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LIMITS OF SINGULARLY PERTURBED CONTROL PROBLEMS
WITH STATISTICAL DYNAMICS OF FAST MOTIONS*

ALEXANDER VIGODNERT

Abstract. We describe the limit behavior of admissible trajectories in a singularly perturbed
control system as the small parameter tends to zero. A general case is considered where, in the limit,
the fast motion may infinitely rapidly oscillate in time. Invariant measures of the parameterized fast
flow are employed to describe the limit behavior and construct the limit control problem. The notion
of relatively slow controls is introduced. Approximating properties of the limit problem within the
families of relatively slow controls are verified. The results are illustrated by examples.
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1. Introduction. In this paper we consider a singularly perturbed control sys-
tem which consists of two differential equations,

(1.1)

together with initial conditions
(1.2) 2(0) = 2%, y(0) = ¢".

Here x € R™,y € R™, and ¢ is a positive small parameter. A dot denotes
a derivative with respect to time ¢. The controls u(t) are functions satisfying the
inclusion w(t) € U, where U is a prescribed compact metric space. As is customary,
we refer to the first equation in (1.1) as generating the slow z-trajectory, while the
second one generates the fast y-trajectory. This terminology may be justified by
orders of magnitude of the derivatives &,y which are |f| and |g|/e, respectively.

The control problem associated with these equations consists of minimizing the
integral J.(u) given by

(13) J.(u) = / Q(u(t), z(t), ye (£))dt,

where (z.(t), y.(t)) is the assumed unique solution of (1.1)—-(1.2) for ¢t € [0, 1], induced
by u(:).

The problems that we are interested in are as follows:

— to study the limit behavior of the trajectories of this control system and the
cost as € tends to zero,

— to construct a limit system which could in some sense approximate the behavior
of the original e-system for € small.
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Such problems were examined by many authors. See for instance the works of
Bensoussan [Bel, Be2]; O’Malley [O’M]; Kokotovic [Kol]; Kokotovic, O’Malley, and
Sannuti [KOS]; Bensoussan and Blankenship [BB]; and Donchev and Veliov [DVI,
DV2]. These papers consider the case where it is possible to identify a limit system
for € — 0 in the form of a reduced system which is obtained by setting e = 0 in (1.1),
namely,

i = f(u,z,y), 2(0) = 2%

(14) 0=g(u,z,y).

This reduced order scheme was suggested by Tichonov [Ti] for uncontrolled singularly
perturbed differential equations and has been developed, among many others, by
Vasil’eva [Val, Vasil’eva and Butuzov [VB], O’'Malley [O'M2], and Campbell [Ca].

Under appropriate conditions the algebraic equation can be inverted with respect
to y, resulting in a manifold y = ¢(u,z). This manifold is then inserted into the
dynamic part of (1.4) as follows:

&= f(u,z,q(u,z)), z(0) = $0§

(15) y=q(u,z).

The limit control problem is then to minimize the cost

Jo(u) = / QQu(t), zo(t), yolt)) dt,

where (zo(t),yo(t)) is the trajectory of (1.5) induced by the control wu(¢). Under
appropriate conditions z.(t) — o (¢) uniformly for ¢ € [0, 1], y-(¢) — yo(t) uniformly
for ¢ € [6,1], where 6 > 0 is arbitrary, and J.(u) — Jo(u). Moreover under additional
conditions the value of the original problem converges to the value of the reduced
problem. Namely inf, J.(u) — inf, Jo(u). A main condition for this scheme to be
valid is that the point q(u,x) (u,z are fixed) be a (locally) asymptotically stable
equilibrium point for the (u,x)-parameterized time-invariant differential equation
dy

(1.6) 7 = 9(wz,y).

The problem of Mayer’s type, that is, Je(u) = Q(y-(1)), was considered in [DV1].
Some related recent results are given in the works of Kabanov and Pergamenshchikov
[KaP] and Tuan [Tu]. In the latter works the well-posedness of Mayer’s problems is
considered. The well-posedness is connected with the convergence as € — 0 of the
reachable set of the original system to the reachable set of the limit problem. One
can easily extend the results of this paper for Mayer’s problems too.

In many works (see, e.g., Gaitsgory [G1, G2, G3]) it was noted that the reduced
model approximates the original problem (1.1)—(1.3) only if the optimal control u. (¢)
does not change rapidly as ¢ — 0. If, for instance, in the optimal regime the control
u and the fast variable y oscillate rapidly and the oscillation rate grows to infinity
as ¢ tends to zero, then the reduced model cannot describe the limit behavior of
the optimal trajectories of the original system. To define the limit control system in
this case, Gaitsgory [G1, G2, G3] suggests another approach which is an extension of
the averaging method described for uncontrolled motions in Volosov [Vo]. The limit
problem in [G1, G2, G3] has the following form of a differential inclusion for the slow
variable x:

(1.7) i e V(x),
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where V() is a convex compact set-valued function, constructed by the special scheme
of averaging of the function f(u,x,y) over solutions of (1.6) on the infinite time inter-
val. For a more recent result concerning topological dynamics and other properties of
the differential inclusion in (1.7) see Grammel [Gr].

In this paper we consider a more general case where, even for constant in time
controls u € U, the reduced order system (1.4) may not be an appropriate nominal
limit for (1.1)—(1.3) as € — 0. More specifically, the solutions of (1.6) for z, u fixed may
not converge to an equilibrium. We establish conditions on the asymptotic topological
dynamics of these trajectories and build a limit control system for (1.1)—(1.2). We
develop here an approach suggested in [AV] for uncontrolled singularly perturbed
dynamical systems.

We use invariant measures of (1.6) for x,u fixed instead of considering a root
y = q(u,x) of 0 = g(u,z,y). If there is a (locally) unique invariant measure of (1.6)
(depending on parameters u,x), say v(u,z), we suggest the following limit control
system instead of (1.4):

T = fu, 2, y) v(u, z)(dy), z(0) = 2%
(1.8) Rm

pu(t) = v(u(t), z(t))-

The limit control problem is then to minimize over u the integral

(19) Jo(u) = / QQu(t), zo(t). y) 1o(t)(dy).

where (zo(t), po(t)) is the trajectory of (1.8) generated by a control u(t). po(t) =
v(u(t),zo(t)) is a function which takes values in the space of probability measures on
R™. The limit control problem (1.8)—(1.9) is similar to the chattering control problem
as developed in [Al, A2, A3, A4]. The only complication is that in our model the
measure-valued function pg(¢) is a function of x(t) and w(¢) rather than a parametric
function. We then verify that this limit control problem approximates the original
(1.1)—(1.3) problem on the special families of relatively slow controls. By relatively
slow control we mean a function u.(t) which may be “fast” in time ¢ as ¢ tends to zero,
but in time 7 = 7t the control . (7) = u.(e7) is “slow.” The families of relatively
slow controls are deeply connected with the so-called ergodic families of controls with
respect to the fast system (1.6) defined in [G1]. Note also that the average technique
suggested in [G1, G2, G3] is applicable in our case too. However, our approach has two
advantages. First, in the average technique, attention is paid only to the asymptotic
behavior of the slow variable z.(t). Asymptotic behavior of the fast variable y.(t) is
studied only in the reduced order case. Our approach employs the theory of measure-
valued functions and determines completely the statistical asymptotic behavior of the
fast variable y.(¢) in the general case. And second, we have in the limit, an explicit
form of the control problem rather than the form of the differential inclusion (1.7).
The paper is organized as follows. Section 2 is devoted to the properties of in-
variant measures of dynamical system (flows) and their invariant measures depending
on parameters. The results of this section are not new but presented in a convenient
form. In section 3 we give a formal description of the singularly perturbed control
problem and the technical conditions. We construct the limit control problem (1.8)-
(1.9) and verify when this problem is well posed. In section 4 we employ relazed
controls and construct the limit relaxed control problem which guarantees existence
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of the optimal solutions. We use the standard technique originally introduced by
Warga [Wal]. In section 5 we define the notion of relatively slow controls and give
two preliminary estimates on convergence for the trajectories of the original system.
The main result is presented in section 6. It consists of four convergence theorems.
The first three theorems state the same convergence result of the trajectories and
the cost of the original system when, respectively, continuous, piecewise continuous,
and measurable controls are applied. The difference between these theorems is only
in appropriate assumptions. The fourth theorem determines the convergence result
for the value of the original control problem to the value of the limit problem on the
families of relatively slow controls. The proof of Theorems I-III is given in section 7.
In the closing section we comment on the results obtained.

2. Dynamical systems, invariant measures, and convergence of mo-
tions. In this section we recall some properties of dynamical systems and invariant
measures which depend on parameters. We establish the properties of asymptotic
convergence of motions to invariant measure and prescribed sets. Consult with Ne-
mytskii and Stepanov [NS] and Sell [Se| as a general reference and with Billingsley
[Bi] as our reference on probability measures.

Consider a dynamical system (semiflow) ¢(7,y) which is a continuous mapping

¢(Ta y) : R-‘r x R" — an ¢(07y) =Y ¢(7_1a ¢(7_27y)) = (725(7—1 + Tva) VTLQ € R-i-'

In what follows we shall often use the term flow instead of semiflow if no difference
between properties of flows and semiflows appears.

The w-limit set Q(y) of a point y consists of all the points z = lim ¢(7x,y) for
some sequence T, — +00. A set A is positively invariant with respect to ¢ if y € A
implies ¢(7,y) € A for 7 > 0.

We shall need also in the sequel the notion of a prolongation of a set; see, e.g.,
Bhatia and Szegd [BS]. Let K be a subset of R™. The prolongation of K with respect
to ¢ consists of all limit points z = lim ¢(7;,y;) with r(y;, K) — 0 as i — oo and
7; > 0 for all 7. Here r is a distance on R".

Let I' be a complete separable metric space, endowed with its Borel structure.
We need some properties of measures defined on I'. (We let T' be an abstract space
rather than, say R™, since in this paper we shall use measures on different spaces.)

Let ¥ be a Borel o-algebra on I We denote the space of Borel probability
measures on (I', ) by P(T"). The space P(I") is endowed with the weak convergence
of measures defined as follows. The sequence i converges to p if for every continuous
bounded function h(y) : T — R

(2.1) [ b mtan) — [ nw ().

=+ r
P(T') is metrizable. For definiteness we choose the Prohorov metric p defined as follows
(see [Bi, p. 238]):

(22)  plun, pa) = mf{n s pa(A) < 12(A") + 1, pa(4) < (A7) + 1 VA € B},

where A" denotes the n-neighborhood of A in T'.
A measure v in P(R") is said to be an invariant measure with respect to ¢ if for
every 7 € Ry and for every bounded and continuous function h(-)

(2.3) h((r,v) vidy) = / h(y) v(dy).

Rn n
(2.3) is thus equivalent to the relation v(A) = v(¢(—7, A)) for any Borel A in T'.
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In what follows we shall denote the Lebesgue measure on R by A.

DEFINITION 2.1. Let w(7) : Ry — R™ be continuous, and let v be a probability
measure on R™. We say that w(-) converges asymptotically in distribution to v if the
probability measures us, given by

ws(A) = %)\({T T €[0,8], w(r) € A}), A€ X,

converge weakly to v as s — 00.

Parameterized flows. Consider now the following differential equation depend-
ing on the parameter p € P where P is a metric space:

(2.4) % =9(p,y)

with y € R™. We assume that g(-,-) is continuous on P X R™ and that with any initial
condition y(0) = y the equation has a unique solution ¢(7,p,y) for 7 € R, such that
@(0,p,y) = y. Thus the mapping ¢ is continuous on Ry x P x R™, and for p fixed, ¢
is a continuous semiflow. For ¢(-,p,-) we shall often use the notations ¢, or ¢,(7,y).

We state now an assumption under which we work throughout.

Assumption 2.2. For each p let G(p) be an open subset of R™ and such that

(i) G(p) is positively invariant with respect to ¢p;

(ii) for open P’ C P, the set {(p,y) : p € P, y € G(p)} is an open subset of
P x R™:

(iii) a compact K (p) C G(p) exists such that the w-limit set of ¢, (7,y) for p fixed,
is in K (p) for all y € G(p), and for compact P’ C P the set {(p,y) :p € P', y € K(p)}
is compact in P x R™.

Let L(p) be the prolongation of the set K (p) with respect to ¢, for p fixed. It is
clear that L(p) D K(p).

PROPOSITION 2.3. Under Assumption 2.2 the set-valued function L(p) has com-
pact values included in G(p) and L(-) is upper semicontinuous.

Proof. See [AV, Proposition 8.2]. O

Note that by the Krilov—Bogolubov theorem (see, e.g., [NS, p. 493] the parame-
terized flow ¢(7, p,y) for each p has at least one invariant measure supported in G(p)
if G(p) is bounded. In our case G(p) may not be bounded (actually G(p) can coincide
with R™). Nevertheless the existence of the compact subset K (p) with properties (iii)
of the latter assumption implies (see [AV, Proposition 3.2]) that the set of all ¢,-
invariant measures in G(p) is not empty, compact, and convex. Moreover, all these
measures are supported on K (p).

PROPOSITION 2.4. Suppose that Assumption 2.2 is fulfilled. Then for (p,y) €
graph G

(i) the average integral

% /0 d((p, ¢(1,p,v)), graph K) dr

tends to zero as s — oo. (Here d is a distance on P x R™.)

(ii) the pair (p, (1, p,y)) converges to graph L as T — oo. Namely, d((p, ¢(7,p,y)),
graph L) — 0 as 7 — 0.

(iii) the convergences in (1) and (ii) are uniform on compact subsets of pairs (p,y)
in graph G.
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If additionally v(p) for each p is the unique invariant measure of (2.4) supported
on G(p), then

(iv) v(p) is supported on K(p) and continuous on P (in topology on P(R™)).

(v) the parameterized flow ¢(7,p,y) converges asymptotically in distribution to
v(p) uniformly on compact subsets of pairs (p,y) in graphG.

Proof. (i) follows from [AV, Lemma 3.1 and Proposition 3.2] and properties of the
weak convergence of measures. (ii) follows from (i) and the definition of a prolongation
of a set. Uniformity of these convergences follows from [AV, Proposition 3.5]. (iv)
and (v) follow also from [AV, Proposition 3.7]. The full proof of the results can be
found in [Vi, Proposition 2.4.9]. O

Remark 2.5. The openness of graph G is essential for further considerations.
However it can be easily proved that all latter results hold true if the graph {(p,y) :
p € P,y € G(p)} is closed for closed P’. Then, in particular, G(p) can be compact
and K (p) may coincide with G(p). For the details see [Vi, Chapter II].

It may seem that the stronger continuity property (for instance the Lipschitz
continuity) of function g with respect to p implies the Lipschitz continuity of the
invariant measure v(p) in the sense of the Prohorov metric (2.2). But in general this
is not true. As an example consider the one-dimensional system ¢ = y(p — r(y)),
p € [1/2,2]; r(y) = sin(y) if y < 7/2 and r(y) = (y — 7/2)%> + 1 if y > 7/2. This
system is C'! in p,y. For any p there exists then the equilibrium point y(p) = arcsin(p)
if p<1andy(p) =+(p—1)+7/2if p > 1 which is locally asymptotically stable.
The set is G(p) = (0,7) and K(p) = {y(p)}. The invariant measure is concentrated
on the point y(p). It is clear that for p* = 1 we have p(v(p*),v(p))/|p — p*| — oo as
p — 1. Then v(p) is not Lipschitz continuous in p on the interval [1/2,2].

The next result is concerned with time-varying perturbation of the variable p.

PROPOSITION 2.6. Suppose that Assumption 2.2 is fulfilled. Let E be a compact
subset of graph G. Then for any n > 0, there exist an so > 0 and a 6 > 0 such that
whenever |p(1) —po| < 0 for 7 € [0,2s0] and w(7) is a solution of y = g(p(7),y), with
(po, w(0)) € E, then for s € [so,2s0] the following inequalities hold:

A7 7 € [0, 8], d((r), w(r), graph K) > }) <,
d((p(s), w(s)), graph L) <.

Proof. Tt follows from Proposition 2.4 and the continuous dependence results in
ordinary differential equations. ]

The next proposition states a correspondence of the Prohorov metric between two
measures and the difference between the corresponding integrals. This is a general
property of the Prohorov metric without any connection to dynamical systems and
invariant measures.

PROPOSITION 2.7. Let h : I' — R be a bounded uniformly continuous function;
namely, there exist constants a,b and a nondecreasing function w(s) — 0 as s — 0
such that

0 < hix) < b; [h() - h(y)] < w(lz —y]) Yoy € T.

Assume that py, po € P(I'). Let 6 = p(pa, p2)-
Then

(2.5) <w(6)+ (b—a)é

[ roats) = [ ns)pn(as)

T
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Proof. We can write the following representation of the integrals for ¢ = 1, 2:

[ tsyatas) = | h(s)ps(ds)

(2.6) {w:h(z)>a}

9] b
=a —|—/ wi{x :h(x) > stds=a —|—/ pi{x : h(z) > s}ds

(see [Bi, p. 222]). We denote the set A; = {z : h(z) > s}. Take the sequence
8x > 8, 6 — 6. From the continuous property of h it follows that A% C A’ where
AL = {z : h(z) > s —w(é)}. Then p;(AL) > p;(AS*). Therefore from (2.6) we can
make the following estimate:

b
[ o) = [ nsmtas) = [ (a0 - (4ds
b

i1 (Au)ds — / 11 (AL)ds
b—w(bk)

a

(2.7) :/abuz(As) —ul(A’s)dSJr/a

—w(6k)

b
< / ia(Ay) — g (A%)ds + w(6x) < w(6k) + (b — )6

Passing to the limit as k& — oo and according to the symmetry in (2.7), we obtain
estimate (2.5). This completes the proof. 0

In what follows we shall denote the metric on the abstract metric space, say T,
by dr.

3. The setting. In this section we give a formal description of the singularly
perturbed control problem (we refer to this problem as the e-problem) and introduce
the conditions under which we work.

The control problem (1.1-1.3) is identified by the following data functions:

flu,z,y) : U X R™ x R® — R™,
g(u,z,y) : U x R™ x R* — R",
Q(u,z,y) : U X R™ x R™ — R.

The trajectories x.(t), y:(t) of the system (1.1)—(1.2) generated by some admissible
control function u(t) induce the cost J.(u) given by (1.3). We define the value of the
e-problem as follows:

vale (U) = ugr)léfu Je(w).

Here U is the family of admissible control functions u(-):
u(t) : [0,1] = U.

In this paper we consider three classes of admissible controls:

(1) U° is a family of all continuous functions.

(2) UP is a family of all piecewise continuous functions. By piecewise continuous
functions we mean the functions which are continuous on [0, 1] except possibly at a
finite number of points and these points are discontinuities of the first type.

(3) U™ is a family of all measurable functions.
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Let us introduce now the technical conditions assumed throughout the paper. We
construct these conditions in order to study just a phenomenon of singular perturba-
tions and to avoid other pathologies.

Remark. In the various estimates we shall often use the value of the function
u(t + z) where t € [0,1] and z is some number. Since t + z may not be included in
[0, 1] we shall suppose that u(t) is extended for ¢ € R such that u(t) = u(0) for ¢ <0
and u(t) = u(1) for t > 1. No confusion should arise.

Assumption 3.1 (continuity of the data).

(i) The functions f, g, @ are continuous on U x R™ x R™.

(ii) For any (u,z,y°) fixed, the system § = g(u,z,y), y(0) = y° has a unique
solution ¢(7,u, z,y°) defined for all 7> 0.

Note that the pair (u,x) € U x R™ can be denoted as the parameter p € P from
the previous section. Here P = U x R™. With this notation the parameterized flow
o(1,p,y) (or ¢(7,u,z,y)) is a solution of (1.6). The following assumption copies the
assumptions under which the results of section 2 were obtained.

Assumption 3.2. For any p = (u, x) there exist sets G(u, z) and K (u,x) such that
the corresponding set-valued maps G(p) and K (p) satisfy Assumption 2.2.

The following growth condition is there to ensure that for € small, the trajectories
xe(t) stay bounded over [0, 1].

Assumption 3.3 (growth condition). For some ¢ > 0 the function f(u, z,y) satisfies

sup  |f(u,z,y)| <c(1+|z|) Yuel.
y€G(u,x)

Assumption 3.4 (unique ergodicity). For each (u, x), the (u, z)-parameterized flow
(7, u,x,y) has a unique invariant measure in G(u, x); we denote this by v(u, z).

Note that by Proposition 2.4 the mapping v(u, z) : UXxR™ — P(R") is continuous
on U x R™.

Assumption 3.5 (Lipschitz continuity).

(i) The function v(-, -) is Lipschitz continuous in  on every compact subset of R™
in the sense of the Prohorov metric and uniformly with respect to u € U. Namely,
for any compact D from R™ there exists a number L > 0 such that for any u € U
and 1,20 € D

p(l/(u, 1'1)7 V(ua SUQ)) < L‘xl - $2|.
(ii) On each compact subset of R™ x R™ the function f is Lipschitz continuous in
x,y uniformly with respect to u € U.

The limit control problem. Under Assumptions 3.1-3.4 we can formally build
the limit control problem for € = 0 in the following form:

miniimize / [ QUut).2(0).) (0 )

(3.1) subject to & = - fu(t), z,y) u(t)(dy), z(0) =P,

p(t) = v(u(t), x(t)).

Here p(t) € P(R™) for each t.
We do not specify here the family of admissible controls U. For u(-) € U fixed we
denote by (xo(t), po(t)) (po(t) = v(u(t), zo(t))) an admissible trajectory of (3.1).
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We define also the value of the limit problem

valg(U) = u(H)léu Jo(u).

In the next sections we shall show that this limit problem actually approximates
in some sense the e-problem (1.1)—(1.3). But in order to verify the approximating
properties of the limit problem we need that the equations in (3.1) be uniquely solvable
for t € [0, 1] with respect to z(t), u(t) for any given control u(-) € U. To do that it is
enough to assume that for the right-hand side of the differential equation

(3.2) i = . flu, 2, y) v(u, x)(dy)
is Lipschitz continuous in x on any compact subset of R™ uniformly with respect to
u € U. Assumptions 3.3-3.5 imply this property.

LEMMA 3.6. Under Assumptions 3.3-3.5 the right-hand side of (3.2) is Lipschitz
continuous in x on any compact subset of R™ uniformly with respect to u € U.

Proof. Tt follows directly from Proposition 2.7 and that by Assumption 3.2 for
any compact D from R™ all measures {v(u,x) : u € U,z € D} are supported in the
compact set {y:u € U,z € D,y € K(u,z)}. O

Therefore by Lemma 3.6 and under all assumptions in this section the system in
(3.1) is uniquely solvable on the interval ¢ € [0,1] for any given u(-) € U.

Comments on the assumptions. Assumption 3.1 is standard. Without this
assumption we could get various deviations which are not connected with singular
perturbations.

Assumption 3.2 is crucial. Openness of the set G(u, z) is essential for the proof
that the triple (ue(t),z:(t),y:(t)) is defined for all ¢ € [0,1], and it is included in
graph G for ¢ small enough. On the other hand, without any additional requirements
we can define (1.1) on the metric space X xY where X is homeomorphic to R™ and YV’
is a closed subset of R™. Then the triple (u.(t), z:(¢),y-(t)) is automatically included
in the set U x X xY. Hence G can be taken as Y and by Remark 2.5 the main results
of this paper can be extended to the case where G is not open.

Assumption 3.3 implies that if the fast trajectory y.(t) induced by a control u.(t)
exists uniquely on the time interval [0, 1] and y.(t) € G(u(t), z-(t)) (we shall prove
this), then the slow trajectory x.(t) is also defined for ¢ € [0,1]. This assumption
can be omitted if it is known a priori that z.(t) can be defined for all ¢ € [0,1]. We
could assume that the function g satisfies the same growth condition too. But then
we would rule out interesting examples.

Assumption 3.5 is needed only to prove the uniqueness of the solutions of (3.2).
Thus instead of these assumptions we could assume the uniqueness directly. The
similar condition is introduced in the steady state approach (Assumption (E) in Wa-
sow [Was, p. 253]), but certainly in the steady state approach this condition can be
checked easier.

Assumption 3.4 is crucial. Without this assumption the limit differential equation
in (3.2) makes no sense, since the measure v(u,x) is not uniquely defined. Instead, in
this equation a limit differential inclusion must be defined; see [AV, Theorem I]. On
the other hand, the local (in G) uniqueness of the invariant measure is equivalent to
that for all continuous f of the following convergence:

S
& /0 flunz, d(rw ) dr — [ flunz,y) v 2)(dy)

Rn
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holds for S — oo uniformly with respect to y, 2, u (Proposition 2.4 (v)). This property
reflects the deep connection between our technique and the averaging approach; see
[Vo] and [G1, G2, G3]. In some sense the unique ergodicity is the weakest possible
condition which guarantees applicability of the averaging technique for an arbitrary
f. The simplest cases of the unique (local) ergodicity are where y = g(u,x,y) has an
asymptotic stable equilibrium g(u,x) or it has a stable limit cycle. In the first case
v(u, x) is the Dirac measure concentrated at the point ¢(u,z) and in the second case
v(u, x) is distributed on the corresponding periodic curve. In a more general case the
verification of the unique ergodicity is more difficult.

Measure-valued functions. Note that the trajectory po(t) = v(u(t), zo(t)) of
(3.1) is a measure-valued function. We want to display how this function approximates
the fast trajectory y.(¢) of the e-system. But y.(¢) and po(t) take values in different
spaces. Thus we need to define the type of convergence.

Let us describe briefly the properties of measure-valued functions. We use here
the description of chattering parametric functions given in [A3]. By measure-valued
functions we mean the family M of measurable mapping

u(t) : [0,1] — P(D).

Here I' is a separable complete metric space. A measure-valued function is assumed
measurable if for every measurable A C I the real-valued map u(t)(A4) : [0,1] — [0,1]
is measurable (see [A3, section 3]). Here u(t)(A) is the weight the measure assigns
to A. Any measurable function r(¢) with values in T can be presented as an element
of M which for each ¢ € [0,1] is the measure concentrated on the point {r(t)}. We
denote this measure-valued function by 6,(¢). Each measure-valued function u(-) can
be identified with the measure p on the product [0, 1] x T’ which is the direct integral

(3.3) p=(D) / u(t) dt

defined as follows. On a Borel set E C [0,1] x T" it is given by

w(E) = / p()(Ey) dt,

where E; = {y : (t,y) € E} is a t-section of the set E.

Convergence on M is taken to be the weak convergence defined in (2.1)—(2.2) of
the corresponding probability measures on [0,1] x I'. (See also [A3, section 4].)

Note that since T', hence [0, 1] x T', is complete and separable, it follows (see, e.g.,
Artstein [A3]) that M itself is a complete metric space. If T' is compact, then M is
also compact.

The distance on M between p1(-) and pa(+) is denoted by p(u1, pe) and equal
to the Prohorov distance between the corresponding measures p; and py, namely
p(u1, o) = p(pq, 1y). No confusion should arise with the distance p on M between
two functions p;(-) and us(-) and the distance on P(M) between two measures i (¢)
and pso(t) for the ¢ fixed.

Remark 3.7. For the sake of convenience we consider the problem on the unit
interval of time ¢ € [0,1]. Hence all measures p defined by (3.3) are probability
measures namely p([0,1] x I') = 1. If we take an interval [0, 7] instead of [0, 1] then
w([0,T] xT) = T and T is common for all u. Therefore the weak convergence of
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measures on I = [0, 7] x T is also defined by (2.1). The distance pp(p;, pty) can be
taken as T'p(p1 /T, po/T). Thus all further results hold true for the general finite time
interval case.

DEFINITION 3.8. Let pu(t) be an element of M. Let yi(t) be a sequence of mea-
surable functions defined on [0,1] with values in T'. We say that yi(-) statistically
converges to p(-) if the corresponding measure-valued functions 6y, (-) converge to p(-)

on M.

4. Relaxed controls. Optimal solutions of the limit control problem.
We want the limit problem (3.1) to be an approximation of the e-problem in some
sense. In particular we need the optimal trajectories of the limit problem to be e-close
to some admissible trajectories of the e-system. But it is well known that the solution
of the optimal control problem may fail to exist; see Warga [Wa]. In this section
we recall the notion of relaxed controls to provide (generalized) solutions to the limit
optimal control problem (3.1). We apply the standard technique originally introduced
by Warga [Wa| and developed by Artstein [Al, A2, A3, A4].

Following the ideas of Warga we introduce the relaxed controls as follows. We
allow the control function to assign to each t a probability measure on U. Namely,
the relaxed control v(-) is a measure-valued function:

(4.1) v(t) : [0,1] — P(U).

Denote the family of all measurable relaxed controls (4.1) by V. Convergence on V is
taken to be the convergence of measure-valued functions.

Relaxed limit control problem. A relaxed control v(-) affects (3.1) by inte-
gration with respect to the measure v(t), for each ¢, the effects of the points u € U.
To employ another integral notation in (3.1) could complicate the formulas. Thus
we use here the standard notation. If h(u) is a function of the variable u on U and
if v is a measure on U, then h(v)) is a function of v on P(U), which is the average
Jiy h(u)v(du). Define now the new data functions @ and f:

Q(u,x) = Q(u,x,y) z/(u,x)(dy)7
(4.2) e

flu,x) = [ flu,z,y)v(u,z)(dy).

R™

With this notation, the limit optimal control problem (3.1) with the availability
of relaxed controls has the following form:

minimize /0 Q(v(t),z(t))dt

v(-)eV

(4.3) subject to & = f(v(t),z); x(0) = 2,

pu(t) = w(v(t), z(t)).

Here p(t) € P(R™) and by (v, x) we understand the following integration for every
measurable set A C R™:

D(v,m)(A):/ v(u,z)(A) v(du);

U
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namely, u(t) for each ¢ is an average of the measures v(u, z(¢)) on U with the measure
v(t) on U. B
We shall denote the cost of the relaxed problem by Jy(v), namely,

1
Jo(w) = / Q(u(t), o(t)) dt.

It is clear that if v(¢) for each t is a Dirac measure concentrated on the point u(t),
then Jy(v) = Jo(u).

The limit optimal control problem (3.1) with ordinary controls can be rewritten
as follows:

minimize/o Q(u(t),z(t)) dt

u(-)eU
(4.4) subject to & = f(u(t),z); x(0) = 2°,

p(t) = v(u(t), z(t))-

Approximation of relaxed controls.

PROPOSITION 4.1. V is compact. The family of ordinary measurable controls U™
is dense in V.

Proof. The space of measures supported on a common compact set with the weak
convergence of measures is compact. Since the convergence on V is taken to be the
weak convergence of measures on [0, 1] x U, the first claim follows. The approximation
by ordinary controls follows from [A3, Proposition 4.5]. O

Suppose now that U can be included in a separable Banach space—say, Z. Then
the Lebesgue integral fg u(t) dt is well defined. If U is convex, then any measurable
function u(-) can be approximated by a continuous function us(t) € U such that
us(t) — u(t) as 6 — 0 for almost every ¢t € [0,1] and defined as follows:

1 t+6

(4.5) us(t) = 5 |

u(s) ds.

COROLLARY 4.2. If U is a convez subset of a separable Banach space, then the
family U is dense in V. Moreover, for any u’ € U and vo(-) € V there exists a
sequence ug(+) € UC statistically converging to vo(-) and such that ui(0) = u°® for any
k.

Proof. The first statement directly follows from Proposition 4.1 and (4.5). Sup-
pose now that i (+) statistically converges to vg(-), and take a u® € U. Construct
a new sequence ug(-) such that ug(0) = wug, ug(t) = (t) for ¢ > 1/k, and affine
otherwise. Then clearly wuy(-) statistically converges to vg(-). This completes the
proof. 0

COROLLARY 4.3. The family of piecewise constant functions u(t) : [0,1] — U is
dense in V.

Proof. By Proposition 4.1 it is enough to show that piecewise constant functions
are dense in ™ in some strong topology, say L'. Since U is compact, we can just show
that for any simple function u°(t) : [0,1] — U with a finite number of different values
u’, i =1,k + 1, there exists a sequence u; of piecewise constant functions converging
in measure to u. The proof is standard. It follows from the property that for any
measurable subset 7' C [0, 1] and any 6 > 0 there exists a subset E C [0, 1] which is a
union of a finite number of disjoint intervals of [0, 1] and such that A(TAE) < §; see
Halmos [Ha, p. 56]. 0
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Existence of optimal solutions to (4.3) and their approximation follow from the
general theory of Warga [Wa, Chapter 4]. We formulate these results in the following
lemma.

LEMMA 4.4. Under Assumptions 3.1-3.5 the optimization problem (4.3) has an
optimal relazed control—say, v(-). There is a sequence of ordinary measurable con-
trols ug(-) € U™ which statistically converges to v(-). In particular the cost Jo(ug)
converges to the value valo(U™) = valp(V).

5. Relatively slow controls. Preliminary convergence estimates. In this
section we present the results on the limit behavior of the admissible trajectories
(2:(t),y:(t)), with respect to prescribed sets. We establish also a preliminary result
on the statistical convergence of the fast variable y.(t).

The trajectories (x:(t),y<(t)) are induced by special families of relatively slow
controls.

Relatively slow controls. We introduce now the special families of continuous,
piecewise continuous, and measurable controls, depending additionally on the param-
eter e. We call these families relatively slow controls since the control u. (t) may change
rapidly in time ¢ € [0,1] as € — oo, but for 7 = ¢~ the function @.(7) = u.(e7)
converges to constant as ¢ — 0 while 7 is fixed. For instance if u.(t) = cos(t/\/€),
then @, (7) = cos(y/eT) — 1 as e — 0.

Let F' > 0 be the diameter of the set U. Define two special positive real-valued
functions M (z) and A, of variables z € [0,1], € > 0 such that for some L >0

Lz < M(z) <F,

(5.1)
M(z) -0, as 2 — 0 and A, — 0, eA-! -0, ase — 0.
DEFINITION 5.1. Let z € [0, Ac]. A control function u.(-) is said to be a relatively
slow continuous control with respect to the functions M(-) and A; if for any t € [0,1]

(5.2) dy(ue(t + 2),uc(t) < M(AZ'2).

A control function u.(-) is said to be a relatively slow piecewise continuous control
if

(i) the minimal length of interval of continuity is not less than A.,

(i) for t,t + z from every common interval of continuity, (5.2) is satisfied.

A control function uc(+) is said to be a relatively slow measurable control if

/ et + 2)ue(0) dt < M(AT2).
0

We denote by US,UP, and U, respectively, the families of all relatively slow
continuous, piecewise continuous, and measurable controls with respect to the fixed
functions M(-) and A..

In what follows we assume that the functions M (z) and A, are given, and there-
fore the families US, UP, U™ are completely determined.

Remark5.2. Let M(-) and A, be fixed functions. Note then that if u(-) is piecewise
constant (with a finite number of discontinuities), then for small e, u(-) € UP and
u(-) € U™, If u(-) is continuous and piecewise linear (if U is certainly included in
a vector space), then for sufficiently small €, u(-) € US. These inclusions obviously
follow from Definition 5.1 and the properties of the latter functions. On the other
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hand, by the standard approximation arguments, any continuous function can be
uniformly approximated by a continuous piecewise linear function. Besides, by the
proof of Corollary 4.3, any measurable function with values in a compact space can
be approximated in L'-metric by a piecewise constant function.

Therefore, for e — 0

(i) for an arbitrary measurable function u(-) € U™ there exists a function u.(-) €
U™ such that

(5.3) /0 dy(u(t),u:(t))dt — 0 as ¢ — 0,

(ii) for an arbitrary piecewise continuous function u(-) € UP there exists a function
us(+) € UP satisfying (5.3),

(iii) for an arbitrary continuous function u(-) € U¢ (if U is convex) there exists a
function wu.(-) € US satistying

sup dy(u(t),us(t)) - 0ase — 0.
t€(0,1]

In this sense the families U<, UP, U™ converge as ¢ — 0 to the basic families ¢/€,
UP, U™, respectively.

Preliminary estimates. We now establish two important lemmas which will
be useful in what follows. The first lemma states convergence of the trajectory
(z(t),ye(t)) to prescribed sets. The second lemma determines statistical convergence
of y-(t) to the corresponding measure-valued function.

Suppose that u.(-) is a relatively slow control, and consider the fast equation from
the system (1.1) separately:

(54) ey = g(ua (t)’ Le (t)’ y)

LEMMA 5.3. Suppose that Assumptions 3.1-3.3 are satisfied. Let D be a compact
subset of graph G.

Then for any mo > 0 there exists an €9 > 0 such that if € < o, then for
(ue(0),2:(0),y-(0)) € D and u.(-) € US

(i) the pair (zc(t),y:(t)) can be extended to t € [0,1], and (ues(t),z:(t),y:(t)) €
graph G. Moreover there exists a compact X C R™ such that z.(t) € X;

(i) Mt :t € [0, 1], d((uc(t), 2 (t), y= (1)), K) > no} < mo;

(iil) d((ue(t),z(t),ye(t)), L) < no fort € [A,1].

Here K, L are compact subsets of graph G defined as follows:

K ={(u,z,y):uelUzxeX,yec K(u,z)},
(5.5)
L={(u,z,y):ueclUzxecX,ye L(u,z)}.

Proof. (i). The result follows directly from [AV, Lemma 4.7]. (ii) and (iii). Denote
p = (u,z) and pe(t) = (ue(t), z(t)). Take n < ng such that L" C graph G. Such an 7
exists by Assumption 3.2 and Proposition 2.3. Denote C' = ¢l L". Choose s¢ > 0 and
6 > 0 provided by Proposition 2.6 with £ = C' U D. Take €y > 0 such that for ¢ < gq
we have esg < 1, 2e59 < A, and the following inequality holds for s € [sg, 2sg] and
tel0,1—esl:

M(eAZts) + |zo(t +es) — z(t)] < 6.
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Such an gg exists by property (5.1) of the functions M(z), A.. Then since u.(-)
satisfies (5.2) we obtain that for s € [sg,2so] and ¢t € [0,1 —€s]:

dP(ps(t + 55)7p€(t)> < 0.

Define a subset of [0, 1]:

R, = {t : (pe(t)’ye(t)) € E}

Then Proposition 2.6 implies that for ¢’ € R, and s € [sg, 2s¢]

o) Lt € [+ o], d((- (), 42 (6), K) > ) <,

d((pe(t' +€s),y=(t' +¢s)), L) <.

Construct a sequence t;41 = t; +€Sg, @ = 0,k — 1, tg = 0,tx41 = 1 such that
1 —tx < esp. Then since ¢y € R. we obtain from (5.6) that ¢, € R, for i = 1,k — 1.
Then from (5.6) it follows that for i = 0, k,

A{t:t € [tistia], d((p:(1),y:(2)), K) > n}) < n(tiy1 — i),
(5.7)

d((p=(t),y:(t)), L) <n VYt € [tiy1,tital.

By an extension of (5.7) to the interval [0,1] and as esg < A. we obtain the desired
result. This completes the proof. ]

LEMMA 5.4. Suppose that Assumptions 3.1-3.5 are fulfilled and the function u.(-)
is a relatively slow measurable control. Furthermore, assume that (x.(t),yc(t)) for
small € can be extended to t € [0,1] and there exists a compact set C, C C graphG,
such that

(5.8) Mt (ue(t), z:(t),y:(t)) ¢ C} — 0 as e — 0.

Then the distance p(by,, pte) tends to 0 as e — 0. Here u.(t) = v(u(t), z(t)) is
invariant for the flow (7, ue(t), x:(t),y) for any t fived.

Proof. Denote p:(t) = (uc(t),z-(t)). Take any bounded uniformly continuous
function h(t,y) : [0,1] x R™ and an arbitrary n > 0. Define the set

I ={t: (pe(t),y:(t)) € C}.

From Propositions 2.4 and 2.7 it follows that there exists an sg > 0 such that for
tel0,1]\ L.

(5.9)

[ et e)an - - [ e otr o0, 0n0)) ar| < 7.

So 4

Note that

1 l—eT
/ h(t,y-(t)) dt = / h(t 4+ e,y (t + e7)) dT.
0 —eT

Since h is bounded and uniformly continuous, we can find a positive £; > 0 such
that for e < &1 and 7 € [0, sg]

(5.10) /Olh(t,ys(t))dt/01515h(t,y5(t+57))dt <1
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A change of time scale ¢ to 7 = (¢t —t') /e yields that y. (¢’ +e7) solves the equation

(5.11) =g(p=(t' +e7)y),  w(0) = ue(t)).

dy
dr
The flow (7, pe(t'),y(t')) for ¢’ fixed solves the following equation:

(512) Y=g (0 =),

Denote

1 50
n(e, t') = %/o dp(pe(t' +e1),p-(t')) dr.

Take 6 > 0 such that if n(e,t') < 0, then for 7 € [0, so] the solutions of (5.11) and
(5.12) satisfy

(5.13) wlye(t' +e7) = o7 p-(t'),y=(¢))]) < 7.

Here the function w(s) is the modulus of continuity of the function h(¢,y). Such a 6
exists by standard continuous dependence arguments.
Define the set Ty:

T. = {t' : n(e,t') > 6}.

By property x.(t) and uc(t) (Definition 5.1) A(T;) — 0 as ¢ — 0. This implies that
there exists an g2 > 0 (and 2 < ¢71) such that for e < g5 we get

(5.14) / Bty (1)) dt + / h(tye(t +er))de < 7

IE TE

Then from (5.9), (5.10), (5.13), and (5.14) we obtain that for ¢ < &9

/Olh(t,ye(t))dt—/ol </nh(t,y)y(p€(t))(dy)) dt’ <.

This implies that p(6,.(¢),v(pe(t))) — 0, which completes the proof. 0

6. Approximating properties of the limit problem: The main results.
In this section we present the main approximating properties of the limit control
problem (3.1) and the relaxed limit problem (4.3).

Approximation of relaxed controls by relatively slow controls.

Claim 6.1. Let vo(-) € V be an arbitrary relaxed control. Then

(i) there exists a relatively slow measurable control u.(-) statistically converging
to vg(+) as € — 0;

(ii) there exists a relatively slow piecewise continuous control u.(-) statistically
converging to vo(-) as € — 0;

(iii) if U is a convex subset of a separable Banach space, there exists a relatively
slow continuous control u.(-) statistically converging to vg(-) as € — 0. Moreover,
for any u® € U there exists a relatively slow continuous control u.(-) statistically
converging to vo(-) and such that u.(0) = ug for any e.

Proof. The result directly follows from Proposition 4.1, Corollaries 4.2 and 4.3,
and Remark 5.2. 0
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Convergence result with continuous control. We establish now the first
convergence result. We refer to the original e-problem, the limit problem, and the
limit relaxed problem. Let vg(-) be an arbitrary admissible relaxed control defined
in (4.1). Let the pair (zo(t), 1o(t)) be the trajectory of (4.3) induced by wvo(t). Let
the pair (x.(t),y:(t)) be the trajectory of (1.1)—(1.2) induced by the control w.(t)
and an initial data 27 — 2% and ¥ — y°. Note that if u.(-) is a relatively slow
continuous control, then by Lemma 5.3 this trajectory indeed exists on [0, 1] and the
triple (ue(t), z:(t),ye(t)) is included in graph G if (u.(0), z-(0), y-(0)) is in a compact
set E of graph G for all € > 0 small enough.

THEOREM 1. Under Assumptions 3.1-3.5, suppose that there exists a relatively
slow continuous control uc(-) converging to vo(-), and a compact set E C graphG
such that (u:(0),2:(0),y:(0)) € E for all e > 0 small enough. Then

(1) Supyefo. [ (8) — w0 (D) — 0 as & — 0;

(ii) ye(t) statistically converges to the measure-valued function pg(t), where po(t) =
Puo(t)ao(t);

(iil) Je(ue) — Jo(vg) as e — 0.

COROLLARY 6.2. Suppose that vo(t) = bu,(t) where ug(-) € U°. Then under
Assumptions 3.1-3.5 if y° € G(ug(0),2°), then the trajectory (x.(t),y-(t)) and the
cost J.(u) of the e-system induced by the control ug(t) converge, respectively, to the
trajectory (xo(t), 1o(t)) and the cost Jo(ug) of the limit system (3.1). This convergence
is uniform for (x°,y°) in compact sets of the graph G(ug(0),").

Proof. Tt follows immediately from Theorem I. a

Remark 6.3. Corollary 6.2 coincides with [AV, Theorem II], where the result has
been proved for uncontrolled systems.

Remark 6.4. For some u® € U take a compact set H C graph G(u°,-). If U is a
convex subset of a separable Banach space, then Claim 6.1 implies that there exists a
relatively slow continuous control u.(-) converging to vo(-) and such that u.(0) = u’.
In this case if (z°,4°) € H, then the e-system can always approximate any trajectories
and the cost (in particular, the value) of the limit relaxed problem. But if U is not
convex, then, in general, this approximation does not work.

FEzxample 6.5. We provide now an example illustrating the convergence result in
Theorem I. (Compare with [AV, Example 7.4].)

Consider the system with U = [2,4], x € R, and y = (y1,92) € R%:

2
i=20 g,
ly

€Y1 = U1 (1 - |y|> — Y2,
Tu

EY2 = Y2 <1 - |y|> + 1,
Tu

z(0) =2°, y(0) =4°.

Here by |y| we denote the Euclidean norm of the vector y. Define
Q(U,l‘,y) = (aj - 1)2 + (u - 2)2(u - 4)2 + Y1

Then
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The fast system for u > 0,z > 0 fixed, converges to the limit cycle |y| = uz if
ly(0)] # 0. The sets G(u,z) and K (u,z) can be chosen as follows: G(u,z) = {y :
3uz > |y| > 0} and K (u,z) = {(y : |y| = zu}. The prolongation L(u,z) of K(u,x)
coincides with K(u,x). It is easily checked that all conditions of Theorem I are
satisfied. The invariant measure v(u, z) is equally distributed on the circle |y| = zu,
namely,

1
o

2
v(u,z)(A) /0 XA (uzx cosd,uxsinb) db,

where A C R? and x4 is the indicator function of the set A. Then it is easy to see
that the limit problem has the following form:

minimize /0 (z(t) — 1) + (u(t) — 4)*(u(t) — 2)*dt
(6.1) subject to & = x(u(t) — 3); 2(0) = aY,
pu(t) = v(u(t), z(t)).

Thus the slow solution z.(t) tends to zo(t) = ° exp(fg(u(t) — 3)dt), while the fast
solution tends to the measure-valued function v(u(t), zo(t)). Suppose that 20 = 1. It
is easy to see that the optimization problem (6.1) does not have an optimal solution.
The infimal cost in this problem is zero, but clearly it cannot be achieved with an
ordinary control. But we can construct a sequence of controls uy such that Jo(ux) — 0.
To do this we define the relaxed limit problem in the following form:

minimize / ((t) — 1) + / (1 — 42 — 2)2 o(t)(du)dt
0 U

subject to & = x/U(u —3)v(t)(du),

() = [ viuate) oo

The optimal relaxed control vy(-) assigns to each t the values 2 and 4 with equal
probability. Then ig(t) = 0 and x¢(t) = 2° = 1, and u(t) = 1/2v(2,1) + 1/2v(4,1).
The relaxed control can certainly be approximated by the sequence of continuous
controls @ which can be defined as follows. The interval [0, 1] can be divided on 2k
intervals of length 1/k — 1/k? and 1/k? where the small and large intervals alternate.
Then @y(t) is chosen equal to 2 or 4 on the large alternate intervals and affine on the
small intervals.

We now have to find a relatively slow continuous control u.(¢) statistically con-
verging to vg(t) and such that y° € G(u.(0),1). Suppose that y° = (1,0). Then
(1,0) € G(u,1) for u € [2,4] and we can take any initial values of u-(0). To find u.
we should define the functions M (z) and A.. Take A, = /¢ and M(z) = z. Define
an integer-valued function k(e) such that k(g) < e~'/4. Then it is easy to verify that
ue(t) = Uy(e) is a relatively slow continuous control with respect to the given M(z)
and A..

Suppose now that the set U is not convex and consists only of two points 2 and 4.
Namely, U = {2,4}. Then we have only two admissible continuous functions u(t) = 2
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or 4 which certainly cannot approximate the relaxed control vy. We should take a
piecewise continuous control to approximate the optimal solution of the limit relaxed
problem.

However, if u(-) is a piecewise continuous function, then the assumptions of The-
orem I are not enough to provide the convergence result even in the case when the
invariant measure is a Dirac measure; namely, the reduced order system (1.4) can be
defined.

Ezample 6.6. Consider only the fast equation with u(t) € U = [1/2,1],

. ) Yy . _.0
sy—y<1 Zu) (1 u)’ y(0) =y° > 0.

Then we can define the open set G(u) = (0,2u) and the corresponding compact
K (u) = {u}. All conditions of Theorem I are satisfied. Suppose now that u(t) is the
piecewise constant function u(t) = 1if ¢t € [0,1/2] and u(t) = 1/2 if ¢ € [1/2,1]. Then
if y° > 1, at time ¢t = 1/2, set G(u(t)) = G(1) switches to G(1/2) = (0,1) and the
fast solution y.(1/2) > 1, and therefore y.(t) ¢ G(1/2). Thus y.(t) goes to infinity as
€ — 0 and the desired convergence does not hold.

Convergence result with piecewise continuous controls.

Assumption 6.7. There exists a set G(u,z) such that for any v € U,u’ € U, and
x, the following inclusion is valid: G(u,z) D L(u/, x).

Note that in Example 6.6 there is no G(u, z) satisfying Assumption 6.7.

Remark 6.8. Assumption 6.7 is satisfied automatically if G(u, z) can be found not
depending on u.

The following theorem extends Theorem I to the case where u.(+) is a relatively
slow piecewise continuous control. Notice that if Assumption 6.7 is satisfied then
there exists a compact set H such that H C G(u,-) for any u € U.

THEOREM II. Suppose that Assumptions 3.1-3.5, Lemma 3.6, Remark 3.7, and
Assumption 6.7 are fulfilled. Let u.(-) be a relatively slow piecewise continuous control
statistically converging to vo(-). Let H be a compact subset of graph G(u.(0),-) for
any € and (2°,4°) € H. Then all statements of Theorem 1 hold.

COROLLARY 6.9. Suppose that vo(t) = 6y, (t), where ug(-) € UP. Then under As-
sumptions 3.1-3.5 and 6.7 and Lemma 3.6 if (z°,4y°) € H, the trajectory (z.(t),y-(t))
and the cost J.(u) of the e-system induced by the control ug(t) converge, respectively,
to the trajectory (xo(t), uo(t)) and the cost Jo(ug) of the limit system (3.1). This
convergence is uniform for (z°,9y°) € H.

Proof. Tt follows directly from Theorem II. ]

Remark 6.10. Take a compact set H C graph G(w,-) for all w € U. By Assump-
tion 6.7 such an H exists. Therefore if (z°,y°) € H, then the e-system can always
approximate any trajectories and the cost (in particular the value) of the limit relaxed
problem if the family U? is applied.

Ezample 6.11. Consider the system from Example 6.5 and suppose that U =
{2,4}. Note that the prolongation of the set K (u,x) coincides in this example with
K (u,z), namely L(u,z) = K(u,z) = {y : |y| = zu}. Recall that we take G(u,x) =
{y : 3ux > |y| > 0}. Since 6z > 4x we see that Assumption 6.7 is fulfilled. Then
if we define A, = /g, we can take a relatively slow piecewise continuous control
which is equal to 2 or to 4 on alternative intervals with the same length equal to 6(g)
converging to zero and such that 6(g) > /(e).

Remark 6.12. We emphasize that piecewise continuous functions considered by
us have only discontinuities of the first type. The next example illustrates the case



20 ALEXANDER VIGODNER

when discontinuity of a control u.(-), even at a single point (say, ¢ = 0), may falsify
the consequences of Theorem II and even Corollary 6.9 if the right limit »(0") does
not exist.

Ezample 6.13. This example employs the same idea of resonance as in [AV,
Example 9.2]. We could use the example from [AV], but let us show that the same
phenomenon arises in control systems which are linear with respect to control. We
shall show that even the convergence result in Corollary 6.9 does not hold in general
if we deal with measurable controls. We consider the case when wu(¢) has only the
discontinuity of the second type in 0.

Define a nonlinear two-dimensional controlled oscillator with U = [—1,1] as fol-
lows:
o _
dr >
(6.2) p Wl
Y2 Y
= =—k({l1-= - .
dr ( 1 ) Y2 — y1 + By)u
Here £ > 0 is small and
1 lyl <4,
Bly) = 20-1), 8>1y>4,
0, ly| > 8.

The corresponding fast system for ¢ € [0, 1] has the following form:

(6.3) ey =gwy)  gluy) = ( —k(1 — 'y)yi/2 1+ By)u > '

For u fixed, the point (u,0) is asymptotically stable for (6.2) if |y(0)| < 4. For
any u fixed, the sets K(u) and G(u) can be defined as follows: K(u) = {(u,0)} and
G(u): G(u) = {(y1,y2) : (11 —w)* +y3 < 9}. It is clear that for any u € [—1,1]

{y:lyl <2} CGu) C{y: [yl <4}

The prolongation L(u) of K(u) coincides with K (u) in this example. Namely L(u) =
K(u) and then L(u) C G(v) for any u,v € [—1,1]. All assumptions of Theorem II
are satisfied, and we can guarantee the statistical convergence of the solution y.(t) of
(6.3) to the measure 6,40y if any piecewise continuous control u(-) is applied and
if |y-(0)] < 4. In this example the statistical convergence of y.(t) is reduced to the
L' convergence to the function (u(t),0) (see [A3, Remark 4.4]). Besides for small e:
Ye(t) € G(u(t)) and therefore |y.(t)] < 4.

Suppose now that in (6.2) w = sin(7). Then it can be proved that for small k
because of the resonance, the solution tends to infinity for any initial condition. This
convergence is uniform with respect to y(0) in compact sets of the set {y : |y| < 8}.
Since for |y(0)| > 8 the solution y(7) never comes back in the ball {y : |y| < 8} we
conclude that there exists a number T > 0 such that for any initial data y(0) we have
y(T) > 8.

Now we are ready to construct a control ug(t) which is continuous on (0, 1] and
such that for any y° € G(u(0)), y.(t) does not converge to the function (ug(t),0). As
in [AV, Example 9.2] we identify a sequence of disjoint intervals [a;, b;] with a; > 0
and a;,b; — 0 as j — oo. Next we denote £; = (b; — a;)T .
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Define ug(t) as follows:

(1) uo(0) = 0.

(2) For t € [a;,b;] let ug(t) = Sin(E;l(t —aj)).

(3) For t € (bj, a;j—1) define ug(t) such that ug(t) becomes continuous on [b;, a;_1].
Note that uo(0") does not exist.

Consider now the solution y.(¢) with |y-(0)] < 2 (namely, y.(0) € G(u) for all
u € [—1,1]) and take a sequence £; — 0. Then by the properties of the sequence a;, b;
for any j large, we have |y.,(b;)| > 8 and therefore |y., ()| > 8 for all ¢ € [b;,1]. So
Ye, (t) stays away from the set {(y1,y2) : y1 € [~1,1],y2 = 0} for ¢ € [b;, 1] and cannot
converge to the function (u(t),0). The counterexample is complete.

Convergence result with measurable controls. We present now a similar
result as in Theorems I and IT but in the general case when the relatively slow mea-
surable control is applied. An additional condition of the following theorem may not
seem constructive since it is difficult to check it in the general case. However we
shall display an assumption and the corresponding example when these conditions
are fulfilled automatically.

THEOREM III. Suppose that Assumptions 3.1-3.5 are satisfied. Let vo(-) be a
relazed control and u.(t) be a relatively slow measurable control statistically converging
tovg(t). Let H be a compact subset of R™ xR", (29,12) € H, and (22,4°) — (2°,4°).
Assume, additionally, that there exists a compact set C C graph G such that

(6.4) A{t: (us(t), 2=(t),5:(t)) ¢ C}) — 0 as e = 0.

Then all convergence statements of Theorem 1 hold.

Remark 6.14. Tt is easy to show that condition (6.4) (which is identical to (5.8) in
Lemma 5.4) actually is a necessary condition for the desired convergence in Theorems
I and II. We omit the details. Notice just that in Example 6.13 the fast motion y.(t)
goes to infinity as e — 0 for ¢t € [§,1], where § > 0 is an arbitrary fixed positive
number. Thus the desired convergence cannot hold.

The following assumption implies condition (6.4) of Theorem III. Recall that by
Remark 2.5, the set G(u, z) may be taken closed and upper semicontinuous in (u, )
if the existence of the triple (u.(t),z-(t),y:(t)) € graph G for t € [0,1] is known a
priori.

Assumption 6.15. Suppose that G is compact and does not depend on wu,z.
Assume additionally that for any measurable function u(7) : Ry — U, z fixed and
y" € G, the solution of the system

dy _

(6.5) - =

g(u(t),y,2), y(0)=19" a-fixed,
is unique and is included in the set G for any 7 > 0. We denote this by 7 (7, u, x,y).

LEMMA 6.16. Assume that y° € G and 2° € Xy, where Xq is a compact subset of
R™. Then under Assumptions 3.1, 3.3-3.5, and 6.15 there exists a compact X C R™
such that for any € > 0 and any measurable u.(t), the solution of the e-system exists
uniquely for ¢t € [0,1] and z.(t) € X, y(t) € G.

Proof. From Assumption 6.15 we immediately see that the solution of (6.5) exists
uniquely for any 7 > 0 if z is a piecewise constant function. Take an arbitrary € > 0
and let 7/ = e~!. Then since any continuous function on [0, 7'] can be approximated
uniformly by a sequence of piecewise constant functions, we see by the continuous
dependence and compactness arguments that for 7 € [0, 7] the solution of (6.5) exists
uniquely and is included in G for any continuous function z(7). After changing
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the time scale from 7 to ¢ = e7 and from Assumption 3.3, we obtain the desired
result. O

Lemma 6.16 immediately implies that under Assumption 6.15 the conditions of
Theorem III are fulfilled. Indeed the set C' can be defined then as the product C' =
U x X x G. Moreover (uc(t),z:(t),y:(t)) € C for every t € [0,1]. In the following
example we consider a case in which Assumption 6.15 is satisfied.

Ezxample 6.17. This example displays the convergence result if any measurable
function u(-) is applied. The fast subsystem is defined on R? and is presented in polar
coordinates (r,0):

er =r(1—r); r(0) =Y,
6 = sin®(0/2) + ux?; 6(0) = 6°.

Here u(t) € [0,1]. The associated system has the following form:

dr

= 1—

dr rd=r),

o (8 )
E = S1n (2> —|—u.1‘ .

It is clear that the sets G = {(r,0)) : a < |r|] < b} are positively invariant for
0 < a <1 < bif any measurable u(7) is used. We can also define K = L = G. Hence
all conditions of Lemma 6.16, and thus of Theorem III, are satisfied.

For uz? > 0 the system has a stable limit cycle and the unique invariant measure
v(u, ) which is supported on the circle {y : |y| = 1} with density (3(u,x,8) for
0 € [0, 27] given by

e (o )

If uz? = 0 then the system has an attracting point » = 1,6 = 0 and the unique
invariant measure is a Dirac measure concentrated at the point (1,0).
Thus for all measurable u(-) the solutions of the original system converge to the
solution of the limit system:
27
T = f(z,1,0)v(u,x)(d); x(0)=x°,
0

B(u,z,0)dl, uz® >0,
,x)(df) =
v(u, z)(df) { 5(6)d, ua? = 0.
(Here 6(-) is the delta-function.)
If we take a relaxed control v(t), we can find a relatively slow measurable con-
trol u.(t) statistically converging to v(t) and such that the corresponding trajectory
(z<(t),ye(t)) converges to the trajectory of the relaxed limit problem

;= /U( OZW f(x,l,@)u(u,x)(d@)) o(7)(du); 2(0) = 2°,
ﬂ(v(T)HT):AV(u,x)v(T)(du).
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Continuity of the value. The last result of this paper deals with continuity of
the value of the e-problem with respect to € on the families of relatively slow controls,
namely, val.(U;) — valp(U). Note that in general the convergence val. () to valy(U)
does not hold. Sometimes we can find a control u.(t) such that the cost J.(u.) may
be much less than valg(U). Usually a phenomenon of resonance and nonconvexity of
the cost function @ is employed. We refer to Gaitsgory [G1, G2] for various examples.

Ezample 6.18. Consider the fast system of Example 6.13. Define Q(u,y) =
u? — |y|?. The limit system is defined only by the algebraic equation y; = u,ys = 0.
Then Q(u,y) is equal to zero on admissible trajectories and thus valg({/) = 0. On the
other hand if we apply a control u = sin(¢/¢) to the fast system we obtain |y.(t)| — oo
as € — 0 for t € (0,1]. Therefore val.(i{) — —oo as € — 0 and the limit control
problem cannot approximate optimal or near optimal trajectories of the e-system.

Remark 6.19. In the classic case where the invariant measure v(u,z) is con-
centrated on the point g(u,x) (the reduced system (1.4),(1.5) is well defined) the
conditions under which val. (i) — valy(U) can be found for instance in Bensoussan
[Be] and Gaitsgory [G1, G2]. However, for the general model, to the best of the au-
thor’s knowledge, the conditions for the validity of this approximation still have not
been provided.

THEOREM IV. Suppose that Assumptions 3.1-3.5 and Lemma 3.6 are satisfied.
Let vo(+) be the optimal relaxzed control for the limit problem. Then

(i) if U is convex, then val (US) — valp(U®) = valg(U™);

(i1) if Assumption 6.7 is fulfilled, then val.(UP) — valg(UP) = valg(U™);

(iii) if there exists a compact C C graph G such that (5.8) is satisfied for any
) €U, then val . (U) — valo(U™);

(iv) if in (1)—(iil) u(-) statistically converges to vo(-), then |Jo(u:) —val.(U:)] — 0
for the corresponding family of relatively slow controls.

Proof. Theorems I-1IT with Claim 6.1 imply upper semicontinuity of valg (i)
where U, is a corresponding family of relatively slow controls. Indeed, for u.(-) — vo(+)
we have that

ue (

vale(U:) < J-(ue) and  J(u.) — valg(U™).

This implies that lim sup val. (U) < valg(U™).

Lower semicontinuity follows from the compactness of the family V (Proposition
4.1). The pair (z.(t), y(t)) for each € takes value in a compact set. Then by continuity
properties of the function @, the value valc (U.) is finite for each . Take u(-) € U
such that J.(u.) — val.(U) tends to zero. Take any sequence ¢, — 0 as k — oo and
find a subsequence ey such that u., = tends to some v(-) € V. Then from Theorems
[-IIT we have that Jg, ) (ue, ;) — Jo(v) > valo(U™) and therefore as the sequence ¢
is arbitrary, we have

lim inf val. (U.) > valg(U™).

Then lim val. (4.) = valg(U™), and this completes the proof of (i)—(iii). The proof of
(iv) follows immediately from Theorems I-11T and (i)—(iii). O

7. Proof of Theorems I-IIl. Let £ C graph G be a compact set. The first
part of the proof verifies that the trajectories z.(t) of the solution (x.(t),yc(t)) of
(1.1), induced by a control function u.(-) and initial conditions (u.(0),z2,4°) in E,
indeed converge to the z-trajectory xo(t) of (3.1).

Note that z.(t) solves the differential equation

(7.1) &= fluc(t),z,9:(t), z(0) =22,
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which is a time-varying equation. Our method now is to modify (7.1) and construct
a differential equation

(7.2) &= f(t,z)

which, on the one hand has z.(t) as a solution and on the other hand will converge
to the equation (3.2) as € — 0 in a sense that guarantees the continuous dependence
of solutions. The function f.(¢,z) is constructed as follows:

fe(t,z) = ale, x,t) - flue(t), z, y)v(uc(t), z)(dy)

+(1—ale,z, 1)) f(ue(t), z, y= (1))

(7.3)

with a(e,x,t) given by

0, |z — z(t)| <&,
(7.4) ale,z,t) =4 |z —z(t)|/e =1, e<|z—x(t)| < 2,
1, |z — 2 (t)] > 2e.

Note that a(e, z-(t),t) = 0 and hence z.(t) solves (7.2) as well.
The function fy(t, z) is defined as follows:

(75) fO(tvx) :f(UO(t)vx)a
where we recall that f is defined by (4.2) as

Fon) = [ ([ St vl ) wia)
We now explain in what sense we claim that f.(¢,z) converges to fo(t,x).

LEMMA 7.1. Suppose that (.(t) : [0,1] — R™ are continuous functions, uniformly
converging to (o(t). Then for every s € [0,1]

(7.6) / Rt G ()dt / " olt, o)),

if p(6y.,pe) = 0 ase — 0. Here p.(t) = v(u(t), z:(t)).
Proof. We interpret the right-hand side of (7.6) as an integral,

| #eo. ) ar
which by the definition of f is given by
(7.7 [ L] rao.m vi o)) v .
o Ju \Jrn
We interpret the left-hand side of (7.6) as an integral,
@ [ ([ ruto.com s0@n)
0 Rn

with G.(¢) : [0,1] — P(R™) a measure-valued function given by
Be(t) = ale, G (1), )ve(t) + (1 — ale, Ge(t),1))6y. (1),



LIMITS OF SINGULARLY PERTURBED CONTROL PROBLEMS 25

where

(7.9) ve(t) = v(ue(t), (1))
We also define another function f.(t) given by

Bs(t) =a(e, (1), )ve(t) + (1 — ale, (1), 1)) pe (t).

By definition (7.4) of the function a(e,z,t) and continuity of the function v(u,x) it
follows that p(0e, v.) — 0. By an assumption of the lemma, p(6,., pte) — 0. Therefore
p(Be, B:) — 0 and then p(f.,v.) — 0. Thus from (7.8) we have that for every s € [0, 1]

/Os fe(t, ¢ () dt — /Os ( N Fue(t), C-(t), y) ys(t)(dy)) dt‘ L0,

and hence we have just to prove that

@0 [ ([ so.como@) a- [ oo

where the right-hand side is defined in (7.7) But from (7.9) we can interpret the
left-hand side of (7.10) as an integral

/0 CF0a(0), (1)) d,

where v, (t) = 6,_(t) is a measure-valued interpretation of the ordinary function u, ().
Since v, (-) statistically converges to vg(-) and (.(-) uniformly converges to (o(-) and
from the uniform continuity of f(v,z) on compact sets we conclude that

/0 P, (1) dt — / " Fluolt). Go(t)) d.

This completes the proof. 0

LEMMA 7.2. Under the assumptions of Theorems I-1I1, p(é,.,uns) — 0, where
e (8) = v(ue(t), 2. (8)).

Proof. For Theorem III the result immediately follows from Lemma 5.4. Now
define set C' as follows:

(7.11) C=A({t: d((ue(t), z(t), 5 (1)), K) < n}),

where K is defined in (5.5) and 7 is chosen such that C C graph G. Then under
assumptions of Lemma 5.3 (and hence of Theorem I) conditions of Lemma 5.4 are
satisfied. Therefore the result follows for Theorem I also. Thus we have to prove the
claim of the lemma only for Theorem II, namely, for the case where relatively slow
piecewise continuous controls are employed.

We just have to show that statements of Lemma 5.3 hold true. Indeed, let ti,
i = 1,k(e) be the points of discontinuity of the function u.(-). Then it —¢L > A_.
On each interval [ti,¢:t1) the function u.(-) is relatively slow continuous with the
common modulus of continuity M (AZ!z), and then on each interval of continuity we
can use Lemma 5.3 if we prove that the pairs (z.(t%), y-(t1)) stay in a common compact
set and the triples (uc(t),z(t),y-(t)) are included in graphG. Let E = U x H be
a compact subset of graph G and (z:(0),y:(0)) € H. Let X be a compact subset
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of R™ such that if (u:(t),z:(t),y:(t)) € graphG for t € [0,s] then z.(t) € X for
€ [0,5]. Such a set exists by Assumption 3.3. Define the set L(z) = Uyer L(u, ).

By the upper semicontinuity of L the mapping E() is compact for each x and upper

semicontinuous. Thus by Assumption 6.7 graph G contains the compact set

L={(u,z,y):ueclUzecX,yc L(z)}

(with, say, an n-neighborhood small enough).
We denote now a new compact set

E=FEU{(u,z,y):ucUzcX,d(uzy),L) <n}

Since by the definition the set L contains the set L defined in (5.5), we can employ es-
timates (5.6) and (5.7) of Lemma 5.3 to conclude that the triples (u.(t),z.(t),y(t))
are included in graph G for t € [0,1]. Moreover for (u.(t!),z.(t}),y-(t!)) € E the
triples (ue(t1), 2o (t7F1), y. (tt1)) are also included in E for & small enough. Hence
the first inequality in (5.7) can be extended for ¢ € [0, 1], and we obtain the conver-
gence in (5.8) (or (6.4)) if the set C' is defined by (7.11). Therefore by Lemma 5.4 the
result follows from the conditions of Theorem II too. O

Now we can proceed with the proof of Theorems I-III.

From Lemmas 7.1 and 7.2 it follows by the standard continuous dependence
arguments (see, e.g., [AV, Lemma 4.1]) that x.(f) — zo(t). Since by Lemma 7.2
p(6y., pte) — 0 where p.(t) = v(uc(t), z-(t)) and v(u, z) is continuous in (u, ), we ob-
tain p(6y,,v:) — 0, where v, (t) = v(u.(t), zo(t)). By an assumption u.(-) statistically
converges to vg(+), and then for any continuous function h(t, u)

(7.12) /0 h(t, uo(t)) dt — /0 /U h(t, ) vo(#) (du) dt.
For an arbitrary continuous function h(t,y) define
(713) bt = [ ltsn) viaszo(t))(dy).

Then from (7.12) and (7.13) it follows that for any continuous h(t, y)

/ 1 ([ ittomtucttattian) e~ [ 1 ([ it vt za(0)(an)) ar

Therefore v,(t) statistically converges to 7(v(t),zo(t)), and since p(6,,,v.) — 0 we
get that y.(t) statistically converges to 7(vo(t), zo(t)). Since the function Q(u,z,y) is
continuous, the convergence of the cost J. — Jy follows. This completes the proof of
Theorems I-III.

8. Concluding remarks. Note that in our consideration U is an abstract metric
compact space. This means that U itself may be a space of probability measures—
say, on a compact set W of R¥. Then the controls u(t) € U are themselves relaxed
controls. In this case the relaxed controls v(t) € P(U) are relaxed with respect to the
controls u(t).

Our convergence results may have another interpretation. Suppose we have an
original control problem in the limit form (3.1). This type of problem arises for



LIMITS OF SINGULARLY PERTURBED CONTROL PROBLEMS 27

instance in systems with uncertainty when we make appropriate averaging of the
data functions. Then if we can find a function g such that the flow induced by the
corresponding differential equation has an invariant measure v from the model (3.1),
we can construct the e-system (1.1)—(1.3) which approximates (3.1).

We emphasize that our limit model completely approximates only the e-problem
on the families of relatively slow controls. We do not consider the fast controls u(7) =
u(t/e). If, for instance, u(7) is a periodic function, then the limit of val. (/) may be
much less than valg(U), as was mentioned in Example 6.18. (Consult also Gaitsgory
[G1, G2, G3].) However, periodic controls induce the discrete time dynamical systems
which are Poincaré maps. This gives an opportunity to apply the dynamical system
approach to construct an extension of the limit control problem (3.1) when the fast
periodic control is allowed.
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ON POSITIVE ORTHANT CONTROLLABILITY OF BILINEAR
SYSTEMS IN SMALL CODIMENSIONS*

YURI L. SACHKOVT

Abstract. For the bilinear control system of the form & = (A+ 1", u; B;)z, z € R", u; € R,
with A essentially nonnegative and B; constant diagonal matrices, the following global controllability
question is studied: when can any two points in R™ with positive coordinates be connected by a
trajectory of this system? The answers for m =n — 1 and m = n — 2 for any n > 2 are given; some
necessary conditions for other cases are proven.

Key words. bilinear system, global controllability, positive orthant
AMS subject classifications. 93B05, 93B27
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1. Introduction. The bilinear systems proved to be an interesting class of non-
linear control systems, both in theory and for applications. This class is one of the
rare ones for which global controllability questions can be answered rather completely.
This paper is devoted to one of such questions proposed by Boothby in [1].

Consider the bilinear control system

(1) T = (A + iule> x,

where x € R"; uq,...,u,, are the piecewise continuous scalar unbounded inputs; and
A, By,...,B,, are the constant n x n matrices.

The attainability set for system (1) from a point z € R"™ for all nonnegative times
will be denoted by A(x).

We will denote the open positive orthant {x € R™ : > 0} by R}.
System (1) is called controllable in R if for any x € R’} we have A(x) =R .
In what follows we will suppose that all trajectories of system (1) starting in R}

do not leave RY, i.e.,

(1) the matrix A is essentially nonnegative: A = (a;;), a;; > 0 for all i # j;

(2) the matrices By, ..., B, are diagonal: B; = diag (b;), b; e R",i=1,...,m.
We will also suppose that the matrices B; (or, equivalently, the vectors b;) are linearly
independent: for the linear hull [ = span (b1, ..., b,,) we have dim! = m. This can be
achieved, if necessary, by eliminating some B; and doecreasing m.

The problem of controllability of system (1) in R under the conditions (1) and
(2) was studied first by Boothby in [1]; he obtained some results for m = 1 and showed

that for m = n system (1) is controllable in R’ . A complete solution for m =1, n =2
was obtained by Bacciotti in [2]. In [3] it was proven that for m = 1, n > 2, system
[e]

(1) is, generically, noncontrollable in R’} . So the problem was solved for the extreme
codimensions 0 and n — 1.

In this paper we propose a solution of the problem for the systems of codimension
1 and 2 (ie., for m =n — 1 and m = n — 2) and give some conditions sufficient for
noncontrollability for m < n — 2.

The main idea is natural: if a simply connected state space is stratified into the
integral manifolds of codimension one of the fields B;x, then system (1) is globally

*Received by the editors July 11, 1994; accepted for publication (in revised form) September 29,
1995.
http://www.siam.org/journals/sicon/35-1/27089.html
TProgram Systems Institute, Pereslavl-Zalessky 152140, Russia (sachkov@sys.botik.ru).
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controllable iff all these manifolds are intersected by the field Az in both directions.
The corresponding general result was obtained by Bacciotti and Stefani in [4].

The structure of this paper is as follows. In section 2 we introduce a function
determining the direction of intersection of the integral manifolds of the fields B;x
by the field Az and obtain conditions of change of sign of this function. In section 3
these conditions are applied to obtain the corgtrollability conditions for m =n—1. In
section 4 we give a test of controllability in R”} in terms of the notion of directional
controllability. Finally, in sections 5 and 6 we apply the above results and give the
conditions of controllability for other cases.

2. Conditions of change of sign. For every vector h = (hy,...,h,) € R" we
[e]

will consider the corresponding function H defined on R} by the equality

H(x) = x;“ 1’32 . :UZ
LEMMA 2.1. Let B = diag(b) be an n x n diagonal matriz and let h € R".
The corresponding function H is an integral of the field Bx iff vectors h and b are
orthogonal.
Here and below we use the scalar product in R™: (z,y) = > | zy;.
Proof. (grad H(x), Bx) = (h,b)H (x). O
Consider the function

¢(x) = (grad H(z), Az)/H (z),

which determines the direction of intersection of the level surfaces {H(z) = C} by
the field Az. In the further part of this section we obtain, in terms of the vector h
and matrix A, conditions that

(2) VO >0 the function ¢(z)|{r(z)—c) changes its sign.

These conditions (Theorems 2.2 and 2.3) will be applied in the following sections to

obtain the conditions of controllability of system (1) in R'}.

Let us recall that an n x n matrix A is called permutations irreducible if the
corresponding linear operator A has no k-dimensional invariant coordinate subspaces
in R" with 0 < k < n; A = (a;;) is called essentially positive if a;; > 0 for all i # j.

THEOREM 2.2. Let h = (hq,...,h,) € R" and let >, h; # 0.

(1) If the matriz A is permutations irreducible and the vector h has a pair of
components with the mutually opposite signs, then condition (2) is satisfied.

(2) Ifh; >0 foralli=1,....,n and >, hya; > 0, then condition (2) is not
satisfied.

Proof. Statement (1). Without loss of generality we can assume that h; > 0 and
h,, < 0. H is a homogeneous function of order > , h; # 0, and every ray through
with the vertex in the origin intersects all hypersurfaces {H(z) = C'}. So condition

(2) holds iff ¢(x) changes its sign in R}.

For 29 = 23 = -+ = x, = 1 and small x; > 0 the sign of the function
¢(x) = 327 ;=1 aijhizj/x; is determined by the large positive term hy 377, a1z /1.
For x1 = x5 = -+ = 2,1 = 1 and small z,, > 0 the function ¢(x) is negative because

o

of the term h, Z;:ll anj;/xy. That is why ¢(x) changes its sign in R’. Statement
(1) is proven.
Statement (2) follows directly from the expansion
¢((E> = Z aijhixj/xi + Z a;h;. 0

i#] i=1
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THEOREM 2.3. Let the matriz A be essentially positive, h = (hy,...,h,) € R",
and Y. hy = 0. Then condition (2) holds iff vector h has at least two positive and
at least two negative components.

This theorem follows from Lemmas 2.4-2.6.

LEMMA 2.4. Let n = 4 and let the matriz A be essentially positive; suppose that
E?:l h; =0; hy >0, hg >0, h3 <0, hy < 0. Then condition (2) is satisfied.

Proof. Suppose that there exists C' > 0 such that ¢(z) does not change its sign
on {H(z) = C}. We can assume that ¢(x) > 0 on {H(z) = C}.

In the homogeneous coordinates u; = x; /x4, i = 1,2,3, ug = 1, we have H(u) =
ultub?ul?, ¢(u) = Yo7 -y hiaijug /ui, and ¢(u) > 0 on {H(u) = C}.

On the surface {H (u) = C} we have uz = C*/"3u*ub? | where

p1 = —hi/h3 >0, py=—hy/h3z>0.

(A) First we show that py < 1.
Introduce the following family of curves parametrized by a:

(3) Ya(s) = (5,8, CV/hegntorz),

Note that for any o € R and s > 0 we have H(v,(s)) = C.

Let o < 0. On the curve 7,(s) for s — 400 we have u; — 0o, us — 0. Then the
largest positive terms in ¢(u) are hoagiug /us and haasgug/ug. Let us show that if py >
1, then the parameter o can be chosen such that these positive terms have absolute
value less than the negative term hsasiui/us = hsas; C~1/hsgl—pr1—apz Actually, on
the curve v4(s) we have u; fuy = 81~ ug/uy = C'/hssPrtarz—a and existence of the
indicated a follows from compatibility of the system of inequalities

l—p1—ap2>1-a a<pi/(1-p2)
1—p1—aps >p1+aps —a = a< (2p1 —1)/(1 —2py)
a<0 (ifp2>1) ( a<o.

So the indicated o exists, and the contradiction with (¢(u)|g(w)=c) > 0 shows that
statement (A) is proven.

(B) Then we show, in the same way, that p; < 1.

(C) Then we show that p; +p2 < 1. We consider family (3) for « > 0 and s — 0
and show, analogously to (A), that p;+ps > 1, p1 < 1, p2 < 1imply that ¢(v4(s)) <0
for these o and s.

But inequality p; + p2 < 1 is equivalent to hy + ho + h3 < 0, which contradicts
the conditions hy + hg + hg + hgy = 0 and hy < 0. This contradiction shows that ¢(x)
changes its sign on the surface {H(z) = C'}. O

Then we generalize Lemma 2.4 for any n > 4.

LEMMA 2.5. Letn > 4 and let the matriz A be essentially positive; h = (hy, ..., hy)
eR", Y7 hi=0;h1 >0, ho >0, hg <0, hy <0. Then condition (2) is satisfied.

Proof. The general case is reduced to the case n = 4 by “freezing” the superfluous
coordinates.

In the homogeneous coordinates u; = x;/x4, @ # 4, ug = 1, we consider for any
K > 0 the plane

Mg ={u=(u1,...,un) :us =+ =u, =K}

H(u)|n, = uMub?uls Khs++hn and the plane Tk intersects with the surface

{H(u) = C} for any C > 0, K > 0. So to prove this lemma it is sufficient to
show that

(4) VC >0 3K > 0 such that é(u)|{mw)=cinm, changes its sign.
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The direct calculations show that
|HK - Z hia al] 7/”“
1,j=1
where

&U(K) = Q45 for i,j = 1,2,3,

n
ai4(K) = a4 —|—KZaij fori=1,2,3,
j=5

&4j(K):a4j+1/KZhi/h4aij for 5 =1,2,3,

i=5
d44(K):a44+KZCL4J 1/KZh/h4al4+ Zh/h4a”
j=5 4,j=5

So the function ¢(u)|m, coincides with the function of change of sign b (x) =
(gracd Fi(2), A(K)2) [ (2) with & € RY, F(2) = alalalial A(K) = (@ (K),
1,7 =1,...,4 (after b K () is expressed in the usual homogeneous coordinates u;). For
a sufficiently large K the matrix A(K ) is essentially positive, so we can use conditions
of change of sign for n = 4 obtained before. If hy + ha + hg + hg # 0, then it follows
from statement (1) of Theorem 2.2 that ¢ (2)|m(z)=c changes sign for any C' > 0.
And if hy + ho + h3 + hy = 0, the same result follows from Lemma 2.4. So statement
(4) is proven, as is Lemma 2.5. O

Now we will consider the case when h has only one component with the sign
opposite to the signs of all other components. (There always exists at least one such
component under the assumption >\ ; h; =0, h # 0.)

LEMMA 2.6. Let the matrix A be essentially positive, h € R"™, 22;1 h; = 0;
h1 >0, he >0,...,hy_1 >0, hy, <0. Then condition (2) is not satisfied.

Proof. In the coordinates u; = x;/xn, i =1,...,n — 1, u, = 1, we have H(u) =
u;“ugZ .. .uZ’fll. It follows from the inequalities h1 > 0, hs >0, ..., h,_1 > 0 that

li it =0;
A0 b il bk

i.e., for small C' > 0 at least one of those components u; of vector u, for which h; > 0,
becomes small on the surface {H (u) = C'}. Choose sufficiently small C' > 0, and let
uy, be the small component in some neighborhood of u, H(u) = C, with hj > 0.

In expansion ¢(u) = szzl hia;juj/u; the negative terms are hy, Z;:ll AnjUj
and, maybe, 2?21 h;a;;. But for small u; the absolute values of all these terms
are less than the large positive term hy Zﬁék ak;ju;/uk. Actually, we decompose the
negative terms in the form

Z AnjUj + Qpptiy + Z anjuj | + Z h;a;;

j=k+1

and the positive terms in the form

Zakjuj/uk + Z ity [ Uk + G /Ug

j=k+1
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For sufficiently small u; we have

k-1 k-1
hi E agjw; fug > |hn E Gty
Jj=1

Jj=1
n—1 n—1
hi, E ap;uj/ug > |hy g anjuj|,
j=k+1 j=k+1

i hiag| -

=1

hi@in/ug > |hnanpug| +

So the positive terms dominate all negative terms, and ¢ is positive in the neigh-
borhood of the chosen u. Since u is arbitrary, ¢(u)|g(w)=c > 0 for small C' > 0. O

3. Systems of codimension one. In this section we suppose that m =n —1

and obtain conditions of controllability of system (1) in R} for this case.
There exists a unique (up to a scalar factor) nonzero vector h € R™ orthogonal
to the hyperplane | = span (by,...,b,-1). We fix such vector h = (hi,...,h,) and

the corresponding function H(z) = 2} ... z"n.

LEMMA 3.1. System (1) is controllable in R iff the field Ax intersects any level
surface {H(x) = C} in both directions.

Proof. We use the theory of global controllability of systems with n — 1 inputs
on a manifold of dimension n, developed by Bacciotti and Stefani in [4]. Tt follows

from Theorem 5.1 in [4] that system (1) is controllable in R’ iff for any x € R’}
the maximal integral manifold of the fields Bix, ..., B,_1x through the point z is
intersected by the field Az in both directions. But the family of fields Bz, ...,
B,,_1z is involutive (as all Lie brackets [B;x, Bjz| = [B;, B;|z vanish), so this integral
manifold has dimension n — 1. On the other hand, the function H is an integral of
the fields Byx, ..., Bp_1z (see Lemma 2.1). The level surfaces of H are connected,
so they coincide with the maximal integral manifolds of these fields. ]

The direction of intersection of a level surface of H by the field Az is determined
by the sign of the function ¢(x) = (grad H(z), Ax)/H(x), so Lemma 3.1 gives the
following theorem. .

THEOREM 3.2. Let m =n—1, h L1, h # 0. System (1) is controllable in R} iff
for any C > 0 the function ¢(x)|g)=c changes its sign.

Now we apply the conditions of change of sign of ¢ obtained before (Theorems
2.2 and 2.3) and get the controllability conditions in the following form.

THEOREM 3.3. Let m=n—1, h L1, >, h; #0.

(1) If the matriz A is permutations irreducible and the vector h has a pag’r of
components with the mutually opposite signs, then system (1) is controllable in R} .

(2) If h; >0 for alli =1,....,n and Y.}, hya; > 0, then system (1) is not
controllable in R .

THEOREM 34. Let m =n—1, h L1, h #0, > i, h = 0. Suppose that the

matriz A is essentially positive. System (1) is controllable in R iff the vector h has
at least two positive and two negative components.

4. Directional controllability. In this section we apply theonotion of directio-
nal controllability of system (1) and obtain controllability test in R}.

System (1) is directionally controllable in R} if for any x, y € R} there exists
r € Ry such that ry € A(z).
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We will say that a point 2 € R™\ {0} determines the direction entering (leaving)
origin for system (1) if ra € A(x) for all r € (0;1) (respectively, rz € A(z) for all
r € (1;400)).

[e]

THEOREM 4.1. System (1) is controllgble in RY iff

(1) it is directionally controllable in R ;

o

(2) there exist the vectors in R} determining a direction entering the origin and
a direction leaving the origin.

Proof. Necessity is obvious.

Sufficiency. oLet z determine an entering direction and y determine a leaving

direction; z,y € R’. Then we can move along the interval {rz : r € (0;1)} toward
origin and along the ray {ry : r € (1;+00)} away from origin. But directional
o

controllability of system (1) in R’} means that A(z) meets every ray of the form
o )
{rw:r € Ri} in R}. So for any z € R} the attainable set A(,i) is invariant under
homotheties with respect to the origin, and that is why A(z) =R. O
5. Systems of codimension two. In this section we consider the case m =

n — 2. We use the controllability test from the previous section and reduce this case
to the case of codimension one.

Let the (n — 2)-dimensional plane ! = span (by,...,b,_2) not contain the vector
e = (1,1,...,1). Then we fix a nonzero vector h = (hq,...,h,) € R", orthogonal
to the hyperplane span (e, ), and the corresponding functions H(zx) = m}flxg"’ <o ghn

and ¢(z) = (grad H(x), Ax)/H (x).

Note that Y., h; = 0 for the chosen vector h.

LEMMA 5.1. Let the matriz A be essentially positive. System (1) is directionally
controllable in R iff the vector h has at least two positive and at least two negative

components.
Proof. Consider the auxiliary system

m
(5) T = (A + Z UiBi + U"H_lE) Z,

i=1

where A, B;, u;, i = 1,...,m, are the same as in system (1), E is the identity n x n
matrix, and u,,41 is an unboundg}d scalar input. It may easily be seen that system
(1) is directionally controllable in R} iff system (5) is controllable in R’ . But system
(5) has codimension 1, and we can apply Theorem 3.4 to obtain the conditions of
controllability of system (5) R}. O

LEl\éIMA 5.2. Let the matriz A be permutations irreducible. If there exists a vector
b e INRY with pairwise distinct componoents, then system (1) has a direction entering
origin and a direction leaving origin in R} .

Proof. We apply Proposition 4.3 of [1] to the matrix B = diag(b) and obtain
that for sufficiently large u (respectively, sufficiently negative u) all eigenvalues of the
matrix A + uB are positive (respectively, all negative). But the matrix A + uB is es-
sentially nonnegative and permutations irreducible. So we apply Frobenius’s theorem
on spectral properties of the nonnegative irreducible matrices [5] and the argument of
Boothby from section 4 of [1] and obtain that the Correspondiglg eigenvectors x with
positive eigenvalue and y with negative eigenvalue belong to R’f. But then x anod Y

determine the direction leaving the origin and the direction entering the origin in R,
respectively. 0
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Now we apply Theorem 4.1 and Lemmas 5.1 and 5.2 and obtain the following
controllability conditions for the systems of codimension 2.

THEOREM 5.3. Let m=n—2,e ¢, h L span(e,l). Let the following conditions
additionally hold:

(1) the vector h has at least two positive and at least two negative components;

(2) the matriz A is essentially positive;

(3) there exists a vector b € [N R} with pairwise distinct components.
[e]
Then system (1) is controllable in RT}.
THEOREM 5.4. Let m = n — 2, the matriz A be essentially positive, e ¢ I,
h L span(e,l). Suppose that for some i =1,...,n we have h; >0 and h; <0 for all
o
J # 4. Then system (1) is not controllable in R .

6. Systems of arbitrary codimensions. For the systems not covered by cont-
rollability conditions of sections 3 and 5 we can give some conditions sufficient for non-
controllability (i.e., in fact, necessary for controllability) due to the following simple
consideration: if system (1) can be complemented to a system

m m-+k
i=1

1=m-+1
for some k£ > 0 in such a way that the above system is noncontrollable in R, then
the initial system (1) is noncontrollable in R too.

THEOREM 6.1. Let m < n — 1, and let there exist a vector h € R™, h 1 I,
such that h; > 0 for all i = 1,...,n and >\, a;;h; > 0. Then system (1) is not
controllable in R .

Proof. Let L be the hyperplane in R™ orthogonal to the vector h. We have

L > 1 =span(by,...,by), so we can choose vectors by, 11, ..., by—1 complementing
b1, ..., by, to a basis of L. Let us introduce the diagonal matrices B; = diag (b;) for
i=m+1,...,n—1. Then the system & = (A + Z?:_ll u; B; )z has codimension one

and is not controllable by statement 2. of Theorem 3.3. That is why system (1) is not
controllable too. ]

THEOREM 6.2. Let m < n — 2, the matriz A be essentially positive, and there
exists a vector h € R™, h L span(e,l), such that for some i :ol, ...,n we have h; > 0

and hj <0 for j #i. Then system (1) is not controllable in R'}.
Proof. With the help of the same argument as in Theorem 6.1 we complement

system (1) to a system of codimension two and obtain noncontrollability by Theorem
5.4. d
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LYAPUNOV EXPONENTS FOR FINITE STATE NONLINEAR
FILTERING*
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Abstract. Consider the Wonham optimal filtering problem for a finite state ergodic Markov
process in both discrete and continuous time, and let o be the noise intensity for the observation. We
examine the sensitivity of the solution with respect to the filter’s initial conditions in terms of the gap
between the first two Lyapunov exponents of the Zakai equation for the unnormalized conditional
probability. This gap is studied in the limit as ¢ — 0 by techniques involving considerations of
nonlinear filtering and the stochastic Feynman—Kac formula. Conditions are given for the limit to
be either negative or —oco. Asymptotic bounds are derived in the latter case.
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1. Introduction and statement of results. Let {X,,}>2 , denote a finite state
space, discrete time homogeneous Markov chain, with transition matrix G and initial
distribution pg. Without loss of generality, we take the state space of the Markov
chain to consist of the set {1,...,d}. Denote the law of the chain X,, on {1,...,d}2
by P. Throughout this paper, we assume that G leads to an ergodic noncyclic chain.
That is, we assume

(A1) there exists a k > 1 such that G*(i,j) > 0 for all i,j € {1,...,d}.

We denote by F, expectations under the unique stationary measure of {X,,}.
We assume that the Markov chain X, is observed through the sequence {Y,,}52,,
where

Y, = 6hx, + Véou, .

Here, h : {1,...,d} — R is the observation function, § > 0 is a parameter (which,
for as long as one deals only with discrete time, may be taken as § = 1), o is an
observation noise parameter related to the signal-to-noise ratio (SNR), and {v,, }5°
is a sequence of i.i.d., standard Gaussian random variables.

Let V,, denote the o-algebra generated by the observations Y7, ...,Y,. The nonlin-
ear filtering problem consists of computing the conditional law p;(n) = P(X,, = j|Vn).
Let D,, denote the diagonal matrix with D,,(i,1) = explo~=2(h;Y,, —h2§/2)], and define

(1) p(n) = DuGp(n— 1),

where G* denotes the transpose of G, and p(0) = po. It is a straightforward conse-
quence from Bayes’s rule (see, e.g., [1, p. 460] and also the continuous time case in
[9]) that the vector p(n) = (p1(n),...,pa(n))* satisfies p(n) = p(n)/(p(n),1), where
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p(n) = (p1(n),...,pa(n))*, 1 =(1,...,1)*, and (-, ) denotes the standard inner prod-
uct in RY.

Often, one has no access to the initial distribution py. A common procedure is
then to initialize (1) with some initial condition ¢y € S%~!, where S?~! denotes the
(d — 1)-dimensional simplex. Denote by p%(n) the solution to (1) initialized this
way, and denote by p? (n) the corresponding normalized (random) probability vector.
Natural questions are then, how far is p?(n) from p*°(n), what are the conditions for
stability in the sense that ||p? (n)—p°(n)| —n—o 0, and under these conditions what
is the rate of convergence? We emphasize that we deal here with the dependence of the
optimal filter on its initial conditions and not with its dependence on perturbations
of the initial distribution of the state process {X,}. The latter is a different problem
which we do not deal with here.

Motivated by the approach taken in [4] (see [6] for a related computation in the
continuous time, linear case), we couch the question in terms of Lyapunov exponents.
That is, for any two qo # g € S?*, define

12 (d0- 4. ) = limsup - log [[p™ (n) — p% ().
n—oo néd
Although here and in what follows we take || - || to denote the Euclidean norm, note
that the definition does not depend on the precise norm used and, in particular, one
could use the variation (¢!) norm here.

We will see that, under mild conditions, v (qo, qf,w) is almost surely determin-
istic and 72 = +%(qo, ¢}, w) is independent of qo,q) for a.e. qo,q) (when qo,q) are
distributed uniformly over the simplex) and is related to the gap between the top
two Lyapunov exponents associated with the Zakai equation for the unnormalized
conditional probability. The deterministic quantity —1/4% can then be interpreted
as the “memory length” of the filter. Obviously, this approach is meaningful only if
78 < 0. We will identify below sufficient conditions for this to happen. An analogous
continuous time question is examined as well.

We remark that in order to deal with the filter’s memory length, we introduce
and use tools borrowed from the theory of products of random matrices. Especially,
we formulate the (qualitative) question of stability and the (quantitative) question of
memory length in terms of Lyapunov exponents of the solution of Zakai’s equation.
While the question of computing Lyapunov exponents is, in general, difficult, we study
the above-mentioned gap in the limiting cases, i.e., the regimes ¢ — oo and ¢ — 0.
Under appropriate conditions, we obtain the exact order of the memory length as a
function of ¢ in the latter case.

A natural guess is that 75 becomes more negative as the SNR increases (i.e., as
o — 0). As pointed out in [4] for the continuous time setup, this is not always the
case, and one may even have situations where lim, .o7¢ = 0 though 7% < 0 for all
positive 0. We identify below conditions for the memory length —1/7% to remain
bounded as a function of ¢ and conditions for it to decay to zero as ¢ — 0.

The structure of the paper is as follows. In the rest of this section, we describe
the results for the memory length in both discrete and continuous time. In particular,
in both cases we provide the uniform bounds on 7% alluded to above and determine
under appropriate conditions the limits of 45 under both high and low SNR. Sec-
tions 2 and 3, respectively, are devoted to proofs of the discrete and continuous time
results.

We begin with the following rather straightforward consequence of Oseledec’s
theorem (see [2, p. 181] and [3]).
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THEOREM 1.1. Assume (Al). Then there exists a deterministic function of o and
8, v2 which admits the following:

(1) Let qo,q} be random, uniformly distributed (U) on the simplex St inde-
pendent of each other, and of the chain Xo,{Xn,Yn}52,. Then

72(‘]07(]6700) = ’Yg, UxUXxP— a.s.
(2) For any deterministic qo # qf, with all entries strictly positive, one has
(g0, qhw) <72, P —as.

As is seen in section 2, 7% is just 67! times the difference between the two top
Lyapunov exponents of solutions of (1).

We turn to study 75 quantitatively. First is a bound which is uniform with respect
to o.

THEOREM 1.2. Assume that all entries of G are strictly positive. Then

¥ < <0

[SeI e

for some constant ¢ independent of h, o, 0.

Remark. Actually, one may somewhat relax the condition that all entries of G are
positive and still have the conclusion of the theorem. See Theorem 2.3 in section 2
for such a statement and its proof there (which also serves as a proof of Theorem 1.2)
for the explicit dependence of ¢ on the matrix G.

While the above bound relies on the nature of the law of {X,} and its mixing
properties, the next bound relies on the quality of the observation. In fact, it is shown
that under a condition on A, the decay rate tends to infinity as the noise parameter
tends to zero. The condition required on h is that it possesses one coordinate which
differs from the rest (h one to one suffices). For each i € {1,...,d}, define the set

nbr(i) = {j # i ¢ |hs = hy| = min [ — )

and define hpy,(;y = h;, where j is one of the members in the set nbr(%).
THEOREM 1.3. Assume (Al). Then
. 1

(2) lim sup 0275 < *iES[hxl = Pube(x1))?

o—0

If, in addition, det(G) # 0, then

1
N 2.6~ 1
(3) lim 161fa vo > 2ES

o—

[hxl - hl]Q :

M=

i=1

Note that while the gap between the upper and the lower bounds increases with
the dimension d (and is nonzero as soon as d > 2), one may conclude from Theorem
1.3 that 48 = Q(0~2) as soon as there exists an i such that the set {j : h; = h;}
consists of a single point. The memory length is thus of the order of o2.

In continuous time, the behavior at low SNR (0 — 00) is completely determined
by the top, nonzero eigenvalue of G (see [4]). An analogous result is shown here to
hold for the discrete time case.
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Let 7 be the Birkhoff contraction coefficient (see (11) for a definition).
THEOREM 1.4. Assume (Al). Then
1
litrfrisotcl)pvg < 7ilnzf1 oy log 7(P™) < 0.
In continuous time we prove results analogous to Theorems 1.1, 1.2, and 1.3.
Though the statements are similar, the proofs are harder and involve different tech-
niques; in particular, a naive discretization approach fails. Let {z;} denote a Markov

chain, with state space {1,...,d} and transition matrix G. We assume that G leads
to an ergodic chain; that is,
(A2) for every § > 0, (exp(G6))(i,§) > 0 for all i, € {1,...,d}.

The above holds iff all states are communicating. Next, assume that {z;} is observed
via

dyt = hmfdt + O'dl/t7

where v is a standard Wiener process independent of {z;} and h is as in the discrete
time case. Let H denote the diagonal matrix with elements H(i,4) = h;; then the
Zakai equation for the problem is

(4) dpy = G* pydt 4+ 0~ 2 H pydy,
with p; = p¢/{(ps, 1). Now define for every qo # q) € 5941

. 1 !
Yo (40, ¢}, w) = lim sup 7 log [pf® — pi°ll
t—o0

then a result similar to Theorem 1.1 holds.

THEOREM 1.5. Assume (A2). Then there exists a deterministic function of o,
Yo, which admits the following:

(1) Let qo,qh be random, uniformly distributed (U) on the simplex S¢=1, inde-
pendent of each other and of the chain {x¢,y:}i2y. Then

Yo (0,40, w) =70, U XU XP —a.s.
(2) For any deterministic qo # qj, , one has
Yo (90,40, w) < Yo, P —a.s.
A result analogous to Theorem 1.2 holds also.

THEOREM 1.6. Assume (A2). Then

. 1/2
Yo < =2 1< in i;éj(gijgji) 2,
where g;; = G, j).
Remark. In [4] it is already proven that -, < 0 under certain conditions, although
not uniformly in o.
Finally, a result analogous to Theorem 1.3 holds.
THEOREM 1.7. Assume (A2). Then

. 1
(5) hmsgp 02, < —QES[hIO — hnbr(zo)]Q .
Moreover,
1 d
(6) ligrljgf o2y, > —§Es Z[hwo — hi]Q .

i=1
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2. Proofs—discrete time. Throughout, welet T,, = D,,G* and M7 =T, ---T}.
We denote by aAb the exterior product of two vectors in R? and by AA B the exterior
product of two subspaces of R? (see [2] for definitions of exterior products). For a
d x d matrix A, ||A|| denotes the operator norm (with respect to the Euclidean norm
on R?). Finally, we use ¢ throughout to denote a constant whose value may change
from line to line which is independent of n, o, 6.

Proof of Theorem 1.1. Note first that it is enough to prove the theorem in the case
in which Xy is distributed according to the stationary distribution of {X,,}. Indeed,
due to (Al), the stationary distribution has all entries strictly positive, and thus all
almost sure statements, once proved for X distributed according to the stationary
law, must translate to the case where Xy = j for any j = 1,...,d. The case of general
initial distributions follows immediately.

We may thus assume that X is distributed according to its stationary law. In
that case, the sequence of matrices {D, G*}52; possesses a stationary law, which is
also ergodic by (A1). Moreover,

1 +
Elog™ ||D,G*|| < cE m%f{U_Q (Y(n)hi - Qh?(S) < 00.

Hence, we may apply Oseledec’s theorem (see, e.g., [2, p. 181]) to conclude that there
exists a (random) strict subspace S} C R? such that if ¢y ¢ S} then

1
(7) Slogllp®(@)ll = AT, P -as.

Here and in what follows, A? denotes the ith (nonrandom) Lyapunov exponent as-
sociated with the product of matrices M7. As is well known (see [3]), the matrix
sequence ((M2)*M2)*/?" has a (random) limit a.s., the eigenvalues of which are e*?
Note that (MZ)*MZ is a nonnegative matrix, thus by the Perron—Frobenius theorem
the eigenvector associated with the highest eigenvalue of (MZ)*M¢ has all coordi-
nates real and nonnegative. The last property thus holds for ((MZ)*MZ)*/?", too,
and hence also for limn_,oc(M;;Mn)l/ n_ Since SL must be orthogonal to the eigen-
vector associated with the highest eigenvalue of lim,, o (M;*M,)"/?" it follows that
SL cannot include any probability vector with all entries strictly positive. As for the
case where go does not have all its entries strictly positive, notice that p% (k) does
(where k is such that G*(i,5) > 0 for all i,j € {1,...,d} ). Thus (7) really holds for
any go € S%71.

Using again Oseledec’s theorem, this time for the R% A R%-valued process p? (n) A
p(n), there exists a (random) strict subspace S2 C R4 AR? such that if go A ¢}y & S2
then

i

1 /
(8) o log|lp™(n) A p(n)l] —n—oo AT + A3, P —as.
Furthermore, for gy A g € S2, Oseledec’s theorem implies

1 /
(9) limsup — log|[p®(n) A p(n)|| < AT +A], P —as.

n—oo N

Next, note that there exists a dimensional constant ¢4 such that if a,b are two
probability vectors in S%~! then

1
—|sin(a, b)| < ||la — b|| < cq4|sin(a, )|,
Cd
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where (a,b) denotes the angle between the vectors a,b. Since for any two nonzero
vectors ¢, d (not necessarily normalized) one has that |sin(c,d)| = [|eAd]||/(||el] - [|d]]),
one may conclude that

1 /
lim sup — log|[p? (n) — p% (n)||
n

n—oo

. 1 / /
= limsup —{log||p® (n) A p*(n)|| = log ||p% (n)|| - log||p™ (n)]| -
Combining this and the fact that (7) holds for any probability vectors go, g with
either (8) or (9) yields both parts of the theorem, with 74 = §71(\g — A7). 0
It is useful to state the last sentence of the proof of Theorem 1.1 as the following.
COROLLARY 2.1.

(10) 7o =81 (A8 = A7)

As is clear from [4] (and is evident also in the course of the proof of Theorem 1.1),
the gap between the first and the second Lyapunov exponents will play a crucial role
in our study of the stability of the nonlinear filter. Before providing the proof of
Theorem 1.2, it is useful to recall some definitions and a result of Peres concerning
this gap. We follow the notations of [7], [8].

We say that a matrix A possessing nonnegative entries is allowable if it contains
no columns or rows whose entries are all zero. Let Sffl denote those elements of
S9=1 whose entries are all strictly positive. Hilbert’s projective metric is the metric
h(-,-) on ST! x S¢! defined by

- ZiYj

h —1 .
(z,y) og max o

Every allowable matrix A can be seen, by normalization of the linear action of A, as
an operator A : Sf‘f__l — Sjl__l. We denote by A.x its action on x € Sjl__l. Define now
the Birkhoff contraction coefficient of an allowable matrix A by

h(A.x, Ay)

(11) T(A4) = sup{ h(ey)

o,y e ST o # y} :

LEMMA 2.2 (see Peres [7]). Let {T,}n>1 be an ergodic stationary sequence of
nonnegative, allowable matrices, such that Elog™||T1|| < co. Let A, Ay denote the
top two Lyapunov exponents for the random product of the T;. Then

)\1 — )\2 2 —ElOgT(Tl),

where Ao = —oo if the Tight-hand side is infinite.

Proof. See [7, Prop. 5]. O

We recall from [7] and [8] the following useful properties of the contraction coef-
ficient 7(+):

Property 1. 7(AD) = 7(DA) = 7(A) for any diagonal matrix D with strictly
positive diagonal terms.

Property 2. For any matrix A with strictly positive entries, 7(A4) < 1.

Property 3. Let A be allowable and define

(12) $(A) = min { Qikdy!

©.3,k,L | QiQjk

A31Qjk 75 0} .
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Then
(13) T(A) =

We are now in a position to state the extension of Theorem 1.2 alluded to in the
introduction.
THEOREM 2.3. Assume that 7(G) < 1. Then

5 < log 7(G)

<0.
Yo = 5

Note that Theorem 1.2 follows at once from Theorem 2.3 by using Property 2
for 7(G). Moreover, it follows that ¢ may be taken as ¢ = log(1 — ¥)/(1 4+ ¥) with
U = minm- G”/ max; j G”

Proof of Theorem 2.3. Applying Theorem 1.1 and Corollary 2.1 in combination
with Lemma 2.2 to the recursion (1), one sees that

78 <6 'ElogT(D1G*) = 6 tlog 7(G*) = 6 Llog T(G) < 0,

where the first equality follows from Property 1 for 7(-), the second from Property 3,
and the last inequality from the assumption 7(G) < 1. O

Proof of Theorem 1.3. Suppose equation (1) is given two initial conditions gq, g{;
denote

G =P, @ =pr, Th=qn — g,

Now, ¢, = Tngn-1/{Thqn-1,1), and subtracting (T,,q,,_1,1)¢, = Tnq.,_; from
<TnQn71a 1>Qn = IpQGnp—1 ONE gets

<TnQn—1a 1>Tn + <TnTn—17 1>q;, = ann—L
Denoting a,, = (T,gn—1,1) and noticing a,, > 0 one obtains

T =a,  Tprn1 —a, ¢ (Thrn_1,1) = a, ' (I — ¢,1*)Tprp_1

=a,'(I — ¢, 1*)D,G*r,_1.
The following recursion for r,, then holds:

To = qo — qz)a
(14) Ty = a;lTéG*rn_l,

where we denote

In order to estimate the growth rate of r, one notices

1 1< L PR |
(15) ﬁlognrnngﬁ;logai +ﬁi§:‘flog|m||+ﬁ;bgnc; [+ Tog]iroll-
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Since the third term is bounded by zero and the fourth tends to zero, we turn to
bound the two first terms. The first term tends for any qo, a.s., to —A{, since

1 1
— ZlOg Cli_l = - 10g<TnTn—1 T TIQOa 1>
n “ n

(cf. the discussion following (7) above). Hence, it suffices to compute the limit of the
last quantity for go = po. Denoting the density of (Y1,...,Y,) by fy»(87) and the
distribution of (Xy,..., X,) by P ((X1,...,Xn) = (1,...,an)) = pxp(af) it follows
from Bayes’ rule that

. _ 1 1
Zlogai 1— - log [fy{;, (Y1) (216%6)™? exp 2% 2 Yf]

S|

1 n 2¢\—n/2 1 2
—ﬁlog ZPX{‘(OQ)(QWJ 6) / exp—2026 ;(Yi—hmé)

n
ag

1 2 1 2

1 . 1 L] 1 T
< —Elog le?(Xl)eXp—Z o — (ovi) 1 - mﬁzijyi
1 n L1 2 NG
(16) = log pxr(X7') — S0 Z[h 6+ 2Vbov;hx,].

Next we turn to the second term in the right-hand side of (15). Writing the
diagonal terms of D,, as A}, = D,,(i,i) we have the following expression for T":

AL(L—qy) AX(=a)) - AL(=q))
o | A A0 e st
Al( ) Az( @) A?L(l —a)
It is useful to consider here the operator norm of T/, : ¢! — (' namely, ||T0|1 =

maxy, y . |(T)ix|- Fix n and suppose X,, = j; then Y,, = h 6+ Jl/n\/g and

IThll = max ¢ AL 11— g+ g | ¢ =2maxAL(1 - g)).
l#1

Denoting the vector b, = (b}, ..., bd)* :== G*¢/,_; it follows that
bl AJ
Zz 1 bl Al

1j
a4y =

)

and thus

Dk On . maxy; Ap maxy; Ay
1—q) = Jbl AL~ = min (1’ bJAJJ> S lpicay T 1{%20‘}T;
Zl 1 n nfn aBn
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for every fixed 0 < a < 1. Therefore,

) . 2
2A7 (1 — gl9) < 247 wlpicar T = {bg >a} I maXA

and, clearly,

S ; ; 2
Vi 280(1-q) < _maxAn.
Using the equivalence of the norms || - || and || - ||1, it follows that there exists a
constant ¢, independent of n such that

2c
/ ) k ) k
HTnH < a |:1{b¥,,<a} m’?X An + 1{b%2a} r]?g;( An:|

and thus, defining hmax = max;{|h;|},

1 n
ﬁzlogHT{ll
1
<1og—+ Zl{b ica) O kaax (hkhxi5+hk0\/5Vi—2hi5>

1 n
— Z {bx1>a} Iglgg( (hkhx 6+ hkO'\/SVz h26)
n i

n

2c 1 _ _
<log '+ > 1xicay (0 0hma + 07V Ehmas i)

=1

I e _ 1 B
+ ﬁ ;O’ 26 <hnbr(X,i)hXi - 5 hr21br(X,-)> + o0 1\/Shmax|’/i|~

Now, b > (G)x,_,x,9; 11 ' so choosing & = % miny, ,:(G),,>0(G)uo it follows that

<1 x_, Combining this with inequalities (15) and (16) one arrives,

1{b <O¢} - {ql 1 5}
after taking expectation and limit, at

4 2
@ES (hx; = habe(x,))

1L . 1
+cz02 nlggo . ZP (q;-x'lll <3 ) .
i=1

Since P (¢ < % ) —»—0 0 uniformly in n and since again by Oseledec’s theorem
(see, e.g., [2, p. 181])

1
lim —E log||r,|| < e1 4 e2Vé /o —
n—oo N,

1
lim — 10g|| AN Ty Th|| =lim—FE log || A" T, --- T1|| a.s.,
n
the first part of the theorem is proved.

The second part easily follows from the following facts. First, the spectrum of
the matrix process certainly satisfies

d
A = AT 2 AT = AT+ 2X] + AT 4+ AG —dA] =D A7 —dAT.
=1
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Second, since det T}, - - - T7 = det T}, - - - det T, the sum of the exponents can be explic-
itly expressed as

d d d
1 1 1
>N = lim_—log|detT, - Ti| = By (lehi -5 Zh?é) + log | det G

=1 =1 =1

5 d 1 d
= & <th D hi—y Zh?) +log| det G,
i=1 =1
while

X{ < E log || diag(AL)y |1y + log |Gl

g

6 2 X1 2 V'8

202 — 202

Thus we conclude that

hx Zd:h-—l Xd:h?‘—ﬁlh? ]:E [—1 > (h —h')Q] 0
1 % 2 — i 2 X, s 2 X1 % .

i=1 A

liminf 0?5 > E,

Proof of Theorem 1.4. The last inequality holds, since by the assumption there
exists an mg such that for all m > mg, G™° > 0. As for the first inequality, as in the
proof of Theorem 1.1, it suffices to work under the assumption that X is distributed
according to the stationary distribution. One may apply Lemma 2.2 for the process of
matrices that are derived from {T,} by taking products of blocks at length m, where
m > mg:

Tme,1 e T17 T2mT2m71 e Tm+1a

Ergodicity, stationarity, and integrability follow from those of {7}, }. Since (G*)™ is
positive, that is,

> (Givia (G iy > 0,

0250 bm—1

it follows that

(Tp -+ Th)iyi,, = Z AMN(G* )iy - Al (G*)i, i >0

02,50 bm—1

and allowability follows. The Lyapunov spectrum for this sequence is {mA?}2_,, thus
1

17 8 < —Elogr(TyTm_1---T1).

a7) WS B log (Tt Th)

The diagonal terms A’ for which T; = diag(A%){_,G* may be expressed as

A= expo? (R — L 126) = exp |60 (hihx, — & 02 ) + Voo tha; | = 1+

j = expo iy =5 = exp |00 ijfé ]+ o vi| = 1+a;.

Thus

TnTpe1 -+ Th = (I + diag(ay,)1)G™ -+ (1 + diag(a})iLy)G* = (G*)™ + M,
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where M is a matrix satisfying

1M < IGI™ (1 + | diag (e, )iy 1) -+~ (1 + || diag(aq)i 1) —1).

Now,

. ind —2 1 2 —1
| diag(aj)i; |l = max [exp [60 (hihxj ~ 5 hi) +Véo hiz/j] - 1’ —moo 0 a8
therefore

TonTm-1-T1 — oo (G*)"  as.
Since (G*)™ is positive, ¢ is continuous at (G*)™ and so is 7; hence,
T(TrmTm-1-T1) —6—00 T(G*)™) = 7(G™) a.s.
Since log(7(:)) < 0, Fatou’s lemma may be applied to get

limsup,_, ., Flog7(TTm-1---T1) < E limsup,_, log 7(T;, Tt -+ T1)

= FE log 7(G™) = log 7(G™),
and the result follows from inequality (17). O

3. Proofs—continuous time. Throughout this section, ¢ denotes a t-indepen-
dent deterministic constant (whose value may change from line to line). pZ%_, denotes
the (unique, by (A2)) stationary law corresponding to G. We use the notations x,
and y§ to denote the sub o-fields generated, respectively, by {z;,0 < s < ¢} and
{ys,0 < s < t}. Ey denotes expectations under the product measure P, x P,, where
P, denotes the law of the Markov chain x (under the stationary measure) and P,
denotes the law of the observation process {y;,0 <t < co}.

Proof of Theorem 1.5. Aside from the conditions needed to meet the assumptions
of Oseledec’s theorem that are proved below, the proof is identical to that of Theorem
1.1. Notice that equation (4) is bilinear, thus there exists a multiplicative process
denoted U = {U}ier . such that p; = Ugpo. Assuming zg is distributed according
to its stationary law, the shift transformation #; is measure preserving with respect
to {x,v} and thus with respect to U. Ergodicity of U follows from that of {z,v},
and separability follows from continuity. It follows from Theorem 2.1 in [5] that
U, : R — R? is a homeomorphism and thus is invertible for any ¢ > 0. For Oseledec’s
theorem to hold, one needs to show also the integrability of (see [2, p. 181])

u; = Sup 10g+HUt||, Uz = Sup 10g+HUt_1H'
0<t<1 0<t<1

To show wu; is integrable, it suffices to show that supy<;<; ||Ut|| is. Note that by the
Kallianpur-Striebel formula, U; is a nonnegative matrix for any ¢ > 0, and hence
the unit vector w maximizing ||Uzw|| has nonnegative entries. Thus, it suffices, by
considering the projection on w, to show integrability of supg<,<; ||Usv|| for some v,
all of whose entries are positive. Under (A2) all entries of pZ,,, are positive, so v may
be chosen to be pZ,;. Since this vector is also the initial distribution of z, it follows
that |Up%.ill1 = (pt,1). By the Kallianpur—Striebel formula,

¢ 1
(pe,1) = Ey {eXp /O (hmsdys ~ 3 hisd8> exp hmax Z |Ayil|

yé} < Ep
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where Ay; = yr.y, — Yr,»70 = 0,7 = min{t > 7,1 : 2y # -, } A 1, and integrability
follows from the existence of exponential moments of the normal distribution and the
exponential law of 7; — 7;_1. As for wus, denote, for a symmetric matrix A, by A;(A)
the ith largest eigenvalue of A, then

log ™ |U7 M| < UM = a(U7 U2 = Pa(U:UF)) 2
M (U U0 (OU)|[ D2 Ul
(|det UtUt*|)1/2 - |det Ut| - |det Ut| '

(18)
Now, U, solves the Stratonovich equation
A 1
dU; = <G* ~ 3 02H2) Udt + 0 2HU, o dy; ;
thus
t A 1 t
| det U;| = exp [/ trace (G* ~ 5 0_2H2) ds +/ trace(c 2 H) o dys | ,
0 0

and combining this with inequality (18) and the Cauchy—Schwartz inequality, the
integrability of us follows. 0

A corollary analogous to Corollary 2.1 follows.

COROLLARY 3.1. Let A > A > --- > A§ denote the Lyapunov exponents
associated with the multiplicative process Uy. Then,

(19) Yo =A3 = AT .

Proof of Theorem 1.6. By Oseledec’s theorem,
1
li{ng log || A" U] = A7 +---+ A7 as.

This limit equals the limit on the discrete time sequence {n¢} for some 6 > 0, so if
one looks at the sequence of linear operators {A%} for which

(20) PP (nd) = App((n —1)8), p"(0) = po,

then
1 A A
lim—élogH/\TAi.--A‘fH:Xl’-l—-“-i—)\f a.s.
non

Stationarity, ergodicity, and integrability of {A%} follow from those of the continu-
ous time process, so the assumptions of Oseledec’s theorem hold, and there exists a
Lyapunov spectrum for (20) denoted {)\f"s le. The relation between the spectra is
X7 = )¢ and thus by (19),

1 o) g,6
Yo = 5()‘2 —AT).

It is useful to consider here the well-known representation of the solution to the
Zakai equation as

Ppo(t) = L ft,
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d
1
L; = diag {exp o2 (hiyt ~3 h?t)}

=1

where

and f:RT — R? is the solution of
ft = L;lé*Ltftv
fo =po.

Denote by {A?!} the matrices for which fn,s = A fu,_1)s. Now, by Property 1,
T(A%) = 7(LsA?) = 7(A9). As U, is a homeomorphism, A¢ is invertible. Therefore,
A$ is invertible and thus also allowable. One therefore has by Lemma 2.2 and Fatou’s
lemma

1 1
@) Yo < limsup < log7(A}) < E limsup  log 7(A7).
6—0 §—0

Since f; belongs to C1[0, c0), it follows that
fs =+ Ly'G*Lo6 + M®) fo,

where M? is a d x d matrix with ||M?®|| = o(6). It suffices to prove the theorem for
G, for which Vi,35, © # j, gi; > 0. Under this condition, ¥ may be expressed as

L M=y 50 + m8) (L=} + grid +my,)
1<ig kI <d (Liimg) + gri6 + mig) (Lu=gy + 96 +miy)’

V(A = (I + G*6+ M®) =

where mfj = (M 5)”-. There exists a dy such that for every 0 < § < 8§, the minimum
is achieved on i = k # | = j; thus

(A = min_gi;95:6” + 0(8),

i,
W2(A]) = .m.in_(gijgji)l/25 +0(6),
1,j1i#£]
and

1
5

_h1/2( A8
logT(A‘ls):}log1 id (Al):1 —2 mi

oA in (9:5950)"/%8 + o(
5 1+¢1/2(Acf) 5 i,j:i;Iélj(g i95i) 0(6)

— 50 —2 min (gi;95:)"/?,
i,J1i#£]

and the result follows from inequality (21). O

Proof of Theorem 1.7. It seems natural to approach the continuous time case as
a limit of the discrete time problem. Note, however, that a change in the order of
limits is needed to carry out this approach, and justifying this change of order seems
challenging. We thus take below a different route. Although the general idea is similar
to the discrete time case, extra care is needed due to the fact that the trajectories of
the = process do not possess positive probability, and an appropriate version of the
Feynman—-Kac formula is needed.

The first part of the theorem is a direct consequence of the following three lemmas,
whose proof is deferred.

LEMMA 3.2. Assume (A2) holds. Then limsup,_,0°\] < § EhZ .
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LEMMA 3.3. Assume (A2) holds. Then

llgjgpa AT+ <= Eh2 + Ehaohabr(zg) — % Ehibr(mo).

LEMMA 3.4. Assume (A2) holds. Then liminf, o2\ > % Ehio.

Given Lemma 3.2 above, the proof of (6) is similar to the proof of (3) in the
discrete time setup, with trace G playing the role of log | det G| there. ]

Proof of Lemma 3.2. Using (A2), and denoting by e; the unit vectors in R
it holds that cos(e;, p%a;) > ¢ > 0 for some ¢ independent of ¢. Therefore, since
U, is nonnegative, and using c¢; to denote another positive deterministic constant
independent of ¢, || UspZ,; ||[> min; cos(e;, p%,.) max; || Ure; ||> ¢1 || Uy || and

1 1
Xf = lim  Elog | Uy ||< lim - Elog | Uspie || -

Let & denote the realization of the x process under Ej, initialized at the stationary
measure. Then, by the Kallianpur—Striebel formula and Oseledec’s theorem,

1 ¢ 1
(22) A < lim S Blog By [exp <0_2 (/ h(Zs)dys — 3 hQ(:zs)ds>> yg] :
o 0

Fix 6 > 0 and define Aly = y Hl)g = Yis, |Ay|max = max{\yt —yp| : t,t € [ib, (i +

1)6)}. Let {7 max = max {|ys —yo| : t,
t' € [r; — 6,7+ 6)}. Define similarly A;v 720 and let hpayx = max; [h;l.

max
Let iy = [t/6] and Ny = max{i: 7; <t} = #{Ti < t}. We control the integral in (22)
by its discrete time skeleton, with errors occurring only around jump times. That is,

(23) /0 t (h<~s>dys - h%@)@)

it

(h xz& zy -5 h2 -Tzé ) + Z max'Ay|:r717ax + hm&x 6)
=0

S

it

IN
DN =

+ Z max maux(5 + JlAV|$7ax) + h?né] :

yé}

1
2
exp ( a8 + thaxUMVI?ﬁ;Lx))] |

=0

Thus, by Jensen’s inequality,

(24) %ElogEo {exp <02 /Oth(i's)dys — — h%(&,)ds >

11
— t 2028

1
(Ay)* + n log Ey

=0

On the other hand, using stationarity,

(25) E(Ay)? =E (/06 h(zs)ds + 01/5) =F (/06 h(xs)ds> +0%6

2 2 2 2
< Esh?(20)8% + 0%+ B [1,. jumps in [0,6)) (2hmexd)?]
= E,h*(20)6% + 026 + 6§20,
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Conditioning on V¢, one has

Ny
1
; log Eqy exp <0_2 Zl (5hmax 6 + thaxUAVmégc))

<~ log Eg exp(Nyco™26)

< (:ut)n e—,ut
- n!

= =

(oo}
log Z exp(nco—26)c
n=0
1 c6/a?
(26) ~Lloge t u(e/” ~ 1),

where u = max; Zj# CA?” Combining (22), (24), (25), and (26),

2 !
g+g ey (eca/az _1) .

1
20<7 2
(27) o°A\] < 2Esh (z0) + 5% 5

Now take 02/6 = € and 8,0 — 0, then take infimum over {¢ > 0} to get

1
limsup 0% \J < 3 E.h?(x0) . O

o—0

Proof of Lemma 3.3. We use the same notations as in Lemma 3.2. Let dp; =
G*pedt + o 2Hpydyy, dny = G*ndt + o~ 2Hydy, (the difference between py and 7,
lies in possibly different initial conditions). In what follows, we suppress the index ¢.
Write p An = 5(pn* —np*), then

(28)
dpn* = G*p*dt + o2 Hpn*dy, + pn*Gdt + o~ 2pn* Hdy, + o~ >Hpn* Hdt
dlpAn) =[G (pAn) = (G (pAm) | dt+a72 [H(p nm) = (H(p Am)*] dy,

+o2H(p Am)Hdt .

Let the (d — 1)d-dimensional vector a = (@12 aiz--- g @21 Q23 - gg—1))* be
defined by
0 aipaiz -+ aig
a1 0 a3 -+ agg
pAN =
(e %51 0

Then (28) can be written as

(29) da=G*adt+ o 2H, adt+ o 2Hs ady;



LYAPUNOV EXPONENTS FOR FILTERING 51

with G(i,7) > 0 for all i # 7,

hihg
hihs

haha—1

Hy =
ha + ha—1

We may now regard « as a cg(d — 1)-dimensional vector indexed by ij with ¢ # j.
Viewed this way, the matrix G has off-diagonal entries

B Gfi j:m#&
Gijom = émj i=40#m,
0 j#mandi # £.

The matrix G is not necessarily a transition-rate matrix. However, there exists a
transition-rate matrix G which is equal to G off the diagonal. Thus (29) may be
written

(30) do=G*adt+ o 2Hy adt + 0 2Hy ady; ,
with G* + 07 2H, = G* + 0 2H,, Hy = H,. It follows that

hihs + 02Agia
hihs + 0'2A913

haha—1 + 0> Agaa—1y

Note that while we are primarily interested in solutions to (30) which are in the anti-

symmetric subspace a;; = —ay;, (30) makes perfect sense for arbitrary vectors in
R4=1) " This point of view is particularly useful when computing upper bounds on
Lyapunov exponents.

We now use h;(j k) (hi(jk)) to denote the jkth element on the diagonal of H;
(respectively, H;), i = 1,2. Let S = {jk : j,k € {1,...,d},j # k}. Associate to the
Markovian generator G the S-valued process {i;}, independent of {z}} and of {y}}.
We now introduce an auxiliary assumption on G, which will later be proved to be
implied by (A2).

(A3) Let (A2) hold. In addition, assume that Z has no transient states.

Note that (A3) implies that Z possesses a stationary distribution (not necessarily
unique) with strictly positive components.

By the stochastic Feynman-Kac formula of nonlinear filtering (using, e.g., an

argument similar to Lemma 2.1 of [10]), if a;;(t = 0) = P(Zo = (ij)), then

(a,1) = ;gij = Ey [exp <0_2 </0t ho(%s)dys — % h3(&s)ds + Bl(azs)ds» ‘ yg] .
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Let A; denote the linear map oy, — . Let p%,, denote the stationary distribution
of &, which by (A3) has all entries strictly positive. Mimicking the argument used in
the proof of Lemma 3.2, one has by positivity and Oseledec’s theorem that

(31)
AT + A
.1 |
—dimllog s pam i< lim 2Elog)Al
t—oo ¢ {po,mo:llpoAnol|=1} t—oo t
.1 ;
< thm ~Elog || Atpiias |
— 00 t

1 t 1/t ¢t
tlim EElog Ey [exp <02 </ ho(Zs)dys — 5 / h*(%,)ds +/ hl(xs)ds» |y6}
e 0 0 0

Define n : R — {1,...,d} by fi(a) = argmin,|h; — a|. Then there exists a constant
7o > 0 such that if |h; —a| < 7o then argmin, 4, (4)|hi —al = nbr(fi(a)) . Now, denoting
gm = max [Ag(-)],

(32)

- 1 [t. t_
Jp= hg(fcs)dys—é / hg(i:s)ds+/ hi(i4)ds
0

0 0

t t t
_ 1.
= / hQ(i's)dys +/ U2Ag(i's)dys - / P hg(i's)ds
0 0 0 2

¢ tq t
—|—/ hg(is)GQAg(i"s)ds—/ 3 04A92(533)ds—|—/ hi(Zs)ds
0 0 0

N =

< {M(@'é)Aiy — — h3(%is)6 + ha(Tis) + 02 gm|Ayld, + 2hmax02gm6}

Ny
+ ) hmax| Ayl + 2hmax”8)
1=1

< JH 4 T2,

1S () LGN
) )

+ Z {4hmax‘Aiy iﬁﬁax + hgﬂ&}

A, )
{i<ie: | =2 —hj|>ro Vi}

where

and

T2 = {07 gm(2hmax6 + 0| AV[ES) + 2hmaxgmo”6 }
i=1

Ny
+ Y {2hmax (2hmaxd + 0| AV[TD) + 2hmax 6} -
=1
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Having J} measurable with respect to y§, it follows using Jensen’s inequality that

(33) %Elog Eq [exp (J*2Jt)|y6] < %%EJ? + % log Eg exp (07 2.J?2).
Now,
1., 1 0 5 0 4
;EJt < EES {(h(xo) + h(nbr(zg)))(6h(xo) + cAv) — §h (o) — éh (nbr(xo))}
(34) + 6+ ce T30/2"
where the second term is due to the fact that the probability of having a jump in the

x process on any O-interval is of order ¢, and the last term is due to the Gaussian law
of v. Next,

1
(35) + log (expo=2J7) < - log Eg Eq [exp(0—2J7)|N¢]

| =

Ny Ny
1 i, —2 —1 i
< p log Ey Ey |exp {z_; (c6 + co|Av[aoy) + 2060 + co | Av|TS b | Ny
1 t t
= log Eg exp (666 + 502026 + Nycbo™2 + Nt020_26>

1
=c+ o + i log E exp cN 602
<c+cfo?+ )\(ec‘s/"2 -1).

Finally, combining (33), (34), and (35),

h2(nbr(zg))| + ¢b

DO =

(¢ +3) < F, [(huo) + h(abr(z0)))h(xo) — 5 h(a0) -

2 2 2
+ 6677’05/20 +0’2C+0'4C2+O'20(665/U ~1).

~—

Take now 02/8 = ¢, 6,0 — 0, then take ¢ — 0 to conclude the lemma under (A3).

Although (A2) does not imply that all states of & are communicating (as the
example d = 3,G13 = Gg1 = 0 shows), we now show that it does imply (A3). It
suffices to show that for every two states ij, kl € S, if (G’m)ij,kl > ( for some m,
then there exists an n such that (én)klu > 0, or, in the terminology we use in what
follows, if the path ¢j — ki exists then the path kl — ij exists, too. Note next that
it suffices to show the above for j = [ and for i,k # j such that Gir > 0 (that is
i — k in one step). Suppose, then, that ij — kj in one step. It needs to be shown
that kj — ij. If there exists a path & — ¢ that does not contain j, then the claim
is proved. Otherwise, since G is communicating, there exists a path £k — 7 — i such
that k& — j does not contain ¢ and j — ¢ does not contain k. Thus the following path
exists too:

kj — ki — ji — jk — ik — iy,

and it follows that Z has no transient states. This concludes the proof. 0
Proof of Lemma 3.4. The top Lyapunov exponent satisfies

1 1
Xf = lim  Elog U] > Jim  Elog |Uiplyall-
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Again, we compute || UpZ,.|| using the Kallianpur—Striebel formula. Fix 6 > 0 and

let I; be the interval [67,6(7 + 1)) such that 7; € I;. Then denoting, as above, by Z a
copy of the process z which is independent of y§ under FEj,

%Elog E, {exp <02 (/Ot h(Zs)dys — % /Ot hQ(fs)d5)> |y(t)]

1
> ;Elog Ey [Eo { Lz =2, vs@U, I, s<t}

exp <02 </Ot h(zs)dys — % /Ot hz(is)d5)> Ixévyé} Iyé]

1
2 ;Elog Eo [Eo [L{z,=0. vsgU, 1., s<t} €< (072 By(z,9)) |6, v5 ] 6]
where

7i\d + ¢b).

max

Bile.y) = [ a5 [ #a)ds =3 (ely

7

Thus, by Jensen’s inequality,
1 N 1 _
S B10g |UpGaill >+ Blog o [z, =a. vagU, 1., s<ty &P (07 Be(w, ) [, i)
1 1 _
=7 log £ [1{53:%\15&&I,i,s<t}|=’176] + ;EU QBt(I7y)~
Now,

1
;E log £ [1{55::65 Vsgl, Ii, s<t} |$6]

1
= gElOgE [1{gzj5:mj5 vji<t/§s.t. jogU, Ii} x(t)]

Y

1
EE log & [1{g~cj,5=xj§ wi<t/6}120] -

The last quantity tends to —3™H({z;s}), where H({z;s}) is the entropy rate for {z;s}.
Moreover,

1 1
lim -~ EBy(z,y) = 3 Eh*(x0) — cb,

t—oo t

and thus we have shown

0.2

o 1
o’ > 3 Eh*(xq) — ¢6 — 5

log d.
Now taking ¢ — 0 and then § — 0 yields the result. d

Remark. The vector p A n has only (d — 1)d/2 degrees of freedom, the same as
the vector a.. We have used a (d — 1)d dimensional vector « in order to write (29) as
a matrix with nonnegative off-diagonal entries. For general (nonfiltering) situations,
this might not be possible.
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THE EXTENDED EULER-LAGRANGE CONDITION
FOR NONCONVEX VARIATIONAL PROBLEMS*

RICHARD VINTER' AND HARRY ZHENGf

Abstract. This paper provides necessary conditions of optimality for a general variational
problem for which the dynamic constraint is a differential inclusion with a possibly nonconvex right
side. They take the form of an Euler-Lagrange inclusion involving convexification in only one co-
ordinate, supplemented by the transversality and Weierstrass conditions. It is also shown that for
time-invariant, free time problems, the adjoint arc can be chosen so that the Hamiltonian func-
tion is constant along the minimizing state arc. The methods used here, based on simple “finite
dimensional” nonsmooth calculus, Clarke decoupling, and a rudimentary version of the maximum
principle, offer an alternative, and somewhat simpler, derivation of such results to those used by loffe
and Rockafellar in concurrent research.

Key words. Euler—Lagrange condition, calculus of variations, nonconvex differential inclusion,
nonsmooth analysis, limiting subdifferential

AMS subject classification. 49K24

PII. S0363012995283133

1. Introduction. We consider nonsmooth variational problems of the form (P):

1
minimize {(x(0), z(1)) +/0 L(t,x(t), z(t))dt
(P) over arcs x € WH1([0, 1]; R™) which satisfy
&(t) € F(t,z(t)) a.e. on [0,1].

Herel: R" x R — RU{+o0} and L : [0,1] x R™ x R™ — R are given functions and
F :[0,1] x R* = R" is a given multifunction.

The minimization is performed over arcs z in W1([0,1]; R™) (the space of abso-
lutely continuous R™-valued functions on [0, 1]) which satisfy the differential inclusion
constraint and for which L(¢,z(t),Z(t)) is an integrable function. Let & be a mini-
mizer.

Problem (P) provides a framework for dynamic optimization which emphasizes
the constraints on allowable velocities & for a given time and state (¢, z). It covers the
formulation traditionally adopted in optimal control theory involving a differential
equation parameterized by a control function u

B(t) = flt,2(t),u(t) ac.
and
u(t) e U(t) ae.

Here we choose the multifunction to be F(t,z) = f(¢,z(t),U(¢)). (A differential
inclusion arising in this way is said to have a “parameterization” (f,U).) But problem

*Received by the editors March 15, 1995; accepted for publication (in revised form) October 9,
1995. This research was supported by the Engineering and Physics Science Research Council.
http://www.siam.org/journals/sicon/35-1/28313.html
fDepartment of Electrical and Electronic Engineering and Centre for Process Systems Engineer-
ing, Imperial College, Exhibition Road, London SW7 2BT, UK (r.vinter@ic.ac.uk, h.zheng@ic.ac.uk).
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(P) is a convenient description of dynamic systems incorporating feedback loops,
state-dependent control constraints, and other such features for purposes of deriving
optimality conditions.

In the case of no dynamical constraints (F' = R"), smooth [/, and L and when
the Lipschitz rank of (z,u) — L(t,z,u) is suitably bounded, the following classical
first-order necessary conditions are satisfied by the minimizer Z: there exists p € W1:!
such that

1) (B(1), p(t)) = VL(t,2(t), z(t))
the Euler-Lagrange condition),

2) p(t)x(t) — L(t,z(t),z(t)) > p(t)v — L(t,z(t),v) Vv e R" ae.

3) (p(0), =p(1)) € VI((0), (1))

the transversality condition).

Modern developments provide necessary conditions when a dynamic constraint is
present (F' # R™) and when the functions [ and L are possibly nonsmooth. There
are three main strands to this research. The first is the maximum principle (for
parameterized problems) and its nonsmooth counterparts. The second is to replace
(1) and (2) with Clarke’s Hamiltonian inclusion [2]:

(4) (=p(t), z(t)) € codH,(t, 2(t), p(t))

(p(0), —p(1)) € 9l(x(0), z(1)),

in which H) is the Hamiltonian

(
(
(
(the Weierstrass condition), and
(
(

Hy(t,z,p) := sup{pv — AL(t,z,v) : v € F(¢t,z)}.

Here OH) denotes the limiting subdifferential of H)(¢,-,-), defined below (its convex
hull coOH), is the Clarke generalized gradient). The presence of constraints necessi-
tates the introduction of a cost multiplier A (A > 0, A and p(:) not both zero).

We focus attention on the third type of conditions, namely conditions which are
nonsmooth analogues of the classical conditions (1)—(3). What form should they take?
Notice that Z is a minimizer for a variational problem in which the dynamic constraint
is absorbed into the cost integrand, namely

1
minimize /(L(t,x,:’c) + Varre, )y (7, @))dt.
0

(Here W 4 is the indicator function for the set A, which takes value 0 on A and +oo else-
where.) This would suggest a nonsmooth version of (1) “(p(t),p(t)) € Acod(L(t, -, ")+
Wer(r(t,)y) (Z(t), 2(t)),” from which we might expect to deduce, via a sum rule and a
subdifferential calculus for indicator functions

(f)(t),p(t)) € )\CO@L(t, j(t)v j(t)) + %NGr{F(t,-)}(j(t)a f(t)) a.e.

Here Ngi(p(,)} is the limiting normal cone, defined below. (Its closed convex hull
0N, p(1,.), featured here, is the Clarke normal cone.) See Clarke’s paper [1] for
results in this spirit, which we refer to as the Euler-Lagrange inclusion.
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The weak convergence techniques used in the proof of necessary conditions of
this type make it almost inevitable that the conditions take the form of a convex set
inclusion. Nonetheless a research theme of recent years has been to reduce the extent
of convexification involved. Under the convexity hypothesis Mordukhovich [11, 12]
derived, via discrete approximations, a form of the Euler-Lagrange inclusion which
involves convexification with respect to only one coordinate

p(t) € co{n :(n,p(t)) € NOL(t,Z(t),v) + Narr,)3 (Z(t),v) for some v € F(t,Z(t))
such that p(t)v — AL(t, Z(t),v) = Hx(t, z(t),p(t))} a.e.

The sharpest available conditions along these lines, in which the convex hull is taken
just with respect to v = Z(t) rather than all v’s achieving the maximum in the
Hamiltonian, were obtained by Loewen and Rockafellar [9] with an analysis based on
Hamiltonian inclusions and a subdifferential calculus of perturbed Hamiltonian func-
tions for convex differential inclusions. Under the convexity hypothesis they showed
that there exists A > 0 and p € W (not all zero) such that

() p(t) € co{n : (1,p(t)) € NOL(t, (), £(t)) + Nax(r(e,} (2(1), 2(8) }
(p(0), =p(1)) € A0I(z(0), z(1)).

(We have been informed that similar results were derived by Smirnov [16] for a nar-
rower class of problems using discrete approximation methods.) We refer to (5) as
the extended Euler—Lagrange condition.

Interest in these conditions has been heightened by recent findings of Rockafellar
[15] that under the convexity assumption and other mild hypotheses this last condition
is equivalent to

p(t) € co{n = (—n, 2(t)) € OH(t, 2(t), p(t))}  ace.,

which will be recognized as a sharpened version of the Hamiltonian inclusion (4)
involving convexification with respect to only one coordinate. Thus sharpened forms
of the Hamiltonian inclusion and extended Euler-Lagrange inclusion coalesce under
the convexity hypothesis.

We mention that in addition to the three types of necessary conditions for (P)
outlined above there are hybrid conditions due to Kaskosz and Lojasiewicz [6, 7] and
refined by Zhu [18]. These conditions, expressed in terms of a family of “Lipschitz
selectors” of the multifunction coF’, are applicable to variational problems involving
general, unparameterized, differential inclusions, yet have the character of the maxi-
mum principle.

What necessary conditions are valid for variational problems (P) with general
endpoint constraints when the convexity hypothesis is dropped? The maximum prin-
ciple remains valid and also the maximum principle-like conditions of Kaskosz, Lo-
jasiewicz, and Zhu. Whether the Hamiltonian inclusion is valid in this situation is a
long-standing open question in dynamic optimization.

What about nonsmooth analogues of the classical first-order conditions for non-
smooth, nonconvex problems? The expected conditions are as follows: there exist A
(> 0) and p € Wb not both zero, such that

(6) p(t) € co{n : (n,p(t)) € AOL(t, 2(t), £(t)) + Ner(r (e, (Z(1), (1))},

(7)  p(t)z(t) — AL(t, z(t), z(t)) > p(t)v — AL(t,Z(t),v) for all v € F(t,Z(t)) a.e.,
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and

(8) (p(0), —p(1)) € A0L(z(0), 2(1)).

Notice that the extended Euler-Lagrange inclusion (6) and transversality conditions
(8) have been supplemented by a form of the Weierstrass condition (7) appropriate
to problems with dynamic constraints. The Weierstrass condition is superfluous for
convex problems (it is implied by the extended Euler-Lagrange inclusion (6)), but
for nonconvex problems it is a genuinely independent condition on minimizers which
introduces an important global dimension into the optimality conditions regarding
treatment of the velocity variable. The methods of Loewen and Rockafellar [9], which
depend critically on the convexity of the differential inclusion concerned, give little
indication of how such conditions might be derived.

Mordukhovich [14], using a discrete approximation approach, derived the ex-
tended Euler-Lagrange inclusion and transversality condition (but not the Weierstrass
condition) for the costate arc p in the nonconvex case. However, the dropping of the
convexity hypothesis was counterbalanced by imposition of hypotheses stronger than
those of Loewen and Rockafellar regarding regularity and boundedness of F' and its
associated subdifferentials.

In a recent paper [5] Ioffe and Rockafellar established validity of the extended
Euler-Lagrange, Weierstrass, and transversality conditions for nonconvex problems
in the case F = R™ (no dynamic constraints). For the class of problems considered,
the regularity and boundedness hypotheses imposed on the data are considerably
weaker than those of [14]. The analysis is based on an analysis of integral functionals
and is a showcase of new constructs of infinite dimensional nonsmooth analysis (those
associated with fuzzy calculus of approximate subdifferential, etc.).

We come now to the contributions of this paper. These are partly improve-
ments on earlier results concerning extended Euler—Lagrange and related conditions
for nonconvex problems with a dynamic constraint and partly methodology. A rel-
atively straightforward derivation of Ioffe and Rockafellar’s necessary conditions for
nonconvex problems is first given, when F' = R™, which just uses the “elementary”
finite dimensional calculus of limiting subdifferentials, a simple version of the maxi-
mum principle and the most traditional of nonsmooth variational principles, Ekeland’s
theorem. These results are a stepping stone to our subsequent derivation of related
necessary conditions (via an exact penalization technique akin to that used by Clarke
[2]) when a (nonconvex) differential inclusion is added to the constraints. The nec-
essary conditions provided here go beyond those for W' minimizers in [14], both
because they incorporate the Weierstrass condition and because they are derived un-
der boundedness and regularity hypotheses akin to those adopted by Loewen and
Rockafellar (in the convex case), which are significantly weaker than those invoked in
[14]. In particular the hypotheses concerning a.e. continuity of F'(-,z), upper semi-
continuous dependence of certain subdifferentials, and uniform boundedness of F' are
dispensed with. Finally, we examine free time, autonomous problems (problems where
neither L nor F' depend on t). It is shown here that the earlier conditions can be aug-
mented by a constancy condition on the Hamiltonian and a modified transversality
condition.

A word about methodology. This borrows ideas from Clarke’s “decoupling” tech-
nique [3], whereby a variational problem involving a state-dependent velocity con-
straint is approximated by one for which the velocity constraint is state-free. The
Pontryagin maximum principle provides very precise optimality conditions for this
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latter category of variational problems; these are applied to the approximate problems
and we then pass to the limit. However, our approximations procedure is based on
use of Ekeland’s theorem rather than on density properties of proximal subgradients
(as with Clarke), which allows us to conclude strong L' convergence of velocities. (It
would appear that weak L' convergence provided by the proximal analysis approach
is inadequate for the derivation of optimality conditions in the nonconvex case.)

Consider the F = R™ case. Our simple idea is to replace the variational problem
(P) with the “decoupled” problem

1 1
minimize [(z(0), z(1)) +/O L(t,w(t),v(t))dt + 671/0 k(t)|x(t) — w(t)|*dt

over (z,(w,v)) which satisfies @(t) = v(t) for some arbitrarily small e > 0. (Here
k(t) is a Lipschitz constant for the data.) (v,w) are treated as control functions.
Because of the third (penalty) term in the cost, which forces w to approximate a state
trajectory corresponding to v, Z is an approximate minimizer for this new problem.
We then can perturb the approximating problem, with the help of Ekeland’s theorem,
to guarantee it has a local minimizer converging to  as € | 0, in some sense. Applying
the Pontryagin maximum principle to the perturbed problem and passing to the limit
as € | 0 give the desired necessary conditions when F' = R"™. From this everything
follows.

We claim our methods provide a simple derivation of the extended Euler—Lagrange
and related conditions. Some readers might object that we call upon the Pontryagin
maximum principle, which, in its full generality, has a lengthy proof. However, the
special case of it required for application to the decoupled approximation problem,
a case treated by Mordukhovich in [10], admits a simple, direct proof because the
dynamics and cost integrand are smooth in the state variable and nonsmoothness is
confined to the description of the endpoint constraints.

Concurrently, Toffe [4] too has derived extended Euler-Lagrange and related con-
ditions for nonconvex problems of type (P) with a dynamic constraint. Ioffe improves
on the necessary conditions reported in this paper, regarding fixed time problems, by
weakening the Lipschitz continuity hypotheses on F' under which they apply. Again,
the starting point is the necessary conditions of Ioffe and Rockafellar for the case
F = R"™, but then a more refined penalty function argument than that employed here
is used to introduce the dynamic constraint. It would appear, however, that a combi-
nation of the proof techniques of this paper based on application of a simple version of
the maximum principle to treat the case F' = R™ and the penalization arguments of
Toffe to allow for dynamic constraints provides the most straightforward but general
derivation of the Euler-Lagrange and related conditions currently available.

The picture that emerges of necessary conditions for optimal control problems
involving differential inclusions is one in which the extended Euler—Lagrange condition
(coupled with the Weierstrass and transversality conditions) has a pivotal position.
As we have noted, under the convexity hypothesis, it is more or less equivalent to
the latest refinements of the Hamiltonian inclusion condition, but it also applies to
nonconvex problems. Besides, as Ioffe has recently shown [4], the extended Euler—
Lagrange condition (with its associated conditions) provides general versions of the
Pontryagin-type necessary conditions of a kind previously derived by Kaskosz and
Lojasiewicz [7] as straightforward corollaries. Simple derivations of the extended
Euler-Lagrange inclusion, etc., such as we provide have a valuable role then in making
more accessible latest developments in the theory of necessary conditions.
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The norm on W11 is taken to be
[z llwra = [2(0)] + [|] L1

| - | denotes the Euclidean norm throughout. The Euclidian closed unit ball is
written B. do(z) denotes the Euclidian distance of the point z € R™ from the set
C C R™. dyaus(F1, F2) denotes the Hausdorfl' distance between two sets. epi{f} is
the epigraph set of the function f.

The following two constructs from nonsmooth analysis are required.

DEFINITION 1. Take a closed set A C R* and points x € A, p € R*. We say that
p is a limiting normal to A at x if and only if there exists p; — p and x; — x in A
such that, for each i, p; - (x — x;) < o(|lx — x;]) for all x € A, in which o(a)/a — 0
as a | 0 (i.e., limiting normals are limits of vectors which support A at points near x
to first order). The limiting normal cone to A at x, written Na(z), is the set of all
limiting normals to A at x.

DEFINITION 2. Given a lower semicontinuous function f : R¥ — R U {+oo} and
a point x € R* such that f(xz) < +o0o, the limiting subdifferential of f at x, written
of(a), is

af(l') = {f : (Ev _1) € Nepi{f}(ma f($)>}7

in which epi{f} denotes the epigraph set {(z,a) € R¥ x R:a > f(z)}.

We refer to [8, 13] for expository accounts of the properties of limiting normal
cones, limiting subdifferentials, and associated calculus rules.

Finally we mention that necessary conditions are derived throughout this paper
for an arc z to be a W1 local minimizer for (P) (or special cases of this general
problem). This means that there exists n > 0 such that Z is a minimizer with respect
to all arcs * € W1 which satisfy the constraints of (P) and also

(9) [ = Zllwa <.

The concept of a W' local minimizer is less restrictive than that of strong local
minimizer (where (9) is replaced by ||z —Z||L~ < 7). See [14] and [17] for a discussion
of this point.

2. The Bolza problem with finite Lagrangian. We begin by deriving nec-
essary conditions for the special case of problem (P) in which F' = R™, namely,

(2.1)  minimize J(z) := I(2(0), 2(1)) +/O L(t, (), &(t))dt over arcs x € W1,

(This is described as the “finite Lagrangian” case because the extended Lagrangian
L.(t,x,v) which coincides with L(¢,z,v) on F(t, ) and takes value +o0 off F(t,z) is
finite valued.) The primary role of these necessary conditions is to provide a stepping
stone to treat problems with a dynamic constraint. But necessary conditions for finite
Lagrangian problems are of independent interest because of the unrestrictive nature
of the hypotheses under which they are valid (apart of course from the assumption
that F' = R™!). These hypotheses, which relate to the local minimizer z of interest,
are as follows:
(H1) 1 is lower semicontinuous.
(H2) L(-,x,-) is measurable for each = with respect to the product o-algebra £ x B.
(L denotes the Lebesgue subsets of [0, 1] and B the Borel sets of R™.) L(t, -, )
is lower semicontinuous for a.e. ¢.



62 RICHARD VINTER AND HARRY ZHENG

H3) For every K > 0 there exist § > 0 and k € L' such that
( y

|L(t,z",v) — L(t,z,v)| < k(t)|z' — x|, Lt z(t),v) > —k(t)

for all 2’z € Z(t) + 6B, and v € Z(t) + KB a.e. t € [0,1].
THEOREM 3. Let & be a WY local minimizer for (2.1), for which J(z) < oo.
Then there exists an arc p € W' which satisfies

(i) the Euler condition: p(t) € co{n: (n,p(t)) € OL(t,z(t),z(t))} a.e.;
(i) the transversality condition: (p(0), —p(1)) € 9l(2(0), 2(1));
(iii) the Weierstrass condition: p(t)x(t) — L(t,Z(t), x(t)) > p(t)v — L(¢, Z(¢),v) for

allve R" a.e.

Remark. If L(t,x,v) is continuous in z,v, then the measurability condition in
(H2) can be replaced by the requirement that L(-,z,v) is Lebesgue measurable for
each z,v. We make use of this fact later.

Proof. Fix K > 0 and let k(-) and é be the corresponding bounds and constant
of (H3). We may of course assume that k(t) > 1 a.e. Let n > 0 be a constant such
that T is a minimizer with respect to all competing arcs which satisty ||z — Z||y11 <7
and also such that ||z — Z||y1.2 < 7 implies || — Z|| L~ < 6.

The first step of the proof is to find p € W1 which satisfies the conditions of
the theorem statement, except that (iii) is replaced by a weaker local version of the
condition:

(iii") p(t)z(t) — L(t,2(t), z(t)) > p(t)v — L(t, Z(t),v) for all v € ¥(t) + KB.
We can assume without loss of generality that (H3) has been strengthened to
(H3") |L(t,2',v)—L(t,x,v)| < k(t)|z'—x| and L(¢,z(t),v) > —k(t) for all ', € R"
and v € Z(t) + KB a.e.
This is because, if (H3') were not satisfied, we could replace it with

L(t,z,v) if |z — z(t)] <6,
L'(t,z,v) .
L(t,z(t) + 6&:7;8', v) otherwise.

The data (L', 1) satisfy (H3') (in addition to (H1) and (H2)). Z remains a W local
minimizer. If some p satisfies (i), (ii), and (iii’) for data (L’,1) at Z, it also satisfies
these same conditions for data (L,[l) because of their “local” nature. So we may
assume that (H3’) is satisfied. Define

L(t,w,v) := L(t,z(t) + w, Z(t) + v),
=1

Uz,y) :

Choose a positive sequence €¢; — 0. Define

t
Z(0) + z,z(1) + ).

W= {(§,w,v) € R" x L* x L' : |u(t)| < K ae., ||ze.o|lwra <1},
where x¢ ,(t) = € + fot v(s)ds
16, w, o)l == &l + l[kwl|Lr + (ko] L1

and, for each i,

Ji€w,0) = (e.0(0), me0(1)) + / E(t,w(t), o(t))dt + ¢ / K1) e, (8) — w(t) dt.
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LEMMA 4. For each i, (W,|| - ||x) is a complete metric space and J; is lower
semicontinuous on (W, || - ||k). There ezists a positive sequence o; — 0 such that, for
each 1, ji(070, 0) < infy ji(f,w,v) + a2

Proof. Obviously, W is a subset of the Banach space {(£,w,v) € R* x L x L' :
I(&,w,v)||x < oo} with norm || -||x. We show that it is strongly closed and, for each 4,
J; is lower semicontinuous on W. Take an arbitrary sequence &, wj,v) — (§,w,v)
in (W, |- |[x). Write z; = x¢,,,. Then x; — ¢, in Wh'. Restricting attention
to a subsequence, we have w;(t) — w(t) and v;(t) — v(t) a.e. So |v(t)] < K and
|lze vllwra < n. The limit point (§,w,v) then satisfies the conditions confirming
membership of W, so W is strongly closed. This establishes that (W, ||-||x) is complete.

Next we show that .J; is lower semicontinuous. Again take an arbitrary se-
quence (§;,w;,v;) — (§,w,v) in (W,|| - [|x). By hypothesis (H3'), the sequence
L(t,w;(t),v;(t)) + k(t)|w;(t) — w(t)| is bounded below by the integrable function
—k(t) — k(t)|w(t)|. We may therefore deduce from the lower semicontinuity of L and
Fatou’s lemma that

1 1
liminf/ L(t,wi(t),v;(t))dt = li_minf/ (L(t,w;(t),v; () + k(t)|Jw; (t) — w(t)|)dt
0 0

J—00 J—00

1
> / lim inf (L (¢, wy (8), 0 (£)) + k(O] (£) — w(t) )t
0

J—00

> /1i(t,w(t),v(t>)dt.

Since x; — x¢ , uniformly, lower semicontinuity of I gives

lim inf 1(2; (0), (1)) > I(we. (0), ze.0(1)).
j—00
It follows that
1
lim inf J;(&5, w;, v;) > liminf I(z;(0), ;(1)) + lim inf / L(t,wi(t),v;(t))dt
j—oo j—o0 i—=oo Jo
1
+ liminf [ € "k(t)]z;(t) — w;(t)?dt
]4)00 0

> T (0), ze.0(1)) + /0 Lt w(t), v(t))dt

+ /0 €,k (t)|ze o () — w(t)[?dt

= Ji(&,w,v).

We conclude that jl is lower semicontinuous.
Define

of = ji(0,0,0) - i‘l;lvf ji(f,w,v).
Since (0,0,0) € W, a? > 0. For arbitrary (£, w,v) € W,
Ji(&,w,0) = Ji(§, ¢.0,0) + /(L(taw(t)»v(t)) — L(t,xe,0(t), 0(1)))dt + € '
> J:(0,0,0) — /k(t)m,v(t) —w(t)|dt + €1

(by the minimizing properties of (0,0,0))
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Y

Ji(0,0,0) — cd + ¢ ¢?
Ji(0,0,0) + ¢ He — €d/2)? — €;d* /4
> Ji(0,0,0) — e;d%/4,

where ¢? := folk(t)|w(t) — ¢ ,(t)|?dt and d? := fo t)dt. So we have

1
0<a?< ei/ k(t)dt/4.
0

Since the right side converges to 0 as ¢ — oo, the lemma is proved ]
We have shown that for each i, (0,0,0) is an “a? minimizer” for J; over W. By
Ekeland’s variational principle there exists (&, w;, vl) € W which minimizes

Ji(fawvv) = ji(§7wvv) + oz¢||(£,w,v) - (glvwhv’b)”k
over W. Also
(&> wi, vi) |x < .
Write x; = x¢, ;. This last property implies that, for some subsequence, (w;,v;) — 0
in L' and a.e. and z; — 0 uniformly.
Since J;(0,0,0) + o ||(&, wi, vi)||g > Ji(&,ws,v;), we have
1
Ji(0,0,0) = 1(0,0) +/ L(t,0,0)dt
0

> limsup J; (&, w;, v;)

1
> limsup I(2;(0), z;(1)) + lim 1nf/ L(t,w;(t),v;(t))dt
1—00 i—oo Jo

But liminf; .. [(z;(0),2;(1)) > 1(0,0) and liminf; o folf/(t,wi(t),vi(t))dt >
fo L(t,0,0)dt. Tt follows from these relationships that

lim 1(2;(0), (1)) = 1(0,0)
and
liminf/l(i(t w;(t),vs(t)) — L(t,0,0))dt = 0.
0

11— 00

But as before we can use Fatou’s lemma to deduce that

/ 1(1i;ninfi(t,wi(t),vi(t))—i(t,o,o))dt<hm1nf / E (b wi(8), v (6)— L (£, 0,0))dt = 0.
0 1—00 0

71— 00
Since lim inf;_ oo L(t, w;(t), vi(t)) > L(t,0,0) a.e. We conclude that
lim inf L(t, w; (t), v (t )) L(t,0,0) a.e.
17— 00

We pause to sharpen this last relationship.
LEMMA 5. We may arrange by subsequence extraction that

lim L(t,w;(t),vi(t)) = L(t,0,0) a.e.

i—
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Proof. Write A;(t) := L(t,w;(t),v;(t)) — L(t,0,0) + k(t)|w;(t)|. Note that the
functions A;(t) are bounded below by an integral function ki (t) := —k(t) — L(t,0,0).
This fact is required for application of Fatou’s lemma below. Since kw; — 0 in L!
and a.e., we have from the preceding analysis that liminf; ., A;(¢t) — 0 a.e. After
extracting a subsequence we also have

1 ~

lim [ (L(t,w;(t),vi(t)) — L(t,0,0))dt = 0.

1— 00 0

This implies that fol A;(t)dt — 0 as i — oo.

We show A; — 0 in measure. This will imply that, for a subsequence, A;(t) — 0
a.e.

Suppose that it is not true; then there exist two positive numbers € and 6 and a
subsequence of {A;} such that

(10) m({t: |A;(t)] > €}) > 6,

where m is Lebesgue measure on [0,1]. Write AS = {t : A;(t) > €} and B = {t :
A;(t) < —r}. Here r is a positive number whose value will be set presently. Note that

liminf A;(t)xpr () = 0,

i—00
where x pr(t) equals 1 if ¢t € B] and 0 otherwise. We have that

1
liminf(—rm(B])) > li_minf/ Ai(t)xpr(t)dt
0

21— 00 1— 00

1
> / liminf A;(t)xpr(t)dt = 0.
0

11— 00

Hence limsup, ,., m(B}) = 0. By (10) however, m(AS) > é for i sufficiently large.
Now choose r > 0 and an integer N such that

T+ ky(t)dt < e6/2 for i > N.
We have

1
/0 A(t)dt = / A(t)ydt+ | Ai(t)dt + / Aq(t)dt

5 By {—r<Ai(t)<e}

>eb— ky(t)dt —r > eb/2 for > N.

This contradicts folAi(t)dt — 0 as i — 00. So A; — 0 in measure. It follows that
A;(t) — 0 a.e. along a subsequence. O
We can summarize the above discussion in control theoretic terms. Define

Li(t,z,w,v) == L(t,w,v) + a;k(t)|w — w; ()] + a;k(t)|v — v; ()] + € k(t)|z — wl|?,

Li(z,y) == Uz, y) + o]z — 2;(0)].
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The minimizing property of (&;, v;, w;) can be expressed as follows: ((z;, yi, i), (vi, w;))
is a minimizer for the problem

1
minimize z(1) Jr/o Li(t, z(t),w(t),v(t))dt

subject to
x(t) = v(t), 2(t) = 0,
w(t) € R™,v(t) € KB,
(2(0), 2(1), 2(1)) € epi{li}

and

Here x;(t) 1= x¢, 0, (1), vilt) == fg lvi(s)|ds, and z;(t) := I;(x;(0),z;(1)). We have
shown v;,w; — 0 in L' and a.e., x;,y; — 0 uniformly and
L(t,w;(t),vi(t)) — L(¢,0,0),

I(;(0), 2;(1)) — 1(0,0).

This is an optimal control problem to which the maximum principle in
[2, Thm. 5.2.1] is applicable, with transversality conditions refined as indicated in
[9]. We observe that the differential equation constraint has a right side which is in-
dependent of the state variable. Also, since k(t)|z;(t) —w;(t)|? is an L! function there
exist a function ¢ : [0,1] x R x R™ — R* and 1 > 0 such that (a) the cost integrand
@ — Li(t,z,v,w) is Lipschitz continuous on x;(t) + nB with rank c(t,v,w) for all
v € KB, we R" and a.e. t and (b) c(t, z;(t), v;(t), w;(t)) is integrable in accordance
with the Lipschitz continuity hypotheses which must be checked for application of
[2, Thm. 5.2.1] with modified transversality condition. We take advantage then of
the unrestrictive nature of the hypotheses under which this version of the maximum
principle applies. (The hypothesis that ¢(¢, z, v, w) = &(t) for some integrable function
¢, invoked elsewhere in the necessary conditions literature, is violated.)

Notice that because the right endpoint constraint on y is inactive at y = y; and
because of the “decoupled” structure of the cost and dynamics in y and (z, z), the
costate arc component associated with y must be zero; we therefore drop it from the
relationships. The optimality conditions tell us that there exist p; € Wbt and A\; > 0
such that

(A) =pi(t) = —2Xie; k(1) (i (t) — wi(?)), B

(B) (pi(0), =pi(1), =Ai) € Nepiiy (i(0), (1), 1i(2i(0), 2i(1))),

(C) (w,v) — pi(t)v — N\ Li(t, 2i(t), w,v) achieves its maximum at (w;(t),v;(t))
over all (w,v) € R™ x KB for almost every t,

(D) [pilloc + X = 1.

Condition (C) implies

(11) (Ps(t), pi(t)) € NOIL(t, w;(t), vi(t)) + Vi p(vi(t))] + Xk (t)(B x B).
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Fix v = v;(t), then w — p;(t)v;(t) — N\ L;(t, 2;(t), w, v;(t)) achieves its maximum at
w;(t) over all w € R™. This implies

(12) pit) € Nidw L(t, w;(t), vi(t)) + Naik(t) B.

Fix w = w;(t), then v — p;(£)v — X\ Ly (t, 2;(t), w; (), v) achieves its maximum at v;(t)
over v € K B. This implies

(13) . .

i () (v—v; (1)) < NL(t, wi(t), v) =N L(t, w;(t), v;(t)) + i k(t)lv—v; ()] Yv € KB a.e.
Since L(t,-,v) is Lipschitz with rank k(t) for all v € KB, (12) implies |p;(t)| <

2k(t). Since the p;’s are uniformly bounded (see (D)), we can arrange, by limiting

attention to a subsequence, that p; — p uniformly and p; — p weakly in L' for some
p € Whl, We can also ensure that A; — A for some A > 0 such that

(14) Pl +A=1.
(13) implies in the limit that
p(t)v < AL(t,0,v) — AL(0,0,0) a.e. for v e KB.

Observe now that A > 0, since otherwise this last relation implies p(t) = 0, which
contradicts (D). Since A > 0, (B) implies

(pi(0), —pi(1)) € N0l (2;(0), z:(1)),
and we conclude that
We next verify the Euler—Lagrange inclusion in the limit.

By Mazur’s theorem there exists for each ¢ an integer N; > ¢ and a convex
combination {Ai1,..., AN, } such that if we write

N;
qi(t) = Z Aigp; (1),

then
qi(t) — p(t) strongly in L.
Appealing to Carathéodory’s theorem, we deduce that for each ¢ and ¢ there exists

a convex combination {a;o(t),. .., (t)} and integers 0 < k() < -+ < kg (t) such
that

(1) = > i (Dpisr,, (1)
i=0

A subsequence {¢;}ies can be chosen (S denotes the index values which are
retained) such that

ai(t)>p(t) ae.
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Write A C [0, 1] for the set of full measure:

A:={t: qi(t)ip(t), |pi (1)] < 2K(t)Vi, k(t) < oo and (w;(t),v;(t)) — (0,0)}.
Fixt € A. For any j € {O, . ,n} we note that {aij (t>}¢=1727.__ and {pi"l‘k?ij(t) (t)}i=1727___
are bounded sequences. Consequently we may choose subsequences with index values

the set S’ C S such that as iioo,
@ij(t) — ay(t) and piqy,; (t) — ¢;(t) for j =0,...,n

for some convex combination {a;(t) : j =

tJ
— (0,0), Ll(t,wz(t),vz(t)) + \I/KB(UZ(t)
deduce from (11) that

(¢;(t),p(t)) € NOL(t,0,0) for j =0,...,n.

..,n} and g;(t) € R". Since (w;(t),vi(t))
L(t,0,0) and p;(t) — p(t) as ¢ — oo, we

0,.
-

It follows that
p(t) =D ajq;(t) € co{n: (n,p(t)) € NOL(t,0,0)}  ae.
j=0

These are precisely the assertions of Theorem 3, except that they are expressed in
terms of a cost multiplier A which is possibly not equal to 1 and that, in the last
condition, the inequality holds only for v € z(t) + KB.

Take K; — oo. Let p; denote the adjoint arc and \; > 0 the cost multiplier when
K = K;. We deduce from the Euler condition that the p;’s are uniformly integrably
bounded. Of course the p;’s are uniformly bounded. Now extract subsequences to
arrange that p; converges uniformly to some limit p, p; converges weakly to p, and
A; — X for some A such that ||p|lp~ + A = 1. Arguing as before, we arrive at
our earlier conclusions, but the Weierstrass condition is now satisfied globally. From
the Weierstrass condition, however, A = 0 implies p(¢) = 0, which is not possible.
So A > 0. The final touch is to scale p and A so that A = 1. The theorem is
proved. ]

3. Problems with dynamic and endpoint constraints. We now derive nec-
essary conditions for a version of (P) which allow for dynamic constraints & € F, with
possibly F' # R™, and endpoint constraints. The problem (which is labeled (Q)) is

1
minimize [(x(0), z(1)) —|—/0 L(t,z(t), z(t))dt
Q) over arcs x € W1 which satisfy
z(t) € F(t,z(t)), (x(0),z(1)) € C.

l:R"xR" — Rand L:[0,1]x R"x R" — R are given functions. F': [0,1]x R" — R"
is a given multifunction. C' C R™ x R™ is a given closed set.

Notice that in this formulation [ is everywhere finite. Endpoint constraints are
specified directly via the constraint set C' rather than implicitly in terms of the effective
domain of {.

The hypotheses which will be invoked are now listed. They involve § € (0, o)
and k; € (0,00) (for convenience we assume k; > 1) and nonnegative, measurable
functions kp and ky which satisfy

kpeL', kpelL', kpkpelL'.
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(G1) [Uz, y) =", y")| <kl (2, y) = (2", 9") [V (2, y), (2", ') € (£(0), (1)) +6(Bx B).
(G2) F(t,z) is nonempty and closed for each (¢,x). F(t,x) is measurable in ¢ for
fixed = and

F(t,2') C F(t,x) + kp(t)|2’ —z|B Vaz,2’ € Z(t) + 6B a.e.

(G3) L(t,z,v) is measurable in ¢ for fixed (z,v) and |L(¢,z,v) — L(t,2',v")] <
ko (8)](2,0) — (&', o) ¥(@, ), (o/,0) € (2(t) + 6B) x R™.

THEOREM 6. Let T be a local minimizer for (Q), for which hypotheses (G1)—(G3)
above are satisfied for some 6§ > 0. Then there exist p € Wb and A > 0, not both
zero, satisfying

(i) the Euler condition:

P(t) € cofn s (n.p(t)) € NOL(E, 2(1), #(1)) + Now(ruop(@(0), (1)} a.eu
(ii) the transversality condition:
(p(0), =p(1)) € A0I(z(0), 2(1)) + Ne(2(0), 2(1));
(iii) the Weierstrass condition:
p(H)Z(t) — AL(t, Z(t), 2(t)) > p(t)v — AL(t, Z(t),v)Vv € F(t,Z(t)) a.e.

We begin by proving the theorem under the condition L = 0. We may assume
without loss of generality that F is globally Lipschitz continuous in z (i.e., the first
condition in hypothesis (G2) is satisfied for all z,2’ € R™ x R"™.) This is because we
can derive necessary conditions for the “truncated” differential inclusion
F(t, x) if x € Z(t) + 6B,

F(t,x):= _z
(t.2) F(t@(t)—i—éxiw(tg) otherwise,

le—z(t)]
which is globally Lipschitz continuous, and the necessary conditions are the same.
We may arrange, by reducing ¢ if necessary, that Z is a minimizer with respect
to competing arcs which satisfy || — Z||y12 < 6/2.
Denote by W the subset of R™* x Wh1:

W ={(e,z) € R" x Wh1: (2(0),e) € C,%(t) € F(t,z(t)), |z — Z||lwi1 < 6/2}.
Here W is equipped with norm
(e, z)llw = le| + |z(0)] + [[#]| £+

We must show that (W, || - ||w) is complete. Consider a Cauchy sequence (e;, ;) in
(W, || - lw). Then e; — e, ;(0) — n, and #; — & in L' for some e € R, n € R,
and £ € L'. We see that z;(t) — fot £(s)ds —m = fg(xj(s) —£&(s))ds + (x;(0) — n)
tends to zero uniformly in ¢. So in fact x;(t) converges in Wh! to the absolutely
continuous function z(t) := n + fot &(s)ds. Tt follows we can identify £(¢) with @(t)
and (e,z(0)) € C since C is closed. Along a subsequence then &; — & a.e. By the
continuity of F in z, &(t) € F(t,z(t)) a.e. we see that (e,x) € W, so (W, | - ||lw) is
complete.
For each ¢ define

Li(z,y, o', y) = max{l(x,y) — 1(z(0),z(1)) + €2, |2’ — ¢/}
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Notice that ; is Lipschitz continuous with rank at most k; on §(B x B) x §(B X B).
(We use here k; > 1.)
Now consider the minimization problem

minimize {l;(z(0),e,z(1),e) : (e,x) € W}.

The functional (e,xz) — 1;(x(0),e,2(1),e) is continuous on (W,| - ||w). Notice also
that [; is nonnegative valued and

1:(2(0),2(1),2(1),2(1)) = €.

So (#(1),Z) is an “¢? minimizer.” According to Ekeland’s principle, there exists

(es, ;) € W such that

(15) 1i(i(0), €5, zi(1), €;) < 15(x(0), e, x(1), €) + €l (e, z) — (ei, i) [w
for all (e,xz) € W and
(16) (e, z:) = (2(1), Z)[lw < &
for all i. Take y; to be the constant arc
yi(t) = e;.

(16) implies that y;(1) — Z(1), x;(0) — Z(0), and also (following extraction of sub-
sequences) ©; — 2 both in L' and a.e. We have then that 2; — Z. We can arrange,
by eliminating initial terms of the sequence, that ||z; — Z||w:2 < 6/2 for all ¢; i.e.,
the state constraint ||z — Z||y1.1 < 6/2 implicit in the definition of W is nonactive
and can be disregarded since we are interested only in local minimizing properties of
(ei,x;).

Define

li(xvyaxlvy,) = li(xaya x/ay/) =+ €i|x - 'rl(o)‘ + Gi‘y - yl(0)|

(15) implies that for each i the arc (z;,y;) is a local minimizer for the variational
problem:

minimize J;(z,y) == I;(z(0), y(0), z(1),y(1)) + ei/o |2(t) — &4(t)|dt
over arcs (z,y) € W' which satisfy
(#(t),y(t)) € F(t,z(t)) x {0} a.e., (x(0),y(0)) € C.

The following lemma justifies replacing (17) by another variational problem in which
the dynamic constraint is represented by a term in the cost function (“exact penal-
ization,” cf. [2, Chap. 3]). This involves the function

(17)

p(t7 z,Y,v, ’LU) = dF(t,x)X{O} (U> ’U)) = dF(t,:b) (’U) + |’U}|
LEMMA 7. For each i, (z;,y;) is a local minimizer for
1
minimize J;(x,y) + M/ p(t,x(t),y(t), z(t), y(t))dt
0
over arcs (x,y) which satisfy ((0),y(0)) € C.

Here M is any constant satisfying M > (k; + 3)K, where K = exp(folkp (t)dt).
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Proof. Suppose that the assertions of Lemma 7 are false. Then there must exist
a sequence {(Z;,7;)} in Wh1 such that ||(Z;,9;) — (24, y:)||lwra — 0 and, for each j,
(2;(0),79;(0)) € C and
1
T 550 + M plt,55(0) 5501, 5(0), 5,0 < ().
0
Since J;(&;,9;) > 1:(£;(0),79;(0),%;(1),9;(1)) for each j and the right side of this

inequality tends to J;(z;,y;) as j — 0o, we deduce that

/0 Pt 5(8), 35 (1), 25 (1), 5, (1) )t — 0.

For sufficiently large j, the successive approximations theorem [2, Thm. 3.1.6] yields

an arc (Z;, §;) satisfying the differential inclusion and endpoint constraints of problem
(17) and for which

and
1 . . . .
(25, 95) — (Z5,95) [lwra S/ [(25(t),9;(t) — (25(2),9,(t)|dt
0

SK/O p(t’jj(t)agj(t)"%j(t)’gj(t))dt'

Since (Z;,9;) — (xi,y;) uniformly, those relationships tell us that (£;,3;) — (s, y:)
uniformly. For sufficiently large j therefore we have from the fact that (z;,y;) is a
local minimizer for (17),

Ji(zi,yi) < Ji24,95)-

Also, we can deduce from the Lipschitz continuity properties of the data that
1
T 5) < @3 35) + (4 360K [ ple. 500,550, 8500, ()
0

<T@ 5) + M / Pt 35, 55 (8), (0,5, (1))t
< Ji(xi, ;).

This contradicts the preceding inequality, and Lemma 7 is proved. ]
LEMMA 8. For any z,v € R" X R™ and t € [0, 1]

dpt,e) (V) < (1+kr(t))darir, )y (T, v).

Proof. Because F(t,-) has closed values and is assumed to be globally Lip-
schitz continuous, Gr{F(t,-)} is closed and there exists (y,w) € Gr{F(t,-)} such that
dar{r,)y(x,v) = |(z,v) — (y,w)|. By the Lipschitz continuity of F(,-), however,

dp(t,e) (V) < dpty) (V) + daaws (F (¢, 1), F(t,y))
<o —wl+kp(t)|z -yl
< (L4 kr)(z,v) = (y,w)|
< (L+kr(t))darr, )y (T,v).
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(Here dpaus(F1, F2) is the Hausdorff distance function.) This result is the desired
inequality. ]
Lemma 8 tells us that the penalty term Mfolp(t, x,y, &, y)dt satisfies

1 1
M / plt, .y, §)dt < M / (14 k) (@ &) + [9])dt
0 0

for all (x,y) € Wi, Of course, because (i;,9;) € F(t,x;) x {0},

1 1
0 0

These relationships combine with the assertions of the lemma to give the following;:
for each 4, (x;,y;) is a local minimizer for

1
minimize J;(z,y) + M/ (L + kr)darire, )y (z, @) + |y])dt
0

over arcs (x,y) € W1 which satisfy (z(0),y(0)) € C.

Our findings up to this point can be expressed as follows: for each 4, (z;,y;) is a
minimizer for

minimize J;(2(0), y(0), 2(1),y(1)) + /Olii(t7x(t)7y(t)7$b(t)7y'(t))dt
over arcs (z,y) which satisty (z(0),y(0)) € C.
Here, we recall
(2, y, 7', y) = masc{i(w, y) — [(F(0), 5(1) + &, o' = y' [} +eslo —,(0)| + [y — 9 (0,
and L; is taken to be the function
Li(t, 2, y,v,0) == €|v — @3 ()| + M (1 + kp(t))dae e, (2, 0) + Mwl.

The hypotheses under which Theorem 3 applies are satisfied, to give the following
information about the minimizer (z;,v;). (See Remark after Theorem 3.) There exist
arcs p; and ¢; such that

(AY) (Pi(t), ¢i(t)) € co{(n, &) = (n,&, pz( ) 4i(t) (t), &i(t),0)};
z;(0), +Ne(:(0), i (0)) x

t )€ OL;(t, xi(t), s
(B") (pi(0),qi(0), —pi(1), —qi(1)) € Oli( i(0), (1), 9:(1)
{(0,0)};

(C) pi(t)ai(t) > pi(t)o + qi(t)w — Li(t, ws(t), yi(t), v,w) Yv,w € R ae.
Condition (A’) implies that ¢;(t) is a constant (we write it ¢;); |¢;| < M, |p;(t)] <
M1+ kp(t)); and

pi(t) € co{n: (n,pi(t)) € {0} x &,B + M(1 + kp(t))0dar(r, )y (wi(t), :(t))}
C co{n: (n,pi(t)) € {0} x &B + Nar(r, )y (@i(t), 2:(1))}-
From (B'),
(pi(0), i, —pi(1), —q;) € Oli(2:(0),y:(0), z;(1),y:(1))
+€i(B x B) x {(0,0)} + Nc(2:(0),4:(0)) x {(0,0)}.

(1
0)

(18)

(19)
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We observe that I;(z;(0),v:(0),z;(1),y;(1)) > 0 for all 5. Otherwise it is zero for some
i which implies y;(1) = x;(1), (2;(0), (1)) € C and I(z;(0), z;(1)) < I(Z(0),Z(1)) —€3.
But then z; would satisfy the constraints of (Q) and also ||z; — Z||w:1 < §/2 and have
lower cost than Z; this contradicts the optimality properties of Z.

It is now claimed that there exist A; > 0 and e; € R™ such that A; + |e;| = 1 and

(20)  OLi(2:(0),5:(0), zi(1),5:(1)) € Xi0l(z:(0),:(0)) x {(0,0)} +{(0,0, ;, —es)}.

Fix 7. There are two cases to consider:
(i) xi(1) = y;(1). In this case l;(z,y,2',y") = l(z,y) — 1(z(0),Z(1)) + € on a
neighborhood of (z;(0), y:(0), z;(1),y:(1)), so

i (2:(0),yi(0), (1), y: (1)) = 9l(z:(0),y:(0)) x {(0,0)}.

This implies (20) with A; =1 and e; = 0.

(ii) 4(1) # y;(1). In this case the chain rule gives {(z,y) — (2 Y[}z, 1),y (1) =
(é;, —é;) for some unit vector &;. We may therefore deduce from the calculus rules con-
cerning function defined by the pointwise-maximum operation (see, e.g., [13, Thm. 6.9])
that, for some \; € [0, 1],

Oli(xi(0),5i(0), z:(1),%i(1)) € Aidl(xi(0),5:(0)) x {(0,0)} 4+ (1 = X:){(0,0,;, —€;)}.

Now set e; = (1 — \;)é;. We see that \; + |e;| = 1 and (20) is satisfied.
We may now deduce from (19) that —p;(1) = e; = ¢;, and

(21) (D) 4+ Ai =1,

(22) (pi(0), —pi(1)) € Aidl(x:(0),yi(0)) + €(B x B) + Ne(2:(0), y:(0))-
Condition (C') implies
(23) pi(t)Ei(t) > pi(t)v — €;lv — & (t)| Vv € F(t,x;(t)).

Recall that [p;(t)| < M(1+ kpr(t)) and [p;(1)] < 1. We may therefore arrange by
subsequence extraction that p; — p weakly in L' and p; — p uniformly for some arc
p. We have shown also that i; — # strongly in L! and a.e., y;(0) — #(1), and x; — ¥
uniformly. Straightforward limit-taking arguments permit us now to deduce all the
assertions of Theorem 6 from (18), (21)—(23). (Analysis of (18) in the limit is based
on the upper semicontinuous properties of the limiting normal cone and an appeal to
Carathéodory’s theorem.)

This completes the proof in the case L = 0.

Suppose now the integral term is present in the cost of (Q). We reformulate (Q)

minimize [(z(0),z(1)) + z(1)

over arcs (x, z) which satisfy
2 (#(0), 2()) € B(t (1)

(z(0),z(1)) € C, 2(0) = 0.
Here

E(t,z) :={(v,w):v € F(t,z),w > L(t,x,v)}.



74 RICHARD VINTER AND HARRY ZHENG

For reasons similar to those previously given, we may assume that the mul-
tifunctions F'(¢,-) and the functions L(t,-,-) are Lipschitz continuous on R™ and
R"™ x (z(t) + rB) with Lipschitz ranks at most kp(t) and kg (t), respectively. We
claim that

E(t,x) C E(t,2') + k(t)|]xr — 2'|B Vx,2’ € R" a.e.,

where k(t) := kp(t) + kL (t) + kp(¢)kr(t) which, under the hypotheses, is an integrable
function. To verify this take any z’, 2 € R" and (v',w’) € E(t,z’). Then v’ € F(t,z’)
and w’ > L(t,2’,v"). The Lipschitz continuity of F'(¢,-) implies the existence of some
v € F(t,z) such that [v/ —v| < kp(t)|2’ — z|. Define w := L(t,x,v) — L(t,2’,v") + w'.
Obviously, (v,w) € E(t,z). We have by the Lipschitz continuity properties of L

|w" —w| = |L(t,2',v") — L(t,x,v)| < kp(t)|(2',v") — (x,v)].
But then
(', w') = (v,0)| < (KRla’ — 2 + k(|2 —af® + kpla’ —al?))'/?
< (kp+kp +kpkp)lz' — x| = k(t)|2' — z|.

Set z(t) = fot L(s,Z(s),Z'(s))ds. Then, since T is a minimizer for (Q), (Z, 2) is
a minimizer for (24), a problem of the special kind (“L = 0”) for which necessary
conditions have already been derived. We have already checked that E(t,-) satisfies
the Lipschitz continuity hypothesis for application of Theorem 4, the other hypotheses
on the data for (24) are easily verified. From Theorem 6 we know that there exist
pe Wbl ge R, and A > 0, not all zero, such that
(A") p(t) € cofn : (,p(t), @) € Naxgm,y(2(t), 2(t), L(t, 2(t), 2(t)))},
(B”) (p(0), —p(1), 4, —q) € A[9I(2(0), (1)) x {(0,1)}] + Ne(2(0), 2(1)) x R x {0},
(C") p(t)z(t) + () p(t)o +qu  V(v,w) € E(t, z(t)).
Condition (B”) implies ¢ = —\, so in particular p and A are not both zero, and

(p(0), =p(1)) € A9I(2(0),2(1)) + Ne(2(0), 2(1)).
Now Gr{E(t,-)} = epi{(z,v) — Yarp@,)(z,v) + L(t,z,v)}. Furthermore, since

Gr{E(t,-)} is closed, the normal cone of this epigraph set at (z(t), z(t), L(t, z(t), z(t)))
is known to be contained in

{(57 70‘) ca>0,§€ aaz,vL(t7j( ) ( )) + NGr{F(t )}( (t) f(t))}
It follows therefore from (A”) that we must choose a = —g = A and
p(t) € co{n = (n,p(t)) € NOL(t, 2(t), £(t)) + Nerp(e, ) (2(1), Z(1))}-

Finally from condition (C”), since (v, L(t,Z(t),v)) € E(t,Z(t)) for any v €
F(t,z(t)), we get

p(t)z(t) — AL(t, z(t), 2(t)) > p(t)v — AL(t,Z(t),v) Vv € F(t,z(t)).

Proof of the theorem is complete. ]
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4. Autonomous problems. Consider a modification of problem (Q), in which
the dynamics and the cost integrand are independent of time, the terminal time is a
choice variable, and the terminal time, together with the end states, are constrained
to lie in a specified set:

T
minimize [(z(0), z(T),T) +/ L(x(t),2(t))dt
0
over terminal times 7 > 0 and arcs x € W! satisfying
i(t) € F@(®), (2(0),(T),T) € D,

The data here are functions [ : R" x R" x R — R, L : R" x R" — R, a multifunction
F:R"=R", and a closed set D C R" x R" x R.

A pair (T,7) is said to be a local minimizer for the free time problem with
autonomous dynamics if there exists e > 0 such that it is minimizing over all (T, z)’s
such that

(25) Gr{z} C Gr{z} + €B.

Necessary conditions are now derived with the help of transformation of the in-
dependent variable techniques previously used, for example, in [2, p. 151 et seq.].

THEOREM 9. Let (T, Z) be a local minimizer for the free time problem with au-
tonomous dynamics, with T > 0. Assume that for some 6 € (0,00) and some nonneg-
ative measurable functions kr and kr such that kp € L', kp € L', and kpky € L',
we have the following:

(GF1) 1 is Lipschitz continuous on a neighborhood of (Z(0),z(T),T).

(GF2) F(x) is nonempty and closed for each x,

F(z') C F(z) + kp(t)|z' — z|B Vz,2’ € Z(t) + 6B a.e.

(GF3) |L(z,v)=L(z",v")| < kp(t)|(z,v)— (2", 0")V(z,v), (2, v') € (2(t)+0)x R".
Then there exist p € W11([0,T]; R*) and A > 0, not both zero, such that

p(t) € co{n : (n,p(t)) € NOL(2(t), 2(t)) + Naxr()y (Z(t), Z(1))},
p(H)a(t) — AL((t), 2(t)) = p(t)v — AL(Z(t), v)Vv € F(2(t)),

p(t)Z(t) — AL(Z(t),z(t)) = h  a.e. for some constant h, and
(p(0), —p(1), h) € AL(z(0), Z(T), T) + Np(2(0), (T), T).

Proof. We deal first with the case L = 0. Consider the fixed time problem:

minimize I(z(0), z(T), y(T))
subject to

(&(t),9(t) € F(x(1))
(2(0),2(T),y(T)) € D,y(0) =0

in which F(z) := {(aw,a) : @ € [0.5,1.5],v € F(z)}.
Take any €' > 0 and any feasible arc (z, y) for this problem satisfying |(z(s), y(s))—
(Z(s),y(s) = s)| < € for all s € [0,T]. Then there exist measurable function « :
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[0,7] — [0.5,1.5] and an integrable function ¢(s) such that i(s) = a(s)¢(s), ¢(s) €
F(z(s)), and y(s) = a(s) a.e. Now consider the strictly increasing function 6(s) =
IN (J )do. We can use this to define a change of variables ¢t = 0(s). Write Z(t) =
z(071(t)),0 < t < T, where T = §(T). We can show, with the help of Fabini’s
theorem, that 7 is absolutely continuous, Z(t) = ¢(0~'(t)) € F(Z(t)) a.e. We note
also that

(#(0),#(T), T) = (x(0), z(T), y(T)).

Hence [(£(0),#(T),T) = 1(x(0),2(T),y(T)), and (£(0),#(T),T) € D. We see that
(T, %) is feasible for the original free time problem and has the same cost as that of
(z,y) for the fixed time problem. It is also the case that we can arrange, by choosing
¢’ sufficiently small that Gr{z} C Gr{z} + eB, where € is the parameter in (25)
associated with (T',Z) as local minimizer. Since (Z(s),7(s) = s) is feasible for the
fixed time problem and has cost I(Z(0),Z(T),T) we conclude that (Z,7) is a local
minimizer. The hypotheses are satisfied under which Theorem 6 is available to give
information about the local minimizer (Z,%): there exist p € Wt ¢ € R, and X > 0,
not all zero, such that

p(s) € co{n : (n,p(s),q) € Ng,jy (2(s), 2(s), 1)},
(p(0), =p(T), —q) € MU(2(0),2(T),T) + Np(z(0), z(T),T),
p(s)Z(s) + ¢ > (p(s)v + @)a Ve €[0.5,1.5],v € F(z(s)).
This last relation tells us that
—q=p(s)i(s) ae. se€l0,T],
p(s)z(s) = p(s)v Vv € F(z(s)).

To analyze the implications of the costate equation above, note that neighboring
points to (Z(s), z(s), 1) in the graph of F can be expressed as (2/,/v',a’) for some
z' v, o close to (Z(s), Z(s), 1) and that, if (1//,p’, ¢') is a proximate normal to Gr{F'}
for some such (z/,a/v’, ), then

0 (x—2')+p'lav — V) + ¢ (a—a) < M(|(z,av,a) — (2, v, o) ?)

for all x € R", v € F(x), and « near (2/,v’,a/). Setting a = o', we deduce from
the inequality that (', a'p’) € Ngrr(2’,v"). The usual limit-taking procedure now
permits us to deduce from (1, p(s), q) € Ng, (7 (Z(s), z(s),1) that

(n,p(s)) € Nargry (Z(s), 2(s)).

Assembling all the above relationships and defining h = —¢ we arrive at the theorem
statement. (Note that ¢ = 0 if p = 0, so that p and A cannot both be zero.)

To conclude, we allow an integral cost term. The free time problem is reformu-
lated as an integral cost free problem by state augmentation (the dynamics remain
autonomous). The desired necessary conditions for the original problem are now ob-
tained by applying the special case of the necessary conditions (already proved) to the
“augmented” problem. (The arguments required to show that the relevant hypothe-
ses are satisfied for application of the special case of the necessary conditions are in
essential respects the same as those appearing in the proof of Theorem 6.) ]
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LOW-GAIN CONTROL OF UNCERTAIN REGULAR LINEAR
SYSTEMS*

HARTMUT LOGEMANNT AND STUART TOWNLEY#

Abstract. It is well known that closing the loop around an exponentially stable, finite-dimen-
sional, linear, time-invariant plant with square transfer-function matrix G(s) compensated by a
controller of the form (k/s)I'g, where k € R and I'g € R™*™ will result in an exponentially stable
closed-loop system which achieves tracking of arbitrary constant reference signals, provided that (i)
all the eigenvalues of G(0)I'g have positive real parts and (ii) the gain parameter k is positive and
sufficiently small.

In this paper we consider a rather general class of infinite-dimensional linear systems, called
regular systems, for which convenient representations are known to exist, both in time and in fre-
quency domain. The purpose of the paper is twofold: (i) we extend the above result to the class of
exponentially stable regular systems and (ii) we show how the parameters k and I'g can be tuned
adaptively. The resulting adaptive tracking controllers are not based on system identification or
parameter estimation algorithms, nor is the injection of probing signals required.

Key words. regular infinite-dimensional systems, integral controllability, robust tracking, adap-
tive tracking, state-space methods, frequency-domain methods

AMS subject classifications. 93C20, 93C25, 93C40, 93D09, 93D15, 93D21, 93D25

PII. S0363012994275920

1. Introduction. The synthesis of low-gain I and PI-controllers for uncertain
stable plants has received considerable attention in the past 20 years. Let G be a
stable proper rational transfer function matrix. The main existence result on robust
low-gain I-control says that for any matrix I'g satisfying

(1.1) spectrum(G(0)Iy) C {s € C|Res > 0},

there exists k* > 0 such that for all £ € (0,k*) the controller (1/s)kI'y stabilizes
G and the resulting closed-loop system asymptotically tracks arbitrary constant ref-
erence signals. This result has been proved by Davison [4]! and Lunze [18] using
state-space methods and by Grosdidier, Morari, and Holt [5] and Morari [25] using
frequency-domain methods (see also the book by Lunze [20, Chapter 10], and the text-
book by Morari and Zafiriou [26, p. 362]). There are consequently two parts to the
design of low-gain tracking controllers: choosing I'g and tuning k. Such a controller
design approach, called “tuning regulator theory” [4], has been successfully applied
to industrial control problems; see Coppus, Sha, and Wood [2] and Lunze [19].

In the case that G is square, G~1(0) would be a natural choice for Ty, but in
the presence of uncertainty, G(0) might not be known exactly. However, an estimate
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'In [4] the result is proven for the special choice Tg = G~1(0). However, an inspection of the
Lyapunov argument in the proof of lemma 3 in [4] shows that it can be easily extended to the more
general case when I'g satisfies (1.1) (simply replace the identity I in equation (28) in [4] by N, where
N is the positive definite solution of the Lyapunov equation (G(0)T'9)T N + N(G(0)[g) = —1I).
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Go of G(0) can be obtained, in principle, by performing step response experiments
on the plant. In this case the matrix I'g is then chosen such that (1.1) holds with
G(0) replaced by Gp. Although Mustafa [28] has recently derived a formula for the
maximal k* in terms of a minimal realization (A, B,C, D) of G, in the presence of
uncertainty there are only crude methods available for determining a number £* > 0
such that all gain parameters k € (0, k*) will lead to a stable closed-loop system; see,
e.g., Lunze [18] and Owens and Chotai [29]. Methods for tuning I'y and k& by means
of experiments and simulation have been developed and discussed in many places; we
mention only [4], [18], [20], [29], and the paper by Penttinen and Koivo [31].

The above-mentioned tuning regulator result has been extended by Pohjolainen
[32], [33], Pohjolainen and Léatti [34], Logemann and Owens [15] and Logemann,
Bontsema, and Owens [11] to various classes of (abstract) infinite-dimensional sys-
tems and by Koivo and Pohjolainen [9] and Jussila and Koivo [8] to differential delay
systems.

If the plant uncertainty is large and/or if reliable plant step data are not available,
then the parameters k£ and 'y need to be tuned adaptively. It turns out that, once
the tuning problem for k is solved, the tuning of Iy can be achieved by applying the
spectrum unmixing techniques used in multivariable high-gain adaptive stabilization,
Martensson [21], [22]. Low-gain universal adaptive controllers which achieve asymp-
totic tracking of constant reference signals for finite-dimensional linear stable plants
have been presented by Cook [1] and Miller and Davison [23], [24].? By “universal”
we mean that the controllers are not based on system identification or parameter
estimation algorithms. The controller given in [1] is smooth, while the control laws
derived in [23], [24] are “piecewise constant.” The controller given in [24] satisfies a
control input constraint.

In this paper we consider the problem of low-gain I-control for the class of expo-
nentially stable, linear, regular infinite-dimensional systems introduced and studied
by Weiss; see [44], [45], [46], [47], [48], [49]. This class is rather general and in-
cludes all distributed parameter systems and all time-delay systems (retarded and
neutral) which are of interest in applications. In particular, it includes the classes of
infinite-dimensional systems considered in the references [8], [9], [15], [11], [32], [33],
[34] mentioned earlier and the well-known class of Pritchard-Salamon systems; see
Pritchard and Salamon [35], [36] and Curtain et al. [3]. Although there exist well-
posed infinite-dimensional systems which are not regular, the authors believe that any
physically motivated well-posed linear time-invariant control system is regular.

In section 2 we provide the necessary background on regular systems which will
be needed in sections 3—-5. With one exception, all the results in section 2 are due to
Weiss [44], [45], [46], [47], [48], [49], the exception being a nonlinear existence result
which is required for adaptive low-gain control. The proof of this result is relegated
to an appendix.

Section 3 is devoted to nonadaptive low-gain control of regular systems. We first
prove a frequency-domain result on the existence of low-gain tuning regulators of the
form (1/s)kI for all square transfer function matrices G which are holomorphic and
bounded on some right-half plane Res > « for some a@ = a(G) < 0 and satisfy
det G(0) # 0. This result is then applied to regular state-space systems, and it is
shown that for all sufficiently small k the closed-loop system will achieve asymptotic

2Surprisingly, the low-gain adaptive tracking problem has received less attention than its high-
gain counterpart; see Ilchmann [7], Logemann and Ilchmann [12], Ryan [38], and the references
therein.
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tracking of constant reference signals, provided that the initial state of the open-loop
system is sufficiently “smooth.”

In sections 4 and 5 we consider the adaptive low-gain tracking problem for regular
infinite-dimensional systems. While the problem of universal adaptive stabilization
for infinite-dimensional systems has received some attention in recent years (see Lo-
gemann [10], Logemann and Martensson [13], Logemann and Owens [14], Logemann
and Zwart [17], and Townley [41]), very little work has been done on adaptive track-
ing (see, however, the paper by Logemann and Ilchmann [12] on a high-gain adaptive
servomechanism for a class of infinite-dimensional systems). In particular, it seems
that so far no research has been carried out on the adaptive low-gain control prob-
lem in an infinite-dimensional setting. We mention that the main result in Cook [1]
(at least as we understand it) relies on the Kalman—Yakubovich lemma. A straight-
forward extension of the approach in [1] to regular infinite-dimensional systems is
not possible, since the existence of an appropriate infinite-dimensional version of the
Kalman—Yakubovich lemma is a difficult open problem. The (discontinuous) piece-
wise constant controllers presented in Miller and Davison [23], [24] seem unnecessarily
complicated and would not generalize to the infinite-dimensional case either. Section
4 is restricted to the case when the steady-state gain matrix G(0) is sign definite; i.e.,
G(0) is either positive or negative definite. We first give an alternative proof of the
finite-dimensional result obtained by Cook [1]. Our proof illustrates certain special
system theoretic properties of the low-gain problem, properties which can even be
exploited in the infinite-dimensional case. The basic idea in [1] is to set the integrator
gain k equal to K(vy), where K is a function, the so-called tuning function, and ~
is a parameter which is adjusted by a suitable adaptation law. The class of tuning
functions K given in [1] exploits the low-gain nature of the problem in the sense that
K(y) — 0 as ¥ — oo. We then prove the main result in section 4, a low-gain adaptive
tuning regulator result for infinite-dimensional regular systems. The choice of tuning
functions is more constrained than in the finite-dimensional case, although we can
still work with functions KC satisfying that KC(v) — 0 as 7 — oo. In the sign-indefinite
case, which is treated in section 5, we have to resort to tuning functions which oscillate
smoothly between 0 and an arbitary positive number.

We illustrate our results by a number of examples and simulations in section 6.

Notation.
e Fora € Rset C, :={se€ C|Res>a}.
e For a € R and H a Hilbert space we define the exponentially weighted L>2-
space L2(Ry, H) == {f € L&, (Ry, H) | /(-) exp(—a-) € L*(Ry, H)}.
e If A is a linear operator, then the domain, spectrum, and resolvent set of A
are denoted by D(A), o(A), and p(A), respectively.

e The Laplace transform is denoted by L.

2. Preliminaries on abstract linear systems. In this section we give some
background on abstract linear systems. Apart from Proposition 2.4 almost all the
results are due to Weiss [44], [45], [46], [47], [48], [49].

First we introduce some notation. For any Hilbert space H and any 7 > 0, R, and
L., will denote the right-shift by 7 and the left-shift by 7 on L? (R, H), respectively.

loc

The truncation operator P, : L? (Ri, H) — L*(R,, H) is given by
u(t) if tel0,7],
0 it t>7.

(Pru) (t) = {
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For u,v € L} (R4, H) and 7 > 0, the 7-concatenation u <y v is defined by

loc
-
uOv=Pu+R,v.

The following concept was introduced by Weiss [46]. An equivalent definition can be
found in Salamon [39].

DEFINITION 2.1. Let U, X, and Y be real Hilbert spaces. An abstract linear
system with state-space X, input-space U, and output-space Y is a quadruple 3 =
(T,®,¥,F), where

(i) T = (Tt)i>0 is a Co-semigroup of bounded linear operators on X ;

(ii) ® = (®y)i>0 is a family of bounded linear operators from L?*(Ry,U) to X
such that

<I)T+t(u <> U) = Tt(I’TU + @t’U

for all u,v € L*(Ry,U) and all 7, > 0;
(ili) O = (¥y)i>0 is a family of bounded linear operators from X to L*(R;,Y)
such that

‘I"H»tmo = ‘IIT:L'O <> ‘I’tTTxO

for all xg € X and all 7,t > 0, and ¥y = 0;
(iv) F = (Fi)i>0 is a family of bounded linear operators from L*(Ry,U) to
L?(R.,Y) such that

FT+t(u <> 'U) =F,u <> (‘I’t¢‘ru + Ftv) ’

u,v € L2(Ry,U) and all 7,t > 0, and Fy = 0.
It follows easily from the definition that 3 = 0 and that for any 7 > 0, g € X,
and u € L} (R4, U)

(Pr20)(t) = (Fru)(t) =0 forae. t>r7.

Let an input u € L} (Ry,U) and an initial state g € X be given. The state
x(t) = z(t; xo, u) of 3 at time ¢ > 0 and the output y(-) = y(-; x0,u) of 3 are defined
by

(21&) l’(t) = TtSCO + <I>tPtu,
(21b) Pty = ‘I’tCC() + FtPtu .

The state trajectory z(-) is continuous from R, — X, and the output y(-) is in
L? (R4,Y). Furthermore, if t > 7 > 0, then the functions z(-) and y(-) defined by
(2.1) satisfy

(2.2a) x(t) = Ti—rax(7) + ¥4 L. Psu,
(2.2b) L. Pyy=%;_,2(r)+ F;_,L.Pu.

The equations (2.2) express the time-invariance of . They follow in a straightforward
way from Definition 2.1. We say that 3 is exponentially stable if the semigroup T is
exponentially stable, i.e.,

1
w(T) := tlirgo : log |T¢|| < 0.
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It is clear that there exist unique operators ¥, : X — L% (R;,Y) and Fo :
L} (R, U) — L? (R4,Y) such that for all 7 > 0

loc
v,-P, 0., F.—P,F..

The generator of T is denoted by A. Let X; be the space D(A) endowed with
the graph norm, and let X_; be the completion of X with respect to the norm
llz||-1 = ||[(M — A)~Hz||, where A € o(A) is fixed. We have X; C X C X_; and the
canonical injections are bounded and dense. The semigroup T can be restricted to a
Co-semigroup on X; and extended to a Cp-semigroup on X_;. The exponential growth
constant is the same on all three spaces. The generator on X7 is the restriction of A to
D(A?), and the generator on X_; is an extension of A to X (which is bounded as an
operator from X to X_1). We shall use the same symbols for the original semigroup
and its generator and the corresponding restrictions and extensions.

By a representation theorem due to Salamon [39] (see also Weiss [44], [45]) there
exist unique operators B € L(U, X_1) and C € L£(X1,Y) (the control operator and the
observation operator of 3, respectively) such that for all ¢ > 0, all u € LZQOC(R+, U),
and all g € X3

¢
@tPtu:/ Ti_¢Bu(§)dé and (Pooxo)(t) = CTiao .
0

B is called bounded if B € L(U, X) (and unbounded otherwise), whereas C' is called
bounded if it can be extended continuously to X (and unbounded otherwise).
The Lebesgue extension of C' was introduced in [45] and is defined by

1 t
CLJ)O = tllH(l) C; / Tg.L“o df 5
- 0

where D(CL) is equal to the set of all those 2y € X for which the above limit exists.
Clearly X; € D(CL) C X, and for any 2y € X we have that Tixg € D(C,) for almost
every t > 0. Furthermore,

(Poomo)(t) = CL Ty forae. t>0.

Let €2 be a subset of C. A function H: Q — L(U,Y) is called well posed if there
exists a € R such that C, C Q and H is holomorphic and bounded on C,. It can be
shown (see Weiss [47]) that if & > w(T) and if u € L2 (R, U), then Foou € L2(R,,Y)
and there exists a unique well-posed function G : C,,(ry — L(U,Y) such that

G(s)(Lu)(s) = [L(Fou)l(s) VseC,.

In particular, G is holomorphic on C,, (1) and bounded on C,, for all o > w(T). The
function G is called the transfer function of 3. Conversely, due to a result by Salamon
[39], any well-posed function can be realized by an abstract linear system in the sense
of Definition 2.1.

The following lemma will be needed in section 3. Certainly, it should be well
known. However, since we could not find it in the literature, we include the proof.

LEMMA 2.2. Suppose that ¥ = (T, ®, ¥, F) is exponentially stable. For any
zo € X and any u € L*(R4,U), the functions z(-) and y(-) defined by (2.1) satisfy

$€L2(R+7X), yELZ(RJraY)'
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Proof. Since x(t) = Tixo + fot Ti_¢Bu(§) d§, it follows from the exponential
stability of T that z € L?(R,, X) if and only if the function 7 : ¢ — fg T;_¢Bu(€) d¢ is
in L2(Ry, X). Let H?(Cy, X) denote the usual Hardy space of holomorphic functions
defined on Cy with values in X. Appealing to the Paley—Wiener theorem, it follows
that 7 € L*(Ry, X) if we can show that Lz € H?(Coy, X). To this end set wy := w(T)
and recall from [48] that for any w > wq there exists M,, > 0 such that

M,
vVRes —w

(In particular, (sI —A)™'B € L(U, X) for all s € C,.) Moreover, it is routine to show
that the function

(2:3) (s = A7 Bllew,x) < VseC,.

Cuy — L(UY), s+ (sI—A)'B
is holomorphic. Finally, the Laplace transform of z is given by
(2.4) (Lz)(s) = (sI — A)"'B(Lu)(s) Vs€C,,,

and by hypothesis, wy < 0 and Lu € H?(Cy, X). Therefore, combining (2.3) and (2.4)
we obtain that Lz € H?(Cq, X).
In order to prove that y € L2(R,,Y), write y in the form

y=Yxo+ Fu.

Using the remarks preceding the lemma, it follows from the hypothesis that Fu €
L?(R.,Y). It remains to show that ¥, x¢ € L?>(R,,Y). By the exponential stability
of T it follows in a straightforward way from condition (iii) in Definition 2.1 that
there exists a constant v > 0 such that

¥ zol[L2®,,y) < Yllzoll VT =0 Vay e X.
Hence
[P ®zoll2,,v) = [¥r2oll2®y,y) < Vllwoll V7 >0, Voo € X,
which implies that ¥z € L*(R.,Y). O

3 and its transfer function G are called regular if for any v € U the limit

lim RG(s)u = Du

5§—00, SE

exists. It follows from the principle of uniform boundedness that D € L(U,Y). The
operator D is called the feedthrough operator of X. If 3 is regular, then for any
zo € X and u € L} (R, U), the functions z(-) and y(-), defined by (2.1), satisfy the
equations

(2.52) #(t) = Az(t) + Bul(t),
(2.5b) y(t) = CrLa(t) + Du(t)

for a.e. ¢ > 0 (in particular z(¢t) € D(Cp) for a.e. t > 0). The derivative on the
left-hand side of (2.5a) has of course to be understood in X_;. Moreover, as has been
shown in [47], if ¥ is regular, then (sI — A)~"*BU C D(Cp) for all s € g(A) and the
transfer function G can be expressed in the following way:

G(s)=CrL(sI—A)'B+D VseCym,
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Y
™
Y

Fia. 2.1. Static output feedback.

which is familiar from finite-dimensional systems theory. The operators A, B, C, and
D are called the generating operators of X.

Finally, we review some of the results on static output feedback for abstract linear
systems which have been recently obtained by Weiss [49]. Consider the feedback
system shown in Figure 2.1.

An operator K € L(Y,U) is called an admissible feedback operator for X if
I + KG has a well-posed inverse, i.e., if there exists a well-posed transfer function J
such that

J()I+KG(s) = (I + KG(s)I(s) =1 VseCq

for some o € R. It is easy to see that [ + K'G has a well-posed inverse if and only if
I+ GK has. If X is regular and if K € £(Y,U) is an admissible feedback operator
for 33, then I + DK (and hence also I + K D) is left invertible. In particular, if U or
Y is finite-dimensional, then I + DK (and hence also I + K D) is invertible.

The next result shows that if K is an admissible feedback operator for X, then
there exists a unique abstract linear system 3% representing the feedback system
shown in Figure 2.1.

THEOREM 2.3. Let ¥ = (T, ®, ¥, F) be an abstract linear system, let G denote
its transfer function and let K € L(Y,U) be an admissible feedback operator for 3.
Then the following statements are true:

(i) There exists a unique abstract linear system LK = (TK &K WK FK) sych
that, when we denote

T &K
E'r _ TT QT , EK _ T T

(t > 0), we have

0 0
0 K

0

K _ —
LS > 27( 0

(2.6)

)25 and 27_25+2§( IO{>ET V7 >0.

The transfer function GX of XX is given by GX = G(I + KG)~!. Moreover, L €
L(Y,U) is an admissible feedback operator for X if and only if K+ L is an admissible
feedback operator for 3. If this is the case, then

(2.7) (=)L = oiHE
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(ii) Under the extra assumptions that X is reqular and that I + DK is invertible,
it follows that XX is regular, and the generating operators A%, BEX, CK and DX of
K are given by

AKX = A—-BK(I+DK)'C,, C¥ =(I+ DK)™'Cp, B =B(I+ KD)™*',
and DX =(I+DK)™'D,

where D(AX) ={z € D(CL)|(A— BK(I + DK)™'Cp)r € X}.
For zp € X and u € L} (R, U) define the functions z(-) and y(-) by (2.1). The

loc
second equation in (2.6) then implies for ¢t > 0

(2.8a) z(t) = TEzo + ®5P,(Ky + ),
(2.8b) Py =9 2+ FFP(Ky+u).
Moreover, for t > 7 > 0 we have that

(2.9) w(t) = TiL a(r) + @ L, Py(Ky + u),
(2.9b) L, Py =9E o(r)+FE L, P,(Ky+u).

The above formulas (2.8) and (2.9) will turn out to be very useful in sections 4 and 5.
Finally, consider the nonlinear system given by

(2.10a) () = @), k(0) = ko €R,
(2.10D) w(t) = K(y(6)(t), >0,

where v € L? (R4,R™) is the input and w denotes the output. The function K :
R — R is assumed to be locally Lipschitz.

For sections 4 and 5 we need a well-posedness result for the feedback intercon-
nection of ¥ and (2.10). More precisely, consider the feedback system given by (2.1),

(2.10), and the interconnection equations
v=y, u=-w

(where, of course, we assume that U = Y = R™). The closed-loop equations for y
and v then take the following form:

(2.11a) y(t) = (Wooo) (t) — (FocK(7)y)(t) ,

(2.11b) A(t) = 0 + / (€)1 de .

Let 7 € (0,00]. A function (y,7) : [0,7) — R™ x R is called a solution of (2.11) on
[0,7) if

(i) (y,7v) € L3([0,7"],R™) x AC([0,7'],R) for all 7’ € [0,7), where AC([0,7'],R)
denotes the real-valued absolutely continuous functions defined on [0, 7/].

(ii) (y,7) satisfies (2.11) almost everywhere on [0, 7).

If (2.11) has a solution (y,~) on [0, 7), then the corresponding state trajectory of
3 is given by

z(t) = Tyxo — ®(PL(v)y) Vtel0,7).
PROPOSITION 2.4. Suppose thatU =Y = R™ and that L~'G € L}, (R, R™*™).

loc
Then for any (xo,7v0) € X X R there exists a mazimal solution of (2.11). To be more
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F1G. 3.1. Closed-loop system F(G,K).

precise, there exists T, € (0,00] such that (2.11) has a unique solution (Ymaz, Ymaz)
on [0, Tmaz ), and moreover

Tmax

Tmaz < 00 —> / ||ym(w(t)||2 dt =00 .
0

The proof of Proposition 2.4 is given in the appendix.

3. Nonadaptive low-gain control. For a« € R let M, denote the field of
all meromorphic functions defined on C,. The algebra of all bounded holomorphic
functions defined on C,, will be denoted by HZ°. The symbol H2 stands for the vector
space of all holomorphic functions f : Co — C such that sup,s,, [ [f(§+w)[* dw <
o0. Moreover, we define

M_ = UMQ, H> = UHSO, H? = UHO%
a<0 a<0 a<0
Let G € M™™ and K € M™*™ be square transfer-function matrices, and consider
the feedback system shown in Figure 3.1, which will be denoted by F(G,K). We
shall call the feedback system F(G, K) input-output stable if every transfer function
u; +— y; that occurs around the loop has all its entries in H>°. More precisely, we
make the following definition.
DEFINITION 3.1. Let G € M™*™ and K € M™ ™. The feedback system
F(G,K) is called input-output stable if det(I + G(s)K(s)) #Z 0 and

K(I+GK)"! -KG(I+KG)™!

F(G.K) = < GK(I + GK)™! G(I+KG)™!

> c H® 2mx2m .

We say that K stabilizes G if F(G,K) is input-output stable.

Note that the above concept of input-output stability is stronger than L2-stability,
which is equivalent to F(G,K) € H® 2™*?m_ However, Definition 3.1 has the advan-
tage that it guarantees the analyticity of the closed-loop transfer function on C, for
some a < 0, a property which will be needed in the following.

Remark 3.2. (i) It is trivial that K stabilizes G if and only if G stabilizes K.

(ii) Let Q(H®) denote the quotient field of H*®, ie., Q(H>®) = {n/d|n,d €
H> d(s) £ 0}. If F(G,K) is input-output stable, then G € Q(H>)"™*™ and
K € Q(H>)mxm,

(iii) If G € H>*™*™ then F(G, K) is input-output stable if and only if det(I +
G(5)K(s)) £ 0 and K(I + GK) ™! is in H>™*™,
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(iv) A left coprime factorization of G over H* is a pair (D,N) € H> ™*™ x
H> ™*™ guch that det D # 0, G = D™!N and there exist X, Y € H>® ™X™ gatisfying
DX+NY = I. Right coprime factorizations over H> are defined in an analogous way.
It follows from Smith [40] that G and K admit left and right coprime factorizations
over H® if F(G,K) is input-output stable.

PROPOSITION 3.3. Let G € M™*™ and K € M™*™. If K stabilizes G and if

Reli’riloo K(S) =0 ’
then G is well posed.

Proof. By Remark 3.2 (ii) we have that G, K € Q(H®°)™*™ and hence, by
Remark 3.2 (iv), there exists a right coprime factorization (Ng,Dg) of G over H>
and a left coprime factorization (Dk,Ng) of K over H*. By a standard result
in fractional representation theory (cf. Vidyasagar, Schneider, and Francis [42]) the
input-output stability of the closed-loop system is equivalent to

(3.1) i%fl | det[Nk(s)Ng(s) + Dk (s)Dg(s)]] > 0.

seCg
Seeking a contradiction, suppose that G is not well posed. Then there exists a se-
quence (s, )nen C C& with lim,, o Re s, = 0o and such that lim,, . |G(s,)| = oco.
As a consequence

(3.2) lim det Dg(s,) =0.

n—oo

On the other hand lim,,_, K(s,) = 0, and hence

(3.3) lim Nk(s,)=0.

n—oo

Combining (3.2) and (3.3) shows that

nlg)go det[Nk (s,)Na(sn) + Dk (sn)Da(sn)] =0,
contradicting (3.1). o
Since in this paper we will be mainly concerned with controllers of the form
K(s) = (1/s)T', where I' € R™*™ the following definition will turn out to be useful.
DEFINITION 3.4. A transfer function matriz G € M™*™ is called integral stabi-
lizable if there exists T € R™*™ such that the controller K(s) = (1/s)T" stabilizes G.
If the extra condition

(3.4) [GK(I +GK) '(0) =1

1s satisfied, then G is called integral controllable.

A controller of the form (1/s)T" is called an integrator. It is a trivial consequence
of Proposition 3.3 that if a transfer-function matrix in M™*™ is integral stabilizable,
then necessarily it is well posed.

In the following let 8(-) denote the Heaviside step function, i.e.,

1 if ¢t>0,
o(t) = .
0 if t<0,

As usual, convolution will be denoted by x. The next result shows that condition
(3.4) is closely related to the asymptotic tracking of constant reference signals.
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PROPOSITION 3.5. Suppose that G € M™*™ s integral stabilizable, and let
K(s) = (1/s)L, where I' € R™*™  be a stabilizing integrator. Then

lim [L™Y(GK(I + GK) ™) % 0r](t) = r

t—o00

for all r € R™ if and only if (3.4) holds.

For the proof of the above proposition we need the following lemma, which is a
special case of the main result in Mossaheb [27].

LEMMA 3.6. Suppose that h is a holomorphic function defined on C,, such that the
function s — sh(s) is in H°. Then there exists a measurable function f : Ry — C

with f(-)exp(—3-) € LY (R4, C) for all B > a and such that
(Lf)(s)=h(s) VseC,.
Proof of Proposition 3.5. By assumption we have that
H:=(I+GK) 'G=G(I+KG) e pgxemm,
and hence
s[GK(I + GK)'|(s) = s[(I + GK)'GK](s) = H(s)[' € H> ™*™
Thus, by Lemma 3.6
L7'GK(I + GK)™ '] € LY(R,,C™* ™).

Therefore

lim [L™Y(GK(I + GK)™ ) x0r](t) = lim (/Ot[]L‘l(GK(I +GK) h)](1) dT) r

t—oo t—o0

= [GK(I + GK) ! (0)r,

which yields the claim. ]

The next result gives a necessary condition for integral controllability. It shows
that an integral controllable transfer function does not have any transmission zeros
at 0.

PROPOSITION 3.7. Suppose that G € M™*™ is integral controllable. Then there
exists a left coprime factorization (D,N) of G over H>®, and the numerator N in
any such factorization satisfies

det N(0) # 0.

Proof. 1t follows from Remark 3.2 (iv) that there exists a left coprime factorization
(D,N) of G over H®. Let I' € R™*™ be such that K(s) = (1/s)I" stabilizes G and
(3.4) is satisfied. Define

H:=GK(I+GK)™', A:=Ilm[K({+GK) ().

S—

Then DH = NK(I + GK)~!. Moreover, letting s — 0 and using (3.4) yield D(0) =
N(0)A. Since D and N are left coprime over H>, it follows that

rank N(0)(A, I) = rank [D(0), N(0)] = m.

Therefore rank N(0) = m, and hence det N(0) # 0. O
The following theorem is the main input-output result of this section.
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THEOREM 3.8. Suppose that G € H>®™*™ and that G(0) is real. Then G is
integral controllable if and only if

(3.5) det G(0) #0.
If (3.5) holds, then there exists I'o € R™*™ such that
(36) U(G(O)FQ) c Cy s

and for any Ty € R™*™ satisfying (3.6), there exists k* > 0 such that for all k €
(0,k7)

(3.7) F(G,K}) € H®?m2m  and  [GK(I + GK) 1(0) =1,

where Ky, (s) := (1/s)kTy. Moreover, setting Ey(s) = (1/s)(I + GKy)~1(s), we have
that By, € H2 ™™ for all k € (0,k*).

The result shows in particular that there exist low-gain integral controllers which
achieve stability and asymptotic tracking of constant reference signals. Since for
constant reference signals r0(t), the error signal e(t) of the feedback system is given
by (Le)(s) = Eg(s)r, it follows from the last statement of Theorem 3.8 via the Paley—
Wiener theorem that e € L?(R4,R™) for all k € (0,k*). In order to apply Theorem
3.8, we have to know only that the plant is stable and that (3.5) holds. Estimates of
Go of G(0) can be obtained from step response data. An obvious choice for the gain
matrix I'g is 'y = Gal. Once a Ty satisfying (3.6) has been found, the solution of the
tracking problem reduces to the tuning of the gain parameter k.

Proof of Theorem 3.8. The necessity of (3.5) for integral controllability follows
from Proposition 3.7 and from the hypothesis that G € H> ™*"_ In order to prove
sufficiency, define T'g := G~1(0). Then, trivially, (3.6) is satisfied. Moreover, as in
Logemann and Owens [15, pp. 17, 18], it can be shown that there exists a number
k* > 0 such that for all k € (0,k*) the controller Kj stabilizes G, i.e.,

F(G,K}) € H>2mx2m
Next observe that by the invertibility of kG(0)I'g
lim [GK (1 + GKy) Y(s) = lim G(s)kTo(sT + kG (s)To) ™' =1,

which yields the second equation in (3.7). Finally, Ex = k~'T; 'K (I + GKj)™',
and therefore E, € H®™*™ for all k € (0,k*). Since for all such k the transfer
function matrix (I + GKy) ™! is in H® ™*™ as well, we see that E, € H2 ™*™ for
all k € (0,k*). 0

For Hermitian matrices M, N € C™*™_ in the following we write M < N if
N —M is positive definite and M > N if N —M is negative definite. Similarly, we write
M < N if N— M is positive semidefinite and M > N if N— M is negative semidefinite.
Moreover, for a complex matrix M let M denote the conjugate transpose of M.

The next result will be an important tool in section 4, although it is interesting
in its own right.

PROPOSITION 3.9. Let G € H>® ™ ™ and suppose that det G(0) # 0. Setting
G(s) := (1/5)G(s) and using the notation of Theorem 2.3 we write

Gk(s) = é(s)([—i— k(i‘:(s))‘1 = %G(s) <I+ ];G(s)>_ , 3

3By slight abuse of notation we write G* instead of G*1.
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where k € R. Under these conditions there exists k* > 0 such that for all k € (0, k*)

~ 1
. Gk oo — 7.

if and only if G(0) = 0. Moreover, the claim remains true if we replace k with —k in
(3.8) and G(0) > 0 by G(0) < 0.

As usual, the H*-norm in (3.8) is defined to be the supremum over Cy of
Omaz(G¥(s)), the largest singular value of G¥(s). For the single-input single-output
case it follows that if G(0) # 0 and if G(0) € R, then there exists k* > 0 such that
|G*los = 1/|K| for all k € R satisfying |k| € (0,%*) and kG(0) > 0.

Proposition 3.9 is an immediate consequence of the following lemma.

LEMMA 3.10. Let G € H>®™*™_ Using the notation of Proposition 3.9, the
following statements hold:

(i) Suppose that det G(0) # 0 and k # 0. Then (3.8) (with k replaced by |k|) is
true if and only if T + kG(s) + kGH(s) = 0 for all s € Cy.

(ii) There exists k* > 0 such that I + kG(s) + kG (s) = 0 for all s € Cy and
for all k € (0,k*) if and only if G(0) = 0.

Note that if G(s) € R™*™ for all s € (0,00), then I 4+ kG(s) + kG (s) = 0 for
all s € Cy if and only if (1/2)I + kG (s) is positive real.

Proof of Lemma 3.10. (i) By assumption, G~1(0) exists, and thus ,,q,(G*(0)) =
1/k. Therefore (3.8) holds if and only if

Umaa:(ék(s)) < VseCy,

or equivalently
~ N ~ 1
(I +kG(s)'G(s)GH (s)(I + kGH (s)) ! = ol Vse Co,
or equivalently
E2G(s)GH(s) = (I+kG(s))(I +kGH(s)) VseCy,

which in turn is equivalent to the positive semidefiniteness of I + kG (s) + kG (s) for
all s € Cy.
(ii) Since G is holomorphic at 0, we can write

(3.9) G(s) = G(0) + i Gis',
i=1

where G; € C™*™ and the power series in (3.9) converges in some disc A, centred
at 0 and with radius € > 0. Consequently,

- - k k
(3.10) I +kG(s)+kGH(s) =T+ gG.(O) + gG,H(O) +kH(s) Vse€A.,
where

H(s) := iGisFl + iG??*l .
i=1 i=1

Moreover, since G(s) is bounded on Cg \ A., there exists k; > 0 such that

(3.11) T+EG(s)+kGH(s) =0 VseCy\A., VEke (0,k).
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FIG. 3.2. Cascade 3 with input v and output y.

Suppose first that G(0) = 0. Then, using (3.10) and the boundedness of H(s) on A,
it follows that there exists ko > 0 such that

(3.12) I +EkG(s)+kGH(s) =0 VseConNA., Vke (0,ks).
Setting k* := min(kq, k2) we obtain from (3.11) and (3.12) that
(3.13) T+EkG(s)+kGH(s) =0 VseCy, Vke (0,k).

Conversely, suppose that (3.13) holds. Then, by (3.10), we obtain for any £ € C™
that

2o (65 G(0)6) + [€* + HEHEO 20 Vs € Cana., Vi e 0.0,

and hence it follows that for all s € Co N A, and all k € (0, k)

2k

BE (ResRe (£, G(0)€) — ImsIm (€, G(0)€)) + [[€]1* + k(& H(s)¢) > 0.

Therefore, using the boundedness of H(s) on A., we may conclude that for all £ € C™,
Im (£, G(0)¢) = 0 and Re (£, G(0)¢) > 0, which in turn implies that G(0) = 0. 0

In the following we will apply Theorem 3.8 to regular linear state space-systems.
Since this additional assumption of regularity does not exclude any physically moti-
vated well-posed system, the following results are as general as can be expected. For
the rest of the section let X, = (T, ®, ¥, F) be an exponentially stable abstract
linear regular system with generating operators (A, B,C, D), state space X, input
space U = R™, output space Y = R™, and transfer function G. Clearly, by expo-
nential stability, G € H>® ™ ™ 1If 4 € L? (R;,R™) denotes the input and zg € X
denotes the initial state, then the state z(-) and the output y(-) are given by (2.1).
Moreover, let 32;,; denote the integrator described by

t
z(t)zzo—l—/v(T)dT, 20 € R™,
0

where v € L7 _(Ry,R™) is the integrator input.

We will consider the series connection ¥ of Yint followed by Xp14n¢ with input v
and output y (cf. Figure 3.2).

In order to show that 3 is again an abstract linear regular system, we introduce
an extra external input w € L (R;,R™) and consider the cascade interconnection
3 with input (w,v) and output (y, z) obtained by setting u = z + w (cf. Figure 3.3).

We claim that 3 is an abstract linear regular system. To this end consider the
parallel interconnection X,,, of 3;,; and 345+ shown in Figure 3.4.

Clearly, 3, is an abstract linear regular system, and the matrix J given by

=(5 3)
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FI1G. 3.3. Cascade 3 with input (w,v) and output (y,z).

U Yy
B — e —
2:plant
v z
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Fi1G. 3.4. Parallel interconnection Xpar.

is an admissible feedback operator for X,,,. Using the notation of section 2, we have
that 3% = (Z,ar)”, and hence it follows from Theorem 2.3 that 3 is an abstract linear
regular system. Writing 3 = (T, ®, ¥, F), we see that X = (T, ®, ¥, F), where

< = (0 - P ~ (0
T=T, = 1) v = (0¥, F=([,0)F )
Therefore ¥ is an abstract linear regular system whose state, input, and output spaces

are given by X x R™, U = R™, and Y = R™, respectively. Denoting the generating
operators of 3 by A, B, C, and D it follows from Theorem 2.3 (ii) that

B,
. A B - 0 - -
(3.14) A_<0 O),B_<I>,C’_(C’L,D),D_O,

where the domain D(A) of A is given by
D(A) = {(z,u) € D(CL) x R™ | Az + Bu € X}.

If B is bounded, then it follows easily that D(A) = D(A) x R™. Note that any
unboundedness of B is absorbed into the unboundedness of A and hence the control
operator B of ¥ is bounded. Trivially, the function G(s) := (1/s)G(s) is the transfer
function of 3.

LEMMA 3.11. Every T' € R™*™ s an admissible feedback operator for ¥ and
(using the notation of section 2) we have that for allT € R™*™

(3.15) D(AY) = D(A) = {(z,u) € X xR™| Az + Bu € X}.
Proof. Since G(s) = (1/s)G(s) and G € HZ for some a < 0, it follows from

section 2 that any T' € R™*™ is an admissible feedback operator for X.
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We show first that the second equality in (3.15) holds. It is clear that
D(A) c {(z,u) € X xR™|Az+ Bue X} =D,

and it only remains to prove that D C D(A). To this end define
W := D(A) + (A — A)"'BR™,

where A € g(A). Since D(A) C D(CL) and, by regularity, (A\I — A)"!BR™ c D(CL),
it follows that W C D(Cp).
Let (z,u) € D. Then £ := (M — A)z — Bu € X, and hence

r=0N—-A) "+ (N —-A) " 'BueW.

It follows that « € D(CL) and therefore (z,u) € D(A).
In order to show that the first equality in (3.15) is true, recall from section 2 that

A (z,u) = (A — BICyp)(x,u)
for all (z,u) € D(A"), where D(A") is given by
D(AYY = {(z,u) € D(CL)| (A — BTCL)(x,u) € X x R™}.

Moreover, using (3.14), we see that for all (x,u) € D(AD)
AV (z,u) = (Az + Bu, -TCp(z,u)).
This shows that

(3.16) D(AY) = {(x,u) € D(CL)| Az + Bu € X} .
Since D(CL) € X x R™, it follows from (3.16)

To prove that D(A) ¢ D(AT), let (x,u) € D(A). Then (z,u) € D(CL) and
Az + Bu € X, and hence, by (3.16), (z,u) € D(A"). O

In the following we endow D(A) with its graph norm. The resulting complete
space will be denoted by XT.

PROPOSITION 3.12. Let I' € R™*™ and suppose that detI" # 0. If the integra-
tor K(s) = (1/s)I" stabilizes G (in the sense of Definition 3.1), then the following
statements hold:

(i) The closed-loop semigroup T s exponentially stable.

(ii) CT = C and there exist M >0 and w > 0 such that for all (zo,ue) € D(A)

that D(AT) ¢ D = D(A).

ICTY (0, uo) | < Me™||(z0, o)l zr Yt 2 0.
If the observation operator C is bounded, then for any (xg,up) € X x R™
ICT (w0, uo)|| < Me™"||(wo, uo)|[xxmm ¥t >0.

Proof. (i) The semigroup TT describes the dynamics of the feedback system
shown in Figure 3.5. Note that the state of ¥;,; and the input of ¥,;,,; are identical.
Therefore we denote both by the same symbol u(-).

The state (z(t),u(t)) € X x R™ at time ¢t > 0 is given by

(a(), u(t)) = T} (xo, uo)
where (zo,up) := (2(0),u(0)) € X x R™. Defining
Yo(t) == CpTyzo, t=>0,
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u(t)
> E;Dla’m‘/

- u(t) (1]

M
s
3
Y

—
A

F1G. 3.5. Internal dynamics of the closed loop.

it follows from the exponential stability of T that yo € L?(R,,R™). The Laplace
transform of u(-) is then given by

(Lu)(s) = éuO — K(s)[(Lyo)(s) + G(s)(Lu)(s)];
cf. Figure 3.5. It follows that
(3.17) Lu= (I +KG)'KI''yy — (I + KG) KLy,

By assumption the closed-loop system is input-output stable, and so (I + KG) 'K,
(I + KG)~! € H>*™*™_ Using the fact that K(s) = (1/s)I' we see that

(I +KG)'K e H2 mx™

and thus, since Lyy € HZ ™, we obtain from (3.17) that Lu € HZ ™. Hence, by the
Paley-Wiener theorem, u € L*(R;,R™). Moreover, X/, is exponentially stable
and driven by u, and therefore by Lemma 2.2, x € L?>(R,, X). Thus, we see that for
all (xzg,up) € X x R™

t — TF (w0, u0) € L*(Ry, X x R™).

By a well-known result on the stability of Cyp-semigroups (cf. Pazy [30, p. 116]) it
follows that the semigroup TT is exponentially stable.
(ii) Since D =0, it follows from Theorem 2.3 (ii) that

CY(z,u) = Cr(z,u) VY (x,u) e D(A").

An application of Lemma 3.11 shows that CT = C.

Let (z0,u0) € D(A). Then, by Lemma 3.11, (9, up) € X|. By part (i) the semi-
group TT is exponentially stable on X = X x R™, and hence it is also exponentially
stable on XT. Since CT € £(XT,R™), it follows from the above that C' € £(XI,R™)
as well. As a consequence there exist M,w > 0 such that

ICTY (2o, uo)l| < Me™"||(x0, uo)| gr V>0,

The last statement of part (ii) follows from the fact that the boundedness of the
observation operator C' implies the boundedness of the observation operator C. 0

Remark 3.13.  Part (i) of Proposition 3.12 shows that in our special situation
(i.e., the plant is exponentially stable and the controller is an integrator) input-output
stability implies exponential stability. Using a result by Rebarber [37], it can be
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r0(t) k u(t) y(t; (o, u0))

> Z:plant >

w |
—

S

Y

FiG. 3.6. Low-gain control system.

shown (Weiss [50]) that under suitable stabilizability and detectability assumptions
the feedback interconnection of any two linear regular systems is exponentially stable
if it is input-output stable. Since this result is not yet available in the literature (not
even in form of a preprint), we have included a proof of Proposition 3.12 (i).

We are now in the position to prove the main result of this section, an internal
version of Theorem 3.8 which applies to abstract linear regular state-space systems.
Consider the feedback system in Figure 3.6, where r € R™, I'o € R™*™ k > 0, and
(z0,u0) € X x R™. The output y(-; (zo,uo)) can be written in the form

(3.18) y(t; (20, u0)) = CL Ty (2o, uo) + y(t; (0,0)) .
Moreover, we define the corresponding error by
e(t; (o, uo)) = r0(t) — y(t; (o, uo)) -
THEOREM 3.14. Let r € R™. Suppose that det G(0) # 0 and let To € R™>™ be
such that o(G(0)T') C Cqy. Then there exists k* > 0 such that for any k € (0,k*) the

closed-loop semigroup T*T is exponentially stable and e(-; (wo,u0)) € L>(R,R™) for
all (xo,up) € X x R™. Furthermore,

tlim e(t; (xo,u0)) =0 V(xo,up) € D(A).

If the observation operator C is bounded, then the above equation holds for all (z¢, ug) €
X xR™,

Remark 3.15.  If (x0,u0) ¢ D(A), then in general e(t) := e(t; (w0, uo)) will not
converge to 0 as t — co. (In fact e(-) does not even make sense pointwise.) However,
by Theorem 3.14, we still have that e € L?(R,R™), which implies that e(t) converges
to 0 in measure as t — oo in the sense that for any € > 0 and any 6 > 0 there exists
T =T(g,6) > 0 such that

A{te[r,0)|le(®)| > 6} <e VYr>T,

where A denotes the Lebesgue measure.

Proof of Theorem 3.14. As in Theorem 3.8 we set Ej(s) = (1/s)(I +GKy)1(s).
By Theorem 3.8 there exists a k* > 0 such that for all k£ € (0,%*) the compensator
Ky (s) = (1/s)kIy stabilizes G, and furthermore

(3.19) Ep € H2™™ and [GKi(I+GK,) '0)=1 Vke(0,k).

In particular it follows from Proposition 3.12(i) that the semigroup T* is exponen-
tially stable for all k € (0,k*). Moreover, we have that

e(-:(0,0) =L (Epr), y(-:(0,0)) =L GKi(I + GKy) " +0r],
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and therefore we obtain, using (3.19) and Proposition 3.5,

(3.20) e(-5(0,0)) € L*(R,,R™) and lim e(t;(0,0)) =0,

t—o0

provided that k € (0, k*). Since the function
yo(t; (zo, uo)) 1= CFOTF® (wo, uo)

is the output of an exponentially stable regular system, it follows from Lemma 2.2
that yo(-; (7o, u0)) € L*(R4,R™) for all (zg,up) € X x R™ and all k € (0,k*). Now,
by (3.18),

e(t; (w0, uo)) = e(t;(0,0)) — yo(t; (o, uo)) ,
and thus, using (3.20), we obtain
e(-;(zo,u0)) € L* (R, R™)  V (g,up) € X x R™,

provided that k € (0, k*). Finally, let (o, uo) € D(A). Then, by Proposition 3.12(ii),
we may conclude that

(3.21) Tim yo(#; (w0, u0)) = lim Crromy (xo, uo) = Jim CT"° (20,u0) = 0.
Using (3.18), (3.20), and (3.21) we obtain that
(3.22) Jm e(t; (2o, uo)) = 0.

It follows from Proposition 3.12 (ii) that (3.22) holds for all (zg,ug) € X x R™ if the
observation operator C' is bounded. ]

We close this section with a lemma which will be needed in section 4 in order to
reformulate adaptive tracking problems as adaptive stabilization problems.

LEMMA 3.16. For any r € R™ there exists (z,,u,) € D(A) such that

C”i‘t(mT,uT) =r Vt>0.
Proof. For given r € R™ define
z, = —AT'BGTY0)r, w,:=GH0)r.

Then (z,,u,) € X x R™, and moreover Az, + Bu, = 0. It follows that (z,,u,) €
{(z,u) € X x R"|Az + Bu € X} = D(A), and by (3.14), A(z,,u,) = 0. We
therefore easily conclude that Tt(;vr,ur) = (z,u,) for all ¢ > 0. Finally, since
G(0) = D — CL A~'B, we see that for all t > 0

Oy (ay, ur) = Crity + Duy = (G(0) — D)G~(0)r + DG (O)r =7 T

4. Adaptive low-gain control of multivariable systems with sign-definite
steady-state gain. In this section we consider the adaptive low-gain control of sys-
tems with sign-definite steady-state gains G(0), that is where either G(0) > 0 or
G(0) < 0. This situation arises most naturally in the single-input single-output case
where we need to assume only that the steady-state gain is nonzero.* In the mul-
tivariable case the situation of significance is when the steady-state gain is positive
definite (see Propositions 4.4 and 4.6).

40f course, we also need that G(0) is real. This will always be the case if G is the transfer
function of a regular system, which is real by definition.
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Consider the control law given by
(4.1a) u(t) = K(y()e(t), u(0) =uo,
(4.1Db) A1) = le®)*, 7(0) = >a> —o0,

where K : (a,00) — R is locally Lipschitz. In the following K will be called a tuning
function. Choosing a = 0 and

(4.2) K(v) =sin(y?) /4?7, 0<q¢<p<l—gq,

Cook [1] has shown that (4.1) is a universal adaptive, low-gain tracking controller
for the class of single-input single-output, exponentially stable, finite-dimensional,
linear systems with transfer function G, input function w(-), output function y(-),
and constant reference signal r0(¢),r € R, in the sense that (i) e(t) = (r — y(t)) — 0
as t — oo and (ii) state and input functions remain bounded, independently of initial
data, provided that G(0) # 0. It is also shown in [1] that if G(0) > 0, then K in
(4.2) can be replaced by K(v) =~7P, 0 < p < 1. The main tool in [1] is the fact that
the return difference function is positive real for all k small enough and of the correct
sign. It is clear, using Lemma 3.10, that these results extend to the multivariable case
provided that G(0) is sign-definite.

In this section we prove that with different, suitably chosen tuning functions K,
these results extend to the case when the system is infinite-dimensional, regular, and
exponentially stable. However, first we give alternative proofs of the finite-dimensional
results in [1].

The finite-dimensional case. Our approach is based on Proposition 3.9, i.e.,
the fact that the H>-norm of the closed-loop transfer function G¥ equals 1/|k| for
all small enough k of the correct sign, and on the connection between this result and
the existence of solutions to certain algebraic Riccati equations which arise in the
characterization of the complex stability radius given in Hinrichsen and Pritchard [6].
We note that whilst neither this approach based on the algebraic Riccati equation
nor the approach based on positive realness of the return difference equation and
associated Lur’e equations extends to general regular systems, Proposition 3.9 will
remain a crucial tool in the infinite-dimensional case.

LEMMA 4.1. There exists k* > 0 such that for any k with |k| < k* and kG(0) > 0
the Riccati equation

(4.3) (A—kBC)'Z + Z(A - kBC) - k*CTC — zBBTZ = 0,

where A, B, and C are given by (3.14), has a unique solution P, = ka =< 0.

Proof. An application of Theorem 3.8 and Proposition 3.9 shows the existence
of a constant k* > 0 such that for any k with |k| < k* and kG(0) > 0 the matrix
A — EBC is exponentially stable and ||G¥||o. = 1/|k|. Therefore the existence of a
unique P, = ]5,€T = 0 satisfying (4.3) is guaranteed by Hinrichsen and Pritchard [6,
pp. 107-109]. ]

The above lemma can now be used to give an alternative proof of the main result
in [1].

THEOREM 4.2. Let

(4.4a) #(t) = Az(t) + Bu(t), z(0)=z9€R",

(4.4Db) y(t) = Cx(t) + Du(t)
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be any finite-dimensional, m-input m-output, erponentially stable system with sign-
definite steady-state gain G(0). Moreover, let K : (a,00) — R, where a > —o0, be
locally Lipschitz and bounded with K € L?(b, c0; R) for some b > a and such that

¥ ¥
(4.5) liminf/ K(&)d§ = —o0, limsup/ K(§) d§ = 40
7= Jy y—oo Jb

If rO(t), r € R™, is any constant reference signal and u(t) is defined by (4.1), with
e(t) =r—y(t), then for each vy > a, xg € R™, and ug € R™ the following statements
hold:

(1) lmiooo Y(t) = Yoo < 005

(i) |lz(@®)| and ||u(t)| remain bounded as t — oo;

(iil) limy oo y(t) = 7.

Proof. The first step is to realize the reference signal r6 as an unforced motion of
the series connection of the integrator 1/s followed by (4.4). By Lemma 3.16, applied
in this simple finite-dimensional context, there exists (z,,u,) € R™ x R™ such that

r = CeAt(x,,u,) for all t > 0. It follows that
(4.6) e(t) =r—y(t) = Ci(t),

where Z(t) is given by

(4.7) E(t) = ez, up) — (z(t),u(t)).
Clearly, Z(-) satisfies

(4.8) i(t) = Az(t) — K(y(t))BCZ(t)

(4.9) = (A - kBO)i(t) — (K(y(t) — k)Be(t),

where k € R is arbitrary. Now the right-hand sides of (4.1b) and (4.8) are locally
Lipschitz in Z and v so that Z(¢) and ~(t) are uniquely determined on a maximal
interval of existence—say, [0, 7). We now invoke Lemma 4.1 and define

V(t) = —(&(t), PeE(t)),

where P, = PI < 0 is the unique solution of (4.3), with |k| small enough and
kG(0) > 0. Differentiating V along solutions of (4.1b) and (4.8) gives

V = k| CZ|* — ||BT Pe||* — 2(K(v) — k)(C7, BT P.&)
= —(¥* = (K() = HDICE| — |(K(7) - k)CF + BT P&
< K(M(K(y) - 2k)(|CE|.
Integrating this inequality from ¢y to ¢, where 0 <ty < t < 7, and using (4.1b) and
(4.6) yield
(1)
(110) o< V() SV - Vit < [ KIEK(E) ~ 20) de.
v (to)

Seeking a contradiction, assume that lim;—,, y(t) = co. Then, using (4.5) and exploit-
ing the assumption that K € L?(b, 00; R) we obtain
v(tn)

lim K(&)(K(§) — 2k) d§ = —oo

o0 Jy(to)
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for some sequence (t,)nen Wwith v(tg) = b and lim,,_, ¢, = 7. Since this contradicts
(4.10), it follows that ~(¢) is bounded on [0,7) and consequently 7 = oo, which
establishes (i).

In order to prove statements (i) and (iii), choose k in (4.9) such that A — kBC
is exponentially stable (this is possible by Theorem 3.8). Trivially, by (i), e €
L?(R,,R™), and so it follows from the boundedness of K that the forcing term on
the right-hand side of (4.9) is in L?(Ry,R™). Therefore Z(t) is the state of an ex-
ponentially stable system driven by an L2-input, and consequently lim; .., Z(t) = 0.
Statements (ii) and (iii) follow now from (4.7) and (4.6), respectively. ]

Remark 4.3. Whilst the property of symmetry for a general m x m matrix is non-
generic in that symmetry is destroyed by arbitrarily small perturbations, symmetry
of G(0) is a direct consequence of, for example,

A=AT B=CT, and D=DT.

If additionally, D > 0, then positive definiteness of G(0) follows, since A is exponen-
tially stable and G(0) is invertible.

Tt is not difficult to show that the function given in (4.2) satisfies the conditions
imposed on K in Theorem 4.2. Notice that in general these conditions do not imply
that lim,_, o K(y) = 0.

PROPOSITION 4.4. Suppose G(0) = 0. With the tuning function K(y) = y7P,
0<p<1, and v > 0 statements (i)—(iii) of Theorem 4.2 hold.

Proof. The proof is the same as that of Theorem 4.2 up to (4.10). By the special
choice of K, (4.10) implies that v(-) is bounded. The remainder of the proof is the
same as that of Theorem 4.2. O

In Proposition 4.4 we may replace v~ P by any function K which satisfies

o0
K(&)(K () = 2k)dE = —o0
Yo
for some stabilizing gain k > 0.

The infinite-dimensional case. For the rest of this paper we will let 34, =
(T, ®, ¥, F) be an exponentially stable regular system with transfer function G. Let
A, B, C, and D denote the generating operators of Xpjqn:. As in section 3 we denote
the series connection of the integrator 1/s followed by X4, by > = (T,® U F).
It was shown in section 3 that the system > is regular. Let fl, B, and C denote
the corresponding generating operators (trivially, D = 0), and let G(s) = (1/s)G(s)
denote the transfer function of 3.

We were not able to extend the proofs of Theorem 4.2 and Proposition 4.4 to
the infinite-dimensional setting outlined in section 2. The problem is caused by the
fact that Lemma 4.1 does not hold in the infinite-dimensional case, unless very strong
and unnatural controllability assumptions are imposed. As already mentioned in
the introduction, the approach in Cook [1] does not carry over to infinite-dimensional
systems either. Nevertheless, it will turn out that in the infinite-dimensional situation
we can still use tuning functions K satisfying K(y) — 0 as v — oo.

THEOREM 4.5. Let Xpiant be a m-input m-output exponentially stable reqular
system given by (2.1). Suppose that the transfer function G of Zpiant is such that
G(0) is sign definite. Let r0(t), r € R™, be an arbitrary constant vector-valued
reference signal, and consider the control law

(4.11) u(t) = uo + / log ™ ~(£) cos(log? 7(£) e(€) dé .
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(4.12) (1) = lle@®*,  7(0) =0,
where e(t) = r—y(t) andp >0, ¢ > 0, and g+2p < 1. Then for all (zg,up) € X xR™
and o > 1, where X denotes the state space of Xpiant, the following statements hold
true:

(ii) ||z ()] and ||u(t)|| remain bounded as t — oo;

(iii) e(-) € L?(R,,R™).
Moreover, if (zo,u0) € D(A), then
(4.13) lim y(t) =r.

t—oo

If the observation operator C' of Zpiant is bounded, then (4.13) is true for all (zo,uo) €
X xR™,

Proof. We assume throughout the proof that p > 0. The case p = 0 can be

proven using the techniques in the proof of Theorem 5.1. The first step is to convert
the tracking problem (r # 0) into a stabilization problem (r = 0). By Lemma 3.16
there exists (., u,) € D(A) so that r = CTy(x,,u,) for all t > 0. Therefore, setting
K(v) =log™? v cos(log? v) and using (4.11), it follows that
(4.14) e=10—y=W_(x, — zo,u —ug) — Foo (K(7)e).
The nonlinear closed-loop system given by (4.14) and (4.12) is in a form so that
Proposition 2.4 is applicable. Let [0,7) be the maximal interval of existence for
solutions (e, ) of (4.14) and (4.12) as guaranteed by Proposition 2.4. We know that
T < 0o only if lim;_,, y(t) = co. We will prove that ~(¢) is bounded on [0, 7).

Let (p;)ien, with pg > 70, be a strictly increasing sequence converging to co and
satisfying

sign(G(0)) cos(log? po;) =1 and  K(p2it1) = K(p2:)/2, 1=0,1,2, ...,

where sign(G(0)) = £1, depending on whether G(0) is positive or negative definite.
Choosing pg sufficiently large, it follows from Theorem 3.8 that the numbers

ki := K(p2:)
are stabilizing gains for G(s) = (1/s)G(s); i.e., the integrators k;/s stabilize G in the
sense of Definition 3.1. Note that (p;);en can be chosen so that
IK(Y)| € (Ikil /2, [k:]) and K K(y) >0 V7 € (p2is p2it1)

and that |k;| \, 0 as i — oo. Moreover, by applying Proposition 3.9 we can always
choose pg sufficiently large so that

—_

(4.15) 1G* [l =
[Fi
for all 7.

Seeking a contradiction, suppose that (t) is unbounded on [0, 7). Then we can
find a sequence of times ty < t; < --- < 7 with

v(ti) = pi-
We now use these observations combined with estimates we obtain from contraction-

mapping-type arguments. Using (2.9b) on each interval [to;, t2;11] we can write the
error e(-) as

(416) LtQiPt2i+le = lilf;i+1—t2,1 (f(t%)) - Ff;_,_l—tm (Lt21‘,Pt2i+1 (’C(’Y) - k’t)e) ) g

5By slight abuse of notation we write Fri instead of ‘i’f;il,t%, e

toi41—t2; te.
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where
i(t) = Ty(z, — 20, ur — up) — @¢(PL(7)e) .
By using (2.8a) we can express Z(t) as
(4.17) #(t) = T4, — 0,1y — o) — B (PL(C(y) — ho)e).
Using (2.7) and (2.8b), with u = 0 and K = ko — k;, we obtain
(4.18) Whiy = Wy — FR((k; — ko) ®F2) Vt>0, Vze X xR™.

Now for all ¢ € [tg;, t2;41] we have

|
IK(v(t)) — kil < 5

Moreover, |[F¥i || = ||G*| s, and hence it follows from (4.15) that
B8l S WBRN = o, whilse [l < [Bh) =
tojp1—to; Il = ocoll — |k1|7 t = ooll — ‘k0| .

Therefore integrating (4.16) from 0 to t;41 — t2; and taking estimates we have

1 - -
T TRETTEC) — Rl e D0z
o] LILLoe (t24,t2i41

||e||L2(t27‘,7t2i+1) <

(419) < 2||‘i’215€;+1—t27¢ (i'(tm)) HL2(01t2i+1_t2i) .

Since GFi € H>m*m  an application of Theorem 3.14 yields that the closed-loop
semigroup T* is exponentially stable. It follows that ¥ > € L2(R,,R™) for all
z € X xR™. As a consequence, integrating in (4.18) from 0 to co and taking estimates
gives

- 1 -
Wh (F(to; < . W (7 (t;
15 (Z(t20)) || 22 (0,00) < - ||F’§8|||ko—ki|” (Z(t2:)) ]| 22 (0,00)

koo
(4.20) = IR @ (t20)) 22 0.00) -

Combining (4.19) and (4.20) and using the definition of v(¢), we obtain

ko = ko ~ Co |~
(421) V P2i4+1 — P2i = ||e||L2(t2i7t2i+1) < 2?”‘1’];3%@274)”[12(0,00) < m”x(t%)” )
i i

where ¢y > 0 is a constant obtained from the exponential stability of the semigroup
Tko. Setting t = to; in (4.17) and taking estimates yield

(4.22) |Z(t2:)] < e1 4+ cavp2i — Y0

for suitable constants ¢; > 0 and ¢z > 0. Combining (4.21) and (4.22) and using the
fact that k; = K(p2;), we have

¢
(4.23) vV pP2i+1 — p2i < 0 (c1 4+ c2v/p2i —0) -
IK(p2i)]
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Now, by the mean value theorem, there exists £u; € (pai, p2ir1) such that

L privi P2 P2i01 — P2
K'(&2i)  Klp2i) — K(p2it1) K(p2i)
so that (4.23) becomes
K3 (pay
(4.24) 2]0(('?)) < coler + c2v/p2i —70) -

Using the specific form of K we have

peos(log” €) + glog! & sin(log’€)
log'tP ¢

which on substituting in (4.24) and rearranging yields

)

K'(§) =

2 1 |p cos(log? &2;) + qlog? &2, sin(log? £2;)]
1 S 2 [CO(Cl+C2VP2i_’YO)} |]C(p2)|3 52410g1+p§24 .
1 3 7
(4.25)

Using the fact that K(p2;) = |log™? p2;| and gathering dominant terms in (4.25) lead
to

(4.26) 1 < ¢z (p(log p2i)*P~" + g(log pa;) P+~ 1)

for some constant c3 > 0. But p,q > 0 and ¢ + 2p < 1 so that the right-hand side
of (4.26) approaches zero for ps; — oo, which is in contradiction to (4.26). Hence
~(+) is bounded, which establishes statements (i) and (iii). Boundedness of Z(t) and
therefore part (i) follows directly from (4.17), the exponential stability of T, and
statements (i) and (iii).

To prove the last statement in the theorem let (xg,ug) € D(A). Then &y :=

(xy — zo,ur — up) € D(A), and from (4.14) and (2.8b) we obtain
(4.27) e(t) = CFoTroz, — (FR[(K(y) — ko)e])(t) Vt>0.

By Lemma 3.11, ¢ € D([lko), and hence it follows from the exponential stability of
the semigroup T*° that the first term on the right-hand side of (4.27) tends expo-
nentially to 0 as ¢ — oco. In order to show that the second term converges to 0 as
t — oo set v(t) = (K(y(t)) — ko)e(t), and realize that, by statements (i) and (iii),
v € LR, ,R™). Clearly,

(L(EE0))(s) = Gs) (1 + koG(s)) ™ (Lo)(s) = G (s)(Lo)(s)

Since |ko| is sufficiently small, it follows from Theorem 3.8 that Gk e H2 mxm,
(Note that using the notation in Theorem 3.8 we have G¥ = GEy,.) There-
fore, by the Paley—Wiener theorem, F’gg is a convolution operator with a matrix-
valued kernel whose entries are L?-functions. Now it is well known that the con-
volution of two functions belonging to L?(R,,R) converges to 0 as t — oo, and
hence lim; . (F50v)(t) = 0. Finally, if C' is bounded, then C is bounded, i.e.,
C € L(X x R™,R™). Furthermore, by Proposition 3.12, C* = C, and therefore the
first term on the right-hand side of (4.27) converges (exponentially) to 0 as t — oo
for all (zg,up) € X x R™. O

Note that the condition (zg,u) € D(A) in statement (iv) of Theorem 4.5 re-
quired in proving that lim;_g e(¢) = 0 is system dependent. This is a little disturbing
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since, from the outset, we assume that the specific system to be controlled is un-
known. However, in most cases, the initial states will be sufficiently smooth so that
the condition (2o, uo) € D(A) is satisfied. Note that if (zg,uo) ¢ D(A), then e(-) will
in general not make sense pointwise and cannot be expected to converge to 0 in the
usual sense (see, however, Remark 3.15).

Note that in the infinite-dimensional case the tuning function K(v) decays to 0
like a fractional power of log~y as v — oo, whereas in the finite-dimensional case
it decays to 0 like a fractional power of 7. However, in the case when it is known
that G(0) > 0, we can use tuning functions which decay to 0 like a fractional power,
although more slowly than in the finite-dimensional case.

PROPOSITION 4.6. Suppose that the conditions of Theorem 4.5 hold and that
additionally G(0) > 0. If

(4.28) u(t) = uo + / VP (E)el€) de

(4.29) (&) = lle@®]*, 7(0) =70 >0,
and 0 < p < %, then the conclusions of Theorem 4.5 hold.

Proof. It is sufficient to show that v(-) is bounded. Let [0,7) be the maximal
interval of existence. If v(-) is unbounded on [0, 7), then there exists ¢; > 0 such that
with v1 = v(t1), k1 =, ¥ is a stabilizing gain. For any ¢ € (¢1,7) we have, as in the
proof of Theorem 4.5, that on [t1, ]

(4.30) Ly, Pie =W, (2(1)) — FiYy, (L, Po(K(v) — ka)e) .

We can assume that k; is small enough so that, using Proposition 3.9 and estimating,

we obtain
VA(t) =7 < eyP(t)

for some ¢ > 0 and all ¢ € [t1,7). This inequality clearly contradicts the unbounded-
ness of v(-) and the assumption that p < 1/2. 0

The condition G(0) > 0 is satisfied for a large class of exponentially stable infinite-
dimensional systems with self-adjoint generator A, co-located control and observation
and positive semidefinite feedthrough (cf. Remark 4.3).

5. Adaptive low-gain control of multivariable systems with sign-indefinite
steady-state gain. In this section we consider the adaptive low-gain tracking prob-
lem, for stable regular systems with square m x m transfer functions G(s) and invert-
ible steady-state gain. In section 4, under the assumption that G(0) is sign definite,
we could exploit the fact that for all gains k having the “correct” sign and with |k
sufficiently small, |G*||o. = 1/|k| (see Proposition 3.9). If G(0) is sign indefinite or
even nonsymmetric, then, again by Proposition 3.9, we no longer have this result.
To overcome this problem we do not use a tuning function K reflecting the low-gain
nature of the problem in the sense that lim,_.. () = 0 but instead resort to a
gain which oscillates smoothly between 0 and 2. (In fact, 2 could be replaced by any
positive number §.)

As in the previous sections let u(-) and y(-) denote the plant input and plant
output, respectively, and set e(-) = r — y(:), where r € R™ is a demand vector.
Modulo certain technicalities involving “spectrum unmixing” of G(0) (to be made
precise) we show that

(5.1) u(t) = ug +/O [1+ cos(log?~(&))]e(§)dE, where0<g<1,
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(5.2) (&) = lle@®)*,  7(0) =,
is a universal adaptive tracking controller.

We assume throughout that ¥4, is an m-input m-output, exponentially stable,
regular system given by (2.1). We will consider two cases. In the first one we assume
that the spectrum of G(0) is unmixed in the sense that (G(0)) C Cy. In the second
case the a priori knowledge about G(0) guarantees only that G(0) is invertible.

THEOREM 5.1. Assume that 0(G(0)) C Cy. Let r € R™ be an arbitrary demand
vector. If u(t) is giwen by (5.1), with gain adaptation (5.2), then for each (xo,up) €
X X R™ and vy > 1 we have

() limeoe ¥(t) = Yoo < 00;

(ii) |Jz(t)] and ||u(t)|| remain bounded as t — oo;

(iii) e(-) € L?>(R,,R™).

Moreover, if (2,uo) € D(A), then

(5.3) tlilgo y(t)=r.

If the observation operator C' is bounded, then (5.3) holds for all (xo,up) € X x R™.
In the proof of this result we do not have to be so careful with the estimates,
since we need only to work in a neighborhood of a stabilizing integral gain and do not
need to account for the possibility of the feedback gain approaching 0.
Proof. The first step is to convert the tracking problem (r # 0) into a stabilization
problem (r = 0). Let r € R™, (xp,up) € X x R™ be given and set £(vy) := 1+
cos(log?v(t)). By Lemma 3.16 there exists o € X x R™ such that

(5.4) e =W iy — Foo(K(7)e).
Moreover, if (zq,up) € D(A), then Zy € D(A). The closed-loop system given by (5.4)
and (5.2) is in a form so that Proposition 2.4 is applicable.

By Theorem 3.8 there exists k € (0,1) for which G¥ € H>® ™*™_ Consequently,

by Theorem 3.14, T* is an exponentially stable semigroup on X x R™. As in the
sign-definite case, seeking a contradiction, suppose that ~(¢) is unbounded on the
maximal interval of existence [0, 7). To this end choose € € (0, k) such that k +¢ < 1
and let (p;);en be a sequence with

pi /o0, po=0, Klpa)=k—e, K(pit1)=k+e
and such that
K(v)e(k—ek+e) Vvy€ (pu, p2it)-

Exploiting the unboundedness of y(t) we can find a sequence of times tg < t; < --- < T
so that y(t;) = p;. Using (2.9b) we obtain

(55) Lt2iPt21i+1e = ‘i]fgq;+1—t2i‘%(t21) - Ff;i+1—t2i (Lt27‘,Pt2i+1 (IC(V) - k)e) )
where

i(t) = tho - étPt’C(’Y)E .
Integrating from 0 to to;41 — to; in (5.5) and taking estimates yield

1 -
lell L2 (tai tai40) < = [ #(t2:)]] £2 (0,00
B 1- ”FISOHHIC(7> - kHL“’(tm’,tzHl)

(5.6) < col|Z(t2:) ||

for some suitable ¢y > 0, provided that ¢ is small enough (for example, |FX_|le = 1/2).
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Applying the input-state variation of parameters formula (2.8a) to > with K = kI
and u = K(7)e it follows from the exponential stability of T* and (5.2) that

(5.7) |Z(t2:)|] < e1 + eav/p2i — Yo

for some constants ¢; > 0 and ¢z > 0. Combining (5.6) and (5.7) we have

(5.8) VP21 — pai < coler + cav/pai —70) -

Clearly,

p2it1 — p2i = 2e/K'(&2:)

for some &; € (p2;, p2i4+1). Combining this with (5.8) leads to

(5.9) 1< 2%[00(61 + eav/p2i — 70))°K (&2:) -

Now

K'(€) = —gsin(log? £)(log? ' €) /¢,

and 0 < ¢ < 1, and we see that the right-hand side of (5.9) converges to 0 as i — oo,
which yields a contradiction. It follows that v(-) is bounded, showing that (i) and
(iii) hold true. The remaining claims follow readily, using the same techniques as in
the proof of Theorem 4.5. ]

Specialized to the case when G(0) > 0, it is natural to compare the control law
in Theorem 5.1 to the one in Proposition 4.6. Intuitively it should be advantageous
to use the controller in Proposition 4.6, since in this case the gain passes rapidly
into the “correct” parameter region once and remains there, whereas the gain in the
controller in Theorem 5.1 oscillates slowly and may pass in and out of the “correct”
region several times before converging. Moreover, small output disturbances could
lead to further cycles in the gain adaptation.

In Theorem 5.1 we assumed that o(G(0)) C Cy. We now consider the case when
we know only that det G(0) # 0. In the context of high-gain adaptive stabilization
Martensson [21], [22] has shown that there exists a finite set {I'y,..., ¢} so that given
any invertible m x m matrix M there exists v € {1,2,...,£} such that o(MT',) C Cy.
We now use this result in order to unmix the spectrum of G(0). Consider the feedback
law

t
(5.10) u(t) = ug + / [1 4 cos(log? (€))L s¢y(e)ye(§) d€,
0
where 0 < ¢ < 1 and
S(y) =3 if (2m) tlog?y € [pl +j,pl +j+ 1) for some p € N.

Note that the feedback gain matrix in (5.10) is piecewise smooth but discontinuous
whenever (27) 71 log? v takes on integer values, so Proposition 2.4 is no longer valid.
However, these discontinuities in the gain are easily handled by a minor modification
to the proof of Proposition 2.4.

THEOREM 5.2. Assume that det G(0) # 0. Let r € R™ be an arbitrary demand
vector. Ifu(t) is given by (5.10), with adaptation (5.2), then for each (xg,up) € X xR™
and o > exp(¥/27) we have®

6Note that S(7) is defined only for v > exp(¥/27).
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(1) lmioo Y(t) = Yoo < 00;

(ii) ||z ()] and ||u(t)|| remain bounded as t — oo;

(iii) e(-) € L2(Ry,R™).

Moreover, if (zo,uo) € D(A), then (5.3) holds. If the observation operator C' is
bounded, then (5.3) holds for all (zg,up) € X x R™.

Proof. Let v € {1,2,...,£} be such that o(G(0)I')) € Cy. By Theorem 3.8
there exists k£ € (0,1) such that the integrator (k/s)I', stabilizes G. Consequently,
by Theorem 3.14, the semigroup T*' is exponentially stable. As in the proof of
Theorem 5.1 set K(v) = 1 + cos(log?+). By Lemma 3.16 there exists g € X x R™

such that
(5.11) e = Woodo — Foo(K(7)Ls()€) -

Let [0, 7) be the maximal interval of existence for the solution (e, ) of the closed-loop
system given by (5.11) and (5.2). Seeking a contradiction, suppose that lim;_,, () =
00. Choose ¢ € (0, k) such that e +k < 1. Then there exists a sequence 0 < ¢y < t1 <
-+ < 1 with

K(v(tei) =k —e, K(y(t2it1)) =k+e
and such that
K(y(t) e (k—e,k+e) and S(y(t) =v Vit € [tai, toit1] -
As in the proof of Theorem 5.1, we can use (2.9b) to obtain

LtziPt2i+1e = ‘i,kl“,, j(tQi) - Fkl"y (LtZiPt2i+1 (IC(IV) - k)rue) .

toit1—12, toit1—1l24

The remainder of the proof follows closely that of Theorem 5.1 and is omitted. ]

The control law given by (5.10) and (5.2) depends crucially on the unmixing set
{T'1,Tq,...,T¢}. Clearly, if m = 1, then {1,—1} is an unmixing set. For the case
m = 2 an unmixing set of cardinality 6 is given in Martensson [21], [22]. Zhu [51] has
constructed an unmixing set having cardinality 32 for the case m = 3. Unfortunately,
the cardinality of the unmixing sets given by the general construction in [22] is far
too large than would be convenient for applications.

6. Examples and simulations. The results of sections 3-5 apply to the general
class of regular linear systems. For the purpose of illustration we consider two simple
examples: finite-dimensional systems with output delays and a damped wave equation
in a single spatial variable with boundary control and observation. In all of the
simulations we used Simulink in Matlab. Note that the reference signals to be tracked
are stepped, with nonzero step time.

Ezample 6.1. Systems with output delays:

We consider a class

(6.1) z(t) = Ax(t) + Bu(t), y(t)=Cx(t—h)

of systems with output delay, where A € R"*", B € R"*™ C € R™*" and h > 0.
The system (6.1) can be represented as a so-called Pritchard—Salamon system with
state space R™ x L2(—h,0;R"™); see, e.g., Pritchard and Salamon [35, 36]. Since
Pritchard—Salamon systems are regular in the sense of section 2, it follows that
the results of sections 3-5 can be applied to (6.1), provided that o(A) C Cy and
det CA~'B # 0. We consider three particular cases.
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Fi1G. 6.1. Tolerable delay as a function of k.

(a) m=1,n=2 and

A:(_g _3>, B:(‘l)), C=(1,0).

If h = 0, then & = —ky stabilizes (6.1) for all k¥ € (0,6). Using a stability window
analysis (Walton and Marshall [43]), we can compute for each k € (0,6) the range of
h € (0, h(k)) for which & = —ky stabilizes (6.1). In Figure 6.1, h(k) is plotted against
k for k in the range (0,6). Figure 6.2 shows a plot of y(t), r(¢), and K(v(t)) against
t for (4.28) with p = 0.4 when h =4, z(0) = (-1 3)T, w(0) = —1, and y(¢t) = —4 for
t < 0. Note in this case that the integrator gain can take values in (0,0.6) and that
K(v(o0)) = 0.07.

(b) We now consider two cases with m = 2, n = 3. In the first case G(0) is sign
definite and in the second G(0) is sign indefinite.

(i) In this example we take

-1 0 -2 10
A= o -1 3], B=|[o0 1 ,C:(égg)
—2 -3 —14 00

so that

G(O)(Z 161)>0.

We assume that this knowledge of the sign of the steady-state gain is available and
use (4.28) with p = 0.15.

Figure 6.3 shows plots of y(t), r(t), and IC(v(t)) for the case h = 1 with y(-) =0
on [~1,0), z(0) = (0.4,0.3,0.25)7, and u(0) = (1.5,1)7, with the reference signal
r(t) =0(t)(5,0)T +6(t — 20)(5,3)7.
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F1G. 6.2. Simulation with K(v) = v~ 04.

12—

10—

27
. - X )
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0 5 10 15 20 25 30 35 40
Time
FIG. 6.3. Simulation with KC(y) = v~ 015,
(ii) In this example we take
0 1 0 0 0
A= 0o o 1|, B=[10 cz<(1)(1)8>
-6 —-11 -6 0 1

so that

G(0) = [ g 0.11667 ] .



LOW-GAIN CONTROL 109

124

104

0 2 4 6 8 10 12 14 16 18 20
Time

FIG. 6.4. Simulation with K(v) = 1 + cos(log®-2 ~).

Clearly 0(G(0)) C Cy. We assume that this knowledge is available and use (5.1) with
q = 0.95.

Figure 6.4 shows plots of y(t), r(t), and KC(~(¢)) for the case h = 0.5 with y(-) =0
on [—0.5,0), x(0) = (0.4,0.3,0.25)T and u(0) = (1.5,1)7 with the reference signal
r(t) = 0(t)(5,—3)T + 0(t — 10)(5,1)7.

Example 6.2. A wave equation with boundary control and observation: We
consider the damped wave equation

O*w O*w ow 5
(6.2) W(Z’t) = ﬁ(z,t) - QaE(z,t) —a’w(z,t), t>0, z€(0,1),

with boundary conditions
w(oat) :07 7(1715) = u(t)

and boundary observation

y(t) = %—Z}(l,t) +bw(1,1),

where a > 0 and b # 0. This system has a regular, exponentially stable realization on
the state space

X = {x = [x1,22)" € H'[0,1] ® L?[0,1] | 21(0) = 0}.

Moreover, G(s) = jig% so that G(0) = 22;’;};(((;)) # 0. We assume that a =

11log0.3 and b = 0.3. For purposes of illustration we assume that sign (G(0)) is
unknown so that we use (4.11) with p = 0 and ¢ = 0.9 and the initial conditions are
equal to zero.

Figure 6.5 shows y(t), r(t), and K(v(t)), whilst Figure 6.6 shows y(t), r(t), and
K(v(t)) when the sign of G(0) is switched. Note that whilst (6.2) gives a partial
differential equation realization of G(s), for the simulations we exploited the fact
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FIG. 6.5. Simulation with K(v) = cos(log®? ) and G(0) > 0.

that the input-ouput behavior of (6.2), with zero initial conditions, is the same as

that for the series connection of EIZ with the functional difference equation
(6.3) y(t) = —e 2y (t — 2) +u(t) — e **u(t — 2).

The system given by (6.3) is easily realized using Simulink in Matlab.

In comparing Figures 6.5 and 6.6, we note that in the former, the gain function
K(7) undergoes two switches in sign before reaching a positive limit and in the latter
switches sign only once before reaching a negative limit. The simulations are consistent
with the fact that G(0) > 0 in Figure 6.5 and G(0) < 0 in Figure 6.6.

7. Concluding remarks. In this paper we have obtained results on nonadaptive
and adaptive low-gain control of square regular systems for tracking step reference
signals. It is possible to extend some of the results to nonsquare systems and sinusoidal
reference signals. Finally, in [16] we have obtained discrete-time versions of the results
in sections 3 and 4, with applications to sampled-data control of regular systems.

Appendix.

Proof of Proposition 2.4. For a < b < oo we define L(a,b) := L*(a,b;R™) x
L>(a,b;R) and Ljc(a,00) = L% (a,00;R™) x L% (a,00;R). We define a norm
on L(a,b) by setting ||(f1, fo)ll(a,p) = [If1llz2(ap) + If2llL(a,p)- In order to prove
Proposition 2.4 we shall first consider an initial value problem which contains (2.11)
as a special case.

Let T >0, (¥°,7°) € Lioe(T, 00) and (f,g) € L(0,T) be given, and suppose that
Fe L} (Ry,R™™)and K : R — R is a locally Lipschitz function. For 7 > T define
the operator N, : L(0,7) — L(0,7) by

(Ada) N, (g) (t) = (; Eg) telo,1],
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X ()

FIG. 6.6. Simulation with K(v) = cos(log®® v) and G(0) < 0

o (o= ()« [ (700 1) (an) e =r

For p > 0and 7 > T, let B, ; denote the closed ball in L(T, 7) of radius p with center
it (47,717 lizr) + LF1220,7). Finally define

M, = {(y,7) € LO,7) [ (¥, Viz,7) € Bprs (WMo, = (f59)}-

Endowed with the metric

dl(y1,7), W2, 72)] = (w1 = y2. 71 —2) I,y = (w1 — v2, 71 —72) | (0,7) »
M, - becomes a complete metric space.
The following lemma will be the key tool for the proof of Proposition 2.4.
LEMMA A.l.  Let p € (0,1/2). Then there exists a T* > T such that for all
T € (T,T*) the operator N is a contraction on M, -, i.e., (i) N M, . C M, and
(ii) there exists 6, € (0,1) such that for all (y1,71), (Y2,72) € M, ~

IN-(y1,71) = Nr(y2, %)l (r,7) < 6 11(y1,71) — (w2, 72) | (7,7 -

In particular, for all T as above, N, has a unique fized point in M, -.
Proof. Let II;, i = 1,2, denote the operator on L(0, 7) defined by IL;(f1, f2) = fi,
and let 7* > T be ﬁxed

(i) Setting n(t fo K(g(€))f(€) d¢, it is clear that n € L? (R, R™).
For all T € (T, 1) and all ( ) 6 SJTP’T it follows that

||H1N7(y7 7) - yOH%2(T,T)

-/ " ln() + / (P, F)(t — (I — Pr)K(y)y)() de]” dt

<2 (unniamf) + ( / P F)©) dg) / "Ik E)wE) dg)
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(82) <2 [ [nBa + K2 (/ IIF(E)dé“) (p2+ /;Hy%wdf)),

where K > 0 is such that [K(k)| < K for all x € R with || < p+ [|7%]| Lo (1,7+) +
||f||L2 o). 1t follows from (A.2) that there exists 7y € (7,7") such that for all
(y,7) € i)ﬁpﬁ and for all 7 € (T, Ty)

2
(A.3) ITLNC(y,7) = 4217201, < %.

Moreover, we have that for (y,v) € M, ,

(A4) TN~ (y,7) =7 () = 1220, 2= (7. :/T ly(EN* € < p* +11y° 72,y -

Since p < %, it follows that p? < p/2, and hence we obtain by using (A.4) that there
exists T5 > T such that for all (y,v) € M, and for all T € (T,T5)

p
(A.5) TN (y,7) = 9°C) = [ 72 0m) =@y < 5 -
Combining (A.3) and (A.5), we see that
(A.6) N M, CM,, V7 (T,min(T,Tr)).

(ii) For any 7 € (T,7*) and any (y1,71), (y2,72) € M, the following estimates
hold:

||H1N-r<y17 ’Yl) - HlNT(y27 '72) “%2(’1"’7—)
2

- / T (/ “’T—TFW—f><’<<%<€>>y1<f>—icm(g))yz(f))dg) dt
0 0

IN

T 2 T
([ 1prri@ia) [ 1K ©m© - Kon©mie)
0 0

+ K(11(8)y2(&) = K(72(€))y2(E)]1* d

2</OT_T||F< |d§> (K2 [N GRACIR
(A7) o2 ( I ||y2<f>||2ds) I —72@00(“)) ,

where we have chosen K > 0 and L > 0 in such a way that for all real numbers &, x1
and rz with |s], k1], [r2] < max(llglle<o,1), 0+ V0l Le=(r,7) + 1F 172 00,7))

IA

’C(I‘i) S K and |K:(K?1) — IC(K/Q)‘ S L‘Iil — I£2| .

Realizing that

/0 L2 (@12 d€ < 11£125 0.1 + 1501 2cry + 47
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it follows from (A.7) that there exists M > 0 such that for all 7 € (T,7*) and all
(y1,7m), (Y2,72) € M, .~

TN (y1,71) — TN (ya2,72) 17271

2
=T
<M (/0 IE© df) (lyr — y2||%2(T7T) e 72”%00(17)).
Defining

=T
(A8) 5 = Vi / IR de.,

we obtain that for all 7 € (T, 7*) and all (y1,71), (Y2, 72) € M, -

ITL N (y1,71) — TN (Y2, v2) L2 (1) < 0 (lyr—v2ll2 () + I =2l e (7,7)) -
(A.9)

Furthermore, we have that for all (y1,v1), (y2,72) € M, ~

[TL2N (y1,71) — T2N- (y2, ¥2) | oo (7,7)

/ I ()] de — / lya(e W\

S/ Uy (N + lly2() Dy () = w2(E)I dE
T

= sup
te[T,7]

< (Ivill2crr) + Ny2llz2rm) lyr — 2llz2(r7)

(A.10) <200+ 19° L2z lv1 = v2llL2(r.r) -

Setting

(A.11) 87 = 2(p + 1¥°llz2(z,r) »

it follows from (A.10) that for all (yi,71), (y2,72) € M, -

(A12)  TI2N-(y1,7) — oN-(y2,72) |z (1) < &7 lly1 — v2llr2err) -

Clearly, since p < 3 and by (A.8) and (A.11), there exists 75 € (T, 7*) such that
6; := max(6,,8)) < 1 for all T € (T,T3). Setting T* = min(T1,7»,T3), we see that

T > T, 6, <1 forall 7 € (T,T), and moreover, by (A.6), (A.9), and (A.12), we
have that for all 7 € (T, 7*) and all (y1,71), (y2,72) € M, +

N M, - CMyry INZ(y1,71) — Ne(y2, v2)l(rr) < 6211 (y1,71) = (2, 72) (77 -

Finally, it follows from Banach’s contraction mapping theorem that for all 7 as above
N has a unique fixed point in M, . ]

Proof of Proposition 2.4. We proceed in several steps.

Step 1 (existence and uniqueness on a small interval). An application of Lemma
A.1 to the case where T = 0, y° = ¥ 29, 7°(t) = 70 and F = —L~'G shows that
for all sufficiently small 7 > 0 the operator N has a unique fixed point in 9, ; and
hence there exists 7% > 0 such that (2.11) has a unique solution (y*,~*) on [0, 7).

Step 2 (continuation of solutions). If ||y*| z2¢0,,+) = 00, then Tpee, = 7° and
(Ymaz> Ymaz) = (¥*,7*), and we are finished. Thus, let us suppose that ||y*||z2(0,7+) <
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oo. We claim that then the solution (y*,~v*) can be extended beyond 7*. To this end
we apply Lemma A.1 to the case where T = 7%, (f,g) = (y*,7*), y° = (P oo0)|7+,00)
72(t) = v, and F = —L~'G. Tt follows that there exist 7** > 7* and (y**,y**) €
L(o,7++y such that (y**,v**) = (y*,~*), and moreover (y**,v**) solves (2.11) on
[0, 7*%).

Step 3 (extended uniqueness). Let (y1,71) and (y2,72) be two solutions of (2.11)
on [0,71) and [0, 72), respectively, where 72 > 71 > 0. We claim that

(A.13) (y2(t),v2(t)) = (y1(t),11(t)) for a.e. t €[0,71).
For 7 € [0,71) define

Qr ={t €[0,7]| (y1(t),71(t)) # (y2(t),72(1)},

and set
=inf{r € [0,71) | A(Q2;) > 0},

where A denotes the Lebesgue measure. It is clear that (A.13) is equivalent to 7 = 7y.
Seeking a contradiction, assume that 7 < 7. Let t, € (0,7) with lim,, . t, = 7.
(Recall that by Step 1, 7 > 0.) Obviously,

O\ {7} = |J Q..
neN
Now A(£2,) = 0 for all n € N, and thus A(Q2;) = 0, which in turn implies that for
a.e. t €[0,7]

(y1(8), (1) = (wa(t),72(t)) =: (4(2),7(1)) -

An application of Lemma A.1 to the case where T = 7, (f,9) = (4,9), ¥° =
(¥ oo0)|(#,00), V() = 70, and F = —L"'G shows that there exists t* € (7,71)
such that the operator Ny~ has a unique fixed point in 9,;-. Since the restric-
tions of (y1,71) and of (ya,72) to [0,t*] are both fixed points of N+, we see that
(y1,71)lj0,6+] = (2,72)|[0,4+], Which is in contradiction to the definition of 7.

Step 4 (existence of a maximal solution). Define

T := {7 > 0](2.11) has a solution on [0,7)}.

Set Timaez = supJ and let 7, € T be such that 7, /" Tiar as 1 — 00. Let (Yn,Vn)
denote the unique (by Step 3) solution of (2.11) on [0,7,). Using Step 3 again it is
clear that (Yn, Yn)[0,7n] = (Ym> ¥m) for all m,n € N with n > m. Therefore, we obtain
a well-defined function (Ymaz, Ymaz) 00 [0, Tmaz) by setting

(Umaz (), Ymaz (1)) = (yn(t), (1)) if t €[0,7).

By construction (Ymaa, Ymaz) 18 & solution of (2.11) on [0, Typaz ), which, by Step 3, is
unique. Finally, it follows from Step 2 and the definition of 7,4, that

Tmaz

T < 00 :»/ lmar(©)|2de = c0. D
0
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REGULARIZATION OF LINEAR DESCRIPTOR SYSTEMS
WITH VARIABLE COEFFICIENTS*

RALPH BYERS', PETER KUNKEL¥, AND VOLKER MEHRMANNS$

Abstract. We study linear descriptor control systems with rectangular variable coefficient
matrices. We introduce condensed forms for such systems under equivalence transformations and
use these forms to detect whether the system can be transformed to a uniquely solvable closed loop
system via state or derivative feedback. We show that under some mild assumptions every such
system consists of an underlying square subsystem that behaves essentially like a standard state
space system, plus some solution components that are constrained to be zero.

Key words. Descriptor systems, differential algebraic equations, condensed forms, smooth
singular value decomposition, strangeness index, regularization, linear feedback
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1. Introduction. In this paper we study linear variable coefficient descriptor
systems

(1) E@)x(t) = A(t)z(t) + B(t)u(t)

in the interval [to,t1] C R together with an initial condition

(2) x(ty) = xo.

If we denote by C ([to, t1], C™*) the set of r-times continuously differentiable functions
from the interval [t, 1] to the vector space C™* of complex n x ¢ matrices, then we
assume that

E(t), A(t) € C([to, t1],C™"),

(3) B(t) € C([to, t1],C™™),
z(t) € C([to, t1], CZ) is the state of the system,
u(t) € C([to, t1],C™) is the control of the system.

Descriptor systems of the form (1) are used in modeling control problems for mechan-
ical multibody systems [32, 30, 31] or electrical circuits [16]. They are also obtained
as linearizations of general nonlinear systems along trajectories [6].

In order to study the properties of such systems one needs an understanding of
the behavior of the corresponding differential algebraic equations (DAEs). However,
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fundamentally different definitions of solvability, index, etc., appear in the literature.
See, for example, [1, 18]. These different definitions lead to different results, although
only a few have been achieved so far [7, 8]. In particular, the latter results use the
solvability concepts for differential algebraic equations as described in [1, 9, 10, 6].

In recent papers, Kunkel and Mehrmann have discussed a more general solvability
concept and developed canonical forms [18, 20], existence and uniqueness theorems
[18, 21], and numerical methods [22, 23] for linear variable coefficient DAEs. Exten-
sions to this approach have recently been given by Rabier and Rheinboldt [27].

Several generalizations of the concept of index have also been discussed in the
literature. The approach in [7, 8] is based on the solvability concept in [9]. Another
approach based on generic solvability is discussed in [14].

It is our ultimate goal to develop numerical methods that allow the computation
of the invariants in finite precision arithmetic. We do not discuss the generic approach
here, because it is better suited for computer algebra computation. Instead, we will
briefly discuss the two different solvability concepts of [9] and [18] in section 2 and
give some extensions of solvability results discussed in [18, 20, 27].

We then show in section 3 that analogous methods can be used to study the
properties of linear descriptor systems with variable coefficients. We obtain condensed
forms for linear systems which display properties of the system.

In section 4 we show that under some mild assumptions every rectangular vari-
able coefficient descriptor system has an underlying square system which in principle
behaves like a standard linear state space system, together with some purely algebraic
equations and some solution components which are constrained to be zero.

In section 5 we study the question whether the solvability properties of descriptor
systems can be improved by different types of feedback, i.e., whether appropriate
linear time-varying feedbacks can be chosen, so that the closed loop system is uniquely
solvable for all consistent initial conditions. This topic has been discussed for linear,
constant coefficient descriptor systems in [5]. There, it is shown (in the square case
n = {) that uncontrollable higher index modes are constrained to be zero. Thus,
regularizable descriptor systems consist of a subsystem that can be made index one
via feedback together with some zero components of the state. In this paper we come
to essentially the same conclusion for time-varying descriptor systems despite the fact
that the transformations are more complex.

2. Existence and uniqueness of solutions of linear time-varying DAEs.
We begin our analysis of the descriptor system (1), (2) with the following definition
from [18, 20] on the solvability of linear variable coefficient DAEs of the form

(4) E()i(t) = A(t)z(t) + f(t), t€[to,t] CR

with initial condition (2), E, A as in (3), and f € C([t, t1],C™).

DEFINITION 2.1. A function z : [to,t1] — C* is a solution of (4) if x € C([to,t1],
C*) and x satisfies (4) pointwise. It is a solution of the initial value problem (4), (2)
if x is solution of (4) and x satisfies (2). An initial condition (2) is called consistent
if the corresponding initial value problem is solvable, i.e., has at least one solution.

The definition of solvability is still a subject of discussion in the literature. Often
it is required that a solution exists for all sufficiently differentiable inhomogeneities [1,
p. 22]. Alternatively, only a well-behaved manifold of solutions is required [28]. Also,
unique dependence on initial conditions is sometimes incorporated in the definition of
solvability [1, 7].

The difficulty is illustrated by the following examples.
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Ezxample 1. Consider the DAE
P =] TN 0 e, telny
-1 t 0 -1 ’ P

By Definition 2.1

is a solution for all ¢ € C1([—1,1],C). Nevertheless, this DAE is not solvable in the
sense of [1].
Ezxample 2. The linear DAE

ol =L VLG 1156
has the solution () = —tf2(t) — fi(t) and z2(t) = — f2(t). Although the matrix E
changes rank, no singularity appears in the solution. This DAE does not satisfy the
hypothesis of the solvability theorem in [18], but as shown in [27], the requirement
of constant rank for E can be relaxed in this case and an extension of the solvability
theorem under weaker assumptions is true. This system also satisfies the hypothesis
of the solvability theorem in [1, p. 30].

Ezample 3. A special case of (4) is the purely algebraic equation 0 = A(t)z(t) +
f(t). If A(t) is nonsingular, then there is a unique solution x(t) = —A(t)~1f(¢)
regardless of the smoothness of f(t). However, this DAE is not solvable in the sense of
[1] unless f(t) is differentiable, because the equivalent ODE is A(t)2(t) = —A@)z(t)+
f(t). Although this system is also not solvable in the sense of [18], the normal form
given in [18] exists and suggests the introduction of a weaker solution concept; see
also [15]. If A(t) drops rank for some ¢, then one has to apply the extension of the
theory in [18, 20] given in [27] to show solvability. The weakness in [1], which is used
in the context of control problems in [7, 8], is that it requires differentiability of all
components of the inhomogeneity which is usually not the case in the applications
from control. Another weakness of this concept is that it does not apply to rectangular
systems. The concept introduced in [18] with the extensions given in [20, 27] is more
general, is better suited to control problems, and applies to rectangular systems and
distributional solutions. This is the reason why we prefer [18] to [1]. In this paper we
will, however, discuss only classical solutions in the sense of Definition 2.1.

Remark 1. A simple but useful trick that removes some but not all of the discussed
difficulties with the solvability concept is the following. If we add the term E(t)x(t)
on both sides of (4), we obtain

) @ (B(2(1) = (AW) + B@)(r) + ()

In this form we would have to require sufficient smoothness of z(t) only in the range
of E(t)T. This would allow weaker differentiability assumptions for = at the cost
of smoothness assumptions for £. Such an approach would be more suitable for
index one problems in particular, since exactly the differentiability that is needed is
displayed. But as is shown in [18] for higher index problems, it is still not possible to
identify the exact differentiability conditions without going to a canonical form. In
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order to avoid confusion with the existing literature we therefore use the solvability
condition introduced in Definition 2.1.

Another modification of the solvability concept that has been used frequently
with constant coeflicient systems is to restrict the initial conditions to the range of E
by requiring

(6) E(to)l‘(to) = E(to)xo.

This would be in line with (5). We will determine in general what the exact consis-
tency conditions for the initial values are in the following. Since these include not
only modifications like (6) but also others, we will use the more general condition in
Definition 2.1.

The standard variable coefficient transformations that can be applied to linear
DAEs are changes of bases, i.e., 2(t) = Q(¢)y(t), and premultiplication of (1) by P(t).
Under these transformations (4) transforms to

(7) PE®QM)H(t) = (P(AR)Q(H) — P()EM)Q(1)y(t) + P(1) f(1).

DEFINITION 2.2. Two pairs of matriz functions (E;(t), A;(t)), Fi, A; € C([to, t1],
Cc™Y), i =1, 2 are equivalent if there exist P € C([tg,t1],C™") and Q € C*([to,t1],C"")
with P(t), Q(t) nonsingular for all t € [to,t1] such that

0 Q@)

Based on suitable equivalence transformations we will now extend the solvability
theorems of [18, 20, 27].

To simplify the notation in the condensed forms, we denote in the following by
Y, (t) a square diagonal matrix valued function of dimension j x j which is invertible
for all but finitely many ¢ € [to, t1]. We also denote blocks of a matrix which are not
specifically needed but which are not necessarily identically zero by * and zero blocks
of all dimensions by 0.

We construct the condensed form via smooth unitary equivalence transformations.
This displays the invariants of the system but does not produce a canonical form
but rather a condensed staircase form in the sense of Van Dooren [33] from which
invariants can be read off. To do the transformations we use smooth singular value
decompositions as they were introduced in [2] and for which several numerical methods
are available [2, 25, 34]. To apply these transformations, we need derivatives of the
right transformations. These can be obtained numerically from the original matrix
function E(t) and its derivatives using the method described in [17]. Note, however,
that the following theorem and the construction procedure in the proof cannot be
applied as a practical numerical algorithm. Nevertheless, it gives an indication how
the computation of the invariants can be carried out locally. (For a discussion of
this topic for DAEs see [18]. The extension to descriptor systems is currently being
investigated.) One step of the construction given in the proof of the following theorem
can be carried out locally. If more steps are needed, then local computation is not
applicable in the given form. For the use of determining the required information on
the global invariants via local computation see [22].

THEOREM 2.3. Given analytic matriz-valued functions E(t), A(t) as in (3) there
exist unitary analytic matriz-valued functions P(t), Q(t), as in (8) such that the

(8) (Ba(t), As(t)) = P(t)(Ex(t), AL (t)) [ Q) —Q(t) } .
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matrices P(t)E(t)Q(t), P(t)A(t)Q(t) — P(t)E(t)Q(t) have the following form:

d, [ En(t) Ep(t) 0 Ap(t) Ap(t) A
(9) ay 0 Egz(t) 0 s 0 A22(t) 0 s
ulu 0 Egg(t) 0 0 Agg(t) 0

where E11(t) is diagonal and nonsingular except for isolated points, Eoa(t), Esa(t),
and Ass(t) are block upper triangular with zero diagonal blocks, and Aaa(t) is block
upper triangular with diagonal blocks which are nonsingular except for isolated points.
The block columns have sizes dy, ay, uy,. (Note that 0 x 0 matrices are diagonal and
invertible, e.g., [11].)

Proof. The proof is constructive using a sequence of analytic singular value de-
compositions (ASVDs); see [2]. In the following we drop the dependence on ¢ in the
formulas. Consider the following recursive procedure:

Begin: Let £y = FE, Ag=Aandset j =0,n; =n, {; =/{.

(1) Let P;,@; be unitary matrices of appropriate dimensions that produce an

ASVD of Ej such that

. . 0
E1 ZiplElei |: OJ 0 :|

Set

) L A A
Ay =Pl AoQ1 — P EyQy = [ Ai AZ } .

If r; = ny, i.e., By has full row rank except for isolated points, then we STOP
the process here.
(2) Let Py, Q2 be unitary matrices that produce a permuted ASVD of [ Asy Ago ] :

~ 0 >,
Py An A22]Q2={0 6’]
Set
I, 0
P { 0 P } ’
and set
11 ‘ 19 ) A1 ‘ A
E2 = P;E]_QQ = 0 ‘ 0 5 A2 = P2*A1Q2 — PQ*E]_QQ = 0 ‘ Etj
0 ‘ 0 0 ‘ 0

The row dimensions are now r;,%;,p; = n; —r; —t; and the column dimensions are
fj — Ifj, Ifj.

We then set Njy1 =Ty, £j+1 = ‘ej —tj, EO = E~1117 AO = 12111, andj = j +1 and
repeat the process from step (1) by applying transformations always to the complete
system via an appropriate embedding of the transformation matrices.
end
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It is clear that the procedure is finite, since n; decreases in each step. At the end
of this recursion we have the form

[ X, @) [ 0] x| *| ... %] nu
0 |0[0]= fu
0 00« P
0 ty s
(10) P)E[®)Q(t) = :
0 Pu—2
0 to
L 01 po
P)A)Q(t) — P(t)E(t)Q(t)
[ All(t) Alg t * * T uom
0 0 Ztu—l(t) * tu—l
0 0 0 * * Pu—1
(11) St 2 (1) * tu—2
= 0 * Pu—2
PNG) to
L 0 1 po

We then set Ey;(t) = ¥, (t) and permute the second block column to the end and the
block rows in the order 1,2,4,6,...,3,5,7,... to obtain the final form with d, = n,,
au:t0+~-~—|—twuL:n—a#—du,anduzzé—au—d#. a

Remark 2. Note that the analyticity assumption on the coefficient matrices can be
relaxed to the condition that all smooth singular value decompositions exist and that
rank changes in the factored matrices occur only at isolated points. This property
is hard to quantify, however, since already infinite differentiability of the coefficient
matrices may not be enough to guarantee the existence of such a decomposition with
once-differentiable unitary factors; see [2]. The construction given in the proof of
Theorem 2.3 is similar to the construction given in [18], but it needs fewer assumptions;
in particular, no constant rank assumptions are needed.

Remark 3. The block sizes t,_1,...,%0, Pu—1,- .., Po can be combined to determine
the invariants of the equivalence transformation. However, (10) does not display all
invariants, so it is a condensed form—mnot a canonical form. The quantities d,, a,,
ul,, uy, are invariants (see [18]), and they determine existence and uniqueness, as is
shown in the following corollary. The condensed form is analogous to the staircase
form of Van Dooren [33], which is a condensed form for constant matrix pencils
that displays some of the invariants of the Kronecker canonical. Such condensed
forms are useful, because they allow one to compute the relevant information via
unitary transformations, which can be implemented in a numerically stable way. The
quantity p is called the strangeness index of the DAE, and it is a generalization of
the differentiation index, e.g., [1, 18, 27, 21]. A variant of the solvability theorem of
[20] is then as follows.

COROLLARY 2.4. Let (E(t), A(t)) be analytic matriz-valued functions as in (3)
and f € C*([to,t1],C™). Then, (4) is equivalent to a DAE of the form
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(a) X, (t)1(t) + Er2(t)a2(t)
12 = A ()21 (1) + Ana(Daa(t) + Asa(O)a(t) + i 0)

(b)  Ena(t)aa(t) = An(t)z ( )+ f2(t),

(c) Esz(t)@( ) = Asa(t)z2(t) + f5(t),
where the inhomogeneity is determined by f©, ..., f) and Ex(t), Fsa(t), Ag(t),
and Aszs(t) are as in (9). In particular, d,,a,,u;, are the numbers of diﬁerential

algebraic, and undetermined components of the unknown x in (a), (b), while u is the
number of conditions in (c). In particular, if in addition f € CH*T1([to,t1], C") then
equation (4) is solvable if and only if the following properties hold:

(i) At isolated points where the diagonal matriz ¥4, (t) or the diagonal blocks of
Aao(t) are singular, the components in xs(t) (if they occur) can be chosen so that the
solution can be completed in a continuously differentiable way.

(ii) The conditions in (12(b)) are satisfied at the initial point.

(ili) The ul, functional consistency conditions in (12(c)) are satisfied for x(t),
which is fized by (12(b)). (Observe that (12(b)) fizes x2(t) by recursive insertion and
differentiation except for points where the diagonal blocks of Ao (t) are singular, using
the nilpotency structure of Fas(t).)

An initial condition (2) is consistent if and only if the a,, conditions

(13) Eaa(to)i2(to) = As2z(to)za(to) + f2(to)

yield an xo(tp) which coincides with solution of (12(b)) at to.
The initial value problem (1), (2) is uniquely solvable if we also have

(14) “Z =0.

Otherwise, we can choose x3(t) € C([to, t1],C") arbitrarily.

Proof. The proof follows directly from Theorem 2.3. Considering the second block
equation, we obtain from the form of FEao(t), Aaa(t) that we can recursively solve
for the solution components. The diagonal blocks of Asq(t) are diagonal matrices
which are invertible except possibly at isolated points. In these points we have to
be able to complete the solution in a smooth way, since these components then have
to be differentiated to continue the solution process. There are p differentiations
necessary to completely solve for the second block. Inserting &5 and zo and choosing
w3 we can solve equation (12(a)) except at points where the matrix g, (t) is singular.
The same argument as above applies in these points. The remaining assertions are
straightforward. d

In this section we have given a generalization of the condensed form and the
solvability results of [18, 20, 27]. We do not need to apply constant rank assumptions,
but we need assumptions that guarantee the existence of all ASVDs according to
Remark 2. Here we could generalize the construction to weak solvability, which would
allow us to drop some further smoothness assumptions; see [27]. In the next section
we perform the corresponding construction for linear systems.

3. Condensed forms for linear descriptor systems. In this section we dis-
cuss the set of equivalence transformations that we will apply to variable coefficient
descriptor systems and canonical forms under these transformations. Using these
forms, we obtain information about the system properties. For constant coefficient
systems such forms have been studied for general transformations in [24] and for uni-
tary transformations in [3, 4, 5]. The results that we give here generalize the results
for the unitary case even for constant coeflicient systems.
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Observe that we cannot apply directly the solvability result of section 2, since
usually we cannot assume that the input functions u(t) are sufficiently differentiable.
In principle we can apply differentiation of components only in the uncontrollable
subspace, i.e., the part of the system operating in the left nullspace of B(t). Note
that this is a major difference to the approach in [7, 8], where it is assumed that the
input functions are sufficiently smooth.

We use the following global equivalence transformations for the triple of matrix
valued functions (E(t), A(t), B(t)).

DEFINITION 3.1. Two triples of matriz functions (E;(t), Ai(t), Bi(t)), Ei, A; €
C([to,t1],C™"), B; € C([to,t1],C™™),i = 1,2 are called equivalent if there exist P €
C([to, t1],C€™™), Q € C([to, t1],C%%) and W € C([to,t1],C™™) with P(t),Q(t), W (t)
nonsingular for all t € [to,t1] such that

Q) —Q) 0
(15)  (Ea(t), Aa(t), Ba(t)) = P(t)(E1(t), A(t), Ba(t)) | O Q1) 0
0 0 W)

It is easily checked that the above transformations describe equivalence transforma-
tions.

We obtain the following condensed form.

THEOREM 3.2. Given analytic matriz-valued functions E(t), A(t), B(t) as in (3)
there exist unitary analytic matriz-valued functions P(t), Q(t), W(t) as in (15) such
that the three matrices P(t)E(t)Q(t), P(t)A(t)Q(t)—P(t)E(t)Q(t), and P(t)B(t)W (t)
have the following form:

dy [ e (t) 0 Es(t)]|0
Uy 0 0 E23(t) 0
Sy 0 0] Ess(t) |0 |,
il 0 O0[Es®]0
y ul 0 0| Es(t)]0
16 An(t)  Aua(t) | Auz(t) | A1a(t) Bii(t) Bia(t) Bis(t)
Agi(t)  Aga(t) | Ags(t) | Aaa(t) 2y, () 0 0
0 0 [An@) | 0 |, 0 0 0
A () Age(t) | Aus(t) | Aaa(t) 0 Ya () 0
0 0 Ass(t) 0 0 0 0

with E33(t) block upper triangular with zero diagonal blocks, and Asz3(t) block upper
triangular with diagonal blocks which are diagonal matrices that are nonsingular except
for isolated points. The block columns in E, A have sizes d,,, v,, S,, ul,.

Proof. The proof is constructive using again a sequence of analytic singular value
decompositions (ASVDs). We again drop the dependence on ¢ in the formulas. Con-
sider the following recursive procedure:

Begin:

Let By =E, Ao=A, By=B andset j=0,n;=n, {; ={.

(1) Let P;,@; be unitary matrices of appropriate dimensions that produce an
ASVD of Ej such that

. Ya. 0
E1 = P1 E()Ql = |: Od] 0 :l .
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Set
A11_P1A0Q1—P1E0Q1_[A; A;z}’ Bli_P1Bo_{B;1}

(2) Let Py, W5 be unitary matrices of appropriate dimensions that produce an
ASVD of B21. Set

- _ Ecj 0 . Idj 0
P2321W2_|: 0 0:|>P2-—|: 0 pZ]y
and
Zdj 0 14:111 14:112
Ey:= PyE, = 0 0|, A=PA1=| Ay Ay |,
0 0 12131 A32
By Bis
B2 = PQ*B1W2 = Ecj 0
0 0

If By has full row rank except at isolated points, then we STOP the process
here.

(3) Let P5, @3 be unitary matrices that produce a permuted ASVD of [ A3 A, |.
Set

. I, 0 0
Py [ A Asz]Q?,:{O Sj], Pyi=| 0 I; 0
0 0 P
and
All A12 A:ll 1{112
B3 i= Py Ea(s = oo | Az = Py A>Qs3 — PYEQ3 = 021 | E? ;
0|0 00
Bll élQ
By = P} B, = 20% 8
0 0
(17)

with block rows of sizes dj,c;,kj,q; = n; — d; — ¢; — k; and block columns of sizes
€j — kj,kj in E‘3,1437 and Cj, T — Cj in Bg.

Now we set njy1 = dj+c¢j, {j41 = £; —k;, and we set Ey, Ag to be the nj 1 x ;41
upper left submatrices of E3, A3 and By to be the upper n;41 x m submatrix of Bs.
Set j = j 4+ 1, and repeat the process from step (1) by applying transformations
always to the complete system via an appropriate embedding of the transformation
matrices.
end
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It is clear that the procedure is finite, since n; decreases in each step. At the end
of this recursion we have the following forms for the transformed E, A, B:

[ 3a,(6) 0 x| x x| d,
0 0] x| * * cy
0 * * ku—l
0| = * qQu—1
0 | % k1
0 | = q1
0| ko
L 01 g
[ A (t) Ap(t) * x| .. x| d,
Agl(t) A22 (t) * * . * Cy
Zk,,,l(t) * ku—l
0 * qv—-1
Zkl (t) kl
0 a1
Eko (t) kO
i 0 | @
[ Bi1(t) Bi2(t) 1 d,
¥, (1) 0 Cu
0 0 ky—l
0 0 qv—1
0 0 k1
0 0 q1
0 0 ko
L 0 0 1
The columns of E, A have sizes d,, ¢ — k,_1 —--- — ko, ku_1,..., ko.
We now split the second block row and column further so that we obtain a square
diagonal block of size v, = min(c,, ¢ — k,—1 — -+ — ko) in the (2,2) position. Set
u, =0—ky,_1—---—ko—wv,, and uf, := ¢, — v,. The final form is then obtained by a

block permutation which moves the new third block column to the end and permutes
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the block rows in the order 1,2,3,5,...,4,6,.... It is as follows:

[ X4, O * |0 d,
0 010 * 10 vy
0 * |0 ko1
0 S VI
* | 0 :
P(t)E@)Q(t) = 010 | K
* x [0 ﬂly
0 x| 0 d1
0 o |
* | 0 q1
L 0/0 ] 9
P(H)A()Q(t) — P(E1)Q(t)
i All(t) Alg(t) * * C * * ] dy
Agl(t) A22 (t) * * . * 0 Yy
Se () o+ o w0 | R
k‘,,,Q
Yk, (1) * 0 :
- Eko(t) 0 ko ’
* * * * al
0 * 0 qu_l
0 : :
0 * 0
: o fol g
I * * x|
S (t) 0 0 ;’V
0 0 0 o
kl/72
P#)B(t)W(t) = 0 0 O ko ,
0 Eai 0 ﬂ,lj
0 0 0 qv—-1
: : : q1
b O O qo

where the widths of the block columns in the transformed E, A are d,, v,, k,_1,
..., ko, v}, and v,, al,m—v, — ﬁf/ in the transformed B. We then combine all the

v
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kj-blocks and the g;-blocks to make blocks of sizes s, = Y7 o kj, u, = >0 ¢,
respectively. 0

Note again that the analyticity assumption on the coefficient matrices can be
relaxed to the condition that all smooth singular value decompositions exist and that
rank changes in the factored matrices occur only at isolated points; see Remark 2. If
only one step of the procedure given in the proof of Theorem 3.2 needs to be performed,
i.e., v = 0, then the invariant quantities can be obtain via local rank computations.

Remark 4. Like Theorem 2.3, the condensed form of Theorem 3.2 is not a canon-
ical form, but it does display the relevant information. The corresponding canonical
form, using nonunitary transformations has subsequently been developed by Rath
[29].

In this section we have determined invariants of the system under global equiv-
alence transformations. We will apply these results in the next section to analyze
system properties.

4. The square subsystem. We will now analyze the system (1) after transfor-
mation to the condensed form (16).

du Edu(t) 0 Elg(t) 0 .
Uy 0 0 E23(t) 0 1
Sy 0 0 E33(t) 0 2
i, 0 0] Egs@) |0 |23
ul, 0 0| Esq(t) | O -
A11(t) Aia(t) | A1s(t) | A1a(t) . Bi1(t) Bia(t) Bis(t)

Agl(t) AQQ(t) A23(t) A24(t) .’L‘l Zvu(t) 0 0 Uuq
= 0 0 | Ass(t)| 0 2 0 0 0 us |,
An() Ap®) | As®) | Au@®) || 0 Zg(t) 0 ug

0 0 | Ass(t)| 0 “ 0 0 0

with columns of sizes d,,, v,, s,, u% in E, A and columns of sizes v,,, il,, m —u, — @,
in B. We immediately make the following observations:

(1) From the third block equation we obtain by recursive substitution that x3(t) =
0 almost everywhere, and since we want a smooth solution, we obtain z3(t) = 0.

(2) Since x3(t) = 0, the equations given by the last block row are fulfilled trivially.
So we might leave these equations off altogether.

Thus we may consider the subsystem

dy Yaq,(t) 0 ‘ 0 T
vy 0 0/0 || a
al, 0 0/0 || s
All(t) Alg(t) ‘ A14(t) I Bll(t) Blg(t) Blg(t) Ul
= | Ao(t) Ag(t) | Asalt) o | + | Lo, (t) 0 0 ug |,
A41 (t) A42(t) ‘ A44(t) Ty 0 Zﬁlp (t) 0 us

(19)

with columns of sizes d,, v, u¥
in B.

If in this reduced form uY% = 4, then this pencil is square and if we would
compute the condensed form for this subsystem via Theorem 3.2, we would obtain

v=0,s50=0,a =ul.

in £, A and columns of sizes v,, i, m — u, — @,



REGULARIZATION OF DESCRIPTOR SYSTEMS 129

If u¥ # 4,:, then we have many possibilities to reconsider this system. Solution
component x4(t) can be chosen arbitrarily and hence could be viewed as an extra
input to the system. Compare this with the results concerning generalized inverses
of differential algebraic operators in [19]. Also, if Ya is pointwise nonsingular, we
could use a nonunitary equivalence transformation to eliminate the block Bia(t) in
B. If we do this and choose some x4, w1, ug, then the first two equations form a
subsystem independent from the rest and if its solution is computed, then us is fixed.
Thus we could interpret us as an extra state variable rather than a control variable.
Combining these ideas we could replace (18) with the system

d, Ya, 0 E13 O
Uy 0 0 E23 0 T2
Sy 0 0 E33 0 I3
alu 0 0 E43 0 (U5)
(20)
A A Az Bio z Bii A Bis u
| A Az Az 0 T2 | ¥y, A 0O xl
“l 0 0 Az 0 T3 0 0 0 e
An A Az Xg U 0 Ay O s

where we have left out the dependence on ¢ for convenience. This is now a square
system.

But it is clear that we can extract a square subsystem in many different ways by
reinterpreting states as inputs or vice versa. A suitable choice will certainly depend
on the application. In any case we wish to have a unique solution for suitably chosen
inputs, thus we cannot allow the pencil to have more columns than rows. On the
other hand, if there are more rows than columns, then the set of controls that will
lead to continuous solutions is restricted by these extra algebraic equations.

The previous observations suggest that the design of a practical control problem
should be done in such a way, that components which are identically zero should
be left off already in the model and the reinterpretation of components as states or
controls should be done beforehand.

Thus we will assume in the following that the system has been reordered so that
it has square matrices E(t), A(t) with v = 0, so = 0, @!, = u!, if we transform it to
the condensed form of Theorem 3.2. We call such a subsystem an underlying square
subsystem.

Observe that although all the transformations that we used are unitary transfor-
mations which can in principle be carried out in a numerically stable way, the rank
decisions are still an ill-conditioned problem and small perturbations can change the
picture completely. See the remarks for constant coefficient systems in [5], which hold
here, too.

5. Regularization by feedback. For constant coefficient systems regulariz-
ability, i.e., the question whether there exist proportional and/or derivative feedbacks
such that the closed loop system has a regular pencil, i.e. is solvable for all consistent
initial vectors, has been studied by several authors; see, for example, [13, 26, 3, 5].
We now generalize these results to the variable coefficient case. We introduce the
following concepts.

DEFINITION 5.1.

(a) The descriptor system (1) is called regularizable by proportional feedback if
there exists a (proportional state) feedback u(t) = F(t)x(t) + w(t) such that the closed
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loop system
(21) E@)x(t) = (A(t) + B)F(t)z(t) + Bl)w(t),  z(to) = zo,

is uniquely solvable for every consistent initial vector xo and any given control w(t).
(b) The descriptor system (1) is called regularizable by derivative feedback if there
exists a (derwative) feedback u(t) = G(t)&(t) +w(t) such that the closed loop system

(22) (E(t) + B6)G(1))i(t) = A(H)x(t) + B()w(t),  x(to) = o,

is uniquely solvable for all consistent initial vectors xo and any given control w(t).

It is clear from the discussion in the previous section that we need !, = v/, in
order to obtain regularizability, otherwise we cannot expect a unique solution or we
have to reinterpret certain variables. If 4!, > u”, then we cannot apply arbitrary
controls, and if u”, > 4!, then the solution will not be unique.

As the following theorem shows, this gives a necessary and sufficient condition if
the matrices X4,, X,, occurring in the condensed form are invertible everywhere in
the given interval; i.e., no rank drops occur, not even at isolated points.

THEOREM 5.2. Consider system (1) in the condensed form (16), and assume that
the diagonal matrices Y, (t), ¥y, (t), Xq (t) are pointwise nonsingular in the whole
interval [to, t1].

System (1) can be regularized by proportional state feedback if and only if @', = u’,.

System (1) can be regularized by derivative feedback if and only if @', = ul.

Proof. We have already observed that %!, = u”, is a necessary condition. In order
to show that this is also sufficient observe that in this case the system can be permuted
(by exchanging the last two block rows and columns) to the form

d,, Edy 0 0 E13 I
Uy 0 0 0 E23 T2
ﬂf,:u’,; 0 0 0 E43 Xq
Sy 0 0 0 E33 T3
A A Ay Ags x1 Bi1 B2 Bis
_ Aoy Az Agy Ao T2 Ev, 0 0 “
| A A A Agg z |70 Ya 0 2
0 0 0 As 23 0O 0 0 s

Since X4, and ¥4 are nonsingular in the whole interval, we can choose the propor-
tional feedback

wr (t) Fu(t) Fo) 0 0 ?8
UQ(lf) = Fgl(t) Fgg(t) Fgg(t) 0 .’172(t> +w(t)
us(t) 0 0 0 0 a:: )
such that
S, () [ Fia(t) Fia(t) | =] —Aa1(t) I — As(?) |
and

Sa () [ Far(t) Fao(t) Fas(t) | = —Aa(t) —Aa(t) I—Aul(t) ].

l
v
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This choice gives a closed loop system

dy Edv 0 0 E13 T
Vy 0 0 0 E23 i)
Sy 0 0 0 E33 T3
Ay A A A z1 Bi1 Bia B w
o 0 I A24 A23 xTo E,UV 0 0 !
o 0 0 1 A43 Ty B 0 Zﬂf, 0 w2
0 0 0 Ag || s 0 0 0 s

Recall that the solutions components x3 are constrained to be zero. If we remove these
equations, then the remaining system has strangeness index pu = 0, i.e., is uniquely
solvable for all consistent initial values.

Similarly, in the case of derivative feedback we choose the derivative feedback

(1) 0 Fot) 0 0 xl'(?
w) =0 0 Fam o || 20| 1w
us(t) 0 0 0 o || ®®

r3(t)

such that 3, Fijo = —I and Eﬁzqug =1
This choice gives a closed loop system

dl, Ed,, 0 0 E13 I
vy, 0 I 0 Eos T2
i=u, | 0 0 I By || 2
Sy 0 0 0 Es3 €T3
A A A Asgg T Bi1 Bi2 B3 w,
_ Aoy Axy Axy Ags €2 + Y, 0 0 we
Agz Agp An Ags T4 0 %z O w ’
0 0 0 Ass T3 0 0 0 3

which is as required. 0

It is clear that weaker assumptions can be considered in Theorem 5.2 by allowing
rank jumps in the matrices ¥4, 3, at isolated points and using a weak solvability
concept. This topic is currently under investigation.

Note further that there is still quite a lot of freedom in the choice of the feedback,
and the freedom may be used to improve the robustness of the system as was done
for constant coefficient systems in [3, 4, 12]. Unfortunately, so far it is not really clear
what robustness means for variable coefficient systems of the type considered.

6. Conclusion. We have shown that under some smoothness assumptions ev-
ery linear time-varying descriptor system can be transformed to a condensed form
which displays free state components which can be interpreted as inputs, fixed con-
trols which can be interpreted as states and form a regularizable subsystem, solution
components which are constrained to be zero coming from higher index components
that are unchanged by feedback, plus equations which hold trivially. In principle this
structure can be obtained from a sequence of smooth singular value decompositions
for which numerical methods are available. From a practical point of view, however,
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uncontrollable higher index part and the other removable parts are very sensi-

tive to perturbations which may change the whole system structure. In view of this,
modeling or linearization which leads to such components should be avoided.

Acknowledgment. We thank Werner Rath for helpful comments.
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Abstract. A limit of attainability sets is found for a linear two-scale stochastic system for
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Introduction. In mathematical modeling of complex systems with processes
having two essentially different “velocities,” fast variables are usually described by
singularly perturbed differential equations, i.e., by equations having a small param-
eter € on the left-hand side. In general, there is a hope that the reduced limiting
model (when the parameter is equal to zero) is more simple and can be used as an
approximation of the original one which may be rather complicated. This idea seems
to be fruitful also in the set-up of controlled systems. However, here an additional
difficulty arises since the optimal value of the cost function which depends smoothly
on ¢ €]0,1] may have a discontinuity at the most interesting point € = 0.

To overcome this difficulty in the deterministic setting, an approach based on a
study of the convergence of the attainability sets in the Hausdorff metric has been
developed; see, e.g., recent work [10]. In the linear case it is possible to find a limit of
the attainability sets in a rather explicit way which has been done by Dontchev and
Veliov [8]; see also the book [7]. Their result is as follows.

Let us consider the controlled system

(0.1) &y = Ar(t)ze + A2 ()ye + Bi(t)uy, w0 =0,
(0.2) ey = As(t)ze + As(t)ye + Ba(t)ue, yo =0,

where ¢ is a small positive number; u is any measurable function with values in a
convex compact subset of Rd; matrix-valued functions A;, B; are continuous; and
the eigenvalues of A4(t) have strictly negative real parts.

Let K. (t) be the attainability set of the system (0.1), (0.2), i.e., the set of all end
points (z7,yr) corresponding to various admissible controls, and let KF(T') be the
attainability set of the reduced system

.th = Ao(t)l’t + Bo(t)uta To = 05
with the coefficients Ag := A1 — A2A21A37 By := By — A2A2132-
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Let us define the set Ko(T) := {(z,y) : =« € K{(T), y € R(T,z)}, where
R(T,z) := —A; " (T)A3(T)z + Y,

Y = /OOo exp{A4(T)s}B2(T)Uds = {y ty = /000 exp{A4(T)s}Ba(T)vsds, vs € VU}.

Vi is the set of all U-valued Borel functions. In other words, if we put F(z,y) =
(z,—A;Y(T)A3(T)x +y), then Ko(T) is the image of K§(T) x Y under the mapping
F.

THEOREM (see [8], [7]). The sets K.(T') tend to Ko(T) in the Hausdorff metric
as e — 0.

Let us consider for the system (0.1), (0.2) the Mayer problem

g($T7 yT) - HliIl,

where g is a continuous function. Then the optimal value for the perturbed problem
is

Ji = Ig:g;l)g(x, Y)-

From the above theorem it follows immediately that

lim JX = min g(z,y).
lim J2 = min, 9(z,y)
In the paper [13] the authors extended the theorem on the convergence of the attain-
ability sets to stochastic differential equations of the form

(0.3) dry = (A1 (t)ze + Aa(t)y: + Bi(t)us)dt + dwy, x9 =0,
(0.4) edy; = (As(t)z; + Ag(V)ys + Ba(t)ug)dt + o(e)dw?, yo =0,

where w®, w¥ are independent Wiener processes and o(¢) = O(e'/?%%), § > 0. In
the stochastic setting it is natural to define the attainability set as the set of dis-
tributions of all terminal random variables (z7,yr) when w runs through the set of
admissible controls. There are several possible choices for the latter. It seems that
the most adequate one is to consider all nonanticipating functions of the trajectories
as admissible controls. This implies the need to understand the system (0.3), (0.4) in
the weak sense; i.e., the Wiener processes are not given in advance and the solution is
actually a probability measure P%* in the space of continuous functions C[0,T]. Such
a solution can be constructed by the Girsanov theorem. In this case the attainability
set Ko (T) is a compact convex set in the space of probability measures equipped with
the Prohorov metric. In [13] it was shown that K. (T) — Ko(7T') in the Hausdorff
metric, where Ko(7T') is the set of probability measures uF~! where yu = p(dz,dy) is
such that p(dz, R™) belongs to the attainable set KF(T') of the reduced system and
w(RF, dy) belongs to the set P(Y') of probability measures on Y. The reduced system
is given by

(0.5) dzy = (Ap(t)z + Bo(t)ug)dt + dwy, x9=0,

where, as in the deterministic case, the coefficients Ag and By can be obtained if we
substitute in (0.3) the expression for y; which is a formal solution of (0.4) with ¢ = 0.
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Notice that the condition 6 > 0 provides a limiting degeneracy of the stochastic
equation (0.4) (with a fixed control) to an algebraic one.

In the present paper we prove the convergence result for o(e) = e'/2. In this
case Ko(T) is the set of all measures uF'~! such that u(de, R") € K&(T) and p(x, dy)
belong to the convex closure of the set of probability distributions of random variables

o+ /000 exp{A4(T)s}Ba(T)vsds,

where £ is the stationary Gaussian Markov process (called also Ornstein—Uhlenbeck)
with the zero mean and covariance

K(s,t) :== Bexp{A,(T)(t —s)}, s<t,

= /000 exp{A4(T)s} exp{A,(T)s}ds,

(1]

v is any measurable process with values in U such that for any ¢ the random variable
v; is measurable with respect to the o-algebra fit = 0{&, s > t}, and prime
denotes the matrix transpose. As a corollary of the theorem on convergence of the
attainability sets we calculate a limit of the optimal value in the Mayer problem
Eg(z7",y7") — min when ¢ tends to zero.

In the last few years singularly perturbed controlled stochastic differential equa-
tions have been intensively studied by various methods, mainly based on the theory of
weak convergence in the functional spaces or the Bellman—Hamilton—Jacobi equation;
see monographs [3], [4], [20] and papers [2], [5] (and the collection [17] for early re-
sults). However, almost all studies concern models where the controlled fast variable
does not affect the terminal cost. Harold Kushner wrote in his book [20, p. 64]:

It is hard to deal in any general way with the case where the fast
system is also controlled. The main difficulty is due to the fact that
the ‘stationary measures’ which are used to average out the fast vari-
able depend on the control which is used in the fast system. This
makes it hard to define the ‘averaged problem.’... Similar problems
occur in the deterministic case, and it is commonly dealt with there
by supposing that the choice of control for the fast system does not
alter the steady state value of that system, for each value of the fast
variable, i.e., that the fast system is asymptotically stable and the
control chosen in a class such that the limit point of that fast system
does not depend on the control when z is fixed. This assumption es-
sentially ‘decouples’ the fast and slow system. The assumption seems
reasonable and yields good results. Unfortunately, it does not seem
possible to find a stochastic analog of this approach which works in
any generality.

It worth noticing that the result presented here is nontrivial even for a system
with only fast variables. In this case it is clear that the limit of the attainability sets
shows to what extent optimal controls (acting on the drift of the process) can follow
the change in the scale parameter near the point zero.

The structure of the paper is the following. In section 1 we give the formal
description of the problem. Section 2 contains some preliminary explanations and
the proof of the result for the simplest one-dimensional model with the fast variable
only. The proof of Theorem 1.1 is given in sections 3 and 4. Section 5 is devoted to
measure-theoretical aspects which may have some independent interest.
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1. Formulations of the results. We consider here the linear stochastic con-
trolled system given by

(1.1) dxy = (A1(t)zr + A2 (t)y + B1(t)ue)dt + dwy, x9 =0,
(1.2) edy; = (As(t)xy + As(t)y: + B2(t)uy)dt + Vedw!, yo =0,

where w® and w? are standard independent Wiener processes with values in R* and
R" 0<t<T < o0, ¢€)0,1].

We shall understand (1.1), (1.2) as a symbolic notation for the stochastic differ-
ential equation in a weak sense when a Wiener process W = (w®, wY) is not given in
advance and u is a feedback control. Actually, in the following rigorous formulation we
could avoid the above representation (which is, in fact, a bit ambiguous) altogether.

We consider as a phase space R™ = R¥ x R™. (RF corresponds to the slow and
R™ to the fast variables.) The phase space of control will be a compact convex set
U C R%. In our matrix notations vectors are column vectors.

The path space of the system is the space C[0,T] of continuous functions W :
[0,7] — R™. Let Cr be the Borel g-algebra on C[0,T], C? = o{W,, s < t},
Ci :=C?,. Let P be the predictable g-algebra in C[0,T7] x [0, T corresponding to the
filtration C = (Cy).

The class of admissible controls U/ is defined as the set of all predictable processes
u = (u¢)¢ejo,r) With values in U.

Let A; = A;(t), B; = B;(t) be matrix-valued continuous functions of dimensions
compatible with (1.1), (1.2); i.e., A1(t) is a k x k matrix, A4(t) is n x n, etc.

We introduce the following notation:

a3 foven = (40, B mer () )
(1.4) De:= (% 5_1?n(t)>’

where Iy, I, are the identity matrices of corresponding dimensions.
Consider on (C[0,T],Cr) the probability measure P¢ such that with respect to
P¢ the coordinate process W is the Wiener process with the correlation matrix DaD;.
For any admissible control u we define the measure P** := p5.(u)P¢ with

1

T , T ,
(1.5) p7(u) = exp {/0 fe(W, s,us) dWs — 5 /0 | fe(W, 5, us) D5|2d8} .

It is well known (see [1] or [16]) that P=“ is a probability measure. By the
Girsanov theorem the process

t
Wi [ 50 u)ds
0

with respect to P%" is the Wiener process with the correlation matrix DED;. Thus,
we can write that

th = fE(W t,Ut)dt + DEdBta WO = 07

where B is the standard Wiener process.
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If we denote the first k¥ components of W and B by x and w” and the remaining
n components by y and wY, the above representation formally coincides with the
system (1.1), (1.2) and the control u will be a nonanticipating functional of the phase
trajectory. This explains the terminology where P is called a weak solution of
(1.1), (1.2) and the model itself usually is referred to as the model with the feedback
control.

Let K. := {P®": u € U}, where € > 0 is fixed. The set K. is an analog of the
“tube” of trajectories for deterministic systems. Correspondingly, the attainability
set Ko(T) := {P“Wy; ' : u €U} is the set of all probability measures on R™ which
are the images of elements of K. under the mapping W — Wr. It was proved in [1]
that KC; is a convex set, hence K. (T') is also convex. In [1] it was also shown that the
set {p5-(u) : uw € U} of the attainable densities is sequentially compact in the weak
topology of L'(P¢). It follows immediately that K. and K.(T) are compact subsets
of the corresponding spaces of probability measures P(C[0,7]) and P(R™) equipped
with the Prohorov metric.

To formulate the convergence result we need the following assumption.

(A) For all ¢ the real parts of the eigenvalues of A4(¢) have strictly negative real
parts:

(1.6) Re M(A4(t)) < -2k < 0.
Let KF(T') be the attainability set of the stochastic differential equation
(1.7) dxy = (Ao(t)zy + Bo(t)uy)dt + dwf, x9=0,

where AO = Al — AQAZIA;;” Bo = Bl — AQAZlBQ.
Let & be the (strong) solution of the following stochastic differential equation with
constant coefficients on some filtered probability space (2, F,F = (F), P):

(18) dgt = A4(T)§tdt + dbta EO = 507

where b is a standard Wiener process in R™ and £ is an independent Gaussian random
variable with the zero mean and covariance matrix

[1]

(1.9) = / exp{ A4(T)s} exp{ Ay(T)s}ds.

0
In other words, £ is the stationary Gaussian Markov process with zero mean and
covariance function

(1.10) K(s,t) := B&xi, = Sexp{Ay(T)(t — s)};

see, e.g., [16].

Let Vu be the set of all U-valued processes v = (vt)>0 such that v/, is a pre-
dictable process with respect to the filtration generated by the process & /¢, Sy =
{L(& + I(v)): v e Vy}, where

(1.11) I(v) = AOO exp{A4(T)s}Ba2(T)vsds.

Here and in what follows we use the notation £(n) := Pn~! for the distribution of
the random variable n. The set S is compact in P(R"); see Lemma 5.5.
Put Sy :=conv S¢, the convex closure of S in P(R").
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Let S be the set of all probability measures p = u(dz,dy) on R™ = R¥ x R”
such that

(1) p(z,dy) € Sy;

(2) p(da, R™) € Kg(T).

From the Proposition 5.2 it follows that S is compact in P(R™).

Define a linear mapping F(x,y) := (z, —A; Y(T)A3(T)x + y) of R™ into itself.
Put Ko(T) := {uF~1: peS}.

Our main result is the following theorem.

THEOREM 1.1. The set U.gjo,1)/K<(T) is compact, and as € — 0, K (T) tend to
Ko(T) in the Hausdorff metric in the space of compact subsets of P(R™).

For the model (1.1), (1.2) we consider now the Mayer problem, which can be
rigorously formulated as the problem to determine the minimal value of the functional

(1.12) JI = 71r€1£E tg(Wr) = ME}CnEf(T)/g(x,y)u(dx,dy),

where g is a function on R™ which is integrable with respect to the measures p from
Ke(T).
COROLLARY 1.1. Assume that g is continuous and bounded. Then

(1.13) ti 72 = inf [ g(o.y)uldo.dy).

Remark 1.1. The definition of the set Vi seems rather complicated. Essentially,
Vy contains measurable processes v such that for any ¢ the random variable v, is
measurable with respect to the o-algebra -7:;5 = o0{&, s >t}. To avoid a discussion
of the measurable structures related to a decreasing family of o-algebras we prefer to
consider the processes in reversed time.

Remark 1.2. There is an alternative description of the set Sy. Let a be a random
variable independent of ¢ with values in some Polish space and with a nonatomic
distribution. Define the set V{j as the set of all U-valued processes v = (v4)¢>0 such
that vy /, is a predictable process with respect to the filtration generated by the process
&1+ and the random variable a. Then Sy = {L(§ + I(v)) : v € V§}; see section 5.

Remark 1.3. Evidently, Theorem 1.1 can be applied to the more general opti-
mization problem J¢(u) = F(P%") — min, where F is any continuous function on
P(R™).

We also use in our proof another possible model based on a different (and more
traditional) interpretation of the equations (1.1), (1.2). To describe this alternative
approach we consider the standard Wiener measure P on (C[0,T],Cr). Let w® be
the notation for the first k& coordinates of the function W and w¥ be the notation for
the remaining n coordinates. Then for any u € U we can find the strong solution
Xov = (2%, y=") of (1.1), (1.2). This model is referred to as the model with the
open loop controls (since in this case u is a nonanticipating functional of the “noise”).

Let P3" := P(X=")~! be the distribution in C[0,77] of the process X=*. Cer-
tainly, the measure PZ" need not be equal to PS*. Let us consider the sets K. :=
(P3": weUy CP(C0,T)) and K(T) := {P(X3")"' : uweU} CPR™). We
do not know whether the attainability set K.(T') coincides with the attainability set
K(T). However, in our paper [13] it has been shown that there are dense embeddings
K. C K. and K.(T) C K.(T) in the sense of total variation convergence (thus, in the
weak topology) and that the inclusion K. C K. is strict even in the simplest cases.



140 YURI KABANOV AND SERGEI PERGAMENSHCHIKOV

This fact, certainly, does not exclude the coincidence of K.(T) and K.(T). Neverthe-
less, the result that there is a dense embedding K.(T') C K.(T) is very helpful since
it permits us to apply pathwise techniques similar to that of the deterministic theory.

2. Main ideas and the proof of Theorem 1.1 in the simplest case. We
recall some basic facts concerning the Hausdorff metric and convergence of compact
sets (for details see, e.g., [11]).

Let (X, d) be a metric space and let Kx be the class of all its nonempty compact
subsets. For A, B € Kx put I(A,B) := sup,c4 d(z,B). The Hausdorff distance
between A and B is defined by the equality

dir(A, B) := (A, B) V (B, A).

If A, € Kx, m € Z;, and all A,, are contained in some compact set, then
lim dg (A, Ao) = 0 if and only if the following two much more tractable conditions
are satisfied for any subsequences of indices (n):

(1) For any convergent sequence z, € A, its limit is a point in Ay.

(2) For any point z € Ay there exists a subsequence z,, € A,, converging to z.

Notice that if A,, are not subsets of some compact set, the above equivalence fails
in general. For the subsets of the real line A,, :=[0,1] U {n}, conditions (1) and (2)
are satisfied but A,, do not tend to Ag in the Hausdorfl metric.

The strategy of the proof of Theorem 1.1 is the following. In the first stage
we show that for any p. € Ko (T), € €]0,1], there exists G € Ko(T') such that
d(fic, pre) — 0 (d here is the Prohorov metric). Since all K.(T') are compact this
implies that U.>0K(T') is compact and all limit points of {y.} belongs to Ko (T); i.e.,
(1) is fulfilled. Since K.(T') is dense in K.(T) it is sufficient to consider only the case
when . € K.(T). Thus, we can argue with terminal random variables (25", y5")
with the distributions g, and approximate them in probability (or in L?) by random
variables (27", 77") with distributions from Co(T).

In the second step of the proof we should find for a given measure pu € Ko(T) the
sequence of measures p,, which are elements of l&an (T) converging to p. Again we
shall argue with suitably chosen random variables with distributions corresponding
to the measures for which we are looking.

Since the proof for the general multidimensional two-scale system requires rather
long arguments, we clarify main ideas on the example of a one-dimensional model
with constant coefficients and containing only the fast variable.

Let us consider the controlled stochastic differential equation

(2.1) edy; " = (—yys " + w)dt + e 2dwf,  yo =0,

where u is a predictable process which takes values in U = [0, 1]. In this case the set
Ko(T) is the convex closure of the set {L(& + I(v)), v € Vy}, where

I(v) ::/ e Pugds,
0

¢ is an Ornstein—Uhlenbeck process on some probability space (€, F, P) with correla-
tion function K (s,t) = (2v) ‘e !*=*l and Vy is the set of all U-valued processes v
such that vy is a predictable process with respect to the filtration generated by the
process &y ;. For our purpose it is more convenient to use the alternative description
of KCo(T') as the set {L({o+1(v)), v € V§}, where « is a random variable independent
of & with values in a Polish space and nonatomic distribution and Vf; is the set of
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all U-valued processes v such that v/, is a predictable process with respect to the
filtration generated by the process £/, and the random variable a. 'We understand
the equation (2.1) in the strong sense. Its solution can be represented in the following
way:

t
2.2 gt =t [ e 9 ey ds +
t Tt
0
where
t
(2.3) n; = 571/2/ e V=9 e g,
0

Put T. := T(1 — €'/?). Let us consider on the interval [T.,T] the Gaussian
stationary process

t
& = (27) V2 exp{—(t — T2) [} + &2 / e dwy,
Ta

where (3 is a standard normal random variable independent of the Wiener process w¥
(to define 3 we can extend our canonical coordinate probability space). The process

£° is the solution of the linear equation
edé; = —y&dt + eV Pdw], & = (27)7/?8.

Let us consider the Ornstein-Uhlenbeck process £ = &5 _,, t € [0,T/+/2).
Evidently, n% — &5 = 05 — 5% —0in L? as e — 0.
For uw € U we define the process vy = v§ := ur—eslio 7/ 2
Now we can write that

T/\e T/e
yr' =np + / e Pup_cods + / e Pur_csds = g7" + R (u),
0 T/
where g7 = &5 + I(v),

T/e
R (u) := /T/\[ e Pup_csds + 7 — &-
15

Since sup,,;; |R°(v)| — 0 in probability, to accomplish the first step we need to check
only that £(&5+1(v)) € Ko(T). Indeed, let us take for £ the process £ defined above.
For any s < T'/y/e the random variable v is measurable with respect to the o-algebra
CT—as~ But

Cr—es = c{w,, r <T.}Volw, T. <r<s} Co{w,., r< Tg}\/o{fﬁ, T.<r<s}
=c{w,, r <T.}Vo{&s, s<r<T/\e},

and we see that v € V{j where the random variable « is defined as the projection
mapping of C[0,T] onto C[0,T.]. The above considerations show that the limit of any
convergent sequence " € K., (T) is an element of Ko(T).

Now we introduce the set V{’ consisting of all processes

N
(24) Vs = Z SOiI]si,erl](S) + UOI]SN+1,OO[(S)7
1=1
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where 0 = 51 < -+ < SN 41, u® € U, and the U-valued random variables ¢; have the
form

(2.5) i = fila, E(r), . .. ,5(7“}'%)), Sit1 < 7“2 < sn.

Let Ko(T') :={L(§ + I(v)), v € V§'}. Tt is easy to show that the set {I(v), v €
V{'} is dense in {I(v), v € Vy} in probability. Thus, K'(T) is dense in Ko(7T') in
PR).

Let p € K'(T). This means that p is the distribution of a random variable
X := &y + I(v) where v is of the form (2.4). The result will be proved if we construct
a random variable x¢ and a control u® such that £(x¢) = L(x) and x¢ — yaﬁs’s — 0in
probability. To this aim it is enough to find on the coordinate probability space
(C[0,T),C, P) a stationary Gaussian Markov process £° with correlation function
K(s,t), a standard normal random variable of independent on &%, and an admis-
sible control u¢ € U such that £ — n5. — 0 in probability (n% is defined by (2.3)),
and

e T
/ e vids — e / e " T=8)/eyzds — 0,
0 0

where v¢ is the process given by the formula (2.4) if we substitute £, ¢°, and o for
&, ¢, and . Indeed, in this case the random variable x¢ := &5 + I(v®) meets the
required properties.

The process £° can be constructed in the following way. For sufficiently small
let TF := T(1 — ke'/?), k =1,2,3. Put

af = (wr2 —wys) /(T2 = T3)/2,

5= (29) VA (wry — wr2) /(T = T2)V?,
t

€ == exp{(t — T})/e} f° + 571/2/1 e V= qyy,, > T
T

€

Define the process £ on [0, /2T by the equality & := &5 __,.
Evidently,

1

T€
& — np = exp{(T — T) [} 5° — 5*1/2/ e T/ dw, — 0 in L*.
0

For sufficiently small ¢ we put

N+1

u5 = U'OI[OJN+1[ —|— Z @fI[ti+lati[7
i=1

where t; ;=T —es;, i < N + 1.

The random variables ¢5 are Cy,,,-measurable. Thus, u® € U. It follows that

i+1

oo T oo T/e
—VS, € Je _ ~—1 —v(T—s)/e, € jo —YS$, 6 Jo —vs, €
/ e Puids — ¢ / e utds = e Pvids e Pus_ . ds
0 0 0 0

:/ e "Pvids — 0.
T/e

The proof of the result for this particular case is finished.
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3. Proof of Theorem 1.1. Part 1. We use the notation || f ||¢+:= sup,<; |fs|
(omitting the subscript ¢ = T') and denote by C different constants which do not
depend on ¢ and u.

In the following statements the solution of (1.1), (1.2) (as well as that of (3.1)) is
understood in the strong sense as given on the probability space (C[0,T],Cr, P).

PROPOSITION 3.1. Let (z72",y3") be the solution of (1.1), (1.2) corresponding to
some u € U, and let T be the solution of the reduced equation

(3.1) 7" = (A(t)FY + Bo(t)up)dt + dw?, T% = 0.

Then for any p € [1,00]

(3.2) sup Slelzl/)tE || 5% ||P< o0,
g u
(3.3) limsup E || 25" — 2" ||[P= 0,
e=0yueu
(3.4) sup sup sup Ely; P < oo.
e uel t<T

Proof. Let us introduce for e =1 A4,(¢) the fundamental matrix (¢, s), which is
the solution of the linear matrix equation

D= (t, s)

(3.5). p

= LA (1) (t,5), U(s,s8) = I,.

Since Ay is continuous and the eigenvalues satisfy (1.6), there exists a constant L such
that

(3.6) |We(t,s)| < Le rt=s)/e

for all s <t < T and ¢ €]0,1]; see, e.g., [18]. In particular, from the above bound it
follows that for all ¢ < T and € €]0, 1]

(3.7) %/O (¢, 5)|ds < L/x.

Using the fundamental matrix, the equation (1.2) can be solved with respect to
y = y=" and we get the representation

g,u 1 ¢ u
(39) i =L [ W) Aae)a + Balopunlds +
0

where

1t
3.9 = Ue (L, s)dw?.
(39) wi= g [ s
The process 7° is the solution of the linear stochastic equation
(3.10) dnf = e YA (t)nEdt + e~ Y 2dw?, n5 = 0.

We shall use the following properties of 7° following, e.g., from Theorem 3.1 in [14]:
there exists a constant C), such that

(3.11) sup Elnf | < C,
t>0
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for any p € [1,00[ and
(3.12) E |7 |P< Cpe™/t

for any p € [4, 00][.
Substituting (3.8) in the equation (1.1) written in the integral form we come to
the following representation for the slow variable:

t
" = / [A1(s)z5" + Bi(s)us|ds
0

(3.13) + /O t {Ag(s)l /O T (5, ) [ As (1) + Bg(r)ur]dr} ds + ¢ + w?,

3

where

¢
(3.14) ¢ ::/0 As(s)nsds.

LEMMA 3.1. For any p € [1, 00| there exists a constant ¢, such that for all e €]0, 1]
it holds that

(3.15) E ¢ P< cp,
(3.16) lim B | ¢* |[P=0.
£E—

Proof. Since A, is bounded, (3.15) follows immediately from the Jensen inequality
and (3.11). To prove (3.16) we consider the approximation of D := Ay A} ' by the
step functions

N
DN = ZDtiI]ti—17ti] )
i=1
where t; := i¢T/N. Using (3.10) we have

t t
= / DY Ay(s)neds + / (Dy — DY) Ay(s)yicds
0 0

N

t
= > Dl — 1ot — (W — 0l )]+ / (D, — DY) Au(s)rds.
1=1

This implies the bound
T
(3.17) ¢ lI< 262 2 I |l + |l w ) +C5N/ InSlds,
0

where oy :=| D — DV ||— 0 as N — oo due to continuity of a.

Notice that (3.12) implies that the family of random variables {e'/2 || n° ||, € €
10,1]} is bounded in L? (for any finite p). It follows from (3.11) that the family of
integrals on the right-hand side of (3.17) is also bounded in LP. Thus,

limsup || ¢° [|< Céy
e—0

and (3.16) holds.
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From the representation (3.13) and bounds (3.6), (3.15) it is easy to deduce that

t
pla s e (14 [ Blee ).
0

and the standard application of the Gronwall-Bellman lemma gives (3.2).
Put AY®" := 27" — z}. The relations (3.1), (3.13) imply that

t

(3.18) AP = / Ao(s)AP"ds + Ry,
0

where

t 1 s
Ry = / Aa(s) [E / Ue (s, 1) As(r)zs dr + AZI(T)AS(r)xf’“} ds
0 0

(3.19)  + /otAg(s) E/os\Ilg(s,r)Bg(r)urdr+A41(7")Bg(r)ur} ds + CF.

Tt follows from (3.18) that
— t —
E| AW i< C (/ E| A% [[g ds + E || R#* ||p) ;
0

and by the Gronwall-Bellman lemma we have
E| A% |P< CE || RS |IP €T
Thus, to prove (3.3) we need to show that
limsup E || R ||P=0
e=0yey
But this relation follows from (3.2), (3.16) and the following statement (see [15,
Lemma 3.1] or [13, Lemma 3.2]).

)
LEMMA 3.2. For any € €]0,1], n > 0, and bounded measurable function h the
following holds:

A2 [1 Ue (s, 1m)hedr + Ag(s) Ay (s)hs] ds
€Jo

(3.20) <[ 2| T(Crn + eCa(n)),

where C1, Co(n) depend on As and Ay.

At last, the property (3.4) of uniform boundedness in LP of values of the fast
variables for the fixed time follows from the representation (3.8) and (3.2), (3.7),
and (3.11).

PROPOSITION 3.2. Let (5", y=") be the solution of (1.1), (1.2) corresponding to
some u € U, and let T be the solution of the reduced equation (3.1). Let the random
variable 3" be defined by

(3.21) gt = — AN (T)A3(T) % +/ exp{ A4(T)r} Bo(T)vidr + &5,
0
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where vy = ur—reljo /(1) + uOI]T/\/aOO[(r), u® is an arbitrary point in U,

(3.22) &5 = exp{e LA (T)(T — T°}3 + \/ig /TE exp{e 1Ay (T)(T — s)}dw?,

T. := (1—/e)T, B is a Gaussian random variable with the zero mean and covariance
E, and the matriz E is defined in (1.9).
Then for any p € [1,00]

P =0.

(3.23) lim sup Ely7" — y3"
ueU

e—0

Proof. Let =" be the solution of the stochastic differential equation

(3.24) edyy " = (As(T)Z% + Ag(T)g;" + Ba(T)ug)dt + edw!  g5* = 0.
Put
A?tly&u — y?u _ gt57u7 aj\?u — xi,u . x%u’

Ai(t) == Ay(t) — Al(T), Bi(t) == Bi(t) — By(T).
The process A¥%" is the solution of the ordinary differential equation

dAY" = (Ag(T)A)=" + o7 ")dt, A" =0,

where
o7 = Ag(yp "+ As(D)ap + As(D)FF" + As(T)AT™ + Ba(t)u,.
Thus,
_ 1 T
(3.25) ALY = E/ exp{e P A4(T)(T — 5)}pSds.
0

By virtue of (1.6) for all ¢ > 0 we have that
(3.26) |exp{e T A4 (T)t}] < Ce™ 2wt/

Taking into account (3.2), (3.4) and the boundedness of U, we get from (3.25)
that the LP-norm of A% is bounded by

I ~ ~ .
(321) O / T2 ITIE (A (s)] + [As(s)| + f5 + 57 + | Ba(s)[)ds,
0

where

f<:=sup(Elz5" — x%u|p)l/p, g° = sup(E|ATS" PL/p,

ueUd ueU

Let f, be the function similar to f¢ but defined for z%. It follows from (3.3) that for
any § > 0 we have f¢ < f, + 6 for all sufficiently small e. But it is clear from the
equation (3.1) that lims_,7 fs = 0. Taking into account the above remarks we check
easily that the expression (3.27) tends to zero as e — 0 and, hence,

P=0.

e—0

(3.28) lim sup Ely7" — §3"
ueU
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Now we show that

(3.29) lim sup E|gz" — g7"|? = 0.
cu

e—0,

Indeed,

1 /7T
yrt = gpt = (—A41(T) - /0 exp{e T A4(T)(T — 8)}d8> As(T)zY

T/e

+ /OO exp{ A4(T)r} Bo(T)uldr —/ exp{A4(T)r}Ba(T)ur—_erdr
T/e T/

1"
+ exp{e V2A,(T)T}f — 75/0 exp{e A4 (T)(T — s)}dw?.

Evidently, LP-norms of all terms on the right-hand side of this identity tend to zero
and the convergence of the first one is uniform in u € Y by virtue of (3.2) and (3.3).
Thus, (3.29) holds. The relations (3.28), (3.29) imply (3.23).

Proposition 3.2 is proved.

Assume that sequence L(z7""", y7""“") converges in P(R™) to some p. Choose
in the representation (3.22) the random variable 5 independent of W. It follows from

FUn  5En,Un

Propositions 3.1, 3.2 that the sequence L£(Z7",7“") converges to the same limit.
Let us introduce the modified controls i, = unljo,7. ]+ u’ljr. 7], where u? is a fixed
point from U. Since Z7" —Z;" tends to zero in probability, the sequence Lz, y")
converges to p and we need to check only that £(z7", y77"") € Ko(T'). To show this

notice that :E’%" is a function of the natural projection
i A{wf,wf, te[0,T)} — ({wf, t €0, T} {wf, t €[0,T:,]}).

As in section 2 it can be shown that the regular conditional distribution of the random
variable &5 + I(v®") for a fixed value i* belongs to S. Since S is a convex closed
set and n’c:ﬁp” is a measurable function on i¢~, it follows from Lemma 5.6 that the
regular conditional distribution of & + I(v®") for a fixed value Z%" also belongs to

S, implying the result.

4. Proof of Theorem 1.1. Part 2. Now we must show that for any measure
pF~t € Ko(T) there exists a sequence p, € K., (T) which converges to uF~! in
P(R"). It is sufficient to find such a sequence for an arbitrary puF~! from the set
Ko(T) which is dense in Ko(T) in the total variation topology. The latter property
holds since the attainability set K& corresponding to the strong solutions of (2.1)
is dense in K in the total variation topology. Thus, there are dense embeddings
’Co - IC() and ]Co(T) - ]Co(T)

Let us fix § > 0 and a measure u = m(z, dy)v(dz) such that pF~1Ko(T). By def-
inition v = L(Z4), where " is a solution of the reduced equation (2.1) corresponding
to some admissible control w. Let vy, := L(Z%_,), pn(dz,dy) := m(z,dy)vy(dz), h €
[0,T]. Then there exists hy > 0 such that

(4.1) d(pF=, i F1) < 6

for all h €]0, hg].
To prove (4.1) we use the following.
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LEMMA 4.1. Let T be the solution of (3.1). Then
(4.2) liH(l) sup Var(L(Z7_,) — L(Z%)) = 0.
SV uel
Proof. For any u € U let u" := ulpr_, + uOI]T,T’T], where ©° is an arbitrary
point in U. It follows from the bound for the total variation distance in terms of the
Hellinger process h; (see [12, Theorems 2.2 and 5.1]) that
(4.3) Var(L(z%) — £(z*)) < Crl/2.

T

(Notice that in the considered situation the Hellinger process for the pair (£(z"), £L(Z" ))
has the form

t
hy = / Itm (7)|Bo(1)(ur — u0)|2d7'7
0

where U, takes values in U.)
Fix v > 0 and r > 0 such that Cr'/2 < 5. For any s € [0, 7] we have

r

‘C(j%—s) - ‘C(j%—r) *N(G’S?KS)a

where * denotes the convolution, N (as, Ks) is the nondegenerate Gaussian distribu-
tion with the mean

T—s
as := / Bo(1)u’dr
T—r
and covariance
T—s ,
K, := / O(T — 5, 7)o (T — s, 7)dr,
T—r

and ®o(T — s,7) is the fundamental matrix corresponding to Ag(t). In particular,

r

L(zg ) = L(ZF_,) * N(ao, Ko).

The well-known inequality

Var(F + G — F +G) < Var(G — G)
implies that
Var(L(z%_,) — L(Z%)) < Var(N(as, Ks) — N(ag, Ko)),

where the right-hand side tends to zero as s — 0.
Thus, for sufficiently small s we have

(4.4) sup Var(L(25_,) — L(2F)) <.

It follows from (4.3) and (4.4) that

sup Var(L(Z7_,) — L(T7)) < 3y
ueUu

and the lemma is proved.



CONVERGENCE OF ATTAINABILITY SETS 149

Since
Var(uF~ — pp, F~1) = Var(u — pp) = Var(v — vp,) — 0

by virtue of the above lemma, the relation (4.1) holds.
Furthermore, there exists h; > 0

(4.5) sup sup d(L(zgZ,,,y77), L(277,y77)) <6,
€ zeUp(u)

where U (u) is the set consisting of all z € U such that

(4.6) 2o, r—n) = uljor—p)-

The relation (4.5) is an evident corollary of Proposition 3.1 and the following.
LEMMA 4.2. Let (551,)1), v€I(h), hel[0,T], i=1, 2, be two families of random
variables with values in R™ such that

sup sup E|§fi}1\p <oo, i=1, 2,
h €I(h) ’
lim sup Ele) — 3P =0
h—0 veI(h)

for some p > 0. Then for any bounded continuous function f on R™

lim sup [Ef(§3) ~ F(E7)] = 0.
h—0 ,e1(h) ’ ’

The proof of Lemma 4.2 is easy and is omitted.

Lemma 4.2 implies also the existence of hy > 0 such that

(4.7)  supd(L(zp_p, —As(T)A3(T) Ty, + ), L(T_p, —As(T) A3(T)ZF + 1)) <6,

where the family (,) consists of all random variables with distribution from Sy.
Let us consider some h < hg A hy A he. The desired result will be proved if we
find for any sufficiently small € an admissible control z = z¢ satisfying (4.6) such that

(4.8) d(L(x72 3, y77), pnF ) < 26
Indeed, it follows from (4.1), (4.5), and (4.8) that
AL, y77), mnF 1) < 48,

and this means that any point in Ko(7") can be approximated by points from K. (7).

Let (2, F, P) be a probability space with a countably generated o-algebra. As-
sume that on this space we have independent random elements (, «, &, where ¢ has
the distribution vy, i.e., the same distribution as Z%_,; a has the standard normal
distribution; ¢ is a stationary Gaussian Markov process with zero mean and covariance
function given by (1.8), (1.9). Let us consider the set V§; of all U-valued processes
which are predictable with respect to the filtration generated by £, /; and a (we denote
by P the corresponding predictable o-algebra in Q x R).

LEMMA 4.3. There is a function v : Q x Ry x R™ — U which is measurable with
respect to P @ B(R™) such that v(.,x) € V for all x € R™ and L(& + I(v(.,x))) is
equal to p(x,dy) for v, almost all x € R™.
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Proof. Evidently, v — L(& + I(v)) is a continuous, hence measurable, mapping
from the space V := L}(Q x Ry, P, p)¢ into P(R"), where p(dw, dt) = e~2*' P(dw)dt.
Thus, the multivalued mapping

Fiz—{veV: v(wt)eUpae, L[+ I(v)=pu(z.)}

has a measurable graph. Hence, it admits a measurable selector x — V(x). Notice
that V(x) as an element of V is a class of p-equivalent functions. To choose from V(z)
a representative in a measurable way we proceed as follows. Let (v') be a sequence
of elements from V§& which is dense in V§ NV, j(z,1) := min{i : || v(z) — v |< 1/1}.
Then v/ = 7@ (w, 1) is a P ® B(R™)-measurable function with values in U. The
sequence v/(®1 converges to V(z) in V. Since U is bounded, the sequence v
converges to V in L'(Q2 x Ry x R™ P ® B(R™),p x v,)%. Hence, there exists a
subsequence which converges p x v}, a.e. to some P ® B(R™)-measurable function
v =v(w,t,z). For v, almost all  we have the inclusion v(.,z) € V(z) implying that
L(& + I(v(.,x))) = p(z,dy) for such x.

It follows from the above lemma that the measure uy is the distribution of the
random variable (¢, & + I(v(.,())), i.e.,

(4.9) pin = L(¢, &0 + I(v(.,0)))-

Generalizing the arguments of section 2 we introduce a set V[(]a’O/ consisting of all
functions

(410) Z@Z ]9“974-1 ( ) + U’OI]SN+1,DO[(S)7

where 0 = 51 < --- < sny+1, u’ € U, and ;(r) have the form

(4.11) pi(z) = fi(a,f(ri), ‘e 75(7"}i\4i)>$)7 Sit1 < T; < SN,
and the functions f; are measurable with respect to their arguments and take values
inU.

Assume that the representation (4.9) holds with v € V{(Jw,é),. There is a freedom
in the choice of {, «, and £ which we use in the following constructions.

Put TF :=T(1 — ke'/?), k=1, 2, 3, (:==7%_,.

Define

af = (why —wiy)/(T2 = T2)Y?,
where w¥+! is the first component of the vector process w?,
B = El/z(le - ’ng)/(Tl Tf)l/Q-
Let us consider on [T}, T the linear stochastic differential equation
edé; = Ay(T)Edt +'Pdwy, & = 67

Put & := & _,, t € [0,6"Y/2T]. For sufficiently small ¢ we define the admissible
control

N+1

_U/I[OtN+1 + ngl xT h)I[ tit1,t [
i=1

where t; ;=T —es;, 1 < N + 1, and ¢ is constructed in accordance with (4.11).
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It follows from Propositions 3.1 and 3.2 that
(@72, 97" ) — @_p, —Ad(T)As(T)zp + &5 + I(v(., 2p_y))) — 0

in probability as € — 0. Thus,
(412)  d(L@,, 77 ), L@F_p, —As(T) As(T)Z + & + L(v(, 24_4)))) < 8
for all sufficiently small e. Taking into account (4.7) we get from here the desired
inequality (4.8).

Part 2 of Theorem 1.1 is proved now for the case when uy, is given by (4.9) with
v € V[(JQ’OI. Since the set {I(v) : v € V[(JD"C/} is dense in probability in the set
{I(v): v eV}, the result holds for the general case as well.

5. On a compactness of some subsets in the space of probability
measures.

5.1. Notations and preliminaries. Let X be a Polish space with the Borel
o-algebra X and P(X) be a space of all probability measures on X with the topology
of weak convergence. It is well known that P(X) equipped by the Prohorov metric is
again a Polish space. The relative compactness of a subset A C P(X) is equivalent
to its tightness. The last means that for any € > 0 there exists a compact set K C X
such that m(K) > 1 —¢ for all m € A.

We shall use the notation m(f) = [y f(z)m(dx). We denote by L() the distri-
bution of a random variable &.

Let (X,X) and (Y,)) be two Polish spaces. We denote by M(X,Y") the set of
stochastic kernels from (X, X) to (Y,)) that is mappings 1 : X x Y — ([0, 1], B[0, 1])
such that z — p(z,T') is X-measurable for any I' € Y and u(x,.) € P(Y) for any
reX.

It is easy to check that the mapping v : X x Y — ([0,1], B[0,1]) is in M(X,Y) if
and only if one of the following equivalent conditions is satisfied:

(1) The mapping z — p(z,.) is X-measurable (i.e., u(zx,.) is a P(Y)-valued
random variable).

(2) For any f € Cp(Y) (the set of all bounded continuous functions on Y') the
mapping x — p(z, f) is X-measurable (i.e., p(z, f) is a real-valued random variable).

THE SKOROHOD REPRESENTATION THEOREM. Let Y be a Polish space and m,, €
P(Y) be a sequence converging in P(Y) to some m. Then on the probability space
([0,1], B0, 1], dx) there exist Y -valued random variables &, and € such that £(€,) =
M, L(E) =m, and &, — € pointwise.

THE MEASURABLE ISOMORPHISM THEOREM. Let (X, X be an uncountable Polish
space. Then there is a one-to-one mapping i : X — [0, 1] such that i(T') € B0, 1] for
any ' € X and i~ *(A) € X for any A € B[0,1].

Another useful result is that any Polish space X is homeomorphic to a Gg-subset
of the Hilbert cube [0, 1]N. For further information see, e.g., [6], [9].

5.2. For p € M(X,Y), m € P(X), and I € Y, the integral [, pu(z,T')m(dz)
defines a probability measure on (Y, )) which we shall denote by [ p(z,.)m(dz).

LEMMA 5.1. Let (X, X) be a Polish space with nonatomic measure v on it, let S
be a compact set in P(Y), and let M) be the set consisting of all stochastic kernels
from (X, X to (Y,Y) such that u(z,.) € S for all x € X. Then the set

K= {m cP(Y): m()= /Xm, Yw(dz), pe M}

is a convex compact subset in P(Y) coinciding with convs.
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Proof. By virtue of the measurable isomorphism theorem we can consider only
the case when (X, X) = ([0, 1], B[0, 1]). Assume at first that V(dx) =dz, i.e., v is the
Lebesgue measure. Convexity of /\/l is clear: if measures m;(.) = [y pi(x )dm, 1=
1, 2, belong to K, a >0, 3>0, a+ =1, then the measure aml( ) + ﬂmg(.) =
f « M(z,.)dx with

wlx,.) = I, (@)p (a2, ) + Liogay(@)ma (87 (z — 1+ B),.)

also belonging to K. The tightness of K follows easily frorn the tightnebe of S.
To prove that K is closed, let us consider the sequence my,( f tn(z, )dx € K
converging to some m(.) in P(Y). Notice that elements of /\/l are randorn Varlables
with values in the compact subset S of a Polish space. Thus, the set of distributions
of these random variables {L£(p) : p € M} is relatively compact in P(P(Y)). Taking,
if necessary, a subsequence we can assume that L£(u,) tend to some £ in P(P(Y)).
By the Skorohod representation theorem on the probability space ([0, 1], B[0, 1], dx)
there exist S-valued random variables fi,, and i such that fi,(z,.) — ji(x,.) for all ©
when n — oo and L(i) = m, L(fin) = L(uy,) for all n.

The last equality means that for any f € Cp(Y) the distribution of the random
variable [, (f) coincides with the distribution of p,(f). It follows that for any f €
Cy(Y)

m(f) = lim m,(f) = lim [ p,(z, f)de = lim /ﬂn(x,f)da: = //l(ﬂ;,f)dx
n—oo n—oo n—oo
Thus, m(.) = [ f(z,.)dz € K.
The general case When v is any nonatomic measure on [0,1], B[0, 1] is easily re-
duced to the considered one by the quantile transformation. Indeed, let F(¢) :=
v([0,t], C(t) :=inf{s: F(s) > t}. Then we have the identities

Jutwsde= [utr@. vz, [t i) = [ (€. )ds

which show that K does not depend on the measure v.

Evidently, S C K. Hence, conv S C K. Let mg(.) = [ pu(t,.)dt be a point in K
which does not belong to conv S. By the separation theorem a convex compact set
and a point outside it can be strictly separated by a continuous linear functional. This
means that there exists f € Cy(Y) such that inf,,ceomy s m(f) < mo(f). It follows
that [ p(t, f)dt < mo(f) in contradiction with the assumption that mg € K.

Remark 5.1. If v has atoms, then we can assert only that K is a subset of conv S,
even when S is compact.

5.3. Convergence of measure-valued martingales.

PROPOSITION 5.1. Let (2, F, P) be a probability space with an increasing family
of o-algebras (Fy,) such that F = o{F,, n € N}. Let u,(w,.) be a stochastic kernel
from (Q,F,) to (Y,Y) such that for any f € Cp(Y) the sequence (pin(f), Fn) is a
martingale. Assume that for almost all w the sequence p,(w,.) is tight. Then for
almost all w there exists a limit p(.) of pn(w,.) in P(Y) and E(u(f) | Fn) = pn(f)
for all f € Cy(Y) and n € N.

Proof. To clarify ideas we start from the case when Y = R. Let M, (w,y) =
tn(w,] — 00,y]) be the distribution function of w,(w,.). Evidently, (M, (y),Fy) is
a bounded martingale for all y € R and by the Doob theorem it converges almost
surely (a.s.) to M°(y). There is a set Q; with P(2;) = 1 such that for all w € Q4
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and all rationals r we have convergence of M, (w,r) to M%(w,r). Put M(w,y) =
inf{M°(w,r): r € Q, r >y} for w € Q;. Let M(w,.) be equal to any distribution
function outside ;. The assumption on tightness implies that M (w, .) is a probability
distribution function and for any w € £; we have that M, (w,y) tends to M(w,y) at
any point y where the function M (w,.) is continuous.

As any Polish space is homeomorphic to a Gs-subset of H = [0, 1]N we can assume
in general case that Y is the intersection of open subsets G, in H. The closure Y of Y/
is a compact subset of H. Thus, Cj,(Y) is separable. Let A be a countable dense subset
of Cy(Y) closed under finite sums and multiplication by rationals. For any f € A the
sequence Ly, (w, f) converges to some p¢(w) for all w from a set Qf with P(Qy) = 1.
Tt is possible to find a set 1 with P(Q2;) = 1 such that for all w € Qq, f, g € A, and
rational a and b

Pafbg(w) = app(w) + bpg(w).
Evidently,

[ ip(w) = pg(@) 1< f =g, we,

where || . || is a uniform norm in C,(Y'), and the function f +— ps(w) can be extended
uniquely to the continuous positive linear functional on Cy(Y) which by the Riesz
theorem has the form p1s(w) = p(w, f) for some measure p(w,.) on Y. For w € 2 we
put p(w,.) equal to any fixed probability measure on Y. We show that u is the kernel
we are seeking. Notice that p(w,Y) = 1. Fix w € Q;. By the assumption there exists
a subsequence i,/ (w,.) which converges in P(Y") to a measure y/(w,.) on Y. We can
extend i, (w,.) and p/(w,.) to Y in a trivial way. Then for f € A we have

/f (wydy) = /f (wydy) = hm/f )i (0, )
= Jim [ f@ . dy) = /f (w, dy).

It follows that the probability measures u/(w,.) and u(w,.) coincide, and, since any
convergent subsequence has the same limit, the whole sequence p, (w,.) converges in
P(Y) t0 fin(w,.).

The result is proved.

5.4. Let X and Y be Polish spaces. Any measure m € P(X x Y) can be
desintegrated, that is, can be represented as m(dz,dy) = u(z, dy)v(dz), where v is
the image of m under the projection mapping X X Y onto X and p is an element of
M(X,Y) (regular conditional probability) defined v a.s. uniquely.

LEMMA 5.2. Let Sy be a convexr compact subset in P(Y), and let S be the set
of all m € P([0,1] X Y) such that m(dz,dy) = p(z,dy)dx with u(x,.) € Sy for all
t €[0,1]. Then S is a convex compact set.

Proof. The problem is to prove that S is closed. Let us consider for any A =
[a,b] € [0,1], b > a, the set

1
b—a

Ka = {m ePY): m()= /Au(x, Jdx, p(z,.) € Sy for all z € A} ,

which is, by Lemma 5.1, a convex compact set in P(Y). Let L be the set of all
m € P([0,1] X Y) such that the image of m under the projection mapping X x Y
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onto X is the Lebesgue measure (this means that m(dz,dy) = p(x,dy)dx without
any restriction on p). Evidently, L is a closed convex set in P([0,1] x ).

Define the continuous affine mapping fa : L — P(Y) by the formula fa : m —
ma where ma(T') = m(A x T')/(b — a). The result will be proved if we show that
S = Nafr'(Ka). The inclusion S C Nafx'(Ka) is evident. To prove the opposite
inclusion let us consider the measure m from L which belongs to Na fA'(Ka). Let
us define the dyadic o-algebras F; = 0{Ay,, k= 1,..., 2'}, where Ag; = [0,27],
Apg =]k — 1)271 k271, k > 1. Using Lemma 5.1 it is easy to show that for any I
there exists a stochastic kernel gy such that p;(x,.) € Sy for all ¢ € [0, 1] and

m(Ax.)= /A,ul(a:,.)dax

for all A € F;. Put

2l
ml(t7 ) = ZIAk,L(t)ml’k(‘)
k=1
where
my(.) = 2l/ wi(x,)dx € S
AV]

according to Lemma 5.1. By Proposition 5.1 on convergence of measure-valued mar-
tingales, the sequence p;(x,.) tends to p(z,.) in P(Y) for almost all z and

/A,ul(a:,.)dx = /Au(x,.)dm

for all A € F;. Thus, we find a stochastic kernel p such that u(z,.) € Sy for all
z € [0,1] and m(AxT) = [, p(z,I)dx for all A€ By, l € N, and ' € Y. Tt follows
that m(dz, dy) = p(x,dy)dt. Hence, m € S and the lemma is proved.

5.5.

LEMMA 5.3. Let (X, X) be any uncountable Polish space with a probability measure
v on it. Then there exists an increasing family of o-algebras (X)), 1 € N, such that

(1) Ay is generated by a finite partition of X to the sets Agy, k=1,..., r;

(2) X =0{X;, l e N};

(3) v(0Ak,) =0 for any k and | (OA denotes the boundary of A).

Proof. Since a Polish space is homeomorphic to Gs-subsets of H = [0, 1]N, we
can assume without loss of generality that X is a Borel subset of H. Moreover,
it is sufficient to construct the family (X}) for the space H (then the o-algebras
XNX={ANnX, X € &} will have the desired properties for X). Let ¢ € [0,1/2].
Let us define the partitions of the interval [0,1] by points a5, ,, k=0, ..., 2/, in
the following recurrent way. Let a§ =0, af =1, a5, = 271 + . Starting from the
Ith partition we define for k even the point aj, -, = (aj,—; + afk+1)2_l)/2; ie., we
construct the ordinary dyadic partitions on both intervals [0,27! +¢] and |27 +¢,1].

Evidently, diameters of the partitions tend to zero as | — oo.

Put

Al = [0,a5..], AL, :]afkil)Q,l,aiz,L], k=1,..., 2"
re={a, ., k=1, ..., 2,, le N}.
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Let A, pu={z: 2 €Ay ... e Af |}, XF =0{A}, .0 ki <2'}. Notice
that the set Ny of superscripts € € [0,1/2] such that I'¢ are d1s301nt is uncountable
(this follows from the observation that I'* NI = @ if Qe + Q # Qn + Q and there
are uncountably many different sets Qe + Q). Let’s consider the countable subset
N, of Ny containing all superscripts € such that at least one of the probabilities
v(z: x, € I'°), k € N, is positive. Thus, Ny \ N, is uncountable. It is clear that for
any € € Ng \ N, the sequence of o-algebras A has the needed properties.

5.6. The following assertion is a generalization of Lemma 5.2.

PROPOSITION 5.2. Let Sx be a compact subset in P(X), and let Sy be a convex
compact subset in P(Y). Assume that all elements of Sx are nonatomic. Let S be
the set of all m € P(X xY) such that m(dx,dy) = p(z,dy)v(dr) with u(x,.) € Sy
for all x and v(.) € Sx. Then S is a compact set.

Proof. Since the relative compactness is evident, we need to show only that S
is closed. Let us consider the sequence m,, € S with m,,(dz,dy) = pn(z, dy)v,(dz)
which tends in P(X x Y) to m(dz,dy) = p(x,dy)v(dx). As v, tends to v in P(X)
and Sx is a compact, v € S.

To prove that m € S for all , we construct a sequence of stochastic kernels
f; such that f;(x,.) € Sy for any z, [;(x,.) converges v-a.s. to some fi(z,.), and
fi(@, dy)v(de) = p(x, dy)v(dz).

Let us consider the o-algebras X} = 0{Ak;, k =1,..., i}, | € N, defined in
Lemma 5.3. Since v(0A,;) = 0, the sequence of measures m,,(Ag,; X .) converges in
P(Y) to the measure m(Ay,; x .) for any set Ay ;. From Lemma 5.1 it follows that for
any | € N there exists a stochastic kernel p; such that p(¢,.) € Sy for all ¢ € [0,1]
and

m(Ax.)= /A,ul(x, Jv(dx)

for all A € X}. Let

ZIA“ x)myx(.),

where

1
myk(.) = ) /Ak,l (z, Jv(dz) € Sy

according to Lemma 5.1 (if v(Ax,;) = 0 we can put my ,(.) to be equal to any point
of Sy). By Proposition 5.1 on the convergence of measure-valued martingales the
sequence fi;(x,.) tends to f(x,) in P(Y) for almost all x and

[ it = [ i, i

for all A € &;. Thus, we found a stochastic kernel u such that f(z,.) € Sy for all
z € [0,1] and m(AxT) = [, i(z,D)v(dx) forall A€ X;, l € N,and T' € Y. It follows
that m(dz, dy) = f(x,dy)v(dx). Hence, m € S.

Remark 5.2. Walter Schachermayer suggested the following simpler proof of the
above result without the assumption that measures from Sx are nonatomic. At first,
notice that Sy = U7_ T, where T'; := {u : u(f;) < 85}, f; € Cp(Y), B; € R.
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Indeed, from the Hahn—-Banach theorem it follows that Sy is an intersection of sets of
this type. Their complements form an open covering of the open set P(Y)\ Sy. Since
a Polish space is Lindel6f it contains a countable covering f‘j, j € N. Assume now
that for the limiting measure m(dz, dy) = p(z, dy)v(dz) there exists a set of positive
v-measure where p(z,.) € Sy. The above representation for Sy implies that there
exists a set B = {z : p(z, f) > B} with v(B) > 0. Let g € Cp(X) be a sequence
converging in L*(v) to I. Since py(,.) € Sy we have that u,(z, f) < . Thus,

k—oo n—oo

hmhm//%@ﬂ%m@m@=ggﬁg (). £ (o)

Shmﬁ/gk = Bv(B).

From the other side,

b ] o 1= | ettt
~ lim gktrﬁddx,fﬁddr)=:/;Addw7fﬁ4dx)>>QV(B)

k—oo
and we get a contradiction to the assumption that p(x,.) does not belong to Sy v-a.s.

5.7. Now we consider the following problem.

Let (2, F, P) be a probability space, P be a o-algebra in the product 2 x R such
that P C F@B(Ry), I'is a measurable set-valued mapping from (R4, B(R4)) to R.
Measurability means that the graph GrT' = {(¢,z) : z € T'(t)} is a B(R+) ® B(RY)-
measurable set. We shall assume that T'(¢) are closed sets and there exists a function
r € L'(R.dt) such that |T'(t)] < r; for all . Let V be a set of all P-measurable
functions f on  x R, such that f(w,t) € ['(t). Define the set K in P(R?) as

K= {e@: o= [" o gev).

The question is if K is a compact set. We give here only a partial answer to this
question imposing some specific assumption on the structure of the o-algebra P.

Let w = (w;) be a d-dimensional Wiener process on (2, F, P), ;" = o{ws, s <
t}, F = FY VN, where N is a family of all sets from F of zero probability. In
other words, F* = (F}*) is the minimal filtration generated by the Wiener process
and satisfying the usual assumptions.

LEMMA 5.4. Assume that P is the predictable o-algebra generated by F* and T'(¢)
is a convex set for allt. Then K is a compact set.

Proof. Since random variables ¢ are bounded by some constant, K is relatively
compact and it remains to show that K is closed.

Let us consider the sequence f™ € V such that the corresponding sequence of
distribution £(¢™) converges in P(R?). Define the random processes

M:Aﬂwww

Using the criteria of relative compactness in P(C44(R.,)) (the space C?t4(R,) is
equipped with the metric ;27 I @ l; A+ ] = |I;)7"), we can assume without loss
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of generality that the sequence £((¢™,w)) converges to some £ in P(C%t4(R.)). The
Skorohod theorem asserts that on some probability space (Q, F, 15) (actually, on the
standard unit interval) there are processes (é",u?"), n € N, and ((;37111) such that
L(¢™, ") = L(¢",w), L(¢, W) = L, and (¢, d"™) converges to (¢, ) in CIT4R,)
pointwise.

It is easy to show that the following properties hold:

(1) The process ¢ is adapted with respect to (F*), where FJ' := o{u", s <t}
and

(5.1) (@) = / (@, 5)ds

with P"-measurable f" such that fH(@,s) € T(s) for (©,s) (where P™ is the pre-
dictable o-algebra generated by (F}")). 3 3
(2) The process ¢ is adapted with respect to (F;), where F; := o{w,, s <t} and

(5.2) 5(@) = / f(@, 5)ds

with P-measurable f such that f(@,s) € I'(s) for (@,s) (where P is the predictable
o-algebra generated by the minimal filtration with the usual assumptions for w).

Let us prove that ¢" is adapted with respect to (F}'). Fix t € Ry and define the
Wiener process w} = w},, —w;, s € Ry, which is independent of F}*. It is sufficient
to show that E(&? | ft") = é? (P-a.s.) or, equivalently, that

EE(¢} | Fh(@")g(@") = Egh(a")g(@")

for any bounded continuous functions h : C4[0,#] — R and g : C*(R4) — R (the
argument of h, in fact, is the restriction of @™ to [0,¢]). Since h(w™) is F}'-measurable,

it follows from properties of the conditional expectations that the above equality holds
if and only if

(5.3) Eph(")Eg(@") = B¢} h(w")g(@").

But L(¢™, w™) = L(¢™,w), and the last identity is equivalent to the following one:
E¢ph(w)Eg(w) = E¢}h(w)g(w),

where w; = Ws+t — W, s € R4, which holds because ¢” is adapted with respect to
().
Taking a limit in (5.3) we get that
Eéth(ﬁ’)EQ(w) = Eéth(@)g(@),

where Wy = Ws1¢ — W, s € Ry. As above, this means that o E((ﬁt | Fp);ie., ¢
is adapted with respect to (F;). The representation (5.1) follows from the definition
of ¢" and coincidence of L(¢",w") and L(¢",w). To obtain the representation (5.2)
we notice that by the Komlo$ theorem [19] for the bounded sequence f™, there exists

a subsequence (n;) such that (f™ +--- + f™)/k converge to some function fO for
almost all (@,t). It follows that

(5.4) b (@) = /0 (@, s)ds.
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The convexity assumption implies that fO(Q, s) € T'(s) for almost all (@, s), and we
can assume without loss of generality that f(@,s) € I'(s) for all (©,s). This means
that the trajectories of ¢ are absolutely continuous functions. Let

f~l (‘Da S) = lim sup Z N (S)2m(&ti—1 ((D) - (gti—2 ((:)))7

m—oo £
=2

where t; =i27™, A; =t; —t;_1. Clearly, f/ (@,s)is a P-measurable function, and for
all @ and almost all s it coincides with f°(@,s) € I'(s). Thus, the following function
gives the representation (5.2) with the required properties:

~ ~

f(‘bv S) =f (&)? S)IA + .’L‘(S)IA,

where A = {(@,s) : f (@,s) € [(s)}, 2(s) is any Borel function such that z(s) € I'(s).

Properties (1) and (2) imply the result. Indeed, it follows from (2) and Lemma
2.1 in [13] that there exists a predictable function a(z,s) : C¢4(Ry) x Ry — R4
such that f(@,s) = a(w(@),s). Evidently, we can modify a(z,s) in such a way that
a(z,s) € I'(s) for all (z,s). Let us define on the original probability space (2, F, P)
the process

t
o) = [ s
0
with f(w,s) = a(w(w), s). Since f € V and L(¢) = L(¢) = L it follows that the limit
of L(¢™) belongs to K and the lemma is proved.

5.8. Now we apply the previous result to our specific setting.

LEMMA 5.5. The set SY := {L(& + I(v) : v € Vy)} is compact in P(R™).

Proof. Reversing the time and taking into account the notations of the previous
subsection we can reduce the problem to the question of whether the set

Ki={e@: o= [~ o sev

is compact. Here I'(t) = —s~2 exp{A4(T)/s}B2(T)U and the o-algebra P is generated
by the time reverse of the Ornstein—Uhlenbeck process & /;, or, equivalently, by the
process 1; := t&§; ;. The process ) (as well as §) is defined in the present context
only up to the distribution. For example, we can take as n the process defined by the
stochastic differential equations

(5.5) dn, = t72(tI — A)medt + dwy, 19 = 0,

where [ is the unit matrix and w is the Wiener process. This representation can be
deduced from the differential equation for the Ornstein—Uhlenbeck process by the Ito
formula. But from equation (5.5) it follows that 7" = o{ns,s < t} and the needed
result is a corollary of Lemma 5.4.

5.9. Let n; be random variables with values in Polish spaces (X;, X;), i =1, 2, 3,
let v; be the distribution of n;, and let pu;;(x;, dx;) be the regular conditional distri-
bution of 7; given n;.

LEMMA 5.6. Let n3 = f(n2) for some measurable function f : Xo — X3, and let
S1 be a compact convex set in P(X1). Assume that p2(x2,dx1) € Sy for all zo. Then
ws(zs,dxy) € Sy for vs-almost all x.
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Proof. The assertion follows from the relation

M13(333,d$1)=/ piz (e, dry)pes(zs, drs)  (vs-ae.)
X2

and Remark 5.1.
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ANALYSIS OF ROBUST H, PERFORMANCE USING MULTIPLIER
THEORY™

ERIC FERONT

Abstract. In this paper, the problem of determining the worst-case Hy performance of a control
system subject to linear time-invariant uncertainties is considered. A set of upper bounds on the
performance is derived, based on the theory of stability multipliers and the solution of an original
optimal control problem. The numerical issues raised by the resulting computational problems are
discussed; in particular, newly developed interior-point convex optimization methods, combined with
linear matrix inequalities, apply very well to the fast and accurate solution of these problems. The
new results compare favorably with prior ones. The method can be extended to other types of
perturbations.
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1. Introduction. Among all performance indices known to control engineering,
the Hy performance index holds a special place for historical and practical reasons.
The historical reasons are that minimizing the Hs norm of a linear control system
via feedback, better known as the LQG problem, is among the first optimal control
problems to have been solved analytically. (For an extensive presentation and bibliog-
raphy, see [1].) The practical reason is that this problem can be solved using reliable
and fast computational procedures [2, 20, 39].

It is, however, well known that the performance of the LQG-optimal controller
can be very sensitive to perturbations on the nominal system [11]. In view of this
fact, devising analysis and synthesis tools that will respectively evaluate and minimize
worst-case Hy norms of control systems is especially relevant.

In this paper, we consider the following specific problem: given a linear control
system perturbed by linear time-invariant (LTI) perturbations, what is its worst-case
H; norm? This question has remained open until recently when some attempts have
been made at its solution. Packard and Doyle [26] and Bernstein and Haddad [4, 5, 6]
are among the first to consider the problem of robust Hy performance in the face
of dynamic and parametric uncertainty. Stoorvogel [37, 38|, Petersen, Rotea, and
McFarlane [30, 31] find bounds on the worst-case Hy norm of a system subject to
norm-bounded, noncausal, possibly nonlinear, and time-varying uncertainties. Peres,
Geromel, and Souza [28, 29] find upper bounds on the Hy norm of linear time-varying
and uncertain LTI systems based on quadratic Lyapunov functions. The book and
papers by Boyd, El Ghaoui, Feron, and Balakrishnan [9, 14, 7, 13] show that the com-
putation of all these bounds on Hs performance can be reduced to convex optimization
problems involving linear matrix inequalities, which can be solved via efficient convex
optimization techniques. In [9, 13], attempts are made to refine the upper bounds
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on Hs performance when dealing with particular classes of perturbations such as
static nonlinearities and parametric uncertainties, using Lur’e Lyapunov functions
and causal multipliers. Other attempts at obtaining reliable upper bounds on robust
H, performance include the recent paper by Paganini, Doyle, and D’Andrea [27].

In this paper, we propose to extend the results presented in [9, 13] by using non-
causal multipliers to evaluate the worst-case Hs norm of linear systems perturbed by
LTT perturbations. Using noncausal multipliers is a well-known technique to deter-
mine the stability of uncertain systems (see [10, 40] and references therein) and has
proved to yield effective computational procedures [36, 34]. We believe this paper is
the first attempt to use them to determine robust Ho-performance of linear systems
subject to linear perturbations. It is organized as follows.

The first part is devoted to a few definitions and notations. In particular, we
recall the notions of boundedness, positivity, and passivity of operators.

In the second part, we formulate the robust Hy analysis problem and sketch our
line of attack to get upper bounds on worst-case Hy performance. We present a
new upper bound on robust Hs performance, based on the use of certain dynamic
Lagrange multipliers.

In the third part of this paper, we present a way to compute the upper bound
on robust performance using convex optimization and linear matrix inequalities. In
particular, we exhibit convenient linear families of finite-dimensional multipliers to
perform this computation.

In the fourth part, we discuss the obtained results: in particular, we study condi-
tions for the obtained upper bound to be finite. We also study special cases and show
they correspond to results having already appeared in the literature. A numerical
example that illustrates the usefulness of dynamic multipliers to determine accurate
upper bounds on robust performance is provided.

2. Notation. In this paper, R (resp., C) denotes the set of real (resp., complex)
numbers. R denotes the set of nonnegative real numbers. R"*? (resp., C"*?) is the
vector space of n x p real (resp., complex) matrices. R"*? (C"*!) is abbreviated R™
(C™). For the random variable x, E z denotes the expected value of z. For any matrix
X, XT denotes its transpose and X* denotes its complex conjugate transposed. The
identity matrix is noted I. If X is invertible, then its inverse is noted X ~'. When X is
not invertible, its Moore-Penrose inverse is noted XT. When X € R™*", Tr X denotes
the trace of X. A square matrix X is said stable if all its eigenvalues lie in the open
left complex half-plane. Given a set of matrices X; € R™ P, ..., Xy € R"W*PN
and defining n = Zi\;l ng, p= Zivzl pi, diag(Xy,...,Xy) denotes the n X p matrix

X, 0 - 0
0 X5

: . . 0
0 - 0 Xy

Note that the X;s need not be square. From time to time, when no ambiguity is
possible, diag(X1,..., Xx) is noted diag” | (X;), or diag;(X;).

For any two matrices X and Y € R™*", the inequality X <Y means that X and
Y are symmetric and that the difference Y — X is positive. The inequality X < Y
means that X and Y are symmetric and that the difference Y — X is positive definite.



162 ERIC FERON

L;(R) denotes the Hilbert space of functions h mapping R into R™*? which
satisfy

/ Tr h(t)T h(t)dt < o,
It is equipped with the standard scalar product
Vb€ LaR), (0.0 2 [ Tegle)/ (o

and for all h € Ly(R), the Euclidean norm (h, h)/2 of h is denoted ||h|,. Lo(Ry)
denotes the subspace of La(R) made of the functions h satisfying h(t) = 0 when ¢ < 0.
Ly, denotes the space of functions h mapping R into R™*? satisfying h(t) = 0 for
t <0 and

t
WZQ/‘TM@%@ﬁ<w

Following the usage of Francis [16], we suppress the dependence of these spaces on
the integers n and p.

For a given operator A and a function p mapping R into R", (Ap)(¢) denotes the
value taken by the image function Ap at time t. An operator A is said to be causal
if for any function p and any time ¢, (Ap)(t) depends only on the past values of p up
to time t. It is said anticausal if (Ap)(t) depends only on the future values of p from
time ¢. In any other case, A is said noncausal.

Given a set of operators Aq,...,Ap, diag(Aq,...Ar) stands for the operator

which maps the function taking the value [ui(t)T ... uL(t)T]T at time t to the
function taking the value [(Ajup)(t)T ... (ALuL)(t)T]T at time ¢.

Let H map Lo(R) into Ly(R) and be linear. The adjoint of H, denoted H*, is
the unique linear operator satisfying

<$,Hy> = <H*$,y> Va@y € LQ(R)

Defining s as the usual Laplace variable, the transfer function of H is denoted H(s)
whenever it exists.

Let us now introduce the notions of finite gain, positivity, and passivity that we
will use throughout this paper.

DEFINITION 2.1 (see [32]). An operator F' mapping La(R) into La(R) has finite
gain (or, equivalently, is bounded) if there exists a positive § such that for any u € Lo

[Fully < 6 lull; -

The smallest such 6 is called the gain of F' and denoted || F|| .
DEFINITION 2.2 (see [10]). A linear operator G mapping La(R) into La(R) is
said to be positive if for any u € Ly(R)

(Gu,u) > 0.
G is said to be strictly positive if there exists 6 > 0 such that for any u € La(R)

(Gu,u) > 6 |ul| .
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DEFINITION 2.3 (see [10]). A linear, causal operator G mapping La, into La, is
said to be passive if for any u € Lo, and T > 0

T
/ (Gu)Tudt > 0.
0

3. Problem statement and line of attack. Consider the system

%x(t) = Axz(t) + Bpp(t) + Byw(t), z(0) = xo,
(1) q(t) = Cqa(t) + Dygpp(t),
z(t) = CLx(t),
p(t) = (Ag)(?),

wherez: R—-R", p: R—-R™,¢g: R—-R"™, 2: R—R™, and w: R — R"™
and all quantities are equal to 0 for ¢ < 0. Assume that the matrix A is stable. A is
a perturbation that satisfies the following set of assumptions:

A = diag(Ay,...,Ay,),
Yu € La(R), (Au)(t) = /000 6;(T)u(t — 1) dr,

o0
/ |6:(T)] dr < o0,
0
A; is passive, i=1,...,ny.

In the literature, the passivity assumption on A is often replaced by a finite-gain
assumption [12]. Standard loop-transformations allow us to move almost freely from
one framework to the other (see [10, p. 215] and the end of this paper for a more
detailed discussion).

Much of the existing literature is devoted to studying the robust stability of the
system (1) against the uncertainty A in the following sense: Assume w = 0 and any
initial condition xg; then the signals x, p, ¢, and z belong to Lo(R4).

In this paper, we assume the system (1) to be robustly stable, and we are inter-
ested in evaluating its worst-case Hy performance against the uncertainty A: Let

HA(s) = Haw(s) + Hap(s)A(s) (1 = Hop(s)A(5)) ™" Hyu(5),

where
Heu(s) = Cu(sI — A)~' By,
Hep(s) = Cu(sI = A)7IB,y,

@ Hep(s) = Cy(sI — A)' By + Dgp,
Hyy(s) = Cy(sI — A)7'By,.

The Hy norm of the system (1) is defined as

1o 1/2
sl = (55 [ TG B )
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Equivalently, using Parseval’s theorem, ||Ha ||, may also be expressed as ||ha |5, where
ha is the impulse matrix of Ha. In the subsequent developments of this paper, it will
also be very convenient to express it as

1/2
b

(4) |Hal, = (E213)

where z is the output of the system (1) with the following assumptions: the input
w is identically 0 and the initial condition x( is equal to B,u, where v is a random
variable satisfying Euu” = I. (The expectation appearing in (4) is therefore to be
taken with respect to u.)

The robust Hs analysis problem is to compute the worst-case Hy norm of the
system (1) over all possible values of A that satisfy (2). This computation is in general
quite a complicated problem. Thus, we propose to replace it by the computation of
upper bounds on robust Hs norm, using a technique similar to the classical technique
of Lagrange multipliers: Consider any family M of operators M mapping Lo (R) into
Ly(R) such that the operator M*A is positive for any A satisfying (2). The following
lemma gives us an upper bound on the worst-case Ho norm of the system (1).

LEMMA 3.1. We have the inequality

5 E|z||5 < min E 2|5 + 2(p, Mg
(5) maxBljzl; < min B max 2]l +2(p, Mq),

where p, G, and Z are the inputs and outputs of the system
(6) q(t) = C,i

where all variables belong to Lo(Ry), and u is a random variable satisfying Euu® = I.

Proof. Consider the system (1). For any M € M, we have (p, Mq) = (Aq, Mq) =
(M*Ag,q) > 0, since M*A is positive. Therefore, for any A satisfying (2), any initial
condition zg, and any M € M, we have ||z||3 < |23 + 2(p, Mg). Since p € La(R),
we furthermore have

2 <112 U
z||5 +2(p, Mq) < max ||Z|;+ 2(p, Mq),
<l + 200, M) < _mase 213 +2(5. M)

where the right-hand side of the inequality may be infinite. Taking expected values
(with respect to the random variable u) on both sides of these inequalities, we conclude
that

E|z|2<E max ||Z||> +2(p, M§).
2]l < ;ﬁeLg(R+)H 5 +2(p, Mq)

This ends the proof of our lemma. a

Note that the multiplier M can indeed be seen as a Lagrange multiplier. Such an
approach is not unlike the one encountered in the papers by Yakubovich [43, 15, 44]
and Megretsky [21, 22, 23], where it is named the S-procedure. In the remainder of
this paper, we will show that a suitable choice of the family of multipliers M allows
the right-hand side of (5) to be easily computed.
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4. Upper bound computation via linear families of finite-dimensional
multipliers.

4.1. Linear families of finite-dimensional operators. Following an idea
arising in [8, 33, 9], we consider finite-dimensional, noncausal operators M € M,
where

M = diag(M, ..., M,,),
mij mij

N
Mi(s) = mio + ; Gy sty

M;(jw) >0 Yw € R,

mi’jER, 1§’i§np, OSJSN

(We refer the reader to [16] for a complete discussion of the representation of non-
causal operators via transfer functions with unstable poles.) Thus, the set M is
parameterized by the real numbers m;;, ¢ = 1,...,np, 7 = 0,..., N. Each transfer
function M;(s) may alternatively be written as M;(s) = Chy, (sI — Anr,) " B, + Do,

where
Acai 0 Bcai
AMi - |: 0 _Aaci :| ’ BJM@‘ - |: _Baci :| ’
(7

CMi = [ Ccai Oaci } 5 DM; = Myo,

and
(-1 1 © 0]
0 -1 1 . :
Acai = 0 ’ AaCi :Acai7 Acai ERNXNa
(®) 11
. 0 0 -1 |
Bcaq', - [ 0 O 1 }T, Baci :Bcai7
Ccai = [ m; N e Myt ] 5 Caci:Ccai7 1= 1,...,np.
Likewise, the transfer function M(s) may also be written as M(s) = Cu(sI —

A]\/[)_lB]\/[—|—D]\/[7 with
Aca 0 Bea
AM{ 0 _Aac:|7 BM{_BM},

C(M = [ Cca Cac } 5 DM = diagi(miO)a

(9)

and
Aca = diag;(Acai),  Aac = diag;(Aaci),
Bc, = diag;(Bcai),  Bac = diag;(Baci),
Ceo = diag;(Cea;),  Cac = diag;(Cac;),

1=1,...,mp.
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To check that M is indeed an admissible set, we must check that for any M € M
and any A satisfying (2), M*A is positive. Since M*A is a diagonal operator, we just
need to check that M;A; is positive for i = 1,...,n,. From [10, p. 174], passivity of
A, is equivalent to the inequality

(11) A;(jw)* + Ai(jw) >0 Yw € R.
By hypothesis, M;(jw) is real and nonnegative. Thus, the inequality (11) implies
(12) Ai(jw)* M;(jw) + M;(jw)A;(jw) = 0.

Thus, positivity of M*A; holds, since by Parseval’s theorem, we have

= % :’0 u(Gw)* (A (jw)* M;(jw) + M;(jw)A; (jw)u(jw)dw  Vu € La(R).

The inequality M;(jw) + M;(jw)* > 0 for all w € R can be expressed in a conve-
nient form via a straightforward application of Theorems 3 and 4 of Willems [41],
subsequently corrected in [42].

LEMMA 4.1. The inequality

M;(jw) + M;(jw)* >0 Vw € R
is satisfied if and only if there exists a symmetric matriz P; satisfying

Aum! P+ P Ay PiBay — Curp
(13) <0.
BuyiP—Cy;  —(Dumi+ Dul)

Note that this lemma requires controllability of (Axy,, Bys,) to hold and that this
assumption is indeed satisfied.

When ¢ € Ly(R4 ), a simple state-space representation of M ¢ can be given that
will be useful in the subsequent developments in this paper.

LEMMA 4.2. For any § € La(Ry), we can write M§ as the output of the system

d .
—xyp = Anzy + Bug, aan(0) = [ 05

T
(14) dt |

MG =Cuzxp + Dumg,

where Tocq 15 the unique initial condition such that lim;_, xpr = 0, given by
o0

(15) Taco = / e?a™ B,.q(r)dr.
0

A proof of this lemma may be found in Appendix A.

4.2. Upper bound computation. Having identified an appropriate family of
multipliers M, we can now describe a numerical implementation of the upper bound
on worst-case Hy norm given in Lemma 3.1.

We first proceed to compute E maxger,(r,) 21> + (p, M§) for a given operator
M, where p, ¢, and Z satisfy (6) and #(0) = B,u, where Euu? = I. Introduce the
augmented system
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%a‘s(t):AMHf(t)+BMHﬁ(t), #0)=[ #0)T 0 aT,

(16)  (M§)(t) = Crru®(t) + Darup(t),
Z(t) = Cym2(t),

where AMH, BMH, CMH, DMH; and CMHz are given by

]T

)

A 0
BuC, A

By

, Bumg=
ByrDgp

AMH: 9

Cuu=[ DuCy Cum |, Duyu = DuDgy,
Cup-=[C. 0 0],

and Z,c is given by (15). From Lemma 4.2, computing maxser,(r.) 1212+ 2(p, M§)
is equivalent to computing

(17) max / l Jf<t)

peLa(R+) Jo | P(2)
where p and Z satisfy (16). If the initial condition Z(0) was constant, the solution to
this quadratic optimal control problem could be obtained by standard methods such
as the ones described in [41]. Unfortunately, this is not the case, because the noncausal
multiplier M is involved, which makes Z(0) depend on p through the relation (15).
In fact, assuming that (Apsp, Barm) is controllable (we will make this technical as-
sumption from now on), ..o spans all of RV™ as j spans all of Ly(R.y). Therefore,
in order to compute (17) subject to the constraints (16) and (15), we propose the
following two-step strategy:

(i) Fix @,c9. Compute (17) subject to the constraints (16) and

Crrar-Crrr Chrw z(t) gt
Cur Dy + DYy ’

oo
/ eAaCTBva(T)dT = TacQ-
0

(ii) Maximize the resulting solution over z,.o € RY"7.
From Lemma 4.2, step (i) is equivalent to computing (17) subject to the constraints (16)
and lim;_, o, Z(¢) = 0. This is a well-known problem whose solution is given by Willems
or Yakubovich, for example.

LEMMA 4.3 (see [41, Theorem 3|; [44, Theorem 3]). Assume that (Aprm, Barm) is
controllable. The value of (17) subject to the constraints (16) and limy_,o Z(t) = 0 is
finite if and only if there exists a symmetric matriz P satisfying the matriz inequality

(18)
BL, . P+ Cun Dy + DT,

It is then given by z(0)T P~x(0), where P~ is the smallest (in the sense of the partial
ordering of symmetric matrices) among all matrices P satisfying (18).

A proof of this lemma may be found in Appendix B.

In particular, we see that P~ is independent from the initial condition Z(0).
Therefore, step (ii) is simply done by maximizing

[« 0 a3

]P_[a:g 0 2l

acQ }T
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OVer T,co. Partitioning P~ as
Py Py P
_ _T _ _
P™=| Pp Py Py
_T _T _
Py Py Poy
this problem is equivalent to maximizing

T p— T p— T
¢(Taco) = wp Pryo + 277 Pi3%aco + Taco PazTaco-

The function ¢ is quadratic in Z,co. Thus, it has a maximum if and only if Py; <0

. . . . . _T _
and it has a stationary point x,.q, solution to the equation Pj3 29 = —Ps3Taco- In
this case, the maximum value of ¢ is given by

_ 4T
(19) x(:JF(Pu — P3Py3 Py )ao.

Assume now that zo = B,u, where v is a random variable satisfying Euu”? = I.
Then

20 E max |32 +2(p, M{
(20) ﬁeLQ(m)ll 15 +2(p, Mq)

is finite if and only if

P33 <0,
(21) :
Vu € R™, Jxaco such that Pry” Byt = —Pag%aco-

Then, from (19), the value of (20) is
_ T
(22) Eu" By (P - P13P33TP13 )Buu
_ oty T
= TI'Bg(Pn — P3Py Pr3" ) By

It is possible to write the second condition in (21) in a more compact manner by
remarking that it is equivalent to the requirement that P~ B,, lie in the range of P54
or, equivalently, in the nullspace of I — P?E))P?E,T =1- P:)E,Tng. Thus, this condition
may also be written (I — P?E))TP?E,)PE)TBw =0.

Introducing the symmetric matrix I' € R™*"™ as a slack variable, we can also

write the value of (22) together with the condition (21) as the minimum value of Tr T’
subject to the conditions

- — Tt =T
By (Pry — PgPs3 Prg" )By <T,
(23) Py <0,
S NN
(I = P33 Pg3) Pz By = 0.

Using Schur complements (see [9, p. 28] for details), it is also the minimum value of
Tr T subject to the single constraint

BIP B, -T BIPj

Py B., P
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We now remark that for a general symmetric matrix P partitioned as
Py Py P
P=| Pl P» Py |,
PL PL P
the matrix
BTP,B, BIPg3

X(P)=
quz;Bw P33

varies monotonically with P, meaning that if P; < P, then X (P;) < X(F). Thus,
given P~ as defined in Lemma 4.3, we compute the value of Emaxjer,(r,) 12115 +
2(p, M§) by minimizing TrT' over the variables P and T' subject to the matrix con-
straints (18) and

BTPB,—-T BIPy,

(24)
PLB, Ps3

Thus the value of minpse p E maxper, HZHg +2(p, M¢) is obtained by minimizing
TrT over the variables P, T, and M € M subject to the matrix constraints (18)
and (24). Remarking that M € M if and only if the inequality (13) holds, we can
now summarize the computation of the upper bound on robust Hy performance in
the following theorem.

THEOREM 4.4. Consider system (6). The quantity

. ~12 ~ ~
min E max ||Z|; + 2(p, Mq),
Juin B a7+ 20, M)
where Z, p, and G satisfy (6), is computed as the minimum of TrT' over the variables
L, P, P,....P,, mij, i =1,...,np, =0,..., N, satisfying the constraints

(25) [ AwiPi+ Pidws - PiBasi = Cl, <0, i=1,...,n,,
BiPi—Cumi  —(Da + DY)
(26) [ AT P+ PAyg +CLy.Cvuns PBuw +Cly |
i BY P+ Oy Dym + Digy

and

BI'PyB, T BIP;
@) PLB,, P33 ’
where

Py Pa Pi3

(28) P=| PL Py Py

PL PL P

has been partitioned conformally with the dimensions of A, Aca, and A, (where Aca
and A, are given by (10)).
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5. Discussion. In this section, we discuss the main result of this paper and
compare it with some previous approaches.

5.1. Computational issues. We see that Theorem 4.4 gives us effective means
to compute the upper bound on the worst-case Hy norm of the system (1): indeed, we
have to minimize the linear objective TrI' over the variables I', P, Pi,..., Py, myj,
i=1,...,np,7=0,..., N, which appear linearly in the matrix constraints (25)—(27).
In particular, new interior-point convex optimization algorithms will solve this prob-
lem very efficiently [25, 9]. Note also that the size of the optimization problem grows
with the dimension N of the family of multipliers used. Note finally that the solution
of the optimization problem in Theorem 4.4 via interior-point methods requires that
all soft inequality signs of the form < appearing in the constraints (25)—(27) be re-
placed by strict inequality signs. This does not present significant problems in most
practical cases. (For a detailed discussion, we refer the reader to [9, section 2.5]).

5.2. When the obtained bound is finite. Theorem 4.4 provides an upper
bound for the worst-case Hy norm of the system (1). However, it does not guarantee
that this upper bounds is finite. Thus, it is interesting to examine cases for which
this bound is guaranteed to be finite.

One such case arises when there exists M € M such that —MH,, is strictly
positive, where H, is the operator whose transfer function is given in (3). Then
there exists a positive ¢ such that

Vp € La(R), (p, MHgpp) < —6(p,p).
Define the impulse matrices
C,e**B, fort >0,
haw(t) =

0 otherwise
and
C,eB,, for t >0,
hguw (t) = .
0 otherwise.

Then, for any A > 0, any initial condition Z(0) = B,u and any p € Lo(R4) in the
system (6), we have

1215 + 2X\(5, M)
= [|hawts + Haopp||3 + 205, M Hypp + Mhgu)
< hzwttlly + 20wty [Hepll o + Xlhguttlly | M]1]00) 1lly + (1Hpl2, — 228) (15115 -
Choosing A = (| H.,||, +1)/26, we therefore have
12115 + 27(5, Mq)
< hzwulls + 2([hzwlly [ Hapll oo + Al gutelly M1 ) 11515 — 1515
< Nhzwully + (hzwtlly | Hapll o + Xl Rgwully [ M]] )2

2 2 2 2 2
< [[hzwully + 2([hzwully [ Haplls + A2 [1hquull; [MII5,)-
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(Note that the quantities | M|, and || H., || are well defined, since the corresponding
transfer functions have no poles on the imaginary axis.) Taking expected values with
respect to the random variable u, we have

Emaxjer,(r,) |25 + 25, M)
2 2 2 2 2
< hzwlls + 2 Pewlls [ HapllZ + X2 [hgu 3 1M]12).

Noting that M € M implies AM € M, we conclude our upper bound is finite.

It is interesting to remark that the strict positivity of —MH,, is one of the
conditions used in the classical theory of stability multipliers to prove stability of the
system (1) as described in [10, p. 203]. Thus, whenever stability of the system (1) can
be proven via stability multipliers, then we can provide finite bounds on its worst-case
H, performance. Note that numerical methods involving linear matrix inequalities
to prove robust stability of the system (1) using linear families of finite-dimensional
multipliers may be found in [3, 35].

5.3. Special cases and comparison with earlier results. In this section, we
investigate what happens when considering special cases of the system (1) and of the
multiplier M.

Consider first the case when the system (1) is perfectly known, that is, B, =
0,Cq = 0,Dg, = 0. The optimization problem in Theorem 4.4 is solved by choosing
m;; = 0 for all ¢ and j; P; = 0 for all 4;

Py 00
P= o 0 0],
0 0 0
where Py satisfies AT Py + Pl A+ CIC, = 0; and I' = BLPB,,. Py is the observ-
ability Gramian, and the obtained bound is then exact.
Second, consider the case when N = 0 and n, = 1, that is, when the multiplier

M = myg = m is simply a nonnegative scalar. Then, applying Theorem 4.4 leads to
the computation of

29 minE max ||Z]® +2m D, q
(29) mink max [12]] (D, )

via convex programming and linear matrix inequalities.

This special case in which scalar, memoryless multipliers are used has already
appeared in the literature—for example, in the papers by Stoorvogel [37, 38], although
in a different format: in these papers, the problem under consideration is to compute
the worst-case Hy norm of the system

—a(t) = Ax(t) + Byp(t) + Byw(t), x(0) = o,
(30) q(t) = éqx(t) + ﬁqpﬁ(t)v
z(t) = Cux(t),

when p and ¢ € La(R4) are subject to the constraint

A2 A2
(31) 15112 < [14ll5 -
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Stoorvogel obtains an upper bound on the worst-case Ho norm for this system by
relaxing the constraint (31) and by computing

(32) minE max 2[5+ 2m(ldl; - Ipl15).

where z, p, and ¢ satisfy (30), subject to the boundary conditions x(0) = By,u, w(t) =
0, and u is a random variable satisfying Euu’ = I. This formulation can be cast in
our framework the following way: Introduce the scattering variables ¢ = (p+¢)/2 and
p = —(p—¢q)/2. Then, following the same reasoning as in [10, p. 215], the system (30)
and the constraint (31) can also be written as

©a(t) = Ax(t) + Byplt) + Buw(t), 2(0) =,
(33) q(t) = Cqx(t) + Dpp (1),
2(t) = Caa(t),
and
(34) (p,q) >0,

where A, B,, Cy, and D, are determined from A, Bp, C'q, and bqp via the relations

A:A+Bp(l_ﬁqp)_léqv B, = _2Bp(l_ﬁqp)_17
(35) ) ) ) X
Cy = (I = Dg)~'Cy, Dyp = —(I + Dygp)(I = Dgp) ™"

(These relations are valid if and only if T — ﬁqp is invertible.) The upper bound (32)
can then be written as

. 2

(36) min® max [lzll; +2m(p,q),

where z, p, and ¢ satisfy (33), subject to the boundary conditions z(0) = B,u,
w(t) = 0, and v is a random variable satisfying Euu? = I. But then the quan-
tity (36) is the same as the special case (29). Note that the only difference between
Stoorvogel’s system as given by (33) and (34) and the system (1) is that the un-
certainty relationship p(t) = (Agq)(t), where A is a passive, LTI operator, has been
replaced by the uncertainty relationship (p,q) > 0. The latter relationship describes
a larger class of uncertainties than the former relationship, since whenever p = Agq
for A LTI and passive, then (p,¢) > 0. Similar comments may be made about the
results presented in [30, 9, 13, 19].

6. Example. In this section, we present an example to illustrate the developed
method, and compare it with earlier results. We consider the system (1) with

—-0.1 —0.1 0 0 0 0.1 0
0.1 0 0 0 0 0 0
A= 0 0 02 -02 0|, By=|01 , Bu=10],
0 0 01 0 0 0 0
0 0 0 0 -2 0.001 1
[11.98 0 001 0 20 ], Dgp = —12,

Cy=
c.=[0 00 2 0],
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TABLE 1
Upper bound on square of Ha performance as a function of multiplier order.

‘N 0 1 2 3 4 5 6
‘Upper bound | 341.17 137.87 99.03 83.59 75.81 71.39 68.69

and the perturbation A is any passive, LTI, and single-input, single-output system. It
is easy to check (via a Nyquist plot, for example) that the transfer function —H (s) =
—Cy(sI — A)7'B, — D,, has positive dissipation such that by application of the
passivity theorem [10], the system (1) is stable. Using the software described in [18,
24, 17], we have recorded in Table 1 the obtained bounds on the square of its worst-
case Hy norm as a function of N. (2N is the order of the noncausal multiplier which
is used.) Thus, N = 0 corresponds to the use of simple constant-gain, memoryless
multipliers. As can be seen, the use of dynamic, noncausal multipliers improves the
estimate on the square of the worst-case Hy norm by a factor of 5. Note also that
the best upper bound converges to a steady state value quite fast with the size of the
multiplier. This result is indeed obtained at the expense of increased computations.

7. Conclusion and extensions. In this paper, we have considered the problem
of determining an upper bound for the worst-case Hy norm of linear systems subject
to LTI uncertainties, by extending the theory of stability multipliers to handle Ho
performance.

We have shown this bound appears as the solution of a convex optimization
problem involving linear matrix inequalities. Thus there exist algorithms that will
compute it fast and accurately.

We have shown this bound is always sharper than the ones devised earlier for
larger classes of uncertainties. One example shows that this improvement can be
significant.

This work can be extended in many directions. For example, the theory of stability
multipliers has proved to be effective not only on LTI perturbations but also on
other classes of uncertainties, including memoryless, sector-bounded, and monotonic
nonlinearities and constant, unknown linear gains (parametric uncertainties). Thus,
this paper could be easily extended to these cases (with the restriction that Hy norms
of nonlinear systems require careful definition). The set of allowable multipliers M
would then be different.

Appendix A: Proof of Lemma 4.2. Using inverse Fourier transforms, it is
easy to show that for any ¢ € Ly(R), we have

t [e'e)
(37) (M§)(t) = / Ceae =T B G(1)dr + Darg(t) + / Cace T DB, G(7)dr.
— oo t

Thus, (M§)(t) is the sum of three parts: the first integral accounts for the causal
part of H, the midterm represents a possible feedthrough term, and the second integral
accounts for the anticausal part of M. (This is the reason for using the subscripts
“ca” and “ac,” which stand for “causal” and “anticausal,” respectively.)

When ¢ € Lo(Ry), the first integral in (37) is easily computed as re,(t), the
output of the system

d
%xca(t) = Acazca(t) + Bca‘j(t)a xca(o) =0,

Tea(t) = Cealica(t).
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The second integral can be transformed the following way:
/ Cace VB, G(7)dr
t [e%e] t
- / Coace* "D B, G(1)dr — / Coace T VB G(r)dr
0 0

00 t
= Chc [e—Aact / AT Boog(r)dr — / e~ (=T B G(r)dr| .
0 0

Therefore, defining

o0
xacoz/ e?a" B, .q(r)dr
0

(Taco is always defined and finite, since ¢ € Lo(R4) and A, is stable), the second
integral term in (37) can be written as 7,.(t), the output of the system

d
%xac(t) = _Aacxac(t) - Bac(j(t)a xac(o) = Zac0;

Tac (t) = CacTac (t)

Thus we obtain the expression (14) for (Mq)(t). The fact that lim; oo Zca(t) = 0 is
a direct consequence of the fact that A, is stable; the fact that lim; oo 2ac(t) = 0
follows from the identity

xac(t)z/ eA““(T_t)BaCQ'(T)dT.
t

Conversely, consider the system (14), and let x,.q be such that lim;_ . Tac(t) = 0.
Then

t
Tac(t) = e Aocly, —/ e_AaC(t_T)cj(T)dT.
0

If limy 00 Tac(t) = 0, then limy_, o e?actz,.(t) = 0. Therefore, from the above equal-
ity, we must have

t

lim eA"‘“T(f(T)dT = Taco,
t—o0 0
which proves that x,.q is indeed unique. 0

Appendix B: Proof of Lemma 4.3. From the literature on linear quadratic
control, it is well known that the value of (17) subject to the constraint lim;_, ., Z = 0
is a quadratic function of Z(0) whenever it is finite. See for example [1, p. 21].
Denote this quadratic form as z(0)7 P~2(0). We first prove that P~ must satisfy the
inequality (18). This is done by first noting that for any input p and corresponding
trajectory Z, the dissipation inequality

d

(38) @(f(t)TP*i“(t)) < —w(z(t), p(t))

must be satisfied, where
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Indeed, for any initial condition Z(¢) and any input p; defined over the time interval
[t t+ dt], standard dynamic programming arguments yield the inequality

t+dt o o
/ w(z, pr)dt + max/ w(z,p)dt < max/ w(z, p)dt.
t PEL2 t+dt pEL2 Jy

Letting dt tend toward 0 yields the equivalent differential form

w(a(#),5(0)) <  § max / " w(@ pt,

which yields (38). Noting that this quadratic inequality must hold for any Z and p
and that

d o _ _ _ -
&j(t)Tp z(t) = 2z(t)" P~ (Aprmz(t) + Bamp(t))
yields the equivalent inequality (18).

Conversely, consider any feasible solution P to the matrix inequality (18). Then,
the inequality (38) is automatically satisfied. Integrating this inequality from zero to
infinity with any p € Ly such that lim;_, o, Z(¢) = 0 implies

z(0)T Pz(0) > /OOO w(Z,p)dt.

Thus, whenever P~ exists, we have

P~ satisfies (18) and
z(0)TP~z(0) < z(0)TPz(0) V(z(0), P),
where P satisfies (18).

Thus, P~ must be the smallest feasible solution to the inequality (18). 0
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A NEW NONSMOOTH EQUATIONS APPROACH TO NONLINEAR
COMPLEMENTARITY PROBLEMS*

HOUYUAN JIANGT AND LIQUN QIf

Abstract. Based on Fischer’s function, a new nonsmooth equations approach is presented
for solving nonlinear complementarity problems. Under some suitable assumptions, a local and
Q-quadratic convergence result is established for the generalized Newton method applied to the
system of nonsmooth equations, which is a reformulation of nonlinear complementarity problems.
To globalize the generalized Newton method, a hybrid method combining the generalized Newton
method with the steepest descent method is proposed. Global and Q-quadratic convergence is
established for this hybrid method. Some numerical results are also reported.

Key words. nonlinear complementarity problems, nonsmooth equations, semismoothness, uni-
form P-functions

AMS subject classifications. 90C33, 65K10
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1. Introduction. Consider the following nonlinear complementarity problem
(denoted the NCP):

(1) find z € R" such that « >0, F(r) >0, and a2’ F(z)=0,

where I': R™ — R"™ is continuously differentiable and the superscript T denotes the
transpose operator.

The NCP has been used as a general framework for quadratic programming,
linear complementarity problems, mathematical programming and some equilibrium
problems. Designing algorithms for solving the NCP became extremely popular in the
last decade, although it has a relatively long history. Many different approaches such
as fixed point, homotopy, projection, Newton, smooth or nonsmooth optimization,
smooth or nonsmooth equations, and many other methods have appeared. For an
extensive survey of the NCP, we refer the reader to [34] and references therein; see
also [13].

Josephy [17] presented a generalized Newton method for solving variational in-
equalities which contain the NCP as a special case. The Josephy—Newton method
was shown to be convergent locally as well as Q-quadratically. However, this method
does not converge globally. Therefore, the design of good global methods for solving
the NCP becomes a challenging endeavor.

Based on the above motivation, Pang [33] reformulated the NCP as a system of
nonsmooth equations. This makes it possible to extend the classical damped Newton
method for solving smooth equations to the nonsmooth case. Harker and Xiao [14] also
converted the NCP into a system of nonsmooth equations in a different way. Pang and
Gabriel [35] further combined the nonsmooth equations reformulation with sequential
quadratic programming, resulting in a so-called NE/SQP method. They established
that the NE/SQP method converges both globally and locally Q-quadratically. The
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idea of reformulating the NCP as a system of equations is not new. Actually, Man-
gasarian [25] reformulated the NCP as a system of smooth equations (see also [41]).
But the singularity of the system confines the application of Mangasarian’s method.
Kanzow [19] further established many ways for reformulating the NCP. Chen and
Mangasarian [4] proposed smoothing methods where a class of smooth functions ap-
proximate certain nonsmooth functions arising in the reformulations of the NCP. The
further study of those methods has been done by Chen and Harker [3].

Another approach is to reformulate the NCP as a smooth unconstrained mini-
mization problem. Mangasarian and Solodov [26] introduced a smooth function in
such a way that any global minimizer of the unconstrained minimization problem
with this function as the objective function is a solution of the NCP. Yamashita
and Fukushima [43] proved that any stationary point of the unconstrained minimiza-
tion problem proposed by Mangasarian and Solodov is a solution of the NCP if F
is continuously differentiable and strongly monotone in R™. This shows that any
method for solving unconstrained minimization problems is applicable for the NCP
in this special case. Kanzow [18] gave some more approaches to characterize the NCP
as unconstrained minimization problems. Geiger and Kanzow [12] proved that one
of these approaches has a good property as Yamashita and Fukushima observed for
the Mangasarian—Solodov function, but with a weaker assumption. Reformulating the
NCP as a smooth constrained minimization problem is also a direction to follow. This
approach is due to Fukushima’s [11] and Auchmuty’s [1] remarkable work; see [11, 1]
for more details. Recently, Moré [30] formulated the NCP as a bound-constrained non-
linear least squares problem which may be classified as part of the smooth constrained
minimization reformulation approach. For nonsmooth constrained minimization re-
formulations of the NCP, we refer the reader to [27].

Other methods for solving the NCP include homotopy or continuation methods.
The idea is also based on the equivalence between the NCP and a system of equations;
see [2, 20, 21, 22, 42].

The discussion above shows that the approaches of reformulating the NCP into
smooth or nonsmooth equations, smooth or nonsmooth minimization problems are
very promising. It generates a new future for the designing of computational methods
for solving the NCP.

In this paper, we shall propose a new nonsmooth equations—based method for the
NCP. This work is more related to nonsmooth equations and smooth unconstrained
minimization based methods. We first transform the NCP into a system of non-
smooth equations in the next section by employing a function introduced by Fischer
[8]. In section 3, we establish locally Q-quadratic convergence of the generalized
Newton method for solving the NCP under some suitable conditions. Unlike other
nonsmooth equations—based methods, we solve a system of linear equations instead
of a mixed complementarity problem or a quadratic programming problem for each
inner iteration. To globalize the generalized Newton method, we propose in section 4
a hybrid method by combining the generalized Newton method with a minimization
technique. This hybrid method enjoys not only global convergence but also locally Q-
quadratic convergence under some assumptions. In section 5, some numerical results
are reported for both the generalized Newton and the hybrid methods.

2. The nonsmooth equations reformulation. Let ¢ : R> — R be defined by

(2) é(a,b) = Va?+b2—a—b.
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Fischer [8] first introduced this function to reformulate the Karush-Kuhn-Tucker
(KKT) optimality conditions of nonlinear programming problems as systems of non-
smooth equations. Kanzow [18, 19] used this same function to reformulate linear
and nonlinear complementarity problems as smooth nonlinear programs or systems of
smooth equations. Jiang [16] studied sensitivity properties of nonsmooth variational
inequalities by employing nonsmooth analysis to the function ¢.

One basic property of this function is that

(3) ¢(a,) =0<=a>0, b>0, ab=0.

From the above characterization, (1) can be recast as a system of nonsmooth equations
defined by

Hy(x) o(x1, Fi(x))
(4) Ha@)=| = |= : =0
H,(x) (T, Fr(T))

in the sense that x solves (1) if and only if x solves (4).
Note that H is locally Lipschitz on R™ and Fréchet differentiable only on the set
Q, where

Q= {zcR"2?+ (Fi(z))*>0,i=1,...,n}.

Let G: R™ — R" be locally Lipschitz on R™. Then Clarke’s generalized Jacobian
of G at z, denoted by 0G(z), can be defined as the convex hull of the set

{ lim vG(z") | G is differentiable at 2% € R"™}.

As an analogue to Fischer’s analysis [8], we study Clarke’s generalized Jacobian of H
at all points on R"™. For x € {2, we have

VH(z) = diag(yi(z)) v F(z) + diag(ui(2)),
where diag(c;) denotes a diagonal matrix with diagonal elements aq, s, ..., ay,, and

vilw) = Fy(@)((Fy(2))? +23) 72 — 1,

pile) = zi(Fy(x)* +2f) 72 — 1.
Clearly, for i =1, ..., n,
(5) (vi(@) + 1) + (i) +1)* = 1.
It also follows that

pi(r) = —1, yi(z) =0<= F(zr) >0, x;=0,

pi(r) =0, ~(r)=—-1<+= Fi(z) =0, x;>0.

For x ¢ Q, by the definition of Clarke’s generalized Jacobian and some simple calcu-
lations, any V' € 0H (x) can be represented as follows

(6) V = diag(vi) v F(x) + diag(u),
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where
(7) (vi+1D2+ (i +1)* <1, i=1,2,..,n.

Remark. The reverse of the above assertion is not true in general. However,
one can find a matrix V € 9H(z) for any x € R™. For any given z € R", let
T = {i|x; = F;(x) = 0} and u be a vector of R™ with u; # 0 for ¢ € Z. Define

| F@)((Fi@)? + )72 -1, i¢T,
T VE@) (V@) Tu)? +u2) V2~ 1, ieT,

and

- w((F@)? +af) TR -, i¢T,
T w(VR@ R a2 -1, ieT

It is not hard to prove that diag(v;) VF (z) + diag(u;) is a Clarke generalized Jacobian
of H at x. This technique is also used by De Luca, Facchinei, and Kanzow [5].

3. The algorithm and its local convergence. Since Robinson’s and Pang’s
pioneering works [40], [32], numerical methods for solving nonsmooth equations have
been developed quite extensively. In particular, the generalized Newton method was
proved to be convergent locally and superlinearly under the key assumption that the
considered function is semismooth at solution points; see Qi and Sun [38] and Qi [37]
for more details. Kojima and Shindo [23], Kummer [24], Pang [33], Pang and Qi [36],
Ralph [39], and many more studied nonsmooth equations from different perspectives.
Our goal here is to establish a local and superlinear convergence result when the
generalized Newton method is applied to (4).

We now present our generalized Newton method for solving the system (4).

ALGORITHM A.

Step 1. Choose initial point 20 € R™ and Let k = 0.

Step 2. Choose V¥ € 9H (z*) and solve the following Newton equations for the
direction d¥ € R™:

(8) H(z*) + VFd* = 0.

Step 3. Set z**! = 2% + dF. If 2**! solves H(xz) = 0, stop. Otherwise, let
k:=k + 1 and go to Step 2.

Note that d* is not unique in (8) if V* is not nonsingular. Moreover, it is not
known if (8) is solvable or not. We shall provide conditions to ensure the solvability

of (8).

Recall that a function G : R™ — R"™ is said to be monotone if
(y— )" (G(y) —G(x)) >0 for all z,y € R™.
Furthermore, G is called a uniform P-function [29)] if there is o > 0 such that

max (yi — 2:)(Gi(y) — Gi(x)) > ally — z||? for all 2,y € R™.

Both monotone functions and uniform P-functions are very broad and have very fine
properties. It is known [31] that a smooth function is monotone on R™ if and only
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if its Jacobian function is positive semidefinite on R™. The following lemma shows a
similar relation to the above characterization for uniform P-functions.

LEMMA 3.1. Suppose that G : R™ — R"™ is a smooth uniform P-function with
modulus o > 0. Then for any x € R™ and 0 #d € R"

T 2
max d; v Gi()"d 2 of|d]]”

Proof. Let y = x 4+ td for t > 0. Then the result follows from the mean value
theorem. a

PROPOSITION 3.2. Suppose F': R™ — R" is continuously differentiable. If F is
a uniform P-function, then V is nonsingular for any V € 0H(x) and x € R™.

Proof. Let V € 0H(z) for x € R™. Let d solve the equations Vd = 0. By (6),
there exist constants i, ..., Yn, 1, - -, in satisfying (7) such that

diag(v;) v F(x)d + diag(us)d = 0,
namely,

prdy + v 7 Fi(x)d =0,

tndn 4+ vn 7 Fn(z)d = 0.
Multiplying the ith equation by d;, we have

pdi + div v Fi(z)d =0,

pnd? + dpyn 7 Fo(z)d = 0.
By (7), if ; = 0 then d; = 0. Consequently,

max & v Fi(2)d < | _max (0, —pi/di} <O.
But the uniform P-function property of F' implies that d = 0. Thus the nonsingularity
of V follows. O

By a similar argument with some minor modifications, one can prove the following
result.

PROPOSITION 3.3. Suppose F' : R™ — R™ is continuously differentiable. If
VF(z) is positive definite for all x € R™, then V is nonsingular for any V € 0H (z)
and x € R"™.

Remarks. (1) The positive definiteness assumption of Proposition 3.3 cannot
be weakened to the condition that F' is strictly monotone on R™. This is shown
by the following example. Let F(x) = x3. Then F is strictly monotone on R and
H(z) = V22 + 26—x—23. An easy calculation shows that H (0) = [—2, 0]. Therefore,
0 € 0H(0) is singular. (2) Clearly, for the nonsingularity of the generalized Jacobian
of H at a given point, say x in Propositions 3.2 and 3.3, it is sufficient to impose
the uniform P-function property or the positive definiteness of the Jacobian of the
function F' only in an open neighborhood of x.

It is known [37] that the semismooth condition imposed on the function at the
solution point plays a key role in establishing the superlinear convergence of the
generalized Newton method for nonsmooth equations. We now verify this property



A NONSMOOTH EQUATIONS APPROACH FOR NCP 183

for H. Denote y —4 x if y — =, y # x and (y — x)/||ly — z|| — d/||d|| for some
d € R™\ {0}. A function G : R™ — R" is said to be semismooth at x € R™ if G is
Lipschitz continuous in an open neighborhood of z and the following limit exists:

lim Vd.
VeaG(y)vy*}d(E

Furthermore, the function G is said to be semismooth in a given domain if it is
semismooth at each point of the domain. A semismooth function has many fine
properties. We introduce some of them in the following lemma taken from [37, 38].

LEMMA 3.4. If G is semismooth at x, then it is directionally differentiable at x;
i.e., G'(z,d) exists for any d € R™ and

oy Gl +d) —Glr) - G'(x,d)
lldfj—0 | d ]

Vd—G'(z,d)
1m -0 a0
VEdG (a+d), | d|—0 | d ]

(9) =0,

(10) = 0.

Qi and Sun [38] also introduced 1-order semismoothness. A function G is called
1-order semismooth at x if G is semismooth at x and for any d € R™:

(11) G(z+d) — G(z) — G'(z,d) = O(|| d |?).

We are now ready to establish the semismooth property for H.

PROPOSITION 3.5. Suppose that F' : R™ — R™ is twice continuously differentiable.
Then H defined by (4) is 1-order semismooth on R™.

Proof. Clearly, we only need to prove that H is 1-order semismooth at points
on which H is not differentiable, i.e., z ¢ Q. Note that H is 1-order semismooth
at a point z if and only if H; is 1-order semismooth at = for all i. Without loss of
generality, we prove only H; is 1-order semismooth at the point x such that 1 = 0
and Fj(z) = 0. A quick calculation yields for any d € R"™

Hi(z,d) = /& + (VFi(2)Td)? — di — v Fi(2)7d.
Similarly, if d3 + (7 Fi(z)Td)? > 0, then
Hi(z +d) — Hi(z) — Hi(z,d)

= & + (VFi(2)Td + O([d|[)? — /&% + (VFi(2)Td)? + O(||d] >

(IIdII )2 v Fi(x)Td+ O(|ld]*))
T V& (VE@TdR + O(d]P) + /& + (VE (2)Td)?
= O(lldl),

O(|ld|f*)

which shows the 1-order semismoothness of H; at z. If d5 + (\VFi(x)7d)? = 0, then
di = 0 = F (z)Td. Hence the above estimate still holds:

Hy(x +d) — Hy(z) — Hi(x,d) = O(||d|]*).

The desired result follows. 0
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THEOREM 3.6. Let F : R™ — R™ be twice continuously differentiable. Suppose
that F' is a uniform P-function on R™. Suppose that x* is a solution of (1). Then the
sequence {x*} generated by Algorithm A is Q-quadratically convergent to x* if x° is
sufficiently to =*.

Proof. The result follows from the application of Theorem 3.2 of [38]. 0

Remark. The above convergence result still holds if we only assume that any
V € 0H(x*) is nonsingular where z* is the solution point. The latter is guaranteed
by a condition presented in the remark after Proposition 3.3.

4. A globally convergent algorithm. It is well known that the Newton method
for solving a system of smooth equations does not necessarily converge if the initial
point is chosen arbitrarily. Traditionally, the Gauss—Newton method is a remedy to
achieve both global and local superlinear convergence; namely, a globalization conver-
gence strategy is applied to the merit function defined by the 2-norm operator. Un-
fortunately, this method cannot be applied directly to the nonsmooth case, although
some special Gauss—-Newton methods do work; see [33, 14]. These methods solve ei-
ther a mixed linear complementarity problem or a quadratic programming problem
at each inner iteration. Therefore, it is highly desirable to solve some simpler prob-
lems rather than mixed linear complementarity problems or quadratic programming
problems in some cases. This is our goal in this section.

Define a merit function 6 : R™ — R by

@) = 5 D bl F(@)? = I H@IP

Geiger and Kanzow [12] used this function to reformulate nonlinear complementarity
problems. They showed that solving (1) is equivalent to finding stationary points of
the unconstrained optimization problem

(12) minmeRn 0(3}),

whenever the continuously differentiable function F' is monotone and (1) is solvable.

Note that 6 is continuously differentiable on the whole space R™. This suggests
that it is possible to invoke any global convergence algorithm for solving (12). Clearly,
the Newton method combined with a line search or a trust region strategy is one op-
tion. However, the singularity of the second-order derivative of 6 at the solution point
makes it doubtful to obtain superlinear convergence. Moreover, much computational
work is needed to get the second-order derivative of §. For this reason, using the
Newton method combined with a line search or a trust region strategy is not recom-
mended for solving (12). It is known that the steepest descent method can guarantee
the global convergence of (12). But one of the disadvantages of this method is that it
usually performs poorly, particularly when the solution point is close.

Based on the above discussion, we propose a hybrid method which combines the
steepest descent method for solving (12) and the generalized Newton method for
solving (4). The idea is simple. We first check if the Newton step gives a sufficient
decrease to . If it does, another point is obtained. Otherwise, the steepest descent
method is applied to the minimization (12). It also provides a new iteration point.
Moreover, when the iterated point is close enough to the solution point of (1), the
algorithm never requires any steepest descent step. Then the superlinear convergence
result follows directly, provided that the generalized Newton method possesses this
property locally.
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Define a function ® : R? — R,

(I)(av b) = ((;5((1,, b))Q‘

[N

Geiger and Kanzow [12] have established the following lemma.

LEMMA 4.1.

(1) @ is continuously differentiable for all a,b € R, in particular 7®(0,0) =

(0,0)T.

(2) Va®(a,b) 7y ®(a,b) >0 fora,beR.

(3) Va®(a,b) 7y ®(a,b) =0 implies (a,b) =0.

Remark. The inverse of (3) in Lemma 4.1 is also true by a simple argument.

We are now ready to present the hybrid algorithm.

ALGORITHM B.

Step 1. Choose initial point z° € R", parameters o € (0,1/2),p € (0,1), and
B€(0,1). Let k=0.

Step 2. Choose V¥ € 9H (z*) and solve the following Newton equations for the
direction d* € R™:

(13) H(zF) +VFd" = 0.

Step 3. If (13) is solvable and 6(z* + d*) < B6(z*), go to Step 5. Otherwise, go
to Step 4. ~

Step 4. Let d* = — 7 0(z*). Find a minimum nonnegative integer, say m, such
that

(14) 0(z* + pmdk) < O(z*) + ap™ 57 0(a*) T dk.

Let d* = p™d*, and go to Step 5.

Step 5. Set z**! = 2% + dF. If 2**! solves H(xz) = 0, stop. Otherwise, let
k:=k+ 1 and go to Step 2.

To prove the existence of a cluster point of the sequence {z*} generated by Algo-
rithm B, we need the following result. It is a generalization of Theorem 3.2 of Geiger
and Kanzow [12]. The technique of the proof is also due to [12].

PROPOSITION 4.2. Suppose that F : R™ — R" is a continuous and uniform
P-function. Let L(2°) = {z € R"|0(z) < 0(2°)}, where 2° € R™. Then L(z) is
compact.

Proof. Clearly, L(x°) is closed. Suppose that L(z") is not compact for a given
2% € R™; namely, there exists a sequence of {z*} C L(2°) such that limy_.., ||z¥|| =
00. Let

I={1<i<n |{z¥} is unbounded}.

Clearly, I # ) due to our assumption. Define a new sequence {y*} associated with
{z*} by

Yi = aF  otherwise.

. {0 ifiel,
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Since F' is a uniform P-function, there exists a > 0 such that

o Ziel(l’f)z

af|zh — yF|]?
< maxicica(@; — ) (Fi(z¥) — Fi(y*))
= max {0, max;ecs mf(FZ(xk) — Fi(y*)}

Yier(@F)2 maxier | Fi(z¥) — Fi(y")]
< i (@)Y e [Fi(a®) = Fi(y*)].

Consequently, by the definition of I there exists a subset K such that for k € K

a [Y (=52 <Y |Fi(a" Y-
i€l iel

From the continuity of F, the boundedness of {y*}, the definition of I, and the
fact that I contains only a finite number of elements, the above inequality implies
that there exists ig € I such that {|F;, (z¥)|,k € K} is unbounded. Since i € I,
it follows from the definition of I that {z} } is also unbounded. By Lemma 3.1 of
[12], {¢(aF , Fi;(z*)),k € K} is unbounded. Thus, {#(z*)} is unbounded, which is a
contradiction. d

It is well known that some local minimum points of an unconstrained optimiza-
tion problem are not global minimum points in general. This shows that some cluster
points generated by the above algorithm are not solutions of (12) in general. Fortu-
nately, under some assumptions, the local minimum points of (12) coincide with its
global minimum points. We present this in the following proposition.

PROPOSITION 4.3. Suppose that F' : R™ — R™ is continuously differentiable, that
F is a uniform P-function. Then x* is a global minimum point of (12) if and only if
x* is a stationary point of (12), i.e., 70(z*) = 0; moreover, such a point =* must be
a solution of (1).

Proof. The “only if” part is obvious. Now we suppose z* is a stationary point of
(12), namely, 70(z*) = 0. Some simple calculations show that

Va® (21, Fi()) V@ (21, Fi (7))
vo(z) = : +VF(2)" :
Vaé(xran(x)) qu)(l'n,Fn(l'))
Denote @, (Va (x’{,F (%)), ..., Va®(xr, B ()T, and @y = (vp® (27, F1 (2%)),
@, Fy (). Honce,
Vaq)(va Fl(m*)) + (VF(x*)T(I)b)l
0=vb(z") = : 7
Va® (), Fo (%)) + (VF ()T ®y),

where (VF(2*)T®;); denotes the ith element of the column vector VF(z*)T ®;. Mul-
tiplying the ith equation above by 7, ®(z}, F;(x*)), we have for i = 1,2,...,n,

Ve®(a7, Fi(a")) Va ® (a7, Fy(2")) + 7 @(27, Fi(2"))(VF (2*)T ®p); = 0.

IN



A NONSMOOTH EQUATIONS APPROACH FOR NCP 187

This implies
max V@ (a7, Fi(a"))(VF(@*) @) = — min 7@ (], Fi("))va® (e}, Fi(a")) <0,

1<i<n 1<i<n
where the inequality is due to (2) of Lemma 4.1. By the uniform P-function property
of F, both VF(z*) and VF(z*)T are P-matrices. It follows from the definition of
P-matrix that ®, = 0, which shows that z* is a global solution of (12) by (3) of
Lemma 4.1. This completes the proof. ]

It is clear that if Algorithm B stops after a finite number of steps, then a solution
to (1) is obtained. In what follows, we assume that Algorithm B generates a sequence
{z*}. We now establish global convergence for Algorithm B.

THEOREM 4.4. Suppose that F : R™ — R"™ is twice continuously differentiable,
and {x*} is a sequence generated by Algorithm B. Then

(1) {z*} converges to the unique solution x* of (1) if F is a uniform P-function
on R"™. Furthermore, {x*} converges quadratically to x*.

(2) x* is a solution of (1) if F is monotone on R™ and if * is an accumulation
point of {z¥}. Moreover, {x*} converges quadratically to x* if \7F(z*) is
positive definite.

Proof. (1) Suppose that there are an infinite number of Newton steps, say k € K
in Algorithm B. Then limg oo rex ||[H(2¥)|| = 0. Since F is a uniform P-function
on R"™, Proposition 4.2 shows that {z*, k € K} is bounded. Assume that z** is an
accumulation point of {z*, k € K}. Then x** is a solution to (1). But z** should be
the unique solution x* of (1) by the uniform P-function property of F'.

Suppose that there are only a finite number of Newton steps taken in Algorithm
B. Then Algorithm B eventually reduces to the steepest descent algorithm for solving
the unconstrained optimization problem (12). Proposition 4.2 shows that {z*} is
bounded. Assuming that z** is an accumulation point of {z*}, we have that x** is
a stationary point of (12) by the optimization literature of [10]. By Proposition 4.3,
x** is a solution of (1). Clearly, it follows that x* = 2** by the uniform P-function
property of F.

Thus we have proved that z* converges to z*. Next we show that Step 3 of
Algorithm B is always successful eventually. Suppose 2 is sufficiently close to the
solution point z*. Then the generalized Newton method gives

(15) [ (") = [[VEd|l,

(16) la* +d* — 2*|| = o(||a* — 27|]) = o(]|d"|]).
By the semismoothness of H, (15), and (16), we have

|1 H (2% + d*)]] | H(z*) + V(a* +d* — %) + o(|[a* + d* — |||
I[V(@* +d* — %) +o[[a* + d* — z*[])]],

where V € 0H (x* + d*). By Proposition 3.2, any generalized Jacobian of H at x* is
nonsingular. Moreover, there exists a constant ¢ > 0 such that for any V € 0H(z),
d € R™, and zx sufficiently close to x* we have

[IVdll/lld]| = e.
Consequently,

|H (" +d°)|| _ |[V(* +d" — %) +o|[a* +d* —a*[)]] _ (1)
[[H ()] V|| '
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TABLE 1
Number of iterations for Example 1.

| n | 8 [ 16 | 32 | 64 | 128 | 256 |
Algorithm A 4 4 4 4 4 4
Algorithm B 4 4 4 4 4 4
Steepest descent method | 37 | 31 | 30 | 32 32 31

The above argument means that Algorithm B always implements the Newton step
after a finite number of iterations. The remaining results follow from Theorem 3.6.

(2) The proof is analogous to that of (1). We omit the detail. O

Remarks. (1) Algorithm B does not use the second-order derivative of the merit
function but still achieves the second-order convergence results. (2) From a numerical
point of view, the steepest descent method is not a good option. One may propose
other algorithms for solving the NCP by combining the generalized Newton method
and other global methods of unconstrained optimization.

5. Numerical results. In this section, we present some numerical experiments
for three algorithms, i.e., the generalized Newton method (Algorithm A), the hybrid
algorithm (Algorithm B), and the steepest descent method to 6(x). For Algorithm
A we used 0(z) < e as the stopping criteria. Algorithm B stops if either 6(z) < € or
|| v 0(x)|| < €1. When F is not a uniform P-function, the stationary point of § may
not be a solution of the NCP. In this case, Algorithm B may converge to a stationary
point of 6 but which is not a solution of the NCP. Thus, the second stopping rule
|| v 0(z)|| < €1 can be necessary for some cases.

Throughout the computational experiments, the parameters used in the algo-
rithms were set as € = 1075, ¢; = 107%, 0 = 1074, p = 0.5, 8 = 0.95. All computa-
tional results were undertaken on a DEC 5000 workstation by MATLAB.

Ezample 1. This example was used by Geiger and Kanzow [12]. Let F(x) =
Max + q, where

4 -1 0 -+ 0
-1 4 -1 0
0o -1 4 0
M = . ) q= (_17 7_1)T
0 0 0 -1
0 0 0 4

Since F' is strongly monotone on R", the corresponding NCP has a unique solution.
Table 1 lists the results for this example with initial point x = (0,...,0) for different
dimensions n.

Ezample 2. This example is also taken from Geiger and Kanzow [12]. Define
F(z) = Mx + q, where

M = diag(1/n,2/n,...,1), qg=(-1,...,—DT.

Again F is strongly monotone on R™. The corresponding strong monotonicity mod-
ulus depends on the dimension n and approaches zero when n tends to infinity.
Table 2 gives the results for this example with starting point z = (0, ..., 0) for different
dimensions n.

From Tables 1 and 2, one observes that both the generalized Newton and the
hybrid methods work quite well for Examples 1 and 2, respectively. However, the
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TABLE 2
Number of iterations for Example 2.

| n | 8 | 16 | 32 | 64 | 128 | 256 |
Algorithm A 4 4 4 4 4 4
Algorithm B 4 4 4 4 4 4

Steepest descent method | 384 | 1586 | 6465 | > 10* | > 10* | > 10*

TABLE 3
Number of iterations for Example 3.

| Starting point | Algorithm A | Algorithm B |
(0, 0,0, 0) 13* 20*
1,1,1,1) 8* 8
(100, 100, 100, 100) 11* *
(105, 10%, 10, 10°) 11* 7*
(—10%, =105, —10%, —10%) 11* *
(1234, 2345, 3456, 4567) 17* 53*

steepest descent method demonstrates very poor performance, especially for Example
2, in which the problem becomes ill conditioned as n increases. For this reason, we
choose not to test the steepest descent method for the remaining examples.

Ezample 3. This example was used by Pang and Gabriel [35], Mangasarian and
Solodov [26], and Kanzow [19] with four variables. Let

Fi(z) = 32?2+ 2z129 + 203 + 73 + 334 — 6,
Fy(z) = 22} 4 x1 4 23+ 1025 + 224 — 2,
F3(x) = 322 +x170 + 222 + 223 + 914 — 9,
Fy(z) = 224322+ 223+ 324 — 3.

This example has one degenerate solution (@, 0,0, %) and one nondegenerate solution
(1,0,3,0). This result is summarized in Table 3 using different starting points. The
asterisk (*) denotes that the limit point generated by the algorithms is the degenerate
solution, otherwise it is the nondegenerate solution.

Ezample 4. This example was tested by Kanzow [19] with five variables defined
by

5

Fi(x) = 2exp (Z(mi —i+2)2> (x; —i+2), 1<i<5.

=1

This example has one degenerate solution, namely, (0,0, 1,2, 3). The results are listed
in Table 4 using different starting points. The asterisk denotes that the algorithm
does not converge due to the inability of the computer to deal with very large number
overflow.

Ezample 5. This example is a modification of Mathiesen [28] tested in [19]. Let

= —T2+ T3+ T4,
= X1 — (45%3 + 27%4)/(%2 + 1),
= 5—ux1 — (0.525 +0.324) /(x5 + 1),

= 3—.’1)1.
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TABLE 4
Number of iterations for Example 4.

| Starting point | Algorithm A | Algorithm B |
(0, 0,0,0,0) 20 20
1,1,1,1,1) 18 *
(-1, -1, -1, -1, 1) 37 37
(2,2,2,2,2) 35 %
(=2, =2, -2, -2, —92) 61 61
(10, 10, 10, 10, 10) * *
(3,2,1,23) 1 1
(1,0,1,3,5) 20 6
TABLE 5

Number of iterations for Example 5.

Starting point | Algorithm A | Algorithm B |
@110 3 3
(2, 2,2,2)

(—2, -2, =2, —2)
(10, 10, 10, 10)
(
(

—10, —10, —10, —10)
1234, 2345, 3456, 4567)

D O U |
Q| ¥ OY x| O

This example has infinitely many solutions (A, 0,0,0), where A € [0,3]. For A = 1, 3,
the solutions are degenerate, and for A € (0,3) nondegenerate. The test results for
Example 5 are listed in Table 5 using different starting points. For all starting points,
the limit points generated by both the generalized Newton method and the hybrid
method are the degenerate solutions if the algorithms converge. The asterisk denotes
the algorithm fails due to discontinuity of F' when zo = —1 or x3 = —1.

Ezample 6. This example is problem 35 of Hock and Schittkowski [15] and was
tested by Geiger and Kanzow [12]. The problem is defined by

min  f(z) =9 — 8x1 — 62 — dws + 227 + 223 + 23 + 22122 + 22123
st. 3—x1 —x20—23 >0,
0<z, i=1,23

The original problem is a convex programming problem. Its KKT optimality condi-
tions lead to a monotone complementarity problem with four variables. This example
has one optimal solution « = (4/3,7/9,4/9). The test results for Example 6 are listed
in Table 6 using different initial starting points.

We next test some economic equilibrium problems with larger sizes, but with only
standard starting points.

Example 7. This is a problem arising in a spatial equilibrium model with dimen-
sion 42; see [4, 5, 35] for more details. The numerical results for Example 7 are listed
in Table 7 using the starting point (0,...,0).

FEzxzample 8. This is a 50-variable traffic equilibrium problem with elastic demand;
see [4, 5, 35] for more details. The numerical results for Example 8 are listed in Table 7
using the standard starting point defined below. z1, 9, x3, 210,11, 20, T21, T22, T29,
T30, T40, T45 are all ones; 3o, T42,T43, T4g are equal to 7; x41, T47, T4, T50 are equal
to 6; x44 and x49 are equal to 10; and all other elements are zeros.
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TABLE 6
Number of iterations for Example 6.

| Starting point | Algorithm A | Algorithm B |
(0, 0, 0, 0) 1 1
1,1,1,1) 5 93
(—1, =1, -1, -1) 1 1
(10 10 10 10) 5 5
(-1 —10, —10) 1 1
(100 100 100 100) 5 5
(—100, —100, —100, —100) 1 1
(10%,10%, 105, 10%) 5 5

TABLE 7
Number of iterations for Examples 7 and 8.

| Problem | Starting point | Algorithm A | Algorithm B |
| Spatial eq. | (0,...,0) 14 14
| Traffic eq. | as in Example 8 11 28

6. Conclusions. In this paper, we have presented an equivalent reformulation
of the NCP as a system of nonsmooth equations. The generalized Newton method
applied to the system of nonsmooth equations has been shown to be locally and
Q-quadratically convergent. The hybrid method, which is a combination of the gen-
eralized Newton method and a minimization technique for solving the NCP, enjoys
both global convergence and local Q-quadratic convergence under some conditions.
From a numerical point of view, the steepest descent direction method used in the
hybrid method is not a good option. However, the numerical results reported still
show that the approaches presented in this paper are promising. Therefore, for global
methods, numerical results should appear better than those in this paper if a better
unconstrained minimization method is used combining with the generalized Newton
method.

Very recently, De Luca, Facchinei, and Kanzow [5] proposed a global convergent
algorithm for solving the NCP. They use the same local approach as our generalized
Newton method. However, their global approach is quite different from ours. It
appears that their global strategy is better than ours from the robustness point of
view. In particular, it was pointed out [5] that the solution d* of (8) is always a
descent direction of the merit function 6 if 2* is not a solution of the NCP. Regarding
the nonsingularity of the generalized Jacobians of H, De Luca, Facchinei, and Kanzow
[5] provided more general conditions which are weaker than uniform P-functions. As
for the equivalence between the stationary point set of the merit function 6 and the
solution set of the NCP, the condition presented in Proposition 4.3 can be weakened
substantially; see [5, 6, 7, 9] for more details. Tseng [42] proved that the Ry-function
property, which is weaker than the uniform P-function property, of F is a sufficient
condition for ensuring the compactness of the level set in Proposition 4.2. For some
further refinements and more discussions, we refer the reader to [5, 9]. All those
improvements show that the combination of nonsmooth equation and unconstrained
optimization approaches for the solution of the NCP is very encouraging.

Acknowledgments. The authors are grateful to F. Facchinei, A. Fischer, C.
Kanzow, and two anonymous referees for their helpful and detailed comments.
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FAMILIES OF SOLUTIONS OF MATRIX RICCATI DIFFERENTIAL
EQUATIONS*
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Abstract. The J. C. Willems—Coppel-Shayman geometric characterization of solutions of the
algebraic Riccati equation (ARE) is extended to asymmetric Riccati differential equations with time-
varying coefficients. The coefficients do not need to satisfy any definiteness, periodicity, or system-
theoretic condition. More precisely, given any two solutions X1 (¢) and X2(¢) of such equation on a
given interval [to,t1], we show how to construct a family of solutions of the same equation of the
form X(t) = (I — w(t))X1(¢t) + w(t)X2(t), where 7 is a suitable matrix-valued function. Even when
specialized to the case of X; and Xg equilibrium solutions of a symmetric equation with constant
coefficients, our results considerably extend the classical ones, as no further assumption is made on
the pair X1, X2 and on the coefficient matrices.
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terization, invariant subspaces, projection-preserving differential equation
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1. Families of solutions of the RDE. Consider the asymmetric Riccati dif-
ferential equation (RDE)

(1.1) X =AX +XB+ XPX +Q,

where X is m x n and A, B, P,Q are continuous, matrix-valued functions with real
entries on [tg, t1] of dimension m X m,n X n,n x m, and m X n, respectively. As is well
known, the symmetric version of (1.1), i.e., when n =m, B = AT P = PT Q= Q7,
plays a central role in many fields of applied mathematics, including optimal control
and estimation, and has therefore been intensively studied. General Riccati equations
such as (1.1) arise in the theory of differential games [3], in state-space solutions to
H® problems [10], in polynomial factorization [5], in problems of feedback control [1],
and in the singular perturbation of boundary value problems [4]; see the introductions
of [17, 3, 12] for further information. A further example is provided by equation (1.7)
below, which is asymmetric even when (1.1) is symmetric.

All through this paper, X; and X, denote two fixed but arbitrary solutions of
(1.1) on the time interval [tg,¢;]. Moreover, let Ao := X9 — X;. There exists a one-
to-one correspondence between solutions of (1.1) and solutions of the homogeneous
Riccati equation

(1.2) A = Ax,A + ABx, + APA,

where Ax, := A+ X3 P and By, := B+ PX;, given by X « A = X — X;. Thus, all
results below concerning solutions of (1.1) may also be viewed as results concerning
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solutions of (1.2), where the roles of X; and X, are played by the zero solution and
Aq2, respectively.

Jan Willems’ classification of solutions of the ARE [23] was used in [14] to classify
all output-induced minimal stochastic realizations of a given process. In [2, Theorem
8.3], this classification was extended to the nonstationary case. Its implications for the
RDE, however, were not pursued there. Jan Willems’ original derivation of the geo-
metric parametrization of solutions of the ARE relied on first establishing a similarity
relation involving two “extreme” closed-loop matrices [23, Lemma 8]. The latter re-
sult was generalized to the symmetric, nonsingular (i.e., Ajo invertible), time-varying
situation in [18, Theorem 5.5]. It can indeed be extended to our very general setting,
and its consequences are far reaching.

LEMMA 1.1. Let X be any solution of (1.1) on [to,t1] and let A; == X — X,
i = 1,2. Let ¢(-,-) and ¥(-,) be the transition matrices corresponding to Ax =
A+ XP and —Bx := —(B + PX), respectively. Let ¢;(-,-) and ¥;(,-), i = 1,2, be

the transition matrices corresponding to Ax, == A+ X, P and —Bx, := —(B+ PX,),
respectively. Then, for i =1,2 and for all s and t in [to,t1], we have

(13) Ai (t)wz (tv S) = ¢(t7 5>Az(s)a

(1.4) Ai(t)(t,s) = ¢ilt, s)Ai(s).

Proof. Notice that A; satisfies

(1.5) A; = Ax,A; + A;Bx, + A;PA,;
= AxAz + AiBXi == A)QAZ + Ain.

From (1.5) it follows that

OAWi(ts) 5 0, onts)
——g = Ailult ) + Ai(t)—5—

Hence, both sides of (1.3) satisfy

% — AW (L, 5).

Since they coincide for s = ¢, they coincide everywhere. Exchanging the roles of X
and X;, we get (1.4) from (1.3). O

COROLLARY 1.2. A;(t),i = 1,2, has constant rank on [to, t1].

Proof. By (1.3), Ai(t) = ¢(t, to) Ai(to)i(to, t)- 0

COROLLARY 1.3. Let X be any solution of (1.1) on [to,t1], and let i = 1,2.
Suppose that ker A15(tg) C ker A;(tg). Then ker A15(t) C ker A;(t) for allt € [to, t1].

Proof. Let x € R™ be such that Aj5(t)z = 0. By (1.3), we get Aia(to)i(to, t)r =
0. Thus, v;(to,t)x is in the kernel of Aj5(tg). By hypothesis, A;(to)v;(to,t)x = 0.
The latter implies ¢(¢,to)A;(to)¥i(to,t)r = 0. Using equation (1.3) again, we get
Ai (t)x =0. 0

Obviously, the above result holds true if ¢y is replaced by any other time s in
[to,t1]. Let us agree that all through the paper 7 (¢) denotes an m x m matrix function
on [to, tl].

THEOREM 1.4. The matriz function X (t) = (I — w(t))X1(t) + 7(t)X2(t) is a
solution of (1.1) on [to,t1] if and only if w(t) is a C' function satisfying

(16) 7ZFA12 = [AX17T—7TAX1 —7TA12P(I—7T)]A12.
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Conversely, let X(t) be a solution of (1.1) on [to,t1] with ker A12(tg) C ker Aq(tg)
where A1 = X — X1. Then there ezists a C* function w(t) satisfying (1.6) such that
X(t) = (I —n(t)X1(t) + m(t)X2(t). Moreover, if RankAja(tg) = m, (1.6) may be
replaced by the auxiliary Riccati differential equation (ARDE)

(1.7) =Ax,m—mAx, — 1A P(I — ),
and there is a one-to-one correspondence between solutions of (1.1) and solutions of
(1.7).
Proof. Let R(X) := AX+XB+XPX+Q. f X(t) = ([—7(t)X1(t)+7(t) Xa(t),
we get
R(X) = A[(I - 7T)X1 + 7TX2] + [(I - 7I')X1 +71'X2]B
+[(I — 7T)X1 + WXQ]P[(I — 7T)X1 + 7TX2] + Q
= (I — W)R(Xl) + WR(XQ) — (I — 7T)AX1 — (I — 7T)X1PX1 — 7TAX2
—7TX2PX2 —+ A(I - 7T)X1 + A7TX2 + [(I - 7T)X1 + ’/TXQ]P[(I - 7T)X1 + 7TX2]
= (I - W)R(Xl) + '/TR(XQ) - 7TAA12 + AﬂAlg
—(I - 7T)X1P7TX1 - FXQP(I - 7T)X2 —|—7TX2P(I - 7T)X1 + (I - 7T)X1P7TX2
=T —-mR(X1)+7R(X2)+ [-7A+ Ar+ (I — ) X1 P — 7 Xo P(I — m)]Aq1
=T —-m)R(X1) + 7R(X2)
+[-mA+ Ar+ (I — 1) X1 Pn — wA19oP(I — ) — X1 P(I — )] A2
= (I — W)R(Xl) + WR(XQ) + [AXITK' — 7TAX1 — 7TA12P(I - W)]Alg.
If 7 is of class C'!, it then follows that X is a solution of (1.1) if and only if (1.6) holds.
Conversely, suppose that X is a solution of (1.1) on [tg,t1] such that ker Aj5(tg) C

ker Ay (t9). By Corollary 1.3, the inclusion ker Aj2(¢) C ker A,;(¢) holds for all ¢ €
[to, t1]. Then there exist m x m-valued matrix functions Z(t) such that

(1.8) A1 (t) = Z(t)A12(%)

for all ¢ € [to,t1]. Notice that (1.8) already implies that X (¢) = (I — Z(¢))X1(t) +
Z(t)X2(t). Thus, the proof of the converse will be complete if we can show that
among the functions Z satisfying (1.8) there is at least one Z of class C'. In that
case, we can take 7 = Z. To this end, notice that, in view of Lemma 1.1, any function
Z satistying (1.8) also satisfies

(1.9) Ar(t)ha(t, to) = Z(t)¢1(t, to) Ar2(to).
This leads us to introduce the function Z defined by

Z(t) = Ay ()a(t,to) Afy(to) 1 (to, t),

where Aﬁ (to) denotes the Moore—Penrose pseudoinverse of A15(tg). The function Z

is clearly continuously differentiable. We show next that indeed Z satisfies Ay(t)
Z(t)A12(t). Observe that the latter is equivalent to

(1.10) A ()] — (L, to)Ai(to)qSl(to,t)Au(t)] =0.

Now let Z be any function satisfying (1.8). Using (1.9) in (1.10), we see that the
latter is equivalent to

Z(t)¢1 (£, to) Ara(to) o (to, ) [T — o, t0) ATy (t0) b (to, 1) A1a(t)] = 0.
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Obtaining A15(t) from Lemma 1.1 and using properties of transition matrices, it can
be verified that the latter equation is in turn equivalent to

(1.11) Z(t) 1 (£, to) Ao (to)[I — AT (t) Ara(to)]ta(to, ) = 0.

Because of A(I — A#A) = 0, the preceding identity (1.11) is valid. Finally, suppose
that RankAqj3(tg) = m. By Corollary 1.2 the same is true for Aq5(t), t € [to, 1]
The one-to-one map between the solution sets of (1.1) and (1.7) is then given by
m(t) := [X(t) — X1 (t)]AL (), where AL denotes any right inverse of Ay, O

Remark 1.5. Obviously, in Theorem 1.4 (and in the following), we could have con-
sidered combinations of the form X (t) = X1 (¢t)(I —o(t))+ X2(t)o(t). The assumption
for the converse part would then read ker Ajs(tg)” C ker A;(to)”. Equation (1.6)
would be replaced by the equation

Algd' = A12[0'BX1 - BXIO' - (I— O')PAlgo'].

Remark 1.6. Notice that if m; and 75 are two C! functions generating the same
solution X of (11) on [to,tﬂ, i.e., X(t) = Xl(t) + Wl(t)Alg(t) = Xl(t) +7T2(t)A12(t)7
then necessarily [m1(t) — m2(¢)]A12(t) = 0 for all ¢ in [tg, t1]. If A1a(to) admits a right
inverse, then m = ms.

At first sight, the correspondence between solutions of (1.1) and solutions of (1.6)
or (1.7) established by Theorem 1.4 appears rather disappointing. Indeed, in the
best case, we still have to deal with an asymmetric Riccati equation, the ARDE,
with the only apparent advantage that m, Ax,, and A2 P are all square m x m-
dimensional. Notice that solutions X; and X5 of (1.1) correspond to the equilibrium
solutions zero and identity, respectively, of (1.6) and (1.7). Nevertheless, the power
of this connection will shortly be apparent. Indeed, (1.6) and (1.7) lend themselves
naturally to a geometric characterization of a subclass of their solutions; see Theorems
2.3 and 2.5 below.

We conclude this section with a result relating different ¢ transition matrices.
This result, which will not be needed in what follows, appears to be of interest for
nonstationary stochastic realization [2]. Indeed, it extends a result for feedback ma-
trices corresponding to different solutions of the symmetric ARE that was applied to
stationary stochastic realization in [11, Lemma 4.1].

PROPOSITION 1.7. Let X be any solution of (1.1) on [to,t1]. If X(t) — X1(t) =
Aq(t) = w(t)A12(¢) on [to, t1] for some function w, we have, in the notation of Lemma
1.1,

(1.12) {o(t, 5)m(s) — w(t)p2(t, )} A12(s) = 0,
(1.13) {o(t, ) (I = m(s)) = (I = ()1 (¢, 8)} Ara(s) = 0.
If w is projection valued, it follows that

(1.14) (I —m(t)o(t, s)m(s)A12(s) =0,

(1.15) m(t)p(t, s)(I —m(s))Ar2(s) = 0.

If, moreover, w is C*, the latter gives

(1.16) ([ — 7T)(7T — Axﬂ')Alz = 0,
(117) 7T(7'T+Ax(f— W))Alz =0.
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Proof. Employing (1.3) twice, once for X and once for X5, we get
o(t, s)m(s)Ar2(s) = (L, s)Ar(s) = Ar(t)(t, s)
=m(t)Ar2(t)Y1(t, s) = w(t)Pa(t, s)Ar2(s),

which is (1.12). Similarly, (1.13) is established. If 7 is a C'!, projection-valued func-
tion, differentiating (1.14) and the equation w(t) = m(t)? with respect to ¢, we get
[(I—7(t)Ax —7(t)]p(t, s)m(s)A12(s) = 0 and 7 (t)w(t) = (I — = (t))7(t), respectively.
Evaluating the first at s = ¢t and then using the second, we get (1.16). Similarly, we
get (1.17) from (1.15). O

2. Geometric results. The first step in establishing a geometric characteri-
zation of certain families of solutions of (1.1) consists of rewriting (1.6) and (1.7).
Simply rearranging terms, we get that these equations are equivalent to

(2.1) [ — (I —m)Ax,m+7Ax,(I —m)]A12 =0,
7— (I —-m)Ax,m+71Ax,(I —7) =0,

where AXZ = A + XQP = AX1 + A12P.
LEMMA 2.1. If 7 is a projection for all times, i.e., w(t) = w(t)? for t in [to,t1],
then it satisfies (2.1) if and only if it satisfies the system of equations

(2.3) (I — )i — Ax, 7| Ay = 0,
(2.4) 7l(I — 7) — Ax, (I — )] A = 0.

Proof. Multiplying (2.1) on the left first by (I — 7) and then by 7, we get (2.3)
and (2.4), respectively. Conversely, obtaining 77A1s from (2.4) and plugging it into
(2.3), we get (2.1). O

Remark 2.2. Equations (2.3), (2.4) can be obtained from (1.16), (1.17), observing
that

(I—Tf‘)AXl = (I—ﬂ')AX,

7TAX2 = ’/TAx.

Equations (2.1), (2.2), (2.3), (2.4) enjoy a certain symmetry. Indeed, they are invariant
under the permutation 7 < (I —7), X7 < Xo. Lemma 2.1 above singles out a subclass
of solutions of (2.1) and, by Theorem 1.4, of (1.1). This subclass may also be described
as the solutions on [tg, 1] of the following implicit system:

(2.5) [0, — 7,77l = [1— 7% (I — 1) Ax, A9, —TAx, (I — 7) A1)

The following result provides a geometric characterization of the projection-valued
solutions of (2.1). The question of existence of such solutions will be addressed in
Theorem 2.7 below.

THEOREM 2.3. Let X(t) = (I — w(t))X1(t) + w(t) X2(t) be a solution of (1.1) on
[to, t1]. Let M(t) := 7w(t)A12(t)R™ and N(t) := (I — 7(t))A12(t)R™. Then, for s and
t in [to, t1],we have

(2.6) M(t) = ¢u(t,s)M(s),
(2.7) N(t) = ¢2(t, )N (s).
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Moreover, we also have

(2.8) M(t) = o(t,s) M (s),
(2.9) N(t) = o(t, s)N(s).

Conversely, Let {M(t)} and {N(t)}, t € [to,t1], be two families of subspaces of R™
providing a direct sum decomposition of A12(t)R™. Let ® be a C function such that
() = x Vo € M(t) and ©n(t)y = 0 Vy € N(¢t). If (2.6), (2.7) hold for all s and t
in [to,t1], then X (t) = (I —m(t))X1(t) + 7(t)X2(t) is a solution of the RDE (1.1) on
[t07 tl} .

Proof. By Lemma 1.1, A1(t) = ¢1(t,s)A1(s)¢¥(s,t). Replacing Aq(t) with
m(t)A12(t), we get w(t)A12(t)R™ = ¢1(t, s)m(s)A12(s)R™, namely (2.6) holds. For-
mula (2.7) is proven similarly. Lemma 1.1 also gives Ay (t) = ¢(¢,s)A1(s)11(s,t). The
same argument as above then gives (2.8). Similarly, (2.9) is established. To prove the
converse, notice that (2.6), (2.7) imply

(2.10) [T —7(t)]b1(t, s)m(s)A12(s) =0,
(211) 71'(15)(]52(t7 S)[I — F(S)]Alg(s) =0.

Evaluating the derivatives of (2.10) and (2.11) with respect to ¢ on the diagonal ¢ = s,
we get (2.3) and (2.4). The latter imply that (1.6) holds, and consequently X is a
solution of (1.1). O

Remark 2.4. Notice that the first half of the theorem holds for any solution X
of (1.1) of the form X (¢) = (I — 7 (¢))X1(¢t) + 7(t)X2(¢), namely even when 7 is not
projection valued. In that case, however, the spaces M(t) and N(¢) do not need to
form a direct sum. Observing once more that X —X; = 1A and Xo—X = (I—-7)A1,,
we also see that the spaces M (t) and N (t) are uniquely determined by the solution X
and do not depend on the particular projection 7 used in the definition.

In the important case where Ao has full row rank, Theorem 2.3 reads as follows.

THEOREM 2.5. Assume that A1a(to) has full row rank. Let X (t) = (I—m(t)) X1 (t)+
w(t) X2 (t) be a solution of (1.1) on [to,t1]. Let M(t) and N(t) denote the range of
7(t) and the range of (I — 7(t)), respectively. Then, for s and t in [to,t1], relations
(2.6), (2.7), (2.8) and (2.9) hold true. Conversely, let 7(-) be a C1, projection-valued
function on [to,t1], and let M (t) and N(t) denote the range of w(t) and the range of
(I —m(t)), respectively. If the propagation relations (2.6) and (2.7) hold for all s and
t in [to,t1], then X(t) = (I — w(t))X1(t) + 7(t)X2(t) is a solution of the RDE (1.1)
on the same time interval.

Theorems 2.3 and 2.5 provide the desired geometric characterization of a subclass
of solutions of the ARDE (2.2) and, consequently, of the RDE (1.1). Notice that, in
the case m = n, Remark 2.4 gives that the first half of Theorem 2.5 applies to any
solution of (1.1) on [tg,t;]. Indeed, in this case, Aja(¢) is invertible at all times,
and ker A15(t) C ker Aq(t) is trivially satisfied. Hence, any solution X of (1.1) can
be expressed as X (t) = (I — 7(t))X1(t) + 7(t)X2(t). For the purpose of immediate
comparison, we state below Jan Willems’ classical result; cf. also [6, 19, 20, 21, 13]
(the latter should also be compared with Theorems 3.3 and 4.2 below).

THEOREM 2.6. In equation (1.1), let n = m, B = AT, P = PT, Q = Q.
Suppose moreover that P is negative semidefinite and that the pair (A, P) is reachable.
Let X_ and X4 denote two symmetric equilibrium solutions of (1.1) such that the
corresponding closed-loop matrices A_ := A+ X_P and Ay := A+ X, P have all
their eigenvalues in the closed right and left half-planes, respectively. Suppose that
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A= X, — X_ is positive definite. Then X is another symmetric equilibrium solution
of (1.1) if and only if it can be expressed as

X=I-mX_+7X;4

where w projects onto an A_-invariant subspace and I — w projects onto an Ay -
invariant subspace.

We now turn to the question of existence of projection-valued solutions of (2.2)
((1.7)) (equivalently, of solutions of the implicit system (2.5) if Aj2(tp) has full row
rank). The following remarkable result basically says that (2.2) is a projection-
preserving differential equation.

THEOREM 2.7. Let 7 be a solution of (2.2) on [to,t1]. Suppose that w(to) is a
projection. Then w(t) is a projection for all t in [to,t1].

Proof. Let us rewrite (2.2) as

T = AX17T—7TAX2 + wA15 P,

Then
2
o= 7w 4w = [Ax,m — 7Ax, + TA1 2 Pr|n + w[Ax,m — mAx, + 7A12P7]
= AX17r2 —TAx, T+ TA1s PT? + TAx, T — 71'2AX2 + 12 A5 P
Hence,
m—A(2——2‘—A—2‘—APZ— 2N 1o P — 1A P
p =Ax, (n*—7m)—(n*—7)Ax,— (7°—7) Ao P(n° —7)+7° Ao Pr° — Ao P,

Adding and subtracting the quantity m2A 5 P in the right-hand side and rearranging
terms, we finally get

W = (AX1+7r2A12P)(7'r2_7r)_(71.2_7T)<AX2 —A12P7T)—(772—7T)A12P(7r2—7r),

Let F} := Ax, +72A12P and Fy := Ax, — Ao Pr. Tt follows that, if 7(t) is a solution
of (2.2), then, on the same time interval, 72 — 7 is a solution of the homogeneous
Riccati equation

(2.12) X =FX—XF,— XA,PX,

and Fy and Fy are there bounded. Since 72(¢y) — m(tg) = 0, by uniqueness of the
solution of equation (2.12) starting at zero, it follows that 7%(t) — 7(¢) = 0 on all of
[to, t1]. d

The above proof actually establishes an amplification of Theorem 2.7. We record
it below because it is of interest on its own.

PROPOSITION 2.8. Let A1 and Ay be m X m continuous matriz functions on
[to,t1]. Let Y be an m x m matriz function solving the homogeneous Riccati equation

(2.13) Y =AY YAy +Y (A — A)Y

on [to,t1]. If there exists a time t € [to,t1] such that Y () = Y (f)?, then Y (t) = Y (t)?
on all of [to, t1].

Remark 2.9. Notice that Y1 = 0 and Y = I are two equilibrium solutions of (2.13).
Also notice that the corresponding closed-loop matrices are A; + 0(As — Ay) = Ay
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and A; + I(As — A;) = Ay. Now let Y be as in the proposition above—namely, a
projection-valued solution of (2.13)—and let M (¢t) and N(¢) be the range spaces of
Y (t) and I — Y (t), respectively. Then, by Theorem 2.5, the propagation properties
(2.6) and (2.7) hold true, where ¢; and ¢- are the transition matrices corresponding
to Ay and Aj, respectively. Finally, if A; and A, are constant and Y = Y2 is an
equilibrium solution of (2.13), Y projects onto a subspace invariant for A; along a
subspace invariant for As.

Remark 2.10. The geometric results of this section provide a procedure to produce
new solutions of (1.1). For instance, in the full-rank case, let 7y be any projection, and
let My and Ny be the ranges of mg and I —m, respectively. Define M (t) := ¢1(t,t0) Mo
and N (t) := ¢(t,to)No. Let ¢ be the largest time such that for tg <t < ¢, M(t) and
N(t) give a direct sum decomposition of R™ (by continuity, ¢ > 0). Let 7(¢) be the
projection such that M (t) and N(t) are the ranges of 7(¢) and I — 7(t), respectively.
Then 7 solves (2.2) and X = (I —7) X +7X5 solves (1.1) on [t,?). Using an explicit
expression for 7 in terms of bases for its range and the range of I — 7, it is easily seen
that 7w (t) becomes unbounded as ¢ tends to #. If Aj3(¢g) has full row rank, it follows
that the corresponding solution X (-) has a finite escape time (see, e.g., [16, 7, 8]) at
t=1t.

We conclude the section with an example that illustrates Remark 2.10 as well as
Proposition 2.8 and Remark 2.9.

Ezample 2.11. Consider equation (2.13) with m = 2 and

10 0 1
Al_(o 0>’ A2_<0 0)'

Choose as reference solutions Y7 = 0 and Yo = I, and let mg be given by

(10
7T0—00.

Clearly 7 is a projection, in fact an orthogonal projection. We have that My = (102)
and No = (). Next notice that the transition matrices ¢ (¢, s) and ¢a(t, s) are given

here by

t—s
_ At—s) _ [ € 0 _ As(t—s) _ [ 1 t—s
¢1(t78)_€ - ( 0 1 )a ¢2(t,8)—6 - ( 0 1 .

Hence, M(t) = ¢1(t,to)My is the span of the vector ((1)) and N(t) = ¢a(t,to)No

is the span of the vector (*7"). Notice that M(t) and N(t) provide a direct sum
decomposition of R? for all t > to. The projection 7 (¢) with range M (t) and kernel

N(t) is given by
1 tg—t
w(t) = ( 0 00 )

The corresponding solution of (2.13) is Y(t) = 04 7(¢)(I — 0) = 7 (t), namely 7(¢)
itself. This is no surprise. Since Y (tg) = 0+ mo(I — 0) = 7 is a projection, Theorem
2.7 implies that Y (¢) has to be a projection for all ¢. Notice that 7(t) is unbounded
as t tends to infinity. This is possible because 7(t) for ¢ > 0 is not an orthogonal
projection, although 7 is orthogonal.
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3. Geometric results: The case where X; and X5, are equilibrium solu-
tions. All through this section we assume that X; and X5 are equilibrium solutions
of (1.1). The coefficients A, B, P, and () may still be time varying.

PROPOSITION 3.1. Let X be an equilibrium solution of (1.1) and let A; = X — X,
i=1,2. Then for all t in [to, 1],

(3.1) Ax(DA; = —ABx. (1),
(3.2) Ax, Ay = —A;Bx(t).

It follows that if (£(t),A(t)) is an eigenvector-eigenvalue pair for Bx,(t) so that
Bx, (t)€(t) = M1)E(L), then either A&(t) = 0 or (A&(t), —A(t)) is an eigenvector-
eigenvalue pair for Ax(t). Similarly, it follows for Ax,(t) and Bx(t). If A; admits
a right inverse, we get the relations

Ax(t) = —AiBx, (A",
Ax,(t) = —A;Bx(t)ATE.

In particular, if m =n and Ao is invertible, we have
(3.3) Ax,(t) = —A1Bx, (H) AL

Proof. Relations (3.1) and (3.2) are a consequence of (1.5). O

Once more, we compare (3.3) with the corresponding classical result. In the
notation of Theorem 2.6, let X; = X_ and X3 = X;. Then (3.3) reads Ay =
—~AAT A1 which is precisely [23, Lemma 8]. Let us now assume that the coefficients
of (1.1) are constant. Theorems 1.4 and 2.3 yield the following result.

THEOREM 3.2. Let X = (I — m)X; + 7Xa be an equilibrium solution of the
RDE (1.1). Let M := wA12R" and N := (I — m)A12R™. Then M is an invariant
subspace for Ax, and N is an invariant subspace for Ax,. Moreover, M and N are
both invariant for Ax. Conversely, let M and N be two subspaces of R™ providing
a direct sum decomposition of Ao R™. Let m be an m X m matriz such that mx = x
for any x in M and wy = 0 for any y in N. If M is an invariant subspace for Ax,
and N is an invariant subspace for Ax,, then X = (I —m) X1 +7Xs is an equilibrium
solution of the RDE (1.1).

Once more, we state independently the result in the case when A5 has full row
rank.

THEOREM 3.3. Suppose A1z has full row rank and let X be an equilibrium solution
of (1.1). Assume that ker Ao C ker A1. Then there exists an m X m matriz = such
that X = (I —m) X1 +n7Xs. Moreover, the range M of 7 is invariant for Ax, and for
Ax, and the range N of I — w is invariant for Ax, and for Ax. Conversely, if m is
any oblique projection onto a subspace invariant for Ax, along a subspace invariant
for Ax,, then X = (I — )X + nXo satisfies (1.1).

In order to compare this result with Theorem 2.6, notice that if m = n and
A15 has full rank, the condition ker A5 C ker A; is always satisfied. The additional
assumptions of Theorem 2.6 permit us to conclude that if X = (I — m)X; + 7X5 is
an equilibrium solution of (1.1), 7 is always a projection.

4. The symmetric Riccati equation. We finally consider the symmetric case
where n =m, B= AT, P =PT, Q = Q7 but return to the nonequilibrium situation.
Equation (1.1) is now

(4.1) X =AX + XAT + XPX + Q.
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We also assume that the two reference solutions X; and X5 take values in the sym-
metric matrices. Hence, A2(t) is also symmetric at all times. It is then natural to
restrict our attention to symmetric solutions of (4.1).

LEMMA 4.1. ¢5(t, s)A12(s) = Ara(t) 1 (s, ).

Proof. By Lemma 1.1, ¢o(t, $)A12(s) = A12(t)¢1(t,s). The conclusion now fol-
lows observing that Bx, = A% implies that ¢ (t,s) = ¢1(s, )7 0

For the sake of simplicity, we only give the main result in the case where Az is
nonsingular.

THEOREM 4.2. Let X1 and X5 be any two symmetric solutions of (4.1) on [to, t1]
such that Aq2(to) is invertible. Let X (t) = (I —7(t))X1(t)+m(t) X2(t) be a symmetric
solution of (4.1) on [to,t1]. Let M(t) and N(t) denote the range of w(t) and the range
of (I —m(t)), respectively. Then for s and t in [to,t1] the following relations hold true:

(4.2) () A1a(t) = A () ()T,
(4.3) (I =7 (t)e1(t,s)m(s) = 0.

Conversely, let T be a C1, projection-valued function satisfying for all s and t in [to,t1]
(4.2), (4.3). Then X(t) = (I —m(t))X1(t) +7(t)X2(t) is also a symmetric solution of
the RDE (4.1) on [to,t1].

Proof. Let X (t) = (I—-m(t))X1(t)+7(t) Xa2(t) = X1(t)+7(t)A12(t) be a symmetric
solution of (4.1) on [tg, t1]. The symmetry of X (¢) implies that (4.2) must hold. Let
M(t) and N(t) denote the range of w(¢t) and of I — (), respectively. By Theorem
2.5, we have M(t) = ¢1(t, s)M(s) from which (4.3) follows. Conversely, suppose that
(4.2) and (4.3) are verified. From (4.3) we get ¢1(t,s)M(s) C M(t). Exchanging the
roles of s and ¢, we see that equality, i.e., equation (2.6), must hold. Now, multiplying
equation (4.3) (with s and ¢ exchanged) by Aj2(s)~! on the left and by Aj2(¢) on the
right we get

(4.4) Aqo(8) I — 7(s)) 1 (s, t)m(t) Ara(t) = 0.
Transposing (4.4) and using (4.2) twice, we get
m(t) Ara(t) ¢ (s, 1) Aya(s) " (I — m(s)) = 0.

The latter equation, together with Lemma 4.1, now gives equation (2.7). The conclu-
sion now follows from Theorem 2.5. ]

5. Closing comments. As is well known, the Riccati differential equation may
be viewed as the description in local coordinates of the restriction to a subset of
the Lagrangian Grassmannian manifold £ of a vector field on £; see [15, 19]. Our
results may then be readily interpreted in that setting. In fact, some may be also
directly derived in that setting; see [8], where the case of [ > 2 reference solutions
X1,Xs,..., X, is also considered (see also [17, Theorem 4]). Similar results may also
be derived in the discrete-time setting [9]. Alternative representation formulas for
solutions of (1.1) have been proposed in [22] and references therein.

The classification of the solutions of the ARE via invariant subspaces of the
Hamiltonian matrix has the disadvantage, when compared with the J. C. Willems
classification, that the invariant subspaces need to be J-neutral and complementary
to the subspace Span ((IJ); see [13, pp. 67-68]. In [19] it was observed that the dis-
advantages of Jan Willems method are that, contrary to the Hamiltonian matrix
method, it does not lead naturally to a concept of solution at infinity (phenomenon of
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the finite escape time; see, e.g., [16, 7]) and it does not have an obvious generalization
to the nonsymmetric Riccati equation. Whereas the first disadvantage persists, we
observe that this paper has completely removed the second.
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SUFFICIENT OPTIMALITY CONDITIONS FOR OPTIMAL
CONTROL SUBJECT TO STATE CONSTRAINTS*
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Abstract. Strong second-order sufficient optimality conditions (SSC) are derived for optimal
control problems of systems described by nonlinear ODEs subject to mixed control-state and pure
state constraints. The obtained SSC are expressed in terms of a modified Legendre—Clebsch condition
and the associated Riccati equation. The role of SSC in stability analysis of solutions to parametric
optimal control problems is briefly discussed.
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stability analysis
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1. Introduction. The concept of second-order sufficient optimality conditions
in mathematical programming has been developed for many years. The well-known
condition in finite-dimensional programs requires that the Hessian of Lagrangian is
positive definite on the critical cone.

However, it was shown by Maurer and Zowe [18] that, in general, this condition
is no longer sufficient in infinite-dimensional situations. Instead, Maurer and Zowe
derived a stronger coercivity condition (cf. Theorem 5.6 in [18]), which provides some
“margin of freedom” and ensures sufficiency of optimality. This concept has been
extended by Maurer in [16] to optimization problems with the so-called two-norm
discrepancy typical for nonlinear optimal control.

Recently, in Dontchev and Hager [1] and in Dontchev et al. [2] this approach has
been further developed using three different norms and applied to control constrained
optimal control problems.

Along with the second-order sufficient optimality conditions, the concept of strong
second-order sufficient optimality conditions (SSC) has been introduced and analyzed.
For finite-dimensional mathematical programs, SSC require that the Hessian of La-
grangian is positive definite on the affine hull of the critical cone (cf. [26]). It turnes
out that SSC play an important role in stability analysis of solutions to parametric
programming problems (cf. [8, 9, 25, 26]).

Also in optimal control problems, SSC require that the Hessian of Lagrangian
is coercive on the subspace orthogonal to the gradients of some active constraints.
Certainly, it is desirable that this subspace is narrow, so in its construction we would
like to include as many constraints as possible.

Attempts have been made to express the coercivity condition in the form similar
to that known in calculus of variations, which involves the so-called strengthened
Legendre—Clebsch condition and strengthened Jacobi condition (cf., e.g., [4]). This
last condition can be expressed in terms of the existence of a bounded solution to a
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certain Riccati equation (cf. [24]). The difficulties with extending these conditions to
optimal control problems are connected to the presence of inequality-type constraints
and the associated lack of smoothness of the solutions.

The first result in this direction was obtained by Maurer in [16], where only
equality-type constraints (the state equation) were used in the construction of the
relevant subspace.

Later, some attempts have been made to weaken this condition by including active
inequality constraints (cf. [17, 20, 22, 23, 28, 29, 30]). In the last paper by Zeidan
[30] she considers both necessary and sufficient second-order optimality conditions for
optimal control problems subject to mixed control-state constraints and gives a weak
version of SSC.

The main contributions of the present paper is the derivation of weak SSC for
optimal control problems, where, along with the mized, pure state constraints of first
order also are present and used in the construction of the relevant subspace. That can
be viewed as a direct generalization of Zeidan’s result.

It should be stressed that the presence of pure state-space constraints complicates
the analysis very much since it necessitates the additional discussion of regularity of
the solutions and Lagrange multipliers, which is not needed if these constraints are
void.

The organization of the paper is as follows: In section 2 we derive SSC for cone-
constrained optimization problems in Banach spaces, using the same formalism as in
[12]. This result is only a slight reformulation of that due to Dontchev et al. [2].

In sections 3 and 4 the abstract SSC are used to obtain SSC for nonlinear optimal
control problems subject to both mixed control-state and pure state constraints. In
these conditions active constraints of both types are taken into account.

One of the important applications of SSC is stability analysis of solutions to
parametric optimization problems (cf. [1, 2, 3, 8, 9, 10, 11, 12, 13, 14, 25, 26]). In
section 5 the possibility of application of the derived SSC to stability analysis of the
solutions to parametric optimal control problems is briefly discussed. It turns out that
SSC involving active state constraints are too weak to repeat the proof of stability of
the solutions given in [13].

Some notation used: X,Y, Z, ... denote Banach spaces and X, }77 2, ..., Hilbert
spaces. Asterisks denote dual spaces. L(X,Y") is the Banach space of linear continuous
operators from X into Y.

The norms in Banach and Hilbert spaces are denoted by | -] and || ||, respectively,
with a subscript refering to the space.

For f: X XY — Z, sz(x,y)7Dyf(x,y),D§,yf(x,y), ... denote the respective
Fréchet derivatives in the corresponding arguments.

R™ is the n-dimensional Euclidean space with the inner product denoted by (z, y)
and the norm |z = (z,z)2.

L?(0,T;R"™) is the Hilbert space of square integrable vector functions, with the
inner product

(x,y) = /0 (z(t),y(t))dt and the norm ||z|js = (z,z)2.

L>(0,T;R™) is the Banach space of essentially bounded vector functions with the
norm

|zl = max ess sup |z(t)].
g te[0,T]
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C°0,T;R™) and C*(0,T;R™) are the spaces of continuous and continuously dif-
ferentiable vector functions, respectively, equipped with the usual norms.

WHP(0,T;R™) = {z € LP(0,T;R") | & € LP(0, T;R™)},  p =200,

denote Sobolev spaces of absolutely continuous functions with the norms |z|j12 =
211
{lz(0)* + [|£]3}> and [l

2. SSC for abstract optimization problems. In this section we discuss SSC
for cone-constrained optimization problems with two-norm discrepancy in Banach
spaces.

Let Z and Y be two Banach spaces, the space of arguments and constraints,
respectively. Moreover, two Hilbert spaces Z and Y are given such that Z C Z and
Y C Y with dense and continuous embeddings. The duality pairing between Z* and
Z or Z* and Z is denoted by (,+) 5. We put Y* =Y, and by (+,-)y we denote the

inner product in Y, extended by continuity to Y* x Y. We denote

l1,00 = max{|z(0)], ||£]lec}, respectively.

X=27ZxY, X=ZxY.

In Y there is given a closed convex cone K with vertex at the origin, which induces
a partial order in Y. By K we denote the closure of K in Y and by

(2.1) Kt={AeY"|(\y)y >0 forallye K},

the positive polar cone to K.
We consider the following optimization problem:

(P) mig F(z) subject to v(z) € K.
z€

We assume the following.
(L.1) The functions F : Z — R! and ¢ : Z — Y are twice Fréchet differentiable,
and the following compatibility conditions are satisfied:

D.F(z) € Z*, D2.F(z) € L(Z,2"),
(2.2) BN i} by . o
D.p(2) € L(Z,Y), D.p*(2)\€ Z*, DZ.o* ()A€ L(Z,Z7)
forallze Zand A €Y.
Moreover
lim | D2, F(21) — D2, F(22)l3,_z. = 0,
(2.3) lim [|Dzp(21) — Dop(22)| 7,5 = 0,

lim || D2,¢*(21)\1 — D2,¢*(22)X2|l 5, 5. = 0

for I]Zl — ZQI]Z — 0 and I])‘l — )\QUY — 0.

Let zg € Z be a given point feasible for (P). We will find sufficient conditions
under which zg is a locally unique minimizer of (P).

Let us start with the constraint qualifications, which will be formulated in the
same way as in [12]. To this end, for any y € K we define the following subspace of
Y:

(2.4) My = (K + [y]) N (=K + [y]),

and denote My := M,,, where yo = ¢(z0) and [y] is the one-dimensional subspace
generated by the element y. We assume that
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(I.2) there exists a subspace M C Mj, closed in Y-topology, and a linear contin-
uous mapping

HeLY,Y)ULY,Y), T:Y—M
such that
(2.5) D.p(20)Z +1IY =Y, D.p(z)Z +TIY =Y.

Moreover, there exists a neighborhood Yy C Y of yo = ¢(2) such that

(2.6) McM, forallyeYyNK.
If we define
(2.7) So € LIX,Y)NL(X,Y), S, ( Z ) .= D.p(z0)z + 1y,

then condition (2.5) amounts to that Sy € L(X,Y) U L(X,Y) is surjective.
Let us introduce the following Lagrangian associated with (P):

(2.8) L:ZxY* =R L(z,\) = F(z) —¢"(2)\

We assume that
(I.3) there exists a Lagrange multiplier Ay € Y* associated with zp such that the
following Kuhn—Tucker conditions hold:

(2 9) Dzﬂ(ZO, )\0) = DZF(ZO) — thp*(Z()))\o = O,
(Ao, ¢(20))y = 0, Ao € KT.

It follows from (I.2) (cf. Lemma 3.1 and Theorem 4.8 in [12]) that A¢ is defined

uniquely and it belongs to Y. We assume that )¢ is more regular. Namely,
(I.4) Ao €Y.
By (1.2) and (I.4) we have D2 _L(zg,\o) € L(Z, Z*) and

(2.10) (D% 5L(20, M)z, 2) 5| < cllz||;]|2]l; forallz,z € Z.
In a way similar to (2.4), for A € KT we define
(2.11) Ny = (K" +[\)N(=KT +[A)]),

denote Ny := N,,, and assume that
(I.5) there exist a subspace N C Ny C Y* and a constant v > 0 such that

(DLL(20,20)2,2)5 > 2112

(2.12) )z27 o
forall z€ Ey:={z€ Z | D,p(20)z € N~},

where N is the closure in ¥ of the subspace {y € Y | (A, y)y =0 forall A € N}.
Moreover, there exists o > 0 such that

(2.13) AN (Kt +N)Cc KT,

where Ag ={A €Y | [A = Xofly < o}. We also require that

(2.14) lvtly < clyly for all y € Y,
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where y* denotes the projection of y onto N+ orthogonal in Y. Note that it follows
from (2.9) that

(2.15) M C N*.

Remark 2.1. Condition (I.5) is a counterpart of the SSC in finite-dimensional
mathematical programs (cf., e.g., [8, 9, 26]), since we require that coercivity is satisfied
on a whole subspace. We are interested in this type of condition, having in mind
further applications in stability analysis. A counterpart of the second-order sufficient
optimality condition for finite-dimensional mathematical programs (cf., e.g., [3]) is
used in [2], where in our terminology it is assumed that coercivity condition (2.12) is
satisfied on the more narrow set

{z€ Z| o(z0) + D.p(z0)z € N*NK, |z — 2]z <B for some 3> 0}.

In this context we should mention another similar but not identical sufficient opti-
mality condition, which was introduced in pioneering papers by Maurer and Zowe
[18] and Maurer [16] and later used in [27]. In [16] it is assumed that the coercivity
condition (2.12) is satisfied on the set

{z€ 2| D:p(20)z € K + [p(20)], (Dz9"(20)M0,2)z < 82|z for some > 0}.

Remark 2.2. A condition similar to (2.12) was introduced in [11]. However, in
that case only the one-norm situation was considered, whereas (2.12) constitutes the
essence of the so called two-norm discrepancy for (P). Namely, the problem is well
defined and differentiable in the stronger topology of space Y, whereas the coercivity
condition (2.12) is satisfied only in the weaker norm Y, in which problem (P) is not
differentiable.

In assumption (I.5) the additional condition (I.4) on regularity of the Lagrange
multiplier is crucial. It allows us to formulate stability condition (2.13) for a neigh-
borhood A in the stronger topology of Y, rather than in the topology of the dual
space Y*, as was done in [11].

The following theorem is actually a weakened version of Theorem 1 in [2]. For
the sake of completeness, the proof of the theorem based on that in [2] is given in
Appendix A. Later, some elements of this proof will be used in the proof of Proposition
4.5.

THEOREM 2.3. If assumptions (1.1)—(1.5) hold, then there exist constants p; > 0
and v1 > 0 such that

F(2) > F(z0) +mllz — 203

(2.16) for all feasible z € OF' :=={z€ Z | |z — 20[z < p1};

i.e., 29 is a locally unique minimizer of (P).
To illustrate the nature of the abstract assumptions (I.1)—(1.5), let us consider
the following simple example:

1
(E) ini?o 1)F(z) = / f(z(t))dt subject to @(z(t)) > 0 for all ¢ € [0, 1],
zeL>(0, 0
where f(-) and ¢(-) are twice continuously differentiable.
To put (E) in the framework of (P) we define Z =Y = L>*(0,1), Z =Y =
L?(0,1), and K = {y € L*>(0,1) | y(t) > 0 for all t € [0,1]}. It is easy to see that
conditions (I.1) are satisfied.
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Let zp € L*°(0,1) be a feasible element. For a > 0 introduce the set Q, = {t €
[0,1] | 20(t) < a} and define the set M in (1.2) as

M ={y e L*(0,1) | y(t) =0 for all t € [0,1] \ Qa},

where & > 0 is an arbitrary number.
It is easy to see that condition (I.2) is satisfied if

(2.17) D,o(z(t)) #0 for all t € Q5.

Let us introduce the following Lagrangian:

L(z0) = / £ (8), A(1))dt = / F(=(0) — At p(=()] dt.

Conditions (I.3) and (I.4) amounts to the existence of a Lagrange multiplier Ay €
L*>(0,1) such that the Kuhn—Tucker conditions are satisfied:

D,L(z0, 0) =0,
Ao(t)zo(t) =0, Xo(0) >0 forallte[0,1].

By (2.17) the Lagrange multiplier A\ is defined uniquely.
For o > 0 introduce the set =, = {t € [0,1] | Ao(¢) > ¢}, and define the set N in
(I.5) as

N={\e L®(0,1) | A(t) = 0 for all ¢t € [0,1] \ Z5},

where ¢ > 0 is an arbitrary number.
Condition (I.5) is satisfied if v > 0 exists such that

(D..L(20,X0)2,2) > for all z € {z € L*(0,1) | (\,z) =0 for all A € N}, ie.,
(2.18) D, L(z0(t), Ao(t)) >y >0 forallte(0,1]\E5.

It should be stressed that, except some technicalities, the nature of assumptions (I1.2)
and (I.5) for optimal control problems is the same as (2.17) and (2.18).

3. Optimal control problems: Constraint qualifications. In this section
we consider a class of optimal control problems for nonlinear ordinary differential equa-
tions and discuss conditions under which constraint qualifications (I.2) of the abstract
problem (P) are satisfied. The problems considered are quite general. They are sub-
ject to mixed initial-terminal constraints as well as to pointwise inequality constraints,
both mixed control-state and pure state. Hence they include problems considered in
[1, 2, 12] (pure control constraints), in [15, 17, 22, 30] (mixed constraints), and in
[11, 13, 23] (state constraints).

Our model optimal control problem is the following:

(0) Find (29, ug) € WH>(0,T;R™) x L>(0,T;R™) such that
T
(31)  Floo,u) = min {m,u) = [ £, i+ g(x(T»}
subject to
(3.2) &(t) — f(x(t),u(t)) =0 for a.a. t € [0,T],
(3.3) §(x(0), =(T)) = 0,
(3.4) O(x(t),u(t)) <0 for a.a. t € (0,71,
(3.5) I(z(t) <0  forallte0,T],
d

where £ : R™ x R” — 6:R” x R™ — RF, 9:R” — R
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Denote by I ={1,...,k} and J = {1,...,1} the sets of indices of constraints.

It is assumed that

(IL.1) functions fO(-,-),g(-), f(-,+), (-, ), 0(-,+),9(-) and D,V(-) are twice Fréchet
differentiable in all arguments, and the respective derivatives are locally Lipschitz
continuous.
We assume that for a fixed feasible point (xg,u), at which we will find sufficient
optimality conditions, the following regularity condition is satisfied:

(I1.2) wg is a piecewise continuous function with finite number of discontinuity
points tj.

In order to represent (O) in form (P) we put

Z =Wb®(0,T;R") x L®(0,T;R™), Z =W"2(0,T;R") x L*(0,T; R™).
For z = (x,u) belonging to Z or Z we define the norms

1
[2]z = max{[[z]|1,c0, [ufloo} and ||z]|z = {llz[|3 2 + [[u]l3}>.

Moreover we put

F(z) =F(z,u),  ¢(z)=(@— flz,u),{((0),z(1)), —0(z,u), —9(z)).
Hence it is natural to choose

Y = L>®(0,T;R") x R% x L (0,T; RF) x We(0, T; R),
Y = L2(0, T;R") x R? x L2(0, T; R*) x W12(0, T;RY),

(36) KZKl XKQXKgXK4,

K, = {O}a Ky = {O}a
K3 ={u € L>®(0,T;R*) | u(t) >0, i=1,...,k, foraa. tel0,T]},
Ky ={x e Wh°(0,T;R)) | 27(t) >0, j=1,...,1, forallte][0,T]}.

The cone K is defined as in (3.6) but with Y substituted by Y.
For y = (p, q,r,s) belonging to Y or Y we define the norms

1
Jyly = max{[lpllss, lal, [7lloc, Isll1,00} and llylls = {lIpl3 + laI* + lI]13 + lIs]17 232

As in section 2, we denote X = Z x Y and X=27ZxY.

Note that by (II.1) conditions (I.1) are satisfied. Now we will formulate conditions
under which (I.2) holds.

To simplify notation we put

A(t) == Dy f(zo(t), uo(t)), B(t) == Duf(20(t), uo(t)),
Eo = Dx(o)f(fo(O),lL'o(T)), ET = Dx(T)f(x(O),xo T)),
O, (t) := D0(xo(t), uo(t)), O (t) := D,0(xo(t), uo(t)),

(3.7) :
Y(t) == Dyd(xo(t)).
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Moreover denote by
() ={i € I | 0'(wo(t),uo(t)) =0}, JU(t) ={j € J | ¥ (xo(t)) = O}

the sets of indices of active constraints.
For o > 0 we introduce the sets

(33) Wi o= {t€[0,T] | 0 (zo(t),uo(t)) < —a}, i=1,...k,
' Q= {t € [0,T] | ¥ (zo(t)) < —a}, j=1,..1,

and define the following functions

I 2
and
(3.10) i (1) ={ g ey P

We introduce the (k x k) and (I x [) diagonal matrices
(3.11) Ualt) = diag 95 (t),  Ta(t) = diag wi (1)
and define (k +1) x (m + k + 1) matrices

©.() Uu(t) 0

(3.12) Ve = | y)B(r) 0 Ta(t)

Let us choose any o > 0 and define the subspace M C Y by

(3.13) M = MP x Mg x Mg* x Mg,
where
My =0, M3 =0,

M§ = {ue L>*0,T;R¥) [u'(t) =0for allt € [0,T]\ ¥}, i=1,..k},

MY ={ze W= (0,T;R") |2/ (t) =0for allt € [0,T]\ ¥, j=1,..,1}.
It is easy to see that for any a > 0, M* C My, where My is defined in (2.4). Moreover,
if we choose as Y§ C Y the open ball of radius a/2 about yo = ¢(20), then (2.6) is
satisfied.

Define the mapping IT* := (II¢, 11$, 11, 11$) : Y — M by

In¢ =0, Ig =0,
(I§y)(t) = Ua(t)y(t),  (Hgy)(t) = Ta(t)y(?).
Condition (I.2) will be fully satisfied if we are able to show that there exists a > 0

such that for IT := II* surjectivity conditions (2.5) hold. We assume that
(I1.3) there exists § > 0 such that

(3.15) Vo(H)Vo ()" x| = BIx|

for all y € R¥*! and all ¢ € [0, T].

(3.14)
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(I1.4) For any ¢ € R4 an element (n,v) € W1o°(0, T; R ) x L>°(0, T; RmT++)
exists such that the following equations hold (the complete controllability condition
is satisfied):

i(t) — A(t)n(t) — B(t)v(t) = 0,
(3.16) Pon(0) + Brn(T) = G,

where

- [ 3 4] 2o sz

x [Vo()Vo ()] Va(#),

- =% 0 - =0 0
PO_[T(O) To(0) ] PT_{ 0 o]'

Remark 3.1. Condition (II.3) means that all gradients D, 0%(xo(t),uo(t)), i €
I%(¢), of the active mixed constraints and all gradients D, (z¢(t)), j € J%(t), of
the active state constraints, transformed into the space R™ by means of the mapping
B*(t) : R™ — R™, are jointly linearly independent, uniformly on [0, T]. This condition
implies that we restrict ourselves to the first-order state constraints (cf. [6]).

Remark 3.2. By a standard argument we find that system (3.16) is completely
controllable if and only if the following rank condition is satisfied:

(3.17)  rank {[ﬁo + Pr®(T)|[Py + Pro(T))* + /T G(t)G(t)*dt} =d+1,
0

where ® is the solution of the homogeneous matrix equation
b(t) = A0)D(1),  ®(0) =1,

and G(t) = Pr®(T)®(t) "' B(t).

LEMMA 3.3. If assumptions (IL.3) and (11.4) are satisfied, then there exists o > 0
such that the mapping 11 := 11, defined by (3.14) satisfies conditions (1.2).

Proof. Condition (2.6) is satisfied by construction of II,, so it remains to check
(2.5). We will prove the first equation in (2.5). The proof of the second one is the
same.
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We have to show that there exist a > 0 such that, for any

p € L>(0,T;R"),
re L>=(0,T;RF),

there exists a solution

o€ L>(0,T;R™),

p e L=(0,T;RY),

of the following system of equations:

(3.18)

(3.19) E0¢(0) + Er¢(T) =
(3.20) Oz (t)C(t) + Ou(
(3.21) T()C(t) + Ta(t)7(1)

g € RY,
s € Whe(0,T;R!),

¢ € WL (0,T;R™),
T e Wh>(0,T;RY)

C(t) = At)¢(t) — B(t)o(t) = p(t),

()

First we will show that (3.18)—(3.21) have a solution for & = 0. From the proof it will

follow that it also has a solution for a sufficiently small a > 0.
Note that (3.21) is equivalent to

(3.22) 1(0)¢(0) 4+ To7(0) = s(0),
(3.23) T()C(t) + T@)C(E) 4+ To(t)7(t) + To(t)7(t) = 5(t).
Multiplying (3.18) by Y(¢) and using (3.23) we obtain

T(t)B(t)o(t) + To(t)7 ()
= (8(t) = T()p(t)) — (YR A() + T(1)(8) — To(t)7(2).

Combining (3.20) and (3.24) yields

(( )+ oant) ]
i )+ To(t)H()
r(t

(s(t)

p )) — (T(OA®) + T1)S(t) ~ To(t)7 (1) ] '

By (I1.3), any solution of (3.25) can be expressed in the form

(3.24)

(3.25)

+ (I = Vo(t)* Vo) Vo ()]~ Vo(t)) v(t),

where v(t) € R™+F+ is an arbitrary vector.
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Combining (3.18) with the first and the third row of (3.26) we obtain

am [0 ][ 20 2o [0

where Zij and B(t) = | g;gg ] are given in (3.16) and

{ B(t)0.(t)"  B)B()"T(t)* ]
0 To(t)*

x [Vo(t)Vo(t)] ™" { 5(t) —ngt)p(t) ] " [ pg) } '

On the other hand from (3.19) and (3.22) we obtain

o o] i -l ]

It is easy to see that for any (p,q,r,s) there exists a control function v as well as
functions ¢ and 7 such that (3.27) along with (3.28) is satisfied if and only if (II.4)
holds. Having (¢, 7,v) we find o and p from the first two rows of (3.26).

Thus, we have proved that (3.18)-(3.21) are satisfied for « = 0. Now we will
briefly show that these equations are also satisfied for sufficiently small . > 0.

By (I1.2), (IL.3), and slight modification of Lemma 7.2 in [12], we find that for
a > 0 sufficiently small

1
[Va(®OValt)'x] > 581X

for all x € R¥*! and all ¢ € [0, 7).

Hence we can repeat the above argument with 0 substituted by « > 0 to obtain
(3.27) and (3.28), where all data are functions of a. The matrix on the left-hand side
of (3.17) becomes a continuous function of «, so shrinking «, if necessary, we find that
the rank condition is satisfied. This completes the proof of the lemma. ]

Remark 3.4. Note that Lemma 3.3 assures that conditions (II.3) and (II.4), orig-
inally assumed at o = 0, actually are satisfied with some “margin of freedom” « > 0.
This result was proven using the assumption (II.2) of piecewise continuity of wug. It
allows us to verify the abstract assumption (I.2), and in section 5 it will play a crucial
role in stability analysis.

4. SSC for optimal control problems. This section is devoted to deriving
SSC.

Let us introduce the following Lagrangian associated with (O):
L:Wheo(0,T;R™) x L>®(0,T;R™) x (L>=(0,T;R™))" x R¢
x (L0, T;RF))" x (Wh(0, T;RY))" — R,
L(z,u,q,p, k1) = F(x,u) + (¢, & — f(z,u) + (p,&(x(0), z(T)))
+(r,0(z, u)) + (1(0), 9(x(0))) + (11, DeV(x) f (x,u)).

(4.1)
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Note that the Lagrangian is in the so-called Pontryagin form with absolutely continu-
ous adjoint function ¢ (cf. section 7 in [6] as well as [5] and [19]). The state constraints
are considered in W1>°(0, T; R!), where the general form of a linear functional is given
by (1(0),y(0)) 4+ (i1, 9). Accordingly, the terms of Lagrangian (4.1) corresponding to
the state constraints (3.5) are obtained as follows:

(1(0),9(x(0))) + (uo,dﬁ( )> (1(0),9(x(0))) + (f20, Do?(2))

dt
= (u(0),9(2(0))) + (f20, Dx9(x) f (2, ).

As in (I.3) we assume that
(IL.5) there exist Lagrange multipliers (qo, po, K0, o) € Y* associated with (g, uo)
such that the following Kuhn—Tucker conditions are satisfied:

(42) D:C£(£Ovu07q03“€07p07,u0) = Oa
(43) Du£(£07u0,q07"{07p07/’60) = Oa
(4.4) (ko,0(z0,up)) =0, ko€ K;r,
(4.5) (10(0),9(20(0))) + (f10, De9(w0) f (0, u0)) = 0, po € K.
By Lemma 3.3 the multipliers (go, po, ko, tio) are defined uniquely and belong to
Y.
Recall (cf. [21]) that
(4.6) K ={peW'2(0,T:R") | 4 (t) > 0,4 (t) is nonincreasing

and 0 < i (t) < p(t), jeJ}.
Let us introduce the following augmented Hamiltonian:
H(t) = f2(zo(t), uo(t)) — {qo(t), f(zo(t), uo(t))
+(ro(t), 0(zo(t), uo(t))) + (o (t), Ded(wo(t)) f (x0(t), uo(t))-
Condition (4.2) takes on the form of the adjoint equation
do(t) — Dy;H(t) =0
along with the boundary conditions
—q0(0) + Dy (0)§(0(0), z0(T)" po + D (20(0))* 10(0) = 0,
q0(T) + Dy(1y&(20(0), 20(T))* po + Dog(zo(T)) = 0,
while (4.3) can be expressed as
D,H(E)=0  foraa. t€[0,T].

The Hessian of Lagrangian (4.1), evaluated at the reference point, can be expressed
in terms of Hamiltonian (4.7) as follows:

(oo ( p5re pig ) o)
w [T (R B ]
) )

[ R R[]
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where Lo := L(x0, uo, qo, po, Ko, tto) and
Rt = D2 )06 (20(0), 20(T)) po + D3,9(20(0))* 110(0),
Riz =R5 = Di(O)z(T)€($0(0)7xO(T))pO’
Ro2 = D2 1,1 €(20(0), 20(T))po + D2, 9(x0(T)).

We have to show that (4.8) is positive definite on the subspace defined in (I.5). We are
going to construct this subspace. To this end we need several technical results. Let us
start with the discussion of the regularity of primal and dual optimal variables. Using
the same argument as in [5] we obtain the following regularity of the multipliers.
LEMMA 4.1. If (I1.1)-(IL.5) are satisfied, then do, ko, and [y are continuous and
uniformly bounded on all subintervals (tx,tg+1) C [0, T].
Assume that the following modified Legendre—Clebsch condition is satisfied:

(4.9) (u, D3, H(t)u) = ~uf*, 7 >0,
for all
ue{u€eR™ (D0 (xo(t),uo(t), ho),u) =0 for all i € I°(t),

(D9 (20(t), ho) Dy f (z0(t), uo(t), ho),u) =0 for all j € JO(t)}

and for all t € [0, 7.

Using the same argument as in [5] (cf. also [13]) we obtain the following regularity
result.

LEMMA 4.2. If (IL1)~(IL5) and (4.9) are satisfied, then (uo, o, Ko, fto) are uni-
formly Lipschitz continuous functions on all subintervals (tx,tx+1) C [0, 7.

Note that strict complementarity condition for state constraints at some ¢ amounts
to —jig(t) > 0. In order to construct the subspace N needed in (I.5) we introduce
the sets of indices If(¢) and JI () of those constraints active at ¢ for which strict
complementarity condition is satisfied with the margin o > 0 :

(4.10) IF(t) ={i € I°(t) | ko(t) > a}, JE(t)={j€J(t) | —jip(t) > a}.
Let us define the following subspaces of R™:

Da(t) = {u € R™ | (D8 (wo(t), uo(t)),u) =0 for i € [F(H)},

Eult) = {u € R™ | (0,97 (ro(t))Duf (w0(2), uolt)), ) = O
for j € Ji (1)},

Ga (t) = Dq (t) N&a (t)

(4.11)

Now we are in a position to introduce subspace N needed in (1.5). We put

N = Ny x Ny x N3 X Ny,

Ny = L>=(0,T;R"™), Ny = R¢,

N3 ={0 € L>=(0,T;RF) | 6i(t) =0 fori ¢ I} (t)},

Ni = {n € W2 (tg, s RY) | () = 0 for j & £ (),

(4.12)

where a > 0, and W2’°°(tk,tk+1;Rl) is the space of absolutely continuous functions
that are of class W2 on each subinterval (¢j,t,+1), supplied with the norm

[2]l2,00 = max{[(0)], [£(0)], [ ()], |40 }-
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The subspace N defined in (4.12) does not fully correspond to that defined in (1.5),
since Ny is a closed subspace in W2 (¢, try1;RY) rather than in W1°(0, T;R!).
Accordingly, Ag in (2.13) is the ball of radius /2 in the space

Y = L0, T;R") x R? x L=(0,T;R*) x W2 (1, trs1; R').

Note that for j € J () we have

(4.13) %ﬁj(xo(t)) = Dy (20 (t))Eo(t) = Dat (2o(1)) f (o (t), uo(t)) = 0.

Hence we can use the mixed constraints (4.13), rather than the pure state constraints
(3.5), to define the subspace Fy in (2.12). Namely Fj is defined as the set of all pairs
(y,v) € WH2(0,T;R™) x L?(0,T;R™) such that

y(t) = A()y(t) — B(t)o(t) = 0,

where ©%(t) (respectively, ©%(t)) is the matrix whose rows are the functions D,.0%(xq(t),
up(t)) (respectively, D,0%(zo(t),uo(t))) for i € I7(t). The rows of matrices C*(t) and
Y<(t) are given by

CI(t) = D3,07 (xo(t)) f (wo(t), uo(t)) + D’ (20(£)) Da f(20(t), uo(t))

and D, (zo(t)), respectively, for j € JI(t).

We have to find conditions under which the quadratic form (4.8) is positive definite
on the subspace of pairs satisfying (4.14)—(4.17).

We will need a coercivity condition stronger than (4.9), satisfied with some “mar-
gin of freedom.” Namely, we assume that

(I.6) there exists a constant & > 0 such that

(4.18) (u, D2 /H(t)u) > y|u|* for all u € G4(t) and all ¢ € [0, T].

Remark 4.3. We are not going to discuss here conditions under which (4.18)
satisfied for & = 0 is satisfied also for some & > 0. The reader can find such a
discussion in section 4 of [2].

For any a > 0, let us define the matrix

Di, H(E)  O5(1) B(t) Y1)
(4.19) Ke(t) = O (t) 0 0
T(t)B(t) 0 0

By (I1.3) matrix [ ©%(t)* B(t)*YT*(t)* ] has the full row rank, whereas by (II.6)
matrix D2, H(t) is positive definite on the subspace generated by the columns of
[ ©%()* B(t)*Y*(t)* ] for any a < @. Hence for any o < @, matrix K£*(t) is non-
singular (cf., e.g., Lemma 3.2 in [5]).
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Let us introduce the following matriz Riccati equation for a symmetric (n X n)-
matrix function @ (cf. [15]):

Q(t) = R*(Q(t)) :== —Q(t)A(t) — A(t)*Q(t) — D2, H(t)

D2 H(t) 1" Bt 1°

+{ o3 (t) + Q(t) [ 0 ] }

(4.20) Ca(t) 0

i { B(t)* Dy, H(t) }
x K*(t)~! 0 Qt) + 0%(t) .
0 C(t)

The following assumption is crucial for obtaining coercivity of (4.8).
(IL.7) The Riccati equation (4.20) has a solution @ bounded on [0,T], which
satisfies the following boundary condition:

VO] (R0 R [ [ 49 ] 50

for all (y(0),y(T")) such that Z¢y(0) + Eqy(T) = 0.

(4.21)

LEMMA 4.4. If (I1.1)—(I1.7) are satisfied, then there exists 7 > 0 such that

Dgx[:o Dguﬁo B
(4.22) ((y,v),( D2 Lo, D2,Lo )(yyv)> > 3(lyl3 + [lvl3)

for all (y,v) satisfying (4.14)—(4.17) with o = @

Proof. We will follow the idea of the proof of Lemma 4.2 in [15].

Let @ : [0,T] — R™ ™ be any Lipschitz continuous symmetric matrix function.
By a direct computation, using integration by parts, we find that for any pair (y,v)
satisfying (4.14) we have

LT 5 s [

y [ Q(t) + Q(DA(t) + A(t)*Q(t) + DLH(t) D3 ,H(t) + Q(1)B(t)
D3, H(t) + B(t)*Q(t) D7, H(t)

uu

Y [ i } dt + (0 QO)y(0) — y(T) QT)y(T).
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Hence, using (4.8) we obtain

(00 (Siﬁﬁ pie o)

o { Q(t) + QA() + A(1)*Q(t) + DIH(t) D3, H(t) +Q(t)B(t) ]
D, H(t) + B(t)*Q(t) D3, H(t)

0 g 9O 17 [ Ru+QO) Ra y(0)

v(t) y(T) Ra1 Raz — Q(T) y(T) |’

and if @ is such that (4.21) is satisfied, then to show (4.22) it is enough to prove that
the integral term in (4.23) is coercive for (y,v) satisfying (4.14)—(4.17).

To this end, let us introduce slack variables w € R¥®) and z € RI®) where

i(t) = card I (t),j(t) = card JF (t). Define the following quadratic form, which is the
augmented integrant in (4.23):

*

Pe(t)

n R e

y ] [ Q(t) + Q(DA() + A(t)"Q(t) + DI, H(t)  DZ,H(t) +Q(t)B(t)
v D, H(t) + B()"Q(t) D H(t)

<

X

(4.24)
where P*(t) is (n + m + i(t) + j(¢))-dimensional square matrix given by

cy - [ M@ Ay
70 =| ¥ et |

+2w*[O% (t)y + O (t)v] + 22*[CY(t)y + T(t) B(t)v)],

R 8 e

<

with
M(t) = Q(t) + Q(1)A(t) + A(t)*Q(t) + DI, H(t),

B(t) Dy H(t)
N(t) = [ 0 ]Q(tH CHO)
0 (1)

Consider the subspace V(t) € R*T™m+it+i(t) on which P(t) is positive definite. Let
7(S) denote the number of positive eigenvalues of a symmetric matrix S. By Theorem
1in [7], it follows that

m(PE(t)) = m(K* (1) + m(M(t) = N(£) "L (t) TN (1))

If (I1.7) holds, then by stability results for ODEs there exist € > 0 and a Lipschitz
continuous matrix function ) such that the Riccati equation

Q) = RMQ(1)) + el
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is satisfied along with (4.21), where Rf() is given by the right-hand side of the Riccati
equation (4.20). Putting the matrix Q(t) into (4.24) we obtain

M(t) = Nt K () N (L) = el ie., m(M(t) — N*E)*K*(t) ' N(t)) = n.

On the other hand, (II.3) and (IL.6) yield

m(K(t)) = m —i(t) — j(t).
Hence we get
(4.25) m(PY(t)) > n+m —i(t) — j(t);
i.e., there exists a subspace
V(t) c R HOH® - dim V(t) > n+m —i(t) — 4(t),

which is generated by appropriate eigenvectors of P%(¢), such that the quadratic form
(4.24) is positive definite on V(¢). The right-hand side of (4.24) shows that on V(t)
we must have

either w’ =0 or O (t)y + O (t)v =0 for all i € I (t)

(4.26) and  either 27 = 0 or CY(t)y + YI()B(t)v) = 0 for all j € JX ().

Let A # 0 be any nonzero eigenvalue of P%(t) and (7*, 7*,w*, *) be the corresponding
eigenvector, i.e.,

PE(t)

|
TSRS
ST SIS

By definition of P%(t), the last i(¢) + j(t) rows of this equation take on the form
0% (t)y + 0% (t)v = Aw, CH*(t)y+ YT*(t)B(t)v = Mz
In view of (4.26), it implies

O%(t)y+0%(t)v=0 and w = 0,
(4.27) ) )
C*(t)yy+Y*(t)B(t)v =0 and z=0.

Therefore, all eigenvectors corresponding to nonzero eigenvalues belong to (n +m —
i(t) — j(t))-dimensional subspace of (n+m+i(t)+ j(t))-dimensional vectors satisfying
(4.27). In view of (4.25), this subspace coincides with V(¢), which means that all
(n+4m —i(t) — j(t)) nonzero eigenvalues A # 0 of P%(t) are positive. Moreover, since
the lower bounds in (II.3) and (II.6) are uniform with respect to ¢ € [0, T], we can find
a uniform on [0, 7] lower bound ¥ > 0 for all positive eigenvalues of P%(t). Hence,
using (4.21), (4.24), and (4.27) we obtain (4.22) from (4.23). O

PROPOSITION 4.5. If assumptions (II.1)—(I1.7) hold, then there exist constants
p1 >0 and v1 > 0 such that

(4.28) F(z,u) > F(z,u) +71(llz = zoll3 + u — uoll3)
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for all (x,u) satisfying (3.2)—(3.5) and such that
max{|[z — Zolloc, [[u — uolloc} < p1-

Proof. We will follow the idea of the proof of Theorem 2.3.
Note that, for feasible (z,u) the components of the term (ko,0(x,u)) in La-
grangian (4.1) can be estimated as follows:

i

(4.29) 5
>a / 107 ((t), u(t))|dt,

i

*/ ro ()0 (2(t), u(t))dt = */ ro(£)0° ((t), u(t))dt
0

a

where
Li={tc[0,T]|icIFt)}:={te[0,T]| ki) > a}.

Similarly, by the regularity of ug (cf. Lemma 4.2) and by (4.6), for any feasible (z,u)
and for any component of the last two terms in (4.1) we have

— 1 (0)99 (x(0)) — / 53 () D (2 () £ (1)), u(t) )t

= =0 (@(0) = [ i) 5 (o)

(430) = —((0) — f(0))9 (5(0)) + S(i(tat) — ltas1 )0 (ty)
(T (2(T)) + / il (607 (1))t
0

> [ woweoneza [ 10

where
Pl ={te[0,T)|je i)} =1{te0,T]| —jit) > a).

Estimates (4.29) and (4.30) show that condition (A.2) in the proof of Theorem 2.3
is satisfied with the norm of Y* substituted by that of L'(0,T;R¥) x L'(0,T;R!).
Hence, using (4.22) we can repeat the further steps of that proof and arrive at (4.28).
0

Note that it follows from (3.2) that for any feasible (z,u) we have

& = @olla < e(llz —woll2 + lu —woll2), & = dolloo < c(llz = 2olloo + [lu — uolloo)-

Hence, from Proposition 4.5 we obtain the following SSC result for (O).
THEOREM 4.6. If assumptions (11.1)—(11.7) hold, then there exist constants p > 0
and v > 0 such that

(4.31) F(z,u) > F(xo, o) +y(llz — ol

T2+ llu—uoll3)
for all (z,u) satisfying (3.2)—(3.5) and such that

max{[|z — zo|[1,00, [|u = uolloc} < p-
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Remark 4.7 Theorem 4.6 can be viewed as a generalization of the results due
to Dontchev et al. [2], Maurer and Pickenhain [17], and Zeidan [30] to the optimal
control problems involving pure state-space constraints of order 1. This generalization
is not trivial, since it requires the analysis of regularity of the solutions and Lagrange
multipliers, which is not needed if these constraints are not present.

Without state-space constraints, Theorem 4.6 reduces to the SSC derived in [30],
where a Riccati equation in the form different from but equivalent to (4.20) was used.
In case with pure control constraints only, the result stronger than Theorem 4.6 was
obtained in [2], but without characterization of the coercivity condition (4.22) by a
Riccati equation.

5. Application to stability analysis. In this section the role of second-order
sufficient optimality conditions in stability analysis of solutions to parametric optimal
control problems is briefly discussed. Only the main results are presented. For the
relevant proofs, the reader is refered to the technical report [14].

Let us introduce a Banach space H of parameters and an open set G C H of
feasible parameters.

Problem (O) is embedded in a family of parametric problems (Oj) depending
upon h € G:

(On) Find(zy, up) € WH(0,T;R"™) x L>=(0,T;R™) such that
F(xp,up, h) = min{F(x,u, h)

/ P(a(t), ult), h)dt + g(2(T), b}

subject to
&(t) — fx(t), u(t), h) =0 for a.a. t € [0,T],
§(2(0), z(T), )
O(z(t),u(t), h) < for a.a. t € [0,T],
Hax(t),h) <0 for all ¢ € [0,T].

We assume that

(III]') functions f'O(_’ K ')a 9(7 ')7 f(7 * ')7 5(7 K ')a 0(7 K ')7 ?9(7 ')7 and Dibﬁ(v ) are
twice Fréchet differentiable in all arguments, and the respective derivatives are locally
Lipschitz continuous in u, x.

(IT1.2) The space H is independent of ¢.

(IT1.3) There exists a possibly local solution (xp,, un,) := (zg, ug) of the reference
problem (Py,), where o is a piecewise continuous function with the finite set of
discontinuity points denoted by {¢x}.

In stability analysis we are interested in sufficient conditions under which a neigh-
borhood Gy C G of hy exists such that for each h € G there is a locally unique
solution (zp,up) of (Py), which is a Lipschitz continuous function of h.

Such an analysis for a class of optimal control problems very similar to (Oy) was
performed in [13]. The main tool of this analysis was a modification of Robinson’s
implicit function theorem for generalized equations [25] developed in [12]. In this
modification additional information on regularity of the solutions and the Lagrange
multipliers, as functions of time, is used to overcome the difficulty connected with
two-norm discrepancy.

In Theorem 7.1 of [13] conditions are formulated under which the solutions to
(Op,) are locally Lipschitz continuous functions of h. These conditions consist of con-
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straint qualifications, virtually identical to (I1.3) and (I1.4), and second-order sufficient
optimality conditions.

The second-order sufficient optimality condition used therein is much stronger
than the SSC derived in section 4. Namely, it is required that the coercivity condition
(4.22) is satisfied on the subspace of all pairs (y,v) € WH2(0,T;R"™) x L?(0,T;R™)
satisfying equations (4.14) and (4.15). This is the subspace orthogonal to linearization
of equality-type constraints only, and the active inequality type constraints are not
taken into account.

It is natural to ask the question, can the same stability results be obtained under
the weaker coercivity condition given in (4.22)?

This problem is analyzed in part IT of [14], where it is shown that (4.22) is too weak
to repeat the proof of the local stability of the solutions to (Pp) given in [13]. More
precisely, equation (4.16) corresponding to the active mixed control-state constraints
can be included in the needed coercivity condition; however, it is not possible for
equality (4.17) corresponding to the active pure state-space constraints.

This phenomenon is connected with different properties of the Lagrange multi-
pliers associated with those two types of constraints.

Thus, the second-order sufficient optimality condition needed in stability analysis
based on Robinson’s implicit function theorem takes on the following form:

(SSA/C) There exist constants & > 0 and 4 > 0 such that

D2 Ly D2 L _
(o (D52 D3E ) o)) = 3 + IolR)

for all (y,v) € W2(0,T;R™) x L2(0,T;R™) satisfying
y(t) — A(t)y(t) — B(t)v(t) =0,

(5.1) Eoy(0) + Ery(T) = 0,
O3 (1)y(t) + O (H)v(t) =0,

where the notation is the same as in section 4.

Remark 5.1. Condition (SSC) is stronger than (4.22), but it is weaker than the
condition used in [13], where the last equation in (5.1) was void.

Note that in the same way as in section 4, condition (SSAE) can be expressed in
terms of the modified Legendre—Clebsch condition analogous to (II.6) as well as the
Riccati equation analogous to (II.7). The main stability result of [14] (Theorem 3.7
in part IT) can be formulated as follows.

THEOREM 5.2. If (IIL1)~(IIL.3), (IL4), (IL5), and (SSC) are satisfied, then there
exist a neighborhood Gy C G of hg and a neighborhood Zy C Z of zy such that for
all h € Gy there exist a unique in Zy solution (zn,up) of (Op) and unique associated
Lagrange multipliers (qn, ph, Kh, pbr)-

Moreover, there exists a constant ¢ > 0 such that

1,25 ||uh1 - uh2||27 ||qh1 - Qh2||1,27 |ph1 - ph2|a

1,2 <ec th—hQHH fOT‘ all hy, hs € Go.

12, — 2n,

”th — Khy ||27 Huhq — Hho

Appendix A. Proof of Theorem 2.3. Let z be feasible for (P), i.e., ¢(2) € K.
Expanding £(-, Ag) into Taylor’s series at zo and using (I.1) and (2.9) we obtain
1

(Al) F(Z) — F(Zo) = ()\0, (,0(2’)){/ + 9

(D2, L(z0, 20)(z — 20), (z — 20)) 5 + &(2, 20),
[€(2,20)|

where 4
lz—20ll%

—0as [z — 2]z —0.
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To estimate the term (Ao, p(2))y let us represent any y € K in the form y =

yt+yl, where yJ-/gnd yll are orthogonal projections onto N+ and onto its orthogonal
complement N € Y, respectively.
By (2.13) we have

(Mo —k,y)y >0 for all k € (Ag — o) N N.

Hence
Qooy)y = sup (kyt gy = sup (kyl)y =ofyy-.
ke(Ao—Xo)NN ke(Ao—Xo)NN
Thus we obtain
(A2) (Ao, 0(2)y = ole(2) [y
Note that by (2.9) and (A.2), we get
(A.3) p(z0)! = 0.
On the other hand, by (I.1) we have
(A4) ¢(2) = ¢(20) + D=p(20) (2 = 20) + (2, 20),

1<(z520) Il

[z—z0ll 2

By (2.5) and (2.13) there exists a solution (z — z)!l of the equation

(A5)  Dap(z0)(z = 20)| = (2(2) = p(20) = ((z,20) = (=) = ((2,20)]

such that

where —0as ]z —2[z — 0.

Iz = 20)1lg < e (o) lg + 11€(2, 20)M|5)
(A.6)
<c(le@) s + 1<z, 20)ll5) -
Let us define

(z — zo)l =(z—20)— (2 — ZO)H.

In view of (A.3), (A.4), and (A.5) we have

~

(A7) D.p(20)(z — 20)t € N*.
By (I.5), (2.10), and (A.2) we obtain from (A.1)

F(z) — F(20) > ole(2)y~ + 2||(z — zO)J-||22
(A.8)
=itz = 20) Mzl (z = 20) 17 = §11(= = 20)1 13, — [&(=, 20)]-

It follows from (A.1), (A.4), and (A.6) that for each € > 0 there exists p(e) > 0 such
that for all [z — 20]z < p(e) we have

1€(2, 20)] < €llz — 2013,

(A.9)
1z = 20)!1 5 < e (le()Ml5 + ell(z = 20) 11 3) -
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Substituting these estimates into (A.8), using Young’s inequality, and performing
some elementary calculations, for sufficiently small p(e) we obtain

(A.10) F(z) = F(20) 2 ollo(2) Ty +7(z = 20) 15 = ¢ llp(2) ]2
On the other hand, for any y € Y we have

2
lyllI$
ﬂyﬂy*

IylZ = (v.9)y < [yly-Dyly, ie. < Dylly.

Note that by (2.14), (A.3), and continuity of ¢(z) we have [o(2)I[y — 0 as [z —
z0[lz — 0. Hence, shrinking p(e) if necessary, we obtain from (A.10)

F(2) = F(20) 2 o'p(2) v+ +9"lI(z = 20) |3
Using (A.9) again we arrive at (2.16).
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OVERLAPPING BLOCK-BALANCED CANONICAL FORMS AND
PARAMETRIZATIONS: THE STABLE SISO CASE*

BERNARD HANZON!t AND RAIMUND J. OBER#

Abstract. The balanced canonical form and parametrization of Ober for the case of SISO
stable systems are extended to block-balanced canonical forms and related input-normal forms and
parametrizations. They form an overlapping atlas of parametrizations of the manifold of stable
SISO systems of given order. This extends the usefulness of these parametrizations, e.g., in gradient
algorithms for system identification. As an implication of our construction it follows that each
of the subsets of the parametrization of [R. Ober, Internat. J. Control, 46 (1987), pp. 643-670]
corresponding to a choice for the structural indices is in fact an imbedded submanifold of the manifold
of stable SISO systems of fixed order.

Key words. linear dynamical systems, differentiable manifolds, stable systems, canonical forms,
atlas, system identification

AMS subject classifications. 93XX, 53XX, 15XX

PII. S0363012993260549

1. Introduction. In [18], [19] a canonical state-space form was presented for
the set of asymptotically stable linear systems, with the property that it is balanced;
i.e., for each system represented in canonical form, the corresponding observability
and controllability Gramians are equal and diagonal (and positive definite). One
motivation for studying balanced realizations and balanced canonical forms is their
close relation to model reduction (see [19] and the references given there), which is in
turn closely related to robust control theory (see, e.g., [20], [3]). Another motivation
mentioned in [19] is the potential usefulness of balanced realizations for system iden-
tification, as indicated by [15]. In many cases, in system identification as well as in
related areas, one can reduce the problem at hand to an optimization problem in which
some criterion function is optimized over a set of systems. Very often one cannot solve
the optimization problem analytically and has to use search algorithms (e.g., gradi-
ent algorithms), in which an initial point in the set of systems is adapted iteratively
to give, ideally, a good approximation of the optimal system. In such search algo-
rithms one often uses a parametrization of the set of relevant systems. The balanced
parametrization of [19] has the advantage that by construction, problems of identifi-
ability are to a large extent avoided in such a search algorithm. The parametrization
has the property that it contains structural indices (i.e., discrete-valued parameters),
and to each possible choice of values for these indices corresponds a particular subset
of systems, for which a parametrization in terms of real-valued parameters is given.
(In fact it will be shown in section 6 that these subsets are in fact submanifolds.)
To each system corresponds a unique set of structural indices. Since the structural
indices can take a large number of values, even for rather low order systems (the num-
ber of possibilities increases fast with increasing order of the system), this means that
in a search algorithm one has either to identify the structural indices by other means
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20, 1995. A first version of this paper was written while the first author visited the Department of
Engineering, Cambridge University.
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or to apply the search algorithm to a large number of parametrized submanifolds of
systems. This is due to the fact that the parametrizations are disjoint.

Several authors (e.g. [4, 2, 10, 11, 20, 5, 6, 21, 22]) have investigated the possibility
of using so-called overlapping parametrizations (in differential geometric terms: an
atlas of coordinate charts). If one uses overlapping parametrizations, one does not
have to search through each and every of the submanifolds but instead can search
through the manifold as a whole, using the parametrizations to describe the manifold
locally and changing from one parametrization to another when required. In case the
search algorithm is of the gradient type, one can make sure that the decision rule for
changing from one parametrization to another has little effect on the search algorithm
by using a Riemannian gradient with respect to some suitable Riemannian metric on
the manifold (cf. [7, 6, 8, 22, 9, 21]).

In view of this it would be very desirable if the balanced parametrization of
[19] could be extended to give a set of overlapping parametrizations. In this paper
such an extension, will be presented for the case of SISO stable systems. In the
extension, balancedness of the realization no longer holds for all realizations. In-
stead block-balanced realizations and the corresponding input-normal realizations are
used. A block-balanced canonical form is a canonical form for which the observabil-
ity and controllability Gramians are equal and block-diagonal (and of course positive
definite).

In section 2 some basic definitions are presented, including the concept of block-
balanced realizations. In section 3 we present a Schwarz-like canonical form which
will be a building block in the block-balanced canonical forms and the corresponding
input-normal canonical forms that are treated in section 4. In section 5 it is shown how
this leads to a set of overlapping block-balanced canonical forms and a corresponding
atlas for the manifold of stable SISO input-output systems of a fixed order, and
remarks are made as to how this atlas can be used if one wants to work with balanced
and “almost balanced” realizations in search algorithms in system identification, for
example. In section 6 the imbedded submanifolds structure of the original balanced
parametrization is analyzed, using the atlas of the previous section.

2. Canonical forms, balanced realizations, and block-balanced realiza-
tions. In this section to a large extent the setup of [19] is followed. Let us consider
continuous-time SISO systems of the form

(1) i’t = Al’t + but,
(2) Yt = CT¢,

with t € R,u; € R,z € R,y € R, A € R b€ RY™ c € R, and (A,b,¢) a
minimal triple.

For each n € {1,2,3,...} let the set C,, be given by C,, = {(A,b,c) € R"*™ x
R™! x RY™"|(A,b,c) minimal and the spectrum of A is contained in the open left
half plane}.

As is well known, two minimal system representations (Aj,b1,c1) and (As, be, c2)
have the same transfer function, g(s) = c1(sI — A1)71by = co(sI — As)7tby, and
therefore describe the same input-output behavior iff there exists an n x n matrix
T € Gl,(R) such that A; = TA;T~! by = Tby,c; = coT~ 1. In that case we say that
(A1,b1,¢1) and (Asg, be, o) are i/o-equivalent. This is clearly an equivalence relation;
write (A1,b1,¢1) ~ (Aa, b, c2). A unique representation of a linear system can be
obtained by deriving a canonical form.
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DEFINITION 2.1. A canonical form for an equivalence relation ~ on a set X is a
map

rXxX—X

which satisfies, for all z,y € X,

(i) T'(x) ~ x;

(i) z ~y = T(z) =T'(y).
Equivalently a canonical form can be given by the image set T'(X); a subset B C X
describes a canonical form if for each x € X there is precisely one element b € B such
that b ~ x. The mapping X — B, x — b then describes a canonical form.

Let (A,b,¢) € Cy,. The controllability Gramian W, is the positive definite matrix
that is given by the integral

Wcz/ exp(At)bbT exp(ATt)dt.
0

As is well known, W, can be obtained as the unique solution of the following Lyapunov
equation:

(3) AW, + W AT = —bb".

In a dual fashion, the observability Gramian W, is the positive definite matrix that
is given by the integral

o0
W, = / exp(ATt)c cexp(At)dt.
0
This matrix is the unique solution of the following Lyapunov equation:

(4) ATW, + W,A = —cTe.

DEFINITION 2.2. Let (A,b,¢) € C,. Then (A,b,c) is called balanced if the
corresponding observability and controllability Gramians are equal and diagonal; i.e.,

there exist positive numbers o1,09,...,0, such that
(5) W, = W, = diag(o1,...,0,) =: 2.
The numbers o1, ...,0, are called the (Hankel) singular values of the system.

The singular values are known to be uniquely determined by the input-output
behavior of the system.
THEOREM 2.3 (see [17]). Let (A,b,c) € Cy, with

k
Y =diag(o1lna), - Oklnw)), o01>02>...0p>0, and Zn(z) =n.
i=1

Then (A, b, ¢) is unique within its i/o-equivalence class up to an orthogonal state-space
transformation of the form

Q = diag(Qla Q27 EERE Qk)
with orthogonal Q; € R 4 =1 k.
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DEFINITION 2.4. Let (A,b,¢) € C,. Then (A,b,c) is called input-normal if W, =
I, and will be called o-input-normal if W, = ol,.

Similarly (A,b,c) is called output-normal if W, = I,, and o-output-normal if
W, =o0ol,.

It is not difficult to show that an input-normal realization is unique up to an
arbitrary orthogonal state-space transformation.

The following definition is basic to our considerations in this paper.

DEFINITION 2.5. Let (A,b,c) € Cp. Then (A,b,c) will be called block-balanced,
with indices n(i) € N,i = 1,...,k, adding up to n, if the observability Gramian and
the controllability Gramian are equal and block-diagonal; i.e., there exist n(i) x n(i)
positive definite matrices ¥;,i = 1,...,k, such that

W, =W, = diag(Xq, ..., Zk).

It will be convenient to call an arbitrary system representation (A,b,c) € R™ ™ x
R™ 1 x RY™™ block-balanced if the pair of Lyapunov equations AY + SAT = —bbT,
ATY + A = —cTc has a positive definite solution of the form ¥ = diag(21,...,Xg)
(assuming neither asymptotic stability nor minimality).

Remark. The matrices ¥;,7 =1,...,k, are in general not uniquely determined by
the input-output behavior of the system. However, the eigenvalues A\ (X;) > Ay (%;) >
-+ > Ap(i)(E) of the matrices ¥;,4 = 1,.. ., k, together form the set of Hankel singular
values of the system, which are uniquely determined by the input-output behavior of
the system, as remarked before.

THEOREM 2.6. Suppose that (A,b,c) € C,, is block-balanced with indices n(j) €
N, =1,...,k, 25:1 n(j) = n, and the additional property A\i(X1) > Ap1)(21) >
A1 (29) > /\n(g)(zg) > > A\ (3g) > An(k)(Ek) > 0.

This uniquely determines (A, b, ¢) within its i/o-equivalence class up to an orthog-
onal state-space transformation of the form

Q = diag<Q17 e 7Qk)

with orthogonal Q; € R*D>xn() 4 =1 k.

Proof. First note that if an orthogonal state-space transformation @ is applied
to the system representation, then both Gramians transform in the same way, and
therefore if they were equal before the orthogonal state-space transformation, then
they will also be equal after the transformation.

Now consider two i/o-equivalent systems (A1, b1, c1), (As, ba, c2), which are both
block-balanced with the same indices n(j),7 = 1,...,k, and with Gramians Wi =
Wi = diag(={,..., =), i = 1,2, with the property that A;(Z(") > A, (24) >

ME) > A (B > > M (ED) > Ay (BP) > 0,i = 1,2,

)

Because Ey is symmetric positive definite for any i = 1,2, = 1,..., k, there ex-

ists an orthogonal matrix Q;l) such that Q;’)Ey) (QE”)T = diag(/\l(E;’)), )\Q(Ey)), .
/\n(j)(Zg-Z))). Therefore, the state-space transformation Q) := diag( (11), ce ,(;))
applied to the system representation (A;, b;, ¢;) brings it into balanced form with non-
increasing singular values, i = 1,2. We can therefore apply Theorem 2.3 to the trans-
formed system representations, and it follows that there exists an orthogonal state-
space transformation of the form Q = diag(Q1,...,Qx) with Q; € R*Wxn() 4 —
1,2,...,k, that transforms (A;,b1,¢1) into  (Ag,ba,c2) (and  vice
versa). O
The following theorem will be fundamental for our results.
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THEOREM 2.7 (Pernebo and Silverman [24], Kabamba [12]). Let
(A,b,c)e R™™ x R™1 x RY™ be conformally partitioned as

(A Ap A -
A(A21 A22), b<b2>’ cf(cl 02),

with Ay € RYD>X0) 5 =12 and let (A, b, c) be block-balanced with indices n(1),n(2)
such that 31,9 > 0 have no eigenvalues in common.
Then (Avba C) € CTL <~ (Aiiabiaci) € C’n(z)az = 1a2

3. The case k=1: A Schwarz-like canonical form for stable SISO sys-
tems in continuous time.
THEOREM 3.1. Consider the set By, of all (A,b,c) € C,, of the following form:

ail — Q] 0
b2
A= A1 0 s a11:—51<07
—Qp-1
0 Ay —1 0
ai>0a 2217 ,’I’L-l,
b1
0
b= ; R b1 >0,
0
c=(a M o0 e ), cae€R, v eR, j=1,...,n—1.

Each triple (A,b,c) € B,, is input-normal.

Let S, be the set of values of the vector of parameters (b1, a1, ..., Qp_1, C1,71,-- -,
Yn—1) such that the corresponding triple (A,b,c) € By, i.e., such that by > 0,a; >
0,i=1,...,n, and ¢1,71,..., Yn—1 Such that the pair (c, A) is observable.

The set By, describes a real analytic (hence continuous) canonical form, and the
parametrization mapping S, — By, which maps each parameter vector to the corre-
sponding triple (A, b, c), is a real analytic diffeomorphism (hence a homeomorphism).

If (V15 Y1) # 0 € R n > 2, then the system has several different singular
values.

Proof. The requirement that a realization is input-normal reduces the freedom of
choosing a basis of the state space to the freedom of choosing an orthonormal basis,
i.e., to the freedom of choosing an element from the orthogonal group.

Now consider the controllability matrix of a triple (A,b,c) € B,,. It is easily
seen to be positive upper triangular. According to [19] there is a unique element
in the orthogonal group that transforms a controllability matrix to a positive upper
triangular matrix. Therefore the form presented here is canonical indeed.

Next let us show the smoothness properties. The mapping S, — B,, which
maps a parameter vector from S,, to its corresponding triple (4, b, c), is polynomial,
hence real analytic. .

Now consider the mapping C,, — S,,, which maps any triple (121, b,¢) € Cy, to the
corresponding parameter vector describing the canonical form of the system. Clearly
the coefficients of the characteristic polynomial of A depend polynomially on A, and
therefore the parameters a1, a1, ..., a,_1 depend real analytically on fl, as they are
rational functions of these characteristic polynomial coefficients (cf. [18]).
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It remains to show that the parameter vector ¢ = (c1,71,...,vn—1) depends real
analytically on the entries of (A,b,¢). Let (A, b,c) denote the canonical form of the

system and g(z) := 522 := (2] — A)~'b = &2I — A)~'b denote the (rational) transfer
function of the system, with monic polynomial denominator ¢(z) := det(zI — A) =
det(zI—A) and polynomial numerator p(z). It is easy to see that the coefficients of p(z)
depend real analytically on the entries of (A, b, ¢). Let M(z) denote the polynomial

matrix of cofactors of (21 — A). Then one has

(6) p(z) = cM(2)"b.

Consider mq;(z), which is (—1)'* times the determinant of the matrix that is obtained
from zI — A by leaving out the first row and ith column, i € {1,...,n}:

myi(z) = (1)

0
*
0 0 (o7 ] *
0 0 z — O 0
X
Q41 z — G 42 0 0
0
0

. . . . . —Qlp_1
0o ... ... 0 0 0 0 ap_q z

i—1
= (1) x H a; | 2"7" + terms of lower degree in 2,
J=1

where ¢ € {1,...,n}; if ¢ = 1, the product H;;ll a; is taken to be equal to one
by convention. Because H;;ll a; is unequal to zero (and in fact positive) for each
i € {1,...,n} the polynomials mi1(z),...,m1,(z) form a basis of the linear vector

space of polynomials of degree < n over R. Therefore (6), which can be rewritten as

(7) c1min(2) +yimaa(2) + -+ Yuo1min(z) = ]%f),

has a unique solution ¢ = (¢1,7v1,792,---,Yn—1), which depends real analytically on
the entries of (/1,5, ¢) and the parameters by, 1, ...,a,_1. Since these parameters
themselves depend real analytically on the entries of (fl, l~), ¢), the real analyticity of
all parameters on the entries of (/LE, ¢) follows. This completes the proof of the
smoothness properties.

The remaining statements follow from the fact that for v = 0, the form is a
canonical form for systems with only one positive Hankel singular value (i.e., all
nonzero Hankel singular values coincide); cf. [19], [18]. o

Remarks. (i) The fact that if the asymptotically stable matrix A can be brought
into the presented form by a basis change of the state space, then the resulting matrix
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is unique, also follows from the fact mentioned in the proof that for v = 0,¢; # 0
the form is a canonical form for systems with only one positive Hankel singular value;
cf. [19], [18]. Note that here we use a different sign convention for the off-diagonal
elements of the matrix A than in those papers. This corresponds to consideration of
the dual state-space representation.

(ii) If ¢1 # 0, we define o := || > 0, which we will call a pseudosingular value. If
the vector v = (y1,...,vn—1) is close enough to zero, the pseudosingular value will be
close to the true singular values of the system, because of continuity of the singular
values as a function of v and the fact that if v = 0, the system has only one singular
value and its value is 0. If ¢; # 0, the system can be brought simply into o-input-
normal form by multiplying ¢ by o2 and b by 0. The resulting o-input-normal form
is a canonical form locally around v = 0, but not globally because the systems which
have ¢; = 0 in the previous canonical form cannot be represented in this way. (It
would lead to o = 0, and therefore one cannot transform back to the input-normal
case, etc.) Locally around v = 0 it takes the following form:

ail —Q O
A— (651 0 :
—Qp_—1
0 Qp—1 0
by
=-.L <0,
i 20
a; >0, 1=1,...,n—1,
by
0
b= . s b1 >0
0
c:(sb1 Y eee Ynet ), se{-1,1}, v;eR, j=1,...,n— 1L

(iii) Because the canonical form is input-normal, if one starts with an arbitrary
input-normal realization (/1,137 ¢) of the system, it takes an orthogonal state-space
transformation @ in order to obtain the canonical form of the system involved. The
same holds for the (local) o-input-normal canonical form.

(iv) Clearly the canonical forms presented are controllable (because they are
input-normal; resp., o-input-normal), but observability will fail for certain choices
of ¢; the observability Gramian will be singular for such a choice of ¢. If y = 0,¢; # 0,
the system is observable, because the observability Gramian will be 021 (resp., o).
(In that case the system representation is o2-output-normal; resp., o-output-normal.)
Therefore, also in some open neighborhood around such a system, observability will
still hold. (This follows from the continuity of the determinant of the observability
Gramian as a function of the parameters.)

(v) This canonical form is closely related to the so-called Schwarz canonical form;
cf. [13], [14], [25].

(vi) A canonical form can be interpreted as a choice of basis of the state space
for each system. In this case the basis can be obtained as follows. Define an inner
product on the state space by the inverse of the reachability Gramian. Take the first n
columns of the reachability matrix, and apply the Gram—Schmidt orthogonalization
procedure to it, with respect to the inner product. With respect to the resulting
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set of n vectors as the basis of the state space the system has the canonical form.
This observation can in fact be used to obtain an alternative proof of the smoothness
properties stated in the theorem.

4. An input-normal and a block-balanced canonical form. Let n(1),...,
n(k) € {1,2,...,n}, 2?21 n(j) = n, denote a partition of n as before. Let
Cr(1),n(2),...,n(k) denote the subset of all systems in C,, with the property that their n
Hankel singular values (multiplicities included) o(1) > o(2) > --- > o(n) > 0 can be
partitioned into k disjoint sets of singular values (again with multiplicities included)
in the following way:

o(1)2 - 2 a(n(1)) > o(n(l) + 1)
> >0a(n(l)+n(2) >a(n(l)+
e[S (in

(8) >.> 0, : :

So we require that U(Zé-:l n(j)) > 0((2221 n(j))+1) forl = 1,2,....,k— 1 and
o(n) > 0, of course. Note that the notation is consistent with the fact that C,
denotes the set of stable systems which have as their only “restriction” that there are
n positive singular values (multiplicities included), i.e., that the order of the system
is n.

The other extreme is Cy ;... 1, which denotes the set of nth-order stable systems
with n distinct singular values. For this set of systems a balanced canonical form was
derived in [12].

Remark. The set Cp1),... n(x) should not be confused with the subset of C),
consisting of the systems which have k distinct singular values o1 > --- > o > 0
with multiplicities (1), ..., n(k). Of course these systems are included in C, (1), .. n(k)s
but they generally form only a (thin) subset.

Next we will present a canonical form on Cy,1),... n(k)-

THEOREM 4.1. Consider the set By1), .. nk) of triples (A,b,c) of the following
form:

A= (A7) 1<ij<k s
A(i,j) € RPN e {1, kY,

b(1)
b= b(:?) , b(i) e R*D i=1,...k,
b(k)
c=(c(1),...,e(k), e €R™, =1,k
a(i,i)1n —ali)r 0 0
(i) 0 —afi:
A(iy i) = 0 a(i)s 0 :
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. b?
alisij =~
a(i); >0, ji=1,...,n() -1,
b;
0
b(l) = . R b; > 0,
0
C(Z) = (Civ’}/(i)la"'77(i)n(i)—1), i= 13"'7ka
where the parameters are to be taken such that the corresponding observability Grami-
ans ¥X2,i = 1,...,k, which satisfy the observability Lyapunov equations
(9) SPA(L, 1) + A, 9) 5] = —c(i) T e(d)

are fulfilling the following inequalities:
(10) M () = Ay (B1) > Aa(35) = Ay (33) > -+ > Ai(3F) > Ay (TF) > 0.

For each pair (i,7),i # j, the matrices A(4,j), A(4,1) are determined (uniquely!) from
the following pair of linear matrix equations:

A(i, §) + A(G,9)" = =b(i)b(j)",
(11) STA(G, ) + AGj, 1) TSF = —c(i) e(j).

The set By 1y,... n(k) describes a real analytic (hence continuous) canonical form on
Cn(1),...n(k)- The 2n “free” parameters of the canonical form are

bi7 O[(i)l, BERE) a(i)n(i)—17ci77(i)1a s 7’7(7;)77,(1')—17 i=1,..., k.

Let Sp(1),...n(k) C R2" be the set of all values of the parameter vector for which the
corresponding triple (A,b,c) € Bpy,... n(k), i-e., for alli € {1,...,k} by >0, a(i); >
0, j =1,...,n(i) =1, and c;,¥(i)1,...,7(I)n@)—1 Such that the matrices ¥;,i =
L,...,k, found in (9) satisfy the inequalities (10). The mapping Sp(),.. n(k) —
Br1),....n(k) which maps a parameter vector to the corresponding triple (A,b,c) is a
real analytic diffeomorphism.

The form is input-normal, i.e.,

(12) A+ AT = T,
and has block-diagonal observability Gramian ¥? := diag(X%,...,%3) > 0.
Let 0(1) > 0(2) > -+ > o(n) > 0 denote the n positive Hankel singular values of

the system (with their multiplicities). If for some i € {1,...,k} the vector (i) = 0,
then 2 is a scalar matriz

i—1
(13) X7 =0" 1+Z”(j) X In(iy,
j=1
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and

~
|
—
<.
|
—
~

>0 1+Zn(j) .

The observability Gramian is diagonal if and only if for all i € {1,...,k},~v(i) = 0.
Remark. A block-balanced realization can be obtained from the presented canon-
ical form by applying a state-space transformation

(14) T;:E%:diag(zf,...,2§)>o.
The corresponding controllability and observability Gramians will both be equal to
Y =diag(¥%,...,Zg) > 0.

Proof. (i) To start we will show that the form presented is canonical on Cy,(1),... n(k)-
Consider a system which can be represented by a triple in Cy,(1),.. n(x)- A balanced
realization of the system is also in block-balanced form with partitioning indices
n(1),...,n(k). So one can find a block-balanced realization (A,b,c) of the system
with these partitioning indices. It follows from Theorem 2.6 that the requirement that
(A, b, c) is block-balanced with these partitioning indices uniquely determines (A, b, ¢)
up to an orthogonal state-space transformation of the form @ = diag (Q1,Q2, ..., Q%) ,
with orthogonal matrices Q; € R™®>*™(®) _Tf (A, b, ¢) is in block-balanced form, it can
be brought into input-normal form with block-diagonal observability Gramian by the
state-space transformation T—!, where T is as defined in (14). It follows easily that
if (A, b,c) is in input-normal form with block-diagonal controllability Gramian %2 =
An(k) (22) >0, %2 € RMD>x10) then (A, b, c) is uniquely determined up to an orthogo-
nal state-space transformation of the form @ = diag (Q1,Q2,. .., Qk) - If such a trans-
formation is applied, then (A(4,4),b(i),c(i)) is transformed to (Q;A(i,9)QT, Q;b(i),
c(i)Q7) . Note that (A(i,i),b(i),c(i)) € Cy;) because of Theorem 2.7, and there-
fore it follows from Theorem 3.1 that there is a unique choice for @); which brings
(QiA(i,71)QT, Q;b(i), c(i)QT) into the required canonical form.

We need only to check that by using the solutions A(i,j), A(j,4) of (11) the
Gramians indeed have the required block structure, which is straightforward and left
to the reader.

(ii) Second, we will show the smoothness properties. Clearly the mapping
Sn(1),...;m(k) — Bn1),....n(k), Which maps any parameter vector in Sy(1),. nk) to
the corresponding triple (A,b,¢) € By(1),...,n(k), is real analytic.

Now consider the mapping Cy(1),....n(k) — Sn(1),...,n(k)> Which maps a triple
(/1, B, ¢) to the parameter vector of the corresponding canonical form.

The map which assigns to (fl, l~7, ¢) the coefficients of the characteristic polynomial
of the product of the Gramians is real analytic. The zeroes of this polynomial are the
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squared singular values. Now consider the polynomial

n

az)= [ G-

j=n(1)+1

Because on Cy(1),... n(k) the inequality o(n(1)) > o(n(1) 4 1) holds, the coefficients of
a(z) depend real analytically on those of the characteristic polynomial of the product
of the Gramians (see, e.g., [16]).

Let X2 = Wc% W,W2, where W, and W, are the controllability and observability
Gramians, respectively, of (1217 b, ¢); W, and W, depend real analytically on (121,137 é).
The matrix a(X?) has as its range space an n(1)-dimensional linear subspace of R"
which clearly depends real analytically on (zzl,b,é). The corresponding orthogonal
projection matrix II;, which maps an arbitrary vector x € R™ to its orthogonal
projection in the linear subspace spanned by the columns of a(X?) (i.e., the linear
subspace which is obtained by taking the direct sum of the eigenspaces of the largest

n(1) eigenvalues o(1)2,...,0(n(1))? of £2), depends real analytically on a(3?).

Now consider (IT; W, : AWC% II,, I, W;% l~7, EWC% IT;) with corresponding controlla-
bility Gramian II; and observability Gramian IT; X2I1; = I1; %2 = %211;. (Because of
the way Il is constructed, it commutes with ¥2.) We can now apply the canonical
form of Theorem 3.1 to find a basis for the range space of IT; (which corresponds to
the state space there) depending real analytically on (/Nl, b,¢). The first basis vector
is

W, b
Imwe e

the second one (Gram-Schmidt orthonormalization) is obtained by normalization of
the vector

LW, 2 AWATL W, %)

(Frwe P mwe ATw T we *b)

= —1 —1 X H1WC_%B;
(bTWC LW Zb)

and so on. Clearly this choice of basis of the range space of II; is real analytic. With
respect to the resulting basis of the n(1)-dimensional state space the triple

(lec‘%[xwﬁnl, W, 2, 5W§H1)

takes the form (A(1,1),b(1),é(1)), as described in Theorem 3.1:

a(171)11 —a(1)1 0 0
) a(1); 0 —a(1), :
A(l, 1) = O a(l)g 0 s
: *Oé(l)n(l)—l

o

0 0 a(l)n(l)—l
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b2
a(l,1);; = —51,
a(l)j>0, ji=1,...,n(1) -1,
by
- 0
b(l): . R by >O,
0

¢(1) = (01,’7(1)17---7’7(1)71(1)—1) )

and therefore this triple and the parameters describing it depend real analytically
on (/1,5, ¢). Similarly for any i € {1,...,k} the matrix triple and the parameters
describing it depend real analytically on (fl, Z~7, ¢). This proves the real analyticity of
the mapping which maps (fl, b, ¢) to the parameters of the canonical form.

(iii) The remaining statements follow from the results in [19]. 0

5. An atlas of overlapping block-balanced canonical forms.

THEOREM 5.1. Let the state-space dimension n be fized. The canonical forms
Cr(1)om(k) — Bn),..ny, n(§) € {1,...,n}j = 1,....k, Z§:1 n(j) =mn, k €
{1,...,n}, form an overlapping set of real analytic (hence continuous) canonical forms
covering Cp. Each of the sets Cp(1),.. n(k)s Z?:l n(j) = n, is an open subset of C,,
and together they cover C,.

Proof.  Let P(n;k) = {(n(1),...,nk)|n(G) € {1,....,nkji = 1,...,k;
Z?Zl n(j) = n}, the set of partitions of n into k parts. It is trivial to show that

(15) U U Crn),..n(k) = Chn,
k=1 (n(1),...,n(k))EP(n;k)
because Cy,(1),....n(k) C Cn for each partition (n(1),...,n(k)) of n and for £ = 1 one
has n(1) = n and C,,(1) = C,. Clearly for each partition (n(1),...,n(k)) of n the set
Ch(1),...,n(k) is an open subset of C,,. The remaining properties follow from Theorem
4.1. 0

COROLLARY 5.2. The set of mappings

¢ Ca(1),.con(h)/ ~— Sn(1),...ni) C R*",
(n(1),...,n(k)) € P(n; k), k=1,...,n,

which map each equivalence class of triples to the corresponding parameter vector
in the canonical form, forms an atlas for the real analytic manifold of stable SISO
iput-output systems of order n.

Proof. Any input-output system has a minimal state-space realization which is
unique up to choice of basis of the state space. Therefore, the equivalence classes of
(minimal!) triples in C,, can be identified with stable SISO input-output systems, and
the result follows from the theorem. O

Remark. A motivation for using this atlas rather than, for example, just the
Schwarz-like canonical form B,, is the following. Suppose one wants to use balanced
realizations. Then one can use the balanced parametrization of [19]. However, this
parametrization is discontinuous at all points of C,, \ C1,.._ 1, i.e., in all triples (A, b, )
which have two or more coinciding singular values. Also, the complement C;
the set of discontinuity points consists of 2" topological components, one component
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for each sign pattern of the vector ¢ (which cannot have zero components in this case;
cf. (9), (10) with n(i) = 1,4 = 1,2,...,k); this should be compared to C,,, which
has only n + 1 topological components (the Brockett components). It appears that
this is a serious disadvantage if one wants to use balanced realizations and balanced
parametrizations in, for example, search algorithms for system identification, because
one has to find out first which is the right “cell” of the parametrization. Another
difficulty is that the balanced parametrization will tend to become numerically ill
behaved if two or more of the Hankel singular values of the system are close to each
other. For example, for the class of second-order systems, the determinant of the Lo-
induced Riemannian metric tensor of the balanced parametrization can be calculated
(e.g., using a computer algebra package) to be

2

22 §101 — $202

19\ 7 —
8101 + 8202

in the notation of [19]. Here the s; and s are the sign parameters, which are either
+1 or —1. It follows that if two Hankel singular values come close, for given values of
b1 and by, then the parametrization becomes ill conditioned in the sense that a small
parameter change may lead to a large change in the system (in the Lo-sense) and/or
a large parameter change may lead to only a small change in the system (again in the
Lo-sense).

In order to overcome these difficulties one could use the overlapping block-balanced
canonical forms as follows. If (A, b, ¢) has k distinct Hankel singular values oy > o9 >
-+« > 0}, > 0 with respective multiplicities n(1),...,n(k), then one can use the block-
balanced continuous canonical form on Cy,1),... nk) locally around (A,INL ¢). If one
is moving away from (fl, b, ¢) in a search algorithm, for example, one has to decide
whether the canonical form corresponding to a different partition should be used: if
the largest n(1) singular values differ sufficiently from each other, one could use, e.g.,
Ch,...1,n(2),...,n(k) (Where there are n(1) ones in the subindex before n(2)), etc. In this
way one would use balanced realizations and “almost-balanced” realizations while
moving around in the set of nth-order systems, without encountering discontinuity
points.

6. On the imbedded submanifolds structure of the balanced canonical
form. Consider the balanced canonical form for C), of [19]. For each k € {1,...,n}
and each partition (nq,ng,...,ng) € P(n;k) let K, . n, denote the subset of C,, of
systems with &k distinct singular values o1 > 09 > -+ > 0}, which have multiplicities
ni,na,...,Nng, respectively. Clearly K, .n, C Ch,, . n, and equality holds only if
k = n, n; = ]-7 i = 13"'7”' The Inapping Knl,...,nk — Bnl,...,nk N Knl,...,nk is
a canonical form on K, . n,, the restriction of the canonical form C,, . ., —
Bn,....n, to Ky, . p,. This canonical form on K, . ,, is input-normal with diagonal
observability Gramian W,,. If one applies the state-space transformation (14) (which
is diagonal here), then one obtains the balanced canonical form of [19] restricted to
Ky, .. - Clearly on K,,, ., the balanced canonical form is smooth (real analytic),
while it is of course not even continuous on C,,. Both the balanced canonical form
and the corresponding input-normal form parametrize K, . .,/ ~ by the parameters
bi > 0,a(i); > 0,5 =1,...,n; — 1,¢; # 0,5 = 1,...,k. Because (cy,...,c,) has 2*
possible sign patterns, it follows that K,,, .,/ ~ has 2% topological components, each
real analytically diffeomorphic to R™1*. It follows clearly that Ky, . ng/ ~is areal
analytic manifold. The question arises whether it is a regular submanifold of C,,/ ~
in the sense of [1] and therefore an imbedded submanifold (cf. [1], esp. Lemma 5.2).



OVERLAPPING BLOCK-BALANCED CANONICAL FORMS 241

The answer is affirmative and is a direct consequence of the construction developed
in the previous sections.

THEOREM 6.1. For each k € {1,...,n} and each partition (ni,...,n;) € P(n; k)
the subset Ky, .. n./ ~ is a regular submanifold of Cy,/ ~ and therefore an imbedded
submanifold with the inclusion as the imbedding map.

Proof. Tt follows from [1, Chapter III, section 5] that it suffices to show the socalled
n + k-submanifold property for K,,, . ./ ~ . This property is said to hold if for each
point p € Ky, .. n,/ ~ there exists a coordinate neighborhood U, ¢ on C,,/ ~ with lo-
cal coordinates &1, . .., &y, such that (i) ¢(p) = (0,...,0), (ii) @(U) = {(&1,...,&n)|—
€ <& <ei=1,...,2n}, and (i) (U N Ky, 0./ ~) = {§ € o(U)|snth+1 =
-+« = &9, = 0}. The n + k-submanifold property can be shown to hold as follows.
Suppose that the parameter values of point p € K,,, . ./ ~ are b?,a(i)? > 0,7 =

1,...,n;—1,cY # 0; of course at p, y(i); = - - - = ¥(i)n,—1 = 0. Now choose the local co-
ordinates &1, . . ., £ap, as follows: (£1,...,&nvk) = (b1—=b9, a(1)1—a(1)}, ..., a(1)p, —1—
04(1)9“_1,01 — by — b9, a(2)1 — a(2)?, ..., a(2)p,-1 — Q(Q)?Lz_l’CQ — ;b —

by, a(k)r — a(k)y, ..., a(k)n,—1 — a(k)y, 1, ce = ), (Entrrts-- - €2a) = (YD1,
Y V)ny—1s-- o, Y(E)1, - oo, ¥(k)n,—1). Clearly (i) holds. It follows from Theorem 4.1 that
there exists a neighborhood U of p such that (ii) holds, and from Theorem 4.1, (iii)
follows. a

Acknowledgment. Discussions with Dr. J. M. Maciejowski are gratefully ac-
knowledged.

Note added in proof. In a forthcoming article by the present authors in Linear
Algebra and its Applications, the results presented here are extended to various classes
of SISO and multivariable systems.
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STOCHASTIC VERIFICATION THEOREMS
WITHIN THE FRAMEWORK OF VISCOSITY SOLUTIONS*
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Abstract. This paper studies controlled systems governed by Ito’s stochastic differential equa~
tions in which control variables are allowed to enter both drift and diffusion terms. A new verification
theorem is derived within the framework of viscosity solutions without involving any derivatives of
the value functions. This theorem is shown to have wider applicability than the restrictive classical
verification theorems, which require the associated dynamic programming equations to have smooth
solutions. Based on the new verification result, optimal stochastic feedback controls are obtained by
maximizing the generalized Hamiltonians over both the control regions and the superdifferentials of
the value functions.
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1. Introduction. We consider in this paper stochastic optimal control problems
of the following kind. For a given s € [0, 1], by the set of admissible controls Uyq[s, 1]
we mean the collection of (i) standard probability spaces (2, F, P) along with I-
dimensional Brownian motions B = {B(t) : s < ¢t < 1} with B(s) = 0 and (ii)
I'-valued Fj-adapted measurable processes u(-) = {u(t) : s < t < 1}, where F} =
o{B(r) : s <r <t} and I' is a given closed set in some Euclidean space R™. We
denote (Q, F, P, B;u(-)) € Ugals, 1], but occasionally we will write only u(-) € Ugals, 1]
if no ambiguity arises. Let (s,y) € [0,1) x R? be given. For each (9, F, P, B;u(-)) €
Uadls, 1], the corresponding cost is

(L.1) J(s,y;u«)):E[ [ et um)a + ne)]

where z(+) = {z(t) : s <t < 1} is the solution of the following Ito stochastic differen-
tial equation (SDE) on the filtered space (Q, F, P; F}):

dz(t) = f(t,z(t), u(t))dt + o(t, 2(t), u(t))dB(t),

(1.2) (o) —

The solution z(-) of the above SDE is called the response of the control u(-) € Uyqls, 1],
and (z(-),u()) is called an admissible pair. The objective of the optimal control

problem is to minimize the cost function J(s, y;u(-)), for a given (s,y) € [0,1) x RY,
over all u(-) € Ugq[s, 1]. We denote the above problem by Cj ,, to recall the dependence
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on the initial time s and the initial state y. The value function is defined as

1.3 Vis,y) = inf  J(s,yu()).
(13) (s) = dnf - J(spu())

An admissible pair (z*(-), u*(+)) is called optimal for Cs ,, if u*(-) achieves the minimum
of J(s,y;u(-)) over Ugq[s, 1].

As a part of the dynamic programming approach, the so-called verification tech-
nique plays an important role in testing for optimality of a given admissible pair and
(more importantly) in constructing optimal feedback controls. The classical verifica-
tion theorem is as follows (see Fleming and Rishel [5, Theorem VI.4.1]):

THEOREM 1.1. Let W € CY2([0,1] x RY) be a solution of the following Hamilton—
Jacobi-Bellman (HJB) equation:

(1.4) { —v(t, ) +sup,ep G(t, 2, u, 05 (8, ), 0 (t, ) =0, (t,x) € [0,1) X R4,
v(l,2) = h(x)

where the function G is defined as
(15) G(ta z,u,dq, Q) = 7%131'(0’11(15’ z, U)Qd(t, z, U)) —q- f(ta z, u) - L(ta z, U)

for (t,x,u,q,Q) € [0,1] x R xT' x R x R™9. Then
(a) W(s,y) < J(s,y;u(-)) for any (s,y) € [0,1) x R? and any u(-) € Uqls, 1].
(b) Suppose that a given admissible pair (x*(-),u*(-)) for the problem Cs , satisfies
—We(t,x*(t)) + G(t, " (t), u™ (¢), Wy (t, 2% (t)), War (t, 2% (t))) = 0, P-a.s., a.e.t € [s,1];
(1.6)

then (x*(-),u*(-)) is an optimal pair for the problem Cs,,.
Remark 1.1. The function G is called the generalized Hamiltonian [17]. By the
HJB equation, (1.6) is equivalent to a more familiar form:

G(t,z*(t), u (), Wa(t, 2*(t)), Waa(t, 2(¢)))
= maxyer G(t, 2*(t), u, Wy (t,2*(t)), Wae (t, 2*(¢))).

Then, an optimal feedback control u*(¢, ) can be constructed by minimizing G (¢, =, u,
Wi (t,x), Wey(t,x)) over u € T'. For details, see [5].

When practically applying Theorem 1.1, one usually takes the verification func-
tion W to be the value function V, as V satisfies the HJB equation if V € C12([0, 1] x
R%). Unfortunately, it is well known that the HJB equation (1.4) does not necessar-
ily admit smooth solutions in general. This makes the applicability of the classical
verification theorems very restrictive and is a major deficiency in dynamic program-
ming theory. In recent years, the viscosity solution theory of general nonlinear PDEs,
which was launched by Crandall and Lions [4], has been significantly developed. In
this theory, all the derivatives involved are replaced by the so-called superdifferentials
and subdifferentials, and the solutions in the viscosity sense can be merely continuous
functions. The existence and uniqueness of viscosity solutions of the HJB can be guar-
anteed under very mild and reasonable assumptions, which are satisfied in the great
majority of cases arising in optimal control problems. For example, the value function
turns out to be the unique viscosity solution of the HJB equation [14]. Since the ver-
ification theorems have been playing primary roles in constructing optimal feedback
controls, and in many practical problems HJB equations do not have smooth solutions
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at all, a natural question arises: do verification theorems still hold, with the solutions
of the HJB equation in the classical sense replaced by the ones in the viscosity sense
and the derivatives involved replaced by the superdifferentials and /or subdifferentials?
For the deterministic case (o = 0), the answer to the above question is “yes” [18].
Moreover, based on the new, nonsmooth versions of the verification theorems obtained,
a scheme of obtaining feedback controls is proposed in [18], which does not involve
any derivative of the value function. For some related works, see [2], [6], and [15].

The present paper proceeds to answer the above question for stochastic systems.
It should be noted that verification technique is particularly important for stochastic
systems because only feedback controls perform well in the uncertain environment.
However, the approach for the deterministic case [18] relies heavily on the value func-
tion being Lipschitz continuous in both time and spatial variables, which is no longer
true for stochastic systems of Ito’s type. Indeed, since fot odB is only of order t%,
the value function in the stochastic case is Hoélder continuous of order % This causes
a great difficulty in the analysis. In this paper, we shall overcome the difficulty by
delicate stochastic analysis.

The paper is organized as follows. In section 2, some preliminary results about
viscosity solutions and the associated superdifferentials and subdifferentials will be
introduced. In section 3, a new verification theorem in terms of viscosity solutions
and the superdifferentials is established. In addition, an example is presented showing
that the obtained theorem can test for the optimality of a given control while the
classical verification theorems cannot. Section 4 discusses the construction of optimal
stochastic feedback controls based on the new verification theorem. Finally, section 5
gives some concluding remarks.

2. Superdifferentials, subdifferentials, and viscosity solutions. We shall
use the following basic notation throughout the paper:

AT . the transpose of any vector or matrix A,

|A] : the maximum of the elements of any vector or matrix A,

R™k: the set of all n x k matrices,

S™*™ . the set of all n X n symmetric matrices.

Given a probability space (Q,F, P) with a filtration {F; : a < ¢t < b} (—o0 <
a < b < +00), a Hilbert space X with the norm || - ||x, and p,1 < p < 400, define
the set L7-(a,b; X) = {¢(-) = {¢(t,w) : a <t < b}| ¢(-) is an F-adapted, X-valued
measurable process on [a, b], and Eff | o(t,w) |I% dt < +oo}.

DEFINITION 2.1. Let v € C([0,1] x R™). The right superdifferential (resp., subdif-
ferential) of v at (to, z0) € [0,1)XR", denoted by D}, ,v(to, o) (resp., Dy ,v(to, o)),
s a set defined by

D, ,o(to, w0) = {(p, ¢, Q) € R* x R™ x S™*"|

T v(t,z)—v(to,0)—p(t—to)—q-(x—z0)— 5 (x—20) T Q(z—120)
llmt—>t0+)$—>aj0 TR p— 2 < 0}

(resp.,
D;, ,o(to,z0) = {(p,q,Q) € R' x R" x S™*"|lim{---} > 0}).

Remark 2.1. To study stochastic control problems, many authors make use of the
superdifferential D;r +V(to, o) and subdifferential D; v (to, o) obtained by replacing
the right-sided limit ¢ — tp+ in the above definition by the two-sided limit t — #g
(e.g., [13, 14, 3]). The right-sided differentials have been studied extensively in [17] and
proved to be more useful than the two-sided differential in treating some stochastic
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control problems (see, e.g., [17, Remark 4.1] and [7]). On the other hand, the following
inclusions are clear:

D;,v(to, {)30) Q Dj+7mv(t07 xo), D;m’l)(to, CE()) Q D;ﬁm’l}(to, .’L‘o).

DEFINITION 2.2. A function v € C([0,1] x R™) is called a viscosity solution of
the HJB equation (1.4) if

—p+sup,er Gt z,u,¢,Q) <0 V(p,q,Q) € Daywv(t,x) Y(t,z) € 10,1) x R,
—-p+ SUPyer G(t,x,u, q, Q) >0 V(pa q, Q) € Dtjr,:r/v(tu (E) V(t,.’[:) € [Oa 1) X Rd7

and v(1l,x) = h(x).

Remark 2.2. The notion of a viscosity solution in the sense specified in Definition
2.2 is more general than those which involve two-sided differentials in ¢ (cf. [3, 13, 14])
in view of the set inclusions in Remark 2.1. Moreover, the uniqueness of viscosity
solutions in our sense holds if the uniqueness holds in the “two-sided” sense.

Now let us turn to the control problem formulated in section 1. We impose the
following assumptions throughout this paper.

(A1) f, o, and L are continuous mappings from [0,1] x R? x T to R?, R4*! and
R!, respectively; moreover, they are continuous with respect to (t,z), uniformly in
uel.

(A2) There exists a constant K > 0 which is independent of (¢, u) such that

|f(t,x,u) - f(t7y7u)| + |U(t,$7u) - G(tayau”
+ ‘L(tvmau) - L(t,yvu” + |h(l’) - h(y)| < K|£C - y| V$7y € Rda
|f(t,2,u)| +|o(t,,u)| + | Lt z,u)| + |h(z)] < K1+ |2]) Vo e RY

The following result can be found in [16, 17].
LEMMA 2.1. The value function V satisfies

V(t,z) = V(') <Ot —t|2 + |z — 2/)).

Moreover, V is a unique viscosity solution of the HJB equation (1.4).
An immediate consequence of Lemma 2.1 is the following.
COROLLARY 2.1. We have

inf [p— G(t,z,u,q,Q)] >0 V(t,x) € [0,1) x R*.
(p,q,Qu)EDF, ,V(t,x)xT

We need some technical lemmas.
LEMMA 2.2. Let v € C([0,1] x R™) be a given function that satisfies

o(t,2) —v(t',2")| < Cy(jt — |2 + |z — /).

For any (t07 .’IIO) € [07 1) X Rn7 Zf (pa q, Q) € D;r,zv(t(% .’E()) (7“68])., (p7 q, Q) € D;r,xv(th
x0)), then there exists a function ¢ : [to,1] x R™ — R! satisfying

(i) ¢ € C([to, 1] x B") N CT2((to, 1] x R™),

(i) Blto,z0) = vlto,z0) and 9(t,2) > v(t,z) (resp., G(t,2) < v(t,2)) for any

(ta EE) # (t07 xO):
(iil) hmtﬂto+,z~>xg,|mfﬂco\§N|t7t0|% o+(t,x) = p for any fized N > 0, ¢ (to, o) = q

and ¢uq(to, x0) = Q,
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(iv)
[0t )] < Ca1 4= 50) Vi(t, @) € (to, 1] x R,
—to
|62(t,2)| + |¢ax(t, 2)| < Co(L+ |2] + [2]* + [2]®) V(t,2) € [to, 1] x R™.
Proof. This lemma was presented and proved in Zhou [17] except that for (iii)
the statement there was

lim ¢z(tvx) =q, lim (b:vz(tax) =Q.

t—to+,x—x0 t—to+,x—x0

However, it is easily seen by the proof in [17] that

¢2(to, z0) = q and ¢z (to, z0) = Q

hold as well. 0
LEMMA 2.3. Let g € C[0,1]. Suppose that there is p € L'[0,1] such that for
sufficiently small h > 0,

(2.1) w < p(t), ace. te[0,1].
Then
(2.2) o) — g(0) < At h@erdr vt € [0, 1),

Proof. First fix t € [0,1). By (2.1), we can apply Fatou’s lemma to get
i SRSy 5 T g, {500

t+h 't
A ) g(r)dr—[7 g(r)dr
= limy, g4 7 Js

t+h h
; g(r)dr— [ g(r)dr
= hmh_>0+ L i 0

=g(t) — 9(0).
This proves (2.2) Vt € [0,1). Finally, the ¢t = 1 case is obtained by continuity. d

3. Verification theorems.

THEOREM 3.1. Let W € C([0,1] x R%) be a viscosity solution of the HJB equation
(1.4). Then

(a) W(s,y) < J(s,y;u(-)) for any (s,y) € [0,1) x R? and any u(-) € Uuals, 1].

(b) Let (z*(-),u*(-)) be a given admissible pair for the problem Cs,. Suppose
that there ezists (p*,q*,Q*) € L%(s,1; R') x L%(s,1; RY) x L%(s,1; S™*?) (where the
filtration Fy = F} ) such that for a.e. t € [s,1],

(3.1) (5" (0).4" (1), Q" (1)) € Dfy ,W(t,2* (1)), P-as.
and
(3.2) Pt () + Gl @ (1), u (8, (1), Q* (1) = 0, P-a.ss

then (*(-),u*(-)) is an optimal pair for the problem Cs ,.
Proof. Part (a) is trivial since W = V in view of the uniqueness of the viscosity
solutions. (Note that we state our results in the present form purposely in order to
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compare with the classical verification theorem.) We prove only part (b) of the the-
orem. Set f*(t) = f(t,x*(t),u*(t)), etc., to simplify the notation. Fix ¢ € [s,1) such
that (3.1) and (3.2) hold. Choose a test function ¢ € C([t, 1] x RY) N CY2((¢t, 1] x RY)
as determined by (p*(t),q*(t), Q*(t)) € Df, ,W(t,z*(t)) and Lemma 2.2. Applying
Ito’s formula to ¢, we have for any h > 0,

W(t+h,z*(t+h)) — W(t,z*(t))

J M 0l a* () + 6 (r, 2 () - () + 3tr(0*T (1) b (r, 2% (1)) o™ ()]

IN

(3.3)
It is well known by the martingale property of stochastic integrals that there are
constants C3, Cy() > 0, independent of ¢, such that

Elz*(r) —z*(t)|* < Cs|r —t| Vr >t,

(3.4)
Esup,<,<q |2%(r)|* < Cy(a) Va > 1.

Hence, in view of Lemma 2.2 (iv), we have

(3.5) sup Elgi(r,z*(r))]* < C3 sup E 1+M

< C5a
t<r<i t<r<i r—t

or

sup B¢y (r, 2" (r))] < V/Cs.

t<r<l1
Moreover, by Lemma 2.2 (iv) and assumption (A2), one can show that
* * 1 * * *
S Elga(r,2”(r)) - £1(r) + 5 trlo T (1)¢aa(r,a”(r))o™ (r)] < Co.

It then follows from (3.3) that for sufficiently small A > 0,

EW (t+ h,z*(t +ff:)) —EW2®) _ e 4o

Now we calculate, for any fixed N > 0,

(3.6)

L Blgu(r,a*(r) — p*())dr

_ 1 [tt+h % o
= nlh t+f[(¢t(7”7$ (1) = P DX e () e (1)) et 319
+4 J " El(e(rz*(r)) —p*(t))Xlw*(T)ﬂ*(t)‘SNIT%‘%}dr
= I,(N,h) + L(N, h).
By virtue of (3.4) and (3.5), we have

L(N,R) < L [PEIg(r,a* (1) — p* ()22 [P(|l2* (r) — 2* ()] > Nlr —¢]3)]2dr

S%—>Ouniformlyinh>0asN—>oo.

On the other hand, for fixed N > 0, we apply Lemma 2.2 (iii) to get

“(r)) — p*(t 0 as h — 0+, P-as.
pargtih {(@(T’x(m POX (1) -ae isnir—gd | 0 85 h = OF, Pras

Thus we conclude by the dominated convergence theorem that

Io(N,h) — 0 as h — 0+ for each fixed N.
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Therefore, we have proved that ; tt+h E¢(r,z*(r))dr — Ep*(t) as h — 0+. Simi-
larly (in fact, more easily), we can show that

L Blgu(rat () - f1(1))dr — Ela(t.a” () - f(8)] = Elg*(t) - f*(¢)]
and
L[ B te(0"T (1) (r, 2 (1)) 0™ (r))]dr — B[Ltr(0™7 (£)dua (£, 2% (1))0* (£))]
= E[Rt(o T (1)Q" ()0 (1))]
as h — 0+. Consequently, (3.3) gives

mh_)0+ EW (t+h,z* (t+f;L))7EW(t,:r*(t))

< B0 +q (1) 11(0) + 5o T (0Q ()" (1)
= —EL(1),

where the last equality is due to (3.2). Noting (3.6) and applying Lemma 2.3 to
g(t) = EW (t,x*(t)), we arrive at

1
EW(I,x*(l))fEW(s,y)g/ —EL*(t)dt,

which leads to W(s,y) > J(s,y;u*(+)). It follows from (a) that (z*(-),u*(-)) is an
optimal pair for Cj . ]

Remark 3.1. In view of Corollary 2.1, the condition (3.2) implies that (p*(¢)
Q*(t),u*(t)) achieves the infimum of p — G(¢, 2*(¢),u, ¢, Q) over D:;)IV(t, T*(t
Meanwhile, it also shows that (3.2) is equivalent to

p(t) < G(t, 2" (1), u" (1), " (1), Q" (1))-
Remark 3.2. The condition (3.2) implies that

3.7) max G(t, 2" (t), u, q"(t), Q" (1)) = G(t,z™(), u™(t), ¢" (1), Q" (¢)).

uel

q*(t),
) x T

t),
(t)

This is easily seen by recalling the fact that V' is the viscosity solution of (1.4):

—p*(t) + Sup G(t,z"(t),u, q" (1), Q" (1)) <0,
which yields (3.7) under (3.2).

Remark 3.3. By Remark 2.1, the new verification theorem holds if the right su-
perdifferential D} oW (t,z*(t)) is replaced by the (smaller) two-sided superdifferential
D W (t, z*(t)).

Theorem 3.1 is a generalization of the classical verification theorem (Theorem
1.1). On the other hand, we do have examples showing that the classical verification
theorem may not be able to verify the optimality of a given control, whereas Theorem
3.1 can.

Ezample 3.1. Consider the following optimal control problem:

minimize E[—z(1)],
subject to {mwzmmmm+n—JMMﬁ+Mﬂ—ﬂﬂW%
z(s) =y € R,

)
control u(:):[0,1] — {r € R0 <r < 1}.
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The HJB equation is

—0y(t, @) + 8uPg<y <1 [z (t, 2) (e — 2)u] — 5 (2 — ) vaa(t, 2) — 2v(t,2) = 0,
v(l,x) = —=x.

It is not difficult to verify that the following function is a viscosity solution of the

HJB equation

Vit.x) —el 7ty if x < e,
,T) = .
(el7t —el=%z —1)e ifz > e,

which, by the uniqueness of the viscosity solutions, turns out to be the value function
of the control problem. Let us consider an admissible control u*(-) = 0 for initial time
s = 0 and initial state y = 1. The trajectory under u*(-) is easily seen to be z*(t) = €.
Now we want to see if the pair (z*(-),u*(-)) is optimal. Theorem 1.1 cannot tell us
anything, because V,,(¢,2*(t)) does not exist on the whole trajectory z*(-). However,
we have D,V (t,z*(t)) = [e, +00) x [—e27%, —e! 7] x {Q € §9?: Q > 0}. Now
if we take (p*(t),q*(t), Q*(t)) = (e, —e'~%,0) € D, ,V(t,z*(t)) for each ¢, then (3.2)
is satisfied. This implies that the pair (:v*(),u*()) is indeed optimal by virtue of
Theorem 3.1.

4. Optimal feedback controls. This section describes how to construct op-
timal feedback controls by the verification theorem obtained. First we recall the
definition of admissible feedback controls.

DEFINITION 4.1. A measurable function u from [0,1] x R? to T' is called an
admissible feedback control if for any (s,y) € [0,1) x R? there is a weak solution
z(+; 8,y) of the following equation:

(4.1) { de(t) = f(t,xz(t),u(t, z(t)))dt + o(t, z(t), u(t, z(t)))dB(t),
z(s) =y.

An admissible feedback control u* is called optimal if (x*(-;s,y),u*(-,2*(:;8,y))) s
optimal for the problem Cs, for each (s,y), where z*(-;s,y) is a solution of (4. )
corresponding to u*.

THEOREM 4.1. Let u* be an admissible feedback control and p*, q*, and QF
be measurable functions satisfying (p*(t,x), q*(t,x), Q*(t,x)) € D{, V(t, ) for all
(t,z). If

*

p*(tax) - G(t,x,u*(t,a:),q*(t,x), Q*(t,l‘))
(4‘2) = f(p ,Q, u)EDt+ JDV(t,a:)xF[p - G(t7 T, U, g, Q)]
- 0

for all (t,z) € [0,1] x R, then u* is optimal.

Proof. The result follows readily from (b) of Theorem 3.1. 0

By Theorem 4.1, we see that under proper conditions, one can obtain an optimal
feedback control by minimizing p — G(¢, z, u, ¢, Q) over (p,q,Q,u) € D;;’ZV(t, ) xT
for each (¢, x). Let us investigate the conditions imposed in Theorem 4.1. First of all,
(4.2) requires that

(43) inf(p,q,Q,u)eDz;_ymV(t,a:)XF[p - G(t, z,u,q, Q)] =0
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and in addition the infimum can be achieved. This condition in fact partially char-
acterizes the existence of an optimal feedback control, although rather implicitly in
the sense that the value function is involved. In particular, this condition is satisfied
automatically if V' is smooth. Next, in order to apply Filippov’s lemma to obtain a
measurable selector of (p*(t,x), q* (¢, z), Q* (¢, z), u* (¢, x)) which achieves the infimum
in (4.2), we must study the measurability of the multifunction (¢, z) — D;EﬁwV(t, x).
To do this, let us first recall the measurability of the multifunctions (see, e.g., [12],
[1], and [8] for details).

DEFINITION 4.2. Let X C R"™ be a Lebesque measurable set, Y be a metric space,
and A : X — 2Y be a multifunction. We say that A is measurable if for any closed
set FF CY the set

AR 2 {re X | A@ N F 0}

is Lebesgue measurable.

Note that in the above we do not need A to be closed set valued. It is clear that
when Y is a Polish space (i.e., a separable complete metric space), the closed set F
in the above definition can be replaced by any open set. Consequently, we have the
following simple result.

LEMMA 4.1. Let X C R" be a Lebesgue measurable set, Y be a Polish space, and
A X — 2Y be a multifunction. Then, A is measurable if and only if the multifunction
z — A(z) 2 A(z) is measurable.

Proof. We note that for any open set U C Y and = € X,

AMa)(NU#¢ <= AU+
Hence,

A'(U)=A (U) VopensetUCY.

Then, by the above observation, we obtain our conclusion. d
PROPOSITION 4.1. Both the multifunctions (t,x) — Dj+7$V(t,x) and (t,z) —

D;EﬁwV(t,x) are convex set valued and are measurable.
Proof. For any (s,y) € (0,1] x R, we define

Vsy)=Vto)—p(s—H)—a-(y=2)-3(y=2)"Qy=2) ¢, < [0, )

W(t,z,p,q,Q;5,y) = [s—t[+]y—x]?
( ! 0 if t € [s,1].

Then, (s,y) being regarded as parameters, the function (¢, z,p, ¢, Q) — W (¢, z,p,q, Q;
s,y) is Borel measurable. Hence, the function

T A =
lim  W(t,z,p,q,Q;s,y) =W(t,z,p,q,Q)

s—=t+y—w

is also Borel measurable. Then, by [12, Theorem III.2.20], we know that the multi-
function
D V(tz) ={(p, a0, Q) | W(t,z,p,q,Q) < 0}

is measurable. By Lemma 4.1, we obtain the measurability of the multifunction
(t,x) — Df, .V (t,x). The convexity of these two multifunctions is obvious. O
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Filippov’s lemma (see, e.g., [12], [1], and [8]) says that if A is a measurable mul-
tifunction defined on some Lebesgue measurable set taking closed set values in a
Polish space, then it admits a measurable selection. Therefore, if we assume that
D{f, ,V(t,z) is closed and that the infimum in (4.2) can be achieved, then by Propo-
sition 4.1 and Filippov’s lemma, we can find a measurable selection (p* (¢, z), q*(t, x),
Q*(t,x),u*(t,x)) € D;“+7ZV(t,x) that minimizes p — G(t, z, u, q, Q).

Suppose now we have selected a measurable function u*(¢, z). It may not be an ad-
missible feedback control. The reason is because the coefficients f(t, z) £ ft,x,u*(t,x))
and &(t, x) £ o(t,z,u*(t,x)) of the SDE (4.1) are only measurable in (¢, ), which does
not guarantee the existence of a solution. This difficulty occurs in the deterministic
case as well. However, for the stochastic case, there are some elegant existence and
uniqueness results for SDEs with measurable coefficients. Let us briefly discuss two
situations.

Case 1. Assume that o(t,z,u) is a d X d matrix and is uniformly elliptic, i.e.,

(4.4) Mo(t,z,u)\ > 5|\

for some constant § > 0 for all (¢,x,u). Then by Krylov [10, Theorem II.6.1], there
exists a solution to SDE (4.1) under u*(¢,z). By Theorem 4.1, u*(¢, z) is an optimal
feedback control.

Case 2. Assume that ¢ is a nonsingular d X d matrix and does not depend on u.
Moreover,

(4.5) sup |o 7 (¢, )| < +o0.

t,x

Then under u* (¢, z), the existence and uniqueness (in law) of the solutions to (4.1) are
obtained by Girsanov’s transformation (see, e.g., [9, Theorem IV.4.2]). Once again,
u*(t, ) is an optimal feedback control by Theorem 4.1.

To summarize the above discussion, we have the following theorem.

THEOREM 4.2. Assume that

(i) inf(p,q,@,u)GD:;)wV(t,z)XF[p - G(t,z,u,q,Q)] = 0.

(i) D}V (t,z) is closed and the infimum above can be achicved.

(iii) Fither (4.4) or (4.5) holds.

Then, there is a measurable selector (p*(t,x), q*(t,x), Q* (¢, ), u* (¢, z)) that min-
imizes p — G(t,xz,u,q,Q). Moreover, the fourth component u*(t,x) is an optimal
feedback control.

Remark 4.1. In the presence of the uniform ellipticity of oo™, Krylov proved
the existence of classical solutions to the HJB equation under additional regularity
and strong boundness assumptions on the coefficients f,o, L, h (see [11, Chapter 6,
p. 301]). Under the mild assumptions in this paper, one does not know the existence
of classical solutions to the HJB equation even with (4.4).

5. Concluding remarks. In this paper we have derived a new verification the-
orem in the language of viscosity solutions and the associated superdifferentials. The
conditions under which the theorem is valid are very mild and reasonable, compared
with the restrictive classical verification theorem. We have also discussed the con-
struction of optimal feedback controls based on the verification theorem obtained in
this paper. Basically, the verification theorem reduces the original stochastic con-
trol problem into a two-phase problem. In the first phase, one has to solve the HJB
equations which are fully nonlinear second-order PDEs. In most cases one has to
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rely on numerical methods to solve the equations, whereas only in some exceptional
cases one may obtain analytical solutions (like the one in Example 3.1). In the second
phase, one finds the optimal feedback u* by minimizing p — G(¢, z,u, q, Q) over both
superdifferential of V' and the control region. The second phase is relatively easy
because the superdifferential of V' is explicitly known once V is known. However,
if V is approximated by numerical solutions V,,, then a natural problem is under
what conditions the feedback controls obtained by applying our verification theorem
to V,, are good enough. We then need to study the asymptotic behavior of the su-
perdifferentials/subdifferentials of the approximating solutions V,,. These remain very
challenging problems.

It should be noted that the results of this paper were derived when there was no
state constraint in the optimal control problem. We do not know how to treat the
state constraint problems. Indeed, the presence of state constraints causes great diffi-
culty to the analysis; they bring some particular boundary conditions (depending on
the particular features of the state constraints imposed) to the associated HIB equa-
tions, while the existing viscosity solutions theory on nonlinear PDEs with boundary
conditions is far from satisfactory and complete.
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BEHAVIORAL CONTROLLABILITY OF DELAY-DIFFERENTIAL
SYSTEMS*

PAULA ROCHA' AND JAN C. WILLEMS#

Abstract. In this paper we will prove that the system described by the delay-differential
equation R(d/dt, A)w =0 (with A the unit delay operator) is controllable if and only if the rank of
R(\, e=*) is constant for all A € C. This condition is compared with the existing results obtained
both by the analytic approach and by the algebraic approach to delay-differential systems.
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1. Introduction. The aim of this paper is to analyze controllability for delay-
differential (d-d) systems. We will derive a concrete necessary and sufficient condition
for controllability of d-d systems in kernel representation. We will use the behavioral
approach to dynamical systems [12]. Thus a continuous-time dynamical system is a
triple ¥ = (R,R?, B) with behavior B being a set of trajectories w : R — R?. We will
assume that B is shift invariant, i.e., that (w(.) € B) = (w(t +.) € B Vt € R). Since
the behavior is the most intrinsic feature of a system, it is logical to define the system
properties in terms of the set B, i.e., at an external level. This applies in particular
for the notion of controllability.

DEFINITION 1.1. The system % is said to be controllable if for all wi,ws € B
there exist a w € B and a T > 0 such that

] wn(®) for t<0,
w(t) = { w;(t -T) for t>T.

Note that for shift-invariant behaviors the controllability condition of Definition
1.1 is equivalent to the following property. For all wy,ws € B, wy is B-compatible with
wa, i.e., for all t; € R there exist t2 > ¢; and w € B such that w* = wi Ay, WA, w2 € B.
Here w* = wi Ay, w Ay, wo stands for the successive concatenation of wi, w, and
we, respectively, at times ¢; and to and is defined as follows: w*(t) = wq(t) for
t<ty, w(t) =w(t) for t1 <t < tg, and w*(t) = wa(t) for ¢t > to. In other words,
controllability requires that every past trajectory can be transferred to any future
trajectory. In order to distinguish this property from the classical state controllability
and to emphasize the fact that it concerns the system behavior we will refer to it as
behavioral controllability.

Behavioral controllability has been widely studied for both continuous- and dis-
crete-time systems, respectively, described by differential and difference equations, see
[12, 8]. In this paper we consider continuous-time systems described by differential
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equations with delays, i.e., d-d systems. More concretely, we will be concerned with
systems whose behavior B can be described as the kernel of a d-d operator R(d/dt, A)
(where R(z1, 22) is a two-dimensional (2D) polynomial matrix in z; and z2 and A is
the delay). This is a very general description which can comprise both the polynomial
input-output equations and the pseudostate representations considered in the litera-
ture [11], [3]. We will show that B = ker R(d/dt, A) is controllable if and only if (iff)
R(\,e™?) has constant rank for all A € C. It turns out that this condition reduces to
spectral controllability if one considers pseudostate representations as in [3], [6], and
[9].

This characterization of behavioral controllability has also been independently
obtained in [1], where the author develops an elegant theory for d-d systems in a be-
havioral framework based on the properties of a suitable ring of entire functions. Here
we follow a different approach based on the analysis of the exponential-polynomial
trajectories in the system.

2. Delay-differential systems. Let R(z1,22) be a 2D polynomial matrix hav-
ing g rows and ¢ columns. Now consider the equation

o n(48)wes

where A denotes the unit delay operator: (Af)(t) := f(t — 1). Equation (1) defines
the dynamical system (R,R?, B) with B = ker(R(d/dt,A)) and R(d/dt,A) viewed as
a map from C*(R,R?) into C*(R,RY). In other words, the behavior consists of the
C-solutions of (1). We will call (1) a d-d system (even though it would be more
appropriate to refer to it as a d-d system in kernel representation).

Note that this kernel representation is more general than the polynomial input-
output descriptions considered in [11], as well as than the pseudostate descriptions
of [3]. Indeed, any polynomial input-output d-d equation Py = Qu can be regarded
as a kernel representation with R(d/dt,A) = [P(d/dt,A) | —Q(d/dt,A)] and with
w = col(y,u). In turn, the pseudostate description {dz/dt = A(A)z + Bu y = Cz}
can also be viewed as a kernel representation with w = col(x,y,u) and R(d/dt, A) =
col([d/dt — A(A) | 0| —B],[-C | I|0]). Observe, however, that (1) is a broader class
of systems than those mentioned. For example, both the systems defined by

d

w1 = %AUJZ

and by
Aw1 = (]. + AQ)’U)Q

fit (1) but not the classical input/state/output frameworks.

3. Behavioral controllability of d-d systems. Our problem is to find con-
ditions on the 2D polynomial matrix R(z1, z2) such that (1) defines a system which
is controllable in the sense of Definition 1.1. The following is the main result of this
paper.

THEOREM 3.1. (1) defines a controllable d-d system iff the rank of the complex
matriz R(\, e™) is constant for \ € C.

The above theorem is a natural generalization of the well-known identical result
for differential systems R(d/dt)w = 0. However, the proof will show that from a
mathematical point of view Theorem 3.1 is a much deeper result.
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As an alternative to systems (1), consider the following d-d systems. Let M (z1, 22)
be a 2D polynomial matrix with ¢ rows and [ columns. Consider the equation

o v (L)

where a € C°(R,R!) corresponds to an auxiliary variable. Equation (2) defines a
dynamical system (R,R?,im(M (d/dt,A))) with M(d/dt, A) viewed as an operator
from C>*(R,R!) into C*°(R, R?). We will call (2) a d-d system in image representa-
tion. It is easy to prove that (2) defines a dynamical system which is automatically
controllable. For differential systems, a system is controllable if and only if it admits
an image representation. This is, in fact, also the case for d-d systems (1).

THEOREM 3.2. A d-d system (1) is a controllable system iff there exists a 2D
polynomial matriz M (z1, z2) such that

d . d
(3) ker R (dt’A> =imM (dt’A> .

In order to give a further insight, it is useful to compare our result with the
existing results on state controllability for d-d systems. We will first focus on the
class of retarded d-d systems X considered in [3] which have a pseudostate description
of the form

de/dt = A(A)x+ Bu,
Y = Cu,

where x is the (n-dimensional) pseudostate, w is the input, y is the output, and
A(z) = AnzN + -+ Ajz + Ap is a polynomial matrix in z. For the system %, the
state at time ¢ is defined in [3] as being z(t) = col(xz(t), 1), where z; € Ls[(—N, 0], R"]
is given by z,(7) = x(t + 1) for all 7 € (—N,0]. This yields the infinite-dimensional
state space Z = R™ x Ly[(—N,0),R"]. Define, in this state space, the set K; of all
attainable states in time ¢, and let K, := Uy~ oK. Then ¥ is said to be approximately
controllable if K, is dense in Z. The next theorem, providing a characterization of
approximate controllability, has been derived in [3].

THEOREM 3.3. ¥ is approzimately controllable iff (1) rank[(A\ — A(e™?) | B] =
n VYA € C and (2) rank[Ay | B] = n.

The first condition of the theorem is known as spectral controllability.

Note that the pseudostate description that we have considered here can be re-
garded as a kernel representation with R(d/dt, A) = col([d/dt — A(A) | 0| —B],[-C |
I]0)) if ¥ is viewed as a system with external variable vector w = col(x,y,u) and
with smooth signals. It turns out from Theorem 3.1 that the behavior of ¥ is control-
lable iff rank[(A] — A(e~*) | B] = n for all A € C. So behavioral controllability seems
to correspond to spectral rather than to approximate controllability. The situation
can be illustrated by the following example.

EXAMPLE 3.4. Let A(z) = Ag + A1z with Ay = col([0 | 1],[0 | 0]), A1 = col(]0 |
0],[-1 ] 0]), and B = col(0,—1). Then the corresponding system X is not approx-
imately controllable since rank[A; | B] = 1 < 2. However, it is easy to check that
[A\I — A(e™) | B] has rank 2 YA € C and hence the behavior of ¥ is controllable.
What happens in this case is that the pseudostate components x; and zo are related
by dx;/dt = x5. This holds in particular in the interval [—1,0); therefore, not all the
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elements in the state space R? x Ly([—1,0),R?) are feasible, which prevents approx-
imate controllability. This obstacle does not arise for behavioral controllability since
this property exclusively regards admissible system signals (and hence one does not
take into account the signals which do not satisfy dxz /dt = ).

The characterization of approximate controllability has been extended to neu-
tral d-d systems in [6] and [9] and later generalized in [13] to the case of (possibly)
noncommensurable delays. For systems with a pseudostate description of the form

de/dt = A(A4,...,An,D)x + Bu,
() {2 gt
(Where A(Zl, .. .7ZN,ZN+1) = Ap + Zfil Ai(ZN+1)Zi7 Ai(ZN+1)Zi = E;, + Fizny1,
and A; represents the delay by h; units of time, i = 1,..., N), the following result
has been derived (and formulated in slightly different terms).

THEOREM 3.5 (see [13]). The system described by (4) is approzimately controllable
iff (a) rank[A(eM?, ... e"¥* \), B] = n VA € C and (b) rank[An(X), B] = n for some
AreC.

As before, the first condition corresponds to spectral controllability and coincides
with our characterization of behavioral controllability if the delays are commensurable.

Another interesting issue is the comparison of our notion of controllability with
the ones which have been studied in [5] and [2] within an algebraic approach. Here
the authors consider systems ¥ with pseudostate-space representations of the form

{ dz/dt = A(A)z + B(A)u,

(5) y C(A)z + D(A)u,

where A(z2), B(z2),C(z2), D(22) are polynomial matrices in z3. For such systems
the following two notions of controllability are introduced. Let R(z2) := [B(z2) |
A(z2)B(22) | ... | (A(22))" 'B(22)], where n is the size of A(z3). ¥ is said to be
weakly controllable if R(z3) has full row rank over the field of fractions R(z2). If
R(A2) has full row rank VA; € C, 3 is said to be strictly controllable. Theorem 3.6 is
shown in [2].

THEOREM 3.6. With the previous notation, (1) X is weakly controllable iff [z —
A(za) | B(z2)] is left prime, and (2) ¥ is strictly controllable iff rank[A\; — A(\2) |
B()\Q)] =n V()\l, )\2) e CxC.

Regarding the pseudostate representation (5) as a kernel representation, it follows
from Theorem 3.1 that the behavior of ¥ is controllable iff rank[A— A(e ™) | B(e™*)] =
n VA € C. Thus strict controllability implies behavioral controllability. On the other
hand, if [z21 — A(z2) | B(22)] has a left factor ®(z1, z2) with nontrivial determinant
f(z1, 22), then ®(\,e~?) will be a left factor of [\ — A(e™) | B(e™)], implying that
this matrix drops in rank when \ is a zero of f(A,e™*). Therefore we can conclude
that behavioral controllability implies weak controllability.

Summarizing the preceding considerations, we have that strict controllability im-
plies behavioral controllability, which in its turn implies weak controllability. The
next examples show that the converse implications do not hold true.

ExXAMPLE 3.7. Consider the delay-differential system 3 described by

{dx/dt = (A+Dz+(2-A)u,
y = z.

Letting w := col(u,y, x) and R(z1,22) := col([z2—2| 0| 21+ (22—1)],[0] 1 | —1])
this description becomes R(d/dt, A)w = 0. Since R(A,e™*) = col([e™ —2 | 0 |
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A+ (e = 1)],[0 | 1] —1]) has rank 2 YA € C, the behavior of ¥ is controllable.
However, [A; — (1 —A2) | 2— Ag] clearly drops in rank for (A1, A\2) = (—1,2), and hence
> is not strictly controllable.

EXAMPLE 3.8. Let X be described by the following equations:

{d:ﬁ/dt = (-A+1u,
y = =z

Proceeding as in the previous example, we have that R()\,e ) = col([1 — e~ |
0] AL,[0] 1] —1]), which drops in rank for A = 0. So the behavior of ¥ is not
controllable. However [z; | 22 — 1] is left prime and hence ¥ is weakly controllable.

EXAMPLE 3.9. Consider the system described in image representation by

1-A
® =1
2 dt
This is a system with transfer function ws — wy:

w1 1—¢e*

(7) -

wo S

Obviously, since it is an image representation, it defines a controllable system.
The logical candidate for the kernel representation is

d
However, (8) is not controllable and hence not a faithful representation of (6). This
shows that the d-d system (6) cannot, in fact, be represented as a kernel representation
(1). In particular, this implies that what we call the latent variable elimination
theorem [12] does not hold for d-d systems!

4. Proofs. We will show Theorems 3.1 and 3.2 in three main steps, respectively,
corresponding to Propositions 4.1, 4.5, and 4.6 below. In the first step we prove
that the rank constancy of R(A,e*) implies that (1) has an image representation.
In the second step we prove that the existence of an image representation implies
controllability. Finally, in the third step we show that if (1) defines a controllable
system then R()\,e™?) must have constant rank over C. For a question of simplicity
in the notation, in this section we will write D = d/dt for the differentiator.

PROPOSITION 4.1. With the previous notation, if rankR(\,e™*) = r VA € C
then there exists a 2D polynomial matriz Mz, z2) such that B := ker R(D,A) =
imM (D, A), with the operator M (D, A) acting on C°(R,R!) for a certain integer l.

Proof. Under the hypothesis, the 2D polynomial matrix R(z1, z2) has rank r (over
the field of fractions R(z1, 22)). Suppose first that R(z1, z2) has ¢ = r columns. Then
R(\,e™) has full column rank VA € C, and hence ker R(D, A) does not contain any
element with components of the form t*e*. By [10, Theorem 5] this implies that
ker R(D,A) = {0}, and the equality ker R(D,A) = imM (D, A) is trivially satisfied
with M (z1, z2) being the ¢ x 1 zero matrix. Suppose now that R(z1,292) has ¢ > r
columns. Then Lemma 4.2 follows.

LEMMA 4.2. R(z1,29) can be factored as F(z1, 2z0)R(z1, 22), where F and R are
2D polynomial matrices of sizes g X r and r X q, respectively, such that F(z1,z2) has
full column rank (over R(z1,22)) and R(z1, 22) is left prime (i.e., R has full row rank
and all its left factors are invertible in R™*"[z1, 23] ).
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Proof. Without loss of generality we may assume that R(z1,22) = [—Q(21, 22) |
P(z1,29)], where P(z1,22) is a full rank matrix with r columns. Moreover, there
exists a rational matrix G(z1, z2) such that PG = Q. Let G = QP 1and G=P1Q
be, respectively, a right coprime and a left coprime factorization of G [4]. Then the
matrix R = [~Q | P] is a minimal left annihilator of H := col(I:’,Q) (cf. [7]); i.e.,
RH = 0 and for every 2D polynomial matrix S(z1, z2) such that SH = 0 there exists
a 2D polynomial matrix L(z1, 20) satisfying S = LR. Since, obviously, also RH = 0,
there exists a polynomial matrix F(z1, 29) such that R = FR. Further, since R is a
full rank polynomial matrix with r rows, F' must have column rank. ]

Let then F and R be as in the previous lemma. Note that due to the fact that
rankR(\,e~*) = r ¥\ € C neither F(zy, zo) nor R(z1, z2) can have zeros of the form
(21,22) = (A\,e™*). Now, since R is left prime, there exists a polynomial matrix W
such that

R(Zl, ZQ)W(Zl, 22) = N(Zl),

with N(z1) = diag(d(21), ..., d(z1)) for a suitable (nonzero) 1D polynomial d(z1). Let
M(z1, z3) be a right-prime 2D polynomial matrix such that RM = 0 (we can take
M = H as in Lemma 4.2) and define the matrix U(z1, 22) := [W (21, 22) | M (21, 22)].
LEMMA 4.3. The operator U(D,A) : C*°(R,R?) — C>®°(R,R?) is surjective.
Proof. We start by showing that detU = det N = d"(z1) =: n(z1). Without
loss of generality we may assume that R(z;,2s) can be partitioned as R(z1,2) =
[P(z1,22) | —Q(z1,22)], with P(z1,22) square and nonsingular. Consider the corre-
sponding partitions | ))f ] =: W and | ?D ] =: M of W and M. It is well known (see

[4]) that det P(21,22) = det P(21,22). Now,

detU:det[i/( g}:det<[§f g][_p{ly ?])

= det [ X - (%P—ly g ] =det P-det(X — QP'Y)

=det P -det(X — P1QY),
since QP~! = P~1Q (due to the fact that M is a dual basis of R). Thus,

det U = det P - det(P~}(PX — QY)
=det P.det P! - det(PX — QY)
= det P.(det P)~! - det(PX — QY)
=det(PX — QY),

and as N = PX — QY, we conclude that
det U = det N = det(diag(d(z1),...,d(z1))) = d"(z1) =: n(z1).
Consider now the equation
U(D,A)a = 4.
Given f € C*(R,R?), define & such that

N(D)a =5,
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)) Note that N (D) is a surjective operator in

with N(z1) := diag(n ( 1),---,n(z )
Ja € C*(R,RY), where V (21, z2) is such that

C>®(R,RY). Define a := V (D,
Ul(z1, 22)V (21, 22) = N(21).
Then
U(D,A)a=U(D,A)V(D,A)a = N(D)a = 3,

showing that U(D, A) is a surjective operator in C*° (R, R?). O

This implies that Vw € B = ker R(D, A) there exists w such that w = U(D, A)w
and hence R(D,A)U(D,A)w =0, i.e.,, w € ker R(D,A)U(D, A). So,

B CU(D,A)ker(R(D,A)U(D,A)).

On the other hand, if w = U(D, A)w and R(D, A)U(D, A)w = 0, then R(D, A)w
ie.,

B2 U(D,A)ker(R(D, A)U(D, A)).

Therefore B = U(D, A) ker(R(D, A)U(D, A)). Taking into account that U = [W | M]
and that RU = [F'N | 0], this yields B = [ (D,A) | M(D,A)](ker[F'(D,A)N(D,A) |
0]). Thus

B =W(D,A)ker(F(D, A)N(D,A)) +imM (D, A).

Finally, it turns out that Lemma 4.4 follows.

LEMMA 4.4. W (ker FN) C imM.

Proof. Recall that F(\,e~*) has full column rank YA € C. This implies that
ker F'(D,A) = {0}, and hence ker FN = ker N. Therefore, in order to prove the
lemma we will show that W (ker N) C imM. As is well known,

ker N(D) = span{tieMle, :i=1,...,p,j =0,...,u(N) —1,k=1,...,7},

where Aq,...,\, are the distinct roots of d(z1), w(A;)(i = 1,...,p) are the corre-
sponding multiplicities, and e is the kth vector in the canonical basis of R". So,
W (ker N) C imM iff for every root A of d(z1), for every m subject to 0 < m < p(A)—1,

and for every k € {1,...,r}, W(tme)‘tek) € imM; i.e., there is a C* trajectory x such
that
(9) Mz(t) = W(t™eMey).

Let then A be a root of d(z1) and let m be a positive integer not greater than
p(A) —1. Without loss of generality we may assume that R = [P | —Q] with P(\,e™*)
invertible. Consider the corresponding partitions of M and W as defined in the proof
of Lemma 4.3. Note that in this case, P()\,e™?) is also invertible. Now, (9) can be
rewritten as

(10) Qz=X(t"eNey),
(11) Pax Y( eMey).

It is not difficult to see that

Y(D,A)(t"eMer) = Y(\ e Mept™eM + (Vi 1t™ L+ 4+ Y))ere
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for some suitable matrices Y;,_1,...,Yp. Take z to be of the form z(t) = (£, t™ +
oo+ &p)er. Then

(P(D, A)z)(t) = {P(\, e )emt™ + [P\, e )&t + GmLE, [t
o+ [PV e Mo+ GV + -+ GU Gl e,

and z satisfies (11) iff

()‘7 )\)gm = Y()Hei)\)eka
A

PO
P( 76_)\)§m—1 =Y-16p — Gﬁ_la

(12)

Px e M&  =Yoer — (G + -+ GI&).

As P()\,e™?) is invertible, there is a (unique) solution (&,,,...,&) to (12), showing
that (11) has a C* solution x(t) = (£,,t™ + - - -+ &)e . It remains to prove that this
solution xz(t) also satisfies (10). It follows from (11) that

QPz = QY (t™eMey) <

PQr = QY (t™eMey)

PQx = (PX — N)(t"eMey) &
(13) 0= P(Qz — Xt™eMey),
since QP = PQ, PX + QY = N, and t™eMe, € ker N. Note that Q(D,A)x —
X(D,A)tmeMe, = E(t)e, where E(t) is a polynomial column in ¢ containing powers
of ¢ of order not greater than m. Assume that E(t) = Ent™ + -+ - + Fo, where Ey, is
a nonzero column and m < m. Then (13) becomes

[P\, e ) Eqt™ + (Gm1t™ "+ -+ 4 Go)le™ =0,

which implies that P(\,e~*)E; = 0. This is absurd, since P(\,e™") is an invertible
matrix and FEj is assumed to be nonzero. Thus, E(t) must be zero, i.e.,

Qx — Xt™eMey, =0,

which shows that x satisfies equation (10) and hence also (9). O
As a consequence of this lemma we have that B = imM (D, A), i.e., (1) has an
image representation, proving the proposition. 0

Now, it is not difficult to come to the following conclusion.

PROPOSITION 4.5. If (1) has an image representation, then it defines a control-
lable system.

Proof. Suppose that (1) has an image representation, i.e., B = imM (D, A), and
let wy and wo be two arbitrary signals in B. Then, there exist a; and ay in C°(R, RY)
such that w; = Ma;, (i = 1,2). Now, it is possible to construct a smooth signal a*
which coincides with a1 in the past and with as in the (sufficiently far) future. Such
signal yields an element w* = Ma* in B which coincides with w; in the past and
with wsy in the future. Thus w; is B-compatible, with ws showing that B is control-
lable. d

Finally, if R(z1,22) is a 2D polynomial matrix of rank r and rankR(\,e™*) < r
for some \g € C we can show that there exists a signal associated with the frequency
Ao which is not B-compatible with the identical zero signal and hence B is not con-
trollable.
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PROPOSITION 4.6. Let B := ker R(D,A), where R(z1,22) is a 2D polynomial

matriz of rank r. If B is controllable then rankR(\,e™*) =r ¥\ € C.

.
Proof. We start by noting that, formally, e=** = ;r:(xé (_kll) 2F. Thus, if 29 =

e, R(z1,2) = II(21), where II(z;) is a matrix over the ring R[[z]] of formal power
series in z;. Suppose now that rankR(\, e~ ) < rankR(21, z2) = rankR(z1,e ") = r
for a certain Ay € C. We consider first the case where \g = 0; so rankR(0,1) <
rankR(z1,e~*'). This means that rankIT(0) < rankII(z;) = r, and therefore we may
assume without loss of generality that

. ) k. =
II(z) = dlag(zfl, A zf*, z ,zf' 7T(21),

where ki, ..., ks are integers, k1 > 1, and

(with the zero rows possibly void).
Let

Iv, O _
[(z1) = [ OX 0 } + 20 + 28Ty + - 4 28710,

be such that
I'(z1) = I'(21) + higher-order terms.

Then, using the same kind of arguments as in the proof of Lemma 4.4, it is possible
to show that there exists a trajectory w*(t) = ap,_1t" = + -+ + ag such that

1

O tkl—l
[(D)w* () = (Tt

0

Now, this trajectory w* is clearly such that
R(D, Ayw* = diag(D*',..., D*)I'(D)w = DF¢f1~1 =0,

and hence it belongs to B.

LEMMA 4.7. With the previous notation, w* is not B-compatible with the zero
trajectory.

Proof. Suppose that w* is B-compatible with the zero trajectory, yielding a
trajectory v* € B such that v*[(_o 7,) = W*|(—oo,ry) a0 V|17, 100) = Of[ry 400) fOr
some 11 < To. Since v* € B, R(D, A)v* = 0 and therefore also

To+1
/ [R(D, A)v*]dt = 0.
T

In particular, if (21, 22) denotes the first row of R(z1, 2z2), we have that

To+1
(14) /T r(D, A)v*]dt = 0.
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Note further that (), e~*) becomes zero for A = 0, and hence (21, z3) = r(z1,e™*)
must be of the form

r(z1,22) =r(z1,6 %) = z170(21) + (7 ** — )r1(21,€ 7)),

where 7o(z1) and r1(z1, 22), respectively, are 1D and 2D polynomial rows. So equation
(14) is of the form

To+1
/ [(A = 1)r1 (D, A) 4+ Dro(D)Jv*dt = 0.
T

This is equivalent to

T Ty+1 T2+l
/ r1(D, A)v*dt + / r1(D, A)v*dt + [ro(D)v*]

Ti—1 Ty

T
which is still equivalent to

T To+1
/ (D, Ayw*dt + / r(D, A)0dt

T1—1 T>
+(ro(D)0)(Tz + 1) — (ro(D)w™)(T1) = 0

if 7o +1 > mand 1T} < 71 so that in a sufficiently big interval around 1o + 1,
v* coincides with the zero trajectory, and in a sufficiently big interval around 77, it
coincides with w*. This yields

T
(15) / r1(D, A)w*dt — (ro(D)w*)(T1) = 0.
T -1

Let n = col(m, ..., nq) be a trajectory such that n(t) = a%itkl + -+ apt; then

Dn = w* and we may write (15) as
T
/ r1(D,A)Dn dt — (ro(D)Dn)(Ty) = 0,
T —1
which is equivalent to having
[((A=1)r1(D,A) +ro(D)D)n)(T1) = 0
or still
(r(D, A)n)(T1) = 0.

Now, it follows from our previous considerations that

r(D, A)p)(T1) = (DML 0 ... Ol)(T) =[1 0 ... Oag,_1(k1 — 1) = 1,

since [1 0 ... O00(D)w* = % In this way we obtain that 0 = 1, which
is absurd. Consequently the hypothesis that w* is B-concatenable with the zero
trajectory cannot hold true. a

It follows from this result that if R()\,e~*) drops in rank for A = 0, then B is not
controllable. It remains to show that if rankR(\,e™*) < rankR(z1, z2) for A = A\* # 0
then B is not controllable.
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Assume now that R(\,e~*) drops in rank for A = A* # 0, and consider the system
¥* with behavior B* := exp,. B, where exp,. is defined by exp,.(t) = et Vt € R.
Then B* is described by a polynomial matrix R*(z1, z2) such that R*(\,e™*) = R(A+
N e~ A As rankR(\, e=*) drops for A = A*, R*(\,e™*) drops for A = 0. Thus,
by the foregoing arguments, B* is not controllable. This implies that B is also not
controllable, completing the proof of the proposition. a

5. Conclusion. We have presented a necessary and sufficient condition for the
controllability of the behavior of d-d systems with kernel representations. Moreover,
we have compared the notion of behavioral controllability with the notions of approx-
imate and spectral controllability considered in [3] as well as with other controllability
properties (namely, weak and strict controllability) that have been introduced within
an algebraic approach to d-d systems [5]. Contrary to what happens with the results
of [3], [6], [9], and [5], our results hold for all types of systems with commensurable
delays and not only for retarded or neutral systems in pseudostate form.
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A FARKAS LEMMA WITHOUT A STANDARD CLOSURE
CONDITION*
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Abstract. We present a setting in which we derive a new Farkas lemma for the system {Az =
b, © € S} without the standard closure condition on A(S). Further characterization in Hilbert spaces
is also presented.
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1. Introduction. The celebrated Farkas lemma is a fundamental tool in opti-
mization to characterize existence of solutions for a system { Az = b, © € S}, where A
is a linear mapping and S a positive convex cone. It is also the basis of many duality
results such as first-order optimality conditions. There have been a great number of
papers devoted to various asymptotic and nonasymptotic, linear and nonlinear ver-
sions of Farkas’ lemma. The asymptotic version is a weaker notion that replaces
feasibility with versions of asymptotic feasibility. For instance, the interested reader
is referred to [10] for various Farkas lemmas in arbitrary dual pairs of vector spaces,
using weak topologies [4], [3], [12], [13], [14], [16], [18], [19] for linear and nonlinear
versions with various applications; the discussion in [11]; and all the references in the
above papers as well as the references in [1].

In this paper we are concerned with the linear nonasymptotic version. In this
case, Farkas’ lemma holds only under a crucial closure assumption in some appropriate
topology. The closure assumption is concerned with A(S), the image of the positive
cone S, and holds for example when the cone S is a polyhedral cone in some finite-
dimensional space. In general, this closure assumption is very restrictive, and some
specific properties of A and S must be invoked. (For example, sufficient conditions are
given in [15].) The reader is referred to [3] for simple examples in finite-dimensional
spaces where this closure assumption does not hold and only an asymptotic version
of Farkas’ lemma holds.

The purpose of this paper is to provide a setting in which, by introducing another
appropriate convex cone (indexed by a scalar parameter and some vector), one may
derive a (nonasymptotic) Farkas lemma without this (strong) closure assumption. The
underlying idea is that if a solution exists, it must be in this cone for some sufficiently
large value of the parameter and also must satisfy some linear constraint related to
the vector used in the definition of the new cone. Doing so permits us to use a weak*
sequential compactness argument and yields the desired result. The Farkas lemma is
stated in terms of the dual of the cone introduced. A more precise characterization is
given in Hilbert spaces. This new Farkas lemma is also illustrated for linear systems
of matrix equalities involving the cone of positive semidefinite matrices.

*Received by the editors February 7, 1995; accepted for publication (in revised form) November
24, 1995.
http://www.siam.org/journals/sicon/35-1/26832.html
TLAAS-CNRS, 7 Avenue du Colonel Roche, 31 077 Toulouse cédex, France (lasserre@laas.fr).
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Finally, thanks to an anonymous referee, we also give a different Farkas lemma
that reveals what lies behind the previous one, namely, the existence of an appropriate,
compactly generated, convex cone.

2. Notation and definitions. We use notation similar to [10]. Let X and Y
be two real vector spaces with a bilinear form (,) defined on X x Y. We also assume
that

(i) for each x 20 in X, Jy € Y with (x,y) #0,

(ii) for each y # 0 in Y, Jz € X with (z,y) # 0,
so that (X,Y) is a dual pair. We also equip X with the weak topology o(X,Y’) so
that all the elements of Y are continuous when regarded as linear forms on X. We
are also given a convex cone S C X. Similarly, Y is equipped with the o (Y, X) weak
topology and ST C Y denotes the anticone of S, i.e.,

ST ={yeY|(y,z) >0 Vx e S}

When Y = X*, where X* is the topological dual of X, S* is called the dual cone of
S and is denoted by S*.

Let (Z, W) be some other real dual pair where Z (resp., W) is also equipped with
the o(Z, W) (resp., o(W, Z)) weak topology. Let A be a linear mapping 4 : X — Z.
A necessary and sufficient condition for A to be weakly continuous is A*(W) C Y.
The restriction A* of A* to W is then weakly continuous and is called the adjoint of
A with respect to the dual pairs (X,Y) and (Z, W) (see [10]).

Weak convergence of x, to = will be denoted by x, = x. Note that with the
weak topology, all the vector spaces are locally convex [17].

We are interested in existence of solutions to the system

Ax=b, z €S,

where b is some vector in Z. We first briefly recall a standard Farkas lemma [10] that
addresses this issue.

THEOREM 2.1 (see [10, p. 987]). Let (X,Y), (Z,W) be real dual pairs, S be a
convex cone in X, and A: X — Z be a weakly continuous linear mapping. If A(S)
is weakly closed, then the following are equivalent:

(a) The system Ax =b has a solution x € S.

(b) Atw € ST = (b,w) > 0.

Conversely, the equivalence of (a) and (b) implies that A(S) is weakly closed.

As may be noted from the last assertion, the condition “A(S) weakly closed” is
crucial. Indeed, without such a condition, only asymptotic existence can sometimes
be asserted when (b) holds (see [3]). However, in many practical examples, the closure
assumption on A(S) is not satisfied.

The purpose of this paper is to provide a setting in which a Farkas lemma holds
with no closure assumption on A(.S).

3. The main result. In the following discussion, the spaces X, Y, Z, and W are
all assumed to be Banach spaces. In addition, we make the following assumption.

Assumption H.

(i) (X, | - |) is the topological dual of a separable Banach space Y.

(i) Jyo € ST such that = € S, (yp,z) =0, =z =0.

Remark. H (ii) obviously implies that the cone S is pointed, i.e., SN —S = {0}.
Actually, H (ii) merely asserts that the cone S admits a positive linear functional
yo € ST (which implies that S has a base). When Y = X*, in which case ST = §*,
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the dual cone of S, then it is equivalent to assuming that S has a base (see, e.g., [5]).
In some cases (e.g., when X is a normed separable space and Y = X*), pointedness
and existence of a positive functional are equivalent for closed convex cones.

Examples where H holds:

e X is the vector space of (n,n) real symmetric matrices with yo the identity
matrix, S the cone of positive semidefinite matrices, and (x,y) := trace(z.y).

e Let (K, B, 1) be a o-finite measure space. X := LP(K, B, u) with 1 <p < oo. §
is the usual positive cone in X. gy is any strictly positive function in Y := LI(K, B, 1)
with 1/p+1/g=1and ¢ =1if p = 0.

e X := M(K), the Banach space of bounded Borel signed measures on K, with
K a locally compact separable metric space. S is again the usual positive cone in X,
and Y := Cy(K) the space of continuous functions that vanish at infinity. yo is any
strictly positive function in Cy(K).

e X =[P 1< p< oo, with § the usual positive cone in X and yy any strictly
positive sequence in Y := 19, with 1/p+1/¢ = 1.

e X :=[! with S the usual positive cone and Y := ¢ the space of sequences that
vanish at infinity. yo is any strictly positive sequence in cy.

For A > 0, let Sy, be the set {x € S| || = ||I< Ayo,x)}. Obviously, Sxy, is a
convex cone. We then have the following result.

THEOREM 3.1. Let (X,Y), (Z,W) be real dual pairs, S be a weakly closed convex
cone in X, and A: X — Z be a weakly continuous linear mapping. Assume also that
H holds for some given yo € Y. Then the following are equivalent:

(i) The system Az = b has a solution x € S

(ii) There exists some positive (\,8) such that

ATw+yg € 85, 7=0= (bw)+75>0.
(iii) There exists some positive (A, 8) such that
Atw e S;\ryo = (b,w) >0 and ATw+yo € S/\+yo = (b,w) > —6.
Proof. Consider the linear mapping

Az

T: XXR—>ZxR, T(x,z):= ( V4
Yo, ) Tz

Its adjoint T : W x R — Y x R is given by T7(w,v) := (ATw + yyo,7). Let BT
denote the nonnegative real numbers. We first prove that T'(Sy,, x R") is weakly
closed.

For some directed set {D, >}, let {(za,2q)} (Where a € D) be anet in Sy,, x RT
such that w-lim T(24,24) = (a1, a2), where w-lim denotes the (0(Z x R,W x R))
weak limit. In particular, lim (yo, za) + 2o = a2 and ag > 0.

If ap = 0, then lim (yo,z) = 0 and lim 2z, = 0 so that since z, € Shyy,, lim
||zl = 0, which in turn implies w-lim z, = 0, where the latter w-lim denotes
the o(X,Y) weak limit. Thus by continuity of A, we must have a; = 0. Hence,
T(070) = (0,0) = (ahag).

If as # 0, then for some ag € D and all & > ag, z4 < 2a9, and (Yo, zs) < 2a2,
which in turn implies || zo ||< 2Aa2. Let &, := 55a-. Then, {, € SN B(0,1), where
B(0,1) is the unit ball in (X,|| . ||), compact in the weak* topology, which in our
setting is precisely the o(X,Y) (weak) topology. (See Alaoglu’s theorem in, e.g.,
[17].) From H (i), B(0,1) is also weakly sequentially compact (see [17]) so that from
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the net {(xq,24)} we can extract a countable family and therefore a sequence {z,}
that converges to some z > 0 and a sequence {&,} that converges weakly to some
€€ S (& 5 ¢ since S is weakly closed.

The weak convergence yields

z _1 1
May  2x I

(W0, &) + gy = (0,6} +
so that (yo,2Xax€) + z = ay. By weak continuity of A, A&, = a1/2\ay = A€ or
equivalently A(2Xa2€) = a1. Hence, T'(2Xa2¢, z) = (a1, a2).

It remains to prove that x := 2Xagé € Syy,. Observe that € S since £ € S.
Moreover, as x, — x we have liminf, 1o || 2, [|> || = || (see, e.g., [9]). Therefore, from
| zn |< Myo, ) and x,, = = we conclude that || z |< A(yo, z), i.e., © € Syy,, which
in turn implies (x, z) € Sxy, X RT so that, finally, T(Sxy, x R") is weakly closed.

Now the system Ax = b has a solution in S if and only if the system T'(z, 2) = (b, 6)
has a solution in S, for some A sufficiently large and some ¢ > 0. Indeed, by H (ii),
given any x € S, x € Sy, for all A sufficiently large.

Therefore, we now can apply the generalized Farkas lemma (cf. Theorem 2.1) to
the latter system since T'(Syy, x R") is weakly closed. (Indeed, the weak continuity
of T follows easily from the weak continuity of A.) Thus, T(z, z) has a solution in
Sxye X RT if and only if

T (w,7) € S5, x RY = (b,w) +76 >0
or equivalently

At w4y € 55, v >0= (bw) +~6 >0,

which is the desired result.

(i) < (iii) is trivial. o0

We have stated (iii) to express the two cases v > 0 and v = 0. Indeed, the
case 7 = 0 covers the standard Farkas lemma so that the case v > 0 (eliminated by
dividing w by =) describes the additional condition required in Farkas’ lemma when
A(S) is not weakly closed.

Also note that if X is a reflexive Banach space, the weak topology o(X,Y") is also
the standard weak topology so that the assumption S weakly closed can be replaced
by S closed since strongly closed and weakly closed convex sets coincide in locally
convex topological vector spaces.

Particular case. It may happen that when z € S, (yo, ) =|| = ||1 for some norm
|| . |l and some appropriate yo. If this norm is equivalent to || . ||, then S = Sy,
for all A sufficiently large so that one may replace S;yg by St in Theorem 3.1. An
example is the space of (n,n) symmetric matrices with norm ||z||; = ), |oi(x)],

where the {o;(x)} are the eigenvalues of . If S is the cone of positive semidefinite
matrices, then o;(x) > 0 Vi when x € S so that ||z||; = (I, z), where I is the identity
matrix.

Actually, the same conclusion holds if (yo,z) > ||z|| when x € S, for some well-
chosen yp.

Similarly to [10] we also can derive a dual version of Theorem 3.1 for a linear
system {Cy = b, y € S*}, where now C' is a linear mapping X* (:= Y**) :— Z and
S* € X* is the dual cone of S C X. The o(X*, X) topology on X* is the weak™
topology. Moreover, if S is a convex cone in X, then S* is (o(X*, X)) weakly closed,
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Yo

TGy
/
\ Ay

FiG. 1. Cones Tyy, and T/\U0

i.e., weak* closed. Hence it is also closed, and with the natural embedding of X
in the bidual X**, (S*)* = S** N X = S (see [10]). We also define Sy, := {y €
S*| [ly]] < /\<y,x0>} for some given zy € S such that y € S* and (y,z9) = 0=y = 0.
S¥es = Size N X. The dual version of Theorem 3.1 now reads as follows.

THEOREM 3.2. Let (X*, X), (Z,W) be real dual pairs, S be a convex cone in X,
and C : X* — Z be a weakly continuous linear mapping. Assume also that X is
separable and there is some xog € S such that y € S* and (y,z0) =0=y =0. Then
the following are equivalent:

(i) The system Cy = b has a solution y € S*.

(ii) There exists some positive (\,8) such that

C+w+7xo€SL0, v >0= (byw)+~6>0.
(iii) There exists some positive (X, ) such that
Ctwe S;‘wo = (bw) >0 and CTx+mg € S;‘wo = (b,w) > —0.
The proof is along the same lines as for Theorem 3.1.

Hilbert spaces. In the case where (X, | . ||) is a Hilbert space, the assumption
that S is weakly closed is equivalent to S (strongly) closed and one may further
characterize the cone S:\"y

St and S+ coincide with the dual cones S* and S5, . We can write Syy, =
S N Ty, with TAyO ={z e X| || z||< Myo,z)} and Ty, a convex cone. As soon as
| Adyo ||> 1, Thy, may be interpreted as the cone of vectors « such that their angle 6
with yo satisﬁes tan(0) < (|| Adyo || —1)¥2, i.e., 6 < 0y (see Figure 1).

LEMMA 3.3. Assume that S is closed and 0 € int (S — Thy,) (for the strong
topology). Then, S5, = S* + 1Ty, . In addition, if yo € int (S*) (for the strong
topology), then S}k\yo = 5% for X sufficiently large.

Proof. First note that T, is (strongly) closed and so is S by hypothesis. There-
fore, as 0 € int (S — Ty, ), then from, e.g., [2],

Sty = (SN Ty, )" =S + T3,
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Thus, under the assumptions of the above lemma, one may replace S35, with
S* +1T%,, in Theorem 3.1. In addition,

A
Ty =PeX | Pl 7= v0) ¢
y“ { I Ayo [I* =1

T%,, is the cone of vectors whose angle 6 with yo satisfies tan(6) < (|| Ayo |2
—1)712 ie., § < w/2 — 6y. Therefore, if yo € int(S*), then for X sufficiently large,
T5,, C S* so that 53, = 5. a0

4. Illustrative example. As a simple illustrative example, consider the case of
a linear system involving positive semidefinite matrices (see [4], [3]).

In this case, X =Y is the vector space R" of (N, N) real symmetric matrices
identified as a vector in R"™ with n = N(N +1)/2. X is a finite-dimensional Hilbert
space with norm induced from the bracket (x,y) := trace(x.y), where x.y denotes the
standard (N, N)-matrix product. S is the closed convex cone of positive semidefinite
matrices. We want to check existence of solutions to the system {Az = b; = € S},
where A is a linear mapping A : X — Z and Z = R™ with the usual scalar product.

Choose yg := I the identity matrix in X. Assumption H trivially holds. Then, if
{oi(z)} denotes the eigenvalues of z, all nonnegative when z € S,

N
0 = (I,z) = trace(x) = Zoi(x) =o0(x)=0 Vi =z=0.

Moreover (see last paragraph in the previous section), S = Sy for all A > 1. Indeed,
when z € S,

F(2) = [[]].

Thus, one may derive a Farkas lemma for existence of solutions to systems of
matrix equalities with no closure assumption on A(S). In general, without very
specific properties of the mapping A, A(S) is not closed and the standard Farkas
lemma states only a property of asymptotic consistency (see [3], [4]). In this context,
our theorem specializes to the following.

THEOREM 4.1. Consider X, the Hilbert space of (n,n) symmetric real matrices
with norm ||z||? := (z,z) := trace(z?). Let Z be R™ and A: X — Z be a linear
mapping.

The system Ax = b has a solution x € S if and only if there is some § > 0 such
that

A*u € S* = (byu) >0 and A*u+1 € S* = (b,u) > —6.

In the example given in [3, p. 378] the system {Az = b, x € S} is inconsistent
whereas A*u € S* = (b,u) > 0. However, as indicated in the theorem, one may check
that A*u + yo € S* = (b,u) > —6 does not hold for any positive é.

5. Another approach. In this section we present another Farkas theorem with
a short proof kindly provided by a referee. This theorem (Theorem 5.1 below) reveals
what lies behind Theorem 3.1, which appears as a simple corollary.

THEOREM 5.1. Let X,Y,Z, W, S, and A be as in Theorem 3.1. Then the following
are equivalent:
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(1) The system Ax =b has a solution x € S.
(2) There exists a compact, convex set 0 ¢ B C S and a § > 0 such that for

K :=cone B, yo € int KT, we have

Atw+yo € KT = (b,w) > —6.

Proof. (1) = (2). Suppose that © € S and Az = b, x # 0. (The case b =0 is
trivial.) Choose an appropriate B such that it is convex and compact and 0 ¢ B C S,
with z € B (e.g., B := {x}). Therefore, the generated dual cone K has nonempty
interior. Choose any o € int K+. Then, the program

(P) = {inf (b,w) | A*w +yo € K+}
satisfies Slater’s condition with w := 0. The dual program
(D) v={sup(yo,z) | Az =b, x € K}

is consistent. Therefore, by weak duality, p > v > —o0; i.e., we can choose 6 = —pu.
Therefore, (2) holds.

(2) = (1). Conversely, if (2) holds, then Slater’s condition holds for (P) and
p > —oo. Therefore, by strong duality, (D) must be consistent. 0

This theorem can also be derived from closely related results in [6], [7], [8]. Theo-
rem 3.1 is a corollary of Theorem 5.1. This follows from the Banach—Alaoglu theorem;
i.e., we can choose A in the definition of Sy, so that this cone contains the z from
the consistent system. A compact and convex base for the cone is obtained by taking
the intersection with the set {x| (yo,z) = 1}. The definition of the cone implies that
this set is norm bounded and thus w*-compact.

Finally, note that Theorem 4.1 can be proved directly and trivially, since Slater’s
condition holds for (P) with yo =1 and K = S.

6. Conclusion. We have presented a new nonasymptotic Farkas lemma in Ba-
nach spaces for a linear system Ax = b, x € S, where S is some positive cone. Under
some assumptions on the spaces involved, this Farkas lemma holds without the usual
restrictive closure assumption on A(S). The assumptions are rather weak and concern
many examples. Theorem 5.1 reveals what lies behind Theorem 3.1, i.e., the existence
of an appropriate, compactly generated, convex cone. Using this new Farkas lemma
to develop first-order optimality conditions in mathematical programming is a topic
for further research.

Acknowledgment. The author wishes to thank the anonymous referees for very
helpful comments and suggestions to improve the original version. In particular,
Theorem 5.1 and its short and elegant proof were kindly provided by one of them.
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EQUIVALENT UNCONSTRAINED MINIMIZATION AND GLOBAL
ERROR BOUNDS FOR VARIATIONAL INEQUALITY PROBLEMS*

NOBUO YAMASHITAT AND MASAO FUKUSHIMAT

Abstract. New merit functions for variational inequality problems are constructed through
the Moreau—Yosida regularization of some gap functions. The proposed merit functions constitute
unconstrained optimization problems equivalent to the original variational inequality problem under
suitable assumptions. Conditions are studied for those merit functions to be differentiable and for
any stationary point of those functions to be a solution of the original variational inequality problem.
Moreover, those functions are shown to provide global error bounds for general variational inequality
problems under the strong monotonicity assumption only.

Key words. variational inequality problem, merit function, unconstrained optimization prob-
lem, global error bounds
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1. Introduction. Merit functions for variational inequality and complementar-
ity problems have recently drawn much attention (see [8] for a survey). Such a function
naturally constitutes an equivalent optimization formulation and has turned out to be
very useful in designing new globally convergent algorithms and analyzing the rate of
convergence of some algorithms [2, 6, 7, 9, 10, 12, 13, 14, 15, 16, 17, 20, 21, 22, 19, 28,
26, 27, 31, 29, 30, 32, 33|. For nonlinear complementarity problems, both constrained
and unconstrained differentiable optimization formulations are already known and
various interesting results on iterative methods and error bounds have been estab-
lished [9, 12, 17, 19, 31, 30, 33]. For variational inequality problems, constrained
differentiable optimization formulations have been proposed [6, 7, 13, 20, 28, 32]. To
the authors’ knowledge, however, an unconstrained differentiable optimization formu-
lation has yet to be discussed in the literature. (During the review of this paper, Peng
proposed an unconstrained optimization formulation in a technical report [23], which
is based on the regularized gap function [7] and the implicit Lagrangian [19]. His ap-
proach is, however, quite different from the one adopted in this paper.) The purpose
of this paper is to present unconstrained differentiable optimization formulations for
general variational inequality problems and to give some error bound results based
on them.

The variational inequality problem (VIP) is to find a vector = in a closed convex
subset S of R™ such that

(F(x),y—xz)>0 foralyels,

where F' is a mapping from R™ into itself and (-, -) denotes the inner product in R™.
Throughout the paper, we shall assume that the mapping F' is continuous.
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First, we review some well-known merit functions for VIP. Let ¥ : R x R — R
be defined by

(1) U(z,y) = (F(z),z —y).
Using ¥, define the class of functions f( -;a): R™ — RU {400} by
(2) fla;a) = sup {¥(z,y) — allz —y[*} .

yes

where « is a nonnegative parameter. This function was first introduced by Auslender
[2] for & = 0 (see also [11]) and by Fukushima [7] for @ > 0. The latter case was
also considered by Auchmuty [1] independently in a general form (see also [13]). The
function f( - ;0) is commonly called the gap function, while the function f( - ;) with
a > 0 is called the regularized gap function. For each a > 0, the function f( - ;a)
is nonnegative on S and becomes zero at any solution of VIP [11, 7]. Hence, VIP is
equivalent to finding a global minimizer of f( - ;&) on S. If F'is a continuous mapping,
then f( - ;) is lower semicontinuous for o = 0 [5, Lemma 4.1] and continuous for
a > 0 [7, Theorem 3.1]. The gap function f( -;0) has the serious drawback, however,
that it is in general nondifferentiable even if F' is differentiable, and, even worse, it
may not be finite valued. On the other hand, the regularized gap function f( - ;«)
with a > 0 has such desirable properties that it is finite valued everywhere and is
differentiable whenever F' is differentiable [7, Theorem 3.1]. (See [7, 13] for further
properties of the regularized gap function.) A modification of the regularized gap
function has recently been proposed in [26, 27].

Closely related to the functions f( - ;«) is the class of functions h( - ;3) : R™ —
RU {400} given by

(3) h(z; 3) zzgg{*w(y,xHﬁllxwllz},

where (3 is a nonnegative parameter. This function has been studied in [20] for the
case 3 = 0. In particular, if F is pseudomonotone on S [4, 25], i.e.,

(Fly),z—y)>0= (F(z),z—y) >0 foralla,yels,

then the function h( - ;0) is nonnegative on S and vanishes at any solution of VIP,
implying that VIP is equivalent to minimizing h( - ;0) over S [20, Proposition 1]. We
will see that this property is extended to the case 8 > 0. It is easily seen that, for
any 3 > 0, the function A( - ; §) is convex. Moreover, if F' is continuous, then A( - ; 3)
is lower semicontinuous, as shown in the next section.

It should be noted that the above-mentioned merit functions all constitute con-
strained optimization problems equivalent to VIP. In this paper, we explore the possi-
bility of constructing unconstrained differentiable optimization problems equivalent to
VIP. Specifically, we consider the following functions derived from the Moreau—Yosida
regularization:

(4) Op(ws0, ) = inf {f(z0) + Al — 2|*}
and
(5) on(w; B,0) = inf {h(z;8) + Al|z — 2|},

where A is a positive parameter and f( - ;a) and h( - ;) are defined by (2) and (3),
respectively. In general, the functions ¢¢( - ;a, A) and ¢p( - ; 3, A) may not be easy to
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evaluate in practice unless VIP has a certain special structure. (In section 3, we show
that the function ¢f( - ;a, ) is actually computable for monotone affine VIP with
polyhedral convex set S.) Nevertheless these functions enjoy some nice theoretical
properties that existing merit functions for VIP do not have. Under some assumptions,
the functions ¢,( - ;, A) and ¢n( - ; 3, A) are shown to be differentiable even if F is
not differentiable. We shall investigate conditions under which any stationary point of
these functions solves the original VIP. We also discuss how the foregoing results are
specialized to affine VIP and illustrate how the function ¢( - ;, A) is calculated for
the monotone affine VIP with linear constraints. Finally, we will show that ¢¢( - ;a, )
and ¢p( - ;0,A) provide global error bounds for the strongly monotone VIP. We
remark that those results are valid for problems with general convex constraints S
and do not rely on the Lipschitz continuity of F', while the well-known error bound
for VIP obtained by Pang [21] assumes that the set S is polyhedral and F is both
strongly monotone and Lipschitz continuous.

2. VIP as unconstrained minimization. In this section, we show that the
unconstrained minimization of the function ¢¢( - ; o, A) defined by (4) is equivalent to
VIP, and that, under some additional assumptions, the unconstrained minimization
of the function ¢p( - ; 3, A) defined by (5) is also equivalent to VIP. Further, we shall
investigate the differentiability and the convexity of these functions. Recall that the
mapping F' : R® — R" is said to be monotone on S if

(F(z) = F(y),z —y) >0 forall z,y €S,
and strongly monotone with modulus ¢ > 0 on S if
(F(z) = F(y),z —y) 2 pllz —y||* forallz,yeS.

First, we state some lemmas which will be useful in proving the subsequent the-

orems.

LEMMA 2.1. For any a > 0, f( -;«) is nonnegative on S. Moreover, f(x;a) =0

if and only if x is a solution of VIP.

Proof. See [11] for the case & = 0 and [7, Theorem 3.1] for the case a > 0. 0

LEMMA 2.2. For any 8 > 0, the function h( - ;3) is a closed convezx function.

Proof. The convexity of h( - ;) follows from the definition (3) directly, since

—W(y, - )+ - —y||? is convex for every y. The closedness of h( - ; 3) follows from the
fact that a pointwise supremum of continuous functions yields a lower semicontinuous
function. ]

LEMMA 2.3.

(a) For any 3 >0, h( -;0) is nonnegative on S.

(b) Suppose that F is pseudomonotone on S. Then x is a solution of VIP if and
only if h(z;0) =0 and z € S.

(c) Suppose that F is strongly monotone on S with modulus p and that G is
chosen to satisfy 0 < B < u. Then x is a solution of VIP if and only if
h(z;8)=0andz € S.

Proof. (a) This is obvious from the definition (3) of h( - ;3). (b) See [20, Propo-

sition 1].
(c) By the definition (1) of ¥, we have

U(z,y) > —V(y,z) + pllz - y?
> —(y,z) + fl|lz -yl
> —U(y,x) for all x,y € S,



276 NOBUO YAMASHITA AND MASAO FUKUSHIMA

implying that
(6) f(z;0) > h(z; 8) > h(x;0) for all x € S.

Let 2* be a solution of VIP. Then, since f(z*;0) = 0 by Lemma 2.1 and h(z*;0) = 0 by
part (b) of this lemma, we have h(z*; 3) = 0 by (6). Conversely, let h(x; 5) = 0. Then,
since h( - ;0) is nonnegative on S by part (a), it follows from (6) that h(x;0) = 0.
Thus, z is a solution of VIP by part (b). 0

Using these lemmas, we establish the equivalence between VIP and the uncon-
strained minimization of ¢;( - ;, A) and ¢ ( - ; 3, A). The next theorem shows that
these functions are nonnegative on R™ and that, under suitable conditions, the sets
of unconstrained minima of these functions coincide with the set of solutions of VIP.

THEOREM 2.4.

(a) For any o> 0, 8> 0, and A > 0, the functions ¢;( - ;a, ) and ép( - ;08,A)
are nonnegative on R™.

(b) For any o > 0 and A > 0, =* is a solution of VIP if and only if ¢¢( - ;a, N)
attains its global minimum at x* and the minimum value is zero.

(¢) Suppose that F is pseudomonotone on S. Then, for any A > 0, z* is a
solution of VIP if and only if ¢n( - ;0,) attains its global minimum at x*
and the minimum value is zero.

(d) Suppose that F is strongly monotone on S with modulus p and that [ is
chosen to satisfy 0 < B < u. Then, for any A > 0, x* is a solution of VIP
if and only if ¢p( - ; B, \) attains its global minimum at =* and the minimum
value is zero.

Proof. We consider the function ¢/( - ;a, ). (a) Since f( - ;) is nonnegative
on S by Lemma 2.1, we can easily deduce from the definition (4) of ¢¢( - ;, A) that
¢¢(z; o, A) is nonnegative for all z € R™. (b) Suppose that z* is a solution of VIP.
Then, we have

bp(a*ia\) = inf {£(z50) + Ao — 2|}

< fla*sa) + Mz — 2|2
=0,

where the last equality follows from f(z*;a) = 0. Since ¢s(x;a, A) > 0 for all = as
shown above, we obtain ¢¢(z*; a, \) = 0. Conversely, suppose ¢s(z*;, A) = 0. Then
since f(z;c) > 0 for all z € S, it follows from the definition (4) of ¢f( - ;a, A) that
there exists a sequence {z*} in S such that f(z*;a) — 0 and ||z¥ — 2*|| — 0. Since
S is closed, z¥ — z* and zF € S imply #* € S. Moreover, since f( - ;a) is lower
semicontinuous for o = 0 [5, 13] and continuous for a > 0 [7], we have

0< fz*;a) < klim f(zk;a) =0.

Thus, z* must be a solution of VIP.

By using Lemmas 2.2 and 2.3, the proof for the function ¢ ( - ; 5, \) can be done
analogously. ]

By this theorem, the unconstrained minimization problem

(7) min - ¢r(z;0, )

is equivalent to VIP, and the unconstrained minimization problem

8) min on(z: 0, )

is equivalent to VIP under suitable assumptions on F' and the parameters involved.
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In order for these minimization problems to be practically useful, it is desirable
that the objective functions ¢;( - ;, A) and ¢n( - ;3,A) are everywhere differen-
tiable. For the discussions to follow, it will be convenient to define the functions
Ds(, 5a.N) R?™ — RU{+oc} and ®p( -, -;68,\) : R*™ — RU{+o0} by

Op(w, 2,0, \) = fz;a) + M|z — 2|
and
Op (2,28, 0) = h(z; 8) + Az — 2%,
respectively. By (4) and (5), we have
dr(x;a,\) = erelg Qs(x, 20, M)
and
on(x; B, ) = ;gfg Dy (x, 258, N).

Whenever the functions ®s(x, - ;a,A) and ®p(z, - ;5,)) are assumed to attain
their minima uniquely in the set .S, we shall denote those minima by z¢(z; o, A) and
zp(x; B, N), respectively. The following propositions are consequences of [2, Chapter
4, Theorem 1.7]. Note that these propositions do not rely upon the differentiability
of F.

PROPOSITION 2.5. Let aw > 0 and A > 0. If the function ®¢(x, - ; o, A) attains its
unique minimum zg(x;a, X) on S for each x € R™, then ¢¢( - ;a, ) is differentiable
on R™ and

Vor(z;a, ) =21 (z — zp(z;a,N)).

Proof. This follows immediately from Theorem 1.7 in [2, Chapter 4]. O

PROPOSITION 2.6. For any > 0 and A > 0, the function ®p(x, - ;5,\) attains
its minimum zp(x; 3, \) uniquely. Moreover, ¢n( - ;8,\) is a differentiable convex
function on R™ and

Von(w; B,A) =2\ (z — zn(x; 8,N)) -

Proof. By Lemma 2.2, h( - ;) is a closed convex function. Thus, by Theorem
31.5 in [24], ®p(z, - ;5, ) uniquely attains its minimum on S for any x and hence,
by Theorem 1.7 in [2, Chapter 4], ¢n( - ;5,\) is differentiable and its gradient is
represented as indicated in the proposition. Moreover, it follows from the convex-
ity of h( - ;) that ¢n( - ;5,)\) is also convex (see the proof of Proposition 4.1 in
B). O

Theorem 2.4 is concerned with the equivalence between VIP and global minimiza-
tion of ¢¢( - ;, A) and ¢p( -5 3, ). In general, however, there may exist local minima
or stationary points which do not solve VIP. In the remainder of the section, we study
conditions under which any stationary point of problems (7) and (8) is a solution of
VIP.

The following proposition gives a condition for ¢¢( - ;a, A) to be convex.

PROPOSITION 2.7. Suppose that ¥( - ,y) is convez for each fizedy € S. Then, for
any X >0, ¢¢(-;0,) is a differentiable convex function on R"™. Moreover, suppose
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that U( - ,y) is strongly convex with modulus u for each fized y € S. Then, for any
A >0 and any o such that 0 < a < p, ¢¢( - ;0 N) is a differentiable convex function
on R™.

Proof. We prove the first half only; the latter half can be proved by a similar
argument. Since ¥( - ,y) is finite valued and convex for each fixed y € S, f( - ;0)
is a closed proper convex function. So we can prove the convexity of ¢7( - ;0,A) in
a way similar to the proof of Proposition 4.1 in [3]. Moreover, since ®;(x, - ;0,A)
uniquely attains its minimum on S for any = by Theorem 31.5 in [24], ¢f( - ;0, ) is
differentiable by Proposition 2.5. ]

Note that, as shown in [11], if S is polyhedral convex, (F(x),z) is convex on S
and each component of F' is concave on S, then f( - ;0) is convex. Thus it follows
that, under these assumptions, ¢¢( -;0,A) is a differentiable convex function.

The following result is a consequence of Proposition 2.7.

THEOREM 2.8. Assume that VIP has a solution. If U( - ,y) is convex for each
fized y € S, then for each A > 0 any stationary point of ¢¢( - ;0,\) is a solution of
VIP. Moreover, if W( - ,y) is strongly convex with modulus p for each fized y € S,
then for each A > 0 and o such that 0 < a < p any stationary point of ¢r( - ;a, A) is
a solution of VIP.

Proof. Under given assumptions, ¢¢( - ; o, A) is a differentiable convex function for
each a > 0 by Proposition 2.5. Therefore Vo (z;a, X) = 0 if and only if ¢¢( - ;a,\)
attains its global minimum at x. The desired results then follow from Theorem
2.4. 0

Next we restrict our attention to the function ¢s( - ;a,A) with o > 0. The
following theorem gives conditions under which any stationary point of ¢¢( - ;a, A) is
a solution of VIP.

THEOREM 2.9. Assume that VIP has a solution. Let o > 0 and A > 0. Suppose
that the function ®;(x, - ;a, \) attains its unique minimum zg(x; c, A) on S for any
fized x € R™. If F is differentiable and VF(x) is positive definite on S, then any
stationary point of ¢¢( - ; o, A) is a solution of VIP.

Proof. Let & be an arbitrary stationary point of ¢¢( - ; &, A). Then by Proposition
2.5 it satisfies

Vor(d;a,\) =2X (& — z(2;a, \)) = 0.

Hence, we have & = z;(Z;a,A) € S. On the other hand, since z¢(z;, A) is the
minimizer of ®f(z, - ;a,A) on S and since f( - ;) is differentiable [7], the first-order
optimality condition yields

(V. @s(z,2f(z;0,N); 0, N),y — zp(x;0,A)) >0 forally € S;
that is,
9) (Vf(zr(z;a,N); @) + 2A (2 (x50, A) — ),y — zp(x;0,A)) >0 forally € S.
Substituting & for « in (9) and using & = z(Z; a, A), we have
(Vf(#;a),y—2) >0 forallyes.

Namely, Z is a stationary point of f( - ;&) on S. Then, by Theorem 3.3 in [7], the
positive definiteness of VF(z) ensures that & is a solution of VIP. o

Finally, we consider the function ¢y ( - ;5,\). Proposition 2.6 and Theorem 2.4
immediately yield the following theorem.
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THEOREM 2.10. Assume that VIP has a solution. Let X\ > 0. If F' is pseudomono-
tone on S, then any stationary point of ¢p( - ;0,) is a solution of VIP. Moreover, if
F is strongly monotone on S with modulus p and if B is chosen to satisfy 0 < 5 < u,
then any stationary point of ¢r( - ; 5, A) is a solution of VIP.

Proof. First note that for each 5 > 0 and A > 0, ¢p( - ;6,\) is a differentiable
convex function by Proposition 2.6. Thus, Vey(x; 5,\) = 0 if and only if ¢ ( - ; 5, \)
attains its global minimum at . The theorem then follows from Theorem 2.4 (c) and
(d). O

3. Monotone affine VIP. In this section, we consider the special case of VIP
where F' is the affine mapping

F(z) =Mz +a.

Here the n x n matrix M is assumed to be positive semidefinite, that is, the mapping
F' is monotone. The next two theorems show some properties of ¢¢( - ;, A) and
on( - ; 0, A) for the monotone affine VIP.

THEOREM 3.1. Let u be a nonnegative constant such that

(x,Mz) > pl||z||®> for all z € R™.

Then for any X > 0 and o > 0 such that o < p, ¢5( -5, ) is a differentiable convex
function. Moreover, any stationary point of ¢¢( - ;, \) is a solution of the affine
VIP.

Proof. If 0 < a < p, then the function

U(z,y) —allz —y|* = (Mz +a,z —y) —allz - y|?

is convex in z for each fixed y. Hence, by the definition (2), f( - ; «) is a closed convex
function. So it follows from the proof of Proposition 4.1 in [3] that ¢;( - ;a, ) is a
closed convex function. Moreover, by Theorem 31.5 in [24], ®¢(z, - ; @, A) uniquely
attains its minimum on S for any x. Hence, by Proposition 2.5, ¢¢( - ;a,A) is
differentiable. This proves the first half of the theorem. Since V¢ (z; o, A) = 0 if and
only if  is a global minimizer of ¢;( - ; @, A), the last half of the theorem follows from
Theorem 2.4 (b). O
THEOREM 3.2. Let p be a nonnegative constant such that

(x, Mz) > pl|z||®*  for all x € R™.

Then, for any A > 0 and 8 > 0 such that 8 < p, ¢n( - ;8,\) is a differentiable convex
function and any stationary point of ¢n( - ; 0, A) is a solution of the affine VIP.

Proof. By Proposition 2.6 and Theorem 2.10, we get the desired results using a
similar argument to the proof of Theorem 3.1. 0

Note that if M is not positive definite but simply positive semidefinite, then the
constant p in Theorems 3.1 and 3.2 is zero, and hence a and § must be zero, too.
Namely, the theorems then apply to the functions ¢¢( - ;0,A) and ¢pn( - ;0,A).

In the rest of this section, we show that the function ¢¢( - ; a, A) can be practically
computed for the monotone affine VIP with linear constraints: Find x € S such that

(10) Mz +a,y—2x)y>0 forallyes,

where S = {x € R"™ | x > 0, Ax > b} with m x n matrix A and m-vector b.
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To evaluate the function ¢¢( - ;a, A), we need to solve the minimization problem
(11) min £(2 0) + Az — 2/,
zeS

where f(z; ) is given by

f(za) =sup {(Mz+a,z—y) —allz -y}

yes
Since
Vi(zia)=Mz+a+ (MT —2al)(z - [z — = (Mz+a)]),
where [ - |1 denotes the orthogonal projection onto S, the Karush-Kuhn-Tucker

conditions for the minimization problem (11) are written as

Mz+a+ (M =2al)(z— [z — £ (Mz+a)l§) + 2M(z —2) —u— ATv =0,
s=Az -0,
z>20, s>0, u>0, v>0,
(z,u) =0, (s,v) =0,

(12)

where u € R and v € R™ are the vectors of Lagrange multipliers and s € R™ is the
vector of slack variables. Moreover, the vector [z — 5 (Mz +a)]} is a solution of the

linear complementarity problem (LCP) of finding y € R™ such that

y—z+ - (Mz+a)—p—ATq=0,
t= Ay —b,
y=20, 120, p=0, ¢=0,
{y,p) =0, (t,q) =0.

Hence, the Karush—-Kuhn—Tucker conditions (12) can be rewritten as the following
LCP: find (2,v,y,q) € R*™*2" such that

Mz+a+ (MT —2al)(z —y) +2\(z —2) — ATv

u
s | | Az—=0b
p | | y-zton(Mzta)—ATg ’
(13) t Ay—>
220, s20, y20, t>20, v=0, v>0, p>0, ¢g=>0,
(z,u) =0, (s,0)=0, (y,p) =0, {t,q)=0.
Now let us put a = 4. Then the LCP (13) becomes
u N AT —MT 4T 0 z a— 2z
s | A 0 0 0 A —b
(14) p | | M-I 0 I —AT Yy a ’
t 0 0 A 0 q —b
220, 20, y=20, t>0, u=>0, v=20, p>0, ¢=>0,
(z,u) =0, (s,v) =0, (y,p) =0, (t,q) =0,

where N = M + M7T 4 (2\ — 1)I. If 2)\ > 1, then the positive semidefiniteness of M
ensures that (14) is a monotone LCP. Thus, the function ¢ (z; o, A) for the monotone
affine VIP (10) can be computed by solving the monotone LCP (14), provided that
«a and A are chosen such that o = % and \ > %
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4. Global error bounds. Error bounds play an important role in analyzing the
convergence rate of iterative algorithms [16, 29]. In particular, the natural residual
r: R™ — R, which is defined by

(15) r(@) =lz = [z = F(@)]§],

is known to provide a global error bound for linearly constrained VIP under the
Lipschitz continuity and strong monotonicity of F' [21]. In this section, we show that
or( - ;a,A) and @p( - ;8,A) provide global error bounds for VIP under the strong
monotonicity of F'.

To begin with, we point out that, when F' is strongly monotone, the functions
f(-;«) and h( -;p) provide error bounds on S, provided that the parameters o and
(B are small enough. Note that the strong monotonicity of F' guarantees the existence
of a unique solution to VIP.

LEMMA 4.1. If F' is strongly monotone on S with modulus . and if o is chosen
to satisfy 0 < o < , then we have f(x*;a) =0 and

J@i0) > (n—a) |z —a" | Jorallz €S,

where x* is the unique solution of VIP.
Proof. For this proof see Proposition 3.4 in [28] and Theorem 4.5 in [13]. O
LEMMA 4.2. If F is strongly monotone on S with modulus p and if 8 is chosen
to satisfy 0 < B < u, then we have h(xz*;3) =0 and

h(z;B8) > B||lz —2*||>  forallxz € S,

where x* is the unique solution of VIP.
Proof. By Lemma 2.3, we have h(z*,3) = 0. Let € S be arbitrary. Then, we
have
h(z; 8) = sup {(F(y),z =) + Bl — I’}
ye
> (F(z*),z — a*) + flla — «*||?
> Bl —2*|?,

where the last inequality follows from the fact that x* is a solution of VIP. ]

Note that the error bounds given in the above lemmas are valid on the constraint
set S. Using these lemmas, we prove below that ¢¢( - ;, X) and ¢x( - ; 8, A) provide
global error bounds for VIP on the whole space R™, whenever F is strongly monotone.

The next theorem shows that the growth rate of ¢;( - ;a,A) is in the order of
the squared distance to the unique solution of VIP, provided that the parameter « is
chosen sufficiently small.

THEOREM 4.3. If F' is strongly monotone on S with modulus p and if a is chosen
to satisfy 0 < a < p, then for each A > 0,

1
5 min {g — a,\} |z — 2*||? < ¢p(z;0,A) < M|z —2*||*>  for allz € R",

where x* is the unique solution of VIP.
Proof. First we consider the right-hand inequality. Since z* € S and f(z*;a) =0
by Lemma 2.1, we have

Or(xi0,A) = inf {f(z0) + Az - 2]}

< f(@*0) + Al — 27|

= Az — :1c*||2
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Next, we prove the left-hand inequality. It follows from Lemma 4.1 that

5(aia,N) = int {F(z:0) + Mz — )

z
> inf {(u— o) 2 — = + Az - 2]
> min (4 — . A} inf {12 — o |+ |z - )

x+7+ 2 7+ 2
=min{p — a, A} {x—i—x] —z*|| + [m—l—x} -z
2 S 2 S

1 : * (|2

2 gmin{p —a,A} [z — 2%

where the last inequality follows from the inequality

la — |

2 2
bl|* >
lal® + lel)* > ==

for all a,b € R™. 0

Now we turn our attention to the function ¢p( - ; /3, A). The next theorem shows
that the quadratic growth rate of ¢, ( - ; 8, \) is ensured, provided that the parameter
[ is chosen sufficiently small.

THEOREM 4.4. If F' is strongly monotone on S with modulus . and if B is chosen
to satisfy 0 < B < u, then for each A > 0,

1
3 min {8, \} |z — 2*||* < én(2;8,\) < M|z —2*||*  for all x € R™,

where x* is the unique solution of VIP.

Proof. Noting that z* € S and h(xz*;3) = 0, the right-hand inequality can be
proved in a way similar to the first part of the proof of Theorem 4.3. Moreover, by
using Lemma 4.2, we can prove the left-hand inequality analogously to the last part
of the proof of Theorem 4.3. 0

Theorems 4.3 and 4.4 demonstrate that ¢( - ;,A) and ¢p( - ;5,\) provide
global error bounds for VIP without the Lipschitz continuity of F'. Recall that for the
natural residual r defined by (15) to provide a global error bound not only the strong
monotonicity but also the Lipschitz continuity of F' is required [21]. In this respect,
¢¢(-;a,A) and ¢p( - ; 5, A) are more favorable than the natural residual r.

5. Concluding remarks. When S is given by
(16) S={zre R} |g(a) <0, i=1,...,m},

where R} denotes the nonnegative orthant in R™ and g; : R" — R are twice dif-
ferentiable convex functions, the Karush-Kuhn-Tucker conditions for VIP yield the
nonlinear complementarity problem: find (z,v) € R x R such that

(17) <($,Z/)7H(x,1/)>:0, H(x,y)ZO,
where
Ho — | F@+ Yo
—g(x)
with g(x) = (g91(x), g2(x), ..., gm(2))T. For nonlinear complementarity problems vari-

ous equivalent formulations as a system of equations or an unconstrained optimization
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problem have been proposed and studied extensively [9, 12, 18, 19, 31, 29, 33]. So
we might first reformulate VIP with the inequality constraints (16) as the nonlinear
complementarity problem (17) and then convert it into one of the known equivalent
unconstrained optimization problems. However, such a transformation into the non-
linear complementarity problem (17) is not necessarily a panacea for dealing with
the inequality-constrained VIP. For instance, global error bounds for nonlinear com-
plementarity problems are obtained under the strong monotonicity of the mapping
involved [21, 33]. Unfortunately, it is unlikely that the nonlinear complementarity
problem (17) satisfies the strong monotonicity condition, because the Jacobian

VH(z,v) = VF(w)t%%;)?ngi(x) vgo(x)

is never positive definite for any (z,v), even if F is strongly monotone. On the other
hand, as shown in the preceding sections, the functions ¢;( - ;, A) and ¢p( - ;5,A)
enjoy various favorable properties, particularly when F' is strongly monotone.
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Abstract. This paper deals with effective characterizations of stability and regularity properties
of set-valued mappings in infinite dimensions, which are of great importance for applications to many
aspects in optimization and control. The main purpose is to obtain verifiable necessary and sufficient
conditions for these properties that are expressed in terms of constructive generalized differential
structures at reference points and are convenient for applications. Based on advanced techniques
in nonsmooth analysis, new dual criteria are proven in this direction under minimal assumptions.
Applications of such point conditions are given to sensitivity analysis for parametric constraint and
variational systems which describe sets of feasible and optimal solutions to various optimization and
related problems.
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1. Introduction. It has long been recognized that many principal aspects in
optimization and control (e.g., optimality conditions, controllability, sensitivity, nu-
merical methods, and so on) are related to studying stability /regularity properties
of corresponding set-valued mappings (multifunctions). Such properties are known
under different names (metric regularity, openness, covering, surjection, Lipschitzian
stability, etc.), which are often equivalent to each other. We refer the reader to [1, 2,
3,6,7, 8,9, 10, 11, 13, 14, 15, 17, 18, 19, 20, 25, 26, 27, 28, 29, 30, 31, 32, 37, 38,
40, 41, 42] and bibliographies therein for various results in this direction as well as
for applications of the mentioned properties to optimization and control.

The main goal of the paper is to obtain effective characteristics and applications of
such stability properties by means of appropriate generalized derivatives in nonsmooth
analysis. In finite dimensions, complete dual characterizations of openness, metric
regularity, and Lipschitzian behavior for closed-graph multifunctions were established
by Mordukhovich [25, 26] on the basis of nonconvex generalized derivativelike objects
developed in [24, 25]. Various applications of those results to optimization, sensitivity,
and optimal control can be found in [27, 28, 29, 30, 31]. However, using only finite-
dimensional characteristics, one cannot cover a broad range of significant problems
arising, e.g., in optimization and sensitivity analysis of constrained control systems
governed by ordinary and partial differential equations/inclusions as well as variational
inequalities. This is one of our primary motivations: to develop proper infinite-
dimensional extensions of the previous theory.

We have been already concerned with this topic in [32], where dual differential
characterizations of stability and associated properties of multifunctions have been
obtained in Banach spaces. In contrast to [26], corresponding criteria and constants
in [32] are expressed not in terms of generalized differential constructions at reference
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points but in terms of their perturbations in neigborhoods. Some results in this
direction are related to those in Ioffe [15] and Kruger [20]; see [32] for more details.
Note that such neighborhood conditions are rather complicated and generally are not
very convenient for applications.

In this paper we establish effective differential point conditions for the fundamen-
tal properties considered under appropriate assumptions on multifunctions and spaces
in question. For this purpose we use generalized differential constructions introduced
by Kruger and Mordukhovich on the base of sequential limits of the so-called Fréchet
e-normals [21]. These simply defined nonconvez objects are infinite-dimensional ex-
tensions of the corresponding constructions [24] in finite dimensions and possess some
useful properties in general Banach space settings; see [33]. However, full calculus (at
the same level of perfection as in finite dimensions) is available for them in the class
of Asplund spaces; see [34, 35, 36] and section 2 below for more details. The latter
subclass of Banach spaces is sufficiently broad and includes, in particular, all spaces
with Fréchet differentiable renorms (therefore, all reflexive spaces) as well as those
with separable duals; see, e.g., [39].

We employ the sequential differential constructions to obtain effective point crite-
ria for openness, stability, and related properties of infinite dimensional multifunctions
under partial normal compactness (p.n.c.) assumptions on their graphs introduced in
this paper. These assumptions support the limiting procedure to prove point criteria
in terms of the sequential constructions in general settings when the latter may not
even be closed. In section 3 we discuss the p.n.c. assumptions in detail and compare
them with previous results in this direction.

Employing the p.n.c. assumptions, we establish a number of sufficient point condi-
tions for openness, metric regularity, and stability properties of nonsmooth mappings
and multifunctions between Asplund spaces with point estimates of the exact bounds
for corresponding moduli. Moreover, those conditions are proven to be also necessary
for the fundamental properties under consideration even without p.n.c. and Asplun-
dity assumptions. The conditions obtained completely cover the finite-dimensional
case in [26] and turn out to be useful in many infinite-dimensional settings important
for applications to optimization, sensitivity, control, etc. In particular, in the last
section we provide some effective applications of the main point criteria to sensitivity
analysis of constraint and variational systems.

One of the principal results in the paper is a sufficient point condition for both
openness and metric regularity properties of p.n.c. multifunctions ® : X = Y between
Asplund spaces, which is obtained in the form

(1.1) [(0,5%) € N((Z,7); gph @)] = y* =0,

where N((Z,7); gph ®) is our basic sequential normal cone in Definition 2.1(ii) to the
graph

gph @ :={(z,y) € X x Y|y € ()}

at (Z,7); see Theorem 4.2. We also establish the necessity of (1.1) for the mentioned
properties and provide two-sided point estimates for corresponding moduli.

These results were first obtained and presented at the workshop “Convexity,
Monotonicity, and Differentiability” (Waterloo, Ontario, Canada, March 1993) un-
der the assumption that the graph of ® is compactly epi-Lipschitzian [5]. Then we
received the paper [18] by Jourani and Thibault, which contains another proof of the
fact that an analogue of (1.1) is a sufficient condition for metric regularity of ® in
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general Banach spaces under the less restrictive “partial compact epi-Lipschitzian”
assumption. The latter one implies the p.n.c. assumption imposed here and actually
has a different nature: primal vs. dual; see section 3.

Note that, in contrast to (1.1), the point condition in [18] is expressed in terms of
an approximate normal cone defined by loffe, who proved a similar sufficient condition
for the case of dim Y < oo [15]. The latter construction is also an infinite-dimensional
generalization of that in [24], which is well defined in any Banach space [16]. On the
other hand, it is more complicated and may be bigger (but never smaller) than the
Kruger-Mordukhovich sequential extension in infinite dimensions (see [35, section 9]
for more details). Moreover, in the case of Asplund spaces, approximate normals used
in [16, 18] can be obtained by adding points of the weak-star topological closure to
the sequential normal cone in (1.1). One can observe that such a procedure may
substantially enlarge the set in the left-hand side of (1.1).

The rest of the paper is organized as follows. Section 2 contains basic definitions
and preliminaries in nonsmooth analysis needed in later discussion. Section 3 is
concerned with normal compactness conditions important for limiting procedures. In
section 4 we obtain the main point characterizations of openness properties for set-
valued mappings with corresponding modulus estimates. Section 5 is devoted to point
criteria for metric regularity and Lipschitzian stability. In section 6 we present some
applications of the main criteria to sensitivity analysis of constraint and variational
systems.

Throughout the paper we use standard notation, with some special symbols in-
troduced where they are defined. Unless otherwise stated, all spaces considered are
Banach whose norms are always denoted by ||-||. For any space X we consider its dual
space X* equipped with the weak-star topology w*, where (-,-) means the canonical
pairing. Recall that cl 2 stands for the closure of 2 C X, while cl* is used for the
weak-star topological closure in X*. The distance function to the set {2 is denoted by

dist(z, Q) := inf{||lz — w|| s.t. we Q}.

In contrast to the case of single-valued mappings f : X — Y, the symbol ® : X =
Y stands for a multifunction from X into Y with the domain and kernel denoted,
respectively, by

Dom @ := {z € X| ®(z) # 0} and Ker ® := {z € X| 0 € ()}

The inverse multifunction @1 : Y = X to & satisfies the relationships

r€dHy) <=y € d(z) < (r,y) € gph P,
and the norm of any positive homogeneous multifunction is defined by
(1.2) @[] := sup{[ly|| s.t. y € ®(x) and |z < 1}.

For multifunctions ® : X = X*, the expression
limsup ®(z) := {2 € X*| I sequences z — = and zj, WL g
o with z% € ®(xy) forall k=1,2,...}

always means the sequential Kuratowski—Painlevé upper limit with respect to the
norm topology in X and the weak-star topology in X*.
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As usual, we denote by B and B* the unit closed balls in the space and dual
space in question; A* stands for the adjoint operator to a linear bounded operator
A: X — Y. The symbol B,(x) means the closed ball with center x and radius r,
while

B,(3(@) = |J Bi(y) and 8(B.(a) = |J @(2)

yed(z) zEB,(x)

for any multifunction ¢ : X =Y.
If p: X - R :=[—00,00] is an extended-real-valued function, then

dom ¢ := {x € X with |p(z)| < co} and epiy:={(z,u) € X xR| pu> p(x)}.

In this case, limsup ¢(z) and liminf ¢(x) denote the upper and lower limits in the

classical (scalar) sense. Depending on context, the symbols % Fandz 2 F mean,
respectively, that © — Z with p(z) — ¢(Z) and * — = with = € Q. Thoughout
the paper we use the convention that inf() = oo, supf = —oo, ||#]] = oo, and
a+0=0+b=0 for any elements a and b.

2. Basic definitions and preliminaries. This section is mostly concerned with
preliminary material on the basic generalized differential constructions used in the
paper. Let us begin with the definitions of normal elements to arbitrary sets in
Banach spaces, as appeared in [21].

DEFINITION 2.1. (i) Let @ C X and € > 0. Given x € cl £, the nonempty set

* —
(2.1) N (x;Q) =™ € X7 limsupw <e
P ]

is called the set of (Fréchet) e-normals to Q at x. When € =0, the set (2.1) is a cone
which is called the prenormal cone or Fréchet normal cone to Q at x and is denoted
by N(2:Q). If x ¢ 1 Q, we set N.(z;Q) =0 for all e > 0.

(ii) Let T € cl Q. The nonempty cone

(2.2) N(z;Q) := limsup N.(z;Q)

z—Z, )0

is called the normal cone to Q at T. We set N(Z;9Q) =0 for & ¢ cl .

(iif) The set Q is called regular at @ if N (z;Q) = N(z;9Q).

The reader may consult with the recent papers [33, 35] and their references for
basic properties of the normal cone (2.2) and related subdifferential constructions. It
is shown in [35] that for Asplund spaces X one can always let ¢ = 0 in (2.2); i.e., the
normal cone is represented by

(2.3) N(z; Q) = limsup N(x, Q).
r—x

Let us mention [35] that, for the case of Asplund spaces, the weak-star topological
closure in X* of the sequential normal cone (2.2) coincides with the G-normal cone
in Toffe [16], while the weak-star closure of its convezification gives Clarke’s normal
cone [9]. Note also that the normal cone (2.2) coincides with the cone of “limiting
proximal normals” when X is Hilbert; cf. [23].

Now we consider a derivativelike object for multifunctions which is used for for-
mulations and proofs of the main results in the paper.
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DEFINITION 2.2. Let ® : X = Y be a multifunction between Banach spaces and
(z,7) € cl gph ®. The multifunction D*®(Z,q) from Y* into X* defined by

(2.4) D*®(z,y)(y") = {a" € X7| (z", —y") € N((z,9); gph @)}

is called the coderivative of @ at (Z,7). Welet D*®(z,3)(y*) := 0 if (Z,7) ¢ cl gph P.
The symbol D*®(Z)(y*) is used in (2.4) when @ is single valued at T and § = P(T).

The coderivative introduced can be treated as a generalized concept of adjoint
mapping that coincides with the adjoint operator to the derivative in the classical
framework. Indeed, let ® = f : X — Y be strictly differentiable at T with the
derivative f/(Z), i.e.,

@ =1~ P @)@ —u)

=0.

Then it is easy to show (see [36]) that for any Banach spaces X and Y one has
(2.5) D*f(@)(y") = (f'(2))"y".

In general, the coderivative (2.4) is a positive homogeneous multifunction with respect
to y* whose values may be nonconvex and even not closed in X*. Nevertheless,
this construction possesses a rich calculus, especially in the Asplund space setting.
We refer the reader to our paper [36], which contains complete infinite-dimensional
extensions of the previous finite-dimensional results in [28].

Now let us consider subdifferential constructions for extended-real-valued functions
related to the normal and prenormal cones in Definition 2.1.

DEFINITION 2.3. Let ¢ : X — R and Z € dom ¢. The set

(2.6) dp(z) := {a* € X*[ (2", —1) € N((Z, p(Z));epi ¢)}
is called the subdifferential of ¢ at T, while the set
(2.7) Dp(7) = {a* € X*| (*,—1) € N(Z,0(%)); epi )}

is called the presubdifferential or Fréchet subdifferential of ¢ at this point. We let
p(z) = Hp(z) := 0 when T ¢ dom .

When ¢ is convex, both the subdifferential and the presubdifferential coincide
with the subdifferential of convex analysis. In general, the set (2.7) is always convex
but is frequently empty (as, e.g., for p(z) = —|z| at 0 € R), while the subdifferential
(2.6) is nonempty at least for locally Lipschitzian functions but may be nonconvex in
common situations (as in the example above). Note that when ¢ is lower semicon-
tinuous (L.s.c.) around T € dom ¢, one has

dDo(z) = {x* € X*| liminf pl@) = p(@) = (7,2 = 7) > 0}

73 l — x|

for any Banach space X and

(2.8) do(z) = lim sup O ()

z%z
if X is Asplund; see [35]. One can easily check that
(2.9) 96(z,Q) = N(z;Q) and 98(z,Q) = N(&;Q)

for z € Q, where 6(-,Q) is the indicator function of €.
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The next “zero fuzzy calculus” result for Fréchet subdifferentials in Asplund
spaces follows from Fabian [12]. We prove in [34] that such a calculus rule is equivalent
to the extremal principle (generalized Euler equation for extremal points) [21, 25].

PROPOSITION 2.4. Let X be an Asplund space and p; : X — R, i=1,...,n (n >
2), be a collection of l.s.c. functions, all but one of which are Lipschitz continuous
around T. Assume that T is a local minimum point for the sum @1 + -+ + p,. Then
for any positive numbers € and v one has

0 € (HOp1(21) + -+ dpu(wn)l @i € By(2), pils) —il@)| <, i =1,...,n} +eB".

In conclusion of this section we discuss relations between the coderivative (2.4)
and the subdifferential (2.6). It follows from the definitions that

(2.10) 0¢(T) = D*E,(Z,p(Z))(1), where E,(x) :={p € R|p>p(x)}

for any ¢ : X — R and Z € dom ¢. Moreover, dp(z) = D*¢(z)(1) if ¢ is continuous
around Z. On the other hand, for some classes of single-valued mappings f between
Banach spaces, the coderivative of f can be expressed in terms of the subdifferential
of its Lagrange scalarization (y*, f)(z) := (y*, f(x)).

Recall that a mapping f : X — Y Lipschitz continuous around Z is said to be
strictly Lipschitzian at Z [35] if there exists a neighborhood V' of the origin in X such
that the sequence

[f(zp + tev) — flap)]/te, E=1,2,...,

has a convergent subsequence in the norm topology of Y for each v € V| z), — Z, and
tr 1 0 as k — oo. (As we were recently informed by Lionel Thibault, this definition is
equivalent to a variant of his concept of compactly Lipschitzian mappings [43].)

Obviously, every mapping strictly differentiable at Z is strictly Lipschitzian at
this point. When dim Y < oo, there is no difference between locally Lipschitzian
and strictly Lipschitzian mappings. Furthermore, any locally Lipschitzian mapping
between Banach spaces is strictly Lipschitzian at T if it has a norm-compact-valued
“strict prederivative” in the sense of Ioffe [16] that includes many important applica-
tions, particularly in optimal control [13]. The following scalarization result is proven
in [35].

PROPOSITION 2.5. Let X andY be Asplund and Banach spaces, respectively, and
let f: X —Y be strictly Lipschitzian at . Then one has

D f(z)(y*) = O(y", [)(Z) #0 Vy" €Y.

3. Normal compactness conditions. In this section we study effective con-
ditions on sets and multifunctions that are widely used to justify limiting procedures
in proving the main results of the paper.

Let us start with arbitrary closed sets €2 in a Banach space Z, which will be mainly
considered in the form X x Y later on. When Z is finite dimensional, the normal cone
(2.2) at z € Q has closed values, and moreover, its graph is closed. (It is the so-called
robustness or upper semicontinuity property.) In infinite dimensions, these facts are
no longer true both in topological and in sequential senses. This appears because the
normal cone is defined sequentially, while the weak-star topology of Z* is not always
sequential; see [4, 22, 23] for more discussions. To overcome these difficulties, Loewen
introduced in [22] a local compactness condition of the following kind, which we call
here normal compactness of a set around a given point.
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DEFINITION 3.1. A closed set 2 C Z is said to be normally compact around z € 2
if there exist positive numbers v, o, and a compact subset C' of Z such that

(3.1)  N(29Q)c K,(C):= {z* € 7% st o|z¥] < IIlggKZ*,CH} Vz e B,(zZ) NQ.

Note that condition (3.1) is always valid if Z is finite dimensional. When Z is
Asplund, the prenormal cone N (z;Q) in Definition 3.1 can be equivalently replaced
by the normal cone (2.2). This follows from (2.3) and the fact that the cone K,(C)
in (3.1) is weak-star closed in Z*; see the proof of Proposition 3.4 below.

Let us observe that condition (3.1) is dual in the sense that it is expressed in the
dual space setting. Loewen shows [22] that (3.1) always holds when Q is compactly
epi-Lipschitzian around Z in the sense of Borwein and Strojwas [5]. The latter is a
primal condition on the set 2 that generalizes Rockafellar’s original concept of epi-
Lipschitzian sets; see [5, 22].

In [22], Loewen demonstrates that the graph of the normal-cone multifunction
N(-; Q) is closed near z in the normxweak-star topology of Z x Z* if ) satisfies the
normal compactness condition (3.1) around z. He establishes this fact for the case
of reflexive spaces Z that is essential in his proof. Let us obtain this robustness
property of (2.2) in a more general setting based on recent developments in Borwein
and Fitzpatrick [4].

Recall that a Banach space Z is weakly compactly generated (WCG), provided
that there is a weakly compact set K such that Z = cl(span K). This class of spaces
includes, in particular, all reflexive spaces as well as all separable Banach spaces; see
[39]. We will use the following result proven in [4].

PROPOSITION 3.2. Let Z be a WCG space and {Ar} be a sequence of subsets of
Z* such that Ag41 C Ay for all k =1,2,.... Then one has

(3.2) U m c*(Ap, NmB*) = {klim zp| z; € Ay for all k} )
m=1k=1 -

where lim 2} is taken in the weak-star topology of Z*.

Now we can establish extensions of Loewen’s main results in [22]. Say that a set
K C Z* is weak-star locally bounded, provided that each point of K has a weak-star
neighborhood U such that U N K is norm bounded in Z*.

PROPOSITION 3.3. Let (M, p) be a metric space, Z be a WCG space, and D :
M = Z* be an arbitrary multifunction. Equip M X Z* with the pxweak-star topology,
and assume that there exists a weak-star locally bounded, weak-star closed subset K
of Z* such that

(3.3) ®(z) C K for any z € M.

Then (z,z*) € cl gph ® if and only if z* = limy_,, 2} for some sequence z; € ®(zy)
with zp, — zZ as k — oo.

Proof. Let {(2a,2%)}aca C M x Z* be a net such that z, — z and 2% % 2* with
2} € ®(z,) for all @ € A. The weak-star closedness of K and condition (3.3) ensure
z* € K. Now taking into account the weak-star local boundedness of K, we find a
natural number m and a subnet {(zg,25)}5cx (A C A) of {(2a,23)}aca such that

25|l < m for all B € A. Letting

A = (@)l p(z,2) < 1/k}, k=1,2,...,



292 BORIS MORDUKHOVICH AND YONGHENG SHAO

one concludes that z* belongs to the left-hand side set in (3.2). Finally employing

Proposition 3.2, we finish the proof. 0
The result obtained ensures the following robustness property of the normal cone
(2.2).

PROPOSITION 3.4. Let Z be a WCG Asplund space and €2 be a closed subset
of Z satisfying the normal compactness condition (3.1) around z € Q. Then the
multifunction N(-;Q) has closed graph near z; i.e., for some v > 0 the set

(3.4) (gph N( ) N ((z+vB) x Z27)

is closed in the normxweak-star topology of Z x Z*. In particular, for any sequences
zr — Z and zj, s 2* with 25 € N(zk;Q), k=1,2,..., one has z* € N(z;Q).

Proof. Following the proof in [22, Proposition 3.5], one can conclude that the
cone K,(C) in (3.1) is both weak-star closed and weak-star locally bounded in Z*.
The only change we need to do is to observe that the set

{7 e Z7[ allz"|| = [(z", )| < O}

is weak-star closed in Z* for any ¢ € Z. The latter follows directly from the well-
known lower semicontinuity of the norm function ||z*|| and continuity of the function
|(z*, )| in the weak-star topology of Z*.

Now applying Proposition 3.3 with (M, p) = (2N B,(2), ||-||z) and ®(-) = N(-;Q),
we conclude that the topological closure of gph N (;2) in M x Z* coinsides with
its sequential closure. Due to (2.3) the latter set is equal to the graph of N(+; ) near
Z. This proves the closedness of the set (3.4) in the normxweak-star topology of
Z X Z*. O

Remarks 3.5. (i) The robustness property in Proposition 3.4 does not hold, and
moreover, values of the normal cone N(-;) may not be closed in the weak-star
topology of Z* if one has all the assumptions of the theorem except that Z is a WCG
space. This happens, in particular, for epigraphical sets {2 = epi ¢ C X xR generated
by Lipschitz continuous functions ¢ on spaces X with Fréchet differentiable renorms;
see examples in Borwein and Fitzpatrick [4].

(ii) Recently Fitzpatrick showed (personal communication) that the normal cone
(2.2) may not be closed even in the norm topology of the Hilbert space 2.

(iii) It is worth mentioning that the normal compactness assumption (3.1) has
been employed in [35] to establish important calculus results for the normal cone
(2.2) to general closed sets in arbitrary Asplund (not just WCG) spaces. What turns
out to be essential for those purposes is not robustness of (2.2) but the following
limiting property, which is easily implied by (3.1): for any sequences

2t € N(z;Q) with 2, — z and 25 %50 as k — oo

one has z;; — 0 in the norm topology of Z*.

Now let us consider normal compactness conditions for multifunctions ® : X =Y
between Banach spaces. It is clear that the case of multifunctions can be reduced to
the case of sets in the space Z = X xY taking 2 = gph ®. According to Definition 3.1,
a closed-graph multifunction @ is said to be normally compact around (Z,y) € gph ®
if there are positive numbers v and o as well as compact sets P C X and S C Y such
that

3.5 * * < *, *7
(35) ol + ") < ma (@, p)] + max | (5", )



STABILITY IN INFINITE DIMENSIONS 293

for any (z*,y*) € X* x Y* satisfying
(3.6) (z*,y*) € N((z,y); gph ®) with (z,y) € [B,(Z) x B,(§)] Ngph ®.

It follows from the previous discussions that the normal compactness of ® around
(z,y) implies that for any sequence (xr, yx, 2, yj) with

(37)  (#}.yi) € N((@r,yr)igph @), (z1,90) — (%,9), and (27, y5) “ (0,0)

one has ||z}|| — 0 and ||yf|| — 0 as k — oo.

One can observe that for many applications including those in this paper, it is
sufficient that (3.7) implies the norm convergence of only one component (depending
on the context). This allows us to weaken the normal compactness condition (3.5)
in the following way (considering for definiteness the case of the y-component): there
exist positive numbers vy, ¢ and compact sets P C X, S C Y such that

. * < * *
(3.8) ally*]| < r;lggl(ﬂc D) +r§1€a§<|<y .8

for any (z*,y*) satisfying (3.6). Moreover, requirement (3.7) can be also relaxed
to achieve our purposes in this paper. Namely, we need ||y;|| — 0 not for all

(k. yr) N (0,0) satisfying the inclusion in (3.7) but only for those with ||| — 0.
Let us introduce an intrinsic dual condition on ® that generalizes the above normal
compactness and ensures the required limiting behavior (see Proposition 3.8).

DEFINITION 3.6. (i) A multifunction ® : X =Y of closed graph is called partially
normally compact (p.n.c.) with respect to y (image) around (z,y) € gph ® if there
exist a weak-star closed subspace L* C Y* of finite codimension, positive numbers ~y
and o, and a compact set S CY such that

. * * >
(3.9) )|+ max|(y", )| = 0

for any (z*,y*) satisfying (3.6) with
(3.10) ly | =1 and dist(y™, L*) <+.

(ii) ® is said to be p.n.c. with respect to x (domain) around (Z,y) if the inverse
multifunction ® 1 1Y = X is p.n.c. with respect to its image.

Remark 3.7. In contrast of the normal compactness conditions discussed previ-
ously, the p.n.c. conditions in Definition 3.6 may become stronger (even in the case
of Asplund spaces) if the prenormal cone in (3.6) is replaced by the basic normal cone
N((z,y); gph @) related to the coderivative (2.4). However, an important advantage
of the latter modification is a rich calculus available for this coderivative in infinite
dimensions; see [36]. Based on such a calculus, one can employ the p.n.c. conditions
for various combinations of nonsmooth mappings and multifunctions.

In the rest of this section we deal with the p.n.c. condition for ® with respect to
its image. The next proposition establishes the mentioned sequential limiting property
of p.n.c. multifunctions, which is what we need to prove the main results of the paper.

PROPOSITION 3.8. Let @ : X = Y be p.n.c. with respect toy around (Z,y). Then
any sequence (Tx, Yx, T3, Vi) satisfying

(3'11) (xzayz) € N((xk’yk);gph (b)v (xkvyk) - (i‘7g)’ ||372|| -0, and y; = 0

as k — oo contains a subsequence with |lyx || — 0 as m — oo.
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Proof. Let E* C Y™ be a finite-dimensional subspace complementary to L* from
Definition 3.6(i). Taking yj in (3.11), we have the unique representation

yp =1 +ep with I € L* and ef € E* Vk=1,2,....

Since yj; %% 0 and dim E* < 00, one gets I} “% 0 and llexll — 0 as k — oc.

Proving by contradiction, we assume that the result of the proposition does not
hold. In this case there is & > 0 such that ||y}|| > « for all k. Then taking v > 0 in
Definition 3.6(i), one derives from the inclusion in (3.11) that

(&%, 7) € N((zx,yx);gph @) with [[gi[ =1 and (zx,yx) € [B,(Z) x B,(7)] N gph P,
where Z} := «3/||yz|l and g5 := yj/|lyi|| for all k. It follows from

dist (5, L*) < Ilygll ™ llexll < llekll/o — 0 as &k — oo
that dist(gj, L*) < v for k sufficiently large. Employing (3.9), we arrive at

|22+ max |, )] = o,

which implies the estimate

(312) Il < o~ (e + max . o)1)

Using the compactness of the set S in (3.12), we conclude that (y%,s) — 0 uniformly
in s € S. Therefore, (3.12) implies that ||y;|| — 0 as K — co. The contradiction
obtained ends the proof of the proposition. ]

Now we present some sufficient conditions ensuring the p.n.c. property of ® in
Definition 3.6(i). First let us observe that this property always holds (with L* =
{0}) when Y is finite dimensional. One can also check that the previously discussed
condition (3.8) implies the p.n.c. property with L* = Y™.

Next let us consider an important class of multifunctions generated by a single-
valued mapping f: X — Y and closed sets A, 2 in the form

(3.13) o (x) ._{ fl@)+A ifzeq

0 otherwise,

which frequently appears in applications to optimization and related problems. The
following result provides the p.n.c. condition for (3.13) in the general case of Banach
spaces X and Y.

PROPOSITION 3.9. Let f : X — Y be Lipschitz continuous around T € §) and
A C Y be normally compact around § := —f(z) € A. Then multifunction (3.13) is
p.n.c. with respect to the image around (Z,0).

Proof. According to Definition 3.1 we can find positive numbers o, v and a
compact set S C Y such that

(3.14) ally*|l < mea§<|<y*,s)| Vy* € N(v;A) with v € B, (7)NA.

Let I > 0 be a Lipschitz modulus of f in some (fixed) neighborhood of Z. Consider
any pair (z*,y*) satisfying

(3.15) (a*,y") € N((z,y);gph @) with ||z —z| < v/(1+1), lly| <~/ +1)
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for ® defined in (3.13). We are going to show that (3.15) implies the existence of
v € B,(y) N A such that y* € N(v;A). In this way we obtain condition (3.8) for
multifunction (3.13) around (Z,0) with the given compact set S C Y and P = {0}.
The latter automatically ensures the p.n.c. property of ® under consideration.

To justify the mentioned fact, let us employ the definition of the prenormal cone
in (3.15). For any € > 0 we find 7 > 0 such that By, (Z) lies in the given neighborhood
of & where f is locally Lipschitzian, and moreover,

(@ u—a)+ (" w—y) <e(llu—z| +[lw—-yl)

when |Ju — z|| <75 and ||w—y|| <7 with w € ®(u) and u € Q. Letting v = =z in the
latter formula and taking (3.13) into account, one has

(3.16) (", w—y) <ellw—yl Vw e By(y)N[f(z)+ Al

with € B,/41)(Z) N Q and [ly|| < /(I +1). Now for any such (z,y) we consider
v:=y — f(z) € A which satisfies

lo =gl < llyll + Uz =zl <,
ie., v € By(y) NA. Letting w = f(z) + ¢ in (3.16), we get from here that
(y*, 9 —v) <e||d —v| VI e B,(v)NnA.

The latter implies that y* € N(v;A) and oy*|| < max.es(y*,s) due to (3.14). This
completes the proof of the proposition. a

An important special case of multifunctions (3.13) occurs when A = {0}; i.e.,
one considers in fact a single-valued mapping defined on a closed set. It turns out
that Proposition 3.9 cannot be employed in this case for dim Y = oo since the set
A = {0} is not normally compact in infinite dimensions. The case of (3.13) with
A = {0} was studied in Toffe [15] and Ginsburg and Ioffe [13] on the base of the so-
called finite codimension property for f with respect to 2. Such a property provides
sufficient amounts of compactness to obtain point criteria in the case considered.
Moreover, it appears to be inherent in a broad class of Fredholm operators important
for applications in optimal control; see [13, 15] for more details and discussions.

Two versions of the finite codimension property were introduced in [13, 15] in
terms of topologically closed approximate subdifferentials and normal cones. Now we
consider a sequential version of this property in terms of the basic constructions in
section 2.

DEFINITION 3.10. Let Q2 be a closed subset of X withZ € Q and f : X — Y be a
single-valued mapping continuous around T. We say that f has the finite codimension
property with respect to Q around T if there exist a weak-star closed subspace L* C Y™
of finite codimension and positive numbers 7y, o such that for any x € B(Z), u* €
N(z;Q), and x* € D* f(x)(y*) with y* satisfying (3.10), one has ||[* +u*|| > o.

Let us show that, in the case of Asplund spaces X and Y, this finite codimension
property implies the p.n.c. condition in Definition 3.6(i) for multifunctions defined in
(3.13) when A = {0}. Moreover, in this case one always has S = {0} in (3.9).

PROPOSITION 3.11. Let both X and Y be Asplund and f : X — Y be Lipschitz
continuous around T € Q. If f has the finite codimension property with respect to €}
around T and A = {0} in (3.13), then the latter multifunction is p.n.c. with respect
to y around (Z, f(Z)) when S = {0} in (3.9).
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Proof. According to Thibault [44, Proposition 2.7], for any closed-graph mul-
tifunction ® : X = Y between Banach spaces and any point (Z,y) € gph ® one
has

(3.17) N(z,7);gph @) = | ] Addist(-, ®(-))(Z, 7).
A>0

For the multifunction ® defined in (3.13) with A = {0}, we easily get the representa-
tion

(3.18) dist(v, @(u)) = |lv — f(w)|| + 6((w,v), 2 xY) V(u,v) € X XY,

where the first function is Lipschitz continuous. Then employing in (3.17), (3.18) the
subdifferential sum and chain rules in Asplund spaces [35], we arrive at the inclusion

N(z, f(z)); gph @) C U U [D* f(x)(Av*) x {=Av*}] + N((z; Q) x {0} Vz € Q.

A>0v*eB*

The latter yields
(3.19)  D*®(x, f(x))(y*) C D*f(z)(y*) + N(z;Q) Vx € Q and y* € V™.

According to (3.19), for any (z*,y*) € N((z, f(z));gph @) with z € Q there exist
27 € D*f(x)(—y*) and x5 € N(x;€Q) such that * = 27 + x5. Therefore, the finite
codimension property in Definition 3.10 implies the p.n.c. condition in Definition
3.6(i) with S = {0} in (3.9). d

Now let us compare the (dual) p.n.c. property of multifunctions with their (pri-
mal) epi-Lipschitzian kind of behavior discussed in the beginning of this section. Note
that the notion of compactly epi-Lipschitzian sets mentioned above immediately in-
duces the corresponding notion for multifunctions being applied to their graphs. In
[18], Jourani and Thibault introduce a useful generalization of the latter property in
the following way: A closed-graph multifunction ® : X = Y is said to be partially
compactly epi-Lipschitzian (with respect to y) around (Z,7) € gph @ if there exist
neighborhoods U of z, V of g, and O of the origin in Y as well as a number r > 0
and compact sets P C X and S C Y such that

(3.20) (gph) N (U x V) + A({0} x O) C gph @ + A(P x S) VYA € (0,7).

When P = {0} and S is a singleton in (3.20), this property corresponds to that
considered by Kruger [20] under the name “uniformly epi-Lipschitzian” multifunc-
tions. In [18, 20] one can find useful examples of multifunctions with such a behavior.
Let us show that (3.20) always implies estimate (3.8) and, therefore, the p.n.c. prop-
erty in Definition 3.6(1). One may observe that this result can be derived from [18,
Proposition 3.5], taking into account that the normal cone (2.2) is always included in
the so-called nucleus of the G-normal cone [16].

PROPOSITION 3.12. Let @ : X = Y be a multifunction between Banach spaces
that is partially compactly epi-Lipschitzian around (z,y). Then ® is p.n.c. with
respect to y around this point.

Proof. Let us use (3.20) with B(z) C U, B,(y) C V, and ¢B C O for some
positive numbers v and o. Then for any (z,y) € (gph ®) N [B,(Z) X By(y)], e € B,
and a sequence \; € (0,7r) with Ax | 0 as k — oo, there are py € P and s € S such
that

(x,y) + Ao (0,e) — Ai(pi, sk) €gph @ VE=1,2,....
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Due to compactness of P and S one can select a subsequence of {(pg,sr)} which
converges to some (p,s) € P x S. This implies that the difference o(0,¢e) — (p, s)
belongs to the (Bouligand) contingent cone K((x,y); gph ®); see [2]. It is well known
that the Fréchet normal cone is always contained in the polar to the contingent cone.
Therefore,

min  ((z%,y"),0(0,e) = (p,s)) <0 ¥(z",y") € N((x,y); gph P)
(p,s)eEPXS
with (z,y) € (gph ®) N [By(Z) X By(y)]. The latter implies (3.8) and completes the
proof of the proposition. 0

4. Point criteria and estimates for openness properties of multifunc-
tions. In the rest of the paper ® : X = Y is a closed-graph multifunction between
Banach spaces. In this section we pay the most attention to the following openness
property of ® in a neighborhood of a given point from its graph.

DEFINITION 4.1. A multifunction ® is said to be open at a linear rate around
(Z,7) € gph ® if there exist neighborhoods U of T and V' of § as well as a positive
number a such that

B (®(x)NV) C ®(B,(x)) for any (z,r) with B.(x) C U.

Each of such numbers a (corresponding to different neighborhoods) is called an open-
ness modulus for ® around (z,y). The supremum of all openness moduli is called the
openness bound for ® around (z,§) and is denoted by (ope ®)(Z, 7).

Note that, for the case of linear bounded operators, this property goes back to the
classical (Banach) open mapping principle. Let us emphasize two essential features of
the given definition: linear rate of openness and uniformity of the openness property
around the point under consideration; see [26, 32] for more discussion and references.

Using the coderivative (2.4) of ® at (Z, ), we introduce the main openness con-
stant in the general setting,

(4.1) a(®,z,7) := inf{||z*|| s.t. ¥ € D*®(Z,5)(y*) and ||y*| =1},

and formulate the principal result of the paper.

THEOREM 4.2. For any multifunction ® : X = Y and point (Z,y) € gph ®, let
us consider the properties:

(a) ® is open at a linear rate around (Z,q);

(b) a(®,Z,g) > 0 for the openness constant (4.1);

(c) the coderivative (2.4) is injective at (T,7), i.e.,

Ker D*®(z,3) = {0}.

Then (b)==(c) and the following results hold.
(I) When @ is p.n.c. with respect to y around (T,7) and both spaces X andY are
Asplund, one has

(4.2) (¢) = (a);

i.e., each of the conditions (b) and (c) is sufficient for ® to be open at a linear rate
around (Z,y). Moreover,

(4.3) (ope ®)(z,7) = a(®, Z, y)

if Y is finite dimensional.
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(IT) When ® is an arbitrary multifunction from a finite-dimensional space X into
a Banach space Y, one has

(4.4) (a) = (b);

i.e., both conditions (b) and (c) are necessary for ® to be open at a linear rate around
(Z,9). Moreover, in this case

(4.5) (ope ®)(z,5) < a(®,2,7).

Proof. Implication (b)==-(c) is obvious. Let us establish assertion (I) and first
justify (4.2) under the assumptions made. Proving by contradiction, we suppose that
® is not open at a linear rate around (Z,y). Therefore, for any ax | 0 one can find
sequences {zx}, {yr}, {rr}, and {2z} such that

(4.6) Tp— T, Yy — Y, 7k L 0 as k — oo with yi € ®(a) N By, (§),
(4.7 Iz — ykll < agrr, and zp ¢ ®(z) Vo € B, (xr), k=1,2,....
Now let us employ the Ekeland variational principle that has become a conven-

tional tool for this kind of study; see, e.g., [3, 14, 18, 20, 25]. For each k we consider
an l.s.c. function fj : £ — R defined by

(4.8) Jr(z,y) == |ly — 2| on Ej := (gph ®) N By, ((zx,yx))

with the metric on Fj, induced by the norm |[(x,y)|| := ||| + |ly|| on X x Y. Due to
(4.6) and (4.7) one has

Jr(@e,yk) < apry and fy(x,y) >0 V(z,y) € Ej.

Applying Ekeland’s principle to the function fj on the metric space Ej, we obtain the
following: for the given numbers e := agrg, A := (1/2)r and point (z,yx) there
exists (Zx, Uk) € gph ® N By /2y, ((2k, yx)) such that

0 < |19k — 2l < llyr — 2|l < ex and
9% — 2ell < lly — 2z&ll + (ex/M)[(,y) — (Fk, Ga)|| V(2,y) € Bk

The latter means that (Zx,¢x) is a local minimizer of the function

(4.9) or(,y) = lly — z&ll + 20kl (2,y) — (Zr, Ge) || + 6((, y), gph @)

defined on X x Y. It is well known that the Cartesian product of two Asplund spaces
is also Asplund, so one can apply Proposition 2.4 to the sum of three functions in
(4.9) at (Zk, yr). Using this result with € = v < min{ag, ||zx — Jx||} and taking into
account the first formula in (2.9), we find (zik, yir) € gph ® such that ||z;; — Tx|| <
ak, [|yik — Gkl < ak, yix # 2k, i =1,2,3, and
0 € A(|| - —2l) @1k, yax) + O2akl|(-,-) — (@x, Ga) 1) (@2, yor)
+ N((w3k, ysk): gph @) + ax(B* x B).

Employing the well-known convex subdifferential formula for the norm function
and taking into account that y;, # zi, we obtain a triple (Z}, 95, 25) € X* xY* x Y*
with

(T —0) € N((wsk, yse); gph @), (|25 =1, and [|ZF — gi]| < 3ay.
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The latter yields ||g7]| > 1 — 3ax > 1/2 for all big k. Then letting xj, := 3k, yx :=
ysk, xf = T3/||95ll, and yi = g;/l|9x||, we conclude that 2 — Z and yi, — 7 as
k — oo while

(4.10) (2}, ~yi) € N((ar,yx);gph @) with [Jyi|l =1 and ||z}]| < 6ay.

Since Y is Asplund, the unit ball of the dual space Y* is sequentially weak-
star compact. Taking into account the boundedness of {y}}, one may assume that

Ui N g* as k — oo for some §* € Y*. On the other hand, relationships (4.10) imply
that } — 0 as k — oo in the norm topology of X* and 0 € D*®(z,y)(g*) by virtue
of Definition 2.2. Moreover, due to the p.n.c. property of ® with respect to y around
(z,y) one can conclude that §* # 0. Indeed, otherwise we employ Proposition 3.8 and
arrive at the contradiction with ||y;|| = 1 for all k. Finally letting y* := §*/||5*||, one
has

0€D*®(z,y)(y") with [y*] = 1.
This contradicts condition (¢) in the theorem and completes the proof of implication
(4.2).
Now let us establish estimate (4.3) assuming that Y is finite dimensional. To
furnish this, we make some changes in the previous procedure similarly to the related
proof of [32, Theorem 3.2] in a somewhat different situation.

Suppose that (4.3) is not true; i.e., there exist a positive number a < a(®,Z, )
as well as sequences {z}, {yx}, {rx}, and {zx} such that

T — T, Yr — Y, Tk 10 as k — oo, and
(4.11) yr € ®(xr), Nz —yrll < are, 2 & ®(z) Vo € By, (k).
For any € > a we take some « € (a/e,1) and pick a sequence {n;} with

1 e(1—a)
2ea+1)" 1+e(ea+1)

(4.12) 0<nk<min{rk, } Vk=1,2,....

For each fixed k, let us consider function (4.8) on the space Ej whose metric is
induced by the norm ||(z, y)||n, = llz|| + n&|ly|| on X X Y, in contrast to the proof of
(4.2). Now we again apply the Ekeland variational principle to this function f; at the
point (zx,yx), but with different parameters, namely, €5 := ary and A\, := ary/ea.

Noting that fi(zk,yr) < e due to (4.11), we find a point (Zx, Jx) € Ej such that the
function

(413)  r(e,y) = lly = 2l +eall(@,y) = @, Gl +6((2,y), gph @)

attains its unconditional local minimum on X x Y at the point (Z, 9k).

Letting pr := ||gx — 2&||, we apply Proposition 2.4 with ¢ = n and v = pgng /2
to the sum of three functions in (4.13) at (Zx,9x). In this way we find three pairs
(3%, yir) such that

@ik, yie) — Tk, Gl < pene/2 with yi, # 2zx for i=1,2,3 and
(4.14) 0 € Al =zl (@1r, yi) + O(eall ) = (Fns Gl ) (@2res yor)
+ N((ws, ysk); gph @) + 1k (B* x B).
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Now computing subdifferentials of the norm functions in (4.14) and taking into ac-
count (4.12), we get a pair (z},y5) € X* x Y* satisfying
. e’

(4.15)  (zf,—wk) € N((wsk,y3); gph @), [lyill =1, [lai] < T;mll) <e
By the constructions above we have x3; — z and ys; — ¥ as k — oo. Moreover, due
to Asplundity of X and dim Y < oo one can select a subsequence of {k} along which
xy; Y 2 € X* and yr — y* with ||y*|| = 1. Finally passing to the limit in (4.15) when
k — oo and using (2.3), (2.4), (4.1) as well as the Ls.c. of the norm function in the
weak-star topology of X*, we conclude that a(®,Z,y) < e. Since € > a was chosen
arbitrary, the latter yields a(®,Z, ) < a that contradicts the choice of a. Therefore,
one arrives at (4.3), which completes the proof of assertion (I).

Let us prove assertion (II) under the assumptions made therein. We are going
to show that if ® possesses the openness property with a modulus a > 0, then one
always has a < a(®,Z,7). The latter implies both (4.4) and (4.5).

Proving by contradiction, we assume that a > a(®, Z, 7). Then there is a number
a > 0 such that a(®,7,9) < a — a, ie.,

l*|| < a —a for some z* € D*®(Z,7)(y*) and y* € Y* with |y*] = 1.

Now using the basic definitions (2.4) and (2.2) as well as dim X < oo, one gets
sequences {(xg,yx)} C gph @, {z}} C X*, {y}} C Y™, and {ex} C R4 such that

(4.16)  |lzgll <a—«a and (xf, —y;) € Ne, ((zk,y);gph @) VE=1,2,...,

where 2, — Z, yp — ¥, € | 0, } — =* and y N y* as k — oo. Due to (2.1) and
the inclusion in (4.16), we find a sequence ~y; | 0 with

(4.17) Wrsy — yr) + 2e(lz — 2|l + ly — yel) > (2}, 2 — 1)

for all (x,y) € gph ® satisfying || — x| < and ||y —yi|| < as k=1,2,....
Next let us choose a positive number 3, a sequence of positive numbers {ry}, and
the sequence {g;} in (4.17) such that

(4.18) B <min{a,a/2}, rp <min{yg,v/a}, and e < (a—08)/2(1 +a)

for all k. Due to y} EN y* with ||y*|| = 1 and the Ls.c. of ||-| in the weak-star topology
of Y*, one can assume that

lyell >1—=p/a YE=1,2,....
Therefore, there is v € Y such that
(4.19) logll =1 and (yp,vk) >1—0F/a VE=1,2,....

Let us define zj := yi — argvy for each k = 1,2,.... Using (4.18) and (4.19), we
have ||z, — yk|| = arr < % and the chain of estimates

(Wie 21 = yr) + 28|z — 2l + ll2k — yall

)
a—pf N
< —arg + Bri + m(”x — x|+ arg) < —(a— a)rp < (x},x — xL),



STABILITY IN INFINITE DIMENSIONS 301

which are valid for any x € By, (z)). By virtue of (4.17) the latter means that zj ¢
®(z) whatever z € By, (z1). Therefore, we have sequences z — Z, yr — ¥, 2k — 7,
and 7, | 0 as kK — oo such that (4.11) holds. Due to Definition 4.1 this contradicts
the assumption that the number a is an openness modulus for ® around (Z, 7). The
contradiction obtained shows that a < a(®,Z,y) and completes the proof of the
theorem. 0

COROLLARY 4.3. Let ® : X = Y be a multifunction from a finite-dimensional
space X into an Asplund space Y. Assume that ® is p.n.c. with respect to y around
(Z,7) € gph ®. Then each of the conditions (b) and (c) in Theorem 4.2 is necessary
and sufficient for ® to be open at a linear rate around (Z,7).

Proof. This follows directly from the comparison of assertions (I) and (II) in
Theorem 4.2. O

Remark 4.4. Another approach to prove the results in Theorem 4.2 consists
of directly using neighborhood criteria established in our paper [32] in terms of the
Fréchet coderivative of ® and then employing the limiting arguments developed above.
Following these arguments, one can observe that when Y is finite dimensional, a
sufficient condition for the openness property of ® around (Z,§) can be expressed in
the form

(4.20) Ker D®(z,7) = {0},

where D¥®(Z, ) is an analogue of the coderivative (2.4) corresponding to the strong
upper limit (with respect to the norm topology on X* x Y*) in the normal cone
definition (2.2); cf. Penot [38, section 5]. Although the coderivative object in (4.20)
may be smaller than the basic construction (2.4), no useful calculus rules are available
for the former one in contrast to (2.4). Note also that the necessity of condition (4.20)
for the openness of ® is a weaker result in comparison with (II) in Theorem 4.2, but
it does not need the assumption about dim X < oo; see [38, Remark 4.5].

Now employing Theorem 4.2 and the robustness property in Proposition 3.4, we
obtain a useful neighborhood criterion for openness of multifunctions that is expressed
in terms of the coderivative (2.4). Note that this criterion and its inverse counterpart
(d) in Theorem 5.4 are important for applications in optimal control; cf. [25, 31].

COROLLARY 4.5. Let both X andY be WCG Asplund spaces and ® : X =Y be a
multifunction normally compact around (Z,y) € gph ®. Then each of the conditions
(b) and (c¢) in Theorem 4.2 is equivalent to the following one:

(d) There exist positive numbers p, 7, and n such that

[yl < pllz™|| Vo € D*®(z,y)(y"), « € By(Z), y € (x) N By(y).

Therefore, condition (d) is sufficient for the openness property of ® around (z,y) and
18 also mecessary for this property when dim X < co.

Proof. Since implications (d)==-(b)=>(c) are always true, it remains to establish
that (¢)=(d).

Proving by contradiction, let us assume that (d) fails. Then one has sequences
{(zk,yx)} C gph ® and {(z},y;)} € X* x Y* such that

oy € D™ ®(xn, y)(yr)s vkl > kllag]l vk =1,2,...

and (x,yx) — (Z,7) as k — oo. Since ||yz|| > 0, we set g5 := v /llyill, &5 = 23/ llvill
and get

(4.21)  &F € D*®(zk, yi)(5r), with |5l =1 and ||Z%]| < 1/k Vk=1,2,....
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Taking into account the sequential weak-star compactness of the unit ball in Y* (since

Y is Asplund), one may assume that g N y* as k — oo for some g* € Y*. On the
other hand, (4.21) implies that } — 0 as k — oo in the norm topology of X*. Since
® is normally compact around (Z,7) and both X and Y are Asplund, we can use the
limiting property (3.7) with the normal cone N ((z,y); gph ®) replacing the prenormal
one. This yields §* # 0. Moreover, Proposition 3.4 ensures that 0 € D*®(z, )(7*).
Denoting y* := ¢*/||§*||, we arrive at

(4.22) 0€ D*®(7,5)(y*) with [[y*] = L.

This contradicts condition (c¢) in Theorem 4.2 and completes the proof of the
corollary. ]

The next corollary contains effective characteristics for the openness property of
multifunctions belonging to class (3.13), which is important for applications in opti-
mization and optimal control. In particular, results in this vein directly induce neces-
sary optimality conditions in various problems of scalar and/or vector optimization;
cf. [17, 18, 25].

COROLLARY 4.6. Assume that both spaces X and Y are Asplund, the sets Q2 C X
and A CY are closed, and the function f : X — Y is strictly Lipschitzian around
Z € X withy:= —f(x) € A. In addition, let A be normally compact around §. Then
the multifunction ® defined by (3.13) is open at a linear rate around (Z,0) if

(4.23) [y* € adist(-,A)(y) and 0€ O(y*, f)(Z)+ N(z;9Q)] = y* = 0.

Proof. Following the proof of Proposition 3.11, we get the respresentation

(4.24) N((z,0);gph ®) = ] Ade(z,0),
A>0

where the distance function ¢(x,y) := dist(y, (x)) is expressed in the form
(425)  p(z,y) =dist(y — f(x),A) + 6((z,9), 2 xY) V(z,y) € X x Y.

One can easily observe that the mapping (z,y) — y — f(z) is strictly Lipschitzian
around (Z,0). Now employing subdifferential calculus rules [35] and Proposition 2.5
in (4.24) and (4.25), we find a number A > 0 such that

(4.26) N((,0);gph @) C | U 00w 0@ x {=xy"}] + N(# Q) x {0}.
A>0y*eddist(-,A) ()

Therefore, condition (4.23) implies criterion (c) in Theorem 4.2 due to (4.26) and
the coderivative construction (2.4). Moreover, Proposition 3.9 ensures that the mul-
tifunction @ in (3.13) is p.n.c. with respect to y around (Z,0) under the assumptions
made. In this way we deduce the corollary from assertion (I) of Theorem 4.2. 0

In conclusion of this section let us consider a global (relative to the image) coun-
terpart of the openness property for closed-graph multifunctions.

DEFINITION 4.7. We say that ® enjoys the covering property around & € Dom ®
if there exist a number a > 0 and a neighborhood U of T such that for any (x,r) with
B,(z) C U one has

Bar(®(2)) C ®(By(2)).
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Each of such numbers a is called the covering modulus for ® around . The supremum
of all covering moduli is called the covering bound for ® around T and is denoted by
(cov @) ().

Let us consider the covering constant

(427)  a(®,7) == inf{|]z*| s.t. 2 € D*®(z,9)(y*), |y =1, and e &)}

related to (4.1) and formulate the covering characterization result that follows from
Theorem 4.2 and Corollary 4.5. Recall that a multifunction ® : X = Y between
Banach spaces is said to be locally compact around Z if there are a neighborhood U
of Z and a compact set V' C Y such that ®(U) C V.

THEOREM 4.8. Let the multifunction ® : X = Y be locally compact around
Z € Dom ®. Consider the following statements:

(a) @ enjoys the covering property around T;

(b) a(®,z) > 0 for the covering constant (4.27);

(c) the coderivative (2.4) at (Z,7) is injective for all g € ®(T), i.e.,

Ker D*®(z,3y) = {0} Vy € &(z);
(d) there exist positive numbers p and ~y such that
[yl < pllz*|| Va* € D*®(z,y)(y"), = € By(2), y € ().

Then (d) = (b) = (c¢) and the following results hold:

(I) When ® is p.n.c. with respect to y around (Z,y) for any § € ®(&) and both
spaces X and Y are Asplund, one has (c)==(a); i.e., each of the conditions (b), (c),
and (d) is sufficient for ® to enjoy the covering property around . Moreover,

(cov ®)(Z) > a(P,T)

when Y is finite dimensional.

(IT) When @ is an arbitrary multifunction from a finite-dimensional space X into
a Banach space Y, one has (a)==(b); i.e., both conditions (b) and (c) are necessary
for @ to enjoy the covering property around T. Moreover, in this case

(cov @)(z) < a(P, T).

(IIT) Each of the conditions (b) and (c) is equivalent to (d) when both spaces X
andY are WCG Asplund and the multifunction ® is normally compact around T for
any j € ©(T).

Proof. Using the local compactness of ® around Z and the compactness arguments
in [26, Theorem 3.9] (cf. also [42, Theorem 2.2]), one can establish that the covering
property of ® around T is equivalent in this case to the openness property of ® around
(Z,q) for every § € ®(Z). Moreover,

a(®,z) = inf{a(®,Z,7)| g € ®(Z)} and (cov @)(Z) = inf{(ope ®)(Z,7)| ¥ € ®(T)}.

In this way one can also check that properties (b)—(d) in the theorem are equivalent
to the fulfilment of the corresponding properties in Theorem 4.2 and Corollary 4.5
for all § € ®(Z) (respectively, all y € &(x) in (d)). Therefore, the results formulated
follow from the corresponding results of Theorem 4.2 and Corollary 4.5. ]
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5. Point characterizations of metric regularity and Lipschitzian stabil-
ity. This section is concerned with other significant properties of closed-graph mul-
tifunctions ® : X = Y related to the openness and covering considered above. We
start with definitions of the (local) metric regularity and pseudo-Lipschitzian proper-
ties initiated, respectively, by Robinson [40] and Aubin [1].

DEFINITION 5.1. (i) @ is said to be local-metrically regular around (z, ) € gph ®
with modulus ¢ > 0 if there exist a neighborhood U of T, a neighborhood V' of 3, and
a number o > 0 such that

dist(z, @' (y)) < cdist(y, ®(z))

for any x € U and y € V satisfying dist(y, ®(x)) < a. The infimum of all reqularity
moduli ¢ is called the bound of local-metric regularity for ® around (Z,y) and is
denoted by (Ireg )(Z, 7).

(ii) @ is said to be pseudo-Lipschitzian around (Z,y) € gph ® with modulus I > 0
if there exist a neighborhood U of & and a neighborhood V of y such that

(5.1) (I)(l‘l) nvV c (I)(.TQ) + l”l‘l - J)QHB Vaxq, 20 € U.

The infimum of all such moduli [ is called the bound of pseudo-Lipschitzness for ®
around (Z,7) and is denoted by (plip ®)(Z, 7).

The interrelations between the properties in Definitions 4.1 and 5.1 can be ob-
tained from Borwein and Zhuang [7] and Penot [37]; cf. also [26].

PROPOSITION 5.2. (I) ® is local-metrically reqular around (Z,y) if and only if ©
is open at a linear rate around (Z,y). Moreover, (lreg ®)(z,y) = 1/(ope @)(Z, 7).

(IT) ® is pseudo-Lipschitzian around (T,y) € gph ® with modulus 1 if and only if
&1 s local-metrically regular around (3, ) with the same modulus ¢ = 1.

Following [26], let us introduce the regularity constant

(5.2)  ¢(?,z,9) :=inf{c >0 s.t. ||y*|| <cllz*|| when z* € D*®(Z,7)(y*)}

and observe the relationships between constants (5.2), (4.1), and the norm (1.2) of
the coderivative (2.4):

(5.3) c(®,z,9) =1/a(®,Z,y) when a(®,Z,7) > 0;
(5.4) (@7, 9,7) = | D*®(z, 7).

Now using Proposition 5.2 and relationships (5.3) and (5.4), one can deduce ef-
fective characterizations of the metric regularity and Lipschitzian behavior of multi-
functions from our main results in Theorem 4.2 and Corollary 4.5.

THEOREM 5.3. (I) Let both spaces X and Y be Asplund and the multifunction
®: X =Y be p.n.c. with respect to y around (%,y) € gph ®. Then each of the
conditions

(5.5) o(®,7,7) < oo

and (c) in Theorem 4.2 is sufficient for ® to be local-metrically reqular around (Z,7).
Moreover, one has

(Ireg @)(z,9) < ¢(2,7,7)

when Y is finite dimensional.
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(IT) Let ® be an arbitrary closed-graph multifunction from a finite-dimensional
space X into a Banach space Y. Then both conditions (5.5) and (c) in Theorem 4.2
are necessary for ® to be local-metrically regular around (z,y). In this case one has

(Ireg )(Z,7) > (P, Z, ).

One can observe that in the classical cases where ® either is strictly differen-
tiable at & or has convex graph, the coderivative criteria of Theorems 4.2 and 5.3
are reduced to the corresponding surjectivity and interiority conditions of the cele-
brated Ljusternik—Graves and Robinson—Ursescu theorems; see, e.g., [2] and references
therein. Note that those conditions turn out to be necessary and sufficient for the
metric regularity /openness (at a linear rate) properties under the assumptions made.
The latter fact holds in more general infinite-dimensional settings; cf. [10, 11, 32].
Let us emphasize that we also get effective modulus estimates.

Next we formulate results on the pseudo-Lipschitzian property that are inverse to
criteria in Theorem 4.2 and Corollary 4.5. One can easily observe from the definitions
that

(5.6) D*®~!(g,7)(z*) = {y* € Y*| 2" € ~D*®(z,7)(~y")}

for any multifunction ® : X = Y between Banach spaces.

THEOREM 54. Let ® : X = Y be a closed-graph multifunction with (Z,y) €
gph ®. Consider the following properties:

(a) @ is pseudo-Lipschitzian around (Z,7);

(b) the coderivative D*®(Z, 5)(-) is bounded, i.e., | D*®(Z, §)|| < oo;

(¢) the coderivative satisfies the null-condition at (Z,7):

(5.7) D*®(z,y)(0) = {0};

(d) there are numbers v >0, n >0, and I > 0 such that the coderivative satisfies
the uniform linear estimate around (Z,9):

sup{[|e”[| s.t. 2™ € D*®(x,y)(y")} <Illy*|| Vo € B,(Z), y € () N By(y), andy” € Y™.

Then (d)=(b)= (c¢) and the following assertions hold:

(I) One has (c)==(a) when ® is p.n.c. with respect to x around (Z,y) and both
spaces X and 'Y are Asplund. Thus in this case each of the conditions (b), (c), and
(d) is sufficient for ® to be pseudo-Lipschitzian around (Z,y). Moreover,

(5.8) (plip @)(z,7) < [[D*®(z,9)||

when X is finite dimensional.

(II) One has (a)=>(b) when ® is an arbitrary multifunction from a Banach space
X into a finite-dimensional space Y. Thus in this case both conditions (b) and (c)
are necessary for ® to be pseudo-Lipschitzian around (Z,y) and, in addition,

(plip ®)(z,9) > | D*®(z, )|

(III) Conditions (b), (c), and (d) are equivalent when both X and Y are WCG
Asplund spaces and ® is normally compact around (T,7).

COROLLARY 5.5. Let X be Asplund, let dimY < oo, and let ® : X = Y be p.n.c.
with respect to x around (&,y). Then each of the conditions (b) and (c) in Theorem
5.4 is necessary and sufficient for ® to be pseudo-Lipschitzian around (Z,7).
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In the next section we present some applications of Theorem 5.4 to Lipschitzian
stability of parametric constraint and variational systems. Now let us show how the
results obtained allow one to characterize Lipschitzian behavior of an extended-real-
valued function ¢ : X — R in terms of its singular subdifferential

(5.9) 9% p(7) :={z" € X7| («7,0) € N((7,(7)); epi @)}

at T € dom ¢. Along with ¢ we consider the epigraphical multifunction E, associated
with ¢ by virtue of (2.10). We say that ¢ is normally epi-compact around z if the
set © := epi ¢ (or the multifunction E,,) is normally compact around (Z, ¢(Z)). The
latter property always holds if ¢ is compactly epi-Lipschitzian (in particular, Lipschitz
continuous or directionally Lipschitzian) around Z; see [22, 35] for more details.

COROLLARY 5.6. Let X be a Banach space and ¢ : X — R be l.s.c. around
Z € dom . Consider the following properties:

(a) @ is Lipschitz continuous around T;

(b) E, is pseudo-Lipschitzian around (Z,¢(Z));

(c) 0p(z) = {0}.

Then one always has (a)<=(b)==-(c). Moreover, (c) is equivalent to (a) and (b)
when X is Asplund and ¢ is normally epi-compact around T.

Proof. Tt follows directly from the definitions that (a)=(b) and, conversely,
(b)==(a) if ¢ is continuous around Z. On the other hand, it is easy to show by
contradiction that the pseudo-Lipschitzian property of E, around (Z, ¢(z)) automat-
ically implies the upper semicontinuity of ¢ around z. This yields the equivalence
between (a) and (b) in general Banach spaces. Further taking (2.4), (2.10), and (5.9)
into account, we observe that

D E, (%, (1))(0) = 9% (7).

Therefore, the implication (b)==(c) follows from Theorem 5.4(II) with ® = E,,.

It remains to prove that (¢)=-(b) when X is Asplund and ¢ is normally epi-
compact around Z. But this is a direct corollary of Theorem 5.4(I) since the normal
epi-compactness of ¢ around Z obviously implies the partial normal compactness of
the multifunction E, with respect to z around (Z, ¢(Z)). O

Remark 5.7. Following the line of [26], one may consider the so-called global-
metric reqularity property of a multifunction ® around Z € Dom & that is a global
counterpart of the regularity property in Definition 5.1. (A local condition y € V
for a neighborhood V of 7 is replaced by y € Y.) Similarly to Theorem 4.8 we can
derive the corresponding characteristics of global-metric regularity from their local
analogues in Theorem 5.3. Moreover, these results follow directly from Theorem 4.8
due to the equivalence between the covering and global-metric regularity properties
established in [32, Proposition 5.2] for the case of general Banach spaces.

In the same way we get effective characteristics for the (Hausdorff) local Lipschitz
continuity of ® around & which corresponds to V =Y in (5.1). Indeed, when ® is
locally compact around Z, its local Lipschitz continuity around this point is equiva-
lent to the pseudo-Lipschitzian property of ® around (Z,y) for every § € ®(z). This
allows us to obtain analogues of the results in Theorem 5.4 for such a local Lipschitz
continuity where one should take every y € ®(Z) in all the criteria and replace By, ()
with Y in (d); cf. the proof of Theorem 4.8 above and [27, Theorem 3.5]. When &
happens to be locally single valued around Z, the results obtained provide dual crite-
ria for the classical local Lipschitzian property of continuous mappings with effective
modulus estimates.
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Remark 5.8. It immediately follows from the proofs given above that the p.n.c.
property in Theorems 4.2, 4.8, 5.3, and 5.4 and their corollaries can be replaced
with the weaker sequential limiting property established in Proposition 3.8 and called
partial sequential normal compactness in [36].

6. Applications to sensitivity analysis for constraint and variational
systems. In this section we consider a class of multifunctions ® : X = Y given in
the form

(6.1) O(x) ={y € Y| g(z,y) € A, (z,y) € Q},

where g : X XY — Z is a mapping between Banach spaces and A and 2 are subsets
of the spaces Z and X x Y, respectively. Following Rockafellar [42], we call (6.1)
constraint systems depending on a parameter z € X. One can treat (6.1) as, e.g., a
natural generalization of the feasible solution sets to perturbed problems in nonlinear
programming with equality and inequality constraints described by

(6.2) @(x) ={y| pi(x,y) <0fori=1,...,rand p;(z,y) =0fori=r+1,...,q},
which corresponds to (6.1) when g = (¢1,...,¢4), 2 =X xY, Z=R9, and
(6.3) A={(p1,.. ., pg) ps <Ofori=1,...,rand y; =0fori =r+1,...,q}.

A special case of (6.1) with A = {0} and Q@ = X x Y is addressed by the classical
implicit function theorem when the mapping (6.1) is single valued and smooth. In
general we have an implicit multifunction in this case and are interested in properties
of Lipschitz continuity.

Another important class of multifunctions described by (6.1) is related to solution
sets for parametrized generalized equations

(6.4) O(z) ={yeY|0€ f(z,y) + Qy)},

where f: X xY — W and Q : Y = W. One can see that (6.4) corresponds to (6.1)
with

(6.5) g(x,y) = (y,—f(z,y)), A=gphQ, Q=X xY, Z=Y xW.

Generalized equations were introduced by Robinson [41] and turned out to be a very
convenient model for developing sensitivity analysis and numerical methods in prob-
lems of optimization, control, complementarity, mathematical economics, equilibrium,
etc.; see, e.g., [11, 19, 30, 41] and references therein. When Q(y) = N(y;Q?) is the
normal-cone operator for a convex set €2, the generalized equation in (6.4) is reduced
to the parametric variational inequality

find y € Q s.t. {(f(z,y),w—y) >0 Yw € Q,

which is of particular interest for applications. As an important special case, gen-
eralized equations/variational inequalities include sets of all optimal solutions with
associated Lagrange multipliers satisfying first-order necessary optimality conditions
in nonlinear programming and optimal control.

In what follows we obtain point conditions ensuring the pseudo-Lipschitzian prop-
erty for parametric constraint systems (6.1) and generalized equations (6.4) in infinite
dimensions. To furnish this, we develop the approach and results in Mordukhovich
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[27, 30] where such conditions were obtained in the case of finite dimensional spaces
X, Y, Z,and W. This approach is based on using the null-condition (5.7) in Theorem
5.4 valid for arbitrary closed-graph multifunctions and then on effective calculus rules
available for our basic generalized differential constructions. In this way we are able
to express sufficient as well as necessary and sufficient conditions for Lipschitzian
stability of parametric systems under consideration in terms of their initial data.
Moreover, we provide lower and upper estimates for the exact bounds of associated
Lipschitz moduli that appears to be even more practical in some situations.

THEOREM 6.1. Let ® be defined by (6.1), where g : X XY — Z is a continuous
function and A C Z and Q C X x Y are closed sets with z := ¢g(Z,y) € A and
(Z,79) € Q. Then one has the following results:

(I) Assume that dim X < oo, § is normally compact around (Z,q), and either

(hl) both Y and Z are Asplund while A is normally compact around Zz, or

(h2) both Y and Z are Banach while g is strictly differentiable at (Z,y) with
g (Z,q) invertible.
Then ® is pseudo-Lipschitzian around T if the following three conditions are fulfilled
simultaneously:

(6.6) [(z*,0) € D*g(z,y)(z") + N((z,9); Q) and 2" € N(z;A)] = 2" =0,
(6.7) D*g(z,9)(z") N (=N((z,9); Q) = {0} V2" € N(z;7),
(6.8) Ker D*g(z,5) N N(g(z,7); A) = {0}.

Moreover, under these assumptions one has the upper estimate

(6.9) (plip ®)(Z,y) <I:=sup {||ac*|| s.t. (z*,—y*) € U[D*g(i,gj)(z*) with
e N(E N+ N(@,9):9), Iyl <1}

(I1) Let dim Y < oo, and let one of the following groups of hypotheses hold:

(h3) the spaces X and Z are Asplund; the sets ) and A are regular at the points
(z,9) and z, respectively; the qualification conditions (6.7) and (6.8) are fulfilled; and
either g is strictly differentiable at (Z,y) or dim Z < co and g is Lipschitz continuous
at this point with gph g reqular at (Z,7, z);

(h4) both X and Z are Banach, Q = X XY, and g is strictly differentiable at
(Z,y) with ¢'(Z,7) invertible.

Then condition (6.6) is necessary for the pseudo-Lipschitzian property of ® around
(Z,9). Moreover, under these assumptions one has the lower estimate (plip ®)(Z,y) >
I, where the number [ is defined in (6.9).

Proof. Let us observe that gph ® = g=1(A) N Q for the multifunction ® in (6.1).

Therefore, its coderivative (2.4) is represented in the form

(6.10)  D*®(z,7)(y") = {=" € X*| (¢", —y*) € N((,9):97 (M) NQ)}.

Using the calculus of normal cones [35, Corollary 4.5], we obtain the inclusion
(6.11) N((z,5);9 1 (A)NQ) € N((z,5);97 ' (A)) + N((z,9); Q),
provided that Q is normally compact around (Z, %) and the qualification condition

(6.12) N((@.9):97" (A) N (=N((z,7); Q) = {0}
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is fulfilled. Moreover, equality holds in (6.11) when either Q& = X x Y or both sets §2
and g~1(A) are regular at (z,%).

Next let us use [35, Corollary 6.9] for representing the normal cone to g~1(A) at
(Z,7). According to this result the qualification condition (6.8), Asplundity of X, and
assumptions (hl) in the theorem ensure the inclusion

(6.13) N((@,9);97 ' (W) C D g(,9)(z")| 2% € N(zA)],

where, in addition, equality holds and g~!(A) is regular at (Z, %) under assumptions

(h3) concerning g, A, and Z. Moreover, equality also holds in (6.13) (but no regularity

of g7!(A) is guaranteed) under assumptions (h2) with a Banach space X; see [33,

Corollary 4.4]. Thus (6.12) follows from (6.7) under the assumptions made in (I).
Now substituting (6.13) into (6.10)—(6.12), we arrive at the inclusion

(6.14) D*®(z,4)(y*) C {x € X*| («*,—y*) € | JID*9(z,7)(z*) with
" € Nz A+ N(7,9):0) },

which is valid when 2 is normally compact around (Z, §), the qualification conditions
(6.7) and (6.8) are fulfilled, and either X is Asplund and assumptions (h1) hold or X
is Banach and one has assumptions (h2). (Note that (6.8) is automatic in the latter
case.) Therefore, (6.6) implies the null-condition (5.7) in Theorem 5.4(I), while the
upper estimate (6.9) follows from (5.8) and (1.2). This proves the sufficiency assertion
(I) of the theorem.

To establish the necessity part (II), we use the assumptions above ensuring equal-
ity in the coderivative formula (6.14). Finally employing Theorem 5.4(II), we come
to all the conclusions (II) of the theorem under the assumptions made therein. O

COROLLARY 6.2. Let ® be defined in (6.1), where dim X < oo, Y and Z are
Asplund, g is strictly Lipschitzian ot (%, ), and the sets Q and A are normally compact
around (Z,q) and z, respectively. Then the condition

(6.15) [(z*,0) € 0(z*,g)(Z,5) + N((Z,9); Q) and z* € N(z;\)] = z* =0, z*=0,

is sufficient for ® to be pseudo-Lipschitzian around (Z,y), and one can replace
D*g(z,9)(z*) with 8(z*, g)(Z,y) in the upper estimate (6.9).

Proof. First we observe that Proposition 2.5 allows us to replace D*g(Z, §)(z*)
with 9(z*, ¢)(Z, §) in all conditions (6.6)—(6.9) when g is strictly Lipschitzian at (Z, §)
and both X and Y are Asplund. Then following [27, Corollary 4.2], one can show
that in this case the simultaneous fulfillment of conditions (6.6)—(6.8) is equiva-
lent to (6.15). Thus we obtain all the conclusions of the corollary from Theorem
6.1(I). O

Following [27, 30], one can derive various consequences of Theorem 6.1 and Corol-
lary 6.2 for special parametric constraint systems. Let us present effective results for
the classical constraint system (6.2) in nonlinear programming that seem to be new
in infinite dimensions.

COROLLARY 6.3. Let ® be given by (6.2), where real-valued functions @; are
strictly differentiable at (z,qy) for alli=1,...,q. Then the following hold:

(I) The Mangasarian—Fromovitz condition

[Al(Qpl)ly(‘(zag) + JF)‘q(‘Pq);;(fvg) = O] = ANi=0 fori=1,...,q
if A\ >0 and \pi(Z,5) =0 for i=1,...,r
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is sufficient for ® to be pseudo-Lipschitzian around (T,q) when dim X < co and Y
is Asplund. Moreover, in this case one has the upper modulus estimate

q

> i) (z,9)

i=1

> Ay (@, 9)

i=1

s.t. <1,

(plip @)(7, ) < sup {

Ai >0, and \ipi(Z,5) =0 for izl,...,r}.

(IT) Let X be Asplund and let dim Y < oo. Then the condition
q q
lz Ai(pi)y(@,9) = 01 = lz Ai(@i)z (T, 9) = O]
i=1 i=1
if A\ >0 and \pi(Z,5) =0 for i=1,...,r
is necessary for the pseudo-Lipschitzian property of ® around (Z,y) provided that
M1 (Z,9) 4+ -+ Ay (Z,9)] = Xi =0 for i=1,...,q
if A >0 and Npi(Z,5) =0 for i=1,...,r

Proof. This follows from Theorem 6.1 with g = (¢1,...,¢4) : X XY - R?, Q =
X x Y, and A defined in (6.3) by taking into account representations (2.5) and
N(g(i‘,g),/\) = {(/\17 .. .,/\q) € R \; > 0 with )\14,01(5:,@) =0 for i=1,... ,7“}. 0

Next we provide a local sensitivity analysis for generalized equations and find effec-
tive conditions ensuring the pseudo-Lipschitzian property of the parametric solution
sets (6.4).

THEOREM 6.4. Let ® be defined by (6.4), where f : X xY — W is continuous
around (Z,y) € gph ® and where @ :' Y = W has closed graph around (g, w) with
w = —f(Z,y). Assume that both'Y and W are Asplund, that dim X < oo, and that
Q is normally compact around (g, w). Then the condition
(6.16) [(z", —y") € D" f(Z,y)(w") and y* € D*Q(y, w)(w")]

=" =0,y" =0, w" =0
is sufficient for ® to be pseudo-Lipschitzian around (T, ). Moreover, in this case one
has the upper modulus estimate

(6.17) (plip ®)(2,9) < sup{[|z*|| s.t. (2", —y") € D*f(Z,9)(y")
+ (0, D7Q(y, w)(w*)) with (y*,w*) € Y* x W*, [ly*| < 1}.

Proof. Let us represent (6.4) in form (6.1) with data (6.5) and evaluate the
coderivative of this ® using inclusion (6.14). In order to do it, we first compute the
coderivative of g in (6.5). For this g one obviously has

(6.18) 9(x,y) = g1(z,y) + g2(z, y),
where g1 (z,y) := (y,0) and go(x,y) := (0, —f(z,y)). It is easy to see that
D*gy(z,9)(u", —w*) = (0,u*) and D*g2(z,7)(u", —w*) = D*f(z,7)(w*)
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for all (u*,w*) € Y* x W*. Now applying the coderivative sum rule [36, Theorem
3.6] in (6.18), we get

D*g(z,5) (v, —w*) = (0,u*) + D* f(Z, §)(w").
According to (6.14) this yields the inclusion
(6.19) D*®(z,y)(y") C {z" € X*| (27, —y") € D" f(Z,y)(w") + (0, D*Q(y, w)(w"))}

for the coderivative of (6.4). Finally substituting (6.19) into (5.7) and (5.8), we
derive conclusions (6.16) and (6.17) of the theorem from the corresponding results of
Theorem 5.4(I). O

COROLLARY 6.5. Let f be strictly Lipschitzian at (T,
assumptions in Theorem 6.4. Then the solution map (
around (Z,q) if one has

¥), in addition to the other
6.4) is pseudo-Lipschitzian

(6.20) [0 € proj, d(w™, £)(Z,y) + D*Q(y, w)(w")] = w* =0,

where proj, d(w*, f)(Z,y) denotes the projection of the set d(w*, f)(z,y) C X* x YV~
on the space Y*.

Proof. When f is strictly Lipschitzian at (Z,§), condition (6.20) is equivalent to
(6.16) due to Proposition 2.5. 0

Finally let us consider the generalized equation in (6.4), where f is strictly differ-
entiable at (Z,y). In this case we introduce the adjoint relationship of the same (but
linearized /homogenized and unperturbed) form

(6.21) 0 € (fy(2,9)) w* + D*Q(y, w)(w”),

which is called the adjoint generalized equation to (6.4) at (Z,7). Now we are able to
obtain sufficient as well as necessary conditions for the pseudo-Lipschitzian property
of the original solution map (6.4) in the form of Fredholm’s alternative.

THEOREM 6.6. Let ® be given by (6.4), where f is strictly differentiable at (Z,7)
in the framework of Theorem 6.4. Then the following hold:

(I) Assume that dim X < oo and either

(hl) both Y and W are Asplund while Q is normally compact around (§,w), or

(h2) Y is Banach and the operator fL(Z,7) : X — W is invertible (hence dim
W < 00).
Then ® is pseudo-Lipschitzian around (Z,y) if the adjoint generalized equation (6.21)
has only the trivial solution, i.e.,

(6.22) [0 € (fy(z,9)w" + D*Q(y, w)(w*)] = w* = 0.

Moreover, under these assumptions one has the upper modulus estimate

(6.23)  (plip ®)(2,9) < sup{[|(f;(z,9))*w*|| s.t. Iy* € D*Q(y, w)(w")
with |[(f,(Z, )" w* +y*|| < 1}.

(IT) Assume that dim Y < oo and either

(h3) both X and W are Asplund, Ker(f.(Z,y))* = {0} while the graph of Q is
reqular at (y,w), or

(h4) both X and W are Banach while the operator f.(Z,y) is invertible.
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Then condition (6.22) is necessary for ® to be pseudo-Lipschitzian around (Z,7), and
one has the opposite inequality in (6.23).

Proof. 1t is easy to see that the sufficiency part (I) of the theorem follows from
Corollary 6.5 under assumptions (hl). To establish (I) under assumptions (h2), we
observe that the operator g : X xY — Y x W defined in (6.5) has the invertible strict
derivative at (Z,7) if the linear operator f.(Z,7) : X x Y — W is invertible. In this
case conditions (6.7) and (6.8) are automatic while (6.6) is equivalent to (6.22) and
yields the pseudo-Lipschitzian property of (6.4) due to Theorem 6.1(I). The upper
estimate (6.23) follows from (6.17) due to formula (2.5). This ends the proof of (I).

The necessity part (II) of the theorem follows from Theorem 6.1(II) for the special
structure (6.5). O

COROLLARY 6.7. Condition (6.22) is necessary and sufficient for the pseudo-
Lipschitzian property of the solution map (6.4) around (Z,y) when spaces X and Y
are finite dimensional and one of the following groups of hypotheses is fulfilled:

(h1) W is Asplund, Ker(fL(Z,5))* = {0}, Q is normally compact around (g, o)
while the graph of Q is reqular at this point;

(h2) dim W < oo and f1(Z,q) is invertible.

In both cases (h1) and (h2) equality holds in (6.23), where the supremum, is attained.

Proof. This follows directly from Theorem 6.6, combining assertions (I) and (II)
therein. We can conclude that the supremum is attained in (6.23) because both spaces
X and Y are finite dimensional; cf. [30]. O

Remark 6.8. Similarly to [27, 29, 30] in the finite-dimensional case, we can con-
sider various concretizations and refinements of the results obtained when the multi-
function () admits some special representations. In particular, let @ : Y = Y™* be a
subdifferential mapping, i.e.,

0 if 0,

in terms of the subdifferential (2.6) of an extended-real-valued function. Then the
pseudo-Lipschitzian property of the solution map (6.4) generated by (6.24) can be
characterized by the second-order subdifferential of ¢ at (g, w) € gph dp defined as
9*p(y, w)(w*) := (D*0p)(y, w)(w").

Note that subdifferential mappings (6.24) cover the case of variational inequalities
and complementarity problems in (6.4) when ¢ is the indicator function of a convex
set. Note also that another approach [29] can be developed to obtain refined sufficient
conditions for Lipschitzian stability of infinite-dimensional variational systems like
(6.4).

Remark 6.9. Results of this paper related to sufficient conditions for openness,
metric regularity, and Lipschitzian stability of set-valued mappings as well as their
applications to sensitivity analysis can be obtained in broader classes of Banach spaces
using different subdifferential structures. Indeed, one can observe that the proof of the
main Theorem 4.2(I) holds true for sequential limits of any subdifferentials satisfying
the “zero fuzzy calculus” rule of Proposition 2.4 in appropriate Banach spaces. Such a
rule appears to be important for all reasonable subdifferentials, and now it is known for
most subdifferential constructions used in applications; see, e.g., the recent paper [6]
and its references. In this connection let us note that, for an arbitrary Banach space,
our basic subdifferential (2.6) is included in the sequential closure of any subdifferential
satisfying the “zero fuzzy calculus” rule mentioned above; see [35, Theorem 9.7].
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FIRST- AND SECOND-ORDER SUFFICIENT OPTIMALITY
CONDITIONS FOR BANG-BANG CONTROLS*

ANDREI V. SARYCHEV'

Abstract. We study Li-local optimality of a given control @(-) in the time-optimal control prob-
lem for an affine control system. We start with the necessary optimality condition—the Pontryagin
maximum principle, which selects the candidates for minimizers, the extremal controls. Generally
the corresponding Pontryagin extremals consist of bang-bang and singular subarcs, separated by
switching points. In the present paper we treat only pure bang-bang extremals. We introduce ex-
tended first and second variations along a bang-bang extremal and establish first- and second-order
sufficient optimality conditions for the bang-bang extremal controls.

Key words. optimal control problem, Pontryagin maximum principle, bang-bang extremals,
sufficient optimality conditions
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1. Introduction. We consider a nonlinear time-optimal control problem:

(1.1) t — min,
(12) G= f(Q) + G(q)u(T)a Q(O) =qo, €M, uel,
(1.3) qt) = q1,

for an affine control system (1.2) with end-point condition (1.3) on a C*°-smooth
n-dimensional manifold M. Here G(q) = (9'(q),...,9"(q)) and f(q),g'(q),...,g"(q)
are C*°-smooth vector fields on M; admissible controls u(7) = (u1(7),...,u,(7)) are
measurable and take their values in a convex compact polyhedron U C R".

We set the problem of Lj-local optimality according to the following definition.

DEFINITION 1.1. A pair (a(-),§(-)) meeting (1.2)—(1.3) for t = T is called Ly
locally optimal if there exist A > 0 and a ballU D a(-) in LY[0,T] such that no admis-
sible control from U can steer the system (1.2) from qo to q1 in time T' € [T — A, T).

A first-order optimality condition for the problem (1.1)-(1.3) is provided by the
Pontryagin mazimum principle (see [7]). If a pair (@(-),G(-)) meets this principle for
some covector function (Hamiltonian multiplier) C(-), then the triple (a(-),(-),¢(+))
is called a Pontryagin extremal and 4(-) is called the extremal control. There can exist
different Pontryagin extremals with different f (+) corresponding to the same extremal
control u(-).

In what follows we assume that the extremal control @(-) is a piecewise C''-smooth
function of 7. Then due to the Pontryagin maximum principle the domain [0,7] of
@(+) can be subdivided into subintervals 0 =79 < 71 < +++ < Ty, < Typy1 = 7' in such
way that for each 7 € (74, 7;41) the maximality condition of the Pontryagin maximum
principle is fulfilled on a k;-dimensional (k; > 0) face W; of the polyhedron U. The

*Received by the editors March 26, 1993; accepted for publication (in revised form) November
27, 1995. This research was supported in part by the A. von Humboldt Foundation, Germany. A
version of this paper was presented at the 35th IEEE Conference on Decision and Control, Kobe,
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subinterval (7;,7;41) is called bang-bang if k; = 0; i.e., the maximum is achieved at a
vertex of U and is called singular if k; is positive. The points 7; (i = 1,...,m) are
called switching points.

As is well known, the extremality of control @(-) does not imply its optimality. To
ascertain optimality one should at least investigate the second variation of the con-
trol system (1.2) on singular subintervals. But even bang-bang Pontryagin extremals,
which have no singular arcs, may happen to be nonoptimal. Corresponding examples,
as well as some high-order necessary optimality conditions for bang-bang extremals,
can be found in [4, 15, 16, 17].

One should note a characteristic feature of bang-bang Pontryagin extremals: the
first variation of the system (1.2) along these extremals cannot be nontrivially nullified.
Due to this fact the traditional approach of the calculus of variations and optimal
control theory is no longer valid in the bang-bang case, since the first-order conditions
do not guarantee optimality, while high-order variations, which according to this
approach are to be defined on the kernel of the first variation, simply do not exist
because this kernel is trivial.

To overcome the difficulties we shall introduce below an extension of the first
variation by adding to the space of admissible variations of the extremal control a(-)
some finite-dimensional space of Dirac measures, located at the switching points of
the extremal. This extension gives new addends for the first and the second varia-
tions, which are called first and second variations of the system at switching points of
extremal.

Studying the first variation at switching points we derive a first-order sufficient
condition of Lq-local optimality for bang-bang Pontryagin extremals (Theorem 6.1).
When this condition is not met for a bang-bang extremal, we bring into consideration a
corresponding second variation at switching points. It is a finite-dimensional quadratic
form and its negative definiteness is the crucial point for setting second-order sufficient
conditions of optimality for bang-bang Pontryagin extremals (Theorems 7.1 and 7.2).

In a forthcoming paper we are going to present a Legendre-Jacobi-Morse-type
theory of the second variation for Pontryagin extremals, containing both bang-bang
and singular arcs, and establish for these extremals second-order sufficient optimality
conditions. Most of these results has been published in the preprint [13]; part of the
formulations have been presented in [12, 14].

2. Preliminaries. Below we introduce some notation of chronological calculus
developed by Agrachev and Gamkrelidze. The details are to be found in [1, 3].

Let C°°(M) be an algebra of infinitely differentiable or smooth functions on M.
The value of p € C*°(M) at a point ¢ € M is denoted by g o ¢. The correspondence
@ +— q o @ defines a multiplicative functional on M. A diffeomorphism P : M — M
is identified with the corresponding automorphism of C®°(M): ¢(-) — Po ¢(-) =
©(P(+)). The group of diffeomorphisms P : M — M is denoted by Diff M. The value of
P € DifftM at a point ¢ € M is denoted go P. Smooth vector fields on M are arbitrary
derivations of the algebra C'°°(M), or R-linear mappings YV : C*°(M) — C>®(M)
satisfying the Leibnitz rule: Y (p¢) = (Y )1 + ¢(Y¢). The value of a vector field ¥
at a point ¢ € M is denoted goY’; it belongs to the tangent space T, M to M at point
g. We denote by [Y, Z] the commutator or Lie bracket of vector fields Y, Z. In local
coordinates on M this Lie bracket is calculated as

Y, Z) = |>_Yi0/0x:,»  Z:0)0w;| =Y (0Z;/0xY — 0Y;/0xZ)D/0u;.
=1 i=1

=1
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The Lie algebra of smooth vector fields on M is denoted by Vect M. Let us note that
defining diffeomorphisms and vector fields as operators of C*°(M) we embed them in
some linear space of linear operators £(C*> (M), C>*(M)).

For P € DiffM the symbol AdP denotes the following inner automorphism of the
Lie algebra. VectM: AdPY = PoYoP~! = (0P~1/0zY)(P(-)) = P7'Y. (We denote
by P1Y the result of translation of the vector field Y by the diffeomorphism P~1.)
For Y € VectM the inner derivation adY of Vect M is defined as (adY)Z = [V, Z] VZ €
VectM.

The Whitney topology in C°° (M) is introduced by means of a family of seminorms
IIls, i, where s > 0, K is a compact set (KX C M), and the seminorm ||-||s, x introduces
the topology of uniform convergence of all derivatives of order < s on the compact
set K. The Whitney topology in the space of vector fields is defined by means of the
family of seminorms

IYlls,x = sup{[IY¢lls & : [lpllstr,r0 = 1} VY € VectM.

The Whitney topology introduces the structure of a Frechet space in VectM.

A flow on M is an absolutely continuous curve 7 +— P, in Diff M (Py = I—the
identical isomorphism) such that ¢(P-(+)) is absolutely continuous with respect to 7
for every ¢ € C®(M). A time-dependent vector field on M is a locally integrable
curve 7 — Y, in Vect M such that Vo € C°°(M), the function (Y;¢)(q) is measurable
with respect to 7 for every ¢ € M and

ta
/ 1Yrolls kdr < 400 Vi1 < tg, Vs, K.

t1

A time-dependent vector field 7 — Y, defines the ordinary differential equation
G(t) = q(7) o Y; on the manifold M; if every solution of the differential equation is
defined V7 € R, then the vector field Y, is called complete. A complete vector field
Y. defines a flow P, (7 € R) on M, the unique solution of the operator differential
equation

(2.1) dP,Jdr = P, oY,, Py=1.

This solution can be represented (see [1, 3]) as right chronological exponential

in Y;, denoted by P; :ez) fot Y, dr. If the vector field Y, is time independent, i.e.,

Y, =Y, then the corresponding flow is denoted by P, = e?Y¥ .

Let us also introduce the Volterra expansion, or Volterra series, for the chrono-
logical exponential exp fg Y. dr. Tt is expressed as follows (see [1, 3]):

t o0 t T1 Ti—1 t
e?p/YTdeI—i—Z/dTl/ dTQ.../ dTi(Yno-noYTl):I—i—/Yﬁdﬁ
0 = Jo 0 0 0

t pT1 t pT1 T2
(22) +/ / (Y‘f'z © YT1)dT2dTl +/ / / (YT3 o Y’T2 o YTl)dT?)dTQdTl + -
0 J0 0 JO0 0

One can prove that the Volterra series (2.2) provides an asymptotic approximation
for exp fg Y, dr. Namely, according to [1], Vo € C°(M)

t £—1 t T Ti—1
e?p/YTdT—<I+Z/ drl/ dTQ.../ dTi(Y.,.io~-~oYTl)><p
0 i=1 70 0 0

(2.3) < CelezJo Y71l zdr) </O IIYTIISH_Lde) 1l sre, 2>

s, K
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where K is some compact neighborhood of the compact set K. Since further on we
deal with some neighborhood of a continuous curve §(-) : [0,7] — M, then without
lack of generality we may assume M to be compact or, all the same, ignore dependence
of || - |ls,x on K.

It follows also from the results of [1] that

t T1 Te—1
H(/ dTl/ dTQ.../ dTg(YUon-oYTl))(p
0 0 0

L

t
sc( / ||YT||s+e_1dr) lllose.

We put
t T1 Te—1
”(/ dTl/ dTg.../ dTg(YnO-”OYTl))H
0 0 0
t T1 Te—1
:sup{’/ dTl/ dTQ.../ dre(Yr, 00 Y )p)|| ||<p|g:1}
0 0 0 0
and
t T1 Ti—1
qOO(/ dﬁ/ dTQ.../ dTg(Y.,.eo~~~oY7.1))H
0 0 0
t T1 Te—1
(2.4) infsup{‘/ dTl/ dTQ.../ drg(Yy, 0 0Y )|l |
v 0 0 0 0

suppy C V, l¢lle = 1}

with the infimum taken over the set of all neighborhoods V of the point qo € M.
Finally, if ¢ € 77 M is a covector, then we put

t T1 Te—1
H<C,qoo</0 dTl/O dTQ.../O dTg(YTZO---OYTl))>H
t T
|

Te—1
(2.5) = inf sup { /dT1 dry...[ drg(Yy,0---0Yy )p)
4 0 0 0

0
suppp C V, dlg, = ¢, llolle = 1} :
If one considers a family of operators AdP, produced by a flow exp fot Y. dr, then
differentiating AdP,Z = P,o Z o Pt_1 with respect to ¢, one obtains
d(AdP.Z)/dt = AdP; o adY;Z VZ € Vect M,

or after omission of Z : d(AdP;)/dt = AdP; o adY;. This means, that AdP; satisfies
an operator differential equation similar to (2.1) and justifies the notation

t t
Ad (&;’) / YTdT) = exp / adY, dr.
0 0

This last chronological exponential also admits the Volterra expansion

t o0 t T1 Ti—1
e?p/ adYTdeI+Z/ dﬁ/ dTQ.../ dr;(adY;, o -+ o adYy,).
0 i—1 70 0 0
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Let us assume for the moment that time-dependent vector fields Y, and Y, + Z;
are complete. The following variant of the variation of constants formula appeared in
[1]; it represents the flow exp fOt(YT + Z;)dr as a perturbation of the flow exp fot Y. dr:

t t T t
e?p/ (YT+ZT)dT:e?p/ Ad (e?p/ Ygd@) ZTdToe?p/ Y, dr.
0 0 0 0

By virtue of the aforesaid one may also write

t t T t
(2.6) &13/ (YT+ZT)dT:e¥IS/ e?p/ adygdoz,droeﬁs/ Y, dr.
0 0 0 0

3. Local properties of end-point mapping and optimality. Let @(7) be
an admissible control which steers the system (1.2) from ¢p to ¢; in time 7. In
what follows we always assume that the final moment T is a generic (Lebesgue)
point of 7 — @(7) (a non-Lebesgue point would require minor modifications to the
transversality condition of the Pontryagin maximum principle and of the high-order
conditions which are presented below).

Let us put f,(¢) = f(q) + G(q)i(r) and denote by P, = exp fot frdr (t €[0,T])
the solution of ordinary differential equation

OP,/dr = Py o f;, 7€ [0,T], Py =1.

Let u(-) be an admissible variation of @(-), i.e., a(7)+u(r) € U for every 7 € [0, T].
We consider a family of mappings F; : L, — M defined on the space of admissible
variations. For a given ¢ the mapping F; maps u(-)|[o¢ into the point

a(t) = qo0 oD / (F + Gu(r))dr

of the trajectory ¢(-) of the system (1.2) driven by @(-) + u(-). When ¢t = T we will
call Fr an end-point mapping.

It is known (see [1, 3]) that F} is C*°-smooth with respect to u(:) in some neigh-
borhood of the origin of L7_[0,7]. By virtue of the variation of constants formula
(2.6) one can represent Fy as

¢
Fu() = a0 b | (7o + Gu(r))dr
0
N t N T - N t
(3.1) = (o© €xp (exp / adfadﬁ) Gu(t)dro exp / frdr.
0 0 0
It is often more suitable to use a family of mappings ®(u(-)) = F,(u(-)) o P,"" in

place of F;. To calculate ®; one should map u(-) into ¢(t) by means of F; and then

pull the result back by P,' = (exp [ frdr)~". It follows from (3.1) that ®, can be
represented as

t

(3.2) D (u(-)) = qoo e;f)/ X, u-dr,
0

where

T

(3.3) X, = (X} ... X", X! :e?p/ adfedfg’ (i=1,...,7).
0
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This means that @, is determined by a time-dependent differential equation

(3.4) q(1) = q(7) o Xru(7), q(0) = qo,

which is linear (homogeneous) with respect to the control w.

Obviously ®;(0) = g for any t. We call &7 the pulled-back end-point mapping
(below the words pulled-back are omitted for the sake of brevity).

Taking the Volterra expansion (see (2.2) for the chronological exponential (3.2)
(with t = T), we obtain Taylor expansion for ®r:

T T T
Sr(u()) = g0 + o 0 / Xdr + g0 / / Xeu(€)de o X, u(r)dr

T T 13

(Let us recall that the vector fields and their compositions, appearing in this formula,
belong to the linear space of operators over C*°(M).)

We are going to establish the relations between the optimality of @(-) and the
properties of the end-point mappings Fr and ®7. We shall present some (almost
trivial) results which provide sufficient optimality conditions for @(-) in terms of local
properties of Fr and ®7. In fact one can hardly apply these results directly, but they
are useful as auxiliary tools. To prove optimality we shall verify the conditions of one
of these auxiliary propositions.

Let us for a moment consider F;(u(-)) as the mapping defined on the pairs (¢, u(-)).
Define a small (semi)neighborhood Wa of (T, 4(-)) as W x (T —A, T, where W is small
in terms of the L;-metric neighborhood of @(-) in the space of admissible controls.

For a subset A C M let us define a set of tangent vectors to A at a point a € A
as a set of tangent vectors to the Cl-curves v : [0,e) — M, starting at v(0) = a and
such that (1) € A for 7 € (0,¢).

PROPOSITION 3.1. Let Fr(ua(-)) = q1. If for some small (in terms of the metric
of R x LY[0,T]) neighborhood Wa of (T,u(-)) the vector q; o fr does not belong to the
set of tangent vectors (at the point q1) to the image F (W), then the control a(-) is
optimal for the problem (1.1)—(1.3).

Proof. Indeed, if @(-) is nonoptimal, this means that for some € € (0, A],

Q1 € Fr_(W) C F(W.) C F(Wa).

Let us consider the trajectory of the control system (1.2), starting at g;, which is
driven by the constant control u = @(T) (or, equivalently, the trajectory of the vector

field fT) It follows from the definition of F; that ¢; o /T € Fr_cin(W) C F(Wa)

for n € [0,]. Therefore the tangent vector ¢; o fT to the curve g, o e at ¢; belongs
to the set of tangent vectors, and we get a contradiction. a

In what follows we proceed from a stronger hypothesis than that of Proposi-
tion 3.1. Namely we will assume the existence of a nonzero covector ¢; € 74, M, such
that the tangent vectors to the image F' (Wa) belong to the semispace {y : ((1,y) <0}
of T,, M, while ({1, q1 0 fr) > 0. When the first-order (with respect to the variation of
the final moment T") tangent vector dFr_.(4(-))/de|.=0 = —q1 o fr belongs to the open
semispace {y : (C1,y) < 0}, one can easily prove that whenever the tangent vectors
to the image Fp (W) (with fixed T!) belong to the semispace {y : ((1,y) < 0}, then
the same holds for the tangent vectors to F'(Wa). So in this case one can dispense
with the variation of the final moment 7. This gives the following.
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PROPOSITION 3.2. If there exists a neighborhood (in terms of Li-metric) W of
the control @(-) in the space of admissible controls such that the vector q; o fT can be
strictly separated by a nonzero covector 1 € 1) M from the set of tangent vectors to
the image Fr(W) at the point q1, then u(-) is optimal for the problem (1.1)—(1.3).

Finally we will reformulate the Proposition 3.2 by passing from Fp to @ and
pulling back the whole consideration from ¢; to qg.

PROPOSITION 3.3 (auxiliary lemma on optimality). If there exists a neighborhood
(in terms of the Li-metric) W of the control 4(-) in the space of admissible controls

such that the vector Yr = qq oAd(e?f) fOT deT)fT can be strictly separated by a nonzero
covector (o € Tr M from the set of tangent vectors to the image ®1(W) at the point
qo, then @(-) is optimal for the problem (1.1)—(1.3).

4. First and second variations of control system. Pontryagin maximum
principle. In the previous section we have established the relation between optimal-
ity of 4(-) and local properties of the end-point mappings Fr and ®7. These local
properties are essentially determined by Taylor expansions of Fpr and ®7. In this
section we define first and second variations of the control system (1.2) which corre-
spond to the first and second differentials of ®7. We also formulate the Pontryagin
maximum principle, which provides first-order necessary optimality condition for a(-).

From the Volterra expansion (3.5) of ®7 one derives an expression

T
(4.1) Oru(-) :/0 qo o X u(r)dr

for the (first) differential of @1 at the origin of L7 [0, T]; here X is defined according
0 (3.3). Obviously (4.1) defines linear mapping from L’_[0,T] into 7, M.

Let u(-) € U, where U is the set of admissible controls of the system (1.2). A
cone of admissible variations of @(-) is by definition the (convex) conic hull of the set
U — u(-). We denote this cone by KzU.

DEFINITION 4.1. The restriction of the first differential . to the cone Kzl is
called the first variation of the system (1.2) on [0,T] along the control u(-). The image
O (Kzl) is called the first variational cone along 4(-).

It is clear, that (for any € > 0) the first variational cone along 4(-) is a subset of the
set of tangent vectors to the image @7 (U ), where U, = {u(-) e U : |ju — 4|, < €}
The auxiliary lemma on optimality implies that the strict separability of the vector
Yr= qooAd(er) fOT deT) fT from the set of tangent vectors is sufficient for optimality
of @(-). The Pontryagin maximum principle implies (see [7]) that separability of Y1
from the first variational cone along (-) is necessary for optimality of a(-).

DEFINITION 4.2. A control u(-) is called an extremal control for the problem (1.1)—
(1.3) if the vector Y = qo o Ad(exp fOT(f + Gu(r))dr)(f + Gu(T)) can be separated
from the first variational cone along a(-).

According to the definition and the Pontryagin maximum principle, any optimal
control for the problem (1.1)—(1.3) must be an extremal one.

The separability of the vector Y7 from the first variational cone means the ex-
istence of a (possibly nonunique) covector (o € 77 M such that Vu(-) € Kzl the
following inequalities hold:

T
(4.2) / (Cor g0 © Xru(r))dr <0,

(4.3) (Co, YT) > 0.
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The last inequality is the so called transversality condition of Pontryagin mazi-
mum principle. We call its strengthened form,

(4.4) (Co, Y7) > 0,

the strong transversality condition.
The inequality (4.2) implies the inequalities

(€0, 90 © X+ (u—u(7))) <0 Vu € U for almost every 7 € [0,T],
so that for almost every 7 € [0,T] we have
(4.5) (1) € Argmax, ¢ (Co, qo © X u).

Introducing linear operator =; : R" — 7, M, which maps u € R" to gy o X u, we
consider its adjoint operator =7 : 7 M — R" , and denoting by x, = E7(o, we
transform (4.5) into

(4.6) (1) € Argmax, ¢y (Xr, u).

The covector function ., is called the switching function.

The conditions (4.3) and (4.6) can be easily transformed into a standard form
of Pontryagin maximum principle. Indeed by the definition of X, the switching
function x, can be represented as y, = ¢(7)G(G(r)), where the covector function ((-)
is a solution of the adjoint equation of the Hamiltonian system with the Hamiltonian

(4.7) H{(q,¢,u) = (C, fg) + G(g)u).
In local coordinates this (linear) adjoint equation has the form
(48) ¢ = —0H/dq(q(r), ¢, a(r)).

The initial condition for (-) is ¢(0) = .

Now we formulate the following.

THEOREM 4.1 (Pontryagin maximum principle [5, 7]). If (¢(-),a(-),T) is a solu-
tion of the optimal control problem (1.1)—(1.3), then there exists a nonzero abs