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A GENERAL NECESSARY CONDITION FOR EXACT OBSERVABILITY*

DAVID L. RUSSELL! AND GEORGE WEISS?

Abstract. Suppose A generates an exponentially stable strongly continuous semigroup on the Hilbert space
X,Y is another Hilbert space, and C' : D(A) — Y is an admissible observation operator for this semigroup.
(This means that to any initial state in X we can associate an output function in L2([0,00),Y’).) This paper
gives a necessary condition for the exact observability of the system defined by A and C. This condition, called
(E), is related to the Hautus Lemma from finite dimensional systems theory. It is an estimate in terms of the
operators A and C' alone (in particular, it makes no reference to the semigroup). This paper shows that (E) implies
approximate observability and, if A is bounded, it implies exact observability. This paper conjectures that (E) is
in fact equivalent to exact observability. The paper also shows that for diagonal semigroups, (E) takes on a very
simple form, and applies the results to sequences of complex exponential functions.

Key words. exact observability, admissible observation operators, diagonal semi-groups, Riesz bases of
complex exponentials
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1. Introduction and statement of the main results. Let X be a Hilbert space and
suppose T = (T¢):>0 is an exponentially stable, strongly continuous semigroup of operators
on X, with generator A : D(A) — X. Let Y be another Hilbert space and suppose
C : D(A) — Y is a linear operator which is A-bounded, i.e.,

(1.1) [Czll < L - | Az]|

holds for some L > 0 and any = € D(A).
This paper is concerned with the system described by the equations

(1.2a) 2(t) = Az(t), =2(0) =x,
(1.2b) y(t) = Cz(1),

where t > 0. The element z € X is called the initial state, z(t) is called the state at time t,
and y is the output function. By a solution of (1.2a) we mean of course z(t) = Tz (this is
a weak solution). Equation (1.2b) is more problematic: if x ¢ D(A) then it might happen
that z(t) is never in D(A), so that Cz(t) is not defined.

To ov 'rcome this difficulty, we assume that C' is an admissible observation operator
for T, whica means the following: there is a K > 0 such that

(13) / ICT a|Pdt < K - ],
0

for any x € D(A). If C is admissible then the operator ¥, : D(A) — L*([0,0),Y),
defined by

(1.4) (Voo)(t) = CTy2,
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has a continuous extension to X. This extension, still denoted V., is called the extended
output map of A and C'. For more details on admissibility, see §2. Now by the solution of
(1.2b) we mean the function y = ¥ .

DEFINITION 1.1. The system described by (1.2) is exactly observable on [0, c0), if there
is a k > 0 such that for any z € D(A),

(1.5) / ICTz|2dt > & - ||
0

Clearly, (1.5) means that the extended output map V., is bounded from below, i.e.,
¥ has a bounded left inverse, i.e., the problem of computing z, given y in (1.2), is well
posed. Note the analogy between (1.3) and (1.5) (admissibility and exact observability).

As is well known, the concept of admissible observation operator is dual to that of
admissible control operator (see, e.g., Salamon [16]), and the concept of exact observability
is dual to that of exact controllability (see, e.g., Dolecki and Russell [3]). It will be
understood that all the definitions and results in this paper have a dual counterpart.

The concept of exact observability (and its dual) has received considerable attention
in recent years, see, e.g., the treatise of Lions [11], the survey papers of Lagnese [9],
Lions [12], and Russell [18], or the general exposition of Bensoussan [1]. Usually, the
emphasis is on exact observability on a finite time interval [0,7) (or its dual property),
which means that the integral in (1.5) is over [0,7) only. However, exact observability on
[0,00) is equivalent to exact observability on some finite time interval (this follows from
admissibility and exponential stability; see Proposition 2.8).

Throughout this paper, C_ denotes the left open half-plane in C, and T, denotes the
right open half-plane in C. Our main result follows.

THEOREM 1.2. Let X, T, A,Y and C be as in (1.1) and (1.3). If the system described
by (1.2) is exactly observable on [0,00), then the following estimate is true:

(E) There is an m > 0 such that for any s € C_ and any x € D(A),

1 2 1 2 2
. — — A + >m- .
(1.6) e (61 = Aall* + molCall? 2 m -z

The proof of this theorem is given in §3. We conjecture that its converse is also true.

CONJECTURE 1.3. Let X, T, A,Y and C be as in (1.1) and (1.3). If (E) holds, then
the system described by (1.2) is exactly observable on [0, 0).

Theorem 1.2 and Conjecture 1.3 are an attempt to generalize the Hautus Lemma, due to
Popov [15] and Hautus [5], which concerns finite-dimensional linear systems. The Hautus
Lemma states that if A € £(C™) and C € L(C", CP), then the system defined by (1.2) is
observable if and only if

sl — A

rank [ c

]:n Vs € C.

Observing that it is sufficient to verify this condition for s € o(A) (the spectrum of A), we
can restate the Hautus Lemma for the case of stable A (i.e., 0(A) C C_) in the following
form, visibly related to Theorem 1.2.

PROPOSITION 1.4. Suppose A € L(C™),C € L(C",CP) and o(A) C C_. Then the
system described by (1.2) is observable if and only if, for any s € C_ and any nonzero
x e C”,

I(sI — A)z|]* + ||Cz|* > 0.
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For a short proof of the Hautus Lemma and related material see, e.g., Sontag [21]. It
is not difficult to prove that, with A and C' matrices and A stable, (E) is equivalent to the
condition in Proposition 1.4.

We now return to infinite-dimensional systems.

DEFINITION 1.5. The system described by (1.2) is approximately observable on [0, 00)
if for any nonzero x € D(A),

/ |C'T || 2dt > 0.
0

The above condition is equivalent with Ker ¥, = {0}, where ¥, is the extended out-
put map; see Remark 3.2. Obviously, exact observability implies approximate observability.
The following theorem may be regarded as a partial result for Conjecture 1.3.

THEOREM 1.6. Let X, T, A,Y and C be as in (1.1) and (1.3). If the estimate (E) holds,
then the system described by (1.2) is approximately observable on [0, ).

The proof is in §3. The following theorem shows that Conjecture 1.3 is true at least
in the case when A (and hence also C) is bounded.

THEOREM 1.7. Let X and Y be Hilbert spaces and suppose A € L(X),C € L(X,Y)
and o(A) C (C_. If for every s € \__ there is an mgs > 0 such that for each x € X,

(1.7) (s — A)z|* + |Cz||* = m, - ||,

then the system described by (1.2) is exactly observable on [0, 00).

Note that (1.6) implies (1.7). This theorem follows from results of Rodman [17]. A
different proof is given in §3.

In §4 we consider a special class of systems described by (1.2) namely, we assume that
A is a diagonal operator of [? and that its eigenvalues A\, are properly spaced. That means
that the eigenvalues are not too close to each other: [A\; — x| > ¢ - [Re A\i| for all j, k € T¥
with j # k, where § > 0. We show that for such systems, the estimate (E) is equivalent to
a simple and easily verifiable condition on the operator C': if (e) is the standard basis of
I? then ||Cel|/|Re Ag| should be bounded away from 0.

In §5 we consider sequences of functions of the form

pk(t) - e’\’“tck,

where A\, € C_ and ¢, € Y,Y being a Hilbert space. The problem is to find necessary
as well as sufficient conditions for the sequence (pg) to be a Riesz basis in its closed
span in L?([0,00),Y). A clear necessary condition is || zxpi|l*? < 3 |zx|?, for any
finite sequence (zx) of complex numbers. Another simple necessary condition is that the
norms ||px|| should be bounded from below. Surprisingly, these two necessary conditions
combined are also sufficient for certain sequences (Ax). If Conjecture 1.3 is true for diagonal
semigroups, then they are sufficient whenever the sequence (Ag) is properly spaced and
bounded away from the imaginary axis. We display an interesting example of an analytic
diagonal semigroup for which Conjecture 1.3 is true.

Note. The authors propose Conjecture 1.3 as a challenge, to prove or disprove. Contact
one of the authors for details. ‘

2. Some background on admissibility and observability. First we return to the def-
inition of admissible observation operators. We work in a slightly more general context
than in §1, since we do not assume that the semigroup is exponentially stable. The concept
of admissible observation operator (as defined here) has its origin in Dolecki and Russell
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[3]. Since then, many authors have addressed the subject. Our notation and terminology
follows Weiss [23].

Let X by a Hilbert space and suppose T = (T¢):>0 is a strongly continuous semigroup
of operators on X, with generator A : D(A) — X. We define the Hilbert space X, to be
D(A) with the norm

@.1) lzlly = [1(BI — A)z,
where 8 € p(A), the resolvent set of A, and | - | denotes the norm on X. It is easy to
check that || - ||; is equivalent with the graph norm of A, in particular, the topology of X

is independent of the choice of 3. We have
X, CcX,

densely and with continuous embedding.

DEFINITION 2.1. Let X, T, A, and X| be as above. Let Y be a Hilbert space and
suppose C € L(X,,Y). Then C is an admissible observation operator for T if for some
(and hence any) 7 > 0, the operator ¥, : X; — L?([0,00),Y’) defined by

2.2) (V,2)(t) = CTyx fort € |0,7),

and (¥, z)(t) =0 for t > 7, has a continuous extension to X.
In other words, admissibility of C' means that for some 7 > 0,K, > 0 and any
x € D(A),

@3) / ICT 2Pdt < K - |2
0

It is not difficult to verify that if (2.3) holds for some 7 > 0, then it holds for any other
7 > 0. We denote the extension of ¥, to X by the same symbol. If T is exponentially
stable, then we may take also 7 = oo in Definition 2.1, obtaining the equivalent definition
of admissibility given in §1; In this case, the extended output map V¥, (defined in §1) is
the strong limit of the operators ¥, as 7 — oo. For any z € X and any 7 > 0, ¥,z can
be obtained from ¥,z by truncation to [0, 7).

The operators W, satisfy an interesting functional equation, which is used to define
linear observation systems in an abstract way, as follows.

DEFINITION 2.2. Let X and Y be Hilbert spaces. An abstract linear observation system
with state space X and output space Y is a pair (T, ¥), where T = (T;):>0 is a strongly
continuous semigroup on X and ¥ = (¥;),>o is a family of bounded operators from X to
L*([0,00),Y), such that ¥ = 0 and

| (Yrz)(0) for o € [0, 7),
(¥rz)(o) = { (\I!t’;rm)(a —71) foro >,

for any z € X, any 7, t > 0 and almost every o > 0.

With the notation of Definition 2.1, let ¥ be the family of operators defined by (2.2)
and continuous extension to X. Then it is easy to verify that (T, ¥) is an abstract linear
observation system. Conversely, every abstract linear observation system is obtained in this
way. This is the content of a representation theorem proved in Salamon [20] and Weiss
[23] (we refrain from its formal statement). One consequence is that we can restrict our
attention to operators C € L(X,Y); there is no need to consider operators C' defined on
other dense T-invariant subspaces of X.



- GENERAL NECESSARY CONDITION 5

When, in §1, we wrote “the system described by (1.2)” then, strictly speaking, we meant
the system (T, ¥) determined by A and C. We will continue to use this terminology.

PROPOSITION 2.3. Let T be an exponentially stable, strongly continuous semigroup
on the Hilbert space X, with generator A. Let Y be a Hilbert space and suppose C €
L(X,1,Y) is an admissible observation operator for T. Then there is a K > 0 such that
for any s € C,

(2.4) IC(sI = A) Mlzx,y) <

K
VRe s
Proof. We have for any € D(A), using (1.3),

2
IC(sT — A)~"alf? = ‘

/ e StCTx dt
0

(/Ooo le—st|2dt) . (/0‘” IIC’H‘}andt)

1
K- 2
2Re s 1%,

IN

which implies (2.4). 0
We mention that if T is normal and Y is finite-dimensional, then (2.4) is not only

necessary but also sufficient for the admissibility of C. For this and other, related results
see Weiss [24].

DEFINITION 2.4. Let X, T, A,Y, and C be as in Proposition 2.3 and let ¥, be the
extended output map of A and C. The observability Gramian of A and C is the operator
P € £(X) defined by

P =0T,
PROPOSITION 2.5. With the notation of Definition 2.4, we have for any x € D(A),
(2.5) |Cx||* = —2Re (Pz, Azx).

Proof. Take x € D(A?) and define f(t) = ||CTz||?, for any ¢ > 0. Then f is
continuously differentiable and

4 ft) = (CT,A2,0T.) + (CT,a, CTo ).

Due to the exponential stability of T, we can integrate over [0, c0) and obtain
—f(0) = (Vo Az, U oo ) + (Yoo, U AT),
i.e.,
—||Cz|* = 2Re (¥ oo, U oo Az),

which is the same as (2.5). Since both sides of (2.5) are continuous functions of x on X,
and D(A?) is dense in X, (2.5) must hold for any = € X. 0

Remark 2.6. If X| denotes the antilinear dual of X, and we identify X with its
antilinear dual, then we have the dense inclusions X; C X C X;. If we regard A as a
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bounded operator from X, to X, then A* € L(X, X}) is an extension of A* computed as
the adjoint of an unbounded operator in X. Formula (2.5) can now be rewritten as

A*P+ PA=-C"C

where both sides are in £(X, X}). This can be thought of as an equation in P, called a
Lyapunov equation.

DEFINITION 2.7. Let T be a strongly continuous semigroup on the Hilbert space X,
with generator A. Let Y be a Hilbert space and suppose C' € £(X),Y) is an admissible
observation operator for T. The system described by (1.2) is exactly observable on [0, T)
(where 7 > 0) if the operator ¥, (defined by (2.2) and continuous extension to X) is
bounded from below.

In other words, exact observability on [0, 7) means that

2.6) / ICT alPdt > o - ]
0

holds for some x, > 0 and any x € D(A). Whereas in Definition 2.1, the choice of 7 did
not matter, in Definition 2.7, the choice of 7 is important: if (2.6) holds for some 7 > 0,
then obviously it holds for any bigger number, but not necessarily for a smaller one.

If T is exponentially stable, then we may take also 7 = oo in Definition 2.7, reobtaining
the definition of exact observability on [0,00). At first glance, this concept appears to
be weaker than exact observability on some finite time interval, so that the following
proposition is slightly surprising.

PROPOSITION 2.8. Let X, T, A,Y, and C be as in Proposition 2.3. If the system de-
scribed by (1.2) is exactly observable on [0, 00), then there is a T > O such that this system
is exactly observable on [0, 7).

Proof. For any x € D(A) and any 7 > 0, we have

/HC']I}:E]]zdtz/ ||C"Jl“t;v||2dt—/ |CT, T, ||*dt.
0 0 0

Using (1.3) and (1.5), we obtain

/’MWmWﬁznme—meww
0
> (h— KT ) - o

Since T is exponentially stable, the parenthesis above becomes positive for 7 sufficiently
big, so that we get (2.6). 0

Remark 2.9. The definition of exact observability on [0, c0) can be extended also to
systems whose semigroup is not exponentially stable (we might have to allow the value
oo on the left-hand side of (1.5)). However, Proposition 2.8 cannot be generalized to such
semigroups. A simple example is as follows: Consider X = L?[0, c0) and for any ¢ > 0,
let T, be the left shift by t on X. Define C on D(A) = H'[0,00) by Cx = x(0). Then the
system described by (1.2) is exactly observable on [0, c0), but it is not exactly observable
on any finite interval. A physically more relevant example involves the linear water wave
equation, as described, e.g., in Reid and Russell [16].

Remark 2.10. Admissibility and exact observability are invariant under translations of
the generator. More precisely, with the notation of Definition 2.7, C is admissible also for
the semigroup generated by A + AI, for any A € (C. Similarly, if the system described by
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(1.2) is exactly observable on [0, 7), T < oo, then, replacing A by A + AI, the new system
is exactly observable on [0, 7). These statements are easy to verify.

Example 2.11. Let Q be a bounded domain in X", with boundary T of class C?. We
put

H; (Q) H?(Q) N Hy (Q)
X= x D(A) = X
LX) Hy ()

and define A: D(A) — X by

0 I
+=(20)

where A is the Laplacian. Then A is the generator of a strongly continuous group of unitary
operators on X. Fix & € " and put

Lo = {§ € T|(§ — &) - v(£) > 0},
where v(£) is the outward normal to I at £&. Let Y = L*(I'y) and define C : D(A) —» Y

by
c(n )-8,

T ov

where 9/0v denotes outward normal derivative on I and £ € T'g. Then C is an admissible
observation operator for the group generated by A. (This statement remains true if I'g
is replaced by T'). For details and further references on this see Lasiecka, Lions, and
Triggiani [10]. Moreover, the system- described by (1.2) is exactly observable on [0, 7),
where 7 depends on (2. This was proved by Ho in [6] (see also Lions [11, p. 55]).

If we replace A by A = A — I, then the semigroup becomes exponentially stable. By
Remark 2.10, the system determined by A and C is exactly observable on [0, 00), so that
Theorem 1.2 applies. The important values of s for (1.6) are those on the vertical line with
Res = —1 (because this line contains the spectrum of A). By writing down (E) for this
system and s = —1 + iw, where w € [, we get the following estimate.

There is an m > 0 such that for any ; € H*(Q) N H} (), any 2, € H} () and any
wel,

8$| 2

liwz) — :L’z”fq(:(ﬂ) + || Az — iwz,| ZL:(Q)—F H o

L?(Ty)

= m(|lz) ”%{(:(Q) + [|22| ZLZ(Q))'
In particular, taking x; = u, ¥y = iwu and w? = ), we get that for any u € H>(Q)NH}(Q)
and any A > 0,

ou ||?

(2.7) 1A + Nl z2i)+ H By

2 m(”u”%{(;(n) + A ul
L*(To)

2
Ll(ﬂ))'

Remark 2.12. The estimate (2.7) can be obtained also by direct computations, without
using Theorem 1.2, as sketched below. Introducing the “multiplier” function h(£) = £ — &
we can show, integrating by parts twice, that for any real-valued u € H?(Q) N HJ (),

1 ou\’ n—2 )
[(@un- v -5 [ (a—) v+ 222 [ vulpg
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(see, e.g., Komornik [8, Lemma 2.2]). Performing some more integrations by parts, we can
get the identity

n—1 ou\?
08 ~2/Q(Au+)\u) (h-Vqu 5 u) d§+/r<-a—y) (h-v)dy
_ 2 2
-—)\/Qu d§+/Q|IVuN dg,

valid for any real A. Using that for any r > 0,

—2/9(Au+)\u)(hoVu+n;lu>d§
2
Sr/Q(Au+)\u)2d§+%/ﬂ(h-Vqun;lu) de

and choosing r sufficiently large to make the last term above smaller than the last term in
(2.8), we get an inequality which is equivalent to (2.7).

Remark 2.13. Let us do a little speculation in connection with Conjecture 1.3. With
the notation of this conjecture, suppose that (E) holds. Using (2.5) and elementary manip-
ulations, we get that for any s € C_ and any = € D(A4),

1 2
———||(s] — A)z|? Re (Pz,(sI — A
Re o (67 = Al + e Re (P (o] — A)a)
+2(Pz,x) > m - ||z
Denoting
1
v(s,z) = ——(sI — A)x,

|Re 3]

the above estimate can be written in the form
Hv(s,a:)]]2 +2Re (Pzx,v(s,z)) + 2(Pz,z) > m - ||a:||2

This reveals the following meaning of (E): for s € C_ and =z € D(A) with ||z|| = 1,
the quantities ||v(s,z)|| and ||Pz|| cannot simultaneously be very small. Verly loosely
speaking, ||Pz|| being small means that x is close to being an unobservable state, while
|lv(s, z)|| being small means that x is close to being an eigenvector of A. Perhaps this
could be a starting point for the proof of the conjecture.

3. The proof of the main results. In this section we prove the theorems stated in §1.
Proof of Theorem 1.2. We will prove the following estimate: For any s € C_ and any
x € D(A),

1

SR [Re s|

sl — A)z|* + IC]? > p- [ Wooz |2,

1
where

1 1
— == 4+ || ¥ |-

Clearly, this implies Theorem 1.2. We denote

z=(A-SI)x,
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and we define £ : [0,00) — X by &(t) = Tyz. Then

£(t) = T, Az
= Ti(sx + 2)
= S&(t) + tha

whence
t
£(t) = etz +/ e*t=T, 2 do.
0

Without loss of generality we may assume that x € D(A?) (by density in X) so that
z € D(A). Then, using (1.4),

(Uooz)(t) = CE(2)
=e'Cr + /t = CT, 2 do
=e’'Cz + (2,3 * WU 2)(t),
where * denotes convolution and eg denotes the function
es(t) = et

If we use the following well-known property of convolutions:

lu* vl < flullLr - (vl e,
we obtain
Woozllrz < llesllz2 - ICz| + IIeSHL1 1N
|
< ——||Cx|| + v z||.
e 171+ gl 141

Using that (aa + 8b)? < (a® + B%)(a® + b?), we get

1
Mol < (5 + 190 | s 1P + e Cal?].

which is the same as (3.1). 0

For the proof of Theorem 1.6 we need the following lemma.

LEMMA 3.1. Let A be the generator of a strongly continuous semigroup of operators
on a Banach space Z. If ||(sI — A)™!| is bounded on p(A), then Z = {0} (the trivial
space).

Proof. For any s € p(A) we have

1

“(SI'— A)_l“ > )
d(s,o(A))
where d denotes distance, see, e.g., Nagel [13, p. 67]. If ||(s] — A)~'| is bounded then
it follows that o(A 4) = 0, so that (sI — A)~" is a bounded entire function. By Liouville’s
theorem, (SI — A)~! is constant. We know that ||(AI — A)~"| decays like 1/X for big
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positive A (see, e.g., Pazy [14, p. 20]), so that we must have (s — A)~' = 0, for any
s € C. Since the range of (s — A)~' is dense in Z, it follows that Z = {0}. 0

Proof of Theorem 1.6. For any z € D(A) and any t,7 > 0 we have (¥, T x)(t) =
(Vo) (t + 7) (see (1.4)), whence (by integration)

(3.2) W oo Tz 2 < | Woo]| 2

Since D(A) is dense in X and both sides of (3.2) are continuous functions of z on X, it
follows that (3.2) holds for any z € X and any 7 > 0.

If we denote Z =Ker ¥, (so that Z is a closed subspace of X), then (3.2) implies that
Z is invariant under T. Let T be the restriction of T to Z, so T is a strongly continuous
semigroup on Z, and let A be the generator of T. It is easy to see that

D(A)=D(A)NZ,  D(A)cC KerC,

and A is the restriction of A to D(A). )
Now suppose that (E) holds. Then for any s € (C_ and any x € D(A),

oo = A = m P,

or, equivalently, for any s € p(;l) nic_,

. ]
(3.3) I(sI—A)" || < m'

Since T is exponentially stable, ||(s] — A)~'|| is defined and bounded on some half-plane
{s € C|Re s > a}, where a < O (see, e.g., Pazy [14, p. 20]). Together with (3.3) we
obtain that ||(sI — A)~'|| is bounded on all of p(A). By Lemma 3.1, Z = {0}, so that
Wz # 0 for any nonzero x € X. This implies the condition in Definition 1.5. 0

Remark 3.2. As mentioned in §1, approximate observability on [0,00) is equivalent
with Ker ¥, = {0}. Indeed, if Ker U, # {0} then introducing Z, T, and A as in the
proof of Theorem 1.6, we have D(A) # {0} and ¥z = 0 for any z € D(A) C D(A),
so that the system is not approximately observable on [0,00). The converse is obvious.

Remark 3.3. In Theorem 1.6 (and in its proof) the estimate (E) can be replaced by
the following slightly less restrictive condition.

There are functions py, p; : C_ — [0, 00) such that: (1) p; is bounded on any half-plane
{s e C|Re s < a} w1tha<0 (2)foranys€( _ and any z € D(A),

pi(s) - (s = A)z|* + pa(s) - |C | = |-

We now turn to the proof of Theorem 1.7. As already mentioned in §1, this theorem
is essentially due to Rodman; more precisely, its dual is a direct consequence of [17, Thm.
7.1.2 and Ex. 7.1]. (We have been made aware of [17] after working out our own proof.)
In the hope that our proof might contain useful ideas for dealing with the case of unbounded
A and C, we reproduce it below. We need three lemmas.

LEMMA 3.4. Let X be a Hilbert space. We denote by 1°°(X) the space of bounded
X -valued sequences with the supremum norm, and by co(X) the subspace of 1°°(X) con-
sisting of sequences convergent to zero. We introduce the factor space

F(X) =17(X)/eo(X)
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and we denote by 7 the canonical surjection from 1°°(X) onto F(X). We endow F(X)
with the factor norm

= inf c|lioo (x)-
()|l 7 x) o Iz + clliee (x)
Then the factor norm can be computed by
(3.4) 7 (2)ll7(x) = lim sup ||zn |
n—oo

(zp, is the nth term of z) and F(X) is a Banach space with this norm.
The proof of (3.4) is easy and we leave it to the reader. For the fact that 7(X) is a
Banach space see, e.g., Brown and Pearcy [2, p. 222]. ~
LEMMA 3.5. With the notation of Lemma 3.4, suppose T € L(X). We define T €
L(I1°(X)) by termwise application of T, i.e., for any z € [*°(X),

(T2)p, =Tz, Vnel

Then there is a unique Te L(F(X)) such that the diagram

(X)) —— (X))

lm Il

T
F(X) — F(X)

commutes. Moreover,

45) 17 = IT) = I,
o(T) =0(T) =o(T).

It is routine to verify all the statements in this lemma. In view of the fact that a similar
construction, with a strongly continuous semigroup in place of T, appears in Nagel [13,
pp. 21 and 78], we omit the details.

LEMMA 3.6. With the notation of Lemma 3.5, if N is a closed T-invariant subspace
of 1°°(X) that contains cy(X), i.e.,

co(X)C Ncl®(X), TNCcCN,

then N' = m(N) is a closed T-invariant subspace of F(X). .
Proof. Let € € N, so £ = 7(z), where z € N. We have Tz € N, so n(Tz) € N. By

the commutativity of the diagram in Lemma 3.5, T¢ = 7(T'z), so that N is T-invariant.
Put N¢ = [*°(X)\N and N¢ = F(X)\N. It follows from ¢o(X) C N that m(N°) =
Ne¢. Since N¢ is open, but the open mapping theorem N is open too, so that N is
closed. 0
Proof of Theorem 1.7. Let X,Y, A, and C be as in the statement of the theorem and
let T, = e*. Let the Banach spaces [*°(X), co(X), F(X), and the surjection 7 be as in

Lemma 3.4. For any operator T € £(X), we define T and T as in Lemma 3.5. Then it is
easy to see that

(3.6) T, = e
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Let P be the observability Gramian of A and C and define
N ={z € I**(X)|Pz, — 0}.

Then N is a closed subspace of [°°(X), because it is the kernel of 7 P. It is clear that N
contains ¢y(X). We show that N is A-invariant. Let ¥, be the extended output map of
A and C and let z € N. From (Pzy,zn) = ||[¥oo2n|* we see that ¥ooz, — 0. By (3.2)
we get that for any 7 > 0, Vo, T72,, — 0, whence PT.2, — 0, ie., T,z € N. Thus, N is
T,-invariant, for any 7 > 0. By (3.6) this implies that N is A-invariant. Now by Lemma
3.6 we conclude that N = m(N) is A-invariant.

Let A be the restriction of Ato N. Since we have assumed that o(A) c C_, (3.5)
shows that we have O'(A) Cc C_, i.e., the (uniformly continuous) group generated by

A is exponentially stable. It follows that the restriction of this semigroup to A is also
exponentially stable. Since the generator of this restriction is A, it follows that

(3.7) o(A) cC_.

Our goal is to show that N' = {0}. To achieve this, we assume the contrary, i.e., N is
nonzero, and we show that this leads to a contradiction. The approximate point spectrum of
a bounded operator on a nonzero Banach space is nonvoid (because it contains the boundary
of the spectrum, see, e.g., [13, p. 64]). Applying this to .4 and taking (3.7) into account,
we get that there exists A € C_ and a sequence (1) with values in A such that ||ng| = 1
for any k € I and

(3.8) lim (Al — Ay, =

k—o0

We have assumed in the theorem that for every s € C_ there is an m,; > 0 such that
(1.7) holds. In particular, taking s = A and using (2.5), we get that for any x € X,

(3.9) (M — A)z||* — 2Re (Px, Az) > my - ||z
Let k € IN be such that

(3.10) M = A)nie|* < Im

(such a k exists by (3.8)). Let z € N be such that n; = 7 (z). By the commutativity of the
diagram in Lemma 3.5 we have

(A = Ay = (A = A)z),
whence by (3.4) and (3.10) we obtain

(3.11) limsup ||(A — A)z,|]* <

n—oo

l
2
The fact that z € N means that the sequence (z,) is bounded and Pz, — 0. Hence,

(3.12) lim (Pz,, Az,) = 0.

n—oo

Now (3.9), (3.11), and (3.12) imply that

limsup ||z, |* < 4

20
n—00
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whence by (3.4) ||Ink||* < 5. But the sequence (1) was such that |n|| = 1, which is a
contradiction.

Thus we have shown that A” = {0}. This means that P is bounded from below, i.e.,
¥, is bounded from below, i.e., the system described by (1.2) is exactly observable on
[0, 00). O

Remark 3.7. With the notation of Conjecture 1.3, it is possible to show that if A and
C satisfy the estimate (E), then the bounded operators A, € £(X) and Cy, € L(X,Y)
defined by

Ay =A"", C,=CA™"

satisfy a similar estimate, with a possibly different number m,; instead of m. A, is not
stable in general, but it can be verified that C, is an infinite time admissible observation
operator for the semigroup generated by Ay, i.e., (1.3) holds with et instead of T, and
Cy instead of C. The pair (A, Cp) is interesting because the observability Gramian of
the system determined by A, and C, is the same as for A and C (as is not difficult to
verify). Now it almost seems that we could apply Theorem 1.7 to A, and Cp and thus
prove Conjecture 1.3. But a more careful look reveals that this is not the case, because
Theorem 1.7 requires A to be stable.

4. Systems with diagonal semigroup on /2. First we introduce some terminology. A
bounded operator D on I? is called diagonal if it is of the form

(D:E)k =dyxr Vk €I,

where z denotes the kth component of = and (di) is a bounded sequence of complex
numbers. Obviously,

D[l = sup |dy|.
keld

A strongly continuous semigroup T on {2 is called diagonal if T; is diagonal for each
t > 0. Then T, is given by

4.1) (Tyx), = etz Vi eld,

where () is a sequence of complex numbers with real parts bounded above. We assume
that T is exponentially stable, which is equivalent to

4.2) sup Re X\x < 0.
keld

The generator A of T is given by

(4.3a) D(A) = {z € P|(\wzx) € 12},

(4.3b) (A:c)k = Az Vk €N

Clearly, {\¢|k € I} is the set of eigenvalues of A. The space denoted in general by X,
will now be denoted 2. That is, I3 is D(A) with the norm ||z||; = ||Az||;> (we have chosen
B =0in (2.1)).

If Y is a Hilbert space and C € L(I3,Y), then C is uniquely determined by the
sequence (cx) of vectors in Y defined by

(4.4) Cp = C’ek,
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where (ey,) is the standard basis sequence of 2, i.e., * = xje; + Zae; + .... It is not
trivial to give necessary and sufficient conditions for the admissibility of C, in terms of the
sequence (ci). For finite-dimensional Y, this problem has been solved in Ho and Russell
[7] and Weiss [22], [23]. For infinite-dimensional Y, the problem has been almost solved
in Hansen and Weiss [4]. Here we mention only the following simple necessary condition
for admissibility.

PROPOSITION 4.1. Let T be an exponentially stable, diagonal semigroup on 12, with
generator A. Let Y be a Hilbert space and assume that C € L(I12,Y) is an admissible
observation operator for T, i.e., (1.3) holds. Let the sequences (\x), (ex), and (ck) be as
in (4.1) and.(4.4). Then

4.5) ekl < 2K Vk €11

|Re /\k|
Proof. Taking in (1.3) z = ey, we get by (4.4)

HCkIPf leMt2dt < K Vk €T,
0

which is equivalent to (4.5). 0
PROPOSITION 4.2. With the notation of Proposition 4.1, assume that the system deter-
mined by A and C' is exactly observable on [0,00), i.e., (1.5) holds. Then

1
4. — 2>2k Vkell.
@6) el =25 Ve

Proof. Taking in (1.5) x = e, we get by (4.4)
o0
||Ck||2/ leMt2dt >k Yk €11,
0

which is equivalent to (4.6). 0
Note the analogy between (4.5) and (4.6).

DEFINITION 4.3. Let (\;) be a sequence in C_. We say that () is properly spaced
if it satisfies

A — Ak

. inf
4.7 in Re .

3. kell j#k

=6>0.

In particular, (4.7) implies that (Ax) has no multiple values, and no accumulation points
in C_.

The goal of this section is to prove the following theorem.

THEOREM 4.4. With the notation of Proposition 4.1, if (A\x) is properly spaced then
(4.6) is equivalent to the estimate (E) in Theorem 1.2.

For the proof we need two lemmas.

LEMMA 4.5. Let (A\y) be a sequence in C_ satisfying (4.7). Define the function
N : C_ — N such that for any s € C_, Ay (s is among the closest elements of { |k € 1}
to s:

(48) |3—)‘N(s)| = min]s——Ak].
keN

Then for any s € C_ and any k € N with k # N(s), we have

Re s <1+2
S— Ak |~ &

(4.9)
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Proof. Take s € C_ and k € I with k' N(s). Then
Anes) = Akl < s = Anoyl + 15 = Al
whence by (4.8)
[s — Ag| > %|)\N(s) — Akl
This shows that s is an element of the set S defined by
S ={zeComllz— | > 5An(s) — Akl}

(S is the complement in C_ of a disk). Therefore, we have

Re s
S—)\k

Re z

z€S

Z—/\k

It is an exercise in elementary calculus to check that this supremum is attained at z =
Ak = 31AN(s) — Ak|, which yields

R
es <142 ‘ Re A\
s — Ak AN(s) = Ak
Since, by (4.7), we have
} Re )\k < 17
AN(s) = Mk 6

we get (4.9). il
LEMMA 4.6. With the notation of Proposition 4.1, assume that (\y) is properly spaced

and let N : C_ — 11 be a function satisfying (4.8). For each s € C_, we define the
subspace V (s) C I by

(4.10) V(s) = f{en(s)}"

(i.e., V(s) is the space spanned by all vectors ey, with k # N(s)). We denote by A, the
part of A in V(s), ie.,

As : D(A)NV(s) — V(s)

and Asx = Ax for any x € D(A) NV (s).
Then there is a G > 0 such that for any s € C_

g
VIRe s|’

(4.11) 1C(sI = A) evis)y) <

Proof. We have from the resolvent identity
(s — Ag)™" = (=51 — A) "I — (54 s)(sI — A,)7],
whence

(412) “C('SI _As)_l“C(V(s),Y)] |
<NC(=581 = As) le(vis),yy - [ +2Re s| - [[(sT = Ag) " Hlv syl
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If P, denotes the orthogonal projection from 12 onto V(s), then (—3I — A,)~! =
(=8I — A)~'P,. Using (2.4) and the fact that || Ps|| = 1, we have

_ K
(4.13) 1C(=8I — A) Mlevs)y) <

= VIRe 5|

The operator |Re s| - (sI — A;)~" on V(s) is diagonal and its diagonal elements dj are
given by

|Re s|

dk:s-)\k’

2
where k # N(s). By (4.9) we have |di| < 1 + %, whence

_ 2
(4.14) IRe s| - |(sI — As) leevisy < 1+ 5

Combining (4.12)—(4.14) we get

—1 K 4
06T = A) oo £ = (3+5)

which is the same as (4.11). ]

Note the resemblance between (2.4) and (4.11).

Proof of Theorem 4.4. The implication (E) = (4.6) is very easy: Taking in (1.6)
s = A, and = = eg, we get (4.6) with 26 =m

Conversely, suppose (4.6) holds but (E) is false. This means that there are sequences
(sn) and (2™) such that s, € C_, 2™ € D(A),||z"|| =1 and

1
[Re s,|

1
(4.15) mu(snl — A" + Cz"|* = €,
where €, > 0 and ¢, — 0.

The main idea of the proof is to show that for large n, s, is almost equal to some
eigenvalue of A (which may depend on m), and 2™ is almost equal to a corresponding
normalized eigenvector. We need a lot of notation: Let the function N and the spaces
V(s) be as in (4.8) and (4.10). For any s € C_, let P; denote the orthogonal projection
of 12 onto V/(s) and let A, denote the part of A in V(s) (as in Lemma 4.6). Further, we

introduce

1

"= IRe nl (snd — A, )Ps, 2" Qn = 21’3(3,,)»
so that
1 Sp — )‘N(s )
4.16 — (s, ] — A)2" = ) Qi ",
( ) |Re snl (Sn )Z EN(sn) IRC 3n| On +q

From (4.15) it follows, using that the two terms on the right-hand side of (4.16) are
orthogonal, that

@17) 1971 < gyl = A7) < e
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and, by a similar argument,

Sn = AN(s.)

4.18
( ) Re s,

o | < €n.

We have
P, 2" = |Re sn|-(snI—As")"q

Sn

Using (4.17) and the inequality (4.14), obtained in the proof of Lemma 4.6, we get

2
1P (14 ) en

whence Ps, 2™ — 0. Since ||2"|| = 1, it follows that ||(I — P, )z"|| — 1, i.e,

(4.19) lim || = 1.

n—oo

Together with (4.18), this implies

. Sp — )\N(s )
1 —= |=0.
nl»ngo Re Sn
It is now easy to see that
Re A
(4.20) lim — M)

n—oo Re s,
Now we turn our attention to the second term in (4.15). We have
IC2"|| = llen(syom + CPs, 2"
> llen (sl - lam| = 1C(snd — Ay,) ™ (50d = As,) Ps, 2™ |
= llen sl - lan] = [Re su| - |C(snd — As,) ™",
whence by (4.11)

1/2

Re Ans, n
| ol = G- llg"]l

(4.21) |IC2"|| >

1
\/m \/R_Tsn“ N(sn)H ‘

By (4.19) and (4.20), there is an ny € I such that for n > ny we have

Re Angs, |77
Re s,

This, together with (4.6), (4.17), and (4.21), implies that for any n > ny,

1 1
———||C2"|| > V26 = — G - €,.
G ERCIE SR

Since €, — 0, it follows that for n sufficiently large we have
1 K

O™ 2 >

|Re sn||| e 3

On the other hand, (4.15) implies that for each n € I,

|
[Re sp|

which is a contradiction. Therefore, (E) must be true. 0

IC2"|1* < &,
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5. Riesz bases of complex exponentials.

DEFINITION 5.1. Let H be a separable Hilbert space and let (p,) be a sequence in H.
Then (px) is a Riesz basis in H if for some (and hence any) orthonormal basis (ey) in H
there is an invertible operator 7' € L£L(H) such that

pr =Ter Vk el

The following two propositions are taken (with minor modifications) from Young [25,
pp. 32 and 157].

PROPOSITION 5.2. Let Z be a Hilbert space and let (pi) be a sequence in Z. Then the
following statements are equivalent:

(S1) There is a positive constant K such that for any finite sequence (xy,s,...TN)

in C,
N 2 N

(5.1 > apr|| <KD Jal

k=1 k=1

(S2) The Gramian matrix of (py), defined by

(52) Pj,k = <pk7p]> Vj,k € II)

determines a bounded operator on I2.

We mention that sequences satisfying (S1) are called Bessel sequences (see [25, p.
155]). In the second proposition, the statements (S1) and (S2) are replaced by stronger
statements.

PROPOSITION 5.3. Let Z be a Hilbert space and let (py) be a sequence in Z. Then the
following statements are equivalent:

(S3) (pk) is a Riesz basis in its closed span in Z.

(S4) The Gramian matrix of (px), defined by (5.2), determines an invertible bounded
operator on 1%

The following theorem explains the connection between sequences of complex expo-
nential functions and linear systems with diagonal semigroup.

THEOREM 5.4. Let (A\i) be a sequence in C satisfying (4.2) and let (cy) be a sequence
in a Hilbert space Y. Let (py) be the sequence in L*([0,00),Y) defined by

(5.3) pr(t) = eMley.

Then the statement (S1) is equivalent to the following:

(S5) Let T be the diagonal semigroup on 1* defined by (4.1) and let A be its generator.
Then the matrix [cy,ca, .. .| determines an operator C € L(12,Y) that is admissible for T.

Moreover, if the above statement is true then the observability Gramian P of A and
C (as defined in 8§2) is given by the Gramian matrix of the sequence (py) (as defined in
(5.2)).

Proof. First we introduce some notation. Let F' be the vector space of sequences
in C with only finitely many nonzero terms. The matrix ¢, ¢, ...] defines an operator
C': F —Y. Since F is T-invariant, we can defined ¥, : ' — L*([0,00),Y) by

(5.4) (Voor)(t) = C'Tyx VY € F.
Note that if (ex) denotes the standard orthonormal basis of {2, then ¢, = C’e;,, whence

(5.5) pr = Yool.
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Now suppose that (S1) holds. Using (5.5) and denoting :c‘: ZZ:, Tkek, (5.1) becomes
||\Iloo:v||2Lz <K- ||gc||2 Vx € F.

Since F is dense in 2, it follows that ¥, has a unique continuous extension to 12, which
we denote the same way.

For any ¢t > 0, define ¥, = P,V¥., where P; is the orthogonal projection from
L?([0,00),Y) onto L?([0,t),Y) (considered as a subspace) and put ¥ = (¥,);>¢. Then it
is easy to check that (T, ¥) is an abstract linear observation system, as defined in §2. By
the representation theorem mentioned in §2, there is a C' € £(I3,Y) such that

(5.6) (Uooz)(t) = CTyz Yz €13

Comparing this to (5.4) and taking ¢ = 0 (this is possible since WU,z is continuous for
T € l%) we conclude that C' is an extension of C’. It follows that C is determined by the
same matrix [cy, ¢z, . ..]. Obviously, C is admissible, so that (S5) holds.

Conversely, suppose that (S5) holds. Then, by assumption, the operator C’ defined
earlier has a continuous extension C' &€ E(l%,Y) and the operator ¥, defined by (5.6)
has a continuous extension to [2. Let P be the observability Gramian of A and C, i.e.,
P =V} V. The matrix of P is

Pj i = (Pey, ej) = (Vooer, Yooey).

Using (5.5), we obtain P;, = (pk,p;), i.e., the Gramian matrix of (pg). Thus, (S2) holds
and, by Proposition 5.2, (S1) holds as well. 0

The last theorem reduces a (difficult) problem, checking (S1), to another (difficult)
problem, checking (S5). However, for verifying (S5), powerful methods are available,
especially the Carleson measure criterion and other criteria derived from it, see [4], [7],
and [24].

Remark 5.5. An elementary computation shows that if (px) is defined by (5.3) then
the Gramian matrix of (px) (see (5.2)) is given by

(Ckh c]>
A + /\j

Pjr =

COROLLARY 5.6. With the notation of Theorem 5.4, the sequence (py) is a Riesz basis
in its closed span if and only if the following holds:

(S6) The statement (S5) is true (i.e., C is admissible for T) and the system determined
by A and C is exactly observable on [0, 0).

Proof. Suppose that (px) is a Riesz basis in its closed span. Then by Proposition 5.3,
(S4) holds, which implies (S2). By Proposition 5.2, (S1) holds whence, by Theorem 5.4,
(S5) is true. By the “moreover” part of Theorem 5.4, P is given by the Gramian matrix of
(pk)- Since (S4) holds, P is invertible, so that (S6) holds.

Conversely, suppose (S6) is true. By Theorem 5.4, P is given by the Gramian matrix
of (px). Since P is invertible, (S4) holds whence, by Proposition 5.3, (px) is a Riesz basis
in its closed span. a

Remark 5.7. Theorem 5.4 and Corollary 5.6 can be slightly generalized, as follows:
If (\x) is not required to satisfy (4.2), only A\, € C_, and “admissible” is replaced by
“infinite time admissible”, then both results are still true, with the same proof. C' being
infinite time admissible simply means that (1.3) holds. Since T is not necessarily stable,
infinite time admissibility is a stronger condition than admissibility (see also Remark 3.7).
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Let (px) be a sequence of complex exponentials (as in (5.3)) and suppose that we wish
to check whether it is a Riesz basis in its closed span. We have seen that one necessary
condition is (S1). Another simple necessary condition is inf ||pg|| > 0. If Conjecture 1.3
would be true (at least for diagonal semigroups) then for a large class of such sequences,
the above two conditions together would be sufficient for the sequence to be a Riesz basis
in its closed span. More precisely, we have the following resuit.

THEOREM 5.8. Let (M) be a sequence in C_ satisfying (4.2) and properly spaced
(see (4.7)). Let (ck) be a sequence in a Hilbert space Y and let the sequence (py) in
L*([0,00),Y) be defined by (5.3). We assume that (S1) holds and

(5.7) lpell> > k>0 Vk eIl

If Conjecture 1.3 is true for the diagonal semigroup T defined by (4.1), then (py) is a
Riesz basis in its closed span.

Proof. By Theorem 5.4, (S5) holds. Let A and C be as in (S5). By an elementary
computation, the condition on ||pk|| in the theorem is the same as (4.6). Since (Ag) is
properly spaced, by Theorem 4.4 the estimate (E) holds for A and C. If Conjecture 1.3
is true for T then the system determined by A and C is exactly observable on [0,00). It
follows that P, the observability Gramian of A and C, is invertible. By Theorem 5.4, P
is given by the Gramian matrix of (px). By Proposition 5.3, (S3) holds. |

For certain classes of properly spaced sequences (), we can show that Conjecture 1.3
is true for the semigroup defined by (4.1). Then, if (cg) is such that (5.7) holds, Theorem
5.8 can be used to show that (px) (defined by (5.3)) is a Riesz basis in its closed span. We
will briefly discuss two such classes of sequences: one for which the numbers Ay lie on
a vertical line in C_, and one for which they lie on the real line. The following theorem
(the vertical line case) is a consequence of Ingham’s theorem.

THEOREM 5.9. Let (Ax) be a properly spaced sequence in (C_ such that for some
p <0,

(5.8) Re Ay =p Vkell

Then Conjecture 1.3 is true for the diagonal semigroup T defined by (4.1).

Proof. Let Y be a Hilbert space and let C : [? — Y be an admissible observation
operator for T. Let (ex) be the standard basis of [ and put ¢;, = Cey. Then, by Proposition
4.1 and by (5.8), (cx) is bounded. Let A be the generator of T and suppose that A and C
satisfy the estimate (E). Then, by Theorem 4.4, ||ck|| is bounded from below by a positive
number. Thus, we have the factorization C = CyD, where Cj is defined by

Coer = Vk € T,

Ck
llexl
and D is an invertible bounded diagonal operator on 2.

There are several ways to show that Cy is admissible for T. One of them is to use the
fact that D commutes with the semigroup and C is admissible:

oo o0
f ||C’0’J1"tac||2dt:/ |CT, D~ x| dt
0 0
< K- |ID7YP e

By Remark 2.10, Cy is admissible for the (unitary) semigroup generated by A — pl.
Moreover, the system determined by A — pI and Cj is exactly observable on a certain finite
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interval [0, 7). This follows from the vector-valued version of Ingham’s theorem (see [25,
p. 162]) together with another (much simpler) result appearing in [25, p. 157]. By Remark
2.10, the system determined by A and C) is also exactly observable on [0, 7), and hence
on [0,00): for some k > 0 and any z € I2,

5.9) \/u%mwakwm?
0

To show that the system determined by A and C is exactly observable on [0, c0), we
will again use the fact that D commutes with the semigroup. For any = € I? we have,
using (5.9),

/ ICT o |dt = / ICoT, D |dt
0 0
> k- || Dz

k 2
> ann . a

Our result for real A\, depends on a lemma from complex function theory.
LEMMA 5.10. Let a > 1 and let the function f on the unit circle be defined by

oo k
z
5.10 = s
(5.10) 0= 3 e
Then f is real and
min f(z) > 0.

|z|=1

Sketch of the proof. The Laurent series in (5.10) permits us to extend f to a holomorphic
function in the annulus D defined by

D={z€Cla"" <|z| <a}.

Put g(z) = Re f(z), so g is harmonic in D. We have, fora™' <r < a and 0 € R,

o0

k —k

r+r

+ Z WCOS k6.
k=1

g(re’) =

T

Since §+ Y77, cos k6 is the Fourier expansion of  times the Dirac measure at 6 = 0,
we get that the boundary distribution of g on the circle with radius a is amd,, where
b4 is the Dirac measure at z = a. Similarly, on the circle with radius a~ !, g becomes
a~'7é,_1. Thus, the boundary distribution of g is a positive measure (supported at two
points). It follows that g(z) > 0 in D. Since g is not constant, by the minimum principle
it cannot attain its infimum in D, so that in fact g(z) > 0 in D. Since for |z| = 1 we have
f(z) = g(z), f satisfies the desired estimate. 0

It seems to us that it is difficult to give a purely computational proof for the above
lemma. The following theorem considers a very restricted class of systems, where the
eigenvalues of the generator are negative and grow exponentially and the output space is
one-dimensional.
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THEOREM 5.11. Let « > | and let (\y) be defined by
(5.11) A = —a Vk eIl

Then Conjecture 1.3 is true for the diagonal semigroup T defined by (4.1) and for
Y =C.

Proof. Let C : I3 — (C be an admissible observation operator for T. Let (ex) be the
standard basis of [ and put ¢, = Cey. Then, by Proposition 4.1 and by (5.11), there is
a K > 0 such that |cx|* < 2Ka* holds for any k € T1. Let A be the generator of T and
suppose that A and C satisfy the estimate (E). Since (\x) is properly spaced, by Theorem
4.4 (the easy direction) there is a £ > 0 such that |c,|*> > 2ka* holds for any k € I1. Thus,
we have the factorization C' = CyD, where Cj is defined by

Coex = a*?, Vkell,

and D is an invertible bounded diagonal operator on [°.

To show that Cj is admissible for T, we can use either the Carleson measure criterion
(see [7]) or the fact that D commutes with the semigroup and C is admissible (as in the
proof of Theorem 5.9).

Let us show that the system determined by A and Cj is exactly observable on [0, 00). If
Py denotes the observability Gramian of A and Cj, we have to show that this (nonnegative)
operator is bounded from below. By Theorem 5.4 (the “moreover” part) and by Remark
5.5, the matrix of F is

ak/2qi/? 1

Pik = oF Tl a2 4 qG-R/2

Thus, P, is a Toeplitz (or convolution) operator, with generating bilateral sequence (7x)
given by

1

T = k2 k2

We define a continuous function ¢ on the unit circle by

p(z) = Z Tez".

k=—o0

It is easy to show that for any = = (zi) € [%, denoting Z(2) = Y o, zx2", we have

1 o 6 S0 102
(Poaa) = 5= [ ole)-fa(e )P

so that if ¢ is bounded from below (by a positive number) then F, is bounded from below.
Denoting a = a'/2, we see that ¢ becomes f defined in (5.10), so that by Lemma 5.10, ¢
is bounded from below.

Thus we have shown that the system determined by A and Cj is exactly observable
on [0, 00). To show that the system determined by A and C has the same property, we can
now apply the exact same argument as in the last part of the proof of Theorem 5.9. ]

It seems that Theorems 5.9 and 5.11 can be generalized in many directions, for example,
the eigenvalues A; can be moved by amounts not exceeding (in absolute value) a small
factor times their real part.
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EXACT CONTROLLABILITY FOR THE SCHRODINGER EQUATION*

ELAINE MACHTYNGIER'

Abstract. The exact controllability of Schrodinger equation in bounded domains with Dirichlet boundary
condition is studied. Both the boundary controllability and the internal controllability problems are considered.
Concerning the boundary controllability, the paper proves the exact controllability in H~'(2) with L?-boundary
control. On the other hand, the exact controllability in L?(£2) is proved with L2-controls supported in a neigh-
borhood of the boundary. Both results hold for an arbitrarily small time. The method of proof combines both the
HUM (Hilbert Uniqueness Method) and multiplier techniques.

Key words. Schrodinger equation, boundary controllability, interior controllability

AMS subject classifications. 35B45, 93B05

1. Introduction and main results. During the last few years, various authors have
obtained exact controllability results for the wave and plate equations and for the elasticity
system (see, e.g., Haraux [7]; Jaffard [9]; Lagnese [10]; Lagnese and Lions [11]; Lions
[13], [14], [15]; Russell [20]; Zuazua [22], [23], and the bibliography therein).

As Rauch [19] pointed out, since every solution of Schrodinger equation

i+ Ay =0
is also solution of the plate equation
Yt + A%y =0,

we can get exact controllability results for the Schrodinger equation from those correspond-
ing to plate equations.

The object of this work is to study directly the exact controllability problem for the
Schrodinger equation by adapting the, by now well known, method (see for instance Lions
[14]) which combines HUM (Hilbert Uniqueness Method) and multiplier techniques.

Let us formulate precisely the exact boundary controllability problem for the Schrodinger
equation. Let £ be an open bounded set of R™ with boundary I' = 99 of class C>. We
consider a partition (I',,T")) of I" given by

(1.D I, =(z°) = {z € T;m(z).v(z) > 0},

(1.2) I'y = {z e ';m(z).v(z) <0},

where z° is a fixed point of R", m(z) = x — z°, and v(z) is the unit normal vector to I'
at € I pointing towards the exterior of 2, and “.” denotes the scalar product in R"™.

Let us consider the following Schrodinger equation with nonhomogeneous boundary
conditions:

e+ Ay=0 in Q=Qx(0,7T)

(1.3) Y= v on ¥o=T,x(0,T)
0 on %,=T,x(0,T)
y(0) = ¢° in Q.

* Received by the editors December 9, 1991; accepted for publication (in revised form) April 28, 1992.

T Instituto de Matemética, Universidade Federal do Rio de Janeiro, CP 68530, CEP 21945, Rio de Janeiro,
Brasil.
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For any initial data y° € H~'(Q) and v € L?(%,) there exists a unique weak solution
of (1.3) in the class y € C([0,T]; H~'(2)). This solution is defined by transposition (see
Lions and Magenes [16]).

Our main result is as follows.

THEOREM 1.1. Let T' > 0, T, be defined by (1.1) and £, =T, x (0,T). Then, for any
y° € H™Y(Q), there exists v € L*(X,) such that the unique solution y € C([0,T]; H~'(Q))
of (1.3) satisfies y(T') = 0.

Let us now consider the exact controllability problem when the control acts in a subset
of Q.

We assume that the open subset w C  is a neighborhood of T',, that is, w = QN O
where O is an open set of R" such that T, C O, and let x,, be the characteristic function
of w.

Let us consider the following nonhomogeneous Schrodinger equation:

iy +Ay=hyx, in Q=Qx(0,T)
(1.4 y=0 on ¥=TIx(0,T)
y(0) =y° in Q.

It is well known (see Cazenave and Haraux [3], Cazenave [4]) that for any initial data
y° € L*(Q) and h € L*(w x (0,T)), there exists a unique weak solution of (1.4) in the
class y € C([0,T]; L*(Q)).

Concerning this problem our main exact controllability result is as follows.

THEOREM 12. Let T > 0 and w C § be a neighborhood of T,. Then for any
y° € L*(R), there exists h € L*(w x (0,T)) such that the solution of the problem (1.4)
satisfies y(T) = 0.

Recently some results connected to Theorems 1.1 and 1.2 have been obtained by Lebeau
[12] and Fabre [5]. Lebeau, in [12], generalized the results about the exact controllability of
hyperbolical problems of Bardos, Lebeau, and Rauch in [1] to the Schrodinger equation. He
proved that when €2 is analytic and I, (one open part of the boundary) controls geometrically
Q (cf. [1]); Theorem 1.1 holds. Our result is more restrictive in the sense that it only applies
when I';, = I'(z°), excluding many subsets I', which geometrically control €2 and are not
of the form (1.1). However, our technique presents several advantages:

(i) it applies provided € is of class C3; and

(ii) it provides explicit estimates for the constants on the essential a priori estimations.

Fabre in [5] proved that the boundary control could be obtained as the limit of the
internal controls with support in a neighborhood of the boundary of ¢ thickness by letting
€ g0 to zero.

In the Hilbert spaces L*(Q2) and H/ () we will consider the following inner products:

(u,v) 22y = Re / u(z)v(z)de, Yu,v e L*(Q)
Q
and
(u,v) 1) = Re /Vu(:v)Vv(a:)da:, Yu,v € HY(Q),
Q

where ® denotes the conjugate of e.
The rest of the paper is divided into two parts. In §2 we prove the Boundary Control-
lability Theorem 1.1. In §3 we prove the Internal Controllability Theorem 1.2.

Let us finally mention that the results of this paper were announced in Machtyn-
gier [17].
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2. Exact boundary controllability. To prove the Boundary Controllability Theorem
1.1 we need the following proposition.

PROPOSITION 2.1. For every T > 0, there exist ¢; = ¢;(T, Q) > 0 (i = 1,2), such that

T
2.1 / /
o Jr,

and

T
22) eI ) < 02/ /
o Jr,

Jor every solution ¢ = p(x,t) of the problem

8(,0 2 012
a5 & =l

84,02
B dx

o +Ap=0 in Q=Qx(0,T)
2.3) 0=0 on T =T x(0,T)
p(0) = ¢° in

with ¢° € H}(Q).

(In (2.1) and (2.2) “Op/0v” denotes the derivative on the direction v, the normal unit
vector to I' oriented towards the exterior of £2. We denote by d¥ = dI' dt the surface
measure of ¥.)

Proof of Proposition 2.1. We proceed in several steps.

Step 1. First, we prove an identity for the solution of the problem

ipr+Ap=f in Q
2.4) p=0 on X
»(0) = ¢° in Q.
LEMMA 2.2. Let ¢ = q(x,t) € C*(Q,R"). For every solution of (2.4) with f € D(Q)
and p° € D(Q), the following identity holds:
I dp|? I -
= V) |l=—| d¥ =<1 Vo
5 [an|5 =5 [ (oo

1
+=Im /(qt.VapG)dxdt
2 Jg

I
(2.5) +§ Re /(g)V(divm q).Vo)dzdt
Q
Oqy 0p 3<P> / _
+Re / (————-——— dxdt + Re fq.Vodxdt
Q Jzk Oxj Oy Ox; Q

+1Re / fp(div, q)dxdt.

2 Jg

In Lemma 2.2 we used the notation: div, q = E?:] (0q;/0x;) and

3 [ (@) = Sim | (¢t oo 7) Tl D)
— %Im /Q(go(x,O)q(;v,0).ch(x,0))d$.

Proof of Lemma 2.2. We multiply (2.4) by ¢.Vp + %?p’(divz q) and take the real part.
Identity (2.5) holds by integration by parts. ]
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Step 2. For the proof of (2.1) we choose ¢ = q(x) € C*(Q,R™) such that ¢ = v on
I' (see Lions [14] for the construction of this vector field) and f = 0 in @ in the identity
(2.5) and we obtain

1 dp :
E/z: }8_1/} % < ki gl o @) (Ie(D) 720y + IVR(T) 1720
+ll(0)] ZLZ(Q) + HVQO(O)”%}(Q))
T

o gl / o)l IV ()] 2yt

T
ks o / V(1)

(2.6)

2
LZ(Q)dt.

We know, by classic results of the Schrodinger equation (see Cazenave [4]), that

2.7 ey = ¢l Yt €[0,T]
and
(2.8) Vo)L = IVl Yt €[0,T).

Hence, we obtain

I 2
3 L5 =<l ver e

Since D(R) is dense in H!(Q), the estimate (2.1) holds for every solution of the
problem (2.3) with initial data ¢° € H! ().

Remark 2.3. We remark that this estimate gives (0p/0v)|s € L*(X). It is not a
consequence of classic trace results.

Step 3. For the proof of (2.2) we choose ¢(z,t) = m(z) =x —2° and f =0in Q in
the identity (2.5) and, using (2.7), (2.8), we obtain

1 Op
2.9) -i/z(mu) o

Furthermore, let £ > 0 such that (T'—¢) > 0 and

2
1 _ o
a5 = 3 Im /Q(npm-V@)dwioT + Tl 0

2.10) }Im [ o 5@ < e By + el iy
Thus

o012 1 890 ? 0|12
(2.11) (T =)’y ) < 3 Eo(m-V) W A%+ e[|l 12 (q)-

Step 4. To conclude the proof it is enough to prove the following estimate:

Op :
2.12 o2 <K L 43,
(2.12) le°z20) < /EO {81/

We argue by contradiction. If (2.12) is not satisfied for any K > 0, there exists a sequence
{¢n} of solutions of (2.3) such that

(2.13) lon(O)lr2@) =1 VneEN
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and

(2.14) /
PPN

From (2.11) we deduce that {¢,(0)} is bounded in H!(2) and then

2

% d¥—0 as n — +oo.

ov

{¢n}is bounded in L>°(0,T; H!(Q)) nW'>°(0,T; H~'(Q)).
Thus, by extracting a subsequence (that we will still note by {©,}) we will have

On — P in L>(0,T; H)(Q)) weak*
(pn)t = ¢ in L*°(0,T; H-1(Q)) weak*.

The function ¢ € L*(0,T; H(2)) N WHe(0,T; H~(Q)) is clearly a solution of
(2.3) and, from the compactness of the embedding (see Simon [21])

L0, T; HY(Q) nWh(0,T; H~'(R)) — C([0, T]; L*(R))
and (2.13), we deduce

(2.15) lle(0)]

LZ(Q) = 1.

On the other hand, (2.14) implies

%S =0 onX,,

which, combined with (2.3), implies ¢ = 0, from Holmgren’s Uniqueness Theorem (see
Hormander [8, Chap. V, Thm. 5.3.3] and Lions [14, Chap. I, Thm. 8.2]). This is in
contradiction with (2.15). This ends the proof of inequality (2.2). 0

Proof of Theorem 1.1. Let us now apply HUM to deduce the exact boundary control-
lability result.

Let ¢ be the solution of the problem (2.3) with ¢° € H](Q). From step 2 of Proposition
2.1 we have (Op/0v)|s € L*(%).

We consider the problem

W+ Ay=0 in Q
0

(2.16) y=1{ov on X,
0 on X
y(T)=0 in Q

from the following proposition.
PROPOSITION 2.4. Let v € L?(X). Then, there exists an unique solution

y € C([0,T]; H~'(Q)),
in the transposition sense, of the problem
e+ Ay=0 in Q

2.17) Yy=v on X
y(0)=0 in
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Furthermore, the map v v y is linear and continuous from L*(X) into C([0,T); H~'(Q)).

Proof. We say that y € L>°(0,T; H~'(Q)) is a solution of (2.17) in the transposition
sense if and only if

T
(2.18) Re /(; ( () f(t)>(H Q) Hl(Q))dt Re/v——dZ

for every f € L'(0,T; H}(2)), where 6 = 6(z,t) is the solution of the problem

0 +A0=f in Q
(2.19) 0=0 on %
0(T)=0 in Q

Applying the identity (2.5) with a vector field ¢ = v on I" and using the following
classic result (see Cazenave and Haraux [3, Chap. IV]):

105 ) < NfllLio a2y, V€ [0,T]
we obtain

00

W < el fllero,zm ()

L(%)

Hence, we have

00
R Yisl < ol
(2.20) ¢ /” d ‘— il | 55 )
< vyl Lo )
From (2.20), we obtain that the map
06
froRe [ vgoas
ov

is linear and continuous from L!(0,T; H}(€)) into R.

Hence, there exists a unique y € L>°(0,T; H~'(Q)) that satisfies (2.18) for every
fe L0, T;H}(Q)).

From (2.18) and (2.20) we have

(2.21) lyll Loe 0,1 (2)) < ellvll 2oy

Thus, the map v + y is continuous from L*(X) into L>(0,T; H~'(Q)).
Moreover, y € C([0,T]; H~'()). Indeed, we consider {v, }nen C D(0,T; C*(T))

such that
(2.22) v, — vstrong in L*(X).

Let y, be the solution of (2.17) with boundary condition v,. Since v,, is regular, in
particular, we have y,, € C([0,T); H~'(2)).

From (2.21) and (2.22), we have

Yn —y in L®(0,T; H-(Q)).
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Since C([0,T]; H='(2)) is a closed subspace of L>(0,T; H~'(Q)), we have
y € C([0, T H™'(Q)).

We obtain that the solution of (2.16) is in the class y € C([0,T]; H='(Q)).
It is easy to see that, by multiplying (2.16) by ¥, taking the real part, and integrating
it by parts, the following identity is satisfied:

a 2
Zl s Ve® € D(Q).

(=iy(0),¢°%) = /L 50

Let A be a linear continuous operator from H!(Q) into H~'(Q) defined by

Ap® = —iy(0),

where y = y(x,t) is the solution of the problem (2.16).
From Proposition 2.1 we have

(Ap?, %) > C”<P°||§L1;)(Q)-

Hence A is an isomorphism from H!(€) to H~'(2) and the theorem is proved. Indeed,
given y° € H~'(Q), we choose the control v = dp/dv on ¥, where ¢ is the solution of
problem (2.3) with initial data ¢® = A~ (—iy°). 0

3. Exact interior controllability. In order to prove Theorem 1.2 we need to establish
the following proposition.

PROPOSITION 3.1. Let w C § be a neighborhood of T',. Then for every T > 0 there

exists ¢ = ¢(T') > 0 such that
T
T < C/O / || dz dt

for every ¢ = @(z,t) solution of (2.3) with initial data ©° € L*(2).
Proof. We proceed in several steps.
Step 1. First, we remark that the inequality

3.1 ll°l

T
62) oy << [ [ [VoPaoat

holds for every solution ¢ = ¢(z,t) of the problem (2.3) with ¢° € H}(Q), where & C Q
is a neighborhood of T',,.

Indeed, applying identity (2.5) with f = 0 in @ and a vector field ¢ satisfying

q(z,t) = v(z) V(z,t) €Ty x (e,T —¢)
qg(z, t).v(xz) >0 V(z,t) €I x (0,T)
q(z,0) = q(z,T)=0 VYzeQ

q(z,t) =0 V(z,t) € (Q\w) x (0,T)

and using Proposition 2.1, we obtain (3.2).
Step 2. The inequality

T
(33) 1o 2y ey < € /0 U110y + 19122 0y)

is obtained in the following way.
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From Step 1 we have

T
(3.4) I By < [ Ie(Oladt

Moreover, we have the following result.

LEMMA 3.2. Let Q C R™ be a regular domain, f € H~'(Q) and let v € H!(Q) be
the solution of

—Au=f in Q
(-3) {uzO on T'=090

Then, there exists ¢ > 0 (which does not depend on f) such that

(3.6) lullin ey < elllf -1y + lullage)]

where w and & are neighborhood of T such that (2N &) C w.
Proof. Let us consider the function n € C°°(R"™) such that

1 in <
77(“”):{omg/w.

Thus, the function v = nu, where u is the solution of (3.5), satisfies

37 —Av=—(An)u —2Vn.Vu+nf in w
3.7 v e H'(w).

Since the operator —A is an isomorphism from H{(w) to H~'(w), we have
(3.8) ol wy < ellflla-1w) + eallull )
Hence, we obtain (3.6) from (3.8) because

lullm @) = vl @) < lollaiw)-

Remark 3.3. We also can use this lemma when w and @ are neighborhoods of T, such
that (QNw) C w.
Thus, by combining (3.4), (3.6), and (2.3) we obtain

T
(3.9) 1 s < /0 eIy + IR

From (2.7), (3.9) we conclude the proof of (3.3).

Step 3. From (3.9), proceeding by contradiction and using compactness and Holmgren’s
Uniqueness Theorem, we obtain the following estimate:

T
(3.10) ll¢? IIHI(Q /0 06 (E)1 3 -1 (o -

On the other hand, as the operator —A is an isomorphism from H!(Q) to H=!(Q), from
(3.10) we have

T
G.11) ety < € / e8| 0 t.
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Step 4. Let p € C([0,T); H='(2)) be the solution of (2.3) with p(0) = ¢° € H~!(Q)
and define

t
t) = ds + X,
(1) /0 o(s)ds +
where

AX = —ip(0)
{ X € H\(9Q).

Thus, 1 is a solution of problem (2.3) with ¥(0) = X € H!(Q) and ¢; = ¢. Then,
applying (3.11) to 1) we have

T
(3.12) o < € /0 lo()I 1oy

Step 5. From (3.4) and (3.12) we have

T
(3.13) %13 52y < C/O oI @yt = ellell 20,71 (w))

T
(3.14) o=y < C/O ()13 -1yt = ellllLo,mim-1 (w))-

We are going to prove (3.1) by interpolation. Let us consider the linear operator

L:HY(Q) — L*0,T; H '(w))

defined by

Lo(t) = ("2 ¢)lo.

It is clear that
Lol 20,701 (w)) < Cllelm-1()-

Furthermore, it follows from (3.12) that
[l Lol

Therefore, we can consider the closed subspace X, = L(H~'(R)) of L*(0,T; H'(w)),
and the linear operator I = L~ (since L is an isomorphism H~'(Q) — X,).
Thus

orH- (W) = cllelln-19)-

(3.15) € £(X,,Y,)

with Y, = H-1(Q).
Next, we can set X; = X, N L?(0,T; H'(w)), and it follows from (3.13) that

(3.16) Il € £(X,Y})
with Y} = H!(Q).
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From (3.15) and (3.16), cf. [16, Thm. 51, p. 27], we have
T € L([Xo, Xi]1/2, [Yo, Y1]1/2)-
From [16, Thm. 12.3, p. 27], we have
Yo, Yi]12 = L*(9).
Furthermore, by [2, Thm. 5.1.2, p. 107], we have
(L0, T; H' (w)), L2 (0, Ts H™ (W) 2 = L*(0, T3 [H' (w); H~' ()] 2)
and from [16, Thm. 12.4], we obtain
[H'(w);H"(w)],/z = Lz(w).

Hence, since X, is a closed subspace of L?(0,T; H~'(w)) and X a closed subspace of
L?*(0,T; H'(w)), using [16, Thm. 15.1, p. 107], we verify that the norm of the space
[Xo, X112 is equivalent to the norm of L(0,T; L?(w)), and since I € L([X,, X1]1/2;
L%(9)), we have

T
e ey < € / / pf? dadt.
0 w

This ends the proof of the proposition. 0
Proof of Theorem 1.2. We apply HUM to deduce the exact controllability as follows.
We define the linear continuous operator from L?(2) into L?({2) by

Ap?® = —iy(0),

where y = y(z,t) is the solution of the problem

i+ Ay =px, in Q
3.17) y=20 on X
y(T) =0 in Q

and ¢ is the solution of (2.3) with initial data ©° € L?(1Q2).

It is ecsy to see that, by multiplying (3.17) by i, taking the real part and integrating it
by parts. .ne following identity is satisfied:

T
(3.18) o) = [ [lePdzdr, v e 2@,

By combining estimate (3.1) and identity (3.18) we deduce that A is an isomorphism from
L*(2) to L*(R). Hence, given y° € L?(£2), we choose the control h = ¢|,, where ¢ is the
solution of (2.3) with initial data ¢©° = A~!(—iy®). Then the proof is finished. 0
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APPROXIMATE BOUNDARY CONTROLLABILITY FOR THE WAVE
EQUATION IN PERFORATED DOMAINS*

DOINA CIORANESCU?, PATRIZIA DONATO} AND ENRIQUE ZUAZUAS

Abstract. This paper considers the wave equation in a perforated domain with holes of size r(¢) distributed
with e-periodicity, with the assumption that there exists a neighborhood of the exterior boundary without holes.
The following question is asked: Is it possible to approximately control the wave equation in the perforated
domain in such a way that when € goes to zero the exact controllability of the limit system is obtained? Two
main theorems give a positive answer to this question when r(€) is the critical size that transforms at the limit the
operator (8% /8t?) — A into (8%/9t%) — A 4 p, where p is a positive measure. In the first theorem, in a suitable
sense, L2(Q2) x H~'(£2) is approximated by the space of the admissible data for the exact controllability in the
perforated domain. In the second, it is shown that the limit control, supported only by the exterior boundary of
the perforated domain, is such that the related state in the perforated domain goes at the limit to the equilbrium
state at the time T'.

Key words. approximate controllability, wave equation, perforated domains, homogenization

AMS subject classifications. 93B05, 93C20, 35L.05, 35B27

1. Introduction and main results. We consider here some questions related to the
approximate and exact Dirichlet boundary controllability of the wave equation in perforated
domains.

Let © be a bounded domain in 2™, n > 2 with boundary 99 of class C?. Let €, be
the domain obtained by removing from €2 a set S, of closed smooth subsets (the “holes”),
ie., Q. =Q\S..

We assume that the measure of the set of holes goes to zero as the parameter € tends
to zero, and we are interested in describing the asymptotic behavior of the system under
some geometrical assumptions on the domains Q..

Let us consider the wave equation in the perforated domain Q. x (0,7") for a given
T>0

y! = Ay =0 in Qe x (0,7)
(1.1) y(0) = 9% in Q.
y.(0) =y inQ

with Dirichlet boundary conditions
(1.2) Ye =0, on X = 0Q x (0,7,

where 092, = 9Q U dS,.
The exact controllability problem for system (1.1)—(1.2) consists of finding 7" > 0 large

enough such that for every initial data {y°,%!} in a given space there exists a control v,
such that the solution of (1.2) satisfies

ye(T) =y (T) = 0.
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work is part of the Project Eurhomogenization SC1*-CT91-0732 of the Programme SCIENCE of the Commission
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The Hilbert Uniqueness Method (HUM) (see Lions [7]) furnishes such an exact control
ve € L*(Z.) for T large enough (I' > diam Q =diameter of ) and for every pair
{¥0,y!} € L*(Qe) x H™' (). This control minimizes the L?(X.)-norm among all the
exact controls for (1.1)—(1.2). Moreover, in [3] we constructed special exact controls for
which, under suitable geometric assumptions on S, (see (1.4)), the asymptotic behavior of
the system as ¢ — O can be described.

Let us point out that these controls constructed in [3] are supported by the external
boundary 992 and also by the boundary of all the holes. Hence, they are not realistic from
a practical point of view.

The support of the control can be restricted to a “large enough” subset I'{ of 2. More
precisely, as a consequence of the results proved by Bardos, Lebeau, and Rauch in [1], in
order to have such an exact controllability property in L?(Q¢) x H~'(Q.) with L?-controls
supported on I'j and in time Tp, I'§ and Tp must satisfy the following geometric property:
Any generalized ray of geometric optics meets I'§ in a time T' < Tp.

Therefore, if S contains a sole “nontrapping” hole (for instance, a star-shaped hole),
then exact controllability in L?(Q.) x H~'(€) can be achieved with L?-controls by acting
only on the exterior boundary. However, if S, contains more than one hole, in order to
control the trapped generalized rays the exact control must also have a part supported on
the boundary of the holes (see Fig. 1).

In practice, what is natural (and realistic) is to try to control system (1.1) by acting
only on the external boundary ¥ = 9Q x (0,T). Thus, instead of (1.2) we must add to
equations (1.1) the following boundary conditions:

(1.2 Ye =ve on 0N x (0,T)
’ Ye =0 on dS. x (0,T).

System (1.1)~(1.2)" is approximately controllable. More precisely, applying HUM
again (see [7, Chap. 1]), it can be shown that if T' > diam €2, there exists a Hilbert space
F. such that, for every {y°,y!} satisfying

{yela_yg} € Fel’
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there exists an exact control v, € L?(X) so that the solution of (1.1)-(1.2)' satisfies
(1.3) Ye(T) = y.(T) = 0.

Moreover F' is dense in H~'(Q.) x L*(€) and, as we saw above, F! is strictly
contained in H~!'(Q) x L?() as soon as S, contains more than one hole. On the other
hand, F! cannot be characterized in a usable way.

However, when letting € go to zero, under suitable assumptions on the holes S, the limit
system of the wave equation is a second-order (in time) hyperbolic equation in the whole
domain . The exact controllability of this limit system can be achieved in L?(Q) x H~'()
with L2-controls supported on the boundary of §2. Therefore, the following general question
arises: Is it possible to approximately control system (1.1) in such a way that when € goes
to zero we obtain the exact controllability of the limit system? This general question can
be formulated more precisely in the following two ways.

The first question is: Given T large enough (T > diam Q) and {3°,y'} € L?(Q) x
H~'(Q), find approximate initial data {y,y!} such that {y!, —y°} € F! and

Wyl = '}
Ye 2 Y
Ve — U,

as € — 0 (in a sense to be made precise), where v, is the exact control given by HUM for
(1.1)—(1.2Y, y is the solution of the limit wave equation in the whole of 2 with initial data
{y°,y'}, and v is the exact Dirichlet control for the limit state y so that y(7') = y/'(T") = 0.
Roughly, this question asks whether F! converges to L?(Q2) x H~'(Q) as € goes to zero.

A second natural question, complementary to the first one, can also be posed. Suppose
that we are given {y2,y!} € L*(Q.) x H™'(Q) so that {30, y!} converges in some sense
to {y°,y'} € L2(2) x H~!(Q) (in a sense that will be made precise). As shown before, we
cannot construct an exact L2-control with support in 9Q x (0,T') only. The question is as
follows: Can we construct a Dirichlet boundary control v, supported only by 99 x (0,T)
such that, if y. satisfies (1.1), (1.2)', then

ye(T) -0
yi(T) — 0?

We give here a positive answer to these two questions under some assumptions on the
geometry of the holes.
Our first assumption is as follows:

( There exists a sequence of test functions w, such that

(i) we € H'(Q) N L>®(Q), llwel| oo () < Mo
(ii) we =0 on S,
(1.4) (iii) we — 1 weakly in H'(Q)and almost everywhere in §

(iv) — Aw, = pe — v where pe,v. € H~'(Q2) with
pe — p strongly in H='(Q), u € L>() and
< Ye,Uue >o=0 for any u. € H}(2) such that u. = 0 on S..

This assumption implies that, at the limit, —A : H}(Q.) — H~'(f) is transformed into
—A +pl - H() — H~'(Q) (for details see Cioranescu and Murat [6]).
The second assumption is the following:

(1.5) There exists o > Osuch that d(S.,09) > a Ve > 0,
where d(S., 0Q) is the distance between S and 9.
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Remark 1.1. This hypothesis signifies that we have a “safety zone”
Dy ={zxeQ:d(z,00) < a}

around 02 where there are no holes. Moreover, it is easy to check that if Q satisfies
hypotheses (1.4) and (1.5) then the support of y is contained in Q\D,, the holes being
located in Q\D,, only.

We observe also that it is not restrictive to assume that w. = 1 in D,_s for a fixed
6 €]0, af. In fact, if not, we can define We = ¢ + (1 — ¢¥)we where ¢ € C°°(Q) satisfies

Yp=0 inMNDy, =1 inQ\Dg_s, 0<y <1

and it is obvious that hypothesis (1.4) is still satisifed with @, instead of w.. Consequently,
in the following we will assume that we = 1 in D,_s for a fixed § €]0, a].

Remark 1.2. Condition (1.4), without the assumption p € L°°(£2), was introduced
by Cioranescu and Murat in [6] in the context of elliptic homogenization and ensures
that the measure of the holes is asymptotically small enough. Note that if p does not
belong to L>°(Q2), at the limit we get the elliptic operator —A + pl : V. — V' with
V = H}(Q) N L?(;du) (see [6] for the elliptic case and Cioranescu et al. [2] for the
wave equation). The assumption p € L°°(Q) is necessary in the present paper to provide
the exact controllability for the homogenized wave equation.

Let us now consider the wave equation related to the limit elliptic operator —A + pf
in the domain Q x (0,7T), with T" > 0 and Dirichlet boundary condition

y'—Ay+py=0 inQx (0,7)
y=v ondQx(0,T)
y(0)=19" inQ

y(0)=y" inQ

(1.6)

with {3, y'} € L2(Q) x H~(Q).
If T > diam €, applying HUM to (1.6) we get the existence of a control v € L*(X)
such that the solution of (1.6) satisfies

y(T) =y (T)=0.

At this point, we use the fact that p € L*°(Q2). Indeed, when g is only a measure in
H~'(Q2), no exact boundary controllability result is known.

In order to state the main results of this paper we need to introduce the quasi-extension
operator P, defined in [2]:

(1.7) Pop=wp Vi€ L*(Q)

where 1) is the extension of 1 by zero in the holes S, and w, are the test functions from
hypothesis (1.4).

This operator extends as follows to an operator P, defined on H~'(Q,):

<Pe¢7 (p>WvI‘q(Q))WO"Q/(q‘I)(Q) = W)v we(P)H"(Qf),H(;(Qf)'
This operator satisfies

{ P. e L(H Y (Q); W—H1(Q))
| Pellcar-1(02y:w-ra(a)y) < Cq

for any q € (1,n/(n — 1)) (for details we refer the reader to [2]).
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We are now able to formulate the main results. The following theorem answers the
first question.

THEOREM 1.3. Let y be the solution of system (1.6) with {y°,y'} € L*(Q) x H~'(2)
and v € L*(X) the exact control of (1.6) given by HUM. Let y. be the solution of

yl — Ay =0 in Q. x (0,T)
ye=v on 0 x(0,T)

ye =0 on 39S, x (0,T)
y(T) =yA(T)=0 in Q..

(1.8)

Then, under hypotheses (1.4) and (1.5)

{y.(0), —y(0)} € F!

and, moreover,

(i) . —vy strongly in L*(2 x (0,T))
(1.9) (i) . (0) — y° strongly in L*(2)
(iti) P.y.(0) — y' strongly in W=19(Q)

for any q € (1,n/(n —1)).
In the following, if g € H~!(Q), we denote g
by

a. by € H=1(Q,) the functional defined

<g[Qm‘p>H*'(Qe),H(‘)(Q€) = <9»¢>H~'(Q),H({(Q) Vp € H&(Qe)-

Let us now answer the second question.

THEOREM 1.4. Let {y°,y'} € L*(2) x H~'(Q) and y be the solution of (1.6) where
v is an exact Dirichlet control. Let y. be the solution of system (1.1) with initial data
{2,y = {40a.,v'la.} and boundary data

Yye=v on 0Q x (0,T)
Ye =0 on dS. x (0,T).

Then

(1.10) (i) y.—y strongly in L*(Q x (0,T))
’ (i) Pyl — vy’ strongly in L*(0,T; W~=19(Q))

and, moreover,

(1.11) (i) 9(T)— 0 strongly in L*()
' (i) Pyl(T) —0 strongly in W="9(Q)

forall g € (1,n/(n—1)).

Remark 1.5. Regarding the sequence {g.}, it would be interesting to have strong con-
vergence in C°([0, T]; L?(£2)); this is still an open problem.

On the other hand, Theorems 1.3 and 1.4 are essentially homogenization results for the
wave equation with nonhomogeneous Dirichlet boundary conditions in a perforated domain
provided with a safety zone. We do not know if the theorems are true in domains without
this property. A possible approach to this question is the following.

Suppose that (1.5) is not satisfied. Let Q' be an open bounded set such that Q C
', and consider the new perforated domain 2! = Q'\S.. Clearly (1.4) and (1.5) hold.
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Given (y°,y') € L*(Q) x H~'(Q) we may extend them to (20, 2') € L2(Q'") x H~1(Q").
Applying Theorem 1.4 to (2°, z') in the cylinder Q' x (0, T), we find solutions z, of the
wave equation in Q! x (0,T) with initial data (2°,2') such that

(2e(T), Peze(T)) — (0,0) in L*(Q2") x W=19(Q")

forevery l <g<n/(n—1).
Now, clearly,

Ve = zﬁlanx(o.T)

are approximate controls for the wave equation in Q. x (0,7T) such that y.
a solution of (1.1)—(1.2)’ that satisfies

(§(T), P.yL(T)) — (0,0) in L*(Q) x W~19(Q).

However, we do not know the optimal regularity of v, and the smallest space in which they
are uniformly bounded. This seems to be an interesting open problem.

Remark 1.6. As a consequence of the results by Bardos, Lebeau, and Rauch [1], system
(1.6) is exactly controllable in L?(Q) x H~'(£2) with L?-controls supported in a subset I'y
of 9 in a time T if the geometric control property is satisfied. Theorems 1.3 and 1.4 can
be easily adapted to this situation. The same convergence results hold for y. satisfying,
instead of the boundary conditions of Theorems 1.3 and 1.4,

ye=v on Ty x(0,T)

Ye =0 on (OQ\Ty) x (0,7)
¥e =0 on 0SS x (0,T),

= Ze|gex o) 1S

where v € L?(T'y x (0,T)) is the control of the limit system (1.6). In this case condition
(1.5) may be relaxed to the following:

There exists & > Osuch that d(S.,Ty) > a Ve > 0.

Remark 1.7. In the case of the wave equation with oscillating coefficients, similar
approximate controllability results are given in Cioranescu, Donato, and Zuazua [5] in the
framework of the classical homogenization (the coefficients are e-periodic). They are proved
when assuming that the coefficients are constant in a neighborhood of 9. This assumption
is of the same type as (1.5): Around OX2 there is a safety zone where no oscillation occurs.

Remark 1.8. We mention also that a strong convergence result of solutions has been
proved in [4] in the case of special controls introduced in [3].

The rest of the paper is organized as follows. The proofs of Theorems 1.3 and 1.4
lay on homogenization results for the wave equation with homogeneous Dirichlet boundary
conditions in perforated domains given in Cioranescu, Donato, Murat, and Zuazua [2] and
on some convergence results from Cioranescu, Donato, and Zuazua [3]. We recall them in
§2 where we also give some complementary results. Section 3 is devoted to the proof of
the main results. In §4 we give some examples.

2. Homogenization results for the wave equation. Consider the wave equation
u! — Au. = fo in Q. x (0,7)

ue =0 in dQ. x (0,T)

ue(0) =u? in Q.

ul(0) =u! in Q.

with data {u?,u!} € H}(Qe) x L2(2), fe € L'(0,T; L*(£2.)). We recall here some results
concerning the asymptotic behaviour of u. as € — 0. We refer to [2] for the proofs and for
further details.

@.1)
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2.1. Convergence results in 2. We have the following convergence results.
PROPOSITION 2.1 (see [2]). Assume hypothesis (1.4) and suppose that the data {ug, ué}
and f. are such that

{}Z)ﬂ:é} — {u® u'} weakly in H{(Q) x L*(Q)
fe— f weakly in L'(0,T; L*(2)).

Then

e —u  weakly * in L>(0,T; H}(Q))
ul —u'  weakly * in L>=(0,T; L*())

and

Ue(t) — u(t) weakly in H}(Q) x L*(2)
{ ul(t) — u/(t) weakly in L2(S2)

Sor all t € [0,T), where u satisfies

v —Au+pu=f inQx(0,T)
u=0 ondQx(0,T)

uw(0) =u® in Q

w'(0) =u' in Q.

2.2)

Remark 2.2. Obviously, Proposition 2.1 holds for the backward wave equation.

Under stronger asssumptions on the convergence of the data, we can improve the
convergence result for u.. Namely, we have the following proposition.

PROPOSITION 2.3 (see [2]). Suppose that

(i) fe— f strongly in L*(Q x (0,T)

(2.3) (i) ul —u' strongly in L*(Q)

iii) u® € H} Q¢) and there exists g. € H ~1(Q) such that
€ 0
—Aug =g in 'D’(Qe) with g. — g strongly in H"(Q).

Then, under hypothesis (1.4),
2.4) ul — ' strongly in C°([0, T); L*(2)),

' Jo IViPde — [, |Vul*de+ < p,u* > in C°([0,T)),
where u is a solution of (2.2) with u® € H/}(Q)) and such that

A 4+’ =g in H'(Q).

Moreover,
2.5) pre(z,t) = we(z)u(z,t) + pe(, t)
with
(i) p. — 0 strongly in C°([0,T); L*(9))
(2.6) { (i) Vp.— 0 strongly in CO([0, T]; L'(Q2)).
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Remark 2.4. Let us point out that hypothesis (1.4) implies that
Xq, — lstrongly in LP(Q) for all pwith 1 < p, < +00.

Indeed, since w.xs, =0 in 2, we have

/ T = xq.|Pde = m(S.) = / (1— we)zda: < /(1 — we)zda:,
Q 0

€

and the last integral tends to zero since w. — 1 strongly in L?(2). Consequently, if
{h} C L*(Q) with

he — h  weakly in L*(9),
and if H. = h¢|q,, then
H. — h weakly in L*(2).
Remark 2.5. From (2.5) and Remark 1.1 it follows that
Ue(z,t) = u(x,t) + pe(x,t) in Dy_s
with ¢ sufficiently small. Then, from Proposition 2.3 we deduce that
@, — u strongly in C°([0, T]; W (D4_s)).

This convergence holds even in C°([0,T]; H'(D4—s)). This is a simple consequence of
the fact that w. = 1 in D, _s and follows easily from the proof of Theorem 4.1 in [2].
Similarly, also using hypothesis (2.3)(iii) we have

O strongly in H'(Dq_s).

0
Ue 'Da—h —u

2.2. Convergence of the normal derivative on 0. In [3] it is shown that if the
convergence in hypothesis (1.4)(iii) is strong in H'(Q2), and if

@7 {0 ul, f.} = {u'u', £} weakly in HY(Q) x L3(Q) x L2 x (0,T)),
then

Oue
ov

ou

2.8) —
0% (0,T) ov

weakly in L?(9Q x (0,T)).

9% (0,T)

Note that the strong convergence in (1.4)(iii) implies that ;. = 0. Now, as pointed out in
Remark 1.1, if Q. satisfies (1.4) and (1.5), supp u C Q\D,. This allows us to state the
following result.

PROPOSITION 2.6. Let u, be a solution of (2.1) and suppose that {u®,ul, f.} satisifes
(2.7). Then if Q). satisfies hypotheses (1.4) and (1.5), we have (2.8). Assume further that
the data satisfy (2.3). Then the convergence (2.8) is strong.

Sketch of proof. We follow along the lines of the proof of Lemma 4.6 in [3]. Essentially,
the result is a consequence of the following inequality (see Lemma 4.5 in [3]):

“%yj”Lz(BQx(O,T)) < Clllucll (oo o.1)) + 16251 (Do_s) + Uil L2(Da_s)
2.9) + lue(M) e (Do sy + N (T 22D )
+ 1 fell L0, 1:2(Da—s)) }-
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This inequality can easily be obtained by multiplying by A - Vu, the equation defining .,
where h € (W (Q))", h = v on 99, and supp h C D,—s. This implies, due to the
hypotheses, that for a subsequence

Oue
ov

The same argument as in [3] shows that, in fact, £ = (Ou/0v) and therefore the whole
sequence converges.

To prove the last statement of the proposition, we again apply Lemma 4.5 from [3] to
obtain the equivalent of (2.9) written for u, — u:

— & weakly in L2(09 x (0,T)).

H B(ue—u)

<C{”ue_u“H‘(D(, 6><(0T))+||U —u ||H'(Da s)

+ flul —wu s)

+ lue(T) = w(D) | a1 (Do s)

+ Jue(T) — u'(T) as)

+ 1 fe = fllromn2(Da—s)) }-

Let ¢ — 0. Then, as a consequence of hypothesis (2.3), Proposition 2.3, and Remark 2.5,
each term in the right-hand side of the inequality converges to zero.

L8 (0,T))

(2.10)

3. Proof of the main results.

3.1. Definition of F.. Before proving Theorems 1.3 and 1.4, let us briefly describe
the construction of the space F, introduced in HUM.
Consider the wave equation

Y—Ape=0 in Q. x(0,T)
we=0 on 9 x(0,T)

G-D 2(0) =@ in O,
©.(0) =¢! in Q.
and define
o 1/2
3.2) 1{e?, (/ / ( ‘p5> do dt) :
o

where T'y is a nonempty open subset of 9. (do denotes the surface measure on 052.). If
T is large enough, by Holmgren’s uniqueness theorem it follows that ||{-,-}||F, is a norm
in D(Q) x D(2). Then F, is defined as the Hilbert space obtained by completion of
D(Q,) x D(R,) for this norm. It is proved that there is exact controllability with controls
in L*(0Q x (0,T)) if and only if the initial data {y!,y°} € F! (for details we refer the
reader to Lions [7], [8]).

As mentioned above, when €2, is smooth, F, = H}(2.) x L*(Q.) if and only if any
generalized ray of geometric optics meets I'y in a time less or equal to 7" (cf. [1]). On the
other hand, if Q. is C?, by multiplier techniques, we can show that F. = HJ(€.) x L?(£2,)
if T > 2|z — 20| Lo (q.) and T'§ = {z € 0Q : (x — o) - ve(x) > 0} for some z¢ € R",
v.(x) being the outward unit vector to €2, at point 2 € 0S2..

If we take I’y = I'y C 01, this condition is not satisified. Moreover, as € — 0,
there is an increasing number of generalized rays that never reach 02 (see Fig. 1, where
'y = 9Q\I'y), the space F,. becomes larger and larger, and consequently F is smaller
and smaller. It is quite impossible to characterize these spaces. Note, for example, that
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F. may contain elements which are not distributions on .. We know that F. is strictly
contained in H~'(Q.) x L?(2.). What Theorem 1.3 shows is that, actually, each element of
H~'(Q) x L*(Q) is a (strong) limit of appropriate elements of F, namely, {y’(0), —y.(0)},
where y. is solution of (1.8).

3.2. Proof of Theorem 1.3. The function y. is a solution of (1.8) in the transposition
sense, i.e., Y. satisfies

33)  ({yc(0), —y(0)}, {6¢,6:}) //yefed””dt //39 o

forevery f. € L'(0,T;L?()),6° € H} (2),0! € L*(Q), where 6. is the unique solution
of

0 — A8, = f. in Q. x (0,T)
6. =0 ondQ x (0,T)

0.(0) = 62

0.(0)=0! inQ..

3.4)

From [7] it is known that there exists a unique y. € C([0, T]; L*(2))NC' ([0, T); H~' ()
satisfying (3.3).

Let us first show that {y.(0), —y.(0)} € F.

By the definition of F!, we know that {y.(0),y.(0)} € F! if and only if

ﬁ 1/2
3.5) {5L0), —ye (O, {2, !} |<c</ /F do dt)

for all {¢?, !} € HY(Q:) x L*(Q) with ¢, solution of (3.1).
By transposition we have the identity

Bcpe

T
(0, v} (et = [ [ 05

from which (3.5) follows obviously since v € L2(I'y x (0, T)).

In order to prove convergence (1.9)(i) let us choose in (3.3) 02 = 02 =0 and f. such
that

» fe € L2(2 x (0,T))
(3.6) fe — f weakly in L*(Q x (0,T)).

We claim that

T T
3.7 / /ylfedacdt—a/ /yfd:vdt,
0o Ja 0o Ja

which is precisely convergence (1.9)(i).
To begin with the proof of this claim, we remark that Proposition 2.1 can be applied
to 0., a solution of system (3.4), all its assumptions being fulfilled. It follows that
6. — 6 weakly * in L>®(0,T; H}(Q)),
where 6 satisfies the limit system
0" — A0+ ud=f inQx(0,7T)

=0 ondQx(0,T)
6(0) =6'(0) =0 in Q.
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Moreover, Proposition 2.6 asserts that

6. L

o lsaxor) OV

weakly in L?(0Q x (0,T)),

0% (0,T)

the domain €2 satisfying hypothesis (1.5). This convergence shows that

T
lim/ / Yefedx dt = llm/ /yef6 drdt = / / v——dcrdt
e—0 Jo 90 ov

Let us now consider the solution y of system (1.6) introduced in Theorem 1.3. Since

v is the exact control, we have y(T) = 3'(T) = 0. Thus y, which is also defined by
transposition, satisfies

G8) ({0, —yO)} {r"n'}) - / / ygdrdt = / . v i

for all g € L'(0,T; L*(Q)),n° € H}(Q),n' € L*(R) with n the unique solution of

n' —An+pun=g inQx(0,T)

n=0 on 9o x (0,T)

(0) = n°

n'(0)=n" in Q.
In particular, (3.8) holds for g = f and 7° = ' = 0, in which case, by uniqueness, = 6,
and thus (3.7) holds.

It remains to prove the convergences (1.9)(ii) and (1.9)(iii). To do that, we will

make use several times of the formulation by transposition of the system defining y.,
with particular choices of the test function. First let p,. satisfy the following system:

V' —Ape=0 in Q. x (0,T)
pe =0 on 9Q, x (0,T)
pe(0) =0 in Q.
pe(0) = p; in Q.

With this p. as test function in the definition by transposition of y., we have

o= o [ %

Suppose that p! = pelg with

ol — p'  weakly inL?(Q).

Propositions 2.3 and 2.6 show that

o 0) = 58|00y WEAKIY in 1200 x (0,7))

{ pe — p weakly * in L°°(0,T; H}(Q))

with the p solution of
P —Ap+pp=0 inQx(0,T)
p=0 ondQx(0,T)

(3.9 p(0)=0 inQ

p'(0)=p" inQ
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and, arguing as before, we have

(3.10) llm/ Y (0)p! dx = llm/ y((O)pde— / P i dt.
Q. o0 81/

From the definition, by transposition of y written with the p solution of (3.9) as a test
function, we have immediately that

0= / dx-i—/ v—edadt
oN

which, combined with (3.10), gives

hm/ye(O)p‘da:—/yOp'da:;
Q

thus convergence (1.9)(ii) is established.

To prove (1.9)(iii), let ¥? € W,'? () be a sequence such that
@3.11) 0 — ¢ weakly inW, "7 (Q),
where 1/¢' + 1/q =1, with ¢ € (I,n/(n — 1)).

Now let &, be a solution of

& — A& =0 in Q. x(0,7)
& =0 on Q. x(0,T)
£.(0) = Y w, in Q.
£(0)=0 inQ,
where w, are the functions introduced in hypothesis (1.4).
With this &, as a test function, y. satisfies

/ 08
(3.12) 0 = (y.(0),0we) 102, HY(90) —/ /3 ; do dt.

Q (91/

By the definition (1.7) of the extension operator P, given in §1, we have

0 0
(313) < éye(o) w >W 1a(Q), W‘ .a’ () <w6ye(0) 1/’ >W La(Q), leq’(Q)
= (Ye(0), w0 ) (). ()
The second duality makes sense because the definitions of w, and % imply that

w Y € HY (). Moreover, by hypothesis (1.4), we? — 1° weakly in H{(Q).
Once again, by Propositions 2.1 and 2.6, we have, from (3.12) and (3.13), that

. ’ 0 _ )

(314) !L%(Pcye(o)vwe>w~l,q(ﬂ)yvvol,q'(g) = / /(;Q ’Uayda' dt
where £ is a solution of

& —AE+puE=0 inQx(0,7)

£€=0 ondQx(0,7T)

£0)=19° inQ

€0)=0 inQ.
Now, as before, take £ as a test function for the definition by transposition of y. It comes
about that

(3.15) / da dt
W' ) - Q) H () = 0 (’)u

which, with (3.14), gives the claimed result and completes the proof of Theorem 1.3. 0
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3.3. Proof of Theorem 1.4. The tool for proving Theorem 1.4 is exactly the same
as in the previous proof, i.e., the choice of particular test functions in the formulation by
transposition of the solution y.. We give here only the main steps. We have, by definition,

T
/ / yef. dadt = — / 406, (0)dx
0 Qe Q.

(3.16) + (y!,0.(0)) —/T/ vaaedadt
Ye, Ve\l) m-1(020), 1y (Q0) 0 Joo OV ’

Vfe € L'(0,T;5 L*(Q0))
with 6. solution of

0 — A6, = f. in Q. x (0,T)
(3.17) 0. =0 ondQ x (0,T)
0(T)=0.(T)=0 in Q..

Take in (3.17) f. satisfying (3.6). We will pass to the limit in identity (3.16). To do
that, apply Proposition 2.1 (see also Remark 2.2) to §.. We have

0. — 6 weakly * in L>®(0,T; H} ()
with 6 the unique solution of

0" — A0+ ub=f inQx(0,T)
0=0 onoQx(0,T)
O(T)=0'(T) =0 inQ

and, by Proposition 2.6,

00,
ov

00

a0 (0,T) v

weakly in L*(0Q x (0,T)).
o0 x(0,T)

Moreover, from Proposition 2.1 we also have the following pointwise convergences:

0.(t) — 0(t) weakly in HJ ()
0.(t) — 0'(t) weakly in L*(Q)

for all ¢t € [0,T]. These convergences enable us to pass to the limit in the right-hand side
term of identity (3.16). Recalling the definitions of y° and y!, we have, successively,

W2, 0/0)) ety o) = [ 406 (0)dz — / 40 (0)da
2 Q

<yc!’96(0)>H—‘(Qs),H(‘)(Q‘) = <y|a66(0)>H—'(Q),H‘{(Q) - <y|a6(0)>H*‘(Q),H(:(Q)a

hence

T
lim/ / U fedx dt = —/yoa’(O)da;
(3.18) ~0Jo Ja. Ja 0
+<y|,9(0)>H—‘(Q),H(:(Q) —/U%det.
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Consider the formulation by transposition of system (1.6) with 6 as a test function:

T
| [ utdede=— [ 000+ 000100500

Q
T

—/ va—o—dadt.
o Joo OV

This identity combined with (3.18) gives the strong convergence in L?(2) of . and thus
(1.10) is proved.

To prove convergence (1.11), first let p. be the solution of

pY —Ap. =0 in Q x (0,T)
pe =0 on 99, x (0,T)
p(T) =0 1in Q,

pe(T) = pela. in Qe

(3.19)

where
pl — p'  weakly in L*(Q).

By transposition, y. satisfies, in particular,

0= / ye(T)p! dz — / 40p(0) dz
Q. Q.

1 ! %
+ Wer Pe(0)) -0y, 1l () — /0 /aﬂ oyt

Passing to the limit as before, we have that

lim / ye(T)p! dz = lim / ye(T)p! dz
Q. e—0 Q

T
0
=/yOP'(O)dfC*(y',P(O»H—'(m,H‘;(Q)+/ / Ua—pdo'dt,
Q 0o Joa OV

(3.20)

where p is the solution of the limit system for (3.19) given by Proposition 2.1, ie., p
satisfies

P —Ap+pup=0 inQ x(0,T)
p=0 ondQx(0,7T)
p(TY=0 inQ
o (T)=p' inQ.
On the other hand, with this p as a test function in the definition of y we obtain

, 1s)
—/Qyop’(o)der(y',p(0)>H—'(n),H:,(n> —/vgf—jdadt=0,

which, combined with (3.20), leads to

lim/ y:(\f’)pi dz =0,
e—0 Jo

hence (1.11)(i) is proved.
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Finally, to prove (1.11)(ii), take, as in the last step of the proof of Theorem 1.3,

W e WOl ’qI(Q) satisfying (3.11) and choose as a test function in (3.16) the solution £, of
the system

€ — A& =0 in Q. x (0,T)
& =0 on Q. x(0,T)
€E(T) = '(/}?we in Q
€(T)=0 in Q..

Arguing for the proof of (3.15), we obtain

: 0

lim (Peye(T), ) -y, wy o’ @ = O
which ends the proof of Theorem 1.5. o

4. Examples and Related Problems. Here we give some examples where hypothesis
(1.4) is satisfied. For instance, that is the case when S, is the union of periodically
distributed holes (the period is 2¢) of critical size

Se = UN‘ 1—16

=177

where T are balls of radius v = a with

[ bexp(—4) ifn=2
=N o2 it > 2,

where ¢y is a positive constant and &, is such that € log 6. — 0. Hypothesis (1.4) holds
with

where s,, is the surface of the unit sphere in ™. It is this size a. which, in the elliptic case,
transforms —A in —A + p, as it was proved in [6] where more examples can be found as
well as explicit computations of we. Of course, in this example when € goes to zero the
number of holes tends to oco.

When a. < 7., hypothesis (1.4) holds with i = 0. For this situation, with €2 satisfying
hypothesis (1.5), the equivalent of Theorems 1.3 and 1.4 were partially proved in [4].
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DENSITY RESULTS FOR PROPER EFFICIENCIES*

DEMING ZHUANGT

Abstract. Several density results are established for different notions of proper efficiency in vector optimiza-
tion without the requirement of ordering cones being boundedly based. For a compact set, the set of Henig proper
efficient points is shown to be dense in the set of all efficient points. Density theorems for Borwein’s proper
efficiency and for positive scalarizable efficiency follow immediately with appropriate assumptions.

Key words. vector optimization, proper efficiency, density results, bases of ordering convex cones

AMS subject classifications. 49A27, 46A40, 90C31

1. Introduction and preliminaries. Vector optimization problems originated from
decision-making problems appearing in economics, management science, and social sci-
ence, where it is often required that decision making be based on optimizing several criteria.
A vector optimization problem therefore involves finding all efficient points in some vector
partial order. However, some efficient points (see Example 2.1) exhibit certain abnormal
properties: They may cause arbitrarily large marginal trade off or may not be expressed as a
solution of an appropriate linear scalar optimization problem. Therefore, various concepts
of proper efficiency have been introduced to eliminate such anomalous efficient points.
Any reasonable concept of proper efficiency should retain most of the efficient points and
exclude only anomalous ones. Thus, when a new proper efficiency is introduced, it is
important to study density results—sufficient conditions to guarantee that the closure of the
set of proper efficient points contains all efficient points. Density results for various proper
efficiencies have been considered by many authors (e.g., see [1]-[4], [11]-[15], [17], [21],
[24]). Most previous results required compactness, or at least boundedness, of the base of
the ordering cones. While those results have proved to be important in applications, one
notable limitation is that many natural ordering cones in infinite-dimensional normed linear
spaces do not have bases that are bounded, let alone compact. Recently, Dauer and Gal-
lagher [12] established some interesting density results without the requirement of ordering
cones being boundedly based. In this note, we show density results for several kinds of
proper efficiencies without such a requirement. The machinery developed here also enables
us to derive much stronger results when the boundedness of the base of the ordering cone
is present. This is demonstrated in [9]; see also [25].

For the sake of simplicity, we make the following assumptions (unless specifically
stated otherwise). Throughout the note, X will always be a partially ordered real normed
linear space and a subset C' of X is always assumed to be nonempty. The partial ordering
cone S of X is always assumed to be closed, convex (S+S C S), and pointed (S N—S{0}).
We associate a dual cone with S, denoted by ST, in X* (the norm dual of X)

Sti={pe X*|o(s) =0 Vse S}

Then ST is a convex cone and is closed in o(X*, X), the weak-star topology.
Recall that a base of a cone S is a convex subset © of S such that

S={MAX>0and 0 €O} and 0¢ cl(©).

* Received by the editors September 25, 1989; accepted for publication (in revised form) July 28, 1992.
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research was partially supported by the Natural Sciences and Engineering Research Council of Canada and Mount
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Of course, S is pointed if S has a base. We also use the following notation:
(1) cone(A) denotes the cone generated by the set A, i.e.,

cone(A) := U{tA|t > 0};

while cl[cone(A)] denotes the closure of cone(A);
(2) S** denotes the set of all strictly positive linear functionals in S+, that is,

Sti:={f € X*|f(s) > Ofor all sin S and s # 0}.

It follows directly from the Hahn—Banach theorem that S+ is nonempty exactly when
S has a base.

2. Proper efficiencies. Efficiency (Pareto minimality) is a fundamental concept in vec-
tor optimization.

DEFINITION 2.0. A point xy in C is said to be an efficient point of C with respect to
S, written as xg € E(C, S), if

@.) (C — {wo}) N =5 = {0}.
For simplicity, we often write (2.1) as

(C—x9)N=8=0.
Note that, as S is assumed to be convex and pointed, we have
(2.2) E(C,S)=E(C+5,5).

Some efficient points exhibit abnormal behavior.
Example 2.1. Consider

min{(z,y) € B*a? +y* = 1,y <0},

where S is the nonnegative orthant in [:2. Then (-1, 0) is an efficient point with respect
to S. However, when z is near —1, y increases as = decreases; moreover,

y—0
-1 -z

— 00 asx — —I,

i.e., the marginal trade off is arbitrarily large. This is an undesirable property [13]. We may
also note that the point (—1,0) is not scalarizable by a strictly positive linear functional.

To eliminate such anomalous types of efficient points, Geoffrion [13] introduced the
notion of proper efficiency in [E™ with respect to the usual ordering cone, the nonnegative
orthant ", which extends Kuhn and Tucker’s definition of proper efficiency [22].

DEFINITION 2.2, Let C be a subset of R™. A point zg = (2¢(1),2¢(2),...xo(n)) in C
is said to be a Geoffrion proper efficient point of C, written as xg € GE(C, R ), if x¢ is
efficient and if there is M > 0 with the property that whenever x € C' with xy(i) > z(i)
for some i € {1,2,...,n}, we can find some j € {1,2,...n}\{i} such that z¢(j) < z(4)
and

o) —mli) _ .

zo(j) —2(3) ~

According to this definition, the point (—1,0) in Example 2.1 is not proper efficient.
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Geoffrion’s notion of proper efficiency was extended to the setting of a locally convex
topological linear space with partial ordering induced by a closed convex cone by Borwein
in [3].

DEFINITION 2.3. Let X be a normed space and let C' be a subset of X. A point xg

in C is said to be a Borwein proper efficient point of C' with respect to S, written as
xg € BE(C,S), if

2.3) clicone(C — zp)]N =S =0.

It is clear from these definitions that BE(C,S) C E(C,S). The containment can be
strict as is demonstrated by an example of the closed Euclidean unit ball in R? with respect
to R2 . In this case (0,—1) and (—1,0) are efficient but not proper efficient.

Borwein’s proper efficiency coincides with Geoffrion’s proper efficiency in finite-
dimensional settings [3]. Existence results and various scalarization properties of Borwein’s
proper efficiency can be found in [3], [4], [6], [11], and are surveyed in [8], [10], [19],
[20], and elsewhere.

When the ordering cone S has a base ©, Henig defined another kind of proper efficiency
which refines Borwein’s proper efficiency in this setting [15].

DEFINITION 2.4. Let X be a normed space and let C' be a subset of X. A point z
in C' is said to be a Henig proper efficient point (or Henig point) of C with respect to S
(more properly, with respect to ©), denoted by

xo € HE(C,S) or xz9€ HE(C,0),
if there exists some € > 0 such that
(2.4) clfcone(C — zp)] N —=S(©) =0,

where S, (©) := cllcone(®© + ¢B)] and B is the closed unit ball of X. We call S.(©)
the Henig dilating cone. Note that (2.4) says zy € BE(C,S:(0)). In other words,
xo € HE(C,©) if and only if, for some £ > 0,29 € BE(C,S:(©)). It is clear that if
the ordering cone S has a base ©, then HE(C,0) C BE(C, S), since S C S.(0) for all
€ > 0. The following example shows that, in general, the containment is strict.

Example 2.5. Let X be [;(I1) and S be the natural ordering cone [+ (I¥) that has a
bounded base:

O ={re X/Zz(n)=1land z(n) >0,n=0,1,2,...}.

Let

C:={—e,+2"" Ve ||n =2,3,4,...} U{0},
where e; is the ith basis element in [;(IV), that is, e; = {0,...,1,0...) with 1 on the ith
coordinate.

Then because cl[cone(C)] = cone(C) and cone(C)N—S = 0, we have 0 € BE(C, S).
However, for n =2,3,...

Ty = —e, +2" " Ve, e cn2 DB -0).

Hence 0 ¢ HE(C, ©).
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3. Density theorem for Henig proper efficiency. We have seen that, in general, the
set of Henig proper efficient points is strictly contained in the set of efficient points. In
this section, we show that with (weak) compactness of the set C, the set of Henig proper
efficient points of C' is (weakly dense) norm dense in the set of efficient points.

The following lemma and proposition on properties of Henig dilating cones are keys to
the proof of the main theorem. They are partial results in [9]. For the reader’s convenience,
we present the proof here again.

LEMMA 3.1. Let X be a normed linear space, S C X a closed and convex cone with

a closed base O. Let § := inf{||0|| |6 € ©} > 0. Define, for 0 < € < 8, the Henig dilating
cone

S:(©) := cl[cone(© + ¢B)].

Then S.(©) = cone[cl(O + eB)| and S:(O) is pointed.
Proof. Let

O, := cl(0 +¢B).
Since S.(©) is closed, clcone(0.] = S.(O). Then since 0 ¢ O, for 0 < £ < 4,
3.1 clfcone(0,)] = cone(6.) U R(O.),

where R(©,) := {limt,65|to — 0,t, > 0,05 € O.}.
Indeed, z in cl{cone(©.)] implies that x is either in cone(©.) or

x = limt,0, fort, >0 and 6 €0O..

Without loss of generality (taking subnets if necessary), we may assume that ¢, converges.
If ¢, tends to infinity, then ¢! tends to zero, which implies that 6 tends to zero. This is
impossible as 0 is not in the closure of ©.. Hence, t, converges to ¢t for some t < oco. If
t =0, then z is in R(O,.) by the definition. If ¢ # 0, then as ©, := cl(© + ¢B),

05 —t'zco,..

Hence, z € cone(O.). Therefore, (3.1) is verified.
Note that it is easy to check that

R(©.) = R(©) C § C cone(O,)

because O is a base for S and S is closed. Whence cone(6.) = S.(0).
Now, S.(©) = cone(O.) and has a closed base O.; hence S.(©) is pointed. o
PROPOSITION 3.2. Let X be a normed space and suppose the ordering cone S has a
closed base ©. Let

6 := inf{||0]| |0 € ©}.

Then for any set C' in X the following are equivalent:
(1) zp € E(C, S:(0)) for some 0 < & < 6;
(2) zp € HE(C,0O).
Proof. From the definitions,

HE(C,0) C E(C,5.(0))
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is clear for any sufficiently small € > 0. On the other hand, zq is in E(C, S.(©)) if and
only if

cone(C' — x9) N —S(0) =0.
By Lemma 3.1, for 0 < ¢ < 4, cl(¢B — ©) is a closed base and
—S5:(©) = conelcl(eB — ©))].
Thus, for any 0 < ¢’ < ¢, cone(C — ) N (¢'B — ©) = (). This implies that
cone(C — x9) N[(27'e'B — @) + 27 '’ int(B)] = 0.
Noting that the second set is open, we have
cljcone(C — x0)] N cl(27'e’B — @) = §.
Therefore, by Lemma 3.1 again,
clcone(C — z4)] N conelcl(27'e’B — ©)] = cl[cone(C — z)] N —S.(O) = {0}
for ¢” := 27'¢’. This proves that =g is in BE(C,S.#(0)), i.e., 2o € HE(C,©). Hence
(1) implies (2). a

Now we present our main density theorem. Note that for a fixed closed base O, we
always have

HE(C + S,0) c HE(C,©).

THEOREM 3.3. Let X be a normed linear space, let S be a closed ordering cone with
a closed base ©, and let C be a nonempty subset of X.

(1) If C is weakly compact, then HE(C + S, ©) is weakly dense in E(C,S).

(2) If C is norm compact, then HE(C + S, ©) is norm dense in E(C, S).

Proof. (1) Let xo be in E(C,S). Without loss of generality, we may assume that
zo = 0. Let

6 := inf{||0|| |0 € ©}.

We claim that for any given weak neighbourhood W of 0, we can find 0 < & < § so that
3.2) C.:=CnN-S5.(0) cW.

Indeed, suppose (3.2) were not true; then there would be a continuous linear functional
f # 0 such that for n so large that 1/n < §, we could find ¢, in C with the property

tn € ~51/a(0),  |flea)l 2 1.
Since, by Lemma 3.1,
=81 /n(©) = —cone[cl(© + n~'B)] C —cone[® + (n — 1)7'B],
there would be b,, in B, 6,, in ©, and ¢,, > 0 such that

—Cp = tp[0n + (n— 1)7'b,).
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Since C' is weakly compact we may (on extracting a subnet if necessary) assume that ¢,
tends to ¢y weakly and ¢,, tends to p € [0, co].

(i) If u = oo, then, as —c,, is bounded, t;'(—¢c,) = 6,, + (n — 1)7'b,, tends to zero.
This contradicts the fact 0 ¢ O.

(ii) If > 0, we have

w — lim(—c¢,) = b

for some 6 € ©. This violates the fact that 0 € E(C, S).
(iii) If p = O, then because for all n,

—Cp = tp[ln + (n—1)7'b,] 25 tabn/(n — 1),
we have 0 >g cg, which implies that 0 = ¢y as 0 € E(C, S). Then for large n,

inf|f(cn)| > 1

is clearly impossible. Therefore (3.2) is verified.
Now C. is weakly compact, so by Theorem 2.1 in [6], E(C., K) is not empty for
every closed ordering cone K. In particular,

E(Ce, 5:(0)) # 0.

Let e € E(Ce, S:(©)), and we check that e € E(C, S:(©)) and e is in W. Therefore, by
Proposition 3.2,

E(C,8:(0)) = E(C + 8,5.(0)) Cc HE(C + 8,0).

The first equality holds because S.(©) is convex and pointed. Since both zo and W are
arbitrarily chosen, we see that HE(C + S, ©) is weakly dense in E(C, S).

(2) When C' is norm compact then by (1), given z¢ in E(C, S) we can find a net ¢, in
HE(C + S,0) converging weakly to x¢ and, from the proof, each ¢, is in C. Since C is
compact in this case, ¢, may be assumed to be norm convergent. Therefore HE(C + S, 9)
is norm dense in E(C, S). 0

4. Density results for other proper efficiencies. In this section we derive density
results for various other proper efficiencies. These results are established by exploring the
relationship between Henig proper efficiency and other proper efficiencies and then applying
Theorem 3.3. First, as an easy consequence of Theorem 3.3 we prove a density theorem
for Borwein’s proper efficiency.

COROLLARY 4.1. Let X be a normed linear space, let S be a closed ordering cone
with a closed base ©, and let C be a nonempty subset of X.

(1) If C is weakly compact, then BE(C + S, S) is weakly dense in E(C, S).

(2) If C is norm compact, then BE(C + S, S) is norm dense in E(C,S).

Proof. When S has a base, HE(C + S,0) C BE(C + S, S). 0

Let us recall another class of proper efficient points.

DEFINITION 4.2. If S is based and C is closed, « is said to be positive scalarizable,
denoted by x € Pos(C, S) if there is some f € S** such that f(C —z) > 0.

Scalarization is a fundamental principle in vector optimization theory. Thus positive
scalarizable points form an important class of proper efficient points. It is easy to see
that every positive scalarizable point is Borwein proper efficient. But any Borwein proper
efficient point in I;(IR) with ordering cone 12+ (R) is not positive scalarizable, as there is
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no strict positive linear functional on the space. Example 2.5 shows also that positive
scalarizable points may not be Henig proper efficient.

Example 4.3. Let X, S, ©, and C be as in Example 2.5. We have seen that 0 ¢
HE(C,0). To see 0 is in Pos(C, S), we observe that

p=027"272...,27" . ) e St = {y el (M|y(n) >0,n=1,2,...}

and ¢(z,,) = 0 for z,, ;= —e, + 2~ (D¢, € C.

When the set C is convex and the ordering cone S is based, however, a positive
scalarizable point is Henig proper efficient. Moreover, any Henig point is also positive
scalarizable, as the following proposition shows.

PROPOSITION 4.4. Let X be a normed linear space, let S be a closed ordering cone
with a closed base ©, and let

§ = inf{||0] |6 € ©}.

Suppose that C' is convex. Then x in BE(C, S:(0)) for some 0 < € < § implies that x is
in Pos(C, S). On the other hand, x in Pos(C, S) implies that there is a closed base ©' of
S such that x is in HE(C,©').

Proof. If z is in BE(C, S¢(©)) for some 0 < € < 6, then

cljcone(C — x0)] N cl[cone(e B — ©)] = 0.
By Lemma 3.1, this implies
cone(C — zo) N int[cone(¢ B — ©)] = 0.

As cone(C — xp) and cone(¢ B — ©) are convex and the latter has nonempty interior, the
Hahn-Banach theorem [16, p. 15] provides a nonzero linear functional ¢ in X* and b in R
such that

¢cone(C — xg)] > b > ¢[cone(¢B — O)].
Note that 0 in cone(C — x¢) implies that b < 0. Moreover,
0 >'b > ¢[cone(¢B — O)]
implies that b = 0. Hence for all ||z|| < I, and each 6 in O,
$(0) > p(e2”'z).
Thus ¢(0) > e27!||@|| > 0. Thus, ¢ € S, and #(C — x) > 0. This proves that g is in
Pos(C, 5).

Conversely, suppose that zy is in Pos(C,S). Let ¢ be in S*¢ such that ||¢|| = 1 and
#(C — o) > 0. Let ©' = ¢~ (1) N S. Then ©’ is a closed base for S and for 0 < € < 1,
#(©®' +eB) > 0.

So, ¢(z) < O for all z in —S.(©")\{0}. Hence,
cllcone(C — zg)] N =S (O") = 0.

Therefore, xg is in BE(C, S:(©’)). 0

COROLLARY 4.5. Let X be a normed linear space, let S be a closed ordering cone
with a closed base ©, and let C be a nonempty convex subset of X.

(1) If C is weakly compact, then Pos(C + S, S) is weakly dense in E(C,S).

(2) If C is norm compact, then Pos(C + S, S) is norm dense in E(C,S).

Proof. The corollary follows because in this case,

HE(C + 8,0) C Pos(C+5,5). [
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CONSUMPTION-INVESTMENT MODELS WITH CONSTRAINTS*

THALEIA ZARIPHOPOULOU'

Abstract. The paper examines a general investment and consumption problem for a single agent who
consumes and invests in a riskless asset and a risky one. The objective is to maximize the total expected
discounted utility of consumption. Trading constraints, limited borrowing, and no bankruptcy are binding, and the
optimization problem is formulated as a stochastic control problem with state and control constraints. It is shown
that the value function is the unique smooth the associated Hamilton—Jacobi-Bellman equation and the optimal
consumption and portfolios are provided in feedback form.

Key words. dynamic programming, Bellman equation, viscosity solutions, state constraints, mathematical
finance, investment and consumption models
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Introduction. This paper treats a general consumption and investment problem for a
single agent. The investor consumes wealth X; at a nonnegative rate C; and distributes it
between two assets continuously in time. One asset is a bond, i.e., a riskless security with
instantaneous rate of return r. The other asset is a stock whose value is driven by a Wiener
process.

The objective is to maximize the total expected (discounted) utility from consumption
over an infinite trading horizon and the total expected utility both from consumption and
terminal wealth in the case of finite horizon. The investor faces the following trading
constraints: Wealth must stay nonnegative, i.e., bankruptcy never occurs, moreover, the
amount 7 invested in stock must not exceed an exogenous function f(X;) of the wealth at
any time t. The function f represents general borrowing constraints, which are frequently
binding in practice, such as in portfolio insurance models with prespecified liability flow,
models with nontraded assets, stochastic income and/or uninsurable risks, etc. The pos-
sibility of imposing short-selling constraints, which amounts to requiring g(x;) < m; for
some exogenous function g, is addressed in detail in §1. Finally, the agent is a “small
investor,” in that his or her decisions do not affect the asset prices and he or she does not
pay transaction fees when trading.

This financial model gives rise to a stochastic control problem with control variables
consumption rate C; and portfolio vector (7!, 7;), where 79 and 7; are the amount of
wealth invested in bond and stock, respectively. The state variable X, is the total wealth
at time t. Finally, the value function is the maximum total expected discounted utility.

The goal of this paper is to determine the value functions of these control problems,
to examine how smooth they are, and to characterize the optimal policies. The basic tools
come from the theory of partial differential equations, in particular the theory of viscosity
solutions for second-order partial differential equations and elliptic regularity. We first show
that the value functions are the unique constrained viscosity solutions of the associated
Hamilton—Jacobi—Bellman (HIB) equation. Then we prove that viscosity solutions of these
equations are smooth. Finally, we obtain an explicit feedback form for the optimal policies
(C*,7*).

The paper is organized as follows: In §1 we describe the model and we give a summary
of the history of consumption—investment models in continuous-time finance. Sections 2—
5 deal with the infinite horizon model. More precisely, in §2 we describe basic properties of
the value function, and in §3 we characterize the value function as a constrained viscosity

* Received by the editors September 9, 1991; accepted for publication (in revised form) May 21, 1992. This
work was partially supported by National Science Foundation grant DMS-9009310.
T Department of Mathematical Sciences, Worcester Polytechnic Institute, Worcester, Massachusetts 01609.
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solution of the HIB equation. Moreover, in §4 we prove that the value function is the
unique constrained solution of the HIB equation. In §5, we show that the value function is
also a smooth solution of this equation and we provide the optimal policies. Finally, in §6
we state results for the finite horizon model.

1. We consider a market with two assets: A bond and a stock. The price PY of the
bond is given by

dP) =rPPdt  (t>0)

1.1
(4.D PY = po, (po > 0),

where r > 0 is the interest rate. The price P; of the stock satisfies

dPt=thdt+0'Ptth (tZO)

where b is the mean rate of return, o is the dispersion coefficient and the process W., which
represents the source of uncertainty in the market, is a standard Brownian motion defined
on the underlying probability space (2, F, P). We will denote by F; the augmentation
under P of FV = o(W,:0 < s <t) for 0 <t < +oo. The interest rate 7, the mean rate
of return b, and the dispersion coefficient ¢ are assumed to be constant with o # 0 and
b>r>0.

The total current wealth X; = 7r? + m; is the state variable and 7r? and m; are the
amount of wealth invested in bond and stock, respectively; X; evolves (see [40]) according
to the equation

dXt :T'Xt dt+(b—r)7rr dt—Ct dt+0'7l't th (t Z 0)

(1.3) Xo=z, (2 €[0,+00))

where x is the initial endowment of the investor.
The control process are the consumption rate C; and the portfolio ;. To state their
properties we introduce the following sets:

Ly = {zt : 2y is Fy-progressively measurable process, z; > 0 a.s. Vi >0
t
and / zsds < 400 as. Vt > 0}
o
M = {2 :z is Fi-progressively measurable process

t
and / 22 ds < 400 as. Vt > 0}.
0

The set A, of admissible controls for x € [0,+00) consists of all pairs (C, ) such
that:

(i) Ce Ly,
(i) m e M.
Moreover; m; < f(X;) almost surely for all ¢ > 0, where the function f : [0, +00) —
[0, +00) has the following properties:

(1.4) f is increasing, concave, f(0) >0 and
' If(z) = f(W)| < K|z —y| Vz,y >0

(iii) X; > 0 almost surely for all ¢ > 0, where X, is the trajectory given by the state
equation (1.3) using the controls (C, 7).
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The function f represents the borrowing constraints that the investor must meet; these
constraints. are present in models with prespecified liabilities such as problems of manage-
ment of funds as well as in models with uninsurable risks. The possibility of short-selling
constraints, i.e., g(z) < =, is not examined in this paper for the following reasons: First,
if g < 0, the short-selling constraints can be removed because the model is of constant
coefficients with b > r (see, for example, [40] and [8]). Second, if 0 < g(z) < = this only
facilitates the analysis presented here and therefore this case is not discussed.

All the results in this paper hold for the case f = oo, which was studied in [18],
provided that some of the arguments in what follows are slightly modified. We will not
pursue this any further in this paper unless it is necessary for the study of the f = oo
case. On the other hand, we will occasionally use some results of [18] only to facilitate
the presentation and avoid lengthy arguments.
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