamics, and linear inequality state
and control constraints.

Appendix 1: Sufficient optimality conditions. We begin by establishing the sufficient
optimality result needed for Corollary 4. Let us consider the following optimization
problem:

minimize C(z)
(83)

subject to g(z) Kg, h(z) K,,
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where g Z Wg and h Z Wh, Wg and Wh are Banach spaces, and Kg and Kh are
closed, convex cones with vertices at the origin of their respective spaces. The
Lagrangian H associated with (83) is given by

H(z, be, u)= C(z)-<be, g(z)>-<u, h(z)>,

where be Wg* and v e Wh*. Letting z* be a point that is feasible in (83), we assume
that C, g, and h are twice Fr6chet differentiable at z*. The first-order necessary
conditions associated with (83) have the following form: There exists be K and
v K such that

(84) VzH(z*, , ,,)=0, (, g(z*))=o, (, h(z*))=O.

Although the following lemma makes the same surjectivity assumption that appears
in Corollary 4, this assumption can be replaced by any condition that ensures regularity
of the linearized system (see Robinson [35] or Maurer and Zowe [30]).

+ +LEMMA 8. Suppose that z* is feasible in (83), be Kg, v int Kh, the first-order
necessary conditions (84) hold, the operator

h’(z*)]
g’(z*)J

is surjective, and there exists a > 0 such that

(V2zzH(z*, be, u)(z-z*), z-z*) >- allz- z*ll 2

whenever g(z*)+g’(z*)(z-z*)eK and h’(z*)(z-z*)=O.

Then z* is a strict local minimizer for (83).
In comparing this result to Maurer and Zowe’s classic sufficient optimality result

[30], observe that the constraint h’(z*)(z-z*)=O in the coercivity condition above
corresponds to a constraint of the form h’(z*)(z- z*) Kh in [30]. In this respect, the
coercivity condition of Lemma 8 is weaker than that of [30]. On the other hand, Lemma
8 assumes that u int K- while [30] only assumes that u K /

h"

Proof Throughout this proof, we let e denote a generic positive constant that can
be made arbitrarily small for z sufficiently close to z*, we let a denote a generic positive
constant that is uniformly bounded away from zero for z near z*, and we let/3 denote
a generic constant that is uniformly bounded from above for z near z*. Expanding
H(z, be, u) in a Taylor series about z z*, we have

H(z, be, u)= H(z*, be, u)+VzH(z*, be, u)(z-z*)

+1/2VzH(z*, , ,,)(z-z*, z-z*)+ R(z),

where R(z) <- ellz-z*ll . By the first-order necessary conditions, H(z*, be, u)= C(z*)
and VzH(z*, be, u)=O. Hence, it follows that

C(z) C(z*)+ M(z)+ R(z),

where M(z)= (be, g(z))+(u, h(z))+1/2VZzzH(z*, be, u)(z-z*, z-z*).

If z is feasible in (83) then since u int K +
h, we have (v, h(z))>= IIh(z)ll. Thus we have

(be, g(z))+(u, h(z)) c IIh(z)ll.
By the complementary slackness condition, h(z*)=0, and by the differentiability
assumption,

h(z)- h’(z*)(z-z*)+o(llz-z*ll) and g(z)- g(z*)+g’(z*)(z-z*)+o(llz-z*ll).
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Referring to [35, Thm. 1], the surjectivity assumption implies that for each z near z*,
there exists an associated y Z such that h’(z*)(y z*) O, g(z*) + g’(z*)(y z*) Kg,
and

[[y-z[I <-1311h’(z*)(z- z*)ll + inf {[[g(z*)+ g’(z*)(z- z*)- k[[" k e gg}.

This bound, combined with the Taylor expansions of g and h, implies that for
each z near z*, with z feasible in (83), there exists an associated y eZ such that
h’(z*)(y-z*)=O, g(z*)+g’(z*)(y-z*)eKg, and Ily-zll<-1311h(z)ll/llz-z*ll.
Applying the triangle inequality yields

I}Y- zll-<- t h(z)ll + elly- z*ll.
By the coercivity assumption,

Vzn(z*, , )(z-z*, z-z*)>- llY-z*ll=-llY-z*ll IlY-z[I
These inequalities, along with the relation h(z*)=0, imply that for z near z* with z
feasible in (83), we have

M(z) >- a]]h(z)] + ally- z*l] 2.

Recall that the remainder term R has the bound R(z)<= ellz-z*ll =. By the triangle
inequality,

IIz- z*ll--< IIz- yll / Ily- z*ll _<-(1 / )lly- z*ll //3 h(z) II,
from which it follows that

Ilz- z*l12--< t Ily- z*ll =/ h (z) 2.

Hence, for z near z* with z feasible in (83), we have

C(z)- C(z*)= M(z)/ R(z)>- h(z)ll / [lY-

-->

which completes the proof.
Next, we obtain sufficient optimality conditions that are applicable to optimal

control problems. A number of relevant sufficient optimality conditions have appeared
in the literature; for example, see Ioffe [21] and, in particular, the results of Maurer
[29]. Although the basic strategy for obtaining sufficient optimality results in the optimal
control setting is developed nicely by Maurer in [29], the precise results that we need
in 6 and 7 are not stated in his paper. For completenesss, we give a brief, self-
contained treatment of the results needed in our paper. We begin with the abstract
problem

minimize C(z)
(85)

subject to z A,

where A is a subset of a normed vector space Z, and C is a real-valued function. As
in [29], we assume that there are two different norms, denoted by I1" and II1"111,
associated with Z.

LEMMA 9. Suppose that z* satisfies the constraints of (85) and that there exists a

functional M and a scalar a > 0 with the following property"

(86) M(z) >-_ lllz- z*lll for each z A with lie- z*ll sufficiently small
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and

C(z)-C(z*)-M(z)
(87)

Illz- z’Ill - o as IIz- z*ll- 0 with z A.

Then z* is a strict local minimizer for (85).
Proof By the hypotheses above, we have

C(z)- C(z*) >_ , IIIz z’Ill= / o(lllz z*lll2)
as ]lz- z*ll O with z A, which implies that z* is a strict local minimizerfor (85).

In the application of Lemma 9, the following observation is helpful.
LEMMA 10. Suppose that there exists a scalar ce > O, a bilinearform b that is bounded

relative to the norm II1" III, and a set T such that

b(z z*, z- z*) >-_ lllz z*lll for every z T.

Iffor each z A, there exists y T such that IIIz- ylll- o([llz- z*lll), then for each < c,
we have

b(z- z*, z z*) >- lllz- z’Ill2 for all z A with IIz- z*ll sufficiently small.

Proof Given z6 A, let y T be the hypothesized point for which Illz-ylll-
o(lllz-z*lll). Since the bilinear form b is bounded, there exists a constant c such that

b(z- z*, z- z*)>- ,IllY z’Ill- clllz-Ylll2- cl[Iz- ylll lily

The inequality

lily z*lll--> IIIz z*lll- IIIz ylll- IIIz z*lll- o(lllz
completes the proof.

We now apply Lemmas 9 and 10 to optimal control problems. Note that in the
following result, we neither assume an interior point nor controllability.

COIOLLAR 5. Suppose that x* and u* arefeasiblefor the optimal control problem
(68), that f and g satisfy the differentiability conditions given below (68), that , ,* is
the solution to the adjoint equation (69) associated with x x* and u u*, and that the
minimum principle (70) holds. If there exists cr > 0 such that

,,]

whenever x W’2, x(0) 0, u L2, Ax + Bu, u v u* for some v L2 with v( t) E U
for almost every I, then u* is a strict local minimizer for (68).

Proof We apply Lemmas 9 and 10 with the following identifications: The z of
Lemma 9 is the pair (x, u), the space Z is W"x L, the norm I[[" [[[ associated with Z
is the Lz inner product norm, C(z) is the integral cost function in (68), and A consists
of those (x, u) in a convex neighborhood of (x*, u*) that satisfy the constraints

F(z)=0, where F(z)=f(x,u)-, u(t)U a.e. tI, and x(0)=a.

The functional M is defined by

M(z)=(V,H(x*, u*,h*), u-u*)+b(z-z*,z-z*),z=(x, u),

where

b(6z, 6z)= f (x(t)rQ(t)6x(t)+6u(t)rR(t)6u(t)+26x(t)rS(t)u(t)) dt,

,z ,x, ,u ).
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The set T of Lemma 10 is given by

T={z=(x, u)Z: F’(z*)(z-z*)=O,x(O)=a, u(t) U a.e. tI}.

To verify identity (87), first note that for z A, we have

C(z) f g(z)+ F(z)rA*dt.

Hence, after an integration by parts and a Taylor expansion, we obtain (87). By the
minimum principle (70), M(z) >-_ b(z- z*, z- z*). By the coercivity condition (88) and
the fact that coercivity with respect to the control implies coercivity with respect to
the state (see [20]), we have

b(z z*, z z*) >= a[llz z*[]l for some a > 0.

Thus (86) follows from Lemma 10 if, for each z=(x, u)e A, we can establish the
existence of y T with [I]z- Y]II o(111 z -z*l[])-We construct y in the following way: Let
w be the solution to

(89) Vx/(x*, u*)w-F’(z*)(z-z*), w(0) 0,

and define y (w + x, u). Observe that y T. Also, by (89) we have

where c is a generic constant. From the re|ation

[IF’(z*)(z- z*)II --IlF(z)- F(z*)- F’(z*)(z- z*)ll2 o(llz- z* 11,2),

we conclude that z- y w o(11 z z* which completes the proof. El
Now let us consider the finite-dimensional optimization problem

minimize C(x, u)
(9o)

subject to F(x, u) O, u f c R", x R",

where f is convex and F maps R "+n to R n. Let z denote the pair (x, u), and for
A e R ", let H be the Lagrangian defined by

H(z, A)= C(z)+ A F(z).
COROLLARY 6. Suppose that x* and u* arefeasiblefor (90), that F and C are twice

differentiable at z* =(x*, u*), and that VxF(x*, u*) is nonsingular. If there exists a

multiplier * R such that

VH(x*,u*,A*)=0 and VuH(x*,u*,A*)r(u-u*)>=0 for every uf

and

(z Z
: TV2zz H(z*, X*)(z z*)=> alz z*]

whenever F’(z*)(z-z*)=O for some z=(x, u) with uf, then z* is a local minimizer

for (90).
Proof We apply Lemma 9 with

M(z) VzH(z*, X)(z- z*)+1/2(z- z*) rVZzzH(z*, X*)(z- z*).

The set T of Lemma 10 is given by

T={z=(x, u)6 R"+": F’(z*)(z-z*)=O, ufl}.
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The y of Lemma 10 is constructed in the following way: Given z (x, u) with u f,
y (x + w, u), where w is the solution to

VxF(x*, u*)w -F’(z*)(z- z*).

Observe that y e T. If F(z)= 0, then

IF’(z*)(z- z*)l I(z)- F(z*)- F’(z*)(z z*)l o(Iz z*l).
Since V,,F(x*, u*) is nonsingular, we have

Iz-yl-Iwl-< clF’(z*)(z-z*)l- o(Iz-z*l).
Appendix 2: The coercivity condition. Here we show that the discrete coercivity

condition (75) of 7 can be deduced from an analogous continuous condition.
LEMMA 11. Suppose that the matrices A, B, Q, R, and S of 7 are continuous and

that there exists fl > 0 such that

(91) f (x(t)TO(t)x(t)+u(t)rR(t)u(t)+2x(t)7"S(t)u(t))d,>-_ f ]u(t)]2 d,

whenever x Wl’z, x(O) O, u 6 L2, Ax + Bu, u v w for some v and w L2 with
v(t) and w(t) 6 Ufor almost every L Then there exists a > 0 satisfying the discrete
coercivity condition (75).

Proof Given sequences {xi} and {ui} that satisfy the linear equation (76) where
u vi- wi for some v and w 6 U, let u h denote the piecewise constant extension of
the u defined by

uh(t)--Ui, ti<=t<ti+l, i=0, 1,..., N-l,

and let xh be the solution of

h Axh + Bu h, xh (0) O.

Define y xh(t) and let yh be the piecewise constant extension of the y. Since uh is
piecewise constant,

lu(t)l2 dr- h 2
i=0

We will show that, for x x h and u u h,
N-I

(92) Ileft side of (91)-left side of (75)1-< he h E lu, =,
i-----0

where e h denotes a generic constant that tends to zero as h tends to zero. Hence, (75)
follows from (91) when h is sufficiently small.

Let us begin with the quadratic control terms in (75) and (91). Since u h is equal
to ui on the interval Its, t+l], it follows that

N-I I N-1

h , ufR,u,- uh(t)7g(t)uh(t)dt=h ur6R,u,,
=0 i=0

where

(93) ilti+l6R, R, -- R( t) dt.
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Since R(t) is continuous in t, (93) approaches zero, uniformly in i, as N-. Hence,
we have

h
=0 =0

Now let us consider the quadratic state terms in (75) and (91). As with the quadratic
control term, we have

N--1 ff N--1

(94) h
=0 =0

From the differential equation satisfied by x h, we have

N-1

(95) Ilyll2 IlYhll IIxll cllu[l= ch lu, =,
i=0

where c denotes a generic constant that is independent of h for h suciently small.
Combining (94) and (95) yields

(96) h
=0 =0

Since yh is the piecewise constant extension of xh, it follows from the equation
for xh that

]ly h -xhl[L2 h 11II chluhl].
This estimate, along with (95), implies that

(97)
=0

Finally, let us consider the difference

N--I

2 2 xx.
i=0

Integrating the differential equation for x over the interval [, +] gives

y+ yi + hAyi + hBu + e,(98)

where

ti+l
e=-htSBiu-htAy+ A(t)(xh(t)--y) dt.

li

The factors Ai and Bi are defined by

tAi Ai -- ’,

A( t) dt and tB Bi -- B( t) dt.

Subtracting the finite difference equation (76) from (98) gives

N-I

ly xl =< c y le, I.
i=0

From the definition of e, we have

le, l<-h(lu, l/ly, I).
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It follows that

Summing over j yields

Hence, we have

N-1

i=0

N-1

h Z ]y-x]211112.
j=0

N-1

(99) h Y yf Qiy, x Q,xi < e"ll
i=0

The triangle inequality, along with (96), (97), and (99), gives

N-1 I N-I

h Z xfQixi- x(t)rQ(t)x(t)dt <--heh X lu,
=o =o

Since the cross-product term xrSiu can be analyzed in a similar manner, the proof of
(92) is complete. [3
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PURSUIT-EVASION PROBLEMS AND VISCOSITY SOLUTIONS OF
ISAACS EQUATIONS*
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Abstract. The Dirichlet problem for first-order Hamilton-Jacobi equations arising in differential games
of pursuit and evasion is studied. Local and global sub- and superoptimality principles are stated for,
respectively, viscosity sub- and supersolutions. These results are applied to obtain a general existence theorem
and to prove the existence of the value of the game. The main application concerns the problem of stability
(terminability) of a dynamical system with two competitive controls and the opposite one of evadability
from a general closed set. The approach used in this paper allows Lyapunov functions satisfying the usual
condition in the weak sense of viscosity solutions.

Key words, viscosity solutions, comparison theorems, dynamical systems, stability, differential games
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Introduction. In a previous work of Bardi and the author [BS1], we studied the
Dirichlet problem for a Hamilton-Jacobi equation

H(x, DU) 0 in f\ 3-,

(0.1) U g on 03-,

U(x) - +oo as x - Xo 0f,

where the Hamiltonian can be written in the following way:

(0.2) H(x, p):- inf sup {-f(x, a, b) p h(x, a, b)}, for all x, p R N,
bB aA

where A, B are compact, 3- is closed, and f, g, h are sufficiently smooth but mainly
h(x, a, b)>-ho> 0. In this framework, we proved a free boundary uniqueness result:
There exists at most one pair (U, f) where f 3- is open and U is continuous in
(f]\3-) U 03-, is bounded below, and is a viscosity solution of (0.1). In particular, the
solution of (0.1) is the value function V of a differential game whose dynamics have
vector field f, running cost h, terminal set 3-, and final cost g, without any regularity
assumption on V.

Our first purpose here is to revisit that result and state it as a free-boundary
comparison theorem" We assume that U satisfies the differential equation that appears
in (0.1) and the boundary condition on 03- as a viscosity subsolution or supersolution,
and we state, respectively, that U =< V or U -> V in f\ 3-. We also prove the correspond-
ing inequalities between the sets f and {x" V(x)< +}. This result can, in fact, be
viewed as a sub- or superoptimality principle, respectively, in the sense of Lions-
Souganidis [LSo]. If g is bounded, we also allow more general boundary conditions
on 0f, such as U c, where c > sup0rg. Moreover, we prove that the same results
also hold if the Hamiltonian can be written as

(0.3) H(x, p):= sup inf {-f(x, a, b) p- h(x, a, b)},
aA bB

i.e., when sup and inf have been interchanged. The proof in this case has some relevant
differences with respect to the one in the other case. This is mainly due to the fact that

* Received by the editors April 12, 1991" accepted for publication (in revised form) November 8, 1991.

" Dipartimento di Matematica Pura e Applicata, Universit di Padova, via Belzoni 7, 35131 Padova, Italy.
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the two representations of the Hamiltonian arise in the context of survival differential
games, but (0.2) refers to a pursuit problem in which the minimizing player (or pursuer)
is the leader of the game, whereas (0.3) applies to the evasion problem in which the
leader is the maximizing player. In fact, it is well known that, in general (if H # ),
there is not a good definition of value function. A lower value V and an upper value
I7" are introduced, and they provide some advantage to the minimizing or, respectively,
the maximizing player (evader) (we will give the precise definitions in the next section;
for more remarks about the notion of value for differential games, we also refer to
[EK1], [FI], [Fr], and [$2]).

Our comparison theorems have several applications in the theory of controls and
differential games. In particular, we can prove rather general relaxation theorems (weak
bang-bang principles), give sufficient conditions for the existence of the value, and
prove the equivalence among different concepts of value; see also [BS1] and [$2].

We state as a comparison theorem a local uniqueness result in [BS1], which
generalizes a previous one from Evans and James [EJ], for the Dirichlet problem

H(x, DU) 0 in B(xo, r)\-;
(0.4)

U=g on 03.

As a consequence of this last result, we then prove that, if (0.4) has continuous viscosity
sub- and supersolutions for all Xo e 0- and some choice of r, possibly depending on
Xo, then (0.1) has a solution pair (12, U), with U continuous in (fl\-)wO-. This
formulation of an existence theorem for a Dirichlet problem associated with a
Hamilton-Jacobi equation is new. In fact, in the literature on existence of solutions
for such problems, the existence of global viscosity sub- and supersolutions is usually
assumed (see [Ba], [CL], ILl], [L2], and [I1]). Finally, for an understanding of the
Dirichlet problems for Hamilton-Jacobi equations, we also refer to Soner [Sn], Ishii
[I2], and Bardi and Soravia [BS2], and to the references therein.

The second part of this work is devoted to other consequences of the previous
uniqueness results. In some papers (see Yong [Y1] and the works cited therein), the
notions of local and local asymptotic terminability are introduced for pursuit games,
generalizing the usual ones for dynamical systems. These notions are also related to
the much-studied problem of stabilization of control systems (see Brockett [Br]). The
opposite problems of evadability and strict evadability have also been studied for
evasion games (see Yong [Y2] and the references therein). In the present work, we
give sufficient conditions for terminability and evadability of systems, which generalize
many of the results in [Y1] and [Y2] in two ways. It is well known that the classical
sufficient condition for the local asymptotic stability of a dynamical system without
any control y’=f(y), where f(0)=0 (here -={0}), prescribes the existence of a
Lyapunov function U that satisfies the differential inequality

-f(x) DU(x) > 0

in a neighborhood of the origin. In a first result, we show that it is enough to assume
that U is continuous and verifies the previous condition in the viscosity sense, and we
prove that this result extends to the more. general context of differential games, which
requires a natural generalization ofthe classical differential inequality. However, known
results for systems without controls (see, e.g., Bhatia, Szego, and Yorke [BSY] and
Yorke [Yo]) involve Lyapunov functions that are just semicontinuous by means of
certain weak derivatives (for more about weak conditions on U, see also Lakshmikan-
tham and Leela ILL]). These stronger results could, in fact, be obtained in the classical
case, also in the context of viscosity solutions, by a result due to Crandall and Lions
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[CL]. Some related questions regarding semicontinuous Lyapunov functions and
differential inclusions, and therefore control problems, can be found in Aubin [A],
Aubin and Cellina [AC], and Aubin and Frankowska [AF].

In a second result, we give explicit conditions on the direction of the vector field

f at the points of the boundary of the terminal set. We are able to manage general
closed sets, not just closed convex sets in particular subspaces, as in the previous
literature. There are two reasons for this. First, we need to construct a Lyapunov
function that satisfies the differential inequality in the weak sense of viscosity solutions.
Moreover, we employ a generalization of the concept of a normal vector, usually
introduced for convex or smooth sets, which seems to be suitable in our framework.
We apply a definition of an exterior normal vector to a general closed set -, which,
to our knowledge, was first used by Bony [B]. Roughly, a vector is said to be exterior
normal to - if, in that direction, we can construct a tangent exterior ball to -. We
adopt this definition instead of others that are perhaps more used in the literature
because such vectors provide a nice representation of the viscosity sub- and super-
differentials of the distance function to -. More comments about this will follow in
Remark 3.8. One of the referees pointed out to us that this definition has been used
by Crandall and Newcomb [CN] and Souganidis [So] in the theory of viscosity
solutions.

In the last part of 3 we will develop similar techniques and results for the evasion
problem.

1. Preliminaries. In this section, we describe the framework of the problem and
the main assumptions that will hold throughout the paper. We consider a dynamical
system controlled by two players

(1.1) y’=f(y, a, b), y(0) x Rrv,
where the vector fieldf: RN X A B RN is continuous and satisfies a uniform Lipschitz
condition in the state variable

If(x, a, b)-f(z, a, b)l <- LIx- z] for all x, z, a, b.

We suppose that the control sets A, B are compact subsets of R4 and that the controls
a and b belong, respectively, to the following sets of admissible controls:

M := {a :R+ A measurable}, g := {b :R+ B measurable}.
We denote by yx(" a, b), or simply by yx(. ), y(. ), a solution of system (1.1) correspond-
ing to a choice of a and b. We are also given a closed target (or terminal set) - R
and the two following functions: a running cost h :RN A B R, which we suppose
to be continuous and strictly positive, i.e.,

(1.2) h(x, a, b)=>h0>0 for all x, a, b,
and a final cost g:- [G; +[, which will be bounded below (G>-) and con-
tinuous. For simplicity of notation, we assume that, in (1.2), ho 1. This condition on
the sign of h can be weakened in some cases, as will be stated in Remark 3.12.

For each choice of a and b, the game starts at the point x at time 0 and ends at
the first time the trajectory hits the target, i.e., at the time

(1.3) t,= t,(a, b) := inf{t: y(t) -}_<_ +c,
where t, + if yx(’) never reaches the target. The payoff of such a trajectory is
defined to be

(1.4) P(x, a, b):= h(yx(t), a(t), b(t)) dt+g(yx(t,)).
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We introduce the set of admissible strategies for the first player by following the
ideas of various authors, i.e., Varaiya IV], Roxin [R], and Elliott and Kalton [EK1]
(henceforth denoted VREK)

A:=(a’-M" b(t)=b’(t) for a.e. t<-t

implies a[b](t)=a[b’](t) for a.e. t-< t’},
and we indicate by F the corresponding set of strategies for the second player. The
lower VREK value is defined by

V(x) := inf sup P(x, a[b], b),
aA b

and, in the same way, V(x)=sup,v inf. P(x, a, fl[a]) is the upper VREK value.
In the particular case of h--- and g-= 0, we indicate with T and T the lower and the
upper value functions; they are usually called the lower and upper capture time,
respectively. The next definitions and results of this section deal with the lower value
V, but everything can be translated, with obvious changes, in terms of V.

We also introduce the (lower) capturability set, namely, the set of starting points
of the game such that the first player can choose a strategy that forces the system into
the target in time less than some positive constant, no matter which control is selected
by the second; i.e.,

:= {x" V(x) <

indicates the corresponding set for the upper value. It is not difficult to prove (see
[BS1, Lemma 1.1]) that is independent of the choice of h and g. More generally,
if C>0, we set (C):={x" V(x)< C}.

We now introduce the following change of variables, or Kruzkov transformation,
which is crucial in the remainder of the paper:

(1.5) 0(r) 1-exp (-r).
Consider the function defined by v(x):= q(V(x)) if x and extended by v(x):=
if x c. It is important to note that v is bounded and is itself the (lower) value
function of a differential game. In fact, it is easily seen that

v(x) := inf sup q(P(x, a[b], b)) for all x RU\3-,
aA b9

where the payoff in this case is

O(P(x, a, b))= h(y(), a(t), b(t)) exp h(y(s), a(s), b(s)) ds dt

(.
+exp h(yx(S), a(s), b(s)) ds 4(g(y(t))).

We now briefly recall the definition of a discontinuous viscosity solution of a Hamilton-
Jacobi equation as introduced by Ishii [I1], which generalizes the original definition
given by Crandall and Lions [CL]. Let 12 RN be an open set, and F :12 R RN R
be a continuous function, ul, u2:l- R are, respectively, a viscosity subsolution and
supersolution of F(x, u, Du)-0 in if ul is upper semicontinuous, u2 is lower
semicontinuous, and for all q C() such that u-q attains a local maximum point
at y (respectively, u2-q attains a local minimum point at y) we have F(y, u(y),
Dq(y))<-O (respectively, F(y, u2(y), Dp(y))>-O). The set of these vectors Dq(y) is
called the superdifferential of u at y and is denoted by D+u(y) (respectively, the
subdifferential D-u2(y)). For an equivalent and more explicit definition of viscosity
sub- and superdifferentials, see Crandall, Evans, and Lions [CEL].
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A function u’f R is a viscosity solution of F(x, u, Du)=0 in f if the upper
and lower semicontinuous envelopes of u

u*(x) := lim sup u(y), u.(x) := lim inf u(y)
yx yx

are, respectively, a subsolution and a supersolution.
We denote the relevant Hamiltonians for our problem,

(1.7) H(x, p):= min max {-f(x, a, b) p h(x, a, b)},
bB aA

(1.8) (x,r,p):=minmax{-f(x,a,b).p-h(x,a,b)+(h(x,a,b)-l)r},
bB aA

and also define H and by interchanging min and max in (1.7) and (1.8).
DEFINITION 1.1. A function tr" x - R+ is nonanticipating if a(t) a’(t) and

b(t)= b’(t) for almost every 0-< t<=tr(a, b) imply that tr(a, b)= tr(a’, b’).
The following general formulation of the dynamic-programming principle, which

holds for differential games, is well known (see Evans and Ishii [EI] and Elliott and
Kalton [EK2]).

PROPOSITION 1.2. Let x RN\3 and cr be a nonanticipating function such that
o-(a, b)<= tx(a, b) for all a, b. Then

V(x) := inf sup h(yx(t), a[b](t), b(t)) dt+ V(yx(tr(a[b], b)))

The next result is based on the dynamic-programming principle and relates the value
functions V, v, and the Hamiltonians in (1.7) and (1.8). It is proved by combini.ng the
arguments in [ES] and [I2]. The corresponding statement for the upper value V uses
the Hamiltonians / and .

PROPOSITION 1.3. (i) If is open and V is locally bounded, then V is a viscosity
solution of
(1.9) H(x, DV)=O in \3-;

(ii) v is a viscosity solution of
(1.10) v(x)+ ((x, v(x), Dv(x))=O in RN\ -.

We recall that (1.9) and (1.10) are usually called the Isaacs equations of the lower
games with payoff given in (1.4) and (1.6)., respec.tively, and that the upper value
functions satisfy the above equations with H and H in place of H and .

We now introduce another notation: Let f RN be an open set and let x . For
any nonanticipating function tr(a, b)<_-z(a, b), where z(a, b) denotes the first exit
time from f, i.e., zx(a,b)=inf{t>-O’y,(t)f’}, and for all asd, b03, u’OfR,
we denote

Q(r,x,a,b,u):= h(yx(t),a(t),b(t))exp- h(yx(s),a(s),b(s))ds dt

(1.11) +exp h(y(s), a(s), b(s)) ds u(y(tr))

(Io )1-exp h(yx(t), a(t), b(t)) dt (1-u(yx(tr))).

The next result is a modification of Proposition 2.3 in [BS1] and generalizes similar
statements in Evans and Ishii [EI] and in Lions and Souganidis [LSo].
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PROPOSITION 1.4. Let f c RN be an open set, and let ’x(a, b) denote the first exit

time from . If u C() is a bounded viscosity subsolution respectively, supersolution
of

u(x)/ (x, u(x), Du(x))=0 in

then u(x)<-(respectively, >=)infa SUpb Q(’,,x, a[b], b, u). (Note that only values
of u on 01) appear in the right-hand side of the inequality.)

Proof. Assume that u is a subsolution. Given e > 0, we consider the open set

f := {x f: dist (x, 0f) > e, Ix[ < 1/e}.

It is well known (largely through Sard’s lemma) that, for each e > 0, there exists, as
e - 0, an increasing family of sets f, f 2/2 f f2 such that 0fl is a smooth manifold.
Now we define the function

u(x) := inf sup Q(7",, x, a[b], b, u),
aA b

where - is the first exit time from 11. By Ishii [12] (see also Proposition 1.3), it follows
that u satisfies in the viscosity sense

v(x) + Yg(x, v(x), Dv(x)) 0 in

v=u or v(x)+Yg(x,v(x),Dv(x))=O on0fl.
By the comparison Theorem 1.1 in [BS3], we can deduce that

u<-(u), <-u in

Now the proof follows the arguments of Theorem 4.1 in [EI], to pass to the limit as
e- 0 and reach the conclusion.

We introduce more notation: Let r>0; then B(x,r):={yR: ]x-yl<r}, and
for x R, B(X, r):= {x" dist (x, X) < r}.

DEFiNiTION 1.5. Let -c RN be a closed set. A vector uR, I1- 1 is said to be
exterior normal to - at x 0- if there exists e > 0 such that

B(x + eu, e) fq 3-= .
We also denote d(x):= dist (x, 3-), the distance function from the target. It is

possible to compute explicitly the viscosity sub- and superdifferentials of the function
d. This result is contained in the next proposition and will also motivate Definition 1.5.

PROPOSITION 1.6. Let x RN\
(i) Assume that there exists a unique z 0- such that d (x) Ix zl, then D-d(x)

{(x- z)/Ix- z]}. Otherwise D-d(x) is empty;
(ii) O+d(x)=co{(x-z)/Ix-zl: zO-, d(x)=lx-z]}.
In particular, the set {z 0-: Ix- z] d (x)} consists ofjust one point if and only

if d is differentiable at x. In this case, we have Dd(x)=(x-)/lx-].
Proof Statement (i) substantially follows from the fact that d is a viscosity solution

oflDd(x)] 1 in RU\-. Statement (ii) is a consequence of Proposition 1 in Souganidis
[So], Theorem 3I in Rockafellar [Ro], and Theorem 2.1 in Clarke [C].

In the following, C will indicate a generic positive constant.

2. Comparison results for the free-boundary problem. This section concerns several
comparison results, in local or global form, between the value functions of the differen-
tial game introduced in and continuous viscosity sub- or supersolutions of the
corresponding Isaacs equations, assuming that they satisfy suitable boundary condi-
tions. As a consequence of one of these results, we prove the existence of a continuous
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viscosity solution to the Dirichlet problem (0.1), assuming the existence of only local
sub- and supersolutions.

DEFINITION 2.0. Given an open set fl = if- and a constant Uo R U {+De}, we say
that a function U C((f\ 3-) U 03-) satisfies the boundary condition (BC) if U(x) < Uo
in (1\ 3-) C103- and

U(x) - Uo as x - Xo e

The first result concerns the upper value function.
THEOREM 2.1. Let 1 3- be an open set and U6C((II\3-)U03-) be bounded

below, satisfying (BC) and

H(x, DU) >-_ 0 in 1\ 3-,

U>=g on 03-

in the viscosity sense. Then U >= (/in (f\ 3-) U 0 3- and ) c o (Uo).
Proof Let u(x):= ( U(x)); then we can extend its definition so that u C(I)\ 3-),

is bounded and satisfies in the viscosity sense the following inequality:

u(x)+ (x, u(x), Du(x))>-O in

Therefore, by Proposition 1.4 applied to the upper Isaacs equation, it follows that

(2.0) u(x) >-_ sup inf Q(Tx, x, a[b], b, u),
fief as4

where rx is the first exit time from 11\3-. Let x e 11, then u(x)< 0(Uo), and we can
choose e > 0 satisfying the inequality 22 < O( Uo)- u(x). Thus, by (2.0), for all/3, we
can select at such that

(2.1) > d/( Uo)- e >- u(x)+ e >= Q(r,, x, at fl[a], u).

Inequality (2.1) implies that z, t, because, if r(a, b)= +De, then the right-hand side
of (2.1) is equal to unity. On the other hand, if y(zx) 01) then we easily obtain

(Io )O( Uo)- e >- O h at + Uo O(r + Uo),

which is a contradiction. Thus, since u(z) >-_ O(g(z)) at z e 03-, by (2.1) we get u(x)+ e >=
O(P(x, a, fl[a])) and then u(x) > (x), which implies both the conclusions.

The proof of the counterpart of Theorem 2.1 for subsolutions is not so easy. We
need first to prove the following lemma, which roughly states that for a fixed x RN\
if we are given two nonanticipating functions such that r(a, b)_-< z(a, b), a strategy
fl, and a control a that are almost optimal for the value function t; up to time
then we can modify the definitions of/3 and a in the interval [r, +co[ so that they
become almost optimal up to time .

LEMMA 2.2. Let x RN\3- and let cry, r be nonanticipating functions such that
r(a, b) <= (a, b) <= tx (a, b) for all a, b. Assume that for all fl there exists a l, which

verifies
(2.2) Q(tr,,, X, a,, filial], ) <2 C.

If, for a given 3 we define

fl[a](t) {fl,[a](t)fl2[a("-o-)](t o-)
if E [O, o(a, fll[a])],
elsewhere,

then there exists at3 at3 a for <-- ty(al, 31Jail) such that Q(zx, x, at3 fl[at3], ) < C.
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Proof We apply the dynamic programming principle to (yx(trx)) in (2.2) with
respect to the nonanticipating function p(a, b):= z,,(a’, b’)-trx(a, b), where b
/3[a,] and a’(t)=a,(t), b’(t)=b,(t) if t<-r,(a,b,), a’(t)=a(t-s), b’(t)=b(t-s)
elsewhere. Then, for all/32, there exists a2 such that (we drop the x in

+exp h dt Q(p, y(tr), a,, fl,[al], ) < C.

It is now sufficient to define

ate(t)={ a( t)
a2(t-o)

if [0, tr(al,/3[al])],
elsewhere

and to apply an easy change of variables to obtain the result.
We now want to prove the comparison theorem.
THEOREM 2.3. Let 1) 3- be an open set and UC((1)\3-)U03-) be bounded

below, satisfying (BC) and

H(x, DU)<-_O in 1)\3-,

U<-_g on 03-

in the viscosity sense. Then U <= in (f\ 3-) 0 3- and 1) o (Uo).
Proof First step. We prove that (Uo)tq01)=. To this end, we assume by

contradiction that there exists x /(Uo) 01). Fix e > 0 such that (x) < (Uo) e,
and observe that, if O(P(x, a, b)) < O( Uo)- e, then by (1.2) and g=> G, we can choose
a constant C > 0, independent of the choice of a and b such that t,(a, b) _-< C, which
implies by Gronwall’s lemma that we can find R > 0 such that

[y,(t)l _-< R for all <= tx.

Let C2:= sup(O.R)AB [f(z, a, b)[, [[O(g)[[R := SUp {[(g(X))I; X O3-fq B(O, R)}, 0<
r/< min {e, 0(Uo)-[[q(g)llR}. We now choose 6 > 0 such that dist (z, 01))-< 6 and
z 1) (3 B(0, R) imply

(2.3) u(z) := q(U(z)) > 0( Co)-. >

and then z 03-.
We now define r(a, b) as the first exit time of yx(.; a, b) from RN\1), where

1) := {x 1)" dist (x, 01)) >- 6}. By the dynamic programming principle (Proposition
1.2), we get

iT(x) =sup inf {Q(cr,x,a,[a], t)},
/31" a

and then, by the choice of e, for all fl, we can find a such that

(2.4) Q(r, x, al, fl,[a], ) < ( Uo)- e

and, as a consequence,

t(y(o’)) <- 1-exp hds (1-(y(o-)))

(.5
Q(o-x, x, al, l[ all, l) < ( No)-
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We fix /3 and observe that z:= y(r)Of and dist (z, 0)= 6. We again apply
the dynamic programming principle to (z) with the nonanticipating function rz(a, b),
indicating the first exit time from 12\ff, and get

3(z) sup inf {Q(rz, z, a, [a], )}.
I" a,

By the previous formula, Lemma 2.2, and (2.4), we deduce that for all 2 there exists
a2 such that, if we construct and a as in the lemma (in which + rz plays the pa
of r), then

(2.6) Q( + r, x, a, [a], ) < ( Uo)- e

and, thus, since the running cost is positive,

(2.7) Q(zz, z, az,z[a], ) < ( Uo)- e,

(2.8) (P(x, a,, fl’[a,], u)) < ( Uo)- e

for a suitable strategy fl’ and control a, constructed modifying fl, ae in [ + r, +m[,
as in Lemma 2.2, where, in this case, t plays the pa of r and + r plays the pa
of .

Observe now that the function u defined in (2.3) is bounded, can be extended to
a continuous function in, and satisfies in the viscosity sense

u(x’)+ (x’, u(x’), Du(x’))O in.
Therefore, by Proposition 1.4 we have that

u(x’)sup inf {Q(x,,X’, a, fl[a], u)} in,
fll" a

where r,(a, b) is the first exit time from ff. Now (2.3) and the previous formula
imply that there exists such that

Q(z,z,a, fl[a],u)>(Uo)- forall a.
If t(a, fl[a]) rz(a, fl[a]) for some a, since u (g) on off, we obtain

(2.9) (P(z, a, ilia])) > ( U0)- n.
If instead tz > %, then

Q(r, , a, [a], u) -exp h ds (1 u(y()))

(.0

h a + U(y(r) (, + Uo).

Now we specialize , a a, and observe that (2.7) contradicts (2.9). Therefore,
we obtain r < t. By (2.7) and (2.10), we now obtain

( uo-(( u((-

(I; )((2.11)
exp hds u(y(rz))-(y(rz))

P( z, , a, [ad, ) P(z, z, a, [a], )

6(r + Uo)- 6(Uo)+ e.
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By (2.8) we also have 6 <_-[y(z) z[ _-< j’o [fl ds <- C_zz and then rz _>- t/C2, which, in
view of (2.11), implies

(y(’z))<-d/(Uo)-e-(P(5/C2+ Uo) P(Uo)).

Therefore the point Xl := Y(’z) yx(o’x + rz) 012 f) (Uo), lies in B(0, R) by (2.8), and
(x) < #/(Uo)-e-p, where the positive constant/9 depends on 3.

We now repeat the procedure above, starting from xl yx(cr + ’z), and use Lemma
2.2 and the fact that the trajectory leading from x to xl can be extended to a trajectory
leading to the target whose payoff is <=O(Uo)-e (i.e., t =< C1) by (2.6) and (2.10).
Then we can find another point x2 0f f’)(Uo) on a trajectory performing the same
property, which is therefore completely contained in the ball B(0, R). Thus, the value
B does not change, the decrement p is constant, and iT(x2) < (Uo) e 2p. We proceed
in this way, but since is bounded, after a finite number of steps we find the required
contradiction.

Second step. Let x ( Uo); we apply the dynamic-programming principle and get

t(x) sup inf {Q(rx, X, a, fl[a], )},
/3F a.

where r is the first exit time from f\S- if xf\S- or the exit time from RN\ if
xa\fi.

We choose e > 0 such that (x) + e < 6(Uo) <= 1; then, for all /3, there exists a
such that

Q(5,, x, as,/3[a], t;)< t;(x) + e,

and therefore we conclude that r,+oo and then, since (y(;,))-<_
Q(r, x, as, fl[ as ], ), that y(r) e t (Uo) which implies y(zx) 01. This gives a contra-
diction for x eRr\fi and then t(Uo)clI. For x e O, we instead obtain
Therefore, since u N (g) on 0, we get Q(r, x, a, [a], u) < (x) + e, which implies,
by Proposition 1.4, that u N B in (Uo). Now it is obvious by the definitions that the
same inequality holds in Ok.

The next uniqueness result is a consequence of both Theorems 2.1 and 2.3.
COrOLlARY 2.4 (uniqueness for the free-boundary problem). Assume that there

exists one pair (, U) such that is open, U C((k) U 0) is bounded below,
satisfying

H(x, DU)=O in

U=g on Off

in the viscosity sense and (Be). en (Uo) and U in () U 0.
We now complete the framework by stating the corresponding propositions for

the lower value.
TzoR 2.5. Let be an open set and UeC((OkW)UO) be bounded

below, satisfying

H(x, Dg)o in 0,

Ug on Off

in the viscosity sense and (Be). en U V in () U 0 and c (Uo).
The proof of the previous result follows that of Theorem 2.1. The proof of the

next theorem instead presents some relevant differences from the proof of Theorem
2.3 and is the same as the proof of Theorem 3.1 in [BS1].
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THEOREM 2.6. Let 1 3- be an open set and Ue C((D,\)Ua3-) be bounded
below, satisfying

H(x, DU) <-O in 1\3-,

U<-_g on 03-

in the viscosity sense and (BC). Then U<-_ V in (fl\3-)Ua3- and
COROLLARY 2.7. Assume that there exists one pair (1, U) such that 1 3- is open,

U e C((fl\3-) U 03-) is bounded below, satisfying

H(x, DU)=O in a\3-,

U= g on 03-

in the viscosity sense and (BC). Then f (Uo) and U V in (\3-) U 03-.
COROLLARY 2.8 (comparison of value functions and existence of value). Assume

that either V or is continuous at the points of 03-. Then c and V(x)<-_ f/(x) for
all x . If, moreover, H I2I, then and V .

Proof. We first observe that H_->/-). Moreover, by Theorem 6.1 in [BS1], if V is
continuous at the points of 03-, then it is continuous in , is open, and the pair
(, V) satisfies the boundary-value problem (0.1). The corresponding result holds for
the upper value 17". Therefore, it is sufficient to apply Theorem 2.3 or Theorem 2.5,
respectively, if V or 1) is continuous at the points of 03-. If, moreover, H , we can
apply Corollary 2.4 or Corollary 2.7, respectively. El

We now turn to local uniqueness results. We give here the following statement,
whose proof is the same as the proof of Theorem 4.1 in [BS1], but uses Proposition
1.4 instead of Proposition 2.3 in [BS2] and also holds for the upper Isaacs equation
with obvious changes.

THEOREM 2.9. Let xo e 03-, r>0, and g O. If U e C(B(xo, r)\ 3-) is a nonnegative
viscosity subsolution (respectively, supersolution of

H(x, DU)=0 in B(xo, r)\3-

and U =0 on 03-(3 B(xo, r), then there exists r’<-_ r such that U(x)<= V(x) (respectively,
U(x) >- V(x)) for all x B(xo, r’)\3-.

Remark 2.10. The previous result still holds if we have a general final cost g on
03-. In this case, we need to assume, instead of requiring U to be nonnegative, the
following conditions:

(2.12) U(xo) < rM+ min U,
O( B(xo, r)\ .)

where Mr := max {If(x, a, b) I" x B(xo, r), a e A, b B}, and, if U is subsolution,

(2.13) g(x) >= min U for all x e 03-.
o( B(xo, r)\,Z)

A different formulation of local comparison theorems can be found in Theorem
3.5. It is now easy to prove the following existence result for problem (0.1), which we
state for only the lower Isaacs equation.
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THEOREM 2.11. Assume that for all Xo e 0- there exist r > 0 and two functions U1,
U2eC(B(xo, r)\-), respectively, viscosity super- and subsolutions of the Dirichlet
problem

H(x, DU) 0 in B(xo, r)\-,

U-- g on O-CI B(xo, r).

If, moreover, U,, U2 satisfy (2.12), U also verifies (2.13) and Ul(xo)= Uz(xo)= g(xo),
then V is continuous in \ -) LJ 0 -, and the pair , V) solves thefree-boundary problem
(0.1).

Proof By Theorem 2.9 and Remark 2.10, it follows that, for all Xoe 0- and for
some r’(xo) > O,

Uz(x) <-_ V(x) <- U,(x) in B(xo, r’)\-.

Then V is continuous at XoeO-. By Theorem 6.1 in [BS1], this is enough to conclude
the proof.

3. Pursuit and evasion problems. In this section, we study the problems of termina-
bility and evadability for a dynamical system with two competitive controls. We first
introduce the following definitions.

DEFINITION 3.0. The differential game is stable if for all neighborhoods
we can find a neighborhood U of - which verifies the following condition: For all
xeV, there is aeA such that y.(t)e2l for all be and te[0, t).

DEFINITION 3.1. The differential game is locally asymptotically terminable if there
exists an open set 12 - such that, for all x e\-, there is a e A that verifies
tx(a[b], b)<

DEFINITION 3.2. The differential game is locally terminable if there exists an open
set - such that , i.e., for all x e \-, there are C > 0 and a e A that satisfy
t.(a[b], b) <- C for all b

The previous notions generalize the usual ones for dynamical systems and have
been used in control theory and in differential games by previous authors (see, e.g.,
Lee and Markus [LM], Yong [Y1], and the references therein). We note that, in the
case of control systems, the asymptotical terminability (controllability) is, in general,
only a necessary condition for the stabilization of the system, whose definition requires
the existence of a feedback control. For the relationships between the two approaches,
we refer to Brockett [Br]. If, in the definitions above, the set 12 is all of RN, we say
that the game is globally asymptotically terminable or, respectively, globally terminable.
This problem is obviously related to the properties ofthe function T and its Hamiltonian
H.

We also want to study the counterpart of the terminability problem, that is, the
evadability of a differential game from a closed set -. This is a much-studied topic in
the literature (see Yong [Y2] and the references therein). We introduce the following
two definitions.

DEFINITION 3.3. The game is evadable if, for all x e lS\ -, there exists/3 e F such
that d(y(t; a, fl[a]))>O for all aes and t>_-0.

DEFINITION 3.4. The game is strictly evadable if, for all x e RS\-, there exist
>0 and fief such that d(y,(t; a, fl[a]))>-_6 for all aeM and t-0.

This problem is related to the properties of the function and its Hamiltonian
H. For example, it is clear that a necessary, but not sufficient, condition for the
evadability is - or, similarly, (x)=+ for all x e Ru\ To escape from this
apparent problem in the study of the evasion game by dynamic-programming methods,
we need the change of variables in (1.5).
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3.1. Pursuit problem. We start providing sufficient conditions for terminability by
assuming the existence of a suitable Lyapunov function. This function will be assumed
continuous, and the proofs will use the comparison theorems for viscosity solutions
of the Isaacs equations proved in 2.

THEOREM 3.5. Let 3- be an open set. Assume that there exist 6
C(\3-), bounded below, that satisfy in the viscosity sense

min max {-f(x, a, b) DU(x)} > 6 in
bB aA

U=O on 03,

and such that infoa U > 0. Consider the open set ’ := {x: U(x) < infoa U}; then the
game is terminable in IT, and, moreover, we have the estimate T(x)<= U(x)/6 for all
x ’\ 3-. Thus the game is stable.

Proof Define W(x) := U(x)/6; then W satisfies in the viscosity sense the following
problem:

H(x, DW(x))>-_O

W=O

W(x) inf W
o

in 12’\ 3-,

on 03,

on 0’,

where H is defined in (1.7) with h 1 and W(x)< infn W for x 1)’. If we now apply
Theorem 2.5, we get the local terminability. The estimate T(x)<- U(x)/6 implies that
T is continuous on 03- if U 0 on 03- and immediately gives the stability of the game.
In fact, given an open neighborhood a// of 3-, let Xo 03-, r > 0 such that B(xo, r) -I1
and M := maXB(xo.r)xaxB If(X, a, b)l. We select 0< e _-< r/2M and r’ such that r’<= r/2
and T(x) < e for all x B(xo, r’). By definition, given x B(xo, r’), there is a A such
that, for all b , we have t < e and then

ly,(t)-Xol<=tm<=r/2 for all t(0, t,);

that is, yx(t)EB(xo, r) for t(0, tx).
In view of Theorem 2.9, by using a similar proof, we can also give a local version

of the previous theorem.
THEOREM 3.6. Let Xo 03-, r > 0 and U C(B(xo, r)\ 3-) be a nonnegativefunction

that satisfies in the viscosity sense

min max {-f(x, a, b) DU(x)}>= 6 in B(xo, r)\3-,
bB aA

U 0 on 03-;

then there exists r’ <= r such that T(x) <= U(x)/ 6 for all x B(xo, r’)\. Therefore, the
game is stable and terminable in B(xo, r’)\3-.

We now want to specialize the above results by giving explicit conditions on the
vector field f at the points of the boundary of the target 3-, which, we recall, is a
general closed set, and we want to prove that, under such conditions, the distance
function d(. is the required Lyapunov function.

COROLLARY 3.7. Let Xo 0 3-. Assume that thefollowing condition holds: There exist

6, r > 0 such that

(3.1) F(x, u):= max min {f(xo, a, b). u}_-<
bB aA
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for all exterior normal vectors u at x B (Xo, r) 03-. Then, for rl < 6, there exists e > 0
such that T(x <- d x / qfor allx B xo e \ 3-. Moreover, Tis locally Lipschitz continuous
in a neighborhood of Xo.

Proof. Let r/< 6. We define the set S := cl { u: u is exterior normal at x B(Xo, r)
03-}, which is compact. Then, for all u e S, we have F(xo, u)<-r/. We can therefore
find e() > 0 such that

(3.2) F(x, )<-
for all x B(xo, e(v)) and S f3 B(v, e(v)). Then, if we extract a finite subcovering
of S from the open covering {B(v, e(v)): v6S}, determined by v,..., Vh, and we
set 2e:=min{e(vi)}^r, then (3.2) holds for all xB(xo,2e) and 6S. Now let
xB(xo, e)\3- and pD-d(x); by Proposition 1.6, p=(x-z)/Ix-z[, where zO3-
is the unique point in 3- such that d(x)= Ix- z and thus p S. Therefore, we obtain

min max {-f(x, a, b) Dd(x)}>= 7 in B(xo, e)\3-
bB aA

in the viscosity sense. If we now apply Theorem 3.6 to the function d, we obtain the
requested estimate. As for the Lipschitz continuity of T, this is a standard result
whenever the estimate with the distance function holds (see, e.g., [BS1 or [S1 ]).

Remark 3.8. Condition (3.1) is established for a general closed set 3-. It is not
difficult to verify that if 3- is a closed C manifold, then the set of exterior normal
vectors at Xo in the sense of Definition 1.5 coincides with the set of unit vectors of the
normal space to 3- at Xo, which we indicate by No(3-). In this case, by the regularity
of 3- condition (3.1) is equivalent to

F(xo, n) < 0 for all n N(3-).

An analogous statement holds if 3- is a C manifold with boundary, but, in this case,
if XoOre(3-), the set to be taken into account is {n No(0re(3-)): n. n(xo)-_< 0}, where
n(xo) is the inner normal vector to 3- at Xo in the sense of manifolds.

If 3- is a C manifold (with boundary), the previous condition still gives the
requested regularity of T, but, in this case, according to Definition 1.5, we could find
points x 03- at which the set of exterior normal vectors is empty; therefore, in general,
we can only state that it is contained in the set of unit vectors of No(3-) (respectively
of {n Nxo(0rel(3-)): n" n(Xo) <---- 0} if Xo 0rel (3-)). Corollary 3.7 generalizes to differential
games and to general closed targets a result of local Lipschitz continuity ofthe minimum
time function in control theory, which was proved by the author in [S1] by using
different techniques for the case where 3- is a C manifold with boundary and the
classical result of Petrov [P], in which 3-= {0}. We should also note that (3.1) is a
very general sufficient condition for the local Lipschitz continuity of T around Xo. In
fact, if 3- is the closure of an open set, (3.1) is also necessary (see [BS1]).

In the theory of geometric local controllability, many sufficient conditions for the
local Lipschitz and H61der continuity of the minimum time function have been studied
for the case where 3-= {0} or is a smooth manifold (see [S1], Stefani [St], and the
references therein). Such conditions usually concern the Lie algebra generated by the
vector field f on 03-. The next result gives a sufficient condition for local H61der
continuity of T in differential games, uses partial differential equation methods, and
requires an assumption that concerns the field f in a neighborhood of 3-. At the present
time, we do not know which are the precise relationships between the two different
approaches.
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COROLLARY 3.9. Let Xo 0-, and assume that there exist 0 < a < 1, C, r > 0 such that

(3.3) min max {-f(x, a, b) Dd(x)}>= Cdl-(x) in B(xo, r)\-
bB aA

in the viscosity sense. Then there exists r’<-_ r such that T(x) < d(x)/(Ca) for all
x B(xo, r’)\ -. Moreover, T is locally H61der continuous with exponent a in a neighbor-
hood of Xo.

Proof We first note that condition (3.3) can be rewritten as was done in Corollary
3.7, as a condition on the exterior normal vectors at points in B(xo, 2r)f-I 0- because
of the representation of the subditterential of d(. given in Proposition 1.6. We now
observe that, by means of an easy calculation and the definition of subdifferential, we
can recover the following equality between sets:

D-d(x) ad-’(x)D-d(x).

This fact and (3.3) immediately give that the function U(x):= d(x)/(cC) satisfies
the conditions of Theorem 2.9, from which we obtain the conclusion. U

We now turn to the study of stability and local asymptotical terminability of a
pursuit game and first prove a lemma that relates the problem of stability to the study
of particular level sets.

LEMMA 3.10. Let h" RN\- R be a positive continuous function and

W(x) := inf sup h(y(t)) dr,
aA b

then, for x RN\- each e > O, there is a A such that, for all b 1, we have Yx t)
{z" W(z) < W(x)+ e} for all [0, 6).

Proof Let e > 0, then by definition we can choose a A such that

h(y(s)) < W(x)+ e for allds b

Let b and 6 (0, 6), then, with obvious definitions of controls and strategies,

h(yx(S)) ds + h(y.(,(s)) ds < W(x) + e

and then immediately W(y(t)) < W(x) + e.

T4EOREM 3.11. Let r > 0 and 1) B( -, r) be an open set. Suppose that there exists
a function U C(O\), bounded below, which satisfies in the viscosity sense

min max {-f(x, a, b) DU(x)}>= tz(d(x)) in a\3-,
bB aA

U Uo on Of,

where tz is a continuous, nonnegative real function, /z(t)=0 only if =0, and
lim inf,_.+ (t) > 0. Assume that U(x) < Uo ifx \-and that Ill <-- M R in O-x A
B, then the game is locally asymptotically terminable. If, moreover, the level sets {x: U(x) <
e } are a basis of the neighborhoods of- (therefore, U is constant on 0-), then the game
is also stable.

Proof First, we assume that U->0; otherwise, we will consider the function
U-infa\-U. Let Xol)\- and e < d(xo)^ r such that 1) B(-, e). We define t as
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the first exit time from RN\B(3-, e). Then U satisfies in the viscosity sense the following
Dirichlet problem, where g denotes the restriction of U on 0B(3-, e):

min max {-f(x, a, b). DU(x)-(d(x)))>-O in f\B(3-, e),
bB aA

U= g on OB(-, e),

U Uo on

The usual solution of the previous problem is the value function

V(x):= inf sup l(d(yx(t))) dt+g(y,(t))

Therefore, since (d(x))>-inft>=lz(t)>O in f\B(ff, e), we can apply Theorem 2.5
and state that V(x)<= U(x) for all xOB(, e).

Now we set ej := el2j, Eo := OB(ff, e) and Ej := B(ff, ej_)B(ff, ej forj N. Let
> 0 and observe that, by the definition of V. and the inequality V. U, for all x Ej

there exists a A such that

j+l for all b.
0

We observe that this implies that t. < +. Therefore, we choose b and denote
o a, bo b, Xl y(to), to to. Then we have

o(d(y(t)))dt+U(Xl)U(xo)+/2,

xEl.

In the general case, let

_
to+,’’’, t_, a a, b(t)= b(t + _), t t, then

(3.4) (d(yx,(t)))dt+U(x+,)U(x)+/2+ x+, E+I.

Thus, if we define

ao[bo](t) if t[O, O’o3,
a(t):= a,[b,](t-tro) if t[O’o, 0"1]

and the nonanticipating strategy c" by means of the position if[b]= 4, then,
by applying recursively (3.4) and since U is nonnegative, we have that, for such
and all b 3,

tc0
lim inf d(y(t))=O and i(d(y(t))) dt <- U(xo)+rl.
t txo([b],b)

This implies, on the one hand, the estimate

(3.5) inf sup x(d(y(t))) dt < U(xo) for all
aA b

and, on the other hand, that the game is locally asymptotically terminable. In fact, if

to +c and

limsup d(y(t))= y>O,
t- txo( &[ b ],b
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then, by using the notations above, for ej < y we can find an increasing sequence of
positive real numbers {sn" nN}, such that, setting yn =y(s), we have d(y2) ej,

d(y2+l)=e+l, and e+<d(y(t))<e for t(s,,sn+l). Therefore, by the assump-
tions on the vector field, we obtain

and then

S2n+l

e+ --< lY2. -Y2.+ll =< [f(Y)l dt <- (M + Lej+l)lS2. s2.+ll
$2

U(xo)+ l >- tz(d(x)) dx >-_ tz(d(y)) dt

-->E inf (t)[s2.-s.+[>-_Y inf (t)e+/(M+L)=+c,
t>e.j+! te.j+!

which gives a contradiction. The last claim is a consequence of (3.5) and Lemma
3.10. [3

Remark 3.12. Note that inequality (3.5) in the proof ofTheorem 3.11 holds without
the supplementary assumption on the vector field. Now we extend to differential games
the definition of Lp stability, which was introduced by Strauss [St] for dynamical
systems and we state that a game is locally Lp terminable if there exists an open set

such that

infsup dP(y(t;[b],b))dt<+ forallxeN.

By (3.5) we therefore obtain that, if (s)=cs for c, p>0, then the game is L
terminable.

Estimate (3.5) also holds independent interest. It can be seen as a comparison
result between the value function of a generalized pursuit-evasion game whose running
cost becomes zero on the target and a supersolution of the corresponding Isaacs
equation. In fact, if the supersolution U also satisfies U 0 on 0, then (3.4) implies
(3.5) if either U is nonnegative or it takes up the boundary data on 0 uniformly. It
is easy to verify that, in the general case of 2, we need the following assumption on
the sign of the running cost:

h(x,a,b)C>O foralle>0, xeRB(,e),a,b.

The corresponding statement holds for subsolutions as well.
Remark 3.13. All the previous results also provide sucient conditions of global

and global asymptotic terminability when R. In this case, the conditions at the
points of 0 obviously disappear. We finally observe that the choice of the distance
function in the statement is only for simplicity.

3.. Esrle. We now apply a similar method to the study of the counter-
pa of the pursuit problem.
TOM 3.14. Let be an open set. Assume that there exists U C(),

which satisfies in the viscosity sense

max min {-f(x, a, b) .DU(x)}0 in .
aA bB

I moreover, U(x) 0 for x e 0, U > 0 in , and c := inf0a U > 0, then the game is
evadable.
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Proof. We consider the set f’ := {x f" U(x)< c} and observe that U(x)= c for
all x 0’. We first consider the case where Xo f’, therefore, we can choose suitable
e, tr such that 0 <-e < U(xo)< tr <= c, and prove that the game is evadable at Xo. We
define := U- e and observe that if we set, for r/> 0, fn := {x f" U(x) < r/}, then
U satisfies in the viscosity sense

max min {-f(x, a, b) DU(x)} <-0 in f\,
aA bB

(3.6)
U=0 onOl), U(x)=tr-e on01),

and U < tr- e in )\1). By a simple calculation, it is e.asy to verify that the differential
inequality in system (3.6) is also satisfied by =q(U) ( is defined in (1.5)) with
boundary conditions =0 on 0f, (x)= q(r-e) on 01). To this end, it is enough
to observe that, if U-o attains a maximum point at y and U(y)= q(y), since

0(/. (p) exp (q)(O() O((p)),

then also ff q,(q) attains a maximum point at y and, moreover, Dq exp (q)Dq(q).
Now we set u(x):= (x)/q,(tr-e) and observe that u < 1 in 1\ therefore,

by (3.6) u satisfies the following Dirichlet problem in the viscosity sense"

u(x)+ Yg(x, u(x), Du(x))= u(x)- +max min {-f(x, a, b) Du(x)} <-O in 11\11,
aA bB

u=0 on01), u=l on

Therefore, if t(a, b) denotes the first exit time from RN\I), is the corresponding
upper capture time, and := q(T), then, by the proof of Theorem 2.3, we deduce that

(3.7) q(U(x)-e)/q,(r-e)=u(x)<-(x) in f,\f.

If we compute (3.7) at Xo and let tr U(xo) from above, since r > U(xo) were arbitrary,
then we obtain T(xo)= +c (note that the limit and the statement do not depend on
the choice of e < U(xo)). This is not enough to conclude, but with a construction
similar to the one in the proof of Theorem 3.11 it is easy to define a strategy/3"
such that

for each choice of ti,

which means that yx(t; g, []) RN\- for all => 0, and thus the game is evadable at

Xo. In fact, /3 can be chosen in such a way that the trajectory y(t; ,/3[ti]) remains
outside f, for all fixed p < U(xo), and this will be used in the next result. With the
same technique, it is now easy to treat the case where Xo RN\I)’. lq

As a consequence of the last remark in the previous proof, we state the following
result.

COROLLARY 3.15. In theframework ofthe previous theorem, assume, moreover, that
there exists a strictly increasing function Ix" R/- R+ such that Ix(t)=0 only if 0 and

satisfies

U(x) <- Ix(d(x)) for all x e 11\8-.

Then the game is strictly evadable.
Proof We need only observe that, for e>0, we have B(ff-, Ix-(e)) c 1), and we

apply the proof of Theorem 3.14, in particular, the last remark.
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As in the pursuit problem, the first candidate function to fulfill the hypotheses of
Theorem 3.14 is the distance function. In view of the characterization of the super-
differential of d(.) in Proposition 1.6, we state the following.

COROLLARY" 3.16. Assume one of the three following conditions:
(i) There exists r > 0 such that

F(x,,):=minmax(x,a,b). 9}_->0 forallxB(-,r)\-
aA bB

andfor all vectors t, co {(x- z)/lx- z l" z 0-, d(x) Ix-  l)(co x indicates the convex
hull of the set X).

(ii) There exist 3, r > 0 such that d (.) is differentiable in B( -, r)\ Wand F(xo,u)
for all Xo 0- and all the exterior normal vectors , at x B(xo, r)f’)0-.

(iii) Let 0- be bounded and, for all XoO-, there exists r0(x0)>0 such that
(Xo, 9) > 0 for all the exterior normal vectors at x B(xo, ro) f) 0-.

Then the game is strictly evadable.
Proof. Assumption (i) implies that d(-) satisfies the differential inequality

max min {-f(x, a, b). Dd(x)}<-O for all x6B(-, r)\-
aA bB

in the viscosity sense. Now it is enough to apply Corollary 3.15.
Cases (ii) and (iii) are just modifications, using, in particular, the compactness

arguments of the proof of Corollary 3.7.
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AN OPTIMAL CONTROL PROBLEM WITH A MIXED
COST FUNCTION*

V. I. KOROBOV’, V. I. KRUTIN", AND G. M. SKLYAR’

Abstract. The main objective of this paper is to find an optimal positional control in feedback form
for a linear autonomous system with a mixed cost functional. The method of controllability functions is
used. The relationship between this problem and an optimal stabilizability problem is also investigated, and
several examples are presented.

Key words, linear system, mixed cost function, optimal positional control, controllability function,
Riccati equation
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Introduction. Consider the optimal control problem of the system

(0.1) Ax + Bu, x c [n, u c r, rg( B, AB, An-B) n,

(0.2) x(0) Xo, x(T) 0, T arbitrary,

for which it is desired to minimize the functional

(0.3) J(u)=k2r+ [(Wx, x)+(gu, u)]dt, k>O,

where W, U are symmetric matrices with W-_> 0, U > 0.
We refer to this functional as a mixed cost function. The main goal of our work

is to find an optimal positional control for the formulated problem, i.e., to find the
function u u(x), which depends only on the state variable x such that

(i) for any xoe Nn, the solution x(t) of the Cauchy problem

(0.4) :/= Ax + Bu(x), x(O) Xo

exists on some interval [0, T(xo)) and is unique;
(ii) x(t) --> 0 as --> T(xo);
(iii) the pair (x(t), u(x(t))) is the solution of the optimal control problem (0.1)-

(0.3).
In 1 we consider the relationship between the optimal positional control problem

and a traditional problem of finding the optimal control for (0.1)-(0.3) in the nonstation-
ary linear feedback form. A form of the positional control u(x) is given. It is shown
that this control is not linear, as compared to the well-known case when k 0 1]-[3].

Therefore the investigation of the existence and uniqueness of the Cauchy problem
(0.4) solution ( 2) as defined in this article comprises an essential part of this work.

Property (ii) is obtained by the method of the controllability function, proposed
in [4], on the basis of which different problems of nonoptimal admissible positional
synthesis were solved; see, for example, [4], [5].

In 3 optimality of the Cauchy problem (0.4) solution is proved (property (iii)).
The case where W 0 is considered separately, where we can also find a form of the
optimal trajectories.

Received by the editors August 14, 1989; accepted for publication (in revised form) July 18, 1991.
? Department of Differential Equations and Controls, Kharkov State University, 4 Freedom Square,

310077 Kharkov, Ukraine.
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In the concluding sections, the relationship with the solution of the optimal
stabilizability problem is established, i.e., with finding u u(x) such that x(T) 0 and

;o(0.5) [( Wx, x) + Uu, u)] dt - inf.

It is shown that, when k-0 and W>0, we have that uk(x)- u(x), where uk(x) is the
optimal positional control in problem (0.1)-(0.3) and u(x) is the optimal positional
control in problem (0.1), (0.5). This limited transition is also investigated in detail
when W 0.

1. Finding the positional control u(x). It is a well-known fact that the solution of
problem (0.1)-(0.3) for a fixed T>0 exists and can be found in a nonstationary
feedback form

(1.1) u(x, t) U-1B*N-( T- t)x,

where N(t) is the solution of the Cauchy problem for the matrix Riccati equation

(1.2) & -AN NA* + BU-’B* NWN, N(O) O.

This will be helpful to us throughout the paper.
The optimal value of the functional (0.3) here is

J*(T) k2 T+ (N-( T)xo, Xo).

It is essential here that the Cauchy problem (1.2) has its only solution in the class
of positive definite matrices for t>0 [6]-[8] and is an analytic function of t>0,
according to the Kovalevskaya theorem.

In the case when T is not fixed, we let

J*= inf J*T inf [k2T+(N-’(T)xo, Xo)].
T>0 T>0

Let us designate, for T> 0 and x ", that

(1.3) O( T, x)= k2T+(N-l( T)x, x),

( T, x) ’( T, x)
(1.4)

k2+([N-(T)A+A*N-I(T)-N-I(T)BU-1B*N-(T)+ W]x,x).

Remark 1.1. At each xn\{0}, the function O(T, x) achieves its minimum.
In fact, the function (T, x) is continuous (moreover, this function is analytic on
(0, oe) x In). Since IIN(T)II-’Ilxll < (N-l( T)x, x) and limT_,+o N( T) 0, it follows
that limr_,+o 0( T, x) +c.

On the other hand, it is also clear that limr_,+ q(T, x) +co; so the statement is
verified.

Let I { r > o: p( T, x) <-_ O( t, x) for every t>0}, xeN"\{0}. It follows from
Remark 1.1 that the set Ix # , and it follows from analyticity of the function q(t, x)
that this set consists of a finite number of points. Moreover, if T e Ix, then (T, x) 0.

Thus we have the following remark.
Remark 1.2. Problem (0.1)-(0.3) has a solution for every Xoe Nn\{0}. Moreover,

the set of optimal controls has the form (1.1), where T e Io.
Remark 1.2 gives the solution of problem (0.1)-(0.3) in a nonstationary linear

feedback form.
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Next, we proceed to the choice of the optimal positional control u(x). According
to the required property (iii) of u(x), at each Xo"\{0}, U(Xo) must coincide with
the value of some optimal control of the form (1.1) when 0; i.e.,

(1.5) U(Xo) Q {Uo: Uo -U-’B*N-’(T)xo, T Io}.
If at each Xo the set Qo had precisely one point, then the choice of the positional

control u(x) is trivial. This control would evidently satisfy properties (i)-(iii), with
the possible exception of the uniqueness of the solution of problem (0.4). Such a
situation takes place, for example, in the case when k--0 (linear-quadratic problem)
or in the time optimal problem [9], where the programmed optimal control for each
initial point is uniquely defined. However, in the problem considered here, for some
x, the set I may contain more than one point (for an example, see 4). Therefore the
choice of the unique control u(x), x \{0} having properties (i)-(iii), presents
serious difficulties. Moreover, for any such choice, the control u(x) will be dis-
continuous.

Later in this paper, it is shown that the control u(x) defined by

(1.6) u(x)=-U-’B*N-l(O(x))x, xO,

(1.7) O(x)=minlx,

is the optimal positional control.
We refer to the function that is defined for x 0 by equality (1.6) and defined for

x 0 by (1.6) with 0(0)= 0 as the controllability function. At each x 0, the value of
this function coincides with the minimal positive root of the equation (0, x)=0, at
which the function q(0, x) attains its global minimum.

We conclude this section by establishing some properties of the controllability
function.

Property 1. From O(x)--> O, it follows that x--> 0.
In fact,

(1.8) N( O(x) l1-111xll 2 _-< ,(O(x), x) kzo + N-’( O(x) )x, x).

On the other hand,

(1.9) qt(0, x)=< q(1, x)= kZ+(N-l(1)x, x)<- k:+ U-’(1)ll Ilxl[ .
From (1.8) and (1.9), we obtain that

(.o) x I1(11 N(O(x)) I1-’- N-’() II) --< kz.
Let e be any positive number such that

(1.11) 1- IlN-’()lle >0.

Choose 6 > 0 such that, if 0 < 0(x < , then N(0(x) )11 < ; that is, N 0(x )11 - > / ,
Then, when 0< 0(x)< 6, because of (1.10) and (1.11),

[Ixll=(1/e-IlN-(1)ll)<-k2 [IxllZ<-_ekZ/(1-11N-’(1)ll e

are fulfilled; hence Property 1 is obtained.
Property 2. When O(x) O, then (0(x), x) O.
Let e be any positive number and choose e > 6 > 0 so small that when O(x)< 6,

(N-(e)x, x) < e (this is possible because of Property 1). Then O(O(x), x) <= d/(e, x)
(k + 1)e, which proves Property 2.
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2. Existence and uniqueness of the Cauchy problem solution.
DEFINITION 2.1. We call the function x(t) that satisfies almost everywhere the

relationship

(2.1) 2 Ax- BU-1B*N-I(O(x))x
and is such that the function O(x(t)) is absolutely continuous on t, as the solution of
the differential equation (0.1) with control (1.6). As is seen from the definition, the
solution x(t) is a continuously differentiable function.

Remark 2.1. Consider the system

(2.2)
2 Ax- BU-B*N-(cr)x,

6"=f(t), x(0)-- Xo, or(0)- O(xo).

As is seen from Definition 2.1, the function x(t) is the solution of (2.1) if and
only if there exists f(t) from the class of locally summable functions such that the pair
(x(t), or(t)) of the solutions of system (2.2) satisfies the equation

(2.3)
(o’(t), x(t)) k + ([ N-’ (or( t))A + A* N-’(cr(t))

N-(o’(t))BU-IB*N-(o’(t))+ W]x(t), x(t)) 0,

and, for every t, o-(t)---O(x(t)).
THEOREM 2.1. For any initial condition Xon, the solution x(t) of (2.1), in the

sense of Definition 2.1, exists and is unique on the interval [0, O(xo)), and O(x(t)) =-1
for every O, 0 (Xo)).

The proof uses the following lemma.
LEMMA 2.1. The function (0, x) determined by (1.4) satisfies the equation

(2.4) cP o (cP),, Ax BU-1 B*N-( O)x).

(Here and elsewhere, a subscript variable signifies the corresponding partial derivative.)
Proof Equation (1.4) gives

dp( O, x) k2 + 2(Ax, N-’( O)x) N-l( 0)X, BU-’B*N-l(O)x) + Wx, x).

Since N(O) satisfies the differential equation (1.2), the inverse matrix satisfies the
equation - N-1A+A*N- N-BU-B*N-+ W.(2.5) No

By using (2.5), we obtain that

dP o 2(Ax, [N-’(O)A+ A*N-’(O)- N-’(O)BU-’B*N-’(O)+ W]x)

-2([N-I(O)A+A*N-’(O)-N-’(O)BU-’B*N-’(O)+ W]

.x, BU-B*N-(O)x)

=-(2[N-’(O)A+A*N-’(O)-N-’(O)BU-’B*N-’(O)+ W]

x, Ax BU-B*N-(O)x)

(x, Ax BU-’ B* N-’(O)x),
which proves the lemma.

Proof of Theorem 2.1. We first prove existence of a solution of (2.1).
Assume that in (2.2)

(2.6) f(t) -1, [0, O(xo)).
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Let (x(t), r(t)) be the solution of (2.2), with f(t) given by (2.6). Then, according to
Lemma 2.1,

d
d--- (o-(t), x( t)) -alp o + (di, Ax( t) BU-’B*N-I(o’( t)), x( t)) O.

Since, at the initial instant r(0)= O(Xo), it follows that

,(r(t), x(t)) 0 for every [0, O(xo)).

We claim that, for every t [0, O(xo)), r(t)= O(x(t)), where r(t) is the minimal
root of the equation

(2.7) (O,x(t))=O,

at which q(0, x(t)) attains its global minimum.
To see this, consider the function of two variables

G(0, t) q(0, x(t)), [0, O(xo)).

LEMMA 2.2. For every fixed 01 > O, it holds that

d(Ol-t,t)>=(3(O(xo)-t,t)=G(cr(t),t), t[O, min(Ol,0(Xo))].

Proof. By using (1.4), (2.5), and (2.6), we have that

(cr(t), t)= (N-l(r(t))x(t), Ax(t)- BU-lB*N-l(r(t))x(t))

(2.8) +(Ax(t)- BU-lB*N-l(o’(t))x(t), N-l(o’(t))x(t))-di’(cr(t), x(t))

-k2- Wx(t), x(t)) -( N-1 (o’( t))BU-l B* N-l(o’( t))x(t), x(t)),

as well as

(3(01- t, t)= -(N-l(r(t))BU-lB*N-l(ol- t)x(t), x(t))-k

-(IN-l(01- t)A + A*N-l(Ol- t)

(2.9) N-l(01 t)BU-1B*N-1(01 t)+ W]x(t), x(t))

+ (A*N-l(01- t)x(t), x(t)) -(N-l(01- t)Ax(t), x(t))

-(N-l(Ol- t)BU-1B*N-l(o’(t))x(t), x( t)).

By subtracting (2.8) from (2.9), we obtain that

(3(01- t, t)-(3(o-(t), t)--(N-l(r(t))BU-1B*N-l(r(t))x(t), x(t))

+(N-l(01 t)BU-lB*N-l(O1- t)x(t), x(t))

-(N-l(Ol- t)BU-1B*N-l(o’(t))x(t), x(t))

-(N-l(o’(t))BU-l B* N-l(01- t)x( t), x( t))

V-1/ZB*(N-l(01- t) N-l(cr(t)))x(t)ll 2

_-->0;

so the lemma is proved.
Continuing with the proof of Theorem 2.1, we let G [0, O(Xo) and y (0, +c).

Then, by denoting 01--y + tl, we obtain the following inequality from Lemma 2.2:

((01- t, t) _-> (cr(t), t) for every 6 [0, min (01, O(xo)).
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Integration of this inequality from 0 to t yields

G(0,- t,, tl) G( 0,, O) >= G(o’( t,), t,) G( O(xo), 0),

which implies that

G(O- tl, t)- G(o’(tl), tl) d/(y, x(tl))- tp(r(tl), x(tl))

>-- O( O,, O)- G( O(Xo), O)

(0, Xo) G6(O(Xo), Xo)

>-0.

Ify < r(tl), then 01 < O(xo) and ( 01, Xo) ff(0(Xo), Xo) > 0 because O(xo) is the smallest
value of 0 for which the function ,(0, Xo) achieves its minimum. Therefore (y, x(t))
,(r( tl), t) > O.

We infer that r(t) is the minimal root of (2.3), at which (0, x(t)) attains its
global minimum for every t[0, 0(Xo)); that is, cr(t)=O(x(t)). Consequently, the
existence of the solution of (2.1) with control (1.6), in the sense of Definition 2.1, is
proved.

Next, we show the uniqueness of the solution of (2.1). Partition R"\{0} as follows"
1"\{0} 1LI 2, where, ={x "\{0}: ’o(O(x),x)O}, :{x "\{0}: ’o(O(x),x)=O}.

We consider separately the cases where Xoel and Xoe2, where Xo is the initial
condition.

Let Xoel. Then the equality O(O(xo),Xo)=O holds at the point Xo, and
d’o(O(xo),Xo)#O. Let x(t) be an arbitrary solution of (2.1) with initial condition
x(0) Xo, in the sense of Definition 2.1, and consider the function g(0, t) (0, x(t)).
Then g is continuous and has continuous partial derivatives in 0 and in a certain
neighbourhood of the point (O(xo), 0). Since go(O(xo), 0)#0, the implicit function
theorem implies that there exists a unique absolutely continuous function o-(t) such
that g(o’(t), t)= O(o-(t), x(t))=0, and, according to (2.4),

(2.10) 6- -(, ax( t) BU-1B*N-I( O(x( t)))x( t))dpo -1.

Therefore x(t) is the solution of system (2.2) when f(t)= 1, which proves uniqueness
for any point Xo e.

The case where Xo2 requires a more delicate argument. By the definition of
the function O(x) and the analyticity of q(0, x) in its first argument, there exists the
finite number n 2k, k > 1 such that

oilff( O(Xo) Xo) 0"+l(I)(O(Xo) Xo)
O0

=0, i= l, n" #0.
00.+

Let x(t) be an arbitrary solution (2.1) with the initial condition x(0)= Xo in the sense
of Definition 2.1. Then there exists an interval [0, ’(Xo)], ’(Xo)> 0 such that

(2.11)
0"+’(0(x(t)), x(t))

00,+ 0, 6 [0, r(Xo)].

We next claim that O(x(t))=-1 almost everywhere on the segment [0, ’(Xo)]. To
do this, we argue by contradiction. Since from (2.10) it follows that (x(t))=-1 when
x(t) 1, our assumption means that /xQ > 0, where Q {t [0, ’(Xo)]: x(t) 2,
O(x(t)) -1}. Thus there exists a closed set Q= Q,/xQ> 0, which can be presented
in the form of the union QI=Q t_J Q2, where Q is perfect and Q2 is at most countable.
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LEMMA 2.3. For every point (0, x), we have that

dp(om)(O, x)--([OP (O, x)] (m- IB*1), Ax- BU- N- (O)x)

(2.12) m-,, CJ,,( U-’/B*[dP,,(O, X)](0m-j-l), U-1/2[lx( O, X)](oJ-1)),
j=l

where c < O (j l, rn l, m 2, 3, .) is true.

Proof Note first that, because of (2.5),

(2.13) 2(ax- BU-’B*N-’(O)x)o -BU-’B*dp,.

Then, from (2.4), we obtain that

*oo (o, Ax- BU-’B*N-I(O)x)-1/2(dp,, BU-’B*dp),

which proves the validity of (2.12) in the case where m 2. Let m k and assume that

(P (o) ([Px] (o-’), Ax- BU-’B*N-I(O)x)
k-1

2 c](U-’/:ZB*[dPx](ok-j-l), U-’/B*[*](o-’)),
j=l

where c < 0, j 1, , k- 1. Differentiating this relationship on 0 and using (2.13),
we obtain that

cp (o’+’) ([cp (o’)Ax BU-’B*N-l(O)X)
k, c+’(U-’/ZB*[dP](o’-J U-’/B*[dp](oJ-’),

j=l

k+l k C.+l +C<0, j=2 k-1 and c+’=c_,<0. Thiswhere c

proves the lemma by induction on m.
We return to the proof of the uniqueness of the solution of (2.1) when xo M2.

For every Q1, the definition of M2 yields

(2.14) o(O(x(t)), x(t))=0,

and, moreover,

(2.5) oo(O(x(t)), x(t)) =0,

because O(x(t)) is the point where the Nnction (0, x(t)) achieves its global minimum.
By differentiating identity (2.14) with respect to at the points of the perfect set Q1,
we see that, for Q1,

(o(O(x( t)), x(t)), Ax( t)BU-B*N-(O(x( t)))x( t)) + oo( O(x( t)), x( t))O O.

Considering (2.15), we obtain that

(2.16) (ox(O(x(t)),x(t)),Ax(t)-BS-lB*g-(O(x(t)))x(l))=O,

Therefore Lemma 2.3 with m 2, and (2.15), (2.16) imply that

n*x(O(x(t)), x(t)) =o,
The next claim is that, for n 2k, the inductive assumptions

(2.7) o(O(x(t)), x(t))=,oo(O(x(t)), x(t)) ,"o (O(x(t)),x(t))=o

and

(2.8) n*[(O(x()),x())]’=o, i=o,...,k-, tee,
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imply that

(I)( n+o ’)(O(x(t)), x(t)) @on+Z)(0(x(t)), x(t)) 0

and

B*[dPx(O(x(t)),x(t))]ok)=o, tQ.

To see this, use Lemma 2.3 with m n + 1 and apply (2.18) to obtain that

([dPx( O(x( t)), x( t))] ")o Ax( t) BU-aB*N-’( O(x( t)))x( t))

+,o"+(0(x(t)), x(t)) =0,

On the other hand, by differentiating (2.17) with respect to t, 6 Q, we have that

dP"+)( O(x( x( t))O(x( t))

+ ([x(0(x(t)), x(t))]on)Ax(t)- BU-B*N-’(O(x(t)))x(t)) O.

Adding the previous two equalities and considering that O(x(t)) -1, Q, we infer
that

(2.19) (O(x(t)),x(t))=O, t6Q,.

By (2.17), (2.19), and the fact that p(0, x(t)) has global minimum at thepoint O(x(t)),
we also infer that

(.o) ,o"+( O(x( t)), x( t)) o, ,
Furthermore, Lemma 2.3, with m n +2 and (2.18)-(2.20), yields

B*[x( O(x(t)), x( t))] ok)--- 0,

Thus we have proved by induction that, for every integer n > 0,

dP")(O(x(t))o x(t)) 0,

However, this clearly contradicts (2.11).
It follows that almost everywhere on the segment [0, -(Xo)] we must have that

O(x(t)) -1, and, because of absolute continuity, O(x(t)) -1 for every [0, ’(Xo)].
Therefore x(t) is the solution of system (2.2) when f(t)= -1, which proves uniqueness
for every Xo 2, and completes the proof of Theorem 2.1.

3. Optimality of positional control. In this section, we will verify that the control
u(x), given by formula (1.6), also has properties (ii) and (iii) stated in the Introduction.

THEOREM 3.1. Consider the optimal control problem (0.1)-(0.3). Let O(x) be the
controllabilityfunction and suppose that the control u(x) is given by (1.6). Then, for every
Xo , we have that lim,-Oxo x(t)--> 0, where x(t) is the solution of the closed-loop
system (0.4), and functional (0.3) achieves its minimum at this control u(x)t)).

Proof. The fact that limt-,0xo) x(t) -> 0 follows from

lim O(x)= lim (0(Xo)-t)=0.
t--> O( xo) O( xo)
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Consider the value of the cost functional (0.3) at the control u(x) and the solution
x(t) corresponding to it. Using (2.5) and (2.6), we have that

O(Xo)-e
J(u(x))= lira [(Uu(x(t)), u(x(t)))+(Wx(t),x(t))] dt+ keO(xo)

+O .I 0

O(Xo)-e
lim 6(O(x(t)), x(t)) dt
+O 0

lim q(O(x(O(xo)-e)),x(O(xo)-e))+q(O(xo),Xo)
--+0

o(O(xo), Xo)

k20(xo) nu (N-l( O(Xo))Xo, Xo)

min[k20 + (N-l(O)xo, Xo)].
o>o

This completes the proof.
Example 3.1. Consider the optimal control problem

2=u, x(0) Xo, x(T) 0, J(u)=k2T+fT
do

(X2 -]" U 2) dt.

In this case, N(t) is found as the solution of the Riccati equation

//=l-S2, S(0)-0,

and a simple computation yields

e2t

N(t)-e2t+ 1

The functions $ and are given by

e2 q- 1 4 e2
( 0, X) k 0 q-

e2 1
x2, (I9( 0, x) k2

(ca0 1)2
x2.

The controllability function O(x) is the solution of the equation

4 e2x2

(e2-l)x2
=k2.

Solving this equation for 0, we obtain that

2x2 + k + 2/x + x2k
0=-In

2 k

(note that the other root satisfies (2x2+ k2-2/x4+x2k2)/k2< 1, and so discarded).
Thus the optimal control is given by the formula

e2(x) q- X
2 q- k q-/x4 -Ji- x2k2

u(x)=---x=- x.
e2(x)- 1 x2 q-x/X4 q- k2x

4. Solution of the problem with the mixed cost function in the case where W 0. In
the case considered in the previous two sections, the solution of the differential Riccati
equation (1.2), as well as the solution of the differential equation (0.4) in the sense of
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Definition 2.1, are not presented in the explicit form. If, however, we restrict our
attention to the case where W 0, then explicit forms of the solutions can be obtained.
The Riccati equation (1.2) in this case has the form

(4.1) /r -AN- NA* + BU-1B*,

and its solution for the initial condition N(0)= 0 is given by

(4.2) N(t)= e-ABU-1B* e-A** dr.

Hence it follows that this matrix is positive definite for > 0 and satisfies

AN(t)+ N(t)A* A e-’BU-B* e-* d-+ e-’BU-B* e-a*" d-A*

(4.3)

d(=U-*-(,

where

(4.4) I(t) e-A’BU-IB* e-A*t.

The inverse matrix is readily seen to satisfy the equation

(4.5) N-(t)A+A*N-I(t) N-l(t)BU-1B*N-l(t)-N-(t)I(t)N-(t),

and the functions q and take the form

(4.6) (0, x) k2-(I(O)N-(O)x, N-l(O)x),

(4.7) d/(O,x)=k20+(N-l(o)x,x), kO.

Using these expressions to help in defining the controllability function O(x), and using
the control u(x)=-U-B*N-(O(x))x, we can easily obtain the explicit form of the
solution of (2.1) in the sense of Definition 2.1.

In fact, considering that on the trajectories of (2.1) the function O(x) satisfies the
equation O(x(t)) =-1, and substituting y(t)= N-(O(x(t)))x(t), we have that

9=[S-(O(x(t)))A+ S-(O(x(t)))I(O(x(t)))S-(O(x(t)))

u-l(O(x(t)))BU-’B*N-’(O(x(t)))]x(t).

Because of identity (4.5) we obtain that ( t) -A*y( t). Hence

y(t) e-A*’N-I(O(Xo))Xo

and

x(t)= N(O(x(t))) e-A*tN-’(O(Xo))Xo N(O(xo)-t) e-A*’N-l(O(Xo))Xo

Thus x(t) - 0 when - O(xo) because N( O(xo) t) 0 as O(xo).
Example 4.1. Consider the optimal control problem

)1 X2, 92-- U,

J(u) k2r+ l,l
2 dt;
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that is, 2 Ax + Bu, where

xE,2, UE" A=(00 10) B=()

fo (03/3-02/2)N(0)= e-atBB* e-a*t dt
_02/2 0

12 ( 0
-(0= o/ o3/].

A direct computation yields, for 0 > 0, that

12X 12XlX 4x(O,x=(-l(ox,x+o=+ ++ o,
0 0

(0, X)= -(N-l(o)J(O)N-l(O)x, x)

36x 24xx 4x=k
04 03 0

=k- 6+2 k>0.

The function 0 O(x) is found as the minimal solution of the equation

(4.a) 0 6x+4xxO +4xO,
at which the function

12x 12xx 4x+ ++kO(4.9) 0(0, x) 03 0 0

k>O,

assumes into its global minimum.
Consider the parabola defined by the equation

(4.10) x, oxlx21,
where ao is the unique root of the equation

G(a, kZ[b,-b2]+4[-- --2] [- -] [-12a + 12a 2 0,

(4.11)

b=-[v/1-6ka-1], b2= [x/1-6ka + 1],

chosen so that 0 < ao < 1/6k. To see that such a root exists, observe that if a << 1, then
G(a) 4/9a >0, while if a 1/6k, then G(c) =[2,,/-3] < 0. To show that the root

ao is unique, we calculate

2a-b 2a-b2
b---F-,
2c

2 [2(,/+-,/-+,/--1
2

k2
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It is evident that

P(O) -3, 2x/- 3 < O,

and

P’()
6k

x/1 +6ka x/1-6ka
[v/1 +6k + v/1 6ka 6ka > 0

for every a(0, 1/6k). Therefore P(a)<0 for every a(0, 1/6k); that is, G’(c) <0,
for every a (0, 1/6k), so (4.11) has a unique root in the interval (0, 1/6k).

Let

s, (x : x, -oxlxl, x, > o},

s (x : x, -oXX, x, < 0},

S+= {X 2] Xl > -ox2lx=l}, S_ {x 2: Xl < _oX2lX2l}

(4.12) O(x)={ 1/k(x+x+6kxl)’ (x"x2)S+US’
/(-x+]x x, (x, xl e s- &.

The function O(x) has a discontinuity at the point of the set S1U S because

1 1
; (X --4X + 6kx,) > ; (--X +x/xZ-6kx,), (Xl, X2) S2,

; (--X +x/x2-6kx,) > (X2 "-[-/X22 -[- 6kx,), (Xl, X2) S

It is evident that, in this case, the set

[]2 {X 2\{0}: ()to(O(x), X)---0}

introduced in 2 is empty. The control u(x) transferring an arbitrary space point
to the origin is given explicitly by

6 4
(4.13) u(x)=-B*N-’(O(x))x= 02(x Xl- 0() x2;

that is,

(4.14)

x22 x2x/x22 + 6kx

3Xl
-k,

u(x)
|x2 + x2x/x22 -6kx,

3xl

(Xl, X2) S+ J S1,

(Xl, x2) S- (_J S

The solution of the system

(4.15) 91 X2, 92 /,/(X),

in the sense of Definition 2.1, where u(x) is given by (4.14), is given by formulas

Xl(t) C,(O(Xo) t) 2 + C2(O(Xo) t) 3,

X2(t) --2C,(O(Xo) t) 3C2(O(Xo) t) 2,
where c, Ca are found from initial conditions.
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We note that if the point Xo (Xo, X2o) S t_J $2, then there exist two trajectories
satisfying system (4.15) for every and leading to 0; namely,

x(t) c(a- t)2+ c2(a- t)3, x2(t) -2c(a- t)-3c2(a- t),(4.16)

where

and

(4.17)

where

=’-f (X2o+/X,o+6kXlo),: C, 2al
K a

-a,x2o + 2 oX=olX=o]
C2

x,(t) t,(a2- t)2+ t2(a- t)3, x2(t) -2tl(a2- t) 372(a2- t) 2,

1
a - (-Xo+ /Xzo 6kx,o),

(/2X20 3 CeOX20[X20

-a2x2o + 2 ox20lx20l

Furthermore, it is easy to see that when Xo S, trajectory (4.16) satisfies Definition
2.1. On trajectory (4.17), the function O(x(t)) is not absolutely discontinuous, although
the equality O(x(t))=-I is satisfied for every t. For Xo S, the only trajectory that
satisfies Definition 2.1 is trajectory (4.17). The constructed synthesis gives the optimal
solution of the problem

)1 X2, 92-- Il,

(4.18) T

J(u) kT+ u dt inf.

The optimal value of the cost function is

12X2o 12XoX2o 4X2o k
O (xo) O (xo) O(xo)

+ O(xo),

where O(x) is given by (4.12). From (4.11), it follows that, for Xoe $1U $2, both
trajectories (4.16) and (4.17) are solutions of problem (4.18).

We conclude this section by noting that the forms of (4.8) for the definition of
the controllability function and of control (4.13) are fully analogous with the forms
of the equation for the function 0 and for the control u(x) of a corresponding example
from the work [4], while solving the problem of finding possible nonoptimal positional
control.

5. Finding the positional control in the optimal stabilizability problem. In this
section, the connection between the solution of the problem with the mixed cost
function (0.1)-(0.3) and the optimal stabilizability problem is investigated.

THEOREM 5.1. Let W>0. Then, for every Xo6Rn, the optimal control llk(X for
problem (0.1)-(0.3) tends to the optimal control Uo(X) for the optimal stabilizability
problem when k O.

Proof Let N(t) be the solution of the Cauchy problem (1.2) and let N be a
positive definite matrix solution of the algebraic Riccati equation

(5.1) AN q- N1A* BU-B* + N WN O.
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The matrix G given by

(5.2) O N,- N(t)

is the solution of the Cauchy problem

(5.3) d=-(A+N,W)G-G(A*+ WN1)+GWG, G(0) NI.
In addition to (5.3), we consider the Cauchy problem

(5.4) P= P(A+ N W) + (A*+ WN)P- W, P(0)=

As is well known, the solution of this problem is

(5.5) P(t)=e(A*+WN’)’N- e(A+N,W)t- e(A*+WN’)’We(A+N’W)" dr.

It will be convenient to introduce the function

f(t) (P(t)x,x) (N-(l e(A+N,w)’x, e(a+N’W)tx)

(5.6) (We(A+N,W), (A+N,x, e Wx) dr

for x0 and t>=0.
We structure the remainder of the proof as a sequence of lemmas.
LEMMA 5.1. For every fixed x O, we have that fx( t) >= O, for every >- O, and, for

every t > O, t) does not vanish identically on the interval [0, l].
Proof. We first calculate

f(t) (N?(A + N, W)y, y)+(N-’y, (A + N1W)y)-( Wy, y),

where y= eA+N’W’X. Then, because of (5.1),

f(t)=([N;A+ W+A*N-(+ W-W]y,y)

(5.7)
=(N-(BU-’B*N-Y’ y)

-II U-/2B*N-
>=0.

Suppose that x 0 and t > 0 are such that

(5.8) B*Nf e(a+N’W)’x=O for every e [0, tl].

Using (5.1), repeatedly differentiating (5.8), and setting 0, we obtain that

B*(N-(A+ W)x= B*(A*N-- N-IBU-B*N-()x

B*(A*- N-(BU-B*)N-(x=O,

B*(A*- N-BU-B*)2N-lx =0,

B*(A* N-(1BU-B*)m-N-(x O.

Hence, because of complete controllability of the pair ((A-BU-B*)N-(, B), it
follows that N-(x--O, x0, which contradicts to positive definiteness of N. This
completes the proof of Lemma 5.1.
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COROLLARY 5.1. At every fixed x # 0, the function (P(t)x, x) is strictly increasing
for > 0; i.e., t2 > tl implies that (P(t2)x, x) > (P(t)x, x).

COROLLARY 5.2. It holds that N( t)-> N1 as t-> +c.
To prove the corollaries, note that, because of the continuity of fx(t) for each

fixed x, there exists for every T>0 an interval [a, fl]c[0, T] on which fx(t)>0.
Consequently,

(5.9) f() d > 0 for every x 0, r > 0.

If we designate

(5.10) M(t)= eA*+WN)BU-B* e(A+N,W) dT",

then, from (5.9), it follows that M(t) is positive definite for > 0. Choose a constant
c > 0 such that, for every x

(5.11) (M(1)x, x)= eA**WN’’BU-’B* e

We claim that (M(t)x,x)-->+c as t+. In fact,

(M(t)x,x)= e(*+,’BU-B* e(+," drx, x
k=O

+ e(*+,’BU-B* e(+," dx, x

+ WN ) (A+N W) (A+N W) (A+N W)k
Xe( BU-B* d x,

k=O

+ e(*+,’BU-B* e(+, drx, x

It is known [10] that A-BU-1B*N[ is a stable matrix; therefore, from (5.1), it
follows that -A*- WN is also stable. Thus there exists a constant c > 0 such that
Ie(+, xll e clxl for every k>0 and for every x. From (5.11) and (5.12), it follows
that (M(t)x, x)[t]ccllxll

Considering relationship (5.6), we have, for > 1, that

(P()x,x)=

Thus, for the inverse matrix G()= P()-I, we have that

G( t)x, x) IIx t]cc),
which immediately yields that (G(t)x, x) 0 as . The conclusion of the corollary
follows from relationship (5.2).

LEMMA 5.2. Let Q(t) be a positive definite matrix for > 0 and suppose that, for
each x # O, the function Q( t)x, x) is strictly increasing for > O. en, for each x O,
the function Q-(t) x, x) is strictly decreasing for > O.

Proof A direct computation yields that

d
d Q-l( t)x, x) -(Q-OQ-x, x) -( O(t) Q-l( t)x, Q-l(t)x) -(( t)y, y) o,

where y Q-l(t)x; thus the function (Q-l(t)x, x) is nonincreasing.
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To show that this function is strictly decreasing, suppose, to the contrary, that
there exist tl and t2, tl > t_ such that (Q-(t2)x, x) (Q-l(t)x, x) for some x 0; i.e.,
([ Q-(t2) Q-(tl)]x, x) 0. Since Q-(t2) Q-a(t) is negative semidefinite, it follows
that Q-(t2)x Q-(tl)x. Designating Q-(t)x y, we obtain that x Q(t2)y Q(t)y
and (Q(te)y, y)= (Q(t)y, y), which contradicts the lemma’s supposition. This com-
pletes the proof.

COROLLARY 5.3. For everyfixedx O, thefunction N-l( t)x, x) is strictly decreasing
for t>0.

In fact, from Corollary 5.1, we have that (P(t)x,x) is strictly increasing. Since
P(t) is positive definite for 0, it follows that P(t) is positive definite for > 0. Thus
the inverse matrix P-l(t) is positive definite, and, according to (5.2) and (5.3), coincides
with G(t). Considering relationship (5.2) and applying Lemma 5.2, we twice obtain
the corollary.

LEMMA 5.3. For x fixed, the controllability function Ok(X) tends to +o as k- O.
Proof For T> 0 and 0 [0, T], we have that

b( O, x) k20 + S-’( O )x, x)>- S-’( O )x, x)>- S-’( T)x, x).

In accordance with Corollary 5.3, (N-I(T)x, x) > (N-(2T)x, x), so there exists k > 0
such that

kT+(N-(2T)x,x)<(N-(T)x,x)<-(O,x) for every 0[0, T].

Thus (0, x) cannot attain its global minimum on the interval [0, T]. The statement
of lemma follows because T> 0 is arbitrary.

Theorem 5.1 follows from Lemma 5.3 and Corollary 5.2, since

J(u) [(Wx, x)+(Uu, u)] dt as k0,

and, because of (1.6), the control u(x)-’-U-1B*IIX as
If we drop the assumption that W> 0, then the matrix equation (5.1) may have

no solution. Nevertheless, the limit of the matrix N-(0) can exist, and, moreover, the
control u=-U-B*Mx, where M=limo_ooN-(O), can be optimal for the linear
quadratic problem; that is, the form ofTheorem 5.1 can occur when positive definiteness
of the matrix W is no longer assumed.

We will consider the case when W=0 and will obtain the exact answer to the
question about the validity limits of Theorem 5.1 in terms of the matrix spectrum. With
this purpose we consider the matrix

N(O) e-A’BU-IB* e -A*" dr

as the solution for the differential equation (4.1), satisfying identity (4.5).
We claim that lim0_ N-l(0)= M exists and that this limit is the solution of the

equation

(5.13) MA +A*M MBU-B*M.

LEMMA 5.4. The function N-(O) has a limit n2 as O-c, and M satisfies
(5.13).

Proof Note that the function (N-(O)x, x) is decreasing in 0 for every fixed x
because, due to (4.4), its derivative -(N-l(o)I(O)N-l(O)x,x) is nonpositive. Since
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the function (N-l(O)x,x) is also bounded from below, the matrix N-I(O) has a limit
M when 0 .

Let us further consider identity (4.5). Letting 0o in (4.5), we know that
the matrix N-(0)I(0)N-(0) has a limit, and therefore the function
-(N-(O)I(O)N-(O)x, x) also has some limit. Since the latter is the derivative of the
function (N-(O)x, x), which has a finite limit, it follows that

limo__,oo (N-’(O)I(O)N-’(O)x, x)=0

for every x "; hence

limo_,oo (N-’(O)I(O)N-’(O)=O.

Therefore the matrix M satisfies (5.13), and Lemma 5.4 is proved.
Let A-BU-1B*M. The root subspaces of an n x n matrix C corresponding

to the eigenvalues with the positive, negative, and zero real parts are denoted by L/(C),
L_(C), and Lo(C), respectively.

LEMMA 5.5. It holds that L+(A) fq Ker M {0}; L+(A) Ker M {0}.
Proof We argue by contradiction. Let x be an eigenvector of the matrix A, or ,

corresponding to an eigenvalue A with Re A> 0, and suppose that Mx =0. Then
Ax Ax Ax. Choose a control u(t), [0, T] that transfers the point x" to the
origin during the time interval [0, T]. We have that -x e-A’Bu(t) dr. Let y be a
root vector of the matrix A* corresponding to the eigenvalue A such that (x, y)# 0.
Then there exists a ceain vector polynomial q(t) such that

[(x, y)l (e-AtBu(t) dt, y) (u(t), B* e t) dt

(5.14) (Uu(t), u( t)) dr) 1/2 }B* e-x’ q( t) at

c (Uu(t), u(t)) dt

where c=( liB* e-X’q(t)l] dr) ’/.
Specifically, let us choose u(t) in the form of u(t)=- U-B* e-A*’N-(T)x. It is

clear that this control transfers the point x to the origin. Then, from (5.14), we have that

C

(io -A*(B* e-*’N-l(T)x, U ’B* e N- (T)x)dt

hence

Mx, x) >=-fi l(x, y) >0.

Inequality (5.15) contradicts the assumption that Mx 0, and the lemma is proved.
LEMMA 5.6. It is true that Lo()+ L+()c Ker M.
Proof. Let x be an arbitrary eigenvector of the matrix A corresponding to an

eigenvalue h with Re h _>-0. We will show that Mx O.



OPTIMAL CONTROL PROBLEM WITH MIXED COST FUNCTION 641

We argue by contradiction Let Mx O. Then, from relationship (5.13), it follows
that

(5.16) A*Mx )tMx.

Taking the inner product of the equality Ax-BU-B*Mx Ax with Mx and using
(5.16), we have that

(5.17) (Ax, Mx)-(BU-B*Mx, Mx) -(Mx, x)= -II U-/2B*Mxll 2.

Because of (5.17), B*Mx=O. Since MxO is an eigenvector of the matrix A*, it
follows that B*(A*)iMx 0, i= 1, 2, 3,. , which contradicts the complete controlla-
bility of the system. Therefore Mx O.
The remainder of the proof will be performed by induction. Suppose it has been

proved that, for all root vectors x of height r of the matrix A located in Lo(A) + L/(A),
Mx 0 is fulfilled. We will prove that My 0, where y Lo(.)+ L+(/) is an arbitrary
root vector of height r + 1. Again, we argue by contradiction. Let My O. Then, from
relationship (5.13) and from the assumption of induction, we have that

(5.18) -(A* + AI)My= M(A-AI)y=O;

that is, My is an eigenvector of A* corresponding to the value eigenvalue A.
As shown before, from the equality Ay-BU-1B*My Ay/x, where x is a root

vector of height r, and using (5.18), we obtain that

(Ay, My)-(BU-B*My, My)= -(My, y)- U-/=B*Myll

A(My, y)+(x, My)= A(My, y),

for (x, My)= (Mx, y)=0 because of the induction assumption. Hence

0 <- ( + ,)(My, y)= U-/ZB*Myll 2,

which contradicts the complete controllability of the system. This proves the lemma.
LEMMA 5.7. It holds that Im M c L/(A*).
Proof Let yl, , y, be a basis of R" that consists of the proper and root vectors

of the matrix/. Then

Im M Span (My,..., My,).

Suppose, for some i, 1 <_- <= n, that Myi 0 and let Ai be the eigenvalue correspond-
ing to the root vector y. Because of Lemma 5.6, Re A < 0. We have, using relation
(5.13), that

(a* + AI)My, (a* + AI)My My

r--I(A* + AI)My =0,

where r is the height of the root vector yi. Then (A*+AI)rMy =0, and therefore
Myi L+(A*).

Because of the arbitrariness of i, 1 <-i-<_ n, the lemma is proved.
THEOREM 52 The spectrum of the matrix , A-BU-1B*M is contained in the

closed left halfplane; that is, the state space " can be represented in form of direct sum

" L_(,)+ Lo(,), where Lo(,)= Lo(A), L_() = L_(A).
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Proof From Lemmas 5.5 and 5.6, it directly follows that L+(A)= {0}, so that

" L_()+ Lo(). From Lemma 5.6, it also follows that Lo()c Ker M, which leads
to the inclusion

(5.19) Lo(a) Lo(a).

In fact, x Ax for every x Lo(,), which yields that

.2x Ax+ BU-B*MAx AZx + BU-B*M,g,x AZx.
Similarly, A"x A"x, for every n 3, 4,. ., so the given inclusion (5.19) is proved.

Furthermore, from Lemma 5.5, it follows that

dim L/(A) dim L/(A*) -< dim Im M.

However, from Lemma 5.7, we conclude that ImM=L/(A*). Hence Ker M=
L_(A)+ Lo(A), and, as we saw before,

(5.20) Lo(A) c_ Lo(),
(5.21) L_(a) cc_ L_(a).

The assertion of the theorem follows from the inclusions (5.19)-(5.21).
THEOREM 5.3 (concerning the solution of the optimal stabilizability problem

when W=0). 1. For any initial data Xo L_(A), the control u= u(x)=-U-1B*Mx
gives the solution of the optimal stabilizability problem.

2. Ifxo L_(A), an optimal solution does not exist.

Proof Let us denote m(x)=inf,,)nJ(u), where J(u)=o (Uu(t), u(t)) dt and
12 is the set of bounded measurable controls that transfer the initial state Xo asymptoti-
cally to the origin as t- .

We claim that m(xo)= (Mxo, Xo). To see this, let

(5.22) Uk(t)_
U-IB* e N-l(k)xo, te[0, k],

t (k,o),

for k 1, 2, . Then J(Uk) (N-(k)xo, Xo), k 1, 2, , and hence

(5.23) m(xo) <- (Mxo, Xo).

Suppose that m(xo)< (Mxo, Xo). Then there exist e >0 and a control a(t) trans-
ferring the point Xo asymptotically to the origin such that

Io(5.24) m(xo) <- (Ua(t),a(t))dt<(Mxo, Xo)-e.

Let if(t) be the solution of the equation (t)-- Aft(t)+ Ba(t) with initial condition
Xo. Since (t) 0 as t- , then there exists T> 0 such that

(5.25) (N-’(1):(T), 2(T)) < e.

Let the control a(t) be defined on the segment [0, T+ 1] by the formula

f a(t), [0,
t) -U-’B* e-A*’-r)N-’(1)(T), t[T, T+I].

It is clear that the control t(t) transfers the point Xo to the origin on the time interval
[0, T+ 1], and, because of (5.23) and (5.24), we have that

T+

(5.26) (Ud(t), (t)) dt < (Mxo, Xo).
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On the other hand, it is known that, for any control t(t) transferring the point Xo to
the point 0 on the time interval [0, T+ 1], the inequality

fo
r+.

(5.27) (U6(t), 6(t)) dt>-(N-(T+l)xo, Xo)>=(Mxo, Xo)

is fulfilled.
The contradiction between (5.25) and (5.26) shows that m(xo)>=(Mxo, Xo).

Considering (5.23), we infer that m(xo) (Mxo, Xo).
We now can prove assertion of Theorem 5.3.
Let Xo L_(fi,) and let x(t) be the solution of the equation with the control

u(x)=-U-B*Mx. Then x(t)O as . On the other hand, because of (5.13), we
have that

d

d---t (Mx(t), x(t)) (a*Mx(t), x( t))- 2(MBU-B*Mx(t), x(t)) +(MAx(t), x(t))

(5.28) -(MBU-’B*Mx(t), x(t))

-(Uu(x(t)), u(x(t))).

Integrating (5.27) from 0 to T, we obtain that

fo ;o(Uu(x(t)), u(x(t))) dt:- --tt (Mx(t),x(t)) dt

(Mxo, Xo) Mx(T), x(T)) - (Mxo, Xo)

m(xo) as T-,

which proves assertion of Theorem 5.3.
Next, we turn to the proof of assertion 2 of the theorem. Suppose first that

Xo Lo(A)= Lo(A) (recall Theorem 5.2). Because of Lemma 5.6, Lo(A)c Ker M, so
that m(xo)= 0. Since the control u--0 does not transfer the point Xo to the point 0,
assertion 2 is proved in this case.

Next, suppose that Xo L_(fi,). Then, from Theorem 5.2, it follows that Xo yo+ Zo,
where Yoe L_(fi) and Zoe Lo(fi). Let v(t) be any control transferring the point Xo to
the point 0 asymptotically as t-c and let x(t) be the solution of the equation
corresponding to this control such that

J(v) (gv(t), v(t)) ctt >-_ m(xo).

Denote by y(t) the solution of (0.1) with initial condition Yo and control u(y)=
-U-B*My. Because of the linearity of (0.1), it is clear that the control w(t)=
v(t) u(y(t)) transfers the point Zo to the origin of coordinates asymptotically. A direct
computation yields that

d
(My(t), x( t)) (Milky(t), x( t)) + (My(t), ax( t) + By(t))

dt

([MA MBU-’B*M + A*M]y(t), y(t)) + (My(t), By(t)).

Because of (5.2), we obtain that

d

(5.29) d---(My(t),x(t))=(My(t),Bv(t))=(UU-’B*My(t), v(t))

=(Uu(y(t)), v(t)).
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Hence, for every T> 0, because of (5.27), we have that

W(t)) dt
o

(uv(, v( a- (uv(, u(y(ll

(5.30) + Uu(y(t)), u(y(t))) dt

(Uv()), v(t)) de+ 2(My(r), y(r))

2(Myo, Xo) + (Myo, Yo) (MY(T), y(T))

(Mxo, Xo) 2(Myo, Xo) + (Myo, Yo) as T

because x(T), y(T) tend to zero as T. Theorem 5.2 implies that Mxo Myo, so,
from (5.29), we obtain that

J(w) (Myo, Xo) 2(Myo, Xo) + (Mxo, Yo) -(Myo, Xo) + (Mxo, Yo) 0

because (Mxo, Yo) (Myo, Xo) is a real number. It follows that W(t) must be identically
equal to zero. However, as we have seen before, the zero control does not transfer the
point z0 to the point 0, so this contradiction proves asseion 2.

COROLLARY 5.4. If the spectrum of the matrix A is disjointfrom the imaginary axis,
then, for every initial state Xo", the control u(x)=-U-B*Mx gives the solution of
the optimal stabilizability problem.

Example. Let the controlled process be described by the system

-llx+6x, =-20xa+llxz+u,

;oJ(u) u dt,

-20 11

Straightforward computations yield

e-e--180 e-ge--330+ .N(O)= eO_9e_O_330+ e-18e--600+]’
e 18e- 600+ e+e-+330-

e e- 0
1;N-l(0)= -e+e-+330- e-e- 180 + -9_

u(x) -B*Mx xl 2x2.
With the control u(x), the system takes the following form:

-llx +6x2, 2 -x+9x2.
(X X=-l).

The optimal value of the cost function for the initial state x (x, x2) is given by
m(x) x+2x-xax2.
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Abstract. An orthogonality concept in normed spaces is defined and used to obtain sufficient and
necessary conditions for efficiency, weak efficiency, and proper efficiency via norm scalarization for the case
of general (nonpointed) cones. As an application, a control approximation problem with a nonpointed
ordering cone is considered.
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mation
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1. Introduction. Scalarization means the replacement of the problem of finding
an efficient (or weakly efficient, properly efficient) point of a subset S of the objective
space X by a scalar problem of minimizing and/or maximizing a suitable functional

f on X. If this functional is a norm, we have a norm scalarization. Perhaps this type
of scalarization together with linear scalarization are of the most importance, because
norms and linear functionals are in a sense simplest and best to handle. Furthermore,
norm scalarization gives close relations between vector optimization and approximation
theory.

Scalarization by the Euclidean norm was considered in [15], [21] among others,
and by Chebyshev norm in 3 ]. For a complete review ofvarious aspects of scalarization,
including norm scalarization, in En, the reader is referred to [19]. In particular, the
weighted Ip norm, the weighted Chebyshev norm, and a composite norm were investi-
gated there. Moreover, the mentioned scalarizing functional f is usually considered
depending also on a vector parameter a, sometimes called a controlling parameter,
since the decision maker can specify the values of ce. A scalarizing functional f should
desirably have certain properties. For instance, roughly speaking, we say that f is
complete if and only if (, ) being a minimum of f (for some c, and on a suitable
set of (x, a) related to S) is a necessary and sufficient condition for to be an efficient
point of S. The completeness and various aspects of constructiveness of scalarization
such as local controllability, robust computability, simplicity, and so on are considered
in 19] for finite dimensions. Some of them are examined for differential games in [20].

The present paper concerns only one aspect: sufficient conditions and necessary
conditions for efficient, weakly efficient, and properly efficient points via norm scalariz-
ation without a controlling parameter.

In [17] Wierzbicki proved the following sufficient condition. Assume that the
ordering cone C of a Hilbert space X is such that

(1) C
_
C*:= {x* e X*/(x*, x)>=O, Vx C}.

If is a unique minimum of IIx-l[ on S (or a unique maximum of it on a certain
part of S), for a suitable reference point , then is an efficient point of S.

Received by the editors April 4, 1990; accepted for publication (in revised form) July 23, 1991.
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Rolewicz [14] extended this result to normed spaces under the condition

(2) C CI (x C) c_c_ B(O, ]]xll) U {x} for all x e X,

where B(O, r) stands for the open ball of radius r and centered at O, and proved that
if X is a Hilbert space, (1) and (2) are equivalent. In [7]-[9], Jahn explained (2) as
the condition that the norm in X is strongly increasing and generalized the result to
the case of general strongly increasing functionals, which need not be the norm of X.
He proved various necessary conditions and sufficient conditions for efficient points,
weakly efficient points, and properly efficient points in terms of norms additionally
defined on X. Moreover, these scalarization results proved to have interesting applica-
tions in approximation theory [10]. However, all the mentioned conditions are much
more restrictive than pointedness. In fact, (1) means that the angle between any two
vectors of C must not be greater than rr/2. In practice, ordering cones not satisfying
this condition or even nonpointed are often met. For example, the lexicographic order
does not fulfill (1), nor does any ordering cone, which is strictly greater than R_ in
the Euclidean space. But this situation is quite frequently faced because the preference
of the decision maker may be "looser" than that defined by R. For an example with
nonpointed cone, see 6.

In this paper, we extend these results to normed spaces ordered by general ordering
cones. We prefer to consider scalarization without additional norms because this says
more about the geometric structure of X, in addition to possible applications in
approximation theory.

In 2 we recall the definitions of the needed optimality notions in vector optimiza-
tion and introduce an orthogonality concept in normed spaces. Section 3 is devoted
to sufficient conditions under assumptions weaker than (1) and (2). We also explain
how to apply the results. In the next section, similar results are proved for weak and
proper efficiency. Section 5 deals with necessary conditions for efficiency and weak
efficiency via norm scalarization. Finally, an application to a control approximation
problem with a nonpointed ordering cone is examined in 6.

2. Definitions. First recall some notions. Let S be a subset of a normed space X
ordered by a convex cone C. A point 2 S is said to be an efficient point of S if there
are no points x S such that x (2- C)\(2 + C). If the relative interior tiC is nonempty
and there is no x S such that x 2-riC, 2 is called a weakly efficient point of S.
There are various notions of proper efficiency given by Kuhn and Tucker 13], Hurwicz
[6], Geoffrion [4], Borwein [2], Benson [1], and Henig [5]. In the simplest case, where
X En, C [+, and S is convex, all these notions coincide. For a consideration and
comparison of these notions in En, see 16], and in infinite-dimensional spaces, see 11].

In the present paper, we use the following definition of Borwein. A point 2 S is
said to be a properly efficient point of S if O is an efficient point of the tangent cone
T(S + C, 2) of S + C at 2. In the following, we will use the notation E(S, C), WE(S, C),
and PE (S, C) for the sets of all efficient points, weakly efficient points, and properly
efficient points, respectively, of S (with respect to the ordering cone C).

We define an orthogonality in a normed space X as follows. Assume that X is a
direct sum X L0)L+ of two closed subspaces, with codim L > 1. Then we say that
L+ is orthogonal to L if the following monotonicity of the canonical projection
p: X-+ L+holds: d(Xl, L)< d(x2, L) implies [Ip(x)]l < IIp(x2)ll. Observe that if L+ is
orthogonal to L, then d(x,,L)=d(xz, L)implies IIp(x)ll=llp(x2)ll. Indeed,
d(txl, L)< d(x2, L) for e (0, 1). Hence, IIp(tx)ll < IIp(x2)ll. Taking the limit as t 1,
we obtain IIp(x,)ll <= ]lp(x2)ll. Similarly, IIp(x2)]l--< ]lp(xl)ll.
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Note that if codim L 1, the above monotonicity always holds and then does not
specify an orthogonality.

PROPOSITION 2.1. Let X be a Hilbert space and L be a closed subspace. Then the
orthogonal complement L+/- (in the usual sense) is orthogonal to L. Conversely, if L+ is

orthogonal to L and L+ (’1L+/-= {0}, then L+= L+/-.
Proof L- is clearly orthogonal to L. Now let L+ be orthogonal to L and L+

{0}. Suppose x, L+\L+/- exists. Then d(x,, L)< IlXlll. We find l L satisfying d(xl, L)<
Ilxl- III< Ilxl II. In L+ (-I L+/- {0}, there exists x2 with [Ix211 "---IlXl- ll[. Hence, d (xz,L)
[[Xzll > d(xl, L), which contradicts the fact that Ilp(x2)ll Ilx2l[ < Ilxl[I Ilp(xl)ll. So,
L+

_
L+/-. If L+ was a proper subset of L-, there would exist 0 x L- such that (x, l) 0

for all 6 L+. This and the fact that (x, l)= 0 for all l’ L together imply that (x, y)= 0
for all y L0)L+= X. This contradiction shows that L+= L

Note that if X is not a Hilbert space, there may not exist L+ orthogonal to a given
closed subspace L. The following example shows that our orthogonality assumption
imposed in the subsequent theorems is weaker than the usual orthogonality if X is a
Hilbert space. It also ensures that the assumption L+(’I L- {0} in Proposition 2.1 is
essential.

Example 2.2 (Penot, private communication). Let X be the Euclidean space
R4, L {(0, X2, 2 ,0) X/x2, x }. Then, both L+/- {(Xl, 0, 0, x4) t X/Xl, x4 R} and
L+ {x X/xl x2, x3 x4} are orthogonal to L. Note that L+ f3 L+/- {0}.

In what follows, for a set A c X, by A+ we denote the projection p(A) on L+.
3. Sufficient conditions for efficiency. Throughout this paper, let X be a normed

space ordered by a convex cone C with cl C X and let S be a nonempty subset of X.
THEOREM 3.1. Assume that X L( L+, where L+ is orthogonal to L if codim L> 1.

Assume further that, for all xl, x2 C+,
(3) x +x2 x + x=
whenever , fl [0, 1 ]. Then the following assertions hold:

(a) If S c_ + Cfor some X, then any point )7 X satisfying

(4) d()7, + L) < d(x, + L) for all x e S\{)7}
is an efficient point of S;

(b) Every point )7 (- C) (’l S, for some S, satisfying

(5) d()7, + L) > d(x, + L) for all x ((- C) S)\{)7}

is an efficient point of S.
Proof (a) We first show that p()7)e E(S+, C+). Since Sc_+C, S+ c__p()+C+.

Then (p()7) C/) f-I S/ (p()7) C/) f’l S/ f-I (p()) + C/). Let z be any point in the
latter set. Then z-p()e C/ and p()7)-p()-(z-p())e C/. Therefore by (3),

IIz-p()ll IIp()-p()ll.
Since L+ is orthogonal to L, (4) implies that

IIp()Z)-p()ll < [[z-p()ll for all z c S+\{p()7)}.
Thus (p()7)- C+) f’l S+ {p()7)}, i.e., p()7) e E(S+, C+).

Now suppose )7 E(S, C), i.e., there exists x e S such that x e ()7- C)\()7 + C).
Then, p(x) p()7) C+. Assertion (a) will be proved if we show that p(x)

_
p()7) + C+,

because this contradicts the efficiency of p()7). Note that (3) implies that C+ is pointed,
for if there exists xl e C+\{0} such that x2 =-Xl e C+, then, taking a 1, /3 =0, we
arrive at a contradition ]lxlll _-< 0. So if p(x) p()7) + c+, we have p(x) p()7). Then by
the orthogonality, d (x, 9 + L) d ()7, : + L), contradicting (4).
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(b) Since ff is the center of the straight interval (2:-:, Y), by (5) and by the
symmetry of the balls in X we have, for all x e ((Y-C)fq S)\{},

d(, 2-+ L) < d(x, 2-+ L).

Observing that ff (Y C) f3 S f’l (2ff Y + C) c_c_ 2ff : + C, we can apply assertion (a)
to see that : E ((Y C) (3 S f) (2ff : + C), C). We claim that ff E ((Y C) tq S, C).
Indeed, suppose there exists x’ (:- C) fq S 0 ((- C)\(: + C)). Then p(ff) -p(x’)
C+. Since p(:)-p(Y) C+, by (3),

IIp()-p()ll--< IIp()-p()+p(y)-p(x’)ll IIp()-p(x’)ll.
This and (5) together show that x’=:, which is a contradiction. Thus
E((Y- C) fq S, C), i.e., (- C) (Y- C) fq S c_ + C.

Finally, as -C
_
Y-C, the last inclusion implies

(-c)s=(-c)(;-c)os=__+c,

i.e., g E(S, C). I3
Note that it is rather restrictive to assume that S ; + C. Therefore, assertion (b),

being true without this assumption, is important. Moreover we can ask the natural
question of whether the theorem remains true if we strengthen (3) to the strict inequality
and at the same time weaken (4) and (5), allowing nonstrict inequalities to hold. This
is indeed the case, but under an additional assumption as follows.

THZOREM 3.1’. Under the additional assumption that L cl C f"l (-cl C), Theorem
3.1 is still true if (3) is replaced by

(3’) IIx, 4-/3x2ll < IlXl 4- x2ll
for all Xl x2 C+ such that x +x 0 and all , 1 [0, 1] with c + <2, and if (4)
and (5) are replaced by the nonstrict inequalities.

Proof (a) Similarly as above, we have p(ff)e E(S+, C+). Suppose E(S, C),
i.e., there exists xeS such that xe(-C)\()+C). As before, if p(x)
(p()) C+) f-I (p()) + C+), then p(x) p()). Since L cl C f’l (-cl C), x e
()-cl C) f’l (+cl C). This contradicts the fact that x 9+ C.

(b) This assertion is proved by applying (a) as for Theorem 3.1. 13
The following examples confirm that the assumptions of the theorems are essential.
Example 3.2 (the orthogonality is essential). Let X be the Euclidean space 3.

Assume, for Fig. 1, that Io--6[ [o--1 and I-a-l [acl (by [’1 we denote the length of a

straight interval), and that oab oac (zr/2). Let the cone C be the part of 3, defined
by two planes oab and oac, corresponding to the angle bac. Let de//ac. Let d be so
near to b that [h--d[ > [S-[ and that aed>(Tr/2) (since bac> zr/2, see Fig. l(b)). Let S
be the interval de. Let L be the plane oxy, which is not orthogonal to L C tq (-C).
Then all other assumptions of Theorems 3.1(a) and 3.1’(a) are satisfied with e, since

d(e, L) < d(u, L) for all u de, u # e,

but e E(S, C) (d is the unique efficient point of S).
Similarly, we can show that the orthogonality is essential for assertion (b) (for

instance, we can easily construct a similar counterexample in 3 with the ordering
cone being -C, where C is defined in Example 3.2).

Example 3.3 (assumption that L=cl C fq(-cl C) is essential). Let X be the
Euclidean space I ordered byl3+. Let S {(0, 0, z) z (0, 1]}. Then E(S, C)=. Let
L be the straight line o-- and L/ be the plane oxy. Then, except for the assumption
that L cl C fq (-cl C), all assumptions of Theorem 3.1’ are satisfied for every point
of S, although none are efficient.
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a a

(a) (b)
FIG.

The following lemma assures us that Theorems 3.1 and 3.1’ are extentions of the
corresponding results of Wierzbicki, Rolewicz, and Jahn.

LEMMA 3.4. The following conditions are equivalent in pairs, (i)-(i’) and (ii)-(ii’):
Condition (3) holds;

(ii) Condition (3’) holds;
(i’) C+ f-) (x- C+) L+ f-] el B(0, Ilxll) for all x e L+;
(ii’) C+ (x- C+) L+ f-) B(0, Ilxll) (x) for all x L+.
Proof. We prove only the equivalence of (ii) and (ii’). The equivalence of (i) and

(i’) is proved similarly. Suppose there exist x, x2 e C
/ and a, fle [0, 1] with a + fl < 2

such that IIx, /tx=ll--> IIx, / x=ll. Put x
C+ (3 (x- C+), but z

Conversely, if z C+ f3 (x- C+), then x- z C+. By (ii), if x- z 0, we have

Thus, (ii’) holds.
Of course, we can restate (i) and (ii) in terms of increasing norms following Jahn

to see clearer the relations between the above theorems and the corresponding results
of Jahn [7], [9]. Note also that sometimes a statement of the form (i’) and (ii’) is more
convenient than (i) and (ii), as in the case of Theorem 4.1 below. Furthermore, it may
be interesting that in the case of Hilbert spaces, (i) and (ii) are equivalent although
in general (ii) is stronger than (i). To prove this, we can show that (i’) implies that
C/ (C/)*, where the conjugation is considered on L/, in the same way as in Theorem
3 of [14].

We should point out the following important fact concerning possibilities of
applying Theorems 3.1 and 3.1’. Both conditions (i) and (ii) are satisfied when L/ is
one-dimensional. So assertions (a) and (b) of these theorems always hold if L is any
closed hyperplane of the normed space X if C is contained in a closed half-space
defined by P. Moreover, since cl C X and C is a convex cone, such a P always
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exists. In general, there may be many subspaces L satisfying the assumptions of these
theorems. However, since d(, + L)=inf/ I1-+/11, the bigger is L, the more
difficult is the problem of finding :. The following propositions are helpful in looking
for a space L as amall as possible.

PROPOSITION 3.5. Let X be a Hilbert space. Let an orthogonal sum L LI L2 be
a subspace ofX. Let pl be the orthogonal projection ofX onto L1. Assume that L satisfies
(3) and that (x,x’)>=O for all x, x’ Gpl(C). Then L should satisfy (3) as well.

Proof Let p and/ be the orthogonal projections ofX onto L+/- and L-, respectively.
Then for arbitrary c, c’ in C we have

((c), (c’))=(p(c)+pl(c), p(c’)+p(c’))

(p(c), p(c’))+(p(c), pl(c’)).

Since L satisfies (3), p(C)
_
(p(C))*, where the conjugation is considered in L+/-. Hence

(p( c), p( c’)) >- O. Thus (/(c),/(c’))_-> 0, i.e., L2 fulfils (3).
Note further that each subspace L satisfying (3) should contain Lo

cl C f)(-cl C). Therefore a question may arise" can we extend Lo to a subspace L
satisfying (3)? The following simple result gives an answer.

PROPOSITION 3.6. Let X be a Hilbert space. Let Lo cl C f-)(-cl C). Let H be a
set of all possible h in L meeting the following conditions"

All points ofH are orthogonal in pairs;
(ii) For each h H, there exist c, c’6 C such that h =p(c) and (p(c), p(c’))< 0,

where p is the orthogonal projection ofX onto (LO)(H\{h}))-.
Then, the subspace L Lo@ H satisfies (3).

Proof Suppose, to the contrary, that there exist c, c2 C such that (/(c),/(cz)) <
0, where /5 stands for the orthogonal projections of X onto Lo@H. Then H1
H (_J {/3(Cl)} also satisfies (i) and (ii). This contradicts the definition of H.

In practice, especially when X is a Euclidean space, we can expect that by applying
Proposition 3.6 a possibly small subspace L meeting condition (3) may be constructed,
starting with Lo as follows. Let p be the orthogonal projection onto L-. If (p(c), p(c’)) =>
0 for all c, c’ C, Lo clearly satisfies (3). If there are c, c C with (p(cl), p(c2))<0,
we put hi p(cl). It is added here that, since Lo cl C (-cl C), p(cl C) L- (q cl C.
Hence, checking the negativity of the above inner products is rather simple. Next,
denoting by p the orthogonal projection of X onto (Lo+{yhl" ]y})+/-, we check

andc C such that (pl(cl) p(c))<0. If there are no such cwhether there are cl,

c’, Lo+ {yhl" 3/ } is a desired subspace L. If otherwise, we continue to do similarly.
After this thorough discussion of the significance of Theorems 3.1 and 3.1’ for

efficiency, we are convinced that similar results for weak and proper efficiency are
important. Such results are the content of the next section.

4. Sufficient conditions for weak and proper efficiency.
THEOREM 4.1. Assume that X LO) L+ where L+ is orthogonal to L if codim L >

and that ri C . Assume further that

(6) C/(u-riC/)_L/fB(O, Ilull) foralluL+.
Then the following assertions hold"

(a) If S
_

+ C for some X, then any point S satisfying

(7) d(, + L) <- d(x, + L) for all x S

is a weakly efficient point of S;
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(8)

(b) Every point (- C) S, for some S, satisfying

d(,+L)>-d(x,+L) forallx(-C)f3S

is a weakly efficient point of S.
Proof (a) It follows from (6) that

(p(:)+ C+) f-I (p(g)-ri C+) L+ f"l B(p(), IIp(g)-p()ll).

On the other hand, the orthogonality and (7) together imply that

IIp(g)-p(.)[] {Ip(x)-p(z)l] for all x S.

Consequently, since S+cp()+C+, S+f3(p(g)-riC+) is empty, i.e., p(g)
WF(S+, C+).

To show that g WE(S, C), suppose there exists xS (g-ri C). Then, p(x)
(S f3 (g-ri C))+ c S+ f3 (p(g) -ri C+). This contraposition completes the proof of (a).

(b) By the same argument as in the proof of Theorem 3.1, we obtain that
g WE(( C) f’) S f3 (2g + C), C). Furthermore, g WE ((: C) f3 S, C). For, if
there exists x’ (- C) f3 S f’l (g-ri C), then p(x’) ((- C) f3 S)+ f’l (p(g)-ri C+).
By (6) and by the symmetry of the balls in L+, IIp(x’)-p()l] IIp(Z)-p()ll. This
together with the orthogonality imply that d(x’, : / L) > d(g, / L). So x’ (- C) ffl S
in view of (8). This contradiction confirms that g WE((- C) (3 S, C). Now, observing
that

we obtain

(g-ri C)__ g-C_ Y-C,

(g-ri C)f3 S= (g-ri C)VISf3(:-C)=,

which allows us to conclude that
Remark 4.2. If ri C+ , it is not hard to see the following connections between

condition (6) and conditions (3), (3’): (3’)=(6):=>(3). If X is a Hilbert space, all these
conditions are equivalent. But in the case of normed spaces, we can easily find examples
showing that the converse implications are not true. Theorem 4.1(a) is an extension
of the corresponding result of Jahn [7].

In the following, by recor C (cor C) we denote the relative algebraic interior of
C (the algebraic interior of C, respectively).

THEOREM 4.3. Let X LO) L+, where L is orthogonal to L if codim L > 1. Assume
that

(9) C+ c (x- c/)
___
L+ B(O, Ilxll) {/} for all x L+.

Then the following assertions hold:
(a) If recor C and if S

_
+ Cfor some X, then any point + recor C

such that

(10) d(X,+L)<-d(x,+L) forallxS
is a properly efficient point of S;

(b) If int C , then every point (- int C) f3 S for some S such that

(11) d(,YL)>-_d(x,Y+L) for atlx(Y-int C)f3S

is a properly efficient point of S.
Proof (a) First, we claim that

(12) d(g,+L)<-_d(x,+L) for allxS+C.
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Indeed, suppose there exist X e S and cl e C such that

d (Xl + Cl, -- L) < d (:, + L).

Then

IIp(Xl)+p(c,)-P()ll < llp()-p()ll.

Since p(c)e C+ and p(x)-p()e C+, we have

p(x,) -p(,) e C+ CI (p(x,) -p() + p(cl) C+).
Hence by (9),

[Ip(x)-p()l[ <= [Ip(x)+p(c)-p()ll <
which contradicts (10). Thus (12) holds.

It is easy to verify that d(.,+L) is convex and continuous. Therefore (12)
implies (see, e.g., [12, p. 156])

(13) d(,2+L)<-d(+h,+L) for all hET(S+C,).

Clearly, (13) also holds for all he(-+C)T(S+C,). As he.-+C, i.e.,
: + h e + C, we can apply Theorem 3.1’ to obtain that

(14) O e E ((d- X + C) (q T(S + C, ), C).

Suppose now that : PE(S, C), i.e., 0 e E( T(S + C, ), C). Then there exists a nonzero
vector xe((-C)\(C))f-) T(S+C, ). Since Xe +recor C, for sufficiently small 3,>0
we have X + yx e x + C. Therefore

yx (- + c) ((-c)\(c)) T(S + C, ).

This contradiction to (14) leads to assertion (a).
(b) The symmetry and (11) together imply that

d(g, 2g + L) <- d(x, 2g + L)

for all xe(Y-intC)fqSfq(2-Y+C)_2-Y+C. Since ffeY-intC,
2ff-Y+intC by the symmetry. According to assertion (a), ePE((Y-intC)
fq S f-) (2: Y + C ), C ), or, what is the same, O e E T((Y int C
f’) S 71 (2ff Y + C) + C, ), C). Now assertion (b) will follow immediately if we show
that

(15) T((Y-int C)fqSf-)(2-+C)+C,)= T(S+C,Y).

Noting that g e int ((-int C) 0 (2.-+ C)) we find a neighbourhood N(ff)_
( int C 71 (2: + C ). Then

N(:) t’) ((-int C)tqSf’q(2g-+C)+C)= N()fq(S+C).

Observing that the tangent cone of a set at a point depends only on the points of the
set in a neighborhood of the given point, we arrive at (15).

Remark 4.4. Assertion (a) is an extension ofTheorem 2.2 in [8], which corresponds
to the case L+ X, L {0}, cor C and S

_
: + cor C. In that theorem it is assumed

that some conditions, which are more restrictive than (9) and (10), are satisfied for an
additional norm in X. This norm is assumed to be not stronger than the norm of X.
The concluded properness of g is stated with respect to the original norm. However,
we observe that the tangent cone corresponding to the additional norm Td(s + C,
contains T(S+C,). Hence OeE(Tad(s+c,), C) implies OeE(T(S+C,,2), C).
Thus using an additional norm does not make the theorem stronger.
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5. Necessary conditions for efficiency and weak efficiency. In general, the above-
formulated sufficient conditions are not necessary conditions, as we can easily find
counterexamples. However, we have the following related necessary conditions.

THEOREM 5.1. Let X be a normed space ordered by a closed convex cone C. Assume
that X L@L+, where L C (-C) and L/ is orthogonal to L if codim L> 1. Assome
further that cur C+ is nonempty. en the following assertions hold.

(a) Each efficient point of an arbitrary set S satisfies the following condition" For
a given such that p() p() -cur C+,

d(X,+L)d(x,+L)

and

lip(x)-p()[[ < lip(x)

whenever p(x) p(g), for all x e S and only if the norm (of X) considered on L+ is
the Minkowskifunctional corresponding to the order interval [p()-p(), p(g)-p()],

(16) L+clB(O, llp()-p()ll)=(p()-p()+C+)(p()-p()-C+).

(b) Each ecient point of an arbitrary set S satisfies the condition" For a given
such that p() e p(g) + cur C+,
(17) d(X, + L) d(x, + L)

and

whenever p(x) p(), for all x (- C) S, if and only if the norm considered on L+

is the Minkowskifunctional corresponding to the order interal p p(), p ) p ].
Proo (a) Assume that (16) holds. Arguing by contradiction, suppose there exists

x’ S with [lp(x’)-p()][ llp()-p()[[. Then p(x’) [2p()-p(), p()]. Hence
p(x’) p() C+. If p(x’) p() + C+, we have, by the pointedness of C+, p() p(x’).
If p(x’) p() + C+, i.e.,

then x’+C. Moreover, x’x-C. Indeed, suppose x’-C. Then, since L=
C (-C), (x’+ L) (- C) , for if x’+ l x- C for some l L we would have
x’= x’+ l- C c- C. Therefore, observing that p(
p(x’), we derive that {p(x’)} (p()- C+) . This contradiction to (19) asseffs that
x’ N- C. This in turn is impossible due to the eciency of

Now suppose there exists x’ S with d(x’, + L) < d(, + L). Then llp(x’)
P()][<llP()-P()I[. As in the preceding paff of the proof, this leads to a
contradiction.

Conversely suppose (16) does not hold. Then at least one of the following two
possibilities must occur.

(i) There exists u L+ satisfying

Then the set S consisting of and any point x of p-(u) has as an ecient point,
but d(x, + L) < d(, + L).

(ii) There exists u L+ satisfying

[lp()-p()l[<llu-p()[[, u(p()-C+)(p(2)+C+).
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Then for the set S consisting of 2 and any point x of p-l(u) we have x E(S, C), but
d(2,+L)<d(x,+L).

(b) We observe that p(2:-Y) p(2)-cor C/ and that

[p(2)- p(Y), p(Y)-p(2)]=[p(22-Y)-p(g), p(2) -p(22- Y)].

Furthermore, 2 E((;- C) V) S, C) whenever 2 E(S, C).
These facts allow us to apply assertion (a) to obtain that

d(2,22-:+ L) <-_ d(x, 22- Y + L)

and

p (:,z)-p(22  )11 < lip(x)-p(22  )11

whenever p(x) p(2), for all x (Y-C)f-)S. This, by virtue of the symmetry of the
balls, implies that

d(2, Y+L)>=d(x,Y+L), lip(x)

whenever p(x) p(Z), for all x (Y + C) S.
Conversely, if (17) and (18) hold, then by the symmetry of the balls we have

d (2, 22 Y + L) <_- d (x, 22 Y + L)

and

lip(2)-p(22 )11 < lip(x)-p(22

whenever p(x) p(2), for all x (Y- C) fq S. So, we can apply assertion (a) to see that
the norm on L+ is the Minkowski functional corresponding to the order interval

[p(22 Y) -p(2), p(2) -p(22 Y)] [p(ff) p(Y), p(Y) -p(2)].

Theorem 5.1(a) extends Theorem 3.6 of [7]. The following example explains why
the assumption that L C (3 (-C) is essential.

Example 5.2. Let X 3 with the norm defined as follows

II(x, y, z)ll-- ((max (Ixl, lylI)2+lz[2)/L

Let C={(x,y, 0) lx=>0, y->0}. Let L be the subspace {(0,0, z) lzeN}. Let S=
{(1, 1, 1); (0, 0, 2)} := {, x’}. Let (0, 0, 0). Then, 2 e E(S, C), but

d(2, + L)= x/> 0 d(x’, + L).

A similar proof gives us the following result for weakly efficient points.
THEOREM 5.3. Let X, C and L satisfy the assumptions of Theorem 5.1. Then the

following assertions hold.
(a) Each weakly efficient point 2 ofan arbitrary set Sfulfills the following condition"

for a given such that p() p(2)- cor C+,
d(2,+L)<-d(x,+L) for allxS

if and only if the norm considered on L+ is the Minkowski functional corresponding to
the order interval [p()-p(2), p(2)-p()].
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(b) Each weakly efficient point ofan arbitrary set S satisfies thefollowing condition"

for a given such that p(Y) p(2) + cor C+,
d(2, Y+L)>-d(x,Y+L) forallx(Y-C)f3S

if and only if the norm considered on L+ is the Minkowski functional corresponding to
the order interval [p(g)-p(Y), p(:)-p(g)].

Theorem 5.3(a) extends Theorem 3.2 of [7].
Remark 5.4. Using norm scalarization to obtain for proper efficiency, necessary

conditions similar to Theorems 5.1 and 5.3 seem to be so complicated that they have
no practical meaning. Using a penalty scalarizing functional, which is closely related
to the norm, is much more convenient (see [18]).

6. Application: A control approximation problem. We investigate the following
control approximation problem, which is similar to the control approximation problem
considered in [10], but with a nonpointed ordering cone.

Let a control system

(20) (t) =f(x(t), u(t)) almost everywhere on to, t],

(21) X(to)-Xo,

(22) u(. U

be given; where F: " [" [" is a given mapping; Xo " and to, t] are given;
and U L[to, t] are also given. Assume that for each control u(. ) U, the system
(20)-(22) has a unique solution x(., u) W’[ to, t] := {x" to, t] - [lx is absolutely
continuous and 6 L%[to,

Let z(. ) C"[to, t] be given, where C"[to, t] is equipped with the norm

IIx(.)[[= max [x’(t)l,
tO

and ordered by the cone

C {x Cn[to, tl][Xi(t) >-0 for i--2,..., n and [to, tl]}.

We recall that a supremal point of a subset A of a linear ordered space X, denoted
by sup A, is a point X such that a _-< for all a A and _-< b for all b satisfying
a _-< b for all a 6 A. An infimal point is similarly defined. If each pair of points of X
has a supremal and an infimal point, X is called a linear lattice. A point Ix] r:=
sup {x,-x} is called an order absolute value of x. It is known that Cn[to, tl] ordered
by the above C is a linear lattice.

Following [10], we say that (.) U is an optimal control (or weakly optimal
control) if Ix(’, fi)- z(. )[or is an efficient point (or weakly efficient point, respectively)
of the set

s := {Ix(.,
The problem of finding an optimal control or a weakly optimal control is called a
control approximation problem. Clearly, this problem corresponds to the vector
optimization problem of finding an efficient point or a weakly efficient point of S.

In this case, we set X C"[ to, tl],

L= C t3 (-C) {x X lx (x, 0,..., 0)},

L+={xeX[x=(O,x,...,x")}.
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Then L+ is orthogonal to L. Moreover S c__ C and both (3) and (6) are satisfied. Observe
also that, for x C"[ to, tl],

d(x, L)- [Ip(x)ll- I1(o, x=, x")ll,

111p(x)lrll-- max Ix’(t)l--IIp(x)ll.
to<-ttl

By virtue of Theorems 3.1 and 4.1 we obtain the following result. The proof is a
direct calculation and then omitted.

COROLLARY 6.1. (a) A control ft U is optimal if
max Ixi(t, )-z(t)l < max [x(t, u)-zi(t)[
2<-i<=n 2<=i<=n

to<: t to<=

for all u U with Ix(., u)- z( )l Ix(., ) z( )l r.
(b) A control U is optimal if

max Ixi(t, ti)-zi(t)l-< max [x(t, u)-z’(t)l
2<=i<=n

to t<= to<: t<= t

for all u U.
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CONTROLLABILITY AND STABILIZABILITY OF THE THIRD-ORDER
LINEAR DISPERSION EQUATION ON A PERIODIC DOMAIN*

D. L. RUSSELL"f AND B. Y. ZHANG:I:

Abstract. In this paper, solutions of the third-order linear dispersion equations

O--+Ox--S=f(x, t) and --+=0
Ot Ox

are studied for t_-> 0, 0_- x-<_ 27r. In the first case, periodic boundary conditions are imposed at 0 and 2rr
and the distributed control f, which may, however, have support smaller than [0,27r], is assumed to be
generated by a linear feedback law conserving the "volume" o2 w(x, t) dx while monotonically reducing

I2o W(X, t) dx. For the second equation, a feedback boundary control having the same properties is applied.
In both cases, uniform exponential decay to a constant state is obtained. Related exact controllability
questions are also studied, and affirmative results are obtained.

Key words, control, stabilization, dispersion, periodic

AMS(MOS) subject classifications. 93D15, 93C20, 93B05, 35Q20

1. Introduction. In [8], [11], and in the doctoral thesis [16] of Zhang a certain
control problem has been introduced for the forced Korteweg-de Vries equation

(1.1)
Ow Ow 03w
--+ w+:f(x, t)
at ox OX

on the domain >- 0, 0 <_- x _-< 2r, with periodic boundary conditions

(1.2)
Ox k (0, t)=

Ox
(27r, t), k=0, 1, 2,

so that the process is periodic with period 2rr in the variable x. Issues arising in [11]
and [16] have made it clear that further progress requires a very thorough knowledge
of the control theory for the related linear third-order equation

(1.3)
0w 03w
--+=f(x, t)

on the same domain with the same boundary conditions. Such a study is the theme
of the present paper.

Let A denote the operator

(1.4) Aw -w’"

on the domain @(A)= L(0, 27r) consisting of functions in H3(0, 27r) satisfying boun-
dary conditions of the form (1.2). It is immediately clear that A generates a strongly
continuous unitary group on L(0, 27r); the eigenfunctions are simply the orthogonal
Fourier basis functions in Lz(0, 27r),

qgk(X)=(27r)-l/2e ikx, k =0, +1, +2,...,

and the corresponding exponential solutions take the form

(1.5) Wk(X, t) e
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for the same values of k. The formula (1.5) shows immediately that the speed of
propagation of sinusoidal waveforms is proportional to the cube ofthe spatial frequency
(inversely proportional to the cube of the wavelength), resulting in rapid dispersion
properties of solutions. Forf L(oc((0, ), L2(0, 27r)) and in initial state Woe L2(0, 27r)
the variation-of-parameters formula

(1.6) w(., t)= eA’wo d- eA(’-s)f( S) as

applies to yield a strongly continuous "generalized solution" of the inhomogeneous
system (1.3). As the work progresses, we will consider more specialized controls as
required.

In 11 and 16] we have provided an application-oriented motivation for consider-
ing only controls that conserve the quantity

(1.7) [w(., t)]-= w(x,t) dx.

In the applications in question, this corresponds to a fluid "volume." For appropriately
smooth solutions of (1.2), (1.3), we have

Io I0’- ( Iw(x, t) dx --t (x, t) dx f(x, t) dx

(1.8)
’- ow =
Jo f(x, t) dx-(x, )OXZ =o

and we conclude, using the equation corresponding to k= 2 in (1.2), that [w(., t)] is
conserved just in the case where

(.9 If(., ] f(x, x =0

for almost all t. Since we are primarily interested in the linear equation (1.3) as a
background for studies of the more relevant nonlinear equation (1.1), we will continue
to impose this side condition on the applied controls in the linear case.

The exact controllability problem concerns the use of controls, as described, to
transfer the system (1.2), (1.3) between given initial and terminal states

(., 0= oe (0,, (., r=e (0,

during the interval [0, T], T> 0. One might also refer to this as the open-loop control
problem.

Closed-loop control generally refers to control synthesis by state feedback of some
so and is predominantly concerned with achieving asymptotic stability of an equili-
brium state or invariant set. Within the context (1.9) the appropriate invariant set is
the set of constant states

(.o (x,c,

where c [w(., 0)]. Since it is easy to show (see, e.g., [11]) that, among all w e L(0, 2)
such that [w] d (see (1.7) for the definition of [w]), for a given real d the constant
state w(x) c d/2 has least norm in L(0, 2), we may hope to approach such a
constant state c by incrementally reducing lw(., )11o, with application of an
appropriate control maintaining (1.9) so that (1.10) is true for all t. For w(x, t) an
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appropriately smooth solution of (1.3), we easily obtain, with two applications of
integration by parts,

w(x, dx w(x, t) f(x, t)-x3(X, t) dx

2. (x, )f(x, x
o

+kk(x, t) -w(x, t)(x, t)
x=O

If periodic boundary conditions (1.2) apply, we have

(. a (x, ax (x, g(x, x.

With Yg > 0 and

it is evident that (1.9) is satisfied, so that [w(., t)] is constant and we may proceed
further to compute

(x,l-f(.,l x- (x, t) x (., t)]

fo OW
(1.14) w(x,t)(x,t)dx

=-yr (x, (x, -[(., ] ax
o

=- (x, -[(.,.] x,

where we have used (1.7), (1.12), and (1.13) together with the mutual ohogonality
of [w(., t)] and w(., t)-[w(., t)]/2. It follows that

(., ]
2

decays to zero exponentially as tends to infinity, i.e., w(x, t) approaches the constant
state (2)-[w( ., t)] exponentially in the L(0, 2) norm.

A more interesting case is obtained if some a priori restrictions are imposed on
the applied control f(x, t). Let us suppose that g(x) is a piecewise-continuous non-
negative function defined for x in [0, 2] such that

(. [g]= g(xax=,

and let us restrict attention to controls of the form

(.7 f(x, g(x(x, , e o((o,; (o,,
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so that q is, in effect, the applied control. If [a, b] is a subinterval of [0, 2r], setting
g(x) (b-a)-Xa.bl corresponds to restriction of the support of the control f.

We will study controllability of the system (1.3) by controls (1.17) in 2. For the
moment, we continue to discuss volume-conserving controls given in feedback form.
With f of the form (1.13) and Y{ a positive constant, let us suppose q to be generated
by

(1.18) q(x, t)=-Y{ w(x, t)- g(s)w(s, t) ds

Using (1.16) we verify readily that (1.9) holds, so that [w(., t)] is constant. Then, as
in (1.12) and (1.14), we may compute

w(x, t)--[w(., t)] dx

(1.19) f OW
w(x,t)--(x,t)dx

=-{ w(x, t)g(x) w(x, t)- g(s)w(s, t) ds dx.

Using (1.16) we see that

(g(x) g(s)w(s, t) ds w(x, t)- g(s)w(s, t) as dx

1- g(x) dx g(s)w(s, t) ds =0,

so that (1.19) yields

(1.20)
dt w(x, t)---[w(., t)] dx

=-Y( g(x) w(x, t)- g(s)w(s, t) as dx<_O

and it is reasonable to suppose, again, that w(., t) converges, in an appropriate sense,
to the constant state [w(., t)] as -> o. With some further assumptions, we will establish
this rigorously in 2; we there show that with appropriate assumptions on g we have
exponential decay to the constant state, uniform with respect to the norm in L2(0, 2r).

It is also possible to pose a volume-conserving open-loop boundary control
problem for this system. Let us take f(x, t)=-0 and apply the boundary conditions
(1.2) for k 0 and k 2 but not for k 1. Then we have

OW 03W
(1.21) --+=0

Ot OX
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and (1.8) shows that [w(., t)] is constant. Again proceeding as in (1.11) and (1.14),
we have

(1.22) w(x, t) _-_[w(" t)] dx x, t)

If we suppose that the boundary control mechanism takes the form

(1.23) Ow(2 Ow, t)- ) h(t)(o,
which, since 2 and 0 are identified in this context, is the same as

then (1.21) becomes

d _o(, ) + ) h()(x,-(.,l ex (0,d
An appropriate feedback mechanism is then

(.4 h(=-r o., +--(o, r>o,
OX

resulting in

d 1 2 1 Ow(27r, t)+ t) 0.(1.25) --Again we suspect that w(., t) tends to the constant state [w(., t)] as t-; we study
this question in 3 and show that, in fact, such decay does hold and is uniformly
exponential with respect to the norm in L2(0, 2"n’). Concluding that section, we note
that the uniform exponential decay to the constant state obtained for (1.23) and (1.24)
implies exact controllability between initial and terminal states Wo and w- L2(O, 27r)
for T appropriately large but independent of these states, provided only that [Wo]
[w].

It is not difficult to see that the control mechanism (1.23) corresponds to the
application of a dipole of strength h(t) at the point 0 or, equivalently, 27r. One may
proceed further to show that control processes of the form (1.17) can be regarded as
spatial convolutions of the process (1.23) by using appropriate convolution kernels.
We will not pursue these matters further here.

2. Exponential decay rates with distributed controls of restricted form. If we define
the operator A as in (1.4), then the system (1.3) with f(x, t) given by (1.17) and (1.18)
can be expressed in the form

(2.1) (A ?7{G)w

(where the dot signifies d/dt), with

(2.2) Gw)(x) g(x) w(x) g(s)w(s) ds), w L2(O, 2"rr).

Since A generates a strongly continuous semigroup S(t) of bounded operators in
L2(0, 27r) and G is a bounded operator, A- Y(G also generates a strongly continuous
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semigroup Sx(t) on that space (see [6]). Thus, given an initial state Woe L2(0, 27r), we
have a unique solution w(t), continuous with respect to the norm in that space for

_-> 0, given by

(2.3) w( t) S:( t)Wo.

Further results from the standard semigroup theory show that if woH3p(0,27r),
the domain of A and hence of A-Y{G, the resulting solution w lies in
C((0, c); Hv(0, 2r)) VI C’((0, o); L2(0, 2r)).

From the work of we know that [w(., t)] is constant and therefore equal to
Wo] for all => 0. Then (1.19) leads us to suspect that w(., t) converges to the constant

state [Wo]-= [w(’, t)] as t-. We will show that this is the case and that, in fact, the
decay to the constant state takes place at a uniform exponential rate.

From the general plan outlined in [12], [14], [15], the first step in obtaining
exponential decay for the system (1.3), (1.17), (1.18) is to obtain an exact controllability
result for the related system

(2.4)
Ov 03v
--+= Gf,
Ot 023

with v subject to the boundary conditions (1.2) and with the operator G as in (2.2).
We may state this result as the following theorem.

THEOREM 1. Let T> 0 be given, and let it be assumed that thefunction g associated
with G is of class Co on [0, 27r] (is of class C3p(g, g’, and g" periodic) on [0, 27r]). Given
any final state vr LZ(0,27r) (v H3p(0, 27r)) with (see (1.7)) [vr]=0, there exists a
control fe L2((0, T);L2(0, 27r)) (fe L2((0, T)" H3p(0, 2rr))) such that the solution v of
(1.2) and (2.4) with

(2.5) v(., 0) 0 in LZ(0, 27r)(H(0, 27r))

satisfies the terminal condition

(2.6) v( ., T) vr in LZ(O, 27r) (H3p(0, 27r)).

Moreover, there is a positive number C, independent of vr, such that

v 11,=((o.);,=(o.=>> -< CIIvll=(o.=) (11 v I[,=((o.);.g(o.=)) <-

Proof It is well known that the operator A as defined in (1.4) has eigenvalues
h =-ik corresponding to eigenfunctions

qk(x) e ikx, -c< k <.
Relative to this basis, the terminal state vr has the expansion, convergent in L(0, 27r),

(2.7) vr Y vq,

The homogeneous equation

v =- v(x)(x) dx.

Ou 03u
(2.8) --+=0,

Ot OX

with periodic boundary conditions (1.2) has corresponding solutions

(2.9) Uk(’, t)= eXk’qk.
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For smooth f, periodic on [0, 2r], we readily compute, using integration by parts with
v satisfying (2.4) and (1.2), that

d fo’ fo’d- v(x, t)u(x, t) dx (Gf)(x, t)uk(x, t) dx.

Integrating with respect to t, we have

v(x, T)u,(x, T) dx- v(x, O)u(x, O) dx

(2.10) 7" 2-rr=/o /o (Gf)(x,t)Uk(X,t)dxdt.

Continuity considerations then show that (2.10) continues to be valid for f
L2((0, T); L2(0, 2r)).

Evaluation of the integrals in (2.10) with

fo’- V’k -- v x, T p x dx

and u as in (2.9) shows that

(2.11) 27rtk ek(r-’) (Gf)(x,t)k(X)dxdt, -<k<.

By defining pk(t)=e’, {pkl--<k<} may be seen, from the results in
[5], to form a Riesz basis for its closed span, Pr, in L(0, T). We let {qkl-- < k <}
be the unique dual Riesz basis for in P, i.e., the functions in are the unique
elements of Pr such that

(.) q()p(t) , -<j, <.
We take the control f in (2.4) to have the form

(.3 f(x, 2 q(l(l(xl,
j

where the coecients are to be determined so that, among other things, the series
(2.13) is appropriately convergent. Substituting (2.13) into (2.11) yields, by using the
biohogonality (2.12),

=e e"’q( a(ae(x(xx
(.4 =-

=fer G(G)(x)(x) dx, -< k<m.

We verify easily that G is a selfadjoint operator on L(0, 2), so that

’ a(a)(x)(x) dx (1111o,), -<
0

Since I(x)l 1, for -<k<m we have

( io([[G[[ (o,2=)) g(x) (x)- g(s)(s) ds dx

g(x) &- g(x)(x) &
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+ g(x)2 dx g(x),(x) dx =-g,.

Since qo(X)= 1 it is easy to see, by using (1.16), that go=0. For k 0 the fact that
g(x) is real valued shows that g(x),.;k(x) cannot be constant on any interval, so that
gg 0. The familiar Lebesgue lemma shows that

(2.15) lim g g(x) dx 0.

Clearly, o must be zero since go=0. From (2.15) and the fact that g 0 for k 0, it
follows that there is a positive such that g > for k 0. If we set fo 0 and

2-ar(2.16) fk -<k<,
g

Equation (2.14) implies k Vk, where Vk is given by (2.7). Since the Vk are square
summable and the gk are bounded below, the fk are also square summable and (2.16)
gives

]2(llfllo,); o,z=))) If(x, t) dxdt

T 2

(2.17)
<-_ 2,n’y2C2 E Ifl

2

4 r-- c2([I v =0,2))2,7/"
2

where the constant C comes from the Riesz basis property of in P-, 62 is the lower
bound for the ga referred to previously, and

T- sup I(G’c)(x)[ < .
x[0,2rr]
-<k<

A similar computation using only terms corresponding to k[ > K from the series (2.13)
shows that the series converges in L2((0, T); (0, 27r)). We conclude that f, represented
by (2.13), is an element of the space L2((0, T); L2(0, 27r)) bounded in terms of v- as
indicated in (2.17).

With A as defined in (1.4), the solution v(., t) corresponding to the control f( -, t)
just constructed has the form

(2.1a) v(., )= e-(’-’Gf( s) ds.

Since G is a bounded operator and for e [0, T]

[IIIIL’((O,,);L(O,)) <- tl/2llf llL:((O,T);(0,2)),
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we conclude that (2.18) converges for each such and. using (2.17), we can see that
there is a positive number B such that

(2.19) [Iv(’, t)ll,2o,2)<=Bllvrll,o,=), t[o, T].

An argument similar to that found in [3] shows that v(., t) is continuous, as a function
of t, relative to the norm in L2(0, 27r). The identity (2.10) with the indicated Uk and
our choice of f shows that v(., T)= yr.

Now suppose g(x) has a piecewise-continuous third derivative and that
3(0, 27r). The coefficients v in (2.7) will have the formH

v ([kl + 1)-3 k,

where the k are square summable. Then, from (2.16) we have

A (Ikl + 1)-3fk,
where the fk are square summable. Since g(x) has a piecewise-continuous third
derivative, it is a simple matter to verify, just as for the original series (2.13), that the
series

03f(x, t)= E Aq(t)(Ikl+ 1)-3(Gk)"’(x)
OX =_

converges in L((0, T); L(0, 2)). Noting that (2.4) can be written

--+= g(x f(x, t- (f(,
Ot OX

and differentiating three times with respect to x, we obtain an equation of the form

o5 kox1+ =/x, t)OX3OX3]

with f in L((0, T); L(0, 2)), which, together with the periodic boundary conditions
and the initial state

a3v
0X3 (X, 0)0

allows us to replace the estimate (2.19) by an estimate

(2.20) Ilv(., t)ll,,3(o.2<-_nllv[I.(o,==, t[0, T].

With this the proof of Theorem 1 is complete. H
We are now in a position to obtain an exponential decay result for the system

(2.1), (2.2).
TnEOREM 2. There exist a, > 0 such that, for any Wo L2(O, 27r) the unique solution

w(., t) of (1.3), (1.17), (1.18), equivalently (2.1), (2.2), satisfies

(2.21) [[w(’, t)-[Wo][[o,2=)<=e-"tllWo-[Wo]ll0,2=), t>=O.

Proof. We assume without loss of generality that since w(., t)-[Wo] is a solution
of our system, then [Wo] O. Furthermore, we consider only real solutions here and
dispense with the conjugate notation used in the inner products of the preceding
theorem, where complex solutions were necessarily discussed.
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Let T>0, and let w(., t) be as described. Then w(., T)eL2(0,2r), and if
Woe H3p(0, 2r) (Ao), then w(., t)e H(0, 27r) for all t->0, in particular, for t= T.
From Theorem 1 we see that we can find f(., t) e L2(0, 27r), e [0, T], such that the
resulting solution v(., t) of (2.4), (2.5), (1.2) satisfies

v(., T)= w(’, T)

and from (2.17) and (2.19) there are positive numbers B and D such that

(2.22) Ilfll,o,r;o,2<-_Dllw( ., T)llo,, t[0, r],

(2.23) Ilv(’, t)llL2o.2)<= nllw( ", T)llL2(o,), te[0, T].

Furthermore, if Wo, and hence w(., T) lies in H (0, 27r) then (2.22) and (2.23) remain
true with L2(0, 27r) replaced by H(0, 27r) where ever it occurs. As we have seen in

the computations carried out there are immediately valid for Woe H3,(0, 27r) and
follow from continuity considerations if Woe L(0, 27r)),

w(x, T) dx- Wo(X) dx

(2.24)

io io,- (=-77{ g(x) w(x, t)- g(s)w(s, t) ds dx dt.

An analogous computation using (1.3), (1.2), and (2.4) yields

io io iow(x, T)2 dx w(x, T)v(x, T) dx- w(x, O)v(x, O) dx

(2.25)

where > 0 is the least upper bound for g(x) in the interval [0, 2r]. Combining (2.22)
with (2.23), we can see that there is a positive number E such that

(2.26) IIf-Xvll < Ellw(" T)II =L ((0, T);(0,2rr))"-- L (O,2rr)-

Substituting (2.26) into (2.25), we have

io, io,  ( iog(x) w(x, t)- g(s)w(s, t) ds dx dt > (E,)-’llw (. r)ll L (0,27r)

Substituting this, in turn, into (2.24), we have

iow(x, T) dx- Wo(X) dx<-Y{(E)-’[Iw( r)ll 2,(o,=

so that

IIw( T) = < E Ilwoll =L2(0’2rr) E; + Y( L2(0’2"n’)
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Repeating this estimate on successive intervals [(k-1)T, kT] with Wo and w(., T)
replaced by w(., (k 1) T) and w(., kT), respectively, and using the monotonicity of
Ilw(’, t)llo,), we readily obtain the estimate (2.21) (recalling that we have taken,
without loss of generality, [Wo] 0).

Exponential decay in H3,(0, 27r) for Wo in that space is obtained quite directly;
(A-Y[G)wo lies in L:(0, 2zr) under these circumstances, and the solution with this
initial state, (A Y[G)w, by the result just established, decays exponentially in L:(0, 2-)
to the constant state [(A-Y[G)wo] =0. Denoting by L(0, 27r) the orthogonal comple-
ment of the constant states in L:(0,27r), we may see that (A-YG)’H3(0,2)-
L(0, 27r) is bounded and boundedly invertible, from which the desired result follows
immediately. [3

3. Exponential decay for the equation with boundary dissipation. The question to
be considered here has been developed in 1. Thus we consider the system (1.3),
(1.23), and (1.24), the last two of which result in the closed-loop boundary condition

Ow(2 Ow
t)= t)(3.1)

Ox

where a (1- Y[)/(1 + Y0 has absolute value less than unity as a consequence of the
assumed positivity of

THEOREM 3. The operator Ac defined by Acw =-w’", with domain consisting of
functions in H3(0,27r) satisfying (3.1) and (1.2) for k=0, 2, generates a strongly
continuous semigroup ;c(t), >_-0, of bounded operators on L2(0,27r). Letting P denote
the projection on L:(0, 27r) defined (see (1.7)) by Pw=[w], we have

(3.2) PSc(t)=Sc(t)P=P, t>=O,

are there are positive numbers M and 3’ such that

(3.3) [[c(t)-Pll<-Me-’, t>-O.

Proof The formula (1.22) shows that for w (Ax) we have

(3.4) (w, mxw) + (axw, w) Iw’(x)12l x=2"x=o (a 2 1)lw,(0)l: =< 0.

Then, for A > 0 and w (Ax)

3.5 11( AI Ac) w 2 A 2[1 w A w, Acw + acw, w + axw 1[2 => A 211 w 112,
so that, with R(A, Ac) denoting the resolvent of Ax, we have

IIR(A, Ax)ll-< a -1 A>0.

By the Lumer-Phillips theorem [9] or the Hille-Yosida theorem [2], Ax generates a
strongly continuous semigroup on L2(0, 27r) if the range of AI-Ax is all of L2(0, 27r)
for A > 0. The uniform exponential decay may then be obtained from the result of
Huang [4] by demonstrating the uniform boundedness of R(&Ax) for A on the
imaginary axis of the complex plane. We will carry out these two tasks by explicit
construction of the resolvent operator. To that end we consider the equation

(3.6) w’"+ Aw =f, f L2(0, 27r).

For h # 0 we denote the three cube roots of -A by/Zo,/zl, and/-/2; later we will specify
which root corresponds to each symbol/x. We define w’-u, w"-v, and we have

(3.7) W’= u’ 0 0 + --F(A)W+cp.
v’ -A 0
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We diagonalize the system with the transformation

(3.8)

Then we have

W= Zo z z -= V(z)E.
2

tZo tz /x2/\

(3.9) ’ D(/x).. + q,
where D(/x)= diag(/zo,/xl,/z2) and O= V(/x)-lq, so that for 0x2w

(3.10) (x) e(")(0) + e(-)(")() d.

Now, with B(a)= diag(1, a, 1) the boundary conditions take the form

W(2) B(a) W(0); i.e., (2)= V()-’B(a) V()E(0)
and, for x 2, (3.10) assumes the form

(3.11) (B(a) V()- V()eD"))(O)= V() e(2=-D")(X) dx.

Let

(3.12) U(, ) (B() V()- V()e),
(3.13) A(, a)= det(B(a) V()- V()e2=").
If A(, a)= 0, any nonzero solution E(0) of U(, a)E(0)= 0 yields an eigenfunction

(3.14) E(, a, x)= e")E(0)
of Ax corresponding to the value of A associated with by -A }, j 0, 1, 2. On
the other hand, if A(,) 0 we can solve (3.11) for E(0),

(.5) z(0) u(m )-’ v(.) e(-’("(s) as,

and then substitute in (3.10) to obtain

(, , O,x)=e("U(, (a)- V() e(-("(s) s
(3.6)

+ e-"(s) ds.

The corresponding linear map from f to w(A, a,.) defines R(A, Ac) as a bounded
linear operator on L(0, 2) for those such that (, a) 0. There can be no positive
such that (, a) =0; if that were the case, the w(A, a, x) corresponding to (, a, x)

in (3.16) would violate (3.5). We conclude therefore that R(A, Ax) is defined as a
bounded linear operator on L(0,2) for >0, so that A generates a strongly
continuous semigroup on L(0, 2).

There remains the question of the uniform exponential decay result (3.3). For
this, as we have indicated, we must estimate R(A, Ax) for on the imaginary axis.
More accurately, as already indicated in (3.3), we want to demonstrate the exponential
decay of Sr(t) to the ohogonal projection R Since P commutes with Ax (this is just
the "volume" conservation (1.8) of 1 withf 0), what is needed is a demonstration
of the uniform boundedness of R(A, Ax)(I-P) for on the imaginary axis.
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We argue first that the only point on the imaginary axis where R(A, Ac) fails to
exist as a bounded linear operator on L:(0, 27r) is the point A 0. If there were a point
A ito, to # 0, such that R (ito, Ac) should fail to be so defined, our previous arguments
show that with , the corresponding vector whose components are the cube roots of
-i, we should have an eigenvector w(i, a, x) of Ac corresponding to the eigenvalue
i. It is then easy to see from (3.4) that w’(iw, a, O)= w’(i, a, 2)=0. But then
w(i, a, x) is also an eigenfunction of Ao, the third-order operator with periodic
boundary conditions, corresponding to the eigenvalue i. Since all such eigenfunctions
are known to be nontrivial exponential functions unless 0, w’(i, , 0) 0 is imposs-
ible unless 0, and we see that the resolvent R (A, Ax) is indeed defined as a bounded
linear operator on L(0, 2) for A 0 on the imaginary axis.

That being the case, to complete the proof of (3.3) by means of Huang’s cited
result, it is sucient to show (i) that R(A, Ac) is uniformly bounded for large A on
the imaginary axis and (ii) that R(A, Ax)(I-P) remains bounded as A 0. We will
prove (i)indeed, we will prove an even stronger resultin Lemma 4 to follow. In
anticipation of that result, the proof of Theorem 3 requires only the demonstration of
(ii).

The Hilbe space L2(0, 2) has the ohogonal decomposition

L2(0, 2) L(0, 2) + [L2](0, 2),
where L(0, 2) denotes thosef L2(O, 2) for which If] 0 and [Lz] is the subspace
of constant functions in L2(0, 2). Then P (see text preceding (3.2)) and Q= 1-P
are the ohogonal projections on these subspaces. The space [L2], interpreted as a
subspace of H(0, 2), is the null space of Ax, and L(0, 2) H a(0, 2) is closed
invariant subspace for Ax (this is implied by the computation (1.8)). The identities
(3.2) follow directly from these observations, and (3.3) follows if we can show that
the semigroup c(t) generated on L(0, 2) by the restriction x of Ax to L(0, 2)
decays exponentially. The bounds on R(A, Ax) for A on the imaginary axis bounded
away from zero (to be proved in Lemma 4, below) continue to apply to R(A, Ac)
there. To apply the cited theorem of Huang to c(t), it is therefore only necessary to
show that we can obtain a bound

(3.17) IIR(A, c)flo,=)= IIR(A, ax)fll Kllfllo,z=, f L(0, 2),
for some positive K independent of f for A near zero.

From (3.7) and (3.16), we have

W(A, . x) V()eXD(")U(,)-V() e(2-s)D(")V()-l(s)ds

(3.18) + V() e(X-s)D(")g()-l(s) ds

=ee(r(, )- e(-e(p(s) ds+ e(-’((s) ds,

where (see (3.7) and (3.10))

T(A, )= B()-ezF").

The boundedness of the last term in (3.18) for A in a neighborhood of zero is clearly
no problem. For the first term after the last equality we note that evx) is bounded,
and integrating by pas and using [f] =0,f L(0, 2), we have

r(a, )- e(-’((s) s r(, )-() e(-"(s) s,
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wherein/(A) =27rF(A) and

a,(s) ,(o-) a.

Clearly then, it is sufficient to show that the matrix T(A, c)-(A) remains bounded
in a neighborhood of A =0. From the easily verified property F(A)3-- -A/, where I is
now the 3 3 identity matrix, and from the power series expansion of e v<a) it is clear
that

(3.19) (A)3 _87r3Ai, .(A)- l__.(A)2"
8 ’j’3A

Using the Taylor expansion of e

e= I+ (A)+(A) +(A) + (A)4G(A),
where G(A) is bounded in a neighborhood of A 0, we obtain

T(A, )-(A) (B()- I- (A) -(A)-(A)3- (A)4G(A))-l(A)
(P(A)-’(B(a)- I-, (a(+(a+(a+(a+(aa(a_(
8I

(3.20) 8i

0 -1 + 6(IA[) A0.

0 (- 1)/2

Since the indicated constant matrix has determinant -(1 + a)/2 # 0, we conclude that
the matrix (3.20) is uniformly bounded in a nighborhood of A =0 and hence, as
developed earlier, that (3.17) is valid and R(A, Ax) is, consequently, bounded on the
imaginary axis. Applying ffuang’s cited result and Lemma 4 below, we conclude that
the restricted semigroup S;(t) has the propey

g( Me-’, t>0,=

for some positive M and y, which is equivalent to (3.3). With this the proof of Theorem
is complete.

LEMMA 4. We have the estimate

llR(i,

Proof It is clear that w can be expressed in terms off by using (3.8) and (3.16).
It is computationally convenient to recall that this relationship has the form

(. (a, , x a(, x, f( ,
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where for each : [0, 27r] and h such that (see (3.13)) A(/x, a) 0, G(A, x, :) satisfies,
for x (0, 27r),

(3.22) G’"(A, x, so)+ AG(A, x, :)= 6(x- ),

(3.24) G(A, 27r,

(3.25) G’(;, 2, )= a’(a, 0, ),

(3.26) G"(A, 27r, c)= G"(A, O, ),

the prime notation now representing d/dx. With /Xo,/zl,/x2 as defined earlier, we
readily see that G(A, x, ) has the form, for coefficients Co, cl, c2 to be determined,

G(A, x, :) coe"O(’-e)+
(3.27)

+ H(x- )(oeO-e+ ,e,-e+ e"-e),
where H(x-) is the Heaviside function

1, x>,
H(x-sC)=

0, x<-:,
and, corresponding to satisfaction of (3.23),

(3.28)

One easily computes

c%+ ,, + =o,
Ct/,0 + 11.,/ -{" 2/2,2 ---O,

2ogo+ c,g, +g 1.

1
(3.29) Co ,

(,-o)(-o)’ (o-,)(-,)’ (o-)(,-)"
The coefficients Co, cl, C2 are then to be chosen so that (3.24)-(3.26) are satisfied. If
the three-dimensional vector whose components are Ck, k 0, 1, 2, and the 3 3 matrix
whose diagonal elements are e"k’, k 0, 1, 2, are represented by c and e"’, respectively,
these equations take the form (see (3.8) and (3.12))

U(lz, a)e-’ec a(tz, )= V(/x)e’(2=-)’(/z),
’(/x) being the vector whose components appear in (3.29). Here U(/z, a) has the form

1-e:z’ 1--e2’ 1--e2t’2

(3.31) U(/x,a)= o(a-e=’o) /Zl(a--e2g,) /x2(a-e=’2)
/x(1 e2=’) /x(1 e2=’, /x2(1 e2’2)

Solving (3.30), we have

(3.32) e-’c A(/x, a )-1 b(/x, sc) d(/x, ),

where, according to Cramer’s rule, b(/z, sc) is the three-dimensional vector whose
components bk(lZ, ), k =0, 1, 2, are the determinants of the matrices obtained from
U(/z, a) by replacing the kth column of the matrix by a(/x, ). Letting e be the
three-dimensional vector whose components are all equal to 1 and e* its (row vector)
transpose, we have

G(A, x, ) e*(e"(’-e) c + H(x )e’(x-e) (Ix))
(3.33)

e*(e"’3(/z, s:) + H(x )e’(’-e)g’()).
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Let us take w--p3, p>0. Then the cube roots of-h----ip can be taken to be
Id,o ip, I1 pei7/6 -i-/6

tx2 pe which we abbreviate as peo, pel, pe2, respectively. As
p + ee, (3.30) yields the asymptotic relationship

(3.34) ak(tX, ) k., (2--)1.1,2C2()ez2 k=0, 1,2.

From the form (3.31) of U(/z, a) it is clear that A(z, a), its determinant, has the
asymptotic form, again as p ee,

(3.35) A(/.6, 6e) -e2r2D(bt),

where

(3.36)

A simple geometric argument then shows that

(3.37) A(z, a) /p3e2,26 (Zo, a),

where [6(/Zo, a)[->_ 1-a > 0 for all values of p in t*o pi. In particular, this confirms
for large p our earlier conclusion that A(/x, a) does not vanish when A lies on the
imaginary axis.

From the description of b(tz, sc) following (3.32) and from (3.34), we further see
that, asymptotically as p - oo,

bk(/Z, =)= k=0, 1,2,

where

(3.38) Ho(/x)=det\ a/z,2 (a-e2"":)/x2]=det /x22 a/x, c2
/x, (1 e2"U:)/x22 / 2 /x /x2 /

(3.39)

(3.40)

=det

1 e2ru

H2(/x) det /Xo(a e2) a/Xl /x D(z)

:/

(see (3.36)).
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Thus we find that as p- oo

(3.41)

so that from (3.32)

bo(/X, ) (/x)e":(:-)Ho(/X),

b,(/x, sc) (/z)e":(-)H(/x),

b(/x, sc)

,[ Ho(Ix / D(tx t(3.42) d(tx, )-2(tx)e-"2Hl(tx)(D(Ix) =- -()e-:h(Ix).

Therefore, using (3.32) and (3.33), we see that for fe L:(0, 2)

G(A, x, )= s*(e"(-)c+ H(x-)e"(-)())
(3.43)

e*(e"(, )+ H(x-)e’(X-e)()).

Since eEx e-"e is uniformly bounded for x N , the ratios Ho()/D() and H()/D()
are bounded as p and, as may be clearly seen from (3.29), lc()l p-2 as p
we conclude that given any r > 0 there is a constant , independent of p, such that
for xN

(3.44) le*e"d(, )[ rp-, p > r.

For x > , (3.43) has the asymptotic form

G(a, x, ) s*e(-)()-ee-e()h().

The first two components of this vector involve e"(-) k 0, 1 and e"-" k 0, 1
all of which are uniformly bounded for x > . The third component reduces to zero,
as we see from (3.42). We consequently may extend (3.44) to the inequality

IG(a, x, )[ Mrp -2, p > r.

An entirely similar result is valid for _p3. Using this and (3.22), we have the result
(3.21) and the proof of lemma 4 is complete.

COOAgV 5. esemigroup Sxc( t) generated by the operator Axe is a C semigroup
on L2(O, 2).

Proo This result follows immediately from (3.21) and [10, Cor. 4.10].
If we interchange the roles of 2 and 0 in (3.1), equivalently, if we require a > 1

in that equation as it stands, the same arguments used above show that the resulting
system has uniform exponential decay to the constant state as -m. Applying the
principle that uniform stabilizability of a time-reversible linear system in both
directions implies exact controllability (see [12], [14], [15]), we conclude that (1.2),
(1.3), (1.23) is exactly controllable in L(0, 2), i.e., controllable between initial and
terminal states Wo and wr, respectively, for which [wr-Wo] 0, provided T is large
enough so that (see (3.3)) Me-rr< 1, using controls h e L2(0, T) and keeping the
intermediate states w(., t),ONtN T, in L2(0, 2), the norm of h and the maximum
norm of w(., t), ON tN T, being uniformly bounded in terms of

here we effectively reverse the procedure by which we obtained uniform
exponential decay in 2. Harmonic-analysis treatment of the control problem for (1.2),
(1.3), (1.23), in much the same manner as for distributed control in 2, indicates that
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we should be able to take T> 0 but arbitrarily small. The argument is incomplete,
however, because it is apparently not possible to establish that the L2(0, T) controls
h(t) obtained by that route leave the intermediate states w(., t) in the state space
L2(0,2zr) in general--the same difficulty encountered originally in treatment of
boundary-value control of the wave equation in more than one space dimension [13],
a problem also subsequently overcome by obtaining uniform exponential stabilization
rates for the corresponding system with boundary-damping mechanisms [1], [7].
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DYNAMIC OPTIMIZATION PROBLEMS WITH FREE-TIME AND ACTIVE
STATE CONSTRAINTS*

J. D. L. ROWLAND’I" AND R. B. VINTER"

Abstract. Free-time dynamic optimization problems are treated with state constraints in which the data
is permitted to be measurable with respect to the time variable. Necessary conditions for such problems
have previously been derived only under the assumption that the state constraint is inactive at the optimal
endtimes. A more detailed analysis than has yet been undertaken of the interaction between the optimal
free endtimes and the state constraint permits the removal of this assumption. An example clarifies the
nature of the new necessary condition.

Key words, necessary conditions, nonsmooth analysis, state constraints, free time
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1. Introduction. In recent years, interest has been focused on necessary conditions
of optimality for free-time dynamic optimization problems with state constraints, when
the data is assumed to be merely measurable (and therefore possibly discontinuous),
with respect to the time variable. It has arisen out of the awareness that a variety of
threshold phenomena (associated, say, with abrupt changes in a tariff or rate of return
on investment at prespecified times) give rise to such problems yet are beyond the
scope of traditional necessary condition proof techniques. Our purpose here is to
provide a more thorough analysis than has previously been undertaken ofthe interaction
between optimal free endtimes and the state constraint in the "measurable" case.
Necessary conditions are thereby provided under significantly weaker hypotheses than
have yet been required.

We will soon address a more general problem, but, for the purposes of this
introductory discussion, we now trace the development of necessary conditions for
the following problem:

Minimize g(x(b))

over times b > 0 and arcs x(. AC([0, b]; n), satisfying

(t) F(t, x(t)), a.e. [0, b],

h(x(t)) <-O, for all [0, b],

x(0) Xo.

Here g, h" It are given functions, F: l+n___ n is a given multifunction, and Xo
is a given n-vector.

Necessary conditions for state constrained problems involving a differential
inclusion were first obtained for fixed-time problems (problems to which the constraint
"b fl" has been appended, for some fixed/3 > 0; see [2]). They lead more or less
directly to necessary conditions for free-time problems () via a transformation of
the independent variable, which reduces () to a fixed-time problem (see, e.g., [2] or
[9]). The following conditions on a minimizer (/3, (. )) are thereby obtained: There
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exists an arc p(.)AC([O, b]; R"), a constant A->0, and a nonnegative measure

/x C*([0,/3]; R), not all zero, satisfying

(1.1) (-P(t)’(t))ax’pH(t’(t)’p(t)+Ito.,)Vh((t))tx(dt))’ a.e.[0, fl],

(1.2) -P(fl fto,tl Vh((t))tx(dt) AVg((fl)),

(1.3) supp/x c {t: h((t)) 0},

(1.4) 0 H(fl, (),p()+f Vh((t))tx(dt)-Vh(())tx({})),
o,#]

where the Hamiltonian H: E x R"x E"- R is defined by

H(t, x, p) sup {(p, e>: e F(t, x)},

and Cgx,pH denotes the (Clarke) generalized gradient of H(t, .,.). For simplicity, we
have assumed that the functions h(. and g(. are continuously differentiable. Condi-
tions (1.1)-(1.3) will be recognized as the standard fixed-time necessary conditions.
Condition (1.4) supplies the extra information associated with the free terminal time.

Unfortunately, this approach is limited to problems where the data is at least
Lipschitz continuous with respect to both the time and state variables. The reason is
that, under the transformation, the original time variable becomes a component of the
state vector, and the fixed-time necessary conditions we would like to apply are valid
only for data Lipschitz with respect to the state variable. For problems without state
constraints, a more refined analysis generates necessary conditions for free-time prob-
lems when the dynamics are continuous in the time variable; see [1], [12], or [13].

When treating problems with data measurable in time, a difficulty arises with the
very interpretation of the free-time condition (1.4), let alone its proof. In the general
setting, it is necessary to specify the data as regards time dependence only in an "almost
everywhere" sense, and pointwise evaluation of - H(t, :(t), p(t)) at =/3 is meaning-
less. In [5] this difficulty is overcome, at least for problems without state constraints,
by the introduction of the notion of (convex) essential value of a function.

DEFINITION 1.1. Let Ac be an open set and h(.): A- be an essentially
bounded, measurable function. Take e A. The (convex) essential value of h(. at t,
written co esss_,, h(s), is the closed interval with left- and right-hand endpoints

lim {ess inf { h (s): s e, + e ]}},
elo

lim {ess sup {h(s): s [t- e, t+ el}},
el0

respectively. (The definition of the convex essential value coincides with the convex
hull of the essential value introduced in [5].) It will be clear that adjustments of a
function on a null set leave the convex essential value unchanged. Thus the notion of
convex essential value is a natural one in the context of necessary conditions. The
necessary conditions provided in [5], valid for problems with measurably time-depen-
dent data and when the state constraint is inactive, replace condition (1.4) with the
following "essential value" inclusion:

0co ess H(t, :(fl), p(fl)).
t/3
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(Note that, when the state constraint is inactive, the measure /x is the zero measure
by condition (1.3) and so may be dropped from the conditions.)

Subsequent developments were aimed at providing necessary conditions when the
state constraints are active. This was achieved in [4], [15], and [16], but only under
the "noninteraction" hypothesis that the state constraints are inactive at the optimal
free endtime, or, in other words, only when

(1.5) h(:(t3)) < 0.

The necessity of investigating the nature of the interaction between the state constraint
and the optimal free endtime /3 is thereby avoided. However, the noninteraction
hypothesis (1.5) is unwelcome since it excludes consideration of a frequently en-
countered phenomenon in these problems, namely, that of a minimizing trajectory
evolving on the boundary of the constraint set and terminating at a discontinuity in
the dynamics or tariff.

This paper provides an answer to the question of what necessary conditions are
valid when the noninteraction hypothesis is dropped. Our necessary conditions retain
the flavour of the "Lipschitz case" conditions (1.1)-(1.4) with the exception that the
boundary condition on the Hamiltonian (1.4) is replaced by

(1.4’) O=co ess H(t,(C3),p(fl)+ft
t/3 0,/3]

v h((t))(at) Vh((/3))((3})),
for some K [0, 1]. The significant respect in which (1.4’) diverges from (1.4) is in the
presence of the parameter K. Its appearance is explained because our proof techniques
(in common with those employed in recent research in dynamic optimization) involve
extracting "multipliers" p(.), A, and /x(.) as limits of multipliers associated with a
sequence of perturbed problems. In particular, the measure/x will arise as a limit point
in the weak star topology on {/x C*:/x-> 0}, and so, even if (1.4’) is satisfied along
the sequence with 1, we must allow [0, 1] in the limit, due to the fact that the
mapping /x-/x({/3}) is merely weak star upper semicontinuous on the positive cone
in C*.

It is natural to ask whether, when we pass to more general problems than the
Lipschitz ones, the need to express the necessary conditions in terms of the parameter

in the range 0 =< <-1 results from a deficient analysis or whether, on the contrary,
it represents an essential difference between "Lipschitz" and "non-Lipschitz" problems.
The issue is settled by the following example of problem () in which the necessary
conditions can be satisfied only if the parameter K is chosen to lie in [0, 1).

Example 1.2. We consider the following problem involving a two-dimensional
state space; state vectors are written (x, X2) and so forth:

Minimize Xl (b) x2(b)

over times b > 0 and arcs (x(.), x2(" )) AC([0, b]; 12), satisfying

{[-1,1]{1} 0-<t -<2,) a.e. t[O, b],(2,(t),22(t))
{r/} (1}, 2<t,

-x(t)<=O for all t6[O, b],

(x(O), x(O)) (, o).
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Evidently, this is an example of () in which

[-1, 1] x{1},
F(t’(Xl’X2))--

{r/} x {1},

h(Xl,X2)=--Xl,

g(x,,x2)=x, -x2,

0_<- t_-<2,}t>2

and the initial state vector is (1, 0). The positive number r/ is a fixed parameter.
It is obvious that for r/< the example has unbounded cost. On the other hand,

if r/_-> 1, the cost is bounded below by -2. Let us examine the process (/3, (.)=
(sol ("), :2(" ))), where/3 2 and

/(1- t, t), 0_--< t_--< 1,
(:l(t), sc2(t))

(0, t), 1--<_ _--< 2.

This process has cost -2. It is a minimizing process if r/_-> 1, but not if r/< 1. We now
ask the following question: For what choices of A>_-0, p(.)=(pl(.),p2(.))
AC([0, 2]; N2), and nonnegative measure /xe C*([0, 2]; N), with A /lp(’)l/ll>0
and K e[0, 1] are conditions (1.1)-(1.3) and (1.4’) satisfied in relation to (/3, (.))?

For this problem, the Hamiltonian function is

H(t, (Xl, X2), (p, p2)) {[P] +p2, 0<= t--<--2’
Pl/+P2, 2 < t.

The implications of the Hamiltonian inclusion (1.1) are first explored. Since H is
independent of (Xl, x2), this condition implies that both p(. and P2(" are constant
functions. We write

P,(" Pl and P2(" P2.

Another consequence of (1.1) is that

(P(t)+ fEo.,) Vh((s))dtz(s)’ (t)) H( t’ (t)’p(t)+ IEo,,) Vh((s))dl(S)), a.e. [0, 2].

Since support {/x}c {h(sC(t)) =0}, by (1.3), it follows that, for almost every re[0, 1],

-p,+p2=lpll+p2
This is only possible if p _-< 0. It follows also that, for almost every e [1, 2],

P2 P,+I (-1) dtx(s) +P2.
0,t)

Since p <= 0 and/x is a nonnegative measure, we conclude that

(1.6) Pl-- 0 and support {/x}c {2}.
We next study the information embodied in the transversality condition (1.2) and

the essential value inclusion (1.4)’. In view of (1.6), they assert that

(-(-1)/x({Z}),-p2)=A(1,-1) and 0e{pz}+(1-K)/x({2})[-r/,1].

These combine to tell us that

/({2})=p2 =a and ae-a(1-r)[-r/, 1].

Now we are not permitted to choose a 0, for otherwise these conditions would imply
that A, p,, P2, and/, were all zero, in violation of the requirement that a + [p(. )oo + [/,[ >
0. Knowing that a > 0, however, we arrive at

(1- )--<_ 1 _<_ (1 )r/.
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Thus a choice of K is compatible with (1.1)-(1.3) and (1.4’) only if K =< 1 r/-1. Evidently,
the set of all possible multipliers is

={A>0, p,(.)=0, p(.)= A,/x(.)= Za{2(’), to: 0=< to-< l-r/-’}.

Let us now draw conclusions from our characterization of the multiplier set .
Note first that is nonempty if and only if r/=> 1. Bearing in mind that (/3, so( )) is a
minimizing process if and ony if r/-> 1, we see that testing the process (/3, so( )) against
the necessary conditions precisely identifies the range of the parameter values ,/ for
which (/3, s( )) is a minimizing process. This provides some evidence of the strength
of the new necessary conditions. Our second observation is that, in the case where

=> 1, when (/3, s(. )) is a minimizer, it is not possible to satisfy the necessary conditions
with 1. In fact, if r/= 1, the only choice is t =0! This is consistent with the facts
that the differential inclusion is discontinuous in time and that the state constraint is
active at the optimal endtime, circumstances when condition (1.4) (the strengthened
version of (1.4’)) need not apply.

Our discussion has thus far been directed at necessary conditions in the form of
a Hamiltonian inclusion for problems having a differential inclusion formulation.
However, our methods also provide Pontryagin-type necessary conditions for differen-
tial inclusion problems (see 4) and a general Pontryagin maximum principle for
optimal control problems (see 5). The novelty of these results is, as before, that they
apply to problems in which the dynamic constraint is allowed to be merely measurable
with respect to the time variable while allowing the state constraint to be active at the
optimal endtimes.

We conclude the Introduction by setting our notation for normal cones and
generalized differentiation concepts employed in the paper.

DEFINITION 1.3 (normal cones). Let C " be a given closed set and take x C.
(a) The proximal normal cone to C at x, written PNc(x), is

PNc(x) ={scaN": for some M>0, 0-<(-so, c-x)WMIc-x[2 /cG C}.

(b) The limiting normal cone, to C at x, denoted LNc(x), is obtained by closing
the graph of the multifunction x PNc(x),

LNc(x) {so sc sc, x - x, sc e PNc(x), x C for all i}.

Both the proximal and limiting normal cone are subsets of the Clarke normal
cone Nc(x), [2]. In fact, the limiting normal cone and Clarke normal cone are related
according to

Nc(x) co LNc(x).

DEFINITION 1.4 (subgradients). Let : R"R be lower semicontinuous near
X[n.

(a) The Clarke generalized gradient of 0 at x, written Od/(x), is

Off(x) {s I": (s, -1) Nepi 4,(x, 0(x))}.

(b) The limiting subgradient of , at x, written L0q,(x), is

L0(x) {so I": (s, -1) LNepi ,(x, 6(x))}.

For locally Lipschitz functions, the Clarke subgradient and limiting subgradient
are related according to the formula O6(x)= co LO4,(x).
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DEFINITION 1.5 (generalized Jacobians). Let 0: " -d be Lipschitz continuous
near x 6 ". The generalized Jacobian of q, at x, written Oq(x), is

O0(x) =/lim Vq(xi)" xi- x, d/is diiterentiable at xi and lim V0(xi)exists[.
There is no ambiguity of notation here since, if d 1 in Definition 1.5 and q is

Lipschitz continuous near x, the generalized Jacobian and the Clarke generalized
gradient coincide.

2. Hamiltonian inclusion necessary conditions. In this section, we supply the main
results of the paper. These are necessary conditions of "local" optimality for a
generalization (P) of the earlier problem (), in which both endtimes are choice
variables, namely,

(2.1) Minimize g(a,x(a), b,x(b))
over intervals [a, b]cR and arcs x(. )AC([a, b]; E"), which satisfy

(P) (t) F(t, x(t)) a.e. [a, b],

h(t,x(t))<O for all t[a, b],

(a,x(a),b,x(b))S.
Here g:xxx"- and h:x are given functions, F:x--" is a
given multifunction, and S x "x R x" is a given set.

An admissible process for (P) is a triple (a, b,x(.)), comprising left and right
endpoints, a and b, respectively, of an interval, and a function x(. AC([a, b]; "),
which satisfy the constraints of problem (P). It is convenient to regard the function
x(. in an admissible process (a, b, x(. )) as having domain all of ; in this event, we
extend x(. to all of R by constant extrapolation; i.e., we get

x(t)=x(a) forallt<a and x(t)-x(b) forallt>b.

We also require the concept of an "e-neighbourhood" about a given admissible
process (c,/3, (. )). Given e > 0, an admissible process (a, b, x(. )) is said to lie in the
e-neighbourhood of (a, fl, (.)), provided that ]x(t)-(t)l<e for all teN, ]a-oil<e,
and Ib-l<e. (We employ our extrapolation convention to make sense of this
definition.)

An admissible process (a,/3, (.)) is said to be a local minimizer for (P) if it
achieves the minimum of the functional (2.1) over all admissible processes lying in an
e-neighbourhood of (a,/3, (. )) for some e > 0. Properties of local minimizers are of
interest here, and, consequently, it suffices to invoke hypotheses on the data relating
merely to their properties "near" the local minimizer (a,/3, (. )) in question. "Near-
ness" is quantified by a parameter to e (0, (fl-a)/2). We employ the notation B for
the open unit ball in Euclidean space and denote by To(a, fl, (. )) the tube

To(a, fl, (" ))= {(’, r):

(H1) g is Lipschitz continuous on (a, (t),/3, :(fl))+toB.
(H2) h is continuous on To(a, fl, :(’)); there exists a nonnegative number kh

such that

[h(t,x)-h(t,y)l<-kh[X-y[ forall (t,x),(t,y) To(a,/3,(.)).
(H3) F(.,.) is x G-measurable; F(t, x) is nonempty, compact, and convex-

valued on To(a,/3, :(. )); and there exists a nonnegative function kF(" ) L1,
which is essentially bounded on (a to, ce + to) w (/3 to,/3 + to) such that

F(t,x)CkF(t)B for all (t, x) 6 To(ce, fl, sc(.))
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and

F(t,x)c F(t,y)+kv(t)lx-y[B for all t, x), t, y) T,o(a, fl,:(’)).

(H4) The set S is closed.
The statement of the necessary conditions involves the following notation:

t) co/lim y," y, Oxh(t,, x,), (t,, x,) (t, x), and h(t,, x,) > 0 for all i[.Oh(x,

+Note that Oh(t,x)= at points in T(a,,(.)), where h(t,x)<O, since h is con-
tinuous there. If h is smooth and there exist points arbitrarily close to (t, x) at which
h is positive, then

Oh(t,x)=Vxh(t,x).
THEOREM 2.1. Let (a, fl, (. )) be a local minimizerfor (P). Suppose that, for some

w>0, hypotheses (H1)-(H4) hold. Then there exists an arc p(’)AC([a, Ct];Nn);
numbers k and k2; nonnegative numbers A >- O, p >- O, and tr >-_ 0; a nonnegative measure
/_e C*([a, fl]; R); and a i-integrablefunction y(. ): [a, fl]-> Rn such that A +IP(" )1+
p + tr+ ([a,/3]) and

(2.2) (-p(t),(t))eOx,pH(t,,(t),p(t)+It,,, y(s)tx(ds)) a.e.[a, fl],

(-kl, p(a), k2, -p(fl)- f[ T(t)tx(dt)) e LNs(a, ,(a), fl,

(2.3) + ALOg(a, (a), fl, .())

+ pLOh(a, (a)) x crLOhfl, (fl)),

(2.4) k co ess H(t, (a), p(a)),

(2.5)

(2.6)

(2.7)

(2.8)

The conditions simplify when the constraint "h(t, x(t))-<_0" is dropped from the
formulation of problem (P). This situation can be regarded as an instance of a problem
with formulation (P) where h(., .)-=-1. (With this choice of function, the state
constraint is satisfied by any admissible process.)

THEOREM 2.2. Let (a, fl, ( )) be a local minimizerfor (P). Suppose that, for some
to >0, hypotheses (H1)-(H4) hold. Suppose further that h(.,.)-=-l. Then there exists
an arc p( AC([a, fl]; "), numbers k and k2, and a nonnegative number A >-_ 0 such
that A+lp(.)loo= 1 and

(-16( t), ( t)) O,.pH( t, ( t), p( t)) a.e. [a, fl],

(-kl, p(a), k2,-p(fl)) e LNs(a, so(a),/3, sc(fl)) + aLOg(a, (a), fl, s(fl)),

k e co ess H(t, (a), p(a)),

kz6co ess H(t, (fl),p(fl)).
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Theorem 2.2 is a straightforward refinement of [3, Cor. 2.2]. It differs only in the
respect that here the transversality conditions are expressed in terms of limiting normal
cones and limiting subgradients. To accommodate the changes, we must merely note
that a transversality condition involving limiting normal cones is actually proved in
[4], in the case that g(a, x, b, y) =(r/, y) for some r/ (although the conclusions are not
explicitly stated in this form). The restriction on g is then lifted by means of a state
augmentation technique involving the epigraph of g along the lines of that in [4], with
the exception that we now exploit the interpretation of subgradients of g in terms of
elements in the limiting normal cone to epi {g}; see [14].

We stress that a proof of Theorem 2.2 is already available, with the qualifications
outlined above, to justify using Theorem 2.2 as a building block in our proof ofTheorem
2.1. However, Theorem 2.2 can be regarded as a simple corollary of Theorem 2.1.
Indeed, if h-=-1, then by (2.7) the "state constraint multiplier" is the zero measure
and so drops out of the conditions; the assertions of Theorem 2.2 follow.

The idea of sharpening the transversality conditions by expressing them in terms
of limiting normal cones and subgradients is due to Mordukhovich [11] (although it
was not originally proposed in connection with free-time problems with data measurable
in t).

Finally, we clarify the relationship between the results of this section and the
discussion in the Introduction. Making various simplifying assumptions about the data
for problem (P), applying Theorem 2.1, and modifying the state constraint multiplier
if necessary by addition of an atom at the right endtime, we obtain the following
optimality conditions.

COROLLARY 2.3. Suppose that the constraint set S is of the form

S=(0}Cx",

and that the cost function g and state constraint function h are of the form

g(a,x,b,y)=(y), h(t,x)=h(x),

for some set C c R and functions " Rn
_

and h" - . Let (fl, (. )) be a local
minimizerfor (P). Suppose that, for some to > O, hypotheses (HI)-(H4) hold. In addition,
assume that h (.) is continuously differentiable. Then there exist numbers A >- O, K [0, ],
an arc p( AC([0,/3]; ), and a nonnegative measure I C*([0,/3]; R) such that
,X + IP(" )1+ g([0,/3 ])= 1,

(-(t)’ (t)’Ox’pH(t’ sc(t)’p(t)+ Io,,, Vfl(,(s))l(ds)), a.e.[O, fl],

p(O) e LNc(s(O)),

-p(fl)- f[ Vf((t))tz(dt) ALO((fl)),

Supp/x = {t 6 [0,/3]"/(s(t)) =0},

Oeco ess H t, (fl),p(fl)+ Vh((t))lz(dt)-Klz({fl})Vh((fl))
t-# o,/3]

3. Proof of Theorem 2.1. Let (a, fl, :(. )) and to > 0 be as stated in the theorem.
Define h+:--> by h+(t,x)=max{O,h(t,x)). Since (a,,:(.)) is a local
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minimizer, we may choose some 6 (0, w/2) such that (a,/3, so( )) is a minimizer for
problem Q(0), below

Minimize g(a, x(a), b, x(b))

over intervals [a, bite and arcs x(.)AC([a, hi; "), which satisfy

2(t) F(t, x(t)) a.e. [a, b],

Q(0) h+(t,x(t)) at<-_o,

h(a,x(a))<-_O, h(b,x(b))<-O,

(a,x(a),b,x(b))S,

Ix(.)-:(.)1_-< ,, [a-al<-_6,
This is a modification of problem (P), in which candidate arcs are required to lie close
to (c,/3, (. )) and in which the original "pointwise" state constraint has been replaced
with an equivalent formulation involving a combination of integral and pointwise
constraints.

For now, we impose the following additional hypothesis on the data:
(HU) (ce,/3, :(. )) is the unique minimizer for problem Q(0).
Problem Q(0) is embedded in the family of problems {Q(r): r=<0}, shown below:

Minimize g(a, x(a), b, x(b))

over intervals [a, b] c I and arcs x(. AC([a, b]; "), which satisfy

2( t) F( t, x( t)) a.e. [a, hi,

Q(r) h+(t,x(t)) dr+ r<_-0,

h(a, x(a)) <-O, h(b, x(b)) <-O,

(a,x(a),b,x(b))S,

Ix(.)-(.)l=<,, la-l-_<, Ib-/3l-< &
Denote by V the value function associated with this family of problems; i.e.,

V(r) inf Q(r) for r <- 0. We adopt the convention of assigning V the value +c if the
"feasible set" for Q(r) is empty. Sequential compactness arguments such as those
employed in the proof of [1, Thm. 3.1.7] permit us to conclude the following lemma.

LEMMA 3.1. Assume hypotheses (H1)-(H4) and (HU).
(a) Visa lower semicontinuousfunction, and, if V(r) < +oo, then Q(r) has a solution.
(b) Let {r} be any sequence of numbers increasing to zero such that V(r) < +oo for

each i. Let (a, b,x(.)) be a minimizer for Q(r), i= 1,2,.... Then

Ix,(.)-(-)l-0, la,-al-0, as i.

The next step is to give conditions on admissible processes associated with a point
in epi V at which the proximal normal cone is nonempty.

LEMMA 3.2. Let (v’,-e’) be a proximal normal to epi V at a point (r’, e’) with
e’>0. Let (a’, b’,x’(.)) be a minimizer for Q(r’) such that

ix’(.)-(.)l_<o’, la’-[_<o’, [b’-/l__<o’,
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for some number to’ (0, 6). Then there exist numbers k and k’; nonnegative numbers
A’, p’, tr’, and ’; an arc p’(.)AC([a’,b’];n); and measurable functions
V’(’): [a’, b’]E andm’(.): [a’, b’] [0, 1] such thatA’+p’+’+]p’(’)l+lm’(’)l>
0 and

(-’(t), 2’(t)) e O.pg , x’(t), p’(t) + ’(s)’m’(s) ds a.e. [a’, b’],

(-k, p’(a’), k, -p’(b’))e ’LOg(a’, x’(a’), b’, x’(b’)) + LNs(a’, x’(a’), b’, x’(b’))

+ p’LOh(a’, x’(a’)) x ’LOh(b’, x’(b’)),

k e co ess H(t, x’(a’), p’(a’)),
ta’

kco ess H(t,x’(b’),p’(b’)),
tb’

’(t)Oh(t,x’(t)) a.e.{t[a’,b’]’Oh(t,x’(t))O},
{t[a’, b’]" m’(t) > 0} {t [a’, b’]" Oh(t,x’(t))O},

p’=O ifh(a’,x’(a’))<O, ’=0 if h(b’,x’(b’))<O.

Proof Since the component -e’ of the proximal normal (v’,-e’) is strictly nega-
tive, it must be that the point (r’, e’) in epi V takes the form

(r’, e’) h+(t, x t)) dt, g(a’ x a b’,x’(b’))

By definition of the proximal normal (v’,-e’), there exists M > 0 such that

(3.1) (-(v’,-e’), (r’, e’)-(r, e))Ml(r, e)-(r’, e’)[
for all (r, e) epi E

Take any element (a, b, x(. )) that satisfies the constraints of problem Q(0), with
the possible exception of the state constraint o.b h+(t,x(t)) dtO. Then

(r, e)= h+(t,x()) dt, g(a,x(a), b,x(b))

lies in epi Note that, if r N r’, then the point (r, e’) e epi V. It follows from (3.1) that
(-v’,r’-r)NMlr’-rl for all rNr’, whence v’0. In general, we interpret (3.1) as
follows: (a’, b’, (x’(.), y’(. )0)) is a minimizer for the problem

Minimize Max {(a,x(a), b,x(b), y(b)), h(a,x(a)), h(b,x(b))}

over intervals [a, b]cN and arcs (x(.), y(. ))e AC([a, hi; N+), satisfying

2(t)e F(t, x(t)) a.e. [a, hi,

(t)= h*(t, x(t))-h*(, X’(t))X’.b’(t) a.e. [a, b],

(a, x(a), y(a), b, x(b), y(b))

{(s,, s:, 0, s4, s, s6): (s, s, s4, s, s6)

]x’(’)-x(’)]w’, [a’-a]w’, b’-bw’.
Here xA(t) is the indicator function of the set A, and : x x x" x is the
function

(x,. x, x. x., x) e ’(g(x,, x:, x, x.)- g(a’, x’(a’), b’, x’(b’))) + v’(x + re(a, b))
+ ]g(x,, x, x, x4)- g( a’, x’(a’), b’, x’( b’))]: + (x + m( a, b)),
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in which

m(a, b)= h+(t,x’(t)) dt+ h+(t,x t)) dt.
a’ db

Note that this minimization problem is a dynamic optimization problem without state
constraints, and the hypotheses are satisfied under which Theorem 2.2 is applicable.
Using the fact that m(a’, b’)=0 and the rules

and

L0(f(x) +f(x)) c LOfl(x) + LOf2(x)

Lo(A(x) v/(x) v/3(x))

IZ iLOf(x)’Yai =1, a, >--0, ozi =0 iff(x)< (fl(x) vf2(x)vf3(x)) /
governing the calculation of limiting subgradients for locally Lipschitz functions (see,
e.g. [11]-[13]), we deduce that there exist nonnegative numbers 31, c2, ce3, and A;
numbers h’ and k’; and an arc q(. AC([a’, b’]; R"), such that

(3.2) O -+- 02 -[- 03 1, A+lq(’)[ O,

32=0 ifh(a’,x’(a’))<O, 33=0 ifh(b’,x’(b’))<O,

(3.3) (-(t(t),2’(t))Ox,pH(t,x’(t), q(t))-Av’Oxh+(t,x’(t)) a.e.[a’, b’],

I;’ x’a’ b’
(3.

k,q(a’),k’,-q(b’))eAa,e’LOg(a’,x’(a’),b’,x’(b’))+LNs(a’, (), ,x’(b’))

+ Aa2LOh(a’, x’(a’)) x Aa3LOh(b’, x’(b’)),

(3.5) kco ess H(t,x’(a’),q(a’)), kco ess H(t,x’(b’),q(b’)).
t- b

Define A’= Aae’, p’= Aa, tr’= AO’3, and sr’= Aav’. Then A’, p’, tr’, and "->_ 0, and

(3.6) A’+ p’+ r’+ Iq(" )l 0,

(3.7) p’=0 ifh(a’,x’(a’))<0, tr’=0 ifh(b’,x’,(b’))<0.

Now, arguing as in [4], we deduce from (3.3) existence of measurable functions
3"(’): [a’, b’]-" and rn’(.): [a’, b’]- [0, 1] such that

(3.8) (-(t(t),2’(t))O,.pH(t,x’(t),q(t))-’m’(t)y’(t)x{O} a.e. [a’,b’],

(3.9) y’(t)60+h(t,x’(t)) a.e. {t6[a’, b’]" O+h(t,x’(t))O},

(3.10) {t6[a’, b’]" m’(t)>O}c {t[a’, b’]" O+h(t,x’(t))O}.

Define p’( AC([a’, b’]; R") by

(3.11) p’(t)= q(t)- ’m’(s)y’(s) ds.

It follows from (3.6) and (3.11) that

X’ + p’+ r’+ IP’(" )1+ Im’(" )ll O.

Substituting (A’, p’, r’, p’(. )) for (aae’, ,c, ,c3, q(" )), we arrive at the assertions of
the lemma. I-1
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To conclude the proof of Theorem 2.1 (under the extra hypothesis (HU)), we use
the fact that there exist sequences of proximal normals to epi V and of corresponding
base points in epi V, with general terms (vi,-ei) and (ri, ei), respectively, such that
ei > 0 along the sequence and ri $ 0. This follows from the lower semicontinuity of V
(see [14]). Since V(ri) < +, there exists a minimizer (ai, hi, xi(" )) for Q(ri). By Lemma
3.1,

[xi(. )-so(. )]-- O, la,-a[-> O,

By discarding initial terms in the sequences, if necessary, we can arrange that

Ix,(.)-(.)1_-< oZ la,-[=< ,
where th (0, 6) is a number common to all points along the sequence. Now apply
Lemma 3.2. We deduce conditions resembling those in Theorem 2.1, in all respects
except that (ai, bi, xi(" )) replaces (c, fl, (. )), (,i, pi, try, pi(. )) replaces (,X, p, 6, p(. )),
and t(" is defined by

tz, (dt) ,m, (t) dt

replaces /z. We have r/i > 0, where

r/i := hi + Pi + o’i + IP,(" )l+/zi([ai, b,]).
-1Scaling the multipliers by rti we ensure that

A, + p, + tri + IP(" )[+ i([ ai, bi]) 1.

Extracting subsequences, we obtain A, k, k2, p, tr, p(.), and /z(.) such that
kio k, k2 k2, pp, tr-tr, [pi(.)-p(.)l-0, ti(’)*- t(’), and

,+p+tr+lp(’)l+la,([a, b])= 1.

The assertions of the theorem are proved by passage to the limit, with the help of a
convergence analysis along the lines of that in [4] (which uses, in particular, the
compactness of solutions to the multifunction F 1, Thm. 3.1.7], upper-semicontinuity
properties of the convex essential value [3, Lem. 1.2], and the convergence results of
[17]).

It remains to dispose of the extra hypothesis (HU). In circumstances when (HU)
is violated, we replace the problem (P) with the problem (P) having cost function

g(a,x(a), b,x(b))+ Ix(t)-(t)l2 dt+lb-fllZ+la-a

The data for problem (P) satisfies the extra hypothesis (H5). Applying the special case
of Theorem 2.1 to (’), we deduce the necessary conditions for (P). V1

4. Pontryagin-type conditions. In [8] Kaskosz and Lojasiewicz proved an optimal-
ity condition involving a Carath6odory selection f(.,. of the multifunction F(.,.
(defined below) for the fixed-time, state constraint, free version of (P). In their necessary
condition, the Hamiltonian inclusion is replaced by a separated adjoint equation and
maximum condition reminiscent of the Pontryagin maximum principle. Subsequently,
Pontryagin-type conditions were proved by a number of authors in a variety of settings
(see [7], 10], 16], and 18]). Pontryagin-type conditions do not subsume Hamiltonian
inclusion conditions but supply an independent test of optimality for putative
minimizers. (The distinctive features of the two sets of conditions are illustrated by
the example in [8].)
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Pontryagin-type necessary conditions for problem (P) follow easily from Theorem
2.1, as we demonstrate in this section (cf. [10]).

DEFINITION 4.1. A mapping f’ En ._>En is called a Carath6odory selection of
the multifunction F" [ x En n if the single-valued multifunction F(., ):- {f( .,. )}
obeys the hypothesis (H3) (with a possibly different Lipschitz constant) and satisfies
f(t,x)c F(t,x) for all (t,x)[".

Suppose that the arc x(.)AC([a,b];E) satisfies ( t) F( t, x( t)), almost
everywhere a, b ]. It is shown in [8] that there always exists a Carath6odory selection

f of the multifunction F such that ( t) f( t, x( t)), almost everywhere t[a, b].
THEOREM 4.2. Let (a, fl, (. )) be a local minimizerfor (P). Suppose that, for some

to > O, hypotheses (H1)-(H4) hold. Pick any Carathdodory selection f of F with the
property that

(t) =f(t, (t)) a.e. [a, ].

en there exists an arc p(. ) AC([a, ]; ); numbers k and k2; nonnegative numbers
h 0, p 0, and 0; a nonnegative measure C*([a, fl ]; ); and a -integrable
function y(.)’[a,] such that h+[p(.)[+p++([a, fl])= and

-(t)6(p(t)+f.,) y(s)(ds),Oxf(t,(t))) a.e.[a,],

H(t,(t),p(t)+fr,, 7(s)(ds))=(p(t)+f[.,) 7(s)(ds),(t)) a.e.[a, fl],

(-k,,p(a), k2,-P()-I 7(t)(dt)) LNs(a, (a), , ())
+ aLOg(a, (a), , (fl))+ oLOh(a,

x L0h(, ()),

kco ess H(t, (a),p(a)),

k2 co ess H(t, (), p() + 7(t)(dt)),

+7(t)Oh(t, (t)) -a.e.,

Supp c {t [a, ]" Oh(t, (t))

p=0 ffh(,())<0, =0 ff(,())<0.

Proof Take f(.,.) as in the theorem statement. For each i N, consider the
multifunction

v,(t, x) =f(t, x) + i-{v(t, x) -f(t, x)}

and the optimization problem (P), obtained from (P) by replacing F with Fi. Note
that inherits from F andfthe hypotheses (H1)-(H4) for a suitably modified function
k(t) in (H3). In view of the convexity of F(t,x) and since f(.,.) is a selector of
F(., .), we have F(t,x)c F(t,x). Now consider the optimization problem (P),
obtained from (P) by replacing F with F. Since F c F, arcs admissible for (P) are
also admissible for (P). In view of the fact that (a, fl, (.)) is a local minimizer for
(P) and admissible for (Vi), we deduce that (a, , (.)) is also a local minimizer for
(P), 1, 2, 3,.... An application ofTheorem 2.1 to (P), with reference to (a, , (. )),
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gives the following information: There exists an arc Pi(" ) AC([a,/3]; "); numbers
k, and k; nonnegative numbers X->0, p->0, and r >=0; a nonnegative measure
/xizC*([a,3];); and a /xi-integrable function %( ): [a, /3] --> " such that
IPi(" )l + Pi -- O’i -- t-i([ Og, /]) 1 and

(4.1) (-p,( t), ( t)) O,pHi( t, ( t), p,( t) + ft,,) Ti(t)lzi(dt)) a.e. [a, fl],

(-kli, Pi(tx), k2i, -Pi()- f[ Ti(t)l&i(dt)) LNs(ce, so(a),/3, so(/3))

(4.2) + AiLOg(ce, (o), fl, (fl))

+ p, LOh(a,

X o’iLOh(fl (fl)),

(4.3) kico ess Hi(t, (a), pi(a)),

(4.5) %( t) e O+h( t, (t)) xi-a.e.,

(4.6) Supp/zi {t [a,/3]" O+h(t, (t))

(4.7) pi=0 ifh(ce,(a))<0, tri=0 ifh(fl,:(/3))<0,

where Hi(t, x, p) := (1- i-)(p,f(t, x))+ i-H(t, x, p). Expanding (4.1), we obtain

(--Pi( t)’ ( t)) (1-- i-’)[ <pi( t) + I[,t) 7i( t)txi(dt)’ Oxf( t’ ( t)) > {f[ t’ j( t))}]
(4.8)

+i-lOx,pH(t, (t),pi(t)+ f[,,) Ti(t)txi(dt)) a.e. Ice, fl].

Now apply [1, Prop. 3.2.4] to the second component of (4.8) to obtain

i-f( t, ( t)) ( t) -(1 i-)f( t, ( t))

i-lopH( t’ ’( t)’pi(t) + I[,t) Ti(t)tzi(dt))"
It follows that

H( t, ((t), pi(t)+ f,t) yi(t)txi(dt))
(4.8)

=(pi(t)d- f[,,t) yi(t),,(dt),(t))> a.e. [a,/3].

Applying the same proposition to the first component of (4.8), we deduce

--i(t)(1-i-)<pi(t)+I[ yi(t)txi(dt),Oxf(t,

(4.10)

+ i-’ pi(t)-k- f[a,t) Ti(t)lzi(dt) kf(t)B--.
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Relationships (4.2)-(4.7) and (4.9)-(4.10) are perturbed versions of the assertions of
the theorem. Now let oe. A convergence analysis properties along the lines of that
in [4] or [16] completes the proof. [3

5. Optimal control problems. This final section provides necessary conditions for
free-time state-constrained dynamic optimization problems having a Pontryagin formu-
lation; i.e., the dynamics are expressed in terms of a differential equation with control
term. The novel aspect of these necessary conditions is that, once again, they apply
to problems with data merely measurable in the time variable and that they allow the
state constraints to be active at the optimal endtimes.

As is customary, the first step is to provide conditions on boundary points of a
reachable set. The control system (C) of interest is specified by the following differential
equation and constraint:

(5.1) (t) b(t, x(t), u(t)), u(t) 6 Ut a.e. [a, b],
(c)

(5.2) h(t,x(t))<=O for all t[a,b],

Here 4: E x En x E" En and h: E x E" - are given functions, and U c E E" is a
given set. For E, define Ut := {u: (t, u) U}.

We term control process for (C) an element (a, b, x(. ), u(. )) comprising left and
right endpoints, a and b, respectively, of an interval, a function x(. AC([a, hi; En),
and a measurable function u(. ): [a, b]- E’, which satisfy constraints (5.1) and (5.2).
As with inclusion processes, it is convenient to extend the domain of the absolutely
continuous function x(. in a control process to the whole of E by constant extrapola-
tion. The hypotheses we invoke are of a local nature; they relate to a nominal control
process (a,/3, so( ), v(" )) and a parameter to > 0. Let e > 0 and define the e-tube of the
control process (a,/3, s(. ), v(. )) by

L(-, t, ,(’), v(’)) {(,, n): *z [- , t + ], In- (,)[ < }.

(HC1) h(’," is continuous on To(a, , (" ), v(" )); there exists a nonnegative
number kh such that

Ih(t,x)-h(t,y)l<-k]x-yl forall (t,x),(t,y) T,o(a,[3,(’), v(’)).

(HC2) b (.,.) is ( x )-measurable for each x { r/: (, r/)
To(a, , (" ), v(. ))}. U is x -measurable. There exists a nonnegative
function k (.) L, which is essentially bounded on (a to, a / to) w
(/3 -to,/3 + to) such that

Ich(t,x,u)ll%(t) forall (t,x) T(a,,(.),v(.)),u U,

and
I(t, x, u)- (t, y, u)[<- k,(t)[x- y[B,

for all (t,x), (t,y) To,(a, fl,(.),v(.)) and u Ut.
We employ the unmaximized Hamiltonian function : I x I" x" n

_, defined by

(t, x, u, p) (p, 6(t, x, u)).

THEOREM 5.1. Let (a, fl, (. ), v(. )) be a control process for the control system (C)
and suppose that hypotheses (HC1) and (HC2) are satisfied with respect to some number
to >0. Let Cc++1 be a closed set and d/: d be a function that is Lipschitz
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continuous on a neighbourhood of a, (a ), fl ). Suppose that a, (a ), fl C and
q((/3)) is a boundary point of the reachable set ,c, defined by

,c := {q(x(b))" (a, b, x(. ), u(. )) is a control process lying in To(a, fl, (" ), v(. ))}.

Then there exists a function p(.)AC([a, fl]; "); numbers kl and k2; nonnegative
numbers p>-_O and or=>0; a vector 0d’, a nonnegative measure tx6 C*([a, fl]’);,
and a tz-integrablefunction y(. )" [a, fl] " such that ]01 + [p(. )[+ p+ tr+/x([a,/3])=
1 and

y(s)tx(ds)) a.e. [a, b],

( t, ( t), v( t), p( t) + It., v(s)(ds))
=sup {Yg(t, (t), u,p(t)+ ft.,) y(s)lx(ds))" u6 U} a.e.[a,b],

k,, p(a), k2, -p(fl)- ft y(t)Ix(dt)) LNc(a, :(a), fl) xO,((fl))O
,]

+ pLOh(a, (a)) x trLOh(, (fl)),

k,co ess sup {(t, s(a), u,p(a))" u Ut},

y(t)O+h(t, (t)) tx-a.e.,

Supp/z c {t 6 [a,/3]" O+xh(t, (t)) )},

p=O if h(a, sc(a))<O, o=0 if h(, (/3))<O.

Consider now the optimal control problem (PC), below:

Minimize g(a,x(a), b,x(b))+ L(t,x(t), u(t)) dt

over intervals [a, b]c and arcs x(.)AC([a, b]; "), which satisfy

(PC) 2(t)=qb(t,x(t),u(t)), u(t)6 Ut a.e.[a,b],

h(t,x(t))<-_O for all t[a,b],

(a,x(a),b,x(b))S,

which is expressed in terms of the control system (C), together with a given set
S c x n x x [n and given functions g: x " x x - and L: x x’ .
Minimization is conducted over control processes (a, b, x(. ), u(. )) for system (C) that
satisfy the endpoint constraint (a, x(a), b, x(b)) e S. A control process (a, b, x(. ), u(. ))
is said to lie in the e-neighbourhood of the control process (a, b, x(. ), u(. )), provided
that

[a-al<e, Ib-bl<e, [x(t)-x(t)l<e for allteN.

The control process (a, b,x(.), u(.)) is a local minimizer for (PC) if it achieves the
minimum cost over the set of control processes lying in an e-neighbourhood of
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(a, b, x(. ), u(. )) that satisfy the endpoint constraint. For this "integral cost" problem,
the appropriate unmaximized Hamiltonian function YEA. x " x" x" -> is

Yga( t, x, u, p) (p, 6( t, x, u))- AL(t, x, u).

THEOREM 5.2. Let (a,/3, (. ), v(" )) be a local minimizer for (PC). Take to > O.
Suppose that S is a closed set, g(., ., .,. is Lipschitz continuous on a neighbourhood of
(a, :(ce),/3, (fl)), h(., satisfies hypothesis (HC1), and (:=column [4’, L]) and U
satisfy hypothesis (HC2). Then there exists an arc p(. ) AC([a,/3]; 1"); numbers kl
and k2; nonnegative numbers A>_-0, p>_-0, and or>_-0; a nonnegative measure Ix6
C*([a,/3]; [); and a tx-integrablefunction y(. ); [a, fl]" such that A +]p(. )1oo+ p+
cr +/x([ a,/3 ]) 1 and

-p( t) Oxaa( t, ( t), v( t), p( t) + I,,) y(s)tz(ds))
;a(t, ,(t), v(t),p(t)+ f[,,) y(s)tx(ds))
=sup (Yga(t, (t), u,p(t)+ f,,) y(s)pt(ds)): u6

(-kl, p(a), k2, -p(fl)-

a.e. [a, b],

a.e. [a, b],

y(t)i(dt)) LNs(a, :(a),/3, (fl))

+ ALOg(a, (a), fl, :(fl)) + pLOh(a, (a))

x crLOh(fl, (fl)),

kl c co ess sup {a(t, (a), u, p(a))" u c U,},

k2 c ess sup {;(tP (fl)’ u’ P(fl)+
,.t3]

y(t)lx(dt))" u U,},
y(t)o+h(t, (t)) tx-a.e.,

Supp/z c {t 6Ice,/3]" O+h(t, (t)) #0},

p=O ifh(a,(a))<O, cr=O ifh(fl,(fl))<O.

Proofof Theorem 5.2. Let (a,/3, so( ), v(. )) solve problem (PC). Consider control
processes (a, b, x(. ), x2(" ), x3(" ), x4(" ), xs(" ), u(. )), where the state (x(.), x2(" ),
x3(" ), x4(" ), xs(. )) AC([a, b]; " " x[) satisfies dynamical equations

(:,(t),z(t),3(t),:4(t),(t))=(4,(t,x(t), u(t)),L(t,x(t), u(t)),O,O,O) a.e. [a,b],

u(t) e U, a.e. [a, b],

h(t,x(t))<=O all for t[a,b].

Define the Lipschitz continuous function O" " x x" x x -" x x R by

]/(Xl, X2, X3, X4, X5) (X X3, X2 X4,

the function G: [ x" x x" x by

G(a, Xl, b, x3, X4) g(a, Xl, b, X3) t_ X4

and the closed set C c [ " " by

C={(a,x,x2,x3,x4, b)’(a, Xl,b, x3)S, x2=O,(a, Xl,b, x3,x4, xs)epi G}.
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Note that

(a, b, x,(. ), x2(" ), X3(" ), X4(" ), Xb(" ), U(" ))

a, B, (" ), L(t, (t), v(t)) dt, (fl), L(t, (t), v(t)) dt, g(a, (a), fl,

+ ff L(t, j(t),v(t))dt, v(’))
is a control process for the five-state control system just defined. Furthermore,

(, Xl(), X2(151), X3(Cl), X4(), Xb(), [) C,

and, by means of simple contradiction argument, we deduce that, for some w > 0,

0(x(fl), x(fl), x3(fl), x4(fl), xs(fl)) boundary {,c},
where , is the reachable set for the five-state control system. We apply Theorem
5.1, and the result follows. [-I

Proof of Theorem 5.1. Let (a,/3, :(.), v(.)) and w be as stated in the theorem.
The theorem is proved first under the supplementary hypothesis (HCF), below:

(HCF) For each t, the set U, contains finitely many points.
Take 3 (0, 0)/2). Let M be the set of control processes (a, b, x(. ), u(. )),satisfying

]a-a[<-8, [fl-b]<=8, ]:(y)-x(r)]<_- for re[a-6,+8].

Let a v b and a ^ b be the maximum and minimum of a and b, respectively, and
consider the metric d on M defined by

d((a, b,x(.), u(.)), (a’, b’,x’(.), u’(.))=la-a’l+]b-b’l+lx(O)-x’(O)]
+5ce-meas {t[a v a’, b ^ b’]: u(t) u’(t)}.

It is a straightforward matter (see [1, Lem. 1, p. 202]) to show that
(i) M is closed with respect to this metric, and
(ii) If (ai, bi, xi(" ), ui(" ))-> (a, b, x(. ), u(. )) in (M, d), then

lim [Xi(" )--X(" )[cx---0, lim a a, and lim b b.

Let iN and let "i be a point in q,(:())+i-2B such that ’i q,,. Define the
function i: (M, d) -> to be

(i(a, b, x(. ), u(. )) I’i- 0(x(b))].
For each i, is continuous, and

%(a, fl, (.), v(.)) <- inf C(e)+i-.
eM

By Ekeland’s theorem [6], there exists a point e (a, b, x(. ), u(. )) in M such that,
writing (c,/3, :(. ), v(. )),

d(ei, ) <-_ --
and

i(ei) <- (i(e)+ i-ld(e, ei) for all e M.

By taking sufficiently large, we can ensure that
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This inequality can then be interpreted as stating that (ai, bi, xi(’),yi(’)--
,,) i(t, ui(t)) dt, ui(" )) is a local minimizer for the following optimal control problem:

(5.3) Minimize Isri- 4,(x(b))[ + i-l{[a a,l+ [b b,[+ Ixi(a,) x(a)l + y(b)}

over intervals [a, b]cR and arcs (x(.),y(.))AC([a, b];
which satisfy

(5.4) (t) b(t, x(t), u(t)),

(5.5) (t)=i(t, u(t)), U(t) G Ut a.e. [a, b],

(5.6) h(t,x(t))<=O for all t[a,b],

(5.7) (a, x(a), b, y(a)) C {0}.

Here (I)i: X --’) is defined by

{’,dPi(t u)=
O,

if ai, bi], or u U (t),
otherwise.

Next, we introduce the multifunction F: x R"E x
__

E" x E, defined by

F(t, x, y)= {(b(t, x, u), di)i(t u)): b/ Ut}.

Under the hypotheses imposed, the multifunction F obeys hypothesis (H3). (The
supplementary hypothesis (HCF) is crucial at this point.) Since the right endpoint is
unconstrained, it follows that (ai, bi, xi(" ), Yi(" )=,)i(t, ui(t)) dt, u,(. )) remains a
local minimizer when the dynamic constraints (5.4) and (5.5) are replaced by the
constraint

((t),y(t))coF(t,x(t),y(t)) a.e.[a,b].

We have arrived at a differential inclusion problem of a kind to which the
Pontryagin-type necessary conditions are applicable. It follows that, for sufficiently
large, there exists a function (Pi("), qi(" )) AC([a 6, + 6]; n+l) (with the family
{Pi(’)} uniformly bounded and equicontinuous), numbers ki and k2i, nonnegative
numbers Zi >-- 0, pi->- 0, and O" 0, a nonnegative measure ]Z C*([a 6, -- 6]; R), a
/xi-integrable function Yi: a 6,/3 + 6 ", and a measurable set Ai c a 6,/3 + 6]
such that Ai+l(qi(’),pi(’))l+p+cri+lzi([a-6,+6])= 1, and we have

5-meas {Ai} ---) fl C as -
for all Ai,

(5.9)

--Pi(t) GOx( t’ Xi(t)’ ui(t)’ pi(t)+ f[a.t) "y(s)dtzi(s))
-4(t) =0,

(t, xi(t), ui(t),pi(t)+ f[ Ti(s) dtzi(s))
ai.t

>_-sup (t, xi(t), u, pi(t)+ f[ "yi(s) dti(s))-i-l,
U ai,
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and

(5.10)

(5.11)

(5.3)

(5.14)

where

pi(ai),k2i,-pi(bi)- f[ %(t) dtxi(t))LNc(ai, xi(ai),bi)xOd/(xi(bi))Oi
ai, bi]

+ piLOh(ai, xi(ai)

x tr, Lh(bi, xi(bi))+ i-lB,

-qi(bi) i-B,

kli co ess {max a(t, xi,(ai), u, pi(ai))} + i-IB,
ta U

k2icoess Imax(t, xi(bi),u, pi(bi)+I[ Ti(s) dt-ti(s))]q-i-lB,
t->b U ai, bi]

%(t) O+h(t, xi(t)) /zi-a.e.,

Supp {/xi} c {t [a 3,/3 + 3]" O+h(t, xi(t)) 0},

sri b(xi(bi))
Oi :’-" ’i Ii O(xi(bi))l

so that

IOi[+lPi(.)lo+p,-I-tr,+,([ce-,-I-])e[1-i-, 1 + i-].

Conditions (5.8)-(5.15) will be recognized as perturbed versions of the relations
whose validity is asserted in Theorem 5.2. The theorem is proved by subsequence
extraction and passage to the limit. Finally, hypothesis (HCF) is removed by application
of the technique on p. 207 of [2].
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OPTIMIZATION OF QUEUES USING AN INFINITESIMAL
PERTURBATION ANALYSIS-BASED STOCHASTIC ALGORITHM

WITH GENERAL UPDATE TIMES*

EDWIN K. P. CHONGt AND PETER J. RAMADGE$

Abstract. Convergence (with probability one) of a stochastic optimization algorithm for a single
server queue is proved. The parameter to be optimized is updated using an infinitesimal perturbation
analysis estimate of the gradient of the performance measure, and the updates are performed at
general times. First, an algorithm in which the parameter is updated before each customer begins
service is considered. Then it is shown how this analysis can be extended to an algorithm that updates
at certain stopping times. The analysis suggests that the sample path behavior of the algorithm is
similar to that of an algorithm that updates at the start of every busy period.

Key words, perturbation analysis, stochastic approximation, queueing

AMS(MOS) subject classifications. 93, 60

1. Introduction. We provide a proof of the convergence of a simple stochastic
optimization algorithm based on infinitesimal perturbation analysis (IPA) applied to a
single-server queue. Of particular note is that the algorithm can perform a parameter
update before each customer starts service. Our convergence proof thus resolves an
open problem that has been of interest for some time.

Our results are set in the following framework. Consider a GI/G/1 queue with a
performance measure J(0), where 0 is a control parameter on which the service time
distribution depends. Our objective is to find 0" so that J(0*) is the global minimum
value of J. We assume that J has just one local minimum, and this is at 0". To achieve
our objective we observe a single sample path of the system and use an IPA-based
estimate of dJ/dO together with a stochastic approximation algorithm to recursively
update the value of 0 so that J(O) is asymptotically minimized. SpecificMly, we set

0n+l On --anOn+l, where {0n} is the sequence of control parameter values, {an}
is a gain sequence, and n+l is an IPA-based estimate of dJ/dO(On). In general, the
index of the parameter sequence will be different from the index of the customers in the
system, since the parameter updating can be performed less frequently than customers
begin service. We assume that the parameter is updated each time a prespecified
criterion is met (i.e., according to some stopping time). The key theoretical issue
is to prove almost sure convergence of the parameter sequence 0n to the optimizing
value 0*.

Several authors have examined algorithms within the above framework, e.g., [1]-
[8]. In [5] Wardi presented a proof of convergence of an algorithm for the GI/G/1
queue. The task was to minimize J(O) f(W(O)), where W(O) is the mean wait-
ing time, and f is a continuously differentiable function. The algorithm required
increasingly larger numbers of customers between parameter updates, and used a
nonstandard definition of convergence. In [7] Fu used an ordinary differential equa-
tion (ode) analysis to prove the almost sure convergence of an IPA-based algorithm
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applied to a GI/G/1 queue with the performance measure J(0) T(0)+ C(0), where
T(O) is the steady-state mean system time, and C(0) is a deterministic cost func-
tion on 0. In Fu’s algorithm the parameter is updated after every busy period of
the queue. In [8] Chong and Ramadge used a martingale-based analysis to prove the
almost sure convergence of an IPA-based algorithm applied to an M/G/1 queue with
J(0) as defined above. This algorithm also updates at the end of each busy period of
the queue. These convergence proofs represent a significant step forward. However,
the fact that the algorithms require a complete busy period before each update is
felt to be unsatisfactory. If the load is high, the busy periods will be very long, and
parameter updates will be very infrequent.

Suri and Leung [6] have examined an IPA-based algorithm for an M/M/1 queue in
which the parameter updates are performed every time a fixed number of customers
have been served. They considered the performance measure g(o) T(O)-t-cl/0,
where T(O) is the mean system time and Cl is a constant. Their simulation study
showed that the algorithm converged in the cases considered, with a relatively fast
rate of convergence, corroborating the results in several previous studies (e.g., [2],
[4]). Vhzquez-Abad [9] has examined a similar scheme for adaptive routing in net-
works. This form of updating overcomes the restriction of waiting a complete busy
period before updating the parameter. Although simulation studies indicate that such
algorithms converge, a proof of almost sure convergence has been lacking.

Ideally, we would like to derive expressions for the convergence rates of algorithms
involving durations between updates, and thereby be able to compare the convergence
rate of an algorithm which updates before the service of each customer with that of
one which updates before every busy period. However, this seems to be a difficult
task. A necessary first step is to prove the convergence of these algorithms, and this
is the focus of our paper. Our main result is a proof of the almost sure convergence
of an IPA-based algorithm that updates the parameter at a general sequence of stop-
ping times. However, our approach gives insight not only into why the algorithms
converge, but also (intuitively) how fast they should do so in practice. Specifically,
our proof indicates a certain similarity of the sample paths of our algorithm with an
algorithm that updates at the start of each busy period. This in turn suggests that
the rates of convergence of these two algorithms may be very similar.

Our proof relies only on a simple convergence result for stochastic approximation
algorithms (Lemma 3.9), rather than building on analogous results in a more sophis-
ticated framework, such as algorithms for Markov chains with transition probabilities
that depend on a parameter (see, for example, [11]). As a result our proof intro-
duces some technical arguments that might otherwise have been avoided. We pay
this penalty to provide the insight into the sample path behavior of our algorithm as
discussed above. The basic method in the proof, however, is fairly simple and easily
understood. To aid in the presentation, we focus first on an algorithm that updates
the parameter before each customer begins service. Then we extend our analysis to an
algorithm that performs parameter updates at certain specified stopping times. For
simplicity, we restrict our attention to the performance measure J(O) T(8)+ C(8),
where T(O) is the mean system time and C(8) is a deterministic cost on O. This choice
of J is restrictive, but it simplifies the presentation. We indicate how the analysis can
be extended to alternative performance measures in 5.

To prove our main result, it is necessary to impose certain assumptions on our

We are grateful to a reviewer for pointing out that work similar in nature to the problem
considered here has recently appeared in [10].
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GI/G/1 queue. These are detailed in 3.1. Roughly speaking, the main assumptions
are that the service time distribution has finite moments up to a sufficiently high
order (at least 6), and that the interarrival time distribution has a bounded hazard
rate. We view these assumptions as rather mild, They are satisfied, for example, by
exponential, deterministic, and uniform service time distributions, and exponential,
Erlang, and hyperexponential interarrival time distributions. Note, however, that our
assumption on the interarrival time distribution precludes the uniform distribution.

Although the main contribution of the paper is a proof of convergence of a class
of optimization algorithms for certain GI/G/1 queues, we believe our analysis is im-
portant in a larger context. To date, all theoretical analyses of IPA-based stochastic
optimization of queueing systems have been limited to single-server systems. We
believe that the tools and methods of analysis used in our work give additional in-
sight into the behavior of these on-line optimization schemes, and we expect that
these methods will be useful in the analysis of optimization algorithms for genuine
multiparameter multiqueue systems.

The remainder of this paper is organized as follows. In 2 we describe the prob-
ability space over which our system is defined. We also discuss the optimization
problem and formulate an IPA-based stochastic optimization algorithm that updates
the parameter before the service of each customer. In 3 we prove the almost sure
convergence of the algorithm. Extensions of our analysis to more general updating
schemes are discussed in 4. In 5 we indicate how our results can be applied to
more general performance measures. Section 6 concludes with a discussion of open
problems and future work.

2. Problem formulation.

2.1. Model for a controlled GI/G/1 queue. Consider a GI/G/1 queue with
service times that depend on a control parameter 0. We index the customers that
arrive at the queue by n 1, 2, For convenience, we assume that the first customer
arrives to find the queue empty. We will use the symbol A, for the duration of time
from the arrival of the nth customer to that of the (n+ 1)th customer, 0n for the value
of the control parameter for the nth customer, and X,(O,) for the service time of the
nth customer. The queue generates a sequence of alternating busy periods (BPs) and
idle periods. We index the BPs by k 1, 2,..., and the customers within each BP
by m- 1,2,

The probability space and corresponding sample path to model the queue can be
set up in many ways. Here we will use a particular construction that is convenient for
our purposes. We assume that the underlying probability space (, ’, P) is equipped
with the following random variables: for each k E lN (where IN (1, 2,...}), se-
quences (Akm}=l and (Xkm}= The Akm are independent over m and k. Each Xk

m
is a random positive function Xk ]R --. JR+, and the Xk are independent over both
m and k, and are also independent of the Akin We write Xkm (0) for the value of the
function Xm at the argument . For every m, k and 0, X(O) is a positive random
variable with distribution function F(x, ).

We use the random variables defined on (, ’, P) to model our controlled GI/G/1
queue as follows. For each BP k,

Akin gives the duration between the times of arrival of the mth and (m / 1)th
customer; and
Xk(0) gives the service time of the mth customer in BP k, when the value
of the control parameter is 0.
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FIG. 1. The kth busy period of the queue.

It remains to specify the control parameter sequence {On }. However, once this is done
the controlled GI/G/1 queue is completely determined. To see this, let Nk denote the
number of customers served in the kth BP, and let 0m denote the value of the control
parameter for the mth customer in the kth BP. The sequences {k} and {0m} can be
determined recursively from the requirement that Nk is the smallest positive integer
satisfying

X/ (Or) < A/"
i=1 i=1

Then the sequence {An} of interarrival times is given by

A,A, ,AI,A,A,
and the sequence {Xn(On)} of service times can be written as

x(el),X(e), ,Xr (e r,
Figure 1 shows a typical BP of the queue.

In contrast to a conventional GI/G/1 queue, the sequence {Nk} need not be
independent nor identically distributed, since the O values from one BP to the next
may be dependent. Indeed, the value of the control parameter O may differ from
customer to customer, so that in contrast to a standard GI/G/1 queue the customer
service times will not be identically distributed. In addition, the 0 values for different
customers will in general be dependent random variables, so the customer service
times will also be dependent.

A situation of particular interest is when the control parameter is held constant
at a value O throughout the entire kth BP. In this case the BP is that of a conventional
GI/G/1 queue, with the service times independent and identically distributed. Let
Nk(O) be the number of customers served in the kth BP, assuming that the control
parameter is fixed at the value O throughout this BP. Because of the way we have set
up our model we can state that Nk(O) is the smallest positive integer satisfying

Nk(O) Nk(O)

Xi(O)< Ai
i=1 i=1
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2.2. Stochastic optimization. Our objective is to select the control parameter
0 to minimize the performance measure J(O) T(O)+ C(O) with T(O) the steady-
state mean system time, and C(O) a cost function on 0. For example, 0 may be
the mean service time, and C a decreasing function of 0. To do so we use IPA
derivative estimates for dT(O)/dO together with a stochastic optimization algorithm
to recursively update the value of 0.

Since 0 will be updated recursively it is important to be precise about what
information can be used to perform the updating. For this we introduce the following
filtration. Let2 ’1 ((01), and for n > 1, ’n a(’n-l,An-l,Xn-l(On-1)). ’n
represents the information available just before the service of the nth customer. In
particular, the service times of all prior customers are known, and the arrival times
up to and including the nth customer are known, i.e., these random variables are

n-measurable. Note that if {fn} is the random sequence defined by

(1) .fn { 1, if the nth customer is the first in a BP,
0, otherwise,

then fn is ’n-measurable. So, whether a particular customer is the first in a BP is
information that can be incorporated into the mechanism for updating .

The control parameter sequence is generated by a stochastic optimization algo-
rithm of the form On+l On- anhn+l, where 0n^is the control parameter for the
service time of customer n, an is a step-size, and hn+l is an ’n+l-measurable esti-
mate of dJ/dO. Note in particular that this algorithm updates the control parameter
before the service of every customer (general update times are considered in 4).

In general, the control parameter 0n is subject to some additional constraints. For
example, if is the mean of the service time, then for stability of the queue, we must
have that 0 _< < E(A). We assume that the parameter values {n} are required to
lie in a constraint set D and that D is a compact interval of the real line. To ensure the
invariance of D, we modify the update equation to include a projection--if On E D
but 0n an]tn+l

_
D, then we set On+l On (other forms of projections are also

possible). We assume that 1 is a random variable taking values in D independent of
Akm and Xkm for all m and k (it may indeed be a fixed value). The algorithm is then
of the form

where rn+l[’] is defined by

(3) n+l[X]= 0n, ifxCD,
x, otherwise.

It remains to discuss the details of the derivative estimate hn+l. This will be done in
the next section.

2.3. IPA estimate of dJ/dO. We begin with some assumptions on Xkm(O) and

Assumptions on xk(o) and Ak.
(P1) There exists a constant 0max e D such that for all m, k and 0 e D, X(O) _<

Xkm(Omax) almost surely;

2 We use the notation a(Y) to denote the a-algebra generated by Y, where Y may be random
variable, a a-algebra, or a combination of both.
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(P2) E(X(0max)) < E(AI);
(P3) Xkm() is almost surely differentiable with respect to 0 on D, and for each E

D, there exists a Borel measurable function 0 such that dXk/dO(O) 0(Xk(O));
(Pd) E(supoeDdX(O)/dO)2 <
(Ph) E(X (0max))2 <
Assumption (P1) ensures that the number of customers served in BP k is bounded

above by the random variable Nk(0max). For simplicity, we have assumed 0max to be
a constant. This can be relaxed to allow 0ma to be a random variable independent
of 01, Xk and Akin for all m and k. Assumption (e2) ensures that the system is
stable for any fixed parameter value 0 E D. Assumptions (PC) and (PC) are standard
assumptions (see, for example, [4], [12]), to ensure that the IPA derivative estimates
have certain desirable properties. They are generally easy to check. For example, if
0 is a so-called scale parameter of Xkm (0), then Xkm (0) OYkm where Ymk is a random
variable (that does not depend on 0). In this case Xkm is differentiable, and (P3) holds
since dXk(O)/dO Ykm Xkm(O)/O. Moreover, if E(Ymk)2 < (x), then assumption (Pd)
holds. Assumption (Ph) ensures that the number of customers served in a BP has
bounded second moments.

The above assumptions allow us to prove the following result.
LEMMA 2.1. Suppose conditions (P1)-(Ph) hold. Then the steady-state mean

system time T(O) is dierentiable on D, and if T’(O) = dT()/d, then for every
k lN,

E(k(O))T’(O)-- E(Nk(O))’

where

(4)
Nk(O)

i=1 j=l

Proof. This is a special case of a result in [12]. For completeness we provide a
proof in Appendix A, based on the method of [12].

Motivated by Lemma 2.1 we formulate an IPA estimate tn+l of T(On) as follows.
Let Cn(0) dX,(On)/dO. Using (P3), this can be written as (0n) 0(X,(On)).
Define {On+l} by

n(On) if f 1,(5) n-t-1 On + (0n), otherwise.

Since Xn(On) is n+l-measurable, and fn is :-measurable, On+l is :n+-measurable.
Let Sk be the random variable defined by S1 0, and for k > 1, Sk Ei=l/Xk-1 2ri.

Sk is the total number of customers served just prior to the kth BP. So, the ruth
customer in BP k is the (Sk + m)th customer in the queue. Note that for each k, and
each n such that Sk + 1 <_ n <_ Sk + Nk,

n n

(6) 0n+l E i(Oi)’-- E @on(Xn(On))’
i=Sk+1 i=Sk+1

which is similar to the inner sum of (4). Readers familiar with IPA will recognize this
expression as the sample derivative of the system time for customer n.
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A natural estimate of dJ(On)/dO would be tn+l /dC(On)/dO. Our actual estimate

]n+l of dJ(On)/dO is defined recursively, together with a random sequence (pn}, as
follows: pl -0, and for n > 1,

(8)

de (On) if Pn 0 or fn 1)+ + -de (On) + n, otherwise1+= +1+
1, if-an]n+D

Pn+l 0, otherwise.

The sequence {Pn} simply indicates if a projection was used in the determination
of On- If no projection was involved in determining 0n, i.e., Pn 0, then we set
]Zn+l [ln+ + dC(On)/dO, as expected. The same is true, regardless of the value of
Pn, if the nth customer (the previous customer) was the first in a BP. However, in the
case of all other projections, we adjust the value of n+ so that it also incorporates
the value of n. Effectively, a sequence of projections results in an accumulation of
the corresponding hn, subject to the above proviso that this accumulation process is
"reset" after the first customer in a BP.

The reason for this seemingly complicated formulation of the estimate will become
clear as the development proceeds. Suffice it to say at this point that as indicated
above the "nominal" estimate is indeed n+ / dC(n)/d. The accumulation of the
estimate over sequences of projections is technically advantageous in our proof and
is used to extend the algorithm to deal with more general update times in 4. The
resetting of the accumulations after the first customer in each BP is related to our basic
method of analysis. Neither of these complications may be necessary in practice. For
example, in the algorithm used by Suri and Leung [6], the projection method does
not use the accumulation mechanism described above. This is essentially the only
difference between our algorithm and the one in [6].

3. Convergence of the algorithm. To analyze the convergence of the algo-
rithm described in the previous section it is necessary to introduce additional assump-
tions. We begin with a list and brief discussion of these assumptions.

3.1. Assumptions.
Assumptions on

(G1) {an} is a sequence of positive random variables adapted to the filtration

(G2) {an} is nonincreasing, i.e., for all n, an+ <_ an almost surely;
(G3) There exist a constant 5, 1/2 < 6 <_ 1, and constants < cx, A > 0 such that

for each n, An- <_ a <_ tn- almost surely;
((34) There exists a finite constant Ba such that for all n, (1/an+l)- (1/an) _< Ba

almost surely.
The above assumptions are fairly standard and are generally easy to verify. Note

that we require an to be J-’n-measurable.
We next place additional assumptions on the Xkm(O) and Akm For this, let 0

d < 1 be such that

(9) n-+d < a.s.
n--I
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Such a d always exists; any d with 1/i- 1 < d < 1 will do, e.g., d 1/(2i). Then let

p min{n e IN" n _> 2(1 / d) (3 + d)/(1 d) }.

Note that p >_ 6. In the following, it does not matter which m and k we are referring
to, since for fixed , the Xkm(O) are identically distributed, and likewise the Akin.

Assumptions on Xm().
(Sl) E(Xkm(Omax))p <
($2) Let Ckm(0 denote the random variable dXm()/d (-- (Xk(0))), and let

km supPeD Ckm(9)" Then, E-in(C1) < o;
($3) For all m, k, there exists a measurable function FK ]RD --+ IR such that

if Kk Fg(Xkm), then for all 1,2 e D, ]km(O2 --k(01)1 _< KmlO2- 11 and
E(gl)2 <

($4) The distribution of Ak has a bounded hazard rate #(t), i.e., there exists a
constant # > 0 such that #(t) <: # for all t >_ 0.

Assumption (S1), together with assumption (P2), is used to ensure that the pth
moment of the number served in a BP for a fixed E D is bounded (see Lemma 3.3,
3.3). Note that (S1) implies (Pb). Assumption ($2) is used to ensure boundedness
of the moments of the sample gradient eke, and it also ensures that moments of the
random variables -v()k are bounded (see Lemma 3.4, 3.3). Note that assump-
tion ($2) implies (Pd). Assumption ($3) is a Lipschitz condition on the derivative
dXkm/dO (= Ckm) and we assume that the Lipschitz constant Kk has finite second
moment.

The hazard rate of the distribution FA (x) of Akin is a positive function #(t) sat-
isfying FA(X) 1 --exp(--f #(t)dt). If FA(X) has a density, fA (x), then it has a
hazard rate given by #(t) fA(t)/(1 FA(t)). Assumption ($4) is used to ensure
that the idle periods are not too short, in the sense that if I is the duration of the
idle period, then E(I-q) < oc for all q < 1 (see Lemma 3.6). This assumption holds
for many distributions of interest, including the exponential, Erlang and hyperexpo-
nential distributions.

Assumptions (S1) and ($2) are generally easy to check. For example, suppose, as
before, that is a scale parameter of xk(o), i.e., Xkm OYmk. Let D [Oa, Ob], and
{?max Ob. If E(Ykm)p < oc, then assumptions (S1) and ($2) hold. In fact, in this case
($3) can also be seen to hold, since Ckm Ymk is independent of . In general, however,
($3) may not be easy to check directly. The following proposition gives easily checked
conditions which imply ($3).

PROPOSITION 3.1. Suppose ($2) holds. Suppose that for all x >_ 0 and all
1,2 e D, ICe.(x)- Cel(x)l _< gl(x)l2

0, I(x2) O(Xl)l

_
g2(O)lx2 Xl]. Let -kg

supoeD K2(O). /f E(/7/m)2 < oc and < oc, then condition ($3) holds.
Proof. For the proof, see Appendix B.
Finally, we make certain assumptions on .the cost function C, which appears in

the performance measure J.
Assumptions on C().
(C1) C(O) is differentiable with.respect to on D;
(C2) Let C’(O) dC(O)/dO. Then C’(.) is Lipschitz continuous on D, i.e., there

exists a constant C < oc such that for all 1,2

(C3) dJ(On)/dO 0 only if * for some unique * e (where/ denotes the
interior of D), and 9" minimizes J on D.
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Assumptions (C1)-(C3) are natural assumptions to impose on C(O). Assumptions
(C1) and (C2) are used to ensure that g is sufficiently smooth, while (C3) ensures
the uniqueness of the point * that minimizes J. In fact, (C1) and (C2) together
with Lemma 2.1 imply that the objective function J is continuously differentiable on
D. Assumption (C3) is strong and can be weakened; however, we adopt it here for
simplicity of presentation.

3.2. Main result. We are now ready to state our main result.
THEOREM 3.2. Suppose that (P1)-(P3), (G1)-(Gd), (S1)-(Sd), and (C1)-(C3)

are satisfied. Then, for the sequence {On} defined by (2), (5), (7), and (8), we have
that On --* * as n -- cx) with probability one.

The proof of the theorem involves several steps and requires a variety of upper
bounds. We present these bounds as a sequence of auxiliary lemmas, then proceed to
the main steps in the proof.

3.3. Auxiliary lemmas. Throughout the remainder of the paper, we will use
the notation Ex(Y) to denote the conditional expectation of the random variable Y
given X (where X may be a a-algebra or a random variable).

We use assumptions (P2) and (S1) to show that the moments up to order p of
Nk are bounded.

LEMMA 3.3. Suppose that (P2) and (S1) hold. Then there exists a finite constant
BN such that for all k E IN, and r <_ p, E(Nk (Omax))r BN.

Proof. This is a special case of [13, Thm. l(a)]. The result can also be proved
using [14, Whm. 3.1(i) p. 78]. [:]

Next we use assumption ($2) to show boundedness of the moments of the random
variables .N=(O)

LEMMA 3.4. Suppose ($2) holds. Then there exists a finite constant Be such that
for all k E IN, O D, andre_p,

E /k _< Be.

Proof. For the proof, see Appendix C.
Note that since C’ is continuous (by (C2)), and D is compact, then C’ is bounded

on D. Let C4
a

suP0eD IC’(O)I < x). Then by Lemma 3.4 there exists a finite
constant B such that for all k, 0 D, and r <_ p,

(10) E k + C4 _< Be.
\ i=1

We next use the assumption on the finiteness of the second moment of the Lips-
chitz constant Kkm to show that the sum =()K) has a finite second moment.

LEMMA 3.5. Suppose ($3) holds. Then there exists a finite constant BK such
that for all k IN and 0 D,

E K <_ BK.

Proof. For the proof, see Appendix D. fl
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Finally we use assumption ($4) to show that the idle periods have the required
property described in 3.1.

LEMMA 3.6. Suppose ($4) holds. Let (On} be a sequence of random variables
adapted to (Fn}, taking values in D. Let

i=1 i=1

Then for each 0 < q < 1 there exists a constant BI such that Eol (I-q) <_ BI.
’-’1 --1Proof. We may write i AL L, where L Eil x(oli) z..i=l Ai Note

N1
that 0 < L < A1- almost surely. Now, the conditional distribution of given L isNx
FilL(Z) 1 -exp(- f #(t + n)dt), with a density filL (x) #(x + L)exp(- f0 #(t +
n)dt). By ($4), there exists a constant # > 0 such that for all t >_ 0, #(t) _< #.
Therefore, filL(X) <_ #. Hence,

(/0 )Eox (I) -q Eo x-qfliL (x)dx

Eox x-qfilL (x)dx + x-qfilL (x)dx

(fO fl
cx

)< Eo x-qttdx + fzlz (x)dx

< t
+1,

-1-q

which completes the proof.

3.4. A technical lemma. In the proof of Theorem 3.2, it will be convenient
to relate the terms of the sequence {On} for different customers within the same BP.
To this end we define, for each BP k, the random sequence {5n Sk + 1 <_ n < oc}
sample-pathwise as follows: For n > Sk(w) + k(w), ^kan(O) ask+lk(O)), and for
Sk(O)) + 1 <_ n < Sk(O)) + Nk(O)),

(11) 5kn(W) { a(w),^k if Pn+l(W) 0,
an+l (o)), otherwise.

Recall that Sk is the total number of customers served just prior to the kth BP. For
n >_ Sk(W) + fik(W), the value of an^k (O)) is 5Sk+k (W), i.e., the value of an(W)_ used
to update the first customer in the next BP. For Sk(O)) + 1 <_ n < Sk(w) + Nk(O)),
the ^kan(O) are defined recursively by moving backward through the BP. For n

Sk (w) + k(w) 1, the value of kan(w) is an(w) if 0n+x (o)) is computed without a
projection, i.e., Pn+ (w) 0; otherwise kan(W assumes the value of ^kan+(w). The
value of kan(W), for n Sk(w)+ lk(W) 2, is then determined from the values of
an(w), an+^k(w), and pn+(w), and so on. Figure 2 gives an illustration of how the
sample paths of {&kn} and {an} are related. It is clear that an^k is not ’n-measurable.
However, this will not be of importance in what follows.

By the construction of {Sk } it is easy to see that {Sk } is nonincreasing and that
for every k and almost all o) t:

(1) ^kan(W

_
as+19

(2) For Sk(w) + 1 <_ n <_ Sk(w) + k(w), an(o)
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an

0

"1( 2 3 4 5 6 7 8

0

A

Pn 0 0 0 0

FIG. 2. Sample paths of (&kn} and (an}.

n-Ns(k)

(3) If n Sk(w) +/k(w), then ^kan(w =an(w).
The sequence {&n} allows us to relate terms of the sequence (On} for different

customers in a BP without explicitly having to deal with projections. Whenever
a projection occurs, say in computing On+I, the value of an used in that iteration
is "lost." However, the value of h,+l may be added to the estimate for the next
customer, and if so is retained. This occurs whenever the previous customer was not
the first in a BP--hence there is no accumulation from one BP to the next. So within
each BP the algorithm behaves like one in which there are no projections, but with
updates occurring only when a prespecified criterion is met, namely, no projection
is required, and with a derivative estimate that is an accumulation of the derivative
estimates for each of the customers encompassed in the current inter^update interval.
Note that in this interpretation the criterion for updating is 0 -a,,h,,+l D, which
is an ’+l-measurable event, and the random sequence (1-p+l} indicates precisely
the occurrence of these events. We will have more to say about this in 4.

We are now ready to state and prove our lemma.
LEMMA 3.7. For each k and every m, n such that Sk + 1 < m < n < Sk + Nk,

n

^k(0i+ --[-- Ct(Oi))(12) O. an^kn+ Om akmhm+l Z ai
i=m+l

and

(13) O, O ^k ^k(Oi+l + C’(Oi))-amhm+l Z ai
i=m+l

where l max{/ IN" _< n, p 0}.
Proof. To show (12), it suffices to show that for Sa + 1 < n _< S +/a,

h ^(0,+ + C’On &nhn+l On-1 an_ an (On))

To see this, suppose first that Pn 0. Then, a-i an_l,

and 0 0-1 a_. Therefore, combining these three equations, we get

0-ah+l=0_l-a_l -a (0)).
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Suppose now that pn 1. Then, &kn &kn_l, nq-1 n+l + C’(On) + hn, and
n n-- Again, combining these three equations, we get

O 0_ a h (+1+C’-anhn+l 1 n-1 -an (On)).

To show (13), we rewrite (12)

(+ + C’(Oi)) + anh+
i=m+l

In--I n

(+ + C’

Now, by definition of ln, p.+ Pn 1. Therefore, by (11), 5k a, k
and by (7), hn+ il.(i+ + C(Oi)) Hence,

(+ + C’

and thus (13) holds, which completes the proof.
The following special ce of (12) will be used frequently. When m Sk + 1,

hs+2 s+2 + C(08+), and (12) becomes

n
k C

3.5. Proof of main result. The proof is lenhy, but the bic approach is very
simple. The key feature is to first analyze the subsequence of (0} at the start of the
BPs. We show that this subsequence behaves like one obtained from an algorithm that
updates at the start of BPs, driven by derivative estimates that are ymptotically
unbied. Then, using a standard convergence result for stochtic approximations,
convergence of this subsequence is established. Finally, the convergence of the whole
sequence (0} is proved by showing that the values within each BP are "close" to
the values at the beginning of the BPs. The main steps of the proof can be summarized

(M1) Showing that the subsequence of (} consisting of the values of 0 at the
start of every BP (denoted by (}) satisfies the recursion

Ok+ k+[Ok bkhk+l],

where (k} is not summable almost surely, but is square summable, k+1 dJ(k)/dO+
gk+, where (gk+} ymptotically vanishes (in a sense to be defined later), and
(#k+ } is the subsequence of {rn+l} taken at the start of each BP;

(M2) Showing that Ok O* almost surely; and
(M3) Showing that the whole sequence (On) converges to 0* almost surely:
To begin, let Xk (X m e } and Ak =(Ak:’me }, and define a

Xk-1 Ak-1filtration (k} follows: a(O) and for k > 1 k a(k-, ).
Then let Ok Os+, 5k as+, and k[’] rs+[’], i.e.,

x, if x D,
k+ ix] 0s+, otherwise.
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The sequences (k}, (k) and (Sk} are subsequen_ces of (On}, (vrn_), and (an}, respec-
tively, taken at the start of every BP. Note that Ok and 5k are ’k-measurable.

Step (M1) of the proof is the subject of the following lemma.
LEMMA 3.8. Suppose the assumptions of Theorem 3.2 are satisfied. Then there

exist sequences (k} and ([k} of random variables adapted to (:k} such that
(a) {0k} satisfies the recursion

(14)

(b) For all k E IN, 5k <_ bk <_ BNSk.
Moreover, if we let gk+l k+l dJ(k)/dO, then
(c) ]E (gk+) BSk + BdS for constants B, Bd < , and

(+) for a constant < .(d) E -2 a2 a2
Pro@ Without loss of generality, we may let k_= 1 (this greatly simplifies the

notation). Note that S 0, , a, and . To further simpli the
notation, let N N(), 1, n , and K K.

Define the sequence (0 by the following: For 1 n , 0 On, and for
n > , . So, (} is simply an extension of (On" 1 n , the parameter
sequence within the first BP, obtained by repeating the lt value 0indefinitely.

We first prove (a) and (b). Now, by using the definitions of 02 and 2, and
property (3) of (5}, we have

and then using Lemma 3.7 with m 1 and n N, we obtain

[ ]+ c’(e,))2 ’2 01 2 ai
i--1

Now, by (6),

^1(0i+ -- C’(Oi)ai
i=1

ai^ cjl (o _}_ C,(O
i=1 j=l

(t)^1

Ct 1
alEo (N) a__ (0) - (0)

EOl (N)i=1 al

( 1 ai )(0) +aEo(N) Eo (N)
i=1
a

j=l

51Eo (N)(51 + 52 + 53),

)1 a---iC’(O)
EOl(N)

i=1 al

where 51, 52, and 53 are defined as follows:

1
N ^1

i1 ai 1(0)51 So, (N) "= j=l
a- CJ
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1
N ^1

2 E01 (N) "= --hi

,1.(0,1.) +
5a 0,

E//V=Nr+I .71.(031./Eo (N) a

if N> N,
if N N,
ifN < N.

Let 2 1 -[-2 --’3, and k Eo (N)gI. Then, we may write 0-2 2_[1 -blh2]. It
is easy to check that 2 is ’2-measurable. Since Eol (N) and gl are -’l-measurable,
then so is 1. This proves (a).

It is clear that Eo (N) _> 1. Also, using Lemma 3.3, Eo, (N) <_ Eo (Nl(0max))
E(Nl(Omax)) _< BN. Therefore, gl N 51 _< BNgI. This proves (b).

We now show (c). We can write g2 as

g2 h2 -(T’(01)+ C’(01))
(al T’ (01)) -- (2 C’(01 )) -- 3(15)

and hence

(16)
Since ’1 ’1, to show that IE:, (g)l Bal + Bda, it suffices to show that
IEy(- T’(O))I Blal, E2,(2- C’(01)) B2al, and ]Ey(3)l B3a, where
B1, B2, B3 < . This will proceed in several steps.

Step 1. Show that IEy(- T’(O))I Bla.
Now, since 01 is l-meurable, then Ey, (1 T’ (01)) Ey (el) T’ (01). By

Lemma 2.1 and the fact that 01 is independent of A and X we may write

1
Eo (01)T’ (01) Eo (N)

i=1 j=l

1

(N) (01)
i=1 j=l

where the lt line holds because the random variable inside the conditional expecta-
tion operator depends on only through 01. Thus, we may write

E= (1 T’(01))

1

Eo (N) E=I
a_ (0

i=1
6/’1

j=l )Eo (N) E= Cj (01)
i=1 j=l

1 ((a) Ni

Eo(N)E 1 (0) + }(0) (0)
i=1 \ al j=l i=1 j=l

and, since Eo (N) >_ 1,

(17)

[E:(I- T’(0I))I _< E (
i=1

^1

1+31" (0)1 q-- 1+31"(031") +31.(01)1
/=1 i=1 j=l
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Now, using the properties of the sequence {& }, and assumptions (G2) and (G4),

(18)

^1
ai 1
al

ai
al

_<a1(1 1)a al

(1 1

<__ NB.

1 1 1)-+-
a_l a/9_2 al

Also, by assumption ($2),

(19)
N

./=1 ./=1 =1

For each k, let kNmax Nk (Omax) By Lemma 3.3, kE(Nmax) _< BN for all
r < p. It is clear by the construction of the BP that k < kNmx For brevity, write

Nmax NmD.x,
Combining (18) and (19)yields

E: a^ 1 I(oal.)l <_ E:rl alNBa aj
ali--1 j-1 j--1

Nx< aBaEvq
j=l

Using Schwarz’s inequality, the fact that Nmx is independent of .T1, and Lem-
mas 3.3 and 3.4, we then obtain

(5 ) IE a-L 1 ]al.(0J)l < alBaV/E(N4max) E j
ali=1 j=l \ j=l

(0)
<_ elBe V/-N/S.

Next, by assumption (S3),

(21)

By Lemma 3.7,

I(0)- 31" (el)l
_

KjlO 011.
j=l j=l

kj

1(0i+ -[-031" --01--" ---a
i=-1

where kj max{k E IN" k < j, pk 0}, and using (S2) and the fact that C’ is
bounded we obtain

I0 -011 N a -(lO,+l + IC’(ol)l)
i=1
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(22)
i-1 k=l

Thus, from (21) and (22) we have

i=I j=l "= j=l k=l

alN Kj k TC
j=l k k=l

Taking conditional expectations with respect to 1, using Schwarz’s inequality, (10),
and Lemm 3.3 and 3.5, yields

Ey

(23)
i=

inally, combining (20) and (a) with (17), we get

where Be BaT/.
Step 2. Show that E(52- C(O))l B2a.
Now

i=1 i=1

1

EO (N)E 1 (0) + (0) C’(O)

and therefore

(24) IE( C’(0)) E a 1 IC’(O) + IC’(O) C’(O)
i=1

gl
i=1

By (18), he Net that is bounded, and Lemma a.a, we have that

alCBaBN.
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Also, by assumption (C2), and (22),

Taking conditional expectations with respect to ’1, using Schwarz’s inequality, (10),
and Lemma 3.3 yields

(26) __
aICNB;.

Finally, combining (26) and (26) with (24), we get

IE-, (52 C’(01))l <_ alC’MBaBN +alC’lN <_ B2al,

where B2 C’MBaBN +C < oc.

Step 3. Show that IE=I (53)1 _< B3ad.
Let 1A denote the indicator function of the set A. Then, by definition of 53, we

can write

and thus

(27)

1531 _< (l{>g} + l(r<g})Eo (N) i1 )J + C’M---- j--1

Let Pl (1 + d)/2d and ql (1 + d)/(1 d). Note that Pl and ql are conjugate
exponents, i.e., l/p1 + l/q1 1 and pl,ql > 1. Then, by Hhlder’s inequality, and
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Schwarz’s inequality,

IE0I (23)1

_
Eq

I/ql__
E.T’I I (."5N}

P ) l/p1 E.T’I Nmax j " CtM
\j=l

( )l/qwhere he lt line follows from (10) and Lemma a.a with 1
Now, E(l{et)= P{N N} P{N > N} + P{N < N}. Therefore,

(l+a)/to show that [EI (3)1 Baaf, it suffices to show that PI
and P2{ < N} Nal+a)/ where ,a < .

Step a(a). Show that P{N > N} l+al/.
By definition, N is the smallest positive integer satisfying

N N

i=1 i=1

The positive random variable I1 =1 2=1X(01) is the duration of the idle
period following the.first BP suming the control parameter is given by 01 throughout
the BP. Similarly, is the smallest positive integer satising

X;(O) < A.
i=1 i=1

The positive random variable Iq E=I Z E_ X(O) is the duration of the
ctul idle period following the first actual BP. We have that

N N

i=1 i=1

N N

(X(O)- X(01)) 2 (A X(O))
i=1 i=1

N

i=1

Thus,

P-I{/ > N} <_ P’I Ix:(0)- xl(Ol)l >- I
i:1

Let EI be the event {y/N=I Ix/l(0/1) X(0)I I1}. It is clear that

1E, Il+d)/2
i:1

IX(0)- X(01)l
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Therefore,

1
Pq {N > N} <_ Eq

I}l+d)/2 i-----1
IX: (0/I) X: (01)I

Let P2 (3 + d)/(2(l + d)) and q2 (3 + d)/(1 d). Then p and q2 are conjugate
exponents, and by Hblder’s inequality,

1 i=1

Le Pa p(1 +d)/2 (a+d)/4 < 1, and qa q(1 +d)/2 (1 +e)(a+a)/((1-a)).
Then, we have

(28) Py{N>N} Ey Ey IX:(0)-X:(0)]
Now, by the Mean Value Theorem, assumption (S2), and (22),

N N

i=1 i--1

(5)_< ial j +C
i=1 j=l

and thus using Schwarz’s inequality and our known bounds,

i=1

(29) 1 glXmax
i=1 j=l

Combining (29) with (28), we get

1 (aa)/

Since P3 < 1, then by Lemma 3.6, we have

Py{ > N} al+d)/22,

where 2 (Bi)l/P’(i)l/q
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(1+d)/2Step 3(b). Show that PT.1 {/ < N} _< 3a
As before, we may write

<N= X:(O1) > A
i=1 i=1

i--1 i--1

i=1

Thus,

Proceeding in a similar fashion as in Step 3(a) (replacing all occurrences of N with
..(lq-d)/2N, and 11 with I1), we get that PT., {N < N} _< _3t where/}3 < oc, which

proves the result of Step 3(b).
Using Steps 3(a) and 3(b), we may write

(30) a"l-t-d)/(2p’) (2 - 3)-hi
adlB3,

where B3 (/}2 + J3) 1/p’1 < (X). This completes Step 3.
Step 4. Show that IEn (g=+l)l < B + Bdhd.
Using (16) and Steps 1-3, we have that

IE’,, (2)1-- Blal W B2al + B3adl B,I q- Bdadl,

where B (B1 + B2) < c and Bd B3 < cx. Thus we have shown (c).
We now show (d). From (15),

(3)
g22 (51 + 52 + 53 T’ (81) C’(O1))2

< (le + e + el + Tb + Cb)
< e(e + e + e) + .(Tb + c),

where T/ [T’(0)[. By Lemma 2.1, T’ is continuous, and since D is compact,suPoeD
T4 < oc. Taking conditional expectations with respect to ’1,

(32) EI ([) <E(el + e, + e)’ + Z(T + C).
Now

(33)
(512 +
(5) + 4Ey, (522) + 4ET., (532).
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Therefore, it will suffice to show that Ey (52) <_ a2, Eyl (522) _< a, and E- (5) _< a32,
where

First,

(Eo, (N))2 ali--1 j--1

__< Nmax E j

j=l

Therefore, using Schwarz’s inequality and Lemmas 3.3 and 3.4,

(34) E.r (5)_< E-I 2Nax j _< al2,
\ j=l

wh.. --< o.
Next,

2

(o( (o (cl.
i=1

Hence by Lemma a.a, (e) o((c)) ,h (C)B < .
inally, by (27), we have

m +c
and hence using Schwarz’s inequality, (10), and Lemma 3.3,

Let a= 4a+4a+4a < . Then, from (33), E(l+=+a)= a=.
Combining the above with (32), we get E (f) a=, where a= 2= + 2(T +
C)= < . Note that a= is independent of 1, and of the fact that I.

Having proven step (MI), step (M2) can be shown with the aid of the following
lemma.

LEMMA 3.9. ppe codiio (P1)-(P), (sa) . (Cl)-(ca) oa
.iy (14). .o{} .i:

(AI) elmo el;

(El) =[E#(f+l)I < elmot

Poof. The proof is a variation of a standard result on the convergence of stoch-
tic approximation algorithms. A detailed proof bed on martingale convergence
guments is available in [8].
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Step (M2) is the result of the following lemma.
LEMMA 3.10. Suppose the assumptions of Theorem 3.2 hold. Then, Ok -- * as

k -+ oo with probability one.

Proof. We prove this result by appealing to Lemma 3.9. To do so, we need only
verify that (bk} satisfies conditions (A1) and (A2), and that (gk} satisfies (El) and
(E2), since all the other assumptions of Lemma 3.9 already hold.

We first claim that for each k, 5k > Atak where At is a random variable such that
At > 0 almost surely. To see this, we write

gZk aS+l >
ak ak ak

Then by assumption (G3),

(36) akhk > A (Sn+l )A k

Now,
k k

n/l 1 1
/max

i=1 i=1

Since {Nax} is independent, identically distributed, and integrable, then by the
Strong Law of Large Numbers, 1/k k Nmax is bounded by an almost surely finite
random variable. Therefore, the sequence {Sn+i/k} is bounded by an almost surely
finite random variable, say Bs, and from (36) we can write

Letting At A/(AB), we have that 5k >_ Atak, with At > 0 almost surely.
Using (b) of Lemma 3.8 and the above result we find

k=l k=l k=l

aoSo

This verifies condition (A1).
Similarly, using (b) of Lemma 3.8 and the fact that gzk < ak we have

k=l k=l k=l k=l

This verifies condition (A2).
To show that (El) is satisfied, we use (b) and (c) of Lemma 3.8, the fact that

5k G ak, and (G3) to write

(37)
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The first term is finite since 1/2 < i _< 1, and the second term is finite by (9). Thus,
(37) is almost surely finite. This verifies condition (El).

That condition (E2) is satisfied is a direct consequence of part (d) of Lemma 3.8.
All the conditions of Lemma 3.9 now hold, and the result follows, rl

We are now ready for step (M3), which provides the proof of Theorem 3.2.

Proof of Theorem 3.2. Fix e > 0. We wish to show that there exists an almost
surely finite random variable M such that for all n >_ M(w), In (co) -0"1< e.

For each n E IN, let kn be the index of the BP containing the nth customer. Let
Fn Sk. + 1 and Gn Sk.+l + 1. So, F, is the index of the first customer in the
BP containing the nth customer, and Gn is the index of the first customer in the BP
just after the one containing the nth customer. Clearly Gn Fn .

By Lemma 3.10, there exists an almost surely finite random variable M1 such
that if k >_ Ml(w), then Is+l(w) -*1 < e/2. Let M2 M1 -t- 1. Clearly, M2 < o
almost surely. Then, for all n _> M2(w), k(w) :> Ml(W) and so IOF (w)- 0"[ < e/2.

Now, by (13) in Lemma 3.7,

For simplicity of notation, let j ", j e IN. Then, by properties (1) and (2) of

{5n}, and equation (6),

NOW,

Thus,

Gn-1 Fn +Nk-1 <_ 1+-- <_ 1+ <_
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So, squaring and using Hblder’s inequality and our known bounds, we obtain

Now, by Markov’s inequality,

(39) E(On --OF,,)2

Combining (38)with (39), we obtain

P{IO,- OF, I>_ e/2} < n

where

/].4 1/) (B)1/3 (8BN)2/3
(e/2)2

Thus,

P(lOn- OF,,I >_ e/2} _</} Z n-2’ < c.
n:l n:l

Hence, by the Borel-Cantelli lemma, [0n -OF,[ < e/2 except possibly for an almost
surely finite (random) number of n, i.e., there exists an almost surely finite random
variable M3 such that for all n > M3(w), IOn(w)- OF, (W)[ < e/2.

Let M max(M2, M3). Then, for all n > M(w),

which proves the result of Theorem 3.2. D
Observe that step (M1) basically shows that the sequence {n} behaves like an

algorithm in which is updated after every BP, and step (M2) (via Lemma 3.9) is a
convergence result for such an algorithm. This suggests that the rate of convergence
of our algorithm is essentially that of one which updates after every BP. To be more
specific, observe that from the proof of Lemma 3.8, the quantity n+i is "close"
(differing only by gn+l) to a quantity of the form

(40)
1 Nn

So, (Nn) .= j=l

The quantity in (40) is in fact an unbiased estimate of the derivative of J at 0n (by
Lemma 2.1), and can be used in an algorithm that updates 0 after each BP (see
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8]). We may~ consider~ n/l to be an estimate of dJ(n)/dO, and the expression
On+l ffn+l[O- bhn+l] to be an algorithm which updates after every BP. If we
replace hn+l by the quantity in (40), then the resulting algorithm (which updates
after every BP) should behave sample-pathwise similar to the subsequence (On) of
our original algorithm.

4. Extension to general update times. We now show how our algorithm can
be extended so that parameter updates occur only at selected customers. For example,
we may wish to update the parameter every time a fixed number of customers have
been served, or, more generally, after the service of some random number of customers,
determined by a prespecified criterion.

To model this situation let Hy (T1, T2,..., ) be a sequence of integer-valued
random variables such that T1 < T2 < almost surely. The random variables Tj
will indicate for which customer the jth update will be performed. We think of
as the (random) set of update indices, i.e., n E Hy means that we update before the
service of the nth customer. For convenience we set T1 1, SO that 1 is set just
before serving the first customer. Naturally, we require that (Tj n) E ’, i.e., that
each T is a stopping time with respect to (’n).

For simplicity and convenience of analysis we will also make the following two
assumptions:

(T1) There exists a positive integer By such that for every j, Ty+l --Ty
almost surely; and

(T2) For almost all w e , if fn(w) 1 (where fn is defined by (1)), then there
exists j IN such that T(W) n;

The first assumption simply ensures that updates are not too far apart. In practice
this is a very mild restriction, since By can be arbitrarily large. The second assumption
ensures that a parameter update is always performed for the first customer in each
BP. Since fn+l is ’n+l-measurable, i.e., whether the next customer to be served is the
first in a BP is known, it is always possible to modify the sequence (Tj), if necessary,
so that this assumptions is satisfied. At the cost of some further complication in the
analysis the assumption can be weakened to the following condition:

(T2) There exists an integer t such that ftn 1 only if there exists j IN such
that Ty tn almost surely,
i.e., a parameter update is performed for the first customer in every tth BP. In this
form, the assumption is very mild, since t can be arbitrarily large. However, for
brevity we restrict our attention to assumption (T2) in our analysis.

Our modified algorithm can be summarized as follows. Between updates, the
control parameter remains fixed, i.e., for each j IN,
Let Oy be the control parameter at the jth iteration of the algorithm. Then the
sequence (fly) is generated by the recursion

(41) flj+l 7)+1[j
where {bj } is the step-size sequence, rj+l[’]’ is a projection defined by

I j’ ifxCD,(4) +l[X] x, otherwise,

and ]j+l is an estimate of dJ(j)/dO defined by

-Y+1--1 C’(On j-1,-,n=y (On+l + )) if -bj-lfj e D or fy 1;
(43) /j+l N.y,+l-1 C’(On ]j, otherwise.--n=y (On+l -- )) --



OPTIMIZATION OF QUEUES 723

At the jth iteration, our estimate of dJ(3y)/d is simply the sum of the estimates
obtained for each customer during the iteration. As before, in the event that a pro-
jection is required we add our derivative estimate to the next estimate, subject to
resetting this accumulation after the start of the next BP.

The above algorithm encompasses a variety of interesting special cases. For ex-
ample, by setting Ty j we obtain our original "one customer updating" algorithm.
By setting Ty lj A min{n l(j- 1) < n <_ lj & fn 1}, for some positive integer l,
we obtain an algorithm that updates each time customers are served, or a new BP
is started. More generally, we may wish to update only after the derivative estimate
meets some criterion, e.g., is deemed to be of sufficient accuracy or of the correct sign,
subject to also satisfying (T1). As pointed out before, the original "one customer
updating" algorithm can also be viewed as an algorithm that updates after a prespec-
ifie criterion is met, namely that On -ann/l E D or that the next customer is the
first in a BP.

Define the filtration {’} by ’ r (the natural filtration associated with
the stopping times {Ty}). Let assumptions (GI’)-(G4’) be (G1)-(G4) with a, {’n},
A and A replaced by bn, {jz}, B and B, respectively. Then, for the generalized
algorithm above we have the following result.

THEOREM 4.1. Suppose that {by} satisfies (GI’)-(G4’), and that (P1)-(P3),
(Sl)-(S4), and (C1)-(C3) are satisfied. Then, for the sequence {y} defined by (41),
(5), and (43), we have that y O* as j oc with probability one.

Proof. To prove this result, we show that the 0 are related via an algorithm that
updates every customer, and that satisfies the conditions of Theorem 3.2. To this
end, we first define the projection r+[.] as follows:

(44) n+l[x]={ 0n, ifxDornHr,
x, otherwise.

Correspondingly, we define the projection indicator sequence {Pn } by

1, ifn+lCHorn-an]n+l CD,(45) Pn+l 0, otherwise.

Then define the sequence {an} by a ar+l a+l- by, j E IN. It is now
easy to see that the gn satisfy the recursion

nq-1 n+l[n anhn+l],

where {n+} is defined by (7) with the sequence {Pn} defined above.
Now, the proof of Theorem 3.2 does not depend on the sequence {Pn}, except

through Lemma 3.7. Note, however, that Lemma 3.7 is a purely algebraic result
and holds for an arbitrary sequence {Pn}. Therefore, provided the assumptions of
Theorem 3.2 hold, our result follows. Since assumptions (P1)-(P3), (S1)-($4), and
(C1)-(C3) are already assumed to hold, then it remains only to show that {an}
satisfies (G1)-(G4).

Assumptions (G1) and (G2) clearly hold for {an}. To verify (G3), for each n

define an max{j "n _> Ty}, SO that an ba,. By assumption, j <_ Ty <_ jB., and
max(1 (n/S.)- 1) By (G2’) we may write_< an _< n, where antherefore an

bn <_ an <_ ba. By (G3), we have

Bn-5 <_ an <_ [ ((rn) -5
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> n/(2B) thenSince an

Set A B and =/(2B). Then (G3) is satisfied. To see that (G4) holds, we
note that for n + 1 E H, an ba, and an+l ban+, so that by (G4),

1 1

an+l an

For n + 1 H, an+ an, and so the above inequality remains true. Hence (G4)
holds.

Therefore, by Theorem 3.2, On - * almost surely. Since {j } is a subsequence
of {an}, we also have 3j --. 0* almost surely, which completes the proof. [3

5. More general performance measures. The proof of our main result can be
extended to more general performance measures. For example, consider performance
measures of the type J() E(F(t(), )), where F: IR+ D - IR is a given "nice"
function and t(0) is a random variable that has the distribution of the steady-state
system time. By a "nice" function we mean that F has partial derivatives OF and
OaF that are bounded and Lipschitz continuous on IR+ D. In Appendix A we have
shown that

d
j(0)

1
dO E(N(O))

E
\ i= =

where {tn(0)} is the sequence of system times of customers, defined recursively by

Xn(0) An-l, if fn 1,tn tn- + Xn(O) An-, otherwise,

with A0 0. Correspondingly, we define the sequence of derivative estimates {n}
by

(46) hn+l { OtF({i+, On)tn+l + 00F({i+l, On), if Pn 0 or fn 1,
OtF(i+i, On)n+l 2t- OoF(i+l, On) + n, otherwise,

where (n} is defined recursively by

Xn(On) An-l, if fn 1,(47) n/l n - Xn(On) An-l, otherwise.

Under suitable assumptions, the approach of 3.5 can be used to show that the algo-
rithm defined by (2), (5), (8), (46), and (47) converges almost surely. The proof in-
volves replacing all occurrences of terms such as 9n+ +C(On) by OtF(i+, On)gn+ +
00F(i+l, 0n) in the proofs of Lemma 3.8 and Theorem 3.2, and reestablishing the
bounds obtained in these proofs.
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6. Conclusions. We have proved convergence of a stochastic optimization algo-
rithm using IPA for a GI/G/1 queue with general update times. Simulation plots of
our algorithm have been presented in [15]. Our proof made use of certain assump-
tions on the GI/G/1 queue---roughly, that the service-time distribution has finite
moments up to a sufficiently high order, and that the interarrival-time distribution
has a bounded hazard rate. We view the latter as the more restrictive of the two
main assumptions. This assumption was used only to prove Lemma 3.6. It could be
relaxed if an alternative proof for Lemma 3.6 can be found.

Our approach may provide a fruitful line of investigation into the convergence of
algorithms applied to networks of queues. Of course, there are many more technical
complexities in this setting. This is a difficult but important practical problem.

Appendix A. Proof of Lemma 2.1. We will prove a general result, of which
Lemma 2.1 is a special case. For this, let F IR+ D IR be a function with partial
derivatives OtF and OoF that are bounded on IR+ D IR, and let t(0) be a random
variable that has the distribution of the steady-state system time. We will show that
under the assumptions of Lemma 2.1,

(48)

E(F(t(O), 0)) E(NI (O)) )E OtF(ti(O), O) o(Xj(O)) + OoF(ti(O), O)
\ = =

If we let F be the function (t, t) - t, then OfF 1, OoF 0, and (48) reduces to the
case of Lemma 2.1.

For each E D, define a sequence {Rk()} by Rk() -=1Ni(O), k > 1, and
R0(0) 0. So Rk-1 A- 1 is simply the index of the first customer in the kth BP. Define
a filtration {,} by 1 a(A1,X1), and for n > 1, n a(n_,An, Xn). It can be
shown that for each 0 and k, Rk(0) is a stopping time with respect to

Note that for each k IN, Rk(O) is simply the smallest positive integer satisfying

x,(o) <
i--Rk_ (0)+ i--Rk_ ()+

Let Nmax Nk(Omax). For each n, let tn(O) be the system time of the nth
customer (with control parameter value ). Specifically, if the nth customer is within
the kth BP, then t=(0) is given by

t (o) x (o)
i--R_ ()+ i--Rk_ ()+

It is easy to see that the stopping time Rk(O) are regeneration points for the process
(tn(O)} (see [16]). Now, from the previous argument, the Rk(Omax) are stopping times
with respect to (G). We claim that the Rk(Omax) are also regeneration points for
the process (tn(O)}. To see this, it suffices to show that for each k, there exists a
random variable Kk such that Rk(0max) RK (0), i.e., {Rk(0max)} is a subsequence
of {Rk(t?)}. It will suffice for us to show that there exists K such that R(0max)
RK (0) (note that R1 (Omax)- Nlmax) To this end, let K1 1 +max{j IN: Rj (d/) <
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Nmax}. Now, RKI_ (0) < Nmax, and therefore

RKI--1 (0) RKI-I(O)

(50) E Xi(Omax)- E Ai.
i=1 i=1

Also, we note that Nma is the smallest positive integer satisfying

Nm N’m.x
(51) E X,(0max)< E Ai.

i--1 i=l

Subtracting (50) from (51), we get that

N’mx Nmx
E Xi(Omax) < E

i=RK1 (0)+1 i=RK (0)+

Since for all i, Xi(O) <_ Xi(Omax), then we also have that

lm&x Nlmax

i=RK (0)+ i=RK- (0)+

1
(52) E(F(t(O), O)) E,Tl axLlVn

E Nx F(ti(O), 0)).i=1

Since each Xn is differentiable with respect to 0 on D, then we claim that F(tn, ")
is also differentiable with respect to 0 on D. It suffices to show that tn is differentiable
on D. To see this, first fix w E Ft. For each k, there exists an open interval Ik(w)
containing 0 such that Nk(w) is constant over Ik(w). Therefore, there exists an open
interval I(w) containing 0 such that for all k < gl(w), Rk(w) is constant over I(w).
Consider the nth customer, where n < N*mx(w). Suppose it is within the kn(w)th
BP. Then clearly kn(w) < Nmax(W). Since (henceforth dropping the argument w)

n n--1

tn(O) E Xi(O) E Ai,
i:Rkn- +1 i:lgkn +1

then

dtndo -" -1 ( n

(o) x,(o + x,(o)
i--R:n_ (0+5) i--Rkn_ (0)

n--1 n--1 )i=Rn_ (0+6) i=R_(0)

(e.g., see [16]),

Since RK (0) is the smallest positive integer satisfying (49), then Rk(O) <_ Nlmax But
by definition of g, RK (0) >_ Nmx Hence, RKI (0) Nmax

Now, since the stopping times Rk(Omax) are regeneration points for the process
{t,(0)} (and hence also {F(tn(O),O)}), then from the theory of regenerative systems
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For all small enough such that + E I, Rk,-l(O + ) Rk,-i () and hence

n n n

x,(o + 1 x,(0) x,(o + ) x,(0),
i=Rkn-i (0+6)+1 i=Rkn-i (0)+1 i=Rkn-

and, similarly,

Therefore,

n--1 n--1

i=Rkn (-t-5) -- i=Rkn ()+
Ai --0.

dtn ’ Xi(O + 6) Xi(O)(0) lim EdO 6o 6
i--Rkn_(O)+l
n

K-" lim
Xi(O + 5) Xi(O)

6o 6
=Rk,_ (O)+i

’ dX ().
i=R -I+I

Since by sumption (P4), dX(O)/dO o(X(O)), then we may write

dtn () (x(o)).
dO

i=Rn-i+l

Fix 0 E D. We now claim that

d
--E
dO Nx F(ti(O), O)

i--1

E -F(ti(O), O)
\ i=1

To show this, we first define, for each j e IN, j suP0eD (dXj/dO)(O). Since OfF and
OoF are both bounded, then there exists a finite constant BF such that OtF, OoF <_
BE. Let

Y= ’ B I+E,
i=1 j=l

It is clear, by sumption (P3), that for each i Nx,

dt(o) Io(x(o))
j=l

Therefore, we have that for all 0 D,

Nx Naxd
r(t,(O), O) OF(t(O), 0)(0) + Oor(t,(O), O)

i=1 i=1

)"= j=l i=1 j=l
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Now, we can write

IN[ <_ BE 1 + E
i=1 j=l

1 1a+Na ( () +((.
j=l

By one of Wald’s ideniies (see [17, p. 460]) and sumpgion (P4)

om sumption (P2) and Lemma a., we have that

+()(

which shows that Y is ingegrable. Therefore, by continuity ofaF(ti(-),-) and
[18, p. 46], we have that

d
E F(t(O),O) E

d
F(ti(O) O)(53) d .= i=

Therefore, combining (53) with (52) we have that

d 1 [Nm,-,x
(54) -F(t(O), 0) E(Nmax)E/_\i=1

d
-F(ti(O)

Recall the definition for the sequence {Rk(O)}, where 0 is the value previously
fixed (we will hereafter drop the argument 0 and simply write {Rk }). Since {Rk} is a
sequence of stopping times relative to {Gn}, we may define a sequence of a-algebras
{T/k} by 7-/k , where t - {A e A{Rk i} e i for all IN} (see,
e.g., [17, p. 449]). As Rk <_ Rk+l almost surely for all k E IN, then {/k} is a filtration
(see, e.g., [17, p. 455]), and {Rk} is adapted to {7-/k}. It can be shown that gl is a
stopping time with respect to {7"/k}.

Consider (54). Now, we may write

gl

k----1

Therefore,
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Since {Nk} is an independent and identically distributed sequence adapted to
and K1 is a stopping time with respect to {7k }, then by one of Wald’s identities (see
[17, p. 460]), we may write

(55) E ( E(K1)E(N1).

Similarly, we may write

-dO -dO F(ti(O), O) -F(h(O), 0).
i=1 i=1 k=l i=Rk-lq-1

We now note that the sequence of random variables

i=Rk_-b klN

is an independent and identically distributed sequence adapted to {7-/k}, and again
by one of Wald’s identities, we may write

(56)
\ i=1

-F(ti(O),O) E(K1)E \i=1-
Combining (55) and (56) with (54)we obtain

dF(t(O),O 1
dO E(N1)

1

E(N1)

( d
F(ti(O), 0))E

\i=l

E (OtF(ti(O),O)o(Xj(O))_[_OoF(ti(O),O))\i=lj=l

which completes the proof. [q

Appendix B. Proofof Proposition 3.1. For simplicity of notation, let X(0)
X(O),K Kk k - kK era, and ( -k=,. Let 01,02ED. Then

1(02) (01)1 IbOg.(X(02)) bO,
102(X(02)) t91 (X(02)) + 191 (X(02)) 191 (X(01))l

< K1(X(02))I02 --011-t- K2(O1)IX(02) X(01)l.

By the Mean Value Theorem,

OX
IX(O) x(o)l --o-g() Io o1

Io(X(l)) 1102 011

<_ 102 011,
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where O 01 + (02 -01) with 0 _< _< 1. So,

1({92) (01)[ K(X(Oe))IOe Oil + L[Oe 0[
_<

where K/+ $. Now,

E(K) E(R2)

which completes the proof.

Appendix C. Proof of Lemma 3.4. It suffices to prove the result for r p.
Fix k e and 0 e D. Define a filtration {) by a(X, Ai, 1,..., m).
Then, Nk(O) is a stopping time with respect to {), since

k= i= i=l

and he sets on he right-hand side are in. Now, since is a function of X, then
it is clearly -meurable and independen of Therefore by [14 Thm g.2m--l"

p. eel,

i=1

where B is a numerical constant depending only on r. Therefore, if we let Be
BE() B then by Lemma .a, we may write

i=1

This completes the proof.

Appendix D. Proof
and N(K) < , then by one of Wald’s identities (see [17, p. 460]),

(57) E K-E(K)

Now

E K E(K) + 2E

E(K E(K))2E(NI(O)).

Nk(O) )Nk(O) E K E(K) E(K)
i--1
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)K E(K)
\ i--1

Therefore, by (57) and using Lemma 3.3,

E

2

<_ E(K E(K))2E(NI(O)) + 2E(K)v/NE(K E(K))2E(NI(O))

+ (E(KI)) 2 BN__
BK,

where

BK E(K-E(K))2BN+2E(K)V/NE(K E(K))2BN+(E(K)) 2 By < oc,

which concludes the proof.
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A SET INDUCED NORM APPROACH TO THE
ROBUST CONTROL OF CONSTRAINED SYSTEMS*

MARIO SZNAIER

Abstract. Most realistic control problems involve both some type of time-domain constraints
and model uncertainty. However, the majority of controller design procedures currently available
focus only on one aspect of the problem, with only a handful of methods capable of simultaneously
addressing both issues. Recently, it has been proposed to address this class of problems by using
a "constrained robustness measure," generated by a constraint-set induced operator norm, to assess
the stability properties of a family of systems. In this paper the properties of this constrained-
robustness measure are explored and the theoretical framework is extended to include control as
well as state constraints. These results are applied to the problem of designing fixed-order stabilizing
feedback controllers for systems subject to structured parametric model uncertainty and time-domain
constraints.

Key words, constrained systems, discrete time systems, robust design techniques, robust
stability

AMS(MOS) subject classifications. 93, 93B35, 93B51, 93C55, 93D09

1. Introduction. A substantial number of control problems can be summarized
as the problem of designing a controller capable of achieving acceptable performance
under system uncertainty and ,design constraints. This statement looks deceptively
simple, but even in the case where the system under consideration is linear, the prob-
lem is far from solved. Several methods have been proposed recently to deal with
constrained control problems under the assumption of exact knowledge of the model
(see [1] and references therein). However, such an assumption can be too restric-
tive, ruling out cases where good qualitative models of the plant are available but the
numerical values of various parameters are unknown or even change during operation.

On the other hand, during the last decade a considerable amount of time has been
spent analyzing the question of whether some relevant properties of a system (most
notably asymptotic stability) are preserved under the presence of unknown perturba-
tions. This research effort has led to procedures for designing "robust" controllers,
capable of achieving desirable properties under various classes of plant perturbations
while, at the same time, satisfying frequency-domain constraints. However, most of
these design procedures cannot accommodate directly time-domain constraints (which
precludes their use in cases where there exist physically motivated "hard" bounds on
the states or control effort), although some progress has been recently made in this
direction [2]-[5].

In [6], [7] we proposed to approach time-domain constrained systems using an
operator norm-theoretic approach. We introduced a simple robustness measure that
indicated how well the family of systems under consideration satisfied a given set of
time-domain constraints and we proposed a design method yielding controllers that
maximized this robustness measure. In this paper we extend our formalism to include

*Received by the editors August 7, 1991; accepted for publication (in revised form) March
10, 1992. This work was supported in part by a grant from the Division of Sponsored Research,
University of Central Florida.

fDepartment of Electrical Engineering, University of Central Florida, Orlando, Florida 32816-
0450.
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control as well as a more general description of state constraints, and we explore the
properties of the resulting constrained robustness measure. These theoretical results
are applied to the problem of designing stabilizing controllers for systems subject to
structured parametric model uncertainty and time-domain constraints. We show that
in cases of practical interest the synthesis problem can be reduced to a convex, albeit in
general nondifferentiable, optimization problem. We believe that the results presented
here will provide a useful new approach for addressing more realistic control design
problems.

The paper is organized as follows: In 2 we introduce the concepts of constrained
stability and robust constrained stability and we use these concepts to give a formal
definition of the robust constrained stability analysis and robust constrained stability
design problems. The analysis problem is studied in 3 where we give necessary and
sufficient conditions for constrained stability. We use these results to define a con-
strained robustness measure and we show that, under mild assumptions, this measure
is a continuous, concave function of the dynamics of the system. In 4 we apply the
results of 3 to the design problem and we show that in cases of practical interest our
approach yields a well-behaved optimization problem. Finally, in 5 we summarize
our results and indicate directions for future research.

2. Definitions and background results. In this section we give a formal
definition of the robust constrained control problem. We begin by introducing several
required concepts and preliminary results.

2.1. Preliminary definitions.
DEFINITION 1. Consider the linear, time invariant, discrete time, autonomous

system modeled by the difference equation

subject to the constraint

xk+ Axk, k 0, 1...

(1) _x E G C Rn

where A Rn*’ and where x_ indicates x is a vector quantity. The system (Sa) is
constrained stable if for any point x_- , the trajectory x_k (_) originating in x_- remains
in for all k.

Remark 1. A nonempty subset c Rn is a positively invariant set of the system
(Sa) if for any initial state x_o S, the trajectory xk(X_o) S for all k, or equivalently
[8] if and only if x $ implies Ax E . Therefore, it follows that the system (Sa) is
constrained stable if and only if it has the set G as a positively invariant set.

Next, we take into account parametric model uncertainty by extending the con-
cept of constrained stability to a family of systems.

DEFINITION 2. Consider the family of linear discrete-time systems modeled by
the difference equation

(S,) x+ (A +

where A belongs to some perturbation set 7) C_ Rn*n. The system (S) is robustly
constrained stable with respect to the set 7) if (S,) is constrained stable for all per-
turbation matrices A 7).

We now restrict the class of constraints allowed in our problem. As it will become
apparent later, the introduction of this restriction, termed the constraint qualification
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hypothesis, while not affecting significantly the number of real-world problems that
can be handled by our formalism, introduces more structure into the problem. This
additional structure plays a key role in 3 where we derive necessary and sufficient
conditions for constrained stability.

2.2. Constraint qualification hypothesis. In this paper, we will limit our-
selves to constraints of the form

where G is a convex, compact, balanced set (i.e., a convex compact set such that
x_ E G := Ax_ E G for IAI

_
1 [9]) containing the origin in its interior.

DEFINITION 3. [9]. The Minkowsky functional (or gauge) p of a balanced convex
set G containing the origin in its interior is defined by

{x }(3) TM c
r

A well-known result in functional analysis (see, for instance, [9]) establishes that p
defines a seminorm in Rn. Furthermore, when G is compact, this seminorm becomes
a norm. In the sequel, we will denote this norm as

Remark 2. The set G can be characterized as the unity ball in I1.11 , i.e., G
{_: I1_11 < 1}.

With the concepts introduced in this section, we are now ready to give a formal
definition to our problem.

2.3. Statement of the problem. Consider the LTI system represented by the
following state-space realization:

(S) xk+ Ax__k + Buk

subject to the constraint
xk G C Rn

where x R represents the state and u Rm represents the control input. Then,
the basic problems that we address in this paper are the following.

Robust constrained stability analysis problem. Given the nominal system
(S) and a linear feedback control law uk Fxk, determine if the resulting closed-
loop system is constrained stable. If the nominal closed-loop system is constrained
stable, determine the maximum allowable level of model uncertainty (in the sense of
some previously defined norm) such that the constraints are satisfied for any initial
condition x G.

Linear robust constrained control synthesis problem. Given the system
(S), find a linear controller such that the resulting closed-loop system is constrained
stable and satisfies some additional specifications such as"

(i) maximum robustness against structured model uncertainty of the form A
Ao + A, A D;

(ii) bounds on the control effort of the form uk t c Rm, where t is a compact,
convex, balanced set containing the origin in its interior.
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3. Constrained stability analysis. Consider the system (Sa) and let

denote the operator norm induced in Rn*n by {, (i.e., IIAlla sup,,=i llA_ila). From
Definition I it follows that (Sa) is constrained stable if and only if [AII a <_ 1. Moreover,
(Sa) is robustly constrained stable with respect to a given set 7) if and only if

All a _< 1 for all A E 7). This observation can be used to define a robustness measure
in terms of the size of the smallest destabilizing perturbation as follows.

DEFINITION 4. Consider the system (Sa). The constrained stability measure
is defined as

0 if I[A[[G > 1;
if [[A+ Alla < lV A e 7);

otherwise

where II.llAf denotes a suitable operator norm defined in 7). In the special case where
the induced operator norm II.lla is used in the set 7), we will denote the constrained
stability measure as a.

Remark 3. Let the set BAAf be the intersection of 7) with the origin centered ball
of radius gf, i.e.,

v: I1 11 <
Then, from Definition 4 it follows that the family (S,) is constrained stable for all
perturbations A BAf.

Remark 4. Definition 4 is quite general since in principle no conditions are im-
posed over the set 7). However, in the general case nothing can be stated about
the properties of gfg which could conceivably be a noncontinuous function of A. In
the sequel we will show that, under some assumptions that are commonly verified in
practice, is a continuous, concave function of the dynamics matrix A.

THEOREM 1. Assume that the perturbation set 7) is is a closed cone with vertex at
the origin [10], (i.e., Ao 7) Ao 7) .for all 0 <_ c). Then is a continuous,
concave function of A.

Proof. The proof of the theorem is given in Appendix A.
Remark 5. Note that the class of sets considered in this theorem includes, as a

particular case, sets of the form:

(4) 7) A:A #iEi; #i _> 0, Ei given

which has been the object of much interest lately ([111-[13 and references therein).
In the next lemma we introduce a lower bound of the constrained stability measure

and we show that for unstructured perturbations (i.e., the case where 7) Rn-n) this
lower bound is saturated.

LEMMA 1.

Furthermore, .for the unstructured perturbation case, i.e., the case where 7) =_ Rn-n,
condition (5) is saturated.

Proof. The first part of the lemma can be easily proved from Definition 4 and the

triangle inequality. The second part follows by noting that for A----A((1-11AIla)A/IIAI[a)
(5) is saturated. E]
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Remark 6. Note that the results of Lemma 1 can be used to find a lower bound
for the constrained robustness measure in the general case when an operator norm
different from I1.11 is used in the set 7:). Since all finite-dimensional matrix norms are
equivalent [14], it follows that, given any norm Af in the set T), there exist a constant
c such that I1.11 -< cll.llf. Hence gf9 -< (/c).

3.1. Quadratic constraints case. In this section we particularize our theoret-
ical results for the special case where the constraint region is an hyperellipsoid. In
this case, without loss of generality, we have

(x: x’Px <_ 1, P E Rn*n positive definite}.

Hence

I111 x’Px

( x__’A’PAx_ }I]A]I m_ax x_’Px_

-max{ x’L’L’-IA’L’LAL-1Lx
x’L’Lx

max IILAL-lyl] 2

iit, ll==
2

2-IILAL-XlI- 11-112
where L’L P and A LAL-. We will show that in this case our approach yields
a generalization of the well-known technique of estimating the robustness measure
by using quadratic based Lyapunov functions, (see [15] and references therein) by
obtaining robustness bounds previously derived in this context.

Example 1 (multilinearly correlated perturbations). In the case of quadratic con-
straints and multilinearly correlated uncertainty, the lower bound on given by (5)
can be tightened as follows. Assume that the set T) is given by

R"*n, U’U I,, L’L P}.
Since the euclidian norm is invariant under multiplications by a unitary matrix, we
have

(8)

IIA + AII --IIL(A + A)L-II2

(A + 5

A well-known result on matrix dilations establishes [16] that

A2 2

and X Y(I- A2A2)i/2,

hence it follows that

IIYII < 1;

(9) IIA + AII 1 II(A + A)NII 1
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where:
N(I- A2A2)-/2.

Finally, by defining IIAIIfIIhNII2 and using the results of Lemma 1, we get

(10) 1- IIANI[2.

Remark 7. Note that when A2 0 we recover the results of Lemma 1, since in
this case 1 -IIA, II2 1- IIAIIL,L.

Example 2. (unstructured perturbation). In this case, Theorem 2 yields
1- IIAIIg where

(11) ]IAJI IIAII2p max_ \ x-7-p-px

Now consider the case where pg > 0. Then there exists Q positive definite such that

(12) A’PA- P -Q

and

(13) iiAil=max(1 x’Qx_)<l_ rmin(Q)
xtPx amax(P)

Hence

ffmin(Q) )(14) 1- IlAll 1- 1-
rmax(P)

A common technique in state space robust analysis is to obtain robustness bounds
from equation (12) [17], [18]. This case can be accommodated by our formalism by
recognizing the fact that once P is selected, the system becomes effectively constrained
to remain within an hyperellipsoidal region. It has been suggested [17], [18] that good
robustness bounds can be obtained from (12) when P is selected such that Q I. In
this case our approach yields

(15)
1/2

which coincides with the robustness bound found by Sezer and Siljak [18].
Example 3 (unstructured perturbation, A semisimple). Consider the case where

A is semisimple, i.e.,

A L-*AL
(16) A__diag(( ffl we),..., ( ffp

-091 (T1 -03p (:rp
ffp+l, O’n

Then, the maximum of the stability measure, , over all possible positive definite
matrices P, is achieved for P UL.

Proof. The proof follows by noting that IIAIIL,L p(A) where p(.) denotes the
spectral radius, which is a lower bound for any matrix norm [14].
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3.2. Polyhedral constraints. Consider now the case where the region G is
polyhedral, i.e., the case where

(7) {x: Iv_l < }

where G E Rp-n, rank(G) n, w__ E Rp, wi > 0 and the I.I should be interpreted
on a component by component sense. Although this case is of practical importance,
up to now a technique to estimate the robustness of such systems was unavailable,
except perhaps to fit an hyperellipsoidal region within the admissible region and then
use some of the bounds available for the quadratic case. Such a technique is clearly
inappropriate since it guarantees robust stability only in a certain subregion of the
region of interest. In this section we show that polyhedral regions fit naturally within
our formalism and that in this case can be efficiently computed as the minimum
of the solution of p linear programming problems.

THEOREM 2. Let be the solution of the following optimization problem:

(18) minllAll: IIH + AHll) > 1}

where
W diag (wi }

HW-1GA(G’G)-IG’W
AHW-IGA(G,G)-G’W

and where IIMII) indicates the 11 norm of the ith row of the matrix M. Then

min {gf.}.(19) - <i<p

Proof. It is easily shown that

max IIW-laxll.(20) Ilxll
l<_i<_p

From the definition of H we have that W-GA HW-G. Hence

IIAxll --IlW-laAx__ll -IlHW-laxll

and
sup IIAx_ll g sup [[Hyllc--[[Ull.

Assume that the lemma is false and that there exist and A such that

(21) IIA + AIl 1; IIAIl < .
Since IIA + A[[ there exists i such that I[H + AH[[) 1, I[H + AH)II) <_
1, j , but this implies (equation (18)) that

_ , which contradicts (21). F1

Example 4 (unstructured perturbation). Consider the following case:

(22) A--( 0.8 0.5 ) G__( 1.0 2.0) (:g0)-0.0208 0.5083 -1.5 2.0
w_
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Then, from the definition of H, we have that

(23) H=( 0.7583 0.0)-0.2083 0.55

and, from Theorem 2,

(24)

IIAIl 0.7583

(26)
gf(F) ng{llAIlf: IIA + BF + AIl 1}

Since from Theorem 1, 0f(F) is a concave function, and since IIll,a _< 1 is convex
constraint, it follows that (25) has a global optimum. Hence, the problem of finding
the maximally robust controller leads to convex, albeit nondifferentiable, optimization
problems, which can be solved using a number of techniques [19]. In the remainder of
this section, we give several design examples using the proposed technique.

Example 5. Consider the following system:

A=( 0 1 )B=(1)(27) 0.505 -0.51 0

{_: llll < 1}.

The open-loop system has poles at sl 0.5 and s2 -1.01. Assume that the
perturbation set is such that it changes the position of the poles while maintaining
constant their sum, i.e.,

o_ (0 0) }0 1 ,#E

subject to

(25) mFax{@fg(F)}

Casting the problems (24) into a linear programming form and solving we have that

0.2417, 02=0.2417 and 0g= min 0i=0.2417.
1<i<2

Note that, in this case, 0o 1 -{{AI{o 0.2417 as shown in Lemma 1.

4. Application to robust controllers design. Consider the linear robust con-
strained control synthesis problem introduced in 2.3. Let p(u) be the Minkowsky
gauge for the set f and denote by I1.11 the corresponding norm induced in Rm. It
follows that, given a feedback control law of the form uk Fx_.k, the control bounds
are satisfied if and only if

sup {{Fx_l}a _< 1.
II_ll<l

Hence, a full state feedback matrix F that solves the synthesis problem can be found
solving the following optimization problem:

{ }0i= rain {{Allg" EIH+A{.=I i=1,2.
IlZXllo
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Note that IIEIlu 1; hence IIAII
In this case, the solution to the unconstrained maximally robust control problem

can be computed by solving a matrix dilation problem [16]. Rewrite the dynamics
matrix as

A=(Xlal a2

where xi denote elements that can be modified using state feedback. Since matrix
dilations are norm increasing we have that

(29)
_>max{ll(al a2-F

/a + (a2 -t- #)2.

Now define:

(30)
#0 argmin {1#1,# e : a + (a2 + #)2 1}

/(1 a21) --I’’1.

From (29) and (30) it follows that IlA + EIl >_ which impliesthat 2(F) _< #o
for all F. Furthermore, from the definition of #o it follows that if F is selected such
that xl x2 0, then 02(F) #o. Hence, this choice of F yields the solution to the
unconstrained problem. In this particular example we have

(31) F (0 1), 2 0.3531.

Now consider a feedback matrix F and let Acl be the corresponding closed-loop matrix,
i.e.,

(32) Acl--’A-bBF-( alia21 a22a12-}- ).
The corresponding value of the robustness measure can be computed using standard
results on matrix dilations [16] as follows: The set T of numbers # such that IIAII2 _< 1
can be parametrized as

(33) T {: -a22 yallZ + (1 y2)l/2w(1 z2)l/2 }

where

(34)

a21
Y (1 a21)1/2

a12
z-----

(1 -al)1/2

we, Iwl_<l.

From (33) it follow that the constrained stability margin of A is given by

o2(F) lauu + yaz (1 y2)1/2(1 z2)1/2sign(a22 + yallZ)l.
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FIG 1. Robustness vs. control effort for Example 5.

Figure 1 shows )2(F) versus IIFII2, the norm of the solution to (25). For IIFll2
1, we recover the unconstrained solution, for IIFII2 0.1850, we get the minimum
control effort capable of stabilizing (in the constrained sense) the nominal system.
Note the trade-off between control effort and robustness. In particular, there exist a
region where the curve is fiat, i.e., the control effort can be reduced while essentially
maintaining the same robustness obtained with a "maximum robustness" type design.

Example 6 (polyhedral constraints, unstructured perturbation). Consider the
following system:

(35)
A=( 0.8 0.5) B=(0)-0.4 1.2 1

-1.5 2.0 W___= 10.0

Since the constraint sets { and are polyhedral, the synthesis problem can be cast
in the following format"

min e
F

subject to

IIA + BFII <_ e

IIFII, _< 1,

which can be transformed into an LP problem and solved using the simplex method.
Note that a similar design algorithm was proposed by Vassilaki, Hennet, and Bitsoris
[20], although in their case the goal was to find admissible linear controllers for systems
under polyhedral constraints without taking into account robustness considerations.
Figure 2 shows the constrained robustness measure versus /, the bound on the control
effort. Note that the minimum control effort required to stabilize the system is -y 2.6.

5. Conclusions. Most realistic control problems involve both some type of time-
domain constraints and a certain degree of model uncertainty. However, the majority
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FIG 2. Robustness vs. control effort for example 6.

of control design methods currently available focus only on one aspect of the problem.
Following the spirit of [6], [7], in this paper we proposed to approach time-domain
constraints using an operator norm induced by the constraints to assess the stability
properties of a family of systems. Specifically, in 2 we introduced a robustness mea-
sure that indicates how well the family of systems under consideration satisfies a given
set of constraints. In 3 we explored the properties of this robustness measure for the
case of additive parametric model uncertainty and we showed that our formalism pro-
vides a generalization of the well-known technique of estimating robustness bounds
from the solution of a Lyapunov equation. We then proposed, in 4, a synthesis proce-
dure for fixed-order controllers, based upon maximization of the robustness measure
subject to additional performance constraints such as bounds on the control effort.
There we showed that the proposed design procedure leads to a convex optimization
problem. We believe that the results presented here will provide a valuable new ap-
proach to the problems of robust controllers analysis and design for linear systems.
Furthermore, since our approach is based purely upon time-domain analysis, we have
reason to believe the theory could be extended to encompass nonlinear systems in a
much more direct fashion than other currently used techniques.

Perhaps the more severe limitation of the theory in its present form arises from
the fact that the incorporation of additional performance constraints, of the form of
a bound on the norm of a relevant transfer function, results in nonconvex optimiza-
tion problems. We are currently looking into a solution to this problem by using an
observer-based parametrization of all stabilizing controllers. It is expected that this
formulation will be able to handle more general performance constraints as well as
dynamic uncertainty, at the price of resulting in higher-order controllers.

Appendix A. Proof of Theorem 1. We begin by introducing two preliminary
results.

LEMMA 2. Consider the system (Sa). Assume that the perturbation set D is a
closed cone with vertex at the origin [10], i.e., Ao E 79 =:> aAo 79 for all 0 < a
and that (Sa) is constraint stable (i.e., IIAIIg < 1). Let

(A1) Ao argmin {[[A[[: [IA + Alia 1}

and consider a sequence A A such that IIAII < 1. Finally, define the sequence A
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a8

(A2) A min (A: IIA / AAIIg 1}.

Then the sequence A has an accumulation point at one.

Proof. Since IIAllg < 1 and since :D is a closed cone, it follows that A is well
defined. Furthermore, from (A2) it follows that

(A3) [lxo[l -[[aoll

Hence,_from Bolzanno-Weierstrass’ theorem [_21] it follows~ that A has an accumulation
point A and that there exists a subsequence A --. A. Hence

][A + iAo][g 1,

and since A --, A then

(A4) [[A + iAo[I 1.

Assume that < 1 and let /Ao. Then [I/llf < IIAllf, IIA +_/llg-- 1, and
E 7) (since 7) is a cone) which contradicts (A1). Now assume that > 1. Then, for

i large enough, i > 1, which together with (A2) implies that

(A5) [[A / AI[ < 1

and hence:

(A6) I[A + A[I < 1,

which contradicts (A1). Therefore 1.
LEMMA 3. Let Pl > 0, P2 > 0 and 0 <_ A <_ 1 be given numbers and assume that

7) is a cone with vertex at the origin. Consider the following sets:

(A7) p2BA {A e 7): [[AIIV _<

Ba (a e V: Ilall < + (1 ):}.

Then
pBA C_ AplBA + (1 A)p2BA.

Proof. Consider any Ao pBA. Then

(A8) o]+ (1 A)p2
iiAoll
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where

(A9)

A p
IIzll
Ao

A p? IIAII
IIAll < 1.

P

The proof is completed by noting that from (A9) and the hypothesis it follows that
il E plBA and i2 E p2BA. 0

Proof of Theorem 1. Assume that gfg is not continuous. Then, given e > 0, for
every 5 > 0 there exist A such that [[A Allg <: 5 and Igf(A)- gg[ > e. Hence
there exist a sequence A --, A such that gfi gfg. Furthermore, it is easily seen

that the sequence gfgi is bounded and therefore is contains a convergent subsequence.

It follows that there exists a sequence A - A such that gfgi -- gf. Let

(A10) A’ argmin {IIAII: IIA’ + AII 1}.

From (A10) it follows that IIA’II _< 1 + IIA’lla.It follows then that the sequence Ai is
bounded and therefore, since Rnx, with a finite-dimensional matrix norm is complete
and since T) is a closed set, it has .an accumulation point A (Bolzano-Weierstrass) and
a convergent subsequence/i __. / such that IIA +/llg 1. Furthermore, from the
definition of Ao it follows that

(All)

Hence, for large enough,

(A12) IIA’llr > IIAoll.
Applying Lemma 3, we have that there exists a sequence Ai --. 1 such that

(A13) A’ min {A: IIA’ + Alla 1}.
)+

From (A12), and since Ai - 1, it follows that for i large enough

IIAII < II/’11(A14)
I[A’ + ’AII 1

and, since 7:) is a cone, AiAo 7:), which contradicts (A10). The proof is com-
pleted by noting that since all finite-dimensional matrix norms are equivalent [14];
then continuity in the II.llg norm implies continuity in any other norm defined over
Rx’. 0

To prove concavity, start by considering a convex linear combination A A1 +
(1 A)A2, ) <_ 1 of given matrices A1 and A2. Then, from Lemma 4 it follows that

(A15)
max IIA + Ally < max IIA(A + il)--(1 A)(A2 + A=)ll
AEpBA AI -Pl BA

A2EP2BA

max IIA + Alla + (1 -,k) max IIA + Alla.AI EplBA A2p2BA
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Now consider the case where pl gf.(A1) and p2 gf(A2). Then it follows from
the definition of fg that both maximizations in the right-hand side of (A15) yield one
and therefore:

(A16) max IIA + A[I g < 1.
AEpBA

Hence, from the definition of

f[,A1 --(1 A)A2I _> Agf(A1)+ (1 A)gf(A2).
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THE FOUR-BLOCK
MODEL MATCHING PROBLEM IN 11 AND

INFINITE-DIMENSIONAL LINEAR PROGRAMMING*

OLOF J. STAFFANSt
Abstract. The purpose of this work is fourfold. First the reader is introduced to the present

state of the theory behind the solution of the general model matching problem in This solution is
based on the fact that the model matching problem can be recast as an infinite-dimensional linear pro-
gramming problem. However, the transformation into linear programming form is highly nonunique,
which leads to the second question of discussion, namely, how to find a "good" linear programming
formulation. It is shown that the presently available formulations contain some redundancies that
limit the applicability of the theory and lead to linear programming systems containing unneces-
sary degeneracies. The third object of this work is to study problems related to the computational
complexity of two different approximation methods for the solution of the infinite-dimensional linear
programming systems. Both of these methods are needed in order to get two-sided error bounds on
the cutoff error. One complication is that even after the extra redundancies that were mentioned
above have been removed, there are certain multi-output problems that contain a massive intrinsic
degeneracy. Finally, the convergence properties of the two solution schemes are investigated, and it
is explained which properties of the original linear programming formulation are needed for different
types of convergence.

Key words, infinite-dimensional linear programming,/1-optimal control

AMS(MOS) subject classifications. 93C15, 93C45, 93C55, 93D15, 93B40, 90C05, 90C48

1. Introduction. The standard discrete model matching problem in control the-
ory can be formulated as follows: Three different sequences of matrices with real en-
tries, {H(k) }=0, {U(k) }=0, and {Y(k) }=0 are given. The dimensions of H, U, and
V are m n, m p, and q n, respectively. The problem is to find a sequence of
matrices {Q(k)}k=o, of dimension p q, in such a way that the norm of

(1) =H-K=H-U,Q,V

is as small as possible. Here K U Q V is the convolution of U, Q, and V, given
by

k

(U Q V)(k) U(k i) Q(i j)V(j),
=0 j=0

This problem arises in several different situations; see, e.g., the discussion in [6].
The norm of that we want to minimize is the operator norm of , regarded

as an operator from one space to another. Let X be the space of seqences of n-
dimensional vectors {x(k)}=0, and let Y be the space of sequences of m-dimensional
vectors {y(k)}=0. Then (I) induces a convolution operator from X into Y defined by

k

u(a) (
i=0
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If we give both X and Y the/2-norm (the energy norm), then the operator norm of
(I), i.e, the norm

IIll sup [l(I) xll,
IIzll_<l

is given by the H norm of (I), and in this case the problem is referred to as the H
minimization problem. If we instead give both X and Y the/C-norm (the supremum
norm), then the norm of (I)= {(I)ij(k)}k=0 is given by

i{1 .,’n}
j= k=o

This case is usually referred to as the/1-minimization problem, and this is the one
that we shall consider here. The standard assumptions on H, U, and V are that
they belong to 11, i.e., their/1-norms defined as in (2) (with m and n replaced by the
appropriate dimensions) are finite. Also the free parameter Q is required to belong
to 11. Thus, we want to solve the following problem:

(OPT) minimize IIll, over all (I) of the form H U Q V where Q e 11
and [[q)[ll is given by (2).

For any/1-function (I) we define the Z-transform of (I) by

k=O

Throughout we denote Z-transforms as above, i.e., a hat on a symbol representing
a sequence in stands for the Z-transform of this sequence. The Z-transforms are
analytic in the open unit disk D, and continuous on the closed unit disk D. Moreover,
the Z-transform converts convolutions into pointwise multiplications. Thus, the Z-
transform applied to (1) gives

(3) (I)(z) H(z) g(z) H(z) V(z)Q(z)V(z), z e D.

Frequently we assume that the matrix functions H, U, and V are (stable) rational
functions. In the approach that we use this is not important; it is enough to assume
that they belong to [1 i.e. they are Z-transforms of -sequences. Observe, however,
that our Z-transforms have entries that are real for real z.

Throughout we shall make the following assumption.
Assumption 1.1. The rank of the matrices U(z) and Y(z) are constant on the

unit circle Izl 1.
It is known that without this assumption the problem that we consider here does

not, in general, have a minimizer (I); some examples with boundary zeros where no
minimizers exist are given in [17].

The outline of this pap2r is as follows. In 2 we show ^that we may, without loss
of generality, assume that V(z) has full column rank and Y(z) has full row rank for
all but finitely many z E D. Let us assume that this is the case. Then

m>_p and n>_q.
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If m p and n q then the problem is called a one-block problem. If one of the
inequalities above is strict but not the other it is called a two-block problem. If both
inequalities are strict it is a four-block problem. We use the common name multiblock
problem for the two-block and four-block problems.

In^^and 4 we describe the set of all functions e ’1 that are of the form
K UQV for some ^ E .e., we give a frequency domain description of the
range of the operator Q - UQV. Our formulation differs from the one in [10] in two
respects: we have removed the redundancies appearing in the equations in [10], as
well as one extra nonstandard hypothesis that limits the applicability of the results of
[10] to the four-block case. In particular, in the one-block case we are able to identify
the exact number of equations that are needed to describe the problem.

In 5 and 6 we construct an operator whose null-space equals the range of the
mapping Q - U Q. V, and show how we may reformulate the problem as an
infinite-dimensional linear programming problem in 11. We also present the corre-
sponding dual infinite-dimensional linear programming problems in and c. These
formulations are quite different in the one-block case and in the multiblock case. In the
one-block case only finitely many constraints are needed, and the problem is semifinite
(infinitely many variables, but only finitely many constraints). In the multiblock case
there are infinitely many variables and infinitely many constraints.

In 7 we describe the standard alignment conditions between an optimal solution
of the primal system and an optimal solution of the dual system.

Two different methods to solve the infinite-dimensional linear programming prob-
lems are described in 8. The solution of the one-block problem is quite simple com-
pared to the solution of the multiblock problem. In [5] and [10] a solution method
for the general case is described, which is based on an iterative procedure where we
restrict the number of variables that is allowed to be nonzero, and gradually increase
this number. An alternative approach was presented in [3], and independently in [14],
where we instead ignore all but finitely many of the constraints, and gradually add
more and more constraints. For the one-block problem the two methods are equiva-
lent, and they both give the optimal solution in a finite number of iterations. However,
when they are applied to the multiblock problem they give different results, one of
them giving upper bounds on the optimum and the other giving lower bounds. As
it was pointed out in [3] and [14], when the two methods are combined we get both
upper and lower bounds, and we can compute the solution to within any specified
accuracy.

The next three sections are devoted to a study of some computational aspects
of the two solution methods, and to their convergence properties. The alternative
approach mentioned above is especially interesting because it seems to work quite
well in many cases, but there is a problem related to the computational complexity
of this method. This problem is discussed in 9, and some solutions are proposed.

For the solutions mentioned to work it is crucial that the solution methods have
certain convergence properties; it is not enough that the optima of the truncated
problems converge to the optimum of the full problem. In addition some of the
variables used in the formulation of the problem must converge. We take a closer look
at the convergence properties of the two different solution methods in 10 and 11.

The alternative approach has another drawback: it does not directly produce
suboptimal solutions of the original problem. Still, as we show in 12, it is, in general,
also possible to find suboptimal solutions in this case.

We shall use the following notation (some of this notation was already introduced
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and is similar to that in, e.g., [10]).
The value of the bounded functional x* evaluated at x.(X X*

X*

S+/-

+/-S

The dual of the Banach space X, with norm IIx*ll supllxH<l(x,x*/.
The (right) annihilator of S c X; S-L { x* E X* (x,x*) 0 for all
x E S }. This set is weak* closed in X*. Note that S-L c X*.

The (left) annihilator of S c X*; -Ls {x X (x,x*) 0 for all
x* G S }. This set is (weakly and strongly) closed in X. Note that
]-ScX.

oC,mn

The set of summable rn x n matrix valued sequences H, with norm
% OOI]HIII maxe{1 m} j= -’k=olHij(k)l This is the dual of Cmn,

with duality mapping Ix, x*) ,j,k xj(k)xij(k).
The set of bounded m n matrix valued sequences H, with norm I[HIloo

sup<j<n,k>olHj(k)l This is the dual of lmn with duality map-
ping Ix, x*) ,j,k xj(k)xi(k)"
The closed subset of l, of sequences H satisfying ]H(k)l -- 0 as

The open and closed unit disks in the complex plane, respectively.

I(z) k=o H(k)zk It isThe Z-transform of a function H m n; oo

analytic in D and continuous on D.
The space of all Z-transforms of functions in 11rnxn
The adjoint of a continuous operator A mapping X into Y; it maps Y*
into X*.

/(A)
Domain of the operator A.
Range of the operator A.

Recall that A/(A) -L(A*), that A/(A*) =/(A)"L, that jV’(A) -L is the weak*
closure of/(A*), and that -LAf(A*) is the closure of/(A); see, e.g., [12, pp. 90-94].

2. Reduction of the dimension of the free parameter..We claim that it is
almost always possible to assume, without loss of generality, that U(z) has full column
rank and V(z) has full row rank for all but finitely many z D. To show this we

decompose U and V into their Smith forms

(4) U(z) Lv(z)Mv(z)Rv(z), V(z) Ly(z)My(z)Ry(z).

Here Lu, Ru, Lv, and Rv are square matrices of the appropriate dimensions, be-
lo....nging to [1, and they have inverses^ that., belong to [1, also. The matrices u and
My have the same dimensions as U and V, respectively, and they are of the form

0)0 0)0
where., th.e.e borderi..ng zero matrices may be absent depending on the ranks of U and
V, and Nu and Nv are diag..onal m..atrices whose ranks at each point are the same
as the ranks of the matrices U and V. In particular, by Assumption 1.1, the rank of
Nu(z) and Ny(z) are constant on the unit circle Izl 1. That such a decomposition
exists for stable real rational matrices is well known, (see, e.g., [16, Thm. 29, p. 404]),
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and in this case all the matrices will be stable real rational. It is also true in the case
where U and V are analytic in a neighborhood of D. However, it does not seem to
be known whether the correspondingesultfor arbitrary [1-valued matrices satisfying
Assumption 1.1 is true. It is true if U and V have either full row rank or full column
rank; this can be proved by modifying the argument in [8]). Therefore, in the case

where and are [1-valued we shall simply assume that the following assumption
holds (we conjecture that this assumption is redundant).

Assumption 2.1. The matrices U(z) and V(z) have Smith factorizations of the
form (4).

Let us proceed, taking Assumption 2.1 for granted. Since Ru and Lv are invert-
ible ’1 square matrices, they can be absorbed into Q (there is a one-to-one correspon-
dence between ) and vQv in [1), and hence we may, without loss of generality,
assume that K is of the form

K LuMuQMvRv.

If we partition Lu, Q, and Rv conformally with the partitions of Mu and Mv given
above into

QI Q:

then we can write K in the form

(8/ o
Lu,1NuQ,INvRv,1.

0) (11 (12)(]V 0
QI Q 0 0 v, )

In this new representation the left multiplier Lu,1Nu has full column rank and the
right multiplier NvRv,1 has full row rank on the unit circle Izl 1. Since they are

analytic in the open unit disk D, it must be true that Lu,1Nu has full column rank

and NvRv,1 has full row rank in all but finitely many points in D. This proves our

claim that we ay almost, without loss of generality, assume that U has full column
rank and that V has full row rank for all but finitely many z E D, and that none of
the exceptional points lie on the unit circle Izl 1. In particular, (5) becomes

As we shall see in (15), after the reduction of the dimension of Q described
above has been carried out, Q is uniquely determined by K. This fact is important
in the formulation of the model matching problem as an infinite-dimensional linear
programming problem, and especially so in the multiblock case. In the general case
we can solve Q, using the formulas above, as a unique function of K, Q,2, Q2, and
Q2,2, where the last three are free parameters.

The reduction that we have described above is not always carried out in the
one-block case; see, e.g., the discussion of the one-block case in [10].

3. Frequency domain formulation: Interpolation constraints. The model
matching problem described can be formulated as a linear programming problem in
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11. The first step in this formulation is to construct a set of conditions that describe
the class of all possible Z-transforms in [1 that we get when Q varies over . Such
descriptions are given in [4], [5], and [10]. However, since there are some redundancies
in these descriptions, and since these redundancies have some nontrivial consequences
for the main results of this paper, we prefer to give a slightly different formulation.
Our formulation is an extension to the full multivariable case of the formulations in
[14] and [15].

There is a set of nece^ssary^a^n sufficient conditions on a function " E [1 in order
for it to be of the form K UQV for some E [. This set of conditions is simpler
in the one-block case (the case where n p and q m) than in the multiblock case.
In the one-block case they consist of a finite number of "interpolation constraints,"
and in the multiblock case we need both interpolation constraints and "convolution
constraints." We begin with a description of the former type of constraints. In the one-
block case our description will be the same as one of the two alternative descriptions
given in [10]. It is based on the Smith decompositions of U and V.

We begin our construction by partitioning the inverses of Lu and Rv into

where the size of the different matrices correspond to the sizes of the matrices in (9),
i.e., the dimensions of U0 and V0 are p x m and n x q, respectively. Observe that the
matrices and 1 are absent in the one-block case, i.e., in this case 0 -; and

0 1. Multiply the identity 7-vuuyyy from the left by 0 and
from the right by V0 to get (see (9))

(11) UoKVo NuRuQLvNv.

This equation can be further analyzed as follows. Recall that Nu and Nv are diagonal

matrices, i.e, ]v diag (0u,1,... ,dU,m) and ]v diag (v,1,... ,v,n). Partition

U0 and V0 into sets of m row vectors and n column vectors, respectively, as

Then (11) becomes

(12)

where ,j is the ijth element of RuQLv. Denote the set of all zeros of all different
functions 0v,i and y,j in D by Zuv, and for each zo Zuv, let av,i(zo) and ay,j (zo)
denote the order of the zero of 0v, and y,j at z0, respectively (we define av, (zo) 0
if v,(zo) # O, and av,j(Zo) 0 if dv,j(zo) : 0).

From formula (12), together with the notations that we introduced, the following
theorem follows more or less immediately (apart from the uniqueness and continuity
claims, this is [10, Lem. 1]; these claims are not valid in [10, Lem. 1] due to the fact
that there the reduction of 2 was not carried out).

THEOREM 3.1. Given -, , and in [1 of the type described above (i.e., we
are in the one-block case, the dimensions are m x n, m x m, and n x n, respectively,
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Assumption 1.1 is satisfied, and U and V have full rank in all but finitely many points
in D), there is a unique function e [1 such that if and only if for all
Zo e Zuv, all i e {1,...,m), and all j e (1,...,n)

(13) (&ij)(")(zo) 0, r e {0,... ,av,,(zo)+ ayj(zo)- 1}.

Moreover, both the mapping Q - K UQV and its inverse K - Q
[]--IR[]--I are continuous.

Here (13) is considered to be vacuously satisfied if av,i(zo) ay,j(zo) O, i.e., if

v,i(zo) 0 and y,j(Zo) O.
Proof. That (13) is a necessary condition is obvious from (12), and that it is

sufficient follows from the discrete version of [7, Prop. 2.3].
Clearly, the operator that takes Q 6 lmxn into U Q V lmn is continuous.

We have just characterized its range as the set of all functions in lmn that satisfy
(13). This set of functions in closed in 11; hence the range of the operator mentioned
above is closed. By the open mapping theorem, the inverse of this operator, defined
on its range, is continuous.

The total number avy of conditions in (13) is

O.UV + +
zo,i,j

where au and av are the total multiplicities of the zeros of det U and det V in D,
respectively, i.e.,

zo6Zuv iE{1,...,m} zoEZuv jE{l,...,n}

Furthermore, the conditions in (13) are linerly independent (one way to see this is
to transfer the conditions back to the time domain, as is done in 5, and to observe
that the resulting time domain conditions are linearly independent). Thus, the set of
all possible elements of the form is a closed subspace in [1 of finite codimension
rruv oun + rrvm.

If we replace K in (13) by H- I,, then we get

(14) (&,/j)(r)(z0)= (&,3j)(r)(zo), r 6 (O,...,au,i(zo) + av,j(zo)- 1}.

This equation can be interpreted as a requirement that interpolates H in certain
directions at each point zo 6 Zuv. For this reason we shall refer to (13) and (14) as
the interpolation constraints. In the H literature they are known as the two-sided
Lagrange-Sylvester interpolation conditions ([1, 16.8]) or as the discrete interpolation
conditions [2].

The definition of &i and was based on the global Smith factorizations of and. For actual computations it is more convenient to use different functions &i and/gj
at each different point z0 6 Zuv, i.e., we use several local Smith factorizations, one
at each point, rather than one global Smith factorization. This is possible because, at
each z0, (14) depends only on the derivatives of & and/gj of order at most au,(zo) +
av5 (z0)- 1. Thus, it is not necessary to use the same functions at all points z0 6 Zuv,
and we may always, without loss of generality, assume that at the point z0 6 Zuv, the
functions &i and j are constants if au,i(zo) _< 1 and aV,j(Zo)

_
1, respectively, and
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that they are polynomials of order at most au,i(zo) 1 and aV,j(Zo) 1 otherwise.
This simplifies the linear programming formulation of the problem to be discussed
in 5.

Theorem 3.1 immediately gives us the following corollary.
COROLLARY 3.2. In the one-block case, if Zuv is empty, or more generally, if

for all zo e Zuv, all e (1,...,m}, and ally e (1,...,n}

(&i/j)(r)(z0) 0, r e {0,... ,crv,i(zo) +cry,j(zo) 1}

then the optimal solution o] (OPT) is O.
When this corollary is applied to the standard sensitivity minimization problem

we recover the well-known fact that there are no restrictions on the achievable sensi-
tivity for a minimum phase plant.

As proposed to us by one of the referees, let us end this section by pointing out
a minor error in the discussion in [10] on the interpolation constraints. McDonald
and Pearson present two different sets of interpolation constraints, one set in [10,
Def. 2] and [10, Thm. 3], and another set in [10, Lem. 1]. The latter set is the one
that we use in Theorem 3.1 and, as we have seen, it is linearly independent. This
contradicts a claim made in [10], where it is stated that the first set of constraints
is linearly independent, whereas the second set of constraints is not, and there it is
recommended that we use the first set of constraints. To see that this claim must
be false it suffices to compute the total number of scalar conditions contained in (13)
on one hand, and in [!0, Def. 2] on the other hand. As we have seen, the total
number of scalar conditions in (13) is aun + arm. A similar computation shows
that the number of scalar conditions in each of the parts (i), (ii), (iiia), and (iiib)
of [10, Def. 2] are aun, arm, aun, and arm, respectively. When these numbers
are added, we get either 2aun / avm or aun + 2avm, depending on which of the
two alternative versions of (iii) that we use (if we use different versions of (iii) at
different points, then we get some other number between these two). If U and V
have no common zeros, then the two sets of constraints become equivalent (provided
we use the trivially satisfied part of (iii); that is, at each point we use either (i) or

(ii) and ignore all the remaining conditions), and it does not matter which set is

used. However, the conditions listed [10, Def. 2] become redundant whenever U and
V contain common zeros. One problem is that (i) and (ii) of [10, Def. 2] overlap in
this case; to see this, note that they are equivalent to the requirement that for all
zo E Zuv, all E {1,...,m}, and all j {1,...,n},

(&,)(r)(z0)j(z0) O, r e {O,...,av,i(Zo)- 1}

and

0, r e {O,...,ay,j(zo)- 1},

respectively, and these conditions overlap already for r 0 whenever both au,i(zo)
and Tv,j zo are nonzero.

4. Frequency domain formulation: Convolution constraints. To see that
the frequency domain conditions must be quite different in the multiblock case (i.e.,
two-block and four-block cases) compared to the single-block case, it suffices to look
at a very simple example. Suppose that U contains two identical rows. Then the
corresponding rows of K must also be identical. Clearly, the interpolation constraints
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(13) that we described, and that completely characterize the one-block case, cannot
force two rows of K to be identical. Thus, we need some additional conditions for the
multiblock case. In the previous example, there was a new constraint on K of the
following type: there is some vector ( E Rm such that K vanishes identically. The
general conditions that we shall use are generalizations of this simple condition, and

the describe linear dependencies between the rows of U and between the columns
of V.

Suppose that at least one of the two inequalities p _< m and q _< n is strict.
Choose somearbitry^matrices U0 and V0 of dimension p m and n q, respectively,
such that UoU and VVo have rank p and q, respectively, in at least one point of D (if
p n then we may choose U0 I, and if q m then we may choose V0 I). For
example, one possible choice is to take U0 and V0 as in (10). This means that UoU
and VVo are invertible in at least one point of D. Multiply the identity K UQV
from the left by [0]-10 and from the right by 0[0]-1 to get

(15) )----[0]--1010[0]-1.

The functions on the right-hand side are matrices with values in the quotient field of
[1 (each element is a quotient of two ements of [1), and they determine uniquely.
Substituting this back into the equation K UQV we get the following necessary
condition that K must satisfy:

(16)

Formally, the matrix equation above contains mn different equations, one for each
component of the matrix K, but some of these equations are redundant. This re-
dundancy is due to the fact that (16) has been constructed in such a way that the

equation that we get by multiplying (16) from the left by U0 and from the right by V0
is always satisfied, indepen^dently o^f the choice of K. We can remove this redundancy
in the following way. Let U1 and V1 be matrices in [1 of dimensions m-p and n- q,

Vorespectively, that complement U0 and V0 in the sense that the two matrices (1) and

(0 1) are invertible in at least one point of D (one possible choice is the one in
(10)). Then (16) is equivalent to the equation that we get when we multiply (16)

Uofrom the left by (1) and from the right by (0 1 ). When this is done, we get the
equivalent system

(17)
UIKVo U1KV1 )

UoKVo
1[1 (00)

wic expree o.KYl, 1KVo, and 1KK1 fnnction o oKVo. --om ti eqna-
tion it is evident that the number of independentequations is mn- pq. (In the
one-block case mn- pq O, and no extra conditions are needed).

We can turn (17) into an equation where all the factors belong to ’1 (instead of to
the quotient field of [1) by multiplying the equations by, e.g., the determinants of0
and VVo. Usually.a better..choice is to choose some other p p and q q-dimensional
matrix functions W0 and W1, respectively, with full rank at almost all points of D,
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in such a way that 01[0]-1 and [0]-111 have no singularities, and to
0 I 0Io and from the right by (0 1 )" However, thismultiply (17) from the left by (0

leads to a system of the same type as (17); the only difference is that U1 has been
replaced by WoU and that V has^ been.replaced by VW1. Thus, this discussion
shows that it is possible to choose U and V1 in (17) in such a way that all the factors
multiplying belong to [1. Throughout in the sequel we assume that this has been
done. (For further comments on the choice of multipliers, see the discussion at the
end of this section, as well as Lemma 6.4.)

If we transform (17) back into the time domain, then we get mn- pq linearly
independent convolution equations. For this reason we shall refer to the equations
(16) and (17) as the convolution constraints. (In the H%literature these are called
continuous interpolation conditions; see [2].) In the linear programming approach
that is presented later we employ (17), but for simplicity we shall base the rest of the
discussion in this section on (16).

An important observation is that the convolution constraints (16) are independent

of^ U0 and V0 in the sense that if they are satisfied for one pir of functions^ U0 and
Vo, then they are satisfied for every other pair of functions U6 and V6, also, as long
as UsU and VV0 are invertible in at least one point of D. To see this, multiply (16)
from the left by [0]-15 and from the right by [5]- to get

(18) [oi]-1o.o["o]-1-- [0]-100[0]-1

This implies two things. First, (16) is valid with Uo and Vo replaced by U5 and VS,
and second, if we use (1-5) as a definition of Q, then Q is independent of the particular
choice of U0 and V0.

Let us collect this^argume^nt into the following lemma.
LEMMA 4.1. Let U, and V be matrices of dimension mxp, and qxn, respectively,

with values in i1, and suppose that has full column rank and that has full row
rank.

(i) If K is a matrix of the .form K UQV .for some p x q-dimensional matrix

with values in [1, then [ satisfies the convolution constraints (16) .for all matrices

ond V%off dimensions p x m and n x q, respectively, vith values in [1, such that
UoU and VVo are inveible in at least one point of D.

(ii) Conversely, suppose that K is an m x n-dimensional matrix vith values in
that satisfies the convolution constraints (16) for one pair of functions o and

Vo of the type mentioned in (i). Then it satisfies the same constraints for all other
possible choices of Uo and Vo, also, and^it determines^ a function Q uniquely through
the equations (15), where the choice of Uo and Vo is irrelevant in the sense that Q is

independent of the particular choice of Uo and Vo. Each element of the function Q is
the quotient of two fnctions belonging to [1.

As we mentioned previously, it is possible to choose Uo, U, Vo, and V as in (10).
In this case

(19) [o]-1 [u]-[u]-, [o]- [2v]-1 [v]-,
and (16) becomes (cf. (7))

(20) K Lu,1UoKVoRv,I.
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From this version of (16) it is easy to prove the following result.
^1 satisfies (16) if and only if it is of the formLEMMA 4.2. A function K E lmx n

[-- u,lv,1 .for some e lq. Moreover, both the mapping - [-- u,1Sv,1
and its inverse K S UoKVo, where Uo and Vo satisfy (10), is continuous.

Proof. By (20), the condition K Lu,1SRv,1 is necessary (choose S to be
S UoKVo). Conversely, if S is of this type, then we can multiply the identity
K Lu,1SRv,1 from the left by U0 and from the right by Vo to get S UoKVo.
This, substituted back into the equation K Lu,1SRv,1 shows that K satisfies (20).
The final continuity claim is obvious.

Let us return to the interpolation constraints that we found in 3. For later use,
let us record the fact that the set of all the solutions of (13) can be parametrized in
a way similar to the parametrization presented in Lemma 4.2.

^1 satisfies (13) if and only if it is of the formLEMMA 4.3. A function K lmxn

for some matrices ij [1 of appropriate dimensions. The mapping that takes
Tt T.) into K is continuous.T.I

Proof. Let g satisfy (21). Multiply (21) from the left by Uo and from the right
by V0, where U0 and V0 satisfy (10), to get

UoKVo NuTI1Nv

Clearly, this implies that K satisfies (13).
Conversely, if K satisfies (13), then the function TI defined by

11 [/u]-l00[/v]-1

belongs to [1. Define

T12 UoKV1, T2 U1KVo, T22 U1KV1,

to get the desired representation.
By combining the preceding lemmas we get the following theorem.
THEOREM 4.4. Given [, , and in [1 of the type described above (i.e., we

are in the multiblock case, the dimensions are m n, m p, and q n, respectively,
Assumption 1.1 is satisfied, and U and V have full column rank and row ran^k, re-
spectively, in all but finitely many points in D), there is a unique function Q [1
such that K UQV if and only if K satisfies the convolution constraints (16) as
explained in Lemma 4.1 and, in addition, for all zo Zuv, all i {1,... ,m}, and
all j {1,...,n}, (13) holds. Moreover, both the mapping Q - g--UQV and its
inverse (defined on the range) are continuous. The inverse mapping has the repre-
sentation (15). In particular, if Uo and Vo are chosen according to the decomposition
(10), then this inverse mapping can be written in the .form

H --[U]-I[u]-IorO[V]-I[v]-1.

The proof of this theorem is similar to the earlier proofs, and we leave it to the
reader.
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The comments at the end of 3 on the freedom of choice of the vectors &i and
j also apply here. In particular, at each point z E Zuv we only need to know the
particular local zero structure at that point, and ci and j may be chosen to be
polynomials, different at^each po^int z Zuv. There is also a large freedom in the
choice of the particular U0 and V0 to be used in Lemma 4..1. One choice that seems
to be particularly attractive is to take U0, U1, V0, and V1 to be determined from the
Smith factorization of U and V, as in (10). Then

UoU NuRu, U1U O, VVo LuNv, VVI O,

and (17) simplifies into

0 UoKV1 0(22) 10 11
Another somewhat more flexible approach is to choose Uo and Vo in such a way that
the factors [0]-1 and [0]-1 appearing in (17) belong to [1. Observe that we

can rewrite these factors, using the Smith factorizations of U and V, into the form

(23) [0]-1 ZU,I[0U,1] -1,

If (10) holds, then [0]-1 U,1 and [0]-1 v,1. However, it really suffices
to choose U0 and V0 in such a way that UoLu,1 and Rv,1Vo are invertible. If this is

lif0done, then it is possible to choose the matrices U1 and V1 in such a way that (1)
and 0 1 ) are invertible in all of . This condition becomes important in 11.

The theorem above should be compared to the corresponding Theorem 6 in [10].
The conditions (i) and (ii) used in [10, Thm. 6] are a special case of our equation

(16). To get those conditions we choose the pair U0 and V0 in a special way, namely,
they are chosen to be matrices that pickout p linearly independent rows from^ U
and q linearly independent columns from V, respectively. The same choice of U0 and
V0 are present in McDonald and Pearson’s definition of the interpolation constraints
for the multiblock case, also: instead of using the Smith factorizations of the full
matrices U and V as we do they use the Smith factorizations of UoU and VVo to
define the vector functions &i and /j that appear in (13). This leads to a result
that differs significantly from ours, even if we ignore the redundancy in [10] due to
the use of an alternative set of interpolation constraints (see the discussion at the
end of the previous section). For one thing, the approach in [10] necessitates one

extra nonstandard assumption, namely that there are p rows of U and q columns of
V that are independent for all z on the unit circle (see Assumption 3 in [10]). This
assumption is stronger than our Assumption 1.1. Moreover, since those specifically
chosen rows of U and columns of V may loose rank at additional points in D^, not
b^elonging to the set Zuv determined by the zero structure of the full matrices U and
V, in McDonald and Pearson’s formulation there are usually additional points z D
that do not belong to Zuv, but that have to be included among the points z0 in (13).
It may also be the case that, at a particular point z Zuv, the determinants of the
chosen rows and columns vanish to a higher order than the true total muliplicity of
that point, and this leads to a greater number of derivatives in (13) than is needed
in our formulation. In other words, the conditions listed in [10, Thm. 6] are, not in
general, linearly independent. As reported in [14] and [15], such linear dependencies
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may cause numerical instabilities in the solution schemes and, as we shall seed.in 11, it
leads to nonuniqueness of the dual solutions. Moreover, with this choice of U0 and V0

Uoit is not in general possible to choose U1 and V1 is such a way that (1) and ( 0
are invertible in all of D; this property seems to be highly desirable (see 11).

There is one case in particular where the difference between the method presented
here and the one in [10] becomes profound. For a certain type of problems Zuv is
empty, whereas the corresponding set in McDonald and Pearson’s formulation may
be nonempty; see [13]. This has a great influence on the resulting linear programming
system that we shall introduce in 6. Moreover, in this case, with our formulation
the resulting FME method (see 8 and 9) becomes very easy to implement since the
critical computation of the value of N drops out.

5. Linear programming formulation: One-block case. The frequency do-
main descriptions that we have given can be transformed back into the time domain.
The time domain formulation contains infinitely many variables, i.e., the elements
(i.i(k) of the matrix sequence (I) H- K H- U, Q, V. In the one-block
case it contains finitely many equations, more precisely, ouv equations, and in the
multiblock case it contains infinitely many equations. By now this transformation is
standard, and it has been used in, e.g., [4], [5], [10], [11], [14], and [15]. However, none
of these references contains all the different aspects of the time domain formulation
that we shall need here. The paper [4] contains a nice description of the one-block
case, including both the primal and the dual problems, but there only simple zeros are
allowed, and the multiblock case is missing. In the multiblock papers the descriptions
of the primal problems are satisfactory, but some of the aspects of the formulation of
the dual problem are missing. Therefore, for the convenience of the reader we have
included a short description of this transformation. For more details, especially for
the primal formulation, we refer the reader to the references listed. In this section we
give a description of the one-block case (similar to the description in [4]), and defer
the discussion of the two-block case to the next section.

First we transform the interpolation constraints (14) back into the time domain
and get (to simplify the notations we have replaced ci by a and/j by fi, and use
and j as summation indices)

j"zJo o(j i) (((k) H(k))fl(i k) 0
j=o i=o k=o

for all relevant a, , z0, and r. After a change of the order of summation this becomes

(24) -j"zJoo(j i)(((k)- H(k))3(i- k) O.
k=o i=k j=

The left-hand side of this equation is a continuous affine mapping from the set of
m n-dimensional sequences (I) in 11 into C. Let us denote the coefficient of (I)(k) by
A(k), where A(k) is a second-order tensor of dimensions m n. Then (24) becomes

(25) Z A(k)’(k) A(k)H(k),
k=O k=O

where the products A(k)(k) and A(k)H(k) are the usual tensor products

A(k)(k) Aiy(k)iy(k), A(k)H(k) Z Aj(k)Hiy(k).
ij
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The coefficients A(k) have one crucial property, namely, they satisfy IA(k)l--, 0 as
k --, oc; this follows directly from (24) and the fact that Iz01 < 1.

Above we discussed the inversion of (14) for one particular choice of c, , z0, and
r. The complete set of conditions (14) contains aug different conditions. When they
all are inverted, we can write the result in the form

(26) A(k)(k) a,
k-0

where each A(k) is a third-order tensor, mapping the space of m n-dimensional
matrices into a complex avy-dimensional vector, and a ’k=o A(k)H(k) is an
avy-dimensional vector with complex entries. Observe that, since we start out with
real-valued data, if zo E Zuv, then 0 E Zuv. This means that if the set of equations
above is not real, then the nonreal equations appear in complex conjugate pairs. By
replacing each such pair by the real part and the imaginary part of one of the two
equations we may assume that the entries of A and a are real.

Let us record the preceding argument into the following lemma.
LEMMA 5.1. The interpolation constraints (14) are equivalent to an equation of

the form (26), where each A(k) is a third-order tensor of dimension avy (m n)
satisfying IA(k)l 0 as k oc, a k=o A(k)H(k) is a avy-dimensional vector
with real entries, and the products of A(k) with O(k) and H(k) are interpreted as

(A(k)((k))e ’ij Aeij(k)j(k) and (A(k)H(k)) Aj(k)H(k).
As a byproduct of this result we get the following corollary (the same result could

have been deduced directly from Theorem 3.1, with K replaced by H O).
COROLLARY 5.2. Under Asumfl.tion 1.1., in the one-block case we may, without

loss of generality, assume that H, U, and V are polynomials in the sense that the
original problem with data in [1 is equivalent to a problem with polynomial data.

To prove this it suffices to observe that we get the same equations (26) if we,
instead of using the original H, U, and V in the formulation of (26), use polynomial
functions U and V that have the same left and right zero structure, respectively, as
the origin.al functions U and V have, and use a polynomial H that interpolates the
original H to a sufficiently high degree at each point of Zuv.

To complete the formulation of (OPT) in the one-block case as a linear program-
ming problem in 11 we must supplement (26) with a set of inequalities describing the
norm (2) that is suppose to be minimized. Clearly, this minimization is equivalent
to the minimization of # under the m constraints # _> j,klij(k)l, e {1,... ,m}.
Split each (I) into (I)+- (I)-, where all the elements of (I)+ and (I)- are nonnegative. (A
natural additional requirement would be that for each i, j, and k, either O(k) 0
or (I)(k) 0, but that requirement is difficult to incorporate in the formulation due
to its nonlinearity.) Then the constraints related to the new cost variable # can be
written in the form

1# >_ E((I)+ + (I)-),

where 1 represents an m-dimensional column vector with all elements equal to one,
and E is the tensor mapping (I) into a vector whose ith element is k (I)i (k). Observe
that the coefficients of (I)+ (k) and (I)-(k) in this sum are independent of k; in particular
they do not tend to zero as k --, cx), as opposed to those in (26).
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Collecting the different pieces, we get the following formulation of (OPT) in the
one-block case:

(PRIM1)

minimize #,

1#- E(O+ + O-) _> 0,

A((I,+ -) a,
(I)+, (I)- _> O,

where the unknown (I)+ and (I)- are m n-dimensional matrices in/1, E is an operator
from this space into Rm, A is an operator from the same space into Ravv, and
a-- AH E R"vv

We claim that the dual of the preceding problem is another linear programming
problem which is posed in . We can get this dual problem from the problem above
by proceeding formally in the same way as we would do in the finite-dimensional case,
but is easier to justify the derivation of the dual problem if we proceed in a different
way, i.e., in the same way as in [4]. Observe that the problem that we have posed
above is equivalent to finding the distance of the sequence H E 11 to Af(A); the null
space of A (recall that H- K, where H is fixed and K Af(A)). The standard
dual problem is then the following (see, e.g., [9, Thm. 1, p. 119]):

maximize

e Af(A) +/-

Here

m( )
i=1 <_: <_n,k>_O

is the norm in that is dual to the norm II’IIL1 defined earlier in (2).
To write the norm constraint on 5 into linear programming form we may introduce

new variables Ti, i {1,..., m}, and require that

(27) --Ti<_5ij(k)<_Ti, i=l,...,m, j=l,...,n, k=0,1,2,...,

and that

m

(28) E Ti 1.
i=1

If we further observe that m 1"= Ti T, and that (E*T)ij Ti, then we arrive at an
intermediate form

(DUALI)

maximize

l*r 1,
--E*T

_
5

_
E’T,

5 e Af(A) +/-

of the dual problem.
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The preceding form is not yet the one that we would like to have. However, before
we can proceed any further we must prove the following claim.

LEMMA 5.3. Define A as above, and let A* RUv -- lmn be the adjoint of
o is finite-dimensional, hence closed in co and weak* closed inA. Then 7(A*) Cm, A is the adjoint of A*, and Af(A) is weak*-closed in . In particular, ?(A*)

Af(A) +/- +/-Af(A), and JV’(A) +/-n(A*) (A*)+/-.
Parts of this lemma are found implicitly in some of the proofs given in [4], [5],

and [10]. To understand the statement of Lemma 5.3 is is important to keep in mind
that is the dual of which is the dual of c. In particular, Af(A) +/- and +/-T(A*)
are interpreted within the duality of 11 and , whereas +/-Af(A) and T(A*) +/- are
interpreted within the duality of co and 11.

Proof. Each element in the range of A* is of the form Hj (k) .,=lV’u Aii(k)
for some y e Rv’. Recall that for all r, i, and j, Ari(k)l- 0 as k - oc. This
implies that T(A*) c c, as claimed. Thus, A is the adjoint of A*. Moreover, ?(A*)
is finite-dimensional; hence it is closed in co and weak*-closed in . This implies
that T(A*) Af(A) +/- +/-Af(A), and that Af(A) +/-n(A*) n(A*) +/-.

Since, according to Lemma 5.3, Af(A) +/- n(A*), we may replace ti JV’(A) +/- in
(DUALS) by A*, and let range over R’. This leads to our final version of the
dual problem (recall that we have denoted AH by a)"

(DUAL1)
maximize

I*T 1,
--E*T <_ A* <_ E*T.

Observe that this problem is again in linear programming form. We urge every reader
familiar with duality in finite-dimensional linear programming to check that, in a
finite-dimensional setting, this is exactly the problem that we would get from (PRIM1)
by formally converting it to the dual problem according to the standard duality rules
of linear programming.

We have posed the dual problems (DUALI) and (DUAL1) in , and considered
them to be the dual of the problem (PRIM1), posed in . If we instead posed
(DUALS) and (DUALs) in c, and compute their dual problem in /1, then we get
back the problem (PRIM); to see this, revert the preceding computations and use
Lemma 5.3. Since dual distance problems always have optimal solutions (see [9,
Thin. 1, p. 119 and Thin. 2, p. 121]), we have the following result of the existence of
solutions in the one-block case.

THEOREM 5.4. In the situation described in Theorem 3.1, (the one-block case)
problem (OPT) is equivalent to the infinite-dimensional linear programming problem
(PRIM1), and it has a minimizer E 11 The minimum is equal to the distance in
11 of H to the weak*-closed null space of A, which is of finite codimension auv. To
compute this distance we may instead solve the dual problem (DUAL1), which has a
maximizer R

This is essentially the same result as [4, Whm. 4] and [10, Whm. 4]. The main
difference of Theorem 5.4 compared to [10, Thm. 4] is that, since we use a linearly
independent set of conditions in (13), we are able to identify the precise codimension
of the null space of A, i.e., we are able to use a dual variable y of smallest possible
dimension avy. (See the discussion at the end of 3.)

6. Linear programming formulation: Multiblock case. In the multiblock
case we have the same equations that we had above, but in addition we have an
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infinite number of equations that we get by inverting (17). This leads to an additional
equation of the form (again replace K by H- (I))

B *(---b,

where (B (I))(t) t,k=O B(e k)(k), b(g) (B H)(g) Y’k=O B(g- k)H(k), and
each B(f) is a third-order tensor mapping the space of rn x n-dimensional matrices
into Rmn-pq (for a more detailed description of this operator, see the proof of Lemma
6.4). The important fact about B is that B E 11. When this equation is added to
(PRIM1), we get the linear programming formulation for the multiblock case:

(PRIM)

minimize #,

1#- E((I)+ + -) _> O,

A((I)+ (I)-) =a,
B, (+_

(I)+, (I)- >_ O,

where the meanings of (I)+, (I)-, E, A, and a are the same as before, the operator B,
is a convolution operator mapping m x n-dimensional 11 into (ran- pq)-dimensional
11, and b B H belongs to the range of B,.

We can make a computation similar to the one that we made in the one-block
case to get a dual linear programming problem. Denote the operator that maps
into the pair [A(I), B (I)] by [A, B,]. Then the equations in (PRIM) involving A and
B say that (I) H E Af([A, B,]). Thus, the standard dual problem is

(DUAL’)

maximize

l’T= 1,
-E*T <_ 5 <_ E’T,

e Af([A, B,]) +/-

where we have replaced the condition 115lllo
_

1 by the same inequalities as in
(DUALS). The adjoint [A,B,]* of the operator [A,B,] is the operator that maps
(l, ’7) Raw x l(mn_pq) into A*I + B* ’7 lmxn, where the adjoint B** of B, is
the operator

(29) (B* ’7)(k) E B*
t=k

Thus, if we would know the range of [A, B,]* to be weak* closed, then we could proceed
as in the one-block case and write (DUAL’) in the form (replace 5 by A*/+ B* "7,
and recall that AH a and B H b)"

(DUAL)
maximize u (a, )+ (b, ’7),

l*r 1,
--E*T

_
A*rl + B* "7 <_ E*T.

Indeed, as we shall prove in the following, if the matrices (1) and (o 1) have
full rank on the unit circle, then the range of [A, B,]* will be weak* closed, but there



764 OLOF J. STAFFANS

seems to be no reason to believe that the range of [A, B,]* will be weak* closed in
general. Still, even if the range of [A, B,]* is not weak* closed, much of Lemma 5.3
and Theorem 5.4 remains true for the multiblock case.

We first prove a weakened analogue of Lemma 5.3.
LEMMA 6.1. Define A, B, [A,B,], and [A,B,]* as before. Then [A,B,]* maps

Rauv x C(mn_pq)0 continuously into Cmn, and [A, B,] is the adjoint of the operator
o In particular, Af([A, B,]) is weak* closed in[A, B,]* restricted to I:tav" C(mn_pq

lm and (PRIM) is the dual of the problem (DUAL) posed in Ruv con, (mn--pq)

Proof. That [A, S,]*, which is equal to the operator (r/,-),) - A*/d- B* -)’, maps
R x C(mn_pq) continuously into Cmxn follows from the fact that A* maps Ruv

into Cmxn and that B* o Cmxmaps C(mn_pq into since B E All other claims in
Lemma 6.1 then follow immediately.

The preceding considerations can be collected into the following result.
THEOREM 6.2. In the situation described in Theorem 4.4 (the multiblock case)

problem (OPT) is equivalent to the infinite-dimensional linear programming problem
(PRIM), and it has a minimizer . The minimum is equal to the distance in 11 of
H to the weak*-closed null space of [A, B,]. To compute this distance we may instead
solve the dual problem (DUAL’), which has a maximizer lmn, or we may solve
the problem (DUAL) in R x Cmn_pq), which need not have a maximizing solution,
but for which the supremum of the objective function (a, > + (b, /> over the set of all
feasible solutions (?,’) e R x co equals the optimal value of (PRIM) If,(mn--pq)
in addition, 7([A B,]) is closed in Ruv x then (DUAL) has a maximizing(mn--pq)
solution in Rauv x l(mn_pq).

Here the final statement makes use of the closed range theorem, which says that
the range of the dual of an operator is weak* closed if and only if the range of
the operator itself is closed; see [12, Thm. 4.14, p. 96]. Theorem 6.2 extends the
corresponding ones in [5] and [10], where the existence of a maximizer of the dual
problem in is never addressed.

For later reference, let us mention the following result, related to Lemme 6.1.
LEMMA 6.3. Let Assumption 1.1 hold. Then the mapping that takes Q llpxq

into K U Q V and its inverse are both norm-continuous and weak* continuous.

Proof. We know that these mappings are norm-continuous; see Theorem 4.4. The
weak* continuity is a consequence of the fact that the mapping Q - U Q, V is the

o into coadjoint of a continuous operator mapping Cm pq.
The additional condition on the range of [A, B,] in Theorem 6.2 is satisfied in the

following case.
UoLEMMA 6.4. If the matrices 1) and ( o ) have full rank on the unit circle,

then the range of the operator [A, B*] is closed in R l(mn_pq).
Proof. Recall that, by the closed range theorem [12, Thm. 4.14], T([A,B,]) is

closed in Rvv lmn_pq if and only if 7([A, S,]*) is closed in ln. The range
of the latter operator is the sum of the ranges of A* and B**. Since the range of
A is finite-dimensional, to prove that T([A,B,]*) is closed, it suffices to prove that
T(B**) is closed. However, again by the closed range theorem, this is true if and only
if T(B,) is closed in Thus, we have reduced the proof to a proof of the fact(,-vq)
that T(B,) is closed in l(mn-pq)"

To prove that R(B,) is closed we shall decompose B, into three operators, B,
PDC, where C has a closed range, and D and P have the property that the images
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of closed subspaces under these operators are closed. Clearly, this implies that T(B,)
is closed. This decomposition is based on the fact that it is possible to rewrite (17)
into the form

(30)
K(0 i)

_( I
U1U[UoU]-

0 I [0]--1’1 )0)  1)(0 0

We define the operator C to be the operator that maps K E lxn into

U1 ,g,(Vo Vi)- Ui ,K,Vo Ui ,K,Vi

Then, by Theorem 3.1, Lemma 5.1, and Lemma 5.3, this operator has closed range
(of finite codimension).

To define the remaining operators D and P we have to partition K E llmn into

K (Kll K12) conformally with the partition above. Recall that 0 i 0 and ig21 K22
have been chosen in such a way that the functions i[0]-i and [0]-ii in

(17) belong to [i. This means that they are Z-transforms of some functions in i. Let
us denote these/i-functions by X0 and Xi, respectively. Then B, can be written in
the form B, PDC, where C is the operator defined above, and D and P are the
operators

( Kll KI2-KI1:XI ) pK-- ( 0 K12)DK
K21 Xo * Kll K22 Xo * Kll * X1 K21 K22

The operator D has a continuous inverse, which we get from the preceding formula
for D by changing all minus signs to plus signs. The operator P is a continuous
projection operator. Both of these operators have the propery that the image of a
closed subspace is closed. Thus, B, PDC has a closed range, as claimed. 0

7. Alignment conditions. Later we shall need the following well-known con-
nections between the primal and the dual problems. For simplicity we formulate this
only for the multiblock case with the dual problem expressed in the form (DUAL’),
and we leave the one-block case and the case where the dual problem has been phrased
in the form (DUAL) to the reader.

THEOREM 7.1. (i) If (#, @+, (I)-) is a feasible solution of (PRIM) and (u, T, ) is
a feasible solution of (DUAL’) (i.e., the constraints are satisfied, but not necessarily
the minimality or maximality condition), then # >_ ,.

(ii) If, in addition, # , then both solutions are optimal for their respective
problem (i.e., the minimality and maximality conditions are satisfied).

(iii) In the optimal case the following alignment conditions are satisfied:
(a) if for some i e {1,... ,m}, Ejk((k) + (k)) < #, then Ti O;
(b) if (I)/(k) > 0 for some i E {1,...,m}, j E {1,...,n}, and k E {0, 1,...},

then 6ij k Ti
(C) if (I)(k) > 0 for some i E {1,...,m}, j E {1,...,n}, and k E {0, 1,...},

then $ij (k) Ti;

(d) if for some i E {1,...,m}, j E {1,...,n}, and k E {0, 1,...}, both @(k) >
0 and @(k) > O, then Ti O.
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Proof. Using the feasibility of the primal and dual solutions we get

<+ - (@+ @- H),>
<+,

(31) _< ((I)+, E*T> + ((I)-, E*T>
<E((I)+ + (I)-), T>

<

This proves part (i). Part (ii) is a direct consequence of part (i). Finally, by in-
specting the inequalities in the computation above, and checking when they reduce
to equalities, we get (iii). [:]

If Ti 0 for some E {1,..., m}, then the corresponding double inequalities in

(DUAL) and (DUAL’) collapse into equalities. This means that there is an exten-
sive degeneracy in the dual problem, and that we can expect an infinite-dimensional
nonuniqueness in the primal problem. It follows from (a) and (d) in Theorem 7.1
that this happens whenever the optimal primal solution contains a row i satisfying
jklij(k)l < #. Of course, if m 1, i.e, U contains only one row, then this problem
never shows up, since in that case -1 1. For more details, see the discussion in 8
and 9.

8. Solution methods. In [5] Dahleh and Pearson introduced a method for solv-
ing the linear programming version of (OPT), and the same method was used in [10].
In this method we restrict the number of nonzero variables (I)(k) in the primal problem,
i.e., we solve a sequence of truncated problems

(PRIM)N

minimize #,

+ + > 0,

A((I)+ (I)-) =a,
B,(O+-O-) =b,

((I)+) (k) ((I)-) (k) O,
(I)+, - >_ O,

where N oc. The dual of this problem is

(DUAL)N

k>N,

Clearly, since (PRIM)N contains additional restrictions compared to (PRIM), and
since the number of these additional restrictions decrease for increasing N, the optima
itN of the truncated problems form a nonincreasing sequence, bounded from below by
the optimum it of (PRIM). Moreover, since the set of sequences with finite support
is dense in 11, it is clear that itN --+ it as N --+ oc. We shall refer to this method as
the FMV method (finitely many variables in the primal problem).

As it was pointed out in [5] and [10], the FMV method has two drawbacks. One
of them is that it cannot always be applied, due to the fact that the systems (PRIM)N

maximize

l*r i,
-E*- <_ (A* / B* /)(k) <_ E’T, k {0, I,... ,N}.
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need not have any feasible solutions, i.e., there are cases where (PRIM) has no feasible
solution (I) with finite support. A precise description of this class o..f p..roblems..where
the FMV method fails was given in [10]; in particular, it requires H, U, and V to be
rational functions. Another serious drawback is that there is no way of telling how
close the optimum N of the truncated problem (PRIM)N is to the optimum # of the
full problem, i.e., there is no way of knowing how good the solution of the truncated
problem is.

The drawbacks mentioned previously prompted the author to propose another
method in [14] for the solution of (PRIM); the same method was proposed indepen-
dently by Dahleh in [3]. In this approach we drop all but finitely many equations,
i.e., we solve the problem

(PRIM)M

minimize #,

1#- E((I)+ + (I)-) > 0,

A((I)+ (I)-) =a,
(B -))(e)

,I,+, - _
O,

g e {0, 1,...,M},

where the constraints (B (I))() b() have been ignored for t > M for some number
M, and let M - oc. The dual of a primal problem truncated in this way is a truncated
version of (DUAL),

(DUAL)M

maximize

l’T= 1,
--E*T _< (A* + B* -) <_ E’T,

7(t) 0, t > M,

where we impose the extra condition -),() 0 for t > M. Since (DUAL)M contains
additional restrictions compared to (DUAL), and since the number of these additional
restrictions decrease for increasing M, it is clear that the optima of the truncated
problems form a nondecreasing sequence, bounded from above by the supremum of
(DUAL) posed in Rvv Cmn_pq). Moreover, since the set of sequences with finite
support is dense in c, the optima of the truncated dual problem tend to the supremum
of (DUAL) in R"vv co(,-,n-pq) as M - oc. We shall refer to this method as the
FME method (finitely many equations in the primal problem).

Since the optimum of (PRIM) is equal to the supremum of (DUAL) in R"vv

C(m,.,_pq), the limits of the optima obtained from the FMV method and the FME
method are the same. Thus, by applying both these methods at the same time we
get both upper bounds and lower bounds on the true optimum, and we may compute
the optimum of the full problem to within any given tolerance.

Although it is clear in principle what we should do, one major obstacle remains:
How do we solve the truncated problems?

Let us first discuss the solution of the truncated problems in the FMV method.
For this method to be applicable we have to assume that the tensor sequence B
and the vector sequence b have finite support. Then, if we require (I)(k) 0 for
k > N, then both (S. (I))(t) and b() vanish for sufficiently large . This means
that, although the problem formally is infinite dimensional, all but finitely many
equations are satisfied trivially. Thus, instead of having an infinite-dimensional linear
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programming system we have a finite-dimensional one, to which we may apply any
standard linear programming solution method. (It may be the case that this finite-
dimensional system has no feasible solution for any N, and in this case the FMV
method fails; however, in a fair number of cases feasible solutions do exist; cf. [10].)

The situation is more complicated in the FME case, because there it is not obvious
that each truncated system can be reduced to a finite-dimensional one. (As we shall
see in a moment, this is indeed the case.) However, there is one simple case where
everything is very straightforward, namely, the case where Zuv is empty. In this
case the operator A is not present in (PRIM) and (DUAL). If we force /() 0 for
> M, then, by (29), B* /(k) 0 for k > M. Thus, there are only a finite number

of inequalities in (DUAL) that are not satisfied trivially (recall that (E*T)ij
0). This means that we are again left with a finite-dimensional linear programming
problem that can be solved with standard methods. This special case seems to be
of substantial interest as many real world problems can be formulate in this way;
see [13].

The argument above does not apply to a typical one-block case or multiblock
case where A is present (if A is absent in the one-block case then the optimal solution
is 0; the solution of the multiblock case may be nontrivial even if A is zero). To
understand the multiblock case it is crucial that we understand how the one-block
case may be handled; therefore let us first discuss the one-block case, where the
convolution operators B. and B** are absent. That case was solved in [4] in the
special case where only the zero-order derivatives are needed in (14). The solution of
the general case is based on the following lemma (cf. [4, Whm. 5]).

LEMMA 8. l. Let C be an operator from Rr to one-dimensional real c. Then
there is some N >_ 0 such that suPk>Nl(C7)(k)l <_ maxk<_Nl(C7)(k)l for every e Rr,
and the inequality is strict whenever Cr] 7 O.

Proof. For each k, we may write (Crl)(k) in the form (Crl)(k) Yj=I ckjrlj. Thus
we may regard C as an oo r-dimensional matrix. The assumption that C maps Rr

into co means that ck --* 0 as k --Without loss of generality, we may suppose that the rank of C is r (otherwise
the column rank of C will be less that r, and we may drop some of the columns of
C without affecting the range of C, and decrease r). We may further assume that
the mapping which takes r into the first r components of Cr has rank r (otherwise
permute some of the rows of C). Let x represent the first r components of Cr/, and
let D be the matrix of rank r that maps into x (D consist of the first r rows of C).
Then D-ix.

For each k we have I(Cr)(k)l <_ =llckjjl <_ IICklllllr]llo, where IICkl]l
’jlCkjl and ]111 maxljl. Replacing by D-Ix, we get
Ilxll, where IID-1]] is the operator norm of 9-1 as an operator from R with the
/-norm to itself. Thus, if we choose Y so large that IICklllllD-111 < 1 for all k > N,
then

and the inequality is strict whenever x 7 0, i.e., Cy
By using Lemma 8.1 it is easy to prove the following theorem for the one-block

case.
THEOREM 8.2. Ir$ the one-block case the dual problem (DUAL1) is equivalent

to a problem with finitely many constraints, i.e., there is some N > 0 such that it is
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equivalent to the problem

maximize v {a,
I*T 1,(DUAL1)N

--E*T <_ (A*)(k) <_ E*T k e {0, 1,... ,N}.

This number N depends only on the zero structures of U and V; in particular, it is
independent of H.

Proof. For each i, let D be the operator that maps r/e Ruv into (A*l)j(k).
As it was pointed out when the operator A was first introduced, A(k)
hence D maps Rvv into c. Apply Lemma 8.1 to conclude that there is some number
N such that sup<j<n,k>Nl(A*l)o(k)l <_ max<_<n,k<gl(A*l)(k)l for every
Rv Choose N max{N} to get the conclusion of Theorem 8.2.

COROLLARY 8.3. In the one-block case the primal problem (PRIM) has a solu-
tion ( that satisfies (k) 0 .for k > N, where N is the number given by Theorem
8.2. Moreover, it is possible to choose ( in such a way that at most atyy + m 1 of
the components ij (k) are nonzero.

The first claim follows from the fact that the dual problem of (DUAL)N is equal
to (PRIM1) with the additional restriction (I)+(k) (I)-(k) 0 for k > N, and the
second claim is a standard result saying that in a system with avy + m inequalities
we can find a solution with at most avy + m nonzero components, and one of these
nonzero components is the variable #. This corollary is closely related to [10, Thm. 5],
although the proof given here is quite different from the one in [10].

The same argument can be applied to problem (DUAL)M, since (29) implies that
B* /(k) 0 as k - x3 whenever has finite support. Thus, the following theorem
is true.

THEOREM 8.4. Ir the multiblock case the problem (DUAL)M is equivalent to
a problem with finitely many constraints, i.e., there is some N > 0 such that it is
equivalent to the problem

maximize - <a, 1> + (b,
l’T-- 1,

(DUAL)My
--E*T _< (A’r/+ B* )(k) _< E’T, k E {0, 1,..., N},

7() 0, t > M.

This number N is independent of H.
This means that the FME method also amounts to the solution of a sequence of

finite-dimensional linear programming problems.
The problem (DUAL)My can be considered as the dual of the following problem:

minimize #,

1#- E((I)+ + (I)-) > 0,

A((I)+ (I)-) =a,
(PRIM)My

(B ((I)+ (I)-))(g) b(g), g e {0, 1,..., M},
((I)+)(k) ((I)-)(k) 0, k > N,

(I)+, - _
O.

Observe that this is exactly the same problem that we solve in the FMV method,
except for the fact that in the FMV method M is large compared to N, whereas
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in the FME method N is large compared to M. Since all standard programs for
solving finite-dimensional linear programming systems produce the solution to both
the primal problem and the dual problem at the same time, it does not really matter
which one of the two problems (PRIM)MN or (DUAL)MN that we solve. This means
that the only essential difference in the two methods is the difference in the sizes of
M and N.

9. Determining the size of a truncated problem. According to the discus-
sion in the predng section, the FME method can always be applied, even when
the functions H, U, and V are not rational, and the sequence of optima that we get
for the truncated problems converges to the optimum of the original problem. How-
ever, this is not the whole truth. Theorem 8.4 does not give any explicit formula for
the calculation of the number N. A very crude estimate can be obtained from the
proofs of Lemmas 8.1 and 8.2: At each step (i.e., for each M) we invert m different
square matrices of size (avy + (mn- pq)(M + 1))2 (one for each i), and compute the

operator norms of these matrices. (We believe that it is possible to get a much
better estimate based on the replacement of the matrix norm by the 12 matrix
norm, but even the computation of this improved estimate requires a fair amount of
work.) In the one-block this phase appears only once, and it can be afforded, but in
the multiblock case this produces becomes rather expensive in terms of computation
time. In addition, there is no guarantee that the problems do not become numerically
ill behaved with increasing M. For this reason it would be very desirable to have
some alternative method of estimating the number N corresponding to the number
M in the FME method. (The upper bound on M that corresponds to a given N in
the FMV method is of the type M N + constant, so the computation of M in the
FMV method presents no problems.)

In the case m 1 there is a simple and effective solution to this problem. Recall
that when m 1, we have T1 1. Moreover, recall that (B* )(k) 0 for k > M.
Thus, the problem is to determine, for each M and , a bound N > M such that

ruv

rArlj(k) <_ 1, k > Y.
r-l

However, this is easy. If we use a standard Simplex type solution method, then at
each stage of the computation we have explicit access to the vector y that currently
is considered, and it suffices to choose N > M so large that

UV

suplr lAj(k)l <_ 1, k > N.
r r--1

Thus, it is possible to determine during each step of the solution process exactly how
large values of k need to be considered at that moment, and we can avoid the costly
computation of the a priori upper bounds on N. If necessary, it is not difficult to
increase the size of N during the solution process, since the matrix A has a form that
makes it easy to compute additional coefficients from the original zero structures of
U and V.

The case where m > 1 is more problematic. The same method that we just
mentioned works in the case where each Ti > 0; the only difference is that we have to
take Y > M so large that, for all e (1,..., m} and all j

ruv

supl, -ldij(k)l <_ Ti, k > Y.
r r=l
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If the optimal solution of (DUAL) is such that Ti > 0 for all i, then we expect
the intermediate problems to have the same property for large enough M, and the
computations can be carried out in an efficient way. (For further comments on this,
see 10 and 11.) If, however, at some stage of the computation one or more of the
variables Ti become zero, then we must use some alternative method, such as the one
outline in the beginning of this section.

The problem of having one or more of the variables Ti 0 is more severe than it
might appear at first glance, because it is quite common that the optimal solution has
some of the variables Ti equal to zero. See the discussion following Theorem 7.1. One
possible solution to this problem is based on the following theorem that was proved
in [15, Thm. 5.2] (that theorem is stated in a slightly different context, but the same
proof applies without change).

THEOREM 9.1. The matrix sequence that we get from an optimal solution of
the primal problem by dropping those rows .for which

j,k j,k

is optimal .for the corresponding reduced problem, i.e., the problem that we get by
dropping the corresponding rows ofH and U. Moreover, the optimal values of the full
problem and the reduced problem are the same.

Thus, if it appears that there are rows i in the optimal solution for which

Elij(k)l <
j,k j,k

then one possibility is to simply drop these rows, and to solve a smaller problem.
There is a very interesting open question related to this approach: Is it always

true that the smaller problem has the same rank as the original problem, and that it
satisfies Assumption 1.1? (We conjecture that the answer is yes, at least generically.)
if this is the case, then it is possible to construct a continuous, one-to-one mapping
between all the feasible solutions of the smaller problem and the feasible solutions of
the full problem.

LEMMA 9.2. Let I C {1,..., m} be an index set, and let (OPT)/ be the problem
that we get from (OPT) by dropping all those rows of H and U for which I.
Suppose that the new matrix U has the same rank p as the original matrix has (in
particular, I contains at least p indices; hence m > p, and we are in the multiblock
case), and that the new matrix U satisfies Assumption 1.1. Then there is a bicon-
tinuous one-to-one correspondence between the feasible solutions of (OPT)/ and the
feasible solutions of (OPT).

Proof. Let P be the m m-dimensional projection matrix

1, if E I,(32) PI diag(d(i)), where d(i) O, if i I.

Then the reduced problem (OPT)/can be written in the form

(OPT)/ minimize I1iI1 over all (I)I of the form PIH PIU * Q * V where
Q E 11 and II(I)iIItl is given by (2).

Clearly, each feasible solution (I) of (OPT) induces a feasible solution (I)I Pi( of
(OPT)I, and the mapping from (I) to (I)i is continuous.
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Conversely, su..ppose that PIU has rank p, and that Assumption 1.1 holds with
U replaced by PIU. Let (I)i be a feasible solution of (OPT)/. By Lemma 6.3, there
is a continuous map from (I)i onto the free parameter Q in (OPT)/. Let (I) be the
function that we get from (I)l by first mapping ’I PIH PIU Q V onto Q, and
then mapping Q onto (I) H U Q V. Then (I) depends continuously on (I)i, (I) is
a feasible solution of (OPT), and (I)I PI, as required.

Another possibility in the degenerate case is to perturb the original problem so
that, instead of using the pure operator-norm [[(I)[[ of (I) given by (2), we use the
norm

where is some small positive constant. When this change is incorporated in (DUAL),
then the crucial bound (9) is relaxed to

r r:l

Here the right-hand side cannot be zero, and the method described above works.

10. Convergence of primal and dual variables: FMV scheme. So far we
have discussed only the convergence of the optima of the truncated problems to the
true optimum. Two other interesting questions are whether the full solutions of the
truncated primal problems converge to a full solution of the original primal problem,
and whether the full solutions of the truncated dual problems tend to a full solution
of the original dual problem. Apart from their theoretical interest, these questions
have some practical consequences. One major issue on the dual side is that if the
determination of the cutoff number N in the FME scheme is carried out as proposed
in 9 then, for computational reasons, it is vital that the weights r corresponding
to the optimal solutions of the truncated dual problems behave in a consistent way.
More specifically, they should stay bounded away from zero except in the case where
the corresponding row is redundant in the optimal solution. In the latter case they
should tend to zero. Another possible issue on the primal side, the importance of
which is difficult to judge at this time due to the immature state of the theory, is
the following. A typical approximate solution produced by the linear programming
method is of very high order, and the order is growing without bound as we approach
the true optimum. In many case the order of the approximate solution is so high that
it does not make sense to implement this particular solution in a design. However,
as some evidence presented in [14] and [15] indicates, an optimal solution may often
be significantly "simpler," e.g., of much lower order, than the approximate solutions.
Suppose, indeed, that we can prove that the approximate solutions are "close" to a
true optimal solution. Then it should be possible to use some order reduction scheme
to recover a low order near optimal solution.

In this section we look first at the problem of the convergence of the complete
solution of the truncated linear programming problems in the FMV scheme. The
same question for the FME scheme is discussed in 11.

We begin with the question of the convergence of the primal variables in the FMV
scheme.

THEOREM 10.1. (i) For the FMV scheme, each subsequence of a sequence N
of optimal solutions to the problem (PRIM)N contains a subsequence that converges
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weak* in lmx to an optimal solution of (PRIM). If, moreover, the optimal solution

of (PRIM) is unique, then the whole sequence ON tends to the optimal solution of
(PRIM) weak* in lmx,.

(ii) Let be a optimal solution of (PRIM) that is a weak* limit of some subse-
quence ON of optimal solutions ON Of (PRIM)N, as described in (i). Let I denote
the set of indices i e (1,..., m} .for which ’]dklOij(k)l # supi -dklO(k)l, and
define the projection matrix PI as in (32). Then PON tends to PIO in the norm of
lmn" In other words, if we delete those rows of ON for which jklOij(k)l < #-
supi -]dklj(k)l, then the remaining part of ON tends to the corresponding part of

in the norm of lmxn.
(iii) Let PI be the projection operator defined in (ii). Suppose that PIU has the

same rank as U, and that Assumption 1.1 holds with U replaced by PIU. Then the
subsequence ON in (ii) tends to in the norm of 11?-,

Compare part (ii) of this theorem to Theorem 9.1. In both places the set of
exceptional indices is the same.

Proof. (i) Since the norms #g II(I)Nlll form a bounded (monotonically non-
increasing) sequence, the sequence ON is bounded in 11. Bunded subsets of 11 are
weak*-sequentially compact; hence each subsequence contains a subsequence that
tends weak* to some limit O. The limit must satisfy - H E Af([A, B,]), since
this null space is weak* closed, and since ON H E Af([A, B,]) for all N. Thus, is
an optimal solution of (PRIM). The final conlusion in (i) follows from the fact that
if every subsequence has a subsequence that converges to the same limit, then the
whole sequence must converge to this limit.

(ii) To simplify the notations slightly, let us replace the subsequence (I)g by the
original sequence ON. By Fatou’s lemma, we have for all i {1,..., m},

_< liminf l(ON)i(k)l.N--o
jk jk

On the other hand, since limN-oollNll limN-,oo #N # I111, where # is
the optimal value of (PRIM), the reverse inequality holds for all I with liminf
replaced by limsup. Thus

lim
N--cx)

jk jk

However, weak* convergence together with convergence of the norm implies norm
convergence in one-dimensional 11 (the norm in one-dimensional co has the Kadec-
Klee property), and we conclude that PION tends to PIO in the norm of 11, as
claimed.

(iii) This follows from (ii) and Lemma 9.2. 0

A partial answer to the uniqueness problem for (PRIM) is given in the following
theorem.

THEOREM 10.2. Let (U,T, 5) be an optimal solution of (DUAL’), and define
the sets I and I of indices i (1,...,m} and the sets J, J+, and J- of indices
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i e {1,...,m}, j e {1,...,n}, and k e {0, 1,...} as follows:

I’-- {i Ti -----O},
J { (i,j,k) l--Ti < 5ij(k) < Ti },

J+ { (i,j,k) Sij(k) Ti > 0},
J- { (i,j,k) Sij(k) ---Ti < 0}.

Then the optimal solution (#, 4) of (PRIM) is unique (under the additional normal-
izing assumption that .for all i, j, and k, either .+,j (k) 0 or (k) O) if and only
if the following conditions determine # E R and lmn uniquely:

(35)

B .C =b,

ij(k) O, (i,j,k) e J,
ij(k) >_ O, (i, j, k) J+,
ij(k) <_ O, (i,j,k) J-.

Without the normalizing assumption that for all i, j, and k, either (I)(k) 0
or (I)(k) 0, the solution will not, in general, be unique. This relationship will be
satisfied for all indices E I, but not necessarily for all I.

Proof. By Theorem 7.1, an optimal solution (I) must satisfy (35). Conversely, if
(I) satisfies (35), then it is feasible, and checking the computation (31) we find that
(I) must be optimal. Thus, every optimal solution satisfies (35), and every solution of
(35) is optimal.

One interesting fact about Theorem 10.2 is that the conditions (35) do not refer
to the dual solution directly; it only refers to the index sets I, I, J, J+, and J-. This
fact made it possible to construct the exact solutions of some two-block problems in
[14]-[15]. In these cases it was possible to conjecture from the computer printouts
what the correct index sets ought to be, and subsequently it was possible to use the
equations in (35) (the inequalities in (35) turned out to be redundant) to construct
exact optimal solutions. A proof of the optimality was also given, based on the
construction of dual solutions corresponding to these index sets.

At this time it is not clear to what extent we may expect the dual solutions of
(DUAL)N to converge to a dual solution of (DUAL). If they stay bounded, then
some subsequence must converge weak*, but we do not know what type of conditions
that we would have to impose to guarantee the boundedness of a sequence of dual
solutions.

11. Convergence of primal and dual variables: FME scheme. Much of
Theorem 10.1 remains true for the FME scheme.

THEOREM 11.1. (i) For the FME scheme, each subsequence of a sequence (M
of optimal solutions to the problem (PRIM)M contains a subsequence that converges
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weak* in lmx, to an optimal solution of (PRIM). If, moveover, the optimal solution
of (PRIM) is unique, then the whole sequence M tends to the optimal solution of
(PRIM) weak* in lmx n"

(ii) Let be a optimal solution of (PRIM) that is a weak* limit of some subse-
quence Mt Of optimal solutions M Of (PRIM)M, as described in (i). Let I denote
the set of indices i E {1,..., m} for which jklij(k)l # supi jkl(ij(k)l, and
define the projection matrix PI as in (32). Then PI(M tends to PI in the norm of
llxn" In other words, if we delete those rows ofM for which jklij(k)l < #-
sup jklij(k)l, then the remaining part of (M tends to the corresponding part of
( in the norm of llmxn

The proof of this theorem is essentially the same as the proof of Theorem 10.1.
There is one part missing in Theorem 11.1 compared to Theorem 10.1, namely,

part (iii). Part (iii) does not carry over because the solutions of (PRIM)M are not
feasible for the full problem (PRIM); hence, Lemma 9.2 cannot be applied.

The question of the convergence of the dual solutions is much easier for the FME
scheme than for the FMV scheme.

THEOREM 11.2. (i) For the FME scheme, every subsequence of a sequence
(b’M,TM,?M,TM) Of optimal solutions of the problem (DUAL)M contains a subse-
quence that tends to an optimal solution (, T, 5) of (DUAL’) in the sense that b’M ---+

oo If, moreover, thel], TMt -- T in Rm, and A*?TM + B* 7Mr weak* in lmn

solution of (DUAL’) is unique, then the whole sequence (M, TM,TM,7M) tends to
(, T, ) in the sense described above.

Uo(ii) /f the matrices 1) and o 1) have full rank on the unit circle, then
there exists a bounded sequence (M, TM, TM, 7M) Of optimal solutions of
(DUAL)M, and each subsequence of such a bounded sequence has a subsequence that
tends to an optimal solution (,, T, 7, 7) of (DUAL) in the sense that b’Mt b’, TMt -- T

in Rm, TMt --’+ 7 in Ravv and 7Mr 7 weak* in l(mn_pq
Uo(iii) /f the matrices ) and o have full rank everywhere in closed the

unit disk D, then the operator [A, B,]* is one-to-one, and every sequence of optimal
solutions (’M, TM,M,7M) Of (DUAL)M is bounded. Thus, in this case (ii) applies
to all possible sequences of optimal solutions of (DUAL)M.

(iv) The solution of (DUAL) is unique if and only if the operator [A, S,]* is one-
to-one and the solution of (DUAL) is unique. In this case every sequence of solutions
(M, TM, M, 7M) in (ii) is bounded and tends to the optimal solution (, T, 7, 7) Of
(DUAL) in the sense described in (ii).

Proof. (i) By the restrictions 1"TM 1 and -E*7"M <__ A*M + B* 7M <-- E*TM
in (DUAL)M, the sequence A*TM -5 B* 7M stsys in the unit ball of lmxn; hence
every subsequence of (M, ’M, M, 7M) contains a subsequence that converges in the
sense described in (i) to a limit (, T, 5). We know from before that ,- limM--+oo b’M
is the optimal value of (DUAL’). Clearly, the limit satisfies (H, ti), I*T 1 and
--E*T <_ 5 <_ E*T. Moverover, 5 E Af([A, B,]) +/- since A*TM +B* *7M Af([A, B*]) +/-

for all M, and Af([A, B,]) +/- is weak* closed. Thus, the limit is an optimal solution of
(DUAL’).

(ii) By Lemma 6.4 and the closed range theorem, the range of [A, B,]* is closed.
By the open mapping theorem, the mapping [A, B,]* is open from Rvv l(mn_pq)

UV O0onto its range. Thus, there is a bounded subset of R l(mn_pq that gets mapped
onto the intersection of the unit ball in lmn with 7Z([A, B*]*). Since A*u+B* *7 stays
in this intersection whenever (r], 7) is part of a solution of (DUAL)M, it is possible to
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choose (?M, ’M) to belong to this bounded set. Thus, it is possible to find a bounded
sequence of optimal solutions (VM, TM, M, /M) of (DUAL)M. The rest of the proof
is similar to the proof of (i).

(iii) The claim that [A, B,]* is one-to-one is equivalent to the claim that [A, B,] is
surjective (since the range of [A, B,] is closed). This claim is equivalent to the claim
that B, is surjective, and that A maps Af(B,) onto R

UoSince we assume that the matrices (1) and (0 1 ) have full rank everywhere

in closed the unit disk D, the operator C defined in the proof of Lemma 6.4 is sur-
jective. The operators D and P defined in the same proof are also surjective. Thus,
B, PDC is surjective.

The null space of B, consists of all functions that satisfy (16). By Lemma 4.2,
it can be parametrized as the set of all functions K that satisfy K Lu, SRv, for
some Q^ e lp^l q" The free parameter satisfies - 00, if 0 and 0 are chosen
as in (10). The operator A has been defined in such a way that it evaluates certain

derivatives of components of S UoKVo at certain points of D, and since S is a
free parameter, this evaluation operator is surjective. Thus, [A, B,] is surjective, and
[A, B,]* is one-to-one.

The proof of (iv) is immediate.
There is a uniqueness result for the solution of (DUAL) similar to Theorem 10.2.
THEOREM 11.3. Let (#, +, (-) be an optimal solution of (PRIM). Define
+ -, and define the sets I and I of indices E (1,..., m} and the sets J,

J+, and J-, of indices i e {1,...,m}, j e {1,...,n}, and k e {0, 1,...} as follows:

J-- ((i,j,k)l ij(k)
J+ > 0},
J- < 0).

Then the optimal solution (, T, 5) Of (DUAL) is unique if and only if the following
uniquely:conditions determine R, T Rm and lm

(36)

--
i--1

e Af([A, S,]) +/-

T_>0,

T O,
iI,

I,
(i,j,k) J,
(i,j,k) e J+,
(i,j,k) e J-.

The easy proof of this theorem is left to the reader. As in the case of Theorem
10.2, conditions (36) do not refer to the primal solution directly, but only to the index
sets.
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12. Computation of suboptimal solutions in the FME scheme. The FMV
method has one definite advantage over the FME method: at each step we have access
to a suboptimal solution (I)N of the full problem. Whenever we are ready to decide
that the suboptmial value #N is sufficiently close to the optimal value #, no further
computations are needed. This should be contrasted to the fact that in the FME
method, the functions (I)M that we get are not feasible for the full problem, and
although the FME method produces information about the optimal value #, it does
not directly produce a suboptimal solution whose norm is close to this value.

There is one possibility to bypass this problem. Recall that in the FME method,
all the suboptimal solutions satisfy A(H )M) 0, i.e., H (I)M Af(A). By (11),
with replaced by - (M, this means that there is some function QM lpq such

that Uo(H- (M)Vo NuRuQMLvNv, where U0 and V0 are the matrices in (10).
Solve this for QM to get

(3"/) M [U]-I[u]-I0( M)rO[V]-I[-V] -1.

Observe^ thatby Theorem 4.4, this would be the correct formula for the computation
of Q in case OM would be a feasible solution of (PRIM). Define the function I/M by

(38) M H UQMV.

Then M can also be written in the form

(39) qtM H Lu,Uo(H- (M)VoRv,.

Clearly, by (38) this function I/M is & feasible solution of (PRIM).
THEOREM 12.1. Let {(I)M} be a subsequence of solutions obtained from the FME

scheme converging weak* to an optimal solution of (PRIM), and define Mt a8 in

(39), where Uo and Vo are chosen to satisfy (10). Then each M is a suboptimal
solution of (PRIM), and Mt --> weak*. Moreover, if OMt tends to #p in the
norm of lmn, then so does M. In particular, if we define #M IlqtMllt, then
l]M

_
]_t

_
].tM and, whenever we have norm convergence, M 1/M "-+ O.

In particular, observe that if we have norm convergence, then it is possible to get
a converging upper bound on # without the use of the FMV scheme. If we do not
have norm convergence, then it may still be true that we have norm convergence for
some reduced problem; see Theorems 9.1 and ll.l(ii).

Proof. The operator defined in (37) that maps K H- (I)M to QM is both
norm continuous and weak* continuous from Af(A) into lpq. Thus, QM tends to
the function Q corresponding to the optimal solution , either weak* or in norm,
depending on the type of convergence of (I)g to (I). By the same continuity argu-
ment, Me H U QM * V tends to H U Q V (I). The final claim is
obvious.

13. About degeneracy. The major part of this paper deals with the two ques-
tions of how we should reformulate the model matching problem in 11 as a linear
programming problem in such a way that we avoid unnessary redundancies, and how
different formulations of the problem affect the behavior of the solutions of the two
approximation schemes. In other words, we do our best to avoid degeneracies and
describe how different degeneracies affect the solutions.

It is quite common to have degeneracies in finite-dimensional linear programming
problems, and all standard solvers are required to cope with these in one way or an-
other. In general, if the dimension of the problem is small, then possible degeneracies
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do not cause serious trouble. If, however, the dimension of the problem is large, then
degeneracies may complicate the solution process and may lead to problems that are
quite hard to solve.

In our case the system is infinite-dimensional. The author has solved a number
of different problems numerically, and the one thing that has caused the most trouble
is the existence of a different type of degeneracies. Some of these problems caused by
degeneracies are described in [14] and [15].

One way to characterize the nondegeneracy of the pair of finite-dimensional ap-
proximate problems (PRIM)MN and (DUAL)MN is the following. Since these prob-
lems are finite dimensional, they have optimal solutions. The pair of problems is
nondegenerate if the two optimal solutions are unique, and if, in addition, the fol-
lowing conditions hold for all relevant values of i, j, and k (cf. Theorems 10.2 and
11.3):

, =* > 0,
jk

(ij(k) > 0 (A’r] + B* ’)’)ij(k) Ti,

(iy(k) < 0 (A* + B* )iy(k) -i.

Note that these conditions, together with the inequalities given in the original prob-
lems, imply that

< , *=* 0,
jk

(iy(k) 0 --Ti < (A*, / B* ")’)i.(k) < Ti.

In particular ( already seen in 7), we must have yk]ij(k) and Ti > 0 for
all i.

In the infinite-dimensional ce we could still use the same definition of degener-
acy, provided both the primal and dual problems have optimal solutions. As we saw
in Theorem 6.2, this is indeed the ce whenever the range of [A,B,] is closeda
problem that we studied in Lemma 6.4. Uniqueness of the optimal dual solution re-
quires the operator [A, B,] to have a dense range. If the range is closed, then this is
equivalent to [A, B,] being surjective. A condition for this to be the ce is given in
Theorem ll.3(iii). The numerical problems described on pp. 179-180 of [14] are due
to the fact that there the operator [A, B,] did not have this property.

The properties just described, which can be summarized the property that
[A, B,] should be surjective, is the only nondegeneracy property that it seems to be
possible to build into the system without any a priori knowledge of optimal primal and
dual solutions. In particular, since the property of having one or more rows i in the
problem where an optimal solution satisfies ,kj(k) < p m,k(k)
is not dependent on the particular linear programming formulation, but only on the
original data, this situation cannot be avoided by a different choice of the operators A
and B,. Recall that this means msive nonuniqueness of the primal solution in the
sense that in those rows the decomposition of (k)into (k) (k)-(k)- is
no longer unique. However, in some ces this need not be a serious problem, because
of the fact that although the decomposition need not be unique, the primal variable

itself may be unique; cf. Theorem 9.1, Lemma 9.2, and Theorem 10.1(iii).
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CONTROL OF PLANAR NETWORKS OF TIMOSHENKO BEAMS*

J. E. LAGNESEt, G. LEUGERING$, AND E. J. P. G. SCHMIDT

Abstract. The present study is concerned with the questions of controllability and stabilizability
of planar networks of vibrating beams consisting of several Timoshenko beams connected to each
other by rigid joints at all interior nodes of the system. Some of the exterior nodes are either clamped
or flee; controls may be applied at the remaining exterior nodes and/or at interior joints in the form of
forces and/or bending moments. For a given configuration, is it at all possible to drive all vibrations
to the rest configuration in a given finite time interval by means of controls acting at some or all of
the available (nonclamped) nodes of the network and, if so, where should such controls be placed?
Alternatively, a control objective is to construct energy absorbing boundary-feedback controls that
will guarantee uniform energy decay. It is demonstrated that if such a network does not contain
closed loops and if at most one of the exterior nodes is clamped, exact controllability and uniform
stabilizability of the network is indeed possible by means of controls placed at the free exterior nodes
of the system. On the other hand, examples are presented to demonstrate that when a closed loop
is present in the network or if the network has more than one clamped exterior node, it may happen
that approximate control of the network to its rest configuration is not possible even if controls are
placed at every available node of the system.

Key words, control of networks, Timoshenko beams, exact controllability, uniform stabilizabil-
ity

AMS(MOS) subject classifications. 93C20, 93D15, 35B45

1. Introduction. In this paper are considered the questions of exact controlla-
bility and uniform stabilizability of a planar network of Timoshenko beams. Such a
system is a particular case of a very general model of three-dimensional beam net-
works derived in [3] and to which we refer the reader for justification of the joint
conditions given below.

The basic assumptions in our model are, first, that each beam of the network is
adequately modeled by the Timoshenko beam system as far as transverse displacement
and shear angle are concerned, and regarding longitudinal motion by the equation for
the small axial deformations of a thin rod. In a system so described, the deformation
of each beam is determined solely by the deformation of its centerline. The second
assumption is that the deformed centerlines of the collection of beams together form
a connected planar graph throughout the deformation process. This is a requirement
of planar motion and also of continuity of the network at the interior joints (where
two or more beams meet). The third assumption is that the interior joints are rigid.
For the system considered here, this means that the rotation angles at a joint of each
pair of beams meeting at that joint are the same throughout the deformation process;
see [3] for justification of this definition. Obviously, there are other types of joint
interactions that could equally well be considered and which will be the subject of
subsequent studies.

The requirements of continuity and rigidity of the joints will be referred to as
geometric joint conditions. In addition, there are dynamic joint conditions, repre-
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senting balances of forces and moments at each joint. These may be obtained by
direct analysis of the forces and moments acting on a joint or, more simply, from the
variational formulation of the boundary value problem associated with the beam net-
work, keeping in mind that the variation must be taken with respect to displacements
that satisfy the geometric joint conditions described above, in addition to the usual
geometric conditions at "simple nodes" (i.e., a node where only one beam begins or
ends). Controls are introduced into the structure at the free exterior nodes through
appropriate forces and moments and/or at the interior joints through the dynamic
joint conditions. The control objective is to bring the entire system to its equilibrium
configuration in a finite time, independent of the initial state of the system (exact null
controllability). Alternatively, through the application of appropriate energy absorb-
ing type feedback controls, we seek to damp out the vibrations in the structure at a
uniform rate (uniform stabilization). We will find that structures for which at most
one exterior node is clamped and which do not contain closed loops are both exactly
controllable and uniformly stabilizable using controls at only the free exterior nodes
of the network. On the other hand, examples will be given that demonstrate that in
situations where either of these two conditions is violated, there may exist periodic
waves propagating within the structure that cannot be influenced by means of nodal
controls; this will be seen to be a highly "nongeneric" situation, however.

To the authors’ knowledge, to date very little research has been done on the
problem of controllability, or stabilizability, of multiple-link structures from the point
of view of distributed parameter systems. Closest to the spirit of the present paper
is the work of Schmidt [9] dealing with exact controllability of a network of vibrating
strings, and that of Leugering and Schmidt [6], where exact controllability of a network
of rigidly connected Euler-Bernoulli beams was considered using so-called "slide and
turn" controls (controls acting in the geometric boundary conditions, rather than
through forces and moments, at exterior nodes). However, in [6] exact controllability
was established only for a "bundle" of beams, i.e., a collection of beams, all of which
emanate from a single multiple joint, with controls applied at all of the exterior nodes.
The controllability results of the present paper are much more general in the sense
that they apply to a richer class of beam configurations. We should also mention
the paper of Chen et al., [1], where the issue of uniform stabilization of a serially
connected network of Euler-Bernoulli beams was studied, and the work of Lions on
exact controllability of "problems of transmission"; see [7, Chap. VII.

2. Description of the model. The network is comprised of n Timoshenko
beams, labeled with indices [1, 2,..., n]. The equilibrium state of the centerline of the
ith beam is a straight line segment of length gi, parametrized by x, 0 _< x _< gi, and
is described parametrically by

P0 + xei, 0 <_ x <_ ,
where p0i is a fixed position vector in 3 and ei a unit vector in 3 directed along
the centerline of the ith beam. The ei’s are assumed to be coplanar, and the collection
of reference lines is supposed to form a connected set. (We have tacitly assumed that
the beam is not subject to tensile loading.) Let e be a unit vector in the plane
containing all of the direction vectors that is orthogonal to e. In Timoshenko beam
theory the vector pointing to the deformed material point originally located along the
filiment

p0i -t- xei + ze, Izl <_ hi2,
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is given by

Ri(x, z, t)"= P0i + (x + ui(x, t) + z,(x, t))ei + (z + wi(x, t))e{
(Poi + xei + ze#) + ri(x,t) + zi(x,t)ei, i 1,... ,n,

where ri uiei + wick, ui, wi denote longitudinal and transverse displacements,
respectively, of the point originally situated at P0i + xei, and i is the rotation angle

is the shear angle).of the filiment (i i + wi
With this notation, the dynamic equations of motion of the ith beam (in the

absence of body forces) are

pii EAu’ 0,

(2.1) pi0)i gi(i + w)’ 0,

+ + 0, 0 < < > 0.

We have used’and to denote time and spatial differentiation, respectively. The
physical constants appearing in the above system are p, the mass density per unit
of reference length; Ai, the area of a cross section in the reference configuration; Ei,
Young’s modulus of elasticity; Ii, the second moment of inertia of a cross section; Ip,
the polar moment of inertia of a cross section; and Ki, the shear modulus. Although
ui is uncoupled from the other dependent variables in the above system, it is coupled
to them through joint conditions, which we now describe.

A node of the beam network is a point in the plane where a beam begins or ends,
i.e., an endpoint of a centerline. (We identify a beam with its reference line.) The
nodes consist of simple nodes, where only one beam begins or ends, and multiple nodes
(or joints), where two or more beams join. Suppose there are a total of m nodes, and
label them with indices [1, 2,..., m] I. We set I Is U IM, where

Is {i e I[ belongs to a simple node},
IM {i E I i belongs to a multiple node}.

We further partition Is I I, IM IbM I4, where

I {i e Is li belongs to a clamped simple node},
I {i e Is li belongs to a free simple node},
IbM {i e Is[i belongs to a clamped multiple node},
I {i e Is[i belongs to a free multiple node}.

(Here we are tacitly assuming that each node belongs to one of these four classes.)
To simplify the notation slightly, if Iv q} we assume that the beams and nodes have
been labeled so that Iv [1,... ,p] for some p < m, and that the beam ending at
node Ni (i=l,... ,p) is beam i.

To describe the boundary conditions, it is convenient to introduce the following
notation. Let Nk be a node corresponding to an index k I. Following Schmidt [9]
we set

tk {i e [1, 2,..., nil N is an endpoint of beam i}.

Thus k is a singleton if Nk is a simple node. For each tk we set

--1 if Nk corresponds to x 0,
k

+1 if Nk corresponds to x gi.
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Then the outward pointing spatial derivative at the ith beam and at node Nk may
be written ik(O/Ox). The set of signs of the eik at a multiple node is called the sign
arrangement at Nk. We adopt the convention that

-1 if Nk is associated to an index E I,
k

+1 if Nk is associated to an index E Iv.
Thus x 0 at each clamped simple node, while x gi at a free simple node.

Set ID I U ID, which contains the indices of the clamped nodes. At such a
node the boundary conditions are

(2.2) ui(Nk, t) wi(Nk, t) i(Nk, t) O, Vi k, k ID.

At a free simple node the boundary conditions are

(2.3) EAu(N, t) K(i + w)(N, t) EI(N, t) O, 1,...,p.

The geometric and dynamic conditions at a free multiple mode are, respectively,

(N, ) r(g, ), (N,) (N, ), Vi, j , Vk e ,
and

E eikEiIi(N, t) O,
iE

E eik[EiAiuei + Ki(i + wi)e ](N, t)= 0, Vk E I.

Introducing the vector n := ei ex (which is independent of i) allows the last set of
equations to be written

(2.5) E eik[EiAiuei + Ki(i + w)e + EiIinl(Nk, t) O, Vk e I4.
iE

The dynamic joint conditions in their present forms assert that the resultant of bend-
ing moments and resultant of forces at each free multiple joint are zero. There is
a slight abuse of notation in (2.4), (2.5); for instance, ri(Nk, t) stands for ri(0, t) or

ri(i, t), depending on whether Nk corresponds to x 0 or to x gi.
The dynamic description of the network is completed by prescribing its initial

state:

(2.6) ri(0) r 0
i, i(O)=ri, i(0)=,, @,(0)=i, i=l,2,...,n,

with the usual notational convention: r(0) stands for r(x, 0), 0

_
x

_
gi, etc.

Example 2.1. Consider the case of the "carpenter’s square" in 2 that is free at
each simple node, as shown in Fig. 1.

Here we may choose e (1, 0), e2 (0, 1), so that e e2 and e2
a-

-el. The
geometric node conditions at N are therefore

u(O, t) -(o, t), u(O, t) (o, t), (o, t) (o, t),
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2

FIG. 1. Carpenter’s square configuration.

while the dynamic node conditions there are

E1AlUl(O,t K2()2 - w2)(0, t) 0,
E2A2u2(O, t) + gl (21 + wl)(O, t) O,
EIII) (0, t) + E212b(0, t) 0.

If N2 is clamped rather than free, then e2 (0,- 1), e -e2 and e el, so that
the geometric and dynamic node conditions then become

Ul(O, t) ,(e, t), u(e, t) -(0, t), (0, t) (e, t),

and

EIAlUI (0, t) K2(2 + w)(t2, t) 0,

E2A2u2(i2, t) + K1(1 + w)(0, t) 0,

EIII (0, t) E212(t2, t) 0,

respectively.

3. Controllability estimates for the Timoshenko network. In this section
the a priori estimates that are needed in the study of exact controllability and uniform
stabilizability of the Timoshenko network will be established.

The total energy of the network is given by

(t)
=

[p, lel + I,]dx + [E,du2 +E2 + gi(, + w)2]dx

The sum of the first integrals represents the kinetic energy and the sum of the second
the strain energy of the network. Denote by Qi(x, t) the energy densities:

(, t) a.(t)
=1

If u, w, is a suNciently regular solution of (2.1), the time rate of change of the
corresponding ener functional is given by

(a.1) (t)
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-[EiAuit + EI(b + K(i + w)b,]
i=l 0

At each free simple node and at each clamped node the corresponding terms in the
right-hand sum vanish. The rest of the sum may be written

in view of (2.4) and (2.5), where the index ik in (3.2) stands for any fixed index in Sk,
for example, ik min{il e $}. Therefore, the total energy of the system (2.1)-(2.5)
is time invariant.

Before proceeding to the derivation of energy estimates, we must say a little bit
about existence and regularity of solutions of (2.1)-(2.6). We set

n

H 1-I L2((0’ ti); 3)
i--1
n

H L2(0’ ei; [ei])[ L2(0, gi; [e?l L2(0, gi; [nl),
i--1

where [e] denotes the linear span of a unit vector e. If R E H we write

R (R1, R,..., R), Ri uiei + wie + in ri + in.

The norm on H is taken to be

IIRIIH (pIrle + Ip,)dx
i--1

We also define

{ n

v= R e IIH((0,e);a)lR satisfies (2.2)and (2.4)
i--1

If ID 0, the following defines a norm on V equivalent to the norm induced on V by
n HI-L=I ((0, i); 3) with its standard topology:

IIRIIv [EAu2 +EI2 + K( + w)2] dx
i:1

If ID O, V may be defined as a quotient space modulo the rigid motions R
ae + (c bx)e + bn that satisfy (2.4). We note that

(t) 1/2 (llR(t)ll + I]R(t)ll,)
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The system (2.1)-(2.5) may be written as a variational equation as follows. Let
R be a solution of (2.1)-(2.5) and I?t e Y be a test function. Form the L2((0, i); 3)
scalar product of (2.1) with i and sum over i from 1 to n. We obtain, with the aid
of (2.2)-(2.5), the variational equation

(it, ). + (a, )v 0, vP e v

or, equivalently,

(3.3) +AR=0 inV’,

where V’ denotes the dual space of V with respect to H and A is the Riesz isomorphism
of V onto V’. The initial conditions (2.6) are written

(3.a) a(0) a, (0) a.
It follows from standard theory that if (R,R1) .E H V’, then (3.3), (3.4) has
unique solution with (It, R) e C([0, oc); H V’), called a weak solution; if (R, R1)
Y H, then (R, R) has the regularity C([0, c); Y H), and we then call the solution

finite energy solution; and if (R, R1) DA Y then (R, llt) belongs to C([0, cx); DA
V) and the solution called a classical solution, where

DA = {R e V] ARe H}, I}RIIDA IIARIIH.
It is not difficult to verify that

R e DA Ri e H2((0,e); 3) and satisfies (2.2)-(2.5) i= 1,..., n.

An energy identity that is the basis for the a priori estimates to follow will now
be derived.

PROPOSITION 3.1. The following identity holds for each T > 0 and each classical
solution of (2.1):

(3.5)

where is any C([0, gi]) function and where

A corollary of (3.5) is the following energy estimate.
COROLLARY 3.2. Let
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and let ai be a positive, strictly increasing C function on [0, i] such that a/a > k,
i 1,2,... ,n. For each T > 0 and each finite energy solution of (2.1)-(2.5) there
are positive constants co, To such that

1
p

fo
T

(3.6) co(T- To)Q(0) _< Z a,(N,) [p,l,l + Im](N,, t)dt
i=l

+ - Z Z eikai(Nk) Qi(N, t) dr.
kIM

Proof of Proposition 3.1. Identity (3.5) is proved by the use of multipliers and
integrations by parts in the standard way. We multiply the three equations in (2.1)
by aiu’, aiwi, and a, respectively, add the three products, and apply f[ f: to the
sum. (We might, of course, try different multipliers for each equation or even multiply
(2.1) by J/li(x)(u wi ) using a 3 x 3 matrix i of multipliers. But to obtain
something useful we are forced in the end to choose i diagonal and, moreover,
nothing extra is gained by choosing distinct diagonal elements.) We obtain after an
integration by parts

(3.7) /li(T) Yi(0) + i[pi( + w + lp,i ]dxdt

0

i + g(i + wi) w
+ E,Z,, ( + ,)I]azat o,

where

(.8)

We have

fli(t) ai[pi(iziu + goiw) + Ip,i]dx.

T

1
gi

It I\l It(3.9) ai[Eiaiu, u + Ki(i + wi) w, + EiIii Ki(i + wi)i]dxdt
0

1 T[(7 + +(+)]
0

1+
+ [(+w)’ + ( +

Substitution of (a.9)into (a.7) yields

(a.lO) I(T) I(0) + K[( + w)’ + ( + w)]ddt

+ ()(,t) eet ((,tl at o.



788 J.E. LAGNESE, G. LEUGERING, AND E. J. P. G. SCHMIDT

From (2.1) we have

where

t
f2(t) ap(vi dx.

It follows from (3.10) and (3.11) that

(3.12)

where fi fli + f2i. Proposition 3.1 now follows upon summing (3.12) over from 1
to n.

Proof of Corollary 3.2. We have

Q, 2pvb +2K( + w) >_ coQ

for some co > 0 if and only if ai > 0 and

(p) ’:- I-chP m <0 and a Ki(EiI) < 0

for 0 _< x _< gi. If also ai > 0, these are the same as

and >

Also, since the total energy is time invariant for each solution of (2.1)-(2.5),

Q dxdt TQ(O),

and

_< c (0)

for some C > 0 depending on the elastic parameters and on maxi maxx ai(x). If we
further use the boundary conditions (2.2), (2.3) in the right-hand side of (3.5) we
obtain (3.6) with To 2C/co. This proves the corollary for classical solutions. On
the other hand, for finite energy solutions of (2.1)-(2.5) we always have the inequality

(3.13)
m

f0E E Q,(N,t) dt <_ C(T + 1)Q(O)
k:l
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for some constant C. Indeed, in (3.5) it is only necessary to choose ai so that
ikai(Nk) > 0, since the left member of (3.5) is bounded above in absolute value
by C(T + 1)(0), which proves (3.13) for classical solutions and then, by approxima-
tion, for finite energy solutions. Thus the right-hand side of (3.6) is finite for all finite
energy solutions of (2.1)-(2.5).

Remark 3.1. Inequality (3.6) may be written

oT

c0(T- To)(IIRII + IIR’II) _< ,(N,) [P,I + Ip,](Ni,t)dt
i-1

+ E E eikai(Nk) Qi(Nk, t)dt,
kEIM iEEk

where (R, R1) E V H is the initial data of the solution. Suppose now that R is
only a weak solution, so that (R,R1) E H V, and define -A-111t. Then

R and R+AI 0, so that 1 is a finite energy solution of (3.3) with initial data

(1(0), 1(0))- (-A-1R1,R). Upon applying (3.14) to 1 we obtain the estimate

P

f0co(T- To)(IIRII / IIR’II,) <_ (N) [p, lrl / Ip](Ni,t)dt
i--1

+ _,ea(N) (N,t)dt,
kGIM iGgt:

where ( denotes the energy density of the solution 1. Likewise, corresponding to
(3.13) we have

m

f0
T

E E Q(N},t)dt <_ C(T / I)(IIRII + IIRII,),
k----1 iGt

from which follows, in particular, that

(3.16) [p, lr, + I,](N,t)dt <_ C(T + 1)(IIRII + llnll,).

3.1. Estimating the multiple node terms. We now wish to investigate under
what conditions the energy estimate (3.6) can be strengthed to

(3.17)
P

foco(T- To) (IIRII + IIR’II) _< (N) [p,l,l + I,](N,t)dt.
i--1

Inequality (3.17) is the type of controllability estimate that is needed in situations
where controls are constrained to act at the free simple nodes only. To obtain it
we will investigate under what conditions on the sign arrangements ik and on the
multipliers i(Nk) it is true that the multiple node conditions imply the inequality

(3.18) E kai(Nk)Q(Nk, t) <_ 0

at each multiple node.
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It is clear that (3.18) can hold (with positive multipliers) at a clamped multiple
node, i.e., for indices k E IMD, if and only if eik --1 for all i E gk. While the
same sign arrangement is obviously sufficient to assure that (3.18) holds also at a free
multiple node, there are other sign arrangements for which (3.18) may be verified
with appropriately chosen positive values of a(Nk). While it should not be suprising
that given an arbitrary sign arrangement at Nk it is not, in general, possible to
choose positive values of a(Nk) such that (3.18) holds at a free multiple node, we
will nevertheless find interesting configurations for which (3.18) can be established.

Writing things out, we have

(3.19)

The geometric joint conditions imply that

(3.20) (N, t)

Therefore

(3.21) +

where the index ik stands for any index in Sk, in accordance with the conditions
(3.20). Therefore (3.21) is nonpositive if and only if

(3.22) E iai(N)pi <_ 0 and E ikai(N)Ip < O.

In particular, if the sign arrangement at Nk is (+ ), i.e., if qk +1
and ik --1 for some q $k and all q in $k, then (3.22) will be satisfied if
every aj(Nk) > 0 and if aq(Nk) is sufficiently small relative the the other values
ai(Nk), i q. Lemma 3.3 below demonstrates that the same relative choices of
nodal values of the multipliers will also make the second sum on the right-hand side
of (3.19) nonpositive when the linear constraints (2.5) are imposed.

Let

LEMMA 3.3. Suppose that qk +1 and -1 for some q g and all # q
in $k. If the aj(Nk) > 0 are chosen so that aq(Nk) is sufficiently small relative to
the values of ai(N), i q, then
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FIG. 2. Although the sign arrangements are in accord with Corollary 3.4, inequality (3.18)
cannot hold simultaneously at every multiple node if the multipliers are required to be increasing
functions.

Proof. There are positive constants c, C such that

_< IX, 2 _< Cl l 2, vi e

We write i7q for the sum over indices i gk with q. We have

iq iq

The lt right-hand side will be nonpositive if q is chosen sufficiently small relative
to the other i’s.

As a consequence of Lemma 3.3 and the discussion preceeding it, we have the
following result.

COROLLARY 3.4. If Nk is a clamped multiple node with sign aangement (-
), or ff Nk is a free multwle node with a sign aangement of either (-

or (+ ), then positive values of ,(N) may be chosen so that the
estimate (3.18) will hold.

It should be recalled that the parametrization of the network is not completely
arbitrary, but rather is constrained by sign restrictions on the ik’s at the simple
nodes.

Remark 3.2. It is not difficult to show that the sign arrangements delineated in the
lt corollary are, in fact, necessary for the validity of (3.18) (with positive multipliers)
at each multiple node. In addition, if a beam network contains a closed loop, it is
not possible to choose positive, increasing, multipliers for the beams in the loop
is required in Corollary 3.2) in such a way that (3.18) holds at each joim in the
loop, even when the sign arrangements are selected in accordance with Corollary 3.4
(see Fig. 2). This is because the nodal values of the multipliers must incree in the
directions of the vectors ei emanating from a particular node. In problems of control
of beam networks, the failure of (3.18) to hold at a nonserial joint indicates that it is
necessary to introduce controls at that joint if we hope to control the motion of the
entire network. This issue will be discussed further in the next section.

4. Controllability of beam networks. In this section the estimates of 3 are
applied to the study of exact controllability of the beam network in situations where
the controls act through forces and bending moments applied at the joints of the
system.
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The controlled system is modeled by the system of equations

(4.1)

O<x<gi, t>O,

u(N, ) (N,,) (N,) 0, Vi e &, k e Z’.

(4.3)

EiAiu{(Ni, t)

K( + ,{)(N, t) h(t),

EiIi(Ni, t) f3i(t), i 1,..., p,

(4.4) ri(Nk,t) rj(Nk, t), i(Nk,t) Cj(Nk,t), Vi, j E $k, gk I,
and

(4.5) ’)e + EiIin](Nk t) Fk,E ik[EiAiuei + Ki(i + wi Vk E IM.

The controls are

fi fiei + f2ie + fain, 1,...,p,

Fk (Fk" ei)ei + (Fk. e)e + (Fk. n)n,

(the latter are independent of i for i Sk). The components of the controls in the
ei, e plane represent forces acting at the corresponding joints, while the components
along n represent bending moments (torques) at the corresponding joints. Some of
these controls may be inactive, i.e., equal to zero for t > 0. We denote by u the vector
of active controls. Then, for example, if the controls at the free multiple joints are
inactive,

p

u(t) ( r,(t) e u, t > o,
i--1

where

p

(4.6) U H U, U [e] ([e] ([n].
i--1

Remark 4.1. In (4.3) and (4.5) the masses of the joints have not been taken into
account. Accounting for the masses of the free multiple joints, in particular, would
require adding Mki + Ikbin to the right-hand member in (4.5), where Mk denotes
the mass of the k th joint and Ik its principal moment of inertia.

As is well known, the exact controllability problem for (4.1)-(4.5) may be formu-
lated in terms of the reachability problem: for vanishing initial data

(4.7) R(0) llt(0) 0,
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determine the reachable states

nr {(R(T), (T))I u e

where C is the space of controls. In this work, C will be taken to be

(4.8) C Loc(0, oo; q),

where q is the number of active (scalar) controls.
With C given by (4.8), existence and uniqueness of solutions of (4.1)-(4.7) can

easily be proved within a variational framework. To simplify the discussion a little,
we assume that I}9 7 @, but this is inessential. Proceeding along the lines of 3, let
l 6 V be a test function, form the L2(0,gi;/R3) scalar product of I?l.i with (4.1) and
sum over i. After some integrations by parts we obtain the variational equation

P

(4.9) (,)H 4- (R, l)y y fi. i(gi) + Fk. t?t (Yk)
i--1 k6I

where, as usual, ik denotes any index in k in accordance with the geometric node
conditions.

where

Set

and Ui is defined in (4.6). We have

Therefore we may define B 6 (U, V’) by

<_ Clulull llv.

P

(4.10) (Bu,t>y fi t{(Ni) + F ti,(Nk.), Vt e V,
i=1 k i1

where <., ">v denotes the V’, V duality pairing. Let us note that, defining B’ 6 (V, U)
through <Su, I?t>y (u, S’t)v, we have

Prom (4.9) and (4.10) we obtain the variational equation

(4.11) + AR Bu in V’, u 6 Loc(0, ; U).
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It follows from standard theory that (4.11), with initial data (4.7), has a unique
solution with (R, ) E C([0, T]; H V’) for every T > 0. In fact, we may prove that
(R, llt) e C([0, T]; Y H). To do so, and to introduce some notation for later, we
write (4.11) as a system in H V by introducing

(.) (0 ,) (0)(I)- lit A= -A 0
B= B

We obtain

(4.12) AO + Bu, (0) 0.

The operator Jt is skew-adjoint as an operator in H V with domain V H, and
B e (U, H V). The dual 4 of 4 is the operator in H V given by

A Dom(A’)-- V DA.0 /

For each u L2(0, T; U)"-M, the unique solution of (4.12) is given by

(STu)(t) := 0(t) e(t-8)ABu(s) ds, O<_t<_T,

where etA, t >_ 0, is the unitary group on H V generated by 4. We have that
is a bounded linear map from b/into C([0, T]; H Y’). In fact, qT is bounded from
/d into C([0, T]; V H). To prove this, let (0 e H V and form

(4.13)

e(-8)ABu(s) ds, (o (u(s), B’e(’-)A’)u ds,
HxV

where

(0)B’ B’ e (H x V, U).

Set (t) e(-t)A’. Then

(4.14) (I)(t) -A’(t), 0 <_ t < T,

Writing -- (1, ), (o (i?tl, o), (4.14) signifies that

R+A- 0, 11 -R,

From the inequality (3.16), applied to , we have

IB’p(t)l]dt IB’t(t)l]dt
_
C(T+I)(I]II/+IIIIlI, C(T+I)IIPOI]/,H
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Use of this inequality in the right-hand side of (4.13) allows us to conclude that

7"

(-OABu(s) ds, O)HV <_ CV’T + V) e H x V.

It follows that

(I) STU (R, R) e L(0, T; V x H).

We may then pass from L to C by a standard argument. We have proved the
following proposition.

PROPOSITION 4.1. For an arbitrary control u E Loc(O,o;f3m), the system
(4.1)-(4.7) has a unique finite energy solution.

We now know that (R(T), t(T)) e Y x H for every T > 0, whenever u e C. We
want to determine under what conditions it is true that every element in V x H is
also in 72T, i.e., ST maps L/onto H x V, where STU :"- (TU)(T). The validity of the
statement T V X H depends on the number and placements of the active controls
and these, in turn, depend on the particular beam configuration.

4.1. Controllability from the simple nodes. We begin by considering the
case where the active controls are placed only at simple free nodes. Here we have
U defined by (4.6) and the control operator B /:(U, Y’) and its dual B’ in this
situation are defined, respectively, by

P

P

B’ @,(g,), v e y.
i--1

Let S. E ;(V’ x H,L/) denote the dual of ST; it is defined by

(4o, STU)VxH (.40, U)u, V e V’ x H, Vu e U.

Since

T

(O, STU}VxH (u(s),B’e(T-OA’)uds

we have

(so)() ,(-),o.
The assertion Range(ST) V x H is equivalent to

IIsll. _> crllllv.., v e Y’ x H,

for some constant CT > O, that is,

(4.15) V(I0, 1 e H x V’,
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n

FIG. 3. An example of an exactly controllable network. Beam n is clamped at its simple node
and controls are applied at the free node of beam 1.

FIG. 4. An example of an exactly controllable network. Beam n is clamped at its simple node
and controls are applied at all other simple nodes.

where is the solution of

(4.16) R +A 0, O<t<T, (T)- R(T)= .
Sufficient conditions for the validity of (4.15) were given in 3. When (4.15) holds,

the control u0 of minimum norm in/g that drives the initial data (4.7) to a prescribed
state (R, R1) 6 V x H at time T is given by u0 B’, where 1 is the solution of
(4.16) with final data (l, ) (STS,)-(R,R).

Example 4.1. Consider the following beam network shown in Fig. 3. In this figure,
beam n is clamped at its simple node, a control fl is applied at the simple node of
beam 1 and the multiple nodes of the system are free. The angle between successive
beams (determined by e .ei+l) may be chosen arbitrarily in the interval [0, r]. Based
on the discussion of 3, the network exhibited in Fig. 3 is exactly controllable, i.e.,
TT V x H if T is sufficiently large. This result may be compared to a result of Chen
et al. [1], where uniform stabilization in finite energy space of a network of serially
connected (i.e., e e for all i) Euler-Bernoulli beams was established (equivalent
to T V X H for T sufficiently large), but only under a monotonicity requirement
on the stiffnesses of successive beams.

Example 4.2. Another exactly controllable beam network is the H-shaped config-
uration shown in Fig. 4. Beam n is clamped at its simple node, controls (indicated
by solid circles) are applied at all other simple nodes and the multiple nodes are free.



CONTROL OF PLANAR NETWORKS OF TIMOSHENKO BEAMS 797

The angle of r/2 between horizontal and vertical beams is drawn only for convenience;
any angle in (0, r) is admissible.

Example 4.3. Figure 2 is an example of a network that we cannot prove is exactly
controllable when controls act only at the simple nodes. In fact, the discussion of
the next subsection shows that the network in Fig. 2 may not be even approximately
controllable in all cases, even when controls are active at each node of the network.

4.2. Controllability with controls at the multiple nodes. In this subsec-
tion we wish to consider the question of controllability in situations where the network
may not be exactly controllable by means of controls acting only at the free simple
nodes. Such will be the case, for example, when Iv q}; or if the network contains a
closed loop, as in Fig. 2. Although we are unable at the present time to give a defini-
tive controllability analysis in these situations, we will indicate, through examples,
some of the anomalies that can occur. What these examples show is that there are
certain beam configurations (such as in Fig. 2) that may support nontrivial time peri-
odic wave motions that cannot be controlled through controls placed at the available
nodes of the system. On the other hand, such situations are certainly "nongeneric";
they occur only when the elastic parameters and beam lengths are related in very
specific ways.

Only approximate controllability will be considered in what follows. The system
(4.11) is approximately controllable at time T if 7T V H or, equivalently, if the
range of ST is dense in V H. The latter is the same as the assertion that the kernel
of S, contains only the zero element of V’ H. From the definition of S,, this is the
same as saying that the only finite energy solution of the problem

(4.17) (t) + AR(t) 0, B’R(t) 0, 0 < t < T,

is R(t) =_ 0.
From the definition of the control operator B, the condition BR 0 means that

Ri uiei + wie + in 0,

at each simple, free node Ni and at each free multiple node Nk (for all E Sk) where
B has a nonzero component. Our main objective in what follows is to demonstrate
that for certain beam networks, (4.17) admits nontrivial periodic solutions.

In order that the computations not obscure the main ideas, we will first consider
networks of vibrating strings. Modeling and controllability of such networks have
been studied by Schmidt [9] and we adopt the following model directly from [9]. With
the same notation as above, the controlled model is

(4.18) ii Kirk’ 0, i 1,..., n,

where Ki is a 2 2 diagonal matrix with respect to the ei, e/x basis having real entries
p/2, q2 on the diagonal;

(4.19) ri(Ni, t)= 0, i e I;

(4.20) Kir(Ni,t) fi, i= 1,...,p;

(4.21) ri(N,t) rj(Nk,t), Vi, j , k IM,
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FIG. 5. Beams 1 and n are clamped at their simple nodes and controls are applied at all multiple
nodes. Such a network is not approximately controllable, in general.

which are the geometric node conditions; and

2 2(4.22) ik(Pi uiei + qi wie?)(Nk, t) Sk, k C IM,

which are the dynamic node conditions. The dependent variables ui, wi represent
longitudinal and transverse displacements respectively, along the ith string.

For the above string network, (4.17) consists of (4.18)-(4.22) with fi 0, Fk 0,
together with

(4.23) ri 0

at each simple free node Ni and at each multiple node Nk, for all E Sk, where a
control is active, i.e., where the control operator has a nonzero component. We want
to look for eigenvalues of this system, so we set

i-- 1,...,n,

and consider

(4.24) Kirk’ + A2ri 0, 1,..., n,

ri(Ni) 0, e I9, Kr(N)-0, 1,...,p,

ri(Nk) rj(Nk), i,j k, k IM,

2 2_
eik (Puiei + qi wiei )(Nk) O,

In addition, (4.23) must hold at appropriate nodes, as described above.
The following two examples illustrate situations where the above eigenvalue prob-

lem has nontrivial solutions.
Example 4.4. Consider the network of Example 4.1, but with both simple nodes

clamped and all multiple nodes controlled, as illustrated in Fig. 5. The eigenvalue
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problem in this case consists of (4.24) together with

(4.25) ri(0) ri(i) 0, i 1,..., n,

(4.26) 2 ’(t,)e, + 2 ’(t,)e? _2 u’ 2 (0)e+pi ui qi wi Pi+l i+1 (0)ei+l + qi+lWi+l 1,

i 1,...,n- 2,

(4.27)

From (4.24), (4.25) we must have

o sin(A/pi)x o sin(A/qi)x,

where

(4.28) sin(A/pi)i sin(A/qi) 0, 1,..., n.

Equations (4.28) admit an infinite sequence of solutions A(j) --, oc provided the num-
bers gi/p,i/q, 1,...,n, are comeasurable, i.e., their ratios are rational. In
particular, pi and qi must then be comeasurable for each i.

Let A be a nonzero solution of (4.28) such that

cos(A/pi)i cos(A/qi)gi 1, i,..., n.

Conditions (4.26), (4.27) require that

o ..wOe+/- o o +/- i=l n-2,piu ei + 1i Pi+lUi+lei+ + qi+lWi+lei+l
o +/-0 0 +/- _(pnuOnen + qnWnen ).Pn_lUn_len_ -- qn_lWn_len_l0 +/- 0forWith r uel + wle arbitrarily given, this last system uniquely determines ri

i 2,..., n. Therefore the network of Fig. 5 is not approximately controllable when
the above conditions on the relative lengths and wave speeds of the various strings
are met. On the other hand, in general (4.28) will admit only the trivial solution

0. One may prove (although we shall not do so here) that the network is then
approximately controllable, but we do not know if it is exactly controllable in such
cases.

A similar phenomenon may occur in a network of strings containing a closed loop.
Example 4.5. Consider a closed loop consisting of n strings and n nodes, with

controls at each node (see Fig. 6). Existence of periodic solutions eV-tr(x) of (4.17)
for such a network requires that (4.25) hold, that

(4.29) 2 ’(gi)ei + 2 ’(ti)e 2 2
Pi ui qi wi Pi+lUi+l (0)ei+l + qi+lWi+l (0)e/+/-+l,

1,...,n-- 1,

and that

(4.30) 2 (n)en -- 2 (n)en pl2Ul’ (0)el - q12w1’ (0)ePnUn qnWn

Assume that pi, qi,ti are such that (4.28) admits a nontrivial solution with

cos(A/p,)t?i cos(A/qi)g 1.
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N3 3 N

2 4

N 1 N1

FIG. 6. Networks containing closed loops are not approximately controllable from their nodes,
in general, regardless of the number of controlled nodes.

Given r, equations (4.29) then uniquely determine r, 2,..., n, in terms of r.
The additional "compatibility condition" (4.30) requires that

0 +/-0 +/- pnuOnen q_ qnWnenpue + qwe

which is easily seen to be a consequence of (4.29). Thus, under the above special con-
ditions on string lengths and wave speeds, Fig. 6 is not an approximately controllable
configuration. The same will be true even if Fig. 6 has other strings attached to it,
as in Fig. 2. If all nodes in Fig. 2 are controlled, there can still be nontrivial periodic
solutions; these will consist of a periodic wave traveling around the closed loop, as
above, with the solution being identically zero in the appendages.

Now let us consider the configurations of Examples 4.4 and 4.5 in the context of
Timoshenko beams. As is seen from the string examples, the main issue is whether
the different beams of the network, subject to clamped boundary conditions, can have
a common eigenvalue and, if so, whether corresponding eigenfunctions can be chosen
to satisfy the given node conditions of the problem.

Consider first the configuration of Fig. 5. We are looking for periodic solutions
of (4.17) of the form ri(x, t) eVr:Xtri(x), )i(x, t) eVfZ-ft%bi(x), which reflects the
possibility of different wave speeds for elastic and shear waves. The triple ui, wi,

0 _< x _< li, must then satisfy

" 2A2ui 0, 2 /EiAiUi +8i 8i Pi

(a.31) (i + w)’ + pA2wi o, p2 pi/gi,

(i + Ki/EI;7 +q ) o, q G/E,

(4.32) ui(0) ui(fi) wi(0) wi(fi) i(0) i(ti) 0, i----- 1,...,n;

EiXi(i) Eiq_lli+lq_l (0), 1,..., n 2,

En_lZn_l)n_l(n_l) EnXndn(n);

(4.34)

EiAiu(fi)ei + Kiw(fi)e Ei+Ai+u+ (0)ei+l q- gi+lW+l (O)ei+l,
i 1,...,n- 2,

(n-- 1) _1_U’ (n--1)en--1 + Kn-lWn_ en_E_A -1

+
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From the first equation in (4.31) and (4.32) we must have

0 sin Asix(4.35) ui(x) ui

with

(4.36) sinAsigi 0, i 1,..., n.

The equations in wi and i in (4.31) may be uncoupled as follows. We have

-qi i pi wiW

which yields, upon differentiation,

0 w + r w) +-q Vi pi wi
_ttt 2 2 22 t 2 2 t

wi ripi A2wi qi (-pA2wi wi + pi wi,

that is,

(.7)

We define

2 2\ l/ 2 2+ (p/22 + qi# )wi +piA (q#2 r2)wi O.

801

Since then

:),_ (q.: o7 + (q. , ,, ,),.

to satisfy the third equation in (4.31) we must set 0 0.
The boundary conditions wi(0) i(0) 0 require that

( )
bi=-di, ci=-ai

( -p)2 2

and therefore

w(x) ai sinx+- sinx)-t-bi(cosx+-cosx),

2 2 21/2 /?(.) 1/2 + q. + [( q.:) + a, ,
and note that a(A, ) > 0 if qi22 > ri,2 which we shall sume. The roots of the
characteristic equation of (4.37) e [a(A,)]/2, so that the general solution
of (4.37) is

(4.38) w(x) asinx+ bi cosx+ ci sinx+ di cosx.
Upon setting -wi -pi A2wi and integrating, we find that

bi sin x ai cos x

+ d sin x c cos x
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i(x) bi
a/+ p2A2 (sin x+ /+(a- p/2A2)

COS X COS X

The conditions wi(gi) i(gi) 0 will yield nontrivial solution ai, bi if and only if
the matrix

is rank deficient, that is, if and only if

(4.41)

Therefore, the spectrum of (4.31), (4.32) is determined by (4.36) and (4.41).
In analogy with string networks considered above, we expect that if (4.36), (4.41)

0 i= 1, n, canadmit a nontrivial solution ,/2, then nontrivial values of ai, bi, ui,
be chosen so that the dynamic node conditions (4.33), (4.34) are satisfied. However,
this will not be the case, in general. For suppose the above matrix has rank one.
Then the parameter ai will be uniquely determined in terms of bi, 1,..., n. The
parameters u1, bl must be completely free (since the problem is homogeneous). Once
0 b are known, (4.33) and (4.34) yield three linear equations for the two parametersUi

ui+l, bi+l. This overdeterminded system will not, in general, have a solution, unless
o bi are zero.all ui,
Therefore, to obtain a nontrivial solution of (4.31)-(4.34), we assume that the

matrix above has rank zero, i.e.,

(4.42)

(4.43)

Both (4.42) and (4.43) will be satisfied for some A, # if

(4.44) 2 + 4M2ea (, ) ecr(, #) 4m/
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for integers Mi, mi with Mi > mi. From (4.44) we have

p2 + q#2 a+ (A, #) + a (X, #)
2 72a(M2 +

2 2 2 2
pi (qi # r2) a+(, #)a- (, #) 16mMi2ra i l,...,n.

Thus a spectral point A, # must satisfy (4.36) and (4.45).
If the numbers gisi are comeasurable, (4.36) has a sequence of solutions

We select these so that cos A(J)sigi 1 for i 1,..., n. Then A(J) may be expressed

(4.46) A(J) 2jr n---L
iSi

for some integer ni. (We have ni gisi if gisi is an integer.) Substitution of X(J) into

(4.45) leads to 2n equations for #, namely,

[(4.47) #2 4r2 .2 2 2

2 2 (M/2 + m) 2

[4r-m_i Mi si /21(4.48) #2 1 2 2 2 2- "2 2 2 2 -r i-- 1,...,n.
q [ np

Therefore, existence of a spectral point requires the right-hand sides of (4.47) and
(4.48) to be equal and independent of i E [1,..., n] for some choices of the integers
mi, M, j. These requirements restrict the quantities p, q2, r.2,s.2 They correspond to
the restriction in the string network case that the wave speeds pi, qi be comeasurable
for each i. In particular, if all the beams are identical, the condition for the existence
of a spectral point is (dropping the subscripts i)

42 (M2 m2 j2n2p2 ) 47r2m2M2s2 2(4.49) t2 + s2 j2np2 + r

for some positive integers j, m, M. In this case there are no restrictions on q2. If also
ts is an integer (so that n gs), then (4.49) is a restriction only between p2 and r2.

When the above conditions for the existence of a spectral point are met, the
0parameters a,b, u are completely free. Equations (4.33) and (4.34) then uniquely

0 In fact we find that (4.33) is0 in terms of ai, hi, uidetermine a+l, b+1, ui+l

2EiIi(M mi)
bi Ei+lIi+lki+l (M/2+ 2-/i+1)

and (4.34)is

(4.51) siEiAiui ei +
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0 will all be nonzero if al,bl, Ul are nonzero. It follows that, in theThe ai, hi, ui
special circumstances described above, the Timoshenko beam network of Fig. 5 is not
approximately controllable. However, this is obviously an anomalous situation.

A similar analysis may be applied to a closed-loop beam network such as that
illustrated in Fig. 6. The only difference is that the node conditions (4.33)-(i) and
(4.34)-(i) must hold for i 1,..., n- 1, and the "co.mpatibility conditions"

E,I,I,(.,) EI(0),
EnAnu(n)en + Knw(gn)e EAu(O)e + glw(0)e,

0 i 2, n, in termsmust be satisfied. The former uniquely determine ai, bi, u
of al, hi, u when the conditions described above are met; these values are given by
(4.50) and (4.51). The compatibility conditions are

2 EII(M -m)bE I (U2

+sXEAue + 2Kn(m
en
+ Mn)rane slXE1AlUel + el

ae,
which are eily seen to be consequences of (4.50) and (4.51).

5. Asymptotic stability of beam networks. In this section we consider the
ymptotic stability of the control system (4.10) under (possibly nonlinear) feedback
controls of the form

(.1) u -r(B’a),
where f" U U is continuous, monotone a graph, and satisfies f(0) 0. The
closed-loop system is then

(5.2) + Sf(S) + AR o.

It follows immediately from (5.2) that, at let formally,

ld
(5.3) (t) []](t)} + R(t)[] -(f(S),S(t))u O.

We are interested in determining those configurations for which a rate of decay for
(t) exists and, for such networks, in specifying the decay rate in terms of properties
of the function f.

It is well known that there is a close connection between exact controllability of
the open-loop controlled system and the existence of a decay rate for the closed-loop
system (5.2), so it should not be suprising that we can establish a decay rate only
in those ces where exact controllability can be proved. In other situations, such
those considered in 4.2, we cannot obtain uniform decay estimates and, in fact, such
estimates are generally not possible. To illustrate this lt point, consider the linear
feedback system

(t) + AR(t) Su(t), u(t) -S’(t)
or, equivalently (cf. (4.11)),
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where

Dom(,4) {(R,R1)I R e V, R E V, AR + BB’R H}.

It is standard theory that solutions of (5.4) are given by a contraction semigroup on
V H. From (5.3) we have

Let

)/Y {O V x H[ etAO - 0 weakly in V x H as t oc}.

According to a decomposition theorem due to Foguel [2], etAl/Y c )/Y for every t _> 0
and etA is reduced to a unitary group on )/V+/-. By (5.5), 1/Y+/- is characterized by those

for which BO(s) O, s >_ O. This means that )/Y V x H if and only if

(5.6) (t) + AR(t) 0, B’(t) O, t >_ O,

implies R(t) _= 0. However, if R satisfies (5.6) then satisfies (4.16) of 4.2. The
examples of that section demonstrate that for beam networks having more than one
clamped node or containing a closed loop, (5.6) may admit nontrivial time periodic
solutions. Such configurations, therefore may not be even weakly stable under the
linear feedback u -B’l.

On the other hand, networks that are exactly controllable to V H are u.niformly
asymptotically stable in V H under some linear feedback u CR / DR, where
C (V, U) and D :(H, U) (and conversely). This may be proved via the linear
quadratic regulator (LQR) framework

(/o i )J := min IIO(t)]]zxHdt + C2 I]u(t)]]]dt

The existence of a control for which O(t) 0 for t > T for some T > 0 assures that
J is finite. The minimum is achieved at a unique u0 /g which is given as a feedback
u0(t) 7CO(t) for an appropriate Riccati operator 7 E (V H, U) which, in turn, is
determined through a certain algebraic operator equation. We will not pursue further
the LQR approach to stabilization of beam networks in this paper. The reader is
referred to the comprehensive work of Lasiecka and Triggiani [5] on the subject of
Riccati equation and LQR problems for boundary/point control problems for partial
differential equations.

Instead, we shall consider feedback controls of the form (5.1) in situations where
it is known that the network is exactly controllable. More specifically, we consider
only situations where the nonzero components of B are in the free simple nodes, in
analogy with 4.1. The control space in then L/ L2(0, T, U) where U is defined in
(4.6), and we may write

p p

u ( f, (B’llt) ( f,(lltl(N),..., tp(Np)),
i--1 i:1

where fi fiei 4- f2ie 4- f3in. In terms of components, the closed-loop system is
described by (4.1)-(4.5) with j fj (l!tl(N1, t),..., p(Np, t)) and with Fk 0.
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The following result shows that the closed-loop system is well posed in V H.
PROPOSITION 5.1. Let A be the (nonlinear) operator in V H defined by

(o x ),4 -A -Bf(B’.)

Dom(A) {(R,R)I R e V, R e V, AR / Bf(B’R) e H}.

Then .4 is densely defined and maximal dissipative.
Proof. The monotonicity of -,4 follows immediately from that of f. The statement

Rg(AI-,4) V H is equivalent to Rg(A+ ABf(B’.) + A2I) V’. The latter follows
from the coercivity of A, the continuity and monotonicity of f and f(0) 0. Therefore,
-j[ is maximal monotone. The density of Dom(A) in V H follows by noting that

Dom(,4) D DA x Vo,

where

V0 {R e V: Ri(Ni)= O, i= 1,...,p}.

Then DA Vo is dense in V x H and f(B’R1) 0 if R E V0, hence (5.7)
holds. D

It follows from Proposition 5.1 that given initial data (R, R) E V H, (5.2)
has a unique solution with (R, llt) C([0, T]; V H) for every T > 0. We refer to
such a solution as a finite energy solution. To study the behavior of such solutions as
t --* c, we assume that the network is such that the following a priori estimate holds:
for each classical solution of (4.1),

(5.8)
T p T

(t)dt <_ C sup Q(t) + Qi(Ni, t) dt
Lo<t<T .=

for some constant C independent of T.
Remark 5.1. The estimate (5.8) follows from Proposition 3.1 when the inequality

(3.18) is satisfied (cf. Corollary 3.2). Sufficient conditions for (3.18) to hold were
discussed in 3.1. In particular, (5.8) is valid for the networks considered in Examples
4.1 and 4.2.

When (5.8) is valid for classical solutions of (4.1).it will hold a fortiori for finite
energy solutions of the closed-loop system (5.2). In fact, for such solution we have
(t) _< (0) so that the estimate (3.13) holds. Therefore, the right-hand side of (5.8)
is finite for finite energy solutions of (5.2). Moreover, from (5.3) we have

T

sup Q(t)= Q(0)= Q(T)+ (f(B’R(t)),B’R(t))vdt,
O<t<T

so that from (5.8) we obtain the estimate

(5.9) fo 2(t)dt < 6" (T) + (f(B’(t)), B’(t))vdt + (N, t) dt
i=1

for finite energy solutions of (5.2).
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Decay estimates for (5.2) will be deduced from (5.9). To do so, we shall employ
a proof technique introduced by Lasiecka and Tartaru [4], which they used to obtain
decay rates for solutions of a class of nonlinear, dissipative wave equations. We make
the following assumptions regarding f.

(H1) f" U - U is continuous, monotone as a graph and f(0) 0.

(H2) For all u E U with lu _> 1,

Ml[u[2 _< u. f(u), If(u)l MIul,

where M1 > 0.

(H3) There is a concave, strictly increasing continuous function g + -with g(0) 0 such that for all u E U with lul <_ 1,

lul2 + If(u)[ 2 g(u, f(u))

for some a (0, 1].
We set

gT() g () T() (I + gT)-i(/),

_
0, T> O,

where ( is a positive constant to be specified later, and

hT() (I + r)-l(),
_

0.

Note that hT is positive and strictly increasing since hT has these properties. Define
S(t)l to be the solution of the nonlinear differential equation

(5.10) (t) + hT(Z(t)) O, X(O) > O.

Of course, S depends also on T. Since hT is increasing, S(t), t >_ O, is a (nonlinear)
contraction semigroup on +. The main result of this section is as follows.

THEOREM 5.2. Assume that f satisfies (nl)-(n3). Let (R,R) be a finite energy
solution of (5.2). Then there is a T > 0 such that

Q(t) <_ S(t/T- 1)Q(O), t _> T,

where S(t)rl is the solution of (5.10).
COROLLARY 5.3. Let f satisfy (H1), (H2) and

(5.11) u. f(u) >_ colulq+, If(u)l < Colul

for all u U with lul _< 1, where co > O, 0 < a <_ 1, and q >_ a. Then as t

Q(t) O(e-t) if p= a l,

where w > O;

Q(t) O(t-2/(q+1-2)) if q + 1 > 2a.
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Proof of Corollary 5.3. We first exhibit a function g satisfying (H3). For lul < 1
we have from (5.11)

lul / If(u)l _< ,"/(+)(u. f(u))2’/(q+) + C,ll’
N cg2a/(+) (1 + Cg)(u. f(u))2a/(a+).

Therefore (H3) is satisfied if we choose

g() c2"lcq+l) (1

Case (i). q 1. Then

g()= I+C, hm()=
m(1 +my)’

where OT (1 + O)/(T). Thus
Case (ii). q + 1 > 2. We write

2
g()= I+C J= <1

q+l

The function T is determined through

h(( + cg)) , (lq- C)/f

Thus asymptotically we have

1 + ’(1+ CT)

hT( + ZT()) ZT(),

coT

Furthermore, hT satisfies

CTO1/e

Let e > 0, e < 1. There exists 5(e) > 0 such that if 0 < { < 5,

Since H(0+)

lim X(t)= lim H-(t)= O.

so that hT({) must have the same asymptotic behavior as ZT({) as { --+ O. If we define

dy
H({) hT(y)’ > O,

then H is a decreasing function and H(y) 0, H(0+) +oo. Thus + is in the
range of H and the solution of (5.10) is given by

X(t) H-(t), t >_ O.
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Also, there exists t0(e) > 0 such that t _> to implies 0 < X(t) < 5. Therefore, if t _> to
we have

-hT(X(t)) <_ w(- 1)(X(t))/,

hence

.(t) + w(1- e)(X(t))/ <_ 0, t _> to.

It follows that

x(t) t

Proof of Theorem 5.2. Since Q(t) is nonincreasing we have

T

Q(t) dt >_ TQ(T).

Substitution of this estimate into (5.9) yields, for T > C,

T C (f(B’R(t)), B’R(t))vdt + E Q,(Ni, t) dt
i--1

To simplify the notation, we write

v B’I, (f(B’), B’R)u v. f(v).

We have

(5.13)

for some constant C1. Use of (5.13) in (5.12) gives, for T > C,

(5.14)

Set

Q(T) <_
T C v(t). f(v(t)) dt + C1 [Iv(t)l 2 + If(v(t))l 2] dt

J {t e [0,T] Iv(t)l _> 1}, J2 [0,T]- J1.

Hypothesis (H2) implies

[Iv(t)l 2 + If(v(t))l 2] dt <_ M-2(1 + M22) v. f(v(t))dr.
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In addition, with hypotheses (H1) and (H3) we obtain

[[v(t)[2 + [f(v(t))[ 2] dt <_ f [Iv(t)[2 + [f(v(t))[ 21 dt

_< ./:o g(v(t) f(v(t))) dt

< (v(t) f(v(t))) et.

We apply Jensen’s inequality [8, p. asg] to the last integral to the effect that

f(v(t))dt

TgT v(t)- f(v(t)) at

Therefore

(5.15) [Iv(t)l 2 + If(v(t))l 2] dt <_ M-2(1 + M22) v. f(v(t))dt

+TgT v(t). f(v(t)) dt

Insertion of (15.115) into (15.14) yields, for some constant C, the estimate

T C
v. f(v(t))dt + 9 v(t). f(v(t))dt

C v. f(v(t))dt + gT v(t). f(v(t))dt

for T 2C, since T/(T- C) is decreeing for T > C, where 2C2. It follows from
(5.16) that

r((T)) N v. f(v(t))dt (0)- (T),

T(Q(T)) + Q(T) <_ Q(O), T >_ To 2C.

Now fix T _> To. Instead of the interval [0, T] we could just as well work on the
interval [mT, (m + 1)T], m 1,2, Then (5.17) would read

(5.18) hT(Q((m + 1)T)) + Q((m + 1)T) _< Q(mT),

with the same function hT as in (5.17). We now apply the following lemma from [4].
LEMMA 5.4 (see [4]). Let h be a positive, increasing function such that h(O) O,

and set h() -(I+ h)-l(). Let {Sm}m=O be a sequence #positive numbers such
that

+ <_ m>0.
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Then Sm <_ S(m)so where S(t) is the solution of

J;(t) + h(X(t)) O, X(O) >_ O.

It follows from (5.18) and Lemma 5.4, applied to the sequence Sm Q(mT), that

(mT) <_ S(m)(O),

For any t > 0 we may write t mT + T for some integer m > 0 and T E [0, T). Since
both (t) and S(t) are nonincreasing, we have

(t) <_ (mT) <_ S((t- T)/T)(O) <_ S(t/T- 1)(0), t>T. D

REFERENCES

[1] G. CHEN, M. C. DELFOUR, A. M. KRALL, AND (. PAYRE, Modeling, stabilization and control
of serially connected beams, SIAM J. Control Optim., 25 (1987), pp. 526-546.

[2] S. R. FOGUEL, Powers of a contraction in Hilbert space, Pacific J. Math., 13 (1963), pp. 551-562.
[3] J. E. LAGNESE, G. LEUGERING, AND E. J. P. G. SCHMIDT, Modelling of dynamic networks of

thin thermoelastic beams, J. Math. Methods in Appl. Sci., (1991), to appear.
[4] I. LASIECKA AND D. TATARU, Uniform boundary stabilization of semilinear wave equations with

nonlinear boundary conditions, J. Differential Integral Equations, 1991, to appear.
[5] I. LASIECKA AND R. TRIGGIANI, Differential and algebraic Riccati equations with applications

to boundary control problems: continuous theory and approximation theory, Lecture
Notes in Control Inform. Sci., Vol. 164, Springer-Verlag, Berlin, 1991.

[6] (. LEUGERING AND E. J. P. (. SCHMIDT, On the control of networks of vibrating strings and
beams, in Proc. 28th IEEE Conference on Decision and Control, 1989, pp. 2287-2290.

[7] J. L. LIONS, Contrlabilitd Exacte, Perturbations et Stabilisation de Systmes Distribuds, Tome
I, Collection RMA, Vol. 8. Masson, Paris, 1988.

[8] J. F. RANDOLPH, Basic Real and Abstract Analysis, Academic Press, New York, 1968.
[9] E. J. P. G. SCHMIDT, On the modelling and exact controllability of networks of vibrating strings,

SIAM J. Control Optim., 30 (1992), pp. 229-245.



SlAM J. CONTROL AND OPTIMIZATION
Vol. 31, No. 4, pp. 813-846, July 1993

(C) 1993 Society for Industrial and Applied Mathematics

001

THE STANDARD H PROBLEM AND THE MAXIMUM PRINCIPLE:
THE GENERAL LINEAR CASE*

GILEAD TADMOR"

Abstract. The classical, relatively simple ideas of linear quadratic (LQ) optimization are used in a time
domain treatment of the standard H problem. Given the power of time domain analysis, the problem can
be solved in the general framework of linear time varying, possibly infinite-dimensional, finite as well as
infinite horizon systems, under no structural restrictions (such as block dimensions, zero blocks in the D
operator, etc.). In the spirit of recent finite-dimensional linear time invariant (LTI) results, the solution is
given in terms oftwo coupled Riccati equations; it includes a criterion for suboptimality and a parametrization
of all suboptimal compensators. Results pertinent to LTI, periodic, and asymptotic systems are obtained as
corollaries.

Key words, the standard H problem, time varying and distributed systems, LQ variational methods,
differential min-max games

AMS subject classifications. 49A45, 49C05, 49C10, 90D25, 93C05, 93C35, 93C50, 93C75

1. Introduction. The celebrated H control theory has evolved in the 1980s as a
frequency domain methodology par excellence. The theory’s quintessential motivating
examples--the weighted sensitivity minimization and the model matching problems--
were cast in frequency domain terms; they have been analyzed and solved by sophisti-
cated frequency domain techniques, relying mostly on factorization theory and operator
interpolation (cf. [10] for an overview and references).

Yet it has recently been observed that important H results (e.g., in [3], [4], [9],
[12], [13], [15], [16], [19], [22], [38], and [40]) bear considerable resemblance to, by
now classical, linear quadratic Gaussian (LQG) observations. And while optimal
control problems have been treated from algebraic perspectives, the inherent logic of
the field stems from studies of system dynamics, i.e., from time domain analysis.
Dynamic programming and the maximum principle are perhaps the two most funda-
mental observations in that respect.

It has also been observed [10] that H problems (and for that matter, a wide
range of worst-case design issues) can be cast in the transform-invariant terms of
input-output (I/O) operator norms. That is, these problems are equally meaningful
over the time domain as over the frequency domain.

Motivated by these observations, we develop here an interpretation of the generic
standard problem as a competition between disturbances and controls, with a quadratic
cost objective. We are thus able to effectively invoke the powerful yet relatively simple
LQ maximum principle as a main tool to obtain our version of the recent two Riccati
equations result. It includes a suboptimality criterion and a parametrization of all
suboptimal solutions. We do so in a general setting of linear systems, making no
structural restrictions and allowing any time horizon, time varying systems, and infinite
dimensionality.

A summary of the present discussion and some follow-ups are given in [36] and
[37]. This note extends and complements our preliminary investigation of the same
issue in [30] and [31] (where our LQ approach was first presented) and of I/O norms
in linear systems in [32]. Its main results (Theorems I and II) are intended as a
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Department of Electrical and Computer Engineering, 409 Dana Research Building, Northeastern
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theoretical backdrop to some further studies, both theoretical and applied, in robust
control. A hint on examples of subclasses of linear time varying (LTV) systems where
they can be feasibly implemented is given in the corollary, while some further develop-
ments stemming from them are presented in [33]-[35]. It is noted that similar and
related approaches have been taken recently by several other authors (e.g., in [2], [17],
[25]-[27], [29], and [39]).

In dealing with the present level of generality it seems essential to stick to a purely
dynamic line of arguments, excluding many shortcuts we usually make in the LTI case
(e.g., using linear algebraic techniques) or even differentiation (as the finite-dimensional
case allows). Most of those arguments are fairly simple, drawn from a standard
inventory of LQ optimization and linear dynamic systems tools. Yet their accumulation
is felt in this note’s length and notation burden; and while some of the resulting
encumbrance is certainly due to the author’s shortcomings, it seems that most of it is
an inevitable consequence of the undertaking. We shall try to ease readability by
occasional footnotes.

The paper is organized as follows: Preliminaries and the statement of main results
are given in 2. Proofs are given in 3. For the sake of clarity, these results and proofs
are made under certain simplifying assumptions on the system’s structure. In 4 we
discuss the general case, where the simplifying structural assumptions are dropped.

2. Preliminaries. We consider a linear system 5 of the form

Ax + B w + Bu,
(1) z ClX+ DlW+D12u,

y C2x + D2I w + D_2u

over a time interval (to, t), -oe_< to< t-< +oe. In this setting x, u, w, y, and z are
interpreted as the state, control, disturbance, observation, and the output signals,
respectively. These signals take values in the Hilbert spaces X, U, W, Y, and Z. The
coefficients A, Bi, Ci, and D0 are allowed to vary in time (e.g., A A(t)). The input
and output coefficients B, Ci, and D are assumed to be Lo bounded-operator-valued
functions. The operator A is assumed to generate a uniformly exponentially bounded
evolution system (t, s) on X. That is, there exist real constants a and/3 such that

(2) Ilk(t, s)l -< a et(’-’’

for t>-s.
Note. The reader who prefers to focus on the finite-dimensional case may substitute

"transition matrix" for "evolution system" and assume that A is an L matrix-valued
function. In the infinite-dimensional LTI case, "eo-semigroup" should substitute for
"’evolution system" and exponential boundedness is guaranteed by definition. Details
and precise definitions pertinant to evolution systems and their generators, as well as
examples of conditions that assure that an operator generates an evolution system,
can be found in [5]-[8], [11], [14], and [20].

For the benefit of those who wish to focus only on the finite-dimensional case,
we chose to stick to the differential equation formalism, as in (1), and use the terms
"generator" (and thereby "generates," "generated," etc.) also in reference to bounded
perturbations of true generators. It is stressed that these conventions do not adhere to

We use the same notation I1" in reference to the norm of a Hilbert space vector, a time function,
and an operator’s induced norm. The meaning will be clear from the context. When in doubt, we use

subscript in reference to the underlying space, e.g. lie[Ix. We also use subscript to denote the weight of a

weighted Hilbert space norm, e.g. q Ia (o, flq). The reader will be alerted of the latter notation when it
is used.
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standard definitions and are made solely for the purpose of simplicity in notation and
terminology. A brief discussion of the appropriate interpretation of (1) and of our
(ab)use of the term "generator" and its derivatives, is provided in the remark on infinite
dimensionality and in Lemmas 2.1 and 2.2 at the end of this section. Those readers
who are interested in the distributed case may wish to consult that remark at this point.

Restrictions of (1) to subintervals t, t), (t0, t) will be considered. Associated
with each such restriction are the linear (bounded, in the finite horizon case) mappings
from the initial state and the inputs u and w to the state, observation and output
trajectories. Those will be denoted, respectively, by

X(t) (x(t), u, w) -> x: X L2(t, t,) x L2(t, t) --> x L2(t, t),
(t):(x(t), u, w)-> y:XL2(t, tl)L2(t, tl)-> L2(t, t),

and

(t) (x( t), u, w) --> z X L2( t, t) L2( t, t) -> x L2( t, tl).
As the discussion unfolds we introduce and use variants of these notations, in reference
to the mappings associated with feedback control or the result of certain optimization
problems. Those variants will be distinguished by super- and subscript notation, as
will be explained in due time.

An admissible feedback operator u Y{y in (1) is defined in terms of a linear time
varying system

(3) /= Mp + Ny, u Qp + Ry,

where p takes values in a Hilbert space P and where the assumptions on the coefficients
in (3) are analogous to those made in (1). The closed-loop system, depicted in Fig. 1,
should be well defined under our feedback. That is guaranteed by the condition that
I RD2z (or equivalently, I DzzR) be invertible. In the present time-varying setting,
we require that admissible compensators maintain uniform invertibility; i.e., (I-
RDz2)-, (I-DR)- L. It is important to remember that since the feed-through
component R is invariant under the choice of a particular realization of a compensator,
so is the uniform invertibility condition.

The free motion in the closed-loop system is governed by this next operator:

[a + B2(I RDzz)-lRC: B2(I RDz2)-’Q 1(4) N(I-D22R)-’C M+ ND(I-RD22)-QJ"
Our admissible feedback is internally stabilizing if the operator M is exponentially
stable; i.e., such that "fl" in the closed-loop counterpart of (2) is negative.

It is noted that in the case of a static feedback, u Ry the state space P becomes
trivial and (4) reduces to

(5) A + B2(I- RDz)-RC2

W

U

S

FIG. 1. The closed-loop system.

y
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Given an internally stabilizing feedback Y{ we denote by c(s) the closed-loop
mapping w z=Y(s)(0, u=Y(y, w):La(s, t) La(s, t), s(to, t). These operators
are bounded, uniformly for all choice of s. Obviously, ff..c(to)ll max. .(s)ll, The
optimal value in (1) is

(6) 3’0 inf {ll W.,c(to)[[: Y is internally stabilizing).

In the context of the standard problem we want (i) to characterize suboptimal
values 3’ > 3’0, and (ii) given a suboptimal 3’, to parametrize all internally stabilizing
compensators that assure .(to)II < %

The following assumptions on the structure of 5e result in considerable notational
simplification of our main results and their proofs, and will be made throughout the
remainder of this section and in 3. In 4 we will discuss the mathematically simple
but notationally awkward steps that may be taken in removing all these assumptions.

Dt O, Dr2C O, Dr2Dt2 I, C’C > el,
(7)

D2a=0, Da,B’,=0, Da,D,=I, B,B’,=>eI.

Subject to (7), the following are our main results.
THEOREM I. (a) 3" > 3"0 if and only if there exist negative-definite, operator-valued

functions H Ha Lo( to, tl), (Hi(t) X - X) such that
(i) The operators AI A +(B2B’z-(1/ Ta)BB’I)II and Aa= A-(1/3"2)BIB’IH +

IIa(C’Ca-(1/ya)H1BaB’l-I) generate exponentially stable evolution systems, and
a, respectively.

(ii) FIl and rI satisfy these next Riccati integral equations:

( n,(s=- ’(,s c’c+n, -,’ n, ((,s&

and

(9) rIa(t)=- a(t,s) B,B’+IIa CCa---II,BaB’I-[, IIa .(s)’(t,s)ds.
to 3’

(b) Suppose that 3" > 3"0. Then the following is a parametrization of all internally
stabilizing compensators for (l) that assure -c( to)II < :

(A, +ncIc)p + IICiy I +-5 n n,

(10) q Cap + y, v Y(oq,

u =-BIIp+v.
The free design parameter ?7(0 may be any admissible compensator in (10), realized by a
stable system and satisfying [1oll < %

THEOREM II. Assume state feedback is allowed (that is, substitute in (7) C2 =/,
D2 0). Then the following holds:

(c) 3’ > 3’0 if and only if II exists, as specified in part (a).
(d) Assume y> 3"0. Then u B’l-Ix is an internally stabilizing compensator that

assures ,c to) < %
COROLLARY. (e) Assume that A is an L, bounded-matrix-valued function. Then,

when existing, the solutions to the Riccati equations (8), (9) are absolutely continuous,
and satisfy the differential counterparts of these equations:

(11) l:I,= C’C1-H,A-A’II-HI(BaB’2--BIB)H,
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and

(12)

f--I2=-B,B +lI A--- B,BrI, + A--- B,BrI,

so that (i) if tl < +c then I-Ii(tl)=0; else I-I-( L; and (ii) if to> - then II2(to)=0;
else 1-I L.

(f) If the system is defined over the entire real line ((to, t)= (-c, +c)) and its

coefficients are periodic, then so are the solutions of the Riccati equations (8), (9) (or
(11), (12)).

(g) If (1) is time invariant and defined over an infinite interval then II and II are
constant operators and algebraic Riccati equations substitutefor their differential counter-

parts in part e).
(h) Suppose that to -o and t +o, and that there exist A+, B-, C, Dj, A-,

Bs, C7,, and D such that the coefficients in (1) tend (in operator norm) to their "+"
counterparts as t--> +c and to their "-" counterparts as t->-oo. (e.g., [IA(t)-A+ll- 0
as -> +oo) Then Hi(t) -> FI: as --> +/-oo, where H are the solutions of the +/- limiting,
time-invariant Riccati equations. In particular, if 3/is strictly suboptimal in (1), so it is

in the limiting systems. A y-suboptimal, internally stabilizing compensator in the "+"
system, say 77+, is internally stabilizing in (1), and it guarantees that eventually
-c+(t) < %

Remark on handling infinite dimensionality. Our main purpose in this note is to
adapt the relatively intuitive and simple arguments of time-domain LQ optimization,
so that they could be utilized in solving the standard H problem, in as general a linear
setup as may be reasonably desired. Since our aim is not the study of infinite-
dimensional systems per se, we thus make the easily understood, simply stated assump-
tion that "A generates an exponentially bounded evolution system," rather than get into
the detail of specific conditions on A that guarantee that that assumption holds. For
such detail we refer the interested reader to the extensive literature on infinite-
dimensional systems and, in particular, the citations made above. In line with the same
philosophy, and to keep the presentation digestible for those who would rather focus
on the finite-dimensional case, we further use certain formal simplifications.

First, as we have already noted above, we stick to the differential equation
formalism, as in (1). Since mild evolutions might not be differentiable in the distributed
case, all systems should then be interpreted in terms ofthe associated integral "variation
of parameters" formulae, as done, e.g., in 11]. It is stressed that none of the develop-
ments in this paper requires state differentiation, and all of them could be made in
the framework of specified integral "variation of parameters" input-output mappings.

Second, since we nonetheless use the differential equation form and the term
"generator," it is noted that even when an operator adheres to the requirements of a
proper definition of a generator, the same is not necessarily true for bounded perturba-
tions of that operator. Yet such bounded perturbations play an important role in this
discussion (especially and A, 1, 2, above). As mentioned above, for the sake of
simplicity we use the term "generator" also in reference to boundedly perturbed "true"
generators. Those should be interpreted in terms of the following well-known lemma.

LEMMA 2.1 [6]. Suppose that E generates an exponentially bounded evolution system
over the Hilbert space H, and that F is an L bounded-operator-valuedfunction. Then

there exists a unique exponentially bounded evolution system t satisfying the following
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integral equation:

(13) xlr(t,s)h=xlr(t,s)h+ xlr(t,r)F(r)xlr(r,s)hdr

for all h H.
For the purpose of this discussion we deviate from standard terminology and refer

to as the evolution generated by the perturbed generator E + F (equivalently, we shall
say that E + F generates ). Manipulations of the underlying differential equation
model of a system, such as the introduction of feedback, can always be interpreted in
terms of appropriate manipulations of the associated integral representations, in line
with the lemma. The infinite-dimensional expert will be able to easily fill in the details,
and thus we mostly omit them. Exceptions will be made and details provided in less
obvious cases.

Outline oftheproof The usual: It easily follows from the exponential growth bound

(14) I[q(t, s)t <-- e/3(t-s), > s

that the successive approximations

(15)
xlri+,(t,s)h=xlr(t,s)h+ xlr(t, r)F(r)xlri(r,s)hdr, i=0, 1,2,...

converge, uniformly for all h in the unit ball, and that the limit, which is a solution
of (13), satisfies the growth condition

(16) I[’(t, S)I[ -< a e(13+llFIl)(t-s), > s;

hence existence.
Given any exponentially bounded solution, a successive substitution of the entire

right-hand side of (13) for in the integral term of that equation, shows that that
solution must indeed be the limit of the successive approximations (15). Hence
uniqueness.

Finally, the following result provides a very useful tool, to be used in stability
analysis of distributed systems.

LEMMA 2.2 [8]. Let E and F be as above and assume that E is exponentially stable;
that is, that fl in (14) is negative. Suppose also that the following inequality holds for
some fixed r and all to < s <

(17) II’I*(r, s)hll dr <-- ,7 IIh =.
Then the perturbed generator E + F is also exponentially stable.

Note. The significance of this lemma is in either of the cases to - or tl +cX3.

Proof. It suffices to focus only on the integral term on the right-hand side of (13).
We first observe that that term is uniformly bounded over all choice of t_-> s > to.
Indeed,

xlr( t, r) F( r)r( r, s) h dr " IIx(r, s)hll dr< IIxlr( t, r)II 2 drll FII 2

(18) <--_ a2 (e23(’-- 1)
F II’o[Ih[[ :z

2/3
O 2 2

21/31
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Next we show that the bound (17) can be improved to the following"

II’(r, s)hll = dr < nllhll e(s-p)/E(19) p=s.

Indeed, invoking (17) we see that the function

fp" ling(r, s)hl[ z dr, p >=(20) f(p) S

satisfies the differential and initial value inequalities

(21)
Ip" dr= Ip’ II(r, p )h[12 drf(p) IIq’(r, s)hl[ ),b(p, s

<= rlll(p, s)hll2= rl(-f(p)), p>- s,

and

II(r, s h ar <= wllhll,
which entails (19).

Now we split the integral term in (13) into two"

(t+s)/2 j(22) q(t, r)F(r)(r, s)h dr+
(t+s)/2

In view of (18), the first term in (22) satisfies

(t, r)F(r)(r, s)h dr

(23) <= t, r F(r)ff(r, s)h dr

2

21tl I111 IIhI[ =,
where by (19), the second term obeys the bound

Ilia’ (t, r)F(r)(r, s)hdr
t+s)/2

-< II*(t, r)l[ dr[[Fll Ilq(r, s)hll dr
t+s)2 t+s)/2

(24)
< c 2 (e2’’-’/2- 1) FII (s-,/,

r/e h

19l 2 2 rt 2<

2’t’
F e

(t, r)F(r)(r, s)h dr.

Both of these bounds indicate exponential decay, which completes the proof. 1-1

3. Proofs. The underlying idea is simple. It is based on the following straight-
forward observation.
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OBSERVATION 3.0.1. 3/> 3/0 if and only if there exist an internally stabilizing com-
pensator ?7 and a constant 6 > 0 such that the following inequality holds for all w in L2:

(25) =11 w =- -(to)w 2 ->- =11 w =.
With this observation in mind we define the family of quadratic cost indexes

(parametrized by s (to, t))

(26) J(s" x(), u, w) rllwll ,,,- I ,,,
where z is the system output along (s, fi), given the initial state x(s) and the input
functions u, w. We shall explore the following min-max problems:

(27) min max J(s; , u, w).
L L

As stated, (27) is an open-loop problem; but following the example of other LQ
optimization problems, we may well expect the solution to be given in closed loop.
Therefore, we interpret the goal of the maximizing control as maintaining (25), whereas
the minimizing disturbance tries to violate it.

Remark. A great deal of our effos in what follows will be devoted to establishing
stability and related boundedness propeies. These pas of the discussion make sense,
of course, and should be understood only in the context of systems that are defined
over an infinite time interval. The finite horizon proof is considerably simpler, and we
leave it to the reader to trim the redundancies for that case.

3.1. The LQ optimization problem. We sta with the solution of the max pa of
(27). Throughout this section we assume that (1) is internally stabilizable; that is, that
there exists an internally stabilizing compensator if{ (of the form (3)) in (1). This
assumption holds whenever the optimal value in (1), To, is finite. We then define

(28) (s; , u, w) I1()(, u, w)ll==llf,(s)(, , w)ll=+ ilull =
and look for the control u that satisfies

(29) c(s; , u, w)= c(s; , w)& inf c(s)(, u, w).

In view of (7), c(s) is a positive quadratic cost functional, and is nonsingular with
respect to both state and control. That is, there holds

(30) c(s; , u, w) Ilull =, c(s; , u, w) IIx(s)(, u, w)ll =.
The solution to (29), which we bring for completeness and for reference in later

pas of the proof, will follow the usual optimal control line (see, e.g., [1] and [18]):
First we establish existence and uniqueness of u. Then we shall characterize it in
terms of a Hamilton-Jacobi boundary-value problem. Finally, the state and co-state
of the latter will be related by the solution of a Riccati equation.

PROPOSITION 3.1.1. If an internally stabilizing compensator exists in (1) then there
is 0 > 0 such that for all s (to, t) there holds

(31) c(s; , w)< 0=11(, w)ll =.
Proo Obviously, there holds

(32) c(s; , w) II(s)(, w)ll= II(s)ll=ll(, w)ll =,

The second equality in (28) is due to (7).
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where i" is some stabilizing compensator, and where c(s)(, w) & (s)(, u if{y, w)
defines the associated bounded, closed-loop output operator. Set

PROPOSITION 3.1.2. Assume (1) is internally stabilizable. en, given s, , and w,
there exists a uniqueoptimal control u= (s)(, w) that attains the minimum in (29).
Moreover, the operators (s) are bounded uniformly for all choices of s.

Proo Given s, , w, u and u such that all the following terms are finite, there holds

(7, i)llu,- u211= II(s)(0, u- u2, 0)112
2(llN(s)((, u,, w)ll=+ II(s)(, u=, w)ll =

(33)
211(s)(, (u, +U2) W)II =)

2(II(S)(, U, W)II=+ ll(S)(, U=, W)II=--2cO(s; , W)).

Therefore, if {u} is a minimizing sequence (i.e., c(s; , w)= lim J(s; , u, w)), it is
a Cauchy sequence in L2, tending to a limit u. Moreover, the limit is unique. Since
u c(s)(, u, w) is a close mapping, u satisfies (29). By (30) and (31) we have

(34) I1()11 0,

which completes the proof.
Having the proposition we introduce notation for the optimal state and output

mappings (x)(, w)& (s)(, u, w), Z(s)(, w)& Z(s)(, u, w). It follows from
(30) and (31) that these too are bounded operators, uniformly for all choice of s.

PROPOSITION 3.1.3. Assume (1) is internally stabilizable. en, given s, , and w,
as above, there exists a unique solution to thefollowing inhomogeneous Hamilton-Jacobi
boundary value problem:

Ax + B2Be + B w, x(s) ,
(35)

a=C’Cx-A’e, e(t) 0.

Moreover, let (x, e) be the solution. Then x=(s)(, w) and (s) (, w)= Be.
Denote e (s)(, w). Then the linear mappings (s) are bounded, uniformly for
all choice of s.

Proo Since we can only deal with the integrated form of (35), it will simplify
matters if we assume for the moment that there exists an internally stabilizing state
feedback compensator u Kx in (1), defined by an operator-valued function K L
with K (t)" X U. Indeed, it is established in [23] that dynamic feedback stabilizability
(which is the current underlying hypothesis) implies the existence of a stabilizing static
feedback, so this assumption causes no restriction of generality. For completeness we
state and establish this fact in Lemma 3.1.6. Let

(36) Ar A A + B2K
be the closed-loop exponentially stable generator, as in (5), and let r be the evolution
system generated by A. Using the change of variables

(37) u Kx + v

the first and third equations in (1) read

(38) =Arx+B2v+Bw, z=(C+D2K)x+D2v,

In case t +oo the terminal constraint should be interpreted as follows" ::1 lim,_,+oo e(t) 0.
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which defines a stable system, and where the optimization variable is v.4 We denote
by :(s)(, v, w) the output mapping in (38).

The following is an outline of a standard calculus of variations reasoning. Let s,, and w be given and fix v+, v L2. Then

v//v, w)ll 2- v/, w)ll =
(39) + 2(/: (s)(:, v+, w),Z(s)(O, v, 0))

/ (x)(0, v, 0)11 =.
Since the last term on the right-hand side of (39) is nonnegative, v+ is optimal (i.e.,
it minimizes the norm of (s, v+, w)) if and only if

(40) (Z:(s)(,, v+, w),Z(s)(O, v, 0))=0
for all v L2. Explicitly, this condition reads

(41) u+ B’e+,
where u+ corresponds to v+ via (37), and where e+ is defined by

(42) e+(t) dPK(S,t)(C’lC,X++g’tl+)(s)ds.

Finally, formal differentiation6 shows that the system comprising the first equation in
(38) and equations (41) and (42) is equivalent to the Hamilton-Jacobi system (35),
when restricted to L2 trajectories.

Since there does exist an optimal control in (1), solving (29), this establishes the
existence of a solution to (35).

Conversely, by the arguments above, any solution to (35) and the relation (41)
define the unique optimal state and control in (29). If t is finite, the co-state is
completely determined by (42), which establishes uniqueness of the solution to (35).
It remains to establish uniqueness in the case tl +oe. To that end we show that even
when tl +oo it is impossible to have a nonzero function e satisfying (35) and (41)
with x 0, u 0 and w 0. The proof, as in the finite-dimensional case, relies on the
assumption that (1) is stabilizable.

Indeed, suppose such e(t) did exist. Then the stability ofK and the assumptions
e(s) (t, s)’e(t), lim,_,+oo e(t) 0, and u B’ze 0 imply that for every s < and X
there holds

O= (B’2(r)e(r), K(r)(r, s)() dr

(43) e(t), (t, r)B(r)K(r)(r, s)dr

(e(t), (t, s))-(e(t), (t,
)-(e(s) )=(e(t),(P(t,s))-(e(s), ) -,+oo

whereby e 0, as claimed.

It is obvious that both u and x are L functions if and only if the function v belongs to L2. Hence
optimization over v is equivalent to optimization over u.

Our conversion of the system to a stable one, via (37), was made with the purpose that (42) be well
defined. That is a usual trick. Once its role in establishing this proposition is done, (37) will be replaced by
more advantageous feedback.

We recall that differentiation is generally not allowed in an infinite-dimensional setting, which is why
we added the adjective "formal." With little work the equivalence can be established in terms of the integral
equation of Lemma 2.1 and the definition of boundedly perturbed generators that follows that lemma.
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Now we can substitute x, u, and e for x/, u /, and e/ in (42), and get an
expression for O(s) in terms of a//O(s) and of O(s). Uniform boundedness of O(s)
is the result of the uniform boundedness of (s) and of T(s), and from the
exponential stability of A/. This completes the proof.

Denote

(44) A(s)sC_A (O(s)(sc 0))(s).

By the previous proposition (in particular, as follows from (42)), these are uniformly
bounded operators. Set

(45) Ao a_ A + B2B’A.

PROPOSITION 3.1.4. Ao is an exponentially stable generator.
Proof Let o be the evolution generated by Ao. By Proposition 3.1.3 there holds

(46) o(t, s)= (X(s)(, 0))(t).

Following from the L2 uniform boundedness of (s) there must exist r/ such that

(47) V(, II*o(t, s) ll 2 as < I1 11

for all s. The proposition thus follows from Lemma 2.2, substituting AK for E and

BA- K for F. 1-]

PROPOSITION 3.1.5... A is the unique uniformly-bounded, negative-definite strong
solution of the following integral Riccati equation.

f" CC + "B2B..)(r)(r, s) dr,(48) "(s): (r,s)’(

such that is the exponentially stable evolution generated by A._ =a A + B2B2-.’’
Proof Using the definition (44) for A, w=0 implies e=Ax in (35). That

Hamilton-Jacobi system then reads

o= AoxO, xO(s)
(49)

O. CC + A’B2B’2A)x- A’oe, e(/1) O.

Consequently, with that definition there holds

ft C(50) A(s) e(s) Oo(r, s)’( C -- A’BBA)(r)Oo(r, s) dr,

which, together with (7), shows that A is a negative-definite solution of (48).
Conversely, take any uniformly-bounded, negative-definite E that satisfies (48)

and such that the associated Az is exponentially stable. Substitute X for A and Az
for Ao in (49); then the L2 solution of (49) defines an L2 solution to (35) with w =0.
The uniqueness of the solution to the latter implies that .. too is defined by (44). That
is, our solution of (48) is unique.

Since a priori we do not know that (48) has a solution, nor that the solution is unique, neither that
it is equal to A, as already defined above, we need to use an independent notation for the unknown in (48)
(.. vis A) and for the evolution generated by the perturbed generator (q vis o)- Indeed, the observation
that .. A and o form the unique solution to (48) is the content of our proposition. The same policy
applies to the notation used in (84).
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We still owe the following. (Again, we note that a similar statement is established
in [23].)

LEMMA 3.1.6. If (1) is stabilizable then it is stabilizable by a zero-order statefeedback.
Proof. Our assumption is that there exists a dynamic compensator of the form (3)

such that , as defined in (4), is an exponentially stable generator. We can rewrite (4)
as

(51) , A+ B2K
(which is of the form of An) where

(52) --a[ A0 M0]’ /2&[B20
Denote also

C1 0 D2 0

(3) - 0 I fi- 0 0, 7 =
0 0 0 t

Substituting the (, 2, 1, ill2) operators for their counterparts in the discussion
above, we return to a setting of a system with a stabilizing state feedback. It involves
a process in the product state space X x P with input from the product space U x Y.
Invoking Propositions 3.1.3-3.1.5, we thus conclude that the associated quadratic
optimization problem (mina / fi,=all2) has a unique solution. Adding to
the various coefficients in the Hamilton-Jacobi system (35) and in the integral Riccati
equation (48), we obtain a characterization of the optimal "control" in the augmented
system, as described above. In particular, let us denote the solution of the augmented
Riccati equation by A.

Now (save for the stabilizing feedback K) the augmented system coefficients are
all block diagonal. In the case w 0 we are thus actually dealing with two optimization
problems, involving two noninteracting systems" The first involves a process in X, as
described by the first and third equations in (1), while the other takes place in P. The
solutions of the two problems are independent of each other: The optimal solution in
X component is independent of the initial value of the P state, and vice versa. Using
the equality (57), below (which as the reader will soon observe, must be satisfied in
the augm,ented system), this implies that the X P and P x X blocks of A must vanish.
That is A is of the block diagonal form =diag (A, O), where A(t), t (to, tl) are
negative-definite, uniformly bounded operators over X.

Moreover, as this implies that o __a _/2/ is block diagonal, so is the evolution
o that it generates. Substituting all those in the augmented version of (48) we find
out that the X component of its solution, A, is a solution of (48) in its or,iginal form
(i.e., with the removed). Similarly, Ao, which is the X component of Ao, is stable.
In particular, (1) is zero order stabilizable.

From now on we can take K BA as our zero order stabilizing state feedback,
and may substitute (37) by the control variable change
(54) u=BAx+v,
AK by Ao and K by o, in the discussion above.

Suppose now that w 0. Given any control input u L2 that results in an L2 state
trajectory, let

(55) uV & u B’2Ax
be its momentary deviation from the optimal value (i.e., uv= v). The following is a
standard, very useful observation.
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PROPOSITION 3.1.7. Given >-s, an initial state , and an L2 control u that result
in a stable L2 state trajectory, there holds

(56) II(s)(:, u, p)ll 2
=1:,,1 (x(t), A( t)x(t))-(sc, A(s))+ uVll 2

L2[s,t]

In particular,

(57) c(s; sc, 0)= -(, A(s)).

Proof In the finite dimensional case the simpler proof uses integration by pas.
Differentiation is not allowed in the present context, whereby some toil is necessary.

We provide detail only for the case t. That is justified as follows" If t it
is assumed that x is an L2 function and that the limit x(t)= 0 exists. When t < we
recall that H(t)=0. Thus, in either case, the inner product term evaluated at t
vanishes from (56). The general form of (56), for any choice of t, is obtained by
subtracting this equation’s value over It, t] from its value over Is, t].

We are interested in the quantities involved in

(58)
z = C,x + u =

Clxll2+ ull=+ 2<u, BAx)+ nmx 2.

Let us compute these quantities one by one. First, we have

(59) IIC, xll 2
L2[s,t]

C(r) *o(r, s),+ *o(r,p)e2(p)u(p) dp

Cl(r) o(r, s)+ o(r, q)B(q)u(q) dq dr

(c(ro(r,s, C(ro(r, slr

+ 2 C(r)*o(r s), Cl(r *o(r, q)Bz(q)uV(q) dq dr

+ C,(r) o(r, p)n2(p)u(p) alp,

C(r) o(r, q)B(q)u(q) dq dr

, (r, s)C;(r)C(r)o(r, s) dr

+2 B(q) (r, ,)C’(r)Cl(r)*o(r, q) dr*o(q,s), uV(q) dq

+ 2 B(q) *(r, q)C(r)C(r)*o(r, q) dr

o(q,p)B(p)u(P) dp, u(q) dq

8That is, if t +c then ::1 limt_.+o x(t) 0.



826 GILEAD TADMOR

Similarly,

, dP’o(r, s)C(r)Cl(r)dPo(r s) dr

+2 B.(q) dP’o(r, q)C;(r)C(r)di,o(r, q) drx(q), uV(q) dq.

IIB’Axll= , ’o(r, s)(Ann.A)(r)o(r, s) dr
(60)

+2 B(q) ’o(r, q)(AB2BA)(r)dPo(r, q) drx(q), uV(q) dq.

Adding (59) and (60) we get

(6 IlCxll+Axll=-<,A(s>-2 {B(q)A(q)x(q), u(q)} dq.

Substituting (61) into (58) we get (56) (without the inner product term in tl, which
vanishes as explaned above).

3.2. The rain in (27). Throughout this section we assume that y > yo (where Yo is
equal to the optimal value in (1)). We denote

J(s; , w) J(s; , (s)(, w), w)
(62) =[iwll
and search for w* such that

(63) J(s; , w*) J*(s; ) & inf J(s; , w).

The solution of this problem will follow, proposition by proposition, the analysis from
3.1, with jo substituting for c as the quadratic cost, and where w substitutes u as

the optimization variable. Some modifications will be needed, of course, due to the
fact that c were positive definite whereas jo is not. These modifications are possible
exactly when y is strictly suboptimal, as assumed here.

PROPOSITION 3.2.1. Assume that T > To. en (i) for all s and w

(64) J(s; 0, w)

(where is as in (25)). (ii) ere exists > 0 such that

(65) J(s;
for all s, w, and . In particular,

(66) J*(s; 0) =0

and

(67) 0> J*(s; 0)>-11=
for 0.

Proo (i) By Observation 3.0.1. there exists an internally stabilizing compensator
{ such that (25) holds:

(68) =11 wll =- (s)w =[I wll =,
By definition,

(69) J(s; 0, w)
Hence this paa of the proposition.
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(ii) There holds

J(s; :, w)-- ,=llwll2- II(s)(; w)ll =
y=llwll-/l(s)(:, o)+ (o, w)ll =

--> =11 wll=- (ll:(s)(, o)11 / I1(o, w)ll)=

(70)
’=11 wll=-II(s)(’ w)ll=
2ll(s)(:, o)l[ II(o, w)ll- [l(s)(, o)[I

-> =llwll=- II(s)ll=(211ll Ilwll / I111 =)
--> =llwll=- 0=(2111111wll /

where 0 is as in Proposition 3.1.1. The right-most term in (70) is a quadratic form in

Ilwll which minimum is -02(02/82+ 1)1111 =. So -0=(0=/=/ 1) satisfies the claim.
Substituting w--0 in (62) we see that infwJo(s; , w) is nonpositive; in fact, due

to (7), the infimum is negative unless sc 0. This completes the proof. I3
PROPOSITION 3.2.2. Assume that y > To. Then, given , there exists a unique disturb-

ance w*= 7U*(s)(:) that attains the minimum in (63). Moreover, the operators 7U*(s)
are uniformly bounded for all choices of s.

Proof By (67) the infimum is finite. Moreover, it follows from that inequality
together with (70) that disturbances that make jo approach its infimum are uniformly
norm bounded; indeed, (70) coupled with the requirement jo =< 0 implies that w satisfies

0(0 -}- 402 q" a2

(71) Ilwll -<- = I111.

By (64) there holds

IIW1-- W2I[2-" JO(s’ O, W1-- W2)

(72 jO(s; ,,+jO(s; ,, _jo s; ,; (l +w
2

<- (J(s. , w )+j( ,(2 S; , w2)-2J s

As in the proof of Proposition 3.1.2, (71) and (72) imply existence and uniqueness of
w*. Equation (71) also assures uniform boundedness of W*(s). 13

We denote -//*(s)(:) & (s)(, W*(s)()), *(s)(s) =a ggO(s)(sc oW,(s)(:))
*(s)(:) __a O(s)(sc oW,(s)(sc)) and Lr*(s)()---a :(s)(, W*(s)()). It immediately
follows that all these mappings define uniformly bounded operators.

PROPOSITION 3.2.3. Assume that y > Yo. Then there exists a unique L2 solution to
the following Hamilton-Jacobi boundary-value problem: 9

(73) 2=Ax+(B2B’-I-sBIB)e, x(s) ,
Y

d=CClx-A’e, e(q) =0.

That solution is given by x*= *(s)(sc), e*= ’*(s)(). In particular, the latter are
bounded linear operators.

Recall that when +cx3 the terminal condition reads :=i limt_,+o e(t) 0.
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Proofi As in the proof of Proposition 3.1.3, we first convert (1) to a stable system
by use of a zero-order compensator. That is done by introducing the control change
of variables

(74) u BAx + v.

In terms of (74), the first and last equations in (1) read

(75) Aox + Bw + BzO Z C + D2B.A)x + D2v.

We denote by v= (s)(:, w) the value of v associated via (74) with the optimal
control, and by abuse of notation, with z= Y(s)(:, v, w) and z= Y(s)(:, w) the
output and optimal output mappings in (75).

Given any two Lz disturbances, w+ and w, there holds

J(s; :, w++ w)=J(s; , w+)+ 2(yZ(w+, w)- (Y(s)(:, w+), Y(s)(0, w)))
(76)

+ J(s; 0, w)

Since the last term on the right-hand side is nonnegative (by (64)), w+ is minimizing
if and only if the inner product term vanishes for all choices of w.

Expanding on that term we have

(w+, w) (y(s)(, w+), y(s)(0, w))

(77)
y2(w+’ w)-(Y(s)(’ w+)’ gZ(s)(0, U(s)(0, w), w))

(w+, w)- (y(s)(, w+), y(s)(O, o, w))

(y(s)(:, w+), y(s)(0, r(s)(0, w), 0)).

As shown in the proof of Proposition 3.1.3, the last term on the right-hand side of
(77) vanishes. (Indeed, since Y(s)(:, w+) is the output associated with the optimal
value v of v for the disturbance choice w= w+, we concluded from (39) that (40)
holds; in the present notation this means that

(78) (Y(s)(, w+), g(s)(0, v, 0))=0

for all choices of v.)
Straightforward computation shows that the rest of the right-hand side of (77)

vanishes for all choices of w L: if and only if

(79) w+=- 1-s Be+,

where

(80)

and

I Cx+e+(t) OPt(r, t)(C, +ABu+)(r) dr

(81) x+ (s)(:, w+), u+ //(s)(, w+).

Substituting (74) for (37) as the definition of the zero-order stabilizing feedback, (80)
is equal to the explicit expression in (42) for o; namely, it reads e/= ’(s)(s, w/).
This establishes existence of a solution to (73).
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Moreover, we have shown that any solution of (73) defines the unique solution
to the min-max problem (27) via (41) and (79). Thus, even if the solution to (73) were
not unique, the functions x, Be, and B’2e it creates are uniquely determined. It thus
remains to be shown that when all the latter vanish then e =0 as well, which we
established in the proof of Proposition 3.1.3. U

Denote

(82) IIi( t) _a ,,(t)()) (t)

(following from (80), these too are uniformly bounded linear operators) and let

(83) AI A + (B2B_-s B1B)’rrl
as defined in Theorem I.

PROPOSITION 3.2.4. A1 is exponentially stable.
The proof is completely analogous to the proof of Proposition 3.1.4, and is thus

left out.
PROPOSITION 3.2.5... l’I1 is the unique Lo bounded-operator-valued, negative-

definite solution of the integral Riccati equation (8)

(84) ..(s)=- *(t,s)’ C’,C,+ B2B---B,B .. (t)*(t,s)ds,

where is the exponentially stable evolution generated by A-_ =a A + (BzB’z- BB1)E.1
Proof The proof that H is the unique selfadjoint solution to our Riccati equation

is essentially the same as its counterpart in the proof Proposition 3.1.5. Since the
integrand in (84) contains both positive and negative parts, it remains to be established
that II1 is negative definite.

Indeed, by Proposition 3.2.3 and the definition (82) there holds e* IIlx*, whereby
the optimal min-max inputs satisfy u* B’2IIx* and w* -(1! 3")BIIlx*. Substituting
the entire right-hand side of (84) for II(s), the following equality is then obtained:

(85) J*(s; ) (, rI,(s)).

By Proposition 3.2.1, the left-hand side of (85) is a negative expression in :, which
completes the proof.

We denote by

(86) uA a_ u B’2Hx, w/X a_ w +25 BIIlx

the momentary deviations of the control and disturbance in (1) from their min-max
optimal values. The following is a direct counterpart of Proposition 3.1.7, where the
guideline of the proof can be found.

PROPOSITION 3.2.6. Given an initial time s and an initial state sc and >-s, if u, w,
and x in (1) are all L2 functions then

2 2v Ilwll t,,- Ilzllt,, <, II(s))-(x(t),l-I(t)x(t))
(87)

_
w u

3.3. Completion of the proof of (c).
PROPOSITION 3.3.1. Assume that 3"> 3’0. Then the zero-order state feedback u

B’2Hx is internally stabilizing, and it guarantees strict 3"-suboptimality; namely,
II-x(to)ll < 3". Conversely, if there exists a solution to the Riccati equation (8) with the
properties described in part (a) of Theorem I, then 3" > 3"0.
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Proof. Assume that 3’> 3’0. Then there exists H, satisfying the requirement in
part (a) of Theorem I; in particular, such that A is stable. The remainder of the proof
depends only on the existence of such II. Set

(88) A3 A A + BsB’sII
and let (I) be the evolution generated by A3. In the case t +oo we must establish
exponential stability of 03. Indeed, plugging w 0 and our feedback control into (87),
and invoking assumption (7) (via (30)) we get

L2[s,t L2[s t]

(89) -(, I-l,(s))+(x(t) rI,(t)x(t)>-,llwll 2
L2[s t]

for all t_-> s in the closed-loop system. Therefore

(90) V, liOn(r, s)[I dr <- IIrI, II 11:112

for all s. Stability follows now from Lemma 2.2.
Allowing w # 0 with 0 and t,, our state feedback turns (87) into

(91 3, w 2 z 2
3,21[ w/ 2.

The closed-loop mapping wA w is governed by a stable system

(92) Ax + Bw/, w w/ _1_ B1Bx.

In particular, that mapping is bounded. There exists thereby some # 0 such that

(93) vll wll_-> =11 wll 2.

Couple (91) with (93) to get

(94) r=ll w z = _-> a211 w z.
By Observation 3.0.1 the desired inequality 119-(to)ll < , follows.

3.4. Conjugation. Let a stabilizing feedback u--?Tgy be given. Taking tl and
0, equation (87) suggests that the closed-loop mapping -c" w z has norm smaller

than 3, if and only if the mapping -" w/ u/ is so bounded. Keeping a cap on the
latter is an estimation problem: we want the closed-loop observation-based control to
be as good an estimate as possible of the state feedback u B2IIx.

The following system governs the mapping -" w/- uA"

2=(a- 1--sB1BI-I1) X+Blw+B2tl,
(95) u -BIIx + u,

y Csx + Ds1 w/, u ?7{y.

It does not adhere with the first line of assumption (7), but its conjugate does. We
thus obtain a second Riccati equation as a necessary condition, in terms ofthe conjugate

o Note that by assumption (7) there holds Ds, w Ds w/, an equality we use in the observation term,
in (94).
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system. That will follow the tradition of converting optimal estimation problems into
optimal input problems in a conjugate setting.

As a first and crucial step, we need the following proposition.
PROPOSITION 3.4.1. Let II1, be as stated in Theorem I, and let u and w/ be defined

by (86) in terms of that II. Then the observation feedback u 77{y is internally stabilizing
and strictly y-suboptimal in (1) if and only if it is so in (95).

Proof As a first step assume that the observation-feedback u 77{y is internally
stabilizing in both (1) and (95). It is easy to show that u 77{y is then strictly 3’-
suboptimal in (1) if and only if it is so in (95). Indeed, under the stability assumption
both the closed-loop mappings w w/ are continuous. Given the zero initial state we
then have

(96) a w _-< w 2 w =

for some positive a and/3. Consider now (87) with s to, t, and --0. Invoking
Observation 3.0.1, u 77{y is strictly y-suboptimal in (1) if and only if the left-hand
side of (87) is bounded below by llwll =, which, by (96), is true if and only if the
right-hand side of (87) is bounded below by =llwl} 2 (for some appropriate positive
6 and rt), and, in turn, if and only if u--77{y is strictly y-suboptimal in (95).

For the main part of the proof, assume that the observation-feedback u Y{y is
internally stabilizing and strictly y-suboptimal in (1). We then show that u 77{y is
stabilizing in (95) as well. (The proof of the converse proposition, going from stability
and 3’-suboptimality in (95) to stability in (1) is completely similar.) The main idea
in the proof is the following. If the disturbance is such that w/= 0 then, by (87), the
term 3’211 w 2,t,,,-Ilzll,t,,, is nonpositive in the closed-loop system. Under the
assumption that the claim fails and ?7{ is not internally stabilizing in (95) we shall find
such a disturbance that makes the term positive; a contradiction. It will require some
work.

Let (3) be a realization of ?7{

(97) /0 Mp + Ny, u Qp + Ry,

let the exponentially stable closed-loop generator be as in (4)

(98) g=[A+BRC B/IQ]NC2

and let be the evolution generated by s over X P. We denote also

ND
The claim is that the evolution o, generated by -fro, is exponentially stable.

The equation

(99)

is equivalent to

(100)

subject to the feedback

(101)

: +w

w=--- B’IIx,
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where -[]. By Lemma 2.2, if the current proposition is false then the ratios

(s)XxP, to<S<t<tl,(102)
I[ (s)llxx ’

as governed by (99), are not uniformly bounded.
Suppose therefore that our proposition is false, and that (99) is not an exponentially

stable equation. If the ratios

Ilxll, = s,,3 (s) XxP, to<S<t<ti(103)

were uniformly bounded, then by (101) so would be the ratios

(104)

Consequently, the stability of in (100) will impose a uniform bound on (102), in
contrast to our assumption. Thus, if f is not internally stabilizing in (95) then (103)
is unbounded. We continue on that premise.

Let now to s t and (s) be given; then let be the associated trajectory
of (99) and denote w-(1/)B’Hx, u[C Q], and zCx+Du. All these
functions are thus far defined along Is, t]. Along the following interval It, t] we
consider the optimization problem

(105) man
L

subject to (99) and the initial state (t), as already determined. Here again, the control
and output are defined in terms of the realization of ’u [C Q]+Dw and
z Cx + Du. By arguments that are completely similar to those used in 3.1 and
3.2 it follows that a unique solution to (105) exists, which we denote simply by w.

Now w is defined along the entire interval Is, t], associated with a state trajectory, a control , and an output z. The observation that the ratios (102), (103), and (104)
are unbounded implies that so are the ratios

( 06)
(s)XxP, to<S<t,

as derived by the procedure above.
We are going to construct yet two more sets of trajectories. Given the initial state

(s), let be the following free motion of (100) (i.e., (t)=@(t, s)(s)), set
[RC2 Q] andzCx+D2u. Then set -, uu-u, and zz-z.

Since is exponentially stable, the ratios

(107) [Izl"t (s)XxP,

are uniformly bounded. It is therefore possible to select our parameters so that z be
increasingly the dominant pa of z. That is, we can select s, t, and (s) so that

(108) (1 II ll (1 +

with arbitrarily small A.
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Let us carefully examine the trajectory x. As follows from the definition above,
we have

x(s)] (s) 0.
p(s)

Thus, u is just the feedback control u=Y(y (a--Y((C2x+D2w)) and z=
c(s)(O, u, w) (equal to the output associated with the disturbance w, the zero initial
state, and the closed-loop control low u Y{y). Since we assume that Y{ is strictly
y-suboptimal, Observation 3.0.1. tells us that there holds

(109) 2’2 w z = _--> a=ll w 2

with some nonzero that can be selected independent of our present constructions.
Combining (108) and (109) we get

(110) ,211 wll2- Ilzll=>_- ,211 wll=-(1 / A=)IIzII=_-> (=- ;22)11 wl12.
As 3’ and are fixed and A can be chosen arbitrarily small, we can select our parameters
so that the right-hand side of (110) be positive; indeed, we can make it arbitrarily large.

Our next move is to show that a positive left-hand side in (110) is impossible. For
that purpose we define x*--a x, u*-a- u, and z*-a- z along [s, t]. Then we extend these
trajectories via x*(.) a__(., t)x*(t), u* a_ BHx*, and w* & -(1/ 3,2) BIllX* along
[t, tl]. Since is exponentially stable, all these are L2 trajectories. Moreover, the
associated w*/ vanishes throughout. In particular, by (87) there holds

(111) =llw*ll <c.,,a z* c.,,a 0.

As established in 3.1 and 3.2, along [t, t] we have

,.t,.,,- z* t,.,,

-min max (rllfll
f L2 g L

(112)
min(rllfllt,,,,2-11(t)(x(t), g=[RC Q]+RD=f)IIt,,,,)
f L2

We recall that, by definition, w* w and z* z along [s, t]. Thus the inequality between
the right-most and the left-most terms in (112) can be extended to the entire interval
Is, t]. Joining this inequality with (110) and (111), the contradiction

0> L2[s, tl]

(113)

follows. This completes the proof. I-!
Now we are almost ready to conjugate (95). As a matter of convenience (and

personal preference)we introduce the following notion of conjugation. Let 12 be the
time reversal operator, applied to functions over : (Of)(t) a-Af(-t). Given an operator
:L2(to, t) L2(to, t) we define its conjugate by #---’:L2(-tl,-to)-
L2(-t,-to) (where ’ is the usual adjoint). Obviously ##= ’ and ]1 gz#]], and

1 This way the conjugate system will be causal, instead of anticausal, and we will be able to directly
draw on the results of the previous sections.



834 GILEAD TADMOR

if is a multiplication operator (i.e., (qf)(t) E(t)f(t), t (to, q), for some operator
valued function E(t):F-F) then (#g)(t)=E’(-t)g(t), t(-h,-to). Finally, if E
generates an exponentially stable evolution, (t, s), tl > >= s > to, then E # generates
the exponentially stable evolution ’(-s, -t), -to> => s >

Let - be the input-ouput operator defined via the realization (95), as above.
Then its conjugate, -#, is realized by

(114)

where Y{# has the realization

(1 15) M#/3 + Q#33, fi N#/3 + R#33.
The following is an immediate result of Proposition 3.4.1.
COROLLARY 3.4.2. The feedback u Y(y is internally stabilizing and strictly T-

suboptimal in 1 if and only if Y(# :fi as in (114).
Applying the analysis of 3.1 and 3.2 to (114) we thus get the following corollarY.
COROLLARY 3.4.3. If T > TO in (1) and H1 is as described above then there exists

also 1-I2, a solution to the Riccati equation (9), as stated in Theorem I.
Proof All it takes is to note that, due to the assumptions in the second line of

(7), the open-loop part of (114) satisfies assumptions in the first line of (7), which we
used in 3.1, and that the role of the conjugated equation (9) in (114) is exactly that
of (8)in (1). I-1

This completes the proof of necessity in part (a) of Theorem I.

3.5. The parametrization of V-suboptimal compensators.
PROPOSITION 3.5.1. Every internally stabilizing, strictly T-suboptimal compensator

admits a realization of the form (10):

(116)
( )/J (A + rtc.c)p +nCy I n n, Bzv,

u =-B’21-Ilp+v,

q= C2p+ y, v= Y{oq,

where {o has an exponentially stable realization and [lyroll < T.
Proof. Suppose that Y is an internally stabilizing, strictly T-suboptimal com-

pensator in (1). We define fi and in (114) following the same logic used in the
analysis of (1). Here the appropriate definitions are

(117) t/ t #, # v/ 1
-C2 II2 x, --5 B2IIFII2).

Let then Y{ stand for the closed-loop mapping v/ /" L2(- t, to) L2(- t, to).
Following from Proposition 3.4.1 (applied to (114)), this mapping admits an exponen-
tially stable realization and its norm is strictly smaller than T.
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Consider the following compensator Y{ as an alternative to Y{# in (114)"
(a + II2CC2)# IIB’--Cv

(118)

Setting - it easily follows that satisfies a homogeneous ordinary differential
equation (ODE). In particular, if both the initial states in (114) and in (118) are zero
then =. Consequently, then = and finally a= C’H+2(g. Following
from the definition of 2g0 this means that then 2e.

In sho, (e and 2g coincide over the range of the closed-loop mapping
Yet when the initial state in (114) is zero, that mapping defines a Volterra operator of
the second type, and is therefore inveible over any finite time span [24]. That is,
and ( agree when restricted to the entire L[s, t], for any finite s and t. Causality
thus implies that 2(e and 2( coincide throughout.

The proof is complete with the observation that (118) is just the conjugate of
(116).

Proposition 3.5.2. Suppose that H and H are as described in part (a) of eorem
I, and that Y has a realization of the form (10). en this compensator is internally
stabilizing and strictly T-suboptimal in (1). In particular, then T > o.

Proo The proof back-tracks the proof of necessity. We staa by establishing that
{, as given by (118), is internally stabilizing in the conjugate system (114).

Let the following be anexponentially stable realization of Yff"
(119) f=Mf+Q, =N+R.
We must show that when 0 the combined closed-loop state of (114), (118), and (119),

satisfies an exponentially stable homogeneous ODE.
Obviously we can substitute - for in the extended state. As noted above,

satisfies a homogeneous ODE; specifically,

(0 =.
Since A is exponentially stable there is no loss of generality in taking 0. We assume
that to be the case, and focus on [].

Our plan is to use Lemma 2.2. It thus must be checked (i) that the evolution of
[] is governed by a bounded peurbation of an exponentially stable generator, and
(ii) that the norms

r(s)]are uniformly bounded in terms of the initial state
We recall the observation made in the previous proof, that when 0 and 0

then . Thus (i) is easy. Our evolution is generated by

[ 2Ro No](121)
(A-(1/y)n,nn +ncc)-(/r)c nnfn c

12 The objective ofgetting this equality was, in fact, the starting point in the derivation of (118) from (114).
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By Proposition 3.3.1 (applied to (114)) the generator (A 1 / ),2) BEBII + II2C C)#

is exponentially stable. By assumption, so is M. Thus our generator is indeed a
bounded perturbation of an exponentially stable generator in the product space.

The following is the counterpart of (87) in the framework of (114)
2 =(;(s) II(s);(s))-(.(t),l-l’(t),(t)),t,, 11 t,,

(122)
+ 11 11 t,.,_ a,,ll=L2[s,t]

Taking =0 and =-to (which is the maximal value for in the conjugate system)
and invoking assumption (7), equation (122) yields

L2[s,- to]
(123)

In adherence with previous notations peinent to (1), we denote by
(s):(r(s),y)r:RxL2(s,-to) L2(s,-to)L2(s,-to) the mappings from the initial
state and the input to the output in (119). (Thus ffgff[{._,o) (s)l()=o.) Due to the
assumption that (119) is stable, these mapping) are uniformly bounded Let a be a
finite uniform bound on the induced norms I[(s)ll. Set #= 0 and 0: Then there
holds"

ilall =
=<,,-,o) II(s)((s), )11 =

L2(s,_to

-II(s)(0, L2(s’-t)

)2
(124)

=<,,-to)+ (s)((s), 0) =<s,-,o)

Combining (123) and (124) we get

llll =t,,-,o +2rll <t,._,oll (s)ll + =11 (s)ll =

(25)

which can be rewritten in the form

(126) 11;11
This last inequality provides a uniform bound of the form

(127) I111 =t,,-,oa II(s)[I + (s)ll.
In turn, internal stability of (119) and the inequality (127) provide this next

bound"

ll,.t,-,o 11: 1-7 B’IXfrI;llt,_,o+ ll(s)ll
),

(128)

--< 01l;(s)ll / rll (s)ll
for appropriate constants /x, v, 0, and r.

Relying on (127) and (128), we are now able to invoke Lemma 2.2 and deduce
that, indeed, the evolution of ] is exponentially stable. Consequently, ’{# is internally
stabilizing in (114); hence so is ’{ in (95).
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Next we have to establish that # is strictly T-suboptimal in (114). Substituting
t=-to and ;(s) =0 in (122), and invoking our assumption IlXoll < % we get

(129) =]lll ==t,,-,o3-IIllgt,,-,o >
for some appropriate 6 #0. With the initial values :(s)=/3(s)=0, the closed-loop
mapping /x is realized by a stable system,

=A-IIB v/ + Ca/

-A+(C# #{o II B’)/,
(130)

1

In particular, it is bounded, and the inequality in (129) holds also when =1111 is
replaced by 02111] for some suitable 0 # 0. By Observation 3.0.1 the feedback Y(# is
strictly T-suboptimal in (114). By Corollary 3.4.2, Y{" is internally stabilizing and strictly
T-suboptimal in (1). [3

Remark. The trick by which (118), hence (10), was derived from (114) is simple:
we first substitute / for as the control input. That is done by appropriate modification
of the state equation. Using the third equation in (114), we can substitute a term in
and ; for the term in , in the modified state equation. Substituting and for and, the state equation in (118) is obtained. Using once more the third equation in
(114), we get an expression for in terms of and ;. Substituting fi for , the third
equation in (118) is obtained. The relation Yff then follows from the definition
of Y{o. The output formula in (118) comes directly from (117).

This completes the proof of Theorem I.

3.6. The corollas: Outline of proofs.
3.6.1. Paa (e). If A L then all the evolutions discussed heretofore are strongly

differentiable [20, p. 129]. The Riccati differential equations (11) and (12) are obtained
by differentiating (8) and (9).

Let Ao & A+ BBA, and let o be the evolution it generates, as above. By the
present assumption there holds

(131) lifo(t, s)lleA<s-’)llll, ts.

Thus, when t +m we have

J(s; , O) (o(t,s),(CC,+AB2BA)(s)o(t,s))dt

(132) <= - lifo(t, s)ll dt

Since

(133) J(s; , o) _-> J*(s; ) (:,

we conclude that rI1 is uniformly negative. When to=- the same reasoning assures
uniform negativity of II2.
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3.6.2. Periodic and time invariant systems. When d-X), periodicity of the system
coefficients implies periodicity of the min-max problem (27), and hence of its unique
solution. In particular, then H1 is periodic. When we also have to -c, the same holds
for H2. When the system is time invariant, the assumption that the induced norm
bound II-xll < y can be achieved in stable closed-loop over some infinite ray, say

t, +c] or (-, t], implies that it can be achieved for any such ray (i.e., for any choice
of t). Consequently, then y is strictly suboptimal over the entire real line. The result
on periodic systems then implies that time invariant solutions to the two Riccati
equations exist; in (8), (9) these solutions are defined with to =-c and tl +c.

3.6.3. The asymptotic system. Our assumption here is that to--, tl--+o, and
that there exist A+, B-, Cf, D, A-, B-, C-, and D/ such that the coefficients in
(1) tend (in operator norm) to their "+" counterparts as t->+ and to their "-"
counterparts as - -.. (e.g., IIA(t)- A+I]--> 0 as -> +cx).

It follows from standard small gain arguments3 [16, Thm. 3] that Y{ is internally
stabilizing in (1) if and only if so it is in the "+" and "-" asymptotic systems.
Continuous dependence of the operator norms on the system parameters implies
that strict y-suboptimality of Y{ in the asymptotic systems is equivalent to strict y-
suboptimality of Y{ in (1) over intervals (-, s) and (t, +o) for s small enough and
large enough. Therefore if solutions exist to the Riccati equations (8) and (9), as

described in the theorem, then such solutions exist also in the asymptotic systems.
Moreover, since the optimal min-max value J*(s; )= (:, 1-I(s):) converges uniformly
to its "+" counterpart as s--> +c, the convergence IlII,s)-l-I-II-->0 follows. Similarly,
we conclude that IIrI-nll-0 as s--. [3

4. Getting rid of removable assumptions. The technical discussion heretofore was
carried under the assumptions of (7) on the structure of our system. The sole purpose
of these hypotheses was to simplify notation, and they are made without any loss of
generality. For completeness we verify this point now, and review a straightforward
procedure for the removal of these assumptions. It is noted that there are several simple
and more elegant ways to relax parts of (7); e.g., uniform positivity of C’C1 can be
substituted by uniform observability of [A, C1]). Several authors (e.g., [16], [25],
[27]-[29]) explored such ways, especially for the finite-dimensional, LTI case; their
papers provide interesting and insightful analysis, and bear potential advantages. Since
(given more awkward notation and definitions) the logic of the proofs remains exactly
as in the previous section, proofs will be omitted. We shall be content with highlights
of the modifications in formulae, statements of main results, and of those few arguments
that have to be added.

The hypotheses of (7) can be divided into subgroups: the separation assumptions
D2C 0 and D2B O, the normalized input-nonsingularity assumptions D’D I
and DID’I I, the state-nonsingularity assumptions CCI> el and BB’> el, the
zero-tracking objective assumption Dl 0, and the strict closed-loop causality assump-
tion D2 0. Other than the last two, these assumptions came in pairs: one applies to
the optimal state-feedback problem, while the other applies to the conjugate, estimation
problem. We shall focus mostly on the state-feedback part; the conjugate system is to
be treated in complete analogy.

Thefirst Riccati equation. The following simple statement will be used to overcome
singularity with respect to the state and/or control.

13 These arguments state that small perturbations do not destroy exponential stability.
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PROPOSITION 4.1. Let To be the optimal value in (1). Then
is a strictly suboptimal value when the system’s output is modified to 14

(134) zn a__
CoX

/ou

for some eo > O. In particular, once such 3" and eo are fixed, the same holds when eo is
substituted by any e [0, Co].

Proof Suppose 3’ > 3’o in (1). Then there exist 6 0 and an admissible internally
stabilizing feedback compensator, u Y{y, so that

(135) Ilzl12-< (2- 2)11 wll 2

in closed-loop. Since the closed-loop mappings w x, u are continuous, we can choose
eo small enough to guarantee the closed-loop inequality

(136) (llxll2/ llull2) <=1/2211wll
whereby

(137) lie. <-- (r2 --=)II wll =.
Thus 3’ is strictly suboptimal in the modified system. The converse claim is
obvious.

In view of the observation we substitute z by zn. The modified output satisfies

IIz. _-> 1111
The purpose of the next set of modifications is to rewrite I[z, in the form

(138)
Ilz" IIz c.,()(x / Eo()w)II 2 / E,( )wll 2

+
That can be done, setting

I() = (D’D,+I)-’ D;C,,
u,&u-L(e)x,

Dl(e) Ox

C1 + DIL(e)
C,l(e) & elx

eL

, 39,
o((c(lc(-C;l( o,

(e) (Ol(e)Onl(e))-1 llDl(e) Ox

( o-C(o(-O((.

14 In what follows the subscript n stands for "new," where variables or coefficients will be modified.



840 GILEAD TADMOR

For brevity we shall suppress the notation of e, bearing in mind the dependence of
the new variables on that constant.

Consider now the modified version of the min-max problem (27):

(140) min max {yllwll- IIz.ll=).
wL uL

Once admissible controls are restricted to be only those that result in L2 output (hence
L-state trajectories), the class of admissible u’s stands in 1:1 correspondence to the
class of admissible u’s. We thus can, and henceforth shall, substitute u, for u in (140),
which thereby becomes

/ w = wmin 2)
L

(141)
min {1[ Cna(x /  oW)ll=/ /

L

It is a tracking problem, where the target trajectories for both x and u, are determined
by w.

The solution of the modified min-max problem goes exactly as developed in 3.1
and 3.2 (given the cumbersome burden of more complicated variables and coefficients).
In particular, the nonsingularity of the cost functional and strict suboptimality of 3’
guarantee existence, uniqueness, and continuous dependence on the initial data of a
solution to the following Hamilton-Jacobi system"

(A + (B, B2E2)(S,- E’oSoEo)-’ E’oSo + B2L)x

/ (B2S B (B, B2E2)(S ESoEo)-I(B1 BzE2)’)e
(142)

(So + SoEo(S, ESoEo)-’ESo)x

(A + B1 B2E) S E ’oSoEo)-E ’oSo + B2L)’ e,

where we use the abbreviations

So A CnlCnl

(143) S a--- 3"I- EEI,
$2 a D’ Dnn12 12

When considered over an interval (s, t), this system is subject to the boundary
conditions x(s)= sc and e(h) =0 (or limt_+ e(t) =0 when t +). The min-max
inputs are the given by

w* (S, E’oSoEo)-’(E’oSox* (Bl B2E)’e*),
(144)

u* Lx* + S B’e*- Ew*.
Exactly as in the proof of uniqueness of the solution of the Hamilton-Jacobi

systems (35) and (73), by (43), we use the following facts in establishing uniqueness
of the solution of (143): (i) A solution to (143) defines an optimal solution to the
min-max problem (142); (ii) the optimal state and input trajectories in the latter are
unique; (iii) when we set x* =0, u*-0, and w*-0 then the e component of the
solution satisfies a homogeneous ODE, now (A / BL)’e, the zero terminal condi-
tion, and B’2e 0; finally, (iv) the pair [A, BE], and hence [A + BL, B], is stabilizable.
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The associated Riccati equation is

rll(t) l(S, t)’((So+ SoEo(S- ,So0)-I,So)

(145) + II,(B_S’B-(B,- B2E2)(S,- ESoEo)-’
(B1- B2E2)’I-l)(s)l(s, t) ds,

where 1 is the evolution generated by

(146)
A __a A + (B B2E2)(S E’oSoEo)-’ESo+ B2L

+ (B2S1B (BI B2E)(81 ESoEo)-(B B2E)’)II.

(We easily see that when (7) holds and e 0, this equation and generator retain their
form from the previous sections.)

The appropriate counterpart of the complete-observation result, Theorem II, is
given in terms of this Riccati equation as follows.

THEOREM 4.2. Suppose that both the state x and (for small e) the control-target
trajectory Ew are available. Then 2’ is strictly suboptimal if and only if the operator
$1- E’oSoEo is uniformly positive and there exists a uniformly bounded, negative-definite
solution to the Riccati equation (145) with the associated AI being an exponentially stable
generator, for some choice of small, nonzero e. Moreover, if indeed such a solution exists

for one choice of e, it also exists for any smaller e, the state-feedback control u
(L+(D’,D,2)-B’)x is internally stabilizing, and the feedback-feedforward control
u (L+(Dn2Dn2)-IB2)x E2w guarantees the closed-loop norm bound -11 < .

The proof of sufficiency is essentially the same as in Theorem II. The following
justifies the added constraint in the necessary pa, the uniform positivity ofS ESoEo.

PROPOSWON 4.3. If (137) holds in stable closed-loop or some positive e and )
then S- ESoEo is uniformly positive definite.

Outline ofthe proof The stable closed-loop mapping w x is strictly causal. Thus,
over shod periods of time, its induced norm can be made arbitrarily small. The
inequality (137) should hold over any time interval, and if the interval is sufficiently
sho, it thus implies

&=ll wll =t.,, < v= w 2t.,,-Ilc.,Eowllt,, E, wll =
L2[s,t

-IID(u Ew) L2[s,t]
(147)

vll w t,, IIC,,Eowll ts,,-IIE, wll=t,,
w, (S, ESoEo) w>t, n.

Consequently,

(148) 1/4llw(t)llv<=<w(t), (2"2I-E)C’,C,Eo-EE)(t)w(t))w
almost everywhere.

Conjugation and the second Riccati equation. As in the case where (7) holds, the
proof of Theorem 4.2 and the entire ensuing analysis, rely heavily on the following
modified version of (87) "5

, IIx+Eowll0-1lu Ewll
(149)

Ilwll
I111 ,, + w’ s,-oo-!1 u"ll

Here the norm-notation form Iio stands for the Hilbert-space norm weighted by O: IIq, ll, (q,, oq,>.
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where we use the modified definitions for the momentary deviations from optimality

wA a= w-(S1- E’oSoEo)-(E’oSo-(B,- B2E2)’II1)x

u a_ u + E2w-(L+ SB’2H)x
(15o)

u + E2w-(L+ S’BII- E2(S,- ESoEo) -1

(E’oSo B, B2E2)’H,))x.

The estimation problem is based on the conjugate of the closed-loop mapping
wA-, u. Given in (1) an admissible, internally stabilizing feedback control u
that maintains (137), that mapping is realized by the following system"

(A + BI( S, ESoEo)-’(ESo- (B B2E2)’II,))x

+ Bw/ + B2u
u -(L+ S’BII,- E2(S,- ESoEo)-’(ESo (B,- B2E2)’H,))x

(151)
+ E2WA+U

y (C2 + D2(S1- ESoEo)-l(E’oSo (Bl- B2E2)’II1))x

+ D21 w + D22u
subject to u Y{y; by Proposition 3.4.1, that feedback is internally stabilizing and
strictly 3,-suboptimal in (151). The conjugate mapping is thus realized by the well-
defined, internally stable, closed-loop system

(A + Bt(S- E’oSoEo)-l(E’oSo-(B- B2E2)’II))#:

(L+S BH E2(S EtoSoEo)-l(ES0 B e2E2)tH1)

(152) + C2 + D2,( S, ESoEo)-’(ESo- B, B2E2)’II,))# a

= Bx+E+DI,
)9 B2+ +D,

Now we repeat our previous constructions" Provided that e is small enough, we
can substitute the output of (152) by . such that I1:?.112= IIll 2 / 2(1111= / I1=), without
affecting the strict 3,-suboptimality of the compensator. Then just as before, we intro-
duce a control change of variable . &-- M#, and new and modified coefficients
B,(e) #Dn21(e), Fo(e), Fl(e), and F(e), in terms of which we further denote
T B;B# TI a__ 3,21_ F’F, andT2 - D.ID.21 so that

(153) I1,,11 B#(+F;"w)II : #
nl "+ IIFf’ll + IIDn21(an "+ F’)II

and

(154)

In order that the estimation Riccati equation, which involves more terms than its
control counterpart, (145), be written in a readable way, we make three more abbrevi-
ations:

# a_ (A + B,(S, EDSoEo)-I(ESo-(B, B2E2)’II,))#

G a= -(L+ S’BH, E2(S,- E[SoEo)-’(ESo-(B, B2E2)’II,))#
(155)

C2
q- D2 S E ’oSoEo)- E ’oSo B B2E2)’H,))#F,

6 ----(C2 -[- D2,(S,- ESoEo)-’(E[So-(BI- B2E2)’II,)) #.
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In these terms, the second Riccati equation is

1-I(s) (s, t)((To+ ToF(T-FoToF)-IFoTo)
o

(156)
+ II2( G’ T’G2- G( T, FoToF’o)-’ G,)II2)( t)2(s, t)’ at

where 2 is generated by

A2 a__ fi + MG2+ ToF ’o( T1 Fo ToF ’0) -1 G2
( 57)

+ I’I2( Gt2T10 G( T FoToF)-’ G,).

The conclusion at this point is, as expected, the following proposition.
Proposition 4.4. If 3’ is strictly suboptimal in (1) then there exist uniformly bounded,

negative-definite solutions to the two Riccati equations (145) and (156), with A1 and A2
being exponentially stable generators, for some choice of e. Moreover, if such solutions
exist for e eo then the same holds for all e (0, Co).

Parametrization ofall compensators. We start with the case of D22 0. The momen-
tary deviation of the control and the disturbance of (153) from their optimal values
are given by

/ a= _( T, FoToF)#-I( ToF,o_II2G,1)#,
(158)

t/ & a +F-(M+nGT’)#.

Following the directions in the remark at the end of 3.5 (adapted from (114) to (152)
with D22 0), we use these definitions to obtain this next representation for

(, B2G, + (M +rIzG T; -I- B2F2)Gz)# + G’.+G,
a (M +n:GT’ + B2F:)# F+ ,

(159)
4= -(B2+(ToF’o-II2G’,)(T,-FoToF6)-’)#+y",

This system’s conjugate provides the parametrization of compensators in (1), as follows.
Proposition 4.5. Suppose that D2=0. Then (a) / is strictly suboptimal in (1) if

and only iffor some small e there exist uniformly bounded, negative-definite solutions to

the Riccati equations (145) and (156), such that the associated generators A and
are exponentially stable. Moreover, if such solutions exist for e eo then the same holds

for all e e (0, Co). (b) If/ is strictly suboptimal in (1) then admissible, internally stabilizing,
strictly T-suboptimal compensators in (1) are those having realizations of the following
form"

p (,- B2G, + (M + II2G’T’+ B2F2)G)p

+ (M + II_G’T’ + B2F2)y

(160) 82 + ToF II2G) T1 Fo ToF ’o)-’)v

u Glp- F2y+ v

q G2p + y, v

where 77{o is the input-output mapping in an exponentially stable system, I1  011 < % and
the solutions to the Riccati equations are derived for some small enough e.
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The arguments in the proofs of Propositions 3.5.1 and 3.5.2, which are needed in
order to complete the proof of the current statement (beyond Proposition 4.4), adapt
with none but notational changes to the current situation.

When treating the general case, D22 0, we recall the following simple fact.
OBSERVATION 4.6. Let

(161) Ax + Bu, y Cs + Du
be a given system, satisfying our standard assumptions. Then thefollowing is an internally
stabilizing compensator when we set D O,
(162) jO= Mp + Ny, u Qp / Ry,
and (I + RD)-I Lo, if and only if this next compensator is admissible and internally
stabilizing in the original setting.

(163)
(M- N(I + DR)-IDQ)p/ N(I / Dg)-ly,

u (I + RD)-IQp+(I + RD)-lgy.
Outline oftheproof. One easily notes that, provided (I + RD)-1 L, the substitu-

tion of y-Du for y in (162) yields (163). That is, the same closed-loop state () will
satisfy both (161), (162) and (161), (163) for the two alternative output functions. In
particular, (162) is internally stabilizing when D 0 if and only if (163) is internally
stabilizing in the original setting. The equality (I-(I+RD)-IRD)-I=(I+RD)-1

shows that, indeed, (I / RD)-l L is the appropriate admissibility condition.
Direct application of this observation to proposition 4.5 yields the following

general result.
THEOREM 4.7. (a) y is strictly suboptimal in (1) if and only iffor some e small

enough the operator S1- ESoEo is uniformly positive, there exists a uniformly bounded,
negative-definite solution to the Riccati equation (145) such that A1 is exponentially stable,
the operator T1-FoToF is uniformly positive, and the Riccati equation (156) possesses
a uniformly bounded, negative-definite solution such that the associated generators and
A2 is exponentially stable. Moreover, ifsuch solutions existfor e eo then the same holds
for all e (0, eo). (b) Ify is strictly suboptimal in 1 then admissible, internally stabilizing,
strictly y-suboptimal compensators in (1) are those having realizations as follows: the
design-free parameter is a stable linear system o,
(164) Mo + No, Qo + Ro&
with the properties (i) Ill’oil (ii) (I+ (Ro- F2)D)-1 L; the compensator
associated with o is then of the form

(165) +
A

u (I + (Ro- F2)D2_)-’[O1 O] (Pr)+(ro-F)y
where

’ (, BG, + (M +FIGTf’ + B2F)G)I’ll=
(B2 + ToF ’o- 1-I2G) T1 FoToF ’o)-’)RoG2

Fl2 B2 + ToF ’o I-I2G) T1 Fo ToE)-l) Qo
F, NoG2
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F22 A Mo
(166)

A, a__ (M + II2GT’ + BeF)
(B+ ToF’o-rIG)(T FoToF’o)-’)Ro

A2A N0

A G + RoG2
O - Qo

and where the solutions to the Riccati equations are derived for some small e.
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APPROXIMATION OF THE ALGEBRAIC RICCATI EQUATION IN THE
HILBERT SPACE OF HILBERT-SCHMIDT OPERATORS*

A. DE SANTISt, A. GERMANI:I:, AND L. JETTO

Abstract. This paper deals with the problem of approximating the infinite-dimensional algebraic Riccati
equation, considered as an abstract equation in the Hilbert space of Hilbert-Schmidt operators. Two kinds
of approximating schemes are proposed. The first scheme exploits the already established approximability
of the corresponding dynamical Riccati equation together with its time convergence toward the steady state.
The second method considers a particular sequence of finite-dimensional linear equations whose solutions
are proved to converge toward the exact steady-state solution of the original problem.

Key words, infinite-dimensional systems, Galerkin approximation, algebraic Riccati equation

AMS subject classifications. Q3C25, Q3Ell, 41A65, 65L60

1. Introduction. Both linear quadratic (LQ) optimal control and optimal linear
filtering problems for linear systems evolving in Hilbert spaces lead to an infinite-
dimensional Riccati equation. This has motivated the wide interest that, for at least
two decades, has been devoted to establishing conditions for the existence and unique-
ness of the solution of this equation [6], [9], [10], [12]. This problem has also been
considered in [8], [15], [16], [20], [26], and [32] with particular reference to the LQ
optimal control, in [6], [7], [19], [29], and [36] with reference to the optimal linear
filtering, and in [10] and [11] with reference to both cases. In the above papers the
topic is treated in different settings according to the different forms that the infinite-
dimensional Riccati equation can take, depending on the structure assumed for the
system dynamics.

Because ofthe infinite dimensionality, this Riccati equation cannot be instrumented
by the, standard computation techniques used in the classical finite-dimensional case
and requires various approximation methods and truncation techniques. A large number
of papers have been devoted to this problem. See, for instance, [4], [14], [22], [24],
[25], [27], and [28]. The methods described in these papers work by projecting the
infinite-dimensional Riccati equation onto a sequence of finite-dimensional subspaces
of the original Hilbert space. The exact solution of the actual Riccati equation is so
approximated by a sequence of solutions of finite-dimensional approximate Riccati
equations.

Particularly important is the so-called infinite-horizon problem, which arises when
the Riccati equation admits a steady-state solution. The corresponding nondynamical
equation is referred to as the algebraic Riccati equation (ARE) [11], [18], [20], and
[38]. Unfortunately, in this case the approximation problem tends to be much more
difficult than the finite-horizon problem, for which significant results are available.
Such a problem was discussed in [3], [21], and [22] with reference to the LQ optimal
control, under the hypothesis that both the approximate semigroups and their adjoints

Received by the editors June 4, 1990; accepted for publication (in revised form) December 3, 1991.
t Istituto di Analisi dei Sistemi ed Informatica del Consiglio Nazionale delle Ricerche, Viale Manzoni

30, 00185 Roma, Italy.
$ Dipartimento di Ingegneria Elettrica, Universit dell’Aquila, 67100 Monteluco (L’Aquila), Italy, and

Istituto di Analisi dei Sistemi ed Informatica del Consiglio Nazionale delle Ricerche, Viale Manzoni 30,
00185 Roma, Italy.

Dipartimento di Elettronica ed Automatica, Universit di Ancona, via Brecce Bianche, 67100 Ancona,
Italy.

847



848 A. DE SANTIS, A. GERMANI, AND L. JETTO

converge in the Trotter-Kato sense. Moreover, these papers also assumed uniform
stability of the approximating semigroups.

The finite-dimensional approximation of the ARE in the space of Hilbert-Schmidt
(H.S.) operators has recently been investigated in [33] and [34] under the hypothesis
that the generator of the semigroup governing the system is strongly coercive.

In the present paper the approximation problem of the ARE in Hilbert spaces is
considered with reference to the optimal-linear-filtering problem. As it is well acknowl-
edged (see, e.g., [1], [6], and [7]), such a problem can be formally stated as follows.

Let us consider the following linear infinite-dimensional system on the Hilbert
space H:

(1.1)
( t) Ax( t) + Bo)( t),

y(t) Cx( t) + Go)(t),

x(0) Xo,

where the following hold:
(a) A is the infinitesimal generator of a strongly continuous semigroup { T(t)} on

H such that T(t)ll <--
(b) to L2(0, T; Hn), where Hn is the Hilbert space where the noise takes values;
(c) B’H H, C" H-Ho (where H0 is the observation Hilbert space) and

G" H, Ho are bounded linear operators, with B H.S., such that GB* O, GG* IHo.
The precise meaning of (1.1) is

x(t)= r(t)Xo+ r(t-s)o(s) as.

If L2(0, T; H.) is equipped with the standard Gauss cylinder measure (which
corresponds to model to as a white-noise process) and xo is a Gaussian random variable
with mean vector mo and nuclear covariance Po, the filtering problem consists of finding
the best linear estimate (t) of x(t), given {y(s); 0_-< s_-< t}. It evolves according to the
equation

( t) A( t) + P( t)C*(y( t) C( t)), (0) mo,

where P(t) is the unique self-adjoint, nonnegative-definite, strongly continuous solution
of the following Riccati equation"

(1.2) P(t)x: T(t)PoT*(t)x+ T(t-s)(BB*-P(s)C*CP(s))T*(t-s)xds,

x H. If (1.2) admits a steady-state solution P, namely,

(1.3) Poox= T(t)PT*(t)x+ T(t-s)(BB*-PC*CPoo)T*(t-s)xds,

then P is the solution of the following ARE:

(1.4) APoo + PooA* PC* CPoo + BB* O.

By arguing as in [20], equation (1.4) can be derived from (1.3) only for x D(A*),
but (1.4) is justified because AP+PA* admits the unique bounded extension
PC*CP-BB* to all of H.

The H.S. property of B has been assumed because it corresponds to the physically
meaningful assumption of a spatially smoothed input noise. This hypothesis implies
that the covariance operator of Boo(t) is the nuclear operator BB*. On the other hand,
also in the Ito formulation of the filtering problem, the distributed Wiener process is
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defined with an incremental nuclear covariance operator. Regarding the observation
noise, the white-noise approach has the advantage that the covariance operator is not
required to be nuclear.

If the operator B is assumed to be nuclear, the ARE can be considered as an
abstract equation in the Hilbert space of H.S. operators. Therefore, the smoothness
property of its solution permits us to prove the convergence of the two approximating
schemes here proposed toward the exact solution, under the unique assumption that
the approximating semigroups converge in the Trotter-Kato sense. If the strong-
smoothness action of H.S. operators [19, pp. 1289-1290] is exploited, no hypothesis
on the finite-dimensional approximability of the adjoint semigroups is required. This
makes such a class of approximation schemes much more feasible, because the choice
ofthe approximating subspaces is crucial when the domain ofthe infinitesimal generator
of the semigroup governing the system and the domain of its adjoint have a nondense
intersection. This is the case, for instance, for hereditary systems [14], [17], [22], and
[24]. In these cases the choice of approximating subspaces appears to be a nontrivial
issue, because the simplest way of projecting the evolution equation on a finite-
dimensional subspace does not give a convergent sequence for the corresponding
solutions [14], [17], [22], and [24].

In this regard, it has recently been proved [5] that the spline scheme developed
in [2] is such that the strong convergence property of the adjoint semigroups does not
hold. A modified version of these splines was proposed in [24], where the optimal-
control approximation problem was concerned. With reference to the same problem,
the averaging approximation scheme was used in [22], where the trace-norm conver-
gence of the solution of the resulting Riccati equation was obtained. However, in the
above paper the approximation problem was dealt with on the basis of a conjecture;
it assumed that the approximating systems are uniformly exponentially stable for
sufficiently large dimensions if the original system is exponentially stable. This conjec-
ture was shown to be correct for the averaging projection scheme in [35, 4.2].

The present paper is organized as follows. The discussion of the ARE in the
Hilbert space of H.S. operators is given in 2. Existence and uniqueness of its solution
are established together with a convergent sequence approximating the solution itself.
Two kinds of finite-dimensional approximation schemes for the solution are given in

3. On the basis of recent results [19] concerning finite-dimensional approximability
for the finite-horizon dynamical Riccati equation, the first method reduces the approxi-
mation problem to finding a large enough horizon time for approximating the steady-
state solution. It constitutes an extension of the results in [19] and provides relaxed
conditions for the approximability of the solution of the ARE. The second method
computes the approximate solution by means of only algebraic linear operations, which
can be easily implemented. It requires the assumption concerning the exponential
stability ofthe perturbed semigroup. Section 4 contains a numerical example concerning
the filtering problem for a delay system with approximating subspaces generated by
first-order splines.

2. The algebraic Riccati equation in the space of Hilbert-Schmidt operators. Let
H be a real, separable Hilbert space. An H.S. operator S on H is a bounded linear
operator such that

E IlSe, =:= Ilsll.s.< +,
i=1

where {ei} is any orthonormal basis. The space N(H) of all H.S. operators on H is a
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Hilbert space with the inner product

[& U]H.S. Z (Se,,
i=1

that is independent of the basis {ei} 1, p. 106]. The space of self-adjoint H.S. operators
is a subspace of N(H), which will be denoted by Ns(H). The cone of nonnegative-
definite operators in Ns(H) will be denoted by N-(H). In the following, explicit
reference to the space H will be omitted when this is clear from the context.

Let us recall that N is a (left and right) ideal [23, p. 148] of the space L(H) of
linear bounded operators on H such that

(2.1) IlStll,.s.<=llSll..s.llttl, S6N, LL(H),

and, furthermore,

(2.2) S H.S. S* H.S., S N.
+In this section the following ARE will be proved to have a unique solution in Ns:

(2.3) AP + PA* PXP + A O,

where
(HI) A is the infinitesimal generator of a strongly continuous semigroup of

operators on H, { T(t), _-> 0}, such that T(t)l[ =< Me’’
(H2) A is trace,class operator in N, and .S is a bounded self-adjoint nonnegative-

definite operator (not necessarily H.S.).
The hypotheses H and H2 will be referred to throughout the paper, and the next

theorem provides a result that will be used later.
LEMMA 2.1. Let U(t), >_-0} be a strongly continuous semigroup of operators on

H, and let

(2.4) s( t)x u(t)xu*(t), x N.

Then {S(t), t-0} is a strongly continuous semigroup on N.
Proof. Only the strong continuity needs to be shown. Let K be such that for h

sufficiently small

(2.5) IIU(h)ll<-K,
and it follows by (2.1), (2.2), and (2.5) that

U(h)XU*(h)- x .. v(h)x( V*(h)- i)/( v(h)- )x ..
(2.6)

=< 2K I1( U(h)- t)X* ,.. + 211( U(h)- t)X ...
Consider the first term of the last inequality in (2.6).

N

II(u(h)-*)x*ll?,..-- Y II(U(h)- I)X*6,II2+ Z II(U(h)- *)X*,/,,ll
i-: i--: Ne+l

N,,

E II(u(h)-*)x*,,,ll-+(l + K) 2 IIx*,/,,ll
i-I i-Nr+l

provided that N. is chosen large enough that the second term is not greater than e/2,
whereas the first term can be made as small as needed by choosing h sufficiently small,
because of the strong continuity of U(h). The proof is completed by using the same
arguments for the second term of (2.6).
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LEMMA 2.2. Let A be the infinitesimal generator ofthe strongly continuous uniformly
bounded semigroup { U(t), >- 0}. Then the unique solution of the algebraic equation in N

(2.7) AX + XA* + G O, G N

admits a unique continuous extension on H given by

(. x= s(a,

where S(t) is defined as in (2.4) provided that the integral (2.8) exists.

Proof. First of all, let us observe that S(t) has the associate generator on N
given by

(2.9) X AX + XA*,

with

D(g) {X N R(X) D(A)},

which is dense because of the strong continuity of {S(t), t_->0}. Let us consider the
equation in C(0, oo; N)

(2.10) R(t) MX(t) + O, X(0) 6 N

that admits the mild solution 11, p. 41]

().. x(=s(x(o+ s( , ->0.

Moreover,

X lim X(t) S(7")G d-
t--

satisfies equation (2.7), as can be readily verified.
The existence theorem for the solution of equation (2.3) will be proved by

constructing a sequence in Ns whose limit satisfies the ARE (2.3). For this we will
use the following result concerning linear perturbed equations.

THEOREM 2.1 Let P N+
s, and let hypotheses H 1 and H2 be satisfied. Moreover,

let us assume that
(i) (A- P.,) is the infinitesimal generator of an asymptotically stable Co-semigroup

{ Tp(t), >- 0} such that

T.( t)(A + PP) T* t)z, z) at < o, v z H.

(ii) (A, A 1/2) is a controllable pair (in the sense specified in [10, p. 60]). Then the
equation

(2.12) AX + XA* P,X X,P+ P,P + A 0

admits a unique mild solution X N+ such that
(a) X is positive definite and
(b) (A-X2) generates an asymptotically stable Co-semigroup Tx(t) such that

(2.13) ’( T,( t)(A + X,X) T*( t)z, z) dt <= (Xz, z).
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Proof Equation (2.12) can be rewritten as

(A- P,)X + X(A- PX)* + PXP + A =0,

which is of the kind (2.7), with G P,P + A Ns. Hence from assumption (i) on the
perturbed operator and by Lemma 2.1 it follows that the unique mild solution of
equation (2.12) is

(2.14) X=I Tp(t)(A+PZP)T*p(t)dt, XNs.

The H.S. property of X is immediate. To prove the positive definiteness, let us
assume the existence of a z e H, z # 0, such that

0 (Xz, z) Tp( t)(A + P2P) T(t)z, z) at

IIA /T(t)zl[ at + Z’/PT(t)z]l at,

from which

(2.15) A 1/2 T*p(t)z O, [0, c],

(2.16) ,/2pT*p t)z O,

Moreover, by a well-known perturbation formula for semigroups [13, p. 69], T*p(t)
satisfies the following equation:

Premultiplying both sides by A /2 and taking into account (2.15) and (2.16), we have

(2.7) A/r*(t)z 0,

against the hypothesis of approximate controllability [11, p. 60].
To prove assertion (b), let us consider the adjoint Co-semigroup {T*(t), t->0}

generated by (A-XX)*. Let y(t) T*(t)z, e H, and consider the following Lyapunov-
like function:

V(y)=(Xy, y).(2.18)

We have

Q(y)=(X(A-X,)*T*(t)z, T*(t)z)+(XT*(t)z, (A-X.,)*T*(t)z)

T,,(t)(XA* XEX +AX X,X) T*( t)z, z),

and by using (2.12) we obtain

(2.19)
9"(y)=-(T,,(t)((P-X),(P-X)+A +X,X)T*(t)z, z)

<-- -(IIA ’/2T*( t) ll + II’/XT*( t)zll --< 0.

To obtain inequality (2.13), let us write

0 <= V(y(t)) V(y(O)) + Q(y(z)) d’.
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By (2.18) and (2.19) it follows that

0<= (Xz, z)- Tx(r)(A + X,Y,X) T*(r)z, z) dr, V t>--0,

which gives (2.13) by taking the limit for going to infinity. O
Now we can prove the uniqueness theorem for the steady-state solution of the

ARE. For this purpose we need to state in advance the following lemma.
LEMMA 2.3. Let { P, be a sequence ofnonnegative definite self-adjoint H.S. operators

such that P, <-Po. Then by denoting y the maximum eigenvalue of Po we have

Proof It is enough to observe that for any x H

(P2,x, x) ,/2 o 01/2., pinX(P.P. x, P’./2x) <= (. o-, ,
P. ,. P’Jx) (p.x. x)

<-_ ,(Pox, x).

THEOREM 2.2. Assume that hypotheses H and HE are verified. For a given Po N
let (A Po2) be the infinitesimal generator of a Co-semigroup { To(t), >- 0} such that

(2.20) (To(t)(A +Po,Y.Po)T*o(t)z,z) dt=(P,z,z)<oo, V ze H.

Then the sequence { P,} defined by

(2.21) P,+, T,(t)(A + P,XP,)T*(t) dt, n=0, 1,...

where T( t) is generated by (A-P,,), converges in the H.S. norm toward the H.S.
operator Po, provided that (A, A /2) is a controllable pair. Moreover, ifP is a trace-class
operator, so is P.

Proof. Equation (2.21) is well defined for n =0. Moreover, by Theorem 2.1, P.,
n 0, is such that

(Pz,z)= (T_,(t)(A+P_,ZP,_l)T*_lZ, Z) dt<oo.

Hence (2.21) is well defined for each n, and the sequence Q, N given by

(2.22)

can be defined. Now let us write (2.12) for P P, and X P,+ (respectively, P P.+
and X P,+2). Then, let us subtract the second equation so obtained from the first.
By defining Q,+ P,+- P,+2, after simple calculations we get

AQ.+, + Q.+,A* + Q.Q. P.+,2Q.+, Q.+,ZP.+I O.
which is again of the kind (2.12). Hence from (2.14)

(2.23) Q,,+, T.+I(t)Q.XQ.T*.+(t) dt.



854 A. DE SANTIS, A. GERMANI, AND L. JETTO

where the integral exists, because from (2.18) and (2.19) we have

(Q,+z,z) <-- Q(y) dt<=(P,+lZ, Z)<O, VzeH.

Moreover, (2.23) implies Q, _>- O, n 1, 2, , so that P, _>- P,+. Let us define

(2.24) Po Po- Y. O,.
i=0

Now it will be shown that P,$P in the H.S. norm. First one proves that
liP, II.s.$ Pll.s.. Now let us recall that A >- B, A, B Ns implies that [IAIlu.s._-> IIBIlu.s.,
so we get

(2.25)

and

P, II..s. P II..s. Pooll

(2.26) lim IlP,,llH.s.= p >= [IPoo[lH.S..

On the other hand, we have

p2= lim (P.49,. P.4’,)= lim (P4’,.
neo i=1 noo i=1

N

=lim E (Pd),b,)+lim E (P4),,4’,)
i=l i=Ne+l

Ne
-< lim . P2. ( ( + 2 ")/ Po() dD

n--,,oo i= i= N,+I

where the last inequality follows from Lemma 2.3.
By the H.S. property of P, we have that for a suitable choice of N

N N

p2_< lim (P4,, b,)+= E lim [IP,ll=/
i=1 . 2

Ne E
IlP,ll2+-

i=1 2’

and therefore

(2.27) p2 < Pooll .s. + .
Since e is arbitrary, from (2.26) and (2.27) it follows that

(2.28) lim IIP.ll..s.-p- IIPll..s..

Now, from the parallelogram law, namely, IIX YII + IIx + Nil == 211xll = + 211 Nil ,
by choosing X P, and Y P we can write

(2.29)
2 P, .s.- 2 P .s. + 2P .s.- ]1P, +P .s..

Moreover, P, +P2P, so that

2.30) liP, + PII... [[2P[[....
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Consequently, from (2.29) and (2.30) we have

liP, Pll ,.s.--< 2([1P, .s.-
which by (2.28) implies that a large enough n can be found such that

P Po .s. < .
The nuclearity of Po follows from the fact that Po<= P.
Remark 2.1. Note that Theorem 2.2 does not imply that P<-Po, so if /90=0

satisfies (2.20), it can be well assumed to start the iteration.
Remark 2.2. Inequality (2.20) is not equivalent to assuming that T0(t) is exponen-

tially stable. This stronger property is guaranteed if it is also assumed that the pair
(A, A/2) is exponentially stabilizable [1 p. 246]. In this case the nuclearity of P is
also guaranteed by the nuclearity of A. In the following we shall assume that P1 is
trace class.

To prove that Po is the unique solution of the ARE, we need to state some
preliminary results.

LEMMA 2.4 11, Thm. 2.31 ]. Let 0 be the infinitesimal generator ofa Co-semigroup
{F(t), t-> 0} on the Banach space B such that

IIr(t)ll--< Me’, 7 # 0, -> 0,

and let P be a bounded linear operator on B. Then (0 + P) is the infinitesimal generator
of a Co-semigroup {Fp(t), > 0} such that

IIr.(t)ll <- Me(’+IIPII)’, > O.

LtMMA 2.5. The following hold"

(2.31) lim sup [[T.(t)-
t[0, T]

(2.32) lim sup IJT*,(t)-T*(t)l] H.S. O,
t[0,T]

where Tn (t) is defined as in Theorem 2.2 and To(t) is the semigroup generated by A
Proof By Lemma (2.4) we have

(2.33) T,(t)ll -< Me(X+llP’f’ll)t <= Me(a+llP’llHsllZll)t Meat,

where a A + IIPll,.s.llzll. The same bound (2.33) holds for T(t)ll. From the semi-
group perturbation formula [13, p. 69] we have

To( t)x T, t)x + T, r)(P, Po),To(r)x dr,

from which, after some calculations, it follows that

<= M2e2at T2 2To(t) T,, (t) .s. Po Pn ...,
which proves (2.31) and (2.32) in light of Theorem 2.2 and equation (2.2). [q

LEMMA 2.6. The operator Po of Theorem 2.2 satifies the following equation"

(2.34) Po To(t)(A + PoZPo)T*o(t) dr+ To(T)PoT*(T), T>0.
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Moreover, the operators in N+s o To(t)(A + PZP) T*(t) dt, and Poo are positive
definite.

Proof. From

P+= T,(t)(A+P,Y.P,)T*,(t)dt+ T(t)(A+P,2P,)T*,(t)dt

we easily obtain

P.+= T.(t)(A + P.ZP.)T*.(t) dt+ T.(T) T.(t)(A + P.ZP.)T*.(t) dt

T.(t)(A +P.ZP.)T*.(t) dt+ T.(T)P.+T*.(T),

which gives (2.34) by taking the limit for going to infinity. From (2.34) it follows
that ?/" is well defined because necessarily o//.<_ p<_ p. By arguing as in (2.15)-(2.17)
the positive definiteness of ?/" follows from the assumed approximate controllability
of (A, A 1/2). This in turn implies the positive definiteness of P. [3

LEMMA 2.7. Let Q(’) N+ be defined as

(2.35) Q(’r) To( r)(A + PZP) T*(’),

with P and To( t) as in Theorem 2.2 and Lemma 2.5, respectively. Then is positive
definite if and only if

(2.36) VxH, ::1-=>0: (Q(’)x,x)>O.

Proof. If ?/" > 0, then /x H

0 < Ux, x) Q(’)x, x) d’,

which implies (2.36). On the other hand, if (2.36) is satisfied for a ?> 0, then by the
strong continuity of the semigroup there exists a cr > 0 such that (Q(?+ e)x, x)> O,
’de [0, tr], which guarantees the positive definiteness of r. [3

Since Q(r) N, ’ -> 0, ’ x H, it admits the representation

(-) ()(2.37) Q(r)x= E i(T)(X, Ui )"i
i=1

with

EA,2.(r) <c, h,(-)_->0 i=l,...,

where {u)} is a complete orthonormal eigenfunctions system.
Denoting the set of nonnegative rationals by Z/, we state the following lemma.
LEMMA 2.8. With the usual notations,

(2.38) span{u[, i= 1,2,..., rZ+:hi(r)>O} =- H

provided that the pair (A, A 1/2) is a controllable pair.
Proof Let us suppose there exists a nonnull h H such that

(2.39) (h,u[)=0, i=1,2,... Vr6Z+, A,(r)>0.
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Hence by (2.38) and (2.39)

E (h, /h,(r) uT)a=E (h, Q’/2(r)uir)2

IIQ/(r)hll--(Q(r)h, h)=0.

This implies (Q(r)h, h)= 0 I r R/ because Z/ is dense in R+, and hence (//’h, h)= 0,
against the hypothesis of controllability by Lemma 2.6.

THEOREM 2.3. Let (T(t), >-_ O) be the semigroup generated by A= A-Poo2.
Then there exists an orthonormal basis {ut) on H such that

(2.40) lim T(t)u, 0.

Proof. First, let us prove that

(2.41) lim T(t)uTll 0 V u’hi(r)> O.

We have

(Poox, x)>-_ (T(t-r)Q(r)T(t-r)x,x) dt

Q(r) T*( r)x, T( r)x) dt

Ai(r)( T(t-r)x, u)2 dt.

Now, for any orthonormal sequence {bl} on H we have

r)2 dttr Po>-E (PChl, b/)= E Ai(r)(T*(t-r)dl, u,

E A,(r) T(t r)u,r. at.

Since it must be that tr P<, (2.41) is easily seen to hold.
Let us denote by {i, i= 1, 2,...} a suitable renumbering of {u, i= 1, 2,...;

rZ/:Ai(r)>O}. Finally, by denoting by {Ul, l= 1,2,...} a basis on H obtained by
the Gram-Schmidt orthogonalization procedure applied to {ff, i= 1, 2,...}, equation
(2.40) follows.

At this point the main theorem can be proved.
THEOREM 2.4. Let { To(t), >= 0} be defined as before, and suppose there exists

M1 < o such that To(t)II <- M,. Then for any operator 9 N- the following equation
holds:

(2.42) lim To(t)lgll.s. 0.

Proof. By definition of H.S. norm one has

T(t)OIl.s.-Y To(/)O4,ll- Y (To(t)Ob,

For {ut} defined as in Theorem 2.3 we have

06, Z o,,, u,) u,,
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and substituting in the above expression we obtain

r(t)t9 H.S.:E E ()i, th)(To(t)Ul, T(t)O)6i)

/:1

d-E E (/96i Ul)(To(t)ui, T(t)Och,)
/=N+I

/=1

(2.43) +
/=N+I /=N+I

--< E Ou, II. II/gT*(t) T(t)u,
/=1

+ IlOu,
/=N+I /=N+I

6)T*(t) To( t)Ul, chi)2)
1/2

IIII=’M IIT(t)u, II+IIII..s.’M"
1=1

Since t9 is an H.S. operator, we can choose N such that
1/2

8

2’l=/Qe+l

and as a consequence of Theorem 2.3 we can find T in order to obtain

so that from (2.43)

11 -" M,. T(t)u, <- V > T
/=1 2

which proves the theorem.
COROLLARY 2.1. The semigroup T(t), _>-0, is strongly stable.
Proof For each z H, z 0, let gz be the H.S. projection operator defined as

gzx (x, z)z, and let us choose an orthonormal basis {th,} on n such that
We have

IIT(t)Ozll.s. IITo=(t)A,,ll== IITo(t)zll ,
i=0

which proves the strong stability of To(t).
At this point the main theorem of this section can be stated.
THEOREM 2.5. Let P, be as in Theorem 2.2, and let P1 be trace class. Then the

trace-class operator Po given by (2.34) is the unique solution of the ARE.

AP+ PoA* Po2P+ A O.

Proof By (2.34) we have

II I0 IIPo- To( t)(A + PoXPoo) T’o(t) dt
FIoSo
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where the right-hand side goes to zero for T going to infinity by Theorem 2.4 because
N. Hence

(2.44) Poo Too( t)(A + Poo,Poo) T( t) dt.

Now, following the reasoning of [22, pp. 557-558], where the dual control problem is
considered, one has that Poo maps the domain of A* into the domain of A. Hence, by
differentiating (2.44) we obtain

(2.45) 0= Too(t)[APoo+PooA*+A-Poo,Poo]T(t) ft>-_O.

Equation (2.45) implies that Poo is a solution of the ARE.
For the uniqueness let P and S be two such solutions, and let { Tq(t), t->_ 0} and

{Tp(t), t->0} be the semigroups generated by (A, Q2) and (A-P2), respectively.
We find that the operator E P-Q satisfies

form which

(A- Q2)E + E(A- Q2)*- E.S,E O,

(2.46) E Tq(t)EXET*q(t) dt.

Considering now the operator F Q-P and arguing as before, we readily obtain

(2.47) F= T(t)FXFT*(t)

From (2.46) and (2.47) it follows that E P- Q < 0 and F 0- P < 0. Hence it must
be that P O.

3. Approximation methods.
3.1. Dynamic approximation. This approximation method is based on hypotheses

H1 and H2 of 2 and the trace-class property of the operator P1 defined in Theorem
2.2. Moreover, it is assumed that /x H

(3.1) lim sup Ilrl,T(t)x-T(t)rIxll-o,
t[0, T]

where
(i) tin is a projection operator on the finite-dimensional subspace Hn c H such

that R(rI*)c D(A) and rlnrIn is strongly convergent to the identity on H. Therefore,
IlIo <--M < oo V n and for a suitably chosen M.

(ii) Tn(t) is the semigroup generated by rlnAH*.
Necessary and sufficient conditions for (3.1) to hold are established in the Trotter-

Kato theorem (see, e.g., [31, p. 87]).
To state the convergence results for this approximation method we need to recall

some results concerning the finite-horizon approximation of the Riccati equation.
Let P(t) be the solution of the Riccati equation in C(0, T; N+s(H)),

(3.2) P(t)= T(t)P(O)T*(t)+ T(t-s)[A-P(s).Y.P(s)]T(t-s)* ds,

where A and .Y are as in hypothesis H2, P(0) is trace class, and P"(t) is the solution



860 A. DE SANTIS, A. GERMANI, AND L. JETTO

on C(O, T; N+(H,,)) of

Pt"](t) Tn(t)II,P(O)II*T*(t)

(3.3) + T.(t-s)[II.AII*.-Pt"(s)II..,Y, II*.Pt"](s)]T*.(t-s) ds.

Then the following theorem holds [19]:
THEOREM 3.1. Under hypothesis (3.1), for any T>0

(3.4) lim sup IIPt"(t)-rI.P(t)rI*ll..=o.
t[O,T]

This allows us to prove the following theorem:

THEOREM 3.2. For each e > 0 there exists a T such that for any T> T an integer

nr exists such that for any n > nr the following holds:

(3.5) P["](T) II,,PI-I * ]1H.S. < e,

where p[n( T) is the solution of (3.3) and Po is the solution of the ARE.
Proof

(3.6) Ilpt"( T)- rl.Prl.* ]lH.S._--< IIPt’( T)- II,P( T)I’In* [IH.S.+ MIIP( T)- PIIH.S..
As in [19, p. 1299], the duality with the infinite-horizon control problem allows us to
exploit the results stated in [22, Thm. 4.3] to prove that the following inequality holds:

(3.7) O<-_P(t, O)-P <- To(t)OT*(t), t>0,

where P(t, O) is the solution of (3.2) with 0= P(0), 0> P and is trace class, and
T(t) is the semigroup generated by (A- P.Z). By (3.7) and Theorem 2.5 a sufficiently
large T can be found such that V T> T
(3.8) lIP(T, 0)- PoollH.S. < e/2M2.

By Theorem 3.1 it follows that V T> T there exists anr such that V n > nT

Pt"( T)- II,,P( T)rI * ll,-,.s. < /2,

which, together with (3.8), implies (3.5). [3

Remark 3.1. Theorem 3.2 represents an extension of [19, Thm. 5] because of the
quite restrictive hypothesis about the semigroup T(t) generated by the operator A
assumed there, i.e.,

,o > IIA’/II IIZ’/ll
is now removed. In fact, any w > 0 is sufficient to guarantee that P1 is trace class, so
that Theorem 3.2 applies.

3.2. Algebraic approximation. This second approximation method is again based
on hypotheses H1 and H2 of 2, on the nuclearity of P1, and on the Trotter-Kato
convergence of the approximating semigroup (3.1). Moreover, it is assumed that the
semigroup To(t) generated by (A-PZ) is exponentially stable, i.e.,

(3.9) Too(t)ll-<- e-% o- > 0, _-> 0.

By the perturbation formula of semigroups (see Lemma 2.4) it can be shown that (3.9)
implies that a constant h exists such that

(3.10) T( t)ll <- e, T_>0,
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which is equivalent to the dissipativity of A-AI. Inequality (3.10) implies that the
semigroup T,(t) generated by 1-I,An,* is such that T,(t)ll--< ex’, ->_ 0, n 1, 2,... [37].
Let {P,} be the sequence of H.S. operators, decreasing to P, already computed in
Theorem 2.2, and assume that Po is close enough to Poo to verify

Po PII H.S."

By the monotonicity of {P,} if follows that

(3.11 P, Poo H.S." X --< Po
Note that such a choice of Po is always possible by assuming as Po the nth term of
the sequence {P,} for a suitable n.

LEMMA 3.1. The sequence of semigroups { Tk(t), t>= 0} generated by the operators
(A PkX), k O, 1, , satisfies the following inequality:

(3.12) Tk(t)l[----< e -=’’, _>-- 0, k 0, 1,...,

where tx is a positive constant defined by

/x 1/2(o--II(Po- P)II Ilxll)> 0.

Proof. The proof is easily achieved with Lemma 2.4 by setting O A- PoX and
P=(Po-Pk)X and by considering (3.11).

Now let {II,} be a sequence of finite-dimensional orthoprojectors on H such that
II,H H, c D(A) strongly converges to the identity, and define

(3.13) 2, lI,ZII., A, n,An,, Pk")= rI.PrI..
Moreover, let A, be such that

(i) A. A if;
(ii) A n,Aono;
(iii) A, a II..s.- 0 as n oo;
(iv) (A,, A I,/2) is a controllable couple ’q’ n.
A possible choice of A satisfying (i)-(iv) is

where

A, 1-I,(A + E,)I-I,,

1 (x, ,)
E,x L oh,, xeH

for any orthonormal basis {bi} on H. In fact, E, is a full-rank operator whose H.S.
norm is 1/n.

For each n let {/3k")} be a sequence of positive-definite self-adjoint finite-rank
operators converging to /5(-) defined by

IoP(kn2l-- ")(t)[A, +/3")X,/3")] t(")*(t) at, k=0, 1,. .,
(3.14)

/5(o") p(o")

where { ’(")(t), >= 0} is the semigroup generated by the operator (A,- fi(’)Z,). The
positive definiteness of /5(.) follows from (iv) as in Lemma 2.6. By Theorem 2.2 it
follows that if/3(-) is well defined, then the same is true for 5(-) and we havek+l

(3.15) (-) </37)ak+l
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Let { Tn)(t), => 0} and { .n)(t), -> 0} be the semigroups generated by
and (An--1-lPkl-l,), respectively. By considering (3.14) we see that

(3.16) o)(t) To)(t).

Note that condition (3.12) implies [37] the following uniform-growth condition on
k’)(t)

")(t)ll =< e --’’ t>O.

So by Lemma 2.4

(3.17) Tn)(t) -< e-2"’)" ellrI"PkZn-PZ"’z" t)

provided that we set f2 An IInPk2II, and P IIPk2II pn)2n. Now we can prove
the following lemmas.

LEMMA 3.2. Let Pk be defined as in Theorem 2.2, and let P) and n be defined as
in (3.13). Then for each e > 0 a n exists such that

(3.18) IIP)- Pk[lH.s.< e V n > n
uniformly with respect to k 1, 2,...,

(3.19) IIP(z-n)ll..s.< v n > n

uniformly with respect to n 1, 2,...,

(3.20) IInPn. P).ll...< v >

uniformly with respect to k 1, 2,....
Proo After choosing an ohonormal basis {} on H such that {, i= 1,..., n}

is a basis on H,, by simple calculations one obtains

IIP P II..s. 211P( z) II..s.
(3.21) ( )1/2 ( + )1/2=2 2 IIPI[ 2 =2 (P, )

i=n+l i=

Taking into account Lemma 2.3 and that P P by Theorem 2.2, one has that the
right-hand side of (3.21) is bounded by 2(y,+(P, ))/z, where y is the maximum
eigenvalue of P, so from the trace-class propey of P it follows that a n’ can be
found such that (3.18) is satisfied.

Analogously, we have

( )1/2P I H. n.s. 2 Pi
i=n+l

i=n+l

which is less than e for n > n", because X*PIX is trace class.
For (3.20) it is enough to observe that

which is less than e for n > n’ as in (3.21). By defining u max{u’, u", n’} the proof
is achieved.



APPROXIMATION OF THE ALGEBRAIC RICCATI EQUATION 863

LEMMA 3.3. Let F(t) and F(n)(t) be two semigroups on H and Hn, respectively,
such that IIr(t)ll < ’e > 0, and lira(t)II < ’e >--_ O, and satisfying the Trotter-Kato
convergence theorem"

(3.22) lim sup IIrI.r(t)x- F,,(t)I/,xl[- 0 v x H.
t[0, T]

Moreover, let Pk be defined as in Theorem 2.2, and let L be a linear operator N(H). Then

(3.23) sup II(n.r(t)-r(t)n.)Pll...< v n>
t[0, T]

uniformly with respect to k 1, 2,...,

(3.24) sup II(1-[F(t)-F(t)II,)Ll[..s.<e V n> m(e,L).
t[0, T]

Proof. For each P, by definition of H.S. norm we have

Ne,k
II(n.r(t)-r.(t)ri.)Pll... E II(n.F(t)-r.(t)Ii.)P,ll

i=1

(3.25)

+ Z II(n.r(t)-r.(t)n.)P,ll,
i= Ne, +

where qi is an orthonormal sequence on H. Let us choose N,k such that

E2
E Pkq, <- e

i= Ne, + 8

So the second term on the right-hand side of (3.25) is less than e:/4. By (3.22) the
finite summation in (3.25) can be made less than e/4 by choosing n greater than a
suitable integer m(e, Pk). Hence for each Pk we have

(3.26) sup II(n.r.(t)-r("(t)H.)Pkll..s.
te[0, T]

for n > re(e, P).
Now, let K be such that for any K > K, IIe PII < (el4) e-T. Then, for K > K

(n. r(t) r"(t)H.)Pk II..s.

< e V n > m(e/2, P).

By choosing n=max{m(e,P),...,m(e, Pk), m(e/2, P)}, (3.23) is achieved.
Inequality (3.24) is a straightforward consequence of (3.26).

LEPTA 3.4. Let { T"( t), 0} and { T( t), 0} be defined as before. en an

no exists such that

(3.27)

Moreover,

(3.28)

IIT)(t)ll<:e-’’ V n> no, V k.

sup IIn.T(t)x- T")( t)rI,,xll <-_ V n > n
te[o,r]

uniformly with respect to k 1, 2,....
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Proof. Inequality (3.27) follows from (3.17) if we take into account (3.20) and
choose e _-</x. As far as (3.28) is concerned, by the perturbation formula we have ’ x H

T(k"( t)II,,x T’( t)II,,x T( -)(II,,Pk.Zl-I,,) T(k(-)l-I,x d-

from which

(rI,, T,, (t)- T(k")( t)l-I,)x
-< (lI,,T(t) T’(t)H)xl]

+ II(HT(t--)P2T(-)- T)(t--)(IIP2H)T)(-)II)xIId

(3.29) (I-t, T(t) T(t)rIo)x

+ II(rIT(t-)P2,- T(t--)(II,P,rI))T(-)xll d-

The first term on the right-hand side of (3.29) is less than e V n > n,, by (3.1). For
the second term we have

o’
ll(IIT( r)P, T"(t- r)(IIP2.rI.)) T(r)xll dr

+ [IrIT(t--)PX,(I-H)ll,.s.llT(-)xl[ d-

=< JJZlJ. r sup jJ(Hr(t)- r(t)l-I)Pll.s.JJxH
[o,r]

+ rellll IIPZ(-no)ll.s.< , v >

uniformly with respect to k 1, 2, , by (3.19) and (3.23) when we take into account
that T(t) and T(t) satisfy the condition of Lemma 3.3.

For the third term of right-hand side of (3.29) we have, taking into account that

<_-- e IlPollH.S.llll I[(rIT(-)- T"(’)n,)xll dr.

,)So it follows that V n > max{n,, n,
(1-IT(t)- Tk(t)rI)x _-< 2 + eT Poll H.s." IlZll

II(rt,T(’)- T"(’)rI,)xll d-.
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Finally, (3.28) follows from the Gronwall inequality if we choose el such that

e 2 exp{ertl PollH.s.lll;ll T}.

Before proving the final convergence results, we observe that from IIPll.s.-<
IIPoll.s. and by definition of P") and 2;, it follows that inequality (3.17) implies

(3.30) T()(t)ll--< e ’t, t_--> 0, 2(- / Poll H.s.ll: ),

so by (3.12) it is also true that

(3.31) IIr(t)ll =e t>_--O.

Moreover, if we set O An P(kn)-Zn and P (P(kn)-/5(kn))Xn, Lemma 2.4 and inequality
(3.17) give

(3.32) (kn)( t) <= e(-2z+llrI,,Pk’y’rI,,-P(k’’)z,,ll+tlP(kE)-f’(k’’)llz’n)t,

which, after we take into account that /5(kn)-----/5(0")= P(on), implies

(3.33) (kn)(t)<=e-’, t>-_o,

LEMMA 3.5. Assume that for a given k

(3.34) lim IlPk)- P)ll..s.- 0.

Then

(3.35) lim sup II()(t)-T()(t)ll--O.
neo te[0,T]

Proof. Again, using the perturbation formula yields

IlIo"(t) T"(t)ll- T(kn(t--’)[((kn)--P(kn))n](kn)(") d"

Moreover, from (3.34), for n large enough

By (3.33) there exists a constant M >0 such that

sup (t)ll M.
te[O,T]

Moreover, by (3.27) and (3.34) it follows that

M
sup ((t) T(n(t)ll < sup tM e-"(t-’ dr<,

te[o,r] te[O,T]

which proves (3.35). VI
THEOREM 3.3. Let P(kn and P(kn) be defined by (3.13) and (3.14), respectively. Then

for any k

(3.36) lim llP"- P"llI-i.s.- o v k.
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Proof. From (3.14) and (3.16) we have

I1- PII..s.
T(o")( t)[A. + P(o")Z.P(o")] T(o")*(t) at

II. To( t)[A + PoZPo] T*o(t) dt IIn
H.S.

0 H.S.

(n) (n) rn*+ T")(t)[A. +-o --o (t) dt
r H.S.

+ HTo(t)[A +PoZPo]T(t)H. dt
T H.S.

From (3.12) and (3.27) we may choose an n > no such that the above expression is
less than or equal to

(n) (n) Tn*
H.S.

(3.37)

...llZ. [I)at + e-4"’(llA II...+ Poll..ilzll)dr.

Let us choose T such that

’L
(T(on)(t)[A,, + o(,)v (")T(o")*-o "-’-o (t)

o

where

Note that

I-InTo(t)[A + PoZPo] To*(t)II.) dt

-< + T(o)n.LrI T(o )* (t)
2

II, To( t)LT*o t)II, llH.S dt,

L A + Po2Po, Ln An + D(n)V
10 -,nlO

(3.38) lim L L, H.s. 0

by the H.S. property of Po and by definition of An and P(on).
Hence by simple calculation we have

P- Pll..s.-<_/ (llT(o(t)llllT(or(t)llllL-Lll..s.

+ I]( Ton)( t)Hn -HTo( t))Lll H.S." T")*(t)ll
+ To(t)ll [IL(H.T"*(t)- T(t)H.)[[...) dt.

H.S.
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Now let us observe that because of (3.28), (3.30), and (3.31) the semigroups Tk(t)
and Tkn)(t) satisfy the condition of Lemma 3.3, so by (3.24), property (2.2) of H.S.
operators, and (3.38) it follows that the integral on the right-hand side of the last
inequality is less than e/2 for n > n. Hence, given e > 0, there exists a n > nl such
that n > n

(3.39) IIP")- P")ll..s. < .
Now let us suppose that propey (3.36) holds for a given k. We will show the same
is true for k + 1. We have_

r([ +ee]r(
H.S.

H.S.

r .s.

By (3.32), taking into account (3.20), the assumption on the kth step, and the uniform
boundedness of X,, for n large enough we obtain

II2")(t)lle-2"+2)’=e -"’’ 0< ’= 2-2e.

Now, by taking the norm in the above integral expression, it follows that

")_+ Pl ..s. <=

+ e-"’(ll .s. + Poll

Taking into account that N, we can find a suitable constant q such that V n
we have

a +O--l.s. A A .s. + A .s. + 0 .s.
I1 .s. + .s. + (11- e’ll.s. + el.s.)lll q
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because A, is uniformly converging to A in the H.S. norm and by (3.39). Hence a T
exists such that

(3.40)

By defining

we have

-II.T(t)[A + PZPJT*k(t)H.) dt I1 H.S.

L. k A. + 5(.)v 5(,,)
ak ,r-,na k

Lk A + Pk2Pk,

(3.41) lim t.,k Lk II..s.- 0,

To prove (3.41) it is enough to observe that

L,,,k tk II..s. =< a A, II-.s. + P") P’)II..s. / Pk") Pk
and to take into account the convergence of A, to A in the H.S. norm, the assumption
on the kth step, and (3.18). Hence by arguing as in the derivation of (3.39) we have that

-k+, --k+,llH.S. (t)ll i")*(t)ll IIL..,- LkIIH.S.

(3.42) + 11(2")(t)rt. -It.T(t))Lll..s.. 2)*(t)11
/ T( t)ll L(n.L")*(t) T*(t)n.) ..) dr.

Moreover,

(3.43)
I1( ")( t)II. II.T,( t) L II..s. < I1( ")( t)YI,, T’)( t)H,) L,II..s.

/ I1( T")(t)rI. -n.T(t))L ll..s..
By (3.30), (3.33), and (3.35) the semigroups ’"(t) and T"(t) satisfy the condition
of Lemma 3.3. Because the same is true for T"(t) and Tk(t), it follows by (3.24) that
the right-hand side of (3.43) is less than e/2T for n > re(e, Lk). So by taking into
account property (2.2) of H.S. operators and (3.41), an n,k can be found such that
the integral of (3.42) is less than e/2 for n >

So far we have shown that if property (3.36) holds at the kth step, it still holds
at the (k + 1)th step. Consequently, by (3.39) the theorem is proved by induction. 13

TrtEORE 3.4. Let P be the solution of the ARE, and let Pk") be defined by (3.14).
Then, given e > O, we can choose k and n in order to obtain

Proof. By noting that

P P")II..s. P Pk + Pk P(k") + P(k") ff(k" H.S.

-<-IIP- PkllH.S.+ IIP- Pi")ll..s. + IlPl")-/5k")ll n.s.

we see that the proof follows immediately if we exploit Theorem 2.2 for the first term,
property (3.18) for the second term, and Theorem 3.3 for the last term. E!
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4. Numerical results. As an example of application of the approximation tech-
niques described in 3, let us consider the filtering problem for linear hereditary
systems, defined by the following equations:

(4.
i(

=o
Az( h) + o(SZ( +s s + oo(,

te[0, T],z(0)=Zo, z(s)=zl(s), -r<-_s<O,

(4.2) y(t) Coz(t) + Ooto2(t),

where 0 ho <" < ha r, z( t) g", Ai (i", R"), 1,. , d, Aol
L2(-r, 0; (R",")), Bo(P,"), Co(",q), Go(r,lq), and to1 and
are assumed to be standard P-valued and r-valued independent white-noise pro-
cesses, respectively.

We consider the Hilbert space M2=" L2(-r, 0; ") with inner product

[(Vo, Vl), (Uo, ul)] VUo+ v(s)ul(s)g(s) ds,

where g(s) is a step weighting function such that

g(s) for-hd_i+l<=s<-hd_i,i=l,...,d,

and we define the operator A" (A)--> M2 by

(A) {z (Zo, zl) M2"
zl Hl(-r, 0; "), Zo zl(0)},

Az= Aozo+ Aiz(-h)+ Aol(s)zl(s) ds, :il
i=1

Then the operator (A-AI)is dissipative in M, i.e., [Az, e
and generates a strongly continuous semigroup r(t) on M such that
e’llzll, [2]. Moreover, if T((t) is an approximating semigroup, a constant exists
such that Ily((t)[I =<exp{t}.

By setting

[BOO] r TB w =[wl w] L2(O,T;p+) xT=(zO, Zl) T,

C=[Co 0], G=[0 Go],

equations (4.1) and (4.2) can be rewritten as

(4.3) x()= T(t)xo+ T(t-s)Boo(s) ds, re[O, T],

(4.4) y(t) Cx( t) + Goo(

and the solution of (4.1) is given by the first component of (4.3). Without any loss of
generality we can always assume that GoG I; moreover, B is H.S. because of the
finite-dimensionality of its range.

Now, given the mean vector and the covariance operator of the initial state xo,
the best linear estimate of x(t), and consequently of z(t), can be obtained by the
infinite-dimensional Kalman filter.
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For each n let IIn be the projection operator on the subspace Vn generated by
the following piecewise linear splines"

(n)
Vi,o (t)= lt_r/,,Ol(t){1 +(nt/r)}ei,
(n)vi,,(t) --lt--,r/,,--(,--l)r/nl(t){m-- 1 +(nt)/r}

lt_(,+l)r/n,_,r/nl{m+l+(nt)/r}ei, m=l,... ,2-1,
t) _lt_ (t){n-l+(nt)/r}ei, i=1 2,... n,i,n 1,--l+r/n]

where ei, i= 1, 2,. ., n, is the canonical basis of n, and we are considering @(A)----
Hl(--r, 0; n). For such a scheme, the convergence of the approximate semigroup
toward the actual one holds [2].

It is worth recalling that, as shown in [5], the above scheme does not satisfy the
strong convergence property for the adjoint semigroups. Nevertheless, it can be used
in the present filtering problem because both of the approximating metho.ds proposed
here do not require the fulfillment of such a property.

For the matrix representation, with respect to the selected basis, of all the operators
to be used in the implementation of both the approximation methods, we refer to [2]
and [19]. The numerical example proposed consists of the state estimation for the
system described by the following equations:

(4.5) 2(t) aoX( t) + alx( 1) + bw( t),

(4.6) y(t) cx( t) + gv( t),

with initial conditions x(s) -50s + 50, -1 -<_ s < 0, and with w(t) and v(t) being
independent standard white-noise processes.

To satisfy all the hypotheses that make the approximation theorems of 3 hold,
we imposed the stability condition ao/la,l<0 [30] by choosing ao=-3, al =2.
Moreover, we set b 3.5 and d--2. The system dynamic was simulated according to
the following difference equations:

x((k + 1)A)= e%’ax(kA)+- [alx((k + 1)A 1)+ e%Aalx(kA 1)]+ Wk,

y kza x(kA + Vk,

where A =0.025, k=0, 1,...,80, and {Wk} and {Vk} are independent zero-mean
Gaussian white sequences, with covariances b2 Io exp{2aot} dt and d 2, respectively,
which were generated by using NAG FORTRAN subroutine G05DDF.

The filter was initialized with 9(0)= y(0). The estimate )(t) was determined at
each time instant by using the gain operator obtained off-line from the approximate
solution P of the ARE. It was computed by exploiting the two methods proposed
in 3, for n 3, 5, 7. We will refer first to the method of obtaining P through the
dynamical Riccati equation evolving toward the steady state; the second method is for
computing P by algebraic linear operations.

The numerical values )n(t), k(2A), k 1, 2,..., 40, have been computed by
integrating the approximate filter equation by means of the NAG FORTRAN sub-
routine D02EAF, which uses a variable-order, variable-step Gear method. The same
subroutine has been also used to integrate the approximate dynamical Riccati equation
and to compute the integral in equation (3.14) with null initial condition at each
iteration. For both the approximation methods the achievement of numerical stability
has been tested within the tolerance limit of 10-5 for 10 successive iterations.
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For each experiment the filter performance was evaluated by computing the error
statistics

o’p -4-d x kA 2 kA 2

k=l

and by defining the signal-to-noise ratio improvement (SNRI) as

SNRI := 10 lOglo(variance of observation noise/o-).
For the first method we obtained SNRI 1.606, 4.153, 4.382 for n 3, 5, 7, respectively,
and for the second method we obtained SNRI= 1.609, 4.150, 4.378 for the same
respective values of n.

The whole numerical example was carried out on a VAX 780 computer. The
simulation results are reported in Figs. 1, 2, and 3, corresponding to schemes of order
n 3, 5, and 7, respectively. In each figure plots (a) and (b) represent the behavior of
the filter built according to the first and second method, respectively. The good
agreement between the two approximation methods is also evident from a comparison
of the numerical values reported in Table 1.

5. Concluding remarks. The problem of approximating the infinite-dimensional
algebraic Riccati equation, as an abstract equation in the Hilbert space of H.S. operators,
has been considered. Two methods have been proposed. The first one is based on: the
results established in a previous paper, where, by exploiting the approximability of
the corresponding dynamical Riccati equation and its time convergence toward the
steady state, the problem was reduced to finding a large enough time horizon to
approximate the steady-state solution. Here this approximation scheme has been shown
to converge under more general conditions than those in the previous setting, relaxing,
in particular, the strong hypothesis concerning the exponential stability of the unper-
turbed semigroup.

o’.,o

FIG. 1. Time plots of the noisy-state observation (continuous ragged line), true-state evolution (continuous
smooth line), and approximate-Kalman-state estimation (dashed line) obtained with the (a) first and (b)
second method with n 3. (c) Time plot of the difference between the estimate values.
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FIG. 2. Time plots of the noisy-state observation (continuous ragged line), true-state evolution (continuous
smooth line), and approximate-Kalman-state estimation (dashed line) obtained with the (a) first and (b)
second method with n 5. (c) Time plot of difference between the estimate values.

FIG. 3. Time plots o/the noisy-state observation (continuous ragged line), true-state evolution (continuous
smooth line), and approximate-Kalman-state estimation (dashed line) obtained with the (a) first and (b)
second method with n 7. (c) Time plot qf the difference between the estimate values.

The second method provides a scheme for computing the approximate solution
by means of only algebraic linear operations under the exponential-stability assumption
for the perturbed semigroup. In fact, the solutions of a sequence of finite-dimensional
linear equations have been proved to converge to the exact steady-state solution of
the original problem.
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TABLE
Approximate steady-state solution of the algebraic Riccati equation P’) computed by using the first and second
methods with schemes of order n 3, 5, 7.

1st Method 2nd Method

n P) P)

0.0204 0.0108 0.0092
0.0108 0.0151 0.0125
0.0092 0.0125 0.0138

0.0186 0.0088 0.0069
0.0088 0.0128 0.0098
0.0069 0.0098 0.0107

0.0215 0.0138 0.0092 0.0091 0.0100
0.0138 0.0195 0.0143 0.0087 0.0086
0.0092 0.0143 0.0196 0.0146 0.0096
0.0091 0.0087 0.0146 0.0182 0.0154
0.0100 0.0086 0.0096 0.0154 0.0168

0.0205 0.0127 0.0080 0.0079 0.0087
0.0127 0.0182 0.0129 0.0074 0.0071
0.0080 0.0129 0.0181 0.0131 0.0081
0.0079 0.0074 0.0131 0.0166 0.0137
0.0087 0.0071 0.0081 0.0137 0.0151

0.0217 0.0159 0.0117 0.0096 0.0084 0.0091 0.0102 0.0203 0.0144 0.0102 0.0081 0.0068 0.0074 0.0083
0.0159 0.0202 0.0163 0.0117 0.0093 0.0082 0.0089 0.0144 0.0186 0.0148 0.0101 0.0075 0.0064 0.0069
0.0117 0.0163 0.0198 0.0165 0.0120 0.0094 0.0087 0.0102 0.0148 0.0182 0.0149 0.0103 0.0076 0.0067

7 0.0096 0.0117 0.0165 0.0195 0.0165 0.0115 0.0095 0.0081 0.0101 0.0149 0.0177 0.0147 0.0096 0.0074
0.0084 0.0093 0.0120 0.0165 0.0200 0.0165 0.0119 0.0068 0.0075 0.0103 0.0147 0.180 0.0144 0.0097
0.0091 0.0082 0.0094 0.0115 0.0165 0.0194 0.0170 0.0074 0.0064 0.0076 0.0096 0.0144 0.0171 0.0146
0.0102 0.0089 0.0087 0.0095 0.0119 0.0170 0.0182 0.0083 0.0069 0.0067 0.0074 0.0097 0.0146 0.01157

Both the solving methods work under quite general conditions that, on the other
hand, do not allow for a uniform convergence of the approximate solution toward the
actual one.

Finally, we wish to point out that no assumption on the finite-dimensional
approximability of the adjoint semigroup is made. Such a hypothesis, which is generally
requested in the literature, is often difficult to verify when D(A) f) D(A*) is not dense.
This is the case, for instance, in hereditary systems.
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Abstract. An interior algorithm is proposed for solving the dual of the least 2-norm formulation of a
linear program. This is a convex quadratic problem with nonnegativity constraints only. Sixty-six test
problems, including 63 NETLIB problems, were solved very accurately. The total time speedup of the
algorithm for all 66 problems over MINOS 5.3 is 2.10. Linear convergence of the algorithm is also established.
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(1)

1. Introduction. It is well known [16], [18] that a linear program

mincx s.t. Ax>=b, x>=O

is solvable if and only if the quadratic program

E
(2) mincx+-xx s.t. Ax>-_b, x>-_O

2

is solvable by the same for all e (0, g] for some g > 0. If x(e) solves the quadratic
problem (2), then it is the solution of the linear program (1) that is closest to the origin
in the 2-norm. The dual of the above quadratic program [14] is

E
(3) max--., xx + bu

x, u,

subject to

(4) ex-Atu-v+c--O,

(5) u,v>-O.

Elimination of x from the dual problem by using the constraint relation

x=-(A’u+v-c)

leads to the following exterior penalty function with penalty parameter e associated
with the dual of linear program (1):

(6) min 1/2 IIA’u + v- cll 2- ebu s.t. u, v -> 0.

The Karush-Kuhn-Tucker optimality conditions for the quadratic problem (6) can be
expressed as a symmetric linear complementarity problem

(7) Mz+q>-O, z>=O, z(Mz+q)=O
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after the following identifications have been made:

(8) M:=
A’ q:=

-c
z:=

Iterative successive overrelaxation methods have been proposed for solving the
symmetric linear complementarity problems [15]. A successive overrelaxation method
that preserves the sparsity structure of the problem has been implemented to solve
very large linear programs [3], [19]. These large linear programs with up to 125,000
constraints and 500,000 variables are impossible to solve by using a direct method
such as the simplex.

Our approach to finding the least 2-norm solution of a linear program is to use
an interior penalty function. Since the only constraints present in the dual problem
(6) are nonnegativity constraints, an initial starting point for the algorithm can be
obtained trivially. The interiority of the iterates are easy to maintain by taking an
appropriate step size. These facts constitute the motivation behind our dual interior
penalty method.

We now briefly outline the contents of the paper. In 2 we describe the algorithm,
and in 3 we establish its linear convergence. In 4 we give computational results. In
5 we summarize the paper.

2. Interior dual least 2-norm (IDLN) algorithm. We consider the linear program
given in the standard form

(9) mincx s.t. Ax=b, x>-O

and its dual

(10) maxbu s.t.A’u+v=c, v>=O,

where A is an m n matrix; c, x, v are n-vectors; and b, u are m-vectors. We make
the following assumption throughout regarding this linear program.

Assumption 1. The dual feasible region is nonempty and bounded. That is, the
set := {( u, v)lA’u + v c, v >- 0} is nonempty and bounded.

We note immediately that the following is a trivial consequence of the above
assumption:

(11) := {(u, v)[A’u+v=O, v>=O, (u, v) 0} .
By using a theorem of the alternative [17, Thm. 1], we have that the following is
implied by (11) and hence is a consequence of Assumption 1.

LEMMA 2. Suppose that Assumption 1 holds. Then (i) the matrix A has full row
rank and (ii) the set := {xlAx b, x > 0} .

The primal and dual least 2-norm formulations for the linear program (9) are

(12) mincx+-xx s.t. Ax=b,x>=O
2

and

(13) min1/2l]A’u+v-cll-ebu s.t. v->0,

respectively, for some e > 0.
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If x(e) solves the primal problem (12) and (u(e), v(e)) solves the dual problem
(13), then the following relation holds:

(14) x(e) =1_ (A’u(e)+ v(e)-c).

To solve problem (13) by the interior-penalty method, we solve a sequence of
unconstrained subproblems

(15) min 1/2HA’u + v cll- ebu 3, log v,
u,v j

where { yi} is a sequence of decreasing positive parameters. However, for the algorithm
that we are proposing here, subproblem (15) is not solved exactly. For each penalty
parameter yi, one Newton step is taken.

Define the function F(u, v) as follows:

f(u, v):= 1/2[Ia’u + v cJl 2- ebu 3" log vj.
j=l

Then its gradient and Hessian are

VF(u,v)=(V,F(u,v))=( A(A’u+v-c)-eb
VF(u, v) A’u+v-c-yV-le]

(AAtA)V2F(u, 19)-- A’ I+ yV--
where V := diag(v).

The Newton direction can then be obtained by solving the linear system

VZF(ui vi)(u-ui)v v
+VF(u,v)=0

for u and v.
Since iris not known a priori how small e needs be for a solution of (13) to yield

the least 2-norm solution of the linear program (9), we start the algorithm with an
arbitrary e>0 and decrease its value as we iterate. We now state the complete
algorithm.

ALGORITHM IDLN
Initialization
1. Choose initial points uR" and v +. Set i-0.
2. Choose initial parameters 7> 0 and e> 0.

(A precise way to obtain these initial points and parameters is described
in 3.)

Iteration
1. Solve the linear system

(16) VF(u vi)( u-ui )v v
+VF(u’v)=0"

Let (u +1, v+1) be the solution of the above linear system.
2. Set

(17) x+1 := 1-
7 (A’u+ + v+1- c).
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Termination
If the duality gap Icxi+1- bui+[ is sufficiently small, then stop.
Else
1. Set i:=i+1.
2. If yi> ’Ymin, then yi+ ay’ for some c (0, 1).

If e > emin, then e i+1 pe for some p (0, 1).
(The values of the attenuation factors a and p are given in 3.)

3. Go to Iteration.

Remark 3. Choosing an interior point to start this algorithm is trivial, since the
dual problem (13) has only nonnegativity constraints. This is the main advantage of
this algorithm over the primal algorithm implemented in 10], the dual affine algorithm
implemented in [23], and the primal-dual affine algorithm implemented in [13], [22],
in which a Phase I is needed to start the algorithms.

Remark 4. The solution of the m + n linear system (16) in the m + n variables
(u, v) can be achived by first solving the m linear equations in m unknowns

a[I-(I + y( vi)-2)-’]at(u u i)
(18)

a(i + 3/(Vi)_2)_,VvF(ui, vi)_VuF(ui vi

for u and then computing

v-vi=-(I+ y(vi)-2)-’(VF(u vi)+A’(u-ui))
The Yale Sparse Matrix Package [6], [7] was used to solve the system of linear equations
(18) for all the numerical results reported in this paper.

3. Convergence of IDLN. The logarithmic-penalty minimization problem associ-
ated with the dual problem (13) with penalty parameters e i> 0 and yi> 0 that we are
considering is

(19) min F(u, v):= 1/21lA’u + v ell 2- eibu ,)/i log vj.
u,v j=l

(20)

(21)

The optimality condition for the above unconstrained problem is

A(A’u+v-c)-eib=O,
yie V(A’u + v c) O,

where V:= diag(v). The Newton direction can then be obtained by solving the linear
system

(22)
-c y W) e

(AA A )(lg-tl i)+
A I+yi(vi)-2

I.) V
-’0

or, equivalently,

(23) A(A’u + v- c)- eib =0,

(24) A’u+v-c-’yi(V)-e+’yi(V)-2(v-v)=O,

where u ie R" and vie R-7-/. We denote the solution of the above system of linear
equations by u i+ 1, v i+ 1).

Define the descent directions

yi =/ji+l l,ti z i+1
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and let

Premultiplying equation (24) by V gives

(25)
Vi(A’u i+ + vi+’- c) 7ie- 3,i( vi)-(vi+’ v i)

=3, (e-d).

Premultiplying the Newton equation (22) by the diagonal matrix

gives the equation

I(0 V \AtuiWvi-c-3/i(vi)-le

tlOtANt A ttui/l--ui t+
i(vi)_ i+l_vi -0,

0 V \ A’ I+y v

which is equivalent to

(A(Atui-kvi-c)-eib (AA’(26) yi(Atu "+- v i- c) Tie]
-k-

yiAt

Define the matrix M

AA’
(27) M :=

ViA,

and the residual vector (pi, r i)

a/iI -i- vi)2 d

(28)
piri):=(eib-a(A’ui+7’e Vi(A tui + v i- c)/"

Premultiplying equation (26) by (yi, d i) gives

(29) ((Yd:)’ Mi(d:)l--y ((’Dr:)’ (Mi)-l(piri )l"
The basic idea for the proof is as follows. Suppose that the residual vectors p

and r are bounded at iteration i; then the Newton solution (u i+, vi+) and the vector
xi+:=(1/ei)(Atui++vi+-c) are shown to be primal-dual feasible. Moreover, by
careful updating of the parameters e and y, the boundedness of the residual vectors
pi/ and ri/ is guaranteed. This proof is based on the convergence proof given in [28]
for the solution of a convex quadratic problem using the logarithmic-penalty method.
The linear convergence of the algorithm is also established by using results given in
[21]. Tseng [29] has also established the linear convergence for this algorithm.

We begin by stating the following lemmas regarding matrix Mi.
LEMMA 5. Let M be a symmetric real n n matrix such that, for all x R n,

<x, Mx>>-  llx[I 2 for some 7>0; then (x, M-x)<-_(1/7)llxl] for all x g".

LEMMA 6. Let

(aN=
Bt
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be a symmetric invertible matrix. IfA- and (C-BtA-1B)- exist, then

(A-+A-IB(C-B’A-B)-IB’A-1 -A-1B(C-B’A-IB)-1)N-’:=
-(C-B’A-’B)-’B’A-’ (C-BtA-’B)-’

LEMMA 7. Let

(AAtAV )M:=
VAt yI -[- V2

where A is an m n real matrix with independent rows, V is an n n positive diagonal
matrix, and 3’ > O; then, for all u, v) R m+",

(30)

(31)

(i)

(ii)

v

Proof. (i) We have that

<() (AA AV
VA’ 3’I+ V2 =]la’u+ vvll=/rllvll=>--rllvll="

(ii) By Lemma 6, we have that

<(:), M-I(0v) > --<v, N-Iv>,

where

or

N-1 (TI+ V2- VAt(AA’)-’AV)-’

N 3"1 + V(I A’(AA’)-’A) V.

Define P:= (I-A’(AA’)-1A); then P= p2, and we have the following"

(v, Nv)= 3’llvll2+ IIPVvlI2>= yl]vll 2.

Hence from Lemma 5 it follows that (v, N-’v><=(1/,)llvll. t3
In a fashion similar to that of 12], we define the error function E"" _/-

as

(32) E(u, v):= life- V(A’u+v-c)ll
to measure the error in satisfying the optimality condition (21) by the solution of the
Newton equation (22). It is clear that E(ui+, v+) =0 and eib-A(A’ui+ + v+ c)
0 if and only if (u +1, v+) solves problem (19).

The next lemma gives bound to the error function E at (u +1 v/1)
LEMMA 8. Define the residual vectors p and r

pi:= eib_A(A,ui +vi_c),

r := 3’e W(A’u + v- c);
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the matrices

and the scalar rl

p:= I-A’(AA’)-IA,

E := (I +(AA’)-IAVi(y’I + V’PV’)-1V’A’)(AA’)-,
F’ := -(AA’)-IAV’(T’I + V’PV’)-;

(33) r/’ := IIE’ll IIP’II = + 211F’II IIP’II r’ll.
Let (u +l, vi+l) be the solution of the Newton equation (22). Then

Ev,(u i+l v ’+’) < r/’ +(ri, (y’I + V’PV’)-lr’)

Proof. Recall that

i+1v =v +z =v +Wd.

Since W/l= diag(v+), then V+= W+ WD. We have the following"

E’(u ’+’, v’+’) liT’e-
Ilrie-(Vi+ V’Di)(A’ui+l+vi+’-c)]l

[Irie V(A’u+’+ v+’- c)- D’V’(A’u+’+ v+- c)ll=

y’e vie + r’d i- Di vie

(34)

=(pi pi

-lri=(p Ep+2(p Fr)+(r,(TI+ WPW)

I -r(35) ,’ +r, ( + v’Pv’)

This completes the proof.
For the next iteration, we update the penalty parameter

(36) Vi+= aTi,

where

0.375 + v/-ff
0.5+4-5

We are now ready to state the following important lemma.

(by (25))

(by Lemma 7)

(by (29))

(by Lemma 6)
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LEMMA 9. Let 3’i+1 be defined as in (36) and vi: diag(vi), where v _+. Define
the matrix Mi+ and the vector ri+ as

(37)

AA
Mi+1:=

vi+lAt
Avi+I )3"i+l i + vi+l)2

ri+: y+e- vi+(A’u i+ +vi+l-c),

where (u i+, v i+a) is the solution of the Newton equation (22). Suppose that

(38) (r’, (3,’1 + V’PV’)-’ r’) =< 0.253’

and that 7/ as defined in (33) satisfies

(39) r/i -< 0.1253’

Then

(i) The point (U i+1, V i+1) is feasible for the dual problem (13), vi+I>0, Xi+l:--
(1/ei)(A’ui++vi+-c) is feasible for the primal problem (12) with e= e i, and the
following holds"

i+1 i+1 <(40) exj vj =3" /j= l,2, n.

(ii) The vector ri+1 is bounded as follows"

(i+1 i+1 vi+lpvi+l-1 i+1 i+1r ,(3’ I+ r )=<0.253’

Proof (i) We will first show that under the above conditions lid ill < 1, where
di--(Vi)-l(vi+-vi). By (34) and (35) of the proof of Lemma 8, we have

1
Ildill2--(n +(r, (3"I+ vipvi)-lri))

<1.

The fact that ]]di]] < 1 and vi> 0 implies that v+> 0 and hence the dual feasibility
of (u i+, vi+). From (25) and the definition of x+, we have

eix i+l Atu i+l or- v i+l c

V --1=3"( (e-d )>O.

The equality constraint Axi+= b follows from the definition of xi+ and the Newton
equation (23). To establish relation (40), note that from the definition d=
(vi)-l(vi+l-vi) we have

Eixi+l 3"i( W)-’(e- d i)

vi+, -1 -- I)(e- d_3’( (D

=3’( (e-O

=< 3"i( vi+l)-le.
i+1 i+l < 3’i for all jUpon premultiplying the last relation by W+1, we get exj vj

1,2,...,n.
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(ii) The proof of the second part of Lemma 9 is as follows"

--(ri+, (Ti+II + vi+lpvi+)-lri+1)

1
lit i+li+1

3’
(by Lemma 7)

1
i+, liti+’e- V’+(Atu’+l+vi+’-c)ll

IIcw’e- vi+(mttt i+’+ v i+l- C)II (definition of yi+

1
.< (E/,(ui+i i+1v )+(l-a) Ilell)

1--O
(T +( ri, (Y iI + V’pvi)-lri)) + (by Lemma 8)

<_ (0.125 + 0.25 + v/-ff) x/-ff

-<0.5.

The next two lemmas establish the boundedness of u i+l, vi+, and x;+l under
Assumption 1. We will show that, if the conditions (38) and (39) of Lemma 9 are
satisfied, then x i+l is bounded. The proof is similar to that of Polyak in [26] for the
gradient-projection algorithm. The boundedness of x i/l and the assumption that the
dual feasible set is bounded establish the boundedness of (u

LEMMA 10. Suppose that the conditions (38) and (39) ofLemma 9 are satisfied by
(U i, vi)E’m)<’+. Let (u i+, v i+l) be the solution of the Newton equation (22), and let
x* be a solution of the linear program (9). If the parameters yi and e are such that

2
Y <=(e), then

(41) IIX i+l- x*ll 2n + IIx* =,
where xi+’ (1/ei)(A’u i+’ + vi+1- C).

Proof From the Newton equation (23), we have

A(A’u i+l + v i+ c) eib,

which gives
i+1 (AA’)-l(eib A(v’+- c)).

Hence

(42)

i+1
X (I-At(AAt)-lA)(1-T(vi+l-c))

=pQ(_()i+l_)),
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where Po(x) is the projection of x onto the set Q:= {zlAz b}. By the minimum
principle [26, p. 121] applied to the above projection problem (42), we have

(43) O((vi+I--c)--Xi+l, X:--Xi+l )
or, equivalently,

O> <vi+l c-- Eix X*-- Xi+l)

--<C, X$-- xi+I)-’<vi+I, x$)--(vi+I, xi+I)-- I?,i(x i+l X$ Xi+I>
(44) 3">= ei(-x+, x*- xi+) n

1
xi+l 2 xi+l 2 /i(11 / x*ll -IIx*ll =) n-.

2

The second inequality in (44) follows from the fact that cx*<= cx i+1, (v+, x*) >0,= and
eixi/l v+l < y for all j 1, 2,... n. Rearranging the terms in (44) and multiplying
by 2/e gives

IIx ’+’- x*ll = 2n i e)2 + IIx* 2- IIx ’+’ =

2n + IIx*ll
Hence the proof is complete.

In the next lemma, we establish the boundedness of (u+, v i+l).
LEMMA 11. Suppose that the point (u , v)E" xR_+ satisfies the conditions (38)

and (39) ofLemma 9. Let (u +1, v+) be the solution of the Newton equation (22) and
y _-<(e)2. Furthermore, suppose that the set := {(u, v)lA’u+v=c, v_>0} is bounded.
Then there exists a constant r < depending only on the matrix A and vectors b and c

of the linear program (9) such that

(45) Ilu ’+l, vi+lll ,/-.

Proof Define the set o//.i as follows"

(46) T" := {(u, v) llA’u+v=c+e’x’+, v>0}.-

Note that is nonempty by the construction of xi+ (1/ei)(A’u+ + v+l c). We
claim that the set o//. is bounded. In Lemma 10 it was shown that x+ is bounded.
Hence, if the set o//. is unbounded, then there exists (a, 7) such that

A’a+3=0, 3_->0, (a,O)#0.

Then for any point (w, z) we have that (w+ Aft, z +A) T" for any A-> 0, which
contradicts the assumption that the set 7/" is bounded. Hence o//. is bounded.

Consider now the following nonconvex problem"

(47) maxll(u, v)ll s.t.A’u+v=c+e ’x’+’, v>O.=

This problem has a solution, since we have just shown that its feasible set is bounded.
By the generalized theorem of the existence of a basic feasible solution [20], it follows
that there must exist a basic solution. Let the basis matrix B denote the n x n
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nonsingular submatrix of [A
(47). We have

I] corresponding to the basic solution (, ) of problem

Ila, 11 II(B’)-’(c+ e’x’+’)ll

Since there are only a finite number of basis matrices in [A I] and since both
and x+1 are bounded, we conclude that there must exist " < oo such that

and this completes the proof. 13
From Lemma 11 we have that both maxv A vii and maxv VA’II such that v e o

and V:= diag(v) are finite, where o//.i is the set defined by (46).
The next lemma shows that, if the attenuation factor p (0, 1) for decreasing e

is chosen carefully, then the assumption (39) of Lemma 9 holds at iteration i+ 1.
LEMMA 12. Let (u+, v+) be the solution of the Newton equation (22) and

Xi+= (1/ei+)(Atui+14 vi+l- c). Suppose that (u , vi)l x+ satisfy the conditions
(38) and (39) of Lemma 9 and that the sequences {/k} and {e k} are such that

(48) 0 < {k}’ max
and

(49) 0< {8k} emax

Define the constants

K,=II(AA’)-’II,

K2 max maxllm VII, maxll VA’ s.t. e’u + v c + e v >= O,

C 2 i+1(Tmax + g(g)-)gemaxllbl[=/
C (4/a )emaxX/rff

where a (0.375+v/-ff)/(0.5+/-ff) and /i+ a/i. If
i+1e

where

(50)

and

(51)

then we have

where

1>p>_1-8

i)2 ,)/i+ i)/2ci0<’<-_(-C’+4(C +0.5 C,

i+1 < i+1
r/ =0.125,>,

i+l i+l pi+ 2 Fi+ i+ ri+:-liE Ill[ 11/211 lille IIll II,
pi+l := ei+lb_A(Atui+l+ti+l_c),

ri+l := ,’+e- Vi+(A’+ui+ + vi+- c),

E ’+ := (I +(AAt)-IAVi+(Ti+I + vi+Ipvi+I)-1Vi+IAt)(AAt)-,
F’+’ := -(AA’)-’AV’+’(/’+’I + vi+pvi+l) -’.
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Proof We will first compute the bounds on the norms of the residual vectors p
and r’+1 as follows"

(i)

(ii)

p’+’ II- e’+’b A(A’u’+l + v’+’- c)ll

-Ile’b A(A’u ’+1 + v’+’- c)+ e’+’b e ’bll
=(1-p’)eillbll (by (23)),

i+1

Ilr,+,ll- II’+,e W+(A’u’+’+v’+’-c)[

<-_2yiv (by (40)).

Next we compute the bounds on the norm of the matrices E ’+1 and F’+1 as follows"
(i)

IIE’+’I] II(I +(AA’)-IAW+I(T’+II + W+Ipw+I)-1W+IA’)(AA’)-lll

+--mKl(K ,
(ii)

IIF’+’II [[-(AA’)-’AW+’(T’+II + W+Ipv’+I)-’II

< K1Kii+1 2.

Hence we have

i+1 i+1 i+1 Fi+ p i+ ri+, -lIE lip 112+211
1

),,+1 ,)2( ,)2 2--< ,+, +K,(K)2)K,(1-p e [[bl[ +2, K,K2(1-p )e Ilbll2"x/-d

E2max( ’Ymax -" KI(K/2)2) K, b 112(1 pi)2/,yi+l _it_ (4/a )emaxK1Kllbllx/- (1 p’)

_--< C*I(1 -p’)+ C(1 -p’)

-<C’ 21(6 +C2(6 (by(S0))

<-0.125),’+1 (by (51)).

This completes the proof of the lemma. [3

By using the results from the Lemmas 9-12, we can now establish the following
theorem regarding Algorithm IDLN.

THEOREM 13. Let (u’, v’)emx+ be the ith iterate of Algorithm IDLN with
parameter e e’ and y y’, y’ <- (8i) such that thefollowing two conditions are satisfied"

(52) (r’, (y’I + Wpvi)-lr’) <-O.25y

and

(53) r/i N 0.125T i,
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where r is the residual vector defined by (28) and qi is the real number defined by (33)
in Lemma 8. Suppose that (u +1, v+1) is the solution of the Newton equation (22). If we
let

Xi+l-- 1--7(Atu i+lq-v i+I-c),

i+1

i+1 =p,

where ce (0.375+x/-ff)/(0.5+x/-ff) and p (0, 1), satisfying condition (50) in Lemma
12, then

(i) The triple (X i+l, U i+l, V/q-l) is bounded and isfeasiblefor theprimal-dualproblems
(12), (13) with e= F i, V+I>O, and

holds, and
(ii) The bounds

and

E ixji+l vji+I ___< ,)/i Vj 1, 2, n

i+1 i+1
rt 0.125y

(ri+l, a/’li+l -k- Vi+l pvi+I) -1 ri+1) < 0.25)’ i+1

are satisfied for (u i+, vi+).
The idea for the linear convergence proof of IDLN comes from a proof given by

Mangasarian and De Leone [21] for the least 2-norm solution of linear programs, in
which they give error bounds for a class of more general problems. The problem they
consider is

(54) min,f(x) s.t.xS:={xlx>=O,g(x)<=O}.

We begin by restating their main result.
THEOREM 14 (see [21, Thm. 2.2]). Let f:R"-->R, g:"->E" be differentiable on

En, let f be strongly convex on " with positive constant k, and let g be convex on .
Let g be linear and S 0 or let g satisfy the Slater constraint qualification, that is,

g()) < O, 9>0,

for some ". Thenfor any (x, u) " x’ the distance x to the unique solution

of (54) is bounded by

k’/21lx-ll <- [xVxL(x, u)- ug(x)+ c II(-VL(x, U))+II1

where

L(x, u) := f(x) + ug(x),

:-- minxs(llxlloo/ [lVf(x)lll/k),

where W [’+" is the nonempty closed convex polyhedral set ofoptimal multipliers u, v)
ofthe convex program (54) associated with the constraints g(x) O, x O.
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By using Theorem 14 we will show that if we impose a stronger condition on the
parameter e i/, then IDLN Algorithm is linearly convergent.

THEOREM 15. Let (u i/l, v i/l, x/), a, and p be as in Theorem 13. Suppose that
all the conditions in Theorem 13 are satisfied, and suppose that theparameter e is decreased

(55) / tS’
where 1 > fi := max{a 1/4, p}, p as defined by (50), and that T is decreased as

(56) Ti+= aT i,

where a (0.375 + x/if)/(0.5 + x/if). Then the sequence {x i} converges to , the unique
least 2-norm solution of (9) with the linear root rate [25]

(57) [[xi/-[[-<(a/4)’/ for i>=

for some constant 3 and some integer i.

Proof. Let L(x, u)= cx+(e/2)xx-u’(Ax-b). Then

VL(x+, u+) c+ eixi+-A’ui+= v+ > 0.

By Theorem 13 we have that

V
i+1 O,

xi+ >-- O,
i+1 i+1ex v =,/ Vj=l,2,...,n,

Ax+ b.

Let :(e i) be the solution of the quadratic problem (12) with e e. It follows from
Theorem 14 that

1
(xi+ i+)/IIx ’/’-)z(’)ll v

1
<__ (nTi/ei 1/2

-,/,

<_ n(a iT)// a /4) ie

t(Ct 1/4) i+1

where x/--ny/(ea /4). Now let -be the smallest integer such that e<= f, where f
is that defined below (2). Combining the last result and the fact that 9 (e) for i=> i
we have

xi+l- 11--< IIx’+- x(’)ll / II)z(’)
_-iix,+l_(,)l
__< t(a 1/4) i+1"

This establishes the linear convergence of the iterates. U
Remark 16. The condition y-< (e)2 required in Theorem 13 will be satisfied for

all if we let r= (e) and if {e } and {y} are decreased according to (55) and (56).
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Remark 17. The parameter E
k in (49) need not go to zero. Let -be the smallest

integer such that e r_<- g, where g is defined below expression (2). If for all k > -we
fix e k-" g, then the linear convergence of the algorithm still holds.

Remark 18. Suppose that constraint matrix A and the right-hand-side vector b
of the linear program (9) have the form

e

where A is some (m-1)x n matrix (see [4] for details on how to transform the
constraints of a general linear program into this form). It is also assumed that the
point e satisfies Ae b. We claim that an initial feasible point satisfying the conditions
(52) and (53) of Theorem 13 can be found immediately. To see this, define y= (e)2
for some positive e such that II(I-a’(aa’)-la)cll<=O.5e. Let u=(Aa’)- ac and
let v= ee. We have

TABLE
Dimensions of linear problems.

Pr. Problem
Original Adjusted

No. Name rows columns nonzeros rows columns nonzeros

25fv47 822 1571 11127 820 1876 10705
2 Adlittle 57 97 465 56 138 424
3 Afiro 28 32 88 27 51 102
4 Agg 489 163 2541 488 615 2862
5 Agg2 517 302 4515 516 758 4750
6 Agg3 517 302 4531 516 758 4756
7 Bandm 306 472 2659 305 472 2494
8 Beaconfd 174 262 3476 173 295 3408
9 Blend 75 83 521 74 114 522
10 Bnll 644 1175 6129 642 1586 5532
11 Bnl2 2325 3489 16124 2324 4486 14996
12 Bore3d 234 315 1525 246 346 1473
13 Brandy 221 249 2150 193 303 2202
14 Capri 272 353 1786 446 641 2230
15 Cre-a 3517 4067 19054 3428 7248 18168
16 Cre-c 3069 3678 16922 2986 6411 15977
17 Czprob 930 3523 14173 1158 3562 10937
18 D2q06c 2172 5167 35674 2171 5831 33081
19 Degen2 445 534 4449 444 757 4201
20 Degen3 1504 1818 26230 1503 2604 25432
21 E226 224 282 2767 223 472 2768
22 Fffff800 525 854 6235 524 1028 6401
23 Finnis 498 614 2714 619 1141 2959
24 Gd-pnc 617 1092 3467 876 1420 2965
25 Growl5 301 645 5665 900 1245 6820
26 Grow22 441 946 8318 1320 1826 10012
27 Grow7 141 301 2633 420 581 3172
28 Israel 175 142 2358 174 316 2443
29 Kb2 44 41 291 52 77 331
30 Lotfi 154 308 1086 153 366 1136
31 Pilot.we 723 2789 9218 1256 3384 10255
32 Rabo 391 576 5510 317 560 5201
33 Recipe 92 180 752 211 300 903
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TABLE 2
Dimensions of linear problems (continued).

Pr. Problem
Original Adjusted

No. Name rows columns nonzeros rows columns nonzeros

34 Sc105 106 103 281 105 163 340
35 Sc205 206 203 552 205 317 665
36 Sc50a 51 48 131 50 78 160
37 Sc50b 51 48 119 50 78 148
38 Scagr25 472 500 2029 471 671 1725
39 Scagr7 130 140 553 129 185 465
40 Scfxml 331 457 2612 330 600 2732
41 Scfxm2 661 914 5229 660 1200 5469
42 Scfxm3 991 1371 7846 990 1800 8206
43 Scorpion 389 358 1708 388 466 1534
44 Scrs8 491 1169 4029 490 1275 3288
45 Scsdl 78 760 3148 77 760 2388
46 Scsd6 148 1350 5666 147 1350 4316
47 Scsd8 398 2750 11334 397 2750 8584
48 Sctapl 301 480 2052 300 660 1872
49 Sctap2 1091 1880 8124 1090 2500 7334
50 Sctap3 1481 2480 10734 1480 3340 9734
51 Sharelb 118 225 1182 117 253 1179
52 Share2b 97 79 730 96 162 777
53 Ship041 403 2118 8450 360 2166 6380
54 Ship04s 403 1458 5810 360 1506 4400
55 Ship081 779 4283 17085 712 4363 12882
56 Ship08s 779 2387 9501 712 2467 7194
57 Shipl21 1152 5427 21597 1042 5533 16276
58 Ship 12s 1152 2763 10941 1042 2869 8284
59 Stocforl 118 111 474 117 165 501
60 Stocfor2 2158 2031 9492 2157 3045 9357
61 Trussl 201 1602 6586 200 1602 4984
62 Truss2 501 4312 17896 500 4312 13584
63 Truss3 1001 8806 36642 1000 8806 27836
64 Vtp.base 199 203 914 347 477 1331
65 Woodlp 245 2594 70216 244 2595 70216
66 Woodw 1099 8405 37478 1098 8418 37487

(i)

(ii)

pO= eOb_A(A,uO+vO_c
eb-A(A’(AA’)-1Ac+v-c)
eb Av
eb eAe
0,

r= TOe V(A’u+v-c)
/e- V(A’(AA’)-IAc+v-c)
,e+ V(I-At(AAt)-A)c Vv
/e+ V(I-A’(AA’)-A)c-(e)2e
V(I-A’(AA’)-A)c.
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TABLE 3
IDLN results.

Pr. Problem
No. Name

Primal Dual Duality Comple-
Infeasibility Infeasibility Gap mentarity

25fv47
2 Adlittle
3 Afiro
4 Agg
5 Agg2
6 Agg3
7 BandM
8 Beaconfd
9 Blend
10 Bnll
11 Bnl2
12 Bore3d
13 BrandY
14 Capri
15 Cre-a
16 Cre-c
17 CzProb
18 D2q06c
19 Degen2
20 Degen3
21 E226
22 Ftttt800
23 Finnis
24 Gfrd-Pnc
25 Growl5
26 Grow22
27 Grow7
28 Israel
29 Kb2
30 Lotfi
31 Pilot.we
32 Rabo
33 Recipe

5.38E- 11 1.38E- 14 1.76E- 13
4.12E- 14 2.13E- 12 3.23E- 16
2.86E 11 1.40E 09 7.95E 16
4.17E- 17 1.80E- 12 1.43E- 13
1.55E- 16 8.15E- 16 3.52E- 14
1.27E- 14 2.15E- 11 2.00E- 10
2.74E- 15 5.87E- 16 1.21E- 12
8.33E- 15 1.41E- 15 3.25E- 15
7.23E- 13 3.81E- 11 1.54E- 14
1.14E 11 0.00E + 00 1.16E 06
7.32E- 12 1.80E-05 1.89E- 13
6.42E- 14 4.45E- 12 7.58E- 14
6.64E- 14 5.48E- 15 5.76E- 15
1.74E- 16 1.87E- 10 9.83E- 13
6.11E- 14 2.81E-05 4.90E- 12
3.39E- 12 9.31E-07 1.54E-07
1.33E- 14 1.27E- 10 1.12E- 13
5.85E 13 1.48E 08 1.13E 09
2.38E- 11 1.81E- 11 1.74E- 11
3.65E- 11 9.03E- 12 1.81E- 12
7.62E- 11 2.80E- 11 1.37E- 10
5.03E 16 2.77E 06 3.14E 07
7.78E 13 1.93E 05 6.42E 08
2.51E- 14 7.59E- 11 7.42E- 15
1.35E- 16 1.72E- 15 0.00E + 00
1.37E- 16 2.50E- 15 1.43E- 13
1.40E- 16 2.70E- 16 1.56E- 16
2.28E 16 1.33E 11 1.83E 06
1.09E- 14 1.53E- 16 1.65E- 13
2.79E- 14 9.28E- 17 5.51E- 13
4.61E- 16 1.32E- 11 6.72E- 06
1.61E- 16 6.77E- 15 6.56E- 16
1.13E 14 2.44E 14 0.00E + 00

2.21E- 17
5.95E- 15
1.48E 11
6.13E- 18
2.07E- 16
4.34E- 13
2.45E- 18
3.78E-20
8.19E- 14
2.00E- 12
2.82E 18
2.58E-20
1.00E 20
2.51E-21
3.44E- 16
7.76E- 10
6.95E- 18
1.68E- 11
2.04E- 17
6.78E- 18
1.16E-17
9.14E- 16
2.45E 09
2.26E 20
1.18E-18
3.25E- 15
2.47E- 18
4.75E- 10
7.51E-16
8.10E- 17
1.32E- 13
1.01E- 18
1.64E 23

Hence

Since po= 0, we have that

and

IIrll--II V(I-At(AA’)-IA)cII
II(I-At(AAt)-IA)cII

_-<0.5(e)
0.5y.

o

(rO, (3,01+ vOpvO)_,rO)<_ 1 ilrO[i

1

=To 4
0.25 3,.
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TABLE 4
IDLN results (continued).

Pr. Problem Primal Dual Duality Comple-
No. Name Infeasibility Infeasibility Gap mentarity

34 Sc105 3.85E- 13 1.14E- 16 7.75E- 12 5.50E- 19
35 Sc205 1.32E- 12 8.48E- 17 8.06E- 14 6.56E- 21
36 Sc50a 4.23E 11 3.28E 17 4.76E 11 8.62E 19
37 Sc50b 7.66E- 12 5.65E 10 6.09E- 16 1.01E- 17
38 Scagr25 2.47E- 13 8.18E- 14 6.95E- 13 1.39E- 14
39 Scagr7 2.43E- 14 8.17E- 10 4.45E- 10 1.24E- 11
40 Scfxml 2.10E- 12 6.81E-08 1.38E- 14 5.21E- 17
41 Scfxm2 4.72E- 14 2.88E-08 5.61E- 11 2.14E- 15
42 Scfxm3 3.09E- 14 1.78E- 09 2.42E- 13 6.14E- 18
43 Scorpion 2.55E 11 3.68E- 10 7.77E- 12 3.43E- 20
44 Scrs8 2.24E- 14 8.26E 15 1.35E- 14 9.01E- 21
45 ScSdl 5.95E- 10 1.85E-07 2.73E- 10 8.52E- 11
46 ScSd6 1.07E- 11 5.81E-08 2.24E- 12 1.50E- 13
47 ScSd8 4.86E- 12 1.05E- 07 4.42E- 13 1.35E- 13
48 ScTapl 1.44E- 13 1.10E- 12 2.29E- 13 1.09E- 17
49 ScTap2 2.95E- 14 1.82E- 12 3.16E- 15 3.48E- 17
50 ScTap3 1.10E- 12 3.71E- 12 2.27E- 14 3.25E- 16
51 Sharelb 2.83E- 14 1.70E 15 2.78E 14 2.56E 17
52 Share2b 1.67E- 11 5.74E- 15 2.50E- 13 6.66E- 18
53 Ship041 1.30E- 14 7.95E- 12 1.72E- 14 3.18E- 16
54 Ship04s 1.05E- 11 1.22E- 11 1.41E- 12 7.03E- 19
55 Ship081 3.16E- 13 4.03E- 10 3.21E- 13 5.56E- 15
56 Ship08s 8.48E- 14 8.06E- 12 1.57E- 13 3.07E- 15
57 Shipl21 1.24E- 10 2.24E-09 1.64E- 13 4.51E- 18
58 Shipl2s 8.84E- 13 6.15E- 12 1.59E- 13 1.03E- 15
59 Stocforl 8.02E- 12 7.50E- 14 1.34E- 10 1.24E- 13
60 Stocfor2 4.95E- 10 1.87E- 13 1.99E- 14 3.23E- 17
61 Trussl 1.61E- 14 1.26E- 10 2.07E- 15 8.07E- 17
62 Truss2 4.34E- 12 2.74E- 13 1.32E- 13 1.11E- 18
63 Truss3 2.75E- 09 2.30E- 12 1.27E- 10 8.81E- 16
64 Vtp.base 8.97E- 16 2.04E- 10 6.72E- 16 1.21E-22
65 Woodlp 6.92E 07 2.64E 08 4.25E 09 2.25E 15
66 Woodw 3.27E 05 0.00E + 00 2.38E- 05 4.07E- 15

4. Numerical results. Algorithm IDLN was implemented in FORTRAN and run
on a DECstation 3100 under the Ultrix V4.0 Operating System. The source code was
compiled by using the "-O" option. All floating-point operations were done in double
precision. All times reported here were obtained by calling the system subroutine
etime( ).

It is not practical to convert the constraints of a linear program to be solved to
the form described in Remark 18. We have implemented the algorithm to solve the
linear program in standard form (9), where A is a general m x n matrix. For all test
problems, we set the initial values of e and 2, to

e= 10-3, 3/0= 10-6.

The initial value of the dual variable u is

u= 0.0.
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TABLE 5
Comparison of MINOS 5.3 and IDLN (DECstation 3100).

Pr. Problem MINOS 5.3 IDLN
No. Name Obj. Value Obj. Value

Rel.
Error

25fv47 5.501846779100E +03 5.501845888285E +03
2 Adlittle 2.254949631624E +05 2.254949631627E +05
3 Afiro -4.647531428571 E+ 02 -4.647531428543E + 02
4 Agg -3.599176728658E + 07 -3.599176728657E+ 07

5 Agg2 -2.023925235598E + 07 -2.023925235598E + 07
6 Agg3 1.031211593509E+07 1.031211593922E+ 07
7 BandM 1.586280184501E +02 1.586280184497E +02
8 Beaconfd 3.359248580720E +04 3.359248580720E +04
9 Blend -3.081214984583E + 01 -3.081214984570E+ 01
10 Bnll 1.977629285606E +03 1.977629571770E +03
11 Bnl2 1.811237723508E+03 1.811236540359E+03
12 Bore3d 1.373080394208E +03 1.373080394209E +03
13 BrandY 1.518509896488E +03 1.518509896488E +03
14 Capri 2.690012913768E+ 03 2.690012913773E+ 03
15 Cre-a 2.359541131854E+07 2.359540706121E + 07
16 Cre-c 2.527511614088E +07 2.527511631673E+07
17 CzProb 2.185196698857E +06 2.185196698857E +06
18 D2q06c 1.227842228276E +05 1.227842108308E +05
19 Degen2 1.435178000000E +03 1.435177999966E +03
20 Degen3 -9.872940000000E + 02 -9.872940000029E + 02
21 E226 -1.875192906637E+01 -1.875192906125E+01
22 Ftttt800 5.556795691272E +05 5.556795660507E +05
23 Finnis 1.727909654670E +05 1.727912302152E +05
24 Gfrd-Pnc 6.902235999549E +06 6.902235999549E +06
25 Growl 5 1.068709412936E +08 1.068709412936E +08
26 Grow22 1.608343364826E + 08 1.608343364825E + 08
27 Grow7 -4.778781181471E+07 -4.778781181471E+07
28 Israel -8.966448218630E +05 -8.966448157000E +05
29 Kb2 1.749900129906E + 03 1.749900129906E + 03
30 Lotfi -2.526470606188E + 01 -2.526470606185E + 01
31 Pilot.we -2.720104227125E+ 06 -2.720107532760E + 06
32 Rabo 6.651024202721E + 04 6.651024150298E + 04
33 Recipe -2.666160000000E +02 -2.666160000000E +02

1.62E-07
1.45E 12
6.18E- 12
2.87E- 13
7.20E- 14
4.01E- 10
2.43E- 12
6.93E- 15
4.31E- 12
1.45E 07
6.53E-07
7.62E 15
1.08E- 14
1.97E- 12
1.80E-07
6.96E 09
2.50E- 13
9.77E 08
2.35E 11
2.90E- 12
2.73E- 10
5.54E 09
1.53E-06
1.51E-14
0.00E + 00
2.87E- 13
1.56E 16
6.87E-09
3.30E- 13
1.10E-12
1.22E 06
7.88E-09
7.68E- 15

For most of the problems solved, the initial value of the dual variable v is

v= 60.0.

These initial values, together with the following updating schemes for the parameters
y and e, produced the best computational results that we could obtain. The parameters
are updated as follows. If ei> emi. 10-2, then

and, if yi> ’Ymin 10-9, then

/Yi/2.0’)/i+ Ti/3.0
y/4.0

El+l--Ell4.0,

if Ilx’+ -x’ll2> 100,000,
if IIx +’ -x’l12> 1,000,
if [[x’+’-x’l[> 10,
if IIx’+’-x’ll> 0.1,
otherwise.
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TABLE 6
Comparison of MINOS 5.3 and IDLN (DECstation 3100) (continued).

Pr. Problem MINOS 5.3 IDLN Rel.
No. Name Obj. Value Obj. Value Error

34 Sc105 -5.220206121171E+ 01 -5.220206121090E+01 1.55E- 11
35 Sc205 -5.220206121171E+01 -5.220206121170E + 01 1.61E- 13
36 Sc50a -6.457507705856E + 01 -6.457507705241E + 01 9.53 E 11
37 Sc50b -7.000000000000E + 01 -6.999999990671E + 01 1.33E- 09
38 Scagr25 -1.475343306077E + 07 -1.475343306075E + 07 1.38E- 12
39 Scagr7 -2.331389752379E +06 -2.331389822188E +06 2.99E 08
40 Scfxml 1.841675902835E + 04 1.841675902838E+ 04 1.49E- 12
41 Scfxm2 3.666026156500E + 04 3.666026156912E + 04 1.12E 10
42 Scfxm3 5.490125454975E +04 5.490125454978E +04 4.85E- 13
43 Scorpion 1.878124822738E + 03 1.878124822709E+ 03 1.55E- 11
44 Scrs8 9.042999861889E +02 9.042969538008E +02 3.35E 06
45 ScSdl 8.666666674333E +00 8.666666695922E +00 2.49E 09
46 ScSd6 5.050000007826E +01 5.050000007863E +01 7.24E 12
47 ScSd8 9.049999999255E + 02 9.049999999351 E + 02 1.07E- 11
48 ScTap 1.412250000000E + 03 1.412249999999E+ 03 4.60E 13
49 ScTap2 1.724807142857E + 03 1.724807142857E + 03 3.30E 15
50 ScTap3 1.424000000000E + 03 1.424000000000E + 03 3.83E 14
51 Sharelb -7.658931857919E+ 04 -7.658931857918E+04 5.83E- 14
52 Share2b -4.157322407414E + 02 -4.157322407412E + 02 5.11E 13
53 Ship041 1.793324537970E + 06 1.793324537970E + 06 3.51E- 14
54 Ship04s 1.798714700445E + 06 1.798714700440E + 06 2.82E 12
55 Ship081 1.909055211389E+06 1.909055211390E+ 06 6.43E- 13
56 Ship08s 1.920098210535E+ 06 1.920098210535E + 06 3.12E 13
57 Shipl21 1.470187919329E + 06 1.470187919330E+ 06 3.27E- 13
58 Shipl2s 1.489236134406E + 06 1.489236134407E + 06 3.16E- 13
59 Stocforl -4.113197621944E+04 -4.113197620844E+ 04 2.67E- 10
60 Stocfor2 -3.902440853788E + 04 -3.902440853788E + 04 3.92E- 14
61 Trussl 1.143641882582E+ 04 1.143641313033E+ 04 4.98E-07
62 Truss2 7.275236330356E+ 04 7.275236330358E+ 04 2.66E- 13
63 Truss3 4.588158471856E+ 05 &588158473024E + 05 2.54E- 10
64 Vtp. base 1.298314624614E+05 1.298314624614E+ 05 5.49E- 15
65 Woodlp 1.442902411573E+ 00 1.442902423830E + 00 8.49E-09
66 Woodw 1.304476333084E + 00 1.304476786146E + 00 3.47E 07

The new iterate (u i+1 v i+1) is obtained as follows:

/i+1 :__. /i,

vi+l := vi + 0.98X(- vi),

where (-iu, 3 is the solution of the linear system (16) and the step size h is defined as

1 if/5i >-0,
3j)) otherwise,

(58) )t :=
minjj (v/(vj

-iwhere J :--- {jlv- v > 0}.
Finally, the program is terminated if one of the following conditions is satisfied:

I(cxi--cxi--1)/cxi--llsx 10-8 and II(-x)+ll/llx+ll<-_lO-7

or

I(cxi--cxi--1)/cxi--II lO-8 and I(bu-bu’-’)/bui-’]<-_ 10-8.
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TABLE 7
Time comparison of MINOS 5.3 and IDLN (DECstation 3100).

Pr. Problem IDLN MINOS 5.3 IDLN MINOS/IDLN
No. Name Iter. (seconds) (seconds) Time Ratio

25fv47 63 (5) 329.27 145.02 2.27
2 Adlittle 26 (1) 0.99 1.03 0.96
3 Afiro 23 (1) 0.39 0.66 0.59
4 Agg 40 (3) 4.38 26.08 0.17
5 Agg2 31 (2) 7.40 31.96 0.23
6 Agg3 32 (2) 7.46 33.03 0.23
7 BandM 38 (2) 10.38 7.55 1.37
8 Beaconfd 30 (2) 3.27 6.84 0.48
9 Blend 31 (1) 1.13 1.57 0.72
10 Bnll 47 (2) 41.31 26.15 1.58
11 Bnl2 68 (5) 608.77 872.00 0.70
12 Bore3d 36 (1) 2.95 4.87 0.61
13 BrandY 45 (2) 6.27 7.57 0.83
14 Capri 48 (1) 4.52 13.28 0.34
15 Cre-a 63 (2) 580.86 139.35 4.17
16 Cre-c 71 (3) 648.83 132.53 4.90
17 Czprob 60 (1) 72.27 34.74 2.08
18 D2q06c 54 (3) 6159.31 1240.51 4.97
19 Degen2 31 (2) 25.55 28.26 0.90
20 Degen3 39 (2) 684.18 665.93 1.03
21 E226 53 (2) 7.34 9.31 0.79
22 FtIff800 51 (3) 25.90 50.77 0.51
23 Finnis 40 (3) 10.73 11.96 0.90
24 Gfrd-Pnc 35 (2) 18.66 7.31 2.55
25 Growl5 32 (2) 17.90 18.73 0.96
26 Grow22 31 (2) 33.46 28.53 1.17
27 Grow7 30 (2) 4.81 8.04 0.60
28 Israel 47 (3) 4.00 37.51 0.11
29 Kb2 32(2) 0.63 1.15 0.55
30 Lotfi 35 (2) 3.63 2.90 1.25
31 Pilot.we 93 (3) 220.98 98.76 2.24
32 Rabo 65 (2) 15.72 126.82 0.12
33 Recipe 44 (1) 1.10 2.49 0.44

At the termination of Algorithm IDLN, an iterative scheme described in [9] is
implemented to improve the accuracy of the solution of the linear program.

We tested the algorithm on 66 linear test problems, 63 of which were from
the NETLIB collection [5], [8]. Problem Rabo came from the mortgage division of Rabo
Bank of the Netherlands, and the problems Cre-a and Cre-c were made available by
J. Kennington [2]. The dimensions of these 66 problems are given in Tables and 2.
In columns 3-5 of these tables, we list the number of rows (including the objective
row), columns, and nonzeros of matrix A of the linear program in its original MPS
format. Columns 6-8 show the size of the linear programs after the data is preprocessed
so that these linear programs can be written in standard format (9).

For comparison, we solved these problems by using MINOS 5.3 [24], which is a
linear-programming package based on the simplex method. MINOS was run with the
default settings for all parameters except log frequency 200, summary frequency 200,
and solution no. The results that we obtained on the 66 test problems are listed in
Tables 3-8.
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TABLE 8
Time comparison of MINOS 5.3 and IDLN (DECstation 3100) (continued).

Pr. Problem IDLN MINOS 5.3 IDLN MINOS/IDLN
No. Name Iter. (seconds) (seconds) Time Ratio

34 Sc105 30 (2) 0.89 1.10 0.81
35 Sc205 34 (2) 2.02 1.90 1.06
36 Sc50a 27 (2) 0.46 0.77 0.60
37 Sc50b 25 (1) 0.44 0.75 0.59
38 Scagr25 34 (2) 8.20 4.68 1.75
39 Scagr7 32 (2) 1.26 1.40 0.90
40 Scfxml 42 (1) 7.63 8.33 0.92
41 Scfxm2 45 (2) 21.71 19.10 1.14
42 Scfxm3 47 (2) 44.64 31.10 1.44
43 Scorpion 32 (1) 4.54 3.65 1.24
44 Scrs8 51 (2) 18.68 12.89 1.45
45 ScSdl 27 (1) 4.44 3.17 1.40
46 ScSd6 33 (1) 17.68 6.48 2.73
47 ScSd8 29 92.62 12.52 7.40
48 ScTapl 39 (2) 4.56 4.62 0.99
49 ScTap2 40 (1) 29.26 31.40 0.93
50 ScTap3 40 (2) 59.14 40.68 1.45
51 Sharelb 45 (2) 2.81 2.81 1.00
52 Share2b 31 (2) 1.59 1.77 0.90
53 Ship041 29 (2) 11.61 10.05 1.16
54 Ship04s 30 (1) 7.32 7.23 1.01
55 Ship081 32 (3) 29.65 23.71 1.25
56 Ship08s 31 (2) 16.71 13.14 1.27
57 Ship121 32 (1) 66.32 32.31 2.05
58 Shipl2s 32 (2) 28.78 16.48 1.75
59 Stocforl 26 (2) 1.07 1.38 0.78
60 Stocfor2 37 (2) 178.07 45.26 3.93
61 Truss 34 23.09 12.09 1.91
62 Truss2 37 (2) 167.08 68.80 2.43
63 Truss3 45 (5) 902.58 212.97 4.24
64 Vtp.base 30 (1) 2.30 4.28 0.54
65 Woodlp 61 (4) 116.13 862.77 0.13
66 Woodw 65 (5) 316.53 265.82 1.19

TOTAL 11754.16 5588.62 2.10

In Tables 3 and 4, we list

llAx-bllPrimal Infeasibility max
Ilbll

I[(A’u-c)+ll
Dual Infeasibility

II(-c)+ll + 1.0’

Duality Gap
cx- bu
cx + bu

Complementarity
IIX(c-A’u)ll

where X := diag(x).
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Tables 5 and 6 show the objective values obtained by MINOS and IDLN. Column
5 of these tables gives the relative accuracy of IDLN objective value

Relative Error :=

where cx* is the optimal objective value reported by MINOS.
Tables 7 and 8 compare the execution times for MINOS and IDLN. The total

number of iterations for IDLN to solve each problem is shown in column 3, where
the number in parentheses indicates the number of refinement iterations.

We note that, for most problems, IDLN solutions have better primal feasibility
than do the solutions obtained by the IPP algorithm described in [27]. In the primal
algorithm, a Newton direction is computed in the primal space, i.e., the descent direction
p is such that Ap =0 and the primal variable is updated xi+1= xi+ ap. As increases,
the error IIAx- bll accumulates, and this leads to a deterioration in the feasibility of
the primal solution. In contrast, because Algorithm IDLN takes the Newton step in
the dual space, its primal feasibility Ax= b depends only on the accuracy of the
current Newton direction.

The results obtained from these 66 linear programs can be summarized as follows.
After relatively few refinement iterations (<3 for most problems), solutions with very
good primal and dual feasibilities were obtained. For most problems solved, the IDLN
objective value agreed with the MINOS objective value at least in the first eight digits.
IDLN solved 34 of the 66 problems faster than did MINOS. Similar to other interior-
point algorithms, the relative speedup of IDLN over MINOS increases as the problem
dimension grows. The total time taken by IDLN to solve all the test problems was
5,589 seconds, whereas the total time for MINOS 5.3 to solve these problems was
11,754 seconds, which is 2.10 times as long as for IDLN.

The number of iterations for Algorithm IDLN is slightly more than that for the
two-phase affine scaling algorithm of Adler, Resende, and Veiga [1], but it is very
comparable to the number for the single-phase dual-barrier method of Gill, Murray,
and Saunders [11]. To solve 31 NETLIB test problems, a total of 1005 iterations, 271
of which are Phase I iterations, are needed by the affine scaling algorithm. The total
number of iterations for IDLN to solve these 31 problems is 1172. The corresponding
total number of iterations for the single-phase dual-barrier method is 1097.

5. Summary. We have described a new algorithm for finding the least 2-norm
solution of a linear program. The logarithmic-penalty approach is applied to the dual
reformulation of the problem to find this solution. The dual problem has only nonnega-
tivity constraints on some of the variables; hence finding an initial point for the
algorithm and maintaining positivity of these variables is trivial. When the algorithm
is started with an appropriate initial point and parameters, and if the parameters are
updated at each iteration in a certain prescribed way, the algorithm is shown to converge
globally and linearly locally.

Our numerical results indicate that the algorithm is competitive with other interior-
point algorithms, such as the affine algorithm 1 ], [23] and the single-phase dual-barrier
method 11 ].
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CONTROLLABILITY ALONG A TRAJECTORY:
A VARIATIONAL APPROACH*

ROSA MARIA BIANCHINI AND GIANNA STEFANI

Abstract. This paper unifies and improves most sufficient conditions of local controllability both along
a trajectory and at a point. This is accomplished by defining high-order variations that can be continuously
summed. The peculiar property of these variations is that they may be generated by thin conditions as
relations in the Lie algebra associated with a control system. This property leads to a variational interpretation
of Sussmann-type sufficient conditions of local controllability (neutralization of obstructions), and it allows
the use of different weights for neutralization.

Key words, local controllability at a point, local controllability along a trajectory, high-order variations,
C control systems, C affine control systems, graded approximations
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Introduction. The aim of this paper is to give high-order conditions for a point
of a reference trajectory to be interior to the reachable set. This property is linked to
the minimum-time problem by the fact that if is an optimal trajectory on [0, T],
then, for each [0, T), (t) belongs to the boundary of R((o, t), i.e., the reachable
set at time from the initial point o-(0) of the optimal trajectory. Therefore, each
sufficient condition for (t) to belong to the interior of R(o, t) yields a necessary
condition for : to be time optimal. The high-order conditions are of particular interest
in the case of nonlinear systems for which the Pontryagin maximum principle may
not be sufficient to single out a unique candidate and singular trajectories may appear.

The original motivation for the paper was to give a unified setting to most of the
results on local controllability, both at a point and along a reference trajectory. For
the controllability at a point o of systems with bounded controls, a quite general
sufficient condition was obtained by the same authors in [1] by means of an open
mapping theorem based on the properties of the cone of tangent directions to the
reachable set at o given in [7]. For controllability along a possibly nonstationary
trajectory, the idea is to use some known conditions based on the relations at a point
in the Lie algebra associated with the system in order to construct high-order variations
of the trajectory.

Variational cones Y{" have been introduced to state high-order maximum principles
[5], [SJ, 13J, 14], etc., for optimal-control problems in a fixed interval of time [0, T].
If there are constraints on the final point, then it is usually required that the elements
of Y{ have a continuous sum property (see [5], [14]). Roughly speaking, the property
can be stated as follows: if v,..., Vk belong to Y{, then for all sufficiently small
positive numbers c,..., ck there are control variations depending continuously on
the data that produce a curve in the reachable set R(o, T) whose tangent vector is
given by c v -- c2D --" -+- CkVk. The continuous-sum property ensures that if is the
whole tangent space, then the final point (T) is interior to R(o, T).

Control variations, possibly distributed along the trajectory, are defined in [5].
The result is that a variation of high order can be summed only with variations of
order one. In 13], 14], instantaneous control variations are considered, i.e., the control

* Received bythe editors September 4, 1990; accepted for publication (in revised form) February 25,1992.
t Dipart. di Matematica U. Dini, Viale Morgagni 67/a, 50134 Firenze, Italy.
Dipart. di Matematica e Appl., Via Mezzocannone 8, 80100 Napoli, Italy.
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variation takes place in a small interval of time [z, z + e]. For this kind of variation
the main difficulties in proving the continuous sum property arise for tangent vectors
generated by control variations that occur at the same time z. In [13] and [14] these
difficulties are overcome by requiring that a variation can be obtained continuously
on a small arc of trajectory, so that the variations can be thought of as being produced
at different times. This implies that the variations are not of local nature, so that they
cannot be produced by thin conditions, such as those based on the relations that the
Lie algebra associated with the system satisfies at a point on the trajectory; see Example
3.10. In [8] a high-order maximum principle is stated for unconstrained optimization
problems. The variations defined therein have a local nature, but they do not have the
continuous-sum property.

In this paper we define variations of a reference trajectory that satisfy the con-
tinuous-sum property and have a local nature. This is achieved by requiring that control
variations of time duration e and starting at times z + ye (3, is a new "small" parameter)
produce basically the same tangent vector to the reachable sets. This variational
approach improves and unifies most of the known sufficient conditions for both local
controllability at a point and local controllability along a reference trajectory [1], [3],
[9], [12], [17], [18]. In particular, we prove that the Sussmann-type controllability
conditions give rise to variations. As a consequence, we use different weights in
neutralizing different obstructions. Our techniques can be used for both bounded and
unbounded controls. Therefore, the results in 1] are also improved; in fact, the open
mapping theorem described therein applies only to bounded controls. For a preliminary
version of the results contained in this paper, see [2]. The paper is organized as follows"
In we define the variational cone and state its main properties. In 2 we study
further properties of the variations for C systems, and we introduce the notion of
weak local controllability. In 3, 4, and 5, C control systems that are affine with
respect to the control are considered. More precisely, in 3 we prove that the variations
depend on the "germ" of the system (Proposition 3.1), and we state the main result
(Theorem 3.5) concerning the possibility of producing variations by means of the
relations in the Lie algebra associated with the system. Many examples are given. In
4 we study the variations of the trajectory relative to the drift term by using an

approximating system we defined in [3]. In 5 we give the applications to local
controllability along a reference trajectory, Theorem 5.4. This theorem points out that
controllability at a point and controllability along a trajectory can be seen in a unified
setting.

1. The variational cone. Let M be an n-dimensional, paracompact connected Cq

manifold, q-> 2. We use the following notation: If h M M is a diffeomorphism,
h,:TMTM is the tangent map of h. o(.) denotes a continuous map such that
lim._.o o(e)/e 0, and O(. denotes a continuous map such that lim_o O(e) 0. Let
r/:[0, g) M be a continuous map such that r/(0) , and let v M. We write

n()=+v+o()
if the equality holds in a chart (and hence in any chart). A time-dependent vector field
g :[ M TM is said to be a C Caratheodory vector field [10] if q-> r+ 1 and the
following conditions are fulfilled:

(a) / R, g(t,. is C r.
(b) In any chart, g and all its derivatives with respect to x M up to order r are

measurable in t. To be more precise, if Di2g denotes the jth derivative of g with respect
to x M, then Dg(., x) is measurable V x M, j O, 1,. , r.
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(c) In each chart, Dg,j 0, 1, , r, is locally L-bounded, i.e., for each compact
K contained in the chart and for each j 1,..., r there exists a locally integrable
map ffi such that

IlDg(t, x)ll--< (t).
Let us consider a multi-input control system on the manifold M, i.e., a differential

equation E on M"

--f( t, x, u),

depending on the control map u 0-//. will be called the set of admissible controls.
We assume the following:

(A1) Each control map u is a measurable map defined on a compact interval I,
with values in [".

(A2) f:EME TM is such that for each fixed (t, OO)EEm, f(t, ", OO) is a
C map and for each u , (t, x) f(t, x, u (t)) is a C Caratheodory vector field.

(A3) If u belongs to , then each restriction of u to a subinterval of I, belongs
to 0//. We shall denote both the control and its restriction by the same symbol.

(A4) If u, v belong to 0// and I,=[a, hi, I=[b, c], then the concatenation
u#v:[a, cite defined by

u#v(t)={u(t), t[a, b],
v(t), t[b,c],

belongs to .
Under these assumptions for each u , each M, and each to Iu, there is a

unique maximal solution t- S(t, to, (, u) of E such that S(to, to, , u) (. The map S
defined on a suitable subset of EEM // by (t, to, , u)S(t, to,, u) is called
the flow of the control system. For each fixed u, S is a continuous map that is C with
respect to (. We endow 0//with a topology H for which the flow and its derivative with
respect to :, (t, to, , u)(S(t, to,’, u)). are continuous. The possible choices of the
topology II depend on f and on the properties of the admissible controls [5], [10],
[11]. If 0//is immersed in L([), then we can choose H equal to the L topology [10].
If f is affine in u, then the L topology can be chosen as H also; see [5].

Let us fix a reference control , and without loss of generality let us suppose
ia--[0, T]. The reference control defines a reference flow

(t, ’, :) -- S( t, ’, , t)-- S( t, ’, :).

Let us fix also the initial point o, so that the reference trajectory t-- :(t)-- (t, O, :o)
is completely determined.

Definition 1.1. The control system is said to be locally controllable along : (or,
if the system can be understood, is locally controllable) if and only if for each (0, T]

(t) int R(o, t) int{S(t, 0, :o, u): u 6

In this section we define the variational cone relative to the reference couple (, a),
and we state its main properties. As a consequence, we will get conditions for the
point (t) to be interior to the reachable set and hence for the reference trajectory to
be locally controllable. Since the proofs of the theorems are rather technical, we provide
them at the end of the section.

We start by defining.a variation of a reference trajectory at a given time t. Roughly
speaking, we consider the principal part with respect to e of the curve obtained by
first applying a control variation starting at for an interval of time length e and then
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transporting the obtained final point back to time by means of the reference flow.
Therefore, a control variation results in a tangent vector at (t). We require that the
same principal part can be obtained if the starting point of the control variation is
shifted by e% where y is a small parameter that is independent of e. It is this last
property that allows us to sum the simultaneous variations (see the proofs of Lemma
1.15 and Theorem 1.7).

DEFINITION 1.2. A vector v T;,M is a right variation of order a of (3, ) at
time [0, T) if there are (a) positive numbers y, c, e and (b) a map r/:[0, /] [0, ] x
[0, g]- R continuous in the H topology of OR such that

(1.1) S(t,t+ey+e,S(t+ey+e,t+ey,(t+ey), r/(y,c,e)))=(t)+e"cv+o(e)

uniformly with respect to 7, and c. The vector v is a left variation at time (0, T] if

(1.2) S(t,t-ey, S(t-ey, t-ey-e,(t-ey-e), r/(y,c,e)))=.(t)+e"cv+o(e").

The variation will be called regular if the map o(e") that occurs in (1.1) or (1.2) is
an o(e) for some/3> a.

Example 1.3. If the constant map u(t)=-to is an admissible control, then

f(t, (t), to)-f(t, .(t), t(t))

is a right (left) variation of (:, ) at each in which is right (left) continuous.
Remark 1.4. In a chart at .(t) equation (1.1) can also be written

S(t+ey+e, t+ey,:(t+ey), r/(y, c, e))=(t+ey+e)+e"cv+o(e").

Remark 1.5. There are no left variations at 0 and no right variations at T.
Remark 1.6. A variation depends only on the reference trajectory and does not

depend on the reference control. Namely, if the controls and t give rise to the same
trajectory in a neighborhood of t, then the set of variations at is the same if either,

or u is used.
By definition, the set of variations at is a cone with vertex at the origin that is

not in general a convex set. However, the subset of variations of the same order is a
convex set (see Lemma 1.15). Moreover, the simultaneous variations can be summed
in the following sense"

THEOREM 1.7. If V, Vr are variations of (, ) at time t, then there exist
a positive number g,

(ii) a neighborhood V of 0 in (I+) r,
(iii) a continuous map v" V[0, g] OR, and
(iv) two continuous maps 19, ’[0, g]- [+ that go to zero with e such that

S(t, t+19(e),S(t+19(e), t-(e),;(t-dP(e)), v(c, e)))=(t)+e CiVi’qt-O(E).
i:1

Notice that Theorem 1.7 implies that the transport along the reference flow of the
convex hull of the set of variations at defines a set of directions tangent to the
reachable set. Hence the variations that occur at any time r [0, t] provide information
on the geometry of R(:o, t) at .(t). For this reason we define the variational cone at
a time as the convex hull of the transport of the variations obtained at each previous
time. Contrary to the variations, the variational cone depends on the choice of the
reference control except for t--0.
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Definition 1.8. Let t [0, T]. The variational cone Y’(t) of (9, if) at time is given
by

convex hull {v:v is a right variation at 0} if 0.

Y’(t)
[convex hull

,,1
((t, -,.)),v: v is a variation at " if tO.

Here only right (left) variations have to be considered at 0 (at t).
The vectors of 9’{(t), t>0, define directions tangent to R(sCo, t) at )(t). In fact,

the following property holds.
TIJEOREM 1.9. Let w, , w. Y’(t), > 0; there is a neighborhood V of 0 in (E+)"

and a continuous map r/: V [0, g] 07/such that

(1.3) s(t,O,o,n(c,))-(t)+ c,w,+o().
i=1

The above theorem and degree theory provide in an obvious way the following
sufficient condition for )(t) to be interior to the reachable set at time t.

THEOREM 1.10. Iffor some t>0, Y{(t)= T.I,M, then )(t) 6int R(o, t).
By definition, it follows that if Y{’(0)= ,,M, then Yg’(t)= T..,M, t t[0, T].

Therefore, Theorem 1.10 implies the following:
COROLLARY 1.11. If Y{(O)= ,,M, then the system is locally controllable along .
Example 1.12. Let

9 Ax + bu, all L (, [0, ])

be a linear control system in E2 such that A has complex nonreal eigenvalues and rank
(b, Ab)= 2. Let 0 be the reference control, and let ’t--- e’Ao be the associated
reference trajectory, b is a variation at each s [0, t], and (eAl’-"lb) is the transport
of b from time s up to time t. Therefore, the variational cone 3’{’(t) contains eAb for
all - in [0, t]. Let c + i/3 be the eigenvalues of A; if > 7r/, then the set {eAch" " [0, t])
contains a positive basis of I-. Hence )(t) is an interior point of R(:o, t) for each
greater than zr//3.

The same ideas can be used to compute the time interval in which a single-input,
linear, autonomous control system in En is globally controllable with positive controls,
if all the eigenvalues of A are simple and complex.

Notice that if int R(o, t) is empty, Theorem 1.10 provides no information on
)(t). Nevertheless, for a large class of control systems R(o, t) is contained in a possibly
lower-dimensional submanifold N(sCo, t) and the interior of R(o, t) relative to N(sCo, t)
is not empty [4]. In these cases the variational cone can be used to test whether )(t)
is a relatively interior point (see 2).

THEOREM 1.13. IfR(o, t) is contained in a submanifold N and ?{(t) T.t,N, then
(t) is interior to R(o, t) with respect to N.

Proof. The proof can be obtained easily by noting that if R(sCo, t) is contained in
a submanifold N, the definition of ’(t) implies that ’{(t) is contained in the tangent
space of N at :(t).

Remark 1.14. If all the constant maps with values in a subset 1) ofN are admissible
controls, then Theorem 1.10 can also be put in a variational setting. In fact, it states
that if (t)eOR(o, t), then there exists a nontrivial covector ,g at .(t) such that
(A, w) -< 0 for each w e Y/’(t). Hence in our hypothesis the definition of variational cone
implies that the solution A’[0, t]- T*M of the adjoint equation, which in local
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coordinates is given by

is such that

0X(s) -A(s) -xf(S, (s), a(s)),

(1.4)

and

(A(s),f(s,.(s), oo))<=(A(s),f(s,.(s), t(s))),

A(t) A,

V wl a.e. s6[0, t],

(1.7)

then

In other words, the convex set generated by vl," ", v.,. is a set of variations of order k.
Proof We give the proof for right variations; the proof for left variations is

analogous. Let us fix a chart at (t) so that we can suppose M- W’. From Definition
1.2 it follows that there are i, gi, 6i and continuous maps r/i [0, i] [0, C’i] [0, g] --> 0//

such that

(1.6) S(t+ei%+e.i, t+ei%,(t+ei%), Ti(’)/i, ci, ei)):(t+ei%+ei)+ecivi+o(e).
If el,"" ", e.,. are such that

e,(/, + 1) <- ee_, e,(/, + 1)+ez_-< e33,’’’, e(! + 1)+ez+’’ "+e.,._, =< e./.,.,

"+ei_! )31i Ci,
E

is defined for i=2,...,s, 3/[0,-/l],ci[0, C’i],e[0, gi]. Let H2,’",H,. be the
positive numbers defined by

4/1 + 1 H24/_,, H2(</z + 1)= H.</3, , H,._I(</.,._, + 1)= H</.,..

If el e, e eH, 2,. , s, then the inequalities (1.7) are satisfied. Let

4/=4/!, Yi yi(y)=(y+I+H+" "+H-I)/H,
min { 1, e,, gz/H,. ., g./H,. },

c= (c,,’’’, c.,.), V [0, ’,] [0, ?zH2] [0, ?.H].
The map IX" [0, /] V,. [0, g]--> o//given by

Ix(% c, e li( y, c, e # "rl(’),, c2/H eH) # # "rl.( y., c/H eH.
is continuous. Moreover,

S( + e( y + 1), + ey, ( + ey), Ix(3’, c, e ))

S(t+ e(y+ 1), t+ey,(t+ ey), l(Y, c, e))

----.(t + ey+ e)+ ekcv + O(e ),

(t, t+ey+e?,S(t+ey+e?,t+ey,(t+ey),Ix(y, c, e)))=,(t)+e k CiVi’+’O(Ek),
i:1

(1.5) (A(s), v) _--< 0, Vve?Tg(s), Vse[0, t].

We end this section with the proofs of Theorems 1.7 and 1.9. To prove Theorem
1.7 we need the following two lemmas.

LMMA 1.1 5. Let v," , v. be right (left) variations of order k of (, ) at time
t; there exist (i) positive numbers /, g, , (ii) a neighborhood V of 0 in (N+)", and (iii)
a continuous map Ix [0, ] x V x [0, g] 07/such that
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S(t+ e(y+ + H), t+ ey,(t+ ey), tx(y, c, e))

S(t+e(y+ +H), t+ e(y+ 1), :(t+ e(y+ 1))

+ ec,v, + o(e), (, c:/H:, eH)).

By the definition of H the derivative of the flow with respect to the initial state is
continuous, so that

S(t+ e(y+ 1 + H), t+ ey, (t+ ey), (y, c, e))

eH:))=S(t+e(+l+H:),t+e(y+l),(t+e(y+l)), :(y:,c/H:,

+ s(,,(,v(,c/,o+o(l

;(t + e(T+ + H2))+ e(c,v, + c:v)+ o(e).
By similar arguments if + H2 +" + H,. H,. (% + 1) y, then

s(t + e(e+ ), + ee, (t + ee), (, c, e))

S(t + eH,.(y.,. + 1), + ell,.%., (t + ell,.%)+ e(c,v, +’" "+

+ o(e), n.,.(Y.,., c,/H eH))

(t + e+ e)+ e(c,v, +...+ c,.v,.)+ o(e),
so that the lemma is proved.

LEMMA 1.16. Let v, v be right (left) variations of (, ) at time t; there exist
(i) a positive number g, (ii) a neighborhood V of 0 in (+), (iii) a continuous map
u" V [0, g] , and (iv) a continuous map O’[0, g] + that goes to zero with e such
that

(t, t+O(e),S(t+O(e), t,(t), u(c, e)))=(t)+e civi+o(e),
i=1

(S(t, t-O(e),(t-O(e)), u(c, e))=(t)+e i:lCiDi@O(E))
Proof Let k < ke <... < kp be the orders of the variations v’s. We denote by

wi, , wi.,., the variation of order ki. Let h 1/k; then h > hz > > h,. By Lemma
1.15, for each there are i, gi, , and i’[0, ]x x[0, g] such that in a
chart at (t)

-(t+e"y+e")+e Z d.w + o (e).
j=

Hence if e is sufficiently small, say, e [0, e’], and if d , then u (e, d ) (e,? +
"+e"-’_,d,e ’’) is defined and continuous. Set O(e)=e"+-..+e,’?p,c
P@= , and u(e, c)= v(e, d)# .#ue(e, de). With the same arguments used in

the proof of Lemma 1.15 we get

S(t+O(e), t,(t), u(c, e))=(t+O(e))+e Z CiVj+O(e)
j=

The proof is analogous for the left variations.
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_Proof of Theorem 1.7. Let vl,"’-, Vr be va-riations of (, t) at time t, and let us
suppose that v.j is a left variation for j-< s and that it is a right variation for j > s. The
control variation defined in Lemma 1.16 is a variation of the reference control t before
the time for left variations and after time for right variations. Therefore, by
concatenating the two control variations we get the desired property, r-1

Proof of Theorem 1.9. Let {w,. ., w.} c yd(t); there exists to < t <. < te,
V,’’’,Vr, T,,M such that v is a variation at time t and {(S(t, r,.,)),v,
i= 1,. .,p,j 1,. ., r}={w,. ., w.,.}. For each let g, E, ,, and u be as in
Theorem 1.7; hence in a chart at .f(t)

S(t+O(e), ti-i(e),(ti-i(e)), ui(c,
(1.8)

(ti +Oi(e))+ e c. + o(e).

Let g <min {f} be such that supto. {t+O(e)}<infto. {t+-+(e)}. Let V=
V x V x.. x Vp; V is neighborhood of 0 in (+)". We define " V x [0, g] by

e)(t):pi(ci, e)(t), tG[ti-i(6), ti+Oi(6)]
(t), otherwise.

Let us prove by induction that

S(t, +Oi(e), to, o, (c, e))
rj(1.9) + E Z c.(g(t,+o,(), t,.)),,v.]+o().

.j=

For i= 1, (1.9) is proved by (1.8). Let a(e)= t+O(e) and b(e)= t-@(e). Then

S(a,+,(), to, o, (c, ))= s(a,+,(), b,+,(),

g(b,+,(e), a,(), S(a,(), to, o, (c, ))), ,(c, ))

=S(ai+,(e),b,+,(e),g(b,+,(e),ai(e),(ai(e))
j=l s=l

j=

+ o(, ,+,(c+, )
S(a+,(l,

[+ c:((a+,(, ,. ,v.] + o(
j=l s=l

j

If t T, then O(e)=0 since there are no right variations at T; hence (1.9) proves
the theorem for p. Otherwise, if t < T, we set t+ T, O+(e) +(e) 0, and
(1.9) proves the theorem for p + 1.. C fie-ieee erl sstes. In this section we study the properties of
the variational cone in the case of C time-independent control systems. Note that
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any control system E can be considered to be time independent by considering the
time as another state variable. Hence the results of this section can be adapted to the
time-dependent systems that are C with respect to both time and state. For the C
manifolds we use the following notations: V(M) is the Lie algebra of C vector fields
on M. Iff V(M), (t, so) -- exp tf. sc denotes the local flow off and adt.: 7/’(M) V(M),
g-ad.cg =If, g] denotes the Lie derivation in V(M) with respect to f If F is a subset
of V(M), Lie(F) denotes the Lie subalgebra of 7r(M) generated by F and (Lie(F))’
denotes the derived algebra of Lie(F) defined by

(Lie(F))’ span {IX, Y]: X, Y Lie(F)}.

We consider the control system E:

=f(x, u).

In addition to the hypotheses of 1, we assume the following:
(A5) The manifold M is C.
(A6) f: M x"-TM is such that for each o e", f(., o) is a C vector field.
(A7) If u:[a, b]o’" belongs to o//, then ’ " the control map u:[a+-, b+z]o

", defined by u(t) u(t -), belongs to
Assumption (A7) ensures that if one has an admissible control, then one can use

it at any time, so that the trajectories of E can always be thought of as trajectories
with initial time equal to 0. For this reason from now on we will not specify the initial
time. For example, S(t, , u) will denote the value at time of the solution of E relative
to the control u starting at . Notice that because E is time independent, u fulfills
assumption (A2) if and only if u does.

Let Ft be the set of all the values taken by the control maps, i.e.,
{u(t) ": u 0?/, I,}. We associate with E the family F= {f(., w): w}_ 7/’(M).
The trajectories of E relative to the piecewise-constant controls are contained in the
orbits of F. The local flows of the vector fields in F generate a pseudogroup of local
omeomorphisms:

G {exp tgt exp tg t ff, g F}.

It is known that N(o)= {4’(o): b G} is a C immersed, connected submanifold of
M [19]. N(o) is the set of points that can be reached from o by means of the orbits
of F. Let N(o, t) be the subset of N((o) defined by

N(,o,t)={q(o)’bG,=, t=t}.
N(:o, t) is a possibly disconnected, integral manifold of the distribution

A={g.dog--h.xoh-’: g,hG, ,xF}.
A always contains the distribution

J(F)=sPan {Z aX+Z: X6 F, a,Z a=O,Z(Lie(F))’},

and A coincides with jo if either J(F) has constant dimension or the family F is
analytic; see [4], [6] and the references therein.

In [4] it is proved that, whatever 9/is with the properties A, , A7, the reachable
set R (sro, t) is contained in N(sCo, t).

DEFINITION 2.1. The relative interior, int R(:o, t), of R (:o, t) is the set of interior
points of R((o, t) in the topology of N(:o, t).
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Remark 2.2. If R contains the set of piecewise-constant controls with values in
gl and R(o, t) # 0, then intre R (o, t) is not empty if either F is analytic or jO(F) has
constant dimension [20].

DEFINITION 2.3. The control system is weakly locally controllable along a trajectory
(or, if the system can be understood, is weakly locally controllable) if and only

if for each (0, T]

:(t) intreR(o, t).

By Theorem 1.10, if for each positive Y{(t)= A((t)), then is weakly locally
controllable. For example, this is the case if Yf(0)= A(o).

A variation at or, more generally, an element w Yf(t) can be thought of as the
value at :(t) of a vector field Y that is not uniquely determined. We will say that a
vector field Y F(M) defines a variation at time (an element of ?T{(t)) if and only
if Y((t)) is a variation at (is an element of the variational cone at time t). In this
sense we can say that a subset of OF(M) is either a set of variations at or a subset
of the variational cone at t.

The subspaces contained in the variational cone are particularly interesting. As a
matter of fact, if is time optimal, then the adjoint covector given by the Pontryagin
maximum principle must be orthogonal to them. The subspaces of OF(M) contained
in the variational cone for each in an interval give rise to further tangent directions.
Namely, as a consequence of the properties of the transport along the reference flow,
we have

THEOREM 2.4. Let us suppose that the reference control is constant in (to, tt], i.e.,
(t):w / (to, tl], and let f=f(., og). lf is a subspace of OF(M) such that

Z((t))[(t) VZ@ and V t(to, tl],

then for all Z

ad.ti,Z( (t)) ?7{(t) V and / (to, t,].

Proof Let to < < t, by definition (exp rf,), Z((t- r)) e 3’{(t), V r e [0, to].
Hence the subspace H co {(exp rf),Z(;(t r)): Z e 9, r e [0, to)} is contained
in Yf(t). The C curve r(exp rf),Z(;(t-r)) belongs to H, so that its derivatives
at r=O belong to H and hence to ’{(t). However, the ith derivative at r=0 is

ad.li,Z(x(t)), so that the statement is proved.
Hypothesis (A7) implies that if the reference trajectory is stationary, then the set

of variations at does not depend on t, so that the variational cone is increasing with
t. Hence in this case the maximal subspace contained in the variational cone at any
positive time must be invariant under the Lie derivative with respect tof. The variations,
and hence the variational cone, of a stationary trajectory have further specific properties
that are consequences of the fact that the control variation of Definition 1.2 can be
chosen independently on 2’. The properties we are going to prove are properties of
variations of a stationary trajectory of a time-independent control system that satisfy
hypothesis (A7), and they also hold if the control system is only C . For variations
of a stationary trajectory there is no distinction between right and left variations, and
any variations can be thought of as a variation at any time. For this reason we omit
the time at which a variation occurs and we consider each variation as a right variation.

PROPOSITION 2.5. If v is a variation of order a relative to a stationary trajectory,
it is a variation of any order greater than a.
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Proof By Definition 1.2 there exists a continuous control variation r/(c, e) such
that in a chart at s%

s(, :o, v(c, ))= ,,+ eev+ o().

Let fi > 1; e t is smaller than e for 0< e < 1. If (e, e) coincides with the control
r/(c, e) in the interval [0, e t and with the reference control in the interval [e t, e], then

S(, .o, #(c, ))= ,,+’cv+ o(’),

so that the proposition is proved. 71
Notice that for a nonstationary trajectory the variation’s order cannot be enlarged

in an analogous way. In fact, it may not be possible to enlarge the length ey of the
interval of possible starting times of control variations.

Lemma 1.15 implies the following:
COROLLARY 2.6. The set of variations relative to a stationary trajectory is convex.

3. Afline control systems. In this section we study the properties of the variational
cone when the control system is a C system affine with respect to the control and
the reference control is constant. Without loss of generality we can suppose that
(t)-=0. The results obtained can also be used when the reference control is a
piecewise-constant one. In fact, if we restrict the reference couple to a subinterval, we
obtain a variational cone that is contained in the original one.

Let fl be an assigned subset of [,n such that 0 and span =Era. TO each
family f (fo, ft, ",f,n) of C vector fields on a manifold M we associate the affine
control process (El, ) on M, where Xf is defined by

=f,,(x) + E

and the control u belongs to the class of the piecewise-constant maps with values in. We will deal with controls defined on subintervals of a given interval [0, T], so that
we will take as admissible controls the set OR of piecewise-constant maps from the
subintervals of [0, T] to . The set R can be immersed in L([0, T], ’") by extending
each u OR with the zero value. We choose H equal to the topology induced on OR by
the L topology.

(El, (l) belongs to the class of systems considered in the previous sections. We
will attach the subscript f to any object defined in and 2 for a general system
when it is referred to the system El. For example, St(t, s, u) will denote the value at
time of the solution of Zt relative to the control u, starting at (. For this class of
systems the distribution jo defined in 2 coincides with the distribution

Lie ad.t.of i= 1,..., m, j =0, 1,..., }.

Let t-0 be the reference control, and let f(t)=-St(t, so:o, 0), t[0, T] be the
reference trajectory; Yle(t) is the variational cone of the reference couple (t, 0). A
vector v is a right variation of order a at if there exists a continuous map
7, c, e) r/(% c, e) such that

exp (-ey- e)f,. St(e, t(t + ey), r/(y, c, e))= t(t) + e*cv+ o(e’*).

Note that because r/is continuous, its L’ norm r/(y, c, e)ll ,.’ goes to 0 with e. In fact,
we can suppose that the support of the map r/(y, c, e) is contained in the interval
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[0, e]; this implies that

n(/, c, e)ll r, ]In()’, c, e)(s)l ds<= I]/(y, c, e)(s)-l(y, c, O)(s)l as

The flow of the control system St, as a map from a subset of[0, T] x M x L([0, T],
) to M, is continuous. Therefore, the variations at r can be studied in any chart at
r(T). In other words, the trajectory’s variations are contained in a prescribed chart
for small.

The following approximation result shows that the variations at r depend in
general on only the germs of the ’s at r(r). Without loss of generality set r 0. Let
us choose a coordinate system at o M, and let us use the same notation for the
system Er and for its coordinate representation. The following property holds:

PROPOSITION 3.1. Let E denote the ane control system obtained by substituting
in the system Er at each vector field its Taylor approximation at o of order k, and let
a < k + 1. If [0, ] x [0, ] x [0, ] is a continuous map such that

(3.1)
then

if and only if
s,(e, (,), ,(,, c, )) (,+)+cv+ o(")

s,(, ,(,), n(z c, ))= ,(,+ )+ e"cv+ o(’).

Proof. Let I be a compact interval containing 0 such that ),(t) is defined e L
The Gronwall’s lemma implies that there exist two positive constants H, C such that
if u ,’ < H, then

(3.2) &( t, ,,, u)ll ,(t) + C u ,.’ V I.
Let G(x) denote the (m + 1)x n matrix whose columns are the vector fields f(x), i=0,
1,. ., m, and let Gh(x) be its Taylor approximation of order k. Let u e , Ilull , < H;
we set v(t) equal to the transpose of (1, u(t),..., u(t)).

ls(, o, - s,(, o, u= (a(s(, o, u (s,(,, o, u.v(,

(G(Sd, o, u))-G(S.(, o, u))+G(S,(,o, u))

G(&(, o, u))). v() a

+ Nllv(,)lI II(S,(r, o, u)ll +’) dr

g v )11 S,( , o, u) &(, o, u)ll dr

re[O, ]
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for some positive constants N, L. Gronwall’s inequality implies

]]Sf(t,:o,u)-S4(t,:o, u)[[B( sup [[S,(’,:o, )]]k+,).-[O,t]

By (3.1) if e is sufficiently small, 117[l., < H. Let (y, c, e) be the control map defined
by

0, t[0, e],
/(y, c, e)(t)

/(y, c, e)(t), t (ey, e + ey],

’ L L and

c,  ))ll

re[0,2e]

I1,(,)11 goes to zero at least as r, so that sup,o,. 1,()11 *’= o(); moreover, by
(3.1) and (3.2) we get sup,o..lls,(,0, 11*’=o(), and the statement is
proved.

Remark 3.2. Let v be a variation of order such that the L-norm of its control
variation goes to 0 as e r. V remains a variation of order if the vector fields ’s are
perturbed with terms of order greater than max {, /r}.

Notice that if a is bounded, then (% c, e)ll ’ Le for some constant L, so that
the following corollary holds.
CooA 3.3. If is bounded, v is a variation of order for (, O) at time 0 if and
only if it is a variation of order at time 0 for (, O) for each k > 1.

A way to compare variations that occur at different times is to bring each variation
back to time 0 by using the reference flow, that is,
if and only if

exp (-t- ey- e)f,. Sf(e, :f(t + ey), r/(% c, e)) :o+ e"c exp (-,).v + o(e’).

This point of view is better understood by looking at the pullback system introduced
in [3]. This system describes the behavior of the trajectories of Er that lie near the
reference trajectory relative to the reference trajectory itself. Hence it can be considered
to be the "right" system for studying the variations of the reference couple. Let us
recall from [3] the definition of a pullback system.

By the properties of differential equations it follows that there is a neighborhood
U of :o and a neighborhood I of 0 in containing [0, T] such that exp . is defined
for each in I and each in U. Therefore, we can define for any f6 V(M) the
time-dependent vector field

f*" I U TU TM, f*( t, ) ---f*(t)(:) exp (-,)..f(exp ,. :).
If u belongs to a sufficiently small neighborhood of 0 in L([0, T], D), the map

t-> y( t, o, u)-- exp (-,). Sf( t, o, u)

is defined and it satisfies the time-dependent control system on U:

.9(t) E u,(t)f*(t, y(t)), y(O) o.
i:1
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The time-dependent vector field f* may be viewed as a C vector field on M* I U.
If we set f* {O/Ot, f*,... ,f*,,}, the pullback system of the system Ef is the system
El, on M* given by

fi,=O+ E u,fi*(y*).
Ot i=

Notice that there is an isomorphism between the solutions of Ef. and the ones of the
restriction of Ef to the neighborhood V= {exp . s:sc U, t I} of the reference
trajectory. The solutions of the two systems are linked by the relation

(3.3) St.(t,(r,o),u)=(t+r, exp(-(t+r)f,)’Sf(t, exprfo’o,u)).

In what follows we shall identify U with {0} U, so that s% (0, s%), Nf.(sCo, 0) is
contained in Nt(s%, 0), Nf.(s%, t)= {t} Nr*(s%, 0) and .()f.(t)) Af.(:o). Notice that
Er. evolves on I N.(s%, 0) and that the reference flow is a translation. In some sense
Er. transforms an open neighborhood of the reference trajectory in the product I U.

Since Ef. reproduces only the trajectories of Ef lying near the reference trajectory,
Nf*(s%, 0) may be not open in Nf(sco, 0), but it is if A?.(s%)= A(s%). In particular, this
is the ease if (sCo)= A(s%); in fact, 5r. {h*" h e 5el}. In any case the variations are
generated by small (with respect to the L norm) controls, so that from (3.3) it follows
that a vector field h is such that h(2r(t)) is a variation at for (:t, 0) if and only if
h*(t, :o) is a variation at for (:f., 0). In particular, v e Ycr(0) if and only if v e Y(f.(0).
In terms of pullback the vector v e A(s%) is a right variation of order a at if there
exists a continuous map (y, c, e)- r/(y, c, e) such that

Sf,(E, (t + ey, ,o), rl(Y, c, e)) (t+ ey+ e, o+ e"cv+ o(e")).

Each f, i= 1,..., m, provides a variation of order 1 at each time (see Example
1.3). Moreover, the Campbell-Hausdorff formula gives any trajectory of Er* relative
to a piecewise-constant control as the trajectory of a vector field whose asymptotic
expansion (modulo O/Ot) is an element of 5f.. Noting that ’-f*(0)--’-0f(O), we shall
keep the elements of 5el(s%) as candidates to be variations at 0.

The main result in [3] provides a sufficient condition for (Er, f) to be weakly
locally controllable along : when 1 is a neighborhood of the origin in ’. Namely,
some elements of 5el are pointed out as possible obstructions, and some conditions
are given to neutralize them. In this paper we use the same ideas to construct variations
at 0. The result is that different types of neutralization can be used for the same system;
see Example 5.2. To make the above ideas more precise and to state the main result
we need the notations introduced in [3], [18].

Let Lie X be the free Lie algebra on generated by the noncommutative indetermin-
ates X={Xo,...., X,,}. will denote the ideal of Lie X generated by XI,...., X,,.
Substituting f for Xi in any element X Lie X, we obtain a vector field that will be
denoted by Xr. For any subset A of Lie X, Ar will denote the subset of Lie f given by
Af= {r: t’ e A}. By means of a set (lo, , l,,) of integers we define a weight on
Lie X that will induce a weight on Lie f. Let A be a bracket in ow. We denote the length
of A with respect to X; (i.e., the number of times that Xi appears in A) by IAI. The
weight of A is defined by

i=0

and the subspace of 9 of the elements of weight not greater than is given by

V span {At" A 5e, IIAll, i}.
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An element h’ 5 is called l-homogeneous if it is a linear combination of brackets
with the same weight, which will be called the weight of X. Following H. J. Sussmann,
we say that an l-homogeneous element X is l-neutralized for Zf at o if Xf is a linear
combination at (o of brackets with less weight. In other words, X is l-neutralized if
there is an i< Ilxll, suc that X,(o) Vi(o). For more details and examples see [3], [18].

To identify the elements of Lie f that give rise to variations, we introduce the set
of obstructions relative to a weight l; see [3]. Let

=span {A 0" IAIo is odd, IAli is even, i= 1,..., m},

s {h’ " ’ is symmetric w.r.t, those Xi’s that have the same weight, 0}.
In other words, the elements of are the fixed elements of the automorphisms of

generated by/z,..j Xi - X., ’ i, j such that l !J. For example, if m 3, lo 0, l 12 1,
13 3, then adZx,Xo + adx2Xo and adx.,Xo belong to , but adx,Xo does not.

The set of obstructions relative to the weight is the set

* Lie (X,,, Y3) 5.

DEFINITION 3.4. A set (lo,""", l,,) of integers will be called a set ofadmissible
weights for 1) if and only if for each to=(to,..., to)cl) and each e(0, 1)

tto,,, 1).(3.4) (e’-to,, -,
Notice that if 1) is a polydisk H={(to,..., tom)m" ]to]--<p, i= 1,’’’, m},

possibly some p +, then (3.4) is equivalent to requiring that if pi is finite, then l _-> lo.
The following result states that an element of r defines a variation at time zero

if every obstruction with lower or equal weight is neutralized at o by means of a set
of admissible weights.

THEOREM 3.5. Let 1) be the polydisk Ha {(w,, , win) Iw, P,
1,. ., m}, possibly some p +, and let be a bracket in 3. If there exists a set

of admissible nonnegative weights, lo,. ., l,), such that

(3.5) each A 6 * s.t. []A[],-< [1[[, is l-neutralized at ,,
(i.e., Ar is a linear combination at o of elements in 3f with lower weight), then f((o)
is a regular variation for the pair (f, 0). Moreover, if all the l’s are positive, then the
order of the variation is p[I,/ lo.

The proof of the theorem is based on the properties of suitable graded approximat-
ing systems introduced in [3]. In 4 we shall investigate the links between the variations
of the system and those of the approximating system, and we will provide the proof
of the theorem. Notice that the approximation result in 4 is different from the one
stated in Proposition 3.1. In fact, the result in Proposition 3.1 links the order of a
single variation to the order of the Taylor approximation of the fields. In 4 we state
that suitable subspaces of the set of variations of a first-order graded approximating
system are also variations of the original system.

Theorem 3.5 provides subspaces contained in Y{f(0); in fact, if a bracket 0
satisfies the hypotheses of the theorem, the same is true for each bracket with the same
l-weight. Hence it can be used to derive by means of Corollary 1.11 and Remark 1.14
either sufficient conditions of weak local controllability or necessary conditions for
the couple (f, 0) to be optimal. The applications to the local controllability property
will be described in details in 5. Here we limit ourselves to constructing subspaces
of variations.

PROPOSITION 3.6. If is a polydisk, the distributions

H, =span {’j= 1,..., m},
H2=span {[f,f/]" i,j 1,..., m}
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define two subspaces, of regular variations at any time. If, moreover, 12=JR ", then
Lie {fl,""", fm} defines a subspace of regular variations at any time.

Proof. Let (1, 1,..., 1)" A * implies [Imll, >-- 3. Hence if ow is a bracket
of length no greater than two, then (3.4) is fulfilled. This implies that for 1, , m,
+f((t)) are regular variations of order and +[f,f/]()(t)) are regular variations of
order 2. If12 ’, we can choose 1= (1, 0, , 0). q Lie {fl,... ,f,,} implies II ll,- 0,
meanwhile, A * implies Ilmll,--> 1. Therefore, satisfies the hypotheses of Theorem
3.5, and the proof is complete.

The above proposition and Theorem 2.4 lead to the following two corollaries.
COROLLARY 3.7. For each positive t, the distribution

span { ’ad.ti,f, f]" h, k >- ..,ad.ti,[f O, i, j (1,. m

defines a subspace contained in ?7{r( t).
COROLLARY 3.8. If f ", for each positive the distribution

=span (ad.ti, Y: h >-0, Y Lie {f,... ,f,,})

defines a subspace contained in Y{r( t).
It is known that if ’[0, T] - M is a time-optimal trajectory, then (t) OR((O), t)

for each [0, T). Corollaries 3.7 and 3.8 and Remark 1.14 imply the following result"
PROPOSITIO 3.9. If the trajectory t-(t)=exp . o is time optimal in [0, T],

then (r( t)) T.,,Mfor each [0, T). Moreover, the adjoint covector A( t) ofRemark
1.14 is orthogonal to (r( t). If f=[", then (r(t)) T.,,IM and the adjoint covector, (t) is orthogonat to r(

Up to now we have given examples of subsets of Lie {f,,... ,f,,,} that define
variations along the whole trajectory. Note that if v (xr(t)) is one of these variations,
then in a chart at xr(t) there exist vectors near v that are variations at time near t. We
will now provide an example of a vector field that defines a variation v at 0, but
the set of variations at positive times is separated from v. This fact underlines once
again the local nature of this kind of variation.

Example 3.10. Let us consider the following system on [3.

=l+u, j ux, , u(x3y + ye),
where (o (0, 0, 0) and ]ul--<1/2. The reference trajectory is given by (t)= (t, 0, 0). Let

d 2x=[adyof a y, fo]=(2-6x)(O/Oz) +X define variations at 0. In fact, they satisfy the
hypotheses of Theorem 3.5 with 1=(2, 3) (for details see [3]). To see that both
cannot define variations at positive times, consider = (-), ? (0,,). If +X were
variations at -, then they would be variations at 0 for the trajectory 33r defined by
t--exp tfo" . Since ()=span {O/Ox, O/Oy} and X()= (2-67)(O/Oz), by Corollary
1 11 )3 would be locally controllable. However, ad.t:f=-(2x3+6xy-2y) (O/Oz), so
that ad .t;fo(:t({)) =-23 (O/Oz) does not belong to (r(-)). The results in [15] imply
that for each > 0 sufficiently small, 33(t) exp ,. belongs to the boundary of R (sc, t),
a contradiction.

Slightly modifying the above example, we can show that if a vector field does not
provide variations on an arc of trajectory, then its adjoint with respect to the reference
field may not define an element of Y{r(t). This shows that hypothesis (2.1) in Theorem
2.4 cannot be dropped.

Example 3.11. Let us consider the following system on 4:
+ u, f UX, U(x3y -k- y2), 1 Z q- ux3y,

where o (0, 0, 0, 0) and [u[ _-< . The reference trajectory is given by r(t)= (t, 0, 0, 0).
Let X adrift, ad.c,f] (2-6x)(o/oz) + (3xe-4x)(o/ow). X satisfies the hypothesis of
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Theorem 3.5 at 0 with (2, 3), so that +X define variations at 0. Hence for each
positive t, Y{f(t) contains +(exp).X(o)=+(20/Oz+2tO/Ow) and (f(t))=
span{(O)/(Ox), (O)/(Oy)}. If +/-adt6x=+(60/oz+(6-12x)(o/ow)) defined an element
of ?)’{f(t), Y{f(t) would be [4 for each positive t, so that the reference trajectory would
be locally controllable. We shall show that points of type (t, 0, 0, a a) cannot be reached
if is sufficiently small.

Let us suppose that the control u is such that

x(t)= x(Sr(t, o, U))= t, y(t)= y(Sr(t, o, u))=O, z(t)= z(Sf(t, o, u))=O.

We obtain

u(s)x3(s)y(s) ds =xa(’)y (’)
2

ya(s)x(s)(1 +u(s)) ds

xa(r)ya(.) y3(.) Ior2 3
y-(s)x(s) ds,

so that

z(,)
x2(r)ya(.) y3(.)

2 3
ya(s)x(s) as + ya(s)u(s) as.

y(t) z(t) 0 implies

(3.6) Ya(S)(X(S) u(s)) as --O.

As a consequence, we obtain

w(t)= w(Sr(t, o, u))= z(s) ds- x(s)ya(s) ds

y3(s)
ds+ ya(’)(u(r)-x(r)) drds- x(s)y2(s) as

3

=fo(y-(s)xa(s)2 y3(s)
ds+ (t-s)y-(s)(u(s)-x(s)) ds- x(s)y2(s) ds

3

--Ion(ya(S)x2(s)2 y3(S)3 sya(s)(u(s)-x(s))-x(s)y’(s)) as,

where the last equality is by (3.6). Since s <= X(S)<4=S and-s- <=y(s)<=saa,

I’y2(S)(s s 4sa 2 )w(t)<= +s +-+- --s ds<=O
2 3 3 3

for sufficiently small t.

4. Graded approximating systems and variations. This section is essentially
devoted to constructing subspaces of variations for the reference couple (, 0) from
the properties of graded approximating systems defined in [3]. As a consequence, we
will derive the proof of Theorem 3.5. For the exact definition of a graded structure
and its properties with respect to control systems, see [3] and the references therein.
Here we give only a short summary of this topic.
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Let x= (xl, x be a chart on a neighborhood ,U ofo M such that x(sCo)=0
and x(U) is a ball centered at 0, and let w (w , , w be a set of positive integers.
The couple (x, w) defines a graded structure on U that will be called a local graded
structure at sCo and will be denoted by (x, U, w).

The graded structure is given by the dilations, i.e., maps 6 on U with values in
U defined by

Xi 6.. e X 1," , n, e < 1.

In other words, we give the weight w to x . As a consequence, for each multi-index
a =(a,...,a,) the weight of the monomial x"(x),... (x") ,, is defined by
(x) E" W ii=1

The weight of a polynomial (i.e., an element of the subalgebra of the algebra
of C function on U generated by the coordinate functions x x") is the greatest
weight of the monomials contained in it. A polynomial is homogeneous if it is a sum
of monomials of the same weight.

A vector field f is called homogeneous of weight j if for each homogeneous
polynomial , f. is a homogeneous polynomial of weight ()-j (the polynomials
of negative weights are understood to be equal to 0). Roughly speaking, if the weight
of f is j, then f "subtracts" weight j from the functions. In terms of components in
the chart x,f is homogeneous of weight j if and only if its ith component, f’, is a
homogeneous polynomial of weight w -j.

The graded order () of a function is defined as the minimum weight of the
monomials contained in its Taylor asymptotic expansion at (o in the chart x.

The graded order (f of a vector fieldf is defined as the maximum weight of the
homogeneous vector fields appearing in its Taylor asymptotic expansion at o in the
chart x. In other words (f) =j if and only if (f) w -j, 1, , n, with equality
for some i.

The graded structure on M at o can be extended to the manifold M* on which
the pullback system Zr. is defined; see 3. Without loss of generality we can suppose
that M*= I x U. Denoting by x" M* the first canonical projection, we set x*=
(x, x) and w* (w, w), where w G(f). In the chart x* the vector field O/Ot is 0/0x
and (x*, M*, w*) defines a local graded structure on M* at (o. By noting that

(x")’
/*(x, ) 2 ad,f(),

it is easy to see that for eachf (M), tg(f*) (f), where denotes both the graded
orders induced by the above graded structures on M and M*. Moreover, f is
homogeneous of weight r if and only if f* is also (see [3, 4]).

The systems defined by homogeneous vector fields of positive weight will be called
positively homogeneous systems. Notice that the definition of local graded structure
implies that it makes sense to consider homogeneous systems only if we restrict the
system to U. To be more precise, let f be homogeneous of weight li > 0, 0, , m.
In this case, f[ is a homogeneous polynomial of weight wj- li, so that it does not
depend on the xk’s with wk>--_ W( In other words, the system Ef is a cascade of
integrators. Since the Lie product of two homogeneous vector fields is homogeneous
and its weight is the sum of the weights of the two factors, then 5el is a nilpotent Lie
algebra spanned by homogeneous vector fields. Moreover, the f’s in the chart (x, U)
are polynomial, so that Nf(o, t) is an integral submanifold of f. Other properties of
positively homogeneous systems can be analyzed by means of a one-parameter family
of variations of the null control associated with the set of integers (/o,"" ", l,,).
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Namely, the continuous map

6"[-1, 1]L’([0, T],m)o L’(,m)

defined by

(e’,-’ou,(t/e’o) ’,,,-’ou(t/e’o)) if ,[0, etoT]
6(e, u) 6u u." t

otherwise.

(6(0, u) is understood to be identically equal to 0.) The definition of 3.u implies that
if a =min {l, i= 1,..., m}, then

(4.1) ll6ull, 2 "lu,()l d
i=1

Moreover, standard calculations imply that " [- 1, x is continuous. Note that. maps into if and only if != (lo,"’,/,,) is a set of admissible weight for
see Definition 3.4.

The map has the following property (see [3, Thm. 2.1b)]" if is a homogeneous
system and St(t, , u) is defined, then

(4.2) s( ,o t, ., u. 6.s( t, , u ).

Therefore, VtN,Vma, expt(,+_,m).=expet"t(,+2_,e-om).. This implies that maps Nr(o,t) in Nr(o, et"t). The two manifolds
have the same dimension and . is an open map; hence intRr(o,t)
inte R(o, et). Therefore, if is a set of admissible positive weights, then there is
such that

r(t) int, Rr(o, t)

if and only if (, ) is weakly locally controllable along r. In fact, if such a exists,
then (ett) .,(t) . int, R,(o, t) int, Rr(o, ett).

For the positively homogeneous systems, the following inverse of Theorem 1.10
holds.

TEOREM 4.1. Let us suppose that (i) is homogeneous ofweight l > 0, 0, , m,
(ii) 1=(/o,’’’, l) is a set of admissible weights, and (iii) there is t>0 such that
(t) intRr(o, t). Ifh is a homogeneous vectorfield ofweight r such that h(o) O,
then h(o) is a regular variation at 0 of order r/lo.

Proo h r is homogeneous of weight r if and only if h* r. is and h(o)=
h*(o). Therefore, we can prove the theorem for the pullback system. Let h,. .,
be homogeneous vector fields that span r. at o, and let r,..., r,. be their weights.
The local inverse of the map

(d,. ., d)exp dhl exp dh,." o
defines a chart (y, W) of N*(o, 0) at o. Set y(W) Lemma A in the appendix of
[3] implies, possibly restricting W, that there is a k-tuple (m,...,m) and an
analytic map r" V{(t,..., t)" tO, t+...+t= t} such that

s.(t, o, u(a)) (t, y-’(a)),

where u() is the piecewise-constant control with values m, m and switching
times r(), , (). Denoting the canonical projection by p" M* U, we obtain

y(p(Sf.(t, o, u(tl))))=d.
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By (4.2) it follows that

-’Sf*(e’t, (elY, o), 6u(d))= Sf.(t, (’y, :o),//(d)).

As a consequence, the map

(y, e, d)-> (% e, y(p(tSf.(et, (el% o), 6.u(d)))))

is defined in a neighborhood of (0, 0, 0) [, it is analytic, and it has maximum
rank at (0, 0, 0). Therefore, it has a local analytic inverse (id, id, ,). Set ei (1, 0, 0),
and define r/(c, % e)= 6.u(,(y, e, cei)). The control r/ is a continuous function of its
arguments, and we obtain

Sf.(elt, f.(el’)/), "O(C, ")/, e))= .(t + y, y-(ce))

(eo(t + y), exp ch. o) (e(t + Y), exp e ch. o)

f.(e’o(t+ y))+ e r’ ch, (o)+ o(e r’*a) V a <

Setting e’= elt, we see that h(o) is a regular variation of order rl/lo. The statement
follows because each homogeneous vector field that does not vanish at :o can be chosen
as hr.

COROLLARY 4.2. A positively homogeneous system ,f is weakly locally controllable
along the trajectory relative to the null control if and only ifY{f(0)= A(o).

We want to use graded structures at :f(t) to construct variations at of the
reference couple. Without loss of generality we can suppose t--0. The vector fields
f/ V(M) can be approximated at o by means of vector fields homogeneous with
respect to a graded structure (x, U, w) in the following sense (see [3]). Let (f/) be
the graded order of the vector field f/with respect to (x, U, w), and let (lo, , l’)
be a set of positive integers such that li >- (f). The graded approximation of weight
li of f/, say, f, is the sum of the homogeneous vector fields of weight greater than or
equal to l in the Taylor asymptot,,ic expansion off at s% in the chart x. f is homogeneous
of weight I, 0, , m, and f/= 0 if and only if li > (fi). Set = {),. , f’}.

DEFINITION 4.3. The system Zt defined on U is called a graded approximation at

sco of the system El. It is the graded approximation relative to (x, U, w) induced by I.
The solutions of a system Zf and the ones of its graded approximation Zt are

related by the dilations of both state and control defined previously (see [3, Thm. 2.1]).
In the rest of this paper we will also use the following result"

PROPOSITION 4.4. Let - [0, T], U, to (to, to.,) f be such that ifu to,

then S.(., , u) is defined in [0, i]. There exists a neighborhood V(() .of in U, a
neighborhood V(?) of?in , an g>O such that V V(), V V({), and V e (-g, g),
e SO, 6-Sf( ., 6., u.) is defined in [0, eot] (on [elt, 0] ife"<O). Moreover, the map
H" V(sC) x V() (-g, )-> U defined by

re , 8., u.), e 0,
H(, t, e)=

S(t, , u), e =0,

is a C map.
Proof It is not restrictive to assume that U is an open neighborhood of 0 in ".

Let e0, sc U; the map t-->6-Sf(et, 6.sc, u.) is the solution of the differential
equation on U

i:1
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where the Fi’s are defined by

[ ’,(;’),f(x),E(e,x)=tf(x)
The Fi’s are C vector fields on (-1, 1) U (see [3, property P5]). The statement
follows by the properties of differential equations.

COROLLARY 4.5. Let u u(r , rk be the piecewise-constant control with values
k

to ,...,to and switching times rt, rk. Let t(r)=ki= ri; the map

&, u),
e, j, r, .o, - St t, u ),

Under suitable assumptions the local controllability of an approximating system
along t implies that all the vector fields in Of give rise to variations.

THEOREM 4.6. Let us suppose that (i) (lo, Ira) is a set of admissible positive
weights such that li>= (f), i=0,..., m, (ii) dim Nr(o, )=dim Nt(sCo, 0)-s, and (iii)
there is > 0 such that t( t) intre Rt(sco, t). Ifx b is a bracket of 1-weight r such that
Xt(o) O, then Xr(o) is a regular variation at 0 of order r/ lo for the reference couple of
the original system.

Proof It is easily seen that starting from a system we obtain the same result if
either (a) we first consider its graded approximation relative to (x, U, w) and and
then the pullback or (b) first we consider the pullback and then the graded approxima-
tion relative to (x*, M*, w*) and 1. Therefore, we can prove the theorem for the
pullback system. If f F(M), j* will denote the graded approximation of f* that is
equal to (f)*. Assumption (ii) and [3, Lemma 2.1] imply that there are h,...,
h. 6e** such that., (a) h X* and span {h(sCo), ., h.,.(so)} 5.(s%) and (b)
span {h(so), h,(sCo)}=9t.(sCo). By possibly restricting U it is also possible to
assume that Nf.(sCo, 0) (which by (ii) is an integral manifold of 9f.) is embedded in
M*. Let ri be the weight of hi, and define the map G:(-1, 1) (-1, 1)"- M*
locally by - exp e"’dhl exp e".dh,.

(e,d,,... d)--
exp d,/, exp d,./,."

Corollary 4.5 implies that G is C. Moreover, G’(e, d)--(e, G(e, d)) has maximum
rank at (0, 0); therefore, there is a neig.hborhood o/g. of (0, 0) in " such that G is
a Coo homeomorphism of 7/V onto G(7/’). Denote by G the restriction of G to
o/g. 7g" fq ({e} "). It is clear that G.(7/V.) is contained in 6- Nr,(s%, 0) c__ 6- U (recall
that 67. is defined only on &U). We claim that o/g. can be chosen so that there is a
neighborhood U’ of so in U such that

(4.3) G() a-;’ N,.(o, O) u’.

To prove this, notice that by [3, Lemma 2.1] it is possible to choose homogeneous
vector fields k.+t, , k,, of weights r.+, , r such that

span {h,(Co),..., h.(sCo), k+t(sCo), k, (:o)}

span {h,(sCo), h.(o), k+,(s%),""", k,(s%)} o U.

Moreover, by possibly restricting U the k’s can be chosen in such a way that

exp d,k,. exp d.+k.+. : Nt.(sc0, 0) if : Nr.(:o, 0) and la, <
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Define (- 1, 1) (- 1, 1) (- 1, 1)"- - (- 1, 1) U locally by

(e, d ,’’., dn)-(e, exp dnkn exp d+k,.+" G.(d, d,.)).

is C, and it has maximum rank at (0, 0, 0), so that there is a neighborhood of
(0, 0, 0) in RxR x R n-s, g>0 and a neighborhood U’ of o in U such that is a
homeomorphism of 7 onto (-g, g) U’. Since the ki’s are homogeneous vector fields,
we have that

6U’= {exp e". dk exp e ".+’ d.,.+k.,.+. 6G(d,.’’, d,.): (e, d)

Therefore,

.U’ n Nt.(o, O) {6G(d, ,..., d,.): (e, tl) 6 7/’}

and

U’ fq 6-’ N,.(o, O) U’ VI 6;’( N,.(o, O) (q &.U’) { O(d, ,. ., d,.): (e, tl)

If we set

we obtain (4.3).
Lemma A in the appendix of [3] implies, possibly restricting //’o,

that there is a k-tuple (to,...,to)_ and an analytic map "7o
{(t, ., tk): t,_-->0, t +" .+ t t} such that

St*(t, so, u(d))= (t, Go(d)),

where u(d) is the piecewise-constant control with values to, to and switching
times r,(d),..., -(d). Denoting the canonical projection by p" M*- U, we obtain

G’(p(St.(t, o, u(d))))=d.

By Corollary 4.5 the map

H.(y,e,d)_fp(6.’Sf.(e"t, (e"y, o), 8.u(d))), e#0,
p(St.(t, o, u(tl))), e =0,

is defined in a neighborhood o/g., of (0, 0, 0) and it is C. Possibly restricting
H(W’) is contained in U’, so that the map

(y,e, tl)_>{(y,e, G.’(p(6:.’S,.(el"t, (e"’%o),&.u(tl))))), e#O,
(% O, G’(p(St (t, (% o), u(d)))), e =0,

is defined in a neighborhood of (0, 0, 0), it is C, and its derivative has maximum
rank at (0, 0, 0). Therefore, it has a local analytic inverse (id, id, ,,). Set e (1, 0, , 0),
and define r/(c, y, e) &.u(,(% e, eel)). The control r/ is a continuous function of its
arguments and so we obtain

Sr*(e ’’t, (eY, o), "q(c, y, e))= (el(t + y), exp eqch,. o)

--(el’,(t+T), o)-k-er, cxf.(o)-Fo(er,+")) V

Setting e’= eot, we obtain that Xf.(o) is a regular variation of order r/lo. F1

Up to now we have used a graded structure on M* induced by the graded structure
(x, U, w) on M. This choice of graded structure on M* allows us to deduce the properties
of the graded approximation of the pullback system starting from the properties of
the original system. On the other hand, one can choose any graded structure on M*
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and consider directly the properties of the graded approximation of Zf. induced by
this graded structure. Notice that in this case the properties of . may have no links
with the properties of . Nevertheless, additional results may be obtained by this
method. For example, the following result holds true.

CortotIAR 4.7. Let (x*, M*, w*) be any graded structure on M* at o, and let
Z. be the graded approximation of ,f. induced by a set of admissible weights
(to, l,,) such that lo>- w, l>-_ (f*), i= l, m. If (i) dim Nr.(o,0)=
dim N.(o, 0), (ii) there is t>0 such that :.(t)int R.(o, t), and (iii) X 5 is a
bracket of i-weight r such that X*((o) O, then Xr((o) is a regular variation at 0 of order
r/ lo for the reference couple of the original system.

Proof By Theorem 4.6 Xr*(o) is a variation of Zr.. The statement follows if we
take into account that the variations of Zt and of El. coincide and that Xf*((o)---
x,(o).

Up to now we have constructed variations under the hypothesis that an approximat-
ing system is locally controllable along its reference trajectory. On the other hand,
is a cascade of integrators, so that some subsystem can be locally controllable along
its reference trajectory. If this is the case, we obtain a subspace of 5e((o) as a space
of variations. To this aim we choose a suitable graded structure on M* and we consider
suitable subsystems of

Let (x, U, w) be a graded structure on M at (o. Define on M* the graded structure
w* (w, w), where w is any positive integer. Let (lo, , l,,) be a set of positive
integers such that lo w and li->- (f), 1, , m. As above, we can consider the
graded approximation *= {O/Ox, i;, i;,} of the family f* induced by and w*.

Let s be an integer less than or equal to max {w , wn}, and let the manifold
N_ U be defined by

{ U" xi() 0 if w > s}.

Let N*= I N, and let i" N*- M* be the injection map. The chart x* induces a
projection 7r" M*- N*. For each f* 7(M*), h will denote the vector field on N*
given by b 7r.(f*o i), that is, the projection on TN* off* restricted to N*.

Let Z+ be the control system associated with the family + {O/Ox, ch," ", ch,},
and let Z, be the approximating system defined by (x*, M*, w*) and 1. The main
result in this section is that if for some choice of the positive numbers s and w the
system (Z4,, ) is weakly locally controllable along t-(t, :o), then oN is a subspace
of Y{r(0). More precisely the following result holds.

TrEOrEM 4.8. Let us suppose that (i) != (lo,’"’, lm) is a set ofadmissible positive
weights such that lo w and 1 >= (Y(ch), i= 1,. , m and (ii) there exists > 0 such that
(t, o) is interior to R4,(o, t) relative to {t} N. Ifx b is a bracket of l-weight r such
that X4,(:o) 0, then X+(o) is a regular variation at 0 of order r/lo for the reference
couple of the original system.

Proof Applying Theorem 4.6 to the system Z+, we obtain that X+((o) is a regular
variation of order r lo for (+, 0). Let rt(c, y, e) 3u(y, e, c) be the control constructed
in that theorem with the property

(4.4) S+(eot,(eO%o), rl(c, % e))=(e’o(y+t),ercx+(o)+O(e+)).
Since 5;. is a cascade of integrators and Ilu(y, e, c)ll is uniformly bounded, there is
o->0 such that Si.(tro", (r"y,o),6,u(y,e,c)) is defined and belongs to M* for

’ [0, t]. Therefore, [3, Thm. 2.1] applies, so that we obtain that Sf.(eot, (eoy, o),
r/(c, y, e)) is defined for e smaller than tr. Moreover, for each j we have

(4.5) e-"xi(Sf*( elt, (eY, (o), r/(e, y, e))) uniformly bounded.
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Set u. rl(c % e); to end the proof of the statement it is sufficient to show that

[]S,.(ett, (ety, 0), u.)- S.(etot, (ety, 0), u.)[[ o(e+) V a < 1

uniformly on y and c. By the definition and by (4.5) we have

Ils,.(’ot, (’oz o), u.)-s,(’ot, (’oz o), u.)ll
_-< -s,.(’ot, (,oy, o), u)-s.(’ot, (,o% o), u.)ll / o(’/)

Io

i<= I(u.(.r))il I[’n,f/*(Sf.(’r, (s’,, 0), u.))

-r.f*(S+(% (e’oy, 0), u.))ll dr+ o(e’+)
10

<-- E I(u()),IL, IIS,.(, (,oy, 0), u.)- S.(-, (,o% 0), u.)ll dr+ O(e+),
0 i--I

where Li are local Lipschitz constants of the f’s. The Ll-norm of u. is uniformly
bounded, so that Gronwall’s lemma completes the proof. [3

Proof of Theorem 3.5. The proof of the theorem is based on the results in [3].
Notice that the proof given in [3] is for the case in which D is a hypercube, i.e.,
pl Pm however, it is easy to see that the proofs do not change if D is a polydisk.
We can suppose that is a set of positive weights. In fact, if this is not the case, we
can construct a new set of admissible positive weights for which hypothesis (3.5) of
the theorem is fulfilled (see [3, Lemma 4.2]). Moreover, a bracket A is l-neutralized
for Zf if and only if it is l--neutralized for Zf. (see [3, Lemma 4.1]). Therefore, it is
sufficient to prove the theorem for the pullback system Zr. when is a set of positive
weights. 1" defines a filtration W= {Ni}i>=o of 5e., where Ni =span {Af: A 0, IlAlll_-< i}.
Let (x, U,w) be a graded structure induced by at o up to weight p=
man{i: Ni(o) =0f((o)} (see [3, 3, 4]). We set x*= (x,x) and w*= (lo,w).
(x*, M*, w*) is such that for each f 3f, 7(f*) (f), where denotes both the
graded orders induced by the above graded structures on M and M* (see [3, Lemma
4.3]). We define the submanifold N % U by x.l -0 if w-i> s II’ll,, and we consider
the system $ on N* as defined previously. By the definition of the graded structure
induced by

ToN {Af(Zo) IIAII, <-- s}.

Moreover, if h is a vector field whose graded order is equal to r, then each component
h has graded order greater than or equal to wJ-r. Therefore, if A is a bracket in 5e
such that ]]AI], r, we obtain (i)if r<-s, then A,(o) A,.(o) A+(o), and (ii) if r> s,
then A+=0. If r<=s, [3, Prop. 3.1] implies that A+((o)=A$((o) (mod VIr_). As a
consequence, we obtain

X4,(o) =0 V X l* and 5Q,(:o) ToN.
Applying [3, Thm. 1.1], we obtain that (t, (o) is interior to R4,((o, t) relative to {t} x N
for each t. Theorem 4.8 completes the proof. El

Remark 4.9. Let 9 satisfy the hypotheses of Theorem 3.5 for a set of weights
that can be chosen to be positive (see [3, Lemma 4.2]). defines a variation of order

a=ll[[,//o. The L’ norm of its control variation rl is an o(e b) for each b<
min{/,..., lm}/10. Remark 3.2 implies that defines a variation of order a also if
the vector fields f’s are perturbed with terms of order greater than k=

I/min { 1o, , I, }.
The result is not surprising since k is at least as large as the length of each bracket

involved in the assumptions.
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5. Applications to local controllability along a trajectory. This section is devoted
to deriving from Theorem 3.5 sufficient conditions of weak local controllability along
a trajectory. We will show that the variational approach we propose unifies most of
the known sufficient conditions of local controllability.

By means of Theorem 3.5 we can construct for each admissible set of weights a
space Vr of variations at time 0 as the maximal l-neutralized subspace of 5r. If the
sum of such spaces over all the set of admissible weights is equal to A)(o), then by
Theorem 1.13 :f is weakly locally controllable. As a consequence, we obtain that
different sets of weights can be used to neutralize the obstructions in the sense of the
following result.

PROPOSITION 5.1. Let i) be a polydisk (possibly unbounded). For each set of
nonnegative admissible weights let us define r(l) as the maximum integer rfor which each
X 3* such that IIxll,_-< r is l-neutralized at o. If

PF= span {h(s%)" h e Vr(,} Ar(o),

then (El, f) is weakly locally controllable along .
Proposition 5.1 contains [3, Thm. 1.1] as a particular case in which only one

admissible set of weights is considered for neutralizing the obstructions. We recall that
such a result generalizes those in [12] and [18] (see [3, Lemma 1.2] and subsequent
paragraphs). The following example shows that more than one set of weights may be
necessary to prove the local controllability of a trajectory.

Example 5.2. Let M Eg, m 1, 1) [- 1, ],

O O O O
-" "- X6 -t- (X -at.- XI4) -" (X -I’- X),fo(Xt, Xg) x
Ox2 ax7 Ox8 Ox9

O
f,(x,, ,x)-

Ox

Er is locally controllable at O. In fact, (0, 1) and (1, 1) are sets of admissible
weights, r(l)= 1, r(l)=4, and

V,=span(O a) and Vj span( 0 O a),
OX X OX OX40X9

The nonzero obstructions are

0 0ad.14., f,,,,. 4! and adc,.. ..li,f, 2
Ox8 Ox9

a 4dr,fo can be neutralized at 0 only by adi,f 0 ad ..tiafo can be neutralized only
by ad.:fo= 24Xl(O/19xs)+3!(O/19x9). Suppose that there is a set of weights for which
both of the above obstructions are neutralized. In this case, 41+lo> 7/o+1 and
21 + 3/o> 3/t + 3/o, i.e., l > 21o and It < 21o, a contradiction.

Remark 5.3. We point out that for applying Proposition 5.1 it is not sufficient that
each obstruction be neutralized by a set of admissible weights. For example, consider
the system in I, with m 1, 1)= [-1, ],

a
._l..(x_lt_Xl)__..l_x3__....(x.4r.x4)__,fo(X, xs) x

Ox Ox ax4 oxs

f,(x,, ,x)-
Ox



A VARIATIONAL APPROACH TO CONTROLLABILITY 925

The nonvanishing obstructions are

0 0
Al ad.t.o..t;lf 2 and A2 4ad.tifo 4!.

Ox3 Ox5

They can be neutralized, respectively, by ad.ifo 3 !O/Ox3 and ad..oad.;fo 3 !O/Oxs, so
that A! is l-neutralized if and only if ll < 2/o and A2 is l-neutralized if and only if
Ii > 21o. Both Al and A can be neutralized at 0; nevertheless, if Ii > 2/o, Al cannot be
neutralized and its weight is smaller than that of A2. Therefore O/Oxs does not belong
to 7" and Proposition 5.1 does not apply.

If all the obstructions in V! are neutralized along the trajectory, Theorem 2.4
implies that for each h V!, ad..oh((t)) is an element of Y{f(t) for each i=>0 and each
> 0. Notice that ad..oh(o) need not be a variation at 0; nevertheless, it defines directions

that can be used to prove controllability. All of the above arguments leads to the
following summarizing result.

THEOREM 5.4. Let 12 be a polydisk (possibly unbounded). For each set ofnonnega-
tire admissible weights let us define (i) r(l) as the maximum integer r for which each

X 3* such that ]]X]l,<_-r is I-neutralized at ,, and (ii) s(l) as the maximum integer s

for which each X 3s such that Ilxll, <- s is l-neutralized at r(t) for all (0, ’). If
U= E span {{h(o)" h V,.l)} U {aa.li,g(o)" g V!,.,), >- 0}} A(o),

then (Zr, 12) is weakly locally controllable along .
Proof Lemma 3.1 in [16] states that if each l-homogeneous element X f3 V!,.

is l-neutralized at any point ;(t) and belongs to a nondegenerate interval [0, r), then
each element X * f3 V!,. is l-neutralized at the same points. Therefore, each g
defines a variation at each (0, r). Let

i! ij{hl(O),""", hk(,,), ad.ti,g,(o), adyogi(o)}
be a base of A(o). By continuity, if is sufficiently small, the vectors

{(exp ,),h,(:,,), , (exp ,).h(:o), ad.i,g,(exp ," o), , ad..og(exp ," :o)}
0are linearly independent. Since Ar has constant dimension on , they are a base of

A(.f(t)) for sufficiently small. By the definition of thee variational cone and by
Theorem 2.4 the vector space they span is contained in Y{r(t). Hence for each >0
sufficiently small Yff(t)= A(-f(/)), and Theorem 1.10 completes the proof. 151

Remark 5.5. Theorem 5.4 points out that :f may be weakly locally controllable
even if some obstructions are not neutralized by any set of weights. For example, let
M=-s, re=l,

O O 0 O
f,,(x, ,.. x.) x,+x,+x+(x

OX OX OX4 "- X4) OX

o
f,(x,,..., x.,) =-.

In this example the obstruction [[fo,f], [[f,f],f]](0) belongs only to

{ ad.i,[f [f [f, f,] (0) },span

so that it cannot be neutralized by any set of weights. However, setting (1, 1), we
obtain V) span {0/0x, O/Ox, O/Ox3} and U 5, so that by Theorem 5.4 Y_,r is locally
controllable at 0.
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Neutralization with respect to different weights in the case of a stationary trajectory
and bounded controls, has been considered by the present authors in [1]. Let us now
analyze the case of unbounded controls. Corollary 3.8 implies that if

(sCo) span {ad..oY(o)" Y Lie{f,... ,f,,}, h ->0}= fi,(o),

then the trajectory f is weakly locally controllable. Otherwise, it is sufficient to look
for a subspace transversal to (sCo) in 7//. A sufficient condition of weak local controlla-
bility involving the brackets that contain fo only once is given in [3]. The result is
obtained by giving a sufficiently large weight to fo and by giving a weight of unity to
the controlled vector fields. The same arguments can be used to find subspace of
variations. Namely, let

Wr span {Xr, X contains one Xo and its length is r + 1}.

If s is such that

W2r(sco) W2_,(sCo) [d Lie {f,. ,f,}(o) V 2r_-< s,

then W(o) is a subspace of variation at 0. In [9] the author introduces the subspaces
W span {adfo,j r} in order to give conditions of local controllability at (o. The
same type of conditions define Wr as subspaces of variations. This can be done by
grading the weights of the f’s in a suitable way and by taking lo sufficiently large.
Summarizing, we obtain

TnzOgZM 5.6. Let = Define J Lie (f,... ,f), span {ad.t6Z, Z J},
W(,,)Wir=span {ad.fo jr}, s(i) the maximum of the integers such that

Wz-(o) J(o) 2r, W span (Xr, X contains one Xo and its length is r+ 1), and
s the maximum integer k with the property that Wr(O) W-(o) J(o) 2r k. If

(o) + w.’,.,,(o)+. + w.)(,,)+ w(o)

then (Er, ) is weakly locally controllable along .
Proof What we have said previously proves that (o) . Let X ,

Lie (X,. , X) be such that X(o), ", X(o) is a basis of J(o), and let h be the
maximum length of the X"s. Let 1= (hs(i), s(i),. , 1,. , s(i)) (1 in the ith position).

W)implies IIll,(h+ 1)s(i)=k. Let f; if contains more than one Xo,
[ll[,>2hs(i)> k; if contains any with j i, then [lOll,>(h+2)s(i)> k. Hence
the only obstructions with weight less than k belong to Lie (Xo, X), contain Xo once,
and contain X no more than s(i) times. The hypotheses imply that these obstructions
are neutralized, since IIx. ll, hs(i),j= 1,..., r. Hence W.,, . Let m (hs, 1,. , 1)
(h is the integer defined above). r W implies ll]]m (h + 1)s= k. The only obstruc-
tions with weight less than k contain one Xo and at most s indeterminates with indices
different from 0. By the hypotheses these obstructions are neutralized, since ]X
hs. Hence W , and the proof is complete. U

REFERENCES

[1] R. M. BIAN(’HIN! AND G. STEFANi, Sufficient conditions of local controllability, in Proc. 25th IEEE
Conference on Decision and Control, 1986, pp. 967-970.

[2] , A high order maximum principle, in Analysis and Control of Nonlinear Systems, C. I. Byrnes,
C. F. Martin, and R. E. Sacks, eds., North-Holland, Amsterdam, 1988, pp. 131-136.

[3] , Graded approximations and controllability along a trajectory, SIAM J. Control Optim., 28 (1990),
pp. 903-924.



A VARIATIONAL APPROACH TO CONTROLLABILITY 927

[4] ., A note on the reachable sets of control Systems, in New Trends in System Theory, G. Conte,
A. M. Perdon, and B. Wyman, eds., Progress in Systems and Control Theory, 7, Birkhiuser, Boston,
1991, pp. 113-119.

[5] A. BRESSAN, A high order testfor optimality ofbang-bang controls, SIAM J. Control Optim., 23 (1985),
pp. 38-48.

[6] D. L. ELLIOT AND N. KALOUPTSIDIS, Accessibility properties of smooth nonlinear control system, in
the 1975 Ames Research Center NASA Conference on Geometric Control Theory, Vol. VII,
C. Martin and R. Hermann, eds., Mathematics-Science Press, Brooklyn, NY, 1977, pp. 439-446.

[7] H. FRANKOWSKA, Local Controllability of control systems with feedback, J. Optim. Theory Appl., 60
(1989), pp. 277-296.

[8] Contingent cones to reachable sets of control systems, SIAM J. Control Optim., 27 (1989),
pp. 170-198.

[9] J. B. GONCALVES, Sufficient conditionsfor local controllability with unbounded controls, SIAM J. Control
Optim., 25 (1987), pp. 1371-1378.

10] K. A. GRASSE, Controllability and accessibility in nonlinear control systems, PH.D. thesis, University of
Illinois, Urbana 1979.

11] K. A. GRASSE AND H. J. SUSSMANN, Global controllability by nice controls, in Nonlinear Controllability
and Optimal Control Monographs and Textbooks in Pure and Applied Math., 133, H. Sussmann,
ed., Marcel-Dekker, New York, 1990.

[12] H. HERMES, Control systems which generate decomposable Lie algebras, J. Differential Equations, 44
(1982), pp. 166-187.

13] H. W. KNOaLOC’H, Higher order necessary conditions in optimal control theory, Lecture Notes in Control
and Information Sciences 34, Springer-Verlag, Berlin, New York, 1981.

14] A. KRENER, The high order maximalprinciple and its applications to singular extremals, SIAM J. Control
Optim., 15 (1977), pp. 256-292.

[15] G. STEFANi, O/1 local controllability of the scalar input control systems, in Theory and Applications of
Nonlinear Control Systems, C. I. Byrnes and A. Lindquist, eds., North-Holland, Amsterdam, 1986,
pp. 167-179.

[16] , 0/1 the minimum time problem, in Analysis and Control of Nonlinear Systems, C. I. Byrnes,
C. F. Martin, and R. E. Saeks, eds., North-Holland, Amsterdam, 1988, pp. 213-220.

[17] H. J. SUSSMAN, Lie brackets and local controllability: a sufficient condition for scalar input systems,
SIAM J. Control Optim., 21 (1983), pp. 686-713.

[18] , A general theorem o/1 local controllability, SIAM J. Control Optim., 25 (1987), pp. 158-194.
19] , Orbits offamilies of vector fields and integrability of systems with singularities, Trans. Amer.

Math. Soc., 180 (1973), pp. 171-188.
[20] H. J. SUSSMANN ANI) V. JURI)JEVI(’, Controllability of nonlinear systems, J. Differential Equations,

12 (1972), pp. 95-116.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 31, No. 4, pp. 928-941, July 1993

(C) 1993 Society for Industrial and Applied Mathematics
005

VERSIONS OF SONTAG’S "INPUT TO STATE STABILITY CONDITION"
AND THE GLOBAL STABILIZABILITY PROBLEM*
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Abstract. This paper deals with the global feedback stabilizability problem for interconnected nonlinear
systems that are affine in the control. The corresponding feedback stabilizers are supposed to be almost
smooth real mappings. The results of this paper extend those developed in recent works of the author SIAM
J. Control Optim., 29 (1991), pp. 457-473], [Systems Control Lett., 15 (1990), pp. 441-448], [SIAM J. Control
Optim., 30 (1992), pp. 879-893] concerning the local stabilizability problem. The main sufficient conditions
presented are of Lyapunov type, and the main idea of the paper is based on the input to state stability
condition introduced by Sontag [IEEE Trans. Automat. Control, 35 (1990), pp. 473-477].

Key words, global stabilization, input to state stability condition, control Lyapunov function
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1. Introduction. In the last few years, there has been an increasing interest in the
problem of local and global stabilization of nonlinear control systems by feedback
(see, for instance, [1]-[12], [14]-[18], [20]-[36], and [38]).

In particular, in [8], [18], [21], [25], and [29], it was proved that if a smooth
nonlinear system is globally smoothly stabilizable at its equilibrium, then adding an
integrator does not change this property.

Generalizations of the previous result are also given in [25], [31], and [33]. Further
progress was provided in 18] by Kokotovic and Sussmann, where sufficient conditions
are established for global stabilization for interconnected systems of the form

Axe_ /+( 0

where A and B are constant matrices.
Our purpose is to provide sufficient conditions for global stabilization for the case

of systems

(1.1a) 2= F(x)+ G(x)u, (x, u)N" x "’,

x=(x’,,x;)’"’x,(.b) V(x)
f(x,, x:) g(x,, x

or, equivalently, , f,(x,, x +’ A(x,, x g(x, xu
The stabilization approach we present is based on a version of the input o state stability
condition introduced by Sontag in [25] and also on some ideas from our recent works
[32],[33].

We assume that the mappings f :N’ N",, f :N" N, and g :N N are con-
tinuous and that the origin O e N is an equilibrium for the uncontrolled term F (i.e.,
(0 =0.

* Received by the editors December 17, 1990; accepted for publication (in revised form) October 11, 1991.
National Technical University, Department of Mathematics, Zografou Campus, 15773 Athens, Greece.
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We say that (1.1a) is globally stabilizable (at the origin) (G.S.) if there exists a
map r: I"-" such that, for every initial state xo/1, the solution x(t, Xo) of the
closed-loop system

(1.3) 2= F(x)+ G(x)r(x)

starting at Xo, is definedmnot necessarily uniquelymfor all t-> 0, tending to zero as
+oe or reaching zero at a finite time and, furthermore, zero is stable with respect

to (1.3).
We say that a real function : I/1-I+ is a global control Lyapunov function

(G.C.L.F.) of the origin O /1 with respect to (1.1a) if it is positive definite (namely,
(0)=0 and (x)>0 otherwise), is continuous on " and at least continuously

ditterentiable on "\{0}, and, furthermore, (i)
(namely, q(x)- +oe as Ilxll-, /oo); and (ii) the following property is satisfied"

(1.4) (DdpG)(x) %f ((DG,)(x),..., (DG,,)(x))=O, xO(DF)(x)<O.

Artstein’s theorem [3] asserts that system (1.1a) admits a G.C.L.F. at zero if and only
if it is G.S. by means of a feedback law r that is smooth on /1\{0}. To be more precise,
O N" will be globally asymptotically stable with respect to the resulting system (1.3),
where, for each Xo, the solution x(t, xo) of (1.3) starting at xo is uniquely defined for
all positive t.

Further generalizations of the previous theorem are provided in [2], [12], [24],
[29]-[31], [35]. In particular, Sontag in [24] offers an explicit formula for the stabilizing
feedback law.

Given a continuous map 4" [/1’ /1, we say that the function W: /1 + is a
G.C.L.F. of the set

[l/11 /12M4, %f {x (x’,, x2) x N x b(x,)}

with respect to (1.2) if W is continuously differentiable on N"; furthermore,
(i) There exist real functions a, i= 1, 2, of class Y{ (namely, a is continuous,

strictly increasing and satisfies a(0) =0 and a(s)-+oe as s +oe) such that

(1.5)

for all x=(x’ ’)’ "",X2 /1X

(ii) There exists a real function a of class Y{" (namely, a is continuous, strictly
increasing with a3(0)=0) such that the following holds"

(1.6) (DWG)(x)=O, x_ M4,=:>(DWF)(x)<-a3(llx2-dp(x,)[I ).

We say that the function W, above, satisfies the continuityproperty (C.P.) if, furthermore,
there exists a map d" I - I+ with d (x) -* 0 as dist (x, M) 0 such that, for any x 0,
a vector u e Nm can be found satisfying the following inequalities"

(DWF)(x)/(DWG)(x)u<-a3(llx-4)(x,)ll), IIG(x)ull<-d(x).

Note that the above definition generalizes the notion of the small control property (see
[3], [24], and [29]).

Finally, we say that the system

(1.7)

satisfies the input to state stability condition (I.S.S.C.) if there exist a continuously
differentiable Lyapunov function V: !" N+ with respect to 2 =f(x, 0) (namely,
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V(0) 0; V(Xl)> 0 and DV(xl)f(xl, 0)< 0 for X 0), which is uniformly unbounded
on Rn, and positive constants o- and such that the following holds:

(1.8) Ilvll < v)<0,

and, furthermore, for any measurable essentially bounded input v, system (1.7) is
complete.

Note that the above property weakens a well-known Lyapunov-like condition
provided by Sontag, which guarantees input to state stabilization (see condition (16)
and Theorem 1 in [25]). We also note that (1.8) is satisfied if, for instance, we assume
that zero ORn, is globally exponentially stable with respect to 21 =f(xt, 0), and,
furthermore, the map f(xl, v) is Lipschitz continuous with respect to v uniformly
on x [37].

Consider now the simplest case of system (1.2), where m n and g is the unit
matrix of dimension m m. Suppose that there exists a continuously differentiable
map :",- [m such that 0 "’ is globally asymptotically stable with respect to

(1.9) 2, =f(x,, (x,))

and let V(x) be a uniformly unbounded smooth Lyapunov function of 0’, with
respect to (1.9). Then the function (x)= V(x,)+ W(x), where
is a G.C.L.F. of OR" with respect to (1.2), and so the overall system (1.2) is G.S.
by means of a feedback law, which is smooth for x 0 and continuous at zero (see
[29], [31], and [33]).

Our purpose is to extend the previous result to the general nonlinear case (1.2).
In particular, in Theorem 2.2, we establish that if there exists a continuous map
: [n,_-2 such that the set Mq is positively invariant with respect to F(x), the
system

(1.10) 1 "--L(XI, (21)"-V), (Xl, V)nlXn2

satisfies the I.S.S.C.; furthermore, if (1.2) admits a G.C.L.F. with respect to M6, then
system (1.2) is G.S. by means of an "almost smooth" feedback law u r(x). In
particular, the map r will be smooth on "\M,. In Theorem 2.4, we specialize the
previous result to homogeneous nonlinear control systems.

If certain additional assumptions for subsystem (1.10) are imposed, then, in
Theorems 3.1 and 3.5, we establish that there exists a G.C.L.F. of zero O R", and so
system (1.2) is G.S. by means of a feedback law that is smooth on [n\{0}. In particular,
in Theorem 3.1 we show that, if, in addition to the hypothesis of Theorem 2.2, we
assume that W satisfies the C.P., then system (1.2) admits a G.C.L.F. at the origin.
So, according to Artstein’s theorem, system (1.2) is G.S. by means of a feedback law
that is smooth on "\{0}. In Theorem 3.5, we strengthen the input to state stability
condition (1.8) for the subsystem 2 =fi(x,x2) as follows" "There is a constant c>0
such that, for any x with W(x)< cV(x), we have DV(x)fi(x)<O, where W is a
G.C.L.F. of the set M+ with respect to (1.2)."

Under the previous assumption, we show that there exist a positive definite function
lT"(x) and a positive constant k so that the function

(x) V(x,)+ kW(x)

is a G.C.L.F. of O e N" with respect to (1.2). Finally, we apply Theorem 3.5 to recover
a result from [33].

We note that a different approach is used in [33] to investigate the global
stabilizability problem for system (1.2). The sufficient conditions we propose in [33]
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are also based on the existence of a G.C.L.F. of the set M and on a suitable Lyapunov
function of O [", with respect to (1.9). The correspending result (Theorem 3.2 in
[33]) is a generalization of Artstein’s theorem.

2. Almost smooth feedback stabilizers. We state a technical lemma first. The proof
is similar to those given in [2] and [35], and we leave it to the reader. This lemma will
be used in the proofs of the main results in this section.

LEMMA 2.1. Suppose that there exists a continuous map , -> O"2 and a G.C.L.F.
W of the set M {x [": x2 (xl)} with respect to (1.2). Then

(a) There exists a smooth map r:[’\M->Om, which satisfies the following
inequality:

(DWF+ DWGr)(x)<-a3([[x2-(x,)[[) Vx M;
(b) Furthermore, the resulting map F/ Gr will be continuous on with Gr)(x) 0

for every x M6, provided that W satisfies the C.P.
THEOREM 2.2. In addition to the hypothesis of Lemma 2.1(a), assume that
(i) The set M4, is positively invariant with respect to - F(x); and
(ii) System (1.10) satisfies the I.S.S.C.

Then system (1.2) is G.S. by means of a feedback law u- r(x), which is smooth on the
region \M.

Proof According to Lemma 2.1(a), there exists a map r: ’, which is smooth
for x : M, r(x)-0 for x M. Furthermore, the following holds:

(2.1) E(x) r-(DWF+DWGr)(x) a3(ltx2-&(x,)ll)>=a3(dist (x, M))O,
for every x M,. Next, we establish that the map u--r(x) globally stabilizes system
(1.2) at 0.

Since system (1.10) satisfies the I.S.S.C., there exists a Lyapunov function V(x),
which is at least continuously differentiable and uniformly unbounded on , and
which satisfies (1.8) with f(x,v)%rfi(x,d)(x)/); namely, there exist positive
constants o- and sc such that

(2.2) IIx, > ,
Let c be a positive constant satisfying a-(c)< or, where the function a is defined in
(1.5) and let

Mc d--el {Xe": W(x)<=c},
K,.% M,.ffl{x[": IIx, ll> }.

Then it it not difficult to see that the following holds:

(2.3) DV(x,)f,(x, x2) < 0 Vx K,..

Indeed, by (1.5),

Ilx- 6(x)ll < a-(’(c) Vx I,;,

which, by (2.2) and the fact that a-(c) < r, yields DV(x)fi(x, x2) < 0. We also define

M d__ef {X e M,.: DV(x,)f,(x,, x) >- 0}.

For each nonzero x such that IIx, ll-<-, consider a closed sphere Sv.,., of radius p,,,> 0
centered at (x, (x)), which is contained in M,.\M, and let

Ol(Xl) d___.ef sup {[DV(xl)fl(Xl, X2)[, (X, X)

02(X,) def inf {a3([[/
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Obviously, by (1.5), the set M,. {x, Rn," IIx, } is compact; therefore, 0 is upper
semicontinuous and nonnegative on the region {x R"," 0 < ]]x -< so) Moreover, 02 is
lower semicontinuous and strictly positive on this region. Therefore, there exists a real
function b" [+ - I+ of class Y{ such that

(2.4) Ot(xt)b(]lxt][) < 02(x) Vx 0: IIx, II-<- .
Let q be any real function of class Y[ satisfying

(2.5)

Finally, we define
V( xl

(2.6) Q(x) b(O-l(r)) dr.

Then, similar to [33, Thm. 3.2], we can easily establish that V is continuously differenti-
able, positive definite, and uniformly unbounded on [",. Moreover, by (2.3), we obtain

(2.7) DQ(x,)f(x, x2) b(q-( V(x,)))DV(x,)f(x, x2) < 0 Vx K,..

Furthermore, it can be shown (see [33]) that the function

(2.8) (x) V(x,)+ W(x)

is positive definite and uniformly unbounded on N", whereas its Lie derivative + along
the direction of F + Gr is strictly negative on the region M,.. Indeed, for each nonzero
x M with x, 0, it follows by (2.3) that IIx, < and so, by (2.4)-(2.8), we have

(D(F+ Gr))(x) b(q-’( V(xt)))DV(xt)f(x,, x2)- E(x,, x2)
(2.9)

<= b(llx, ll)o,(x,) Oz(x,) < o.
For x M,.\M, we have

DV(x,)f(x) < O, E(x) >= O,

and so

(2.10) (Dcb(F+Gr))(x)=b(-’(V(xl)))DV(x,)f,(x,,x2)-E(x,,x2)<O.

Finally, from Lemma 2.1 for each nonzero x M,. with x 0, we have

(2.11 D(F+ Gr))(x) -E (0, x2) < O.

From (2.9)-(2.11), it follows that there exists a function d:/ I/ with d(0)= 0 and
d (s) > 0 for s > 0 such that

(2.12) +(x)=(D(F+Gr))(x)<-d(llxll) Vx6 M.\{0}.
We are now in a position to prove that the map u v(x) globally stabilizes system

(1.2) at O[. First, note that the set M,. is positively invariant with respect to (1.3),
where each solution x(t, Xo), Xo M,. of (1.3) is defined (not necessarily uniquely) for
all t->0. Indeed, for each Xo M.\M+, it follows by (2.1) that W(x(t, Xo))<= W(xo)<=c
as long as x(t, Xo) remains in M.\M,. We distinguish two cases. The first is x(t, Xo)
M\M, and so trajectory x(t, Xo) remains in M for every positive t, with [Ix(t, Xo[I <
+. The other case is x(t, Xo) M,.\M4, for any [0, T), where x( T, Xo) 6 M4, for
some positive T. Since M+ is positively invariant, for every w Mo, there is a trajectory
)2(t, w), t_-> 0 of the system (F+ Gr)(x) F(x) remaining in M, for all t_-> 0.
Therefore, the map :(t, Xo)%f )2(t-T, x( T, Xo)) for t_-> T and (t, Xo) x(t, Xo) for
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< T is a solution of (1.3) starting at Xo, which remains in M,. provided that Ilx( t, Xo)II <
+, for [0, T]. Repeating the same discussion for any other possible solution x(t, w),
w M6, which is defined for every positive and does not remain in Mo, we conclude
that M,. is indeed a positively invariant set. Furthermore, by (1.5), (2.1), the complete-
ness of (1.10), the continuity of 4, and standard Lyapunov based arguments, it can
be shown that, for each Xo n\M,., the corresponding trajectory x(t, Xo) of (1.3) enters
M,. after some time T T(xo) and remains in this region thereafter, namely,

(2.13) x(t, Xo)6 M,. Vt >- T.

(We note that, because of (1.5), (2.1) and the continuity of th, the map v(t) -+- x2(t, Xo)
ck(x,(t, Xo)) is defined for all t->0 with ]lx,(t, Xo)]] < +oo. The latter in conjunction with
the completeness of (1.10) implies that xl(t, Xo) and therefore x(t, Xo)=
(x(t, Xo),X(t, Xo))’ are defined for every t_>0). Finally, by (2.12), the positively
invariance of M,., and the fact that is uniformly unbounded on En, it follows that
O [R is stable with respect to (1.3) and

(2.14) x(t, Xo)O as t-+oo VXo M,.

for each trajectory x(t, Xo) of (1.3) starting at Xo. From (2.13) and (2.14), we conclude
that x(t, Xo)- 0 as +oo for all Xo , and so the proof is completed. [3

Example 2.3. Consider the planar case (n 2) where n n2 m and

f,(x, x) -x, + (x, x),
(f2 + ug)(x, x_) x 3xi + u(x x

We define 4(x)=x. Then, obviously, the system 21--fl(Xl,4)(Xl)’+’V) satisfies
the I.S.S.C. with V(x)= _x, = 1, and o-= 1/x/. Furthermore, the function

2:W(Xl,X2) 1/2(x,-4(x,)) is a G.C.L.F. of the set M,={xe x2 4(Xl)}. In
particular, (DWG)(x) # 0 for any x (Xl, x2)’ M,. Finally, note that M, is positively
invariant with respect to 2 F(x). Therefore, according to Theorem 2.2, the above
system is G.S. by means of an almost smooth feedback stabilizer. Finally, note that,
since the linearization of the system at O e N is completely uncontrollable and contains
a strictly positive eigenvalue, stabilization via smooth feedback is impossible.

An interesting consequence of Theorem 2.2 is the following result.
THEOREM 2.4. Suppose that there exists a G.C.L.F. W of the set

Mo% {xeR": x2=0}

with respect to (1.2), and f2(Xl, 0)---0 for all x "’. Furthermore, assume that there
exists a smooth map f" ", such that

(i) The map f(x) is homogeneous of degree k >- 1, namely,

f, cx, cf, (x,) for all c > 0 and x, ",;

(ii) The origin 0 ’ is globally asymptotically stable with respect to

(2.15) 2, =f,(xl);

(iii) There is a positive constant such that

d(x,, x2) = If,(x,, xz)
-> O, as x2 --> 0

uniformly on x| {/l tll" ]lXl > }"
Then system (1.2) is G.S. by means of a feedback law that is smooth on N"\Mo,

provided that 2| =f|(x|, v) is complete.
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Proof Assume first that k > 1. Then a well-known stability result [13] asserts that
conditions (i) and (ii) imply the existence of a continuously differentiable Lyapunov
function V(x) of On, with respect to (2.16), which is homogeneous of degree
(m 1)(k- 1), m > 2. Furthermore, there are positive constants c and c2 such that the
following conditions are satisfied:

(2.17) ov(x,)f,(x,)<=-c=llx, "’’-’’ Vx,

According to assumption (iii), there is a positive constant r such that

(2.18) d(x,, x2) <
3 c
4c

for every (x,, x_) with Ilxzll < cr and IIx, > . From (2.16)-(2.18), it follows that

DV(x,)f,(x,, x_) <= IDV(x,)f(x, x_)- DV(x,)f,(x,)]+ DVf,(x,)

C2----[[Xl[lm(k-’)< 0 VX,, X2" IlXl > , [IX2[I < O’.
4

Therefore, system (1.10) satisfies the I.S.S.C. with & 0, and Mo is positively invariant
with respect to 2 F(x). We conclude that the assumptions of Theorem 2.2 are satisfied,
and, consequently, system (1.2) is G.S. at the origin. Finally, for k 1, zero O N n’ is
globally exponentially stable, and so there exist a continuously ditterentiable real
function V(x) of O Nn, with respect to (2.15) and positive constants g and g’_ such
that IlOV(x,)ll =< e, llx, ll; DV(x,)f,(x,)<---zl[x,[[ for all x, Nnl. The rest of the proof
follows by using exactly the same arguments as before. [3

Example 2.5. Consider the system

(2.19a) 2 -x, + xO(x_)

(2.19b) 2_ =f2(x2) -k- ug(x2), (X,, X)’ nz, U

where 0 is continuous with 0(0) 0 and 10(x_)]--< for all x2 and f_(0) 0. Furthermore,
assume that there exists a G.C.L.F. W: W’->[+ of OeNn with respect to (2.19b).
Then we can easily justify that the function f(x)=-x satisfies the assumptions of
Theorem 2.4, system (2.19a) is complete, and W is a G.C.L.F. of the set Mo with
respect to (2.19). Furthermore, note that, since (2.19b) admits a G.C.L.F. at O
this subsystem is G.S. by means of a feedback law u r(x), which is smooth on Nn\{0}
and depends only on x_. This law also globally stabilizes the overall system (2.19) at

3. Existence of global control Lyapunov functions. In this section, we give sufficient
conditions for the existence of global control Lyapunov functions of the origin guaran-
teeing stabilization by means of feedback stabilizers that are smooth on W’\{0}. The
following theorem generalizes Theorem 2.2 of 2.

THEOREM 3.1. In addition to the assumptions of Theorem 2.2, assume that the

function Wsatisfies the C.P. Then there exists a G.C.L.F. ofthe origin 0 n with respect
to (1.2), and so the system is G.S. by means of a feedback law u r(x), which is smooth
on "\{0}.

Proof We proceed exactly as in the proof of Theorem 2.2. Furthermore, by Lemma
2.1(b), there exists a map r" Nn ._>[m such that F+ Gr is continuous on Nn. Then,
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similar to the proof of Theorem 2.2, we can establish that O N" is globally asymptoti-
cally stable with respect to (1.3). Therefore, by Kurzweil’s theorem [19], system (1.3)
admits a smooth Lyapunov function at zero, which is uniformly unbounded on ".
It is not difficult to see that is a G.C.L.F. of O [n with respect to (1.2), and so,
by Artstein’s theorem, the system is G.S. by means of a feedback law that is smooth
on [n\{0}. [--]

EXAMPLE 3.2. Consider system (1.2) with n 1, n2 2, m 1, x w , x
(w2, w3)’ 2, and

(3.1a) f(x) =-w-(w2 + w3), k, integers,

(3.1b) f2(xz) + ug(xz) (-wz, w3 + uw)’.

Obviously, the system 2 =f(x, 0) satisfies the I.S.S.C. with V(x) 5x, 1, and

z. Furthermore, the set Mo {x 3. x: 0} is positively invariant, and the function
W(x) [[xzll is a G.C.L.F. of Mo with respect to the above system, which, in addition,
satisfies the C.P. In particular, if we define

r(xz) {0 for W3=0
--2/W3 otherwise,

2then(DWF+rDWG)(x)=-w2 wforallx2 (Wa, W3) 2. Moreover, the resulting
map rg equals (0,-w3) for w3 # 0 and (0, 0) for w3=0; hence it is continuous on
Therefore, according to Theorem 3.1, the system is G.S. by means of a feedback law
that is smooth on 3N{0}. Note that, according to our methodology, to determine the
feedback stabilizer, we must first evaluate a control Lyapunov function for the
system F + Gr. From a practical point ofview, this a very difficult problem. However,
in our case, we can directly justify that the function

1 2w, +G
is a G.C.L.F. of O 3 with respect to (1.2) with dynamics given by (3.1). Therefore,
we can apply Sontag’s formula [24] to determine a feedback stabilizer. Indeed, Theorem
1 in [24] asses that the feedback law

r(x) 0 for X=0
-(a(x), 6(x)),

where

or(a, b)
0 forb=0and a<0,
a +x/a2 + b

otherwise
b

and

(w2 w2a(x) (DF)(x) -w, w, + w,
b(x)=(DG)(x)=w3

is smooth on x 3\{0} and globally asymptotic stabilizes the system at O 3.
An interesting consequence of Theorems 2.4 and 3.1 is the following result.
COROLLARY 3.3. In addition to assumptions (i)-(iii) of Theorem 2.4, suppose that

the mappings f2 and gi, i= 1,..., m, are homogeneous vector fields of degree ko and
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ki, 1,..., m, respectively, with ko > ki and that they are independent ofx Furthermore,
there exists a positive definite matrix P2 ofdimension n2 x n2 such that thefollowing holds:

x’P2g(x2)=O, xzO==>x’P2fz(x2)<O.

Then there exists a G.C.L.F. of 0 " with respect to the overall system (1.2), provided
that 2 =fl(x, v) is complete.

Proof The previous assumptions in conjunction with Theorem 2 in [34] assert
that the function W(x2) =x2P2x2 is a G.C.L.F. of the set Mo={x "x2=0} with
respect to (1.2), which, in addition, satisfies the C.P. The rest of the proof is an
immediate consequence of Theorems 2.4 and 3.1.

Remark 3.4. Corollary 3.3 generalizes a well-known result from linear control
theory concerning systems of the form

which states that the above system is (globally) stabilizable at O W’, provided that
the matrix A is Hurwitz and that the pair (A22, B) is stabilizable at OW’2.

Next, we establish that, if the input to state stability condition (1.8) is strengthened,
it is possible to construct a G.C.L.F. of the origin with respect to (1.2). The construction
of this function is based on some ideas from [32].

THEOREM 3.5. Suppose that there exist a continuous map qb" ", [t12; a positive
constant c; a positive definite, continuously differentiable, realfunction V: ", +, which
is uniformly unbounded on W’,; and a G.C.L.F. W ofM6 with respect to (1.2) satisfying
the following property:

(3.2) DV(x,)fi(x, x2) < 0 Vx (x’ x)’: W(x) < cV(x,).

Then there exists a G.C.L.F. of 0" with respect to (1.2), and so (1.2) is G.S. by
means of a feedback law u r(x), which is smooth on "\{0}.

Remark 3.5. Note that the positively invariant assumption for the set M6 as well
as the completeness assumption for (1.10) are not required.

Proof We establish that there exists a positive real function s(x), which is smooth
on "\{0}, and a positive constant k such that the function

(3.3) (x) s(x) V(x,)+ kW(x)

is a G.C.L.F. of O e " with respect to (1.2).
We consider a smooth real function q: R++, which is strictly decreasing on

the interval [0, and q(s) 0 for all s > 1. Furthermore, assume that its first derivative
(I) (l)

0(s) is uniformly bounded on +, and 0(+0) =0 for all 1, 2,.... Let k be a positive
real constant such that

(3.4) k>-sup p(s)l, s e
C

and define

(1 W(x)q, ’] forx#0,
s x

c

0 for x O.

Then the function s is smooth for x 0 and uniformly bounded on I". The result is
that is positive definite and continuous on " and, in addition, is continuously
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differentiable on R"\{0}. Next, we show that is uniformly unbounded on R". Consider
any sequence

Xn (X

Without any loss of generality, we may assume that there exist subsequences {y,} and
{z, } such that

{x,,}={y,}{z,,},

where

(3.5a)

and

(3.5b) IIz2.- (z,.)ll m V , 2,...

for some positive constant M. Then, according to (1.5), it follows that W(y,) +,
and so

(3.6) (y,)-+ as Ily.II - +.Next, consider the subsequence {z,,}. Then, since IIz.ll-+ and b is continuous,
condition (3.5b) implies that IIz,ll-, /. The latter, in conjunction with the fact that
V is uniformly unbounded on ",, implies that V(z,) +c. Moreover, by (1.5) and
(3.5b), we have

W(z.) <- a(llzz. (z,,,)ll)-<- a2(M) Vn 1, 2,....

W(zo)

Consequently,

therefore s(z. V(z. +, and so

( W(z,,))
(3.7) cI)(z,,) s(z,) V(z,,)+ W(z,,) +.

By (3.6) and (3.7), it follows that (x,,)-+ as IIx,,ll- +, which means that is
uniformly unbounded on [". To complete the proof, it suffices to show that condition
(1.4) is fulfilled. Indeed, consider any nonzero such that (DG)() 0. Equivalently,

(DI(I
c v(,)

and so, by (3.4), we obtain (DWG)()=O. Therefore, by (1.6) and (3.2), it follows
that the expression

(DF)()=(DVf,)()((1 ] 1()(1 W()] W()]
(3.8)

+(DWF)() + k

is strictly negative. Indeed, for such that W() cV(), we have

therefore, by (1.6) and (3.8),

(( (w(,< o.
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Finally, for . such that (W(5.)/V(l))<c, it follows by (3.2) and (1.6) that
DV(.l)fl(.)O and (DWF)()<-_O. Furthermore, since q is positive and strictly

decreasing on the interval [0, 1), it follows that q(s)<=O for s[0, 1), and so

hence by (3.8) we obtain (D@F)(.) <0. Therefore, (1.4) is fulfilled, and the map
as defined in (3.3) is a G.C.L.F. of O" with respect to (1.2). Hence, according to
Artstein’s theorem, system (1.2) is G.S. by means of a feedback law u r(x), which
is smooth on "\{0}.

Example 3.6. Consider the planar case

o
9 r(xl + x2)

(3.9) . x-x +2x ] + u

where r is a continuous function such that r(s)=0 if and only if s =0. We show that
system (3.9) satisfies the assumptions of Theorem 3.5, and so it is G.S. at 0e[ by
means of a feedback law that is smooth on [\{0}. Let- xe)x61 f:(x, X2) X’- X 2ff 2X91 g(X, X2) r(x - x2)f,(x,,x)=-x,+(xi

and define

x) (x,- x), .(Xi) X, V(Xl) _x’, W(xI,

Then, for any x with W(x, x)< cV(x), it holds that [x-xz[ < 1/2Ix,I, and so

DV(x1)fl(X X2)__ -x < 0;

therefore (3.2) is fulfilled. Next, we show that the map W defined as above is a G.C.L.F.
of the set

M,/, {x (x,, xe)’ xz Xl}

with respect to (3.9). Indeed, for any x M, such that ((0 W/Oxz)r)(x)=0, we have

x2 -Xl, and so

(DWF)(x) -(x + Xl) < 0.

Therefore, according to Theorem 3.5, there exists a G.C.L.F. of O e [z with respect
to (3.9).

Example 3.7. Consider the system

) -x+O(x),
(3.10)

:2 Azzx + Bu, x (Xl, X_) X n2,

where k is odd, the function 0 is continuous, and there exists a constant M > 0 satisfying

Furthermore, assume that the pair (Azz, B) is stabilizable. We show that system (3.10)
satisfies the assumptions of Theorem 3.5; hence it admits a G.C.L.F. Indeed, since the
pair (A:, B) is stabilizable, there exists a positive definite matrix P of dimension

n n such that the following holds"

x’2P2B O=z> x’zP2Az2x2 < 0
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(see [2] and [30]). Then, obviously, the function W(x2)= x2Px is G.C.L.F. of the
set M0 {(x, x) ,2:x2 =0} with respect to (3.10). Let p be a positive constant
satisfying xPx2 < pllxll for all x2 I "2. Let also V(x,) =’x, and c be a positive constant
with c <2pM-2/’. Then, for any x (x, x)’ such that

we obtain

C
lx [2

+ O(x)) < -x+’ + M xk+ <0,

and therefore (3.2) is fulfilled.
Finally, we apply Theorem 3.5 to recover an interesting result from [33].
PROPOSITION 3.8. Suppose that there exist a continuous map : ",- ", a con-

tinuously differentiable Lyapunov function V of 0 W" with respect to (1.9), a G.C.L.F.
W: " -+ .of M, with respect to (1.2), and positive constants ci, 1,..., 5, such that

(3.11)

(3.12)

(3.13)

(3.14)

(3.)

V(x,)c, llx, =,
DV(x,)f,(x,, (x,)) cllx, ,

IlOV(x,)ll < c.llx, II,
IIf,(x, ,.x)-f,(x,, )11 =< c411x- 11,

a2( s < c5s2
for any x ,, xz, 2 , and s >= 0, where a2 is defined in (1.5). Then there exists a
constant c > 0 such that the input to state stability condition (3.2) of Theorem 3.5 is
satisfied, and so system (1.2) is G.S. by means ofafeedback law that is smooth on "\{0}.

Proof By (1.5), (3.11), and (3.15), it suffices to show that, for any x (x’, x)’ "with

(3.16) cllx=- (x,) < cc, llx, =,
it holds that

provided that

DV(x,)f(x, x2) < O,

5 C2(3.17) 0<c_<-

Indeed, by (3.12)-(3.14), we evaluate

DV(x,)f,(x,, x=) <-IDV(x,)f,(x,, x)- DV(x,)f,(x,, 6(x,))l + DV(x,)f,(x,, 4,(x,))

< C3 C4 x, x= (x,)ll c= x, 2.

Therefore, by (3.16) and (3.17), we obtain

<0

for all x" satisfying inequality (3.16). The rest of the proof is a consequence of
Theorem 3.5.
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Example 3.9. Consider the system

(3.18a) Axl + A2x2,

(3.18b) "2 --/2(X2) - g x u, X X E X [[ n2, U m,
where A and A2 are constant real matrices of dimension n x n and n x n2, respec-
tively. Assume that

(H1) The matrix AI is Hurwitz;
(H2) There is a positive definite matrix P2 of dimension n2 x n2 such that the

function W(x2)= ’P2x2 is a G.C.L.F. of O ,,2 with respect to (3 18)X2
Then the assumptions of Proposition 3.8 are satisfied with 4 0, and so system

(3.1) is G.S. by means of a feedback law that is smooth on "\{0}. Indeed, according
to assumption (HI), there exists a positive definite matrix P of dimension n x n such
that PA +A’P--I, where I is the unit matrix of dimension n x n. Let V(x)=
xPx. Then we can easily check that conditions (3.11)-(3.15) of" Proposition 3.8 are
fulfilled with V, as before, and W, as defined in (H2).

Remark 3.10. Similar to Remark 3.4, we can easily justify that Proposition 3.8
and Example 3.9 constitute generalizations of the linear case.
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KALMAN FILTERING WITH RANDOM COEFFICIENTS AND
CONTRACTIONS*

PHILIPPE BOUGEROL"

Abstract. The Riccati transformation of linear filtering/control theory is shown to be a contraction on
the space of positive symmetric matrices. This is used to describe the asymptotic behavior of the filter for
systems with stochastic stationary parameters.
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Introduction. In this paper we study the asymptotic properties of the Kalman filter
in a random stationary environment, under weak controllability and observability
conditions. We show that the covariance matrix of the conditional error converges in
law and that the filter is exponentially stable. This is a direct generalization of Kalman’s
classical results.

Our main tool is the following. Consider the classical Riccati transformation that
associates the error covariance matrix at time n + to the error covariance matrix at
time n. We show that this transformation is a contraction with respect to the Riemannian
metric on the set of positive symmetric matrices. This important fact does not seem to
have been noticed before. For instance, it leads to a straightforward proof of Kalman’s
results on the asymptotic behavior of the filter. It can also be useful in other parts of
filtering or control theory.

For the convenience of the reader who is not interested in random environment,
we present our results in three parts. Section is devoted to the study of the above-
mentioned contraction property in the classical set-up. Filtering with random para-
meters is considered in 2. Section 3 is an appendix that proves the general
results on iteration of random Lipschitz contractions (needed in 2).

Let us describe the main results of this paper. We consider the linear system

X,, A,,X,,_ + F,,e,,, n >- 1,
(1)

;, C,X, +

where X Ed, e,, lp, r/,,, Y,, l q. In the parameters A, F,, and C,, are deterministic
matrices with size d d, d p and q d, respectively. The random vectors {(e,
n I} are independent; they have the same Gaussian law with mean 0 and covariance
matrix equal to the identity. We assume that Xo has a Gaussian law with mean Xo
and covariance matrix Po. We always suppose that the matrices A are nonsingular
(our approach does not apply in the singular case).

For any n_-> l, let be the sigma-algebra generated by the random vectors
Y, Y2,..., Y,, and

() x::_(x,/.),

(3) P, :: IE((X.- ,,)(X.- ...)*/o.).

* Received by the editors January 2, 1991" accepted for publication (in revised form) November 1, 1991.
t Laboratoire de Probabilit6s, Universit6 Paris VI, 4, Place Jussieu, 75252 Paris Cedex 05, France.
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When o,, is known, ’,, is the best estimate of X,,, and P,, is the conditional error
covariance matrix. Let (respectively, o) denote the set of d d nonnegative
(respectively, positive) symmetric matrices. For any n in and P , we set

(4) +,,(P) (A,,PA*,, + S,,)(I + R,,S. + R.A.PA*,,)-’,

where R,, C*,,C,, and S,, F,,F,*,; then ,,(P) , and n maps oin Po. The classical
Kalman’s recursive equations can be written as

(6)

P,, .(P,,_,)

f(,, (An P,,R,,A,,),,_, + PnC*, Yn

(see, e.g., Balakrishnan [3, Relations 4-1-19, -27, -31, -34]). The main result of is
that the maps , are contractions on o, if we equip this set with the Riemannian
metric 6, which is invariant under conjugacy (see Theorem 1.7). Moreover, the fact
that these contractions are strict and/or uniform depends on the observability and the
controllability properties of the linear system (1). These results are proved in their
natural context, namely, by looking at the symplectic matrices that act on the set of
symmetric matrices by preserving o. In that setting, they can be seen as generalizations
of the Perron-Frobenius theorem. We also could have considered the recursion associ-
ated with _(X,,/,,._) for which analogous results hold true (see [8]).

Section 2 is devoted to filtering in a random stationary environment. We consider
again the linear equation (1), but we now suppose that the parameters An, F, and Cn
are stochastic and that {(An, Fn, C,), n >-1} is a stationary ergodic process. Under

suitable hypotheses (see Hypothesis in 2), system (1) is conditionally Gaussian, and
X, and Pn are also given by the recursive equations (5) and (6) of Kalman. These
hypotheses hold, for instance, when the parameters are independent of the noises. We
first describe in 2.1 some actual situations that can be described by such systems.
Then, in 2.2 we introduce weak controllability and observability assumptions (in
contrast with the uniform conditions of Kalman). These conditions can hold for systems
that are usually neither controllable nor observable. Fault-tolerant systems usually
have this property. Under these assumptions, we describe the asymptotic behavior of
the conditional error covariance matrices Pn. Our main result is Theorem 2.4. We show
that there exists a stationary o-valued process {Pn, n /} with the following universal
property" "Almost surely, for any solution Pn of (5), IlPn-ffnl] converges to 0 as
n +oo." In particular, P converges in law. In 2.3 we prove that the filter (6) is
exponentially stable. These results are deduced from properties of processes that are
defined by iterations under stationary Lipschitz maps (Relation (5) and Theorem 1.7
show that the process Pn is of this type). These properties are interesting for their own
sake; they are established in 3.

This paper is self-contained and in some sense elementary. Some of its ideas are
already in the literature. The trick of studying the filtering of Riccati’s equation through
the action of symplectic matrices is, of course, well known (see, e.g., Hermann [15],
Shayman [24], and their references). Our semigroup Y( has been introduced already
by Wojtkowski [31], [32] in a different context. The contraction property of the Riccati
transformation is a generalization ofthe contraction property of matrices with nonnega-
tive elements for the Hilbert metric, due to G. Birkhoff [5]. It’s also related with the
contraction properties of product of random matrices on boundaries. In Bougerol [7]
we recover some of the results obtained here by making use of the Osseledets theorem
and the Lyapunov exponents of the associated Hamiltonian matrices.
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All our results can be generalized easily to the continuous-time case, either by a
direct study or by a reduction to discrete-time.

1. Contraction properties of Riccati equation.
l.l. The semigroup of Hamiltonian matrices. We consider the classical linear

system (1) with deterministic parameters (An, Fn, Cn), n 1,

Xn A,,Xn_ + Frith,

Y,, C,,X,,+q,,,

defined in the Introduction. We always suppose that the matrices An are invertible.
We associate to this system the so-called Hamiltonian matrices Mn of order 2d written
in block form as

(7) Mn RnAn (I + RnS,,)A,*,-’

where Rn C*n Cn and Sn FnF*,. These matrices are in the symplectic group Sp(d, ).
This group is defined as the set of all the matrices M of order 2d such that M*JM J,
where J (_o o), (i is the identity matrix of order d and M* is the transpose of M).
This relation can be written as M-I= JM*J, thus we see that M* is also in Sp(d, ).
If we write

(,4M--
(2

where the entries are d x d matrices, then BA* and A*C are symmetric and A*D-
C*B=I.

Let (respectively, o) be the set of d d nonnegative (respectively, positive)
symmetric matrices (we recall that a matrix M is nonnegative, respectively, positive,
when for all x O, x*Mx >= O, respectively, >0). The set of all Hamiltonian matrices is

I( C e Sp(d, N); A is invertible, BA* , A*C

Indeed, every matrix Mn defined previously is in f, and every matrix ( ) in is
the Hamiltonian matrix of the linear system (1) with the constant parameters An A,
Fn /BA*, Cn /CA-1, and dimensions p =q d. We define three subsets , 2,
and Y(0 of Y by

A

We remark that 2 is the dual of (in the sense that M Y( if and only if M* ).
The following semigroup property of already appeared in a different context,
implicitly in Ol’shanskii [22] and explicitly in Wojtkowski [31] and [32].

PROPOSITION 1.1. The product of matrices in Y( is in Y. The product of a matrix in
Y( with a matrix in 9 (respectively, 2, Y(o) is in Y( (respectively, , Y(o). In other
words, Y is a semigroup of matrices, and , Y(, and Y(o are two-sided ideals of Y(.
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We will need the following well-known lemma.
LEMMA 1.2. When P and Q are in , then I + PQ is invertible.

Proof If P is positive, we can find an invertible matrix M such that p-l= M*M
and Q= M*DM, where D is diagonal with nonnegative entries. Then I/PQ=
M-(I + D)M. Thus, the eigenvalues of I + PQ are greater than one. By density, this
remains true even if P is only nonnegative. [3

Proof of Proposition 1.1. Let M1 and M2 be two matrices in , and M MzM.
-1 and P2 A71B_ SinceFor i= 1, 2, or 3 we write M ( i), and we set Q CIAI

M1 Y(, the matrix A*CI is in and the fact that QI A*-I(A*CI)A- yields that QI
is in . Similarly, Pz is also in . We have

A3--- A2A1 + B2C A2(I + AIB2CA-I)A1 A2(I + P2Q)AI.

Hence, it follows from the previous lemma that A is invertible. We will make use of
the relation

A*2 D2 C*2 B2+ I C*2 AzP2 + I A* CPz + I

in the next computation. Since C3 CAI + D2CI, one has

AC3 A* (I + QIPz)A*( CzA1 + D2CI)

a*(I + QIP)(A*zCzA + A*zC2PzC, + C)
(8)

a* (I + Q,Pz)A* Cz(A1 + P2C,)+ A* C1 + C* PzC,

a*(I + Q, Pz)A*C2(I + P_Q,)A, + A*C, + C*P_C,.

This shows that AC3 is a nonnegative symmetric matrix. Similarly (or using transposi-
tions) we see that A3B is also nonnegative. This proves that M is in Y(. Thus, Y( is

* C3 isa semigroup. If, moreover, ACz or A*C is invertible, then (8) shows that A3
positive definite. Hence, 2 is an ideal of Yg. Similarly, g(, and thus Y(o, is also an
ideal of .

The following result will be useful later to link the fact that a linear system is
observable or controllable with the fact that the associated Hamiltonian matrices are
in Ygi or in g(2.

PROPOSITION 1.3. Let M. (A-;I ;’,), n , be matrices in gg. Then M.M,,_I M
is in 1 if and only if

Det (A* C, + A* A*2 CA, +." + a* A*._,A*. C.A._, al) O,

and M.M._, M1 is in 77(2 if and only if
Det B.A*. + A.B._,A*._1A*. +... + A. A2BIA* A*2 A*. O.

Proof For any M =(ac ) in g(, let (M)= A*C and a(M)= A. We first show
that, if M1 and M are in g(, then for any x in

(9) sC(MM1)x =0

if and only if

(10) :(M,)x=0 and (Mz)AIx=O.

We use the following two properties"
(i) When P, Q g and (P + Q)x 0, then Px Qx 0;
(ii) For any matrix M, if P and M*PM x =0, then PMx =0.

We know by (8) that if QI CA-( and P AIB, then

(11) (MM,) A* (I + Q, Pz)A*2 C2(I + PzQ,)A + A* C, + C* P2C.
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The right-hand side is a sum of nonnegative symmetric matrices. Therefore, we see
that if (9) holds, then A*Cx -0 and A*C2(I + P2Q)Ax =0. This implies that Cx =0
(since A is invertible) and A*C2AlX =0 (since QAx--Cx=0); thus, (10) holds.
The converse also follows easily from (11). Using the equivalence between (9) and
(,10) we see that the following statements are equivalent:

(M,...M_M,)x=O,

,e;,,(M,)x 0 and (M,,... M)a(M,)x O,

O(M)x=O and (M2)a(M)x=O,...,

and (M)a(M,_)... a(M)x=O.

Since the matrices (M) are nonnegative and a(M) invertible, this is also equivalent
to

{(M,)+a(M,)*(M:)a(M,)+’" "+ a(M,)* a(M,,_,)*(M,)

a(M._,).., a(M1)Ix 0.

This proves the first claim. The second claim is obtained by duality.
B1.2. Cotraetio. roerty. For any matrix M =( ) in N we define a map

M :o o by

(12) u(T)=(AT+B)(CT+D)-’, To.
The fact that the right-hand side is a well-defined element of o will be shown in
Proposition 1.5. A straightforward computation shows that the map M defines
an action of the semigroup on o, in the sense that, for any M, N in ,
(13) N=N
(in fact this action is induced by the linear action of symp!ectic matrices on
d-dimensional linear subspaces offTM). We remark that the relation (4), which defines
the maps , can be written as

O,(P) (A,P + S.A-’)(R.A,,P + (I + R.S.)A-’)-.
This shows that ., ,,. Therefore, by (5), the error covariance matrix P. satisfies

(14) P, ,,(P,_,).
This equation is called the discrete Riccati equation. The classical continuous matrix
Riccati equation on o is similar. Indeed, under some mild regularity and boundedness
assumptions, if P,, +, is the solution of the matrix-valued differential equation

P,=A,P,+P,A-P,R,P,+S,, Po o,
where R,, S,, 0, are in , then there exists a family N,, 0, of matrices in such
that P, =,(Po) (cf., Hermann [15]).

DEFINITION 1.4. The Riemannian distance 8 on o is defined by: for any P, Q o,

8(P, Q)= Log2 A,
i=1

where A,..., Ad are the eigenvalues of the matrix PQ-.
It is shown in Maass [19, Thm. p. 27] (see also Tetras [27]), that 8 is the usual

Riemannian distance on o when this set is considered as the Riemannian symmetric
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space Gl(d, N)/O(d) (this metric is associated to the arc length ds2=tr {(P- dP)2},
which is invariant under conjugacy and coincides with the Euclidean arc length on
the logarithms of the diagonal matrices in o). In particular, (o, 6) is complete and
6 induces the usual topology. The main property of this distance is its invariance under
conjugacy and under inversion. For any invertible matrix A and for all P, Q in o,

8(APA*, AQA*)= 6(P, Q)= 8(P-’, O-’).
We next prove that the transformations 4 are contractions of (o, 3) when M 6 Y(.

PROPOSITION 1.5. Let M ( ) be a matrix in . Then
(i) For any Tin (respectively, o), CT+ D is invertible and (AT+ B)( CT+ D)-is in (respectively, o).
(ii) IfM 2, then for any T in , (AT+ B) CT+ D)- is in o.
Proof Let T 6 . The matrices P A- B, Q CA-, and S A T+ P)A* are in. Since

CT+ D QAT+ QAP+ A*-’ QS + I)A*-’,
it follows from Lemma 1.2 that CT+ D is invertible. Now, the relation

(AT+ B)( CT+ D)-’ (AT+ AP)A*(QS + I)-’ S( QS + 1) -1

easily implies the proposition (we note that this is equal to (S-+ Q)- when S is
invertible). Iq

We always use the Euclidean norm on NJ and the associated operator norm on
the set of matrices: if M is a matrix of order d, we let [[.M Sup{l] Mx[[; x NJ, IIx]] 1}.

PROPOSITION 1.6. Let T, S be matrices in o and a Max(I T[[, [[S[I ). Then for all

6(T+P,S+P)<=6(T,S)a+
where/3 Inf{(nx, x); [Ix[[ 1}.

Proof The mean value theorem yields that, when 0 < a, b =< m and r > 0, then

a+r m a
<_ Log+(15) Log

b+r-m+r -(where Log+ x Max(Log x, 0)). It is known and not difficult to prove (see Gantmacher
[14, Ch. 10, 7]) that the eigenvalues of TS- are real, positive, and that they have
the following Min-Max representation. Let

a,( r, S) <_- a_( T, S) -<... -< a,( r, S)

be the eigenvalues of TS- written in ascending order. Then

h(T’S)=Min{Max{(Tx’x)" } }(Sx, x),XV VeF(k)

where F(k) is the set of k-dimensional linear subspaces of Na. We prove that

(16) ILog a T+ P, S + P)I ILog a T, S)I,

for any 1 <= k =< d. We first suppose that ak(T+ P, S + P) > 1. Relation (15) entails that

Log(TX, x)+(Px, x)=< a

(Sx, x)+(Px, x) a + fl
Log+

Tx, x)
(Sx, x)
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Thus,

ILog ,x T + P, S + P)I Log Ak T+ P, S + P)

((S+P)x,x),XV VF(k)

Min {Max {Log Tx, x) + Px, x) } }(Sx, x)+(Px, x),Xe V VeF(k)

Min{Max{Lg+(Tx’x)" } }(Sx, x),X V VF(k)

--< Log+ hk T, S).

Since the left-hand term is positive, this first gives that Log+ hk (T, S)= [Log hg (T, S)[,
and then that (16) holds. When A(T+ P, S+ P)= I, (16) is obvious. When
h(T+ P, S + P) < 1, we use the relation ha(T+ P, S + P) 1/A,_+(S + P, T+ P), and
we apply (16) to Ao_a+(S+P, T+P). Finally, (16) implies immediately the
proposition.

THEOREM 1.7. efollowing properties hold"
(i) For any M in , and T, S in o,

3.(O (T), Ou(S)) 3(T, S).

(ii) For any M in or in , and T, Sin o,
3(Ou(T), Ou (S)) < 3( L S).

(iii) For any M in o, there exists p(M), 0 < p(M) < 1, such that, for all T, S in o,
(Ou(T), Ou (S)) p(M)( T, S).

Proof Let M=( ]) be a matrix in . The matrices P=A-*B and Q=CA-are in and

We consider the transformations re(T)= T+ P, ro(T)= T+Q, A(T)=ATA* and
w(T) T- defined on o. By making use of (13) we obtain

(17) O(T) (oo o )(T).

We have already noticed that T and are isometries of the metric space (o, ). It
follows from Proposition 1.6 that re and ro are contractions. This and (17) prove (i).
If M is in ,, then Q is invertible. Hence, ro is a strict contraction by Proposition
1.6. Similarly, when M is in , P is inveible and re is a strict contraction. Thus,
(ii) follows from (17). Let us prove (iii). We consider an M in o. Then both P and
Q are invertible. Moreover, for any T in o, re(T) P (in the sense that re(T) P ),
which implies that (ore)(T) APA*, and thus,

(oo)(T) (AeA*)-.
Let if= [I(APA* -’II and e Inf{(Qx, x); Ilxll II. It follows from Proposition 1.6 that
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for all T and T2 in 0,

(’ro[(o’’yA’rp)( T,)], ro[(cr yare)( T2)])

<__ " ((o.oyAO.p)(T,) (o’o’yAoT"p)(T2))
’+e

<-_ 6(T,,T2).+e
Since o- is an isometry, this relation and (16) yield that (iii) holds with
p(M)=/(+e).

As an application, let us outline a short proof of a classical result of Kalman. We
suppose that the linear system with constant coefficients

Xn AXn_
is controllable and observable. Let M be the Hamiltonian matrix (here independent
of n) defined by (7). It follows from Proposition 1.3 that there is an integer p > 0 such
that Mp is in Wo. Therefore, by Theorem 1.7, M has a power that is a uniform
contraction. This implies by the fixed point theorem that there exists a matrix P in
such that all the solutions Pn of (5) converge to P when n +o, as soon as Po is in o.

2. Filtering with random parameters. We now study the asymptotic behavior of
linear filtering in a random environment. We consider the case where the parameters
A,,, Fn, Cn of the linear equation (1) are stochastic. More precisely, we suppose that
the following hypothesis holds.

Hypothesis H. For all n _>- 1, the quantities An, Fn, C,, e,, r/, are random variables
defined on a probability space (f, f, ) and {(An, F,, C,), n .->_ 1} is a strictly stationary
ergodic process. There is a o’-algebra fo contained in f such that, if 0%
o-(fo, Y,..., Yn) is the r-algebra generated by fo and by Y, Y2,..., Yn, then for
all n _-> 1,

(i) An, Fn, and Cn are fn- measurable.
(ii) The random vector (en, r/n) has a Gaussian law with mean zero and covariance

matrix equal to the identity matrix. It is independent of Xn_ and fn--
(iii) C.onditionally on fo, the random vector Xo has a Gaussian law with mean

Xo and covariance matrix Po.
This set-up is called conditionally Gaussian. The conditional expectationsn :(X,n / o%) and the conditional error covariance matrices Pn

-((Xn-Xn)(Xn--ffn)*/fn) are given by the recursions (5) and (6) (see, e.g., Whittle
[29, p. 260]). Work on such systems with stochastic parameters goes back to Kalman
[17], [18]. A recent reference is De Koning [12] (see also Nahi [21]). An important
example is the following: suppose that {(e,,, r/,,), n => 1} is a sequence of independent
normalized Gaussian random vectors, independent of a stationary ergodic process
(An, Fn, Cn), n _>-1. Then, if fro r{(An, Fn, Cn), n >-1}, the hypothesis (H) holds.

In 2.1, we present some examples of real situations that can be modeled by these
equations. In 2.2, we describe the asymptotic behavior of Pn as n +oo. The exponen-
tial stability of the filter is proved in 2.3. We will always suppose that the matrices
An are nonsingular. Without loss of generality, we can and will suppose that the
stationary process (A,,, F,,, Cn) is defined on (, f,

2.1. Examples.
2.1.1. Filter with periodic parameters. We suppose that there exist functions A, B,

C on fl 7/p7/such that, for all

(An(oO), ,(,o), C,(oo)) (A(o + n), B(o + n), C(oo + n)),
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where co + n is the sum modulo p. Let -i be the set of all the subsets of 1), and let
P be the uniform measure on 1). We also consider a sequence of noises
n >= 1, defined on some (1)2, 2, P2). Then these coefficients define a linear system on
the probability space l)=l)z, =1(R):, =(R)2, for which (H) holds.
These systems with periodic parameters have been studied recently, for instance, by
De Souza and Goodwin [13], and Bittanti, Colaneri, and Di Nicolao [6].

2.1.2. Random sampling. In several situations, a linear system can be observed
only at random times To < T <.... This so-called stochastic sampling phenomenon
can occur because of technical imperfections in the instrumentation. It may also be
applied intentionally, for instance, when a digital computer is time shared in a stochastic
manner as suggested by Kalman [17]. In Snyder and Fishman [25], thetracking of
fireflies, which can be observed only by their flashes, is studied (we can easily imagine
some more realistic examples); see also Chang 11 ]. These systems are used in modeling
of ARMA processes with missing data.

The basic model is the usual time-invariant system

(18) X, AX,_, + Fe,,, Y,, CX, + 7,,.

We suppose that the state is observed only at random times T,, n => 0, independent of
this system, and that T,,+- T,, n-> 0} is a stationary ergodic process with values in
*. If we let Z,, XT,. and W,, YT,. then

L.- ,._,-
Z,, A ’-T"-’Z,,_ + E AkFET,,-k, W,, CZ,, +

=0

For each n-> 1, let A,, A,.-C-, and let F, be a symmetric matrix such that
T -T -1

F2, A’FF*A*’.
-0

Using if necessary a generalized inverse of F,,, it is easy to see that there exists a
sequence of independent Gaussian random variables a, n,/3, q, with mean 0 and
covariance matrix equal to the identity, independent of the sequence {(A,,, F,,), n => 1},
such that

0

We obtain that

(19) Z. A.Z._, + F.a.. W,, CZ. +
This is a system with stochastic parameters for which (H) holds. In this setting, the
asymptotic properties of the filter have been studied by Viano [28] under the additional
assumption that the matrix A is stable and that C*C is invertible. We are able to treat
the case where the system (18) is only controllable and observable. We remark that
no uniform controllability property of (19) can be expected when the T,’s are not
bounded. When the random variables T,+- T, are independent and identically dis-
tributed, the error covariance P,, n , is a Markov chain on go. But this process is
singular (it does not satisfy the Harris irreducibility condition). Even in that case, it
does not seem easy to study its asymptotic behavior without recourse to contractions
properties.

2.1.3. Fault-tolerant filtering. Consider a failure-prone linear system. It can be,
for instance, a manufacturing plant or a space-station under the bombardment of
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meteorites. We can assume that the plant state has two equations: at time n, either
X,, MXn_ + en if the system is operational, or X, NXn_ + en if the system is in a
state of failure and undergoing repair. The failure/repair process may be modeled by
a stationary sequence An, n >= 1, of random matrices such that An {M, N}. Such
systems are considered, for instance, in Akella and Kumar [1] and in Mariton [20]
(see also Willems and Willems [30]). If Yn CXn + rln, the associated filtering system
will satisfy (H).

We may also consider a filtering system with a failure-prone observation process.
This can be due to the instrumentation or to the fact that at some unexpected times,
the state cannot be determined. For instance, we can think of the tracking of a plane,
which is sometimes hidden by clouds. A model for this situation can be

Xn AXn_ + Fen, Yn CnXn + rln,

where Cn is equal to some matrix C when the observation process is operational and
some other matrix D, otherwise. Notice that it is natural to assume that under failure,
i.e., when Cn --D, the system is not observable.

It follows from the results of the next section that the filter has very good asymptotic
properties. This shows that in some sense, Kalman’s filtering is fault tolerant. Of course,
users are already aware of this fact.

2.1.4. Estimation of AR processes with AR parameters. Suppose that we observe
an univariate autoregressive (AR) process Z,, p,,Z,,_ + tin where the parameters Pn
satisfy 0n ap,,__ + e,,. Here, {(en, r/,), n _-> 1} is a sequence of independent normalized
Gaussian random variables. These models occur, for instance, in stochastic adaptative
control (see, e.g., Caines and Meyn [10]). If we want to estimate the parameter a, it
is useful to compute the conditional law of On, once Z,..., Z,, are observed. Let
Xn Pn, Yn Zn, An a, F,, 1, and Cn Z,,-t. This system can be written as (1). If
a (-1, 1), then the parameter sequence is stationary and Hypothesis (H) holds.

2.2. Asymptotic properties of the error covariance matrix. We consider a linear
system (1) with random parameters for which (H) holds. In particular, the process
(An, Fn, Cn) is stationary and ergodic. In the sequel, 6 is the distance on o introduced
in Definition 1.4. We recall that R, C,* Cn and S,, F,,F,*,. For any n >- 1, let

12n:{wY;Det(A*R,A,+A*A*R2A2A,+’’’+A*...A*RnAn...A,)#0},

and

En {O9 f; Det (S,, + AnSn_,A,*, +"" + A,,. A2S,A A*,) 0}.

DEFINITION 2.1. The system (1) is called weakly observable if for some n > 0,
[(12n) > 0; it is called weakly controllable if for some n > 0, P(En) > 0.

When the parameters are deterministic, we recover the usual observability and
controllability conditions. But these notions are much weaker than the one commonly
used in the study of time-dependent systems (see, e.g., Jazwinski [16], Anderson and
Moore [2]). In some of the examples given in 2.1, only these weak conditions were
natural. We will need the following lemmas.

LEMMA 2.2. Let Mn, n t, be the sequence ofHamiltonian matrices associated with
a linear system (1) satisfying (H). If the system is weakly observable (respectively, weakly
controllable), then, almost surely, Mn. M is in Y( (respectively, W2) for all n t large
enough.
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Proof. If the system is weakly observable, then l)(-k) > 0 for some k -> 1. Proposi-
tion 1.3 yields that Mk(eO)Mk_(o)... M(o) is in t when o lk. Thus, P(Mk...
Y(l) > 0. It follows from the ergodic theorem that for almost all o there exists an
integer p, depending on o, such that Mp/k(O)... Mp/(oo) Y(. Since Y( is an ideal
in (cf. Proposition 1.1) this shows that, almost surely, for n large enough, M,.... When the system is weakly controllable, the proof is similar.

LEMMA 2.3. For any Q o,
(20) Max (Log IIQII, Log IIQ-’II)<--(Q, I)=<--d Max (Log IIQII, Log IIQ-’II).

Proof If A,-<_...-<_ Ad are the eigenvalues of Q, then A, 1/IIQ-’II and Ad
Since 3(Q, I)

i=
Lg Ai, the conclusion of the lemma is clear.

Our main result is the following theorem. It implies that"
(i) The filtering process is successful, since the conditional error covariance matrix

P, does not explode. This error is asymptotically stationary. For instance, it converges
in law (see Corollary 3.3).

(ii) Even for a fixed o f (outside an exceptional subset of measure 0), there is
no optimal choice of the initial condition Po, since all the sequences P, have the same
asymptotic behavior. An analogous result for the usual distance on is shown in
Proposition 2.5.

THEOREM 2.4. We consider a linear system (1) with stochastic parametersfor which
(a) Condition (H) holds.
(b) The system is weakly observable and weakly controllable.

-1(c) The random variables LogLog+ ilA,II, togtog+ Ila, II, togtog+ IIC, II, Log-
Log+ F, are integrable.

Then, there exists an ergodic stationary o-valued process {P,, n 7?}, that is solution of
(5). Furthermore, there is a negative real number a < 0 such that, almost surely, for any
solution P, of (5)for which Po o,

1
lim Log (P., P. _-< a < O.
n+o

Proof. We are going to apply Theorem 3.1, proved in the Appendix, to the sequence
{,, n 7/} of random contractions of the metric space (o, ) defined by (4). We first
check the condition (C1) of this theorem, namely that for some P in o,
IF[Log 6((P), P)] is finite. Actually, we choose P equal to the identity matrix/. Let
T= AA*+S. We get (I) T(I+RT)-= (T- +R)-. Since T-(T-+R)-t is
a nonnegative matrix, we have

[[,(I)ll--< II( T-/ R,)-’ =< TII--< Ila,a,* / IlS, II--< [[a, / IIF,
and

11,(I)-’ I1-<-II T-’+ Rill <= T-’II / IIR, II--< II(A,A,*)-’ / IIU, II-<-IlaT’ -/ C, .
By Lemma 2.3,

(21) 8(,(I), 1)2_-< d Max (Log II,(I)ll, Log

Using these inequalities and hypothesis (c) from Theorem 2.4, we see that
IE[.Log 8((I), I)] is finite. Now we check that Condition (C2) holds. By Theorem
1.7, , is a contraction. Thus, it suffices to show that the coefficient of contraction
p(dpo ) is smaller than 1 for some p>0, with positive probability. Let M,
n N, be the Hamiltonian matrices associated to (1). It follows from Lemma 2.2 that,
almost surely, for all p large enough, Mp... M is both in and in 2. Since
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Y(o Y( Y(2, this yields that for some p, P(Mp... M Yo) # 0. By (12), po. .Ol
M, M,, and therefore, p(p(po.., o) < 1) # 0 by Theorem 1.7 (iii). Thus, Condition
(C2) of Theorem 3.1 holds. This theorem implies the result.

PROPOSITION 2.5. We suppose that the hypotheses of Theorem 2.4 hold and that
Log+ Ila,[I, Log+ Ilav’ll, Log+ IIC, II, and Log+ [IF, are integrable. Then, almost surely,
for any solution Pn of (5) for which Po o,

1
(22) lim Log < 0.

n-+ n

Proof Since Pn and P, are symmetric positive matrices, we can find matrices K,
and D, such that P, K*,K,, Pn K*,DK,, and such that D, is a diagonal matrix

(n), (n)

_
with positive entries Zl Aa We have (P,,/3,)= { - Lof A’}/e. It follows
from Theorem 2.4 that

1
lim Log ILog A (n)

+c n

for i= 1,..., d. This implies that

(23) lim
1
Log [1-AI")l <

+c n

As in the proof above, we see that IE[((I), I)] is finite by (21). Moreover, by Lemma
2.3, Log 11--< Thus, it follows from Proposition 3.4 that, almost surely,

(24) lim Log I1  11 o.n+ n

For each x eRa, IlK.xll---(K*K.x,x)<= [I/  xll, so that IlKnl[<= IIP II. This yields that

(n)I[P, Pn -< K*(D, I)K, <- I1K, I111 mn I <= ffn max l1 A I.

It is clear that (22) is a consequence of (23), (24), and of this inequality. [3

Remark. It is not difficult to see that the conclusion of the theorem also holds
when Po is only in . (The main point is to note that since the system is weakly
controllable, there is almost surely an integer k such that Mk... M is in , by Lemma
2.2, which implies that Pk ---CM...M,(Po) is in o, by Proposition 1.5 (ii).)

2.3. Stability of the filter. We show that the linear equation (6) of the filter is
exponentially stable. We make use of the classical method of Lyapunov, as in Anderson
and Moore [2], for instance.

THEOREM 2.6. We consider a system (1) with stochastic parameters for which"
(i) Hypothesis (H) holds.
(ii) The system is weakly observable and weakly controllable.

-1(iii) The random variables Log+ IIA,II, Log+ [[a, II, Log+ IIC, II, Log+ IIF, are
integrable. Then the equation (6) of the filter is exponentially stable: namely, there is a
real number 3’ > 0 such that, almost surely,

lim
1
Log [[(a, P,R,A,) (a, P,R,A,)II <-- -, < O,

n+ n

for any solution { P,, n t} of (5) such that Po o.
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We need the following classical lemma. It is an immediate consequence, of the relation

2. X. (A. P.R.A.)(..._, X._,) + P.C*. rl. + (P.R. I)F.e.,

which itself results from (1) and (6).
LEMMA 2.7. Let B.=A.-P.R.A. and T.=P.R.P.+(I-P.R.)S.(I-PnR.)*.

Then, P. B.Pn_,B*n + Tn.
LEMMA 2.8. Let O,, T,, + B,T,__IB* +. + B,,. B2TIB B*. Under the

hypotheses of Theorem 2.6, there exists n such that P(Det (G,) # 0) > 0.

Proof We follow an argument in Anderson and Moore [2], where a similar result
is proved. For each integer > 1, let Ki PiC* and Hi (1-PiRi). We consider the
two d x (p + q)n matrices

Wn (Kn, F,, AnKn_,, A,,F,_,, anan_, A2K,, anan_, A2F,)

V. (K., H,,F., BnKn_,, B,,Hn_,Fn_,, B.B,,_, B2K,, B.B._,

It is easy to see by straightforward manipulations that there exists a (p + q)n x (p + q)n
upper triangular matrix Un, with all diagonal terms equal to l, such that V W.U..
We remark that

Wn W*n Sn 4- AnSn-,A*n 4-... 4- A. A2S,A*2 A,*,.

Since the system is weakly controllable, there exists a positive integer n such that the
subset En, where the right-hand side is invertible, is of positive measure. On ’n, the
rank of W, is d. The same property holds for V, since V, WnU and since Un is
invertible. Then the lemma results from the fact that G V, V*.

Proofof Theorem 2.6. For notational simplicity we suppose that P(Det (G) # 0) >
0. The general case is treated in the same way (by looking at the sequence
where n is given by Lemma 2.8). For any n , let h,
with the convention that h,, 0, if T, is not invertible. Let p be a positive integer. For
a fixed xv ,/, we define a finite sequence Xo, x,..., xp, by the backward recursion
x, B*+x,+. Let V, x*,P,,x,,. We have

gn+ g > l IlXn 2>Xn+l Tn+lXn+l n+l +1

/n+l
V.+

O’n+

so that, if z, (1- An O’n) then V,-<_ "/’n+l Wn+l" Therefore,

Ilxoll -<-- PG’II Vo <- PG’II , -v <- PG’II ,... Pp IIx .
Since Xo B* B*px,, this implies that

U... B, _-< ,...
and

1
Log By... B, 112 ! Log a +- Log o’ +- Log zi.

P p p pi=l

As in the proof of (24) we can apply Proposition 3.4 to see that, almost surely,

lim Log o-, =< O.
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Therefore, it follows from Birkhoff’s ergodic theorem (see the proof of Corollary 3.2)
that, almost surely,

lim Log lIB,,... B, IJ-<Z(Log ’,).
p -t-oo p

Since we have supposed that P(Det (GI) # 0) > 0, we know that IF(Log -)
Remark 1. The exponential rate 7 can be chosen to be equal to the smallest

positive Lyapunov exponent of the associated Hamiltonian matrices. This is shown in
Bougerol [7]. 2. It is not difficult to see that the theorem also holds if we only suppose
that Po .

3. Appendix. Iteration of stationary Lipschitz functions. In this appendix, we estab-
lish some general properties of the processes that are obtained by iteration of random
Lipschitz functions. At least in particular cases, similar results are already known. But
we think that our set-up and formulation can be useful in several situations; we applied
them in 2.

Let (E, 6) be a complete separable metric space. A Lipschitz map 4:E- E is a
map for which

P(Cfl) := Sup { 6(ch(x)’ ch(y)) }6(x,y)
;x,yE,x#y

is finite. If & and q are such Lipschitz maps, then

(25) p(b q) _< p(ch)p(q).

When p(&)<-1, the map b is called a contraction. It is called a uniform contraction
when p()<l. We consider a stationary ergodic process {&,,n7/} defined on a
probability space (, s, P), where each b, :E E is a random Lipschitz map (we
suppose that the maps (to, x) D. x E - the(x) E are measurable when E is equipped
with its Borel or-algebra; for notational convenience, we do not write to explicitly).
We consider the processes .X, n e N, on E for which the following difference equation
holds:

(26) X. ch.(X._,).

The following theorem is more or less known. It generalizes results of Sunyach [26],
Brandt [9], and Barnsley and Elton [4]. We recall that Log+ x Max (Log x, 0). If E’
is a countable dense subset of E, then p(bl) is the supremum of the countable set
{;(b(x), ch(y))/6(x,y); x, y E’, x# y}; thus, p(&l) is measurable.

THEOREM 3.1. Let {dn, n 7/} be a stationary ergodic sequence of Lipschitz maps
from E into E. We suppose that the following conditions hold"

(C 1) For some x in E, :[Log+ 6(b (x), x) is finite.
(C2) The random variable Log+ p (chl) is integrable, andfor some integer p > O, the

real number

a =-IF[Log
P

is strictly negative.
Then there exists an ergodic stationary process {Xn, n 7/} with values in E, solution of
(26), such that, almost surely,

lim -1 Log 6 (X., n) -<- a < 0
+o r

for any process {Xn, rl 0}, such that Xn )n (Xn-1) for all n > O.
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(27)

Proof. Let us first show that, almost surely,

1
k-.+lim - Log p (b0 b_l b_k <= a.

By (25),

1 1
k-,+c.lim a:

Log (bo-- /9

thus, the left-hand side of (27) is a subinvariant function. By ergodicity, it is constant,
almost surely. Let/3 be this constant. We know that for any nonnegative integrable
random variable Z, Y/ P(Z> k) is finite Therefore, the integrability condition ink=0

(C2) entails that, for any e>0, Y’.k=oP(Log+p(ql)>ke)<+oo. Since all the b,’s
have the same law, this entails that /o (Log/ p(b_k)> ke)< +oo, so that by thek=O

Borel-Cantelli lemma, almost surely,

Log p (b_a) _-< O.

By making use of this inequality, and of the fact that if k mp + r, where r is an integer
in [0, p),

Log p(b0o b_ ob_a)-< Log p (b_.;p b_,p_,
0

+ Log p(b_,,,p 4_,)

we see that

/3-< lim "__- Log p (b_,p b_,,_,
k-+ mp i=0

It follows from Birkhoff’s ergodic theorem that the expectation of the right-hand side
is equal to c, proving (27). On the other hand, it follows as above from the integrability
condition (C1) and from the Borel-Cantelli lemma that for some fixed x in E, almost
surely,

1
lim Log 6(b_ (x), x) <0.(28) +v

Now

((oO_,o... _)(x), (6oO6_,o... 6_ 4,__,)(x))

_<_p(oO_,o... _)(x, __,(x)),

thus, (27) and (28) imply that, almost surely,

1
lim Log 8((b0 oh, 4_och__,)(x))< ce.+ o...o_)(x)(o -,

Since c <0, this shows that {(boOb_, ock_k)(x), kN} is a Cauchy sequence for
almost all to f. We suppose that E is complete, thus, this sequence converges. In
the same way, we see that (4, 4,_, ock,,_k)(X) converges, almost surely, for each
fixed n 27, when k-> +. Let

(29) X,= lim (4),o4,,_o.. "o&,_k)(X).
k+oo
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Since {(])k, k_} is a stationary ergodic process, and since we can write X,
F(k, k =< n) for some measurable function F independent of n 7/, we see that , is
itself a stationary ergodic process. It is clear that it is a solution of (26). Finally, let
{Xn, n _--> 0} be any.process satisfying (26). Since

a(X.. X.)= a((6. 6._, 6,)(Xo). (6. 6._, 6,)(So))
--< p(6. 6.-, O,)(Xo, Xo).

we see that, almost surely,
1

lim -1 Log 8(X,, X,) =-< :(Log
,,-+o n p

This concludes the proof of the theorem. U
Remark. Suppose that Log/ p() is integrable, then if : {Log 6((Xo),Xo)} is

finite for some Xo in E, then it is finite for all x E since
a(,(x), x)-< a(,(x), ,(Xo)) + a(,(Xo), Xo)+ a(Xo, x)

((() (X()), X(,) -- (p(l)l) -- 1 ( (X(,, X).
COROLLARY 3.2. Let 7r be the common law of the X,’s. Under the hypotheses above,

almost surely, for any sequence X, satisfying (26), and for any bounded continuous

function f: E ,
lim -1 f X I fdrc.
n-+c FI i=

Proof The hypotheses on E imply that there exists a countable set D of bounded
continuous functions on E such that any sequence of probability measures /x, on E
converges weakly to a probability measure /x if and only if fdt "-> fdtx for any f
in D (see, e.g., Parthasarathy [23, Thm. I1.6.6]). Let l(f) be the subset of f, where
1/n Y,__I f(.’i) converges to Ifa. Since (’,,) is stationary and ergodic, P(f(f))
by Birkhoff’s ergodic theorem. Let 12o be the intersection of the set, where 6(X,, X,)
converges to 0 and of all the sets f(f), f D. It follows from Theorem 3.1 that
P(12o)--1. We fix an to in 12o. Let m be the empirical measure of the sequence
{,(to), n_-> 1}, defined by Ifdm, 1In Z,=, f(.(to)), when f: E- is bounded and
continuous. The sequence {mn, n >- 1} converges weakly to 7r. Moreover, since

(30) -+lim -nl ,=, f(X,(to)) +olim -nl ,=, f(fC,(to)) f fact
when f is uniformly continuous. This, in turn, yields that the empirical measure of the
sequence {X,(to), n => 1} converges weakly to 7r, i.e., that (30) holds for any function

f that is bounded and continuous (see Parthasarathy [23, Thm. 11.6.1]). I-]

COROLLARY 3.3. Under the hypotheses of the previous theorem, all the solutions Xn
of (26) converge in law to the same limit

This corollary is an immediate consequence ofthe theorem. The following technical
proposition has been used in 2.

PROPOSITION 3.4. Suppose that the random maps ch, are contractions, that
E[6(th(x), x)] isfinitefor some x in E, and thatfor somep
O. Then, almost surely,

lim
1

6(x, Xn)=0
+c

for any sequence {X,,, n >= 0} for which (26) holds.
Proof For any n > l,
(x, (. ._, ,)(x)) <_-(x, (.o )(x))

+ ((. )(x), (6.o... ,)(x))
(X, (n 2)(X))-]-p(n 2)1(X, el(X))"



958 PHILIPPE BOUGEROL

So that, by induction,

(3) (x, (.o._,o 4,,)(x))<_- p(4. ,+,)(x. ,(x)).
i=1

Since the th,’s are contractions, this implies in particular, using (25), that

(x. (6.o._, 6,)(x))--< (x, 6.(x))+ E o(6,+,)(x, 6,(x)).
i=1

Thus, by Birkhoff’s ergodic theorem, almost surely,

lim 6(x,(b. (l)(X)) lim n p(Ci+l)(X, )i(X) [E[p((I)(x,
n+oo / n-+oo /’/ i-----1

Similarly, for any fixed k in , we obtain from (31) that, when n > k,

(X, (n l)(X)) p(no i+ )(X,
i=n-k+l

+ E 0(,+ o,+)a(x. ,(x))
i=l

and by the ergodic theorem,

lim
1
8(x,(&, &l)(x)) < lim 1 0(6,+ ,+,),(x, 6,(x))

(3
n---+oo n n--+o n

2) __< [p(o ,)(x, Co(x))].
Now, p(k "OChl)8(x, cho(X)) converges, almost surely, to 0 as k+ and is
dominated by the integrable function 8(x, &o(X)). Thus, its expectation goes to 0 by
Lebesgue’s theorem; from (32) we obtain

lim -1 8(x, (oh,, ch,,- &)(x)) 0
n+oc F/

almost surely. Finally, since X,, (&,,o ,h)(X0), we see that

((X, Xn)((X (n l)(X))--- a((no ,)(x), (n i)(X(,)
<_- ,S(x. (,o 4,,)(x)) + (x. Xo),

so that

8(x,X,,)/n-O as n +c.
Remark. When the random maps oh,, are independent and identically distributed,

then E(6(X,,x)) is finite under the hypothesis of this proposition. In that case, its
conclusion follows directly from the Borel-Cantelli lemma.
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A STATE-SPACE ALGORITHM FOR THE SUPEROPTIMAL
HANKEL-NORM APPROXIMATION PROBLEM*

G. D. HALIKIAS?, D. J. N. LIMEBEER, AND K. GLOVER

Abstract. It has been demonstrated by N. T. Young [NATO ASI Series F34, Springer-Verlag, Berlin,
New York, 1987] that given a stable matrix-valued function Go(s) and a nonnegative integer k, there exists
a unique superoptimal approximation (s) with no more than k poles in the left half plane that minimizes
the sequence (s’(Go + ), s(Go+ ), ),with respect to lexicographic ordering, where s(G +) :=
sup,o si Go +)(jw) and si (") are the singular values in descending order of magnitude. This paper presents
a constructive state-space algorithm that evaluates the superoptimal approximating matrix function. The
procedure recursively minimizes each frequency-dependent singular value with the aid of all-pass transforma-
tions constructed from the kth Schmidt pairs of a sequence of Hankel operators. The algorithm may be
stopped after an arbitrary number of, say, =< min (m, p) steps. The representation formula at the /th stage
will characterize all matrix functions that have -<_k poles in the left half plane and that minimize s(Go+
)," ,sT(Go+).

Key words, model reduction, superoptimality, Hankel norm, Schmidt vectors

AMS subject classifications. 93B28, 93B40, 93B36

1. Introduction. There are many occasions on which engineers require reliable
low-order approximations to high-order models. For this reason the model-order-
reduction problem has been the subject of numerous theoretical investigations, and
several different approaches have been developed. A technique that has received much
recent attention is the optimal Hankel-norm approach [4], which offers good guaranteed
performance characteristics that are close to verifiable lower bounds.

For matrix-valued problems the optimal Hankel-norm approach typically has a
continuum of solutions. The question then arises as to which solution (if there is one)
is best. A partial answer to this question is implicit in [4], in that -error bounds
are available for only certain optimal Hankel-norm reduced-order models. Young
discusses an alternative approach to the uniqueness question [16]. His suggestion is
to seek to minimize the sequence s(E) (s(E), s(E),. rather than just s(E),
where s(E):=sup,o [si(E)(jw)], E(s) is the modeling error, and Si(" is the ith
singular value (numbered in descending order of magnitude). The reduced-order model
that minimizes s(x E) has been shown to exist and to be unique [16]. In model-
reduction applications it is possible to reduce the -norm of the error system by
using the superoptimal Hankel-norm approximation rather than some other approxima-
tion, but we have no proof of this. For diagonal problems the superoptimal solution
is the most natural choice because it is the diagonal matrix of optimal solutions.

The idea behind superoptimality is easily illustrated by way of a simple 2 2
example. Suppose

(1.1) G(s)

2
0

s+l

0
s+l

diag {gl(s), ge(s)},

* Received by the editors January 1, 1991; accepted for publication (in revised form) January 30, 1992.
f Department of Electrical Engineering, University of Leeds, Leeds, United Kingdom.
t Department of Electrical Engineering, Imperial College, Exhibition Road, London, United Kingdom.
Department of Engineering, Trumpington Street, Cambridge, United Kingdom.

960



SUPEROPTIMAL HANKEL-NORM APPROXIMATION 961

in which o’i(G)= 1, . Suppose also that a reduced-order approximation in o_(1) is
required. Any solution of the form

(1.2) F(s)=diag {f(s),-1/2}

is an optimal approximation to G(s), provided that f(s) is chosen to be in __(1)
such that

2
(1.3) -+f
For example, the solution

(1.4) F,p(s):=diag -2(s+ 1)’-

results in the all-pass error system

(1.5) (G+F,p)(s)=

_1 s-1

s--1

and in this case (s(G+ F,,p), s(G+ Fap)) (1/2,1/2). It is clear, however, that we can
do better than this. Suppose we use our one stable pole to cancel g(s). This gives

(1.6)

2
0

Fo(S)
s+l

1
0

2

resulting in an error system

(1.7) s-1(+’)()=
0 -for which (s(G+ Fo), s(G+ F,o))= (1/2, 0). This is the superoptimal approximation

to G(s). If the (1, 2) and (2, 1) elements of G(s) are nonzero, the situation is more
complicated and a formal algorithmic procedure is required.

This paper recasts Young’s algorithm in a concrete state-space framework that can
be implemted on a digital computer that can tackle any rotational superoptimal
approximation problem. Section 2 contains the notation to be used and a standard
Hankel-norm approximation result. Section 3 contains the main results of the paper:
Theorem 3.1 is standard and describes a key property of the Schmidt pairs of Hankel
operators. Lemma 3.2 is a modified version of a result in [9], and Lemmas 3.3 and 3.4
are generalizations of parallel results in [9]. The main results of the paper are Theorems
3.6 and 3.6’, and Algorithm 3.1, which are believed to be new. The main conclusions
of our work are given in 4.
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2. Notation and preliminaries.
2.1. Notation.
,+,C
(s)
C+,C+

A(A), Am(A)
A*
A>=0, A>0
A<=0, A<0
A#

oc,( P

,( p_
(,(p

,(,m)(k

FG
o’i(G(s))

IF]+

si(A)

i-0 Ai

G*(s)
C(A, B), C(A, B)
O(A, C), O(A, C)
AB

real, nonnegative, and complex numbers
field of rational functions in s with real coefficients
open (respectively, closed) right half plane
open (respectively, closed) left half plane
spectrum of a square matrix A, largest eigenvalue of A
complex conjugate transpose of A C
A is positive semidefinite (respectively, positive definite)
A is negative semidefinite (respectively, negative definite)
generalized inverse of matrix A
space of p m matrix functions with entries that are
bounded on the jw axis (including the point at
-norm of matrices in
subspace of ; p m matrix functions that are analytic
and bounded in C/
subspace of ; p m matrix functions that are analytic
and bounded in C_
the sets of functions f analytic in C+ (respectively, C_)
such that
sup>o -o IIf( +rio )1[ do) < oo

(sup.,<()

_
Ilf(+jo,)ll@ do

same as Wz, o_ except that elements are taken from

the set of p m matrix functions in w’ with no more than
k poles in C+/-

same as ’n’ except that elements are taken from
(m)(s)
same as ’(Px")(k) except that elements are taken from
om(s)
Hankel operator with symbol G(s)
ith Hankel singular value of G(s) (i.e., ofF) in decreasing
order of magnitude
the stable projection of F if F is decomposed as F:=
F]/ + F]_ in which F]/ Yt+ and [F]_
ith singular value of a matrix A with the numbering in
descending order (if A is a function of frequency (i.e.,
A(joo)), then s(-) will be a function of frequency also)
(right) matrix product AoA... An (ri--o A := Ao)
r(G(s)), the Hankel-norm of G(s)
G(-g)*, the para-Hermitian conjugate of G(s)
controllable and uncontrollable modes of the pair (A, B)
observable and unobservable modes of the pair (A, C)
direct sum given by

[0A .0]
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Associated with a transfer function matrix Go(s)E(s)pm of MacMillan degree
n is a state-space realization

Go(s)= D+C(sI-A)-’B, (2.1)

where A E nn, B n", C 6 pn, and D P". We will use the alternative notation
Go(s) (A, B, C, D) or

[,4/3](2.2) Go(S) --" C D

for realizations of Go(s). The rank of Go(s) is taken to be its rank for any s that is
not a zero of Go(s).

In the above notation we have G(s) ’= (-A*, C*, -B*, D*), and if D is nonsin-
gular, we have G(s) (A- BD- C, BD-, -D-t C, D-). If G-(s) G*(s), then
G(s) is called all-pass. Go(s) is called stable if it has no poles in +. If Go(s) is both
stable and all-pass, it is called inner.

We will talk about basis changes T in the state space of Go(s); we will take a
basis change to mean Go(s) (A, B, C, D) - Go(s) "= TAT-, TB, CT-, D). The Mac-
Millan degree of Go(S) will be written deg (Go), and the set of poles (zeros) of Go(s)
will be denoted {poles of Go}({zeros of Go}).

Let P(s) be a partitioned matrix with a state-space realization given by

(2.3) P(s)= P2- (s)= C, D,, D,2

C2 D2 D,

Then

(2.4) P(i(s) C(sl A)-’ B
is a state-space realization of Psi(s). A linearfractional transformation for the partitioned
matrix P and a matrix K is defined as

(2.5) o%1(P, K)= P,, + P,zK(I- P22K)-lp2,,

where K is of dimension m if P22 has dimension m /.

2.2. Preliminaries. This section provides a description of all kth-order approxima-
tions of a rational transfer function Go(s) EY(’ pm. The description is in terms of
a balanced realization of Go(S) and is based on I-4, Thm. 8.7]. If Go(s) (A, B, C, D)
is balanced and minimal, the following Lyapunov equations are satisfied:

(2.6) AP + PA* + BB* O,

(2.7) A*Q+QA+C*C=O,
in which

(2.8)

where

P Q diag (Y_., o-+,),

(2.9) diag (o-, , rk, o’+, ., cr,).

Remark 2.1. In the interests of a clear presentation, it is assumed that the (k + 1)th
Hankel singular value is nonrepeated. Matrices A, B, and C are partitioned conformally
with P and 0 in (2.8) as

(2.10) A=
A2 A22.]’ B2’
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In a further attempt to keep the notation simple, it will be assumed that Go(s) has
been scaled to give C*C2 B2B* 1.

Lemma 2.1 parameterizes the family of all optimal Hankel-norm approximations
and their corresponding extensions in terms of an (arbitrary) unstable contraction [4].

LEMMA 2.1. Let the transfer function Go(s) ’+’ p have a stable, minimal,
and balanced realisation Go(s) A, B, C, D) with Hankel singular values o"! >--" >----
00k > 00k+ > 00k+ >----" >= 00n > O, and define
(2.11) F E- 00.iln_,.

Then all error systems g s Go(s) + (s with

(2.12) g(s) [Ioo 00+, := 00

and (s

_
k are generated by

(2.13) g(s)= ffl(H(s), (R)(s))
in which H(s)H* s 021 and

(2.14) H(s)=[G+F!l
where

O s g_

(2.15)
F-’(002A*,+A,,-00C*UB*)

F(s) -( Cl- -3
t- o’UB*

-00B_B*

F-’(>:B, + o-C,* U) -o-r-’C, C*,
o’U -oC*
00B+/- 0

Also, F(s)__’tP+"-ltP+’-l)(k). The matrices B+/- and C_ are. chosen to make
[C2 C*_] and [B*2 B*] orthogonal, and U is given by U:=-C2B2. In the single-input
or single-output case B_ or C_ or both will be zero and the resulting error system will be
unique.

Remark 2.2. It is interesting that the construction of the superoptimal approxima-
tion is particularly simple in the special case k n- 1, for which the approximation
can be obtained directly from Lemma 2.1. To see this we begin by noting that all error
systems are given by

(2.16) g(s) G+ F,l-k-- F,2O I--- F220 F2,,
00n 00n

in which F(s) is stable. Suppose that we set 19:= (1/00n)F*=(s), which we note has the
characteristic 11191]<1 by the all-pass property H(s)H*(s)=00I and since
det (F*F(jw)) # 0 for all real w. In addition, F*z is completely unstable. By exploiting
the all-pass character of (2.14), the expression for the error system may be rearranged
as

(2.17)

g(s) G+ F,l +--5 F,2F I-- F22F2*2 n21
00n 00n

G+ F,, + F,2F*22(F2,F:,)-’F2,

G + F,, (G + Fl,) F#2, (F2, F#2,)-’ F2,
G + F ,)(I F2*I(F2, F2*,) -1F2,).

0245"’02583
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Since F2,(jw) has rank m-1, the error system has rank and satisfies II llo = r,
which is clearly superoptimal.

To show that the error system in (2.17) is unique, we suppose there are two
superoptimal approximations (I)so and so2. It follows from Lemma 3.4 and the
unity-rank property of g(s) in (2.17) that there exists an all-pass matrix W(s)--
[w(s) W+/-(s)] such that

(G+so,) W(s)=[o’,,a(s)v(s) 0],

(G+so2) W(s)=[rna(s)v(s) 0].

Subtracting these expressions gives

(,o, o) W(s) 0 :: (I)so so2"
3. Main results. In this section we present the main algorithm for calculating

superoptimal approximations. Following the work of Young [15], [16], the procedure
is based on an inductive dimension-peeling argument. At each step of the algorithm
the rank of the problem is reduced by one. Since the original problem is assumed to
be of finite rank, the algorithm terminates after a finite number of steps.

The Hankel operator induced by Go(s) is defined by FGo" Y- - Yg2, FG0g
1-I+MGog, where l-I+ denotes the projection z- Y( and MGo is the multiplication
operator. Note that F,, is determined by the stable component of Go(s). We begin
our development by briefly mentioning some elementary properties of the Schmidt
vectors of FGo. The interested reader is referred to [1], [13] for a more detailed
exposition. Suppose that crk+ is a singular value of Fo. Then there exist Schmidt
vectors fk+l Yg2 and g+t Y(- that satisfy

(3.1) Fog+ o’+fk+t
and

(3.2) F*of+, o’k+,gk+,,

and consequently

(3.3) r or og +, o-.+,g+,.
The next result is standard (see, e.g., [13]) and demonstrates that any Schmidt

pair of FGo has singular-vector-type properties for the error system (Go+ F). If F(s)
)_(k) is any optimal approximation of Go( s 6 + then

(3.4) (Go+F)gk+,(s)=crk+f+,(s), (ao+F)*f+l(S)=+lg+(s).

Thus by modulo scaling fk+ (S) and gk+(S) are singular vectors of the error system
E(s) (Go+ F)(s) at each frequency s =joo corresponding to the largest singular value
of E(jw).

THEOREM 3.1. Every F(s) W_(k) that achieves the infimum
(3.5) inf IIGo+FIl=r+,(Oo)<r(Go)

F(s)e

satisfies
(3.6) (Go+F)gk+,(s)=FGog+,(s)=r+,(Go)f+,(s),
where (gk+ ,f+) is a Schrnidt pair of FGo corresponding to the (k + 1)th singular value
of Fo.

Proof Let F(s) be any (matrix) function that achieves the infimum in (3.5), and
let Fz be the Hankel operator that it induces. Since F(s) eT_(k), rank (Fz)_-<k.

0321’"03019
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Suppose (gi, f), (i 1, 2, , are the Schmidt pairs ofF associated with o’i, and define
P to be the orthogonal projection onto Span (f,f2,""" ,f+l). Then IIF0+FFII
rk+ 1(Go) implies that

(3.7) P(roo+ r)ll <= +,(Go).
The operator Pr mapping Span (g, g2,. ., gk+l) Span (f ,f2," ",J,+l) has rank
at most k, and therefore there exists a function of norm equal to one such that

k+l

(3.8) x c,g, Ker (PFF).
i=1

Consequently,

(3.9)

Also,

IIP(Fo,,+ r)xll IIProoxll_ +,(O,,).

(3.10) iif
i-I

+’1<+,, and since +, <since the ’s are orthonormal. This implies that =... and= =1, we conclude that =0 for i=l,2,...,k, so that x
must be a multiple of g+, say, x g+ with 1 1. Now, since x Ker (PFz), we
have that Fzx + Span (f ,f,. ,f+) and, in particular, (F-x,+) =0. Consequently,

(3.11)

However, since l[F;oX + F-x[ F(,+ F-]]]x[ +,, we conclude that

(.2) +,+llrx[[+, r-=0 rg+,=0,

so that

(3.13)

Also, if we define I/+ to be the stable projection operator,

(3.14)

+, II+,A+,II_, IIn+(o,,+

since F(s) achieves the infimum in (3.5). This shows that II+(Go+F)gk+l
(Go + F)gk+ O’k + fk+ , as required.

In our application we use fk+(S) and gk+(S) as a basis for constructing two
all-pass transformations to be used in a diagonalization procedure. Lemma 3.1 rep-
resents the first step in a two-stage scaling process. The aim is to find vectors k+i(S)
and qk+(S) that have full rank at infinity but that retain the singular vector properties
of the Schmidt pair [13, Lemmas 6, 9].
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LEMMA 3.1. Let Go(s) ’= (A, B, C, D) be the minimal and balanced realization
referred to in (2.6)-(2.8). Then

(3.15a) f+(s) (A, e,, C, 0),

(3.15b) gk+,(s) (-A*, en, B*, O)

are a Schmidt pairfor the Hankel operator Fco corresponding to the singular value ok+
where en
(3.16a)

(3.16b)

in which

=[0 0 ]w. Also,

A+,(s) +(s)+,(s),

g+,(s) 6+,(s)q,+,(s),

(3.17a) k+(S)=[ A"! A’2
C, C2

k+,(jw) 0, o {o},

(3.17b) O+,(s)
B* B*

Ok+l(JO)) 0,

(3.18) 4+,(s) det (sI-A,,)/det (sI-A).

Proof For realizations (3.15a, b) see [3, p. 69]. Equations (3.16a, b) follow by
invoking a result on partitioned determinants [7, p. 656]. See [9] for details.

To scale (+ (s) to be of unit length, note that the scalar function +(s):k+ (s)
is positive on the imaginary axis (by 3.17a), and hence it can be spectrally factored.
In particular, let k+ nd -t be a coprime factorization over the polynomials, with

*++ d-*n*nd -. Factoring n*n r*r, where r is scalar with its zeros in C+, we
obtain

(3.19) v:= :+,(rd-’)-’ nr-’
with v’v= 1. It is always possible to find V+/-(s) such that V=[v V+/-](s) is all-pass
and such that deg (v)=deg (Iv V_]). A similar argument may be used to derive a
w(s) from q+ such that w* w 1. We summarize our progress so far.

LEMMA 3.2. Given f 2 and g (, there exist all-pass matrices V
and W +’’" given by

(3.20) V=[v Vl](s)

and

(3.21) W=[w Wl](s),

in which v and w are given by (3.19) and its dual. Furthermore, minimal realizations of
V(s) and W(s) are controllable from the first input.

Next, we give a concrete state-space construction of the vectors v(s) and w(s)
along with their all-pass completions that are derived from standard spectral factoriz-
ation theory.

Scaling (s)= C+ C1(sI-A)-A2 to unit length as v(s)= (s)m-(s) requires
the solution of the spectral factorization problem *(s)(s)= m*(s)m(s). Since v(s)
is required to be completely unstable (for reasons that will become apparent later),
the spectral factor m(s) must be nonminimum phase. This is achieved by choosing
the appropriate solution to the corresponding Riccati equation [2]. The construction
of the all-pass completion V+/-(s) may be achieved with no increase in degree. This
accounts for the fact that minimal realizations of V(s) and W(s) are controllable from
the first input. The construction is summarized in the following steps:
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in which (All, A13) is controllable.

(i) If (A1, A2) is not completely controllable, perform a transformation T in
the state space of (3.17a),

0

_
O

1 2 C2

(ii) Choose -r as the destabilizing solution to the Riccati equation

(3.23) 12,.(, 3C* (;) + (,Tl -,3C* ’)*fr + Or3*312r (;*l C* C_c (; O.

Since (, 3) is controllable by construction and since the corresponding Hamil-
tonian is free ofjw-axis eigenvalues (k+(jw) is full rank Vw E), ,. 0 is guaranteed
to exist; see [8] for more details.

(iii) V(s) is given by

(3.24) V(s)=[v] Vz] [ ’l+13(3r--Cl) 13 C J
Note that Iv[ V] may also be described by the (nonminimal) realization

(3.25) V(s)=[v]Vz]= A,,+AI2(Ahn-CC,) A,z

in which

Similarly,

(3.27) W(s)=[w W+/-] ----=----7-----B+/-B..cBt + B2 As B B
where denotes the destabilizing solution of

(3.28) fir(A,, ,BA3, ,,
and the various blocks of (3.27) and (3.28) are defined by

(3.29) (s) B B B
in which (A, A3 is an observable pair. It is also convenient to define

(3.30) =[
in the case that (A, A) is not completely observable.

The construction of Lemma 3.2 together with Theorem 3.1 and Lemma 3.1 imply
that V(s) and W(s) will block-diagonalize all the optimal error systems (Go+ F)(s).
Moreover, the augmented system
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r and [g+(s) 0] r and hence will be block-will have Schmidt vectors [fk+(S) 0] r

diagonalized by

(3.32) Vo(s) := Wo(s) :=
0 Ira_ 0 Ip_

The next result establishes the required decomposition of the family of all optimal
error systems.

LEMMA 3.3. The generator of all kth-order optimal error systems Go + F(s) can be
diagonalized as

o’k+,a(s) 0 0 1(3.33) V*(Go + F) Wo(s)= 0 G + Q, Q,2
0 Q, Q

in which
(i) a (s) is all-pass in fact, inner),
(ii) G(s) Yt+ and Q(s) S(k),
(iii) and

(3.34)
1 [G+Q Qz]

is all-pass.
r andProof. The augmented system Go(s) has Schmidt vectors [fk+(s) 0] r

[g[+(s) 0] r corresponding to the (k+ 1)th Hankel singular value of Go(s) and is
therefore block-diagonalized by V, (s) and Wa (s). The fact that V (s), Wa (s), and
(Go + F)(s) are all-pass implies that

(3.35)
1 [ G, + Q,,

Ok+,(Go) Q2, Q2J

and a (s) are all-pass.
To show that a(s) is inner, one need only show that all the poles of Fl (which

is defined in (2.14) and (2.15)) cancel when forming v*(G+ F)w(s). Since we never
exploit the inner character of a(s) we omit the proof.

Finally, to show that the decomposition in (ii) is valid, assume that V*(s), Wo(s),
and F(s) have minimal realizations

(3.36) Iv* 1
Av

v*(s)= v = c,
C2vI,._
0

(3.37) Wo(s) [ w w+/-

B, 0

dv 0

D2v 0

0

I AwlBw B2w 0

Cw dw Dw 0
Ip_

0 0 0 Ir,_

and

(3.38)
Ar Bu. B.,.

F(s) Cu. D.r D2.c
Czf D2f 0
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with V*(s), Wa(s)Y+, and F(s)_(k). Next, let F12(s) admit a right coprime
factorization

[ AT+B2fK Bzf ][ af+B2fKIBzf ]-’(3.39) Flz(S) := Nm-(s)
Cif + Dl2.rK Dl2.t K I

in which K is chosen so that A(At. + B2.cK) A(Av) 0; Lemma A.1 in Appendix A
shows that this is always possible. Next, v*Fl2(s)=O:=>v*N(s)=0, and we may write

0 s=
Cl, dl Ctc + Dl2.fK

(3.40) A, B,(Ctc+ Dl2.t.K) B,D2f
0 At + B2.tK B2.t.

CI,, dl,( Ctt. + D2.t.K dl,Dl2.c

Now let X be the (unique) solution to the linear matrix equation

(3.41) X(Ac+ B2.cK)-AX + Bv(Ctt.+ D12.fK)=0.
Since V*(s) is observable through its first output, the basis change

(3.42) T=[0
in (3.40) establishes that

(3.43) BvD2.c + XB.t. O,

which when substituted back into (3.41) gives

(3.44) XAf- AvX + BCtc O.

A similar argument based on F2w(s)--0 will establish the existence of a matrix Y
such that

(3.45)

and

(3.46)

Forming the product

0 I F
A

(3.47) 0

0

0

0

YAw AfY+ Btt.C,, 0

D2uCw C2.cY O.

BoD tt.Cw
BCw
BtfCw
Aw

Fa:A 0 I

BC BCtt.
A 0

0 A,
o o

D2vC D2vCU.

0 C2.I
and introducing the state-space transformations

I 0 X O I 0

0 I 0 0 0 I
(3.48) Tl= 0 0 I 0 T2= 0 0

0 0 0 I .0 0

0 0

0 0

0

BDl lfD2w BvDlzf
BD2w 0

BlfD2w Bz.f
B2w 0

D2vDl l.tD2w D2oDl2.f
D2tfD2w 0
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together with equations (3.43)-(3.46) establishes the decomposition

0 Fel Fez 0 I 0

in which G(s) It ova+ and
Ar BtlDew + YBew

(3.50) Q(s) DevC,f- CevX 0

C.f DetrD2w
This proves the result. El

0 Q, O

D2,D2f lC-(k).
0

Remark 3.1. A direct calculation from the state-space formula for the scaled
Schmidt vectors gives the following concrete realization for Q(s) in terms of f and

defined in (3.26) and (3.30)"
A B1 B2O(s)=[ Q’’ Q’] d, 0

O2, Q22 J (2 crl 0
(3.51) [ F-1(r2A*, +ZA,,Z-crC*UB*)

[ -C+/-G(Y+#F)
-o’B+/-B*

(1"# + F-’Z)BIB*, -o-F-’ C*C*
0 -rI
rI 0

Before we state and prove the main theorem of the section a technical result that
gives certain properties of the zeros of the off-diagonal blocks of Q(s) defined in (3.51)
is required.

LEMMA 3.4. Let Q(s) be defined as in (3.51). Then
(i) all MacMillan zeros of Qel(s) and Ql2(S) lie in the open right halfplane;
(ii) if , is a stable eigenvalue of-r-l2, then it is an uncontrollable mode of

(,, ), and - is a MacMillan zero ofsck+t(s);
(iii) if A is a stable eigenvalue ofA + 0--1t e, then it is an unobservable mode of

(,, e), and A is a MacMillan zero of ddk /1 s ).
Proof The position of the eigenvalues of A- r-1/2( will be established directly

from (3.51), from which it is clear that they are located at the eigenvalues of

(3.52) A + r-’ c,* c*,cc,(z + n’r).

Next, we substitute (A.2) into (3.52) and make the transformation TI in (3.22) to obtain

T;*FOF-’ T* T-*[ C* C,* C+/- C,O# A*, + C*C2A2 T*
(3.53) [{-,lCC+/-lr--llq’-lC213 0 ]
in which -Az*e is completely unstable and f is the appropriate solution to the
reduced-dimension Riccati equation (3.23). Suppose that ::lsC 0 and so,C_ such that

(3.54) *(*C**_C(?,n-A*, .qt.. 1 C213)__ So,Z,"

Then the product of st*, the left-hand side of (3.23), and ( can be shown to imply that

(3.55) (A, ,- A,C2" ,): -So:
and

(3.56) CC,=O.
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Substituting from (A.2) gives

(3.57) sc*[goI + F,F- C* C,*] 0,

so that

(3.58) (:*F)[-goI A I/:z] O.

This shows that -go is an uncontrollable mode of (,,/2). Inspecting the realization
of Q12(s) given in (3.51), we conclude that

(i) all the MacMillan zeros of Q12(s) lie in the open right half plane, and
(ii) every eienvalue of , r-1B2C that lies in the left half plane is an uncontrol-

lable mode of [A, B2].
Since So is an unstable unobservable mode of [’i--13C2(1, C+/-l], it is zero of

(3.59)
C

by [12, Lemma 4.3]. Since [A11, A13, C1, C2] is minimal, So is also a MacMillan zero
of :(s).

A dual argument will establish the position of the zeros of Ql(s).
We are now in a position to present a preliminary version of the main algorithm.

In this case we make a simplifying assumption about the position of the zeros of the
Schmidt vectors; this restriction is removed later in Theorem 3.2’.

THEOREM 3.2. Assume that the Schmidt vectors k+(S) and *+(s) given in (3.17)
are free of right-half-plane MacMillan zeros. Then the family (s) of all approximations
F _(k) that minimize the pair

(3.60) (sT(Go + F), s(Go+ F))
lexicographically is parameterized by

(3.61) (s) FI1 + V+/-(-Qll + ’1) W*, (s),
in which 1 denotes the family of all optimal kth-order approximations of G(s), that is,
every F(s) __(k) that satisfies IlG, + F, II-,,,+,(G,).

Proof. By using the results of Lemma 3.3, the family of all optimal error systems
(with respect to s(. )) may be parameterized by

Go+ (s)
(3.62)

V(s)[(rk+l(Go)a(s))@(Gl+ c(Q, O))]W*(s) O(s)

_
r+,(Go)

Since V(s), W*(s), and a(s) are all-pass, the family of all approximations that minimize
s(Go + ) are generated by

(3.63) inf I[G, + ,(Q, o)11 s(Go+ ).

It will now be shown that if &/l(s) and fi*/ l(s) have no MacMillan zeros in the right
half plane, the minimization problem in (3.63) is equivalent to the unconstrained
problem

(3.64) inf IIG, +,ll ,+,(G,),

where is the MacMillan degree of the stable part of Q(s). Since Q(s) _(I) and
IIQ==O[l <l, a small-gain argument [6], [11] shows that ff/(Q,O)_(/) for all
O(s) 1/rk+(Go)?Z_. By comparing (3.63) and (3.64) we may write

(3.65) inf IIG,+ ,(Q, o)ll+_-> inf
O(s) rk (GO) .q/3 ,d/_ / ;h_(1)
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It will be shown that every Y(__(I) that achieves the minimum in (3.64) is generated
by some (R)(s) 1! o-k/(Go)Y_ through I(Q, (R)). This is based on an argument given
in [5].

Since all the MacMillan zeros of Q_(s) lie in the open right half plane (Lemma
3.4), Q2(jto) is nonsingular for every to . This and the all-pass character of

(3.66)
1 [G +Q Q_]

give

(3.67)

Furthermore,

(3.68)

so that

(3.69) r,+, (G,) < rk +,(Go).

In addition, we will demonstrate that

(3.70) {,(Q, O)" IIO(s)ll < 1/+,, O __}

generates every/3(s) Y_(l) with the property [[G,+][<o’+,(Go). Suppose that
some /3(s)satisfies JIG,+ [[< cr+,(Go). Then

(3.71) (s)= o o/iiGo) 0, G*+0*,
G,+/(s)

gives

(3.72) (s)=ffc([Q Q-] (s)).
Since IIG.+Q,,[[<o+,(Go)and ]]G,+[[<+,(Go), the linear fractional map

-1defining O(s) is well posed and, furthermore, llO(s)[l<+(Go). It remains to be
shown that (s) . Suppose, contrary to what will be proved, that (s) has r poles
in the left plane. This implies that the A-matrix for (Q, ) has l+ r eigenvalues in
the left half plane by a Nyquist-type argument [6], [14]. Since F (l) by assumption,
there must be at least r cancellations in the closed loop. Since any cancellation is
constrained to occur at a zero of (3.52a) or (3.52b) (by [10, Thm. 4.3]), we obtain the
required contradiction, since the zero of (3.52a) and (3.52b) are all in the open right
half plane by Lemma 3.4 and the theorem’s hypothesis.

It follows, therefore, that all optimal /th order approximations of G(s) are
generated through (Q, O), as claimed. As a consequence, the set of all F(s)’s that
minimize (s(Go+ F), s(Go+ F)) lexicographically is parameterized by

(s)=_Go+V[+,(Go)a(s) 0 ]W*o G,(s)+y(s)

0 G+Q 0 -where (s) denotes the family of all /th-order optimal approximations of G(s).
Finally, by Lemma 3.4 and the theorem’s hypothesis, all stable modes of A are
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controllable through /2 and observable through 2, and so l=deg(Q+)=
deg ([F2]+) k. This completes the proof of the theorem.

Remark 3.2. Theorem 3.2 establishes that all solutions that minimize s(Go+ F)
can be parameterized in terms of all solutions that minimize s(G + F), which is a
problem of dimension (p- 1)x (m- 1). The procedure can now be continued until a
single-input or single-output problem is encountered (or until deg(Gi+))_-<
deg [(Qi+)+)]. At this point there is a unique optimal approximation and the process
stops.

If the assumptions on the MacMillan zeros of the Schmidt vectors SCk+2(S) and
+(s) in Theorem 3.2 are relaxed, the construction of Theorem 3.2’ will generate the
family of superoptimal approximations with respect to the first two singular values.

THEOREM 3.2’. (i) Let Q(s) be defined as in (3.51). Then its off-diagonal blocks
Q,z(s) and Q2,(s) may be factored as Q2(s)= (s)02(s) and Q2(s)= O2(s)M(s),
where (s) and (s) are inner and have degrees equal to the number of modes in
0(A, d2) 1"] C(A, B2) C_ and o(a, 2) (, 2) C_, respectively.

(ii) The family off(s) of all approximations F 2g(k) that minimize the pair

(3.74) (sT(Oo + F), (o+ F))

lexicographically is parameterized by

(3.75) off(s) F,, + V_(off,- [Q,,]+-[*(G, + Q,,)sd*J_)sdW*,(s),
in which off denotes the family of all optimal lth-order Hankel-norm approximations to

[*(G1 + Q)*- Q]+, where/=deg ([F]+)-< k and Q 3_(I) is defined in the
proof

Proof We begin by putting (,3,,/2, ) (defined in (3.51)) into the Kalman
canonical form

(3.76)

so that

(3.77) Q(s)

All 0 Al3 0

A A A23 A24
0 0 A33 0

0 0 A43 A44

B2
B22

A

0

0

0 /Z13 0

A22 23 /dt24
0 33 0

0 /43 /d44

dll d,2 d14

11

zl.! 0

0 -crI
trI 0

Next, we transform the controllable realization (Azz, [/, /zz], ) into

11 ,2 313 B B22 22 22

A22 B21 22 0 A2 0 B21 2(3.78) 12 0 0 0 2 B21 B2
0 d d 0 0
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A22) and the stablewhere the three partitions correspond to the unobservable modes
* ^u Alland unstable unobservable modes (A2 and A22, respectively). We also note that A22

is completely unstable by Lemma 3.4. A similar transformation is carried out on
(A33, n31, [Cl3 2]T). Combining these gives

(3.79)

0 -o-I
crI 0

Next, we consider the minimal realization

0 A33(3.80) [Qe, O=] =’ o o
*2C21 C23

Since tr-’[ 021
may be factored as

(3.81)

AI3 11 12
*23 *2A33 B3! 0
*s *3A33 B31 0

23 crI 0

Q22] is part of an all-pass matrix by part (iii) of Lemma 3.3, (3.80)

[Q21]Q22]-[O21]Q22][ "90 0]i
*H_4 0 A33
*221 C23

BI2 A33 B31 0

0 # O.--1 *3C23 I 0

0 0 0 I
*3 *23in which we may assume without loss of generality (by possibly redefining A3, A33,

*3 / and/2C23, , 3) that (s) is inner; details of this factorization appear in Appendix
B. Similarly, a (left) inner factor N(s) may be extracted from Q2 N(s)Q2, leading
to a realization

(3.82) [t,2] , 2 /22
Q22.J ll (e,2 -I

2, 0 0

in which , 2, and , may have been redefined. Next, we define

(3.83) B3
0

crI

NOW,
{OHLP system zeros of the realization of Q2, in (3.79)} c_g_ a(/]2)w/(,44),
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where OLHP denotes the open left half plane, implies that

{System zeros of the realization of Q2t in (3.80)}___ C/.

As a result of the all-pass factorization (3.81),

{System zeros of the realization of Q21 in (3.83)}

A22).c {System zeros of the realization of Qlz(s) in (3.80)}w A(

We conclude that

{System zeros of the realization of Q21 in (3.83)}
_
C+.

A dual argument shows that the system zeros of the realization of Q12 in (3.83) also
lie in the open right half plane. Thus for any o-19

s(Go+) G, + ,(Q, o)11

IIG, + O,, + Q,o(I-Q:2O)-IQ,[[

(3.84) 113*( G, + Q, ,)M* Q, + ,( Q,

[*(G’ + O")’*- (’ i]+ + ’([0J
_-> ,,+,([*(O, + e,,)* Q,,]+),

in which J(s):= [*(Ol / Qli)4*-Qli]-. We may now use the arguments of Theorem
3.2 to show that

generates all 0-+|-suboptimal approximations of [N*(G + O)s*-
To do this we note the following:

(i) The matrix

[ *(o, + (2,,)*- Q,, 0
(3.85)

0- [ 0 0

is all-pass.
(ii) I1(11 IIF211< 0- and the system zeros of the off-diagonal blocks of

[0 0](3.86)
0

+ Q

lie in the open right halfplane. This follows from the fact that J(s) is completely
unstable.

(iii)

(3.87)

It follows that

(3.88)

Q w_(1), where deg ([F22]+).

inf {s(Go+ )} 0-,+,([*(G, + Q,,)*- Q,,]+).
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Finally, the family of all approximations in

_
(k) that minimize the first two singular

values is obtained by back substitution as

(3.89) o(s) F + V_c(-[Q]+-[*(G+Ql)Sf*]_)MW*(s),
where ’1 denotes the family of all optimal lth-order Hankel-norm approximations to
$(al -- Q11) ,5$ 011]+.

A simple inductive generalization of Theorem 3.2’ will establish the following
algorithm for calculating the (unique) superoptimal approximation.

ALGORITHM 3.1.
Given any Go(S)E+"pxm, this algorithm finds Fso(S)E -’pxm(k), which is the

superoptimal kth-order approximation of Go(s).
1. r=rank(G0)-<_min(p,m)
2. Find F(s) for Go(s) (the generator of all optimal k-th-order approximationsm

use state-space formulas in (2.15)); set Fo F
3. Fso Ell
4. V= I,, and W= Ip
5. For i=0to r-1

1. Find i(s) and q(s) corresponding to G(s), and construct v(s), w(s),
V+/-(s), and W_(s) using state-space formulas (3.24) and (3.27)

2. Define G+(s)eY+ and Q+(s)e__(k), through decompositions
given in Lemma 3.3

3. IF :s(s) and/or q*(s) have right-half-plane MacMillan zeros THEN
1. Extract all-pass common factors sq(s) and (s) (see Theorem

3.2’)
2. Redefine

v,(s) := L_,(s)(s), w*, ,(s):= (s) w*_,(s),
i+,]+ +[*(Gi+ -t- ,+,)*]_,

G,+,(s) := [*( G,+, + QI+,)M* i+1]+,
ELSE 6i+l(S):= Q+ll(s
4. deg ([F2]+)
5. Find F+, the generator of all/th-order optimal approximations to G+

using (2.15)
6. V= W+/-i and W= WW+/-i
7. Fso(S):=Fso + V(F+,-O+I)W*(s)-(k)

Note that if the above algorithm is terminated after l< r steps, the first l+ 1
singular values will be minimized and

(3.90) F(s’o)(S) Fl,(S + V_,(-Q.i+ -Ji- F.j+I WA_ (S)
j=0 i=0 i=0

will have no more than k poles in the open left half plane.
Remark 3.3. In the usual case for which the realizations ofj+ and gk*+ in (3.15)

are free from left-half-plane zeros, a pole-zero cancellation analysis similar to the one
carried out in [9] establishes the existence of extensions that are optimal with respect
to the first two singular values and are such that deg (F!2o)) <_- 2n 3. If this assumption
holds for all Gi’s generated by Algorithm 3.1, it can be shown that

rank(G

deg (Fso) <- E (n-i).
i=1

The cancellation analysis is moderately intricate and is consequently omitted.
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Example 3.1. In this example we illustrate a number of the features of Algorithm
3.1. Suppose G(s) C (s! A)- B is given by

(3.91) I 1
1

B= -3x//4

1)-2 2(IX 1)-’ "1a13
A= 2(IX2-1)- -1 -1

a 2 -2

b’210 cr I x/Ix/(Ix2-1)1
1/27x//2 = 1

x/IX/(IX2- 1) 1-1

in which IX > 1 and

19ix 3 v/7(4ix (ix2 1)2)
(3.92a) at3 x/ (ix2-1)(1 -4ix2)

(3.92b) a31
x/ IX(-1- 3IX2 +/7(4IX2- (IX2- 1)2))

(3.92c) bt2

(IX2-1)(1-4IX2)

X/4IX2 (IX2 1)2

It may be verified that (3.91) is balanced with controllability and observability gram-
mians

(3.93) P Q diag (ix/2, 0.5, 0.25).

By applying the triangularizing transformation

(3.94)
0 0

T= 0 0

--2IX(IX2-- 1)- 0

to

(3.95) [SI-AI1-AI2]C C2

we conclude that the scaled Schmidt vector 3(s) C2 -- C(sI-A)-A2 correspond-
ing to r3 0.25 has a single MacMillan zero in the open right half plane for every
Ix > 1. In the remainder of this example we fix tx at Ix-- 1.2 and seek the superoptimal
Hankel-norm approximation to G(s) over _(2).

A realization of F(s) (defined in (2.15)) that generates all optimal approximations
with respect to the first singular value may be calculated as

(3.96)

-11.196 0

-5.0997 -1.6667

F(s) -1.2868 -0.4861

1.2868 -0.2210

-0.8278 -0.1654

3.8569 5.5031 0

2.6667 0 -1.3333

0.1326 -0.1169 -0.1768

-0.1326 0.1169 -0.1768
0.1654 0.1875 0

in which we note that a stable mode (A---11.196) is uncontrollable through the last
column of the B-matrix (/2). The decomposition of Lemma 3.3 is now carried out to
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give

(3.97) Q(s)

-11.196 0

-5.0997 -1.6667

0 -0.5767

-0.8278 -0.1654

8.0841 0

-1.9608 -1.3333
0 -0.2500

0.2500 0

and

-0.9485 -2.6797

(3.98) Gl(s) 1.7808 -11.662

0.7585 0.13606

which may be written in transfer function form as

1.3727(s + 32.221)
(s + 11.196)(s + 1.6667)

(3.99) Q(s)
0.25(s- 1.4142)(s- 11.196)

(s + 1.6667)(s + 11.196)

-2.6388

4.7682

0

0.25(s- 1.4142)
s + 1.6667

0.22048
s + 1.6667

and

1.3532(s + 24.434)
(3.100) G,(s)

(s+ 11.196)(s + 1.4142)"

Note that because of the presence of a minimum-phase system zero in the realization
of Q2(s) in (3.97) (due to the uncontrollable mode A--11.198), t(Q, o’ 3) does
not generate all the o’3- 0.25-suboptimal approximations of G(s) in YT(2). We may
now extract the inner factor

(3.101) ,(s)
s 11.196

s + 11.196

corresponding to this zero, so that

(3.102) G,(s)+ ,(O, or;’(R))= ((, + if,(0, r-’(R)))sC(s),
in which

(3.103) G:=-

and

(3.104) O(s)

1.3532(s + 24.434)
(s 11.196)(s + 1.4142)

1.3727(s + 32.221) 0.25(s 1.4142)
(s 11.196)(s / 1.6667) s / 1.6667

0.25(s- 1.4142) 0.22048

s + 1.6667 s + 1.6667

Furthermore, it may be verified that

(3.105)

generates all o-3-suboptimal approximations of [G]+ in Y_(1), so that

(3.106) s(G+F) inf ]][G,]++FI[]o=0,
F ?,f’_
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which is in agreement with Remark 2.2. The superoptimal approximation is finally
obtained as

(3.107)

-11.244 0.5310 0

-1.3664 0

0 0 1.4142

1.3554 -0.6586 -0.1297
1 1951 -0.3677 0.3130

4.0836 5.6906

0.9722 -1.2665
-0.1467 -0.0541

0.1326 -0.1169

-0.1326 0.1169

4. Conclusions. The purpose of this paper is to develop an implementable state-
space version of Young’s algorithm for superoptimal Hankel-norm approximations
[16]. The new Algorithm 3.1 requires only standard linear algebraic library routines
and has the added advantage that it can be stopped after only < r steps. In this event,
the procedure produces a representation formula for all the approximations in W_(k)
that minimize {s(Go+ if), s(Go+ o),. ., s(Go+ if)} with respect to lexicographic
ordering.

Appendix A.
LEMMA A.1. Let A denote the A-matrix of a minimal realization of V*(s). Then

there exists a matrix K such that h (At. + B2.rK h(A) .
Proof. Since is stable, it suffices to show that every stable eigenv.alue of Ar that

is uncontrollable through B.r does not belong to the spectrum of A. Suppose for
contradiction that h is such an eigenvalue. Then ::1/3 0 such that

(A.1) fl*[Al Arl B.r 0.

It follows by using (2.15), (2.6), and (2.7) that

r-’Ar + zr-’ c,* c*c. c, r-’ ((:A,, +ZA*,Z- o-B, U* C,)I-’

+r-’c*, (i-c.c*)c,
(A.2)

F-’(cr:A,, + rB,B*C*C,-Y2A,,-YC*CC*C,)

=-A+A:CC.
Substituting (A.2) into (A. l) yields

(A.3) /*[AI + A*, + C* C:A*,I c*, c*, o,
where/ F-/3. Next, we introduce the transformation T, defined in (3.22), to (A.3).
This gives

which implies that

(A.5) * (I+A*,-* Cz,*3)+z(A*2-7* C2A*3)=O,
(A.6) f12 (AI + 2"2) 0,

(A.7) fl,C+C 0.

Now, since I e e_ and I(-) I(-A) e+,
(A.8) (A.6) =0 #0.
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Thus

(A.9) (A.5) :=> /*(Al+fi.*,-(*C2/i3)=0,
(A.10) (A.7) :=>

From the multiplication of/*, the left-hand side of (3.23), and/, we obtain

(A.11) -2 Re (A)/*I,./, +/*12,.,3.’312,1, =0 =:> ,./, =0,

since Re (A)<0. It follows from (3.24) that

A 13-A*(A.12) /)*(S)

and it is easy to show by using (A. 11 that A is an uncontrollable mode of this realization,
which proves the result.

Appendix B.
LEMMA B.1. [Q211022] in (3.80) may be factored as

AI Ai3 BII /12 A33^ B31 0

(B.1) 0 A33 B3 0 * o’- C3 I 0

in which (s)’ ^" 0"-1 ^3A33, i, C23 I) is inner.

Proof. Consider the minimal realization

13

0 A33
o o

23

with controllability grammian

^3A3 B BI2
^23 ^2A33 B31 0

A33 B3 0

23 O’I 0

PI2](B.3) P=
P*2 P22J’

in which dim (PI)=dim (A) +dim (A33). We will assume the following without loss
of generality:

(i) P2 =0. This may be achieved by introducing the state-space transformation

I -P,2P](B.4) T=
0 I

^sin (B.2) while noting that A33 asymptotically stable implies that P22 > 0. Note also that
^3 ^23 ^2A3, A33, C23, 1, and B3 are redefined as the result of this transformation.

^(ii) P22 I, i.e., the realization (A’j3,/3) is input balanced.
Next, consider the all-pass equations corresponding to

(B.5)

^u ^23 ^20 A33 A33 B31 0
o’-’[ Q2, Q2] - 0 0 A33 B31 0

C23 r 23 I 0

0A33 B3
23 I 0
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These may be written out in full as

A2 PI 0 P1 0
^s -[-
A33 0 I 0 I

(B.6)
B11 B12 B B12 *

+
1 0 1 0

0

and

Bll 12 -4-[(7--110"-1C33] Pll(B.7) [I O] B33, 0 0

from which we get

(B.8)

and

"3(B3,)* -(r-’ 23

^3(B.9) At2 --O" 1/11C23.
(B.8) and (B.9) may now be used to establish the required decomposition, while (B.8)
and the (2, 2) block of (B.6) show that (s) is inner. E]
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DYNAMICAL BOUNDARY CONTROL FOR ELASTIC PLATES
OF GENERAL SHAPE*

LAWRENCE MARKUS? AND YUNCHENG YOU$

Abstract. The control of transverse vibrations of elastic plates of general shape by feedback boundary
control is formulated as an abstract evolution equation. Because the control acts locally on the boundary,
which possesses a flanged rim with inertial properties of mass and bending moment, the analysis concerns
dynamical controllability and stabilizability of a hybrid system. By the approach of energy decay inequalities
and H/Srmander’s global uniqueness theorem, it is shown that the system is strongly stabilizable by a locally
supported damping feedback of boundary velocity and boundary angular velocity, and hence the system is
approximately controllable.

Key words, dynamical boundary control, hybrid system, elastic plate, abstract evolution equation,
stabilization

AMS subject classifications. 35Q72, 47D06, 73C02, 93C20

1. Geometry of hybrid control systems: summary of results. Earlier investigations
[10]-[12] established the ability to control and stabilize the transverse vibrations of
an elastic beam, clamped at one end, by feedback damping with dynamical control
forces and torques acting on the other end. The present study was motivated by the
control requirements of a space satellite supporting an elastic beam (governed by the
Euler-Bernoulli partial differential equation) attached to an antenna with mass and
moment of inertia (governed by Newtonian ordinary differential equations) on which
the control acts by means of rocket thrust and couples. In this sense the total system
is a hybrid system consisting of a partial differential equation and two coupled ordinary
differential equations through which the control dynamics are filtered.

This type of hybrid control system was generalized [17], [18] to two-dimensional,
rectangular elastic plates with inertial properties along the controlled edge, which is
rimmed with a flange or lip that has inertial properties. Here the distributed system is
governed by the Petrovsky equation for the small displacement u(t,x,y) of a
homogeneous, thin elastic plate over the region at time t_>-0,

02/1
A R+

0 2 I-- /,/ 0 in x f,

with suitable boundary conditions at the three clamped sides and dynamical boundary
control from the free side. As usual, A is the biharmonic operator and the physical
units are appropriately chosen. The control system is then reformulated as an abstract
evolution equation in a suitable Hilbert space. This framework will also be used in
the present investigation.

It is important to note that in all these previous investigations of elastic beams
and rectangular plates with dynamical boundary control, the explicit distribution of
eigenvalues plays an essential role. The methods in 11] show that the stabilization of
beam vibration proceeds with a subexponential decay rate. It is possible, and this is
an open issue, that this behavior is a feature common to all similar hybrid systems.
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Of course, there is a highly developed theory of the exact controllability and
stabilization of elastic systems, including plates governed by the usual (static) boundary
control without any inertial properties arising from the boundary (see [3]-[9]). Since
these other configurations have no dynamical equations ascribed to the controlled
boundary, they do not fit the theory of hybrid control systems as it is developed in
this paper. To the authors’ knowledge, the well-known Hilbert uniqueness method [9]
does not apply directly to our problem of the strong stabilization of hybrid control
systems, because if the Hilbert uniqueness method could be adapted to this problem,
then it would result in exact controllability and stabilization at a uniform exponential
rate. However, by such a dynamical boundary-damping feedback one generally cannot
expect an exponential decay rate, for some intrinsic reasons, as is indicated in [11]
for the case of a one-dimensional beam.

Here we consider the small transverse deflection u(t, x, y) of a thin, isotropic,
homogeneous elastic plate over a region 12 at time t->_ 0. The region 12 is an open,
bounded, and connected set in R2, with a boundary F-0f consisting of a finite set
of simple closed curves. Assume that F is piecewise smooth and that the inward uniform
cone condition is satisfied everywhere on F. For easy reference we shall designate f
as a region offinite genus.

Assume that the boundary F- 012 consists of two disjoint pieces: Fo on which the
plate is clamped and F along which the plate is free on part F.f of F and is controlled
on Ft.- F\F.r. Here, Fo (the union of arcs on some boundary curves of 12) is a closed
subset of F with a nonempty relative interior in F, so F is relatively open in F. Also,
the controlled part [’. is relatively open in F, and its linear measure is positive, i.e.,
meas(f’t.) > 0. Moreover, the inertial properties of the rim are restricted to [’. only.

Following the classical elasticity theory [3]-[5], 14] of small vibrations u(t, x, y)
of thin, isotropic, homogeneous elastic plates over a plane region 12 of finite genus,
we can formulate the aforementioned boundary control problem as follows:

02/,/
+A2U 0 in R+ x 12,
Ot2

Ou
u ==0,an

on R/ x Fo (clamped boundary Fo),

Au + (1- tr)A2u =0 on R+ x Fr (no shearing force on El),

(1)
OAu
+(1-o’)Au =0 on R+ x Ft (no bending torque on Ft),

a2u [aAu ]Ot2-kl_-n +(1-r)Au +f(t,x,y) on R+ x Ft, (control force),

-k2[Atl + (1 o’)A2u +f2( t, x, y) on R+ x Ft. (control torque),

u(O, x, y)= Uo(X, y) and u,(O, x, y)= u,(x, y) in 12 (initial data).

Here the inertial properties of the boundary are supported along the rim of Ft. where
the control shearing force (per unit boundary mass) f(t, x, y) and the bending torque
(without twisting) f2(t, x, y) act as dynamic controllers. Here k-=p > 0 is the linear
boundary density and k J > 0 is the bending moment of inertia per unit length of
the boundary, and these are constants with appropriate physical units.
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The two operators A and A2 are defined by

0
(2) au=m[(n-n)Uxv+nn2(Uyy-Uxx)], A2u=2nn2Uxy-n -nux,

(9S
Uyy

where n (n, n2) is the outward unit normal vector to F and s is the arc length sensed
by (-n2, n) along F. The physical constant 0 < cr < 1/2 is the Poisson ratio of elasticity.

Example. Let f be an annulus described in polar coordinates (r, 0) by

f {(r, O):O<6<r<l,O<-_O<27r},

with Fo being the inner circle (r 6) and F,. F being the outer circle (r 1). Assume
that the elastic plate over f is clamped on the inner circle Fo and that the boundary
dynamic controls act on F,.. We have r= 1, s 0, and (n l, n2)=(cos 0, sin 0), so

Un =Ou/Or and the operators A and A2 take the form

AlU=-- cos (20)Uy+sin (20)(Uyy--Uxx)

A2u =sin (20)Uxy -cos20uyy-sin20u..
This example will be used later to illustrate our general results of Theorems 1 and 2.

Our main results in this paper assert that for the hybrid control system of an
elastic plate of general shape (f is a plane region of finite genus), the corresponding
evolution system is strongly stabilizable by boundary-damping feedback

Ou 02u
t, x, y) onR+xF..f=--(t,x,y) and f2-

Consequently, this hybrid system is approximately controllable by open-loop control-
lers f(t, x, y) and f2(t, x, y) supported on the arc F,..

2. Abstract evolution equation. In this section we set a framework to deal with
the hybrid control system described by (1). Denote by H the product Hilbert space

H L:(f) x

with the inner product defined by

ur ds.((u, u,, u2), (v, v,, v2)) uvdxdy+- ",.
u,v, ds+22

Then H is a separable real Hilbert space. Here f is a plane region of finite genus with
boundary F Fo U F.rLJ F,. as specified above. Define operators A and B by

I 1(3) A(u, Ul, u)= -k,(oau/on+(1-)A,ullr 0 0

k:(au+(1-r)A:u)lr 0 0

with the domain

On

OAu Ou
+(1-cr)Au=0 onAu + (1 cr)Au,i O, Sn On

//2 on Fc},
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and

(4) B 0

I

with I being the identity on LZ(F,.). Thus we have A:D(A)- H, and B is a bounded
linear operator from LZ(F,.) x LZ(F,.) to H. Denote by

u(t,x,y)[(x,y)
v(t)= u(t,x, y)l(x, y)F,.

(Ou/On)(t, x, y)l(x, y) F,.

t, x, Y) (x, Y) F,]f(t)=
(t,x,y)](x,y)F,.

Then the system (1) can be written as an evolution equation (compare [16]):

d212
(5)

dt
t- Av(t) Bf(t), >- O, v(O) VO, vt(O Vl,

where

Uo(x,y)
Vo Uo[ F,. and 121

(OUo/On)lr,.
u, IF,.

Remark. Each classical solution of the initial-boundary-value problem (1) with
smooth controllers fl and fz is clearly a solution of the evolution equation (5);
conversely, each mild solution of (5) starting from smooth initial data yields a classical
solution of (1). Hence for the approximate controllability and feedback stabilization
of (1) it is sufficient to consider (5). Therefore, we shall interpret the control problems
associated with classical solutions of (1) in terms of the corresponding control problems
of the evolution equation (5) and, later on, of the first-order evolution equation (8).

LEMMA 1. The operator A D(A)- H is a densely defined, closable, symmetric, and
coercively accretive operator. It admits a self-adjoint Friedrichs extension denoted by Ae,
which has a compact resolvent.

Proof (sketched). Through a straightforward calculation (see [17] for details) we
can show that

A U O (( U, V)) U A vl

U2 122 U2 122

where

((u,v))=ff [AuAv+(1-o’)(2U,yV,,y-U,,,Vyy-UvyV,,.)]dxdy

for (u, ul, uz) and (v, 121, 122) in D(A). It can be shown as in [17] that

((u, v))= (A/Z(u, Ul, uz), A l/Z(v, v,

Hence A is symmetric and coercively accretive. The symmetry and semibounded
property imply that A admits a self-adjoint Friedrichs extension. Moreover, since

u, (,-,. const u -=( i=1,2,
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it can be shown by the Rellich theorem that both A and its extension Ae have a compact
resolvent. [3

Denote D(A1/2) with the graph norm by M, and define

X=MxH,

which can be interpreted as the energy space. Now define two more operators:

[ 0 ]’D(G)-X, whereD(G)=D(A)xM,(6) G
_A

[ ] r(r,.) x/(r,.)- x.(7) K=
B

The operator K is a bounded linear operator, and the operator G is the generator of
a unitary group of linear operators T(t) on X given by

[ cos (Al/t) A-’/e sin (Al/-t)]T(t)= _A/ sin (A/t) cos (A/t)
Let

v(t)
and w,,=w(t)=

(d/dt)v(t) V

where (d/dt)v(t) stands for the strong derivative of v(t) in H. Then the second-order
evolution system (5) is reduced to the following first-order evolution system:

dw
-Gw(t)+Kf(t), t>=O,

dt
(8)

w(0) Wo x.
The mild solution of the evolution equation (8) will be considered as the state function.

3. Energy decay with dissipative feedback. We introduce the feedback control

[ -(Ou/Ot)[F. ]f= -(Oun/Ot)lF,.

as a dissipative perturbation of the generator G. The perturbed generator is denoted by

(9) G. G- KK*, with V( G.) D( G).

Denote by D(G) the dense subspace in X defined by

D(G)= f-! D(Gk),

where D(G) is the domain of the operator G. Let the Co-contraction semigroup
generated by G,. be S(t), t>=O. As in [17, Lemmas 6 and 7], we can show that for each
Wo D(G)

(i) []S(t)Wol[ and [[G,S(t)Wo[[ are nonincreasing for t->0;
(ii) any trajectory {S(t)Wo: t->_ 0} is located within a compact subset of X;
(iii) the w-limit set associated with any initial data Wo,

tO(Wo)= >oFI {eli U
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is a nonempty compact subset of X;
(iv) for each point w e to(w0) the following limit holds:

IIwll lim IIs(t)Wo[I := E(wo);

(lO)

(v) for each point woe to(Wo) we have w D(G) and

IIs(t)wll=llwll--E(Wo) for >-0.

We shall show later in Lemma 5 that E(wo)= 0.
LEMMA 2. If Wo tO(Wo) and

u(t,x,y)

[ v(t) ] Ou/On,F,.
w(t) =S(t)w=

(d/dt)v(t) (t, x,y)

then ( t, x, y) := ( t, x, y) is a classical solution of the following system"

2+A =0 in R+ xO,
Ot

(11)

q ==0 on R+ xFo,
On

On
+(1 o’)Aq =0 on R+xF.f,

Oq 02q 03q
0 onR+xF,.99

On an On

Proof By property (v) and the observation that w(t) S(t)w is a strong solution
of the equation

dw
(12) =(G-KK*)w,

dt

it follows that

d
d-- w(t)ll =-211K*w(t)ll=O’

Hence

d
K*wo( t) B* - v( t) O, t>=O,

so that by (10)

(13)

q(t, x, y)lF=O,

ot,
(t, x, y)lFc =o,

On

t>=O,

t>-_O.
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Classical regularity theory [13, 6.6] shows that in this case (t, x, y) is a sufficiently
regular function of (t,x,y)R/ up to the boundary, that is, b C() and has
a Coextension in a neighborhood of each point on any smooth arc ofF. Thus p(t, x, y)
is a classical solution of the following system:

02
Ot

t-A2o -O in R/}

Oo R+0 on x Fo,
On

(14)
On

+(1-o’)Aq =0 on R+ x F.c,

o ==0 on R+ xF,.,
On

Ap+(1-o)A2q=+(1-o-)Aq=O on R+ x F,.
On

according to (11) and (13). Since q =Oq/On =0 along each arc ofF,. for t->_0, we have

0q-0q-0 on R +xF,..
Os On

It is known [5] that on R/x

O [O2qO--2:OtP] O3qo--0,(15) atP=O-- onos -s -Os2On
and

0 q Oq 0 q
(16) A2q

s2
K

s2 =0O On O

in terms ofthe curvature K ofF,.. Substituting (15) and (16) into the boundary conditions
on R+ F,. in (14), we obtain

0q OAq R+q ==Aq==0 on xF,..
On On

It follows that

0 0 (0 030(17) q- 2- -0 onR+xF,..
On On On

Finally, (14) and (17) imply that p( t, x, y) fi( t, x, y) is a classical solution of the
system (11). FI

4. Global uniqueness. The boundary-value problem (11) for the two-dimensional
Petrovsky equation is overdetermined. In order to assert that the only possible solution
of (11) is the trivial solution t, x, y) 0 in R/ fl, we shall invoke a global uniqueness
theorem due to H6rmander.

LEMMA 3 [2]. Let Q and Q2 be two open convex sets in R n, such that Q2 Q1. Let
P(D) be a differential operator with constant coefficients, such that every hyperplane that
is characteristic with respect to P(D) and intersects Q2 also meets Q. Then every
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distribution solution u ’(Q2) satisfying P(D)u=O and vanishing in Q1 must vanish
in Q2.

Proof. See [2, Thm. 5.3.3].
LEMMA 4. The boundary-value problem (11) admits a unique solution p t, x, y) 0

for (t,x,y)R+xcl.
Proof. Let P(D) be the Petrovsky operator: P(D)=O/Ot+A in the 3-cylinder

Q R+ x . Since the associated characteristic vector is (:,, x, y) (1, 0, 0), every
characteristic 2-plane associated with P(D) is parallel to the (x, y) plane.

Let (t, x, y) be a solution of the boundary-value problem (11). Then P(D)rp =0
and the last boundary condition in (11) implies that

akp
(18) ank-O onX,.=R+xF, for all k=> 0.

Then the Holmgren local uniqueness theorem implies that q =0 identically in a
neighborhood of E. in Q. In fact, there is an open disk fl in f such that q =0
identically in Q R+ f.

Choose any point pc Q with its projection /3f. Then there exists a finite
chain {fj: j= 1,..., N N(p)} with the property that each .j is an open disk in lq

centered at p./ with RZ-meas(f.jf.i+)>0 for j= 1,2,..., N-1 and with PN =.
Now use Lemma 3 to examine q(t, x, y) on the corresponding chain Q. R + for
j=l,2,...,N.

Consider the nonempty convex set Q f3 Q2 on which q 0 identically. Clearly,
each characteristic 2-plane that meets Q2 also meets Q f’l Q2, since these are each
3-cylinders in Q R+ 1. Thus we conclude by using Lemma 3, that q 0 identically
in Q2. Continuing this argument along the chain {Q/:j 1, 2,..., N}, we finally
conclude that q 0 identically in QN R+ fu, so q 0 at the point p Qu. This
completes the proof.

LEMMA 5. Let f be a plane region offinite genus as specified above. Then for each
initial state Woe X, it follows that the solution w(t)= S(t)Wo of the evolution equation
(8) satisfies

(19) lim [Is(t)Woll o.

Proof From Lemma 4 we have shown that

(20)
d

q( t, x, Y) =-t u( t, x, y) O in cl Q cl (R+ ).

It follows that u(t, x, y) u(0, x, y) for all >= 0 and any (x, y) cl 2. Denote
u(0, x, y) by Co(X, y). Then qo satisfies the following boundary-value problem of the
biharmonic equation:

Aqo 0 in ,
(21)

aq9o
o==0 onFo,on

hrpo+ (1- o’)Arpo 0 on F.
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A straightforward calculation shows that

(A2qo)qodxdy+ (A0o+(1-r)A2qo)
On k On

It follows that

A/2 olF. =0.

qo(X, y)= 0 in He(f).

+(1-cr)A,qo)Oo] ds

Therefore, we have the pointwise equality

u(t,x,y)=O inclQ,

so that

(22) S(t)w 0 for => 0.

Then by the properties of the w-limit set W(Wo), (22) implies that (19) holds. V1

5. Dynamic boundary stabilization. In this section we will achieve the main results
in terms of stabilization and controllability for the evolution system (8) deduced from
the original boundary control system (1) for an elastic plate of general shape.

THEOREM 1. The evolution system (8), which models the elastic-plate system (1)
over a region 12 offinite genus, is strongly stabilized by the following boundary-damping
feedback:

Ou O2u
t, x, y)(23) f(t,x, y)=--(t,x, y) and f2(t,x, y)=-OtO----

for t>=O, (x, y) r,..
Proof From Lemma 5 it is known that the convergence (19) holds. This means

that the linear feedback control

d [ (Ou/Ot).F,. ](24) f(t)=-K*w(t)=-B*-d-v(t)=- (o2u/oton)lF,. t>=O,

strongly stabilizes the evolution system (8) because the solutions S(t)Wo of the corres-
ponding closed-loop system (12) strongly converge to the equilibrium at 0 for any
initial data Wo in the state space X. B

THEOREM 2. The evolution system (8), which models the elastic-plate system (1)
over a region 12 offinite genus, is open-loop approximately controllable.

Proof By the controllability theory for linear systems in Hilbert spaces [1], [15],
the strong stabilizability of the system (8) implies that it is approximately controllable
in X by open-loop controllers f and f_ applied on Ft.. Thus the conclusion of Theorem
2 is a consequence of Theorem 1. B

Example. Let

12 {(r, 0): 6 < r< 1,0<= 0<27r}, 0<6<1 constant,

Fo {(r, 0): r= 6}, F, {(r, 0): r= 1},

F={(r, 0)eF:0e(,/3) with0</3-a<2r},
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Consider a thin, isotropic, homogeneous, elastic annular plate over the region . By
the theory developed in this paper the corresponding plate system (1) is strongly
stabilizable by the linear feedback (23) applied to the boundary arc F,.mno matter
how small the controlled arc (a,/3) is. As a consequence, this system is open-loop
approximately controllable with the controllers supported on F,..
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BOUNDARY CONTROL OF SEMILINEAR ELLIPTIC EQUATIONS
WITH POINTWISE STATE CONSTRAINTS*

EDUARDO CASASt

Abstract. This paper is concerned with state constrained optimal control problems of semi-
linear elliptic equations, the control being on the boundary. Optimality conditions are derived and
regularity of the optimal solution is investigated.

Key words, optimal control, boundary control, semilinear elliptic operators, optimality condi-
tions, state constraints

AMS subject classifications. 49K20, 49J20

1. Introduction. This paper deals with state-constrained optimal control prob-
lems governed by a monotone semilinear and elliptic operator. A Neumann condition
is considered, and the control should act on the boundary. Our aim is to derive
the optimality conditions and to deduce some regularity results for the optimal con-
trol. This kind of optimal control problems arises in connection with some realistic
problems; see Bermddez and Martinez [2] and Luneville [12].

Optimal control problems with state constraints, governed by linear elliptic equa-
tions, have been studied by the author [6]-[9]. In these papers, the control was dis-
tributed in or it was a coefficient of the operator. Abergel and Temam [1] studied
some nonqualified problems of distributed control, deriving some nonstandard opti-
mality conditions that become the usual ones when the problem is qualified. The
semilinear case was considered by Bonnans and Casas [4], [5], the control being dis-
tributed in f, too. Optimality conditions for some boundary control problems with
pointwise state constraints have been obtained by Mackenroth [13], [14] in the case of
a linear operator with bounded controls; Luneville [12] in the case of Laplace operator
and dimension 2 or 3 and the state subject to pointwise constraints only in a strict
subset of ; Bonnans and Casas [3] in the case of a particular semilinear equation.
In the previous papers, except that of Luneville, the adjoint state equation is not
investigated, and therefore regularity of the adjoint state was not deduced, which is
essential to derive regularity results of optimal control.

In this paper, we show that, assuming the control to be in L(F) for t > n- 1,
n > 1 arbitrary, it is possible to derive the optimality conditions and to deduce some
regularity results of the optimal control after having investigated regularity for the
adjoint state.

The plan of this paper is as follows: in the next section, the control problem
is formulated; in 3 the state equation is studied, in particular continuity of state
is proved; in 4 we prove existence, uniqueness, and regularity of the solution of
a Neumann problem governed by a linear elliptic equation with measures as data;
finally, in 5 we apply this study to our control problem and derive the optimality
conditions and regularity results.

2. Formulation of the control problem. Let be an open bounded subset
of Rn (n _> 2) with C1,1 boundary F. Let us consider the following boundary value
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25, 1991. This research was supported in part by DGICYT (Madrid).

Departaznento de Matemtica Aplicada y Ciencias de la Computacidn, E.T.S.I. de Caminos, C.
y P., Universidad de Cantabria, 39071-Santander, Spain.
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problem:

(2.1) Ay/(y)-f in ,
0vAy=u on F,

with f e Lp(fl), p > n/2, u e Lt(r), t > n- 1, and

where (x) denotes the unit outward normal to F at the point x,

aij E c’l() and ao E L(f),

n

Sm > 0 such that aj(x)j >_ mll2 V e Rn, x e 12,
i,j=l

ao(x)>O a.e. xqflandao0;

(2.3) " R --* R is of class C1,
is increasing monotone and (0) 0.

We consider the following control problem:

Minimize J(u),(e) uK and yEC,

where K is a nonempty, convex, closed subset of Lt(F); C is a closed and convex
subset of C(X) with nonempty interior, X being a compact subset of gt; and the
functional J L(F) ---. [0, +] is defined by

J(u) lye(x)- yd(x)lUdx / lu(x)ldmr(x),

Yd being given in L2(), a (1, +cx3) and N > 0. Furthermore, we assume that one
of the following hypotheses is satisfied:

(H1) K is bounded in Lt(F), t > n- 1, and a < t;
(H2) N > 0 and a > t > n- 1.
As realistic examples, we can take

K {u e L(r) a < u(x) < b a.e. [mr] x e F}

and a 2, with -(x) < a < b < +oc, which satisfies the first hypothesis, or

K {u e Lt(r).u(x) > 0 a.e. [mr] x e F}

and a t, which satisfies the second hypothesis. Above, mr denotes the usual
(n- 1)-dimensional measure over F induced by the parametrization.
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In the case where n 2, we can take a t 2, which is the most usual choice
in control theory.

As examples of sets C, let us give

and C {z e-C(a).lz(x)l N

X r and C {z e C(r)" I()1 _< w e r},

or

Xcfl and C={zeC(X)’lz(x)lN VxeX},

where i > 0 is a given constant.
Remark 1. In practice, the hypothesis (0) 0 is not a restriction because, if it

is not verified, then it is enough to replace by - (0) and f by f- (0), and so
we have the required conditions.

3. Study of the state equation. In this section, we prove that the boundary
problem (2.1) has a unique solution y, e HI()CIC() for each u e nt(r), t > n- 1,
and that the relation between control and state is of class C1.

THEOREM 3.1. For all u E Lt(r), with t > n- 1, and f Lo(fl), p > n/2, there
exists a unique solution y, of the geumann problem (2.1) belonging to HI(f/)
Moreover, there exists a constant C1 independent of f and u such that

Finally, if {Uk} C Lt(r) converges weakly (or weak* in the case where t
toward u in Lt(r), then {Y-k} converges to y, strongly in H(f) 3 C().

Before proving this theorem, we must state the following lemma.
LEMMA 3.2. Let us suppose that is a bounded function in R, f LP(fl) and

u W-/r’r(F), with p > n/2 and r > n. Then there exists a unique solution yu
in H1 (fl) C3 n(fl) of the Neumann problem (2.1). Moreover, there exists a constant
C2 > 0 independent of u, f, and such that

(3.2) IlY IIH < > + IlY IIL < ) C2 (llfllL"< > +

Proof. Utilizing the monotone operator theory (see Lions [11]), the existence and
uniqueness of a solution y, Hi(f/) of (2.1) follows easily. On the other hand, arguing
as in [17, Thm. 4.2], we obtain the boundedness of yu and inequality (3.2). rl

Proof of Theorem 3.1. For every positive integer k, let us consider the functions
Ck :R R defined by

(0)
+k
-k

if 1(0)1 _< k,
if (0) _> +k,
if (0) _< -k.

Then, due to Lemma 3.2, we know that the Neumann problem

Ay+k(y)=f in fl,
0vAY u on F
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has a unique solution yk E Hl(t) gl L(2) and

(3.3)
where C2 is independent of k. Therefore there exists a constant c > 0 such that
I]Ykl]o <-- c for each k, which implies that there exists a positive integer k0 > 0 such
that Ck(Yk) (Yk) for every k >_ k0. That is, every y, with k >_ k0, is a solution
of the Neumann problem (2.1). On the other hand, the uniqueness of solution of this
problem in Hl(gt) N L(12) is an immediate consequence of the properties of A and
the monotonicity of .

Once we have proved existence, uniqueness, and the estimations in the norm
HI() and L() (consequence of inequality (3.3)), it remains to establish the con-
tinuity of y. For this, we utilize the density of D(r) and D() in n(r) and Lp(),
respectively. Let (u} C D(r) and (f} c D(gt) be two sequences converging to
u and f in the topology of L(F) and LP(2), respectively, and let Yk Yu be the
solution of the Neumann problem (2.1) corresponding to uk and fk. From the hy-
potheses on the regularity of A and F, it follows (see, for example, Grisvard [10]) that
(Yk) C W2’r() C C(). Now let us take zk Yu --Yk, Vk U- uk and gk f- f,
then zk verifies that

where

Azk + (k(X)Zk gk in ,
OAZk=Vk on F,

(yu(x)) (y(x))
if yu(x) yk(x)

0 if yu(x) yk(x).

The monotonicity of implies the positivity of k. Applying Lemma 3.2, we obtain
that

which proves the uniform convergence of (yk } toward y and hence the continuity of
Yu.

Finally, to prove the continuous dependence of Yu with respect to u, note that the
weak convergence of {Uk} to u in L(F) implies the strong convergence in W-i/r’r(F).
Therefore it is enough to again take Zk Yu --Y and to argue as above to conclude
the strong convergence of {yk } to y in H1() N C(). [-]

We finish this section proving that the relation between the control and the state
is differentiable.

THEOREM 3.3. The mapping G: Lt(F) U() C() defined by G(u) yu
is of class C, and, for every u, v e n(r), the element z DG(u).v is the unique
solution of the Neumann problem

(3.4) Az + ’(y)z 0 in ,
Oz=v on F.

Proof. First, we prove that G is Gteaux differentiable. For it, let us take for
every h > 0, Yh as the solution of the Neumann problem

Ay + (y) f in
Oay u + hv on F.
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Then Zh (Yh --yu)/h satisfies

AZh+ah(X)Zh=O in f,
OA Zh V on F,

where ah(X) ’(yu(x) + Oh(X)[yh(X) y(x)]), with h(X) e (0, 1). Using Theorem
3.1, we obtain that {Zh} is uniformly bounded in Hl(f)N C(). Therefore it is easy
to pass to the limit in the previous problem and to deduce the convergence of {Zh}
to z in H (f) N C(), where z is the solution of problem (3.4). On the other hand, it
is a consequence of Theorem 3.1 that the linear mapping v z is continuous from
Lt(r) to H (gt) C(). Finally, due to the continuity of ’, it follows easily that DG
is continuous, which concludes the proof. [:1

4. Study of a Neumann problem with measures as data. As we see in
the next section, the adjoint state equation of the optimality system for our control
problem has measures as data in f and on F. In this section, we study this type of
boundary value problems, proving existence and uniqueness of a solution, deriving a
regularity result, and stating a trace theorem and a Green’s formula.

The model problem is the following:

Ap=#a in t,(4.1) O,aP #r on F,

where A is an elliptic operator as defined in 2, satisfying the conditions (2.2), and
#a and #r are real regular Borel measures in t and F, respectively, t and F verifying
also the conditions stated in 2.

We begin by establishing a trace theorem, but first it is necessary to introduce
some function spaces. For every s e (1, n/(n- 1)), let us consider the space

Vs(f) {/7 e LS(t)n" div/7 e M(t)},

where M(fl) is the space formed by the real regular Borel measures in t. Endowed
with the norm

[[P-]w(a) [[P-[L(a) + [[divp[M(a),

Vs (f) is a Banach space.
We will henceforth follow the notation

(#a’ Y)a fa y(x)d#a(x) and (#r, zlr fr z(x)d#r

for all functions y E C(t) and z E C(F) and all real regular Borel measures

M(t) and #r e M(r).
We now have the following result.
THEOREM 4.1. There exists a unique linear and continuous mapping

verifying

(4.2) p3r" e c
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(4.3) (’v(iff),’)’(z)> =/fl iff" Vzdx + (diviff, z> Vz e wl’r(t),

where r is the conjugate of s.

Proof. Let us take g E W1/8’r(F) 7(Wl’(gt)) and z E W’r(f) such that
-(z) g. Then we define

(%,(p-), g) =/. Vzdx + (divlff, z)fl.

Let us prove that ")’v is well defined. First, from the inequality s < n/(n- 1), it follows
that r > n, and therefore W,(t) C C(). On the other hand, if z,z2 W’(f)
and "(Zl)- "(z2)--g, then we must prove that

Vzldx + (divff, z)fl =/ ft. Vz2dx + (diviff, z2}.

z’r(t)and {zk} C D(t)a sequence convergingTo do this, let us take z Zl z2 0
to z in W’r(t). Since r > n, we have that Vzk - Vz in L(gt)n and z -- z in
C(f), from where we obtain that

/" Vzdx + (div,z) lim {/ff. Vzkdx + (divff, Zk)M(a),C(a) } =O,

the last equality being a consequence of the definition of derivation in the distribution
sense.

So we have that "v is well defined, and, obviously, it is linear. Let us prove the
continuity

Taking now the infimum we obtain that

which implies the continuity of 7v.
From the definition of "v and using the Green’s formula for regular functions, it

is immediate to prove that (4.2) is satisfied. The uniqueness follows from (4.3) and
the surjectivity of -: W,(gt) -- W/,(F). D

DEFINITION 4.2. Given p Wl’(gt), satisfying that Ap M(), we define
OvAp "v ) where is given by

n

(4.4) wj (x) E aij (x)Ox,p(x), 1 <_ j <_ n.
i--1

Let us note that u E LS(t)n and

divu -Ap + ao(x)p e M(fl),

which implies that u VS(gt). Hence "v(u) is well defined as an element of the space
W-/s,8(F). From Theorem 4.1, we deduce that the previous definition agrees with
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the usual definition when p is a regular function. We now study the existence and
uniqueness of a solution of problem (4.1) in the space W1,8(t).

THEOREM 4.3. The Neumann problem (4.1) has a unique solution belonging to
the space W,S(gt) .for every s e [1, n/(n- 1)). Furthermore, the following inequality
is verified:

for some positive constant C3 depending only on A and .
Proof. Let L: W2’r(t) Lr() W/,(F) be the operator defined by L[z]

(A’z, OvA, z), where A* is the adjoint operator of A. Due to the hypotheses on A and
F, we have that L is an isomorphism; see Grisvard [10]. Then the adjoint operator
L* n(Ft) W-/,(F) -- (W2,(t)) is also an isomorphism. Therefore, given

+ e ’,

(#, z) z(x)d#a(x) + r z(x)dttr(x),

there exists a unique element (p,q) e L() W-/s’S(F) such that L*[(p,q)] it;
that is,

fn pA*zdx + (q, OvA, z) =/ z(x)dita(x) + fr z(x)ditr(x)

for all z E W2’ (2).
If we take z E D() in the previous equation, we obtain that

(4.7) Ap itn in t.

Let us prove that p Wl’s(’). For every D(fl), let z W2’(fl) be the
solution of the Neumann problem

A*z=0xj in fl,
OA.z=O on F,

with 1 <_ j _< n. Then, by using again [17, Thm. 4.2], we obtain that

Using this inequality and (4.6), we obtain that

z(x)dita(x) + r z(x)ditr(x)

< (ll allM(a) + II rl]M(r))Ilzllc( ) < c llllz (a),

from where it follows, due to the density of D(2) in Lr(t), that Oxp e L(),
1 _< j _< n. Hence we have that p E W,(t), and (4.5) follows from the previous
inequality and the continuity of L-1. Then, due to (4.7), OAp is well defined as an
element of W-1/,8(F); see Definition 4.2. Moreover, from (4.3), it follows that

(4.8)
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Now let us see that Ovap #r. First, we note that /(Wl,(Ft)) C C(F), and hence
M(r) c w-/,(r). Let g e WI+/8’r(F) arbitrary, and let us take z E W2’(ft)
such that /(z) g and 0, z 0. This is possible because the mapping

W,() WX+/,(F) x W1/,(F),
z ((z),O.z)

is surjective; see Lemma 4.4, proved below. om (4.8), integrating by parts and using
(4.6), we obtain that

<OuaP, g> <OaP, (z)> a(p, z) . zdu

which Mlows us to conclude that Oap and r coincide over W+/,r(F). Finally, from
the density of W+I/s’(F) in W1/s,(F), it follows the searched equality Ouap r.
Thus p e W’s(D) is a solution of the Neumann problem (4.1). To finish this prooL
it remains to state the unicity of solution.

Taking g e W/s’(F) arbitrary and z e W2’r(D) such that (z) 0 and Oua, z
g, again using (4.8), (4.6), and integrating by parts, we obtain that

fzd, a(P,z) fPA*zd +10,z(p)dmr()
Jr

hence

<’ > fr (v)d,()
which implies the equality /(p) q.

Vg w/,(r),

The uniqueness of solution of (4.1) in W1,8(ft) is obtained because every solu-
tion of (4.1) satisfies (4.6), which follows easily by using (4.3) and integrating by
parts. [:]

LEMMA 4.4. The mapping

w.()
z

is surjective, where

-- w+/",(r) x w/",(r),-- (.(z),O,.)

n

o,.z ,()Oz(),(x).
i,j=l

Proof. Let (g,h) e Wl+l/,(r) x W1/,(F). The vector UA,(X) can be written
in the form .() ().() + t(),

where t(x) is a tangent vector to F at the point x and

() a, (). () ()(())() _> - > 0.
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Since F is of class C,, (x) is a Lipschitz function on F. Therefore, remembering
that the coefficients aij are Lipschitz, we deduce that c is a strictly positive Lipschitz
function on F. Furthermore, t(x) is also a Lipschitz function on F. Hence (h-Og)/a
belongs to W/’(F).

On the other hand, it is known that the mapping

___,
z

is surjective; see Grisvard [10] and Ne6as [15]. Therefore there exists an element
z e W2’(ft) such that -(z)= g and Oz (h- Og)/c. Then we have that

Oa.z(x a(x)Oz(x) + Otz(x) a(x) a(x) (h(x) Otg(x)) + Otg(x) h(x);

thus z is the searched element.

5. Study of the control problem. The first point to be considered in the
study of the control problem (P) is the existence of a solution, which is proved in the
next theorem.

THEOREM 5.1. Under the hypotheses assumed in 2 and supposing the existence

of a feasible control (i.e., a control u g such that yu e C), then problem (P) has at
least one solution. Moreover, if is linear, then the solution is unique.

Proof. Let {uk} be a minimizing sequence in g. Because of hypothesis (H1) or
(H2), this sequence is bounded in Lt(F) (respectively, L (F)). Then we can extract
a subsequence, denoted in the same way, converging weakly to an element K
(since K is convex and closed). Now, using Theorem 3.1, we deduce that yu y-a in
H(gt)C(). Since y e C for every k and C is closed in C(X), X c , the uniform
convergence implies that Y-a C; therefore is also a feasible control. Finally, it is
immediate to verify that liminf J(uk) > J(), which proves that is a solution of
(P).

If is linear, then problem (P) is strictly convex, and therefore the solution must
be unique.

To derive the optimality conditions for problem (P), we must establish a prelimi-
nary result, which constitutes an abstract theorem of existence of Lagrange multiplier.
Before stating this theorem, let us note that, in this paper, according to the most usual
convention, the Gteaux differential of a mapping is assumed linear and continuous.

THEOREM 5.2. Let U and Z be two Banach spaces, and K c U and C c Z
two convex subsets, C having a nonempty interior. Let K be a solution of the
optimization problem

Min J(u)(Q) u K and G(u) C,

where J" U (-oo, +oo] and G" U ---, Z are two Gdteaux differentiable mappings
at . Then there exist a real number >_ 0 and an element -fi Z such that

(5.1) A + [l[[z’ > O,

(5.2) (,z-G()) <0 VzeC,

(5.3) (J’() + [DG()]*, u- ) _> 0 Vu e K.
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Moreover, can be taken equal to I if the following condition of Slater type is satisfied:
0

(5.4) Suo e g such that G() + DG() (uo

Proof. Let us consider the sets

A ((z,A) e Z x R 3u e g / z G() / DG() (u- ), )

0

and B -C x (-oc, 0). Using the linearity of J’() and DG(), it is immediate to
verify that A and B are convex sets. Moreover, they are disjoint. To see this, suppose
that it is false; then there exists a point u0 E K such that

zo G() + DG(). (u0 -) G() + lim
1 o

h-0
[G(g + h(uo g)) C(g)]

1
(J(Z + h(uo Z)) J(g)) < O.A0 J’()" (u0 Z) hli

Hence we can get a number h0 (0, 1) such that

1
(G(Z + h(uo Z)) G(Z)) e Vh e (0, ho),+

1
(J(Z + h(uo Z)) J(Z)) < 0 Vh e (0, ho).

h

Then we deduce that

G( + h(uo Z)) hzh + (1 h)G() e and J( + h(uo ))

for every h (0, h0), which contradicts the fact that Z is a solution of (Q).
Now considering that B is an open set, from the geometric version of Hahn-

Banach theorem, we deduce the existence of Z and A R, verifying that

(5.5) (, Zl} -- ,)1 > (, Z2) - )2 V(Z1, ,1) e A, (z2, A2) e B.

Let us prove that A >_ 0. If A were strictly negative, taking
O

z2 C fixed, and A2 -k in (5.5), with k positive integer, it follows that

>

When k tends to infinity we arrive at a contradiction. Therefore A >_ 0. Furthermore,
since inequality (5.5) is strict, 0 is not an admissible possibility, which proves
(5.1).

Now, from (5.5), since B C (-oc, 0], we obtain that

(5.6) <, Zl> -- ,1 _> (,z2> -- ,2 V(Zl, ,1) e A, (z2, A2) e B.

Thus it is enough to take Zl G(Z), z2 z C and A A2 0 to deduce (5.2).
Inequality (5.3) is obtained by taking z G()+DG(Z). (u-Z),
with u E K, A2 0 and z2

Finally, let us prove that A 0 when the Slater condition is satisfied. Assume
that (5.4) is verified and A 0. As a first consequence, we have that

< 0 Vze .
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O

To prove this inequality, it is enough to suppose that there exists z0 EC such that
<, z0 -G()> 0. Due to (5.2), we obtain that

(, z + zo -G()) < 0 ’v’z E B(O),
0

with e > 0 small enough in a such way that B(zo) cC. Hence <, z> _< 0 for every
z B(zo), which implies that - 0, contradicting (5.1).

O

Now, taking z G() + DG(). (no ) C in (5.7), it follows that

([DC(g)]*, u0 g> (, De(g). (no )) < O,

which contradicts (5.3); therefore A > 0. It is enough to divide (5.2) and (5.3) by A
and to again denote the quotient /A by to get the desired result. [:]

Remark 2. If U is separable and J and G are of class C in a neighborhood of g,
it is possible to prove, using the Clarke’s generalized gradient calculus, that problem
(Q) is normal almost always; this means that almost always we can take A 1. More
precisely, for all 6 > 0, let Ce (1 -i)z0 / iC and

Min J(u)(Qe) u 6 K and G(u) 6 C6.

If this problem has a solution for all number 5 ranging an interval I, then (Q6) is
normal for almost every 5 e I; see Bonnans and Casas [3], [4].

Before applying the previous theorem to our control problem, let us introduce
some notation. M(X) denotes the space of real regular Borel measures in X; that is,
M(X) is the dual space of C(X) (note that X is a compact subset of ). The norm
in M(X) is given by

(5.8) II#llM(X) I#l(X) sup I/x y(x)d#(x)’yC(X) and Ilyll _< 1),
where I#1 is the total variation measure; see Rudin [16]. Every element # e M(X)
can be decomposed as a sum of two measures # #n + #r, #n and/r being regular
real Borel measures in , concentrated in fit N X and F N X, respectively.

We now are ready to derive the optimality system for problem (P).
THEOREM 5.3. Let be a solution of problem (P); then there exist a real number

>_ 0 and elements HI() C(), W’s() for all s < n/(n- 1) and
-fi M(X) satisfying

(5.9) + Jl-fillM(X) > 0;

(5.10) A+()--f in ,
O,A= on F;

(5.11) A* + ’() ( Yd) + -fin in ,
0.=r on F;

(5.12) /x(z- y)d-fi _< 0 Vz C;



1004 EDUARDO CASAS

(5.13) ]r ( / NII-2)(u- )dmr(x) >_ 0 Vu e K,

where A* is the adjoint operator of A. Moreover, if the following Slater condition is

verified:

(5.14) 2(uo, zo) C K x (Hl(t)N C(-)) / ( + zo) c,
where Zo is the solution of the following Neumann problem:

Azo + ’(y)zo 0 in t,
Ozo=uo- on F,

then system (5.10)-(5.13) is satisfied with A 1.

Proof. Theorem 5.3 is a consequence of Theorem 5.2. It is enough to take U
Lt(F), Z C(X), J the functional to minimize, G the mapping that associates
to each control the corresponding state, which is differentiable (Theorem 3.3), K the
convex subset of L(F), and C the convex subset of Z C(X) with nonempty interior.
Theorem 5.2 states the existence of A and satisfying (5.9) and (5.12). Now let us
take y Y-z and E Wl’8(gt), the unique solution of (5.11); see Theorem 4.3. Then it
remains to prove inequality (5.13), which is accomplished by using the corresponding
inequality (5.3). For this, it is enough to establish the identity

(5.15) -J’().v + ([DG()]*,v) Jfr ( +NII-2) vdmr(x) Vv e Lt(F).

Let z e H ()C() be the solution of the Neumann problem (3.4) with u
and let us take {vk} C D(r) converging to v in nt(r) and zk e W2’r() satisfying

Azk+’(y)z=O in ,
Ovazk=vk on F.

Then it follows from Theorem 3.1 that {zk } converges to z uniformly in gt and strongly
in HI(Ft) toward z. Hence it follows from relation (4.6) applied to the operator
A* + () (where q ")’(), as was proved there), taking # (- Yd) + -fin and
#r r, that

Therefore (5.15) is deduced from the above relation and the equality

+

/a zdx + fr +
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The qualification (A 1) under the Slater condition (5.14) follows directly from
Theorem 5.2. [:]

Remark 3. If is a linear function, then the Slater condition (5.14) becomes

O

Su0 E K such that Yo EC.

Thus, assuming linear,

c {z e c(x) < w e z},

and 50 > 0 such that (P) has a feasible control for this value, then the Slater condition
is satisfied for every 5 > 50.

This condition allows us to deduce the optimality system (5.10)-(5.13) with A 1.
It is possible, however, to sometimes deduce that A 1 without proving the Slater
condition. For example, if C and 50 are defined as above, with not necessarily
linear, then the optimality system is verified with A 1 for almost all 5 [60,
see Remark 2.

Remark 4. Let us suppose that C is given as above, and let be n /r; then
has a Jordan decomposition + -- in such a way that + is concentrated in

the Borel set X+ and # is concentrated in X-, where

X+-{xeX’(x)-+5} and X--{xeX’(x)--}.

In particular, if the equality ly(x)l 5 is satisfied at a finite set of points
then we have that

m

j--1

where Aj @ R and 5xj is the Dirac measure concentrated at xj. Furthermore, Aj >_ 0
if (xj)- +5 and Aj <_ 0 if (xj) -5; see Casas [7].

Remark 5. From (5.13) we can deduce some qualitative properties of the optimal
control . For example, if N 0 or A 0 and

K- (u e L(r)’a _< u(x) < b a.e. [mr] x e r},

then has a behavior of bang-bang type. More precisely, (x) a if (x) > 0 and
(x) b if (x) < 0. However, if NA 0, then can possess additional regularity
properties. Thus if there is not any constraint on the control, then from (5.13) it
follows that

(x)
-1 (_)/(_

(NX)I/(,_I) I (x)l

where a is greater than or equal to t > n- 1.
Hence is continuous in the points where is continuous. If C is given by (5.16)

and we suppose that Yd E Lr (f]), then is continuous in F\support(), which follows
from (5.11). Therefore is continuous in the points where the state constraint is not
active.

If K is the set of positive controls, the situation is very similar, because, in this
case

(x) max O,
(N)l/(a_l) IP(x)l
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When K-- (u e L(r) a < u(x) < b a.e. [mr] x e F}, then a can be taken
equal to 2 and we have that

-1
(x) Proj[a,b]

Thus we can deduce again continuity of in the points where the state constraint is
not active. Moreover, since the mapping g:R -- R defined by

g(t) PrOj[a,b] -is Lipschitz and 7(if) e Wl/r’s(F), then e Wl/r’8(F), also.
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SECOND-ORDER SUFFICIENT OPTIMALITY CONDITIONS FOR A
CLASS OF NONLINEAR PARABOLIC BOUNDARY CONTROL

PROBLEMS*

H. GOLDBERG AND F. TRLTZSGHt

Abstract. In this paper sufficient second-order optimality conditions are established for parabolic
boundary control problems with nonlinear boundary condition and constraints on the control and
the state. The main idea is to extend the known theory for systems governed by ordinary differential
equations to the case of partial differential equations. This is performed by means of a semigroup
approach and a two-norm technique. The verification of the second-order conditions is discussed.

Key words, optimal control, nonlinear parabolic equation, second-order condition, sufficient
optimality condition, semigroup

AMS subject classifications. 49K20, 49K27, 90C48, 90C31

1. Introduction. This paper is a further contribution to the theory of optimal-
ity conditions for optimal control problems with distributed parameters. The control
system under consideration is governed by a semilinear parabolic equation; hence the
control problem belongs to the class of nonconvex optimization problems. In contrast
to parabolic control problems with convex objective functional and linear equations,
where the list of references on optimality conditions is very extensive, only a few
investigations have been devoted to the case of nonlinear parabolic equations. We
only mention Friedman [9], Sachs [22], Schmidt [23], and Tr61tzsch [24], whose papers
are closely related to our work. They are concerned mainly with first-order neces-
sary optimality conditions in the form of "local" maximum principles. Another group
of publications is devoted to generalizations of the Pontrjagin maximum principle,
which avoids the linearization with respect to the control (being typical for "local"
maximum principles). We refer to Fattorini [8], [6], and von Wolfersdorf [29].

First-order optimality conditions are very useful to derive structural properties
of optimal controls such as bang-bang theorems and their generalizations (see, for
instance, [24]). However, they are lacking in the sufficiency for nonconvex problems.
Therefore, their application to the numerical analysis of optimal control problems
is limited mainly to the convex case, where the strong convergence of sequences of
optimal control of (FEM-) approximations of the control problems can be shown. A
number of papers is concerned with such investigations, for instance by Lasiecka [15],
[17], Knowles [13], Alt and Mackenroth [1], Malanowski [19], and others.

In nonconvex problems, sufficient second-order conditions at the optimal point are
a substitute for convexity. The theory of sufficient second-order conditions for twice
differentiable extremal problems in function spaces is known to be more rich and
interesting than that for problems in finite-dimensional spaces. This is due to the so-
called two-norm discrepancy, expressing the noncompatibility of the norms needed for
second-order optimality conditions. This difficulty was resolved successfully by Ioffe
[12] and Maurer [20]. Based on these general results a satisfactory theory of sufficient
second-order conditions and its application to nonlinear optimal control problems
governed by ordinary differential equations was worked out. Our paper seeks to
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contribute to an analogous theory of second-order sufficient optimality conditions for
control problems governed by semilinear parabolic initial-boundary value problems
with constraints on the control and the state. We continue our investigations in

[10], where a control problem for the one-dimensional heat equation without state
constraints was considered. For a higher-dimensional version we refer to [11]. A first
application of these results to the numerical approximations of the corresponding
problem is contained in Trhltzsch [27].

The extension to higher-dimensional problems is based on a semigroup approach.
We rely heavily upon recent results by Amann [3], [2], Fattorini [7], Lasiecka [16], and
others. It should be emphasized that, in contrast to the treatment of control problems
for ordinary differential equations, L2 controls are not transformed to continuous
state functions (even if the control appears only linearly). In view of this, a two-
norm technique is indispensible for a satisfactory handling of the problems (at least,
if continuity of the state is needed to define the objective functional or the state
constraints).

In this paper we use the following notation.
Let X,Y be real Banach spaces. Then (X, Y) is the space of linear continuous

operators from X to Y, /:(X) (X, X). X* denotes the dual space to X, A* E
(Y*,X*) the adjoint operator to A e (X, Y). By (-, )(D) the pairing between
Lp(D) and Lq(D), lip + 1/q 1, 1 _< p < oo, is denoted (if p, q are not specified,
then this sign stands simply for integration on D). For n we shall write

"T [0, T] x ’. Moreover, we will work in the following spaces:

Xp Up Lp(O, T; L(r)), 1

_
p < oo

Xoo C([0, T], C(F))
Uoo Lo((0, T) F)
W(2) Sobolev-Slobodeckij-space

2. Formulation of the control problem. We consider the optimal control
problem to minimize

T T

f 0 0 F

subject to the equation of state

wt(t,x) (A- l)w(t,x) on (0,T]x
w(O,x) wo(x) on(2.1) O---w (t, x) b(t x, w(t, x) u(t, x)) on (O,T] rn

where u is looked upon a control subject to

(2.2) u (t, x) u(t, x) u2(t, x) a.e. on (0, T] x F.

rthermore, we are able to include state constraints:

(2.3) f i(x)w(t, x) dx ci(t) on [0, T], 1,..., k.

The state w C([0, T],W()) of the control system is defined below mild solution
for (2.1) and the control u is taken from L((0, T) x F). In the problem the following
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quantities occur: ft E n, n _> 2, is a bounded domain with C-boundary F, T > 0
is a fixed time. e W(fl), i- 1,...,k, Woe W(ft), Ul,U2 e L((O,T) F)
with ul (t,x) < u2(t,x) on [0, T] x F, and ci e C[0, T], 1,..., k, are real-valued
functions. Moreover, v fl /--, /, [0, T] t x i --. /, and X, b [0, T]
F /R2 --, /R are nonlinear functions. They are supposed for convenience to be
twice continuously differentiable on their domains (although this could be weakened
partially to natural measurability assumptions with respect to (t,x)). By O/On we
denote the outward normal derivative at F, dSx is the surface measure on F.

Remark 1. The choice of the differential operator Ax I is only for technical rea-
sons to make the corresponding elliptic Neumann problem uniquely solvable. By the
simple transformation (t,x) e-tw(t,x) the case A can be transformed back to
our problem (with redefined nonlinear functions). Moreover, the theory works analo-
gously for more general uniformly elliptic differential operators with C-coefficients.

The function b- b(t, x, w, u) defines a Nemytskij operator B by

B(w, u)(t, x) b(t, x, w(t, x), u(t, x))

from C([0, T] F) Lo ((0, T) F) to Lo ((0, T) F). B is twice continuously Frdchet
differentiable owing to the assumptions on b. However, we shall define B in slightly
changed spaces.

It is obvious that C([0, T] xF) C([0, T], C(F)) Xo. Moreover Lp(0, T; Lv(r))
Lp((O,T) F), 1 <_ p < cx (each equivalence class of functions of a space can be

represented by one, belonging to the other space), but only

L(0, T;L(F)) C Lo ((0, T) x F)

(cf. the simple example given by Fattorini [6]). Therefore, in what follows we regard
B as an operator from Xoo U to Xp. Clearly B remains twice Fr6chet differentiable
in this more general setting. We indicate the trace operator by T.

DEFINITION 1 (cf. [2] and [3]). Any w e W; (fl) satisfying

(2.4) w(t) S(t)wo + /AS(t- s)NB(Tw, u)(s) ds, t e [0, T],
0

is called a mild solution of (2.1). Here A" Lp(VI) D D(A) -- Lp(f) is defined by

D A w e W f -ffn =0 Aw -Aw + w,

S is the semigroup generated by -A in Lp(fI), and the Neumann operatorN" L(r)
W(fl) assigns to g the solution w of Aw- w 0, Ow/On g. The parameters p
and a are fixed subject to p > n + 1 and

n 1
(2.5) <a<l+-.

P P

We should note that (2.5) implies W(fl) C() and W-(1/p)(F) "---, C(F);
hence TW X.

Completely analogous, operators At, St(t), and Nr are introduced substituting
r (1, cx) for p in Definition 1. Thus we have A An, S Sp, N Np.
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The properties of the solution of (2.4) have been discussed extensively by Amann;
we refer, for instance, to [2] and [3]. It was shown that a mild solution w is also a
weak solution (cf. [2]). For the case of control problems see also Trhltzsch [28]: There
is a sufficiently small T > 0 such that for all u E Vad satisfying (2.2) a unique solution
w e C([0,T], W(gt)) of (2.4) exists. The key to this result is that ArSr(t)Nr is a
continuous operator from L(F) to W() for t > 0 together with the estimate

{IAS(t)NIIL(r)--,w(a) < ct-(-(’-)/),

for all 0 < a < a’ < 1 + 1/r derived by Amann [3]. We assume throughout this paper
that T > 0 meets this requirement. Often we can proceed on the assumption T
we mention only [23], which considered several practical important types of nonlinear
boundary conditions.

The presence of the state-constraint (2.3) essentially complicates the treatment
of our nonlinear optimal control problem. This difficulty can be resolved by embed-
ding the problem into a general class of nonlinear programs in Banach spaces with
equality and inequality constraints. Therefore, it is natural and necessary to invoke
the corresponding extensive theory of optimality conditions. In view of this, we now
convert the control problem into a mathematical programming problem.

We want to minimize

f(w, u):: fl(w(T)) + f2(w)+ f3(w, u),

where

The state constraints can be formalized by linear operators G,

(Giw)(t) Oi(x)w(t,x) dx,

being continuous from C([0, T], C(t)) to C[0, T]. After introducing the operators

(Lz)(t) f AS(t s)Nz(s)ds,
0

(gz)(t) (TLz)(t),
Az (Lz)(T),
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the new state function v(t) Tw(t), and d(t) S(t)wo, we can formulate our control
problem as

(P) fl(d(T) + AB(v, u)) + f2(d + LB(v, u)) + f3(v, u) min!
v=Td+KB(v,u),
G(d + nB(v, u)) <_ c, 1,..., k,
uEC.

3. First-order necessary optimality conditions. A pair (v, u) E Xo Uo
satisfying all constraints of (P) is said to be admissible. In what follows let the
admissible (v, u) be locally optimal for (P). Then u is said to be an optimal control.
That means F(v, u) <_ F(v, u) for all (v, u) being admissible and contained in a
sufficiently small neighbourhood of (v, u) in the space Xo Uo. If u is sufficiently
close to u, then so is v to v. Hence local optimality can also be formulated in terms
of u only. For computing the Frchet derivatives of the nonlinear functionals and
operators under consideration we need the first- and second-order derivatives of , X,, b at the optimal pair. We indicate them by corresponding subscripts and omit the
dependence on v, u, w. For instance,

(t, ) 0 (t, x, (t, x))

(t,) (t, x, (t )).

In this way, the first-order Frechet derivatives admit the following form:

T

(fl)’(w(T))w= /w(x)w(x)dx, (f2)’(w)w= //w(t,x)w(t,x)dxdt
T T

(f3)t(v)h //xw(t,x)v(t,x)dS=dt+ J/xu(t,x)z(t,x) dSxdt,
0 F 0

(h (v,z) e Xo
and

B’(v, u)h Bvv + Bz,
where

(Bvv)(t, x) b(t, x)v(t, x), (Bz)(t, x) b(t, x)z(t, x).

The functions w, , X, Xu, b, and b are bounded and measurable on their
domains. Hence the linear functionals (ff) and the linear operators By, B extend
continuously to all corresponding Lp-spaces (p according to Definition 1). In the
following we regard these extensions and use the same notation as before. In doing
so, we have (fl), e Lp()*, (f2), e X, (f3), e X X, B, Bv e (Xp). It
should be emphasized that we first determine the derivative in Xo Uoo. Only the
derivatives, after having been computed, are extended to Xp Up. The second-order
Fr(chet derivative of B at (v, u) is given by

(B"(v, u)[h,h])(t,x) h(t,x)Tb"(t,x)h(t,x),
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where h(t,x)T (v(t,x), u(t,x)) and

(partial derivatives taken at (t, x, v(t, x), u(t, x))). To formulate the optimality con-
ditions we introduce the Lagrange function

T

f_,(v, u; y, ) F(v, u) + / f(v Td KB(v, u))(t, x) y(t, x) dSdt
0 F

k T

/ E/ Gi(d / LB(v, dAi(t).
Ji--1 0

The operators K, L, and A have their range in spaces of continuous abstract functions.
Embedding the range spaces into corresponding Lp-spaces we can regard them as
operators from Lp to Lp. We do so in what follows; i.e., we define K, L, and A as
operators between the following spaces: g Xp --+ Xp, L: Xp --+ Lp(O,T; Lv()),
A: Xp ---} Lp(). Therefore, g*: Xq --+ Xq, L*: Lq(O,T; Lq(f)) --+ Xq, A* Xq
Lq() (l/p+ 1/q 1). The kernels of these operators are regarded in Lp-spaces, too:
AS(t)N: n(r)- L(), TAS(t)N: L(r) - L,(r), t > 0. Their adjoint operators
can be determined by a simple integration by parts, cf. [24]: (AS(t)N)* TSq(t)
Lq() --+ Lq(r), (TAS(t)N)* TAqSq(t)Nq: Lq(r) - Lq(r). Thus

T

(K*y)(t) / TAqSq(s t)Nqy(s) ds,

T

(L*w)(t) / TSq(s t)w(s) ds,

(A*)(t) TSq(T t).
For the proof of a Lagrange multiplier rule we need a certain regularity condition.

DEFINITION 2. The pair (v, u) 6 Xoo Uo is said to be regular for (P), if there
exists a pair (,) 6 Xoo x C such that- v K(Bv(- v) + Bu(- u))

(3.2) (Gi(w) + GL(Bv(- v) + Bu(- u)))(t) < ci(t)

on [0, T], i= 1,... ,k, where w := d + LB(v, u).
THEOREM 3.1. Suppose that (v, u) is a regular locally optimal solution of the

optimal control problem (P). Then there are y 6 Lq(O,T; Lq(F)) and monotone non-
decreasing Ai 6 NBV[O, T] 1 such that

(3.3) fv(V, u; y, ) 0

(3.4) (v, u; y, $)(u u) >_ 0
T

(3.5) f o) c)(t) dAi(t) O,
0

VuEC

i 1,...,k,

Space of functions of bounded variation with the normalization condition Ai(T) 0.
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where .v, denote the partial Frdchet derivatives of L at (v,u) in the space
Xo x Uo, A (A,... ,A).

We sketch the proof only briefly. The underlying two-space technique is derived
in a more elegant way in [24], [25]:

Proof. As a (nontrivial) conclusion of the regularity condition we know that
(v, u) is the solution of the linearized control problem

Fv(v, u)v + Fu(v, u)u min!,
v K(B,v + Bu(u- u)),
Gi(w) + Gin(Svv + Bu(u u)) <_ ci,

uEC.
i= 1, k,

In the next step we extend the space Xo x Uoo to Xp x Up; i.e., we look for all solutions
of this problem in Xp x Up. As K and L map Xp into spaces of continuous functions,
the linearized admissible set remains unchanged. Moreover, continuity and extension
properties of By, Bu, (fi), i 1,2,3, imply that F. and Fu can be continuously
extended to Xp and Up. In view of this, we can assume Fv e X, F e U. On
the other hand, the linearized problem in Xp Up satisfies the regularity condition
at (, ), too. Therefore, a Lagrange multiplier rule is valid: There exist y Xq,
A NBV[O, T] such that

(3.6)

(ABly, ow) (ft) + (LB,v, Cw)(flT) + (Xw, v)(FT)
T

+ (v gB v, + 0
i=1

0

for all v Xp,

(ABu(u u), qow)(ft) + (LB(u u), )(fT)
T

+ ((, KB,)( u), )(r) + 2 (aLB,( ))(t)dA(t) >_ 0
i=1

o

for all u E C, and the complementary slackness condition (3.5) holds. Writing down
:. and/: we see that (3.6) and (3.7) are equivalent to (3.3) and (3.4).

The concrete expression of (GiL)* is derived in the following lemma.
LEMMA 3.2. For (GiL)* NBV[O, T] -. Lq(0, T; Lq(F))

T

(L*GfPi)(t) / TSp(s t)gPi dAi(s)

holds. The function Sp(s- t)Oi belongs to C(D, C(f)), where D {(t,s)10 _< t _<
s<_T}.

Proof We have

(AS(s t)N)*q TSq(s t)q TSp(s

as (I)i e W(f). This follows by means of Pazy [21, Chap. 4, Thm. 5.5]. Moreover, it is
known that Sp(t) restricts to a strongly continuous semigroup on W(f), cf. [3]; hence
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Sp(s t)Oi is a continuous abstract function on D with values in W()
This yields the second assertion of the lemma. Thus

where the abstract Riemann-Stieltjes integral exists due to the continuity of ’Sp(s-
t) (I)i. D

Using in (3.6) and (3.7) the (Lp-) adjoint of the linear operators we arrive at

From the optimality conditions,

y(t) -bw(t, .) -K*y + A*w + L*v + L*GAi (t) x(t, ");
i--1

hence, after inserting the expressions for the adjoint operators,

y(t, .) -b(t, .) TAqSq(s t)Nqy(s) ds + TSq(T-.

T k T

(3.10) + / vSq(s t)w(s)ds + / vS(s t)?dA(s) (t, .).

This may be defined as an adjoint equation. However, it is more convenient to intro-
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duce

{]p(t, .) TAqSq(s t)Nqy(s) ds + TSq(T- t)

T k T-- / Tq(8-- t)w(8) d8 zt i / Tp(8-- t)id)i(8)
"t

as a new adjoint state. This function can be interpreted as the mild solution of an
adjoint parabolic initial boundary value problem (cf. [26]).

4. Second-order sufficient optimality conditions. In what follows let (v, u)
be an admissible pair for (P). The set M(v, u) consisting of all elements (k,z) e
X Uo with

k- K(Bvk / Bz), aiw / GiL(Bvk / Bz) <_ c, i 1,...,k,

z A(u-u), A >_ O, u E C, is said to be the linearized set at (v,u). By
r2(h) we denote the second-order remainder term of at (v, u) in the direction
h (v- v,u- u) X Uo"

1 II o(4.1) r2 (h) (v, u) (v, u) (.v, v v) (u, u u) - (v u)[h, h].

Moreover, we will use the following norms throughout this section" For 1 _< a <_ x)

we denote by I1" IIs the norm of Us. The product space Xs Us will be confined with
the norm

II(v, )11 := max(llvll,

To overcome the known "two-norm discrepancy," which is the main difficulty to
derive sufficient second-order conditions, we follow Maurer [20] and make the following
assumptions.

(A1) For all admissible (v, u) there is a pair (k,z) (k(v, u),z(v, u)) belonging to
the linearized set M(v, u) such that for h (v v, u u)

II(k, z) hllullhll - 0,

as Ilhll --* 0.
(A2) (i) Ir(h)lllhll- 0, as Ilhll --* 0;

(ii) There exists c > 0: ["(v, u)[(Vl, Ul), (v2, u2)][ cll(v, ul)li=ll(v=, u2)112
for all (vi, ui) X U, 1, 2.

Then the following assertion holds.
THEOREM 4.1 (Second order sufficient optimality condition). Suppose that (A1),

(A2) are satisfied. Let (v, u) be admissible for (P) and fulfill the first-order necessary
condition (3.3)-(3.5). Suppose further the existence of a 5 > 0 such that

(4.2) "(v u)[(k, ) (k, z)] _> 11 (k, z)ll

for all (k, z) M(v, u). Then there exist positive c and 0 such that

(4.3) F(v, u) >_ F(v, u) + ll(v o, u uO)ll
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for all admissible (v, u) with II(v v, u- u)lloo <_ Q.

Proof. We sketch the essential steps of the proof, differing in some details from
that given by [20].

Suppose that (v, u) is an admissible pair. Assumption (A1) implies the existence
of (k, z) belonging to M(v, u) and

o k(v, u) + 1(, u), u u (, u) + (,),

where

IIw (v, u)llllv vll- 0,

I1( o, u o)11o - 0. Now we begin to estimate the objective functional:

F(v, u) >_ (v, u)

follows from the fact that the state equation is fulfilled and the state constraints are
satisfied..From the Taylor expansion of and (3.3)-(3.5)

-"(v v u u u)]F(, ) > F(vo, o) + u)[(v ,u- ), ( o,
+(v-,-).

Using essentially (A2)(ii) it can be shown, that (4.2) remains true, it k and z underlie
a sufficiently small perturbation" There exist positive 0 and -y such that

[,"(V, u)[(k + Wl,Z + w2), (k + Wl,Z + w2)] _) 5011(k + wx,z + w)ll

holds for

These inequalities follow from (A1), if I{(v-v, u-u)lloo <_ 01 with a certain positive
el. We obtain

F(v, u) >_ F(v, u) + 1/28oll(v v, u u)ll2 + r2 (v v, u u).

(A2)(i) yields the existence of a positive 2, such that for all admissible (v, u) with
II(v v, u uO)llo <

I( o, u uO)l - (v v, u u)ll.

Choosing min{ol, Q2} and 80/4 we get (4.3).
Due to (4.3), F(v, u) > F(v, u) for all admissible (v, u) in a sufficiently small

Xo Uoo-neighbourhood of (v, u).
Remark 2. In addition to the first- and second-order condition the proof of

the theorem does not invoke any other assumptions than (A1), (A2), and the dif-
ferentiability properties of B and . Therefore, Theorem 2 remains true for Uo :=
Lp(O,T; L(F)) and II(k,z)llo := max{llkllo IlZllp}, provided that B and : are twice
continuously differentiable in the space Xo Up. This is true for the choice

(4.4)
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where X3 is a 2 x 2 matrix with Lo entries.
In the remainder of our paper we shall verify the assumptions (A1), (A2). As-

sumption (A2) will follow from the differentiability properties of : and the special
behaviour of the linear operators K, L, A. Assumption (A1) is implied by the regu-
larity of (v, u).

The second-order derivative "(v, u)[hl, h2], hi (vi, ui) e Zo x Uoo, is

T

"(v, u)[hl,h2] // h(t,x)T(x"(t,x) + p(t,x)b"(t,x)ih2(t,x) dSdt
o F

T

+ //,,(t, )(’)(t,)(’)(t, x)
o f

(4.6) / f ww(x)(AB’h)(x)(AB’h2)(x) dx,

where X"(t,x) is defined analogously to b"(t,x) in 3 and p(t,x) is taken from (3.11),

Cww(t, x) ww(t,x, w(t,x)), w(x, w(T,x)) and B’ B’(v, u).

The corresponding computations are too lengthy to be presented here. They are
along the lines of the one-dimensional case discussed in [10] and use mainly the formula
for the derivative of q(z) Q(e + TB(z)) (with fixed element e, linear continuous
operator T):

q"(z)[hl, h2] Q"(e + TB(z))[TB’(z)h, TB’(z)h2]
+ (q’(z), TB"(z)[hl, h2]).

Now we are going to verify (A1), (A2). The key to showing (A2) is that y(t,x) and
thus also p(t, x) is bounded and measurable on (0, T) F.

LEMMA 4.2. The function y(t, x) is bounded and measurable on (0, T) F.
Proof. Equation (3.10) admits the form

(4.7) y(t,.)=-b(t,.){h(t)-]TAqSq(s-t)Nqy(s,.)ds}t -x(t,’)

with

T k T

(t) -s(,- t) + l-s( -t),(), + l-s( t),,().
i=1

We will prove below that h E Loo((0, T) x r), thus h Xp, too. It follows from
Pazy [21, Chap. 4, Thm. 5.5], that the part of Aq in Lp() is Ap and the restriction
of Sq(t) to Lp(t) coincides with Sp(t). Therefore, v e Xp implies

(4.8) AqSq(s t)Nqv(s) ASp(s t)Npv(S).
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The real-valued function bw bw(t, x) is bounded and measurable on (0, T) x F. Now
we regard the slightly changed equation

)(t, .) -b,o(t, .) h(t) rAS(s t)N(s, .)ds ,o(t, .).

It admits a unique solution ) X. Moreover ) is bounded and measurable on

(0, T) x I-’, as the integral operator maps X in X, h, b, X e /.,((0, T) x F).
From (4.8),

AqSq(s t)Nq(s) ApSp(s t)Np(s);

hence ) solves (4.7), too. By the uniqueness of the solution to (4.7) we conclude y );
hence y e n((0, T) F). It remains to show that h e Lo((0, T) F). The function
z(t) Sq(T- t) solves the parabolic problem

-zt(t, x) Az(t, x) z(t, x), z(T, x) (x)

subject to homogeneous Neumann boundary conditions, where w(x) w(x, w(T, x)).
On the other hand, w(T,x) is continuous on 2, as w e W(12) -. C(l)). Invok-
ing the maximum principle, [z(t,x)[ <_ maxzew(x). Clearly, this implies Tz E
L((O,T) F). The real-valued function Cw(t,x) is bounded and measurable on

(0,T) x , hence Cw e Lp(O,T; Lp(2)). From [2],

IIS(s t)ll/(n)-w;() < cls tl
is known. In view of this,

T

z(t) / Sp(S t)(s) ds

belongs to C([0, T], W())) C_ C([0, T], C()), if p > (1- (a/2)) -1. The latter holds
true forp> 3, ash< l+l/p. Byn>_ 2andp>n-t-lwehavep> 3. The third
part of h is bounded and measurable, too. By (I)i W(fl) we find as above that
Sq(8 t)O Sp(8
C(D,C(I))), where D {(t,s) e [0, T] [O,T]\{(t,s)lO <_ t <_ s}}. Therefore the
abstract Riemann-Stieltjes integrals

T

TSq(s t)idAi(s) (i 1,..., k)

exist and belong to the class of abstract functions of bounded variation on [0, T] with
values in C(F).

LEMMA 4.3. Assumption (A2) is satisfied under the assumptions imposed on
(l (n.

Proof. We begin with (ii). All entries of x’(t, x), b(t, x), and the functions ww,, p(t, x) are bounded and measurable. Therefore by (4.6),

(4.9)
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Arguing as above we find

(Lz)(t) / A2S2(t s)N2z(s) ds,
o
T

hz / A2S2(T s)N2z(s) ds
o

for z EXp. The operators on the right-hand side are continuous from X2 to L2(0, T;
L2(ft)) and L2(ft), respectively (we use (2.6) for r 2 and results about weakly
singular integral operators in Krasnosel’skij [14]). B maps continuously X2 X2 into
X2. Now (A2)(ii), follows directly from (4.9).

(i) By means of the second-order Taylor expansion of 3(t) ((v, u) + th, y)
at t=0,

T

0 F
T

o

+/[; ](x)((hB’h)(x))2dx,

where e (0, 1) is independent of (t, x), h- (v, u),

x) +

(w Lv), and X, b, are defined analogously at (v + uv, u + u) and w(T) +
uw(T), respectively. All terms in brackets tend to zero in Lo as I[hl[o 0 owing to
the continuity of the corresponding Nemytskij operator in Uo. The other parts can
be estimated by cllhll2. This yields (A2)(ii).

LEMMA 4.4. For all z Lp(O, T; L,(r)),

I1(I- KB,)-zlI2 cllzll.

Proof. It is well known that for z Xp the Bochner integral equation

x(t) / TAS(t s)Nbw(s)x(s) ds z(t)
o

admits a unique solution x Xp. Arguing as in the proof of Lemma 4.2 we have

x(t)- /TA2S2(t- s)N2b(s)x(s) ds z(t),
o
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hence (with a generic c),

lix(t)llL:(r) <_ cJ I[TA2S2(t- s)NuliL:(r)+L:(r)llx(s)llL:(r)ds + IIz(t)llL:<r)
0

0

by (2.6), where e > 0 can be taken arbitrarily small. This is a weakly singular integral
inequality with positive kernel. Therefore, IIx(t)l can be estimated by IIx(t)ll <_ (t),
where

a(t) IIz(t)llL:(r) + c/(t s)-1/4+ea(s) ds.

0

(cf. Dixon and McKee [5]).
Now it follows from the theory of weakly singular integral equations for real

functions that

IIOIlIL2(O,T) <--c(]ollz(t)]12L.(r)dt)
1/2

hence Ilxl12 _< cllzll2 too.
LEMMA 4.5. Let (v, u) be regular and admissible. Then assumption (A1) is

satisfied .for problem (P).
Proof. Let (v, u) be an admissible pair for problem (P). Then

(4.10) v KB(v, u) + Td,
(4.11) Gi(LB(v, u) / d)(t) <_ ci(t) (i 1,..., k).

From the Taylor expansion of B at (v, u) we obtain

(4.12) v v K[B,(v v) + S,(u u)] + KrB (v v, u u)

and

(4.13) Gi(w) + GiL[Bv(v v) + B(u u)] + GiLrs (v v, u u) <_ ci

(i 1,..., k) (note that w LB(v, u) + d).
Now consider the pair (vl, u) solving the linearized state equation

(4.14) vl v K[(Bv(v v) + Bu(u u)].

Substracting (4.14) from (4.12),

(4.15) v v KB,(v v1) -- Krls (v v, u u).

By Lemma 4.4,

(4.16) [Iv vll <_ c]lKr(v v, u u)ll <_ cll,-( o, u u)ll
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(with generic c). It is known that for the Nemytskij operator B

(4.1) ll( , )llll( , ,)II -0

as II(v v, u u)lloo O. Therefore kl Vl v, zl u u could be a candidate
for (A1), but (kl,Zl) will possibly not fulfil the linearized constraints. (4.13) yields

(4.18) G,(w) + G,L(B.k + B,,z) < c, G,L(B.(v v) + rB(v v, u u)),

1,..., k. From the second assertion of Lemma 3.2 we conclude that GiL is
continuous from X2 to C[0, T] (note that (AS(t-s)g)*#i rSq ’Sp,). Hence

maxlG,L(B.(v v) + r)(t)l < a,(c + 1)llr ll= < dllr ll=
[O,T]

i 1,..., k. As (v, u) is regular, there are (,) and a t > 0 such that- v K(Bv(- v) + B(- u)),
(C(w) + G,L(B.(- v) + B( u)))(t) < ci(t)

i 1,... ,k, t e [0, T]. We put e dllr ll=, A e/(e + ),

u2 (1 A)u + A, v2 (1 A)v + AT.

Then the pair (v2-v, u2-u) belongs to M(v, u). This follows simply from a convex
combination of (4.14), (4.19) and (4.18), (4.20), respectively. We take k v2- v,
z u2 u and find

by (4.16) and the definition of A. For II(v- v, u- uo)lio - 0 we have vl --* v;
hence the term in the last bracket remains bounded. The proof is completed by

Summarizing, Theorem 4.1 and Lemmas 4.2-4.5 yield the main theorem.
THEOREM 4.6. Let (v, u) be regular and admissible .for the optimal control

problem (P), w d + LB(v, u).
If (v, u) satisfies the second-order condition (4.2), then (v, u) is locally optimal

.for (P), and (4.3) holds.
COROLLARY 1. Under the assumptions of Theorem 3, there are 0 > O, > O,

such that (4.3) holds .for all admissible (v, u) such that Ilu- ullo < . Thus u is a
locally optimal control.

(The corollary follows from (4.3), since IIv vllo --+ 0 for Ilu ulloo -, 0.)
COROLLARY 2. If b and X satisfy conditions (4.4) and (4.5), respectively, then

Theorem 3 and Corollary 1 remain valid for Uoo := np(0, T; n,(r)) and Ilu- ullo :=

This is a simple consequence of Remark 2.



1022 H. GOLDBERG AND F. TR(LTZSCH

Remark 3.
1. The method of this paper extends also to more general optimal control prob-

lems with additional control distributed in f. The equation of state would be of the
type

(,) (A )(,) + (, , (, ), (, ))
(o, ) o()- (t, ) (t, , (t, ) u(t, )).On

Introducing v(t,x) Tw(t,x) this leads to a system of Bochner integral equations
for the state (v(t, x), w(t, x)). However, the presentation of the theory is notationally
much more complex.

2. State constraints of the form

<O(x), Vw(t,x)>dx c(t)

can be transformed to (2.3) integrating by parts, provided that

e (w+’(a))" a(wl(a))"

5. Verification of the second-order condition. To verify the strict positiv-
ity of quadratic forms is a difficult task in general. This refers also to (4.2). It is well
known from the optimal control theory for systems of ordinary differential equations
that matrix Riccati equations may be helpful to solve this problem, see, for instance,
Bryson and Ho [4] or Malanowski [19]. A similar approach works for parabolic equa-
tions, where the control is distributed, i.e., acting only within the domain under con-
sideration. In this way, parabolic equations of Riccati type are obtained for the kernels
representing certain operator-valued functions. We refer to Lions [18, Chap. 3]. This
method cannot be extended directly to boundary control problems.

On the other hand, even the solution of parabolic Riccati equations is a difficult
question, which generally can only be answered numerically. Therefore, we propose
the reduction of the problem to one for a system of ordinary differential equations by
means of a finite element method.

We have

where

"((v,u))[(k,z), (k, z)] Q(w,z),

T

Q(w,z) //(w(t,x),z(t,x))Ql(t,x)(w(t,x),z(t,x))T dSdt
o F

T

+ / / Q2(t,x)w(t,x)2 dxdt

o 2

+ / Ow(x)w(T, x)2 dx,

011(,) + O(,) + O(, z),
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Q1 is a certain 2 x 2 matrix with Lo entries, Q2 6 L (cf. (4.6)) and w solves

wt(t,x) (A- 1)w(t,x),
(5.1) w(O,x) =0,

Ow-(t,x) b(t,x)w(t x) + b(t x)z(t,x).On
Let Vh C Hl(t) be a finite element space depending on a discretization parameter
h > O, Vh span{v1,..., v,}. We approximate (5.1) by the finite element scheme

(g.2) [(b(t,)wh(t,) + b(t,)z(t,))v()

(o =o
mfor all v e Vh, where wh(t,x) Ei= wi(t)vi(x). It can be shown that under natural

assumptions on Vh

(5.3)

T

max IIw(t, ") wh(t, ")II2L=() + /IIw(t, .) wn(t, .)ll2H()dt
te[0,T]

0

T

< cha /]]z(tll] L,(r) dt

o

where a > 0. The proof is based on a technique, developed by Lasiecka [15] for
boundary value problems with L2 boundary data.

Equation (5.2) is equivalent to a system of ordinary differential equations for the
vector valued function w(t) (w (t),..., win(t)).

THEOREM 5.1. Suppose that the error estimate (5.3) holds true. Then

2(5.4) Q(w,z) >_ 5J]zl]

if and only if
(5.5)

for all > 0 and all h <_ ho().
Proof. Simple estimations yield

IQ(w, wu)[ <_ (llllcllllc + IIlIHllolIH),
IQ(w,z)l <_ cllollH IIzll,

where IlwlIc IlwlIc(Io,Tl,L.()), IIwllH -IIwlIL.(O,T;H())" Let (5.4) be satisfied.
Then

(5.6)

Q(, z) Q(, z) +Q( + o,o o) + Q(o o, z)
_> llzll Cl(IIw + whllcIIWh wlIc + IIw + whllHx IIwh wlIH

_> (5
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(see [28]) and (5.3) is true. Equation (5.5) is a consequence of (5.6).
Conversely, if (5.5) holds, then as in (5.6),

2Q(w,z) >_ (  h"/ ll ll 
for all h _< h0(e). Equation (5.4) follows from h $ 0, as e was arbitrary. Theorem 5.1
permits us to investigate the positivity of the quadratic form Q for all solutions of a
system of ordinary differential equations, where the known theory of Riccati equations
applies. We will not discuss the details further.

Acknowledgment. The authors are very grateful to Prof. N. Weck for a valu-
able remark improving Lemma 4.2.
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A LINEAR ALGEBRAIC FRAMEWORK FOR THE ANALYSIS OF
DISCRETE-TIME NONLINEAR SYSTEMS*

J. W. GRIZZLEt

Abstract. A linear algebraic framework for the analysis of synthesis-type problems for discrete-
time nonlinear systems is introduced. This is an extension of a similar tool for continuous-time
systems that established important connections between many algorithms associated with right-
invertibility, left-invertibility and dynamic decoupling, as well as between these algorithms and an
approach based upon differential algebra. A similar payoff is seen to be possible in the discrete-time
setting.
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1. Introduction. This paper extends to the class of discrete-time nonlinear sys-
tems the linear algebraic framework of [4], which has proven useful in the analysis
of several synthesis problems for the class of continuous-time nonlinear systems [1]-
[3], [13], [16], [32]. Recall that [4], through the introduction of a chain of subspaces
naturally associated with the output of a system, provided a high-level interpretation
of the inversion and dynamic decoupling algorithms that are built around the recur-
sive computation of certain ranks associated with left-invertibility, right-invertibility,
and noninteracting control. In addition, it established relationships between these
algorithms and the differential algebraic approach. This same linear algebraic set-
ting has been used in [3] to formulate in an intrinsic way the regularity (constant
rank) conditions common to several procedures for synthesizing nonlinear dynamic
compensators.

The reader is reminded that the importance of algebraic techniques and reasoning
for analyzing many aspects of discrete-time nonlinear systems has been firmly estab-
lished in [8]-[12], [25], [28], [29], and the references therein. The techniques employed
here are most closely related to those of [10] and [28].

When studying continuous-time nonlinear systems, the class of affine systems
(so-called because the dynamics is affinely parametrized by the control variables)
has received the bulk of the attention of the nonlinear community. This is true for
several reasons, the most important of which is that the class of affine systems is
general enough to encompass many models arising in practice. However, it is also
specific enough to admit reasonably simple analyses from at least two perspectives:
geometrically, we are working with a finite number of vector fields, a drift term, and m
control vector fields, as opposed to some arbitrarily, smoothly parametrized family of
vector fields; algebraically, the various derivatives of the outputs depend polynomially
on the inputs and their derivatives (with coefficients depending on the state, and the
highest order derivative of the input appearing affinely), as opposed to some more
general nonlinear dependence on the input. However, if we accept as an axiom that

Received by the editors May 13, 1991; accepted for publication (in revised form) March 23,
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any interesting class of discrete-time systems should include time-sampled (digital)
versions of the class of continuous-time affine systems, then we are obliged to consider
systems of the form

x[k / 1]- f (x[k], u[k]),
y[k] h (x[k], u[k]),

where f and h are sufficiently smooth functions, but otherwise arbitrary (consider
sampling a continuous-time bilinear system). Consequently, it is not possible to as-
sume that the dynamics is affine in the control variable (and hence, finitely para-
metrized); and even if it were, this would not entail that the iterates of the output
depend polynomially on the inputs, with the highest-order delayed input appearing
affinely. Consequently, the proof techniques of [4], based upon "global" interpreta-
tions of the inversion and dynamic extension algorithms, cannot be easily extended to
discrete-time systems; a more intrinsic, "algorithm-free" analysis will be performed.

In 2 of this paper, the linear algebraic framework of [4] is developed for analytic
discrete-time systems, thereby extending the notion of the rank of a system introduced
in [10]. This includes the definition of a chain of subspaces constructed from the
outputs of the system and their iterates and an analysis of the convergence properties
of the chain of subspaces. It is noted that when the function f describing the dynamics
is not a submersion, certain new phenomena can occur, requiring a slightly different
analysis involving a combination of geometric and algebraic reasoning. Section 3
collects a few results that are useful for establishing relations between some existing
work involving rank computations in an "algorithmic" form and the linear algebraic
setting proposed here. Section 4 relates the abstract notion of rank, introduced in 2,
to the injectivity and surjectivity properties of certain maps strongly connected with
left- and right-invertibility. Finally, 5 points out the links between the approach used
in this paper and that of [10]; 6 shows the affinity with the work of [28].

2. Rank and structure at infinity. The notion of the rank of a nonlinear sys-
tem was introduced by Fliess in [8] and yielded fundamental results on right- and
left-invertibility and noninteracting control of continuous-time systems. Extensions
to a class of rational discrete-time systems have been given in [10], using difference
algebra in place of differential algebra. Here, using elementary vector space tech-
niques as in [4], the rank of a discrete-time system will be generalized to analytic
systems admitting a global state space representation on ]Rn. This may be a strong
assumption.

2.1. Linear algebraic framework. Consider a discrete-time system

(2.1) . x[k+ 1] f(x[k],u[k]),
y[k] h (x[k], u[k])

where x[k] e X R, u[k] e U Rm, y[k] e Y , f and h are analytic functions
of their arguments, and x[0] x0. It is convenient to let f(x):-- f(x, u) so that we
may write:

x[1] fu[](xo),
x[2] futl](x[1]) futl] o futO](xo)

x[k] f,[-ll o...o f,tOl(xo),
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where o denotes composition. Then, since y[k] hU[k](x[k]), where h(x):-- h(x, u),

u[0],...,
h’[k] o fu[k-l] o... o fu[Ol(xo).

Because (2.1) is time-invariant,

(2.3)
y[k / 1] y[k] (x[1], u[1],..., u[k + 1])

y[k] (f (xo, u[0]), u[1],..., u[k / 1]),

which will be important later when establishing a certain finiteness property.
Let Tk denote the ring of real analytic functions of the components of (x, u[0],...,

u[k]), and let K:k be the associated field of fractions, that is, the field of meromorphic
functions in the variables (x, u[0],..., u[k]). A typical element of/gk would have the
form O(v) r(v)/O(v), where r and 0 are elements of nk, 0 is not the zero function,
and v (vl,..., vj) denotes the various components of (x, u[0],..., u[k]). Recall that
O/Ovi acting on r is formally defined by the usual quotient rule of calculus,

and the formal differential of r is

(e.) d(,) := O(.)d.,.
i=1

Let denote the vector space over ]g := n spanned by {dxl,..., dxn, du [0],...,
du, [0], du In],..., du, In] }. Note that is a finite-dimensional vector space; indeed,
its dimension is n + (n + 1)m. For notational convenience, {dx,..., dxn} will simply
be written as dx, {dull0],..., du,[0]} as du[0], etc., so that spanc{dx du[0],...,
d.[.]}.

Observe now, for all 0 <_ k _< n and 1 _< j <_ #, that dyj[k] E , since

n [k]
dxi

Oyj [k]
dui [g].

-0 i-1

Define a chain of subspaces :0 C-.. C of by [4] (see also [7])

(2.7) k :-- spanc{dx, dy[0],..., dy[k])

and the associated list of dimensions P0 _< p _< <_ p by

(2.8) p-- dim:Yk.

We emphasize that dy[k] denotes (dye[k],..., dy,[k]) and that this abuse of notation
will be used quite often to keep the notation compact.

It will turn out for generically submersive systems, that is, for systems where

[Of (x,u[0]).Of (x,u[0])],(2.9) n- rankle uu
The mathematical importance of this assumption will be seen in the next subsection; in terms

of control systems, it means that with a feedback, the drift dynamics could be made (generically)
invertible, creating a kind of group action.
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that

(2.10) P* :- Pn Pn--1

is a limiting value of the chain (2.7) in the sense that if we were to extend the chain
in the obvious manner, then p,+r Pn + rp*, for all integers r _> 0. Many system
models of the form (2.1) would satisfy (2.9), since it is equivalent to f(]R, ") having
nonempty interior in ]Rn, and this is a necessary condition for accessibility [17]. It
is always satisfied for a time-sampled representation of a continuous-time system.
Moreover, it has just been established in [11] that, in a certain sense, rational input-
output systems admit local state space representations satisfying condition (2.9). To
avoid passing to a local representation, the following construction is used here in the
general case where (2.9) is not satisfied.

Let/E+ :--- ](2n, and define + span:+ {dx, du[0],..., du[2n]}. Define a chain
of subspaces 0+ C... C + of + by

(2.11) k+ :-- span:+ {dx, du[0],..., du[n 1], dy[n],..., dy[n + k]}
and the associated list of dimensions p0+ _< <_ p+ by

(2.12) pk+ "= dime:.
Then, even without condition (2.9), it will turn out that

(2.13) p+* :-- p+ +P-I
is a limiting value in the sense discussed earlier for p*. Whenever the system (2.1) is
generically submersive, it will be established that

(2.14) P+ Pk - rim, k >_ O,

so that p+* p*.
Anticipating these technical results, p+* is defined to be the rank [10] of the

system (2.1).
Remarks. (a) In [6], it is shown (for continuous-time systems) that the chain of

subspaces (2.7) is closely related to classical objects in algebra, namely filtrations,
and consequently, Hilbert polynomials; a similar result is true in discrete-time [7].
One of the main points of the analysis presented in this paper is the establishment
of a priori bounds on the number of steps required to compute the limiting ranks of
the filtrations whenever the system has a standard state-space representation; such
bounds are not provided by the classical results of algebra, which, on the other hand,
apply to more general situations.

(b) In analogy with [4], [22], the list of integers {a0,..., an} defined by

(2.15) ai pi p-l, 0 _< i _< n

with the convention that p_ n, could be called the transient structure at infinity,
while the list of integers {a0+,..., an+}, defined by

(2.16) a+ p+ p+_, 0 <_ <_ n,

with the convention that P+I n +nm could be called the persistent structure at
infinity. For generically submersive systems the two lists coincide, and we can speak
simply of the structure at infinity; this is also the case for systems satisfying certain
constant rank hypotheses in the neighborhood of an equilibrium point, as can be seen
from the results of [18], [24], including (constant-coefficient) linear systems.
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2.2. Convergence of the chain t;0 C C n. The goal of this subsection is
to justify terminating the chain (2.7) at n, the dimension of the state space of (2.1),
whenever the system is generically submersive. For a linear system, this would follow
as an easy consequence of the Cayley-Hamilton theorem; in the case of nonlinear
systems, more work is required.

Let k >_ 0 be any nonnegative finite integer, and recall that Kk is the field of
meromorphic functions of (x, u[0],..., u[k]). Before, when defining tk (0 _< k _< n),
the span was taken with respect to/E :-/En. It is easily seen that the dimension of
k does not change if instead the span is taken with respect to/Ek. For k > n, define
k in the obvious way, following (2.7), taking the span with respect to

THEOREM 2.1. Suppose that (2.1) is generically submersive. Then, for all inte-

gers k >_ n, dimk dimk-1 dimn dimn-1; that is, #k tok-1 flu Pn--1.
The proof of the theorem will be divided into several parts, each establishing a

particular property of the chain (2.7) arising from the recursive manner in which the
functions y[k] are constructed from the system. Define 5"/Ek-1 K:k by

u[0],..., u[k]) u[0]), u[k]);

it is important that f be generically submersive, for otherwise, 5W may not be a

meromorphic function (see (2.20) below). This induces an lR-linear mapping2 A:
spanc_ {dr/It/ ](k-1} spanc {dA]A K:k} by

A(dr/) :-- d(by),

A(ad + a2d2) :- 5(a)A(dv/) + 5(a2)A(dv]2)

for r/, 1, r/2, a, a2 E ]{k-1. It should be noted that (2.18) is consistent with the chain
rule for differentiation, and that, for instance,

(2.19)
dyj [k + 1] d (5(yj [k]))

A (dyj[k])
n k m

(Oyi[k]) dxi[1] + EE5 (Oyj[k])dui[g+ 1].
i-"

OXi g.’-O i-- Oiti []

The following two (equivalent) properties are easily established whenever the
system (2.1) is generically submersive:

P1. For all k _> 1, dim:k_ {dx[k]} n.
P2. For all k >_ 0 and V E 7k, if 0, then 5(r/) 0.
As a consequence, if Kk, then 5() is well defined. To see the peculiarities a

nonsubmersive system may exhibit, consider the example

(2.20)
x[k + 1] 0,

where x,y, and u are in ]R. The function 1Ix is meromorphic, but 5(l/x) is not
defined because 5(x) O.

The main ingredients of a proof of Theorem 2.1 are now presented. In the follow-
ing, if S is a set, then [S] denotes its cardinality.

2 The fact that A is well defined follows easily from A(0) 0.
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LEMMA 2.2. Suppose that (2.1) is generically submersive and that.for some k >_ O,
Io c I1 c c Ik c {1,..., #} are index sets such that $k spantck {dx, dyio [0],...,
dyik[k]lij e Ij, 0 <_ j <_ k}, and dimSk n + lIol +... + lIk_l + lIkl. Then,
dimspantc{dx, dyo[O],... dy[k],dy[k + 1]lij e Ij, 0 <_ j <_ k} n + IIol + +
IIk_l + 21Ik I. In other words, once an output component becomes independent, it
remains independent.

Proof. For the proof, see Appendix A. [:]

It immediately follows from the above that there exists a basis of a special, form
for the chain 0 c tl c ....

LEMMA 2.3. Suppose that (2.1) is generically submersive. Then, there exist index
sets Io c I1 c c {1,...,#} such that, .for all k >_ 1, {dx, dyo[O],...,dyi[k]li e
I, O <_ j <_ k} is a basis for $k.

Lemma 2.3 establishes that {ak } {Pk--Pk-1} is a nondecreasing sequence. Since
ak <_ min{m, #}, it follows that {ak } converges in a finite number of steps. However,
this does not allow us to terminate the calculations at the nth step unless the upper
bound has already been attained. Considering once again (2.20), we calculate that
(a0) 1, but (a) 0; that is, the sequence {ak} of "zeros at infinity of order less
than or equal to k" is not nondecreasing, as is always the case for linear systems and
continuous-time nonlinear systems.

LEMMA 2.4. Suppose that (2ol) is generically submersive, and let I0,..., In be as

in Lemma 2.3. Then, .for each 1 <_ j <_ #, there exists an integer N, 1 <_ N <_ n, such
that

(e.el)
dyy[N] e span :N{dyy[0],... ,dyj[N- ,dyiN[N]lik e Ik, 0 <_ k <_ N}.

Proof. For the proof, see Appendix A. v1

The previous and the following lemmas combine to replace the Cayley-Hamilton
theorem, which, in the case of a linear system, proves that the chain (2.7) converges
in at most n steps.

LEMMA 2.5. Suppose that (2.1) is generically submersive, and let Io,..., In be as
in Lemma 2.3. Suppose that 1 <_ j <_ #, and let N be as in Lemma 2.4. Then, .for all
k>_N,

dyj[k] e spantck {dyj[0],..., dyj[N 1], dyio [0],..., dyi

.for 1 <_ s <_ N, is E Is, and .for s > N, is IN }.

Proof. The proof is immediate from (2.18) and Lemma 2.4. v1

The proof of Theorem 2.1 is now given easily. Let {Ik } be the collection of index
sets determined by Lemma 2.2. By Lemma 2.5, In+r In for all r _> 1. Hence,
the components of the output either become independent by the nth iteration of the
dynamics, or they remain dependent for all iterations. Consequently, for all r _> 1,
dimYn+r- dimn+r-1 dimtn- dimn-1 p*.

2.3. Convergence of the chain $0+ c $1+ c This section addresses the
convergence properties of the chain $0+ C $+ C for systems that are not necessarily
submersive. The idea behind the analysis is that the effect of the nilpotent part of
the system on the output sequence is short lived and can be eliminated from the
analysis by "ignoring" the first n time instances of the output; this is essentially what
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is accomplished by including {du[0],..., du[n- 1]} in the definition of 0+ C + C....
The analytical aspects of the proof are based on the following construction.

Let M0 := n and define for k > 1

(2.23) Mk := x[k] (Rn x (m)k)
Observe that M0 D M1 D... since

(2.24) Mk+ f(Mk, llRm).

Define do := n and for k _> 1,

dk "= rankck_l x[k] := dim spanck_ {dx[k]}.

LEMMA 2.6. The sequence of integers {dk} is nonincreasing, and if dk dk-1
then dk+i da. Consequently, since dd can decrease at most n-times, dd dn for all
j>n.

The proof is given in Appendix B. Very roughly speaking, Lemma 2.6 says that
"f M xm

__
Mk+l behaves like a ’submersion’ for k > n since the ’dimension’ of

Mk is dk." Of course, Mk, in general, does not have the structure of a manifold, hence,
the imprecision of such a statement. Nevertheless, if we pursue this line of thought
for a moment and supposes that M0 D M D is a nested sequence of embedded
analytic submanifolds, it is clear that, if dimMk dimMk_l, then dimMk+
dim Mk, because the condition dim Mk dim Mk-1 implies that f Mk-1 X m

__
Mk is a submersion. This combined with Ma being open in Mk-1 gives the result.
The proof in Appendix B makes this line of reasoning rigorous with a local analysis,
which also establishes the following result: For k _> 2, j > 0 define 6k T4d --. Tid+k
by, if E TEd and 0 _< i _< k- 1

(2.26) 6i+1() g(6i(a)).

LEMMA 2.7. Let k >_ O, a T4. If 6n(o)O (i.e., is not the identically zero
function), then gn+d()0 for all j > 1.

Let/Ek be the set of real analytic functions

(2.27) nl e

:Rk c TE+k as a subring, and thus, the associated set of fractions, denoted K:k is a
16+ 6field; indeed, it is a subfield of 1Cn+k. Note that ’"k C K:k+1.

By Lemma 2.7, for each k _> 0, the two mappings

(2.28)

and

(2.29)
A spanc,, {dAlA 6 K:k } span:,,+ {dr/Jr/6 "+} C spanks- {d717 1}

k k+l

can be defined as in (2.17) and (2.18), respectively.
The final step of the analysis is to reduce the study of the chain E0+ c E+ c to

that of a related chain to which the proof technique of 2.2, that is, Lemmas 2.2-2.5,
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can be applied with only minor modifications. As in 2.2, it is necessary to slightly
modify the definition of :k+ without changing its dimension:

(2.30) :k+ spantcn+k {dx, du[0],..., du[n 1], dy[n],..., dy[n + k]},

for all k _> 0, and

(2.31) :-+1 "= spantcn_l {dx, du[0],..., du[n 1]}.

Note that {dx[n]} C -+1. Let L C {1,... ,n} be such that {dxi[n]li e L} is a basis
for span:._l {dx[n]}, and let )/Y be such that

(2.32) +-1 span{dxi[n]li

Introduce

(2.33)
Sk "= spantc+k {dx[n], dy[n], dy[n + k][i e L},

S_1 spantc._ {dxi[n]li e L}.

Since y[n + j](x, u[0],..., sin + j]) y[j](x[n], u[n], sin + j]) for j _> 0, it follows
that

(2.34) :k+ ,k @ )4;, k _> 1.

Hence, for k _> 0,

+ dim,k dim,k_l

The reason for doing all of this is that the generators of,k, for k _> 1, are elements
of {dAIA E/Ck }. Hence, letting

(2.36)
Sk := spantc- {dxi[n], dy[n],. dy[n + k][i e L},

8-1 := spancn_, {dx[n][i e L},

it follows that, for k _> 0,

ak+ dimSk dimSk_

Moreover, even though Sk C 8k+1 is not a subspace of 8k+l,

dim spanc (Sk } dimSk,

and therefore, the proofs of the obvious modifications of Lemmas 2.2-2.5 for the chain
80 C 81 c go through with only minor changes, which will not be repeated here.

THEOREM 2.8. For all integers k >_ n, dim 8k+ dim fiYk+_ dimn+ dim fiYn-1;+

that is, P+k + +Pk- P+n P,-I" Moreover, whenever (2.1) is generically submersive,
the ordered lists {aO, al, an} and {a0+,...,an+} are equal.

The last part of the theorem follows from the fact that when (2.1) is gener-
ically submersive, the index set L in (2.32) is equal to {1,..., n}. Then, since
y[n + j](x, u[0],..., sin + j]) can be expressed as y[j](x[n], u[n], sin + j]), Ek and
8k are naturally isomorphic under x - x[n], u[0] --. sin],..., u[k] - u[n + k].
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3. Further characterizations of the rank and structure at infinity. This
section and the rest of the paper will concentrate on generically submersive systems.
Similar results, as per the development of 2.3, can be stated for the general case.

3.1. Jacobian matrices. The goal here is to provide a computationally con-
venient means of evaluating the rank p*. The same result is also useful for showing
the invariance of p* under the action of invertible (static or dynamic) state variable
feedback.

Following [14], which, in turn, was based upon [23], consider the Jacobian matrices

(3.1) Jk (x, u[0],..., u[k]) := 0(u[0]: :u[k])
for 0 _< k _< n, and their associated ranks

(3.2) Rk := rankcJk.

Note that the matrices Jk can be evaluated symbolically; their ranks can be evaluated
numerically since the rank over/C is the same as the generic rank considered in [23].

Applying arguments identical to those used in [4, 2.1] results in the following
relation between the integers Pk and Rk.

PROPOSITION 3.1. For each 0 <_ k <_ n, Pk n+Rk. Hence, if (2.1) is generically
submersive, then p* Rn Rn-1.

A quite different way of obtaining a result similar to the first part of Proposition
3.1 is given in [6].

Consider now a discrete-time linear system

(3.3) x[k + 1]- Ax[k] + Bulk],
y[k] Cx[k] + Du[k].

Then the Jacobian matrix Jk is given by the usual Toeplitz matrix

(3.4) Jk

D 0
CB D

CAB CB

CAk-IB CAk-2B
0
D

The results of [21] and [26] in conjunction with Proposition 3.1 justify the terminology
adopted in 2.2 concerning the rank and structure at infinity of a nonlinear system.

The following is the analogue of [10, III.B.2. Proposition].
COROLLARY 3.2. In the case of a linear system, the rank p* defined by (2.10)

agrees with the classical rank of the transfer matrix. Moreover, the list of integers
{r0,... ,an} defined in (2.15) is precisely the structure at infinity as it is normally
defined on the basis of the transfer matrix [21], [26].

REMARK 3.3. For a linear system, it is easy to verify that the lists {ak+} and
{ork } coincide, whether or not the system is generically submersive.

3.2. A related chain of subspaces. Related to the chain 0 c 1 c is the
chain 7-/0 c 7-/1 C defined solely in terms of the output [4]:

(3.5) 7-/ spanc{dy[0],..., dy[k]}.
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It also can be used to determine the rank of the system, and this will be important
for making contact with the fundamental work of [10].

THEOREM 3.4. Suppose that (2.1) is generically submersive. For all integers
k >_ n, p* dim 7-/k dim ?’/k-1.

Proof. By Lemma 2.5, for k _> n p* _> dim 7-/k --dim /k-1. On the other hand,
for 1 _< j, ?-/j /j-1 + span{dy[j]}, $ $-1 + span{dy[j]} and H0 C $0. Thus,
dim ?-/j dim 7-/j_ _> dim $j dim $j_

3.3. Remarks on the inversion algorithm. The importance of the inversion
algorithm of Singh [27], which is an extension to nonlinear continuous-time systems
of the well-known algorithm of Silverman [26], need not be underlined here. The
algorithm has also been used in the study of discrete-time nonlinear systems [18] and
[19], but always expressed in a form involving the implicit function theorem. Conse-
quently, the results of the algorithm can be difficult to interpret unless one remains
in a neighborhood of an equilibrium point. This problem can be removed by working
at the level of the differentials of the outputs, which linearizes the computations and
allows the analysis of [4] to be carried through to the discrete-time setting. Since
the algorithm in the form we will use it has already appeared in several publications
for continuous-time systems [3], [4], [16], the basic idea will only be sketched here
by giving the first steps of the algorithm. Establishing the validity and convergence
properties of the algorithm is quite easy using the analysis of 2.2.

It is assumed that (2.1) is generically submersive; an extension to general systems
can be envisioned along the lines of 2.3.

Step O. Calculate dy[0] and write it as

(3.6) dy[0] co(x, u[O])dx + bo(x, u[O])du[O]

Define

(3.7) so := ranktcobo
Permute, if necessary, the components of y so that the first so rows of bo are linearly
independent. Decompose y so that

(3.8) dy[0]= d$o[0] ao dx+ o
where )o has so rows. Since the rows of/o are K:o-dependent on the rows of o, there
exi.sts a matrix Mo(x, u[0]) with entries in K:o such that

(3.9) o Mo,
and thus,

(3.10)

End of Step 0.
Step 1. Compute

d$o[0] todx + Mo{d)o[0]- todx}
=:-odx + b0d0[0].

(3.11) d)0[1] (50)dx[1] + (50) d0[1]
=: al (x, u[0], u[1]) dx + bl (X, It[0], U[1])du[0] + cl (x, u[0], u[1])d)0[1].
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Define

(a.12) 81 := rankct bl

and repeat the basic operations of Step 1; see [3], [4], and [16], for example.
The validation of the steps in the algorithm is achieved by noting that it produces

a basis for go c g C ..., and thus, by Lemma 2.2, since {dx, d0[0]} is a linearly
independent set, so is {d, dfo [0], d0[1]}, ec. Its convergence in no more than n seps
follows from Theorem 2.1.

A similar connection wigh ghe interesting work of [24] on dynamic feedback so-
lutions to the noninteracting control problem could be pursued also along the lines
already clearly established in [4].

4. Invertibility. A linear system is usually said to be right-invertible if the rank
of its transfer matrix is equal to the number of output components, and left-invertible
if its rank equals the number of input components. Systemically, right-invertibility
means that by a proper choice of the initial condition and input sequence, any output
sequence can be generated; that is, the map from initial conditions and inputs is onto
yoo y y ", the space of all output sequences. Left-invertibility is equivalent
to injectivity of the map from inputs to outputs, for a fixed initial condition.

In the case of nonlinear systems, though such global notions of invertibility are
attractive, simple examples show the difficulty of trying to say anything intelligent
about them; hence, we are led to localizing the concepts. Following [3], for k >_ 0, let
Hk Z Vk+l yk+l be the map that sends (x, u[0],..., u[k]) to (y[0],..., y[k]),
and let Ek" X Vk+ -- Z yk+l by (x, u[0],..., u[k]) (x, y[0],..., y[k]).

DEFINITION 4.1. The system (2.1) is almost everywhere locally surjective, if,
for every k _> 0, the image of Hk has nonempty interior. The system is almost
everywhere locally injective, if, for every k _> 0, there exists an open and dense subset
Ok of X Uk+ with the property that, for each point p (x, u[0],..., u[k]) E Ok
there exists an open neighborhood of p, O(p), and an analytic insertion3 ik ((p)-- X Uk+ U" such that if Pl,P2 Ok(p) and En+k(ik(Pl)) En+k(ik(p2)), then
P --P2.

These properties can be characterized as follows.
THEOREM 4.2. Assume that the nonlinear system (2.1) is generically submersive.

Then the system is almost everywhere locally surjective if and only if any one of the
following equivalent conditions is satisfied:

(a) for all k >_ O, dimspan(dy[0],... ,dy[k]} (k / 1)#;
(b) dimspan(dy[0],... ,dy[n]} (n + 1)#;
(c) p* #; i.e., the rank of the system equals the number of output components.

The system is almost everywhere locally injective if, and only if, any one of the fol-
lowing equivalent conditions is satisfied:

(d) for all k >_ O, {du[0],..., du[k]} C span(dx, dy[0],..., dy[k + n]}
(e) du[0] c span{dx, dy[0],..., dy[n]};
(f) p* -m; i.e., the rank of the system equals the number of input components.
Proof. (a) (b)is immediate. (b) == (c)is given by Theorem 3.4. (c) == (a)

follows from the same kind of reasoning employed in proving Lemmas 2.4 and 2.5 and
is not repeated here. It suffices to show that (a) is equivalent to almost everywhere

That is, if Tk represents that natural projection of X Vk+l U onto X Vk+l, then
il((p) is the identity.
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local surjectivity. The image of Hk has nonempty interior if, and only if, there exists
an open set of points where the rank of Hk over the reals equals (k + 1)#. This is
equivalent to Hk having rank (k + 1)# over K:k, which is equivalent to (a). Turning
to almost everywhere local injectivity, (d) = (e) is evident. (e) : (f) is Corollary
A.2 in Appendix A. It is now shown that (e) (d): Applying A to both sides of
(e) yields

dull] C span{dx[1], dy[1],..., dy[n + 1]}.

Hence, adding span{dx, du[0], dy[0]} to the right-hand side,

dull] C {dx, du[0], dy[0], dy[1],..., dy[n + 1]}
C span{dx, dy[0],..., dy[n + 1]},

where (e) has been used in the last step. The remainder of a proof by induction is
clear. To finish up, it suffices now to show that (d) is equivalent to almost everywhere
local injectivity. Without loss of generality, it can be assumed that the neighborhood
k is such that En+k o ik (k X yn+k+l has constant rank. Then almost
everywhere local injectivity means that this rank equals n + (k + 1). m. This is
equivalent to rank:+ (0(y[0],..., y[n + k])/O(u[O],..., u[k])) (k + 1)m, which is
equivalent to (d). D

Remark. A quite different approach to invertibility is taken in [10]; the results
of the next section show that, in the case of polynomial systems, the two approaches
coincide.

5. Difference algebra and the transformal transcedence degree. The
purpose of this section is to prove that the rank p* defined in (2.10), when spe-
cialized to systems whose right-hand side depends polynomially on x and u (more
precisely, on their conlponents), corresponds to the transformal transcendence degree
used in [10].

Consider a system

(5.1) p,Q x[k / 1] P(x[k], u[k])
y[k]-Q(x[k],u[k]),

where P ]Rn Inm -- n and Q R R’ - R are such that each of their
components is a polynomial of x and u, with coefficients in . This system is clearly
analytic, so the analysis of 2 applies. For the purpose of clarity in presenting the
results, it will be assumed that (5.1) is generically submersive. An extension to
rational systems could also be undertaken.

The following definition, adapted from [10], should actually be derived by con-
structing the difference field associated to p,Q and then applying the definition used
in [10].

DEFINITION 5.1. The transformal transcendence degree of p,q, denoted d(p,)
equals the maximal number of components of y, say {y,...,y }, such that for any
k _> 0 there does not exist any nontrivial polynomial r with coefficients in such
that

. [0],..., [0],..., 0.

In other words, for any k _> 0, Yil [0],..., yip[0],..., Yil [k],..., yi,[k] viewed as poly-
nomials of x, u[0],..., u[k] are algebraically independent.
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For those readers familiar with Kihler differentials, the equality p* d(p,Q)
is immediate from Theorem 3.4. For the benefit of other readers, an independent,
straightforward proof is given. Lemma 5.2, which follows, is well-known, though hard
to find in the form presented (cf. [28]).

Let v (vl,..., vr) be an r-tuple of indeterminants, let JR[v] denote the ring of
polynomials of (vl,..., vr) with coefficients in JR and let lR(v) be the corresponding
field of rational functions. Define a vector space over (v) by Y :-- span{dvl,..., dv}
and define the mapping d JR(v) -- V by

( Oq(v) (5.2) d (p(v) 1 Op(v)
p(v) dvi

j--1

in the usual way; see [30, Chap. 5, 10.5] for how to define a differential calculus of
rational functions without taking limits.

LEMMA 5.2. A collection o] polynomials {P,...,Pk} C [v] is algebraically
independent if, and only if, the set {dP,... dPk} is linearly independent in (V, (v)).

Proof. Suppose that {P1,... ,P} is algebraically independent; then k _< r.
Assume first that k r. {P1,... Pk} is then a basis for ]R[v], and consequently,
for each 1 _< _< r, there is a nontrivial polynomial Qi(A,...,A+) such that
Qi(vi, Pl, P) O.

PROPOSITION 5.3. For each 1 <_ <_ r, the polynomial OQi/OI is nontrivial.

Proof. Suppose it is trivial. Then Qi(vi, P1, P) Qi(O, PI, Pr)
Qi(P1,...,P). Thus, Q must be a trivial polynomial because {P1,..., P} is al-
gebraically independent. It follows that Q is a trivial polynomial, which contradicts
its definition.

Continuing with the proof of Lemma 5.2, since 0 Qi(vi, P,..., Pr),

(5.3)
OQ

0 d (Qi(v, P,... P,.)) -l(V, P,..., Pr)dv + (v, P1,.--,
j--1

see [30, Chap. 5] for the chain rule. By Proposition 5.3, OQ/O)I is nontrivial, and
thus,

(5.4) dvi kijdPj,
j--1

where

kj :=
\0A1

(v,P1 P) (vi, P1,..., P) e lR(v).

Thus, span{dvl, dv.} c span{dP1,..., dPr}, proving the linear independence of
{dRy,... dPr}.

If k < r, then there exist Pk+l,..., P,. such that {P1,..., P} is a basis for (v).
From the above, {dP1,..., dP} is linearly independent, and therefore, so must be
{dR1,... dPk }.

To prove the other direction of the lemma, suppose that {P1,..., Pk} is alge-
braically dependent. Then there exists a nontrivial polynomial Q(AI,..., ,kk) with co-

kefficients in such that Q(P,..., Pk) 0. Hence, 0 j=l OQ/O)j(P1,... Pk)dPj,



ANALYSIS OF DISCRETE-TIME NONLINEAR SYSTEMS 1039

proving that (dP1,... ,dPk} is a linearly dependent set in (V, lR(v)). This completes
the proof of Lemma 5.2. [:1

The constructions and results of 2 hold clearly for polynomial systems (5.1) with
the field K: replaceda by ]R[x, u[0],..., u[n]]. This observation, combined with Lemma
5.2 and Theorem 3.4, yields the following result.

THEOREM 5.4. For the polynomial system (5.1), p* d(p,Q).
Remark. Lemma 5.2 can be equivalently stated as: The following two conditions

are equivalent"
(a) There exists a nontrivial polynomial r such that r(P1,..., Pr) 0
(b) The set (dP1,... dPr} is linearly dependent in (V, ]R(v))

The implication (a) == (b) remains true with r, P,... ,Pr replaced by analytic
functions. However, the converse is then true only locally, and even then only on
subsets where certain constant dimensional conditions are met; indeed, this is the
well-known Rank Theorem.

6. Relation to generic observation fields. The chain of subspaces $0 c c
Sk C is measuring how the input components are appearing in the outputs, as-
suming that the initial state is known. In a similar manner, one could study how the
initial state components appear in the outputs, assuming that the inputs are known.
This is called observability [15], and in the context of the formalism of this paper,
could be studied via the chain (90 C C COk C ..-, where

(6.1) Ok span:
k (du[0],..., du[k], dy[0],..., dy[k]}

Then, as in [4] and this paper, a connection could be established between the ranks
of certain Jacobian matrices, the dimensions of the subspaces Ok and/or the tran-
scendence degree of a certain (differential) field. This (plus a whole lot more, such as
the construction of a realization theory for polynomial input-ouput maps) was done
by Sontag [28] in 1979 for a very general class of discrete-time polynomial systems
(cf. his generic observation fields, Q(). An extension to analytic systems would fol-
low along the lines of [31]. More recent work on the analysis of the observability of
continuous-time systems by algebraic means can be found in [5] and the references
therein.

Appendix A.
Proof of Lemma 2.2. For the sake of the study of invertibility in 3, it is useful to

prove a little more than is required by the lemma. The following notation is used only
in Appendix A; it will help to keep the formulas concise. If M is a subset of $, then
[M] denotes its span (see [20, p. 16]). If {v,..., vs} is a set of linearly independent
elements in 13, this will be denoted by {v,..., vs}*. For example, let I0 c {1,..., #}
be such that {dx, dyi [0]1i0 E I0} is a basis for $0. Then, this can be succinctly stated
as [{dx, dyo[O]lio e I0}*]- 0.

Suppose that for some 0 < k, index sets Io c I c c Ik C {1,...,#} and
{1,..., m} D Jo D J1 Jk have been selected so that for each 0 < t < k,

(A.1) t [{dx, dyi[r]lO < r < t, ire

(A.2) [dx, du[0],..., du[t]] [{dx, dyi[r], duj,_ [r]10 < r < t, ir e It, jr e

4 So that the proof of Lemma 2.4, which used the Rank Theorem, can be carried over, one must
note that (2.21) holds for (5.1) over/C if, and only if, it holds over ]R[x, u[0] u[n]].



1040 J.w. GRIZZLE

and

(A.3) du[0] c [(duj[O]lj e

That this is possible for k 0 is obvious. It will first be shown that Ik+l D Ik can
be chosen so that (A.1) holds for 0 _< t _< k + 1.

CLAIM A.1. The set

{dx, dyir[rl,dyi[k + l],duj[O],duj_r[r + 1110 N r <_ k, ir e It, jr e Jr}
is linearly independent.

Proof. To see how the arguments go, consider first (A.2) for t 0 and apply A
to both sides to obtain

[dx[1], dull]] [{dx[1], dyio[1], duio[1]lio e Io, joe J0}].

Adding [dx, du[0]] to both sides yields

[dx, du[O],du[1]] [{dx, du[O],dyio[1],duo[1]lio e Io, jo e J0}].

Applying (A.2) for t 0 results in

[dx, du[0], du[ll] [{dx, dyio [01, dujo [01, dyio[1], dujo[lllio e Io, joe g0}].

The independence of the vectors on the left-hand side implies the independence of
those on the right-hand side by counting the number of elements. In particular, the
vectors {dx, dyio[O],dyio[1], lio e I0,} are linearly independent, and thus, one can
choose I1 D I0 such that (A.1) holds for 0 _< t _< 1.

In general, consider (A.2) for t k and apply A to both sides to obtain

[dx[1], du[1],..., du[k + ll]
(A.a)

[{dx[1],dyir[r + 1],du_r[r + 1][0 <_ r <_ k, ire It,jr e Jr}].
Add [dx, du[0]] to both sides to obtain

[dx, du[0],..., du[k + 1]]
[{dx, du[O],dyi[r + 1],duj_[r + 1]10 <_ r <_ k, ire It,jr e Jr}*].

The independence of the vectors on the left-hand side implies the independence of
those on the right-hand side by counting the number of elements. Applying (A.2)
first for t 0, and then successively for t 1,..., t k results in

[dx, du[0],..., du[k + 1]]
[{dx, dyo[O],dujo[O],dy[r + 1],duj_[r + 1]10 <_ r <_ k, ir e It,jr e Jr}*]
[{dx, dyio[O],dyil[1],duj,[O],dyis[s + 1],duj_r[r +

<_ r <_ k, 1 <_ s <_ k, is E Is,jr Jr}*].
(A.5) [{dx, dyio[O],dyi[1],dyi2[2],duj=[O],dyis[s + 1],duj_[r +

<_ r <_ k, 2 <_ s <_ k, ire It,jr Jr}*]
for each 0 < t < k

[{dx, dyio[O],...,dyi[t],duj[O],dyi[s + 1],duj_[r +
<_ r <_ k,t <_ s <_ k,i I,j J}*].
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Hence, we can choose I+1 D Ik so that (A.1) holds for each 0 _< t <_ k + 1. It
is next shown that Jk+ C Jk can be chosen such that (A.2) and (A.3) hold. From
(A.3) for t k, since tk c k+, we deduce

(A.6) du[0] C k+l --{du[O]lj e &}.

By the definition of Ik+l,

(A.7) gk+l gk @ [{dyi[k + 1]lik e Ik+l [{dy[k + 1]lg e Ik+l\Ik}*].

For each E Ik+l\Ik, dyt[k] gk, and thus,

(A.8)

dyt[k + 1] e [{dx[1],dyio[1],...,dy[k + 1]lir e It,0 _< r _< k}]
c ( @ [{dyi[k + 1]lik e Ik}*])+ [du[0]]
C (k @ [{dy[k + 1]lik e Ik}*]) + [du[O]lj e Jk],

where the last inclusion is from (A.3) for t k. Thus, (lIk/ll- IIkl) elements of
{du:i[O]lj J:} are not independent of k+l. One can therefore choose Jk+ C Jk
such that

(A.9) du[0] C k+1 @ [{duj[O]lj e Jk+

and

(A.10)

To finish up, from (A.5) and (A.9) it follows that

[dx, du[O],...du[k + 1]] C [{dx, dyio[O],...,dyi+l[k + 1],duj+l[0],...,
(A.11)

dujo[k + 1]lit It,j+l-t Jr, 0 <_ t <_ k + 1}].

Since the reverse inclusion is obviously true, one has equality. By counting the number
of vectors on the right-hand side of (A.11), we obtain (A.2) for t k + 1.

From (A.1) and (A.2), respectively, it follows that

k

(A.12) Pk n + y II1
i=1

and

k k

(A.13) n + (k + 1)m n + lIi[ + IJil,
i:l i:1

yielding

(A.14)

This combined with (A.3) proves the following result.
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COROLLARY A.2. Suppose that (2.1) is generically submersive. Then

dim $k dim $k-1 m if and only if {dul[O], dum [0] } C $k

Proof of Lemma 2.4. We can view y[k], 0

_
k _< N as being an analytic function

on X Ug+l. Let (9 be an open subset of X UN+l.
By the definition of I0,..., In, for any 0 _< N _< n,

(A.15) dyj[N] e spantcN(dx, dyio[O],... ,dyiN[N]lik EIk, 0 <_ k <_ N}

Due to analyticity, (A.15) is equivalent to

(A.16) dyj[N]l o span]R(dx, dyio[O],... ,dY[N]lik Ik, 0 <_ k <_ N}I o

where the left-hand side is viewed as a one-form on (9, the right-hand side is viewed
as an analytic codistribution on (9, and the span is taken pointwise; without loss of
generality, it can be assumed that the codistribution has constant dimension. After
possibly shrinking (9, the Rank theorem implies that on (9, y[N] can be expressed
as an analytic funtion of (x,yo[0],...,y [N]lik Ik, 0

_
k

_
N ). Repeating the

above reasoning, (2.21) is equivalent to

(A.17) dyi[N]I o e spant: (dyi[0],..., dyi[N 1], dyio[O],
..,dyN[N]liIk, O<_k<_N}lo.

Hence, from (A.16), (2.21)holds if

(A.18) Oyj IN] dx spancN { Oy [0]
dx

Oy [N 1] }Ox Ox Ox
dx

Because the right-hand side of (A.18) can be at most n-dimensional, there must exist
an N, 1 <_ N _< n, such that this is the case.

Appendix B.
Proofs of Lemmas 2.6 and 2.7. The inclusion M+I

dk k >_ O. Since x[k] n (m)k
_

:ln is an analytic function, there exists
an open and dense subset Vk C ]Rn (:tm) on which x[k] has constant R-rank equal
to dk; that is, for each point p Vk,

(B.1) Ox[k] ] (p) dk.ranklR O(x,u[O]i::::u[k 1])

Let Nk :-- x[k](Vk). Then, Nk is an immersed submanifold of R’, but since the
resulting topology may be different than the subset topology of IRn, this property
is of little interest. More importantly, the implicit function theorem implies that,
for each point q Nk, there exists an open subset Ok C Vk such that x[k](Ok) is
a dk-dimensional, embedded, analytic submanifold of ]Rn and q is in the interior of
x[k](Ok). Since Vk is dense in IRn (:m)k, Nk is dense in Mk in the subset topology.

Let fk x[k](Ok)m __. ]R, denote f restricted to x[k](Ok) JRm (the subscript
k is to note that fk depends on (Ok). Whenever Ok C Vk is such that x[k](Ok)
is a dk-dimensional embedded submanifold of R’, then fk is an analytic function.
Consequently, it will have constant lR-rank on an open and dense subset of its domain
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of definition, which is called its generic rank and is denoted as gen rank fk. From
(2.23) and (2.24)it follows that

(B.2) dk+l gen rankfk x[kl(Ok) x :tm --
since, if p e Ok and q := x[k](p), then Tqx[kl(Ok), the tangent space of x[kl(Ok) at
the point q, satisfies

(B.3) Tqx[k](Ok) Image
0(x, [0] [k 1])

(p)"

With the above preliminaries completed, the proof of Lemma 2.6 can be given.
If d 0, the result is obvious; suppose, therefore, that d > 0. Then, there exists
0 N k N n-l such that d d_. Asbefore, choose O to be an open subset
of Vk such that [k](O) is an embedded dk-dimensional submanifold of . Since
Mk C Mk_1, and Nk and Nk_ are dense in Mk and Mk_1, respectively, the condition
d dk-1 implies that [k](O) is an embedded (dk-1 dk)-dimensional submanifold
of and z[k](Ok) [k 1](Ok_l) h nonempty interior. Therefore,

dk+l gen rank/k x[kl(Ok) x m n
(B.4) gen rankfk_ "x[k- 1](Ok-) n

where the fact that fk and fk-1 are the restrictions of a common map f and have a
common nonempty open set in their domain of definition entails the second equality.
This completes the proof of Lemmn 2.6.

rning to Lemma 2.7, let d := d, which is then equal to dk for all k > n
by Lemma 2.6. If d 0, then Lemma 2.7 is immediate, so in the following it is
supposed that d > 0. Let a a(x,u[0],...,u[]) be an element of nk. For any
r > 0, 5(a) a(x[r],u[r],...,u[k + r]). Let O C be an open set such that
x[r](O) is a d-dimensionM submanifold of . Then 5(a)0 if, and only if, a
restricted to (x[r]() ()k+)0. When r > n, there exists n C Vn such that
x[n]() z (m)k+ x[r]() z ()k+ h nonempty interior. Thus, a restricted
to (x[r]() z (m)k+l)0 if, and only if, a restricted to (x[n]() (m)k+)O.

Acknowledgment. The author h benefited greatly from conversations with
M. Fliess and C.H. Moog on the subject of this paper, well from the insightful
comments provided by the reviewers. This workw completed while the authorw a
visiting researcher at the Laboratoire des Signaux et Systmes, Gif-sur-Yvette, ance
(Poste Rouge, Directeur de Recherche Associ). Professors P. Bertrand, M. Fliess,
and F. Lamnabhi-Lagarrigue are sincerely thanked for contributing in diverse ways
to a very enjoyable and worthwhile sdjour.

REFERENCES

[1] LI CAO AND YU-FAN ZHENG, On minimal compensators for decoupling control, preprint, 1991.
[2] M. D. DI BENEDETTO AND J. W. GRIZZLE, An analysis of regularity conditions in nonlinear

synthesis problems, Lecture Notes in Control and Inform. Sci., Vol. 144, Springer-Verlag,
Berlin, 1990, pp. 843-850.

[3] Intrinsic notions of regularity for local inversion, output nulling and dynamic extension

of non-square systems, Control Theory Adv. Tech., 6 (1990), pp. 357-381.



1044 J.w. GRIZZLE

[4] M. D. DI BENEDETTO, J. W. GRIZZLE, AND C. H. MOO(, Rank invariants of nonlinear
systems, SIAM J. Control Optim., 72 (1989), pp. 658-672.

[5] S. DIOP AND M. FLIESS, Nonlinear observability, identifiablity and persistent trajectories, in
Proc. 30th IEEE Conference on Decision and Control, Brighton, England, December 1991,
pp. 714-718.

[6] S. EL ASMI AND M. FLIESS, Formules d’inversion, in Analysis of Controlled Dynamical Sys-
tems, B. Bonnard, B. Bride, J.P. Gauthier, and I. Kupka, eds., Conf. Proc., Lyon, France,
July 1990, Birkhaiiser, Boston, MA.

[7] , Inversion ormula for discrete-time systems, IFAC Symposium on Nonlinear Control
Systems Design, NOLCOS-92, Bordeaux, France, June 1992.

[8] M. FLIESS, A new approach to the noninteracting control problem in nonlinear systems theory,
in Proc. 23rd Allerton Conference, University of Illinois, Monticello, IL, 1985, pp. 123-129.

[9] , Generalized controller canonical forms for linear and nonlinear dynamics, IEEE Trans.
Automat. Control, AC-35, 9 (1990), pp. 994-1001.

[10] , Automatique en temps discret et algbre aux differences, Forum Mathematicum, 2
(990), pp. 23-232.

[11] , Reversible linear and nonlinear discrete time dynamics IEEE Trans. Automat. Control,
AC-37, (1992), pp. 1144-1153.

[12] M. FLIESS AND D. NORMAND-CYROT, A group theoretic approach to discrete-time nonlinear
controllability, Proc. 20th IEEE Conf. Decision and Control, San Diego, 1981, pp. 551-557.

[13] A. GLUMINEAU AND C. H. MOOG, Essential orders and the nonlinear decoupling problem,
Internat. J. Control, 50 (1989), pp. 1825-1834.

[14] J. W. GRIZZLE AND U. NIJMEIJER, Zeros at infinity for nonlinear discrete-time systems,
Math. Syst. Theory, 19 (1986), pp. 79-93.

[15] R. HERMAN AND H. K. KRENER, Nonlinear controllability and observability, IEEE Trans.
Automat. Control, 22 (1977), pp. 728-740.

[16] A. J. C. HUIJBERTS, H. NIJMEIJER, AND L. L. M. VAN DER WEGEN, Dynamic disturbance
decoupling for nonlinear systems, SIAM J. Control Optim., 30 (1992), pp. 336-349.

[17] B. JAKUBCZYK AND E. D. SONTAG, Controllability of nonlinear discrete-time system: a Lie
algebraic approach, SIAM J. Control Optim., 28 (1990), pp. 1-33.

[18] . KOTTA, Right-inverse of a discrete-time non-linear system, Internat. J. Control, 51 (1990),
pp. 1-9.

[19] , Local (finite-time) model matching of nonlinear discrete-time systems, preprint, 1990.
[20] D. LUENBERGER, Optimization by Vector Space Methods, John Wiley, New York, 1969.
[21] J. L. MASSEY AND M. K. SHIN, Invertibility of linear time-invariant dynamic systems, IEEE

Trans. Automat. Control, AC-14 (1969), pp. 141-149.
[22] C. H. MOOG, Nonlinear decoupling and structure at infinity, Math. Control Signals Systems,

1 (1988), pp. 257-268.
[23] H. NIJMEIJER, Right-invertibility for a class of nonlinear control systems: a geometric ap-

proach, Systems Control Lett., 7 (1986), pp. 125-132.
[24] , On dynamic decoupling and dynamic path controllability in economic systems,

J. Econom. Dynamics Control, 13 (1989), pp. 21-39.
[25] D. NORMAND-CYROT, Thdorie and practique des systmes non lindaires en temps discret,

Thse d’Etat, Universit Paris-Sud, Orsay, 1983.
[26] L. M. SILVERMAN, Inversion of multivariable linear systems, IEEE Trans. Automat. Control,

AC-14 (1969), pp. 270-276.
[27] S. N. SINe:H, A modified algorithm for invertibility in nonlinear systems, IEEE Trans. Au-

tomat. Control, AC-26 (1981), pp. 595-598.
[28] E. D. SONTAG, Polynomial Response Maps, Lecture Notes in Control and Inform. Sci., 13,

Springer, Berlin, 1979.
[29] E. D. SONTAG AND Y. ROCtALEAU, On discrete-time polynomial systems, Nonlinear Anal.:

Theory Meth. and Appl., 1 (1976), pp. 55-64.
[30] n. L. VAN DER WAERDEN, Modern Algebra, Frederick Ungar Pub., New York, Vols. and II,

1953.
[31] Y. WANG AND E. D. SONTAG, Realizations and I/0 relations: The analytic case, Proc. IEEE

Conference on Decision and Control, Tampa, December 1989, pp. 1275-1980.
[32] X.-H. XIh, The essential structure of nonlinear systems, preprint, 1989.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 31, No. 4, pp. 1045-1062, July 1993

1993 Society for Industrial and Applied Mathematics
000
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ITERATES: OPTIMAL ASYMPTOTIC RATE OF CONVERGENCE
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Abstract. Consider the stochastic approximation algorithm

x,+l x, + a,(x,, ,).
In an important paper, Polyak and Juditsky [SIAM J. Control Optim., 30 (1992), pp. 838-855]
showed that loosely speaking) if the coefficients an go to zero slower than O(1/n), then the averaged
sequence -=1 Xi/n converged to its limit, at an optimum rate, for any coefficient sequence. The
conditions were rather special, and direct constructions were used. Here a rather simple proof is
given that results of this type are generic to stochastic approximation, and essentially hold any time
that the classical asymptotic normality of the normalized and centered iterates holds. Considerable
intuitive insight is provided into the procedure. Simulations have well borne out the importance of
the method.

Key words, stochastic approximation, stochastic approximation with averaged iterates, rate of
convergence for stochastic algorithms
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(1.1)

1. Introduction. Consider the stochastic approximation (SA)

Xn+l Xn + ang(Xn,{n),

where 0 < an - 0, an x and {{n} is some "noise" sequence. Suppose that
n

for some 0, Xn -’ either with probability one or weakly. Then, under appropriate
conditions (Xn-)/ converges in distribution to a normal random variable with
mean zero and some covariance matrix V0. The matrix V0 is often considered to be a
measure of the "rate of convergence," taken together with the scale factors or gains

Suppose that an -- 0 "slower" than 1/n. In particular, suppose that

(1.2)

Define

an/an+l 1 + o(an).

(1.3)

Then, in a sequence of fundamental papers, Polyak [1] and Polyak and Juditsky [2]
showed that x/(n- O) converged in distribution to a normal random variable with
mean zero and covariance V, where V was the smallest possible in an appropriate
sense. V did not depend on {an}, provided that (1.2) held. This relaxation of condi-
tions on {an } allows it to be "relatively large" and is quite important in applications.
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Simulations have supported the theoretical conclusions and have shown the clear su-
periority of the use of averages of the type (1.3) over Xn directly. This superiority
would not be true if an decreased as O(1/n), and in this latter case, it was known
for a long time that the asymptotic rates are the same for (X} and (Xn}. In the
past, a great deal of attention was given to the problem of choosing optimal sequences
(an via "adaptive" and generally unreliable means. The importance of this problem
is now much reduced. The results in [1], [2] are similar in spirit to the approach of
Ruppert [3] for a one-dimensional case.

The proofs in [1], [2] were by direct construction. They involved detailed expan-
sions and estimates and made no use of prior results in SA. The function g(.) needed
to be "smooth" and the conditions on the noise were restrictive, being essentially
that (n} were either i.i.d, or martingale differences, depending on the case. The
conditions on the noise were weakened by Yin [4], [5] who allowed certain "mixing
sequences," but the proofs were still complicated and made no use of prior results in
SA.

In this paper, it will be seen that a very simple use of prior results in SA allows us
to get results of the above type under condition of considerable generality. In addition,
the approach sheds more light on the reasons why averaged estimators such as (1.3)
work well. In general, we use sums of the type (1.3), but where the lower index of
summation goes to infinity as n - c. We will work with several such averages.

In 2, we show that a very useful averaging result can be readily obtained via a
weak convergence method under quite broad conditions. This result uses a "minimal
window" of iterates, fewer than in (1.3), yet is quite useful in practice. Insight into
the reasons why the averaging method works is obtained via an examination of a
"two time scale SA" representation of (1.1), (1.3) in a simple case. The "window of
averaging" is extended in 3.

2. The basic convergence theorem for the averaged iterates. Define the
"interpolated time" tn -iai, with to 0, and its "inverse" re(t) max{n
tn

_
t}. For notational simplicity and without loss of generality, set 0. For each

n >_ 0, define the interpolated processes xn(’) and Us(’) by

xn(t)

IU"(t) X.+/ga.+i
forte [tn+i tn, t+i+ tn), i >_ O.

Let => denote weak convergence in the Skorohod topology on Dr[0, oc) [61, [r]. In
Theorem 2.1, we will use the following assumption.

Assumption A2.1. There is a matrix G whose eigenvalues lie in the open left half
plane and a positive definite symmetric matrix R0 such that xn(.) zero process
and U (-) = U(.), where U(.) is the stationary solution to

(2.1) dU GUdt + Ro/2dw.
Comment on (A2.1). We prefer to state the condition in the form of (A2.1) since

so many different sets of conditions imply (A2.1). Also, the main aim here is to
show that a standard weak convergence result can be used to get an optimal rate
of convergeflce under any of the sets of conditions which guarantee the usual limit
result (A2.1). The references [8], [9], [11]-[13] contain various sets of conditions which
guarantee (A2.1).
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For t > O, define Z(.) by

1 E X{.(2.2) zn(t)-
x/t/ n"’a’ i----n

In sums of type - for real a,/3, we always use the integer parts of a, ft.
A basic convergence theorem.

THEOREM 2.1. Assume (1.2) and (A2.1) and define V G-1Ro(G’) -1. For each
t, Z"(t) converges in distribution to a random variable with mean zero and covariance
v, y +

Proof. Define the processes

1/0 2n(t) - U"(s)ds, z(,)

By the weak convergence in (A2.1), 2" (.) = 2(.). Define the covariance matrix
R(s) EU(t)U’ (t + s), where U(.) is the stationary solution to (2.1). Since R(s) --. 0
exponentially as s

cov Z(t)= - R(s- T)dsdT

R(s)ds + O(1/t),

but f-o R(s)ds G-1Ro(G-1)’.
The basic result on the character of the averaged iterates is obtained by relating

zn(t) to zn(t).
Write

(2.3) an 1 + 6n,i.
an+i

Then (1.2) implies that for any t

(2.4) max{/- n" 0 ti tn

_
t} an/t - 1.

Equation (2.4) will be heavily used. Note that (2.4) would not hold if an O(1/n).
Equation (2.4) follows from (1.2) as follows: Let > n. Then ai/a,- l-[in(1 + o(aj)).
If --naj <_ t, then the ratio goes to unity, uniformly in such i, as n

Using the "piecewise constant" definition of U"(.), we have (modulo "end terms")
for >n

i:t--tn _t

1/2 _1/2 _1/2E Xi(ai --an )Zt-an E Xi.
i:ti--tn _t i:t--tn _t

(AlternativelY, the sums can be written as Zm(tn) .) By the weak convergence of

un(’) in (A2.1) and (2.4), the first sum on the right goes to zero in probability as
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n -- oc. By the same weak convergence and (2.4), the second sum on the right is
asymptotically equivalent (in distribution) to

n+t/an

(2.5) _I/2an Xi.
i--n

This and the weak convergence 2"(t) 2(t) yield the theorem. 0

Discussion of the theorem.
(a) On the optimality of the "rate of convergence." Suppose that Un

Xn/V’n converged in distribution to a normally distributed random variable with

mean zero. It is common to consider the covariance of vfnO as a "measure of the
rate of convergence" or "asymptotic errors." Then the best value of an is O(1/n).
Suppose that an A/n, for A a positive definite matrix. Then, under appropriate
conditions (see, e.g., [8], [9]), Un(.) :: (.), where (.) is the stationary solution to

(2.6) dU - + AG Jdt + AR/2dw,

where G and R0 are as in (A2.1), and it is supposed that (1/2 + AG) is a stable
matrix. If we optimize the trace of the covariance matrix of (2.6) over A, we get the
best value of A as

With this value of A, the covariance of (0) is just the V used in Theorem 2.1. In
this sense, the result in [1], [2] and of Theorem 2.1 is optimal. Let us note that the
fact that Vn(.) =V V(’) satisfying (2.1), rather than (2.6), is of crucial importance.
The integral of the correlation function of (2.6) depends on A. Again we emphasize
that Theorem 2.1 requires that an 0 slower than O(1/n). The result of Theorem
2.1 holds for some very complicated SAs, e.g., ones which arise due to distributed and
asynchronous processing [13].

(b) The "window" of averaging. The value of t can be made as large as
desired in (2.2), and can go to infinity slowly with n. More will be said about this in
the next section. A two-sided average

n-bt2/an

t + t -t/,

can be used in lieu of (2.2) with the same results. For this case, the proof is nearly
identical to the one given.

In (2.2), the "window" of the averaging is O(1/an) as opposed to O(n) in (1.3).
Theorem 2.1 implies that the order O(1/an) is the smallest which can be used. Sup-
pose that a, 1In, -y E (0, 1). Then as -y --. 0, the minimal window of averaging
decreases. Loosely speaking, for smaller rates of decrease of {an}, there is more "os-
cillation" of the iterates {Xn} about the limit point, and less averaging is needed.
This point will be supported by the following discussion of the singularly perturbed
SA.
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The theorem shows that the improvement, due to averaging, is a natural property
of SA and is essentially a consequence of weak convergence of the normalized process

(c) Relationships between the use of (2.2) and a two time scale SA. For
additional motivation and insight concerning the averaging method, let us rewrite the
iteration for (Xn, U,) as a two time scale or "singularly perturbed" SA. The following
discussion is purely heuristic. Hence, for simplicity of presentation, we use a linear
and one-dimensional model. For A > 0 and 7 (0, 1), define {Xn} by

Xn+I_(I_AG)n X n

Define n Xi/. Then, putting the iterations for n and Xn on the same
time scale, we can write

1 AGXn An
n1-’ n n

(2.7b) U+I Un Un2n 1+0 + v/n + l

Y, is just v/ times the averaged value Xi/n, and a quantity whose asymptotic
variance is of interest. Equation (2.7) can be viewed as a two time scale SA.

We can make a similar heuristic argument ifn is replaced by v/Zn(t). Define a
nnew interpolation time =1/i. Define the new continuous time interpolation

’(.) by )(t) X+i on [n+i- n,n+i+- ),i >_ O. In this new time scale,
(X} is "squeezed" or compressed more than it was in the (t} scale and X(.) has a
smaller correlation than X(.). This "smaller correlation" suggests that an averaging
method will yield an improved result. Note that this two time scale effect doesn’t
hold if an O(1/n).

A two time scale continuous parameter system that is loosely analogous to (2.7)
is

edz A11zedt + dWl

dxe eA22x dt + A2zedt + dw2,

where e is small. Under suitable stability conditions, [10, Chap. 10l, f ze(s)ds con-
verges weakly to a Wiener process. Hence, we might expect that, with (2.7), the
function of t defined by

nt
1 ..oX/r-

might also converge weakly to a Wiener process with covariance matrix V. Indeed, a
similar result is proved in the next section.

Constant gain coefficients. Replace (1.1) by

(2.9) e + > 0.
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Define Xe(.) and Ue(.) by Xe(t) X, Ue(t) X/v/ on [n,n + ). Suppose that
there are te --. such that Ue(te + .) U(.), a stationary process which satisfies
(2.1). Such results are proved in [11]. Fix t > 0 and let t _> 0 such that t tl / t2.
Define

(t+tl)/

(t-,.)/

Then, following the argument of Theorem 2.1 yields that for each t, Ze (t) converges in
distribution to a normally distributed random variable with mean zero and covariance
Y + O(/t).

A note on computation. In applications, averages of the type

m2(n)--I
1

m2(n)-ml(n) X

are usually preferred to (1.3), where mi --. o and m2(n)- ??’tl(?’t) --- (X) as ?’t -o

c. Such averages cannot, in general, be computed recursively. However, memory
requirements can be reduced by appropriate grouping of the iterates and selection of
the times of updating.

3. Increasing the window of averaging in (2.2). In this section, we will see
how fast we can let t -- cx and prove the above assertion concerning convergence to
Wiener process.

For a sequence n >_ qn --. cx, define M’ (t) by

1
nWqnt

(3.1) Mn(t)-- n Xi.
i--n

x-n+qnWe could use _,. in (3 1) where q + qn qn and q > en for some e > O, with
=n_qn

the same end results. This is, in fact, a practical case since we would often wish to
delete some initial fraction of the iterates from the averaging. To relate this last form
to (1.3), let t 1, qn n, an (1 o/)n, o < 1. Then we get

(l+a)n
1

i--an

Theorem 2.1 dealt with the case qn O(1/an). In this section we need to assume
that

(A3.1) qna3n/2 --* O, qna -- 0, qn <_ kon for some k0

Thus if an n and an 1In, then 9’ e (2/3, 1) is needed. The result in [2],
[3] required only 7 e (1/2, 1), but our conditions on the noise and dynamics are
more general. Under stronger conditions, the method of the following theorem can
be carried through with - E (1/2,1). In the next section, it will be shown that
M’(.) = w(-), a Wiener process with covariance matrix Vt,.thus supporting the
assertion at the end of the last section. In order to extend the "window of averaging"
beyond t/an, we need qnan --
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Discussion of the noise processes. Two types of noise processes are consid-
ered. For the first, the sequence {n} is "exogenous." Loosely speaking, the evolution
of {Xn} does not affect {n}. For the second, or "state dependent" noise, (Xn,) is
jointly Markov. There is a transition function p(, "Ix) such that P{n+l e AI, Xn x} p(, AIx). For each n and x, define the Markov process {j(x),j > n}
with initial condition n(x) , and transition function p(, .Ix). Such models were
introduced in [11], [14], and also used in [9], [12].

The following additional conditions will be used. Let E, denote the expectation
conditioned on {Xi, < n, i, < n}.

Condition A3.2. There is a continuously differentiable "centering" function (.)
such that with the definition Cj(x) g(x, )--(x) (for the exogenous noise) and
Cj(x) g(x,(x))--(x),j > n (for the state dependent noise) we have for each n
and x,

(3.2) y] ajEn(x) O(an)
j=n

where O(a,) is uniform in n, w, x (where w is the canonical point of the sample space),
and Cj (x) is bounded. In (3.2), for the state dependent noise case, the initial condition
of {y(x), j > n} is ,(x) n, following the usage in [12], [14].

Condition A3.3. (x) Gx + 5g(x), where G has its eigenvalues in the open left
half plane and

Condition A3.4. -j=najEn[j(x)-j(y)] O(an)]y-x[, Ig(x,)l < O(1)[Ixl+l].
Comments on the conditions (A3.2), (A3.4). Such conditions were initially

introduced in [11], [15] and have been used in many of the other references; e.g.,
[4], [5], [9], [11], [12], [13]. They are essentially conditions on the "mixing rate" of
the processes. A simple example of (3.2) is where the noise is "exogenous," (x)
Eg(x, ) is smooth, {(x)} is bounded and {} satisfies a mixing condition with a
sufficiently fast mixing rate. Many specific examples are shown in [9], [12]. In [9], the
sum in (A3.2) is the solution to the Poisson equation, and then (A3.4) is a condition
on the smoothness of that solution. For the state dependent noise case, the transition
kernel p(, .Ix) often assures that f g(x, ’)p(, d’ Ix) is smooth enough so that (A3.4)
holds [11].

We could replace O(an) in (A3.2) by O(a,)[1(x) where (x) has an appropriate
growth rate, but we prefer to keep the development simple.

Stability of (1.1). A main problem in extending the window of averaging in
Theorem 2.1 concerns the tightness of {X/v/h-,}. Such results are basic to the proofs
of (A2.1). In fact, given such tightness, straightforward averaging methods can often
be used to get (A2.1). Theorem 3.1 requires the following bounds in Lemma 3.1,
and to get that the following stability condition will be used. Recall that we use the
assumption that the limit point is 0 0 for notational convenience and without loss
of generality.

Condition A3.5. There is a nonnegative continuous function V(.) whose first and
second mixed partial derivatives exist and are continuous. For some positive definite
symmetric matrix A and some 7 > 0, K < oo,

V(x) x’Ax +

IVz(x)l 2 <_ KV(x),
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Ig(x, )l2 _< K(V(x) + 1).

and V(x) is uniformly bounded.
Let m denote the minimal a-algebra which measures {Xi, i < m; i, i < m}.
LEMMA 3.1. Assume (A3.2)-(A3.5). Then {EIXnla/a2,} is bounded. Let k <

For any m-stopping time q with values in [n, n + kn], we have E[Xql2/an O(1),
uniformly in n and in q in the given class. The bounds also hold for the Yin defined
by (3.7).

Proof. The proof can be seen in the Appendix.
The following theorem gives us the largest window of averaging. It is largest in

the sense that if qn O(n), then the window is O(n). The mutual independence
of the increments of the Wiener process, which is the limit in the theorem, sheds
additional light on the time scales which are used.

THEOREM 3.1. Under (1.2), (A2.1) and (A3.1)-(A3.5), Mn(.) = W(.), a Wiener
process with covariance Vt.

The proof will be divided into several parts. First we will show that it is sufficient
to replace (1.1) by a simpler iteration. Then tightness of (Mn(.)} in the Skorohod
topology is shown, and finally we prove that the limit of any weakly convergent
subsequence is the asserted Wiener process.

Proof. It is notationally easier to do the proof if the rate at which an -- 0 is very
slow. We will work with the additional assumption (see (1.2), (2.4))

(,) sup 15,il _E 0
O<i<kn

for each k < oc. This will allow us to replace ai by an when 0 < i- n < kn. The
modifications needed for the general case will be stated in Part 7.

Part 1. (In this part, (A3.1) can be replaced by qna2 --* 0.) Define the quantity

H(n, j) H(I + aiG), j >_ n,
i--n

Write (1.1) in the form

(3.3)

Then

(3.4)

+ +

ll(n, n- 1)= I.

Xn + anGXn + anSg(Xn) + anbn(Xn).

n+m
Xn+m+ n(n, n + m)X, + E H(j + 1, n + m)ajhg(Xj)

j--n
nWm

+ E H(j + 1, n + m)aj!k (X)
j=n

2 n= Qln,n+m -}-Qn,n+m -t- Ym+l

n+qnt

(3.5) in 1 EIQ,I-5 0, i= 1 2.

where the Q,y and Y, are defined in the obvious way.
It will be shown first that
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This will allow us to drop the Q1 and Q2 terms in (3.4). The stability of G implies
that there are , > 0 and c < oc such that

Thus

1/2Using this bound and the estimate EIX, t)(an from Lemma 3.1 yields

nWqnt
--1
O, _< O(1) e-X<’-’-)O(vfa-)/x/.

j--n

By (A3.1), 1/v/anq, O. Using this and (2.3), (2.4) yields that

Qn O(1) e-ds/x/’qnan -, O.

Next we evaluate 2Qn,n+m. For m e In, kn], by Lemma 3.1 we have Elhg(Xm)l
O(an). This and (3.6) yield

n/m

EIQ.,.+.I <_ O(1) e-<t"+m-t+l)ajEIhg(Xj)[
j-n

/oO(1)a e-:Sds,

m2
which yields E[Qn,n+,I O(an), m <_ kn. This implies that Q, <_ V/-tO(an),
which goes to zero as n --, oc by (A3.1).

Thus, to prove the theorem we can replace {Xm, m >_ n} by the {yn, m _> n}
process, which can be defined by

Y,+I (I + amG)Y + amOm(Xm), m >_ n,

where we define Y 0. Note that the stability of G in (A3.3) and the boundedness
of {m(X,)} imply that (Y,,m >_ n) is bounded uniformly in n.

Part 2. Let k > 0 and let q be an ’m-stopping time with values in In, n + kn].
We next prove that

EIY$(EqYj)’I O(a3n/2) + O(an)Ee-x<t-tq),

for kn >_ j >_ q, where j and q are integers. A perturbed test function method will be
used. For n + kn >_ j >_ n, define the perturbations

(3.9) bY? ZaiEji(X) O(aj)
i--j

Y? Y? +ey?
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where the O(aj) value is due to (3.2). Note that the argument of the i(’) in (3.9) is
Xj, the state at the lower index of summation.

Note the following:

(3.10a) Y? a aY? +

Ej6yjn+ 5yjn --hi EjCj (Xj)

(3.lOb) + E a,Ej[i(xj+) i(X)]
i=j+l

---aEyj(Xi) + S,
where S is defined in the obvious way. By (A3.4),

(3.1) ISl O(a)[IXl + 1].

Combining (3.103), (3.10b) yields

(3.12) EY+ (I + ajG)Yn + S:i ajG6Yjn.
Solving (3.12) yields

j--1

Eq" n(q, j 1): + n(i, j 1)[EqSi aiEqGhY?].
i=q

Hence, with the estimate 5n O(aj) and (3.11), we can write

(3.13)
j-1

+ O(1)H(i,j 1)a(Eq[X + 1) + O(an)
i--q

O(1)e-X(t-t,)IYl -+- O(an).
By Lemma 3.1,

(3.14) E[YI2 O(a,).

Now, combining (3.13) and (3.14) yields (3.8). Equation (3.13) will be used frequently
in the sequel.

Part 3. Define
n+qnt

Fn(t)--
.:

By the results in Part 1, it is sufficient to prove the theorem for Fn (.) replacing M (.).
Tightness of {F’(.)}. Let k < oc. Let r(n) be a ’m-stopping time, with values

in In, n + kqn]. To prove tightness, it is sufficient ([7, Whm. 8.6] or, equivalently, [12,
Whm. 3.3]) if supEIFn(t)[ < oc for each t > 0 and

n

(3.15) lim lim sup EIFn(t(n) + tn) Fn(tr(n) tn)l 9 O.
6--0 n r(n)
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For notational simplicity, let the Xn and Yjn be real valued henceforth in the proof.
The proof for the general case is the same. We can write

r()+q

(3.16) E]F"(tr(n) + t,) Fn(tr(n) tn)] 2 1E E yyjn.qn
i,j--r(n)

By (3.8) and the fact that jO__me-(t-t’)aj O(1) uniformly in m, the above
expression equals

1152q2nO(a3n/2) + 5qnO(1)]
qn

which goes to zero as needed due to (A3.1).
Part 4. We next show that the limit of any weakly convergent subsequence of

(Fn(.)} is a martingale. Let f(.) be any bounded and continuous function of its
arguments. For any integer p, fix s > 0, T > 0, and let si < s, 1,..., p. Then

Ef(Fn(si), i < p)[Fn(s + T) Fn(s)]
Ef(Fn(si), <_ p)En+qs[Fn(s + T) Fn(s)],

where En+q8 is the expectation given all data up to iterate n + qnS or, equivalently,
given all data which is used to calculate F(u), u <_ s.

We have

EIEn+q=sFn(s + 7") F=(s)l
nA-qnsA-qn T"

En+qns E Yin
i=n-q-qn S

By (3.13) and Lemma 3.1, this expression equals

(3.17) qnO(an)T + O(an/) E
i--nWqns

.<_ nO(an)T + O(1)
i=nA-qn s

e-(t’-t=)ai/v/anqn,

which goes to zero as n cx uniformly in any bounded T-interval. Let F(.) denote
the limit of a weakly convergent subsequence of {Fn(.)}. By the fact that the right
side of (3.16) is 0(5), {Fn(t)} is uniformly integrable, for each t < cx. This and the
fact that expression (3.17) goes to zero as n cx) yields

Ef(F(si), <_ p)[F(s + T) F(s)] 0

for all s, T, Si, p and f(.) in the chosen classes. This implies that F(.) is a martingale.
Since the discontinuities in Fn(.) are O(q1/2) and tend to zero as n -- oc, F(.) is
continuous. To prove that it is the asserted Wiener process, we need only identify its
quadratic variation. This will be done in Part 6. In preparation for that, we need the
following uniform integrability result.
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Part 5. A uniform integrability result. For s > 0, T > 0, and given T < oc define
the sets

I In + qns + vT/an, n + q.s + ( + 1)T/a,),

u 0, 1,..., TKn 1, (assuming TK, is an integer without loss of generality) where
Kn is defined by

(3.18) K,(T/a,) q,.

Then, starting at time s to "cover" [s, s / T), we need K,T groups of (T/a,) iterates
each. Define

We will show that, for each T,

(3.19) sup
n

u_Knr

For simplicity of notation, we work only with the real valued Y" case. For
there is a k < x), such that the indices i for which yn is in 5Fn are all in the interval
In, n / kn], so that (2.4) and the ratio an/ai 1 can be used. We have

EIhF21a 0(1)

where the indices vary over the set Iu, subject to the indicated inequalities. By (3.13),
this expression can be written as

O(1) EyinyjnyEkYn
i<_j<k<

ij<k<

e-(J-n)aj O(1) uniformly in nNow, using Lemma 3.1 and the fact that j>,
yields that the sum is O(1), uniformly in n and in the range of in question, which
proves the assertion (3.19).

Part 6. The quadratic variation of the limit process. For notational simplicity,
we continue to work with the case of real valued X,, Y". We first present some
consequences of the weak convergence in Theorem 2.1. Recall that

xi N(O, VT),
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where the symbol (-- N(0, VT)) means convergence in distribution to a normally
distributed random variable with mean zero and variance VT. Recall that VT
V + 0(1It).

Also, by the weak convergence in Theorem 2.1, the set

EXi, j-1,...,q

converges in distribution to a set of normal random variables (Z1,. , Zq}, with mean
zero and covariance

cov Zi Zj

Furthermore, there is e(T) 0 as T oo such that the following holds if
Nn oc slowly enough:

(3.20)
N__1 E(hF)2 _.p V(T)
,=1

where V(T) e IV- e(T), V + e(T)] and --.P denotes convergence in probability. The
result is a consequence of the weak convergence in Theorem 2.1, the equivalences .and
estimates in Part 1 of the proof, the uniform integrability of ((5F)2, v _< kK,,n}
for any k < oc, and a law of large numbers. By the uniform integrability, (3.20) also
holds in the mean.

The bound on v is chosen to assure that the time indices of all the iterates
fall in the range In, n + 2kn], so that (2.4) can be used.

Let n index a weakly convergent subsequence of (F(.)} with limit F(.). Let f(.)
be a bounded continuous function, and let (.) be continuous with compact support
with the first two derivatives being continuous. For any integer p, let si <_ s, i _< p,
and let T > 0. To get the quadratic variation result, we need to show that for all such
f(’),(’),S,T,S,p,

Ef(F’(si), i <_ p)[(F’(s + T)) (Fn(s))]

(3.21) Ef(F(si), i <_ p)[(F(s + T)) (F(s))]

Ef(F(si), <_ p) CFF(F(u))du

Note that

( ) (,T) 1
Fn s + (aq+ 1)T Fn s +

anqn F:/2 5F;.

Now, expanding the left side of (3.21) yields
(a.ee)
Ef(Fn(si), i <_ p)

1 vT 1
X wl/2 (F Fn 8 T 5F -{- (FF Fn s +

.n =1
anqn n --1

1
K,,r

]+ K3n/ E O(l’F13)
-"1

anqn
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By the results in Parts 1, 4, and 5, (3.22) is asymptotically equivalent to

(3.23) Ef(fn(s,), i <_ p) E CFF fn 8 at- ((F)2

v=l
anqn

By the tightness of (Fn(.)} and the uniform integrability of (15FI2} shown by
(3.19), we can "delay" the time argument of the Fn(.) in the eRR in (3.23) by an
amount which goes to zero as n --* oo, without changing the asymptotic value. This
observation allows us to regroup the summands in (3.23) so that (3.20) can be used. In
fact, (3.23) is asymptotically equivalent to (3.24), where we define Vn by TKn Nnvn,
with Nn -- cx) as slowly as we wish but such that Kn --* x) and vn -- oc:

(3.24) Ef(Fn(si), <_ p)

XVn
CFF Fn 8-}-anqn ] n E

u--Yn

Finally, applying (3.20) to (3.24), taking limits as n oc, and using the arbi-
trariness of T and e(T) yields the desired result, namely, the right side of (3.21).

Part 7. Dropping condition (*). When (*) is dropped, we need to regroup cer-
tain terms so that the same asymptotic expansions will hold. Define the increasing
sequence Pv (depending on n) recursively by P0 --0, and for v _> 1

nTqns+pv

n+qns-t-Or
aj --. T

as n -- oc. Redefine the sets of indices I to be I [n+qns+pv-1, n+qns+pv). Thus
the sums of the ai in each set equal T asymptotically. Set m(n, v) n / qs + p-l,

the first index in the set I. In sums of the form (a/T)i/2y In, replace the an by
am(n,). Define J min{a p >_ qnT}. The Jn replace the Kn in the proof. Finally
in the expansions from (3.22) to (3.24), replace the vT/an by p..

With these changes the proof goes through as done above. Cl

Appendix.
Proof of Lemma 3.1. The proof will be given for the {Xn} only. The proof for

the {yn} follows from this, and the details are omitted.
Part 1. Mean square bounds. A perturbed Liapunov function method will be

used. Define the perturbation

(x, n)
j=n

where the right-hand inequality is due to (A3.2). We can write

(1)
EnV(Xn+l)- V(Xn)-anV(Xn)-(Xn)

+ ag(x,),(x) + a2O(1)lg(X,)l2

EnV(Xn+,n + l) V(Xn, n)

-anV(Xn)n(Xn)+ E Enaj[(Xn+l))j(Xn+l)- Y;(Xn)j(Xn)].
j=n+l
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The fact that the second term on the right side of (1) is the negative of the first
term on the right side of (2) is the essential motivation behind the construction of
VI(.). Rewriting the last term on the right side of (2) as the sum of the left-hand
sides in (3a), (3b) following and bounding them by use of (A3.2)-(A3.5) yields:

(3a) n+l

Enaj V: (Xn (j(Xn+_
IVx(Xn)lO(a2n)[Vl/2(Xn)+ 1] _< O(a2)[V(X,)+ 1],

(3b) n+l

ajEn[V (Xn+l Y: (Xn)l)j(Xn+l

<_ O(a)lg(Xn,6)l <_ O(a2n)[V(Xn) + 1].

Define the perturbed Liapunov function Vn V(X,) + Yl(Xn, n). Putting the
estimates (2) and (3) together yields

EnC’rn+l (n -anV(Xn) + O(a2n)

+O(a2n)[1 + V(Xn)]

and

(4)

Equation (4) implies that {EV,/a,n < oc} is bounded from above. Then, us-
ing this and the estimate Vl(x,n) O(a,)[Y(x)+ 1] yields the boundedness of
{EY(Xn)/an, n < oc}. This latter bound and the first equation of (A3.5) yield
the boundedness of

Equation (4) implies that there are n such that Elan < oc, En3n -0, and

-an(dn + O(a2n) + n,?n+-- f/ <_ ---from which we get

Enq O(an)

for any ’m-stopping time q with values in In, n + kn]. This, together with the above
given bound on V1 (x, n), yields the second assertion of the lemma.

Part 2. Fourth moments. We now prove EIX,I4 O(a2). The procedure will be
similar to that used in Part 1. Define the perturbation

(6) V2(x, n) 2E ajEnV(x)V (x)j(x)
j=n

and the perturbed Liapunov function

(7) n) V (x) +
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We use n and n to denote vectors in the interval [Xn, Xn+I], and their val-
ues might change from case to case. Proceeding as for the second-order case, by a
truncated Taylor series expansion we can write

(8) EnV2(X,+I) V2(Xn) B / B2 / B3 + B4,

where

B 2a,V(X,)V (X,)-9(X,),

B2 2a.EnV(Xn)V:(X,.)n(X.),
2B3 aE,g (X,,)Vx(fg,)vx(fg,)g(X,,,),

B4 a2nEV(f(n)g (X,,,)Vxx(f(n)g(Xn,,).

Furthermore,

(9) EnV2(X+, n + 1) V2(Xn, n) B5 + B6,

where

B5 -2anE,V(X,)V(Xn)(X,),

[ ]B6 2 Z ajEn V(Xn+l)Y;(Xn+l))j(Xn+l)- V(Xn)Y;(Xn))j(Xn)
j=n+l

The terms Bi, 1,..., 6, will now be bounded. Heavy use will be made of the
inequalities in (A3.5) and the fact that EV(Xn) O(an) by Part 1 of the proof. We
have

B1 <_-2an’TV2(Xn).

B2 is cancelled by Bh. For appropriate 2 and

2B3 a,E,g (X,, ,)[V,(X) + V=(f(n)(f(n Xn)]
x [y.(x.) + y..(.)(2. x.)]’(x., .)
C +C +C,

where

EC1 2a2nEg (Xn, rn)Vx(Xn)V (Xn)9(Xn, cn)

EC2 O(a)Elg(X,, )llV(X)llr Xrl

ECa O(a)Elg(X,, :,)112, X,l :.
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We have the following bounds:

EC1 <_ O(a2n)EV(Xn)(V(Xn) + 1)

< O(a2)EV2(Xn) + O(a3n)

EC2 <_ O(a2n)E(V(Xn) + 1)lv(x.)ll2.

<_ O(a2n)E(V(Xn) + 1)lVa:(Xn)lIXn+l Xnl

<_ O(a3)E(V(Xn) + 1)2 _< O(a3n)EV2(Xn) + O(a3n),

EC3 <_ O(a2n)E(V(Xn) / 1)a2n(V(Xn) + 1)

<_ O(a4)EV2(Xn) / O(a4).

By a similar method, the other terms can be shown to satisfy

EB O(a2n)EV2(X) + O(a3n), i 4, 5, 6.

(10)

Finally, putting these estimates together yields

Eg(Xn+l, n + 1) Eg(Xn) <_-aEV2(Xn)
+ O(a2n)EV2(Xn) + O(a3n).

Note that

(11) IVe(X, n)l O(a)V(X)(V(X) + 1)
<_ O(an)EV2(Xn) + O(a2n).

Using (10) and (11) yields, for large n,

"Ya,E(X,, n) -+- O(a3n)(12) E(Xn+l, n -+- 1) E(Xn, n) <_ --Then, following the procedure of Part 1, we get

sup EV2(X)/a2 < cx)

n

and

EIX, 14/a2 < o.
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IDENTIFIABLE SURFACES IN CONSTRAINED OPTIMIZATION*

STEPHEN J. WRIGHTt

Abstract. The concept of a "class-Cp identifiable surface" of a convex set in Euclidean space is
introduced. The paper shows how the smoothness of these surfaces is related to the smoothness of the
projection operator and presents finite identification results for certain algorithms for minimization
of a function over this set. The work uses a partially geometric view of constrained optimization to
generalize previous finite identification results.

Key words, constrained optimization, active set identification
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1. Introduction. Here, we investigate the problem

(1) min F(x)

where F is continuously differentiable and c n is closed and convex. In particular,
we are interested in finding subsets of that can be identified by an optimization
algorithm after a finite number of iterations. That is, if the solution x* lies in one such
subset, the iterates generated by the algorithm should eventually enter and remain
within that subset. In the case in which is defined by a set of algebraic inequalities,
this property of the iterates corresponds to identifying the active constraints, and
when is a polyhedron, it means identifying the face, edge, or vertex, upon which
the solution x* lies.

The first-order conditions for x* to be a solution of (1) are

-VF(x*) e i(x*),

where N(x*) is the normal cone to at x*. To prove the finite identification (capture)
results, we assume a nondegeneracy condition due to Dunn [4]. This is stated simply

(2) VF(x*) e ri(N(x*)),

where A c n and ri(A) is the interior of A relative to aft(A), the affine hull of
h. A condition equivalent to (2) was assumed by Gafni and Bertsekas [7] for the
case of polyhedral sets. The condition (2), which is a geometric generalization of
the strict complementarity condition of nonlinear programming, has been used in the
convergence analysis of Dunn [4] and Burke and Mor( [1]. Both these papers specify
similar classes of subsets of fl that are finitely identifiable by gradient projection and
Newton-like algorithms. We define these open facets as in [4].

DEFINITION 1.
(a) For any closed convex cone K c n, we use K to denote the polar of K,

and define the lineality lin(K) to be (g)+/-;
(b) Let T(x) be the tangent cone to fl at x as defined in Clarke [2, Whm. 2.4.5];

the normal cone is N(x) T(x). A nonempty subset S c f is an open facet if the
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1992. This research was supported by the Applied Mathematical Sciences subprogram of the Office
of Energy Research, U. S. Department of Energy, under contract W-31-109-Eng-38.

Mathematics and Computer Science Division, Argonne National Laboratory, Argonne, Illinois
60439.
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set V x + lin(T(x)) is independent of x E S, and S inty(f rq V), where intv(.)
denotes interior with respect to V.

It is easy to show that open facets are convex. When f is polyhedral, it can be
partitioned into open facets, but when f has some curved boundaries, this is not the
case. As an example, consider the set defined in [1, EQ. (2.2)]:

The open facets in this set are its interior, the point (0, 1) and the edges { (0, f2) f2 <
1} and {(1, f2) f2 < 0}. No subset of the curved face {(fl, f2) f2 + f 1, 0 <
@1 _< 1} satisfies Definition 1.

When f is defined by algebraic inequalities, that is,

ft {lgi() -< 0, i= 1,...,m),

it is often assumed that the gi are C2 and that the set

(4) {Vgi(x)[i e ,4(x)}, where A(x)- {ill <_ <_ m, g(x) O)

is linearly independent. In this case, the nondegeneracy condition (2) (which reduces
to the standard strict complementarity condition) ensures that surfaces defined by a
particular active index set jt c {1, 2,..., m} are finitely identifiable by a number of
standard algorithms. Note that fl is not definable in the form (3),(4) for g e C2,
since there is a curvature discontinuity in the boundary at (1, 0). If we allow gi to be
only C1, then f is definable as (3),(4), but then the curved surface is indistinguishable
from the face {(1, 2)[ 2 _< 0}.

The next section defines the concept of a "class-Cp identifiable surface." Loosely
speaking, such a surface S is usually a connected "patch" on 0f, which is locally
parametrizable by a collection of Cp functions, for some integer p >_ 1. (The interior
of f is defined to be a class-C surface.) Moreover, these functions can be defined so
that their gradients can enclose any given ray in the relative interior of N(x), where x
is a given point in S. We prove that open facets and subsets of (3) that are defined by
particular choices of ,4 are identifiable surfaces. (For the set fl, the curved boundary,
with its two endpoints excluded, is also an identifiable surface.) We show that class-
Cp identifiable surfaces generate connected open regions in the exterior of f, within
which the operation of projection onto f is p- 1 times continuously differentiable.
In 3, we prove finite identification results for gradient projection and Newton-like
algorithms.

In the remainder of the paper, I1.[[ denotes the Euclidean norm, B denotes the
open unit ball ( n I111 < 1}, and co(.} denotes the convex hull of a set of
vectors. The projection operator and distance function are defined as follows, with
reference to any closed subset A of F:

PA (Y) min 1/2 I1A
dA(y) arg min yll,

3A

We use P(.) as shorthand for P(.). Given a collection of functions gi" F/n --. ,
i 1,..., r, we frequently use the notation

g(x) [gl(X), g2(x),..., gr(x)]T, Vg(x) [X7g()l..-IVg()].
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2. Identifiable surfaces and smoothness of the projection operator.
Throughout the remainder of this paper, we make this following assumption.

Assumption 1. f is closed and convex and has an interior in
The last part of this assumption is made for convenience. If it does not hold, the
results of this section can be recovered by restricting attention to aft(f/).

DEFINITION 2. A connected set S C f is a class-CP identifiable surface, p
positive integer, if either

(a) S is an open subset of int(f), or
(b) S c 0f, and for any 9 E qn\f such that P(9) E S and 9- ri(N()),

there exist functions gi, i 1,..., r r(y), and a constant e e(y) > 0, such
that

(i) gi e CP(I + eB), i= 1,...,r;

(ii) {Vgi(2), i 1,..., r} is linearly independent for all 2 e S(; e) ( +
B) n S;

(iii) co(Vgi(2), i: 1,..., r} c N(2) for all
(iv) y e ri(co(Vgi(), i 1,..., r}); and
(v) S(;e)- (21112-ll < e, gi(2) o, i- 1,...,r}.

Obviously, if S is a class-Cp identifiable surface, then it is also a class-Cq identi-
fiable surface, for any q with 1 <_ q < p.

There are some significant differences between the functions gi that are used in
Definition 2 and the ones used in the algebraic parametrization (3). First, we are now
only seeking a local parametrization. Second, and more importantly, we are trying
to parametrize the surface S and a piece of the normal cone to at points on S,
rather than the set itself. This latter property allows a wider range of sets to be
decomposed into an intuitively reasonable collection of surfaces than was possible in
the case of open facets or (3).

Before proceeding, to give a sense of how this definition differs from that of open
facets and from (3), we review the example 1 from 1, and give two more examples.
The interior of x, the point (0,1) and the edge ((0,2) 2 < 1} are class-C
identifiable surfaces. The remaining surface defined by

{u V/1 -{, 0 <_ 1 < 1} tO {(1,=) 15= < O} o {(1,0)}

is class-C identifiable. Each of the first two component subsets is class-C identifi-
able.

A second example is an inverted cone in 3, whose apex is at the origin:

+, O_<sCa<l

2 has just three open facets: the point (0, 0, 0), the circular face {(1, 2, 1) I2+22 <
1}, and the interior. A finite algebraic parametrization (3),(4) is apparently not
possible, even if we allow gi C (the difficulty is, of course, at the apex). However,
the whole set can be partitioned into five maximal class-C identifiable surfaces.
They are the three open facets just mentioned, the circle ((1, 2, 1) Ix2 / 22 1),
and the curved face {(1,2,3) 3 V/I2 " 22, 0 < 3 < 1}. To show how the
definition is satisfied in the case of (0,0, 0), take some y e int(N(0,0, 0)). Then
Y (Y,Y2,Y3), with Y3 < -V/y1 + y2. Clearly, we can choose-y > 0 such that
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y-4-B C int(N(0, 0, 0)). Define three vectors as follows:

y(1) (Yl -+- /, Y2, Y3)
+

Elementary manipulation shows that these are linearly independent and that y
(1/3)(y(1) A- y(2) -4- y(3)). If we define gi(z) zTy(), the five conditions in Definition
2 are easily verified.

A third example is the set

This set is representable in the form (3),(4) by splitting the inequality into two (for
the two possibilities 121 +2), but the g are only C1. An algebraic parametrization
that uses Cp functions, p > 2, is not possible. There are no open facets, except the
interior. However, the set can be partitioned into four class-Ca identifiable surfaces.
These are the interior, the face defined by

and its counterpart

and the ridge

0,

The ridge can be made to fit the definition by taking

gl() 12 -" 2 3
g2() 12 2 3,

independently of the choice of y e ri(N()).
The concept of a class-Cp identifiable surface is, in a certain sense, a general-

ization of the concept of a class-Cp,a boundary of a bounded domain c in, as
used extensively in the theory of partial differential equations (see, for example, the
definition on page 94 of Gilbarg and Trudinger [9]). In fact, if is convex, closed,
and bounded, and its boundary 0 is of class-Cp,0 according to the latter definition,
then it can be partitioned into a class-C identifiable surface (int()) and a class-Cp

identifiable surface (0). Such sets have no "edges" or "corners"--the value of r
corresponding to each y E n\ is 1--and hence, they are not very interesting from
the viewpoint of this paper.

We now derive some elementary properties of identifiable surfaces and the func-
tions gi that are used to describe them. We focus on the case S c 0F, since the
corresponding results for S c int() are trivial.

LEMMA 2.1. Let S be a class-Cp identifiable surface with S c O and p > 1, and
let y ’\ be such that 1 P(y) S and y-l ri(N()). Suppose .that r r(y),
e e(y), and gi, i 1,..., r are chosen as in Definition 2. Then, for all 2 S(; e),
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(i) TS(2) C T(2), where Ts(.) is the tangent cone with respect to S, as defined
in Clarke [2, Thin. 2.4.5];

(ii) Ts(2)= {s sTVgi(2)= O, i= 1,..., r};
(iii) lip(T(2)) +/- aft(N(2)) span{Vgi(2), i 1,..., r} T(2)+/-;
(iv) ri(co{Vg(2), i= 1,..., r}) C ri(Y(2)).
(v) if p > 2, the projection of V2g(2), i 1,..., r, onto Ts(2) is positive

semidefinite.
Proof.
(i) If v e Ts(2), it follows from the definition of tangent cone that for any sequence

{tj } with tj $ 0 there is a sequence vj such that 2 + tjv E S and vj --. v. Since S c f
and 2 + tjvj S,

0 < dn(2 + tjv) < d,(2 + tjv) d(2 + tjvj + tj(v vj)) < tllv vyll,

Hence,

0 < lim
d(2 + tjv) df(2) < lim IIv- vj[I O.

Since ty is an arbitrary decreasing sequence,

d(2; v) lim
da(2 + tv) da(2) O,

to t

and so, by a result of Clarke [2, p. 53], v e T(2).
(ii) This is a standard result, which follows from Definition 2(v).
(iii) We prove the second equality. By Definition 2(iii), span{Vgi(2), i 1,..., r}

c aft(N(2)). Since both sets are subspaces, the containment can be strict only if
there is some v e aft(N(2)) with v 0 such that vTVgi(2) O, 1,..., r, that is,
v e Ts(2). Clearly, also, -v e Ts(2). Part (i) of this Lemma implies that v and -v
are in T(2), and hence, v e lip(T(2)) N(2) +/-. Hence, 0 v e aft(N(2))A N(2) +/-,
giving a contradiction. The remaining equalities follow from Part (i) of the Theorem
and

lip(T(2)) N(2) +/- aft(N(2)) +/-

(iv) From (iii), we have that the affine hulls of co{Vgi(2), 1,..., r} and N(2)
are identical. The result follows from the definition of ri(.) and Definition 2(iii).

(v) Let v Ts(2), and suppose for contradiction that vTV2gi(2)v < 0. There are
sequences vj --. v and {tj} with 0 < tj , tj 0 such that 2 + tjvj S c f, so
gi(2 + tjvj) O, i 1,..., r. Since Vgi(2) E N(2), we have Vgi(2)Ttjvj < O, and so

0 gi(2 + tyvi) g(2) + Vgi(2)T(tjvy) + 5tyvyV g

where Oj [2, 2 + tjvj]. Hence,

For j sufficiently large,

0 > v a, _> >_ 0,
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giving a contradiction.
The next result, which will be useful when we come to prove finite identification

properties for constrained optimization algorithms, shows that the direct sum of an
identifiable surface S and the relative interior of the normal cones along S, is a set
that is open in ’. This property is analogous to that described for open facets in
Theorem 2.8 of Burke and Mor [1].

LEMMA 2.2. Suppose that S is as in Lemma 2.1 with p >_ 2. Define the set

K- {x / w Ix e S, w e ri(N(x))}.

For each y E K, there is a 5 (0, e(y)) such that y + 5B c K, that is, K is open in

Proof. We start by finding 5 > 0 such that u y+hB = P(u) S. Let 9 P(Y),
r r(y), e e(y) and gi, 1,..., r be chosen as in Definition 2. Let (1 (0, )
have the property that (y + (1B) N 0. By Definition 2(ii),(iv),(v), we know that
there is A r with A > 0 such that

y Vg()A 0,
=0.

From Definition 2(i) and Lemma 2.1(iii) ,we know that the matrix

[1+ -]ir__1AiV2gi()Vg()T
Vg()]0

is nonsingular and continuous with respect to and A. We can now view and ) as
functions of y in (5), and apply the implicit function theorem to obtain the following
result" There is 5 e (0, 51] such that, if Ilu- Yll -< 5, the solution (fi, A) of the system

u Vg() o,
o

satisfies

(7) > 0, II - <

Now (6) and (7) imply that (fi, A) solves the problem

mjn 1/2 [[u ][2, g() 0, [[ [I < e

and so, by Definition 2(v), fi is the projection of u onto S(; e). From (6), (7), and
Definition 2(iii), we have that

u-fieco{Vg,(fi), i=l,...,r}CN(fi).

Now fi , u N() and uniqueness of the projection onto a convex set imply
that fi P(u).

Finally, since Au > 0, we have

u fie ri(co {Vg(), i 1,..., r}).

Hence, by Lemma 2.1(iv),

u- fie ri(N(fi)),
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and so u E K, as required. 0
In the following two results, we show how open facets and active index sets relate

to identifiable surfaces.
THEOREM 2.3. Let S be an open facet in f. Then S is a class-C identifiable

surface.
Proof. The case S int(t) is trivially true. Consider S c 0f. Burke and Mor6

[1] show that any open facet S is the relative interior of a quasipolyhedral face. Hence,
N() and T() are the same for all e S, and

(8) aft(S) + lin(T())

for all S.
Suppose, as in Definition 2, that we are given some y such that P(y) S and

y- ri(N()). Then there is a constant 7 > 0 such that (y-)+’v ri(N()) for
all v e aff(N(y)) with Ilvl[ 1. Supposing that aff(N()) has dimension r, we can
choose unit vectors vi,..., vr-1, such that {vl,. vr-1, y-} is linearly independent
in aff(N()), and hence a spanning set. Now set

1
r- l(Vl +’.. +

and

bi y- + vi, i-- 1,...,r.

Clearly, 0i e aff(N()) and II0i- (y- ff)ll-< 7llvill-< /, so oi e ri(N()), i= 1,..., r.
Moreover, we can show that {bl,...,G} is linearly independent by the following
argument" Suppose there are real coefficients #l,..., # such that #i)i 0. Then

# (y f]) + " E[#i #/(r 1)]vi.
i=1 i--1

By the original choice of Vl,... Vr_l, we must have

E#i O, #i #/(r 1),
i--1

and it follows that #l # 0, as desired. Now define gi(z) (z ])T)i, i
1,..., r. Conditions (i) and (ii) of Definition 2 are readily verified. Condition (iii)
follows since N(2) is constant for 2 S, and )i ri(N(2)), i 1,... ,r. Condition
(iv) is verified by noting that

r--1

Y--- E 2(r- 1)
i--1

+ - e co{Oi, i 1,...,r}.

To prove condition (v), we first take V aft(S) in Definition 1 and note that, if
S, there is e > 0 such that 2 aft(S)g ( + eB) 2 S. That is,

aft(S) } aft(S) g) + eB).
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However, by (8),

aft(S) + lin(T()) + N() +/-

and so,

e aft(s) (- )r 0, i--1,...,r.

Hence,

S(,e) {2[[[2- [[ _< e, gi(2) O, 1,...,r},

as required. D
THEOREM 2.4. Suppose that f is defined by (3) and (4), where gi, i 1,..., m

are C functions. Suppose that for some set ,4 c (1,..., m}, the surface S defined by

s {z a(z) 0, i e A, (z) > 0, i A}

is a connected subset of f. Then S is a class-C identifiable surface. Moreover, if
gi E Cp for i .4 and p >_ 2, then S is a class-Cp identifiable surface.

Proof. This follows trivially, by identifying gi, ,4 with gi, 1,... ,r, in
Definition 2.

We now consider smoothness of the projection operator P(.). The motivation
for this comes from the work of Holmes [10] and Fitzpatrick and Phelps [6], who
consider closed convex sets with smooth boundaries. In these papers, smoothness of
the boundary is defined in terms of smoothness of the gauge function

p(x) inf{t > O Ix e t(12- x0) + x0}, for some x0 e int(),

and the boundary of f is said to be Cp if p is Cp in some neighborhood of 0ft.
By showing that this definition is equivalent to a local Cp parametrization of the
boundary, Holmes [10] essentially shows that a Cp boundary (by the definition above)
is the same as a class-Cp’ boundary, as defined in [9]. Hence, as discussed earlier,
0 is a class-Cp identifiable surface.

Holmes proves the following result.
THEOREM 2.5 ([10, Thm. 2]). /f f has a Cp boundary, .for p >_ 2, then the

projection operator P(.) is Cp-I in Kn\f, and P’(y) is invertible in lin(T(P(y))).
Fitzpatrick and Phelps [6, Thm. 3.10] prove the converse.

The case of p 2 is the most interesting. It is a classical result [5, p. 216]
that, since P is Lipschitz continuous, it is differentiable almost everywhere. Below,
we extend Theorem 2.5 to sets with piecewise smooth boundaries, by showing that
class-Cp identifiable surfaces generate open regions in n\fl in which P is Cp-1.

THEOREM 2.6. Let S and K be as defined in Lemma 2.2, with p >_ 2. Then P(.)
is Cp-1 on K. Also, P’(y) is invertible in lin(T(P(y))).

Proof. For any y K, we can choose e > 0 and > 0 as in Lemma 2.2 such that,
when u e y + eB, P(u) is also the projection of u onto the set {2 g(2) O,
1,..., r, [12- [[ _< e}. Hence, we can differentiate the system (5) with respect to y to
obtain

() + E-Iv() v()
Tg(l)T 0 0
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where P’(y) -d/dy. The first result follows immediately from (5) and the implicit
function theorem (see, for example, Lang [11, p. 125]) by noting that the coefficient
matrix in (9) is nonsingular.

For the second result, let Z E n(n-,) be a matrix of full rank such that
Tg()Tz 0. By Lemma 2.1(iii), the columns of Z span lin(T(P(y))). The second
equation in (9) implies that

dP’(y) -y ZWT

for some W E ,(n-). Multiplying the first equation in (9) by ZT, we find that

and so

ZWT-- ZT

(10) P’(y) Z ZT I+ AiV2gi(9) Z ZT.
i--1

It follows from (10) and Lemma 2.1(v) that P’(y) has nonsingular projection onto
lin(T(P(y))). D

We conjecture that the converse of this theorem is also true; that is, if there
is an open connected region K c n\ such that P(.) is Cp-1 on K, and P(y) is
invertible in lin(T(P(y))) for each y K, then P(K) is a class-Cp identifiable surface.
The continuity condition alone is not sufficient, as an example from Fitzpatrick and
Phelps [6, p. 496] illustrates. Define

4/3

There is a corner in 4 at (0, 0), and the set has four maximal class-C identifiable
surfaces: the corner, the interior, and the two edges. Tedious calculation shows that P
is C on \, although 0 is obviously not a class-C2 surface. It can be shown that
P’(y) 0 along the lines {(1, 2) 2 -1, 1 > 0} and {(, 2) 2 , < 0},
and so the invertibility condition is not satisfied.

It is clear from (10) that the invertibility condition is related to the boundedness
of the quantities /kiV2g(9) on lin(T(9)). Note that these quantities are invariant
under scaling of the gis, that is, if gi is replaced by agi, then/ki becomes )i/a.

3. Finite identification in constrained optimization algorithms. We turn
now to algorithms for solving the optimization problem (1).

In analyzing the gradient projection algorithm, we use the work of Dunn [4, 2],
who provided a framework for proving capture results. Dunn states this algorithm as
follows: Choosing constants "Yl and "/2 with 0 < ")’1 < ")’2 < 1, and an initial iterate

x0 , set

(11) Xk+ P(xk akVF(xk)),

where ak is chosen to satisfy

(12) F(xk) F(P(xk VF(xk))) >_ ak 1,

(13) F(xk)- F(P(xk- VF(xk))) < ak (0, 1)
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and

F(xk) F(P(xk akVF(xk))) < 3’2.(14) /1 <_
VF(xk)T[xk P(xk akVf(x))]

Gawande and Dunn [8] adapted Dunn’s earlier work to prove capture and convergence
results for scaled gradient projection algorithms and algebraic parametrizations (3) of
the feasible set.

We start with a simple result that exploits openness of the set K of Lemma 2.2:
THEOREM 3.1. Suppose that

(i) Assumption 1 and (2) hold at some point x*;
(ii) VF is continuous at x*;
(iii) x* E S, where S is a class-Cp identifiable surface of with p > 1;
(iv) there is > 0 such that ak E [d, 1] for all k; and
(v) the sequence (x} generated by (11)-(14) converges to x*.

Then x S .for all k suj:ficiently large.
Proof. Define the set K as in Lemma 2.2 Setting y x* VF(x*), we can apply

Definition 2 to find 5 > 0 such that

x* VF(x*) + 5B c K.

By construction of K, this implies that

x* aVF(x*) + aSB c K

Now, choose k such that, for all k >_ k,

for all a [, 1].

I1 *11 + IIVF(x) VF(x*)ll _<

Then

I[[Xk akVF(x)] Ix* akVF(x*)]ll <_

and so

Xk akVF(xk) x* akVF(x*) + 6B c x* akVF(x*) + ak6B C K.

Hence, Xk+l P(K) S, for k _> k.
Before proving the next result, we state second-order conditions and define some

terms:
Assumption 2. Suppose that Ft satisfies Assumption 1 and that there is x* that

satisfies (2), such that x* E S, where S is a class-Cp identifiable surface of gt with
p > 2. Suppose that F is twice continuously differentiable in a neighborhood of x*,
and let gi, 1,... ,r be as defined in Definition 2, for y x* VF(x*). Choose, r such that A* > 0 and

(5) VF(x*) Vg(x*)A*,

and suppose that for all h Ts(x*),

hT [V2F(x*) -f- AV2gi(x*) h > cl[hll 2, for some > 0.
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DEFINITION 3.
(i) x* is a proper local minimizer of F in f if there is Pl > 0 such that

x e f, 0 < IIx- x*ll <_ p = F(x) > F(x*).

(ii) x* is a stable fixed point for (11)-(14) if -VF(x*) e N(x*), and there are
d > 0, d2 > 0 such that

Ilxo- x*ll dl = IIk- x*ll d2 for all k > 0.

(iii) x* is a stable local attractor for (11)-(14) if it is a stable fixed point, and
d > 0 can be chosen so that

[[xo-x*[[<_dl lim xk=x*.

The following theorem contains capture and convergence results like those proved
in Gawande and Dunn [8, 4]. Here, we prove these results for the gradient projection
method on the identifiable surface containing x*; in [8], the focus was on scaled
gradient projection methods and active index sets for f defined by (3).

THEOREM 3.2. Suppose that Assumption 2 holds. Then
(i) there are positive scalars p and such that

x e , IIx x*ll pl = F(x) F(x*) >_ (llx

(ii) there are positive scalars p2 and c2 such that

x e s, IIx x*ll p2 IIx P(x XTF(x))[I _> e[[x- x*ll,

that is, the defect E(x) x- P(x- VF(x)), restricted to S, has an isolated zero at
x*;

(iii) given any > O, there is P3 P3() > 0 such that

I1- * II-< p, e [, 1] = P(x- aVF(x)) e S;

(iv) x* is a stable local attractor for the gradient projection algorithm, and the
sequences {xk } that approach x* eventually enter and remain in S.

Proof Throughout the proof, let e denote e(x* VF(x*)).
(i) We show first that if w Vg(x*)# with Vgi(x*)Tw <_ Cl for Cl >_ 0 and

i 1,..., r, then there is some T1 > 0 such that

(16) VF(*)r > *1111 + O().

Using the definition of A* from Assumption 2, we have

VF(x*)Tw -A*TVg(x )Tvg(x*)
>_ (nnA)[[Vg(x*)TVg(x*)[I + O(c).

Since Vg(x*) has full rank, and IIll Ilwll/llVg(*)ll, there is T2 such that
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By setting

T1 (m.in A}) T2

we obtain (16).
Now, given x in the vicinity of x*, we seek vectors v E ttin and # E ttir such that

v + Vg(x*)t x x*

(17) g(x* + v) O.

We can again apply the implicit function theorem to (17) to find fi > 0 such that a
solution v, exists for [x- x* . Moreover, fi can be chosen small enough that
]v]] e, and hence, x* + v e S c . It follows that, since Vgi(x* + v) e g(x* + v)
for 1,..., r, and since x ,

V(*+v)[-(x*+)]0, i= ,...,.
Writing w Vg(x*) x- (x* + v), we have

v(x*) v(x* +)+ o(iiv]]ii) o(iv]i), i= 1,... ,.
Application of (16) shows that

(18) VF(x*)Tw TlllWll + o(llvllllwll).

Now consider the v component. Since x* + v S, and since (15) holds,

F(x* + v) F(x*) IF(x* + v) + A*Tg(x* + v)]- [F(x*) + A*Tg(x*)]

vT V2F(x + lV) + 9i(X* + lV) V(19)

for some (0, 1). Since g(x*)Tv O(]]v), we cn choose (0,1] such
that when ]Ix x* , v is close enough to T(x*) nd v is small enough that

[V
T 2(X* + lV)+ i g(X* + lV) V llVll 2,

i=1

for gll 1 e [0, 1]. Hence, from (19),

(2o) (x* + v) F(x*) Ivll 2.

By using (18) and (20), we can now write that, for x a (x* + 2B),

(x) (*) F(x* + + ) (* + v) + F(x* + ) (*)
F(x*)Tw + O(llvllllwll + IIw2) + F(x* + v)

TIIIWll + llvll 2 + O(lvllllwll + Ilwll)

(21) nllwll + llvll 2 -c2(llvlIlwll + Ilwl12),

where c2 > 0 is some constant. Now, choose a constant 1 > 0 such that

(22) c2( + 1) <
8’
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and define Pl (0,/52] such that both of the following conditions are satisfied:

T161(23) x e "1 (x* -t- plU) => Ilwll < 2c2(1 -t-

(24) p <

In the case ]]w]] >_ 5]]v]l we have

(25)

Also, from (21),

(26)

(1)IIx- *ll _< I111 / IIll _< 1 -I-- 1 IIll.

(1)F(x)- F(x*) > Tll]II- , 1 / I111

Now, from (23), (25), and (26), we have that

TII X* TII
2(1 2(1 + 51)PlF(x) F(x* > - Ilwll _>

for x e C (x* + plB). Application of (24) yields that

Oz
X* 2(27) F(x) F(x*) >_

8(1 + 1)2 [Ix

In the remaining case I111 < tlllVll, we find from (21) and (22) that

Also,

IIx x* I111 + Ilwll < (1 + 51)1{,11,

and hence, (27) still applies. The result follows by setting

Cl 8(1 +(1)2"

(ii) By setting y x* VF(x*) in Lemma 2.2, we can choose 5 e (0, el such that
P(x* VF(x*) + 5B) c S. Now, there is a 1 E (0, el such that

IIx x*ll < p II[x VF(x)]- [x* VF(x*)]]I < ,
and hence, P(x- VF(x)) e S. By contractivity of P(.), II&- x*ll ]lP(x-
VF(x))- P(x*-VF(x*))]l A ti A e. It therefore follows from Definition 2 (v) that &
solves the projection subproblem

(28) mjn 11: (x VF(x))ll, g(&) 0.

When x x*, then & x*, and (15) holds. By the implicit function theorem,
fi2 (0, fi] can be chosen small enough that there is A such that, in fact,

(29) I1 ** < P= [* VF(x)]- & Vg(&)A,
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with

I1 x*ll O(llx x*ll), I1 *11-- O(llx x*ll), > 0.

Since I1- *11 _< _< , we also have by Definition 2(v) that gi(x) --O, i-- 1,..., r.

Let Z E n(n-r) be an orthonormal matrix whose columns span the subspace
Ts(x*). By using a Taylor series expansion of g about x*, it is easy to show that there
are vectors r/, E in-r and , ir such that

(30)
(31)

x* z + Vg(z*),

z + v(*),

where 1111 o(11 *11) and I111
From the second-order conditions and boundedness of 72gi in a neighborhood of x*
there exists a constant c2 > 0 such that

(32) [ r ]1TZT V2F(x*) + AV2gi(x*) Zr/_> allr/ll 2
i=1

and

(33)

for all / i-. It follows trivially from (32) that

(34) ZT V2F(x*)+ u,(x*) Zll
i=l

Now, from (29),

x & VF(x) + Vg(&),

= x & VF(x) + Vg(x),* + [Vg(&) Vg(x)]A + Vg(x)[A- A*]

e ((1/+ arv((l/ ( ’/+
i=1

i=1

for a() e Ix, x*] and x() (E [&,x]. Premultiplying this equation by ZT, and using
(30) and (31), we obtain

z* [ + ,v,(())]=
[z + v(*)]

zT V2F(x(1)) + Z zV2gi(x(l)) [Z7 + Vg(x*)] + O(llx x*ll).
i=1



IDENTIFIABLE SURFACES IN CONSTRAINED OPTIMIZATION 1077

Now, from (33) and (34), we can choose fi3 E (0, fi2] small enough that, for IIx- x* II <
P3,

Since

I1,911 IIx zell / o(llx x*llU),
I1 11 IIx x* / O(llx x* I1 ),

there is a constant c3 > 0 such that

Now, choosing p2 min(fi3, (x/(4c3)), the desired result follows, with a2 a/(8c2).
(iii) The proof of this part is identical to that of Theorem 3.1, and hence, is

omitted.
(iv) This follows from Theorem 2.1 of Duns [4], after we make the following

observations. Part (i) of this theorem implies that x* is a uniformly proper local
minimizer of F in ft. The fact that F E C2 in a neighborhood of x* means that
it is possible to choose a @ (0, 1) such that, for xk in this neighborhood, any ak
satisfying (12)-(14)lies in [@, 1].

We turn now to Newton-like methods for (1). Here, an initial iterate x0 fl
is chosen, and for each k >_ 0, the following subproblem is solved to find a search
direction Pk"

T(35) min VF(xk)Tpk + Pk BkPk, xk + Pk .
Pk

A steplength ak [0, 1] is chosen, usually with the help of some "sufficient decrease"
criterion, and the next iterate is obtained by setting

(36) Xk+l Xk + akPk.

A simple result, similar to Theorem 3.1, follows.
THEOREM 3.3. Suppose that

(i) Assumption 1 and (2) hold at some point x*;
(ii) VF(x) is continuous at x*;
(iii) x* S, where S is some class-Cp identifiable surface of with p >_ 1; and
(iv) x -- x* and p - 0 as k --, oc, and (IIBklI} is bounded.

Then Xk + Pk S for all k suJ2ficiently large.
Proof. As in Lemma 2.2, we can find a set K c ’\ with P(K) C S, and a

scalar ti > 0 such that

x* VF(x*)+ 5B C int(K).
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First-order conditions for (35) are that

-VF(Xk) BkPk E N(xk + Pk) = Xk + Pk P(xk +p VF(xk) Bpk).

Now

[l(xk + Pk VF(xk) BkPk) --(X* VF(x*))II
_< [[x x*ll + [IVF(x) VF(x*)II + (1 +

We can choose k large enough that, for k _> k, the right-hand side of the above
inequality does not exceed ti. Then xk + Pk S, as required.

Finally, we prove a capture and convergence result for Newton’s method, which
makes use of the second-order conditions in Assumption 2.

THEOREM 3.4. Suppose that Assumption 2 holds, and that, in addition, V2F(x)
is Lipschitz continuous in a neighborhood of x*. Let Bk V2F(xk) in (35). Then
there are positive constants p4 and ( such that, if xo N (x* + paB) and ak =_ 1
for all k >_ O, then the algorithm (35), (36) generates a sequence {xk} such that

IlXk+l x*ll <_ aallXk X*II 2 for all k _> 0.

In addition, Xk S for all k sufficiently large.
Proof. The proof of the first part follows from results of Dunn [3, Thm. 3.1, Note

3.1] provided that we find positive constants 1 and fil such that

(37) VF(x*)T(x x*) - 1/2(x x*)TV2F(x*)(x x*) >_

for all x t2 (x* + filB).
Suppose we choose Pl small enough that F is twice Lipschitz continuously dif-

ferentiable on the open ball x* + plB, with Lipschitz constant L and, in addition,
that

fil <_ min(pl, al/L),

where c1 and pl are the constants from Theorem 3.2(i). For IIx x* -< ill, we have

VF(x*)T(x- x*) + 1/2(x x*)TV2F(x*)(x x*)
> F(x) F(x*)-i x* 3 LIIx-
>_ [(1 1/2L x x* ] ]]x x* 2

and so (37) is satisfied if we set 5
The final statement in the theorem follows from Theorem 3.3.

Acknowledgment. I am grateful to the referees of this paper for their perceptive
comments.
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A DUAL APPROACH TO LINEAR INVERSE PROBLEMS WITH
CONVEX CONSTRAINTS*
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Abstract. A simple constraint qualification is developed and used to derive an explicit solution

to a constrained optimization problem in Hilbert space. A finite parameterization is obtained for
the minimum norm element in the intersection of a linear variety of finite co-dimension and a closed
convex constraint set. The result extends previous duality theorems for convex cone set constraints.
A fixed point iteration is presented for computing the parameters and yields a least-squares solution
when the variety and constraint set have empty intersection. Proofs rely on nearest-point projections
onto convex sets and the properties of monotone, firmly nonexpansive, and averaged mappings.

Key words, constrained optimization, semi-infinite convex program, constraint qualification,
successive approximations, nearest-point projection, monotone operator
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1. Introduction. The recovery of a signal from linear measurements and prior
information is a central problem in signal analysis and remote sensing applications
ranging from tomographic imaging and radio astronomy to well logging and respira-
tory physiology. Simplicity and generality are sought in characterizing and computing
signals that successfully reflect available prior knowledge. To this end, the signal is
abstractly represented as an element of a Hilbert space, and each known property of
the signal is incorporated by restricting the reconstructed signal to lie in a specified
closed convex set. In addition, the requirement that the signal be consistent with a
finite number of linear measurements defines a linear variety of finite co-dimension.
The intersection of this variety and the convex constraint set is termed the feasible set
of signals. In this paper, the recovery task is formulated as the infinite-dimensional
programming problem of determining the feasible signal closest to a specified nominal
signal.

The desired signal is shown to admit a dual parameterization by exploiting the
properties of monotone operators and nearest-point mappings onto closed convex sets.
The parameter vector is seen to be a fixed point of a nonlinear, monotone, firmly
nonexpansive operator in a finite-dimensional space; these properties lead both to a
novel constraint qualification assuring the existence of the parameters and to iterative
computational schemes. Convergence to a least-squares fit of the linear measurements
is obtained when the feasible set is empty. The duality result does not require the
constraint sets to have interior and allows direct derivation of the optimal L2 solution
in [8]. In addition, more recent Lp optimization results [2], [9] that likewise eschew the
traditional Slater-type constraint qualification are extended, in Hilbert space, from
the special case of a convex cone to general convex set constraints.

2. Problem formulation. Let be a real Hilbert space with inner product
/’, "/. By the Riesz representation theorem, any N continuous, linear measurement
functionals on S may be expressed by inner products with measurement signals
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gl,g2,-.., gN in S. Accordingly, define the mapping A from S into Euclidean N-
space N by

Ax [(x, gl), (x, gN)] t,

where [.] denotes vector transpose. For a given E NN, the set of all x satisfying
Ax 3 is a linear variety of co-dimension not exceeding N. The adjoint operator A*

N A*maps a vector 0 E g with kh entry 0k to the signal A*O k= kgk. Thus, 0
is very simply a linear combination of the N measurement signals, and the range of
A* is the finite-dimensional subspace G c S spanned by the measurement signals:
range(A*) -G--span{g,... ,gN}. Let H be the orthogonal projection onto G. The
orthogonal complement of G is the null space of A, denoted ker(A); the linear variety
{x: Ax =/} is a translate of ker(A) and is therefore a closed convex set.

Let ](l,](2,...,](:M be closed convex sets with nonempty intersection/E. The
set /(: is referred to as the constraint set; l may be infinite-dimensional and is not
assumed to have interior. For a fixed measurement vector the feasible set jz is
defined to be the intersection of the variety {x Ax } with the constraint set/(:.
That is, " is the closed and convex set {x /E Ax }. Finally, let denote the
extendible set in g defined to consist of all measurement vectors fl for which the
associated " is nonempty.

The recovery problem is to characterize and compute the signal in the feasible
set " closest to a specified nominal signal. Without loss of generality, the nominal
signal, Xnom, is the origin: for X,o, O, the data vector is replaced by - Axnom,
and the constraint set is translated by --Xnom. This constrained inverse problem is
concisely written

(P) min [[x[[ subject to Ax- .
xEK

The special case in which/ is a convex cone is considered in [2], [8], [9], and [25], and
subspace or linear variety constraints are considered in [3], [14]. Problem (P) is the
linear inverse problem Ax with the additional convex set constraint x K:.

Were the distinction between the closed convex data constraint Ax and
the set constraint /E to be abandoned, the minimum norm element of the feasible
set, ., would be trivially characterized by the projection of the origin onto closed
convex set ’. However, this conceptual approach is undesirable since the aim is to
explicitly determine solutions. First, to combine the data constraint with the set/E
forfeits the structural advantage afforded by the finite co-dimensionality of the linear
variety. Second, the nearest-point projection operator onto " may not be computable
in a tractable manner; the set/E, on the other hand, typically arises from physically
meaningful constraints that give rise to an easily implemented nearest-point projection
operator onto/(:. Third, the distinction between the data matching and set constraints
allows for the computation of a least-squares solution when measurement noise renders
the feasible set empty.

3. An optimality condition. In the absence of the constraints imposed by the
convex set K:, the projection theorem, e.g., [13] simply and elegantly characterizes
the minimum norm element of the variety {x Ax } as a linear combination
N-]k=l Okgk, where the parameters NN are determined by the normal equations.

In a similar manner, the constraints embodied by/ are incorporated, and a particu-
larly simple and geometrically appealing optimization result for (P) is obtained. The
following theorem establishes a parsimonious parameterization of the solution &.



1082 LEE C. POTTER AND K. S. ARUN

First, two basic facts are reviewed for closed convex sets in a Hilbert space.
LEMMA 1. Let tg denote any closed convex subset of a Hilbert space ,. Then

there exists a unique y e such that infze: IIx zll IIx YlI.
This correspondence is denoted by y Pro(x), where Ptc , - is said to be the
nearest-point projection operator, or simply the projection, of , onto the closed convex
set K. The operator P: is linear if and only if is a subspace.

LEMMA 2. Let be a closed convex subset of,. Then the following are equivalent:

(a) Pc(x) y
< zll

z < o
for all z E IC
for all z E .

THEOREM 1. If there exists 0 N such that APcA* (0), then & =PtcA* (t?)
is the unique solution to (P).

Proof [18], [20]. The feasible set " := K: {x: Ax -/} is closed and convex, and
the existence of a unique minimum norm element follows from Lemma 1, provided "is nonempty. Let y :-- A*0 where 0 is the parameter vector of the hypothesis. It must
be shown that

inf Ilxll-

From Lemma 2, it suffices to show that(Ptc(y),x- P:(y)) >_ 0 for all x ’. To this
end, let x denote an arbitrary element of ’. Now write P:(y) as y- (y- P:(y)) to
yield

x-

First, observe that (y,x-Ptc(y)) 0 since y G range(A*) and Ax AP:(y)
implies (x- Pc(y)) ker(A). Turning to the second term, observe from Lemma 2
that (y Pro(y), x Pro(y)) <_ 0 for all x E E. In particular, " is a subset of K:, so the
inequality holds for all x in ’. Hence, (P:(y),x- Pro(Y)) >_ 0 for all x in ’. [

The result in Theorem 1 is a nonlinear generalization of the classical projection
theorem, which follows as a simple corollary.

COROLLARY 1. For S and O, the solution & to (P) is given by A*O,
where satisfies the normal equations AA*0 .

Figure 1 provides an illustration of Theorem 1 in the Euclidean plane and, al-
though depicting the degenerate case of , 2, illuminates the similarities between
Theorem 1 and the projection theorem. The minimum norm element Xmn of the
variety {x Ax } is the orthogonal projection of the origin onto the variety.

NThus, Xmn -k=l Okgk, where the coefficients 0k are uniquely specified by the lin-
ear equations in Corollary 1. However, the minimum norm solution lies outside the
constraint set K, in general. Yet, the constrained minimum norm element & is found
in an analogous manner: is the nearest-point projection onto K: of an element
A* N-k--1 kgk in G, where the parameter vector is determined by the equations
in Theorem 1. Thus, in order to constrain the minimum norm solution to lie in the
constraint set K, the linear normal equations AA*O are replaced by the nonlinear
equations APtcA* () , and the solution Xmn A*O is replaced by & PtcA*().

4. A constraint qualification. The hypothesis of Theorem 1 requires the ex-
istence of a solution to a nonlinear system of equations, and the optimal signal is
then parameterized by this solution via P:A*(). For a nonempty feasible set,
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span[g1,..., gN]

Ax

FIG. 1. The minimum norm feasible signal is the projection onto the constraint set of an
element in the span of the measurement signals.

existence and uniqueness of a solution, &, to (P) follow from Lemma 1. Therefore, the
statement of the theorem immediately raises the questions: When does the represen-
tation of & by exist? Is the representation unique? How may it be computed? To
address the issues of existence and uniqueness requires an investigation of the ranges
of the nonlinear operator APcA* N

_
N and its set-valued inverse. That is,

there exists a solution to APcA*(O) if and only if/ is in the range of APcA*,
and the solution is unique if and only if (APtgA*)-I() is single valued. Pertinent
properties of these ranges are derived in this section by making use of their finite
dimensionality and utilizing results from the theory of monotone operators. These
properties are then used both to establish a novel constraint qualification (Cor. 2),
which gives a condition on the data vector to ensure the existence of a parameter-
ization and to characterize uniqueness. The third issue, computation, is deferred to
5, where the solution of APtgA*(O) is viewed as a nonlinear fixed point problem.

A set A/[ in the Cartesian product N X }N is said to be monotone, e.g., [27], if

A maximal monotone set is one not properly contained in another monotone set. A
(possibly set valued) mapping f )N

_
2N is called a monotone operator if its

graph {(x,x*)lx* E f(x)} is a monotone set in N g; the operator is said to
be maximal monotone if its graph is a maximal monotone set. The operator f- is
defined as the mapping which has as its graph the set {(x*,x)l(x,x* e graph of f}.
Since monotonicity is invariant under transposition of the domain and range of a
map, f and f- are simultaneously monotone or maximal monotone. In the sequel,
set-valued mappings will be viewed as multifunctions, and the notation f
will be employed.

The properties of maximal monotone operators in finite-dimensional spaces and
convex sets in N are combined to guarantee that for any data vector in the
relative interior of the extendible set $ there exists a parameter vector providing
the representation & PtcA*(). The requisite properties are established as two
brief lemmas; the resulting theorem gives the desired constraint qualification as an
immediate corollary.

LEMMA 3. The operators APcA* N N and HPtcH S - are maximal
monotone operators.
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Proof. From the linearity of A and the definition of the adjoint A*,it follows that

(APx:A*(x) APx:A*(y),x y) (PcA*(x) Px:A*(y),A*(x y))
(Px:(x*) Px:(y*),x* y*),

where x* A*x and y* A*y. Immediately, this inner product is nonnegative since
the projection Ptc is monotone [7]. Next, since APcA* is continuous and defined for
all x in N, it is maximal monotone [15]. The proof for HPtcH is identical. D

LEMMA 4 ([17]). The closure of the range of a maximal monotone operator is a
convex set.

As defined above, the set of all data vectors/9 that can be generated by measuring
some signal x from the constraint set/C is termed the extendible set. This set, E
{ 6 N. Ax, x 6/C}, is convex (immediately from the linearity of A) but not
necessarily closed. Lemmas 3 and 4 are used to establish that the extendible set and
the range of AP:A* are the same to within closure.

THEOREM 2. The closure of the extendible set is equal to the closure of the set
of all measurement vectors obtainable from parameterized signals of the form x
PtcA*(O), 8 e N; i.e., cl()"-- cl(Ax’x e IC} cl(range(APtcA*)).

Proof. [19] It must be shown that

inf IlAq- APtcA*(O)II 2 0 Vq e IC.

To this end, observe that ker(A) is orthogonal to range(A*) 6 and recall H is the
orthogonal projection onto G. Thus, it must be shown that

inf IlII(q- Pc(p))ll 0 Vq e K:.
pG

If G range(A*) 0, then II 0 and the claim is proven; so attention is restricted
to the case of ; nontrivial.

Proceeding by contradiction, assume there exists some q /C for which the infi-
mum is e > 0. The closure of range(HPtcH) is convex from Lemma 4. Let z denote
the nearest point in cl(range(HPx:H)) to Hq, with IIHq- zll 2 e. Then, there exists

Z) anda hyperplane 7-/in the finite dimensional subspace G containing h 5(Hq +
normal to (IIq- z). The hyperplane 7-/separates Hq from range(HPcH).

Next, a point Pt is constructed to provide a contradiction. Let pt Hq+t(Hq-z),
t > 0. For t sufficiently large, p is closer to q than to :H. In particular, let Q
I1(I- II)qll 2 and observe

I[pt qll IIIIq -t- t(Hq z) (Hq + (I II)q)ll 2 t2e + Q

On the other hand, the projection of Pt onto 7-/is h for all t > 0. Thus,

inf Ilpt yll
y7-t

Ilnq + t(nq z) -(IIq + z)ll t + e.

Hence, for (t + 1/4)e > Q, d(pt, q) < d(pt, TI), where d(., .) is adopted as a distance
notation. Now, let 7-/ G+/- and let if+ denote the halfspace in S containing
range(HPx:H). Then,

d(pt, 1C) < d(pt, q) < d(pt, Tl) d(pt, ,7) < d(pt, if+ f]
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implying Ptc (Pt) E -, whence IIPtc (Pt) - and HP:(Pt) range(HPtcH). But
Hpt Pt, providing a contradiction. Therefore, it must be the case that the infimum
is indeed zero.

The relative interior of a convex set ( C g, denoted ri(C), is defined as the
interior that results when C is regarded as a subset of the intersection of all closed
linear varieties containing C. Given convex sets C1 and C2 in N, c1((:1) c1(C2) if
and only if ri(C1) ri(C2) [23]. The desired existence result now follows immediately
from the theorem. This result can also be developed from convex duality theory [4].

COROLLARY 2 (CONSTRAINT QUALIFICATION). If ri(), then there exists 0
such that APtcA* (0) , i.e., Z range(APtcA*).

Proof. From Theorem 2, c1($) cl(range(APtcA*)). Hence, equivalence of the
relative interiors follows: ri($) ri(range(APtcA*)).

In an infinite-dimensional Hilbert space there exist closed convex sets K without
interior for which support points are only dense in the boundary and form only a set
of the first category, the complementary set being dense as well [10]. Yet, a simple
consequence of Corollary 2 is that for ri(), the solution to (P) is, in fact, a
support point of K and, moreover, some normal to E at

Two commonly employed but more restrictive constraint qualifications found in
the literature follow as corollaries to the result in Theorem 2.

COROLLARY 3 (SLATER CONSTRAINT). If ) has interior and the feasible set

" :- E{x Ax } contains points interior to , then there exists such that

APtcA* ) .
COROLLARY 4 ([2], [8]) Let S L2 and let be the closed convex cone of

nonnegative functions in n2. If int(), then there exists such that APtcA*()

Theorem 2 answers the question of existence of the parameterization & PcA* ().
The second issue, uniqueness of a parameter vector, is equivalent to the single-valued-
Hess of the operator f (APtcA*)-.

PROPOSITION 1. If has nonempty interior, then a parameter vector satisfying
APtcA*() is unique .for almost every .

Proof. The mapping (AP:A*)- is a monotone operator by Lemma 3. From [27,
Thm. 1], the set of points where a monotone operator on a finite-dimensional Hilbert
space is not single valued has zero Lebesgue measure.

Furthermore, the set of points in $ for which the representation is unique is a
subset of the relative interior of range(APtcA*) [22, Cor. 1.1]. For linearly depen-
dent measurement signals {g,...,gN} the extendible set $ c N is contained in a
subspace of dimension less than N and int($)

5. Iterative computation. From Theorems 1 and 2, the solution & to (P)
is parameterized by & P:A*(), where the vector solves the nonlinear system
APtcA*(O) . Equivalently, the parameter vector is a fixed point of the opera-
tor T N

_
N defined by T(0) + APtcA*(O). The operator T is not a

contraction, nor does it have a compact domain; therefore, the well-known Banach
and Brouwer fixed point results are not applicable. Nonetheless, the properties of
firmly nonexpansive and averaged mappings are exploited to show that the sequence
of Picard iterations

(1) o(n+l) 0(,)+ ,k[-APcA*(O(’))], ) e (0,2)
converges to a fixed point of T. Additionally, the sequence is shown to characterize a
least-squares solution to (P) when there exists no fixed point.
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Case 1. First, the sequence {0(n) } is considered for the case in which T has a fixed
point. Convergence is established by relying on three simple lemmas in Euclidean N-
space. A mapping f: N

_
N is said to be nonexpansive if Ill(x)- f(Y)ll <- IIx-Yll

for all x, y in N. Further, f is firmly nonexpansive if and only if 2f-I is nonexpansive

LEMMA 5. As defined above, let T be the operator given by T(O) 0 + 13-
APtcA*(O) If the measurement signals {gl, gN} satisfy N-k= Ilgkll 2 <-- 1, then T
is firmly nonexpansive.

Proof. To show that T is firmly nonexpansive, 2T-I is shown to be nonexpansive.
To this end, direct computation using the definitions of T and of the adjoint A* yields

11(2T-I)x-(2T-I)yll2 <_ IIx-yll 2 (P(x’)-P(y’),x’-y’) >_ IIA(P(x’)-P(y’))]I 2

where x’ A*x and y’ "= A*y. From Lemma 2,(P(x’)-P(y’),x’-y’)
P:(y’)ll 2. Furthermore, by hypothesis on the measurement signals and application of
the Cauchy-Bunyakovskii-Schwarz inequality, A is nonexpansive:

N N

IIAwll2 E((gk’ w))2 -< E Ilgkll211wll2 <- Ilwl12 Vw e S.
k--1 k----1

Hence,

I]Ptc(x’)-.P:(y’)I] 2 _> I]A(Pc(x’)- P:(y’))ll 2,

and T is firmly nonexpansive, v]

LEMMA 6 ([7]). Let f" N _, N be a nonexpansive operator with a fixed point.
Then, {fn (x) } converges to a fixed point off if and only iff is asymptotically regular,
i.e.,

lim fn(x) fEW1 (X) 0 for all x e g.
n

As an example of a nonexpansive operator to with a fixed point and not asymp-
totically regular, consider f(x) -x- 1. Although a nonexpansive operator f may
not be asymptotically regular, the averaged mapping f := /kf + (1 A)I, where
0 < A < 1, shares the same fixed point set and has desirable asymptotic properties.

LEMMA 7 ([5]). Let f be a nonexpansive operator in N. Although the operator
f itself may not be asymptotically regular, if f has a fixed point, then the averaged
mapping f is asymptotically regular.
The result now follows directly.

THEOREM 3. Assume T has a fixed point. For A E (0, 2) let f N H N be
defined by

f(O) + [- APA*(O)]

If the measurement signals {gl,..., gN} satisfy ’kN= I1  11 1, then the sequence of
Picard iterates {fn(0)} converges to a fixed point of T for any 0 N.

Proof. From Lemma 5, T is firmly nonexpansive, so 2T- I is nonexpansive and
has the same fixed point set as T. Simply note that for 0 < 5 < 1, f is the averaged
mapping f 5(2T I) + (1 5)I 25T+ (1 25)I. By Lemma 7, f is asymptotically
regular. Application of Lemma 6 then yields Picard iterates {fn(0)} converging to a
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fixed point of 2T- I. Thus, the limit is a fixed point of T and, therefore, satisfies
AP:A ft.

For all fl in the relative interior of the extendible set , T has a fixed point
by Corollary 2, and the Picard iteration {fn(O)} yields the solution to (P). The
hypothesis that the measurement signals have square sum not exceeding one can
always be satisfied by simple scaling.

Case 2. Next, the behavior of the sequence {fn(O)} is considered for the general
case in which T may be fixed point free. First, T is trivially fixed point free when
the measurement vector fl is not extendible, i.e., when there exists no signal x in the
constraint set/C for which Ax fl, and hence, no solution to (P). In application, such
a nonextendible vector fl may result from either measurement noise or from failure
of the constraint set K: to reflect physical reality. In addition, T may have no fixed
point for fl in the relative boundary of g.

The objective of determining a feasible signal x , satisfying both x K: and
Ax fl is unobtainable when fl fails to lie in the extendible set. A well-motivated
and popular recourse is to find a signal in the constraint set that best matches
the measurement vector fl in the least-squares sense: inf: IIAx fill. (This choice
implicitly supposes greater confidence in the knowledge expressed by the constraint set
K: than in the noisy measurement ft.) If more than one signal achieves this infimum,
then the unique infimizer of minimum norm is termed the minimum norm least-squares
solution and solves

(P’) min Ilxll subject to IIAx fill inf IIAy 11.xEK; yEK;

A weighted least-squares formulation is easily adopted with corresponding change in
the definition of the adjoint, A*. For a closed convex constraint set K: and a linear
measurement operator A, the extendible set A(K:) c N, though not necessarily
closed, is convex. Hence, for a measurement vector fl g, there exists a unique closest
vector in the closure of g, namely, the projection of fl onto cl(), Pg(fl).

PROPOSITION 2. The infimum in (P) is achieved if and only if P$(fl) is in .
Proof. With Pg as above, infyEtc IIAy fill IIPg(fl) fill. D
Therefore, for Pg(fl) e , problem (P’) is equivalent to (P) with measurement

vector Pg(fl).
The asymptotic behavior of averaged mappings provides the solution to (P), as

readily demonstrated using the following asymptotic property of nonexpansive maps.
LEMMA 8 ([1]). Let h N N be nonexpansive and define the averaged

mapping hA ;h + (1 ,k)I, ,k E (0, 1). Then for all in N

(a) lim,__, (0) -v

(b) limn--.oo[h(O)- h+l(0)] ,
where u is the unique point of least norm in cl(range(I- hA)). Additionally, h has no

fixed point if and only if limn__, IIh(O)ll oo for all 0 in N.
In relation to the asymptotic regularity condition of Lemma 6, observe that ha(o)

is a Cauchy sequence if and only if h has a fixed point and is the zero vector.
THEOREM 4. Let fl N be an observed measurement vector, and let f

N N be defined by f(O) 0 + ;k[fl- APtcA*(O)] .for e (0,2). Also, assume

Ilgkll 2 < 1 Let {0(n) } denote the sequence of Picard iterates 0(n) fn(O())
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with initial iterate 0(). Then, for any 0() E N, the sequence {APt:A*(O(n))} con-
verges to Pg(), the projection of onto the closure of the extendible set.

Proof. [19] By Theorem 2, cl(range(APtcA*)) cl(8). Therefore, the closure of
the range of (I- f) is simply a scaled translate of the closure of the extendible set:

cl(range(I- f)) cl{7:7 (AP:A*(O) ),0 e N} {c1($) }.
Then, the minimum norm element of cl(range(I- f)) is Ag, where 9 is the minimum
norm element of cl(g’) ft. Hence, the projection of/ onto cl() is given by the sum
Pg() + 9. By Lemma 8, given e > 0, there exists some integer M such that for
all n exceeding Me -0()+ O() + [- APA*(O())]]]

]]P()- APA*(O())].
Hence, APA*(O())

COROLLARY 5. If, in addition to the hypotheses of Theorem 4, Pg() is con-
tained in the extendible set
x() := PA*(O()), is bounded, and there exists a subsequence (x(n) } that converges
weakly to &, the solution to (P).

Proof. om Proposition 2, there exists a solution, &, to (P). By Theorem 4,
en := ]H(&- x(n))]] O. Then, employ Lemma 2, a direct sum decomposition with
G, and the Cauchy-Bunyakovskii-Schwarz inequality to learn

0

I1(- )()11- I1(- )(PA*O())II + .
Therefore, x() PA*O() is a bounded sequence in , and consequently there exists
some subsequence {x()} that converges weakly. Let y be the weak limit. Now,
y , Hy
Covesey, I1(- )(y)ll I1(- )()11 fom above, whence IlYll I111. Sine, fom
Lemma 1, & is the unique element of minimum norm in for which A& Pg(), it
follows that y

A practical criterion for convergence in computer implementation of Theorem 4
is to test the sequence of differences in successive iterations for convergence to
within a given tolerance. However, the vector u is not known a priori and is zero if
and only if is an observation vector in the closure of the extendible set. Nonetheless,
{0() -0(+1) } is indeed a Cauchy sequence in N by Lemma 8. Therefore, observing
that

0(n) 0(n/1) 0(n) f(o(n)) A[p:A* (0()) ]
is simply the residual error scaled by A, the iterations may be terminated when the
change in the residual error from iterate n to n + 1 is less than some prescribed value.
Moreover, this sequence of residual errors is monotonically nonincreasing in norm due
to the nonexpansiveness of f. Although {O(n)} is divergent, it grows only linearly as
nag. Therefore, the divergence presents no practical computational overflow prob-
lems, even for a large number of iterations, since 119112 is bounded by the noise power
in the measurement .
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X2

$ = [-1, 1] APA*(O())
FIG. 2. An example in the plane.

A*0(,)
Xl

6. Example. The results of 3, 4, and 5 are illustrated by a simple exam-
ple in the Euclidean plane. Although analytical nuances are lost from the infinite-
dimensional case, the relationships among the relative interior of the extendible set,
fixed points, and Picard iterations are clearly illuminated. (An example application
to an infinite-dimensional problem is found in [21].) In the Hilbert space S 2 let
the constraint set K: be the. closed convex set depicted in Fig. 2, Let the measurement
fl be simply the first coordinate of a vector in 2. Accordingly, the single measure-
ment signal is gl [1 0] t, yielding A 2

_
given by [1 0] and A* gl. The

extendible set :- A(K:) is the closed interval [-1, 1]. That is closed is implied by
the boundedness of K:. For a given , the feasible set " is the intersection of K: with
the line x .

By Corollary 2, if the measurement is in the open interval ri() (-1, 1), then
there exists some scalar 0 such that &, PcA*(O) is the solution to (P). For the
measurement 1 on the boundary of , no finite provides a parameterization;
the measurement fl -1 is likewise on the boundary of , yet 0 -2 provides the
solution to (P). The dense uniqueness in Proposition 1 is illustrated by the infinitely
many parameterizations, 0 E (cx, -2], for -1. (A translation of by [0 1]
provides an example of nonunique parameterization for in the interior of .)

The iterative procedure of Theorems 3 and 4 is given by

fn+(O()) 0(n+l) 0(n) -- )[- AP,zA*(O(n))], A e (0,2).

The action of APcA* H is depicted in Fig. 2 and is given by

--1
APcA* (O)

( +1)-1/2

0<-2
-2<0<0
0>0.

The existence of a parameterization is equivalent to the existence of a fixed point
for f. For [-1, 1), there exists a fixed point for f, and by Theorem 3, the
sequence (()} converges to a parameter yielding &, the minimum norm element of
the feasible set. For > 1, f has no fixed point and (1()1} diverges as Any, where
v - 1 is the distance of from the extendible set. Yet, by Theorem 4, the
sequence (APcA*(O())} converges to Pg, and by Corollary 5, a subsequence of the
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approximate reconstructions {PtcA*(O(’))} converges to the minimum norm, least-
squares solution to (P), & [1 1] t. Finally, the parameter vector is unique for every

in t except -1, where the solution to (P) is not a regular point of

7. Discussion. The method of successive projections is an alternative scheme
for computing an element in the feasible set [26]. Treating the variety Ax -/ as an
additional closed convex constraint set (M+I, the iteration

(2) x(n+l) (PCM+IPcMPtCM_I ...Pcl)x(’)

converges weakly in ,.q to an element of the feasible set, provided one exists. The
method is attractive in that any number of convex constraint sets may be incorporated
without requiring synthesis of the projection onto the intersection
However, the technique does not allow the preferential selection of one feasible signal
over others, as provided by the optimality criterion in (P). In general, the limit
point of Eq. (2) depends on both the initial estimate x() and the ordering of the
composition of projection operators. Moreover, the iterations are performed in the
(perhaps infinite-dimensional) signal space S rather than in N and typically suffer
from slow convergence rates and high computational cost per iteration [11], [24]. In
addition, successive projections do not in general provide a least-squares solution when
no feasible signal exists.

In contrast, the signal recovery algorithm established in Theorems 1-4 provides
a finite-dimensional parameterization for a signal reconstruction. The iterative al-
gorithm is performed in the parameter space to preferentially produce the unique
least-squares solution consistent with the constraints and closest to a specified nomi-
nal signal. Moreover, Newton-Raphson iterations may typically be applied in )N for
quadratically convergent iterative computation; the requisite derivatives are guaran-
teed to exist almost everywhere since APtcA* is Lipschitz. A potential difficulty in
implementing the iterative scheme in Eq. (1) is the need to construct APtcA*, which
may require numerical approximation of the projection onto/E, the intersection of con-
straint sets. Yet, in application,/E is physically motivated and, as such, typically gives
rise to an intuitive and tractable projection operator. Furthermore, sensitivity of the
solution 2 to errors in the parameters is low since PtcA* is nonexpansive. Although
the constraint set must be convex and the signal space is Hilbertian, the formulation
admits a large and relevant class of sets for incorporating prior information.

Many well-known linear reconstruction results follow immediately from Theorem
1 for the special case of constraint sets/ that are subspaces, e.g., [3], [6], [12], [16].
Likewise, Theorems 1 and 2 extend, in Hilbert space, the optimization results in [2],
[8], and [9] from closed convex cones to arbitrary closed convex constraint sets. For
example, the minimum energy correlation extension presented in [8] and [25] may be
directly obtained with q L2 and/C the convex cone of nonnegative spectral esti-
mates. Kuhn-Tucker, Lagrange multiplier, and Fenchel duality theorems, e.g., [13] are
similar dual optimization results that have been applied to signal recovery problems
and, in addition, admit cost functions more general than the weighted norm. How-
ever, the hypotheses of these classical results require nonempty interior and regularity
conditions that are absent in Theorems 1-4. These seemingly technical restrictions
are, in fact, of great importance to application in many practical reconstruction tasks
since, for example, the set of nonnegative signals in L2 is without interior.

8. Conclusion. Motivated by practical reconstruction, estimation, and interpo-
lation problems, an explicit solution to a constrained minimization problem has been



CONSTRAINED LINEAR INVERSE PROBLEMS VIA DUALITY 1091

derived. The finite parameterization led to a simple and computationally attractive
iterative algorithm. The constraint qualification for the infinite-dimensional program
with linear equality constraints and a convex set cons,raint extended previous results
for a convex cone set constraint.
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Abstract. It is proved that any random sequence can be exhibited as the output of a stochastic dynamical
system driven by white noise. Further refinements are obtained for Markov, stationary, and ergodic sequences.
This settles some open problems in stochastic realization theory posed by Willems and Van Schuppen [NATO
ASI-AMS Seminar on Algebraic and Geometric Methods in Linear System Theory, Harvard University, Cam-
bridge, MA, 1979 ].
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1. Introduction. The white-noise representation ,problem in stochastic realization
theory is to show a given random sequence as the output ofa white-noise-driven stochastic
dynamical system. (This is made precise later.) The goal of this paper is to prove some
conjectures of Willems and Van Schuppen [10] in this context. The paper is organized
as follows: The remainder of this section recalls the problems of stochastic realization
theory from 10]. Section 2 contains derivations ofresults concerning extremal probability
measures on a product of Polish spaces with a given marginal. Section 2 somewhat
overlaps [2 ], where similar results are used in a different context. In 3 the main result
and some consequences thereof are proved. Section 4 explores the connection between
the ergodic decomposition of stationary processes and their white-noise representation.

The results proved here were conjectured in [10]. See [9] and [10] for extensive
surveys ofstochastic realization theory and further references, and see [4 for the important
special case of linear stochastic realization theory.

The principal problems of abstract stochastic realization theory are as follows.
(i) Strong stochastic realization problem: Given a random sequence Yn on a

probability space (ft, , P), construct on this probability space another sequence of
random variables {Xn} such that [(Xn-1, Y._), (Xn-2, Yn-2),..-] and [(X,, Y),
(X, + l, Y, + ), .] are conditionally independent, given X for each n. (In particular,
X, } is Markov.)

(ii) Weak stochastic realization problem: Given Y, as in problem (i), construct
on some probability space (2’, ’, P’) random sequences {X, and Y, such that
[(X,-1, Y,-), (X,_2, Y;,-2),...] and [(X;,, Y,), (X,+l, Y,+) are condi-
tionally independent given X, for each n and that Y, and Y agree in law. (Again,
X, } is Markov.)

(iii) Strong white-noise representation problem: Given a strong realization as in (i),
construct on the same probability space two independent and identically distributed
sequences Wn }, { W , independent of each other such that

(1.1) X+l =L(W,X),

(1.2)

for each n and measurable {f} and g, }. { W, and W, are called white-noise se-
quences (signal and observation noise, respectively).
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(iv) Weak white-noise representation problem" This is the same as problem (ii) for
a given weak realization, except that Wn }, W } are now constructed on 2 ’, ’, P’)
or an augmentation of it. (Here and later, an augmentation of a probability space
(ft, , P) will mean a new probability space (ft, , P) such that for some measurable
space (E, ), ft ft X E, o " X , and P is the image of P under the projection
(, ) (, ).)

(v) Minimal realization problem" A strong (respectively, weak) realization as in
problem respectively, problem ii is minimal ifthere is no other strong (respectively,
weak) realization {)?n and { Y, (respectively, {n }, and { Y, on the same probability
space such that r(X;, <= n) c cr(Xi, <- n) (respectively, r(Xi, < n for each n with
the inclusion being strict for at least one n. Characterize all minimal realizations.

We settle problem (iv) above completely and prove by example that problem (iii)
does not always have a solution.

We have not yet specified the hypotheses on the spaces in which the above sequences
take values. We assume these to be Polish spaces, i.e., separable and metrizable with a
complete metric. An important result concerning Polish spaces is that, given two Polish
spaces of the same cardinality (in particular, two uncountable Polish spaces), there is a
measurable isomorphism between them ([5, Thm. 2.12]). We use this result often and
refer to it simply as the isomorphism theorem. For any Polish space X, P(X) will denote
the Polish space of probability measures on X with Prohorov topology ], 5 ].

2. Extremal measures with a given marginal, in this section, we recall from [2
some results on probability measures on a product ofPolish spaces having a given marginal
on one of them. Details are included to make the present account self-contained.

Let SI, $2 be Polish spaces endowed with their Borel r-fields. Let # be a probability
measure on $1 X $2 that disintegrates [8] as

(2.1) u( clx cl u( clx v x,

where u is the image of # under the projection $1 X $2 -- $1 and x -- v(x, S --P(S2) is the regular conditional law defined u-almost surely uniquely. Let Q be the set
of all such t when u is a prescribed element of P(S ). Q is clearly closed convex in
P(S X $2). Let Qe be the set of all extreme points of Q, and let Qz c Q be the set of
those # for which v(x, .) is a Dirac measure for u-almost surely x. The main result of
this section is that Qe QD.

Let f 6 C6(S), and let q P(S2). Let b 6 R be the unique least number such that

g({x[f(x) < b}) =< 1/2,
q({xlf(x) > b}) 1/2.

LetA, {x]f(x)<b},A= {x[f(x)> b},andA3 {x[f(x) b}.Let66[O, 1]
be such that

q(A) + 6q(A3) q(A2) + (1 6)q(A3) 1/2,
where 6 0 when q(A3) 0. Define a(q), az(q) P(S2) by

a(q) 2(IA, + 6IA3)q,

o2(q) 2(IA2 + (1 6)IA3)q.
It is not difficult to verify that c, a2 are measurable maps P(S2) -+ P(S2). In fact, by
[3, Thm. 2.1] this is equivalent to verifying that, for all Borel A c $2, the map q --,-

o (q)(A) is measurable for 1, 2. Consider, say, 1. Then

a(q)(A) 2q(A f3 A) + 26q(A f3 A3),
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where A, A3, and 6 depend on q through their dependence on b. Write b as b(q) to
make its q dependence explicit. By the foregoing and [3, Thm. 2.1], it suffices to prove
that the map q -- b(q) is measurable. However, for c e R,

{qlb(q) > c} {q]q({xlf(x) >-_ c}) > 1/2 },

which is measurable by [3, Thm. 2.1], and we are done.
Note that

(2.2) q 1/2(c(q) + c2(q)).

LEMMA 2.1. If t Q\ QD, there exist a Borel set A c $1 and an fe Cb(S2) such
that v( A > O, and, for x A,f is not a constant v(x)-almost surely.

Proof. Let f be a countable subset of Cb(S2) that separates points ofP(S2). See
Remark 2.1 below.) Suppose that for u-almost surely x,f is v(x)-almost surely a constant
for all i. Then v(x) is a Dirac measure for such x, contradicting the hypothesis
Thus there exists a Borel setA’ c S1 such that u(A’) > 0 and for x eA’,f is not a constant
v(x)-almost surely for some i. Let

Ai x S If is not a constant v(x)-almost surely }, 1, 2.

Then A; is the complement of

(2.3) Cl{xeS, f gmfdv(x)= f gmdv(x) ff
for a countable collection {gm } in Cb(S2) with the property that f gi dm, f gi dm2
for all implies that m m2 for finite signed measures m and m2 on $2. Expression
(2.3) and hence A; are measurable. We may set A’ Ui Ai. Then v(A’) > 0 implies that
v(A,.0) > 0 for some io, and the claim follows with f= f0, A Aio. []

Remark 2.1. The family {f } can be chosen as follows. Let d be any complete
metric on $2 taking values in [0, 1] and consistent with the topology of $2. Map $2
homeomorphically onto a G6 subset S of[0, 1] as in [1, pp. 219-220]. Then S is
compact, and therefore C(S’2) is separable. Take a countable dense subset of C(S’2),
restrict it to S, and pull it back by means of the homeomorphism.

A similar remark applies to the choice of {gm }.
LEMMA 2.2. Qe Qz.
Proof. Let u Qe. Suppose that Qz). Pick A and f as in Lemma 2.1. Then

Cl (v(x, )) and c2(v(x, )) must differ from each other for x e A. Define u and u2 by

iA dx dj; p( dx ol (1) x i= 1,2.

By (2.2), t (1 -- 2)/2. Clearly, 4 2. Thus Qe, a contradiction. Thus Q c

Qz. Conversely, supposed that # e Qz is of the form # ( + #2)/2 for some Ul 4 u2
in Q. Then, for

#i(dx, dy) v(dx)vi(x, dy), i= 1, 2,

Vl (x, and v2(x, must differ for x in a set of strictly positive v-measure. For such x,
however, v(x, .) (v(x, .) + v2(x, .))/2 canot be Dirac, a contradiction. Thus
Q= Q. :n

We deduce some important consequences of this based on a small extension of
Choquet’s theorem, which follows.
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LEMMA 2.3. Let X be a Polish space, and let G c P(X) be a closed convex set,
with Ge c G the set of its extreme points. Then every element ofG is the barycenter ofa
probability measure on Ge.

Proof. IfG is compact, the proof is immediate from the classical Choquet’s theorem
6 ]. As described in Remark 2.1, X is homeomorphic to a G subset Y of 0, . We

identify Xand Yand denote by Xthe closure ofX in 0, . (Note that the corresponding
identification between P(X) and P(Y) preserves extreme points of convex sets.) X and
therefore P(X) are compact. View P(X) as a subset of P(X) by identifying each ele-
ment of P(X) with its unique extension in P(X), i.e., restricts to t on X and
()\X) 0. Let ( be the closure of G in P(), and let ( be the set of its extreme
points. By Choquet’s theorem, each 6 G is the barycenter of some
and ft. If an element e of G is not in G, it must be a convex combination of two dis-
tinct elements of G at least one of which must charge X\X. (Otherwise, both are in
G, contradicting e 6 Ge.) However, then e(X\X) > 0, contradicting e 6 G. Thus
G c (. If 7((.\G) > 0, ()\X) > 0 because each ’ (\Ge satisfies ’()\X) >
0. This is impossible, however. Hence r/(Ge) 1, proving the claim.

COROLLARY 2.1. Each # Q is the barycenter ofa probability measure supported
on QD.

This is immediate in view of the foregoing. Suppose now that $1 above is of the
form S’ S", where S’ and S" are Polish spaces. Also, let u of (2.1) be of the form

(2.4) u(cx, d, dz) ,(d),(, cx)2(, cz)

for p P(S") and 1 S" -- P(S’), !P2 Stt P(S2) measurable.
COROLLARY 2.2. The measure t of(2.4) is the barycenter ofa probability measure

on QD satisfying the additionalproperty that is supported on the subset OfQD consisting

ofprobability measures ofthe type

(2.5) (dy)p (y, dx)q(y, dz),

where q(y, P(S2) is a Dirac measurefor p-almost surely y.
Proof. Applying Corollary 2.1 to the measure

on S" $2, we see that it is the barycenter ofa probability measure on the set ofprobability
measures of the type

(2.6) o( dy)q(y, dz),

where q(y, is Dirac for -almost surely y. Given the obvious one-to-one correspondence
between measures (2.5) and (2.6), the claim follows.

3. White-noise representation. LetXand Ybe random variables on some probability
space (t, , P), taking values in Polish spaces S and $2, respectively.

LEMMA 3.1. There exists a probability space ( ’, ’, P’) with random variables
X’, Y’, and Z’ defined on it, taking values in S, $2, and P(S S), respectively, such
that (a) (X’, Y’) agree in law with (X, Y), (b) (Y’, Z’) are independent, and (c) X’
f( Z’, Y’) for a measurable f" P(S Sz) $2 - S.

Proof. Let the of (2.1) be the law of (Y, X), and let n be as in Corollary 2.1.
Then n is supported on probability measures on $2 S of the type

(dx)6(d),
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where 6z is the Dirac measure at z. Let 12’ P(S X $2) X $2 X S with ’ the product
a-field and P’ the probability measure on (2 ’, ---’) defined by

/’(/. /x. /) ,(/o)o(dx. #) ,(o)(dx)-(.)(#)
for a measurable f: P(S X $2) X 5’2 - S. Let (Z’, Y’, X’) be the canonically realized
random variables on this probability space. (That is, if w (w, w2, w3) is a typical

y,element of 2 ’, then Z (w) w,, (0) W2, and X (w) w3 .) The claim follows. El
COROLI,AR 3.1. In Lemrna 3.1, P( S, X $2) may be replaced by any prescribed

uncountable Polish space S (say, [0, 1]) without any loss ofgenerality.
Proof. We may suppose that S and $2 are not singletons. (If, say, S a ), replace

it by S a, b ), b 4: a, with P(X b) 0.) Then P(S X $2) is uncountable. By the
isomorphism theorem there exists a measurable isomorphism g" P(S X $2) -- S. Letting
2 g(Z’) and j?( ., .) f(g-’(.), .)" S X $2 - S,, we have X’ =(2, Y’). El

COROIAR 3.2. In Lemma 3.1 we may take S [0, 1] and to be uniformly
distributed.

Proof. Let S [0, 1], and let f and , be as in Corollary 3.1. Let F" [0, 1] --0, be the distribution function of ,. Then F is nondecreasing and right-continuous.
Defining q" [0, 1] -- [0, 1] by

q(x) min F-(min(F([0, 1]) N [x, 1])),

we check that the law of 2 is the image of the uniform measure on [0, 1] under q.
For a random variable T uniformly distributed on 0, ], let x - r(x, du) O, --P([0, 1]) denote a version of the regular conditional law of T, given q(T). Aug-
ment the probability space (12’, --’, P’) in Lemma 3.1 as follows: Replace 2’ by
2’ X [0, 1], replace "by its product with the Borel r-field of[0, 1], and replace P’ by
the probability measure P’(dw)r((w), dw’). Define a new [0, I-valued random variable
Z on this probability space by Z((w, w’)) w’. Then Z is uniformly distributed on
[0, 1] and , q(Z). Thus X’ =f’(Z, Y’), wheref’(., .) =f(q(.), .). E]

COROIAR 3.3. In Lemma 3.1 we may take X’ X and Y’ Y, and we may
take Z’ (or or Z) to be a random variable constructed on an augmentation of the
probability space (12, , P).

Proof. To be specific, we prove the statement for Z’. Augment 2, , P) as follows:
Replace 2 by 12 X P(S X $2), replace by its product with the Borel a-field of P(S
X $2), and replace P by a new probability measure defined as follows. Let v S X
$2 -- P(P(S X $2)) be a version of the regular conditional law of Z’, given X’ and Y’.
Replace P by the probability measure

P(dw)v((X(w), Y(w)), dz).

Define a P(S X S)-valued random variable on this new probability space by
,(( w, z)) z, where w, z) is a typical sample point of2 X P(S X $2). By construction,
the laws of (X’, Y’, Z’) and (X, Y, agree.

The implications for stochastic realization theory follow. Let U be an uncountable
Polish space.

THEOREM 3.1. Let Xn, n O, 1, 2 be a random sequence taking values in a
Polish space S and defined on a probability space 2, ----, P). Then, on anotherprobability
space (2 ’, ’, P’), we can construct S-valued random variables { X’, n O, 1, 2
and U-valued independent and identically distributed random variables Wn such that
{X and Y’ agree in law, W, is independent of(X
X’o, Wo for each n and

(3.) x’. =L(w., x’_, x’._ X’o)
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for measurablef U S S, n 1, 2, Furthermore, if { Xn is Markov, (3.1)
may be replaced by

(3.2) X’ ---L(mn, Yn-l)

for measurablef U S S, n 1, 2,....
Proof. We first prove (3.1) for independent but not necessarily identically distributed

Wn with W independent of(X, l, X,_ 2,. .) for each n. For n the claim follows
from Lemma 3.1. Suppose that it is true for n =< m. Let u denote the law of
Xo, Xm, Wl Wm written as

v(dxo, dxm, dWl dwm)

u(dxo dxm)q((xo,..., Xm), (dWl,..., dwm)),

where u is the law of(X0,..., Xm) and (x0,..., Xm) q((Xo,..., Xm), (dwl,...,
dwin)) is a version ofthe regular conditional law of(W,..., Wm), given (Xo,..., Xm).
Consider the probability measure

(dxo, dxm + 1, dWl, dwm)

u(dxo,..., dxm)q((xo,... ,Xm), (dw,..., dwm))r((xo Xm), dxm+),

where Xo xm r( x0 Xm dxm + is the regular conditional law ofXm +
given (X0 Xm). By Corollary 2.2 this is the barycenter of a measure r on
P(Sm+2 X Um) concentrated on probability measures of the type

v(dxo dxm)q((xo, Xm), (dWl, dwm))6f(xo Xm)(dxm+ 1).

Consider P(S + 2 Um) S +1 U S with the probability measure

B(dp)p(dxo, dxm, dw, dwm, dXm+l)

rl(dp)#(dxo, gYm, dWl, dwm)g),(p.x xo)(dxm + 1)

for a measurable P(S + 2 Um) S + _,. S. If ff/m + 1, X X, W’,...,
W’m, X’m+ denote the canonically realized random variables on this space, it follows
by construction that

X’ + @( Wn + 1, Xtn, Xtn)

and that W +l is independent of X X,, W’l W,. The desired claim
now follows by induction. By adapting the argument of Corollary 3.1, we may replace
P(S+2 U"), n 0, 1, 2, by [0, 1] and then use the construction of Corollary
3.2 to replace Wn by independent and identically distributed random variables uni-
formly distributed on [0, ]. In turn, the isomorphism theorem allows us to replace these
by independent and identically distributed random variables taking values in any pre-
scribed uncountable Polish space as in the proof of Corollary 3.1. Equation (3.2) is also
proved by analogous arguments in view of Corollary 2.2.

THEOREM 3.2. Let { X, n O, +1, +_2,...} be a sequence of S-valued random
variables on a probability space 2, , P). Then we can construct on some probability
space (ft ’, o’, p’) a sequence ofS-valued random variables { X’n, n O, +1, +2,
and U-valued independent and identically distributed random variables { W,, n O, + 1,
+2,... such that X and { X’} agree in law, W, is independent of(Xn_
(X, 2, W 2), for each n, and

X --L(Wn, Xn-l,Xn-2,...)
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for measurablef" U S - S, n 0, + 1, _+2,.... Furthermore, if{ Xn } is a stationary
process, f may be taken to be independent ofn.

Proof. Proceeding as in Theorem 3.1, we can construct a sequence of processes
(Xm, Wm, n 0, +_1, _+2 ), rn 1, 2,..., such that {Xm} and {Xn} agree in law,
Wm, n -m, -m + 1, -m + 2 is an independent and identically distributed
sequence uniformly distributed on [0, 1] and satisfying the following" W_mm+i is inde-
pendent of (x_m + 1, w_m + i- (xm-re/i-2, Wm-m+i-2) for each > 0, W
a prescribed element u of[0, 1] for n < -m, and for each n >= -m

ymX =L(Wn n-l,X .)n-2

(We simply mimic the steps of Theorem 3.1 with (X, x_m, x_m2,...) in place of
X’. Thatf can be taken to be independent of rn is a consequence of the fact that this
choice depends purely on the joint law of (X,, ,- 1, X 2 ), which is the same
as that of (X,, X,_ and is thus independent of m.) As rn -- , this sequence of
processes is seen to converge in law to a process (X’, W,, n 0, _+1, _+2 ), which
satisfies the requirements of the first claim. The second claim then follows from the
observation that the possible choices off are dictated by the joint law ofX,, X, l, Xn 2,

which is independent of n for a stationary process. Finally, the isomorphism theorem
allows us, as usual, to replace W, above by independent and identically distributed
random variables taking values in any prescribed uncountable Polish space U. D

COROLLARY 3.4. Let (X,, n O, _+ 1, +2 be a stationary Markov process on
a probability space (2, , P). Then there exist on some probability space (2 ’, ’, P’)
processes (Y’, W,, n O, _+ 1, _+2,...) such that X’ and X, agree in law, W,
are independent and identically distributed U-valued random variables with W, indepen-
dent of(X’_l, W,-l), (X’__, W’-2 )for each n, andX, f(W,,X,_)for each
n and some measurable f" U S -- S.

This is obvious from the foregoing. Recall the definitions of a weak realization (ii)
and weak white-noise representation (iv).

THEOREM 3.3. Given a weak stochastic realization Y’ }, Y’ of a random
sequence Y of S-valued random variables, a weak white-noise representation as in
1.1 )-(1.2) exists. At least one weak realization exists. Moreover, if Yn, n O, + 1,

+2,... is stationary, one exists in which X, is also stationary.
Proof. The first claim is proved by a straightforward adaptation of the proofs of

Theorems 3.1 and 3.2. The second claim follows from the trivial observation that X,
Y,, Y, 1, Y, 2, .] (with Y-m, rn =< 1, equal to a fixed element .of S when the original
Y, } are defined for only n 0, 1, 2,...) is an S-valued Markov process and Y,

g(X,), where g" S -- S is the projection onto the first factor space. The last claim also
follows similarly, r--1

Remark 3.1. As in Corollary 3.3, we may construct the processes {X,} and
W, } on an augmentation ofthe original probability space (f, ’, P). This augmentation

in general cannot be avoided, as the following example shows. (Thus the strong white-
noise representation is not always feasible.) Let X and Y be random variables taking
values in a, b and c, d }, respectively, with

P(Y= c)= P(Y= d)= 1/2,

P(X-- a/Y= c)= 1/2 P(X= b/Y= c),

P(X= a/Y= d)= 1-P(X= b/Y= d).
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The law of (X, Y) is then the barycenter of a probability measure supported on the
four probability measures {tSl, #2, u3, u4 on a, b c, d} described as follows:

u/(Y=c)=#i(Y=d)= 1/2forl <i=<4and

ul(X a/Y c)= II(X b/Y= d),

uz(X- b/Y c)= 2(X b/Y d),

#3(X a/Y c)= #3(Y a/Y d),

#4(X-- b/Y c)= #4(Y a/Y d).

In fact, r/( #, 7( #2 1/2, and 7( #3 7( #4 .
As above, we can construct on a possibly augmented probability space a random

variable W taking values in Ul, 2, u3, 4 } with law n such that X f( W, Y) for a
suitably defined f. A simple calculation using the Bayes rule shows that P(W i/X
a, Y= c) > 0 for 1, 3. Thus Wcannot be expressed as a function of(X, Y). Suppose
that (X, Y) were canonically realized on their canonical space a, b c, d}. Then
any random variable defined on this space must be a function of (X, Y), and therefore
W cannot be realized on this space unless we allow for its augmentation.

4. Connections with the ergodic decomposition of stationary processes. This section
proves another conjecture of Willems and Van Schuppen [10 concerning white-noise
representations of stationary sequences (see [7] for some related work). Let X, n 0,
_+1, +2 be a stationary sequence of S-valued random variables. As in Theorem 3.2,
we have

X,, f(W,,,Xn-,X,-2, ..), n O, +_1, +2,...,

where Wn are independent and identically distributed U-valued random variables such
that Wn is independent of (X, , W, ), (Xn 2, W 2), Thus

X,,- f(W,,f(W,,_,X,_,X,_2 ),f(W,-2, X,-z,X,-3

f( W,,f( W,_ 1,f( W,-2, X,-2 )),f( W,,-2,f( W,-3, X,,-3,...)),...).

Iterating, we may hope to get

(4.1) X, F(W,, W,_ , W,,-2 ), n O, +1, +2

for a measurable F" U - S. As observed in [10 ], this may not always be possible. We
prove below that such a representation holds if and only if X, is an ergodic sequence,
as conjectured in 10 ]. For simplicity, we set U 0, and assume Wn to be uniformly
distributed on [0, 1]. This causes no loss of generality, as already observed. We write
X [..., Xn_l, X, X+, ...] and W W,_, W,, W+ ]. Also, let 0
denote the shift operator on S or U, as the case may be, which maps x, 1, x,,
...) into x,, x,+, ...).

In the setup of 2, let S U and $2 S, and let Q be the set of#
P(S $2) satisfying the following" # disintegrates as in (2.1) with both u and x --v(x, .)invariant under 0 (that is, u(A) u(O-(A)) and v(x, B) v(Ox, O-(B)) for all
Borel A c U and B c S and for all x 6 U). Argue as in 2 to show that the extreme
points of Q are precisely those # for which x --,. v(x, is Dirac for u-almost surely x
(and, of course, 0-invariant). Thus each Q is the barycenter of a probability measure
on the set of such measures. Argue as for Lemma 3.1 and Corollary 3.3 to conclude that

(4.2) X g(Z, W)



WHITE-NOISE REPRESENTATIONS 101

for a random variable Z independent of Wand uniformly distributed on [0, 1], defined
possibly on an augmentation of the original probability space, and a measurable g:
[0, 1] U -- S, which, in view of the above discussion, satisfies

Og( g( O( ).

Hence (4.2) is equivalent to the infinitely many equations

(4.3) Xn f(Z, On(W)), n O, +1, +_2,...,

where f pog, where p S S is the projection x-l, x0, xl -- Xo. For
z e [0, 1], define

xz=[ x xzxn--l, n+l,

by

XZn =f(z, On(W)), n O, +1, +2,....

Then X,], n 0, +.1, _+2, } are stationary processes for z e [0, 1] with laws denoted
by, say, Lz P(S). By (4.3), L (the law of X) is the barycenter of a probability
measure rt on Lz, z [0, 1]. Suppose that Lz is not a constant element of P(S) for
almost every z e [0, 1]. Then there exist rn >= and f Cb(Sm) such that

h(z) f f(xl,...,xm)dLz(...,x-l,Xo, Xl, ...), z[0, 1]
d

is not a constant Lebesgue almost everywhere. It is clear that

lim
n-

f(Xi+l,Xi+2,...,Yi+m)- h(Z)
n--.-o F/

i=1

almost surely. The left-hand side is a random variable measurable with respect to the
shift-invariant a-field ofX (consisting of all events of the type X 6 A }, A Borel in S
that satisfy X A } 0 nX A for all n). Since it is not a constant almost surely, this
a-field is not trivial, and therefore X cannot be ergodic. Hence, if X is ergodic, Lz must
be a constant element of P(S for almost every z, and thus X’ g(z, W) is a replica
in law ofX for almost every z in [0, 1]. On the other hand, if Lz is a constant element
of P(S) for almost every z in [0, 1], then X’ g(z, W) is a replica in law of X for
almost every z in [0, ]. The shift-invariant a-field ofX’ (consisting of all events of the
type X’ A }, A Borel on S that satisfy X’ A OnX A for all n) is contained
in the shift-invariant a-field of W. However, W is an ergodic process, and therefore its
shift-invariant a-field is trivial. Thus the shift-invariant a-field ofX’ is trivial, and X’ and
therefore X are ergodic. We have proved that Xn =f(OnW) for all n and some measurable
f: U -- S if and only if X is ergodic. However, for each n, (Wn +1, Wn + 2, ...) is
independent of Xn, W,, Wn- ,.... Thus the law of [(Wn + 1, W, + 2 ), (Wn, Wn- 1,

...), (X,)] is of the form

pl(dWn+, dWn+2, .)2(dWn, dWn_, .)q((Wn, W,-I, .), dxn)

for p, q92 - P( U), q U -- P(S). If Xn is a function of OnW, q((Wn, Wn- ),
dx,) must be a Dirac measure at, say, f’(Wn, Wn-1 ). However, then Xn f’(Wn,
Wn 1, .). This completes the proof of our desired result.

THEOREM 4.1. Xn has a representation (on a possibly augmented probability
space) ofthe type (4.1) ifand only if it is ergodic.
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In conclusion, we remark on some important issues not touched on in this paper.
The first, of course, is the minimal realization problem mentioned in the Introduction.
It is not clear whether an explicit white-noise representation will contribute to its reso-
lution. In the context of the white-noise representation in 1.1 and (1.2) (for a given
weak realization), we can pose some interesting minimality questions. Consider the sta-
tionary Markov case for simplicity. The representation then is

X.
Both fand the distribution F of Wn are not unique, as already seen. Can we find the
"best" pair (f, F) with respect to a suitable complexity measure? Obviously, "best" would
mean "minimum complexity." Possibly there would be a tradeoff between the (as yet
undefined) complexities of fand F, which we can hope to quantify.

Another relevant issue not touched on here is whether we can give conditio.ns on
the law of { Xn that ensure a suitable level of regularity (continuity, Lipschitz property,
and so forth) of the functions f } and g, featured in 1.1 and (1.2).

Note added in proof. After the editorial process for this paper was over, the author
came across a paper by Brown [11] whose Lemma 1, p. 178 gives an easy proof of
Theorem 3.1, above, for [0, ]-valued random variables. The general case may then be
deduced by invoking the isomorphism theorem. The proof given in the present paper,
however, is somewhat more direct in the case of general Polish spaces and may be of
some value in pursuing the open issues listed in the concluding paragraphs of the pres-
ent paper.
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Abstract. The goal ofthis paper is to study regularity properties ofthe minimal time function T(. associated
with linear control systems in infinite dimensions. This paper proves that various regularity properties of T(.)
hold on the whole reachable set provided they hold around the target. Some methods to obtain estimates on
T(.) around the target are given and applications to both distributed and boundary control problems are
presented.
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1. Introduction. Consider a control system represented by

(1.1)
y(t, x, u) S(t)x + H(t)u, > 0

y(0,.x, u) x,

where y is the state, the time, and u the control. Here, S(t), >= 0, is a Co-semigroup
on a Banach space X and H(t), > 0, is a family of bounded linear operators, H(t)
LR(O, l; U) -- X, such that the following condition is satisfied:

(1.2) H(tl + /2)u S(t2)H(tl)U + H(t2)Jtlu,
for all t, t2 > O, u E LP(O, t + t2, U),

where U is a Banach space, =< p _-< c, and Js, s E R is a family oftranslation operators,

J" Llo(R +" U)- Lfo(R +" U)

(Ju)(t)= u(t+s) fors >0 and

0 if0_-<t=< Isl
(J,u)(t)

u(t + s) ift > IsI, fors < 0.

Of course, H(t)u in (1.2) means H(t)Ptu, where Pu is the projection ofLP(0, t +
t2, U) onto LP(O, t; U), i.e.,

u(s) if0_-<s=<t
(Pu)(s) ;similarly for H(t2)Jlu.

0 ifs > t

A nice representation theorem for a family H(t) that satisfies (1.2) is given in [25], but
we do not use this fact here.

There is a large class of control systems that can be represented as in 1.1 ). We give
some examples at the end of this section.

Let us fix a target x X and an admissible set of controls Uad e L’oc(R +; U). For
>= 0, denote by V(t) the set of states controllable to x within time by admissible

controls; that is

V(t) {xeX; y(t,x, u) xl for some ue Uaa}.

Received by the editors February 25, 1991; accepted for publication (in revised form) March 3, 1992.- Department of Mathematics, University of Iai, 6600 Iai, Romania.
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The set of states controllable to xl in free time by admissible controls is defined by

v LJ v(t).
t_0

Finally, define the minimal time function (the Bellman function) T: X -- [0,

(1.3)
T(x)=inf{t;xV(t)} forxV

T(x) c for x V.

The goal of this paper is to study some continuity properties of the minimal time
function defined above. There is an extensive literature on the minimal time function
associated with finite-dimensional control systems (see, e.g., 3] and the bibliography
given there). The motivation for this interest comes from the fact that this function is
used in the construction offeedback controls (see 13 ], 17, p. 146 and that its properties
provide a basis in the study of the dynamic programming equation (see [17 ], [3 ]).
Moreover, the local growth ofthe minimal time function is closely related to the sensitivity
of the optimal time with respect to perturbations in the initial state. However, in
the infinite-dimensional case there are few papers that concern this subject (see [1],
[5], [6]).

Very recently, Barbu [2] studied the minimal time function associated to some
nonlinear infinite-dimensional control systems in connection with the theory of viscosity
solution to the Bellman equation.

This paper is organized as follows. In 2 we prove that various regularity properties
of the minimal time function, such as local boundedness and uniform and Lipschitz
continuity hold on the whole reachable set provided they hold around the target. In 3,
we relate the continuity of the minimal time function to the null controllability of 1.1
by unconstrained controls in arbitrarily short time and provide practical techniques to
achieve estimates on T(.) around the target, in the case where xl 0. Finally, in 4,
we apply the general theory to concrete examples.

This section concludes with some examples of control systems of type 1.1 ), which
satisfy (1.2).

Example 1.1. Let B e L(U, X) and H(t) f S(t s)Bu(s) ds, where S(t) is
a C0-semigroup on the Banach space X. It is easy to verify condition (1.2) for every
p e [1, ]. In this case, 1.1 gives the mild solution to the equation y’ Ay + Bu,
y(0) x.

Example 1.2. The heat equation with boundary control can also be considered as
a control system of type 1.1 (see, e.g., 20 ).

Example 1.3. Consider the wave equation defined on a smooth bounded domain

(1.4)

(a) y"--Ay=O inf(0, t)

(b) y= u in 0ft(0, t)=2

(c) y(0) Yo; y’(0) y in f.

Defining for >= O, S(t) L2(ft) H-(ft) ---} L2(f/) H-(ft), S(t)(yo, Yl) (y(t),
y’(t) ), where y(- is the solution to (1.4a), 1.4c with y 0 on Z, S(t) is a Co-semigroup
on L2(ft) H-1 (ft) (see [24]). On the other hand, H(t) L2(Z) ---} L2(f) H- (ft),
H( t)u (y(t), y’(t)), where y(- is the solution of (1.4a), (1.4b) with the initial condition
y(0) 0, y’(0) 0, is bounded and, together with S(t), verifies (1.2). Clearly, the
solution of (1.4) may be written as 1.1 and condition (1.2) is verified with p 2 and
U L2(0).
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2. Qualitative properties of T(.). Throughoutthis section, we refer to a control
system oftype 1.1 with condition 1.2 and the associated minimal time function given
by (1.3) corresponding to the admissible set of controls

(2.1) Uad U L(0, t; u); Ilull --< },
t>0

where o is a given constant and -< p _-< pc. We begin with the following lemma.
LEMMA 2.1 (Bellman optimality principle). For every x e V and e [0, T(x)] we

have

T(x) inf{t + T(y(t,x, u)); ue Uaa}.

Proof. First, we prove that

(2.2) T(x) <= + T(y(t, x, u)) for every u e Ud.

If y(t, x, u) q V, the inequality is clear. If y(t, x, u) V(s) for some s > 0, then there
exists v e gad such that S(s)y(t, x, u) + H(s)v x. That is,

S(s)S(t)x + S(s)H(t)u + H(s)v x.
By (1.2), the above relation may be written as

S( + s)x + H( + s)w x,

where w(r) u(r), for r e [0, t] and w(r) v(r t) for r e [t, + s]. Thus, x e
V(t + s) and T(x) < + s. This inequality holds for every s for which y(t, x, u)
V(s). Hence, (2.2) follows. To continue, let e > 0. We have to prove that there exists
u Uaa such that + T(y(t, x, u)) <= T(x) + e. Indeed, by the definition of T(x),
there exists s > 0 such that s < T(x) + e and x V(s). Hence, there exists v e Uaa
such that S(s)x + H(s)v Xl. Since <= T(x) we have that =< s. For s, all is clear.
If < s, by (1.2) we have

S(s- t)S(t)x + S(s- t)H(t)v + H(s- t)JlV Xl.

This shows that

S(t)x + H(t)v V(s- t),

hence, T(y( t, x, v) <= s t. That is,

+ T(y(t, x, v)) <-_ s < T(x) + e.

The desired u is P v. The proof is complete.
Theorem 2.1, which follows, is the main result ofthis section. It relates the continuity

of T(.) in Xl to the same property on the whole set V. Moreover, a precise estimate is
performed. The notation sign r designates for r > 0, -1 for r < 0, and 0 for r 0.

THEOREM 2.1. Assume x int V. Then
V is open.

(ii) If, in addition, the minimal timefunction is bounded on a neighborhood ofxl,
then it is locally bounded on V.

(iii) If, in addition, the minimal timefunction is continuous in x, then it is locally
uniformly continuous on V. More precisely, thefollowing estimate holds:

(2.3) IT(x)- T(y)] _-< T(h(x, y)) for x, y V,

where h(x, y) x + sign T(x) T(y))S(min T(x), T(y)})(x- y).
(iv) If, in addition, the minimal time function is locally Lipschitz continuous in

x that is, T(x) <= MI]x x ,for some constantM> 0 andfor every x in a neighborhood
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of x, then it is locally Lipschitz continuous on V, i.e., for every x V there exist a
neighborhood ql ofx and a constant M > 0 such that

IT(y) T(z) <-- Mlly z[] for every y, z ql.

Proof. Suppose x int V and let us prove that V is open. To this end, let z V.
More exactly, say z V(t), and let us prove that z int V. Since V is a neighborhood
of xl, taking into account that the operator S(t) is bounded, we deduce the existence of
a neighborhood h’ of z such that S(t)(x z) + x V for any x h’. Now, since z
V(t), there exists v e Ua such that y(t, z, v) Xl. Clearly, S(t)(x z) + Xl
y(t, x, v). By Lemma 2.1, we obtain

(2.4) T(x) <= + T(S(t)(x- z) + x), x q/,

which implies that x e V. Hence, q/ c V and part (i) is proved. Part (ii) follows
from (2.4). Let us now prove part (iii). Suppose that T(. is continuous in x and let
z e V. Consider q/ and as above. By (2.4), since T(x) 0, we may infer that
lim SUpx-+ T(x) <- t. Since the above inequality is true for all > 0 for which z e
V(t), we obtain

lim sup T(x) <= T(z).
X--

On the other hand, since V is open, there exists r > T(z) such that S(t)(x z) + Xl
Vfor every e (T(z), r). Consider e (T(z), r) such that z

_
V(t). By (2.4) we obtain

T(x) T(z) <= lim sup T(S(t)(x- z) + Xl) =< T(S( T(z))(x- z) + x).

Interchanging the role of x and , we get (2.3), as claimed. Combining (2.3) with the
local boundedness of (. on Vand with its continuity in x we obtain that the minimal
time function is locally uniformly continuous on , and the proof of (iii) is completed.
Finally, part (iv) follows easily from (iii).

We can now state a better result when S(t) is a contraction semigroup.
COROLLARY 2.1. Assume x int V. Assume further that S(t) is a contraction

semigroup. Then, ifthe minimal timefunction is continuous in xl, then it is uniformly
continuous on V. If, in addition, the minimal timefunction is locally Lipschitz continuous
in x, then it is Lipschitz continuous on V.

Proof. The first part follows from Theorem 2.1. If T(. is locally Lipschitz continuous
in x, then L(x) < oo, where

IT(y) T(x)I
L(x) lim sup

Let x V. From Theorem 2.1, T(.) is continuous on V, which is open. Hence, for y
near x we have y V and h(x, y) V. For such y, taking into account (2.3) we may
infer that

IT(y) T(x)[ < T(h(x, y))
Ily-x[I Ily-xll

Since T(x 0 and

we deduce

II(x, y) x,
lim sup -<
-. y xll

L(x) <= L(x) for every x V.



MINIMAL TIME FUNCTION 1107

We combine now this fact with the obvious inequality

IT(y) T(x)l -< sup {L(h); h [x, y]} ]Ix- yll,

for x, y V, to obtain that

IT(y) T(x)l =< L(x)Uy- xll, x,yV.

Here [x, y] designates the entire segment from x to y. The proof is complete.
Remark 2.1. The proof ofTheorem 2.1 uses primarily the Bellman optimality prin-

ciple (Lemma 2.1 ). Because of this fact, similar results can be proved also for nonlinear
control systems. Roughly speaking, we have the following principle: Ifa suitable continuity
property of the solution with respect to the initial data holds true and the Bellman op-
timality principle is verified, then a continuity property of the minimal time function
around the target implies a similar property on the whole reachable set (see [5 ]).

Remark 2.2. If the semigroup S(t) is compact, then the continuity of T(.) in Xl
implies the weak continuity on V. See [1] and [2] for such results.

3. Estimates around the target. This section gives some general methods to obtain
estimates for the minimal time function around the target. We consider here only the
case xl 0.

Let us recall first some results on constrained controllability for abstract linear control
systems. In fact, these are results from operator theory.

LEMMA 3.1 (see [7]). Let X, Y, Z be Banach spaces. Let C D( C) c X -- Y be
linear with dense domain, and let F L(X, Z). Then, the following conditions are
equivalent:

(a) F*(Z*) C*(Y*);
(b) there exists kl > 0 such that ]]Fx[] _-< kl][Cx]], x D(C);
(c) there exists k2 > 0 such that

{F’z*; IIz*ll 1} {C*y*;y* eD(C*), Ily*ll k=}.
Moreover, in the equivalence (b) > (c) we can take k k2.

LEMMA 3.2 (see [7]). Let X, Y, Z be Banach spaces. Let C D( C)
_
X - Y be

linear, closed with dense domain, and let F L(Z, Y). Let us state the conditions:
(i) F(Z) C(X);
(ii) there exists kl > 0 such that

Fz; Ilzlt Cx; x D(C), xll kl
(iii) there exists k2 > 0 such that

IIF*y*]] k2[lg*y*ll, y* D(C*);

(iv) there exists k3 > 0 such that

Fz; Ilzll } cl{ Cx; x D(C), xll - k3).
Then (i) , (ii), (iii) (iv), with k2 k3. IfF is the identity operator, then ii = (iii)
with kl k2.

Let us relate these abstract results to our problem (see also [7], [8], [10]).
The control system (1.1) is null controllable at time by LP-controls, if S(t)X
H(t)LP(O, t; U). By virtue of Lemma 3.2, this is equivalent to the existence of c(t) >
0 such that

(3.1)
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which, in fact, means that T(x) <= for ]]x]l --< c(t). We have thus proved the following
result.

THEOREM 3.1. Assume that Uad is given by (2.1), <= p <= . Then the control
system 1.1 is null controllable at time for every > O, by LP-controls, ifand only if
the minimal timefunction is continuous in the origin ofX.

We also have the following corollary.
COROLLARY 3.1. In the conditions of Theorem 3.1, assumefurther that the control

system 1.1 is null controllable at every time > 0, by LP-controls. Then, V is open and
the minimal timefunction is locally uniformly continuous on V. If, in addition, < p <=

and S(t) is a contraction semigroup then V X and the minimal time fimction is
uniformly continuous on X.

Prooj The first part follows from Theorems 2.1 and 3.1. If < p _-< and S(t) is
a semigroup of contractions, then it follows by a result of Narukawa [19] that V X.
Finally, combining Theorem 3.1 and Corollary 2.1, we see that the minimal time function
is uniformly continuous on X.

Remark 3.1. A more precise estimate for the function c(t) in (3.1) provides a
corresponding estimate for the minimal time function around the origin (which here is
considered as target). Along with Theorem 2.1, this provides a precise estimate for T(.
on the reachable set V. For example, suppose the function c (0, -- (0, (or, at
least, its restriction to (0, 6) for some 6 > 0) has an inverse. Then for x sufficiently near
zero we take c- xll and use 3.1 ). This implies T(x) _-< c- xll ), for xll small.
The problem lies in obtaining c(t) explicitly. One way might be by duality, using the
equivalence (ii) < (iii) in Lemma 3.2, or (b) (c) in Lemma 3.1. Note that Lemma
3.1 is useful in the case where the control process takes place in dual spaces, but this
does not cover the situation when the control space is L1(0, t; U). More precisely,
suppose that X and U are reflexive Banach spaces, H(t) C*(t) and < p _-< .
Denoting F(t) S* (t), if we provide an inequality of type

(3.2) o( t) S* t)x*

then, using Lemma 3.1 we obtain (3.1) with c(t) o w(t). See Example 4.2 for the
illustration of this technique.

Another way to obtain the function c(t) in 3.1 is suggested by the work of Seidman
[23 ]. Namely, let Ct :X -- LP(O, t; U) be the operator (initial data) -- (optimal null
control for time t). Suppose that we have an estimate of type 11Ct]] _-< (t) for small.
Then, we can take c(t) o/P(t) in (3.1). See Examples 4.3 and 4.4 for applications.

4. Examples. This section gives several applications of the abstract results and
methods presented in 2 and 3.

Example 4.1. Let us consider a control system described by the equation

(4.1) y’= Ay + u,

where A generates a C0-semigroup, S(t), > 0, on a Banach space X. The mild solution

y(t, x, u) S(t)x + S(t s)u(s) ds, >= O,

is of type 1.1 ). We take

(4.2) Uad {U e L(R+; X); [lu(t)[] =< p a.e.}
and consider the target Xl e X.



MINIMAL TIME FUNCTION 1109

THEOREM 4.1. Let Xl e D(A) be such that IIAxIII < po Let M > and w > 0 be
such that S( t) <= M exp (wt). Then

(a) Ifw > O, V is open and the minimal timefunction associated with (4.1), (4.2)
is locally Lipschitz continuous on V.

(b) Ifo O, we have V X, and the minimal timefunction associated with (4.1),
(4.2) is Lipschitz continuous on X.

Proofi Consider first w > 0. An easy calculation shows that if

x X
p Axl
2oM

then

IIS(s)(x x,)ll
ds>_-

for sufficiently large.
Let > 0 be such that we have equality and take the control

p- IIAx,
u(s) --Axl IlS(s)(x Xl)ll s(s)(x Xl), S e [0, t].

Clearly, u 6 Uad and y(t, x, u) Xl. Hence, x V(t) and therefore T(x) < t. We also
have

7"(x)

(4.3) IIS(s)(x Xl)ll
dx <=

p- IIAx,
This implies

for all x that satisfies

T(x) <= log P Axl ooMIIx x,
o Ax,

x x11 AXl II.
2wM

It is easy to prove now that the minimal time function is locally Lipschitz continuous
in x. By Theorem 2.1, it is locally Lipschitz continuous on V.

Note that if S( So)(X xl 0 for some So, we can construct a continuous function
o(-) such that

,p(s) <-_ 1/llS(s)(x- Xl)ll for s >_-- 0

and such that f p(s) ds oo, and we work with p(.) instead of Ills(
In the case where w O, clearly, we have

IIS(s)(x x,)ll
oo for every x e x,

so that V X and

MIIx x,
T(x) _-< for every x X.- IAxII

This shows that T(.) is Lipschitz continuous in xl, and hence, by Corollary 2.1, it is
Lipschitz continuous on X.
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Note that Corollary 2.1 was proved in the case where w 0 and M 1, but the
proof also works in the case where o 0 and every M > 0. This concludes the proof.

Remark 4.1. We have proved in [5], by another approach, a related result in the
case where x 0 and A (possibly) nonlinear.

Example 4.2. Consider the abstract wave equation

(4.4) z" Az + u,

where A is a selfadjoint, positive definite linear operator defined on a dense domain D(A
in a Hilbert space H. In addition, assume that A has a complete sequence oforthonormal
eigenelements and a corresponding sequence (Xj). eN of real eigenvalues of finite multi-
plicity with 0 < Xl =< )h --< and limj-,oo ),; oo. Let V D(A 1/2), the domain of
the square root of A, let C(t) H -- H(V-- V) and S(t) H -- Vbe the cosine and
sine operators generated by A. See, e.g., [11], [14], and [15] for details.

For the initial conditions z(0) z0, z’(0) Zl, x (Zo, zl) V X H and u
Lloc(R+; H), the solution to system (4.4) is understood in the mild sense,

z(t, x, u) C(t)Zo + Sl(t)Zl J- Sl(t s)u(s) ds,

and the derivation z’(t, x, u) is given by

z’(t, x, u) -ASl(t)Zo + C(t)zl + C(t- s)u(s) ds.

Let y(t, x, u) (z(t, x, u), z’(t, x, u)) V H, >-_ O. It is easy to see that y(t, x, u)
can be represented as in 1.1 in the space V H, where

[ C(t) Sl(t)]S(t)
-ASl(t) C(t)

and

H(t)u S(t- s)Bu(s) ds,

with B H -- V X H given by Bu (0). (See Example 1.1.)
We study the minimal time function associated with (4.4) in two cases.
Case 1. The admissible set of controls is

(4.5) Uad u L([0, oo); H); ]IU(/)I]H ----< P a.e.}.
It is known that the control system (4.4) is null controllable at every time > 0 by

L -controls; that is, given some > 0 and some initial state x (z0, Zl e V H, there
exists a control function u L([0, oo ); H) such that the corresponding mild solution
z(t, x, u) of (4.4) satisfies z(t, x, u) 0 and z’(t, x, u) 0 (see [4]). On the other
hand, S(t) is a contraction semigroup (in fact a group). Hence, by Corollary 3.1, the
minimal time function associated with (4.4) and (4.5) is finite on V H and uniformly
continuous. We now give a more precise estimate.

THEOREM 4.2. The minimal timefunction associated with (4.4) and (4.5) satisfies
the estimate

(4.6) T(x) T(y) < Ml IIx Yll 1/3,

for every x, y V H with I]x Yll <- M2, where M1 (30}//pXl) 1/3 and M2
1/15/64(p/1). Here,forx (Xl, x2) V H, IIx[I (llx, 2 + I1x2[12) 1/2.
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Proof. From the proof of Theorems 2.2 and 2.3 in [14] it follows that for every
x (Zo, Zl) V H and 0 < _-< /15/8Xl, there exists a control ut L(0, t; H) that
transfers x to rest during [0, t] and satisfies the estimate

]lull --< 3.0V2 t_3l[xll

See [9] for more details. Note that a careful reading of[14] shows that this result is a
consequence of an inequality of type (3.2). If Ilxll --< (t3xlo)/(30f), then ut Uad, and
thus, we obtain (3.1) with a(t) (t3X0)/(30f) and Z /15/8?. Taking
(30f/Xlp)l/3llx[[ 1/3, we obtain

(4.7) T(x) _<-_ Mllxll 1/3 for Ilxll --< M2.
See also Remark 3.1. We have just obtained an estimate for T(.) around zero. Since
S(t) is a group of contractions, (4.6) follows from (2.3) and (4.7).

Case 2. The admissible set of controls is

(4.8) eaa [,.J { u e L2(O, t; H); Ilull2 --< o}.
t>O

THEOREM 4.3. The minimal timefunction associated with (4.4) and(4.8) satisfies
the estimate

IT(x) T(y) N M31Ix yll 2/3,

for every x, y V H with [Ix Yl] <- M4, where M3 (30/)kl)l/3p -2/3 and M4
p(15/8)kl)l/3(kl/30) 3/4.

Proof. We apply again a result of[14 to deduce that for every x (zl, z2) e V
H and 0 < =< /15/8Xl there exists a control ut e Lz(0, t; H) that transfers x to zero
within time and satisfies the estimate

b/t I]2 - 2(
See also [9]. The proof is concluded in the same way as the proof of Theorem 4.2.

Example 4.3. Let fl be a bounded domain in R whose boundary I’ is a C manifold.
Let A denote the Laplacian operation on R n and let the constants a, b, a 2 + b 2 4 0,
ab >-_ O. We consider a control system described by the equation

y’- Ay 0

Oy
(4.9) a- + by u

y(O) yo

Consider, first, the admissible set of controls

in ft (0, oe),

in P (0, oo),

in

(4.10) Uad {usL(r(0, o)); lu(x,t)l -p a.e.}.
It is well known see, e.g., 20 that for Y0 L2 2 and u L I’ (0, oe ), 4.9

has a unique weak solution y(t, Yo, u) in L2(2), which can be represented as in 1.1
such that (1.2) is verified. Clearly, in this case p oe, U L(i’), and X L2(ft).
The semigroup S(t) involved here is a Co-semigroup of contractions. On the other hand,
in the case where b 4 0, for every > 0 the control system (4.9) is null controllable by
L P (0, oe ))-controls (see 20 ]). Taking into account Corollary 3.1, we make the
following deduction.
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COROLLARY 4.1. The minimal timefunction associated with (4.9) and (4.10), in
the case where b :/: O, is finite and uniformly continuous on L2(fZ).

We consider now the admissible set of controls

(4.11) gad [-.J u 6 LZ(0, t; L2(r)), llu[12 -< p}.
t>0

If a 4 0, again the solution y(t, Y0, u) is in LZ(2) for every > 0 (see [21]), can be
represented as in 1.1 with H(t) continuous from L2(0, t; L:(P)) into L2(). Fur-
thermore, we have the null controllability property for every > 0 by L2-controls so we
have 3.1 ). If a 0, H(t) u need not be in L 2() for every u L (0, t; L 2 (I)). However,
the operator H(t) D(H(t)) L2(), where D(H(t)) {u e L2(0, t; L2(I));
H(t) u e L2(ft) }, is densely defined and closed (see [22, Lemma 2.15]); hence, we can
apply Lemma 3.2 to deduce (3.1) from the null controllability property.

For > 0, define the operator

Ct L2(Q) -- L2(0, t; L2(F)),

CtYo to,

where Uo is the minimum norm control that transfers the initial state Yo to zero within
time by controls in L 2 (0, t; L (I’)).

LEMMA 4.1 [23]. There exists c > O, such that

(4.12 C, --< exp c / t) for small t.

We are now in position to prove the following theorem.
THEOREM 4.4. The minimal timefunction associated with (4.9) and (4.11 satisfies

the estimate

k
(4.13) [T(yo) T(zo)[ _-<

log p / yo zo II)

for some k > 0 andfor every Yo, Zo E L2(f) such that Ilyo zoll is sufficiently small.
Prooj We first prove that

T(yo) <= for yoll small,
log (p / Yo

where c is given by Lemma 4.1.
Indeed, by (4.12), for small > 0, every Yo E L2(2) with ]1Yol] < p can be transferred

to zero by Uo L2(0, t; L2(p)) with Ilu0ll --< exp (/t)llyoll. Hence, ifexp (c/t)llyoll <=
p then Yo V(t). Therefore, we have (3.1) with c(t) p exp (-c/t). See also the final
part of Remark 3.1. The inequality (4.14) now follows easily. To conclude the proof of
our theorem we apply Theorem 2.1, more precisely, an inequality of type (2.4). Indeed,

T(yo)- T(zo)l < T(h(yo, Zo)) <
log (p/Ilh(yo, Zo)II)

log (p / Y0 z0

Here, h(yo, Zo) sign (T(yo) T(zo))S(min {T(yo), T(zo)})(yo Zo), and
IIh(yo, Zo)ll --< Ilyo Zoll because S(t) is a semigroup of contractions.

Remark 4.2. The estimategiven in Theorem 4.4 seems to be optimal due to a result
of Gtiichal 12 ], which states that the estimate (4.12) is optimal.
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Example 4.4. Let us consider the boundary control problem of a vibrating plate

y" -k- AZy- 0 on 2 (0, ),

(4.15) Oy/Ov O, O(Ay)/Ov u on I" (0, ),

y(0)=y;y’(0)=y one2,

where ft (0, (0, ).
Resulting from 16 ], the control system (4.15 is null controllable for arbitrarily

small time by LZ-controls, with an estimate of type (4.12 ). Therefore, the minimal time
function associated with the system (4.15 and the admissible set of controls (4.11
satisfies an estimate of type (4.13).

Example 4.5. Consider, finally, the wave equation with boundary control (Example
1.3 ). It is well known that the control system 1.4) is not null controllable for arbitrarily
small time (see 18 ). Therefore, by Theorem 3.1, the corresponding minimal time func-
tion is not continuous in zero.

Acknowledgment. thank Professor Corneliu Ursescu for helpful discussions.
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A STATE-SPACE ALGORITHM FOR THE SOLUTION OF THE 2-BLOCK
SUPEROPTIMAL DISTANCE PROBLEM*

I. M. JAIMOUKHA]" AND D. J. N. LIMEBEER]"

Abstract. A state-space algorithm for computing the solution of the 2-block superoptimal distance problem
(SODP) is presented. Given a rational and antistable matrix function R(s) [R(s) R12(s)], find all stable
approximations Q(s) that lexicographically minimize the singular values of the error function E(s)
Rl (s) R2(s) + Q(s) ]. Conditions are given for which the superoptimal approximation is unique. In addition,
an a priori upper bound on the MacMillan degree of the approximation is given. The algorithm may be stopped
after minimizing a given number of singular values. This premature termination of the algorithm carries with
it an expected saving in the computational effort and a predictable reduction in the MacMillan degree of the
approximation. The algorithm only requires standard linear algebraic computations and is, therefore, easily
implemented.

Key words, superoptimal general distance problem, 2-block general distance problem, H-optimal control

AMS subject classification. 93C35

1. Notation and definitions., +, C real, nonnegative and complex numbers
C+ (C+), C_ (C_) open (respectively, closed) fight half plane, open (respectively,

closed) left half-plane
X(A), ’max(A) eigenvalue of square matrix A, largest eigenvalue ofA
A * complex conjugate transpose ofA 6 Cm

A >_-- 0, A > 0 A is positive semidefinite (respectively, positive definite)
(p space of p rn matrix functions with entries bounded on the jo

axis
]l(’)ll e-norm of matrices in &t’

+p ,jgt -p subspaces of &t’% m., matrices that are analytic in (+ (respectively,
_)

[G(s)]*, [G(s)]-* G(-g)*, the para-Hermitian conjugate ofG(s), [G*(s)] -deg [G(s)] MacMillan degree of the rational function G(s)
[G(s)]/, [G(s)]_ stable (respectively, antistable) projection of G(s)
Prefix denotes real rational.

Associated with every rational transfer function matrix G(s) is a state-space real
ization G( s) D + C( sI A )- B, where A nn, B C mn and D ml
and where-n > deg [G(s)]. The alternative notation G(s) (A, B, C, D) or

G(s)=
C

is also used. Occasionally we write

Rll(S) R2(s)
R21(s) R22(S) IA B1 B21_s C1 DI D12

C2 D21 DzzJ
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in which Ro(s) (A, Bj, Ci, D0.) for i, j 1, 2. If D is nonsingular, then

(1) [G(s)]-’ s= (A BD-IC, -BD-1, D-’C, D-l).

If [G(s)] - [G(s)]*, then G(s) is said to be an all-pass system and satisfies
[G(s)].[G(s)]* [G(s)]*[G(s)] I. Occasionally, we say that G(s) is all-pass for
some +. This is taken to mean that y-G(s) is all-pass. The rational function G(s)
is called stable if it has no poles in C+. If G(s) has no poles in

_
it is called antistable.

If G(s) 2tta has I[G[Ioo =< 1, it is called a stable contraction. The set of all stable
contractions is denoted 3o’g +oo. We say that G(s) "l-3acta+oo if yG(s) 3+oo. If a
basis change T is introduced into a state-space realization of G(s), this is taken to mean
the similarity transformation

T
(2) G(s) (A,B, C,D)- G(s) (T-1AT, T-IB, CT, D).

In most cases, G(s) will be abbreviated to G.
If U qo q and

(p+q)(m+l)
q H21 H22

we define the lower linear fractional map (LLFM) (H, U) H + H2U(I
H22U)-H2 provided [I- H22 (00)U(oo )] is invertible. If U.moop we define the upper
linear fractional map (ULFM) (H, U)"= H22 -- n21g(I- HU)-H2 provided
[I- H (oo)U(oo )] is invertible. If q/is a set, then t(H, q/) is taken to denote the set
t(H, U)" U q/}. If G, G2, G3 oo have appropriate dimensions, and q/is a set,

then G + G2qlG3 is taken to denote the set G + G2UG3" U all }.
A problem of presenting the superoptimal algorithm is the elaborate notation. To

simplify the presentation, we adopt the following special notation and definitions. If
A Cvm, then ri(A) denotes the ith largest singular value ofA. If G ,v m, then

s (G) sup 0"i[ G(jw)]

denotes the supremum of the ith largest singular value of G over the imaginary axis
(including m ). Clearly, sT(G) I[GIIoo. If R /t-(l+m) is partitioned as

R p[Rll R12] G o-P(l+m)o(3)

we define the optimal level ofR as

Sl(R) := inf sg([Rl R12 + Q]),
./, +p

and the set of all optimal approximations ofR as

$,(R) := O 6 o+mpm" s([Rll R12 -+ O]) s, }.
Ifp and rn are both greater than 1, then we define the first and subsequent superoptimal
levels ofR as

si(R) :-- inf s([R R12 + Q]) 1, 2
Qr Si- I(R)

and the set of all th level superoptimal approximations ofR .as

$i(R) := {Qgi-,(R):s([Rll Rlz+Q])=si(R)} i= 1,2,...,
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in which So and 50(R) oq+czpm. Clearly, the optimal level is equal to the first
superoptimal level, and the set of all optimal approximations is equal to the set of all
first-level superoptimal approximations. If 3’ > s (R), then 3" is said to be a suboptimal
level of R. The set of all suboptimal approximations ofR at level 3" is defined as

$(R, 3")"= {Q 6 ]/+zpm" s([Rll R12 -}- Q]) =<
2. Introduction. It is well known 4 ], 14 that a large class of Jogs-control problems

may be reduced to the 2-block optimal distance problem via the Youla parametrization
of all stabilizing controllers [18]. In the 2-block optimal distance problem, we are given
R -p (l+ m) partitioned as (3), and we seek to find the optimal level s(R) and the
set 51 (R) of all optimal approximations of R. In control problems, R is a function of a
plant model and various weighting functions [4], [14]. In general, the solution of the 2-
block optimal distance problem is hardly ever unique 4 ], 14 ]. The question then arises
as to whether any ofthese optimal solutions is best in some sense. One way of recovering
uniqueness is to strengthen the optimality requirement. Specifically, we request that the
second and subsequent singular values are minimized with respect to lexicographic or-
dering 19 ].

Problem 1. Suppose we are given a rational antistable matrix R partitioned as in
(3). Then for 1, 2,... we are required to find the superoptimal levels s (R)
si (R) and the set 5 (R) of all ith level superoptimal approximations ofR, where we set
So and S0(R) ]t+pm

When Rl 0, Problem reduces to the 1-block SODP first proposed by Young
[19], who showed, using operator theoretic techniques, that the superoptimal approxi-
mation is unique 19 ]. State-space algorithms for calculating the solution are given in
9 ], 15 ], and 17 ], where it is shown that the superoptimal approximation has a sur-

prisingly low MacMillan degree. Gu, Tsai, and Postlethwaite [8] give a solution to the
2-block SODP using a technique that is different from the one used in this paper. However,
their algorithm is unnecessarily complicated and cannot be readily generalized to the
solution of the 4-block SODP. In contrast, we give a new and simple algorithm for the
solution of both the 1-block and 2-block SODPs, using essentially the same technique.
More precisely, we prove that, under certain conditions, it is possible to construct a
sequence of 2-block systems R Rk of the same form as R such that st(R) s(Ri)
and gi(R) Si- l[ $1 (Ri) ], where Sl,..., Sk_ is a sequence of operators to be defined
later. Thus, the solution of the ith level SODP is reduced to the solution of optimal
problems. We also prove that there exist ith level superoptimal approximations of R of
MacMillan degree < (n- + (n 2) + + (n i), where n deg (R). Furthermore,
sufficient conditions are given for which the superoptimal approximation ofR is unique.
Finally, we demonstrate that the algorithm can be readily extended to the solution of
the 4-block SODP.

The paper is laid out as follows. Section 3 gives a review of the 2-block optimal
distance problem. Section 4 gives the solution of the second-level superoptimal problem
and 5 gives a cancellation analysis of this solution. Section 6 extends the solution to
the full superoptimal problem and 7 outlines the solution to the 4-block superoptimal
problem. A few examples are given in 8, and finally, the conclusions are given in 9.

3. The 2-block optimal distance problem. This section outlines the solution of
the 2-block optimal distance problem: for R e te-<t+m) given by the state-space real-
ization

(4) R p[Rll E [tcp(l+m)R12] C 0 0
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where

(5) A Nnn, Re [Xi(A)] > 0 Vi,

find the optimal level Sl (R) and the set 51 (R) of all optimal approximations of R. The
solution to this problem has been developed in [2], [7 ], and [13]. We assume that the
optimal level sl(R) can be calculated to any desired degree of accuracy using the
iteration 4 ], 7 ], and furthermore that

(6) sI(R) ). ]lRlllloo,

The following theorem gives the set 51 (R) in the form of a linear fractional map.
THEOREM (see 2 ], 7 ], 13 ]). Let s := s (R) and assume that (5) and (6) are

satisfied. Then
(i) There exists an embedding ofR oftheform

llH12] P

H21H22]
m-1

Rll
p-1

R12 + Q12 Q13

R22 + Q22 Q23
Q32 Q33

R21

such that HH* H’H= szlI; Rij, (R21)- eN7, i,j 1,2; QoeN+, 1, 2,3;
j 2, 3 and

(7) H22 < Sl"

Furthermore,

$ R . Qa si-l,-o(p-1)x(m-1))

and

[RII R12 + I(R)] o(H, //)

where

’1 := { [O(p-1)1 U]" U e s-{ll(p-1)(m-l) } Qa=
Q32 Q33

(ii) There exist real matrices

n-I

AH BH
n-1 0 AQ n-1

p-1

0 BQ2 BQ3

n-I

CH G CQ2|, DH
0 CQ3j

p

m p-1

sI 0 0
0 D3 0

n-1

n-I

n-I

n-I

Q Q3 ]Q; Q:
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such that

(8) AQE[ (n-1)(n-1), Re [i(AQ)] < 0 Vi

* DtD. s2I, A1Q14 + Q1-IA14 + ChCI-I O,PIQI4 QtIPI s2 I, DuDI

(9) Dt*CI. + BIQ O, DtBI + CI4P O, API + P14A*14 + BIB O.

Furthermore, H and Q have state-space realizations given by

An B/4 Q12 Q13HH2
Qa := D12 O1(10) H=

HzlHz2 D/4 Q32 Q33
[CQ D32

Remark 1. In the interest of a clear presentation the optimal level s is taken to
have multiplicity one. Relaxing this assumption will lead to a messy indexing system
without introducing any serious technical difficulties. See [7 for a full treatment of the
general case for the optimal distance problem. The assumption in (4) that R(oe) 0 is
used to simplify the notation and can be removed with minor modifications to the al-
gorithm 7 ].

Remark 2. If min (p, m) 1, then the optimal, and hence, the superoptimal ap-
proximation of R is unique and given by QI_. If n 1, then QI is a constant equal to
D2. Using the results in [7] it can be shown that the error [RI R2 + O12] has rank
one so that D2 is the superoptimal solution.

Remark 3. In this paper, we will not give an explicit construction of the optimal
generator H. However, we make extensive use of its properties as summarized in Theorem
1. For a full construction of the optimal generator H, see 7, Thm. 4.4 ].

4. The second-level SODP. This section considers the solution of the second-
level SODP.

Problem 2. Suppose we are given a rational antistable matrix R partitioned as in
(4). Then we are required to find the second superoptimal level s2(R) and the set 52(R)
of all second-level superoptimal approximations of R.

In the following theorem we derive the solution ofthe second level SODP associated
with R using H only. Since HH* H*H sI, we can regard H as an all-pass embedding
ofH22. The next theorem uses standard spectral factorization results to give a construction
of another embedding of H22, which also satisfies HH* I*I szlI.

THEOREM 2. Let H be the generator of all optimal error functions ofR given by
Theorem 1. Then (i) There exists an embedding ofH2z oftheform

(11) H
[H21

m-1 p-1

]
[Ja2

such that

(12) /*/ /* szlI,

(ii) The set ofall suboptimal approximations oft is given by

(14) $(/, sl)= l(Oa, S-{llt)+p-1)(m-1))
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and the corresponding set ofall suboptimal errorfunctions oft is given by

(15)

where ll is defined in Theorem and

Qa :=
032 Q33

Proof. (i) Using (7), it is a simple exercise to give a construction of/ using standard
spectral factorization theory [1] using either transfer function or state-space techniques.
In this paper, we give a state-space construction of H. It follows from Theorem that
922 has the state-space realization

022

Hence, it follows from (7) that there exist stabilizing solutions P2 and Q2 to the algebraic
Riccati equations

(16)

respectively [2]. Since P2 and Q2 are stabilizing,

(17) Re [i(A0 + s-{ZP-C3C03)] < 0 Vi, Re [i(Ao_ + s-{2Bo3B30_2)] < 0 Vi.

Define

QzP2- s2I.

Then using the fact that P2 and Q2 are continuous and decreasing functions of s [10 ],
it is easy to show that (7) implies that Xmax(PzQ2) < s2 [11], from which it follows that
R is invertible. Defining

(18) H R21 R22_+Q22 Q23
0 Q32 Q33J

0 Ao
0

0 BQ BO
0 0 sll
sll 0 0
0 sl 0

in which

(19) Qa :=
[032

Q3
Q33

Ao BQ BQ3
0, 0 sl
Co sl 0
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and

(20) k p-l[kll

18 satisfies the all-pass equations

A iQfi + QftAfi + CfICfI* O,

APfI + PIAB + BIB O,

with

DICfI + BfIQft=* O,

DIzIBfI + CIPfI O,

I:tDt?DIZlDI D S I

PflQfI QfIPI:I s I

P/=
I /52 I P-2

Q/=
-/ (2 -R Q2

Hence, H is all-pass at S from [5, Thm. 5.1] and this proves (12). The state-space
realizations 18 )-(20), definitions (21 ), and (16) yield the following identities

0_.-{ L (AQ s-{1Bo3 Col, -s-{I Bo3, s-l CQl, s-ill)

(A0 + s2Bo3B* 1QQ2 -s BO, s QI S I),

0 (Ao s7 oCo, -s? o, s Co, s? I)

(Ao+s2- lPCoCo, -s o, s Co, s I),

Kl L (A sl ida, --sll, sld, S)
L [_K-1 (A + s72BoB, loQ)*K, -s 91, s d, s I].

Hence, 17 and (23) prove 13 ).
(ii) The fact that Sl(R) is a suboptimal level of follows from pa (i) since 012

N+ and

II/-l,lloo I1[1, 12 - 0121 Iloo II/11o sl(e).

Finally, (14) and (15) follow from (i) and [7, Thm. 3.6]. ff]

The next theorem, which is the main result, shows that the solution of the second-
level SODP associated with R is equivalent to the solution of the optimal problem as-
sociated with/.

THEOREM 3. Let H and H be as given in Theorems and 2, respectively. Then

(24) s2(R) s,( l)

(21) CO, -S-{1BQ3Q2, Jl sIR-1CQ2,

dl := s-fB03
Then

(22) A (n- 1)x(n- 1)

since Ao N ( 1) x (n- 1). Fuhermore, (17) implies that

(23) Re [X(A)] > 0 vi.

Equations (16) and definitions (21 are used to verify that the realization ofH given in
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and

(25) 52(R) S[l( )],
where

S Ol ( Qa Ou[ O-l

(26)

(27)

Define

(28)

Then (27) implies that

and where Qa and Qa are defined in Theorems and 2, respectively.

Proof. Since HH* H*H SlI and/fl* fl*fl szlI, it follows that

Hl lHl HzlH2,

/21/*l SZlI- H22H;2 UzlHl,

V+/-

/-ll --/-12H2"2/-]1",

I2I 2 S I H2H2z H H12

V*HllW v*Hll W+/- v’Hi2 ]0 I H2l H__ 0 I HIW HIW+/- H
(29)

V*HllW V*Hll W+/- v’H12]V_HllW Hll Hl:
H:w H: H::

(31)

One can verify that

G, G
G21 G22

are all-pass at 3’ G l2 0,

(30)
G21 0 and Gll is all-pass at 3".

Since V, W, s -1 H, and si-1/ are all-pass, we can use (30) and (29) to show that

g* 0 Hll H12 W 0 g HllW V ,*Hll W_l_ V H12
0 I H21 H22 0 I g21w H21W_I H22

[sla _0 _0 ]HzlH-’l Hl: ,H2 _

It follows that

V V_L Ip_ l, W W_l_ II+m-1.
Hence, there exist

V-- [1) V_l_] e PPoo W- [w W_L e )<l+m)<l+m)oo

such that V and W are all-pass 5 ]. Using (26) and definition (28) we obtain

v ,* H,: =/:* Hl*:Hl: =/:*/l*:/l: /l:,

H21 W+/- H21H2*I/--I* =/--r2,D2%D-,* /-r21,

r Nil W_l g g Ig2*l/-l* r * Hi2H2"2/-FI* -/12H2"/-Fl* Dll.
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where

32 a S - 11) *Hll w 6 ooolX is all-pass.

Using the characterization of the set [Rll Rl2 + 51(R)] given in Theorem 1, then with
a slight abuse of notation, we have

(33)
V

_
:v,,{

+ ()][w w]

2111 (I H22ql )-1H21 w W+/-].

Expanding the fight-hand side of (33) and using (31) gives

(34) V*[RI1 R12 + 51(R)]W |sla
0

0 ]=[sla 0 0

,.l(fl, /1) 0 kll k12 - 5(k, s1)

where the second equality follows from part (ii) of Theorem 2. Suppose we write

(35) V*[Rll R12 + Q] W=
sla 0 0

0 kll k12 - 0Then (34) is equivalent to the following. For each Q 51 (R) there exists a O 5(/, Sl
such that (35) is satisfied. Conversely, for each 5(/, sl), there exists a Q 51(R)
such that 35 is satisfied. Furthermore, as Q ranges over the whole of 51 (R), Q ranges
over the whole of 5(/, Sl ). Since V and W are all-pass, we have

s2(R) inf s([R11 gl2 + Q])= inf s)(V*[RII RI2 + Q]W).
Qe$I(R) QeSI(R)

Using (34) and the fact that a is all-pass and fixed,

(36) s2(R) inf s([/ll /12 + (]).
O_(k,s)

Since the set 5(/, Sl consists of all suboptimal approximations of/, then it includes
all the optimal ones. Therefore, the set 5(/, sl) in (36) can be replaced by the set
O’+(P-oo 1)(m-1), and (24) follows. Since V and W are all-pass we can write (34) as

(37) [Rll R12 + Sl(R)] V[ Sla O 0

0 /11 /12 + (/, S1)

Hence, it follows that the subset of 5, (R) whose elements minimize the second singular
value ofthe left-hand side of( 37 can be obtained by replacing the set 5(/, sl by 51 (/)
in the fight-hand side of (37), which proves that

sla 0 0
(38) [Rll R12 + 52(R)] V

0 k,, k,2 +

To prove (25) we expand the fight-hand side of (38) as

(39)
[RIIR12-t-52(R)]=[I)V+/-][SlaO0/11 / 12

0]..}_012
0

+Iv r’]o 0 51 (k) 012 W 1*
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Using (31), the first term in (39) is equal to [Rll R12 + Q12]. Using definition (28)
and the partitions ofH and H, it follows from (39) that

[Rll Rl2 -}- 2(R)] [Rll Rl2 + Ql2]

q- Q130i-31[0 1(/)- 012][/721 * ](J 032

where denotes an expression that is irrelevant for the present purpose. Thus,

$2(R) Q,2 + Q,3(#[$,(k)- 0,.]( Q32 o[K,

where

K [ Ql2 Q13(i-31(120 Q32

L
A simple calculation will verify that ot[K, (.)] ot Qa, u[ 0_.- (’)] }, which
proves (25).

Remark 4. Compared with R,/ has a lower state dimension deg (/) =< deg (R)
and

m-I

R p[ Rll Rl2] []Ooo :=> / p-1 [/ll kl2 [17o

The solution of the second-level SODP associated with R is equivalent to the solution
of an optimal problem of reduced dimensions and MacMillan degree.

To summarize the results of this section, the following procedure may be used
to find the second-level solution of the 2-block SODP. We start with R partitioned as
in (4).

(I) Find the optimal level S sI(R). If sl IIRIlII, stop. If sl > IIRllll,
continue.

(II) Find H, the generator of all optimal error functions of R using Theorem 1.
(III) Find , the all-pass embedding of H22 using Theorem 2 and define/

(Hll)-.
The second superoptimal level of R is equal to the optimal level of/ and the set of all
second-level superoptimal approximations ofR is given in terms of the optimal approx-
imations of/ as (25).

Remark 5. The calculation of the optimal levels sl (R) and sl (/) involves a binary
search algorithm (the so-called 7-iteration), where each step involves the solution oftwo
algebraic Riccati equations of order n deg (R) and n deg (/), respectively. The
calculation of/ involves the solution of the algebraic Riccati equations 16 ), which are
of order n 1. Hence, the calculation of the second-level superoptimal solution is es-
sentially equivalent to the calculation of the optimal solutions for R and/.

Remark 6. Ifassumption (6) is not satisfied, then the set ofall optimal error functions
ofR can, in general, be generated by an LLFM of the form

[Rll RI2 q- I(R)] ot(H, q/), 0 { [0pXl U]" U ( S]-1 PooXm},
where H is all-pass at s and satisfies [7],

IHll H121 p
H=

H21 H22
Rll R12 + QI2

R22 + Q22
Q32

e21 IIH2211 s1; H12, H21 have full rank.
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It follows that (31 cannot be satisfied for any all-pass transformations V and W since
H12 and Hzl have full normal rank. This is because there do not exist vector transfer
functions w and v such that the (1, 3) and (3, 1) blocks of (31) are satisfied. Conse-
quently, it is not possible to carry out the diagonalization and the algorithm stops. If
min (p, m) 1, then the optimal and superoptimal approximations are the same
and the set of all optimal error functions has a continuum of solutions. This shows that
ifsl(R) IIR]loo, then, in general, there does not exist a unique superoptimal approx-
imation of R. See [1 1] for more details.

Remark 7. Previous solutions to the SODP are based on finding a maximal Schmidt
pair, which are a pair of left and fight singular vectors associated with the largest singular
value Sl (R) 3 ], 8 ], 9 ], 17 ]. This pair corresponds to the vectors v and w in (31 ).
Here, in contrast, the solution ofthe SODP is obtained directly via the optimal generator
H; this is possible since all information about the optimal approximations is contained
in this generator (Theorem ). The advantage of this approach is that the same method
can be used for the solution of the one-, two-, and four-block problems, since in each
case, the optimal generators have the same form [7 ].

The solution of the second-level SODP associated with R is given in terms of the
solution of the optimal problem associated with/. Since/ has the same form as R,
Theorem can be used to give the solution of the optimal problem associated with/,
and Problem 2 is solved. In 6, the solution of Problem 2 is used to give the solution of
the full SODP (Problem ).

5. MacMillan degree bounds. In this section, we carry out a cancellation analysis
of the second-level superoptimal algorithm developed in the previous section. We will
prove the existence of second-level superoptimal approximations of R of MacMillan
degree -< (n + (n 2), where n MacMillan degree of R. The following lemma
gives some properties about linear fractional maps in a state-spacese[ting..

LEMMA 1. Let P, fi, e have state-space realizations U A, B, C, D)

Pll P12
C1 Dll D12 /= ll

P=
P21 P22 C2 D21 D223

respectively, and assume that the inverses

L (I D221)-’, I (I D22)-l,
exist. Then

12

P22

/=(I-/,,D1,) -l, L=(I-D1,/)-’

(i) deg ((P, )] deg (P) + deg (/)) and deg [,[/6, )] __< deg (/5) +
deg (U).

(ii) (P, )
A + B2bLC2 B2

C2 + D22/
1 + D121C2

(iii) u{P, z[fi, (’)]} oz[J, (.)] where

2 + D21/llLC, D21kC1
b21LC1 2 + b21D11/1

B + B2//D21
BLD2

D + D12//D21

B2 + Blbll/D12
B1LD2

D + D21llD12
b21LOl2

BKD2
j2 -I"/1D11/b 12

D2KD2
b22 "!- b21Dll/bl2
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Proof. The proof follows by routine computation. V1

To give an upper bound on the degree of the second-level superoptimal approxi-
mations of R, we need to characterize the set 51 (/) as required by Theorem 3. Assume
that the optimal level s (/) can be calculated to any desired degree of accuracy using
the -r-iteration, and furthermore, that

s() s() >

Since/ has the same form as R, Theorem is used to give a characterization of the
set

COROLLARY 1. Theorem is satisfied with all variables "hatted"; p, m, and n are
replaced by p 1, rn 1, and n 1, respectively, and // and s are replaced by l2 and
s2, respectively.

The next theorem proves a general cancellation phenomenon between the optimal
and suboptimal approximations of a given 2-block system. This result is used to give an
upper bound on the MacMillan degree of the second-level superoptimal approximations
of R.

THEOREM 4. Let O_a be the generator ofall suboptimal approximations ofl at level
s. Then

(40) ( , (/) deg [ou((;’, ()] _-< deg (().
HerlCe

(41) (6$,(/)deg{ot[Qa, ou((;’,()]}_-<deg(0)+n- 1.

Finally, if(2 is the central optimal approximation oft, then

(42) deg {t[Qa, o(O-d’, (,2)] =< (n- 1) + (n 2).

Proof. Corollary implies that

(43) deg ((a) =< n 2.

Since ( e $1 (/), then ( is generated by the LLFM

(44) ( o( (a, /)) for some ll2

Hence, deg (() =< deg (/)) + n 2 from part (i) of Lemma 1. To simplify the proof,
assume that, in fact,

(45) deg (() deg (/)) + n 2.

Using (19), (21), and gives

I AQ Be BQ
0a-" Q12 Q13 .s

032 Q33 CQ, 0 Sll
sll 0

BQ2

-s1B

BQ2 BQ3
0 slI
sll 0

and

* + S-{1BQ3dl

s]-ldlll

s-{1B s-{l
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Part (iii) of Lemma 1, (44), Corollary 1, and (10) yield

(0_-;’, O)= [0_-;’, (Oa, t))] (J, 3),(46)

where

(47)

_1s,,Co,
CQ.

so + j2BoD2
s7

S]-2b12
S]-1632

All A12
.L. [A2_l A22

/ Cll C12
L C21 C22

Bll B12
B21 B22

S]-2012 S]-lb13
S-{1D32 0

S-IBQabl
Be
sTb3

0

I
Applying the change of basis T

P3

(48) j _s

to (47) and using 2 ),

A2! A22
Cll C12
C21 C22

ll B12
B21 B22

s]-2b12 s]-lbl3
S]-1632 0

in which

(49)

(50) /21 S]-I [/Q2- P(Q2 q- S-{1BQ312)], d22 (fQ,,
/22 /Q3- s-lpBQ3j13.

It follows from Corollary that the all-pass equations (9) are satisfied for the state-space
realization of the generator/-} for some real matrices

n-1 n-2 n-I n-2

n-2 P P2 n-2 0 02

This implies that

(51)

AIPI + PqAa + BflBI

[dill +/6,,4", -- /1/ + 2f,
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and

(52)

DfBh + CIPI:I

Hence, from (49), the (2, block of 51 ), and the 1, and 3, blocks of (52), we
have A21 0, 11 0, and (2 0, so that (48) and (50) imply that

[Q S-(I)BQ3D13

s]-1D32 0

Thus, deg (J) < n 2 since Ao 6 R(" 2) (n 2) and this, together with (46), implies that

deg [u(0, Q)] _-< deg () + n 2.

Hence, (45) proves (40), which, in turn, proves (41) from part (i) of Lemma 1. Finally,
(42) follows from (41 since the central approximation 012 __s (AQ,/Q2’ QI’ 12) satisfies
deg (2) n 2.

6. The superoptimal algorithm. In this section, the full 2-block superoptimal al-
gorithm is presented. Let R R, K and S (.) S(.), where S(.) is defined in

Theorem 3. The results of 3 and 4 indicate that the solution of the second level SODP
associated with R is given in terms of the solution of the ODP associated with as

sz(R) s(K), 52(R) S[5(K)], where satisfies

m-I

l P-l[l,ll 1,12] 6L, deg (1) n 1.

If we set R2 , we can repeat this process to obtain a sequence of 2-block systems

p-i+l

Ri p-i+ 1[ Ri, Ri,2 , k

and a sequence of operators S0, S,..., S_ , such that for j k 1,

(53) s2(R) s,(R+,),

(54) :(Rj) Sy_[$(Ry+)],

(55) deg (Ry) n-j +
from Theorems 3 and 4. Hence, a simple induction argument will establish that for

(56) si(Rl) Sl(Ri),

(57) i(R1) S0 SI Si-l[l(Ri)],

where, for operators Si and Si + l, the operator Si Si + (’) is defined by Si[ Si + (’) ].
Equation (56) says that the ith superoptimal level for Rl is equal to the optimal level
for R, and (57) says that the set of all ith level superoptimal approximations ofR can

be obtained from the set of all optimal approximations of R through the composite
operator S0 S S_ 1. Thus, we obtain the following algorithm for the solution
of the SODP.
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stop;

ALGORITHM 1. Given R 6t L partitioned as in (4):
(0) Seti= 1, R =RandS0=I;

Find si s (Ri);
(2) If n then set k min (p, m); Rk Ri; sj 0 for j n + 1, k and

(3) If S R;,,, then set k and stop;
If

58 S := s, (R;) > R;,,,
then continue;

(4) If min (p, m) then set k min (p, m) and stop;
(5) Find/i and Si- (" );
(6) If it is required to minimize more singular values, then set Ri +1 1i, +

and go to step ); else stop.

The superoptimal levels of R are given by { s,..., sk and the set of all kth level
superoptimal approximations of R is given by 5(R) So S_ [5(R)].

Next, we generalize the cancellation analysis given in 5. Theorems 3 and 4, when
applied to R_ , imply that

QrS(Rk) S_l(Q) 652(Rk_)and deg [Sk_ I(Q)] =< deg (Q) + n k + 1.

Since 52(Rk-)
_
5 (Rk_ ) (a second superoptimal approximation is also an optimal

approximation), then by repeated application of Theorems 3 and 4 we obtain
k-I

(59) Qrl(R)deg{So oS_,[$(Rk)]}_-<deg(Q)+ Z n-i.
i=1

Since deg (Rk) _--< n k + from (55), then it follows from Theorem that the central
optimal approximation Qk,2 satisfies deg (Qk,2) <= n k. Hence, by taking Q Qk,2
in (59), it follows from (57) that there exist kth level superoptimal approximations of
R whose MacMillan degree satisfies

k

(60) deg (Qso) <= Z n i.
i=1

The number of singular values that can be minimized is given by k, and the super-
optimal approximation is unique only if the set 1 (R) has a unique element. If the
algorithm stops at the end of step 3 ), then it follows from Remark 6 that the set (Rk),
in general, has a continuum of solutions, and the superoptimal approximation may not
be unique. If the algorithm stops at the end of either steps (2) or (4), then the number
of singular values that can be minimized is given by k min (p, m), and it follows from
Remark 2 that the set $ (R) has a unique element. Hence, the superoptimal approxi-
mation is unique. It also follows from Remark 2 that if the algorithm stops at the end
of step (2) then the last [min (p, m) n] superoptimal levels are equal to zero.

Remark 8. The algorithm may be stopped prematurely at step (6). In this case,
56 ), 57 ), and (60) are still satisfied, which means that there is a saving in the complexity
of the algorithm as well as a reduction in the MacMillan degree of the superoptimal
approximations. This shows that the algorithm may be used to solve the related problem
of minimizing a given number of singular values.

Condition (58) is sufficient for the existence and uniqueness of the superoptimal
approximation. To see that this condition is not necessary for existence, consider the
system R [RI R2] [1/(s 1) 0]. Then it is clear that for this example the
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superoptimal approximations are the same as the optimal ones. It can be shown using
the results in [7] that Sl(R) ]IRIII and that the set of all superoptimal approx-
imations of R is given by $l (R) s/(s + u" u e 3+ }. Thus, the superoptimal
approximation of R exists, although it is not unique. In this case, the superoptimal ap-
proach is not appropriate for restoring uniqueness to the optimal approximations, and
other criteria must be used. To see that condition (58) is not necessary for uniqueness,
consider the system R [R R_]-- [1/(s- 1) 1/(s- 1) It can be shown using
the results in [7] that s(R) I]Rll] and that the set of all superoptimal approx-
imations of R has a unique element given by Ql2 1. Although condition (58) is not
satisfied for this example, we have a unique superoptimal approximation. A full discussion
is given in ].

7. The 4-block SODP. This section gives a brief outline of the solution of the 4-
block SODP. Given R paitioned as

R
q [Rll R12]p R21 R22

we are required to find all stable Q that lexicographically minimize the singular values
of the error function

R21 R22 + Q

The optimal level s(R) := info.. s(Eo) is obtained using the y-iteration [7]. If we
assume that

Sl:=Sl(R)>max{ll[Rll Rl]ll,ll[Rl R]ll},
then [7 gives the set of all optimal error functions of R as the LLFM

[Rlll(R) := E R22 + Q
Q e gct+, IIEQiI s(R) z(n,

where

dll,---([ Oqxl
O(p_ )l 0qX(m-u 1)]"u S]-I (P-l)X(m-1)},

and H satisfies HH* H*H s21I and has the form

q R RI2
H12 p R2_ R22+Q22
H22 R31 R32 + Q32

m-I 0 Q42

q p-1

RI3 0
R3+Q23 Q24

R33 + Q33 Q34
Q43 Q44

In addition, Q0 6 RcF +, i, j 2, 3, 4", R R i-3 Rij 6 RgCt-, i, j 1, 2, 3 and
H_211 < s. By using arguments essentially similar to those used in the proof of

Theorem 3 we obtain the following result, which gives the solution of the second-
level 4-block SODP.
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THEOREM 5 [1 1]. Let H be the generator ofall optimal errorfunctions ofR. Then
(i) There exists an embedding ofH22 that is all-pass at s and satisfies

/= H
Hzl

m-1

/,2]= p-I k2! kzz+Qz2

m-2 0 Q42

q p-2

RI3 0
R23 + Q23

R33+Q33 Q341
043 O44J

/12,/21,/22,/-11,/]-J /0 N-’, i, j 1, 2, 3, 0 O2J ,0ij N+’, i, j 2, 3,
4,1
Hence, the set ofall suboptimal errorfunctions of is generated by the LLFM

(ii) The solution ofthe second-level SODP associated with R is given by (24) and
(25), where

Oa
Q42 Q44

Qa
042 Q44

Remark 9. A minor complication arises in the solution of the 4-block SODP since
K is not necessarily antistable. This can be resolved by noting that

1. There exists an all-pass matrix X e NL such that KIX, :
2. The ODP associated with K is equivalent to the ODP associated with

21 122 k21 22 0 I

since X is all-pass ].

8. Examples. This section gives a few examples to illustrate the superoptimal al-
gorithm.

Example 1. We give a trivial example as a check, and to illustrate the various steps
involved in the superoptimal algorithm. Let

s4"8----R [R, R121 6.}

.8 9.6

]1/2 -23
.6 -12.8

[
s-l s-5

NOW

I ] I.8 .6
RVR=

6 -8 s8_5

where V is orthogonal. Thus, it follows that si(R) si(VR) for 1, 2. Hence,

s,(R) s,(VR)= Sl([_851_--61)= 2 s2(R) sI(VR)= Sl(
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The superoptimal solution can be obtained using the following steps.
1. Using the results in [7], we have that Sl(R) 2 and the generator H is given by

Rll

H= R21
0

4.8

s-5
6.4
,$’--5

S--3
2_
0

R12 + Q12

R22 + Q22
Q32

.8 + 4/15 9.6 + 1.2
s-l s+5/6 s-5

.6 + .2 12.8 1.6
s-l s+5/6 s-5

0
2s+1/2s 0

lqs+l/2s--
9s+1/2

+5/6

0
4/3

s+5/6

2. Using Theorem 2, it can be verified that the all-pass embedding of H22 (at Sl is
given by

kl /12 q_ 012 Q 0 s-1/21---+ s+5161/3 2s+/]
2s+1/2 4/3032 0

_
s+5/6 J

3. The second-level system/ is given by the antistable projection of/ll SO that

s- 1/2

which defines an effectively one-block problem since/ll 0. Then it follows that

Sl(/)=Sl
s- 1/2

and it can be checked using Corollary that the set g (/) has only one element given
by (12 1.

4. Finally, we use Theorem 3 to obtain the second superoptimal level s(R) as
s_(R) sl(/) and the (unique) second-level superoptimal approximation ofR as

r.8 1.2
2(R) QI2 + Q3(]-J[012- 0121(-JQ32 =1.6 -1.6

Example 2. Let R R3ct 2 be given by

R [Rl
2.5 0.5

---z-.8 + --z-.4RI2] 0.5 3.5
--z-.8 + ---z-.4

12.5 0.5 2.5 3.5

"- s-3. s--’.8 qt_
2.5 3.5 0.] 24.5

---’L-.8 -- 3. s--8 -- ---Z.4

Then by carrying out the steps given in this paper, the superoptimal levels are given by
s(R) 5.0, sz(R) 2.40157, and the (unique) superoptimal approximation of R is
obtained as

[3.33701 (s + 2.53702)
(s + 2.46868) 1.24724(s + 2.66313)

1.24724(s + 2.66313 ]
4.06457(s + 2.53215)
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A plot of the singular values of the superoptimal error system [Rll
verify that they are flat at the superoptimal levels. El

R12 + Qso will

9. Conclusion. Here we summarize the main contributions of this paper.
A new and simple algorithm is presented for the solution ofthe 2-block superoptimal

distance problem. The algorithm reduces the superoptimal problem into a series ofoptimal
problems, one for each extra singular value to be minimized. It is shown that the super-
optimal solution is unique if each of these optimal problems has an optimal level satis-
fying 5 8 ).

An expression is obtained for the upper bound on the MacMillan degree of the
superoptimal approximation. This gives a simple generalization of the bound already
obtained for the 1-block problem 8 ], 15 ].

The superoptimal algorithm is shown to be truly recursive in that it can be stopped
after minimizing a given number of singular values. In this case, there is a predictable
saving in the computation and a corresponding reduction in the MacMillan degree of
the approximation.

It is shown that the algorithm can be extended readily to the solution of the 4-
block SODP.

Apart from providing a way of restoring uniqueness to the optimal approximations,
superoptimal solutions can offer advantages over the optimal ones. Some work has already
been done regarding the application of superoptimal approximations in control design
problems. For example, in 17 superoptimality is justified for problems involving mul-
tiobjective disturbance rejection. In 9 ], the results in [12] are used to relate superoptimal
approximations to robust stability gcgo design. The authors are currently considering the
potential applications ofthe superoptimal approximations to model reduction problems.
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Abstract. This paper presents a density result for a general class of nonlinear infinite-dimensional systems
that includes an unbounded linear part. A result on the existence of optimal controls for a corresponding
uncertain system is also proved.
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1. Introduction. Recently, in a very interesting paper, Papageorgiou 8 has studied
the properties of relaxed trajectories of a general class of evolution equations in optimal
control. He detected an error in an earlier paper of Ahmed 2] on the same topic and
succeeded in giving a correct proof following the same procedure as Ahmed. In the
process, however, Papageorgiou introduced several stronger assumptions on both the
operators A and f(see [8, p. 271]), including compactness of the embedding X ---> H.
Hence the system considered by Papageorgiou does not cover the original model con-
sidered by Ahmed [2 ]. Later in his paper, Papageorgiou extends his results to a more
general class (see 8, p. 279 ), where he allows a fully nonlinear system rather than
the semilinear one (see 8, p. 271 ). Here, in the general case, A is assumed to have
the same regularity properties (see [8, p. 279, H(A1)])as those used by Ahmed for the
nonlinear part (see Ahmed [2]). In other words, the system considered by Ahmed has
an additional term representing a linear unbounded operator that is missing from the
fully nonlinear model of Papageorgiou. The nonlinear operator in both Papageorgiou
and Ahmed is, in fact, bounded. This means that Papageorgiou’s model is covered by
the model considered in Ahmed’s paper.

In this paper we present a density result for the more general system that includes
the unbounded linear part. Furthermore, we also present a result on the existence of
optimal controls for a class of uncertain systems.

2. Preliminaries. Let H be a separable Hilbert space and E a dense linear subspace
of H carrying the structure of a reflexive Banach space with H* and E* denoting the
corresponding (topological) duals. Identifying H with its dual, we have E H ---> E*
with the embeddings being continuous and dense. By (,) we will denote the duality
brackets for the pair (E, E* and by (,) the inner product in H. The two are compatible
in the sense that (,)E,H (,)H. The norms will be denoted by 1[. [16 for G (E, H, E*).
The Banach space (7 furnished with the weak topology will be denoted by (Tw.

Let B be a Polish space and I’ a closed subset of B. Let U denote the set of all
measurable functions u defined on I (0, T) c R+ 0, with values u (t) 6 F almost
everywhere. We call U the class of original controls. In this paper we assume F is compact.
An example of a compact Polish space is the unit ball I’ B1 (Y) of a Banach space Y

Received by the editors October 7, 1991; accepted for publication (in revised form) April 8, 1992. This
work was supported in part by National Science and Engineering Research Council of Canada grant 7109.- Department of Mathematics, Guizhou University, Guiyang, Guizhou, People’s Republic of China.

{ Department of Electrical Engineering, Department of Mathematics and Department of Systems Science,
University of Ottawa, Ottawa, Ontario, Canada KIN 6N5.
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having a separable dual Y* and furnished with the weak topology. For many other
examples see 2 ].

Let M(I’) denote the space of all probability measures on the Borel -field of I" and
C(I’) the space of all real-valued bounded continuous functions on I’. Suppose M(I’) is
furnished with the w*-topology. This topology is metrizable and M(I’), with this topology,
becomes a compact Polish space. Let d//denote the family of all weakly measurable
functions # defined on I with values t e M(I’) for all e I (see 2 ]).

Let B(I I’) denote the (topological) Borel algebra of subsets of the set I I’ and
consider the measurable space (I I’, B(I I’)) and let R (I, I’) denote the space of all
transition measures t(dr)dt on B(I I’) satisfying the following properties:

u(I’) for a.e. e I;
(2) f1r Xjr(t, r)#(dr)dt l(J), J6 B(I);
(3) f1r g(t, )#t(d) dt >= 0 for all g >= 0,

where denotes the Lebesgue measure and ;j r the characteristic function of the set
J I’. The space R (I, I’) is furnished with the weakest topology, making the functionals
I(u) f fr f(t, r)ut(dr) dt (for any Caratheodory integrand f, that is, functions
measurable in on I and continuous in on I’) continuous (see [3]).

Since [-- [0, T]
_
R + and I" is a compact Polish space, the Caratheodory integrands

on I I’ may be identified with Lebesgue-Bochner space L(I, C(I’)), abbreviated as
L C(I’)). Now, by the Riesz representation theorem, C(F) * M(I’), the space of
all bounded Borel measures on B(I’). M(I’) has the Radon-Nikodym property. Thus
L C( I’ * L (M( I’ L I, M( I" ). So the weak topology on R I, I’ coincides
with relative topology r(L (M( I’ ), L C( I’ see 4 and 5 ).

We consider the controlled system governed by the following nonlinear evolution
equation:

dx/dt A(t)x + f(t, x, u), I, x(O) Xo,

in the Banach space E, where u U, A (t), e I } is a family of densely defined linear
operators with domain D(A(t)) c E and range R(A(t)) c E* and, in general, f: I
E I’-- E*.

Similarly, for a u e rid/, we consider the following evolution equation:

(2) dx/dt A(t)x + f(t, x, r)u(dr), I, x(O) Xo.
dr

We call this the relaxed system.
For < p, q < o with 1/p + 1/q 1, let L denote the operator determined by

D(L) { x Lp(I, E), x(t) D(A(t)) (q D(A*(t)),

for a.e. I and A(t)x(t), A *(t)x(t), 2(t) C(I, E*) N Lu(I, E*)}
with (Lx)(t) (d/dt A(t))x, I for x D(L).

We assume throughout the paper that L is densely defined as a linear operator from
Lp(I, E) to Lq(I, E* and that the strong and weak closures (sometimes called extensions)
ofL from L,(I, E) to Lq(I, E*) coincide (that is, Ls Lw).

For a discussion on this assumption see the remark below.
For Xo D(A(t)), I, u U, an element xu L,(I, E) is said to be a strong

solution of the evolution equation if xu(0) x0 and (Lx,)(t) f(t, x,(t), u(t))
almost everywhere on I. We denote this family of solutions by X {x u e U} and call
it the set of original trajectories. Similarly, for a generalized control d//’, an ele-
ment x, Lp(I, E) is a strong solution of the evolution equation (2) if x,(0) x0 and
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(Lsx)(t) fvf(t, x,(t), a)ut(da) almost everywhere on I. We denote this family of
solutions by Xr { xl# e d///} and call it the set of relaxed trajectories.

3. Existence and properties of solutions. We assume throughout the presentation,
unless stated otherwise, that the operators A and fsatisfy the following conditions.

CONDITION A1. A (t), e I } is a family of densely defined linear operators in H
(not necessarily bounded) with domain D(A(t)) c E and range R(A(t)) c E* for
tel.

CONDITION A2. {A(t)e, e)E.,E =< 0 for all e e D(A(t)) E, e I and the strong
and weak extensions or equivalently closures ofL from Lp(I, E) to Lq(I, E*)coincide.

CONDITION F1. The function --, f(t, e, a), g)E., is continuous on I for arbitrary
e, g e E and a e B and f: I E B --* E* is demicontinuous in the sense that whenever
tn -- in I, n --* in E and v -* v in B

for each e E.
CONDITION F2.

(f(t,, ,, v,), e),,--* <f(t, , v),

(f(t, x, a) -f(t, y, a), x- y)., _-< 0

for all x, y e E and a e F.
CONDITION F3. There exists an h e I’q(I, R +) and a >= 0 such that

]If(t, x, a)]]. < h(t) + oll[xl] p/qE

for each x e E and for all a e F.
CONDITION F4. There exists an h e L (I, R +),/3 > 0, such that

(f(t, x, a), x).,E <= h,(t) llxll a.e.

for each x e E and for all r e I’.
CONDITION F5. If en -- e in Ew, then, for each x e E and almost all e I,

{f(t, x, a), e)E.,-- (f(t, x, ),

uniformly with respect r e I’.
Remark on the identity Ls Lw. This assumption was introduced by Browder in

the study of a very general class of nonlinear evolution equations on Banach spaces (see
Browder [10 ]-[12]). The proof of this result is by no means trivial. Several conditions
under which this equivalence is valid are given in Browder [10, Thms. 6 and 7, pp. 73-
77]. In an earlier paper (see Browder [11]), the evolution equation was considered in
the Hilbert space setting, and in this case the coincidence ofthe weak and strong extensions
was also proved (see [11, Thm. 5, p. 508]). For a discussion on the same topic see also
Browder [12, Thm. 7, p. 39 ]. Browder’s result was also extended by Kato [13 ], where
A (t) for each e I was assumed to be the infinitesimal generator ofa contraction semigroup
along with the hypothesis that (I- A(t))- is C in el for > 0 in the strong operator
topology. For a complete proof of this result see the proof of Theorem 4 of Kato [13,
Thm. 4, pp. 61-65] where, among other things, the equivalence is proved.

LEMMA 3.1. Under Conditions A 1, A2, and F1-F4,
for each (original) control u e U and initial state Xo e E, the evolution equation

has a unique strong solution Xu e Lp(I, E);
(2) for each (relaxed) control # e //1, and initial state Xo e E, the evolution equation

(2) has a unique strong solution x e Lp(I, E).
Furthermore, in either case, x,,, x e C(I, Ew) f3 C(I, H) andxu, x e D(A) almost

everywhere (see 2, Lemma 4.1 ).
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LEMMA 3.2. Suppose the operators A andfsatisfy Conditions A1, A2, and F1-F4,
respectively. Then the set of original trajectories X and the set ofrelaxed trajectories X
are all conditionally sequentially compact subsets of C(I, E). Furthermore, Xr is a
sequentially compact subset ofC(I, Ew). (See Lemma 5.1 and Theorem 5.1 of [2].)

Now we give some properties of relaxed trajectories that are useful in the study of
optimal controls.

THEOREM 3.1. Under Conditions A 1, A2, and Fl-F5 thefamily oforiginal (relaxed)
trajectories X(X) are bounded in Lp(I, E) and C(I, H). Furthermore, whenever
tt in R( I, P), the sequence x, has a subsequence converging to x,o in the topology of
C(I, H).

Proof Let x X. It follows from and Conditions A2 and F4, that

d/dtllx(t)l[. 2((A(t)x(t), x(t)) + (fit, x(t), u(t)), x(t))
=< 2(f(t, x(t), u(t)), x(t)) <= 2(h(t)-

for 0 =< =< T. Hence

Ilx(t) /+ 2/3 ]Ix(t) [l =< Ilx(0) II/+ 2 hi(t) dt.

This inequality shows that X is a bounded subset of Lo (f, H) fq Lp(I, E).
Furthermore, since Ax Lq(I, E* for x X, we have Lq(I, E* for x X.

Hence x C(I, H) and X is a bounded subset of C(I, H). Similarly, Xr is a bounded
subset of Lp(I, E) f-) C(I, H).For abbreviation, let x, x,,, Xo x0. Using Conditions
A2 and F2, we can verify that

and

d/ dt( Xo( t)

By Lemma 3.2 we may assume that xn --* x* in C(I, Ew). Define

gn(t, a) (fit, Xo(t), a), Xo(t) x(t))

g(t, a) (fit, Xo(t), r), Xo(t)- x*(t)).
By passing to a subsequence if necessary, it follows from Condition F5 that

g(t, a)-- g(t, r) in C(I’)

for almost all 6 I.
Consider the family of operators T,, n NU 0 } } from &t’ (E*, C(I)) defined by

(Te*)(t)=(x,(t),e*), tI, e*E*.

Since, by Lemma 2.2, Xr is a sequentially compact subset of C(I, Ew), there exist constants
ke* independent of n such that

IlTe*llC<l) Sup I(x,(t), e*)l, I} <-_ ke..
Then it follows from the uniform boundedness principle (see [1, Thm. 1.1.3 ]) that for
allnNU{0}

Sup x,(t) --< K
for some constant K independent of n and t.



RELAXED EVOLUTION EQUATIONS AND UNCERTAIN SYSTEMS 1139

Hence, combining Lemma 2.2 and Condition F3, we have

[g,(t, a)l [(f(t, Xo(t), #), Xo

<- 2K[ h( t) + ,,llxo(t)ll%/<’]
Obviously, G 6 L 1. Hence, by virtue of the dominated convergence theorem, we obtain

(**) g,(t, r)-- g(t, r) in L(C(I’)).
Since u" -/so in R(I, I’),/s" -/so in L(M(I’)) [LI(C(I’))] *, for each 6 I,

(***) g,(s, )/s’(da) ds -- g(s, a)/ss(d) ds.

Combining )-( ), we have

xn -- x0 in C(I, H).

This completes the proof.
Notes.
1. If -- f(t, x, a) is continuous, then Condition F5 holds.
2. If f" I E I’ -- H and the injection E H is compact, then the same conclu-

sion holds.
This last assumption was used in [8].
COROLLARY 3.1. If the assumptions of Theorem 3.1 hold, then Xr is sequentially

compact in C( [, H).
Proof From Theorem v-1 of Castaing and Valadier [6] we know that is w*-

compact in L (M( r )) and w-compact in R (I, I’). Using Theorem 3.1 we immediately
reach the conclusion.

Finally, we give a denseness result for relaxed trajectories.
THEOREM 3.2. Suppose Conditions A 1, A2, and F1-F5 hold; then X is dense in Xr

with respect to the usual topology ofC(I, H).
Proof Let x0 6 Xr, that is x0 x,0 for some/so R(I, 1) L OO(M(I’)). By virtue

ofa result of Balder 7, Cor. 3 ], we can find un U such that flu, --/so in R (I, 1). Letting
Yn Xun, we have

YCo(t) A(t)Xo(t) + f(t, Xo(t), )u,(d),
dr

and

,(t) A(t)y,(t) + f(t, y,(t),

A(t)yn(t) + frf(t, y,(t), )6u,(d).

Using the same procedure as in Theorem 3.1, and by passing to a subsequence if necessary,
we can verify that

y --} Xo in C(I, H).

This means that X is dense in Xr, proving the assertion.

4. Existence of relaxed controls (uncertain system). In modeling physical systems,
simplifying assumptions often are made to obtain a manageable differential or integral
or a functional equation. Thus the behavior of the model may not precisely coincide
with the experimental observations. Even if the exact form and order of the differential
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equation is known, often the exact parameter values may be unknown due to the un-
availability of basic scientific data. For example, in the case ofa nonlinear heat equation,
the conductivity of the material may be a function of temperature itself and its exact
form may be unknown. Similarly, the modulus of rigidity of a beam made of trusses or
nonhomogeneous materials is very difficult to determine experimentally. This may be
further complicated by the presence of loose bolts and nuts or defective welding. In the
Schrrdinger equation, the precise functional form of the nuclear or Coulomb potential
for many particle systems may be unknown. These facts lead to the concept of "uncertain"
systems.

An uncertain version of the relaxed control system (2) may be given by

(3) dx/dt A(t)x + frf(t, x, , z)t(dcr),

The set may be another compact Polish space or, more generally, a Souslin space.
Recall that a Hausdorff topological space e is a Souslin space if there exists a Polish
space Y and a continuous surjection of Y to e. A Souslin space is always separable, an
example being a separable Banach space endowed with the weak topology. The uncertainty
of the system is reflected in the values the parameter z of fmay take from the set e. A
fact that distinguishes an uncertain system from that of a stochastic system is that even
the probability measure on B( Le) that could describe the uncertainty is not known. In
fact, an uncertain system may be better described by a differential inclusion [9 ].

Consider the relaxed control system (3) and suppose that A satisfies Conditions A
and A2 and f(.,., z), z %e, satisfies Conditions F1-F5 uniformly with respect to z
e, with h, h, c,/3 possibly depending on the set e but not on its individual elements.
Clearly, under these conditions the results of the preceding sections hold for each z e.
Let x denote the solution of the relaxed system (3) corresponding to z
///. Let % x, z e denote the family of solutions of the uncertain system (3)
corresponding to a fixed relaxed control R(I, F). Let l" I H I’ --,- R be a Borel
measurable map. Define the functional

J(x, )= fr l(t, x, a)t(da) dt

corresponding to ///and x 6 9g. Since, a priori, it is not known which element z of
e is in force, all that a system analyst can do is minimize the maximum risk. Thus the
objective functional is taken as

J0(#) Sup J(x, ), x

We consider the question of existence of an optimal relaxed control u0 6 j//in the sense
that

J0(/) =< Jo(z) for all

We will make the following hypotheses concerning the integrand l(.,., -).
CONDiTiON L. l" I H I’ - R maps bounded subsets ofI H F into bounded

subsets ofR and satisfies the following assumptions:
(1) (t, x, or) --,. l(t, x, or) is measurable with respect to the Borel field B(I)

B(H) B(r);
(2) (x, a) --/(., x, a) is lowe semicontinuous;
(3) (t) =< l(t, x, a) almost everywhere with (.) L
Since f(.,., z), z 6 e satisfies Conditions F1-F5 uniformly with respect to the

set e, for each ///, the set 96, is a bounded subset of C(I, H) f3 Lp(I, E). Hence it
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follows from Theorem 3.1 and Condition L that the cost functional Jo(u) is well defined
and it is bounded for all u e /. Define

Inf {Jo(P,),/ E ///} m.

THEOREM 4.1. Suppose the operators A,f, satisfy Conditions A1, A2, F1-F5, and
L, respectively. Then there exists a o ddl such that Jo() m.

Proof Let { u"} be a minimizing sequence for the functional Jo(u), that is,

lim Jo(’) Inf {Jo(), d//} m.

Recall that /is w*-compact in L (M(F)) and w-compact in R(I, F). By passing to
a subsequence if necessary, we may assume gn

_
go in R (I, F).

z0For any e > 0, there exists Xo W,o and hence Zo e such that Xo x,o and

Jo() Sup {J(x, U), x e X.o }

<- l(t, Xo, a)g(da) dt + e.

Then, by Theorem 3.1, for the fixed Zo e e, we can find a sequence { x, such that
x, xo and x, -- Xo in C([, H). Recalling that every lower semicontinuous measurable
integrand (see Condition L(2)) is the limit of an increasing sequence of Caratheodory
integrands, we have

m <= Jo(u) <= l(t, Xo, a)ut(d) dt + e

_-< lim l(t, x(t), )(d) dt + e

_-< lim Jo() + e _-< m + e.

Since e is arbitrary, J0() m. This proves the theorem.
Remark. Suppose that U" I -- 2 r/{ is graph measurable, and replace U(’)

by Sv(Sx) where Sv u e U, u e U(t) almost everywhere }, S { e //, (U(t))
almost everywhere (see 7 ). Then all the results of this paper remain valid.

Sme emmets lplietis. (1) Consider a semilinear heat equation on an
open bounded connected domain ft c R 3, with a Dirichlet boundary condition

Ox(t, )/Ot Ax + F(x, u),

x(t, ) O, e

x(O, ) Xo().

Define the operator A by

D(A) 4 e L(ft)" A4 e L2(f), loa 0};
and

A4 A4 for b 6 D(A).

Take E H6 and E* H-1 and H Lz(Q). The operator A as defined above is the
generator of a Co-semigroup of contractions in H; but, under the Dirichlet boundary
condition, it is a bounded operator from E to E* and -A is monotone (in fact strictly
monotone). For x E, u U, define f(x, u) =- F(x(.), u). Then, under the given
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assumptions, the results presented in the paper easily apply to this example. In fact, here
we can take the sum A + f as the operator f in our main theoretical results. This gives
a regular but strongly nonlinear problem. Our emphasis here is on the additional sin-
gularity introduced by the presence of an unbounded nonpositive linear operator A (t)
appearing in the evolution equations (1) and (2). The results presented in the paper
thus applies to more general situations as stated in the next example.

(2) Consider -A to be a maximal monotone operator with domain in E and range
in E* and -fa monotone operator satisfying Conditions F1-F5. Then the results pre-
sented in the paper apply to the problem

dx/dt Ax + f(x, u)

with I satisfying Condition L. Note that here the operator A can absorb certain non-
homogenous but fixed boundary conditions not included in the space E and hence may
not be a bounded operator from E to E*. In view of the remarks on the identity Ls
Lw, as discussed in 3, our results obviously hold for any generator A of a C0-semigroup
of contractions in H.

Aeknowletgments. The authors thank the anonymous reviewers for their valuable
comments.

REFERENCES

N. U. AHMED AND K. L. TEO, Optimal Control ofDistributed Parameter Systems, North-Holland, New
York, 1981.

[2] N. U. AHME), Properties ofrelaxed trajectories for a class ofnonlinear evolution equations on a Banach
space, SIAM J. Control Optim., 21 (1983), pp. 953-967.

3 C. DELLACHERIE AND P. A. MEYER, Probabilities and Potential, North-Holland, Amsterdam, New York,
1978.

[4 J. DIESa’EL Aq J. UHL, Vector measures, Math. Surveys Monoger, 15, American Mathematical Society,
Providence, RI, 1977.

5 J. WARe;A, Optimal Control ofDifferential and Functional Equations, Academic Press, New York, 1972.
[6] C. CASrAIY AY M. VALADIER, Convex Analysis and Measurable Multifunctions, Lecture Notes in

Math., Vol. 580, Springer-Verlag, Berlin, New York, 1977.
[7] E. J. BAI)ER, A general denseness result for relaxed control theory, Bull Austral. Math. Soc., 30 (1984),

pp. 463-475.
[8 N. S. PAPAGEORGIOU, Properties of the relaxed trajectories of evolution equations and optimal control,

SIAM J. Control Optim., 27 (1989), pp. 267-288.
[9] N. U. AHE, An existence theorem for differential inclusions on Banach space, J. Appl. Math. and

Stochastic Anal., 5 (1992), pp. 123-130.
10 F. E. BROWDER, Nonlinear initial value problems, Ann. Math., 81 1965 ), pp. 51-87.
11 ., Nonlinear equations ofevolutions, Ann. Math., 80 (1964), pp. 485-523.
12] ., Existence and uniqueness theorems for solutions of nonlinear boundary value problems, Proc.

Symp. Appl. Math., Vol. 17, American Mathematical Society, Providence, RI, 1965, pp. 24-29.
13 T. KA’rO, Nonlinear Evolution Equations in Banach Spaces, Proc. Symp. Appl. Math., Vol. 17, American

Mathematical Society, Providence, RI, 1965, pp. 50-67.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 31, No. 5, pp. 1143-1166, September 1993

(C) 1993 Society for Industrial and Applied Mathematics
005

ON THE GLOBAL DYNAMICS OF ADAPTIVE SYSTEMS:
A STUDY OF AN ELEMENTARY EXAMPLE*

MARTIN D. ESPAIIA- AND LAURENT PRALY:I:

Abstract. The inherent ngnlinear character of adaptive systems poses serious theoretical problems for the
analysis of their dynamics. On the other hand, the importance of their dynamic behavior is directly related to
the practical interest in predicting such undesirable phenomena as nonlinear oscillations, abrupt transients,
intermittence or a high sensitivity with respect to initial conditions. A geometrical/qualitative description of
the phase portrait ofa discrete-time adaptive system with unmodeled disturbances is given. For this, the motions
in the phase space are referred to normally hyperbolic (structurally stable) locally invariant sets. The study is
complemented with a local stability analysis of the equilibrium point and periodic solutions. The critical character
of adaptive systems under rather usual working conditions is discussed. Special emphasis is put on the causes
leading to intermittence. A geometric interpretation of the effects of some commonly used palliatives to this
problem is given. The "dead-zone" approach is studied in more detail. The predicted dynamics are compared
with simulation results.

Key words, adaptive systems, intermittency, dynamic systems, discrete time systems, periodic solutions,
invariant sets

AMS subject classifications. 93B27, 93C10, 93C40

1. Introduction. It is an already well-known fact that adaptive systems may exhibit
very complicated dynamics. For instance, Anderson 1985 ), first showed that, although
bounded, abrupt and explosive transients may occur in the presence of disturbances.
Such undesirable behavior is not exclusive to adaptive control schemes inasmuch as it
can occur in any system with parametric feedback (i.e., whose parameters are functions
ofthe signals generated by the system itself). Other examples are output error and serial-
parallel identification schemes. The nonlinear character of these systems poses serious
theoretical problems for its dynamic analysis. However, from a practical point of view,
a successful implementation is based on a thorough knowledge of the circumstances
under which nonlinear oscillations, abrupt transients, or even intermittency may occur.
The study of the sensitivity of the solutions with respect to the initial conditions is also
of obvious importance given that, as pointed out by Bergr, Pomeau, and Vidal (1984),
this circumstance happens to be intimately related with the existence of strange attractors
(and chaos). The influence of external inputs on the overall behavior also needs careful
attention. The above considerations have been at the origin of increasing interest during
the past years on the dynamic description of adaptive systems and, more specifically, in
the explanation of the occurrence of intermittent bursts. In the presence of stochastic
disturbances, Anderson 1985 ), suggests that "bursting" is a consequence of nonpersis-
tently exciting reference signals. However, as shown in this paper, intermittency may
subsist and (as already shown by Narendra and Anaswamy (1986)) even solutions with
unbounded parametric components may take place ifthe reference, although persistently
exciting, has not enough energy. Jgidane-Sgidane and Macchi (1988) have proposed a
heuristic explanation to the intermittent phenomenon and attributed to it a "self-stabi-
lizing" property implying bounded signals ofthe closed-loop adaptive linear system. The
general validity of the last conclusion has, however, been already criticized by Egardt
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(1979), who has established that bounded perturbations and reference signals may produce
unbounded outputs unless the parameters remain bounded. More recently, intermittent
bursts have been studied extrapolating a local analysis (around critical points such as
equilibria and 2-periodic solutions) performed using bifurcation techniques (Golden and
Ydstie (1988); Rey, Bitmead, and Johnson (1991)). Analysis based on averaging ap-
proximations are performed in Sethares and Mareels 1991 and Espafia 1991 ). The
latter shows that intermittency with either a continuous change (in average) or almost
fixed parameter values may take place, the latter case being associated with self-oscillating
modes. The use of averaging can rigorously be justified by the existence of the attractive
locally invariant set. A concept is developed in detail in this paper for a particular example
(see also Praly (1990)). We think, however, that the key issue to understand, and thus
to prevent, undesired dynamics, is to address the problem of the global description of
the trajectories in the phase space. To our knowledge, this is the first time that a global
geometrical description ofthe phase portrait has been given for an adaptive system. Only
local results have been obtained before. They are almost all contained in Ljung and
Soderstrom (1983), Anderson et al. (1986), Riedle and Kokotovic (1986), and Ben-
veniste, Metvier, and Priouret (1987). Although this analysis is particular to our example,
more general conclusions can be obtained, since we use mathematical tools as integral
sets (Praly (1985), 1990); Riedle and Kokotovic (1986)) or the existence of periodic
solutions Ljung 1977 ); Bodson et al. 1986 ); Pomet, Coron, and Praly 1990 )), which
have been shown to be applicable in more general situations. The analysis is made in a
deterministic context and special emphasis is put on the causes leading to intermittent
bursting.

2. Problem formulation. A sufficiently general formulation ofa linear discrete-time
system in closed loop with an adaptive controller is given by the following equations
(see, for instance, Pomet, Coron, and Praly 1990)):

y(t + 1) A(O)y(t) + B(O)w(t), O(t + 1) O(t) + #C(y(t), O(t), w(t)),

where # is usually used to control the adaptation speed; w(t) represents all the external
inputs, including the output reference signal r(t) and any unmodeled disturbances. The
first equation is the regressor model and the second is the parameters updating algorithm.

In what follows, a discrete-time first-order plant with an adaptive proportional output-
feedback controller is considered. The objective is to regulate the plant’s output to a
constant value r. Any possible mismatch between the model, used for the control purposes,
and the plant is represented by the unknown and unmeasurable equation error d(t):

d(t) y(t) ay(t 1) u(t 1).

We refer to "the ideal case" when d(t) 0. Normally, d(t) is the result of unmeasured
disturbances or unmodeled dynamics. In our analysis, d(t) is supposed constant. This
particular situation arises in practice when, due to a (possible temporary) misalignment
in the actuator, a bias exists in the effective control action applied.

A proportional controller has as an effect to shift the pole of this plant, and if the
parameter a is known, any possible stable value can be assigned for it. When a is unknown,
the following adaptive controller with a normalized gradient type updating parameter
equation (Goodwin and Sin (1984), also called stochastic approximation by Egardt
(1979)),

(2) u(t) -O(t)y(t) + r

(3) O(t) O(t- 1) + u
y(t )(y(t) r)
(1 +y(t- 1) 2)
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guarantees, for the ideal case and for any a N, that y(t) -- r when - . Moreover,
if r 4: 0, 0(t) -- a as -- . The choice of a normalized-type algorithm (plus, perhaps,
a uniform bound for the parameters not considered here) is crucial in practice to assure
bounded signals, particularly when (bounded) disturbances are present Egardt 1979 ).

The system in closed loop with the controller (2), (3), results in

y(t + 1) -(t)y(t) + d + r

(") y(t)(d- p(t)y(t))
/(t + /(t) + u + y(/)2

where 0 a. When d is nonzero, the change ofvariables x y/d; p ; rd,
transforms (Z) into

x(t + 1)=-p(t)x(t) + +
x(t)(1 p(t)x(t))

p( + p( t) + dZt + d2xZ( t)

This variable rescaling puts in relief the role played by the reference-to-disturbance re-
lationship c, called by Narendra and Annaswamy (1986) "persistent excitation of the
reference relative to the disturbance." Moreover, it allows us to better describe the system’s
behavior for r and d close to zero. As discussed later, this (slightly disturbed regulation
regime) is a very critical working condition. In the rescaled system, d2 controls the ad-
aptation speed of the algorithm. For our purposes we can thus assume that u 1. The
developments that follow can be done for the original system (Z1) replacing, when ap-
propriate, the statement "d2 sufficiently small" for "u sufficiently small." In the first
case, the slow adaptation condition is a consequence ofthe low level ofthe signals involved.

We can easily verify that Z has a fixed point in (, x) / a, a) if and only if c
is nonzero and that it is unique if and only if a 4: -1. In terms of the original system,
this equilibrium corresponds to the output equal to the reference signal. The control
objective is thus perfectly achieved at the fixed point.

The simulations show that for small values of d2, the behavior of the solutions of
(;) is characterized by the following stages.

(a) Explosive stage: growth ofthe modulus ofthe x-component in the "instability"
set {IPl > 1}.

(b) Reinjection stage: decrease of the modulus of the -component in the set Ix]
"large", I1 > until ]b] < 1.

(c) Implosive stage: decrease of the modulus of the x-component in the "stability"
set{]] < 1}.

(d) Drift-ejection stage: slow growth of l] leading a solution from the "stability"
set to the "instability" set.

(e) When (d) does not occur, the desired working condition is globally attractive.
Stages (a)-(c) are very short in time and, under certain conditions, stage (d) may

be performed very slowly. In such a case, two successive occurrences of stages (a)-(c)
are separated by a very long period of time. The result is an intermittent phenomenon,
as studied by Pomeau and Manville (1980), characterized by a succession of "bursts"
on the x-component separated by long quiescent periods. In practice, some palliatives
(such as dead zone or leakage (Egardt (1979)), normalization (Praly (1983)), internal
model principle (Elliott and Goodwin (1984)), filtering (Anderson et al. 1986 )), etc.)
are used to avoid intermittency and other nondesirable behaviors. However, if these
remedies are not appropriately chosen, a qualitatively similar behavior may be observed
for these more intricate cases (see Praly 1988 )). The effect ofsome ofthese modifications
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in our example is discussed in 6 and 7. To give a geometrical explanation of stages
(a)-(e), the existence of two locally invariant (under the action of Z )) sets is demon-
strated using the graph transform technique (Shub (1987)). The first one is repellent,
explaining stage (a). The second one is attractive and allows us to explain stages (c),
(d), and (e). Finally, stage (b) results from (a), when, during bursts, the disturbance d
becomes negligible with respect to the x-component of the solutions. These locally in-
variant graphs are easily computed when the if-component remains constant. For this,
we consider the set of all bounded solutions of (Z) when d 0 given by

(4) SO (,l/, h(1/,/)) [i2/h(l/,/) --.[- o)/( -[-- ), 1 =/= --1}.

So, called the "frozen parameters invariant set," is invariant under the map Zd=0 (i.e.,
Zd=O (So)

_
So) and has exactly the properties associated with (a) and (c). It seems

reasonable to expect that, when dl is not zero but still small, locally invariant graphs,
approximated by So, still exist. The idea of using locally invariant sets or, more generally,
locally integral sets, has been introduced by Riedle and Kokotovic (1986) and Praly
(1985), (1990). However, their existence was only established for the "stability" set
I1 < and locally with respect to the x-components.

The paper is organized as follows. In 3, the existence and properties of locally
invariant sets are established. Critical elements and locally invariant sets are combined
in 4 to obtain theoretical results on the system global dynamics. These results are
interpreted and compared with simulations in 5. In 6, the effects of introducing a
"dead-zone" in the algorithm 3 is discussed. Finally, 7 is dedicated to our concluding
remarks. The critical elementsmfixed points and periodic solutions--of (Z) and the
corresponding nearby local behavior needed to complement the global analysis are con-
sidered in the Appendix.

3. Locally invariant sets. In 2, we observed that for d 0, the set So is invariant
under Za=0. Now from the definition of ), when (t) and x(t) are such that + /(t)
and + (t) + d2x(t)( + x(t)) are nonzero we have

x(t + 1)-1 + (t + 1)
-(t) x(t)-1 + (t)

d2( + a)x(t)(x(t)/(t) 1)
(1 + if(t))(1 + if(t) + dZx(t)(1 + x(t)))

The presence of d2 in the second term on the fight-hand side shows that So is close
to being a locally invariant set of (2:) with d nonzero. Finally, for d 0, this ex-
pression proves that (i) So fq I(ff, x)]l ffl > is exponentially repellent and (ii) So
{ (, x) l[ ffl < is exponentially attractive. These remarks lead us to look for locally
invariant sets close to So, which are repellent in the set {lkl > } and attractive in the
set {lffl < 1}. These sets will be used as references for the global description of the
solutions of 2 ).

3.1. The repellent locally invariant set (RLIS). Given any nonzero d, let e be the
smallest positive root of

( [d[ )-2[l+a[ld[(l+e+ [d[)
() X()= +
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For any function M" I] => + e } -- , we define its image by the operator T as

(6) TM p + a M(b4(b))

where qSM is defined in terms of the function

(7) M(’) b + d2M()

as follows:

(1 M())
+ d2M2()

sup(1 + e, M()) if >= + e,
(8) bM(b)

inf(--1 e, M(b)) if < --1 e.

By definition, M:{ Ib] + e } {] + e is a continuous function and M()
is positive. We are interested in the operator T because, if it has a fixed point H, then H
satisfies the local invariance propey:

(9) H(H())= + a- fill(if) if @H() > 0, I1 > + , I@H()I > + e.

The graph {(, n(@))/l@J + e} has two connected components in the plane
(if, x). They are such that, with its initial condition in one of these sets, any solution
of (E) will stay in it unless its if-component leaves its corresponding definition interval

ff > + e or < -( + e) }. To exhibit the fixed point H, we consider the subset
off({Jfl 1 + e},):

{M[O(M, O) mo
and sgn (ff) sgn (if2) M(ff) M(ff2)[ m Iff ff2l }.

It is a complete metric space with the distance 0 defined as

O(M,, M2) sup M(k) M2()[.
{lffl-l+e}

The constants too, m are

I1 +a[ 211+a1(10) mo= ml

The next lemma and the uniform contraction theorem (see Hale (1980)) allow us to
prove that T has a fixed point in M.

LEMMA 1. For any nonzero d, let e be given by (5), then (i) T maps 80 into
(ii) For M, 1, 2, in 3, we have O( TM, TM2) <= rO(M, M2), with

Idl)+ldlm, l+i+e <1"

Proof. From (6) and definition (10), it can be easily shown that for all M 3,
O( TM, O) <= too. The rest of the proof is obtained by showing that for all M, M2 e 3,
ifsgn (ff) sgn (if2)then TM(ff) TM2(k2)] =< mlffl ff2l + rO(M,M=). For
this, use is made of 8 to write t(ff 4(ff2) >= q(ff M(ff) 1. The details
can be consulted in Espafia and Praly (1988).

Another important property ofH is the following. Let (ko, Xo) 6 I%1 > / e }
I. We denote by (, xl) (0, x0) its image by (Z). Suppose that sgn (kl)
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sgn (o) and [b[ > + e. With Lemma 1, the definition (7), (8), and the property (9)
we have

xo- H(o)l

() _-<

H(@) x

o
H(l) Xl

o

H(dpH(O))- H(/)
o

+ml
1/./0

m
sup

O ( x(1- oX) )-x + dx IH(o)

dl )Ill(Co)- xol+ mlldl 1+

+(1 +e)(1-7)

Hence, since - is strictly smaller than 1, the distance from a solution to its proection,
parallel to the x-axis, on the graph of H, must increase as long as its -component stays
in the same interval > 4- e or J < -( 4- e) }. Using the above derivations and
the definitions (5), (10) it can be shown that

ml Idl( + dl/( + e))
(12) IH(O.(o)) H(,)I <

m, Idl(1 + dl/(1 + e)) Xl H(kl)l.

If we replace in (12) the value of m given by (10) and use 5 again, we obtain

0 < mldl(1 + dl/(1 + e)) < 1/2 IH(0H(@o))-- H()I < x H(@)I.

Then from the following product, computed using the definition of(Z) and the invariance
property of H,

(H(l)- Xl) 2 (H(OH(XP0)) H(I))(X1 H(6))
(X0- n(o))(X1 H(6)) +o o
we have sgn [(Xo H(g/o))(x H(g/t ))] 4: sgn (o). To summarize, we have established
the following theorem.

THEOREM (the RLIS). For any nonzero d, let e be given by (5). There exist a
bounded Lipschitz continuousfunction H, defined on [$[ >= + e }, with bound mo and
a Lipschitz constant m given by (10), such that

(i) Ifll >=1 + e, IH()I >= + e, sgn ()/_/())= sgn (), then

(13) H(H()) + a 6H(6).

(ii) There exists p positive such that (b, x) e {16] >= + e} , (, y)
(,x)e {ll >_-1 4-e} ,andb4>Oimply

(14) sgn ((x H())(y H(O))) 4: sgn (),

(15) y- H()I >-- (1 + p)lx- H()I.

(iii) Approximation of H supll_+ [H(p) h(p)]/d2 is bounded when
d2 -- 0.

Proof. Statements (i) and (ii) are already established. To prove (iii), we first note
that h, defined in (4), belongs to 0. Then, using Lemma 1, we have O(h, H) <=
O( h, Th + O( Th, TH) <= O( h, Th)/(1 -). The result is finally obtained using the
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definition ofh and Tto show that h() Th(,)l O(d2). (The details can be consulted
in Espafia and Praly (1988).)

Remarks. 1. With (i) and (ii), this theorem establishes the existence of a globally,
exponentially RLIS, given by the graph of a bounded continuous function H {]ffl >
+ e --} N which, following (iii), can be approximated by the "frozen parameter

invariant set," for d[ sufficiently small. It is important to emphasize at this point that
the repulsiveness of this graph, expressed by (15), has a global character in the sense
that it is valid for any starting point x R. This is a direct consequence of the use of a
normalized updating parameter equation (see (3) and 11 )).

2. According to the sign of its if-component, the x-component of any solution
changes side or not with respect to the graph ofH (see (14)).

3. Although T has a unique fixed point H in , H need not be the unique function
in 3 satisfying (13). This nonuniqueness comes from the arbitrariness of the function
bM, which is not determined by (;) (see the discussion about the stopping function in
Praly (1990)). In 4 (see Theorem 3 (b) and related remarks) the conditions under
which the whole RLIS or a portion of it is unique are established.

3.2. The attractive locally invariant set (ALIS). Let

(16) d.2=
// \|\/l+3ll+al_l|

211 +al2\V]l+211 +al
Taking dl in (0, d*), let 0 be the smallest positive root of

/
(17) A(r/) It/-
where no is defined by

d-n ) (l+2no)nod2

+ dn2o
2

(18) no

+ d2n

II+l

The constraint introduced on d assures that A(0)A( is strictly negative. This implies
that r/is strictly smaller than 1. Now for any d, 0 < d[ < d*, we define an operator P
acting on functions N’ --} by

(19) - O pN()N(IPN(dp)
PN(ep)

PN( r/) (resp., PN(rl 1))

if I1 w,

if 4) >-- o (resp., =< -( r)),

where N(), mapping 11 /) into Il /), is a function implicitly
defined by the next two relations:

(20)
(kv( ck + dZN( g/N(

+ dZN t/N(()

(21) I N(6)U(
(1 r/) (resp., --(1

if Iu(b)l < r/,

if /N((])) > T] (resp., < --( r/)).

We are interested in the operator P because, if it has a fixed point G, then G satisfies the
local invariance property:

(22) G(4)) -ka(4)G((ka(c)) + + a, if Il n and Ia()l =< .
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As for H in the "instability" set, the graph (, G(k))/Iql --< 7 } defines a set in the
plane (, x). It is such that, with its initial condition in this set, any solution of (2;) will
stay in it unless its -component leaves the set of "strict stability" {[[ _-< 7}.

To exhibit the fixed point G, we consider the set of "saturated" functions:

(23) Ne C(N,

(24)

which is a complete metric space with the distance

O(N1, N2):= sup { INI() N2()I }.

(1) O(N, O) <- no

(2) V,, z N, [N() N(2)[ =< nl [1 2[

N(1-7) if>_- 1-7
(3) N()=

N(-(1-7)) if _-< -(1- 7)

n 1/( + dng)no/( + 2no)d2,

Before studying the operator P acting on , we must be sure that /N((1)), implicitly
defined by (20), makes sense. For this we have the following lemma.

LEMMA 2. For any d, 0 < [d[ < d* and 7 given by (17), there exists a function
D { [[ =< 7 -+ N andpositive numbers b(no, r/l, d2), bn(no, n, d2) satisfying
for(Ni, ) in rE { [[ =< 7} and 1, 2

D(N1, ) D(N2, 2)1 --< bll 21 + bnO(N, N2),(25)

ID(N, ;)1 =< no(1 + no),(26)

D(N, 4)) N(4)- d2D)(1 $N(- d2D)).(27)

Proof. The prooftakes advantage ofthe "almost identity" character ofthe function
defined by (20) and (21) when d2 is sufficiently small. Moreover, it gives conditions on
the sizes of d2 and 7 (see (16), (17)). The details may be consulted in Espafia and Praly
1988); a more general result is also established in Praly (1990).

With this function D, we can rewrite (20) as follows:

N(p) - d2D(N, dp).(28)

The next lemma and the uniform contraction theorem (see Hale (1980)) allow us to
prove that P has a fixed point in oR.

LEMMA 3. For any d, 0 < dl < d* and 7 given by (17), we have (i) P maps cg
into qY. ii For all Ni 1, 2, in , we have O(PN PN2 -< XO(N Nz with < 1.

Proof. It can be easily checked using (18)-(21) that PN satisfies (1) and (3) of
(23). By using the properties of N, D, and the fact that I] --< 7, we obtain

(29)
PNI(O,) PN2(42)1 =< X(7, d2)O(N,, N2) + n* I1 21,

n ((1 7)nl + n0)(1 + d2b) <- nl.

Now, thanks to the choice of 7 in (17) we can show that

(30) X(7, d2) 7)( + d2bnnl) +nob,d2 + 2no)d2n
+ d2ng < 1.

The details can be found in Espafia and Praly (1988). See also Lemma of Praly
(1990).
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We next establish an important feature ofthe graph ofG with respect to the solutions
of(2). Let (fro, Xo) be an element of {11 --< (1 )} {Ixl =< } and (ff, x) its
image by (). Whenever I1 is smaller than n, from (28), (22), (19) we have

x G(@)I -< Iol IG(@o) xol + 11ol IG(@G(@I)) G(@o)I

+ IG(g/G(g/1)IIg/G(g/1) ffol
--< I@ol IG(o)- xol / (no / I&oln)l(@l)- @ol.

On the other hand, adding and subtracting G(G)( fflG(ffo)) we obtain

Ib(,) ol d2lxo(1 Xoffl) G((,))(1

=< d-(1 + + no)lXo G(ffo)l + d-(1 + 2no)nlffo G(/)[

d2(1 + + no)-< xo G(Po)l.d2( + 2no)n

Hence, using 17 and (24), we have established

(31) Ix, G(k,)l =< r()l Xo- G(fJo)l,

+ 2no)d2n d2n(32) a() + d2n + + d2n ( no).

With (30), a() > 0 is strictly smaller than if

no2 + n(1 + 2no)
(33) no < < no +

nl

Thus, any solution staying in the set {11 --< ) {Ixl =< }, with satisfying
(33), exponentially approaches the graph of G. Moreover, with the above derivations,
we have

d2(1 + + no)n
IkG(k)G(kG(k)) oG(@o)l < Ixo G(@o)l+ dZn

However, since the invariance property of G implies

o(X G())(Xo G(,o)) -,(Xo- G(,o)) - + ,o(Xo- G(o))

"(()G(G(k)) oG(o)),

it follows that from Xol --< and d(1 + + no)n/(1 + d2n) <= I1ol --< we
obtain sgn [(x G())(Xo- G(ffo))] 4 sgn (ko). To summarize, we have established
the following theorem.

THEOREM 2 (the ALIS). For any d, 0 < dl < d*, and n given by (17), there
exists a bounded Lipschitz continuous function G with bound no and Lipschitz constant
n given, respectively, by 18 and (24), such that

(i) If lckl <-- and I()1 --< w, then

(34) G()= +c-ffG(ff) and q=+d2G(ff)(1-ffG())
+ d2G(p) z

(ii) Let satisfy

no < < no + no2 + n(1 + 2no)
nl
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then there exists () < such that (, x) { I < 1} x { x <= } and (, y)
(,x){14,1 =< l-r/} Ximply

(35) [y G(O)I =< ()1 x G(ff)[.

Moreover, if
d2(1 + + no)n

+ d2n)

then sgn ((y- G())(x- G(x))) sgn ().
(iii) Approximation ofG: supll<-,) IG() h()l/d2 is boundedfor d -- O.
Proof. Statement (i) is a direct consequence of Lemma 3. Statement (ii) follows

from (31). To prove (iii), we first note that h, defined in (4), belongs to . Now, since
G is the fixed point of P, Lemma 3(ii) gives O(h, G) <= O(h, Ph)/( ,(r/, d2)). The
result is finally obtained using the definition ofh and P to show that (see details in Espafia
and Praly 1988 ))

(36) O(h, G) <- d2no(no + n)(no + 1)/(1 5,(r/, d-)).
Remarks. 1. This theorem establishes the existence of an (exponentially) ALIS

given by the graph of a bounded continuous function G {[[ < /} -- which,
following (iii), can be approximated by the "frozen-parameter invariant set," when dl
is sufficiently small.

2. If its -component is larger than

d2(1 + + no)n
+ dn

respectively, smaller than

d2(1 + + no)n
+ d2n

the x-component of any solution changes side with respect to (respectively, remains on
the same side of) the graph of G.

3. Even though G is the unique fixed point of P in , its graph need not be the
only one satisfying (22). The nonuniqueness of the ALIS comes from the arbitrariness
of the definition (21 ), which is not determined by (2).

3.3. Additional characterization of the locally invariant sets. The existence Theorems
and 2 do not give enough information about the location of the locally invariant sets

in the phase space. For this we have the following useful property.
Property 1. In their respective domains of definition, the functions H and G, de-

termined by Theorems and 2, belong to the family of functions F whose elements
satisfy

(i) If 1/a < -1, then

< 1/aM()(1 -M())_-<0, and > 1/cM()(1 -M())>_-0.

(ii) If / c > 1, then

D < 1/o M(b)(1 bM(b)) >= O, and b > 1/ M()(1 M()) < O.

(iii) Ifc -1 M() 0.
Proof. Statements (i) and (ii) are demonstrated by showing that, in the correspond-

ing domain of definition, F is a closed subset of 3 (respectively, c) such that TF
_
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F respectively, PF, F,) see Espafia and Praly 1988 )). Note that F, does not depend
on d2 Statement (iii) results from a continuity argument.

4. Global behavior of the solutions: Technical results. Knowing the existence of
critical elements and locally invariant sets, we are now in position for studying the behavior
of the solutions. We decompose the plane (if, x) into nine subsets:

C

D

F

G

H

A {(g,, x)/g, =<-(1 + )},

B (g,, x)/-(1 + e) < p < -(1 r/) and X =< x},

C {(g,, x)/-(1 + e) < q, < -(1 7) and Ix[ < X },

D {(g,, x)/-(1 + ) < g, < -(1 r/) and x -<

E {(q,, x)/-(1 -7) =< g’ <= (1- 7)},

F= {(g,,x)/1 -7 < q,< 1 + e andx <- x},

G {(6, x)/1 7 < 6 < + e and Ixl <
H= {(q,, x)/1 -7 < g,< + e andx =<-X},

I {(q, x)/1 + e <- g,I,

with e given by (5), r/by 17 ), and x > /( r). The global behavior of the solutions
can be understood by looking at their evolution in each of these sets on the locally
invariant graphs and outside them. We call A tO I the "strict instability" set, E the "strict
stability" set, and B to C tO D tO F to G tO H the "critical stability" set.

4.1. Solutions in the locally invariant sets (RLIS and ALIS).
THEOREM 3 (a) (the stationary solution). (i) For any nonzero d and e given by

(5), the (unique) equilibrium point of(,) belongs to the RLIS ifand only if ll/cl >-
l+e.

(ii) For any d, 0 < dl < d*, and with d*, given by (16), (17), the (unique)
equilibrium point of(,) is in the ALIS ifand only if] /a] <- .

(iii) When -1, H( O, G(p 0 and any point in the RLIS or ALIS is an
equilibrium point.

Proof. Given the global repulsiveness (respectively, attractiveness) ofthe RLIS (re-
spectively, ALIS), the fixed point must be in the RLIS (respectively, ALIS) if it is in
{[1 > + e } (respectively, {ll < }). The rest follows from Theorem A in the
Appendix and Property 1.

THZORFM 3(b)(the nonstationary solutions). Ifp(t) is the -component of any
solution of(Y,) with initial condition in a locally invariant set, then

(i) ifll>-I ((t)- 1/)l((t+ 1)- l/a)> 1.
(ii) ifl/a < -1 (ff(t + 1)- llc)l((t)- l/c) > 1.
Proof. Theorem 3(b) is a consequence of Property and the definition of
Remarks. From Theorems 3 (a) and 3 (b), if / c < 109-1 (respectively, / c >

), the k-component ofthe solutions on any locally invariant set moves monotonically
away from (respectively, toward) the value / a.

1. Ifll/al > and(b,x)RLISwith(-, 1/a) U(1 + e, ), then it can
be seen, with (8), that 4n(ff) /4(ff). Hence, the portion ofthe RLIS defined in (-,
/a) to + e, is unique since the "stopping mechanism" is not active here. Note

that the whole RLIS is unique if /a > + e; moreover, in this case, the RLIS and the
stable manifold of the fixed point coincide over {lffl > + e } (see Iooss (1979)).
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2. If 1/a < -1 the -component of the, trajectories in the RLIS with (0) e
(-oo, /a) U /a, oo are asymptotically unbounded.

3. If the fixed point lies in the ALIS (i.e., /a[ < )), it is a global attractor
inside the ALIS. If it lies in the RLIS, the solutions in the ALIS leave the set {[[ <
In in a finite time through the boundary n. An estimation of the "traveling"

speed of the b-component in the ALIS for this case will be of interest in our analysis and
is given by the next theorem.

THEOREM 3 (C). If thefixed point is not in the ALIS, the solutions in it leave the
"strict stability" set through the boundary p n in a finite time.

Proof. From Property 1, G(b) < and G() > 0. Now, G being continuous on
the compact set {[[ _-< n}, there exists n, strictly positive, such that: G(b) > 7
and kG(b) > r/. With the definition of (Z) this implies that for all b; [[ < n,- 6()(-6()) :
(37) no(1 + no) > >

d2 + d2G(b) + dn)

Therefore, in the ALIS, (t) moves with positive speed of the order of d2, thus leaving
the set {]Pl < } in a finite time through the boundary b . [53

4.2. Solutions in the "strict instability" set outside the RLIS.
THEOREM 4. For any d 4 0 and with e given by (5), we have
(i) Global repulsiveness. While the solution remains in { / >= + } (respectively,

{ _-< -(1 + )} ), it exponentially diverges from the RLIS crossing it at each time
(respectively, remaining on the same side ofthe RLIS).

(ii) Injection. Iffor some time to, a solution satisfies /( to) >= / e, X(to) 4
H((to)), then there exists a finite time t > to, such that [(t )[ < + e. Hence, there
is no solution satisfying every x 4 H(/ and / >= + .

Proof. Statement (i) is a direct consequence of (14), 15 ). To prove (ii), we first
note that if Ix[ > and [[> + then

dx + Pxl d2

(38) 0<(1 +dax)lx < 1-(1 +e)(1 +d2) <
1.

Hence, by Theorem 1, if for all s in [to, t], 7/(s) >_- + e (.respectively, _-< -( + e)) then

(39) Ix(t) H((t))l >= + O)’-’ IX(to) H((to))l.

Now since H(p) is bounded, there exists a first time t (depending on X(to), k(to)) such
that either ]p(t )] _-< + e or ]x(t )] >- 1. In the latter case, from (38) and the definition
of (Z), we have

(40) ]p(t)] =< -(1 + eii + d2) ]p(t- 1)] Vt > t,

which means that there exists t > such that ]p(t2)] < + e. 71

4.3. Solutions in the "strict stability" set outside the ALIS.
THEOREM 5. For any d, 0 < dl <-- d*, with d*, given by (16), (17), we have

Global attractiveness. Any solution in / <= exponentially ap-
proaches the ALIS. Moreover, a solution starting in /I <= remains in this
set as long as it remains in the set {Ixl >-- l/( ) }.

(ii) Drift If[1/a[ > and :for some time to, a solution satisfies
I(to)[ --< , then there exists a finite time t such that [/(t )[ > 7. Hence, for
I1/cl > 1, there is no solution satisfying every [b[ =< 7.
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(iii) Moreover, while a solution remains in the set

2(1 ++no)n < < 1- 71 <{I xl }+ dZn J
respectively, in the set

-( -)__<__<-
d2(1 + + no)n1}+ d2n20 {Ixl--< ),

it crosses the ALIS at each time (respectively, it remains on the same side).
Proof. (i) Since Ibl -< 1-7 and Ix] _-> 1/(1-), then ](ff + d2x)/(1 + dZx2)l _-<
7, a solution starting in {lffl --< + } remains in this set at least while it

remains in the set x >-- / ) ). To complete the proof of (i), with property (35),
we only need to show that any solution remaining in {lffl --< } enters the set
{[xl < ), (with satisfying (33)) in a finite number of steps. In fact, let the constant

’ := (no + )/2 be no < ’ < and x(t)l >= ’; then, from the equations of (Z) and
18 ), we have

(41)
x(t+ 1)
x(t)

1+o<=
x(t)

+(1 -)< -r+ 2no
+ no

i.e., the absolute value of the x-component decreases exponentially as long as Ix[ >= ’.
(ii) We have

(42)
p(t + 1) 7,(t) +

d2G(p(t))(1 p(t)G(p(t)))
+ d2G(/(t)) 2

+ dZ[x(t)- G(@(t))]
+ p(t)(x(t) + G(/(t)))

(1 + dG(p(t))2)( + dZx(t) 2)

From (i), either the if-component of the solution leaves the interval [-( rt), 7]
or, after a finite time, x(t) G(p(t)) will be as small as we want. The result follows
from a continuity argument and Theorem 3 (c).

Statement (iii) is a direct consequence of Theorem 2 (ii). 71
Remark. As in the discussion following Theorem 1, the global character of the

attractiveness of this graph is a direct consequence of the use of a normalized algorithm.
In general, nonnormalized algorithms, as treated by Praly (1990), may not lead to this
kind of global result.

4.4. Solutions in the "critical stability" set.
THEOREM 6 (solutions in the sets B, D, F, H).
(i) As long as a solution remains in the set {(p, x)/1 < 11 < + e and

Ix[ > }, the absolute value I[ decays exponentially.
(ii) Any solution starting in the set F to H (respectively, B tO D) either enters the

set G (respectively, C) or goes into the set E in a finite time.
Proof. Statement (i) follows exactly along the same lines as in (38)-(40).
(ii) From

(xq-d2x2) 1__
+ d2x2 x
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we easily obtain

(k,x)F {x> ,x> 0}> /x>O,

(,x) eH= {x<-l,x<0} 4> 1/x>-(1-r/),

(/,x) eD {px> 1, x<0} 4< 1/x <0,

(,x)B {x <-,x> 0} < /x <

and the claim follows since from (i), Il decreases exponentially while (, x) B U
DUFUH.

THEOREM 7 (solutions in the set G). For dl small enough, if] / x is larger than
+ e, a 2-periodic orbit exists such that at least one of its points lies in the set

G={(,x)/1-n<k<l+eandlxl <x}.

Proof. According to Theorem A1 in the Appendix, for ]d] small enough, a 2-
periodic orbit exists with its p component such that O(d2). This implies that
the 2-periodic orbit is contained in F U G U H for a small enough d2. The result follows
since from Theorem 6 the orbit cannot be entirely contained in F U H.

4.5. Boundedness of solutions.
THFOREM 8. If /a > --1, all the solutions of ,) are bounded.
Proof. With Theorem 4.1 of Egardt (1979) it is sufficient to prove that the se-

quence [(t)[ is bounded for any solution of (;). For this, we first show, from
the second equation of(E) that when Il > dl/V, I(t + 1)l > I(t)l if and only
if p(t)x(t) (0, 1). The proof then follows by showing that, for 1/c > -1, there
exists 3’ > dl/2f > 0such that the points ofthe set F {(, x)/ll > ;x (0, 1)}
have no preimage in I’ (the trajectories starting in I leave it in one sampling time). This
is combined with the relationship [(t + 1)[ < [(t)[ + [d[/2 to show that if(0)
satisfies

{l+2max{Iol ,l-a,} ,dl}14’(0)1 < max
max {11, I1 / 1) 2V

/ Idl,

then if(t) satisfies the same inequality for all >_- 0. If, on the other hand, if(0) does not
satisfy the above inequality, there exists a finite time T such that if(T) does satisfy it (see
details in Espafia and Praly (1988)).

5. Global behavior of the solutions: Qualitative description and simulation re-
sults. Using the technical results ofthe previous sections (Theorems 1-8 ), we can explain
the five stages of the solutions’ behavior observed in simulation and mentioned in 2.
For this, use is made of the phase plane decomposition introduced at the beginning of

4. Figures 1-5 are used to illustrate the system’s dynamic behavior. The function h
given by (4) has been plotted in the phase portrait part of each figure. As shown by
Theorems (iii) and 2 (iii), its graph, denoted by "hg," approximates the RLIS and the
ALIS, respectively, in their domain of definition.

5.1. The turbulent phase.
5.1.1. Explosive stage. According to Theorem 4(i), a solution in the sets A or I,

either remains in the RLIS, which is the graph of a bounded function of , or diverges
exponentially from it (and, in practice, from its approximation (4)). This explains an
exponential growth of the x-component, which becomes and remains large. Moreover,
for a solution in the set I, at each time t, the x-component changes side with respect to
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FIG. l(a). Phase portrait, two stablefocus of2(Ol 0.8, d 0.005).

FIG. (b). Time response converging to a period-2 stable orbit (o 0.8, d 0.005 ).

FIG. 2 (a). Phase portrait with a stable node (c 1.5, d 0.005 ).

’51 x
1o

0

tirol

10o 0o 0o 40O

FIG. 2(b). Time response ofsolution (al) (o 1.5, d:’ 0.005).
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-41

FIG. 3 (a). Phase portrait with a stablefocus (a 1.008, d 0.005 ).

2, x

0

-4
0

FIG. 3(b). Time response ofsolution (bl) (a -1.008, d 0.005 ).

X

Flo 4 a Phase portrait with a saddle as equilibrium point (o 0.1, d 0.005 ).

time
.o0o :o00. 4O0O

FIO. 4 (b). Time response ofsolution (a) c O. 1, d 0.005 ).
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FIG. 5 (a). Phase portrait with an unstable node (, -0.9, d 0.005 ).

FIG. 5 (b). Time response ofsolution (b2) (c 0.9, d 0.005).

this graph. This explains the "bursts" with very high frequency content on x (see solutions
(a) in Figs. 2, 4, and 5 ). Conversely, for a solution in the set A, the x-component remains
on the same side ofthe graph. It corresponds to a burst without oscillations (see solutions
(b) in Figs. 3-5 ). We conclude that the explosive stage (a) takes place in the set A or I
for any value of the disturbance and the reference (and therefore also in the ideal case).

5.1.2. Reinjection stage. Following Theorem 4(ii), a solution in the set A or I with
a large x-component or in the set B t_J D or F U H has its if-component exponentially
decaying. This occurs for any value of the disturbance and the reference and explains
the reinjection of the solutions into the set E (see solutions (a) and (b) in Figs. 2-5 ).

5.1.3. Implosive stage. Theorem 5(i) states that, at least for a sufficiently small
disturbance, as soon as a solution enters the set E, it is exponentially attracted toward
the ALIS, which is the graph of a bounded function of ff approximated by the set hg.
This explains the exponential decrease of the x-component and, were it present, the fast
decay of its high frequency content (see solutions (a) in Figs. 2, 4, and 5 ). Consequently,
at least for small values ofthe disturbance, this stage occurs for any value ofthe reference
and takes place in the set E.

5.2. The laminar phase (or the drift / ejection stage). Following Theorem 5 (ii),
when ]l/a] > l, all the solutions leave the set E in a finite time. However, if before
leaving the set E, they become close to the ALIS (in Figs. 1-5 one can see how the
solutions practically converge to the graph (hg) approximating the ALIS), they finally
leave that set "drifting" over the ALIS while its if-component grows with a speed of the
order of d2 (see also Theorem 3(c)). The solutions, very likely, enter the set G.

After entering the set G, a solution may either remain in it (see Fig. ), go to the
set I, thus restarting the explosive stage and possibly initiating the intermittent phenom-
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enon, or go to the set F t.3 H. In the latter case, Theorem 6 shows that the solution may
either be reinjected into the set E, restarting the implosive stage, or returned to the set
G. Intermittency may also take place in this case.

5.3. Possible 2-periodic orbits or limit cycles as o-limits. According to Theorems
A (in the Appendix) and 7, for a reference-to-disturbance ratio strictly smaller than
and for a disturbance sufficiently small, a 2-periodic orbit exists with at least one point
in G and the other in F U G U H. Each point of this orbit is an attractive focus of 2; 2 if
reference and disturbance have the same signs and a repellent focus in the case of opposite
signs. In the former case, intermittency may disappear asymptotically while the solutions
converge toward a 2-periodic orbit (see Fig. and solution (a) in Fig. 4). When the
reference and the disturbance have different signs, it is hypothesized that the solutions
either exhibit a permanent intermittency (see Fig. 5) or, due to the occurrence of a
supercritical Hopf bifurcation of the 2-periodic orbit, have an o-limit comprised of two
limit cycles of 2; 2 each surrounding a fixed point of 2; 2.

5.4. High sensitivity with respect to the initial conditions. From simulations and
the approximations given in Theorems (iii) and 2 (iii), it seems that the ALIS and the
RLIS are smoothly connected through the set G (see Figs. 4 and 5). From Remark
following Theorem 3 (b), if the fixed point lies in the RLIS, the portion ofthis set defined
for > + e is unique. Its intersection with the boundary + e being transverse,
we expect that it is uniquely extended by an ALIS inside the strict stability region. Using
this conjecture as a working hypothesis, the more a solution approaches the ALIS while
it is in E, the more its evolution will be similar to the solutions in the RLIS when entering
the set I. However, according to Theorem 3 (b) and the remarks that follow, for a reference-
to-disturbance ratio strictly smaller than in absolute value and negative, the solutions
in the RLIS starting in E (1 + , are unbounded (the same as those starting in, /a)). On the other hand, the bigger its -component is, the more the x-component
of a solution in the set I, but not in the RLIS, is "pushed-away" (exponentially) from
this invariant set. This reasoning shows the possibility of a very high sensitivity to initial
conditions of solutions starting near the ALIS or, with Theorem 2, close to the graph of
the function hg given in (4).

5.5. The desired behavior. Theorem A (see the Appendix) shows that, for a suf-
ficiently small disturbance and a reference-to-disturbance ratio strictly larger than 1, the
fixed point is exponentially stable and there is no other periodic solution. On the other
hand, and under the same conditions, with Theorem 8, each solution remains in a compact
set. This suggests that the fixed point is a global attractor. In this case, intermittency
should not take place and the desired working conditions should be attained (see Figs.
2 and 3). Qualitatively speaking, this case most resembles the ideal case.

Summarizing, according to the reference-to-disturbance ratio a, three qualitatively
different behaviors of the solutions of (2;) can be predicted:

1. a > (high level excitation): bounded solutions, no intermittency, no periodic
solution, a global attractive fixed point is conjectured, behavior similar to the ideal case.

2. 0 < a < (low level excitation): bounded solutions, stable periodic solutions
exist and are conjectured to be global attractors, the fixed point is a saddle, intermittency
may occur but is conjectured to gradually disappear while converging asymptotically to
a 2-periodic solution.

3. -1 < a =< 0 (low level excitation): unbounded solutions exist, unstable 2-periodic
solutions exist, intermittency and / or possible nonlinear oscillations are present, the fixed
point is an unstable node.
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Since a is a relative quantity, drastic qualitative changes of the system’s behavior
may be expected when both r and d are close to zero, which is the natural working
condition for an adaptive linear regulator.

6. A means to prevent intermittency: The dead zone. We study here the effects of
an empirical modification to the second equation of (2) (and (2)). For some 6 > 0,
we call the set D x/Ix a < 6} the &dead zone and substitute u in (2;) by:

It is expected that this modification will interrupt the drift stage of the solutions near the
ALIS when / a > 1. To examine the validity ofthis, let us first introduce the following
definition:

v(r/, d2): dZno(no + n)(no + 1)
(1 ,(r/, d2))

where r/and , are given respectively by (17) and (30). We now make the following
assertion.

Assertion. (i) If 1/a] > and d and 6 are such that

a + r/a d26< v(, ),
2-r/

there is no solution of (Z) with &dead zone satisfying for all t: ](t)] <
(ii) There is no solution leaving the set ]] _-< if and only if 6 >_- + ]a].
Proof. (i) From the exponential attractiveness property of the ALIS and its ap-

proximation by the graph of h given by (4), (see Theorem 3 and (36)), we see that if
a + 6 < h(1 r/) v(r/, d2), any solution remaining in { Il < r/} enters a set
(the band around h of radius v(r/, d2)) whose intersection with the dead zone is empty
for [ < r/. In this set, then, 1, the -component is strictly increasing (Theorem
4(c) and (37)), and the solutions necessarily leave the domain I1 < r/} in a
finite time.

(ii) From the definition of () when # we have the following implications:

[p(t)] <land p(t + 1)> 1} > {1 > p(t)> 1-d2x(1 x)},

{l(t)] < and (t + 1) < -1} > {-1 < (t) < -1 d2x(1 + x)}.

Thus, the solutions of (;) with dead zone will not leave the domain ]] =< } if and
only if the fight hand side of both implications are realized inside the dead zone only.
But this is clearly the case when 6 > ]a] + 1.

Remarks. The dead-zone modification may fail to work if an upper limit of the
disturbance is not known. When it works, i.e., when 6 is bigger than, say, some 6" >
(1 a + r/a)/(2 r/) + v(r/, d2), the original ALIS is transformed into a new one
(possibly not given by the graph of a continuous function any more) containing a por-
tion of the graph of h. Since h is a monotonically decreasing function in
the part of the graph of h coinciding with the new ALIS is confined to the fight of the
interval ]p] < r/. However, the movement of the solutions over the ALIS is also in
the sense of growing p’s. Consequently, in this case the modified scheme will very likely
stop the solutions’ drift near the ALIS before they enter into the "instability domain."
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7. Concluding remarks. The ALIS and the RLIS play a key role in the qualitative
and geometrical description of the phase portrait of our example. It can be shown that
these two sets exist in more general systems since their definitions rest on some general
properties of the adaptive systems (see, for instance, Praly (1990)). We can thus state
that the intermittent behavior is the result ofthe absence ofa global attractor in the ALIS
combined with a property ofthe algorithm ofmaintaining all the signals bounded despite
a model mismatch (L -robustness). In fact, since the ALIS is normally defined in a
bounded open set of the parameter space (in general, the set of parameters mapped into
the open unitary circle by the eigenvalues of the regressor model), the lack of a global
attractor in it implies that some trajectories approaching the ALIS will eventually leave
the strict stability set of parameters. This may be a very slow "quasi-stable" process. On
the other hand, the L -robustness is responsible for the "reinjection mechanism" into
the domain of attraction ofthe ALIS, provoking the abandon ofthe turbulent phase and
the restart of the cycle. Since this reinjection is guaranteed by the (desirable) robustness,
we can thus say that intermittency is essentially conditioned by the dynamics in the ALIS
and thus, that any palliative to this phenomenon passes by an "adequate" modification
of the dynamics in this set. However, the dynamics in the ALIS (and the ALIS itself)
depend on the exogenous signals. Consequently, for any "good" modification of the
ALIS dynamics it may be possible to find a "counter-example" given by a particular
combination of model mismatch and reference signals. Moreover, the modifications
introduced (to the algorithm and to the ALIS) may even exacerbate the situation. For
instance, Rey, Bitmead, and Johnson (1989), reported that a previous ("unhelped")
nonintermittent system may become intermittent after the addition of leakage. This
possibility seems less likely when a dead zone is used since its working principle consists
in transforming part ofthe ALIS into the corresponding set ofattractive bounded solutions
of the "frozen system." When the parameters are frozen, the drift phase is necessarily
eliminated at least while the dead zone is active.

Clearly, more research must be done to find algorithms assuring a robust global
attractor in the ALIS for (at least a specified family ofdisturbances or model mismatches
with a practical meaning. A possible general approach could be to stop the adaptation
when some "ad-hoc" mechanism detects the drift phase. This decision can be taken, for
instance, when the calculated increment in the parameters (possibly averaged) is smaller
than a prespecified threshold. Note that here is not the error that counts, as in the dead
zone, but its correlation with the regressor vector. This correlation should be viewed as
an approximation of the gradient of the mean value of the error with respect to the
parameters. When the reference signal is sufficiently persistently exciting or, more pre-
cisely, using a concept coined by Ioannou and Kokotovik (1983), persistently dominantly
exciting, the ALIS has a natural global attractor in it; it corresponds to the desired working
conditions. This attractor is hyperbolic (see Anderson et al. (1986)) and thus, structurally
robust. However, for large disturbances (or model-mismatch), this attractor may cease
to be globally attractive, disappear, or be pushed out of the ALIS in the RLIS region;
this last circumstance motivates a bifurcation analysis. Any of these conditions can be
at the origin of an intermittent behavior with persistent excitation, but in particular,
when the attractor leaves the ALIS, the desired working conditions can never be attained
even if by some means intermittency could ever be avoided. Clearly we can "solve the
problem" by adding excitation in the dominant frequency range to the reference signals,
but this does not imply that the original objective will be satisfied. On the other hand,
when there is no persistent excitation (or there is but with a very low energy level or a
bad frequency content), the functioning regime becomes very critical since the desired
working conditions may not correspond to an hyperbolically stable set. In this case, a
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very weak robustness ofmany properties is to be expected. Indeed, very different qualitative
behaviors can be close to one another and the system may easily switch from the desired
working condition to an intermittent behavior or a self-oscillating mode. With respect
to the last mode of operation, we see, for the example considered, that a 2-periodic orbit
(self-oscillating model) appears as a result of the bifurcation provoked by the expulsion
of the desired working conditions out of the ALIS. This 2-periodic oscillation has also
been encountered by other authors in a similar example (Sethares and Mareels 1991 ),
Rey, Bitmead, and Johnson 1991 )). Actually, this is a particularity ofthe example (one-
dimensional parameter space) and of the excitation condition (constant reference and
disturbance signals). In general, these self-oscillating modes, which determine the fre-
quency content of the "bursts;" may have any period or not exist at aH (see Espafia,
(1990), 1991 )). When the ALIS has no attractor in it and there are no self-oscillations
or there are but they are not attractive (see /a < -1 in our example), a nonperiodic
permanent intermittent regime is likely to take place. This is favored by the fact that,
while reentering in the "stability-domain," the trajectories are attracted toward a region
(near the ALIS) where the solutions are highly sensitive with respect to the initial con-
ditions. As pointed out by Bergr, Pomeau, and Vidal (1984), this, together with the
absence of a periodic or quasi periodic attractive solution, seems to be at the origin of
strange attractors.

Summarizing, we may conjecture that the antidotes for intermittency, like leakage
or internal model principle, whose active principle is not based in stopping the solutions
in its drift phase near the ALIS (they just modify the dynamics in it), could provoke the
undesired effect if combined with a particular excitation and/or model mismatch. The
schemes based on freezing the parameters upon detecting the drift phase (the dead-zone
approach included) may also need a priori information of the disturbances to succeed,
but, even if they can possibly fail to do the job, they are less likely to provoke the undesired
effect. They are based on a characteristic of the phenomenon that is independent of the
excitation conditions. Nevertheless, none ofthem solve the problem ofthe attractive self-
oscillations. Strongly dominantly exciting references signals produce robust desired
working conditions. Otherwise, if no precautions are taken, the system may easily switch
among very different qualitative behaviors.

Appendix. Local behavior near the equilibrium point and period-2 solutions. The
analysis of the local behavior of () near its equilibrium (, x) / a, a) is based in
the Jacobian matrix of (E) at this point:

J
-d2/( -+- d2ot 2) 1/(1 + d20 2)

The product of its eigenvalues is P / a and their sum is given by

(A) S=P+ 1-
d2

p2 + d2"

In terms of S and P, exponential stability of the equilibrium point is given by

(B) S + P > 0

(C) +S+P>0,

(D) -P>0,

and the eigenvalues are real if

(E) S2 4P >_- 0.
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Thus, the equilibrium point is exponentially stable if and only if /a (-1, p), where
p e (1/2, is the unique solution of 2( p)(p2 + d2) d2. Consequently, unless
/a 1, p), the "desired working conditions" do not correspond to a stable equilibrium

point. The points of intersection of curves (A) and (E) correspond to the transition from
real to complex eigenvalues and vice versa. They all occur for a negative, and we may
have a stable a < or an unstable (a > equilibrium point and a node or a focus
depending on d-.

Independently of the value of d2, for a near -1, the equilibrium point passes from
being an attractive focus (a < -1 to a repellent one (a > -1 verifying the conditions
for a postcritical Hopf bifurcation (see Iooss (1979)). For the particular value a -1
the whole k-axis is a set of fixed points implying a global bifurcation.

For a positive, we have either a stable node /a < p) or a saddle /a > p). When
/a crosses the value p, an eigenvalue passes through -1, and a stable period-2 solution

bifurcates from the stable fixed point while the latter becomes unstable (see Arnold
1983 or Iooss 1979 )). The 2-periodic solutions can be determined evaluating the roots

of the equation Z2(p, x) (p, x) 0, or, equivalently, for d nonzero, by computing
the solution of

(A.1)
Fx(x, P, d)"= -( + d2b)(-px + + a) + + a x) 0

(-tpx + + a)[1- (tp + d24))(-px + + a)]
F(x, p, d)"= ck + + da(-x + + od) 2 =0,

where x( bx)/( + d2x2). For d 0, the above system has three solutions:

(A.2) (0 O-1 X0-- O), (lPl,2 1, Xl,2
+ c + /1 O2

2 )
The first one is the equilibrium point; the two others exist if and only if the disturbance-
to-reference ratio /c is larger (in modulus) than 1. We make the following observation.

LEMMA (Existence ofperiodic solutions; Pomet, Coron, and Praly (1990)). A nec-
essary condition for (lPper(t, d), Xper(t, d)) to be a period-T solution of(,) that remains
bounded as d goes to 0 is that the accumulation point ofits initial condition be one ofthe
three points in A.2 ).

To show that the existence ofzeros (.2, x.2 of(A. given by A.2 is also sufficient
for having period-2 solutions, use is made of the implicit function theorem with the
following expression of the Jacobian matrix of (A. (nonsingular for ]c] < ):

0
OF(Xl,2; lPl,2; 0) ----/1 o 2

where the (2, 2)-term is unimportant. Compared with our discussion on the stability of
the fixed point of (;) we note that for dl small enough, the period-2 solutions emerge
not only when an eigenvalue of J passes through (c + ), from the stability side
(for period-2 bifurcation condition), but also when a pair of conjugate eigenvalues of J
crosses the unit circle at c -1. The latter corresponds to a global bifurcation. To
summarize, we have the following theorem.

THEOREM A1 (Critical elements, Espafia and Praly 1988 )). (i) The system (,)
has a uniquefixed point for all c differentfrom 0 or -1. It is the solution corresponding
to the control objective. It is exponentially stable for 1/c (-1, p) and exponentially
unstablefor /c [-1, p]. (ii) For any c[ < we can find a strictly positive constant
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do such that if ld[ do, there exists two locally unique period-2 solutions that can be
approximated by

ad2 + a /1 o 2 "]- Od -b" V OZ
2

(A.3) P,2 --T 2
+ O(d4), x1,2

2
+ O(d2)"

These solutions arefoci of, 2, exponentially stablefor a > 0, exponentially unstablefor
c < O, and with a pseudoperiod approximated by T- 2-/d(2( a2) /2.
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OPTIMAL CONTROL FOR INTEGRODIFFERENTIAL EQUATIONS
OF PARABOLIC TYPE*

GIUSEPPE DA PRATO AND AKIRA ICHIKAWA$

Abstract. Quadratic control problems for integrodifferential equations of parabolic type are
considered. A state-space representation of the system is obtained by choosing an appropriate prod-
uct space. By using the standard method based on Riccati equation, a unique optimal control over
a finite horizon and under a stabilizability condition is obtained and the quadratic problem over an
infinite horizon is solved. It is shown that the approach is also valid for some integrodifferential
equations of different types. Two examples covered by the model are given.

Key words, optimal control, stabilizability, integrodifferentiM equations
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1. Introduction. Let H and U be Hilbert spaces. Consider the control system

(1)
y’(t) Ay(t) + f K(t r)y(r)dr + Bu(t),

where A is the infinitesimal generator of an analytic semigroup etA in H. We denote by
D(A) the domain of A and by ID(A) the graph norm of A. g(.) is an L(D(A); H)-
valued operator, and B E L(U; H). Under suitable conditions (see Hypothesis 1
below) there exists a resolvent operator (see [3], [13], [16]) associated with (1) and a
unique classical solution to (1). For each u e L2 (0, T; U) we can define a mild solution
to (1) in C([0, T]; H). We then wish to minimize the functional

T

a(u) {IMy(t)l2 + lu(t)l2} dt + (Gy(T),y(T)}

over all u L2(0,T; U). Here M L(H; Ho), Ho is a Hilbert space, and G
L+ (H) is the space of selfadjoint nonnegative operators on H. Under a stabilizability
condition (see Hypothesis 4 below) we also wish to minimize the functional

(3) J(u) {IMy(t)l2 + lu(t)l 2 } dt

over all u L2(0, cx:); U). To our knowledge there is no direct method to solve these
problems. In this paper we give a state-space representation of (1) similar to those in
[15] and [19]. As in [9]-[11] we then reduce our problems to linear quadratic problems
of standard type [1].

We recall some fundamental results concerning the resolvent operator associated
with (1). It is convenient to introduce equations

(4)
y’(t) Ay(t) + f K(t r)y(r) dr,
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(5)
y’(t) Ay(t) / f K(t r)y(r)dr + f(t),

(0) o,

In [6] and [16] the existence of a resolvent operator for (4) is shown under the following
conditions.

Hypothesis 1.

(i) g(.) e LI(0, c; L(D(A); H)).
(ii) For all h E D(A), the Laplace transform K(.)h can be extended to a sector

S-- { E C" w, arg(-w)l < }, where w R, ]/2,[.
(iii) There exist fl el0, 1] and c > 0 such that IAz(.)h] cIhlD(A), A e S,

h e D(A).
The following result is proved in [3] and [16].
THEOREM 1.1. There exists an analytic resolvent operator R(t) e L(H; D(A)),

t O, such that
(i) R(t)yo is continuous for any Yo e H and R(O) I.
(ii) For each Yo e D(A) and T > O,

R(t)yo e C([0, T]; D(A)) A C1([0, T]; H)

and it satisfies (4).
(iii) For each Yo e D(A) and f e C([O,T];H) (a-Hhlder continuous), y(t),

given by

y(t) R(t)yo + R(t r)f(r) dr,

is a unique classical solution (see [3]), in

C([0, T]; H) A C(]0, T]; D(A)) C (]0, T]; H).

(iv) There exist ro > 0 and o e ], ] such that for any e S with I1
ro, I ’1 < o, hn opror - A- K() D(A) - H nvnbe nd

( A K()))-1 e L(H; D(A)) coincides with the Laplace transform of R(t).
For each Y0 H and u L2(0, T; U)

(6) y(t) R(t)yo + R(t r)Bu(r) dr

is well defined and is in C([0, T]; H). It is a mild solution of (1) in the sense

y(t) etAyo + e(t-r)A K(r s)y(s) ds dr + e(t-r)ABu(r) dr.

Note that the cost function (2) makes sense for the mild solution.
For later use we establish additional properties of R(t) that are not given in

[3]. Let DA(c,2), c e ]0, 1[ be the real interpolation space between D(A) and H.
Consider the problem

(8) y’(t) Ay(t) + f(t), y(O) yo.
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THEOREM 1.2. (i) Let Yo E DA(1/2,2), and let f L2(0, T; H). Then the mild
solution of (8) lies in

L2(O,T;D(A)) N WI’2(O,T;H) C C([O,T];DA(5,

There exists a unique solution y to (4) in L2(0, T; D(A)) W1,2(0, T; H). Hence
R(t)yo, R , f e L2(0, T; D(A)) W,2(0, T; H).

2). Then the mild(ii) Let yo e D(A), f e W’2(O,T;H), and Ayo+f(O) e DA(,
solution of (8) lies in

WI’2(O,T;D(A)) W2’2(O,T;H) c CI([O, TI;DA(1/2,2)).
Moreover, there exists a unique solution y to (4) in W,2(0, T; D(A)) W2,2(0, T; H).
Hence R(t)yo, R, f e W1’2(0, T; D(A)) W2,2(0, T; H).

Proof. The first assertion in (i) is well known [17]. To show the second assertion
of (i) we consider the corresponding integral equation of the type (7). For a small T
we apply a contraction-mapping theorem on L2(O,T; D(A)). The general case then
follows by splitting the interval into small subintervals. The first assertion in (ii) is
proved as in [15]. The second part of (ii) follows by raising regularity and considering
a contraction mapping on WI’2(0, T; D(A)). See [15] for details. D

To give a state-space representation [8], [9] of (1) we consider

(9)

y’(t) Ay(t) + K(t- r)y(r) dr,

y(O) y (), e] cx), 0[, y e L2(-, 0; D(A)).

We now rewrite this as

(10)
y’(t) Ay(t) + K(t- r)y(r) dr + f(t),

where f(t) fo K(t O)y () dO e L2(0, ; H).
Hypothesis 2. K(.) e L2(0, cx; L(D(A); H)).
If we assume Hypothesis 2 is true, then the operator ]C defined by

(11) ]Cy K(-O)y (O)dO, y e L2(-, 0; D(A))

lies in L(L2(-cx, 0; D(A)), H).
(-oc, 0; D(A)) since

Moreover, f W,2 (O, T; H) for any y W1,2

f’(t) K(t)y(O) + K(t-O)y’l(O)dO e L2(O,T;H).

Note also f(0)
following corollary.

Using these observations and Theorem 1.2, we have the
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COROLLARY 1.3. (i) For each Yo E DA(1/2;2) and Yl L2(-oc, O;D(A)) there
exists a unique solution to (10) (and hence to (9)) in the space L2(O,T;D(A))
WI,2(O,T;H).

(ii) Assume Hypothesis 2, and let yl e W’2(-oc, 0; D(A)), y(O) Yo, and
Ayo + ]y DA( 1/2 2). Then there exists a unique solution to (9) in

W’2(-oc, O;D(A)) N W2’2(O,T;H) C CI([O,T];DA(1/2;2)).

Proof. Part (i) follows directly from Theorem 1.2(i). Under Hypothesis 2 f
W,2(0,T; H) and the assumptions in (ii) of Theorem 1.2 are satisfied. Hence (10)
has a unique solution in W1,2(0, T; D(A)) N W2’2(0, T; U). Since y (0) Yo D(A),
there exists a unique solution to (5) in W1,2(-c, T; D(A)). D

Now we write (9) in the form

(12)

y’(t) Ay(t) / K(-O)y(t / ) dO,

u(0) uo,

y(O) Yl (0), 0 e] --(:X), 0[.

This is a delay equation with infinite delay. A more general delay equation, but with
finite delay, was considered in [15], and a semigroup was constructed on the product
space DA(1/2; 2) n2(-r, 0; D(A)). To obtain a similar result we assume Hypothesis 2
and rewrite (12) as

y’(t) Ay(t) + t:yt,

(13) y(0) Yo,

Y(O) Yl(O), e] --CX:), 0[.

where yt(’) y(t + .). The following result is a modification of [15, Thms. 4.1 and
4.2] for the case with infinite delay.

THEOREM 1.4. Assume Hypotheses 1 and 2 are true, and let y be the unique solu-
tion of(12) foryo e DA(-12; 2) and yl e L2(-oc, O; D(A)), which lies in L2(O,T; D(A)) N
W1,2(0, T; H) for any T > O. Then the map

(14) S(t). ( yo ) (y(t)Yl Yt(’) )
on Z DA( 1/2 2) x L2(-oc, 0; D(A)) is a strongly continuous semigroup. Its infinites-
imal generator is given by

(5) y a_
dO

(16) D(.4) {(y0,y) e Z: yl e W1,2(-oc, O;D(A)),
y(O) yo, Ayo + t:y e DA(1/2; 2)}
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Proof. The only difference between (13) and the equation in [15] is the length of
the memory involved. Hence one could repeat the proofs in [15]. However, we shall
give a different proof for the characterization of the generator. Note first that the
strong continuity and the semigroup property of S(t) follow from Corollary 1.3(i).
We now show that 4, given by (15) and (16) is the infinitesimal generator of the
semigroup _S(t). Choose [Y0, yl]’ e D(,4); then _S(t)[y0, yl]’= [y(t), yt(’)], where y(t)
is the solution of (13) and hence of (9). Then by Corollary 1.3 (ii) we have

limY(t)-Y ( )t-o t
y’(O) Ayo + Yl in DA ;2

lim Yt (’) Y (’) dy__1
t--,o t dO

in L2 (-oc, 0; D(A)).

This implies that the infinitesimal generator of the semigroup _S_S(t) coincides with J[
on D(J() and is an extension of ,4. To see that 4 is in fact the generator we need to
show only that the resolvent set of 4 is nonempty. Now choose A > 0 and consider

This is equivalent to

(/ 4)[y0, Yl]’ [Z0, Zl] e Z.

AYo Ah y zo E DA (1/2; 2),

dyl
Ay

dO z 52 (-oc, 0; D(A)).

The second equation yields

/oYl (0) eAOyl (0) A- eA(O-) z (r/) dr/.

Setting yl(O) Yo and substituting yl into the first equation, we obtain

/o(,x A- Ce’)o zo + e(-’z(v) dv =: o.

Noting that/Ce’o ’(A)o, we have

(- 4- g(a))o o.
By virtue of Theorem 1.1(iv) this is solvable for any A > ro and o (- A-
K(A))-Io D(A). Then

/oYl (0) eA0(A- .4-/(/))--10 -[- e)(0--v/)Zl(r/) dr/

lies in W,2(-c, 0; D(A)). We also have

Ayo + 1Cy Ay0 zo DA( 1/2 2).

Hence A p(J[) and ,4 is the infinitesimal generator of the semigroup _S(t). [:]
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Remark 1.5. Let A A0 / A1, where A0 is selfadjoint and negative. If A1 E
L(D(-A)/2;H), then we can replace DA(1/2;2) by D(-A)/2 and DA(--1/2;2) by
D(-A*)1/2 (see 2).

In [14] a special case of the delay equation in [15] was considered and a quadratic
control problem on DA(1/2; 2) x L2(-r, 0; D(A)) was solved.

If we take B e L(U;DA(1/2;2)), M e L(DA( -2; 2),H0), and G e L+(DA(1/2;2)),
then by using the semigroup __S(t) in Theorem 1.4 we can solve our control problem as
in [14]; however, the state space Z is not convenient in applications, and we wish to
take the initial value Y0 in H rather than in DA (1/2;2). Moreover, our cost functionals
(2) or (3) are more natural, as we can see from examples (see Example 5.1). Thus we
need a representation of our system (1) in a larger space.

2. The semigroup model. Let DA(--c,2), c ]0,1[, be the extrapolation
space of A (see [2]). To take Y0 in H rather than in DA(1/2; 2) we replace H (re-
spectively, D(A)) by DA(--1/2;2) (respectively, DA(1/2;2)) and assume, in addition to
Hypothesis 1, the following hypothesis.

Hypothesis 3. K(.) L2(O, oc); L(DA(-1/2; 2); DA(1/2; 2)).
Then the operator K in (11) belongs to L(L2(-oc, 0; DA(-; 2)); DA(---; 2)). By

translation we obtain all results similar to those in 1. In particular, we state results
corresponding to Corollary 1.3 and Theorem 1.4, respectively.

THEOREM 2.1. (i) For each Yo H and y L2 (-oo, 0; On (-12; 2)) there exists a
unique solution to (10) in

1,2 2)) C C([0 T] H).L2(O,T;DA(;2)) C W (O,T;DA( 1/2;

(ii) Assume Hypothesis 3, and let y e WI’2(--oo, O;DA(1/2;2)), y(O) Yo, and
Ayo + yl H. Then there exists a unique solution to (9) in

W’2(-oo, T;DA(1/2;2)) 3 W2’2(O,T;DA(-1/2;2)) C CI([O,T];H).

THEOREM 2.2. Assume Hypothesis 1 and 3 with H (respectively D(A)) replaced
2)). Let e H, let e L2(-c, 0 DA(5; 2)), andby DA(--1/2;2) (respectively DA(; Yo Yl

let y(t) be the solution of (9) (and hence of (13)) given in Theorem 2.1(i). Define the
map on Z U x L2(-c, 0; DA(1/2;2))

(17) S(t). (yo)__, (y(t) )"
Then S(t) is a strongly continuous semigroup on Z, and its infinitesimal generator is
given by

(18) 4( yO ( AyO--Kyl )dO

(19)
D(A) { (yo, y e Z yl e W’2(-oc, 0; DA (1/2; 2)), y (0) Y0,

Ayo + Ky H).
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Next we express S(t) by using the resolvent operator. We write (9) as

(20) y’(t) Ay(t) + K(t- r)y(r) dr + K1 (t)yl,

where

2 ( (1))(gl(t)yl g(t-O)yl(O)dO e L20,c;DA --;2 NC [O,T];DA -;2
The solution of (20) can be written as

(t) R(t)o + R(t r)K1 (r)yl dr

Set

(t)"-(11(t)SI (t) S(t)

then y(t) Sll(t)yo - Sl2(t)yl. Thus we have

Sl (t)o R(t)o,

Similarly, we have

’12(t)yl R(t r)K1 (r)yl dr.

(s(t)0)(.) R(t + .)o,

(S22(t)yl)(’) R(t- r)K(r)yl dr.

Hypotheses 1 and 3 come from physical examples such as Example 5.1. If we assume,
instead of Hypothesis 3, the following hypothesis, we have, in fact, Corollary 2.3.

2))).Hypothesis 3’. g(.) e L2(O, oc;L(DA(1/2;2);H))) N L2(O, cx;L(H;DA(-;
then we can find a semigroup on H x L2(-cx), 0; H).

COROLLARY 2.3. Assume Hypothesis 3’. Then .for each Yo E H and yl

n2(-c, 0; H) there exists a unique solution y(t) to (13) in

.for any T > O. The map

(21)

2)) C([0, T] H)L2(O,T;DA(;

1 (.1 )
is a strongly continuous semigroup on Z H x L2(-oc, 0; H).
generator is given by

(22)
Yl a_

dO

Its infinitesimal
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(23) D(A) ((Y0, Yl) e Z: Yl ( wl’2(-oo, O;H),yi(O) yo, Ayo / Kyl e H}.

If K(.) E L2(0, c: H), then A need not be analytic.
Hypothesis 3". K(.) e L2(0, oc; L(H)).
COROLLARY 2.4. Let A be any infinitesimal generator of a strongly continu-

ous semi-group on H. Assume Hypothesis 3. Then for each yo H and yl

L2(-cx), 0; H) there exists a unique solution y(t) to (13) in C([0, T]; H) for any T > O.
Define the map S(t) as in (21). Then it is a strongly continuous semigroup on
Z H L2(-oc, 0; H) with generator (22), (23).

See [12] for more general cases of integrodifferential operators where A is not
analytic.

3. Quadratic control on finite horizon. Now we consider (13) with control

y’(t) Ay(t) + Kyt + Bu(t)

(ea) (0) o

() (), e] -, 0],

where Yl e L2(-oc, O;DA(1/2,2)). Then by setting z(t)= [y(t),yt(’)]’ we obtain

(25)
z(0) [0,],

where

For each u e L2(0, T; U) we define the mild solution of (25) by

(26) z(t) S(t)[yo, y]’ -t- S(t r)Bu(r) dr.

The mild solution (6) of (1) corresponds to the first component of z(t) of the special
case Yl 0, i.e.,

(27) z(t) S(t)[yo, 0] + S(t r)Bu(r) dr.

The cost functional (2) can be rewritten

(28)
T

J(u) []/z(t)l2 + lu(t)l 2] dt + ((z(T), z(T)),

where

M-
0

e L(Z; Ho) and
0 0 e (z).
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The control problem (26), (28) is a standard quadratic problem [1] in the state-space
form [8], [9]. As is well known, the optimal control is given by the feedback law

(29) _u -B*Q(t)z(t),

where Q is the unique selfadjoint nonnegative solution of the Riccati equation

(3o)
Q’+A*Q+QA+*-Q*Q=O,

Q(T) G.

Setting

(t)Q(t) Q21(t)

we can write (29) in the form

Q(t) )Q22(t)

(31) u_(t) -B*[Qll (t)y(t) + Q2(t)yt].

The minimal cost corresponding to u is

(32) j(_u) (Q(O)( Y0)yl ( Y0)).yl
Hence the minimal cost for the problem (1), (2) is given by

(33) J(u_) (Q(O)yo, yo).

Summing up, we have the following theorem.
THEOREM 3.1. Assume Hypothesis 1 and 3 are true. Then there exists a unique

optimal control .for the problem (1), (2). It is given by the feedback law (31), and the
minimal cost is given by (33).

For the control problem (1), (2), where K(.) satisfies either Hypothesis 3’ or
Hypothesis 3", the feedback law (31) is still optimal and the optimal cost is given by
(33).

4. uadratic control on infinite horizon. Here we consider the control prob-
lem (1), (3). To avoid the trivial case we make the following assumption for (27).

Hypothesis 4. For each Y0 E H and y E L2(-(x), 0; DA(1/2,2) there exists a control
u L2(0, cx); U) such that

(34) J(u) Irz(t)l 2 + lu(t)l 2 dt < cx.

Later we give sufficient conditions for Hypothesis 4. Let QT(t) be the solution of
the Riccati equation (30) with QT(T) 0. Then the following is known.

PROPOSITION 4.1. Assume Hypotheses 3 and 4 are true. Then there exists a

strong limit Qo of QT. Q is the minimal nonnegative solution of the algebraic
Riccati equation

(35) A*Q + QA + M*M QBB*Q O.
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If Jr, M is detectable, then Q is the unique nonnegative solution of (35). Moreover,
A- BB*Q generates an exponentially stable semigroup on Z.

THEOREM 4.2. Assume Hypotheses 3 and 4 are true. Then there exists a unique
optimal control .for (26), (34). It is given by the feedback law

(36) __u -B*Qz(t),

and the minimal cost is

(37) J(-)-" IQcx)( ylY ) (yOyl)1"
In particular, the optimal control for the problem (1), (2) is given by

(38) u_(t) -B*[Q11y(t) + Q12yt]

and

(39) J(_u) (Qllyo, yo),

where

Qll Q12 )Q= Q: Q.:

If Q12(y) fo Q12(-0)y(0)dO for some Q2 e L2(0, oc; L(DA(1/2,2); H)), then
the optimal closed-loop system corresponding to (38) is

(40) y’(t) (A BB*Q)y(t) + [K(t r) BB*Q12(t r)]y(r) dr

and of the same form as (1). If (jr, M) is detectable, then the resolvent operator for
(40) is exponentially stable.

A sufficient condition for Hypothesis 4 can be found in [7]. For the sake of
completeness we quote some results from [7]. Let K(.) be a maximal analytic extension
of the Laplace transform of K, and let gt0 be its domain of definition. We set

p0 {A e gt" 3 (A- A- (,))-1},

F(A) (A- A- ())-1 for A e P0,

and we denote by pl the set of all isolated removable singularity of F(.). Moreover,
we set

p-- poUpi,

F(A) limz_, F(z), e p\po.

Define the generalized spectrum a C\p. If 0 is a pole of F(.) of order m0, we set,
for/k sufficiently close to A0,

F(A) Sn(A- A0)n + Q(A- A0)--,
n=0 n=0



OPTIMAL CONTROL FOR INTEGRODIFFERENTIAL EQUATIONS 1177

where

and C(A0, e) is the circle with center ,0 having sufficiently small radius > 0.
Let w > 0 be such that a ;3 {, E C: aezk -w} q}, and let a+(w) a 3 {

C Re, > -w}, a_(w) a N {, C ReA < -w}. We can make the following
assumption.

Hypothesis 5. (i) a+(w) {,1,... ,,g}, where for each j 1,... ,g, Aj is a pole
of F(.) of order mj < oo.

(ii) The residues Ri,k, k O, 1,..., mj, of F(-) at A , are finite-rank operators.
The condition below is called a Hautus condition.
Hypothesis 6. Range Q,k 3 Ker B* {0} for all j 1,2,...,N and k

0, 1,...,m.
Let X be a Banach space, and let C,([0, oo[; X) be the space of bounded contin-

uous functions x(t) in X with property supt>0 IIx(t)etllx < +oo. Under Hypothesis
5 it is shown [7] that Hypothesis 6 holds if and only if the following is true:

For each Y0 e H there exists a control u e C([0, oo[; U) (in fact, u e C([0, oo[; U))
such that y e C,([0, oo[; H), where y is the solution of (1). Hence if Hypotheses 5 and
6 hold, then the control problem (1), (3) is well defined. Modifying slightly the proof
of [7, Thm. 2.3], we can show that under Hypothesis 6 system (13) is stabilizable
in the above sense. We have, in fact, the following result, the proof of which was
suggested to us by A. Lunardi.

THEOREM 4.3. If Hypothesis 6 holds, then the system (13) is stabilizable, i.e.,
for each Yo e H there exists a control t e C([0, oo[; U) such that y e C([0, oo[; H)
for some w ]0, w0[.

Proof. Define

R() / (,)

mj--1 ttketF(d) eJ
k---. Qj,k

k--O

and

N

RT0
j--1

Then as in [7, Prop. 1.1] we can show that problem (13) is stabilizable in the above
sense if and only if for each Y0 E H and yl L2(-, 0, DA(1/2,2)) there exists u
C([0, c[; U) such that

(41)R (t)yo + R’+ (t s)K (s)y ds n+" (t s)Bu(s) ds, t>_O,

where K(.) is as given in 2. First, we assume Re Aj > 0, j 1, 2,..., N, and show
(41) with w w0. If there exists ,kj with Re , 0, then we can set v(t) cRy(t) for
sufficiently small > 0 and reduce the problem to the case for which w w0 .
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As in the proof of Theorem 2.3 in [7], we can show that (41) is equivalent to

Note that the second term is well defined since KI(.)yl is bounded and Re Ay > 0.
Since the functions t eJtt" are linearly independent, (42) is equivalent to Fu
Q[yo, gl (.)y], where

N

F" C([0, +[; U) HK, K Emy,
j--1

Fu e-8(--s)k-’Qy,kBu(s)ds
k--n

and Q" H -- HK,

Q(yo, K(.))y)

Qi,y + ,= e (--s)k-nQy,kKl(S)ylds
j-1 N;n-----O m.-I

Since the range of F and Q are finite-dimensional, (42) holds if and only if

(43) Ker Q* Ker F*.

For each (hjn) (hjn)y=l N;n=O m-I e HK we have

N mj-lm-l-kfOoT(X (_8)kF*(hn)U - k!
e- < u(s)’B*Q;’+hh’+ > ds

j=l k=O h=O-- Q*(hjn)(yo, gl (’))y)
N mj-1

(Yo, O;hhh}
j--1 h----O

N m.-1 m.-l-k

/EE E
j--1 k--0 h--0

+
(K1 (8)y Q,k+nhy,k+n)ds

(--)
k!

so that

KerF* (hyn) e HK" B* Qhhyn j 1,... ,N, k O, 1,... ,my 1
\ h--k

{(hy,) e HK * *B Qyhhy,,j 1,...,N,k 0,1,...,my 1},
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N mi-1
ger Q* D {(hj) e HE" E E * hQ 0}.

j-1 h-0

Now we can show that (13) is stabilizable and is equivalent to (43). It is easy to see
that if (13) is stabilizable, then (43) holds. Conversely, assume that (23) holds and

* * for some jo, ho. Set hjn 5j,joSn,noh; then B*Qhjn 0 forlet h E Ker B Qjoho
each j 1,...,N,h 0,...,m 1. By (43) we have

N mj-1

O;o  o Q;o o o.
j=l h--O

Therefore, for each j0, h0 we have

KerQjono B Qjono,
and (13) is stabilizable. F1

Now consider the detectability of ,4, M. It is useful to consider the following:

’ (t) -A*(t) ftT K* (r t)(r) dr,
(44)

v_(T)
Suppose we have classical solutions for (4) and (44). Then by differentiating (y(t), _(t)},
integrating from t 0 to T., and using the Fubini theorem we obtain

(y(T), r]l (yo, q_(O) ).
Hence (44) is the adjoint system of (4). Equations (44) can be also written

’(t) A*r(t) + f K*(t r)y(r) dr,

Thus the detectability of (jr, M) is translated into the stabilizability of the following
system:

(46) ’(t) A*(t) + K*(t- r)(r) dr + My(t).

If A* and K* have properties similar to those of A and K we can obtain sufficient
conditions for detectability. Finally, we note that we can also solve control problems
for inhomogeneous systems as in [4], and [5].

Example 4.4. Let be a bounded open domain in R with C boundary
Consider the heat equation in materials of the fading-memory type introduced by
Nunziato [20]:

(47)

Oy
t x +

cO oobo- - (t r)y(r, x) dr

coAy(t, x) 7(t r)Ay(r, x) dr + Bou(t, x), t > O, x e it,

e
Fy(t,x)=O, t>O, xcOgt,
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where Fy y or Fy Oy/On. y(t, x) represents the temperature at x E 12 at time t,
bo, and co are positive constants, and u is the heat supply. and " are completely
monotone kernels with

Z(t) -,(d), (t) -(d),

where # and u are positive Borel measures with compact support supp # and supp u
contained in ]a, oc[, a > 0. Then the heat equation (47) can be written as (1) in
H L2(12) with

1
Ah 7-(coAh -/3(0)h),

o0
D(A) {h e H" Ah e H, Fh 0},

1
K(t)h 7-(-’(t)h -(t)Ah),

oo

1
B 0B0.

Let (.) and (.) be analytic extensions of the Laplace transforms of and - to
C\supp # and C\supp , respectively. Then

po e C.co -() # 0,
x(0 + (x))
0-() #-

F() bo
(o+2())
co-()

R((b +/()) A)0 ()

where {-An } is the decreasing sequence of the eigenvalues of A. Hence

{" ReA>0}={ 0 if Fy=y on Oft,
{0} if Fy= O0n on 0a.

If Fy y, then (47) with u 0 is stable. Hence our control problems (1), (2)
and (1), (3) are well defined. If Fy n’ then (47) with u 0 is not stable, but
satisfies Hypothesis 5. This implies that if h(x) ho (constant different from 0)

Ker B*, then (47) is stabilizable. If Bu b(x)u(t), b(.) H, and u is a scalar,
then fa b(x)dx # 0 implies stabilizability. Hence the quadratic problems (1), (3) and,
of course, (1), (2) are well defined. See [6] for more discussions on this example and
other examples of system (1). See also [19] for heat equations with memory.

The following example was introduced to us by J. Zabczyk and is covered by our
model.

Example 4.5. Consider the delay equation

(48)
x" (t) -k(O)x(t) fk’(-r)x(t + r)dr + u(t),

x(O) xo, ’(o)
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which can be regarded as a model of the oscillation of a particle suspended by light lin-
early viscoelastic string, where the relaxation modulus k" [0, [--, R is differentiable
and such that

k(t)>O, k’(t)<0, k"(t)>0, lim k’(t)=0.

Setting

y
x

we can write (48) as

0
-k(0) 0 k(-r) 01 0) (0)0 x(t + r)dr + 1

(xo)y(O) Yo
xl

If k E L2(0, cx), then this is a special case covered by Theorem 4.2. If k(t) e-at, a >
0, the spectrum a is given by

a {" 3 + aA2 + k(O)A + ak(O)- 1 0}.

Set

( 0 1)A= -k(0) 0 1 M=[1,0];

then (A, B) is controllable and (M, A) is observable. Hence the minimization problem

J(u) [Ix(t)l 2 + lu(t)l 2] dt

is well defined.
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OPTIMAL CONTROL OF SWITCHING DIFFUSIONS WITH
APPLICATION TO FLEXIBLE MANUFACTURING SYSTEMS*
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Abstract. A controlled switching diffusion model is developed to study the hierarchical control
of flexible manufacturing systems. The existence of a homogeneous Markov nonrandomized optimal
policy is established by a convex analytic method. Using the existence of such a policy, the exis-
tence of a unique solution in a certain class to the associated Hamilton-Jacobi-Bellman equations
is established and the optimal policy is characterized as a minimizing selector of an appropriate
Hamiltonian.

Key words, flexible manufacturing system, Wiener process, switching diffusion, Poisson mea-
sure, Markov policy, dynamic programming equations
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1. Introduction. We study a controlled switching diffusion process that arises
in numerous applications of systems with multiple modes or failure modes, including
the hierarchical control of flexible manufacturing systems. A flexible manufacturing
system (FMS) consists of a set of workstations capable of performing a number of
different operations and interconnected by a transportation mechanism. An FMS
produces a family of parts related by similar operational requirements or by belonging
to the same final assembly [27]. The rapidly growing range of applicability of FMS in.
cludes metal cutting, assembly of printed circuit boards, integrated circuit fabrication,
automobile assembly lines, etc. Due to their tremendous flexibility, FMSs are signifi-
cantly more efficient in many ways than traditional manufacturing systems. However,
the high capital cost of an FMS demands very efficient management of production and
maintenance (repair/replacement) scheduling so that uncertain events can be taken
care of such as random demand fluctuations, machine failures, inventory spoilage, sales
returns, etc. The large size of the system and its associated complexities make it im-
perative to divide the control or management into a hierarchy consisting of a number
of levels. Thus, the overall complex problem is reduced to a number of manageable
subproblems at each level, and these levels are linked by means of a hierarchical in-
tegrative system. We refer to [1], [21], and [27] for a detailed description of these
hierarchical schemes. We will confine our attention to the top two levels.

(i) generation of decision tables, which is accomplished by developing a suitable
mathematical model describing the dynamical evolution of the system. This is done
off-line.
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(ii) The flow control level which plays the central role in the system. It de-
termines, on line, the production and maintenance scheduling and continuously feeds
the routing control level that calculates route splits, and that, in turn, governs the
sequence controller which determines the scheduling times at which to dispatch parts.
Since the top two levels directly govern the rest, it is of paramount importance to de-
velop and study an appropriate mathematical model that will facilitate finding on-line,
implementable, optimal feedback policies.

We first present a heuristic description of our model, which is a modified version
of the model in [1], [21], and [27]. The FMS consists of L workstations, with each
workstation having a number L, of identical machines (m 1, 2,..., L). A family
of N types of different parts is produced. Let u(t) [ul(t),..., uN(t)]T e ]1N and
d(t) [all(t),..., dg(t)]T e IRg denote the production rate (a control variable) and
the downstream demand rate vectors of this family of parts, respectively. Also, X(t)
[Xl(t),... ,XN(t)]T E ]RN denotes the downstream buffer stock. A negative value of
Xj(t), j 1,..., N, indicates a backlogged demand for part j, while a positive value
is the size of the inventory stored in the buffers. The evolution of X(t) is governed by
stochastic differential equations

(1.1) dX(t) u(t) d(t) + diag(al aN)(t),dt

where ai > 0, 1,..., N and (t) [l(t),..., g(t)]T is an N-dimensional white
noise which can be interpreted as sales returns, inventory spoilage, sudden demand
fluctuations, etc. (see [8]).

If Sm(t) denotes the number of operational machines in station m at time t, then
the state of the workstations may be represented by the L-tuple

S(t) (S (t), &(t))
The evolution of S(t) is influenced by the inventory size and production scheduling,
and can also be controlled by various decisions such as to produce, repair, or replace.
The dynamics of S(t) can be described as follows:

(1.2) P{Sm(t + 6t) + 1 S,(t) g}
(Lm g)Vm(t)6t + o(St) for 0 G g < L,,
0 otherwise,

where v,(t), m 1,... ,L, are suitable control variables. In the uncontrolled case,
vm(t) "Ym, which represents the infinitesimal repair rate at station m. These repair
rates may depend implicitly on X(t). This model also allows for a control variable
reflecting the decision to repair or to replace on the basis of the inventory size. Also,

(1.3) P{Sm(t + 6t) g- 1 S,(t) g}
ipm(X(t), u(t))St + o(St) for 0 _< / < L.,
0 otherwise,

where Pm models the infinitesimal failure rate at the mth station. Equations (1.2)
and (1.3) imply that

P{S(t + St) ,1 m(t) 2 } 0 for [1--21 > 1.
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With and j denoting two states of the system, we define

Aij(.)St + o(St) P{S(t + St) j S(t) i},

and

The machine state S(t) can thus be modeled as a continuous time-controlled jump
process taking values in a finite state space. In the uncontrolled case, S(t) becomes a
continuous time homogeneous Markov chain with infinitesimal generator given by the
matrix [j].

The choice of the production rate at each instant is constrained by the capacity
of the currently operational machines. This translates into the requirement that at
each time t the production rates must lie in some set r(s(t)) that depends on the
machine state.

Let ykn(t) be the number of type n parts that undergo operation k at the ruth
station per unit interval of time and Tkmn(t) the length of time required for the com-
pletion of this operation. The product ykm(t)Tkmn(t) is the portion of each unit time
interval that one or more operational machines at station m must dedicate to perform
operation k on type n parts, as dictated by the flow rate ykm(t). Since the amount of
work completed at each station per unit time interval cannot exceed the time available
at the operational machines, the following constraint applies:

(1.4) EEykmn (t)Tkmn (t)

_
Sm (t) for all m.

n k

Also, assuming that no material is allowed to accumulate within the system, the
throughput u(t) of type n parts must satisfy

(1.5) un(t)-- E Ykmn(t) for all k and n.
m

Therefore, for each state i, the set F(i) is defined as the collection of all production
rates u [ul,..., uN]T for which, with the machine state S(t) i, there exist feasible
flow rates ykmn (t) satisfying (1.4) and (1.5).

The flow control problem can now be stated. Given an initial buffer state X(0)
x and machine state S(0) i, we wish to specify a production plan and maintenance
(repair/replacement) policy that minimizes the performance index

(1.6) J(x, i, u, v) E e-"tc(X(t), S(t), u(t), v(t)) dt X(O) x, S(O)

where c(.) is a cost function, c > 0 is a discount factor, u(.) is the production rate, and
v(.) is the maintenance rate. The objective is to find u(.), v(.) for which the minimum
is achieved in (1.6). The ideal production and maintenance policy for a wide class
of cost functions would minimize J by producing parts at exactly the demand rate,
thereby keeping the buffer at zero. Such a policy is generally impossible because of
the failures of the machines and various other uncertainties.

This FMS model motivates the study of a stochastic optimization problem in a
more abstract setting that subsumes the flow control problem in the FMS as a special
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case. This abstract problem is manifested in numerous other situations. In [17] it is
encountered in a hybrid model proposed for the study of dynamic phenomena in large
scale interconnected power networks. Sworder [39], [40] describes possible applications
to macroeconomic models and dynamic renewal problems in general. In addition, it
should be useful at other levels of the hierarchy described in [21].

We will briefly describe this problem formally; a rigorous description will be given
in 2. Let S {1, 2,... ,M} and let U, i 1,... ,M, be prescribed compact metric
spaces. For each i, j E q, let b(.,., i, .) JR+ x ]N X Vi --+ N and Aj JR+ x ]N X Vi, satisfying Aj _> 0, for j and -j A(.) 0. A stochastic process (X(t), S(t))
taking values in ]1N X . is given by

(1.7) X(t) X(O) + b(T, X(T), S(-), U(T)) d" + diag(al,..., aN)W(t),

(1.8) P(S(t +St) j S(t) -i,X(s),S(s),s <_ t} Aiy(t,X(t),u(t))t +o(bt),

where ai > 0, i 1,... ,N, are constants and W(.) [WI(.),..., WN(.)]T is an N-
dimensional standard Brownian motion. The control u(.) is a U I]N=l Ui-valued
process such that when S(t) i, u(.) takes values in Ui and u(.) is nonanticipative
with respect to the driving Brownian motion W(t). Let c: R+ RN S U -. R+
be the cost function and c > 0 a prescribed discount factor. Define a cost functional
of the form

e-"tc(t, X(t), S(t), u(t)) dt]
The objective is to find an optimal control policy u(.) that minimizes (1.9) and takes
the feedback form u(t) (t,X(t),S(t)) for a suitably defined function . In the
next section, we will assume appropriate conditions on b and which will guarantee
that (1.7), (1.8) are well defined. We note here that for a performance index of
the form (1.9), m,A,c may be assumed to be independent of t without any loss of
generality. Also, by replacing each Uk by 1-I=l Uk and b(., i, .) by its composition
with the projection HkM__I Uk - Ui, we may assume that each Ui is a replica of a fixed
compact metric space.

We now briefly mention some earlier work leading to ours. The class of controlled
piecewise deterministic models with jump Markov disturbances have been studied by
Sworder [38], aishel [35], Oldser and Suri [33], Davis [19], and Vermes [42] among
many others. The piecewise deterministic FMS model has been studied by Kimenia
and Gershwin [27], who have developed a heuristic numerical method based on the
maximum principle established in [35]. Akella and Kumar [2] have studied a simplified
model and obtained explicit solutions for one machine producing a single commodity.
In all these papers the jump process is modeled as a continuous time (uncontrolled)
Markov chain. Boukas and naurie [14], [15] have modified the FMS model of Ki-
menia and Gershwin by introducing new state variables describing machine wear as
well as a control parameter in the jump process; their model incorporates preventive
maintenance. They have obtained a maximum principle, thereby extending Rishel’s
formalism in [35]. They have also considered piecewise deterministic models. To ob-
tain an optimal policy of the feedback type in these models we must impose very
strong conditions on terms like b, A governing the system and stringent restrictions on
the set of allowable policies. At the same time, it is assumed in these models that
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between any two successive jumps of S(t), the dynamics governing X(t) are deter-
ministic. Thus, certain unavoidable environmental uncertainties are not taken into
account. These factors restrict the scope of applicability of these models. We have
tried to circumvent these difficulties by adding an additive noise term in the state
dynamics. This is specifically done to take into account the various sources of en-
vironmental randomness. Addition of this noise removes practically all restrictions
imposed on the set of allowable control policies, thereby substantially enhancing the
range of its applicability. The switching diffusion problem has also been studied by
Bensoussan and Lions [7], using a martingale problem formulation. However, our mo-
tivation and approach are quite different. In [7], it is assumed that for some > 0,
-Ai > > 0, for each i. We have, instead, used a strong formulation which is very
important for practical applications. In our formulation we do not need the condition
-Ai > > 0. We also refer to [6], [8], [9], [16], [20], [32], [36], [37], and [43] for related
work.

Our paper is structured as follows. A rigorous description of the mathemati-
cal model of the FMS is given in 2. The optimization problem is formulated and
subsequently reduced to an equivalent convex optimization problem via the study of
associated occupation measures. The compactness of laws is established in 3, the
convexity and extremality of occupation measures are studied in 4, and the proof of
existence of optimal policies is given in 5. Section 6 deals with the characterization
of optimal policies via dynamic programming equations. In 7, we apply our theory
to a simplified model and derive some interesting results. Finally, 8 contains some
concluding remarks. Note that we have used a convex analytic approach for this prob-
lem, as opposed to the traditional analytic one. For the discounted cost criterion, the
latter approach is more economical and is sketched in the Appendix. However, the
convex analytic approach is interesting in its own right and would be more flexible
and powerful for certain other purposes, e.g., the pathwise average cost problem or
problems with several constraints where the analytic approach does not seem to be
amenable. For (nonswitching) controlled diffusions, these problems have been treated
in [11, Chap. VII and [12] by a convex analytic approach. We hope our approach to
switching diffusions would be useful in various other situations.

2. Mathematical model and preliminaries. Let U be a compact metric space
and S {1,... ,M}. Let b [bl,..., bN]T" N X >< V -- ]1N. For each
b(., i, .) is assumed to be bounded, continuous, and Lipschitz in its first argument
uniformly with respect to the third. For i, j E S, let Aj ]1N X U --+ ]1 be bounded,
continuous, and Lipschitz in its first argument uniformly with respect to the second.
Also, assume that for i,j S, i j, Aj >_ 0, and 1A{j 0, for any
Let a > 0, 1,2,...,N, be prescribed numbers. For a Polish space Y, (Y)
will denote its Borel a-field and T’(Y) the space of probability measures on (Y)
endowed with the Prohorov topology, i.e., the topology of weak convergence [10]. Let
ff(Y) be the set of all nonnegative integer-valued, a-finite measures on (Y). Let
t(Y) be the smallest a-field on fft(Y) with respect to which all maps from
into N t2 {x} of the form # #(B), with B e (Y), are measurable, ff(Y) will
always be assumed to be endowed with this measurability structure. Let
and b Ibm,..., bN]T ]1g >< S X -- ]lg be defined by

(2.1) bi(., ., v) b(., ., u) v(du), v e ]2, 1,..., N
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Similarly, for i, j E 8, Aij ]1N " ---+ ]1 is defined as

(2.2) Aij(.,v) Aiy(.,u)v(du), v e ]2, i,j e S.

For i, j S, x RN, and v 1}, we construct the intervals Aij(x, v) of the real line
in the following manner (see also [13], [17]):

/12(X, V) [0, 12(X, V)),
zx  (x, +

M-1 M

/IM(X,V) [j--2-- )lj(X,V),j=2y)lj(x’

M M

/21(X,V)--[j--2 j=2)lj(X’V)+

M M-1 M M

A2M(X’V) [j--2 )klj(x’v)
j=l

y )2j(X,V),)lj(X,V)
j=l

j2

and so on. For fixed x and v, these are disjoint intervals, and the length of Aij(x, v)
is Aij(x, v). Now define a function h" Ig x . >< Y ]1 ]1 by

v z)-- j-i ifzeAij(x,v),
(2.3) h(x,

[, 0 otherwise.

Let (X(t),S(t)) be the (N S)-valued controlled switching diffusion process given
by the stochastic differential equations

dX(t) b(X(t), S(t), v(t)) dt + diag(al,..., aN) dW(t)

dS(t) h(X(t), S(t-), v(t), z) p(dt, dz),

for t > 0, with X(0) Xo and S(0) So, where
(i)
(ii)
(iii)

(iv)

(v)
(vi)

X0 is a prescribed N-valued random variable;
So is a prescribed S-valued random variable;
W(.) -[Wi(.),..., WN(.)]T is an N-dimensional standard Wiener pro-
cess independent of X0, So;
p(dt, dz) is an 9ll(+ )-valued Poisson random measure with intensity
dt m(dz), where m is the Lebesgue measure on [25, p. 70];
p(., .) and W(.) are independent;
v(.) is a Y-valued process with measurable sample paths satisfying the
following nonanticipative property: Let ’ a{v(s): s <_ t} and

w,p =a{W(s)-W(t) p(A B) Aefl3([s, oc)) Be(),s>t}[t,o)

Then t and _w,pv
,[t,oo) are independent.
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Such a process v(.) will be called an admissible (control) policy. If v(.) is a
Dirac measure, i.e., v(.) --(.), where u(.) is a U-valued process, then it is called an
admissible nonrandomized policy. An admissible policy v(.) is called feedback if v(.)
is progressively measurable with respect to the natural filtration of (X(.), S(.)). A
particular subclass of feedback policies is of special interest. A feedback policy v(.) is
called a (nonhomogeneous) Markov policy if v(.) O(., X(.), S(.)) for a measurable
map R+ x ]N X . With an abuse of notation, the map itself is called
a Markov policy. If has no explicit time dependence, it is called a homogeneous
Markov policy. Thus, a homogeneous Markov nonrandomized policy can be identified
with a measurable map v" ]1N X . --+ U.

If (W(.), p(., .), X0, S0, v(.)), satisfying the above, are given on a prescribed prob-
ability space (f, ,P), then under our assumptions on b and A, (2.4) will admit an
almost surely unique strong solution [22, Chap. 3], [25, Chap. 3, 2c], and X(.) E
C(R+; N), S(.) E D(R+; ), where D(R+;) is the space of right continuous func-
tions on l+ with left limits taking values in S. However, if v(-) is a feedback policy,
then there exists a measurable map

f’R+ x C(R+; RN) D(R+; S) ----, V

such that for each t >_ O, v(t) f (t,X(.), S(.)) and is measurable with respect to the
a-field generated by {X(s),S(s)" s <_ t}. Thus, v(.) cannot be specified a priori in

(2.4). Instead, we must replace v(t) in (2.4) by f (t,X(.), S(.)) and (2.4) takes the
form

dX(t) b(X(t), S(t), f(t, X(.), S(.))) dt + diag(al,..., aN) dW(t),

dS(t) ]R h(X(t),S(t-), f(t,X(.),S(.)),z) p(dt, dz),

for t >_ 0, with X(0) X0 and S(0) So. In general, (2.5) will not even admit a
weak solution. However, if the feedback policy is a Markov policy, then the existence
of a unique strong solution can be established. We now introduce some notation that
will be used throughout. Define

LI(RN x ’)- {f" N X ’ for each i 8, f(.,i) LI(N)}.
L (RN x 8) is endowed with the product topology of (L (g))M. Similarly, we define

C(]g X $) I/I/’2’P{N 8) etc. For f toctock X I/Ir2’P(]IN X 8) and u U we write

M

(2.6) Lf(x,i) Lf(x,i) + Eij(x,u)[f(x,j) f(x,i)],
j--1

where

1 2 02f(x, i)
N Of(x, i)(2.7) Lf(x, i) - a Ox + Ej(x, i, u)

Oxj
j=l j=l

and more generally, for v

(2.8) L’f(x, i) f
Ju

Lf(x,i)v(du).
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THEOREM 2.1. Under a Markov policy v, (2.4) admits an almost surely unique
strong solution such that (X(.), S(.)) is a Feller process with differential generator Lv.

Proof (Sketch). This proof is based on the technique involving the removal of drift
[41], [10, Thin. 1.4, pp. 10-12]. Clearly, it suffices to prove the result in the interval
[0, T], for a fixed T > 0. For T > 0, let H be the function space defined by

(2.9) IM’I,2,P N ,) 2 < <([0, T]x x _P c for eachiES,

sup Ig(t,x, i)l grows slower than exp(kllxll 2) for all k > 0}.
0<t<T

Fix an ,. For 1 _< j _< N, let i(t,x,j) be the unique solution in H (as in (2.9))
of

Oi(t,x,j)
(2.10) Ot

v(t,x,j) (t, j) 0,+ Lj i x,

i(T, x, j) xi,

where x (Xl,... ,XN). Let [1,..., gN]T. It can be shown that for fixed
j, (t,.,j) is a homeomorphism onto its range for each t e [0, T]. Set Y(t)
(t,X(t), S(t)), t e [0, T]. Using Ito’s formula, it follows that Y(t) satisfies
(2.11)

Y(t) Y(O) + (Dp diag(a,..., a)) o qo;-1 (Y(s)) dW(s)

t_ [s(-l(y(8-)) -- t(-l(y(8-)),z)) Y(8)] p(ds, dz),

where D8, [1 denote, respectively, the Jacobian matrix and the inverse map of
(s,., S(s)), "o" indicates composition of functions and

(.,., .) [0, 0,..., 0, h(.,., .)]T e ]1N-l-1.

Now by [41], (2.11) has an almost surely unique strong solution, which is a Markov
process. The corresponding claim for (X(t), S(t)) follows via the homeomorphic prop-
erty of . It remains to show the strong Feller property. Pick any bounded continuous
function f IN x -- R. The system of equations

0(t, x, i)
(2.12) Ot + Lv(t,x,i)(t, x, i) O,

(T, x, i) f(x, i),

can be shown to have a unique solution in H [18]. Therefore, by Ito’s formula, it
follows that

(t,x,i) E[f(X(T),S(T)) IX(t) x,S(t) i],
where the expectation is under the Markov policy v. By Sobolev’s imbedding
theorem [5, p. 53], H C C([0, T) RN ) and hence (t,.,i) is continuous for each
t e [0, T). [5

Some comments are in order now.
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II/’I,2,P ]NRemark 2.1 (i) We have used Ito’s formula for functions in oc (lit+ x x
This generalization is due to Krylov [28, pp. 121-127] for "classical" diffusions. Its
extension for the present system is routine.

(ii) The wellposedness of the Cauchy problem for the weakly coupled parabolic
system (2.10) has been established in [18] under slightly stronger conditions on the
first-order terms. However, in view of the results in [3] and [30, Chap. 7], its extension
to the present case is straightforward.

Remark 2.2. We have seen in Theorem 2.1 that under a Markov policy the cor-
responding solution (X(.),S(.)) of (2.4) is a Markov process. We have the following
converse result. Let v(-) be a feedback policy, such that the corresponding solution

(X(.),S(.)) of (2.4) is a Markov process. Then v(.) may be taken to be a Markov
policy. Since we do not need this result, we omit the proof.

2.1. The optimization problem. Let " ]1N X 8 X U -- ]1+ be a bounded,
continuous cost function, and let c:]N S "l; -- R+ be defined as

., ., v(du)

Let c > 0 be a prescribed discount factor. Let v(.) be an admissible policy and
(X(.), S(.)) the corresponding process. Then the total c-discounted cost under v(.) is
defined as

(2.13) J,(x, i) := E e-tc(X(t), S(t), v(t)) dt X(O) x, S(O)

If the laws of Xo, So are 7r "P(IN), (S), respectively, then

(2.1a) J.(., J.(x, .(dx)

Let

(2.15) V(x,i) := infJ(x,i)}

(2.16) V(r, ).-infJ.(r, )}.

The function V(x, i) is called the (a-discounted) value function. An admissible policy
v(.) satisfying

Jv(r,) Y(Tr,)
is called an optimal policy for the initial law (r,). An admissible policy is called
optimal if it is optimal for any initial law. Our aim is to find an admissible optimal
policy which is homogeneous Markov and nonrandomized.

We now introduce the (discounted) occupation measures [12]. Let v(.) be an
admissible policy and (X(.),S(.)) the corresponding process with initial law (Tr,).
Define the occupation measure [Tr, ; v] E T(]N q U) by

(2.17) f d,[r, ; v] aE e-t f(X(t), S(t), u) v(t)(du) dt
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for f Cb(]lN X . X U). Also, we define

(2.18) Ml[r,]- {[r,;v] v(.) is admissible},
(2.19) M2[r, ] {u[r, ; v] v(.) is homogeneous Markov},
(2.20) M3[r,]- {u[r,; v] v(.)is homogeneous nonrandomized Mrkov}.
In terms of these occupation measures

(2.21) J,(r, ) a-1 .f-du[r,;v].
We will show in 4 that M It, ]- M2[r, ] and that M2[r, ] is compact, convex, and

M[r, ] C M3 [r, ], whereM[r, ] is the set of extreme points of M2 [r, ]. Thus, for a
fixed initial law, the optimization problem (2.13) will reduce to a convex optimization
problem in view of (2.21).

3. Compactness of laws. We will establish the compactness of laws of the
process (X(.),S(.)) under various policies using the approach in [11, Chap. 2]. Let
r0 e 7(RN), 0 e (S). Let :[r0,0] C "(C(]l+; ]tN) >< D(+;S)), i- 1,2,3, de-
note the set of lws of (X(.), S(.)) under all admissible/Markov/homogeneous Markov
policies with fixed initial law (r0,0).

THEOREM 3.1. The set :l[r0,0] is compact in "P(C(I+;RN) x D(R+;,S)).
Proof. It clearly suffices to replace R+ by [0, T] for arbitrary T > 0. Fix T > 0.

Let (X’(.),Sn(.), Wn(.),n(.,.),vn(.),X,S), n 1, satisfy (2.4)on probability
spaces (fin, n, pn) respectively, the laws of X, S being r0, 0 respectively for all
n. Let {f} be a countable dense subset of the unit ball of C(U). Define /3(t)
f fj dvn(t), t e [0, T]. Let B denote closed unit ball of L[0, T] with the topology
given by the weak topology of L2[0, T] relative to B. Let E be a countable product of
replicas of B. Since B is compact and metrizable and hence Polish, the same follows
for E. Let/3n(.) [/3](-),/3(.),... ], n _> 1, viewed as E-vlued random vriables.
Using the assumed conditions on b, it can be easily shown that for tl, t2 @ [0, T],

E[llXn(t2)- Xn(tl)ll 4]
_

Kit2 -tll2

for some T-dependent K > 0. It follows that the laws of the sequence {Xn(-)} are
tight in "P(C(+; N)). Since , is finite and E is compact, it follows by Prohorov’s
theorem [24, Thm. 2.6, p. 7] that, for A 3(+), A2 3(1) fixed, the sequence
(Xn(.), n(.), [n(.), Wn(.),]3n(A1 A2)) converges to a limit

(X(.), S(.),/3(.), W(.), p(A x A2)).
Dropping to a subsequence if necessary and invoking Skorohod’s theorem [24, p. 9], we
may assume that all these random variables are defined on a common probability space
and the convergence is almost surely on this probability space. By [11, Lemma II.1.2,
p. 24] we can find a ))-valued process v(.) such that (t) f f dv(t), >_ 1. Define
Zn(") --[Z(.),..., Z(.)]T, yn(.), n _> I, by

z (tl x (tl t >_ o,
M r

j

and Z(.) [Z (.),..., ZN(.)]T, Y(.) by
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Zi(t) Xi(t) b(X(s),S(s),v(s)) ds, t >_ O,

M

Y(t) S(t) E As(8_),j (x(s), v(s)) (j S(s-)) ds,
j=l

t>0.

Then, by [11, Lemma II.1.3, p. 26] and standard representation theorems for semi-
martingales [25, pp. 172-178] applied to Z(t) and Y(t), it follows that on an aug-
mented probability space (X(.),S(.)) satisfies (2.4) for an admissible policy v(.) and

driven by a Wiener process W(.) and a Poisson random measure (., .). [::]

We now state the next theorem without proof as it would be almost identical to
the proof in [11, Thm. II.2.1, p. 29], in view of the estimates in [30, p. 582].

THEOREM 3.2. The sets 2[r0,0], 317r0,0] are compact.
Let {vn} be a sequence of homogeneous Markov policies and (X’(-), Sn(.)) the

corresponding solutions of (2.4) with X’(0) x0, Sn(0) i0 for all n _> 0. Let
p’(t, xo,io, y,j) be the fundamental solutions corresponding to the operators ( +
Lvn). Let (Xn(.),Sn(.)) ----* (X(.),S(.)), where the latter is governed by a ho-
mogeneous Markov policy v. Then, using the Hhlder estimates on pn(t, xo, i0, Y, j)
[30, p. 582], we can show the following result as in [10, Whm. II.2.2, p. 33].

LEMMA 3.1. For each t > O, pn(t, xo, io,’,’) p(t, xo, io,’,’) in LI(g $).
In other words, the laws of (Xn(t), Sn(t)) converge to that of (X(t), S(t)) in total
variation.

Next, we introduce a topology to the space of all homogeneous Markov policies.
Let F {v IN 8 l vismeasurable}. We endow F with the topology
described in [11, p. 30]. Then F is a compact metric space. Its topology is determined
by the following convergence criterion [11, Lemma II.2.1, p. 32].

LEMMA 3.2. Let f E L2(RN S)NLI(]IN S), g Cb(N $ U) and Vn --- Vin F. Then

(3.1) N f(x,i) fsg(x,i .)dvn(x,i)dx n__,--- N f(x,i) g(x,i, ")dv(x,i)dx

for each i ,. Conversely, if (3.1) holds for all such f, g, and i S, then Vn --’ V in
F.

Let (v) denote the law of (X(.),S(.)) when X(0) x0, S(0) i0 and the
homogeneous Markov policy v is used. Using Lemma 3.1, the following theorem can
be proved exactly the same way as in [11, Thm. II.2.3, p. 34].

THEOREM 3.3. The map v (v) from F into "P(C(R+; ]IN) D(R+;,)) is
continuous.

4. Convexity and extremality of occupation measures. In this section we
will study the properties of the occupation measures [r,; v] introduced in (2.17),
following the approach in [12].

LEMMA 4.1. The sets MI[,], M2[,], M3[r,] as defined in (2.18)-(2.20) are
compact.

Proof. This follows from Theorems 3.1 and 3.2.
LEMMA 4.2. For each fixed initial law (r,), M[r,] M2[r,].
Proof. Let [r, ; v] M. Disintegrate it as

(4.1) [, ; v](dx {i} du) [, ; v](dx {i}) (x, i)(du),
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where F[r,; v] is the marginal of u[r,; v] on RN x S and (x, i) is a version of
the regular conditional law defined F[r, ; v] almost surely Pick any version from this
equivalence class and keep it fixed henceforth. The map V(., .) obviously defines a ho-
mogeneous Markov policy. Let (X’(.), S’(.)) be the solution of (2.4) with v(.) replaced
by v’(.) (X’(.), S’(.)) and with initial law (r, ). Let f E Cb(]lN X S X U) and let

(4.2) (,i)=E e-t f(X’(t),S’(t),)v’(t)(d)dt X’(O)=,S’(O)=i.

Using the strong Markov property of (X’(.), S’(.)) (this follows from the eller prop-
erty) and the local solvability of weakly coupled systems of elliptic equations [1,
Chap. 7, p. 88], it can be shown by employing standard arguments involving Ito’s
formula that (x, i) is the unique solution in W2(NN x S)Cb(NN X S), 2 p < ,
to

(4.a) n(-,)(, i) (, i) + f I(x, , u)V(x, )(d,) 0.

Define a process Y(-) by

(t -I(x(l, s(, (( + -(x(tl, s(tl).

M

ElY(t)] E[Y(0)] ElY(t)] ] (x,j) r(dx) (j)

(. - ((x(l, s(l) (x(l, s(l)

+ ff(X(),S(s),u) v(s)(du)]ds].
Letting t and using the definition of (.,-) and (4.3), it follows that the right-
hand side in (4.4) tends to zero (cf. [11, Tam. 4.2, pp. 40-42]). Thus,

lim ElY(t)] E[(X0, &)]

E[(X, S)].

Since f Cb(N 8 U) w arbitrary, it follows that [, ; v] pit, ; ].
Let [r,; v] U2[r,]. By a routine extension of the inequality [28, p. 66], it

follows that Pit, ; v] ( in (4.1)) is absolutely continuous with respect to the product
of the Lebesgue meure on N and the counting meure on 8 and therefore h
a density [,;v]. Let [,;v] be the marginal of P[n,;v] on S. With "supp"
denoting the support of a meure, let

(4.5) supp([, ; v]) S [, ; v]c S.

It is not difficult to see that [,;v](x,i) > 0 almost everywhere x N,
z2,pN 8) defineS[r,;v] and [r,;v](x,i)=0 for 8 S[r,;v]. For f .,tot..

(4.6) Ly(x, ) L.,Of(x, ) f(, ).

Then



OPTIMAL CONTROL OF SWITCHING DIFFUSIONS 1195

Then, [r, ; v] is the unique solution in LI(RN x ,) to

M M

1= N L(X’i)g(x’ i)(x’ i) dx .= g(x, i)r(dx)(i),

M

1": (x, i)dx 1, (x, i) >_ O,

for every g E C(]v x ,). Using the above, we will show that M2[r, ] is convex.
LEMMA 4.3. The set M2[r,] is convex.

Proof. Let vl, v2 be two homogeneous Markov policies and 0

_
a <_ 1. Define a

homogeneous Markov policy by

(4.s) v(x,i) a[r,;vl](x,i)v(x,i) + (1- a)[r,;v2](x,i)v2(x,i)
a[r, ; vii(x, i) + (1 a)[r, ; v2] (x, i)

for (x,i) e RN x {1171",; Vl]Ul[71",; V2]} and arbitrary otherwise. Let f e C)(RN x
). It is easy to see that

L(X,i) f(x,i) a[r,;Vl](x,i)Ll(x’i) f(x,i) + (1 -a)[r,;v2](x,i)L(’i)f(x,i)

Let (x, i) a[r, ; vii(x, i) + (1 a)[r, ; v2](x, i). From (4.7) and (4.8) it follows
that [r, ; v]. Thus,

Let

(4.9) :[r, ] {pit, ; v] e -p(RN 3) v[, ; v] C M2[, ] },
where Pier, ; v] is as in (4.1).

The proof of the next lemma is analogous to that of [12, Lemma 3.2]. We present
a brief sketch describing the essential ideas.

LEMMA 4.4. The set :[r, ] is compact in T(RN ,) in total variation.

Proof. By a routine extension of the inequality [28, p. 66] to the present case,
[r, ; v] will be uniformly bounded in Lp(RN). For the sake of convenience, assume
that the initial condition is (x0, i0) N S. As in [11, Lemma 5.2, p. 44], we can
show by considering appropriate estimates on the weakly coupled systems of elliptic
equations [31, Chap. 7] that for any bounded open set A such that c ]1N \ {X0}
and E S \ {i0 } there exists a > 0 and a K (0, oc) such that

(4.10) I[xo, io;v](y,i) [xo, io;v](z,i)l <_ Klly zll, y,z e A,

under any choice of a homogeneous Markov policy v. By Theorem 3.2, /:Ix0, i0] is
compact in the Prohorov topology of T(Rg ,). Let {P[x0, i0; Vn] } be a sequence in



1196 M.K. GHOSH, A. ARAPOSTATHIS AND S. I. MARCUS

Z[xo, io] and P[xo, io; vo] be a weak limit point of (P[xo, io; v,] }. We need to show that
[x0, io; vn] [xo, i0; v] in L (RN S). The equicontinuity of ([xo, io; vn] } fol-
lows from (4.10). Also (4.10) together with the uniform Lp-estimates implies pointwise
boundedness. Thus, by the Arzela-Ascoli theorem, we may drop to a subsequence, if
necessary, to conclude that for each E S,

[xo, io, v] (., i) -- (., i),

for some (., i), uniformly on compact subsets of ]1N. By the uniform Lp-estimates

the convergence is also in LI(N). Thus

(4.11) qo[x0, i0; Vn](y, i)f(y) dy f (y, i)f(y) dy,
N ’---+(X) N

for all f e Cb(RN). But (4.11) certainly holds with 99[xo, io; v](., i) replacing (., i).
Therefore, qo[x0, i0; v] _= . [3

We are now in a position to characterize the extreme points of M217r, ]. Let v be
a homogeneous Markov policy such that, for each x lI(N and S,

(4.12) v(x, i) avl (x, i) + (1 a)v2(x, i),

where a (0, 1) and vl, v2 are distinct homogeneous Markov policies, i.e., there exists
at least one i0 S such that Vl(., i0) and v2(., i0) differ on a set of strictly positive
measure. The proof of the next lemma closely follows that of [12, Lemma 3.3]; we
therefore present only a brief sketch of the proof.

LEMMA 4.5. Let v be as in (4.12). Then, t/[Tr,; v] is not an extreme point of
M2 [Tr, ]

Proof. We will show that if v satisfies (4.12), then there are homogeneous Markov
policies 0, 02, and b E (0, 1) such that

,[Tr, ; v] b.,[Tr, ; 0] + (1 b)[Tr,; 02].

It suffices to find b (0, 1) and 01,02 satisfying

(4.13) v(x, i)
b[Tr,; O](x, i)O(x, i) + (1 -b)qa[Tr,;O2](x,i)O2(x,i)

bq[Tr, ; 01](x, i) + (1 b)[Tr, ; 02](x, i)

for (x,i) e ]N X {S1171",;01] [.J S1171",;02]} (see (4.5)). For R > 0, let vl,v be
homogeneous Markov policies defined by

(4.14) v(x,i) (vj(x,i), Ilxll R
v(x,i), Ilxll > R

i e S, j- 1,2.

Let (.) be a given homogeneous Markov policy. Define a homogeneous Markov policy
v’ via

(4.15)
v(x, i) (x, i) + (1 a)v (x, i)

b [r, vl](x, i)vl (x, i) + (1 V](x, i)
b99[r, ; vl](x, i) + (1 b)q[Tr, ; ](x, i)
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for (x,i) e RN (Sl[r,;vl)2 S1171",;]} and arbitrary otherwise. The arguments
used in the proof of [12, Lemma 3.3] mutatis mutandis will ensure a suitable choice
of b E (0, 1) such that v is a genuine homogeneous Markov policy. Fix a b E (0, 1) as
in (4.15). Given a homogeneous Markov policy (.), we obtain v(-) via (4.15). Thus,
we have a map Pier, ; ] P[s, ; v] from Z[s, ] to Z[s, ]. Using Lemma 4.4, it
can be shown in the proof of [11, Lemma 3.3] that this map is continuous in the
total variation. By Schauder’s fixed point theorem [26, p. 220], this map h a fixed
point. In other words, there exists a homogeneous Markov policy v such that

(,i)
[’; vl](x, i)vl (x, i) + ( )[, ;.o’].o’(x, i)

b[r, ; vl(x, i) + (1 b)[r, ; v’l(x, i)

for (x, i) e RN {$1 [, ; v] S [, ; v] }. Since v v on a set of strictly positive
meure for sufficiently large R, v v on this set. Thus

,[., ; v] [, ,; vl] + (1 )[., ; ’]

desired.
The results in this section are now summarized follows.
THEOREM 4.1. M[, ] M2 [, ], and M2 [, ] is compact and convex, and

each of its extreme points coesponds to some [, ; v], where v is a homogeneous
Markov nonrandomized policy.

5. Existence of an optimal policy. Using the results of the previous section,
we will establish the existence of an optimal policy.

THEOREM 5.1. There exists a homogeneous Markov optimal policy.
Proof. Let (r, ) (RN) (S) such that supp() g and supp() S.

Since is bounded and continuous, the map M2[r,] s fd. is continuous.
Thus, there exists a homogeneous Markov policy v* such that

min is homogeneous Markov}.J,’(,)= {J(’,)

By Lemma 4.2, it follows that

J. (., ) V(., ).

Therefore, v* is optimal for the initial law (,). We will show that v* is optimal
for any initial law. It suffices to show that v* is optimal for any initial condition
(x, i) IN S. Suppose there exist (x0, i0) RN and a homogeneous Markov
policy v such that

(5.) J.(x0, i0) < J.. (x0, i0).

Using the fact that the solution of (2.4) under a Markov policy is a Feller process, it
can be easily shown that the function Jr(x, i) is continuous in x for each v. Thus,
(5.1) holds in a neighborhood B of x0. Define a policy v by

v’(t) v* (X(t), S(t))I{Xo q B} + v’ (X(t), S(t))I{Xo e B},

where (X(.), S(.)) is governed by v’(.). Then, it is easily shown that

Jr, (r, ) < J.. (r, ),

which is a contradiction. Thus, v* is optimal.
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THEOREM 5.2. There exists a homogeneous Markov nonrandomized optimal pol-
icy.

Proof. Let v* be as in Theorem 5.1. Let M[r,] be the set of extreme points
of M217r,]. Since M217r,] is compact, by Choquet’s theorem [34], u[Tr,; v*] is the
barycenter of a probability measure m supported on M[r, {]. Therefore,

(5.2) f-dp[Tr,;v*]-- fM (/-d#)m(d#).[,]

Since v* is optimal, it follows from (5.2) that there exists a ,[,{; v]e M[,{] such
that

/d[,;v*]= /d[,;v].
Thus, v is also optimal. By Theorem 4.1 it is nonrandomized.

6. Dynamic programming equations. Using the existence results of the pre-
vious section, we will now derive the dynamic programming or Hamilton-Jacobi-
Bellman (HJB) equations which in our ce will be a weakly coupled system of qui-
linear elliptic equations, and then characterize the optimal policy a minimizing
selector of an appropriate "Hamiltonian." The HJB equations for our problem are

(6.1) (x, i) inf {L(x, i) + (x, u)}.
uU

THEOREM 6.1. The value function V(x, i) is the unique solution of (6.1) in the
space z2,p(N S) Cb(RN x S) for any 2oc

Proof. We have already seen in the proof of Theorem 5.1 that V(x, i) Cb(N x
). Let v* be a homogeneous Markov nonrandomized optimal policy and (X(.), S(.))
the corresponding solution of (2.4). Then, for (x, i)

(6.2) V(x, i) E e-t(X(t), S(t), v*(X(t), S(t))) dt X(O) x, S(O) i

By standard arguments (see the arguments following (4.2)), Y(x,i) is the unique
2’P(N S) Cb(N S) for any 2 < p < , ofsolution in oc

(6.3) .y(x, i) L’(,)V(x, i) + (, , v,(x, )).
Suppose there exist x0 RN, i0 S, u U, and 5 > 0 such that

.y(xo, io) > LY(xo, io) + e(xo, io,

Then, by the continuity of V(., i0), the above will hold in a neighborhood N(xo) of
x0. Define a homogeneous Markov nonrandomized policy as follows:

v*(x, i) if (x, i)
(x, i)

u if (x, i)
Then

.y(z, io) > L(,o)y(x, io) + (x, io, (x, io)) + 5{x e N(x0)}.
It is easily seen that

y(x, io) g(x, io) +
for some 5’ > 0, which is a contradiction. Hence, Y(x, i) satisfies (6.1). Let Y’ be
another solution of (6.1) in the desired cls. Then it can be shown using standard
arguments (cf. [11, Whm. III.2.4, pp. 69-70]) that

y(x, ) y,(x, )1 eg--,
where K > 0 is a constant. Letting t , V
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COROLLARY 6.1. Assume that for each i E S, (.,i, .) is Lipschitz in its first
argument uniformly with respect to the third. Then V(x, i) is the unique solution of
(6.1) i c(s s)c(s s).

|/Ir2’p(]N X () for anyProof. It suffices to show that V is C2. Since V(x, i)
2 _< p < oc, by Sobolev’s imbedding theorem, V(x, i) C,(RN ,.q), for 0 < " < 1,- arbitrarily close to 1, and hence by our assumptions on b, A, , it is easy to see that

N Og(x, i)aV(x, i) inf E-J(x’ i, u)uv Oxj
j--1

M

+ x,(x,u)(V(,j)- v(x, )) + (x,,)}
j--1

is in C,. By elliptic regularity [23, p. 287] applied to (6.1) (V replacing ), we
conclude that V C2,. ]

THEOREM 6.2. A homogeneous Markov nonrandomized policy v is optimal if and
only if

(6.4)
OV(x,i)E-J (x’ i’ v(x’ i)

Oxj
j--1

M

+ x(, v(x, ))(V(x, ) V(x, )) + (x, , v(, ))
k--1

N OY(x, i)
M

inf Ej(x,i,u) + E-ik(x,u)(V(x,k) V(x,i))uu Oxj
j=l k=

(x, i, u)} a.e. x ]g+

Proof. The "necessity" part is contained in the proof of Theorem 6.1. We establish
the sufficiency. Let v(., .) satisfy (6.4). The existence of such a v is guaranteed by a
standard measurable selection theorem [4, Lemma 1]. Let v be any other homogeneous
Markov nonrandomized policy. By standard arguments involving Ito’s formula and
the strong Markov property, we conclude that

Jv (x, i) _< Jr, (x, i), a.e. x E ]1N E 8

Hence, by Lemma 4.2,
(x, ) < J(x, )

for any admissible policy 5. Thus, v is optimal.
Remark 6.1. Thus far, we have assumed that the cost function is bounded.

However, this condition can be relaxed, as we show in the Appendix.

7. An application to a simplified model. We consider a modified version of
the model studied in [2]. Suppose there is one machine producing a single commodity.
We assume that the demand rate is a constant d > 0. Let the machine state S(t)
take values in {0, 1}, S(t) 0 or 1, according to whether the machine is down or
functional. Let S(t) be a continuous time Markov chain with generator
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The inventory X(t) is governed by the Ito equation

dX(t) (u(t) d) dt + cr dW(t),

where cr > 0. The production rate u(t) is constrained by

u(t) { o
e [0, n]

if S(t) O,
if S(t)= 1.

Let c R - R+ be the cost function which is assumed to be convex and Lipschitz
continuous. Let c > 0 be the discount factor and let V(x, i) denote the value function.
In this case V(x, i) is the minimal nonnegative C2 solution of the HJB equation

(7.2)
T [o,n]

[AOAl+a -A0
-A1 V(x, 1) 1

Using the convexity of c(-), it can be shown as in [2] that V(., i) is convex for each i.
Hence, there exists an x* such that

(7.3)
V’(x, 1) < 0 for x < x*,

>0 forx>x*.

From (7.2), it follows that the value of u which minimizes (u d)V’(x, 1) is

R if x < x*

0 if x _> x*.

At x x*, V’ (x*i 1) 0 and therefore any u e [0, n] minimizes (u- d)V’ (x, 1). Thus,
in view of Theorem 6.2, we can choose any u E [0, R] at x x*. To be specific,
we choose u d at x x*. It follows that the following homogeneous Markov
nonrandomized policy is optimal:

(7.4) v(x,O) =0,
R if x < x*,

v(x, 1) d ifx=x*,
0 if x > x*.

We note at this point that the piecewise deterministic model, in general, would
lead to a singular control problem when Y’(x, 1) 0 [2], [27]. In [2], Akella and Ku-
mar have obtained the solution of the HJB equation (this would be (7.2) without the
second-order term) in closed form and have computed an explicit expression for x*.
They have shown that a policy of the type (7.4) is optimal among all homogeneous
Markov nonrandomized policies. In our case, the additive noise in (7.1) induces a
smoothing effect to remove the singular situation; in addition, our results imply that
the policy (7.4) is optimal among all admissible policies. The only limitation of our
model is that it would, in general, be very difficult to solve (7.2) analytically. There-
fore, we must rely on numerical methods to compute an optimal policy of the type
(7.4).
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We now discuss the manufacturing model studied in [27] as described in the intro-
duction. The machine state S(t) is again a prescribed continuous time Markov chain
taking values in S {1,..., M}. For each i E , the production rate u (Ul,..., UN)
takes values in Ui, a convex polyhedron in ]N. The demand rate is d [dl,..., dg]T.
In this case, if the cost function c ]RN - R+ is Lipschitz continuous and convex, it can
be shown that for each i E S, the value function V(., i) is convex. But from this fact
alone optimal policies of the type (7.4) cannot be obtained. However, since an optimal
homogeneous Markov nonrandomized policy v(x, i) is determined by minimizing

N ov( ,

over Ui, v(x, i) takes values at extreme points of Ui. Thus, for each machine state
i, an optimal policy divides the buffer state space into a set of regions in which the
production rate is constant. If the gradient VV(x, i) is zero or orthogonal to a face of
Ui, a unique minimizing value does not exist. But again, in view of Theorem 6.2, we
may prescribe arbitrary production rates at those points where VV(x, i) 0, and if
VV(x, i) is orthogonal to a face of Ui, we can choose any corner of that face. Hence,
once again, we can circumvent the singular situation.

8. Concluding remarks. We have analyzed the optimal control of switching
diffusions with a discounted criterion on the infinite horizon. The model allows a very
general form of coupling between the continuous and the discrete components of the
process. We have shown that there exists a homogeneous, nonrandomized Markov
policy that is optimal in the class of all admissible policies. Also, the existence of
a unique solution in a certain class to the associated HJB equations is established
and the optimal policy is characterized as a minimizing selector of an appropriate
Hamiltonian.

The primary motivation for this study is a class of control problems encountered
in flexible manufacturing systems. By explicitly taking into account the noise present
in the dynamics, we are able to remove singularities arising in the noiseless situation.
In addition, we show that hedging type policies are optimal in a much wider class of
nonanticipative policies than previously considered. We have confined our attention to
the flow control level only. However, our results can be used to study control problems
at other levels in hierarchical manufacturing systems [21], as well as control problems
in other hybrid systems (see, e.g., [17], [38], [39]).

Here we have studied only the discounted criterion. Following [12], we can obtain
similar results for the finite horizon and exit time criteria. However, the long-run
average cost problem is more involved and is currently under study.

Appendix. Note that by the arguments of 5 we can establish the existence of
a homogeneous Markov nonrandomized policy for each fixed initial law. The indepen-
dence of the optimal policy of the initial law results from the dynamic programming
characterization of the optimal policy via Theorem 6.2. Using probabilistic arguments,
dynamic programming equations can be derived by suitably adapting the approach
in [11, Chap. 3]. However, in a brief sketch we will present an alternative analytical
approach, which parallels that used for classical diffusions in [29].

We assume that for each E , (., i, .) is Lipschitz in its first argument uniformly
with respect to the third. We further assume that for each x E ]N and E ,S, the
value function V(x, i) < oo. (This assumption may be replaced by some ergodicity
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hypotheses of the process under some homogeneous Markov policy.) Let BR {x E

N’Ilxll < R}. Consider the Dirichlet problem on Bn

(A.1)
inf L(x, i) o99(x, i)
uEU

i) =o.
OBR

in Bn S,

l/lr2’P(]N 8), 2 < p < cx isThe existence of a unique solution n(x, i) of (A.1) in oc
guaranteed by [31, Thm. 5.1, p. 422]. Thus, to each R > 0 there corresponds a solution

n to (A.1) belonging to W2P(]RN S), for 2 _< p < cx. Using elliptic regularity
results as in Corollary 6.1, it follows that R(x,i) C2,7(BR S), 0 < < 1, f
arbitrarily close to 1. Let vn be a homogeneous Markov nonrandomized policy that
is a minimizing selector in (6.4). Standard arguments involving Ito’s formula yield

(A.2)

where TR is the hitting time of OBR of the process X(.). Clearly, t(x, i) <_ V(x, i)
and it can be easily seen from.(A.2) that R(x, i) is increasing in R. Let R :> R. Then,
by the interior estimates [31, pp. 398-402], {R’}R’>n is bounded in BR uniformly
in R’ and {VR’}R’>R is bounded in W1,2(BR S) uniformly in R’. By Sobolev’s
imbedding theorem, W1,2(BR ,.) L2+e(BR 8), for some > 0. Then, by
suitably modifying (4.10)of [31, p. 400], we obtain

where KR is a constant that does not depend on R’. (The modification is needed
because of the factor e > 0, but it is routine.) Repeating the above procedure over
and over again, we conclude that {R’}R’>R is uniformly bounded in W2,B(Bn), for
2 _< p < cx. Since W2,p(BR) WI,p(BR) and the injection is compact, it follows that
{99R} converges strongly in WI,p(BI). Thus, given any sequence {Rn}, Rn -- oc, as
n --, oc and for any fixed integer N >_ 2, we can choose a subsequence {Rn } such that

{n } converges strongly in W,P(BN_I). Using a suitable diagonalization, we may
assume that {n } converges strongly in W,P(BN_I) for each integer N _> 2. Let
be a limit point of {n }. It can be shown as in [5, p. 148] (see also [31, p. 420]) that

inf- On, (x, j)
et=(x,j, u) Ox

M

+ Ey(x, u)(n (x, t) R (x, j)) + (x, j, u) }
l=l

N

--. inf k(x,j,u)
n x) uEU |

M0(x, j) + Ey(x, u)((x, g) (x, j)) + (x, j, u) }
strongly in Lp(BN_). Therefore, e WgP(RN ,) and satisfies

inf L(x, i) ((x, i)
uU
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in :D(RN ), i.e. in the sense of distributions. By elliptic regularity,
8), 2 _< p < oc. Therefore, as in Corollary 6.1, it follows that E C2,(RN
0 < /< 1, /arbitrarily close to 1. Let v be a minimizing selector corresponding to. Then, by standard arguments involving Ito’s formula, it can be shown that

Thus, (x, i) V(x, i). In this situation, (6.1) does not have a unique solution in
general, but V(x, i) can be identified as a minimal nonnegative solution of (6.1) in
C2(N 8). The assertion of Theorem 6.2 is also valid in this case.
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ON DIFFERENTIAL SYSTEMS WITH QUADRATIC IMPULSES
AND THEIR APPLICATIONS TO LAGRANGIAN MECHANICS*

ALBERTO BRESSANf AND FRANCO RAMPAZZO:

Abstract. This paper is concerned with the basic dynamics and a class of variational problems
for control systems of the form

(E) ic f(t, x, u) + g(t, x, u)it + h(t, x, u)/t2

These systems have impulsive character, due to the presence of the time derivative of the control.
It is shown that trajectories can be well defined when the controls u are limits (in a suitable weak
sense) of sequences (un) contained in the Sobolev space W1,2. Roughly speaking, one can say that,
in this case, the/n tend to the square root of a measure. Actually, this paper shows that the system
(E) is essentially equivalent to an (affine) impulsive system of the form

c f(x) + g(x)v -t- h(x)v,

where v E L2 and b is a nonnegative Radon measure not smaller than v2. This provides a charac-
terization of the closure of the set of trajectories of (E), as the controls u range inside a fixed ball
of W1,2. The existence of (generalized) optimal controls for variational problems of Mayer type is
also investigated. Since the main motivation for studying systems of form (E) comes from Rational
Mechanics, this paper concludes by presenting an example of an impulsive Lagrangian system.

Key words, nonlinear impulsive system, L convergence of solutions, existence of optimal
generalized controls, Lagrangian mechanical system

AMS subject classifications. 34K35, 49A10, 70D10

1. Introduction and notation. To a mechanical Lagrangian system with N+1
degrees of freedom and locally parametrized by coordinates (qi, u), i 1,..., N, one
can superimpose new time-dependent constraints by assigning the motion u(-) of the
coordinate u. This leads to impulsive control systems of the form

(E) f(t, x, u) + g(t, x, u)i + h(t, x, u)2, x(0) 5 e Rn t e [0, T],

where, as customary, the dot denotes differentiation with respect to time. The ap-
pellative impulsive control systems is here adopted because of the presence of the
derivative of the control on the right-hand sides of the equations. We refer to 6 and
to the references quoted there for a detailed description of the mechanical problems
that motivate the study of equations having the form (E). In particular, (6.1) provides
a concrete example where the derivative of the control appears quadratically. This
equation concerns a swing where, unlike the situation considered in [9], the role of
control is played by the angle formed by the swing and the vertical.

We remark that in the usual applications of control theory to classical mechanics
the quantities indentified with the controls have the character of forces or torques.
This leads to ordinary control equations, which do not contain the derivative of the
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control. On the contrary, here the control is one of the positional coordinates of the
mechanical system E. For example, one could try to guide the entire motion of E
just by assigning the motion of a part H of E: in this case what one can practically
measure is the time evolution of the positions of H, while one does not know the forces
necessary to generate such evolution, as it would be required by the classical approach
of control theory to mechanics.

The important case h -= 0, which occurs in such mechanical applications un-
der special assumptions on the geometry of the constraint manifold [14], [15], was
considered in [2]-[5], [12], [16]-[18].

The aim of this paper is to provide a definition of solution of (E) valid for the
general case, i.e, when the derivative/t appears quadratically, and for a suitably large
class of inputs u. We study the existence, uniqueness, and continuous dependence
(on the controls) for the corresponding Cauchy problem. This allows us to drop the
aforementioned technical assumptions on the geometry of the constraint manifold and
to cover a very large class of mechanical applications. In particular, all the problems
where the forces depend on the velocities linearly and quadratically are within this
class, without any assumption on the geometry of the constraints.

Observe first, that by possibly introducing the variables x t, xn+l u and
the new equations 2 1, 2n+l -/t, it is not restrictive to assume that (E) takes the
simpler form

(1.1) 2 f(X) + g(x)it + h(x)/t2, x(O) - e Rn.

When u is absolutely continuous with square integrable derivative, the solutions of
(1.1) are already well defined. In the special case, where h -_- 0, it is known that
the input-output map : u(.) -- x(.) can be extended continuously to a map from
L([0, T], R) into LI([0, T], Rn). However, as shown in [13], when h 0, such continu-
ous extension does not exist. On the other hand, as u ranges within bounded subsets
of the Sobolev space W,2([0, T], R), we show in 2 that the input-output map remains
continuous also with respect to a new topology T on the space of controls, somewhat
weaker than the norm topology. This enables us to embed the map in a larger
domain consisting of couples (v, b), where v e L2([0, T], R) and w is a nondecreasing
function with the property

b

v2(t) dt <_ w(b) w(a) for all 0 _< a < b _< T.

For any such couple we consider a problem of the form

(1.2) 2 f(x) + g(x)v + h(x)lb, x(0) 5.

We prove that the solution of (1.2) depends continuously on the input pair (v, w),
2where v e Lweak([0, T], R) and w e LI([0, T], R). This also provides a characterization

of the Ll-closure of the set of trajectories of (1.1) whenever u ranges inside a fixed
ball in W1,2([0, T], R).

Furthermore, we prove that the set reached at a time t -, e [0, T], by (gen-
eralized) solutions of (1.2) is compact. This guarantees the existence of (generalized)
optimal controls for a class of variational problems having a dynamics of the form (E).

In 4, some examples display the difficulties that arise when no bound on the
L2 norm of/t is imposed. Still, if the vector field h satisfies a suitable coercivity
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condition, then Ix(t)l-- cx as f iit(s)12ds -- ; hence, the boundedness of solutions
x(.) automatically implies a bound on II/tllL2.

Finally, an application concerning an optimal control problem for a mechanical
system is presented in 5.

The following is a list of the notation that will be used in the next sections.
The euclidean norm of a vector y E Rn is written lY[, while B[u, p] denotes the

closed ball centered at y with radius p. For r 1,2,... [r 0] we say that a
map f R -, Rm is of class Cr if f is r times continuously differentiable [if f is

continuous]. When f is at least C1, by Dr(x) we denote the m x / Jacobian matrix
of f at the point x e R. IDf(x)l indicates the operator norm of Of(x).

Let h be a C vector field on Rd. As customary, (expth)(x) indicates the value
at time t of the solution of the Cauchy problem

[ h(y), y(O) x.

The differential of the map x - (exp th)(x) is denoted by (exp th),. Observe that, for
each x Rd, (exp th), is a linear map from the tangent space at x into the tangent
space at the point (expth)(x). In particular, if f is a vector field on Rd, one has

(1.3) (expth),f(x) lim
(expth)(x + f(x)) (expth)(x)

v(t),
e--O "C

where (.) is the solution ofthe linear Cauchy problem

(1.4) i(s) Dh((expsh)(x)) v(s), v(O) f(x).

In the following, Wr,P([a, b], Rd) is the Sobolev space of functions from [a, b] into
Rd whose distributional derivatives up to order r belong to Lp. If w is a map from
[a, b] into Rd, the total variation of w on the interval [a, b] is written V[a,b](W). We
recall that

where the supremum is taken over all partitions {a to < tl < < tn b} of the
interval [a, hi.

If E is a topological vector space, by E* we denote its topological dual space.
The convergence of a sequence (v),_>l to a point v in E is written as v, v, while
"--" indicates weak convergence.. Systems wth linear impulses. As a preliminary, we provide a notion of
generalized solution to the impulsive Cauchy problem

f f(x) + g(x)v + h(x)(v
(2.1)

corresponding to a control pair (v, w)(.), in the case where v e L([0,T], R) and w is
a bounded, measurable function. Concerning the vector fields f, g, h we shall assume

(H) The maps f, g are C. The vector field h is C2 and complete, i.e., for every x the
map t - (expth)(x) is defined for all t e R.
Recalling the notation at (1.3), for a given w [0, T] - R consider the vector

fields
f(t, y) (exp(-w(t)h)),f ((expw(t)h)(y)),
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gw(t, y) (exp(-w(t)h)).g((expw(t)h)(y)).
DEFINITION 2.1. A map x: [0, T] R’ is a generalized solution of (2.1) if

(2.2) x(t) (expw(t)h)(y(t)) Vt C [0, T],

where y(.) is a Caratheodory solution of the Cauchy problem

(2.3)
u(t)) + a (t,

y(0) (exp(-w(0)h))(2).

Remark 2.1. If w is smooth, the above definition is equivalent to the classical one.
Theorem 2.2 will show that this is the unique extension to the case where v E L and
w is bounded measurable.

Remark 2.2. If w’: [0, T] -. R is a measurable function such that w’(0) w(0)
and w’(t) w(t) almost everywhere, then fw’ (t, .) fw(t, .), g’ (t, .) g(t, .) for
Mmost every t. Hence, the corresponding solutions yt, y of (2.3) coincide. The value
of the solution x(.) of (2.1) at a given time - thus depends only on the L equivalence
class of v, w and on the values of w at t 0 and at t T.

In the following, when we are interested only in the value of a solution at a single
time T, we thus consider functions v, w defined up to L equivalence on [0, T], with w
pointwise determined at t 0, T.

THEOREM 2.1. If the hypotheses (H) hold, then there exists T > 0 such that the
Cauchy problem (2.1) has a unique generalized solution on [0, ’]. If, in addition, the
vector fields f, g, h satisfy the bounds

(2.4) If(x)l < c(1+ Ixl), Ig(x)l < c(1+ Ixl), IDh(x)l < C

for some constant C and all x R, then the generalized solution of (2.1) exists on
the whole interval [0, T] and is uniquely defined.

Proof. By definition, it is clear that the generalized solution x(.) of (2.1) exists and
is unique if and only if the same holds for the solution y(.) of (2.3). For any measurable
bounded w(.), the functions fw, gw satisfy the hypotheses of Caratheodory’s theorem.
being measurable with respect to t and continuously differentiable with respect to y.
Therefore, a unique local solution of (2.3) exists.

Concerning the global existence, if M0,M are constants for which

(2.5) Ih(O)l Mo, Iw(t)l <_ M1 Vt e [0, T],

then the bounds (2.4), (2.5)imply

Ih(y)l <_ Mo + Cly I, I(exp(-w(t)h)).l < aCid(t),,

Mo (eCM 1),I(expw(t)hl(y)l <- eCMIyl +

(2.6)
]f(t, y)] I(exp(-w(t)h)).f((expw(t)h)(y))l

( M(eCM--1))
_

ecM1. C 1 + ecMI ]y] +
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for some constant C1. Similarly,

Ig(t,y)l C2(1 -t-lY[).

Recalling that v e L1, the bounds (2.6) and (2.7) imply the global existence of the
solution y(.) of (2.3), on the interval [0, T].

The following approximation result justifies the notion of generalized solution
introduced in Definition 2.1.

THEOREM 2.2. Assume that the hypotheses (H) and (2.4) on the vector fields
f,g,h hold, and let (v,w) be a control pair in L2([O,T],R) L([O,T],R), with w
pointwise defined at a given T E [0, T] and at t O. Let (vn, Wn)neN be a sequence of
control pairs in L2 W,2, such that IIv,IIL2 <_ L, 0,T](Wn) <_ L, for some constant
L, and

vn v in L2([0, T],R),
w w in L([O, T], R).

Moreover, suppose that

Then the (Caratheodory) solutions x of (2.1) corresponding to the control pairs (vn, wn)
satisfy

(2.8)
Xn x in

where x(.) denotes the generalized solution of (2.1) corresponding to (v, w), pointwise
defined at t T and t O.

Proof. In order to prove (2.8) it will be shown that from every subsequence
(Xn’),>l of (X,)n>I one can extract a further subsequence (x)> converging to
x in L([0, T], Rn) and pointwise at T.

For every n >_ 1, let y, be the solution of (2.6) corresponding to the control pair
(Vn’, Wn’). By the hypotheses on f, g, h and on v, Wn, the variations 0,T](Y’) are
uniformly bounded. Hence, by Helley’s theorem, there exists a subsequence (y)>l
converging to a map y pointwise on [0, T]. By possibly extracting a further sub-
sequence, we can also assume w(t) --. w(t) for almost every t. We claim that
coincides with the solution y corresponding to the control pair (v, w). By the unique-
ness of solutions of (2.3), this can be established by showing that

yc(t) y(O) + [fw(s, yc(s) + gW(s, y(s))v(s)] ds

for every t E [0, T]. In fact, we have
(2.9)

yo(t) yo(O) [f(s, yo(s)) + g(s, yoc(s))v(s)] ds

<_ lyon(t) y(t) + [yo(O) y(O)[ + IfW(s, yo(s)) f(s, y(s)) ds

+ gw(s, yc(s))[v(s) v(s)] ds + Igw(s, yoo(s)) gwv(s,y(s)) Iv(s)l ds.
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For every t, as u - cx, the first two terms on the right-hand side of (2.9) converge
to zero. By construction we have fw(s, yv(s)) --, fw(s, yo(s)) for almost every s.
Hence, by the Dominated Convergence theorem, the third term on the right-hand side
of (2.9) also converges to zero. The fourth term converges to zero because gW(., y(.))
is a bounded function, and the vv converge to v weakly in L2. Finally, the HSlder
inequality

Igw(s, y(s)) yw(s, yu(s))] Ivu(s)l ds

<- IIg ( ",

implies that also the fifth term on the right-hand side of (2.9) converges to zero.
Indeed, IIvIIL <_ L, and by dominated convergence, g(.,y(.)) - g(.,y(.)) in
L2

From the equality y(t) y(t) for every t e [0,T], since wv(t) -- w(t) almost
everywhere and at t T, we obtain that

x(t) (expw(t)h)(y(t)) --. (expw(t)h)(y(t)) x(t)

almost everywhere and at t T. This implies x. -- x in LI([0, T]; R), because the xv
are uniformly bounded. Since the subsequence (xn’)n’_>l was arbitrary, the theorem
is proved.

3. Quadratic impulses. Consider again the Cauchy problem (1.1) and, for a
fixed positive constant K, define the family of controls

UK {u e W1,2([O,T], R), u(0)= 0, II IIn - <
Observe that, if the vector fields f, g, h are continuously differentiable, then for every
u E W1,2, a local Caratheodory solution to the Cauchy problem (1.1) exists. If, in
addition, the assumptions (H) and (2.4) hold, then for every u UK, the solution of
(1.1) is defined on the entire interval [0, T].

Denoting by XK the set of solutions of (1.1) corresponding to the controls of UK,
we wish to characterize the Ll-closure of XK. For this purpose, consider the set UK
formed by the control pairs (v, w) such that:

(i) The function v lies in L2, with Ilvll. _< g.
(ii) w "[0, T] R is nondecreasing, with w(0)- 0, w(T) <_ K.
(iii) For every [a, b] c_ [0, T] we have

(3.1) jfa
b

v2(t) dt <_ w(b)- w(a).

According to the results of the previous section, for every (v, w) UK, there
exists a generalized solution of (2.1). Let us denote by XK the set of the generalized
solutions of (2.1) corresponding to control pairs in UK. The next two theorems show
that XK is a compact subset of LI([O,T],R) and coincides with the closure of XK.
In the following, we assume that the vector fields f, g, h satisfy the assumptions (H)
and (2.4).

THEOREM 3.1. Let (Un)n>l be a sequence in UK, and let X(Un) be the corre-
sponging solutions of (1.1). Then, there exists a subsequence (u)> such that the

x(u,) converge to some x e XK in LI([O,T],Rn) and pointwise everywhere on [0, T].
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THEOREM 3.2. If x E XK, then there exists a sequence (Un)n>l in UK such that
the corresponding solutions x(un) of (1.1) converge to x in LI([0, T], Rn) and pointwise
everywhere on [0, T].

Proof of Theorem 3.1. By hypothesis, the maps vn /tn belong to the closed
ball B[0, x/] in L2. Since this ball is weakly compact, there exists a subsequence
(Vn,),_>i such that v, v for some v E B[0, v/].

Next, consider the sequence of nondecreasing functions Wn, [0, T] - [0, g],
defined as

wn, (t) v2n, (s) ds.

By Helley’s theorem, one can extract a further subsequence, say wv, such that

wv(t) --, w(t) Vt e [0, T]

for some nondecreasing function w "[0, T] H [0, K], with w(0) 0. We claim that the
control pair (v, w) lies in Vg. The properties (i) and (ii) are already clear. Moreover,
for every [a, b] c_ [0, T]

(3.2) fab fabw(b)- w(a)= lim v2(t) dt >_ v2(s) ds,

because the functional v livll, is convex, hence weakly lower semicontinuous (see
[11], Prop. III.12). This proves (iii).

Now let x XK be the solution of (2.1) corresponding to the control pair (v, w) e
UK. Observe that the solutions x(u,) of (1.1) satisfy

f(x) + g(x)vv + h(x)(v,
(0) .

By Theorem 2.2, from the weak convergence v v, the pointwise convergence
w(t) -- w(t) for all t e [0,T] and the uniform boundedness of the sequence w,
it follows that x(.) --. x(.) pointwise everywhere on [0, T] and in L ([0, T]; R=). r3

Proof of Theorem 3.2. Define the functions

p(t) v2(s) ds, (t)

Observe that p, are nondecreasing, with p(0) (0) 0, (T) < w(T) < K. Since
has bounded variation, it can have at most countably many points of discontinuity,

say {Ti; > 1}. Moreover, let {i; i > 1} be any sequence of points dense on [0,T].
For every n > 1, consider the set

Sn {0, T} U {T1,..., Tn} U {,..., =}.

Arrange Sn in increasing order, say

S {0 t=,0 < t=, <... < t=,, T},

where, of course, v= _< 2n + 1. For each E {1,..., n}, set

tn,i tn,i-1 (t=,i)--(tn#-i)
OJn,i

tn,i tn,i-1
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and define the functions

[ 0 if t e [t,i, t,,i]vn(t) v(t) otherwise,
for some i,

[ w,,i if t e itS,i, t,i](t)
0 otherwise,

u(t) [v() + ()] ,
(t) () d.

Observe that the above definitions imply

for some i,

vn(t)n(t) =0, a(t) (t) + (t) Vt e [0, T].

t’
2n(t) dt (tn,i) (t,,i-1)

i--1

By construction, the solution x(u) then solves

Vi e {1,...,u}.

f(x) -- R(X)(Vn -- ?n) -- h(x)(v.In order to apply Theorem 2.2 and conclude that x(u) - x pointwise everywhere on

[0, T], we need to show that

(3.3) vn + v in L2,

(3.4) w(t) --, w(t) Vt e [0, T].

Observing that 0 _< V2n _< v2 E L and that

meas

by the dominated convergence theorem we conclude that Vn -’+ V in the L2 norm.
To show that , 0, fix any e L2 ([0, T]; R). For any e > 0, choose ’C([0, T]; R) such that I1’-IIL --< e. Then

lim sup )n dt <_ lim sup ’ dt + lim sup (’ ) dt

n---c n---o

Since was arbitrary, this proves (3.3).
To prove (3.4), consider first a point t where w is discontinuous. Then t T for

some u. Hence, for every n _> p we have

2n(s) ds
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while

lim v2 s ds v2 s ds.

Hence, (3.4) holds. The same argument can of course be applied when t 0 or t T.
Next, consider the case where w is continuous at t. For any > 0, choose

< t < v such that

< < <

If n > max(p, }, then

2(s) ds- (s) ds,

Hence,

2(s) ds- (t) dr.

w(t)- e < w()= lim w(.) < liminfwn(t)

< limsupw,(t) < lim Wn(v) w(t,) <_ w(t) -- .Since e was arbitrary, (3.4) is proved in this case as well.
An application of Theorem 2.2 now implies X(Un)(t) --* x(t) for every t e [0, T],

and hence, x(un) -- x in L1, by dominated convergence.
The above results motivate the following definition.
DEFINITION 3.1. For every K > 0, UK is called the set of UK-generalized controls

for (1.1), and XK is called the set of UK-generalized trajectories of (1.1).
By Theorems 3.1-3.2, a bounded trajectory x is a UK-generalized solution of (1.1)

if and only if x is the pointwise limit of (Caratheodory) solutions of (1.1) corresponding
to controls in UK.

In connection with the system (1.1), for any t E [0, T] and K > 0, we also define
the reachable set RK(t) at time t, with generalized controls in UK:

Rg(t) {x(t); x is a solution of (2.1), with (v,w) E g}.
From the previous analysis it follows

COROLLARY 3.1. Let the vector fields f,g,h satisfy the assumptions (H) and
(2.4). Then, for every T e [0, T] and K > O, the reachable set X:(T) is compact.

Indeed, let (2Cn)n> be a sequence of points in Rg(t). By definition, there exists

(wn, wn) e UK such that n X(Vn, Wn)(t). Choose a subsequence (v, w)>l such
that, for some (v, w) UK, one has

vv--v and w(t) - w(t) Vt e [O,T].

This is possible because the ball B[0, x/-] in L2 is weakly compact and because of
Helly’s theorem. The inequality

b

V2(S) ds < w(b)- w(a)

is then established as in (2.4). By Theorem 2.2 we now have x(v, w)(t) -- x(v, w)(t)
for every t. Hence, in particular, the sequence &, converges to x(v, w)(t) Rg(t),
proving that RK(T) is compact.
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Remark 3.1. The above results remain true if, in place of the hypothesis (2.4),
one assumes that all trajectories of (1.1) with u E UK remain inside a fixed compact
set S. Indeed, one can then replace the vector fields f, g, h with

where is a C scalar function with compact support such that

(x) _-- 1 if x E S.

Then we can apply all previous results to the system

](x) + +

Remark 3.2. In particular, Corollary 3.1 guarantees the existence of an optimal
control for a variational problem of the form

(3.5) min {(I)(x(T)); x K},
where (I) Rn H R is lower semicontinuous. Indeed, on the compact set RK(7"), the
function (I) does attain its global minimum.

4. Controls with bounded variation. By Corollary 3.1, the set 7(T) reached
at t T by the Ug-generalized solutions of (1.1) defined at t T is compact. This
is no longer true if instead of a bound on the L2 norm of/t only a bound on the total
variation V[0,T](U), i.e., on the L norm of/t, is imposed: for example, consider the
control system

=/t2

x(0) =0

on the time interval [0, 1] and the sequence (Itn)n_>l of controls defined by

nt if t e [0, 1/n],(4.1) un(t) 1 ift e (l/n, 1].

For every n, one trivially has V[O,TI(Un) 1. On the other hand,
x(1) n diverges to

It may also happen that the trajectories of (1.1) and the variations of the controls
are uniformly bounded, while the L2 norms of the derivatives of the controls diverge
to

For example, consider the control system

(4.2) [ h(x)/t2
x(0) R,

where 0 < 121 < 1 and h is the vector field on R2 defined by

+x:+x2(1-x-x)
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For a positive constant C, consider the set of admissible controls

U- {u[ u e W1,2([O,T],R), u(O)- 0 0,T](U)- [I/t[[1

_
C}.

It is easy to check that for every control u E U the corresponding solution of (4.2)
remains inside the closed ball B[0; 1]. As a matter of fact, the circle of equation

x 4- x 1 is the w-limit of all trajectories of h starting outside the origin. On the
other hand, the controls un defined at (4.1) belong to U with C 1, while their L2

norms ]l/tn[]2 n diverge to +oc.
In the case where all positive orbits of h diverge to infinity, however, any bound

on the solutions of (1.1) implies that the L2 norms of the derivatives/t are uniformly
bounded as well. Precisely, we have:

THEOREM 4.1. Assume that for every x B[0; R] one has

(4.4) lim I(expth)(x)l c.

Fix C > 0 and define U as the set of all controls u U whose corresponding trajectory
of (1.1) satisfies Ix(u)(t)l < R for all t.

Then, there exists a constant K such that

COROLLARY 4.1. Let X be the set of solutions of (1.1) corresponding to the
controls belonging to U, defined as in Theorem 4.1, and let - denote its closure in
Li([0, T], Rn). If h satisfies (4.4), then

X CXK,

for a suitable constant K. In particular, X is precompact in LI([O,T],Rn).
Proof of Theorem 4.1. By (4.4) and by the compactness of B[0; R], there exists a

T > 0 and an a > 1 such that

(4.5)

for every x B[0; R].
Set

R + 1 _< I( xp _< R +

max If(x)l Ma= max la()l
Ixl<.+o, Il<.+a

and let be the Lipschitz constant of h on B[0; R 4- c]. Moreover, call N the smallest
integer such that

(4.6) e (TMI + CMg) < N.

We claim that

(4.7) I1 11  , < N"r,

for every u U. Assume, on the contrary, that (4.7) does not hold for some control
u* U. Then, there exist N 4- 1 instants 0 to < tl < tN

_
T such that

(4.8) *2(s) ds T,
--1
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for every i 1,..., N.
Denoting by yi [ti-1, ti] R’ the solution of the Cauchy problem

9 h(Y)(/t*)2

Gronwall’s lemma yields

(4.9) Ix(u*, ti)
--1

for every 1,..., N, where

p(t) f(x(u*, t)) + g(x(u*, t))it*(t).

Since x(u*, t) < n for every t, from (4.5), (4.7), and (4.9) we obtain

for every 1,..., N. Hence, we have

TMf + CM >/o
T

Ip(t)l dt Ip(t)l >_ Ne-.

This contradicts the inequality (4.6), proving the theorem with K NT-. []

5. An application to Lagrangian mechanics. The study of equations of
the form (1.1) is primarily motivated by applications (see [6]-[10], [14], [15]) to La-
grangian systems in classical mechanics. In fact, given a Lagrangian system E, locally
parametrized by coordinates (q, ua), one can superimpose new time-dependent (holo-
nomic) constraints by assigning the motion ua(.) of the last M coordinates u--the
latter to be thought as controls. The right-hand sides of the resulting equations for
the coordinates qi and their conjugate momenta pi contain the derivative 6 of the
controls. Typically, this functional dependence on the/ is quadratic, because of the
Riemannian structure yielded by the kinetic energy on the state-space. In certain
cases, however, it is possible to choose coordinates (q, u) (M-fit coordinates), which
guarantee that the ua appear only linearly in the equations for the qi and the pi (see,
e.g., [8], [14], [15]). Because of the lack of an analytical theory for the quadratic case,
all previous applications were confined to systems for which this special choice of the
coordinates is possible ([6]-[10]).

In this section, we present an example concerning a simple Lagrangian system
E, where the right-hand side of the dynamical equations depends on the square of
the derivative of the control, regardless of the choice of the local coordinates (qi, u).
In particular, we shall use some results of the previous sections to study an optimal
control problem for the system E.

Let us consider a mechanical system E formed by a mass concentrated at a point
P, sliding without friction along a rectilinear guide, which rotates on a vertical plane
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///
FIG. 1. Pendulum with variable length.

around a fixed point O. Let q denote the distance IP-OI and let u measure (clockwise)
the angle formed by the ascending vertical and the segment P- O (see Fig. 1).

If the active forces acting on the particle P reduce to the gravitational force,
then, up to a rescaling of the physical quantitites, the motion of P is governed by the
following differential equations:

(5.1)
p

ib cos u +

Let the initial conditions for q, p and u be given by

q(0) q0

p(0) po

0.

In connection with the control system (5.1)-(5.2), consider the optimization problem

{/0(5.3) inf [p(t) + (q(t) )2] ds, u e 14g

where
HK {UlU e W1,2([O, T], R), ]]itl]2L

_
g}.

In (5.2) and (5.3), we assume q0, > 0, p0 R. Observe that the inequality II/tl122 _< K
can be thought as an a priori bound on the time average of the kinetic energy of the
guide.

In order to apply the results of the previous sections to our problem, let us
introduce the variables Xl, x2, x3, xa by setting

Xl q, X2 p, X3 U x4 [(x2(s))2 + (xl (s)- )2] ds.

Then the system (5.1)-(5.2) is replaced by
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and our variational problem can be written as

(P) min{xa (T), u e

with UK C W1’2 as in 3. On the basis of the results of the previous sections we can
associate to (5.4) the impulsive system

where (v, w) e UK, also defined in 3.
By the compactness of the set reachable by solutions of (5.5) (see Cor. 3.1), for

any K > 0 we obtain the existence of an optimal control pair for the extended problem

(P’) min {x4(T), (v, w) E g},
where now x4(.) denotes the fourth component of the solution of (5.5). In order to
explicitly compute the optimal solution, when K is sufficiently large, we first write
the Euler necessary conditions for the variational problem

T

(5.6) min [(q(t) )2 + O2(t)] dt, q(O) qo.

Solving the two-point boundary value problem

i(t) q(t) , q(O) qo, I(T) O,

one finds the unique optimal solution of (5.6)

-) cosh(t- T).q(t) + cosh(T)

Therefore, if K is sufficiently large and

(qo-)O(0+) \cs()sinh(-T) _> p0,

then the trajectory

( /o )(xl, x2, x3, x4)(t) q(t), (l(t), O, [(q(s) )2 + 02(s)] ds

is an optimal one for the generalized system (5.5).
This trajectory corresponds to the control pair (v, w), with v(t) =_ O, w(O) 0

and

1 + /(s)(5.10) w(t) 4(0+)- Po + ds Vt > O.
qo q(s)
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FIG. 2. The optimal trajectories q(t) and p(t)[= 0(t)].
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More precisely, (5.9) yields an optimal trajectory in the class XK provided that (5.8)
holds together with the bounds

(5.11) &(t) >_ 0 Vt > 0

and

w(T) 0(0+) p0

p0

T 1 + q(s)
ds < K.+ q(s)

For instance, (5.11) is automatically satisfied when qo > (see Fig. 2).
We remark that, if (5.8) fails, then (5.9) is no longer an admissible trajectory

of (5.5). This happens because the centrifugal force xlb xl/t2 can only assume
nonnegative values. Hence, a jump in w can take from p0 to the optimal initial
value 4(0+) only when (5.8) holds.

Observe that, whenever the inequality in (5.8) is strict, no optimal control can ex-
ist for the original problem (P). Indeed, for every control u E W1,2, the corresponding
solution q q(u) of (5.1) has an absolutely continuous derivative, satisfying

lim O(t) Po,
t--,O+

hence, it cannot coincide with the unique optimal solution of (5.6).
On the other hand, if (0+) p0, then several optimal controls exist for the

original problem (P). To construct such controls, define the function (.) as in (5.7)
and let u be a solution to the multivalued differential equation

+I4(t) + cos

q(t) u(O) =o,

defined on [0, T]. The corresponding trajectory of (5.4) then satisfies

( /0 )(Xl, X2, X3, X4)(t) q(t), O(t), u(t), [(q(s) 0)2 + 02(s)] ds

and therefore, is optimal.
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IDENTIFICATION OF THE COEFFICIENT
IN ELLIPTIC EQUATIONS*

ROBERT ACARf

Abstract. This paper seeks to identify the space-distributed diffusion coefficient a in the steady-
state diffusion equation -div(a grad u) f in a bounded region of the real plane; u, f, and the flux
at the boundary are observed. This problem is solved by a least square method, choosing for the
cost function the "equation error" defined in a natural way by the Riesz representation theorem. The
method is stable if a smoothing term is added to the cost function (Tikhonov regularisation); this
paper shows that selection strategies of the smoothing coefficient exist that insure convergence under
the only condition that a be sufficiently smooth. The case is also considered where a is piecewise
smooth and it is shown how to extend the previous formulation. In both cases computational results
are presented.

Key words, parameter estimation, inverse problems

AMS subject classifications. 35, 49

1. Introduction. The steady-state diffusion equation in a transmissive two-
dimensional medium, using a familiar notation, is

(1) -V(a(x) Vu(x)) f(x).

This holds in a domain of the plane; a(x) is the permeability coefficient, u(x) the
fluid potential, and f the sink distribution. We seek to solve the problem: Given
observations of f and Vu, and some additional information involving a, determine
the permeability a(x). This problem, as well as the one arising from the time-dependent
diffusion equation, has been studied extensively:

c(x)
Ou- V(a Vu) f(t, x).

Indeed, (2) models groundwater flow, with a being the space-distributed permeability
and u the piezometric head. The domain is then three-dimensional, but in most situ-
ations the permeability varies very slowly, or not at all, with depth, so that (assuming
that sinks are placed vertically) the flow may be viewed as two dimensional.

Since the medium is transmissive everywhere, there holds a(x) _> co > 0 (even
though we may not know co a priori). As an equation in u, (1) is then seen to be
elliptic. The forward problem is regular in the sense that small variations of a in L
induce small variations of u in H1. However, since we are interested in the inverse
problem (that of recovering a from Vu), we need to know that large variations in a
induce large variations in Vu (so that small variations in Vu could only be caused by
small variations in a, boding well for the sensitivity of the measurements Vu). Un-
fortunately, this is not the case; we can find examples of sequences (an) that remain

*Received by the editors January 16, 1989; accepted for publication (in revised form) April 3,
1992.
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uniformly distant from a certain a0 in the L norm, and yet such that the gradi-
ent Vu of the corresponding solution tends to Vu0 in L2. This says that the inverse
problem is ill posed with respect to the above topologies. Of importance in such ex-
amples is the oscillatory behaviour of an in one of the variables, similar to the example
in one dimension given by Murat (see ILl). These examples show that it is hopeless to
try solving (1) unless we assume that the oscillations in a remain bounded; in other
words, a successful numerical scheme producing iterates that have a limit in L must
enforce some "compactification" which, in effect, penalises any oscillatory behaviour.

There have been two main thrusts in attacking the inverse problem. The first
thrust reformulates the problem as an optimisation problem and relies on some iter-
ative procedure to solve it. The second thrust uses the observation that (1) or (2) is
a hyperbolic first-order partial differential equation (PDE) in a and uses direct meth-
ods to solve it. Although the first methods may have some smoothing embedded in
them, direct methods are more vulnerable to the illposedness and must include some
auxiliary smoothing device.

In [R1], Richter uses a direct method to solve the steady-state identification prob-
lem (using data on a on the inflow boundary). Making some assumptions on u (such as
inf max(IVul, Au) > 0), he derives a continuous dependence result on the hyperbolic
problem, and formulates favorable "test conditions" of u (i.e., for which no Cauchy
data is needed on a). In [R2], Richter applies the previous ideas to the discretised case,
using a finite-difference scheme explicit upwind along the characteristics (that happen
to be the curves of steepest ascent of u); the previous estimates on lal are carried
over to the discrete setup. Falk (IF]) minimises an observation error criterion J(u, a)
given an observation z on u; the admissible u’s obey a Neumann condition, and are
normalised so that fo(u- z) 0. u is computed from a by writing (1) in weak form
(see 2). Then under assumptions of smoothness of u, and of the boundary piece where
Ou/On > 0, and an assumption on the field Vu (its direction is contained in a proper
cone), Falk is able to estimate the L2-norm of the error in a in terms of the L2-norm
of the error in u (and of the size of the grid). Kravris and Seinfeld ([KS]) seek to
minimise a similar cost function, and they dd smoothing term that includes the
H2-norm of a (Tikhonov regularisation) to insure convergence nd stability; they show
how this may be applied to coefficient identification in a class of second-order linear
parabolic systems. Hoffman and Sprekels ([HS]) solve the problem by embedding it in
a family of time-dependent parabolic equations nd regarding it as the steady-state
limit. In [A], Alessandrini examines the identification problem with boundary data
on a, and establishes convergence of an elliptic regularisation (singular perturbation)
algorithm under regularity hypotheses in a with a stability result with respect to the
u dta. Chicone and Gerlach ([CG]) define pointwise uniqueness of a(x), and char-
acterise the region of uniqueness in terms of "nonwandering" sets of the dynamical
system associated with the gradient field of u. Closest to the spirit of the present
work, Kohn and Lowe ([KL]) investigate methods that handle different aspects of the
equation error, some including a regularising term. By choosing weights related to
the mesh size, they obtain convergence rates under the assumption that Ilum -u. is
O(h’) where > 1, u. is the true pressure um is the measured pressure, and h the
mesh size.

Without making any claim to completeness, let us also mention [Kr], [JJ], [J],
[EdM], [FP], [CDL], [K1], [LY], [P], [CS], [BK2], IS], [Ne], [SYD], [Nu], ICY] and [YT].
For other references as well as a comprehensive discussion of the background of this
problem, see [BK1].

An inherent difficulty with direct methods is the choice of the piece of the bound-
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cry where we specify a. Since information is carried along the streamlines, we must
specify a on a piece of the boundary where each streamline is intersected exactly once.
This choice depends, in turn, on the geometry of the streamlines, which is sensitive to
reading errors in Vu. The advantage of methods which rely on error minimisation is
that they easily lend themselves to overdeterminacy of the data, such as observing a
all around the boundary of the domain.

We describe how to carry out the identification of a in (1) by a least square
method. We cope with the illposedness of a by adding a smoothing term and assuming
that a is sufficiently smooth. In 2, we derive the convergence and stability results
for the equation error method. In 3, we discuss the numerical solution and present
results. In 4, we show how the method can be extended to the case where a is
discontinuous along fracture lines in the domain, and give computational results as
well.

2. The equation error method.

2.1. Existence. If we are to solve the inverse problem (viewed as a first-order
PDE in a) exactly, assuming that we have no data on a in the interior of gt, we need
to know a on the boundary. We assume in this section that a is continuous.

Vu determines the geometry of characteristics in f, which in turn determines
whether a portion of the boundary is suitable for specifying a. Since we do not
quite know which portion of F is a good portion to chose (not exactly knowing Vu),
we assume that we observe the flux a(Ou)/(On) throughout the boundary F, say,
a (Ou)/(On) g.

Denoting gl(f) by V, we may then rewrite (1) in variational form

(3) V E V, ] aVuV (.f,)v,,v + frg.
We see that if we take this as the effective interpretation of (1), we only need a to be
in L; so the assumption that a is continuous is sufficient.

This problem has no solution unless g is "consistent" (i.e., the whole of it con-
sistent with any part construed as Cauchy data). This may again be asking for too
much, since there are errors in observing g. We avoid this by trying to make the
"equation error"

/ a VuV + (f >v,,v + jfr g
small, in the following sense: Note that

a VuV + <L >.,,v + frg
is a linear functional, continuous over V (using Cauchy-Schwarz for the first term,
and continuity of the 0-trace from Hl(f) into L(F) for the third term), so by the
Riesz representation theorem, then

(4) 3 v

Then putting Je(a) I(W, the problem at hand is to minimise Je(a).
Noting that v(Vu, a) is an affine function of a, we see that Je(a) is convex.

Furthermore, if v(a) is injective, then Je(a) is strictly convex, and a minimising it
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would be unique, as long as the domain of a is convex. When a is continuous, a
sufficient condition that v be injective is that Vu be zero at most on a set of measure
zero: indeed, if Vi and v2 correspond to al and a2, then <v2- v1,> -f(a2-
al)Tu7 for all in V, and if a2 -al 0 in C, then a2 -al 0 on an open set,
and the same holds for (a2 al)Tu, so choosing u shows that v2 Vl : 0.

But the problem of minimising Je for a, say, in L2 or C, is not stable: L2-small
perturbations in Vu may produce large perturbations in a.

2.2. Stability. To make the minimisation problem stable, we need to introduce
some compactification in a. One way to do this is to impose a priori bounds on
a, as many have done in the case of the observation error method. Another useful
device, which is the one we use, is Tikhonov regularisation (introduced by Tikhonov
in conjunction with the solution of Fredholm integral equations of the first kind; see
[Till and [Ti2]). It consists of adding a smoothing term (the norm of a in a sufficiently
high Sobolev space) to the cost function.

Hence we set to minimise the smoothed cost function

J), (Vu, a) Iv(Vu, a)I + Alal,
&(Vu, ) +g(a).

Among the Sobolev spaces Wn,2 (i.e., with derivatives up to order n in L2) embedded
in C(), W2,2 (also denoted U2) is the one of lowest order. Therefore, take the set
of admissible a’s to be 7, where

n= { a E H2(Ft) a--5- g on r}.

This choice insures the existence of a global minimum of J(Vu, .). Indeed, if m
inf{ J),(Vu, a)" a e T}, there exists (an)in 7" lim $ J),(Vu, a,) m. Since
J),(Vu, a,) decreases, the sequence (a,) remains bounded in T

1
lanI - -J(Vu, an),

1
_ -J(Vu, al

Then there is a subsequence (an,k) weakly converging to some 5 7, and convergence
also holds in the Co norm. It follows then that 5 yields the global minimum of J(Vu, .)
from the following two facts: (i) a H laTl2 is weakly lower semicontinuous, and (ii)
a Iv(Vu, a)l, is continuous. Indeed, a perturbation 5a of a corresponds to the
perturbation 5v solving

(hv, )v / 5a VuV,

so that

implying that

and then,

_< I,Saloo IWl. Ilv

ISvlv <_ IVul lS’aloo,

5& 2(,, v)v + I,vl V’
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implying that

so 15Jel is, in turn, bounded in terms of
Also, fi is unique by strict convexity of Jx(Vu, .) (Je is convex, and the -norm

is strictly convex). We denote the global minimum of Jx(Vu, .) by
Note that we did not require a in :Rto be bounded away from zero; this is justified

by the next theorem, where, for e small enough, ax will be bounded away from zero if
a, is also bounded away.

THEOREM 1 (Stability). Assume that (u,, a,) is a solution pair of (3) (so that
v(Vu,,a,) 0), and that v(Vu,, .) is injective (say, Vu, 0 at most on a set of
measure O). Then

Ve > O, 5o > 0 V5 <_ 5o, v, [(), ()],
lax a, loo <_ e,

where l, r are functions satisfying
(i) 3C > O- 52 <_ Cl(5),
(ii) r(5) > 1(5), and lim r(5) 0 as --, O.
(Recall from a previous observation that a, is then unique.) The theorem states

that ax converges to a, as ,k and the error on Vu, go to zero, but they cannot be
arbitrarily made small; (i) states that A should not converge to zero faster than the
square of 5, otherwise we lose our grip on a. The proof uses the following observations.

Remark 1. For all admissible a, Iv(Vu, a) v(Vw, a)ly <_ laloo IVu- VWlL2.
Indeed, for all E V,

>y ] a (Vu Vw) V.<v,

Remark 2. If IW- W,l <_ 5 _< 50 and e [/(5), r(5)] (where 1(5), r(5) are as
above), then a stays uniformly bounded in T:

1I _< J(Vu,)
< J(Vu, a,)

I,(w, ,)1 + la, I.
< I,I 5= + 1,
S la, I C + Xla, I;

(this is where we needed (i))

lal S C la,l + la, I.
Proof of Theorem 1. Let us assume that the claim is not true. Then

3e>O" Vn, =lS,<_l/n, e [(5), ()],

By Remark 2, a (weakly in IR) along a subset IM of IN, implying that a --+

in C. For any An, denoting a by a, for short,
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By Remark 1, the second term is smaller than lanl 5n, and lanlo remains bounded
by Remark 2. For the first term,

Iv(Vun, an)l <- J(VUn, an)
< (Vu , a,)

so that lim Iv(Vu,, an)IV 0 as n --, cx, n e]M, contradicting lim Iv(Vu,, an)IV
Iv(Vu,, )ly 0, since a,.

2.3. Parameter selection strategies. For Theorem 1 to be fully relevant, it
should allow us to prescribe rules for choosing the smoothing coefficient /k, given a
bound on the error IVu- VU, IL. and possibly information on a,. Two such rules are
discussed in [KS] in the case of the observation-error method. We briefly indicate how
these rules also be applied to the equation-error method.

One way (see, also, [Mi]) is as follows: If g is a known upper bound on la, l, E
on la, ITS, and 5 on IVu-TU, IL, then choose 1(5) and r(5) proportional to K252/E2.

Indeed, if, say,

l(5) K252/E2, r(5) FK22/E2,

then (i) and (ii)of Theorem 1 hold, and

(w, < (w,

_< K252 + FK252,
so that Iv(Vu, a)ly <_ v/1 + F g

[a[7 _< /I+Fand E.
v

To choose 9’ and F, keeping in mind that the a priori bounds on [v(Vu, a,)[v and

K5 and E, we may ask that the larger of the factors v/1 + F and V/- beare

as small as possible; i.e., solve

minimise {max(v/l+F, ili------F) "0<9,<F }
The solution is easily seen to be 7 F 1, which is Miller’s choice [Mi].

Another method of choosing ,, suggested by Tikhonov and Arsenin [TA], is this:
if x/ is a bound on IVu- Vu, ]L choose such that the corresponding a satisfies

Iv(W,

It will follow that lim la -a, lo 0 as 5 -o 0; first, we must show the existence of
such a .

Some notation is given as follows:

J(Vu, a) := Iv(Vu, a)l + )lal Je(Vu, a) + AJs(a);
a min :-- the min-norm element of

(max :-- Je(Tu, amin);
(min :-- inf { Je(a) a e T }.
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(a) Given Vu and the corresponding (min and (max, then if (min < ( < 5max,
there exists A such that the minimiser a of J,(Vu, a) over 7satisfies Je(a,) 5. We
sketch the following proof.

(i) The map A -. a is continuous for A > 0: if A _< #, it is easily seen that
Js(a >_ J(at‘) and that Je(a <_ Je(at, ). We may then write

)+ < +
<_ Je(at, +
<_ Je(a )+ #gs(a, ).

Assume for now that is fixed and it approaches A from above; then J(at,)-J(a) _<
Jt‘(a)- J(a). Since J has bounded lower level sets, we see that at‘ is bounded in
/, and weakly converges to a,x. The case where # is fixed and A approaches # from
below is similar.

(ii) For some value of , J(a < 5: choose indeed such that J(ao) < 5,
where Je (co) 5 min.

(iii) lim_ J(a )= 5max: since la I <- (Js+Je)(a <_ (Js+Je)(amin),
la I will be bounded for A _> 1. So Je(a) stays bounded since Je is weakly
continuous, and any weakly convergent subsequence (as A oc) must have a min as
limit" if a , then Js(amin) >_ liminf Js(a >_ Js(t) since (Js + Je)(amin) >_
(Js + Je)(a ).

We conclude by the intermediate value theorem.
(b) For A such as in (a), a yields the minimum of Js over { Je _< 5 }. Indeed, if

Je(a) <_ 5 and Js(a) <_ Js(a ), then (Je + AJs)(a) <_ 5 + AJs(a (Je + AJs)(a ),
implying that a a.

The following convergence theorem then justifies using the Tikhonov parameter
selection rule.

THEOREM 2. Assume that 3! a, E T v(Vu,, a,) 0. Then

W>0, 50>0" ti_<50,

[Vu--Vu,]L<aV [a()--a,[_<,
where a 1/1a,1 and A(5) is a smoothing parameter given by (a) above; i.e., such
that Je(a()) .

By the discussion above, A(5) exists, for if IVu- Vu, IL < a V/, then
min { Je(Vu, a)’a e T } < 5, because

Je(Vu, a.) Iv(Vu, a.)l 2
v

<5

(i.e., in our notation, 5 > (min). Recall also that a,, if it exists, is unique.

Proof. Let { a e n I ln < I ,ln }. We a su e that the claim is not true,
then

3 > O" Vn, 3 (n l/n,
3 Un [VU-- VU, IL

__
O n,

such that
Iv(Vun, bn,
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a, minimises Js over { a E T" [v(Vu, a)[z <_ }. However,

so a, belongs to the set above; hence Js(a) <_ Js(a,) implying that the a
in A. So along some subsequence, a -- a in C. Then

all stay

[v(Vu,, a)lv

_
[v(Vun, axe)Iv + Iv(Vu,, axn) v(Vun, axe)Iv,

so the left-hand side tends to zero as n c. But it also tends to Iv(Vu,, )[y, which
cannot be zero since a, (]- a,[ _> ). Finally, if a minimises Jl and a2
minimises J2, then A1 < A2 = Je(a,) <_ Je(a.).

Consequence. To find A(6), use an interval-halving algorithm.
Remark 3. The question of selection strategies is of obvious theoretical interest;

however, in practice, the cost of computations precludes finding the smoothing param-
eter that exactly satisfies the criterion. For one thing, we should not expect to have a
real bound, but rather a rough estimate on the error 6. Other fairly general selection
strategies and their extensions are discussed in great detail by Morozov [Mo].

3. Numerical implementation.

3.1. Procedure. We describe numerical experiments with the equation-error
method. We choose a, u, and f satisfying (1); assuming u, f, and the flux data on
the boundary given, compute a by the equation-error method and compare it to the
real a.

We use a finite-element discretisation with an uniform rectangular grid on the
square gt (-1, 1) x (-1, 1). We use the same grid for the finite-element approxima-
tions of v and a. They are tensor products of Co (respectively, C) univariate splines;
the latter are the first and second Hermite cubics. Their tensor products assume,
respectively, one (for C) or four (for C1) shapes.

Call Vh and Ah the finite-dimensional discretisations of the admissible spaces for
v and a. The "degrees of freedom" are: for vh, the value of the function; for ah, the
value of the function and of its first derivatives and mixed second derivatives at the
nodes.

The discrete version of (4) is

(5) v y, (v, )v faVuV + (f, )v,,v + fr g’
and the discrete minimisation is over the quantity J(ah) :- Jhe(Vu, ah + Alahl
wh J$(Vu,) I(u,h)l. Since this is quadratic in , we ue the
conjugate gradient method. The initial point is taken to be a starting guess.

3.2. Convergence. To discuss convergence of the "discrete" solution (solution
of the discretised problem) to that of the continuous problem, we introduce more
notation: recall that v e V(- H()), a T. By discretising, we are replacing V
and T by finite-dimensional subspaces Vh and 7k provided with the induced norms.
For a in 7, vh(Vu, a) solves
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and a solves
min Ivh (Vu, a)1 q- aEk.

A consequence is that Ivh(Vu, a)]y <_ ]v(Vu, a)]y.
Theorem 1 now acquires more elaborate wording.
THEOREM 1. Under the hypotheses of Theorem 1, and assuming that [Jh Yh and

Jk Tk are dense in V and T, respectively,

v > 0, 6o > 0. v < o, w e [(6), ()],
3ho, k0" Vh_<ho, Vk<_ko,

The proof relies on Remark 1 following Theorem 1, and on Remark 2 where a
replaces a.

Fact. If IVu- Vu, IL2
_

5

_
5o and A E [/(ti), r(ti)], then a stays bounded in 7

as long as k(A) is such that la,k -a,l _< A, where a,k is the projection of a, on 7k.
Indeed,

(the last inequality follows from the consequence stated before Theorem 1).
To show that ak remains bounded, it is enough to bound the right-hand side

of (6) by A. Now ]a.klT _< [a.ln, and

]v(Vu, ak,)ly <-- Iv(Vu, ak,) v(Vu,, a,k)ly + [v(Vu,, a,k) v(Vu,, a,

<_ la, I IVu Vu, I. + IVu, I: la, a, ln.
So, Iv(Vu, ak,)l is indeed bounded in terms of A.

Proof of theorem. Assume otherwise that

Denote, for short ak’ by an Taking k0 small enough so that an remains bounded,
we may again consider a subsequence an "5 (and an --* in CO). However,

V(VUn, an) Vhn (rUn, an) "- V(VUn, an) vh (rUn, an).

Now
Ivh (VUn, an)l 2 < jh (VUn, an)

(see (6)). The last quantity tends to zero as n --, oc by continuity of v and lim An 0.
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TABLE 1

Example 1.

A No. iter.

0 16
10-2 202
10-3 25
10-4 12
10-5 14

2.24.10-6

1.23.10-9

2.47.10-9

7.19- 10-8

2.05.10-7

1.13
6.70.10-7

1.80.10-7

7.65.10-6

6.67.10-5

1.10.103
-3.34.10-4

-2.03.10-4

4.87.10-3

1.08.10-1

2.24.10-6

-3.33.10-6

-2.01.10-7

5.60.10-7

1.29.10-6

.48

.000028

.000070

.00057

.00095

FIG. 1. Exact starting guess, n 8, ,k 0.0000E A- 00.

Finally,

V(VUn, an) Vhn (VUn, an) V(VUn, an) V(VU, an)
+ v(Vu,,) v(Vu,,)
+ v(Vu,,) vo (w,,)
+o(w.,) o(w.,)
q- Vhn (V, an) Vhn (rUn, an),

and all these differences tend to zero; the third one by an appropriate choice of hO(An).
As before, this contradicts lim v(Vun, an) v(Vu.,) 0.

3.3. Results. This method was tested on a few examples. For each example,
we tried different values of the parameter and we show the corresponding equation
error Je, and the smoothing term broken down in J1 and J2, contributions from the
first- and second-order derivatives. We also keep track of the number of conjugate
gradient iterations and the relative error e (in the C-norm) of the computed to the
real a.

3.3.1. Example 1. In this example, let

u -(x + y)2,
f--4,

2 (y- 1) on the left side of f,
2 (x- 1) at the bottom,

g
-2 (y + 1) on the right,
-2(x+l) on top,

(so the solution is a 1).
We tried to see how the method behaves as the starting guess and A vary. Figure 1

shows the result for an exact starting guess and no smoothing. Figure 2 shows that
absence of smoothing may seriously affect the result if the starting guess is bad. Table 1
shows the result of runs for the same perturbed starting guess and different values of
,k. Figure 3 shows the result for 10-3.
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FIG. 2. Perturbed starting guess, n 8, 0.0000E + 00.

FIG. 3. Perturbed starting guess, n 8, 0.1000E 02.

In this example, by choice of a, Js(a) should be zero at the solution, and very
small nearby. The results for A 10-2 and 10-3 illustrate the numerical difficulty of
giving the smoothing term too much weight:

(i) Convergence of the conjugate gradient method is very slow (202 iterations
for - 10-2);

(ii) the J2 portion of Js actually takes negative values.
Both are symptoms of the same phenomenon: J2(a) is a quadratic form that is not
positive definite (J2(a) 0 if q is constant). Its discrete version is represented by a
matrix with some eigenvalues very near 0; we performed a singular-value decompo-
sition of it (actually, of its restriction to an element patch; but the whole matrix is
obtained by patching up such matrices) and we found no negative eigenvalues, but
the smallest eigenvalues are small indeed (_ 10-15). When a is constant (so that all
the degrees of freedom corresponding to function values are nearly constant and those
corresponding to derivatives nearly zero), loss of significance occurs when evaluating
J2, caused by canceling. This behaviour disappears when A is made small enough, for
then the solution q departs from the null variety of J2, less importance being given
to J2. At any rate, a negative value for J2 shows that the solution is nearly flat, and
hence is a very good approximation since, in such cases, there is no need to refine
the mesh. The only trouble comes from the ill conditioning of J2 this is where it is
important to reduce A.

3.3.2. Example 2. In this example, let

u -(x +
f -2 (x + y),

2 y2 on the left side of f,
2- x2 at the bottom,g- y2_2 on the right,
x2 2 on top,
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FIG. 4. a l + (l + x) (1-- x) + (l + y) (1-- y)

The shape of the true a, 1 + (1 + x)(1 x) + (1 + y)(1 y), is shown in Fig. 4. Here
again, we examined the effect of the starting guess by taking an exact one (Fig. 5), a
"low" one (a 1 inside f; see Fig. 6), and a perturbation of the latter (p =_ 1 inside

with a spike down at a single node; see Fig. 7). This confirms what we observed
with the first example that, without smoothing, variations in the starting guess tend
to produce jagged and readily oscillatory solutions. With the same perturbed starting
guess, we varied A; the results are summarised in Table 2. Figure 8 shows the solution
for A- 10-3.

TABLE 2

Example 2.

0
10-2
10-3
10-4
10-5

No. iter.

21
103
67
24
24

5.09 10-6

1.66.10-1

3.92.10-2

2.40.10-2

1.15.10-2

J1

28.8
4.17
8.12
9.92
10.5

8.50.104
53.5
81.6
1.28.102
6.85.102

5.09.10-6

7.43 10-1
1.33.10-1

3.77.10-2

1.84.10-2

.39

.18

.067

.068

.O7O

3.2.3. Example 3. Here, we make the choice of a true a that oscillates; of
course, we keep the oscillation period large with respect to the mesh, otherwise we
cannot expect much.

( + ),
f (1 y2) r cos (1 + x) 2 y sin (1 + x),

-1 on the left side of D,
-1 at the bottom,

g
1 on the right,
1 on top.

Therefore, a 1 (1 + y)(1 y)sin r(1 + x) as shown in Fig. 9. Figure 10 shows the
result of taking a _= 1 as a starting guess. A perturbed starting guess is obtained by
adding a spike to the previous one; here again, the solution is sluggish in departing
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FIG. 5. Exact starting guess, n 8, ) 0.0000E + 00.

FIG. 6. Low starting guess, n 8, A 0.0000E + 00.

FIG. 7. Perturbed starting guess, n 8, A 0.0000E + 00.

from the starting guess without smoothing (Fig. 11). For the perturbed starting guess,
test runs are summarised in Table 3. Figure 12 shows the results for A 10-6.

4. Identification of discontinuous transmissivity. We now turn to the sit-
uation where a is known to have jump discontinuities across the domain. This will be
the case if the material making up the domain is not homogeneous at the macroscopic
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FIG. 8. Perturbed starting guess, n 8, A 0.1000E 02.

TABLE 3

Example 3.

0
10-2
10-3
10-4
10-5
10-6
10-7
10-8

No. iter.

13
96
49
23
14
20
20
13

7.52.10-6

2.74.10-1

1.30 10-1
2.60.10-2

8.93.10-3

6.75.10-4

1.59.10-5

8.64.10-6

10.4
.00435
1.53
7.67
10.9
12.2
12.5
10.1

1.73.104
1.69
64.5
3.53 102
9.28.102
3.32.103
4.85.103
1.61.104

7.52.10-6

2.91.10-1

1.96.10-1

6.21.10-2

1.83.10-2

4.01.10-3

5.02 10-4

1.70.10-4

.34

.49

.36

.19

.17

.16

.18

.31

FIG. 9. a 1 (1 - y)(1 y) sin(r(1 - x)).

scale; in our model, this translates into fracture curves.
To simplify the analysis, we assume that there is a single such fracture curve

across t, and that it is smooth. It divides t into two subdomains, tl and t2. Our as-
sumptions on the data are the same as before: we know f, Vu, and the flux a
at the boundary of t. We also assume conservation of flux across the fracture curve;
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FIG. 10. Flat starting guess, n 8, A 0.0000E + 00.

FIG. 11. Perturbed starting guess, n 8, A 0.0000E + 00.

FIG. 12. Perturbed starting guess, n 8, A 0.1000E 05.

this is the Rankine-Hugoniot condition: if al and Ul are the transmissivity and poten-
tial in tl, and a2 and u2 the corresponding quantities in D2, then along the fracture
curve

(tl
(7) al -n q- a2 -n O,

where Ou/On is the derivative of u in the outer normal direction to
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Assuming that we have no data on the flux along the fracture curve, we suggest
extending the equation-error method to this case. The class of admissible a’s consists
now of pairs (al, a2) such that:

(i) , 2 form a partition of , separated by a smooth curve C;
(ii) al E U2(l and a2 E H2(2);
(iii) al and a2 (along with VUl, Vu2) satisfy condition (7) along C.
In this setup, (3) is still a valid formulation; we may again define the equation

error v(Vu, a) by (4), and, in the same spirit as before, we want to minimise a suitable
modification of Je(Vu, a). The procedure is then as follows: For each admissible
smooth curve C satisfying condition (i), consider the set of a’s satisfying (ii) and (iii).
The problem of minimising (C still fixed)

J),(a) :-- Je(Vu, a) + A(lal 2 2

over all admissible a’s is stable; we call its solution ac. Then minimise J),(ac) over
all admissible curves C.

4.1. Numerical implementation. In this setup, we assume that C joins the
midpoints of the top and bottom of D. While this is a simplistic assumption (in
practice, we do not know where the lines of discontinuity are), it may be justified by
the fact that discontinuities in the boundary flux may be "seen." We approximate it
by a broken line; the mesh is generated by horizontal scaling on each side of C. Since
the mesh is no longer regular, the basic "pseudo-tensor" splines obtained by patching
up contiguous shapes have discontinuous derivatives across horizontal lines, so that
now Ak is an external approximation of H2(i) (see [Te]). If ac minimises Jc(a)
given C, the optimum function is

c :=

The problem now is to minimise (I)(C), where C is constrained to stay in the
domain; the inner loop computes (I)(C), the outer loop moves C. There are library
numerical routines that perform such constrained minimisation problems (for example,
in the NAG library), assuming that (I) is nearly differentiable in its vector argument
(but not requiring the user to specify the gradient) and using quasi-Newton steps. A
typical solution would require, however quite a few evaluations of (I) and it would not
have been advisable to do this on the VAX/780 which we used because each single
evaluation of (I), using a tiling of with 16 mesh nodes, would take a few hours if the
conjugate gradient method was carried to term (even with a tolerance on ah of, say,
10-3).

Since convergence of the conjugate gradient search was found to be fast at first,
then considerably slow, we truncated the number of iterations to less than 10, and
had to trust the results thus obtained. As for the outer loop, we generated a few
profiles Ch in the neighbourhood of the true one, and recorded the value (Cn)
yielded by the conjugate gradient search for each U. The purpose of this simulation
of the constrained problem corresponding to the outer loop is to check whether the true
profile indeed gives the lowest value for I,. A few experiments tended to justify this
rudimentary procedure, in that for different samples Ch, we truncated the conjugate
gradient procedure at different stages (10 versus 20 iterations), and we observed that
at each stage the ordering of the values ((Ch) was roughly the same; also, that the
shape of the solution (at least those values corresponding to values of a itself, not its

derivatives) settled rather fast.
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4.2. Results. We tested the method on two examples; one where C is a straight
line, and the other where C is an arc of parabola. In each case, we generated six curves
representing perturbations of C and three randomly generated curves, so that we had
ten curves including C itself. With different values of A we recorded, for each curve
(or profile), the quantities Je, J2, and J, as well as the relative error e. The mesh
number in both examples is n 4.

4.2.1. Example 4. In this example, C is the line x 0, dividing t in D1,
and gt2 on the left and right.

Ul 2x + y,

U2xy,

f=O,

{1gl --2
-1

g2 2
-2

on top,
on the left,
on the bottom,
on top,
on the right,
on the bottom.

Profiles are represented by their intercepts Xl, X2, X3 on the horizontal lines of the
grid. We denote them by +/-i (1 _< i _< 3) and a, b, c; the first are perturbations of C,
and the last three are generated from a normal distribution centered about C:

a-1 -- (--.1, O, 0),
a (.1, O, 0),

a_2 -. (0,-.1, 0),
a2 (0, .1, 0),
a_ (0, O, -.1),
a3 (0, O, .1),
ao (0, O, 0),
aa (. 11, .26, .32),
ab (--.01, .3, --.09),
a (-.15,.05,.04).

Tables 4 and 5 show the results for 10-5 and 10-4. In both cases, the method
picks the profile C itself; Table 6 shows the results for the true profile and various
values of . As could be expected for this example, high values of give better results.

Figure 13 shows the computed solution for A 10-3, and Fig. 14 shows the
computed solution in the absence of smoothing ( 0).

4.2.2. Example 5. In this example, C is the curve of equation 4x y2 1 0
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TABLE 4

Example 4, 10-5.

Profile

-1
1

-2
2

-3
3
0
a

b
c

1.13- 10-3

1.03- 10-3

6.29.10-4

9.07- 10-4

9.91.10-4

1.44.10-3

1.21.10-4

7.57.10-4

1.24.10-3

1.20.10-3

14.7
13.6
13.8
12.6
13.7
13.8
12.0
47.0
50.0
48.5

1.29.10-3

1.18.10-3

7.82.10-4

1.05.10-3

1.14.10-3

1.59.10-3

2.53- 10-4

1.27.10-3

1.77.10-3

1.74-10-3

.10 10-1

.11.10-2

.11.10-1

.10.10-1

.98-10-2

.73.10-3

.91.10-2

.24.10-1

.23.10-1

TABLE 5

Example 4, ,k 10-4.

Profile

-I
1

-2
2

-3
3
0
a

b

1.09.10-3

1.05.10-3

6.46.10-4

1.22.10-1

1.06.10-3

1.30.10-3

7.39.10-5

1.12.10-3

1.39.10-3

1.60.10-3

6.32
6.42
5.74
14.0
5.49
6.44
4.82
18.2
23.5
23.8

1.74.10-3

1.72.10-3

1.24.10-3

1.22 10-1
1.63.10-3

1.97.10-3

5.73.10-4

3.06.10-3

3.84.10-3

4.09.10-3

.10.10-1

.11.10-1

.11.10-1

.54.10-3

.11.10-1

.10.10-1

.40.10-3

.11.10-1

.28.10-1

.25 10-1

TABLE 6

Example 4, true fracture line.

0
10-3
10-4
10-5
10-6
10-7

1.30.10-4

1.18.10-4

7.39.10-5

1.21.10-4

1.29 10-4

1.30 10-4

13.5
0.579
4.82
12.0
13.4
13.5

1.41.10-4

7.18.10-4

5.73.10-4

2.53.10-4

1.54.10-4

1.43.10-4

.78. 10-3

.94. 10-4

.40. 10-3

.73. 10-3

.77. 10-3

.78. 10-3

as shown in Fig. 15.

ul 4x- y2 + 1 + x,

u2 2x y2/2 + 1/2 + x,

fl 6 + 3y2,

f2 5 + 3y2,

--7
gl 5 (3 -- y2/2)

7

on top,
on the left,
on the bottom,

-6
g2-- 3(5+y2)

-6

on top,
on the right,
at the bottom.
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FiG. 13. xl 0.0000, x2 0,000, x3 0.0000.

FIG. 14. xl 0.0000, x2 0.0000, x3 0.0000.

FIG. 15. Fracture line.

The solution is then a 3 + y2/2, a2 5 A- y2 as shown in Fig. 16.
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FIG. 16. a=3+y2/2 at left, 5+y2 at right.

The profiles now are

a-1 - (-.2875, -.25, -.1875),
al - (-.0875, -.25, 1875),

a-2 (-.1875, -.35, -.1875),
a2 (-.1875, -.15, -.1875),

a-3 (-.1875, -.25, -.2875),
a3 (-.1875, -.25, -.0875),
a0 - (-.1875, -.25, -.1875),
aa (-.08, -.25, -.34),
ab (.07,.05,--.14),
a (.13, --.33, --.15).

Tables 7 and 8 show the results for 10-5 and 10-6, respectively. For the first
value of , we had to pass up the outlier profile a-3 which was run early on, for unlike
the other profiles tested, we allowed the conjugate gradient procedure for this one to
run for more than 20 iterations. So the method picks profile a-2, which is indeed a
better approximation of C than a0, which is an inner envelope lying on one side of C.

For comparison, Table 9 is for A -0.
Figures 17 and 18 show the solution for 10-6 and profiles -3 and 3, respec-

tively. Figure 19 shows the solution for the same profile in the absence of smoothing.
Note. A similar approach to the one developed here has been implemented by

Patricia Lamm in the case of the observation error criterion; see [La]. In her paper, a
is assumed to be piecewise constant, and compactification in a is enforced by bound
constraints instead of smoothing.

5. Conclusion. The transmissivity identification problem is ill posed, and no
solution method is entirely satisfactory. The method under consideration, compared
with the observation error method, presents the advantage of easier analysis stem-
ming from convexity of the objective function. Some results, such as the validity of
the Tikhonov-Arsenin parameter selection strategy, carry through with some of their
hypotheses (usually impossible to check in the case of the observation-error method)
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TABLE 7
Example 5, 10-5

Profile

-1
1

-2
2

-3*
3
0

b
C

1.84.10-2

2.15.10-2

6.78.10-3

1.12.10-2

1.30.10-3

2.15.10-2

1.42.10-2

4.30.10-2

2.90.10-2

4.16.10-2

4.73.102
4.98.102
6.03.102
5.80.102
4.73.102
4.82.102
5.05.102
5.52.102
6.32.102

2.37.10-2

2.72.10-2

1.22.10-2

1.80.10-2

7.77.10-3

2.72.10-2

1.95.10-2

4.93.10-2

3.55.10-2

4.86.10-2

.57.10-2

.69.10-2

.58.10-2

.16.10-2

.75. 10-2

.69. 10-2

.75. 10-3

.92. 10-2

.62. 10-3

.13. 10-1

TABLE 8

Example 5, A 10-6.

Profile

-1
1

-2
2

-3
3
0
a
b
C

1.24.10-2

4.14.10-2

7.06.10-3

1.15.10-2

1.84.10-2

2.15.10-2

1.44.10-2

4.29.10-2

2.92.10-2

4.14.10-2

4.94 102
6.44.102
5.19.102
6.14.102
4.94 102
4.81.102
4.94.102
5.16.102
5.65.102
6.44.102

1.93.10-2

4.26.10-2

7.99.10-3

1.28.10-2

1.93.10-2

2.29.10-2

1.53.10-2

4.46.10-2

3.06.10-2

4.26.10-2

.57.10-2

.13 10-1

.58.10-2

.16.10-2

.57.10-2

.69.10-2

.77.10-3

.92.10-2

.62.10-2

.13 10-1

TABLE 9

Example 5, ,,k O.

Profile Je J2 J), e

-2 7.01.10-3 5.21 102 7.42.10-3 .58.10-2

FIG. 17. xl ----0.1875, x2------0.3500, x3---0.1875.

automatically satisfied. This indicates that the equation error may be a more natu-
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FIG. 18. xl ----0.1875, x2----0.1500, x3------0.1875.

FIG. 19. xl ----0.1875, x2---0.3500, x3---0.1875.

ral criterion than the observation error: it reflects less the direct readings of u, and
depends more on the coupling between a and u. Both methods require the use of
some smoothing for stability. The main disadvantage of this method is the increased
complexity in computation; computing J2, the second-order portion of the H2-norm,
is the main culprit for the CPU time used (40 seconds per function evaluation on the
VAX/780). The same term accounts also for defective convergence of the conjugate
gradient method, as we noted when we unduly increased A. On the other hand, while
the theoretical convergence results rely on H2-smoothing, we did observe the remark-
able fact that overspecifying the boundary data (as in 4) seems enough to enforce
smoothing on the computed a (without the help of H2-smoothing).
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Abstract. This paper deals with systems that are obtained from linear time-invariant continuous-
or discrete-time devices followed by a function that just provides the sign of each output. Such
systems appear naturally in the study of quantized observations as well as in signal processing and
neural network theory. Results are given on observability, minimal realizations, and other system-
theoretic concepts. Certain major differences exist with the linear case, and other results generalize
in a surprisingly straightforward manner.

Key words, observability, minimal realization, neural networks, quantization effects
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1. Introduction. A central issue in current control theory and signal process-
ing concerns the interface between, on the one hand, the continuous, physical, world
and, on the other hand, discrete devices such as digital computers, capable of sym-
bolic processing. Classical control techniques, especially for linear systems, have
proved spectacularly successful in automatically regulating relatively simple systems.
However, for large-scale problems, controllers resulting from the application of the
well-developed theory are used as building blocks of more complex systems. The
integration of these systems, is often accomplished by means of ad hoc techniques
that combine pattern recognition devices, various types of switching controllers, and
humans--or, more recently, expert systems--in supervisory capabilities.

Recently, there has been renewed interest in the formulation of mathematical
models in which this interface between the continuous and the symbolic is naturally
accomplished and system-theoretic questions can be formulated and resolved for the
resulting models. Successful approaches will eventually allow the interplay of modern
control theory with automata theory and other techniques from computer science.
This interest has motivated much research into areas such as discrete-event systems,
supervisory control, and, more generally, "intelligent control systems."

One possible first step in a systematic attack of this problem is the study of partial
(discrete) measurements on the state of a continuous dynamical system. When no
controls are present, this is closely related .to classical work on symbolic dynamics,
and in fact has been pursued in the control theory literature, where Ramadge studied
in [9] the dynamical behavior of observation sequences corresponding to such systems.

If inputs are available, one of the first questions that we may address in this
context is that of the nature of the information that can be deduced by a symbolic
"supervisor" from data transmitted by such a "lower level" continuous device, using
appropriate controls to obtain more information about the system. Here the work of
Delchamps, especially in [3]-[5], is especially relevant. His work dealt with what we
may call "single-experiment observability" of constrained-output systems, systems for
which the dynamics are linear but the outputs reflect various limitations of measuring
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devices. These are systems, in discrete or continuous time, whose equations can be
expressed as

(1) x(t + 1) [or2(t)] Ax(t) + Bu(t),

for some n n real matrix A, n m matrix B, and p n matrix C, and where a is
a memory-free map: ]Rp --. lRP--in the case of Delchamp’s work, a quantizer. (The
simplest example of a constrained-output system occurs if a is the identity. Then we
are dealing with the class of all finite-dimensional linear systems. See [12] for precise
definitions of "system" and related terms.) Models of the form (1) with quantizer a
arise also in a variety of other areas besides control. For instance, in signal processing,
when modeling linear channels transmitting digital data from a quantized source, the
channel equalization problem becomes one of systems inversion for such systems; see
[2] and also the related paper [8].

In contrast to Delchamp’s work, in this paper we look at the more standard notion
of multiple-experiment observability, which is different for nonlinear systems from the
single-experiment concept (for purely linear systems, both concepts do coincide, of
course). We will be especially interested in the case in which a simply takes the sign
of each coordinate, that is, sign-linear systems, those for which

a(x) sign (x)

(applied to each coordinate independently), where

1 if x > 0,
sign(x)= 0 if x=0,

-1 if x <0.

Sign-linear systems correspond to the 1-bit quantization case of Delchamps’ model
and are also motivated by pattern recognition applications (see below), but many
technical results will be given in the paper in somewhat more generality.

Among the most popular techniques in pattern classification are those based on
the use of perceptrons or linear discriminants (see, e.g., [6], [13]). Mathematically,
these are simply functions of the type

]Rn - IPP v y sign (Cv),

typically with large n and small p; again, the sign is understood as being taken in each
coordinate separately. Perceptrons are used to classify input patterns v (vl,..., Vn)
into classes, and they form the basis of many statistical techniques. In many practical
situations arising in speech processing or learning finite automata and languages (see,
e.g., [7]), the vector v really represents a finite window

u(t 1),...,u(t- s)

of a sequence of m-dimensional inputs u(1),u(2),..., where the components of (2)
have been listed as v (and sm n). In that case, the perceptron can be understood
as a sign-linear system of dimension n, with a shift-register used to store the previous
inputs (2). Borrowing from the signal processing terminology, perceptrons are "finite
impulse response" sign-linear systems. As such, they are not suited to modeling time
dependencies and recurrences in the data. More general sign-linear systems are called
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for, and this motivated the introduction of such systems in [1], using the name "infinite
impulse response" again by analogy to the classical linear case. In that paper, the
authors studied practical problems of systems identification but did not address the
more system-theoretic types of questions with which this paper deals.

As a final reason for studying sign-linear systems, we point out that such systems
provide a natural class of nonsmooth nonlinear systems, a class that combines logical
and switching devices together with more classical continuous variables. When the
nonlinearities appear in the feedback loops, the problems become far more difficult;
in that context, see, for instance, [11] for results about the computational power of
systems of the type x(t + 1) a(Ax(t) + Bu(t)).

1.1. Summary of paper. As mentioned earlier, the focus of this paper is the
class of sign-linear systems, that is, those of the type (1) with a(x) sign (x) (the sign
is understood as being taken in each coordinate, so that the output value space could
be taken simply as {-1, 0, 1}P; careful definitions are given later). Also of interest are
the associated sign-linear inputoutput (io) maps of the form

y(t) sign (41u(t) +... + ,4tu(1))

or the analogous continuous-time maps (convolution followed by sign).
For a system such as (1), we call any triple (A, B, C) such that the equations of

the system can be expressed in terms of that triple, a triple associated to the system
E. Note that in some cases there may be many triples associated to a single system:

Example 1.1. Let E be a sign-linear system with state-space ]R2 defined by the
equations

1,: (0101) (1)
y(t) sign (xl + 2x2).

Then the following triples are both associated to E:

(01) (1)1 0
B

0
C (1 2),

A ( 0 1 ) (1), C (2 4)1 0
B

0

The results that we describe parallel those known for standard linear systems, but
with a few, perhaps unexpected, differences. We may summarize the main conclusions
on sign-linear systems as follows:

(a) Although stronger than just observability of the pair (A, C), observability of
sign-linear systems can be characterized in an elegant manner. The characterization
is different in the continuous- and discrete-time cases, in contrast to what happens
for linear systems. Moreover, in another characteristic that is typical of nonlinear
systems, the degree of controllability of the system does affect observability.

(b) Minimal-dimensional realizations of sign-linear i/o maps by sign-linear sys-
tems are unique up to a change of variables in the state space and a positive rescaling
of outputs. This is basically as in the linear case, except for the obvious need to
rescale. Moreover, finite-dimensional realizability can be characterized in the usual
manner using Hankel matrices.
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(c) If a realization of a given sign-linear i/o map is controllable and observable, in
the usual sense of control theory, then it is minimal. Conversely, a minimal realization
is necessarily final-state observable (that is, there is a control allowing for determi-
nation of the state at the end of the interval of application) but, in the discrete-time
case, minimal realizations may not be observable. (In continuous-time, final-state and
plain --initial-state-- observability coincide.)

(d) Because of the possible lack of observability of minimal realizations, for some
discrete-time sign-linear i/o maps it is the case that the abstract "canonical" realiza-
tion, known to exist from automata-theoretic arguments, is not given by a sign-linear
system. We discuss the canonical systems that result when minimal realizations are
not observable, obtaining a description in terms of cascades of finite automata and
linear systems.

The paper ends in 6, where we show how some of the continuous-time observ-
ability results can be seen as consequences of the corresponding discrete-time results
by sampling at appropriate frequencies.

Some of the results to be given can be stated in more generality, in terms of
constrained-output systems as in (1), where a is a fixed nonlinearity satisfying some
(or all) of the following axioms:

1. sign (a(x)) sign (x).
2. Finite precision sensor: a(x) =constant for x E (0, el and x E I-e, 0), for

some > 0.
3. Sensor saturation: a(x) -constant for x > K > 0 and x < -K < 0, for some
K>0.

4. a(x) is not constant on (0, oc) or (-oc, 0).
(Again, for a vector z e ]Rp, the notation a(z) denotes the vector (a(zl),..., a(zp)) e
IRP.) The main systems of interest in this paper, sign-linear ones, are those for which
a(x) sign (x), which satisfies axioms 1,2,3. Some other examples of constrained-
output systems are as follows:

Output-saturated systems (satisfying 1,3,4) are those with a(x) s(x),
where

1 if x> 1,
s(x)-- x if Ixl_<l,

-1 if x <-1.

The output space for output-saturated systems is [-1, 1]p.
Quantized systems (satisfying 1,2,4) are defined by a(x)-- xJ, with output
space igp.
Saturated-quantized systems (satisfying 1-4) are systems for which

=f gsign(x) if Ixl>K,
[xJ if Ixl<g

for some fixed K > 0. Saturated-quantized systems have output space {n
I-I < KF.

More details about such functions, and results specific for some of these classes,
are described in [10].

2. Observability. Our notion of observability is the usual concept of multiple-
experiment observability. Let us recall the main ideas. For formal definitions, please
refer to [12, 5.1].
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DEFINITION 2.1. A system F is observable if for any two initial states, there is
some control that produces different outputs for each of the two initial states. This is
not in general equivalent to single-experiment observability in which there exists one
control function (or sequence of controls) that distinguishes any pair of states. The
control we use to distinguish two states may depend on the two given states. This
concept of observability really tells us only that we may distinguish between any two
initial states, not that we may determine the initial state using one special control.
For linear systems, multiple- and single-experiment observability are equivalent. If a
linear system is observable, then the zero control will distinguish any pair of states.

DEFINITION 2.2. A system is final-state observable if for any two initial states,
there is some control and some time T so that either the output before time T is
different for each of the two states, or the states at time T are the same. For
continuous-time systems, final-state observability is equivalent to observability ([12,
Prop. 5.1.9]).

We now state a few general necessary conditions for observability of constrained-
output systems. Later, we will provide necessary and sufficient conditions for the class
of sign-linear systems. The following result is obvious.

LEMMA 2.3. If F is an observable constrained-output system, then (A, C) is an
observable pair.

Conversely, if a is one-to-one, then observability of the pair (A, C) implies oberv-
ability of , but in general the implication does not hold. The following lemma gives
an additional necessary condition when a is not one-to-one.

LEMMA 2.4. If E is an observable discrete-time constrained-output system with
a single output channel (p 1), and a is not one-to-one, then det A 0.

Proof. Suppose det A 0. Then there exists a nonzero x E ker A. The output
sequence for the initial state x is (a(Cx),... where the part not shown is independent
of x. Since F is observable, (A, C) is an observable pair, so Cx O. Let a(#)
a(), # g. Then, we may choose al = a2 so that alCx # and a2Cx . Then
OlX O/2X are indistinguishable, contradicting observability. [:]

For p > 1, this lemma is not necessarily true. Consider the following counterex-
ample. We will use the notation x+(t) to mean x(t -b 1), and we drop the argument t
from now on.

Let be the system with equations x+ O, Yl a(x), Y2Example 2.5.
a(2x); and

] x x[1,2]
1 x e [1,2]

The nonlinearity a is not one-to-one, but the map x H (a(x), a(2x)) is one-to-one, so
the system is observable. However, A is not invertible.

If the measurement limiter a is some form of saturation or a has finite precision
near 0, observability does imply that A is invertible, even in the multiple output case,
since the following lemma will apply.

LEMMA 2.6. If E is an observable discrete-time constrained-output system and a
either models sensor saturation

a(x) constant .for x > K > 0 and x < -K < 0

.for some K > O, or has finite precision

a(x)- constant for x e (0, e] and x e [-, O)
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.for some e > O, then det A 0.
Proof. If det A 0, then there exists a nonzero x E ker A. In the saturated case,

choose A so that for all i satisfying Cix O, then IACixl > K. Then Ax and 2Ax
are indistinguishable. In the finite precision case, choose A so that IACixl <_ for all
i 1,...,p. Then Ax and 1/2Ax are indistinguishable.

Before stating the next lemma we introduce the following definition.
DEFINITION 2.7. Let be a constrained-output system and let (A, B, C) be

any triple associated to . Then the sequence of p x m matrices

A {A, A, A3,...},

where

j[i CAi-IB, 1, 2, 3,...

is called a Markov parameter sequence associated to Z. Since in general C is not
uniquely defined from the system equations, there may be more than one Markov
sequence associated to a given system; this issue is discussed later.

LEMMA 2.8. Assume that is a single-output observable discrete-time constrained-
output system defined by the triple (A, B, C), and a has finite precision

a(x) constant for x e (0, ] and x e [-, 0).

If A has an eigenvalue satisfying I)1 <_ 1, then .4 O, for any Markov sequence
associated to .

Proof. Let ,4 be any Markov sequence associated to E. Let v be a nonzero
eigenvector for A corresponding to and let - Ilvll (where I]" II denotes Euclidean
norm). Then Akv )kv for all k, so IIAkvll <_ " for all k. Write v Vl + iv2, where
vl, v2 are real vectors. Then IIAkv <--IIAkvll <-- " for all k. Note that I]CII - 0 since
(A, C) is an observable pair. Then

satisfies

Vl
X

iCAkxl iiCl[llAkxll IICIl
 llCII

for all k. If A 0, then x, 1/2x are indistinguishable, contradicting observability. B

3, Sign-linear systems. Now we concentrate on the observability of sign-linear
systems. Sign-linear input/output maps and their realization8 will be discussed in 4
and 5.

DEFINITION 3.1. A sign-linear system E is a system with state, input, and output-
value spaces lRn, lRm, and {-1,0, 1}p, respectively, for which there exist matrices
A E ]R’xn B E ]Rnxm C ][2pxn so that the equations of take the form

x+ (or k) Ax + Bu,
y sign (Cx)

in discrete- (or continuous-) time. If (A, B, C) is a triple like this, we denote
(A, B, C)s. Whether we are dealing with discrete- or continuous-time will be clear
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from the context. The integer n is the dimension of the system. It is convenient to
include the degenerate case n 0, corresponding to the system with zero-dimensional
state space.

Note that (A, B, C)s (-,/}, )s if and only if A ., B =/}, and C h(,
where A is a scaling matrix in the following sense.

DEFINITION 3.2. A p p scaling matrix is a matrix of the type

A diag (A1,..., p) "..
0

where > 0, 1,... ,p. Any triple for which E (A, B, C) will be said to be
associated to E. Observe that the properties of (A, B) being a controllable pair, (A, C)
being an observable pair, and (A, B, C) being canonical (controllable and observable),
in the usual linear systems sense, are independent of which of the associated triples
is considered.

The following trivial observation will be used often.
Remark 3.3. If 7-/is a real pre-Hilbert space (that is, a space with a nondegenerate

inner product), and if c /, c nonzero, a, b IR, a # b, then there is a u 7-/so that

sign (a + <c, u)) # sign (b + <c, u}).
Indeed, without loss of generality, we may assume that a > b. Let

a+b

Then u := ac satisfies a + (c, u) > 0 and b + <c, u) < 0.
Since controllability of a system does not depend on outputs, a sign-linear system

is controllable if and only if (A,B) is a controllable pair in the usual sense ([12]).
Observability requires a bit more than in the linear case, as illustrated by the system

x(t + 1) u(t), y(t) sign (x(t)).

Observability of the pair (A, C) is not sufficient to guarantee observability of the
corresponding sign-linear system.

We will say that a triple (A, B, C) has property 7 if not only is (A, C) observable,
but we can choose a subset of outputs which allow observability of the pair (A, C)
and for each of which the corresponding row of the Markov sequence Jt is nonzero.
In the case p 1, this just means that (A, C) is an observable pair and Jt 0, or
equivalently, that (A, C) is an observable pair and B 0. For p > 1, Jt has p rows
and we only require that enough of those rows are nonzero. More precisely, let

I(A) {il, ik}

be the indices of the nonzero rows of 4; then property P is the condition that

(3) f ker (CjAq) {0},

q--O,...,n--

where Cj denotes the jth row of C. Note that if C and differ only by multiplication
by a scaling matrix, property holds for (A, B, C) if and only if it holds for (A, B,
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Thus there is no ambiguity in. the following statements. For discrete- and continuous-
time the following theorems state necessary and sufficient conditions for observability.

THEOREM 3.4. Let F (A, B, C)s be a sign-linear discrete-time system of di-
mension n > O. Then, F is observable if and only if the following conditions hold:

1. detA 0,
2. (A, B, C) has property 7).

Proof. Necessity. Suppose E is observable. We know det A 0 from Lemma 2.6.
Now assume that property P would not hold, and pick x 0 in the intersection in
(3). The output sequence for any given control sequence {ul, u2,...} is {y(0), y(1),...}
where

y(k) sign CAkx q- 4uk-l+l
l--1

For the chosen x in that intersection, each row of each term in the output sequence
has the form

sign (CjAkx / O)y(k)j sign (0 + ,)
if j I(j[),
if j e I(A),

where denotes a (possibly nonzero) function of the inputs and the Markov parame-
ters. Then, x and Ax for any A > 0, A 1, cannot be distinguished, so observability
is contradicted.

Sufficiency. Now suppose det A 0 and (A, B, C) has property P. We must
show that is observable. Pick an integer > 0 so that the ith row of

(A1 A2 Al)

is nonzero for every E I(A). Note that since A is invertible,

(4) [’ ker (CAq+l) {0},
jel(4)

q--0,...,n--

which follows from (3).
Now look at the following n terms in the output sequence for initial state x:

sign (CAx -t- Aul /... + fltlUl)
sign (CA+lx + ,4/+lUl -... - fltlUl+l),...,
sign (CA+n-lx + ,41+n-lUl +’" + 41Ul+n--i).

Given x z we must show that x, z are distinguishable. If we can choose a sequence
u, u2,. st+n-1 so that some row of some term above is different for the initial states
x and z, then x, z are distinguishable. As x z 0, we may pick some j E I(fl,) and
some q 0,...,n- 1 so that

CyAq+x CjAq+l z.

Since j I(j[), the jth row of (41"" ",Al) is nonzero by our choice of 1. Denote
k := q + so that the jth row of (Jr1... Jlk) is also nonzero. Let jt be the jth row of
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Jti. Then we may apply Remark 3.3 (with 7-/= lRk and the standard inner product)
and obtain Ul, u2,..., Uk so that

sign (CjAkx + AJkul +... + Auk)
sign (CjAkz + AkUl +... + Auk).

Thus, x and z are distinguishable. This completes the proof.
We will say that a triple (A, B, C) is discrete-time sign-linear obseable if the

triple satisfies the observability conditions in Theorem 3.4.
For continuous-time sign-linear systems, the conditions for observability are slightly

weaker, invertibility of the matrix A is not needed.
THEOREM 3.5. Let (A, B, C)s be a sign-linear continuous-time system of

dimension n > O. Then is obseable if and only if (A, B, C) has propey P.
Proof. The proof is exactly the same in the discrete-time ce. Indeed, if (3)

is not satisfied and x 0 is in the intersection of the kernels, consider the output

y(t) sign CeAtx + (k 1) u(s)ds
k=l

Each row h the form

sign (CjeAtx + 0) if j I(A),y(t)j sign (0 + .) if j I(A),

where denotes a (possibly nonzero) function of the inputs and the Markov param-
eters. Then x and Ax for any A > 0, A 1, are indistinguishable, contradicting
observability.

Now suppose (A, B, C) satisfies property P. We must show that E is observable.
Look at the output function for initial state x:

y(t) sign CeAtx + g(t- s)u(s)ds

where

K(- 8):: 4k(t- 8)k-1

k=l
(k- I)!

Given x z we must show that x, z are distinguishable. If we can choose a t and
a control function u(.) of length t so that some row of y(t) is different for the initial
states x and z, then x, z are distinguishable. As x-z 0, we may pick some j
and some t > 0 so that

by property 7). Since cjeAtx is an analytic function of t, this is true in a neighborhood
of t 0 so we may, in fact, fix a t > 0 so that the inequality holds.

Next note that since j E I(4), ,4j 0 so also Kj(.) 0. Now apply Remark 3.3
with a CjeAtx, b CyeAtz, T/= :[0, t] with the 2 inner product

(v(.), u(.)) := v(s)u(s)ds,
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and c Kj(t- s) e 7-l. Thus we may choose a measurable essentially bounded u(.)
so that

sign (CeAtx + fot K(t- s)u(s)ds) sign (CeAtz + fot K(t- s)u(s)ds)
This u(.) distinguishes x, z and the proof is complete. []

4. Sign-linear realizations. We now focus on questions of realizability for the
class of sign-linear systems. As we mentioned earlier, a sign-linear system does not
have a unique associated Markov sequence. However, for sign-linear systems, we have
the following obvious fact.

Remark 4.1. A Markov parameter sequence associated to E (A, B, C)s is any
sequence of p x m matrices A {A1,A2,A3,...} so that

(5) Jti ACAi-iB, 1, 2, 3,...

for some scaling matrix A.
For the degenerate system, its (only) associated sequence is Jt 0. If jt is

associated to E, we also say that E realizes .4. If (A, B, C) is a triple of matrices and
jt {Jr1, A2,...} is a Markov sequence so that jt CA-iB holds, we will say that
(A, B, C) is a linear representation of Jr. The standard terminology is "realization"
(as a linear system), but this can lead to confusion here, since we are interested in
sign-linear realizations. Note that the above definitions imply that for any given triple
(A, B, C), and any sequence ofp xm matrices Jr, the sign-linear system E (A, B, C)s
realizes jt if and only if (A, B, AC) is a linear representation of ,4 for some scaling
matrix A. In other words, there must exist a triple associated to E that represents 4.

The matrix

, Z[nt_
is called the s x t Hnkel mtri for the Markov sequence A. The (IInkel) rnk of a
sequence A is defined to be

sup rank Hs,t.

An i/o map (for a precise definition, see [12, Rem. 2.2.2], is a function of controls
u defined on some time interval In, T), which gives the entire output function for the
time interval In, T].

DEFINITION 4.2. A (p x m) discrete-time sign-linear i/o map a is a discrete-time
i/o map for which there exists some sequence of (p m) matrices Jt, Jr2,..., so that

(6) a(u)(j) sign (Jtju +... + ZtlUj)

for each input sequence {Ul,U2, U3,...}. A continuous-time sign-linear i/o map is
a continuous-time i/o map a for which there exists an analytic kernel K(t) with
expansion

oo ti_ I

(7) K(t) EX (i- 1)-------
i----1
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so that

(/0 )(8) a(u)(t) sign g(t- s)u(s)ds

for every measurable essentially bounded control function u(.). In either case, any
sequence of matrices Jr1, Jr2,... as above is called a Markov sequence of the map c.
We will study realizations of these i/o maps by sign-linear systems. It will be helpful
to have a simple example in mind as we go through the definitions and results.

Example 4.3. Let ,4 {1,-1, 1,-1,...}. Then a is a 1 x 1 discrete-time i/o
map, where

a(u)(j) sign ((-1)J-lul+’"+uj 2-U-l+Uj).

For the control u {1,0,0,...}, a(u)(j) (-1)j-1 for all j. For the control u
{1, 2, 3, 0, 0, 0,...}, the values of the i/o function are

a(u)(1) sign (1) 1,

a(u)(2) sign (-1 + 2) 1,

a(u)(3) sign (1 2 + 3) 1,

a(u)(4) sign (-1 + 2 3) -1,
c(u)(j) (-1)j-1 for j > 4.

DEFINITION 4.4. Two triples (A, B, C) and (.,/), 0) are sign-similar if there is
a T E Gl(n) and a scaling matrix A such that

T-1AT
T-1B
CT

If E (A, B, C)s and (.,/), ()s are sign-linear systems, they are called sign-
similar if the corresponding triples are. Note that sign-similarity is an equivalence
relation, and that the ambiguity in defining a triple associated to E causes no diffi-
culties in the above definition.

DEFINITION 4.5. Two Markov sequences

,A {AI,,A2,...}, and

are sign-equivalent if there exists a scaling matrix A so that

Aft,j, j 1,2,3,

Note that if K(-) and /(-) are as in (7) for the sequences ,4 and A, sign-
equivalence of ,4 and A is the same as asking that g(t) h/(t) for all t, where
A is a scaling matrix. The Markov sequence ,4 in Example 4.3 is sign-equivalent to
A {a,-a, a,-a,...} for any a > 0.
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4.1. Basic facts about realizations. The next lemma says that the Markov
sequence Jt is uniquely determined by a sign-linear i/o map ( up to multiplication by
a scaling matrix. That is, a sign-linear i/o map is defined by many Markov sequences,
but these sequences are related by scaling.

Observe that the impulse response of a sign-linear i/o map (e.g., for discrete-time
systems, the response to the input u (1, 0, 0, 0,...}) is not enough to uniquely char-
acterize the i/o map. For a discrete-time sign-linear i/o map a, the impulse response
is just the sequence of signs of the Markov parameters: {sign(A1),sign(A2),...}.
Such a sign sequence represents infinitely many different families of sign-equivalent
Markov sequences, as illustrated by the following example.

Example 4.6. Let (1 be the discrete-time sign-linear i/o map defined by
j[ (1, 3, 1, 3,... } and & the map defined by A (3, 1, 3, 1,...}. Then the impulse re-
sponse for both i/o maps is {+1, 4.1, /1,...}; however the two maps are not the same
as shown by considering the output corresponding to the input u {1,-1, 1,-1,..

a(u)(1)-- +1; &(u)(1)= +1,
(u)() +; (u)()= -,
((u)(3)- -1; &(u)(3)= +1,
((u) (4) 4-1; &(u)(4)-- -1.

LEMMA 4.7. A and t define the same i/o map if and only if they are sign-
equivalent.

Proof. If jt and are sign-equivalent, then 4i AJi for all i, where A is a
scaling matrix. It is then clear from (6)-(8) that the corresponding i/o maps coincide.
To prove the converse, we can assume, without loss of generality, looking at each
component of the output and each row of jr, that p 1. We first prove the following
easy observation.

Remark 4.8. If ]) is a real pre-Hilbert space and if v, w E ; are nonzero and
such that

sign (v,

for all u E 12, then there exists , > 0 so that v AT.
Proof. Suppose first that v and w are linearly independent, and consider the plane

they span. Let u : 0 be in this plane and perpendicular to v 4- w. As (v 4- w, u) 0,
necessarily (v, u) : 0 and (w, u) : 0, since if either of these is zero, then the other
one is too, and that would contradict linear independence. Then

(v, ) + (, u) (v + , ) 0.

So (v, u) -(w, u) # 0, contradicting the assumption. Thus, either v Xw with, > 0, or v -#w with # > 0. If v -#w, then

(, ) (-,) - (, ) # 0

and so sign (v, u) # sign (w, u), again a contradiction. The only remaining possibility
is that there exists a A > 0 so that v AT.

Now we can continue the proof of Lemma 4.7. For discrete-time, we must show
that if

sign (i=l.Aiu_i+l)=sign (i=lfliu_i+l)
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for all >_ 1 and for all ul, u2,..., ut, then ,4 A for some A > 0. First choose an
so that (Jr1,..., Jit) 0. Note that ]Rtm (]Rm) forms a pre-Hilbert space with the
standard inner product

Vl Ul

Applying Remark 4.8 with v (A, At)’, w (A1, At)’ and u (u, u)’
we see that there exists a , > 0 so that

Now pick any q > 1. Applying the same argument to (]Rm)q, we obtain a Aq > 0 so
that

Since (jil,... ,At) is a subvector of (4,... ,4q), and similarly (ft.1,... ,At) a sub-
vector of (fi-1,..., fi.q), this implies that A Aq. Thus jiq Afi.q for all q _> 1.

For continuous-time, we need to show that if

sign (ot K(t s)u(s)ds) sign Iot [(t s)u(s)ds)
for all t e^ [0, oc) and for all u(.), measurable and essentially bounded on [0, t], then
K(t) AK(t) for some A > 0 and for all t >_ 0. Note that :[0, t] forms a pre-Uilbert
space with the E2 inner product

(v(.), u(.)) v(s)u(s)ds.

Applying Remark 4.8 with v(s) K(t- s) and w(s) [(t- s), we see that there
exists a At > 0 so that K(.)l[0,t] AtK(.)l[0,t]. Using an argument similar to the
one used in the discrete-time case, we can conclude that there exists a A > 0 so that
K(t) A/(t) for all t _> 0. [:]

COROLLARY 4.9. Let a be a sign-linear i/o map, with Markov sequence 4, and
let E (A, B, C)s be any sign-linear realization of a, with Markov sequence .. Then
4 and 4 are sign-equivalent.

Proof. Just note that jt and define the same i/o map, namely a. Thus, the
previous lemma applies. D

4.2. Minimality.
DEFINITION 4.10. A sign-linear system of dimension n is minimal if any other

sign-linear system realizing the same i/o map has dimension nl

_
n. Recall that a

triple (A, B, C) is canonical if and only if it is a minimal-dimensional linear represen-
tation of its Markov sequence ([12, Thm. 20]). The next lemma states that minimality
of a sign-linear system is equivalent to minimality of the associated linear system.

LEMMA 4.11. The sign-linear system (A, B, C)s is a minimal realization of ( if
and only if the triple (A, B, C) is canonical.
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Proof. Suppose the sign-linear system F (A, B, C)s is a minimal realization of
the i/o map a and 4 is a Markov sequence associated to a. If (A, B, C) is not canon-
ical, then there exists another triple (,/}, ) of smaller dimension that is a linear
representation of the same Markov sequence A as (A, B, C). Then Z (A, B, C)s
also realizes so J is sign-equivalent to ,4 by Corollary 4.9. But then since (A, B, C)s
realizes , it also realizes ,4 (a Markov sequence associated to a sign-linear system
is only determined up to sign-equivalence). Thus, (,/, )s is a sign-linear system
realizing a and of smaller dimension than (A, B, C)s, contradicting minimality.

Conversely, suppose the triple (A, B, C) is canonical of dimension n, which im-
plies, in particular, that it is minimal. If (A, B, C)s is not also minimal, then there
exists a sign-linear system ] (,/, )s of dimension nl < n that realizes the same

i/o map a as (A, B, C)s. Let A be the Markov sequence represented by (A, B, C) and
4 the sequence represented by (,/, ). Then (A, B, C)s realizes j[ and (,
realizes ,4. Since the two sign-linear systems realize the same i/o map a,
are sign-equivalent (Corollary 4.9). Thus, there exists a scaling matrix A so that
Aj AAj for all j >_ 1. So

But then (,/, A() is a linear representation of A of dimension nl < n, contradicting
the minimality of (A, B, C).

Remark 4.12. If ,4 and are two Markov sequences associated to the same i/o
map a, then rank,4 tankS. Thus, we can define the Hankel rank of a as the rank of
any of the associated Markov sequences. Indeed, by Lemma 4.7, we know that
are sign-equivalent. Thus there is a scaling matrix A with Aj Aj, j 1, 2, 3,
We then have, for any s, t >_ 1,

where/:/s,t is the s t Hankel matrix for and As diag (A,..., A). Since this is
true for every s, t,

rank(A) sup{rank(Hs,t) }

sup{rank(/?/s,t)} rank(A),

as claimed.
THEOREM 4.13. Let a be a sign-linear i/o map. Then a is realizable by a sign-

linear system if and only a has finite Hankel rank.
Proof. If a has finite rank then any Markov sequence for a, j(, has finite rank.

It then follows that there exists a linear representation for 4, (A, B, C). Then the
corresponding sign-linear system (A, B, C)s realizes a.

Conversely, given a sign-linear i/o map a that is realizable by a sign-linear system
(A,B, C)s, we would like to show that a has finite rank. One Markov sequence
for (A, B, C)s is the impulse response of the linear system (A, B, C). This impulse
response Ji is a Markov sequence for a. From linear realization theory, we know that
,4 has finite rank. Thus, by the remark above, a has finite rank.

LEMMA 4.14. If (A, B, C) is a canonical representation of a Markov sequence
then (A, B, C) satisfies property P.
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Proof. Suppose (A, B, C) does not satisfy property 79. Then by observability
there is some i I(4) (i.e., so that the ith row ,4 of jt is zero) so that

but

N ker (CjAl) {0},
ex(.,,t)

/--0,...,n--

(9) ker (CAZ) c f
/=0,...,n-1 /=0,...,n-1

ker(CjA).

Since A 0 then C(AdB) 0 for all j, so in particular,

Ci ( B AB A2B

The pair (A, B) is controllable so

( B AB A2B

An-IB =0.

A’-IB

has full row rank. Thus Ci 0, contradicting (9). So property 79 indeed holds. [:]

LEMMA 4.15. If (A, B, C) is a triple satisfying property 79, then the sign-linear
system (A, B, C)s is final-state observable.

Proof. First suppose E.-- (A, B, C)s is a discrete-time sign-linear system. Perform
a change of variables in the state space. Let

z=T-lx= ( zl )z2

where T Gl(n) is chosen so that

T_IAT= ( A1 0 )0 A
with A1 of size nl n nilpotent and A2 of size n2 n2 nonsingular. (This can be
done, for instance, by first putting A in real canonical form and then reordering the
blocks so that the blocks corresponding to 0 eigenvalues come first.) Then

y sign (CTz)

can be written as

and we can also write

y=sign [( C C2 )z],

T-B
B2

Since (A, C) is an observable pair, the n columns of

C C C
CA C1A1 C2A2

Cn-I C1Ar-1 C2Ar-1
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are linearly independent. As T-1 is an invertible matrix, both (A1, C1) and (A2, C2)
must be observable pairs. Property P implies that the subset of outputs indexed by
1(,4) allows observability of the pair (A, C). Then the outputs indexed by 1(,4) also
allow observability of the pair (A2, C2). We know that 4 0 for E 1(,4). Since A1
is nilpotent, after n + 1 steps the output sequence looks like

n-Isign (C2A2 z2 + Aun+ +.." + 4n+lUl),
n+2sign (C2A2 z2 -" AlUn+2 2_...

__
An+2Ul),

Now we have (A2, C2) is an observable pair, det A2 0, and

q--0,...,n2--

ker ((C2)jA)

where ,4 0 for E 1(,4). Now using Remark 3.3, we may always choose appropriate
controls to distinguish any distinct z2 and 52. Also, z goes to zero (in less than n
time steps). So the system is final-state observable.

For a continuous-time sign-linear system, (A, B, C)s, property 7 alone im-
plies that the system is observable, by Lemma 3.5. Hence, E is also final-state ob-
servable. (Observability and final-state observability are equivalent in continuous-
time.)

THEOREM 4.16.
1. If a sign-linear realization is controllable and observable then it is minimal.
2. If it is minimal then it is controllable and final-state observable.
3. Any two minimal sign-linear realizations are sign-similar.

Proof. 1. If the sign-linear system (A, B, C)s is controllable and observable then
in particular the triple (A, B, C) is canonical so the sign-linear system is minimal by
Lemma 4.11.

2. If the system E (A, B, C)s is minimal, then the triple (A, B, C) is canonical.
If A 0, then the minimal realization has dimension 0 and is trivially final-state
observable. So now assume that we are dealing with dimension n > 0. We know
that the triple (n, B, C) is canonical, so it satisfies property P (Lemma 4.14). Next,
applying Lemma 4.15, we conclude that E (A, B, C) is final-state observable.

3. Given two minimal realizations (A,B, C)s and (,/, (), of a sign-linear
map a, with Markov sequence ,4, we must show that they are sign-similar. The
corresponding triples (A,B, C) and (.,/, () represent Markov sequences jt and
42, respectively, which are both sign-equivalent to A (Corollary 4.9). That is, we
have scaling matrices A1, A2 satisfying

A AA1, A A2A2.

Since the sign-linear realizations are minimal, the linear representations are canoni-
cal (Lemma 4.11). Since A1 and A2 have full rank, this implies that (A,AC) and
(fi-, A2) are also observable pairs. Thus, (A, B, AC) and (,/, A2C) are both
canonical linear representations of the same Markov sequence ,4. By [12], Thin.
20, they must be similar, i.e., there exists some T Gl(n) so that T-1AT .,
T-1B-- , and AICT-- i2. Thus (A,B, C)s and (,/},) are sign-similar, with
T as above and scaling matrix A A-IA2. [:]

The rank of ,4 {1,-1, 1,-1,...} from Example 4.3, is 1, which is clearly finite.
The triple A -1, B 1, C 1 is a realization of the i/o map a, which is
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controllable and observable; hence it is minimal. An example of a nonminimal sign-
linear realization of the same a is

0 0
B=

1 C=(1 0).

In this case (A, B) is a controllable pair, but (A, C) is not an observable pair.

4.. Counterexamples. Note that the converses of parts 1 and 2 of Theo-
rem 4.16 are not true for discrete-time systems. If a sign-linear system is minimal, it
is not necessarily observable. For example, the system with x+ u and y sign (x)
is minimal, but A 0 so it is not observable. Also, a system may be final-state
observable, and yet not be minimal. For example,

0) (1)0 1
x + 1 u,

y-sign[( 0 1 )x]
is final-state observable. After k steps (for any k >_ 1) any state (Xl,X2) ends up
at (uk, x2) and x2 can be identified. However, (A, C) is not an observable pair. If
this system would be minimal, then the corresponding triple would be canonical by
Lemma 4.11. But then (A, C) would have to be an observable pair. The minimal
system for this i/o map is one of dimension 1, namely, x+ x + u, y sign (x).

5. Canonical realizations of sign-linear i/o maps. We noted that for sign-
linear systems (unlike for linear systems) it is not true that a system is minimal if
and only if it is canonical. The problem is that a minimal discrete-time sign-linear
system may have det A 0, in which case it is not observable (Theorem 3.4). We may
then ask--what is the canonical realization of a minimal sign-linear system which is
guaranteed to exist by abstract realization theory ([12, 5.8])? The answer, for p- 1,
is that for any a realizable by a sign-linear system, there exists a canonical (reachable
and observable) system that realizes c, where 3 is in the form of a cascade of a
sign-linear system and shift registers. (In the general case, p > 1, the result has to be
modified: we can only conclude that there is a system of this cascade form in which
the minimal system may be embedded.)

We know there exists some canonical realization. We need only to show that there
is a canonical realization of the form described above. Next we sketch the construction
for the single-output case (p 1). First find a minimal sign-linear realization E of a.
Then we know (A, B, C) is a canonical triple and satisfies property P (Lemmas 4.11
and 4.14). Perform a change of variables in the state space so that A has the form

0
0 A2 )

with A1 an nl x rtl invertible matrix and A2 an n2 x n2 nilpotent matrix. (Note that
if E is already observable, then A is invertible and there is no A. This E is already
in the canonical form we are looking for.) Now the system equations have the form

X+l AlXl -I- Bl"a,

x+2 A2x2 + B2u,
y sign (ClXl + C2x2).
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From now on, assume E has the form described above. Let be the relative
degree of the system and := min{,n2}. Let E be the discrete-time system with
state space IR’-t {-1, 0, 1}4, and system equations

(10) + F + Gu,

+ sign (n-z
2+ 1,

where (F, G)= (A1,B1) when l= n2, and when < n2,

A1 0 O)F= CIA 0 0 G=
0 I 0

B1
.An
An2-1

A+
and I is the identity matrix of size n2 -l- 1. (When n2 1, there is no "I" part.)
This can be seen as a cascade of a sign-linear system and shift registers.

LEMMA 5.1. The system is the observable reduction of E.
Proof. First we show that two states x and z are indistinguishable for E if and

only if

(11)

(12)

(13)

Xl Zl

CA’.-x CAn2-z

CA+Ix CAZ+z
CA x CA z

sign(CAt-x) sign (CAt-lz)

sign (Cx) sign (Cz).
In the case n2, we have only (11) and (13). Suppose all equalities hold. Since <
relative degree, the first output terms for E are independent of the control Then
the last equalities imply that the first output terms coincide for x and z, for any
input Equations (12) imply that actually the first n2 output terms coincide for x
and z.

The remaining outputs only involve the first n components of the state because
of the nilpotency of A2. So if Xl z, then we see that all the remaining output
terms are equal for initial states x and z. Thus, x and z are indistinguishable.

On the other hand, if x, z are indistinguishable, then using any control sequence,
the outputs for the two initial states are always equal. In particular, the first output
terms are independent of the control so we obtain the last equalities directly. For
equalities (12) (in the case < n2) look at the next n2 output terms. If

CAkx 7 CAkz, for some _< k < n2 1,
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then property :P and Remark 3.3 would imply that there is some control that would
cause the kth output to be different for x, z, contradicting indistinguishability. Thus,
those equalities hold too. Finally, for (11), we may focus on the output terms y(k) for
k _> n2. Indistinguishability implies that in particular, for the 0 control, all output
terms are equal. Then CAkxl CAkz for all k _> n2. But (A, C) is an observable
pair and detA 0 so this implies x zl.

Now consider the mapping " ]Rn -- lRn-z {-1, 0, 1} given by (x) (, ),
where

Xl
CAn-x

lR_t,=
CAx

sign (CAt-ix)

= e {-1,0,1}
sign (CAx)
sign (Cx)

and x if n2. We just proved that x and z are indistinguishable if and
only if (x) (z). To show that the map is onto, we must show that for any
(, ) e ]Rn-I {-1, 0, 1}t, there is some x e so that (x) (, ). Since (A, C)
is an observable pair, (A2, C2) is also an observable pair. Thus, we may let x be the
first n components of and x2 the solution to

C2A2
X2

(’ n/l C1A-lxl

n-t CAlXl
1 -CIA-lXl

l ClXl )

Then clearly, (x) (, ). Furthermore, it is easy to verify that commutes with
the dynamics of E so it is a system morphism in the sense of [12], 5.8.

LEMMA 5.2. The system E is reachable and observable and realizes the same i/o
behavior as E.

Proof. Since ] is the observable reduction of E, and E is reachable, [12, Lemma
5.8.3] implies that is both reachable and observable with the same input/output
behavior as E.

Example 5.3. Let E be the system with state space ]R2 and

Xl+ --U,

X2+ X2 " U,

y sign (X + x2).

Then E is minimal. But this sign-linear system is not observable, since det A 0.
Perform a change of variables in the state space so that the A matrix is in the form
discussed above. In the new coordinates, (Zl, z2), the equations take the form

Zl+ Zl
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Z2+ U

y sign (-zl -t- z2).

The Markov sequenc_e is ,4 (2, 1, 1, 1,...}, n2 1, relative~degree 1, so 1.
The state space for E is IR (-1, 0, 1} and the equations for E are

+ =-u,
+ sign ( + 2u),
r=.

This system is reachable and observable.

6. Sampling. In this section we make some remarks about the time-sampling
of sign-linear systems. This is the process of replacing a given continuous-time sign-
linear system by the discrete-time one that results when only piecewise constant inputs
(with a fixed sampling time) are used. The results in this section can be used to obtain
the continuous-time results of Theorem 3.5 as a consequence of those of Theorem 3.4,
and they clarify the differences between the two types of results, in particular, the
fact that invertibility of the A matrix is not needed in the continuous-time case.

Remark 6.1. Suppose that (A, B, C) has property P. Then the continuous-time
sign-linear system (A, B, C)s is observable.

Proof. We will prove this by studying the associated sampled system. Using
the notations and terminology in [12, 2.10], for each 5 > 0, the 5-sampled system
corresponding to E is

x Fx + Gu,Y" y sign(Cx),

where F e5A G A(e)B, and A() f: e(5-s)Ad8. We want to show that there is a
5 > 0 so that if (A, B, C) has property P then the 5-sampled system satisfies condition
2 of Theorem 3.4. If this is true then the sampled system would be observable (clearly
det e5A 7 0). Hence, N is observable using only piecewise constant controls that are
constant on intervals of length 5, and the result is proved.

Apply Kalman’s sampling theorem (see [12, Prop. 5.2.11]), to the pair (A, )
obtained by dropping the rows of C not in I(4). For any 5 satisfying

(14) 5(ik #) 2rik, k +/-1, +2, +/-3,...,

for every two eigenvalues , # of A, we have that

N ker (Cj(eeA)q) {0}.
e(t)

q=0,...,n-1

What is left is to show that

(A) (A),

where 4 is the Markov sequence of (eeA, A(5)B,C). Note that I(.4e) C_ I(jt) is
always true for any 5, so the other inclusion is the interesting one. We will prove
that if the kth row 4k of j[ is nonzero then the kth row jt of Jte is nonzero for all
5 satisfying (14). This will be done by showing the stronger result that ,4k and 4k

have the same Hankel rank.



LINEAR SYSTEMS WITH SIGN-OBSERVATIONS 1265

Fix a k E I(,4). By restricting our attention to the linear system described by
(A,B, Ck), whose Markov sequence is 4k and sampled-Markov sequence is jt, we
may, and will, assume without loss of generality that 4 is a sequence with p 1
and C has only one row. Thus we need to show that if Jt is a Markov sequence with
p 1 represented by the triple (A,B, C) and if satisfies (14) then ,4, the Markov
sequence of (eA, A()B, C), has the same Hankel rank as A.

So let ,A,,4 and (A, B, C) be as described. Next define a sequence jt() as
follows. If

o ti_
g(t) E4 (i-1)--’

i--1

then the output function for E (A, B, C) is y(t) f K(t- s)u(s)ds. If we restrict
to sampled controls of length 5, then

K(15- s)ds] Uj+l.

Letting

K(lh s)ds, j O, 1,2,...

we get

1-1

y(l) E’A)j+l"
j=o

Look at any linear representation of the Markov sequence A. Take the &sampled
system for that representation. The Markov sequence for the 5-sampled system is
Jt(e). In particular, applied to the given triple (A, B, C), this means that

A() A.
Take now a canonical representation (Ac, Bc, C) ofA of dimension n. Its eigenvalues,
i.e., the eigenvalues of the matrix A, are among the eigenvalues of the (possibly non-

canonical) original triple (A,B, C). Thus, 5 also satisfies 5(A- #) : 2rik, k
+/-1,+/-2,+/-3,..., for any two eigenvalues A and # of A. Then controllability and
observability of (Ac, B, C) are preserved by sampling at this 5; and thus the sampled
triple (eeAc, (AC)(e)B, C) is itself canonical and is a linear representation of jt5
,4(e). The rank of a Markov sequence is equal to the dimension of a canonical linear
representation of that sequence ([12, Cor. 5.5.7]). Therefore,

rank A(e) nc rank

as desired.
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Abstract. The purpose of this paper is to study static symmetries in linear time-invariant dif-
ferential dynamical systems. The main result is a representation theorem which brings the symmetry
strongly into evidence. This result is then applied to a number of examples involving permutations
and rotations. We close by proving a general result on the representation of compact groups on the
ring of unimodular polynomial matrices.

Key words, linear systems, symmetry, representations, canonical forms, group representations,
permutations, rotations
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1. Introduction. Symmetry is a very appealing concept in many scientific en-
deavors. It plays a major role particularly in physics and in chemistry (for example,
in crystallography). It has also been extensively studied in the classical theory of
dynamical systems. A salient result in this area is Noether’s theorem showing the
equivalence of symmetries and conservation laws in Hamiltonian dynamics.

Also, many control problems will exhibit symmetry. For example, it is of interest
to ascertain if a platform suspended on four pivots with a 90 rotation symmetry can
be adequately stabilized by a control mechanism that also has this symmetry. Many
mechanical systems will have a rotation symmetry, and an analogous question occurs
in this case. A classical control problem that .can be viewed as a symmetry question is
whether an optimal controller for a time-invariant system will itself be time-invariant.

Although some interesting work has been done on symmetry questions in control,
it is not a standard problem area. Notable contributions are the papers by Hazewinkel
and Martin [5], [6] and Martin [8] motivated by certain questions related to the stabi-
lization of linear systems by means of symmetric feedback control laws. Other places
in control where symmetry problems have been studied are [1], [4], [11]-[13]. These
authors are mainly concerned with nonlinear systems.

The purpose of the present paper is a fundamental study of symmetry in the
context of linear systems described by differential equations. We will mainly consider
representation questions. In a later paper, we plan to apply these results to control
problems. The mathematical formulation follows the setting proposed in [14]. In a
sense, the paper is a sequel to [2], where an elegant representation result has been
obtained for time-reversible systems (cf. Theorem 2). In the present paper, we will
study static symmetries and apply the representation results obtained especially to
systems that are invariant under permutations or under rotations.

In an essential way, the paper uses the theory of group representations, a rather
abstract area of mathematics whose original motivation lies very much in various
aspects of symmetry. For an introduction to the theory of group representations,
refer to [9].
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We close this introduction with a few words about notation and nomenclature.
Throughout, ]K will denote R or C. Some of our results will be rather different

for R and for (. ]Ks denotes the n-dimensional (column) vectors over ]K, and
denotes the matrices over ]K with n rows and n2 columns. We will always consider
vectors as columns and occasionally write the n-column vector x in term of its com-

ponents as col(xl,x2,... ,x). A composite matrix will be written as M-- [MliM2],
and so forth; diag(m,m2,..., mn) denotes then n n diagonal matrix with (i, i)th
element mi. A similar notation will be used for block diagonal matrices. The deter-
minant of a matrix is denoted as det.

Let f A B. For A C A, the restriction of f to A will be denoted as f
The map that identifies an element of A C A with the same element in A will be
called the canonical injection, ker means kernel, and im means image. The set of
infinitely differentiable maps from A to B will be denoted as C (A; B).

The set of polynomial matrices over ]K with n rows and n2 columns in the
indeterminate s will be denoted by ]KTM n[s]; ]K[s] denotes the set of polynomial
matrices with n columns and any (of course, finite) number of rows. An element
R E]KTM n2[s] is said to be of full row rank if it contains a n n submatrix with
determinant nonzero. We will denote the set of full row rank elements of ]K n Is] by

n ]k,-o x n2]K;rx Is]; of Ern[zs] denotes the elements of "Ir Is] with nl rows.
Let 7 be a ring with an identity. An element U E 7 is said to be unimodular

if there exists U- 7 such that UU- U-U is equal to the identity. The
unimodular elements of T clearly form a multiplicative group, called the group of
units of 7. The set of n n matrices over 7 also forms a ring. Its group of units
will be denoted by GL(n, T). The following two examples will be very important to
us throughout the paper.

1. GL(n, ]K), the set of nonsingular elements of
2. GL(n, ]K[s]), the set of unimodular (n n) polynomial matrices. Thus V

]Kx’[s] belongs to GL(n, ]K[s]) if and only if its determinant is nonzero and belongs
to ]K, i.e., if it is a nonzero constant.

The set of isomorphisms on the vector space V is denoted by GL(V). Thus,
by considering the matrix representation of elements of GL(]Kn) with respect to the
standard basis, GL(E") GL(n, E). As such, we will not make a distinction between
these two sets and use GL(E") even where it may be more natural to write GL(n, K).

Let M be a set. A parametrization (P, r) of M consists of a set P and a surjective
map r P -- M. The set P is called the parameter space. Typically, M is an abstract
set, while P consists of concrete objects (as matrices or polynomial matrices--in which
case, we refer to a matrix parametrization or a polynomial matrix parametrization
of M). Note that r is surjective but not necessarily bijective. If r is a bijection, we
will call the parametrization trim. In any case, the map r P M leads to the
equivalence relation E on P defined by (plEp2):= (r(pl) r(p2)). This equivalence
relation leads to canonical forms and to invariants. A subset Pc c_ P will be called a
canonical form for the parametrization (P, r) if r(Pc) M, i.e., if (Pc, r IRe) is also
parametrization of M. It is a trim canonical form if r ]Pc" Pc --* M is a bijection.

2. Differential dynamical systems. Following the terminology explained in
[15], we will define a dynamical system to consist of a triple, (, W, B), with
a subset of R, called the time axis; W a set called the signal space; and B a subset

of Wv(:= all maps from 1" to W), called the behavior. Thus the behavior consists of
given family of trajectories w 1" -- R.
We will consider continuous-time dynamical systems with time axis l" ]I( and
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with signal space W ]Kq, with ]K (the real case) or ]K C (the complex case).
We will treat both cases in parallel. As we will see, there are distinct advantages,
stemming from the theory of group representations, not to limit attention to the
real case, although, admittedly, it is the real case that is of interest in applications.
However, in 7.4 we see that rotation symmetries actually lead to complex systems!

The dynamical system E (l, ]Kq, B) is said to be linear if B is a linear subspace
of (]q)ll (the set of all maps from to ]q) and time-invariant if atB B for all
t E l; a denotes the backward t-shift (specifically, for f ]Kq and t E ,
atf: ]K is defined by (atf)(t’) := f(t + t’)).

In the present paper, we study behaviors B that are the solution set of a system
of constant coefficient linear differential equations

(1) R w=O

defined in terms of a polynomial matrix R ]K[s].
formally defined as follows:

The solution set of (1) is

0 for all t R}.
The assumption that w is infinitely differentiable is used mainly for convenience. The
results may be generalized without difficulty to the case that B also allows locally
integrable functions, or distributions. However, for the purposes of the present paper,
the smoothness assumption simplifies the analysis somewhat. In other applications,
the C assumption may be very awkward.

The class of dynamical systems studied in this paper consists of those whose
behavior is the kernel of a constant coefficient linear differential operator (with, for
R e ]Pq[8], R(d/dt) viewed as a map from C(;Kq) to C(;KP)). We will
denote this class of dynamical systems as : and refer to its elements as differential
dynamical systems.

The above shows that (]K’q[s], ) is a parametrization of /:q with for R
]K’q[s], r(R) := (I,]Ka, ker R(d/dt)). This induces the equivalence relation on
R’a[s] defined by (R1 R2) := (r(R1) r(R2)). Note, in fact, that r is not
injective. Indeed, if R e ]KPq[s] and U e GL(p,]K[s]) (thus U is unimodular), then
clearly UR R.

We will call the system of differential equations (1) or, equivalently, R, a behavioral
equation representation of r(R); (1) or, equivalently, R is called a minimal (behavioral
equation) representation of r(R)if (R e KPlq[8], R e Pq[8], and R R)
implies (p _> p). Let E a and let R be a minimal behavioral equation of E.
Obviously, the number of rows of R E ]K a Is] will depend only on E but not on the
particular minimal representation R of E. We will denote the number of rows of R by
p(E). Actually, p(E) is equal to the number of output variables in any input/output
representation of E (see [10]).

The following characterization of minimal representations will play an important
role throughout the paper.

xq ][. x qPROPOSITION 1. (1) is minimal if and only if R fr Is] (that is, R e Is]
is of full row rank). Moreover, if (1) is minimal and if R1 e ’q[s], then (R
R and R1 is also minimal = (RI and R both belong to ]KP(E)q[s], and there exists
a V e GL(p(E), ]K[s]) such that R UR). Finally, this U is unique.

Proof. For the proof, see [10]. [:l
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This proposition implies that all minimal representations may be obtained from
one by acting (as premultiplication) with the unimodular group. The freedom that
this implies on the representations of a given dynamical system in terms of (minimal)
behavioral equations will allow us to choose R’s in (1) that have an appealing form,
reflecting symmetries.

3. Symmetric systems. The purpose of this paper is to study symmetries of
dynamical systems in :q. A symmetry is induced by a transformation group, the
basic idea being that we have a group of transformations mapping a dynamical system
F (R, Kq, B) E/:q into another such dynamical system. If this transformation does
not change , then we will call F symmetric. We will now formalize this.

3.1. Transformation groups. Let S be a set and G be a group. Let T be a

map from G into the group of bijections on S. We will denote the T-image of g E G by
Ta. Then T is said to be a transformation group on S if T is a group homomorphism,
that is, if Talg Tal Tao (The multiplication gig2 refers to the multiplication in
the group G, while TalTa refers to composition of maps on S.) For s S, the set
O8 :- (s’ S 3g G such that s’ Tas} is called the orbit through s. It is
easily seen that, for sl, s2 S, either Osl O8:, or Osl NOs. q}, the first situation
occuring if and only if s2 E O81. The collection of orbits (08 s S} hence defines a
partition of S and thus an equivalence relation on S.

3.2. Symmetries. Let T be a transformation group on Eq. We will call the
dynamical system F Fq, T-symmetric if Ta F for all g G. Thus, for a
symmetric element , the orbit O is equal to the singleton

Let us now consider a few examples of symmetries on q.
Example 1 (time-invariance). Let G R and define, for F (R,

as TaF (JR, ]Kq, caB) (with ag the backward g-shift). It is easy to see that
for all g E R, and hence all elements of/q are symmetric in this sense. It is this
symmetry that we call time-invariance. It formalizes the fact that the laws governing
a dynamical system do not depend explicitly on time.

Example 2 (time-reversibility). Many examples of symmetries involve the group
consisting of only two elements, G (1, g}, 1 g g- 1. Then Tg (Tg)- 1; i.e. Tg is
an involution. Define, for Z q, TaF as TaF :-- (JR, ]q, rev B) with for
revw: ]R ]Rq, the time-reverse of defined by (rev w) (t) :-- w(-t). This F will
be symmetric with respect to this transformation group if and only if B rev B.
This symmetry is called time-reversibility. It expresses the fact that the system looks
identical when viewed backward in time. We have studied this symmetry in detail in
[2] and will return to it later in this paper.

3.3. Static symmetries. Let T be a transformation group acting on ]q; T
induces a symmetry on :q by defining for F (JR, Kq, B) -.q, Ta as TaF :--
(JR, ]I(q, TaB) with TaB := {w: R - Rq Iw’: ]R -- ]Kq such that w(t)= Taw’(t for
all t JR}. Note that, by a minor abuse of notation, we use the same symbol Ta as
acting on q, on B, and on ]Kq. Thus E is symmetric in this sense if w B implies

Taw B for all g G. Since Ta transforms the trajectories w in B by applying
the memoryless map Ta (that is, since it transforms trajectories w in a nondynamic
way), we will call such a symmetry a static symmetry. In fact, we will be particularly
interested in the case where Tg is linear for all g G. Such transformation groups
are the subject of the theory of group representations. It is customary to denote T
by p in that case.
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3.4. Group representations. Let V be a vector space over the field IK. A
group homomorphism p" G - GL(V) is said to be a (linear) representation of the
group G on V. If V is finite-dimensional, then the representation is called finite-
dimensional, and the dimension of V as a vector space is called the order of the
representation. In particular, if V is n-dimensional and if we represent elements of
GL(V) as matrices with respect to a fixed basis on V, then a representation of G will
correspond to each element of the group G, a nonsingular (n n) matrix over ]K such
that group multiplication goes over in multiplication of matrices. In particular, the
identity matrix will correspond to the unit element in G.

Example 3 (permutations). As a specific example of a static symmetry, let Sq
denote the group of permutations of q elements. This group is called the symmet-
ric group; it is a finite group consisting of q! elements. Now consider the map p
Sq GL(q), which associates with the permutation g’{1, 2,..., q} --* {1, 2,..., q}
the linear bijection on ]Kq that takes the vector col(Xl,X2,...,Xq) into the vector
col(xg(1),xg(2),...,xg(q)). Clearly, p defines a representation of Sq on ]Kq. Thus
p in this case maps onto the group of q q permutation matrices. A dynamical
system E (I,Kq, B) will be symmetric in the sense of the static symmetry in-
duced by this representation of Sq, provided that w col (wl,w2,...,wq) E B if

’) e B with (w w, w) any permutation ofand only if w’ col (Wl w2, wq

(wl, w2,..., wq). We can think of this symmetry as occurring when E models the dy-
namics of the positions of q identical particles on the line: feasible motions will remain
feasible motions after we interchange the positions of the particles. More meaningful
symmetries as representations of Sq (involving particles in the plane or in 3-space),
or of subgroups of Sq, will be considered later.

Let p" G --. GL(V) be a representation of G on V, with V a finite-dimensional
vector space over ]K. Throughout this paper, we will assume that G is either finite or
compact. In the compact case, G is assumed to be a compact Hausdorff topological
space with the group multiplication and the inverse continuous maps. A representa-
tion p" G GL(V) is then always assumed to be continuous.

A subspace V C_ V is said to be invariant if pgV C_ V for all g G. The
representation p is said to be irreducible if its only invariant subspaces are V and {0}.
When V is invariant, then pyl, defined by pyl. G --. GL(VI) with pgy .= pg Iy, yields
another finite-dimensional representation of G ply is called a subrepresentation. It is
a standard result form the theory of group representations that, if G is compact, then
a finite-dimensional subrepresentation can be written as the direct sum of irreducible
representations.

Let p G -. GL(V) and p2 G -- GL(V2) be two finite-dimensional repre-
sentations of the same group G. Then they are said to be isomorphic if V and V2
have the same dimension and if there exists an isomorphism S V V2 such that
2 SpgS-1 for all g G. Isomorphism of pl and p2 will be denoted by p p2. IfPg
p is not isomorphic to P2, then p and p2 are said to be distinct.

Thus the above implies that a representation p admits a decomposition of the
following type:

p - mpl m2p2 mkpk,

where P’"Pk are distinct irreducible representation and where

mj --mes
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Example 3 (continued). Recall that Sq denotes the group of permutations of q
elements. It is a finite group containing q! elements. The irreducible representations
of Sq have been studied in much detail in the literature. However, we will need only
two of them. Consider the following representations of Sq:

1. The identity representation, Pl Sq --+ GL(]K) with pl,g 1 for all g ESq.
This representation is of order 1 and hence irreducible;

2. The representation p2 defined as follows. Let V be the subspace of ]Kq con-
., -=i xi 0. Let Sq act on V bysisting of those vectors col (xi, x2,.. xq) such that q

p2,gcol (Xl,X2,... ,xq) :-- col (xg(1),xa(2),... ,Xg(q)). It is easy to prove that p2 defines
an irreducible representation of Sq. Since dim V q- 1, its order is q- 1.

Let p Sq Gg.(Kq) be the representation of Sq introduced in Example 3:
pgCOl(Xl,X2,...,Xq) :-" col(Xg(1),Xg(2),...,Xg(q)). Write ]Kq Vi @ V2 with V1
(col(xl,x2,... ,xq) e ]Kq Ix1 x2 xq} and V2 (col(xl,x2,... ,xq) e ]Kq

x - x2 /... + Xq 0. Clearly, V1 and V2 are p-invariant subspaces, pyl p and
pv. p2. Hence, in this case, the decomposition of p in terms of the irreducible
representations of Sq becomes p p @ p2. (We hence have m m2 1, while all
the other mi’s are zero. Furthermore, nl 1 and n2 q- 1.)

4. Representation questions for symmetric systems. Assume that p G --.
GL(]q) is a representation of the group G on ]Iq and assume that (R, Ilia, B) e q
is symmetric in the sense of the static symmetry induced by this representation.
The problem studied in this paper is the following: Can this symmetry be put into
evidence by an appropriate behavioral equation representation of as (1), in which the
polynomial matrix R is such that this static symmetry becomes evident? Otherwise
stated, we want to come up with a parametrization, with a canonical .form for the
behavioral equations of systems with a static symmetry.

To give an example of the type of results that we seek, we repeat the main result
of [2]. This result involves time-reversibility, which, it should be noted, is not a static
symmetry.

THEOREM 2. E .q i8 time-reversible if and only if it allows a minimal behav-
ioral equation representation (1) with R(s) JR(-s) with J a matrix of the type

j_[I1 0 ]0 -I.

where Ii and I2 are identity matrices.
Observe that R(s) JR(-s) is equivalent to stating that (1) consists of a number

of scalar differential equations, some of which contain only even-order derivatives,
while the others contain only odd-order derivatives. If the equations in (1) are indeed
of this form, then time-reversibility is obvious. Note, in particular, that time-reversible
systems cannot always be represented by differential equations containing only even-
order derivatives. (Actually, any representation as obtained in Theorem 2 will have
the dimension of I and I2 as invariants.)

While this paper is only concerned with static symmetries, it is worthwhile not-
ing that it is possible to view also reciprocity, a much-studied property of electrical
networks [17], as a (dynamic) symmetry.

5. The main result. Assume in this section that p G GL(Eq) is a given
representation of a compact group G on ]Kq. Then p defines a static symmetry on q
as described in 3.4; X] (R, ]Kq, B) E :q is thus p-symmetric if and only if pgB B
for all g G.
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Let (1) be a minimal representation for such a p-symmetric E/:q. It then follows
immediately from Proposition 1 that, for each g E G, there will exist a unimodular
polynomial matrix Ug(s) such that R(s)pg Ug(s)R(s). Our main result tells us that
R can be chosen such that Ug(s) is a constant nonsingular matrix, thus independent
of s!

THEOREM 3. Let p G - GL(Kq) be a representation of the compact group G
on ]Kq. ,q is p-symmetric if and only if there exists a minimal representation
R(d/dt)w 0 of and a representation p’ G --. GL(Kp()) of the group G on KP()
such that

for all g G. Moreover, p’ will be isomorphic to a subrepresentation of p.
Proof. To prove the "if" part, assume that R(s)pg pgR(s). Then, since

pa is an invertible matrix (hence a unimodular polynomial matrix), ker R(d/dt)
ker R(d/dt)pg. Hence pgB B for all g G; p-symmetry follows. As a general
feature of the type of representation results that we seek, note that also here (as in
Theorem 2) the "it’ is immediate: if R(s)pg pgR(s) for all g e G, then p-symmetry
of (1) is basically immediate. The converse however is more difficult.

The "only if" part is based on Theorems 4 and 5 and will be proved later.
To see that p’ is isomorphic to a subrepresentation of p, pick an element A E R

such that R(A) has full row rank p(E). Since R is minimal and hence of full row rank
as a polynomial matrix, such a A K exists. Now observe that R(A)p pR(A)
for all g G. Let N :- ker R(A). Obviously, N is p-invariant. Hence there exists
a linear subspace M of K such that M is p-invariant and Kq N @ M. Therefore
R(A) [M P [M pR(A) [M. Since R(A) [M is a bijection, this shows that p’ is

isomorphic to the subrepresentation pM of p. D

6. Canonical forms for symmetric systems. We will now show that estab-
lishing Theorem 3 is equivalent to establishing the existence of a very nice explicit
canonical forms for symmetric systems. At this point, it becomes necessary to treat
the complex case (K--C) and the real case (K- ) separately.

6.1. Complex systems. The representations p: G GL(Cq) and p G
GL(Cp()) obtained in 5 can be decomposed in terms of irreducible ones as

p - mlPl m2P2 ( mkPk,

01
Since p is isomorphic to a subrepresentation of p, it follows that the integers m Z+
satisfy

<_ i-1,2, k0 <_ mi mi,

The above decomposition of p implies that there exists a nonsingular matrix
V E Cax q such that

VpgV-1 -diag (mlpl,,..., mkpk,g) --: g,
where

mipi,g := diag (pi,g,..., pi,g).
mi--times
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Proceeding in a similar manner for p’, we obtain a nonsingular matrix V’ E
Cv() xv() such that

?T,v ~v(mlp,, ..., p )=:m2P2,g, ,g Pg

Note that applying the nonsingular transformation V corresponds to changing the
signal variables in 5] (JR, Ca, B) from w IR --, Ca to @ ]R Ca with @(t) := Vw(t);
in other words, it corresponds to choosing a convenient basis in the signal space Cq.
We will call such a basis a p-adapted basis, and the corresponding coordinates p-
adapted coordinates (these are sometimes called normal coordinates). On the other
hand, premultiplying R in (1) by nonsingular matrix V’ corresponds to choosing a
convenient basis in the equation space Cp(). By Proposition 1, this does not change
the behavior, and hence we can always assume that we are using such a basis on the
equation space.

Now, assume that p and p’ satisfy the conditions of Theorem 3. It follows thus
that in a p-adapted basis the system (R, cq, B) E q will admit a minimal
representation

(2) R =0,

where/ e Cv() x [s] satisfies

(3) () ().
Now partition/ conformably as and ’, yielding

(4) ()

/lk (8)

R(s)

m!Then (3) implies that [ij(s)mjpj ipiRij(s). By the Schur lemma [9], these
equalities imply the following strong conclusions about/:

(5) R=0 fori#j

and

ii(s)

11 (8)Ini ,’12(8)In lm,

where ni is the order of the representation pi. In the Kronecker product notation,/ii
may be written as

where

lii(s) Ai(s)(R) In,

A(s)

"11 (8) ,12 (8) lm, (8)
() () ,()

,’m 1(8 ,’m2 (8)... ,,mmi(8)
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This proves that, for ]K C, Theorem 3 is equivalent to the following theorem.
THEOREM 4. Let G be a compact group and let p G -- GL(Cq) be a rep-

resentation of G on Cq. Assume that p - mlPl ) m2P2 (’" ( mkPk, with Pi
G GL(Cn), i 1, 2,..., k, distinct irreducible representations. Assume that
the basis in Cq is p-adapted (to emphazise this, we write the signal variables as Cv,
---col(I,CV2,...,Cvk) with R --. (Cn’)m’). Then (R, Cq, B) E .,q i8 p-

_
and polynomial matricessymmetric if and only if there exist mi Z+, 0

_
mi mi,

Ai Cf’ Is] such that admits a minimal representation

(7) Ai - (R)In, i=0, i=1,2,...,k.

Note that, from the above theorem, we may conclude that the p-adapted variables
z2,...,k are completely noninteracting!

6.2. Real systems. In the case (]K R) of systems with signal space ]1q, Theo-
rem 4 remains, of course, valid but may yield a representation (7) with complex coef-
ficients. However, in this case, we want to obtain differential equations in a canonical
form analogous to (7) but with real coefficients. The theory becomes more involved,
since the irreducible representations pi introduced in 6.1 are irreducible over C and
need not be real. In particular, Schur’s lemma in the form in which it was used in 6.1
would yield complex representations. Nevertheless, quite explicit results may also be
obtained now.

As it is shown in [9], a irreducible representation p G --. GL(Cn) can be of
real type, of complex type, or of quaternionic type; p is of real type if it is the com-
plexificatio of a real representation. Now, if p is an irreducible representation of
complex or of quaternionic type, then so will be its complex conjugate, p* (thus the
matrices pg and p are complex conjugates for all g G). By combining p @ p*, these
complex representations lead to real ones. All together, this leads to the following
decomposition of a real representation.

A real representation p: G G(Rq) of a compact group G admits a decompo-
sition

(Ha) p pa pc pn

with Pc, Pc, and PH referring to the further decomposition into irreducible represen-
tations of real, complex, or quaternionic type. These representations can indeed be
further decomposed as follows:

(8b) P mR,lPR,1 @ mR,2PR,2 @’" @ mR,kaPR,ka,

(8c) Pc mc,ipc, @ mc,2Pc,2 mc,kcPC,kc,

(8d)

with pa,i G - GL(R,) such that its complexification is irreducible over C; Pc,
G --. GL(R2nc,) such that the complexification of pc,i is isomorphic (over C) to
c,i @ ,i with c,i G - GL(Cnc,) irreducible over C; similarly, pn,i G
GL(Ran’’), pt,i , @, with 5[]," G GL(C2,’ also irreducible over C.
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The representations P,I,..., P,ka;/5c,1,...,/bC,kc; /,1’"""’ PC,kc; /1,1,...,
are the distinct irreducible representations of real, complex, and quaternionic type,
respectively, involved in the decomposition of p,

nR,1, nR,kR; nc,1, nC,kc; nil,l, H,kH,

their respective orders, and

mR,1, mR,kR; mc,1, , mC,kc; mH,1, mH,kn,

their respective multiplicities.
A real subrepresentation p of p will allow a similar representation as (8), but

with the analogous multiplicities mR,i, mtc,i and m, satisfying 0 <_ mtR, _< m,, 0 _<
m _< and 0c, mc,i n,i m,.

Now, assume that p and f satisfy the conditions of Theorem 3. Proceeding as
in the complex case, we obtain (in the analogous partition of/) that, in a basis
compatible with (8), E (I, q, B) E q will admit a (real) minimal representation
as (2) with (5) still satisfied. Hence the off-diagonal blocks of R will still be zero: the
components of will again be noninteracting.

However, Schur’s lemma allows us to conclude the simple form (6) for the diagonal
blocks of/ only for the diagonal_blocks corresponding to the real representations, the
p,i’s. The diagonal blocks of R corresponding to the pc,’s and the p[],’s will be
more complicated, and it is here that the difference between the real, complex, and
quaternionic type plays a role. To obtain a convenient form for the corresponding
diagonal blocks of R, we should choose the basis in the 2nc,,s such that Pc,i takes
the form

-Bc,i ](9a) Pc,i Bc,i Ac,i

and in the R4ns,,s such that P[],i takes the form

(9b) P,i

An,i -Bn,i -Cn,i -Dn,i
Bn,i An,i Dn,i -Cn,i
Cn,i -Dn,i AH,i Bn,i
Dn, Cn, -Bn,i An,i

It can be shown that there exists a (real) choice of the basis in q that is compatible
with the decomposition (8a) and in which the pc,i’s and the pn,i’s have the above
form. We will call such a basis choice real p-adapted.

Schur’s lemma then allows to conclude that in a real p-adapted basis in Ia and
in a real f-adapted basis in P() we will obtain a representation (2) with

(lOa) kij(s) 0 for i j

and

(lOb)

for the diagonal blocks corresponding to the p,i’s

[ ](lOc) (s)
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for the diagonal blocks corresponding to the pc,i’s, and

(lOd) lii(s)

for the diagonal blocks corresponding to the pn,i’s.
The notation may be further streamlined by using complex numbers in (9a) and

(10c) and quaternions in (95) and (10d). Coding a typical vector col(, 2C,i) (E

I2nc’i in (9a) as the complex vector 1 i, CUe,i,c,i / E ensures that multiplication

by (10c) corresponds to multiplication by the complex polynomial matrix (i(s) +
i[i(8)) (R) Ici Coding a typical vector n,i col( i, ?2 ~4

," n,i, ’’,i, w.,i)in (9b)as
the quaternionic vector ltt,i nt- i),i + .WN,i" ~3 -- k, ensures that multiplication by

(l0d) corresponds to_multiplication by the quaternionic polynomial matrix (Ai(s)+
iBi(s) + ji(s) + kDi(s)) (R) InH,i. For the multiplication rules for quaternions, see
Example 8 and 10.

In the following theorem, we assume that the real p-adapted basis has been
streamlined in this way. These considerations prove that, for IN N, Theorem 3
is equivalent to the following theorem.

THEOREM 5. Let G be a compact group and let p: G -- GL(]q) be a representa-
tion of G on lq. Assume that p is decomposed as (8) and that the basis in g(q is real
p-adapted. To emphasize this, we write the signal variables as (v,

col(, c, s),
ll COI(II,I,COR,2,... ,ff)R,kR) with

C col(c,l,,2,...,C,kc) with

col(tH,1, if;[],2, Cv,kH) with..o,

as explained in the preamble.
Then (, Rq, B) .q is p-symmetric if and only if there exist mn, Z+, 0 _<

m’ <_ m’ m’ <_ rn’ m’ <_ and,i m,i c,i g+, 0 _< c,i me# H,i Z+, 0 _< ,i
m Xmc,i m, XmH

polynomial matrices Ai e Nf,n,i x,,i [s], Ci e Cfc’i Is], Hi e ]H[fr ’[s] such
that P admits a minimal representation

(11)

d

d

1,2,...,k,

1,2,...,kc,

i- 1,2,..., kn.

7. Applications.

7.1. Permutation symmetries.
Example 4 (simple permutations). Our first class of examples all involve the

symmetric group Sq defined in Example 3, and we use the notation introduced there.
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Let us now apply Theorem 5 to a system F (ll, Rq, B) e q with p: Sq --. GL(Rq)
where pgcol(wl, w2,..., wq) :- ol(wg(1), wg(2),..., Wg(q)). We obtain a suitable p-
adapted basis by taking as new coordinates & :- Xav, Sc2 :- Ax2,...,q :-- Axq,
with Xav :-- (1/q)(x + X2 +’’"-t- Xq) and Axi xi Xav (i 1, 2,..., q). Clearly,
V {col(&,&2,... ,5:q) e ]Rq 12 :q O} and V2 {c0/(5:1,5:2,... ,q) e
]Rq &l 0}. Observe that both the representations p and P2 introduced in Example
3 are of real type. Hence the decomposition p p p2 applies to the real case. It
follows that, in terms of the notation of Theorem 5, mR,1 mR,2 1 and that all the
other multiplicities are zero. Furthermore, n,l 1 and nR,2 q- 1. Thus we must
consider the following choices of m’ ’s:R,i

mR, --mR,2-0
mR, 1; mR,2 0,
mR,1 0; mR,2 1,

mmR,1 R,2 1.

The first case corresponds to the trivial situation B C (JR, ]Rq). In the second
case, p-symmetry corresponds to a minimal representation of the form

ray - Wav O

with Way :-- (1/q)(w + w2 +"" + wq). This representation is determined by the
nonzero polynomial ray E R[s]. The third case yields

rA Awi O, i 2, q

with Awi :---- wi way. This representation is completely determined by the nonzero
polynomial ra E IRis]. Note that these equations imply the redundant equation
rA (d/dr)Awl 0, and hence, by letting the above equation range over i 1, 2,..., q,
we obtain an equivalent but not minimal representation. In the fourth case, we will
obtain one equation on Way and one on each of the Awi’s, and these equations are all
identical.

It is clear that, by allowing nonminimal representations, all four cases can be
captured in one. It follows that E :q will be p-symmetric in the case of these
simple permutations if and only if there exist (not necessarily nonzero) polynomials
ray R[s], rA R[S] such that is described by

ray Way O
d Arh(-) wi O, i=l 2,...,q

with Way :-- (1/q)(w +w2+"" "+wq) and Awi := wi-Wav. Hence a symmetric system
is governed by two equations. One equation governs the dynamics of the average
(consider it an equation governing the center of mass in the case of motion of identical
particles on the line). The second equation is identical for each of the components and
governs the dynamics of the distance from the average and is identical for each of the
components (consider this equation as governing the motion of the displacement of
the particle from the center of mass). Note that either one or both of these equations
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may be absent (when ray 0 and/or rh 0). The most important feature of the
above equations is the fact that the different variables wi interact only through their
average value. For an analogue nonlinear situation of this example, see [17].

Example 5 (permutations of identical subsystems with feature vectors). Next,
consider the system (R, (Rm)n,B) E _mn. Think of as modelling n identical
subsystems, each of which is described by m features. Thus w col(w1, w2,..., wn)
with each of the wi R R’, i 1, 2,..., n, where wi(t) Rm denotes the feature
vector of the ith subsystem at time t. In the case of the motion of n particles, this
feature vector could be the position of the particle in the plane (m 2) or in 3-space
(m 3), or we could consider each particle being described by a position and an
external force acting on it (thus m 2, 4, or 6, depending on whether these particles
are considered on the line, in the plane, or in 3-space).

Let p: Sn - GL((Rm)) act as follows:

pgcol(wl, w2,..., w) "= col(wg(), wa(2),..., wa()).

In this case, the decomposition of p into irreducible components leads to p
rap2 with p and p2 as in Example 3 or Example 4. The p-adapted basis may
now be chosen as follows. Define, for x col(xi,x2,...,xn) (Rm)n, Xav :=
(1/n)(xl + x2 +’’’ + Xn) and Axi := xi Xav. Represent x by the coordinate
vector col(xav,Ax2,...,Axn) and define V1 by Ax2 Axn 0 and V2 by
Xav 0. Then mp - p Iv1 and rap2 - p Iv2. The further decomposition of mp and
rap2 into their irreducible components is rather obvious but will not be given, since
it will not be needed in the following.

In terms of the notation of Theorem 5, we have mR,1 mR,2 m and ha,1
1, ha,2 n- 1 Thus we should consider all the cases where 0 < m’ m’ < mR,2 R,2
Proceeding exactly as in Example 4 we obtain that a system
will be p-symmetric if and only if there exist may, ma Z+ (we could, but need not,
restrict may and mA to be _< m) and polynomial matrices Ray ]mavxm[8] and
RA RmamIs] such that is described by

Ray - Way--O,

RA - Awi O, i --1, 2, n

with Way (1/n)(wl + w2 +"" + wn) and Awi :-- wi Way.

As a more specific example, consider a system of n identical particles in 3-space
with external forces. Such a system will hence be described by differential equations
of the form

d d
Pay (-) qav Qav (-) Fay,

Q

with qi the position of the ith particle, Fi the external force acting on it, and qav, Fay
defined in the obvious way. Thus the motion of the center of mass is governed by a
law involving the mean force, while the laws governing the motion of the displacement
from the center of mass involves the difference of the force acting on the particle and
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the mean force and is identical for each of the particles. In particular, the particles
interact only through the center of mass and the mean force.

Example 6 (permutations with two kinds of subsystems). Now consider the system

Think of as modelling n identical subsystems of one kind with each ml features
and n2 identical subsystems of a second kind each with m2 features.

Let p" S, S, GL((TM )n (m.)n.) act follows:

VV g W
Vt WVV

The decomposition of p into irreducible components now becomes p (m + m2)pl
mp m2p with p the identity representation and (ml + m2)pl p y with

XI II’, XII X Xnl, Xn2}Yl

rthermore, p and p are the analogues of what we denoted by p2 before: p
corresponds to the analogue of p2 an irreducible representation of Sn and p
corresponds to the analogue of p2 an irreducible representation of S,. Pr
ceeding before, Theorem 5 will show that is symmetric if and only if there
exist m=v,m,m e Z+ and polynomial matrices Ray e mavX(mzTm2)[8], R e
Rmxm, Is], and R Rmm: Is] such that is described by

-Wa =0, j= 1,2,...,n2.

This shows that the two groups can only interact through their averages, while all the
respective displacements are independent.

An interesting special ce can now be obtained by taking n2 1. We can then
view the situation modelling the dynamics of the interaction of a central control
station with n identical substations. In the obvious notation, the dynamical laws then
take the form

R O,
cengral

R (w w) 0, i 1,2,...,n.

Thus the central controller influences only the average of the feature vectors of the
substations.

Remark. The above examples all involve the action of the whole symmetric group
S. Actually, identical results may be obtained by considering a doubly transitive
subgroup G of S. A subgroup G S, is said to be transitive if, for all ,
(1, 2,..., n}, there exist g G such that g() ; it is said to be doubly transitive
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if, for all c’,/’, c",/", E { 1, 2,..., n}, c’ c", and/’ y ", there exists g e G such
that g(c’) ’ and g(c") =/". An example of a doubly transitive subgroup is the
subgroup of even permutations.

It can be shown that the representations of Examples 4-6 remain valid without
changes if we assume invariance of B for a doubly transitive subgroup G of Sn in
Example 5 and doubly transitive subgroups G1 of Snl and G2 of Sn. in Example 6. In
particular, this shows that permutation symmetry for one doubly transitive subgroup
implies permutation symmetry for the whole of S, in Example 5 and analogously for
the whole of Snl S. in Example 6!

Example 7 (cyclic permutations). Let Zq denote the group consisting of

{0, 1,...,q- 1}

with the group operation addition modulo q. It is more convenient to denote this
group as {1, r, r2,..., rq- } with rq 1. Note that Zq is a subgroup of Sq. It is called
the group of cyclic permutations. Let Zq {1, r,..., rq-l} act on ]Kq as in the case
of permutations. Thus

prCOI(Xl, X2,..., Xq-1, Xq) col(Xq, Xl, X2,..., Xq--1)

from which Pr,..., Prq-x follow.
Because the group Zq is commutative, its irreducible representations over C are all

one-dimensional. There are q such irreducible representations given by p, #2,..., #q
with Pk Zq - GL(C) given by Pk,r )k with ei(2r/q) A simple calculation
shows that p p q3 p2 pq, with the invariant subspace corresponding to Pk
given by span col(1,,-k,/-2k,...,/-(q-1)k). This now allows us to compute the
p-adapted basis. We omit the detailed calculations.

Theorem 4 implies that E (R, Rq, B) /q will be symmetric With respect to
the cyclic permutations if and only if there exist polynomials rl,r2,... ,rq C[z],
p(E) of which are nonzero, such that

j 1,2,...,q

forms a minimal representation of E. This set of equations can be edited a bit further
and leads to the following canonical form for this cyclic symmetry. E will be symmetric
if and only if there exist polynomials ?, 72,..., fq C[s] and a representation of E of
the following form:

Note that this representation (which is possibly nonminimal) puts the cyclic symmetry
nicely into evidence.

In the real case where ]K R, we must combine the complex conjugate irreducible
representations. Similar calculations to the above ones lead to (possibly nonminimal)
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behavioral equations

wksin2rjqk) 0,

wksin27rjq k) 0,

q-1
forj=l,2,...,, ifqisodd,

2
q

1, if q is even.for j 1, 2,...,
2

In the case that q is even, there is an additional equation

r - (--1)kwk O,

where ro, rj, rj rq/2 E
The above calculations are easily generalized to cyclic permutation symmetries

with.feature vectors. In this case, it suffices to interpret the r’s as matrices.

7.2. A quaternionic symmetry.
Example 8. Consider (R, ]Rq, B) E :q with q 4. Now assume that this system

is symmetric in the following sense:

Wl -w2 -w3
Wl w4 -w3

w3 -w4 Wl w2
w4 w3 -w2

As we will see, this is a quaternionic symmetry. We will not give a physical example
where such a symmetry can occur.

The group of quaternions consists of 7 ( =t= 1, =k i, =k j, =t= k} with multiplication
table

2=j2=k2_=_1, ij=---ji=k, jk-=-kj=i, ki=-ik=--j.

The following defines a representation of T/on C2

=kjH=k 0 --i i 0

This representation is irreducible. It is obviously not real and, since all the above
matrices have real trace, it is a complex representation of quaternionic type. The
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representation induced on Ra by combining this representation with its complex con-
jugate yields

1
0
0
0

0 0 0 0 -1 0 0
1 0 0

i--Ml:-
1 0 0 0

0 1 0 0 0 0 -1
0 0 1 0 0 1 0

0 0 -1 0 0 0 0 -1
0 0 0 1 0 0 -1 0
1 0 0 0

k-- M3 0 1 0 0
0 -1 0 0 1 0 0 0

Note that M1, M2, M3 are precisely the matrices defining the static symmetry under
consideration.

It follows from Theorem 5 that the ’s that are symmetric in this sense are
precisely those that admit a representation for the form

with a, b, c, d E R[s].

7.3. Symmetries with Lie groups. A Lie group G is a topological group with
the structure of a Ca differentiable ]K-manifold in which the group multiplication and
the inverse are C maps. A Ca group homomorphism p" G GL(]Kn) is said to be
a representation of the Lie group G on ]Kn. Let gg(]Kn) denote the set of n n matrices
over ]K endowed with the usual commutator product [A, B] AB- BA; gg(En) is
the Lie algebra of GL(]Kn).. Let G be the Lie algebra of G. The representation
p G GL(]Kn) of the Lie group G on ]K induces a Lie algebra homomorphism. __

gg(]Kn) of the Lie algebra G on ]K. Let X, X2,..., XN ]K’n be a set of
generators of 5(G). Then we have the following result.

THEOREM 6. Let be a compact connected Lie group and let p" G -- GL(]Kq)
be a representation of the Lie group on ]Kq. Let X,X2,... ,XN ]Kqq be a set
of generators of () with the induced representation of the Lie algebra on ]Kq.

Then the following are equivalent .for
(1) is p-symmetric;
(2) c_ Ior x
(3) XB c_ B for i-- 1,2,...,N;
(4) There exist matrices Y, Y2,..., Yn EP()P() and a R ]KP(2)q[s] such

that R (d/dt)w 0 is a minimal representation for with YiR(s) R(s)Xi for
i 1, 2,..., N. Moreover, the subspace generated by the Y ’s is a Lie subalgebra of
gg(]KP()) and yields through the association Xi - Y a subrepresentation of the Lie
algebra representation " - gg(]Kn).
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Proof. Assume without loss of generality that G is a subgroup of GL(]Kq) and
that p is the canonical injection.

We will run the circle (4) = (3) = (2) = (1) =v (4). The first two implications
are trivial.

To show that (2) (1), assume that X E G and consider the exponential exp X.
It is well known that there exist al,a2,.. ,an E ]K such that expX -4=1n aiXi.
This implies, by (2), that (exp X)B c_ B. Since G is compact connected, exp’G - G
is surjective, and hence (1) follows.

(1) = (4)" From Theorem 3, it follows that there exist R ]KP()q[s] and a
representation p’ G GL(]Kp()) such that p’R(s) R(s)p. Now consider the
one-parameter subgroup of G given by G :- {exp #X lit ]K}. Then p’(G) is also
a one-parameter subgroup of GL(]KP()). Hence there exists a Y/ gg.(]Kp()) such
that p’(exp itXi) exp itY. Hence (exp itY)R(s) R(s)(exp itX). Differentiating
at it 0 yields YR(s) R(s)Xi. The last part of (4) follows from the observation
that R(s)XXj YR(s)Xj YYR(s). Hence R(s)[X,X] [Y,Y]R(s). This
shows that the vector space generated by these Y’s is a Lie subalgebra of gg(]Kp())
and that Xi -* Y generates a Lie algebra homomorphism. E]

7.4. Rotation symmetries.
Example 9 (rotations on ]1m with m > 2). Consider the group SO(m) of real

orthogonal m m matrices with determinant 1. SO(m) is a compact group, and
it can be shown that, when m _> 3, the canonical injection of SO(m) into GL(Cm)
(which will also be denoted as SO(m)) is irreducible over C.

Now consider the system E (It(, (Rm)n, B). Assume that SO(m) acts on (Rm)n
by M e SO(m), taking col(wl,w2,...,Wn) into col(Mwl, Mw2,...,Mwn). Now
consider the static symmetry induced by this action. To interpret this situation
physically, think, for example, of m 3 and of E as modelling the motion of n
(not identical) particles in R3 under the influence of rotation invariant laws. Another
possibility is to think of the situation m 3 and n 2n with E modelling the
position and the force acting on n particles.

Applying Theorem 5 and using the irreducibility of SO(m) for m > 2 immediately
shows that E will be symmetric if and only if there exists a polynomial matrix R E
Rn[s] such that E is represented as

Wl

(R). =o.

Wn

Example 10 (rotations on ]I2). The above example must be modified in the case
where m 2, since the canonical injection of SO(2) into GL(C2) is reducible over C.
SO(2) can be written as SO(2) p p* with

([ cos 0 -sinO])=eiOP sin cos

Applying Theorem 5 leads to the following representation of rotation symmetric
systems for m- 2"
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with R1,R2 E ][(1/2)p(E)n.
This result can also be obtained from Theorem 6. Indeed, since

_
] generates

SO(2) through exponentiation, symmetry implies the existence of an R such that

--I(1/2)p(r) 0(1/2)p(r) --In On

where Ik and Ok denote the k x k identity and zero matrices, respectively. This also
yields the above representation.

Finally, systems with this rotation symmetry can also be represented by intro-
ducing the complex signal w wl + iw2 with w N -- C. The differential equation
governing

W2

then becomes R (d/dt)w 0 with
Example 11 (rotations over 2/n degrees on 112). Let a Z, {0,1,
n- 1} (see Example 7 for notation) with n _> 3. Now consider the represen-

tation p of G on 12, defined by

[ COs 2r--k --sin 22 1p" k - sin 2k cosn

Then (, 2, B) 2 being p-symmetric means symmetry in the sense of Example 10,
by rotations of 2r/n degrees. This is a subgroup of SO(2). Since the representation p
is also irreducible, we immediately obtain from Theorem 5 the representation obtained
in Example 10. This allows the interesting conclusion that E :2 being symmetric
with respect to rotations of 2r/n degrees will imply that it is symmetric with respect
to all rotations. The Lie algebra line of reasoning in Example 10 showed this already
for n- 4, that is, for 90 rotations.

8. State space models. Many useful models encountered in applications in-
volve auxiliary variables in addition to the variables that the model aims at describing.
To distinguish between these two kinds of variables, we call the variables of primary
interest manifest and denote them as w, and we call the auxiliary variables latent,
and--usually--denote them as g.

Proceeding with the terminology of [15], this leads to a dynamical system with
latent variables, defined as Ef (, W, L, B,) with c_ the time axis, W the signal
space of manifest variables, L the signal space of latent variables, and
the full behavior. E, induces the manifest dynamical system E (, W,B) with
manifest behavior B {w there exists an t such that (w, g) e BI}.

In the context of systems described by differential equations, this leads us to
consider linear differential equations

(12) R

linking the manifest variables w C(, ]Kq) to the latent variables E C(, ]Kd).
Here R K’q[s] and M K’d[s] are two polynomial matrices with the same num-
ber of rows. Formally, (12) defines the latent variable dynamical system (, ]Kq, ]Kd, BI)
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with Bf ker[R (d/dr) i- M (d/dt)]. Obviously, (R, Kq+d, Bf E q+d. We will de-
note this class of latent variable dynamical systems as q,d. This family of models is
hence parametrized by pairs of polynomial matrices (R, M).

This model with latent variables induces the manifest dynamical system (JR, Kq, B)
with B (R(d/dt)) -1 im M (d/dt). It can be shown that (R, Kq, B) e :q, that is,
that (R (d/dt)) -1 im M (d/dt) can itself be described as the solution set of a system
of constant coefficient differential equations. In other words, there exists a polynomial
matrix R’ Rq[s] such that the manifest behavior of (12) is described by

(13) R’ ( d )
The matrix R’ can be obtained as follows. By premultiplying M by a suitable uni-
modular polynomial matrix U, UM can be brought in the form

UM=

Xwith M" E Kfrd[8]. Partitioning UR conformably as

UR-

yields the desired R’. The result that (13) then defines the manifest behavior of (12)
follows easily from the observation that M" (d/dt) is surjective (in other words, if
P e Rn2 Is], then P (d/dt)’C(R; IKn) --. C(R; ]KTM) will be a surjective map).

A very useful class of systems with latent variables are the state space systems. In
this case, the latent variables are denoted by x instead of by . In [15], [16], we have
defined state space models abstractly in terms of concatenation of trajectories. For
differential systems, the result is that state space systems are precisely those latent
variable systems whose full behavior can be described by the following special type
of differential equations linking the state trajectory x E C(R; ]K’) to the manifest
trajectory w C(R; ]Kq):

-+F x+Hw-O

with E,F,H matrices over IK of suitable dimension. The crucial feature of (14) is
that this differential equation is first-order in x and zeroth-order in w.

Let us denote the state space systems with manifest signal space ]Kq, and state
space ]Kn by/2q,. It follows that /2sq’n is parametrized by IK"x(2n+q) by associating

with the element [E!FiH ]K(2n+q) the behavioral equations (14). We denote the
state space system described by (14) simply as (E, F, H).

It follows immediately from the elimination of latent variables that the manifest
behavior of E8 :q,n leads to a system in q. However, the converse also holds:
for any E 2q, i.e., for any polynomial matrix R E ]KXq[s], there exist nonnegative
integers n,f N0 and matrices E,F EIx, H fq such that the manifest
behavior of (14) is represented by (1). If E8 :q" induces in this sense the system
E e q, then we call Es (or (E, F, H) e ]I(2n+q)) a state space representation of
E e q or of (1)). We denote this as (E, F, H)-, E, or (E, F,H) R.
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Let E,F E EI’,H Elq, and (E, ,F,H) E :q. We call this state space
system minimal if (Er, F ]KI’ n, U’ ]KI q, and (E, F, U) E) implies (f _< fr
and u _< n). In [15], [16], it is shown that any system E /:q admits a minimal state
space representation (in other words, both f and n can be simultaneously minimized).
This implies that, in a minimal state representation, the number of state variables
will depend on E, but not on the particular minimal state space representation of E.
We denote this minimal number of state variables by u(E). Similarly, f(E) denotes
the minimal number of equations in (14) representing E. It is easy to see [15] that
f(E) n(E)+ p(E). The following proposition play a crucial role in our proof of
Theorem 3.

PROPOSITION 7. Let (E, F, H) E q be minimal. Then (E, F, H) -, E
will also be minimal if and only if there exist V GL(EI(E)) and T GL(Kn(2))
such that

E- VET, F= VFT, and H= VH.

Finally, .for given (E, F, H) and (E’, F’, H’), this V and T are unique.

Proof. For the proof, see [15]. D
This proposition states that minimal representations of a given manifest behavior

differ only in their choice of the basis in the state space and in the equation space.
THEOREM 8. Let p G - GL(]Kq) be a representation of the compact group

G on Eq. Let E q and let Es (E,F,H) q,n be a minimal state space
representation of E. Then E is p-symmetric if and only if there exist representations
p’ G -- GL(]Kn(E)) and p" G -- GL(]K()) such that

(15) p’E Ep, p’F Fp, and p’H Hp.

Proof. The "if’ part is clear. To see the "only if’ part, observe that (E, F, Hpg)
is also a minimal state space representation of E. By Proposition 7, this implies that
there exist Vg e GL(EI()) and Tg e GL(En()) such that E VaETg, F VgFTg,
and Hpg VgH. Define p’ g -, Vg and p" g H (Tg) -1. We claim that p’ and p"
are also representations of G. In fact, from the uniqueness condition in Proposition
7, it follows immediately that Valg. VaIVal and (Talg.) -1 (Tal)-l(Tg2) -1. D

9. Canonical forms for state space models of symmetric systems. We
now use Theorem 8 and the ideas of 6 to obtain canonical forms for state space
systems. It is convenient to distinguish again between the complex case where ]K C
and the real case where ]K R.

9.1. Complex state space systems. Write the representations p, p, and p"
of Theorem 8 in terms of irreducible representations as

Now choose a p-adapted basis in the manifest signal space Cq, a pr-adapted basis in
the state space cn(), and a p-adapted basis in the equation space CI(). Now apply
Schur’s lemma to (15). This yields that, in these bases E, F, and H will take the
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form

E diag(E1 (R) In1, E2 (R) I,.,..., Ek (R) I),
F diag(F1 (R) I,1, F2 (R) In,..., Fk (R) I),
H diag(gl (R) I1, H2 (R) In.,..., Hk (R) I,).

This yields the following result.
THEOREM 9. Let G be a compact group and let p: GL(Cq) be a representation

of G on Cq. Assume that p mlpl m2p2 @’" (R) mkpk with Pi G GL(CTM),
i 1,2,..., k, distinct irreducible representations. Assume that the basis in Cq is
p-adapted, as in Theorem 4. Then E (, Cq, B) ,, q is p-symmetric if and only
if there exist mi, m E Z+ and matrices Ei, Fi Cm’ m m",Hi C m* such that E
admits the minimal state space representation of the form

(16) Ei- + Fi Gin, xi + (Hi (R) I,,)i O, i=l,2,...,k

with (v as in Theorem 4, and where xi -- (CTM)m, x col(x1, x2,..., xk), is the
state trajectory.

9.2. Real state space systems. To obtain a canonical form for real symmetric
state space systems, we proceed in complete analogy to 6.2. By considering the
components of real, complex, and quaternionic type in the decomposition of p, the
following result is obtained.

THEOREM 10. Let G be .a compact group and let p: G -- GL(q) be a represen-
tation of G on q. Assume that p is decomposed as in (8) and that the basis in q is
p-adapted, as in Theorem 5. Then E (R, ]q, B) e ffq is p-symmetric if and only if
there exist

and matrices

m m" m"mR,i, C,i mH,i R,i C,i mH,i Z+

mllEc,i, Fc,i C C ,’ m,, Hc,i Cm’’ m,,.,
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10. Proof of Theorem 3.

10.1. The complex case. As already shown in 6, it suffices to prove that,
if E (, Ca, B) E /:q is p-symmetric, then it allows a minimal representation, as
given in Theorem 4. By Theorem 9, it allows a minimal state space representation
as (16). Now consider in the ith equation of (16), xi as a latent variable. Using the
elimination of latent variables procedure as explained in the beginning of 8, we can
conclude that the ith equation of (16) constrains i to satisfy an equation of the form
(hi (d/dt) (R) In)Cvi O. This yields the ith representation of (7) and results in the
desired representation of Theorem 4.

10.2. The real case. For the real case, we can use this elimination of latent
variables procedure unchanged for each of the real and complex equations in (17).
These will yield the corresponding real, respectively complex, term in (11) of Theorem
5. However, the quaternionic equations in (17) require separate attention, since the
quaternions IE do not form a field. This brings us to the following algebraic excursion.

Let T be a ring with an identity. Let [s] denote the ring of polynomials with co-
efficients in 7, and nl n2 [8] the nl n2 matrices with elements in T[s]. Furthermore,
let GL(n, n[s]) denote the group of units of the ring nnn[s], i.e., the set of polyno-
mial matrices over 7 with a polynomial inverse. We call these matrices unimodular.
Now consider the problem of bringing a given element P E 7TM n[s] into a conve-
nient canonical form by premultiplying it by a suitable element UI GL(n, T[s])
and postmultiplying it by a suitable element U2 GL(n2,7[s]). We will say that
P can be brought in diagonal form if there exist such U, U2 yielding for UPU2 a
matrix of the form

with D a diagonal polynomial matrix. It is well known that any P can be brought in
diagonal form if T l or C.

For what rings T such a diagonalization is possible? We now show that it is
sufficient for T to be a division ring. Recall that a ring is a division ring (also called
a skew field) if its nonzero elements form a group ( must contain an identity distinct
from the zero, and a 0 must imply that it is a unit of T (i.e., it has an inverse
a-: )).

LEMMA 11. Let T be a division ring. Then each P TTM "[s] can be brought
in diagonal form.

Proof. The proof is an adaption of the case of a skew field of the proof of the
Smith form for real or complex polynomial matrices as given in [3].

If P 0, there is nothing to prove. Otherwise, let Pk be the element of P of least
degree. By permuting rows and columns we can assume that this element is in (1, 1)
entry. Now assume that the (1, 2) entry is also nonzero. Then divide P2 by PI with
remainder, yielding P12 Pld + r with degree r < degree P. Now postmultiply
with the unimodular matrix

1 -d 0 0
0 1 0 0

0 0 0 1
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This replaces the element P12 by r. If r 0, move it to the (1, 1) position. Repeat
this process for each element of the first row and first column (using the division with
remainder P21 dP11 / r and premultiplication). Each time the division is carried
out with a nonzero remainder, the degree of the (1, 1) element must decrease. Hence
after a finite number of steps, we will obtain a matrix of the form

0 0 0
0 * * *

0 * * *

and we obtain the lemma by induction.
Now consider the ring ]HI of quaternions over : expressions of the type a + i3 +

j- + k5 with a, fl,-, E l and i, j, k elements satisfying the multiplication rules as
in Example 8. With the obvious rules of addition and multiplication, ]HI is a ring.
However, ]I-]I is not commutative, but it is easy to see that it is a division ring. Hence
a polynomial matrix P nl n.[s can be brought in diagonal form.

Now consider a system of differentiM equations.

(18)
d d

where w C(;IEq), t C(;]H[d), R ]H[fq[s], and M IEfd[s]. Note that
this is a differential equation with latent variables as (12) but in which the signals
and coefficients take their values in the skew field of quaternions ]E. We would like to
eliminate the latent variables in (19), using only operations in ]HI.

Observe that the manifest behavior of (19) remains invariant if we replace R with
U1R and M with UMU2 with U1 and U2 both unimodular polynomial matrices with
coefficients in H. By Lemma 11, U1 and U2 can be chosen such that

[0]UIMU2 "9"

with D diag(d, d2,..., dr) and 0 d E [s]. Denote the conformable partition of
U1R by

Now observe that, if 0 d e ]E[s], then the operator d (d/dt)’C(l; lE) - C(; IE)
is surjective. To see this, it suffices to write this as a differential operator from
CO(; 4) into itself and use the fact that the corresponding (4 4) polynomial
matrix with real coefficients has a nonzero determinant.

This implies that the manifest behavior of (19) is governed by

Applying this elimination result to each of the quaternionic equations in (17) yields
the corresponding quaternionic equations in (11).

This establishes that Theorem 10 yields the desired representation of Theorem 5.
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11. Group representations in GL(n, lK[s]). Theorem 3 implies an interesting
result about abstract group representations. A mapping p: G -- GL(n,]K[s]) (the
unimodular n n polynomial matrices over ]K), which is a group homomorphism and
continuous (in the sense that the map g e G - pg(A) E GL([n) is continuous for
each fixed A E ]K and the map ]K - pg(i) GL(Kn), is continuous uniformly in
g e G), is called a representation of G on GL(n, ]K[s]). Two such representations Pl
and p2 are said to be isomorphic if there exist a U e GL(n, ]K[s]) such that P2,g(s)
V(S)pl,g (s)(U(s))- 1. The representation p is said to be a constant representation if
pg(S) is actually a constant matrix for all g E G, that is, if p G GL(q), if p
is actually a representation of G on ]Kn. We now show that Theorem 3 implies that
every representation of G on GL(n, ]K[s]) is isomorphic to a constant one. This result
can be deduced from [7], where a more general theorem is proved using very different
methods. Our proof, which, as we have seen, relies on the state space representation
of dynamical systems in/:q, provides a nice alternative "system theoretic" proof of
this result in the theory of algebraic groups. On the other hand, we also note that
Theorem 3 can be easily deduced directly from Corollary 12 (and hence from [7]).
Hence Theorem 3 and Corollary 12 are fully equivalent.

COROLLARY 12. Let GL(n, ]K[s]) denote the group of unimodular n n polynomial
matrices over ]K(= l or C). Let G be a compact group and let p: G -- Gn(n, ]K[s])
be a representation of G on GL(n,[s]). Then p is isomorphic to a constant repre-
sentation.

Proof. 1) Consider, for each A ]K, the mapping p :G - GL(]K) defined by
pg pg (). It is easy to see that p is a representation of G on IKn. We first prove that
all the representations p are isomorphic. It is well known that two representations
of G on ]n are isomorphic if and only if their characters are equal. Hence it suffices
to prove that the characters Xp G -- ]K, defined by Xp(g)’= Wrace(pg()), are
independent of A ]K. Let p - mpl m m( 2P2 ( ( kPk @’" be a decomposition

is independent ofof p in terms of irreducible representations. We prove that mk
is given by). Now mk mk =< Xp, Xpk := fXXkdg, where dg is the normalized

is continuous as a function of A forHaar measure [9] of G. This implies that mk
must therefore be constant forit is integer-valued mk]K. However, since mk

A ]K. This shows that all the p’s are isomorphic.
2) The first part of the proof yields the existence of a map M ]K -- GL(]Kn)

such that

(20) pg(A)M(A) M(A)pg(O)

for all A E ]K and g G. We now show that this implies the existence of a polynomial
matrix R lK[s] with detR 0 such that

(21) pg(s)R(s) R(s)p(O)

for all g G. In other words, we show that the set of equations

(ee) a e

has a polynomial solution X nn[8] with det X 0. Note that we can rewrite

(22) in vector-matrix notation as

(23) Aa(s)x(s) O, g e G
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with x E ]Kn Is] and Ag En2n Is]. The vector x corresponds to the elements of X
in (22), while the matrix Ag corresponds to the coefficients of the linear equations in
(22). Since (23) must be satisfied for each g G, there are, in principle, an infinite
number of linear equations in (23). Now consider the rows of the matrices Ag and
view them as vectors of rational functions, as elements of IKln (s). Write (23) as

A’(s) ] -0
A"(s)

with A such that its rows form a basis over ]K(-) for the span of the rows of all the
matrices Ag, g G. Now observe that, by premultiplying x and A by a unimodular
matrix, we may as well assume that A is in Smith form, as follows:

A’(s) [D(s) 0]

with D(s) diag (dl(S), d2(s),..., dk(s)) and d, 0 for 1, 2,..., k. This yields

that in a conformable partition A" will be of the form A"(s) [A’(s) 0]. Obviously,
this implies that each vector polynomial

x(s) col(xl(s),... ,xk(s),xk+(s),... ,Xn2(8))

with x x2 Xk 0 yields a solution X(s) of (23).
To show that there is at least one of these solutions with det X 0, we will use

(20). This equation yields, for each A e iK, a solution m(A) to (23) with, in (23),~s
replaced by A. Pick a A ]K such that di() 0 for 1, 2,..., k. Clearly, m(A)
must be of the form col(0,..., 0, hk+l,..., rh,.). Now pick a solution x(s) _of (23) such
that x() m(). The solution X(s) of (22) thus obtained will have X(A) M(),
whence det X 0. This shows that (21) has a solution with det R 0.

3) Now consider the dynamical system (, ]KS, kerR (d/dt)). Obviously, by
(21), , is p(0)-symmetric, and R (d/dt)w 0 is a minimal representation of ,,. By
Theorem 3, there exists a U e GL(n,]K[s]) and a representation p’ G - GL(]Kn)
such that

(24)

for all g e G. Comparing (21) and (24) yields

(u(,)) p U(s),

which is the claim of the corollary.
Remark. Let p: G - Gi(q, ]K[s]) be a representation of G on Gi(q, ]K[s]). Let

E (R, ]Kq, B) /:q be p-symmetric, meaning that pg (d/dt) B B for all g G. Note
that this is a dynamic symmetry, in contrast (see 3.3) with the static symmetries
studied in this paper. However, Corollary 12 shows that, by a dynamic change of
variables w - U (d/dt)w, with U a suitable unimodular polynomial matrix, the
study of this type of dynamic symmetry reduces to a static symmetry.
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LANGUAGE STABILITY AND STABILIZABILITY OF DISCRETE
EVENT DYNAMICAL SYSTEMS*
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Abstract. This paper studies the stability and stabilizability of discrete event dynamical systems
(DEDSs) modeled by state machines. Stability and stabilizability are defined in terms of the behavior
of the DEDSs, i.e. the language generated by the state machines (SMs). This generalizes earlier work
where they were defined in terms of legal and illegal states rather than strings. The notion of reversal
of languages is used to obtain algorithms for determining the stability and stabilizability of a given
system. The notion of stability is then generalized to define the stability of infinite or sequential
behavior of a DEDS modeled by a Biichi automaton. The relationship between the stability of finite
and stability of infinite behavior is obtained and a test for stability of infinite behavior is obtained
in terms of the test for stability of finite behavior. An algorithm of linear complexity for computing
the regions of attraction is presented, which is used for determining the stability and stabilizability
of a given system defined in terms of legal states. This algorithm is then used to obtain efficient tests
for checking sufficient conditions for language stability and stabilizability.

Key words, discrete event dynamical systems, automata theory, supervisory control, stability,
stabilizability

AMS subject classification. 93

1. Introduction. Ramadge and Wonham in their work [21] on supervisory con-
trol of discrete event dynamical systems (DEDS) have modeled a DEDS, also called
a plant, by a state machine (SM), the event set of which is finite and is partitioned
into sets of controllable and uncontrollable events. The language generated by such
a SM is used as a model to describe the behavior of the plant at the logical level.
The control task is to synthesize a controller, also called a supervisor, which disables
some of the controllable events in the plant so that the closed-loop behavior equals
some prespecified desired behavior, also called legal behavior. Supervisors that do
not prevent any uncontrollable events from occurring are called complete. Thus there
may not always exist a complete supervisor so that the closed loop system has a
prespecified desired behavior. Attention is then restricted to designing a complete
supervisor that is minimally restrictive [21], [20], [10], [1], [11] so that the closed-loop
system can engage in some maximal behavior and still maintain the prescribed be-
havioral constraint. Thus the control objective is usually described as the synthesis
of a minimally restrictive supervisor so that the controlled system has a maximally
permissive legal behavior.

Sometimes such a constraint on the system behavior leads to the design of a
supervisor which results in a very restrictive behavior [14], [15]. Recently there has
been work [14], [15] on posing a supervisory control problem that allows the system to
engage in some illegal behavior that can be tolerated. In this paper, we also allow the
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possibility of the system behaving illegally. The supervisor is synthesized so that the
behavior of the supervised system is "asymptotically legal." In other words, the system
is initially allowed to make illegal transitions, but after a finite number of transitions,
the supervised system makes only legal transitions. With the above motivation, we
define the stability and stabilizability of DEDSs in terms of their legal behavior.

In [16], [18], [2], [4], [3] the notion of stability and stabilizability of DEbS’s has
been presented in terms of the legal and illegal states of the system. In [2], [3] a stable
system is one that starts from any arbitrary initial state and, after finitely many
transitions, goes to one of the legal states and stays there; a stabilizable system is one
for which there exists a supervisor so that the supervised system is stable. In [18] a
system is said to be stable if after starting from any arbitrary initial state it visits the
legal subset of states infinitely often; a system that can be made stable in the above
context by the synthesis of an appropriate supervisor is called stabilizable. We define
a system to be language-stable if its eventual behavior remains confined to the legal
behavior; if a supervisor exists such that the supervised system is language-stable,
then the system is called language-stabilizable. We show below that the existence
of an eventually reachable legal set of states implies the existence of an eventually
reachable legal behavior, whereas the converse is not always true. Thus the notion of
stability presented here is finer than those in [18], [2], [3] in the sense that there need
not exist any fixed set of legal states. A state can eventually be reached by legal as well
as illegal strings, so none of the states can be predefined to be legal. To illustrate this
point consider, for example, an .elevator which moves between three floors--bottom,
middle, and top. Assume that a passenger requests service at the top floor. We can
view the top floor to be the legal state and require that the elevator should eventually
reach it. However, a "finer" constraint that the elevator should reach the top floor in
no more than two moves (there are total three floors) may be desired. In this case the
top floor may be reached by legal as well as illegal sequences of moves of the elevator.
Thus in this example the stability based on legal states cannot capture the desired
behavior of the elevator.

In [18], [2], [3], the supervisors considered for stabilizing a system are assumed
to be of static feedback type in which the next control action is determined by the
current state of the system. In general a supervisor can be of dynamic feedback type
where the next control action is determined not necessarily by the current state but
by the "path" taken to reach the current state. We refine the notion of stability and
stabilizability by defining it in terms of languages rather than states and show that
in some cases a static feedback-type supervisor cannot stabilize a system and a more
general dynamic feedback type supervisor is needed for stabilization. In [16], the
stability of systems under partial observation is studied. In this case, the supervisor
is of dynamic feedback type; it can be represented as a cascade of a dynamic state
observer followed by a static feedback-type controller. The supervisor considered for
eventually restrictable systems in [17] is also of dynamic feedback type.

We start with the description of DEDSs and present some of the notions of sta-
bility defined in terms of states. The computationM complexity of the algorithms
presented in [2], [3] for determining the stability and stabilizability of DEDSs based
on computing the regions of attraction is quadratic in the number of states of the
system. We present an algorithm that is linear in the number of states of the sys-
tem and is thus computationally more efficient. We then introduce the notion of

We use the term language-stability to emphasize the fact that it is defined in terms of legal
behavior rather than legal states, in which case it may be called state-stability.
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stability in terms of languages and provide algorithms for determining the stability
and stabilizability of a given system by considering an equivalent problem defined in
terms of reversal of languages. We also discuss the computational complexity of these
algorithms. Later, we provide computationally more efficient algorithms for testing
the sufficiency of stability and stabilizability of systems based on our algorithm for
computing the regions of attraction. In all this, we assume that perfect observation
of the system behavior is possible so that the control actions are determined on the
basis of observing the system evolution perfectly. We also introduce a weaker no-
tion of language stability that is preserved under union and provide a technique for
constructing the minimally restrictive stabilizing supervisor in this weaker sense of
language stability.

The notion of language stability is then generalized to study the stability of se-
quential behaviors of DEDSs modeled by Biichi automata. The notions of w-stability
and w-stabilizability are introduced in this context, and tests for verifying stability
and stabilizability of sequential behavior are obtained by reducing the problem of
testing them to the problem of testing language stability. We introduce a equivalence
relation on the space of infinite strings and obtain a necessary condition of w-stability
in terms of this equivalence relation.

2. Notation and terminology. A DEDS to be controlled, called a plant, is
modeled as a deterministic trim [8] state machine (SM) following the framework of
[21]. Let the quintuple

p de_f (X,Y],o,xo, Xm)

denote an SM representing a plant, where X denotes the state set; E denotes the finite
event or alphabet set; c E X - X denotes the partial state transition function;
x0 E X denotes the initial state; and Xm C_ X denotes the set of marked states. The
transition function c(.,-) is extended to E* X in the natural way, where E* denotes
the set of all finite sequences of events belonging to E. The notation e E E* is used to
denote the empty string. The behavior of P is described by the language L(P) C_ E*
that it generates and L,(P) C L(P) that it marks or recognizes. Formally,

L(P) {s e E* a(S, Xo)!};Lm(P {s e L(P) a(s, xo e Xm},

where the notation "!" is used to denote "is defined." By definition, L(P) is prefix-
closed and also, since P is trim, Lm(P) L(P) [8].

The event set is partitioned into E E tO Ec, the set of uncontrollable and
controllable events. A supervisor S for controlling a plant is another DEDS, also
represented as an SM,

S deJ (Y,E, fl, Yo, Ym).

S operates synchronously with P, thus allowing only the synchronous transitions to
occur in the closed-loop system described by the SM [10], [11]

P]S de= (Z, E, "y, z0, Zm).

where z0 (x0, y0); for s e E*,7" E*xZ -+ Z isdefinedas’y(s, zo)= (a(S, Xo),(s, yo))
ifa(s, x0)! and (s, yo)!, undefined otherwise; Z {z e ZxY s e E* s.t. "y(s, zo)
z}; and Zm Z q (Xm Ym). Thus Z c_ X Y is the set of states that are reachable
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from the initial state z0, and Zm C_ Z is the set of those reachable states that have
both their "coordinates" marked.

The following remark describes the control achieved by the synchronous operation
of P and S.

Remark 2.1 ([11], [10]). Let L(P[:]S) be the language generated and im(P[::]S)
the language marked by PS; then L(P[S) L(P) L(S), and L,(PS)
L,(P) Lm(S), where L(S),Lm(S) denote the languages generated, recognized by
S, respectively.

Also, since S can disallow only the controllable events from occurring, L(P)[F*
L(P[::]S), where E* is the set of finite sequences of events belonging to

The supervisor as defined above represents a closed-loop control policy. This
differs from open-loop control policy in which control actions are all prespecified; in
closed-loop control, control actions are determined by observing all or part of the
history of the system evolution.

DEFINITION 2.2. Let the map f L(P) -. 2r" denote a control policy as described
in [21], i.e., for each string s E L(P) generated by the plant P, f(s) C_ E is the set
of events that are not disabled by a supervisor. Then the control exercised by the
synchronous operation of a supervisor and the plant, as described above, defines the
following control policy over the set of strings generated by the plant:

df {a e EI/(sa, zo)! } if 9/(s, zo)!f(s) undefined oherwise,

where he sring s L(P).
Closed-loop controllers cn further be classified into saic and dynamic control

type. Given a deterministic SM, V de____f (Q, E, 6, qo, Qm), there is a natural equivalence
relation Rv [8], [6], [11], [10] induced by V on E*, which is defined by s
6(s, qo) 6(t, qo) (this is meant to include the condition that 6(s, qo) is undefined

6(t, qo) is undefined), where s, t E*. Thus all those strings, which upon execution
result in the same state in V, belong to the same equivalence class. We use [s](Rv) to
denote the equivalence class under the equivalence relation Rv containing the string
8.

DEFINITION 2.3. Consider the control policy f L(P) - 2r’ defined by the
synchronous composition operator as described in Definition 2.2. We say that a closed-
loop control policy is static if s - t(Rp) = f(s) f(t) whenever both f(s), f(t) are
defined.

In other words, in a static feedback-type control, the same control action is applied
after the execution of all strings that lead to the same state in the plant. Next we show
that if a supervisor exercises a static closed-loop control, then it can be represented
as an SM having structure similar to that of the plant.

DEFINITION 2.4. Let V1 de___f (QI, E, 51,qol,Qml) and V2 de___f (Q2, E,52,qo2,Qm.)
be two SMs. V is said to be a subautomaton [5] of V2 if there exists a one-to-one map
h Q1 --* Q2 such that h(6(s, qol)) 62(s, qo.) for each s L(VI).

Thus if V1 is a subautomaton of V2, then L(V) c_ L(V2). Note that if the map h
in Definition 2.3 is also onto, then V and V2 are structurally identical.

PROPOSITION 2.5 ([9]). The following are true:
1. If S is a subautomaton of P, then the control policy f L(P) --, 2r defined

by S is static.
2. If f L(P) -, 2" is a static control policy, then there exists S that defines

the same control policy as f and is a subautomaton of P.
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DEFINITION 2.6. A closed-loop control policy is said to be dynamic if it is not
static.

Example 2.7. Consider, for example, a plant P, with language L(P) (a + b)*
defined over the event set (a, b}. Assume that c (see Fig. 1; "O" denotes
the states, an entering arrow "----" to "O" represents the initial state, and "O"
denotes the marked states). Then the language generated by the coupled system under

a a

0 0

P S PS

L. (P[:]S) L. (S) (ab)*
FIG. 1. Diagram illustrating Example 2.7

a static feedback control policy could be one of the following: L(P]S) (a + b)*
or a* or b* or e, depending on whether the events disabled in the only state of the
system are q}, {b}, {a}, or {a, b}.

On the other hand, the language marked by the coupled system can be made to
be any sublanguage K C_ (a 4- b)* by using a dynamic feedback control policy. This
can be done because all the events are controllable [10], [11] (pick the supervisor S,
so that L(S) g). An example for the case g (ab)* is shown in Fig. 1.

3. Stability: region of attraction. With the above introduction on our su-
pervisory control model, we next consider the stability issues for DEDSs. First, we
discuss the definitions and results of some of the earlier works, in which the stability
is defined in terms of a set of legal states of the system. Later, we present our own
notions of stability defined in terms of legal behavior of the system.

Consider a plant P de__._f (X, ’], o, x0, Xm). Let . C_ X be the prescribed subset of
states or the legal states. The notions of strong and weak attraction [2], [3] are defined
as follows: A state x E X is said to be strongly attractable to if, after starting from
the state x, the system always reaches a state in the set after a finite number of
transitions. The set of all the strongly attractable states is called the region of strong
attraction of and is denoted by f(X). Formally, let for s E E*, Isl denote the length
of s, and for X C_ X, let IXtl denote the number of states in the set Xr.

DEFINITION 3.1. X X is strongly attractable to ) if for all s such that a(s,x)!
and Is[ >_ IX- 1 there exists a prefix u8 e E* of s with lusl _< IX- 1 so that

e x
DEFINITION 3.2. A state x X is said to be weakly attractable to ) if there

exists a static feedback supervisor S such that x is strongly attractable to in the
coupled system P[:]S. The set of all the weakly attractable states is called the region
of weak attraction and is denoted by A(J).

Clearly, fl()) C_ A()). If f(J) X, then P is said to be stable with respect to
and if A() X, then P is said to be stabilizable with respect to . Thus, to test

whether a given system is stable (stabilizable) with respect to a given set of legal states,
we must compute the region of strong (weak) attraction. The definitions of strongly
and weakly attractable states are the same as those of prestable and prestabilizable
states, respectively [18].
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Remark 3.3. Algorithms for constructing the regions of strong and weak attrac-
tion are presented in [18], [2], [3]. The complexity of these algorithms is quadratic in
number of states of the system. An algorithm of linear time complexity in the number
of states of the system for constructing the regions of strong and weak attraction is
presented in Appendix A of this paper. This algorithm is used later for arriving at a
computationally more efficient test for determining a sufficient condition of stability
and stabilizability introduced below.

4. Language-Stability. So far we have discussed stability of DEDSs defined
in terms of their legal states and provided an efficient algorithm for testing it by
computing the regions of attraction (refer to Appendix A for the algorithm). Next,
we provide motivation for a more general notion of stability, which we call language-
stability, and discuss some of the issues related to stability in this framework.

In some cases, it might be desirable that the eventual behavior (rather than the
whole behavior) of the system be legal, so the whole behavior of the system need
not be confined to a legal language as in [21], [20]. Thus in these cases the control
task can be formulated as the synthesis of a supervisor such that the behavior of the
supervised system is eventually legal. This leads to the design of supervisors that
are less restrictive and as a result, the behavior of the supervised system is a larger
language. Hence, we will formalize the notion of eventual behavior of the systems and
define stability and stabilizability of systems in terms of their behavior. As discussed
in the previous sections, the notions of stability defined in terms of languages can also
be viewed as a generalization to the ones defined in terms of states [18], [16], [2], [4],
and [3].

Example 4.1. Consider the machine P shown in Fig. 2. P can either be in "idle,"
"working," "broken," or "display" state. Assume that initially it is in the idle state
and goes to the working state when the action "start" is executed. While in the
working state, P can either "stop" and go back to the idle state or can "fail" and go
to the broken state. In the broken state it can execute either the action "repair" and
go to the display state or the action "replace" and go back to the initial idle state.
While in the display state, the action "reject" or "approve" can be executed, so the
resulting state of P can either be broken (if reject is executed) or idle (if approve is

executed).

fail
b ng

repa tart

approve

FIG. 2. Machine P of Example 4.1.
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Consider the above example for the stability analysis in the framework of [18],
[16], [2], [4], and [3]. The states idle and working are the "good" or legal states of
P. The actions start, repair, and replace are the controllable actions, whereas the
actions stop, fail, reject, and approve are the uncontrollable actions. Clearly, P is
not stable with respect to its legal states (once P executes fail, it is not guaranteed
to get back to the legal states). To show that P is stabilizable: once it executes fail
and goes to the broken state, it must execute the controllable action replace to go
back to the legal state either permanently (as in [4], [2], [3]) or temporarily (as in
[18]). Suppose instead that it executes the controllable action repair and goes to the
display state; there it might not execute the uncontrollable action approve in which
case it would remain in the illegal state. Hence the only way P can be stabilized is by
executing the action replace after it executes fail. This however, may not be desired,
for replacing (and not repairing) P whenever it fails might be cost ineffective. Thus
in this example, the framework of [18], [16], [3] may be too restrictive for stabilizing
the machine P.

We would like the desired behavior of P to be such that it allows P to execute
the repair-reject sequence for a finite number of times. In other words, the desired
behavior of P is that if it executes fail, it should execute replace or approve after a
finite number of executions of the repair-reject sequence; otherwise it should execute
the start-stop sequence. The way P is designed, after executing fail, it might never
execute replace or approve and continue executing the repair-reject sequence, in which
case the desired behavior is not achieved. We note that the desired behavior of P as
described above cannot be achieved by use of a static feedback controller.

Moreover, in the above example, P is allowed to execute "illegal" actions (the
repair-reject sequence) after it executes fail, provided it eventually executes one of
the "legal" actions (replace or approve). Thus the whole behavior of the system need
not always be confined to a legal language as in [21], [20].

With this motivation, we formally define stability of systems in terms of their
legal behavior. For n E Af, let n denote the set of strings, each of length n, of events
belonging to . We use <g to denote Un<N ]n for each N EAf.

DEFINITION 4.2. Let L, K C_ * be two languages. L is said to be language stable
(l-stable) with respect to K if there exists N Af such that L c_ -]_<NK.

Since _<g
_

)-_<N’ whenever N _< N (N, N Af), it follows that if L is g-stable

with respect to K, then there exists a smallest integer No Af such that L C_ <NoK.
Given a string s *, let ua E * be the prefix of length n of s (n < Isl), and let
va * be such that s UaV,. We define a map Ha * - Z* in the following
manner:

Ha(s)={ Vn, forn<ls[
e, otherwise

Thus the effect of the map Ha (.) on a string s is to remove the initial n symbols of s.
It follows from Definition 4.2 that L C_ E* is g-stable with respect to K C_ E* if

and only if there exists N A/" such that for every string s L there exists a prefix
u E* of s with [us] _< N such that Hlul(s E K. Thus L is g-stable with respect to
K, if after removing a prefix of length at most N from a string in L, it matches some
string in K. The language L can be thought to be representing the plant behavior
and the language K can be thought to be representing the eventual legal behavior
of plant. If L is not g-stable with respect to K, then it is said to be g-stabilizable

with respect to K if there exists a supervisor S such that the closed loop behavior is
g-stable with respect to K. Formally,
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DEFINITION 4.3. Consider L, K C E*. L is said to be g-stabilizable with respect
to K if there exists a nonempty controllable [21] sublanguage H c_ L such that H is
/-stable with respect to K.

Assume that L is recognized by a plant P, i.e. Lm(P) L. Let S be a supervisor
such that the language recognized by the closed loop system Lm(P[]S) is g-stable and
controllable with respect to K; then clearly L is t-stabilizable with respect to K with
H L,(P]S). It is known that the closed-loop behavior Lm(P]S) is controllable
if and only if S is a complete2 supervisor [21], [11], [10]. Thus Definition 4.3 can
equivalently be stated as: L is said to be i-stabilizable with respect to K if there
exists a complete supervisor S such that Lm(P[:]S) is g-stable with respect to K.

PROPOSITION 4.4. IfP de___.f (X, ], o/, x0, Zm) i8 stable (stabilizable) with respect to
f( c X, then nm(P) is -stable (-stabilizable) with respect to Jxfc nm(P, x), where
Lm(P, x) is the language marked by P assuming the initial state to be x.

Proof. Assume that the SM, P de____f (X, ’], o, xo, Xm) is stable with respect to the

legal set C_ X. Let L Lm(P), and g [.Jxe) L,(P, x). Define N de__f

We will show that L c_ <-NK. Consider s E L. If Isl _< N, then s E E<N; hence
8 <-NK. If Isl > N, then there exists a prefix u8 < s, lus _< N, such that
a(u,xo) f( (follows from the fact that x0 is strongly attractable to ). Thus
Hlusl(s e K (by definition of K). Hence s -]_NK; which shows that L is t-stable
with respect to K.

Similarly, it can be shown that if P is stabilizable with respect to , then L is
-stabilizable with respect to K.

Proposition 4.4 shows that stability (stabilizability) in terms of states in some
sense implies g-stability (g-stabilizability). We show in the next example that the
converse does not necessarily hold, thus showing that the notion of l-stability (/-
stabilizability) is finer than that of stability (stabilizability).

Example 4.5. Let E Eu {a, b, c, d}. Consider the languages L, K(i
1) c_ E* given by: n (ab)*cd* and and K d*+ b(ab)(ab)*cd*. Generators
for L and K1 d* + bab(ab)*cd* are shown in Fig. 3. Letting N de 2i + 1, it
can be easily verified that L c_ ’-NK for each >_ 1, and also that N is the
smallest integer for which the last inclusion holds. Fix, for example, i 1. We show
that L _c E<3K1. L consists of strings cd* (no ab followed by cd*), abcd* (one ab
followed by cd*), and (ab)>2cd* (two or more ab followed by cd*). First, consider
the strings in cd* C_ L. Then Hl(cd*) d* C_ K1. Next, consider the strings in
abcd* c_ L. Then H3(abcd*) d* C_ gl. Finally, consider (ab)>2cd* c_ L. Then
HI ((ab)>2cd*) b(ab)>-cd*) bab(ab)*cd* c g. Thus it follows that L C_ E-<3K.

Since L is g-stable with respect to each Ki it follows that L is also g-stabilizable

with respect to each Ki.
Let P, V be the minimal SMs generating L, Ki, respectively. Then P, V must

have 3, 2i 4-4 states, respectively (refer to Fig. 3 for 1). It can be easily seen that
P is not stable with respect to any of its subset of states. Since Eu E, P is not
stabilizable with respect to any of its subset of states either.

Example 4.6. Consider the languages n (ac + b)a(a + b)* and g (ab)*
defined over E Ec {a, b, c}. We will show that L is not -stable with respect
to K, i.e., there exists no N E Af such that L C_ :-]_gg. TO prove this, we assume
for contradiction that there exists No Af is such that L C_ E<NoK. Consider the

2 A supervisor S is said to be complete if for all s E E*, au Eu s L(P[:] S), san L(P)
san L(P[ S).
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d d d

,c

P V1
L- L.(P) (ab)*cd* K1 Lm(V1) d* + bab(ab)*cd*

FIa. 3. Diagram illustrating Example 4.5 with 1.

string bahN E L. Any substring of it obtained by removing an initial finite segment
of length less than No does not match any string in K (a string in K contains the
symbol b at the end, whereas the string bahN ends with the symbol a).

(. b " bc’ b ca,b Generator for K (ab)*

b a

Generator for L (ac + b)a(a + b)* Generator for H (ac + b)a(ab)*
FIG. 4. Diagram illustrating Example 4.6.

Consider a sublanguage H (ac+b)a(ab)* c_ L as shown in Fig. 4. Since Ec E,
H is controllable with respect to L. It can be easily seen that H (ac + b)a(ab)* is
g-stable with respect to K (ab)* (consider any string from H and remove the initial
segment, either aca or ba, whichever is appropriate; the resulting string belongs to
K). Thus L is t-stabilizable to K.

In this example, it is clear that a dynamic feedback-type supervisor has been used
to l-stabilize the given language. Also, a static feedback-type control cannot be used
to stabilize L (ac + b)a(a / b)* with respect to g (ab)*. This follows since any
string in K contains an equal number of a’s and b’s, and L cannot be restricted to a
language H _c L with all its strings having an equal number of a’s and b’s at its end
by using a static supervisor (refer to Example 2.7). In [18], [2], [3], where stability is
defined in terms of the legal states, the supervisors considered for stabilizing DEDSs
are all assumed to be of static feedback type. Thus a more general type of control is
needed to g-stabilize the behavior of a given system, which also shows that the notion
of g-stability (g-stabilizability) is a finer notion.



STABILIZABILITY OF DISCRETE EVENT DYNAMICAL SYSTEMS 1303

Example 4.7. Consider a system consisting of a single buffer of unbounded ca-
pacity. Only two types of events arrival, denoted a, and departure, denoted b, occur
in this system, i.e., 5] (a, b}. The behavior of this system can be described by the
language

L- (s e E*l#(a,s) _> #(b,

where the symbol #(x, y) is used to denote the number of times the symbol x occurs
in the string y. We may be interested in determining whether there exists some
number N EAf such that after execution of all strings of length larger than N, the
buffer content is bounded above by a fixed number No EAf. The above problem can
be posed as a -stability problem with the "eventually reachable" language K C_ E*
defined as

g {s e E* I#(a, s) #(b, s) _< No}.

K corresponds to the content of the buffer being bounded above by No.
It is easy to see that L is not g-stable with respect to K, i.e., there does not

exist any N such that after execution of all strings of length larger than N, the
buffer content is bounded above by No. Note that in this example, K C_ L and if
the arrival event a is controllable, then L can be restricted to the language K by
disabling a whenever the buffer content becomes equal to No. This proves that L is
t!-stabilizable with respect to K. Next we present algorithms for testing t-stability
and t-stabilizability of a language L with respect to another language K.

4.1. Algorithms for testing g-stability and t-stabilizability. To test whether
a language L is t-stable (t-stabilizable) with respect to another language K, we must
test whether there exists an integer N Af such that L C_ E<-NK (H C_ E<-NK,
where H c_ L). This problem can equivalently be posed in terms of the reversal [1] of
languages that we define next.

DEFINITION 4.8. Given a string s E*, its reversal sR E*, is the string
obtained by reversing s. Given a language L C_ E*, its reversal Ln C_ E* is defined to

be: LR dej {s" e E*Is e L}.
Next we discuss some of the properties of the reversal operator. We use L, L1, L2

to denotes languages defined on E.
LEMMA 4.9.

1. Reversal preserves regularity, i.e., if L is regular, then so is LR.
2. (nR) n.
3. Reversal is monotone, i.e., if L1 c_ L2, then L1 c_ L2.
4. (L1L2)R R RL2L

Proof. 1. The proof is based on constructing an FSM that recognizes LR using
an FSM realization for L, and can be found in [8].

2. The proof follows from the definition of the reversal of languages and the fact
that for any string s E*, (sR)R s.

3. Pick s LI; then s L. Since L1 C_ L2, it follows that s E L2, i.e.,

(LL2)R sR4. We first show that (LIL2) C_ L2 L. Pick s then LL2, i.e.,
there exist u8 L1 and v8 L2 such that usv8 s. Hence s (s)R (usv)
R R R Rv u8 L2 L.

Next we show that R )R R RL2 L C_ (L1L2 Pick s L2 L1; then there exist v L2
and u e L such that vu s. Hence s (s)R ((vu)) (usvs) e
(LIL2)R.
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COROLLARY 4.10. L C_ <-NK if and only if Ln C KRE<-N, where L, K C
and N E iV’.

Proof. Assume that L c -]_<gK; then it follows from part 3 of Lemma 4.9 that
Ln C_ (<-NK)R. Since (E<N)n E<N, it follows from part 4 of Lemma 4.9 that
Ln c KR<-N.

Assume next that LR c KR<-N; then from part 3 of Lemma 4.9 it follows
that (Ln) c (KR<-N)R. Thus from part 4 of Lemma 4.9 we obtain (LZ) C_
’]<_g (KR)I=t. It then follows from part 2 of Lemma 4.9 that L C_ ’]_<NK.

Thus the problem of testing l-stability of a language L with respect to another
language K can be equivalently posed as that of determining an integer N
if it exists, such that LR c_ KR<-N. Hence, given two languages L, K C_ E*, we
next analyze the problem of determining an integer N Af, if it exists, such that
L c KR<-N.

Let P d (X, , c, xo, X.) and V d (Q, , , qo, Qm) be two SMs such that
Lm(P) L and Lm(V) Kz. Assume further that P is trim [8] so that L(P)
Lm(P) Lz, and V is such that L(V) E*, i.e. V is an SM that recognizes K and
has an additional dump state in order to generate E*. Consider a slightly different
synchronous composition of P and V, denoted P[]’V, given by the 5-tuple:

Prn’V de___f (R, E, p, ro, Rm),

where the state set R, the transition function p(., .), and the initial state r0 are defined
as in the definition of synchronous composition in 2, and

e x e s.t. p(s, ro)= r}.

This is a slight variation to the earlier definition of marked states in synchronous
composition of two state machines. Note that Rm consists of those states in Xm x Q
that are reachable from the initial state ro; hence Rm C_ Xm X Q. Also, note that all
transitions are defined in all states of V, i.e., given any event (7 E and any state
q e Q, (a, q)!. Hence for any event a e E and state r (x, q) e R, p(a, (x,q)) is
defined if and only if a(a, x) is defined.

LEMMA 4.11. Let P and V be the two SMs as defined above. Then Lm(P[]’V)
nm(P), and L(P[]’V) L(P).

Proof. First we show that Lm(Prn’V) C Lm(P). Pick s Lm(P[]’V); then
p(s, ro) e Rm. Since p(s, ro) is defined if and only if a(s, xo) is defined, and Rm C

Xm X Q, it follows that c(s, xo) Xm. Thus s Lm(P). Next we show that
Lm(P) C nm(P[]’Y). Pick s e L,(P); then a(s, xo) e Xm. Again, since a(s, ro) is
defined if and only if p(s, ro) is defined, p(s, ro) Xm x Q. The state p(s, ro) is clearly
a reachable state from ro, hence p(s, ro) Rm, which shows that s L,(P[]’V).

Since L(P[]’V) n(P) N n(Y) L(P) q E* L(P), the other result follows. []

Given two languages L, K c_ E*, next we present a necessary and sufficient con-
dition to determine whether there exists an integer N EAf such that Lz C_ KR<-g

in terms of the graphical structure of SMs recognizing the languages L, Kn.
Consider R, the state set of P[]’V. Let R* denote the set of all finite sequences of

states belonging to R. Consider p R* such that p (fir2... ri... rn) R*, where
r R for each 1 _< i _< n and n Af. Then p is said to be a path starting at r and
ending at r, in P[]’V, if there exist a string Sp E*,Sp ala2 ...cri an-l, where
a E for each 1 _< _< n- 1, such that p((al ...a_l),rl) r for each 1 < i _< n.

Sp E* as described above is called the string corresponding to path p. Thus, given
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a path p in P[:]V, there exists at least one string 8p E ’]* corresponding to p. A state
r E R is said to be a path-state of the path p if r ri for some 1 <_ <_ n. p is said to
be a loop-path if there exist i, j with 1 <_ i < j <_ n such that ri rj, in which case
the portion ri... rj of p is called the loop-portion of p. p is said to be a loopfree-path
if p is not a loop-path.

THEOREM 4.12. Let LR, KR C_ * be the languages recognized by the SMs P, V,
respectively, as described above. Then there exists an integer N Af such that LR c_
KR<-g if and only if the following hold in the SM P[:]V"

(C1) For each rm Rm and for every path p in P]V that starts at ro and ends
at r,, there exists a path-state r (x, q) X Q ofp such that q Qm.

(C2) For each r (x, q) X Qm and each rm Rm, if a path p in P[:]’Y that
starts at r and ends at rm has none of its path-states in X Qm (other than the one
at which it starts), then p is a loop.free-path.

Proof. Assume that there exists an integer N Af such that L C_ KR<-N; then
we first show that (C1) holds.

Fix a path p in P[:]V such that p starts at r0 and ends at rm Rm. Then
there exists a string Sp Lm(P[:]’V) such that p(Sp, ro) rm. Since L,(P[:]’V)
Lm(P) L (Lemma 4.9 and definition of P), Sp L. Thus it follows from the
assumption that sp KR<-N, i.e., there exist us, Kn and vs F-<N such that
Sp uv. Consider the path-state r (x, q) p(u,, ro) of p. Since u, K,
the state q reached by accepting us in V belongs to Q,, i.e., r (x, q) X Qm.

Next we show that (C2) holds. Fix a path p in P[:]V such that p starts at
r (x, q) X Qm and ends at rm lm and none of the path-states of p other
than the first one are in X Q,. Assume for contradiction that (C2) is false, i.e.,
p is a loop-path. Consider the string s L(P]’V) such that p(s, ro) r (x, q).
Since q Q,, s Lm(V) KR. Let tp UpVpWp ’]* be a string corresponding
to the path p, where Vp represents the string corresponding to the loop-portion of
p. Then Stp SUpVpWp e Lm(P[]’V) nn (since p(Stp, ro) rm e Rm). Hence
the string tUp(Vp)gTlwp LR. Then there exists no prefix s E K of the string
8Up(Vp)NWlWp such that IIis, l(SUp(vp)N-l-lwp) -]_N, which contradicts the fact that
L c_ KR<-N. This completes the proof of the fact that (C1) and (C2) are necessary
conditions for an integer N Af to exist such that LR C_ KR<-N. It remains to show
that (C1) and (C2) are sufficient conditions also.

Assume then that (C1) and (C2) hold for SM P[’V. Since (C2) holds, any path
p in P[V that starts at r (x,q) X Qm and ends at rm Rm with none
of its path-states (other than the first one) in X Qm, is a loopfree-path. Let P
denote the collection of all such paths (paths that satisfy condition (C2)). Define

N def
maxpep IPl, where IPl denotes the length of path p. Then we will show that

LR c_ KR<-g. Note that since (C2) holds, all the paths p E P are loopfree-paths,
hence the maximum in the definition of N exists. To show that LR C_ KR<-N, pick
s L/. Then s Lm(P]’V). Let p(s, ro) r, Rm. Consider the path p in
P[V corresponding to string s. Since P[V is deterministic, p is unique. Also, p
starts at r0 and ends at rm Rm. Hence by (C1), there exists a path-state r (x, q)
of p such that r (x, q) E X Q,. Let r be the last such path-state of ps, i.e.,
r X Qm and all the path-states ofp that follow r do not belong to X Qm. Let
the portion ofp that starts at r and ends at r, be denoted by p; then from (C2) p
is a loopfree-path, also p P. It follows from the definition of N that Ipl _< N. Let
u’ E* be the prefix of s such that p(u’, ro) r’, then u’ K (since r’ E X Q,),
and Hlu, l(s E<N. Thus 8 KR<-g. This completes the proof of Theorem
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4.12. [3

Remark 4.13. Conditions (C1) and (C2) can be tested in P[:]’V in the following
manner:

1. Consider the state set R of Pz]’V and remove all the states r (x, q) E R
(and the transitions entering or leaving these states) for which q Qm. Then for (C1)
to hold, there must not exist any path connecting r0 to any rm Rm in the machine
obtained by removing the above states. Thus (C1) can be verified by performing a
single reachability test on the reduced machine as described above.

2. Next fix a state r (x, q) R with q Qm and remove from PZl’V all the
other states r’ (x’, q’) R (and the transitions entering or leaving these states)
having q’ E Q,. Then for (C2) to hold for this state r, any path connecting r
to any rm Rm in the machine obtained by removing the above states must be
acyclic. Repeat the above for every state r" (x", q") R with q" Qm and
test for acyclicity. Since for each such state acyclicity can be tested by computing
its reachability set, testing (C2) requires at most IP[:]’VI reachability tests to be
performed, where IP[:]’VI denotes the number of states in P[’V.

Thus it follows from above that testing (C1) and (C2) requires at most IP]’VI + 1
reachability tests to be performed. Since the reachability set can be computed in
O(IPE]’VI) time, the complexity of testing (C1) and (C2) is of order O(IPE]’V]2). Let
m, n G iV" be the number of states in the minimal SMs recognizing L, K, respectively,
then the number of states in SMs P, V recognizing LR, KR, respectively, is 2m, 2n,
respectively (reversal operation requires nondeterministic to deterministic conversion
of SMs). Hence the computational complexity of testing g-stability of L with respect
to K is O(22(’+n)).

Example 4.14. Consider the languages L, K1 C_ {a, b, c, d}* as in Example 4.5:
L (ab)*cd* and K1 d*+bab(ab)*cd*. Recognizers for L and gl are shown in Fig. 3.
Then LR d*c(ba)* and gR d* +d*c(ba)*bab d* +d*cbab(ab)*. Let P, Y be state
machines such that nm(P) LR, Lm(V) gl, and L(P) Lm(P),L(V) E*,
respectively, as in Theorem 4.12. Construct P[:]’V as described above. Recognizers
for P, V, PE]’V are shown in Fig. 5. A state (x, q) in the state set R of P]’V is marked

P V

2,6

for clarity, transitions leading to "dump" state not labeled

L.(P) L d*c(ba)* L.(V) K1 d* + d*cbab(ab)* L.(PE]’V) d*c(ba)*

FIG. 5. Diagram illustrating Example 4.14.

if and only if the state x E X,. Since state 2 X is the only state marked in P, the
states (2, 2), (2, 4) and (2, 6) are the marked states in P[:]’V. We now check whether
conditions (C1) and (C2) of Theorem 4.12 hold. Consider any path in P[:]’V starting
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from the initial state (1, 1) and ending at one of the marked states (2,2), (2, 4), or

(2, 6). Then this path obviously visits the state (1, 1). Since (1, 1) E X x Q, (state 1
is marked in Y), condition (C1) holds. To show that (C2) holds, consider any path in
P[:]’V starting at the initial state (1, 1) and ending at one of the marked states (2, 2),
(2, 4), or (2, 6). If the path ends at (2, 2), then the last state (x, q) such that q e Qm
visited along this path is (1, 1). Consider the path segment between (1, 1) and (2,2);
it is loopfree. If the path ends at (2, 4), then the last state (x, q) with q Qm visited
along this path is again (1, 1), and again the path segment between (1, 1) and (2, 4)
is loopfree. Finally, if the path ends at (2, 6), then the last state (x, q) with q Qm
visited is (3, 5), and the path segment between (3, 5) and (2, 6) is again loopfree. Thus
condition (C2) also holds. It then follows from Theorem 4.12 that L is t!-stable with
respect to K1 as expected (refer to the discussion in Example 4.5).

COROLLARY 4.15. Consider two regular languages L, K c F*. Let m, n A/" be
the number of states in the minimal SMs recognizing L, K, respectively. L is I-stable
with respect to K, if and only if L C ]-<2"+’K.

Proof. To prove the "if" part, we must show that L C_ -<2"+’g implies L is
t!-stable with respect to K. This is trivially true: set N 2m+n in the definition of
g-stability. To prove the "only if’ part, we need to show that if L is g-stable with
respect to K, then L C ]-<2"/K. Since L is t!-stable with respect to K, it follows
from Corollary 4.10 that there exists N e Af such that LR C_ KR<-N. Let P, V be
machines recognizing LR, KR, respectively, as in Theorem 4.12. It then follows from
Theorem 4.12 that N <_ IP[:]’VI (refer to the second part of the proof of Theorem 4.12,
where Y is defined to be N de maxpe IPl; since each p
hence N <_ IP[:]’VI). Since the number of states in SMs recognizing L, K is m, n,
respectively, the number of states in P, V is 2m, 2n, respectively (reversal operation
requires nondeterministic to deterministic conversion of SMs [1]). Thus it follows that
g <_ IP[:]’VI- (2m)(2n) 2m/n.

Remark 4.16. Thus g-stability of a given language L with respect to another
language K can also be determined by testing whether L C

Af are the numbers of states present in SMs recognizing L, K, respectively.
Next we consider the problem of testing g-stabilizability of a given language

L C 5]* with respect to another language K C F*. Let P be the trim SM recog-
nizing language L, then L(P) L. The supervisor that disables all the controllable
transitions of P (treated as a plant) is called the maximally restrictive supervisor.
The behavior of P under the maximally restrictive control equals L(P) F*, which is
the infimal controllable sublanguage of L(P). The existence result and formula for the
infimal controllable sublanguage of a prefix-closed language is given in [14]. Hence, if
L is prefix closed, then L(P) L L, and we obtain that the infimal controllable
sublanguage of L equals L N

THEOREM 4.17. If L C_ F* is prefix closed, then L is g-stabilizable with respect
to K C_ F* if and only if L F*u is g-stable with respect to K.

Proof. Assume that L is /-stabilizable with respect to K. Then there exists
N Af and a nonempty controllable sublanguage H C_ L such that H c <-NK.
Note that L F* c_ H (by infimality of L N F*). Hence L N c_ -]_<gg. Thus
L N 3" is l-stable with respect to K.

Next assume that L N F* is nonempty and g-stable with respect to K. Since
L 53 is controllable and L * C_ L, it follows that L is g-stabilizable with respect
to K.

Remark 4.18. Thus/-stabilizability of a given closed language L with respect to
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another language K can be determined by testing whether L f E is nonempty and
g-stable with respect to K. Let m denote the number of states in the SM P that
generates the language L, then L q E* can be computed in time O(m) by deleting all
the controllable transitions from P.

As stated in Remark 4.13, the algorithm for testing g-stability of L with respect to
K is of computational complexity that is exponential in the number of states present
in SMs recognizing L and K. Hence so is the complexity of the algorithm that tests
the g-stabilizability. Next we present a sufficient condition for/-stability of L with

respect to K that can be tested in polynomial time. Let P de___f (X, Y], o, Xo, Xm) and

V def (Q,E,5, q0, Q,) be two SMs recognizing L and K, respectively. Define the
following subset of states Xs C_ X"

Xs {x e x ln,(P,x) c_ g},

where Lm (P, x) is the language recognized by P assuming its initial state to be x E X.
PROPOSITION 4.19. Consider SMs P, V as defined above. If xo f(Xs), then L

is g-stable with respect to K.

Proof. Define N de___f IX_ Xsi; then to prove l-stability of L with respect to
K, we need to show that L C_ <-NK. Consider s L. If Is] < N, then clearly
s E<NK. So let s L be such that Isl > N. Then it follows from the definition of
the region of strong attraction that there exists a prefix u8 E*, lusI < N, of s such
that a(u,xo) Xs. Also, by the definition of X, Hlsl(s K, which shows that
8 -]_<NK. [-I

Thus if x0 is strongly attractable to a state in Xs, then P, after starting from
x0, reaches a state in Xs in at most IX- Xsl transitions, and then onwards follows
a string in K. The following algorithm checks the sufficient condition of g-stability of
Proposition 4.19.

ALGORITHM 4.20.
1. Determine the subset of states Xs c_ X defined above.
2. Compute f(Xs) using Algorithm A.1.
3. If xo (Xs), then L is g-stable with respect to K.

Let P, V be the minimal SMs recognizing L, K, respectively, and let m, n Af
be the number of states in P, V, respectively. Then step 1 of Algorithm 4.20 can be
determined in O(m2n) time, and steps 2 and 3 can both be determined in O(m) time
(refer to Theorem A.2). Hence the computational complexity of Algorithm 4.20 is

O(m2n), which is polynomial in m, n. Note that Algorithm 4.20 tests only for the
sufficiency condition of g-stability. Hence if the condition in step 3 of Algorithm 4.20
is not satisfied,/-stability of L with respect to K is determined by testing conditions
(C1) and (C2) of Theorem 4.12 as described in Remark 4.13. Next we present a
sufficient condition for g-stabilizability of L with respect to K, which can also be
tested in polynomial time.

PROPOSITION 4.21. Consider the SMs P,V. Let X’S dej {X E X Lm(P,x) C

K}. /f x0 e A(X), then L is -stabilizable with respect to K.
Proof. The proof is similar to the proof of Proposition 4.19. [:]

The following algorithm can be used for testing the sufficient condition of g-
stabilizability of Proposition 4.21.

ALGORITHM 4.22.
1. Compute X C_ X.



STABILIZABILITY OF DISCRETE EVENT DYNAMICAL SYSTEMS 1309

2. Compute A(X) using the modification to Algorithm A.1 described in Re-
mark A.3.

3. If x0 E A(X), then L is g-stabilizable with respect to K.

The computational complexity of Algorithm 4.22 is also O(m2n), where m, n is
the number of states in P, V, respectively.

5. Weakly stabilizing supervisors. In the previous section we showed that
given a plant P with physical behavior L c_ E* and desired eventual behavior K _c E*,
it can be verified whether or not L is g-stable or g-stabilizable with respect to K. In the
case where L is g-stable with respect to K, the eventual behavior of P is contained in
K; hence no supervisor is needed. If L is not l-stable but is/-stabilizable with respect
to K, then a supervisor must be constructed to insure that the eventual closed-loop
behavior of the system is a sublanguage of K. The/-stabilizability of L guarantees the
existence of a stabilizing supervisor, but a minimally restrictive stabilizing supervisor
need not in general exist. This is evident from the following proposition.

PROPOSITION 5.1. -stability is not preserved under union.

Proof. We show by the following example that g-stabilizability is not preserved
under union. Let E Ec {a, b}, L a’b* denote the plant behavior and K b*
denote the desired eventual behavior. Then there does not exist any integer N E Af
such that L c_ -]_NK, i.e., L is not/-stable with respect to K.

Next consider the following family of sublanguages {Li}ier of L with Li ab*

for each Af. Then it is clear that for each Af, L is controllable (since Ec E)
and also g-stable (since L c_ E<K) sublanguage of L. But ieAr Li L is not
t!-stable with respect to K; thus showing that g-stability is not preserved under union.

The implication of Proposition 5.1 is that if the plant behavior L is not g-stable

with respect to the desired eventual behavior K, then the minimally restrictive sta-
bilizing supervisor, which will restrict the plant behavior to the supremal t!-stable
sublanguage of L, cannot in general be constructed. Next we define a weaker notion
of language stability that we call weak g-stability, which is preserved under union so
that the minimally restrictive stabilizing supervisor can be constructed.

DEFINITION 5.2. A language L c_ E* is said to be weakly g-stable with respect
to another language K C_ E* if L C_ E*K. If there exists a nonempty controllable
sublanguage H c_ L such that H is weakly g-stable with respect to K, then L is said
to be weakly g-stabilizable with respect to K.

Thus if L is weakly g-stable with respect to K, then every string in L after
removing a prefix from it matches some string in K. Note that here no uniform
bound on the size of the prefix to be removed from a string in L is assumed.

Remark 5.3. Since ]_g -], for any N Af, it follows that -stability implies
weak t!-stability. However, the converse does not hold in general. Consider, for exam-
ple, the languages L a’b* and K b* defined over the event set E {a, b}. Then
as stated in the proof of Proposition 5.1, L is not t!-stable with respect to K. But
clearly L is weakly g-stable with respect to K, for a’b* c_ E’b*.

The following result, analogous to that stated in Theorem 4.17, holds also for
weak g-stabilizability.

THEOREM 5.4. If L is prefix closed, then L is weakly g-stabilizable with respect
to K if and only if L N E is nonempty and weakly g-stable with respect to K.

Proof. The proof is similar to the proof of Theorem 4.17.
Next we discuss how to verify weak g-stability and weak g-stabilizability of a given
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plant behavior with respect to its desired eventual behavior. Let

p de (X,-],ol, xo, Xm), V de (Q, , 5, q0, Q,)

be the minimal SMs recognizing the languages L, K, respectively. Assuming that the
languages L, K, are regular, let m, n be the number of states in P, V, respectively. An
SM that recognizes E*K is constructed by first adding the self-loop corresponding to
E* at the initial state of V and then converting it to a deterministic SM. Let this SM
be denoted by W; then the number of states in V is 2n.

Remark 5.5. The weak/-stability of L with respect to K can be verified by
determining whether Lm(P) C_ Lm (Y’). Since the number of states in P, Y’ is m, 2n,
respectively, the computational complexity of verifying weak /-stability of L with
respect to K is O(m2n). It also follows, in view of Theorem 5.4, that the computa-
tional complexity of testing weak t-stabilizability of prefix-closed L with respect to K
is again O(m2n).

Since/-stability (/-stabilizability) implies weak g-stability (weak g-stabilizability),
the condition in Proposition 4.19 (Proposition 4.21) is sufficient for weak -stability
(weak g-stabilizability). Thus Algorithm 4.20 (Algorithm 4.22) can be employed to
test this sufficient condition for weak t-stability (weak/-stabilizability), the compu-
tational complexity of which is polynomial in m, n.

Next we prove that weak g-stability is preserved under union, i.e., the supremal
weakly l-stable sublanguage of a given language exists.

PROPOSITION 5.6. The supremal weakly l-stable sublanguage of a given language
exists and is unique.

Proof. Let L, K denote the plant and desired eventual behavior, respectively. Let
A be an indexing set such that the family of weakly/-stable sublanguages of L is
given by {L),},XA, i.e., L is weakly -stable sublanguage of L for each A. Such
a family is nonempty because 0 is weakly t-stable sublanguage of L. Consider the

language H d (-JeA L; then clearly H C_ L and H is weakly g-stable. The last
assertion follows from the fact that L c_ E*K for each A A which implies that

UAEAL H C_ E*K. This completes the proof of Proposition 5.6. a
COROLLARY 5.7. The supremal controllable and weakly g-stable sublanguage of a

given language exists and is unique.
Proof. The proof follows from Proposition 5.6 and the fact that controllability is

preserved under union [21], [20].
We have proved the existence and uniqueness of the supremal controllable and

weakly l-stable sublanguage of a given language. Next we present a closed-form
expression for it. We use the notation HT to denote the supremal controllable sub-
language of a given language H c_ E* [20,1,10].

THEOREM 5.8. Let L, K C_ E* denote the plant and desired eventual behavior,
respectively. Then the supremal controllable and weakly -stable sublanguage of L is
given by (L ) E’K)$.

Proof. Let H C_ E* denote the supremal controllable and weakly g-stable sublan-
guage of L with respect to K. Then we must show that H (L E*K)T.

First we show that (L E’K) c_ H. Since H is the supremal controllable and
weakly g-stable sublanguage of L, it suffices to show that (L E’K)$ is a controllable
and weakly/-stable sublanguage of L. By its definition, (L E*K)$ is a controllable
sublanguage of L. Also, since (LE*K)T C_ LVE*K C_ E’K, it follows that (LE*K)T
is weakly g-stable with respect to K. Thus (L ’1 E’K)T is a controllable and weakly
t-stable sublanguage of L.
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Next we prove that H _C (L N E’K)T. Since H is weakly g-stable, it follows that
H c_ E’K; also, H C_ L, hence H C_ L N E*K. Note that H is controllable also. Thus
H is controllable and is contained in L N *K. Since (L *K)T is the supremal
controllable sublanguage contained in LE*K, it follows that H C_ (LE*K)T.

Thus if L is not g-stable with respect to K, but is weakly t-stabilizable with
respect to K, then a minimally restrictive stabilizing supervisor can be constructed
so that the behavior of the closed-loop system is given by (L G F*K)T. Note that the
result of Theorem 5.8 is not surprising, as we are interested in finding the supremal
sublanguage H C_ L such that H is weakly stable, i.e., H c_ E*K and H is controllable.
Since H C_ L and H c_ E’K, it follows that H c_ L E*K. Thus we are interested in
finding the supremal controllable sublanguage H E L V)E’K, which obviously equals
(LE*K)I. This, however, offers an alternative interpretation of minimally restrictive
weakly stabilizing supervisors: the problem of finding the minimally restrictive weakly
stabilizing supervisor for a plant with behavior L and desired eventual behavior K is
equivalent to the problem of finding the minimally restrictive supervisor for the same
plant with desired behavior L E*K. Hence techniques developed in [21], [20], [1],
[11], etc., can be used to solve the problem.

6. Stability of sequential behavior. Thus far we have discussed the stability
of the finite behavior of a DEDS. We will show how the notions of -stability and
t-stabilizability defined above can be easily generalized to describe the stability of
infinite or sequential behaviors of DEDSs. In this section, we introduce the notion of
w-stability for formally describing the the notion of eventual sequential behavior.

In [19], [22], [13], [12], [23] the supervisory control problem for controlling the
sequential behavior of a bEDS is studied, and conditions under which a supervisor can
be constructed so that the sequential behavior of the controlled system is equal to some
desired sequential behavior are obtained. As discussed above, such a control problem
formulation may lead to synthesis of a very restrictive supervisor. In some cases, it
might suffice to design a supervisor that would ensure that the sequential behavior
of the controlled system is eventually contained in the desired sequential behavior.
So we introduce the notion of the desired eventual sequential behavior and obtain
conditions under which the plant’s sequential behavior is eventually contained in this
sequential behavior. We follow the framework of [19] for addressing the supervisory
control problem of sequential behavior.

Let E denote the set of all infinite strings of events belonging to E. An infinite
or w-language is a sublanguage of E. Let e E E* denote the prefix of size n of the
infinite string e E E. A suitable metric can be defined on the space E [7]. Given
two infinite strings el, e2 w, the distance d(el, e2) between the two infinite strings
is defined to be

dej f 1/(n + 1), if e e and e+1 e+1 (n e Af)d(el e2) [ 0, if el e2.

Given a language L c_ E*, its limit, denoted as L, is the w-language defined as

LO de__f {e E [en L for infinitely many n EAf}.

We will use t _< s to denote that t E* is a prefix of s E*UE. Ift is a
proper prefix of s, then it is written as t < s. Given an infinite sequence of strings
S < s2 < < sn < with sn E* for each n, there exists a unique infinite string
e E such that Sn < e for each n. In this case, the infinite string e is also written
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as e limn_ sn. Given an w-language c_ Z, its prefix, denoted by prl:, is the
following language"

pr de {s e ’* Ie e s.t. s < e}.

Note that pr pr, where denotes the topological closure3 of/: in the metric
space (E, d) [7]. It can be proved [7] that for a w-language/: c_ ,

With the above preliminary notions we can address the issue of stability of the
infinite behavior of a given DEDS. Let P =_ (X, E, , xo, Xm) denote the plant. Then
as defined above, Lm(P),L(P) C_ E* denote its (finite) marked, generated languages
respectively. The w-language generated by P, denoted by (P), is defined to be

(p) dej {e e (L(P)) 13 infinitely many n e Af s.t. a(e",Xo) e Xm} (Lm(P)).
Note that the w-language .(P) generated by P as defined above is also the w-language
generated by P viewed as a Biichi automaton [7]. P is said to be nonblocking if
pr(P) L(P). Let S (Y, E,, Y0, Ym) denote the supervisor that controls P by
synchronization as defined above. Then the w-language generated by the closed-loop
system P]S is defined to be

(P[:]S) de__f (L(P[]S)) N (P).

Let K: c_ (P) be the desired w-language. It is shown in [19] that a complete,
nonblocking supervisor exists for achieving the desired sequential behavior if and only
if K: is w-controllable with respect to P.

DEFINITION 6.1. An w-language K: C_ E’ is said to be w-controllable with respect
to the plant P if pr: is controllable with respect to P, and is topologically closed
with respect to (P); i.e.,

1. pr()u L(P) C_ prh:, and
2.

It is further shown in [19] that if E is not w-controllable, but is topologically
closed with respect to :(P), then the supremal w-controllable sublanguage, denoted
by T, of K: exists,a Thus the construction of the minimally restrictive supervisor is
possible. A closed-form expression for the supremal w-controllable sublanguage, as
well as an efficient algorithm for computing it, is presented in [13], [12].

Next, let K: c_ represent the desired eventual sequential behavior of the plant
P =_ (X, E, , Xo, Xm). The notion of w-stability is defined as follows.

DEFINITION 6.2. The plant sequential behavior (P) is said to be w-stable with
respect to the desired eventual sequential behavior K: if there exists an integer N E Af
such that (P) c_ _N). (p) is said to be w-stabilizable with respect to K: if there
exists a nonempty w-controllable sublanguage 7-/C_ (P) such that 7-/is w-stable with
respect to

3 The notation is used to denote topological closure whenever C ETM, and the notation is
used to denote the prefix closure whenever L C_ E*.

4 The notation K:T is used to denote the supremal w-controllable sublanguage of K: C w, and
the notation KT is used to denote the supremal controllable sublanguage of K C_ E*.
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Let e E E be a infinite string and for each n E Af, let fn E be such that
e enf,. Then the projection operator 1-In E - E (n Af) is defined in the
following manner:

In other words, given a infinite string e E, its projection Ha(e) is obtained by
deleting its prefix of size n from it. Thus if (P) is w-stable with respect to K:, then
for each e /:(P) there exists an integer ne <_ N such that Hn (e) E K:. In other
words, each infinite string in :(P) after removing a prefix of size at most N matches
a infinite string in K:. The w-language K: thus can be thought of to be representing the
desired eventual sequential behavior. If/:(P) is not w-stable but w-stabilizable with
respect to K:, then there exists a nonempty w-controllable sublanguage ?-/c_ (P) that
is w-stable with respect to E also. Thus a nonblocking and complete [19] supervisor,
which can restrict the sequential behavior of the plant to 7 that "stabilizes" to the
desired eventual sequential behavior K:, can be constructed.

6.1. Tests for w-stability and w-stabilizability. In this subsection we show
that under certain assumptions w-stability can be tested by performing the test for
g-stability. First, we define the notion of complete languages, which is useful in the
context of studying the stability of infinite behaviors.

DEFINITION 6.3. Consider a language L C_ E*. A string s L is said to have an
extension in L if there exists a t L such that s < t. L is said to be complete5 if for
every string s L, there exists an extension in L.

Note that a language is complete if and only if a trim SM recognizing it is live
(has at least one transition defined at each of its states) [13]. First, we show that
g-stability of a given language with respect to another implies w-stability of the limit
of the given language with respect to the limit of the other.

THEOREM 6.4. Consider L, K C_ E*. If L is -stable with respect to K, then L
is w-stable with respect to K.

We prove the following lemma before proving the result of Theorem 6.4.
LEMMA 6.5. Consider L c_ E*. Then for any N A/’, (E<NL) ]<_NL.
Proof. First, we show that -]_<NL C_ (E<NL). Pick e E _<gLcx. Then e can

be written as e enf, where n _< N and f L. Thus there exist infinitely many
m Af such that fm L. Then the strings enfm E<_NL for each m E Af. Hence
limm__. enfm (<-NL). Also, since enf < enf2 < < enfm < < e, it
follows that lim,_ enfm e, which shows that e (E<NL).

Next, we show that (E<NL) c_ _YLcx. Pick e (E<NL). Then there
exist infinitely many n Af such that en E _NL. Thus each eu can be written
as en UnVn, where Un ’_N and Vn L. Since the set -]_N is finite, it follows
that there exists at least one integer no Af such that uo u for infinitely many
n. Let {nk}kEAf be a subsequence such that u Un2 Unk U,o.
Then enk uov for each k Af. Hence e limk_ e Uno limk-o v. Since
Un _g and v L for each k Af, it follows that e E<NL. D

Proof of Theorem 6.4. Since L is g-stable with respect to K, there exists an
integer N Af such that L c_ -]_<NK. Hence, by taking limits on both sides of the
last inclusion, we obtain L C_ (<-NK). It then follows from Lemma 6.5 that
L C_ E<NK, which shows that L is w-stable with respect to K. 0

5 Completeness is also defined to be a property of supervisors; here we define it to be a property
of languages. The two definitions are unrelated and not to be confused with.
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Example 6.6. Consider languages L, K1 of Example 4.5. Then L ((ab)*cd*)
(ab)*cd and (gl) (d* + bab(ab)*cd*) d + bab(ab)*cd. Using arguments
similar to those in Example 4.5, it can be easily verified that L C_ E-<3(K1). This
shows, as expected from the result of Theorem 6.4, that L is w-stable with respect
to (K1). However, the converse of Theorem 6.4 does not hold in general. Consider,
for example, languages L, g C_ {a, b}*" L- (ab)* and g (ba)*. Then n (ab)
and g (ba). Since (ab) a(ba), it is obvious that L is w-stable with respect
to K (L aK). It can also be easily checked that L is not g-stable with respect
to K: a string in L ends with the symbol b, whereas a string in K ends with the
symbol a. Thus, given any string in L, no suffix of it matches any string in K.

Next we prove that under certain assumptions the converse of Theorem 6.4 holds.
THEOREM 6.7. Consider L, K c_ E*. Assume that L is complete and K is prefix

closed. Then w-stability of L with respect to K implies g-stability of L with respect
to K.

Before proving the result of Theorem 6.7, we prove the following lemma.
LEMMA 6.8. Consider two languages L1, L2 c_ E*. Assume that L1 is complete

and L2 is closed. Then (L1) C_ (L2) if and only if L1 c_ L2.
Proof It is clear that L1 C_ L2 implies L c_ L. Hence it suffices to show that

if (L1) C_ (L2), then L1 C_ L2. Pick s E L1. Since L1 is complete, there exists a
sequence of strings s < 82 < < Sn < such that sn E L1 for each n G Af and
s < 81. Let e limn_ Sn; then e (L1). It then follows from the assumption
that e (L2). Hence there exist infinitely many n Af such that en E L2. Pick
m Af such that s < em. Since em L2 and L2 is closed, it follows that s L2.

Proof of Theorem 6.7. Assume that L is w-stable with respect to K. Then
there exists an integer N Af such that L C_ E_<NKcx). Thus it follows from Lemma
6.5 that L C_ (<-NK). Note that since y]_<N is closed, and prefix closure is pre-
served under concatenation of languages, E<NK is a closed language (by assumption
K is closed). Since L is complete (by assumption) and <-NK is closed, we obtain
from Lemma 6.8 that L c_ (E-<NK) if and only if L C_ y]_<NK.

Example 6.9. Consider the languages L (ab)* and g (ba)* of Example
6.6. It was noted in Example 6.6 that L is w-stable with respect to K; however,
L is not g-stable with respect to K. The reason is that although L is a complete
language, K is not prefix closed. Let us replace K by its prefix closure, i.e., consider
g’ g (ba)* (ba)* + b(ab)*. Then clearly L is g-stable with respect to g’

(L (ab)* ab + ab(ab)* c_ E-<2K’).
The results of Theorem 6.4 and Theorem 6.7 can be combined to arrive at a test

for w-stability based on the test for t-stability (Theorem 4.12).
THEOREM 6.10. Let (P) (Lm(P)) C_ denote the plant w-behavior and

IC c_ denote the desired eventual behavior. If P is live and is topologically
closed, then (P) is w-stable with respect to if and only if Lm(P) is g-stabe with
respect to prE.

Proof. Since P is live, Lm(P) is complete. Also, since K: is topologically closed,
]C (prlC). Thus (P) is the limit of the complete language Lm(P) and is
the limit of the prefix-closed language pr. Hence it follows from Theorem 6.4 and
Theorem 6.7 that (P) is w-stable with respect to E if and only if L,(P) is g-stable

with respect to prlC. D
Next we relate the notion of w-stabilizability to that of w-stability through the

following theorem.
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THEOREM 6.11. :(P) is w-stabilizable with respect to ]C if and only if
is nonempty and w-stable with respect to , where F (F).

Proof. We first show that :(p) Z is the infimal w-controllable sublanguage of
:(P), i.e., it is the sequential behavior of P under the control of maximally restrictive
complete and nonblocking supervisor [19]. Consider the supervisor that disables all
the controllable events in P. Then the behavior of the closed-loop system under this
control law is given by L(P) F*. Hence the sequential behavior of the closed-loop
system is given by (L(P)CF)NE.(P) (L(P))N(*).(P) .(P), where
the first equality follows from the fact that L(P), F are both closed languages and the
second equality follows from the fact that :(P) C_ (n(P)) and (F) F. Note
that the supervisor that disables all the controllable transitions in P is complete (it
never disables any uncontrollable transition) and nonblocking (since pr(/:(P)D)
L(P)DZ). Hence :(P)N2 is w-controllable [19]. Since it is the sequential behavior
under the maximally restrictive complete and nonblocking control law, if
is any w-controllable sublanguage of/:(P), then :(P) C_ 7-/.

Assume then that :(P) is w-stabilizable with respect to . Then by the definition
of w-stabilizability, there exists a nonempty w-controllable sublanguage
and an integer N EAf such that 7-/C_ E:<N. Since :(P) D c_ 7-/, it follows that
:(P) c_ z<N; which shows that :(P) E: is w-stable with respect to

Assume next that (P)N X: is nonempty and w-stable with respect to K:. Since
:(P) N E: c_ :(P) and is w-controllable (proved above), it follows that :(P) is
w-stabilizable with respect to K:.

Remark 6.12. A necessary condition for w-stability is obtained using an equiva-
lence relation on the space F introduced in Appendix B. It is also shown in Appendix
B that if a weaker definition of w-stability is used the necessary condition obtained in
terms of the equivalence relation is also a sufficient condition.

7. Conclusion. In this paper, we have introduced the notions of stability and
stabilizability of DEDSs in terms of their behavior. In many situations, since the
behavior rather than the states of the system is observed directly, it is more natural
to study the stability of systems in terms of their behavior. Also, in some cases, it
might be desired that the eventual (rather than the whole) behavior of the system
be legal, so it is necessary to define formally the notion of language stability. Earlier
works concerning stability of DEDSs [18], [2], [3] are all based in terms of the states
of the systems and can be viewed as a special case of the work presented here (refer
to Proposition 4.4). The earlier works [18], [2], [3] on stability in terms of states
assume the control to be of static feedback type; however, more general supervisors
that exercise dynamic feedback have been used here for making the systems g-stable.

We have shown that the problem of determining g-stability (t-stabilizability) of
a given language with respect to another language is equivalent to another problem
posed in terms of the reversal of languages (refer to Corollary 4.10) and have provided
a solution to this equivalent problem (refer to Theorems 4.12 and 4.17). We have also
provided an upper bound to the value of the integer N in the definition of g-stability (g-
stabilizability) using the solution to the equivalent problem (refer to Corollary 4.10).
Next we have presented a weaker notion of language stability in which no uniform
upper bound on the length of the prefix to be removed from a string in a language
(for it to g-stable with respect to another language) exists and have provided the
construction of the minimally restrictive supervisor [10], [21], [20], [11] to g-stabilize

a given language in this weaker sense of language stability.
The notion of t-stability and g-stabilizability is then generalized to describe the
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notion of stability of sequential behavior of DEDSs and the notions of w-stability and
w-stabilizability are introduced in this context. We have introduced an equivalence
relation on the space of infinite strings and have obtained a necessary condition of w-
stability in terms of this relation. A necessary and sufficient condition for w-stability
is obtained in terms of g-stability, which is used to arrive at tests for w-stability and
w-stabilizability.

A. Algorithm for constructing () and h(). As before, let

p de____f (X, , o, x0, Xm)

be the plant and c X be the set of legal states. The following algorithm can be
used to compute (X) (we assume that the plant P has finite number of states so
that the algorithm terminates in finite number of steps).

ALGORITHM A. 1.
1. Initiation step:

Set gt_l()= 0, t0(-)= , and k 0.
2. Iteration step:

(a) Let Xk C_ X be the set of states from which Qk() Qk-l() can be
reached in a single transition, i.e.,

Xk {x e X 3a e F s.t. (a,x) e tk())- ’k-l(-)}.

Determine the set Xk by considering the SM p-1 de_____f (X, -], o/-1 xo, Xm)
where c-l(a, x2) de__f {Xl e X c((T, Xl) x2} (p-1 is the SM obtained
by reversing all the transitions of P), and by finding the states that can
be reached from tk() gtk-l() by a single transition in P-.

(b) Consider x E Xk. If all the transitions from x lead to tk(), then
tk+l() k()U {x}. Repeat this for all x e Xk. Thus, if all the
transitions from a state x Xk lead to states in k(X), then x is a

strongly attractable state, i.e.,

k+(f() () U {x e X (a,x) e () for all a e F(P)(x)},

where F(P)(x) c_ F is the set of all the transitions that are defined in
the state x e X in P and is given by F(P)(x) {a e F c(a,x)! }.

3. Termination step:
If gtk+() tk(), then stop and set t() k(); else set k k + 1
and go to step 2.

THEOREM A.2. Alflorithm A.1 computes the region of strong attraction 12() of
the set of legal states X C_ X.

Proof. The proof that Algorithm A.1 computes Ft() is based on the following
two facts:

First, the above algorithm computes t()) if in step 2, tk()- tk-()) is
replaced by tk() (for proof refer to [18, Prop. 2.7]).

Second, at the end of the kth iteration, to determine the states that might be
strongly attractable, we just need to consider the states that have transitions leading
into the set tk+l() gtk() (rather than into the set k+l(.)) in P, so that the
replacement as described above is justified (see Fig. 6). In other words, we must
show that at the end of kth iteration, if all the transitions in E(P)(x) from the state
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X

FIG. 6. Constructing region of strong attraction.

x e X- flk+l()lead to the set fk+l(), then there exists a e E(x)such that
a(a,x) e k+l(X) fk(). To show this, we first partition E(P)(x) into the set
E (P)(x) 3 E2(P)(x), the set E (P)(x) of transitions leading to k(X) and the set
E2(P)(x) of transitions leading to fk+()- fk(). Then it is enough to show that
the set E2(x) is nonempty. Assume that it is empty; then x E (fk(X)); therefore it
belongs to the set fk+ (X), which is contradictory to the fact that x E X- k+l (-).
This proves the second claim.

Remark A.3. To determine the region of weak attraction A() of ), we replace
step 2(b) in the iteration step of the previous algorithm by the following step 2(b’):

2(W) Consider x Xk. If all the uncontrollable transitions from x lead to
fk(), then k+l() fk() t2 {X}, i.e.,

ak+() ak() U (x e Xk a(a,x) e ak() for all a e E,(P)(x)},

where E,(P)(x) E(P)(x)N Eu.
This can be tested by considering the transitions in P Iz. (P with all its con-

def (Z, ’u, o [u xX xo,Xm)trollable transitions deleted). Formally, P [
This would result in the construction of the region of weak attraction A(X) of X. Note
that with an abuse of notation we have used k() in the algorithm for determining

THEOREM A.4. The time complexity of Algorithm A.1 for constructing ()
and h() is O(IZn), where denotes the number of events in the event set and
n is the number of states in P.

Proof. Assume that at the end of kth iteration, the number of transitions (of
length one) leading into the set flk+ () k() from X flk+() is ek. We show
that step 2 of the algorithm can be computed in O(ek) time, follows.

First, the states in the set Xk can be computed in O(ek time, for to determine
the states reachable from the states in the set flk+l () k(X) by a single transition
in P-, we need consider only the ek transitions. Second, since there could be at most
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ek such states, the states in the set k+l() can also be computed in O(ek) time
This is true because to test whether a state x E Xk belongs to flk+l()) requires only
O(IEI) time, which is constant.

Since the sets k+l()-flk() for each value of k are all disjoint, the transitions
(of length one) leading into them from X 12k+l ()) are also all disjoint. Hence the
computational complexity of Algorithm A.1 is of order O(k ek) O(e), where e
is the number of transitions in P. Since P is deterministic, e < IEIn; hence the
theorem follows. Similarly, the complexity of the algorithm for determining A()) is
also

This is significant improvement over the computational complexity of the algo-
rithm given in [2], [3], which is O(n2). Note that our algorithm requires the con-
struction of the SM p-l, which could be nondeterministic, but has same number of
transitions as P.

The above algorithm can also be used to construct the prestable and prestabilizable
states of a given invaviant state set as defined in [18]. In fact, the set of prestable
states and the set of prestabilizable states with respect to a given invariant or legal
set of states is the same as f(3) and A(), respectively, where X denotes the set of
invariant states. The computational complexity of the algorithms provided in [18] is
also quadratic in the number of states of P.

B. An equivalence relation on and v-stability. A necessary condition
for v-stability of a given w-language with respect to another can be obtained in terms
of an equivalence relation defined on the space . In this appendix we define this
relation and show its close relation to the notion of v-stability.

DEFINITION B 1 For el,e2 el e2 if and only if there exist m, n Af
such that Hm(e) Hn(e2). Note that for each n Af, Hn" -- is the map
such that for e E, H=(e) is the infinite string obtained by removing the prefix of
length n from e.

THEOREM B.2. The relation - as defined is an equivalence relation.

Proof. We must show that the relation is reflexive, symmetric, and transitive.
It is clear that for any vector el , el el, i.e., is reflexive. Also, if

el -- e2, then clearly e2 el for any two vectors e, e2 E w, i.e., = is symmetric.
It remains to show that the relation is transitive. Pick any e,e2, e3 w. We
will show that el e2 and e2 e3 implies el e3. Let m, n, p, q Af be such that
H,(e) Hn(e2) and Hp(e2) Hq(e3). We may have either n < p or p <: n. If n < p,
then Hm+(p-n)(el) Ha(e3), i.e., el e3; if p < n, then Hm(el) Hq+(n_p)(e3), i.e.,
el e3.

A necessary condition for w-stability can be obtained using the equivalence rela-
tion defined above.

PROPOSITION B.3. If plant sequential behavior g(P) is w-stable with respect to
the desired eventual behavior IC, then for each e (P), there exists e IC such that

Proof. Assume :(P) is w-stable with respect to/C, i.e., there exist N EAf such
that :(P) c_ Z<N/C. Then given e 2(P), there exists n < N and e’ lg such that
e ene’. Thus Hn(e) e, i.e. e e

Remark B.4. Proposition B.3 gives a necessary condition for w-stablity. This
condition will be a necessary as well as sufficient condition if a weaker definition of
w-stability is used. Let the projection operator be extended to the space 2 in the
obvious manner, i.e., for any n Af, H, 2z -- 2 is defined to be

Hn(:) {e e Z= 3e’ E : s.t. II,(e’)= e},
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where/: C_ . We use H, (.) to denote the operator UneAf nn (’). The plant sequential
behavior (P) is said to be weakly w-stable with respect to the desired eventual
sequential behavior K: if (P) c_ U*/-/,(]C). Thus if/:(P) is weakly w-stable with
respect to K:, then for every e E /:(P) there exist n, m EAf and e K: such that
Hn(e) Hm(e’). It is clear that w-stability implies weak w-stability. It can easily
be verified that (P) is weakly w-stable with respect to K: if and only if given any
e :(P) there exists e ]C such that e e.
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ASYMPTOTIC STABILITY OF INFINITE-DIMENSIONAL
DISCRETE-TIME BALANCED REALIZATIONS*

RAIMUND OBER? AND YUANYIN WU

Abstract. The question of power and asymptotic stability of infinite-dimensional discrete-time
state space systems is investigated. It .is shown that every balanced realization is asymptotically
stable. Conditions are given for balanced, input normal, or output normal realizations to be asymp-
totically and/or power stable.

Key words, linear infinite-dimensional systems, balanced realizations, stability, Hankel operator
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1. Introduction. Balanced realizations for finite-dimensional systems have re-
ceived a great deal of attention. They were introduced as a means of performing model
reduction in an easy fashion [7] and have subsequently been used in H control the-
ory, for example, to evaluate the Hankel norm of a linear system [4], [5]. Recently, they
have been used to study parametrization problems of certain sets of linear systems

The elegant results obtained for finite-dimensional balanced systems aroused in-
terest in the problem of the extension of the notion of a balanced realization to
infinite-dimensional systems. Glover, Curtain, and Partington [5] derived continuous-
time balanced realizations for a class of systems with nuclear Hankel operators. Young
[13] developed a very general realization theory for infinite discrete-time systems. Sim-
ilar results were obtained in the continuous-time case by Ober and Montgomery-Smith

One of the fundamental problems in systems theory is the question of stability
of the system. In this paper, we will address this problem in the case of infinite-
dimensional balanced realizations and the closely related input and output normal
realizations. We show that every balanced realization is asymptotically stable. In
general, input normal and output normal realizations do not have the same stabil-
ity properties as balanced realizations, but we can also give necessary and sufficient
conditions for them to be asymptotically and/or power stable. The result is that an
input normal or output normal realization is power stable if and only if its transfer
function is rational and proper with poles inside the open unit disk, whereas the power
stability of a parbalanced realization is more complicated to characterize in terms of
the properties of the transfer function.

The approach we take in the proofs of the results is to relate balanced realizations
and, in particular, the input and output normal realizations to restricted shift realiza-
tions. We start in 2 with the restricted and *-restricted shift realizations and study
their connections with Hankel operators, shift operators, and the Douglas-Shapiro-
Shields factorizations of analytical functions. In 3, using these connections and the
spectral theory of shift operators, we are able to give the above-mentioned necessary
and sufficient conditions for the asymptotic and power stability of the output normal
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and input normal realizations. Young [13] established the existence of parbalanced re-
alization for any function G E TLDv’r. In 4 we prove that parbalanced realizations
are always asymptotically stable. We also give examples that show the difficulty to
analyze the power stability of a parbalanced realization in connection with its trans-
fer function. A concluding remark is given on how to restrict ourselves to a slightly
smaller class of discrete-time transfer functions and linear systems so that we can
transpose all our results to the continuous-time case using a bilinear mapping (see
[10]).

The following symbols are used:

J

k(z)
z,(u,Y)
L(OiI))
Lz.(v,y)(O]I))

S(Q)

S(Q)*
a(A)
a,(A)
a(Q)

TLDU,

XVY

(F, G)L Iy

(F, G) Iv

the open unit disk,
the unit circle,
the exterior of (0]I)) U ,
defined in 2,
(1/z)[G(1/z)- G(oc)], z e D for G e TLDv’r,
the Hankel operator with symbol K,
{FIR" ]I) ---+ (U, Y) analytic and bounded on

{f f" --+ Y analytic on I]) and

f0 Ily(  ")ll d <
L(O]D) n(o), (Jy)(z)= f(z-1),
(g(2))*,
{A A" U Y a bounded operator},
{f f" 0D Y square integrable on 0},
{El F" 0 (U, Y) meurable and essentially bounded

on 0D},
the orthogonal projection of n(oD) onto H(),
the orthogonal projection of H() onto Z H(D),
the forward shift: (Sf)(z) zf(z) for f e H(),
the backward shift: (S*f)(z) z-[f(z)- f(0)] for f e H(),
PxS]x, the compression of S to X,
where X H()e (QH(D)),
S*H(a)@(QH()), the restriction of S* to H(D) @ (QH(D)),
the spectrum of an operator A,
the point spectrum of an operator A,
the spectrum of an inner function Q H(D) (see 3),
the set of points in C where G h no analytic continuation

(see Theorem 3.14),
defined in 3,
closed linear span of subsets X and Y of a Hilbert space,

F and G are weakly left coprime (see 2),
F and G are weakly right coprime (see 2).
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2. Hankel operators and shift realizations for discrete-time systems.
Our results will be based on the analysis of restricted shift realizations whereby the
shift realizations can be analyzed in terms of Hankel operators related to the transfer
functions. Here we give a brief summary of some results on Hankel operators and the
restricted shift realizations of discrete-time transfer functions. We start with some
basic definitions.

Let U, X, and Y be separable Hilbert spaces. The linear systems considered in
this paper are of the following form:

Xk+l Axk + Buk, k O, 1,...,
Yk Cxk + Duk,

where Uk E U, xk X, and yk Y. The system operators are assumed to be such
that A is a contraction on X, B e (U, X), C e (X, Y), and D e :(U, Y). This
system will be denoted by (A, B, C, D) and the set of all such systems D’Y. Unless
otherwise stated, the spaces U, X, and Y are assumed to be infinite-dimensional.

For (A, B, C,D) e DVx’Y, the function G(z) C(zI- A)-IB + D is called the
transfer function of (A, B, C, D) and (A, B, C, D) is called a realization of G. The
observability operator O: D(O) -, H(ID) of the system (A, B, C, D) is defined as

(Ox)(z) (CAkx)zk

k>0

for x e D(O) := {x e X ->o(CAkx)zk e H}. If D(O) X, 0 is bounded and
Ker((9) {0}, then the system-(A, B, C, D) is said to be observable. The dual system
of (A, B, C, D) is defined to be (A*, C*, B*, D*), which is, in fact, a realization of the
transfer function ((z) := (G(2))*. The system (A,B, C,D) is said to be reachable
if its dual system is observable, and the reachability operator of (A, B, C, D) is
defined to be the adjoint of the observability operator of the dual system. In fact,
(A, B, C, D) is reachable if and only if the range of n: H](D) -- Z is dense in X,
and in this case

Note that we define the observability operator (9 to have range in H.(D) instead
of l.. Accordingly the domain of the reachability operator T is in H(D) instead of
l]. The definitions adapted here are found to be more convenient in our context.

We write LDUx’y for the class of reachable and observable systems with state space
X. The set of :(U, Y)-valued transfer functions that have reachable and observable
realizations is denoted by TLDU’Y. Note that (A,B, C,D) LDUx’y if and only
if (A*, C*, B*, D*
TLDY,U, where ((z) (G())*, (z

For an observable and reachable system (A, B, C, D) with observability operator
(9 and reachability operator 7, the observability gramian is defined to be A/ :-- (9*(.9
X --. X, and the reachability gramian is l/Y := 77* X --, X. If J4 142, then the
system is said to be parbalanced.

Let G be in TLDU,Y; i.e., G has a reachable and observable realization (A, B, C, D)
LDU’y for some state space X. Let 7 be the reachability operator and C0 the ob-
servability operator of the realization. Hence the operator On: H(ID) -, H(D) is
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bounded. By the fact that

G+/-(z) z-l[G(z-1) G(oo)] C(I zA)-IB CAnBz, z e ,
n>0

it can be verified that, for any polynomial f(z) ’]=o ukzk, uk E U,

onl JL
where (Jg)(z) g(z-) for any g e H](D). In this way P+G+/-J: H(D) --, H(D)
defines a bounded operator. It is called the Hankel operator with symbol G+/- and is
denoted by Ha-.

Conversely, let G be a :(U, Y)-valued function, analytic on De and at infinity
such that the Hankel operator Ha+/- P+G+/-J: H](lI)) -, H.(lI)) is defined for every
polynomial f(z) -=o ukzk, (u 6 U) and can be extended to a bounded operator.
Then G has reachable and observable realizations. In fact, G has the restricted shift
realization, which was first introduced by Fuhrmann [2] and Helton [6] (see also [13]).

THEOREM 2.1. Let G be a E(U, Y)-valued function analytic on De and at infinity
such that HG. H](D) -- H.(]I)) defines a bounded operator. Then G has a state
space realization (A, B, C, D) with state space X, i.e., for z De,

G(z) C(zI- A)-XB + D,

which is given in the following way:
The state space X is given by

X rangeHa+/- C_ H.(D).
The state propagation operator A X X, the input operator B U --+ X, the

output operator C X -- Y and the feedthrough operator D U -- Y are given by
the following, for f 6 X and u 6 U:

(Af)(z) := (S*:)(z) f(z)- f(O),
(Su)(z) := G+/-(z)u,

cf := f(o),
Du := G(oo)u,

where S is the (forward) shift operator. (Sf)(z) zf(z), f e H(D). The realization
(A, B, C, D) is called the restricted shift realization of the transfer function G.

The following proposition shows that the restricted shift realization is reachable
and observable.

PROPOSITION 2.2 (see [3] or [13]). Assume the notation of Theorem 2.1. Then the
system (A, B, C, D) is in LDc’’; i.e., it is observable and reachable. The observability
operator 0 and reachability operator Tg of (A, B, C, D) are, respectively, given by

O= Ix X-- H(D) and n= HGz :H(ID)-X.
Therefore the class TLDU,y of transfer functions can be characterized as the set of

/:(U, Y)-valued functions analytic on e and at infinity such that the Hankel operator
HG+/- is bounded. For such transfer functions, the restricted shift realization exists.
We emphasize these points by the following corollary.

COROLLARY 2.3. The following statements are equivalent:
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1. G is in TLDU’y, i.e. G has a reachable and observable realization in some
state space X;

2. G has the restricted shift realization that is reachable and observable;
3. G is analytic on )e and at infinity such that the Hankel operator H+/- is

bounded.
Note that, if G+/- e Hu,y)(]])), then G E TLDU’y, since, in this case, H+/- is

bounded.
As a next step, we construct another realization, which is the dual realization of

the restricted shift realization. Let G be in TLDU,y. Then ((z) (G())*, (z
is in TLDy,v. Moreover, if (,/, (, D) is the restricted shift realization of (, then
the dual system (.*, (7",/*, D*) is a realization of G, called the *-restricted shift
realization of G.

A concrete representation of the *-restricted shift realization can be obtained.
THEOREM 2.4. Let G be in TLDU,y. The state space representation (A,, B,, C,, D,)

of the *-restricted shift realization is given by the following:
The state space X, is X, rangeH(, where

O+/-(z) *.

The operators A,, B,, C,, and D, are defined as

A, Px, SIx,,
B,u- Px, u, (u U)

C,f (HGf)(O), (f e X,),
D,

where Px, is the orthogonal projection of H(ID) onto X,, and the space U is consid-
ered as the subspace {u + Oz + 0z2 + 0z3 +... u e U} of H(D).

The system (A*, C*, B*, D*) is observable and reachable. The reachability and
observability operators T, and O, are, respectively, given by

T, Px, Hg(D) X, and O, H+/-Ix, =HaL

~Proof. Replacing G by ( in Theorem 2.1, we obtain the restricted shift realization
of G, and the dual of this realization is the *-restricted shift realization stated in the
theorem. Here we just verify the formula for the output operator C,, which is the
adjoint of the input operator/ of the restricted shift realization of (. Hence C, =/*.
So by Theorem 2.1 we have

yEY.

From this, we obtain that, for f X, C_ H](D) and y E Y,
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Hence, using a change of variable z e-u, we have

Note that the last integral is the zeroth Fourier coefficient of G+/-(z)f(), which is the
same as the zeroth Fourier coefficient of P+G+/-(z)f() Hf. This is (Hxf)(O),
since HG+/- f e H.(D). [3

From these results, we see that the state space for the restricted shift realization is
given as the closed range of the Hankel operator whose symbol is the transfer function
mapped to the unit disk. The state propagation operator is just the backward shift
restricted to the state space. For the *-restricted shift realization, the state space is
also the closed range of a Hankel operator, while the state propagation operator is
the forward shift compressed to this state space. It is well known and readily verified
that the closure of the range of a Hankel operator HG is the orthogonal complement
of a right invariant subspace of H(D) [3], [8]. A vector-valued version of Beurling’s
theorem (see, e.g., [3, Thm. 12.22, p. 186]) asserts that a right invariant space in
H(D) can only be either the trivial space {0} or QH(D), where Q 6 HCy)(D) is

such that [IQI[ - 1 and Q(eit) is for almost every t E [0, 2) a partial isometry with
a fixed nonzero initial space. Such a function Q is called a rigid function. A rigid
function Q is called inner if Q(eit) is a unitary operator for almost all t E [0, 2r).

This discussion leads to the cyclicity of functions defined as follows (see [3]).
DEFINITION 2.1. Let G TLDU’Y. Then G+/- is called

1. cyclic if (rangeU)+/- {0},
2. noncyclic if (rangeHG+/-)+/- QH()) for some rigid function Q Hny)(ID),
3. strictly noncyclic if (rangeH+/-)+/- QH()) for some inner function Q

Hrs’(y) (D).
It should be noted that the inner function Q in statement 3 of the above definition

is unique up to right multiplication by a constant unitary operator on Y. Also, if G+/-

is scalar, then G+/- is noncyclic if and only if it is strictly noncyclic. It is important
to have characterizations for matrix-valued functions to be strictly noncyclic; To this
end, we introduce some definitions. Let g be in H(v,y)(D). The function g defined
on D with values in (U, Y) is called a meromorphic pseudocontinuation of bounded
type of K if/ is of bounded type, i.e.,

k(z) F(z)
h(z)

z I,

where F is a .(U, Y)-valued function and h is a scalar-valued function, both bounded
and analytic in e; K and/ have the same strong radial limits on 0ID.

Let F1 Hz(u,y)(]I)) and F2 H(z,y)(ll)). We say that F1 and F2 are left weakly
coprime and write

Fl F Ir

if FIH:(]I)) V F2H(ID) H(ID), where V stands for the closed linear span.
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Analogously, we say that K H(u,y)(]I)) and K2 H(u,z)(ID) are weakly right

coprime and write (K, K2)n Iu if K and K2 are weakly left coprime.
Using these notations, we have the following theorem (In, Thm. 3.5, p. 254]).
THEOREM 2.5. For K Uu,y)() with U and Y finite-dimensional, the fol-

lowing statements are equivalent:
1. K is strictly noncyclic,
2. On 0) the function K can be factored as

K QI(zF1)* (zF2)*Q2.

QI and Q2 are inner functions in H(v) (iD) and H(u) ()), respectively. The functions
FI and F2 are in H(v,v)()) and in H(u,v)(D), respectively, and the coprimeness
conditions (Q,F)R-- Iv, (Q2, F2)L Iv hold. Here Q (respectively, Q2) is unique
up to right (resepctively, left) multiplication by a constant unitary operator,

3. K has a meromorphic pseudocontinuation of bounded type on )e.
If statement 2 holds, then QH(D) (rangeHg) +/- and (2H](]I)) (rangeHk)+/-.
We will call the factorization of K in the theorem the Douglas-Shapiro-Shields

factorization. In fact, this is the generalization due to Fuhrmann [3] of the result on
scalar functions of Douglas, Shapiro, and Shields [1].

By Theorem 2.5, we immediately have the following corollary.
COROLLARY 2.6. In the notation of the theorem with U and Y finite-dimensional,

K is strictly noncyclic if and only if K is strictly noncyclic.
From Theorems 2.1, 2.4, 2.5, and Definition 2.1, we see that the state space of a

restricted shift realization of a transfer function G is the orthogonal complement of
an invariant subspace, which is characterized by a rigid function Q. The state propa-
gation operator A is the backward shift S* restricted to the state space (QH(D))+/-,
i.e., A SI*(QH.()))+/- which we will denote by S(Q)*. One of the important points in

our context is that the function Q can be determined from the transfer function G, if
G+/- is strictly noncyclic.

For the *-restricted shift realization, the state space can be determined in a sim-
ilar way to the derivation of the restricted shift realization. In this case, the state
propagation operator is the forward shift operator S compressed to the orthogonal
complement of an invariant subspace that is determined by a rigid function Q., i.e.,
P(Q.H(D))+/-S](Q.H()))+/-, which we denote by S(Q.).

We summarize these results in the following proposition.
PROPOSITION 2.7. Let G be in TLDU’v with U and Y finite-dimensional and let

LDU’Y(A, B, C, D) LD’v be its restricted shift realization and (A. B., C., n.) x.
its *-restricted shift realization. Then

1. If G+/- is cyclic we have that (a) A S* and X H(ID), and (b) A. S
and X. U]();

2. If G+/- is noncyclic, we have that (a) A S(Q)*, where Q H(v) (D) is a

rigid function such that

X rangeH+/- (QH(D)) +/-.

If G+/- is in H(u,v) () and is strictly uoncyclic with factorization G+/- QI (zF)*,
where Q H(v)()) is inner and F H(v,u)(ID) such that (Q, F)R Iy, then
Q QIV for some unitary operator V on Y, and (b) A. Px. SIx. S(Q.), where
Q. H(u) () is a rigid function such that

X. rangeH+/- (Q.H(D))+/-.
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If G+/- is in H(u,y)
Q2(zF2)*, where Q2
Iv, then Q, Q2V2 for some unitary operator V2 on U.

Proof. The proposition follows from Theorems 2.1, 2.4, 2.5, and Definition 2.1.

3. Stability and spectral minimality of input normal and output normal
realizations. In this section, we discuss the stability and questions of spectral mini-
mality of input normal and output normal realizations using the results on restricted
and *-restricted shift realizations studied in 2.

The following definition recalls the notion of an input normal and output normal
system as defined by Moore [7] for finite-dimensional state space realizations. The def-
initions in the infinite-dimensional case are natural extensions of the finite-dimensional
notions (see, e.g., [13]).

DEFINITION 3.1. Let (A, B, C, D) be in LD’Y. Then the system is
1. output normal if J4 I,
2. input normal if V I,
3. parbalanced if J4 V,
4. balanced if A/[ )4; and there is an orthonormal basis of the state space with

respect to which A// (and hence )4;) has a diagonal matrix representation.
From our results on the restricted and the *-restricted shift realization we imme-

diately have examples for input and output normal realizations.
PROPOSITION 3.1. Let G E TLDU’Y. Then the restricted shift realization is

output normal whereas the *-restricted shift realization is input normal.
Proof. The proof follows from Proposition 2.2 and Theorem 2.4 [:]

Next, we quote a result that establishes a reachable output-normal realization of
a transfer function is unitarily equivalent to its restricted shift realization

Du,YDU’Y and (A2, B2, C2, D2) e x. are calledTwo systems (A1, B1, C, D)
equivalent (unitarily equivalent) if there exists a bounded and boundedly invertible
operator (a unitary operator) V mapping the state space X onto the state space X2,
such that

(A,BI, C,D) (V-A2V, V-1B2, C2V, D2).

In this case, V is called an equivalence (unitary) transformation.
LDv’y andTHEOREM 3.2 (see [13]) Let (A,

LDU’Y be two output normal realizations of a transfer function in TLDv’y ThenX2
(A1, B1, C1, O1) and (A2, B2, C2, 02) are unitarily equivalent.

By a duality argument, we have as a corollary that the same result holds for
input normal realizations; i.e., an input normal realization is unitarily equivalent to
the *-restricted shift realization.

LDU’Y beCOROLLARY3.3. Let(A,B,C1,D) LDUx’Y and(A2, B2, C2 D2) E z.
two input normal realizations of a transfer function in TLDU’Y Then (A, B1, C, D)
and (A2, B2, C2, D2) are unitarily equivalent.

We now turn to the study of stability. We introduce a classification of contractions
according to their stability properties [12], which will simplify our notation.

DEFINITION 3.2. Let T be a contraction on the Hilbert space H. Then
1. T Co. if limn_, Tnh- O, for all h E H,
2. T E C.o if lim,_,(T*)"h 0, for all h e H,
3. T C. if lim,_, T"h t 0, for all h e H, h 0,
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4. T E C.1 if limn_o(T*)h 0, for all h E H, h 0.
We further set Cij Ci. n C.j, i, j 0, 1.

Now we define the two notions of stability we will consider in the remainder of
the paper.

DEFINITION 3.3. A discrete time system (A, B, C, D) DUx’Y or the state prop-
agation operator A is called

1. asymptotically stable if for every x X,

Akx - 0 as k - c,

i.e., if A is of class Co.,
2. power stable if r < 1, where

r :- inf{ there is Me > 0 such that IIAkll <_ Mek, k >_ 0}.

The number r is called the degree of power stability.
It is easy to see that stability and observability, as well as reachability properties

of discrete time systems, are preserved under equivalence transformations, whereas
input and output normality are preserved under unitary equivalence. Moreover, two
equivalent power stable systems have the same degree of power stability.

Therefore, by Theorem 3.2 and its corollary, we can establish all stability and
other important results concerning input normal and output normal realizations by
restricting ourselves to *-restricted and restricted shift realizations. Henceforth, when
we prove statements about input normal or output normal reachable and observable
realizations, we must only prove them in the case of restricted or *-restricted realiza-
tion.

From Proposition 2.7, we can see that the study of stability and spectral properties
of the restricted and *-restricted realizations reduces to the study of the operators
S(Q)* and S(Q.), where Q and Q. are rigid functions. We will need the following
lemma (see [8, Cor., p. 43]).

LEMMA 3.4. Let Q Hy)() be a rigid function. Denote by Px the projection

on X := (QH(I))+/-. Then, for f H()), lim_ []PxSf[[ 2 [[fl[ 2 -[]Q*f[I 2.
The following theorem shows that an output normal realization of a transfer

function in TLDv,y is always asymptotically stable.
THEOREM 3.5. Let G TLDU’Y and let (A,B,C,D) be an output normal

reachable realization of G. Then
1. A Co.; i.e., A is asymptotically stable,
2. A Coo if G+/- is strictly noncyclic,
3. A C01 if G+/- is cyclic.

Proof. By Proposition 3.1, we can assume without loss of generality that (A, B, C, D)
is the restricted shift realization.

1. The state propagation operator A of the restricted shift realization is the
restriction of the backward shift to a subspace of H(I[I)). The backward shift S* is
such that for every x0 H(]I)),

(S*)xo 0, as k - oc.

This immediately implies statement 1.
2. This follows from Proposition 2.7 and Lemma 3.4.
3. If G+/- is cyclic, then A is the backward shift S* on the space H(]I)), and

therefore A
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In the case of input normal realizations, the situation is, however, such that we
cannot, in general, expect that the realization is asymptotically stable, since the state
propagation operator of the *-restricted shift realization is the forward shift operator,
compressed to a subspace ofH(I). The forward shift on H:(ID) is not asymptotically
stable. The following corollary states that, at least for an important class of transfer
functions, input normal realizations are asymptotically stable.

COROLLARY 3.6. Let G E TLDU’Y and let (A,B, C,D) be an input normal
observable realization of G. Then

1. AEC.o,
2. A Coo if +/- is strictly noncyclic,
3. A Clo if +/- is cyclic.

Proof. Let (A, B, C, D) be the *-restricted realization of G. Recall that by defi-
nition (A, B, C, D) is the dual system of the restricted shift realization of (. Hence
the result follows by duality from Theorem 3.5

We now proceed to power stability. The following result gives a characterization
of power stability (see, e.g., Przyluski [11]).

PROPOSITION 3.7. Let T be a contraction. Then the spectral radius r(T) of T,
i.e.,

r(T) sup{[A[ A e a(T)},

is given by

r(T) inf{0 _< e _< 1 there exists Me >_ 0 such that I[Tk[[ _< MePk, k _> 0}.

Hence, ifT is power-stable, then the degree ofpower stability equals the spectral radius.

Proof. The proof follows from an application of the well-known formula

sup{[A[ A e a(T)} lim
n--+ (x)

To establish whether the output normal and input normal realizations are power-
stable, it is therefore important to determine the spectral radius of its state prop-
agation operator. To this end, we must introduce Co contractions, which play an
important role in the theory of contractive operators. Co contractions are defined
via the H calculus for contractions and are a special class of completely nonunitary
contractions (see [12]). Specifically, a contraction T on a Hilbert space H is completely
nonunitary if there is no subspace V _c H such that TV V and TIv is unitary. For
such T, the operator u(T) lim <1 u(rT) is a well-defined bounded operator for any
u e g and satisfies [[u(T)[[ _< [[u[[ goo. In particular, u(T) is a contraction if u is an
inner function.

A completely nonunitary contraction is a Co contraction if there exists an inner
function m such that m(T) O. The least common divisor of all such inner functions
is called the minimal function mT of T. For the minimal function mT, we also have
that roT(T) O. Therefore the minimal function of a Co contraction can be seen to
be a generalization of the minimal polynomials for matrices.

As in the case of matrices, the spectrum of Co operators is given by the "zeros"
of the minimal function in the following sense. We define the spectrum a(Q) of an
inner function Q e Hy)(]D) to be
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Then we have the following proposition (see [8, p. 75]),
PROPOSITION 3.8. If T is a Co operator, then

a(T) a(mT) and ap(T) a(rnT) g)iD.

Now we use these results to analyze the spectrum of the operators S(Q) and
S(Q)*. First the following proposition [8, p. 73] shows when S(Q) is a Co contraction.

PROPOSITION 3.9. If dim(U) < x and Q E H(u) (i) is a rigid function, then
the determinant d-- det(Q) is such that d(S(Q)) O. Therefore, when Q is an inner

function and U has finite dimension, the operator S(Q) is a Co contraction.
In fact, S(Q) and S(Q)* are both Co contractions when Q is inner and U is finite

dimensional, as shown by the following result (see [3, Whm, 13.2, p. 191] or [8, p. 75]).
PROPOSITION 3.10. For a given inner function Q H(u)(ID), the operators

S Q and S Q)* are unitarily equivalent.
More precisely, S(Q) T1S(Q)*TQ, where the unitary operator TQ is given by

L(O]),- L(OID)
f - e-itQJf.

One of the important results in the theory of the backward shift operator S(Q)*
restricted to an invariant subspace is that its spectrum can be completely characterized
by the associated inner function Q. Note that, if a is a set of complex numbers, then
a* is used to denote the set of the complex conjugates of the elements in a.

THEOREM 3.11 (see [8, p. 75]). The following statements hold:
1. (a) Let S* be the backward shift on H(ID). Then

(b) Let S be the forward shift on H(). Then

2. Let Q be an inner function in H(D) with Y finite dimensional. Then

a(S(Q)*) a(Q)* a(ms(Q).),

a,(S(Q)*) a(S(Q)*) ID () e 1 KerQ(A)* (0}},

(b)

a(S(Q)) a(Q) a(ms(Q)),

ap(S(Q)) a(S(Q)) N ) { e )l KerQ(A).

The next result shows that we must only be concerned with inner functions if we
are interested in the case when the spectral radius of the restricted backward shift is
less than 1 (see [3, p. 194]).

THEOREM 3.12. Let U be finite-dimensional and Q a rigid function that is not
inner. Then ap(S(Q)*) is equal to the open unit disk ).
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In terms of the restricted and *-restricted shift realizations, Theorems 3.11 and
3.12 can be translated into the following result.

PROPOSITION 3.13. Let (A, B, C, D) and (A,,B,, C,,D,) be, respectively, the
restricted and *-restricted shift realizations of a transfer function G E TLDU’Y where
U and Y have finite dimensions.

1. If G+/- is cyclic, then a(A) , ap(A) D and a(A,) , and an(A .
2. If G+/- is noncyclic but not strictly noncyclic, then a(A) , a(A,) .
3. If G+/- is in H(v,y)(D) and is strictly noncyclic with factorization G+/-

QI(ZF1)* and +/- Q2(zF2)*, where Q1 e H:(y)(D) and Q2 e H(u)(D) are inner,
and where Q1 and F1 e Hz(y,u)(ID) are right weakly coprime, and Q2 and F2 e
Hv,y (D) are also right weakly coprime, then

a(A) a(Q1)* a(mA),

and

ap(A) a(Q)* ND {A e D KerQ(A)* {0}}

a(A,) a(Qe) a(mA,),

ap(A2) a(Q2)N D {A e D KerQ2(A) {0}}.

Proof. The proposition follows from Theorems 3.11 and 3.12 and Propo-
sition 2.7. D

A very important property of finite-dimensional systems is that the eigenvalues
of the state propagation matrix correspond exactly to the poles of the transfer func-
tion. For infinite-dimensional systems, it is desirable to have the analogous property.
This was shown to be true for strictly noncyclic transfer functions by Fuhrmann ([3,
Chap. III]).

DEFINITION 3.4. Let G TLDv’y be such that G+/- has a meromorphic pseudo-
continuation of bounded type on De. Then we extend the definition of G+/- onto II)c
to be this unique meromorphic pseudocontinuation and hence define G on D. The
set as(G) is defined to be the set of points z such that the extended G cannot be
analytically continued to z.

A realization (A, B, C, D) LD’y of G is said to be spectrally minimal if a(A)

We note that a more general definition of spectral minimality can be made for
a larger class of transfer functions (see [3]). However, the definition suffices for our
discussion here. It turns out that, if G TLDv’y is strictly noncyclic, then both the
restricted and *-restricted shift realizations are spectrally minimal.

THEOREM 3.14. Let G be in TLDv’y, where U and Y have finite dimensions. If
G+/- is in H(u,v)(ID) and is strictly noncyclic, then

1. Every output normal realization (A, B, C, D) is spectrally minimal, i.e.,

a(A) as(G),

2. Every input normal realization (A,, B,, C,,D,) is spectrally minimal.
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Proof. 1. See, [3, Thm. 4.11, p. 267] for the case of the restricted shift realization.
2. Without loss of generality, we assume (A, B, C, D) is the *-restricted shift

realization of G.
Recall from Corollary 2.6 that G+/- is strictly noncyclic if and only if (+/- is strictly

noncyclic. By statement 1 and the construction of the *-restricted shift realization,
we have that a(A:)= as(G). Since

as(G) (a(())* a(A:)* a(A,),

we have the spectral minimality of the *-restricted shift realization. D
We now show that an input normal or output normal system is power-stable if

and only if it is finite-dimensional.
THEOREM 3.15. Let G be in TLDU,Y such that G+/- E Hv,y)(I and let U

and Y be finite-dimensional. Then an output normal (respectively, input normal)
realization of G is power-stable if and only if G is rational.

Proof. Let G be rational. Since G+/- Hu,y)(]I)), there is a number 0 < r < 1

such that the poles of G are contained in the set {A [A[ <_ r}. Being rational, G+/-

has a meromorphic pseudocontinuation of bounded type and hence by Theorem 2.5
is strictly noncyclic. Theorem 3.14 then implies that the propagation operator of any
output normal (respectively, input normal) realization of G has spectral radius less
than 1. Now Proposition 3.7 shows that it is power-stable.

Conversely, assume that an output normal realization of G is power stable. Then
the restricted shift realization is power stable. Let A be its propagation operator. We
have by Proposition 3.7 that r(A), the spectral radius of A, is less than 1. By Propo-
sition 3.13, this implies that G+/- is strictly noncyclic. Then, by Theorem 3.14, any
output normal realization of G is spectrally minimal, and hence G can be analytically
continued across 0ID. Being strictly noncyclic, G+/- has a meromorphic pseudocon-
tinuation on ]I), and thus G has a meromorphic pseudocontinuation on ]I). Since
a meromorphic pseudocontinuation is unique, the pseudocontinuation is an analytic
continuation. Thus G is a meromorphic function on the extended complex plane.
Hence it is rational.

If an input normal realization is assumed to be power-stable, a similar argument
will also show that G is rational. [:]

4. Balanced realizations. This section is devoted to the study of the stability
properties of balanced realizations with infinite-dimensional state space.

Balanced realizations of finite-dimensional systems have played an important role
in model reduction and Hankel norm approximation of linear systems [7], [4]. In finite
dimensions, it is straightforward to construct a balanced realization from input normal
or output normal realizations. In infinite dimensions, it is not trivial to guarantee that
this can be done, since the state space transformation that is involved, in general, has
an unbounded inverse. That this is nevertheless possible was shown by Young [13].
Note that, in the following theorem, the subscripts o and i signify output normal and
input normal realizations, respectively.

THEOREM 4.1. Let G TLDU’Y. Let (Ao, Bo, Co, Do) be the restricted shift
realization of G with state space Xo rangeH and let (Ai, Bi, Ci, Di) be the -restricted realization with state space Xi rangeH(x. Set

"Wo Hv_H_



1334 RAIMUND OBER AND YUANYIN WU

DU’y and (Ab2,1. There exist parbalanced realizations (Abl Bbl Cbl Dbl E Xo
DU,YBb2, Cb2, Db2) x, of G that satisfy

l/4
2bl o o

bl o ro

and

)/; Bbl Bo,

DI =Do

1/4CM =C,
Bb2
Db2 Di.

2. All parbalanced realizations of G are unitarily equivalent.
3. If G TLDU,Y is continuous on OD with values in the set of compact oper-

ators, then there exists a balanced realization whose state space is equal to the closure
of the range of the Hankel operator with symbol G+/-. The gramian has a matrix repre-
sentation with respect to a basis such that its diagonal entries are the singular values

of the Hankel operator with symbol G+/-.
Proof. Statements 2 and 3 and the existence of the first parbalanced realization

of statement 1 can be found in [13]. The second realization of statement 1 can be
obtained by taking the dual of the parbalanced realization of ( constructed by the
method of the first realization. [:]

We have the following proposition concerning the transformation from the re-
stricted (*-restricted) shift realization to the parbalanced realization in Theorem 4.1.

PROPOSITION 4.2. In the notation of Theorem 4.1, the operators w;,o/2 and A;,o/4
1/2are bounded positive definite with dense ranges in Xo; the operators /[ and._

are bounded positive definite with dense ranges in Xi.
Proof. Clearly, Wo is a bounded positive definite operator on Xo. Similarly,

is a positive definite operator on Xi. Since

1/2 1/2W (W) --HG+/-Hc+/-

and Hc+/-HXo is dense in Xo, )4;o/2 has dense range in Xo. Hence so does ,o/4.
Adl/2 1/4Similarly, . and A/[ also have dense ranges.

Combining Theorem 4.1 and Proposition 4.2, we have, in the terminology of [12],
that Abl is a quasi-a.trine transform of Ao and Ai a quasi-affine transform of Ab2.

Theorem 4.1 has some by-products that may be of interest in their own right.
First, since two parbalanced realizations are unitarily equivalent, their state spaces
must be unitarily equivalent.

COROLLARY 4.3. The spaces Ha+/- (H) andH(H) are unitarily equivalent,
with a unitary transformation given by

V )/Y:/aHG+/-]47 1/a" HG (H) - H+/- (H).
Before stating the second consequence of Theorem 4.1, we quote from [3, p. 248]

the following result regarding the closedness of the range of a Hankel operator.
PROPOSITION 4.4. Let K e Hz(v,y) ()) with U and Y finite-dimensional. Then

HK(H(D)) is closed in H(ID) if and only if there are functions Q e H(y)(ID),
F H(y,u)(ID), P1 Hz.O.)(ID), and P2 H(u,y)(D) such that, for almost all
z E

K(z)-Q(z)(zF(z))*, P1 (z)Q(z) + P2(z)F(z) Iy
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and Q is inner. Note that the last equality means that Q and F are strongly right
coprime [3].

We have the following characterization of when the state space transformation in
Theorem 4.1 that maps an input normal (respectively, output normal) realization to
a (par-) balanced realization is an equivalence transformation.

PROPOSITION 4.5. Let G E TLDU’Y. A parbalanced realization is equivalent to
an output normal (or input normal) realization if and only if Haz has closed range.

Proof. If Ha- has closed range, then 142o in Theorem 4.1 has bounded inverse
and )/Y-1/4 is an equivalence transformation from the restricted shift realization to a
parbalanced realization.

Conversely, if T is an equivalence transformation from a parbalanced realization
to the restricted shift realization, then it will follow that TT*TT* 14o. Hence
has bounded inverse. Since )/Yo Ha,H., Ha, must have closed range. Note
that Ha- has closed range if and only if H, has closed range. This completes
the proof. [:]

In fact, the state space isomorphism theorem holds when Ha, has closed range.
COROLLARY 4.6. Let G TLDU’Y. Then all reachable and observable realiza-

tions of G are equivalent if and only if Ha, has closed range.
Proof. If all reachable and observable realizations of G are equivalent, then, in

particular, the output normal and the parbalanced realizations are equivalent. By
Proposition 4.5, Ha- has closed range.

Conversely, assume that Ha- has closed range. Let (A, B, C, D) LDUx’y be a
reachable and observable realization of G with state space X. We show that it is
equivalent to an output normal realization. Then, by Theorem 3.2, this shows that
all reachable and observable realizations of G are equivalent.

Let (9 and T be, respectively, the observability and reachability operators of (A,
B, C, D). It is easily verified that Ha- O7" H(]I)) - H.(]I)) (see the beginning
of 2). Hence On(H(I))is closed in H(]I])). By reachability, T(H(ID)) c_ X is
dense in X. Thus

O(X) C 07"(Hb()) OT(H()) c_ O(X).

It follows that O(X) OT(H(D)), and hence O(X) is closed in H(ID). Since
by observability (9 is injective, the operator (9 X - O(X) has bounded inverse.
Consequently, the operator 0*(9 X -- X has bounded inverse on X. Now let
V (*O)-1/2, then V is bounded and is boundedly invertible. It is routine to
verify that the realization (V-AV, V-1B, CV, D), which is equivalent to (A, B, C, D),
is output normal. D

The main result in this section is that all parbalanced realizations are asymptot-
ically stable. We need two lemmas in the proof.

LEMMA 4.7 (see [3, p. 124]). Let A" H1 -- H and B" H2 -- H be two linear
operators from Hilbert spaces H and H2, respectively, into a Hilbert space H. Then
AA* <_ BB* if and only if there exists a contraction V" H1 -- H2 such that A BV.
Moreover, AA* BB* if and only if V is a partial isometry with final space equal to
range(B*).

LEMMA 4.8. Let G TLDU’Y. Let (A, B, C,D) be a realization of G and let
(A*, C*, B*, D*) be its dual system. Then (A, B, C, D) is a parbalanced realization of
G if and only if (A*, C*, B*, D*) is a parbalanced realization of G.

THEOREM 4.9. Let G TLDU’Y and let (Ab, Bb, Cb, Db) be a parbalanced real-
ization of G. Then Ab Coo.
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Proof. Here we use the notation and result of Theorem 4.1 and first prove that
Abl is asymptotically stable. Note that A PxoSIxo and Xo-t c_ ker(H+/-). It is
easy to verify that

H+/- A*o H_SIxo IXoHv_ IXo Aorta+/-

Hence we have

(AoWoAx, x) (Aorta+/- H+/- A*ox x)
Aox,(HI H+/-A*ox

(AoHb x,
<_ <Hb_x,

<WoX,

i.e., AoWoA <_ 14o. Thus by Lemma 4.7 there exists a contraction V on Xo such
that

AoWo/2 Wo/2V,

and hence for any positive integer n

n 1/2 1/2vn"

yl)l/2 1/2Let x be any element in ,,o Xo, i.e., x VVo z for some z E X. Then the element
y Wo/4Z Xo is such that y wl/4x. The above equality applied to y yields

nVil 1A)l/2Vny"o" "o X "o

Since the right-hand side of the last equality is in 1A),,lo/2Xo, the operator ]-1/4
be applied to both sides to lead to

can

)-1/4 n 1/4AoW, X= )lo/4Vny.

Now, noting that )&o1/4 is selfadjoint and, from Theorem 4.1, A’lx }/)j 1/4An)a)1/4
0 ’0 X,

we have that

as Az 0 for any z and IIVyll Ilyll,
1A)1/2 CWe thus have proved IIA’lXll---, 0 for any x ,,o -o Let z Xo and e > 0

)1/2 )1/2Since ,,o --o is dense in Xo there exists x e ,,o Xo such that ]z- x] < e/2.
Choosing N such that ]]AlX]] < e/2 whenever n N and using the fact that Ab is
a contraction, we obtain, for n N
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This shows that Abl is asymptotically stable. Since, by statement 2 of Theo-
rem 4.1, all observable and reachable parbalanced realizations are unitarily equivalent,
Ab must be asymptotically stable. Hence any parbalanced realization of any transfer
function in TLDU,Y is asymptotically stable. Since by Lemma 4.8 (A, C, B, D)
is a parbalanced realization of the transfer function ( E TLDY’U, we can apply this
statement to (A, C, B, D) to get the asymptotic stability of A,. Therefore we
have proved that Ab Coo. D

We discuss the spectral properties of a parbalanced realization and relate these
properties to the characterization of power-stability of parbalanced realizations.

PROPOSITION 4.10. Let (Ab, Bb, Cb, Db), (Ai, Bi, Ci, Di), and (Ao, Bo, Co, Do)
be, respectively, a parbalanced, an input normal and an output normal realization of
G TLDU’Y with U and Y finite dimensional If G+/- is in H and is strictly(U,Y)
noncyclic, then Ab, Ai, Ao are all Co operators. Moreover, they have the same minimal

function.
Proof. By Theorem 3.5, Corollary 3.6, and Theorem 4.9, the assumption in the

proposition implies that Ai, Ao, and Ab are all in Coo. Hence they are all completely
nonunitary (see [12] or [8]). Furthermore, as noted after Proposition 4.2, Abl is a
quasi-affine transform of Ao and Ai a quasi-affine transform of Ab2. The result now
follows from Proposition 3.13 and [12, Prop. 4.6, p. 125], which shows the following:
For two completely nonunitary operators A and B on a Hilbert space H, if there is a
bounded injective operator C on H with dense range in H such that AC CB (i.e.,
B is a quasi-affine transform of A), then A is a Co operator if and only if B is, and
in this case they both have the same minimal function. [:]

For the spectrum of the state propagation operators, we obtain the following
result.

COROLLARY 4.11. Under the assumption of Proposition 4.10, we have

a(Ab) a(A) a(Ao) and ap(Ab) ap(A) ap(Ao).

Proof. The proof is an immediate consequence of Propositions 4.10 and 3.8.
For the question of the spectral minimality, we have the same result as for input

normal and output normal realizations in the case of finite-dimensional U and Y.
COROLLARY 4.12. Under the assumption of Proposition 4.10, the systems (Ab,

Bb, Cb, Cb), (Ai, Bi, Ci, Di), and (Ao, Bo, Co, Do) are spectrally minimal, i.e.,

as(G) a(Ab) a(Ai) a(Ao).

Proof. Combining Theorems 3.14 with 3.2, we have that

as(G) a(A) a(Ao).

Corollary 4.11 now implies the result.
The criteria for power-stability are also identical to those in the input normal and

output normal case if G+/- is strictly noncyclic.
COROLLARY 4.13. Let (Ab, Bb, Cb, Db) be a parbalanced realization ofG TLDU’Y

with U and Y finite-dimensional. Assume that G+/- is in Hv,y (D) and is strictly
noncyclic. Then Ab is power-stable if and only if G is rational.

Proof. The proof follows from Corollary 4.11 and Theorem 3.15.
This corollary shows that a parbalanced realization of G TLDU’Y, with G+/-

nonrational and strictly noncyclic, cannot be power-stable. When G+/- is not strictly
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noncyclic the situation is complicated. Here we give an example of a power-stable
parbalanced realization of a cyclic function with 12 as its state space.

Example. Let S and S* be the right and left shifts on the space 12. Let A
1(15 + S + S*). Clearly, IIAII _< . Define B" C l as

o, o,...)r, AC

and C" 12 C as

C(Xk)k_l --Xl, (Xk)k>_l C:_. 12.

We take D to be zero. We have IIBII 1 and IICII- 1. Now consider
where 6ij is the Kronecker delta. Then {ei}i>l forms a basis of 12. With respect to
this basis, we have the following matrix representations of A, B, and C:

1 1 0 0 0
1 1 1 0 0

1 0 1 1 1 0 B=A= 0 0 1 1 1
and C=[ 1 0 0 0 ].

We show that (A, B, C, D) is an observable and reachable system. Let O and T be,
respectively, the observability and reachability operators. For x (Xk)k_O E 12, we
have

IlOxll II(CA x) >_oz ll = IICA  ’II _< IIAII I1: 11 _< Ilxll
k>0 k>0 k>0

Hence (9 is bounded. Let x (Xk)k>o 12 be such that Ox O, i.e., CAkx 0
for k 0, 1,..-. Then it follows that Xl CAx 0, and hence x2 0 because
0 CAx (x +x2)/5, and so on. So we have x 0. This shows that the
system is observable. Note that T O*. Hence the system is reachable. It is
obviously parbalanced. Also, the transfer function g(z) C(zI-A)-B is such that
g+/- H due to the fact that IIAII < 1. Since this is a power-stable realization, by
Corollary 4.13, g must be cyclic. Thus there exists a cyclic transfer function that has
power-stable parbalanced realizations.

5. Concluding remarks. We have shown the asymptotic stability of parbalanced
realizations and have given conditions for an input normal or output normal realization
to be asymptotically stable. An input normal or output normal realization cannot be
power-stable unless the transfer function is rational. This is also true for parbalanced
realizations when the transfer functions are assumed to be strictly noncyclic. If the
transfer function is cyclic, the problem of finding a full characterization for power
stability of parbalanced realizations remains open.

Concluding the paper, we point out that the results here can be translated to
continuous-time systems by the bilinear mapping defined in [10]. However, to use that
mapping, we restrict the discrete-time transfer functions to be admissible. A function
G is said to be an admissible discrete-time transfer function if G is in TLDv,y and
the limit

lim
X<--I, X---I
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exists in the norm topology. Correspondingly, the discrete-time linear systems (A, B,
C, D) must be admissible, also; that is, in addition to A being contractive, B, C, and
D being bounded, the limit

lim C(AI / A)-IB
A--- 1, A>I

must exist in the norm topology and -1 ap(A). It can be easily verified that the
restricted and *-restricted shift realizations of admissible transfer functions are ad-
missible systems. Moreover, the dual system of an admissible system is admissible,
and any reachable and observable parbalanced realization of an admissible transfer
function is an admissible system. Since the class of admissible transfer functions (lin-
ear systems) is smaller than the class of transfer functions (linear systems) considered
in this paper, all the results of this paper are also valid for the smaller class.
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Abstract. The notion of a sharp, or strongly unique, minimum is extended to include the
possibility of a nonunique solution set. These minima will be called weak sharp minima. Condi-
tions necessary for the solution set of a minimization problem to be a set of weak sharp minima
are developed in both the unconstrained and constrained cases. These conditions are also shown to
be sufficient under the appropriate convexity hypotheses. The existence of weak sharp minima is
characterized in the cases of linear and quadratic convex programming and for the linear complemen-
tarity problem. In particular, a result of Mangasarian and Meyer is reproduced that shows that the
solution set of a linear program is always a set of weak sharp minima whenever it is nonempty. Con-
sequences for the convergence theory of algorithms are also examined, especially conditions yielding
finite termination.

Key words, finite termination, strongly unique minima, sharp minima
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1. Introduction. Let f: X H R’- RU{-x3, x3}; we say that f has a sharp
minimum at 2 e Rn if f(x) >_ f(2)+ a IIx 211 for all x near 2 and some a > 0. The
notion of a sharp minimum, or equivalently, a strongly unique local minimum, has far
reaching consequences for the convergence analysis of many iterative procedures [1],
[8], [11], [12], [17], [18]. In this article, we extend the notion of a sharp minimum to
include the possibility of a nonunique solution set. We say that S c Rn is a set of
weak sharp minima for the function f relative to the set S c Rn where S c S if there
is an a > 0 such that

(1) f(x) > f(y) + adist (x

for all x E S and y E S where

dist (x IS):- inf IIx-

The constant a and the set S are called the modulus and domain of sharpness for f
over S, respectively. Clearly, S is a set of global minima for f over S. The notion of
weak sharp minima is easily localized. We will say that 2 e Rn is a local weak sharp
minimum for f on S c Rn if there exists a set c S and a parameter 6 > 0 with
2 e S such that the set S A {x x 211 < } is a set of weak sharp minima for the
function

f(x) { f(x), ifllx-211 <6,
+cx3, otherwise,

relative to the set S. Since the restriction to the local setting is straightforward, we
will concentrate on the global definition.

The study of weak sharp minima is motivated primarily by applications in convex
and convex composite programming, where such minima commonly occur. For ex-
ample, such minima frequently occur in linear programming, linear complementarity,
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and least distance or projection problems. The goals of this study are to quantify this
property, investigate its geometric structure, characterize its occurrence in simple con-
vex programming problems, and, finally, to analyze its impact on the convergence of
algorithms. Furthermore, although our primary interest is with convex programming,
we also investigate the significance of weak sharp minima for nonconvex problems.
However, in the latter case, rather strong regularity conditions are required to yield
significant extentions of the convex case. Nonetheless, we do obtain some very in-
teresting and significant results for differentiable problems with convex constraints.
These results extend and refine earlier work of A1-Khayyal and Kyparisis [1] on the
finite termination of algorithms at sharp minima. In a later study, we also show how
these results can be applied to convex composite optimization problems to establish
the quadratic rate of convergence of a variety of algorithms. This study builds on the
work initiated in [9].

Our study begins in 2 with the derivation of first-order necessary conditions for
the solution set of a problem to be a set of weak sharp minima. The unconstrained
(S Rn) and constrained cases are treated separately. When the problem data
is convex, it is shown that these conditions are also sufficient. In the third section
these results are applied to three important classes of convex programs: quadratic
programming, linear programming, and the linear complementarity problem. In the
final section we examine certain tools for studying the convergence of algorithms in
the presence of weak sharp minima. In particular, it is shown how we can attain finite
convergence to weak sharp minima.

The notation that we employ is for the most part standard; however, a partial
list is provided for the readers’ convenience. The inner product on Rn is defined as
the bilinear form

n

i--1

We denote a norm on Rn by I]’[[. Each norm defines a norm dual to it and is given by

IlXllo := su, (u,x).

The associated closed unit balls for these norms are denoted by B and B, respectively.
The 2-norm plays a special role in our development and is denoted by

]Ix[] 2 := V/(x,x).

If it is understood from the context that we are speaking of the 2-norm, then we will
drop the subscript "2" from this notation.

Given two subsets A and B of Rn and/ E R, we define

A =k B := {a-t- 3b a E A, b B}.

On the other hand,

A \ B := {a e A a q B}.

If A C Rn then the polar of A is defined to be the set

A := {x* e Rn: (x*,x) _< 1 Vx e A}.
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This notation is consistent with the definition of the dual unit ball B. The indicator
and support functions for A are given by

(xlA)’= 0 if x E A,
otherwise

and

*(x IA):= sup((x*, x): x* e A},

respectively. Moreover, we write int A for the interior of A, clA for the closure of
A, and span A for the linear span of the elements of A. The relative interior of A,
denoted ri A, is the interior of A relative to the aJfine hull of A, which is given by

s {1,2,...}, xk A and Ak R (
for k 1,2,.. s, with s f.--k=l Ak 1

The subspace perpendicular to A is defined to be

A-L:={yeRn (y, x) 0 for all x e A}.

If A is closed, then we define the projection of a point x Rn onto the set A as the
set of all points in A that are closest to A in a given norm. In this paper, we will only
speak of the projection with respect to the 2-norm; it is denoted by

P(x A) ( e A IIx-112 inf IIx--yEA

The projection is an example of a multivalued mapping on Rn. The set A is said to
be convex if the line segment connecting any two points in A is also contained in A.
The convex hull of the set A, denoted co (A), is the smallest convex set that contains
A; that is, co (A) is the intersection of all convex sets that contain A. It is interesting
to note that the projection operator can be used to characterize the closed convex
subsets of Rn. That is, the set A is closed and convex if and only if the projection
operator for A, P(. A), is single valued on all of Rn [2], [16].

Given x A, we define the normal cone to A at x, denoted N(xlA), to be the
closure of the convex hull of all limits of the form

lim t- (Xk Pk)
k

where the sequences {tk} C R, {pk} c A, and {x} c Rn satisfy tk O, pk P(xk
A), and Pk --+ X. If A is convex, we can show that this definition implies that

N(xlA)={x*eR (x*,y-x)<_0VyeA}.

The tangent cone to A at x is defined dually by the relation

T(x [A):= N(x [A).
If A is convex, we have the relation

T(x A) cl [UA>0A(A x)].



WEAK SHARP MINIMA IN MATHEMATICAL PROGRAMMING 1343

The contingent cone to A at x plays a role similar to that of the tangent cone but is,
in general, larger. The contingent cone to A at x is given by

K(x A) := {d E Rn 3tk J, O, dk --* d, with x + tkdk E A}

The set A is said to be regular at x A if T(x A) K(x A). In particular, every
convex set is regular.

Let f: X R R t_J {+(x}. The domain and epigraph of f are given by

dora f :-- {x e Rn f(x) < d-oo}

and

epif := ((x,A) e R R f(x) <_ },

respectively. Observe that f is lower semicontinuous if and only if epi f is closed. For
x dom f, we define the subdifferential of f at x to be the set

Of(x) "= {x* (x*,-1) e N((x, f(x))I epi f)),

and the singular subdifferential of f at x to be the set

Of(x) :.- {x* (x*,0) e N((x, f(x))I epi f)}.

The mappings Of and Of are further examples of multivalued mappings on Rn.
We observe that the set Of(x)t30f(x) is always nonempty even though Of may be
empty at certain points. Moreover, the function f is locally Lipschitzian on Rn if and
only if Of is nonempty and compact valued on all of R. The domain of Of is the set

dom0f {x* Rn Of(x) 0}.

If f is convex, then this subdifferential coincides with the usual subdifferential from
convex analysis. The generalized directional derivative of f is the support function of
Of(x),

fo (x; d) "= *(d Of(x)),

and the contingent directional derivative of f at x in the direction d is given by

f- (x; d) := liminf f(x + tu) f(x)

The relation f-(x; d) _< f(x; d) always holds. The function f is said to be regular at
x if fo (x; d) f-(x; d) in which case the usual directional derivative,

f’ (x; d)’= lim f(x + td) f(x)
to t

exists and equals this common value. See [7] for further details of subdifferential
calculus.
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2. Subdifferential geometry. We begin with a study of some geometric con-
sequences of of weak sharp minima. Specifically, we are interested in first-order nec-
essary conditions. The general unconstrained (S Rn) and constrained cases are
treated separately. In both cases, it is shown that the necessary conditions are also
sufficient under appropriate convexity hypotheses. The following preliminary result
is required.

LEMMA 2.1. Suppose f: R - R is closed, proper, and convex,, the sets S:
argmin(f(x) x e R} and C are nonempty, closed, and convex subsets of R" with
C C_ S, and c > O. The following are equivalent:

1. B N( S) c_ 0(), o a e C,
e. BUcN(x IS) c_ 0().

Proof. [1 == 2]. Trivial.
[2 1]. Let z e C and z* e cB [ N(z I). Then by hypothesis, z* e Of(u)

for some u E C. Since C c_ implies that Of(u) C_ N(ul), hence z* N(ul), it
follows from z* N(z S that

(2) <z*, ) (z*, z).

However, z* e Of(u) is by definition f(y)- f(u) >_ (z*, y- u), for all y. Since u,
z e S, f(u) f(z) so that (2) gives f(y)-f(z) >_ (z*, y z), for all y, or equivalently,
z* Of(z).

Necessary conditions for weak sharp minima in the unconstrained case now follow.
THEOREM 2.2. Let f: R" -, R be lower semicontinuous and a > O. Consider

the following statements:
1. The set S is a set of weak sharp minima for the function f on Rn with

modulus a.
2. For all d Rn,

f-(x; d) >_ cdist (d K(x

3. For all d Rn

4. The inclusion

holds.
5. The inclusion

holds.
6. For all y Rn,

f(x; d) _> (dist (dlT(x IS)).

B NN(x ) c_ of(x)

f’ (p; y p) _> cdist (y S),

where p P(y S).
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Statement 1 implies statement 2 for all x E S. Statement 2 implies statement 3 at
points x at which is regular. Statements 3 and 4 are equivalent. If f is closed
proper and convex and the set S is nonempty closed and convex, then statements 1-6
are equivalent with 2, 3, and 4 holding at every point of S.

Proof.
[1 == 2]. Let x S. The hypothesis guarantees that for all t and d

f(x - td’) f(x)

_
cdist (x + td’ ),

which implies that

f(x + td’) f(x) > dist (x + td’ S) dist (x S)
t t

By taking lim infs of both sides as d’ - d and t 0 and applying [4, Thm. 4], we
obtain the result.

[(2 plus regularity 3]. Simply observe that regularity at x S implies the
equivalence T(x IS) g(x IS) and by definition f(x; .) >_ f-(x; .).

[3 == 4]. We recall from [5, Whm. 3.1] that if K c an is a nonempty closed
convex cone, then

dist (x K)- *(x K NB).

The result now follows from the fact that f(x; .) -*(.
Observe that if f is closed proper and convex, and is nonempty closed and

convex, then f is regular on its domain and is regular at each of its elements.
Hence either one of the statements 1 or 2 implies both 3 and 4 for all x S.

[(4 holds for all x e S) 5]. Trivial.
[(5 plus convexity) 4]. Convexity and Lemma 2.1 combine to establish that

5 implies 4.
[(5 plus convexity) == 1]. Given y e Rn, Theorem 1 in [4] implies the existence

of a x* e aB ’1N(P(y J) ) such that adist (y ) (x*, y} *(x* ). Thus,
by hypothesis, there exists a x S with x* Of(x). Hence

f(y)

_
f(x) + (x*, y- x)_
f(x) + (x*, y) (x*, x)

>_ f(x) + (x*, y) b* (x* )
f(x) + dist (y S).

Since y Rn is arbitrary, the result is obtained.
[(1 plus convexity) 6]. Let y be given and define p:= P(y S) so that

f(y) >_ f(p) + dist (y S) f(p) + IlY-PlI. Let z Ay + (1 A)p for A e [0, 1].
Then p-- P(z S and

implying that

The result now follows in the limit.
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[(6 plus convexity) 1]. Since f is convex it follows that for all x and y

inf I f(x -b t(y- x))- f(x)lf’(x;y X)
t>0 L t

so that for any y we may take x P(ylS) p, t 1 and

f(p + y p) f(p) _> f’ (p; y p) _> adist (y S). [:]

COROLLARY 2.3. Suppose f is closed proper and convex and has a set of weak
sharp minima that is nonempty, closed, convex, and compact. Then

0 e int U Of().

Proof. The corollary follows if we can show that

U N(x

Clearly, U,e N(xiS) c R, so let y E Rn. By continuity of (y, .) and compactness
of :

z* E arg maXze (y, z)

so. that (y, z- z*) _< 0, for all z e S. Hence y e N(z* IS). u
In the constrained case, we must introduce a constraint qualification to guarantee

the validity of the type of first-order optimality conditions that are required for our
analysis. For the problem

minimize f(x),(3) x e S

these optimality conditions take the form

(4) 0 e Of(x)+ N(x IS).

Condition (4) is not always guaranteed to be valid even in the fully convex case, so a
constraint qualification is required.

Example 2.4. Consider (3), where f: R - R is given by

-x/1 + x2,f(x) :--
-boo,

forxe [-1, 1]
otherwise,

and S := (x x _< -1}. This is a convex program with a closed proper convex
objective function having unique global solution -1. However, (4) does not hold
since Of() O.

For this reason we introduce the following constraint qualification due to Rock-
afellar [20].

DEFINITION 2.5. We say that the basic constraint qualification (BCQ) for (3) is
satisfied at x S if for every u Of(x) and v N(x[S) such that u + v 0 it
must be the case that u v 0. The BCQ is said to be satisfied on a set S c S if it
is satisfied at every point of S.
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From Rockafellar [20, Cor. 5.2.1], we know that the optimality condition (4) is
satisfied at every local solution to (3) at which the BCQ holds. In particular, if f
is locally Lipschitzian on Rn, then Of(x) {0} on all of Rn; hence the BCQ is
vacuously satisfied on all of S, so (4) holds at every local minima for (3).

THEOREM 2.6. Suppose f:Rn R is lower semicontinuous and S c S are
nonempty closed subsets of Rn.

(a) The inclusion

(5) aB c 0f()+ [T( S)NN( .
holds at 2 E S if and only if

f(2; z)

_
Ilzll v z e T( S)N N(2 ).

(b) If S is a set of weak sharp minima .for f over S with modulus c > 0 such
that the BCQ holds at every point of S, then .for each 2 S at which f, S, and S are
regular, we have the inclusion (5).

(c) If we further assume that f is closed proper and convex and the sets S and
S are nonempty closed and convex, then S is a set of weak sharp minima for f over
S with modulus c > 0 if and only if the inclusion (5) holds for all 2 S.

Proof. (a) We show that (5)and (6)are equivalent. Clearly, both statements
are false if Of(2) is empty, so we assume it to be nonempty. First note that (6) is
equivalent to

(7) sup {(x*, z) x* e Of(2) }

_
I[zl[ Vz e T(2 S) N N(2 ).

We show this is equivalent to

This is accomplished in two parts. First, it is shown that the supremum in (8) is
infinite if z T(21S N(21S and then it is shown that the suprema in (7) and
(8) are equal if z e T(2 S) n N(2 S). Suppose z T(2 S) N(2 S). Then there
exists z* e IT(2 S)N(2 )] such that (z*,z) > 0. Let x* e Of(2), which is
nonempty by assumption, and consider x* +/kz* as /k oc. Since (x* + Az*, z} T
+cx) as/k $ +x, we see that the supremum in (8) is infinite. Suppose that z
T(2 S) n N(2 S). Then

sup { (x*, z) x* e Of(2) }

since 0 e [T( S)NN( )] . However

sup { (x*

sup {(y*, z) y* e Of(2)}

by the definition of a polar cone.
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Note that (8) is equivalent to

*(z IB) < *(z [T( S)NN( q)] )’
which is equivalent to

which establishes the result.
(b) The definitions imply that is a set of weak sharp minima for f over S

with modulus c > 0 if and only if S is a set of weak sharp minima for the function
h(x) f(x)+ (x IS) over R" with modulus > 0. We will show that this implies
(6) for every 5: E at which f, and S are regular.

Let 5: E be a point at which f, , and S are regular. Since is a set of weak
sharp minima for h over Rn with modulus c > 0, Theorem 2.2 implies that

h’(5:; d) _> adist (dIT(IS)) for all d.

Now, by the BCQ, [20, Cot. 8.1.2], and the regularity of S, we know that

(9) h’(5:; d) <_ f’(5:; d) + %5(. S)’(5:; d) f’(5:; d) + (d T(5: S)).

Therefore,

f’(5:; d) _> dist (d T( )) for all d e T( S).

This last inequality implies (6) since

dist (dlT(YIS)) Ildll
for every d e N( S).

(c) Since convexity implies regularity, half of this result has already been estab-
lished in part (b). It remains to show that (5) holding for all 5: implies that is
a set of weak sharp minima for f over S with modulus .

Let 5: . It was shown in part (a) that the statement (5) is equivalent to
the statement (6). Thus we need only show that if (6) holds for all 5: e S, then
S is a set of weak sharp minima for f over 5’ with modulus c. To this end, let
x E Rn be given and set 5: P(x ,). By (9) we only need consider cases where
x 5: T(5: S). From the definition of projection it follows that x- 5: N(5: ).
Therefore, f’(5:;x- ) >_ llx- 11, for all x and hence h’(5:;x- .) >_ (dist (x I),
for all x. By Theorem 2.2, S is a set of weak sharp minima for f over S with modulus

COROLLARY 2.7. Suppose f" R" - R is differentiable and S c S are nonempty
closed subsets of Rn.

(a) The inclusion

(10)

holds at S if and only if
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(b) If S is a set of weak sharp minima .for f over S with modulus > O, then
.for each E at which S and are regular, we have the inclusion (10).

(c) If we further assume that f is closed proper and convex and the sets S and
S are nonempty closed and convex, then S is a set of weak sharp minima for f over
S with modulus > 0 if and only if

Remark. The corollary given above is a strengthening of [1, Prop. 2.2]. In par-
ticular, the equivalence in part (a) is proven without assumptions on convexity of
S. In fact, under the convexity assumptions in part (c), the condition given in [1] is
equivalent to strong uniqueness. By relaxing strong uniqueness to the assumption of
a weak sharp minimum, all the results of [1, Prop. 2.2] still follow, with the exception
of uniqueness.

3. Some special cases. We now examine three important classes of convex pro-
gramming problems and characterize when these problems posses weak sharp minima.
The problem classes considered are linear and quadratic programming and the linear
complementarity problem.

3.1. Quadratic programming. We will use the results on weak sharp minima
from 2 to obtain a necessary and sufficient condition for weak sharp minima to occur
in convex quadratic programs.

The quadratic programming problem is

(11)
minimize 1/2 (x, Qx)+ (c,x),
xS

where S is polyhedral and Q Rnxn is symmetric and positive semidefinite. The key
to our characterization of when problem (11) has weak sharp minima is the relation
(6) in Theorem 2.6. To apply this result, we must first obtain a tractable description
of the tangent cone to the solution set of (11). This is accomplished by using the
description of the solution set of a convex program given in [3], [14].

THEOREM 3.1. Let be the set of solutions to the problem min{f(x) x E S}
where both S: Rn R and S c R are taken to be convex and choose 2 S. Then

It is clear that for convex quadratic programs this gives the solution set as

and since S is polyhedral

(2) T(x I)= T(x is) n +/- nker(Vf()).
Note that Vf(2) is constant on the solution set of a convex program and V2f(2)
is constant for the problem (11). In the rest of this paper, we will use the notation
Vf(2), V2f(2) for these constants and span (d), ker(A) to represent the subspace
generated by d and the nullspace of the matrix A, respectively.
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THEOREM 3.2. Let be the set of solutions to (11) and assume that J is non-
empty. Then is a set of weak sharp minima for f over S if and only if

(ker(V2f())) -L c_ span(Vf())+ N(x IS), Vx 6 ,
or, equivalently,

(Vf())-L NT(x IS) c_ ker(V2f()), Vx e ,
where . is any element of S.

Proof.
== We show that (6) holds. Let x e and d e T(x IS). Note that (12) and

the hypothesis gives

K: T(x I) g(x IS)+ span (Vf())+ (ker(V2f())) +/-

N(x IS)+ span (Vf(2)).

Therefore

adist (d T(x )) a*(d BrT(x ))

It follows from [21, p. 65] that g span (Vf())+(g (Vf())z), hence, z e BK
implies z AVf() + y with A y, where

1/[[Vf()[[, if[Vf()[[O,
N :=

0 otherwise,

and y K (Vf()). Therefore

dist (d T(x ))

d)
d) (VI(x), d) =/’(x; d)

required. The lt two inequalities follow since d and y are polar to each other and
by choosing Vf()[ when Vf() 0.

Suppose that for some x e , T(x S) (Vf())z ker(V2f()). Then
there exists d e T(x S)(Vf())z with d ker(V2f()). Thus from (12), d
T(x]S) and so

dist (d[T(x S)) > 0 (Vf(), d) f’(x; d),

which, using (6), implies that (11) does not have a weak sharp minimum.
It is possible to illustrate the theorem by means of adapting a simple example

given in [18, p. 206].
Example 3.3. The problem is

minimiz%eR 5x12 + X212
subject to xi [hi, bi], i 1, 2, 3
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for given a, b E R3 with a < b. We let S- [al, bl] [a2, b2] [a3, b3]. Note that-- ((P(O [al,bl]),P(O [a2, b2]),x3) x3 e [a3, b3]}

and for each e S, Vf() (1,2, 0). Also,

vf() [ 100]0 1 0 so that kerV2f(2)= {0} {0} R.
0 0 0

Furthermore, for 2 S we have

T( S)= Zx(x) x 4(=) x 13(3),

where

if xy
ifay <xy <by,
if xy by.

It follows that the second equivalence of Theorem 3.2 is satisfied exactly when 0 > bi
or 0 < ai for i 1, 2; that is, the box does not straddle the xl or x2 axis. This is
precisely when the problem has a weak sharp minimum.

A generalization of this result that does not require the set S to be polyhedral is
easily obtained. Observe that the argument given above only employs the polyhedral-
ity of S to establish that (12) holds. However, (12) also holds under the assumption

ri (S 2)A (vf(e)) +/- A ker(V2$()) 0

(see [21, Cors. 23.8.1 and 16.4.2]), so the following result is immediate.
THEOREM 3.4. Let S be the solution set for (11) where it is no longer assumed

that S is polyhedral. Suppose S is such that

ri (S e) (vy()) +/- ’) ker(V:$()) O.

Then S is a set of weak sharp minima for f over S if and only if

(ker(Vef())) +/-
C_ span (Vf())+ N(x IS) w e 3.

3.2. Linear programming. It was shown in [15] that the solution set of a linear
program is a set of weak sharp minima. We show below how it can be obtained as a
corollary to Theorem 3.2.

The linear programming problem is

(13) minimize (c, x}
xS

where S is polyhedral.
THEOREM 3.5. If (13) has a solution, then the set of solutions is a set of weak

sharp minima for this problem.
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Proof. Let 5: be a solution of (13). We note that for linear programming f(x)
(c, x) so that

It follows that

(ker(V2f(ff))) +/-- {0}.

(ker(V2f(5:))) +/- c_ span (Vf())+ N(x IS) Vx e ,
so by Theorem 3.2, (13) has a weak sharp minimum. []

As was done in Theorem 3.4, we can generalize this result to the case where S is
not assumed to be polyhedral.

Remark. It is tempting to consider parametric results for weak sharp minima.
In fact, the following example shows that this is not too fruitful. Consider the linear
programs P(i), for i 1,..., oc, given by

minimize xl/i + x2
subject to x _> 0

Then, as shown above, each of these problems has a weak sharp minimum. However,
it is easy to show that there is no constant a > 0 that will work for all of them.

As a simple application of this result, we have the following corollary.
COROLLARY 3.6. Suppose f" Rn -. R is a proper polyhedral convex function and

the problem

(14) min f(x)
xER

has a nonempty solution set, S. Then S is a set of weak sharp minima for (14).
Proof. It follows from the defintion of a polyhedral convex function that

f(x) h(x) + (x C),

where

h(x)" max{(x, bl) , (x, bk)

and

C: {x (x, bk+l) <_/k+,..., (x, bm} <_ lm}.

It is clear that (14) is equivalent to

(15) minimizex h(x)
subject to x E C,

which in turn is equivalent to the linear program

minimize(x,)
(16.) subject to >- (x,b) i 1,...,k

x E C

and that the solution set of (16) is S x {h(2)} for any 2 S. Theorem 3.5 implies
the existence of a > 0 such that- h() >_ adist ((x,) x {h()})

>_ adist (x IS)
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for all (x, ) feasible for (16). It then follows that

h(x)

for all x E C since (x, h(x)) is feasible for (16). Thus (15) has a weak sharp minimum
as required.

3.3. Sharpness for linear complementarity problems. We will use the anal-
ysis given previously to show that nondegenerate monotone linear complementarity
problems have weak sharp minima. This was proved in [13].

The linear complementarity problem is to find an x z 0 with Mx/q >_ 0 satisfying
Ix, Mx / ql O. To study this we consider the related optimization problem

(17) minimize x, Mx / q/
subject to Mx + q >_ 0, x _> 0.

Given any feasible point x for (17), we define the sets

I(x) {i Mix + qi O } and J(x) {j xj O }

It is clear that any solution of (17) satisfies

I(x) U J(x) {1, n}

We make a convexity(monotone) assumption that M is positive semidefinite and a
nondegeneracy assumption that there is a solution of (17), , which satisfies

I(2c) N J(2c .
Under these assumptions, it can be shown that any other solution of (17) satisfies
I(2) C_ I(x) and J(2) C_ J(x), (see for instance [13, Lemma 2.2]).

THEOREM 3.7. The solution set of a nondegenerate monotone linear complemen-
tarity problem (17) is a set of weak sharp minima .for the problem (17).

Proof. Let x be any solution of (17) and let 2 be the nondegenerate solution. By
Theorem 3.2 we must show

(Vf(2)) +/- NT(x IS) c_ ker(V2f(2)),

which, for this problem, means

((M + MT) + q, d) O,

We note that

Mi(x)d >_ 0 >dj(x) >_ 0 (M + MT)d O.

0 ((M + MT)2c + q, d)
(M& + q, d} + (5, Md)

(M&+q)idi+ &j(Md)y.
iej() I()

Since I(&) c_ I(x) and J(&) c_ J(x) and Mi()d >_ 0 and dj(x) >_ 0 we see that

E (M+q)idi=O and E 2j(Md)j=O.
ieJ() ()
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It now follows that dj() 0 and (Md)i() 0 so that (d, Md) O. This is equivalent
to (M + MT)d 0 as required.

Note that in this result, we asume that the related optimization problem (17) has
a weak sharp minimum, as opposed to an assumption of the form

(18) M&-q e intN(&[R_)

as made in [1]. Using Theorem 3.7 it is easy to construct examples that are sharp in
the sense given above, but do not satisfy (18).

4. Finite termination of algorithms. In this section we study the convergence
properties of algorithms for solving problems of the form

(19)
minimize f(x)
xES

where it is assumed that f: R’ - R is differentiable and S is a nonempty closed
convex subset of Rn. Under the assumption that the solution set for (19), , is a set
of weak sharp minima, we will examine certain tools for identifying an element of S
in a finite number of iterations. Our approach is based on the techniques developed
in [6]. Consequently, we need to introduce some elementary facts concerning the face
structure of convex sets.

Recall that a nonempty convex subset C of a closed convex set C in Rn is said to
be a face of C if every convex subset of C whose relative interior meets C is contained
in C (e.g., see [21, 18]). In fact, the relative interiors of the faces of C form a partition
of C [21, Thm. 18.2]. Thus every point x E C can be associated with a unique face of
C denoted by F(x[C) such that x e ri (F(x[C)). A face C of C is said to be exposed
if there is a vector x* Rn such that C E(x* C) where

E(x* [C): argmax{<x*,y}’y e C}.

The vector x* is said to expose the face E(x* [C). It is well known and elementary
to show that every face C of a polyhedron is exposed and that the exposing vectors
are precisely the elements of ri (N(xlC)) for any x e ri C.

With these notions in mind, we have the following key result.
THEOREM 4.1. If S i8 a set of weak sharp minima for problem (19) that is regular,

then the set

K := N [T(x IS)N N(x I)]

has nonempty interior and for each z int K we have the inclusion E(z[ S) C S.
If it is further assumed that the function f is convex, then S is an exposed face of S
with exposing vector -Vf(2) for any e S.

Proof. The fact that the set K has nonempty interior follows immediately from
Corollary 2.7, in particular, -Vf(2) int K for any 2 S. Let z int K and choose
5>0sothatz+hBcK. Then for each2ES

(z + 5B, d) <_ 0 for all d e T(21S NN(2[)’
or, equivalently,

(z,d) _< -5 [Id[[ for all d e T(2[S)NN(2[)"
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Hence, given x E S and p P(x S) we have

since (x- p) e T(p S N(p S). Consequently, E(z IS) c S.
It only remains to show that if f is convex, then E(-Vf()IS) S for any
S. First observe that

(20) Vf(x) Vf(y) for every x, y e S

by Theorem 3.1. Moreover, it has been established that E(-Vf(Y)IS c S. Hence
the result will follow if we can show that (Vf(x),x) (Vf(x), y) for any choice of
x, y S. But this follows immediately from Theorem 3.1.

Remark. In Theorem 4.1, the nonemptiness of the set int K followed from the
differentiability hypothesis on f. In the absence of such a differentiability hypothesis,
the result would, in general, be false. Indeed, we need only consider the case f(x) :=
dist (x S), where S is any nonempty closed set and S is any set that properly contains
S in its interior.

In [10], the notion of minimum principle sufficiency was introduced. Assuming
E , we define

: arg min {Vf()x Ix e

Minimum principle sufficiency (MPS) is the equality of the sets and . Note that
in the notation above E(-f(Z) l). Solodov [22] pointed out the following
interesting corollary to Theorem 4.1.

THEOrtEM 4.2. Suppose f is convex and differentiable and S c R’ is a closed
convex set. If S is a set of weak sharp minima for (19) then MPS is satisfied. If S is
polyhedral, then MPS is equivalent to S being a set of weak sharp minima for (19).

Proof. The first statement of the theorem follows from Theorem 4.1. For the
second part, note that for all x S

f(x) f(P(x [))_> Vf(P(x ))(x P(x [))
Vf()(x P(x S))
Vf()(x- P(x ))

> x- P(

by convexity of f,
by Theorem 3.1,

by MPS,
by Theorem 3.5,

by MPS,

where a > 0 as required.
The following simple example shows that the assumption of polyhedrality cannot

be removed in the above.
Example 4.3. The problem

minimize
subject to (xl- 1)2 + x22 < 1

has a unique solution (0, 0). It is easy to see that MPS is satisfied. However, for the
problem to have a weak sharp minimum would require the existence of a > 0 such
that

x > V/ +x
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for all feasible points x. If we consider points x on the boundary of the circle, then it
follows that

which is not true for X sufficiently small.
Another simple application of Theorem 4.1 results in the following strong upper

semicontinuity result for linear programs that was first proven in [19, Lemma 3.5].
COROLLARY 4.4. Let S be a polyhedral convex set in Rn. Let c E Rn and

S: arg maxxs (5, x). Then there is a neighborhood U of such that if c U then

arg maxxs (c, ) argmax# (c, z).

Proof. If S 0, the result follows from the fact that a polyhedral set has a finite
number of faces and the graph of the subdifferential of a closed proper convex function
is closed. Otherwise, it follows from Theorem 3.5 that is a set of weak sharp minima
for

max (5, x).

By Theorem 4.1, it follows that S E(5IS and that for all c in a neighborhood
of 5 that E(c IS) c E(5 S). The required equality E(c IS) E(c IS) now follows
easily.

As another immediate consequence of Theorem 4.1, we obtain the following gen-
eralization of a result found in [1].

COROLLARY 4.5. Suppose S is a set of weak sharp minima for the problem (19)
and let {xt } c Rn. If either

(a) f is convex and {xk} is any sequence for which dist (xk ) -- 0 and Vf is
uniformly continuous on an open set containing {xk}, or

(b) the sequence {xk} converges to some , Vf is continuous and is
regular,
then there is a positive integer ko such that any solution of

minimize (Vf xk x)21 xS

solves (19).
Proof. Let us first assume that (a) holds. By Theorem 2.6,

(22)

for every S, where c > 0 is the modulus of weak sharp minimization for the set S.
Also, by Theorem 3.1, Vf(x) Vf(y) for all x, y E . Consequently, the hypotheses
imply the existence of an integer k0 such that ]lVf(xk) Vf()l < c for all k _> k0.
Therefore, by Theorem 4.1, E(Vf(xk) lS)= S.

If (b) holds, then (22) is still valid for every point S. The result follows just
as it did under assumption (a) since IIVf(xk) Vf()l - 0. U

The proof of this result only requires the assumption (22) to hold. Part b) of the
above corollary can then be proven under the hypothesis that (22) holds only at .
This is a weakening of the hypotheses that -Vf() int N(clS in [1, Whm. 2.1].
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Assuming that we can solve (21), Corollary 4.5 can be employed to construct
hybrid iterative algorithms for solving problem (19) that will terminate finitely at
weak sharp minima. All that needs to be done is to solve the problem (21) occasionally
and if an optima is found, then stop. However, some algorithms do not require such a
"fix" to locate weak sharp minima finitely. We show that when the objective function

f is convex, we can characterize those algorithms that can identify weak sharp minima
finitely. We begin with a result that relates the optimality condition given in Theorem
2.6 to the structure of convex subsets of the constraint region S.

LEMMA 4.6. Let F be any nonempty closed convex subset of the closed convex
set S c Rn. Then

(23) F + N [T(x IS)NN(x F)] c U Ix + N(x S)] =" K.
xEF xEF

Proof. Let E F. We need only show that

k + N [Tx is)n g(x F)] c g.
xEF

Let y E K and let be the projection of P(Yl S) onto F. Since y
z e [T( S n Y( F)] such that y + z. Hence

o (y y, P(yl S) )
(P(y] S) + (y- P(yiS)) - z,P(ylS)
((P(Yl S) ) + (Y P(yl S)) + ( ) z,

2IIP(y s) 911 + (y- P(y s), P(y s)
+ (- , P(ylS)- )+ (-z, P(ylS)- ).

Observe that each of the terms in the final sum is nonnegative. The second term is non-
negative since (y-P(y S)) e N(P(y S) S and -(P(y S)-) e T(P(y S) S).
The third term is nonnegative since 2- E T(9 F while (P(Y S)- ) N( F).
Finally, the fourth term is nonnegative since (P(y S)
Hence each term is zero so.that P(ylS); that is, y

Remarks. 1. It should be noted that one can easily generate examples in which
the inclusion (23) is strict.

2. In the fully convex and differentiable case, it was shown in Theorem 4.1
that the set of weak sharp minima S is an exposed face of the constraint region S.
Consequently, the set F in the above lemma may be taken to be the set S. In this
case we may write

K U [F(x IS) + N(x Is)].

Lemma 4.6 is now employed to show that the characterization given in [6] of
those algorithms that identify the optimal face of S in a finite number of steps also
characterizes those algorithms that identify weak sharp minima finitely.

THEOREM 4.7. Suppose f is convex and let S c S be a set of weak sharp minima

for (19). If {xk} c S is such that dist (xk ) --. 0 and Vf is uniformly continuous
on an open set containing {xk }, then xk for all k sufficiently large if and only if

(24) P(-Vf(xk) T(xk IS)) -- O.
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Proof. If xk E for all k sufficiently large, then -Vf(xk) E N(xklS) for all
k sufficiently large so that (24) holds trivially. On the other hand, suppose (24) is
satisfied. The Moreau decomposition of-Vf(x) yields

-Vf(xk) P(-Vf(xk) T(xk IS))+ P(--Vf(xk) N(xk IS)).

From Theorem 3.1, we have that Vf is constant on S.
hypotheses imply that

Thus for any 2 , the

JlVf(2) + P(-Vf(xk) lN(xk s))ll 0,

so

dist (x + P(-Vf(xk) lN(xk S))I - Vf(2)) - 0.

However, by Theorem 2.6,

S- V/(2) cint + N [T(x IS)n N(x ]
Thus Lemma 4.6 implies that

xk+p(_Vf(x)lN(xk[S))int [+ N[T(x[S) NN(xI)]o]
C U Ix + N(x

for all k sufficiently large. Therefore,

xk P ( xk + P(-Vf(xk) N(xk S))l s)

c U
=S

for all k sufficiently large. []

In [6], it was shown that the condition (24) is simple to check in certain cases.
In particular, it was established that the standard sequential quadratic programming
method and the gradient projection method both satisfy (24) and so will automatically
generate sequences that terminate finitely at weak sharp minima. We should also
note that Polyak[18, Exer. 2, p. 209] indicates that the gradient projection method
terminates finitely at weak sharp minima.
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AN INTERIOR-POINT METHOD FOR
MINIMIZING THE MAXIMUM EIGENVALUE
OF A LINEAR COMBINATION OF MATRICES*

FLORIAN JARREt

Abstract. An algorithm for minimizing the largest eigenvalue of an affine combination of sym-
metric matrices is presented. The nonsmooth problem is transformed into an equivalent smooth
constrained problem, which is solved by a predictor-corrector interior-point method taking full ad-
vantage of the differentiability and convexity. Some promising numerical results obtained from a

preliminary implementation are included.
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1. Introduction.

1.1. The problem. Problems in mechanics and systems analysis can often be
expressed in the following (or a closely related) form: Find

(1) )opt inf { Amax(A(x)) )
xE

and an optimal solution xpt if it exists. Here Amax(A(x)) is the largest eigenvalue of
the matrix

m

(2) A(x) A() + xiA(i),

for given symmetric matrices A(i) E nxn, 0 <_ <_ m.
Since Amax(A(x)) is convex, problem (1) is a convex but nondifferentiable opti-

mization problem. It arises in a variety of applications; for example, the stability
analysis of dynamical systems [2], [3], or in combinatorial applications [1]; see also [5],
[26], [28] for further applications.

Below, we state some simple facts that illustrate the nature of problem (1) and
are easily verified.

If opt > --cx, it lies in the interval [)min(A()), max(A())],
There is no x such that i xiA() is positive definite if and only if/opt is

finite,
There is no x 0 such that i xiA() is semidefinite if and only if problem
(1) has a nonempty and bounded set of optimal solutions

1.2. Basic assumptions. Without loss of generality, we assume that the matri-
ces I, A(i), 0 _< i _< m are linearly independent, i.e., roI + ->1 riA(i) 0 if and only
if r 0, 0 <_ _< m. We further assume that min(A()) =-0 (by adding a suitable
multiple of the identity to A()). For convenience, we also assume that all A(i) have
Frobenius norm 1.
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2. Relationship to other methods. The need for efficient methods for solving
minimax eigenvalue problems like (1) is expressed, for example, in [28]. In this section,
we briefly introduce different methods for solving (1) and outline the development that
led to the method of this paper.

2.1. "Classical" methods. Standard methods for nondifferentiable optimiza-
tion, e.g., Shor’s subgradient method, Shor’s ellipsoid method, or Kelly’s cutting
plane method, can be used for solving (1); for a survey of these methods, refer to [2,
Chaps. 13-14]. Other papers on methods for nondifferentiable optimization include
[17], [21], [31], [38]. Specialized methods for (1)are developed in, e.g., [3], [8], [14],
[15], [25], [26], [27], [29].

Overton’s method [25], [26] is locally quadratically convergent. His method builds
on earlier work of Fletcher [5] for semidefinite programming. Goh and Teo’s method
[8] is most closely related to the approach of this paper, since it involves transforming
(1) into a smooth nonlinear programming problem by means of determinants.

2.2. Development of interior-point methods. The present paper was mo-
tivated by the recent developments of interior-point methods that started with the
work of Karmarkar [16] in 1984. Karmarkar presented a method for solving linear
programs. Both his proof showing that the method was polynomial (and of much
lower complexity than the ellipsiod method) as well as his claim that an implemen-
tation of his method was superior to the programs based on the simplex method
received great attention (and skepticism). It was soon recognized that Karmarkar’s
original method could easily be modified (and improved) to handle nonlinear convex
constraints (see Sonnevend [32]), and analyses that proved that the rate of conver-
gence for programs with certain nonlinear convex constraints is the same as in the
case of linear constraints were given in [9], [10], [19].

Of particular interest for this paper is the application of interior-point methods for
optimization problems over the cone of positive semidefinite matrices, as suggested by
Sonnevend [32], [33] (implementational aspects were not considered). In [34] he com-
pared different barrier functions for the cone of positive definite matrices and showed
why the barrier function -log detX is the "principal actor" for such optimization
problems. A detailed complexity analysis of interior-point methods for convex opti-
mization problems based on the notion of self-concordance is given in Nesterov and
Nemirovsky’s work [22]. Their analysis also applies to the function -log detX and
provides the main theoretical tools for our results in 3.

During the writing of this paper, we learned of two other papers [1], [30] that also
present implementations of interior-point methods for solving eigenvalue problems
and are closely related to this one. In [1] Alizadeh gives an elegant proof for a
duality result concerning minimax eigenvalue problems and applies this result to solve
combinatorial problems. His method is based on the same theoretical framework as
ours, and solves the dual problem. It is particularly attractive for the case where m >>
n. In [30] Ringertz describes an implementation of a barrier method for minimizing the
largest eigenvalue of a matrix subject to nonlinear equality and inequality constraints.
His problems arise in the optimal design of shell structures for airplanes. They are
not convex and hence more difficult in nature than problem (1). Ringertz does not
touch the topic of estimating the complexity of his method but presents numerical
experiments on a Cray XMP with several thousand nonlinear constraints. His results
support the obvious conjecture (see also [12]) that interior-point methods are also
very efficient for much more difficult problems than the one analyzed here and for
which a complexity analysis is not yet possible. Nevertheless, the complexity analysis
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of interior-point algorithms is an integral part of the method, not only since it led to
their development, but also since it explains their behaviour (weak dependence on the
data, affine invariance) and gives important conclusions for implementational aspects
(line search, stopping test).

As in [8], problem (1) is transformed to a nonlinear optimization problem that is
solved by an interior-point method taking full advantage of the structure (differentia-
bility and convexity) of the transformed problem. The efficiency of the interior-point
method is what makes the approach attractive. The algorithm presented here is glob-
ally linearly convergent and the guaranteed rate of convergence depends only on the
dimension of the problem and not on the data of the matrices A(i). More precisely,
there is a theoretical worst-case bound of at most O(yr) iterations to reduce the
error Amax(A(x)) )opt by a factor of 2. Furthermore, recent analyses of interior
point methods for linear programs by Ye et al. in [37] showed that predictor-corrector
methods similar to the one presented here are quadratically convergent under weak
assumptions.

2.3. Implementations of interior-point methods. An early implementation
of a barrier method, the SUMT program [4] by Fiacco and Mc Cormick, did not prove
to be competitive, and barrier methods were subsequently largely ignored. The recent
theoretical developments led to a deeper understanding of the method, and soon
after Karmarkar’s original work, a number of implementations of his method and
its variants for solving linear programs were presented. For certain problems, these
implementations were clearly superior to the simplex method. However, numerical
implementation of interior-point methods for solving nonlinearly constrained problems
has been very slow. A simple program for problems with quadratic constraints is
presented in [13]. Recently, Nesterov and Nemirovsky also distributed a software
package [24] with an implementation of an interior-point method for solving a class
of convex programming problems, including problem (1). Their package is based
on a projective algorithm that is closely related to Karmarkar’s original algorithm.
The package is easy to use, but it is quite sensitive to ill conditioning, even for the
small test problems provided with the package (see 5.3). As motivated in 4, the
implementation of this paper may be attractive for the case where n is large and m is
moderate, and the matrices Ai are sparse or of low rank. Very promising also is the
recent implementation of Alizadeh [1] (for large m and moderate n) and the one by
Ringertz [30] that is tailored to the solution of more general problems.

3. General barrier approach. It is our goal to present a fairly self-contained
article that provides some encouragement (supported by numerical experiments) that
interior-point methods are an ideal tool for solving minimax eigenvalue problems.
However, the algorithm described below requires improvement (to exploit sparsity or
low-rank structure of the matrices A(i) and to allow for more general problems) to be
really efficient.

3.1. An equivalent problem. We rewrite problem (1) as another convex dif-
ferentiable problem with a positive definite constraint. In the following, we write
A > 0 (A _> 0) if the matrix A is positive definite (positive semidefinite). Positive
definiteness can easily be verified numerically (via Cholesky decomposition). More-
over, the cone of positive definite matrices A > 0 is characterized by the domain of
the smooth convex barrier function log det+(A). Here, det+ of a symmetric matrix
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is simply defined as

(3) det+(A) := { det(A)_x if A is positive definite,
otherwise.

Let us introduce an (m + 1)th variable and denote

(4) 5c := (xT, A)T e tm+t

Note that a number A is larger than Amax(A(x)) if and only if AI- A(x) is positive
definite. This observation can be used to rewrite (1) and (2) as

inf {A det+(AI- A(x)) > 0}.

The domain of problem (5) is denoted by the open set S. The efficiency of a barrier
method for solving (5) as given below strongly depends on the properties of the barrier
function for S We use the barrier function

(6) (2) -log det+ (AI A(x)).

Under the basic assumptions of 1, we can further show that this function is strictly
convex.

LEMMA 1. The function -log det+(AI- A(x)) is strictly convex in x, .
Proof. For the proof, see Appendix A. [q

3.2. A conceptual barrier method. In the following, we briefly recall the
principle of a barrier method. Modifications like bounds on the variables, linear
equality constraints, or additional convex constraints are easy to implement but are
omitted here for clarity.

Suppose that a function f0() (which in our case is simply the (m + 1)th variable
A) is to be minimized over some convex feasible set S (e.g., the set where AI- A(x)
is positive semidefinite), and we are given a "barrier function" for the set S (i.e., a
smooth convex function (2) that tends to infinity as x approaches the boundary of
S and is finite in its interior S).

We consider a family of unconstrained subproblems. For # --. 0 (# > 0), find

(7) :(#) := argmin{fo() + #(:)}.

The minimizers 2(#) are unique if, for example, S is bounded, is strictly convex,
and f0 is convex. As the perturbation #(2) of the objective function is "phased
out," i.e., as # -- 0, we can show under weak assumptions that 2(#) converges to
an optimal solution of the original problem. Moreover, 2(#) is a smooth curve and
the tangent to 2(#) is easily computable; see, e.g., [4]. These properties motivate the
following conceptual barrier method.

Given #0 1 and 2(#0), set k := 0
Do until convergence

Compute the tangent &r(#k).
Select an appropriate #k+l < #k.
Predict the next iterate by &(#k+l) := :(#k) -- (#k+l #k):! (#k)"
Find &(#k+t) by Newton’s method starting from &(#k+).
Setk:=k+l.

End
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3.3. Barrier methods and self-concordance. The reason we expect barrier
methods for problem (5) to work well depends on the properties of the barrier function. In particular, the property of self-concordance, which is defined by Nesterov and
Nemirovsky in [23], plays an important role for the analysis of Newton’s method. In
its simplest form, the condition that a function be self-concordant is as follows.

DEFINITION. Let S c in be convex, x E S, and h E in be arbitrary and
define the restriction of a convex function S Kt in direction h through x by
the function J gi, where (t) :-- Cx,h(t) :-- (X - th) and J is some open
interval containing 0. The function is called self-concordant, with self-concordance
parameter a if, for any x and h, its restriction satisfies the inequality

(8) ’"(0) < "(0)

A self-concordant function S :t is called strongly self-concordant if (x) cx
as x approaches the boundary OS of S. Thus self-concordant barrier functions are
strongly self-concordant.

Discussion. Intuitively, this condition may be interpreted as follows. The third
derivative ’" is a measure of how fast the second derivative " is changing, and this
condition implies that the relative change of is locally bounded by some Lipschitz
constant 2/v/-. Since the condition holds for any h gin, an analogous statement
also holds for the second and third derivatives D2 and D3 of at x.

For the derivation of an equivalent condition, a "relative Lipschitz condition" on
the Hessian of , and for a simplified analysis we refer to [10], [11].

Nesterov and Nemirovsky showed in [23] that this condition is satisfied by a class
of logarithmic barrier functions. In particular, it is satisfied with a 1 for the barriers
of linear or convex quadratic constraint functions and the function "-log det+(A)."
They further show that, if some function O is self-concordant on a convex subset of
/l and if L is an affine mapping into l (its range intersecting at least part of the
domain of O), then (y) := O(L(y)) is also self-concordant. This implies the following
lemma.

LEMMA 2. The barrier function- log det+(AI- A(x)) is self-concordant in x, A
with a 1.

Results. Denote the Hessian of by H(x) := D2(x). The main result about self-
concordance in [23] is that Newton’s method when applied to minimizing a strongly
self-concordant function defined on a set S is quadratically convergent (with con-
stant less than 2) if the first Newton step Ax exists and has length less than /4
measured in the "right" norm

(9) II XlIH( ) := (AxTH(x)Ax)/2 ,/xx(0)/2.
The importance of this statement is that it only depends on a and that the set of
points x for which the Newton step Ax (starting at x) satisfies ][AxllH(x) < V/-/4
is a "fixed portion" of the whole set S. More precisely, let be a self-concordant
logarithmic barrier function of some convex constraint functions2 f,..., f,,

m

(x) E log(-fi(x));
i--1

Here, "locally" means that t(0)1/2 is small.
2 Note that Vdet+()I- A(x)) is convex; so this statement applies to the function ()

_1 logdet+(AI- A(x)) with m-- 1 and a 1In.
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let the domain S {x f(x) <_ 0} of be bounded, 2 be the minimum of , and E
0.2{h hTD2(2)h <_ 1}. Then, + E is within the domain of quadratic convergence
of Newton’s method and

+(10) 2 + 5E C S c 2 + E

(see [11] and also [35] for a similar result for quadratic constraints). Applied to the
set S of problem (1), this implies that the ratio of inner and outer ellipsoid only
depends on the dimension of the matrices A() but not on the matrices themselves.
This statement implies further that all subproblems (7) from 3.2 are of the sme
"difficulty"; that is, no mutter how small p is, the domain of convergence of Newton’s
method for finding (k+) is always a "fixed percentage" of the previous level set
{l e S, fo() f0(2(,k))}, and the "percentage" depends only on n and
This fact guarantees polynomial convergence (independent of the data matrices A())
of the barrier method in 3.2, and it does not hold for other barrier functions such
1/det(A(x)).

4. A specific barrier method.

4.1. Notation and initialization. The ide outlined above will now be ap-
plied to problem (5) in more detail. Recall the definition (4) of and define

m

A(x) A()
i=l

For a given vector in m+ and for (0, 1], consider the barrier function

(12) (,)"= A log det+(A()) T

with some constant p > 0. Note that the feible domain of (5) is given by the domain
o , o { (,) < }.

The vector is a linear perturbation to the barrier function and does not influence
self-concordance of . We will choose so that our initial point is a minimizer of
(’, ).

To initialize the algorithm, let A0 2Am(A()) > 0 (recall Amin(A()) 0)
and let x 0 . This implies that 20 (0,..., 0, 2Amax(A()))T is a strictly
feible starting point (and that cond(A()) 2). Set 1 and choose p
p n/Amax(A()) for example. The vector is chosen such that, 1) 0

and is constam throughout our algorithm. Let em+l (0,..., 0, 1)T m+l. Then
another representation of is given by

(
4.. he derivatives of . Adopting the notation in [1], we define the "sym-

metric scalar producC of two matrices by

(1) A B AijBij trace(AtB).
i,j
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The first and second derivatives of are defined in terms of

(16) B(2) := A(2)-1.

To abbreviate the notation, we refer to 2m+ . and A(re+l) -I. It is known (and
easy to verify) that the partial derivatives of "log det" are

log det(X)

(for X E nxn with det(X) > 0 [6]), so that the derivative D log detX X-T,
where X-T is to be interpreted as a linear functional via the scalar product (15),
x-T[A] X-T A. Thus, by the chain rule, we obtain

t, := 0/(2) := log det+(A(2)) B(2)
d2/

(2)

Hence

(17) 0 =-B(2) A(/), 1 <_ i <_ m + 1.

The derivative g(2, #) De(2, #)T of now follows from (14)"

(18) Pa(, ,) ;,+ 0() .
The derivative Deg(2, #) of g, in turn, is given by the partial derivatives

k,l k,l

for 1 _< i, j _< m + 1. (Here and in the following, we occasionally omit the argument
of B B(2).) Summarizing, we find that

--g/(2, #) A() A(q)BkqB,t BA() A(i)B trace(A(/)BA() B).
k,l,q,r

It is straightforward to compute the Hessian

(0(19) H(2) := Dg(2, #) -xgi(2, #)
/

in O(mn3 + m2n2) multiplications. For our examples below, with m, n < 100, this
was sufficient; we note, however, that, if the A(/) are sparse or of low rank (and n is
large, while m is moderate), this can be done much more efficiently. In this case, the
Hessian is a dense (m by m) matrix, even if the (n by n) matrix A(2) is sparse. Also,
note that the Hessian does not depend on #, p, or .

4.3. Perturbed centers.
DEFINITION. A minimizing point of the function (., #) will be called the per-

turbed center is denoted by 2(#). If it exists, the perturbed center with perturbation
0 is the analytic center, as defined in [32].
LEMMA 3. The following conditions hold:
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(i) Let some point x E S be given and (v be such that D(x, 1) 0. Then
the functions (., #) have unique minimizers 2(#) .for all # e (0, 1] if and only if Aopt
is finite;

(ii) The analytic center exists .for it 1 if and only if it exists for all it >_ O,
or, equivalently, if and only if the set of optimal solutions for (1) is nonempty and
bounded.

Proof. For the proof, see Appendix A. D
(Note that, if opt is finite, the set of optimal solutions for (1) can be empty or

unbounded.)
It is intuitive (and has been shown, e.g., in [4], [12]) that, if (1) has an optimal

solution, the perturbed centers 2(it) converge to a solution 2pt as it - 0. This
result holds for any strictly feasible starting point 2 and the corresponding . Thus
Lemma 3 describes a whole family of curves of perturbed centers, each of which starts
somewhere in S and leads to an optimal solution.

For the analytic center, a number of nice properties can be shown. In particular,
the center is affine invariant and "far away" from the boundary of the feasible set in
the sense that for 0 the points 2(it) allow two-sided ellipsoidal approximations
of the level sets {2 e S f0(2) _< T} for a suitable T T(it) as already stated in (10).
The inner ellipsoid also describes the domain in which the path of centers 2(it) is well
approximated by its tangent. Furthermore, points on the path of analytic centers
define dual feasible variables that can be used in a stopping test. Similar results hold
in a somewhat weaker form for the perturbed center if the perturbation is small.
For large perturbations (for (vTD2^2, 1) -1 _> 1), however, this is no longer true.
The vector guarantees the existence of the perturbed center and that the method
below is well defined even if the set of optimal solutions is unbounded. However, it
is our goal to keep small. To decrease the norm of , it is advantageous in some
instances to perform a phase one and to introduce an additional bound, for example,
112112 _< 106. Then find the analytic center of this set (the existence of it is guaranteed
by the additional bound) and define as in (13) for this starting point after deleting
the additional bound again.

The algorithm in this paper is a modification of that described in [12]. The
situation here is particularly simple, since a strictly feasible starting point can easily
be constructed. Below, we explain one iteration of the method.

4.4. One iteration of the algorithm. The following description is a more
detailed and specialized version of the barrier method outlined in 3. At the beginning
of each iteration, we assume that a strictly feasible current iterate 2k and an associated
parameter itk are given, where 2k is considered as an approximation to 2(itk). W
repeat the following iteration until some convergence criterion is satisfied.

1) Determine the tangent to the curve of perturbed centers 2k(it), that passes
through 2k. The tangent to the curve 2(it) is easily obtained by differentiating the
characteristic equation

(20) o
with respect to it. The differentiation yields

Dg(2(it), it)T2’(it) + --g(2(it), it)T H(2(it))2’(#) em+l O.

The tangent can thus be computed from a Cholesky decomposition of the Hessian.
Note that the direction of the tangent 2(it) does not depend on the vector or on
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#, but only on the current point 2. Thus the above computation precisely yields the
direction of the tangent to the (unique) curve of perturbed centers starting at & and
ending in an optimal solution. Also, the last component (i.e., A) of 2’(#) is positive
(since H is positive definite), so that -2’(#) is obviously a descent direction for the
objective value A.

2) Perform a linear extrapolation in the direction of the tangent, as follows:

The steplength k for the extrapolation is chosen as rk times the maximum steplength
/max such that A(&k-/max&’(#)) is still positive semidefinite. (The exact com-
putation of max involves computing the maximum eigenvalue of a matrix.) Here,
rk E (0,1) can be chosen adaptively: Set rl 0.9, and, (for k _> 2) if Newton’s
method (in step 4), below) converged in less than three steps in the previous iter-
ation, increase r (as rk (1 + rk-)/2); if it converged in more than four Newton
steps, decrease r (as rk max(rk_l/2, 2rk-1 1}).

3) The parameter # is controlled as follows. Given the kth iterate &k, an as-
sociated parameter #k, and an extrapolated point &k+l E m+ for the (k + 1)th
iterate, determine the (unique) value tk+ that "best fits" &k+, i.e., such that the
last component of the gradient g at &k+l is zero. Set #k+l min(#k/2, k+}.

Remark. For a moderate stepsize/ for the (linear) extrapolation, we can show
that ftk+l < #k (for a more precise statement and a proof, we refer to Appendix A).

4) Perform Newton’s method (with line search) to minimize the barrier function
(’, #k+)- The stopping criterion for Newton’s method is IIA&IIH() _< 0.2, i.e., the
H-norm of the Newton step (9) must be less than 0.2.

In our program, below, we implement a simple modification of Newton’s method
by using the "old" factorization of the Hessian that was computed for the last Newton
step (or in the extrapolation) for four further "inexact" Newton steps with line search
before recomputing the new Hessian for the next true Newton step.

4.5. Stopping test. The following lemma may be used for determining when
to stop.

LEMMA 4. As in (9), we define, for a positive definite matrix H, the H-norm
of a vector v by Ilvll2H vTHv. If, for a given point 5ck, there is a tt such that the
Newton step A& for finding the analytic center 2(#) (with O) satisfies

4

with H H(&k), then (1) has a bounded optimal solution set, and &k is almost
optimal in the following sense: )- )opt

_
2n#/p.

The assumption that there is such a # can be interpreted as &k being moderately
close to the path of analytic centers.

4.6. Ill-conditioning. The barrier method of the previous sections encounters
ill-conditioned matrices (as # tends to zero). We briefly discuss the two critical points
in our computations.

1) First, as tt tends to zero, the matrix A(&) approaches the singular matrix
A(&Pt), and is therefore ill conditioned. Simple considerations show that the mini-
mum eigenvalue of A(&(#)) is of order O(#). It is our experience that for the small
examples below with # _> 10-1 the inversion of the matrix A(&) can be carried out
to sufficient accuracy (Matlab is using double precision arithmetic), provided that the
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maximum eigenvalue of A(pt) is O(1). For many practical applications, it suffices
to approximate the optimal solution up to low accuracy only (e.g., # > 10-6), and,
in these cases, we expect the barrier method to work well even for larger problems.
We do not examine any methods for stabilizing the computation of A(5:) -1 in the
case that a very high accuracy of the optimal solution is desired, and we suspect that
further difficulties may arise.

However, interior-point methods that use a centering procedure at each iteration
have an "implicit stability" that can be explained as follows: From the proof of Lemma
1 (Appendix A), it is obvious that the evaluation of the Hessian yields a positive
(semi)definite matrix H, regardless of how inaccurate the computation of the matrix
B A(2) -1 is. In our algorithm, we use a uniformly positive definite approximation
/2/of the Hessian H that is obtained from a simple "stabilization procedure," described
below. Since inexact Newton’s method with a line-search converges for any uniformly
positive definite approximation/:/of the Hessian, the center will be found eventually,
even if H is a random positive definite matrix. Similarly, the extrapolation is a
descent direction for the objective value A for any positive definite approximation of
H (see step 1) of 4.4). This property suffices to prove that a method as outlined
above always converges to an optimal solution opt, even if the computation of the
Hessian is inaccurate. We note that such a statement is not true for methods that
do not use a centering procedure. If the Hessian is computed inaccurately, such a
method may converge to a nonoptimal point. Furthermore, in general, the Hessians
that are evaluated at points on the central path are less ill conditioned than the
Hessians that are evaluated at points far away from the central path. (For barrier
functions of linear programs with a unique optimal solution, we can prove, for example,
that the condition number of the Hessians near the central path is globally bounded
independent of #, while, in general, the condition number of the Hessian becomes
unbounded as the argument approaches the boundary of the feasible set.) These facts
may also explain our observation in 5.3.

2) Second, as # tends to zero, the Hessian H(2(#)) D2o(2(#),#) becomes ill
conditioned. This type of ill conditioning also occurs when solving (degenerate) linear
programs by interior-point methods. Lustig, Marsten, and Shanno [18], Gill et al. [7],
and others present solutions for such instabilities (via iterative refinement) and show
with a large number of numerical experiments that their strategies are effective. In
our program, we use the following simple strategy: Given the Hessian H H() at
some point 2, set :-- H + ellH[[I (with e 10-1) and denote the Newton step
by A2 H-ig and the "stabilized Newton step" by A /;/-g. As motivated in
definition (9), the canonical norm associated with this method at the point 5 is the
norm I[hl[H (hTgh) 1/2. It is straightforward to verify (e.g., Stewart and Sun, [36,
Thm. 2.11, p. 124]) that

luboo (H)IIx XIIH < e < x/ e cond2(H).I[A[[H --lub2(g-)

Since A is just an iterative direction for a line-search during Newton’s method, this
error is not crucial. For very ill-conditioned H, though, this stabilization does increase
the number of Newton steps.

5. Some numerical results. The method outlined in 4 has been implemented
in Matlab [20]. We present a few preliminary examples for which the method shows
the same convergence behavior as interior-point methods applied to linear programs.
Thismalong with the work of Alizadeh (see Appendix B of this paper)--strongly sug-
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TABLE 1

n m 8m,n
o oo ".s/

10 20 100 9.0/11
20 40 100 10.0/12
40 80 20 11.1/13

Iterations Hessians Multiplicity
./a
11.4/15
12.5/15
14.0/16

Inexact Newton steps
23.7/37 3.0

3.8
5.1
6.7

gests that the method may be very efficient for solving minimax eigenvalue problems
and for more general convex programming problems (see [12]).

5.1. Random examples. In Table 1, we give results for minimizing the largest
eigenvalue of affine combinations of m random symmetric matrices of size n for dif-
ferent values of m and n. Our stopping criterion is n#/p <_ 10-4. In each iteration,
we performed one extrapolation and a small number of Newton and "inexact New-
ton" steps with a line search. We list m, n, and the sample size 8m,n of how many
random problems were tested for each pair m, n. We further list the average and
the maximum number of iterations needed and the average and maximum number of
evaluations of the Hessian and total (inexact) Newton steps. Finally, we record the
average multiplicity of the maximum eigenvalue in the optimum. For n 5, only
about 20% of all problems had a finite Apt. For the unbounded problems, a negative
definite combination was found in the first iteration3, so that we only list the statistics
for the bounded problems. For n 10, four problems were unbounded; for n > 10,
none.

This table does not allow any conclusions regarding the effect of the condition
numbers of the linear systems on algorithm stability for large problems. We believe,
however, that it gives some impression about how the number of iterations depends
on the size of the problem. We can observe the same slow growth of the number of
iterations with the dimensions m and n as has been observed throughout for interior-
point methods for linear programs; see, e.g., [18], [7]. This makes interior-point
methods particularly suitable for parallel computation, since the sequential part of
the algorithm (the number of iterations) is small compared to the parallelizable part
of solving a (large) system of linear equations at each iteration.

5.2. Boyd and Yang’s example. Here we use our method to solve two exam-
ples given in [3, Chap. 8]. Boyd and Yang modelled a simple two-input two-output
control system and reduced the question of whether there exists a quadratic Lyapunov
function that establishes stability of this control system to a problem of the form (1),
involving 22 matrices A(i) of size 40 40. In these examples, A() 0, and the prob-
lem was to find whether there exists a definite linear combination of the A(i), i _> 1.
For problem (1), there does, but problem (2) is bounded, i.e., Aopt 0 for x 0.
When solving these problems with our implementation, it takes one iteration, three
evaluations of the Hessian, and twelve steps of (inexact) Newton’s method to find a
negative definite combination for problem (1), and six iterations, nine Hessians, and
24 inexact Newton steps for problem (2) to discover that the optimal solution for
problem (2) is within 10-4 of 5.7.10-5. (It is exactly zero.) We emphasize that, also
for problem (2), we can stop after one iteration, since, by Lemma 3, the existence of
the first analytic center already implies boundedness of (1). A more careful imple-

3 This holds, with two exceptions where it was found in the second iteration. For the first iteration,
we added the extra bound [Ix[I <_ 1000 to avoid divergence for the unbounded problems.
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TABLE 2

Problem (1) Amax < 0 e 10-4 e 10-6

Interior point
Cutting plane
Subgradient

5 8 11
109 242
5507

TABLE 3

Problem (2) e- 10-4 e- 10-6

Interior point
Cutting plane
Subgradient

8 10
113

mentation that determines only whether the first center exists or not will suffice for
this type of problem and will be more efficient. (The case that there exists a nonzero
positive semidefinite but not a positive definite combination will be hard to detect,
however.) Boyd and Yang [3] solve a variation of problem (1)

min ,max(xiA(i)).I1<1 i--1

This problem has a nonempty and finite set of optimal solutions for any set of
symmetric A(i), while problem (1) does not. However, it is not well-posed in the
sense that a definite combination of the two matrices A(1) :- diag(1, -1, -1) and
A(2) :- diag(-1 + e, 1 + e, 1) might not be detected for very small e > 0. Boyd
and Yang solve the problem by the cutting plane algorithm and by the subgradient
method. In Tables 2 and 3, we list their results and those that we obtain from an
interior-point method by imposing the same bounds on the problem as they. It is
straightforward (but not efficient!) to modify the interior-point algorithm to this sit-
uation. The tables show the number of iterations necessary to determine that there
is a negative combination or to find the optimal value up to an accuracy of 10-4 and
of 10-6. It should be noted that each iteration of the subgradient method involves an
eigenvalue computation of a 40 40 matrix (this consists of five 8 8 blocks in this
example, and is thus relatively cheap). In addition, the ith iteration of the cutting
plane algorithm involves the solution of a linear program with m + 1 unknowns and
2m + constraints. It is difficult to compare the computational effort of all three of
these methods under consideration of the sparsity pattern of the matrices A(i), but,
for m < nand n sparse, as is the case here, we believe that an efficient implementation
of the interior-point method may be very fast.

For problem (2), Boyd and Yang only determine that the problem has a largest
eigenvalue that is larger than -e. We list the results for two different values of e. Since
the subgradient method does not provide a lower bound on the optimal solution, it
fails for this example.

5.3. Overton’s example. This is an example taken from Overton [25]. The
problem is to find the diagonal of a 10 10 matrix M to minimize its maximum
eigenvalue in absolute value. The off-diagonal elements of M are given. There are
obvious modifications of the algorithm in this paper that do not increase the size of
the problem and that take the "extreme sparsity" of the matrices A(i)---one nonzero
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TABLE 4.

iteration Amax rate of convergence
37.7
33.9 1.3
25.2 4.1
22.83 6.1
22.435 6.7
22.3763 6.8
22.3680 5.4
22.36642 6.2
22.366144 13.3

element on the diagonal for 1 _< _< 10--into account.
apply our algorithm with the matrices

Here, however, we simply

0 )() :=
0 -A(O 0 _< i _< 10,

thus doubling the size of the problem and working with 11 matrices of size 20. To
test the limitations of our algorithm, we first deliberately set the stopping criterion
to 1.0- 10-20. The optimal value Aopt that our program computes for this problem is
22.36612164584166. This result is obtained in iteration 17 for 1.14.10-15 and p
1.18, and it is accurate to at least 13 digits. The program stops in the next iteration
with the Matlab message thatthe matrix (A()) to be inverted has a condition number
of 1017 and our algorithm then terminates with an error message. In Table 4, we
run the problem with stopping criterion n#/p <_ 10-a and list the iteration number,
)max in that iteration, the value of #, and the rates by which )max- Aopt is reduced
compared to the previous iteration. Note that the final accuracy is higher than the
four digits guaranteed by Lemma 4. In these iterations, the Hessian is recomputed ten
times, and a total of 25 (inexact) Newton steps are performed. Overton [25] presents
an algorithm for solving this problem based on successive quadratic programming
(QP). In each iteration, his algorithm solves a small number of quadratic programs
with m + 1 unknowns and several equality constraints, the number depending on
the estimated multiplicity of )max at the solution. Overton also presents numerical
experiments for the above problem and notes that "this problem is quite difficult to
solve, since at the optimal solution the interior eigenvalues are nearly equal to max."
His program computes the optimal solution with ten digits of accuracy in 14 iterations
solving a total of 26 QP’s. We test the interior-point method for different settings of
the various parameter values, but we do not observe any irregular behaviour of the
interior-point method. The observed robustness of the interior-point method coincides
with the fact that the proof of convergence of the method is independent of the data
and only depends on the dimensions m and n.

Overton [26] also suggests a successive linear programming algorithm for problem
(1) that is better suited for large problems. Since our current implementation does
not exploit sparsity, we cannot compare the two methods for large problems. (For
small problems, Overton favours his SQP algorithm.) We note that both of Overton’s
methods compute "dual matrix" information that is relevant for sensitivity analysis
of the solution; see [26], as well as Appendix B and the proof of Lemma 4 in Appendix
A.

We also apply the software package of Nesterov and Nemirovsky to solve this
problem. Using the default option of short primal steps, their algorithm takes 23
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iterations to obtain the solution 22.36614 (six digits of accuracy), and, using the option
of large primal steps, the algorithm takes 15 iterations to find the solution 22.366124
(seven digits of accuracy). In both cases, the algorithm stops at this point with the
error message "unable to compute the LU factorization." We also test a number of
test problems that are provided with the package. In all cases, the algorithm with
large primal steps yield a slightly more accurate solution in less iterations, but, also, in
all cases, the algorithm terminates with an error message after obtaining five to nine
digits of accuracy. We believe that the linear algebra used by Matlab for our program
is more stable than the one used by Nesterov and Nemirovsky, and this may be the
most important reason for the observed difference in accuracy of the two programs.
However, Nesterov and Nemirovsky do not use a centering step, and (as motivated
in 4.6) this may be another reason for the higher accuracy of our algorithm4. For
this problem, both programs (the one from Nesterov and Nemirovsky, as well as our
Matlab version) are run with double precision on a 386 IBM PC.

It is hard to compare the computational effort of the algorithm of Nesterov and
Nemirovsky with ours. For both algorithms, the computational effort in each iteration
is dominated by the computation of the Hessian. Our algorithm uses a slightly smaller
number of recomputations of the Hessian, but a larger number of additional operations
per Hessian.

Appendix A. We briefly outline the proofs of Lemmas 1, 3, and 4.

Proof ofLemma 1. It is sufficient to prove that the function (x) := log det+ (A(x))
is strictly convex for all x for which A(x) is positive definite. By the results of 4.3,
the ijth entry of the Hessian of is given by

Hij BA() A(J)B.

Let z E n be nonzero; then

is the square of the Frobenius norm of the nonzero matrix ( ziA(i))B and thus pos-
itive. (The matrix is nonzero, since, by assumption, the A(i) are linearly independent
and B is invertible.)

Proof of Lemma 3. 1) Suppose that Aopt is finite, i.e., opt

_
0 by assumption on

A(). We show that the barrier function (., #) has unique minimizers. By definition
of , the point 2 is a unique minimum of (., 1). (Its gradient is zero at 0, and,
by Lemma 1, (., 1) is strictly convex.) The existence of a unique minimum for the
convex function (., 1) implies that (, 1) c as -+ c. Now let # E (0, 1). Since
opt

_
0, it follows that (&, #) cx) if A _< 0. For > 0, it follows trivially that

(,#) > (, 1); hence (,#) --, oc as -- oc. Thus, the existence of a unique
minimum for (., #) follows again from strict convexity of (., #).

2) Conversely, if ,opt --(: then there exists an 2 m such that
max(-]A(i)) < -1. For := (,-1)T and # (0,1) such that p/# > T,
we find that (t, #) -- - as t -, ; i.e., a perturbed center does not exist for this

#.
3) Suppose that the analytic center exists for some # > 0. Then there is no x - 0

such that xA() <_ O. (The A() are linearly independent, and (.,#) decreases

4 A modification of our algorithm that does without centering gave only five digits accuracy in
23 iterations.
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along the ray given by Ye (xT, O)T if ’. xA(i) _< 0.) Hence, there is an e > 0 such that
Amax(-] xiA()) > e for all x with Ilxll- 1. Also, Aopt is finite. For Ilxll > 1 + APt/e,
it follows that Amax(A(x)) Amax(A() -b xiA()) > Arnin(A())-bAmax( xiA()) >
0-be(1-b Apt/e) Aopt -be. Therefore, the compact domain Ilxll < 1 -b APt/e contains
all optimal solutions, and the set of optimal solutions is not empty.

4) Suppose that the set of optimal solutions is finite and nonempty. Let be
an optimal solution. Then there exists a circle of radius r that contains the optimal
set opt C -b Kr and Amax(A(x)) >_ opt -4- for x e 0( -b Kr), the boundary of

-bK. Let IIgll r, then, by convexity, Amax(A(-b0g)) > Apt -bO for >_ 1; hence,
> opt -b 19e if AI- A( -b Og) > 0. Therefore, for any fixed # > 0, the quantity A/#

grows at least linearly with 0, while log det+(A(&)) is sublinear in t?, (the determinant
is a multinomial in the matrix coefficients). For 0, this implies that (&, It) --* x
as & -- cx3, i.e., (., It) has unique minimizers, i.e., the analytic centers exist for all
It>0.

Proof of Lemma 4. This lemma can either be shown directly using the results in
[11] or more elegantly using the duality results of [1]. We show the second approach.
By the results on Newton’s method in 3.3, the assumption on implies that the
analytic center exists, and therefore, by Lemma 3, the set of optimal solutions of (1)
is nonempty and bounded. First, suppose that is on the central path, (It) for
some It > 0 and @ 0. Then, by definition, the partial derivatives of are all zero,
that is (by (17) and (18)),

(21)
0
02,

(5c, It) A(i) B(2) 0 for 1,..., rn

and

(22)
0 -P traceB(&) 0.") ,

Also from Appendix B, the dual problem as given in [1] is

>a{A() Y traceY 1, A(i) Y 0}.

Hence, the matrix (It/p)B(Yc) is dual feasible, and the "duality gap" can easily be
computed as

/k- It B(). A()

P

m/l

tO i=1

(by substituting (21) and (22) and using A(re+l) -I)

It A()+ E A() "B(2)= It A(2). B(2)= nIt
P i=1 P P

and is an upper bound for A- )opt. A similar criterion also holds for points 2 near the
central path: Suppose that the Newton step A starting at for finding the analytic
center 2(It) has H-norm less than

This assumption is equivalent to [1@ + g(2, It)[[g-1 < V/-/4, where g(2, It) is
the norm of the gradient of the perturbed barrier function defined in (18) for
0. Often (for example, if the optimal solution Xpt is unique), we can show that
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lim__.0 [[[[H(x(#))-I 0, SO that the above-mentioned stopping criterion is also useful
when following a path of perturbed centers.

By the inner ellipsoidal approximation of the feasible set in [23], [11], it follows in
a straightforward manner that the above bound on A- Aopt still holds in the weaker
form stated in Lemma 4. D

Proof of the remark in step 3) 4.4. We show that the last component of D(2-
f12’, #) is a decreeing function of fl for small [fl[. Clearly,

D( ’ ’TH( ’)em+l T H-l()H(_,)em+l)em+l --era+

is negative (and equal to -1) for fl 0. (Here, H() D2(2, ,) is independent of
# noted in (19).) om the definition of self-concordance, we can show that this is
also negative if [fl’[g() /4.

We note that (for the ce ofthe barrier function of a linearly constrained problem)
there are (very "artificial") examples that Pk+ > #k for large fl < flmax even when
the extrapolation started on the central path and fik+ < #k for smaller values of
fl > 0. In general, however, it is true that limm fik+ 0, and in our program
the safeguard #k+l #k/2 is never needed.

Appendix B. Duality. We briefly state a nice duality theorem for problem (5)
presemed by Alizadeh in [1].

A slightly more general form of problem (5), in that it allows a general linear
objective function and does not fix A(+1) -I, is the problem

e+m { bTxlC-xiA(i)O}i (primal),

where C A(). Alizadeh gives a short and self-contained proof that for this problem
there is a dual problem

{C Y[ A(i) V bi}, (dual)

for which the following duality relations hold (the dual variable is a positive semidef-
inite matrix Y). Optimal solutions xpt and yopt exist and the optimal values are
the same if both problems have strictly feasible solutions. Furthermore, bTx

_
C Y

for any primal and dual feasible variables x and Y. Alizadeh notes a surprising
structural similarity of these problems to linear programming, develops a potential
reduction method for the dual problem, and applies it to approximate the solution of
combinatorial optimization problems.

The above duality result implies that the dual of problem (5) is given by

>a{ A(0 Y O}A() *Y Y. I 1,
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Abstract. The fundamental optimization problem in worst-case frequency domain design where stability is
the key constraint is

(OPTAN
GivenFamapfrom2 (CN to+
FIND ,,/* > 0 and f* E AN such that

3’* inf sup F(e,f(e)) supF(e,f*(ei)).
fEAN 0

Here AN denotes the CN-valued functions on the unit circle with analytic continuation to the unit disk that
are continuous on the closed unit disk. The special case where the sublevel sets of F in z are "disks" in (N is
the main mathematical problem in the area called HC-control (cf. [B. A. Francis, Lecture Notes in Control and
Information Sci., Vol. 88, Springer-Verlag, Berlin, New York, 1986]), which has been one of the main emphases
of control since the early 1980s. This article gives necessary conditions for f* in AN to be a solution to such a
problem. These conditions are practical for computer implementation and are sufficient as well as necessary when
N <_ 2 or when F is convex in the second variable. In 3, for N 2, it is proved that there are very nice F
(strictly pseudoconvex) producing an OPT problem having nonunique solutions. In 4 it is shown that coordinate
descent algorithms often suggested by engineers for N > sometimes do not attain the optimum (in practice,
almost never). Section 5 treats another type of problem. Here f" >_ 0 maps 2 K CN to I, and it is the
goal to solve

(UNCOPT-S) inf sup sup ’(ei,c, f(ei)).
fEAN 0 o7" iO

Here 70 is a given closed set in IK. This problem is basic to engineering situations where there is uncertainty
in the accuracy of mathematical model.
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1. Introduction. The fundamental optimization problem in worst-case frequency do-
main design where stability is the key constraint is

(OPTAN)
Given F a map from "2 x CN to]R+,
FIND 7" > 0 and f* E AN such that

7" inf supF(e,f(e)) supF(e,f*(e)).
lEAN 0 0

Here AN denotes the CN-valued functions on the unit circle ql" with analytic continuation
to the unit disk D, which are continuous on the closed unit disk. (See [Fr], [H1 ], and [H2].)
The special case where the sublevel sets

So(c) {z cu r(e,z) < c}

of F in z are "disks" in CN is the main mathematical problem in the area called H-control
(cf. [Fr]), which has been one of the main emphases of control since the early 1980s. This
article gives necessary conditions for f* in AN to be a solution to such a problem. These
conditions are practial for computer implementation and are sufficient as well as necessary
when N _< 2 or when F is convex in the second variable. In 3 we prove that for N 2
there are very nice F (strictly pseudoconvex) producing an OPT problem having nonunique
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Given

f (j o)

Designable

Performance is o, f (j e at frequency

FG. 1.1

solutions. In 4 we show that coordinate descent algorithms often suggested by engineers
for N > sometimes do not attain the optimum (in practice, almost never). Section 5
treats another type of problem. Here >_ 0 maps ’: Cv to ’, and we wish to
solve

(UNCOPT-S) inf sup sup ’(e),a, f(e)).
lEAN 0 EO

Here 0 is a given closed set in . This problem is basic to engineering situations
where there is uncertainty in the accuracy of mathematical models, for example, in the area
of robust control [Dor], [Doy], [H1].

The problem UNCOPT is strictly more complicated then OPT and indeed has OPT as
one ".pure component" of it. To see this, for given F, define F by "solving"

(UNC) F(e,z) sup (e ,z)
ERo

Then, solving UNCOPT is equivalent to solving UNC and OPT for F. (Refer to our
computer program for solving OPT. The results of 2 are used to compute diagnostics
printed out at each iteration.)

1.1. Motivation. The OPT problem is central to the design of a system where speci-
fications are given in the frequency domain and stability is a key issue. Suppose that our
objective is to design a system, part of which we are forced to use (in control, it is called
the plant) and part of which is designable; see Fig. 1.1. The objective of the design is to
find the admissible f that gives the best performance. If we denominate performance F as
a "cost," then the big F is bad, and the "worst case" is the frequency w at which

sup F(w, f(j))
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occurs. We seek to minimize this over all admissible f. The stipulation that the designable
part of the circuit be stable amounts to requiring that f has no poles in the right half
plane (R.H.P.). In other words, f C AN (R.H.E). This is exactly the R.H.P.-version OPT
problem. Even when parts of the system other than the designable part are in H, we can

frequently reparametrize to get OPT. Consequently, OPT arises in a large class of problems.
Indeed, the OPT problem is so basic it might be called the fundamental H problem

of control. This sits in distinction to the fundamental problem of H control, and there
are varying opinions as to what that is.

Graphic interpretations of OPT are informative and useful. A sublevel set Z;,(c)
{z C Cv 1-’(a;, z) < c} of i is just the set of designable parameters z that give performance
better than c. The objective is to find a function f with no poles in the R.H.R so that each
f(ja;) belongs to (c). Any such f makes the performance of the overall system at least
as good as c for all c. Thus OPT corresponds to find such f for the smallest value of c for
which f can be found. One example is the Horowitz templates of control; thus this article
gives an optimality theory for a significant portion of Horowitz control.

Related frequency domain design theories are those originated by Mayne and Polak
and more recently pursued by their students (e.g., Tits and Fan). In a sense, the problem
they study is more general than OPT; though, technically speaking, it is not (since it is
finite-dimensional). They optimize performance over classes of rational functions (which,
of course, are highly nonconvex). We optimize over the class of all analytic functions
on the R.H.R and exploit their special structure to obtain the elegant and sharp optimality
conditions found in this paper. Ironically, infinite-dimensionality of A:v helps because it
guarantees that, at optimum, "every constraint is active." (This is condition (i) of Theorem
2.2.) In another direction, linear programming is a viable approach to OPT problems,
provided that 1-’ has sublevel sets o(c) that are convex. Then, we can approximate the
o (c) by a simplex and use standard packages. This has been explored extensively by Boyd
in [BB], and crude numerical comparisons of linear programming to other H methods
were done in [BHM], [HS]. The theorems given have required that I-’ be a smooth function;
they do not apply as stated to a simplex in C:v, since a simplex has corners. They would
apply to a smooth approximation of the simplex, and so they might well be adaptable for
use in linear-programming-based codes. Also, for N 1, a general version of Theorem
2.1 appears in [HM] that applies to L;0(c), which are simplicies.

When each ,(c) is a "disk" such as

oQco(C) (Z1, Z2,..., ZN) (.N. p(jc)lK(jc zl 2 <_ c
i=1

for some complex-valued functions Ki and positive-valued functions p in Cv, the problem
has an explicit solution. Other solvable OPT problems are easy to recognize, since so few
of them exist. Crudely speaking, OPTs: with E H (see 1.2), is completely solved
below:

(i) when each (c) is a disk on Cv,
(ii) when each (c) is a matrix ball,

(iii) when each (c) is a ball of symmetric matrices,
(iv) when each (c) is a ball of antisymmetric matrices.

A function 1 each of whose sublevel sets (c) are disks in this sense will be called quasi-
circular. (There is much literature on solutions to quasi-circular problems. See [BGR],
[Dym], [FF], [Fr], [GM], [H4], and [Yng].)
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Example 1. The famous "mixed sensitivity" performance measure of control is

(1.1) (,T) - W(j)IT- 11 / Wz(j)ITI,
where W weights low frequencies and W2 weights high frequencies. Interpolation con-
straints are easy to put in and convert to a F of a similar form. These problems are
quasi-circular, as are the famous 1, 2, and 4 block problems of H control.

Example 2 (power mismatch and amplifier design). Classical control is very close to
the work of Bode on amplifier design. Likewise, H-control is mathematically the same
(actually a little easier) than the subject of gain equalization (or even noise suppression)
in amplifiers. Historically, Youla and Saito [YS], gave a theory ’of single-input, single-
output (SISO) gain equalization, and Helton gave a theory of multiple-input, multiple-output
(MIMO) design (surveyed in [H5]), which preceded H-control and which contributed to
its inception. These paradigm problems are quasi-circular.

Example 3. Two competing constraints typically yield ,o, which are intersections of
two disks, and so forth.

Example 4. Bercovici, Foias, and Tannenbaum have recent results on F’s that are
based on the spectral radius of a matrix. These are highly nonsmooth E’s and demonstrate
interesting properties. This arises in a class of control problems with plant uncertainty.

Uncertainty in the mathematical model for a physical system, which, in control, is
called plant uncertainty, naturally leads to OPT problems with very complicated F. Our
formulation is to start with a performance measure F that depends on what we believe the
plant P to be at frequency co-and the choice T of the designable parameter at co. The basic
design optimization problem is

(UNCOPT-SRHr,) inf sup sup (co, p, T(jco)).
TA

Here R denotes the range of values p at frequency co that we believe the plant
might actually take. This, of course, is the R.H.P. version of (UNCOPT-S). For this problem,
"tightening the specs" amounts to calculating the "tightened" performance measure

(UNCRHP) 1-’(co, T) sup (co, p, T).
pERu

After this is done, solving the full UNCOPT-SRHp problem is equivalent to an OPT on
the R.H.E Thus OPT is the pure H part of UNCOPT (which is another good reason for
calling OPT the fundamental H problem of control).

Plant uncertainty when treated in this way simply amounts to a mathematization of the
age old engineering adage: "In the presence of uncertainty, tighten the specs."

The maximization in UNC is time consuming and is a subject unto itself (the structured
singular value (s.s.v.) and environs). Consequently, we certainly expect that the most
effective numerical algorithms at the (k + 1)th iteration will update current guess fk and
Pk(jco) by doing a UNC step to increase (co, P, f(jco)) for each co, then an f step to
decrease [[F[[o, then another P step, then another f step, and so forth.

Doyle’s p-synthesis (after substantial reparameterization and a compromise) is such an
algorithm. It is very natural, since the function F(co,p, z) of UNCOPT is in many control
applications for fixed p quasi-circular. Thus coordinate optimization produces a sequence
P E L and f E H, where the update for fk comes by solving a quasi-circular OPT
problem. We could imagine an infinite variety of choices between spending a long time
on each P maximization step before going to an f step, or vice versa. Consequently, it
is clear that, to begin a systematic study of the H plant uncertainty problem UNCOPT,
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we should analyze two extreme situations. The first is where we do the p maximization
completely; this is UNC. It is in principle studied by the s.s.v, school. The second is
OPT for the "tightened" performance measure F. (For numerous articles on uncertainty
and robustness, see [Dor].)

1.2. Notation. For convenience, we refer to OPTE as the problem OPT, where the
minimization is over the set E C H, and f* is in E. By L, we represent the set of
all CN-valued, essentially bounded measurable functions on ql’, and Hff consists of those
elements of L that extend to bounded analytic functions on I. The space H]v is defined
similarly as consisting of CN-valued measurable functions F on 2 that extend analytically
to ] and have finite L’-norm, ]IF [L’ f IIF(e)ll,rN(dO/ZTr) < oo. If E C H, set

(1.1) RE x {f E E" f(e-) f(e) a.e. on }.

Another way of defining RE is as the set of elements of E with real Fourier coefficients.
Frequency response functions in engineering are all real on the real axis. Thus spaces
such as RH, RAN, and the corresponding OPT problems are the only ones that occur in
engineering applications.

We investigate local conditions for solutions to OPT. For this, we use the terms opti-
mizer and directional optimizer, which we now define below.

DEFINITION 1.1. Let E C H and f* E E. The function f* is a local optimizer for
OPTE if there exists an open set V c E such that f* V and

(1.2) sup[’(e,f*(e)) <_ supI’(e,f(e)) Vf V.
o o

The function f* is a directional optimizer for OPTz if, for each h E, there exists th > 0
such that

(1.3) supF(ei,f*(ei)) <_ supF(ei,f*(ei) + th(ei)) Vt (O, th).

The terms strict local optimizer and strict local directional optimizer are defined similarly,
with strict inequality in (1.2) and (1.3), respectively.

Of course, if E is finite-dimensional, the concepts local optimizer and directional
optimizer coincide. This is a simple consequence of the compactness of the unit ball in
E. In the infinite-dimensional case, a strict directional optimizer may not be a strict local
optimizer.

Now we establish some notation needed throughout the paper. Elements z E CN are
represented as column vectors. By z*, we denote the transpose of z so that 2*z [Izl] 2cN
and, it" z has entries z, 1,..., N, then Re z represents the column vector with entries
Re z, 1,..., N. Let G:CN be a class C function. Then the order 2 expansion
of G about z0 is

OG
G(zo + w) G(zo) + 2 Re -ffz (ZO)W

(1.4) + - 2 O-Oz (zo)w + 2 Re w OG
w

/ O(llwll  ,),
where OG/Oz(zo) is a column vector on entries OG/Ozz(zo), 1,..., N and 02G/OOz(zo)
(respectively, OG/Oz2(zo)) is an N N matrix, with entries 02G/O2zOz(zo) (respectively,
02G/OztOzj(zo))j, 1,..., N.
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2. Necessary conditions and sufficient conditions for solutions to OPT. The fol-
lowing theorem of Helton in [H3] gives a clean-cut characterization of functions f E A
that solve the problem OPT.

THEOREM 2.1 (N 1). Let F 72 C -- F+ be of class C2. A continuous function
f* A1 for which a(e) (OF/Oz)(e, f*(ei)) is never zero is a strict local directional
optimizer if and only if (i) F(ei, f*(e)) is constant in O, and (ii) the winding number of
a about 0 is postive. [

See [A] for a definition of winding number of a curve. It is also known that, for
N 1, under fairly general hypotheses, the solution exists, is unique, and has certain
degree of smoothness (see [HM]). Thus Theorem 2.1 gives a practical test when N
for determining if a given function f* A solves OPT.

We see that the situation for the case where N > is quite different. Uniqueness no
longer holdsmthis is the subject of 3.

Also, conditions (i) and (ii) can be generalized to the case where N > 1, but they are
not sufficient to guarantee that a particular function f* AN is a solution to OPTAN.

2.1. Direction optima. We start the study of the general case (N > 1) by presenting
a generalization of (i) and (ii) of Theorem 2.1. For a given function a "2 --+ CN, we write

N(a) {h H at(eW)h(ew) 0, a.e. on 2}.

THEOREM 2.2. Let F be ofclass C and left f* e AN be such that (Or/Oz)(e0, f*(e))
never equals 0 on 72. If f* A is a local directional optimizer, then

(I) The function F(., f* (.)) is constant on 72,
(II) There exist functions F HIN and A" 72 --+ ’+ measurable and positive almost

everywhere on 72 such that

Or
(eio f,(eio)) A(eio)x(eiO)F(eio)Oz

a.e. on 72.

Here X is the function X(e) ei
(III) For every h N(Or/Oz)(., f*(.))) n AN,h # O,

>_0.

Conversely, conditions (I)-(III) with strict inequality imply that f* is a strict local direc-
tional optimizer.

To see that Theorem 2.2 generalizes Theorem 2.1, we obtain the latter from the former,
by directly comparing (i), (ii) of Theorem 2.1 with (I)-(III) of Theorem 2.2. This we do
below.

Since (i) and (I) are identical, we now look at (ii) versus (II). If (ii) is assumed, then we
can write a(e) (e)na (e), where n is the winding number of a about 0. In particular,
wind (al;0) 0, SO we can write al(e) -la(i)l(), where u is continuous and
real-valued. If u* is the harmonic conjugate of u, then

al A(ei)eiF(ei),

where F(e) (ei)n-’e-*+i’ is in H and A(ei) .(o)is positive
measurable. Thus (II) holds. This can be reversed to show that (II) implies (ii).

We now claim that (Ill) is trivially satisified when N and (II) holds. Indeed, if
h H satisfies (OF/Oz)(ew, f*(ew)) h(ew) 0 almost everywhere on 72, we must
have h 0, since F is not the function zero. Thus N((Or/Oz)(., f*(.))) {0}.
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If the function F is real symmetric, i.e.,

(2.1) I?(ei,z) I"(e-i,2) Vei H, Vz CN,

then we can consider the problem OPT/Au and try to obtain a version of Theorem 2.2
specialized to this situation. We have the following (partial) result.

THEOREM 2.2’. In addition to the hypotheses to Theorem 2.2, assume that f RAN
and that F satisfies (2.1). Modify conditions (II) and (III) of Theorem 2.2 by requiring that
F RHN in statement (II), and that h RN OI/Oz( ., f*(.)).

Then (I)-(III) are necessary for f* RAN to be a local directional optimizer for
OPT/AN.

Given E and f* as in Theorem 2.2, we see that we can associate to the function

OF
f,(2.2) a(.)- -z(. (.))

defined on T and valued in Cv, a unique positive integer w(a) (see Theorem 2.5). When
N 1, the integer w(a) is precisely the winding number about zero of the function a.

DEFINITION 2.3. Let b L. A function F Hv is an analytic direction for b if

IIF H, and if there exists a measurable function A" T --+ "+ such that
N

b(ei) A(ei)F(e) a.e. on T.

Hence (II) of Theorem 2.2 is equivalent to stating that X-(.)(OP/Oz)(., f*(.. .) has an
analytic direction.

DEFINITION 2.4. Let b L, set co(b) zx sup{m Z X-’b has an analytic
direction}.

THEOREM 2.5. Let [" be as in the hypotheses to Theorem 2.2. If f* AN is an

optimizer for OPTs: and if a (.) O[’/Oz, (., f*(.)), then
(1) <_ co(a) <
(2) X-() a has a unique analytic direction Fo. Moreover, Fo is a strong outer-

function,
(3) Let F H) be such that IFllL, o Then F i, an analytic direction for a if and

only if there exist a constant

such that

(2.3) F(ei) H (ei zz)(1 2ze)Fo(e) a.e. on T,
/--1

(4) If f < RAN and r satiCes (2.1), then the function Fo in 2 is in RH, and the
zeros zt in (2.3) come in conjugate pairs.

See Theorem A.3 in Appendix A.
It is shown in [H3] that, when a has rational entries aj, j 1,..., N, we can compute

an integer L out of the zeros and poles of the aj’s, so that a necessary condition for
optimality is L > 0. The number L proves to be precisely co(a). Hence, in this case, (II)
amounts to saying co (a) >_ 1.

THEOREM 2.6. Assume the hypotheses of Theorem 2.2 (or Theorem 2.8). Let F and f*
be as in Theorem 2.2 (or Theorem 2.8). We have that

F0 is strong outer if F0 is an outer function such that (X ei)-2F0 Hv, for every ei 2.
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(1) If the function a can be extended meromorphically to a neighborhood of 1-, then
(a) z(a)- p(a), where by definition
z(a) number of zeros in 3 plus number of double zeros on OD, common to all the aj ’s,

counting multiplicities,
p(a) total number ofpoles in plus total number of double poles on 0, of the aj ’s;

(2) If for some jo, the coordinate function ajo is never 0 on 7 and has winding
number (aj0 about O, then <_ (a) <_ co(ajo ). If also co(ajo 1, then aj/ajo E H,
for j- 1, N.

The necessity of (I) and (a) > 0 was first demonstrated for N _> in [H3] under
stronger hypotheses than in Theorem 2.2.

We have found that Theorem 2.6 is particularly valuable in practice. We have a code
for solving iteratively OPT, and, after each iterate fk is produced, tests corresponding to
(I) and (II) are performed. When N 1, numerical experiments (to be reported elsewhere)
show that

ek (sup F(ei’ f(ei)) ifF(ei’ f(ei)) / o -zOF (ei f(ei

is a good predictor of the true error Ifk f*ll, while the winding number (a), where
(a) (OF/Oz(., fk)), very quickly stabilizes and proves to be unimportant. However,
when N > 1, the situation is quite different: e tends to zero at superlinear rate, but

Ill f*ll decreases at a much slower rate. Since we do not have a good estimate of

Ill f*]l, we employ (2) of Theorem 2.6 to produce a diagnostic that works well in
combination with e It consists in first locating a. OF/Oz(. f*) which is never zero

30

on and has w(aj) 1. Then we compute that

N

where PH:- denotes the orthogonal projection onto H:+/-. Note that r 0 implies that
(II) holds,e so, as f f* in a computer run, we observe that f 0.

Until this point, we have given versions of (I) and (II) that are useful for computation.
Unfortunately, (III) remains unwieldy, since we must check a certain condition for all
analytic functions. How to overcome this remains the main open question in this area of
necessary and sufficient conditions for optimality. However, when N 2, we obtain an
elegant and practical theorem.

THEOREM 2.7. Set N 2 in Theorem 2.2 and let a(.) Or/Oz(., f*(.)) and b(.)
(-OF/Oz2(., f*(.)), OF/Oz,(., f* Furthermore, suppose that the function X-"(a). a
has an analytic direction Fo that is continuous and nonzero on 7. Then (III) is equivalent
to the statement below.

At least one of the following statements is true:

(i) There exists ei 7 such that

b (ei)A(e)b(e) >_ Ib (P)B()b(P)l;

(ii) bBb is never zero on , and either
(a) w(b*Bb) > 2w(a), or

Of course, such an a. (with no zeros on and winding number about 0 equal to 1) does not always occur.

However, for generic F [MI] very strongly suggests a. as above do occur, at least for fk close to f*.J0
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(b) co(b*Bb) < 2co(a), and co(b* Bb) is odd.
We illustrate use of the theorems above with an example.
Example 1. For N 2 and > 0, let

C(iO
ZI Z2)- llO04- ZI 4-O.I(zIZ24- Z14- Z2)I 2

+ I100+ 22eO 4- 0.1(ZlZ2 4- Zl 4- z2)] 2 4- ’]z112 4- ’]z212

We have that

0r (eOZl Zl,Z2) (1004- z,e0 4- 0.1(z,z2 4- z, 4- 22)" (e 4-0.1 4- 0.122)

4- (100 4- Z2eiO 4- O. l(Zl Z24- Z 4- Z2)" (0.14- O. 1Z2) 4- ff-

and

0FOZ2(eiO, zl,Z2) (lO04- ZlO. l(zlZ24- Zl 4- Z2))(O.14- O. lz,)

+.(100 + 22CiO 4- 0.1(ZlZ2 4- Zl 4- Z2))(CiO +0.1 4- 0.1Zl) -+- -:.

We now show that the constant function f(e) (0, 0) satisfies (I) and (II), but is not
an optimizer for F, if < 19.

Now (I) holds for

1-’e(ei, 0, 0- 20,000 Vei E .
To check (II), evaluate the partial derivatives of 1-’ to obtain

0F (eo OP )b77 , ,o,o), 0,0) (100ei + 20, 100ei + 20).

Note that 100ei + 20- 100lei + 0.212(ei/(1 + 0.2ei)), so that (II) holds.
We claim that f*(0,0) does not solve OPT when e < 19. Begin by computing b*Ab

and b Bb at (0, 0), as follows"

*Ablz, =o,22=o

(-100ei-20)*( 1.02+0.1ei+0.1e-i+e
100ei + 20 0.02 + 0.1 e

(-100e-20)100ei + 20

2(1 4- 6)(100ei + 20)2

0.02 + 0.1e
1.02 + 0.1e

and

b*Bblz =o,>=o (- 100e 20 100e + 20) ( 0
20

-40( 100ei + 20)2.

20 ) (-lOOe-20)0 lOOe + 20
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Now s < 19 implies that

(-Ab)(e) < I(b*/3b)()l Ve qF,

so that (1) of Theorem 2.7 does not hold. We also have that

w(bBbt) 2 2w(a),

and (2) of Theorem 2.7 also fails. Then Theorems 2.7 and 2.2 imply that f* is not a local
directional optimizer.

Now we turn to proofs.
The following is a more general version of Theorem 2.2 in that the differentiability of

F(e, z) at z f*(e) is required only almost everywhere on T. This weaker hypothesis
and even weaker hypotheses are physically desirable for treating problems that arose in 5.

THEOREM 2.8. Suppose that E is either H or AN. Let F x CN -- ,’+ and

f* C E be given, such that

(1) The function 9(’) A= F(.,f*(.)) is continuous on ;
(2) F(e, z) is of class C2 at z f*(e) for almost all ei . Moreover, for

such e , the remainders Rt(ei,z),l 1,2 of the order Taylor expansion of
F ((rio, f, (ec) / z) about zo 0 satisfy

(2.4) sup IRz(e, )/111 ,, --+ 0 as z --+ 0, 1,2;
0

(3) The function a(.) OC/Oz(.,f*(.)) is bounded and bounded away from O. If
A, assume further that the set {e a is not continuous at e} has linear

Lebesgue measure O;
(4) There exists a continuous function 9o -- (CN such that

sup
0

(.) + v0(.)

Then necessary conditions for f* to be a directional optimizer for OPTs: are

(I) 9 is constant;
(II) X-1 a has an analytic direction F;

(III)

sup { h(e) 02T
o O-20z

(r(ei))h(eiO) @ Re h(ei) 02[(p(eiO (io }))h >_0

gh N(a) E.

These conditions are also sufficient for f* to be a strict directional optimizer if (III) is

modified as to have strict inequality.
Proof Consider the function F on T x CN defined by
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If at least one of the hypotheses (I), (II) is not satisfied, then the function 0 E A:v is not
a solution to OPTE for F (Theorem A1 in Appendix A). Therefore, by Theorem A1 or
Theorem A2, there exists a function f’ E E such that

(2.5) sup F ei, f’(ei)) < 3’* _x suprl (e, 0).
0 0

We claim that there exists an open set F that contains the set P {e " 9(e) 5"}
and a constant o 0, such that

(2.6) sup Re a(ei)* f’(e) < -o.
eio F

To prove the claim, consider any decreasing sequence {F} of open sets in V such that
F P. If the claim is false, then

(2.7) m { ei F Re 9(ei) (ei eio) -1}
Here mC is the Lebesgue measure of C. Choose > 0 arbitrary and pick Ne r:: such
that

(2.8)

Then, from (2.7) and (2.8),

m {e F g + 2 Re g(ei)a(e)f’ e f,(eO 2 , 2}(o) )+1 > --- >o

Vn N,
(2.9)

(2.10) supF(ei,f’(ei)) * -.
0

Since is arbitrary, it follows from (2.10) that

(2.11) suprl(ei, f’(ei)) *,
0

which is impossible, by (2.5). This proves the claim.
Consider the following expansion, valid almost everywhere on

F(e, f*(e) + t(f’(e) f*(ei))) r(eo, f*(ei))
(2.12) +2t Re a(ei)t(h(e) f*(ei))

(o o) f,(o+R ,t(f’( ))).

By (2.6) and hypothesis (2), there exist to > 0 such that

(2.13) sup F(ei, f*(e) + t(f’(e) f*(ei))) * to gt (0, to).
eiOF

Also, since the open set F contains P and since r(e, f* (e)) is continuous, there exists
t k 0 such that

(e.4) sup r(e,f*(e) + t(f’(e) f*(ei))) < 7" Vt (O,t).
iO
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Combining (2.13) and (2.14), we obtain that f* is not a local directional optimizer, and
this shows that (I) and (II) are necessary.

Let h E N(a). An order 2 expansion of 1-’(ei z) about z f*(e) gives

0 < sup f* e)
0

}

(2,15) < sup2 {h(e)o O2Oz
(e (e))h(e) + Re h(e)*-z2(e

(eO+sup /2 th(e))
0

Let t --+ 0 in (2.15) and use (2.4) to obtain (III).
For sufficiency, assume (I)-(III) and that f* E E is not a directional optimizer; i.e.,

there exists h Hff and to > 0 such that

sup r(e, f* (e) + th(e)) < "* Vt (O, to).
o

We first analyze the case where h q N(a).
LEMMA 2.9. If h N(z), then suP0 Re a(ei)*h(e) > O.
Proof If supo Re a(ei)*h(ei) <_ O, then, since (II) holds, for some A > 0 and

F HN, a- AxF. Therefore

(2.16) sup Re X(ei)F(ei)*h(e) <_ O,
o

and Corollary 4.8 in [G] implies that xF h is either an outer function or the function zero.
Since xFth has nontrivial inner part, we must have that Fth 0, i.e., h

Set

(2.17) s- sup Re
0

and.pick to > 0 small enough so that the function R in (2.12) satisfies

(2.18) supllR,(e,th(e))ll < - t vt (O, to).
o

Then, an order expansion of I’(ei,z) about z f*(ei) and (2.18) imply that

s
(2.19) sup r(e, f* (ei) + th(e)) > "r* + st - t >

o
vt e (o, to).

Hence h N(a) implies that h is not a descent direction. If how h E N(a), then strict
inequality in (III) for the function h, an order 2 expansion of ’(ei,z) about z- f*(ei),
and hypothesis (2), imply that, for some tl > 0,

sup F(ei, f* (ei) + th(ei)) > ",/* Vt (0, tl).

This proves sufficiency.
THEOREM 2.8’. In addition to the hypotheses to Theorem 2.8, suppose that [’ is real

symmetric, i.e., (2.1) holds, and that f* RH. Modify condition (II) by requiring that
F lH)v, and modify condition (III) so that h N(OF/Oz(.,/*(.)))C-IRE. Then (I)-(III)
are necessary for f* to be a local optimizer to OPT:.
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Proof of Theorem 2.6. For each j 1,..., N, let Pj, Qj be polynomials containing
the zeros poles of aj in (C), and the double zeros and double poles of Pj and Qj on . Let
P be the greatest common divisor of all the Pj’s and let Q be the least common multiple
of the (j’S. Then we have that

P
(2.20) a - b,

where b extends analytically to a neighborhood of ]- and has no zeros in D-.
Now use the formula

(eiO z0)(1 oeiO) eiOleiO Z012 if z0 E D

and

(Ei0 z0)2 _Ei0lEi0 Z012 if z0 E

to obtain a measurable function A" "Y - + such that

(2.21)

where R is a rational function with no zeros on poles on the closed unit disk D-. Note
that w(P) z(a), w(Q) -P(a). Hence (2.20) and (2.21) imply that

(2.22) _<

Equality in (2.22) follows from representation (2.3) in Theorem 2.5.
To prove (2), let h AI be defined by h e-u*+i, where u is a Cl-function such

that

(2.23) ajo X("o) ev+i

and u* is the harmonic conjugate of u. Since u Cl, we have h AI. Moreover, the
extension of h to the closed unit disk has no zeros there. From (2.23) and (II), we have
that

(2.24) /w(a) Fj (ajo he,+

and, since 1/h A,, we conclude that Fjo/h H. Now w(aj0 < w(a) is impossible,
since otherwise the function X(")-("o)Fjo/h is in H, but (2.23) says that this function
is positive almost everywhere on .

Finally, if w(ajo 1, then w(a) 1, and from (II) we have that Ff A1 and

ajo /XFjo

i.e., aj /ajo A1. [-]

The following result establishes smoothness of A and F of (II) in Theorem 2.2, given
a smooth (OF/Oz)(., f*(.)).

PROPOSITION 2.10. Assume the hypotheses of Theorem 2.2. If OF/Oz(., f*(-)) C,
then the function A, F in (II) are, respectively, in Cff and C. Moreover, the function
is never zero on 72 if w(a) 1.
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Proof By the proof of Theorem 2.8, the function h 0 is the best Hff-approximation
to the continuous function (1/]]a(.)ll,r.N) (.); therefore F1 xF is a singular vector for
the Hankel operator of symbol /]]al]r_N. By [HS], F is in C(2). Moreover, the same
proof shows that a/lla]l F/IIFI[.c.u; i.e., the function f, llFll[ is in Cy(). Hence
is also in C, and this implies that the zeros of F on 2, if any, have even order. Now
each double zero of F on 2 contributes to (a), as we can see from

iO i0o )2
iO i0o l2

On the other hand, if w(a) l, then w(F) O, so that Ilfll is in C. U
Clearly, one requirement to simplify (III) is to know something about the structure of

N(Or/Oz(., f*(.)). Our next lemma gives a parameterization of this set.
LEMMA 2.11. Let a E C(72),F H1NfqCIN(7) such that a(eiO) O for every 0 and

.a(cioIla() IIN f()

Then there exist functions {kj };_ in As such that

(2.25) N(a) AN Alkl +’’’-+-AlkN-l.

Also, for almost all e 2, the set

eiO eiO{]91 ),...,N-I( )}

spans in i(2N a linear subspace of (complex) dimension N- 1.

Proof The first step is to find a matrix-valued function M in HxL, L > 1, with

C entries whose boundary values M(e) are rank N- matrices and which satisfies
FtM -0. One such matrix M is

where

o o o 3
and indicates that the corresponding column is suppressed. Clearly, the rank of M is
at least N- 1, almost everywhere on 2 since, for almost all e 2, one of the Fj’s
is nonzero at e. That the rank is not N follows from the fact that F is in the null
space of Mt. To remedy this, we take the inner-outer factorization M (gQ of M with

Hzv_ and Q H_IN (cf. [RR1], [RR2], [Go]). Q is continuous because M
is once differentiable. Now Range Q(e) Range M(e), since (3(e) is unitary, so
FtQt 0, and this shows that QtA_ c N(a). Also, dim Range Q(e) N- for
all 0, so, if f N(a), then the function h (QQt)-lQf is in AN_, and it satisfies

f Qh. Therefore N(a) A AN QtAN-,. vq

Before proving Theorem 2.7, we restate (III) of Theorem 2.2.
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LEMMA 2.12. Let F be of class C2 and let f* E A be a directional optimizer, such
that an analytic direction F for X- a satisfies F C 1. Then (III) is equivalent to

(2.26)

Here

sup{tAf+ Re ftf} >0 Vf AN_1.
o

and { ki N-}i=l are functions in AN parameterizing N(a) AN as in Lemma 2.11.
N-I

Proof By Lemma 2.1 l, every h N(a) has the form h = fk for some scalar
valued functions {ft}zN in A. Hence, for every 0, we have

x= k=

+ Re f(ei)kt(e) B(e) fjl(ei)k(e)
z= k j=

N-I N-1

+ Re
t,j= t,j=

f(ei*(eiO)f(eiO) + Re

and now the equivalence of (III) and (2.26) is clear. [3

Proof of Theorem 2.7. First, we claim that, if F zx
(_f2, fl)t, where F0 (fl, f2) is

the analytic direction of X-(a)a, then

One inclusion is clear. The other inclusion we prove as follows: Since F is nonzero on
.- by hypothesis, the Corona theorem asserts the existence of functions 91, g2 in H such
that

(2.27) fl9 + f29 1,

where Fo -(f,, f2). Now pick h N(a), so that

(2.28) fh + fzh2 0

and use (2.27) to obtain

hi f292 91f2h2;

i.e., we have that, for 99 91h2 92hl,

(2.29) h -f2.
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By substituting (2.29) into (2.28), we have h2 fl. This proves the claim. Note that
b X-(a) F.

Now from the definition of b and from (2.1), we have

(2.30)
ft --b Ab,

,2X2w(a)

and we can rewrite inequality (2.26) as

f2bBb }(2.31) suP0 bAh* Ifl 2 q- Re
x2w(a)

0.

Then the sufficiency of (i) and part (a) of (ii) of Theorem 2.7 is clear. Suppose that
bBb’ is never zero and that w(bBb’) is odd, and pick f E A arbitrary. If f has a zero on T,
then (2.31) follows, while, if it does not have a zero, the winding number of fzbt3bt/X2w(a)
about zero is a well-defined odd number. In this case, Re fZbt3bt/xzw(a) is positive for
some ei E T, and this shows that part (b) of (ii) of Theorem 2.7 is sufficient.

To prove necessity, assume that neither one of (i) and (ii) of Theorem 2.7 hold, i.e.,

(2.32) b(ei)A(ei)b*(ei) < Ib(e)B(ei)bt(ei)l Ve T

and that w(bBbt) is even and no greater than 2w(a). Then there eixsts 9o A1 with no
zeros on T so that

-(blbt)2w(a) g
]bt3btl Ig012"

Hence

(2.33) (bAb*) oO012 @ Re { g)(bBbt)x2w() } (bAb*)]90[2 -IbBbtl 19ol 2,

and combining (2.32) and (2.33), we see that (III) fails.

2.2. A sufficient condition for true optima. The previous section treated local direc-
tional optima. Here we find conditions sufficient to guarantee that f* is a local optimizer
for OPT.

The question to be answered is whether (I)-(III) with strict inequality are enough to
force f* to be an optimizer (see Definition 1.1).

A strict local optimizer f* has the property that sequences {fk} in AN converging to

f* satisfy

(2.34) sup 1-’(., fk) > sup F(., f*) for k large enough.
o o

This does not necessarily have to happen if f* is merely a strict local directional optimizer,
or if (almost equivalently) the hypotheses of Theorem 2.11 hold. In Theorem 2.13, we
replace (III) by a stronger condition, which is sufficient to guarantee (2.34).

THEOREM 2.13. Let F and f* be as in the hypothesis of Theorem 2.2. For f* to be a

strict local optimizer, it is sufficient that, in addition to (I) and (II), the following condition
holds:

(2.35)
For each 0 [0, 27c) and every nonzero z- (zl,..., ZN) (N such that
a(ei)*z O, the Hessian Ho ofr(e,.)at f*(e) satisfies Ho[z,z] > O.



CONDITIONS FOR OPTIMALITY OVER H 1395

Proof Suppose that f* E AN satisfies (I), (II), and (2.35) and let {fk} be a sequence
in AN\{0} such that hk

zx fk f,
_

0 as k -- cx; we see that (2.34) holds.
If {hk } is a subsequence such that hkj N(a) for all j, then the Taylor expansion of

F(ei, .) about f*(ei) gives

(2.36) F(ei, f* (e) + hkj (ei)) S* + Ho[hk (ei), hk (ei)] + E2(e, hk (ei)),

where suPo IE2(e, hk (ei)) 0 as j oc. Note that by (2.35), for each 0, there exists

c(0) > 0 such that Ho[z, z] > (OIIIz , if a(ei)z O. If c info c(0), then c > 0 by
continuity of Ho in 0. Hence the inequality

(2.37) r(e,f*(e) + h(e)) > s* + llh ()ll2g + 2(,h())

implies that skj > s* for j large enough.
Now we can assume, without loss of generality, that, for every k, we have hk N(a).

By Lemma 2.14, which follows, for each 0 there exists 5(ei) I1 such that, for all z CN

with a(ei)z - O,

(2.38)

Note that negative (5(ei)’s are not excluded.
Pick 6o such that, for all 0,(5(ei) > (5o. This is always possible if the numbers

(5(ei) are chosen in an optimal way, by continuity of Ho in 0. Then, for each 0 and all
z =/= O, Ho[z,z] + 1(50[]a(ei) tzl 2 is positive and, furthermore, is continuous in 0. Hence
there exists c0 > 0 such that

(2.39) Ho[z, z] + Ioll() 12 > 11112 W , CN

By Lemma 2.9, there exist elements 0k, k l’ such that

(2.40) Re a(eik)thk(eik) a(eik)*hk(e) > O.

Since ]]hllo - 0 as k oc, there exists kl Il such that

(2.41) 2 > 15o a(ei)*hk(ei), k >_ ko.

Now consider for each k the Taylor expansion

(2.42) r(eik,fk(ei)) r(d,f*(e)) + 2 Re a(eik)*hk(e)
+ Ho[hk(ei,hk(ei)] + E2(ei,hk(eik)),

where suPo IE2(ei hk(ei))/llhk(ei)ll2 0 as k -- oc Thus, from (2.39)-(2.41),.N
we obtain

(2.43)
r(ei fk(eik)) s* > 2a(ei)hk(ei) + cllhk(ei) 2

-Iol I()h() 2 + 2(0, h(o))
_> llh()llv / 2(,h()),

and the conclusion of the theorem follows by taking k large enough in (2.43).
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LEMMA 2.14. Let b E cN\{0} and Q[., .] be a real-valued form on C that is real
linear in each coordinate separately. If Q[z, z] > 0 for every z CNA, z 0 such that
b* z O, then there exists a real constant (50 such that

(2.44) Q[z,z] > 5olb*zl 2 Vz E {z CN bz O}.
The proof of Lemma 2.11 simply explains the fact that general real-valued quadratic

form on CN satisfies an equality

Q[z,z] fAz + Re(z*Bz) Vz C,
where A is an N x N selfadjoint matrix and B is an N x N complex symmetric.

Proof of Lemma 2.14. Make a change of coordinates to assume without loss of
generality that b (bl,0,...,0), so that, for any z CN,z. b 0 if and only if
z (z, z2,..., ZN) with Zl --0. By hypothesis, there exists f > 0 such that

(2.45) Q[0, z2,...,ZN), (O, z2,...,ZN)] > 362(1z212 +’’’ + INI 2)
with equality only if z --0 for all i. From (2.45), we obtain that

(2.46) Q[O, zz,...,ZN),(O, zz,...,ZN)] >2 82]Zk + Re 5iz
i=2 i=2

If

(2.47) Q[z,z]-
i=1 l<_i<j<_N l<i<j<_N

where aii > 0, Aij aji. Then by (2.46) we have

2jN 2jN

2 2 2 2(2.48) +2lz + Re zj
j= j=

N

j=2

where by definition

2 2(2.49) S Re IjZl + 2IZj2 + Re (B,zz + z).
Hence, for each j, 2 j N, we have that

Re Bij zi zj

Re (BljZlZj)

2
BijZl + 5zj
25

[Zl]2 Re - z2

Alj bj
25 z + 5zj
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and we obtain the inequality

Blj
2

(2.50) Sj >_ -2

Finally, (2.48) and (2.50) imply that

(
We close 2 with an example.

Alj Blj
25

2<_j<_N.

BIJ]
2 Alj t31j

26 Izl 2, c3

Example 2. Our objective is to make use of Theorem 2.7 and show that f* (0, 0)
is a strict local optimizer for the functions F defined in Example 1, when e > 19. It was
shown in Example that (I) and (II) hold for all e > 0, and now let us fix 0. The Hessian
of F(ei, .) at f* (ei) and direction z is

(2.51) Ho[z,z] 2(1 +0.112 +0.01 + )lz, 2 +4(0.2cos0 +0.2) Re ZI-
+ 2(le + 0.112 %-0.01 + e)lz2l 2 + 80 nezzz.

The equation a(ei)tz 0 implies that, for some

(2.52) z (z, -z).

Combine (2.51) and (2.52) to obtain

Ho[z, z] 4(1 + )lZl 12 -+- 80 Re z2.

Since we assume e > 19, it follows that Ho[z, z] > 0, for all z E CN such that a(e)tz 0;
i.e., (2.35) holds.

3. Nonuniqueness of solutions. One of the main open questions in the study of OPT
is that of uniqueness of solutions for N > 1. In the case where N 1, it is known.3

THEOREM 3.1 (see [HM]). Let F be the class C and let "7" > 0 be a local optimum
for OPT (3), such that the gradient OF/Oz(e, z) never vanishes when r(ei, z) s*, the
sets So(s*) are uniformly bounded in 0 and, for all O, diffeomorphic to the unit disk in C.
If a solution f* AI to OPT for F exists, then it is unique (in A).

For N > 1, it is known that there are functions F whose sets So(s*) are convex (but
not strictly convex) where solutions to OPT are not unique. For example, F(e,z)
max(le z [, ]z21) produces an OPT problem for which any

f(e) 0 and f2 AI, If2(e )l _< 1, Vei 2

is a solution. This F is not smooth; however, smoothing it slightly still produces the same
qualitative behavior in OPT.

THEOREM 3.2 (see [HH]). If N >_ 1, F of class C in z and both F, OF/Oz continuous
in O, and the sets So(s*) are strictly convex (uniformly in O) and nondegenerate, then an

H solution f* to OPT for F exists and is unique.
Since uniqueness is very desirable for computational success, it is worth considerable

effort to find simple conditions on F that a prior guarantee uniqueness for OPT. One

The original version of Theorem 3.1 has stronger hypotheses. However, examination of its proof yields the
formulation we give here.
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appealing possibility that is consistent with all the evidence listed is that smooth 1-’ that are
strictly plurisubharmonic4 in z yield a uniqueness for OPT. This is appealing because most
F produced in engineering are at least approximable by such functions. Unfortunately, this
pleasant prospect is not to be. This section is devoted to presenting a very well-behaved F
when N 2 for which OPT has two solutions.

Example 1. Our examples lie in a one parameter ( > 0) family F of objective
functions defined in Example of 2.

We prove the following proposition.
PROPOSITION 3.3. The functions F for > 0 are strictly plurisubharmonic for all

ei E 72 and
(a) For each e, 0 < e < 19, the problem OPT has a strict local optimum s at each

of the constant functions

f (c, -c), f2 (-c, c),

where c
(b) The functions fie, f2e belong to the same connected component of So(s) for all

< 19 that are sufficiently close to 19.
Proof For all > 0 and each (e, z) 72 CN, the matrix

( ( 02F(e, z, z2)

+ o., +
(0.122 + 0.1)(e + 0.1 + 0.1z,) +(e- + 0.1, + 0.1)(0.1 + 0.1z2)

is strictly positive definite, which shows that F(e, .) is strictly plurisubharmonic.
(a) We have that, for every 0,

2 eiO 2 2 eiO 2 2ec2F(ei, f2(ei)) I100 0.1c + c[ + I100 0.1c c +(3.1) 2(100- 0.1c)2 + 2c(e -4- 1).

Hence (I) holds for f2. We also have that, for all 0,

(3.2)
,f(ei)) (1 + e)(5ei + 1),

OFz (eiO f2(eio)) (1 + e)(5ei + 1).
02;2

As it was done in Example 1, we find an analytic function 9 A and a continuous , > 0
such that

(3.3) (1 + e)(5e

i.e., (II) holds for all e > 0. To check (III), note first that, if ae (Or/Oz)(., f), then

A2 C3 N(a)= {(h,, h2) A2: h, =-h2}

4 The function F is strictly plurisubharmonic in z means that

@t 02F
(eiO, z)w > 0 VW (N\{0} such that 0F (eiO, z)tw O.

020z Oz
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and that the Hessian of P in z at f satisfies

H[(z,,ze), (z,, z2)] 2(1 / 0.1 0.levi 2 / 10.1 0.112 / )lzl2

+4 Re ((0.1ce + 0.1)(ei + 0.1 0.1c)
+(e-i + 0.1 O. lce))ZlN2
+(1 + o. + o.11: + Io. + o.1: + )1:1:
+4(c + l) Re zz2.

Hence, for Z2 --ZI, we obtain, after some algebra,

H$[(ZI,--ZI),(ZI,--ZI) 4(19-- E’)IZII 2 +4(e + 1)(]ZII 2 Re z2),

so it is clear that (III) holds. Moreover, Theorem 2.2 applies, and OPT has a strict local
solution at f2 for e < 19. Note that, by symmetry, the same can be said of f2.

(b) We have from (2.11) that

or,, (0 o)
or,, (0 o)) o Vei 2, s [0, 19].

Then, by Lemma B of Appendix B, there exists in CN an open neighborhood V of 0 such
that, for all 0 and all e [0, 19], the sets

w(o, ) { v: r(, )= }

are connected.
Now pick c < 19 so close to 19 that both f (ew) and fz(e) lie in V for all 0. If we

denote with s the optimal value

sup 1-’(ew, (c(e),-c(e))),
0

we have that

f(e) W(O,s) Vei2, i= 1,2,

and this proves (b). S
There are various applications of OPT in addition to the engineering ones that we

emphasize in this paper. One application is in a branch of several complex variables;
computing what is called a Kobayashi extremal for a particular domain D in C is a special
case of OPT. (See [H2].) In particular, the problems produced by "strictly pseudoconvex"
D gives F that are strictly plurisubharmonic. Thus a Kobayashi extremal problem for such
a D with nonunique solution also is an example of the type given here. (L. Lempert (in a
private communication) found such an example, but it is unpublished.)

4. Coordinate descent approaches to OPT. In standard n optimization of nonlinear
functions, it is a natural idea and fairly common in folklore to reduce the original problem
to a sequence of one-dimensional problems through the technique of coordinate descent. As
we see, the analogue of such a technique is seriously flawed in our setting. The explanation
is based upon the difference in (II) of Theorem 2.2 between the cases where N and
N>I.



1400 J. W. HELTON AND O. MERINO

This section presents a simple (practical) test, Theorem 4.1, to determine when the
natural coordinate descent algorithm for "solving" OPT stops. Fortunately, this stopping
criterion compares directly to Theorem 2.2, which tells us when we are at a true optimum to
OPT. As we see, the conditions of Theorem 4.1 are so much weaker than those of Theorem
4.1 that we propose the following conjecture.

CONJECTURE. For generic F, coordinate descent does not obtain the true optimum. In
other words, with probability one, coordinate descent gives the wrong answer.

Now the coordinate descent CD algorithm is presented. Given 1-’ 0 x CN - +and f0 (A10, f0,...) E AN, an update fl E AN is obtained in the following way"

(CD1) Find hI hi’ AI that minimizes sup r(., fh,, f2,... fv);
0

(CD2) Find h2 h A2 that minimizes sup r(., fo + h, f) + h2, f3,..., f0N);
o

(CDN)
Find hN hv AN that minimizes

sup F(., f + h fv + h’N-l, fv + hg
0

Then set fl f0 + (h],..., h).
To analyze the CD algorithm, we write the mathematical statement of what it means for

the algorithm to stop. We call (f, f],..., f)) f* AN a coordinate descent solution
to OPT, provided that

(CDS)
inf sup [’(ei, f,, f],..., f) lit(’, f* I1,
f 0

infsupF(ei f f2 f lit(.., f*)ll
2 o

and so forth.
THEOREM 4.1. If f* AN is such that OF/Ozj(., f*(.)) never equals zero on 2, for

j 1,..., N, then f* is a CDS if and only if
(i) F(., f*(.)) is constant on 2,
(ii) (a) w(OF/Ozj(.,f*(.))) > O,j 1,...,N, or, equivalently,

(b) OF/Ozj(.,f*(.)) ,j(.)X(.)Fj(.), where Aj 2 --+ P...+,j 1,...,N, are

measurable functions and Fj H, for j 1,..., N.
Proof The proof follows from Theorem 2.1.
The key issue is the following: Does CD give solutions to OPT? To answer this, we

compare this to conditions (I) and (II) of Theorem 2.1, which characterizes solutions to
OPT. First, note that Theorem 4.1(i) and Theorem 2.2(I) are the same.

Now turn to condition (II). Here there is a big discrepancy. First, note that Theorem
4.1(ii) is exactly (II) of Theorem 2.2 with the (string) added condition that 1 ,2

AN. Consequently, CD stops without even addressing the key optimality condition
II in Theorem 2.2.

To get another perspective, suppose that the aj have meromorphic continuations to a
neighborhood of N/and consider the winding number conditions. Theorem 4.1 says that,
inside ,

(#zeros #poles)(aj) > 0, j= 1,...,N.
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Typically (see [M1]), we have

(4.1) (#zeros -#poles)(aj)- 1, j- 1,...,N,

while, for true optimum,

(4.2) (#common zeros total #poles (aj)) > 0.

If we combine (4.2) with (4.3), we obtain that all zeros of the aj are common (see 2).
Further evidence that condition (II) of Theorem and Theorem 2.1 are worlds apart is

supplied by simple computer experiments. The first case we tried is reported below.
Example 1. Let

F(CiO, 2;1, Z2) re z, + 4 im -g z,

2

+ ( re (-g 22)) + 0.25 ( im (e--yg 22))
Coordinate descent, initialized at f(e) (0, 0), yields for this function optimal values

s - 2.54423, attained at L(e) (((-10 + x/)/6)e, 0). These values occur at step
(CD1). On the other hand, Theorems 2.2 and 2.6 can be used to prove that fc is not a local
optimizer for OPT. In fact, s* - 2.09101 is the (unique) optimal value, attained at

f*(e) (_0.421325ei, 0.733838ei).

Example 2. Set

’(e,z,z2)-(2+O. lcosO) re eio_0.2-z +9 im
eio_o.2

((1))2 ((1))2+(4 0.2 cos 0) re Z2 -1- im g z

The optimal value in OPT is s* - 5.28606, while coordinate descent, initialized at f0
(0, 0), completes (CD 1) to finally get to a complete halt right at (CD2), giving s ----- 7.14102.Thus, in this example, there is approximately a 35% error in the answer.

5. The UNCOPT problem. In 2 we treated the problem OPT. As it was mentioned
there, OPT is central to the problem of system design in the frequency domain. To formulate
OPT in this context, complete knowledge of the part of the system that is given is required,
to be able to determine what value the performance function F takes at specified values
e E and z E CN. This is an idealized situation: typically, the engineer is confronted
with the problem of design under the presence of unknown values for some of the parameters
c that enter the model. However, he or she may know ranges through which c can vary.
The standard jargon in control calls the parameter c the plant uncertainty.

In this situation, a performance function F(e, c, z) is available, where c lives in a
set 7(e) C t. Since the exact values of c are not known, a true worst-case analysis

uses the function UNC in 1, F(e, z) =/x sup,(ei) (e, c, z).
It is the purpose of this section to study this and other similar problems. More precisely,

we state conditions for (local) optimality, when the function F is smooth, which involve in
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their formulation only the function (and not r). For more details about the engineering
application, we refer to [Doy], [H4], [HMer].

Let be a positive-valued function of (ei,o,z) E x ,,k x C2v, such that all
derivatives in c and z of order up to 3 exist everywhere and are continuous in ei. Let
9: q x RK ] be a C2- function, such that the sets

(0)

_
{ :?/(0, .) _< o}

have nonempty interior and satisfy

.O(e)
By UNCOPT, we denote the problem of finding solutions to either one of the statements
UNCOPT-I and UNCOPT-S:

inf sup sup(UNCOPT-St)
fEAN 0 o,Ok

g( 0 <_O

(e0ct, f(e) ),

(UNCOPT- 1) inf sup inf ’(ei,o,f(e)).
fEAN 0 g

g( iO

These problems split naturally and cleanly into two separate problems:

(5.3a) r(ei, z) sup f’(ei, ct, z)
(eT(e)

for UNCOPT-S or

(5.3b) r(ei, z) inf f’(ei, c, z)
c7(e)

for UNCOPT-I. Then UNCOPT-S and UNCOPT both become OPT for F. Indeed, it is
convenient to define what we mean by solution to UNCOPT and UNCOPT-I directly in
terms of OPT. We now formalize this.

DEFINITION 5.1. Let c* 2 --, Ikk measurable and f* E Av and suppose that
c*(ei) 7(ei), for all ei qf. Then we call (f*, c*) a feasible pair.

DEFINITION 5.2. Let (f*, c*) be a feasible pair. Then (f*, c*) is a local solution to
UNCOPT-S (respectively, UNCOPT-I), if

(1) f* is a strict (local) directional minimizer to OPT for the function F in (5.3a)
(respectively, (5.3b));

(2) for almost all ei , c*(e is an optimizer for f’(ei,o,f*(ei)); i.e.,

(5.4) F(e’, f* (ei)) f’(ei, o* (ei), f* (ei)).

Thus we obtain essentially by definition our first and most basic recipe for characterizing
solutions.

RECIPE. To check if the feasible pair (f*, c*) solves UNCOPT locally,
(1) use the classical Kuhn-Tucker conditions (see [GMW]) to check if c* optimizes

F(ei,.,f*(ei);
(2) use 2 to check that f* is a solution to OPT for F given by (5.3). This is one of

the main motivations for 2.
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One important shortcoming of the recipe is that an explicit formula for I is not normally
available. Therefore the results of 2 cannot be applied directly. We would like a test of
optimality expressed directly in terms of rather than the secondary function 1-’. Under
what basically are smoothness assumptions for I, this can be carried out. That is the main
objective of this section.

The smoothness hypothesis on 1-’ is not a trivial one. It is easy to find examples where
this is violated (see comments following Theorem 5.7).

We caution the reader that local optima are not adequate to ensure robustness in engi-
neering designs. Consequently, we must compute enough local optima to be sure of finding
a global one.

Our goal is to characterize optima c*, f* directly in terms of 1-’. A most naive approach
would be to set

(0 (0 ,(0rl ,z) f" ),z),

assume the same function f* as solution, and then proceed. Unfortunately, the assumption
is false, the conclusion it gives for condition III is wrong, and so the issue is much more
difficult. We must consider that a solution o* to (5.3) depends on both 0 and z. Indeed, it
is by applying this that we get our main results, below. First, we provide some notation.

Let (f*, c*) be an admissible pair. The following statements (It) and (III) are essential
to the characterization of solutions to UNCOPT:

(I’) (., c* (.), f* (.)) is constant on T;
(IIt) -l(.)Of’/Oz(., c*(.), f*(.)) has an analytic direction.
Statements (It) and (W) duplicate in an obvious way statements (I) and (II) of 2. There

is also, under appropriate hypotheses, another statement involving second-order derivatives
of F (see IW in Theorem 5.7), which is more difficult to check than (It) and (W). This we
introduce later.

Note that (IIt) makes perfect sense for cases in which O/Oz(.,c*(.),f*(.)) is not
continuous. In fact, we believe that (It) and (W) are necessary for optimality in many cases
that are not covered by the theorems proved in this section. We analyze this in a later paper.
We certainly recommend in practical situations considering both (It) and (IIt) as necessary,
even if the hypotheses of theorems do not guarantee necessity for optimality.

DEFINITION 5.3. A feasible pair (f*,c*) is an interior pair (respectively, boundary
pair), provided that there exists t5 > 0 such that 9(e, c*(ei), f*(ei) _< t5 < 0 almost
everywhere on ql" (respectively, 9(ei,c*(ei), f*(ei)) 0 almost everywhere on 1").

DEFINITION 5.4. An interior pair (f*, c*) is called regular if 029/0c2(ei, c*(ei))
is invertible almost everywhere on , with inverse essentially bounded in norm on qF. A
boundary pair is regular if the Hessian (029/Ou2)(ei, c*(ei)) when compressed to the
tangent plane to 07(ei) at c*(ei,) is invertible (with inverse bounded uniformly in 0).

In other words, D(ei)tO29/Oc2(ei,c*(ei))D(ei) is invertible almost everywhere
on ql’, with inverse essentially bounded in norm on . Here D is any k x k- matrix-valued
measurable function, such that D(e) has as column vectors that form an orthonormal basis
for the space {/3 E ak" (Of’/Oc)(P(ei)). 0}.

THEOREM 5.5. Let (f*, c*) be a regular interior or boundary pair such that c* is
continuous on 2 and (Or/Oz)(.,c*(.),f*(.)).never equals zero on 2. If (/*,c*) is a
solution to UNCOPT, then (I) and (II) hold.

Conversely, if (I) and (II) hold for the regular interior pair (f*, c*) and if (e,
c*, (ei), .) is locally strictly convex at z f*(ei) for some e qF, then (f*,c*)
solves UNCOPT-St.
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One basic observation is that a given boundary pair that solves UNCOPT is also a solu-
tion to the problem obtained by constraining c to satisfy 9(e, c) 0. Since the analysis is
always local, many results that apply to solutions that are interior pairs, after reparametriza-
tion, could be stated for the boundary case. This is the case in the next theorem. If (f*, o*)
is a fixed feasible pair, we use the notation P(e) (e,ct*(e), f*(e)). Also, by
OZF/OzOc(P(e)), we denote the N K matrix, with (1,j)entry (O2/OzzOcj)(P(e)).

THEOREM 5.6. Suppose that F, 9, and (f*, ct*) satisfy the hypotheses of Theorem 5.5
with the possible exception of convexity. Assume further that (f*, ct*) is an interior pair
Then necessary conditions for (f*, ct*) to solve UNCOPT are (I’) and (II’) as in Theorem
5.5, and for every h E N(Or/Oz(., c*(.), f*(.))) Au,

>0.
(5.5)
If strict inequality is placed in (5.5), then these conditions are also sufficient.

Suppose that (f*, oz*) is a boundary pair with o* continuous on 2 and that has been
reparameterized as

where

is a smooth (on 72 x /’;-) parameterization of 07-(ei) valid near c*(ei). Then replace

by { and 0/0c by 0/0/3 in (5.5) to obtain (5.5’). Thus the interior case theorem, above,
holds for the boundary case, provided that (5.5t) replaces (5.5).

Theorem 5.6 in the case where N 2 can be reduced to a practical test, in identical
manner to what was done in 2, Theorem 2.7.

We now present what is the most general result of this section. Assumptions require a
fairly detailed knowledge of the function I" arising from as in (5.3). This is hypothesis
(iv) in the following theorem. Recall that, if v is in CN, then Re v is the column vector
with entries Re vt,1 1,... ,N. Also, if c is an ,k-valued function on CN, then, by
Oc/Oz(.), we denote a K x N matrix with (j, l) entry given by Ocj/Oz(.).

THEOREM 5.7. Let (f*, c*) be a pair ofadmissiblefunctions, such that O/Oz(., c* (.),
f* (.)) never equals zero on 2. Suppose that there exists an open set V C CN and afunction
c :2 x V --, I such that

(i) 9(e, c(ei, z)) <_ O, Vz V, ei 72;
(ii) For each ei 2, the function c(e, .) is C2 on V. Also, c(e, .) and its

derivatives in z are continuous in eiO ;
(iii) c(ei, 0) c* (ei), Vei 2;
(iv) (ei, ct(ei, z), f* (ei) 4- z) r(ei, f* (ei) 4- z), Vei E , z V.
For each ei 2, let 7 l(ei, O) be the unique solution to

))-o.
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Izl 2 + 1

2

Typically, r/ is referred to as a Lagrange multiplier. Then conditions (I’), (IIt), and
condition (IW), below, are necessary for (f*, c*) to be a solution to UNCOPT.

(III’) For every h E U((O[’/Oz)(.,o*(.), f*(.))),

If strict inequality is considered in (III), then the three conditions above are also
sufficient.

A fragile hypothesis in this theorem is the assumption that c(.) is a differentiable
function. While it often might hold for interior or boundary pairs (f*, c*), it seems unlikely
to survive a case where c moves from the interior to the boundary. Even interior pairs
(f*, c*) may occur with discontinuous c*. We illustrate this with a pictorial example, in
which the function arising from (5.3) is continuous but not differentiable.

The plot of a function f’(ei,o,z) with z and ei fixed is shown in Figure 5.1. We
assume that for this function f’ the picture in the left half plane in Figure 5.1 does not
change with z, while the peak in the right half plane has height given by ]zl 2+I.
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Hence, for this function , we have that

F(e z)- sup(e a z)= { 2 iflz _< 1,
c [Z 2

__
iflzl > 1,

and it is clear that F is not differentiable in z, if Iz] 1.
A practical inconvenience with the previous result is that it requires us to know not

only ct(e, f*(e)), but also Oct/Oz(e, 0). Fortunately, Theorem 5.6 has no dependence
on Oct/Oz(e, 0), so this is one advantage of it.

Basic for proving Theorem 5.7 is the following expansion:

or ((o)) (t)f’(e, ct, f*(e) + tz) (P(e)) + 2 Re-7

Of" o+ 2 Re tz
OctOz (P(e )(5.6)

+(, ,, (o))2((o))(, , o))

_02 Re_z202 (p(eiO))z}+2t22 O2oz(P(ei))z + 2t2

+E2(e, c, tz) Ve T, z V, t (0, 1),

where the function E2 is continuous on T x V and

(5.7) sup E2(e c(e tz) tz)-+ 0

(5.8)

as t --, 0.

LEMMA 5.8. Under the hypotheses of Theorem 5.7,

O Oc(p(o)),.(o, o)* -o v() r.

Proof Fix e E T. Then hypothesis (iv) implies that

d f,(e{o c(e{o tw) f*(e{))lt:o -0 Vw V,

Set w (Oct/Oz)(e, O)(O/Oct)(P(ei)) in (5.8)to obtain

OCt
(eiO, O)

O(p(o)) o w :.

LEMMA 5.9. Assume the hypotheses of Theorem 5.7 and let (f* ct*) be a solution to
UNCOPT. Then h* 0 is a directional minimizerfor suP0 Fl (e, h(e)) over AN, where
F is defined as

(5.9) (e z)
/x ,(p(eo)) + 2 Re ---(P(e))*z + I1112F N.
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Proof Combine expansion (5.6) with Lemma 5.8 to obtain a function GI Y k
CN - such that

(5.10) -1 sup IG, (o,c(e, tz), tz)l - o as t -- o Vz E cg
t o

and

(5.11)
f’(e a(ei, tz), f* (e) + tz)

O (p(o o t), t).(P(ei)) + Zt Re a + G( ,a(e

The remainder of the proof is similar to the first part of the proof of Theorem 2.8. S
The necessity of (I) and (W) follows immediately from the proof of Theorem 2.8 and

from Lemma 5.9. Now we move to (IW). We need the following lemma.
LEMMA 5.10. Under the hypotheses of Theorem 5.7, if the pair (f*, ct*) is a solution

to UNCOPT, then there exists t > 0 and a continuous function ho 72 x t V -- such
that

(5.12)

and

to(e, tz)
sup ---, 0 as t ---, 0.

Proof If (f*, ct*) is a regular interior point, then (O/Oct)(P(ei)) 0 for all ei E 72.
Set/2 0 and t to obtain the conclusion of the theorem.

Now assume that (f*, ct*) is a regular boundary point. We have, from the expansion
of ct(e, tz) about t 0, the definition of r/(., 0), and from Lemma 5.8 that, for some
t>0,

where R2 is a continuous function satisfying suPo (1/tllz I-_) 2(, tz) - o as t 0.
Since for all ei 72, Of’/Ow(P(ei)) =/= O, then there exists t > 0 such that

(5.14) (0,.(0, t)) 0 vt (0, t), v.
Note that, by compactness of 2, t can be chosen to be independent of e. Differentiating
in (5.14) with respect to t, we have

09 (o (o t))* o (o (0, t v.(5.15) ,ct 2Re z ,tz) z=O Vt ), z
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Differentiating again, we obtain from (5.15)

Oct ’ 029 Oct
2 Re (e, 0)*zj (e, ct (e)) Re zz(e,

(5.16) og ,(o ( d
o=o+(o )) t) o.

We combine (5.16) and (5.13) and set R0 R2 to finish the proof of the lemma.
Combine (5.8) with Lemma 5.10 to obtain the expansion

(e (ei tz), f* (e) + tz)
oP(P(ei))+ 2t Re (P(ei))tz

+ 4Rez ))2Re ( ,0)tzOzOa(P(ei e

(5.7) + 2 Re ((o))_ V

2Reaz z

02F (p(eio z
02 }+ o2oz ))z + 2 Re (P(ei))z

+R3(e, tz) Vz v, t (o, t), e ,
where the function R3 is continuous on T x t V and

l3(eiO, tz)
(5.18) sup

t2
--*0 ast0.

Pick h E N(O’/Oz)(P(.))) V AN.
Since (f*, a*) solves UNCOPT, then there exists tl > 0 such that

sup F(ei, f* (e) + th(ei)
o

(5.19) sup(e,ct(e,th(e)),f*(e) + th(e)) >
o

__a sup r(ei, f*(ei)) Vt E (0, tl).
o

Combine (5.19), (I’), and expansion (5.17) to obtain that

(5.20)
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The necessity of (III’) follows from letting t --+ 0 in (5.20).
We now prove sufficiency of (F)-(III) with strict inequality. For this, assume that

there exist h C Av and a sequence {t,} of positive real numbers such that for all n

(5.21) sup sup
0 cETZ(e0)

(ei, ct, f* (ei) + tnh(ei)) <_ 7*.

From (5.21), we obtain

(5.22) (ei,ct(ei,tnh(ei)),f*(e) th(ei)) < 7" Vei T.

Now inequality (5.22) and expansion (5.17) imply that

Of" eo)), eo eo(5.23) 2 Re z-z(P( h( )+ 0(t) < 0, T.

Letting n oc in (5.23), we obtain that

0f (/,(eo (eo veo(5.24) 2 Re z )) h _< 0 T,

and Lemma 2.9 now implies that h N(O/Oz(P(.))). Combining again expansion (5.17)
with inequality (5.22), we obtain

(0f 0a (eo 0c (eo O)z4 Re h(ei) Re O)h(eOzOct -z )+ 2Re zz
(5.25) ))- )) 2Re

2h(eo)
2

+ (P(e))h(e) + 2 Re h(e) (P(e))h(e)
OZOZ

+ tR(e,th(e)) 0 ge T.

Letting n ---+ oc in (5.25), we see that strict inequality in (III’) cannot hold. This proves
the theorem.

Proof of Theorem 5.6. We only need to prove (5.5). Note that there exists t > 0 such
that

O (eio (ei tz), f* (e e(5.26)
Oct

ct + tz) 0 Vt (0, t ), 2.

Differentiating in (5.26) with respect to t we obtain

02 (eio (eio (eiO ( Oct
(ei )Oct2

ct tz) f* + tz) 2 Re -z tz) z

02
(eiO ct(eiO tZ), f* (e) + tz)*z 0+ 2 Re

OzOct
vt (o,t),

(5.27)
Set t 0 in (5.27) to obtain

ei E T, z E V.

02’eio) (OctOzOct(P( ).2 Re -z(ei,O)*z +2 Re
02
oZo (p(,o)), o

VzV,
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2 Re -z z

(5.28)
Therefore we obtain from (5.28)

(2 Re z’ O2 (P(e))) ((c(ei

(5.29)

02 02
0c2 (P(ei))-’2 Re OzOc (P( z

VzV, e E 2.

where the error R3 satisfies

l3 eiO Z
(5.30) sup 0 as z -+ 0.

Finally, the equality O/Oc(P(.)) 0 and (5.29) and (5.6) imply that there exists r/> 0
such that, if Ilhlloo < r, then

(ei, c(ei, th(ei)), f*(e"z) + th(ei))

(p(eio))nt - h(eio)* 02 (p(eio)) 02 02
(io-&o ((o))-oo( ))

02 )+ oo((o)) h(o)

2 o2 ozP eO)+ e h(o), ((o)) ((o))-,
00 &0((

+ (())h()

+ (o, t(o)) vt (o, t), o e w,
(5.1)
where suPo(S(e th(ei))/tgllh(ei)]]2,ru) + 0 as t 0 whenever h(e) O. At this
point, we proceed as in the proof of Theorem 5.7 to obtain the conclusion of the theorem.

Proof of Theorem 5.5. The first half of this theorem is already proved (Proof of
Theorem 5.7). Assume that (I’) and (II’) hold. The fact that (e,a*(e), .) is strictly
convex near z f*(ei) merely says that

02f
(5.32) z,o2OZ (P(ei))z + Re z (P(ei))z > 0 gz CV\{0}b-72
On the other hand, since (t*, c*) is a regular interior point and the problem considered is
UNCOPT-S, (02/Oc2)(p(e)) takes values that are nonpositive definite matrices; hence

-2 Re z

(5.33)

02 (p(io), 02 (p(eio 02 eiO)OzOc ))2 Re
OzOa (P( )z > 0

VzCCN, ei ET.
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The combination of (5.32) and (5.33) shows that (5.5) holds with strict inequality if
h(’’) # o.

Note that (5.32) holds for all e E 2 that are close enough to e. If h(e) 0, then
we can pick e’ near e such that h(e’ O. Using (5.32) for e e’, we obtain
(5.5) with strict inequality. [3

Our next task is to simplify (III’). The simplification is that the test is written in terms
of r/and Orl/Oz rather than in terms of c(ei, z) and Oc/Oz(e, z). The advantage is that
r/ is a real-valued scalar function, while c is a CV-valued function. Thus the corollary
gives a substantial reduction in dimension of the computation.

COROLLARY 5.11. If in addition to the hypotheses of Theorem 5.7, we have that, for
each e , the matrix

(5.34) 00202 (P(ei)) 1](i 029 (eiO 0* (e_.iO))

is invertible, then condition (III’), below, is equivalent to condition (III):

(III") sup{h(ei)*Al(ei)h(ei) + Re h(ei)*B,(ei)h(ei)} >_ O,
o

where the N x N matrix-valued functions AI (.) and 13 (.) are defined by

-1

(., *(.))N(., o) ((.))- (., o)b-S ’( ())

(.,,*(.))(.) koo((,-))

((.)) -,(.,o),(. (.)) ((.)) + ((.)).

Proof We have the relation

(5.35)
Of" 09 (eo (e tz)) o,(ei c(ei tz) f* (ei) + tz) l(ei tz) _-d-- c

valid in some neighborhood of 0 CN.
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Differentiating with respect to t in (5.35),we have

(5.36)

Now take t -0 in (5.36) to obtain

-1

2 Re-z(e, O)*z (P(ei))-rl(ei, O) ,ct* ))
(5.37)

( O9 (eO o,(eo Or (eO 02 )2 Re )) ,0)* OzO(P(e))* z.

Let L(ei, z) be defined by the equation

From (5.37) and (5.38), we have that

(5.39)

L(ei z) 4 Re z* 021 OCt
(eiOO).Oc(P(ei))2 Re ,0)*z

+ 2 Re z* ( Orl 09(o o) (o,. (o)
0 (e0 0)*2Re z.

Equation (5.40) again implies that

(5.40)

0] 09 (eiO (eiO 02 )L(ei, z) 2 Re zz(ei, 0)aa ct* )) +OzOz (P(ei))
-1

( 0 (P(ei)) l(ei O)
02g (ei oz* )aV (0))

0 (eiO ct, 01]* (eiO O)
02["

(p(eiO)), z.2Re (ei))--z OzOct

Now use the relation

(2 Re ztbt)A(2 Re bz) 22ttAbz + 2 Re ztbtAbz,

in (5.40) to rewrite (III’). This gives the desired formulation of (III’). [3

All our theorems assume that there is a function c(e, z) solving UNC and varying
smoothly with parameters. It is important to have available conditions that automatically
guarantee this. We give an example in the following proposition.
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PROPOSITION 5.12. Let (f*, ct*) be a pair of admissible functions such that O[’/Oz
(.,oz*(.), f*(.)) never equals zero on 72. Suppose that, for each ei E 72, c oz*(ei) is
the unique optimizer of ’(e,c,f*(e)) over c satisfying 9(e,c) <_ O. Then either one

of statements (a) and (b), below, is sufficient for the existence of a function ct(., .), which
appears in Theorem 5.7."

(a) For each e 7,9(e,a*(ei)) < O, and the matrix O2/OozZ(e,oz*(Ei),
f*(e)) is positive definite the problem is UNCOPT-I, and negative definite if it is
UNCOPT-S’

(b) For each e 72,9(e,ct*(e)) -O, there exists a real-valued function rl(e)
such that O/Oct(.,ct*(.),f*(.))- rl,(.)(Og/Oct)(.,c*(.)) O. Let I(e) be a real
If If matrix whose columns form a basis for the set of vectors in ?.k that are orthogonal
to 09/Oc(e, c* (ei)). Then

02[
(e0), f. (eo)) T] (60) _2(1029

is positive definite if the problem is UNCOPT-I, and negative definite if it is UNCOPT-S’.
Proof (a) The implicit function theorem applied to the function (0[’/0o)(e,a,

f* (e) + z) at z 0 and a a* (e) implies that there exists a neighborhood V(e) of
{ei} {0} in 72 CN and a C(1) function c’V(e) --, such that

0
(5.41)

0a
,ct z), f (ei) + z) 0, z) V ).

We can pick V(e) so small that 02[’/0a2(ei, a(ei,z), f*(e) + z) does not change
signature for z V, i.e., a a(ei, z) is unique among those satisfying 9(e, ) <_ O, for
every z V(e) ("Mountain Pass Theorem"). Clearly, (i), (iii), and (iv) in Theorem 5.7
hold, and (ii) does hold, at least in a neighborhood of each ei E 72. By a compactness
argument, we see that (ii) also holds. This proves (a). The proof of (b) is similar to that
of (a). 1-1

Appendix Ao We have the following theorem.
THEOREM A1. Let q L be such that q(’)ll.cu is bounded away from 0 on 72.

Suppose that q H and

inf IIq- fllo < inf{ Iq- 11o is continuous on 72}.

Then
(a) the function 0 is a best approximation to q from H if and only if

(1) IIq(e) I1, is constant almost everywhere,
(2) the function X--q has an analytic direction F;

(b) moreover, if q -RLN, 90 -RL1N, then and 2 with F -RHI are necessary and

sufficient for 0 to be a best approximation to q from -RH.
THEOREM A2. Under the hypotheses of Theorem A1, if the set {e 72 q is not

continuous at 0}- has (linear) Lebesgue measure zero, then

inf IIq- fll inf IIq- fl o.
fGtt fAN

The conclusion also holds ifH and AN are replaced by -RH and _RAN, and if q

THEOREM A3. Under the hypotheses of Theorem A 1, suppose that 0 is a best approx-
imation to q. Then
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(1) w() < cx,

(2) X-() has a unique analytic direction Fo,
(3) Let F E HN be such that [IFIILN 1. Then F is an analytic direction for -O if

and only if there exist elements zl,..., zo(-4) in - such that

F(ei)-3"(fi)(ei-zt)(1-2ei))Fo(ei).\/=1

Here 3’ is a normalizing factor.
The proof of Theorems A1-A3 can be found in [M2].
Appendix B. The following lemma proves facts used in 3.
LEMMA B 1. Let Nn x I( , be of class C I( compact in NP, be a function

such that

oV,
(o ) o

x OXn
(o, )) o

Then there exists an open neighborhood V of 0 in ..n, such that, for all k K and all
s ], the set

w(,.) {x e v (x, ) }

is connected

Proof Fix k0 K and assume that (0b/0xl)(0, k0) :/: 0. Define a function. x k -- .: x K by ((x,,...,xn),k) ((((x,,...,x),k),xz,...,x),k); hence

D(0, ko)

the Jacobian

( o (O,o) o (O,o) o (o o) o (o o)
0
0 0

0 0
\ 0 0 /

is invertible, and therefore there exists neighborhoods V,, o f0 in Ig’, U of k0 in K such
that p is a diffeomorphism on V x Uo. Now, if ((z,... ,z),k) p-l((y,... ,y),k),
then

and this shows that, for each k U,, and each z E ]E, the set

Ai(z) {((y,,...,y,),k) e (V,, x U bV)-’((y,,...,y),k) z}

is connected. Hence also connected is the set

V)-’(Ak(z)) {((x,,... ,x),k) V) x U,, ((x,,... ,x),k) z}.

Finally, the sets U, k K, cover K, so there exists a finite cover {U }iP__, and, to

complete the proof, we can set V ["liP__ V. V1
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CONTROLLABILITY AND STABILIZABILITY OF COUPLED STRINGS WITH
CONTROL APPLIED AT THE COUPLED POINTS*

L. F. HO

Abstract. Controllability and stabilizability of a system of coupled strings with control applied at the coupled
points is studied. By investigating the properties of certain exponential series, it is shown that the system is
approximate controllable if and only if related systems of uncoupled strings do not share a common eigenvalue.
A sufficient condition for exact controllability is also obtained in terms of the Riesz basis properties of those
exponential series.

Key words, coupled strings, controllability, stabilizability, nonharmonic Fourier series, Riesz basis

AMS subject classification. 93B05

1. Introduction. Let L > 0 and O- x0 < x < < xN L. We consider the
system of coupled strings

02y_ 0 (0y)(1.1)
Ot2 Di Ox Ti-x X (Xi_l,Xi)

with conditions at the boundary and at the coupled points

(1.2a) y(O,t) -y(L,t) -0,

(1.2b)

and control applied at the coupled points

where u L2 [0, T], 1,..., N 1, and the functions p, 7-, 1,..., N are continu-
ously differentiable and positive. We will consider the state space X H [0, L] L2[0, L]
and the space of controls U (LZ[0, T]) N-l. We say that the system is exactly control-
lable in time T > 0 if given any initial state (f, f2) and terminal state (9,92), both in X,
there exist controls (u,..., u_) in U such that the corresponding solution of (1.1) with
initial conditions

o
(1.4) y(x, O) f (x); -y
satisfies

0

We say that the system is approximately controllable in time T, T > 0, if given any initial
state (f, f) and terminal state (9,92) both in X and any > 0, there exist controls
(u,..., uv_) in U such that the solution of (1.1) with initial condition (1.4) satisfies

Received by the editors April 30, 1990; accepted for publication (in revised form) April 8, 1992.
Department of Mathematics and Statistics, Wright State University, Dayton, Ohio 45435.
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We also consider the related problem of stabilizability with feedback given by

t)-
t)

0-----’ i-- 1,...,N- 1,

where ki,i 1,...,N- 1, are positive constants. Controllability of the system will
then be established by the "controllability via stabilizability" method of Russell [15]. The
stabilizability problem, for the case of constant wave speeds, has been considered by Chen,
Coleman, and West [1], Liu [11], and Liu, Huang, and Chen [12]. There is some similarity
between their results and the result we obtain in this paper. We will discuss that in the
examples given in 5.

In 2, we will establish some results concerning exponential series that we will need
for the proof of the main results. In 3, we will state and prove our main results on
stabilizability and approximate controllability. Roughly speaking, it says that the whole
system is approximately controllable if and only if the uncoupled strings do not share a
common eigenvalue. In 4, we consider stabilizability with a uniform exponential decay
rate and the related problem of exact controllability. A sufficient condition is given in terms
of the Riesz basis property for certain sets of exponential functions. Some examples are
discussed in 5.

2. Nonharmonic Fourier series. In this section, we study sequences of exponential
where ,n - < n < , are real. Properties offunctions of the form {e"t}n=_

completeness and independence of series of the form n anei’’t, known as nonharmonic
Fourier series, have been investigated by, e.g., Levinson [8] and Riesz and Nagy [13].
Russell has also studied the relationship between the properties of such series and results
in control theory [14], [15]. We first recall a definition.

DEFINITION 2.1. Let X be a Hilbert space and let {0n}n%- be a sequence in X. We
say that {(pn}__ is a Riesz basis of X i.f

(RB1) s--p-a-fi{O "-c < n < cx} X;
(RB2) there exist constants d, D > 0 such that

2

(2.1) dZlal2 < Za <_ Dlal
for any finite sequence {an}

If a sequence {0n}%- satisfies the first inequality in (RB2), we say that it is
uniformly independent. We also have the following weaker sense of independence. (See
Levinson and McCalla [9].)

DEFINITION 2.2. Let {0}n%- be a sequence in a Hilbert space X. Suppose for all
n there exists a positive constant dn such that

(2.2)
k

for all finite sequences {a}=_,’then we say that {0}=_ is strongly independent
in X.

The following fact is well known.
A sequence {0}_-- is strongly independent if and only if we can find a sequence

{}=_ such that
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The sequence {}__c is said to be biorthogonal to {Sn}n___c.
If f" , --* C has compact support, we denote

]() f(t)etdt"

Obviously, f is an entire function of A.
Let a < b and f be any function in L2[a,b]; we may consider f as defined on the

whole real line by extending it by zero outside [a, b]. In the rest of this paper, we will
identify any such function f with its extension in this way.

LEMMA 2.3. Let f E L2[0, T] and let # be a zero of f of order greater than or equal
to m, then

for some function g in L2[0, T].
Proof. We prove by induction on m. For m 1, we make the following straightfor-

ward calculation:

where g(t) ftT f(s)eW(-t)ds.
Suppqse the result holds for rn _< k. Let # be a zero of order greater than or equal to

k + of f. By induction hypothesis,

for some h in L2[0, T]. Then # is a zero of order greater than or equal to of h. By
induction hypothesis once again, we have

for some 9 in L2[0, T]. This completes the proof of the lemma.
LEMMA 2.4. If {ent --x < n < x} is strongly independent in L2[0, T], then for

any real number and any T > T, the set

< n < {e

is strongly independent in L2[0, T ].
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Proof. If ( ,n for some n, the result is trivial. So let us assume that ( - ,k, for all
n. Let {pn}nc___c be functions in L2[0, T] biorthogonal to {eiAnt’-c < n < c}. Let
6 T T and let (9, -cx < n < c} and h be functions in L2[0, (5] such that

foo
g(t)e’Xntdt 1,

’gn(t)etdt O, -oc < n < oc,

and

6

o
h(t)etdt O.

Let qn P9. (Here * denotes convolution). Then qn is supported on [0, T1] and
0()- ()(). So we have

(z )qetdt- petdt 9etdt 6,,

Let ro p;h. Then again ro is supported on [0, T] and o() o()h(). Let be a
zero of order m of o (m may be zero). By Lemma 2.3, there exists r in L[0, T] such
that () o()/( ). Since o() 0 for all n, we have

r,

r(t)extdt (M) .0 for all

Because /’) () - O,

r(t)eitdt () ’)()/m! # O.

It follows that {q -cx < n < cx} U {rn!r//") ()} is biorthogonal to {eiAnt’-c <
n < cx} U {et} in L2[0, T]. Hence the latter is strongly independent in L2[0, T].

Remark. Clearly, Lemma 2.4 remains valid if the set {et } is replaced by any finite
set {et < n <_ rn}.

THEOREM 2.5. Suppose that {ext}nc=_c and (eu’t}=_ are strongly independent
in L2[0, T,] and L2[0, T2], respectively. Then for any T > T1 + T2, the set

s- {’ -oo < < oo} u {"’ -oo < < oo}

is strongly independent in L2[0, T].
Proof. It suffices to show the existence of a sequence biorthogonal to S. Let the

sequences {p }c___ and {qn }=-c be biorthogonal to {ext }c___ and {eut }=-c,
respectively. Let e’ E S. We need to find a square integrable function r vanishing outside
[0, T] such that

T

(2.3) r(t)etdt-/(c)-O ifei" ES and c#?
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and

(2.4)

We consider three cases.
Case 1. l A #m for some m and n.
Let r pq,. (Here * again denotes convolution.) Then r vanishes outside [0, T] and

/(A) -15(A)O,(A) for any complex number A. It is easy to see that (2.3) and (2.4) hold.
Case 2. 7 An but does not equal any #,. Since T-T > T2, by Lemma 2.4, the set

{e’t’--o < m < oo} U {et} is strongly independent in Lz[0, T T1]. In particular,
we can find a function f in L2[0, T- T] such that f(#) 0 for all m and f(r/) 1.
Let r pf. Then r is in L2[0, T] and (2.3) and (2.4) hold.

Case 3. r/- #, for some m but not equal to any A. We can find r in a way similar
to that in Case 2.

This completes the proof of the theorem.
It follows immediately from the remark after Lemma 2.4 that Theorem 2.5 can be

strengthened slightly as follows.
THEOREM 2.6. Suppose { e’ }n= and {e’ }=_ are strongly independent in

L2[0, Ti] and L2[0, T2), respectively, and {n <_ n <_ m} is any finite set of real
numbers. Then for any T > T + T2, the set

is strongly independent in L2[0, T].
3. Approximate controllability. We first consider the stability of the following closed-

loop system"

02y_ 0 (Oy)(3.1)
Ot2

Pi Ox 7-,- x (Xi_l,Xi);

(3.2a) y(O,t) -y(L,t) -0,

(3.2b) y(x{, t) y(x, t),

i-- 1,...,N- 1,

(3.4) y(x, O) f, (x)
Oy(x, O)

at =f()’

where k, 1,..., N 1, are positive constants.
We will show that the stability of the above system is related to the properties of a

system of N uncoupled strings.

(3.5)
Ot2 pi Ox

x (x_l,x),
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(3.6) (_,, t) (, t) 0,

1,..., N. We will refer to the ith string in this system as (&), 1,..., N. Recall
that the functions p, r, 1,..., N, are assumed to be continuously differentiable and
positive. We first give a result of strong observability for such a system. When the wave
speed is constant or when the domain and the wave speeds are both analytic, this result is
known, even in higher dimensions. (See Bardos, Lebeau, and Rauch [1], Ho [4], [5], and
Kormonik [7]).

THEOREM 3.1. The systems (S),i 1,..., N- are strongly observable in some
time T > 0 with observation

(3.7) 0(t)-

or

0

In other words, for 1,..., N the inequality

o
(, o) + p ( o)

holds for some positive constants K.
Proof. We use a multiplier method similar to that used in Ho [6]. For simplicity of

notation, let us drop the subscript and assume that the string extends from z 0 to :z: L.
We first consider the observation

0
(z t)(3.9) 0(t)-

Let h be the function satisfying the linear differential equation

pt 7_t }(3.10) h’ (z) + max h(z)
p

with initial condition

(3.1 l) h(O) =0.

It is clear that h(z) > 0 for z > O. Multiplying (3.1) by ph(Ow/Oz) and integrating, we
have

Oz P Ot2 Oz
r dz dt

Integrating by parts and making use of the boundary conditions for w and h, we have

lot fol d (Ow)2 d () (oqw)
2

foo OtOOW- z hp + -z r -07 dx dt + hp-z -dx

lh(L)r(L) O(t)2dt O.
2

L t=T

t=O
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Then by the differential equation (3.9) and conservation of energy, we have

h(L)-(L) O(t)2dt < TEo- KEo,(3.12)

where

c o(,0) +p (0) d0= w
and K is a constant that only depends on h and p. It follows from (3.12) that the system
(3.5), (3.6) with observation (3.9) is strongly observable in any T such that T > K. The
proof for strong observability for the observation O(t) (O/Oz)w(O, t) is similar.

We let {,k,,i}n__, be the sequence of eigenvalues of the system (Si) and {,i}l be
the coesponding set of eigenfunctions satisfying

(.l)
p oz ’ +,’ -o, e,(Z_l) ,(z) -0,

and we assume that n,i is noalized so that

(3.14) , dx X,p,dx- 1.
Xi

It is well known that strong observability is related to the Riesz basis property (more pre-
cisely, the property (RB2) in 1) of the exponential functions formed from the eigenvalues
of the system (see Russell [14], 15]). The following proposition follows easily from known
results but we supply its proof for completeness.

PROPOSITION 3.2. If the system (Si) is strongly observable in time T with observation
O(t) given by (3.8) or (3.9), then the sequence of exponential functions
satisfies condition (RB2) in the space L2[0,

Proof. Suppose the system is strongly observable in time T with observation O(t)
given by (3.9), we then have the inequality

(3.15) IO(t)ldt

where

E0 total energy of w at t 0

(o l ,ol (o lx, ol
P Ot + zi Ox dx,

w is any solution of (3.5), (3.6), and K, is a constant independent of w. Also by regularity
results (Lasiecka, Lions, and Triggiani [10]), there exists a constant K2 > 0 such that

(3.16) IOi(t) dt <_ KEo.

Because every function ei)’ it,i(z), <_ n < oc, is a solution of (3.5), (3.6) and by the
normalization condition (3.13), the total energy E0 1, it follows that

(3.17) /1 < Ii)’’t,(Xi_l)tdt < K.
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Hence

(3.18) tifl/Zi Itn,i(Zi--1) 2 t2/Zi.

Let {an},___o,n0 by a finite sequence and let b+n a-t-n/tn,i(Zi_l), f- 1,2, The
function

(3.19)

is a solution of (3.5), (3.6) with energy

(3.20)

and observation

(3.21) Oi(t) Z anei’t + a-e-ia’t
n--1

By (3.18) and (3.20), we have

(3.22) (T/K2) lal 2 + la_l2 < Eo < (T/K,) lal 2 + la- 2.
n=l n=l

Hence by (3.15) and (3.16), we have

Zit1 12 2

/( -.la +la-l _<
n=l

E anei),i nt_ a_ne-i),i
n--I

< TKe la + la- e
K1 n-I

2

This completes the proof of the proposition when 0i is given by (3.9). The proof for 0i
given by (3.8) is similar.

Let us now consider the system (3.1)-(3.3). Let T > 0. Given any initial state
(fl, f2) E Hd [0, L] x L2[0, L], we can find the solution of (3.1)-(3.3) with initial conditions
(3.4). Denote

(3.23)

gy(t) the total energy of y at time t

1[zi+’ (0Y(Z,t))
2

p(x) ot2
k=l-z

7-i(X) ( Oy(x’ t) )
2

Ox
dx.

We have

(3.24)

O(x{, t) )Ti+l(Xi) OX
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It follows that for any t l, t2 > 0, we have

(3.25) y(tl) y(t2) Z /’gi
0t

dr.
k=l

Hence in particular,

dt @(0) <_

Di(x)f2(x)2 + 7-i(x)f((x)2dx
k=l

< /11fl 2
G,, [0,L]-+-

where K is a positive constant. So if we define

1/2

(3.26) N’r(fl, f2) li Ot
dt

\ k=l

then ./V’r(., .) is a seminorm on H [0, L] x L2[0, L] and by (3.22), we have

(3.27) gy(t) gy(t + T) JT Qy(’,t), O(--i’t) )2
for all t > 0.

The following theorem says that a necessary and sufficient condition for N’T to be a
norm for some T > 0 is that the following holds:

(C l) The systems (&), 1,..., N, do not have a common eigenvalue.
In what follows, Ti,i 1,..., N, will denote times for which the conclusion of

Theorem 3.1 holds.
THEOREM 3.3. /f condition (C1) does not hold, then we can find nonzero (f, f2) E

Hd[0, L] x L2[0, L] such that AfT(f, f2)- O for all T > O. Conversely, if condition (C1)
holds, thenAfT(., .) defines a norm on Hg [O,L]xLZ[O,L] for any T > To max{T+T+l
<_i<_N-1}.

Proof. Suppose that all the (&), 1,..., N have a common eigenvalue ), and with
eigenfunctions @,i 1,... ,N. Let f(x) cii(x)if x E (xi_,xi) and let f2 -0.
With appropriate choice of the constants ci, 1,..., N, we can make

XCiTi(Xi)’i(xi) Ci+lTi+l i)i+1 (Xi), 1,..., N 1.

Then

y(x, t) ci cos(At)qSi(x) if x (xi-1, xi)

would be the solution of (3.1)-(3.3) with initial condition y(x,O) f(x),Oy(x,O)/Ot-
f2(x). Since y(xi, t) -O, for i- 1,... ,N- and t > 0, it follows that A[T(I, f2) --0
for all T > 0.

Next, suppose that the system (Si) has eigenvalues

Ai- {An,i" <_ n < oo}
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and normalized eigenfunctions (see (3.14))

{0n,i(z)" _< n <

1,...,N. Suppose AfT(fl,f2) O. Let y(x,t) be the solution of (3.1), (3.4). Then
Oy(x,t)/Ot 0 for 1,... ,N- 1,0 _< t _< T. So we have y(xi,t) constant

ai,i- 1,...,N- 1. Let

t) t)
Xi Xi--

(We take a0 aN -0.) Then w is a solution of (Si), 1,... ,N. So we can expand

(3.28) Z( in it ,iiA_n itw(x, t) a,i + a_ )O,i(x),

where A_n, -A,,. It follows that

(3.29)

By Theorem 2.6, the set {e+i)",t" 0 < n < oc} t {e+i)’n,+t" 0 < n < oc} U {1} is
strongly independent in L2[0, T]. So by (3.29), we have

an,i 0

an,i+l 0
if An, Ai N Ai+l,
if An,i+, Ai C3 Ai+I,

and

(3.30) 7"iq-1 (Xi) OZi+l Ozi Ti(Xi) OZi OZi-1

Suppose w is not identically zero. Then there exist some n and such that an,i 7 O. It
follows that A,,,i E Ai+. Let A,i A,,i+. Then we must have a,,i+l : 0. Hence
An,i Am,i+1 E Ai+2. Proceeding in this way, we can then show that An,i Aj for all
j > i. In a similar way, we can prove that An,i Aj for all j < i. Hence An,i is a common
eigenvalue of the systems (Si), 1,..., N, a contradiction. So we must have w 0.
Also, since (3.30) holds for 1,... ,N- 1, it follows that ai -ai_l,i 1,... ,N, all
have the same sign. Because a0 aN 0. This forces ai 0fori 1,...,N,-1.
Hence we have proved that y 0 and therefore that (fl, f2) 0. Thus AfT is indeed a
norm.

Remark. We see from equality (3.27) that if (C1) holds, then N’T is a norm weaker
than the H[0, L] x L2[0, L] norm.
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Theorem 3.4 is a consequence of Theorem 3.3.
THEOREM 3.4. If condition (C1) does not hold, then the system (3.1)-(3.3) is not

asymptotically stable. Conversely, if condition (C1) holds, then the solution of the system
(3.1)-(3.3) satisfies

lim Af(y(. t)OY-(oi’t) ) -0,

where N’(., .) is a norm on H[0, L] L2[0, L].
Proof. The proof of the first part follows easily from the corresponding part in Theorem

3.3. Conversely, if the systems (Si) do not have a common eigenvalue, then by Theorem
3.3, we can find some T > 0 such that N’T is a norm on H [0, L] L2[0, L]. From
equality (3.24), we know that $y(t) is a nonnegative decreasing function of t. Hence
c limt__,+ gy(t) exists. Also, by (3.26), we have

Hence

 v(t)  v(t + T).

lim N’r (y( t), OY(-oi’ t) )
2

c- c- 0.

This completes the proof of the theorem.
We will use the following elementary result of functional analysis.
PROPOSITION 3.5. ]f 7" is a bounded linear operator on a Hilbert space X satisfying

for all x X,x - 0,

then I- 7" has dense range.
THEOREM 3.6. If condition (C1) does not hold, then the system (1.1)-(1.3) is not

approximately controllable in any time T > O. Conversely, if condition (C1) holds, then
the system (1.1)-(1.3) is approximately controllable in any time T > To max{ti + Ti+l
<_i<_N-1}.

Proof. Suppose that the systems (Si), 1,..., N, have a common eigenvalue ) with
eigenfunctions 4)i, 1,..., N. Let

z(x,t) cii(x) cos At if x E [xi-,xi],i 1,...,N.

Then z satisfies

02z_ 0 (Oz)Ot2 Pi Ox 7-i-x x (Xi_l,Xi);

z(O, t) z(L, t) O,
z(x, t) z(xT t) O, 1, N 1.

Also, we can choose the constants ci, 1,..., N- 1, so that

t) Ox(x;, t)
Ti+l (xi) OX 7-i(xi) Ox

1,..., N 1.

(See the proof of Theorem 3.3.) Let y be a solution of (1.1)-(1.3). It is easy to see that

pi z--y- dx-O.
dt

i=l
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So if p satisfies the initial condition

Ou(x, o)y(x, O) ot
=o,

then

Hence we have found a nonzero pair of functions orthogonal, in L2[0, L] L2[0, L], to the
set of terminal states (p(x, T), Op(z, T)/Oz). So this set is not dense in Le[0, L] Le[0, L].
Therefore, it is not dense in H [0, L] Le[0, L] either and the system is not approximately
controllable in time T.

Conversely, suppose that the systems (S), 1,..., N- do not have a common
eigenvalue. Then by Theorem 3.3, the seminormy is a norm if T > T0 max{T+T+

N- 1}. Consider the no I1" lie on Hd [0, L] x L2[O, L] defined by

pi(x)f (x) + i(x)f(x)2dx(3.31) [(f,, f2)IIE
=,

This norm is equivalent with the usual Hd[0, L] Le[0, L] norm. Now consider given
initial state (f,fe)in Hd[0,.L] Le[0, L]. For (h,he)in H[0, L] L2[0, L], let y be
the solution of (3.1)-(3.3) with the initial conditions

ou (x, o)
y (x, 0) h (x) and

Ot -he(x)

and let P2 be the solution of (3.1)-(3.3) with initial conditions

y2(X, O) Pl (X, T) f (x) and
Oy2(x, O) Oyl (X, T)

Ot Ot f2(x).

Ov(x,O)y(x, O) f (x) and
Ot f2(x)

and control functions

i() Ot ov(x,t))Ot
i-1,...,N-1.

Because both y and y2 have finite energy for all time t, by (3.25) we have ui E L2[0, T],
1,..., N- 1. Also, the terminal state of p is

y(x, T) h (x) y2(x, T), ov(, T) ova(x, T)
0t

h2(x)- Ot

Because I-7- has dense range, the set of such terminal states is dense in H [0, L] Le [0, L].
Hence the system (1.1)-(1.3) is approximately controllable.

Let 7- be the mapping that carries (h,h2) to (p2(.,T),Op2(.,T)/Ot). It follows from
equality (3.27)that because N’T is a norm, we have llT-(hl,h2)llE < II(hl,h2)llE for
(h, h2) - 0. Then by Proposition 3.5, 1- 7- has dense range in X H[0, L] L2[0, L].
Now let y(x,t) y(x,T- t) y2(x,t). Then y is a solution of (1.1)-(1.3) with initial
conditions
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4. Stabilizability with a uniform exponential decay rate and exact controllability.
In this section, we still consider the closed-loop system (3.1)-(3.3) and the related systems
of uncoupled strings (Si),i 1,... ,N, with sets of eigenvalues {A, <_ n < o}
and eigenfunctions {n,i _< n < o(}, 1,..., N. We will give a sufficient condition
under which the system (3.1)-(1.3) will decay with a uniform exponential rate. Then by
the "controllability via stabilizability method" of Russell [15], this will, in turn, give us
a sufficient condition for the open-loop system (1.1)-(1.3) to be exactly controllable. We
consider the following condition:

(C2) There exists i, <_ < N- 1, and T* > 0 such that

{/n,i Tt < OO} [’-’l {/rt,/-t-1 < Tt < OO}- 0

and the set of exponential functions

satisfies condition (RB2) in L2[0, T*].
Clearly (C2) is a stronger condition than (C1). Let N’T and T1,..., TN be as defined

in the previous section.
THEOREM 4.1. If condition (C2) holds, then the seminorm N’T is a norm equivalent

with the Hd [0, L] x r2[0, L] norm if T > To max{T*, T1, T2,..., Tn}.
To prove Theorem 4.1, we need the following lemma.
LEMMA 4.2. Let T > O. There exists a positive constant Iv5 such that for any v

satisfying

02V 0
T-Z t > O,a < x <b;(4.1) P Ot2 Ox

Ov(x, O)
=0, a <_ x <_ b;(4.2) v(x, O) Ot

we have

o/’0
T

(Or(a, t))2 ( Ov(b, t))2 o/’0
T Q Or(a, t))2 ( Ov(b, t))2(4.3)

Ox + Ox
dt < If

Ot + Ot
dr.

Proof. By a multiplier method, (using, for example, the multiplier (x-(a/b)/2)Ow/Ox)
we can easily prove the following inequality:

(4.4)

for any function w satisfying

02W 0(011))(4.5) P Ot2 Ox T-x 0 <_ t <_ s, a <_ x < b.

Here Kl is a constant independent of w and s. Suppose that in addition,

(4.6) w(a, t) k,, w(b, t) k2,
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for some constants kl and k2. Then by conservation of energy and (4.4) we have

(4.7)
Ox + Ox

dt <_ If, (2 + s)gw(O) K, (2 + s)gw(s).

If v satisfies (4.1), (4.2), then

d I"b Ow Ov OwOv
dt Ja P-- b- + ---x -x dx

O(b, t) O(b, t)
-(b) Ox Ot

o,(x, ) Ov(x, ) o,(x, ) o,(x, )
d

at at + (x) o o------

Ow(a, t) Or(a, t)
Ox Ot

o
[ Ow(b,ox t) Ov(b,ot t)

dt7-(5)

-(a) foo Ow(a, t) Or(a, t)
Ox Ot

dt

-<’(a) (fooS (Ovo(a’t)) dt)l/2 (fo(Ovot(a’t))2dt)l/2

-<m(Kl(2+s)gw(s))’/2(ZS(Ov(a’t))

where m max{r(a),r(b)}. Since this holds for any w satisfying (4.5) and (4.6), we
conclude that

(4.8) gv(s)< K2(2 + s)I (Ov(a,t))2 (Ov(b, t))2Ot + Ot dr,

where K2 is a constant independent of v and s. Noting that this holds for any arbitrary s,
we have, by (4.4) again, that

Ox + Ox
dt

K gv(t)dt + gv(T)

KK2 (2 + t) 3 + Ot
ds dt

+ (2 + T) Ot + Or’ dt
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< K, K2(1 + T)(2 + T) + dr.
Ot Ot

This completes the proof of the lemma.

Proof of Theorem 4.1. Let y satisfy (3.1)-(3.3) with initial condition (3.4). Let v
satisfy

fli Ot2 Ox Ti t > O, Xi_ < X < Xi, 1,..., N;

Ov(x, o)
=0, for0 < x < L;

Ot
i= 1,...,N-l;

(x, 0)

(x-, t) (x+, t) (x, t),
v(O,t) -v(L,t) -0.

Then w y v satisfies

02W Oq(Pi Ot2 OX Ti-x t > O, Xi--1 < X < Xi, 1,..., N;

Ow(x, o)w(x,O) f,(x), Ot =f2(x) for0<x<L;

w(xT t) w(x, t) O, i= 1, N 1;

w(O,t) -w(L,t) -0.

Thus w is a solution of the uncoupled strings (Si), 1,..., N. Let _< j _< N- be
such that for j, condition (C2) is satisfied. We expand

(4.9) _iNn it eiA-n,itw(x, t) (an,ie + a n,i ),(x).
n--1

Denote wi(t) Ti+ (Xi)(O/Ox)w(X+i t) Ti(Xi)(O/Ox)w(x+i t). Then

iAn,i+lt ei)-n,i+ltCdi(t) (an,i+l + a-n,i+l )n,i+l (Xi)Ti+l (Xi)

Z(an -in it ci--n,it)l,ie + a n,i ,i(xi)Ti(xi).
n=l

By the observability result Theorem 3.1 and the fact that the eigenfunctions are noalized,
it follows that for all i, _< <_ N, the sequences {,i(Xi_l)}n=l and {,i(xi)}l are
bounded and bounded away from zero. So since the set of exponential functions

{ein’j$ < } 0 {ein’j+lt n < }

satisfies condition (RB2) in L2[0, T], there exist constant d > 0 such that

(4.10)
*

iIcj(t)12dt > dE la,y+, + la-n,j+! nL lan,j nb la-n,j

Hence, there exists constant dl > 0 such that

(4.11) Iwj(t)12dt >_ dl(Ej+ + Ej),
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where Ei denotes the total (constant) energy of the system (Si),i 1,..., N. By the
observability result Theorem 3.1, it follows that for each i, _< _< N, there exists constant

/i > 0 such that

and

2

2

w(x;, t)
0

E <_ K -z dr.

and, by regularity results 10], there exists constant M > 0 such that

(x+_,,t dt <_ M

and

So fori,j+l <i_<N,

0
t)

(4.12)

Hence, we have

(4.13) Ejq-2 nt-’’" - EN _
Cl Ic{(t)[2dt @ Ej-F1

i=j+l

for some positive constant C1. In a similar way, we can prove that

(4.14) /1 ---""" @ /j--I C2 Icai(t)12dt + Ej

for some positive constant C2. Combining (4.11), (4.13), and (4.14), we have

(4.15) II(fl,/2)11 (o) f_ nt- J2 nt- -- JN C3 Ig(t)12dt

for some positive constant C3. But by the definition of i and the conditions on y at the
coupled points, we have

wi(t) kiNy(xi,t)- ri+l(Xi) v(x?,t) ri(xi) v(x;,t)
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Hence

(4.16)
Nf0T Ic(t) edt

Ot

2

Ox

2 o(;,t)
Ox

2

for some constant C4 > 0. By Lemma 4.2 and the fact that Ov(xi, t)/Ot Oy(xi, t)/Ot,
we have

(4.17)
N T N T Ou(x,t)

Ot
dt <_ C6AfT f e2

where C5 and C6 are positive constants. Combining (4.15) and (4.17), we see that the norm
N’T is stronger than the Hd [0, L] x L2[0, L] norm. Since we already know that the norm

N’T is weaker than the H [0, L] x L2[0, L] norm (see the remark after Theorem 3.3) this
completes the proof of Theorem 4.1.

From Theorem 4.1, we immediately have the following theorem.

THEOREM 4.3. If condition (2) holds, then the system (3.1)-(3.3) is asymptotically
stable with a uniform exponential rate of decay. In other words, we can find positive
constants M and k such that

$y(t) < Me-ktgy(O)

for all y satisfying (3.1)-(3.3).
Proof. Suppose (C2) holds. Let To be as in the statement of Theorem 4.1. Then for

T > T0, N’T is equivalent with the H [0, L] x L2[0, L] norm. Hence we can find a constant
c > 0 such that

(4.18) JCT(fl, f2) _> cll(f,,/2)lIE,

Then by (3.27), we have, for any t > 0,

(4.19)
y(tnt-T) Ey(t) --JT (y(.,t), 0Y-(-i?t))2

--C2 (y(., t), OYi’- t) )
Because gy(t) decreases with t, it follows from the semigroup property that

gy(t) < Me-tgy(O),

where M (1 -C2) -1 and k-ln M/T. (Note that from (4.19), we must have C2 < 1.)
Using the "controllability via stabilizability method" of Russell, we can then prove the

following theorem.
THEOREM 4.4. If condition (C2) holds, then the system is exactly controllable in any

time T > To max{T*, T T2, Tn }.
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5. Examples. We consider a special situation where N 2 and p, - are constants,
1,2. Denoting c (7-/p) /2 and L x- z_,i 1,2, the system (1.1)-(1.3)

becomes

The eigenvalues of the uncoupled strings are

tn,=nrrc/L, n= 1,2,3,..., and i= 1,2.

It follows that ,k,,,l m,2 for some m, n if and only if c|L2/c2LI is rational. Hence
from Theorem 3.6, we conclude that the system (5.1)-(5.4) is approximately controllable
(in some time T > O) if and only if cLz/czLl is irrational. The time T can be any number
greater than

(5.5) ( L2)T0=2 L+
Cl C2

However, we can show that even when Cl L2/c2L1 is irrational, the system is not exactly
controllable.

To prove that, let us first consider a function defined by the formula

sin
uL,___2

sin #x if 0 < x < X
c2 Clf(x) #L #(L- x)

sin sin if X < X < L.
Cl c2

Here # is a real parameter. It is easy to verify that

l(x,t) sin#(T- t)fu(x)

is a.solution of (5.1)-(5.4) with

F(#) sin #(T t)
CI C2

where

F(/,) c- sin #L1 #L2 #L2
COS -1- C27-2 sin cos

C2 C2 C2

If y is any solution of (5.1)-(5.4), we have

Note that if F(#) 0, then g,(t) 0. We now construct a sequence {#n}XZ=0 such that
F(#,) 0 for all n.
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From a result in number theory, we know that if ClL2/c2L1 is an irrational number,
there exist two sequences of integers {Pn}n%0 and {qn}%0 tending to infinity as n tends
to infinity, such that

(5.7) ClL2
c2LI q

< 1/q2n

for all n. (See, e.g., Hardy and Wright [3, Thm. 171, p. 140].) Let , pne27c/L2. Then

/nL2(5.8) sin 0.
C2

also, by (5.7), we have

/nL1
c1

qn T"f

where

Ef
c2L "rc

clL2qn

So

(5.9) sin
,nL1

Cl
for all n.

It follows from (5.8) and (5.9) that we have

(5.10) IF(  )I < C17"ln for all n

and

(5.11) lim I’()1 -L + -2L2.

Because F" is a bounded function, we can then find a constant 6 > 0, independent of n,
such that for all n sufficiently large,

(5.12) F’(,)I > (7-1L, + 7-2L2)/2 whenever IA- ,nl < 6.

From (5.10), (5.12) and the fact that limn__. en 0, we conclude that for all n sufficiently
large, there exists #n such that

2cl T1 n
q-L + 7-2L2

and

(5.14) F(U.) -0.

Let
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Let y be a solution of (5.1)-(5.4) with zero initial conditions. Then setting # #n
(which makes 2 0) and integrating (5.6) from t 0 to t T and canceling #n, we
have

i=l

O (x,T)
Ot

T

gn(x)dx ffn(Xl) COS n(T

If the system (5.1)-(5.4) is exactly controllable, there exists a bounded linear mapping C
from Hd [0, L] L2[0, L] into L2[0, T] that maps the terminal state (y(-, T), 0y(., T)/Ot)
to a control function Ul that steers the zero initial state to this terminal state. Hence (5.15)
implies that

Here K is a positive constant. Since the terminal state can be arbitrary, this implies that
there exists a constant K1 such that

2 xi

In other words

(sin #L2 ) ( 2

(5.16)

sin(2#L/c) (sin #nL -. )n--i ) + cl, )
2

( L2 sin(2pnL2/2)

I(1 (sin#nL1)
2

k, C2 ,/

For n sufficiently large, both terms on the left-hand side of the above inequality are nonneg-
ative. Furthermore, because el Lz/czLI is irrational, sin(#nLl/c) and sin(#nL2/c2) cannot
vanish simultaneously. Suppose there exist infinitely many n such that sin(lz,L2/e2) O.
For such n, n sufficiently large, we must have

( )2(5 17) L sin(2#L1/Cl) < K sin #nL1
2 4#n/C c

But the inequalities (5.9) and (5.13) together imply that

lim sin #nL1 0.
n-+cx Cl

So letting n tend to infinity in (5.17), we have L/2 <, a contradiction. In a similar way, we
can show that if there exist infinitely many n such that sin (#L2/c2) _0, then L2/2 < O,
again a contradiction. So the system (5.1)-(5.4) cannot be exactly controllable.
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The situation would be different if we change the boundary condition at one of the
endpoints (say z- L) to

0
(5.18) oxz(L,t) =0
but keeping the boundary condition at the other end the same as before. With obvious
modifications in their proofs, we see that Theorems 3.6 and 4.4 remain valid when the
boundary condition at z L is replaced by the condition (5.18). Now, the eigenvalues of
the corresponding uncoupled strings are

)rrc2/L2,,n,l --nTrcl/t(1 and ,n,2 (n- 1,2,...

Obviously, if clL2/c2L1 is irrational, A,,j - ,,,2 for any n and m. So the system (5.1)-
(5.4) is approximately controllable in time T, with T > To, To again given by (5.5). But
note that if

elL2 r
(5.19)

c2LI
an integer/an odd integer

2s- 1’

where r and s are positive integers, then

7rc2

L22(2s l)
(2nr- (2m-1)(2s- 1)) 7FC2> >0

L22(2s 1)

for any n and m. Therefore, the system (5.1)-(5.4) is approximately controllable in time
T > To, To given by (5.5). Furthermore, all the An,J and ,,2, n 1,2,..., are multiples
of a fixed number

o- (rrc2)/(2L2(2s- 1)).

So the set of exponential functions

S-- {e+i)n’’t" <_ n < oo} [_J {e+i)n,2t <_ rt < oo}

is a subset of the exponential functions

00 t

which is orthogonal in L2[0,27r/c]. Hence so is S. So S satisfies (RB2). It follows that
if assumption (5.19) is satisfied, then the system (5.1)-(5.4) is exactly controllable in any
time T such that

{ (7 L2)271"} { (L, L2)4L2(28- 1)}T>T*=max 2 L +m ,n =max 2 m+m
C2 O Cl C2 C2

Because Lz(2s- 1)/c2 L,r/Cl, it follows that

L2(2s- l) 1 (L2(2s-l)
C2 2 Ik, C2

_+_Llr >1 Llq.___
Cl / -- C7 C2

Hence T* 4(L2(2s 1)/c2). If either one of s or r is greater than 1, then T* is greater
than To, the infimum time for approximate controllability. Of course, we have not shown
that the time T* given in Theorem 4.4 is optimal. So we do not know whether we actually
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need a greater time for exact controllability than for just approximate controllability, when
r or s is greater than 1.

The results in the above examples are consistent with those in [2] and [11]. For
example, it was shown in 11 that for the case of "symmetric" boundary conditions

(5.20)

with feedback

(5.21)

z(0, t) z(2, t) 0,

zt(l+,t) zt(1-,t) --K17-1uz(1-,t), K > 0

the system is asymptotically stable if and only if the ratio of the wave speeds is irrational.
(in [11 ], Liu took L L2 1, L 2.) However, the system never decays with a uniform
exponential rate.

For the case of "unsymmetric" boundary conditions

(5.22) z(0, t)
0
zz(2, t) -0

the system is asympotically stable, with feedback (5.21), if and only if

cl/c2 an odd integer/an even integer.

However, it decays with a uniform exponential rate if

Cl/C2 an integer/an odd integer.

This last condition is, of course, the same as (5.19).
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SIMULTANEOUS COEFFICIENT ASSIGNMENT OF DISCRETE-TIME
MULTI-INPUT MULTI-OUTPUT LINEAR TIME-VARYING SYSTEM: A NEW

APPROACH FOR COMPENSATOR DESIGN*

BIJOY K. GHOSH AND PAUL R. BOUTHELLIERft

Abstract. In this paper, a linear time-varying input-output system is considered and its realization as a
linear time-varying autoregressive moving average system (ARMA) is studied. A time-varying z-transform is
also introduced and its properties are studied. Furthermore a time-varying version of the coefficient assignment
problem well known in time invariant system theory as the pole placement problem is posed and analyzed. A
r-tuple of discrete time, linear time-varying plants with m inputs and p outputs are considered together with a
single p input m output linear time-varying compensator. The design objective is to construct a single compensator
that "coefficient assigns," and hence "bounded input bounded output stabilizes" under suitable additional technical
assumptions, the set of r plants simultaneously in the closed loop. Such a problem is useful in robust design
of linear time-varying control systems in the closed loop. Among the results, it is shown that a generic r-tuple
of p m plants (in a suitable topology) is simultaneously coefficient assignable, provided that r < m/p. The
design procedure involves splitting the closed-loop system into an ARMA system in cascade with a moving
average system. The coefficient assignment problem consists of assigning the coefficients of the autoregressive
part of the ARMA subsystem. Thereby an algorithm is obtained that is nonrecursive and involves solving for
each time instant a system of linear equations with time-varying coefficients. The associated time-varying matrix
has the "Sylvester matrix structure." Such a structure is well-known in pole placement of time-invariant systems
by dynamic compensation. Additionally the problem of coefficient assignment of the autoregressive part of the
ARMA system is considered in the closed loop, without splitting up into a cascade of two subsystems as before. A
new recursive algorithm to analyze this problem has been introduced. The proposed algorithm has no counterpart
in the time-invariant system design and thus represents a new design procedure. A special case of this algorithm
for the single-input single-output system has been described in detail. An interesting feature of the proposed
recursive algorithm is that one obtains a nonlinear recursion on the compensator parameters that would assign a
prespecified sequence of coefficients for the closed-loop system. For a specific design problem it is shown that
the dynamics of this nonlinear recursion is chaotic.

Key words, coefficient assignment, recursive algorithm, simultaneous design, time-varying system, chaotic
dynamics

AMS(MOS) subject classifications. 14, 93

1. Introduction. Motivated by earlier successes in the field of simultaneous system
design (see [1]-[7]) for linear time-invariant systems, in this paper the same general idea is
applied to linear time-varying (LTV) systems as well. The motivation for considering time-
varying systems is as follows. Many systems are time varying because they switch modes
frequently (namely, high-performance aircrafts, power systems undergoing several modes
of failure, etc.). Time-varying systems also arise from nonlinear systems linearized along
a nominal trajectory. Furthermore, time-varying systems also arise from linear systems,
where the parameters are perturbed by a time-varying function. A feedback design strategy
that leads to a time-varying system is adaptive control, wherein the time variation is a
result of real time adaptation. An important pair of problems in the design of time-varying
systems is described as follows.

PROBLEM 1.1 (stability criterion). Given a class of linear time-varying systems. What
condition on the parameters of the systems would guarantee bounded-input bounded-output
(BIBO) stability?

PROBLEM 1.2 (stability criterion). If a linear time-varying system is not already BIBO
stable, find a linear time-varying output feedback compensator such that the closed-loop
system is BIBO stable.

Received by the editors September 12, 1990; accepted for publication (in revised form) March 12, 1992.
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u Gj

FIG. 1.1. Closed-loop system corresponding to (G C).

The main problem of ascertaining stability of a linear time-varying system is that the
problem is not equivalent to localizing the eigenvalues of a possibly time-varying matrix to
a certain region of the complex plane. In fact, a time-varying system stable in frozen time
(i.e., stable for each time instance) is not necessarily a stable time-varying system (see [8]
and [9]). Stability can be ascertained, however, if the parameters of the system are varying
sufficiently slowly. It has been shown by Desoer [10] that there exists open regions of
the parameter space with the property that if the parameter vector of the system resides in
such a region for all times, then the associated time-varying system is indeed stable (see
also [11]-[13]). A sufficiency criterion for stabilizing a time-varying system is, therefore,
one of choosing a compensator that localizes the coefficients of the closed-loop system to
within such an open region. For reasons of robustness and fault tolerance, however, one is
interested in stabilizing, not just a single plant, but an entire r-tuple of plants. This problem
is now described as follows.

PROBLEM 1.3 (simultaneous stabilizability problem). Given an r-tuple of linear time-
varying plants G G2,..., Gr, find, if possible, a linear time-varying output feedback com-
pensator C that simultaneously stabilizes each one of the closed-loop systems (Gj, C), j

In Problem 1.3 (Gj, C) denotes the closed-loop system described in Fig. 1.1. For an
introduction to the simultaneous stabilization problem for time-invariant systems, we refer
to [1]-[3]. The main idea is that G is a nominal plant, which, as a result of sudden
component failures, may take up r- additional different modes G2,..., Gr. The design
goal is to construct a compensator that stabilizes the nominal plant together with all its
failed modes simultaneously. To obtain a tighter control on the response of the closed-loop
system, we consider the following problem.

PROBLEM 1.4 (simultaneous coefficient assignment problem). Given an r-tuple of m
input p output autoregressive moving average (ARMA) models of lag g, denoted by {Gj }
and defined by

(1.1)

When does there exist a compensator C of lag q, defined by

(1.2)
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that will assign the coefficients A(i) of the equations of the closed-loop systems that
(GJ, C) described as

i=i i=0

The main contributions of this paper are now described. In 2 we consider a general
linear input-output map and obtain a necessary and sufficient condition as to when such a
map is realizable as a linear time-varying ARMA model of finite lag. We introduce left
and right fraction representation of an LTV system and show via examples that, unlike
the time-invariant case, the existence of one does not imply the existence of the other.
However, in a suitable topology on the space of LTV ARMA systems, a generic system is
shown to admit either of the two representations. In 3, we pose and analyze a simplified
coefficient assignment problem. The proposed problem consists of splitting the closed-loop
system into a cascade of ARMA and a moving average subsystem. The problem considered
is to assign the coefficients of the autoregressive part of the ARMA subsystem. We show
that the solution to the problem consists of analyzing linear equations with time-varying
matrices. Under a suitable topology we consider an r-tuple of m-input p-output plants and
show that a sufficient condition for the proposed coefficient assignment problem is given by
rp < m/p. Under an additional technical condition (3.29) the above inequality is shown to
be sufficient for simultaneous stabilization of the r-tuple of plants as well. In 4 we consider
the closed-loop system as a single ARMA system and propose assigning the coefficients of
the autoregressive part. The coefficient assignment problem is considered when r and
m and p are arbitrary. A nonlinear time-varying iteration scheme that recursively assigns the
coefficients of such time-varying systems in the closed-loop is described. Such an iterative
scheme appears to be new in the literature and has no counterpart in the time-invariant
system theory.

The main technique that we use in this paper is that of a time-varying version of the
z-transform as part of an operational algebra for discrete-time, linear time-varying systems.
Such an operational algebra has also been used previously by Kamen, Khargonekar, Poolla,
and Hwang [14]-[17]. More recently a continuous-time version of the above operational
algebra is being used by Tsakalis and Ioannou [18] and [19].

The main idea of this paper is to describe a time-varying version of the return difference
matrix and to ensure that the coefficients of this matrix can be assigned arbitrarily under
a sufficiency condition. Such a sufficiency condition in principal is a generalization of the
results on "pole placement by dynamic compensation" for linear time-invariant systems (see
[20]-[22]). The time-varying nature of the problem considered here imposes restrictions that
did not exist in the literature concerning time-invariant systems. For example, we see in this
paper that a coefficient-assigning compensator for a single-input single-output plant can be
obtained by solving a nonlinear difference equation recursively. When restricted to time-
invariant parameters, the difference equation reduces to the well-known linear algebraic
equation of the type Sz b, where 5’ is a Sylvester matrix. Stability analysis of the
proposed nonlinear difference equation has not been carried out in general and is a subject
of future research.

There are other approaches [23] and [24] to stabilization, simultaneous stabilization of
linear time-varying systems in the literature. For example, [23] deals with continuous-time
systems wherein the input-output time-varying plant is modeled as an operator between
two suitable function spaces. Among the results, it is shown that if an r-tuple of linear
time-varying plants is internally stabilizable individually, then the r-tuple is simultaneously
stabilizable by a stable linear time-varying compensator. The main difference between
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this paper and the approach presented in [23] is now described, in this paper, we deal
with linear time-varying systems in discrete time. Moreover, the time-varying system is
described as a parametric variation on the space of time-invariant systems. Thus, this paper
addresses problems in system design that pertain to real time adaptation of the compensator
parameters as a result of real time changes in the plant parameters. The main system
design problem that we consider is coefficient assignment, wherein no assumption is made
about the parameters of the plants and compensators for all future times. In particular, the
parameters of the plants and compensators are not assumed to be known completely. In
fact, in this paper we assume that the future values of the plant parameters are unknown.
Of course, to implement the coefficient assignment algorithms presented, we need to know
the values of the plant parameters for an a priori fixed span of time (depending upon the
lags of the systems) in the future. This adds a new twist to the problem of compensator
design for a time-varying plant. Estimating the parameters of a time-varying plant in the
immediate future appears to be an integral part of compensating a time-varying system, in
discrete time, and to the best of our knowledge has never been considered before in the
literature.

2. Representations of time-varying input-output maps. In this section, we consider
a linear time-varying input-output map and study the problem of realizing the map as an
impulse response of a linear time-varying autoregressive moving average (LTV ARMA)
model of finite lag q. LTV ARMA models are of interest because the plants and compen-
sators considered in subsequent sections of this paper are modeled as LTV ARMA systems,
i.e., as ARMA systems with time-varying parameters.

Linear time-varying input-output maps are described by their impulse response se-
quence. We derive condition on the impulse response parameters so that it is realizable as
an impulse response of an LTV ARMA system of a given lag q. To derive the realizability
condition and also in later sections to describe the compensator that assigns coefficients of
the closed-loop system, we find it convenient to introduce the notion of transfer function
for an LTV input-output map. Such a transfer function is an obvious generalization of the
z-transform methods well known in linear time-invariant discrete-time system design. To
describe the transfer function, we need to introduce an operational algebra on the space of
infinite power series with time-varying coefficients. Establishing connection between LTV
input-output system, LTV ARMA system, and LTV transfer functions form the core of the
main results described in this section.

Consider a m-input p-output LTV input-output map described by its impulse response
sequence Hj (i), where Hj (i) is a p matrix defined to be the output at time j corre-
sponding to a unit impulse at time j . To impose causality, we set Hi(i) 0, the zero
matrix, for all :> j.

Using linearity, it is clear that the impulse response sequence H. (i) completely specifies
the input-output map. in fact, if uj, uj_,.., is a sequence of m vector inputs at time
j, j 1,..., respectively, we have

(2.1) YJ
g--0

where yj is the p-vector output at the time instant j. Equation (2. l) will be referred to as
the LTV input-output map. The realization problem that we now consider is described as
follows.
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PROBLEM 2.1. Given a time-varying ARMA model of finite lag g described by

(2.2)

where Dk(i),i 1,2,... ,g are pp matrices and Nk(i), 0, 1,... ,g are pm matrices.
When is it true that the impulse response of a LTV input-output map described by (2.1)
coincides with the impulse response of an ARMA model of type (2.2)?

We will see subsequently in this section that a necessary and sufficient condition for the
above realization is given by a sequence of recursive conditions on the impulse response
sequence H). The procedure is in principal similar to checking ranks of Hankel matrices
in the theory of linear time-invariant systems.

Before we proceed to study Problem 2.1, we introduce an operational algebra and
consider the notion of a transfer function for LTV input-output systems and LTV ARMA
systems. This is done as follows.

Let y be a discrete-time vector sequence. Define a shift operator z- as follows:

(2.3) z-iy y_.

In the notation of (2.3), extending the operator z- linearly, we can write (2.1) as

(2.4) Y" Z H(e)z-e u.
g=O

The infinite power series

(2.5)
g=O

is defined to be the transfer function of the LTV input-output map described by (2.1). We
now define an operation of multiplication of two infinite power series of the type (2.5).
Denote the multiplication operation by o.

Let

(2.6)
g=O

be another infinite power series. We define

(2.7) ’]/(Z -l 0 ’(Z-1 Z Z[(sk(el)Z-g’) 0 (&(g2)z-e)],
g, =0/2=0

where

(2.8) (Hk(gl)Z-e’ 0 (Jk,(g2)z -e2) H(gl)J#,_e,(g2)z-(e’+e)

Of course, we assume that H(g), J(g) are matrices of compatible dimension so that
the product Hk(gl)J-e (g2) is defined. The following straightforward properties of the
multiplication operation are now stated without proof.

PROPOSITION 2.2. Let 7-/(z-’), ,ff(z-), (z-) be a set of three infinite power series.
Assuming that 7-[(z -l J(z-l and f(z-l (z-1 are defined, we have the following:
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1. The multiplication operation o is associative, i.e.,

o o o

2. The multiplication operation is not commutative, i.e.,

in general, even when the right-hand side is defined.

We now consider the following definition.
DEFINITION 2.3 (existence of inverse). Let Q(z-) be an infinite power series with

square coefficient matrices of size c c. If there exists /Y(z-l), an infinite power series
with square coefficient matrices of size c such that

where Is is an identity matrix of size o o, then ]/Y(z -l) is called an inverse of Q(z-1)
and we write

Not all infinite power series would have an inverse. The following proposition is important,
but involves straightforward checking. Hence, the proof is omitted.

PROPOSITION 2.4. Let

i--l

where Dk(i)-s are p p matrices. Then D(z-) has an unique inverse given by

D-l(z-1) Ak(O)+ Ae(1)z-l + Ae(Z)z-2 +...,

where

Aa(O) Ip
Aa(1) -Ak(0)Da(1)
A(2) -Aa(1)Da_, (1) Ak(O)Dk(2), etc.

The LTV ARMA model (2.2) can be written as

(2.9)

Using Proposition 2.4, we can now write

(2.10) y I + Z D(i)z-i
i--1

(2.11)

-1

N (i)z
i=0

The power series (z -1 is defined to be the transfer function of an LTV ARMA model of
lag g. We would now define the left and right representations of LTV systems as follows.
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DEFINITION 2.5. The transfer function (2.5) of the input-output map (2.1) is said to
have a left factorization

(2.12) +
i--I

-1

)
of lag g if

(2.13) (-=0 H(i)z-) L(Z-
and a right factorization

(2.14) tn(z-’ a(j)z-j o [+ E
j=0 i=

--1

of lag g, if

It is clear from (2.9) and (2.10) that Problem 2.1 involves finding conditions under which
the transfer function (2.5) admits a left factorization of lag g. The following theorem
completely solves the problem.

THEOREM 2.6. The infinite power series (2.5) admits a left factorization of lag g if and
only if there exists p p matrices D(1),..., D(g) such that

H[(e +
(2.16) HI(g+2) +

The infinite power series (2.5) admits a right factorization of lag g if and only if there
exist p x p matrices D(1),..., Dk(g) such that

(2.17)

[H(g + 1)HkT+, (g + 2)-..1

[Dk_e(1 T T)D_t+ (2).-. Dk_, (g)]
H[(e-

HT(I) HT+, (2)

Proof We prove Theorem 2.6 for the case of left factorizations. The case of right
factorizations is similar and is omitted.

The impulse response matrix (2.1) admits a left factorization of lag g if and only if
there exists Dk(i), N(i) such that (2.13) is satisfied, it follows that

(2.18) I+ Z D(i)z- o Z Hk(i)z- Nk(i)z-
i=1 i=o i=o
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Expanding both sides of (2.18) and equating like powers of z -1 yields the desired
result.

Remark 2.7. For linear time-invariant systems, the notion of left and right factorization
is well known [25]. For time-varying systems, these were introduced in [14] and [17]. The
realizability condition introduced in Theorem 2.6 is new. Note that if the impulse response
sequence is arranged in the form of a matrix

(2,19)

H0(0) H(1) H2(2) H3(3) H4(4)
O H,(0) He(l) /-/3(2) H4(3)
O O H2(0) .H3(1) H4(2)
0 0 0 .3(0) /44()...
0 0 0 0 /44(0)

the conditions for left (right) factorization can be viewed as a rank condition on the columns
(rows) of the above matrix. In time-invariant system theory the above rank condition would
reduce to checking ranks of a suitable Hankel matrix. The results are quite standard [26],
and, therefore, the details are omitted.

Remark 2.8. It may be noted that, unlike the results in [14] and [17], wherein left and
right representations for input-output maps of the form (2.1) have also been given, we do
not have to construct state-space realizations of minimal order for (2.1) as an intermediary
step.

The following two examples serve to illustrate the important fact that, unlike the time-
invariant case, the existence of a left factorization of finite lag for a time-varying system
does not imply the existence of a right factorization of finite lag and vice-versa. Both
examples are for single-input single-output systems.

Example 2.9. Consider an input-output system defined by the following impulse re-

sponse sequence

(2.20) H(0)- k-0,1,2,

Fori- 1,2,3,...

Ha+i(i) for k >_ 0, k even

0for k > 0, kodd.

Let Hi(i) 0 for all other values of i,j. It is easy to see that (2.20) admits a left
factorization of the form (2.12)of lag given by N(0)= 1,N(1)= 0, D(1)=-1. On
the other hand, (2.20) does not admit a right factorization of finite lag.

Example 2.10. Consider an input-output system defined by the following impulse re-
sponse sequence:

(2.21) H(0) k 0, 1,2,

For j 1,2,...

(2.22) H(j) lk >_ 0, keven

(2.23) 0k >_ 0,/c odd.

Let Hi(i) 0 for all other values of i, j. It is straightforward to check that (2.21) admits
no left factorization, but admits a right factorization of lag given by

(1 @-.Nk(1)z-l)(1 z-l) -1,
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where

N(1) -1 -+- H(1).

Remark 2.11. Left factorizations of finite lag always admit ARMA representations of
finite lag as well as state-space realizations of finite order [14], [27].

Example 2.10 raises the concern that right factorizations, unlike left factorizations, may
be difficult to implement. For this reason, we will conclude this section by showing that a
right factorization

(2.24)

-1

of finite lag (i) generically admits a left factorization of finite lag and (ii) can always be
realized in state space form.

We now consider the following topology for the space of right factorization of lag < g.
Note that the vector of matrices

where

for each k 0, 1,2, Thus, every right factorization of the form (2.24) is a point in the
product space

(2.25)
j=O

We now equip 7 with the product topology (see [28]).
DEFINITION 2.12. A set of right factorizations is said to be generic if {7 can be written

as an intersection of a countable number of open and dense sets in 7.
The ARMA realization of a system of the form (2.24) is given by the following theorem.
THEOREM 2.13. Consider a generic element in the space of rightfactorizations of lag <_

g with rn inputs and p outputs. There always exists a left factorization of lag g, where g is
the smallest integer satisfying gp >_ { such that the two factorizations correspond to the
same infinite power series for all l >_ g.

Proof. See Appendix I.
Note 2.14. The basic interpretation of Theorem 2.13 is that almost all LTV transfer

functions with a right factorization also have a left factorization and, therefore, can be
realized as an LTV ARMA system. Of course, we could also define a generic set of
left factorizations to show that generically a transfer function has left factorization (right
factorization) if it has a right factorization (respectively, left factorization).

We will now state that right factorizations of finite lag (2.24) can always be realized
in state-space form. This realization has not been used subsequently in this paper. It is
stated only to satisfy our curiosity that even though a right factorization may not have a left
factorization, it can still be realized as a state-space system, but possibly not as an ARMA
system. The result follows with modifications from [14] and [16].
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THEOREM 2.15 (state-space realization). The right factorization given by (2.24) can
always be realized as an gmth-order state-space system

where

(2.26) F(k)

+ + x(o) o

0 0
I 0
0 I

0 0
0 0

O O -D()
0 0 -P_(g- 1)
O O -Dk-2(g- 2)

I O -/3k_e+2 (2)
0 I -/7)_e+ (1)

(2.27) G col [I,O, O,..., O],

(2.28) H(k) =_ [W(1), W(2),..., W(g 1), Wk(g)],

and

(2.29) d(k) =_ Wa(O),
where Wa(i) is the coefficient of z- in the formal power series expansion of (2.24).

Proof. We refer the interested reader to [14] and [16].
The main contributions of this section are now summarized. Starting from the impulse

response sequence of an input-output map, we introduce a formal infinite power series. We
then completely answer the question as to when such a power series can be represented
as a left (right) factorization. Existence of a left factorization enables us to construct
an LTV ARMA system that realizes the impulse response sequence. Right factorization,
on the other hand, can be realized as a state-space system. This fact is of independent
interest, but is not used subsequently in this paper. Finally, we.show that the existence of
left (right) factorization in general does not imply the existence of respectively right (left)
factorization, although, for a generic transfer function, that is indeed the case. This fact
should be contrasted with linear time-invariant transfer functions, wherein existence of one
implies the existence of the other.

3. A nonrecursive compensator design technique for simultaneous coefficient as-
signment. In this section, we shall consider Problem 1.4 regarding simultaneous coefficient
assignment of an r-tuple of m input p output LTV ARMA systems by a single LTV ARMA
compensator. We also show that the coefficient assignment problem can be used to analyze
Problem 1.3 as well.

To introduce the problem, let us consider the r-tuple of plants defined in (1.1). Assume
that the transfer function of the jth plant is given by

(3.1)

where

(3.2)
DJ(z-’) I + ZD(i)z-’

i--l

Z
i=1
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G

Fo. 3. ]. A two-input two-output configuration of the closed-loop system.

j l, 2,..., r. Furthermore, consider a compensator with transfer function

where

q

(-,) +D()-,
(3.4) q =

(-,) (i)-.
i--0

It may be noted that the compensator (.) may not have a left representation, and therefore,
may not have an LTV ARMA realization unless it satisfies the generic conditions of Theorem
2.1. Assume that the plants and the compensator are put in the configuration iven by
Fig. .l.

The followin is the transfer function of the closed-loop system with respect to the jth
plant.

(3.5)
Note that in (3.5), ,,DY,J stands for (z-),(z-),DY(z-),Y(z-) defined
in (3.2) and (3.4). Whenever convenient, in the future we will suppress z-. We now
consider the following simultaneous coefficient assignment problem.

PROBLEM 3.1 (coefficient assignment problem). Given an r-tuple of plants described
by (3.1), find a compensator of the type (3.3) such that

g+q

(3.6) v o + o f + ()-
i=1

for a prespecified set of coefficients A (i), j 1,..., r; 1,..., + q.
For time-invariant systems, the quantity in the left-hand side of (3.6) is the return dif-

ference, determinant of which is the closed-loop characteristic polynomial. Thus, Problem
3.1 is the analogue of the pole placement problem for time-invariant systems.
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It is not a priori clear how the coefficients A (i) are related to the input-output response
of the closed-loop system (3.5). In particular, we might ask the following question: If a
plant is coefficient assignable by some choice of a compensator, is the closed loop-system
stable in the bounded input bounded output sense ? For a time-invariant system, the answer
to this question is always affirmative. For a time-varying system, the BIBO stability is
not necessarily guaranteed. To ascertain the BIBO stability of the closed-loop system, the
compensator coefficients have to be uniformly bounded. To examine this question, let us
consider the transfer function between /1, and Ul, for the jth plant given by

(3.7) Yl,k [’ 0 (J O " -qt- j’J O J)--I O

which may be written as a cascade of two interconnected subsystems given by

(3.9) Dj o ? + A/"j o ./’] u, A/’J u

Clearly, (3.7) is BIBO stable if each of the two subsystems (3.8). and (3.9) are BIBO stable.
If we assume that the coefficients of the plants D(i) and N/(i) are bounded uniformly
in k, then an important question to ask is whether or not Problem 3.1 can be solved by a
compensator with coefficients/)(i), (i), bounded uniformly in k. We therefore consider
the following problem.

PROBLEM 3.2 (bounded coefficient assignment problem). Given an r-tuple of plants
described by (3.1), find a compensator with coefficients D(i),N’(i) uniformly bounded
in time k such that (3.6) is satisfied for a prespecified set of coefficients A(i).

Note that if Nj is uniformly bounded, then for an appropriate choice of A(i), the
input-output system (3.9) can be made BIBO stable provided that the coefficients A (i) are
assignable. This fact follows easily from Desoer [10] and has been subsequently studied
in detail by BouthelIier [27]. The basic idea is to choose A(i) such that they are slowly
varying in between any two consecutive times. Following 10] and [27], we could construct
a chain of open neighborhood f in the space of coefficients such that for all k, we have

(A(1),A(2),...,A(g + q)) f.

For the above choice of coefficients, Problem 3.2 would guarantee simultaneous BIBO
stabilizability of the r-tuple of plants. The main result of this section is described below.

THEOREM 3.3. A generic r-tuple ofp x m plant is coefficient assignable if and only if

(3.10) p + m > rp.

Furthermore, if (3.10) is satisfied, then the r-tuple is coefficient assignable by a compensator

of lag q where q is the smallest integer satisfying

(3.11) q[m + p rp] >_ rpg- m,

where g is the lag of each of the r plants.
To get an idea as to how tight the bounds (3.10) and (3.11) are, we consider the

following theorem.
THEOREM 3.4. A generic r-tuple of p x plants can be assigned with bounded coef-

ficients uniformly for all k and for all plants in the generic set by some choice offeedback
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compensator (where the compensator can depend on the choice of the r-tuple of plants) if
and only if (3.10) is satisfied.

Thus, for a generic set of r-tuple of plants, if (3.10) is not satisfied, then not only is
it not possible to assign coefficients simultaneously, but it is also not possible to restrict
the coefficients to a bounded set uniformly in k for all plants in a generic set. We now
consider the proofs of Theorems 3.3 and 3.4.

Proof of Theorem 3.3. Consider the r-tuple of plants (3.1) together with the compen-
sator (3.3). In the notation described by (3.2), (3.4) we can equate the like powers of z-in (3.6) to obtain the following linear equations:

where

(3.13) uk- col [I,)k+(1),D+z(2),...,D+q(q),(O),+(1),...,k+q(q)],

col [/k+ (l), A,+2(2), Alc+g+qJ (e -+- q)],

D{+2(2)

0

0
0

I

D{+2(1)
D+3(2)

D+e+(g)
0

0

o o o

N+2(2) N+2(1)

I O

D+q+ (1) N+g(g) N+q+ (1)
D{+q+2 (2) O N/+g+,J (g) N{+q+2 (2)

O

D+q+e(e 0 0 N+q+

for j 1,2,...,r. If we now define the matrix

(3.16)

and the matrix

(3.17)

we can combine the r linear equations (3.12) as

(3.18) Mu Ak.

It is easy to check that M is a rp(g + q) x (q + 1)(m + p) matrix, u is a (q + 1) x

(m + p) x p matrix, and A is a rp(g + q) x p matrix. It follows that given M and Ak
we can solve (3.18) for a suitable v, if and only if

(3.19) rp(g + q) <_ (q + 1)(m+p)-p,
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and Ma is of full column rank for each k. The inequality (3.19) follows from the require-
ment that (3.18) is solvable if and only if the matrix Ma after deleting the first p columns
has more columns than rows. Note that the inequality (3.19) is the same as the inequality
(3.11). The proof of this theorem is now complete by noting that generically the rows of

M obtained from M by deleting the first p columns are all independent. The proof of
this last statement is technical, and we refer to [27] for details. The basic idea is to choose
a minor for M with nonidentically vanishing determinant. V1

Proof of Theorem 3.4. The sufficiency part of Theorem 3.2 follows from Theorem 3.1.
We now have to prove the necessity part.

Let , be a variable that takes on values 1, 2, 3 Assume that the r-tuple of
plants (3.1) is gen.erically coefficient assignable by the compensator (3.3) and assume that
the coefficients A(i) are all bounded with respect to some matrix norm; i.e., there exists
M > 0 such that

(3.20) (i)tl M

for all j 1,...,r;i 1,2,...,1 + q and k 0, 1, Let 79 be the space of r-tuples
of plants equipped with the product topology similar to that described in (2.25). We now
describe a map for each A given by

p p(3.21) --
described as

(i)

It follows that maps a generic set of r-tuples of plants to a generic set of r-tuples of
plants. For each A we now define the compensator

where

(3.22)

q

)),(z-’) I + Z "-ia(i)z-i
i=1

q

i--0

Thus, we conclude that for each A, there exists an open and dense set Sx such that every
r-tuple of plants in Sx can be assigned with coefficients A(i), by a compensator of type
(3.22), such that

(3.23) M

for 1,2,..., g + q. Define

(3.24) U na=
Thus, for every r-tuple of plants in U, there is a sequence of compensators such that the
corresponding closed-loop system has coefficients in an arbitrary small neighborhood of 0.
However, the map from the space of compensators to the space of coefficients is a linear
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map described by (3.18). It follows that the image of this linear map is closed. Hence, for
every r-tuple of plants in U, there exists a compensator that places the coefficients A(i)
at 0. In other words, we can solve the system of equation

(3.25) Mu O.

The proof of Theorem 3.4 is now completed by showing that there exist open sets of
r-tuples of plants for which (3.25) is not satisfied if rp > p + m. This is done as follows.

Define

n;(i)(3.26)
N] (i) col [NJ (i), N](i), (i)].

We now make specific choices of D (i), N] (i) as follows. As m / p <_ rp, which implies
rpg > m, we set

(i) the rpg m matrix

(3.27) col [N+, (1), N+2(2),... N+e(g)] [e, e2,..., e],

where ei is the ith standard basis vector in i"pe, 1,..., m;
(ii) the first column of the matrix

col [-D+, (1),-D+2(2),... -D+e(g)]

to be e+l, where e,+ is the m+ 1st standard basis vector in .,:.pe; and
(iii) the rp (p + m)

(3.28) [D+e+j(g), N+e+j(g)] [e,, C2,...

where ei is the ith standard basis vector in >i’’p,i 1,...,m +p for j 1,...,q.
For the above choice of r-tuple of plants, it can be shown that (3.25) cannot be solved

(see [271 for details). Furthermore, in any neighborhood of the coefficient space of the
above r-tuple of plants, (3.25) has no solution. This concludes the proof.

Remark. The proof of Theorem 3.4 is an adaptation of a technique due originally to
Anderson and Byrnes [29].

Remark 3.5. We now state and prove a result that addresses Problem 3.2.
THEOREM 3.6. A bounded set S of r-tuple of p x m plants is coefficient assignable

simultaneously by a compensator with bounded coefficients if (3.10) is satisfied and if

(3.29) det [M,M] > e

for some e. > O, which is independent of k, and for all r-tuples of plants in S.
Note that as a result of condition (3.29), S fails to be a generic set. The proof of

Theorem 3.6 follows from the following simple and well-known proposition.
PROPOSITION 3.7. Let z be an m vector and .4 be an m by r matrix of rank m. The

n vector z such that Az z and zTz is minimum is given by

(3.30) x AT(AAT)-Iz

For a proof of the above proposition see Brockett [30, p. 127].
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Proof of Theorem 3.6. Our basic problem is to solve (3.18) for a uniformly bounded
Clearly, in view of Proposition 3.7, the solution

(3.31)

has the property that the columns of u/ have minimum norm. Since the r-tuple of plants
and the coefficients Ak are all bounded uniformly in k, it follows that under the assumption
(3.29), u/ is uniformly bounded as well. lq

To conclude this section, we reiterate the three important questions that we address in
this section.

(a) For a generic set of r-tuple of p x m plants, when is it possible to coefficient assign
simultaneously?

(b) For a generic set of r-tuple of p x m plants, when is it possible to assign a bounded
set of coefficients simultaneously?

(c) For a set of r-tuple of p x rz plants, when is it possible to assign coefficients
simultaneously by a compensator with coefficients bounded uniformly in k?

4. A reeursive formulation of the coefficient assignment problem. We begin this
section with the remark that, so far in this paper, Problem 1.4 has not been considered.
Instead, in 3, the closed-loop system was decomposed into ARMA and moving aver-
age subsystems. The design problem considered has been to assign the coefficients of the
ARMA subsystem while maintaining an uniform bound on the coefficients of the compen-
sators. Such a design problem leads to a simplified algorithm. To implement the algorithm,
we need to solve linear equations.

We now consider Problem 1.4 for a single plant. The case for an r-tuple of plants is
analogous and is not described in detail. Assume that the plants and the compensator are put
in the configuration given by Fig. 3.1. For simplicity, we only consider the transfer function
between yl and u. However, unlike that in 3, we will not decompose the transfer function
(3.7) into a cascade of two transfer functions (3.8), (3.9). We will see shortly in this section
that this introduces new problems, namely, the compensator parameters are not obtained
by solving static linear equations one for each time. In general, Problem 1.4 reduces to
a nonlinear discrete iteration on the parameter space of compensators. The algorithm,
although more complicated, iteratively solves this coefficient assignment problem.

Consider the transfer function (3.7) for a single plant (i.e., assume j 1). Define

(4.1)
q

i--O

(4.2)

such that

(4.3)

nt-q

i=0

The transfer function (3.7)can be written as

(4.4) A(z-)y ,V(z-) o N’(z-)u
PP,OBLEM 4.1 (the coefficient assignment problem). Given A/’(z- and 79(z-1 ), find, if

possible, an f/’(z- ), 73(z- such that A(i), 1,..., g+q can be assigned a prespecified
set of coefficients.
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Problem 4.1 can be stated equivalently by rewriting (4.3) as

(4.5) x o (, o + x/ o.)-

To solve (4.5) we equate like powers of z-, 0, 1,..., g + 2q for all k _> and solve
for "D and N’. This will be accomplished by considering two sets of equations.

(A) The set of equations derived by equating like powers of z- g + q,..., g + 2q
in (4.5), and

(B) The set of equations derived by equating like powers of z- 0,... ,g + q-
in (4.5).

Using the above two sets of equations, we derive an iterative scheme that will allow
us to solve (4.5). From the set of equations (A) as described above, we get the matrix
equation

(4.6)

where Sk is a (q + 1)p x (q + 1)p matrix defined by

kT+e+q_ (g + q) r TG+e+q-2(g + q 1) (g 2)k+g+q-3 + q
0 (T (g+q) T (e l)k+e+q-2 (+e+q-3 + q
0 0 T (g+q)k+g+q-3

0 0 0
0 0 0

0 +q) (e+q-1)k+g-
0 0 T (g+q)k+g-

(4.7)
and where we define

(4.8) z o + z’ o X: (i)-i=0

Moreover, 0k and k are defined as follows. Note that 0k is a (q + 1)p x p matrix given
by

(4.9) col T T T TXk+g+q-Xk+g+q-[x+e+_, (0) x+e+_, (), (q ) (q)]

and Pk is a (q + 1)p x p matrix given by

q

col Z -T T3)Ak+e+q-Ok+q_j_l(q (e+j)
j=0
q--l

Z -7" 7"Dk+q_j_2(q j)Ak+e+q_ l(g + j + 1),...
j=0

}- -T (e + j + i) -T TDk+q_j_i_l (q j) TAkq-e+q-I Dk-I (q) Akq-e-t-q- (e @ q)
j=0

(4.10)
Similarly, from the set of equations (B) we obtain

(4.11) Muk O,
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where u is defined as follows:. col [/) (0), k+l (1),...,/)k+q(q); (0), Jrk+l (1),..., +q(q)].
The matrix M is a (g + q)p (q + 1)(p + rn) matrix that can be shown to be a function
of :e;, A and the plant parameters. If we assume that

(q + 1)m > p(e- 1),

it follows that (4.11) can be solved for a nonzero solution.
Using (4.6) and (4.11), we are now in a position to solve (4.5), and hence, the coefficient

assignment problem, in an iterative fashion. However, before we consider the following
coefficient assignment algorithm, for the sake of clarity, we will provide an overview
of the basic idea. First, we will initialize the algorithm by choosing suitable (timewise)
values of the plant, compensator, and parameters to be assigned (i.e., the Aj(i)). Having
obtained these values, we are then able to solve for the next set (timewise) of compensator
parameters uk via (4.11). These values of u are then used in (4.6) to solve for the next set
of X(i)i 0,... ,q. These values of X are then substituted into (4.11) to solve for u+,,
which is used in turn to solve for X+, etc It will be assumed that in the following
coefficient assignment algorithm (4.6) and (4.11) admit solutions for all times k and that
det/)(0) - 0 for all k so that/)-l always exists.

The coefficient assignment algorithm
Step (initialize the algorithm). Choose values for

(i) Dj(i),j(i)i-0, ,q,j <_i-1
(ii) Dj(i),Nj(i)i-O,...,g-1,j <q+i-1;i-g,j <_g+q-
(iii) Aj(i)i--O, 1,...,g- 1,j<_q/i;i--g,...,g/q,j_<g/q-
Step II. Solve (4.6) for Xj(i)i 0,...,q,j 0, 1,...,g + q- and
Step III. Using the values of Xj(i) computed in Step II compute u0 using (4.11).
Step IV. Set k- 0
Step V. Obtain an estimate of the future values of the plant parameters
(1) Dk+q++l(i),Nk+q++l(i),i 0,1,...,g- and Dk+q+e(g),Nk+q+e(g) and

choose values for
(2) A+q++l(i)i 0, 1,...,g-- and Ak+q+e(i)i g,...,g + q
Step VI. Solve (4.6) for X+e+q(i)i- 0,..., q
Step VII. Solve (4.11) for uk+
Step VIII. Set k k + and return to Step V.

Remark 4.2. The values required in Step could be based on the available knowledge
of the plant parameters D(i), N(i)i 0,..., g at time k 0 and the values of A(i)i
0, 1,..., g / q, which have been specified. It should also be noted that the lag q of the
compensator computed via the above algorithm is the smallest nonnegative integer, which
satisfies q > [p(e- 1)- m]/m.

Remark 4.3. It can be shown that, using techniques similar to those of 3, that the
above algorithm can be extended to simultaneously coefficient assign an r-tuple of p m
systems, where r < m/p / 1. We will not elaborate on this further and refer the interested
reader to [31].

We now consider two illustrative examples of the above coefficient assignment algo-
rithm.

Example 4.4. Consider the closed-loop system given by Fig. 1.1 (assume j 1) where
the plant G is given by

yk + akyk-i bu + cu_l
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and the compensator C is given by the gain feedback

Writing the plant as

o

where

dk(z-I - akz-l’nk(Z-1 bk + ckZ
-1

we obtain by Theorem 3.3 the equation of the closed-loop system as follows:

(4.12)

Writing

(4.13) (d od- + n)ed- f-’ (1 + ez-),

(4.12) reduces to

y + eky_ fbu + fkcu_.

From (4.13) it follows that

f (d dk + n) (1 + ez-’) o

i.e., equating like powers of z-
(4.14) f(&+bk)-d Vk_>O

and

(4.15) f(ad-_ + c)- cdk_ Vk >_ 1.

Eliminating d in (4.14) and (4.15), we obtain

(4.16) f+l fbek+
c+t f[c+l a+lbk]

Vk>O

and

(4.17) & fb gk>O.
f

Given the plants parameters a, b, and c, and given ek, the coefficient of the closed-loop
system to be assigned, (4.16) describes a nonlinear recursion in f. Equation (4.17), on the
other hand, is a nonlinear function that computes the feedback gain in real time.

Among several queations that we might ask about (4.16) and (4.17), an important
one in terms of understanding the properties of the coefficient assignment algorithm is the
following.

Question 4.5. If a, b, c, and e are time invariant and given, respectively, by a, b, c,
and e, what is the asymptotic behavior of (4.16) and (4.17)?
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Defining a be,/3 c, and 7 -[c- ab], we obtain the following recursion from
(4.16):

(4.18) fa+l /3 + fa3‘"
Note that (4.18) has two stationary points 0 and (o-/3)/7. It is easy to show that the
second stationary point corresponds to the time-invariant solution; i.e., the corresponding
value of the gain equals the value of the gain, which assigns the parameter e in the
closed-loop system if a., b., e., and e. were time invariant and known. The stationary point
0, on the other hand, corresponds to an infinite gain.

To examine the trajectory of fa+l as defined by (4.18), we write

ga
(4.19) fa ha
Substituting (4.19) into (4.18) yields

9a+l

which may be rewritten as

With an initial (nonzero) estimate f0 of the true value of f(-(a )/3‘) we may write

haga --fza[ a-3
+3‘ [(/3-z)+3’f]/3a 0]1

Therefore, if a[ > ] (i.e., Ibl > I

lim fa-- lira
ga a-/3

ax a-,x ha 3’

On the other hand, if o < 1/31,

lim fa 0.

We may summarize the above results as follows: for choices of a, b, c, and e for which
be] < [c], the adaptive gain d. tends toward 0, the infinite gain. For choices of a, b, c, and
e for which Ibe[ > ]c, the adaptive gain converges to the unique time-invariant solution.

Remark 4.6. Example 4.4 illustrates that under suitable conditions on the coefficients
of a time-invariant plant, the coefficient assignment algorithm may be viewed as a globally
convergent adaptive controller. It may also be noted that when a -/3 or when a

/3 1, [fa[ converges to 0 as k tends to infinity. On the other hand, when a -/3 1, fa
is periodic of period 2.

Example 4.7. Consider the closed-loop system defined by Fig. 1.1 (assume j 1),
where the plant G is given by

(4.20) Ya + da(1)ya-i + da(2)ya-2 na(1)ua_| + na(2)ua_?

and the compensator C is given by

(4.21) *k -j- dk(1)?Zk-1 k(O)Yk @ a(1)yk-1
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Define A’k(z-) given by (4.1)-(4.3) as follows:

?(z-) + Xz-.
It can be shown that by writing the parameters of the compensator (4.21) in terms of the
plant parameters and the Aj(i) it is possible to derive the following recursive equation for
Xk:

(4.22)
f(Xk+3,Xk+2, Xk+l)

Xk+4 g(Xk+3,Xk+2,Xk+l)’

where

f(Xk+3, Xk+2, Xk+l) k( 1)Xk+3 / Ck(2)Xk+2 + Ck(3)Xk+l + Ck(4)Xk+3Xk+2
/k(5)Xh+zXk+I / k(6)X+3Xk+zXk+l + qSk (7)

and

9(Xk+3,Xk+2, Xk+l) Sk(8)Xk+3 @ 05k(9)Xk+2 + 75k(lO)Xk+l / bk(ll)Xk+3Xk+2
+k(12)Xk+3Xk+ + Ck( 13)Xk+2Xk+l + )k(14)Xk+3Xk+zXk+ + dpk (15).

In the above equation, Ck(i)i 1,..., 15 are nonlinear functions of the plant parameters
and the parameters to be assigned at times k / 1, k / 2, k / 3.

A complete analysis of recursions of the type (4.22) is a subject of future research.
We would analyze (4.22) under certain special cases. If we denote Xk by Yk/k, we can
rewrite the recursion (4.22) as follows.

If we assume without any loss of generality that y + 2 1, we can reparameterize
cos 0k, k sin 0k. Furthermore, if we choose

(4.23)
Ck(1) k(2) k(3) -1,k(6) k(4) k(5) k(7) O,
k(8) k(9) Ck(lO) k(15) O,

Ck(ll) k(12) k(13) 1,k(14) -1,

we have
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COS Ok+4 COS(0k+3 --1- Ok+2 -+- Ok+l ),
sin Ok+4 sin(0k+3 + 0k+2 + 0k+l ).

Thus, for the special choices of (.) given by (4.23), the recursion (4.22) reduces to

(4.24) 0k+4 0k+3 nt- 0k+2 -[- 0k+l.

We now claim that (4.24) describes an Anosov flow [32] on T3, the three-dimensional
torus. Consider the system

(4.25)

on I.3, where o0 00,/3o 0, and u0 02. It follows that v, Ok+2. Let the 3 x 3
matrix in (4.25) be denoted by A. Since all entries of A are integers, det A and A is
hyperbolic, it follows that the map induced on T by A is a hyperbolic toral automorphism,
which we denote by LA. It follows from [32, Thm. 4.8] that periodic points of LA are
dense in T3, LA is topologically transitive, and LA has sensitive dependence on initial
conditions. Thus, the hyperbolic total automorphism is chaotic on all of T (see [32, p.
197]).

What we conclude, therefore, is that for choices of (.) given by (4.23), the time-
varying coefficient assignment problem is chaotic. Thus, if we use adpative coefficient
assignment as a strategy for compensation, we must carefully avoid chaotic dynamics.

5. Conclusion. In this paper, we have given conditions under which an input-output
map for a time-varying system admits left and/or right matrix fraction representations. Us-
ing these representations, we have described procedures for the simultaneous coefficient
assignment of a family of time-varying systems using nonrecursive algebraic techniques. It
is important to note that these techniques are generalizations of well-known design method-
ologies in time-invariant system theory [1]-[3] to the time-varying case. When the number
of input and output channels is such that the conditions of the nonrecursive coefficient
assignment scheme is not satisfied, recursive procedures to coefficient assign time-varying
systems are given in the form of a recursive algorithm. These recursive procedures have no
analogues in the time-invariant case, and thus, represent a new design procedure. For cer-
tain special cases, solution of the proposed recursive algorithm is shown to be chaotic. This
fact indicates that further work needs to be done and a complete analysis of the algorithms
given in 4 is a subject of future research.

6. Appendix Io The purpose of this appendix is to prove Theorem 2.13. Let us con-
sider a right factorization of lag g given by (2.24). Let us also consider a left factorization
of the form (2.12) of lag g. The two representations have the same input-output properties
provided:

(6.1)

](i)z- o I + Dt(i)z- I + Z D(i)z- o Nk(i)z---0 i=l i=0
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or, equivalently,

I+ Da(i)z- o a(i)z- Na(i)z- fo I + Z Da(i)z-i -O.
i---0 i--O i--1

(6.2)
Expanding (6.2) and equating like powers of z-, we obtain

Nk (0) k (0) for k 0, 1,2,...

and

(6.3) ukMk 0k for k 0, 1,2,...,

where

v’k [Dk(1), Dk(2),..., Dk(g), Nk(1), Nk(2),...,
0k [fi/-k(0)/)k(1) Nk(1),..., k(0)/7)k() k(g)" 0,..., 0],

M()

rk- (0) k(1) k- (2) -k-, () O O O
O ]rk_2 (0) Jk_2(1) Jk_2 ({) O O

o o _(0)
-I -/k-,(1) -bk_,(2) /)k-,({) O O O

O
(6.4)

O I -Dk_e(1) Dk-e(g)

As uk is a p x g(p+ m) matrix, 0k is a p x (g + {)m matrix and
matrix; it follows that a sufficient condition for (6.3) to have a solution uk is that Mk is of
full row rank and g(p + m) > (g + {)m, i.e., if gp >_

It is not too hard to check (see [27] for details) that the condition that Mk is not of
full row rank is given by a proper algebraic set in 7.) (in the topology described in 2 (25)).
In fact, for k g + r, the condition that Mk is not of full row rank is obtained as proper
algebraic set in the restriction of 7) to

j=r

for r 0, l, 2, Thus, there is a countable intersection of open and dense set in 7) for
which Mk is of full row rank for all k > g.

Remark. In general, it is not entirely obvious why the associated algebraic sets in 7)
that makes Mk singular is proper. The proof consists of picking a minor of Mk with
nonidentically vanishing determinant. The details being technical are relegated to [27].
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Abstract. This paper concerns optimal control of systems governed by stochastic partial differential equations
in which drift and diffusion terms are second- and first-order differential operators, respectively. Necessary
conditions for an optimal control are derived for both nondegenerate and degenerate systems, and all the coefficients
appearing in the equations are allowed to depend on the control variables. Furthermore, the results obtained in
the paper can also be used to derive necessary conditions of optimality for partially observed diffusions with
correlation between the signals and the observation noises.
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1. Introduction. Let us consider a stochastic control problem, in which the state equa-
tion is a linear stochastic partial differential equation (SPDE):

dq(t,x) [Oi(aiJ(t,x, U(t))Ojq(t,x)) + bi(t,x, U(t))Oiq(t,x) + c(t,x, U(t))q(t,x)
+f(t,x, U(t))]dt + [r(t, x, U(t))Oq(t,x) + h(t,x, U(t))q(t,x)

( ) +ga(t,x,U(t))]dWa(t), x Rd, t [0, 1],
q(o, ) qo(), x ,

where W (W1, W2,..., Wd,) is a d’-dimensional standard Brownian motion with

W(0) 0, {U(t) 0 _< t _< 1} is an admissible control (the precise definition will be
given later) and 0 O/Ox,i 1,2,...,d. Throughout the paper, the conventional
repeated indices for summation are used.

The optimal control problem is to minimize a given cost functional over the set of
admissible controls.

The purpose of this paper is to study necessary conditions of an optimal control for
the controlled system (1.1). It is well known that the so-called adjoint equations play a key
role in dealing with the problem. Adjoint equations are, in general, backward equations
with given terminal states. In stochastic problems, adjoint equations cannot be obtained
simply by inversing the time, because the adaptness must be considered. For stochastic
differential equations (SDEs), Bismut [5] introduced an adjoint equation with an additional
martingale term. His method is based on the invertibility of certain fundamental matrices
in finite dimensions and cannot be carried over to SPDEs whose state spaces are infinite
dimensions. Using a finite-dimensional approximation method, Bensoussan [3] derived an
adjoint equation of a nondegenerate SPDE (in a form more abstract than (1.1)) with its
diffusion being a bounded operator. In the present paper, we solve the adjoint equation of
(1.1) with cr 0 (i.e., the diffusion operator is unbounded), which is important in both
theory and application. To handle the problem, the basic aproach we employ is still the
finite-dimensional approximation. It should be noted that, while this is a very natural ap-
proach to infinite-dimensional problems, the difficulty is how to obtain certain compactness
of the approximate solutions, which may vary from case to case. For explicit equations like
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(1.1), some delicate estimates of differential operators, originally due to Krylov and Ro-
zovskii [8]-[10], will be used in this paper to show the compactness. Therefore, an adjoint
equation of (1.1) as well as existence and uniqueness of its solutions will be derived.

Having obtained the adjoint equation, we derive necessary conditions of optimality for
system (1.1) in which all the coefficients are allowed to depend on the control variable.
Furthermore, the results obtained can be applied directly to a general model of partially ob-
served diffusions with correlation between the signals and the observation noises. Therefore
the existing results of Bensoussan [3], [4], Haussmann [7], and Baras, Elliott, and Kohlmann
[1] are improved and extended considerably.

It should be mentioned that, in addition to the finite-dimensional approximation ap-
proach, there is a "time change" technique, which Bensoussan [4] used to solve the adjoint
equation and study the necessity of optimality for the SPDE (1.1) with o-i 0. Its main
idea is to turn (1.1) into a P-almost surely deterministic PDE, basing on a transformation

ekwk(t), where M represents the diffusion operator (see (2.2), below). When cri -/: 0,
transformations of the same kind are also available, provided that the Brownian motion
involved is one-dimensional; see [6], [15]. However, this method fails to work in general
when c 0 and the Brownian motion is multidimensional; refer to [15, 5.1] for a
detailed discussion on this point.

The paper is organized as follows. In 2 we formulate our problem and introduce
some basic notation and assumptions. In 3 we state a few fundamental results of SPDEs
in the form convenient for us to use in the paper. Sections 4 and 5 are the main part
of the paper. In 4 we derive an adjoint equation and prove existence and uniqueness of
its solutions, and in 5 we investigate necessary conditions of optimality for system (1.1).
The results in these two sections are valid, assuming that the system is nondegenerate

d(i.e., S (aj 1/2 -]=1 crcrJ) is uniformly positive definite). In 6 we discuss the
degenerate case (i.e., S is nonnegative definite) and apply the main results to partially
observed diffusions. Finally, 7 concludes the paper.

2. Problem formulation. Let F be a Borel set in some Euclidean space Rm. We
define a family of second-order differential operators {A(t, u) :t E [0, 1], u E 1-’} and a
family of first-order differential operators {M(t, u) t [0, 1], u F, k 1,2,..., d’}
by

(2.1) A(t,u)(x) Oi(aiJ(t,x,u)Oj(x)) +bi(t,x,u)Oi(x) +c(t,x,u)(x)

and

(2.2) M(t,u)(x) := cr(,x,u)O(x) + h(t,x,u)ch(x) for x Rd, c) C(Rd),

where aiJ,bi,c,itc, and h are given real-valued functions, i,j 1,2,...,d and k
1,2,...,d.

We also consider the formal adjoints of the operators A(t, u) and M(t, u)

(2.3) A*(t, u)(x) := O(aJ(t,x, u)Oj(x)) b(t,x, u)Oi(x)
+[c(t, x, u) Obi(t, x, u)](x),

(2.4)

Let us now recall the definition of the Sobolev spaces. For m 0, 1,2,..., define
H := {:D Lz(Rd) for any o := (c,,...,OZd) with Iozl := Ioz, +...+ ICdl _< m},
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with the norm

1/2

For m -1,-2,..., define H := (H-m) *. The Hilbert space H for any integer m
is called a Sobolev space. For any integer m, let us consider the Gelfand triple Hm+l -H HE-i. We denote by (., .), the duality pairing between H"-I and H"+1, and
by (., .), the inner product in H.

For any second-order differential operator L that has the same form as (2.1), if we
write (L4, ),, then L is understood to be an operator from Hm+ to Hm- by formally
using Green’s formula. For example, for the operator A(t, u) defined by (2.1), we have

(2.5) (A(t, u), ), -(aij (t, ., u)Oj, 0), + (b(t, ., u)O,)
+ (c(t,., u)O, ), for O, Hm+.

Remark 2.1. It is clear that (A(t,u),)o (O,A*(t,u))o and (M(t,u)O,)o
(4, M* (t, u))0 hold for , H However, neither (A(t, u), )m (oh, A* (t, u)),
nor (M(t, u)O, )m -(, I*(t, u)) holds when m _> 1.

For c,/3 (-oc, +oc) with c </3, we are given a filtered probablity space (f, 9c, P,
ft c _< t _< /3) and a Hilbert space X. For p [1, +oc], define LP(c,,X)"- {"
is an X-valued, 9Or-adapted process on [c,/3], and LP([c,/3] x f; X)}. We identify
and O’ in L(oz,/3" X) whenever D f; tlO(t) O’(t) [Pdt O.

Now we recall the definition of admissible controls. By the set Uad of admissible con-
trols, we mean the collection of (i) standard probability spaces (f, 5r’, P) and d-dimensional
Brownian motions {W(t) "0 _< t _< 1} with W(0) 0; (ii) F-valued, ft-adapted mea-
surable processes {U(t) 0 < t _< }, where ft cr{W(8) 0

_
8

_
t}. We denote

(f, f’, P, W, U) Uad, but on occasion we will only write U gad if no ambiguity arises.
Given (f,f,P, W, U) Uaa, we rewrite (1.1) in the following form, omitting the

variable x"

dq(t) -[A(t, U(t))q(t) + f(t, U(t))]dt
(2.6) +[Mk(t, U(t))q(t) + 9k(t, U(t))]dW(t), t [0, 1],

q(0) q0.

A process q qU LZ_r(O, 1; H l) is called a solution of (2.6) or a response for the
control U if, for each r/ C(Rd) and almost all (t, c) [0, 1] x $2,

(q(t), rl)o (qo, r)o + (A(s, U(s))q(s) + f(s, U(s)), rl)o ds
(2.7)

/0+ (M(, U())q() + (, U()), )odW().

The optimal control problem is to choose (f,.T, P, W, U) Uad tO minimize the
following cost functional:

(2.8) J(U) E (F(t,U(t)),qU(t))odt + (G, qu(1))o

where F’[0, 1] x F ---. H- and G H are given.
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Remark 2.2. The cost functional (2.8) includes the following one as a special case:

J(U) e [(F(t,U(t)),q(t))o + (P(t,U(t)),Oq(t))o]dt + (G, qU(1))0

Let us fix an integer m > 0 and two positive constants If and 5. We introduce the
following conditions"

(A 1), aj b, e, o-k, hk [0, 1] Rd F R are measurable in (t, x, u) and continu-
ous in u. Furthermore, the functions aj b, e, cr, h, Ojcr, and Ojh and their derivatives
in x up to the order max(2,m) do not exceed If in absolute value;

d o.iko.Jk(A2) aJ aJ, i, j l, 2,..., d, and the matrix S (aij -k=l > 0 for
all (t, x, u)"

(A2)taj aj, i, j 1,2,..., d, and the matrix S is uniformly positive definite"

TS>_61]2 for any (t,x,u) and anyCR.
(A3) F(t, u) H-l, G H0 and liE(t, )1t-, + IIGll0 /;
(14) f, 9 [0, 1] x Ra x 1-’ R’ are measurable in (t,x,u) and continuous in

u, k l, 2,..., d’. Furthermore, f(t,., u) H 9(t,., u) H2, and

t/(t,x,u)l + Ig(t,x,u)l + IIf(t,.,u)ll, + Ilga(t,.,)ll2 , k 1,2,...,d’;

(A5) q0 H

3. Fundamental theory 0f SPDEs. In this section, we recall some fundamental facts
about SPDEs, which are originally due to Krylov and Rozovskii [8]-[10]. We state the
results and give some variants that are convenient to our later discussion.

PROPOSITION 3.1. (Krylov and Rozovskii [9]). Let be any second-order differential
operator having the same form as (2.1), and let be any first-order differential operator
having the same form as (2.2). Assume that the coefficients of and satis (A1)m
and (A2). Then there is a constant Nl that depends only on K and m such that

2[(0, )< + (], 0)<] + 11 + Olt 2 < N, I1112 + I1 I+,
k=l k=l

for any H+, ] H, and 0 H+, O, m.
(.)

Remark 3.1. Estimate (3.1) is slightly different in form from the original result of
Krylov and Rozovskii [9]. We may consult Nagase and Nisio [12, 3 and Appendix] for
an explicit proof of (3.1).

COROLLARY 3.1. Irl Proposition 3.1., let us assume, in addition, that the operator
is of order zero. Then there is a constant N2 that depends only on If and m such that

2[(, ),m + (f, )#] +Z 5/ / oal12, < N2 I1112, / tl]1t 2, / iloatl,2
k=l k=l

for any 0 H+I, and f [7 H, m O, 1, m.
(3.2)

Proof. From (3.1), it follows that

(3.3) 2[(A, fS)rh nL (], )rh] <2 NI (11tl 2,+11 Ill,a-2 ).
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By the hypotheses of the corollary, 217/k becomes a bounded operator on H’. Hence

(3.4) IIr / 112 < 2(1111 /

Therefore, estimate (3.2) follows from (3.3) and (3.4).
COROLLARY 3.2. In Proposition 3.1, let us assume, in addition, that (A2) is satisfied.

Then there is a constant N3 that depends only on K, m, and (5 such that

d

(3,5 <-11 2 2-, + I1

for H+, f H-l and H, O,1, m.

Proof. The result can be easily derived by applying Proposition 3.1 to the operator
A- SA, where A is the Laplacian.

Remark 3.2. When m 0 (3.5) holds even if all the coefficients of e and 2!7/k are
only bounded measurable in z-variable; see Pardoux [13].

Let/, k [0, 1] x Ra x f --+ R c0 Ra x f + _R be given. We now consider the
following SPDE on an interval [a,/3] C [0, 1]:

d(t) [A(t, U(t))(t) + (t)ldt
(3.6) +[Mk(t, U(t))(t) + dk(t)]dWk(t), t [a, ],

() =o,

PROPOSITION 3.2 (Krylov and Rozovskii [9], [10]). Assume that (A1), and (A2)
_> 1) are satisfied and that E Lz_v(O, 1;Hm),Ok LZ_v(O, 1;Hm+l), and o

LZ(f, ,T’a, P; Hm). Then (3.6) has a unique solution L(a, /3; Hm) N LZ(f; C’(a,/3;
’-1 )), and there is a constant N4 that depends only on If and m such that

E sup II(t)ll 2 < N4 I10112 2

--0, 1,...,m.
(3.7)

COROLLARY 3.3. Assume that (A1), and (A2) (m _> 1) are satisfied with crik 0 and
that , Ok L2(O, 1; Hm) and o L2(f, be-c,, P; Hm). Then (3.6) has a unique solution

L(c,;Hm) f LZ(f; C(a,/3;Hm-’)), and estimate (3.7)can be strengthened to

c*<t<-;sup II(t)l12)N{ll0112+
(3.8)

Proof. Note that estimate (3.2) is available as crik 0; hence the result can be proved
in a way analogous to that in Krylov and Rozovskii [9]. [3
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PROPOSITION (3.3) (Krylov and Rozovskii [8]). Assume that (A1)m and (A2)’(m >_ 0)
are satisfied and that

_
E Lzy(o, 1;H’-’),(k E L:(0, 1;Hm), and o LZ(gt,,Tc, P;

Hm). Then (3.6) has a unique solution LZy(a,/3;Hre+l) V)LZ(f; C(a,;Hm)), and
there is a constant N6 that depends only on K, m, and 5 such that

E sup II(t)ll 2 < N6/ 110112 + II/(t)ll 2 (t)l12 dt
\o<_t_</3 k--I

--0, 1...,.
(3.9)

4. Adjoint equation. In this section, we derive an adjoint equation and study existence
and uniqueness of its solutions. We fix an admissible control (f, .T’,/9, W, U) throughout
this section.

THEOREM 4.1. Assume that (AI)0, (A2), and (A3) are satisfied. Then there exists a
unique solution pair (A,r) L:(0, 1;H [L:(0, 1; H)] a’, where

of the following backward SPDE:

dA(t) A*(t, U(t))A(t) + Z Ma*(t’ U(t))ra(t) + F(t, U(t))
k=l

d

(4.1) + Er(t)dW(t)’ t [0, 1],

(1)-G.

dt

Moreover, there is a constant N7 that depend only on K and 5 such that

(4.2) El0 I(t)llff + II(t)ll dt < NT IIF(t, U(t))ll 2 dt + IIGII
k:l

Remark 4.1. Solutions of (4. l) are defined in a way similar to those of the SPDE (2.6).
More precisely, (A,r) E L-(0, 1; Hl) [L-(0, 1; H)] a’ is called a solution pair of (4.1)
if, for each r/ C(Ra) and almost all (t, ) [0, 1] f,

So (4.1) can be regarded as in the H-1 space.
Proofof Theorem 4.1. To avoid notational complexity, we prove the theorem for d

(there is no essential difficulty when d > 1). Thus the index "k" will be dropped. On the
other hand, we also omit to write the control U(t) since it is fixed.

Uniqueness. Suppose that (A,r) L-(0, 1;H’) L:(0, 1; H) satisfies

(4.3) dA(t) -[A*(t)A(t) + M*(t)r(t)]dt + r(t)dW(t),
A(1) --0.

t [o,],
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Consider the following auxiliary SPDE, which admits a unique solution p L(0, 1; H) V
L2(f C(0, 1" H)) by virtue of Proposition 3.3:

dp(t) [A(t)p(t) + A(t)]dt + [M(t)p(t) + r(t)]dW(t),
(o) o.

Applying Ito’s formula, we obtain

d(p(t), A(t))o -[ll(t)ll) +
+[(M(t)(t) + (t), A(t))o + (p(t), (t))o]dW(t).

Hence, E f0 [llA(t)l[ 4-Ilr(t)[[]dt--O. This implies the uniqueness.
Before proceeding to the proof of the existence, we introduce an adjoint equation in

finite dimension, which was originally obtained by Bismut [5]; see also [2], [3].
LEMMA 4.1. Let n be a fixed positive integer. Suppose that we are given An, M,

L(0, 1" Rnn), Fn L-(0, 1; R), and Gn R. Then there exists uniquely a pair
(An, rn) L,(0, 1" _Rn) x L:(0, 1; Rn) satisfying the following backward SDE:

(4.4) dA (t) -[AT(t)A (t) + MT (t)r (t) + F(t)]dt + rn (t)dW(t),
() -. te [o,],

Let us now continue proving Theorem 4.1.
Existence. Consider the Gelfand triple H H H-1. Let el,e2,... ,,,..,, be

a Hilbert basis of H, which is orthonormal as a basis of H.
Fix a positive integer n. By Lemma 4.1, there is a unique pair

"= (An,,An2,...,Ann)T L-(O, 1;R)

and

)T/, (r, r2 rn L(0,

satisfying

(4.5)

dAn(t) <ei, A(t)e>oAnj(t) + Z(ej, M(t)e)ornj(t)
j=l j=l

+(F(t), e)o ] at + rn(t)dW(t), t e [0,. II,

An(1) Gnu, 1, 2, n,

where _,,i= G.iei := G G in H as n c. Define

n

i--I

and

(4.7) rn :--- E ?niEi L:(O, 1"
i--1
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Applying Ito’s formula to (4.5) and adding up in from to n, we have

(4.8) dll(t)ll -2[<A(t),A(t)A(t)}o + (r(t),M(t)(t))o + <F(t),A(t)>o]dt
+ 2(r(t),A(t))odW(t)+

Hence,

2

EIIGII) + 2E [(A(s)An(s),A(s)}o + (rn(s),M(s)A(s))o

EIIGg + E [2(A(s)(s),(s))o + Ilm(s)(s)l + 2(F(s),A(s)>o]ds

_< -/2. Ila()lld + llGllg +N [lla()llg + IIf()ll 2

(4.9)
So Gronwall’s inequality yields

/o’ (/o’ )(4.10) sup EIIA.(t)II) + (5/2. E IIX(t)lldt <_ NuN IIF(t)ll2_,dt + IIC, ll)
0<t<l

where N9 depends only on K and (5.

Now let Sn (p,p2,...,pn)T E L(O, 1;Rn) be the solution of the following
SDE in R

dpi(t) Z(A(t)ey, ei)op,j(t)dt + (M(t)ej, ei)OPnj(t) q- rni(t) dW(t),
j=l j=l

pi(0)--0, i= 1,2,...,n.
(4.11)
Define p i=l piei L2(O, l; HI). By a calculation similar to the above, we have

(4.12)
EIIp(t)ll S [2(A(s)p(s), p(s))o + IIM(s)p(s) + (s)ll]ds

Applying again Gronwall’s inequality, we obtain

(4.13) sup E]lpn(t)ll + (SE Ilpn(t)lldt <_ N3 exp(N3)E Ilr(t)llgdt.
0<t<l

On the other hand, Ito’s formula gives

n

dE Ani(t)pi(t) Z{-[<A*(t)An(t),ei)o + (M*(t)rn(t),ei)o
i=1 i:1

(4.14) +(F(t), e)o]Pn(t) + ln(t)(A(t)pn(t), ei)o
+ri(t)[(M(t)p(t), ei)o + ri(t)]}dt + {...}dw(t)

[llr,(t)ll -(f(t), pn(t))o]dt + {’" "}dW(t).
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Integrating from 0 to and taking expectation, we have

(4.15)

f [l(t)llgdt E <F(t),pn(t)>odt + (Gn, pn(1))0

1/2 1/2
_< (Efo [[F(t)ll2-1dt) (E ..p(t)[ldt)

+(IIG iig)1/2(11(1 g),/2
1/2

f(t)ll 2_,dr +(llG[Ig) /2

where No max{N3 exp(N3), 1/5. N3 exp(N3)}. Consequently,

(4.16)

By (4.10) and (4.16), there exist a subsequence {n’} of {n} and a pair (A,r) E
L(0, 1; H l) L-(0, 1; H) such that

(4.17) An’ -- A weakly in L2([0, 1] x f; H l)

and

(4.18) weakly in L2([0, l] x f; H) as n’--+

We show that (A,r) satisfies (4.1). To this end, let -), be an absolutely continuous
function from [0,1] to R with " d’y/dt L2[0, 1] and 7(0) 0. Set
Multiplying (4.5) by -yi(t) and using Ito’s formula, we have

(An(t), /i(t))odt + (rn(t), 7i(t))odW(t)

/o’(Gn, /i(1))0 + [(An(t),A(t)Ti(t))o + (rn(t),M(t)3’i(t))o + (F(t),3’i(t))o]dt.
(4.19)
Letting n’ go to infinity and observing (4.17) and (4.18), we conclude that

(A(t), )o’)(t)dt + (r(t), )oT(t)dW(t)

(4.20) (G, 0)o’r(1) + [(),(t), A(t)O)o + (r(t), M(t)O)o + (F(t), O)o]7(t)dt

for any

For any t (0, 1), let

0
%(s) 1/. (s- t + /2)

if s <_ t- e/2,
if t-e/2 < s < t + e/2,
if s >_ t + e/2.
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Substituting (4.20) with % and letting e - O, we arrive at

e)odW( ) (a,

+ [((s), A(s))o + (r(s), M(s))o

+
for any H a.e. t [0, 1].

This implies that (,, r) satisfies (4.1). Finally, (4.2) is obtained by letting n’ - x in (4.10)
and (4.16). [3

COROLLARY 4.1. Let the same assumptions as in Theorem 4.1 be satisfied. Given

f E L(0, I;H-’) and {7k L-(0, 1;H), k 1,2,...,d’, suppose that

L:(0, 1" H’) Q L2(Q; C(0, l; H))

satisfies

d((t) [A(t, U(t))(t) + f(t)]dt + [Mk(t, U(t))(t) + {7a(t)]dWa(t),

(4.21)
and that (A, r) satisfies (4.1). Then, for any [,/] C [0, 1],

(4.22)

 (t))odt +

E I(t),f(t))o + (r(t),9(t))o dt + (,(c),(c))o

Proof The result is easily derived by applying Ito’s formula to (,k(t), c(t))0. [3

Remark 4.2. In Theorem 4.1 and Corollary 4.1, condition (A1)0 can be weakened by
assuming that all the coefficients aij, and so forth, are only bounded measurable in z.
However, under such a weaker condition, the adjoint operators A* and M* can be no

longer written explicitly as (2.3) and (2.4), respectively. Instead, as operators mapping H
into H-l, they can be determined by the following formulae:

(A* (t, u)4, P)o := (, A(t, u)P>o and

(M* (t, u), P)o :-- (O, Mk (t, u)P)o for , p H

It should be also noted that the definition of solutions of (4.1) does not require explicit
expressions of A* and M*; see Remark 4.1.

5. Necessary conditions of optimality. We study in this section necessary conditions
of an optimal control for the general system (2.6) with the cost functional (2.8).

THEOREM 5.1. Assume that (A1)2, (A2)t, (A3), (A4), and (A5) are satisfied and that
f, ,U, P, W, () is an optimal control along with the corresponding optimal state . Then,

for almost every t [0, 1], we have the maximum condition

(5.1) H(t,(l(t),(t),A(t),r(t)) maxH(t,(l(t),u,A(t),r(t)), P- a.s.,
ul
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where (A,r) is the solution pair of (4.1) with U(t) (t), and the Hamiltonian H is

defined by

H(t, , u, , rl) -(A(t, u), )o (f (t, u), )o
d

Y’[(M (t, )0, )o + ((t, ,), )o] (F(t, ), )o,
k=l

for (t, , u, (, ) e [0, 1] x H’ x r x H’ x (H)g’.
(5.2)

Pro@ We assume that d’ and set A(t) A(t, (t)), and so on, for simplicity.
From Proposition 3.3, it follows that 0 L(0, 1; H2) L2(; C(0, 1" H)). Hence 0(t)
Lz(; H2) for almost every [0, 1]. Fix a time { [0, 1) such that 0( L2(; HZ),
along with a F-valued, U-measurable random variable u. For any (0, -t), define

U U by

t [o, ]\[, - + d.

Let q be the response for U, namely,

(5.3) qe(t) O(t), t E [0, t-],

qe(t) 0( + [A(s, u)q(s) + f(s, u)]ds + [M(s, u)qe(s) + 9(s, u)]dW(s),
t [{,{+ ],

(5.4)
and

qe(t) %({+ ) + [A(s)qe(s) + f(s)]ds + [](/I(s)qe(s) + O(s)]dW(s),
t+e t+

tE [{+],1].
(5.5)
It follows from Proposition 3.3 that q L2(f; C({, 1; H2)) and

(5.6)
sup Ilqe(t)ll <_ N6E 110({)1122 + [llf(t,u)ll2 + 119(t, u)l122]dt

\{<_t<_f+e
_< N6E(IIO(t-)II / 2Kzg).

Define c(t) "= q(t) (l(t) for t [0, 1]. Then ce satisfies

de(t) -[(t)e(t)+ (A(t, u)- .(t))qe(t) + f(t, u)- f(t)]dt
(5.7) +[2I(t)e(t) + (M(t, u) 4(t))qe(t) + 9(t, u) [(t)]dW(t),

t [, -+ ]

and

(5.8) dC(t) ft(t)(t)dt + (t)(t)dW(t), t [{ + e, 1].
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Since is optimal, we have

(5.9)

Applying Corollary 4.1 to (5.8) and (4.1), we have I2 E(A({+ e), c({+ e))0. Thus
we can rewrite (5.9) as

(5.10)
0 < E (F(t, u) [:(t), qc(t))odt

+E I(t),(t)}odt + ((+ e),(+ e))o

Applying Corollary 4.1 again to (5.7) and (4.1), we obtain

0 < E [(F(t, u)- P(t), q(t))o + (X(t), (A(t, u)- fl(t))q(t))o

+(A(t), f(t, u) f(t))o
+(r(t), (M(t, u) fJ(t))q(t) + g(t, u) (t))o]dt.

On the other hand, we have

(5.12)
(1/e) E(A(t), (A(t, u) f(t))(q(t) O(t))}odt

_< const (l/e)

Recall that satisfies (5.7) on [{, { + e] with (t-) 0. Hence Proposition 3.3 gives

E( sup IIc(t)ll2)\-<t<-+e
2_< N6E [ll(A(t, u) fl(t))q(t) + f(t, u)- f(t)llo

/[l(M(t, u) (t))q(t) + g(t, u) O(t)ll2]dt
< const (llq(t)ll / )dt
<_ const (l[0(t)[l / 1) (by (5.6))
< const e (Note that we have fixed { such that

Thus, (5.12) reduces to

(5.14)
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provided that { is a Lebesgue point of the function t -+  ll (t)ll ,o Similarly, we have

(1/e)E [(F(t, u) -/(t), q(t) (l(t))o

+(r(t), (M(t, u) (t))(q(t) (l(t)))o]dt
0ase 70,

provided that { is a Lebesgue point of the function t -+  ll (t)ll02. Thus (5.11) becomes

(5.16)

Dividing (5.16) by e and letting e --, 0, we obtain

(5.17) eH( , 0(t-), 0(t-), a(0, <(0) _> 0(0, a(t-), <(t-)).

Therefore, the desired result (5. l) follows from a standard argument; see, for example, Ill].
This concludes the theorem. 13

Remark 5.1. In Theorem 5.1, all the coefficients appearing in the control problem are
allowed to depend on the control variable.

Remark 5.2. By the above proof (especially the argument between (5.12) and (5.17)),
it is easy to see that, if aij and o-ik contain no control variable, then the assumptions
of Theorem 5.1 can be considerably relaxed. More precisely, (A1)2 can be replaced by
the assumption that all the coefficients aij, and so forth, are bounded measurable in z,
and (A4) and (A5) together can be replaced by the assumptions that qo C H, f(t, u)
H-,9k(t,u) H, and that their respective norms are bounded. Therefore, all the
regularity restrictions imposed in Bensoussan [4] can be removed. It should be also noted
that M is allowed to be unbounded in our results, compared with [4].

6. Discussion and application.

6.1. Degenerate cases. The main results in 4 and 5 are derived under assumption
(A2); namely, system (2.6) is nondegenerate. There seems to be some essential difficulties
in treating possibly degenerate systems, and the adjoint equation (4.1) may no longer admit
a solution pair, no matter how high regularity assumptions to be imposed on the functions
F and G. At least the method of proving Theorem 4.1 no longer applies. Indeed, the basic
idea behind the proof of Theorem 4.1 is to approximate the infinite-dimensional equation by
certain finite-dimensional equations and to use estimate (3.5) to prove that the approximate
solutions are weakly compact. However, when the systems are possibly degenerate, we
have only estimate (3.1) available, which could not ensure the above compactness. On the
other hand, estimate (3.1) is the "best one" in that it cannot be further improved.

However, our approach still works in the degenerate case if M is of order zero, for
which a stronger estimate (3.2) is available.

Let us now introduce the following assumptions:
(B1) F(t,u) H’,G H’, and
(B2) f, 9 [0, 1] x R" x r --+ R are measurable in (t,x,u) and continuous in

u,k 1,2,...,d’. Furthermore, f(t,.,u),9a(t,.,u) H3; and
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If(t,x,)l + Im(t,x,)l + IIf(t,’,)l + I(t,’,)l13 K, 1,2,...,d’;

(B3) q0 E H3.
THEOREM 6.1. Assume that (B1), (A1)l, and (A2) are satisfied with crik O. Then,

for any (f,Jc, P,W, U) Uaa, there exists a unique solution pair (iX, r) L27(0, 1;H) x

[L-(0, 1;H)] a’ of the adjoint equation (4.1). Moreover, there is a constant Nil that
depends only on I( such that

(6.1) E t lib(t) 12 + I(t)ll dt _< Nll liE(t, g(t))ll2dt + IIGII]
Proof. Once estimate (3.2) is observed, the theorem can be proved in a way similar to

that of Theorem 4.1. The proof is left to the reader. F1

THEOREM 6.2. Assume that (B 1)-(B3), (A1)3, and (A2) are satisfied with cr 0 and
that (f, f’, P, W, ]) Uca is an optimal control along with the optimal state O. Then for
almost every t [0, 1],

(6.2) H(t, (t(t), (7(t), A(t), r(t)) max H(t, (t(t), u, A(t), r(t)), P a.s.,

where (,k, r) is the solution pair of (4.1) with the control U , and the Hamiltonian H
is defined by (5.2).

Proof. Basing on Theorem 6.1, we only need to slightly modify the proof of Theorem
5.1. From Corollary 3.3, it follows that 0 L-(0, 1;H3) 71Lz(f;C(0, 1;H2)). Hence
c)(t) E Lz(f’H3) for almost every t [0, 1]. Fix { [0, 1) such that 0( Lz(;H3)
For e (0, , define q by (5.3)-(5.5). By virtue of Corollary 3.3, we have

E sup Ilq(t)ll N4 II0(ll + [ll/(s,u)ll + [Ig(s,u)ll]ds

Define c(t) q(t) O(t). Then ( satisfies (5.7) on [{, { + el. Hence,

E _< N4 [ll(A(t, u) ft(t))q(t) + f(t, u)-

/ll(M(t, ) ](/I(t))q(t) + 9(t, u) O(t)ll21)dt

< const E ([[q(t)ll + 1)dr

<_ const ( ll0(t-)ll / 1)e <_ const e.

In what follows, we must only repeat the arguments in the proof of Theorem 5.1 to
obtain the desired result.

Remark 6.1. Theorem 6.2 requires the higher regularity on the coefficients aij, f, and
so forth, as well as on the initial state q0. However, if the second-order coefficients of
the operator A(t, u) contain no control variable, then it is easy to verify by the proof of
Theorem 6.2 that all the regularity conditions can be reduced by two orders. It should be
also noted that Theorem 6.2 extends the results of Bensoussan [4] to possibly degenerate
systems.
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6.2. Application to partially observed diffusions. The optimal control problem of
partially observed diffusions with general nonlinear cost functionals can be formulated as
a control problem of linear SPDEs (Zakai’s equations) with linear cost functionals. Hence
the results obtained in the previous sections can be applied directly to partially observed
diffusions.

First, let us remark that the results in 5 and 6 can be easily extended to the following
class of systems:

dq(t) [A(t, W(t), U(t))q(t) + f(t, W(t), U(t))]dt
(6.3) +[Mk(t, W(t), U(t))q(t) + gk(t, W(t), U(t))]dWa(t), t [0, 1],

q(0) q0,

where

A(t, w, u)O(x) Oi(aij (t, x, w, u)OjO(x)) + bi(t, x, w, u)OiO(x) + c(t, x, w, u)O(x),
M (t, w, u)(x) cr (t, x, w, u)Oi(x) + hk (t, x, w, u)O(x), k 1,2,..., d’.

Note only the continuity of the coefficients aij and so forth in w /d’ will be needed
later.

Let W and l be two independent Brownian motions on a probability space (f, , P),
with values in Ra and Ra’, respectively. Consider the following SDE in Ra"

(6.4)
dX(t) /(t,X(t), Y(t), U(t))dt + a(t,X(t), Y(t), U(t))dW(t)

+cr(t,X(t),Y(t), U(t))dl;V(t), t [0, 1],
x(o) ,

with the observation

(6.5) dY(t) c(t, X(t), Y(t), U(t))dt + dlT(t),
(0) -0,

t [o,],

where U is an admissible control, namely, {U(t) "0 _< t _< 1} is a r-valued, cr{Y(s)
0 _< s _< t}-adapted measurable process. Note a is the correlation between the state and
the observation noises.

Let F" [0, 1] x Rd x R’ x F -+ R,G R x R’ -, R be given. The objective is
to minimize the cost functional defined by

(6.6) J(U) "= E [foo F(t,X(t),Y(t),U(t))dt + G(X(1),Y(1))]
over the set of admissible controls.

Note that W and Y are independent Brownian motions under a new probability /5
defined by d/5 "= p-(1)dP, where

p(t) := exp n(s,X(s), Y(s), U(s))dY(s) - [n(s,X(s), Y(s), U(s))[2ds

Consider the following SPDE:

(6.7)
dq(t) A(t, Y(t), U(t))q(t)dt + Mk(t, Y(t), U(t))q(t)dYk(t),
q(O) qo,

t [o,],
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where Yk,/c 1,2,..., d, are the components of Y, and

A(t, y, u)O(x) := Oi(aij (t, x, y, u)Oj(x)) Oi(ai(t, x, y, u)O(x)),
(t, , )():= -((t, , v, )o()+ h(t, , v, )(),

(aiJ (t, x, y, u))ij =_ a(t, x, y, u) := [craT (t, x, y, u) + c((t, x, y, u)]/2,
(t, , , ) := (t, , , ) o (t, , , ),

hk(t,x,y,u) :=n(t,x,y,u)-0icri(t,x,y,u), i,j= 1,2,...,dk= 1,2,...,d’,
q0 := the density of c.

Then q(t) proves to be the unnormalized conditional probability density of the state
process X(t), and the cost functional (6.6) reduces to

(6.8) J(U) [jo (F(t,.,Y(t),U(t)),q(t))odt + (G(.Y(1)),q(1))0]
see Pardoux [13], Rozovskii [14], and Nagase and Nisio [12] for details.

Now we have turned problem (6.4)-(6.6) to the one already solved in 5 and 6,
observing the remark at the beginning of this section. So we can obtain the necessary
conditions for an optimal solution to problem (6.4)-(6.6) by appropriately interpreting the
assumptions and conclusions. Here we omit this simple interpretative work and only remark
that, in the present case, (A2) is satisfied automatically; (A2) is also satisfied, provided
that oo7 is uniformly positive definite.

7. Concluding remarks. In this paper, a finite-dimensional approximation approach
and some a prior estimates of differential operators are employed to solve the adjoint
equations of linear SPDEs, based on which necessary conditions of optimality for controlled
SPDEs are derived. For some sufficient conditions for the existence of an optimal control,
refer to 12], 15].

The adjoint equations of SPDEs may also be applied to some other important problems
besides the necessity of optimality. For example, a relationship between the adjoint process
A and the value function is given in [16], which enables us to gain some insight into the
deep connection between the adjoint equations and the dynamic programming equations
(Hamilton-Jacobi-Bellman equations). Further research on the analytical and qualitative
properties of solutions of the adjoint equations together with their applications to linear
SPDEs is carried out in [17].

Let us conclude the paper by noting that our results on the adjoint equations are by no
means optimal. In view of the observation at the beginning of 6.1, it remains a challenging
open problem to solve the adjoint equations of degerate SPDEs in which diffusion terms
contain first-order differential operators.
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sity. would like to express my hearty thanks to Professor M. Nisio for her constant
encouragement and kind hospitality. Thanks are also due to the referees for their helpful
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TRACE REGULARITY IN THE BOUNDARY CONTROL OF A WAVE
EQUATION*
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Abstract. The regularity of the boundary control of a wave equation when the control is obtained by the
methods of Russell and Lagnese is investigated.
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Introduction. In this paper we will discuss the regularity of the boundary control of a
wave equation when the boundary control is obtained through the methods of Russell [16],
[17], and Lagnese [8], [9].

For a space dimension that is an odd integer larger than one, Russell [16] applied
Huyghen’s principle directly to obtain the boundary control of a wave equation. For a
space dimension that is even, he set forth a mathematical framework where the question
of exact boundary controllability is reduced to the invertibility of a certain linear operator.
He also showed that this can be achieved by the decay of local energy; however, the use
of energy decay requires sufficiently large control time. This was improved by Lagnese [8]
who used a different method to prove the invertibility, provided that the control time is larger
than the diameter of the space domain. In fact, this is the optimal control time. Littman
[14], [15] also made a contribution to this approach for exact boundary controllability of
hyperbolic equations.

The above methods have been overshadowed by the more recent Hilbert uniqueness
method. However, the above methods give rise to a very interesting analysis problem on
the regularity of boundary control. Our purpose is to investigate this problem. This makes
it necessary to study the trace regularity of solutions to a general second-order differential
equation, which is interesting in its own light. This is done in 1 and the main result
is Theorem 1.1. In 2, we apply this to the regularity of the boundary control when the
control is obtained according to [8] and [16] under the assumption that the initial data have
compact support. Our result in does not apply to the boundary control obtained in [15],
which we will not discuss in this paper.

As a simple byproduct, we also have application to the trace regularity of solutions
to a hyperbolic equation with the Neumann boundary condition when the space domain is
a half space and the initial data have compact support. If the coefficients of the equation
are constants, this problem has been already discussed by Symes [18] and Lasiecka and
Triggiani 10] using different methods. In 3, we extend their results to the case of variable
coefficients which satisfy some restrictive conditions.

After the first version of this paper was completed, Professor Lasiecka informed me
of the work of Bao and Symes [2]. They established a result similar to our Theorem 1.1 in
a more general setting. But our analysis is more elementary from a technical viewpoint and
is applicable to the boundary control of a wave equation in a more straightforward manner.

Our method is microlocal analysis. In particular, H6rmander’s result [5] on the prop-
agation of singularities plays a crucial role. Microlocal analysis has become a powerful
tool in control theory since the work of Bardos, Lebeau, and Rauch [4]. Using microlocal
analysis, they obtained sharp conditions for the boundary control and stabilization of a wave
equation. Its utility has been also manifested in [2], [3], [7], and [11].
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Finally we remark that when the support of initial data is not compact, the question
addressed in this paper is still open, which we hope to investigate in the future.

Notation. Let be an open subset of RN. D/() is the space of distributions over
and H’(9), and s R denotes a Sobolev space as defined in [13]. H() is the space

of elements of HS($2) which have compact support in . H,c( denotes the space of
distributions u in such that u H (gt) for each C(). If is a C manifold
with boundary, H’($2) and H/,c( are defined by means of coordinate patches and a
partition of unity. For u DI(), we use the following notation: supp u the support of
u, sing supp u the singular support of u, WF(u) the wave front set of . Dx and Dy
stand for -i O/Ox and - 0/0y, respectively, and D D,..D, for a (a, .., av).
If m is a real number, then

sm _/N,o( the set of all a(x,)

which satisfies

IOOa(m,)[ Ca,(l + l)-Ia[,

for all (x, ) Rv R:v, for some positive constant C,. Here,

2- b and I1-Ol @’"

Next we set

OPS’(RN) the set of all pseudodifferential operators of order

whose symbols belong to SI,0(RN).
If p OPS"(Rv), then

ES(p) the essential support of p.

For its definition, see [19].
When p OPS’ (RN) and q OpSm2(RN), we write [p, q] pq qp. Finally, if

the two sets G and G2 are disjoint, we write G G2 0.
1. Trace regularity of solutions to a second-order differential operator. In this

section, Q is an open subset of/+ and (y,x) denotes the variables in R+1 with R
and x /. We denote the dual variables by (r/,c) with r/ R and c R. We will
consider a second-order differential operator of the form

(1.1) 2Dyu Pz(y,x,D:)u + P,(y,x, Dx,Dy)u + f in f,

where

(1.2) P2(y,x,D)- a(y,x)D,

P,(y,x,D,D.) Z b(y’x)D’ + b(y,x)Dy.
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We assume that all coefficients belong to Coo(f) and that a(y,x)’s are real valued. Our
main result in this section is the following theorem.

THEOREM 1.1. Let u E D’(f) be a solution of (1.1) in f and let s _R be given.
Suppose that (Yo, xo) f*, u Hi (f), and f HoTl(f). If we assume that

(yO, xo, O,) WF(u) for all /n\{o)

and

f is microlocally H at (Y0, :c0 +1 0)for some

then there is e > 0 and a neighborhood B of :co in R such that

(1.6)

If we further assume that

(1.7) f is microlocally H at (Yo, xo, 4-1, O)for some

then

Dvu C((yo e, yo + e); H"- (B)).

Remark 1.2. If s > -, (1.5) is redundant and if s > , (1.7) is redundant.
The remainder of this section is devoted to the proof of the above theorem. The strategy

of the proof is to decompose u microlocally into three parts:
(i) microlocally C part;
(ii) elliptic part;

(iii) hyperbolic part.
We then estimate each part separately. For this, we need some preparation. According to
the above assumption (1.4), there are el > 0, 0 < 6l < 1/2 and a neighborhood B1 of :Co in
R such that

(1.9)
def

’1 (YO el, YO -}- el) X -1 and

{f, x (rl, )} 1WF(u) O, for all (r/,,) S satisfying Iwl 351.

Here is the closure of Q and 5’ denotes the unit sphere in R’+. Since we are
interested in the behavior of u near (Y0, :Co), we may assume that

u Hs(R+l) with support in f,

(1.12) f Hs-l(/n+l) with support in f,

and

(1.13) DZyu Pz(y,x,D,)u + P,(y,x,D:,Dv)u + f in f,,

where we can also assume that

(1.14) a,(y,:C),b(y,:C),b(y,:C) C(R+’) with support in .
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Next we define

(.5)

(1.16)

(1.17)

Q1 { (y, x, 7], ) (y,x) $’-1, (7],) Qn, 17]] < 31},
2
203 { (y, x, , {) (y, x) ,, (, ) Sn, Il > 2e,, P2(y, x, {) > }.

Then, Qi u @2 U Q3 QI Sn.
We can find qi C(R+ x S),i 1,2,3, such that

(1.18) supp qi C Qi, i- 1,2,3,
(1.19) 0 < qi _< 1, i- 1,2,3

(1.20) q, + q2 + q3 for all (y, x, 7], {) [Yo e/2, Yo + e,/2] x/32 x S’*,

where B2 is a neighborhood of x0 in R and its closure/2 c/.
Next let Co(R+1 x R+) be an extension of qi,i- 1,2,3, such that

(1.21) supp C Q x /n+l,

(1.22) 0i-qi onR+ S,
(1.23) Oi is homogeneous in (7], c)of degree zero for 7]2 nl il 2 1.

Then, it follows that 0i so,o(R+ ). Wecan also choose a function p(y,x) C(R+)
such that

(1.24) supp p C (Yo e/2, Yo + el/2) /2,

(1.25) p, (y, x) on [Yo el/3, Yo + e,/3] x B3,

where /3 is a neighborhood of x0 in R and its closure B3 C B2. Let us define Ai
OPS(R+),i- 1,2,3, by

(1.26) Ai(v) cri(p,v) for each v D’(R+),

where cri OPSC(FU+) has the symbol
Then, we find that

(1.27) pv (AI + A2 + A3)v mod C(tn+)

for each v 7;)’(R+ ), since

(1.28) ES(I (or, + or2 + or3)) (q {(Yo e,/2, yo + 1/2) /2 oon} q},

where I stands for the identity mapping.
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1.1. Regularity of A2u for s <_ -1/2. We first note that supp q2 is not empty by virtue of
the definition of Q’s and (1.20). Since (to, xo, +1,0) does not belong to the characteristic

2set of the differential operator Du P2(/,x, Dx) P(gl, x,D:,Dv), u is microlocally
H+2 at (yo, :co, +1,0). Hence, there are 0 < 62 < 1/2 -61, a neighborhood f2 of (to, Xo)
in Rn+, q4 G C(/n+l Sn), and A4 OPS(In+l) such that

(1.30)

(1.31)

supp q4 C i4 de__f ’-l {(f], )" (T], ) Sr, If]l > 362},

q4- on f/2 {(r/, c)" (r/, ) S, Ir/I _> 1--22},

(1.32) A4u Hu+2(/n+l)

where the symbol of A4 is O4(t, z, /, ) C (R+ Rn+) such that

(1.33) supp 04 c fl x R+l,

(1.34) 04 q4 on Rn+l x S,
(1.35) 4 is homogeneous in (r/, c)of degree zero for 7-]

2 -+-]12 1.

Next we choose q5 C(R+1 x S) with support in Q2 such that

(1.36) 0_<qs_<

(1.37) q5 on an open subset of fi x S which contains the support of q2.

Let A5 OPS(R+1) have the symbol 05(/,z, r/,c) C(R+1 x R+1) which is an
extension of q5 satisfying the conditions analogous to (1.33), (1.34), and (1.35). We also
choose P2 C(Rn+) such that

(1.38) supp/92 ’2,

(1.39) /92 on 3 C 2,

Let us define

(I- A5)(1.42) Z; D2yA5- P2(y,x D.)A5 + Dy + Z D2

2 (I- As)p2A2 OPS-(IT+)(1.41) Du + Z D2
Xi

and consequently,

where f3 is a neighborhood of (/0, :co). Then it follows that

(1.40) (I- As)p2A2 OPS-(R+)



1484 JONG UHN KIM

Then, is elliptic and it follows from (1.13) that

(1.43) p2A2u- hi mod C(Rn+),

where

(1.44) h Asp2A2PI (1, z, Dz, Dv)u + Asp212f + [D P2(/, z, Dx), Asp2A2]u,

and we used (I- As)p2A2u C(R+I).
Hence, we have

(1.45) p2A2(I- A4) ]2,2 mod C(R’+I),

(1.46) h2 -[p2A2, I- A4] @ (I- A4)hl.

Now we observe that

(1.47) h,h2 H"-(R+),

(1.48) W/;’(hl) C/S(A2) N (f2 /r+l),

(1.49) WE(h2) C. {ZS(I- A4)U/ZS(A2) (f2

from which we can deduce that

WF(h2) f)[/r+, {(7],) (7],) ,5,rt, ]7]] < 2(5, or 17]] > 2(52}] 5.

For (1.48) and (1.49), the reader may refer to [19, pp. 127-128]. Next let Ad be a parametrix
for . Then (1.45) yields

(1.51) p2A2(I- A4)t .A4h2 mod C(/+).

Finally we choose q6 (7], ) Cc (,5’r) such that

supp q6 C {(7],) (7],) S’, 6, < 17]l <

351 < 711 < 3)’2, (7],) Sr(1.53) q6 for

Let A6 OPS(R"+) have the symbol 06(7],{) C(R’+) which coincides with q6

on S and is homogeneous in (7], ) of degree zero for 7]2 + cl2 _> 1. Then, we find that

(1.54) I/l/F(([- A6)./h2) C /S([- 16)f-’l 1/17F(h2)

and this is empty by virtue of (1.50) and (1.53). Consequently,

./Dlh2 A6.A//h2 mod Cc(./rq-l).

Let us set

(1.56) h3 .Adh2.
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Then, h3 E Hs+(Rn+) since .AA E Ops-2(Rn+). We also find that

(1.57) 5L-’(A6h3)(/], ) 6(/], ))c(h3)(/], )

where f denotes the Fourier transform.
By virtue of (1.52), we see that for all (/], c) satisfying /]2 q_ I 2> and k= 1,2,

holds for some positive constant c. Since h3 H’+(Rn+l), it follows from (1.58) that

(1.59)

By virtue of (1.51), (1.55), and (1.56), we find that

(1.60) p2A2(I A4)lt C(/; Hl’c (/n)) [-I C (/; HI’7 (/n)),

and thus, on account of (1.38),

(1.61) p2A2(I A4)u C(/; Hs(/n)) ffl C (/; Hs-1 (/)).

Since A2 E OPS(FI"+), (1.32) implies that

(1.62) A2A4u C(t;HIZ+3/2(n)) if/z> 2

and

(1.63) A2A4u C(]; HU+3/2(ln))(q CI(_/; Hz+l/2(/r)) if # > 2"

Combining (1.61), (1.62), and (1.63), we conclude that

(1.64) p2A2u C(/;H(Rn)) if # >

(1.65) p2A2u C(R;H(R’)) C(R;H’-(R’)) if # > 2"

1.2. Regularity of A22t for s > -. For - < s _< , we take # s- to obtain

(1.64), and obtain (1.65) under assumption (1.7). For s > , we simply take # s- to
have (1.65).

1.3. Regularity of A3t. If supp q3 is empty, then A3 is vacuous and we skip over this
section. So we assume that supp q3 is not empty in this section. We define

(1.66)

(1.67)

(1.68)

G, {(/,a:,{) (/,m) e fZ,,{ S’-’, P2(/, a, {) > 6/(1- 462)},
f3 {(y,x) (y,x) e f,q3(y,x,/],) 0for some (/],) S},
G2 { (y, x, ) (y, x) 9Z3, E S-,P2(y,x,) > 4g2/3(1 462)},

where fl and (1 were defined in the above section and Sn- denotes the unit sphere in
//. Since supp q3 is not empty, f3 is not empty. We note that if (V, :r, /], c) Q3, then
( # 01/]2

__
1]2 1, 1/]1 > 26 and

(1.69) 1/]2 4612 /3 42)
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since -45 > ]]2. Therefore, G2 is not empty. On account of (1.18), 3 c ’-1 and thus,
2 < GI. Next we choose b C(R’+ S’-) such that

(1.70) supp b C G,

(1.71) 0 1,

(1.72) on G2.

Let C(Rn+ R) be an extension of b such that

(1.73) supp @ C 1 Rr,

(1.74) -- on R+ S’-1,

(1.75) is homogeneous in { of degree zero for I{I-> 1.

Let OPS(R) have the symbol so that depends smoothly on y R.
LEMMA 1.3. It holds that

(1.76) A OPS(/g’+),

(1.77) supp A3v c f for every

(1.78) (1- )A3 OPS-(Ir+).

Proof Since supp q3 Q (3, there is a positive constant c such that

(1.79) 03 (y, z, r/, ) -0 if I1 11 and T]
2 -]--I12 2 1.

Recalling that A3 was defined by (1.26), we can use Theorem 18.1.35 of [6] with the help
of (1.79) to derive (1.76). For (1.77), we choose any vl C(R+) and set

(1.80) V2 A3Vl.

Then, O2 C (/rzq-l) with support in ’1 and

(1.81) IIIv2 (2rr) , b(y,x,{)exp(ix. )fx(V2)(y,)d,

where

(1.82) "’z()2)(/’ ) n exp(--iz )32(/, x)

It follows from (1.73) and (1.81) that

(1.83) supp I-/)2 ( "1.
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This implies (1.77). For (1.78), we use (1.68), (1.69), (1.72), and (1.79) to see that

(1.84)
supp 03 N {(y,x, rl,):(y,x) E/n+l,/_]2 -t--I[ 2 1}

C {(y, x, r/, c). (y, x) E f,, g[ _> 1, Il c l and (y, x, ) }

where the positive constant c is the same size as in (1.79). Now (1.78) follows from (1.84).
This ends the proof of the lemma.

Next we derive from (1.13) that

(1.85)

and define

2(Dy P2(y,x, Dx))ggA3u qA3Pl(y,x, Dx, Dy)u
+ A3f + [D2y P2(y,x, Dx), tPA3]u,

(1.86) A Pz(y,x Dx) + Z D2 (I- )Xi

i--l

Then, A is elliptic in/ with y as a parameter. By virtue of (1.78), it is evident that

2(1.87) (D P(,z,D))A3- (D A)A3 mod C(R+),

and consequently,

(1.88) (D2y A)a3u a3r, (y, x, Dx, D)u
+ A3f + [D2y P2(y,x, Dx), A3]u mod C(R+).

We set

(1.89) w A3u

and note that

(1.90) w Hs(R’+1),

(1.91) supp w

(1.92)

where

(1.93)

2 A)w ha mod C(R’+I),(Dv

h4 de__f A3P1 (Y, x, Dx, Dy)u nt- A3f
+[D2y P2(y, x, Dx), ggA3]u.

By means of (1.76) and (1.77), it is easy to see that

(1.94) h4 HS-l(Rn+l),

(1.95) supp h4 C ’1.

Since WF(w) C ES(A3) and WF(h4) c ES(A3), it follows that

(1.96) WF(w) Cl (Rn+l x S’) c Q3,
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(1.97) WF(h4) ("1 (/nq-1 x _n) C 13.
Next we choose positive constants c and c2 such that

(1.98) 03
and let A7 OPS(n+) have the symbol qT(, {) C(R+) such that

(1.99) supp q7 c,ll Il 2c2}

(1.101) q7 is homogeneous in (,) of degree zero for 2 + ][2 1.

Then, by means of (1.96)-(1.101), we can infer that

(1.102) w ATw rood C(n+)

(1.103) h4 A7 h4 mod C (R + ).
Since the Fourier transform of ATw is given by

(1.104) f(aTw)(, {) q7(, )f(w)(, ),

we derive from (1.90), (1.99), and (1.101) that

(.05) 5:w e (;-())
which, together with (1.91) and (1.102), yields

(1.106) w C2(R; HS-3(Rn)).
Similarly, by virtue of (1.94), (1.99), and (1.101), we find that

(1.107) ATh4
and thus, by (1.95) and (1.103),

(1.108) h4 L2(;Hs-l(u)).
In the meantime, it follows from (1.77), (1.86), and (1.89) that

(1.109) supp Awc .
Consequently, we can rewrite (1.92), with the help of (1.95) and (1.109), as

(1.110) (D2y
where h5 C(R+).

According to Theorem 23.2.2 of [61, there is a unique solution

(.)

of

(.) (D2y A)? h4 @ h5,

(1.113) -0, D-0 fory-y0-e,.

Again by Theorem 23.2.2 of [6], the uniqueness of solution is still valid for lower s. Thus,
w and

(1.114) A3uC([yo-,,yo+l];HS(Rn))vIcl([yo-,yo+];HS-(_Rn)).
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1.4. Conclusion of the proof. We derive from (1.10), (1.15), and (1.21) that

(1.115) Alu E CX(_]rt-t-1

with support in
We combine (1.27), (1.64), (1.65), (1.114), and (1.115) to arrive at (1.6) and (1.8).

2. Application to exact boundary control of a wave equation. As mentioned earlier,
Russell [16], [17] obtained the exact boundary control of a wave equation via Huygen’s
Principle. This idea was further developed by Lagnese [8], [9] and Littman [14], [15]. Our
purpose in this section is to improve the regularity of the boundary control obtained in [8]
and [16]. We will discuss each method separately.

2.1. Russell’s method. We consider a wave equation

02zt
(2.1)

Ot2
Au 0 in (.9 x (0, T),

(2.2) tt(z 0) uo(z)
Ou

(z O) vo(z) in (9,

(2.3) cu(z, t) +- (z, t) F(z, t) on 00 x (0, T).

Here, (9 is a bounded domain in R with smooth boundary 0(_9, 0/0r, denotes the outward
normal derivative on 0(.9, and c,/3 are nonnegative constants such that c //3 > 0. The
issue of exact boundary controllability is to find F(z, t) for a given uo(z) and vo(z) such
that the solution of (2.1), (2.2), and (2.3) satisfies

OU(z T)-0 in (_9(2.4) u(z, T) O,
Ot

We will sketch Russell’s method when r >_ 3 is odd. Let O5 be an open bounded domain
in R such that (.9 c O5 and distance (0(._9,005) < 6. Let (u0, v0) E H2(O) Hi(O) be
given. We can extend (u0, v0) to (u, v) Hz(R)xH’(R) such that ue(z) v(z) 0
for z 05. Then, we solve the Cauchy problem for (2.1) in R x (0, oc) with initial data
(tt, v). Then, the solution w satisfies

(2.5) w(z,t)-O for allz(9 and t>26+ diameter of (.9,

which follows from Huygen’s principle. We set

(2.6) t)t) t) + o.
for (z, t) 0(9 x (0, T), where T > 26 + diameter of (9, and find the solution u of (2.1),
(2.2), and (2.3). By the uniqueness of solution to the initial-boundary value problem (2.1),
(2.2), and (2.3), u w in (9 x (0, T) and consequently, F(z, t) given by (2.6) is the desired
control.

THEOREM 2.1. If (9 is convex and (uo, vo) H2((9) H ((9) has compact support in
(9, then the above control given by (2.6) has the following regularity:

(2.7) F E H (0(9 x (0, T)) if3 # O,
(2.8) F H2(0(9 x (0, T)) if- O.



1490 JONG UHN KIM

This follows from the following discussion of a more general situation For given
(uo, v0) E Hs(Rn) Hs-(Rn),s R, let u C(R;H’(R)) VICI(R;H-’(Rn)) be
the unique solution of the following Cauchy problem:

(2.9)
02U

Au 0 in R R,

(2 10) u(z, O) uo(z)
Ou

(z O) vo(z) in R’.
Ot

and set

(2.11) g(z,t) the restriction of u(z,t) to 0(9 R,

On
(z, t) to(2.12) h(z, t) the restriction of OOxR.

THEOREM 2.2. Suppose that (9 is convex and that supp no U supp vo C If, for some

compact subset If c .(_9. Then, for any T > O, it holds that

(2.13) g H’(O0 (-T,T)),

(2.14) h H-(O0 (-T,T)),

(2.15)

for some positive constant C which depends on If and T, but is independent of o
and vo.

Proof Choose any (zo, to) 00 (-oc, cx). Each bicharacteristic strip of (2.9)
is a straight line in R+ x R+. We call its projection onto the base space R+ a
bicharacteristic curve. Since (.9 is convex and supp uo U supp v0 C K, each bicharacteristic
curve which passes through (zo, to) and is tangent to the surface 00 R at (zo, to) does
not meet supp no U supp vo at t 0. Since the waves propagate at finite speed, it is easily
seen that (z, O, , -) WF(u) for any (, -) E R+\{0} if z supp uo U supp vo. Thus,
by virtue of Proposition 3.5.1 of [5], we find that

(2.16) to, ,
if (, -) _n+l\{0} is tangent to 00 x R at (zo, to). Furthermore, according to Corollary
C.5.3 of [6], there is a local coordinate transformation from (z, t) to (y, z) such that:

(i) (zo, to) is mapped to (yo, zo);
(ii) t variable is not affected and becomes one component of the z variables;
(iii) the points of 0(9 x R near (z0, to) are characterized by y To;
(iv) the points of (_9 R near (zo, to) are characterized by y > To;
(v) equation (2.9) is transformed into (1.1) with f 0, which is valid near (To, zo).

This coordinate transformation induces a local diffeomorphism of the cotangent bundle
Under this diffeomorphism, we find that (z0, to, , ’) is mapped to (To, zo, 0, ) for some

c R\{0} if and only if (, -) R+I\{0} is tangent to the surface 0(9 x R at (zo, to).
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In the meantime, the wave front set is invariant under the diffeomorphism of coordinates.
Therefore, we conclude that

(2.17) (yo, xo, O,)

_
WF(),

for each E R’\{0}, where we write

(2.18) z(y,x) u(z(y,x),t(y,x)).

Now (2.13) and (2.14) follow from (1.6) and (1.8). It remains to prove (2.15). In the
above setting, we let 7- be a linear operator that maps (uo(z), vo(z)) to (y, x), which was
defined by (2.18). Next we write

(2.19) Hc(Rn) {w E Hs(R’) supp w C K}.

If u(z,t) is a solution of (2.9) and (2.10) with (u0, vo) H](Rn) x H-I(R’), then
for each (, -) R’+l\{0} which is tangent to 0(.9 x R at (zo, to), we can find a conic
neighborhood of (z0, to, if, 7-) in R’+ x (R’+ \{0}) which is disjoint from WF(u). We can
choose this conic neighborhood independently of (u0, v0) since K is fixed. Consequently,
e,B, and 5 in (1.9) and (1.10) can be taken independently of (uo, vo). Since f in (1.1)
vanishes in this section, 52 in (1.30) and A4 in (1.32) can be taken independently of (u0, v0).
Hence, e and B in (1.6) and (1.8) are independent of (uo, v0).

Now we conclude that 7- is a linear mapping from H](R) xHc-1 (R) into C((-e, e);
HS(B)) C((-e,e);H-(B)). It is apparent that 7" is a closed operator and thus, 7- is
continuous. It follows that there is a neighborhood E of (z0, t0) in 0(.9 x R such that

(2.20) IIgIIH.(2) + IlhllH-,<> _< C(II011H;(> + IIv011H;-’<>)
for some constant C independent of uo and vo. Since 0(.9 x I-T, T] can be covered by a
finite number of such neighborhoods, we arrive at (2.15).

Next we will extend Theorem 2.1 to the case where (uo, vo) is less regular. We need
to define a weak solution to the initial-boundary value problem. For this, we first define

-(00 x (0 T))- {g H(O0 x (0, T)) gvanishes for 0 < t < p},(2.21) He

which is a closed subspace of H(O0 x (0, T)). As above, we assume that K is a compact
subset of O.

DEFINITION 2.3. Let s R. Suppose that (uo, vo) H]c(R) x H-I(Rn) and

9 /(00 x (0, T)). Then, a function u(z,t) C([O,T];Hs(O)) 71CI ([O, T]; H-’ (O))
is called a solution of the initial-boundary value problem (2.1), (2.2), and

(2.22) u(z, t) g(z, t) on 00 x (0, T)

if u satisfies

fT(u(z, t), X(z, t)) dt (vo(z), O(z, 0))2
(2.23)

for any X C(O x (0, T)), where O(z, t) C(O x [0, T])is the solution of

(2.24)
020

A0- X in (.9 x (0, T)Ot2
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(2.25)
00

O(z, T) -0, -(z, T) --0

(2.26) O(z, t) O on 0(.9x (O, T),

and we use the following notation:

(2.27)

(2.28)

(2.29)

(2.30)

(, } the duality pairing between H(O)and its dual,

l, )2 the duality pairing between H2-1 ((_9) and its dual Ho7((.9),
(,)3 the duality pairing between H2(O)and its dual Hlo-(O),

-(00 x (0, T))and its dual.(,)4 the duality pairing between Hp

distance (00 /4). Each bracket reduces toHere p is a positive number such that p < 2
the L2 inner product when both elements belong to L2. Since X C(O x (0, T)), (2.25)
and (2.26) imply that 0 vanishes near t T. Hence, the last term of (2.23) is well defined.

PROPOSITION 2.4. Let u(z,t) be the solution of the Cauchy problem (2.9) and (2.10)
with (uo, vo) H(R) x Hc-l(lr). Let g be defined by (2.11). Then, for this (t0, v0)
and 9, u(z,t) is a unique solution of the initial-boundary value problem (2.1), (2.2), and
(2.22).

Proof Fix any X(z, t) C(O x (0, T)) and let 0 be a solution of (2.24), (2.25), and
(2.26). Choose a sequence {(u0,v0)}__, in C(Rn) x C(R) with support in some
compact subset KI such that (u0, v0) converges to (u0, v0)in H]r(R) x H.- (Rr) where

distance (00 K). Let u(z t) be a solution ofK C K C O and distance (0(.9, KI) >
(2.9) with initial data (, v). Then, it is evident that u satisfies

t),
(2.31)

t),
4

-’(O0 x (0 T)) forwhere g is the restriction of u to 0(_9 x /. We note that g Hp
distance (00 K) > p. By virtue of (2.15) we passeach k since distance (00, KI) >

k --, oc to see that u satisfies (2.23). The uniqueness is trivial.
Now we can assert the following theorem.
THEOREM 2.5. Let T > diameter of (9. If 0 is convex and (t0,v0) HS(O) x

Hs-l(O),s / has compact support in O, then there is a control F Hs(O0 x (0, T))
which drives the solution of (2.1), (2.2), and (2.3) with/3 0 to (2.4).

By modifying Definition 2.3 in an obvious manner, we can also define a weak solution
to the initial-boundary value problem with the Neumann boundary condition. By repeating
the same procedure as above, we can assert the following theorem.

THEOREM 2.6. Under the same assumption as in Theorem 2.5, there is a control F
H’-(O0 x (0, T)) which drives the solution of(2.1), (2.2), and (2.3) with a 0 to (2.4).

2.2. Lagnese’s method. Lagnese [8] discussed a more general equation than a wave
equation. But we will consider only a wave equation when the space dimension is even.
In order to obtain a more regular boundary control, we will slightly modify the procedure.

For a given open bounded domain O with smooth boundary, we define open bounded
domains 0?5 and 02?5 with smooth boundary such that

(2.32) 0 C 0?5 C (..9?5 C 02?5,
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(2.33) distance (069,

(2.34) distance (006, 0026) < (,

where is a small positive number. We employ a total extension operator E for (.96 which
maps H (O6) into H (Rn) continuously for each m >_ 0 such that for h E H (O6),

(2.35) (Eh)(x)- h(x) for x E 06,

(2.36) (Eh)(z)- 0 for x (-926.

For details, see [1]. We note that this total extension operator was not necessary in [8]. We
suppose that

(2.37) s >_ 2,

(2.38) To > 25 + diameter of (,96

and construct a linear operator AT, for T _> To as follows. For given (uo, vo) HS(06) x
H’-’(06), let w C([O, oc)’H’(Rn)) N C([O, oc);H’-’(R)) be the solution of

02W mw 0 in/n x [0, cx3),(2.39)
Ot2

Ow
(z O) Evo.(2.40) w(z, O) Euo,

Ot

We next choose C((-926) such that

(2.41) (z) for z 06.

By solving the backward and forward Cauchy problem, we can obtain a solution E(z, t) of
(2.39) in R x [0, oc) which satisfies

(2.42) E(z, T) b(z)w(z, T), OSOr (z, T) (z)Ow-(z,T).
Since T _> To, we have

(2.43)

from which it follows that

0E
ot (z,T) e

(2.44) .=. e CC(t [O, cx:))) CC([O, cx);HS(tn)) cICI([O, cx:));HS-I(Rn)).

Let (o, ?o) be the restriction of (E(z, 0), OE/Ot(z, 0)) to 06. Then, it is evident that

(2.45) (0, o) C(06) x C(06).

Let us define the operator AT, for T >_ To, by

(2.46) AT(uO, vo) (o, )o).
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Then, AT is a bounded linear operator from HS(06) x Hs-I (06) into itself.
Lagnese [8] showed that for all T _> To, possibly except for a finite number of values,

(I- AT)- exists. Therefore, for given 7 > To, we can find T such that

(2.47) max To, 2?- distance(00,006)

and

(2.48) (I- AT.)- exists.

Hence, for given (u;,v(9) E H(06) x H’- (O6), there is (uo, vo) H(06) x H-(O6)
such that

(2.49) (u0, v0) AT(uO, Vo) (u;, v).

We then set

(2.50) u w

where w is the solution of (2.39) and (2.40), and -z, is the solution of (2.39) and (2.42).
Then, it follows that

(2.51) c([0, o);/-/. (a)) c c ([0, o);/-/- (a)),

OU(z 0) *(z) forzO6,(2.52) u(z, O) uo(z), Ot v

(2.53) (z, T)- O,
Ot (z, T)- 0 for z 06,

which combined with (2.47) yields

(2.54) u(z, ) 0, 9- (z, 2?) 0 for z 69,

since the wave speed is 1. Now we assume that (.9 is convex and that > diameter of
(.9 is given. Then, there are positive numbers 5, T, and To such that (2.32), (2.33), (2.34),
(2.38), (2.47), and (2.48) hold. We also assume that O supp u t.) supp v is a compact
subset of (._9. Recalling that E is a total extension operator for 06, we use (2.45) and (2.49)
to find that

(2.55) (:o, :0) c ("\o) c

We can now apply Theorem 1.1 to the trace regularity of w on 0(.9 x (0, ). The procedure
is the same as in 2.1 and we will omit the details. The control is given by

(2.56) F(z t) cu(z, t)+/30U(z t) on 0(_9 x (0, )

where c,/3 are nonnegative constants such that o +/3 > 0.
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THEOREM 2.7. If S >_ 2, 0 is a convex bounded domain with smooth boundary and
(u), v) H’(O) x HS-(O) has compact support in O, then the control given by (2.56)
has the following property:

(2.57) F I-I’-’(O0 (0,)) if O,

(2.58) F H(OO (0,2?)) if/3- O.

Next we will consider the case s < 2. This case was not mentioned in [8], but we can
easily infer the following argument.

Let (u0, vo) H’(O) x Hs-(O) be given with compact support in (_9. We then
extend (u0, v0) so that (uo, vo) H(R) x H-’(R) by setting uo(Z) 0, v0(z) 0
for z (_9. Then, we find a solution w of (2.39) in R x [0, oc) with initial data (u0, v0)
at t- 0. Suppose that T > diameter of (.9. Then, it follows that

(2.59) w(z T) C(O)
Ow

(z T) C(O).

Since the controllability for the case s _> 2 has been already established in [8] without any
assumption on the support of the initial data, we may assert that there is h Hz(o(Q
(0, T)) such that the solution of

02’
(2.60)

0t2
AE 0 in (.9 (0, T),

(2.61) E(z, T) w(z, T),
OE Ow
at (’ ) -0 (’ )

(2.62) ctE +/3-u h on 0(_9 x (0, T)

satisfies

OE(z,O)-0 in (.9(2.63) E(z, 0) 0,

We set

(2.64) u w =’

so that u satisfies

(2.65)
02u

/u 0
Ot2

inO x (0, T),

(2.66) u(z, T) O,

(2.67) u(z, O) uo(z),
o
( o) o()Ot
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Hence, a desired control F is given by

(2.68) F ozu + 3 on 0(_9 (0, T).Ou
For the regularity of F, we only need to consider the trace regularity of w since h in (2.62)
is smooth enough. By the same argument as in the previous section, we can assert the
following results under the assumptions:

(i) (.9 is a convex bounded domain with smooth boundary;
(ii) T > diameter of (_9;
(iii) (u0, v0) E Hs(O) Hs-(O) with compact support in (_9.

THEOREM 2.8. If <_ s < 2, then the control F given by (2.68) satisfies

(2.69) F /’-(OO (0,Y)) if O,

(2.70) /4.(oo (0,y)) if o.

If s < and O, then (2.70) holds, and if s < and a O, then (2.69) holds.
For s < 1, we used the following definition of weak solution, which is a slight variant

of Definition 2.3.
DEFINITION 2.9. Suppose that / is a compact subset of (.9 and that p is a positive

number such that p < 1/2 distance (O0, K). Let E R, (u0, v0) H(R) x H-(R)
and 9 9 + 92, where 9 (00 x (0, T)) and 92 L2(O0 (0, T)). Then,
a function u(z,) C([O,T];H(O)) C([O,T];H-(O)) is called a solution of the
initial-boundary value problem (2.1), (2.2), and (2.22) if u satisfies

((, t), x(, t)), dt- (o(), 0(, o))- o(), (, o) 9,(, t), (, t)
4

9(z,t)(z,t)dzdt,
(2.71)

for each X C(O (0, T)), where O(z, t) C(O [0, T]) is the solution of (2.24),
(2.25), and (2.26), and we have used the notation (2.27)-(2.30).

In the above definition, it is necessary to split 9 into two parts because E, which
is the smoother part of u in (2.64), does not vanish near t 0 and does not belong to

/t(00 (0, T)). Next we observe that if 9 9 +
/-7/ (00 (0, T)) and 92, 2 L2(O0 (0, T)), then

(oOl l, 0)4 (/1 )0 dz dt
(2.72) T

foo 0 ({72 92 )O dz

holds for each 0 E Cc(O0 x (0, T)) which vanishes near t T, since 9 -{7 L2(O0
(0, T)) and (,)4 reduces to the L2 inner product.

Hence,

(2.73) (9, 0)4 -- ]20 dz dt ({I,, 0)4 -t- {]20 dz dt
0 0

holds and (2.71) is independent of the decomposition of 9.
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3. Application to the Neumann boundary value problem. In this section, we will
discuss the following initial-boundary value problem for a second-order hyperbolic equation.

Co(X, y, t)
02//, n--I Oq2U 02//,Z aj(z,y,t) +Ot2

i,j=l
OXiOXj

(3.1)

aV

(3.2) YO(X’ O, t) 0 for(x,t) ERn-’ R+

(3.3)
Oq,/z

(x, v, o) o(*, v), N(*, v, o) o(x, v) for (x, y) E R’-’ R+,

where _R+ (0, oc) and n _> 2.
We assume that

(3.4) aijs,’ b/s; c{sand dbelong toC(R+l) and these functions together with
all their derivatives are bounded in Rn+,

(3.5)

n-l

a/j aj/ and Z J(’ ’ t)j , I12
i,j=l

and all (z, y, t) R- xRxR,

for all /n-1

where k is a positive constant,

(3.6) co(x, y, t) >_ k2 for all (x, y, t) /n--I X / X /,

where k2 is positive constant,

(3.7) a/js, b/sand c/s are even functions with respect to the y variable and d
is an odd function with respect to the y variable.

THEOREM 3.1. Suppose that uo(x,y) HI(/n-I /+) and vo(x,y) L2(/n-1
R+) have compact support in R’-1 x R+ and f(x,y,t) L2(R-I x R+ x R+)

-+has compact support in R x R+ x Let u C([O, oc); H (.Rn- x /:+)) 1"1

C([O, oc);L2(R’- x R+)) be the unique solution of (3.1), (3.2), and (3.3). Then, for
each T > O, we have

(3.8) U(x,O,t) HI(/n-I (0, T)).

Proof Since uo, vo, and f vanish near y 0, we can easily extend uo, vo, and f so
that

(3.9) uo, vo, and f are even functions with respect to the y variable,
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(3.10) f(x,y,t)=O for all(x,y) ER’-1 R if t<0.

It follows that

(3.11) (uo, vo) E HI(/n) L2(Rn),

(3.12) f c L2(Rn+).

Let u C(R;H(Rn))N C(t;L2(In)) be the solution of the pure Cauchy problem for
(3.1) in R x R satisfying (3.3) in R. By virtue of (3.7) and (3.9), u is an even function
with respect to the y variable and consequently,

(3.13) Y0(z’ O, t) 0 for almost all (z, t) R x R.

By the uniqueness of solution to the initial-boundary value problem (3.1), (3.2), and (3.3),
the restriction of u to Rn- x R+ R+ coincides with the solution of (3.1), (3.2), and (3.3).
Furthermore, because of finite wave speed, it is enough to establish local trace regularity.
Hence, the question of trace regularity is posed in the same format as in Theorem 1.1 with
s= andyo=0.

It remains to verify the condition (1.4). The principal symbol of (3.1) is given by

(3.14)
n-I

P(x, y, t, , 7, 7.) l
2 + Z aij (x, y, t)ij co(x, y, t)7.2

i,j=l

where ((, r/, 7.) n--I / R denotes the dual variables corresponding to (z, y, t) E
R-1 x R x R. Let (z(c), y(c),t(c),((c), r/(c), 7.(c)) for c R be a bicharacteristic
strip of (3.14) such that

(0) v(o) o, t(0) to(3.15) ((0) (o 0, r/(0)--0, 7-(0)--7-o0.

Then,

(3.16) P(zo, o, to, o, O, -o) 0

and

(3.17) dxi
dc
dy

(3.18)
dc
dt

(3.19)
dc

(3.20) d
dc

(3.21)
dc
dT-

(3.22) d

i= 1,.,.,n- 1,

i= 1, ., ., n



TRACE REGULARITY IN THE BOUNDARY CONTROL OF A WAVE EQUATION 1499

Since aij8 and co are even functions with respect to the y variable, we have

0
(3.23) _,-- P(z, O, t, , rl, 7-) 0

yo
for every z, t, , r/and 7-.

Consequently, it follows from (3.15), (3.18), (3.21), and (3.23) that

(3.24) y(a) 0, r/(a) 0 for all a

of the interval where the bicharacteristic strip is defined.
Next, we will observe the following fact.
LEMMA 3.2. Let to >_ O. If 7-o +1, then there are positive constants ao and o

independent of 23o, to, and o satisfying (3.16) such that the bicharacteristic strip is defined
on [-Ozo, ao] and such that t(ao) <_ to o for 7-0 and t(-ao) <_ to o for 7-0 1.
Furthermore, if 7-o 1, then 7-(a) > 0 for all a E [-ao, ao] and if 7-o -1, then 7-(a) < 0

for all a [-ao, ao].
Proof We first note that

(3.25) P((), 0, t(), (), o, -()) o

holds along the bicharacteristic strip, and rewrite (3.17), (3.19), (3.20), and (3.22) as

n-I

(3.26) dXidc 2Z aij(x, O, t)j, 1, .., n 1,
j=l

dt
(3.27)

da

dsC(3.28)
da

d7-
(3.29)

da

-2co(x, O, t)7-,

’- 0 0

b-Z,(x, o, t), + -o(, o, t)-,
j,k=l

n-’ 0 0 (x,O,t)7-2- (x, o,t) +o
j,k=l

i-- 1,..,n- 1,

Since sCo satisfies (3.16), we infer from (3.4) and (3.5) that for 7-0 +1,

(3.30) Iol--< M1,

holds for some positive constant Ml which is independent of 23o and to. Hence, by (3.4)
and (3.30), there are positive constants a and M2 independent of :co, to, and 0 such that
the bicharacteristic strip is defined on [-o1, a] and

(3.31)

for all a [-a l, all.
It follows from (3.4), (3.29), and (3.31) that

(3.32) _<M3 for alla

.for some positive constant M3 independent of z0, to, and 0. Now we use (3.6), (3.27),
and (3.32) to find 0 < a0 _< a and e0 > 0 as in the assertion of the lemma. For the last
statement of the lemma, we argue as follows. If 7-(a2) 0, for some O2 [--O1, O1], then
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(O2) 0 by (3.25). As a result of the uniqueness of solution to the system (3.26)-(3.29),
it is evident that z(c) z(c2), t(c) t(c2), 7-(c) 0, and {(c) 0 should hold for all
c E [-c, al]. This contradicts r(0) :kl. Now the proof of the lemma is complete.

We also need the following fact.
LEMMA 3.3. There is a constant > 0 such that

(3.33)
{(x,y,t)’xERn-,y-O,-el <t<O}

is disjoint from the singular support of u.

Proof We recall (3.10) and the assumption that

(3.34) {(x, y) "x Rn-, y- O} is disjoint from suppuo t2 supp vo.

The assertion (3.33) is an immediate consequence of finite domain of dependence.
We now verify condition (1.4). Choose any (zo, to) R’- x R+ and o R’-

which satisfies (3.16) with ro 1. Since {(:c, y, t) z R’-, y 0, t E R} is disjoint
from supp f, Proposition 3.5.1 of [5] implies that (zo, 0, to, o, 0, 1) WF(u) if and only if
(x(c), O, t(c), (c), O, r(c)) WF(u) for some c [-co, co]. Here co is the same as in
Lemma 3.2, which says that t(ao) _< to co. Thus, if t(Co) < 0, then (zo, 0, to, o,.0, 1)
WF(u) according to Lemma 3.3. If 0 _< t(Co) _< to- eo, we argue as follows. Since
r(Co) > 0, it is evident that (z(co),0, t(co),c(co),0,7-(co)) WF(u) if and only if
(X(o), O, t(Co), C(Co.)/r(ao), O, 1) WF(u). By taking (x(co), O, t(ao), (co)/r(Co),
0, 1) as the initial value of the bicharacteristic strip, we apply Lemma 3.2 so that the new
terminal value of t satisfies

(3.35) t < t0- 2e0.

If to 2e0 < 0, then obviously, (z0, 0, to, c0, 0, 1) WF(u). If not,.we repeat the same
procedure until we reach negative value of t. For 7-o -1, we use the same argument to find
(:Co, 0, t0,c0,-1) WF(u). Now condition (1.4) has been established, which completes
the proof of Theorem 3.1.

Remark 3.4. When (3.1) reduces to a wave equation with constant coefficients, the
above result was already obtained by Symes [18] and Lasiecka and Triggiani [10]. The
method of geometric optics was used in 18] and the Fourier-Laplace transform was used in
[10]. In [10], we can find a very enlightening example which shows that the H regularity
is not true, in general, when the support of f intersects the boundary. For the general
second-order hyperbolic operator, the most up-to-date results on the trace regularity of
solution to the Neumann boundary value problem can be found in [11] and [12], where it
is not assumed that the data have compact support.
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STATE SPACE REALIZATION OF 2-D FINITE-DIMENSIONAL BEHAVIOURS*

E. FORNASINIt, P. ROCHA, AND S. ZAMPIERIt

Abstract. This paper deals with the state space realization of autonomous autoregressive two-dimensional (2-D)
systems in the context of the behavioural approach. An arbitrary autoregressive 2-D system E can be viewed as the
sum of an externally controllable subsystem Z with an autonomous one 2a, so that a state space realization of E
can be obtained by separately realizing Ec and E’. Since a procedure for realizing externally controllable systems
in state/driving-variable form is already available in the literature, the general realization problem is easily reduced
to the autonomous case. Here, some properties of finite-dimensional autonomous systems are discussed, allowing
for a realization procedure that uses the Gr6bner bases theory.

Key words, autonomous systems, (externally) controllable systems, Gr6bner basis, state/driving-variable real-
ization

AMS subject classifications. 93B20, 93B25

1. Introduction. In this paper we will present some results and algorithms involved in
the construction of two-dimensional (2-D) state space models on the basis of external data.
Following the behavioural approach to dynamical systems introduced in ], [2], [3], external
data are characterized by means of a family of laws telling us that certain signals can occur and
others cannot. Moreover, all the components of the external data play completely symmetric
roles, so that no input/output structure is a priori assumed.

Realization theory has been developed for the most part in the one-dimensional envi-
ronment, where state space models have shown to be a very convenient framework for the
mathematical analysis and synthesis of real time data processors and controllers. In this
context the state is very naturally viewed as a set of latent variables which parametrize the
content of system memory, and the realization problems are inextricably connected with the
definitions of past and future that underlie the notion of memory.

When trying to formulate state concepts for 2-D systems, it is of central importance to
realize that there is often no natural, intrinsic direction of the evolution for systems defined
over a 2-D domain. In this case any choice of a preferred direction is artificial, and there are
various possible definitions of past and future. Some of them are discussed in ], where their
connections with 2-D state representations available in the literature are illustrated in detail.
Obviously, the most classical example is provided by the quarter plane causality structure.
It underlies the so-called South West (SW)-state representation, which is the behavioural
counterpart of the state space model of quarter plane impulse responses, introduced by Attasi
[4], Roesser [5], and Fornasini and Marchesini [6] within the classical input/output framework.

Singular state space models have been analyzed to cope with more general causality
structures in, e.g., Morf [7], Kaczorek [8], and Lewis [9]. In this paper an alternative approach
to noncausal structures is considered, based on the introduction of a set of auxiliary free
variables in SW-state representation. These act in some sense like an input driving the system
dynamics and are therefore called the "driving variables." State/driving-variable models allow
us to compute recursively joint input-output trajectories from the values of the auxiliary
free variables via the state. Although only the realization of 2-D "auto-regressive (AR)"
equations is considered, we remark, however, that transfer functions c’an also be handled in
this context, since they can be identified with (externally) controllable AR systems; see ].

It is shown in that every controllable AR 2-D system (and hence every 2-D rational
transfer function) can be realized in SW-state/driving-variable form, independently of the

Received by the editors December 30, 1991; accepted for publication (in revised form) August 12, 1992.
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existence of a quarter plane causal structure between the system variables. This results from
the possibility of generating the joint input-output trajectories w col(u, y) of a controllable
AR system from (auxiliary) driving-variable trajectories v such that the relationship between
w and v is quarter plane causal, even if u and y are not causally related. Viewing v as the new
"input" and w as the new "output," a 2-D state space model (for instance, of the Fornasini-
Marchesini (FM) type [6]) can then be obtained by the classical realization procedures, yielding
the desired state/driving-variable realization.

The realizability of arbitrary, i.e., not necessarily controllable, AR systems is still an open
problem. Reducing this problem to the realization of autonomous systems is the first goal of
our paper. Indeed, we show that every AR system E can be viewed as the sum of an externally
controllable system Ec and an autonomous one E" and, therefore, the realization of E can
be obtained by realizing separately E and E". Since a procedure for realizing externally
controllable systems is given in [1], it will be enough to derive a realization procedure for
autonomous systems.

This contribution focuses on finite-dimensional autonomous AR systems with q (real-
valued) variables defined over Z2. It turns out that, in this case, the admissible system
trajectories constitute a finite-dimensional vector space /3, given by /3 {w 2 --4

]q1/(0-1,0-290-? 0--l)w 0} with 0-1 and 0-2 the 2-D shifts and /(Z Z2 ZI
z-) a factor right prime 2-D polynomial matrix.

The second goal we pursue in this paper is that of representing the autonomous behaviour
via a state model, characterized by a pair of commuting matrices that describe the state
evolution in the two directions of the grid. The realization algorithm exploits the algebraic
duality between/3 and a suitable quotient module over the space of 2-D polynomial rows, as
well as the correspondence between the shift operators in/3 and a pair of adjoint operators
in the quotient module. These operators are represented by a pair of commutative invertible
matrices and can be obtained by computer algebra techniques and linear manipulations.

2. Autonomous 2-D systems. Following the behavioural approach to dynamical systems
introduced in [1] and [2], we characterize a 2-D system by means of its behaviour, which
consists of the set of all the signals which are compatible with the system laws. Moreover, we
do not start with a given input/output structure, i.e., the system signals are stacked together in
a signal w instead of being divided into inputs u and outputs y. A 2-D system E with q real
valued variables defined over 52 and with behaviour/3 C_ {w 2 ]q, } will be denoted
by E (Z2, .q,/3).

In the sequel we will be interested in the class of autoregressive 2-D systems.
(2:, >q,/3) is said to be an AR system if there exists a 2-D Laurent polynomial matrix

R(z,z2, z z-1) such that

/3 {w" 2 0} ker R(0-, 02 0",’25 .ql/(0"1,0"2,0" 0"l)j)

with 0" and 0"2 the 2-D shift operators. An AR 2-D system is said to be finite-dimensional
if its behaviour/3 is a finite-dimensional vector space; otherwise, E is said to be infinite-
dimensional.

In order to define the notion of autonomy we introduce the following nomenclature.
A subset of ],.2 is said to be 2-D unbounded if it contains a plane sector S(v, Vl, V2)
{v + ctv + flv2]c,/3 >_ 0} with v, v, v2 >i2, and Vl, v2 linearly independent. U c_ Z2 is a
2-D unbounded set if U b/ Z2 for some 2-D unbounded set L/in .2.

Definition 1. (2, ]lq,/3) is an autonomous 2-D system if there exists a subset
T C_ Z2 such that Z2\T is 2-D unbounded and satisfies the condition {w, w2 /3 and w IT
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So, intuitively, a system is autonomous if the evolution of its trajectories in a sufficiently
large portion 2\T ofthe discrete plane is completely specified by what occurs in the remaining
portion T of the domain Z2. As stated in Proposition 2.1, for autoregressive systems the
autonomy is equivalent to the absence of free variables.

Notation. Let (,2, .,q, B) be a system in the variables (J)l,..., l)q)T U. The
variable w, E { 1,..., q}, is a free variable if, for every oz Z2 .’, there exists some
w E/3 such that w oz. Similarly, a vector (w,,..., w)7, with ij J C_ { 1,..., q} and

ij 7 k if j - /, is a vector of free variables if for every
such that (wi,,..., wit)7 -/3. The number of free variables in a system is defined as the
maximum dimension of a vector of free variables in E.

LEMMA 2.1. Let (Z2, ’q,/3) be an autoregressive 2-D system such that 13 {w
52 --, l’qlR(0-, 0-2, 0--i-l 0-’)w 0}. Then

1. The number offi’ee variables in is q- rank R;
2. If > O, there exists a nonzero q x polynomial matrix M(Zl,Z2, Z , z-1) such

thatl3 im M(, 2, al l, 0-), where M(0-1 ,0-2, 0- ,0--l)isviewedasanoperatorfrom
} into {w" --, }. Moreove,; im M has free variables.

Pvof In order to prove statement 1, we first consider the case where _R has full row rank.
In this case, there is a column permutation H such that RH [PIQ] with P square r x r and
nonsingular. This means that the equation Rw 0 is equivalent to

(2.1) Pw --/)2,

with col(w, w2) IIw. SinCe P is full row rank, it can be shown that P(0-1,0-2,0-1 1,0--1)
is a surjective operator, and w2 is a q r-dimensional vector of free variables. So >_ q r.
Now, it remains to see that none of the components ofw are free. Let P* (Zl, z2, z , z-l be
such that P*P diag(p) D, with p det P, and define E -P* Q. Premultiplying
(2.1) by P* yields

(2.2) Dw Ew2.

In particular, if 02 0, (2.2) implies that the components wi of w must satisfy

(2.3) P(0-1,0"2,0"1 0"fl )Wli-0 i- 1,...,r

and are, hence, not free. This shows that the number of free variables in/3 ker R is
exactly q- r.

If R does not have full row rank, there exists a factorization

(2.4) R- FR

such that F has full column rank, R has full row rank and rank F rank R rank R. Let
F be an r x r submatrix of F obtained by selecting r linearly independent rows. It is not
difficult to see that

Rw 0 FRw 0 F Rw 0,

or, equivalently,

/31 ker R c_/3 ker R c_ ker F R-" 2.

Since R and F R are both matrices with full row rank r, it follows from the previous reasoning
that both/3 and 2 have q r free variables, proving the first statement of the lemma.
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As for statement 2, if q- r, without loss of generality, the matrix R in the factorization
(2.4) can be taken to be a full rank factor left prime 2-D polynomial matrix of size r q (note
that if R is not left prime its nontrivial left factors can be extracted and included in F). In this
case it follows from [1, Thm. 1] that there exists a q matrix M(Zl,zZ, Z- z l) such that
ker R(0-,, (72, 0-1 1,0--1) im M(0-1,0-2,0-? 1,0-- 1). So,/3 ker R im M. Finally, we
note that the number of free variables in ker R is still l, and hence im M ker _R has free
variables.

PROPOSITION 2.1. An autoregressive system .’q 13) is autonomous ifand only
if it has no fi’ee variables.

Proof (i) Suppose that is a system without free variables. This means that
for some full rank matrix R(Zl,Z2, Z l,zl). Let P be a q q matrix obtained by taking q
rows of R, and define P* DP-1 with D diag(p) and p det P (note that P* is a
polynomial matrix). Clearly,

Rw 0 =, Pw 0 Dw 0 => P(0-1,02, 0"1 0"1 )w--O i-- 1,...,q,

where w denotes the ith component of w.
We next show that ker D is an autonomous behaviour. Since/3 C_ ker D, this implies

that also/3 (and hence N) is autonomous. Since the support of p is finite, then there exist
integers ll,Ll,lz, L2 such that such support is included in the set T "= {(hi, h2)
h _< L1 or 12 _< h2 _< L2 }. It can be shown that the solutions of the equation are completely
determined by their values on T, i.e., if wl, w2 are elements of ker D and wl IT w2 IT, then
wl w2. Since 2\T is 2-D unbounded, this means that ker D is autonomous.

(ii) Assume that has > 0 free variables and let M be as in Lemma 2.1. Denote,
respectively, by m and m__i the maximum and the minimum of the exponents of zi in the
entries of M, and define the extent of M as e(m) x/ max{ml _m 2 --/Yt2}. Further,
denote the Euclidean distance by d(.,.). Given any subset T C_ Z2 such that 2\T is
2-D unbounded, define two trajectories v and v {v ,,2 --+ q} in the following way.
The trajectory v is simply the zero trajectory. As for v", we require that v"(tl, t2) 0 if
d((tl, t2), T) _< e(M); for (t,, t2) with d((t,, t2), T) > e(M), we define v"(tl, t2) in such a
way that My" O. Note that this is possible since the value of My" at a point (t, t.)
depends only on the values of v" at the points (t, t2) such that d((tl, t2), (t, t)) <_ e(M).
Now let w My 0 and w" My". Clearly, w, w" /3. Moreover wIT [T 0,
and w" - 0 w. q iris shows that is not autonomous.

Contrary to the one-dimensional case, where autonomous linear systems are necessarily
finite-dimensional [2], autonomous 2-D systems may be infinite-dimensional. The following
proposition characterizes the autonomy and the finite dimensionality properties of AR 2-D
systems.

PROPOSITION 2.2. Let E (.z q,/3) be an AR 2-D system with behaviour 13 {w
Z2 ---+ ],:q[/:(0"1, O.2, O. 1,0"-’)W 0}, where R(z,,z2, z, z is a 2-Dpolynomial matrix.
Then is autonomous ifand only ifR hasfull column rank. Moreover isfinite-dimensional
ifand only ifR is rightfactor prime.

Proof The first part of the result is an immediate consequence of Lemma 2.1 and Propo-
sition 2.1. To prove the second statement assume first that R is right factor prime. Without
loss of generality, we can suppose that the entries of R are in ’[zl, z2]. Then there exist [7]
matrices Xi (zl, z2) such that

Xi(Zl, Z2)/(Zl, Z2) diag(d(zi),..., d(zi)), i-- 1,2.

So Rw 0 implies d(0"i)wj 0, 1,2. Consequently the projection of/3 into the jth
signal component is finite-dimensional (j 1,..., q). Therefore/3 is finite-dimensional.
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Conversely if/3 is finite-dimensional, the same is true for its restriction to horizontal and
vertical lines in Z2. So there exist [3] full rank square matrices/i(z), 1,2 such that ker
/(cy) _D ker/:(01,O2). Hence

for some matrices X, 1,2. By [7] this means that R is factor right prime.
An extreme example of nonautonomous systems is the class of (externally) controllable

systems. For these systems, the evolution of the trajectories outside a restricted part T of the
domain eventually becomes independent of what occurs in T. Formally, we define (external)
controllability as follows.

Definition 2. A 2-D system 2 (2, ,q,/3) is (externally) controllable if the following
condition holds. There exists a positive real number p such that, for all T1, T2 C_ 2 with
d(T1, T2) > p and for all wl, w2 C /3, there exists w C /3 such that wiT, wlT,, 1,2.
Here d(Tl, T2) denotes the Euclidean distance between the sets TI and T2.

Remark. We refer to the above notion of controllability as to external controllability in
order to make a distinction from the classical notion, which applies to state space realization.
Our definition is given at an external level, as it only refers to the (external) system variables
w /3. However, when no possibility of confusion arises, we will simply refer to it as
controllability.

An interesting feature of controllability and autonomy is the fact that these are comple-
mentary properties, in the sense that an arbitrary AR system can be viewed as the sum of a
controllable system with an autonomous one.

(Z2 >:q /3i) 2, the sum 21 + 22 of E andNotation Given two systems 2i
22 is defined as 2 + 22 ,,,2 i...q B), where/3 "-/31 +/32

PROPOSITION 2.3. Let 2 (Z2, $:q,/3) be a 2-D system. Then there exist AR systems
2c__ (<v2, ,q,/3;) and 2" (.2 ]’._q ,/3) such that

1. p,c is controllable;
2. 2 is autonomous, and
3. 2 2 + 2.
Pro@ Let R(zl, z2, z- z:-1 such that

/3--{/)" 52 ---- ,:ql/(Crl,O-2,O-[-1

Then there exist polynomial matrices F(Zl, z2, z- z-1) with full column rank, and P(zl
z2, z 1, z-), with full row rank and factor left prime, such that R FP. Without loss of
generality, we can assume that P [Pl P2] with Pl a square and full rank matrix. Define

]w /)2 0 and FPw 0},
2

2 (Z2, ’q,lc) and 2 (Z2, >:q,/3). Since P is factor left prime, by [11 o. is
controllable. On the other hand, by Proposition 2.2, 2 is autonomous. We will show that
2 2 + 2. Since both/3 and/3 are subspaces of/3,

B + B c/3.

In order to prove the reciprocal inclusion, assume that w /3 is given. Let
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with w 0 and w such that Pw Pw (note that PI (0"1, or2, 0"-1, 0-1) is a surjective
operator, as P has full row rank). Further, define w w wa. Now, since FPw
FPw Rw O, it follows that w E B". Moreover,

Pw Pw- Pw Pw- [P P2] w Pw- Pw

and hence w E Bc. So, w w +w with w /3 and w /3a, proving that/3 C_
This yields the desired result.

Remark. Note that the above sum /3 /3 //3 (and hence E E / E) is not
necessarily a direct sum, i.e., we may have/3 N/3 {0}. However, it can be shown that
/3 -/3 (R)/3a if and only if, in the decomposition R FP, the matrix P is zero left prime.
Moreover, it is not difficult to prove that E + N N. + N imply E E., i.e., in
the decomposition E / the system is unique. In fact, it turns out that c is the
largest controllable subsystem of N. Curiously, this uniqueness does not necessarily hold for
E. This is illustrated in the following example.

Example. Let (Z2, 3,/3) with

where

R(ZI,Z2,Z- 1,Z-1) Zl- 0 (z,- 1)(z, + z2)
0 z2 (z2 1)(z2 z1)

Then, clearly, R can be decomposed as R FP with

F(Zl z2, z z-l) z
0

[,0p(Z1 Z2 Zl 1, Zf ) 0

and

Constructing E and E as in the proof of Proposition 2.4 yields E (Z2, ]3, Bc) with

/3c {w" 2__+ 3[pw 0},

and N (Z2, F3,/3a) with

/3a //3 Z2 31//3 //12 ,W3 0, F
//33

So, E E" + Ec. Now let (Z2, It3, ), with

and

Wl

w2

W --+ [W2 0 f Wl

w3

P(Zl’Z2’Z-i-I z-l)1--- 0
Zl/Z2 1"Z Z2
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Applying the same reasoning as in the proof of Proposition 2.3, it is easily shown that, also,
/ . So, in the decomposition / the autonomous subsystem is not

unique.

The decomposition of an arbitrary AR 2-D system E into the sum of a controllable part
Ec and an autonomous part Ea can be used to obtain state space realizations of E by separately
realizing Ec and Ea.

As shown in ], every controllable AR system admits a state/driving-variable realization
of the form

(2.5)

(2.6)

(2.7)

s(a)x o
o-x (Aa + Ao)x + (Bo + Bo)v
w Cx + Dv

with cr O"10"1 the diagonal shift, x the state, and v an auxiliary free driving variable.
Moreover, the matrices S(z), A(z) Alz + Ao and B(z) Biz + Bo are such that A(cr)
ker S(cr) c_ ker S(cr) and im B(cr) C_ ker S(cr).

This model can be interpreted as follows. On each diagonal line L:k {(i, k i)li C

Z}, k C ., the state trajectories must satisfy the constraint of (2.5). Equation (2.6) yields the
state on/2k+l once the state and the driving variable on : are given. We remark that, due to
the special structure of S(z), A(z), and B(z), if xlc satisfies (2.5), then the corresponding
state xlck+, computed from (2.6) also satisfies this restriction. Therefore we can view equation
(2.5) as a constraint on the admissible initial states along the diagonal line, say l:0, and use
(2.6) and (2.7) to propagate the (x, w) trajectories on the half plane 7-/o LJk>o. By means
of (2.6) the state x(i / 1, j) is computed from the values of x and v on the nearest neighbours
(i, j) and (i + 1, j 1) of (i + 1, j).

This updating structure is the same as for the 2-D input-state-output (i/s/o) model intro-
duced in [6], known in the literature as the FM model. However, here the system dynamics are
driven by the auxiliary variable v instead of being driven by the system inputs, and the model
output is the system variable w, which includes both inputs and outputs. Another important
distinction is that the FM i/s/o model does not include an explicit restriction on the admissible
initial states as in (2.5). As it will later become clear, such a restriction is essential for the
realization of autonomous systems in state/driving-variable form.

In view of foregoing considerations, it turns out that in order to study the realizability
of an arbitrary 2-D system E Ec + E by state/driving-variable model as (2.5), (2.6), and
(2.7), it is enough to focus on the realizability of the autonomous part Ea. This problem will
be considered in the next section for the autonomous finite-dimensional case.

3. Autonomous finite-dimensional systems. We will assume throughout that R is a
full column rank, factor right prime matrix, with elements in the Laurent polynomial ring
][ZI, Z2, Z-1 Z- A+. Moreover, for sake of simplicity, we will first restrict to scalar
behaviours, by assuming that R [r r2 rt]T is a column vector, and successively
extend the results to the general case.

3.1. Scalar case. In the subsequent discussion a significant role will be played by some
connections between the ideals in A+ and the ideals in A+ := [Zl, z2] and by an abstract
characterization of the system behaviour based on the algebraic properties of dual spaces. Let
us first consider the following map:

I I A+ A+ "p H Ipl zU-izjp,
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where and j are the minimum degrees of the monomials that appear in the nonzero Laurent
polynomial p with respect to the variables Z and z2. More precisely, if

P- Z Phk zh z
then

i’- min{h Zlk Z, phk :/: 0}
j min{k Zlh Z, phk 0}.

In case p O, we define IPl O. Clearly, for every nonzero Laurent polynomial p, IPl includes
a monomial in zl and a monomial in Z2 with nonzero coefficients.

The operation just described, of shifting the support of a Laurent polynomial into the
positive orthant of Z Z, associates with the ideal 2-: :-- (rl, r2,..., rt)+ generated in
A+ by the elements of the matrix R an ideal 2-+ :- (Irl }, Ir21,..., Irtl)+ generated in A+
by Irl I, Ir21, Irtl Some relevant connections between 2-+ and 2-+ are summarized in the
following lemma.

LEMMA 3.1. (i) p Z+ if and only if there exists a pair of integers (i, j) such that

(ii) The quotient space A+/-/Z+ is finite-dimensional if and only if the ,same holds for
A+/Z+.

Proof Statement (i) is obvious. As far as (ii) is concerned, suppose first that A+/2-+ is
a nonzero finite-dimensional space. This implies that 2-+, and hence 77+, include two nonzero
polynomials f(zl) and g(z2), with deg f > 0 and deg 9 > 0. It is easily seen that the cosets

[ZZ] :--- Z1Z @ ’-t-, 0 < deg f, 0 _< j < deg 9

constitute a finite set of generators for the quotient space A+/Z+.
Conversely suppose that A+/Z+ is finite-dimensional and let d be any common factor of

It is clear that 2-+ C_ (d)+, where (d)+ is the principal ideal of A+ generated by d.
We therefore have dim A+/Z+/- >_ dim A+/- / (d) + and A+ / (d) + is finite-dimensional. This
implies that the polynomial sets {z, Z} and {z, j 2;} are linearly dependent modulo
(d)+, and hence (d)+ includes two nonzero polynomials f(z) and 9(z2). Since d must be
the constant polynomial, rl,..., rt are coprime and A+/Z+ is finite-dimensional. [5

We introduce next a special nondegenerate bilinear function

(.,.)" A+ x IZz- I,

by assuming

ij

J in A+ and all signals w in Izxzfor all polynomials p Pij zl z2
For instance, ifp is the Laurent polynomial zl + z22 z( z2 + 3 z-3 and w(i, j) ei+j,

then (p, w) 2
__

nt 2 e-3.
In this way, the "universe" I1@ xz of all signals with support in Z x Z is isomorphic to

the algebraic dual of A+, i.e., to the space of the linear functionals on A+/-. Moreover, the
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behaviour/3 can be identified with the orthogonal complement of 27+ with respect to such
bilinear function

(3.1)

and, by duality,

The proof of (3.1) is an easy consequence of the following identity:

0"71 0"-l)w(h k) (pzhlz W)

In fact, w E /3 implies P(0"1,0"2, 0"1,0"-l)w 0 and, therefore, (p, w) 0, Vp E Z+. Vice
versa, given w Z: and p 2-+, we have (pzhz2, w) 0, Vh, k Z, which implies

P(0"1,0"2,0"1,0-- l)w O.
We now restrict our attention to the space/3 and to the quotient space A+/Z+. Using

standard techniques of linear algebra [13], it can be shown that A+/B+/- A+/27+/- and/3

constitute a dual pair with respect to the bilinear function

Moreover, the canonical injection

is dual with respect to the canonical projection r of A+/- onto A+/-/27+/-

:r" A+/-/27+/- - A+.

For reasons that will be clear later on, we then wish to exhibit explicitly an isomorphism
(for the vector space structure) of/3 onto A+/-/27+.

PROPOSITION 3.1. If the matrix R is right factor prime, then 13 and A+/-/Z+/- are finite-
dimensional isomorphic vector spaces.

Proof Since R is right factor prime, A+/Z+ is finite-dimensional. Therefore, by Lemma
3.1, A+/-/Z+/- is finite-dimensional also. Now let ([Pl], [P2],..., [Phi) be a basis of A+/-/27+/- and
consider the linear map

n

/ B A+/-/27+/- w -(p, w)[p].
i=l

If [oz oz2 On]T R is orthogonal to [(p,, w}(p2, w}... (pn, w}]T for all w E B,
then ( cip, w} 0, for all w B and

n

’cp E B+/-

i--1

This implies ci 0, 1,2,..., n and, consequently, as w varies over/3, [(Pl, w)(P2, w)-..
(p,, w)]T span Itn. Therefore is surjective.

Suppose now that w /3 satisfies .,(w) 0 or, equivalently, (p, w) 0, 1,2,... n.
Since every p in A+/- can be expressed as p -i aipi + r, r 27+/-, for all p E A+/- we have
(p, w) (r, w) 0, which implies w 0. Therefore
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From now on we suppose that a basis ([p,], [P2],..., [Pn]) has been chosen in A+/Z+,
and consider the corresponding dual basis (w, w2,..., w,) in/3.

The relations ([pi], wj) 6ij, i,j 1,2,..., n imply [p] i, ([p], wi}[pi], for all
[p] Am/Zm and, on the other hand, w i=, ([pi], w}wi, for all w . Introduce the
following invertible linear maps:

Z, A/ A/I [p] [z,p],
Z2 A/I A/Z [p] [zzp].

Clearly, ZZ2 21 and the adjoint maps of 1 and Z2 in B are 1 and a2, respectively.
()The matrices Nz [nh],l 1,2, representing the linear transformations Zz with

respect to the basis ([p,] [P2] [P]) are given by -(z)
"h ([zZp], Wh}. Hence, the matrices

representing a and a2 with respect to the dual basis are N and Nf, respectively. In fact,
()letting lWj h hj Wh, 1,2, we have

(3.2) ([p] a, wj} ’(’)

h

and, using the duality,

trk

Comparin (.2) and (.) ives the result.
We arc now in a position to provide a state driving-variable realization of an autonomous

finite-dimensional system Ea.
or any w B, we introduce the followin signal"

1 2

The value ofx at (h, k) provides the components ofa)aw with respect to the basis (w,, w2,.., wn)
It is clear that, once x(0, 0) is known, x(h, k) is easily computed for all (h, k) Z x Z

0).

Moreover, the value of w at (h, k) can be recovered from x(h, k) as follows"

0)

Here C [c c2 c] denotes the row vector of the components of [1] with respect
to the basis ([p,], [p2],..., [p])in A/Zm.

The above results are summarized in the following recursive model:

N?’x
2x

Cx.

Every signal of the autonomous behaviour B is uniquely determined by the coesponding
value of the state x at any point (h, k) and, conversely, different states at (h, k) induce different
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signals in the autonomous system. Finally, letting cr or,cry-’, 5’(or):-- crI- N(N2)-,
and A(r) N, we end up with a state driving-variable realization of/3, as follows:

s()w o
x- A()x

When pj j 1,2,... n are monic monomials, i.e., pj z ze j 1,2,..., n, the
structure of the corresponding dual basis is very appealing. In fact, the element wj is the unique
element of B taking the values at (pj, uj) and 0 at (p, u), 1,2,..., j 1, j + 1,..., n.
Moreover, for every (h, k) Z , the components of the state vector x(h, k) are the values
of w at { (p + h, u + k), (2 + h, U2 + k),..., (n + h, Un + k)}.

A further reason for using a monomial basis in A/Z will be made apparent in the
following subsection, where an algorithm for the computation of the matrices N and Nf is
outlined. Some concepts on computer algebra, and in particular on Gr6bner basis theory, are

required; for details see [10].

3.2. Computational methods. Let G {9, g2,. gh}, gi A+, be a Gr6bner basis
of the ideal Z+, and denote by {q 1, qe,..., q} the set of monic monomials that are not

multiple of the leading power products of any of the polynomials in G. Then

(q + z+,q: +z+,...,q +z+)

is a basis of A+/Z+ and the linear transformations

z A+/Z+ A+/Z+ q + Z+ zzq + Z+, l- 1,2

are represented by a pair of commuting matrices M and M2.
Our puwose here is to supplement the algorithm discussed in [11] for obtaining M and

M2, so as to provide a constructive technique for obtaining the invertible matrices N and
introduced in the previous subsection. The procedure we are going to describe will also shed
some light on the connections between the ideals Z and Z+.

Let p be a positive integer with the property that the subspace of A+/Z+ spanned by

zz q +Z+,i 1,2,...,m} is independent ofh and k, for all h and k 0.
Therefore span{zzq +Z+, 1,2,..., m} is a -2-invariant subspace, satisfying

2 and the restrictions of i and 2 to constitute a couple of invertible
commutative linear transformations.

Let S be the Boolean matrix that selects a basis of out of the ordered aay (z zq +

2 ffl.4 + z+’q2 + z+ + z+)
z2

So the restriction is associated with a u u invertible matrix N, and, recalling that M
and Mz represent the linear transformations 1 and 2 with respect to the basis (q + Z+, qe +
+,..., q + Z+), we have

On the other hand, the definitions of M, M2, and 5’ also imply

Zz q ++(3.6) (z+, z
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Comparing (3.5) and (3.6) gives M+’MS MMSN,. Since MMS has full
column rank, letting

we obtain

(3.7) N, ($mHS)-’(SmHM, S).

Similarly,

(3.8) N_ (S’US) -’ (S uM=s).

The next proposition shows that the monomials qi,, qi2, q, resulting from the previous
procedure and associated, as shown, to a basis of the subspace C_ A+/Z+, also provide the
basis of the quotient space A+ IT+ we are looking for.

PROPOSITION 3.2. The monomials qt q2, q. constitute a basis of A+, modulo 2-+.
Proof Suppose that -]h= ahqi, is in 2-+.
By Lemma 3.1 there exists a positive integer A such that -]h= ahq,z(z and, a fortiori,

,= q,+-"+"2 belong to Z+.
Since the monomials q,z++ z+Az+ +Az+’2 q2 q.z are linearly inde-

pendent modulo 2-+, we have ah 0, h 1,2,..., u, and qi,, h 1,2,..., u are linearly
independent modulo 2-_.

It remains to show that they generate A+ modulo 2-+/-. To that purpose, consider any
’z’ppolynomial p A+. Then there exists a positive integer A such that z 2 A+ Therefore

h=l h=l

hq,z’+z+ mod 2-+.
h=l

Upon multiplying on both sides by z-(--z[-)’, we havep -]h=l /3hqih mod 2-+, showing
that the monomials qi, generate A+/- modulo 2-+. Q

As a consequence of Proposition 3.2, the matrices NI and N2 associated with the restric-
tions to of qS1 and b2, with respect to the basis (3.4), represent Zl and Z2 with respect to the
basis

(3.9) ([qi,], [qh],..., [qi.])

in A+/Z+. This result is almost obvious. Upon introducing the following isomorphism
E A+/Z+ ,h=l ah(ZZq,) + 2-+ -+ -]h=l Cth[qh], we check that the following

diagram

commutes. With respect to the bases (3.4) and (3.9), is represented by the identity matrix
and therefore the same matrix Nl represents both 1 and Z. Similarly 2 and Z are both
represented by N2.
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Remark. In 1] it has been shown that the annihilating polynomials of M and M2 are

exactly the polynomials of the ideal 2-+, i.e.,

p(,)=0pZ+.

It is quite natural to ask whether the Laurent polynomials in 2-: do exhibit the characteristic
property of annihilating the commutative invertible matrices N and N2. Actually this is true

and we have

(3.10) p(N,N2) O,= p Z+.
To prove (3.10), we note first that, by Lemma 3.1, p Z+ if and only if there exists a pair
of nonnegative integers and j, such that q(z,, z2) zzzp(z,, z2) 2-+. This in turn is

equivalent to assuming that 0 q(Ml, M2) q(4l, q52) and therefore (3.10) can be restated
as follows:

(3. ) p(v, N) 0 q(, r2) 0

for some q zzJ2p A+. To prove (3.1 1), assume first q(Ml, M2) 0. Then q(q51,4z)
0 implies q(g)llz;,4)elc) 0 and, consequently, 0 q(N,,Nz) N(Np(NI,N2)
p(N, N2), because of the invertibility of N1 and N2.

Vice versa, consider any polynomial p A+ that annihilates the commutative pair NI, N2,
i.e.,

(3.12) p(N,N2) =0.

Select a pair of nonnegative integers h, k such that pt z/h kz2 p is a polynomial in A+. Rewrite
pt as follows:

j=l

and let

q z z2/J Z2 qJ + ZZ7.
j=l

Note that (3.12) implies p’(NI, N2) q(N, N2) 0 and r 2-+ implies T(MI, M2) 0.
Restricting 4)1 and 4)2 to gives r(N,, N2) 0 and hence -j=l jqj(N, N2) O. To
prove that q(Ml, M2) is the zero matrix, we will show that q(4), q52) annihilates qi + Z+,
1,2,... m. Actually we have

Since zUzUq2 + 2-+, 1,2, m belong to Z: and -j .qj(l ,4)2) acts on L; as the
zero transformation, we are done.

Remark. An alternative way for computing the matrices N1 and N2 can be derived from
the scheme presented in [3]. Actually, when/3 is finite-dimensional that scheme gives a finite
set of initial conditions that can be viewed as the state vector of a state space realization. The
updating matrices in that case are obtained from the canonical computational form proposed
there.
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3.3. Extension to the vector case. Suppose now that R is a t x q full column rank right
prime matrix, describing a q variables behaviour B. All concepts previously introduced for
the scalar case have an immediate extension to the vector case. Let

Aq+ q[z, z2]
Aq3_ ]lxq[zl ,Z2 ,Zl l,z-l]

and define the map

l" I" A Aq+ r H Ir] z,zr,
where and j are the minimum degrees of r with respect to the indeterminates zl and 2:2. In
case p 0, we define IPl 0.

Let 3//+ (r,...,rt)+ be the submodule in Aq generated by the rows of R and

.M+ (Irl,..., Irtl)+ the submodule in A generated by the rows of the matrix

R’- AR

where A diag {z[" z’,..., z’"z } and z.’i and/zi satisfy z zri- Iril, i- 1,..., t.
LEMMA 3.2. (i) A row r belongs to A4+ ifand only ifthere exists a pair ofintegers (i, j)

such that zzr is in A4+.
(ii) Aq/JM+ is finite-dimensional ifand only ifAq+/33+ is finite-dimensional.
Proof (i) The proof is obvious.
(ii) Suppose that Aq+/Jt4+ is finite-dimensional. This implies that there exist polyno-

mials fi (Zl) and 9i(ze), 1,..., q, such that

where e is the element of the canonical basis of ’q with one in position i. It is easily seen
that

q

U{z)z2e/T+3/l+,0_<h< degfi,0_<k< deggi}
i=1

constitutes a set of generators for A/.M+.
Conversely, suppose that A/.Ad+ is finite dimensional and let D be any right factor

of R,

It follows that R A- A- 1/D, where A- is still a polynomial matrix with elements in
A+. Since the submodule A//+ (D) generated by the rows of D, satisfies .A//+ c_ 3A+ (D), we
have dim A/.AA+/- > dim Aq,/.M+/-(D) and A/.M+/-(D) is finite-dimensional. Therefore
there exist polynomials fi(z) and 9(z2), 1,..., q, such that

f,(Z,)W .M+/-(D)
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and, consequently, there exist polynomial matrices H and// such that

(3.13)
(3.14)

HD diag{f,(z,), fq(Z,)}
KD diag{9, (z2),..., gq(Z2)}.

Equation (3.13) implies that det D is a polynomial in zl and (3.14) implies that det D is a

polynomial in z2. Therefore D is unimodular, is right factor prime and Aq+/.M+ is finite
dimensional.

Introduce a nondegenerate bilinear function

such that (r,w) E rijw(i,j), where r -rijzz is a polynomial row in Aq and

Then (l:iq):< is isomorphic to the algebraic dual of Aq and we still have B .M and
B+/- 3/I_ +/- M+/-. Moreover/3 and A/M+/- are finite-dimensional isomorphic vector

spaces.
As in the scalar case, let NI and N2 be the matrices of the linear transformations

z, A/ -A/ {] [,]
Z2 A/JM+/- Aq+/-/JM+/- [r] - [z2r]

with respect to the basis ([r],..., [r,]) of Aq/3/[+/-. If the state vector relative to a signal
w /3 is defined as

,,(h, ).-

and C is a q x n constant matrix such that

then we have

,,(h, ) (xi)’(x[),,(o, o)

and

(h,) -c(h,).

By applying the theory of Gr6bner basis over the polynomial modules [12], a basis in

Aq+/AA+ with elements of the type zze + All+ is easily obtained. After computing the
matrices M and M2 that represent the transformations

cb Aq+/M+ Aq+/M+ r + M+ zr + M+, /=1,2

with respect to that basis, the procedure for extracting N and N2 from M and M2 is the same
introduced in the scalar case.
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ROBUST STABILITY OF FEEDBACK SYSTEMS:
A GEOMETRIC APPROACH USING THE GAP METRIC*
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Abstract. A geometric framework for robust stabilization of infinite-dimensional time-varying
linear systems is presented. The uncertainty of a system is described by perturbations of its graph
and is measured in the gap metric. Necessary and sufficient conditions for robust stability are
generalized from the time-invariant case. An example is given to highlight an important difference
between the obstructions, which limit the size of a stabilizable gap ball, in the time-varying and
time-invariant cases. Several results on the gap metric and the gap topology are established that are
central in a geometric treatment of the robust stabilizability problem in the gap. In particular, the
concept of a "graphable" subspace is introduced in the paper. Subspaces that fail to be graphable
are characterized by an index condition on a certain semi-Fredholm operator.

Key words. Robust stabilization, gap metric, graph topology, graphability, stabilizability

AMS subject classifications. 47A53, 47N70, 93B27, 93B28, 93B36, 93C25, 93C50, 93D25

1. Introduction. In this paper we develop a geometric framework for robust
stabilization of feedback systems using operator-theoretic methods. The theory is
based on a description of the uncertainty of a system as a perturbation of its graph
and is measured by the gap metric.

The gap metric has its origin in functional analysis [20], [13], where it was used in
perturbation theory of linear operators. It was introduced into control theory in [25],
[1] as being appropriate for the study of uncertainty in feedback systems. For shift-
invariant systems it was shown in [5] that the gap metric was computable exactly in
terms of two standard "2-block" H optimization problems. Building on this result
and the work of [23], [24], [26], and [7], it was shown in [6] that robust stabilization in
the gap metric is equivalent to robust stabilization for perturbations of the normalized
coprime factors of the transfer function.

The simplicity of the robustness bounds obtained in [6] for the time-invariant case,
which were expressed solely in terms of the plant and controller system operators,
strongly suggests potential generalization. However, the techniques used in [6] are
mostly function theoretic, relying on a specific representation for the graph of a time-
invariant dynamical system as a shift-invariant subspace of L2[0, (:x:)], and do not
admit immediate generalization to the shift-varying case. This motivated the search
for a different approach, which does not rely on representations for the subspaces
involved, and which elucidates the apparent geometric structure underlying the robust
stabilization problem. It became apparent that substantially new techniques were
needed, beyond those developed in [6], to meet this objective. The present paper is
a continuation of work begun in [3], [4]. We note that some independent work on a
geometric approach to robust stability in the gap metric has been presented in [15],
[16], [19]. A generalization of the results of [5] has been presented in [2].

This paper is organized as follows. In 2 we present some basic material on
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Vl
P

C
V2

FIG. 1. Standard feedback configuration

graphs and stabilizability for linear systems. In 3 we establish several results on
the gap metric that are used in the later development. Section 4 introduces the
concept of graphability and proves a necessary and sufficient condition for a subspace
to be graphable. Section 5 presents and proves the main robustness theorem for plant
uncertainty in the gap metric. In 6 an example is presented to clarify the need for the
uniform boundedness condition in the main robustness theorem. Section 7 uses the
machinery of the previous sections to generalize an elegant result of Qiu and Davison
[16] on combined plant-controller uncertainty to the time-varying case.

2. Graphs and stabillzability of linear systems. We consider a linear sys-
tem to be a (possibly unbounded) linear operator P T)p C L/-- , where N, 3; are
Hilbert spaces and T), is the domain of P. We denote by Pu,y the class of all linear
systems from/g to . A typical choice for the input and output spaces is
and J; g[0, cx)), or the corresponding continuous-time Lebesgue spaces. (Note: This
paper does not impose the constraints of causality or time-invariance on the systems
considered.)

Consider the feedback configuration of Fig. 1, where the plant P E :Pu,y and
the controller C E Py, u. This configuration, denoted by [P, C], provides a pictorial
representation of the following set of equations:

Define the graph of a system P Pu,y as the linear manifold of bounded input-
output pairs of P

where Iu denotes the identity operator on H. Similarly, define the inverse graph of
the controller C by

:= Iy
The feedback configuration [P, C] is said to be stable if the operators mapping

vi ej for i, j 1, 2 are bounded. This is equivalent to the operator

F,c:= p ix ec6+G" -e -v
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having a bounded inverse defined on . In case an inverse exists it is denoted by
F-1Hp,c := P,C"

A system P is said to be55if and only if there exists a controller C such
that [P, C] is stable.

PROPOSITION 1. If P E Pu,y is stabilizable then the graph of P is closed.
uProof. Let (u) E {p for i= 1, 2,... be a Cauchy sequence with limit point (y)

and let C be such that [P, C] is stable. Since

0
:: Hp,c

Y

then

(u) (u)0
:: lim Hp,c Hp,c--, y Y

which means that u e :Dp and (y) ()u e Gp. [:]

Thus, a necessary condition for [P, C] to be stable is that both P and C have
closed graphs. A similar statement has been made in [27] for quotients of bounded
operators. The idea in [27] gives Proposition 1 in the following way: Closed-loop
stability ensures that P(I + CP)-1 is bounded and that (I + CP) has closed graph
and domain equal to :Dp. This gives that P P(I + Cp)-I(I + CP) has closed
graph.

The following proposition presents a geometric characterization of stability of
[P, c].

PROPOSITION 2. Let P :Pu,y and C 7y,r. Then the following are equivalent:
(a) [P, C] is stable,
(b) {p, { are closed,

n {0}(1)
and

Proof. (a)=(b). If [P, C] is stable then, by Proposition 1, Gp, G are closed.
Moreover, both (1) and (2) are necessary for Fp,c to be a one-to-one mapping onto.

(b)=(a). First note that (1) and (2) are sufficient to guarantee the existence of a
set-theoretic inverse for Fp,c defined on . We need to show that the inverse is also
bounded. We first observe that the graph of Fp,c is closed. To see this note that

el

-e2 / el ) E)p )cF
1 C2 2
Pel -e2

1 0 0 0
0 0 0 -1 Pel f el ’1 0 -I 0 Ce2 )e2
0 1 0 -1 e2

e2

e2

EDp XDC
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where - denotes a Hilbert space isomorphism. Consequently, the graph of Hp,c
F-1(- P,C) is also closed. The result now follows from the closed graph theorem.
Similar geometric concepts for expressing stability have been employed in earlier

studies, notably in the context of nonlinear control systems [18], [22], and in the recent
wors [], [14], [1], [].

3. Preliminaries on the gap metric. In light of Proposition 2 we will restrict
our attention in the rest of the paper to linear systems that have closed graphs. We
will identify P (through its graph) and C (through its inverse graph) with elemems
of

Sn := { E is a closed subpace of }.
For S denote by H the orthogonal projection with range . The gap between
1,2 SE is the metric defined

(see [11] and [12]), and Sc is equiped with the natural topology induced by the gap
metric. Thus the gap between two systems P, 1,2, is defined to be the gap
between their respective graphs GP,, i= 1, 2 ([25]).

Let B(E, 2) denote the space of bounded operators between two Hilbert spaces
1 and 2. For X e B(,2) define T(X):= infxe,IIzll=l IXx][

PROPOSITION 3. Let o S. The following are equivalent:
(a) Sc and 5(0,) < 1;
(b) Ho ] is invertible;
(c) There exists an X e B(E0, E{) such that E (Io + X)E0.

Furthermore, ff S and (o,) < 1, then

(3) 5(0, ) ffl T2(Ho[) ffl
(4) ]]X(I + X*X)-/][ Itxl

1 + ]]x[] 2

Poo. The equivalence ()(b), we proo o (3), cn be ound in [le,
Lemma 15.1].

(b)(c). Since 5(o,) 5(, Eo) both Ho and H[o are invertible. Hence

+

Thus, (c) holds for X H(Hol)-1.
(c)(b). om the equality ko Ho[(I+X)ko, for ko o, we see that Hol

is onto and from (Io + X)o that it is one-tone.
We defer the derivation of (4) to Proposition 4 below, where we prove a slightly

more general statement.
om the definition of the gap metric it follows that

5(tC,)
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(see [12]). Note that

where

IlIIc IIc. sup dist(x, K:I),

where dist (x,
PROPOSITION 4. Let Xi E B(lo, leo +/-), for 1, 2, and/Ci (I:o + Xi)K:0.

Then

V/1 p2,

p min {T ((i q_ XXl)-l/2(i _+_ X,X2)(I - X2X2T((Iq-XlX)-l/2(I+XlX)(Iq-X2X)-l/2)}.

Proof. We compute

’[IIClII:2" I] (-X) (I+xlx)-I

since

I)(I(-X, I) X
II(I + XlX)-l/2(X2 Xl)(I + XX2)-1/21]

q- XX2)--I (I, X)

(-IX) (I + XlX)-1/2

is an isometry and (I+XX2)-I/2(I, X) is a co-isometry. By symmetry
is given by the dual expression. This completes the proof of (5).

To prove (6) consider the unitary operators

( (I + XX,)-/9" -X(I + X,X)-/2 )Y "=
Xi(I -+- XXi)-1/2 (I + X,X;)-/

for 1, 2, and define

( (Y)I,1 (Y)l,2)(8) Y := YY2 (Y)2, (Y)2,2

where (Y)i,j denotes the (i,j)-block entry of Y. Since

is an isometry, it follows that II(Y),II: + ((Y),I) 1. Using (7) it follows that

[]II II: (Y)2,1

V/1 r2 ((Y)I,),
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*X -1/2where (Y)1,1 (I + XX1)-I/2(I -t- X

V/1 T2 ((Y)2,2), where (Y)2,2 (I -t- XlX)-l/2(I -t- XlX)(I + X2X)-1/2. This
completes the proof.

Consider two subspaces /Co and /Cl at a distance (K:o,l) < 1, where K:I
(I + X)/C and X e B(/Co, K:o +/-). Define

(9) /CA (I + X)0

for A E IR.
COROLLARY 1. The family K., [0, 1], defines a path, continuous in the gap

metric, between Ko and 1. Moreover, for A JR,

Proof. To establish that the family K;x, A [0, 1], defines a path it suffices to
prove (10)-(12). Equation (10) follows from Proposition 4 by identifying K:0, K:I,/C2
with/o, K:0,/CA, respectively, and Xl, X2 with 0, AX. If, in Proposition 4, we identify
(:0, (:1, (2 with K:o, K:I, K and Xl, X2 with X, AX, then we obtain

(13)

((1, K:,k) max {11 AII[(1 + XX*)-l/=X(1 + 2X*X)-l/21[

[1 A[[[(1 + XX*)-l/2x(1 --b ,’2X*X)--l/2[] }

Both expressions are equal and can be seen to equal the right-hand side of (11). Since
X*X is a positive, bounded, selfadjoint operator, by invoking the spectral mapping
theorem, it follows that

(K:I, ](,k) sup{
V/(1 + x)(1 + A2x)

x Spectrum(X*X)}.

The supremum of the function in the interval [0, cx) occurs at x 1/A and equals
[1 A[/[1 + A I. (Note that Spectrum(X’X) c [0, cx).) [:]

COROLLARY 2. Let K:o,K:I,2 Sc be such that 52(K:o,K:l) + 52(K:o,K:2) < 1.
Then

(14) ((:1, (:2) _< (K:o, I)V/1 2(K:o, K:2) + (/0, K:2)V/1 2((0, (:1).

Proof. Since 5((0,](1) < 1 and 5(K:o,K:2) < 1, by Proposition 3 there exist
bounded operators Xi /Co - E0+/- such that K:i (Ico + Xi)o, for 1, 2. We
observe that

2(](0, 1)--[-2(](:0, ](:2) < 1 +1 + [[Xx[[ 2 1 -[-[]X2[[ 2

IlXlllllx .ll < 1.

<1
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Since IIXX211 < IIXIlIIIX211 < 1, it follows that T(I + XX2) T(I + XX1) > 0.
Consequently 5(K:1,/C2) V/1- p2 < 1, where

p r ((I + XX)-l/2(I + XX2)(I + XX2)-1/2)
T((I’-}-XX1)-I/2)T(Iq-XX2)T((I’-’XX2)-1/2)
>

Thus,

(1- IIXl]ll]x2II) 2(/c,/c2) _< 1-
(1 + Iix1II2)(1 -}-IIx21[ 2)

q_
V/1 + [IXll[ 2 V/1 + I]x2I, 2 v/1 -]-,]x2,I 2 v/1 + IIXlII 2

This completes the proof.
The arcsine of the gap metric can be thought of as the maximal angle between

two subspaces, denoted by max(K:,/C2) := arcsinb(/C1,/C2). Corollary 2 is given in
[16]. It was also observed in [16] that (14) can be rewritten in the form

(15) Omax(K:l, K:2) Omax(/Cl, K:) + emax(]C

so that max defines a metric in Sn.
Given any subspace/Co E S and a positive number b let

Ball(K:0, b)"- {tO 5(/C0, K:) < b}

denote the gap-ball about 0 of radius b, and let Bali(/C0, b) denote the closure of
Ball(o, b).

PROPOSITION 5. If b < 1, then Ball(K:o, b) {/C 5(K:o, K:) _< b}.
Proof. Let/C be such that 6(/Co,/C) b and consider Ka, E IR, constructed

as in Corollary 1. It follows that

{/Ca" A e [0, 1)} C Ball(/C0, b).

Thus, any neighbourhood of K contains a subspace a for some , [0, 1). Hence,
K Ball(K;o, b). Conversely, take K:I such that for all e > 0, Ball(K;o, b)glBall(K:l, e) 7
0. Then take Ball(Eo, b) N Ball(K:1, e). Using the triangular inequality it follows
that 6(o, )1)

_
((Ko, C) -I- ((), 1) < b -t- . Since this is valid for any e > 0,

(5(K7o, (71) b. [q

It should be noted that when b 1, then Ball(K:o, b) {/(7 5(/Co,/C) _< b}.
THEOREM 1. Let b, IR, with 0 < b < 1 and 0 < < 1. There exists e > 0

such that

(16) Ball(o, b + e) C_ U Ball(K:, ).
K;EBall(K;o,b)

Proof. Consider any K;a such that 1 > 5(K;o, ]Ca) a > b. We will construct a
with 5(h:o,Kb) b and 5(b, Ka) av/1- b2 -by/1- a2. This establishes (16) for
any e such that (b + e)v/1 b2 b/1 (b + e) 2 < .
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Write ]a (I + X)]C0 with X E B(]C0,]C0+/-). Let X UR be a polar de-
composition for X (i.e., with R (X’X) 1/2 a positive selfadjoint operator and
U ranger - rangeX a partial isometry), denote by E the spectral family of
projections corresponding to R, define

 ()A.= g A dE,

where

1 if0<A< b
--bg(A)- b if b < )

and define

(17) K:b := (I + XA)/C0.

In the rest of the proof we verify that 5(]Co,]Cb) b and (]b,]a) av/1- b2

by/1 a2.
From Proposition 3, IlXll a/x/’l a2. Also,

sup{Ag(A) A E Spectrum(R)}

b

1 b

since Ag(A) is nondecreasing on [0, cx), Spectrum(R) c_ [0, IIRII], and (b/x/’l- b2) <
(a/x/’l -a2) IIRII. From Proposition 3, we conclude that

 qc0,  Cb) IIXXll b.
v/1 + IIXAII 2

From Proposition 4, we have that

5(]a,b) max {1, 52},

where the two expressions 1, 2 are computed below. First,

1 := II(I + XX*)-t/(XA- X)(I +
[IUR(I + R=)-/=(A- I)(I +
[[R(I + R=)-/=(A- I)(I + ARA)-I/I[

(18) sup{
lg()- 1[ Spectrum(R)}

v/1 + A2 V/1 + A2g(A)2

(19)
AIg(A)- 11 evaluated at A

a

x/1 + A2 V/1 + A2g(A)2 v/1 a2

aV/1 b2 bv/1 a2.
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The step (18)=(19) follows because AIg(A ll/v/1 + A2V/1 + A2g(A)2 is monotoni-

cally nondecreasing in Spectrum(R) c_ [0, a/v/1 a2], while IIRII a/v/1 a2. Next,

(20)
(21)

:= I](I + XA2X*)-I/2(XA- X)(I + X*X)-l/:]l
]l(I + URA RU*)- / UR(A- I)(I +
IIU(I + RA2R)-I/2R(A- I)(I + R2)-I/2ll

since R and A commute. The step (20)(21) is based on the fact that RU*U R
and U*UR R. D

It is interesting to note that for arbitrary K:0,/Ca E S with 0 < b < a

5(/C0,/Ca) < I and K:b as in (17), we have 5(K:0,/b) b and Omax()O,)b)+Omax()b,)a)
0max (](0, ](a).
4. Graphability. Let K:, YV E S. We say that/C is a graph with respect to ]4)

if L: Vt;+/- {0}. For any such K: we can define a linear operator K by the relation
K (IIvk) IIw+/-k for all k K:. For convenience we will identify each u /4 with

() L: and, similarly, every y 3; with (y0) E L:, i.e., U is identified with the subspace
/4 @ {0} of/: and J; with {0} J;. We say/C is a graph if K: is a graph with respect to
H. Similarly, we say/C is an inverse graph if K: is a graph with respect to 3;. Denote

Grapher := {/C S /C N I/V+/- {0}}.

For/C, )4; S let Xc IIwl: and define Snpi to be the complement in S: of
the set

Spi :-- {]( ( S: X/c is semi-Fredholm and ind X: > 0}.

An operator X is said to be semi-Fredholm if its range is closed and if at least one of
dim ker X, dim ker X* is finite. In this case the Fredholm index is defined as ind X
dim kerX dim ker X*.

LEMMA 1. Snpi i8 closed in S.
Proof. Let/C Spi and let Ki E Sc satisfy 5(E,i) 0 for 1, 2 We have

L II

Since the set of semi-edholm operators from to with a given index is open in
the space of all bounded operators from to (see [11, Thm. 5.17]), it follows that
there exists an N such that for N,X is semi-edholm and

ind g ind X -ind Xg.

On the other hand, if 5(, i) < 1 then Y :=[ is an invertible operator from i
to and therefore X* Y- indHX is semi-edholm and ind X* X*
for i > N. It follows that for large enough X* is also semi-edholm and

indX -indX ind X > 0.

Thus Spi is open and hence Snpi is closed in Sz.
The following result characterizes the closure of Graphw in Sz. Any Graphw

is said to be graphable with respect to W.
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THEOREM 2. Grapher Snpi.
Before we proceed with the proof of the theorem we provide a characterization

of Snpi. By E (respectively, E,,), A E lR, we denote the spectral family associated
with XcX: (respectively, X:Xc). Then

XX dE, and XX dE,,

and the projections are chosen (strongly) continuous from the right (see [17]).
LEMMA 2. Snpi {" dimEE dimE,,W, for all > 0 and small enough}.
Proof. (Inclusion ). It is a standard fact that E0E ker X, E,,0 W kerX.

If E Spi then we must have dim E0E > dim E,,0. SinceX is semi-edholm then
dimE dimE0 and dim E,,
dimE,,W for sufficiently small > 0.

(Inclusion C). Assume Snpi and that there exists a sequence > 0,
1,2,..., Ai 0, for which dimE > dimE,,W. Since dimE,S, dimE,,
are nondecreing in , dimE,, must be constant and finitsay equal to d
for large enough. Thus 0 is isolated in the spectrum of XX and dim kerX
dim kerXX d. It follows that X is semi-edholm and that for small enough
ind X dim kerX -dim kerX
contradiction.

Proof of Theorem 2. We first show that GraphW Spi. Let Spi. Then

ind X > 0 dim kerX > 0

r n w # {0}
Graphw.

Thus Graphw Snpi and, since Snpi is closed in S in the topology induced by the
gap metric by Lemma 1, this implies that Graphw and completes the proof of
the first part.

We now show that Graphw Si. Let Snpi. For e >0 small enough
dimE dim E.,W and therefore there exists an isometry V E E.,W.
Set E, ( e) + ( +V) nd note that

e e + +

Therefore, lim0(,) 0 by Proposition
Graphw. LetWz. Then=k+h+VhwithkO,h. It
follows that

0 w wk +wh +Vh
Xk +Xh + Vh,

and thus

-XcX:k XcX:h + vXcVh.
Since E(XcXr XcXtcE( EXc XcE,, and E,,V V, we see that

0 -EXcXtck
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E (X cX ch + x/ X cV h)
X cX ch + x/ X cV h
-XtcX k.

Since IIxTcxkl[ _> eIIkll, it follows that k 0. Thus y h + x/Vh and therefore

2el[hll 2 -II/Vhll2 IIX:hll 2 <_ ellhll 2

because h E . This implies that h 0, that is y 0. D
Remark. It is easy to see that the complement of Graphw can be characterized

in the following way: /C Graphw <= there exists e > 0 such that/C’ N W-L # {0}
for all/C’ E Ball(E, e). From Theorem 2 the complement of Graphw is the set Spi. A
geometric characterization of Spi is as follows:

Spi {](: ff SL: ]( -- ]/_L is closed, dim(/(: 9 }/V"L) > dim (L: (9 (/C + W-L))}.
To see the equality, note that/C+]/Y"L IIw/C+]/V"L. Hence/C+],V"L is closed <= IIw/C
is closed. Also ker(IIw[:) =/C V ],V"L and ker(IIc[w) W N K:"L L: (9 (/C + ]/Y"L).

5. Robust stabilization. Consider the feedback interconnection [P, C] and let
M 6;p, Af Sz:. Define Aa,Af := IIAzz ]a. The following is a standard result
in operator theory.

PROPOSITION 6. Let M,Af S:. The following are equivalent:
(a) .hA VIAf {0} and M + Af ;
(b) At,w is invertible.

Proof. (a)=> (b). Note that

n wM rLv- (M + N)
IIw L:

Thus Aa, maps M onto Af"L. Since M 3Af {0} then Aa,r is one-to-one. Thus
AM,At is invertible (see [9, Prob. 52]).

(b) (a). For any x M 3Af it clearly holds that Aa,fx 0. Since Aa,w is
invertible, then M Y Af {0}. Also, for any x E we can write

(22) -1 -1x Aa,WIIAf+/-x + (Ic )x =:Aa,ArII+/- m + n.

-1Clearly m Aa,AIIAz+/-x A/I. We claim that n A/. To see this note that

II+/-n IIA.x IIAf -Aa,fIIx- 0. Thus, M + Af. D
It follows from Proposition 2 that [P, C] is a stable feedback configuration if and

only if Aa,Ar is invertible. When [P, C] is stable we define the operator

-1Qa,Az := Aw,AZIIAf+/-.

This is the parallel projection onto M along iV’. Note that Qa,A can be expressed
directly in terms of P and C as follows:

(23) Qa, ()((Iu CP)-I’-C(Iy PC)-1)
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and in terms of the input-to-error operator Hp,c"

o) (oo)(24) Q’f 0 -Iy Hp,c + 0 Iy

When [P, (3] is stable we also define

(25) T(IIf* [t) V/1 5(Ad, JV"+/-)2
inf{[[Aa,Arx[[ x e Ad and [[x[[ 1}
inf{dist (x, Af) x e A/[ and I[x[[ 1}
inf{sinO(x,y) 0 x E ]M,O y Af},

where

0(x, y) := arccos
[<x,y>[

denotes the angle between two nonzero vectors x, y . When [P, C] is not stable
we set b,f := 0. Equation (25) follows from (3). The quantity b,f is the sine of
the minimal angle

0min(J,JV" :: inf{0(x, y) 0 # x e Ad, 0 # y e
arcsin ba,Ar
arccos 6(M,N"+/-)

(e.g., see [8]). Since

5( f,
5( fz,

it follows that

(26)
b, b,f+/-

bAf,A4
bw,M.

Equation (26) was shown in [31 (cf. [21, Lemma 1.1, p. 3411) [61. It also follows
from [10, Lemma 4] after noting that b,; is the inverse of the norm of a parallel
projection.

Conditions for stability of a feedback configuration can be expressed in a number
of equivalent ways (cf. [3], [141).

COROLLARY 3. The following are equivalent:
(a) [P, C] is stable;
(b) At,Ar is invertible;
(b) 5(.M,Af+/-) < 1;
(C) 0max(j/,j,f+/-) <
(d) 0min(,) > 0.
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Proof. The proof follows from Propositions 3 and 6. [:]

THEOREM 3. The following are equivalent:
(a) [P, C] is stable and b < b,f;
(b) [P’, C] is stable and Q],,Ar is uniformly bounded for all P’ so that, with

A/’ := Gp,, 5(A4, A/’) _< b.
Before presenting the proof of the theorem we will establish the following lemma.

For any 0 h e : we denote h := h/llhll.
LEMMA 3. Let , 147 E S:. Take any 0 h and 0 hi . Define- E O h and

_
+ hl. Then

(a) (, t:l) /1 I< t, 2 > 12, where h2 =IItc+/- hi;
(b) if t: Graphw then 1 Graphw.
Proof. (a) Since l K:_ h2 and K:+/- O h we obtain

Similarly, IlIIII (I. I)I V/1 < , > .
(K:, K:I) /1 [< ]z, ]z2 > [2.

Therefore,

(b) Define X Ilwl:, Xl IIwIE XII/cI(E+E1), and 1
XIII:I[(:+:). If K:I Graphw Snpi, then XI is semi-Fredholm and then it

is obvious that X, :, :1 are also semi-Fredholm. Since/C Graphw, ker X 0 and
ind X _< 0. Because hi ](:, it can be seen that dim ker X dim ker X + 1 and
similarly that dim ker1 dim ker X + 1. It follows that ind : ind X + 1 and
ind XI ind X1 + 1. However,

1 IIwIItc[(:+:) + IIw(II h2 Ilch)[(:+:x) + finite-rank operator.

Therefore, ind :1 ind : and hence ind X ind X. Thus, ind Xl _< 0, and
consequently, K:I Spi; that is, K:I Snpi, a contradiction. This proves that h:l E
Graphw

Proof of Theorem 3. (a)=(b). Assume (b) fails. We will show that, if [P, C]
is stable, then b _> b,f. Since (b) fails then, either II(II-+/- I’)-i is not bounded
above in Ball(A/t, b)Graphu or II-+/- I’ is not invertible for some Ad’ Ball(JPI, b)
Graphu. This means that one of the following two possibilities holds:

(i) T(IIv+/- I’) is not bounded below in Ball(A/l, b) Graphu;
(ii) there exists A/I’ Ball(Ad, b) Graphu and 0 y Af+/- such that

H,y 0.
In case (i), for all e > 0 there exists A/ and x A/ of unit norm such that

IJIIc+/-xll- dist(x, Af) < e. Note that b >_ 5(I,A/I’) >_ sup,,llll=ldist(,Ad) >_
dist(x, Ad)- []II+/-x[[. Also

(27)

IIAzx

< IlIxll + IlInzxll < +
IInxll x/1 e2
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Since (27) holds for all e then b, _< b. In case (ii), note that y E A4’+/-. Thus
b _> 5(A/I, A/[’) 5(A/[+/-,A4’+/-) _> dist(y, 2A+/-) JJIIyJl. Also b, b+/-,f+/- _<
IlIIayll since y EAf+/-. Therefore b, <_ b.

(b)=(a). Suppose that (b) holds for some b _> b,f. Then the same is true for
p,some b > b,. To see this, first note that b < 1 necessarily, otherwise C] is

stable for any system P’, and there is an easy contradition. By assumption, there
exists a c such that IIQ’,fll -< c for all P’ with 5(A4, A4’) _< b. From the identity
A,,,V Aa,,V(I, + qa,,(II,,- n,)l,)(n,,l:,)-l,, (cf. [3]) w can
see that A,,, is invertible for all P" with 6(J’,JP[") _< 1/2c for some P’ with
6(A/I, AA’) _< b. Moreover

IIq:",:ll- IIn:,, I:,(I:, / q:,,:(n:,, l:,)[:,)-q:,,:ll
< 2c.

From Theorem 1 the union of open balls, of radius 1/2c, about all JP[’ with 5(A/I, A4’) _<
b includes an open ball about /[ of radius b + e for some e > 0. It now follows that
(b) holds for P" in a ball about P and radius strictly greater than b,f. So from
now on we assume that ba, < b < 1.

Next we prove that there exists a subspace A/[’ Graphu with 5(A/I, A/[’) < b such
that IIf+/- I’ is not invertible. Let A := A,f, E be the spectral family of A’A,
and h E(A)+2/[ of unit norm, for some arbitrary e > 0. Then [l(A*A-b,)hll _<
e. Define .hA_ := .h/[ 0 h, Po := IIh Af, qo := II+/-p0, and A4’ A4_ + P0.
Since A/[’ Af {0} then II, Ifx is not invertible. From Lemma 3 we have

(28) 5(A/I, A/[’) V/1 I< h, 0 > [2

and A4’ Graphu. To evaluate (28) we first note that

<h, q0>- <h, p0> Ilpoll
(29) 1- IIAhll.
We also have

(30)

Ilqoll -Ilpoll -IIn_nhll
Ilpo IlII_ II+/- hll

-Ilpoll2- <nv+/-h, (n Ih) nv+/-h>
--IIpoll2- <nnwh,nnwh> + <IIz+/-h,h> 12

1-[[Ah[[2- [[A*Ah[[ + [[Ah[[ 4

1- IIAhll 2 + O().

From (28)-(30), we obtain 5(A/I,A/I’) IIthll + O(). In particular, for sufficiently
small e we have 5(A/I, A4’) < b.

In case A/I’ E Graphu then the hypothesis is violated and the proof is complete.
If not, consider a sequence A/I Graphu, i 1, 2,..., converging to A/I
subsequence such that IIa,. [rx is not invertible then, again, there is a contradiction.
Otherwise, since lim__, [[I, JAr+/- IIa [Ac 0, we can find a subsequence such
that limi__,o [[(IIa[Acx)-[I c. This also violates the hypothesis.

Remark 1. A similar result was established in [6, Thm. 5] for linear time-invariant
causal systems. However, the result in [6] differs from the one above in that the <
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and <_ signs are interchanged, and the "uniform boundedness" is absent. We will
show that the exact statement of [6, Thm. 5] is not valid in the case of time-varying
systems so that the uniformity condition is in fact necessary. More precisely, in the
next section we will present an example where [P1, C] is stable for all P1 such that
i(A/[, A41) < 1 while b,nf- 1/x/ < 1.

Remark 2. The basic geometric ideas behind the proof of Theorem 3 can be
simply expressed. The essence of the sufficiency part of Theorem 3 ((a)=(b)) can be
seen from the identity A,,f A,f(I+Q,hr(II, II)[)(II,[)-1],,
which implies that A,,nf is invertible for all P’ if 5(A/I, M’) <_ [IQ,z[1-1. The key
idea in the necessity part is to find a subspace M’ such that 5(M, M’)
and so that Proposition 6(a) is violated. The construction given in the proof is to
remove a direction orthogonally from M and to replace it with a direction from
Af. The vectors are chosen in such a way that the angle between them is equal (or
arbitrarily close to) 0min(.],Af). This gives M’N Af {0} with 5(A/[, A/[’) having
the required value. (The reader is referred to [19] for another version of this idea.)
The additional ingredients in the proof deal with the uniform boundedness condition
and the need to impose graphability on the perturbed subspaces.

Remark 3. In the theorem we do not impose any time-invariance and causality
constraint on the systems considered. Certainly the implication (a)(b) of Theorem
3 is still valid when the class of systems is restricted by a causality requirement, but
the reverse implication requires a construction different from the one given here.

6. Clarification of uniform boundedness condition. We now present an ex-
ample to show that, in the time-varying case, the obstruction that limits the largest
perturbation ball in the gap metric may be due solely to the lack of uniform bound-
edness of the closed loop operator, as expressed in Theorem 3.

Let/d Y 2[0, c) =" ];, =/4 Y, and identify b/and y with the corre-
sponding subspaces of . Consider P having the matrix representation

p= 0 0

and let C 0. Then 34 {((,,)o) v e 12}, where (v)o (vo,0,0,...) for any

v (vo, vl, v,...) e V, and Af { ()’v e 12}. For any .Adl e Graphu define P1 by
.M1 1:,. Also define Ballu(.M, b) Ball(.M, b) N Graphu.

PROPOSITION 7’. or the emple 9iven bove

sup {b {J/[1 e Ballu(J[, b) implies that [P1, C] is stable} } 1.

This should be contrasted against the fact that for the particular P, C given above

-[[() ((Iu- Cp)-I,-c(Iy-PC)-1) -1b,r

Proof of Proposition 7. Since Af :/+/-, for any Jl E Ballu(fl/[, b), .lJ {0}.
Therefore, [P1, C] is stable Jl -[- J : 1-I/gJl 4. Next note
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that M+/- {(-(v)o) "v e V}. Proposition 3 also implies that any Jl such that
5(M, M1) < 1 can be written as

{((v) (_(xv,o) }M- + -v
v)0 Xv

where X" V V is a bounded operator. However,

M1 V A/"- {0} = v (Xv)0 0 implies (v)o 4- Xv 0

= v (v)0 (Xv)o implies (v)0 4- Xv 0

v: (X)0,0 1,

where (X)o,0 denotes the (0, 0)-entry in a matrix representation of X with respect to
the standard basis of V 2[0, oc). Take any M1 E Ballu(M, 1). Then

nu {v- (Xv)o v e v} u
since (X)o,o 1. Hence, A/[1 E Ballu(M, 1) implies that [P1, C] is stable. So b 1
is the supremal b. V1

7. Combined plant and controller uncertainty. When both plant and con-
troller are subject simultaneously to gap-ball uncertainty, there is a maximal amount
for the combined uncertainty that can be tolerated. The following theorem is a gen-
eralization of an elegant result of Qiu and Davison [16] to the time-varying case.

THEOREM 4. Let P Pu, y, C Py, u and let bl, b2 be fixed nonnegative
numbers such that b2 + b < i. Then the following are equivalent:

(a) [P, C] is stable and hi V/1 b + b2 41 b21 < b,S;
(b) [P’, Cq is stable and Qa’,w, is uniformly bounded for all P’, C’ with M’

G,,, Af’ := G,, 5(M, M’) <_ hi and 5(A/’,Af’) <_ 62.
Proof. (a)=(b) Suppose (b) fails and that [P, C] is stable. We will show that

bl V/1 b22 + b2 v/1 hi2 :> bM,S. As in the proof of Theorem 3 there are two possi-
bilities:

(i) T(IIw,_LIa,) is not bounded below for A//’ Ball(M, 61) Graphu and
Af’ Ball(A/’, b2) CI Graphy,

(ii) there exists M’ E Ball(M, bl)V Graphu and Af’ Ball(Af, b2)N Graphy
and 0 z E Af’+/-N M’-L.
In case (i), for all e > 0 there exists M’, iV", and x E M’ of unit norm such that
[[II,+/-x[I < e. Setting y := IIw,x iV" we have

9(x, y)’-- arccos
1 Ilnw,ll)arccos

I[yll < arcsin e.

Since 6(M, M’) <_ bl it follows that I[IIxx[I _< bl. Thus, if xo := IIx E M, then

0(Xo, x) <_ arcsin

Similarly, since 6(j,Aft) _< b2,

0(yo, Y) _< arcsin b2,

where Yo := IIfy Af. It follows from (15) that

(31)

arcsin bl + arcsin b2 + arcsin e > 0(x0, x) + 0(y, yo) + 0(x, y)
> O(xo, yo)
_> Omin (A/I, Af) arcsin b,.
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Since (31) holds for all e we have

arcsin bl + arcsin b2 _> arcsinb,.

Therefore, bl V/1- b22 + b2v/1- bl2 _> b,Ar and so (a) fails. In case (ii) we proceed
similarly. Set Zl IIz and z2 := IIAr+/-z. Since bl _> 5(J/l, A/I’) 5(j/l +/-, 2/I’+/-)
we have (z, Zl) < arcsin bl. Also, 52 _> 5(Af, Af’) (j+/-, Af’-L) implies that
0(z, z2) < arcsin b2. Thus

arcsin bl -5 arcsin b2 _> 8(Zl, Z2)
)__ Omin(+/-, Jf+/-)

arcsin ba,Ark arcsin ba,

and (a) fails once again.
(b)(a) Suppose (b) holds for some b and b2 satisfying

(32) bl1 b + b21 b b,.

Similar reoning to the proof of Theorem 3 shows that we may take strict inequality
in (32). In particular, if []Q,,, c in (b), then ]Q,,,, 2c for all

" Ballu(’1),
’Ballu(,b)

and all Jr" e Bally(Af, b2). Theorem 1 then shows that statement (b) holds with bl
replaced by some b + e for e > 0. Since the left-hand side of (32) is monotonically
increasing in bl, it follows that (b) holds for some bl and 52 satisfying (32) with
strict inequality. Henceforth we will assume that this is the case. We also note from
Theorem 3 that bl, b2 < b,Ar.

We now show that there are subspaces /1’ 6 Graphu and A/" 6 Graphy with
5(j, J4’) < 51 and 5(Af, Af’) < 52 such that IIf,. [, is not invertible.

As in the proof of Theorem 3, let A := A,Ar, E be the spectral family of
A’A, and h E(A)+A/I of unit norm, for some arbitrary e > 0. Then [[Ah[[ <
T(A) -t- e b,r + e. Define p Ah + (1 A)IIArh and write A4_ := A/[ h,
Af_ := Af Hh, A/[ A/I_ + p, and Af := Af_ + p. We also write
q II_p and r "= IIr_p. We first show that

(33) 6(M,M,) (1 A)IIAhll V/1 IIAhll 2
V/1 -(1 A=)IIAhll

From Lemma 3 we know that

+ +

(34)

To evaluate (34) we must compute <h, q > and llq,,ll. First,

(35)

< h, q > < h,p >
+ (1  )1t 011

A + (1 A)(1 -llAhll)
1 (1  )llAt ll
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Next, using (30), we have

(36)

(qA, qA) A2 + 2A(1 A)[[p01[ 2 + (1 A)2jJqoJJ 2- A2 + (2A(1 A)+ (1 A)2) (1 -[[Ah[[ 2)
1 -(1 A2)[[Ah[[ 2,

where denotes equality to O(e). Equations (35) and (36) together show that

[(h, OA}[ 2 (1 -(1 )llAh[l=)
1 -(1 Au)[[Ah[I u + O(e)

from which (33) follows by simple manipulation. Next we show that

Allhhll(37) (Af, AfA)
V/1 (1 A2)IIAh[I 2

From Lemma 3 we know that

(38) 5(Af, AfA) V/1 [(i5o, A)[ 2.

To evaluate (34) we need the following computations:

(39)
(40)

(P0, rA} (IIh, (II+/- + 1-I po
(IIh, h}
1- IIAhll

-IIpoil 2

and

(41)

(rA, rA) ((IIf + IICpo)pA, (IIAf. + rlCpo)PA)
IlII+/-pll / IlIopll
AIII hll e / IIrIhll
1 ( A)IIAhll.

Equations (39)-(41) together show that

1- IIAhll e

1 -(1 :)llAhll

from which (37) follows by simple manipulation. Next we observe from (33) and (37)
that cA V/1 d + dA V/1 c IIAhll. Since cA is monotonically decreasing in A on
the interval [0, 1] we can choose A such that cA b e. Then for sufficiently small e,
we must have dA < b2; otherwise, we have a contradiction to (32) with strict inequality.
For the above choice of A and sufficiently small e we set A/[’ A/IA and Af’ AfA
which gives 6(.M,.M’) < bl and 6(Af, Af’) < b2. Lemma 3 shows that A/[’ e Graphu
and Af’ e Graphy. Also IIf,. Ia’ is not invertible since M’ C3 Af’ # {0}.

Now consider a sequence M Graphu, 1, 2,..., converging to M’ and a
sequence Aft’ Graphy, i 1, 2,..., converging to Af’. If there is a subsequence such

is not invertible, then there is a contradiction. Otherwise, we can find athat IIv;+/- ]a
subsequence so that YIf:+/-I is invertible. First observe that limi_, IlIIAf,+/-II,
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IInr,+/-II 0. Since IIf, I’ is not invertible, for any e we can find an x 6 4’ of
unit norm such that IlIIf,xll < e. Thus IlII+/- YII < e for sufficiently large i, where
y IIx. Since j Ad’ we also have IlIIAr:)ll < e for sufficiently large i.

This means that lim_ II(IInr, I)-111 cx. This violates the hypothesis.
Remark. The necessity part of the proof of Theorem 4 requires a simultaneous

perturbation of A/[ and Af. The construction removes orthogonally one-dimensional
subspaces from each of ]M and Af that are at an angle 0min(J,J) to each other, and
replaces them by a convex combination of these directions. The subspaces are each
perturbed through the required minimal angles and together violate the direct sum
property of Proposition 6(a).

Acknowledgments. The authors would like to thank the reviewers for several
helpful comments.

REFERENCES

[1] A. K. EL-SAKKARY, The gap metric: Robustness of stabilization of feedback systems, IEEE
Trans. Automat. Control, 30 (1985), pp. 240-247.

[2] A. FEINTUCH, The gap metric for time-varying systems, Systems Control Lett., 16 (1991),
pp. 277-279.

[3] C. FOIAS, T. T. GEORGIOU, AND M. C. SMITH, Geometric techniques for robust stabilization

of linear time-varying systems, preprint, February, 1990; Proceedings of the 1990 IEEE
Conference on Decision and Control, Hawaii, December, 1990.

[4] , Robust stabilization in the gap metric: a geometric approach, Proceedings of the 1991
International Symposium on the Mathematical Theory of Networks and Systems, Kobe,
Japan, June, 1991.

[5] T. T. GEORGIOU, On the computation of the gap metric, Systems and Control Lett., 11 (1988),
pp. 253-257.

[6] T. T. GEORGIOU AND M. C. SMITH, Optimal robustness in the gap metric, IEEE Trans.
Automat. Control, 35 (1990), pp. 673-686.

[7] K. GLOVER AND D. MCFARLANE, Robust stabilization of normalized coprime factor plant
descriptions with H bounded uncertainty, IEEE Trans. Automat. Control, 34 (1989),
pp. 821-830.

[8] I. GOHBERG, P. LANCASTER, AND L. RODMAN, Invariant Subspaces of Matrices with Appli-
cations, John Wiley, New York, 1986.

[9] P. R. HALMOS, A Hilbert Space.Problem Book, 2rid Edition, Springer-Verlag, New York, 1982.
[10] T. KATO, Estimation of iterated matrices, with application to the yon Neumann condition,

Numer. Math., 2 (1960), pp. 22-29.
[11] , Perturbation Theory for Linear Operators, Springer-Verlag, New York, 1966.
[12] M. A. KRASNOSEL’SKII, G. M. VAINIKKO, P. P. ZABREIKO, YA. B. RUTITSKII, AND V. YA.

STETSENKO, Approximate Solution of Operator Equations, Wolters-Noordhoff, Groningen,
1972.

[13] M. G. KREN AND M. A. KRASNOSEL’SKII, Fundamental theorems conserning the extension of
Hermitian operators and some of their applications to the theory of orthogonal polynomials
and the moment problem, Uspekhi Mat. Nauk, 2 (1947), pp. 60-106. (In Russian.)

[14] R. OBER AND J. SEFTON, Stability of Linear Systems and Graphs of Linear Systems, Technical
Report # 202, The University of Texas at Dallas, August, 1990.

[15] , Stability of linear systems and graphs of linear systems, Systems Control Lett., 17
(1991), pp. 265-280.

[16] L. QIU AND E. J. DAVISON, Feedback stability under simultaneous gap metric uncertainties in
plant and controller, Systems Control Lett., 18 (1992), pp. 9-22.

[17] F. RESZ AND B. Sz.-Nh(Y, Functional Analysis, Dover, 1990.
[18] M. SAFONOV, Stability and Robustness of Multivariable Feedback Systems, MIT Press, Cam-

bridge, MA, 1980.
[19] J. M. SCHUMACHER, A pointwise criterion for controller robustness, Systems Control Lett.,

s (), ,p. 1-s.
[20] B. Sz.-NA(IY, Perturbations des trans]ormations autoadjointes dans l’espace de Hilbert, Com-

meat. Math. Helv., 19 (1947), pp. 347-366.



ROBUST STABILITY OF FEEDBACK SYSTEMS 1537

[21] B. Sz.-NAGY AND C. FOIAS, Harmonic Analysis of Operators on Hibert Space, North-Holland,
Amsterdam, 1970.

[22] M. S. VERMA, Coprime fractional representations and stability of non-linear feedback systems,
Internat. J. Control, 48 (1988), pp. 897-918.

[23] M. VIDYASAGAR, The graph metric for unstable plants and robustness estimates for feedback
stability, IEEE Trans. Automat. Control., 29 (1984), pp. 403-418.

[24] M. VIDYASAGAR AND H. KIMURA, Robust controllers for uncertain linear multivariable sys-
tems, Automatica, 22 (1986), pp. 85-94.

[25] G. ZAMES AND A. K. EL-SAKKARY, Unstable systems and feedback: The gap metric, Proc. of
the Allerton Conference, October, 1980, pp. 380-385.

[26] S. Q. ZHU, M. L. J. HAUTUS, AND C. PRAAGMAN, Sujficient conditions for robust BIBO
stabilization: Given by the gap metric, Systems Control Lett., 11 (1988), pp. 53-59.

[27] S. Q. ZHU, Graph topology and gap topology for unstable systems, IEEE Trans. Automat.
Control, 34 (1989), pp. 848-855.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 31, No. 6, pp. 1538-1557, November 1993

1993 Society for Industrial and Applied Mathematics
OO8

STABILIZABILITY AND EXISTENCE OF SYSTEM
REPRESENTATIONS FOR DISCRETE-TIME TIME-VARYING

SYSTEMS*

WILBUR N. DALEt AND MALCOLM C. SMITH

Abstract. In this paper, right and left representations as an alternate, but equivalent, framework
to coprime factorizations of operators are developed. The main theorem of the paper establishes that
a linear, time-varying, discrete-time plant is stabilizable if and only if its graph can be represented
as the range (respectively, kernel) of a causal, bounded operator which is left (respectively, right)
invertible. The proof relies on certain factorization theorems of Arveson for nest algebras. The
paper extends the Youla parametrization of all stabilizing compensators to this framework. Also,
it is proven that a time-invariant plant that is not stabilizable by a time-invariant compensator is
not stabilizable with a time-varying compensator. An example of a time-varying plant of Feintuch is
considered and shown to be not stabilizable. Finally, the continuous-time case is examined and the
problems encountered in extending the proof are discussed. However, it is shown that a stabilizable
plant must have a closed graph and this is used to prove that an example of a time-invariant,
continuous-time system of Shefi is not stabilizable.

Key words, time-varying systems, stabilizability, coprime fractions, graph, nest algebras
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1. Notation and definitions. In this section, we will introduce notation and
definitions used throughout the paper.

Let be the nonnegative integers and ]R be the set of real numbers. Let ]Rnm

be the set of real matrices of n rows by m columns with ]an ]Rn being the nth-
dimensional real Hilbert space with the inner product (x, y) xTy, where xT denotes
the transpose of x. The norm of an element of ]an is IlXl]-- (X, Xl 1/2.

The set of all square summable sequences of ]an is [0, (x:)). That is, (xk} E
[0, x) if

g[0, c) is also a Hilbert space with the inner product

k--0

The norm of an element in g is II(xk}ll ((x}, (xk}) 1/2.
If S is a subspace of g, then denotes the closure and S+/- the orthogonal

complement. We denote the domain of an operator G g - g by T) (G}, its range
by T (G}, and its kernel by K: (G}. The operator is defined only on its domain and
the domain need not be closed. Let G* denote the adjoint of the operator G. The
graph (G) of an operator G" g - g is defined to be

[1]
Received by the editors January 28, 1991; accepted for publication (in revised form) April 24,

1992.
Edison Welding Institute, Columbus, Ohio 43212.
Department of Engineering, University of Cambridge, Cambridge CB2 1PZ, United Kingdom.

1538



STABILIZABILITY AND EXISTENCE OF SYSTEM REPRESENTATIONS 1539

The inverse graph -1 (G} of G is

-1 {1} := I D{(7}"

An operator G is bounded with norm IIGll if T {G} e and

Let Sm denote the shift operator on t
xo] [ 0
Xl I x0m X2 Xl

[.
for {xk} E e[0, cx). An operator G is said to be shift-invariant or time-invariant if

Let Pm(k) denote the truncation operator on t

P (k)

Xo 0
Xl 0

Xk-1 0
Xk Xk

Xk+l Xk+l

for {xk} e e[0, (x). An operator G is said to be causal if

g {at n
/|P (k)eT c P +.(k)eT+"
\

for all k e . If G is bounded, this condition reduces to [I- Pn(k)lGPm(k) 0 for
all k .

Consider the feedback system in Fig. 1, which we denote by {G, F}. The operators
G’in and F" represent the plant and the compensator, respectively.
The closed-loop system equations are

u2 =[ G I e2 ."
We will assume throughout that G and F are linear and causal, although possibly
time-varying and unbounded.

DEFINITION 1.1. The closed-loop system {G, F} is stable if

G I D{G} x D{F} ---*gr x

has a bounded inverse defined on g x . A plant G is stabilizable if there exists a
compensator F such that {G, F} is stable.
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G

F

Yl

FIG. 1. Standard feedback configuration.

The following result was proved in [6] for the case of linear systems defined over

oo).
THEOREM 1.2. Suppose the closed-loop system {G, F} is stable. Then the oper-

ator

I F -1

er e7 z {c} Z {F}

is causal.
Proof. Since the mapping

[IF 1K:= G I

is causal, it induces a well-defined linear map from a subspace of n+n[0, k] onto
g+n[0, k] for all k. This mapping must have a matrix representation and the repre-
sentation must be square and nonsingular, otherwise it cannot be onto. Now suppose
that

I F]
-1

H’= G I

is not causal. Then there exists x, y E +n such that y Hx, with (I- Pm+n(k +
1))x 0 and (I-Pm+n(k+l))y 0 for some k. However, x Ky, so the restriction of
K to [0, k] must have a kernel. This contradicts the fact that the matrix representation
of this restriction is nonsingular. [:]

2. Problem description. Coprime factorizations of linear, time-invariant sys-
tems have been extensively studied in recent years. The following theorem summa-
rizes several results that have been obtained for the case of linear systems on g2[0, oo)
or L2[0, oo) (the continuous-time Lebesgue 2-space). These results are expressed in
terms of factorizations of the matrix transfer function over the space Hoo (the stan-
dard Hardy space of the disk or right half plane, respectively). See [3], [18], [17], [10],
[15] and the references therein for further details.

THEOREM 2.1. A linear, time-invariant plant with transfer-function G (either
continuous-time or discrete-time) is stabilizable if and only if there exists functions
M, N, X, Y, M, N, X, and Y Hoo with

(1) G= NM-I I-
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such that the following double Bezout identity holds

o

Also, a linear, time-invariant compensator F stabilizes G if and only if
-1

(3)

for some Q E Ho.
Several articles have appeared in the literature exploring similar factorizations

for time-varying systems or nonlinear systems. Feintuch [4] found a necessary con-
dition for the existence of coprime factorizations for discrete-time systems. Also, an
example was presented of a plant that has no coprime factorization. Hammer [9]
developed a framework for coprime factorizations for discrete-time, nonlinear systems
on to (see also [8]). Verma [16] examined fractional representations for nonlinear,
time-varying systems in a general setting that included continuous-time systems. In
both [9], [16], the existence of strong coprime factorizations for both the plant and
the compensator was assumed. Thus far, the question of whether all stabilizable
plants have strong coprime factorizations has remained unresolved t-iowever, for the
set of plants that can be realized by a finite set of state equations, such results do
exist. Poolla and Khargonekar[12] examined linear, discrete-time, time-varying, finite-
dimensional plants and proved the existence of coprime factorizations for stabilizable
plants. Rotea and Khargonekar in [13] proved the existence of coprime factorizations
for continuous-time, finite-dimensional, stabilizable plants. However, there are many
infinite-dimensional (distributed parameter) plants that do not satisfy this criteria.

In this paper, we develop an alternate, but equivalent framework to the coprime
factorization in previous work. In an operator-theoretic approach to coprime._factor-
ization, we work with products of operators in the form NM-1 and M-IN. The
terms M- and M-1 can be unbounded and we must ensure that the domains and
ranges are properly aligned so that the products are defined. Although this is not
an insurmountable difficulty, we prefer to work with graphs of unstable systems and
their representations in this paper.

DEFINITION 2.2. A plant G has a right representation [Ug] if M and N are causal,
bounded operators such that

The right representation is a stron9 right representation if it has a causal, bounded
left inverse. If the representation has the property that M*M + N*N I, then the
representation is said to be normalized.

DEFINITION 2.3. A plant G has a left representation -2 r if and/
are causal, bounded operators such that

The left representation is a strong left representation if itha.._.s a ca_usual, bounded right
inverse. If the representation has the property that MM* / NN* I, then the
representation is said to be normalized.



1542 WILBUR N. DALE AND MALCOLM C. SMITH

The main goal of this paper is to show that the existence of strong right and
left representations is equivalent to stabilizability for linear, causal, discrete-time sys-
tems. The proof of existence will make use of certain results of Arveson on inner/outer
factorizations in nest algebras. The key technical step involves the factorization of
the adjoint of a certain causal, bounded operator, which can be viewed as belong-
ing to a nest algebra of anticausal operators. The paper goes on to develop the
Youla parametrization for stabilizable systems in the form of strong representations
of graphs. Some implications of the Youla parametrization theorem are examined and
an example of Feintuch is proven to be not stabilizable. It is also proven that if a
time-invariant plant is not stabilizable with a time-invariant compensator, then it is
not stabilizable with a time-varying compensator. Finally, the problems of extending
our proof to continuous-time plants is examined, a necessary condition for stabiliz-
ability is given, and a continuous-time, time-invariant plant example of Shefi is proven
to be not stabilizable. The paper is organized as follows. In 3 some background on
nest algebras is given; in 4 the main results are proven; in 5 implications of the
Youla parametrization are presented; and in 6 the case of continuous-time plants is
discussed.

3. Nest algebras and inner/outer factorizations. The study of linear, causal
systems is aided by some theorems in nest algebras. Nest algebras view the inputs and
outputs of the system as a chain of subspaces. The only requirement is that the sub-
spaces be linearly ordered (nested). For example, we can write tn[0, oc)
where A/Ik Pm(k) and A/[0 D A/J1"" D A/lk D J4+1... 0. Each of these
subspaces has an associated orthogonal projection operator// and the set of pro-
jection operators determines an algebra of operators such that [I- IIjk]GII 0
for all k E 7Z,. In our language, this nest algebra is the set of all bounded, causal
operators G’g --, g.

A different choice of subspaces yields a different set of operators in the nest
algebra. As a second example consider, [0, cx) UkC=oM, where A/[ IX-
Pm(k)]t and 0 C M) C M... C A/[ c A/[+I Each of these subspaces has an
associated orthogonal projection operator IIai and the set of projection operators
determines an algebra of operators such that [I-IIji]G*IIji 0 for all k E 7Z,. Note
that this nest algebra is the set of all bounded, anticausal operators G*
Also, the adjoint of any operator in the first nest algebra is an operator in the second
nest algebra.

Similar constructions are possible for the continuous-time case of L[0, c). In
this case, the subspaces are indexed by the real numbers and the nest is called a
continuous nest.

Arveson in [1] defined inner/outer factorizations for time-varying operators in
a nest algebra. The results of Arveson and others are brought together in a unified
fashion in [2]. Few of the properties that define inner and outer are used in this paper.
However, the existence of inner/outer factorizations with certain properties is crucial
to our proofs. For completeness, we include the following definitions. An operator A
is outer if the range projection HE{A} commutes with the subspace projectionH
for all k and A.A/lk is dense in -/k (’1 {A}. An operator U is inner if U is a partial
isometry and U*U commutes withH for all k. The following theorem can be found
in [1, Whm. 3.2, 3.3 and Cor. 1] and [2, Whms. 14.20 and 14.21].

THEOREM 3.1. Let Af be a nest algebra. If every A/lk has an immediate successor,
then every operator G Af has an inner/outer factorization G UA such that U Af
is inner, A e Af is outer, {G} {V}, {A} K: {U}+/- and l {A} K {G}
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In addition if G*G A*A B*B with B outer, then there exists a partial isometry
V EAf VAf* such that V*V II{A}, VV* //{S}, VA B and G WB is

another inner/outer factorization with W UV* inner and B outer.
Since the subspace AAk has an immediate successor JAk+l, the inner/outer factor-

izations exist for discrete-time systems. However, this is not the case for continuous-
time systems and will be discussed in a later section.

The two examples of nest algebras and Theorem 3.1 assume the operators are
"square", i.e., have equal number of inputs and outputs. We need a factorization result
for "tall" operators with more outputs than inputs. The extension is accomplished
by packing the operator with zero operators such that the new operator is square and
using Theorem 3.1. We will also need the following result [2, Thm. 14.19].

THEOREM 3.2. If {J/Ik} is a well-ordered nest, then every positive operator Q
factors as A*A where A is outer.

Applying Theorem 3.1 to the packed operator we obtain

G 0 U: U
All At2 ]A2 Aee UA

with U inner and A outer. Since K: {G} K: {A}, we have

G--
(]2 0 U21 U22 A21 0

We also have that

G,G A,A [ AIAI + AIA2 0 ]0 0

Since AiAii + AiA21 is a positive, square operator, there exists an outer square
operator Bll such that

G*G B*B

and furthermore B is outer in the larger nest algebra.
By Theorem 3.1, there exists an inner W such that G WB. Hence,

G--
G2 0 W21 W22

Bll 0 ]0 0
=WB.

Since K: {W}+/- {B}, then

Gt 0
G2 0

By unpacking the above operators, we obtain the following corollary.
COROLLARY 3.3. Let G (n > m) be a bounded causal (respectively,

anti-causal) operator. Then there exist bounded causal (respectively, anticausal) op-
erators U" - and A" ’ -- t. such that G UA, U is a partial isometry,

{a} {u}, {A} K: {U}+/- and 1 {A} K: {G}
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4. Existence of strong representations. In this section, we prove the main
theorem of the paper, which establishes the existence of strong representations for
stabilizable systems.

Let G and F be linear and suppose that the closed-loop system {G, F} is stable.
Then

I F
G I

-1 (I FG)-1 -F(I GF)-1 ]-G(I- FG)-1 (I GF) -1 =" R,

where all four elements of R are bounded. This can be seen by writing out the feedback
equations with Ul 0 and u2 0 in turn. For the stable (causal) closed-loop system
{C, F} define the following two operators:

(4) PI= a (I-FG)-1

(5) P2=[ F ]I -C;(I-

Note that they are causal and bounded and satisfy

0 -I R=P1- 0

=-P+

CF)-’

--1 (I OF) -1 ].

It was pointed out in Foias, Georgiou, and Smith [5] that P1 is the parallel projection
operator onto {C} along -1 {F}. In particular P12 P1. Also, P2 is the parallel
projection operator onto G-1 {F} along G {C} and P22 P2 with P1 + P2 I.

We now present our main theorem, which shows that stabilizability implies the
existence of strong representations.

THEOREM 4.1. Let C and F be causal, discrete-time operators and suppose that
the closed-loop system {C,F} is stable (and causal). Then there exist bounded, causal
operators M, N, X, Y, M, N, X, and Y such that

For any such factorizations, [MN] is a strong right representation of G, -is a strong left representation of G, and the double Bezout identity

is satisfied. Further, both right and left representations of G can be taken to be nor-
malized.

Proof. Write

i]PI= G [A1 A2],
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where

A’= A Ae ]:= (I-FG)- -F(I-GF)-1 ].
Since A is bounded and causal, its adjoint A* is bounded and anti-causal. Applying
Corollary 3.3 to A* we have a factorization

X*

where[Y. { }_kx* is a partial isometry and x. 7 (V* }. Taking the adjoint we

have

withVand Y

 =v[r x]
X being bounded and causal. We now write

N

Observe that [MN] is causal since both V and G are causal operators. We now wish to

show that [Mg is bounded. Since the adjoint of a partial isometry is a partial isometry,
Y X is a partial isometry and

E Y* ]z-[Y x] x*

is an orthogonal projection onto

Hence,

M

(6) P1 X*

X,]+[ MNI{I-[ Y

n N TO{P1} G {G}.

that

and so [Mg] is bounded because it is the product of two bounded operators. We also
deduce from (6) and the fact that
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Thus, [Mg] is a right representation of G.
Similar reasoning for P2 yields the factorization

P2=[-NM],
where the operators r, , , and are causal and bounded and -/ r
left representation of G.

Now consider any bounded, causal M, N, X, Y, M, N, X, and Y such that

is a

P= N [Y X]

and

Then

M -X Y X

PI + P2 I.

Both the matrix operators on the left-hand side of the above equation are causal,
bounded operators on g+n. They therefore have lower triangular matrix represen-
tations. Since their product is equal to the identity, the diagonal blocks must all be
nonsingular. Hence, neither operator has a kernel and so they are inverses of each
other. Thus,

-N M N Y 0 I

and the double Bezout identity is satisfied.
kernel and

Since [-z] is left invertible, it has no

is right invertible,
x]

M

and so [MN] is a strong right representation of G.
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Finally, note that, for any strong right representation of G, we can inner/outer
factorize

M

Moreover, [M1] is also left invertible and has range {G}. Since [M1] is a partialN N
isometry it must be a normalized strong representation of G. Similarly, a normalized
left representation can be obtained from an arbitrary strong representation by means

of an inner/outer factorization on
In [15], in the time-invariant case, reduction of fractional representations to co-

prime representations was achieved by two inner/outer factorizations (one on the H
matrix [MN] and the other on the transpose of this matrix). It is easy to check that
both these factorizations are necessary in general. It is interesting to note that a
similar reduction was achieved in the proof of the above theorem by means of just
one inner/outer factorization of the adjoint operator in the star algebra.

THEOREM 4.2 (Youla parametrization). Let G be a discrete-time, causal, possibly
time-varying plant G that is stabilizable (i.e., {G,F} is stable and causal for some

F). Consider any bounded, causal operators M, N, X, Y, M, N, X, and Y with
[MN] a strong right representation of G and[ - M a strong left representation
of G such that the following double Bezout identity holds

-N M N Y N Y -N M

_[! 0
0 I]"

Then, a compensator F stabilizes C (i.e., {G,F} is stable and causal for F) if and
only if F has a strong right representation

Y-NQ
-X MQ

and a strong left representation

X+Q Y-Q]
for some causal, bounded Q.

Proof. Assume that F stabilizes G. Then F also has a strong left and right
representation that satisfy the double Bezout identity. Thus, there exist bounded,
causal operators such that

and

--I’F F NF F 0 I
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Define

Since the left representation of the compensator is right invertible and the right rep-
resentation of the plant is left invertible, n{[ /F --F ]} gn {[/ 0,

N]} G {G}, and/C{[ F --WE ]} G-1 {F}. Because {G,F} is stable, we

must have G {G}+G-1 {F} l+ and G {G}CqG-1 {F} 0. Therefore, 7 {H} l
and/C {H} 0, which means that H has an inverse H-1. We will now establish that
H- is bounded and causal. Define

(I):-
N H- F

Therefore,/C ((I)} G-1 (F}, n ((I)} G (G}, and 2 (I). Thus, (I) is a parallel pro-
jection onto G {G} along G- (F} (which is the bounded, causal operator P defined
in terms of the closed-loop operators in (4)). We now write

[Y

[Y

x

x]

where the last equality follows from the double Bezout identities. Then H-1 is
bounded and causal since it is the product of three bounded, causal operators. Hence,

and

XF 1 MF -XFH I 0

H-1MF NF FH 0 I

-H-1NF N I.

Thus, without loss of generality, we can assume

Since we also have

then

[Y X] N -I,
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Define the causal, bounded operator

Then

Since X + QM Y- QN --NF ME ], all stabilizing compensators have a
strong left representation in the form of the Youla parametrization.

Conversely, choose a bounded, causal operator for Q. This yields a compensator
F with a right representation

6 {F} n Y- NQ
-X- MQ

Choose e E ){G} and e2 E :D {F} and calculate the closed-loop system inputs as
follows:

e+ I

-X I
y 0

E ]e N Wl +

I w

-X- MQ
NQ we

Because the range of the right representation is the graph of the operator, we are
guaranteed that Wl and w2 exist.

By direct multiplication of the operators and simplification using the double Be-
zout identities, we obtain

-N M N Y 0

0el.
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Therefore,

N Y 0 I

is a bounded, causal operator with a bounded, causal inverse. Hence,

0

and

(el) 0 Y NQ w2

0 Y-NQ 0

G I u:

-N M u2

IFThus, [o I ]-1 is bounded for all bounded Q and the system is closed-loop stable.
Hence, all strong right representations from the Youla parametrization stabilize the
plant.

To complete the proof, we will show that, for the same Q, the strong right and
strong left representations correspond to the same operator F. Select an arbitrary,
causal, bounded Q. Then the controller defined by

-1 {F} n -_X- MQ
Y-NQ

stabilizes G. Furthermore,

N Y-NQ

is invertible and has range pm-l-n Hence,2

[y-Q. X+Q/r] [ MN -X- MQ Wl 0
Y NQ w2 0

:= ’ 0 ( Wl ) ( 0)W2 0

if and only if Wl O. Thus

Y- NQ

This establishes the required equality and the proof is complete. E]
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5. Implications of the Youla parametrization. In this section, we will prove
two theorems that are implied by the Youla parametrization theorem and show that
an example given by Feintuch in [4] is not stabilizable.

First, we will prove the following lemma.
LEMMA 5.1. If a square operator J is bounded and causal with a bounded inverse

K, then K is also causal.
Proof. Because J and K are bounded, each has a matrix representation. Because

J is causal, its matrix representation is lower triangular. Hence,

Joo 0 0
Jo Jll 0
J20 J21 J22

j-l--K=
KlO Kll K12
K20 K21 K22

Because JK I and all the diagonal blocks are square, we must have JooKoo I
and JooKoi 0 for > 0. Thus, K0i 0 for > 0 and we proceed inductively for
each row of K to conclude that K is lower triangular and thus, causal.

We now present a theorem that can be used to prove that a plant is not stabiliz-
able.

THEOREM 5.2. If a plant G is stabilizable, then any right (respectively, left) repre-
sentation that has no kernel (respectively, has full range) is a strong right (respectively,
strong left) representation. Furthermore, two strong right (respectively, strong left)
representations are related to one another by multiplication on the right (respectively,
left) by a bounded, causal, square, invertible operator.

Proof. Define the right representation of the plant as [Mg] and the left representa-
tion of the plant as -N M ]. Since the plant is stabilizable, there exists a strong

right representation, [M1] and a strong left representation, -11 1 such thatN1
the following double Bezout identity holds:

_If 0
0 I]"

Choose a stabilizing compensator from the Youla parametrization by setting Q
0. Since {G,F} is stable, we must have G {G} + G-1 {F} m+n and G {G} V2

G-1 {F} 0. We also have that Y1 X1 is right invertible and thus, has full
range. Therefore,

T M -X pm+n
N ’2
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/C
M -Xl_ 0,
N Y

and we can write

-X1 YM 4- X1N
o

=:
0 J =: J"

NX1 + MY

Because [ MN -Xl__ has full range, we have
Y1

7 {J1} 7 {YM +XN} { Yx

--T{[ Y1

M
X1 N

X

Similarly 7 {J2 } g, and so T {J} g+n. We also have that/C {J} 0, so J is
one-to-one and onto. A consequence of the open mapping theorem is [14, Thm. 5.10],
a bounded operator that is one-to-one and maps a Banach space onto a Banach space
has a bounded inverse. Therefore, J-1 exists and is bounded. By the lemma, j-1 is
also causal as are J{- and J- 1.

The first part of the theorem now follows by noting that

-N M N Y1J{

Thus [MN and [-/ ] have left and right inverses, respectively.
To prove the second part of the theorem, we note that

and define

:--"

NJ-1 11
M -X j-I 0 I
N Y1 0 I 0

Xl

Since/C {@} 0 and @2 , then @ I. By direct computation we have



STABILIZABILITY AND EXISTENCE OF SYSTEM REPRESENTATIONS 1553

Since inverses are unique, we have

_j-l j-lr -11 M1 and NjI N1

We now apply the above result to show that an example presented by Feintuch in
[4] is not stabilizable. Consider the following single-input, single-output, unbounded
operator

0 0 0 0 0
1 0 0 0 0
0 2 0 0 0
0 0 3 0 0
0 0 0 4 0

Let

1 0 0 0 0
0 1/2 0 0 0
0 0 1/3 0 0
0 0 0 1/4 0
0 0 0 0 1/5

0
1
0

N= 0
0

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0

It can be seen that [Mg] is a right representation of G. In addition,/E{[M =0. Fo -
lowing Feintuch[4], assume the existence of a bounded, causal left inverse Y X ].
Since N has zeros on its diagonal, XN will also have zeros on its diagonal. There-
fore, YM must have ones on its diagonal. This implies that the diagonal of Y is

{1 2 3 4 ...} which implies that Y is unbounded. Thus [MN]hasnleftinverse" By
Theorem 5.2, if G is stabilizable, then [MN] must have a left inverse. Thus, G is not
stabilizable.

Finally, we prove the following theorem about time-invariant systems.
THEOREM 5.3. Let G be time-invariant and causal. If G is not stabilizable with a

time-invariant, causal compensator F, then it is not stabilizable with a time-varying,
causal F.

Proof. In this proof we will be changing our viewpoint between time and frequency
domain several times. Thus, we present the following notation. Let M be a shift-
invariant operator in the time domain and M(z) be the corresponding Ho matrix
multiplication operator. Also, let y(t) be a signal of finite energy in the time domain
and y(z) be the corresponding H2 vector function.
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In the first part of the proof, we construct a sequence of inputs to show that the
r’:ght representation is not left invertible. The argument used is closely related to a
proof in [7, Prop. 7].

From the Beurling-Lax Theorem, we can write (in the frequency domain)

G{G(z)} N(z)H,
where M(z) and N(z) are matrices over Ho such that

M(z)*M(z) + N(z)*N(z) I

and Hn is the Hardy space of vector valued functions on the disc. Since G is not

M(z)] is not left invertible a matrixstabilizable by a time-invariant, causal F, [N()
over H. This means that inf]z)< amin[ N(z)] 0 by the matrix valued Corona
(hrmann) theorem. Thus, we can find a sequence z with ]z] < 1 and complex m-

M(z)vectors x of unit norm such that N(z)]x 0 . Construct the (H)
L H vectors

i"(z)
z- z

where c are complex constants chosen so that ]y"(z)]2 1. Then

"(= (

() ( + () ()
=: (,,-( + ("+(,

where II"(z)ll 1, (")-() e (gp), and (wi")+(z) e H. rthermore,
(’)- (t)l) o .

Consider the g(-, i) vector corresponding to y"(z). There exist normalized
truncations ;() e (-k,-) uch that ];())], nd

[M(z) ] ’+ (w’)-’(z) := () ’(z) =: () (z)+ ()

where (w’)-(z) e (g), (w’)+(z) e H, and [(w’)-(z)l[2 0. This follows
M(z)since [N() is a bounded operator on L of the unit circle.

Shifting y(t) yields y(t) e g(0, k- 1) with ]y(t)][2 1 and

(tl := (tl =: (tl + (t),

 C(t) e er(0, 1), e and II  (t)ll 0.
The proof now proceeds by contradiction. Suppose G is sabiliable with a time-

varying, causal F. Then [M] is a strong right representation of G by Theorem g.2.

Hence, there exists bounded, causal operators Y and X such that

x]
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Let I1[ Y X ]11 c. Then

1 [[yi(t)[[2 [I- P,(ki)] yi(t)[12

Y

Y

which is a contradiction. [:]

X N yi(t)
2

X [l- Pm+n(ki)] N

N yi(t) cllw-(t)ll2 o,
2

6. Continuous-time plants. In this section, we will discuss problems encoun-
tered in extending our proof to continuous-time plants, give a necessary condition
for a linear plant to be stabilizable with a linear compensator, and prove that a
continuous-time plant of Shefi is not stabilizable.

Our proof of the equivalence of stabilizability and the existence of strong right and
strong left system representations fails for continuous-time plants in two important
steps. The first step where the proof fails is that inner/outer factorizations do not
exist for continuous-time operators as stated in the following theorem found in [2,
Thm. 14.20].

THEOREM 6.1. Let Af be a nest algebra. If there exists JVIk that has no immediate
successor, then there exists an operator G E Af that does not have an inner/outer
factorization.

For a continuous-time nest algebra, the subspaces have no immediate successor
and the inner/outer factorizations may not exist. Thus, our proof cannot be used in
the continuous-time case. However, the properties of U that we use in our proof are
that U is a partial isometry with {G} {U} and that {A} K: {U}+/- and
/C {A} =/C {G}. Thus, if a factorization can be found that possesses these properties,
this step in the proof would carry over to the continuous-time case.

The second step where our proof fails is in proving

Y X ] M -X I.
-N M ] N Y

In this step, we used the fact that all bounded, causal operators on have a lower
triangular matrix representation.

The following is a necessary condition for stabilizability in both the continuous-
time and discrete-time cases.

THEOREM 6.2. If a continuous-time or discrete-time plant G is linear, possibly
time-varying, and stabilizable, then it has a closed graph.

Proof. Since G is stabilizable, choose a compensator F such that the closed-
loop system {G, F} is stable. From (4), the parallel projection P1 onto {G} along
G-1 {F} is defined in terms of the closed-loop operators. Thus,

Yl u2

where P1 is a bounded, linear operator that maps g+n onto G {G} and p2 P1.
If el e 7){G} and y Ge then, [eli pl[el]. Now consider a Cauchy sequence

Y Y
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[1,]1, on G {G} with a limit point [ ]. Since P1 is a bounded, linear operator, it has
closed graph. Thus,

Yli ]
el

e O{pl}.

Hence,

and the graph of G is closed.
Note how the plant inherits the property of having a closed graph from the closed

graph of the closed-loop system. This is not true for nonlinear systems since there
exist stable, nonlinear plants that do not have a closed graph.

We now present a continuous-time, time-invariant plant example by Shefi from
[11, Ex. 1.1-1] and prove that it is not stabilizable with any linear, possibly time-
varying compensator. Consider a single-input, single-output, continuous-time plant
G defined on all piecewise continuous functions over [0, oc) having only a finite number
of simple jump discontinuities in a finite time. For an input x, the output Gx at any
time t is the algebraic sum of the jumps of the input x from 0 up to the present time
t. Since we are interested only in L2 signals, the/:) {G} is the intersection of L2 with
the above piecewise continuous functions that also yield L2 output functions.

It is easy to show that the plant G is linear and time-invariant. However, we
will show that the graph is not closed. First note that if a pulse of finite amplitude
and duration is applied to the input, the output is a a pulse of the same amplitude
and duration. Since the continuous functions are dense in L2 and the output to
any continuous L2 function is 0, we can construct a Cauchy sequence of continuous
functions on (G} such that the input sequence converges to a pulse and the output
sequence is always 0. Thus, the graph is not closed nor is G (G} the graph of any
operator because (G} has multiple possible output functions for one input function.
Since the graph is not closed, the plant is not stabilizable with any linear, possibly
time-varying compensator.
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AN ALGORITHM FOR A CLASS OF CONTINUOUS LINEAR
PROGRAMS*

MALCOLM C. PULLANt

Abstract. This paper discusses a class of continuous linear programs posed in a function space
called separated continuous linear programs (SCLP). A dual linear program and a corresponding
discrete approximation are introduced followed by a discussion of their properties. The discrete ap-
proximation gives rise to an improvement step which is constructed from any given feasible (nonop-
timal) solution for SCLP. A strong duality result follows from this. There are a variety of possible
implementations of an algorithm for solving SCLP problems using this improvement step. Finally
some computational results are given from one possible implementation.

Key words, continuous linear program, duality, discrete approximation, simplex-like algorithm.
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1. Introduction. The following problem,

CLP: maximize

subject to

TcT(t)x(t)dt

B(t)(t) + K(s, t)(s) ds <_ b(t),

x(t) >_ O, t e [0, T],

was first considered by Bellman [7] in 1957 in an attempt to model some economic
processes which he called "Bottleneck Processes." Since then the problem has been
studied by a number of authors whose work can be loosely divided into two areas,
those concerned with establishing strong duality theorems and those concerned with
computational methods.

In the area of duality, Bellman himself established a weak duality result. This
was later followed by, for example, Tyndall [19], Levinson [15], and Grinold [12], all of
whom gave strong duality results with varying algebraic restrictions on the problem.
The dual problems which these authors have considered have all been in the space of
bounded measurable functions.

On the computational side, two main approaches can be found. The simpler of the
two is to solve the problem via a series of discrete approximations, called discretiza-
tions, to the original CLP. Such is the approach taken by Buie and Abrham [8]. These
discrete approximations work by partitioning the interval [0, T] into a finite number
of smaller subintervals, normally of equal size. From the point of view of actually
solving problems, this approach has had the most success as the solutions for the
discretizations converge to the solution for CLP as the discretizations become finer.
However, these methods fail to address the infinite-dimensional nature of the problem
and this has two major disadvantages. First, the computation times involved can be
very large as a result of solving a very large finite-dimensional linear program, and,
second, the problem may have an optimal solution of a simple form that is obscured
in the discretized version.
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These observations have lead a number of authors to attempt to solve the problem
directly. The natural approach here has been to extend the simplex method for finite-
dimensional linear programs to the continuous-time or infinite-dimensional problem.
This involves extending such concepts as "basic solutions," "dual variables," and
"pivots." This approach was started by Lehman [14] and continued by Drews [10],
Hartberger [13], and Segers [18]. Major progress was not made in this direction until
the work of Perold [17], later continued by Anstreicher [6]. The algorithm described
by Perold, however, is both complicated and incomplete, reflecting the difficult nature
of the problem.

In this paper we consider a subclass of CLP, called separated continuous lin-
ear programs SCLP. This is defined as follows (we choose to minimize rather than
maximize as this is how most optimization problems are now stated),

SCLP: minimize cr(t)(t)dt

(1) subject to Gx(s) ds + (t) a(t),

(2) Hx(t) + z(t) b(t),
x(t), y(t), z(t) :> O, t e [0, T].

Here x(t), z(t), b(t) and c(t) are bounded measurable functions and y(t) and a(t)
are continuous functions. The dimensions of x(t), y(t) and z(t) are nl, n2, and n3,

respectively. We let n nl + n2 + n3 and wT (t) (xT (t), yT (t), zT (t)).
This problem was first introduced by Anderson [1] in an attempt to model job-

shop scheduling problems. He gave a preliminary combined primal-dual algorithm
and a few simple problems were solved; however, full implementation of an algorithm
along these lines proved difficult. In 1986 Anderson and Philpott [4] restricted the
problem of SCLP even further to the important class of continuous network programs
and developed, for the first time, an algorithm for solving these problems directly on
a computer, which addresses the infinite dimensionality of the problem. This is made
possible by allowing only piecewise linear components of a(t) and c(t) and piecewise
constant b(t).

In this paper we develop an algorithm for solving SCLP under the same piecewise
linearity constraints as for the network program. Our algorithm combines elements
from both the discrete and simplex method approaches outlined above. Our first step
in developing the algorithm is to introduce a dual problem, SCLP* (2), which, in some
sense, contains the one considered by Tyndall [19] and others. A new discretization
for SCLP is then introduced (3), which differs from the standard one. This turns
out to be a natural discretization for SCLP*. This is followed by a discussion of its
properties, which includes a convergence result for a discrete algorithm. We then
establish an improvement step by showing how to construct an improved feasible
solution starting from any given feasible (non-optimal) solution for SCLP (4). This
leads to a strong duality result.

Many possible implementations of an algorithm can arise from this approach and
an outline is given of some of them in 5. One of these is very similar to the algorithm
for networks given in [4]. Finally, some computational results are given from solving
two problems using a straightforward (although not very efficient) method. One of
these examples shows that it is possible to obtain the exact solution in a finite number
of steps. This extends the problem class for which direct infinite-dimensional solutions
are available from networks to SCLP.
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We now introduce some standard definitions and notation which we will use
throughout the remainder of this paper.

DEFINITION 1.
1. A set P {to,..., t,} is said to be a partition of [0, T] if

0-- t0 tl (’"(tm--T.

2. A partition Q of [0, T] is said to be a refinement of a partition P of [0, T] if
pc_.

3. The norm, [[P[I, of a partition P- {to,..., tin}, is defined by

IIPII m.ax(ti ti_).

4. We say that a function f(t) is piecewise constant (linear) with a partition
P {to,..., tm}, if f(t) is constant (linear) on [ti-1, ti) for 1,..., m. We say that
f is piecewise constant (linear) on [0, T] if f is piecewise constant (linear) with some
partition of [0, T].

5. For any linear program LP we will write V[LP] for its optimal value.
6. For a function f(t) we will use the notations

f(t-) lim f(s) and f(t+) lim f(s)
s--*t-- s-* +

when the above limits exist.

2. The dual problem. In this section we introduce a dual linear program for
SCLP and give a weak duality result (Lemma 2.1). The dual problem SCLP* is
defined as follows

SCLP*" maximize dTrT (t)a(t) ?T (t)b(t) dt

subject to c(t) GTTr(t) + gTrl(t) >_ O,
r/(t) _> O, a.e. on [0, T],
7r(t) monotonic increasing and right continuous

on [0, T] with 7r(T)= 0.

Here the components of /(t) are in LI[0, T]. It will be convenient to write O(t) for
the complete set of variables of SCLP* and b(t) for the left-hand side of the first
constraint. Thus

oT(t) (TrT(t),T(t)) and (t) c(t) GTTr(t) + HT(t).

LEMMA 2.1 (Weak duality). V[SCLP*] < V[SCLP].
Proof. Suppose w(t) is feasible for SCLP and tg(t) is feasible for SCLP*. Then

t

Z
T

drT (t)a(t)
[

Z
T

rl
T (t)b(t) dt

dTrT(t) Cx(s) ds + y(t) yT(t)(Hx(t) + z(t))dt
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by a standard result (see Dunford and Schwartz [11, p. 154]). Hence

cT(t)x(t) dt + drT(t)a(t) + rT (t)b(t) dt

T .2T (t)x(t) dt + dTrT (t)y(t) + ?T (t)z(t) dt

_>0,

by the feasibility of w(t) and O(t). This gives the result. D
Another dual linear program for SCLP is given in Anderson and Nash [3] (for the

form of SCLP that is a maximization rather than a minimization) and is defined as
follows:

SCLP*- maximize

subject to

T

aT (t)u(t) dt bT (t)v(t) dt

c(t) + GTu(s) ds + HTv(t) >_ O,

u(t), v(t) >_ O, t e [0, T],

with u(t) and v(t) in the space of bounded measurable functions. It is worth noting
that if 0(t) is feasible for SCLP* and r(t) is absolutely continuous, then

u(t) (t) and v(t) (t),

is feasible for SCLP* and the objective function values are the same in their respective
linear programs. Conversely, if u(t) and v(t) are feasible for SCLP*’ then

r(t)=- (s)ds and r(t)=v(t),

is feasible for SCLP* and again the two solutions have the same objective function
value in their respective linear programs. Because of the above weak duality result,
this implies that previous strong duality results between SCLP and SCLP*, such as
those given in Tyndall [19], carry over to SCLP and SCLP* under the same restric-
tions.

Yet another dual linear program with a corresponding strong duality theorem has
been considered by Papageorgiou [16]; however, he restricts the variables of the primal
to be of bounded variation. Also, his dual problem has all its variables in the space
of functions of bounded variation and this makes it possible to construct a feasible
solution for this dual linear program from one for SCLP*. The resulting costs of the
two solutions are, however, different.. Dseret.atons. In this section we introduce two discretiations for SCLP,
the standard and natural one, DP, and a new, less obvious one, AP. This new
discretiation will turn out to have many interesting properties; for example we will
show that its optimal value provides a lower bound for the optimal value of SCLP.
However, unlike DP, a solution for AP does not directly give a feasible solution for
SCLP with the same cost, but instead one can be constructed in a fairly simple
procedure with cost difference that tends to ero with decreasing partition norm.
These ideas will lead to the improvement step for SCLP which we describe in the
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next section. The proof of the results in 3.2 will rely heavily on the weak duality
result for SCLP and SCLP* established in the previous section.

Before proceeding we must make an assumption on the nature of the functions
a(t), b(t) and c(t).

ASSUMPTION 1. The functions a(t) and c(t) are piecewise linear and the function
b(t) is piecewise constant on [0, T].

We shall assume this restriction throughout the rest of this paper. The possibility
of weakening or removing this restriction is still an open question. It is shown in
Anderson, Nash, and Perold [2] that if the feasible region for SCLP is bounded then
Assumption 1 guarantees the existence of an optimal solution for SCLP in which the
components of x(t) are piecewise constant. This leads us to introduce the following
assumption, which will occasionally be required.

ASSUMPTION 2. The feasible region for SCLP is bounded.
In what follows we will consider a fixed arbitrary partition P (to,..., t,} of

[0, T] so that a(t) and c(t) are piecewise linear and b(t) is piecewise constant with
partition P. Given P, we now let

i.e., P with each interval split in half.

3.1. The standard discretization. We now state the standard discretization,
DP(P), and give some of its properties. This is the discretization used in the early
duality work, such as Tyndall [19], and in the computational results of Buie and
Abrham [8].

DP(P): minimize E(ti ti_l)cT(ti_+)c ti + ti-i
2

i=1

subject to (t to)C;Sc(to+) + )(tl) a(tl),
(t t_)a(t_+) + )(t) )(ti_l) a(ti) a(ti_l),

2,...,m,
i= 1,...,m,

1,...,m.
H(ti-l+) + (ti-l+) b(ti-l+),
(ti-l +), )(ti), (ti-l +)

_
O,

For brevity we will write this in matrix form as

DP(P)" minimize 8&D
subject to ADOD D,

D O,

for some appropriate matrix AD and vectors 8D and )D. The labelling of the variables
as (t) and )(t), etc., is for convenience and does not mean that they explicitly refer
to a function but rather in an implicit way as shown in the following definition. For
this use we will also define )(t0) a(to).

DEFINITION 2. Let P {to,..., tm} be a partition of [0, T]. Suppose we have a

set of m + 1 variables called ](to),](tl),...,](tm) (e.g., ) above), then the function

f(t) defined by

(--) ( t-ti-1 )ti t /(ti-1) + /(t), forf(t)
ti ti-1 ti ti-1

t E [ti-1, t], for i 1,..., rn,
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is called the piecewise linear extension of ].
Similarly, if we have a set of 2m variables called ](to+),f(tl-),f(tl +),...,](tm-),

then the function f(t) defined by

0,
:(t) ( t

ti ti-
+

ti ti--1

if t to,..., tin-l,

t=T,

for t (ti-1, ti),
i 1,...,m,

is also called the piecewise linear extension of ].
Finally, if we have a set of m variables called ](to+),](t+),...,](tm-+) (e.g.,

& or above), then the function f(t) defined by

](tm-l+), t=T,
f(t)

](ti-l+), t e [ti-, ti), for 1,..., m,

is called the piecewise constant extension of ].
It is now easy to deduce the following properties of DP(P).
LEMMA 3.1. Suppose &D is feasible for DP(P). /f x(t) and z(t) are the piecewise

constant extensions of and , respectively, and y(t) is the piecewise linear extension

of ) then wT (t) (xT (t), yT (t), zT (t)) is feasible for SCLP and

(a) c (t)(t) et agcov.

Conversely, if w(t) is feasible for SCLP with x(t) piecewise constant with prtition P,
then x(ti_+), y(ti), z(ti_+), i= 1,..., m, form feasible solution &D for DP(P)
nd (3) holds... A new dseret.aton. We now introduce he discretiation AP(P).

AP(P): minimize

subject to
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or, in matrix form,

AP(P)" minimize T
subject to A& ,

&_>0,

for some appropriate matrix A and vectors and . Again we define for convenience,
(0) a(0). Note that the constraints of AP(P) are exactly the same as those for
DP(Q), i.e., for the standard discretization with twice as many points (thus the vectors
and are twice the dimension of )D and gD). The important difference between

AP and DP is in the costs. Instead of taking the average cost on each interval of the
partition we take the cost at the end points. We now state an obvious result showing
the connections between feasible solutions of AP(P) and DP(P).

LEMMA 3.2. Suppose &D is feasible for DP(P), then by augmenting &D using

2 2

(ti-)--2(ti-l+), fori--1,...,m,

we obtain a feasible solution & for AP(P) with

(4) T& 4&D.
Conversely, if & is feasible for AP(P)and &(ti-l+)= 2(ti-)for i= 1,... ,m, then
2(t_+), (t), (t_+), i= 1,... ,m, Iorm a Ieasible solution D or De(P) and
(4) holds.

Now AP(P) has as its dual

AP*(P)" maximize T
subject to TA

_ .
After making the simplifications that b(t_l +) b(ti-) and

( )t + t-i a(t_) a(t) aa
2 2

we can write AP*(P) as

AP*(P)" maximize

subject to c(ti-) -GTr(ti-) + HT(ti-) >_ O,

c(ti-l+) GTr(ti-+) + HTI(ti-+) >_ O,
(t--), (ti_+) >_ O, i 1,..., m,

#(ti--) #(ti_+) >_ O, i= 1,...,m,

r(t+) #(ti--) >_ O, i 1,..., m- 1,

rT(to+)a(to)

-+- E(#(ti_l-+-) + r(ti-))T a(ti) a
2

i--1

i= 1,...,m,
i= 1,...,m,

<_ o.
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We now present a series of results concerning AP, AP*, SCLP, and SCLP*, most
of which can be verified by straightforward algebra, so we will not include all the
details in our proofs. The first result shows that we can construct a feasible solution
for SCLP* in a natural way from a feasible solution for AP* with the same cost.

THEOREM 3.3. Suppose is feasible for AP*(P), then oT(t) (TrT(t), T(t)),
with r(t) and (t) the piecewise linear extensions of # and ), respectively, is feasible
for SCLP*. Moreover,

/o
T

/o
T

gTO drTa(t) l
T (t)b(t) dt.

Conversely, if O(t) is feasible for SCLP* with r(t) and (t) piecewise linear with
partition P, then (ti-l+), (ti-), 7(ti_+), r(ti-), i 1,...,m, form a feasible
solution for ie*(P) and (5) holds.

Proof. Suppose is feasible for AP*(P). By inspection of the inequalities, TA
_

( and by the fact that (t) and (t) are piecewise linear with partition P we have
(t), (t) _> 0 for all t E [0, T] and that (t) is monotonic increasing on [0, T] with
r(T) 0, i.e., that O(t) is feasible for SCLP*. Now by the piecewise linearity of a(t)
and (t) we have (with the notation that r(tm+)= r(T))

drT(t)a(t 1
(Tr(ti--) 7r(ti_+))T(a(ti) + a(ti_)) 1 rn,_

,t - ""’

{
drT(t)a(t) (r(ti+) r(ti-))Ta(ti), i 1,..., m,

t}

dTrT (t)a(t) O.

Also as r(t) is piecewise linear and b(t) is piecewise constant with partition P we have

tl

_
lT(t)b(t)dt (t-t_1)2 ((ti-l+)+l(t--))Tb(t--)i, 1, m.

The proof that the objective functions of the two linear programs is the same is now
a straightforward algebraic exercise.

The proof of the converse is similar.
The next result is the analogous result for AP(P) and SCLP. However, the result

is not as strong in that a feasible solution for SCLP gives one for AP(P) of the same
cost but not all feasible solutions for AP(P) correspond to feasible solutions for SCLP.

THEOREM 3.4. Suppose w(t) is feasible for SCLP with x(t) piecewise constant
with partition P. Then x(ti_+), x(t-), y(ti), z(ti_+), z(ti-), i.= 1,..., m, form
a feasible solution Fz for AP(P). Moreover,

(6)
T

5T& cT(t)x(t)dt.

Conversely, if & is feasible for AP(P) and &(ti_l+) &(ti-) for i 1,..., m, then
the w(t) formed by taking y(t) as the piecewise linear extension of ) and x(t) and z(t)
as the piecewise constant extensions of & and , respectively, is feasible for SCLP and

Proof. The result follows immediately from Lemmas 3.1 and 3.2. D
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Using Theorem 3.3 we can now show, by using the strong duality theorem for
finite-dimensional linear programming (see, e.g., Dantzig [9]), that the optimal value of
the problem AP(P) constructed from a feasible solution for SCLP with x(t) piecewise
constant with partition P, provides a lower bound on the optimal value of SCLP.

THEOREM 3.5. Suppose w(t) is feasible for SCLP with x(t) piecewise constant
with partition P. Then

V[AP(P)] _< V[SCLP*] _< V[SCLP].

Proof. See Fig. 1. By Theorem 3.3 and the duality theorem for finite-dimensional
linear programming we have V[AP(P)] V[AP*(P)] _< V[SCLP*]. The result now
follows by Lemma 2.1. []

COROLLARY 3.6. Suppose w(t) is feasible for SCLP and that the corresponding
is optimal for AP(P), then w(t) is optimal for SCLP.
Proof. By Theorem 3.4 we have

V[SCLP] < c(t)x(t) dt V[AP(P)],

and so the result follows by Theorem 3.5. []

SCLP AP(P)
cost x- feasible

feasible solution
solution &

AP*(P) SCLP*

X- X- X

optimal optimal feasible
solution solution solution

* * O(t)

FIG. 1. Cost relationship between solutions of SCLP, AP(P), AP*(P) and SCLP*.

The next step is to construct a feasible solution for SCLP which in some way is
similar to a given one for AP(P). To do this we extend the solution for AP(P) across
each interval of the partition making it piecewise constant with partition Q. Suppose
& is feasible for AP(P). Define

We then define y(t) and z(t) from the constraints of SCLP (i.e., satisfying (1) and
(2)) and set

(t) (t), (t), zr(t)).
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Finally we let

(7) 0(03) Td C
T(t)x(t) dt.

The next theorem gives the properties of w(t).
THEOREM 3.7. w(t) is feasible .for SCLP. Moreover,

c(w) E (ti-ti-1)

i=
8

((ti-) (ti-l+))Td(ti--).

Proof. It is not difficult to show that y(t) is the piecewise linear extension of ) in
& and that

ti ti-1 1 1(ti-l+), t E ti__l,
2 ’"" m,

z(t) t e 1,

2(t), t= T,

and so from this it is clear that w(t) is feible for SCLP. The cost relationship follows
after simple integration and algebra.

Finally we consider what happens when the partition is made finer and finer.
om Theorem 3.7 we are now able to deduce that, under Assumption 2, the norm
of the partition tends to zero, the values of the linear programs SCLP and AP tend
to the same value. This gives the result that V[SCLP] V[SCLP*] an immediate
consequence, however this result will be strengthened in the next section to show that
SCLP* actually attains V[SCLP*] (Corollary 4.5). We first give an additional lemma
about sequences.

LEMMA 3.8. Suppose {an}=l and {bn}nl are sequence8 such that

bn am O, m, n 1, 2,...,
lim b an) O.
n

then limn an and limn bn exist and

lim an= lim bn.
n n

Proof. Let

inf bn sup
n n

then _> 0. Now since bn- an _> for every n we must have 0. Let L infn bn
supn an. Now since am

_
L <_ bn for all m,

(L- an)_ (bn- an) and (bn- L)<_ (bn- an),

and so the result follows. D
COROLLARY 3.9. Suppose Assumption 2 holds and that w(t) is feasible for SCLP

with x(t) piecewise constant with partition P, then

(8) lim I/’[AP()] lim cr(t)ZQ(t)dt,
IIllo IIllO
PC_Q PC_Q
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where xQ(t) is obtained from the optimal solution for AP(Q) as outlined above, and
hence

(9)
T Tlim (t)xQ(t) dt V[SCLP] V[SCLP*].

PC_Q

Proof. Suppose for any feasible x(t), I[x(t)[[ _< M. Also suppose that I[d(t)[I <_ C
for t E [0, T]- P. Let Q {Sl,...,Sk} D_ P. Then

4 E(si- si-1)2 <
4

i--1

and so c(wQ) -. 0 as [IQ[[ 0.
Let {Qn}n=l be any sequence of partitions with limn-o [[Qnl[ 0 and P G Qn.

Let

an V[AP(Qn)], and bn cT(t)xQn (t) dr,

then by the above we see that limn-(bn -an) 0. Also by Theorem 3.5 we have
bn -am >_ 0 for all m and n and so (8) now follows by Lemma 3.8. We now have (9)
again by Theorem 3.5. ]

4. Constructing an improved solution. In this section we show how to con-
struct an improved solution for SCLP, if one exists, from some starting feasible solu-
tion for SCLP. This will form the basis of an algorithm for solving SCLP. To do this
we use the results the previous section. We will again fix the partition P as in the
previous section and any reference to AP will denote AP(P).

We begin by giving an outline of our approach. Any feasible solution for $CLP
with x(t) piecewise constant with partition .P generates a feasible solution for he(P)
(Theorem 3.4). If the finite-dimensional program AP is not optimal it is possible to
find a solution for AP with strictly improved objective function. From the previous
section we are able to construct a feasible solution for SCLP based on this solution
in a fairly natural way. We then "patch" this solution together with our old one to
produce another solution whose x value is the same as the original one in some time
intervals and the same as the one constructed from AP otherwise. If this is done in an
appropriate way, we obtain a new feasible solution for SCLP with strictly improved
objective function. If, however, the current SCLP solution is optimal for AP, then by
Corollary 3.6, our current solution is optimal for SCLP.

Let wT(t) (xT(t),yT(t),zT(t)) be feasible for SCLP with x(t) piecewise con-
stant with partition P. Using the notation of the previous section, let & denote the
corresponding solution for AP constructed from the partition P. Suppose & is not
optimal for AP. Then exists, feasible for AP, with strictly improved objective
function, i.e.,

( deal CT) cT) < 0.

Let &T(t) (YeT(t), lT(t), sT(t)) be the feasible solution for SCLP generated by as
defined in the previous section. Then &(t) is constant on [ti-1, (ti-1 + ti)/2) and on

[(ti_ + ti)/2, ti) for i= 1,..., m.
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x(t)

to
to +1

time

tl I

tl +2

tin-1 m-1

tin-1 + m

FIG. 2. Construction of e(t).

We now "patch" together w(t) and &(t) as follows (see Fig. 2). Let

T= min (ti-t,-l)i--l,...,m 2

and E [0, T]. Define

(t t-i)
2T

Note that if T then i (ti ti_1)/2. Define

[
x(t),

t e [ti--1, ti--1 - 8i) [-J [ti i, ti), 1,..., m,
otherwise.

Let e(t) and 2(t) be given by the constraints of SCLP, i.e.,

G2(s) + (t) a(t),ds

H2(t) + 2e(t) b(t), t e [0, T].

We now claim that T(t)= (2T(t),yT(t),2Te(t)) is feasible for SCLP.
Clearly 2(t) _> 0 for all t [0, T] as x(t),&(t) >_ 0 for all t e [0, T] by the

feasibility of w(t) and &(t). Also for t [ti-1 + i, ti i), 2e(t) x(t), so (t) z(t)
for t [ti-1 + i, ti- i) and for other t, 2e(t) &(t), and so G(t) 5(t). Hence
2e(t) >_ 0 for all t E [0, T], again by the feasibility of w(t) and &(t).

Thus to establish the feasibility of e(t) it remains to show that (t) _> 0. As
2e(t) is constant on the intervals [ti-1, ti-1 + i), [ti-1 + i, ti i) and [ti i, ti) for

1,... m, ye(t) is linear on these intervals, so it is sufficient to show that (ti-1),
e(ti-1 + i), e(ti i) and (t) _> 0 for 1,..., m. This is the content of the
next lemma.
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LEMMA 4.1.

(10) ( _) e_) (, +,_)e(ti-1 + el) 1
e

y(ti-1) +
T T 2

(11) Ye(ti ei) 1-
e

y(ti) +
T T 2

(12) ( )9e(ti) 1- - y(ti) + -l(ti),
T T

i-- 1,...,m,

i-- 1,...,m,

i--O,...,m.

Proof. We establish these equalities by induction. Clearly e(0) (0) y(0)
a(0) so (12) is true for 0. Assume (12) is true for i- 1. We show that (10)-(12)
are true for i.

Now 2e(t) (t) on [ti-1, ti- + ), so

(t_, + ,) (t_) (t_ + ) (t_)
2e:,

t t_l 2

ti+ti_l Henceas is linear on ti-, 2

So by the assumption that (12) holds for i- 1,

e
y(ti-1) --le(ti-1 q- el) 1 - r 2

i.e., (10) is satisfied for i.
Similarly, 2e(t) x(t) on [ti-1 + ei, ti ei), so

le(ti i) /e(ti-1 + i) y(ti i) y(ti-1 -- i)( 2i )(y(t,)-y(t,_,)),1
ti ti-1

again as y is linear on [ti_,,ti]. Hence as (10) is true for so is (11).
A similar argument shows that (12) is true for and hence the the lemma is

established by induction.
COROLLARY 4.2. cO is feasible for all E [0, r].
Proof. We just need to establish that 9e(t) > 0 for all t E [0, T]. Now 9e(t) is a

convex combination of y(ti) and l(ti) and so as w(t) and &(t) are feasible for SCLP,
y(ti), l(ti) >_ O. Hence 9e(ti) >_ 0 for 0,..., m. Similarly, te(ti-1
0 for i 1,..., m. The result now follows from the piecewise linearity of

Having established the feasibility of &e the next step is to show that for small
enough an improvement in the objective function can always be made. This is the
content of the next lemma and following corollary.
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LEMMA 4.3.

CT(t),e(t)dt cT(t)x(t) dt 5
T T

where a a(&) as given by (7).
Proof. As c(t) is linear on (ti-1, ti) for i= 1,..., m, we have

t,_+,

c(t)dt - (c(ti_l+) 4- c(ti_ 4-
--1

(t t_
,(t,_+) + 8 (t,-).

Similarly,

Now for t [0, T),

So

c(t) dt c(t-)

(t_+) x(t_+),
(t) x(t) (t-) x%-),

O,

87-2

t E [ti_,t_ +), i 1,...,m,
t E [t- ,ti), =l,...,m,
otherwise.

The result now follows after a little algebra and the fact that

5 T

(ti ti-1) ((ti-l +)
2

+ ((t-) (t-))rc(t-).

COROLLARY 4.4. For suJficiently small, f[ cT(t)2(t) dt < f[ cT (t)x(t) dt and

rain cT(t)(t) dt- cT(t)z(t) dt 4a’
a < 0 and G < 1,

o, 6- a, otheise,
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and occurs at

(3)
5T-T a<Oand <l,

otherwise.

We now have a strong duality result. This is the main result in Tyndall [19]
proved for the dual SCLP*’ and via a sequence of discretizations of the form DP(Pn).
However, while Tyndall’s result is not restricted to problems with piecewise constant
x(t), it is restricted to positive G, H, a(t), and b(t). The result was later strengthened
by a number of authors, e.g., Grinold [12] and Tyndall [20] but again there is some
restriction on the form of the problem.

COROLLARY 4.5 (Strong duality). Suppose Assumption 2 holds. Ifw(t) is optimal
for SCLP then there exists O(t) optimal for SCLP* with

cT(t)x(t) dt drT (t)a(t) T(t)b(t) dt.

Proof. If w(t) is optimal for SCLP then we can assume that x(t) is piecewise
constant by a previous remark. The corresponding & is then optimal for AP, otherwise
we can construct an.improved solution for SCLP as outlined above. The result now
follows by Corollary 3.6. D

5. Implementations of the algorithm and computational results. We
now have all the ingredients for implementing an algorithm to solve SCLP. In this
section we outline different possible ways of putting these ingredients together and
discuss computational results from one such implementation.

1. Pure discretization. Solve AP(P) for some partition P and construct a fea-
sible solution for SCLP as outlined in 3.2. This has two advantages over just solving
DP(P). First, by Theorem 3.5, the cost of the AP solution provides a lower bound on
the cost of the optimal solution for SCLP. Second, if we have Assumption 2, then by
using Theorem 3.7 and Corollary 3.9 we can construct a partition so that the SCLP
solution will be within any desired amount of the optimal solution.

2. Continuous time. Given a feasible solution for SCLP, construct an improve-
ment as outlined in 4, if possible, repeating until the solution is within a prescribed
limit. This has several variations, some of which we outline below.

By Lemma 3.1, a solution for SCLP generates one for DP(P) for some P
at the same cost. DP(P) can then be solved, or at least improved, and this solution
used as the starting feasible SCLP solution from which an improved SCLP solution is
obtained along the lines of 4. Solving DP(P) completely will produce the best SCLP
solution for the partition P.

By Theorem 3.4, a solution for SCLP generates one for AP(P) for some P
at the same cost. Solving AP(P) to completion and using this as the improved AP(P)
solution for patching together with the old one also produces a lower bound on the
objective function, as was shown in the discrete algorithm above.

Given the SCLP solution, we construct the AP solution, purify this (i.e.,
construct a basic feasible solution) and perform one (or only a few) simplex pivots.
This is the improved AP solution, which, after patching together with the old one,
produces an improved SCLP solution.

It is still not clear which of these implementations will produce the best results.
However, one simple change that can be applied to each implementation above does
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seem to improve the solution time considerably, as well as improving the convergence
of the partition points. This change involves removing unwanted partition points.
After completing each iteration of the algorithm we check to see if the new SCLP
solution (as well as (t), b(t), and (t)) is constant across two or more intervals of the
new partition. If it is, then we remove partition points so that there is only one such
interval. This will produce a new partition with fewer points and with each point
corresponding to a discontinuity in one or more components of x(t), gz(t), b(t) or (t).

Before proceeding to give computational results we give a brief discussion of the
algorithm for networks given in Anderson and Philpott [4]. In this paper the authors
give an optimality test followed by a discussion of a simplex-like algorithm for the
problem by showing how to perform a pivot when one of the conditions of the op-
timality test is violated. Two different types of pivot are performed depending on
which optimality conditions are violated. These two conditions are called first- and
second-order suboptimality, with most pivots arising from the first-order suboptimal-
ity case. It can be shown that their optimality test is no more than a statement of
our weak duality theorem (Lemma 2.1). Moreover, the pivot for the first-order sub-
optimality case also corresponds to one possible implementation of our algorithm. We
describe this pivot in the context of our SCLP algorithm. The pivot starts off with
a basic feasible solution for SCLP (in this case CNP), which is also basic for AP(P)
for some P. One simplex pivot is then performed on AP(P) and the ob.li(n patched
together with the old one to produce a new feasible solution for CNP. A complicated
purification step then follows to produce a new basic feasible solution for CNP.

The pivot arising from the second-order suboptimality case, while not one of our
implementations, is very similar and so further improvements to the algorithm for
CNP could be made by considering the SCLP algorithm discussed here.

The method we use in the examples below is no doubt inefficient but has the
advantage of being easy to implement. It follows along the lines of a combination of
the first two continuous-time examples given above. Given a partition P, we solve
DP(P) to optimality. AP(P) is then solved to optimality and the objective function
then provides a bound on the optimal objective function for SCLP. We then combined
the DP and AP solutions using the method described in 4 with s given by (13), to
produce a new partition. Finally, unwanted partition points are removed to produce
the partition Q. This was the new partition for the next step.

We now present results from solving two simple problems. The first is a network
problem and has been solved in Anderson and Philpott [5] using their algorithm for
networks. The second is taken from Anderson [1].

Problem 1. T 10, nl 5, n2 8, n3 -5.

1 1 0 0 0
-1 0 1 1 0
0 -1 -1 0 1
0 0 0 -1 -1

-1 -1 0 0 0
1 0 -1 -1 0
0 1 1 0 -1
0 0 0 1 1

1 0 0 0 0
0 1 0 0 0

H- 0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
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4t,(t) e(t + ),

a3(t) 5- 2t,

t e [0, 5],
t e [5,10].

t e [0, 51,
t e [5, 01.

a2(t) { t, t e [0, 5],
et 5, t e [5, 0].

(t) -t,
ai(t) oc, for 5, 6, 7, 8.

1,,(t) 2, otherwise.

c(t)- 10- t,
c(t) - t,
(t) + t.

The optimal solution is

1, t e [0, 3.75),

x(t) 2, t e [3.75,5),
1, t e [5,8.75),
0, t e [8.75, 10l.

x(t) 2.

{ 0, I0, { 2, I0,
1, t e [3.75, 10]. x(t) 1, t e [8.75, 10].
1, t e [0,8.75),x(t) 2, t e [8.75, 10].

and has objective function 396.25.
An initial partition consisting of the points where the functions a(t), b(t) and

c(t) change was chosen, i.e., P0 {0, 5, 10}. The results are given in Table 1. At
the beginning of each iteration we start off with the partition given in the partition
column. DP is then solved for this partition and the cost of this (feasible SCLP)
solution is given. Then AP is solved and the cost of this (feasible SCLP*) solution is
given. The cost of the SCLP solution constructed from this AP solution is then given,
followed by the cost of the solution obtained from patching together this solution with
the DP solution. It is worth noting that the cost obtained its optimal value at the

TABLE

Iteration Partition
1 {0,5,10}
2 {0,3.75,5,8.75,10}

DP AP
397.5 39.5

396.25 396.25

SCLP Combined
39715 396.2i

396.5625

end of the first iteration and in fact the combined solution was exactly x*(t) given
above. However, it was not until an SCLP* solution with the same cost was obtained
that the algorithm was able to detect optimality. Note also that the SCLP solution
constructed from the AP one on the second iteration was not the optimal one.

Problem 2. T 2, n 2, n2 2, n3 1.

[1 0], H=[ 1 2]G=
0 1
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al(t)-4+t, a2=3+2t.

bl (t) 10.

c (t) t- c (t) t-

The optimal solution is

{ 410, tE [0,), 0, tE [0,-),
4 2].x(t)

1, t C [-,2] x(t) , t C [,
and has objective function 14.

This example has the advantage that the algorithm can be seen to converge to
the optimum rather than obtain it explicitly as is the case of the first example.

Again an initial partition consisting of the points where the functions a(t), b(t),
and c(t) change was chosen, i.e., P0 {0, 2}. The results are presented in Tables 2
and 3.

TABLE 2

Iteration Partition

{0,2}
{0,1,2}
{o,o.5,2}

{0,0.25,0.5,2}
{0,0.375,0.5,2}
{0,0.4375,0.5,2}

{0,0.4375,0.46875,2}
{0,0.4375,0.453125,2}

{0,0.4375,0.4453124985,2}

TABLE 3

Iteration DP AP SCLP Combined
-14-13

-14
-14.5

-14.53125
-14.546875

-14.5546875
-14.555175781
-14.555419922
-14.555541992

-15
-15

-14.5625
-14.5625
-14.5625

-14.555664063
-14.555664063
-14.555664063
-14.555557251

-14
-14.5

-14.53125
-14.546875

-14.5546875
-14.555175781
-14.555419922
-14.555541992
-14.555549622

-14.5
-14.53125

-14.546875
-14.5546875

-14.555175781
-14.555419922
-14.555541992

The algorithm stopped at the ninth iteration as the difference in cost between the
SCLP solution and that for SCLP* was within the prescribed limit of 10-5. The final
SCLP solution was

10,
x (t) 8.0000038147,

1,

{o,x(t) 0.9999982715,
45,

t C [0, 0.4414062492),
t [0.4414062492, 0.4453124985),
t E [0.4453124985, 2].
t [0, 0.4414062492),
t [0.4414062492, 0.4453124985),
t [0.4453124985, 2].
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Several points are worth mentioning. First, it can be seen from the above example
that in deleting partition points where the SCLP solution is constant, care needs to
be taken to avoid numerical problems. This is because the intervals of the partition
are then of very different sizes, thus giving rise to very different sized numbers in the
or D. The problem should be easily overcome by scaling the constraints, or better,

by replacing a constraint such as

in DP(P) by

(ti ti-1)G&(ti-1+) + (ti) (ti_) a(ti) a(ti-1),

+) + +) +),

with similar changes in AP(P).
Second, it has been observed that the results obtained in this example are very

sensitive to the way AP or DP are solved. For example, by changing the way an
initial basic feasible solution was chosen for either AP or DP, it was possible to
produce results where there was a very large partition size with many points clustered
around 4/9. Another change lead to a partition size of only three, with the middle
value approaching 4/9. However, in all cases, convergence of the cost was observed.
The reason for this is that because cl(t) and c2(t) are the same, it is possible to
produce different solutions with the same cost, which could lead to solutions with
a differing number of partition points. This effect could then be compounded over
several iterations. This is a type of degeneracy and as with degeneracy in the finite-
dimensional setting, this problem can be overcome by slightly perturbing the two
costs.

Acknowledgments. The author thanks Dr. E. J. Anderson for his many helpful
suggestions and discussions and Trinity College, Cambridge for providing funds to
make this research possible.
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A PATH-FOLLOWING ALGORITHM FOR LINEAR
PROGRAMMING USING QUADRATIC AND LOGARITHMIC

PENALTY FUNCTIONS*

PAUL TSENGt

Abstract. Motivated by a recent work of Setiono, a path-following algorithm for linear pro-
gramming using both logarithmic and quadratic penalty functions is proposed. In the algorithm,
a logarithmic and a quadratic penalty is placed on, respectively, the nonnegativity constraints and
an arbitrary subset of the equality constraints; Newton’s method is applied to solve the penalized
problem, and after each Newton step the penalty parameters are decreased. This algorithm main-
tains neither primal nor dual feasibility and does not require a Phase I. It is shown that if the initial
iterate is chosen appropriately and the penalty parameters are decreased to zero in a particular way,
then the algorithm is linearly convergent. Numerical results are also presented suggesting that the
algorithm may be competitive with interior point algorithms in practice, requiring typically between
30-45 iterations to accurately solve each Netlib problem tested.

Key words, linear program, path-following, Newton step, penalty function

AMS subject classifications. 49, 90

1. Introduction. Since the pioneering work of Karmarkar [Kar84], much inter-
est has focused on solving linear programs using interior point algorithms. These
interior point algorithms may be classified roughly as either (i) projective-scaling (or
potential reduction), (ii) affine-scaling, or (iii) path-following. We will not attempt to
review the literature on this subject, which is vast (see for example [Meg89], [Tod89]
for surveys). Our interest is in algorithms of the path-following type, of the sort
discussed in [GaZS1]. These interior point algorithms typically penalize the nonneg-
ativity constraints by a logarithmic function and use Newton’s method to solve the
penalized problem, with the penalty parameters decreased after each Newton step
(see, for example, [Gon89], [GMSTW86], [KMY89], [MoA87], [Ren88], [Tse89]).

One disadvantage of interior point algorithms is the need for an initial interior
feasible solution. A common technique for handling this is to add an artifical column
(see [AKRV89], [BDDW89], [GMSTW86], [Lus90], [MMS89], [MSSPB89], [MoM87]),
but this itself has disadvantages. For example, the cost of the artificial column must
be estimated, and some type of rank-1 updating is needed to solve each least square
problem which can significantly increase the solution time and degrade the numerical
accuracy of the solutions.

Recently, Setiono [Set89] proposed an interesting algorithm that combines features
of a path-following algorithm with those of the method of multipliers [HaB70], [Hes69],
[Pow69] (also see [Roc76], [Ber82]). This algorithm does not require a feasible solution
to start and is comparable to interior point algorithms both in terms of work per
iteration and, according to the numerical results reported in [Set89], in terms of the
total number of iterations. To describe the basic idea in Setiono’s algorithm, consider
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was conducted while the author was with the Laboratory for Information and Decision Systems and
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Department of Mathematics, GN-50, University of Washington, Seattle, Washington 98195
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a linear program in the standard dual form

minimize --bTp
subject to t + ATp c, t >_ O,

where A is some matrix and b and c are vectors of appropriate dimension. Let us
attach a Lagrange multiplier vector x to the constraints t + ATp c and apply
the method of multipliers to the above linear program. This produces the following
iterations

1
(tk + ATpk C), k- 1, 2,x+ x + _J

where (ek} is a sequence of monotonically decreasing positive scalars and (tk,pk) is
some (inexact) solution of the augmented Lagrangian subproblem

1
(1.1) minimize --bTp + (xk)T(t + ATp- c)- -k[It + ATp- c[I 2

subject to t >_ 0.

(An advantage of the above multiplier iterations is that they do not need a feasible
solution to start.) A key issue associated with the above multiplier iterations con-
cerns the efficient generation of an inexact solution (tk,pk) of the convex quadratic
program (1.1) for each k. (Note that as ek decreases, the objective function of (1.1)
becomes progressively more ill-conditioned.) Setiono’s algorithm may be viewed as
the method of multipliers in which (t,pk) is generated according to the following
scheme, reminiscent of the path-following idea: Add a logarithmic penalty function
_/k -jm__ ln(tj) to the objective of (1.1), where k is some positive scalar monoton-

ically decreasing with k, and apply a single Newton step, starting from (tk-l,pk-l),
to the resulting problem. (If the tk thus obtained lies outside the positive orthant, it
is moved back towards tk-1 until it becomes positive. 1)

In this paper, inspired by the preceding work of Setiono, we study an algorithm
that also adds to the objective a quadratic penalty on the equality constraints and a
logarithmic penalty on the nonnegativity constraints; and then solves the penalized
problem using Newton’s method, with the penalty parameters decreased after each
Newton step. Unlike Setiono’s algorithm, our algorithm does not use the multiplier
vector x (so it may be viewed as a pure penalty method) and allows any subset of
the equality constraints to be penalized. We show that if the problem is primal non-
degenerate and the iterates start near the optimal solution of the initial penalized
problem, then the penalty parameters can be decreased at the rate of a geometric
progression and the iterates converge linearly. To the best of our knowledge, this
is the first (global) linear convergence result for an noninterior point path-following
algorithm. We also present numerical results indicating that the algorithm may po-
tentially be competitive with interior point algorithms in practice. We remark that
enalty methods that use either the quadratic or the logarithmic penalty function
have been well studied (see, for example, [Ber82], [FiM68], [Fri57], [JIO78], [Man84],

More precisely, k is given by the formula

k k- + .98AkAtk,
where Atk is the Newton direction (projected onto the space of t) and Ak is the largest A E (0, 1]
for which k-

_
/ktk is nonnegative. (The choice of .98 is arbitrary--any number between 0 and

1 would do.)
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[WBD88]), but very little is known about penalty methods that use both types of
penalty functions (called mixed interior point-exterior point algorithms in [FiM68]).

Upon completion of this paper, the author learned from Professor O. L. Man-
gasarian that the algorithm discussed here is essentially the IDLN (Interior Dual
Least Norm) algorithm described in the recent Ph.D. thesis of Setiono [Set90] (also
see the report [Set91]), with minor differences in the choice of the penalty parameters.
The same reference includes an (asymptotic) linear rate convergence analysis and ex-
tensive numerical results showing that the IDLN algorithm outperforms the popular
simplex code MINOS by a factor of 2 or more on the 63 Netlib problems tested. In
short, Setiono’s independent work provides further evidence of the practical efficiency
of the mixed interior point-exterior point solution approach. Finally, we note that
while this paper was under review, other noninterior point methods relating to that
studied here have been proposed. One method, brought to our attention by one of
the referees, is a certain augmented Lagrangian algorithm for stochastic programming
(see [MuR90]); another method is a primal-dual exterior point algorithm for linear
programming (see [KMM91]). However, neither of these methods has been shown to
possess the nice theoretical/numerical properties enjoyed by the algorithm studied
here. For example, no convergence result is given for the method in [MuR90] and no
numerical or rate of convergence result is given for the method in [KMM91].

This paper proceeds as follows: In 2 we describe the basic algorithm; in 3 we
analyze its convergence; and in 4 we recount our numerical experience with it. In 5
we discuss extensions of this work.

In our notation, every vector is a column vector in some k-dimensional real space
k, and superscript T denotes transpose. For any vector x, we denote by xj the jth
coordinate of x, by Diag(x) the diagonal matrix whose jth diagonal entry is xj, and
by IlXlll, Ilxll, Ilxll the Ll-norm, the L2-norm, and the L-norm of x, respectively.
For any matrix A, we denote by Aj the jth column of A. We also denote by e the
vector of l’s (whose dimension will be clear from the context) and denote by ln(.) the
natural logarithm function.

2. Algorithm description. Let A be an n m matrix, B be an m matrix, b
be an n-vector, c be an m-vector, and d be an/-vector. Consider the following linear
program associated with A, B, b, c, and d:

minimize --bTp
subject to t + ATp-- c, Bt d, t >_ 0,

which we call the dual problem. The dual problem may be viewed as a standard linear
program in t, in which we arbitrarily partition the equality constraints into two subsets
and express one subset in the generator form t + ATp c. (To see this, consider the
problem of minimizing aTt subject to t E R N S, t _> 0, where a is an m-vector and R
and S are affine sets in m. We can always express R { t t c-ATp for some p }
and S { t Bt d } for some matrices A and B and some vectors c and d. Using
t c-ATp to eliminate t from the objective function, the problem is now in the form
(7:)).) The constraints t + ATp c can be thought of as the complicating constraints
which, if removed, would make (7:)) much easier to solve. The advantages of splitting
the constraints in this manner will be explained at the end of 2. Finally, we note that
the form in which we write the equality constraints is unimportant, and the above
form is adopted for notational convenience only.

By attaching Lagrange multiplier vectors x and y to the constraints c- ATp t
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and Bt d, respectively, we obtain the following dual of (7))"

(:P) minimize C
T
X -- dTysubject to Ax b, x + BTy >_ O,

which we call the primal problem.
We make the following blanket assumptions, which are standard for interior point

algorithms, regarding (7)) and (P).
Assumption A.

(a) { (x, y) Ax b, x + BTy > 0 } is nonempty.
(b) { (t, p) Bt d, t > O, t + ATp c } is nonempty.
(c) A has full row rank.

It is well known that, under parts (a) and (b) of Assumption A, both (7)) and
(P) have nonempty bounded optimal solution sets.

Consider the dual problem (7)). Suppose that we place a quadratic penalty on
the constraints t + ATp c with a penalty parameter 1/e (e > 0) and we place a
logarithmic penalty on the constraints t _> 0 with a penalty parameter 7 > 0. This
gives the following approximation to (7))"

minimize f,(t,p)
subject to Bt d, t>0,

where f, (0, c)" n is the penalized objective function given by

m

(2.1) f,v(t, p) -llc t ATpll 2 /E ln(tj) ebTp Vt > O, /p.
j=l

The penalized problem (7),v) has the advantage that its objective function f,v is twice
differentiable and the Hessian V2f,v is positive definite everywhere (via Assumption
A(c)). Since the feasible set of (7),v) is nonempty (by Assumption A(b)) and its
intersection with any level set of f,v is bounded (by Assumption A(a)), it is readily
seen that (7),v) has an optimal solution which, by the strict convexity of f,v, is
unique.

Note 1. We can use penalty functions other than the quadratic and the logarith-
mic. For example, we can use a cubic in place of the quadratic and tj ln(ty) in place of
-ln(tj). The quadratic and the logarithmic function, however, have nice properties
(such as the second derivative of the logarithmic function equals minus the square of
its first derivative) which make global convergence analysis possible.

It is well known (see [Roc70]) that (t,p) is the optimal solution of (7),) if and
only if it satisfies, together with some u E z, the Kuhn-Tucker conditions

BTu(2.2) t > 0, Bt d, Vf,v(t, p) + 0
O.

Straightforward calculation using (2.1) finds that

(2.3) Vf,(t,p) ( t + ATp-c-e7(T)-le )A(t / ATp- c) b

(2.4) V2f,(t,p)= ( I + e(T)-2 AT)A AAT
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where T Diag(t). The above formulas will be used extensively in the subsequent
analysis. Note that V2f, is ill-conditioned at the boundary of its domain.

It is not difficult to show that, as e and tend to zero, the optimal solution of
(7),) approaches the optimal solution set of (/)) (see Lemma 3.1). This suggests the
following algorithm for solving (:D,). At each iteration, we are given e, and a (t, p)
which is an approximate solution of (T),); we apply a Newton step to (7:),) at (t, p)
to generate a new (t, p) and then we decrease e and 7- In other words, we consider a
sequence of penalized problems (7)e,), k 1, 2, with e 0 and /k 0, and we
use a Newton step to follow the optimal solution of one penalized problem to that of
the next. We now formally state this algorithm, which we call the QLPPF (short for
Quadratic-Logarithmic Penalty Path-Following) algorithm.

QLPPF Algorithm
Iteration 0. Choose e > 0 and , > 0. Choose (t, p) (0, (:X:))m X n with Bt d.
Iteration k. Given (tk,pk) E (O,(:x:))m X }n with Btk --d, compute (/ktk,/kpk,uk) to
be a solution of

(2.5) V2fek,k(tk, pk) l Atklapk BTuk I+ Vfk, (t, pk) + 0 O, BAt O,

and set

(2.6) tk+l t + Atk, pk+l__ pk + Apk,
(2.7) +1= a, e+= ck,
where ck is some scalar in (0,1).

Note 2. As we noted earlier, the QLPPF Algorithm is closely linked to the
algorithms proposed by Setiono. In particular, it can be seen from (2.3), (2.4) that,
in the special case where B is the zero matrix, the direction finding problem (2.5) is
identical to that in the IDLN algorithm of Setiono (see [Set91, Eq. (16)]) and differs
from that in the IDPP algorithm of Setiono (see [Set89, Eq. (6)]) by only an order ek

term on the right-hand side (which tends to zero as ek tends to zero).
Note 3. A unique feature of the QLPPF Algorithm lies in its handling of the

two sets of constraints t + ATp c and Bt d, whereby quadratic penalties are
placed only on the first set while the second set is maintained to be satisfied at all
iterations. This feature has the advantage that it enables the QLPPF Algorithm to
provide a unified framework for interior point methods and exterior point methods.
As an example, if we put all the equality constraints into Bt d (and correspondingly
set A I and c- 0), then it can be seen that the QLPPF Algorithm with 7k 1
for all k reduces to the well-known primal path-following algorithm for maximizing
bTt subject to the constraints Bt d, t >_ 0 (see [Gon89], [Wse89], [Ye87]). If we
put all the equality constraints into t + ATp c (and correspondingly set B 0
and d 0), then, as was noted above, the QLPPF Algorithm reduces to the IDLN
algorithm for maximizing bTp subject to the constraints t + ATp c, t >_ O. For
other choices of constraint splitting, we obtain algorithms somewhere in between.
We can then envision choosing a constraint splitting so the corresponding QLPPF
Algorithm is in some sense most efficient (e.g., fastest convergence) for the given
problem. Alternatively, we may choose a constraint splitting so to ensure that certain
"critical" equality constraints are satisfied exactly at all iterations (by putting these
constraints into Bt- d).
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3. Global convergence. In this section, we show that if (7)) is in some sense
primal nondegenerate and if (ti, pi) is "close" to the optimal solution of (7)1,1) in the
QLPPF Algorithm, then, by decreasing the k’s at an appropriate rate, the iterates
((tk, pk)} generated by the QLPPF Algorithm approach the optimal solution set of
(7)) (see Theorem 3.4). Because the Hessian V2f, is ill-conditioned at the boundary
of its domain, the proof of this result is quite involved and relies critically on finding
a suitable Lyapunov (i.e., merit) function to monitor the progress of the algorithm.

For any e > 0 and ’y > 0, let p, (0, oo)m x n x l be the function given by

(3.1)

1
p,(t,p, u) max{ -llT(c t ATp BTu) + e’yell

-L-IIA(c- t ATp) + ebll } Vt > O, Vp,

where T Diag(t). From (2.2) and (2.3) we see that (t,p) is a solution of (7),) if
and only if (t,p) satisfies Bt d, t > 0 and p,(t,p, u) 0 for some u. Hence p,
acts as a Lyapunov function which measures how far (t, p) is from solving (7),). This
notion is made precise in the following lemma.

For any e > 0, let

y={ (t,p) A(c- t- ATp) -eb, Bt d, t > O }.

The following lemma shows that any (t,p) E J; that satisfies p,(t,p, u) <_ , for
some u, is within an order of e + (1 + )’y of being an optimal solution of (7)).

LEMMA 3.1. Fix any > O, "y > 0 and (0, 1]. For any (t, p) that satisfies
p,(t,p, u) <_ for some u, the vector (x, y) given by

(3.3) x (t + ATp- c)/e, y u/e

is feasible for (P) and, together with (t, p), satisfies

cTx Jr- dTy <_ v* + vi* e + m(1 + )’y,
bTp >_ v* --m(1 +/)’y,

It + ATp- cll 2 <_ 2(* (e)2 + m(1 + )e’y),

where v* denotes the optimal cost of (:P) and * min{ IIx*ll2/21(x*,y*) is an

o ti. a  o utio (7’) }.
Proof. Since (t, p) is in J;, it follows from the definition of J; (see (3.2)) and (3.3)

that Ax b. Since p,(t,p,u) <_ , we have from the definition of p, (see (3.1))
and (3.3) that IT(-x- BTy)+ "Yell <_ "y, where T Diag(t). Thus

(3.4) ’y(1 )e _< T(x + BTy) <_ ’y(1 + )e.

Since t > 0 and/ _< 1, the first inequality in (3.4) yields x+BTy >_ ’y(1-)T-le _> 0.
Hence, (x, y) is feasible for (7)).

Let

1 led(T, 7r) bTu + ATr 1 V(, ),

p({, ) ll{ll 2 + cT{ + dT V(, b).
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Straightforward algebra using (3.3) yields

pc(x, y) de(t, p) + tT (x + BTy).

Also, it follows from strong duality for a convex quadratic program and its dual that

min Pe(, ) A b, + BT >_ 0 } max{ de(T, r) BT d, >_ 0 }.
(,)- (,)

Thus, by letting (x*, y*) be any optimal solution of (7) with Iix*]12/2 *, we obtain
from the above two relations and cTx 4- dTy v* that

l[Xll 2 4- cTx 4- dTy pc(x, y)

de(t, p) + tT (x + BTy)
<_ pe(x*,y*) + tT(x + BTy)

erl* 4- v* 4- tT(x 4- BTy),

Similarly, by letting (t*, p*) be any optimal solution of (T)), we obtain from the same
two relations and the facts bTp v* and t* 4- ATp c that

1bTp- llt + ATp- c de(t,p)

 o(x, t +
>_ de(if,p*)- tT(x + BTy)

v* tT (x 4- BTy).

Since 0 <_ tT(x + BTy) <_ m(1 +) (cf. (3.4)), the above two relations yield

cTx 4- dTy <_ v* 4- erl 4- m(1 4-

bTp >_ v* --m(1 +
Finally, since (x, y) is feasible for (7)) so that cTx 4- dTy >_ v*, the first of these two
relations also yields

12 V* V* llxl / /m(l/

Canceling v* from both sides and using (3.3) completes the proof, r3

Since we are dealing with linear programs, Lemma 3.1 implies that, as e $ 0 and

7 $ 0, the (x, y) given by (3.3) approaches the optimal solution set of (7)) and (t,p)
approaches the optimal solution set of (7)). In fact, it suffices to decrease e and as
far as 2L, where is some scalar constant and L is the size of the problem encoding
in binary (defined as, say, in [Kar84]), at which time an optimal solution of (P) and
of (T)) can be recovered by using the techniques described in, for example, [Kar84]
and [PaS82].

For each A > 0, let 0" (0, oc)m - [0, oo) be the function given by

where

Ox(t) (lie + ED/eATFAD1/eE]I + IIED/eATFll) Vt > O,

D (I + AT-2) -1,
E I- DI/2BT[BDBT]-IBD1/2,
F [A(I- D1/2ED/2)AT] -1,
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and T Diag(t). (F is well defined because IEII _< 1 (E is a projection matrix) and

IIDII < 1, so that I- D1/2ED1/2 is positive definite. We also use the assumption
that A has full row rank.) The quantity 0h(t) estimates the norm squared of certain
projection-like operator depending on A and t, and it will be used extensively in our
analysis. In general, 0 (t) is rather cumbersome to evaluate, but, as we shall see, it
suffices for our analysis to bound 0h (t) from above (see Lemma 3.3(b)).

3.1. Analyzing a Newton step. In this subsection we prove a key lemma that
states that if (,/3) is "close" to the optimal solution of (79,#), then (t, p) generated by
applying one Newton step to (79) at (,/3) is close to the optimal solution of (79,) for
some e < and some - < . The notion of "closeness" is measured by the Lyapunov
function p, and the proof of the lemma is based on the ideas used in [Tse89, 2].

LEMMA 3.2. For any > O, any > 0 and any (,, z) E (0, cx)m x n l with
B- d, let (t, p, u) be given by

(3.9) t- + At,
(3.10) p p + Ap,

where u and (At, Ap) together solve the following system of linear equations

()(3.11) + + 0 0, BAt O.

Suppose that p,#(-, p, fi) < Z for some/ < min{1, 1/0(t-)}. Then the following hold:
(a) (t,p) e Y.
(b) For any a satisfying

/0#(t--)(fl) 2 + 1 } < a < 1(3.12) max V I+ZX/Ilbll
we have pa,a#(t,p, u) <_ .

Proof. Let

(3.13)
(3.14) g A(c- - ATp) + b,

where T- Diag(t-). Then, by (3.1),

(3.15)

By using (2.3), (2.4) and (3.13), (3.14), we write (3.11) equivalently as

D-1At + ATAp + BT(u z) -1,
AAt + AATAp ,

BAt 0,

where for convenience we let D (I + -2)-1. Solving for At gives

1/2 T 1/2At D1/2(E -- ED A FAD E)D1/2-1 D1/2ED1/2ATF,
where we let E I- D/2BT[BDBT]-IBD/2 and F [A(I- D/2ED/2)AT]-.
(F is well defined by the same reasoning that the matrix given by (3.8) is well defined.)
Then, we can bound -At as follows:

1/2 T 1/[[T-1At[I _< [[-ID1/2II2[IE-I--ED A FAD 2E[II[II-+-I[-’-ID1/2II[IED1/2ATF[[[[,5[[.
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Since -2D is diagonal and each of its diagonal entry is less than 1/(g), we obtain
that 1[-2Dl[ < 1/(g)and hence

[[-At[I _< []E + ED/2ATFAD/2E[I]III/()+ [IED/2ATFI[[Ill/x/
(3.16) _<

where the last inequality follows from (3.15) and the definition of T, D, E, F, and
0(t-) (see (3.5)-(3.8)).

Now, by using (2.3) and (2.4), we can write (3.11) equivalently as BAt 0 and

(3.17) -lAt
(3.18) 0 A(c- - At ATp- ATAp) + b,

so from (3.9) and (3.10)we obtain

T(c- t ATp- BTu) +e
(c- -- At- AT- ATAp- BTu)

+ e + AT(c- - At- ATp- ATAp- BTu)
-lAt + AT(c- - At AT- ATAp BTu)
-IAT(e + ’(c- - At- ATp ATAp BTu))
9-2ATAt,

where T Diag(t), AT Diag(At), and the third and the last equality follow from
(3.17). This implies

(3.19) _< gO#(t-)(/3) 2,

where the third inequality follows from (3.16).
(a) We have from (3.16) and the hypothesis / < 1/0(t-) that II-Atll _<

0#(t-)(/) </ < 1, so (3.9) and > 0 yields t + At > 0. Also, B-= d together
with BAt 0 (see (3.11)) and (3.9) yields Bt d, and (3.18) together with (3.9),
(3.10) yields 0 A(c- t ATp) + b. Hence (t, p)

(b) Fix any a satisfying (3.12) and let - a, c a. (Note that because
0(t-)/ < 1, the left-hand quantity in (3.12) is strictly less than 1, so such an

exists.) Let

r T(c- t ATp BTu) -t-

Then the triangle inequality and (3.19) imply

Ilrll/() _< IIT(c- t- ATp- BTu) + ’ell/(e) + (1 (a)2)/(a)2

<_ 0(t--)03)2/()2 + (1/(c)2- 1)V/-,

which together with the fact (see (3.12)) (0(t-)(/3)2 + v/)/(/ + x/) _< (c)2, yields

(3.o) I[,’11/() <_ Z.
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Let s A(c- t ATp) 4- eb. By using (3.9), (3.10), and (3.1S), we have

s A(c- - At ATp- ATlkp) 4- ab (a 1)b,

which together with the fact (see (3.12))

1/(1 / < 1,

yields

Ilsll/x/g- -- (l/a- 1)llbl] v"-Z/ff’ _</3.

This together with (3.20) and the definition of p,,(t, p, u) (see (3.1)) proves our
claim, r]

3.2. Bounds. Lemma 3.2 shows that if the rate c at which the penalty pa-
rameters e and - are decreased is not too small (see (3.12)), then a single Newton
step suffices to keep the current iterate close to the optimal solution of the penalized
problem (T),,). Thus, in order to establish the (linear) convergence of the QLPPF
Algorithm, it suffices to bound c away from 1 which, according to (3.12), amounts
to bounding O.(t) by some quantity independent of t and e, 7- It is not difficult to
see that such a bound does not exist for arbitrary t. Fortunately, we need to consider
only those t that, together with some p, are close to the optimal solution of (77,,), in
which case, as we show below, such a bound does exist (provided that a certain primal
nondegeneracy assumption also holds). The proof of this is somewhat intricate: For e
and - large, we argue by showing that t cannot be too large, i.e., of the order e +- + 1
(see Lemma 3.3(a)) and, for and -y small, we argue by showing that, under the primal
nondegeneracy assumption, the columns of A corresponding to those components of
t which are small (i.e., of the order 3’) are of rank n.

LEMMA 3.3. (a) For all e > O, all " > O, and all (t,p) E , satisfying
p,(t,p, u) <_ 1 for some u, we have

Iltll <_ Mx(e + 7 + 1),

where Mx > 0 is some scalar depending on A, B, b, c, and d only.
(b) Suppose that (7>) is primal nondegenerate in the sense that, for every optimal

solution (x*, y*) of (P), those columns of A corresponding to the positive components
of x* + BTy have rank n. Then, for all e > O, all7 > O, all ) >_ 7/2, and all
(t,p) E satisfying pe,(t,p, u) <_ 1 for some u, we have

0 (t) <

where we define

(w) M2(vr + l/yr.)4 V w > 0,

with M2 >_ 1 some scalar depending on A, B, b, c, and d only.
Proof. (a) The proof is by contradiction. Suppose the contrary, so that there

exists a sequence {(tk, pk, uk, ek, .),k)} such that ek > 0 and .),k > 0 and

(3.22) (tk, pk) e k, pk, (tk, pk, uk) <_ 1 Vk,

(3.23) IIt ll/( + "r ----, oo, oo.
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By passing into a subsequence if necessary we will assume that (t
converges to some limit point, say (t,poo) (so (t, poo) 0). We have from (3.22)
(also using (3.1) and (3.2)) that

Btk d, tk >0 Vk,

and from Lemma 3.1 that

bTpk >_ v* 2m7k, ]Itk + ATpk cll <_ V/2(r/* (ek)2 + 2rnekk) Vk.

Upon dividing both sides of the above four relations by I[(tk, pk)[ and letting k --, c,
we obtain from (3.23) and (tk,pk)/[l(tk,pk)[ - (too,poo) that

Btoo O, too >_ O, bTpoo >_ O, [[too+ATp[l=0.

Then, any optimal solution to (73) would remain optimal when moved along the
direction (too, poo), contradicting the boundedness of the optimal solution set of (73)
(via Assumption A(a)).

(b) Fix any > 0, - > 0, A >_ e-/2, and any (t,p) E Y satisfying p,(t,p, u) <_ 1
for some u. Let T-- Diag(t) and let D, E, F be given by, respectively, (3.6), (3.7),
and (3.8). Then, F-1 A(I- D1/2ED1/2)AT, I]E[[ _< 1 and D (I + AT-2) -1.
From the definition of 0h (t) (see (3.5)) we then obtain

(3.24)

O(t) (lie + ED1/2ATFAD1/2E[I + IIED1/UATFII)
_< ([[El[ / []E[[2[[D/[12[[A[I[[F[[ / I[E[[[ID/2I[[IAll[[F[[)2

where the strict inequality follows from the facts I[D]l < 1, IIEl[ 1. Now we bound
[[F][. We have

zT(F-I)z zTA(I- DI/2ED1/2)ATz
>_ zTA(I D)ATz

m

+
j=l

(3.25) >_ A E(Az)2/(tj)
j=l

>_ A E(Ayz)2/l[t[le
j=l

where the first inequality follows from [IE[[ _< 1 and a > 0 denotes the smallest
eigenvalue of AAT. (a > 0 because A has full row rank.) Hence, A >_ e7/2 yields

(3.26) IIFll < 211tl12/(r).

For e and q, near zero, we give below a different bound on IFII- By the primal
nondegeneracy assumption, there exists a constant 5 > 0 depending on A, B, b, c,
and d only such that if (x, y) is any feasible solution of (P) with cTx + dTy <_ v* + ,
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then the columns { Aj J e {1,..., m} with xj + Byy _> 5 } have rank n. Consider
the case in which *e + 2m- < 5, where * is defined as in Lemma 3.1. Since
(t, p) E :P and p,(t, p, u) _< 1, we have from Lemma 3.1 that the columns { A J E
{1,..., m} with (t + Ayp + Bfu- c)/e _> 5 } have rank n. Since (t,p) e :P and
p,(t,p, u) _< 1, we have T(c- t-ATp- BTu) _> --2ee (cf. (3.1) and (3.2)) so that
(tj + Ayp + Bfu- c)/e >_ implies tj <_ 2,/5. Hence, we obtain from (3.25) that

m

z(-l) > ,(y)/(t)
j=l

>_ () (Yz)/(e)

> (5)’llzll/(e) w,
where the last inequality follows from the fact that those Aj for which tj

_
2"),/5 have

rank n, and a’ is some positive scalar depending on A only. Since A >_ e7/2, we then
have

I111 (2)/((5)’) <_ 8/((5)’) 8/((5)’),
where for convenience we let w /3’. Now, consider the remaining ce where

* + 2my 6. Then, 6/(2m), so part (a) and (3.26) together yield

IIFII 2(M1)(e + 7 + 1)2

2(M1)2 ( 1

<2(M1) ( 1 2m)+ +

Combining the above two ces and we conclude ha

IFII < { K/w if *e + 2m7 < 5;
K(+1/)2 otherwise,

for some positive scalar K depending on A, B, b, c, and d only. Combining the above
bound with (3.24) and we conclude that O(t) M(+ 1/)4 for some scalar
M2 1 depending on A, B, b, c, and d only.

3.3. Main convergence result. By combining Lemm 3.1 to 3.3, we obtain
the following global convergence result for the QLPPF Algorithm.

THEOREM 3.4. Suppose that (P) is primal nondegenerate in the sense ofLemma 3.3(b)
d t (.) n@ (3.21). fn th QLPPF Atoth (t,p) toth th om
u satisfies

(.)
(3.28)
(.eg)

for some scalar

(3.30)

t > 0, Bt d,

o,. (t) _< (/),
,Oe, (t1, pl, U1)

_
fl,

0<<
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and if we choose

(iOkk(tk)()2+x/- 1 ) Vk,(3.31) ak max
Z + v/ 1 + V/71/el/llbl[

then ek O, 7
k 0 linearly, and {((tk + ATpk- C)/ek,uk/ek)}, {(tk,pk)} approach

the optimal solution set of, respectively, (79) and (T)).
Proof. First note from (w) > 1 for all w > 0 (see (3.21) and M2 > 1) and (3.30)

that < 1. Also note from (2.7) that

(3.32) ek/7k
We claim that

(3.33) (tk, pk)

_
pk_,_x (tk, pk, Uk) <_ , p, (tk, pk, Uk) <_ 3,

for all k > 2. It is easily seen by using (3.27)-(3.31) and (2.5)-(2.7) and Lemma 3.2
that (3.33) holds for k 2. Suppose that (3.33) holds for all k < h, for some
h > 2. Then, (th,ph) E 3;-1 and p-l,-l(th,ph, uh) < /3 < 1. Since we also have
from (2.7) that eh ah-leh-1 and 7

h ah-17h-1 and from (3.31) that (ah-1)2 _>
y/-/(1 -4- X/-) > 1/2, we can apply Lemma 3.3(b) to conclude that

(3.34) Oh9/h(th)
_
?D(h-1/7h-l) ) (1/71)

where the equality follows from (3.32). Then, by (3.30), fl < 1/0 (th). Since (3.33)
holds for k h, we also have p,(th,ph, uh) < , so Lemma 3.2 together with
(2.5)-(2.7) and (3.31), (3.32)yields

(th+l,ph+l) , pe,/(th+l,ph+l,uh+l)
_ , pe+,+(th+l,ph+l,uh+l)

_ .
Hence, (3.33) holds for k h + 1.

Since (3.33) holds for all k > 2, we see that (3.34) holds for all h > 2. Then, by
(3.30), O(th) is less than 1 and bounded away from 1 for all h > 2, so that, by
(3.31), ak is less than 1 and bounded away from 1 for all k. Hence ek 0, 7k 0 at
the rate of a geometric progression. The remainder of the proof follows from (3.33)
and Lemma 3.1. 0

Note that instead ofOk (tk) we can use, for example, the upper bound 1/(el/71)
in the formula (3.31), and linear convergence would be preserved. However, this bound
is typically loose and difficult to compute. There is also the issue of finding el, 71, ,
(t1, pl) and u satisfying (3.27)-(3.30), which we will address in 3.4.

3.4. Algorithm initialization. By Theorem 3.4, if the primal nondegeneracy
assumption therein holds and if we can find e, 7, (t, p) and u satisfying

(3.35)
(3.36)
(3.37)

t > 0, Bt d,

O(t) <_ (/),
p,(t,p, u) <

then we can set/3 p,(t,p, u) (assuming p,(t,p, u) # 0) and start the QLPPF
Algorithm with e, 7, (t,p), and we would obtain linear convergence. But how do we
find such e, 7, (t, p), and u?
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One obvious way is to fix any e > 0, any > 0, and then solve the penalized
problem (T),). The solution (t,p) obtained satisfies

t > 0, Bt d, BTu) -0vf,(t,p) + 0

for some u (see (2.2)) so, by (2.3) and (3.1), (3.2), we have pe,(t, p, u) 0 and
(t,p) e ;. Hence (3.35) and (3.37) hold and, by Lemma 3.3(b), O(t) <_ (e/-), so

(3.36) also holds. (Of course (T),) need not be solved exactly.) To solve the problem
(T),), we can use any method for convex differentiable minimization (e.g., gradient
descent, coordinate descent), and we would typically want e small and /large so that
(T),) is well conditioned.

Suppose that there holds Be 0 and Ae b. (This holds, for example, when
B is the zero matrix (which corresponds to the case when all equality constraints are
penalized), and a change of variable x’ ()-lx, where 2 is any interior feasible
solution of (P) (i.e., A b, > 0) and Z Diag(), has been made in (P).)
Then we can find a usable e, /, (t,p), u immediately: Fix any e > 2(1)([Ic[I +
IIBT(BBT)-ldII) and let - e. Also let w BT(BBT)-ld and

p (AAT)-IA(c- w),
t:eew
u -(BBT)-d.

Then Bw d, A(c- ATp) Aw, At eb + Aw and BTu ee t, so that

Bt- Bw d,
A(c- t ATp) -eb,

T(c- t ATp BTu) + e/e (I + W)(c- ee ATp) + (e)ee
(eI + W)(c- ATp) ew,

where T Diag(t) and W Diag(w). Also from b(1) > 1 and our choice of e we
have e > Ilwll, so t > 0. Hence, by (3.2), we have (t,p) e J; and, by (3.1) and e 7,
we have

p,(t, p, u) II(eI + W)(c ATp) wll/()2

<-- II-- ATplI/ + IIWIIIIc- ATp)II/()2

I1(I AT(AAT)-IA)(c
+ IIWIIII(I AT(AAT)-IA)c + AT(AAT)-IAwlI/(e)2

< I1- wll/ / Ilwll(llcll / Ilwll)/(),
where the last inequality follows from the triangle inequality and the nonexpansive
property of projection matrices. From our choice of e we see that (llcll + Ilwll)/e <
.5/(1), so the right-hand side of (3.38) is bounded above by .5/(1)+ (.5/(1))2 _<
1/(1) 1/(e/), where the inequality follows from (1) _> 1 and the equality
follows from 7 e. Hence (3.35) and (3.37) hold. Also, since (t, p) e J), then (3.37)
together with Lemma 3.3(b) shows that (3.36) holds.

4. Numerical results. To study the performance of the QLPPF Algorithm in
practice, we have implemented the algorithm to solve the special case of (7:)) and
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in which B is the zero matrix, i.e., (P) is of the form

(4.1) minimize cTx

subject to Ax b, x > O.

(This corresponds to penalizing all equality constraints in the corresponding dual
problem.) Below we describe our implementation and present our very preliminary
numerical experience.

1. Initialization. In our implementation, we set for all problems

e1-- x= lO41[clll/m,

and set (somewhat arbitrarily)

pl -0, t max{e, c/2},

where "max" is taken componentwise. (Note that since B is the zero matrix, t can
be set to any positive vector.) We have chosen t so to minimize IITl(c t ATpl)II
subject to t _> e. Also, care must be exercised in choosing e and -" if their values
are set too low, then the QLPPF Algorithm may fail to converge; if their values are
set too high, then the QLPPF Algorithm may require many iterations to converge.
(Notice that we set e and 7 directly proportional to the average cost Iclll/m so
their values scale with c.)

2. Steplength selection. To ensure that the tk’s remain inside the positive
orthant, we employ a backtracking scheme similar to that used by Setiono: whenever
tk + Atk is outside the positive orthant, we replace the formula for t+1 in (2.6) by

(4.2) tk+l tk H-.98AkAtk,

where

k

(4.3) Ak= min
tj

However, this raises a difficulty, namely, for A much smaller than 1, the vector
(.98AkAtk, Apk) may be far from the Newton direction (Atk, Apk) and, as a conse-
quence, the iterates may fail to converge. To remedy this, we replace (analogous to
(4.2)) the formula for pk+ in (2.6) by

pk+l pk -t-.98AkApk,

whenever nonconvergence is detected. (The parameter value .98 is chosen somewhat
arbitrarily, but it works well in our tests.)

The proper choice of the ak’s is very important for the QLPPF Algorthm: if the
ak’s are too near 1 (so the penalty parameters decrease slowly), then the algorithm
would converge slowly; if the ak’s are too near 0 (so the penalty parameters decrease
rapidly), then the algorithm may fail to converge. In our implementation we adjust
the ak’s dynamically according to the following rule:

max{.3, .95ok-1 }
Ok .6

ok-1

if Ak 1;
if A _< .2;
otherwise

Vk _> 2,
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with 61 set to .5. The rational for this adjustment rule is that, if Ak 1, then the
current iterate is closely following the solution trajectory (so we can decrease the
penalty parameters at a faster rate and still retain convergence) and, if Ak _< .2, then
the current iterate is unable to follow the solution trajectory (so we must decrease
the penalty parameters at a slower rate).

3. Termination. To avoid numerical problems, we stop decreasing the penalty
parameters e and , when they reach some prespecified tolerances min and min,

respectively. In our tests we set

(min-- lo-lellClll/m, min lO-llClll/m.

We terminate the QLPPF Algorithm when the relative duality gap and the violation
of primal and dual feasibility are small. More specifically, we terminate whenever the
current iterate, denoted by (t,p), satisfies

(4.4)
IIX(ATp- c)111 _< 10-7,

(4.5) max{llAx bll , II[-x]+ll t -< 10-,
(4.6) II[ATp- c]+ll 10-7,

where x (t + ATp- )1 (see Lemma 3.1), X Diag(x), and [.1+ denotes the
orthogonal projection onto the nonnegative orthant. Only for three of our test prob-
lems could the above termination criterion not be met (owing to violation of (4.4)
and (4.6)) in which case the algorithm is terminated whenever primal feasibility (4.5)
is met and IcTx v* I/Iv*l is less than 5.10-7, where v* denotes the optimal cost of
(4.1).

4. Solving for the direction. The most expensive computation at each iter-
ation of the QLPPF Algorithm lies in solving the system of linear equations (2.5).
This can be seen to entail solving a single linear system of the form

(4.7) AQATw z,

for w, where z is some n-vector and Q is some m m diagonal matrix whose jth
diagonal entry is

(4.8) +
with e > 0, > 0, and t some positive m-vector. (Linear system of the form (4.7) also
arise in interior point algorithms, but (4.7) has the nice property that the condition
number of Q can be controlled by adjusting the penalty parameters e and ’.) In our
implementation, (4.7) is solved using YSMP, a sparse matrix package for symmetric
positive semidefinite systems developed at Yale University (see [EGSS79], [EGSS82])
and a precursor to the commercial package SMPAK (Scientific Computing Associates,
1985). YSMP comprises a set of Fortran routines implementing the Cholesky decom-
position scheme and, as a preprocessor, the minimum-degree ordering algorithm (see,
e.g., [GeL81]). In our implementation, the minimum-degree ordering routine ORDER
is called first to obtain a permutation of the rows and columns of the matrix AAT so
that fill-in is reduced during factorization. Then, AAT is symbolically factored using
the routine SSF. (SSF is called only once since the nonzero pattern of AQAT does
not change with Q.) At each iteration, the matrix AQAT is numerically factored by
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the routine SNF (taking advantage of information generated by SSF concerning the
location of the nonzeros in the factorization), and the two triangular systems thus
generated are solved by the routine SNS to obtain a solution of (4.7). (We also ex-
perimented with the public domain version of the sparse matrix package SPARSPAK
[GeL81], presently avaliable from Netlib. We found SPARSPAK to be comparable to
YSMP in solution time but somewhat inferior in solution accuracy.)

5. Data structure. The data structure used in our implementation is similar
to that described in [AKRV89] and [MoM87]. Each matrix is stored in sparse format
by row. To compute the nonzero entries of the matrix AQAT efficiently for any Q,
we also store the nonzero entries of the outer products Aj(Aj)T, where Aj denotes
the jth column of A. AQAT is then computed using the formula

m

A TAO,A
j-’l

where qj denotes the jth diagonal entry of Q and the product of qj is taken with each
nonzero entry of Aj (Aj)T.

6. Test problems. Our test problems comprise the first 25 of the Netlib lin-
ear programming problems (see [Gay86]) used in the test of Monma and Morton
[MoM87].2 These problems range in size from 27 rows and 51 columns up to 1042
rows and 2869 columns and, for some of them, slack columns must be added and
null rows must be removed to transform them into the form (4.1). (We also wrote a
routine to convert these problems from their original MPS format to that used by our
implementation.) The statistics for the test problems (after problem transformation)
are summarized in Table 1.

7. Computing environment. Our implementation was written in Fortran and
was compiled and ran on a Decstation 5000 under the Ultrix 4.2 operating system
(similar to Berkeley 4.2 with some 4.3 enhancements). The default optimization
setting for the compiler was used.

Table 2 summarizes the computational results obtained with our implementation
of the QLPPF algorithm. Columns 2 and 3 show, respectively, the total number
of iterations and the CPU time. Columns 4 and 6 show, respectively, the cost and
the accuracy of the final primal solution (the latter is measured by the left-hand
quantity in (4.5)). Analogously, columns 5 and 7 show, respectively, the cost and the
accuracy of the final dual solution (the latter is measured by the left-hand quantity
in (4.6)). For most of the problems, the primal cost agrees with the optimal cost in
the first 7 digits and the accuracy of the primal solution is between 10-7 and 10-14.
Thus the quality of the computed solutions compares favorably with that of solutions
generated by interior point algorithms. The number of iterations varies between 29
and 48 (except for Scagr25 which required 62 iterations) and the CPU time varies
between 0.3 and 22 seconds, depending on the problem size and the sparsity of the
constraint matrix. For most of the problems, over half of the CPU time is devoted
to solving the linear system (4.7) at every iteration. (We also performed tests on a

#VAX-2000 Workstation under the operating system VMS 4.1. The resulting number
of iterations is roughly the same; the accuracy of the final solutions improves slightly;
and the CPU times are from 10 to 15 times that on the Decstation 5000.)

The number of iterations for the QLPPF Algorithm is comparable to that for the
projected Newton barrier method of Gill et al. [GMSTW86], but is typically more

2 Possibly due to conversion error, our version of Scorpion has an optimal cost very different from
that reported in [Gay86] and hence the problem is excluded.
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TABLE 1
Test problem characteristics

Problem Number Number Constraint Hessian Optimal
Name of Rows of Cols Nonzeros Nonzeros2 Cost3

Afiro
Adlittle
Scagr7
Sc205

Share2B
SharelB
Scagr25
ScTap1
BrandY

Scsdl
Israel

BandM
Scfxml
E226
Scrs8

Beaconfd
Scsd6

Ship04s
Scfxm2
Ship041
Ship08s
ScTap2
Scfxm3
Ship12s
Scsd8

27
56
129
205
96
117
471
300
193
77

174
305
330
223
490
173
147
360
660
360
712
1090
990
1042
397

51
138
185
317
162
253
671
660
303
760
316
472
600
472
1275
295
1350
1506
1200
2166
2467
2500
1800
2869
2750

102
424
465
665
777

1179
1725
1872
2202
2388
2443
2494
2732
2768
3288
3408
4316
4400
5469
6380
7194
7334
8206
8284
8584

90
384
629
656
871
1001
2393
1686
2734
1133

11227
3724
3233
2823
2198
2842
2099
3272
6486
4588
5440
6595
9739
6387
4280

-4.6475314E+2
2.2549496E+5
-2.3313892E+6
-5.2202061E+1
-4.1573224E+2
-7.6589319E+4
-1.4753433E+4
1.4122500E+3
1.5185099E+3
8.6666666E+0
-8.9664482E+5
-1.5862801E-2
1.8416759E+4
1.8751929E+1
9.0429695E+2
3.3592486E+4
5.0500000E+1
1.7987147E+6
3.6660261E+4
1.7933245E+6
1.9200982E+6
1.7248071E+3
5.4901254E+4
1.4892361E+6
9.0499999E+2

The number of nonzero entries in A.
2 The number of nonzero entries in AAT.
3 Cited from [GayS6].

than that for the affine-scaling algorithm or for Setiono’s algorithm. Specifically, by
comparing column 3 of [MoM87, Table 5] (also see [BDDW89], [MSSPB89]) with
column 2 of Table 2, we see that the number of iterations for the QLPPF Algorithm
can be up to times that for the affine-scaling algorithm. Similarly, the number of
iterations for the QLPPF Algorithm can be up to times that for Setiono’s algorithm
(compare column 3 of [Set89, Table 3] with column 2 of Table 2). On the other hand,
there are some problems on which the number of iterations is less for the QLPPF
Algorithm than for the other algorithms.

In conclusion, our computational results indicate that, for linear programming,
a mixed interior point-exterior point penalty method, as exemplified by the QLPPF
Algorithm, can perform near the level of interior point algorithms. On the other hand,
we caution that these results are very preliminary and. thus should be viewed only as
encouraging. In particular, the performance of the QLPPF Algorithm can be very
sensitive to the choice of the initial parameters and the initial iterate. Of course, this
also gives us hope that the performance of the QLPPF Algorithm can be improved
with further fine tuning.

Finally, we remark it is typically beneficial to operate the QLPPF Algorithm
with a large ratio of /k/ek. An intuitive explanation for this is that, if /k/ek is small,
then /k is not a sufficiently large penalty (relative to ek) to maintain tk - Atk within
the positive orthant. This results in small stepsizes Ak (cf. (4.3)) and hence slow
convergence.
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TABLE 2
Computational results for the QLPPF Algorithm.

Problem CPU Primal
Name [Iters. (sec.)l Cost2

Afiro 29 0.30 -4.6475313E+2
Adlittle 37 0.64 2.2549499E+5
Scagr7 43 0.98 -2.3313889E+6
Sc205 36 1.07 -5.2202055E+1

Share2B 33 0.99 -4.1573226E+2
SharelB 38 1.48 -7.6589327E+4
Scagr25 62 6.39 -1.4753429E+7
ScTapl 40 2.67 1.4122500E+3
BrandY 35 3.62 1.5185099E+3

Scsdl 37 2.65 8.6666685E0
Israel 44 21.10 -8.9664482E+5

BandM 37 4.31 -1.5862801ET2
Scfxml 36 4.78 1.8416759E+4
E226 43 4.71 -1.8751926ET1
Scrs8 48 7.43 9.0429699ET2

Beaconfd 29 3.78 3.3592487E+4
Scsd6 39 3.87 5.0500003E+1

Ship04s 35 4.43 1.7987148E+6
Scfxm2 36 10.15 3.6660263E4
Ship041 35 6.32 1.7933246E+6
Ship08s 40 9.68 1.9200982E+6
ScTap2 45 22.52 1.7248071E3
Scfxm3 36 17.93 5.4901256E+4
Shipl2s 38 12.44 1.4892362ET6
Scsd8 38 8.80 9.0500002ET2

Dual
Cost2

-4.6475316E+2
2.2549497E+5
-2,3313912E+6
-5.2202058ET1
-4.1573228E+2
-7.6585942E+4
1.4753437ET7
1.4122499E+3
1.5185098E+3
8.6666668E+0
-8.9659623E+5
-1.5862802E+2
1.8416758E+4
-1.8751927E+1
9.0429694E+2
3.3592485E+4
5.0500000E+1
1.7987147E+6
3.6660260E+4
1.7933245E+6
1.9200981E+6
1.7248071ET3
5.4901252E+4
1.4892361E+6
9.0499999E+2

Obtained using the intrinsic function SECNDS on the Decstation 5000:
read the problem.
2 Shown first 8 digits only.
3 Shown first digit only.

Primal Dual
Feas.3 Feas.3
2E-08 0
3E-11 8E-09
3E-10 0
1E-10 6E-12
1E-10 0
8E-08 2E-06
3E-09 9E-07
3E-12 0
6E-08 1E-11
2E-15 0
4E-08 5E-05
4E-10 9E-10
2E-08 3E-09
7E-12 8E-11
6E-12 1E-08
1E-09 3E-09
3E-13 0
8E-09 9E-09
6E-08 3E-09
1E-10 0
2E-12 0
6E-13 3E-10
2E-08 3E-09
1E-11 0
2E-13 0

does not include time to

5. Some extensions. We have thus far assumed that the parameters e and
are decreased at the same rate in the QLPPF Algorithm. Alternatively we can de-
crease them at different rates. For example, Setiono’s algorithm employs the strategy
whereby e is first decreased with held fixed and, once e reaches a prescribed tolerance,
then is decreased with held fixed. (In [Set89], the product - is what is referred
to as -.) We can also use different penalty parameters for different coordinates.

Our convergence results very possibly also extend to linear complementarity prob-
lems with positive semi-definite matrices--in the same manner that the results in

[Wse89] can be extended to these problems (see [Tse92]). This is a topic for further
study.
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DISCRETE-TIME TRANSITIVITY AND ACCESSIBILITY:
ANALYTIC SYSTEMS*

FRANCESCA ALBERTINIt AND EDUARDO D. SONTAG$

Abstract. A basic open question for discrete-time nonlinear systems is that of determining
when, in analogy with the classical continuous-time "positive form of Chow’s Lemma," accessibility
follows from transitivity of a natural group action.

This paper studies the problem and establishes the desired implication for analytic systems
in several cases: (i) compact state space, (ii) under a Poisson stability condition, and (iii) in a
generic sense. In addition, the paper studies accessibility properties of the "controllability sets"
recently introduced in the context of dynamical systems studies. Finally, various examples and
counterexamples are provided relating the various Lie algebras introduced in past work.

Key words, discrete-time, nonlinear systems, transitivity, accessibility
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1. Introduction. This paper continues the study, initiated in [7], of systems of
the type

x(t+ l)= f(x(t),u(t)) t-0,1,2,...

where x and u take values in manifolds. The smooth mapping f is assumed to be
invertible on x for each fixed u, a restriction that models systems that arise when deal-
ing with continuous-time plants under digital control. See [7] for further motivation
for the study of such systems, and [12] for general definitions of systems.

Given the system (1), we may introduce the reachable or forward-accessible set
from a state x, which we will denote by R(x). This is the set of states to which we
may steer x using arbitrary controls. Clearly, reachable sets are one of the central
concepts in control theory.

A mathematically far easier object to deal with is the orbit or forward-backward
accessible set from x, which we will denote by O(x). This is defined as the set
consisting of all states to which x can be steered using both motions of the system
and negative time motions: a state z is in the orbit of x if there exists a sequence of
states

XO XOxl,...xk Z

such that, for each 1,..., k, either xi is reachable from Xi--1 or xi-1 is reachable
from X

Of course, R(x) is always included in O(x), but these two sets are in general
different. Observe that O(x) is the orbit of x under the group action induced by all
the diffeomorphisms f(., u), while the main interest in control theory--since negative
time motions are in general not physically realizable--is in R(x), the orbit under the
corresponding semigroup. One reason that orbits are easier to study is that they have
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a natural structure of submanifold of the state space; this induces a decomposition
of the state space into invariant submanifolds that integrate a natural distribution of
vector fields (see, for instance, [13] and [11]).

One of the central facts in continuous-time controllability is the following property,
valid for analytic systems and arbitrary states x:

I(C) R(x) has nonempty interior in O(x).

This property follows directly from the orbit theorem, but it can also be established
for general smooth systems, under appropriate Lie-algebraic assumptions; it is often
known as the "positive form of Chow’s Lemma." Thus, for continuous-time, the state
space can be partitioned into invariant submanifolds, and inside each submanifold we
can reach an open set from each state. In particular, the interior of the reachable set
from x is nonempty--we then say that there is forward accessibility from x--if and
only if the orbit is openqi.e., there is transitivity from x.

In contrast, property (C) may fail in discrete-time, even for systems obtained
through the time-sampling of one-dimensional analytic continuous-time systems; see
the examples in [7]. There are two known cases where (C) does hold:

(a) When x is an equilibrium point (and the system is analytic and the control-
value set is connected); this is one of the main results in [7].

(b) If the map f is rational on states and controls; see [9].
Both of these properties are quite restrictive; equilibria are in general few, and the
rationality assumption is too strong in discrete-time (note that even when sampling
very simple--for instance, polynomialq continuous-time systems we do not in general
obtain rational equations.)

In this paper we extend the validity of property (C). For analytic systems, we
prove that property (C) does hold if the orbit from x is compact (see Remark 4.1),
or under certain stability hypotheses related to Hamiltonian dynamics. Another result
shows that if there is only one orbit (the system is transitive), then forward acces-
sibility holds from an open dense set of states, assuming the state space to have at
most finitely many connected components. Building upon the results in this paper,
[2] provides further conditions under which property (C) holds.

Low-dimensional cases are of interest because certain special implications hold
in those cases, and as sources of examples and counterexamples. For instance, we
show that. in dimension one transitivity from a given state x implies either forward
accessibility from x or backward accessibility (controllability from some open set to
x), but that this result fails in dimension two.

Recently, Colonius and Kliemann introduced the notion of controllability subsets
of the state space of continuous-time systems. These are essentially sets where ’%lmost
reachability" holds. Controllability sets have proved to be an extremely useful con-
cept; in particular, in [4] these authors established an interesting relationship between
such sets and chaotic behavior in subsets of an associated dynamical system. The ex-
tension to discrete-time of the results of Colonius and Kliemann depends critically on
the better understanding of the forward accessibility properties of controllability sets,
so we devote the last part of this paper to that goal. The reader is referred to the
conference paper [1] for a detailed explanation of how the results in [4] can indeed be
extended when applying the techniques developed here.

2. Basic definitions. In this paper we will deal with discrete-time nonlinear
systems E of the type (1) where x(t) E X and u(t) U. We assume that the
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state space X is a connected, second countable, Hausdorff, differentiable manifold of
dimension n, except in 5.1, where we wish to study what happens if the connectedness
assumption is dropped.

The control-value space U is always assumed to be a subset of ]R" that satisfies
the assumptions

U c clos int U

and 0 E U. We always assume that U is a connected set, except in 3.1 and 6 where
this assumption can be dropped.

The system is of class Ck, with k c or w, if the manifold X is of class Ck and
the function

f" XxU-X

is of class Ck (i.e., there exists a Ck extension of f to an open neighbourhood of
X x U in X x IR’). We call systems of class C smooth systems and those of class
C analytic systems.

The most restrictive technical assumption to be made is that the system is in-
vertible; this means that for each u E U the map f f(., u) X -- X is a global
diffeomorphism of X. Invertibility allows the application of the techniques in [7]; the
assumption is satisfied when dealing with systems obtained by sampling a continuous-
time one. We will use f-i to denote the inverse of the map f.

Unless otherwise stated, from now on we assume that a fixed smooth system 5] is
given.

2.1. Some notation. If there exists an integer k >_ 0 and a k-tuple (uk,..., ul)
Uk such that fk,...,l (x) z, we will write

xz
k

As usual, fk 1 denotes f of. For any fixed state x and any nonnegative
integer k define:

where u (Uk,..., u) Uk. For each u, let pk,x(u) be the rank of O/OUk,x[u], and
denote

Pk, :: maxpk,(u).
uEU

For each x, let also

Px := max pk,x;
k>0

roughly, this is the largest possible dimension of a manifold reachable from x. Observe
that k’ _> k implies

(2) Pk,, >_ fik,

because if u e Uk achieves pk,x(u) Pk, then also Pk’,x(fi) >_ p,(u) for any fi Uk’

that extends u. We define the following sets:

R (x) := Ix k
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is the set of states reachable from x in (exactly) k steps,

(x) := {,(u) e u, ,()=}

is the set of states that are maximal-rank reachable from x in (exactly) k steps,

k(x) (k,(u) u e Uk, pk,x(u)= n)

is the set of states that are nonsingularly reachable from x in k steps. Observe that,
clearly,

(x) c_ () c_ R(x).

We let

R() .= (.J R(x)
k>O

and analogously for n(x) and n(x). Recall that E is said to be forward accessible

from x if and only if int R(x) .
We also define

o()
O(x)

X
{ Z Zl 0k-1 and z .z z or z ’z Zl },

and

O(x) [.J O(x).
k>0

Thus O(x) is the orbit from x; E is said to be transitive from x if and only if int O(x)

Note that, given any state x, there is a well-defined restriction of the system to
the orbit O(x). Hence all results can be, in principle, applied in each orbit. The only
difficulty is that orbits are often not connected, while most results hold only under
the blanket assumption that the state space must be connected. In 5.1 we make
some further comments about this issue.

Certain Lie algebras of vector fields L, L+, F, F+ were introduced in [7] (see also
[5] and [6] for previous work) we repeat their definitions here for the convenience of
the reader.

First we let X+ and X- be the following vector fields:

v=0
f4 o f+(z),

v=O

-1f o f+.(x),

one for each 1,..., m (for computational aspects associated to these vector fields
seeJ3]). Given a vector field Y and a control value u, we can define another vector
field from Y by applying a change of coordinates given by the diffeomorphism f,

(AdY)(x) (dfu(x))-lY(A(x)).
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Here df stands for the differential of fu with respect to x. In the same way, but now
using the diffeomorphism f-l, we also define Ad1. We let

We will use the abbreviated notation Ad0kY for Ad0...0Y with u 0 repeated k-times,
if k > 0, and for AdI.’-Y, if k < 0. Additionally, Ad0Y Y. The Lie algebras F+
and F are now defined as

F+ {Adk...ulX+o,ilk >_ O, 1 <_ <_ m, uo,..., uk E U},

F {Ad’"l +}.Xo#]k > O, 1 < i < m, uo,.. uk U, el,.. -k +l,a

Finally the Lie algebras L+ and L are as follows:

L+ Lie { k +Ad0X,l k>_0, l_<i<_m, uU},

L Lie { k +Ad0X,lk , 1 _< i _< m, u U,}.

We look at the sets of states in which various rank conditions fail, or forward
accessibility fails:

B+ {x intR(x) 0}
BL+’-{xldimL+(x) < n}
Br+ {x dimr+(x) < n}.

Although well-defined always, the set BL+ will be of interest only when the system is
analytic.

2.2. Review of main known facts. With this notation, many of the results
obtained in [7] can be visualized by the following diagram, where an arrow "A -- B"indicates inclusion A c_ B, and the inclusions involving BL+ are only valid in the
analytic case:

/(B+) Br+ -- BL+

R(B+) B+

Note. The inclusion

(4) /(B+) C_ Br+

rephrases the result obtained in Corollary 4.4 of [7]. The inclusion Br+ c_ B+ expresses
the result in Theorem 6 part (a) of [7]. The inclusion BL+ C_ B+ represents the result
in Theorem 6 part (b)of [7].

3. Some new general properties. In this section we prove a number of general
facts that can be conveniently expressed in terms of the sets just defined.

Remark 3.1. If there exists any k0 such that [k(x) is nonempty, then for all
k _> k0 we have [k(x) =/(x). Indeed, the assumption implies that fix n.

PROPOSITION 3.1. For each x X, the following properties are equivalent:
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(a).

(a) int (x) 0;
(b) int R(x) ;
(c) int R(x) .
Proof. Since/(x) C_/(x) c_ R(x), it is only necessary to show that (c) implies

We will show the following two properties:
1. for each k _> 0 if int k(x) then k(x) ;
2. if k(x) } for all k _> 0 then int R(x) .

Combining (1) and (2) we have that if int/(x) then all int/k(x) too, so
int R(x) }, as desired.

We first prove (1). Suppose that k(x) , so that there exists some sequence
fi for which the rank Pk,(’) is equal to n at ft. Since we assume U c clos int U, there
exists also some fi E int Uk so that pk,(u) n for each u in some neighbourhood of
ft. By the implicit mapping theorem, 5 Ck,x() belongs to int [k(x).

We now prove (2). If k(x) q} for all k >_ 0 then each u e Uk is a singular point
of the map Ck,x, for each k. Thus by Sard’s theorem Ck,(Uk) has measure zero for
all k > 0. It follows that also

R(x) R() (.J ,(V)
k>0 k>0

has measure zero, and hence int R(x) 0, as desired. D
PROPOSITION 3.2. If the system is analytic then, for any x X"

cos R (x) co ()

for all k sujficiently large.
Proof. Fix x X, and let k0 be so that fiko,x fi,. For all k >_ k0, let

Ak(x) {u Pk,x(u)= fix}.

We claim that A(x) is an open dense set of Uk. This is because Ak(x) by (2)
and the complement of A(x) is a set defined by the vanishing of certain analytic
functions (suitable determinants) of u.

We claim that

R*() c co*(),

which implies

(5) clos Rk (x) C_ clos/k (x) for each such k.

This will establish the result, the other inclusion being obvious.
Indeed, pick k _> k0 and take any z Rk(x). Then z Ck,x(u) for some

u (Uk,..., Ul). Since Ak(x) is dense, we can find a sequence {ut} such that

u u ,...,u U=(Uk,...,Ul) n

and u e Ak(x) for each I.
Let z Ck,(u) e k(x). By continuity, z z, which proves (5). D
Remark 3.2. Assume that the system E is analytic, and that there exists an

x0 e X and a k0 0 for which kO(x0) . Then the proof of the previous result
together withRemark (3.1) imply that

clos R* (0) clos/ (x0)
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for all k >_ k0.
Moreover, since O/Ouek,x[u] is analytic also with respect to the x-variable, this

particular k0 works also for an open dense set of states x E X. Thus, under these
assumptions, we have that

clo R clos c os

for all k _> k0 and for almost all x E X.

3.1. Regular points. We call x a regular point if fix is constant in a neighbour-
hood of x. The following fact will be useful later; it is of course a well-known general
fact about smooth mappings.

LEMMA 3.3. The regular points form an open dense subset of X.
Proof. Let

p max px.
xEX

We have fi {0,..., n}. We will prove our thesis by induction on/5.
If/5 0, then each x X is a regular point, thus the statement is true.
Let t5 > 0. Define

X1 :={xX Ix is a regular point and fix=fi},
Y1 := int {X \ X1 }.

Then X and Y1 are open. Moreover X1 U Y1 is dense in X, since its complement is
the boundary of X1 which is a nowhere dense set. If we call

,01 max Px
xEY1

we have 1 < .
Thus, applying the inductive assumption to (Pl, Y1), we have that the set of

regular points in Y1, denote it by Yr, is dense in Y1. But since the set of regular
points of X is given by X1 [J Yr and X1 JY is dense in X, then X J Yr is also dense
in X. [:]

Note that, in the particular case in which the system is analytic, then in the above
proof the set X1 is already dense, because the rank is less then fi if and only if certain
determinants, which are analytic functions of x, vanish and this can happen only in
a nowhere dense set.

4. More results for analytic systems. In this section we always assume the
system E to be analytic.

LEMMA 4.1. Suppose that for a fixed x X there exists a sequence of elements
{Xnk } and some y X so that dim L+ (y) n, such that

1. Xnk Rnk(x), with nk ---*
2. Xnk - y.

Then the system is forward accessible from x (i.e. x

_
B+).

Proof. Since Xn y and dim L+ (y) n there is some integer k0 _> 0 such that
dim L+ (xn) n for all k _> k0. But for k sufficiently large we know (by Proposition

(3.2)) that Xn e clos/n(x). Thus there exists some z e Z such that z e n(x)
and dim L+ (z) n. So we can conclude forward accessibility from x by (4).
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Remarks 4.1.
1. The result is also true if the weaker assumption dim F+ (y) n is made, but

we will apply it in the above form.
2. If x and y are as in the previous lemma, and U is any open neighbourhood

of y, then, in particular, we have that R(x) C U is also open.
3. If for a fixed x E X there exists a sequence of elements {xnk} such that

x,k R(x), with nk -- c and x -- x then, by the previous lemma, we can
conclude that forward accessibility from x is equivalent to dim L+(x) n. We will
see later that in dimension 1 this equivalence is .always true, but it can fail in higher
dimensions.

For each x X, we will denote by y0k, the image under Ck, (’) of the zero control;
i.e.,

k

k-times

LEMMA 4.2. Suppose that x, y X are so that
1. the system is transitive from y, (or equivalently, dim L(y) n,

nk2. there exists a sequence {Y0,} with nk -- oo such that Yo,xn __+ y.
Then dim L+ (x) n.

Proof. Choose n vector fields vl,..., v, in L such that

is a basis for L(y).
As in the proof of Proposition 4.2 in [7], we can assume that the vi’s involve Lie

brackets of a finite numbers of vector fields of the form Adko X+ with kj . Chooseuj,
a positive integer k0 so that kj + k0 > 0 for all such j.

Since the vi’s are linearly independent at y, they are still linearly independent in
some neighbourhood Uy of y. By assumption (2), there is some nk so that Y0, Uy
and nk >_ ko.

Applying the operator Ad to the vi’s, there result n linearly independent vectors
in L+ (x), as desired, rl

4.1. Poisson stability. Recall that if Y is a vector field on a manifold M, one
says that x E M is a positively Poisson stable point for Y if and only if for each
neighbourhood V of x and each T _> 0 there exists some t > T such that etY (x) V,
where ety (.) represents the flow of Y.

Analoguosly, we can define positive Poisson stability in discrete time, as follows.
DEFINITION 4.1. Let f X --, X be a global diffeomorphism. The point x X is

positively Poisson stable if and only if for each neighbourhood V of x and each integer
N > 0 there exists some integer k > N such that fk(x) V.

THEOREM 4.3. Let x X be a positively Poisson stable point for fo f(’, 0).
Then transitivity from x implies forward accessibility from x.

Proof. Positive Poisson stability from x implies the existence of a sequence {Y0%},
with nk --+ o, convergent to x. Thus the result follows immediately combining
Lemmas (4.1), (4.2) (applied with y x).

4.2. Compact state space. For each k >_ 0 we define the following sets:

:= {
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i.e., the set of states controllable to x in (exactly) k steps, and

Uc (x).
k>0

A system is backward accessible from x if and only if int C(x)
THEOREM 4.4. Let E be a discrete time, analytic, invertible system, and assume

that the state space X is compact.
Then, E is transitive if and only if it is forward accessible.

Proof. By [7], Theorem 3, it will be enough to show that dim L+ (x) n for all
x E X. Fix any x E X, and consider the sequence

0)

Then since X is compact (and second countable) there exists a subsequence {Y,x}
lkwhich converges; let y be so that Y0,x --* Y. Since is transitive, dim L(y) n, so, by

Lemma (4.2), dim n+ (x) n as wanted.
Remark 4.1. Notice that, in the previous theorem, the blanket assumption of

connectedness of the state space X is not needed. In particular, the result holds if
the orbit from a state x is compact.

Remark 4.2. Clearly, using the same arguments as in Theorem 4.4, we also have
that, if the state space is compact, then transitivity from all x X is equivalent to
backward accessibility from all x X. We will not use this fact, however.

Recall that for a space Z with a a-algebra F and a finite measure #, we say that
a measurable transformation T Z Z is measure-preserving if for every A F we
have #(T-1A) #(A).

The following controllability result is an analogue for discrete-time systems of the
result in [8]. The proof is very similar, but it uses the facts just established.

PROPOSITION 4.5. Assume that the state space X is a compact Riemannian
analytic manifold, and that for all u U the map fu is a measure preserving trans-
formation (for the natural measure in X). Then is transitive if and only if is
controllable.

Proof. We need only to prove that transitivity implies controllability.
For each u, since f is a measure preserving map, by the Poincar recurrence

theorem the set of positively Poisson stable points for f is known to be dense in X.
Let x, y E X; we need y R(x). By Theorem 4.4, we know that E is both forward

and backward accessible from x and y. Choose 2 int R(x) and int C(y); since E
is transitive there exist k, (uk,..., ul), and (ek,..., e), with each u U and e 1
or -1, such that

fu o... ofl ()
Let number of e -1. We will show by induction on the following fact:

there exist E int R(x) and int C(y) such that R().
Clearly the previous statement implies our thesis.

If 0 then the statement holds with and . So let > 0 and let i be
the first index such that e -1. Define

and
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Since E int C(y), there exists a neighbourhood V of y such that

o,] Ui+l

let W fu (V). Since E int R(x) we can assume (taking W smaller if necessary)
that W C_ R(x).

Choose zi W positively Poisson stable for fu; then there exists some n > 1
such that f. (zi) W and the following properties hold:

f;](zi) --lo=fu, f’u,(zi) eV,
e c(v).o

So we have constructed a trajectory joining z int R(x) to int C(y) with a
number of negative steps strictly less than l; the statement follows by induction.

Remark 4.3. The result obtained in the previous proposition can be applied to
any discrete-time system that arises through the time-sampling of a continuous-
time system, if the vector fields in the right-hand side of the differential equation are
conservative. The latter happens for Hamiltonin systems; see for instance [10] for
mny examples of such Hamiltonian control systems, and the lt section of [11] for
conditions under which transitivity is preserved under sampling.

5. Accessibility almost everywhere. For analytic systems, we say here that
a property holds for "almost all" x X if it holds on a set which is the complement
of the set of zeros of a nonzero analytic function; note that such a set is open dense
and its complement h zero meure.

LEMMA 5.1. Let be an n-dimensional, discrete-time, invertible, and analytic
system. Then the following are equivalent:

(1) is transitive from almost all x X;
(2) dim n(x) n for almost all x e X;
(3) is foard accessible from almost all x X;
(4) dim n+ (x) n for almost all x e X.
Proof. We will show (1) (2) (4) (3) (1).
(1) (2) This is a consequence of Theorem 4 in [7].
(2) (4) Since the system is analytic, and X is connected it will be enough

to show that there is at let one x with dim L+ (x) n, because the set where this
property holds is either empty or open and dense. To show that there exists such an
x we will use the sme procedure used in proving Lemma 4.2.

Fix any y e X for which dim L(y) -n, and let v,..., Vn L be so that

is a basis for L(y). Assume that the vi’s involve vector fields of the form

Adko X+
uj

with kj , and choose a positive integer k0 so that kj + k0 _> 0 for all such j.
Applying the operator Ado to the vi’s, there result n linearly independent vectors in
i+ (x), where x fko (y). Thus dim i+ (x) n.

(4) - (3) Again by analyticity, it will be sufficient to find at least one x form
which E is forward accessible. Choose 2 regular and let k, u (uk,..., ul), and be
such that

Ck,(U) and pk,(u)-
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Let W be some neighbourhood of 2 so that

p,() > p,()

for each x E W. As 2 is regular

p p > p,(u),

so there is equality, pk,x(u) pk,(U). Define

u I(w);

since fu is a diffeomorphism, U is open. Moreover, by maximality of the rank, we
have

u c_ h(w).

Since dim L+(x) n for almost all x, we can choose some z
dim L+ (z) n. Let

for which

y := fl(z)
_
W.

Note that then z e k(y) and dimL+(z)= n.

We can conclude forward accessibility from y by (4).
(3) (1) This is clear. E1

Remarks 5.1. (1) Since E is analytic, in each of the previous statements we can
substitute "there exists x X" instead of "for almost all x X."

(2) Note that, in general, the open dense sets in which the previous statements
hold are not the same, except for those in parts (1) and (2). In particular, if we denote

B := {x dimL(x) < n},

we have
B (xlx is not transitive );
BC_B+c_B+;

and the previous inclusions can be proper. For example, for the system described in
Example 6.1 below we have

B+L={(k,y) lk>_l, keZ, -k<_y<k}

B+ { (,)1 > 0, e ,, - < <_ } B+ U((0, 0)}.

(3) Let L- be the Lie algebras defined in the same way as L+, but using the vector
fields X,i instead of X+,i, and k < 0 instead of k _> 0. Given this definition, the
conclusions of Lemma 5.1 hold substituting (3) and (4) with the following properties:

(3’) E is backward accessible from almost all x X.
(4’) dim L-(x) n for almost all x e X.
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5.1. Nonconnected orbits. Given any system E, its state space can be par-
titioned into invariant submanifolds, the orbits. Since the system restricted to each
orbit is transitive, we would like to conclude that relative to each orbit there is for-
ward accessibility from almost every state. Unfortunately, this conclusion is false in
general (see Example 5.1 below), because orbits are in general not connected. We can
prove this fact, however, in the particular case of orbits with at most finitely many
connected components, as follows from the next result.

PROPOSITION 5.2. Let E be an n-dimensional, discrete-time, invertible and an-
alytic system, and assume that the state space X has finitely many connected compo-
nents. If E is transitive then it is forward accessible from almost all x E X.

Proof. Partition X Ui=l Xi into disjoint nonempty open connected subsets.
Note that, if x E X and f(x, u) Xj, then since X U is connected we have that

(6) f(x u) c_ x,
by continuity of f. Then for each i there is some j(i) so that

for every u U.
Fix now any u e U. Since f(Z) X, necessarily Ui=l xj() x. As f is

a diffeomorphism of X, the Xj(i) are all distinct and fu(Xi) Xj(). Since E is
transitive, we can conclude that for any p 1,..., 1- 1, denoting by

p--times

the following holds:

(7) f(x) # x v = 1,...,.

If this were not the case and there exists such p and i, then applying (6) p-times we
would have

f ,(x) x,

for all (ul, Up) Up. Thus the set

p--1

will be an invariant set different from X, which contradicts the assumption that E is
an orbit. Moreover, from (7), since is finite, we can conclude that

(8) .t’,, ,,,(x) x v .
By repeating the arguments used in the proof of the Lemma 5.1 ((2) (4)) we

conclude that there exists x E X such that dim L+(x) n. Assume that x X.
Since X is connected we have

dim L+ (y) n from almost all y X.
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Choose 2 E X, 2 regular and let k, u (uk,..., Ul), and 2 be such that

Ck,(u) 2 and Pk,(U)

By inequality (2) we can assume that k is a multiple of 1. Thus, by (7), we get that
2 E Xi. Now, we can repeat the arguments used in the proof of the Lemma 5.1
((4) (3)) and conclude that E is forward accessible from almost all x e X.

To conclude that E is forward accessible from almost all x X it is enough to
note that, for any j # i, (7) implies that there exists p such that

Example 5.1. Consider the following analytic system, with X IR2, U IR, and
equations:

x+ =x+l,
y+ y + uh(x)

where h(x) is any analytic function whose zeros are exactly at the positive integers
{1, 2, 3,...}. This system is easily seen to be invertible. Let z0 (0, 0). Then it is
easy to verify that the orbit O(zo) is as follows:

O(zo) U R,

R, { lu e }.

If we restrict the system to this orbit, the restricted system is not forward accessible
from any the points in R, for each 1, 2, 3, This is because there it holds that
h(x) 0, so z+ and z must have the same y-coordinate.

6. Low-dimensional cases. In this section we make some remarks about one-
and two-dimensional systems.

6.1. Dimension one. There we consider systems for which the state space X
is of dimension one. The pointwise versions of [7, Thm. 3] hold for these systems as
follows.

LEMMA 6.1. Let E be as above, and pick x X. Then
1. if E is smooth then

E is forward accessible from x if and only if dim F+ (x) 1;
2. if E is analytic and U is connected then

E is forward accessible from x if and only if dim L+ (x) 1.

Proof. (1) The necessary part follows from part (a) of Theorem 6 in [7], so we
will prove sufficiency. If E is not forward accessible from x then f(x, u) must be
independent of u. Moreover if y fk ,x (x), since E is also not forward accessible
from y, also

f(y, U) f(fuk ux (X), U)

must be independent of u. Thus

0 --I folfuo/vfu,. ,ux (x) O, lX +o(X)
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which implies dim F+ (x) 0.
(2) The necessary part follows from part (b) of Theorem 6 in [7]. Sufficiency is a

consequence of (1), since L+ (x) C_ F+ (x). E]

LEMMA 6.2. Let F be a one-dimensional, discrete-time, invertible system, and
pick any x E X so that F is transitive from x. Then, either F is forward accessible

from x or F is backward accessible from x.

Proof. Suppose that neither conclusion holds.
We claim that, for each u E U, E] is not forward nor backward accessible from

y fu(X). Since x is not forward accessible, f(x, u) is independent of u. Thus
y f(x) for all u e U, so also

f-l(y) x for all u E U.

It follows that Cl(y) x, which implies that

c (u) c -l(x) k > 1.

Thus if E] would be backward accessible from y also E] would be backward accessible
from x. Clearly, forward accessibility from y would imply forward accessibility from
x (in any dimension). So the claim is proved.

With the same arguments we can prove that E] is not forward nor backward
accessible from z f-l(x) for all u e U.

Now we want to provethat dim F(x) 0, which implies that E in not transitive
from x. In order to do that, we will show that

I X (x) Otk..,tl UO

for all k >_ 0, (u,..., Ul), ei 1 or -1, a 1 or -1, and for all x which are neither
forward nor backward accessible.

We will use induction on k. Take first k 0.
Ifa=l

0
X:olXl Xv v--0

-1
oAo+ (x) o

since f(x, .) is independent of u (E is not forward accessible from x).
Ifa=-i

0z:o (x)
v=0

of o+.(x) =o

since f-l(x, .) is independent of u (E is not backward accessible from x).
Take now any k > 0 and note that

From the first part of the proof, we have that E is also neither forward nor backward
accessible from f (x), so, by inductive assumption, this last vector is zero. El

Remark 6.1. A consequence of the two previous lemmas is that, for each x"

1. dim L(x)= 1 if and only if dim L+ (x)= 1 or dimL-(x)= 1.
2. dim F(x) 1 if and only if dim F+ (x) 1 or dim F-(x) 1.
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The result in Lemma 6.2 is true only pointwise. In fact we can find a one-
dimensional, analytic system that is transitive but is neither forward nor backward
accessible. One example of such a system is as follows.

Consider the following system:

U
x+ 1 + x + [g(x) + g(x- 1)]

with X lR, U [-1, 1], and where g(x) is the following function:

(10) g(x) sin(rx)
7rx

It is easy to verify that [g’(x)l _< 1 for all x e lR. Moreover, g(x) 0 if and only
if x E \ {0}. Since [g’(x)[ _< 1, this system is invertible. Moreover the following
properties hold and are easily verified:

1. E is transitive;
2. if x 2, 3,... then E is backward accessible but not forward accessible from

x;
3. if x -1,-2,-3,... then E is forward accessible but not backward acces-

sible from x.

6.2. Dimension two. We now show that both the results in Lemmas 6.1 and
6.2 are false if the dimension of the state space X is greater than one, even if the
system is invertible, analytic and with a connected control space U.

The following example illustrates these facts.
Example 6.1. Consider the discrete-time, analytic system with X lR2, U

[-1, 1] 2, and equations:

U
x+ x + 1 + - sin(y)g(x),

y+ =y+v,

where g(x) is the function in (10).
This system is invertible. In fact, the determinant of the Jacobian matrix of the

map f,,v(x, y) is given by

u
sin(y)g’1 + (x).

Since u e [-1, 1], [sin(y)[ _< 1 and [g’(x)[ _< 1,

u
sin(y)g’I (x)l < 1

so the determinant is nonzero for all x, y. Moreover it is easy to verify that for each
(u, v) e U, the map fu,v(., .)is bijective.

We wish to study the behavior of this system when starting from x 0, y 0.
Let z0 (0, 0). We prove the following properties:

(1) the system is not forward accessible from z0;

(2) the system is not backward accessible from z0;

(3) dim L+ (z0) 2;
(4) the system is tranSitive from z0.
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Proof.
(1) This follows from the equality

R(0) { (}, U) k _< U < },

which holds for each k > 1 and it is clear from the equations.
(2) It will be sufficient to show that

(11) C(zo) { (-k, ) k < < k }.

First note that if (xk, Yk) e Ck(zo) then we can write Yk + Vl --...--Vk 0 with
n v, < 1, so lull < k.

To prove (11), it is now sufficient to note the following. For any fixed u E [-1, 1]
and any y E ]R, the function

is invertible. Moreover

h U
x x + 1 + = sin(y)g(x)

2

h-l(-k+l)=-k for all k_>l,

independently of u and y. Thus x -k is the only solution of h(x) -k + 1, for all
u, y, and we have proved

c(zo) c { (-k,) k <_ < k }.

The other inclusion is obvious.
(3) Consider the vector fields

and

x+ (z) (df(,.)(z))- a
(U,v),l

x+ () (dk,.)(z))_ 0
(,),

Fix (u, v) (0, 0). Then

for all z IR2,

(10)df(o,o) (z) 0 1

and

So

f(+,)(z)
e--O

k,.+)(z)

+ (z)X(,),l 0

X(0,0),2 1

+ + (z)X(,),’ X(,)a 0



DISCRETE-TIME TRANSITIVITY AND ACCESSIBILITY 1615

In particular,

and

X(0,),2 1

(0,0),1’ X(0,0) ,2 0

so dimL+(z0) 2 as desired.
(4) Transitivity at z0 is a consequence of (3) since dim L+(z0) 2 implies

dim L(z0) 2.

7. Controllability sets. The next definition is a discrete-time analogue of that
in [4], except that we make the assumption of nonempty interior.

DEFINITION 7.1. A set D C_ X is called a precontrollability set if

DC_closR(x) for all xED

and int D 0. A precontrollability set which is maximal with respect to set inclusion
is called a controllability set.

Note that if D is a precontrollability set, then in D the system E is "almost"
controllable, in the sense that if x, y E D then from x it is possible to reach any
neighbourhood of y.

LEMMA 7.1. Let D C_ X be a controllability set. Pick any two elements 2, 1 in
int D. Then, for each sequence (u0,..., UT) UT+I such that

we have that, necessarily, also

fk’"fo(2)intD for k 0,...,T-1.

Proof. Let 2, 9, u0,..., UT be as in the statement and let E be the following set:

E := {fko...ofo(2), k 0,...,T-1 }.

We will first prove that E C_ D, by showing that D’ D E is again a precontrolla-
bility set and using that D is maximal. For this, we must prove that

D’ C_ clos R(x) for each x D’.
Observe that E C_ R(2) C_ closR(2) and R(y) c_ closR(y) for all y E E.
Thus

E C_ clos R(2) c_ clos R(clos R(x)) clos R(x) Vx e D;
DC_closR(x) VxD;
If y g then D C_ clos R() C_ clos R(clos R(y)) clos R(y)
and E C_,clos R(2) c_ clos R(cl,os R()) c_ clos R(y).

Thus D [.J E D c_ clos R(x) /x D.
So we have proved that, for any two points 2, in int D and any trajectory joining

them, all the intermediate states must be in D. We now prove that such intermediate
points must be in int D.
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Pick any , 1, uo,..., UT as above. Let k E (0,..., T- 1} and 2 fk... Ofuo ().
By continuity of folo.., of- and of fuk+l o... fur, there exists some open neigh-
bourhood V of 2 such that

folO.., off,(V) C_ int D and f,+o.., fur (V) C_ int D.

Pick any z E V. For such a z,

z Oleo(Z)

for some x int D and

y fUk/lO... OAT(Z int D.

Thus, applying the first part of the proof to x and y (rather than to and ), it
follows that z D. We conclude that V c_ D, so is in int D, as desired. [:]

LEMMA 7.2. Let D C_ X be a precontrollability set. Then we have

DC_closFk(intD) for all k 0,1,2,...,

where

Fk (int D) U Rt (int D).

Proof. We proceed by induction on k. The case k 0 follows directly from the
defintion of controllability set. So let k _> 1 and pick any x D.

Choose y E int D, y x. By inductive assumption there exists a sequence Yn -- Y
with

Yn e Fk(int D).

For 5 sufficiently large, ya D (since y int D) and ya x (since y x), where
each yn is of the form

with z int D, >_ k, for some u E Ut. Pick one such . Since x clos R(ya), there
exist a sequence {tn} and a sequence {zn} so that

Zn Rt (yn) and Zn --- X.

Since yn x we can assume tn >_ 1 for all n. Thus

Zn Rt+t(z) C Fk+l(intD),

which implies x clos Fk+l(int D).
Remark 7.1. The conclusion of the previous lemma can be rephrased by saying

that

D C_ limkRk (int D),

where for any family of sets Ek limkEk =0 (-Jt> Et.
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LEMMA 7.3. Let D C_ X be a controllability set. Then

clos D clos int D.

Proof. Let x E D. We only need to prove that for any neighbourhood W of x,

W fq int D # 0.

Pick any such W and choose any y E intD. Since y closR(x), we can find
z Ck,x(u) for some k > 0 and some u Uk, such that z intD. Let Uz be a
neighbourhood of z contained in D. Then, by continuity, there exists a neighbour-
hood Ux of x such that for all y U, Ck,u(u) is in Uz and so, in particular, in
int D.

Let Wx Ux (q W. Choose y E int D. Since x clos R(y), we can find k’, u’ such
that

Let fi be the concatenation of u and u. Since Ux,

Ck,(U) int D.

Thus

Ck+k,,U,(fi) int D,

so by Lemma (7.1), 2 E int D. Hence

Wx fq int D 0,

so W N int D as wanted.
DEFINITION 7.2. Let x X and S c X.

S (respectively, backward accessible in S if
We say that x is forward accessible in

int (R(x) f S)

(respectively, int (C(x) fq S) 0).
If we simply say that x is forward (backward) accessible, we mean forward (back-

ward) accessible in X.
LEMMA 7.4. Let S c_ X and define

Sf={xM Ix is forward accessible in S},

then Sf is open.
Proof. If Sy 0, then it is trivially open; thus assume Sy 0. Pick any x Sy.
By assumption there exists W c_ S open such that W c_ R(x); therefore there

exists k such that W f3 Rk(x) has nonzero measure. Let

Uv={ulueUk, and Ck,(u) eW},

then U is open and the image of
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has nonzero measure. It follows, by Sard’s theorem, that there exists u E Uk such
that pk,x(u) n. We may assume, without loss of generality, that u E int U.

Now pick any neighbourhood V of x such that ,y(u) c_ W and still pk,y(u) n
for all y V. By the implicit mapping theorem, V c_ Sf; therefore Sf is open.

We assume from now on that the system E to be analytic and transitive. In this
case, we can conclude the following important property of precontrollability sets.

THEOREM 7.5. Let D C_ X be a precontrollability set. Then every point of D is

forward accessible in D.
Proof. Since E is transitive and analytic, by Lemma 5.1 we have that there exists

an open dense set of points for which dim L+ (x) n. If we intersect this set with
int D then this intersection, which we denote by W, is open.

Pick any x D, and y in W, with x y. Now, we will construct a sequence of
elements Yn such that

Yn -- Y, Y, Rk(x) and kn - oc as n -
Then, using Lemma 4.1 and its succesive remarks, we can conclude that from x it is
possible to reach an open set within any neighbourhood of y, i.e., since y int D, x
is forward accessible in D, as desired.

To construct the yn’S we proceed as follows. Let’s denote by Wn a neighbourhood
of y. Since y e clos R(x), we can find Yl e W1, Yl y, and yl Rkl (x) where (since
y =/: x) we can assume k >_ 1.

Now we proceed by induction. Suppose that we have found yl,..., Yn such that

yW, yy, yRk(x) and k>_i for i-1,...,n.

Since y E clos R(yn) we can find Yn+ Wn+ such that

Yn+l ? Y, Yn+l RI(yn)

with _> 1. Since Yn Rk(x),

Yn+I Rk’+l(x)
and kn+l kn + _> n + 1. Thus kn - (x) as n oc; moreover, we can choose the
W’s in such a way that Yn - Y.

The definition of precontrollability set is not reversible in time, so we cannot
conclude backward accessibility from every point. However, the next result provides
backward accessibility from a dense subset.

PROPOSITION 7.6. Let D C_ X be a controllability set. Then there exists some
(necessarily nonempty) open subset E c_ D such that

(1) clos E clos D;
(2) if y E then y is backward accessible in D.
Proof. Since E is transitive and analytic, by Lemma 5.1 applied to the "inverse"

system

x(t + 1) f (x(t)),

we know that there exists an open dense set from which we have backward accessibility.
Moreover, there exists some integer k0 such that the set G of states x X for which
int ck(x) 0 and

clos int Ck (x) clos Ck (x)
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for all k _> k0 is itself open dense (Remark 3.2). Consider first the open set

E int D C G.

We claim that E’ is open and

clos E clos int D.

To show this, it is enough to establish that int D c_ clos E. So take any x E int D. By
density of G, there exists some sequence Yn} with y E G for all n, y x. Thus

Yn int D N G

for all large enough n, and this shows that x clos E. Finally, let

E- E’ N Fko (int D),

where Fko (int D) is defined as in Lemma (7.2). Then E is also open, since Fk(int D) is
open for any k. Moreover, using the result in Lemma (7.2) (i.e., D c_ clos Fko (int D))
and the same arguments used before we have

clos E clos E clos int D.

Thus, by Lemma (7.3),

clos E clos D.

So E satisfies property (1). We prove next that it also satisfies (2).
Pick y E. Since y Fko (int D) then there exists x E int D so that y Rk(x)

for some k >_ k0. This means that x Ck(y). Since y G,

x clos int C (y).

Thus, since x E int D, we can find some z int D int Ck(y), which means that y is
backward accessible in D. Thus (2) is proved.

LEMMA 7.7. Let D C_ X be a controllability set and let E be any set as in the
conclusion of the previous proposition. Then

EC_R(x) for each xD.

Proof. Take any y E and x D. By the previous proposition, there exists some
nonempty open set W C_ D C(y). Choose any z E W. Since D is a controllability
set, z e clos R(x), so there exists also 5 e R(x)N W. Thus 5 e R(x) and y e R(5)
(since 5 e C(y)) imply y e R(x).

DEFINITION 7.3. For any set S c_ X, define

Core (S)"= { x e int Six is forward and backward accessible in S }.

Using Lemma 7.4 twice (once for E and another time for the "inverse" system
x(t + 1) f (x(t))), we can conclude the following.

LEMMA 7.8. For any subset S c_ X, Core (S) is open.
For a controllability set D, we proved (see results in Theorem 7.5 and Proposition

(7.6)) that Core (D)

_
E for some E C_ D such that clos E clos D. Thus we have

(12) clos Core (D) clos D for a controllability set D.
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Moreover, the result in Lemma (7.7) can be rephrased as follows.
PROPOSITION 7.9. IfD is a controllability set, and E Core (D), then E c_ R(x)

.for all x E D.
If D is a controllability set, then, by the previous results, Core (D) is a dense

subset of D in which we have exact controllability. Note that if E was a continuous
time system then Core (D) would have been equal to int D. However for discrete-time
systems there are controllability sets D for which Core (D) is strictly contained in
int D, as it is shown in the next example.

Example 7.1. Let us consider the discrete-time, analytic system with X
lR2, U [-1, 1] 2, and equations

x+ x + 1 + uy,
Vy+ y + -g(x),

where g(x) is the function in (10).
This system is invertible. In fact the determinant of the Jacobian matrix of the

map fu,v(X, y) is given by

Since u, v e [-1, 1], and Ig’(x)l _< 1,

UVg, 1

so the determinant is nonzero for all x, y. Moreover it is easy to verify that for each
(u, v) U, the map fu,v(’, ") is bijective. It is also easy to prove that this system is
transitive.

For this system we can see that for all k IN with k _> 1 the following hold:
1. the points of the type (-k, 0) are not backward accessible;
2. the points of the type (k, 0) are not forward accessible.

Let

B-( (k,O) lkelN k>_l}.

Next we want to show that D lR2 \ B is a controllability set.
Note that D is certainly maximal; in fact, no points in B could belong to a

controllability set, since they are not forward accessible. To prove that D satisfies

(13) D c_ R() for all e D

we will prove the following:

(14) lR2 \ { (k,y) k e Z, y e lit } c_ R(),

which, by taking the closure in both sides, implies (13). Let F { (k, y) k IE, y
}.

First we note that, since sin(r(x + 1)) -I sin(x)l, if we apply to any (x, y) a
control sequence of the following form:

(15) ut=0, vt= sign(g(x+l-1)),
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then, after k steps, we will reach the following point"

xk----xA-k

Yk Y + sin(rx)l
2r

4=0

Using this fact and the divergence of the series n 1In we will prove (14).
Fix (, ) E D and (2, )) E lR2\ F. Note that, since (, ) B, it is not restrictive

to assume

g(Y) #0 and

First we choose u, v as in (15). Since g(y) # 0 there exists k such that Yk > 1.
Next we apply a control sequence with all v 0 so as to reach a state (x’, y’) of the
type

x &- n and Y Yk,

where n is a positive integer that will be chosen later. Note that we can assume
<y’.

Now we want to find a sequence of controls (0, v) such that we get the state
in exactly n steps. It is clear that this is possible if and only if

n--1
1

(16) y,_ sin(zr&)
2

4=0

So we just have to choose n large enough such that (16) is satisfied. This is possible
since sin(yr,) # 0 and

n--1 1 n
1

=o [ n + l[ [ m[

is divergent. Thus D is a controllability set.
Note that, for this controllability set D, Core(D) is strictly contained in D

intD. In fact, none of the points of the type (-k, 0) with k a strictly positive integer
belongs to Core (D).
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INFINITE DETERMINISTIC GRAPHICAL GAMES*

v. J. BASTONf AND F. i. BOSTOCKf

Abstract. A deterministic graphical game is a two-person zero-sum game with perfect infor-
mation played on a directed graph. Nodes with no successor are called terminal nodes and have a

payoff associated with them. The other nodes are labelled to indicate which of the players chooses
the successor node. Play starts at a specific node and only stops when a terminal node is reached at
which point player 1 obtains the payoff corresponding to that node; if play never ends the payoff is

zero. The paper shows that such games have a solution even when the graph has an infinite number
of nodes.

Key words, recursive game, two-person zero-sum game, game with perfect information, graph-
ical game

AMS subject classifications. 90D20, 90D05

1. Introduction. Two-person zero-sum games with perfect information have
attracted considerable attention over the years. They were defined by von Neumann
and Morgenstern [10], who proved that they have a value and that the players in
them have pure strategies that are optimal. Gale and Stewart [5] considered infinite
games with perfect information in which a play of the game gives rise to a sequence of
digits that determines a real number x leading to a payoff f(x). They demonstrated
that not all such games have a solution and found sufficient conditions for them to do
so. Davis [2] and Mycielski [6] obtained further results on these games while Oxtoby
[8] investigated a very general game of a similar type. Ehrenfeucht and Mycielski [3]
studied games with perfect information in which the two players move alternately along
the edges of a finite directed graph having weights attached to its edges. More recently,
Washburn [11] considered a class of perfect information games played on a finite graph
and his results have been supplemented by Baston and Bostock [1]. Washburn called
his games deterministic graphical games and defined them as follows.

A deterministic graphical game is a two-person zero-sum game played on a di-
rected graph with n > 0 nodes. Nodes with no successor are called terminal nodes
and have a payoff to player 1 associated with them. The other nodes are called con-

tinuing nodes and are labelled to indicate which player chooses the successor node.
Play starts at a specific node and only stops when a terminal node is reached at which
point player 1 obtains the payoff corresponding to that node; if play never ends, the
payoff is by convention zero.

Washburn pointed out that special cases of these games had previously occurred
in the literature but, that up to then, the class had remained nameless. He also
commented that they are special cases of recursive games with the consequence that
every deterministic graphical game has a value and, what is more, attention can be
restricted to stationary strategies for the players. In this paper we consider the corre-
sponding game in which the number of nodes can be infinite; since it is still an open
question whether all countably infinite recursive games have a solution, the position

*Received by the editors October 16, 1991; accepted for publication (in revised form) July 15,
1992.

Faculty of Mathematical Studies, University of Southampton, Southampton SO9 5NH, United
Kingdom.
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in this case is not so straightforward. However, we show that even uncountably infi-
nite deterministic graphical games always have a value and that the players have pure
stationary strategies that are essentially e-optimal (with an appropriate interpretation
when a component game has an infinite value). In recursive games, knowing the start-
ing component is regarded as part of the history and, in this context, the strategies
we present are very simple history remembering (namely semistationary) ones. An
example is provided to show that infinite recursive games with perfect information
need not have a solution if the players are restricted to Markov strategies which were
the strategies used by Everett in his paper [4] introducing finite recursive games.

2. Notation and preliminary ideas. Let W be the set of nodes that we con-
sider to be well-ordered; the well-ordering is used when we select certain elements in
the proof of Theorem 3.1. Let T be the set of terminal nodes, I the set of continuing
nodes at which player 1 chooses the successor, and J the set of continuing nodes at
which player 2 chooses the successor. For k E W, let

{i E W" i is a successor of k}
{1}

ifkI;
ifkW\I,

and
-iisasuccessorofk} ifkJ;Vk= {1} ifkeW\g.

Note that Uk and Vk are effectively the control sets of players 1 and 2 at node k; since
player 1 has no control over which successor is chosen at nodes k in W \ I, we have,
in such cases, defined Uk arbitrarily as { 1}. Analogous comments apply to the Vk.

ForkW, u Uk, v Vk let

u ifk I;
f(k,u,v) v ifkEJ;

k ifk T,

and
P(f(k, u, v)) if k T, f(k, u, v) e T;c(k, u, v, f(k, u, v)) 0 otherwise,

where, for w T, P(w) is the payoff to player 1 at w.
We now define our strategy spaces for the players. In a deterministic graphical

game each player knows the node at which the game starts. However, in a multistage
game, it is usual for a strategy to provide instructions for all starting nodes and this
is the approach we will adopt. A history hk at stage k >_ 0 is defined as a sequence

(1) (X0;t0,V0), (Xl;Ul,Vl),...,(Xk-1;?Ak-I,Vk-1), Xk,

where xi W, ui E Ux,, and vi Vx. Note that a history at stage k 0 is not empty
but comprises of the starting node. Our definition of history corresponds to that of,
for instance, Nowak and Raghavan [7] in stochastic games. Let 7-/k be the set of all
histories at stage k :> 0. A history remembering strategy F for player 1 is a sequence
F,F1,..., where F is a function from 7-/ to [.Jiew Ui, where Fk(hk) Uxk when
hk is given by (1). A history remembering strategy for player 2 is defined similarly.

If, for all k and for all hk of the form (1), Fk(hk) depends solely on the start-
ing node x0 and the node xk that play has reached, F is called semistationary.
When, in addition, Fk(hk) is independent of the starting node x0 for all k the
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strategy is said to be stationary. Given a starting node x0 and strategies F and
G for player 1 and player 2, respectively, it is easily seen that an infinite sequence
(X0, U0, V0, XI), (Xl, Ul, Vl, X2),... is defined recursively where f(xr, ur, vr) xr+l;
the payoff C(xo, F, G) is now given by C(xo, F, G) ’k__O C(Xk, Uk, Vk, Xk+). Player
1 seeks to maximize C(xo, F, G) and player 2 seeks to minimize it.

A deterministic graphical game has been modelled as a system evolving in W
according to xt+l f(xt, st, vt) starting at a given node x0 E W \ T at stage t 0;
we are ignoring the trivial case when play starts at a terminal node. The e-optimal
strategies we will give for the players are semistationary strategies. Note that, in the
system, play effectively terminates if and when play first enters a terminal node since
the only possible nonzero term of the infinite sum is one that corresponds to play first
entering a terminal node.

For the example in 4 it is convenient to use the notation of recursive games (see
[4] or, on a more elementary level, [9]). Note that our system can be put as a recursive
game F (Fi)iew, where Fi has matrix Mi Ui --. W given for u E Ui, v
by

S Fs(i,,v) if T;M(u V) P(i) if i T.

For all nonnegative integers n and all positive real numbers x we now define a
subset Hn(x) of the set of nodes W. For a positive real number x put

So(x) {t e T" P(t) >_ x}.
Let n _> 1 be a positive integer and suppose that Hr(x) has been defined for all x > 0
and for all nonnegative integers r < n. For x > 0 define

Hn(x) ={i e I" Ui 1 Hr(x) is nonempty for some r < n}
U{i E J" for each there is an r < n such that H(x)}.

Clearly r < n implies H(x) c_ Hn(x). Further, using induction, it is easy to see that
x < y implies Hn(y) c_ H(x).

Let H(x) U=oH,(x). Intuitively, if play starts at a node i H(x), then player
1 will be able to ensure himself of at least x. Now define p(i) max{0, sup{x i

H(x)}}. Note that we write p(i) x) when {x: i e H(x)} is not bounded above. For
x > 0 define my(x) as follows; if j H(x)M I, then my(x) is the least integer n such
that Uy M H(x) is nonempty; otherwise my(x) O.

In an analogous fashion, for a negative real number y, put

Ko(y) (t e T" P(t) <_ y}

and, for positive integers n _> 1,

K(y) -(i e J" 1 K(y) is nonempty for some r < n}
U(iI" for eachEUi there is anr<n such thatKr(y)}.

Let K(y) U=oKr(y and define n(i) min(0, inf(y" e K(y)}}, where possibly
n(i) -oo.

3. Main result. In this section we show that an infinite deterministic graphical
game has a value and obtain an expression for it in terms of the p(i) and n(i). In
coping with the fact that the game may have an infinite value, we remind the reader
that, in a game with an infinite value, a strategy X* is said to be e-optimal for player
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1 if the expectation E(X*, Y) > 1/e for all strategies Y for player 2. A corresponding
definition applies for player 2.

THEOREM 3.1. The value vi of the deterministic graphical game starting at node
i is given by

p(i) if p(i) O;
vi n(i) otherwise.

Furthermore, for this particular game that starts at the node i, the players possess
pure e-optimal stationary strategies for all positive numbers e.

Proof. Let e > 0. For the game starting at node we now define a pure stationary
strategy X*(i) for player 1.

If p(i) 0 then p(i) > 0 or p(i) oc by the definition of p(i). Choose a positive
number x such that p(i) e < x < p(i) if p(i) oc and x > 1/ if p(i) oc. It is
easy to see that E H(x). Now let X*(i) be the stationary strategy which, for each
j E I, selects the first element in Uj belonging to Hm(x)(xi) if j H(xi), and the
first element in Uj otherwise.

Now suppose p(i) O. If n(i) -x let Z*(i) be the strategy that chooses the
first element in Uj for every j satisfying j I (in maintaining -c player 1 can be
as careless as he likes!). If n(i) -oc then n(i) <_ 0 so choose yi < 0 such that
n(i)- < yi < n(i). Thus g(yi). Now, for each j e I satisfying j g(yi), there
is an element in Uy not belonging to Kr(yi) for any positive integer r (and therefore
not in g(yi)) and so we can let X*(i) select the first such element in Uj. Otherwise
let X*(i) select the first element in Uj.

We now show that X*(i) is e-optimal. Suppose player 1 uses strategy X*(i),
player 2 the strategy Y.

(I) Assume p(i) 0 then e g(xi). Suppose at stage t _> 1 under X*(i) and Y
that either play has reached a terminal node with a payoff to player 1 of at least xi or
play has been sent through the nodes i i(1), i(2),..., i(t) where i(j) e Hn(j)(xi) for
j 1, 2,..., t and n(1) > n(2) >... > n(t). Suppose the latter holds; note that this
is the position for t 1 if is not a terminal node.

If i(t) I then under X*(i) player 1 chooses the first element in U(t) belonging
to Hm(t)(x)(xi ). Thus either play reaches a terminal node giving player 1 a payoff of
at least xi or play is sent to a node i(t + 1) e Hn(t+l)(Xi where n(t + 1) < n(t).

If i(t) J then the fact that i(t) Hn(t)(x) implies that, whatever the strategy
Y, play has to be sent to a node that is in an Hn(t+l)(xi), where n(t + 1) < n(t).
Thus again either play reaches a terminal node giving player 1 a payoff of at least xi
or play is sent to a node i(t + 1) E Hn(t+l)(Xi), where n(t + 1) < n(t).

Hence at stage t + 1 we have similar conditions to those at stage t and the process
can be repeated if play has not reached a terminal node. The process must clearly
reach a terminal node after at most n(1) steps and so player 1 is ensured of a payoff
of at least xi.

(II) Now assume p(i) 0 and n(i) -oc then K(yi). Suppose at stage
t >_ 1 under X*(i) and Y that either play has reached a terminal node with a payoff to
player 1 of at least y or play has been sent through the nodes i i(1), i(2),..., i(t),
where i(j) K(yi) for j 1, 2,..., t. Assume the latter holds; note that this is the
case for t 1 if i is not a terminal node.

If i(t) I then, since i(t) K(yi), player 1 under X*(i) chooses the first element
not belonging to K(yi). Thus either play reaches a terminal node giving player 1 a
payoff greater than y or play is sent to a node i(t + 1) K(y).

If i(t) g then the fact that i(t) K(yi) implies that, whatever the strategy Y,
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play must either reach a terminal node giving a payoff greater than yi to player 1 or
be sent to a node i(t + 1) K(yi).

Hence at stage t-t- 1 we have similar conditions to those at stage t and the process
can be repeated. Note that if play never reaches a terminal node the payoff is zero,
which is greater than yi. Hence when p(i) 0 and n(i) ? -oo player 1 can ensure
himself of a payoff of at least n(i) e.

Applying similar arguments to the corresponding strategy to X*(i) for player 2
shows that player l’s payoff can be restricted to at most p(i) + e if p(i) O, n(i) + e
if p(i) 0 and n(i) is finite and -1/e when n(i) -oo. The theorem now follows.

Note. It is not difficult to adapt the proof to show that, if p(i) > 0 and sup{x
E H(x)} is attained, then player 1 actually has a pure optimal stationary strategy

in the game starting at node i. Similarly, when n(i) < 0 and inf{y i E K(y)} is
attained, player 2 has a pure optimal stationary strategy in the game starting at node
i.

4. An example. In this section we present an example of a countably infinite
deterministic graphical game expressed in recursive game notation that demonstrates
a fundamental difference between finite and infinite deterministic graphical games. In
the former, a player possesses a pure stationary strategy that is optimal wherever the
game starts whereas, in the latter, this does not necessarily hold.

The following example also shows that, when players are restricted to using
Markov strategies, a countably infinite recursive game of perfect information need
not have a solution. (A strategy F is said to be Markov if, for all k and all hk of the
form (1), Fk(hk) depends only on the stage k and the node xk that play has reached).
Strictly speaking, we do not present it in the form of a countably infinite recursive
matrix game F1, F2,..., but it can clearly be put into this form.

Let F be the recursive game given for n- 1, 2,... and i 1, 2,... by

r(n)
2i--1

in) rn) p(n) l(n+l)p(n+l)r(6n+l)2i+1 I ’’’2i 2 4

We first use Theorem 3.1 to show that, when play starts in Fn) the value is n. In
the deterministic graphical game formulation the nodes Wn) are identified with the

Fn) in the recursive game formulation, where we also identify W(1n) with the number
entry n in the matrix of Fn). Nodes of the form W(n) are seen to be terminal nodes
with payoff n. It is easily verified that

So(x) n

H1 (x) Ho(x) 0 {W2(?
r+l 2r--1

St(x) HI(X)U U{W;n’ n

_
x} U U {W;n)

j=3 j=3

so that

U U
i>

Hence p(W}) n and the value of the game is n.

n>x+l}U{W(2) "n>x},

n>x+l} for r > 2,
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We assert that F does not have a solution in Markov strategies. Let e > 0 and
X be a Markov strategy for player 1; we let x(2 (t) denote the probability under X of

choosing the first row when in F(2 at time t. Let il, i2,... be a decreasing sequence
of probabilities such that

(1 / 252 / 353 /’’"

Let ki In(l- e)/In(1-5i)] / 1 for _> i, t2 i, and t+l tr / 2k for r _> 2.
Note that (i -5)k < 1 -- for i _> 1 and kl, k2,.., is an increasing sequence.

(i) Suppose there is a positive integer n > 2 such that (n) (tn / 2j /"6kn+ +2kn -2j
1) >_ 5n for j 0, 1..., kn- 1. Consider the Markov strategy Y for player 2 which, for
all positive integers r and i, chooses r(r) when in r(r) at time t < tn and chooses2i--1 2iT1
F() when in r() at time t > tn Under the strategies X and Y, when play starts2i 2i+1

at t 1 in F(n) at time tn + 1 and it follows6kn+l+2kn+2tn-1 play will be in F6kn+l +2kn
that the expectation is at most

(1 5)knn + {1 (1 5,)kn }(n 1) n 1 + (1 5,)k < n e.

Hence in this case X is not an e-optimal strategy.
(ii) Now suppose (i) does not hold then, for every positive integer n _> 2, we may

choose an integer jn satisfying 0 < jn < k and -() (t + 2jn + 1) <6kn+ W2kn--2jn
Consider the Markov strategy Y for player 2 whereby, for all positive integers i and

F(n+l) when in (n) at time tn+l + 2jn+l and F)_I whenn, he chooses 6kn+2-l-2kn+l-2jn+l 2iT1

in (n) at other times.2iT1

Consider play under X and Y when play starts at t 1 in (1) At time

t2 + 2j2 1 + 2j2 play is in F(61;.+3_aj2 so play at time t2 / 2j2 i(2)1 is in 6k3q-2k2 --2j2"

Suppose, for n > 2, at time tn + 2jn + 1 play is in r(n)
6kn+ +2k, 2in"

(a) With probability () (tn + 2jn + 1) < 5n play will terminate giving6k,+ -}-2kn 2jn
player 1 a payoff of n- 1.

(b) With probability 1 -(") (t, / 2j, / 1) play goes to6kn.+ +2kn -2in

F(n)
6k,+ +2kr 2jr

at time tn + 2jn + 2 <_ tn + 2kn tn+l. Hence, for 1, 2,..., 2k +2jn+l 2j 2

tn+l / 2j+1 tn 2j 2, at time tn / 2jn / 2 + play is in F()6kn+l +2kn -2in-1-2i"
In particular, play is in F(n)

6kn+l-2k+2j-aj+l+3 at time tn+l / 2in+l; we note that
6k+1- 2kn + 2jn- 4j+l + 3 _> 3. Hence at time tn+l / 2jn+l / 1 play is in

6kn+2-i-2kn+-2jn+l and the process is repeated. It follows that the expectation is at
most

(2 / 2(3 / 3(4 /’’" _< (1 / 2(2 / 3(3 /’’" <

and X is not e-optimal when

5. Conclusions. When the restriction that the nodes in a deterministic graph-
ical game be finite is removed, our results show that not only does the corresponding
game have a solution but also its solution inherits many of the characteristics of the
original game. There is the natural difference that the players may have to be content
with e-optimal strategies. The more fundamental change is that a player’s e-optimal



INFINITE DETERMINISTIC GRAPHICAL GAMES 1629

strategy may need to depend on the starting node. However once he has this infor-
mation, the player will be able to employ a pure stationary strategy.

In [11] Washburn briefly considered the possibility of introducing random moves
into deterministic graphical games and pointed out that they still have solutions with
stationary strategies. In the infinite case such a game need not even have a solution
as the following example (given in recursive form) clearly shows when play starts in

Example. Let F (F1, F2,...) be given by

r. ((1/2)r + (1/)r), n ) F2n+l" (-n F2n+3) forn_>l.F2n F2n+2
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AVERAGING IN LAGRANGE AND MINIMAX
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This paper is dedicated to Avner Friedman on the occasion of his 60th birthday.

Abstract. The perturbed test function method of Evans [Proc. Royal Soc. Edinburgh, 111A
(1989), pp. 359-375] is applied to two optimal control problems with fast variables. In the classical
problem of Lagrange, which has been considered by Chaplais [SIAM J. Control. Optim., 25 (1987),
pp. 767-780], a new and simpler proof of convergence to the averaged problem is given. In addition,
it is shown that an entirely different limit problem is obtained when the controls have inertia, i.e.,
are Lipschitz. The optimal control problem with minimax cost and fast variables is studied in section
2. In this problem the cost functional is not the integral of a running cost, which is smooth, but the
max in time of a function of the state, the control, and time. The limit problem is derived in this
case also.

Key words, optimal control, minimax problem, averaging of fast variables, viscosity solutions,
perturbed test functions

AMS subject classifications. 49C20, 49L25, 35B05

Introduction. An important problem in optimal control theory is the modeling
of systems that have at least one component that oscillates rapidly. For example,
flight systems subject to weather and other disturbances are of this type. The problem
considered in this paper is the determination of the limit problem as the oscillations
occur infinitely fast. The limit problem is then used as a macroscopic approximation
to the rapidly vibrating system. In the first section the classical problem of Lagrange
with a fast time variable, say (t, t/,x, z), is studied. For simplicity we will assume
that the dynamics are 1-periodic in the fast variable although this is not necessary--
assuming an average exists in the fast variable is enough. The class of controls is, as
usual, the class of Lebesgue measureable functions. This problem was first studied by
Chaplais [11] (see also eeng [15]) but by completely different methods and with more
stringent assumptions in some cases. Chaplais proved that the optimal control limit
problem involves the averaged dynamics f (t, s, x, z(t, s)) ds. The important point
discovered by Chaplais is that the control z must also involve the fast variable, and an
example is given proving that this is indeed necessary. In the dynamic programming
approach we take in this paper it becomes very clear why the control must depend
on s.

When we are considering problems with fast variables, we must also consider very
carefully the class of control functions. The result of Chaplais requires measureable
control functions that have the property that they can switch quickly enough (in-
stantaneously) to keep up with the fast variables. It is known, however, that real
controls are rarely, if ever, capable of instantaneous changes. Real controls are, in the
terminology of Berkovitz, inertial. Consequently, practical controls must be chosen
out of the class of Lipschitz-continuous functions. The problem arises as to whether

*Received by the editors March 25, 1991; accepted for publication (in revised form) May 14,
1992. This research was partially supported by Air Force Office of Scientific Research grant AFOSR-
86-0202 and National Science Foundation grant DMS- 9102967.

Department of Mathematical Sciences, Loyola University of Chicago, Chicago, Illinois, 60626.
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Lipschitz controls can keep up with the fast variables and thus achieve the same value
for the limit problem with measureable controls. The answer given in 1.1 is negative.
The limit problem with Lipschitz controls involves the averaged dynamics of the form

f0 (t, s, x, z) ds, where the z control does not depend on s.

In 1 we rederive the result of Chaplais (actually only one of his results) using
the very powerful and simple perturbed test function method of Evans [13]. This
method is intimately connected with another very powerful idea--the idea of viscosity
solutions for fully nonlinear partial differential equations [12]. Chaplais also uses
viscosity solution theory to prove convergence of the value functions but he resorts to
second-order approximations, which are not, in fact, necessary.

The perturbed test function method of Evans is connected with the older known
x)+..- Thismethod of expansion in , i.e., looking at Y(t,x) Y(t,x) + Yl(,

looks at perturbing the solution, which is usually not smooth enough. Evans instead
looks at perturbing the (smooth) test function in the definition of viscosity solution
in an appropriate way. Then we can apply the usual tricks associated with the older
method. Therein lies the utility of the method. His method is very succesfully applied
in [13] for second-order problems. However, for first-order problems, the equation for
the perturbation does not generally have a smooth enough solution to generate a test
function that can be used in the viscosity definition. This is, in fact, the case for
homogenization (see 1.3), but is not true for a fast time variable. In that case, a
smooth perturbation can be constructed (see (1.13)).

In 2 we study the optimal control problem in which the cost is of the form
P() suPt<.<Th(7",(T),(T)). When the controls are chosen to minimize the
cost, this is called the minimax problem.

The minimax control problem was first considered from the dynamic program-
ming point of view in [6]. (It later came to our attention that Aronsson in [1] had
considered the minimax calculus of variations problem from the point of view of the
Euler equation). After seeing [1] and [6], the reader will understand why this criterion
is not widely used, even though it is usually more realistic than an integral running
cost. In fact, for some problems the minimax cost is the only realistic formulation. A
recent example of this appears in [10], in which the problem of landing an aircraft in
the presence of windshear is studied. For minimax problems, the necessary conditions
are much more difficult to solve in virtually all cases. Also, the Bellman equation
requires a minimization over a set that involves the solution function (see (2.1) and
(2.5)). Nevertheless, the results for this problem are not beyond the scope of numerical
methods.

The question we pose in 2 is the determination of the limit of the rapidly oscil-
lating minimax optimal control problem. The limit problem is discovered using the
usual Lp approximations to the L norm. Evans’ technique is then used to actually
prove the convergence and is presented in Theorem 2.2. The cost function h in this
problem is not allowed to depend on the fast variable because it is not clear that such
dependence leads to convergence. In fact, looking at the Bellman equation as a non-
linear variational inequality (see (2.1a)), the lower obstacle for the -value function,
assuming fast variable dependence, is given by (t, t/, x) =_ minzz h(t, t/, x, z).
The function does converge in some sense, for example, weakly to the average, or
epi-convergence [2] to an infimum, or hypo-convergence to a supremum. None of these
seems to be strong enough to give convergence of the value functions. This is an open
problem.
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When oscillations occur in the spatial parameters of a system the limit equations
are known as the homogenized version (see Bensoussan, Lions, and Papanicolaou [9]
for the basic results concerning homogenization). Lions, Papanicalaou, and Varadhan
in [14] study the asymptotic problems for first-order Hamilton-Jacobi equations of
the form H(x, x/, u, Du) O. This problem is much more difficult than the problem
considered in this paper. While a limit problem is proved to exist, the characterization
of the limit Hamiltonian is known only in special cases. To show where the difficulties
with the perturbed test function method arise, we will consider in 1.2 a simple one-
dimensional control problem. This example also establishes that the controls for the
homogenized problem must depend on the fast spatial parameter, just as they depend
on the fast time parameter for the problems in this paper.

1. The Lagrange optimal control problem. In this section we formulate
precisely the standard free endpoint problem of Lagrange in optimal control. The
dynamics are

(1.1) dTd f(T, ,T (T), (’)) if t < T _< T,

(1.2) (t) x e Rn.

The control functions 4 are chosen from the class of functions

Z[t, T] {" It, T]--, Z (.)is Lebesgue measureable},
where Z is a compact subset of some Rp, p >_ 1. The objective will be to minimize on

Z[t, T] the following payoff:

.T
P,x () g((T)) + h(r, r, (r), ((r)) dr.

We define the value function Ve "[0, T] R -- R as follows:

V(t,x) inf Pt,x ().
EZ[t,T]

The following assumptions regarding the given functions f, g, and h will be used
throughout this paper.

(A). For f, h, : [0, T] R Rn Z -- R is uniformly continuous in
all arguments. (., s,., .) is periodic with period 1. There is a generic constant K > 0
such that

If(t,s,x,z)l <_ g(1 + Ixl), Ih(t,s,x,z)l <_ K,

for (t,s,x,z) E [0, T] R Rn Z and

I (t, s, x, z) x,, z)l < K (Ix x’l + It
Further, Ig(x)l <_ K(1 + Ixl), and. g is also uniformly Lipschitz continuous.

Assumption (A) is sufficient to guarantee that for each control E Z[t, T] there
will be a unique trajectory (.) on the interval It, T] with (t) x. The hypotheses
can be weakened to allow h to have quadratic growth in x for the Lagrange problem.

To simplify notation, let denote the set (0, T) Rn.
For the convenience of the reader we recall the precise definition of viscosity

solution. In general, both the solution and the Hamiltonian may be discontinuous.
The notation is that for any function f, f* is the upper semicontinuous envelope
and f, is the lower semicontinuous envelope: f*(x) limsupy_, f(y), and f,(x)
lim infy-,x f(y).
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DEFINITION 1.1. A function u" 12 - R is a viscosity solution of

(1.4) ut + F(t, x, u, Dxu) 0

if the following two conditions are satisfied:
(1) u is a viscosity subsolution, i.e., for any function E Cl(gt) for which u*-

achieves a maximum at the point (to, x0) E we have that

(1.5) t(to,xo) + F*(to,xo,u*(to, xo),Dx(to, xo)) >_ 0 at (to,xo).

(2) u is a viscosity supersolution, i.e., for any function Cl(t) for which
u, - achieves a minimum at the point (to,xo) gt we have that

(1.6) t(to, xo) + F,(to, xo, u,(to, xo),Dx(to, xo)) <_ 0 at (to,xo).

As was established in [12], we may always arrange to have unique strict extrema
and 0 < to < T. Furthermore, it is not necessary to have C. In fact, differen-
tiablity of at the point of contact with u* or u. is sufficient.

If the Hamiltonian F(t, x, r, p) is continuous in all variables and concave in p then
it was established in [8] that a continuous function u is a viscosity solution of (1.4) if
and only if the condition "u achieves a minimum at (to, x0)" implies that

(1.6a) t(to, xo) + F(to,xo, u(to, xo),Dx(to, xo)) 0 at (to, xo).

That is, the fact that u is a supersolution in this stronger sense is sufficient.
In several places we will use a lemma of Barles and Perthame [3], which we will

reproduce here for the convenience of the reader. It will be stated only for subsolutions
but is also true for supersolutions, suitably modified.

LEMMA A.3 (see [3]). Let u(t,x) limsuP(n,,y)_.(,t,x un(a,y), where, for all
n, un is a subsolution of ut + Fn(t, x, u, Du) O. Assume that u and u are locally
bounded. Let C() and (t0, x0) the unique maximum ofu- in Be(to, xo) for
some > O. For each n, let (tn, Xn) e Be(to, xo) be a maximum of Un- . Then
(tn, Xn) (to, Xo) and u,(t,,Xn) -- u(to, xo) as n -- oc.

As pointed out by the reviewer, certain modifications of the test function in
Lemma A.3 may be necessary so as to keep (tn, Xn) B(to, xo). The details are to
be found in [3].

The next lemma gives the dynamic programming result for the fast problem.
LEMMA 1.2. The value function V is the unique continuous viscosity solution of

the problem

(1.7)
OV
Ot + min

with terminal condition

(1.8) Ve (T, x) g(x) on R.
Further, there exists a Lipschitz continuous function W" -- R such that (at least)
on a subsequence of {e} we have

(1.9) lim Ve(t,x) W(t,x).
--*0
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Define the Hamiltonian H’[0, T] R Rn Rn - R by

(1.10) H(t, s, x, p) mi_n{p f(t, s, x, z) + h(t, s, x, z)}.
z6Z

Proof. The fact that Ve is the unique continuous viscosity solution of the Bellman
equation (1.7) is well known (e.g., [7]). Now we secure a convergent subsequence by
showing that Ve is uniformly Lipschitz continuous. Since this is rather standard we
will only sketch the proof, needing to make sure that the estimates are uniform in e.

Let x, x’ E Rn and fix 0 _< t < T and E Z[t,T]. Denote the solution of (1.1)
with initial condition x or x’ by x and x,. Then, using condition (A),

Klx(s ,(s)l ds.

Gronwall’s inequality then gives

sup Ix(T) x,(T)]

_
KIx x’ I.

t<<T

This immediately gives uniform Lipschitz continuity of V in x, and since g is uniformly
Lipschitz, this is true on [0, T].

Let 0

_
tl < t2

_
T and fix x Rn and Z[0, T]. Denote the solution of (1.1)

with initial condition i(ti) x, 1, 2. Then, since f is uniformly Lipschitz in x, we
easily see that I1(t2) x <_ g(t2 tl), with g independent of . Then

(T)  2(T)l (t2) X[ + KI I (s) 2(s)l ds

K(t2 tl + K[ I (8)  2(8)1 d8.

Another application of Gronwall’s inequality yields the result that the trajectories
cannot separate by more than K(t2- tl) on [t2,T]. Consequently, this is true on

[tl,T]. Using now the boundedness and Lipschitz continuity of h and g, Lipschitz
continuity of Ve in t, uniformly in e is immediate.

We see that IIYll and IIDVII
_
g in the uniform norm, uniformly in s. There-

fore, a subsequence converges uniformly to a Lipschitz function W.
Remarks. 1. Chaplais obtains a convergent subsequence in the following way. Let

V denote the (classical) solution of

Ot + aAV + H t, -, x,DV =0, (t,x) ,
with V(T,x) g(x). It is not hard to show that V and its first derivatives are
uniformly bounded in an appropriate norm. Since V satisfies the property that

we see that {Ve}e has a convergent subsequence, to W say, and W is a continuous
function. See Chaplais [11, p. 777] for complete details.
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2. Observe that in (1.10) any minimizer in Z will depend on t, x, p, and s E [0, 1].
Consequently, it is clear that there must be s dependence of the controls for the limit
problem.

Thus is secured a convergent sequence to a nice function W. To describe the
equation satisfied by W, introduce the averaged dynamics

(1.11a)

(1.11b)

f (t, x, z(.)) f(t, s, x, z(s)) ds,

h(t, z, z(.)) h(t, s, , z(s))

where

z(.) e ,4 {z "[0, 1]-- Z Iz is Lebesgue measureable}.

Define the averaged Hamiltonian

(1.1:2) H(t,x,p) min {p. f(t,x z(.)) + h(t,x,z(.))}.
z(.)A

The first goal of this section is to provide a new proof of the following result of
Chaplais [11] by using the perturbed test function method of Evans [13].

THEOREM 1.3. The function W is the unique continuous viscosity solution of

OW
(HJB) + z(.)eAmin{DxW. f(t, x,z(.)) + h(t,x, z(.))} 0, (t,x) e [0, T) Rn,

with W(T,x) g(x).
Remark. Chaplais proves the interesting and useful result that if the limit problem

has an optimal control, say (t, s), then (t, t/e) is near optimal for the s-oscillation
problem.

Proof. This can be done by simply showing (1.6a), but we will go through both
(1.5) and (1.6). First, we need the lemma.

LEMMA 1.3a. For (t, x,p) [0, T] Rn Rn, we have that

H(t,s,x,p) ds H(t,x,p).

Proof. Fix (t, x, p). By Fillipov’s lemma, since Z is compact, there exists a mea-
sureable function ’[0, 1] -- Z such that

H(t, s, x, p) p. f(t, s, x, (s)) + h(t, s, x, (s)).

Integrating both sides we get

H(t,x,s,p) ds p. f(t,s,x,(s)) + h(t,s,x,(s)) ds

> min {p. f(t,x,z(.))+ h(t,x,z(.))} H(t,x,p).
z(.)A
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On the other hand, for fixed (t, x, p), for any 5 > 0 there exists z E 4 such that

H(t,x,p) > p. f(t,x,z(.)) + h(t,x,z(.))

p. f(t, s, x, z(s)) + h(t, s, x, ze(s)) ds

>_ H(t,s,x,p) ds 5.

Now, suppose that W has a strict maximum at a point (to, x0) E t, where
C2(). Consider the function 7" R1 R1 given as the 1-periodic solution of

(1.13)

---’ -(to, xo, Do(to, xo)) H(to, s, xo, D,(to, xo))
ds

min {D,(to, xo). f(to, xo, z(.)) + h(to, xo, z(.))}
z(.)eA

zmei{D(t0, xo)" f(t0, s, xo, z) + h(to, s, xo, z)}

if 0 _< s _< 1. A periodic solution is guaranteed to exist because of Lemma 1.3a. Note
that the right-hand side of (1.14) is continuous in s e [0, 1] and, since f and h are
periodic in s, /’(0)= ?’(1). Therefore, 7 e CI(R1).

Since Ve --+ W uniformly, there exists a sequence (te,xe) such that Ve(t,x)-
((t,x) + e/(t/)) achieves a maximum at (te,xe) and (te,xe) (to, xo) as --* O.

Since Ve is a viscosity solution of (1.7), we apply the definition for subsolution
to get that

(1.14) t (te, xe)-
dg’() / te )-H t --,x,D(t,x) >0

dt

with H given in (1.10). Using the definition (1.13) for 7 evaluated at s te/s, we
obtain from (1.14) and the continuity of H,

O < t (te, xe)_
df() ( te )-H t,--,x,D(t,x)

dt

vt (t, x) + H(t0, x0, Dp(t0, x0))-

)H to,-,xo, Dz(to, xo) + H te,--,xs, D(te, xe)

<_t(to, xo) + H(to, xo, D(to, xo)) + oe(1)

as s -- 0, since (te, xe) -- (to, x0) and is smooth. We conclude that

(1.15) t(to, xo) + min {D(to, xo) .-](to, xo, z(.)) +-(to, xo, z(.))} > 0
z(.)A

and so W is a subsolution of (HJB).
Next we prove in a similar way that W is a supersolution.
Suppose that W- has a strict minimum at (to, xo). Let 7 R R be

the 1-periodic solution of (1.13). Y ((t,x) + 7(t/)) achieves a minimum at
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(te, x) --+ (to,xo), and since V is a supersolution of (1.7) we have from (1.13) with
8

O > (ft (te xe - dg/( I te )-H te,--,xe,D(te, xe)
dt

(ft (t, x) + H(to, xo, Dx(f(to, xo))-

)g to,--,xo, Dx(f(to, xo) +H

>_(ft(to, xo) + H(to, xo,D(f(to,xo)) -o(1)

as -o 0. Consequently,

(1.16) min {D(f(to, xo) f(to, xo, z(.)) + h(to,xo, z(.))} <_ O.(ft(tO, xo) 4-

This says that W is a supersolution of (HJB) as well.
Since Ve(T,x) g(x) for all e > 0, W(T,x) g(x), x E Rn. Combining this

with (1.15) and (1.16) we have established the theorem. []

Remarks. As a general remark, the critical property of the perturbed test function
/is that it is bounded, smooth, and periodic.

Another proof of Lemma 1.3a using control theory is the following. Consider
the optimal control problem: Minimize over controls z(.) E .4 the cost functional

p. f f(t,r,x,z(r)) 4-h(t,r,x,z(r)) dr, where t [O,T),p,x Rn are fixed. Let
y [0, 1] and define the value function

(1.17) U(y) min p.
f
/

z(.)A
f(t, r, x, z(r)) + h(t, r, x, z(r)) dr.

Then U is the unique viscosity solution of

dU
(1.18)

dy + mi_n{p.ze f(t,y,x,z) + h(t, y, x, z) } 0, U(1) 0.

However, the (C1(0, 1)) solution of this ordinary differential equation is obviously

f: minzez{p, f(t,r,x,z) + h(t,r,x,z)} dr. Uniqueness then says that

min p. f(t,r,x z(r))+h(t r,x,z(r)) dr- min_{p.f(t,r,x z)+h(t,r,x,z)} dr,
z(.)A zz

for all y [0, 1].
Finally, it is straightforward to verify that the simple integral problem in (1.17)

always has an optimal control and it can be found in feedback form from (1.18).
Consequently, the averaged Hamiltonian H is always well defined, i.e., the minimum
is attained.

The following corollary is a consequence of the fact that W is the unique viscosity
solution of (HJB) and the fact that the value function for the optimal control problem
(1.19)-(1.20) also is a viscosity solution of (HJB).



1638 E.N. BARRON

COROLLARY 1.4. The function W in Theorem 1.3 is the value function for the
optimal control problem with dynamics

(1.19) d fod--- f(T, S, (T), (T, S)) ds, t < T <_ T, (t) x e Rn,

and cost

(1.20) Pt,x() g((T))+ h(r,s,(r),(r,s)) ds dr,

where (T, .) e Z[t, T], (., s) e ,4. We have

W(t,x)- inf Pt,x((.,.)).
(.,.)

Consequently, we have established that the limit of the fast optimal control prob-
lem is the control problem associated with (1.19), (1.20) by using the uniqueness of
viscosity solutions. This avoids the technical complexities of a direct proof.

Remark. The result of this section can be extended to differential games. For
example, the fast upper value function V+ (assuming that h 0) is the viscosity
solution of the Isaacs equation

Ot t-minmax DV+f(t
t

zeZ yeY e’ x, y, z) O.

Using the perturbed test function

d minmax (x(t,x,y(.) z(.))) minmax(f(t,s,x,y,z))
d8 z(.) y(.) zEz yEY

we prove that V+ --* W and W satisfies

Wt + minmax (W](t,x,y(.),z(.))) O.
z(.) y(.)

A similar statement holds for the lower value. In the differential game case, both
players z, the minimizer, and y, the maximizer, must depend on the fast variable, in
general.

Remark. If we are concerned with the stochastic optimal control problem

d-d f(T,-,T (T), (T))dT + a(T, -’T (T), (T)) dW(T), (t) X e R1,

V(t,x) inf E,x[g((T))],

where w(.) is Brownian motion, under suitable assumptions on f, g, a, it is not
difficult to show that V --. W on a subsequence, and W is Lipschitz continuous.
Then, by the same method of proof of theorem 1.3 using the perturbation , which
solves

/omin a(to,r, xo, z(r))o(to,o) dr + f(to,r, zo, z(r))(to, zo) dr
ds (.

min/l(to s,o z)(to zo)+ f(to, s zo z)(to

OsN1,
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with - 1- periodic, it is easily proved that W solves, in the viscosity sense,

Wt + min [ 1(.) f01 f01 ]-W(t,x) a(t,s,x,z(s)) ds + W(t,x) f(t,s,x,z(s)) ds O,

and W(T,x) g(x). This is also true in R. Note that a2 is the averaged diffusion,
not a. Also note that the perturbation 3’ is continuously differentiable and that this
is sufficient for a test function against W in time.

1.1 What happens if we use Lipschitz Controls?. In virtually any real
problem, measureable controls cannot actually be implemented since most systems are
inertial. That is, instantaneous changes in the control and the state are impossible.
In effect, this says that practical problems involve the use of Lipschitz-continuous
controls, not measureable controls. If that is the case, then it is intuitive that the
Lipschitz control cannot keep up with rapidly oscillating dynamics. The question
then arises as to exactly what can be achieved. The answer is contained in Theorem
1.5.1

For simplicity, assume that the control set Z [0, liP and extend the dynamics
f and h so that they are 1-periodic in the z variable. We need to do something like
this because of the following.

When the control " [0, T] --, Z is Lipschitz, say with Lipschitz constant L > 0,
we can consider the derivative of to be the real control. Thus we have the dynamics

d T

d-- f(T, , (T), (T)),

d (T) if t < T < T,
dT

(t) x e Rn, (t) z e Z.

The control functions/ are chosen from the class of functions

BL[t,T] {" [t,T]--. [-i,i]p I(’)is Lebesgue measureable}.

First, note that we must impose an initial condition on . When the controls are
merely measurable, this is irrelevant because the control can instantaneously jump to
any desired point. However, when they are Lipschitz this is impossible. On the other
hand, when the Lipschitz constant becomes arbitrarily.large, it seems reasonable, and
is indeed true, that the dependence on the initial condition z Z goes away.

Second, in this formulation of the Lipschitz control problem, becomes a state
variable. This is, therefore, a state constrained problem due to the fact that we require

Z[t, T]. By making the dynamics periodic in z, however, we can remove the state
constraint because the action of any control that leaves Z can be obtained via a
control that does not exit via reflection at the boundaries of Z [0, liP. In this way,
if we start in Z we will stay in Z.

Even though periodic extension may destroy continuity of the dynamics, this
does not cause a problem. On the other hand, if we do not extend the dynamics, we
would need to impose conditions on the value function at the boundary of Z. These
conditions are, of course, unknown in general.

Complete details and further results regarding the Lipschitz control problem can
be found in [4], [5], [7].

Now we turn to our interest in Lipschitz controls in the context of this paper.

1This is the outcome of a fruitful conversation with Bob Jensen.
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THEOREM 1.5. For each L > O, > O, let Ve,L Ye,L [0, T] x Rn Z -- Rbe the value function for the optimal control problem (1.1)-(1.4) when the controls
must be chosen from

zL[t,T] { e Z[t,T] I((T -((T’)I _< Lit- t’l, VT, T’ e [t,T], ((t) z}.

Then
(1) lim-olimL__. Ye,n(t,x,z) W(t,x) where W is the solution of (HJB).
(2) limL_ lime-.o Ve,L(t,x,z) V(t,x) where V is the value function for the

optimal control problem with dynamics

and cost

f(T, S, (T), (T)) ds, t < T <_ T, (t) x e R",

Pt,x() g((T)) + h(r, s, (r), (r)) dr, e Z[t, T].

U is the viscosity solution of

]o fo(HJB*) Ut + min{DxU, f(t, s x, z) ds + h(t, s, x, z) ds} 0
zEZ

and U(T, x) g(x).
Note that the controls in the limit problem yielding U do not depend on the fast

variable s.

Proof. A special case of [7, Thm. 4.1] says that for each fixed L > 0, > 0, V,L
is the unique continuous viscosity solution of

(1.21)
t t
-, x, z) + h(t, -, x, z) LIDzVe,L[ 0, (t, x) e gt z e ZE’L + D=V,i. f(t,

x, z) 9(x).

Now, to prove (1) we use the fact ([7]) that for fixed , L , U,i (t, x, z)
Ve(t, x), where V is the unique’viscosity solution of (1.7) and is the same as the value
function of Lemma 1.2. Then, as 0, Ve W, according to Theorem 1.3. Thus (1)
is proved. This says that if we first let the Lipschitz constant be arbitrarily large then
the controls can keep up with the oscillations. This is the measureable control case.
This will be in sharp distinction to part (2) in which we first take the fast oscillations
for a fixed Lipschitz constant and then let the Lipschitz constant become arbitrarily
large.

To prove (2), write (1.21)

,L+min{DxV,L.f(t,t_ ) ( t)_ }L ,X,Z + h t, ,x,z + aDzV,L =0.

Fix L > 0 and let s 0. Using Theorem 1.3, we obtain V,L(t, x, z) UL(t, x, z),
where UL satisfies

U + min {DU I(t s, z z) ds + h(t, , , 1 + ( o.
I(.)



LAGRANGE AND MINIMAX PROBLEMS OF OPTIMAL CONTROL 1641

The min is taken, over functions [a(.)l <_ L. However, this is the same as

UtL + DxUL f(t, s, x, z) ds + h(t, s, x, z) ds LIDzULI O.

Now let n - oc. Using again [7, Thm. 4.2], we get UL(t,x,z) --. U(t,x), where U
is the unique viscosity solution of (HJB*). Since the value function in the statement
of (2) is known to be the viscosity solution of this equation, U must be the value
function. This completes the proof. [:]

COROLLARY 1.6. W(t, x) <_ U(t, x) on [0, T] Rn.
Proof. The corollary follows immediately from the fact that

min p. f(t,s,z,z(s)) ds + h(t s,x,z(s)) ds
z(.)A

zZ

Remark. The result is that in practical problems we should not expect to achieve
the averaged value W. The best we should expect is the value U.

1.2. A Homogenized problem in one dimension. In this section we will dis-
cuss the homogenized problem for a fast variable in the state, not in time. Specifically,
the fast control problem is

d (T), (T)) if t < T < T,d-- f(T, ,
(t) x R1.

We will assume that (A) holds and that the real valued function f(., y,., .) is uniformly
Lipschitz and 1-periodic. Also assume that minzez f(t, y,x, z) >_ a > 0. The control
functions for the fast problem are chosen from the class Z[t, T]. For simplicity, the
objective will be to minimize on Z[t, T] the Mayer payoff Pt,x () g((T)). The fast
value function is Y(t,x) infz[t,T] Pt,x

We will see that the perturbed test function method does not seem to work here
because of a lack of smooth solutions to an equation for the perturbation. Instead we
will apply the result of [14].

PROPOSITION 1.7. V converges uniformly on f to a function W that is bounded
and uniformly continuous and which is the unique viscosity solution of

(/0 1 )_10---- -- min W 0
z(.)eA f(t, y, x, z(y))

dy

for (t, x) e , and W(T, x) g(x).
Proof. Lions, Papanicolaou, and Varadhan [14] prove that V converges uniformly

to a bounded, continuous function W that is the viscosity solution of

OW
0-- - H(t, x, W:) O,

where H, the so-called effective Hamiltonian, is given via the solution of a cell problem

min{(p + 7’(y)). f(t y,x,z)}
zZ
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for a function 7 E WI,(R1) which is 1-periodic. The pair (A, 7) with A-- H(t,x,p),
is unique. The problem is to compute A.

We claim that

(/0 1 )H(t,x,p)- min p.
z(.)eA f(t, y, x, z(y))

dy
-1

To verify this, let ( E 4 be arbitrary. Then

<- (P+7’(Y))" f(t, y, x, (y)), for a.e. y e [0,1],

so that All-p <_ 7. Integrating both sides on y from 0 to 1, we get

1

f(t,y,x,(y))
dy p <_ 7(1) 7(0) O.

Consequently,

A< min p. (j01 1 )-1-z(.)eA f(t,y,x,z(y))
dy

For the opposite inequality, let .4 satisfy almost everywhere (note that also
depends on (t, x, p))

min{(p + 7’(y))- f(t,y,x z)} (P+7’(Y))" f(t,y,x (y)) .
zEZ

So, //f-p 7’, which, by integration on y, periodicity of 7, and rearrangement,
yields

(fO 1 )P" f(t, y, x, (y))
dy - (oo 1 )-> min p-

z(.)EA f(t, y, x, z(y))
dy

and we are done.
The terminology in the proof seems to be due to Bensoussan, Lions, and Pa-

panicolaou [9]. The uncontrolled analogue of this problem appears in [9, p. 8]. Note
that the limit problem involves controls that depend on y. The limit optimal control
problem has the dynamics

d (j01 1 )d- f(T, y, (T), (T, y))
dy

-1

where the controls are (t, x).
The difficulty in using the perturbed test function method to prove convergence

for this problem is the fact that the cell problem, while it has a Lipschitz-continuous
viscosity solution, does not necessarily have a smooth classical solution.

The proposition does not seem to extend to higher dimensions.

2. The minimax problem. In this section we study the limiting behavior of
the optimal control problem with dynamics (1.1), (1.2) but with cost functional given
by

Pi,(() IIh(r, (r), ((r))l[L[t,T].
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The assumptions on f and h are the same as in 1, but note that here we assume that
h is independent of the fast variable. The value function is defined as

Ve(t,x)= inf Px().
EZ[t,T]

Define the point to set map

z(t, {z z z) <

and the Hamiltonian

H(t,s,x,r,p) min{p, f(t,s,x,z) z e Z(t,x,r)},

If Z(t,x, r) is empty, H is defined as
The next lemma is the main result from [6] and gives the Bellman equation for

the fast minimax problem.
LEMMA 2.1. The value function V is the unique continuous viscosity solution of

the problem

(2 1)
OV t
Ot + H(t, -’e x, V, DxV) 0 on t.

V satisfies the terminal condition

(2.2) Ve(T,x) minh(T,x,z) on Rn.
zEZ

Remarks. We will also have need of the following results from [6]. It was estab-
lished in [6, Prop. 4.1] that (2.1) is equivalent to the following nonlinear variational
inequality on t

(2.1a) max -ff + H t, -, x, V, DV minzezh(t,x,z)-V(t,x) =0.

Equation (2.1) is an implicit obstacle problem that is made explicit in (2.1a), especially
when h is independent of z. It is usually better to work with (2.1a) rather than (2.1)
since (2.1a) explicitly shows that when we are dealing with supersolutions the set
Z(t, x, r) is not empty.

According to [6,Lemma 2.4], if r <_ r’ H(t, s, x, r, p) >_ H(t, s, x, r’, p). If r < r’
there exists 0 > 0 depending only on r and r’ such that

(2.3a) H(T, s, , r, p) >_ H(t, s, x, r’, p) for any (T, ) e Bo(t, x).

Proposition 2.5 of [6] establishes that

(2.3b) H*(t,s,x,r,p) H(t,s,x,r O,p), H.(t,s,x,r,p) H(t,s,x,r +O,p).

Consequently, H(t, s, x, r-O, p) is upper semicontinuous and H(t, s, x, r +0, p) is lower
semicontinuous in all variables. But, for fixed (t, x, r, p), H is continuous in s.

Finally, it was shown that the essential supremum in time of h can be replaced
by the supremum in the definition of Ve. We will do so in referring to the norm in
Lcx).
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Now we proceed formally to determine the limit problem in this case. We use Lp

approximations to the L norm. Indeed, for fixed > 0, p >_ 1 let

V(t,x) if I[h(r,(r), (r))llLp[t,T].

Then, according to [6,Lemma 1.1], Vf is the unique continuous viscosity solution of
Y(T,x) minzez h(T,x,z) and

OV
Ot--+min DxV. f t,-,x,z -t- (h(t,x z))pV(t,x)l-p --0.

zZ E

For p _> 1 fixed, we let 0 and use Theorem 1.3 to obtain that Vp lime-,0 Vp
satisfies

OV
Ot { /omin DxV. f(t,x,z(.)) + Y(t,x)-p (h(t,x,z(s)))p ds O.

Reasoning as in [6], by looking at the term V1-p f hpds, if a limit as p - oc is going
to exist, it must be the case that the controls z(.) E jt must be chosen so that, for all
large p

/oVp(t, x)p >_ (h(t, x, z(s)))p ds

and so

which implies that

(/0 )Vp(t,x) ;> (h(t,x,z(s)))P ds

V(t, x) lim Vp(t, x) > sup h(t, x, z(s)).
p-,c 0<s<l

Consequently, we see that the controls in the minimum must be chosen out of ,4 but
that also satisfy

V(t,x) >_ sup h(t,x,z(s)).
O<s<l

This argument can be made rigorous to yield that

lim lim Vf (t x) =__ W(t, x)
p--*x) e--*0

and W satisfies, in the viscosity sense, the equation

max{Wt + min{DW, f(t,x,z(.));z(.) e A, sup h(t,x,z(s)) < W(t,x)},
O<s<l

min sup h(t,x,z(s)) W(t,x)} O,
z(.)Ao<s<

and the terminal condition W(T,x) min(.)eA sup0<s< h(T, x, z(s)). In fact, this is
even true when h h(t, s,x, z), i.e., there is dependence on the fast variable. Unfor-
tunately, it is certainly not clear that the iterated limit can be reversed (it probably
cannot). Furthermore, the LP approximations are monotone nondecreasing, actually
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this is true of (T- t)-pVp, so that we are in fact getting a form of variational conver-
gence ([2, Thm. 2.40]). (As an aside, for any periodic function f, f(y/v) epi-converges
to infu f(y) and hypo-converges to supu f(y).) We can see that the terminal condition
Ve(T,x) -minzez h(T,T/v,x,z) would cause a great deal of difficulty when there is
fast variable dependence. In fact, whenever Ve hits the obstacle minzez h(t, t/v, x, z)
it is not clear that there will be convergence in a strong enough sense. However, with-
out s dependence for h, (2.4) is the correct limit equation. We will prove this fact
directly using Evans’ method. The case when h depends on the fast variable will be
left open.

We are grateful to a reviewer for spotting a subtle, and seemingly minor error in
an earlier version of this paper in which we included fast dependence for h. This point
led to our realization that dependence of the obstacle on the fast variable is probably
not allowed. At least we do not see how to do it.

Now we turn to the main theorem of this section.
THEOREM 2.2. There exists a qontinuous function W [0, T] Rn -- R such

that(at least) on a subsequence of {v} we have

lim Vs(t,x) W(t,x).
---0

The function W is the minimax value function for the optimal control problem with
dynamics

d ))’ t < _< T,

and cost functional

Pt,((’, ")) =- sup sup h(T, (T), if(T, S)).
t<T<T 0<s<l

where the controls (" [t,T] x [0,1]-- Z satisfy (T,.) e Z[t,T], and ((.,s) e jr.

Furthermore, W is the unique continuous viscosity solution of

OW
(2.5) 0--- + H(t, x, W, DW) O, (t, x) e [0, T) x Rn,

where

H(t,x,r,p) min{p, f(t,x,z(.)) z(.) e A(t,x,r)},

jt(t,x,r) =_ {z [O, 1] Z sup h(t,x,z(s)) <_ r}
O<s<l

H is defined as +oc if4 is empty. Finally, W satisfies the terminal condition

W(T, x) min h(T, x, z).
zZ

Remarks. 1. It is important to distinguish the notation from 1 that A {z
[0,1] - Z Iz is Lebesgue measureable} while in the minimax case jt(t,x,r) =_ {z:
[0, 1] --, Z supo<s<l h(t, x, z(s)) < r}.

2. Using the same proofs as in [6] it is established that

-* (t, x, r, p) -(t, x, r O, p), H,(t,x,r,p) H(t,x,r +O,p)
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Also, (2.5) is equivalent to

(2.5a) max{
OW-- + H(t,x, W, nxw), minh(tzez x,z) W(t,x)} =0.

n

3. Let us dispense with a small technicality. Note that for each fixed t E [0, T], x E

min sup h(t, x, z(s)) min h(t, x, z).
z(.)A 0<s<l zZ

Indeed, by taking z(s) =_ z, 0 <_ s <_ 1, where z Z is arbitrary,

min sup h(t, x, z(s)) <_ min h(t, x, z).
z(.)EA 0<s<l zEZ

On the other hand, for any 5 > 0 there is a function such that

min sup h(t, x, z(s)) >_ h(t, x, (, t, x)) 5
z(.)eA 0<s<l

>_ min h(t, x, z) 5.
zZ

VO<s<l

The claim is proved.
4. It is clear that Jto (t, x, r) is nonempty if and only if Z(t,x,r) is nonempty.
Proof of Theorem 2.2. Set

Wu(t,x)= lim sup Ve(s,y)
(,,)---,(o,t,)

and
Wd(t, x) lim inf Ve (s, y).

(,8,y)-(0,t,x)

Wu is upper semicontinuous and Wd is lower semicontinuous.
We begin by showing that W is a subsolution of (2.5a). As usual, let W

achieve a strict maximum at (to, x0) gt, with a smooth function. If

(2.6) min h(to, xo, z) >_ W(to, xo)
zZ

then obviously,

max - + H(to, xo, W(to, xo) O, Do(to, xo)), minzez h(to, xo, z) W(to, xo) _> 0.

Consequently, W is a subsolution of (2.5a) immediately. We may therefore assume
that

(2.7) min h(to, x0, z) < W(to, xo).
zZ

This implies that 4(to, xo, W(to, xo) 0) is not empty.
Define /" R - R as the solution of the ordinary differential equation

d/(s) -(to, xo, W(to, x0)-0, Do(to, xo))-H(to, s, xo, W(to, xo)-O, D(to, xo))
ds

if 0 _< s < 1, with /1-periodic. To guarantee that a periodic solution of this problem
exists we need the following lemma.
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LEMMA 2.2a. For any fixed (t, x, r, p)

(2.8) fo H(t,s,x,r,p) ds H(t,x,r,p).

Proof. Since jt(t,x, r) and Z(t,x, r) are either both nonempty or both empty,
we may as well assume that both are nonempty and therefore that both Hamiltonians
are finite. For fixed (t,x, r,p), since Z(t,x, r) is compact, we have the existence of a
measureable function (s) =_ (t, s,x,p) that satisfies E jt(t,x, r) such that

min
zZ(t,x,r)

p. f(t, s,x,z) ds p. f(t, s,x, 4(s)) ds

/o>_ min p. f(t s,x,z(s)) ds.
(.).a (t,,)

The other side follows from the existence for each 6 > 0 of a function E jt(t, x, r)
such that

min P" fl
(.)et (t,,)

f(t, s, x, z(s)) ds > p. f(t, s, x, 4(s)) ds 6

/o> min p.f(t,s x,z) ds-5.
zZ(t,x,r)

So (2.8) is proved.
Returning to the proof of the theorem, we have that 9’ is a periodic function that

is continuously differentiable. The derivative of 9’ is continuous because the constraint
set in

H(to, s, xo, W(to, xo)-O, Dxga(t0, x0)) min D:c99(t0, xo).f(to, s, xo, z)
zez(to ,:co,W (to ,:co -o

is independent of s. Furthermore, 9’(0) 9’(1) by Lemma 2.1a, and, since f is periodic
in s, 9"(0) 9"(1). Consequently, 9" may be used as a perturbed test function. That is,
for all sufficiently small > 0, Ye(t,x)- (qo+ 9"(t/)) achieves a maximum at (t,xe)
and, by Lemma A.3, (t,xe)- (to, xo), and Y (te,x) W(to, xo) as O. Using
(2.7) and condition (A), it is easy to see that for all sufficiently small ,
(2.9) min h(te, xe, z) < V (te, xe)

zEZ

Of course this implies that Z(te,x, V (te, xe)) is nonempty for all small . Therefore,
using the fact that V is a (continuous) subsolution of (2.1), we conclude that

O <t(te’x) A
ds

H ( tte,_,x, Ve (t x) O,D:c(te

99t(t, x) + H(to, xo, W(to, xo) O, Dx99(t0, x0))

( t W(to xo) O,D:cga(to xo))H to, --, xo,

+ H (te, --,te xe, Ve (t, x) O, Dx(t, xe)
\ /

<99t(to, xo) + H(to, xo, W(to, xo) O, Dxga(to, xo)) + oe(1),
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as -, 0. We have used here the upper semicontinuity in all variables of H(t, s, x, r-
0, p), the smoothness of o and the facts (re, xe) --. (to, xo), V (ts, xe) - Wu(to, xo).
The conclusion, using (2.7), is that Wu is a subsolution of (2.5).

Next, we will prove that Wd is a supersolution. The proof is very similar to the
subsolution case.

Let Wd--qo achieve a strict minimum at (to, x0). For any > 0 let Ve -q achieve
a minimum at (t, x) with (t, x) -, (to, xo), V (t, x) - Wd(to, xo). Since V is a
supersolution of (2.1), or equivalently, (2.1a), we have

(2.10) Ve (t, xs) _> min h(te, xs, z).
zEZ

From (2.10) and the continuity of h, letting s - 0, we get

(2.11) Wd(to, xo) :> min h(to, xo, z).
zEZ

This implies that Jto (to, xo, Wd(to, x0) + 0) is not empty.
Define q," R -. R as the solution of the ordinary differential equation

(.)
d/(s) (to, xo, Wd(to, xo)+0, Dx(to, xo))-U(to, s, xo, Wd(to, xo)+0, n(to, xo)),
ds

if 0 _< s < 1, with - 1-periodic. Again, a periodic solution is guaranteed to exist by
Lemma 2.1a. Furthermore, since H(t, s,x, r + O, p) is continuous in s, d’y/ds will be
continuous, and /(0) -),(1), "It(0) ,r(1). Note also that H(to, s, xo, Wd(to, xo)
O, Dx(to, xo)) is finite because of (2.11).

Again using Lemma A.3, expressed for supersolutions, for all e > 0 sufficiently
small, the function V(t, x)-((t, x)+e’y(-i) achieves a minimum at (t, x), (re, xe)
(to, x0) and V (re, x) - Wd(tO, Xo) as e - O. Since V is a continuous supersolution
of (2.1) we obtain from (2.12) evaluated at s te/e and the fact that (2.10) implies
that Z(te, xe, Ve (t, xe) + 0) is nonempty,

(t,x) + H(to, xo, Wd(tO, Xo) + O,D(to, xo))

--, xo, Wd(tO, xo) + 0, D(to, xo)-H to,

t Ve (t,x) + 0, DxT (te,xe))+H t,--,x,

By letting s -- 0 and using the lower semicontinuity of H(t, s, x, r + 0, p), we conclude
that

t(to, xo) + H(to, xo, Wd(to, xo) + O,D(to, xo)) <_ O.

Therefore, Wd is a supersolution of (2.5).
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Since V (T, x) minzez h(T, x, z), it is an immediate consequence of the defini-
tions of Wu and Wd and continuity of h that

Wu(T, x) Wd(T, x) min h(T, x, z).
zZ

We have shown that W is a subsolution and Wd is a supersolution of (2.5), both
satisfying the same terminal condition. If we can establish that W <_ Wd then
convergence to a continuous function will be shown. However, this fact is a comparison
principle on which uniqueness of solutions of (2.5) is based. The statements we need
are in the next theorem, the first part of which is essentially Theorem 4.2 in [6].

THEOREM 2.3. a) Let u" [0, T] Rn -- R (v" [0, T] Rn --+ R1) be an
upper (lower) semicontinuous subsolution (supersolution) of (2.5) both satisfying the
terminal condition u(T, x) v(T, x) minzz h(T, x, z). Then, u <_ v on [0, T] Rn.

b) The unique continuous viscosity solution of (2.5) is given by

W(t,x)- inf sup h(T,(T),(T,S)),
(’,’)t<’<T,O<s<l

where
d fOd

f(r, s, (T), (T, S)), (t) X.

Assuming that Theorem 2.3 is true, let us complete the proof of Theorem 2.1.
We have shown that W is an upper semicontinuous subsolution and Wd is a lower
semicontinuous supersolution, which agree at time t T. By Theorem 2.3, W <_ Wd,
but then, W(t, x) =_ Wu(t, x) Wd(t, x) is a continuous viscosity solution of (2.5) and
we are done.

Proof of Theorem 2.3(a). We will only sketch the proof of the theorem since it is
very similar to [6, Thm. 4.2]. Refer to that proof for complete details.

First, we may assume that u(t, x) > minzez h(t, x, z) because otherwise, since v
is a supersolution, v(t, x) >_ minzz h(t, x, z) >_ u(t, x) and there is nothing to prove.
Set

v, (t, x) v(t, x) t’
where > 0. Then v _> v and it is easy to check that v is a lower semicontinuous
viscosity supersolution of

v + H(t, x, v’, Dxv’) + O.

Set w(t,x, y) u(t,x) v’(t, y). Since u is an upper semicontinuous subsolution, it is
immediate that w is an upper semicontinuous subsolution of the equation

wt + (t, x, w + v’ (t, y), Dxw) H. (t, y, -w + u(t, x), -Dyw) > O.

Now consider Ms suP[0,T)xn2n (w(t, x, y) c/2ix y12), for c > 0. Then
for large c and if (t, x, y) satisfies

lim (Ms w(t..x.y) + -lx yl2) O.
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then (i) alxa yl2 0, and (ii)Ma - u(t’,x’) v’(t’,y’) max(u v’).
Assume that max(u- v) > 0. Then 0 < t < T and from the definition of

viscosity subsolution, with the test function a/2[x- yl 2 we have that

*(t, x, (t,,) + ,(t, ),( ))
ZH.(t,y,-w(t,x,y) + u(t,x),a(x y)) O.

Since we may sume that w(t, x, y) > 0 for large a, we have that

(t.,x.) (t.,x.,u.) + v,(t.,u.) > v,(t.,.).
Using the formulas for the upper and lower semicontinuous envelopes of H and mono-
tonicity properties of H(.,., r, .) we obtain

-g* (t,, u(t,),( )) -g(t,, (t,x) o, (x ))
and, for large enough a,

-g* (t,, v,(t, ),( )) -g(t,, ,(t,) + o,( ))
>_ H(t, y, u(t,x) O, a(x y)).

Consequently,

0 <_ H(ta,xa,u(ta,xa)-O,a(x -y))- H(ta,y,v’(t,ya)+O,a(xa -y))

<_ H(t,x, u(ta, xa) O, a(x y)) H(t, ya, u(t,x) O, a(x y))

<_ H(t’,y,u(t,x)-O,a(x -ya))

-H(t’,y,u(t,x)-O,c(x -y))- + ol/(1)

where we have used the analogue of (2.3a) for in the last line. Therefore, -/t’2 >_ 0
which is clearly a contradiction. Since/ > 0 was arbitrary, we conclude that u _< v.

Details which remain consist of guaranteeing that the maxima in the proof are
actually achieved. This is done by penalizing large x values (see [6]).

For the proof of part (b) we need only state that the value function W in the state-
meat of (b) is the, unique viscosity solution of (2.5) satisfying the terminal condition
W(T, x) minzz h(T,x, z). The proof of this is virtually identical to [6, Thm. 4.2].
Therefore, the limit of the fast minimax problem must be this solution, and thus the
value function of (b).

Remark. We used the uniqueness theorem to establish convergence of Ve to a
continuous function W. When h is independent of the fast variable this is not necessary
since uniform convergence can be established in a way similar to Lemma 1.2. When h
is independent of t/, the proof of [6, Prop. 1.5] along with (A) shows that IIYll _< K
and IDVelI <_ g in the uniform norm, with K independent of . Therefore, Y has
a uniformly convergent subsequence to a Lipschitz continuous function W. The proof
of [6, Prop. 1.5] is a direct proof and does not involve second-order partial differential
equation approximations. When h depends on t/, we should not expect uniform
convergence.

We conclude this paper by stating the result for the minimax problem when the
controls are inertial. Again, assume that Z [0, liP and the dynamics f and h are

1-periodic in the z variable.
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THEOREM 2.3. Let Ve,L(t, x, z) denote the value function for the fast minimax
problem when. the controls must be chosen from zzL[t, T]. Then

U(t, x) lim lim V,L(t, x, z)
L--,x --+0

is the unique continuous viscosity solution of

{ { /0 }max Ut + min DxU. f(t, s, z, z) ds z e Z(t, x, V(t, x))

min h(t, x, z) U(t, x) 0
zEZ J

on ft and U(T, x) minzez h(T, x, z). Further,

U(t,x)= inf sup h(T,(7"),(7)),

where

f(T, S,(T), (T)) dT, t < T <_ T, (t) x.

Finally, W(t,x)= lime--.01imL_ Ve,L(t,x,z), where W is given in Theorem 2.2,
and W(t, x) < U(t, x) on ft.

The proof of this theorem is similar to that of Theorem 1.5 if we use the results
concerning Lipschitz controls for minimax control problems from [4]. Once again we
see that Lipschitz controls cannot keep up with rapid oscillations.

Remark. The results of this section are true for the more general fast minimax
cost

Ve (t, x) inf sup k r,- (r) (r) dr + h(T,(T), (T))
(EZ[t,T] t<J’<T

where k is a given function satisfying a condition like (A). In this case W(t,x)
lime-0 V (t, x) satisfies

min {DxW. f(t,x,z(.)) + k(t x,z(.))) 0Wt +
z(.)A(t,,W(t,)

where -(t,x,z(.)) f k(t,s,x,z(s)) ds.
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