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DEGENERATE VARIANCE CONTROL OF A
ONE-DIMENSIONAL DIFFUSION*

DANIEL OCONE! AND ANANDA WEERASINGHE?

Abstract. Consider an Itd equation for a scalar-valued process that is controlled through a
dynamic and adaptive choice of its diffusion coefficient. Such a control is called a variance control
and is said to degenerate when it becomes zero. We consider the problem of choosing a control
to minimize a discounted, infinite-horizon cost that penalizes state values close to an equilibrium
point of the drift and also imposes a control cost. Admissible controls are required to take values in
the closed, bounded interval [0, 00|, where o9 > 0; in particular, the control can be degenerate. In
general, there will be a bang-bang optimal control that takes the value o in some open set and is zero
otherwise. We discuss the existence and properties of solutions to stochastic differential equations
with such controls and characterize the value function and optimal control in more detail, in the case
of both linear and nonlinear drift. Employing the Hamilton—Jacobi-Bellman equation and results
of [N. V. Krylov, Theory Probab. Appl., 17 (1973), pp. 114-131] and [P.-L. Lions, Comm. Pure
Appl. Math., 34 (1981), pp. 121-147], we derive sufficient conditions for the existence of single-region
optimal controls, construct examples of multiple-region controls, and provide bounds on the number
and size of the regions in which the optimal control is positive.
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1. Introduction. The simplest model for a scalar diffusion with variance control
is the stochastic differential equation

(1.1) Xg(t):x+/0 b(X;j(s))ds—i—/O u(s) AW (s).

This paper analyzes the problem of control to minimize the discounted cost

(1.2) J(z,u) = B [ /0 et [o(XH() + ()] dt] ,

where the state dynamics, the location cost c, and the controls have the following spe-
cial structure. First, the differential equation & = b(x), corresponding to zero variance
control, has a unique, global, asymptotically stable equilibrium point, set arbitrarily
at x = 0. Second, ¢ is a bounded function that achieves its unique maximum at the
equilibrium point x = 0 and decreases as x moves away from z = 0. The precise
definition of an admissible control is given at the beginning of section 3. The main
point is that the control is bounded and allowed to degenerate to the value zero; that
is,

(1.3) 0 <ul(t) <o for all ¢,

where o( is a given constant. Throughout, X\ is a given positive constant. To lend
the problem a simplifying symmetry, we shall also assume throughout that ¢ is an
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even function and that b is odd. Our work was motivated by the desire to understand
qualitative properties of optimal controls when degeneration is allowed, and the special
structure assumed here allows some intuition that gives insight into this question. A
recent, specific example with similar cost and dynamic structure, but with a long run
average criterion and potentially unbounded (o¢ = 00) controls, appears in a dynamic
sampling application in Assaf [1].

Early specific examples of degenerate variance control problems appear in Genis
and Krylov [7] and Krylov [12]. In particular, they find that the value function is C!
and piecewise C2. General (previscosity solution) theory for degenerate problems is
established in Krylov [12] and Lions [13] and shows under what hypothesis the value
function for degenerate control problems is C*.

When the cost ¢ and drift b have the structure specified above, there are two
opposing tendencies. If zero variance control (u=0) is applied, no control cost is
incurred, but the state moves monotonically to regions of higher and higher location
cost. On the other hand, if positive control is exercised, it will spread the state out
in an average sense and so tend to stall its progression toward the equilibrium. This
effect will be of greatest advantage in a region about the equilibrium point, where
¢ is concave. Conversely, when the state is far away from 0 in a region where c is
reasonably flat or convex, one expects that the advantage of a positive diffusion control
either does not exist or is outweighed by the control cost. Intuition thus suggests that
single-region bang-bang feedback controls, which set © = 0p when |z| < a and u =0
when = > a for some a, should provide good candidates for optimal controls. This
control structure is evident in the example in Assaf [1]. The same intuition also applies
in the example of Genis and Krylov [7].

This paper addresses the following questions. First, bang-bang, degenerate con-
trols give rise to stochastic differential equations with discontinuous diffusion coeffi-
cients. Do solutions exist for such equations, and how do they behave? In section
2, it is shown that a weak solution will always exist in some probability space if the
diffusion coefficient has the form 1¢(z), where G is the indicator function of set G,
as long as G is open, and the behavior of the solutions is described. Second, what
conditions suffice to imply the existence of single-region optimal controls and how can
the optimal region be characterized? More generally, what factors determine where
positive diffusion control should be exercised? In this paper, we analyze in some detail
how the C! condition and the Hamilton—Jacobi-Bellman (HJB) equation determine
the optimal value function and how the structure of b and ¢ determine where the
regions of degeneracy for the optimal control occur. Section 3 recalls the theory of
the HJB equation for the value function and develops the extensions and refinements
which are needed to study problem (1.1)—(1.3). Section 4 analyzes this problem when
the drift is linear, which is treated separately since our results in this case are more
complete. It is shown that the decisive factor for turning on the diffusion is the degree
of concavity of ¢. To illustrate, sufficient conditions are given for the optimal control
to be single-region and a class of problems with multiple-region optimal controls are
constructed. In section 5, sufficient conditions are derived for single-region control in
the more delicate case of nonlinear drift b.

Several assumptions in (1.1)—(1.3) can be generalized without changing the re-
sults. For example, the constraint (1.3) is equivalent to |u(t)| < oo because of the
symmetry of Brownian motion. Also, the particular form u?(t) of the control cost
could be replaced by £(u), where ¢(u) is any strictly increasing function satisfying
£(0) = 0. Because the optimal controls turn out to be bang-bang, taking values ei-
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ther 0 or g, the results in either case will be qualitatively the same and will depend
quantitatively only on £(oyg).

Several authors have studied variance control problems with nondegenerate con-
trols. McNamara [15] considers maximization of terminal reward for a drift-less diffu-
sion with feedback controls u satisfying o1 < u(t) < o9 for strictly positive constants
o1 and o3. In [16] he considers controls which switch between two drift-diffusion
pairs, both nonsingular in the diffusion term. A simple variance control problem is
treated as an example in Rogers and Williams [18]. Dorroh, Ferreyra, and Sundar [3]
treat problems with control in both drift and noise when the control is allowed to be
unbounded.

2. Stochastic differential equations with bang-bang diffusion. A formal
analysis of the HJB equation (see section 3) for the problem (1.1)—(1.3) suggests that
optimal controls will have a feedback form oolg(z), where 1¢(z) is the indicator
function of a subset G inR. To make sense of such controls, it is necessary to show
that (1.1) admits a solution when wu is replaced by 15 (X (¢)). The assumption made
in section 1 that & = b(x) has a unique stable equilibrium point is irrelevant to this
problem; thus, in this section we consider the one-dimensional equation

(2.1) dX(t) = f(X(t))dt + ool (X (t)) dW (1), X(0) = o,
where it is assumed only that

(2.2) f is locally Lipschitz; and
(2.3) supzf(z) < K(1+ |z|?) for some constant K < co and all .
R

By a solution to (2.1), we always mean a weak solution with continuous paths and
almost surely (a.s.) infinite lifetimes defined on some probability space (Q, F, P) with
a filtration {F;} and an {F;}-Wiener process W. The condition (2.3) implies that
lifetimes of solutions to (2.1) are infinite, once existence is established locally; see
Friedman [6, p. 125].

Solutions to (2.1) do not exist for arbitrary G. For example, the equation dX (t) =
1{0,00)(X) dW, X(0) = 0, does not admit a solution even in a weak sense. If a solution
did exist, it would clearly have to remain in [0, 00) for all time. This would imply
that dX = dW, and hence that X = W. However, Brownian motion exits [0, c0)
with probability one in any time interval [0, €) for any € > 0, and so a contradiction
is obtained. On the other hand, dX = 1(g .)(X)dW, X(0) = xo, is easy to solve
for any xg; if xg < 0, then X(¢t) = z( is the solution; if zy > 0, a solution is
X(t) = xo + W(t A7), where 7 is the first time x¢ + W (¢) hits 0.

That the removal of the boundary point 0 from [0,00) changes an unsolvable
equation into a solvable one reflects the main result, Theorem 2.3, of this section: if
G is open, then (2.1) admits a weak solution. This is a useful piece of information
for the control problem. The HJB equation by itself does not indicate whether the
boundary points should be included in the optimal G. The analysis of this section
shows that they should be excluded in the construction of optimal feedback controls.

Solutions to (2.1) with open G are not unique in general. For example, both
X =W and X = 0 solve dz = 15(X)dW, X(0) = 0, where G = R — {0}, because
the Lebesgue measure of the total time a Brownian motion spends at the origin is
zero. For the control problem, solutions that are guided strictly by the drift when the
diffusion is zero are preferred. We shall say that a continuous process X passes through
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a point y in one direction if the event that there are times 0 < ¢; < t5 < t3 such that
either X(tl) <Yy, X(tQ) >y, X(tg) <y, or X(tl) >y, X(tz) <y, X(tg) > y, has
probability zero. Theorem 2.3 shows that weak solutions to (2.1) for open G may be
constructed to pass through points of G¢ in one direction only.

The proof for general open G ultimately reduces to the case in which G is simply
an open interval. This case is studied carefully in Lemma 2.1 and Theorem 2.2, which
are stated separately from Theorem 2.3 because of their particular importance to the
control problem. After deriving Theorem 2.3 in the first version of the paper, we
learned of the recent book of Assing and Schmidt [2], which provides very general
theorems about strong Markov processes on the real line from which the existence
of solutions to (2.1) can be deduced. The direct proof here relies only on standard
methods.

It will be convenient to let ¢ denote the flow associated to the drift f when no
diffusion term is present; ¢(¢,x), t > 0, x €R, solves % = f(o(t,x)), #(0,2) = .

LEMMA 2.1. Let G = (r,q). Then (2.1) admits a unique weak solution. If
f(r) >0 and f(q) < 0 and if the solution enters (r,q), it will remain in (r,q) for all
future time. If f(r) <0 (respectively, if f(q) > 0), the solution will exit (r,q) never
to return, once it hits v (respectively, q).

Proof. Without loss of generality, set 09 = 1. There are three cases to treat,
depending on the signs of the drift at the endpoints of (r, ¢). In the first case, f(r) <0
and f(g) > 0; we say that the drift points out of (r,q) at each endpoint. Then, if
xg € (r,q), the solution ¢(t,x0) to 2 = f(2), 2(0) = zg, never enters (r,q) and thus
solves (2.1) for G = (r,q). If o € (r,q), let Xwo denote the solution starting at x to
dX = f(X)dt + dW. Then a solution to (2.1) is constructed by first following X (t)
until the first time 7 that it exits (r,q) and then following ¢(t — 7, X(7)). Strong
uniqueness of the solution is obvious, at least until the first time, if any, that X,
reaches either r or ¢. So it remains to establish uniqueness starting from the boundary
points. For example, let X,.(¢) be any solution starting from r. We want to show
X, (t) = ¢(t,r). For this, apply the generalized 1t rule of problem 7.3 on p. 209 in
Karatzas and Shreve [11] to (X,.(t) —r)" and take expectations. Then, if 7. = inf{¢ |
X,() & (r — e+ )},

(24) Bl -] =B [ o () as.

By the local Lipschitz property of f, there is an € > 0 and K < oo so that for s < 7,
(f(Xr(8) = f(r) L) (X (5)) < K (Xr(s) — )" . Thus, using the fact that f(r) < 0
and some rearrangement of terms, it follows that

(2.5) B[(x.() -] <KE { /0 " X)) ds] .

The Gronwall-Bellman inequality then implies that 0 < E [(X,.(t) —r)"] < 0 for all
t. Hence the solution X does not enter (r,q) a.s., which means that dX,(t)/dt =
F(X,(2), t > 0, as desired.

To handle the remaining cases, it will be enough to consider G = (r,00) when
f(r) > 0; here, f points into G at r. The result is an immediate application of
Theorem 7.1 in Chapter 4 of Tkeda and Watanabe [8], taking d = 1. We briefly sketch
the construction for the insight it affords. Let B be a Brownian motion with filtration
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{F:} and let 2y > r. Then the diffusion process Z that reflects at r and has drift f(-)
and diffusion coefficient o2 satisfies

1) = 20+ / F(Z(s))ds + / 001 o) (Z(5)) dB(s) + L(#),

where L is the local time of the process Z at r. Now define T'(t) = ¢ + (L(¢ )/f( ),
and let B* be a Brownian motion independent of B. Set W(t) = B(T~(t)) +
fO ]-{r}( ( ( ))) dB*( ) X(t):Z(T 1( )) and F; := -7:T 1(t)/\U{B ( Sgt}
Then W is an {F; }-Brownian motion and (X, W) is a weak solution of (2.1). Indeed
X is a Markov process with a sticky boundary at r; the set of times that X spends at
r has positive Lebesgue measure but contains no open interval. If 2y ¢ [r, 00), then
the solution is constructed by following the flow ¢(¢,z¢) until the time S when the
flow hits r, if finite, and then following X,.(t — 5).

Now suppose that G = (r,q), where f(r) > 0 and f(gq) > 0. To construct the
solution, simply follow the solution with the same drift f, but G = (r,00) until it hits
[¢,00) and from that time onward, follow the solution ¢ to the deterministic equation.

Finally, suppose that G = (r,¢) and that the drift points in at both boundaries,
ie, f(r) > 0 and f(q) < 0. If 2y < ¢, construct X,, by first following the solution
to (2.1) with G replaced by (r,00) until the first time it hits ¢, and then switch to
an independent solution to (2.1) with G replaced by (—o0,q). Follow this solution
until it hits r, then switch to an independent solution of (2.1) with G = (r, 00), and
so forth. For zy > ¢, start instead with the solution to (2.1) for G = (—o0,q) and
continue in the same way. Notice that once this solution enters [r, ¢|, it stays there
forever. Weak uniqueness is a simple consequence of the analytic characterization of
this process, which is given in the next result. ]

THEOREM 2.2. Let G= (r,q) and assume f(r) >0 and f(q) <0

(a) If r < xzg < g, the solution X, to (2.1) is a Markov diffusion in [r,q] whose
conservative, Feller transition semigroup is generated by the operator

d? d
A= (00/2) 5+ f(z )—x on the domain

D(A)={v € 02[7“, ql; 9" (r) = 0,9"(¢q) = 0}.
(b) For any constants a > 0, A > 0, and function ¢ € C|r,q],

(2.6) Az(z) — az(z) + og A+ c(z) =0, z € C?r,q,
(2.7) 2'(r)y==2X, Z"(q¢) = -2\

has the unique solution

(2.8) z(xz)=FE [/000 e (c(Xau(t) + Aoglig)(Xu(t)) dt|, r<z<q.

Proof. To prove part (a), apply Theorem 4 on page 44 of Mandl [14] to conclude
that the operator A on D(A) generates a unique, conservative, Feller transition semi-
group on Cr, q]. Now let X, solve (2.1) for r < 29 < ¢. Then an application of Itd’s
lemma shows that X, solves the martingale problem for (A,D(A)). We leave the
calculation to the reader; note only that, because ¢"(r) = ¢ (q) = 0 for ¢ € D(A),

%31@@ (Ko (O (X (8)) + F (Xg (D) (X (8)) = A(Xoo (1) for all &
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It follows by a general theorem—see, for example, Theorem 4.1 in Ethier and Kurtz
[4]—that X, is a Markov process generated by (A, D(A)), as claimed. This conclusion
also proves the uniqueness in law of the solution.

Next, consider part (b). If 2 € C?[r, ¢ satisfies (2.6)—(2.7), then the representation
(2.8) is derived using Itd’s rule in the usual way. To show the existence of a solution

0 (2.6)—(2.7), apply standard o.d.e. theory, as expressed, for example, in Mandl [14,
Lemma 5, p. 43] for the case A = 0. If XA # 0, let u solve Au(x) — au(z) = —c(x) +
2z —q) f(z) —aX(z —q)?, v (r) = 0, u”(q) = 0; then z(x) = u(z) — Az — q)? solves
(2.7). O

We turn now to the case of a general open set G. We intend to construct a weak
solution to (2.1) in the path space C[0, c0).

THEOREM 2.3. Let G C R be an open set. Equation (2.1) admits a weak solution
X, with the property that it passes through points of G¢ in one direction.

Proof. Let {(ri,q:); ¢ € I} denote the countable collection of connected compo-
nents of G; thus G = U;er(r;,¢;). When [ is finite, it is easy to construct a solution to
(2.1). Suppose the initial point  lies in (r;, ¢;). Take a solution X @) to (2.1) when G
is replaced by (r;, ¢;) and follow this solution until the first time, if any, that it enters
a different interval [r;, ¢;]. Then switch to a solution X @) of (2.1), initialized at the
point of entry into [r;,¢;], when G is replaced by (r;,¢;). Continue in this manner,
switching to a solution X (¥) corresponding to (74, qx) each time a new interval [ry, qx]
is entered.

The same technique works easily when G has an infinite number of components
as long as only a finite number of them intersect any compact set. For general open
sets, a patching method can still be used, but care must be taken when X crosses
an infinite number of intervals of G in finite time. Instead, we complete the proof by
using martingale problem theory and taking weak limits.

For an open set G, let Ag = %aélg(x)% + f(z)4L. Let & be the canonical
process on the space Q := C(]0,00)) of continuous, real-valued paths, let F; denote
the filtration generated by &, and set F := F,. A solution to the martingale problem
for A and initial value zg (in the sense of Stroock and Varadhan [19]) is a probability
measure Py, on  such that P(£(0) = zo) = 1 and $(£(1)) — [ Agb(E(s)) ds is a
P,,-martingale for any ¢ € CZ, the twice continuously differentiable functions with
compact support. As is well known, the existence of a solution to the martingale
problem for Ag is equivalent to the existence of a weak solution to (2.1).

Without loss of generality, we may assume that the initial value zq lies in G¢ and
satisfies f(zo) > 0 and (zg,00) NG # 0. Indeed, if z( is in the component (r;,q;) of
G, we may follow the solution X /) until it exits (7}, ;) and then solve (2.1) from the
exit point, which is not in G. If f(zg) > 0 but (x¢,00) NG = 0, then X (¢) = ¢(¢t, o)
solves (2.1), while if g € G° and f(zo) = 0, then X (¢) = x¢ solves (2.1), so we need
not treat these cases. Finally, an argument analogous to the one below handles the
case f(xg) < 0. For convenience, we assume also that

(2.9) z1 = inf{y € G% f(y) <0} < 0.

This will be removed later. Notice that x; € G° and f(z1) < 0, because G°
is closed and f is continuous. Therefore, the solution we construct will not take
values beyond x;, and hence it can be assumed that G C [zg,z1]. Now define
Gn = U{(ri,qi) ; ¢ —r; = +}. Since G is contained in a bounded set by our as-
sumptions, GG, is a finite union of disjoint open intervals. Thus for each n, there is a
solution to (2.1) with G replaced by G,,, and hence a solution @,, to the martingale
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problem for A¢, starting from zg. Because f(z¢) > 0and f(z1) <0, Qn(zo < & < 24,
for all ¢ > 0) = 1 for each n. Since supy,, ,,;[f(2)| < oo, it is an immediate conse-
quence of Theorem 1.4.6 in [19], for example, that the sequence {Q,} is tight as a
family of probability measures on 2. Let Q@ denote a weak limit of some subsequence
Q.. The aim is to show that @ solves the martingale problem for A and initial
condition xg.

We first show that for any ¢ € W2 such that 1¢(z)y”(x) has a continuous
version, the process

t

(2.10)  Oy(t) :==(&(t)) — / Ag(£(s))ds is a martingale on (2, F, Q).
0

For this, it suffices to show that

(2.11) B9 [H (0,(t) — 0,(s))] = 0

for any s < t and for any function H on Q which is bounded, continuous (in the
topology of uniform convergence on compact time intervals), and Fs measurable.
Because 1 has been constrained so that Age is continuous, the integrand H (6, (t) —
0y(s)) is a continuous function of &, and thus the expectation in (2.11) is equal to
the limit of B9 [H (04 (t) — 0, (s))] as n’ — oo. However, since Itd’s rule is valid for
1 € W2°(R) (see Karatzas and Shreve [11, p. 219]), its application shows that

B [H 04(0) - 05(5))] = £ | [ Fro-cconvcm ]
Under the measure Q,/, & solves &'(t) = f(&(t)) when &(t) € G — Gpy. Thus,
f;; g G, (z ) 8 dz represents the total time £ spends in G — G, N [xo,ml — 6.
Hence
t x1—06
e || [ 1o 0w o] <. [ 1EEG 0

However, the definition of x; and the continuity of f imply that the quantity A :=
inf{f(z); = € [zg,21 — 6] N G°} > 0. Since f is uniformly continuous on [z, z1], it
follows that there is an N5 such that

inf{f(x); = € [xo,21 — 0] N (G —G,)} > A/2 for n > N,

because any point in [zg,z1 — 6] N (G — G,,) is within a distance of 1/n from G°.
Therefore
a:176 1

lim lg_¢,(2)—>—=dz =0,

=y e
which shows by (2.12) that E9»' [H (6, (t) — 04(s))] — 0 as n’ — oo, thus completing
the proof of (2.11).

Now let ¢ € C2. For any positive integer m, define

[ "(2), ifze(GUlz—mt ),
pm(2) = Y(z) (m-dist (z,G°U [z1 —m™, z1]) A 1) otherwise.

For a point a such that support(1)) C (a,00), define ¥, (2) = [ [ pp(2) dz dy.
From the definition, it is evident that 1g(z )pm( ) =1¢(z )zb"( ) is contlnuous and
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that ¢/ (2) = 0 on [z —m™!, z1]. Thus 6, is a martingale on (Q, F, Q) for every m.
Moreover, lim,,— oo pm(2) = ¥ (2) for all z # x4, and the functions p,,(z), m > 1 are
uniformly bounded. It follows that 1 is the bounded pointwise limit of the sequence
{tm} and Ay is the bounded pointwise limit of {At,,}. Taking limits as m — oo,
0y is also a martingale on (£, F, @), as we needed to prove.

If (2.9) fails, if G is bounded, and if z; is an upper bound of G, the same con-
struction works, but now with 6 = 0, to produce a solution up to the hitting time of
x1. If (2.9) fails and G contains a component (r,00), one can first solve the problem
for Ag_(r,00) and then patch to the solution of dX = f(X)dt + oo dW when it hits
r, because the solution will stay in (r,c0) after this hitting time. If (2.9) fails, G is
unbounded, and there is a sequence of points {a;}, xg = ag < a3 < --- such that
a; € G° for every i, the martingale problem for Ag can be solved by successively
patching together the solutions for Agna,_, a,]-

Fix a y € G° and assume that f(y) > 0. To show that paths pass through y in
the positive direction only with Q-probability one, it suffices to show that

EQp(E(t) — y)dly — £(51))(y — &(s2))] = 0

for any bounded, continuous function ¢ which is strictly positive on (0,00) and 0 on
(=00, 0] and for any times 0 < 51 < t < s3. But by construction, the set of paths that
pass through y in one direction only has Q,-probability one. Hence E@"[¢(£(t) —
Y)P(y — &(s1))P(y — s2)] = 0 for each n. Taking limits along a subsequence of @,
converging weakly to @ gives the result. This has been done for a single y € G°.
However, by taking a countable dense subset of G¢, it is true with probability one for
all y € G°. 0

3. The HJB equation for the value function. In this section, we discuss the
HJB equation for the value function of the control problem (1.1)—(1.3). The results
stated here are used in sections 4 and 5.

First, it is necessary to give a rigorous definition of an admissible control. An ad-
missible control consists of a probability space (2, F, P) endowed with a right contin-
uous, complete filtration, {F;}, an {F; }-Wiener process W, and an {F; }-progressively
measurable process u satisfying the constraint (1.3), where oy is a fixed constant. The
class of admissible controls is denoted by Y. We shall abuse terminology slightly by
speaking of an admissible control u, without explicit mention of the underlying space
or Brownian motion, and with the understanding that different spaces and Brownian
motions may be attached to different u. A function « : [0,00) X R — [0, 0¢] is called
an admissible feedback control from x if the equation

AX,(t) = b(X (1)) dt + a(t, Xo (1) dW,  X,(0) =,

admits a weak solution. In this case, u(t) = a(t, X, (¢)) is an admissible control.

We assume without further mention that b is at least locally Lipschitz and satisfies
(2.3). Additional hypotheses will be placed on b in the theorem statements. However,
these minimal assumptions imply that, given any admissible control, (1.1) admits a
unique, continuous, {F; };>o-adapted solution X2 (t), t > 0, for all z € R; see Theorem
5.1 and problem 1 in Chapter 5 of Friedman [6]. This fact makes our definition of
admissible control the same as that in Lions [13].

The value function for the control problem is V(x) := inf,ey J(x,u), where
J(x,u) is defined in (1.2). The formal HJB equation for V is

2
(3.1) inf L (

u€[0,00]

V" (x) 4+ 2)\) + b(z)V'(x) — aV (z) + c(z) = 0.
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The rigorous interpretation of this equation requires specifying the appropriate class
of functions to which the solution belongs. This issue was resolved by Krylov [12] for
control problems with possibly degenerate diffusion coefficients; he showed in some
generality that the value function is a solution in the Sobolev space W?2? for all p > 1
to its HJB equation. Lions [13] improved the regularity to W?2°°. In this theory, the
value function satisfies the HJB equation for (Lebesgue) almost everywhere (a.e.) .
We apply Lions’s theorem to (3.1) in Theorem 3.2.

The first result, Theorem 3.1, restates (3.1) in a convenient form, presents a
verification theorem for suitably regular solutions, and derives an optimal control
from this solution. Theorem 3.2 states the converse, namely that the value function
is indeed a solution of (3.1). These two results are stated separately here because we
wish to distinguish them when used in the subsequent analysis; many of the results in
sections 4 and 5 are proved by direct construction and application of the verification
theorem, which is elementary, while Theorem 3.2 requires a sophisticated theoretical
result; see [13]. Theorem 3.3 elaborates on how C'* and C? smooth fit conditions help
determine V. The final lemmas establish some general qualitative facts about the
optimal control.

THEOREM 3.1. Assume that b is C? and that ¢ is a bounded C? function. Suppose
V € L®NC is piecewise C? and is a solution of

(3.2) %1@(%) (V"(x) 4+ 2X) + b(z)V'(z) —aV(z) + c(x) =0 for all z,
and
(3.3) V"(z) > =2\ a.e. on G¢,

where G is the open set {z; b(z)V'(x) — aV(z) + c¢(x) > 0}. Then V =V and the
solution X of

(3.4) Xe) =+ [ W) ds+ o0 [ 16X W),

using the feedback control u(t) = ool (X2(s)), is the optimal process. B
Remark 3.1. On each bounded, connected component (r;,q;) of G, V is a C*
solution of

(3.5) %(2) (V"(x) +2X) + b(z)V'(z) —aV(z) + c(x) =0, r <z <gq,
(3.6) V" (ri+) = =2, V" (qi—) = =2

This is an easy consequence of the assumption that V' € C! and that b € C? and
ceC%

Remark 3.2. The general theory (see Theorem 3.2) states that V solves the HIB
equation in the sense that (3.1) holds for a.e. . However, V € Wli’coo implies that
V € C' and V' is absolutely continuous, and once this is known it is not hard to show
that V' must satisfy (3.2) everywhere. The proof is omitted.

Proof of Theorem 3.1. The proof follows the usual method for verification lemmas.
Because V is piecewise C2, one can still apply 1t6’s lemma to V(X%(¢)); see [11,
p. 209]. Let u be an admissible control such that u(s) > 6 > 0 for all s and some
positive 8, and recall that J(x,u) is its corresponding cost function. Then, if A is
any set of zero Lebesgue measure, E [ [ 14(X2(t))dt] = 0. (This is a consequence
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of the existence of a local time process {A:(a); t > 0,a € R} for X¥ and the identity
f(fg(X_fj(s))uz(s) ds = 2 [ g(a)Ai(a) da, as. for bounded, measurable g; see [11,
p. 218].) Then, by (3.3),

u2 2

L (VG 0) +22) = %1G(X:(t)) (V"(X2(t) +2))  for ae. t.

Now apply Ito’s lemma to V(X %(t))e~t, use (3.2), take expectations, and let t — oo
in the usual way to conclude that V(z) < J(x,u).

If w is a given control, let w,(t) = n_ll{u(t)gl/n} + u(t)L{u@y>1/n}- Then
E[fOT(un(t) —u(t))?dt] — 0 as n — oo. From this, one can deduce by standard
methods that E[supyy 7 | X#(t) — Xpm(t)|*] — 0 as n — oo for every T > 0. As a
consequence, J(z,u) = lim,,_, J(z,u,) > V(z). Since u was an arbitrary admissible
control, V(z) > V(z).

Using It6’s rule and (3.2), one finds easily that

V(r)=F [/000 et [C(X;(t)) + /\U%lg(X;(t))} dt|,

and thus X is an optimal process, and V =V. 0O

The next result states that the value function must indeed be a sufficiently regular
solution of the HJB equation (3.1). It is a minor extension of a result of Lions [13]
for multidimensional, degenerate control. Lions’s theorem allows the drift b and the
cost ¢ to have linear growth. For the purposes of sections 4 and 5, we wish instead to
assume
(B.1) be C3, xb(x) < 0 for all  # 0, and b is decreasing,
(C.1) ceCL

(C? is the set of C? functions whose derivatives of order 0 to 2 are bounded
functions.) In condition (B.1), b may admit more than linear growth, but since (B.1)
implies (2.3), the solutions to (1.1) have infinite lifetimes and bounded moments. One
could relax assumption (B.1), but it allows a simple proof of the regularity of V.

THEOREM 3.2. Assume (B.1) and (C.1). Then the value function V is in W1>°N

WZQOZO and is the unique such function solving
u2
(3.7) €i[I(}f 7 (V"(z) + 2X) + b(x)V'(z) — aV(x) + c(x) =0  for a.e. x.
u ;00

Proof of Theorem 3.2. The uniqueness claim is proved in Theorem 3.1 because it
is shown that if V' does solve (3.7), it must be the value function.

For a given drift b, let Vj, denote the associated value function. To prove that
V, is the solution of (3.7), we start with the case that b € C?. Without additional
assumptions on b, Lions [13] establishes a general, multidimensional result which
implies Theorem 3.2 for any o > ag, where ag is a constant such that J(z,u) € W2
for any admissible control. To prove the theorem for b € C7 we need to show that
ap = 0 if (B.1) holds. This requires showing J(-,u) € W% for any a > 0. To this
end, let u be a fixed admissible control. First, elementary estimates show that

Ve (@)oo < (2, w)lloe < =(llelloc + Adp).-

Q| =
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Next, following a computation similar to [13], we observe that the solution X¥(t) to
(1.1) has a version which is a.s. C%2(]0, 00) X R) as a function of ¢ and z. Furthermore,
the first and second partial derivatives satisfy

B9 axrn =1+ [ V)X s
0
B9) NI = [ VXD OX) + V(X)X d

Since (B.1) requires b to be decreasing, b’ < 0, and thus (3.8) implies 9, X¥(t) < 1
for all ¢ a.s. Using (B.1), the assumption that b is decreasing, and the boundedness
of b, there is a constant K such that E[02X¥%(t)] < Kt. In view of these estimates,
it is easy to prove that J(z,u) is twice continuously differentiable for any o > 0. For

example, 9,J (z,u) = E [[[~ ¢/ (X2(1))0. X2(t) dt], from which follows
< loo

(3.10) 10T (5 u)loo < T

Similarly,

2] (x,u) = E [/ e ((XE))IZXE(L) + (XL (1))(0: X4 (1))?) dt| ,
0
from which follows the estimate
102 (z,u)| < ™| loo + Ka™?||¢||oo-

Thus ap = 0 and Theorem 3.2 is valid when b € CZ. In addition, from (3.10), as in
Lions [13],

¢ lloo

(3.11) Vlloe <

Now let b satisfy only (B.1). For each positive integer n, choose a b, € C? such
that b, also satisfies (B.1) and agrees with b on [—n,n]. Let J,(z,u) and V,,(x) be the
cost and optimal value functions when the drift is b,,, and let J;(z, u) and V;(x) be the
corresponding functions for drift b. Let G,, = {z ; b, (x)V, (x) — aV,(z) + ¢(z) > 0}.
Then we know from Theorems 3.1 and 3.2 for b € C? (see Remark 3.2) that 1¢, () is
the optimal feedback control, and that V,, solves the HJB equation with b replaced by
by,. We show that for every compact K C R, there is an N such that V3 (z) = V,,(z)
on K for all n > N. Theorem 3.2 for b then follows easily.

The following facts will be used:

(a) For any admissible control u and any z, J(z,u) = limy, e Jn (2, u).

(b) There is a positive constant M (independent of n) such that any interval of

length M contains a point z, in G¥, for every n.

We first complete the proof assuming these facts. Let n > M, where M is as
in (b). Then for each m > n and x € [-n + M,n — M], let X, be the optimal
process when the drift coefficient is b,,. The corresponding optimal control is given
by u;,(t) = 1g,,(X; ,,(t)). From (b) the set Gy, has nonempty intersections with
[-n,—n + M] and [n — M, n], and therefore, by Theorem 2.3, the process X ,(t)
stays in the set [—n,n] for all time. But on the set [—n,n], by, = b, = b, ul,(t) =
1a,.A[=n.n) (X5, () and uj, is an admissible control for b, as well as b. Therefore
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Vin(z) > V,(z) and V,,(z) > Vi(x) for = in [-n + M,n — M]. Similarly, u} is
admissible for b, and V,(x) > V,,(z) on [-n + M,n — M]. Consequently, for all
m > n, Vp(z) = Vp(z) > V() for all z in [-n + M,n — M]. However, from
(a), Jp(x,u) = lim, oo Jn(z,u) > limsup,,_, ., Vo(x). Thus, taking an infimum over
admissible u gives V4(x) > limsup,,_, ., Vu(z). In conclusion, V,(x) = V,,(x) for all
m >n and z in [-n+ M,n — M].

It remains to prove (a) and (b). Fact (a) is a straightforward consequence of the
following: for any x, admissible control u, and T' > 0, lim, . P(7, < T) = 0, where
T, is the first time that X% exits [—n,n].

To prove fact (b), let b € CZ and let (r,q) be any connected component of Gy,
where Gy is as in Theorem 3.1. Because V'(x) < —2X on Gy, Vi(q) — V(r) <
Vi (r)(q—r) = Mg —7)?. Since [V (r)(q — )| < (\/4)(q —7)* + [Vj (r)[?/A, it follows,
using (3.11), that

<

le'll3

a?)

Thus the length of any component of G is bounded by a constant independent of b,
and this establishes (b). O

Although the value function V is a C' function, as shown by Theorems 3.1 and
3.2, it is not in general C?; the second derivative may have jumps at boundary points
of G. However, the fact that V is C! and satisfies (3.2) determines how the second
derivative jumps at boundary points of G. In particular, the next theorem will show
that C? smooth fit must hold at an endpoint of a component of G if the drift points
into G at that endpoint. As above, G = U;c(r;, ¢;) is the decomposition of G into
its connected components.

THEOREM 3.3. Assume b € C? satisfies zb(z) < 0 for all x # 0, let ¢ € CZ,
and suppose that V and G are as in Theorem 3.1. For each i € I such that q; > 0,
V' is differentiable at q; and V"' (q;—) = 0. For each i € I such that r; < 0, V' is
differentiable at r; and V"' (r;+) = 0.

Remark 3.3. The assumption that zb(x) < 0 is made for convenience only. The
extension to more general b follows from the same arguments.

Proof. Recall that V satisfies (3.5) on (r;,q;) and V" (ri+) = V"(¢;—) = —2A\.
Suppose that ¢; is an isolated point of G, and, equivalently, that ¢; = r; for some j.
Then V" (g;i—) = =2\ = V" (g;+), and so V" is defined and continuous at g;. Since V
satisfies (3.5) on both sides of ¢;, it is actually a solution of (3.5) in a neighborhood
of ¢;, and hence, because of the smoothness of b and ¢, V is C* in a neighborhood of
;- Since V" has a local maximum at g;, it follows that V"’(g;) = 0.

Suppose now ¢; > 0, so that b(¢;) < 0. We need some preliminary observations.
If z € G¢ is not an isolated point of G¢, and if V' is differentiable at z, then

(3.12) (' (z) — a) V' (2) + (x) = —=b(z)V"(2),

because on G¢, bV’ —aV +¢=0.

Suppose g; is not an isolated point of G¢. Observe first that V"”/(¢;—) > 0,
because V" < —2X on (r;,q;) and V”(¢;—) = —2\. By differentiation of (3.5) and
then evaluation at ¢;—,

A=) S V() = Vo) + I 0)P/A < ~lello + AR) +

(313 (@) - o) Vle) + (a) = ba)2A - BV (g—) < bla)2A

By comparing (3.12) to (3.13), it is clear that if V' is differentiable at ¢;, then
V" (g;—) = 0.
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~ Let n be a version of the distributional second derivative V" which, because
Ve le(;zo, is a locally bounded function. To prove that V' is differentiable at g; it
suffices to show that there is a set A of zero Lebesgue measure such that

(3.14) wnl(}ggleAn(xn) 2.
Let A consist of those points z at which either V’ is not differentiable, V" and n are
not equal, x is an isolated point of G¢ or z € G¢, but V" (z) < —2\. Since V' is
absolutely continuous, it is differentiable a.e., and its derivative coincides a.e. with 7.
Also we know V”(z) > —2)\ a.e. on G¢, and isolated points of G are in the countable
set {r;,q;; ¢ € I}. Thus A has measure zero. Now, because b(g;) < 0,
—b(qi)2A = m — b(zn)n(zn) = =(V'(¢:) — )V (@) — c(as) > —b(q:)2A,
Tnlqi,xn EGCNAC

where we have used (3.12) and the continuity of (b’ — )V’ — ¢, and the last inequality
comes from (3.13). Thus lim,,, |4, 2, eGenac N(x,) = —2X. On the other hand, if z,, €
G, V' (z,) = U% [—b(zy) V' (z) + @V (z,) — c(x,) + 08 A], and, since the right-hand
side is continuous and equal to V" (g;—) = —2X at q;, limy,, | g, znecnac V" (z,) = —2X
also. Thus, we have shown (3.14). 0

Remark 3.4. Suppose 0 < r; < g; for some component (r;,q;) of G. The value
function V' is determined on (r;, ¢;) by the differential equation (3.5) and the values
of V(r;) and V'(r;). The values of V(r;) and V'(r;) are constrained first by the
requirement that r; € G¢, which implies b(r;)V'(r;) — aV (r;) +¢(r;) = 0. The smooth
fit condition of V' at ¢; imposes a second rigid constraint; V(r;) and V’(r;) must be
so related that V' equals 0 at the first ¢ after r at which V”(¢q) = —2\. This fact is
very useful in understanding how to piece together a solution of the HJB equation. In
fact, the third derivative condition is sufficient as well as necessary for a C? smooth
fit. We state this explicitly for later use. Suppose that g # 0. Let S be a function on
a neighborhood of (¢ — 6, ¢ + ¢) satisfying

(3.15) %3(5’” +2\)+bS' —aS+c=0 forx e (q—6,q) (resp., z € (¢,q+96)),
bS' —aS+c=0 for = € (q,q+9) (resp., z € (¢q—6,9)).

Assume that S is C* on (¢ — 6, ¢+ 8) and that S” is continuous except possibly at q.
Then

(3.16) S’ is continuous at ¢ iff S"”(¢g—) = 0 (resp., S"”'(¢+) = 0).

Indeed, by differentiating (3.15) on both sides of ¢ and using the continuity of S and
S,

2
b(q)[S"(q—) — " (a+)] = =5 S5"(a—)
(3.17) o2
(resp., b(q)[S"(qg+) — S"(q—)] = —7"5’”(q+)) )

Hence (3.16) follows.

In the sections that follow, the cost function ¢ will be even and decreasing on
(0, 00) in addition to belonging to CE, and b will be odd. Here are some general facts
concerning V and G under these assumptions.

LEMMA 3.4. Assume that ¢ is a bounded, even function decreasing on (0,00).
Assume that b is an odd function satisfying (B.1). Then V is even and decreasing on

(0, 00).
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Proof. Let u be an admissible control. Suppose 0 < y < z. Let X, and X,
be the solutions to (1.1) using the same control u, and define 7 = inf{t > 0; X, =
—X,}. The difference Z = X, — X, satisfies Z = b(X,) — b(X,,) and hence remains
nonnegative for all time. Thus, using the evenness and unimodality of ¢, ¢(X,) <
¢(X,) if t < 7. Define a new process X, (t) = X,(t) if t <7 and X, (t) = —X,(t) if
t > 7. Then, using the oddness of b, X, solves (1.1) with Brownian motion W (t) :=
W ()< +(W(r) — (W(t) — W(7))) 114>~} and the same control u. To emphasize
that the Brownian motion is a different one in X, than in Xy, let us denote the control
for X, by @. Clearly ¢(X,(t)) < ¢(X,(t)) for all t. Hence J(z,@) < J(y,u). As this
construction is valid for any admissible u, it follows that V(z) < V (y). 0

LEMMA 3.5. Let b be an odd function satisfying (B.1).

(a) If c € C’f is even and positive, and if G contains a connected component of
the form (—a,a), then a < y/c(0)/Aa.

(b) If ¢ € C? is even, positive, and decreasing on (0,00), and if G = U;(ri, q;)
is the decomposition of G into disjoint connected components, then . (g — r;)?* <
4¢(0) /M.

Proof. V is even, positive, and C1. Thus V’(0) = 0. Clearly V(0) < ¢(0)/a, since
if zero control is applied starting from x = 0, the solution of (1.1) remains at 0, and
then J(0,0) = ¢(0)/a. Because V" < =2\ on (—a,a),

a ry
0 < V() = V(0)+ / / VI (2) dz dy < a2,
0o Jo
The inequality a? < ¢(0)/Aa is immediate.
Lemma 3.4 implies that V' decreases on (0,00). If (r, ¢) is a connected component
of (0,00) N G, it follows that V/ < 0 and V" < —2X on (r,¢q). Hence V(q) — V(r) <
—A(g —7)2. Thus if ¢; > 0,

0< Vi) <V + Y Vig) - vinvo <P S (g - vop2

J,0<q;<q; 7,0<q;<q;

Combining this with a similar inequality for negative ¢; and letting |¢;| — sup; \qj|
gives the result. |

4. Linear drift. In this section we consider the stochastic control problem (1.1)—
(1.3) when the drift is a linear function b(x) = —fz, with 6 > 0. Thus b satisfies (B.1)
and there is a unique equilibrium point at = 0 for (1.1) when u = 0. The class of
admissible controls is defined precisely at the beginning of section 3. For convenience,
we set A = 1; all results can be restated for a general A by rescaling the cost c.

The work of this section was motivated by a conjecture that the optimal control
will be a single-region feedback control of the form u(t) = 1(_,,4)(X(t)), if the cost c
satisfies (C.1) and the following additional hypotheses.

(C.2) c is even.

(C.3) ¢ is continuous, positive, and decreasing on (0, 00).

We discovered instead that the location of regions of positive control action is deter-
mined by the behavior of the function

(4.1) é(x) =" (x) + 2(20 + «),

and hence by convexity properties of c. We know from section 3 that the optimal
feedback control has the form 1¢(x), where G is open. The main point of this section
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is that the number and location of the components of G are constrained by the set
{z;¢é(x) < 0}. Theorem 4.1 shows that positivity of ¢ implies optimality of u =
0. Theorem 4.2 establishes a sufficient condition for the optimality of single-region
feedback controls in terms of ¢é. Lemma 4.5 shows in general how the number of
components of G can be bounded using the number of component intervals of the set
{¢ < 0}. Theorem 4.7 provides a class of examples for which ¢ satisfies (C.1), (C.2),
and (C.3), but for which the optimal control is not of single-region form, contradicting
the original conjecture. In Theorem 4.2, an interesting connection is made between
the optimal control problem (1.1)—(1.3) and an optimal stopping problem.

THEOREM 4.1. Assume that ¢ € C?, and, for some positive K and m, |c(z)| <
K(1+|x|™). Ifé(x) > 0 for all z, then the controlu = 0 is optimal, and Z*(t) = ze~%
s the optimal process.

Remark 4.1. A particular case occurs when ¢’ (z) > 0 for all x, so that ¢ is convex.
In fact, if ¢ is convex, whether it is differentiable or not, u = 0 is optimal. Indeed, for
any admissible control E[X%(t)] = Z*(¢), and so, for convex ¢, E[c(XY%(t))] > c(Z*(¢))
by Jensen’s inequality for any ¢ > 0. Hence Z* is optimal.

Proof of Theorem 4.1. When u = 0, X%(t) = Z*(t) = ze~%, and the correspond-
ing payoff is Q(z) = fooo e~ c(xe%) dt. The following properties are immediate.

(a) Q is a C? function, and |Q(z)| < K (1 + |=|™) for some K < co.

(b) 02Q'(z) + aQ(x) = c(x).
Moreover, nonnegativity of ¢ implies Q" (x) > —2 for all . Thus @ is a C? solution
to the HJB equation (3.1). Next, one can apply Itd’s lemma together with standard
verification-theorem arguments from stochastic control [5, pp. 145-146] to verify that
Q is the value function. This proves Theorem 4.1. 0

The next theorem discusses optimality of single-region feedback controls. For its
statement, it is useful to define V, to be the solution to
42) { BV (2) +2) — 02V,(z) — aVi() + c(x) =0,

Vi (=a) =Vi'(a) = —2.

THEOREM 4.2. Assume (C.1)—(C.2). Suppose that there exists an open interval

(—2,0) such that

(4.3) {z;é(x) <0} = (=4, 0).
Let
(4.4) a* = sup {a; V' (x) < =2 for —a < x < a} .

Then a* > £ and the solution to Z*(t) = x—fot 0Z%(s) ds—i—fot 001 (—a=,a+)(Z3(s)) dW (s)
is an optimal process for the control problem (1.1)—(1.2) for every x.

Examples. (a) Let ¢(x) = (1+22)~L. Note that c also satisfies (C.3). If (20+a) >
1, then é(z) > 0 for all z and u = 0 is optimal. If 20 + o < 1, then there is an ¢ > 0
so that (4.3) holds, and hence it will be optimal to turn on the diffusion in an interval
about 0.

(b) More generally, (4.3) will hold for a function ¢ satisfying (C.1)—(C.2) if ¢
admits only one positive inflection point z and ¢” is increasing on (0, z).

We first prove Theorem 4.2 by direct construction of a solution V* to (3.2) and
(3.3) with G = (—a*,a*), where G is defined as in Theorem 3.1. Later, we give an
alternate derivation using developments based on Theorem 3.2.
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To present the construction of V*, it is convenient and interesting to convert
the original problem of minimizing J(x,u) to an optimal stopping problem. Given a
Brownian motion W on any probability space, let Y, denote the Ornstein—Uhlenbeck
process solving

(4.5) Y, (t) =2 — /0 0Yy(s) ds + oW (t).

Let

(4.6) U(z) =inf E [ / ’ e~ G0ralta(y (4)) dt| ,
T 0

where the infimum is taken over all {F}V'} stopping times, {F}V'} being the filtration
generated by W, and ¢ is given by (4.1). It will turn out that U is related to the optimal
value function V' by U(z) = (V" () 4+ 2)1{y+(s)+2<0}. The connection between value
functions of optimal control and optimal stopping problems is a common theme of
stochastic control. For example, see [9] and [10] and references therein.

Consider next a particular class of stopping times for the optimal stopping prob-
lem. For a > |z|, define

(4.7) 72 :=1inf{t > 0; |Y,(¢)| > a}.
If |x| > a, set 77 = 0. For any a, 77 is finite a.s. since Y, satisfies (4.5). Define the

function U, on [—a,a] by

(4.8) Ua(z) = E

/ ’ e‘<29+"‘)té(Yz(t))dt] el <a.
0
Then U, satisfies the differential equation

U 0xU! — (20 + )Uy +& =0 for |z| < a,
(4.9) 2 Va a
Uns(—a) = Ugy(a) = 0.

For each positive a, U, can be extended to R so that it satisfies the differential equation
everywhere, and henceforth we represent this extension by U,. Notice that each U,
is an even function, because ¢ is even and the boundary conditions are symmetrical.
Thus U/ (0) = 0.

The next result contains the technical work necessary for constructing an optimal
policy for the stopping problem.

LeEMMA 4.3. Assume (C.1) and (C.2). Then

(a) There exists a point a* > £ such that Ug», the solution of (4.9) for a = a*,
also satisfies

(4.10) Ul.(a*) = Ul.(—a") = 0.

(b) The point a* > 0, and hence the solution Uy~ satisfying (4.10), are unique.
Also, if A:={a>0; Uy(z) <0, zin (—a,a)}, then A is nonempty and a* = sup A.

Proof. We indicate the idea of the proof and omit elementary details.

Let ¢ be given by (4.5); then ¢ € A and U’ (¢) > 0. This follows from the boundary
point lemma [17]. Consider the solution ¢ to the homogeneous equation

(4.11) %3¢" —0xd — (20+a)p=0,  $(0)=1, ¢(0)=0.
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Then ¢ is a nonnegative, even function. Also, U(x) defined in (4.6) satisfies

infy é(y)

(4.12) Ulw) > 5=~

In particular, U, (z) also satisfies (4.12) for |z| < a, for each a € A. For each t > 0,
we consider Up(z) — t¢p(x), which solves (4.9). Introduce the set T := {¢t > 0; Ja >
¢, Uy(a) —tp(a) = 0}. Then T is nonempty since U;(¢) > 0, and (4.12) implies that T
is bounded. Let ¢* := sup T, and introduce a* = inf{a > 0; Us(a)—t*¢(a) = 0}. Then
a* € A and elementary arguments show that A = (0,a*], Uy« (a*) = 0, UL.(a*) = 0,
and U(x) < 0 for a* > x > 0. Hence, a* satisfies the conditions in the lemma. Since
A = (0,a*], uniqueness of a* also follows. d

Lemma 4.3 allows us to solve the optimal stopping problem and calculate U.

THEOREM 4.4. Assume (C.1) and (C.2). Let a* be defined as in Lemma 4.3, and
T2 as in (4.7). Then TZ. is the optimal stopping policy for the problem (4.5)—(4.6) and

— Ua* (l‘) Zf |$| S a*7
Ulz) = { 0 if |x| > a*.

Proof. Let U*(x) = Uy (2)1j—g+ o+)(z). Certainly, U*(x) > U(x), so we need
only to verify the opposite inequality. By Lemma 4.3, U* is a C' function and the
second derivative of U* is continuous everywhere except at +a*. But we may apply
1t6’s rule to U* (Y (t))e™20F+)t (see [11, p. 219]) and use (4.9) to verify that U*(z) <
U(x). |

Proof of Theorem 4.2. We will show that Theorem 4.2 holds when a* is defined as
in Lemma 4.3. For this a*, let Z be the process defined in the statement of Theorem
4.2. The existence of Z} and its uniqueness in law are treated in Theorem 2.2. Let
V* be the payoff from Z*;

(4.13) V*(r)=FE [/OOO e (c(Z5(1) 4+ 081 (—gr a) (Z2(1))) dt] .

We intend to employ Theorem 3.1. Observe that V* satisfies (3.2) for all  # +a*,
with G = (—a*,a*) and A = 1. This follows from Theorem 2.2 and the fact that
Z%(t) is the solution of the deterministic equation & = b(x), as long as it remains in
(=00, —a*) U (a*, 00). In particular, Theorem 2.2 shows that

(4.14) (V" (=a*+) = (V*)"(a*—) = —2.

Now let U := (V*)"” + 2. By differentiating the differential equation for V* on
(—a*,a*) and using the boundary conditions (4.14), it follows that U satisfies (4.9)
on (—a*,a*). Thus, (V*)"(2)+2 = U,+(x) on (—a*,a*), and since a* € A, by Lemma
4.3, (V*)"(z) +2 < 0 on (—a*,a*). By Lemma 4.3, it follows that, (V*)"(—a*+) =
(V*)"(a*—) = Ul.(£a*) = 0. Hence, condition (3.16) applies, implying that V* is a
C? function. Direct differentiation and the continuity of (V*)” imply

(4.15) 02U + (20+)U =¢ for x> a*, U(a*) = (V*)"(a*) +2=0.

By directly solving this equation and using the fact that ¢ > 0 on (a*, 00), (V*)"+2 =
U > 0on (a*,00). By symmetry, (V*)”+2 > 0 for || > a*. Hence all the conditions
of Theorem 3.1 are fulfilled, which completes the proof. O
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The proof of Theorem 4.2 relied on direct construction and an application of
the verification lemma of Theorem 3.1 We now invoke Theorem 3.2 to show that
the characterization of a* in Theorem 4.2 and the relation of the set {¢ < 0} to
(—a*,a*) reflects deeper and more general facts about the optimal value function.
Let G := {x; —0zV'(z) — aV(x) + ¢(z) > 0} as in Theorem 3.1. General bounds on
the size of the components of G are presented in Lemmas 3.4 and 3.5. The following
result bounds the number of connected components of G. Note that it implies that
G consists of at most one interval, symmetric about zero, under the assumptions of
Theorem 4.2.

LEMMA 4.5. Let ¢ satisfy (C.1) and (C.2), and suppose the open set {z; é(z) < 0}
has N connected components. Then G contains at most N + 1 connected components.
If G contains a connected component of the form (—=6,8), then G has at most N
connected components.

Proof. We intend to show that

(a) each connected component of G intersects with a connected component of the

set {x; é(x) < 0}, and that

(b) each connected component of {z; é(x) < 0} intersects with at most one con-

nected component of G.
The proof of the lemma is an easy consequence of these facts.

Let (r,q) be a connected component of G' with ¢ > 0. Then V is a C* solution
of (3.5) and (3.6) on (r,q) by Theorems 3.1 and 3.2. Let U := V" 4+ 2. Then U < 0
on (r,q) and there is an xo in (r,q) such that U(z¢) = min(, 4 U. By differentiating
(3.5) twice and applying (3.6), U is a solution of

(4.16) B — gal’ — (20 +)U + ¢ =0 for x € (r,q),
U(r)=Ulq) =0.

From (4.16), it follows that é(zg) < 0. This proves (a). Also, é(¢) cannot be negative
by (4.16) and the boundary point lemma. If (aq,as) is a connected component of
(0,00) N {¢é < 0} such that (a1,a2) N (r,q) # 0, then q & (a1, az), and (b) follows.

If G contains zero, then the above argument shows that G contains at most N
connected components. 1]

The next result shows that the characterization of a* in Theorem 4.2 defines the
limits of the connected component of G containing 0, in the general case.

THEOREM 4.6. Let ¢ satisfy (C.1) and (C.2), and define a* by (4.6) and the
set A as in Lemma 4.3. Assume that A is nonempty. Then (—a*,a*) is one of the
connected components of G.

Proof. Let a € A and let V, be the payoff function associated with the feedback
control 1(_g q)(X(t)). By Theorem 2.2, Va(z) solves (4.2). Because V, is even, V! (0) =
0, and by definition of A, Va” +2 < 0 on (—a,a). Hence, evaluation of (4.2) at 0 gives

aV(0) < aV,(0) = ¢(0) + a5 (V. (0) 4+ 2) < ¢(0).

Since V/(0) = 0 and V is even, it follows that 0 € G. Thus there is a connected
component (—a,a) of G. Consequently, by (4.2) and Theorem 3.1, we deduce V(z) =
Va(z) for |x| < a. Therefore a € A and a < a*. To show a* < @, let a € A. If
x € [—a,a] and if u is an admissible control that keeps the process X* in [—a,a]
for all time, then a verification-lemma-type argument shows that V,(z) < J(x,u) for
|z| < a. In particular, V,,(z) < V,, () for all z in [—a1,a;] whenever 0 < a; < ay
and a1 and as belong to A. If u* denotes the optimal feedback control 14(X (¢)) and
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(—a,a) is the connected component of G containing 0, V(z) = V;z(x) for |z| < a.
Thus, if @ < a and a € A, then V,(z) = V() for |z| < a, and it follows that a = a.
In summary, a € A and a < a imply a = a. Consequently, @ > sup A = a*, which
completes the proof. ]

Remark 4.2. Lemma 4.5 and Theorem 4.6 together show that if {¢ < 0} is an
interval (—¢,¢) and A is nonempty, then G = (—a*, a*) with a* > 0. Using the simple
proof of the nonemptiness of A derived above in Lemma 4.3 yields an alternative proof
of Theorem 4.2.

In the rest of this section, we consider cost functions ¢ which satisfy (C.1), (C.2),
and (C.3), and positive constants 6 and « such that the set {z; ¢(x) < 0} is the union
of three disjoint intervals. Under the additional assumption (C.4), (C.5), and (C.6)
listed below, it will be shown that the optimal strategy is bang-bang and consists
of multiple switchings of the control. This is rather technical but the intuition is
simple. Since c¢ satisfies (C.3), it is decreasing on (0,00). Now suppose that at some
very large value of g, ¢ suddenly decreases to a fraction of the value ¢(z¢) in a short
interval beyond zg. If the state process starts above zy and no control is exercised,
it decreases, passing quickly through x( into a region of much higher cost. However,
using positive diffusion control in a region near or above zy will delay arrival at xg
and, despite the control cost, this might be worthwhile.

Because of Theorem 4.3, the value function is C? in a problem with a single-region
optimal control. For multiple-region optimal controls, such as those constructed here,
C? smoothness will fail at some of the switching points. See Remark 4.3 below.

Here are the precise hypotheses placed on ¢, 6, and «, in addition to (C.1)—(C.3).
(C4) {m; é(.’lﬁ) < O} = (—50760) @] (51762)12 U (—52, —(51)7 where 0 < 6y < 61 < 6a.
(C.5) There exists a zg, with /¢(0)/a < g < z9 < 81, such that féi é(u)du >0

if g < x < zp.
(C.6) [y ult/e(u) du < 0.

Assumptions (C.4)—(C.6) guarantee the multiple switching of the optimal control.

Ezxample. The idea is to start with a function c¢ satisfying the assumptions of
Theorem 4.2 and then to modify it far away from 0 by a sudden dip. The location
and width of the dip are controlled by defining a “dip” function p and scaling it
appropriately. Choose a function p such that (a) p is C*°, decreasing, and odd; (b)
ple)y=1ifz < -1, and p(z) = -1if 2 > 1; (¢) p’(z) <0if z <0, and p’(z) > 0
if x > 0; and (d) p” admits a single local maximum and a single local minimum.
Notice that p”(z) = 0 at x = 0 and for |z| > 1. Condition (d) on p is imposed so
that if max 1) p” = —minj_; o) p” = k > 0, then {p"” < 0} is an interval (s1, s2) with
—1 < 81 < s2 < 0. For € > 0 define scaled versions p. of p by pc(z) := p(z/€). Assume
that v := 20 + a < 1. Fix an R > /c(0)/a, and let c. be an even, nonnegative, C*
function which satisfies

ce() =1—2? if |z] <1/2,
() = 172 1< jo| < R,
o) = 1/4+ (1/)pe (Jo] — (R+€)) it Ja] > R

Assume also that ¢, is decreasing on (0, 00) and that ¢ V (1/2) satisfies the condition
(4.3) of Theorem 4.2. Then (—R, R)N{é < 0} is a single interval of the form (—&o, o)
contained in (—1,1). Clearly, (C.5) is satisfied for this construction.

We shall show that e may be chosen to satisfy (C.4) and (C.6) as well. Observe
that ¢’ (z) = e ?p((x — R —€)/€) when x > R. Therefore, when maxp 1) p” > €22, it
follows from the shape of p” that (R, c0)N{é < 0} = (61(€), b2(€)), where R < 61(€) <
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b2(€) < R+e€. In fact (6; — R — €)/e = z;(€), where z1(€) and z2(€) are the solutions
of p"(x) = —2¢2v. This verifies (C.4). It is easy to see that z1(¢) | —1 and z2(e) T 0
as € | 0. A calculation and using change of variables shows that

62 22(5)
/ w08 (u) du < K + e / p" (u)(R+ e(u+ 1))1+/0 du,
) z1(€)

where K is a positive constant independent of e. Therefore, since p” is negative
on (—1,0), the last integral can be made as negative as desired by choosing € small
enough. Hence (C.6) will be satisfied for small enough e.

THEOREM 4.7. Assume (C.1)—(C.6). Then there exist 0 < af < a} < a3 such
that the optimal control is determined by the feedback function oola(x), where

G := (—az, —a7) U (=ag, a) U (a7, a3).

Moreover, 6y < af < zp and a] < 02 < a3, where &y, 209, and b2 are as defined in
(C.4)—(C.06).

Proof. Let aj = sup A, where A is defined as in Theorem 4.2. Then we know
from Theorem 4.6 that (—ag, aj) is a connected component of G. By Lemma 3.5 and
the proof of Lemma 4.5, we know that 6y < af < zp. Suppose that G contains no
more components. Then on |z| > af, V satisfies (3.7) and hence U = V" + 2 satisfies
(4.15). The solution of (4.15) is

_ 1 1 ‘ 1+a/0 4

However, this becomes negative by (C.6) in some interval about 62. Since U(x) > 0
a.e. on G°, we obtain a contradiction to the assumption that (—ag,a) is the single
component of G. Therefore G must contain at least two other components, symmet-
rically placed about 0. By Lemma 4.5 it can contain no more components. By the
proof of Lemma 4.5, the additional positive component (a}, a}) must intersect (61, 62),
and it must be true that é; < a3. d

Remark 4.3. In this example, the value function V' is an even function which is
C? everywhere except at +aj. At x = aq, (03/2)V"(ai+) + 0ai (V" (ai—) + 2) = 0.
This condition can be easily verified by differentiating (3.2) near af and using the
continuity of V'.

5. Nonlinear drift. In this section we consider problem (1.1)—(1.3) when the
drift b is nonlinear. In the treatment of linear drift, the function ¢ defined in (4.1)
played a crucial role. The generalization of this function, which we continue to denote
by ¢, is

(5.1) é(x) =c"(z) + 2 (a — 20 (),

and this coincides with ¢ defined in (4.1) when the drift is linear. The nonlinearity of
b will make itself felt through a second auxiliary function g. defined as

V(@) (¢ () — 2b())
a—b () '

(5.2) ge(w) = é(x) +

The first result is a generalization of Theorem 4.1. It is proved in the same way,
and so the proof is omitted.



DEGENERATE CONTROL 21

THEOREM 5.1. Assume that b € C? is decreasing and xb(z) < 0 if v # 0. Assume
that ¢ € C? and there exist constants K and m such that 0 < c¢(z) < K(1 + |2|™) for
all x. If

ge(x) >0 for all x,

then u = 0 is the optimal control for problem (1.1)—(1.3).
For the rest of the section it is a standing assumption that ¢ satisfies (C.1)—(C.3),
b satisfies (B.1), and

(B.2) b is odd.

Again, by adding a constant to ¢, we may and do make the harmless assumptions
that c is nonnegative and, in fact, lim ;| c(z) = 0. Also, without loss of generality,
A=1.

For each a > 0, let V, denote the cost from the control strategy defined by
u(t) = 001(—q,q)(Xz(t)). Then by Theorem 2.2, on (—a,a), the function V, satisfies

2
(5.3) (V) +2) +ba)V) —aVy + (@) =0, V'(=at) = =2, V/(a=) = -2,

and for |x| > a, b(x)V])(z) —aV,(z)+c(z) = 0. Hence V, solves (3.2) with G = (—a,a)
for © # 4a, but it does not in general satisfy (3.3). Our next concern is to find
conditions under which a single-region control is optimal. In this section we take a
direct approach. We verify directly that V, is a solution to (3.2)—(3.3) for a suitable
choice of a when b and c satisfy certain conditions; then application of Theorem 3.1
proves optimality of the single-region control.

Define the set A exactly as in section 4: A:={a>0; V) +2<0 on (—a,a)}.

LEMMA 5.2. Assume that A is nonempty. Let a € A and assume that

(5.4) V" (a—)=0 and  V/'(z)+2>0  forl|z| > a.

Then V, is a C? solution to (3.2)~(3.3) and 091(_q q)(x) defines an optimal feedback
control.

Proof. The argument is very similar to the proof of Theorem 4.2. It was shown in
(5.3) that V, satisfies (3.2) with G = (—a,a) for all x # +a. Condition (5.4) asserts
both that (3.3) is satisfied and that V, is a C? function (see Remark 3.4 in section 3).
Hence, Theorem 3.2 can be applied. ]

To establish when the conditions of 5.2 are true, define again W, =V, + 2. This
function is not necessarily defined at +a, but it will have limits from the left and right
at these points. By differentiating (5.3) twice, we find

(5.5) LW, = —g.(x), Wa(—a+) = Wy(a—) =0,
where L is the differential operator

LB (g 0@ N Ay @ (@)
T2 dx? + (b( )+ 2(ab’(x))> dx |:( 2b' (7)) a—b(z)

On |z| > a, a similar derivation shows

b(x)b"(x)

(5.6) b(z)W, — <a — 20 (x) — T

) Wo = —ge(2).
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The following facts are needed. First, for any a > 0, any continuous function g,
and any constant 7,

U—S(Z” +2)+b(x)Z —aZ+g(x) =0 for x € (—a,a),
7 { ’ Z"(~a) = Z(a) =

has a unique solution. This is an immediate consequence of part (b) of Theorem 2.2.
Second, V'(z) is continuous in a for |z| < a. This can be deduced from elementary
o.d.e. arguments. The next lemma generalizes the characterization of a¢* in section 4.

LEMMA 5.3. (a) Assume that ¢(0) < 0. Then the set A is nonempty.

(b) Assume that A is nonempty. Then A is a closed, bounded set. If a* = sup A,
then V" (a*—) = 0.

Proof. Observe that ¢.(0) = ¢(0) < 0 by assumption. We pick € small enough so
that g.(z) < 0 on (—¢,¢€) and a — 2b'(z) > b(z)b"(z)/(a — b'(2)) for all z in (—¢,e).
Now we pick any a such that 0 < a < e. Then W,(+a) = 0 and from (5.5) we have
LW, > 0 on (—a,a). Thus, W, < 0 on (—a,a) by applying the maximum principle
to (5.5). Hence a € A.

Consider now part (b). To show A is bounded we follow the proof of Lemma 3.5.

To show that a* € A, first let a1 < ag, where both a1,a2 € A. Then, since W,
and W, both solve the same differential equation in (5.5) on [—aq, a1], it follows that
Vo (z) < Vi'(x) on [~a1,a:]. Now let a, — a*, where all the a, are in A. Then
if [2] < a*, Vji(z) = lim, o V' (x) < —2, where we have used the continuity in a
noted above. Thus a* € A.

Since a* € A, V! (a*—) > 0. We show that if a € A and V" (a) > 0, then a < a*.
This will complete the proof of part (b). Let V, denote the function which satisfies
(5.3) for all z and coincides with V, on [—a,a]. If we assume that V" (a—) > 0,
then V'(x) > —2 in an interval (a,a + €) for some positive e. Consider V,, for some
a<a; <a+e Then V) (a;) = -2 < Va(a1). By uniqueness of solutions to (5.7), it
then follows that V! (z) < V() for all . In particular V" (z) < =2 on [~a,a]. Let
ap = inf{x; V' (z) > —2}. Then a1 > a2 > a and ay € A because V,, and Vg, will
coincide on [—az, as]. Thus a < a*, as claimed. 0

According to Lemma 5.2, V,« is the optimal value function if the second condition
in (5.4) holds. This requires further conditions on b and c¢. We state and prove two
theorems in this vein. Define the conditions: for some 6y > 0 and some zg > 0,

(H.1) {&¢ <0} = (—bp,60) and ¢ increases on [0, éo],
(H.2) d(x) > 2b(zx) for z > xg,

(H.3) b"'(x) < 0 on [0,80] and b”(x) < 0 on [0, zg], and
(H.4) g has exactly one zero in [0, 6g].

Remark 5.1. The assumption (H.2) is not very restrictive when b is negative and
decreasing on (0, 00), since, typically, lim ;o ¢/(x) = 0.

In regard to (H.4), observe that (H.1) implies g.(0) = ¢(0) < 0. If we assume
d(x) — 2V (x) is negative on [0, 6], it follows from (H.1) and (H.3) that g.(6) > 0,
and hence g. has at least one zero on (0, dp).

THEOREM 5.4. Assume (H.1)-(H.4) in addition to (B.1)-(B.2) and (C.1)—(C.3).
Then A is nonempty, V- is the optimal value function, and u(x) = 001(_g= 4+)(x) is
an optimal feedback control.

The proof is established through several lemmas. Using the assumptions (C.1)
and (C.2) and applying the maximum principle [17], one can easily show that for each
a >0, V/(z) <0 for all z > 0. This will be used in the following proofs.
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LEMMA 5.5. Assume (H.1), (H.2), and (H.3) as well as (B.1)-(B.2) and (C.1)-
(C.3). Then

(a) Wy (x) > 0 on [zg, 00) where zq is defined in (H.2),

(b) A is nonempty and a* = sup A < xg, and

(¢) VVi(z) >0 on[0,a%).

Proof. On |z| > a, differentiate the equality b(x)V](x) — aV,(z) + ¢(z) = 0 to
derive

(5.8) b(z)War(z) = (a = ' (2))Viu (z) — (¢ (z) — 2b(x)) , lz| > a.

Since V/(xz) < 0 for > 0, and, by (B.2), b(z) < 0 for z > 0, and, by (H.2),
c(x) — 2b(x) > 0 for |z| > xg, conclusion (a) follows. The assumption ¢(0) < 0 in
(H.1) implies that A is nonempty, as in Lemma 5.3. Also, W« (x) < 0 for |z| < a*,
and hence a* < zg. The proof of part (c¢) follows from the maximum principle applied
to LW, = —[¢/ + 3V Wy + "' Vy+] in [0,a*) and W,.(0) = W/.(a*—) = 0. O

The final lemma finishes the proof of Theorem 5.4 by verifying (5.4).

LEMMA 5.6. Let the assumptions of Theorem 5.4 hold. Then V). +2 > 0 on
[a*, 00).

Proof. Because of the previous lemma, it suffices to show that Wy« > 0 on [a*, x¢].
Introduce £ in [a*, zo] by W= (§) = mingg« 5, Wa= (). Assume that W,-(§) < 0. Then
a* < & < xg since Wy (29) > Wyx(a*) = 0. By differentiation of (5.8),

(5.9) bW, — (a0 =20 ) Wy = —¢ — bV, for |z| > a*.

Evaluating at x = £ implies ¢(&) + b”(£§) V- (§) < 0. But since V. < 0 on (0,00) and
b"(xz) < 0on [0, 0], we must have é(§) < 0, and therefore a* < § < zg < §y. However,
this is not possible. By (H.4), g. has exactly one zero in [0, 6], and g.(0) = ¢(0) < 0,
gc(a*) > 0. Therefore, g. > 0 on (a*,z¢]. For all z > a, W, satisfies (5.6) and
Wy=(a*) = 0. Also, b(z) < 0 for + > 0, and hence (5.6) implies that Wy~ > 0
on (a*,8p]. This contradicts W,«(§) < 0 for a* < & < 6y. Hence Wy» > 0 on
[a*, o). 0

In the next theorem, we show optimality of one-region control under hypotheses
that require b > 0 on (0, z¢), rather than (H.3).

THEOREM 5.7. Assume that (B.1), (B.2), (C.1)—~(C.3), and (H.2) hold and that
¢(0) < 0. Assume also that b >0, b > " /6, and V"' > 0 on (0,xq), where xg is as
in (H.2). Then the conclusions of Theorem 5.4 hold.

Proof. Because we assume ¢(0) < 0, we know that A is nonempty, and we
conclude from Lemma 5.1 and the smooth fit condition (3.16) that Vg« is a bounded,
C? function. Thus, we need only to verify W, > 0 on (a*,c0). Using (H.2), we can
follow the proof of Lemma 5.5 to conclude that W« > 0 on [z, c0). Hence it remains
to show that Wi« is nonnegative on [a*, xo]. By differentiating (5.9) on the interval
(a*, xo) once more, we obtain

(5.10) —bW" + (o= 3Y)YW!. — 36" Wae =" — 6b + " V..

We also know Wy« (a*) = 0, and W+ (x9) > 0. The maximum principle applied to
(5.10) on the interval [a*,z¢], using the assumptions placed on b and b, implies
that W+ cannot admit a strictly negative minimum in (a*,xg). This completes the
proof. 1]
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6. Conclusion. We have derived some explicit characterizations of the optimal
control and optimal value functions in scalar problems with possibly degenerate vari-
ance control in which the variance is used to keep the diffusion away from regions of
high running cost.

Throughout our analysis the discount rate a and the control cost multiplier A
were fixed. It is interesting to ask how the solutions behave as either A — oo or
o — 0, with appropriate scaling of the cost. When o« — 0 and the cost is scaled by «,
one expects a limit which corresponds to an average cost control problem. The paper
of Assaf [1] treats an example of average cost minimization using unbounded variance
control directly.
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FEEDBACK STABILIZATION AND LYAPUNOV FUNCTIONS*
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Abstract. Given a locally defined, nondifferentiable but Lipschitz Lyapunov function, we employ
it in order to construct a (discontinuous) feedback law which stabilizes the underlying system to any
given tolerance. A converse result shows that suitable Lyapunov functions of this type exist under
mild assumptions. We also establish that the feedback in question possesses a robustness property
relative to measurement error, despite the fact that it may not be continuous.

Key words. asymptotic stabilizability, discontinuous feedback law, system sampling, locally
Lipschitz Lyapunov function, nonsmooth analysis, robustness
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1. Introduction. Consider a standard control system of the form
(1.1) #(t) = f(x(t),u(t)) almost everywhere (a.e.), u(t) e,
and let V' be a smooth Lyapunov function for the system; thus we have

V(z) >0, V(z)=0iff z =0, V(z) — o0 as ||z|| — o0
and (for some function W) the infinitesimal decrease condition

(1.2) min (VV(z), f(z,u)) < -W(x) <0, x # 0.

ueU

It is well known (but true) that the existence of such a “control-Lyapunov function”
(V,W) (a framework introduced by Eduardo Sontag) implies (open-loop) asymptotic
controllability to the origin: for every a € R™, there is a control u(t) such that the
solution z(-) of (1.1) with initial condition z(0) = « satisfies z(¢f) — 0 as t — oo. (In
addition, convergence to 0 takes place in a certain uniform and stable manner that
we will not dwell upon here.) A related and important goal in many situations is to
produce a state feedback k(-) : R™ — U which stabilizes the system, i.e., such that
the system @ = f(x, k(x)) is globally asymptotically stable. This article explores the
question of how to define such a feedback law through the use of a given Lyapunov
function V.

The ideal case, a well-known heuristic useful for motivational purposes, is the one
in which we can find a continuous function k(z) that selects a value of u € U attaining
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(or almost) the minimum in (1.2):
(VV (), f(x,k(x))) < —=W(x) Vz#O0.
Then any solution of & = f(x, k(x)) is such that

d

oV (@) = (VV(z(1)),2(t)) < -W(z(t)) <0,

a monotonicity conclusion that, together with the growth property of V', assures that
z(t) — 0 as t — oo.

There are two fundamental difficulties with this ideal picture, and both concern
regularity issues. The first is that a differentiable Lyapunov function may not exist,
and the second is that even when a smooth V' exists, the continuous selection k(-)
does not generally exist. If we have recourse to a discontinuous feedback k(-), then the
issue arises of how to interpret the discontinuous differential equation & = f(z, k(z)).

The primary goal of this article is to give a general answer to the problem of
defining a (discontinuous) stabilizing feedback based upon a given (nondifferentiable)
Lyapunov function, one for which a nonsmooth version of infinitesimal decrease is
known to hold only on a restricted set. The construction is described in section 1,
while section 2 establishes the converse result that under mild conditions, a Lyapunov
function of the type required in the previous section always exists. In the final section,
we address the issue of robustness of the feedback with respect to measurement error
and small perturbations of the dynamics, a particularly important issue when discon-
tinuity is present. Some works and general references related to this article include
[2, 3, 8, 11, 12, 13, 15, 17, 18, 20, 23, 24, 26, 27, 28, 29, 31, 32]. We proceed now to
situate our results with respect to the literature.

The possible nonexistence of continuous stabilizing feedback was brought to light
in the seminal work of Sontag and Sussmann [30] and of Brockett [4]. The latter de-
veloped a necessary condition for continuous stabilizability and adduced the following
example, the “nonholonomic integrator”:

jjl = ui, _
To = uUg, (u,us) € B=:U.
I3 = T1U2 — T2U1,

This system is globally asymptotically controllable yet fails to admit a continuous
stabilizing feedback (by Brockett’s condition). In considering the use of discontinuous
feedback laws k(-), one could have recourse to the Filippov solution concept [14]: z is
said to be a solution of & = f(x, k(z)) =: g(x) provided that we have

i€ () ceolg([z+6B]\Q)).

§>0
meas(2)=0

However, as shown by Ryan [25] and by Coron and Rosier [12], Brockett’s condition
continues to hold for this solution concept, so that the nonholonomic integrator (for
example) cannot be stabilized by a discontinuous feedback in the Filippov sense.

In [6] it was shown that any globally asymptotically controllable system is sta-
bilizable by a (possibly discontinuous) feedback if the trajectory z(-) associated to
the feedback is defined in a natural way that involves discretizing the control law
(closed-loop system sampling) in a manner similar to that used in differential games
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by Krasovskii and Subbotin [19]. We proceed now to describe this concept, which is
the one used in this article.

Let m = {t;}i>0 be a partition of [0, 00), by which we mean a countable, strictly
increasing sequence t; with tg = 0 such that t; — oo as i — oo. The diameter of ,
denoted diam(7), is defined as sup;~o(t;+1 — t;). Given an initial condition zg, the
m-trajectory x(-) corresponding to 7 and an arbitrary feedback law k : R® — U are
defined in a step-by-step fashion as follows. Between ty and t;, x is a classical solution
of the differential equation

i(t) = f(z(t),k(x0)),  2(0)=wm0, to<t<ti.

(Of course in general we do not have uniqueness of the solution, nor is there necessarily
even one solution, although nonexistence will be ruled out by the feedback constructed
in section 1, which will preclude blow-up of the solution in finite time.) We then set
x1 = x(t1) and restart the system with control value k(z1):

@(t) = f(z(t), k(z1)), z(ty) =z1, bt <t <ty

and so on in this fashion. The resulting trajectory x is a physically meaningful one
that corresponds to a natural sampling procedure and piecewise constant controls; the
smaller diam(7), the greater the sampling rate. Since our results are couched in terms
of m-trajectories, the issue of defining a solution concept for discontinuous differential
equations is effectively sidestepped. Our approach will lead to precise estimates of
how small the step size diam(7w) must be for a prescribed stabilization tolerance to
ensue, and of the resulting stabilization time, in terms of the given data.

The next major point to address concerns the nonsmoothness of the Lyapunov
function V. An early and important result of Artstein [1] implies in particular that the
nonholonomic integrator fails to admit a smooth V' (see [7] for related results). It has
been shown by Sontag [26], however, that globally asymptotically controllable systems
always admit a continuous Lyapunov function V satisfying the following nonsmooth
version of the infinitesimal decrease condition:

(1.3) 1r61£ DV (z; f(zx,u)) < —-W(z) <0, x # 0,
where the lower Dini derivate DV is defined by

/ —
(1.4) DV (z;v) := liminf Vie+ tvt) Viz) .
tl0

Among the several important ways in which the theory of nonsmooth analysis inter-
venes in this article is that of asserting the equivalence to (1.3) of another, and for
our purposes more useful, form of the infinitesimal decrease condition:

(1.5) in{{(f(m,u),() < -W(z) <0 Vz#0, V¢ € OpV(z).

ue

Here 0pV () refers to the proximal subdifferential of V' at  (which may very well be
empty); ¢ belongs to dpV (z) iff there exist o and i > 0 such that

V(y) = V(z)+olly—=z|>>((,y—2) Vy€axz+nB.

(B denotes the open unit ball, and the open ball of radius r centered at z is written as
either z +rB or B(x,r).) The equivalence of (1.3) and (1.5) is a consequence of Sub-
botin’s theorem, which links Dini derivates to proximal calculus (see for example [6]
or [9], our principal sources for the theory of nonsmooth analysis).
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The essential reason for which proximal calculus is well suited to our approach
has to do with its relation to metric projection onto sets, upon which is based the
“proximal aiming” method that we employ. The crux is this: when z(¢;) = x lies
outside a level set S = S(c¢) := {V < ¢} and admits closest point (or projection)
s in S, then z — s is a “proximal normal” to S at s, and for some A > 0 we have
Az — s) € 9pV (s). Then (1.5) can be invoked at s to find a suitable value of the
control u which moves the state toward S, in the sense that the Euclidean distance
dgs decreases at a certain positive rate A:

ds(l‘(t)) — ds(I(tv)) S 7A(t — ti), ti S t S ti+17

provided z(t;) is close enough to S to start with and provided diam(7) is small enough.
A sequence of such feedbacks is amalgamated in the first section to produce the
stabilizing feedback k(-) that is sought.

Our approach requires the Lyapunov function V' to be Lipschitz (in the zone under
consideration). In the case of a system which is globally asymptotically controllable
to the origin, which has received considerable attention, it is not known whether a
suitable V' exists that is Lipschitz near 0, but that is somewhat beside the point in the
setting in which we work. Theorem 2.1 derives finite-time stabilizability, to a close
approximation of some level set S(a), as a consequence of the supposed existence of a
Lipschitz Lyapunov function. When applied to the special case of global asymptotic
controllability, this requires only a Lipschitz V defined on the complement of a small
ball around the origin, and the stabilization takes place not asymptotically to the
origin, but rather in finite time to a small neighborhood of it. (This has been called
“practical” stabilization.) In contrast, [6] obtains asymptotic stabilizability to the ori-
gin (the case S(a) = {0}); the proof uses the Moreau—Yosida inf convolution to make
a continuous Lyapunov function Lipschitz as an intermediate step. This methodology
was also employed earlier [10], in a differential game setting. The direct use of a Lips-
chitz Lyapunov function, when it is possible, leads to a far more transparent feedback
construction with direct stabilization estimates and has the important consequence
of yielding robustness, as we discuss presently. The fact that under mild assumptions
suitable Lipschitz Lyapunov functions do exist leading to practical stabilization to
any required tolerance is proven in section 2.

Ledyaev and Sontag [22] have recently proved that there is a close relationship
between the issues of “how regular a Lyapunov function does the system admit” and
“how robust a stabilizing feedback does the system admit.” Consider, for example, a
perturbed equation & = f(z, k(x + p)), where p represents a measurement error. Full
robustness of the feedback k is taken to mean that for any e, there is a 6 > 0 such
that whenever the perturbation p(t) satisfies ||p(t)|] < 6 for all ¢, then stabilization
to the e-ball takes place. Then [22] asserts that the system admits a fully robust
stabilizing feedback iff it admits a smooth (C* or C°°) Lyapunov function. Thus the
nonholonomic integrator, which can be stabilized by a discontinuous feedback (in view
of [6]), does not admit a fully robust stabilizing feedback. It is possible to recover
robustness, however, through the use of a dynamic feedback; see [21]. The issue of
the robustness of discontinuous feedbacks with respect to measurement error seems
to have been raised first by Hermes [16].

The concept of full robustness, unrelated as it is to the system sampling method
that we employ, is not the one discussed in this article. Instead, we introduce a type
of relative robustness in which we require the size of the measurement error to be
limited as a function of the maximum step size 6 of the underlying partition. This
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step size 6 must still be small enough (for stabilization), but at the same time the
individual steps must be big enough to preclude a possible chattering phenomenon,
even in the presence of small errors. This consideration, which leads us to specify
“reasonably uniform” sampling in section 3, appears to be new in this context. The
term “reasonably uniform” is taken here to mean that the following holds:

1)
§St¢+1—ti§5 Vi > 0,

although it is possible to replace the factor 1/2 by any constant in (0, 1).

To conclude with the nonholonomic integrator, then, it turns out that the system
does admit a relatively robust stabilizing feedback to within any prescribed tolerance
r, in the sense that for all initial conditions in a bounded set, we will have ||z(¢)|| < r
for all t > T', whenever x is a m-trajectory, if 7 is a reasonably uniform partition whose
diameter is sufficiently small, and whenever measurement and external error do not
exceed a critical level related to the sampling rate. It is possible to exhibit a Lipschitz
Lyapunov function for the system, and to make explicit the resulting feedback, as will
be shown in a forthcoming article.

2. A feedback construction. For a given function V : R" — (—o00, 0], we
shall deal frequently with the sublevel sets S(r) defined as follows:

S(r)={xzeR": V(r)<r}.
In addition, the following sets are considered:
S(a,b) :={z €eR":a < V(x) <b}.

Let a and b be two given numbers with a < b. The following hypotheses are made
concerning the function V' and the system function f.
(H1) V is lower semicontinuous, S(b) # 0, and for some 1 > 0, V is Lipschitz of
rank Ly on S(a,b) + nB:

V() =Vl < Lvlz -yl V(z,y) € S(a,b) +nB.
(H2) There exists 6; € (0,b— a) and 62 > 0 such that
S’(a + 61) + 69B C S(b)

(H3) f(x,u) is continuous on S(b) + nB as a function of x for each u € U, and
there exists m > 0 such that

If(z,w)]| <m Vxe SOb)+nB, Yu e U.
(H4) f is Lipschitz in « of rank Ly on S(a,b) + nB:
1) — Fw)ll < Lyl — ol Vw,y) € S(a,b) + 1B,  Vuel.
(H5) There exists w > 0 such that, for every = € S(a,b) + nB, we have

inf DV(zx;v) < —w.
vEcof(z,U)
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Remark 2.1. We do not require that f and V be defined except on S(b) +
nB; the Lipschitz conditions on these functions, as well as the infinitesimal decrease
condition (H5), are posited only on a neighborhood of S(a,b). No hypotheses are
made concerning the abstract set U, nor on the nature of the dependence of f on
the control variable. It is shown in section 2 that (H2) automatically holds when
S(b) is compact and V' is continuous on S(b) + nB; see Lemma 2.9. The set S(a) is
not assumed to be nonempty a priori, but that fact is a consequence of the following
theorem.

THEOREM 2.1. For any v > 0 sufficiently small, there exist positive numbers
6, T, and a feedback k : S(b) + nB — U such that whenever a partition T satisfies
diam(w) < 8, then any w-trajectory x(-) having x(0) € S(b) + vB satisfies

z(t) € S(b) ++yB ¥Vt >0,

x(t) € S(a) +vB Vt>T.

Remark 2.2. Thus we almost recover the conclusion of the “ideal case” discussed
in the Introduction (with {0} replaced by the more general S(a)), but in approximate
terms (to tolerance ), with a discontinuous feedback, and for a nonsmooth Lyapunov
function satisfying only local hypotheses. The proof is constructive and provides
explicit estimates of v, 6, and T in terms of the given data.

Remark 2.3. Taking W (xz) = w for purposes of comparison, note that (H5) is an
apparently weaker hypothesis than (1.3); in fact, each is equivalent to (1.5). Because
V is Lipschitz and f continuous in x near the points in question, this in turn is
equivalent to the following:

ig{{(é,f(x,u)) <-—w Vze S(a,b)+ 1B, V¢ € 9LV (x),
where 91,V is the limiting subdifferential of V' (see [9]).

Proof of Theorem 2.1. The proof of Theorem 2.1 is based upon defining a feedback
control via projections. The first two lemmas below guarantee that the projections
lie in the set where the hypotheses are active.

LEMMA 2.2. Let € lie in [0, 61] and suppose that x is a point in the set

[S(a+ €) + min{é2,n}B] \ S(a +¢€).

Then z € S(a,b), and if s € proj(x,S(a+ ¢€)), then s € S(a,b) + nB.

Proof. Since we have S(a + 61) + 62 B contained in S(b) by hypothesis, it follows
that x lies in S(b). Since  does not belong to S(a+c¢), we deduce = € S(a,b). Finally,
we have

lls — || < min{éz, n} <,

whence s € S(a,b) +nB. 0

LEMMA 2.3. Let 0 < v < n/2, and suppose that for some r' and r with a <
" <r <bwe hae x € [S(r)+yB]\ [S(') +vB]. Then z € S(a,b) + B, and if
s € proj(z, S(r)), then s € S(a,b) +nB.

Proof. There exists y € S(r) having ||y — z|| < 7. Since x does not belong to
S(r') + vB, we have V(y) > r’ necessarily. Thus y € S(a,b) and z € S(a,b) + vB.
Finally, we note ||z — s|| <, whence ||y — s|| < 2y and s lies in S(a,b) +7B. 0O
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The next “solvability” result is central to our approach. The notation u stands
for max{w,0}.
LEMMA 2.4. For any r € [a,b], for any x € S(a,b), we have

d(z, 5(r)) <

m
w

(V) =)+

Proof. We shall invoke results (and terminology) from [9] to give a short proof of
this result, whose proof from first principles would be lengthy.
We define a lower semicontinuous function g : R" — [0, 0o] as follows:

g(z) == (V(2) = )4 + Isp) (@),

where Ig)(-) is the indicator function of the set S(b). At any point x in the open
set C':={y: g(y) > 0} at which g is finite, we have = € S(a,b), and the infinitesimal
decrease condition implies that

inf{Dg(z;v) : v € cof(z,U)} < —w.

It follows from this that for any € > 0, for any = € C, for any ¢ € dpg(x), there exists
u € U such that

(€ flw,u) < —w+te

Since || f(z,u)|| < m and since € > 0 is arbitrary, we derive ||| > w/m. This verifies
the hypothesis of the solvability theorem [9, Theorem 3.3.1] (with the sets labeled
there as V' and Q both taken to be R™), whose conclusion is precisely the desired
one since S(r) = {z : g(x) = 0}. We remark that an alternate proof can be based
upon weak monotonicity: the infinitesimal decrease condition implies the existence
of a trajectory z with 2(0) = z and along which V' (x(t)) + tw is decreasing (see [9,
Theorem 4.5.7]), which implies the result. |
We now proceed to fix v > 0 such that

2.1 & 2
(2.1) 7<mm{ 1’2’12LJ»LV}’

and we define

(2.2) 8= min{él, (b—a) W}.

2 4m
Let N be the first integer such that
b—NB>a>b—(N+1)5.

Note that N > 1 since 8 < b—a. We proceed to define certain sets Q;(¢ = 0,1,... , N+
1) that lie at the heart of our construction.
For 0 <i< N —1, we set

Q; == [S(b—iB) +yB]\ [S(b— (i +1)8) +vB];
for i = N we set

Qn == [S(b— NB)+~B]\ |S(b— NB) + %B} ;
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and finally, we define

Oyt = S(b— NB) + %B
We now gather some facts about these sets.
LEMMA 2.5.
(a) The Q; are disjoint, and Q; is contained in S(a,b) +yB for i < N.
(b) UNEQ, = S(b) +4B.
(¢) If x € Q; for some i € {0,1,... ,N} and s € proj(x,S(b — if3)), then s €
S(a,b) +nB.

(d) Sb—if)+3BcCSb—-(i+1)) +vB(i=0,1,... ,N —1).

(e) For everyz €{0,1,... ,N},Vx € Q;, we have 7 < d(z,S(b—if3)) <~
(f) So—NpB)+ 2B C S(a) + B, so that Qn,1 C S(a) +vB.

Proof.

(a) That the Q; are disjoint is evident; that they lie in S(a,b) + B for i < N
follows from Lemma 2.3 for ¢ < N and from Lemma 2.2 for i = N (recall
that b — NG —a < 3 < 61 and v < 63).

Evident.

Direct from Lemma 2.3 (i < N) or Lemma 2.2 (i = N).

Let x lie in S(b — i) + /4B, and let s € S(b — if3) satisfy ||z — s| < v/4.
Then V(s) < b—if, and if V(s) < b— (i + 1)8 the conclusion is immediate.
Otherwise we have

~ —~
=¥ <IR"
—

V(s)>b—(i+1)8 > a,

so that s € S(a,b). By Lemma 2.4 there exists y € S(b — (i + 1)) such that

m .
Is =yl < ZV(s) = b+ i+ 1

in view of (2.2). Then

T,
lz =yl < flz = sl +lls =yl < 3 +5

5 <7

which establishes the desired conclusion.

(e) For ¢ = N, this is immediate from the definition of Qu; for i < N, it is a
consequence of (d).

(f) Let « belong to S(b—N3)+v/2B, and let s € S(b— N ) satisty ||x—s|| < v/2.
IfV(s) < a, then x € S(a)+~B. Otherwise, s belongs to S(a,b), and Lemma
2.4 implies the existence of y € S(a) such that

ly sl < 2 V(s) —a) < 2o - Ng—a] < " < T

W
But then ||z — y|| < 7, so again x € S(a) +yB. O
LEMMA 2.6. Letx € Q; (i =0,1,...,N), and let s € proj(z,S(b—1i8)). Then
there exists u € U such that

(@ = 5. fls.) < 57— sl

Proof. By definition, 2 — s lies in the proximal normal cone N¥ (s, S(b — if3)).
Note that s lies in S(a,b) +nB (by Lemma 2.3 for ¢ < N, by Lemma 2.2 for i = N),
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so that V is Lipschitz of rank Ly in a neighborhood of s. A basic calculus result [9,
1.11.26] yields the existence of A > 0 such that A(z — s) € 9,V (s) and necessarily
Az — s|| < Ly. In accord with Remark 2.1, there exists u € U such that

A = 9), f(s,u) < 5
The result follows. O

Defining the feedback. We now define a feedback &(-) on S(b) +~B as follows.
If x € Q; for some i € {0,1,...,N}, then we set k(z) = u, where u is one of the
points corresponding to x (and a projection s) as in Lemma 2.6. There remain the
points z in 241 to consider (see Lemma 2.5(b)). For such z, we define k(x) to be
any point in &. (We remark that we have phrased the definition of k(x) in such a
way that the choice of u as indicated above is made once and for all, but in fact a
different choice could be made if the same state x recurred subsequently, without at
all affecting what follows; this fact is relevant for real-time control.)

The remainder of the proof consists in establishing that for suitably small mesh
size, any m-trajectory generated by k() with initial condition in S(b) + vB remains
in S(b) + vB, enters S(a) + vB within a certain (uniform) time and then remains in
that set subsequently.

We consider countable partitions {¢,} such that to = 0,1lim;_. t; = 0o, and such
that 0 < t;41 —t; < 0 for all j > 0, where 0 is any positive number satisfying

[y w Yw
2. 5 X 1y
(2:3) <mm{4m’6mLfLV’48m2LV’ }

For such a partition, let 2y be any point in S(b) + vB, and let z(-) be a w-trajectory
with z(0) = zo. We denote z(t;) by z;, and we set

L w
" 60Ly

LEMMA 2.7. For some t; € m, suppose that x; € Q;,1 € {0,1,... ,N}. Then

J)(t) € S(b) +~B Vit € [tj, t‘7‘+1], and

d(z(t),5(b—iB)) < d(z;, S(b—if)) — At —t;)  Vt€ [t),tj4].

Proof. We have z; € S(a,b) +vB by Lemma 2.5(a) and ||(¢)|| < m while z(t)
lies in S(b) + nB. Since ém < /4 by (2.3) and v < /2, it follows that x(t) lies in
S(a,b)+nB fort € [tj,t;41], as does the point s that figures in the definition of k(z;);
this was pointed out in the proof of Lemma 2.6, where we also deduced the inequality

—w
(24) (2 — 5. F s () < o2y = 5],
1%
We fix t € (¢j,tj41) and set
T z(t) — s
() = sl

Note that z(t) # s, since ||z; — s|| > /4 by Lemma 2.5(e) and since

|2(t) — z,]| < 6m < %
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We now observe two inequalities:

d(2(t), S(b —iB)) < ||z(t) — sl| = (¥, 2(t) - s),

d(z;, S(b—iB)) = ||lz; — sl| = (¥, z; — s).
These together imply

d(z(t),S(b—iB)) — d(z;, S(b —iB)) < (¥, z(t) — x;)
(2.5) =7

where we introduce the notation 7 :=1 —t;,
x(t) =z + 75, / fz
We also set
fj f(s, k() / f(s, k(z;))
Note that

R 1
1= 5 < 5 [ Lsllatr) = slar

(the Lipschitz condition holds since we are in S(a,b) + nB)
1 t
< [ Lollntr) = + ey = sl

T )
J

< Lf(Tm + d(.’l?j, S(b - Zﬁ)))
It follows from this and (2.4) that we have

<$j—57fj>=< '—Sfj+fj—fj>

< g lley = sl + Lyd(z, S(b = i8)){rm + d(a;. SO~ i6))}

< ey, S0 -i9) [ 572 + Lyom-+1L]
(since 7 < 6 and d(z;, S(b—i3)) <)

< d(x], ( Zﬁ)) [2LV + 62}‘/ + sz\/]

(we have invoked (2.3) and (2.1))
yw
ULy
(since d(xj;, S(b—1i8)) > v/4 by Lemma 2.5(e)).

We shall use this bound on (z; — s, f;) to derive one on (z(t) — s, f;) as follows:

(x(t) —s, fj) = (x; +7f; — s fj> <z —s, f;) + 7l £l
< —yw +5m < —Yw
24 Ly 48LV

(2.6)
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(in light of (2.3)). We also have
() = sll = llzj +7f; — sl < llzg — sl + 7l f5] <7+ 6m
5
< Z’V (by (2.3)).

Combining this with (2.6) we arrive at

x(t) — s —yw /5y

U fy=(—"A— fi )< —— [ — =—A.
= (g h) < m/ 3

Together with (2.5), this gives the inequality asserted by the lemma. Since this

inequality evidently implies

d(x(t), S(b—if)) <,

it also follows that z(t) € S(b) + vB. 0

LEMMA 2.8. Ifz; € Q; where 0 <i < N, then xj41 lies in Qy for some i’ > i.

Proof. Since x; € €;, we have d(z;,S(b —i8)) < 7, and (by Lemma 2.7)
d(zj41,50b —1i0)) < . Now let 1 < k < i. Since S(b—i8) C SO — (k+1)8),
we deduce d(zj41,S5(b— (k4 1)8)) < . But then ;11 ¢ Q by definition of €.
Since z;4+1 € S(b) + vB by Lemma 2.7, we must have z;41 € Q; for some i’ > i, in
view of Lemma 2.5(b). a

LEMMA 2.9. If (7)) € Q41 for some T € 7, then x(t) € S(a) +yB Vit > 1.

Proof. We know that x(7) lies in the interior of S(a) 4+ vB by Lemma 2.5(f). For
t > 7, as long as d(z(t), S(b — Nf3)) does not attain or exceed 7/2, then x(¢) remains
in S(a) +~vB. Thus ||Z(¢)|| remains bounded by m and no blow-up occurs (i.e., x(t)
is well defined).

It suffices therefore to prove that the continuous function

g(t) == d(x(t), S(b - Np))

does not become greater than or equal to v/2 for some ¢y, > 7. We have g(7) < v/4.

Since we have chosen ¢ to satisfy ém < /4, at the next node 71 following 7 we
have g(71) < 7/2, and two cases arise. The first is when v/4 < g(71) < 7/2; in that
case, z(71) belongs to Qy, and Lemma 2.7 shows that at the next node o, g(72) will
have decreased relative to g(71). The other case is when g(71) < v/4; but then we are
in the same situation as we were with 7. The conclusion is that g(¢) never exceeds
v/2, as required. 0

One last lemma and the proof is complete. We set

T = <1+b_a) <1+457L">.
16 w

z(t) € S(a) + B Vit > T.

LEMMA 2.10.

Proof. In view of Lemma 2.9 and Lemma 2.5(f), it suffices to prove that there is
anode 7 € w with 7 < T for which z(7) € Qn11. Note that x(0) belongs to some
Q;(0 <i < N+1) by Lemma 2.5(b); if i = N + 1 we are done, so assume ¢ < N.
Since § < 1 by (2.3), there is a node 7 lying in the open interval (o,0 + 1), where
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o := (37)/(4A). By Lemma 2.8, z(71) belongs either to €; or to 2, for some i’ > 1.
In the former case, it follows that x(¢) lies in §; for every node t € 7 lying between 0
and 71, and the inequality of Lemma 2.7 applies to give

d(z(11),S(b—10)) < d(x(0),S(b—1i8)) — Ar
3 _
<7 11
However, the left side is no less than v/4 by Lemma 2.5(e). This contradiction shows
that, in fact, (1) must belong to some Q; for an index i’ > 4. If i = N + 1, we are
done; otherwise, the same argument, beginning now at (71, (71)), yields the existence
of a node 75 € m with 75 < 20 4+ 2 such that z(m2) belongs to ;, where i > #'.
Continuing in this manner, we find that (since there are at most N + 1 steps as above
prior to landing in Qx41), there is a node 7 € 7w with 7 < (N + 1)(¢ + 1) such that
(1) € Qn41. But N < (b — a)/B implies that T as defined above is greater than
(N+1D(oc+1). O
Remark 2.4. Tt is a consequence of the construction that for suitably small § > 0,
the set A := S(a + 6) is attained in a time that approaches 0 as x(0) approaches A.
This is the key property that is needed in the converse Lyapunov theorem that we
now proceed to develop.

3. Construction of a Lyapunov function. We show in this section that under
reasonable assumptions, there always exist Lyapunov functions having the properties
required for the feedback construction of the preceding section and giving rise to
practical feedback stabilization of an arbitrarily prescribed range. While the result
below appears to be new and the approach to proving it has some novel features,
there is a familiar heuristic at work: the Lyapunov function is constructed as the
value function associated with a parametrized family of optimal control problems.

The function f(x,u) describing the dynamics is supposed in this section to satisfy
much the same regularity conditions as before. Specifically, we require that for any
bounded subset S of R™, there exist constants m = m(S) and L = L(S) such that

|f(z,u)| <m VeeS,  Yuel,

||f(x,u)—f(y,u)||§L||x—y|| V.’L‘/yES, Yu e U.

(As before, U is just an abstract set, and no hypotheses are made concerning the
nature of the dependence of f on w.)

In addition, we require “nice” controllability to a given compact set A via relaxed
trajectories. Let us now proceed to make this precise. We define a multifunction T"
on R” by

I(x) :=cl co{ f(z,u) : u € U}.

By “trajectory” (or “I-trajectory”) we mean an absolutely continuous function z(-)
on an interval [0, T] such that

@(t) € D(z(t)) ae. tel0,T).

Given a € R™, we define T4 () as the least time required for a trajectory to go from
a to the set A:

Ty(o) :=1nf{T > 0 : z(-) is a trajectory on [0,T],z(0) = a, z(T') € A}.
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The controllability hypothesis that we make is that every « admits a trajectory steer-
ing it to A in finite time, a time which goes to 0 as a approaches A.
Equivalently,
(CH) Tyla) < oo YaeR?, and lim Ta(a)=0.
d(a,A)]0

We remark that proximal criteria exist ensuring that A satisfies (CH); see [9,
4.6.7]. Now fix a point ag € A. Below, diam(A) refers to the usual diameter of A as
a subset of R™.

THEOREM 3.1. For anyr > 0 and R > diam(A)+r, there exist numbers a,b,v,n,
and a function V : R™ — R such that

S(a)++vB C A+rB C B(ag, R) C S(b) ++B

and such that all the hypotheses of Theorem 2.1 are satisfied and, in addition, S(b) is
compact. The feedback defined in Theorem 2.1 stabilizes S(b) +yB to A+ rB.

The following addresses the issue of practical semiglobal stabilization of globally
asymptotically controllable systems.

COROLLARY 3.2. Let the system be globally asymptotically controllable to the
oritgin. Then, for any 0 < r < R, there exists a feedback of the type constructed in
Theorem 2.1 which is defined on a neighborhood of B(0, R), and which stabilizes every
initial point in B(0, R) to the ball B(0,r).

Proof. 1t is known that a continuous global Lyapunov function exists for the
problem of stabilization to the origin [26], and every level set S(a) for a > 0 of
that function satisfies (CH) [9, 4.6.7]. It suffices now to take such a level set A
contained in the ball B(r/2,0), and to apply Theorem 3.1 with r := r/2 and ag := 0.
d

Proof of Theorem 3.1. We begin the proof by defining another multifunction I'
(more useful than T for being uniformly bounded):

~ v

I'(z) :==cl co :UEF(JC}.

) e )
We set

Ta(a) :=inf{T >0: z(-) is a [-trajectory on [0,T],z(0) = a, z(T) € A}.

Evidently (or by convention) we have Ty = 0 on A.

LEMMA 3.3.

(a) T ' is locally Lipschitz and has nonempty convex compact values in B(0,1).

(b) Ta(a) is finite Yo € R™.

() limg(a,y10 Ta(a) =0.

(d) There exists a positive number € such that whenever o € A+€B, and whenever
the T-trajectory z(-) has (0) = a and =(T) € A for some T < Ta(a) + ¢,
then we have ||z — agl|oo < diam(A) + 1. We can suppose € < 1,e < r, and

r2

4(1 + diam(A))”
Proof. 'We omit the routine proof of (a). For (b), let & € R™ be given. By

assumption, there is a I-trajectory x on an interval [0, 7] such that z(0) = o, z(T) €
A. We set

(3.1) sup{Ta(a):a € A+ eB} <

~ T .
Toe /0 (1+ |l3(8) ] )dt
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and we define a function Z on [0,77] by
() = x(¢),

where t = ¢(7) is determined in [0, T] by

Tz/ (1+ [[#(r)]])dr-
0

(This change of variables or time scale is known as the Erdmann transform.) Then

dz &(t) =
s p T e(z(r)) ae.
so that 7 is a T-trajectory. Hence Tx(a) < T < oc.

We turn now to (c). Let «o; be a sequence for which d(«;, A) decreases to 0. Then
Ta(a;) — 0 by assumption. Let m be such that || f(x,u)|| < m for (z,u) € (A+B)xU.
Then, as soon as T4(«;) is strictly less than 1/m, there is a I-trajectory z; on an
interval [0, T;] such that

1 1
ZL’Z(O) = Oy, (El(TZ) S A, T'l < E’ Tz < TA(O[Z') + E

It follows that x;(t) € A+ B for t € [0,T;]. Now let #; be the Erdmann transform of
x; as given above. Then

Tafe) <Ti= [+ [0l < 0+ < () (Taton) 41 )

It follows that T4 (a;) — 0, as required.
We now examine (d). If the assertion is false, there exists a sequence a; with
d(a;, A) | 0 and corresponding I'-trajectories x; with x;(0) = «;, x;(T;) € A such that

~ 1
T; < TA(O&i) + -, ||$1 — aOHoo > dlam(A) + 1.
1

Since T4 (a;) — 0 by (c), we have T; — 0. On the other hand, there is a subinterval
of [0,T;] in which ||z; — ag|| goes from being diam(A) + 1 to at most diam(A), and
since ||Z;(t)|] < 1 the length of that subinterval (and hence, T;) is at least 1. This
contradiction establishes the first part of (d); the rest follows immediately by shrinking
€ as required, in light of (c). 0

Defining a value function. We proceed now to define a new multifunction
F(x) whose effect is to enlarge the set I'(x) for d(z, A) < e. We set

- f‘(a;) for d(z, A) > e,
F(z) = { f‘(x) + z[M]B for d(z, A) <e.

Having done this, we define a value function V() on R™ in terms of the trajectories
of F' as follows:

V(a) :=inf {/0 lx(t) — ao|ldt : T > 0,2(0) = o, & € F(x) a.e.,z(T) € A} .

We stress that T is a choice variable here, in this free time problem.



FEEDBACK STABILIZATION AND LYAPUNOV FUNCTIONS 39

LEMMA 3.4.

(a) F is compact and convez-valued, uniformly bounded, and locally Lipschitz.

(b) V(-) is nonnegative, finite-valued, and lower semicontinuous, and the infimum

defining V («) is attained for every c.

(c) V(a) =0 iff « € A, and limgia, ay0 V() = 0.

(d) The sublevel sets S(b) := {a: V(a) < b} of V are compact.

Proof. The assertions of (a) are immediate. Since F'(z) is uniformly bounded,
the attainment and the lower semicontinuity asserted in (b) follow from standard
“compactness of trajectories” arguments; see [9, Chapter 4] for details. The first
assertion of (c) is clear, and the other one stems from Lemma 3.3 as follows.

Let a € A+ eB, and let the I-trajectory = satisfy #(0) = a, z(T) € A, and
T < Ta(a) + 6, for some 6 € (0,€). Then ||z — agl|oo < diam(A) 4 1 (by choice of ),
and we deduce

V(o) g/o l2(t) — aol|dt < (Ta(a) + 6)(diam(4) + 1).

Since Ta(a) | 0 as d(a, A) | 0, (c) follows.

Finally we turn to (d). If ||a — ao|| > diam(A) + ¢, then the time required for
a trajectory x to go from z = « to the boundary of A + eB is at least |ja — agl| —
diam(A) — e. But then V(o) > €(||a — ag|| — diam(A) — €). This implies assertion
(d). O

The next step invokes Hamiltonian conditions for optimal control and uses the
lower Hamiltonian h associated with F":

h(z,p) := min{(p,v) : v € F(x)}.

LEMMA 3.5. Let ¢ € 0pV (), where o does not lie in A. Let x be a trajectory
solving the problem that defines V(a) with associated time T. Then there exists an
absolutely continuous function p on [0,T] such that

(3.2) (-p— ”;:ZSH@“) € dch(z,p) ae. tel0,T),
(3.3) p(0) = ¢,
(3.4) h(z(t), p(t)) + ||z(t) —aol| =0 ¥t € [0,T].

Proof. By definition of 9pV («), we have for some o > 0 and for all @’ near «
V(') +alle’ —af* = {¢.a') = = (¢, ).

Let 2’ be a trajectory near z (in the L° norm), put o/ = 2/(0) and o = z(0), and
rearrange to derive that z/(-) = x(-) solves locally the problem of minimizing

o
/0 I (t) — aolldt — (¢, (0)) + o|2"(0) — =(0)||?

over the trajectories z’ for F satisfying 2/(17") € A. (Here T and 2/(0) are free.)
We apply the corollary of Theorem 3.6.1 of [5] (with time reversed) to deduce the
existence of an absolutely continuous function ¢ on [0, 7] satisfying

(3.5) (=4,%) € do[H (x,q) — [ — aolll(z,q) ae. te0,T],

(3.6) q(0) = —¢,
(3.7) H(z(t),q(t)) = [|z(t) — aoll, ¢<€[0,T],
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where H(x, p) is the function —h(x, —p) and d¢ denotes the generalized gradient. The
Hamiltonian inclusion above implies

(q — Jj_aO,i‘) € dch(z,—q) a.e., t €10,7).

[l — ao|
Now putting p := —q gives to these conclusions the form asserted in the statement of
the lemma. ]

LEMMA 3.6. For any constant ¢ > 0, there is a constant M. with the following
property. If a € S(c) and if the trajectory x on [0,T] attains the infimum defining
V(a), then ||z — aolloo < M, T < M.

Proof. If |x—ag|lco > ct+diam(A)+1, then the time required for ||x—ag|| to attain
the value diam(A)+1 exceeds ¢ (since ||Z|| < 1). But then V() > (1+diam(A4))c > c.
This shows that ||z — aglles is bounded by ¢ + diam(A) + 1. By Lemma 3.3(c),
limga,4) 0 Ta(a) = 0. So there exists p > 0 such that

Ta(z) <1 Voe A+ pB.

Now take a outside A+ pB, and let 7, denote the first time ¢ that z(¢) attains A+ pB.
Then V(o) > p7,, whence 7, < ¢/p for a € S(c).
We deduce that
Ta(a) <1,+1 (by choice of p)
+

1.

INA
<l

If « € A+ pB, the same bound evidently holds. It suffices now to set
M. ::max{c—i—l,c—i—diam(A)—i—l}. 0
p

LEMMA 3.7. V is locally Lipschitz on R™.

Proof. We prove first that V is locally Lipschitz on the open set {V > 0} =
comp(A). Let a belong to this set; take any § > 0 such that § < d(ag, A), and any
element ¢ € 9pV («), where

(3.8) [l — apl| < 6, Via) < Viag) +6 =:c

The conclusions of Lemma 3.6 are available for any trajectory solving the V' («) prob-
lem. If K is a Lipschitz constant for F' on the ball B(0, M, + 1 + ||agl||) (where M,
comes from Lemma 3.6), then the Hamiltonian inclusion (3.2) implies

(3.9) Il < K|[pll + 1.

The condition (3.4) at t = T gives [[p(T)|| < diam(A) since z(T) € A and since
F(z(T)) = I'((T)) + 2B D B. This, together with (3.9) and Gronwall’s Lemma,
leads to

T
1< = PO < X7 lp(T)] + / K (T=5) g

< diam(A)e®T + GKT;I
- K
GKMC -1

< diam(A)efMe 4 —— =
< diam(A)e + 7
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since T' < M, by Lemma 3.6. This establishes a uniform bound on elements of 9pV ()
whenever « satisfies (3.8), which proves that V' is Lipschitz on a neighborhood of «q
[9, 1.11.11]. Thus V is locally Lipschitz on the set where it is strictly positive.

There is a neighborhood N of A on which V is bounded above, in view of Lemma
3.4(c). The argument above therefore yields a bound L on elements of pV () for all
a € N\ A, so that V is uniformly Lipschitz of rank L on oo € N\ A by [9, Theorem
1.7.3]. Of course, V =0 on A and is continuous at each point of A in view again of
Lemma 3.4(c). That V is Lipschitz on N, and hence locally Lipschitz on R"™, now
follows. a

LEMMA 3.8.

sup{V () : @« € A+ eB} <inf{V(a) : d(e, A) > 1}

Proof. Let d(a, A) < ¢, fix 6 € (0,¢), and let the trajectory x on [0, 7] satisfy
2(0) = a,z(T) € A,T < Ta(a) + 6. Then by Lemma 3.3 we have ||z — aglloc <
diam(A) + 1 and so

T ~
V(a)g/O l2(t) — aolldt < (Fa(a) + 6)(diam(A) + 1).

We derive V(a) < (diam(A) 4+ 1)T4(a), and (from (3.1))

2
V(a) <sup{Ta(a) : d(a, A) < e}(diam(A) +1) < T

Now let d(c, A) > r, and let = solve the problem defining V(). There is an interval
of length at least r/2 during which ||z(t) — ao|| > r/2 (since ||Z]| < 1), whence

r2

v —.
(@) > -
The result follows. |

LEMMA 3.9. There exist positive numbers a,b,n with a < b such that

S(a) +nB C A+rB C B(ag, R) C S(b)
and
S(a,b) +nB C {a:d(a, A) > €}.

Proof. Pick a number a > 0 lying between the two quantities in the statement of
Lemma 3.8. Then evidently the compact set S(a) satisfies

S(a) C comp{d(a, A) >r} = A+ rB,

whence S(a) + nB C A+ rB for n > 0 suitably small. It also follows that (for any
b > a) the compact set S(a,b) is contained in the open set {« : d(a, A) > €}. Any
b suitably large will satisfy B(ag, R) C S(b), since V is bounded on bounded sets.
Finally, by shrinking n further if necessary, we will have the final conclusion of the
lemma as well. a

LEMMA 3.10. The infinitesimal decrease condition (H5) of section 1 holds on

S(a,b) +nB, with w := .
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Proof. As pointed out in Remark 2.3, it suffices to show that for any a € S(a, b) +
nB, for any ¢ € 9pV (), one has

(3.10) inf{{(¢, f(o,u)) : u e U} < —e.

Let x be a trajectory solving the problem defining V(«). Then, by Lemma 3.5, we
have (at ¢t = 0)

h(a, ) + [la = aol[ = 0.
Since d(a, A) > € by Lemma 3.9, we have F(a) = T'(a), so that the preceding equality
yields, for any 6 > 0, the existence of some element v € I'(«) such that

<<1—&—U||v|> < —lla—aol +8 < —e+6.
For 6 small enough, the right side is negative, whence
(C,v) < —e+6.
Given that I'(«) := ¢l cof (o, U), this yields the existence of v € U for which
(¢, fla,u)) < —e+ 26.

Since § is arbitrarily small, (3.10) ensues. d

Since S(b) is compact, f is Lipschitz in « and bounded on S(b) + nB, in accord
with hypotheses (H3) and (H4) of section 1. When the level sets are compact and V
is continuous, (H2) always holds. The verification of this fact is the last property to
confirm.

LEMMA 3.11. Hypothesis (H2) holds.

Proof. If (H2) fails, then there exist sequences «; € R ¢; | 0, and u; € B(0,1)
such that

V() <a—+e and V(o + €u;) > b.

Since S(b) is compact, we can suppose by passing to a subsequence that a; — ayp.
Then, since V is continuous, we have V(ag) > b > a > V(ayp), a contradiction. O
The setting of Theorem 2.1 is established, and Theorem 3.1 is proved.

4. Robustness. We prove in this section that the feedback constructed in sec-
tion 1 is robust with respect to small measurement error and persistent external
disturbance, in a precise sense that requires two stipulations. The first is that the
measurement error must not exceed in order of magnitude the step size of the un-
derlying discretization, a condition which appears to be rather natural. The second
requirement is perhaps more surprising and surfaces from the nature of the feedback
construction. It dictates that each step be “big enough” (while continuing to be “small
enough”) so as to counteract the measurement error by means of the attractive effect
inherent in the construction. Thus the partitions used to discretize the effect of the
control are taken to be “reasonably uniform.”

Our perturbed system is modeled by

&= [f(z,k(z+p)) +q,
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where the external disturbance ¢ : [0, 00) — R™ is a bounded measurable function:
lq(t)|| < Eq, t>0 a.e.

Given a partition m = {¢;};>0 of [0,00) and the initial condition x, the resulting
m-trajectory of our perturbed system is defined by successively solving the differential
equation

#(t) = fx(t), k(z(t:) +pi)) +q(t), T € [titin],

with z(0) = 9. The continuous function z(t) is the real state of the system, while the
sequence {x(t;) + p;} corresponds to the inexact measurements used to select control
values.

THEOREM 4.1. The feedback k : S(b) +vB — U constructed in Theorem 2.1 is
robust in the sense that there exist positive numbers o9,T, and E, such that, for every
6 € (0,60) there exists E,(8) > 0 having the following property: for any partition
m = {ti};>0 having

6
§§ti+1—ti§5, i >0,

where 0 < 8 < &y, for any set of measurement errors {p;}i>o having
Ipill < Ep(6), =0,

for any initial condition xo such that o + po € S(b) + vB, for any disturbance q
having ||q|lcc < Ey, the resulting w-trajectory x satisfies

x(t;) +p; € S(b)+~vB Vi>0,
x(t) € S(b) +2vB Vt >0,

xz(t) € S(a) +vB Vt>T.

Remarks 4.1.

(a) Note that unlike T" and E;, the maximum admissible measurement error E,
depends on 8. Also note that (in contrast to Theorem 2.1) z(¢) may not lie
in S(b) +~B V t, although for large ¢ it must do so. We prove, however, that
the “observed values” of the state, namely the values z(t;) + p;(i > 0), all fall
in S(b) + vB, the domain of definition of k.

(b) Certain other kinds of error, for example a disturbance d(-) entering into the
dynamics in the form & = f(x, k(x)+d), can be reduced to that of an external
disturbance by positing suitable continuity of f in the control variable.

(c¢) The maximum admissible disturbance measure E, will be seen to be propor-
tional to w/Ly. This has a natural physical meaning, as can easily be seen
in the case of smooth V" and a continuous feedback k(x) such that

(VV(2), f(z, k(z))) < =W (z).
Then we see that the perturbed system
&= f(z,k(z)) +q

is stabilized by k if ||q||cc < W(z)/||VV (z)|| for every z, a bound akin to that
involving w/ Ly .
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Proof of Theorem 4.1. We adapt the proof of Theorem 2.1, whose first five lemmas

hold with no change whatever, as does the definition of k(-). Recall that v, 3, and N
were introduced earlier; see (2.1) and (2.2). We now define our upper bound for 6:

L
(4.1) 8o = min{67 Vo1, e i }
w

24Ly (m + g= +1)27 20m

w
(42) Eq = m,
L b—a 81vLy
b e (1050 (14 B2)

(this T differs slightly from the one in Theorem 2.1), and we let 7 = {¢;};>0 be a par-
tition as described in the statement of Theorem 4.1, with corresponding measurement
errors {p; };>0 having ||p;|| < E, for some E, > 0 satisfying

3 bw
44 E, <min{ 22,5 —2 \
(44) ”<mm{80’ ’432LV}

We also admit any disturbance ¢(-) for which ||¢||cc < Ey, and we take xo such that
o + po € S(b) + vB. We shall show that the corresponding 7-trajectory has the
required properties. We introduce the notation

z; = (i), yi = T + s

for the actual and the measured state values at time ¢; and proceed to develop modified
versions of the four last lemmas figuring in the proof of Theorem 2.1. We set
~ L w
" 108Ly’

LEMMA 4.2. For some t; € m, suppose thaty; € Q;, i € {0,1,... ,N}. Then

2(t) € S0) + 2B C SB) + 0B, t; <1<ty

Yj ES(b)+’YB, Yj+1 GS(b)+’YB,

d(yj+1,S(b—iB)) < d(y;, S(b—iB)) — A(tj+1 — b))

Proof. Note that y; € S(b) + vB by Lemma 2.5; it will follow from the last
conclusion of the current lemma that y;11 € S(b) ++vB. Also, ||z; —y;|| = lIp;l| < Ep,
together with ||z(t) — z;|| < 6m, yield

z(t) € S(a,b) +yB + (E, + ém)B C S(b) + 2vB,

since E, + ém < « in view of (4.1) and (4.4). Since 2y < n by (2.1), this gives
x(t) € S(b) + nB. By Lemma 2.6 we have

(4.5) (05 = 5, £ b)) < —5 7l sl

where s € proj(y;, S(b—if)). Fix t € (t;,t;41) and set

_ z(t) — s
() = sl
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Note that z(t) # s since |ly; — s|| > /4 by Lemma 2.5(e), while

g
ly; = 2@l < llys — 25l + llzg — 2@l < Ep +m < 7,

as already noted. We observe the relations

d(z(t), S(b—if)) < [lz(t) — s|| = (¥, z(t) — s),
d(y;, S(b—iB)) = lly; — sl > (¥, y; — s),

whence
d(z(t), S(b—iB)) — d(y;, S(b —iB)) < (¥,z(t) — y;)
=(V,z; +7(f; +q5) — vj)
(4.6) <7, fj +¢;) + Ip;ll,

where we have introduced

Ti=1—1,

_ j_/;f(:r(r) i
=1 ()

J

We also set f; := f(s, k(y;)); note || f;]| < m. We have

5 I Ly [
1= 4 < [ Esllotr) = slir < 2 [ (o) =11+ la; = slar

tj
< Ly(dm+lzj —y;ll + lly; — sl)
5
(4.7) < Ly(ém+ Ep +7) < o Lyy.
We deduce
(@(t) = s, f; +a5) ={&; +7(f; + @) — 5. fj + ¢5)
=y —s—pj i +4) + 7 f5 + a5
(yj — s, fj) + Ep(m + By) + 6(m + E;)?
(yj — s, f5) +yj — s, fj — [5) + (m + Eg)[ém + 0 Eq + E]
w 5
< —o—lly; = sl + S llyj = sllLgy + (m + Ey)[dm + 0Ey + Ey]
2Ly 4
(where we have used (4.5) and (4.7))

<d(y;,S(b—1iB)) [ 3Ly + 6LV} +8m+ E, + 1]2
by (2.1), and since E, < § by (4.4))

<[ T
=7 3LV 24LV T 2Ly
>

~/4 by Lemma 2.5, and since § < §y defined by (4.1)).

(since d(y;, S(b—1i03))
Note also that

() = sll = lly; —p;s + 7(f5 + 45) — sl

5v 9y

o0E,
+ <4

<y+E,+6(m+E,) <
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(note 6E; < 7y because of § < 6y, in view of (4.1) and (4.2)).
It follows that

(W, fj +qj) = <

(1) - (w)/@iLy) | w
ORI >S

(97)/4  54Ly’
Substituting into (4.6) leads to

d(z(t), S(b—iB)) — d(y;, S(b—1iB)) < —2A(t — t;) + Ep.
We obtain from this
Ay 41 S = i6)) — dly;, SO i) < Iy = 2(ti0)]| — 2B~ ) + ,
—Atj — 1) + 2Ep — Altjr1 — 1))
—A(tj41 —t)),

\/\ I/\ IA

by (4.4), and since t;41 —t; > §/2. 0

LEMMA 4.3. Ify; € Q;, where t < N, then y;41 lies in y, for some k > .

Proof. We know that ;1 € Q for some k, since y;11 belongs to S(b) +vB by
Lemma 4.2. Suppose that k < i. We have d(y;, S(b — ¢5)) < 7 by definition of €,
and Lemma 4.2 implies d(y;+1,S5(b —i3)) <. But S(b—i3) C S(b— (k+1)3), so
that d(y;+1,S(b— (k+1)3)) <. But then y;+1 ¢ Qi by definition of ), (note that
k < N). This contradiction proves the lemma. a

LEMMA 4.4. If 7 € 7 is such that y(7) € Qny1, then

x(t) € S(a) +~vB Vt>rT.
Proof. We first establish

YV nodes 7/ > 7.

(4.8) d(y('), S(b—NB)) <
We consider first 7/ = 7 + 1. We have d(y(7),S(b— Nj)) < 7/4, whence

dy(r +1),5(b— NpB)) < d(z(r+1),5(b— NB)) +
< d(x(r), S(b Nﬂ))+Ep+m5

2y
5

&

<

d(y(r), S(b — NB)) + 2E, + mé
< 3y 2y
—+ — = — (by (4.4)).
T4 ST =2 (by (4.)
If d(y(r +1),5(b— NpB)) is in fact < 7/4, then this same argument yields
2y
dly(r +2), 500~ N) < 2.
If however d(y(r +1),S(b— Nf3)) > /4, then y(7 + 1) lies in Q2 by definition, and

Lemma 4.2 again yields d(y(7 + 2),5(b — Nf3)) < 2v/5. Continuing in this way, we
obtain (4.8) for all nodes 7/ > 7.
We use (4.8) to argue as follows: let t > 7, and let 7/ > 7 be a node adjacent to
t; then
d(z(t),S(b— NpB)) < d(z(r"),S(b— NB)) + ém
< d(y(r'), (b — NB)) + Ey + bm

<X % (by (4.4)).
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This gives z(t) € S(a) +vB by Lemma 2.5(f). 0O
LEMMA 4.5. Let

T (1+b—a> (1+817LV>.
J6] w

Then x(t) € S(a) +vB Vt>T.

Proof. In view of Lemma 4.4, it suffices to prove that some node 7 € 7 with 7 < T
is such that y(7) € Qn41. The argument is identical to that used to prove Lemma
2.9, with A replaced by A and applied to the y; rather than the z;. 1]
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ASYMPTOTIC ALMOST SURE EFFICIENCY OF AVERAGED
STOCHASTIC ALGORITHMS*

MARIANE PELLETIER?

Abstract. First, we define the notion of almost sure efficiency for a decreasing stepsize stochas-
tic algorithm, and then we show that the averaging method, which gives asymptotically efficient
algorithms, also gives asymptotically almost surely efficient algorithms. Moreover, we prove that the
averaged algorithm also satisfies a law of the iterated logarithm, as well as an almost sure central
limit theorem.

Key words. stochastic algorithms, central limit theorem, almost sure invariance principles
AMS subject classification. 62120, 62F12, 60F05, 60F15

PII. S0363012998308169

1. Introduction. Many vectorial algorithms are written in the form

Zn+1 - Zn + Tn [F (ZnannJrl)] 3

where the gain (vy),~, is a nonrandom sequence decreasing to 0 with )+, = oo
and the observed quantity at time n 4+ 1 is F (Z,,Mn+1), Mnt+1 being a stochastic
disturbance. Such an algorithm is often studied when rewritten as an algorithm used
for the search of zeros of a function h,

(1) L1 = Zin + Yn [h (Zn) + 6n+1] )

where (e,) is a “small disturbance” and h(Z,) corresponds to a mean effect of
F (Z,,Mn+1), given the past. The classical Robbins—Monro algorithm is obtained
when (7,,) is a sequence of independent identically distributed random variables and
h(z) = E[F(z,n)]. Extensions to a Markovian disturbance (n,,) are developed in [1].

Throughout this paper, the algorithm (1) is considered in the following frame-
work: (e,) is a sequence of d-dimensional random vectors defined on a probability
space (92, A, P), adapted to a filtration F = (F,,),,~o, and Zy is Fo-measurable. The
function A is defined on R? and R%valued, and z* is a zero of h such that, on a
neighborhood of z*,

h(z)=H(z=2)+O0(lz—2"["),

where a > 1 and H is a stable matrix (i.e., all the real parts of the eigenvalues of H
are strictly negative).

Many criteria ensure the almost sure convergence or the convergence with a
strictly positive probability of (Z,,) towards z* (see among many others [1], [9], [12],
and [18]). In order to ensure their applications to various cases, our results are con-
ditional with respect to the event I' (2*) = {Z,, — 2*}.

*Received by the editors October 13, 1998; accepted for publication (in revised form) January 10,
2000; published electronically August 17, 2000.
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fLaboratoire de Mathematiques, Batiment Fermat, Université de Versailles Saint-Quentin, 45
Avenue des Etats-Unis, 78035 Versailles Cedex, France (pelletier@math.uvsq.fr).
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It was proved, under some local assumptions stated in section 2, that if P [T" (z*)] >
0, then the sequence (Z,,) satisfies a conditional central limit theorem (CLT):

(2) given T' (2%), ¥,, = \/;(Z —-2") = N(O %),

with 2 denoting the convergence in distribution, A/ denoting the Gaussian distri-
bution, and ¥ being a positive definite matrix (see, for instance, [1], [12], [18], [19]
for the case P[I'(2*)] = 1 and [9] or [20] for the case P[I' (z*)] > 0). (Equation (2)
means that the asymptotic conditional law of ¥,, with respect to I' (z*) is N'(0,X).)

Moreover, the sequence (Z,,) is known to fulfill the three following almost sure
properties ([21], [22]), where ¥ is the limit covariance matrix of (2), §, denotes the
point mass at 2, and = is the weak convergence. (Throughout the paper, we say that
a property P holds almost surely (a.s.) on I' (z*) if there exists a subset N C T"(2*)
such that P(N) =0 and P holds Vw € T (2*) \ N.)

e A quadratic strong law of large numbers:

1 n
(3) as.onI'(2%), lim —=7—— Z (Z — 2*)(Zs — )T =3
n—oeo Zk 17k

e A law of the iterated logarithm: for any eigenvector of HT, w € R¢,

(4)

a.s.onI'(z lim sup -
(=), n—oo 2V In (Zk:l Vi)

w'(Z), — 2)(Z), — 2) w = wT Sw.

e An almost sure central limit theorem (a.s.CLT):

(5) a.s. on I (2* Zk e ZWC‘SF(Z :>J\/(0 %),

i.e., there exists a P-null set N C T'(2*) such that Vw € T (2*) \ N,

Zk - Z%(SF(Z )z = N(0,3).

The optimal weak convergence rate of (1) given I' (2*) is reached when v, = vo/n
with 2Ly > 1 (—L denoting the greatest real part of the eigenvalues of H), since (2)
is then equivalent to

Given T (2*), Vi (Z, — 2*) 2N (0,73).

The question arises as to what the optimal covariance matrix is. For that, let us
consider the following class of algorithms:

A
(6) Zpt1 = Zn+ n [h (Zn) + en—&-l} )

where A is an invertible d X d matrix such that AH +1/2 is stable. For such algorithms
(see [9]), it follows from (2) that

Given T'(2%), Vi (Zn — 27) DN (0,5(4))
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where 3(A) is the solution of the Lyapunov equation

[AH + g] Y(A) + 2(A) [HTAT + ﬂ = —ACAT,

with C =lim,— 4o E (en+1e£+1 |.7:n) a.s. on I' (z*). The optimal choice of the matrix
Ain (6) is A = —H~!, which leads to X(4) = H_lc’(H_l)T7 since it minimizes the
covariance 3(A) (with respect to the order of the symmetric matrices).

When A is replaced by H ™!, (6) is Newton’s algorithm, which thus has an asymp-
totically optimal behavior in distribution. Unfortunately, it is often impossible to use
this algorithm, the matrix H being generally unknown.

These considerations lead us to set the following definition.

DEFINITION 1. If (Yy,),,~o is given by a stochastic algorithm used for the search
of zeros of a function h observable only together with a disturbance (ey,), h and (e,)
satisfying the assumptions previously given and y* being a zero of h, we say that the
algorithm is asymptotically efficient given {Y,, — y*} if

Given {V, — y*}, vn (Yo —y*) ZN(0, H*C(H )"

).

The averaging method, simultaneously introduced by Polyak [23] and Ruppert
[25], is known to give asymptotically efficient algorithms (see among others Delyon—
Juditsky [5], [6], Dippon—Renz (7], Kushner—Yang [13], Polyak—Juditsky [24], and Yin
[31)).

The averaged algorithm is built up in the following way; each iteration requires
two steps.

Step 1. Z, 41 is found from the algorithm (1) where the gain ~,, is “slow;” typically

1
— o —<a<l.

Tn nia’ )

Step 2. We compute the empirical mean of all the previous observations,

1 n+1
Zpsr = Zy..
+ n—i—l; k

Note that 7n+1 can be recursively written as

— — 1
Lpil = Ly + ——
+ Jrn—&—l

(Zns1— Zn) .

The aim of this paper is to prove that, conditionally on the set of consistency
I'(2*), the averaged algorithm is not only asymptotically efficient, but that it also
satisfies the almost sure properties (3), (4), and (5) with the optimal rate and the
optimal covariance matrix ¥. Moreover, the law of the iterated logarithm (4) is
obtained for any vector w (and not only for eigenvectors of HT).

Before stating our main results, let us first introduce the almost sure version of
the notion of asymptotic efficiency. When ~,, = vo/n with 2Ly > 1, (3) is equivalent
to

n

* : 1 * T _
(7) a~S~0nP(2),nlggom;(Zk—Z)(Zk—Z) = 0%,
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1
and, for slower gains ~,, = ﬁ, 3 <a<l,to
nOL
1—a
* . - * sa\T
a.s.on I' (%), nh_}rréo e kgil (Zk —2") (Z, — 2")" = yX.

Thus, the sum of the “squared” differences between Z; and the estimated param-
eter 2* is optimal when (7) is fulfilled with 4% = H~'C(H~1)". By analogy with
the definition of the asymptotic efficiency, and taking up the terminology introduced
by Touati [28] for statistical problems, we introduce the following definition.

DEFINITION 2. If (Y,,) is given by a stochastic algorithm used for the search of
zeros of a function h observable only together with a disturbance (e,), h and (ey)
satisfying the assumptions previously given and y* being a zero of h, we say that the
algorithm is asymptotically almost surely efficient on {Y,, — y*} if

« . 1 < X . _ _1\T
a.s.on {Y, —y*}, nan;OmZ(Yk—y)(Yk—y)T:H tom—1".

We shall prove that the averaged algorithm is a.s. efficient on I' (2*), i.e., that

* . 1 = 4 *\ (77 * T_ —1 -1\ T
a.s. on I'(2%), nh_)rI;o lnn;(zk N2y —2") =H CH ) .

We shall also show that the averaged algorithm fulfills the following law of the iterated
logarithm,

a.s.on I'(2%), Yw € RY,

) — o = T _ T
1171L1LsolipmwT(Zn—z )(Zn—z) w=wTH 1C’(H 1) w,

and the following a.s.CLT:

n

1
as.on (%), — Z
Inn Pt

T

6\/@(7k—z*) :N(O,H_lc(H_l) )

> =

In fact, we shall extend our framework and study the more general algorithm
(including the Kiefer-Wolfowitz algorithm [9])

(8) Zn+1 = Zn + Tn [h (Zn) + Tn+1} + On€n+1,

where (g,,) is a noise (i.e., a sequence of martingale increments), (r,,) a residual term,
and (o,) a nonrandom sequence decreasing to 0 such that «,, = O (0,,); the algorithm
(1) corresponds then to the particular case v,, = o, and e, =1, + €,,.

Our results are precisely stated in section 2. In section 3, we give an application
to efficient recursive estimators. Finally, section 4 is devoted to the proofs.

2. Assumptions and main results. We first precise the required assumptions
on (8).

Assumption (A1) about the function h: There exist a > 1, a stable matrix H, and
a neighborhood U of z*, such that for any z in U,

h(z) =H(z=2")+ O (|z = 2"[").
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Assumption (A2) about the noise (,):
(i) There exist M > 0 and b > 2 such that a.s.

E(ent1]Fn) Lz, -z <my = 0 and SngE(IlenHIIb\fn)l{nzn—z*ngM} < 0.

(ii) There exists a nonrandom symmetric positive definite matrix C' such that
lim,, o, C,, = C a.s. on I' (2*), where C,, = E (sn“sgﬂ\fn).
Assumption (A3) about the gains: There exist two decreasing positive functions
v and o, defined over [0, +oo[ such that v, = v(n) and o, = o(n) V integer n. We
define the function v by v(t) = v(t)/0%(t) and assume there exist two positive real
numbers a and 3 such that the following conditions are fulfilled.
(i) v is a differentiable increasing function, v(co) = oo, and its differential v’
varies regularly with exponent (8 — 1) (i.e., lim; o v'(tz)/v'(t) = 2°71; see
[11] or [26]).
(ii) v is differentiable, varies regularly with exponent (—a), and 6 = (1/v)’ is
decreasing and varies regularly with exponent (o — 1).
(iii) One of the two following conditions (A3.a) or (A3.b) holds.
(A3.2) min{i,2} <a<1 and 1==2 <3 <1,
(A3b) L <a<1l and :=2(1+2)<p<l
Assumption (A4) about the residual term (r,): We set

9) J(t):/o mdsa

1 2) .
and assume 7,41 = rill + rflll with

() 1201 =0 (120 = 2"[) as.
(ii) the weak assumption (A4.w) or the stronger one (A4.s) is fulfilled:
(A4.w) There exists M > 0 such that

1 L2, s <ar = OUVT @ mo(m)] )

a.s.;
(A4.s) Thereexist M > 0and p > 3(1+8—a) such that ||T’EL1-'1)-1H1{HZ7L*Z*HSM}
=0 (n"*) as.

Comments on the assumptions.

(a) Our assumptions are local. Thus, the results stated below can be applied
as soon as P[I' (z*)] > 0, whatever the behavior of (Z,,) outside of I (z*) may be.
In particular, they apply to algorithms obtained by projection or truncation in the
framework of [3] or [12].

(b) Since the function s — /J(s)y(s)v(s) varies regularly with exponent (1 +
0 — a)/2, assumption (A4.s) implies (Ad.w).

(¢) Assumptions (A2) about the noise and (A4) about the residual term can be
applied to Markovian disturbances in the framework of [1], whose application to the
averaged method is precised in [6].

(d) When the conditional moment of order 4 of the noise (g,) is bounded (i.e.,
when b > 4), assumption (A3)(iii) reduces to

1 1-—
~<a<l1 and 7a<ﬂ§1;
2 a—1

thus, the condition (A3.b) is useful only in the case 2 < b < 4.
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(e) In most cases, the function h is regular enough so that assumption (A1) holds
with ¢ = 2. In this case, assumption (A3) is fulfilled, for instance, by the gains
o

"Yn:naaan:

g
\/ﬁ (70>07 00>0)7

2
With§§a<1and3(1—a)§ﬁ§1.

For these gains, we have

B 2 1+a—p
’U(n) — 707; 7 J(’I’L) _ 20_0774 7
) (1 +a—p5)

and assumption (A4.w) can be rewritten as:

there exists M > 0 such that ||7”£z1-s)-1||1{\|2nfz*|\§M} = 0(Vnl—oth) as.

The Robbins-Monro algorithm is given by (8) with ~,, = o, and r, = 0; we have
then § = «, J(n) = n, and, if (A1) holds with a = 2, assumptions (A3) and (A4) are
fulfilled, for instance, by the gains

'ynzanzﬁ (0 > 0) with %§a<1.

n(){

The Kiefer—Wolfowitz algorithm corresponds to the case h = —VV, where the
function V is observable only together with a noise. This algorithm can be written
as (8) with v, = ol (v >0),12<a<1land o, = 0"y, 0 <7 < /2. We
na
have then 8 = a — 27 and J(n) = n'*27/(1 + 27). Since (n?7r,41) is known to

converge a.s. on I' (z*) toward a deterministic, usually nonzero constant, assumption
(A4.w) (respectively, (A4.s)) requires 1/6 < 7 < /2 (respectively, 1/6 < 7 < «/2).
Consequently, if (A1) holds with a = 2, our assumptions (A3) and (A4) are fulfilled
by the gains

70

-
= On =T Vn,

,}/’fL o’

(10) for (Ad.w),

3
With70>0,1+%§a<1,and

<7< for (A4.s).

|
O Rl CY e}

D= O =

Our first main result is the following quadratic strong law of large numbers.
THEOREM 3 (quadratic strong law of large numbers). Assume (A1), (A2), (A3),
and (A4.s) hold. Then, a.s. on T (z*),

lim — ﬁ:kp(k)]—l (Zi—2) (Zr—2") =H 'c(H M.

COROLLARY 4 (almost sure efficiency). Assume that (A1), (A2), (A3), and (Ad.s)
hold and that ~, = o,. Then, a.s. on T (z*),

. 1 < = . AT _ _\T
nlgr;om];(zk—z)(zk—z) =H'C(H™)

and the almost sure asymptotic efficiency is obtained.
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Remarks and examples.
(a) Under the assumptions of Theorem 3, Duflo [9] proved the following condi-
tional CLT:

(11) given T' (), Y, = n[J(n)] "2 (Z, — 2*) BN(0, H ' C(H)").

Moreover, the quadratic strong law of large numbers can clearly be rewritten as:

a.s.on I'(z%),

"1 — — T T
lim — ) — |7Y2(Z) — 2] [k[J (k)] Y2(Z), — %) =H'C(H™) .
nggomnzk @i~ N FI ]2~ =) (1Y)
Thus, the quadratic strong law of large numbers ensures that the logarithmic average
of the Yy YkT converges a.s. toward the covariance matrix of the asymptotic distribution
of (11).

(b) The averaged Robbins—Monro algorithm is asymptotically a.s. efficient on
T (z%).

(c) In the case of the Kiefer—Wolfowitz algorithm, assumption (A4.s) requires that
the parameter 7 in (10) satisfies 7 > 1/6, and we then have

as.on I'(z%), lim L+27 Z kQT (Zk —2*) (Zk — z*)T = H_IC’(H_l)T.

n—oo Inm

However, we failed in proving a quadratic strong law of large numbers when 7 = 1/6.
In view of remark (a), it is not surprising since, in this case, n[J(n)]~'/2 (Z, — 2*)
is known to converge weakly to a N(m,H‘lC(H_l)T) distribution, where m is a
deterministic, usually nonzero constant.

The following corollary gives an estimator of the asymptotic covariance matrix
H_lc’(H_l)T, Z,, standing for z* in Theorem 3.

COROLLARY 5 (strongly consistent estimator of the asymptotic covariance). Set

=\ /5 = \T
S ngk Y(Zx—Zn) (Zx — Zn)

Under assumptions (A1), (A2), (A3), and (Ad.s), S, is a strongly consistent estimator
of H*IC(H*)T on ' (z*).

Remark. The combination of (11) and Corollary 5 implies the following condi-
tional CLT:

given T (2%), n[J(n)] V28,12 (Z, — 2*) BN (0,1),

which permits the construction of confidence regions for z*.
Our second main result is the following law of the iterated logarithm.
THEOREM 6 (law of the iterated logarithm). Assume (Al), (A2), (A3), and
(Ad.w) hold. Then, for any vector u of R?, we have, a.s. on ' (2*),
lim sup S C— (7n — z*) — _liminf —— /T (7n — z*)
n—oo +/2J(n)In(Inn) n—oo /2J(n)In (Inn)

uTH-1C(H-)"u.
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Moreover, we have, a.s. on T (z*),

(12)

n
R Tim sup ————
Vu e R limsup 5 e )

W (Zn—2%)(Zn — 2) u=u"HC(H ") 0.
Remarks.

(a) Referring to the order of the symmetric matrices, property (12) can be written
as:

2

a.s. on I' (z*), limsup n

n—00 m(zn - Z*) (Zn - Z*)T _ H—lc(H_1)T.

(b) When #,, = 0, (in particular, for the Robbins—Monro algorithm), we obtain

a.s. on I' (z*), limsup 3T (nm)
n—oo n{mn

(Zn—2)(Zn—2") =H'C(H™).
We see again that the asymptotic almost sure convergence rate of the averaged al-
gorithm is optimal since the rate (21n(lnn))/n is known to be optimal and the limit
covariance matrix H'C(H _1)T is the smallest one (with respect to the order of the
symmetric matrices).

(c) In the case of the Kiefer—Wolfowitz algorithm, we have

(1+2r)n' =27 _

a.s. on I' (z*), limsup (Zn—2")(Zn — z*)T = HilC(H*I)T

P00 21n (Inn)

for any 7 satisfying (10), and here we can choose 7 = 1/6, which ensures the optimal
convergence rate of the averaged Kiefer—Wolfowitz algorithm.

(d) Theorems 3 and 6 extend previous results of Le Breton [15] and Le Breton
and Novikov [16], [17]. They obtained Theorem 3 under the restriction that h is
linear; under the same restriction, they obtained Theorem 6 in the unidimensional
case (d = 1), whereas they obtained only an upper bound of (7n — z*) when d > 1.

Our last main result is the following a.s.CLT.

THEOREM 7 (a.s.CLT). Assume (A1), (A2), (A3), and (A4.s) hold. Then, a.s.
on T (2%),

T

1 1 _ _
7ZE k[ (k))=1/2(Z)—2*) :>N(07H IC(H 1) )
k=1

The following corollary is a straightforward consequence of Theorems 3 and 7.

COROLLARY 8 (logarithmic strong law of large numbers). Assume (Al), (A2),
(A3), and (A4.s) hold. Let ¢ : RY — R be an almost everywhere continuous function
such that, for a positive constant K, |p(x)| < K(1+ ||z||*). Then, a.s. on T (z*),

lim %Z%Qs[w(k)]*l/? Zp — 2" /(b )dF (x

where F is the N'(0, H-*C(H-Y)") distribution.
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3. Application to efficient recursive estimation. Let (Y}) be a sequence of
independent identically distributed random vectors absolutely continuous with respect
to some positive o-finite measure A. Let us denote by f(6,.) the probability density
of Yy, where # € ©, © is an open subset of R%, and assume this statistical model to
be regular [4].

According to the classical asymptotic theory, the maximum likelihood estimator
0%, which maximizes the likelihood of the sample (Y7,...,Y},), is strongly consistent
and asymptotically efficient, i.e.,

07 — 0 as. and va(0: —0) SN0, [1(6)]7Y),

where I(0) = Eo([VInf(6,Y3)][VInf(6,Y})]") is the Fisher information of the
model. Touati [28] proved that 67 is also a.s. asymptotically efficient, i.e.,

2 0G0 uE

However, the explicit computation of the maximum likelihood estimator is often
impossible or very complicated and some approximation procedure is then necessary.
For instance, Newton’s recursive estimator is given by

~ ~ e _
(13) :z+1 = 9’2 + %vanf(ejmyn-kl)x

ie.,
¥ N 1 D
9n+1 = an + E [h(an) + 5n+1]7

where h(t) = [I(t)]7! [V (In f (t,x)) dFp(x).
Let us assume that there exists a constant b > 2 such that the function

- / IV (In £ (¢, 2))|"dFy ()

exists and is bounded in the neighborhood of # for each 6 € ©.
It follows from a straightforward application of (2) and (3) (see [9, p. 168]) that

given {6 — 6}, /a8, — ) BN (0, [1(8)] 1),

and
n

as. on {0 — 0}, ﬁ S (@ - 0)@ - 0)" — [16)] "

k=1

Thus, as soon as Newton’s estimater is strongly consistent, it is also asymptotically
efficient and a.s. asymptotically efficient.

However, the algorithm (13) requires at each step the computation of the inverse
of the Fisher information matrix [/(.)]™!. The use of an averaged algorithm does not
require such a computation; for that, we proceed as follows. We determine (9 ) from
the gradient algorithm

o o 3
n+1_9 +7 (hlf( ns L+1))7 1§O{<1,
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and we compute the empirical mean ?Z = %22:1 5}; It follows from a straightfor-
ward application of (11) and Theorem 3 that 5* has the same abymptotic properties
as the 9* given by (13); more precisely, given the event {9* — 6}, 9 is a strongly con-
sistent estimator, asymptotically efficient and a.s. asymptotically efﬁaent Moreover,
applying Theorems 6 and 7, we also have

* *

@, —0)(@, —0) = [1(6)]"

a.s. on {0F — 6}, liisipm

and
a.s. O é\ — 9 b— En 76 vl — N(O 1 (0) )
. { n }’ ] n P k \/E( 9;:7 9) ? [ ] :

4. Proofs. In view of assumptions (Al) and (A4), the algorithm (8) can be
rewritten as

Zn,+1 - Zn + ’YnH (Zn - Z*) + TnTn+1 + On€n+1,

and we have
1 o

H(Zyp = 2") = —[(Zn41 — ") = (Zn = 27)] = Tn1 — —~Enp1-

n n

Let us define the sequences (T,), (T,), (M,), and (K,,) by

n

Tw =2, — ZTkH n+l — Z %EkJrla

k=1

an—— Tot1 ZT [_

ga! 2 Yk ’Ykl].

Then we have

n
(14) nHT, = K, — M4 — Z Thot-
k=1

The proofs of the results stated in section 2 are constructed in the following
way. First we establish the almost sure asymptotic properties (a quadratic strong law
of large numbers, a law of the iterated logarithm, and an a.s.CLT) of the sequence
(M,,). Then we show that (K,) and (3>_;_, rx+1) are small enough on I' (2*) so that
the properties obtained for (M,,) are also satisfied by the sequence (nH Tn)

Let us first show how we can strengthen assumptions (A2) and (A4.w).

Note that in order to establish an almost sure property on I'(z*), it is suffi-
cient to prove it a.s. on I'y = T'(2*) N {sup,,> y |Zn — 2*|| <M} for any N such that
P(TN)#0.

Let 'y, be the set of the trajectories of I'y such that, for a positive integer K,

sup E(lens1]"|Fa) < K and sup (VI (n)yno n)|ril) < K.
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Since I'y equals UgI' N x up to a negligible set, it is sufficient to establish a property
a.s. on I'y i for each K such that P (I'y k) #0, in order to prove it on I'y.

According to a technique often used by Lai and Wei (see [14], for instance), we
modify the algorithm (8), without changing it on I'y k, in order to have, a.s. on the
whole set €2,

(15)
E (en41]Fa) =0, sup E(|lens1]"|F) < K, and sup (VI mom)|ri ) < K.

To this end, we replace 7’n+1 by Af,lll = r(ll .1m7 o(n)

Entl = ent+1lp, with
B, = {E(en41|Fn) = 0 and E(||5n+l||b‘-7:n) <K}.

From now on, we shall assume that these modifications have been made. More-
over, substituting (Z,,) for (Z]) = (Z,+n), we shall assume that (15) is fulfilled with
N =0, i.e., that the following condition holds: there exists K > 0 such that, a.s. on
Q

and €,41 by
nt1||S

0 H<K

)

E(eny1|Fn) =0, SupE(HénHII [Fn) < K, and sup(y/J (n)ynv n)llrial) <

In the same way, we strengthen assumptlon (A4. s) and assume that there exists
p> (1 —a+ B)/2 such that supn>0(n”||rn+1||) < K a.s. on Q.

We now state the three lemmas, which give the almost sure properties of the
square-integrable martingale (M,,); Lemmas 9 and 10 give, respectively, a law of the
iterated logarithm and a quadratic strong law of large numbers for (M,,), whereas
Lemma 11 establishes an a.s.CLT for the unidimensional sequence (uTMn) for any
vector u of RY.

LEMMA 9 (law of the iterated logarithm for (M,)). Assume (A2) and (A3).
Then, for any vector u € R?,
limsup [2J(n) In (In n)]_l/QuTMn =— linniiorgf [2J(n)1n (In n)]_l/QuTMn =VulCu a.s.
In particular, | M,|> = O (J(n)In (Inn)) a.s.

LEMMA 10 (quadratic strong law of large numbers for (M,,)). Assume (A2) and
(A3). Then,

n

1 —1 T
nlinéom;[k‘](k” M MF = C a.s.

LEMMA 11 (a.s.CLT for (uT'M,)). Assume (A2) and (A3). Then, for any vector
u € RY,

Z 5J(k)] 1/2uTMk:>N (0 U C’LL)

lnn

Our proofs are now organized as follows. First, we show in section 4.1 how
Theorems 3, 6, and 7 can be deduced from Lemmas 9, 10, and 11. Then, Corollary 5
is established in section 4.2. Finally, section 4.3 is devoted to the proofs of Lemmas 9,
10, and 11.

Throughout the proofs, £ denotes a generic, increasing, and slowly varying func-
tion.



60 MARIANE PELLETIER

4.1. Proof of Theorems 3, 6, and 7. In the case assumptions (A2) and (A3.b)

hold, we have ; < min{% ; i[(af_lo)lﬁ — 1]}; throughout this subsection, we then set
6 such that
1 (1 1 [(a-1)8
16 ) . 1R Y
(16) b= <mm{2’2a{l—a ]}

4.1.1. Preliminaries. In this subsection, we establish two lemmas we shall use
in the proofs of Theorems 3, 6, and 7.
LEMMA 12. Assume (Al), (A2), and (Ad.w) hold. Then, we have, a.s. on I (z*),

(i) under (A3.a), | K, || = O[(1+n®=%)L(n)] and

_aB
Z [r&) | = O[(1 +n'=F)L(n)],
.. —a)—B4a n
(ii) under (A3.b), |K,| = O[(1 + n*0-)=5+)L(n)] and Yp_, [r)i ] =

O[(1 + n'*3280=)=81y£(n)], where 6 is given by (16).
Proof of Lemma 12. In view of assumption (A3)(ii), we have

HTn-HH
[Kn| =0 - +ZIITH9)

k=2

with 6 = (1/~)’. Let us apply the following result proved in [21].
REsuLT 1 (almost sure upper bounds of (Z,, — z*) on I'(2*)). Assume (Al),
(A2), and (Ad.w) hold. Then, we have

(i) under (A3.a), | Z, — || = O(fu(n)] /(S w)]'/?) a.s. on T(z*),

(ii) under (A3.b), for any ¢ such that ¢ > §, || Zn—2"| = O([v(n)]~ V250, ’yk) )
a.s. on I'(z*).

It follows that, under assumption (A3.a), we have

(3 )

Y/ v(n+1)

— O[(14+n* %)L(n)] as. on T(z*)

[Knll = O |1+

[In( ey )] *0(k)
Z N v(k)

and, under assumption (A3.b),

K|l = O (ZZJF% W) & M
uin+1) = ok

B
2

=0[(1+ pb-a)ta= )L(n)] a.s. on I'(z*).

On the other hand, since ||r,(62+)1|| = O (| Z — z*||"), we deduce from Result 1 that,
under assumption (A3.a),

n

SO = 0[S (I (2 ) (k)72
k=1

k=1
=0[(1+ nlf%)ﬁ(n)] a.s. on I'(z*)
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and, under assumption (A3.b),

Z 1P =0 [ SISk, )" k) =/2)
k=1

= 0[(1 4+ n'+3280=)=b £(n)] a.s. on [(2*),

which concludes the proof of Lemma 12.
LEMMA 13. Assume (Al), (A2), and (A3) hold. Then,
(i) under (Ad.w), we have [J(n)]7Y2 (| Kyl + 3 p_; Imes1l)) = OQ) a.s. on
P,
(i) under (A4.s), there exists ¢ > 0 such that [J(n)]~Y/2 (|| K| + S h_y ks l) =
O(n=°) a.s. on T (z*).
Proof of Lemma 13. The application of Lemma 12 leads to the following almost
sure upper bounds on I' (z*):

Sequence Under assumption (A3.a)
)] =42 K| Ol(n=2 177+ 4 n=3 (=) ()]
—1(1_B+a 11(1—a)—(a—
[J(n)]~ 1/2Zk 1||7'k+1|| Ol(n 3 (1=F+a) 4 3l(1—a)—( 1)5])L(n)]
Sequence Under assumption (A3.b)
]~/ K Ol(n= =0+ 4 p0=2) (=) ()]
1l 1 —a)—(a—
[J(n)]~ 1/2 e 1||Tk+1|| Ol(n 3(1=F+a) 4 p3[(1+2a86)(A-a)—~(a 1)!3])5(”)}

Since all the exponents are strictly negative, there exists ¢; > 0 such that

(17) [J(n)] (K I+ Z izl > =O(n™") as. on I'(z").

Now, under assumption (A4.w), we have

]1/QZIIT£1+)1I—O<[ S (VIR ) as. on T(2").
k=1

k=1

Since the function s — | J(s)’y(s)v(s)]il varies regularly with exponent —(1 — o +
B3)/2 > —1, we have [11, p. 281]

t[VI )y (t)v ] = la-ptal %[(1—/6’)+a}7é0.

SV OXERE

It follows that

S VIR ®)] = O(n[y/Tm)mvm)] )

and [J 1/22“T](£1H = O(n[J(n)ymv(n )}_1) a.s. on I'(z").

However, the function s — ~y(s)v(s) varies regularly with exponent o — 3 > —1; thus

Ju(
th(v(®)]
t

J() (1_5)—’_047&07
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which implies that

(18) I/QZ It& k+1H =0(1) a.s.onT'(z").

The first part of Lemma 13 then follows from the combination of (17) and (18).
Now, under assumption (A4.s), we have

S = (1 3 i)
k=1

= O(n_§(1+a_5)£(n)[ 1=f £ Inn))

=0O([n s(l—atB)=p 4\~ 3(1+a— B)]L( )
(19) = O(n™°) with ¢3 > 0,

and the second part of Lemma 13 follows from the combination of (17) and (19).

4.1.2. Proof of Theorem 6. In view of (14) and Lemma 13 (i), we have, for
any u € R?,

u'nHT, —uT M, ul (K — Y Tht1)
V2J(n)In (Inn) \/QJ In (Inn) 2J(n)In (Inn)
T
—u* M,
i o 2 S o(1) a.s.
2J(n)In (Inn)

It then follows from Lemma 9 that, a.s. on I' (2*),

TH 7 %k TH 7 ok
lim sup nul H (2, —27) — _liminf 2% (Zn —2") =vuTCu
n—oo 1/2J(n)In(Inn) n—oo /2J(n)In (Inn)

and, replacing u by [(HT)flu] (HT is nonsingular), we deduce that, a.s. on I" (%),

T (7 T (7 _
(20) limsupwz—l inf 1o \En "2 ) (Z Z)

n—oo 1/2J(n)ln (Inn) n—oo /2J(n)ln (Inn)

which concludes the proof of the first assertion of Theorem 6.
Now, (20) implies that for any u € R?, a.s. on T (2*),

= JurH-1c(HT)!

2
. n T (%7 _ .\ (7 _ .\, . Tr-1 T\~ 1
llyrlllso%piQJ(n)ln(lnn)u (Zn z)(Zn z) u=u H C(H ) U

and, Q being a countable set, there exists a P-null set N such that Vw € T (2*) \ N,
Yu € Q9,

2

(21) limsup ' (Z(w) = 2%) (Zy(w) — z*)Tu = uTHflC(HT)_lu.

n—oo 2J(n)In(Inn)
To conclude the proof of Theorem 6, we have to show that for any wo € I' (2*) \ N

and any v € R?

(22) limsup v’ ¥,v = v7 Zo,

n—oo
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n? (7n(wo) — Z*) (7n(w0) - Z*)T

_ -1 T\~ 1
27(n) In (Inn) and X=H "C(H") .

where ¥,, =

Set € > 0 and u € Q¢ such that ||v — u|| < ; we have

v (2, =)o <uT (B, - D) u+ H(v—u)T(Zn —Yv+u’ (8, - %) (v—u),
limsupv? (2, — £)v < limsupu’ (X, — ) u

n—oo n—oo

+limsup [[lv — ull (1Za ]l + 120) (el + D],

n—oo

< limsup [e (||Z,] + |Z]) (e + 2||v]])] in view of (21).

However, (21) implies that ||Z,,(wo) — z*|| = O(1); thus

limsupv? (2, — B)v < eC(e + 2||v]|), where C' > 0.

n—oo

It follows that limsup,, .. v ¥,v < vT'%o.

On the other hand, (21) implies that there exists a sequence of integers (¢(n)) and
ng € N such that lim, .. t(n) = co and Vn > ng, [[u” (3y,) — X)ul| < e. We then
have, Vn > ng,

[T (Z4ny — Z) v|| < eC(e + 2||v])).
Thus limy, —.ccv” S(yv = v 50 and (22) is proved.

4.1.3. Proof of Theorem 3. In view of (14), we have

n n T
S
n*HT,T,H" = (Kn — My — Zﬁcﬂ) (Kn - My — Zﬁcﬂ)

k=1 k=1
=M, M + R,

where R, = nQHTnT:HT — My 41 MY, ; thus

i SR T = o SR 0) MM + Y[k
k=1

nn Inn
k=1 k=1

Lemmas 9 and 12 and assumption (A4.s) lead to the following almost sure upper
bounds on T (2*):
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Sequence Under assumption (A3.a)

O E O[(k=(1=B+a) 4 g=(1=a)) (k)]
TSk, ) O[(k=(1=B+a) 4 p(1+8-0)=20) £ (k)]
Ik, ) O[(k=(=B+e) 4 p(1-e)=(a=D)B) £ (k)]

[T (k)] [ K | M| O[(k~2(+e=) 4 =300y £ (py]
“l(ita— 1 —a)—
RIS hy e M O[(k=3(Fe=R) 4 gz (1+0=)=ry ()]
_1lita— 11(1—a)—(a—
TR S M Of(k= 2t  p3lA-)=(a=1l) £(p)]
Sequence Under assumption (A3.b)

[ (k)] |1 12 O[(k=(1=A+0) 4 p(28-1)(1=0)) £ ()]
Tk, ) O[(k=(=A+a) 4 p(1+B-)=20) £ (k)]
Tk, ) O[(k=(=A+a) 4 p(1+2a6)(1-0)—(a=1)B) £ (k)]

[T (k)] 1K | M| O[(k= 2+ 4 j(6=3)(=e)) £ ()]
_l(lta— 1 —a)—
T IS Ey e M| O[(k=3(Fa=P) 4 3 (1+0=)=ry ()]
-1 a— 1 a —a)—(a—
FEIHSE 2 IMell | Ok~ 2R 4 314200 (A=) =(a=1]) £ (1]

Since all the exponents are strictly negative, we deduce that S [kJ (k)] ™| Ri| < oo
a.s. on I' (z*), and thus

i = —1 7 L T _ i & —1 T *
e Zl BT HTW T H = — I;[kj(k)] MpMT +0(1) a.s. on T (2*).
Lemma 10 then implies

: RN —1 g L T *
nlgr;on—nZk[J(k)] HT),T,H =C as.onTl(2%)

lim 1 Zk[J(k)]*l (Zk—2%) (Z — z*)T = HilC’(Hfl)T a.s.on I'(2%).

4.1.4. Proof of Theorem 7. We have to prove that there exists a P-null set
N such that Vw € T' (2*) \ N

1 n
T 2 70

k=1

_ _1\T
k)] 1/2 Zk(w) . ) :}N(O,H 1O(H 1) )

a-\H

We first study the behavior of the characteristic functions of the random measures

lnnzk 1 kék[J(k)] V2(Z—z*)"
Let u be any vector of RZ. In view of (14), we have

RIS R ~1/2,T (LHT
— ;k u (kHT})]

n k
1 1
172% [ ] 1/2UT<_Mk+1+Kk_Z7‘j+1>‘|'

Jj=1
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Applying Lemma 13 (ii), it follows that, a.s. on I'(z*),

n

1 1 . ~1/2, T =
o 2% expli[J (k)™ /“u’ (kHT})]
= N R 2T My + O]
Inn — k +
= —1 Y l exp[—i[J (k)] 1247 p,, 1] + o(1)
Inn k +

Thus, in view of Lemma 11,

—uTCu
5 .

n—oo INn

i S 4 espli( ) (HI09]T)] = exp |
k—1

It follows that, for any vector u in R?, we have, a.s. on T'(z*),

—uTHlC(Hl)Tu]

T RIR)Y2(Z) — 2)] = exp [ >

Since Q is a countable set, there exists a P-null set N C I'(z*) such that Vw €
L(z*)\ N, Yu € Q%

(23)
. _JTHL -nT,
i lnlnz]1eXp[iuT(k[J(k)]_l/z(Zk(w)_Z*))]:eXp[ e ]
k=1

Let us now set wg € T'(2*) \ N and prove that the sequence of the deterministic
measures (f,(wg)) defined by

n

1
pn(wo) = — kZ 2 ORI (1) =172 (Z(w0) =)
=1
converges weakly to the N'(0, H~1C(H~1)T) distribution.

Let o be a closure point of (u, (wo)) and ju,em) (wo) a subsequence such that
Hp(n) (Wo) == po. Since (ppn)(wo)) is a bounded sequence of measures, po is a
bounded measure; let ¢o (respectively, ¢,,)) be the characteristic function of g
(respectively, fi,(n) (wo)). We then have limy, .o ¢pn) (1) = ¢o(u) for any u € R?, and,
in view of (23), ¢o(u) = exp[—uTH*C(Hfl)Tu/Z] for any u € Q?. However, the
function ¢ is continuous, thus ¢o(u) = exp[—u? H1C(H~1)"u/2] for any u € R?.
We finally deduce that s is the A’(0, H—*C(H-1)") distribution and s, (wo) =
N, H*C(H-1)"), which concludes the proof of Theorem 7.

4.2. Proof of Corollary 5. The estimator EA]n can be written as
n

0= o SR (=) (Ze =) 0 SR =) (Za-)"

lnn

— —STRIR] T (Zk - =) (Za - 2) - m Z RIK)] ™ (Zn — 2%) (Z — 7).
k=1
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Applying Theorem 6, we have, a.s. on T (2*),

(S

~o[( [ strias) e ingnn)

Since the function s — s[J(s)]! varies regularly with exponent 8 —a > —1, we have

GO

—:1 —a, 1+8—a#0;
Jim g T LA 1A—ats;

thus, a.s. on T' (2*),

w112

= O[ln (Inn)]
and
lim —— S kIR (Z = 27) (Zo— =) =0

On the other hand, applying Theorem 6 again, we obtain, a.s. on I" (2*),

(wa 7 - z*n) 7, -+

o] (S vimmn) <><>]
k=1

—O[(/ 1/2mds) hla“”)]

! n

Since the function s — [J(s)]~'/2\/In(Ins) varies regularly with exponent —1(1 +

a—f) <1, we have

. nmm]*”m 1

Thus, a.s. on T’ (Z*)a

(kak)r Zoo s ) iz
k=1

= O(lnlnn)

and

=Y KIE) T (Zn - 2%) (Zk - z*)T] =0.

Applying Theorem 3, we finally deduce that lim,,_ oo 5, = HflC(Hfl)T

T (z*).

~(1-—a+08), %(l—oﬂrﬂ)#o

a.s. on
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4.3. Proof of Lemmas 9, 10, and 11. Throughout this subsection, Tr(A)

denotes the trace of a matrix A, and (M), the increasing process of a square-integrable
—~ —~ —~ — o~ —~ T

martingale (M,). Recall that (M), = I and E((Mp41 — Myp)(Mpy1 — My,) |Fp) =
<M>n+1 - <M>n

4.3.1. Proof of Lemma 9. The proof of Lemma 9 is based upon the following
adaptation of the law of the iterated logarithm of Stout [27] (see [8] or [10]).

RESULT 2 (law of the iterated logarithm for unidimensional martingales). Let
(nn) be a sequence of unidimensional random variables adapted to a filtration F such
that

E(ny1]Fn) =0Vn >0, limsup E(|nu1|*|Fn) = 2 < 00, and

n—oo

3¢ €]0,1[ s.t. sup E(|nnr1)* 9| F,) < +00 aus.
n>0

Let (®,,) be a sequence of unidimensional random variables adapted to F and set
T = 3 opeo @25 if Too = +00, 02178 < f00 and 2 = o7, (InlnT,)"Y/¢)
a.s.; then

lim sup [27,, In (In Tn)]_1/2 Z D1 = — linm ioI<1,f [27,, In (In Tn)]_1/2 Z bpnpi1 = c a.s.
oo k=0 - k=0

Set u € R% the application of Result 2 with ®,, = anfygl and 9,11 = ulen iy
leads to

n 1.7
lim sup - Zk=21 Ok, U ikﬂ .
n=oo [2(Xpoy o7y ) Inln (320, o7 7)]
= — liminf Zzzl leZluTﬁkﬂ
n—00 n — n _ 1/2
[2 (Zkzl TRk 2) Inln (357 o7, 2)}
=VulCu as.

However, 027, > = [yev(k)]™"; thus S, 027, % ~ J(n) and we obtain

1/2

lim sup [2J(n) In (In n)]_l/QuTMn = —liminf [2J(n)In (In n)]_l/QuTMn = VuTCu a.s.
4.3.2. Proof of Lemma 10. The proof of Lemma 10 is based upon the following
martingale version of a result established by Wei [30] for regressive sequences.

LEMMA 14 (a strong law of large numbers for martingales). Let (M,) be a
d-dimensional, square-integrable martingale with respect to a filtration F.

Set

H, =3 ME(MD), , — (8), |,
k=1

~ —1/2  —~ —~  — —1/2 — -1

fn= Tr(<M>n+1 [<M>n+1 - <M>n}<M>n+1 )=d~— Tr(<M>n<M>n+1),
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Fy=fot o+ fu

and assume there exists a constant a > 1 such that

—~ —~ T —~ -1

Then, a.s. on {F,, — +o0},

1~

. My(M),
i F.

Let us first take up briefly the outlines of the proof of Lemma 14. Setting V,, =
_ e 1~
MT (M), M,, we have
— — T — -1 — —
Vg1 = [Mn + (Mn+1 - Mn)} <M>n+1[Mn + (Mn+1 - Mn)]
:Vn_An+Bn+1+Dn+Dz:

L~ = —_ 1 ~ —~ ~ T ~ -1 —~ —~
with A, = M$(<M>n - <M>n+1)Mm Bn-i-l = (Mn+1 - Mn) <M>n+1(Mn+1 - Mn)v

— — — 1 —

and D,, = (Mpy1 — My,) (M), ., M,. We deduce that

Vg1 =Vi—H,+> Bepi+ Y (Di + Dy).
k=1 k=1

Under the moment assumption, lim, oo (35—, Br+1) /F, =1 a.s. on {F,, — +oo}.
On the other hand,

E( D P F,) = MI(D),, (M), — (M), (M), |, M, = O(A,).

n

Thus the series Y o, (DT + Dy,) converges a.s. on {H,, < +oo} and Y ,_, (D} + Dy,)
= o(H,) a.s. on {H,, — +oo}. It follows that, a.s. on {F,, — 400},

Vn+1 + Hn + o0 (Hn) 1{Hn—>+oo} o

li 1
s F,
and thus
. VnJrl + Hn
| —_— =1
nome  F, :

which concludes the proof of Lemma 14.
We now prove Lemma 10. Let u be any nonzero vector of R?, and set W, =
ul M,; (W,,) is a square-integrable martingale, whose increasing process (W)

Sro107v u” Cru = Bp_ [yev(k)) " Cru satisfies

n+1

(24) W1 ~ J(n)u® Cu.
We have
Wit — Wn]T<W>r_LJlr1[Wn+l - Wy] = [“T (Mpy1 — Mn)]

(1(n)> [ ens1] (W),

TnU
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Thus,

B((Was1 — Wal " W)L Wass — W) F2)

1 b/ —b/2 T b
(i) WRE 17

and, in view of (24),

b2

(25)  B((Wat1 — Wal " (W), 11 [Wair — Wa])

= 0[n=%2L(n)).

|Fn) = O([ynv(n)J (n)) %)

69

Since b > 2, (W,,) fulfills the moment assumption of Lemma 14, and we deduce that,

as. on {S7_y (1 — (W), (W) },) — +oo},

(26) L WE), W+ S WL = () W

=1.
o Sr_ (L= (W) (W) t)

Now, in view of (24), (1 — <W>k<W>;i1) ~1—J(k—1)[J(k)]"!. Since J’ varies
regularly with exponent a— 3, we have J(k — 1)[J(k)]7! = 1—(a—B+ 1)k~ +o(k™1);

thus

1) L=y, ~ D
and

(28) S 1= (W) W)k )~(a - B+ D,

k=1

On the other hand, Lemma 9 gives |[W,|* = O(J(n)In(Inn)) as. Using (24)

again, we obtain ||W,LT<W>;J1ern|| = O(In (Inn)) and, in view of (28),

(29) WIW) W =0 | D (1= (W) (W)ihy)

Finally,

STWIIWY L = )T = W) — (W () T

k=1 k=1
and, in view of (24) and (27),

(a—B+1) ¢

(30) D WEIW) — (W) TWh ~ e
k=1

k=1
It follows from the combination of (26), (28), (29), and (30) that

n

(31) lim 1 Z[kJ(k)]_luTMkMgu =ul'Cu as.

[kJ (k)] u® My, M u.
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Let us define X, by

Yp = ! (Zn:[kJ(k)]leMkT> -C

"~ lan
k=1

and denote by 27 the coefficient of the ith line and jth column of ¥,. Let
(é1,...,eq) be the canonical basis of R?. It is easy to see that, for 7,7 € {1,...,d},

- 1
»d) = 5[(61- + ej)TZn(ei +ej) —ef Spe; — ejTEnej].

Applying (31) to the three terms of the right-hand side of this equation, it follows

that lim,, o zﬁ’j) =0 a.s. and thus lim,,_, ., ¥, = 0 a.s., which completes the proof
of Lemma, 10.

4.3.3. Proof of Lemma 11. The proof of Lemma 11 is based upon the following
result proved by Chaabane [2].

RESULT 3 (an a.s.CLT for unidimensional martingales). Let (M,) be an unidi-
mensional square integrable martingale with respect to a filtration F and assume there
exists a > 1 such that

— — —~ —1 — o a
ZE(([MnJrl — M,] <M>n+1[Mn+1 — M,]) |Fn) < o0 a.s.

n>1

Then,

1 S k-1
— Z — §(A7I>;1/2Mk :>N(0,1) a.s.

Set u € R u # 0, and W,, = u"M,. In view of (25), (W,,) satisfies the
assumption of Result 3. It follows that

W Z[l - <W>k71<W>I;1]5<W>;1/2Wk = N(0,1) a.s.

n k=1

Then, in view of (24) and (27),

1 “a-pB+1
GTE I & e =N (01) as
k=1
and thus
1 1 -
Inn Z %6[.I(k)]*1/2uTMk =N (0, U Cu) a.s.
k=1

This last property is also clearly satisfied by u = 0, and thus the proof of Lemma 11
is completed.
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SUPERREPLICATION UNDER GAMMA CONSTRAINTS*
H. METE SONER' AND NIZAR TOUZI*

Abstract. In a financial market consisting of a nonrisky asset and a risky one, we study the
minimal initial capital needed in order to superreplicate a given contingent claim under a gamma
constraint. This is a constraint on the unbounded variation part of the hedging portfolio. We first
consider the case in which the prices are given as general Markov diffusion processes and prove a
verification theorem which characterizes the superreplication cost as the unique solution of a quasi-
variational inequality. In the context of the Black—Scholes model (i.e., when volatility is constant),
this theorem allows us to derive an explicit solution of the problem. These results are based on a
new dynamic programming principle for general “stochastic target” problems.

Key words. stochastic control, viscosity solutions, stochastic analysis, superreplication, gamma
constraint

AMS subject classifications. 35K55, 49J20, 60H30, 90A09

PII. S0363012998348991

1. Introduction. We study the problem of superreplicating a contingent claim
under a gamma constraint. This is a constraint on the unbounded part of the hedging
portfolio.

To explain this constraint and the idea of superreplication, let us first consider
the classical Black—Scholes framework with one riskless asset which is normalized to
S = 1 and one risky asset whose price process evolves according to the stochastic
differential equation dS(t)/S(t) = pdt + odW (t). Then given a European contingent
claim of the type g(S(T)), the unconstrained superreplication cost v29(0,5(0)) is
defined as the minimal initial capital which allows us to hedge ¢g(S(T)) through some
portfolio strategy on the assets S° and S. It is known that the solution of this problem
coincides with the Black—Scholes arbitrage price of ¢g(S(7T')) and therefore it is given
by vB9(t,s) = EQ[g(S(T))|S(t) = s]. Here E?(.) is the expectation operator under
the equivalent martingale measure, i.e., ) is the probability measure equivalent to P
under which the process S is a martingale. Then the optimal hedging strategy consists
of holding A(t, S(t)) := vEB9(t, S(t)) units of the risky asset at each time t € [0, T.

In practice, traders are faced with shortselling, borrowing, or another type of con-
straint. These restrictions render this optimal strategy impossible to use in practice,
and the notion of superreplication is introduced to replace the no-arbitrage price of
Black and Scholes, in the presence of such constraints. We refer to Jouini and Kallal
(1995) and Cvitani¢ and Karatzas (1993) for the superreplication problem with general
portfolio constraints. They provide a characterization of the minimal superreplica-
tion cost as the value of a stochastic optimal control problem. Broadie, Cvitanic,
and Soner (1998) observe that, for a contingent claim of the type g(S(T)), this con-
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trol problem can be explicitly solved by proving that the minimal superreplication
cost is the unconstrained Black—Scholes price of a modified claim. For the stochastic
volatility model, a similar explicit solution is provided in Cvitani¢c, Pham, and Touzi
(1999).

Another problem which in practice faces traders is the variation of the optimal
hedging strategy. The gamma associated to the optimal hedging strategy is defined
by (¢, S(t)) := vB(t,S(t)) and describes the variation of the holdings in S, in the
optimal hedging strategy, with respect to an infinitesimal change of the process S.
Since traders act only in discrete-time, a large v induces an important risk exposure
between two transaction dates. This problem was raised by Broadie, Cvitani¢, and
Soner (1998) who provided an upper bound for the superreplication cost under gamma
constraint, as well as the associated hedging strategy. However, they did not formulate
a precise statement of the problem.

The chief goals of this paper are first to define the superreplication problem under
a gamma constraint and then to obtain an explicit solution.

Formulation of the problem is obtained by observing that the gamma constraint
is equivalent to a bound on the variation of the hedging portfolio. We then provide
a simple solution to this problem. To describe this solution, let § be the smallest
function greater than g which satisfies the gamma constraint. Then the minimal
superreplicating cost with a gamma constraint solves a variational inequality with
terminal condition §. When the volatility is a given constant, the solution of the
problem is given by EQ[§(S(t))], i.e., the Black and Scholes no-arbitrage price of the
contingent claim §(S(7T')). We explicitly calculate the § function for several standard
options such as European calls, puts, and digital options.

Previously, the convex duality argument was used to characterize the minimal su-
perreplicating cost. In this approach, the dual formulation of the problem is obtained
by suitable changes of measure. However, in the case of gamma constraints, it seems
that the diffusion coefficients need to be modified in order to follow a similar tech-
nique. Since this cannot be accomplished by equivalent changes of measure, we were
not able to use the convex duality arguments. Instead, we introduce a dynamic pro-
gramming argument to identify the superreplication cost as the viscosity solution of a
differential inequality. To our knowledge, this is the first use of dynamic programming
in this context. We believe that this is a powerful tool in analyzing “stochastic target”
problems and establishing the connection between the backward-forward stochastic
differential equations and viscosity solutions as developed in an accompanying paper
by the authors Soner and Touzi (2000).

A technical contribution of this paper is a result on the behavior of double stochas-
tic integrals with respect to Brownian motion. This is needed because our formulation
of the problem involves a nonclassical constraint on the unbounded variation part of
the portfolio process, which is itself the integrand of the martingale part of the state
process.

This paper is organized as follows. Section 2 describes the general problem. We
introduce the modified terminal data in section 3 and state the assumptions in section
4. After stating the dynamic programming in section 5, we state and prove the main
result in section 6. Section 7 focuses on the constant coefficient (i.e., the Black—
Scholes) case, and several examples are discussed in section 8. The remainder of
the paper is devoted to technical results: section 9 proves the viscosity property, a
comparison result is proved in section 10, and finally a property of stochastic double
integrals is proved in section 11.
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2. Problem. We consider a financial market which consists of one bank account,
with constant price process S°(t) = 1 for all ¢ € [0, 7], and one risky asset with price
process evolving according to the following stochastic differential equation:

B0:01) _ 1 810 (W)t + (s, 0o () dWOw),  t<u<T.

S;s(t)=s and ———L =
t,s(t) S,0(0)

Here W0 is a standard Brownian motion in R defined on a complete probability space
(9, F, P%). We shall denote by F = {F(t), 0 < t < T} the P%-augmentation of the
filtration generated by WP°. The drift and the volatility functions su(t, s) and so(t, s)
satisfy the usual Lipschitz and linear growth conditions in order for the process S; o
to be well defined; we also assume that o(t,s) > 0 for all (¢,s) € [0,T] x (0,00) and

T
t,So.s(t
£ _/ :u( » L0, ( ))dWO(t) =1,
o ot S0,s(t))
where EF 0() is the expectation operator under the probability measure P° and &£(.)
is the Doléans—Dade exponential martingale, i.e.,

5( /OTb(t)dWO(t)>—exp ( / b AWt / b2(1) dt)

As usual, the assumption that the interest rate of the bank account is zero can
be easily dispensed with by appropriate discounting.

Consider now an economic agent, endowed with an initial capital = at time ¢,
who invests at each time u € [¢,7] an amount Y (u)S(u) of his wealth in the risky
asset and the remaining wealth in the bank account. The process Y = {Y(u), t <
u < T} represents the number of shares of risky asset S held by the agent during the
time interval [¢,T]. Then, by the self-financing condition, the wealth process evolves
according to the stochastic differential equation

0

EP

X(t)== and dX(u) =Y (u)dS(u), t<u<T.

The purpose of this paper is to introduce constraints on the variations of the hedging
portfolio Y. We consider portfolios which are continuous semimartingales with respect
to the ﬁltration F. Since F is the Brownian filtration, we define the controlled portfolio

strategy Yo} by

(2.1) Yo, @) =y,

dSt’S(’LL)
St7s(u) ’

where y € R is the initial portfolio and the control pair («,~) takes values in

dYioy () = a(u)du +y(u) 7=, t<u<T,

Dy = (L*([t, T] x Q; Lebesgue ® P%))>.

Hence a trading strategy is defined by the triple (y, «,y) with y € R and (a,7) € Dy.

Then the associated wealth process, denoted by ij g&y, satisfies

tzsy tsy

(2.2) X —x—i—/ Y, (r)dSes(r), t<u<T.
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We shall formulate the gamma constraint by requiring that the process v be
bounded from above. Before making this definition precise, we give a formal discus-
sion. Formally, we expect the hedging portfolio to satisfy

Y (u) = vs(u, St s(u)),

where v is the minimal superreplication cost. Indeed, this is true in the classical Black—
Scholes theory as well as in the case of portfolio constraints; see Broadie, Cvitanic,
and Soner (1998). Assuming enough regularity, we apply the It6 formula. The result
is

dY (u) = A(u)du + o (u, St,s (1)) St s (W) vss (u, Sts(u))dWO(u),

where A(u) is given in terms of derivatives of v. Compare this equation with (2.1) to
conclude that

v(u) = Sy s(u) vss(u, Sg,s(u)).

Therefore a bound on the process 7 translates to a bound on svss. Notice that, by
changing the definition of the process v in (2.1), we may bound v, instead of svss.
However, we choose to study svss because it is a dimensionless quantity, i.e., if all the
parameters in the problem are increased by the same factor, svss remains unchanged.

We now formulate the gamma constraint in the following way. Let I" be a constant
fixed throughout the paper. Given some initial capital x > 0, a trading strategy
(y,,7) is said to be z-admissible if it satisfies the gamma constraint y(u) < T
for all ¢ < u < T almost surely (a.s.) and the associated wealth process X' is
nonnegative. We shall denote by

N
t,x,s,y

A (@) = {(y,a,7) €ERxDy:4(.) <T and X737, () >0}

the set of all admissible trading strategies.

We consider a European-type contingent claim ¢(S; (")) defined by the terminal
payoff function g. Given such a contingent claim, we then consider the infimum v(t, )
of initial capitals # which induce a wealth process X', , through some admissible
trading strategy (y,a,v) such that X',  hedges g(St,s( ), ie.,

(23)  w(t,s) =inf{z: 3 (y,,7) € Ars(x), X530, (T) > g(Sts( a.s.}.

Note that if g is convex so is v in the s-variable; hence, in this case, gamma is bounded
from below as well.

Our goal is to prove that function v(¢, s) solves a variational inequality and that
its terminal value is given by some function § dominating g. When we focus on the
constant volatility case, these observations allow us to derive an explicit solution of
the hedging problem (2.3): wv(t, s) is the (unconstrained) Black and Scholes price of
the modified contingent claim §(S; s(7")). This function § can be easily computed and
several examples are provided in section 7.

Throughout this paper, we shall introduce a probability measure P ~ P° defined
by

— PO
P(A)=FE o(t, So,s(1))

14E (- /OT 'u(t’S&S(t))dWO(t)>] for all A € F.
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We shall denote by E(.) the expectation operator under the probability measure P.
By Girsanov’s theorem, the process W defined by

W) = W0 + [ BTl

is a Brownian motion under P. In terms of the Brownian motion W, the risky asset
price process is defined by

dr, t<u<T,

(24)  Sis(t)=s and dsts(gg) =o(u,Sts(uw)dW(u), t<u<T.

3. Modified terminal data. Due to the constraint, the limit of the value func-
tion v(t, s) of (2.3), as ¢ tends to the terminal time T, may not be equal to the con-
tingent claim g. Indeed the determination of this limit is an important step toward
the solution of the problem.

We will show in the following sections that the following function ¢ is equal to
the limit

g(s) == h®"(s) + T'sln(s), s> 0,

where h(s) = g(s) —T'sln(s) and h®"° is the concave envelope of h, i.e., the smallest
concave function greater than h. In other words, function g(s)—I'sIn (s) is the concave
envelope of function g(s) — I'sIn (s). The chief property of ¢ that we will use is the
following.

LEMMA 3.1. § is the smallest function satisfying the following two conditions:
(i) g > g and (ii) §(s) — T'sln(s) is concave.

Proof. Clearly, g satisfies these conditions. Let u be another function satisfying
both of them. Set w(s) := u(s) — I'sln(s). Clearly w > h. Since w is concave and
w > h, by the definition of the concave envelope of h, w > h®"°. Therefore,

u(s) = w(s) +Tsln(s) > h°"(s) + T'sln (s) = §(s). 0

In section 6 below, we will show that the terminal data of the minimal super-
replicating cost are equal to g. The formal reason for this is that if v is sufficiently
smooth, we formally expect v(t,s) to satisfy the gamma constraint svgs(t,s) < T.
This is equivalent to the statement that v(t,s) + I'sln(s) is concave. Therefore we
formally expect the terminal data lim;;7 (T, s) to be the smallest function satisfying
the two conditions of the previous lemma.

4. Assumptions. We always assume that
(4.1) function g is nonnegative and lower semicontinuous.

We start with several assumptions on the payoff function g and §. In sections 7
and 8 below, we will verify that all these assumptions are satisfied by standard claims
in the Black—Scholes model, i.e., in the case of a constant volatility function o (¢, s);
see section 7 below.

Assumption 4.1. We assume that ¢ is finite and there exists a nonnegative,
strictly concave function ¢ € C? with lim,_, ¢(s) = co such that

. gene(s) — E[g°m(St,s(T))]
(4.2) h?isolip (5)

< 00.
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Remark 4.2. Any function g which is growing at most linearly at infinity satisfies
§°°"¢(.) < oo. Indeed in this case, h(s) < H(s) := K —I'sln(s)/2 for some constant
K. Since H is concave, h®°"® < H, and therefore ¢ is finite.

The main use of Assumption 4.1 is to prove a comparison result. The statement
and the proof of this result are given in section 10.

Our final assumption is the existence of a smooth solution to the variational
inequality

(4.3) min{—Lu; I' — suss} (¢, s) =0 on [0,T) x (0,00)
together with the terminal condition
(4.4) u(T, s) = g(s) for all s > 0,

where L is the parabolic operator related to the infinitesimal generator of the stock
price process,
o 1 0?
L= g + iaz(t,s)szw.

We will prove in section 6 that this solution is equal to the minimal superreplication
cost.

Assumption 4.3. The variational inequality (4.3)—(4.4) has a C*2 ([0, T), (0, 00))
solution ¢ satisfying
(i) 9(¢,0) = g(0) for all ¢t € [0,T],
(ii) o is polynomially growing in its s variable at infinity,
(iii) s¥ss, LU are bounded,
(iv) vs is a W12 function with generalized derivatives satisfying L5 bounded.

In section 7, for the constant volatility model, we verify this assumption by pro-
viding an explicit solution.

Remark 4.4. By a classical comparison theorem for the equation Lv = 0 (see, for
instance, Friedman (1964)), we see that 0(¢, s) > E[§(S:,s(T))]. Since g is nonnegative,
S0 is g; therefore we have

0(t,s) > E§(S:,s(1))] >0 for all (¢,s) € [0,T] x (0, 00).

5. Dynamic programming. The following is the analogue of the principle of
dynamic programming which is standard in the theory of stochastic optimal control
theory first proved by R. Bellman.

LEMMA 5.1. Let (t,s) € [0,T) x [0,00) and consider an arbitrary stopping time
0 wvalued in [t,T]. Suppose that X;';'c (T) > g(Si.s(T)) P-a.s. for some (a,7) €
Ay s(x), y € R, and initial wealth x € R. Then, for the value function v of (2.3), we
have

X000, (0) >0(0,5.5(0)), P-a.s.

t,z,s,y
Proof. Let x, y, 6, and (a,~) be as in the above statement. Set z = X7, (6),

t,%,8,y

5 =5:5(0), y =Y, (0). Clearly Y; ,,, = Yp s 5. By definition of the wealth process

(2.2), this provides
X&0(T) = X2 . (T).

t,x,8,y 0,%,3,7
Also, by uniqueness of the solution for the stochastic differential equation defining
the stock price S, we have Sy s = Sp 5. Since X, (T) = X7, ,(T) > g (Si,s(T))

60,2,3,9 12,8,y



SUPERREPLICATION UNDER GAMMA CONSTRAINTS 79

= ¢(S0,5(T)), it follows that & > v(6,5) by definition of the control problem
v(0,5). |

Remark 5.2. As in optimal control theory, the second part of the dynamic pro-
gramming is also available. A systematic study of dynamic programming is given in
an accompanying paper by the authors. Since we do not need the second part of the
dynamic programming in this paper, we refer the reader to Soner and Touzi (2000)
for a discussion of the full dynamic programming.

6. Main result. Let © be the solution of the variational inequality (4.3)—(4.4)
introduced in Assumption 4.3.

THEOREM 6.1. Let Assumptions 4.1 and 4.3 hold. Then, the value function v
of the hedging problem (2.3) is equal to the unique smooth solution of the variational
inequality (4.3)—(4.4), i.e

v =1.

Notice that the variational inequality (4.3)—(4.4) was not assumed to have a
unique solution satisfying the requirement of Assumption 4.3. Uniqueness is obtained
as a consequence of the above theorem.

Let v, be the lower semicontinuous envelope of v:

6.1 vi(t,s) ;= liminf wv(¢,s
(6.1) (t.5) = Jiminfoft.s).

We prove the theorem after assuming two properties of the value function v.
P1. Function s — v,(t,s) — I'sln(s) is concave for all ¢t € [0,T).
P2. v, is a viscosity supersolution of the equation —Lu = 0 on [0,T") x (0, c0).
These properties will be verified in section 9 below.
Proof. We start with the inequality v < ¢. For t < u < T, set

y=0s(ts).  a(u) = Lou(u,S(w),  y(u) = Spau)ies(u, S(u).
Since L0 <0,

9(S0.5(T)) < §(S1s(T)) = 0 (T, 1.4(T))
o(t, ) / (11, St (10))dut + 04 (11, S0 (0))ASy ()

<ilts)+ /YCW VIS, ();

in the last step we applied the generalized It6’s formula to v, € W2, (See Krylov
(1980, Theorem 1, p. 122) for It6’s formula with generalized derivatives.) By Assump-
tion 4.3, (v,7y) € D;. Furthermore, since ¢ solves the variational inequality (4.3), v(u)
< T for all u € [t,T]. By Remark 4.4, o(u, Sy s(u)) = X7, (u) > 0 with z = 0(t, s).
Hence (y, o, 7) € Ay s(0(t, s)), and by the definition of the minimal replicating price,
we conclude that v < 0.

We now prove the reverse inequality. Fix (¢,s) € (0,T) x (0,00), and § > 0. By
the definition of v, there exist an initial wealth x € [v(¢, s),v(¢, s) + 6) and a trading
strategy (y*,a’,7") € Ay s(x) satisfying

X AT) > g(S:s(T)) P-as.

t,x,s,yt
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Therefore,

T
6+ v(t,s) +/ Y2 7 (u)dSes(u) > g (Sis(T)) P-as.
t

t,s,y

By the definition of Ay s(z), the local martingale { [;" Yta;’;t (r)dSs(r), u >t} is
bounded from below and is therefore a supermartingale. We take the expected value

in the last inequality and then use this fact. The result is
6+u(t,s) = Eg(Se,s(T))]-
Since 6 > 0 is arbitrary and g is lower semicontinuous, Fatou’s lemma yields

v.(T,s) = liminf o(t,s’) > g(s for all s > 0.
(7o) = Timint o5 > g(s)
In view of the property P1, v, (T, -) satisfies both conditions stated in Lemma 3.1, and
therefore v, (T, s) > §(s).

By dynamic programming, for any (y,a,v) € A s(z) satisfying X' (T) >
9(S¢,s(T)),

Xils p(w) > v(u, St s (u)) for all u € [¢,T].

Since we have shown that v.(T,s) > §(s), by taking the limit as u tends to T', we
conclude that

Xiilay(T) = 9(Se.s(T)).
Therefore, any strategy that dominates g also dominates §. Since § > g, this provides

(6.2) w(t,s)=inf{x:3 (y,0,7) € Ars(x), X{7,,(T)>9(S:s(T)) as.},

t,2,8,y

i.e., v is the minimal superreplication cost for the claim g. By definition, the Black—
Scholes price (i.e., unconstrained superreplication cost) is always smaller than the
superreplication cost with gamma constraint,

(6.3) v(t,s) > E[§(Ses(T))] forall (t,s) € [0,T) x (0,00).

Moreover, by (6.2), v(t,0+) = g(0) for all ¢t € [0,T). Therefore, v.(t,0) < v(¢,0) =
§(0). Also (6.3) together with Fatou’s lemma yield v, (¢,0) > §(0). Hence v, (t,0)
3(0).

In view of Lemma 9.2 below, v, is a lower semicontinuous viscosity supersolution
of (4.3)-(4.4). By Theorem 10.1, v, > ©. This completes the proof of the theorem
since v > V. 0

Remark 6.2. In the first part of the above proof, the optimal hedging strat-
egy (y,a,) is expressed explicitly in terms of the derivatives of the minimal super-
replication cost function o.

Remark 6.3. In the proof above, it is shown (without appealing to Theorem 10.1)
that the (unconstrained) Black and Scholes price of §(S; s(T")) is a trivial lower bound
for v

v(t,s) > E[§(Ses(T))] forall (t,s) € [0,T) x (0,0).

We shall use this lower bound in the proof of the comparison Theorem 10.1.
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7. The Black and Scholes model. In this section, we focus on a discussion of
the Black and Scholes model in which the volatility function o (¢, s) is constant, i.e.,
o(t,s) = o for all (¢,s) € [0,7] x (0, 0).

We shall provide an explicit solution to the hedging problem (2.3) under the
following condition.

Assumption 7.1. Function s — h®"¢(s) — C'sIn(s) is convex for some con-
stant C.

Remark 7.2. Suppose that function g is such that s — g(s) + Asln (s) is convex
for some constant A. Then, since h(s) = g(s) + AsIn(s) — (I' + A)sln (s), it follows
from the construction of the concave envelope that Assumption 7.1 is satisfied by C
=I+ A

THEOREM 7.3. Let Assumptions 4.1 and 7.1 hold. Then, Assumption 4.3 holds
and the value function v of the hedging problem (2.3) is simply the unconstrained Black
and Scholes price v of the contingent claim §(S;.s(T)), i.e.,

v(t,s) = 0(t,s) = E[§(St,s(T))]  for all (t,s) €[0,T] x (0,00).

Proof. Denote 9(t,s) := E[§(Sts(T))]. Then ¢ is a classical solution to the
equation

—Lu=0 on [0,T) x (0,00) and u(T,s) = g(s), s> 0.

Furthermore, by the definition of g,
1
(7.1) (t,s) —I'sln(s) = E[h®"(S:s(T))] + 502(T —t)Ts.

Since h®°"° is concave and S; 4(T) is linear in s, this proves that for all ¢ € [0,T],
function s — 9(t,s) — I'sln (s) is concave, and therefore svg,(t,s) < T for all (¢,s) €
[0,T) x (0,00). A similar argument using Assumption 7.1 shows that svs,(¢,s) > C.

Consequently ¢ = ¥ is a classical solution of the variational inequality (4.3)—
(4.4). By Friedman (1964, Theorem 10, p. 72), function o, is C'*?, which provides
all the regularity required in Assumption 4.3, except the property (iii). To verify
Assumption 4.3 (iii), we differentiate the equation L6 = (¢, ) + 025%94(t,s) = 0 to
obtain Li(t,s) = 02s0,s(t,s). Since we have already proved that st is bounded, so
is L0. O

Remark 7.4. Observe that Assumption 4.1 is only used in the proof of the com-
parison Theorem 10.1 which is needed to show that v < v. Since in the Black and
Scholes case (t, s) = E[§(S,s(T))], the variational inequality (4.3) reduces to the lin-
ear equation —Lv = 0. Then we can appeal to the standard comparison theorem for
this equation, and Assumption 4.1 can be relaxed by requiring only that g(.) < oco.

8. Examples.

European call option. Let g(s) = (s — K)T, s > 0. Since g is convex, As-
sumption 7.1 is satisfied; see Remark 7.2. Next, it is easily checked that the concave
envelope of function h(s) = (s — K)* — I'sln (s) is given by

hCOHC(S) _ h(s)v s € (07 OO) \ [817 32]7
h(s1)+ R/ (s1)(s —s1), s € [s1,52],
i.e., h"¢ coincides with h outside the interval [s1, $2] and is defined by a straight line
in [$1,82]. The values s; and s are characterized by

s1 < K < sgh'(s1) =h'(s2) and  h(s2) = h(s1) + h'(s1)(s2 — s81).
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A direct calculation yields

K Ke'/T
S1 = 7]_—‘(61/F — 1) and So = 71_‘(61/1_‘ — 1) .

Therefore,

. (s —K)*, s € (0,00) \ [51,52],
g(s) =

T (slni + 51 — s) , 8 E[s1,82].
Since §°°"¢(s) = s for all s > 0, Assumption 4.1 is clearly satisfied and Theorem 7.3
applies.

European put option. We now consider the case g(s) = (K —s)™, s > 0. As
in the previous example, g is convex, and therefore Assumption 7.1 is satisfied. The
concave envelope of function h(s) = (K — s)™ — I'sIn (s) is given by

conc _ h(8)7 CRS (0700) \ [S , S ]7
he(s) = { h(s1)+Rh'(s1)(s —s1), s € [s1,82], v

i.e., h®°"¢ coincides with h outside the interval [s, so] and is defined by a straight line
in [s1,82]. The values s; and s are characterized by

s1 < K < sgh'(s1) =h'(s2) and  h(s2) = h(s1) + h'(s1)(s2 — s1).
We directly calculate that
K Kel/T
ST peroyy M %= ey
(the same values as in the first example) and
R (K —s)t, s € (0,00) \ [s1, 52],
g(s) = K—S—i—F(slni—i—sl—s), S € [s1,82].
Since g is bounded, Assumption 4.1 holds and therefore Theorem 7.3 applies.

Straddle option. We now study the contingent claim defined by g(s) = (s—K)™
+ (K — s)%, s > 0. The same argument as in the previous examples yields

X (s—K)t+ (K —s)", s € (0,00) \ [s1, 52],
(5) = K—S+F(Slni+$1—8), s € [$1,82],

2K _ 2/T
T_l)andSQ—Sle/ .

where s; = e

Digital option. Our last example is the contingent claim defined by g(s) =
l{s>K}, 8 > 0. Then, it is easily seen that the concave envelope of function h(s) =
1ssk — I'sln(s) is given by

conc h(s)7 S G (0’ m) \ [S*7K]7
h (s):{ h(s*) + 1 (s*)(s —s*), s*<s<K,

where s* is the unique solution of

1
0<s" <T and s*—Kln(s*):K—Kln(K)—Ff.
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Clearly, the above function satisfies Assumption 7.1. This provides the candidate for
the hedging problem under the gamma constraint:

0, s < s*,
g(s) =< Tsln(s) + h(s*) + h'(s*)(s — s*), s*<s <K,
1 s > K.

b

Since § < 1, we have §°°*¢ < 1 and Assumption 4.1 holds. Then, Theorem 7.3 again
applies.

9. Viscosity property. In this section, we prove properties P1 and P2 of sec-
tion 6.
THEOREM 9.1. v, is a viscosity supersolution of the variational inequality

(9.1) min {—Lu(t,s), T — suss(t,s)} =0

on (0,T) x (0,00).
Proof. For e € (0,1], set

Pa(@) = {1 0,7) € As(2) : la()] + () <7},

and
0¥ (t,s) = inf {z: 3 (y,0,7) € A ,(x), X[, (T) > g(Ss(T)) as.}.

Let v¢ be the lower semicontinuous envelope of v¢; cf. (6.1). It is clear that v° also
satisfies the dynamic programming equation of Lemma 5.1.

First we will show that v¢ is a viscosity supersolution of (9.1). Let ¢ € C°°(R?)
and (to, so) € (0,T) x (0, 00) satisfy

€ _ »)(t = i s =), s).
(vs = )(to, s0) (t’s)e((g{lTu)le(O’oo)(v* ©)(t,s)

We need to show that
(9.2) —Lp(to,s0) >0 and Sopss(to, so) < T.

We may assume that (v — ¢)(to, s9) = 0 so that v > .

Choose (tn, Sn) — (to, S0) so that v¢(t,, s,) converges to vE(tg, so). For each n, by
the definition of v¢ and the dynamic programming, there are x,, € [v (t,, $pn), V% (¢, Sn)+
1/n] hedging strategies (yn,n, Vo) € Af , () satisfying

Xt(?:ij’w’Z:’;S'rt.yy'rL (tn + t) —v° (tn +1, Stn,sn (tn + t)) >0
for every t > 0. Since v® > v > o,
ot
st [ YT (WSt (0 = b 1St (b0 1) 2 0.
t

n

Set

/871 =Tp — So(tna Sn)

and observe that 8, — 0 as n — oo, since @(t,, $n) — ©(to,s0) = v<(to, S0), |Tn —
(b, sn)| < 1/n, and v¢(t,, s,) — v<(to, So).
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By Ito’s lemma,
(9.3) M, (t) < Dp(t) + B

for every t > 0, where
t
M, (t) = / [%03 (tn +u, St s, (tn + U)) - Y;(igzz/n (tn + u)] dSt,, s, (tn + u),
0

t
D,(t) = —/0 Loty +u, S, s, (tn +u))du.

For some sufficiently large positive constant \, define the stopping time t,, + 6,, by
O, :=1nf {u > 0: [In(Sy, s, (tn +w)/sn)| > A}

and observe that the sequence of stopping times (6,,) satisfies
o 1
liminft A0, > =t A0y P-a.s.
n—0oo 2

for all ¢ > 0; see Remark 11.2. By the smoothness of Ly, the integrand in the
definition of M, is bounded up to the stopping time 6,, and therefore, taking the
expectation in (9.3) provides

-E

tAB,,
/ Loty +u, S, s, (tn + u))du] > —0G,.
0

By sending n to infinity, we obtain

-F

tABg
/ Lp(to +u, Sty,s (to + u))du} >0
0

by dominated convergence and continuity of Ly. Then, dividing by ¢ and taking the
limit as t \, 0, we get by dominated convergence

—Lp(to, s0) > 0,

which is the first part of (9.2). It remains to prove the second inequality.
By another application of It6’s lemma, it follows that

t U U
M, (t) = / (zn +/ an(r)dr —|—/ by (r)dSy,, s, (tn + r)) dSy,, s, (tn +u),
0 0 0
where

Zn = Sﬁs(tna sn) — Yn,
an(r) = Lps(t, +1, Sty,sm (tn + 7)) — an(tn + 1),
’Vn(tn + T)

b (r) = @ss(tn + 7,5, s, (tn + 7)) — m

Observe that the processes a, (. A6,) and by (. A 0,,) are bounded uniformly in n since
Lps and pgs are smooth functions. By (9.3),

My(tAN0,) <D, (tAO,)+ B, <CtNO, + By
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for some positive constant C. We now apply the results of Propositions 11.5 and 11.6
to the martingales M,,. The result is

lim y,, = ¢s(to, d liminf b(t) <0,
Jim y, = ps(fo,90)  an Jminf b(t) <0
where b is the L? weak limit of the sequence (b,). The remaining inequality in (9.2)
is obtained after recalling that v, (t) < T.
Hence v¢ is a viscosity supersolution of (9.1). Since

velt,8) = lim*infve(t, 8) = sﬁo,l(it{?sy)ai(t,s) vi(t o),

the Barles—Perthame technique implies that v, is a viscosity supersolution of (9.1) as
well. O
The following result completes the proof of the properties P1 and P2 of section 6.
LEMMA 9.2. Let f be a lower semicontinuous function defined on (0,00). Then, f
is a viscosity supersolution of T —sfss(s) > 0 if and only if f(s)—T'sln(s) is concave.
Proof. Suppose that h(s) := f(s) — I'sln(s) is a concave function and a smooth
test function ¢ and sy > 0 satisfy

0=(f=¥)(s0) =min { (f =¢)(s) : =0}
Set ¢(s) := (s) — I'sln(s), so that for any § > 0,
’lb(SO + (S) + ’(ﬁ(SQ — (5) — 2’(/1(80) < h(So + (5) + h(So — 6) — 2h(80> <0.

We divide by 62 and let § go to zero. The result is @,s(sg) < I'/so. Hence, f is a
viscosity supersolution of —sfss(s) + T > 0.

Now suppose that f is a viscosity supersolution of —sfs(s) +I' > 0. We need to
show that

h(s+6)+ h(s—68) —2h(s) <0
for any 6 > 0. Suppose that there exist sy and § > 0 such that
a = h(so+6) + h(sg — ) — 2h(sg) > 0.
Set

h(sp +6) — h(so — )
26

¥(s) :== h(so) + (s —s0) + %(s — 50)°%.

Then, (b —)(so) = 0 and

1 a o
(h =) (s0 £ 06) = 5 [A(s0 4 0) + h(so — &) — 2h(s0)] — 11
Hence, (h — 1) attains a local minimum in (sg — §, 5o+ ). Set ¢(s) :=(s) +sln(s)
so that (f — ¢) attains a local minimum in the same interval, say at s*. We calculate

that
o
T — s"pss(s¥) = —s* — < 0.
% pss(s™) 552 <

This contradicts the supersolution property of f. 0
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10. The comparison result. This section is devoted to the proof of a compar-
ison theorem which was used in the proof of our main result. We refer to Crandall,
Ishii, and Lions (1992) and Fleming and Soner (1993) for the definition and the prop-
erties of viscosity solutions.

THEOREM 10.1. Let Assumption 4.1 hold. Suppose that the variational inequality
(4.3)~(4.4) has a solution © € CH2([0,T] x (0,00)) which is polynomially growing and
has bounded L0. Let u be a lower semicontinuous viscosity supersolution of (4.3)
satisfying u(T,-) > g, u(-,0) > 9(-,0), and u(t,s) > E[§(St,s(T)]. Then,

u>0 on [0,T] x (0,00).

We start with deriving an upper bound for the solution ¢ of (4.3)—(4.4).

LEMMA 10.2. For all (t,s) € [0,T] x (0,00), 0(¢t,s) < §°°"(s).

Proof. To prove this result, we first show that ¢ is related to some stochastic con-

trol problem. Let N be the set of all bounded nonnegative progressively measurable
processes. For all v € N, consider the controlled process Sy s defined by

dSZs(u)[ v(u)
Sto(u) [T+ SE(u)

2 v 12
+ o (t, St,s(“))} dW (u).

Notice that the random function s — s [v(1+s)7! + 02(t, s)] V2 s Lipschitz uni-
formly in ¢ and therefore the process S” is well defined. Next, for some small parameter
7 > 0, define the stochastic control problem

u(t,s) := sup F
veN

T
ST = 50 =) [ v(w)

St
— C _du
1+ st(u)

and consider the approximating problems

u"(t,s) ;= Sljl\If) E
veN™

T
(ST = 50 =) [ v(w)

St
1+ S;’,S(u)

with A" consisting of elements in A" which are bounded by n. Clearly, for every n
we have u"(t,s) < u(t,s) for all (¢,s) € [0,7] x (0,00). By classical arguments, it is
easily checked that u™ is a viscosity solution of the Hamilton—Jacobi-Bellman (HJB)
equation

1, 9 v 1 S
— - t —_— ss — = (' — =0
Oiﬁﬁn{wﬁf (0(’8)+1+s>w 5 77)”1+s}
which can be written as

(10.1) —Lw— %n%ﬁ[swss —(T—=n)]"=0 on[0,7) x (0,00).

Now recall that ¢ is a classical solution to (4.3).

Case 1. stgs < T, then L& = 0 and therefore — L0 — %nl%rs[sﬁss —T—-n)* <o.

Case2. stss =T, then L0 > 0 and —Eﬁ—%nﬁ[s@ss —(T=—m)t <-Lo— %nnljs
< 0 for sufficiently large n; recall that £ is assumed to be bounded uniformly in (¢, s).
We have then proved that ¢ is a subsolution of the HJB equation (10.1) for
sufficiently large n. Since 9(T,s) = u™(T,s) = §(s), it follows from the comparison

theorem (which will be verified at the end of this proof) that o < u™ and therefore

0(t,s) <wu(t,s) forall (¢,s) €[0,T] x (0,00).
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We then have

0(t, s) < sup B [§(Sy,(T))] < sup B [§°™(Sy(T))] -
veN veN

By the Jensen inequality and the martingale property of the process Sy ;, this provides
0(t, s) < sup go° (E [ng(T)]) = §ome(s).
veN "

It remains to prove the comparison theorem for (10.1). Let m be the growth rate
of ¥, i.e., 9(t, s) < C(1+s™) for some constant C. Take some A > m(m+1)o?(t,s)/2
(recall that s — so(t,s) is Lipschitz uniformly in ¢ and therefore o is bounded).
Choose a minimizer at (tg, sg) of

’lﬁ(t, S) — ektun(t S) _ e)\t@(t7 S) + ESm+1,

where ¢ is a small positive parameter. Since u™ > 0 and ¢ is growing at the rate
m, ¢ attains its minimum. If sg = 0 or o = 7', then ¥ (g, so) > 0 by the boundary
conditions. Now, suppose that sqg > 0 and ¢y < T. Since u" is a viscosity solution of
(10.1) and @ is a classical subsolution of (10.1), it follows that

1 mim
e MO (to, s0) — D (to, s0)] + 5502(150, so)m(m + 1)s)" "+
> M2 20 15064 (to, s0) =TT — [s0Bas(to, s0) — €~ MOT — em(m + 1)s7]+}
21+ So
> 0.

Then ¥(tg, s0) > 0 from the choice of the parameter A. By sending € to zero, we
obtain the comparison result for (10.1). a

Proof of Theorem 10.1. Fix some positive scalar A and set w(t,s) = (¢, s)e”
and w(t, s) = u(t, s)e= for all (¢, s) € [0, T] x (0, 00). Then w is a C12([0, T') x (0, 00))
solution of the variational inequality

min { A\ — Lb; e M — shss} =0 on [0,T) x (0,00),
(10.2) W(T,s) = g(s)e ™, s>0,

and w is a lower semicontinuous viscosity supersolution of the above equation. Given
€ > 0, define the test function

p(ts) = w(t,s) —ed(s), (t,s)€0,T)x(0,00),

where ¢ is the function introduced in Assumption 4.1; recall that ¢ is positive, C?
is strictly concave, and lims_,o ¢(s) = +o0o0. By Remark 6.3, we have v(t,s) >
E [§(S,s(T))]. Moreover, since g is nonnegative, we have § > 0 and by the definition
of the concave envelope, it follows that g > g°°"¢ — C for some positive constant C.
Then, from Lemma 10.2 together with condition (4.2), we can conclude that
liminf(w — @)(t, ) > lisrgior‘}f {E[§(St,s(T))] — §°°"(s) + ep(s)} = +0

§— 00

for all ¢ € [0, T]. Then there exists (tg, s9) € [0,T] x [0, 00) such that

— t = 1 — Q).
(w — ) (to, s0) [O,T?ilﬁioo)w ©)
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In order to prove the required result, we have to show that

(10.3) (w — ¢)(to, 0) > 0,

which implies that w(t, s) — w(t, s) +e¢(s) > 0 for all (¢,s) € [0,7] x (0,00) and the
result of the theorem follows by sending ¢ to zero.

Inequality (10.3) is trivially satisfied if so = 0 or tg = T. We then concentrate on
the case tg < T and sg > 0. Since (tg, o) is an interior minimum, it follows from the
viscosity supersolution property of w that

(10.4)  Aw(to, s0) — Lp(to,s0) >0 and Le Mo — s0044(to, s0) > 0.
Recalling the definition of ¢, the second inequality provides
e Mo — st (to, 50) > —dss(s0) > 0.

By (10.2), we then see that Li(to,s0) = Aw(tg,s0). Plugging this into the first
inequality of (10.4) provides

Aw — @) (to, 50) > € [ Ad(s0) — %02(150780)(?55@0, so)| >0,

which is the required inequality (10.3). d

11. Appendix: Properties of stochastic integrals. In this section we prove
several properties of double stochastic integrals with respect to Brownian motion.
The key idea in our analysis was provided by Professor F. Delbaen. Our main result
is Proposition 11.6 below.

It is known that if

Ao
(11.1) / h(u)dW (u) < Ct A0 for all t > 0,
0

for some continuous adapted process h(-), standard Brownian motion W(-), positive
stopping time 6, and a constant C, then h(0) = 0. This result is contained in Soner,
Shreve, and Cvitani¢ (1995).1

In the analysis of gamma constraints, in particular in proving the viscosity prop-
erty of the value function in section 9, we are led to study a similar situation for
double stochastic integrals such as

(11.2) /O /0 * bYW () AW (u) < Ct.

In this section, we analyze several inequalities of the type (11.2) ordered by increasing
difficulty.
First, suppose that the process b(-) in (11.2) is equal to a constant bg. Then,

b 2 = o r r U
5 W (t)—t]—/o/o b(r)dW (r) dW (u) < Ct.

1Here is an alternative simple proof of this result. Given an arbitrary v € R, introduce the
exponential martingale Z¥ = £(vW). Then, multiplying both sides of (11.1) by Z”(t A 6), and

taking expectations, it follows from the optional sampling theorem that vE[Z" (t A0) fot/\g h(u)du] <

CE[Z¥ (tN\0)(tN0)]. Dividing by t, sending t to zero, and recalling that the process h(.) is continuous,
and the stopping time 0 is positive P-a.s., we see that vh(0) < C. By arbitrariness of v, this proves
that h(0) = 0.
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Hence, by < 0 by the law of iterated logarithm.
Next, suppose that b is a bounded, progressively measurable process and (11.2)
holds for all ¢ € [0, 7] where 7 is a positive constant. Delbaen proved the following:

. i > <n.
(11.3) P[Oérllbitb(u)_c} <1 foralle>0, t<n

Suppose to the contrary, i.e., suppose that there are ¢ > 0,¢ < 7 such that b(u) > ¢
for all u € [0,]. Let Z¥(t) := exp (vW(t) — (v?t/2)). A direct calculation shows that

E [Z”(t) /0 t /0 ' b(v)dW(v)dW(u)] —2E [ /O t /O ub(v)Z"(v)dvdu] > w22,

By (11.2),
E [Z”(t) /0 t /0 ub(v)dW(v)dW(u)} <ct.

Hence, cv?t?/2 < Ct for all v, which cannot happen. This proves (11.3).

We continue the analysis when (11.2) holds only up to a stopping time.

LEMMA 11.1. Let 0 be some bounded positive stopping time and {b(t), t > 0} be
a bounded progressively measurable process satisfying (11.2) for allt < 6. Then,

11.4 lim inf <0.
( ) 1?1\151 b(t) <0

Proof. Suppose to the contrary. Then, there exist a positive stopping time 7 and
a constant ¢ > 0 such that b(t A 7) > ¢ for all . Rename the stopping time 7 A 6 to
be 6.

Step 1. We employ a time change and then use standard properties of Brownian
motion to obtain a contradiction. Set

t
h(t) ;:/ b(w)? + 1usgyldu, t>0,
0

so that h is a continuous strictly increasing function on [0, ]. Let

W) ::/Oh ). >0,

and G = {Gy, t > 0} be given by G; := Fj-1¢3). Then the time-changed process (W,G)
is a standard Brownian motion. By the time-change formula (see, e.g., Karatzas and
Shreve (1991, Proposition 4.8, p. 176)), we rewrite (11.2) as

tAO
0m9>/ /b ) dW (r) dW (u / W (h(u)) dW (u)

h(tA6) . R
- / o(u)W () dVY (u)



90 H. METE SONER AND NIZAR TOUZI

where ¢(u) := 1/b(h=1(u)). Since b is bounded away from zero, ¢ is bounded and
h(tA6) R
(11.5) / d(u)d[W(u)’] < C'tAO,  t>0,
0

for some constant C”.
Step 2. By the law of iterated logarithm, there exists a sequence of bounded
positive F-stopping times (7,,),, converging to zero such that

W(Tn)2

Tn

— 400 P-a.s.

Set
O == 0N (1) .
Since 6 is positive, for sufficiently large n, h(6,,) = h(h='(7,)) = 7. Hence,

2 2
(11.6) VV;%?S)) — +00 P-as.

Step 3. Choose M so that |b| < M. Let ¢ be as in Step 1. Since b > 0 on [0, 4],
we have ¢ > 1/M on this interval.

Set ¢ := liminfy o 2 fot [p(u) — 2 ]d[W?(u)], and let (¢, ), be a sequence of positive
stopping times converging to zero P-a.s. such that

/Ocn [¢(“) B J\H dW? ()] < €.

Direct calculation provides

[ ot - L] v

This proves that ¢ > 0, and consequently

(E[¢.] > E =E

/Ogn [(Iﬁ(u) - ]\H du]] > 0.

lim inf - —.
t10 W (t)? M

Let 6,, be the sequence constructed in Step 2. Since 6,, tends to zero as n ap-
proaches to zero,

e T S w?) 1
(11.7) l%nﬁloof W (h0 ) > iU

Step 4. Since b(f At) > ¢, the definition of h implies that
h(0n)

n

lim

n—oo

> 2.
Combining this inequality with (11.6) and (11.7), we arrive at

lim su h(6n) W (h(en))Q foh(en) (b(u)d[W(u)z]
n—»oop 0, h(&n W (h(en))Q

= +400.
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Step 5. By (11.5), we have

h(8a) W (h(62))* Jy " o(w)dW ()] _ 6.,
O N(0y W (h(6,))* N

Clearly this is in contradiction with the previous step. 0

Our next generalization is to replace W in (11.2) by the stock price process.

We introduce some notation that will be used throughout this section. Let (t,, $»)
be a sequence converging to some (to, sg) € [0,7) x (0,00). To simplify the notation,
we set

Sy (t) = S, s, (1) and an(t) == S, .5, (t)o (t, S, 6, (1)) .

Since the processes S,, may take very large values, we need to introduce a sequence
of stopping times defined as follows. For a large constant A > 0 let

(11.8) Tp = 1nf {t >t : [In (Sn(t)/sn)| > A}.

In our notation, we do not show the dependence of 7,, on .
Remark 11.2. The sequence of stopping times (7,),, satisfies

1
liminft AT, > =t A Ty P-a.s.

n—oo

N}

Indeed, since (¢, sn) — (o, S0), it follows from Protter (1990, Theorem 37, p. 246)
that for almost everywhere (a.e.) w € Q, we have

St .sn — Sty,ss  uniformly on [tg, o + ¢],

which implies the announced claim.
LEMMA 11.3. Let b, 6, C be as in Lemma 11.1. Suppose that

tAO
/ / b(r) dSo(r) dSo(u) < CtAO  for all t > 0.
0

Then, b satisfies 11.4.
~ Proof. We follow the proof of Lemma 11.1. We replace 6 by the stopping time
0 := 0 A 7y and the time-change function h by

h(t) = /O [b(u)25(w)? + 11y y]du.

We define the time-changed Brownian motion W in the obvious way. Then, the
time-change formula implies that

[ [ seasie asion= [ asor = [ swosraio,

where ¢ = 1/[b(h~!)]. We then proceed as in Lemma 11.1. O
Remark 11.4. The conclusion of Lemma 11.1 is still valid if ¢ is substituted for
t A0 in the right-hand side of inequality (11.2). This is easily checked by going through
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the proof. The same observation prevails for Lemma 11.3.
Finally, we provide two results which deal with a slightly general double integral:

tn+tAO, u m
Moy (EAD,) = /t <zn+ /t an(r)dr + /t bn(r)dSn(r)> A4S, (u) < Bo+CL.

(11.9)

We will first show that if 3, tends to zero, then z, also converges to zero. This is a
slight generalization of the result on single stochastic integrals stated in the beginning
of this section. The second result provides information on the limit behavior of the
sequence (by,)y,.

PROPOSITION 11.5. Let ({an(u), u>0}), and ({bn(u), u>0}), be two se-
quences of real-valued, progressively measurable processes that are uniformly bounded
in n. Suppose that (11.9) holds with real numbers (zp)n, (Bn)n, and stopping times
(0n)n. Assume further that, as n tends to zero,

Bn — 0 and tANO, — tNbOy P-a.s.,
where Oy is a strictly positive stopping time. Then

lim z, =0.

n—oo
Proof. For each n > 0, define the stopping time
Tn = 1AT, NO,.

By Remark 11.2, liminf, t A7, > t A 7o/2 with probability one. Let v be an arbitrary
real parameter and define the local martingales Z by

Z;(t):g(/ot’w(w), £>0.

n(u)

By the definition of 7, in (11.8), the process {ZZ(t A 7,), t > 0} is a P-martingale.
We then define the probability measure P} equivalent to P by its density process
{Z¥(t A1), t > 0} with respect to P. We shall denote by EY the expectation
operator under P”. By Girsanov’s theorem, the process WY (. A 7,,) defined by

Wi =wi - [ L5 i

is a Brownian motion under P?. We also define the local martingale Z* by
t
dw
Z"(t):E(/ VW)) t>0.
o Ool(u)

By the same argument as above, the process {Z"(t A 79), t > 0} is a P-martingale
and is therefore the density process of some probability measure P equivalent to P.
We shall denote by E¥ the expectation operator under P”. It is easily checked that
Z¥(.) — Z¥(.) P-a.s. Then, since t A 79/2 < liminf, t A7, < limsup, t A7, <t it
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follows from the continuity of Z% and Z" that

(11.10) Z% = liminf Z)(t A 7,) > 0.

n—oo

Rewrite M, (t A 7,,) in terms of W},

tn+tATY [
M, (t A 1,) = mart(P)) + vzt A7, + V/ / an(r)drdu
t t

n n

tn+EATH tn+HEtATH u
+ vt AT, / b (1) (r)dWY (1) + 1/ / / by, (r)drdu,
t tn, tn

n

where mart(P}) is a martingale under PY starting from zero. Take the expectation
under P, apply the Cauchy-Schwartz inequality for the third term on the right-hand
side, and also utilize the bounds on (ay,), and (b,), to obtain

vanEalt Aol < B+ C (Balt Am] + (W] + v BLl(E A 7))

<Bn+C’ (t + (Jv| + y2)t3/4) .

Let ¢ denote either liminf,, 2, or limsup,, z,, and restrict v to have the same sign as
£, so that v¢ > 0. Now, let n go to infinity. Then, it follows from Fatou’s lemma
together with (11.2) and (11.10) that

%VEE[t ANToZY] < C' (t + (lv] + 1/2)t3/4) .

We now divide by ¢ and take the limit as ¢ \, 0. Since 79 and Z%_ are positive P (and
then P")-a.s., we get by dominated convergence

vl < ' for all v € R.

Since v is arbitrary, we conclude that liminf,, 2z, = limsup,, z, = 0. 0

The following result is a stronger version of Lemma 11.1 which was used in sec-
tion 9. We shall denote by H? the Hilbert space of all progressively measurable
Lebesgue(0,T)® P-square integrable processes.

Let (b,)n be as in Lemma 11.5. By assumption, (b,), is bounded in L*°(Le-
besgue(0,T)® P). Then it is bounded in H? and, therefore, converges weakly to some
b, possibly along a subsequence.

PROPOSITION 11.6. Assume the hypothesis of Lemma 11.5. Let b be as above.
Then

liminf b(u) < 0.
u\,0

Proof. Define the stopping times 7, as in the proof of Lemma 11.5. To simplify
the notation, we rename process b, (t)1:, <i<t,+tar, DY bn(t). By Mazur’s lemma,

there exists a sequence of coefficients (A}, k > n),, with A} >0 and >, A} =1
such that B

(11.11) by = Z Apby — b strongly in HZ.
k>n
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Integrating by parts and using the bound on a,, and S, (. A 7,,) provide
My, (t A1) = 20 [Sn(tn +EATR) — Sn)

tn+tATH tn+tATy
+ Sp(tn +tAT) / an(r)dr — / S (w)an, (u)du
t

tn+tATY "
/ / r)dS, (1)
tn tn

by HtAT,
z—C't/\Tn—|zn|sn(e’\—1)+/ / 7)dSn(u).
tn tn

Set Bn := By + |zn|sn(e* — 1). Then, from Lemma 11.5, @n — 0 as n — oo and we
get from the inequality satisfied by M,

tn+tATH R
(11.12) / / 1)dS,(u) < B + Kt AT,
tn [2%

for some positive constant K. Set

tn+HtAT, to+tATo
enlt / / b (r)d Sy, (r)dS / / by (r)dSo (7)dSo(u).

We shall later prove that
(11.13) en(t) — 0 P-as.

possibly along a subsequence. Take convex combinations in (11.12) to conclude that

to+tATo
(11.14) Z)\Z&'k / / dSO dSo Z)\n (ﬂk—‘v‘Kt/\Tk)
to to

k>n

We directly calculate that

< / e / ) dSo(r )dSO(u)> T

_F /t :OHMO ( /t u (Ba(r) — () dSo(r)>2 c‘ro(u)Qdu]
<O B /:H ( /t u (5a(r) — ) dSo(r)>2du]

<O E Ut:ﬁt /tu (én(r) - b(r))2 drdu]

< Cstllby — blfie,

where C;’s are constants independent of n. This proves that

to+tATo to+tATo
/ / r)dSo(r)dSo(u) — / (r)dSo(r)dSo(u) asn — oo
to to to
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in L2(P), and therefore P-a.s. along some subsequence. Then, taking a.s. limits in
(11.14) and using (11.13), we get

to+tATo
/ / r)dSo(r)dSe(u) < Kt.

Since the limit process b inherits the bound on b,,, we apply the result of Lemma 11.3
to complete the proof; see also Remark 11.4.

It remains to prove the convergence result stated in (11.13). Set ,, = ¢, +t AT,
for n > 0. By It6’s lemma,

en(t) = A, + By + Ch,

where

Cn Co
= [Sn(Cn) = sul [ bn(u)dSn(u) — [So(Co) —80] by (u)dSo(u),

tn

B— [ by (1) S, (1 / by (1) So(w)dSo(w),
‘Vén 0
Cp=— t by (u)7, (u)?du + t b (u)&o(u)?du.

It suffices to prove that A,,, B,, and C, converge to zero P-a.s. along some sub-
sequence. We prove only the convergence of A,; the remaining claims are proved
similarly.

(i) To simplify the presentation, set (.) = 0 outside the stochastic interval [t (]
and observe that

Cn
Sp(Cn) — So(Co) = sn —I—/f T (w)dW (u).

‘n

Since &, is bounded inside the stochastic interval [t,,, (], by dominated convergence,

E (/fn T (w)dW (u) — /: Uo(u)dW(U)>2

n

CO\/Cn 9
—E / (G () — Fo(u)? du| — 0.
toNtn
This proves that
Sn(Cn) — SO(CO) P-a.s.

along some subsequence.
(ii) Recall that we have set b, (.) = 0 outside the interval [t,, (,]. Thus,

() /U by (1) dSo (u / O (u)dSo () + /C " (w)dSo ()

tn 0/ACn

CoNCn
+ /t bp(u) (Gn(u) — Go(u)) dW (u).

Oth
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From the bound on b, the first two terms on the right-hand side converge to zero in
L?(P) and therefore P-a.s. along some subsequence. As for the third term,

CoACn 2
FE /t by (u) (G5 (u) — do(u)) dW (u)

oVtn

CoACn
_E /t by ()2 (G (1) — 5o ()% dus

oVin

CoNACn
<O\ /t (G () — Fo(w))? du

oVin

Co
g@E/ (G () — Fo(u)? du | |

to

where C;’s are constants and we have set o,(.) = 0 outside the stochastic interval
[tn, (). Since 7, is bounded, we see by dominated convergence that the third term
of interest converges to zero in L?(P) and therefore P-a.s. along some subsequence.
This proves that

tn+tATY to+tATo
/ by (u)d Sy (u) — / by (u)dSo(u) — 0 P-as.
¢ ¢

n 0

along some subsequence.
By (i) and (ii), A, — 0 P-a.s. along some subsequence. |
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HAMILTONIAN NECESSARY CONDITIONS FOR A
MULTIOBJECTIVE OPTIMAL CONTROL PROBLEM WITH
ENDPOINT CONSTRAINTS*

QLI J. ZHU?

Abstract. This paper discusses Hamiltonian necessary conditions for a nonsmooth multiobjec-
tive optimal control problem with endpoint constraints involving a general preference. The transver-
sality condition in our necessary conditions is stated in terms of normal cones to the level sets of the
preference. Examples involving a number of useful preferences are discussed.

Key words. multiobjective optimal control, Hamiltonian necessary conditions, differential in-
clusions, preferences, utility function, subdifferential calculus, variational principles
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1. Introduction. Practical decision problems often involve many factors and
can be described by a vector-valued decision function whose components describe
several competing objectives. The comparison between different values of the decision
function is determined by a preference of the decision maker. The main purpose of this
paper is to derive Hamiltonian necessary conditions for a nonsmooth multiobjective
optimal control problem with the dynamics governed by a differential inclusion.

Historically, the concept of a preference first appeared in the value theory of eco-
nomics. In the early studies of the value theory a preference is often defined by a utility
function. One of the central questions in the value theory was: given a preference,
is it always possible to define a utility function (with good analytic properties) that
determines the preference? In terms of multiobjective optimal control problems this
amounts to asking whether it is possible to reduce a multiobjective optimal control
problem to an optimal control problem with a reasonable single objective function. In
[13], Debreu proved a celebrated theorem which asserts that a preference < is deter-
mined by a continuous utility function if and only if < is continuous in the sense that,
for any x, the sets {y : * < y} and {y : y < z} are closed. While this theorem plays a
central role in the value theory, it is not of much help to us for the following reasons.
First, Debreu’s theorem is an existence theorem. It does not provide methods for
determining the utility function for a given preference. Second, even if one can find a
continuous utility function that determines the preference, an optimal control prob-
lem with a continuous decision function and endpoint constraints is not easily subject
to analysis. Finally, some useful preference relations (e.g., the preference determined
by the lexicographical order of the vectors) are not continuous. For these reasons we
shall pursue the multiobjective optimal control problem directly.

In the area of multiobjective optimization and optimal control much research has
been devoted to the weak Pareto solution and its generalizations. The preference
relation for two vectors x,y € R™ in a weak Pareto sense is defined by = < y if and

*Received by the editors January 25, 1999; accepted for publication (in revised form) March 28,
2000; published electronically August 17, 2000.
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fDepartment of Mathematics and Statistics, Western Michigan University, Kalamazoo, MI 49008
(zhu@math-stat.wmich.edu). The author’s research was supported by the National Science Founda-
tion under grant DMS-9704203.
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only if z; < y;,i = 1,...,m, and at least one of the inequalities is strict. In other
words, z < y if and only if x —y € K := {z € R™ : z has nonpositive components}
and x # y. More generally, one can use other cones K in the definition of the
preference relations. Necessary optimality conditions for (generalized) weak Pareto
solutions were derived for optimization problems in [1, 8, 11, 25, 29, 35, 36, 39, 40]
(see also the survey paper [14] for more information), for linear-quadratic and H>°
optimal control problems in [16], and for an abstract optimal control problem in [6]. A
common key step in deriving necessary conditions for generalized Pareto solutions is
to apply a separation theorem to a tangent cone of the attainable set and a translate
of the cone —K, where K is the cone that generates the preference. In this paper
we take a different approach. We use a normal cone condition similar to that in the
extremal principle [24, 26, 28] at the optimal point in terms of the normal cones to the
attainable set and a level set of the preference. This approach enables us to handle
more general preference relations: they are not necessarily defined by a cone and are
not even necessarily continuous. Necessary optimality conditions for the weak Pareto
solution and its generalizations can be derived and refined by using our necessary
conditions.

The technical implementation of our proof relies on recent results in nonsmooth
analysis, in particular, on the calculus for smooth subdifferentials of lower semicon-
tinuous functions [2, 4, 5, 9, 10, 19], the methods for proving the extremal principle
[24, 26, 28], and techniques in handling the Hamiltonians for a differential inclusion
[10, 19]. To avoid technical distractions we prove here Hamiltonian necessary condi-
tions that extend the classical Hamiltonian necessary conditions for optimal control
problems derived by Clarke (see [8]). There are several recent significant refinements of
the Hamiltonian necessary conditions for optimal control problems with a single objec-
tive function [18, 19, 20, 34]. It is an interesting question to what extent the methods
of this paper can be used to generalize these refined Hamiltonian necessary conditions
to multiobjective optimal control problems. There are also many other types of nec-
essary conditions for optimal control problems, in particular, those that refine and
generalize the maximum principle (see, e.g., [21, 22, 23, 27, 30, 31, 33, 37, 38, 41]).
Whether those necessary conditions can be extended to multiobjective optimal control
problems in our general setting represents a more challenging open problem.

The remainder of the paper is arranged as follows. Section 2 contains definitions
and preliminary results in subdifferential calculus. We state our main result in sec-
tion 3 along with some examples and discussions. The technical proofs are given in
section 4.

2. Preliminaries. Let X be a real reflexive Banach space with closed unit ball
Bx and with topological real dual X*. Note that X has an equivalent Fréchet smooth
norm and we will use this norm as the norm of X unless otherwise stated. Let
f:X — R:= RU/{+co} be an extended-valued function. We denote by dom f :=
{z € X : f(z) € R} the effective domain of f. We assume all our functions are proper
in that they take some finite values: dom f # (. Let us now recall the definitions of
subdifferentials and normal cones (see [5] for greater details and historical comments).

DEFINITION 2.1. Let f : X — R be a lower semicontinuous function and C
a closed subset of X. We say f is Fréchet-subdifferentiable and x* is a Fréchet-
subderivative of f at x if there exists a concave C' function g such that ¢'(x) = x*
and f—g attains a local minimum at x. We denote the set of all Fréchet-subderivatives
of f at x by D f(x). We define the Fréchet-normal cone of C at x to be Np(C, x) :=
Dpbéc(z), where b¢ is the indicator function of C defined by 6c(x) := 0 for x € C



MULTIOBJECTIVE OPTIMAL CONTROL PROBLEMS 99

and oo otherwise.

In the following definition, w* — lim represents the weak-star limit. In a reflexive
Banach space it coincides with the weak limit. In this paper, we only use limiting
subdifferentials and normal cones in finite dimensional Euclidean spaces where the
weak-star limit coincides with the usual limit.

DEFINITION 2.2. Let f: X — R be a lower semicontinuous function. Define

of (z) :=={w" — ilirglovi v € Drf(x:), (zi, f(2:)) — (2, f(2))}
and
0° f(z) == {w" — ililgloti’l)i 10 € Dpf(x:), ti — 0%, (x4, f(2:)) — (=, f(2))},

and call Of(x) and 0 f(x) the limiting subdifferential and singular subdifferential of
f at z, respectively.
Now let C be a closed subset of X and

N(C,z) :={w" — lim v; : v; € Np(C, z;), C > z; — z},
and call N(S,z) the limiting normal cone of S at x.
We shall also need to use the Clarke subdifferential ¢ which is derived by taking
the weak-star closed convex hull of the sum of the limiting and singular subdifferen-
tials, i.e.,

Oc f(x) := cl* coldf (x) + 0™ f(x)].

We conclude this section with a sum rule and a chain rule for the Fréchet sub-
differential. They can be viewed as nonsmooth versions of the corresponding calculus
rules for derivatives. We start with the sum rule. The prototypes of this result
appeared first in [17]. We use the following version, derived in [4], which refines
similar results in [2, 19].

DEFINITION 2.3 (uniform lower semicontinuity). Let fi,...,fx : X — R be
lower semicontinuous functions and E a closed subset of X. We say that (f1,..., fn)
18 uniformly lower semicontinuous on E if

N N
élelgnglfn(x) < %%mf {T;fn(gcn) Hw — x| <02, T € E;nym = 1,...,N} .
We say that (f1, ..., fn) is locally uniformly lower semicontinuous at x € NY_;dom(f,)
if (f1,---,fn) is uniformly lower semicontinuous on every closed ball centered at x in
a neighborhood of x.

THEOREM 2.4 (sum rule). Let fi,...,fn : X — R be lower semicontinuous
functions. Suppose that (f1,...,fn) is locally uniformly lower semicontinuous at
T and ZnN:1 fn attains a local minimum at T. Then, for any € > 0, there exist
Tn € T+eB and z) € Dpfp(xy),n =1,...,N such that |fn(xn) — fu(Z)] < e,m =
1,2,...,N, diam(xy,...,zn) -max(||z]]], ..., |[|lz¥]) <&, and

N
*
>
n=1

<e.
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Following the argument of [10, Theorem 9.1], one can deduce the following Fréchet
subdifferential chain rule for Lipschitz functions from the sum rule of Theorem 2.4.

THEOREM 2.5 (chain rule). Let X and Y be reflezive Banach spaces. Let ® :
X =Y and f : Y — R be locally Lipschitz mappings. Then for any x* € Dp(fo®)(Z)
and any € > 0 there exist x € T +eBx, y € ®(T) + By, and y* € Dpf(y) such that
|®(z) — ®(Z)|| < e and

¥ e DF<y*,q)>(.T) + eBx.
3. The main results. Let < be a (nonreflexive) preference for vectors in R™.
We consider the following multiobjective optimization problem with endpoint con-

straints.

P Minimize ¢(y(1))

(3.1) subject to §(t) € F(y(t)) almost everywhere (a.e.) in [0,1],4(0) = «p,
(3.2) y(1) € E.
Here, ¢ = (¢1,...,¢m) is a Lipschitz vector function on R"™, E is a closed subset of

R™ and F is a multifunction from R™ to R™ satisfying the following conditions.
(H1) For every z, F(x) is a nonempty compact convex set.
(H2) F is Lipschitz with rank Lp, i.e., for any z,y,

F(x) C F(y) + Lr||z — y|[Br».

We say that y is a feasible trajectory for problem P if y is absolutely continuous and
satisfies relations (3.1) and (3.2). We say z is a solution to problem P provided that
it is a feasible trajectory for P and there exists no other feasible trajectory y such
that ¢(y(1)) < ¢(x(1)). For any r € R™, we write I(r) := {s € R™ : s < r}. We will
need the following regularity assumptions on the preference.
DEFINITION 3.1. We say that a preference < is closed provided that
(A1) for anyr € R™, r €l(r);
(A2) for anyr < s, t €l(r) implies that t < s.
We say that < is regular at ¥ € R™ provided that
(A3) for any sequences ri, 0 — T in R™,

limsup N(I(ry), 0x) € N(I(F),7).
k—o0
Our main result is the following theorem.
THEOREM 3.2. Let x be a solution to the multiobjective optimal control problem
P. Suppose that the preference < is regular at ¢(x(1)). Then there exist an absolutely
continuous mapping p : [0,1] — R", a vector A € N(I(¢p(x(1))), p(z(1))) with ||| = 1,
and a scalar Ao = 0 or 1 satisfying Ao + ||p(t)|| # 0V ¢ € [0,1] such that

(=p(t),2(t)) € OcH(x(t),p(t)) a.e. in [0,1],
—p(1) € 20(A, 9)(x(1)) + N(E, z(1)).

Moreover, one can always choose A\g =1 when (1) € int E.
Here H is the Hamiltonian corresponding to F' defined by

H(z,p) :=max{(p,v) :v € F(x)}.
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Remark 3.3. Observing that H is positive homogeneous in p, we can scale p or,
alternatively, A in Theorem 3.2 by a positive constant.

In the remainder of this section we will examine a few examples. The proof of
Theorem 3.2 is postponed to the next section.

Ezample 3.4 (a single objective problem). When m =1 and r < s < r < s,
Theorem 3.2 reduces to the classical Hamiltonian necessary conditions for an optimal
control problem [8]. Thus, the necessary conditions in Theorem 3.2 are true general-
izations of the Hamiltonian necessary conditions for single objective optimal control
problems.

Erample 3.5 (the weak Pareto optimal control problem). In a weak Pareto
optimal control problem we define the preference by r < s if and only if r; < s;,7 =
1,...,m, and at least one of the inequalities is strict. It is easy to check that <
defined this way satisfies assumptions (A1) and (A2) in Definition 3.1 at any r € R™.
Moreover, for any r € R™, I(r) = r + R™, where R™ := {s € R™ : s; < 0,i =

1,...,m}. It follows that, for any r,60 € R™, we have N(I(r),0) C R} := —R™.
Since N(I(r),r) = RT, we can see that < also satisfies assumption (A3) at any
r € R™ and, therefore, it is regular at any r € R™. Combining Theorem 3.2 and
Remark 3.3, we obtain the following corollary.

COROLLARY 3.6. Let x be a weak Pareto solution to the multiobjective optimal
control problem P. Then there exist an absolutely continuous mapping p : [0,1] — R",
a vector X € R with 31" 1 X; = 1, and a scalar \g = 0 or 1 satisfying Ao + |[p(t)|| #
0V tel0,1] such that

(=p(t),2(t)) € dcH(x(t),p(t)) a.e. in [0,1],
—p(1) € A0\, 9)(x(1)) + N(E, z(1)).

Moreover, one can always choose A\g = 1 when z(1) € int E.

Remark 3.7 (the strong Pareto optimal control problem). Problem P, with
the preference defined by r < s if and only if r; < s;, is a strong Pareto optimal
control problem. We can also check that this preference is regular at any r € R™.
Thus, Theorem 3.2 can also yield a necessary condition for the strong Pareto optimal
control problem. However, simple calculation yields I(r) = r + R™, which is the same
as the corresponding result for a weak Pareto optimal problem. This means that
the necessary conditions deduced from Theorem 3.2 for both weak and strong Pareto
optimal control problems are the same. Clearly this loss of precision is due to the
closure operation on the level sets I(r).

We point out that if x is a weak Pareto optimal solution to problem P, then
it is a solution to the following single objective optimal control problem: minimize
max(¢1(y(1)) — ¢1(z(1)), ..., ¢m(y(1)) — ¢m(z(1))) subject to constraints (3.1) and
(3.2). Then we can deduce Corollary 3.6 by combining the Hamiltonian necessary
conditions for a single objective problem and the subdifferential chain rule for the
max function. However, this method does not apply without additional assumptions
to the following generalized weak Pareto optimal solution [1].

Ezample 3.8 (a generalized weak Pareto optimal control problem). Let K C R™
be a closed cone. We now define the preference by r < s if and only if r —s € K
and r # s. Multiobjective optimal control problems with this preference are called
generalized weak Pareto optimal control problems. When K = R™, we get the weak
Pareto problem. Note that we do not assume any convexity on K. Similarly to
the last example, we can check that the preference < defined here is regular at any
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r € R™. Moreover, N(I(r),r) = K~ := {s € R™ : (s,t) < 0,t € K}. In particular,
N(l(¢p(x(1))),p(x(1))) = K~. Thus, we have the following corollary.

COROLLARY 3.9. Let x be a solution to the generalized weak Pareto multiobjective
optimal control problem P with the preference defined by a closed cone K. Then there
exist an absolutely continuous mapping p : [0,1] — R"™, a vector A € K~ with ||| = 1,
and a scalar Ao = 0 or 1 satisfying Ao + ||p(t)|| # 0V ¢ € [0,1] such that

(=p(t),&(t)) € OcH(x(t),p(t)) a.e. in [0,1],
—p(1) € A0(A, ¢)(x(1)) + N(E, 2(1)).

Moreover, one can always choose A\g = 1 when (1) € int E.

Ezample 3.10 (a preference determined by a utility function). Let u be a con-
tinuous utility function that determines the preference, i.e., s < r if and only if
u(s) < u(r). We need an additional assumption to ensure the regularity of < which
we summarize in the following lemma. We will use d(S,r) := inf{||s — 7| : s € S} to
denote the distance between a set S and a point 7.

LEMMA 3.11. Let u be a continuous utility function determining the preference
<. Suppose that
(3.3) liminf d(Dpu(s),0) > 0.

S—T

Then < is reqular at r and

N(I(r),r) = 0u(r) U <U a(‘?u(r)) .

a>0

Proof. Tt follows from (3.3) that I(r) is nonempty. Then conditions (A1) and (A2)
in Definition 3.1 follow from the continuity of u. It remains to show that < satisfies
assumption (A3). First we observe that, for ' sufficiently close to r, I(r') = {s €
R™ :u(s) —u(r’) < 0}. Thus, Dpu(r’) C Np(l(r'),r). Taking limits, we have

(3.4) o>u(r)|J (U aau(r)> c N((r),r).

a>0

Let ry, 0k, and & be sequences satisfying ry, 0p — 7, & € N(m7 0r), and & — &.
We need to show that £ € N(I(r),r). By the definition of the limiting normal cone, and
without loss of generality, we may assume that & € Ng(I(rg),0k). Since N(I(r),r)
always contains 0, we consider the interesting case when £ # 0. Then, when n is
sufficiently large, we have & # 0. Since Np(l(rx), k) is empty when u(0) > u(ry)
and {0} when w(fy) < wu(ry), we must have u(6y) = u(ry), ie., Np(l(ry),0r) =
Nr(l(6k),0r) = Nrp({s : u(s) — u(f;) < 0},0;). Applying [5, Theorem 3.4] (see also
[3, 32]), we conclude that there exist a; > 0 and (i € Dpu(6y) such that ||axCr—E&k| <
1/n. It follows that

khm aka = §

Since (j, is bounded away from 0, ay, is bounded. Passing to a subsequence if necessary,
we may assume that ay — a. If a # 0, then ( converges to an element of Ju(r) and,
therefore, £ € adu(r). If a = 0, then, by definition, £ € 9®u(r). In view of (3.4) we

have shown that < is regular at r. The formula for N(I(r),r) also follows. O
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Using Lemma 3.11 and Remark 3.3, we have the following corollary of Theorem
3.2.

COROLLARY 3.12. Let < be a preference determined by a utility function u.
Suppose that u satisfies the condition of Lemma 3.11. Let x be a solution to the
multiobjective optimal control problem P. Then there exist an absolutely continuous
mapping p : [0,1] — R"™, a nonzero vector A € 9u(¢(x(1))) U du(¢(z(1))), and a
scalar Ao = 0 or 1 satisfying Ao + ||p(t)|| #0 ¥V t € [0,1] such that

(=p(t),2(t)) € dcH(x(t),p(t)) a.e. in [0,1],
—p(1) € 200\, 9)(x(1)) + N(E, z(1)).

Moreover, one can always choose A\g = 1 when (1) € int E.

Here we derived necessary conditions for an optimal control problem with a con-
tinuous decision function. This example also shows that, under favorable conditions,
necessary optimality conditions in terms of a preference and its utility function are
the same. However, the condition in terms of the normal cone of the level sets of the
preference is intrinsic. In fact, if v is a (smooth) utility function corresponding to
preference <, then so is v(r) = (u(r) — u(x(1)))®. But v has a derivative 0 at x(1).
Thus, using v as a decision function, the necessary optimality conditions in Corollary
3.12 will yield no useful information.

Our next example considers the preference determined by the lexicographical
order. This preference does not correspond to any real utility function [12, p. 72].

Ezample 3.13 (the preference determined by the lexicographical order). Write
r < s if there exist an integer ¢ € {0,1,...,m — 1} such that r;, = s;,i = 1,...,q,
and rg41 < Sqy1. It is easy to check that < satisfies assumptions (Al) and (A2)
in Definition 3.1. Straightforward calculation yields I(r) = {s = (s1,...,8m) €
R™ : 51 < r}. It follows that, for any r,0 € R™, N(I(r),0) = {ae; : a > 0}.
Here e; = (1,0,...,0) € R™. Thus, < is regular at any r € R™. Moreover,
N(l(¢p(x(1))), p(x(1))) = {ae1 : a > 0}. Combining Theorem 3.2 and Remark 3.3, we
have the following corollary.

COROLLARY 3.14. Let x be a solution to the multiobjective optimal control prob-
lem P with the lexicographical preference. Then there exist an absolutely continuous
mapping p : [0,1] — R"™ and a scalar \g = 0 or 1 satisfying Ao+ ||p(t)|| #0 ¥ t € [0,1]
such that

(=p(t),2(t)) € dc H(a(1), p(t)) a.e. in [0,1],
—p(1) € Mod¢1(x(1)) + N(E,z(1)).

Moreover, one can always choose A\g = 1 when (1) € int E.

Intuitively this tells us that since objective ¢, is much more important than
the other objectives, the necessary conditions for a multiobjective optimal control
problem with the lexicographical preference are the same as the necessary conditions
for an optimal control problem with a single objective function ¢;. To get further
information one can add an additional endpoint constraint D = {y : ¢1(y) = ¢1(z(1))}
to obtain the following necessary conditions: there exist an absolutely continuous
mapping p : [0,1] — R™ and a scalar A\g = 0 or 1 satisfying Ao+ ||p(t)|| # 0V ¢ € [0,1]
such that

(=p(t), (1)) € cH (2(t),p(t)) a.e.in [0,1],
—p(1) € X2 (x(1)) + N(EN D, x(1)).
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This process can be continued. Note that the adjoint arcs p and scalars Ay in this
sequence of necessary conditions are not necessarily the same. Of course, these nec-
essary conditions can also be derived by directly combining the above argument with
necessary conditions for single-valued optimal control problems. What is interesting
here is that this problem can be put into the framework of Theorem 3.2 along with
many other problems although its preference cannot be characterized by a utility
function.

We should point out that while Theorem 3.2 provides a uniform treatment of
many different kinds of multiobjective optimal control problems, the cost we pay
is the loss of precision in some special cases. We have briefly discussed this point
in Remark 3.7. Now we can see that a similar loss of precision also occurs in the
necessary conditions derived for multiobjective optimal control problems defined by a
lexicographical order. As discussed in Remark 3.7, to improve the precision one has
to use a normal cone concept that can distinguish level sets with an identical closure.
This appears to be an interesting direction for further investigation.

4. Proof of Theorem 3.2. We divide the proof into several steps.

Step 1. Conwverting the multiobjective optimal control problem into an abstract
optimization problem. The method we use here develops a conversion for the single
objective problem that can be traced back to [7] (see also [8, 10]). The way we handle
the multiobjective preference is suggested by the proof of the extremal principle in
[24, 26, 28]. Let A := {y(1) : y is a solution to (3.1)}, and let T’ := {p(w) : w €
ANE}. We can see that I' is the set of “the attainable values” of this multiobjective
optimal control problem. Since A is compact (see [8, section 3.1]) and E is closed,
I is a closed (compact) set. Let ¢ be an arbitrary positive number, and let n €
(0,min(1,e)/8(Ly + 1)), where Ly is the Lipschitz rank of ¢. Choose v, < ¢(z(1))
such that ||y, — ¢(z(1))| < 1 and write © := I(~,). Here O is the closure of the level
set of < at «y,. This is an approximation of I(¢(x(1)), the level set of the optimal
solution x. We need this approximation because the intersection of [(¢(z(1)) and T’
is nonempty (contains at least ¢(z(1))), yet

(4.1) rne =0

In fact, it follows from condition (A2) on < that I'N© # () implies that there exists a
solution y of (3.1) with y(1) € E such that ¢(y(1)) < ¢(x(1)), which is a contradiction.

Next we use a method similar to that in [24, 26, 28] for proving the extremal
principle to derive a necessary condition for a series of abstract minimization problems
that approximate our original multiobjective optimal control problem. Note that the
extremal principle in the above references cannot be directly applied here for two
reasons: (a) the separation in (4.1) is derived by moving (the closure of) the level
sets of <. In order to apply the extremal principle, the move of the level sets of
< must be a translate, which only occurs in some special cases such as in a single
objective problem or in a weak Pareto optimal problem. (b) Even in the cases when
the extremal principle is applicable, applying it to the sets I" and I(¢(x(1)) will not
give us necessary control on the locations of the “approximate” optimal solutions. In
what follows, the definition of the auxiliary function f is similar to that in the proof
of an extremal principle. We bring the solution of the differential inclusion into the
picture by using two sets C' and K defined below. Their intersection C'N K describes
the solution set of (3.1) in L% x L2,

Let

f(,0) = [lv = 0l + 6 (7) + de(0).
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Then, for any (7,60) € R*™, f(v,0) > 0 and f(¢(x(1)),7,) = [l¢(z(1)) — vl < n*
Let

C = {(u,v) € L*([0,1], R™) x L*([0,1], R™) : v(t) € F(u(t)) a.e. in [0, 1]}

and
K = {(a,u,v) € R™ x L*([0,1], R™) x L*([0,1], R™) :
1 ¢
a = g —|—/ v(s)ds and u(t) = g —|—/ v(s)ds}.
0 0
Then for any v = (y1,---,%Ym), @, 4, and v we have

6F (7) < Z (Sgraph b (O[, 'Yz) + 6E (O[) + 6K (Oé, u, U) + 60(”7 U)'
=1

In fact, if v € T', this inequality is trivial. When v € T' it is clear that the indicator
functions on the right-hand side cannot be all zero. Moreover, since z is a solution of
problem P, we have

m

0= 6r(d(@(1)) = D bgraph ¢, (2(1), $(x(1))) + 6p(2(1)) + 6k (2(1), 2, &) + bc (2, 2).

i=1

Now we introduce another auxiliary function similar to f which brings the solution
of (3.1) into the picture. Let

m
V(7,0 @, u,0) = |y =0 +60(8) + ) bgraph o, (e, %) + 85 (e0) +8xc (@, u, 0) + ¢ (u, v).
i=1
It is easy to check that ¢ > 0 and ¢(¢(z(1)), vy, z(1),z, &) = [|¢(z(1)) — 7, < n*
Moreover, since all the functions in 1 are either Lipschitz functions or indicator func-
tions for a closed set, v is lower semicontinuous. By virtue of the Ekeland variational
principle [15], there exist 4 € ¢(x(1)) + 7Bgrm, 0 € (v, +1Brm) N O C (p(x(1)) +
QUBRm) no, ac (l‘(l) —l—’l]BRn) NE, ue a)‘—l—nBLz([O’l]’Rn), and v € $+UBL2([O,1],R")
such that

sz(')/a 0, a, u,v) + 77”(’% 97a7uvv) - (:}/7575‘7&’@)”

attains a minimum at (v, 6, o, u,v) = (7, 0,a, U, D).
We turn to the task of decoupling information. To simplify notation we write
2= (v,0,a,u,v) and Z := R*™*" x L2([0,1], R™) x L*(]0, 1], R"™). Define functions

m

F1(2) = |y = 0l + 80.(0) + D bgraph 0. (e, %) + 6(a),

i=1
f2(2) = bk (a,u,v),

f3(z) == ¢ (u,v),
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and

f4(Z) = 77“(730;0‘,”71)) - (ﬁ,é,d,ﬂ,’f))“.

Then, f1, fo, f3, f4 are lower semicontinuous and f1 + f2 + f3 + f1 attains a minimum
at z over a closed neighborhood U of Z in Z. Our next step is to apply a fuzzy sum
rule to convert this into subdifferential information on f;,z = 1,2, 3, 4.

Step 2. Applying the sum rule. To do so, we need to check that (f1, fa, f3, f1)
is uniformly lower semicontinuous around Z. The argument is similar to that of [19]
but somewhat simpler because of the weaker condition required in the sum rule of
Theorem 2.4 (see [42] for the case of single objective problems). Let zf, 25 2k 2k c U

be four sequences satisfying
(4.2) diam(zF, 25 2K 28 =0, as k — oo,

such that

i=1

4 4
HILH;OZfz(zf) = liinjgf {Z fi(z:), diam(z1, 22, 23, 24) < h} .
i=1

Then we must have (u},v%) € C, i.e.,
(4.3) v (t) € F(uf(t)) a.e. in [0,1].

Since 25 € U, uf% is a bounded sequence in L?([0,1], R"). Since F is Lipschitz with
values that are compact sets, v4 is also a bounded sequence in L2([0, 1], R™). Without
loss of generality, we may assume that v5¥ converges weakly to v in L?([0,1], R™).
Then it follows from relation (4.2) that v4 also converges weakly to ¥ in LQ([O 1] R™).
Since (af,ub,vk) € K, we have of = ag + fol v5(s)ds and uk(t) = ap + fo vk (s)ds.
Thus, we may assume that af converges to & = ag + fo s)ds and u§ converges to
a(t) = ap + fo s)ds in L%([0,1], R"). By (4.2), u§ converges to @ in L%([0, 1], R").
It follows from (4. 3) that, for almost all ¢ € [0, 1],

(v*, 5 (1)) < sup{(v*,v) : v € F(u§(t))} Yo* € R".
Taking limits as k — oo yields, for almost all ¢ € [0, 1],
(v*,0(t)) < sup{(v*,v) :v € F(u(t))} Yv* € R".

Thus, o(t) € F(u(t)) a.e. in [0,1]. The convergence of o to & combined with (4.2)
implies that o} also converges to &. Passing to a subsequence, if necessary, we may
assume that the bounded sequences 7 and 6% converge to 7 and 6, respectively. Write
z:=(¥,0,a,1,0). Since fo(25) = f3(25) = 0 for sufficiently large k, since f; is lower
semicontinuous, and since f; is weakly lower semicontinuous, we have

4
1 -
kggOZf@ > fi1(2) + fu(z Zf@ ;fz(@
i=1 =

This verifies that (f1, f2, f3, f4) is uniformly lower semicontinuous at Z.

Now we can apply the fuzzy sum rule of Theorem 2.4 to 2?21 fi at Z. Noticing
that f, is Lipschitzian with rank 7, we conclude that there exist z1, 29,23 € Z + nBy
and zF € Dpfi(z;),i =1,2,3, such that

(4.4) ll27 + 25 + 23] < 2n.
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Since f; does not depend on w and v, we have zi = (v*,0*,«*,0,0). Similarly, we
may write z5 = (0,0, 8%, u*,v*) and z5 = (0,0,0,¢,p). Our next task is to calculate
2 i=1,2,3.

Step 3. Calculating 27 .

Let 21 = (7,0, a,u1,v1), and let g be a concave C! function on R™ x R™ x R™ such
that ¢’ (7,0, ) = (v*,0%,a*) and f; — g attains a minimum at (-, 8, «). In particular,
let v/ = ¢(a’), and we have that

(4.5) lp(e) = 0l = g(6(c), 0", @) + dpxe(a’,0')

attains a minimum at (6, «).

We apply the sum rule of Theorem 2.4 and the chain rule of Theorem 2.5 to the
functions in (4.5). With some straightforward (yet somewhat tedious) calculation we
conclude that there exist 0y € (0 +nBgm)NO, oy € a+nBpn, ag € (a+nBgrn)NE,
and A € Np(0,60y) with ||[A|| € (1 —3n,1+ 3n) such that

(4.6) o € Dp(A, ¢)(a1) + Np(E, az) +nBgn.
Step 4. Calculating z5.
Let z5 = (0,0, 8*,u*,v*) and 2o = (2,02, B,u,v). Then (8*,u*,v*) € Np(K, (8, u,v)).

The useful information for us is summarized in the following lemma.
LEMMA 4.1. Let (8*,u*,v*) € Np(K, (8,u,v)). Then

1
8% +v*(t) +/t u*(s)ds =0 a.e. in [0,1].

Proof. Since K is convex, the Fréchet normal cone of K coincides with the convex
normal cone. Thus,

(B = 3,8+ (W —u,u™) + (v —v,0*) <OV, u,0v) € K.

By the definition of K we have that, for any v' € L?([0, 1], R"),

<5*,/01(v'(t) — v(t))dt> + /01 <u*(t), /Ot(v’(s) - v(s))ds> dt
+/01<v*(t),v’(t) —w(t))dt < 0.

Integration by parts yeilds that, for any v’ € L?([0, 1], R™),
1 1
/ <6* —|—/ u*(s)ds +v*(t),v'(t) — v(t)> dt < 0.
0 t

Thus, 5* + ftl u*(s)ds +v*(t) = 0 a.e. in [0, 1]. |

Step 5. Calculating Np(C, (u,v)).

Combining (4.4), (4.6), and Lemma 4.1, we conclude that, for any ¢ > 0, there
exist 7. € (2(1)) + =B, 8y € (6+1Bpn) N1(7) € (6(2(1)) +=Bp) N1(3), a1 €
a+nBgrn C x(1)+eBpn, ag € (a+1nBrn)NE C (x(1)4+eBgrn)NE, X € Np(l(7e), o)
with ||A]| € (1 —e,1+4¢), ab € Np(FE, az), and

(4.7) a* € Dp(X, ¢)(a1) + o} + eBpa,
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such that there exist (u,v) € (z,%) 4+ eBr2([0,1],R")x L2([0,1],R")> (@, P) € Nr(C, (u,v)),
and u* € L*([0,1], R") satisfying

(4.8) H <u*, —at — /1 u*(s)ds> - (q,p)H <e

Now we need to calculate the normal cone Np(C, (u,v)). This calculation is
similar to [10, Lemma 9.4].
LEMMA 4.2. Let (¢,p) € Np(C, (u,v)). Then

(—q(t),v(t)) € OcH (u(t),p(t)) a.e. in [0,1].

Proof. Since (¢,p) € Np(C, (u,v)), there exists a C' concave function w on
L3([0,1], R™) x L%([0,1], R™) Wlth w(u,v) = 0 and w'(u,v) = 0 such that, for any
(o) € C,

(49) <(],Ul - ’LL> + <p7 vl - ’U> + ’LU(’U,/,’U/) < 0.

Let B := (0,1) N {the Lebesgue points of u and v}. Then B has measure 1. For any
t € B, (x,v) € Graph F, and h > 0, let

() = x if s € [t — h,t+ hl,
R Y u(t)  otherwise,

and

o () { v s ElE =Dt b,
hAZ L w(t)  otherwise.

Then |[u}, — u|| = O(h), ||vj, — v|| = O(h), and w(u},,v}) = o(h). Setting (u',v) =
(u},,vy) in (4.9), dividing by 2h, and taking limits yields

(4.10) (qt),z —u(t)) + (p(t),v —v(t)) <0 V(x,v) € Graph F.
In particular, setting z = u(t), we have

(4.11) (p(t),v —v(t)) <0 Ve Fu(t)).

That is to say

(4.12) (p(t),v(t)) = Elsml(lp(t))@(t), v) = H(u(t),p(t)).

Let

g(z,p) = (p(t) — p,v(t)) + [Ip(t) — p||®
+(q(t),r — u(t)) + H(z,p).

Then g is Lipschitz and strictly convex in p for each x. Let U be a ball around u(t),
and let K be a uniform bound for F(z) over U. Then |H(z,p)| < K|p| for z € U.
Thus for all € U, the function p — g(x,p) attains a unique minimum at p = p(z)
and ||p(x)]| < ¢ for some constant ¢. We claim that

(i) p — g(u(t),p) attains a local minimum at p = p(t), and

(ii)  — miny, g(z, p) attains a local maximum at z = u(t).
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Then it follows from [10, Lemma 9.5] that (0,0) € dcg(u(t),p(t)), i.e.,

(=q(t),v(t)) € I H (u(t), p(t)).

It remains to verify claims (i) and (ii). By the minimax theorem we have

min g(z, p) = min{(p(t) — p, v(t)) + [Ip(t) - pl?

+(q(t),r — u(t)) + H(z,p)}
(4.13) = min max (p(t) = p,v(t)) + [Ip(t) — plI?
+(q(t),r —u(t)) + (p,v)}

= max min{(p,v —v(t)) +[|p(t) — p|”
veF(z) P

+q(t), = u(t)) + (p(t), v(t))}
max {(p(t), v —v(t)) — [[v —v(t)]*/4

veF (x)

+(q(t), = u(t)) + (p(t), v(t)) }-
In particular, when 2 = u(t), we have, by (4.11) and (4.12),

ming(u(t),p) = max {{p(t),v —v(®) = [y = v®)*/4+ (p(t), v())}

veF (u(t))
(p(t), v(t)) = g(u(t), p(t)-
This verifies (i). On the other hand, combining (4.10) and (4.13), we have

ming(a. ) < (p(0),0(t)) = g(u(t), p(t)) = min g(u(t).p)

which verifies (ii).

Step 6. Taking limats.

Let e = 1/k for k = 1,2,.... By (4.7) and (4.8) there exist sequences 7*, 05 —
¢(x(1)), of,0f — x(1), A* € Np(I(y%),05) with [|N*]| — 1, a3* € Np(E, af),

(4.14) a** € Dp(\*, ¢)(a¥) + a3¥ + (1/k) Bgn,

uf ok — (a, ') 111 L*([0,1], R") x L*([0,1], R"), (¢*,p*) € Np(C,(u*,v")), and

(415) H (wt-a - [ 1 wHds) - (")

We consider the limiting processes for the following two cases.

The Good Case: ||as¥|| is bounded. Passing to a subsequence, we may assume
that a3* converges to a3 € N(E,z(1)). Since ¢ is Lipschitzian and || \*| — 1, taking
subsequences if necessary, we may assume that a** converges to

a® € I\, 9)(z(1)) + N(E, z(1)),

where ) € N(IG@z(D)). (a(1)) and [A] = 1 by (43)
By Lemma 4.2, (¢*,p*) € Np(C, (u*,v*)) implies that

(4.16) (=" (1), 0% (1)) € Do H (u®(t), p" (1)) a.e. in [0, 1].

< 1/k.
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Since F is Lipschitz of rank Lp, H(u,p) is Lipschitz with respect to u of rank Lg||p||.
It follows from (4.16) that

(4.17) lg" @)1 < Ui ®)]-

Combining (4.15) and (4.17), we have

w%wHSLF([|m“@mw+wa“n+zM).

Invoking Gronwall’s inequality, we may conclude that u**(t) is uniformly bounded
on [0,1], and, therefore, u** is a bounded sequence in L2([0,1], R™). Again, taking
a subsequence if necessary, we may assume that u** converges weakly to, say, ¢, in
L?([0,1], R™). Then, by (4.15), ¢* weakly converges to ¢ and p* strongly converges to
p=—a*— fl q(s)ds in L?([0,1], R™). Taking limits in (4.16) as k — oo yields

(=p(t),2(t)) € dcH (x(t),p(t)) ae. in [0, 1].

It is obvious that —p(1) = a* € (X, ¢)(x(1)) + N(E,z(1)). Thus, we derived the
necessary condition in Theorem 3.2 corresponding to the case when Ay = 1.

The Bad Case: ||as¥|| is unbounded. Without loss of generality, we may assume
that ||ai¥|| — oo. Dividing sequences a**, a3 u** ¢*, and p* by |a3*| and taking

limits as before yield that there exists an absolutely continuous function p satisfying
(=p(t),#(t)) € Do H (w(t), p(t)) ae. in [0,1]

with —p(1) = o* = limg_o o /||aik|| = limp o a3¥/||as*|| € N(E,2(1)). Observ-
ing that ||a*| = 1, we have ||p(¢)|| > 0 for all ¢ € [0,1]. This corresponds to the
necessary condition in Theorem 3.2 when Ay = 0.

Finally, we observe that if z(1) € int E, then when k is sufficiently large a3* = 0,
so that the good case always applies. ]
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Abstract. A new approach to error control and mesh adaptivity is described for the discretiza-
tion of optimal control problems governed by elliptic partial differential equations. The Lagrangian
formalism yields the first-order necessary optimality condition in form of an indefinite boundary
value problem which is approximated by an adaptive Galerkin finite element method. The mesh
design in the resulting reduced models is controlled by residual-based a posteriori error estimates.
These are derived by duality arguments employing the cost functional of the optimization problem
for controlling the discretization error. In this case, the computed state and costate variables can be
used as sensitivity factors multiplying the local cell-residuals in the error estimators. This results in
a generic and simple algorithm for mesh adaptation within the optimization process. This method
is developed and tested for simple boundary control problems in semiconductor models.
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1. Introduction. In this article, we develop an adaptive Galerkin finite element
method for optimal control problems governed by elliptic partial differential equations.
The main goal is the derivation of a posteriori error estimates as basis for guiding the
mesh adaptation and for controlling the error in this model reduction. The problems
considered have the form

(1.1) J(u,q) — min!, A(u) = f + B(q),

where A is an elliptic differential operator for the state variable u, B an impact
operator for the control variable ¢, and J is a cost functional. As prototypical
examples, we will consider problems of boundary control in semiconductor models.
Our approach utilizes the classical Lagrangian framework for reformulating the op-
timal control problem (1.1) as a boundary value problem for stationary points of
the associated first-order necessary optimality condition. Introducing the Lagrangian
functional

(12) [:(U, >‘7q) = J(uv Q) + <)‘7A(ua Q) - B(q) - f>7

with the costate variable A (Lagrangian multiplier), the solutions of (1.1) are among
the stationary points of £, determined by the system of equations

(1.3) VL(u, A, q) =0.
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We use a standard finite element method for discretizing this saddle-point problem
which results in finite dimensional problems

(14) V‘C(uha)\}wqh) = Oa

for the “discrete” states wup, controls ¢, and costates Ap. As long as the dis-
cretization procedure uses a pure Galerkin approach the discrete problem actually
corresponds to a formulation of the original minimization problem on the discrete
state space. Since discretization in partial differential equations is expensive, at least
for praxis-relevant models, the question of how this “model reduction” affects the
quality of the optimization result is crucial for a cost-efficient computation. The need
for a posteriori error control is therefore evident.

The discretization of the state equation generally leads to approximate solutions
{un, qn} which are not admissible in the strict sense for the original constrained min-
imization problem. Let S denote the solution operator which associates the state
variable u = u(q) to a given control function. The optimal control minimizes the
functional j(q) := J(S(q),q) for all controls. Then, discretization of the state equa-
tion also changes the functional. Denoting by S} the discrete solution operator, the
discrete optimal control g solves

(1.5) Jn(qrn) == J(Sh(qn),qn) — minl.

If we want to perform numerical computation with controlled accuracy, we have to
substitute the notion of an “admissible solution” by an error estimate for the state
equation. Of course, the distance between the numerical and the exact solution should
be measured with respect to the specific needs of the optimization problem, i.e.,
its effect on the functional to be minimized. This asks for a sensitivity analysis
for the optimization problem with respect to perturbations in the state equation,
particularly perturbations resulting from discretization. In this sense, our a posteriori
error estimation aims to control the error due to replacing the infinite dimensional
problem (1.1) by its finite dimensional analogue. The crucial question is now which
quality measure is appropriate for controlling the discretization error. In general,
forcing this error to be small uniformly in the whole computational domain, as is often
required in ODE models, is not feasible for partial differential equations. Therefore,
we need to develop control of the discretization error in accordance with the sensitivity
properties of the optimization problem.

Our approach to this problem uses the general method developed in [3] and [4]
for error control in the Galerkin finite element discretization of differential equations
of the general form A(u) = f. Employing the linearized dual problem

(1.6) A'(up)*z = F()
for an arbitrary output functional F', an a posteriori error estimate

(1.7) |F(u) = Fup)| < mo(un) =Y pr(un) wr(2)
TEeTy,

can be derived. On a computational mesh Tj, = {T'} consisting of cells T', the local
consistency errors, expressed in terms of residuals pr(up), are multiplied by weights
wr(2) involving the “dual solution” z. These weights describe the dependence of the
error on variations of the local residuals, i.e., on the local mesh size. In general the
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estimate (1.7) has to be approximated by numerically solving the dual problem (1.6).
This results in a feedback process for generating successively more and more accurate
error bounds and solution-adapted meshes. In applying this approach to saddle-point
problems arising from optimal control problems, it seems natural to base the error
control on the given cost functional, i.e., to choose F' := J. In this particular case the
corresponding approximate dual solution can be expressed in terms of the computed
solution {up, An,qn}. Hence, the evaluation of the corresponding a posteriori error
estimate

(1.8) |J(u,q) — J(un, qn)| < 1w (un, An, qn)

does not require much extra work and a posteriori error estimation is almost for free.
This leads to a generic and simple strategy for mesh adaptation in discretizing optimal
control problems.

It may be seen as a drawback that in this approach the accuracy in the dis-
cretization of the state equation is only controlled with respect to its effect on the
cost functional. This can lead to discrete models which approximate the original op-
timization problem with minimal cost but the obtained discrete states and controls
are “admissible” only in a very weak sense, possibly insufficient for the particular
application. If satisfaction of the state equation is desired in a stronger sense, we can
combine our method with traditional “energy-error control” leading to an a posteriori
error estimate of the form

(1.9) I (u, q) = I (un, gn)| + B[ ACun) = f = Blgn)ll« < o, 5(un, An, gn),

where || - ||« denotes the dual of the natural “energy norm” corresponding to the
operator A’(u), and § is a tuning factor. For a discussion of adaptive finite ele-
ment methods using residual-based a posteriori error estimates, we refer to the survey
papers [1], [14], [8], and [12].

First, we develop our approach within a general setting in order to abstract from
inessential technicalities. Then, all steps are made concrete for a linear model problem
of boundary control. Despite its simplicity this problem represents the main structure
of optimal control and is chosen in order to clarify the idea underlying the proposed
procedure. Some numerical results illustrate the main features of the adaptive al-
gorithm particularly in comparison to more conventional methods based on global
error control for the state equation. At the end, we extend our method to problems
with nonlinear state equations with an example of boundary control in semiconductor
models.

2. A linear model situation. We consider an abstract setting for optimal
control: Let @@, V, and H be Hilbert spaces for the control variable ¢ € @, the
state variable u € V', and given observations ¢y € H. The inner product and norm
of H are (-,-) and || - ||, respectively. The state equation is given in the form

(2.1) a(u, ) = (f,p) +blq,p) Ve eV,

where the bilinear form a(-,-) represents a linear elliptic operator and the bilinear
form b(-,-) expresses the action of the control. The goal is to minimize the cost
functional

(2.2) J(u,q) = glleu — col* + 3n(q, q),
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where ¢: V — H is a linear bounded observation operator. For simplicity, we assume
that a(-,-) and n(-,-) induce norms on the spaces V and @ denoted by |- ||, and
Il - ||, respectively. This guarantees the existence of a unique solution of the optimal
control problem and the classical regularity theory for elliptic equations applies (see,

e.g., [11]).
Introducing a Lagrangian parameter A € V and the Lagrangian function £(u,q, A),

‘C(uv q, )‘) = J(”? q) + a‘(u7 >‘) - b((Jﬂ )‘> - (f? )\)u

the first-order necessary conditions (Euler-Lagrange equations) of the optimization
problem,

(2.3) VL(u,q;N) (v, p,r) =0 Vv, p,r} €V XV xQ
have the explicit form

a(v,\) + (cu — cg,cv) = 0 Yo eV,

(2.4) a(u, ) = b(g, ) = (f,p) Yuev,
=b(r,\) +n(q,r) = 0 Vreq@.

This system has the usual saddle-point structure

(cu,cv) + a(v,A) = (co,cv) Yv eV,

(2.5) a(u,p) —b(g, 1) = (fip) Vpev,
=b(r,\) +n(g,r) =0 Vreq@.

Introducing operators A, B, C, N which represent the corresponding bilinear forms,
system (2.5) can also be written in matrix form as

Cc AT 0 u co
(2.6) A 0 —B| A =|f
0 —BT N | |q 0

Below, we will consider the following realization of the foregoing abstract setting
which represents the case of an elliptic linear state equation subjected to boundary
control. Let © C R? be an open bounded domain with Lipschitz boundary 99
which is decomposed into a homogeneous Neumann part I'yy and a control part I'c
on which the control acts (02 =TcUTy),

(2.7) —Au+u=f inQ,
Opnu=0 only, Oyu=gq onl¢.

The observations are given on a part I'o of the boundary and the associated cost
functional is

(2.8) J(u,q) = gllu - collf, + 5 lallf.

with a regularization parameter « > 0. In this case the natural choice for the function
spaces is V = H'(Q), the first-order Sobolev Hilbert-space over 2, and H = L*(T'p),
Q = L*(T¢), the usual Lebesgue Hilbert-spaces over I'c and T'g, respectively. The
bilinear forms af(-,-), b(-,-) and n(-,-) are given by

a(ua U) = (VU, VU)Q + (u, U)Qa b(‘]a 1)) - (‘L U)ch n(q’ T) = a(Qa T)F(,w
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where (-,-)s denotes the L?-inner product on the set Y. The operator ¢ in the cost
functional is the trace operator, cu = up,, . Then, the necessary optimality condition
VL(u, A, q) = 0 reads as follows:

(u,v)ry, — (co,v)ro + (VU,VA)q + (1,\)a =0 Yv eV,
(2.9) (Vu, Vo + (u, o — (fi)a — (¢, p)re =0 Y eV,
a(‘]ﬂa)f‘c - ()‘7T)Fc =0 Vreq@.

3. A priori error estimate. For simplicity of notation, we introduce the prod-

uct space X =V xV x @, with elements of the form a = {u, A, ¢}, which is equipped
with the natural norm

1/2
l2llx o= (lull + A7 + llall7)

Furthermore, we define a bilinear form A(-,-) on X by

A(z,y) = Al{u, A, g}, v, pr}) = (cu, ep) + alu, v) = blg, v) + alp, A) = b(r, A) +n(g, 7).
Using this notation, system (2.5) can be written in compact form as

(3.1) Alz,y) = Fy) VyeX,

with the linear functional F(-) defined by

Fly) = F({v,p,7}) := (co, ep) + (f,0)-

In order to simplify the analysis, we impose the following conditions:

(3.2) [ Az, y)| < callzlxlylx,
(3.3) [b(r, )| < eoll7(lnl[v]la-

The second condition, which relies on the presence of the regularization term n(-,-)
(requiring that a > 0 in the above example), is rather strong. It can be substituted by
an “inf-sup” condition for b(-,-) under which the regularization could be omitted; see
Remark 3.1, below. The bilinear form A(-,-) satisfies the following stability condition.

PROPOSITION 3.1. Under the assumptions (3.2) and (3.3), there exists a constant
v >0 such that

(3.4 it {sup A

vex \yex [llxlyllx

Proof. For any fixed x = {u, A, q}, we choose the test triple y = {v,u,r} :=
{u, A, q} to obtain
A(z,y) = lleul® + lullz + [INIZ +llallz — b(a, A) — b(q, u)
> flewll + ull + IME + llalln = 2llally = FIAIE = 2llalls — 3wl
> Jleul® + Fllullz + ZIAIE + llqll7-
We conclude the asserted estimate by noting that ||y|| = ||z]|. 0

We consider the discretization of the variational equation (3.1) by a standard
Galerkin method using trial spaces X, := V, x Vj, x Q) C X . For each =z € X, there
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shall exist an interpolation i,z € X, such that ||z —ipz||x — 0 (h — 0). Then,
approximations zj € X} are determined by

(3.5) A(xn,yn) = F(yn) Vyn € Xh.

This discretization is automatically stable since a discrete analogue of (3.4) is fulfilled
by the same argument as used above,

A
(3.6) inf { sup (xhyh)} > > 0.
en€Xn Lynexs lznllxynllx

Combining (3.5) and (3.1), we get the Galerkin orthogonality
(3.7) Al —zn,yn) =0, yn € X

This leads us to the following abstract a priori error estimate.
PROPOSITION 3.2. For the Galerkin approrimation in X, C X, there holds

3:8)  lu—unllatlA = Anlla +llg = gnlln

<ed mf Ju- inf [\ inf g = rall }-
< inf, e smlect ot Aol gl

Proof. The stability estimate (3.6) implies that

: A(thx — Th, Yn A(ine — x, yn .

Yinz — zr|| < sup Aline = 20, yn) = sup Aline = 2,4n) < callinz — x| x -
yh€Xn Hyh”X Yy €Xn ”yh”X

Here, we have used the Galerkin relation (3.7) and the continuity estimate (3.2). |

REMARK 3.1. Of course, more precise error estimates could be given exploiting
the structure of the underlying problem. For instance, it may be possible to equip
the space Q with a different norm than the one induced by n(-,-), in order to get
robustness with respect to the reqularization. This requires us to replace (3.3) by the
following weaker inf-sup condition

inf {sup b(q,v)} >k > 0.

9€Q lvev [|v]la

We note that for the model example with boundary control and boundary observations
given above the conditions (3.2) and (3.3) are satisfied.

4. A posteriori error estimate. In this section, we derive an a posteriori error
estimate for the model control problem. As discussed above, the error estimator to
be derived should control the value of the cost functional. First, we carry out the
analysis in the abstract functional analytic setting. Recalling the definition of the
Lagrange functional £,

E(SL’) = ﬁ(u7>‘7Q) = J(ua q) + CL(U,)\) - (f> >‘) - b(qa )‘)7

the continuous and discrete optimal control solutions z = {u, A\, q} € X and z, =
{un, An, qn} € X, satisfy

(4.1) VL(z)(p) =0, ¢E€X, VL(zp)(pr) =0, on € X
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This implies the Galerkin orthogonality relation
(42) V2L(x = xn,0n) =0, @n € Xn,

for which it is essential that £ is quadratic. Since the solutions u and wuy satisfy
the corresponding state equations, the cost functional and the Lagrangian functional
are related by

(4.3) J(u,q) — J(un, qn) = L(x) — L(xp).
Further, there holds
(4.4) L(z) — L(xp) = VL(z)(x — 1) — $V2L(x — zhy 7 — T1).

The first term on the right-hand side vanishes since z is a stationary point of £. Using
the Galerkin orthogonality relation (4.2) in the second term, we obtain for arbitrary
wn € X, that

(4.5) V2L(x —xp,x —ap) = V2L(x — zp, 2 —xp — @) = —VL(xp)(x — 21 — ).

Therefore, choosing ¢, = iz — x), , we get the following error representation.
PROPOSITION 4.1. For the abstract model problem with linear state equation and
quadratic cost functional, the following error identity holds:

(4.6) J(u,q) = J(un, qn) = $VL(xp)(x — ina).

In order to convert the abstract error identity (4.6) into a form which can be
evaluated, we need to be more specific about the setting of the underlying problem
and its discretization. As an example, we demonstrate this for the linear Neumann
control problem described by (2.7) and (2.8). Here, the Galerkin finite element dis-
cretization of the saddle-point problem (2.9) uses subspaces Vj, C V = H'(Q) and
Qn C Q = L?(T¢) of piecewise polynomial functions defined on regular decompo-
sitions Ty, = {T'} of the domain Q into cells T (triangles or quadrilaterals); for a
detailed description of such a setting see, e.g., Brenner and Scott [5]. Here, we use
quadrilateral meshes where on each cell T the local shape functions are constructed
by mapping bilinear functions defined on a reference square to the cell 7. This ansatz
is referred to as the “isoparametric” bilinear finite element. We assume that the space
@y, of discrete controls is given by the traces along I'c of the finite element functions
of Vj, . This is not necessary for our results but simplifies the notation. In order to
avoid the technicalities caused by curved boundaries, we suppose the domain  to
be polygonal. We use the notation hr := diam(T') and hr := diam(T") for the width
of acell T € T, and a corresponding cell edge I" C 9T'. In order to ease local mesh
refinement and coarsening, “hanging nodes” are allowed, but at most one per cell
edge; see Figure 4.1. The degree of freedom at such a hanging node is eliminated by
interpolation in order to keep the discretization “conforming” (see, e.g., [6] and [3]).

First, we turn (4.6) into a residual based a posteriori estimate as follows.

PROPOSITION 4.2. For error control with respect to the cost functional J, there
holds the weighted a posteriori error estimate

(4.7) T (uy q) = T (s qn)l < 0o (un, Ansqn) = Y 17, Ans g),
TeTy
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Fic. 4.1. Quadrilateral mesh patch with a “hanging node.”

with the local error indicators

(w) (A (w)  (A)

A A u
s A ) = 52 W) 4 ) W) 4 o0 ) L) ) ) (@)

+ Por Wor T Por Wor

and the cellwise residuals and weights

P = IR |7, Wi = A = inAlr,
pé“% = [Irilor, Wi = A= inAar,
P2 = IR |7, wi) = J|u — ipul 7,
5 =il wi = |lu— inullor,
P = I lorare. WS = g = jnallorare-

The “cell residuals” Rgu), R,(f‘) and the “edge residuals” (w) ’I”,(:\), r,(f) are on cells
T and cell edges T' defined by

R\ = —Aup+up — f, Rpyoi=—A\i+ X, il i=ag,— X if T C e,
Lhp 20,00 if TCOT\ 09, Lhp 20,00 if TCOT\ 09,

riit = hp PO, if TCO\Te, rib = he 20,0 if TCOQ\To,
—1/2(9 un —qn) if TCTe, hi 2 (co — up, + Opn) if TCTo.

Here, [Onpn] denotes the jump of the normal derivative of ¢, across the interelement
edges T, the boundary components I'c, I'o are the control and observation bound-
ary, respectively, and iy, jn denote some local interpolation operators into the finite
element spaces.

Proof. From the abstract error identity (4.6), we obtain that

I(u,q) = J(un, an) = 3VL(wn)(x — inz)
= %(Co — Up, U — i), + %a(u — TpU, Ap)
+ gaun, A = inA) = $(f; A = inA) = 5b(qn, A — inA)
+ 5n(qn, ¢ — jnq) — 30(q = jng; An)
s I+ Iy + .

Recalling the definition of the bilinear forms and integrating cellwise by parts, the
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first term I, is rewritten as follows:
215 = (co — up,u — ipu)r, + alu —ipu, Ap)
= (co — up,u —ipu)r, + (V(u —ipu), VAp) + (u — ipu, Ap)
(co = un 4 OnAn, u — inu)ry + (U — inu, OnAn)ao\ro

+ > {(u —ipt, AN, + M) + (v — ipu, Bn)‘)BT\{)Q}
T€eT)

= (co = un + OpAn, u — ipu)r, + (U — ipu, OnAn)ao\To

+ 30— inu =B+ M)z + = i, [0\ )oro0 |-
TETh

Hence using the definition of the residuals 7‘,(;\) and Ré’\) , we find

20y = (u—ipu, o+ {(u —ipu, R )7 + (u — ipu, T}(L/\))(”)T\{;‘Q}
TeTy

- Z {(u —inu, RV + (u — i, ré’\))aT} )
TeT

and, consequently by the Cauchy—Schwarz inequality,
240 < Y {lu—inullr 1R llr + llu = inullor [ lor §
TETy,
In the same way, we get for the other terms I, and I;:
2L, = alup, A —ipA) — (fy A —ipA) — b(qn, A — inN)
= (Vup, VA —ipA)) + (un, A —inA) = (f; A = inA) = (qn, A — inA\)rg

=y {(_Auh +un = [, A= inA)1 + 5([Onun], A — ih)\)aT\aQ}
TeT)

+ (Onun, A — inN)oa\re + (Ontth — qny X — inA)1e
= Z {(RI('LU)v A—ipA)r + (T;lu)7 A— ih)\)aT\aQ}
TeTy

+ () A - inA)ao\re + ("N — i\ e

= Z {(REIU), A— ih)‘)T + (T}(1U)7 A— ihA)aT}v
TeTh

21, = nlqn,q — jnq) — b(q — jnq, An) = (@gqn — An, ¢ — jnq)re

= Z (Ir}(y,q)vq - jHQ)Fa

I'cl'e
and, consequently,

2% < 30 {IB I 1A = inliz + I lor 1A = inAlllor },
T€eTy

20,1 < > 10 e llg — dndllr -

I'cle
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Collecting these estimates implies the asserted result. O

REMARK 4.1. We note that in the a posteriori error estimate (4.7), the residual
of the state equation is weighted by terms involving the adjoint variable A from the
original equation (2.5). This has a natural interpretation as it is well known from
sensitivity analysis that the adjoint variable is a measure for the influence of pertur-
bations on the cost functional. Since discretization can be interpreted as a special kind
of perturbation, the appearance of A\ in the estimator is not surprising. The special
form of the weights involving the interpolation inz is a characteristic feature of the
Galerkin discretization.

REMARK 4.2. The a posteriori error estimate (4.7) is easier to understand if one
recalls the model situation of approrimating the boundary value problem

—Au=f inQ, u=0 ondf,

by a Galerkin finite element method. The natural variational formulation of this
problem is equivalent to an unconstraint optimization problem, namely, the minimiza-
tion of the “energy functional” J(u) := 1|Vul3 — (f,u)q over the solution space
V= H}(Q). In this context, in view of the identity

J(w) = J(un) = —5[|Vell5,,

error control with respect to the energy functional is equivalent to control of the error
in the energy norm, ||Ve|q . It is well known that the latter can be achieved without
referring to an additional dual problem since in this case the corresponding dual solu-
tion coincides with the error e itself; see [3] for a discussion of energy-error control
in the context of “duality techniques.”

Evaluation of error estimators. The a posteriori error estimate (4.7) still
involves the continuous solutions {u, A, q}. As proposed in [4], we use the computed
solutions {up, Ap,qn} for approximating the weights wg% and w) . To this end, we
recall the well-known local approximation properties of finite elements, e.g.,

(4.8) = inull + hi*[lu — il < crhe |V%ullr,

where I' C 9T, and ij is the generic operator of cellwise nodal interpolation into
Vi, , with interpolation constant usually in the range c; ~ 0.1—1; for details of the
interpolation theory for finite elements, we refer to [5]. Analogous estimates hold for
the terms involving ¢ and M. Then, the derivatives are approximated by suitable
difference quotients, e.g.,

(4.9) IV2ullz ~ [|V5unllr-

For a more detailed discussion of this evaluation of weights and some of its alternatives,
we refer to [4]. We emphasize that the proposed procedure for evaluating the a
posteriori error estimate (4.7) uses only information in terms of the already computed
solution {up, An, qn}-

Error control for the state variable. The estimate (4.7) provides control of
the error with respect to the cost functional which is the quantity of primary interest
in the optimization problem. But this does not include control of the error in the
state equation. Though the corresponding residuals pgy ) and pg}) are present in the
error estimator, they are weighted according to their effect on the cost functional. In
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case that the discrete state wy is required to be admissible in a stronger sense, the
error estimate (4.7) can be extended to also include control of the error in satisfying
the state equation measured in the natural energy norm

1/2
lullg == (lull® + (| Va?)

The standard a posteriori error analysis for the boundary value problem
(4.10) —Aut+u=f inle, dpu=0only, Jyu=gq onlg,

for frozen control g, yields the following bound for the “energy error”:

u)2 )2
(4.11) lu—unl® < mpten) =e 3 {5+ 05},
TETH

with the residuals as defined in Proposition 4.2. For the derivation of this estimate see,
for example, [14], [4], and the literature cited therein. We see that all terms of ng(up)
appear also in 1, (upn, A, qn), but are weighted in terms of the adjoint variable. The
effect of this modification will be illustrated below by a numerical test. In practice, we
may use a combination of our weighted error estimator and the energy-error estimator
N, E(Uns Aby @) = N (Un, Any qn) + Bne(up) , with a suitable weighting factor 5> 0.

Strategies for mesh adaptation. Several strategies are possible for mesh adap-
tation on the basis of a posteriori error estimators 7 as developed above. Usually, a
certain tolerance TOL for the error in the quantity J(u,q) and an upper bound for
the complexity of the discrete model, i.e. the maximum number of mesh cells Ny ay,
are given. It is assumed that an “optimal” mesh-size distribution is achieved if the
local error indicators 7 are equilibrated over the mesh T} . This suggests use of the
“error-balancing strategy”; i.e., we cycle through the mesh and try to equilibrate the
local error indicators nr according to nr ~ TOL/N . This process requires iteration
with respect to the number of mesh cells N and eventually results in n ~ TOL.
However, this strategy may lead to very slow mesh refinement and is very delicate to
use. More robust is the “fixed-fraction strategy” in which we order the cells according
to the size of nr and refine a certain threshold X% of cells with largest nr (or those
cells which contribute to a certain percentage of the error estimator 7). A certain
fraction Y% of cells with small 17 may be coarsened. By this strategy, one can
achieve a prescribed rate of increase of N (or keep it constant as may be desirable in
nonstationary computations). In the test computations described below the second
version of the “Fixed-Fraction Strategy” has been used with threshold 30%.

5. Numerical results—Ilinear case. We present a linear model problem as
described in (2.7), where Q is a T-shaped domain with maximum side length one;
see Figure 5.1 (left). In this example the control acts along the lower boundary T'¢,
whereas the observation is taken along the upper boundary I'o. The cost functional
is chosen as

J(u,q) = 5llu = collf, + 5 lallEe,

with ¢g = 1.0 and o = 1.0. In this case, the regularization term % ||¢||f_, may be
viewed as part of the cost functional with its own physical meaning. We perform
computations on a series of locally refined meshes. On each mesh, the system of
the first-order necessary condition (2.5) is discretized by the Galerkin finite element
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Fic. 5.1. Configuration of the boundary control model problem on a T-domain (Ginzburg—
Landau model): configuration 1 (left), configuration 2 (right).

TABLE 5.1
Linear test (configuration 1): Efficiency of the weighted error estimator.

N 320 1376 4616 11816 23624 48716
Ey 1.0e—3 | 35e—4 | 32¢e—5 | 1.6e—5 | 6.4e—6 | 2.8¢—6
Tess 1.1 0.7 0.7 1.0 0.8 0.7

method described above. The resulting discrete saddle-point problems are solved
iteratively by a GMRES method with multigrid preconditioning. The adaptive mesh
refinement is based on an a posteriori error estimator. The weights in the error
estimator (4.7) are evaluated using the strategy indicated in (4.8) and (4.9), with an
interpolation constant set to C;y = 0.1. The mesh refinement uses the “fixed-fraction
strategy” described above.

Table 5.1 shows the quality of the error estimator (4.7) for quantitative error
control. The efficiency index is defined by I.;¢ := En/np, where Ej, := |J(u,q) —
J(up,qp)| is the error in the cost functional and ny, := n(un, ¢n) the value of the error
estimator used. The reference value is obtained on a mesh with more than 200,000
cells. We compare the weighted error estimator with a simple ad hoc approach based
on the standard energy-error estimator (4.11) for the state equation. Figure 5.2 shows
the computed “optimal” states over the meshes generated by the two different error
estimators.

The two meshes are quite different: The energy-error estimator overemphasizes
the steep gradients near the control boundary and it leaves the mesh too coarse along
the observation boundary. The more selective weighted error estimator concentrates
the mesh cells where they are needed for the optimization process. The quantitative
effects on the mesh efficiency of these two different refinement criteria is shown in
Figure 5.3 (Ej, versus N in log/log-scale).

Finally, we check how well the approximation {up, Ap,qn} obtained by the weighted
error estimator (4.7) actually satisfies the state equation; for this the global energy-
error estimator (4.11) is taken as quality measure. Table 5.2 shows a comparison
of the two sequences of meshes generated by the weighted error estimator 7, =
Nw (Un, An, qrn) (“w-meshes”) and the energy-error estimator ng = ng(uy) (“E-meshes”).
The first and second columns contain the values of 7, and ng on w-meshes, while
the third and fourth columns contain the values of 7, and ng on E-meshes.
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F1G. 5.2. Linear test: Comparison of discrete solutions obtained by the weighted error estimator
(left, N ~ 1600 cells) and the energy-error estimator (right, N ~ 1700 cells).
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Fi1G. 5.3. Linear test (configuration 1): Comparison of the efficiency of the meshes generated
by the weighted error estimator (symbol O ) and the energy-error estimator (symbol x ) in log /log
scale.

We see that the energy-norm error bound 7ng for the state equation on the w-
meshes is slightly larger than on the E-meshes. This is not surprising since the
w-meshes are not so much refined in the regions where the state variable has a steep
gradient. The cells are rather concentrated along the control and observation bound-
aries which seems to be more effective for the optimization process. Indeed, the ap-
proximate solution {up, A\p,qn} obtained by the weighted error estimator 7, achieves
a much smaller value (factor ~ 0.1) of the cost functional. However, for other data,
e.g., ¢o = cos(2z) and « = 0.0001, the discrepancy between the two kinds of meshes
with respect to the satisfaction of the state equation may be more significant. In
those cases it would be advisable to use the combined error estimator 7, g described
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TABLE 5.2
Linear test (configuration 1): Values of the two error estimators mn. and ng obtained on
“w-meshes” and on “E-meshes.”

N = Nw on w-meshes | np on w-meshes | 7, on E-meshes | ng on E-meshes
140 0.0040205 0.0193270 0.0043245 0.0162589
300 0.0022030 0.0157156 0.0026536 0.0112183
750 0.0008330 0.0092718 0.0020437 0.0074801
3700 0.0001660 0.0049598 0.0004870 0.0034197
11000 0.0000532 0.0026208 0.0002199 0.0019036
21000 0.0000317 0.0020740 0.0001189 0.0014285
28000 0.0000239 0.0016294 0.0001088 0.0012403
48000 0.0000108 0.0013373 0.0000722 0.0009399
145000 0.0000037 0.0006950 0.0000328 0.0005466

above, if stronger “admissibility” of the discrete state wuy is required.

6. The nonlinear case. Now, we consider a nonlinear analogue of the abstract
linear model problem (2.1), (2.2),

(6.1) a(u)(p) = (fip) +b(g, ) Vo€V,

where a(-)(+) is a semilinear form on the Hilbert space V. The cost functional J(-,-)
is the same as in the linear case. The corresponding Lagrange functional

‘C(Uﬂ q, )\) = J(’U,7 q) =+ a(u)()\) - b(qa )‘) - (fa A)a
leads to the first-order necessary optimality condition
a'(u)(v,\) + (cu — co,cv) =0 Yo €V,

(6.2) a(u)(p) —blg,p) = (f,p) Yp eV,
—b(r,\) +n(q,r) =0 VreqQ,

where a’(u)(+,-) denotes the tangent form of a(-)(-) at w. As in the linear case, the
discrete approximations {up,An,qn} are determined as solutions of the saddle-point
problem

a’(up)(vp, An) + (cun, — co,cv) =0 Vo, € Vy,
(6.3) a(un)(pn) — b(qn, pn) = (f,pn)  Ypn € Vi,
—b('f’h, )\h) + n(qh,rh) =0 Vr,e Qh;

where the discretization is the same as in the linear case. We will use again the
notation z = {u, A\, q} and xj, = {up, An,qn} for points in the spaces X :=V xV xQ
and Xj :=V, x Vj, X @y, , respectively.
The a posteriori error estimation in the case of a nonlinear state equation follows
the same pattern as in the linear case. First, we state an abstract result.
PROPOSITION 6.1. For the Galerkin finite element approzimation (6.3) of the ab-
stract model problem (6.2) with nonlinear state equation and quadratic cost functional

there holds
(6.4) J(u,q) — J(up,qn) = %Vﬁ(wh)(x —ipx) + Rz, xp) ,
where the remainder term R(x,xp) can be estimated by

(6.5) |R(z,z3)| < sup |V3L(2)(x —zp, 2 — 2,7 — 23)).

z€[xh,x]
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Proof. The Galerkin orthogonality relation now reads
(6.6) V2L(@TR) (@ — 2, pn) = VL(@)(0n) — VL(@n)(on) =0, ¢n € Xa,

with the abbreviating notation

ez ;:/0 L(z + Han — o)) dt.

Since the solutions u and wuy satisfy the corresponding state equations, there holds
again

J(U, Q) - J(uha Qh) = [.:(Z') - E(.’Eh)
By Taylor expansion, there holds

rell(z) — L(zp) = VL(z)(xz — zp) — %Vzﬁ(x)(x —Tp, T — Tp)

+ %V?’E(f)(ac —Tp, T — Tp, T — Tp),

where x lies between x and xj . Since z is a stationary point of £, the first term on
the right vanishes. In order to relate the second term to the Galerkin relation (6.6),
we use again Taylor expansion,

V2L(z)(x — zp,x — x1) = VEL(TTR) (x — oy x — ) + VIL(E) (2 — 2y @ — 20y T — 1),
where Z is another point between = and xj,. In view of the identity

V2L(77m) (@ — an, ) = VL@)() — VE@R)() = —VL@)(),
and the Galerkin relation (6.6), we conclude that

L(z)— L(xp) = —%Vzﬁ(m)(x —xp,x —xp) + Rz, xp)
— IVPLER) (@ — anrw — n— n) + Rz n)
= %Vﬁ(xh)(ﬂ? —xp —¢n) + R(x, xp),

with an arbitrary ¢ € X3, and the remainder term
R(z,zp) = VL&) (@ — 2,2 — 2p, @ — 2p) + s VPL(E) (2 — 2py @ — T, T — T5).
Taking here ¢p = ipx — zp eventually results in
L(x) — L(zp) = $VL(xp)(x — inz) + R(z, xp),

which completes the proof. 0
We note that if the cost functional J(-) is quadratic and the control form b(-,-)
bilinear, then the only nonzero terms in V3£ are

oL ’ PL,
m(x) =a"(u)(-, -, ), %(x) =a" (u)(, 5 N).

Further, if additionally the state equation is linear, then the remainder term R(z,x},)
vanishes.
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We will apply this abstract result for a nonlinear problem of optimal control in
the “Ginzburg-Landau model” of superconductivity in semiconductors; for references
see Du, Gunzburger, and Peterson [7], It6 and Kunish [10], and also Tinkham [13]. It
has the same structure as the linear model problem considered above,

(6.7) —Au+s(u)=f inQQ,
Opou=0 only, 0Jyu=gq onlg,

3

with the nonlinearity s(u) := u® — u, and the quadratic cost functional

J(u,q) = 5llu—collf, + 5 llallf,-

The corresponding first-order necessary condition (6.2) uses the notation

a(u)(v) = (Vu, VU)Q + (S(u)7 U)fh b(Q7 U) = (CL U)ch n(‘]v T) = 0‘(‘]7 T)ch

and is approximated by the scheme (6.3). The well-posedness of this optimization
problem, the existence of the adjoint variable A, as well as a priori error estimates for
its discretization have been discussed by Gunzburger and Hou [9]. From Proposition
6.1, we conclude the following a posteriori result.

PROPOSITION 6.2. For error control with respect to the cost functional J , there
holds the weighted a posteriori error estimate

(68) |‘](ua Q) - J(uha qh)| < Uw(uh,, >\h7 qh) + R({U, >‘a Q}7 {uhv )‘ha Qh})v

where the local error indicators nr(up, An, qn) in the linearized error estimator

(6.9) N (Whs An, Qn) = Z N7 (Uh, Ans qn)
TEeTy,

are defined as in the linear case (Proposition 4.2), here with the “cell residuals”

Ry = —Aup +s(un) — f, Ry = —A, + 8 (un) A,
(6.10) (a) :
Thr = agqn — An, if T CTe.
For the remainder term, there holds the a priori estimate

(6.11)
[R({uAad (s )| < 6 [ {mmax{lal o}l = un* + o = unA = A}
Q

As in the linear case, the weights are evaluated numerically using the approx-
imations {up, An, qn}, but now the weighted error estimator contains an additional
linearization error represented by the remainder R. Theory as well as practical ex-
perience show that, in the present case, this additional error is of higher order on
well-adapted meshes and can therefore be neglected. In fact, assuming sufficient
smoothness of the solution {u, A, q}, there holds

(612) |R({U7)\>Q}7{Uha)\haq}1})‘ S C(U,Uh) h/?na,)m

with the maximum step size hpax of the mesh. The proof of this order-optimal
estimate employing techniques from L*-error analysis of finite elements would be
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F1G. 7.1. Nonlinear test (configuration 2, a«=0): Comparison of discrete solutions obtained by
the weighted error estimator (left, N ~ 5000 cells) and the energy-error estimator (right, N ~ 4800
cells).

TABLE 7.1
Nonlinear test (configuration 2, a=0): Efficiency of the weighted error estimator in the
case 'c =To .

N 596 1616 5084 8648 15512
Ej, || 2.56e-04 | 2.38¢-04 | 8.22¢-05 | 4.21e-05 | 3.99¢-05
Tosy 0.34 0.81 0.46 0.29 0.43

rather lengthy and is therefore omitted. In view of this observation, we neglect the
remainder term in the a posteriori error estimate (6.8) and base the mesh adaptation
on its main part 7, (un, An, qn) -

The discrete problems (6.3) are solved by a quasi-Newton iteration which is de-
rived from a corresponding scheme formulated on the continuous level. On each
discrete level the Newton iteration is carried to the limit before the error estimator is
applied for mesh refinement. The results of this process may significantly differ from
those obtained if each Newton step is discretized separately, mixing iteration and dis-
cretization errors together; see the preceding publication [2] for the latter approach.

7. Numerical results—nonlinear case. We again compare the weighted er-
ror estimator with a simple ad hoc energy-error estimator of the form (4.11) using
the modified cell residuals (6.2). For illustrating our approach, we consider two dif-
ferent choices for the boundaries of control and observation shown in Figure 5.1 as
configuration 1 and configuration 2. The notation I.t¢, Fj, and n, is as defined
above.

(i) First test: First, we consider configuration 2 in which the same boundary
is taken for control and observation, I'c = T'p (lower boundary of the T-shaped
domain) and set o = 0. In this configuration, we do not expect any need for strong
mesh refinement “far away” from this boundary if we only want to deal with the
optimization problem.

The observations are taken as cp(x) = sin(0.19x). Table 7.1 shows the quality
of the weighted error estimator for quantitative error control for this nonlinear test
case. The reference value for the objective function J(u,q) is computed on a refined
mesh with about 130,000 cells. Due to the special choice I'c = I'p, the adjoint
variable A\ equals zero almost everywhere away from I'c, i.e., the weighted error
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F1G. 7.2. Nonlinear test (configuration 2, a=0): Comparison of efficiency of meshes generated
by the two estimators n., (broken line) and ng (solid line) in log /log scale.

TABLE 7.2
Nonlinear test (configuration 1, a«=0.1): Efficiency of the weighted error estimator for com-

puting a secondary stationary point.

N 512 15368 27800 57632 197408
Ep 9.29e-05 | 8.14e-07 | 4.86e-07 | 2.31e-07 | 4.58e-08
Teyy 1.32 0.56 0.35 0.42 0.32
TABLE 7.3

Nonlinear test (configuration 1, a=1): Efficiency of the weighted error estimator for computing

a secondary stationary point.

N 512 8120 25544 42608 126284
Ey 2.08e-03 | 4.35e-05 | 9.26e-06 | 5.95e-06 | 8.94e-07
Tegy 0.52 0.73 0.88 1.21 0.98
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F1G. 7.3. Nonlinear test (configuration 1, a=0.1): Distributions of local error indicators in
the weighted error estimator n. (left) and the energy-error estimator ng (right).

estimator pays attention only to the neighborhood of the control boundary. The
energy-error estimator mainly recognizes the singularities in the primal solution at

the two reentrant corners (see Figure 7.1).
In Figure 7.2, we compare the efficiency of the meshes generated by the two



ADAPTIVE FEM FOR OPTIMAL CONTROL 131

F1G. 7.4. Nonlinear test (configuration 1, a=0.1): Comparison of discrete solutions obtained
by the weighted error estimator n. (left, N ~ 3000 cells) and the energy-error estimator ng (right,
N ~ 3300 cells).
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F1G. 7.5. Nonlinear test (configuration 1, a=0.1): Comparison of efficiency of meshes gener-
ated by the two error estimators: n. (broken line) and ng (solid line) in log /log scale.

estimators. We see that in this situation, the solution of the optimization problem
is approximated with significantly less cells using the weighted error estimator which
exploits the “extreme” feature I'c = I'p of this problem.

(ii) Second test: Now, we consider configuration 1 in which the control and the
observation are taken on opposite boundaries, I'c NT'o = (). In this case, we ex-
pect better results for the energy-error estimator than in configuration 1, because
the information must pass from the control to the observation boundary and the
corner singularities will have a stronger effect. Nevertheless, the weighted error esti-
mator should perform better since it also considers the critical control and observation
boundaries.

We take the observation as ¢y = 1, as in the linear case, and set a = 0.1. In
this configuration, there exist several stationary points of L(u,q,\), which can be
obtained by varying the starting values for the Newton iteration. One trivial solution
(actually the global minimum) is a constant equal to ¢, with ¢ = 0. In this case,
we have J(u,q) = 0 (up to round-off error) and match the observations already
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on a very coarse mesh. We do not show the results of this computation. The two
other stationary points are symmetric to each other with respect to the center plane
{z = 0}. Tables 7.2 and 7.3 show the quality of the weighted error estimator for
quantitative error control for one of these local minima. The reference values for
J(u,q) are obtained on an adaptive mesh with about 550,000 cells. The numerical
results demonstrate the correct qualitative behavior of the weighted error estimator.
For the choice a = 1, we get slightly better results than for o = 0.1 because of
higher stability in the optimization problem.

Next, Figure 7.3 shows the distribution of the cell error indicators nr in the
weighted error estimator 7, and in the energy-error estimator ng for o = 0.1. We
clearly see the different ways in which these error estimators put their weight: 7,
observes the control and observation boundary which is critical for the optimization
process while g emphasizes the corner singularities. Figure 7.4 shows the resulting
meshes together with the computed discrete solutions. Finally, in Figure 7.5, we
see the faster convergence toward the minimum of the objective functional using the
weighted error estimator compared to the energy-error estimator.
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PERSISTENCE OF EXCITATION PROPERTIES FOR
TIME-VARYING AUTOREGRESSIVE SYSTEMS*
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Abstract. It is well known that a crucial property for the effective identification of time-varying
systems is that the data carry continual information on the parameters to be estimated. As a matter
of fact, only in this case can the identification algorithm rely on fresh information in forming a
reliable estimate of the current value of these parameters. This concept has been formalized in the
system identification literature under the name of persistence of excitation.

In this paper, the persistence of excitation property is studied for a class of time-varying systems
(that includes the standard autoregressive model as a particular case) and conditions for it to hold
are derived.
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1. Introduction. In the last two decades, a considerable effort has been put
into the comprehension of identification methods for the estimation of time-varying
systems.

A huge stream of research has been devoted to situations that somehow reduce
to the problem of estimating constant unknown parameters. This is, for instance,
the case of the so-called random coefficient autoregressive models; see, e.g., Nicholls
and Quinn (1982), Chow (1983), and Beran and Hall (1992). These models are
characterized by parameters which are randomly fluctuating according to the law
9(t) = 9 + 6(t), 6(t) being an independent sequence. In this framework the main
concern is the consistent estimation of the mean value 9. Another kind of time-
varying systems which has attracted interest in recent years are the so-called nearly
nonstationary autoregressive models. In this case, the time-varying parameters are
asymptotically convergent and the corresponding asymptotic invariant model exhibits
singularities on the unit circle. The limiting distribution of the estimation error when
the identification is performed via the standard least squares algorithm is studied,
e.g., in Cox and Llatas (1991); see also Cox (1991).

In the above literature, the fact that the estimated parameters are in fact constant
makes the estimation task simpler than in truly time-varying situations. As a matter
of fact, when the parameters are constant, the same unknowns are estimated through
time and it is expected that a consistent estimate can be formed under the sole
condition that data carry enough information in the long run. On the other hand,
when the goal is that of estimating truly time-varying parameters, one has to somehow
guarantee that a certain amount of information is available over any finite interval of
time. As a matter of fact, only in this way can the identification algorithm rely on
fresh information in forming a reliable estimate of the current value of the parameters.
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This idea is well known in the identification literature under the name of persistence
of excitation.

Letting o(+) be the observation vector, a persistence of excitation condition which
has been widely used in the literature takes the form

I wli)e)
(1) pr<>\mm{ 2 T e > ky

Ut—l) > ko Vit,

where A\pi, denotes the minimum eigenvalue and oy is the so-called o-algebra of the
past, that is, the o-algebra generated by all system processes up to time ¢. Roughly,
this condition requires that, whatever the past evolution of the system might have
been, the information carried by data over the next s time points spans the entire
parameter space with a finite nonzero probability.

Condition (1) was first introduced in Guo (1990) in a form that is slightly dif-
ferent from but equivalent to (1), and has henceforth been used in many different
contributions.

Under (1), Guo (1990) proves stability and convergence results for a Kalman
filter based algorithm used in the estimation of time-varying parameters generated
by a random-walk—type equation. In the paper of Bittanti and Campi (1994) it is
proven that a forgetting factor least squares identification algorithm provides bounded
estimates if condition (1) is met and the forgetting factor is chosen to be larger than a
certain threshold. Another contribution using the persistence of excitation condition
(1) is Campi (1994). There, an explicit expression for the asymptotic estimation
error is given for a forgetting factor based least squares algorithm. This bound shows
the dependence of the estimation error on the speed of the time variability of the
parameters and the variance of noise.

There are many more contributions on system identification where significant
properties are proven under conditions related to (1). Among others, we cite Bit-
tanti and Campi (1991a, 1991b); Guo, Ljung, and Priouret (1993); Guo and Ljung
(1995a, 1995b); and Campi (1997). An additional interesting paper is Ravikanth and
Meyn (1999), where a lower bound for the estimation error valid for any identification
algorithm is worked out.

In all of the above-mentioned contributions, condition (1) is taken for granted
or proven only in certain specific situations. In the present paper we address the
problem of verifying that such a condition is in fact satisfied for a class of time-
varying systems which includes, but is not limited to, autoregressive systems. In this
way, all the results proven in these contributions can in fact be applied to this class
of models.

The paper is organized as follows. In section 2 the system class is introduced.
The persistence of excitation condition is then discussed in section 3.

2. The system. Let us consider a time-varying state variable system described
by the equation

(2) p(t) = G(t)p(t — 1) +v(t).

In (2), ¢(t) € R™ is the so-called observation vector and it is a measurable signal,
and v(¢) is a remote unmeasurable noise that plays the role of a latent variable in the
generation of ¢(¢). Throughout the paper, it is assumed that matrices G(¢) form a
strictly stationary stochastic process.
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The transition matrix associated with G(t) is defined as
D(t,s) :=G(s)G(s+1)---G(¥).

A typical example of system (2) is a time-varying scalar autoregressive model of the
form

3) y(t) = ar(y(t = 1) + az()y(t = 2) + - - + an(Qy(t — n) + d(?).

In this case, by letting

ay(t) ax(t) an(t) y(t) d(t)
1 y(t—1) 0
G(t) = , p(t) = , u(t) = )
1 y(t—n+1) 0

system (2) is immediately recovered. Clearly, system (2) can accommodate many
other specific situations than the autoregressive system (3).

The following assumptions are made on system (2).

Assumption 1. wv(-) is a zero-mean, bounded independently and identically dis-
tributed (i.i.d.) sequence, independent of G(-).

Assumption 2. Jp: p~t||®(¢,0)|| < o Vt almost surely.

Clearly, Assumption 2 is an exponential stability condition. It is worthwhile
pointing out that there is a milder stability condition that could be considered.

Assumption 2. Jp: limsup,_, . p~t||®(¢,0)| = 0 almost surely.

Assumption 2’ is a stability assumption of stochastic type that requires ||®(¢,0)||
to go to zero exponentially fast with asymptotic deterministic rate p. On the other
hand, Assumption 2 imposes restrictions for any finite t. It is in fact a truly deter-
ministic stability assumption.

It is easy to see that Assumption 2’ is equivalent to

(4) limsupt~*log||®(¢,0)|| < —y < 0 almost surely.
t—o0

This last condition has been discussed (in a continuous-time setting) by Solo (1994).
Among other things, Solo provides conditions on the eigenvalues of the stochastic
matrix G(t) such that (4) holds true.

Finally, notice that, since G(-) is strictly stationary, Assumption 2 is equivalent
to

|[@(t, s)|| < ap'™® Vit s almost surely.

3. Main result: Persistence of excitation condition. In this section, the
persistence of excitation condition is discussed and necessary conditions for it to hold
are derived.

For subsequent use, we introduce the o-algebra generated by the past of v(-) and
the past, present, and future of G():

G=o((), i<t; G())

Notice that o(t) is measurable with respect to (;.
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For the sake of clarity, we point out that the o-algebra of the past in condition
(1) is given by

or = o(v(j), G(4),5 <1).

We start by proving the following proposition which is a law of large numbers of
conditional type for system (2).
PrOPOSITION 3.1. Under Assumptions 1 and 2,

t+k—1 2

Bl Y el - Ble@el 1)

i=t

G| — 0 ask— oo,

uniformly with respect to both time t and probability outcome.
Proof. The following chain of inequalities holds true:

| tER 2
Bl 2 @@ = Ele@e@) [GD)] | &
1 t+k—1
< @B 2 (e = Elp@)e()'] )

x (p()e() = Elp()e(@) 1G] | G

(since, for any stochastic matrix M > 0 of dimension n, E[|M||]] < n| E[M]||)

t+k—1

< %n Z IE[(e(@)e() — Elp@)p(@)" | ¢])
X (0(7)e() = Ele()e() | G]) | Gl
1 t+k—1
< gz Z IE[(e(@)p () — Elp(i)p(i)" | ()

X (Ele(7)e() | Gl = Ele()e@) | &) [ Gl

In this last expression, the norm of (¢(i)¢(i) — E[p(i)e(i)’ | ¢¢]) is deterministically
bounded in view of the boundedness of v(-) (Assumption 1) and the exponential
stability of the system (Assumption 2).

Therefore, to complete the proof it suffices to prove that the norm of (E[p(j)¢(5)
¢l —Ele()e(d) 1 ¢)), 4 > 1 > t, is bounded by a deterministic function of j — ¢ only,
which tends exponentially to zero as j — i — oo.

Set (r | s) := Elp(r) | {s], » > s. Since v(-) is an independent sequence, we have

"

s+1

p(r]s)= > ®(rk(k—1).

k=—o0

Taking into account the exponential stability assumption (Assumption 2) and that
the noise v(-) is bounded (Assumption 1), this last expression shows that ||¢(r | s)|| is
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bounded by a deterministic function of  — s only, which tends exponentially to zero
as r —s — oo. The term (E[p(j)e(j) | ¢&] — Ele(h)e(5) | ¢]) can now be handled
as follows:

Elp(1)e()" | G — Elp()e() | ¢
= El(e( [ 1)+ (p() =@ [ i))(e( 1) + () = ¢(
(

| 1)1 G
= Elle(d [1) + (p(4) = e [ [1) + (p(1) = (1))

) | ¢
1+1
= (G 1) 19) =G e 18) = Y @, k)AG(, k),
k=t+2

where A := E[v(t)v(t)’]. The thesis follows by observing that the norm of each of
these three terms is bounded by a deterministic function of j — ¢ only, which tends
exponentially to zero as j —i — oo. |

Notice that, up to now, no conditions have been introduced guaranteeing that
vector ¢(+) is somehow exciting (in fact, under Assumptions 1 and 2, v(-) and/or G(+)
may well be identically zero). We now introduce an extra condition (Assumption 3
below) which can be interpreted as an excitation condition. We anticipate that, in
view of Proposition 1, Assumption 3 immediately leads to concluding that ¢(-) is
persistently exciting in the sense of definition (1) (see Theorem 1 below). The fact
that Assumption 3 holds true in many situations of interest (e.g., for the autoregressive
system (2)) is discussed immediately after the theorem.

Assumption 3. Elp(i)p(i) | &] > H > 0 Vi > ¢+ 7, for some integer 7.

THEOREM 3.2. Under Assumptions 1-3, there exist an integer s and two pos-
itive real numbers ki and ko such that the persistence of excitation condition (1) is
satisfied.

Proof. Recalling that, for any pair of positive semidefinite matrices C' and D,
Amin[C] > Amin[D] — ||C — D]|, one obtains

et 1 R
Amm{k )3 w(i)w(i)’} zxmm{k 3 Bleleti)| m}

t+k—1
1

2D (@li)eli) — Ele(i)e(i)' | )

i=t

Take now conditional expectation of this last equation with respect to (;. Thanks to
Assumption 3 and Proposition 1, it is then apparent that there exist an integer s and
a real number (3 such that

1 t+s—1
)\min{s Z @(U‘P(’)I}

i=t

E

(t] >06>0 WVt

Then in view of the boundedness of ¢(-) (Assumptions 1 and 2), we can conclude that
there exist two positive real numbers k1 and ks such that

el
Pr | Amin e b >k [ (| > ke VL
( { 2 1+ ||so<z>|2}
Since the o-algebra generated by v(j) and G(j), j < t — 1, is coarser than (;, the
thesis follows. 1]
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Next, we show that Assumption 3 holds true in the case of the autoregressive
system (2). Take i = n. Recalling that ¢(r | s) = E[p(r) | (5], for any j € [i —n,i—1]
one has

Elp(i)p(i)" | <]

= E[E[((i ] 5) + (@) = (@ [ D)) | §) + (p() — (i | )" 1G]
(since j > t)

> El(p(i) = (i | 1)) (@) = (i | )| G-

Since gof(l) - @(i | _71) = 2211]4_2 ®(i, k)v(k — 1), we have (02 := E[d(t)?])
o for j=1i—1,

620 0 0
0 0 O 0
Elp(i)p(i) | ¢i] > diag(0®,0,...,00=| 0 00 01,
0 0 O 0
o for j =1i—2
Elp(i)e(i)' | ] = (i) diag(c?,0, ..., 0)¢(i, 1)’
*x %« 0 ... 0
x*x 020 ... 0
_ 10 0 0 ... 0 ;
00 0 ... 0
o for j =i —n,
Elp(i)p(i) | ] > ®(i,i —n+ 2) diag(az,O, 0P, —n+ 2)
* Kk % *
IR S
_ | *x x % *
* * *x ... o2

where the x’s are random entries, whose value is bounded uniformly with respect
to time ¢t and probability outcome. From the above relations, Assumption 3 easily
follows with n = n.

It is interesting to note that Assumption 3 holds in many extra situations. As a
simple example, if G(-) is deterministic such that Assumption 2 holds, then Assump-
tion 3 is met provided that the very minimal condition E[p(¢)¢(7)'] > 0 is satisfied.

The analysis has been conducted so far under the stability assumption, Assump-
tion 2. It is, of course, of interest to investigate whether the persistence of excitation
condition (1) still holds under the weaker stability assumption, Assumption 2’. Un-
fortunately, this is not the case, as the following simple example shows.

Ezample. Suppose that ¢(t) has two components and let G(t) = diag(g(t),0).
g(+) is an i.i.d. sequence such that g(t) = 2 with probability 0.5 and g(¢) = 0.25 with
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probability 0.5. Finally, v(t) = [v1(¢t)v2(t)]’, where v1(-) and vo(+) are i.i.d. sequences
independent of each other and of ¢g(-) and take on values —1 and +1 with probability
0.5.

Assumptions 1 and 3 are trivially satisfied in this case. Assumption 2’ is also
satisfied. This is seen as follows. Since |®(¢,0)|| = g(0)g(1)---g(¢), for any given
p € (0.1), we have

t
1. 11
log(p~" @t 0)[1) = log ~+ 5 > logg(s).
s=0

The second term in the left-hand side tends almost surely to E[log g(t)] = 0.5[log 2 +
log0.25] = —0.5log2. Then, by taking p to be a real number such that log% —

0.5log2 < 0, we have that +log(p~'||®(¢,0)|) tends almost surely to a negative
number. From this, we conclude that limsup,_, . p~!||®(¢,0)|| = 0 almost surely, that
is, Assumption 2'.

Next, we show that the persistence of excitation condition (1) is not satisfied in
this case.

Given any real number h, let A, = {|¢;(0)] > h}, where ¢1(0) is the first
component of ¢(0). Since g(t) takes on value 2 with probability 0.5, ¢(0) has an
unbounded distribution and so pr(Ap) # 0 Vh. Moreover, note that if |¢1(0)| > A,
then |p1(t)| > (0.25)'h — 5/4. (g(t) is either 2 or 0.25 and |v1(¢)] = 1.) Now, suppose
by contradiction that (1) holds for certain fixed ki, ko, and s. Since @2(i) = v2(i)
keeps bounded and ||¢(i)]] > (0.25)°h — 5/4(i € [1,s]), a real number h exists such

that condition /\min{Zle %} > kq is not satisfied on A;. So

{Amm{i_11+ls@(z‘)||2}>’“1} 1(Ah>1 0< ky - 1(Ar)

(where 1(.Ay) is the indicator function of set Ap) and this contradicts condition (1).

The above example shows that the persistence of excitation condition (1) does not
hold under Assumption 2’. On the other hand, almost all results in the identification
literature (like those in Guo (1990), Bittanti and Campi (1994), or Campi (1994))
have been worked out under this condition (1). Consequently, at the present state of
the art, it is not clear how to handle situations where the system is only characterized
by a mild stability condition like Assumption 2’. The above observation raises an
interesting conceptual question: one may ask if it is possible to work out a persistence
of excitation condition milder than (1), that holds true under Assumption 2" and still
permits one to prove boundedness results for the identification algorithms. This issue
is certainly worthy of further investigation.

E
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AN EXPLICIT FORMULA FOR THE DERIVATIVE OF A CLASS OF
COST FUNCTIONALS WITH RESPECT TO DOMAIN VARIATIONS
IN STOKES FLOW*

THOMAS SLAWIGT

Abstract. Domain optimization problems for the two-dimensional stationary Stokes equations
are studied. Fréchet differentiability of a class of cost functionals with respect to the variation of
the shape of the computational domain is established. An embedding domain technique provides
an equivalent formulation of the problem on a fixed domain and, moreover, a simply computable
formula for the derivative of the cost functional with respect to the domain. Existence of a solution
to the class of domain optimization problems is proved. Numerical examples show the reliability of
the derivative formula.

Key words. domain optimization, Stokes equations, embedding domain technique, finite ele-
ment method

AMS subject classifications. 35Q30, 49J50, 65N30, 76D07
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1. Introduction. In this paper we show the differentiability of a certain class
of cost functionals with respect to variations in the shape of the computational do-
main under the constraint of the stationary Stokes equations. We consider domain
optimization problems in incompressible viscous flow at low velocity or high viscosity,
i.e., low Reynolds number. In this case the Stokes equations are an appropriate linear
approximation of the full nonlinear Navier—Stokes equations.

Many optimization techniques are based on gradient information, i.e., they re-
quire information about the derivative of the cost functional with respect to the
control parameters, i.e., here the shape of the domain. Usually this information is
obtained via an adjoint equation. In domain optimization problems this equation
usually incorporates the normal derivative of the state variable along the boundary
which is numerically unstable. In this work we use an embedding domain technique
which provides a formula for the derivative of the cost functional with respect to
domain variations which avoids the evaluation of normal derivatives, is efficient and
numerically stable. Moreover, the embedding domain technique reduces the effort
of discretization and assembling of the discrete systems for the solution of the state
equations on the changing domains during the optimization process.

Embedding (or “fictitious”) domain techniques have been widely applied in the
treatment of PDEs. For Stokes and Navier—Stokes equations on complicated shaped
domains they were studied, e.g., by Borgers [1] and Glowinski, Pan, and Periaux
[2], [3]. Our Lagrange multiplier approach is similar to Glowinski’s. Dankova and
Haslinger [4] used a slightly different one by introducing a distributed Lagrange multi-
plier and applied it on domain optimization problems; see, e.g., [4]. Domain optimiza-
tion for Stokes equations were studied, for example, by Pironneau [5] who computed
the shape of body with minimum drag. Gunzburger and Kim [6] showed existence
of an optimal shape for a minimum drag problem in a channel flow. Simon et al. [7]

*Received by the editors November 20, 1998; accepted for publication (in revised form) April 14,
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FiG. 2.1. The domain Q- in original version (left) and embedded into Q (right).

proved differentiability of the drag with respect to domain variations in Navier—Stokes
flow.

Here we use the embedding domain technique not only to prove differentiability
of a class of cost functionals (including drag), but moreover to obtain an explicit
formula for the derivative. This formula is a boundary integral which specifically does
not involve normal derivatives of the state variables. This is due to a special choice
of extension for the inhomogeneity of the state equation in the embedding domain
method. Thus the formula is useful and fast in numerical optimization schemes using
derivative information as gradient, quasi-Newton, or SQP methods. By the same
technique Kunisch and Peichl [8] obtained a derivative formula for the scalar Poisson
problem. In this paper we present its analogue for the two-dimensional Stokes problem
with its special saddle-point structure. An extension to the full nonlinear Navier—
Stokes case is possible and might be presented in another paper.

In the next two sections we define a geometric model configuration and sum-
marize the needed results for the Stokes equations. The considered class of domain
optimization problems and the embedding domain technique are presented in the next
two sections. In the sixth section we show the continuous dependence of the solution
of the Stokes system with respect to the variation of the domain. The main result,
the explicit formula for the Fréchet derivative, is presented in section 7. Finally, we
summarize the numerical methods we used and show an example.

2. The geometric model configuration. We now present a model configu-
ration of the geometry of the computational domain. We consider domains ., :=
Q(y) C R?, where 7 is the control parameter describing the shape of the domain. For
all admissible domains the boundary 0§2, shall have two parts: a fixed one denoted by
I" which consists of the two lateral and the top side of the unit square, i.e., of the three
segments [(0,0), (0,1)],[(0,1), (1,1)],[(1,1),(1,0)], and a variable one denoted by I,
which is the graph of a function v : [0,1] — [0,1) with v(0) = (1) = 0; compare
Figure 2.1 left.

A sufficiently high regularity of the solution of the Stokes equations is one neces-
sary condition for our proof of differentiability of the considered cost functionals with
respect to domain variation. We thus need either a smooth or a polygonal bound-
ary, where in the latter case the domain has to be convex. To apply the embedding
domain method we have to combine these two boundary types which will become
clearer later on. By the above definition I' is a polygon. To represent the variable
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part I, we choose functions v € C?[0,1]. To preserve the convexity of €, near the
two transition points (0, 0), (1,0) we assume that + is linear in neighborhoods of these
points. Working in Sobolev spaces we assure the regularity by choosing v € H3(I)
with I := (0,1). To show existence of a solution of the domain optimization problems
we assume boundedness in this space. We define the set of admissible functions ~
defining the variable boundary parts I',, and thus the admissible domains €2, by

21  S:={ye ) : |Vllasm) < co,7(0) = (1) =0,¢1 < l(s,1-5) < C2,
Yl (0.6) = 3,7 [(1=5,1) = ¢4}
Here ¢1,¢0 € (0,1),6 € (0, %)760,03 € R+, ¢y € R are fixed.

3. The Stokes equations. The stationary Stokes problem on 2, can be writ-
ten in the following variational form: Find the pair of velocity vector and pressure
(uy,py) € H'(2,)? x LE(9,) such that

v(Vu,,Vv)o, — (py,divv)e, = (£,v)q, foral veHjQ,)?
(3.1) (divuy,q)o, = 0 for all ¢ e LE(Q,),
u, = & on [,
u, = 0 onl,.

In this dimension-free formulation the parameter v > 0 represents the inverse of
the Reynolds number. For scalar-valued functions (-,-)q., denotes the L?(€,) inner
product. Furthermore, we define (u,v)q, = >, 5(ui,v5)q, and (Vu,Vv)q =

Zi,j:172 ( gg] , g;’] )a.- For the inhomogeneity in the first equation which represents ex-
ternal forces we assume f, € L?(€2,)?. The space L3(€2,) := {q € L*(2,) : fQ7 qdx =
0} is chosen to get uniqueness of the pressure.

The homogeneous or inhomogeneous Dirichlet boundary conditions indicate that
physically the boundary represents a wall or a region with prescribed velocity, respec-
tively. The function @ for the boundary values of the velocity on I' is assumed to have
a divergence-free extension onto €1, which is in H 2 (Q,y)z. For this purpose we define

H(T):= {® € L*(I')* : there is@i, € H*(Q,)? : divii, = 0inQ,,q,|r, = 0,1,[r = ¢} .

We now slightly modify the standard existence, uniqueness, and regularity results for
the Stokes equations in the following theorem.

THEOREM 3.1. Let v € §,f, € L*(Q,)?, and ® € H(T'). Then there ezists a
unique solution (W, p,) € H2(Q,)% x [HY(2,) N L3(2,)] to (3.1) which satisfies

luy 720,y + IpyllH1(02,) < C (wa||L2(Qv)2 + H‘I’HLOO(F)?)

with C' > 0 independent of v,f,, and ®, i.e., the reqularity is uniform in .

Proof. Regularity for a smooth boundary and uniqueness are stated, e.g., in
[11, Thm. 1.5.4]. For a convex polygonal boundary, regularity is shown in [12], from
which it can be deduced that the regularity remains valid also in our case where
both boundary types are mixed. The uniform regularity for the polygonal part is
stated in the same reference, whereas for the smooth part it can be deduced from [10,
Sect. IV.5]. O

4. A class of domain optimization problems. We consider domain opti-

mization problems of the following form:

. 1
(4.1) min J() = min §||Au,y - udH%Q(QC)k such that u, solves (3.1)
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with an observation operator A € L(H'(2,)%, L?(Qc)*) for k € {1,2}, some desired
state ug € L*(Qc)*, and an observation region Q¢ satisfying dist (T, Qc) > 0 for
all v € §. The dependence of J on « is implicit due to the fact that J depends
on u, which itself depends on . The functional J may also include an additional
regularization term which we exclude from our theoretical study because it usually
depends directly on 7 and not by means of the solution u, of the state equations.
Therefore its differentiability is obtained easily. The above definition of the cost
functional is quite general. It includes typical choices as the tracking-type functional

1
J() = gHuw — 4|72
or the minimum drag problem; compare Pironneau [5], Gunzburger and Kim [6]:
v
j(’y) = §||Vu7 + VTU»YH%Z(QC)zxz-

A restriction we have to make for our derivative formula is that J does not depend
on the pressure.

5. The embedding domain technique. To solve the domain optimization
problem (4.1) by a classical iterative scheme it is necessary to discretize the domain,
assemble the system matrices, and solve the linear system in each iteration step. To
reduce this effort we introduce a fictitious domain Q) in which all admissible domains
can be embedded, i.e., 2, C Q for all v € S. We furthermore assume that the fixed
boundary part I" is a part of 00 whereas I',, is replaced by a partition called I' which

is now fixed as well. Thus we have Q) = T UT; compare Figure 2.1 right. In our
model problem we take (2 as the unit square and define €2 := Q \ Q.

We now formulate a problem on Q) which is equivalent to (4.1). For this purpose
we introduce a fictitious domain formulation of the state equations. As motivation
we recall that the velocity part u, of the solution of the Stokes problem (3.1) is the
solution of the constrained minimization problem

. v 2 . .
uefrlr}%gw{z §||Vu||L2(QW)2 —(f,,u)q, st. divu=0 inQ,.
ulp=2®,u|p, =0

Equations (3.1) are the necessary conditions for a saddle point (u.,p~) of the associ-
ated Lagrangian with p, being the Lagrange multiplier corresponding to the constraint
of zero divergence. _

We now denote by f, the extension of £, by zero onto ) and consider the problem

ST=8
|
(e}
=
0

. 14 ~112 <A div

(5.1) Jin §||Vu||L2(Q)2 —(£,,0)y st {
alp=®,a|;=0

The second constraint is added since I',, is no longer a part of the boundary of the

computational domain Q) but an inner line. Thus we get a second Lagrange multiplier
g~ which is an element of the dual of

H, := H)}*(,)? = {h € HY2(I',)? : there is h € H/2(9Q,)? : h|r, = h,h|r = o} :

compare, e.g., [9, VIL, Sect. 2.1, Rem. 1]. The necessary conditions for a saddle point
of the Lagrangian associated with problem (5.1) result in the following equations:
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Find (i, py, g,) € H ()2 x L2(Q) x H such that

v(Viy, V¥)g = (y, div¥)g — (g4, 9 V) 12 1, (£,,¥)g forall ¥ e Hj(Q)?,
(divi,,4)g = 0 for all ¢ e L3(Q),
(5.2) T, = 0,
u, = & onl,
u, 0 onT

Here 7, denotes the trace operator onto I'y which is a linear continuous mapping from
H{(Q)? onto H.,. The dual pairing between H., and its dual is denoted by (-, ) Hx H., -
We can now prove the equivalence of problems (3.1) and (5.2) as follows.
THEOREM 5.1. Let v € S.f, € L*(Q,)?, and ® € H(T'). Then (Q,,p,9,) €
HY(0)2 x L2(Q) x H? is a solution of (5.2) if and only if
o (tpy) = (8. ln, € HA(R,)? X [H1(2,) N L3(,)] solves (3.1),
® (ﬁ’)’7ﬁ7)|9f, = (0,0),
o (gy. 0, = <yg% —pyn,h)r, forallh € H,.
Here n, denotes the outer (with respect to 2,) normal vector on I'y and

(g.h)r. = / g(z,7(2)) - h(z,1(2)) VI T /(@) da

is the inner product on L?(T',)?.

Proof. The result is proved by testing (3.1) with appropriate functions that vanish
on 25, applying the uniqueness result for the Stokes equations and Green’s formula.
Regularity of g, follows from Theorem 3.1. For the existence of the solution to (5.2)
we need the nonsmooth transition between I' and I',. Otherwise 2 would not even
be Lipschitz. For details see [15, Thms. 2.5 and 3.5]. O

By the regularity of (u,, p,) the functional g, € H’ can be extended onto L3(T,)?
and we get

ou .
(5.3) 9y = (1/8117 —p7n7> m L2(Fv)2-
¥

ry

This relation is due to the extension of the inhomogeneity f, by zero onto Q. For an
arbitrary L? extension g~ equals the jump of the right-hand side of (5.3) on I'y; see
also [3]. The equality in (5.3) is essential for the derivative formula presented below.

As a consequence of Theorems 3.1 and 5.1 we now obtain for the solutions on Q.

COROLLARY 5.2. Let for v € S denote ({1, D, gy) a solution of (5.2). Then the
families {(&y,py)}res: {19, s ves. and {llg, |20,y byes are uniformly bounded
in HY(Q)? x L3(Q) and R, respectively.

Proof. The estimates for @i, and p., follow from Theorem 3.1 and the fact that the
solutions vanish on €2; those for the Lagrange multiplier follow from its representation
given in Theorem 5.1 and the uniform boundedness of u, and p,. 0O

6. Continuous dependence of the solution on the shape of the domain.
To study convergence with respect to v of the Lagrange multipliers g, € HJ we intro-
duce for h € H, the mapping Z h(z) := h(z,v(z)),z € I, which is an isomorphism
between H, and

Hp:= {g e HY*(I1)?: i ;!i(x—)f) da < oo}.
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A function h € H,, has to satisfy additional conditions at the transition points between
I' and I'y such that its extension h by zero onto 0, is in HY/2(08,)?: The integral

/[ /nhx @) = BEAEE 4o )4
~ e

has to be finite for arbitrary functions 5 : I — AT ) C 012, that parameterize a part
of the boundary. Critical are parameterizations which contaln one of the transition
points between I' and I'y. To guarantee the existence of the above integral the ad-
ditional integral condition in the definition of H; has to be satisfied; compare [15,
Thm. 2.4].

We note a result concerning convergence of the transformed trace operators below.

LEMMA 6.1. Let v,,v € S. Then v, — v in WH(I) implies I, 7, — I,T as
linear operators from {¥ € H'()? : V| =0} onto Hy.

Proof. See [15, Lem. 2. 1. O

We define (Z7')" : H; — Hj, i.e., the adjoint of Z_!, by

<(I’y_1)*g7g>H;,H1 = <g7Iry_1g>H;,H7a gEH;7 gEHI

Now we can formulate the following result of continuous dependence.
THEOREM 6.2. Let v,v, € S with v, — v in Wh(I),f € L>(Q)?, and £, :=
fla,, £, :==fla,, . Then the corresponding solutions of problem (5.2) satisfy

(ﬁ'yna*ﬁvn) - (ﬁ’wﬁl) Z'“HI(Q)QXL(%(Q%
(I;nl) Gy (Z,;l) gy n Hy.

Moreover, the mapping v +— 0 is Lipschitz continuous, i.e., there exists L indepen-
dent of v, such that

[0y = 8yl a2 < LI = ALy forall 7,7 € S.

Proof. By Corollary 5.2 we have for a subsequence (i, , P, ) — (@, p) weakly in
H'(0)? x L2() and thus using the first equation of (5.2),

lim (gy,, 7, V) ms m,, = v(VD, V) — (b, div o) — (£, 9)q

n—oo R
for all ¥ € HE(Q2)2. For every g € H; there exists ¥ € H{ ()2 with Z,7,% = g and

((I'yn) g%ng>H,,H1 <<I%) Grpns Ly TV — I%LT%‘A’>H;‘,H1 + <971L7TWV,L‘A’>H§H,H%7

where the first term on the right tends to zero by Corollary 5.2 and Lemma 6.1. Thus

lim <(I'y11)*g"/nvg>H}*,H1 =v(Va, V‘?) - (. leV) (f V) =: <G7g>H;,H1'

n—oo

We define g := 775G € HJ. For v € H&(Q)2 we have 7,¥ € H, and thus (Q,p,g)
satisfies the first equation of (5.2). Green’s formula implies

0 = lim (diva,,,9)q = _nllnéo(ﬁwv‘ﬁ)ﬁ = —(0,V@)y = (diva, @)

n— o0

for all ¢ € C3°(Q)NLE(Q). Thus @ solves the second equation of (5.2). Since it can be
shown that also 7,1 = 0 (see [15, Lem. 2.12]) this implies that (4,5, g) is the unique
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solution to problem (5.2) and thus equals ({1, P, gy). Therefore the limits are valid
for the whole sequence and not only for the chosen subsequence.

To show strong convergence of @, in H'(Q)? we define @, := i, — i, € H}(Q)?
which satisfies (div,,qd)g = 0 for all § € L%(Q) Choosing v := i, in the first
equation of (5.2) for Q0 and €, and subtracting both equations we get
(61) V‘ﬁn@p(@)z = (f’yn - f’ya ﬁn)Q + <g’yn;7—'ynﬁn>H;n,H7n - <g’h7—'yﬁn>Hf{,H7a

where [@ 1 (g2 = ||V 12(q)2x2 denotes the H' seminorm. We estimate the terms
on the right of (6.1) separately: First we split up I into

Lpi={z € (0,1): yu(2) 2 v(2)}, 1= {z e (0,1):y(z) <v(z)}

and obtain, using the fact that f, := f|o_ with f € L>°()2 for all y € S, that

~ - Yn v
(£, —F ), = / / £(2,9) - 8 (2, y) dyd — / / £(2,9) - (2, ) dydz.
+Jy —Jn

We denote the first integral on the right by A and use @, (z,v(z)) = 0 almost everywhere
(a.e.) in Iy:

(62) 4| =

/I+ [y% £z, y) - [On(2,y) — Ba(2,7)] dydo

Yn Yy
< 1€l o iy / / / 00y (2, €) 12 dédyda
I Jvy v
Yn N
Flmie [ [ Nl laton — €)
Ly Jy

S 1Bl e e 6

IN

3/2

IN

(Q)2||’Yn ’Y”Loo(h) = C|ﬁn|H1(Q)2H'Yn gl

with C' independent of 7,,~. The second integral can be estimated in a similar way
using O, (z,y,(z)) = 0 a.e. in I_. Thus there exists Ly independent of ~,,,y with

(6.3) (E, — B gl < Ll s el — 21220,
For the second term in (6.1) we obtain using Theorem 5.1:

(G Ty Q) bz, | = (G T B )y, | < I8 [lz2 (0, ) 17, Bl 22 )2

The first term on the right-hand side is bounded independently of ~,, by Theorem 5.2.
For the last term we use 0, (x,v,(z)) = 0 a.e. in I_ and G, (x,vy(z)) = 0 a.e. in I;:

7y B2, 2 = / 00 (7 (2)) — sy (2)) 12 /T F 2 (@2 di
I

+
/ /’Yn
I 11y

< Alm — ’YHLO@([)|un‘H1(Q 2”(1 + H7n||W1~oo(I))~

14+

Because S is bounded in H?(I) which is continuously embedded in W1>°(I) there
exists Lo independent of ,~, such that

(6.4) G Ty On)rrz 1, | < Lol 8nl g )2l — VLo (1)
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An analogous computation for the third term on the right-hand side of (6.1) shows
the existence of L3 independent of v, ~, with

(6.5) |<g'w7'vﬁn>H;,H7‘ < L3|ﬁn|H1(Q)2 llvn — ’Y||L°°(I)-

Poincaré’s inequality implies [|8,[ ;1 q)2 < ¢|@n|g1(q): with ¢ independent of v,v,
and thus (6.3)-(6.5) give Lipschitz continuity of @1, with respect to 7.

To show strong convergence p,, — p, we note that the operator (div,7,) maps
HE(Q)? onto L3(Q) x H., see [15, Thm. 2.5]. Moreover, the weak divergence operator
is an isomorphism between the orthogonal complement of {v € H{}(Q)? : divy =
0 in Q} and LZ(Q2). Thus there exists ¥,, € HJ(2)? satisfying 7,v, = 0,div¥,, =
Dy, = Dy and [Vl g1 gye < by, — Dyllp2(q)- We test the first equation of (5.2)
with ¥,, for v and ~,, and subtract both equations. With the uniform boundedness
of {p, }nen in L?(€2) we obtain

1By = Boll2 g < € (VI8 = 8l + 1B = Bllaays ) + 100 72 Tz, i, |

with ¢ independent of n. Since @, — @, in H'(Q,)? and f,, — £, in L2(Q)? the
first term tends to zero. In the second one we may write
(6.6) <9%,a7'vn{’n>H:;n,HM = <(I’;n,1)*g')/n’I'YnT'Ynon>H;7HI'
We already proved that (Z')*g,, — (Z;')*gy. Lemma 6.1 implies Z,, 7, — Iy,
and since 7,¥,, = 0 for all n also (6.6) tends to zero. 0O

As a consequence of this theorem and the boundedness of S in H?(I) we now
obtain the following.

COROLLARY 6.3. The domain optimization problem has at least one solution
yeS.

Proof. This result can be proved by choosing a minimizing sequence and using
the compact embedding of H3(I) in C%(I). O

7. Fréchet differentiability and derivative formula. To show differentia-
bility we use the solution of the adjoint system of the domain optimization problem
(4.1). We introduce a Lagrangian with two multipliers A,, u, for the constraints of
the momentum and continuity equation, respectively. Then we compute the nec-
essary optimality conditions for a saddle point of this Lagrangian which form the
adjoint equations. Since the Stokes equations are linear, the adjoint problem is a
Stokes system with a different inhomogeneity and homogeneous boundary conditions:
Find (A, p1y) € H3(Q,)? x L3(£2,) such that

v(VAy, V), — (py,divv)e, = —D,J(y)v forall ve H}(Q,)?%

(7.1) (div Ay, q)o, = 0 for all ¢ € L3(9,),

where u,, is the velocity component of a solution to (3.1), and D, J(y)v denotes the
Fréchet derivative of J with respect to u in direction v. The equivalent fictitious
domain formulation is the following: Find (A, fiy, x) € Hg(€2)? x L§(Q) x HZ such
that

V(VA, V9)g = (i, div¥9)g = (Xy: 79 mz, = —DuJ ()% for all ¥ € H(Q)?,
(7.2) (divA,,d)g = 0 for all g € L3(1),

Ay, = 0.
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For the solution of (7.2) we get similar results of existence, uniqueness, regularity, and
equivalence to (7.1) as for the Stokes equations in Theorems 3.1 and 5.1; see below.
THEOREM 7.1. Let v € S and (u,,p,) be the solution of (3.1). Then problem
(7.1) has a unique solution (A, ) € [H*(2)2NHE(2,)%] x [H ()N LE(Q,)]. The
regularity is uniform in .
Moreover, (A, fiy, X+) € H ()2 x L3() x H is a solution of (7.2) if and only
if

o y) = (5\7,;17”97 is a solution of (7.1),

Ay,
hd ()\“/a/:"y)‘ﬂf, = (070)
o (v Wus i, = (W — pyny, h)r, for allh € H,

and we have
OAy
Xy = VTIH T HAyTly

We now turn to the differentiability of 7 with respect to variations in ~. Since
S is closed we consider v € int S, the interior of S, and define the set of admissible
directions as

in L*(T,)2.

ry

S = {’7 € HS(I) : ’7|[0,5]u[1—6,1] = 0} .

For every v € intS and 4 € &’ there exists tg > 0 such that v + ¢y € intS for
all ¢ € [0,¢9). Thus we can properly define a directional derivative. We now define
I, .={zel:7@x) >0}, I_:={xel:7() <0}, and present three results that
will be used to prove the differentiability of J. Their proofs are given in section 9.

LEMMA 7.2. Let f € L®°(Q)% f, == =flo 145 = fla,,,., and 5\7 be a solution
of problem (7.2). Then

1~ = .
}1_{% t(f £r49:A)q = 0.

LEMMA 7.3. Let x. be the third component of a solution of (7.2) and Q4.5 the
first component of the solution of (5.2) for v+ ty. Then

}i_r)%%<X’y>T’yﬁ’y+t"y>H,j,H.y = /1+ XA (2,7) - uy gy (2, 7)7V 1 + 72 da.
The integral on the right exists because ¥ € &’ C L*(I) and x, € L*(T,)>.
Furthermore 7,u,,, = u,,(z,7) and also its restriction on the set T'Y := {(z,7(z)) :
xz € I;} C T, are L? functions since u, € H?(£2,)%. Finally we will use the following.
LEMMA 7.4. Let gy4+5 be the third component of the solution of (5.2) for v+ t¥
and 5\7 the first component of the solution of (7.2). Then

hr% . <97+tw7'"/+tv/\ >H§+W,Hw+m = / Gy (2,7) - Ay (@, 7)7V 1 + 72 da.
By arguments analogous to those for Lemma 7.3 the integral on the right exists.
Now we state the main result of this paper, namely the differentiability of the
cost functional with respect to v and an explicit formula for its derivative.
THEOREM 7.5. Let v € intS,f € L>(2)?, and £, := flo_ . Then J is Fréchet
differentiable with respect to v and the derivative in v in dzrectwn v €S8’ satisfies

(1) D700 = 5 [ o2 (@9(0) 33 (2.5(@)) = s (3@ (9(2)] 3(a) da
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Proof. A simple computation leads to the identity

1 _ 1 . - 1 A . .
gj('Y +19) =T () = %”A(uw—t'y - u’y)HQL?(QC)k + ;(A(U'H-t'y —0,), Ad, — ud)QC

1 . . 1 . A
o7 MA@y 165 = )72 0y + T DT (165 = y).

The first term on the right can be estimated using the boundedness of A and the
Lipschitz continuity of the velocities proved in Theorem 6.2:
. L2 g . S 2 ~ 12
EHA(UWHW - uv)HLZ(QC)k < ?Huwﬁ - u’YHHl(Q)Q < Ct||W’HLoo(z)a

where C is independent of 7,%, and t. Since ¥ € &' € W1H°°(I), this term tends to
zero for t — 0 and we obtain

_o. 1 . R
DT (v)7 = %E% ;Duj('Y)(u'yH’y —1,).

We show that this limit equals the right-hand side of (7.3). The first equation of (7.2)
with ¥ = Qiy445 — 0y € HJ(Q)? as test function gives

Duj(’Y)(ﬁw-i-ti -0, = _V(Vj"yv V(045 — u'y)) + (Mvvdlv (u'v+t'y - u'y))Q
(s Ty (A3 — Oy)) 1z 1, -

As solutions to (5.2) for v and y + t7, respectively, the functions @, and G145 are
weakly divergence free. Since fi, € L(f2) the second term on the right vanishes. With
7,0, = 0 we obtain

Duj('Y)(ﬁVth”Y - ﬁ’y) = V(VA’W Vﬁ'y) (V/\w vu’yﬂﬁ’y) + <X’y»7'fyu'y+tfy>H* H,-
For the first two terms on the right we use again the first equation in (5.2) for v and
7 + 17, respectively, with ¥ = A, € HJ(Q2)%. We get

DuJ (7) (05 — 0y) = (£ — £y465, M) + (By — Py, div Ay ) + (g4, 7"y/\~y>H;,Hw

—(Gy+t75 T’v+t7>‘7>H;+WH7+m + (X, Twﬁ'v+t*/>H;7Hw-

The second and third terms on the right both vanish since j‘v as solution of (7.2) is
weakly divergence free, p, — py+t5 € L3(£2), and 7,A, = 0. Thus we obtain

Lre = i
DT (v)y E)Il 01 [(f — 5, A)q + <X'ya7_'yu'y+t7y>H;,Hn,
—(gy+17> Tfy+t7y>w>H;+ﬁ,H7+m} :

Using Lemmas 7.2 to 7.4, this implies
DT (v)v = /xy(x 7) -y (@, Wl+7’2dx—/gw z,7) - Ayy (@) 7V 1+ y2dx.

Because of 7,u, = 7,Ay = 0 the partial derivatives times the arc length can be
expressed as normal derivatives along I',. This leads to

aAW(‘Ia 7) /7

on,

0 )
.70 = [ e 5 gk [ g
+ gl -
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By the representations of g, and x, we obtain

oA 1 ou 1
G~ - 3711’;[ = ;(g'y * Xy _p'yﬂ'y) +,U’y67n: Ny = ;(g'y * Xy _pfyﬂ'y)'

~ =diviy on I', and
since 01, has zero divergence in Q) and thus on I'y. Analogously we get
Ou, 1
X o, = 9y Xy = Pyhn)-

Summing up we have shown that 7 has a directional derivative for every v € int S in
every direction 7 € S’ given by (7.3).

To show that the linear mapping D, J(y) : &' — R, ¥ — D, J ()7 is a Gateaux
derivative we show that it is bounded on S&’. At first we have

1.010,7 071 < 5 ( [l s e o+ [ ool de) oo,

Since g, X € L*(I';)? we obtain Z,g.,Z,x, € L*(I)?. The first integral in brackets
can be estimated by Hoélder’s inequality as

/I 195(2.7) - X (@) e < [Ty 220y | ool 220

Since + is fixed the terms on the right are constants with respect to 4. Concerning
the second integral in (7.4) we have 7.,p., 7, i, € L*(T') because of p., i, € H*(Q,).
Thus it can be estimated analogously by a constant which is independent of 7:

[ e enlds < [ i@ VIF e < o, ez e laoce,

To prove that D,J(y) is a Fréchet derivative we show that the mapping v +—
D, J(7) is continuous from int S to L£(S’',R). We write (7.3) as

D.T0)7 = 5 [ 1T,00)(@) - (F30)(@) = (E7,0,) ) Ty @]

For all v € § the functional g, € HJ can be extended onto L?(T,)?; see Theorem 5.1.
Therefore (Z7')*g, € Hj can be extended onto L?(I)? by the deﬁmtlon

(Z51)799, O) 22y L2 n2 = (99, L3 ) La(r, )2y L2(r, )2
= (g’yaI'yill:[l)F,y = ((I';l)*gwa \I])Ia v e Lz(‘[)za

where we introduced the Hilbert space adjoint of Z7_° L

(7.5) (Z71": LA0,)° = LX), g g(v(O)VI+2()%

Since Z, is an isomorphism between L?(I)? and L*(I',)? and S is bounded in H3([)
which is continuously embedded in W (I) also {[[(Z;")*lz(z2(r,)2.L2(n)2) Jres is
bounded. This implies that the family {(Z;')*g, },es is umformly bounded in L?(I)2.
Hence for 7, — v in S there exists a Weakly convergent subsequence, i.e.,

(Z:1) 94, 9)r — (9,9);  forall ¥ e L*(1)?
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with some g € L?(I)?. On the other hand, by Theorem 6.2 (Z')*g,, converges

n

weak-+ in Hj to (Z;')*g, which means that for n — co and all ¥ € H; we have
(T0,) 9y, Wz iy = (2597, ©)r = (T ) 9y, Wz, = (1) 94, V)1

Because H; is dense in L?(I)? we have g = (Z;l)*gv. By definition of (Z;l)*
this implies 7, g, — Z,g, in L*(I)?. The same arguments hold for y.. Since Z, is
continuous we have shown that the mappings v — Z,g, and v — Z, X, are continuous
from S to L?(I)? which implies that v — (Z,g,)-(Z,X~) is continuous from S to L*(I).

To show that the mapping v — Z,7,p, is continuous we recall that the family

{Ip+ |l (2,) }res is bounded. Since the solution p., of (5.2) is not even necessarily in
H'(2) we extend each p., to some f, € H' () such that the family {7, }-cs is bounded
in H 1(Q): We can easily define a family of bijective transformations T : 2, — Q
which together with their inverse mappings are uniformly Lipschitz continuous in S.
The family {T,p,},es of transformed functions is uniformly bounded in H'(); see
[13, Lem. II1.3.2] and the proofs of this lemma and of [13, Lem. I1.3.1]. Extending
T, p, by reflection to a function p, defined on €2 := (0,1) x (-1, 1) the family {p. } es
is uniformly bounded in H'(Q); see [14, Lem. IX.2]. Using [13, Lem. 11.3.2] again
we obtain T 'p, € H' (Tw_l(Q)) and the uniform boundedness of {p, },es in H' ()
for py = (Tw_lpv)‘()- For every sequence v, — 7 in & € W1 (I) we thus have
for a subsequence p,, — p weakly in H 1(Q) and p,, — P strongly in LQ(Q). Since
Dry,, — Do strongly in LQ(Q) by Theorem 6.2 and p,|o, = py = Py|o, this implies
pla, = py and by construction p = p, in Q). Therefore we have D~,, — D weakly in
H 1(Q) for the whole sequence. Because of 7,5, = 7,p, for all v € S we now obtain

12+, T Py — I’YT’Yp’YHLQ(I) = |2y, T Py — I“/T’yﬁ'yHL?(I)
< Ty, T = Tym) Py llz ) + 1Tl ez sy, p2 () 17 (P — Py)llL2 ()

The first term tends to zero because of strong convergence of the transformed trace
operators Z., 7., ; see [15, Lem. 2.11]. In the second term the first factor is uniformly
bounded for all v € S, and the second one tends to zero due to the compact embedding
of H'(Q) into L*(T,). Thus we have shown that v + Z,7.,p, is continuous from S
to L2(I). Using an analogous argument for u., we obtain that v — (Zy7p ) (Zy Ty )
is continuous from S to L'(I). This implies the Fréchet differentiability of J with
respect to yv. 0O

Let us note here that this derivative formula does not include normal derivatives
of the state variables along the domain boundary, but only the Lagrange multipliers
introduced by the embedding domain method.

8. Numerical methods. The numerical example presented below was com-
puted using the formula (7.3) for the derivative and an SQP method (see [16]) for the
optimization. It requires one gradient and at least one cost functional evaluation in
each iteration. Thus the systems (5.2) and (7.2) have to be solved several times for
different . Both systems were discretized by stabilized linear finite elements (see [17])
for velocity and pressure and piecewise constant elements for g, and x,. To satisfy
the inf-sup condition for the latter we used a coarser mesh size for their discretization
as suggested in [18]. The discretized counterparts of (5.2) and (7.2) then read

A BT D,? U, F,
(8.1) B C 0 P, =\ H |,
D, 0 0 G, 0
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where the matrix C' and the vector H appear due to the stabilization. Only the
entities with subscript «y in (8.1) change during the optimization process. Note that D,
represents a discrete one-dimensional trace operator and thus is very sparse. Therefore
the effort of rebuilding the system when + changes is negligible. This is a typical
advantage of embedding domain techniques.

For the solution of the discrete systems we used an Uzawa algorithm with an
outer preconditioned conjugate gradient iteration on the pair (P, G,). For the inner
system (a discrete Laplacian) we exploited the fact that the matrix A is fixed for all
~. Thus we computed its Cholesky factorization only once using a reverse Cuthill-
McKee re-ordering algorithm to obtain a minimal fill-up by the factorization. For
every gradient evaluation the inner system of the Uzawa algorithm thus requires
only solution of two sparse triangular systems. Once the discrete counterparts of
Drys Gys oy, X~ are computed the evaluation of the gradient via (7.3) can be done fast
since it involves only the computation of a one-dimensional integral. Furthermore, this
can be evaluated ezactly since for the used basis functions simple integration rules are
exact. Thus no additional discretization error is introduced by the gradient evaluation
and no normal derivatives of the velocities have to be computed. Their values are
implicitly included in g, x4. This fast and stable algorithm is fundamentally based
on the embedding domain technique by which these two Lagrange multipliers were
introduced.

9. Numerical examples. We considered a driven cavity flow as test example to
show feasibility of the embedding domain technique and the derivative formula (7.3).
The effort into the efficiency of the optimization was restricted to the choice of the
regularization type and parameter. The computational domain is a square with edge
length one. On the top edge a constant positive horizontal velocity is prescribed. The
other edges are regarded as walls with homogeneous Dirichlet boundary conditions.
A part of the bottom wall was set to be variable. We considered a tracking type cost
functional with A being the identity. The parameter v was set to ﬁ. We chose the
observation region as Q¢ := [0,1] x [0.5,1] and the desired state ug := u,,. The
curve I',, for the desired state was the graph of a symmetric cubic spline function v4
between y = y4(x) = 0.0 near the lateral walls and y = 4(0.5) = 0.4. The function ~y
had 13 degrees of freedom. The starting curve was a straight line at the level y = 0.2.
We used the box constraints v € [0.1,0.5] and added a regularization term e||fy’|\%2(1)

with € = 107° to the cost functional J ().

As can be seen in Table 9.1 the convergence was very fast: After seven iterations
and nine function evaluations the cost functional was reduced by more than 99 percent.
After another iteration the error, e.g., at the point (0.5), is only 1 percent. The
difference at the other points is higher. The influence of the point ~(0.5) is most
important because the flow structure is mostly influenced by the height of the bottom
wall and less by its form. Streamlines and pressure distributions for desired state,
start configuration, and solution are depicted in Figure 9.1.

A comparison between the derivative computed by formula (7.3) and by finite
difference derivatives can be seen in Table 9.2. Here only one point (in the middle) of
~ was variable, the others were fixed at v = 4 with 74 as above. A difference in the
magnitude of the derivative computed by (7.3) and the finite difference derivatives
can be seen. The finite difference derivatives differ much depending on their step-size.
The derivative computed by (7.3) represents the behavior of the cost functional on
the whole considered interval, specifically near the optimum ~(0.5) = v4(0.5) = 0.4.



154

streamlines desired state

THOMAS SLAWIG

pressure desired state

P

0.9 0.9
0.8 0.8f
0.7r 0.7F
0.6 06r
0.5 0.5F
04r 0.4
0.3F 03r
02f 0.2F
01f 01F
0 ‘ : : ‘ ‘ ‘ ‘ ‘ ‘ 0
0 01 0.2 03 04 05 0.6 0.7 08 0.9 0 0.1 0.2 03 04 05 0.6 07 0.8 0.9
streamlines start pressure start
: @
1)
0.8f
07
0.6
05F
0.4r 0.4F
03 03F
0.2f 0.2r
0.1p 0.1F
0 L L L L L L L L L 0 L L L L L L L L L
0 0.1 0.2 03 0.4 05 0.6 0.7 08 0.9 0 0.1 0.2 0.3 04 05 0.6 07 08 0.9
streamlines solution pressure solution
0.9
0.8
0.71
0.6r
05
04t
0.3
0.2f
0.1F
0 . . . . . . . . .
0 0.1 0.2 03 0.4 05 0.6 0.7 08 0.9

Fic. 9.1. Streamlines and pressure distribution for the driven cavity test case with Re = 100.

Top: desired state (cubic spline interpolated curve), middle: start curve, bottom: solution.

observation region Q¢ is the upper half of the cavity above the straight line.

The
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TABLE 9.1
Convergence behavior for the driven cavity test ezample. Only 7 of the 13 points of v are listed.
It./Ev. = number of iterations/function evaluations.

—
o+
3!
<

J | 7(0.125) | ~(0.25) | 7(0.375) | ~4(0.5) | 7(0.625) | ~(0.75) | ~(0.875)

6.2999e-04 0.2000 0.2000 0.2000 | 0.2000 0.2000 0.2000 0.2000

6.2079e-04 0.1992 0.2003 0.2016 | 0.2023 0.2016 0.2003 0.1992

5.2649e-04 0.1000 0.2300 0.4094 | 0.5000 0.4097 0.2316 0.1000

3.2227e-04 0.1688 0.2084 0.2625 | 0.2875 0.2627 0.2089 0.1688

1
2
3
4 4.831e-04 0.1842 0.2042 0.2311 | 0.2438 0.2312 0.2044 0.1843
5
7

5.2006e-06 0.1344 0.2190 0.3399 | 0.3937 0.3408 0.2201 0.1344

9 | 2.7258e-06 0.1299 0.2204 0.3499 | 0.4079 0.3509 0.2216 0.1300

2.5865e-06 0.1312 0.2200 0.3473 | 0.4044 0.3482 0.2212 0.1312

25 | 2.5865e-06 0.1312 0.2200 0.3473 | 0.4044 0.3482 0.2212 0.1312

27 | 2.5722e-06 0.1316 0.2200 0.3466 | 0.4035 0.3475 0.2211 0.1316

42 | 2.5722e-06 0.1316 0.2200 0.3466 | 0.4035 0.3475 0.2211 0.1316

==
OO 00| O U x| W[ N —
—
o

43 | 2.5665e-06 0.1317 0.2200 0.3466 | 0.4035 0.3475 0.2212 0.1318

0.1061 0.2694 0.3673 | 0.4000 0.3673 0.2694 0.1061

2
<

TABLE 9.2
Comparison between derivatives computed by formula (7.3) and by finite differences with dif-
ferent step-sizes h. The only control parameter here was y(x = 0.5), the other points of the curve
were fized at y(x) = v4(x),z # 0.5. Note the changing of the sign of the analytic derivative and the
finite difference derivative with small step-size near the minimum at v(0.5) = 0.4.

Derivative D7 () computed by

Formula Finite differences with step-size
~(0.5) (7.3) h=0.2 h=0.1 h = 0.05 h = 0.02 h = 0.01
0.36 | -3.6967e-04 | 2.9337e-03 | 2.8154e-04 | -6.0385e-05 | -9.4314e-05 | -1.2357e-04
0.395 | -1.2531e-04 | 4.3284e-03 | 1.4187e-03 2.0772e-04 | -1.4312e-05 | -2.7662e-05
0.4 2.6122e-06 | 4.5469e-03 | 1.5743e-03 3.1872e-04 4.5478e-05 | -4.7811e-06
0.405 7.3862e-05 | 4.7846e-03 | 1.6900e-03 4.5924e-04 1.3941e-04 3.7376e-05
0.49 4.1378e-02 | 9.6293e-03 | 8.7152e-03 8.6892e-03 7.6160e-03 7.2823e-03

Proof of Lemma 7.2. Since 5\,Y|Qg =0 and f',y = :ﬁﬁ =fon Q,NQ, 4y the

integral in (f'7 — f‘v-i-t% 5\7)9 has only to be taken over the set Q, \ (2, N Qy1¢5) =
I_ x (y+17,7), where I_ :={z € I : ¥(z) < 0}. With 7,A, = 0 we obtain

- . 2l
€~ Edda= [ [ 8w Do) - X (o) dyda,
1= Jy+ty
Estimating this term analogously to (6.2) we finally get

—_n3/2
A25)32 .

1 -~ = N 1
g‘(f'y - 'y+t"yv>\7)Q| < § ||f||Lao(Q)2H)\fy||H1(QW)
Since f € L>(Q)2,\, € H'(2,)?, and 7 € 8’ € L>°(I) this tends to zero for t — 0.
Proof of Lemma 7.3. Using Theorem 7.1 we obtain

(Xoys Ty Qyt3) H2 1L, = /Xv(mﬁ) Oy 5 (7,7) V1 +y2 d.
I

By Theorem 5.1 we have ﬁfy+t,7‘Qf/+try = 0 which implies @y y5(2,7) =0 for € I_

and Qy445(2,7) = Wyqey(x,7y) for x € I := T\ I_. With 7,4 45u,445 = 0 we get

(Xoys Ty Qyt5) 2,1, = _/1 XA(2:7) - Wy (2,7 +87) = Wypey(2,7)) V1+H 22 da
+
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Y5
= —/I X~ (,7) - </ Wy gy, ( df) V1492 dx.
+ ¥

Note that w,i5, € H'(y445)? and thus its trace on the segment {(x,€) : £ €
[v(x),y(z) + t3(x)]} (for fixed x) is a L? function. With the same argument the
restriction of 7,1, 44y, onto I'Y is an L? function. We show that

1 . _
C 1= 2 Xy Ty Oyen) 12,1, —/ XA(2,7) Uy (@, )YV 1+ 72 da
Iy

tends to zero. Using %f;Hﬁ Wyt i5,4(2,7) d§ = U454 (2,77) 7 We obtain

C=0C+0Cy = / XA (2,7) - Wy im0 (2, 7) — wy (2, 7)] 7V 1+ 92 dz

Iy

Tty
+}/ X~ (@,7) - </ [y 9,y (2, 8) = Wypiq,y (@, 7))] df) mdax.
I, 5

t

We show that both terms tend to zero for ¢t — 0: With Holder’s inequality we get

IC1] < [Tl XAl 20,2 [0y 49, — uv,yHm(r;r)Z-

The first two terms are bounded and we show that the last one tends to zero: The
family {[luye5ll a2, .2} and thus {[[u 4454 ]lm1 (0, .. )2 } is bounded for ¢ € [0, Zo]
with some ¢y sufficiently small. For €/ := Q,NQ, 5 which is contained in €245 for
all t € [0, to] the family {u, 45, : t € [0,%0]} is bounded in H'(€2,)?. This implies that
for every sequence {t;} C [0,to] with lim?¢; = O there exists a subsequence {t; } such
that {u,4¢,,5,y} is weakly convergent in H 1(Q’ )2. This implies strong convergence of
the sequence {u, 1,5} in L*(€,)%. Theorem 6.2 implies 1,145,y — 1,y strongly in

L2(Q)? for t — 0 and thus the weak convergence of {u,,5.,} in H'())? is valid for
the whole sequence. We consider the traces of the functions of any sequence on the set
T =T,Nn09, = {(x,v(x)) : * € I, }. By a classical embedding theorem the weak
convergence u7+t%y — u,, in H'(Q2)? implies strong convergence u“/*ﬁ’y'lﬁ —

W, |0+ in L2(TF)% Thus C) tends to zero for t — 0. Because U5,y is an L?
Y
function on 24,5 and thus also on {(z,y) : x € I,y € (v(z),v(z) +t5(x))} we write

1 VY €
02 = 7/1 X’Y(x77> . </ / u7+t"y7yy(.’£,n) dnd€> de
+ ~ y

t
1 vty
= ;/1 X~ (2, 7) - </ Uy g7,y (@, 0) (Y + 157 — 1) d77> md%
+ ¥

For a.e. € I the inner integral exists and can be estimated by Holder’s inequality:

Tty
< Jenax |y + 15 — 7 / [y +t5,y (2, 1) |2 dn
) ,

vy \ V2, vty 1/2
<) (/ dn) (/ ||uv+tv,yy($,n)||§dn)
Y Y

- 1/2
_ ~1\3/2 tane B 2d
= (1) Iy iy gy (2, )ll2dn )
Y

Tty
/ Wy pt5,yy (2,0) (7 + 17 — 1) dn
.
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Thus we obtain

1
Cl <7 [ Il T
+

v+t
/ Wy g i3,y (1) (7 + 15 — 1) dn
.

1/

ganal
<0 [ e le ([ Wit ln) T
+ ol
1/2

Yty
_n3/2
< P11 T BTy [l ([ st Ban) o
4 ¥
_13/2
< tl/QHvllL/oo(I) L [y o X322 02 Tyl 200, 40002

Boundedness of {||u, || g2(q. )2 }yes, S € WH(I), and 8’ C L*°(I) now imply Cy — 0.

Proof of Lemma 7.4. Theorem 5.1 gives

A Y+t
<g’Y+t’7a T’Y+t’7/>")’>H7+tw Hyty = /Ig'Y+t’7(z7’y + tﬁ?)(/ A
_ ol

£) d§>\/1 + (v + t9')3dx.

Adding zero in an appropriate way we get for the difference

1 .

¥<97+t’777’y+t"v>‘ >Hw+m Hoypey — /I 9y (2,7) - Ay (T, )7V 1+ v dx

:/I <g’y+tfy z, Yy +tY)V1I+ (Y +17)% — gy(2,7) 1+’y’2) Ay (@, 7)Y de
Yty
+/gw+tw(iﬂﬁ+t7)' (/ Ay y(,8) = Ay y(2,7) d5> YVI+ (Y +t¥)2dx
I_ bl

= D1 + DQ.
Again we show that both terms tend to zero for ¢ — 0: We define the function

¥(z) = { Sj,y(x,v(a:))ﬁ(x), igi—;

which is in L?(I)? because A\, € H?(£2,)? and 57 € &' C L*°(I). Then we have

Dlz/(gwm T,y +t)V1+ (V +17)? = gy(7,7) 1+7’2)"I/(x)dx-
I

Using the Hilbert space adjoint of 7.7 ! defined in (7.5) we may express D as

D1 = ((Ty4+3) ™) Gty — (Z571) 9 ©) 2 (1)) L2(1)2-
It can be shown that H; is dense in L?(I)2. Thus there exists a sequence {t}x in
Hy with limy o ¥ = ¥ in L?(I)2. For fixed k we may hence estimate
| D] < [(( Ty+17) Grtqy ¥ — ¢k>(L2(1)2)* L2(1)2|
U Tytt5) Grrer — (T gy ) i, | 4 10T g o — W) 20192y L2(2 -

The second term tends to zero since by Theorem 6.2 the Lagrange multipliers are
weak-x convergent in Hj if v+ 5 — v in W1°°(I) which is the case since v, v+ 17 €
S C WH(I). For every k € N we thus obtain that

ID1| < [{((Zy469) ™) Grrers ¥ = Vi) (r2eny2y- 22 + (T gy U — W) r2(n)2)- 1212
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Both terms on the right tend to zero because 1, — W in L?(I)? and the family
{(Z71)* 9+ }yes is uniformly bounded in (L?(1)?)*. Thus D; tends to zero for ¢ — 0.
For D5 we use a similar argumentation as for C5 in the proof of Lemma 7.3. We

just replace w5 by Ay, I by I, and x+(2,7) /T + 72 by gyes (2,7) /1 + (7 + 7).

Because {||A,||z2(q, )2 }yes is bounded by Theorem 7.1 we get that Do tends to zero.
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LINEAR QUADRATIC OPTIMIZATION FOR SYSTEMS IN THE
BEHAVIORAL APPROACH*

AUGUSTO FERRANTE! AND SANDRO ZAMPIERI?

Abstract. In this paper the following formulation of the linear quadratic optimal control prob-
lem for dynamical systems in the behavioral setting is proposed: given a linear, time-invariant, and
complete system, find the set of trajectories of the system that optimize a quadratic-type cost func-
tion and that satisfy some linear static constraints. This formulation provides a unifying framework,
where several generalized versions of the classical LQ optimal control can be stated and solved.

The existence of solutions is first discussed. It is shown that a necessary and sufficient condition
for the existence of solutions may be obtained as a by-product of a reduction procedure translating
the problem into an equivalent one of minimum complexity. Such a procedure is based on the theory
of £2-systems in the behavioral setting. Once the complexity is reduced, a parametrization of the
set of optimal solutions is obtained by employing a behavioral realization technique and a two-step
optimization procedure.

Key words. linear quadratic optimal control, behavioral approach, ¢2-systems, static con-
straints

AMS subject classifications. 49N05, 49N10, 93C05

PII. 0363012999352431

1. Introduction. In the behavioral setting, a system is defined as a triple
(L1) S = (T,W,B),

where T' is a time set, W is the alphabet of the system, and the behavior B is the set
of trajectories of the system. This definition of system has been introduced by Jan
C. Willems in the latter half of the 1980s [22, 23] and, starting from these classical
papers, a relevant amount of work has been produced in this direction.

In the above definition, the behavior B is simply the set of trajectories compatible
with the (equations of the) system: the classical distinction of the signal of the system
in inputs, states, and outputs is no longer present. Also, B is a completely arbitrary
set of trajectories which may be described by equations (or inequalities) given in im-
plicit form, and no causality assumptions are made. For these reasons the behavioral
set-up has been revealed to be the most suitable framework to treat modeling and
identification for many physical and economic systems where the above-mentioned
features are crucial.

The contribution of the present paper is to formulate and solve the linear
quadratic (LQ) optimal control problem in the behavioral setting: as it will be clar-
ified in section 2, this formulation encompasses as particular cases the classical LQ
optimal control problem, singular and cheap optimal control problems, and optimal
control for descriptor systems, and allows us to deal with very general dynamic equa-
tions, static constraints, and cost functions. This formulation has the advantage, of a
methodological and practical nature, of providing a unifying and elegant framework
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where a large variety of physical and economic problems can be directly stated and
solved with no need of preliminary manipulations. In particular, in economical sys-
tems, dynamic and algebraic equations are often mixed together, yielding an implicit
dynamic, and nonstandard static constraints are often imposed. Moreover, in such
systems, the distinction of signals in inputs, states, and outputs is sometimes artificial
and not built-in in the physical model, so that it results naturally to avoid an a priori
distinction of such a kind in the mathematical model too.

In recent years some works on the optimal control in the behavioral setting have
been produced [25, 16]. In [25] the behavioral approach to LQ optimal control was
first introduced in the following form: given a system and a quadratic cost function,
find the subsystem whose behavior is constituted by all the trajectories w* whose
cost cannot be decreased by a perturbation of finite support. The subbehavior B* of
optimal trajectories is obtained by interconnecting the original system with a suitable
“optimal controller.” We recall that in the behavioral setting the interconnection of
systems corresponds to the classical feedback control [24].

In the present paper we propose a different formulation of the LQ optimal control
problem. Such a formulation, in our opinion, is more in the spirit of the classical
optimal control problems, where the optimal solution is not required a priori to be of
feedback type and boundary conditions are assigned. For example, the classical LQ
optimal control problem for systems described by state equations can be expressed
in the following way. Find the set of controls w*(-) such that the corresponding
trajectories (z*(-),u*(-)) (with fixed initial condition x(0) = z) satisfy

(1.2) xz(t+1) = Ax(t) + Bu(t)

and minimize the cost function

(1.3) J(x,u) =Yy (),

t=0

where
(1.4) y(t) = Cx(t) + Du(t).

The search for the optimal solution is performed in the space of all possible controls
and the fact that the optimal solution happens to be of closed-loop type has no
relation with the formulation of the problem and it is only due to the particular
choice of boundary conditions. Note that, if the initial condition x(0) is not fixed, one
of the optimal controls is identically zero, the optimal cost is zero, and the problem
is trivial. The fact that makes the problem meaningful is that 2(0) is fixed a priori.

In this paper we address the following optimization problem which appears to be
the direct extension to the behavioral framework of the classical LQ optimal control
problem just described. Given a linear time-invariant and complete (see section 1.1 for
the precise definition) system with behavior B and a quadratic type cost function J(+),
find the set B* C B of trajectories of the behavior which minimize the cost function J
and satisfy a static constraint: for example, we may require that some components of
the trajectory take some fixed values at particular time instants. In the classical LQ
optimal control setting, this static constraint corresponds to the position z(0) = xq,
which fixes the initial state to a certain value x.

The first issue that we address is the problem solvability, which is shown to be
equivalent to the existence of trajectories of the system satisfying the static constraints
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and giving rise to a finite cost. We then establish a reduction procedure which allows
us to substitute the original system with a system with minimal complexity (i.e., a
linear time-invariant and complete system having the smallest possible set of trajecto-
ries), so that the search of optimal trajectories can be performed among a minimal set.
These issues are shown to be strictly connected to the theory of £2-systems, to which
the first part of the paper is dedicated. In particular, some results on ¢2-systems,
which appear to be of independent interest, are derived in section 3.

The paper is organized as follows. In subsection 1.1 we fix the notation and
briefly recall some well-known results on behavioral theory of linear systems. In sec-
tion 2 we give a precise mathematical formulation of our LQ optimization problem
for autoregressive (AR) systems. In section 3 we provide a very easy necessary and
sufficient condition for the problem solvability, and we present a procedure to reduce
the complexity of the problem by eliminating from the behavior the trajectories cor-
responding to infinite cost. In section 4 we finally present the solution of our problem.
In section 5 we briefly draw some conclusions.

1.1. Preliminaries. The complete theory of behavioral approach to dynamical
systems is really ponderous, and it is beyond the scope of this paper to illustrate such
a theory; for an illustration of the theory, we refer the reader to [23]. However, for the
ease of the reader and to fix the notation we now detail the class of systems that will
be considered in what follows and some of the very basic properties of the systems in
this class.

We deal with systems of the form (1.1) with the set of integers Z as the time
set (discrete-time systems), with the finite dimensional vector space R? as the signal
alphabet, and with a behavior that coincides with the set of solutions of a linear
difference equation with (matrix valued) constant coefficients.

More precisely, if o is the usual backward shift operator, let R[o,0~1]'*? be
that set of matrices whose entries are Laurent polynomials in o (i.e., polynomials
with both positive and negative powers of the indeterminate). A polynomial matrix
in R[o,01]"*4 induces a linear shift-invariant operator from (R%)% to (R!)Z in an
obvious way. This operator is called matrix shift operator. A matrix shift operator
R(o) in R[o,071]"*? can be represented in the following way:

K
R(o) = Z Rio",
i=k

where k < K and R; € R4, The kernel of this matrix shift operator has therefore
the following structure:

K
(1.5) ker R(o) = {w € (RN)Z ZRiw(t +i)=0 Vte Z} :

i=k

In this paper we consider dynamical systems whose behaviors coincide with kernels
of matrix shift operators. We recall that the class of AR systems coincides with the
class of systems whose behaviors are linear, shift-invariant, and complete, where a
behavior B is said to be complete if

weB < Wi[ty,ta] € B\[tl,tz] Vti,ts € 7,

and where the symbol w(;, ;,) means the restriction of the trajectory w to the interval
[t1, o).
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Summarizing, we consider the class of dynamical systems ¥ = (Z,R?, ker R(0)),
where R(c) is a matrix shift operator in R[o, 0 ~!]"*9. These systems are called AR
systems and the representations of the form (1.5) are called AR representations. The
importance and the properties of AR systems and AR representations are widely
investigated, especially in [23].

2. Problem formulation. In this section we give a precise mathematical for-
mulation of our problem. Let B = ker R(c), R(c) € R[o,071]"X4, be the behavior of
an AR system ¥ = (Z,R?,B). Let w be a trajectory of B: we consider a quadratic
cost function J defined by

(2.1) J(w) = [lwzy , )13 =D wi (Dwa(t),
t=0

where we have defined wy := Ra(0)w with Ra(0) € R[o, 01" being a polynomial
matrix. Observe that, since ws is uniquely specified by w, J(w) is a well-defined
quadratic cost function of w.

Clearly we have J(w) > 0 for all the trajectories w and then the set By of trajec-

tories of B which minimize J is trivially By = ker R(c) Nker Ry(0) = ker [Ii(((;))]'
The above minimization may be viewed as the behavioral counterpart of the clas-
sical LQ optimal control problem in the case when the initial state is unconstrained.
As we have seen in the introduction, a static constraint renders the problem mean-
ingful. This happens in the behavioral setting too. A very general linear constraint

is the following:
(2.2) rpw(h) + rppqwh+ 1)+ -+ rgw(H) = b,

where r; € R**? and b € R®. Defining the polynomial matrix Ry (c) € R[o,071]**? as
Ryi(o) := Zfih r;o’, and setting wy := Ry (0)w, the constraint (2.2) may be rewritten
in the more compact form

(2.3) w1(0) = (Ri(o)w)(0) = b.

The main issue of this paper is the analysis and the solution of the following
optimization problem. Find the set 7 (b) of all trajectories w such that

R(o)w =0,
(24) ’LUl(O) — b,
J(w) = ||wao,+50)||3 is minimal,

where R(c) € Ro,071)"*% Ri(c) € Rlo,07**9, Ry(o) € Rlo,07 1", w; =
Ri(o)w, and wsg := Ra(0)w.

Problem (2.4) presents the following features which are compared with those of
the classical LQ optimal control problem.

The dynamics. The first equation of (2.4) represents a very general linear dynam-
ics. It encompasses, as a special case, the descriptor systems dynamics

(2.5) Ex(t+1) = Az(t) + Bu(t).

In fact, (2.5) may be rewritten in the form R(c)w = 0, just by setting

(2.6) w:{x}

u
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and R(o) := Rg + oRy, where Ry := [-A | — B] and Ry := [E | 0]. Moreover,
linear difference equations (without control variables), which are typical of calculus
of variations problems, are included in the dynamics of (2.4) too.

The static constraint. Instead of just fixing the initial condition, a constraint of
the form (2.3) fixes some linear combinations of the values of (some component of)
the trajectory at arbitrary times. As a particular case, (2.3) can force the trajectory
to assume fixed values at fixed times. This possibility is very interesting in many
applications (see, e.g., [4, 3] and references therein); a further example is the landing
problem [20]: a control tower passes to an airplane a collection of way points that are
vectors of position and velocity in R? together with times of arrival. This is fitted
very well by the type of constraints (2.3).

The cost function. The cost index (2.1) is remarkably general because Ry(o)
is a Laurent polynomial matrix and this allows us to weigh together values of the
trajectory w(t) at different times and to consider the values of the trajectory w(t)
for t > T with T' € Z arbitrarily fixed. Singular optimal control problems may be
naturally formulated into this framework. With reference to the dynamics (2.5), such
problems consist in minimizing a cost function (1.3) with y being given by (1.4) and
R := DT D being singular. It is clear that such a cost function is expressible in the
form (2.1) just by setting w as in (2.6) and Rz(0c) = [C' | D]. Another interesting
observation is that frequency shaping techniques in classical optimal control theory
(see [1]) can be expressed directly in the time domain, using the generalized cost
function (2.1). Finally, notice that the cost function (2.1) can be seen to be the
discrete-time version of a quadratic differential form, as defined in [28].

The above observations show that formulation (2.4) is pretty general and covers a
variety of optimal control problems. It is particularly useful in problems with implicit
dynamics which are frequent in applications (see, e.g., [5, 13, 2] and references therein).
Moreover, formulation (2.4) suits very well control problems of economic systems (one
of the fields in which the behavioral framework seems more natural) in which the
dynamic is often implicit and it is required that at some time instants 17,75, ..., T},
some reference variables match exactly their target values. One of these cases is the
Leontief model for which many types of optimization problems have been stated and
studied (see, e.g., [15] and references therein).

A different version of the problem (2.4) is the case of finite time horizon, i.e., the
case when the cost function is

T
(2.7) J(w) := > w] (t)wa(t).

As it will be clear in what follows, the solution of the problem with cost function (2.7)
may be regarded as a subproblem of (2.4). For this reason we will not address the
cost (2.7).

We have defined the dynamic equations of the system over Z, even though the
cost is determined by the values of wy(t) only for ¢ > 0. This choice is based on
the fact that most of the classical literature on behavioral approach to discrete-time
linear systems deals with the biinfinite time axis case, even though the theory for
discrete-time linear systems over the time axis N is quite analogous [22]. On the other
hand, the choice of cost functions depending on the restriction of the signal on the
nonnegative time axis is quite natural in most of the applications.
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In some cases, however, it may be natural to consider the cost function

oo

(2.8) J(w) = Z wa (H)wa(t),

t=—o0

depending on the whole time axis Z. This choice of considering the whole Z as the
time axis permits us to treat the cost function (2.8) in the same framework. The
corresponding optimization can be solved employing essentially the same techniques
which we propose for problem (2.4).

3. Problem solvability and reduction of complexity. In this section we
provide a procedure to test the solvability of the problem and to reduce its complexity.
To this aim we will derive some interesting results on /2-systems [24, 27, 8].

Define (¢2)" as the set of all v € (R")% such that

o0
190,400 |3 1= D 0T (t)o(t) < 0.
t=0

Notice that (ﬁi)r is not a Hilbert space, since any trajectory which is zero on the
nonnegative time axis have zero norm. In order to obtain a Hilbert space structure it
is enough to consider equivalent two trajectories if they coincide on the nonnegative
time axis [6, p. 7].

Given the problem (2.4), let

T(b) == {w e (RN : R(c)w =0, wi(0) = b,

3.1
(3-1) and J(w) is finite and minimal}

be the set of all optimal trajectories. An important preliminary question is to un-
derstand when the previous problem admits a solution. In other words, we want to
determine the vector space

(3.2) B={beR*:T(b) %0},

that is the set of vectors b for which an optimal solution exists.

It is clear that only trajectories w € ker R(c) such that Ry(c)w € (¢3)" are
relevant in problem (2.4). In fact, all the other trajectories give rise to an infinite
cost. Then, define

(3.3) By :={w € ker R(0) : Rao(o)w € (£3)"}

to be the set of trajectories in B for which the corresponding cost is finite.

This set is linear and shift-invariant. However, it is not complete and thus it
cannot be described by an AR representation.

This can be overcome by introducing the concept of completion of a behavior.
Let B C (R9)% be any behavior. The completion of B is given by the following set of
trajectories:

CP(B) ={we (Rq)z D W[ty ts] € B|[t1,t2] Y ty,ty € Z},

where B|;, +,] is defined in section 1.1. Notice that, if we consider in (R?)% the point-
wise convergence topology [23], then the concept of completion just defined coincides
with closure with respect to this topology.
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It is clear that C'P(B) is always complete and that, if B is linear and shift-
invariant, then C'P(B) is linear, shift-invariant, and complete, and so it can be char-
acterized by an AR representation. In particular, this is the case for the behavior

(3.4) B, := CP(By),

whose importance is clarified by the following proposition.
PROPOSITION 3.1. Let B and B, be defined in (3.2) and in (3.4), respectively.
Then we have

(3.5) B={beR’: Jw; € R1(0)B, such that w1(0) = b}.

Proof. One way is easy. Suppose, conversely, that there exists v € B,. such that
(R1(0)v)(0) = b. Then for all n € N there exists w € ker R(o) such that Ra(o)w €
(63)" and w|[_y,n] = V|j—p,n]- Choosing n big enough, we have that (Ry(0)w)(0) =
(R1(0)v)(0) = b. The existence of a trajectory satisfying the restrictions and providing
a finite cost implies that 7 (b) # 0. 0

The previous proposition has the following straightforward corollary which con-
nects the problem solvability with a system-theoretic property: the trimness. We
recall that an AR system X = (T, W, B) is called ¢rim if for all & € W there exists
w € B such that w(0) = «, [23, p. 188].

COROLLARY 3.1. Problem (2.4) is solvable for all b € R® if and only if the
behavior By := Ry (0)B, is trim.

An interesting consequence of Proposition 3.1 is that if we substitute B with 5,.,
the set of optimal trajectories 7 (b) does not change. Hence it may be convenient to
perform the search for the optimal trajectories in the set B, since B, C B, and so this
reduction will cause a simplification of the optimization problem. For these reasons
it becomes interesting to find a procedure which provides an AR representation of
B, starting from R(c) and Ra(o). We will call the behavior B, the reduction of
B = ker R(0) with respect to Ra(c). Moreover, we will say that B is reduced with
respect to Ra(o) if it coincides with its reduction with respect to Ra(o). Notice that
B is reduced with respect to Ro(o) if and only if By := Ra(0)B is reduced with respect
to the identity or, equivalently, if and only if

By = CP(By N (£2)9).

In this case, we will say that the behavior B; is reduced.

It can be shown that the problem of constructing AR representations of reduced
behaviors is connected with the theory of £2-systems as presented in [24, 27, 12, 8,
11, 17, 21]. In the next subsection we will present some definitions and results of this
theory.

3.1. ¢2-systems and their properties. A linear shift-invariant system Y =
(Z,R4,B) is called an %-system if B is a linear shift-invariant and closed (with respect
to the £2? topology) subspace of

+oo
(031 .= {w € (RYHZ : ||wl|? := Z wT (t)w(t) < oo}.

t=—o0

A particularly important class of £2-systems is the class of so-called finite dimensional
{%-systems (see [24, p. 280]) which is the set of ¢2-systems whose behavior B satisfies
the condition

B =CP(B)N (¢2)".
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It can be shown that in this case CP(B) is always controllable [24]. Moreover, if
Y = (Z,R%,B) is a linear shift-invariant complete system, then B := BN (£2)9 is the
behavior of a finite dimensional £%-system, and in this case CP(B) is the behavior of
the controllable subsystem of ¥ (see [24, p. 266]), that is, the system ¥, = (Z,R?, B,.)
such that

B. = CP({w € B : w has finite support}),

and which is the largest controllable subsystem of 3.

Analogous considerations can be done if, instead of taking EQ—S}istems, we consider
éi—systems. In this case finite dimensional Ei—systems are systems ¥ = (Z,RY, B) such
that

B=CP(B)n (£2)1.

Also in this case, if ¥ = (Z,R%,B) is a linear shift-invariant complete system, then
B:=Bn (¢2)7 is the behavior of a finite dimensional % -system. However, now the
behavior is not controllable, but only stabilizable (see [26]). More precisely, CP(B) is
the behavior of the stabilizable subsystem of ¥ namely the system X, = (Z,R?, B;)

such that

6. ({we s i wio o))

which is the largest stabilizable subsystem of 3. This is a consequence of the following
proposition.

PROPOSITION 3.2. Let R(0) € Rlo, 0 1|P*? be full row rank and B = ker R(c).
Moreover, let Fy(o), F;(0) € Rlo,0 PP, and R'(0) € R[o,01P*4 be polynomial
matrices such that det F(o) has zeros in Co := {z € C: |z] < 1}, det F;(0) has
zeros in Cs :={z € C: |z| > 1}, R'(0) is left prime, and

(3.6) R(o) = Fi(0)Fs(o)R/ (o).
Then
CP(BN (£%)?) = ker Fy(o)R' (o).
Proof. We show first that
ker R(c) N (£3)? C ker Fi(o)R' (o),
which implies immediately that
CP(BN (£2)7) C ker Fy(0)R' ().

Let w € ker R(c) and w € (£2)9. Since R'(c) is left prime, then there exists a
polynomial matrix X (o) such that R'(c)X (o) = I, where I is the identity matrix.
Then define wy := X (0)R'(0)w and we := w — w;. First notice that wy € ker R'(0)
and so we € ker Fy(0)R'(0). Notice, moreover, that wy; € X (o) ker F;(c)Fs(o). Since
w € (£2)9, then it is clear that

lim w(t) = 0.

t——+o0
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We can argue that lim;, o wi(t) = 0. Let v € ker F;(0)Fs(0) such w; = X(o)v.
Then v = R/(0)w; and so lim;_ 4o, v(t) = 0. Therefore we have Fs(o)v € ker F;(o)
and that lim;_, 4 Fs(o)v(t) = 0. It is easy to see that this can happen if and only if
F,(o)v = 0. This implies that w; € ker Fy(0)R/(0) and so w € ker Fy(o)R/(0).
Suppose, conversely, that w € ker F(0)R'(0). We want to show that for alln € N
there exists w’ € ker R(0) N (£3)? such that wy_,, ] = W[ _,, - This implies that

ker Fs(0)R (o) = CP(ker F5(o)R'(0)) C B.

Fix n € N and let wy := X (0)R/(0)w and wy := w — wy. Since R'(c)w € ker Fy(o),
then w; € (£2)7. On the other hand, since wy € R'(c) and since ker R'(0) is con-
trollable, then there exists wy € R'(0) such that wo)_,, n) = w/2|[—n,n] and such that
w|’[N7+oo) = 0 for N € N big enough. Define w’ := w; + wh. Then it is clear that
w' € ker R(o) N (£3)7 and that w)[_, , = Wy - 0

As a corollary of the previous proposition, we obtain an effective characterization
of stabilizable behaviors which has been already proposed in [26]. Its proof easily
follows from the previous proposition and from proposition 4.3 in [23].

COROLLARY 3.2. Let R(o) € Rlo, 07 1P*? be a rank r polynomial matriz. Then
B :=ker R(0) is stabilizable if and only if

rank R(A) =7
forall X € Cs.

3.2. Construction of reduced behaviors. Consider again the problem of
constructing AR representations of reduced behaviors. In the particular case when
Rs(0) = I, the reduction may be obtained by employing Proposition 3.2. In order to
extend such a procedure to the general case, we need the following technical lemma.

LEMMA 3.1. Let B = ker R(c), where R(c) € Rlo,07 )9, and let Ry(o) €
Rlo, o1, If {v,}22, is a sequence in Ro(0)B, converging in the pointwise conver-
gence topology, then there exists a sequence {wy 152 in B converging in the pointwise
convergence topology, such that v, = Ra(0)ws,.

Proof. We first suppose that B = (R?)% and consider the scalar case p = ¢ = 1.
Suppose that

RQ(O’) = ZRiUi,

where Ry, Ry are nonzero reals. Let {v,}52, be a sequence in Rs(0)B, and let
{wn}22, be a sequence of trajectories satisfying

(i) wp(t) =0 for all n and for all ¢ € [I, L — 1], and

(ii) vy = Ra(0)wp.
It is clear that (i) and (ii) fix uniquely w,,. We want to show that if {v,, }52, converges
in the pointwise convergence topology, then the sequence {w,}5°, converges in the
same topology, i.e., for all ¢ € Z the sequence of real numbers {w,, (¢)}52, converges.
This is clearly true for ¢ € [I, L — 1]. Suppose, by induction, that {w,(t)}32, for all ¢
in an interval [h, H]. Then, since we have

vp(H+1—-L)=Rw,(H+14+1—-L)+ -+ Rrqw,(H) + Rpw,(H + 1)

and since v,(H +1—L),w,(H+1—L+1),...,w,(H) all converge as sequences in
n, then also w, (H + 1) must converge. In the same way we can show that w,(h — 1)
must converge.
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Consider now the vector case and consider the Smith form [9] of Ry(o),

vomiove) = |1 0],

where A(c) is a diagonal matrix and U (o), V(o) are unimodular. Take #,, := U~ (c)v,,.
Since the matrix shift operators are continuous, then {7,}5 , converges. Moreover,
since V(o) is onto, we have that
. Alo) 0
Up € 1M 0 ol

Using the result obtained in the scalar case, we may argue that there exists a con-
verging sequence {w, }52, such that

By, = {AE)U) 8} W

Finally letting w,, = V ~!(0)w,,, we have that {w, }5°, converges and v,, = Ra(c)w,.

Suppose, finally, that v, € Ra(0)B and that {v,, }22, converges. Then there exists
wy, € B such that v, = R(o)w],. Letting

we have that

R(o)w;, = { ;;((Ua))} wh = LH

converges and hence, by the previous arguments, there exists a convergent sequence
{wn, }52 such that

= _ | R(o) )
R(o)w, = [R2(0)} Wy, = [Un} .
This implies that R(o)w = 0 and that v,, = Ra(0)w,,. o

Remark. The previous lemma is equivalent to the fact that the linear map

Ry(o)s : B — Ra(0)B,

w  +—  Ry(o)w

is open [7, p. 221]. In fact, it can be proved that Lemma 3.1 is a particular case of
the open mapping theorem [18].

We are now in position to prove the next proposition.

PROPOSITION 3.3. Let B = ker R(c), where R(c) € R[o,0~1"¥4, and let Ry(o) €
R[o, 01", Then the reduced behavior B, (defined in (3.4)) is given by the expres-
sion

(3.7) By = ker {M(f)(gl(o)] ’

where M (o) € Rlo,071]9%" is such that ker M () = CP(Ra(c)B N (€2)7)).
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Proof. We first verify that
B, C BNker M(o)Rz(0).

Clearly B, C B. Moreover, if w € B,, then R(oc)w = 0 and Ry(c)w € (€2)", so that
Rs(0)w € Ra(o)BN (£2)" C ker M (o) or, equivalently, w € ker[M (o) R ()]

Suppose, conversely, that w € BNker M (o)Rs(co). Let By be the behavior defined
n (3.3). We have to show that

w € CP(By).

Since w € ker M (0)Ra(0), then v := Ry(o)w € ker M(c) = CP(Ra(0)B N (£2)"),
and so there exists a sequence {v,}22 in Ro(0)B N (¢2)" converging to v in the
pointwise convergence topology. By the previous lemma we can argue that there
exists a sequence {w, }°2  in B that converges in the pointwise convergence topology
to w’ € B and such that v, = Ry(0)w, and hence, by the continuity of Ra(c), we
have Ra(0)w = Ry(o)w’. Consider the new sequence {w,, —w’ + w}22, and observe
that its elements are still in B. Moreover, observe that Re(o)w, = v, € (£2)" so that
wy, € By. Consequently, w is in the closure of the previous set, just as we need to
show. a

By the previous proposition, an essential step in determining B, is the computa-
tion of an AR representation of CP(Ry(c)BN (¢3)"). To this aim we first look for an
AR representation of Ry(0)B. Since wa € Rz(0)B if and only if

I _ R2 (O')
(3.8) {O} wg = { R(o) } w
for some w € (RY)%, an AR representation of Ry(o)B,

Rs(0)B = ker N(o),

can be obtained by eliminating the latent variable w in (3.8) as suggested in [24, p.
265]. After this elimination we are in the range of application of Proposition 3.2.
Therefore, it is possible to obtain an AR representation for CP(Ry(c)B N (€2)"):

CP(Rz(0)BN (£2)") = ker M (o).

Notice that the previous arguments prove the following result.

COROLLARY 3.3. The behavior B = ker R(0) is reduced with respect to Ro(o) if
and only if Ro(0)B is stabilizable.

Therefore, if we want to verify whether B is reduced with respect to Ra(o), we
can simply apply Corollary 3.2 to any AR representation of Ra(0)B.

In view of the previous arguments, from now on, we can assume without loss of
generality that in problem (2.4) the behavior B = ker R(o) is reduced with respect to
R2 (U)

4. Optimal trajectories in AR systems. In this section we show how the
problem of finding the set of the optimal trajectories of a system ¥ can be translated
into an LQ optimization problem for a system in state form. This will be done
employing a driving variable state space representation of 3. This second optimization
problem is not the classical one, because it has a linear constraint on the initial state
and on the initial input. However, we will give a closed form solution using a two-step
optimization.
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In the next subsection we derive a state space reformulation of problem (4.1).
In subsection 4.2 we describe the state space counterpart of the results of section 3.
More precisely, we derive a necessary and sufficient condition, based on the state space
representation, for the existence of solutions. We also describe a procedure to perform
the reduction described in subsection 3.2 in terms of the state space representation.
These results allow us to derive in subsection 4.3 a parametrization of the set of
optimal trajectories.

4.1. From AR to state space representation. We recall from [23] that given
an AR system ¥ = (Z,RY, B), there exist A € R"*" B € R**™ (C € RI*" D € RI*™
such that w € B if and only if there exist z € (R")% and u € (R™)% such that

(4.1)

{ ot +1) = Az(t) + Bu(t), ., .

w(t) = Cx(t) + Du(t)

The signal z is called state variable while the signal w is called driving variable. The
representation (4.1) of the original system is called driving variable state representa-
tion. This state space representation has been introduced in [23], where the properties
of minimal representations are also analyzed. For our purposes it is sufficient to re-
call that minimal driving variable representations exist, they may be computed by
employing linear algebra techniques, and they have the state trimness property. The
realization (4.1) is said to be state trim [23] if and only if

(4.2) {zg € R" : Jz € (R")Z,u € (R™)%, w € B satisfying (4.1)
' such that 2(0) = zo} = R™.

The procedure determining the set of all optimal trajectories 7 (b) proposed in
this paper is based on the driving variable representation. Suppose that we are dealing
with problem (2.4), where we can suppose that B = ker R(o) is reduced with respect
to Ra(o). Consider the AR system ¥ = (Z,R9T5*" B), where

) R(o) 0 0
B=ker |Ri(c) —I 0
RQ(U) 0 -1
w
=<¢ |w | € RFHZ: R(o)w =0, wy = Ry(0)w, wy = Ra(o)w 3,
wo

and consider a driving variable state representation of :

z(t+1) = Az(t) + Bu(t),
w(t) = Cx(t) + Du(t),
(4.3) wi(t) = Cra(t) + Dyu(t), €D
’wg(t) = ng(t) + Dgu(t),

where x € (R™)% is the state variable and u € (R™)% is the driving variable. Since
(4.3) is a state representation of the system ¥, then (w,w:,ws) € B if and only if
there exists a state trajectory x and a driving variable trajectory « such that (4.3) is
satisfied for all ¢ € Z. The complexity of the solution of our problem will depend on the
dimension n of the state space of the representation (4.3). Hence, it is convenient to
consider a minimal state representation of B. For this reason, from now on, without



OPTIMAL CONTROL IN THE BEHAVIORAL APPROACH 171

loss of generality, we assume that (4.3) is a minimal representation of B and, in
particular, that state trim property (4.2) holds true.

Consider now the following optimization problem. Find the set of trajectories
(z,u) € (R"™)N such that

xz(t+1) = Ax(t) + Bu(t), teN,

(4 4) Cll‘(O) + Dlu(O) =,
' cfcy, cID x(t)| . ..
N0 T (), T 2 L2 Gy Lo
J(x,u) =" ple’ (t)u’ (1)) [D{Cz DQTDQ} {u(t) is minimal.
The following proposition shows that problem (4.4) is equivalent to problem (2.4).
PROPOSITION 4.1. Let T(b) be the set of optimal trajectories defined in (3.1).
We have that w € T(b) if and only if there exists (z,u) € (R"™)N satisfying the
requirements of problem (4.4) and such that

w(t) = Cx(t) + Du(t) Vi=0,1,2,....

Proof. Suppose that w € 7 (b). Then there exists (z,u) € (R"*™)Z satisfying
(4.3) for all t € Z. Let T := 2|[p,4-00) and @ := g, +o0). Then (Z,u) satisfies problem
(4.4). Actually, the first two equations of (4.4) are clearly satisfied. It remains to
show the minimality of J(Z,u). Let (¥/,@') € (R"*™)N such that

{ Z(t+1) = AZ'(t) + Ba'(t),
C12'(0) + Dy (0) = b.

By trimness of the state representation (4.3), there exists (z/,u’) € (R"*™)% such
that 2'(t + 1) = Az’(t) + Bu'(t) for all t € Z and 2" = x|, | ) and @’ = v | -
Define w’ := Cz’ + D/, w} := C12’ + Dyu/, and wh := Cax’ + Dou’. Then it is clear
that R(o)w’ =0, w} = Ry(o)w’, and w) = Ra(o)w’, and so

J(Z,1) = [|wa)0,400)|13 < Hw/QHO,«l»oo)”g = J(@,a'),

which shows the minimality of J(Z, ).

Suppose, conversely, that (Z,u) € (R"T™)N satisfies the requirements of (4.4) and
that w(t) = Cxz(t) + Du(t) forallt = 0,1,2,.... Then, by trimness of the state
representation (4.3), there exists (z,u) € (R"*™)Z such that x(t+1) = Ax(t) + Bu(t)
for all t € Z and T = |0, 400) and U = g, 4o0)- Define w := Cx + Du, wy :=
Ciz+D;u, and we := Cox+Dou. Then it is clear that R(o)w = 0, w; = Ry (0)w, wy =
Ry(0)w, and wy (0) = b. It remains to show the minimality of ||wajo,+00) 3. Actually,
suppose that w’ is such that R(c)w’ = 0 and let w} = Ry(0)w’ and w) = Ra(o)w’.
Suppose, moreover, that w;(0) = b. Then there exists (2/,u') € (R"*™)Z satisfying
(4.3) for all t € Z. Consequently, if we define 7’ := x1[07+00) and o' := U’T[O,-l-oo)’ then
lwaj0,400) |3 = J (T, 0) < J(&,0') = |\w§\[o,+oo)\|§7

and this implies the minimality of ||w2‘[0,+oo)||%. a

By the previous proposition we can argue that (2.4) is solvable, i.e., 7 (b) # 0 for
all b € R® if and only if for any b there exists a trajectory (z,u) compatible with the
equations

(4.5) { o(t+1) = Ax(t) + Bu(t),  teN,

01.17(0) + D1u(0) =b,

and such that J(z,u) < oco.
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4.2. Complexity reduction in state space representation. It is possible to
find a very easy necessary and sufficient condition for the solvability of problem (2.4)
based on the representation (4.3). To derive this condition we need some definitions
and a technical lemma.

Given the system

(4.6) { z(t+ 1) = Az(t) + Bu(t),

y(t) = Cz(t) + Du(t),

we will denote by V, the space of states zo € R™ for which there exists a trajectory w,
x, y compatible with equations of system (4.6) and such that y(¢) = 0 for all ¢ > 0 and
2(0) = zy. We will call V. the weakly unobservable space of (A, B,C, D). Similarly,
we will denote by V_ the space of states xg € R™ for which there exists a trajectory wu,
x, y compatible with equations of system (4.6) and such that y(¢) = 0 for all ¢ < 0 and
2(0) = zo. V_ will be called the backward weakly unobservable space of (A, B,C, D).
The space

(4.7) X, = X,(A) + (Alim B) + V,

where X;(A) is the stability space of A, (Alim B) is the controllability space of
(A, B), and V; is the weakly unobservable space of (A4, B,C, D), is called the output
stabilizability space of (A, B,C, D). We recall from [10] the following result.

LEMMA 4.1. The space X. of (A, B,Cy,Ds) coincides with the set of initial
condition x(0) such that there exists u yielding to a finite cost J(x,u) in (4.4).

We now prove a technical result concerning the space X, that will be useful below.

LEMMA 4.2. Given the system (4.6), let R = (A|im B) be its controllability space,
V4 be its weakly unobservable space, and V_ be its backward weakly unobservable space.
Then we have

(4.8) V_CV,+R.

Proof. Let n be the dimension of the matrix A, and let T be a point of V_. By
definition there exists a trajectory u, x, y compatible with equations of system (4.6)
and such that y(t) = 0 for all t < 0 and x(0) = Z. This clearly implies that z(—k)
is an element of the set V_’ﬁ of states of system (4.6) which is weakly unobservable
in k steps, i.e., the set of points zy € R™ for which there exists a trajectory u, x, y
compatible with equations of system (4.6) and such that y(¢) = 0forall0 <t < k
and z(0) = xo. Since the sequence of sets {Vi}tzlyz"” is decreasing and for ¢t > n
it becomes stationary [23], we have that for k sufficiently large x(—k) € V. Hence
there exists a trajectory u,, x4, y; compatible with equations of system (4.6) and
such that z, (t) = z(t) for t < —k and y4(t) = 0 for ¢ > —k. Then, 2.(0) € V..
Moreover, x4 (0) —Z € R, since they are both reachable starting from the state z(—k).
Therefore, Z € R + V4, and this concludes the proof. ]

The following result provides a link between the reduced behaviors setting and
system theoretic properties of the corresponding driving variable representations.

PROPOSITION 4.2. Consider problem (2.4) and the driving variable representation
(4.3). Moreover, let X, be the output stabilizability space of (A, B,Cq, Dy). Then,
B = ker R(o) is reduced with respect to Ry(o) if and only if X, = R™.

Proof. Suppose that X. = R™. Then for any trajectory we € Ra(c)B there exists
a state trajectory x and an input trajectory u such that

{ 2(t+1) = Ax(t) + Bu(t),

(4.9) wy(t) = Cax(t) + Daul(t),

teZ.
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Then in view of Lemma 4.1 and taking into account the state separation property,
it is clear that there exist wy € Ra(0)B, T, and @ satisfying (4.9) and such that
wa(t) = wa(t), x(t) = Z(t), t <0, and lim;_, o W2(¢) = 0. This is means, by definition,
that Ry(o)B is stabilizable, or, in view of Corollary 3.3, that B = ker R(o) is reduced
with respect to Ra(0).

Suppose, conversely, that B = ker R(o) is reduced with respect to Rg(o), or,
equivalently, that Ry (co)B is reduced, and let Ry(0)B = ker M (o) with M (o) full row
rank. Then, by Proposition 3.2, M(c) = F(o)M’'(0) with F(o) square with stable
determinant and M’(o) left prime. Let X (o) be such that M'(0)X (o) = I. Suppose
that o € R™. Then, by trimness, there exist x,ws satisfying the state equations in
(4.3) and such that x(0) = xo. Obviously, wy € Ry(0)B. As in the proof of Proposi-
tion 3.2 define w) := X (o) M'(c)ws and wh := ws — wh. Since M’'(c)ws € ker F(o),
then w) € (£2)". On the other hand, since w} € ker M’(c) and since ker M’ (o) is con-
trollable, there exists wy € ker M'(c) such that wy _ o = wy_, ¢ and such that
Wy 400y = 0 for N € N big enough. Define ws := wj+wy. Then it is clear that w; €
Ra(0)BN (¢2)" and that Wa)(—00,0] = Wa|(—oo,0]- Consider the state trajectory T such
that Z,wy satisfy the state equations in (4.3). Then it is clear that z(0) € X.. From
Lemma 4.2 it follows that Z(0) — z¢ € X., and hence, since X, is a linear space, that
zg € X. |

We are now ready to prove the following corollary which gives an easy necessary
and sufficient condition for the solvability of our problem.

COROLLARY 4.1. Consider problem (2.4) and the driving variable representation
(4.3). Let T(b) be the set of optimal trajectories defined in (3.1), and let X, be the
output stabilizability space of (A, B,Co, D2). Then T (b) # 0 if and only if

(4.10) b= Cyx + Du,

where x and u are such that Ax + Bu € X,.
If B =ker R(o) is reduced with respect to Ra(c), then T (b) # 0 if and only if

Proof. The first part follows from Lemma 4.1. For the second part, notice that if
B = ker R(o) is reduced with respect to Ry(o), (4.10) reduces to (4.11) since, in view
of Proposition 4.2, X, = R™ . ]

Before presenting the solution of the problem, we make a brief remark which is
suggested by the previous proposition. Assume that B = ker R(0) is not reduced with
respect to Ra(c), and let (4.3) be a driving variable representation of . It is clear
that its output stabilizability space X, is A-invariant and it contains im B. Then by a
suitable change of basis we can transform the representation (4.3) into the following:

a(t+1) = Az(t) + Bu(t),

w(t) = Cx(t) + Du(t),
(4.12) wy(t) = Cr2(t) + Dyu(t),
'UJ2(t) = CQ(Z?(t) + DQU(t)a

where
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C=[CtC?%,C,=[Ct C?,Cy=[Ci C%,D =D, Dy =Dy, Dy = Dy, and where
the output stabilizability space of the reduced driving variable representation

2t +1) = Allal(t) + Blu(t),

w () =Cle 1<t> + Du(t),
(4.13) wi(t) = Clat(t) + Dyut),
w(t) = Cha(t) + Doul),

is the whole state space R™ . It is clear that the set of trajectories w' compatible

with system (4.13) is a subset of B. Actually it is not difficult to show that this set is
exactly the reduction B, of B with respect to Ra(0):

B, = {w' € (R)Z: 3! € (R™)% u € (R™)Z such that (4.13) is satisfied Vt € Z}.

This observation furnishes a procedure to perform the reduction of B with respect
to Ra(0o) in terms of the state space representation.

4.3. Computation of optimal solutions. Next we furnish a parametrization
of the set of optimal trajectories 7 (b), or, equivalently (Proposition 4.1), of the set of
solutions of (4.4). Set Q := CTCy, S := C¥ Dy, and R := DI D,. Problem (4.4) is
thus equivalent to find

7= o B0 {[mT(O)UT(O)} [5% ]S%] [zggﬂ

+ min Sl (0u” (1) [5% }gz] [im}

t=1

(4.14)

As we have shown in section 3 or in subsection 4.2, we can assume that B is reduced
with respect to Ra(o). This assumption, in view of Proposition 4.1, implies that, in
the representation (4.3), the output stabilizability space of (A4, B, Cs, Ds) is the whole
space R™. In turn, this implies that the optimization problem

= min ooxT U Q@ Sijat)
(4.15) i = min ST O 0) EXIE
subject to
x(t + 1) = Ax(t) + Bu(t),
(4.16) { (1) — s

admits solutions u which render the cost function J; finite for all z; € R™ [10]. Hence
[10] the ARE!

(4.17)  M=Q+ ATMA—(S+ATMB)(R+ BTMB)*(ST + BT M A)
admits a minimum positive semidefinite solution M., which can be computed iter-
ating the corresponding difference Riccati equation starting from M (0) = 0 (see [19,

Chapter 4]). Moreover, minimization (4.15) can be performed in closed form yielding

LGiven a matrix A, A? will denote the Moore—Penrose pseudoinverse of A.
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J1 = 2(1)T My z(1), and the set of optimal state and input trajectories are given by
the solution of the following linear system:

z(t+1) = Fa(t) + Jo(t),

(4.18) u(t) = Kx(t) + Gu(t),

(1) =z,
where
(4.19a) K := —(R+ BT"M,B)*(ST + BT M A),
(4.19b) G:=1—-(R+ BT"M,B)*R+ BT"M,B),
(4.19¢) F:= A+ BK,
(4.19d) J := BG,

and v is an arbitrary trajectory parametrizing the set of optimal solutions.
We can now perform the first minimization of (4.14). This reduces (4.14) to the
following form:

(4.20) ol )T (0) [ & f%] [iggﬂ + 2T Moz (1)
Q+ATM A S+ATMOOB] [x(o)} _

— min (=" (0)u™(0)] {ST +BTM,A R+ BTM,B| |u(0)

T Cia(0)+Dru(0)=b

The latter is a static optimization problem which admits solutions if and only if
b € im [C; D). In this case the set of solutions is given by [14, p. 235]

(4.21) [ w(0)* } =E2b+ Z¢,
where £ is an arbitrary vector and the matrices = and Z are given by

E=(A+HTH)HTHA+HTH)HT)?,
(4.22) T T
Z=I—-(A+HTHY(A+ HTH),
Q+ATM A S+ ATM B
ST+ BTM,A R+ BTM., B\

This static optimization furnishes the set of vectors 2(0)* and «(0)*, which min-
imize the cost function. From them, using the state update equation, we find the
optimal z(1). Initializing system (4.18) with this z(1), we have a parametrization of
all the optimal trajectories x,u. Using (4.3), we immediately get a parametrization
of all the optimal trajectories w of B.

In the case when b ¢ im [C D;], all the trajectories of the behavior B which
satisfy the static constraint give rise to an infinite cost, or, equivalently, the problem
is not solvable.

where H := [C; Dq] and A := {

5. Concluding remarks. Since in the classical LQ optimization problem, the
optimal control can be expressed as a linear state feedback, the question that naturally
arises is whether or not this form of the solution remains valid in our setup. In the
behavioral approach, feedback control is interpreted as an interconnection of systems
which corresponds to an intersection of behaviors [24]. The previous issue reduces
then to the following question. Does there exist an AR system (controller) ¥. =
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(Z,R%, B.;) such that B,y = BN Bey, where By = {7(b) : b€ R*}? This can occur
only if the set B,y is linear shift-invariant and complete. The following examples
show that this is not true in general.

Example 1. Let ¥ = (Z,R,B) and B = RZ, and let wy = w and w; = (1 + o)w.
In this case the optimization problem is

o0
5.1 J(w) = min w3(t) = min w(0)? +w(1)?).
(5.1) (w) w(0)+w(1):b; (*) w(O)er(l):b( (0) O

The solution is easily w(0) = w(1) = b/2 and J,p; = b*/2. The set of optimal
trajectories, as b spans all the real axis R, is

(5.2) Bopt = {w € R : w(1) = w(0)}.

Clearly this set is not shift-invariant.

One may suspect that the solution may be expressed as linear feedback at least in
particular cases, for example, when the behavior B is autonomous or in correspondence
of a classical LQ problem for descriptor systems. This is not the case as the following
examples show.

Example 2. Let B be described by the following state model:

(5.3) { x(t+1) = Ax(t), ez,

where A = diag(1/2,1/4). Let w1 (t) = C1w(t) and wa(t) = Cow(t), where Cy = [1 1]
and Cy = diag(v/3/2,1/15/4). Tt is easy to see that, as b spans all the real axis R, the
set of optimal trajectories is

(5.4) Bopt = {w(t) = A [ . } fae R}.

Again, it is immediate to check that this set is not shift-invariant.
Example 3. Let B be described by the following state model:

(5.5) { w(t()) - ig;* ut)h ez

Let wy(t) = wa(t) = w(t). It is easy to see that, as b spans all the real axis R, the set
of optimal trajectories is

(5.6) Bopt = {b8(t) : bR}

Clearly, this set is not shift-invariant.

Observe, moreover, that in the formulation of a practical problem in the form
(2.4), the dimension of the trajectories vector w may be very large. However, the
reduction described in section 3.2 and the fact that the realization (4.3) is assumed
to be state trim insure that the complexity of the resulting Riccati equation is in any
case minimal. In other words, the complexity of the presented method is minimal.

The last observation we want to make concerns our technique for the solution of
the optimization problem. One of the basic philosophies of the behavioral approach is
to express the solution of a problem directly in terms of the data in which the problem
is formulated. In our case the data of the problem are the polynomial matrices R(o),
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Ri(0), Ra(0), and the vector b, and it would be desirable to describe the optimal
trajectories in terms of these data. In this paper we have not been able to achieve
this goal, since the solution we propose is obtained by passing through intermediate
state space representations. The research of a solution realizing this goal remains a
subject of our present investigation.
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FROM THE MOSCO AND SLICE CONVERGENCES
FOR CONVEX NORMAL INTEGRANDS TO THAT OF
INTEGRAL FUNCTIONALS ON L? SPACES*

JEROME COUVREUX!'

Abstract. Given a sequence of integrands f,, : T'x X — R (n > 1) which converges in the
sense of the slice-topology to an integrand f, (7, A, ) being a complete probability space and X
a nonreflexive Banach space with separable dual, we show that the sequence of integral functionals
I(fn):u— ffn(t, u(t))dp (n > 1) associated to the (fy) converges to I(f):u — f f(t,u(t))dp in
the sense of the slice-topology on LP(X) and that the sequence of integral functionals associated to
the conjugate integrands (f;%) converges to I(f*) : u — f X u(t))dpon LY(X™*) (with1 < p < 400
and p~! + ¢~ = 1). This is an extension of some results which were shown to hold by Joly and de
Thélin for Painlevé-—Kuratowski convergence when X is finite dimensional and by Salvadori for Mosco
convergence when X is reflexive. We also need to provide some criteria for functional convergence
in the slice-topology, using the strong epigraphical upper limit.

Key words. integrands, integral functionals, measurable multifunctions, epi-convergence, slice-
topology
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1. Introduction. Epi-convergence was introduced by several authors for the
study of minimization problems. It is known that the important fact about epi-
convergence of a sequence of functions f, : X — R (n > 1) is that, in the presence
of appropriate compactness assumptions (see [At]) this type of convergence entails
nice properties of the infimal values inf{f,(z)/x € X} and of the set of minimizers
Argmin f,. Recall that, moreover, epi-convergence of such a sequence of functions
is a special case of set convergence: it means Painlevé-Kuratowski convergence (see
[Ku, At, Bel]) of the sequence of their epigraphs regarded as subsets of the product
space X x R. We shall be led to use natural extensions of Painlevé—Kuratowski con-
vergence to infinite dimensional spaces, namely the Mosco type convergences. These
convergences consist in the Painlevé—Kuratowski convergence of sequences of subsets
with respect to, at the same time, two different topologies on a Banach space X: for
example, the weak and strong topologies, which was the case originally considered
by Mosco [Mol]. Mosco convergence of epigraphs, induces a functional convergence
which is often called Mosco convergence. When X is finite dimensional, Mosco and
Painlevé-Kuratowski convergences coincide on F(X) (the space of all nonempty closed
subsets of X). Further, a topology was introduced on F(X) by Beer [Bel], namely,
the Mosco topology, which is compatible with the original Mosco convergence on
Fe(X) (the space of all nonempty closed convex subsets of X). The most important
properties of Mosco topology hold on F.(X) when the Banach space X is reflexive
and separable. Another topology was then introduced on F.(X) (or on F(X)), which
entails a convergence stronger than Mosco’s convergence and whose properties are
interesting even without reflexivity: it is the slice-topology. This topology was first
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considered by Joly and more recently by Sonntag and Zalinescu in a survey arti-
cle (see [SZ]). The slice-topology was in fact intensively studied by Beer [Be2, Be3,
Be4, Be6], who has shown its nice properties. Notice also that the term “slice” is
due to Beer. As for Painlevé-Kuratowski and Mosco convergences, the slice-topology
induces a useful functional convergence. The Painlevé—Kuratowski convergence, as
well as the slice-topology, have interesting variational properties. More precisely, the
polarity, regarded as a map from F.(X) into the set of w*-closed convex subsets of
X*, is bicontinuous with respect to the slice-topology. This continuity property has
already been shown to hold for the Painlevé—Kuratowski convergence by Wijsman
[Wi] when X is finite dimensional and by Mosco when it is reflexive. In turn, for
convex functions identified with epigraphs, this implies the continuity of conjugacy
with respect to epi-convergence, which is most useful for approximating the solutions
of optimization problems (see [At, Be6, Mol]).

The purpose of this paper is to present some results about the Mosco convergence
and the convergence in the slice-topology for integral functionals. Given an integrand
f, that is an extended real-valued function defined on the product 7' x X, where here
(T, A, ) and X are, respectively, a complete probability space and a Banach space,
we consider the integral functional defined on LP(X)1 < p < 400 (the space of all—
equivalence classes—of Bochner integrable functions) by I(f) : u — [ f(¢, u(t))dp.
These integral functionals were introduced by Rockafellar in [Rol, Ro2] and were
studied in many papers (see, for instance, [Ro5, CV, JT, HU, Sa, CH, Cou]). The epi-
convergence of integral functionals associated to a sequence of integrands f,, : Tx X —
R (n > 1) was first studied by Joly and de Thélin [JT] when X is finite dimensional.
This result was extended for an infinite dimensional reflexive and separable Banach
space X by Salvadori: this author shows (see [Sa, Theorem 3.1]) that when dealing
with a sequence (f,,) which Mosco converges to an integrand f, the sequence (I(f,,))
of the integral functionals associated to the (f,,) Mosco converges to I(f) on L*(X)
and the sequence (I(f7)), where f denotes the integrand conjugate of f,,, Mosco
converges to I(f*) on L*°(X*). Our present objective is to provide a similar result
where the Mosco functional convergence is replaced by the one deduced from the
slice-topology. Considering a sequence of integrands f,, : T x X — R (n > 1) which
converges in the sense of the slice-topology to an integrand f, where X is then a
nonreflexive Banach space with separable dual, we show that the sequence of integral
functionals associated to the (f,,) converges to I(f) in the sense of the slice-topology
on LP(X) and that the sequence of integral functionals associated with the conjugate
integrands (f;) converges to I(f*) on LY(X*) (with1 <p < 4+ocoand p~1+¢~1 =1).

The paper is organized as follows. In section 2, we give the needed notations and
preliminaries. In section 3 some criteria for functional convergence in the sense of the
slice-topology are presented. The main results are expressed in section 4. Section 5
deals with some useful properties of integrands and integral functionals, and finally,
section 6 contains the proofs of the main results.

2. Definitions and notations. Throughout this section X will be a separable
Banach space whose norm is || . ||. We denote by P(X) the space of all subsets of X,
by F(X) (resp., Fe(X), Fep(X)) the family of all nonempty closed (resp., nonempty
closed convex, nonempty closed convex and bounded) subsets of X for strong topol-
ogy, and by Fo«(X*) (resp., Ferp(X™*)) the family of nonempty closed convex (resp.,
nonempty closed convex and bounded) subsets of X* for weak star topology. The in-
dicator function associated to A € P(X) is the function (., A) such that é(x, A) =0
if x € Aand 6(z,A) = oo if © ¢ A. We write also B(X) for the Borel tribe of X.
The closed ball with center x and radius r is denoted B(z, ).
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The distance function of F € P(X) and its support function are defined, respec-
tively, by

d(z, F) =inf{||lz —y||/y € F}, v € X and s(z", F) = sup{(z™,z)/x € F}, 2" € X".
The gap between two subsets F' and G of X is defined by
D(F,G) = int{|lz - yl/z € Fy € G}.

Let T be an abstract space. A multifunction F is a map from T to P(X). The domain
of F' is the following subset of T

dom F = {t € T/F(t) # 0}.

A selection of such a multifunction F' is a function s : T — X such that for all
tedom F, s(t) € F(t).

Suppose now that (T, A) is a measurable space. A multifunction F : T — P(X)
is said to be Effros-measurable or measurable (see [Be2, CV, He2, Him)|) if for every
open set U in X

FUeA, where FU={teT/F(t)nU # 0}.

The Effros sigma algebra is denoted by E(F(X)). It is the smallest sigma algebra of
subsets of F(X) containing all sets of the form {A € F(X)/ANV # 0}, where V runs
over the open subsets of X. Notice that when F(X) is equipped with some topology
T (see also section 3), if the Effros tribe coincides with the Borel tribe associated with
7, then a multifunction F' : T — F(X) is Effros measurable if and only if it is Borel
measurable.

A measurable multifunction defined on a probability space may be also called a
random set. A measurable selection of a measurable multifunction F' is a selection
of F that is (A, B(X))-measurable, and a Castaing representation of F is a sequence
s$n T — X (n > 1) of measurable selections of F satisfying for all ¢ € dom F,
F(t) = cl{sp(t)/n > 1}. Let f : X — [—00,400] be a function. Its epigraph is the
following subset of X x R:

épi f={(z,0) € X x R/f(x) < a}.

TIts domain is dom f = {x € X/f(x) < +oc}. The function f is said to be proper if
for all x € X, f(x) > —oo and if for some z € X, f(z) < +00. The conjugate of the
function f is defined by

fr(@*) =sup{(z*,z) — f(z)/x € X}, z"e€X".

Let T be again an abstract space. Every map f : T x X — [—o00,+00] is called an
integrand. The integrand conjugate of f is f* : T x X* — [—o0, +00] defined by

it x) =sup{{(z*,x) — f(t,z)/x € X}, (t,x")eT x X"

The epigraphical multifunction associated to an integrand f is F : t — epi f(t,.). Let
(T, A) be still a measurable space. If the epigraphical multifunction F(t) = epi f(¢,.)
is measurable, f is called a normal integrand. Assume that a probability measure p
is given on (T, .A). If for almost every ¢ € T the function f(t,.) satisfies any property
(P) (for instance f(t,.) is lower semicontinuous, convex, etc.), the integrand f is said
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to satisfy (P). Let (T, A, 1) be a complete probability space. A lower semicontinuous
(Isc) integrand f : T x X — [—o00,+00] is normal if and only if it is A ® B(X)-
measurable.

We write L°(T, A, X), or L°(X) for the space of (equivalence classes of) (A, B(X))-
measurable functions that are defined on T with values in X. We write also
LP(T, A, p, X) or LP(X) (1 < p < 400) for the space of (classes of) functions f such
that ¢ — ||f(¢)||x belongs to LP(T, A, u, R). For every multifunction F' : T — P(X)
and each p with 1 < p < +o0, let us set

SP(F,A) ={f e LP(T,A u,X)/f(t) € F(t) almost surely (a.s.).

The integral function associated to a normal and lsc integrand f : T'x X — [—o00, +o0]
is the functional defined on LP(X)(1 < p < 4+00) by

Let us consider now two functions f, g : X — [—00,+00]. The epi-sum (or infimal
convolution) of f and g is the function, denoted by f +. g, defined by

(f +e g)(z) = inf{f(w) + g(z —w)/w e X}, z€X.

An important tool in convex analysis is the method of regularization in which a given
function f is approximated by the epi-sum of f with members of a parametrized
family of smoothing kernels, such that when the parameter approaches zero from
above, the epi-sums “converge” to the initial function. Regularization by kernels of
the form k|| .|| (k > 0) is often called Lipschitz or Baire—Wijsman regularization, and
regularization by kernels of the form (k/2)||.[|?(k > 0) is known as Moreau—Yosida
regularization (see [Be6]). In what follows we need to use regularization by kernels of
the form {k||.||”/k > 0} with 1 < p < +00. So we set

(@) = (f +e kIl 1) (@) = inf{f () + kl|lu — =] /u € X}.

PROPOSITION 2.1. Let f : T x X — | — 00,400] be a normal and lsc inte-
grand. The integrand defined for each t € T by f*P(t,.) is a normal and continuous
integrand.

As may be well known by the reader, the Lipschitz regularization with parameter
k of some function f is the largest Lipschitz continuous function with constant k
that f majorizes (see [Be6]). Considering the regularization by kernels of the form
{k||.||?/k > 0} 1 < p < 400, we have the following result.

PROPOSITION 2.2. Let f: X — ] — 0o0,+00| be a proper function, and let k, p
be such that 0 < k < +00 and 1 < p < 400. Then for each x and w in X, we have
Frr(a) < 2R (w) + 207 |z — P

Proof. Let us fix x and w in X, a arbitrary such that f2p71k’p (w) < « and choose
z € X with f(2) + 2P~ k||w — 2||P < a. We compute

(@) < f2)tkllz—zlP < f(2) 420 Kllz—w|P+2 7 klw—2]P < o277 ko —w]]P.

Since a was arbitrary, the wanted result holds. a
Throughout this paper (7,4, u) will be a complete probability space.
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3. The topological concept: Definitions and criteria. Let (Y,p) be an
abstract topological space and f, : Y — [—00,+o0] (n > 1) a sequence of functions.
We denote by V(z) the family of neighborhoods of x € Y relatively to topology p.
The following functions are said to be, respectively, the p-epigraphical (or p-epi) lower
limit and the p-epigraphical (or p-epi) upper limit of the sequence (f,):

(P‘liefn) (x) = SUPyey(x) lim infnzl inquan(u)v

(p'lsefn)(x) = SUPyey(a) lim SUPp>1 inquan(u)'

When these two functions are equal, the common value is called the p-epigraphical
(or p-epi) limit of (f,), it is denoted by p-lim, f,, and the sequence (f,,) is said to be
epi-convergent. Moreover, let us notice (see [At, Theorem 1.13]) that if Y is a metric
space whose strong topology is denoted by s, we have

(3.1)  (s-lsefn)(x) = min {limsup,,>q fu(2n)/(zn) such that z = s-lim z,,}.

The reader interested in studying more precisely epi-convergence and its nice proper-
ties should refer to [At].
If (C},) is a sequence in F(Y'), we put

p-li Cp, ={z €Y/x=p-limz,,x, € Cph,n > 1},
p-ls Cp ={x € Y/x = p-limayg, xp € Cpy, k > 1}

p-li Cy, and p-ls C,, are, respectively, the p-lower limit and the p-upper limit of (C),).
We say that (C),) converges in the sense of Painlevé—Kuratowski to C relatively to
the topology p, which is denoted by C = p-lim C,, if the two following equalities are
satisfied:

C =p-li C, = pls C,.

Let o be another topology on Y. The sequence (C),) is said to be Mosco convergent
to C with respect to p and o, and we write C = M (p, o)-lim C,, if

C =p-limC), = o-lim C,,.

In the special case where o is finer than p, these last equalities are equivalent to the
following inclusions: p-ls C), C C C o-li C,. Let us now denote, respectively, by w
and s the weak and strong topologies of a normed space X. Following Mosco [Mol],
a subset C is said to be the Mosco limit of a sequence (C,,) in F(X) if C = M (w, s)-
lim C,,, which may be denoted by C' = M-lim C,,. For more about Mosco convergence,
the reader can refer to [Mol] or [Bel, Be3]. A sequence of extended real functions
(fn) defined on Y is said to be Mosco convergent to a function f with respect to
the topologies p and o, which is denoted by f = (M(p,0),Y)-lim f, if epi f =
M(p,0)-limepi f,. Moreover (see [Mol] or [Bel]), we know that f = (M(p,0),Y)-
lim f,, (with p < o) if and only if conditions (3.2) and (3.3) below are satisfied:

for every x € Y, there exists a sequence (z,) in Y with = o-lim x,, such that

(32) limsup fn(zn) < f(z),
for any subsequence (f,,) of (fn), if ¢ € Y is such that x = p-lim xy, then

(3.3) liminf f,,, (zx) > f(z).
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Let us consider again a separable Banach space X. A slice of a ball is the in-
tersection of a closed ball and a closed half space passing through the interior of the
ball. The slice-topology on F(X) is the weak (or initial) topology determined by
the family {D(B,.)/B is a nonempty slice of a ball}. It is denoted by 7;. About
the properties of this topology the reader can refer to the intensive works of Beer
[Be2, Be3, Be4 and Be6]. Further, from Beer [Be3, Theorem 5.2] we know that the
slice-topology restricted to F.(X) is the weak topology determined by the family
{D(B,.)/B € Fe(X)}. The dual slice-topology that is denoted by 7_* is the topology
on Fe- (X*) generated by the family {D(B,.)/B € Fep(X*)}. A sequence of extended
real functions (f,,) defined on X is said to be convergent to a function f in the sense
of the slice-topology, which is denoted by f = (7, X)-lim f,, if epi f = T-limepi f,.

Wigsman’s topology on F(X), which is denoted by 7, is the topology of point-
wise convergence of distance functions. It was introduced in [Wi] when X is finite
dimensional. A sequence (C,,) of closed sets is said to converge to C' in the Wijsman
topology if, for every € X, one has d(z,C) = limd(x,C),). For more about the
nice properties of this topology, see [Wi, Be2, Be4, He2]. A sequence of extended real
functions (f,) defined on X is said to be convergent to a function f in the sense of
the convergence deduced from Wijsman’s topology, which is denoted by f = (7, X)-
lim f, if epi f = 7T,,-limepi f,. Notice that the slice-topology is the supremum of all
Wijsman’s topologies varying the norm on equivalent norms (see [Bed]).

X being still a Banach space, let us consider the space F(X) equipped with
Wijsman’s topology 7,,. Following Hess [Hel, Theorem 3.1.1, P1.6], we know that
the Effros tribe £(F (X)) coincides with the Borel tribe associated with Wijsman’s
topology 7, on F(X). That means that a multifunction F' : T — F(X) is Effros mea-
surable if and only if it is Borel measurable. Moreover, Beer has shown that if X has
a strongly separable dual X*, then the Borel tribe associated with the slice-topology
75 on F(X) still coincides with the Effros tribe (see, for instance, Theorem 5.8 in
[Be2]).

We ought to establish now some criteria for functional convergence in the slice-
topology. They are given in Propositions 3.4 and 3.6, below. Proposition 3.4 is a result
which is easily deduced from the fundamental statement recalled in Proposition 3.1
(Proposition 4.1 of [Be3]). Notice that a more precise result than Proposition 3.4
has been obtained by Attouch and Beer: it is Theorem 3.1 in [AB], where the given
conditions need only to hold at points = in dom df and x* in Range 0f. But for the
convenience of the reader, in what follows, we choose to build easily Proposition 3.4
from Proposition 3.1.

In the following results, X will be a Banach space.

PROPOSITION 3.1. Let f, fr, : X — ]| —o00,+00] (n > 1) be proper lsc and convex
functions. Then, the following properties are equivalent.

(a) f= (7, X)-lim f,,.

(b) For every open subset W of X and each a € R, the condition epi f N {W x

| — oo, al} # O implies that epi f, N {W x] — oo, a} # 0 eventually, and for
every open subset V of X* and each o' € R, the condition epi f* N{Vx]—
oo, /[} # 0 implies that epi f N{V x] —o0,a'[} # 0 eventually.

Lemma 3.2 below will be useful for proving Proposition 3.3.

LEMMA 3.2. Let (C,) be a sequence of F(X). The following statements are
equivalent:

(a) C C s-li Cy;

(b) for each open subset V of X satisfying CNV # 0, then C,NV # B eventually.
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Proof. The proof of (a) = (b) follows from the definition of the strong lower
limit. For proving (b) = (a) let us consider one = € C. Because of assumption (b)
one has for each k > 1, C,,NB(x,1/k) # () eventually. Then, one can build a sequence
Zpn € Cp, (n > 1), which converges strongly to z; that is, z € s-li C,,. |

PROPOSITION 3.3. Let f, fn: X — ]—00,+00] (n > 1) be proper lsc and convex
functions. Then the following properties are equivalent.

(a) For each x € dom f, f(x) > (s-lscfn)(x);

(b) For every open subset W of X and each a € R, the condition epi f N {W x

| — oo, al} # 0 implies that epi fr, N {W x] — oo, [} # D eventually.

Proof. First see that statement (b) is equivalent to the following: for every open
subset W of X x R the condition epi fNW # () implies that epi f,, "W # 0 eventually.
Thanks to Lemma 3.2, that means epi f C s-li epi fn. As s—1li epi f,, = epi (s-lsefn)
(see [At, Theorem 1.36]), that provides the result. 0

PROPOSITION 3.4. Let f, fn: X — ]—o00,+00] (n > 1) be proper lsc and convex
functions. Then the following statements are equivalent:

(8) f = (T, X)lim fo;

(b) for eachx € dom f, f(x) > (s-Isc fn)(x), and for each x* € dom f*, f*(z*) >

(s-l5e2) (@),

In Proposition 3.5 we ought to state some inequality between the strong epigraph-
ical upper limit of some functions and their regularization by kernels of the form
{k||.|I”/k > 0} 1 < p < 400, the result of which is vital for proving Theorem 4.1. A
similar result was established in [Hed4] for Lipschitz regularization (p = 1).

PROPOSITION 3.5. Let fp, : X — ] —00,400| (n > 1) be a sequence of proper
Isc and convex functions, and let p be such that 1 < p < 4+00. Then the following
properties hold.

(1) For every x € X, (s-18c.frn)(x) > supysolimsup,~, f¥P(z).

(2) If there exists ug € X and (a,b) € RT™ x R such that for every x € X,

fa(@) > —allz — uoll — b, then (-1, £a)(2) < supysg limsup,», FE2(x).

Proof. (1) For each p > 1, k > 0, n > 1, and every = € X, one has f,(z) >
fﬁpilk’p(x) so that we can write, using the definition of s-Is. [,

(s-lse fn)(w) = sup,,>q limsup,, > inf{ f,,(v) /v € B(x,1/p)}
> sup,», limsup,,», inf{ /2" "7 (v) /v € B(x,1/p)}.
Using Proposition 2.2, it follows that
sup,,>q limsup, >4 inf{fn(v)/v € B(z,1/p)}
> sup,>q limsup,,>; inf{ f¥?(z) — 2P"'k||lz — ||’ /v € B(x,1/p)}
(3.4) > SUPM21{hm SuPnzl(frlf’p(x) - 2p_1k/ﬂp)} = limsup,,>; fff’f’(ac).

Since (3.4) is true for each k > 0, the wanted inequality holds.
(2) We ought to show that for every x € X,

sup,,>q limsup,,>4 inf{f,(v)/v € B(z,1/p)} < supy~olim SUp,,>1 f,’f’p(x).
Let us define for each z € X : w(x) = supy>, limsup,,>; f¥?(z). So, we wish to prove

s
that for all © € X (s-Iscfn)(z) < w(z), the inequality of which is true if w(z) = +oo.
Else, let us fix p > 1 and « €]0,1[. Consider for each n > 1, £k > 1, and p > 1 the
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following statements:

fa(0) + Kl = of|P = inf{ fn(u) + kllz — [’ /u € X} +

(3.5) for all v & B(x,1/p)
and
(3.6) frP(@) = mnf{f(v) + kl|z = o|P /v € Bz, 1/n)}.

Clearly (3.5) implies (3.6). Further, fix & > 1. From the definition of w there exists
no(k) > 1 such that for all n > ng(k), w(x)+a > f5P(z) so that obviously w(z)+2a >
fEP(z2) 4+ a. Our goal is to obtain (3.5) for each n > ng(k) and every k > kg, ko being
chosen later in the proof. It is readily seen that this objective is reached if

(3.7) fa() + kl|lz —v||P > w(z) + 20.

But we suppose that for all v € X and for alln > 1, f,,(v) > —al|lv—ug||—b. Then, (3.7)
holds if —a||lv—ug||—b+k||x—v|P > w(x)+2a < —allv—uo||+k||xz—v|? > w(x)+2a+b.
But as v € B(x,1/u), we have ||z —v|| > 1/p and —||ug — v|| > — ||l — v|| = ||z — uo|-
Therefore, (3.4) is implied by

(3.8) Ellz —v||P — allx —v]| > w(z) + 20+ b+ allz — ug||.
Consequently, (3.8) is true if k > kg, where
ko = Integer part of {max{u? ' (u(w(x) + 2a + b+ allx — uol|) + a);ap?*}} + 1

Thus, if & > ko, (3.5) is obtained (for each n > ng(k), and every v € B(z,1/u)),
which, as described above, entails (3.6):

fP (@) = nf{ f(v) + kl|z —o|” /v € B(z,1/n)}.
Hence, it follows that for every k > kg
w(@) + a > lmsup,s, f7(2) = limsup, s, mf{f,(v) + klle — o||? /v € Bla, 1/p)}.

This inequality being true for any p > 1 and any « €]0, 1[, then s-Is. fn(z) < w(z),
and then s-Is. f,(7) < supysolimsup,~; f¥?(z), which finishes the proof. 0

REMARK. Similar inequalities could be stated with the strong epigraphical lower
limit, but the proof is left to the reader.

Proposition 3.4 together with Proposition 3.5 entails Proposition 3.6 below.

PROPOSITION 3.6. Let f, fn: X — ]—o00,+00] (n > 1) be proper lsc and convex
functions, and let p be such that 1 < p < +o0.

(1) If f = (75,X)-lim f,,, then, for each x € dom f, f(x) = supysolimsup, >,

fEP(x) and for each x* € dom f*, f*(x*) = supysolimsup,,~, fFP(z*).

(2) Suppose that there exists (a,b) € RT*x R and (a’,b') € RT* x R satisfying for
eachn > 1, each x € X, and each x* € X*, fn(z) > —al|z|| = and f}(z*) >
—d'||z*|| = V. If for each x € dom f, f(z) > sup.olimsup,s, fAP(z)
and for each x* € dom f*, f*(z*) > supy-olimsup,~,; f*P(z*), then f =
(T3, X)-lim f,. -

Proof. As f = (75, X)-lim f,,, f* = (7.5, X*)-lim f because of the continuity
for the slice-topology of the Young—Fenchel transform (Theorem 4.2 of [Be3]), and we
have f = s-lim, f, and f* = s-lim, f;;. But epi-convergence of a sequence of functions
at some points of the effective domain of the limit implies uniform linear minorization
for the entire sequence (Proposition 3.7 of [Be7]). Then invoking Proposition 3.5 for
fin X and for f* in X*, the wanted result is understood.

(2) is nothing else than Proposition 3.4 together with (2) of Proposition 3.5. d
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4. Main results. This section provides the main results of this paper. From
previous section, we know that a sequence of functions (f,) converges to a function
f in the sense of the slice-topology if f > s-ls.f, and f* > s-ls.f;;. The purpose of
Theorem 4.1 is to tell us that if such an inequality between a sequence of integrands
and its strong epigraphical upper limit is almost surely satisfied, then it still holds for
the integral functionals associated to them.

THEOREM 4.1. Let X be a separable Banach space, f, : TxX — |—o00,+00 ] (n >
1) a sequence of normal proper and lsc integrands, f : T x X — ] — 00, +00] a proper
integrand, p, q with 1 < p < +o0, and p~! 4+ ¢~ = 1, satisfying the following as-
sumptions:

(a) for almost everyt € T and each x € dom f(t,.), f(t,x) > s-ls. fn(t, x);

(b) there exists a sequence (uy) in LP(X) and functions k and ko in LP(R), such

that for each n > 1, ||u,(t)]] < k(t) and fr(t, un(t)) < ko(t) a.s.;
(c) for almost every t € T, each x € X and each n > 1, f,(t,z) > —h(t)||z] —
ho(t), where h and hqy belong to LI(R) with h(t) > 0 a.s.
Then for every function u in LP(X), I(f)(uw) > s-IscI(fn)(u).

In the three following theorems, the Banach space X will have a separable dual
X*. In Theorem 4.2 we state that if a sequence of integrands converges in the
sense of the slice-topology on X, then the sequence of associated integral functionals
converges in the sense of the slice-topology on LP(X) 1 < p < 400 and the se-
quence of conjugate integral functionals converges in the sense of the slice-topology
on LI(X*) (p~t+q¢ 1 =1).

THEOREM 4.2. Let f,, : T x X — ] —o00,4+00] (n > 1) be a sequence of normal
proper lsc and convex integrands, f : T x X — ] — 00,400] a proper integrand, and
p, q such that 1 < p < 400 and p~' + ¢~ ! = 1, satisfying the following assumptions:

(a) for almost everyt € T, f(t,.) = (T, X)-lim f,(¢t,.);

(b) there exists a sequence (uy,) in LP(X) and functions k and ko in LY (R), such

that for each n > 1, ||u, ()| < k(t) and fr(t,un(t)) < ko(t) a.s.;
(c) there exists a sequence (vy,) in LY(X*) and functions h and hg in LY(R), such
that for each n > 1, ||v, ()] < h(t) and f(t, vn(t)) < ho(t) a.s.
Then, 1(f) = (Ts, LP(X))-lim I(fa) and I(f*) = (T, L9(X"))-lim I(f;).

The following theorem tells us about the special case of convergence for integral
functionals defined on L!(X). Salvadori has shown (see [Sa, Theorem 3.1]) that if a
sequence of integrands f, : T x X — ] — 00, +00] (n > 1) Mosco converges to an
integrand f, X being reflexive, then the sequence (I(f,)) Mosco converges to I(f)
on L'(X) with respect to the weak and strong topologies, and the sequence (I*(f,))
Mosco converges to I*(f) on L*°(X*) with respect to the Mackey and weak star
topologies. Theorem 4.3 below is an extension of Salvadori’s property in the nonre-
flexive case; instead of the Mackey topology, the result deals with a stronger topology,
namely, the topology of the uniform, convergence on the uniformly integrable and
bounded subsets of L!(X) (for which we write p(L>(X*), L'(X)) or p). Notice that
because of Dunford’s theorems (see [DU]), the Mackey topology and the topology
p(L>=(X*), L'(X)) coincide when X is reflexive. Moreover, assuming an additional
condition on integrands f and (f,), this result of convergence holds with respect to
the slice-topology.

THEOREM 4.3. Let f, : T X X — ] —00,400] (n > 1) be a sequence of normal
proper lsc and convex integrands, and let f : T x X — ]| — oo,+0o0] be a proper
integrand, such that

(a) for almost everyt € T, f(t,.) = (75, X)-lim f,(¢,.);
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(b) there exists a sequence (uy,) in L*(X) and functions k and ko in L*(R), such
that for each n > 1, ||u, ()| < k(t) and fr,(t,un(t)) < ko(t) a.s.;
(c) there exists a sequence (vy) in L>®°(X™*) and functions h and hg in L (R),
such that for each n > 1, ||v,(¢)]] < h(t) and f(t, v, (1)) < ho(t) a.s.
(1) Then, I(f) = (M(w, ), L'(X))-lin I(f) and 1(f*) = (M(w*, p), L(X*)-
lim I(f*).
(2) Moreover, if for almost every t € T, each x € X and each n > 1, f,(t,z) >
F(t,2), then T(f) = (To, L'(X))-lim I(f) and I(f*) = (T2, L=(X*))lim I(f2).
Theorem 4.4 is an application of previous theorems that gives some results about
the slice-convergence of sets of integrable selections of randoms sets.
THEOREM 4.4. Let F, F,, : T — F.(X) (n > 1) be multifunctions and let p be
with 1 < p < 400, such that
(a) for almost everyt € T, F(t) = T5-lim F,,(t);
(b) the function t — sup{d(0, F,,(t))/n > 1} belongs to LP(R);
(1) p = 1. If for almost every t € T, F,(t) C F(t) (n > 1), one has S*(F, A) =
T,-lim ' (F,, A);
(2) 1 < p<+4oo. One has SP(F, A) = T,-1im SP(F,, A).

5. Some tools about integrands and integral functions. This section is
devoted to some results concerning integrands and integral functionals that will be
useful in the next section for proving the main results. First we wish some properties
of integral functionals to be recalled. For this, the fundamental Proposition 5.1 below,
which is due to Hiai and Umegaki [HU, Theorem 2.2], is useful as an important tool.
It was used in particular in [Cou] for studying easily conjugacy for integral functionals;
that is, if f: T x X — | —00,400] is a normal and lsc integrand, where (T, A, ) is
a complete probability space and X is a separable Banach space, then I*(f) = I(f*).
We shall use this result in what follows (it is an extension of some results of [Rol,
Ro4] where reflexivity was needed). Here we consider a Banach space with separable
dual.

PROPOSITION 5.1. Let f: T x X — ] —00,4+00] be a normal and lsc integrand,
let F: T — F(X) be a measurable multifunction, and let p be such that 1 < p < +o0.
If there exists ug in SP(F) satisfying I(f)(ug) < +o0, then inf{I(f)(u)/u € SP(F)} =
[inf{f(t,z)/x € F(t)}dpu.

The preceding property entails Proposition 5.2 below, which tells us about regu-
larization of integral functionals by kernels of the form {k||.||?/k > 0} 1 < p < +o0.

PROPOSITION 5.2. Let f: T x X — ]| — 00,400] be a normal and lsc integrand,
and let k, p be such that k > 0 and 1 < p < +o0. If there exists ug in LP(X) satisfying
I(f)(ug) < +o0, then I®P(f) = I(f*P).

Proof. I(f) being the integral functional associated to f, for each u € LP(X) we
compute

I5P(f)(u) = inf{I(f)(v) + k(lu = vl Lr(x))" /v € LP(X)}

~in { [ 00) + K0~ o0 1)) dfo € LP(X)} |

As there exists ug € LP(X) satisfying I(f)(up) < +o0, invoking Proposition 5.1, one
has

I%P(f)(u) :/inf{f(t,ff)Jrk(IIU(t) —a|x)P /e € Xydp=1(f*P)(u). O
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In the main results, we suppose the integrands to satisfy some assumptions which
were used in [JT] and [Sa]. But as in [Coul, it seems convenient to see them in
Lemma 5.3 below as integrability conditions.

LEMMA 5.3. Let f, fr, : T x X — ] —o00,+00] (n > 1) be proper normal and lsc
integrands satisfying for almost every t € T, f(t,.) = (75, X)-lim f,(¢,.), and let p
be such that 1 < p < 4o00. Let us consider the following statements.

(a) There exists a sequence (uy) in LP(X) and functions k and ko in LP(R) such

that for each n > 1, ||u, (t)|| < k(t) and fr(t,u,(t)) < ko(t) a.s.
(b) The function t — sup{d((0,0); epi fn(t,.))/n > 1} belongs to LP(R).
(¢c) There exists a function ug in LP(X) with I(f)(up) < +0oo.
Then we have (a) < (b) = (c).

Proof. Let us define the measurable functions t — r,(t) = d((0,0), epi fn(t,.))
(n>1)and t — r(t) = d((0,0), epi f(t,.)).

(a) = (b) Asr,(t) = inf{||z||+ f,;F(t,x)/x € X} (see for instance [Cou]), we have

rn(t) < llun ()] + £ (8 un () < k() + Ko(t) as. n>1.

(b) = (a) The measurable selection theorem applied to the multifunctions ¢ —
epi fn(t,.) N B((0,0);7,(t) + 1) (n > 1) shows the existence of a sequence (un, ay,) :
T — X x R (n>1) such that

ot un(t) < an(t) and [jup(t)][+|an(t)] < ro(t)+1 < sup,sra(t)+las. n > 1.

The wanted result can then be easily deduced.

(b) = (c¢) Since the slice-topology is stronger than Wijsman’s topology, we
have f(t,.) = (7w, X)-lim f,(¢,.) a.s.; that is r(¢) = lim,r,(¢). Thus r(t) <
sup,>17n(t) a.s. and r € LP(R). Therefore, as in the proof of (b) = (a), one can
easily show the existence of ug € LP(X) such that f*(.,uo(.)) € LP(R). 0

6. Proofs of the main results. It remains to provide the proofs of the main
results, which is now possible according to previous sections.

Proof of Theorem 4.1. First, let us recall that on F.(X) 7y is stronger than 7, and
that the convergence induced by Wijsman’s topology implies Painlevé-Kuratowski
convergence. Therefore, see that because of assumptions on the f,, (n > 1), fis a
proper and Isc integrand. Second, Proposition 5.2 tells us that I*?(f)(u) = I(f*?)(u)
and I*P(f,)(u) = I(f*P)(u) for all u € LP(X), k>0, n>1,1<p < +oo.

Using assumption (a) and Proposition 3.5, we have for almost every ¢t € T and
each z € X

(6.1) J(t,x) > s-lsc fn(t, x) > supy-qlimsup,,>; fopt, ).

Then from (6.1) one has f(t,u(t)) > s-lscfn(t,u(t)) > limsup,s, fEP(t,u(t)) as.
for all u € LP(X) and for all k£ > 0. Further, we have f*?(t,u(t)) < fn(t,un(t)) +

n
22 e {[lu@)|IP + lun ()P} < ko(t) + 2P~ k{[u(®)[|” + (ko(t))"}, and, invoking Fatou’s
lemma, we can write

(6.2) / F(t,u(t) dp > / limsup f}7 (¢, u(t)) du > lim sup / FrP(tu(t)) dp.
Equation (6.2) being true for every k > 0, we have

(6.3) I(f)(u) > supjsg limsup,>; I52(f,)(w).
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In order to apply the second property of Proposition 3.5 to the sequence (I(f,)), we
wish (6.4) to hold for every n > 1 and each v € LP(X):

(6.4) I(fn)(u) = —hllul|Le(x) — ko, where (h,hg) € RT* x R.

Equation (6.4) can be deduced from assumption (c) and Holder’s inequality. Hence,
this provides the wanted result; that is, for each u € L?(X)

I(f)(w) > sls I(fu)(w). O
Proof of Theorem 4.2. On one hand, notice that assumption (c) implies that
fo(t, ) 2 (@, un (@) = £t vn(t)) = =[lz]|h(t) = ho(t), (t,z) e Tx X, n=1,
and on the other hand that, similarly, assumption (b) implies that
fot,x™) > —||z"||k(t) — ko(t), (t,2")eT xX*, n>1

Thus, Theorem 4.1 applied with the sequence f,, : T X X — | —o00,+00] (n > 1) tells
us that for every u € LP(X)

(6.5) I(f)(u) = s-lseI(fn)(uw),
and, since X* is also a separable Banach space, that for every function v € L7(X™*)
(6.6) I(f*)(v) > s-lseI(f7)(v).

Because of properties of conjugacy for integral functionals, we have I*(f) = I(f*)
and I*(fn,) = I(f}) (n > 1), so that (6.6) is I*(f)(v) > s-IscI*(fn)(v). The wanted
result is then provided by (6.5), (6.6), and Proposition 3.4. a

Let us now give the long proof of Theorem 4.3. It can be found in [Cou]. As
in Theorem 3.1 in [Sa], we shall use for proving part (1) the well-known criteria for
functional Mosco convergence recalled in (3.2) and (3.3); and for proving part (2),
we shall use the criteria for functional convergence in the slice-topology expressed in
section 3 (see also [Cou]). Moreover, we need to deal with Lemma 6.1, but for the
convenience of the reader, we choose to express it after the following proof. Lemma 6.1
is a characterization of topology p in terms of measure convergence and may also be
seen as an extension of a similar result for the Mackey topology due to Castaing and
Grothendieck (see [Ca] and [Gr]).

Proof of Theorem 4.3. 1) Following criteria (3.2) and (3.3) for functional Mosco
convergence, we know that I(f) = (M (w,s), L*(X))-lim I(f,) if and only if (6.7) and
(6.8) below hold and that I(f*) = (M (w*,p), L*>°(X*))-lim I(f}) if we have (6.9)
and (6.10), where

for each function u in L'(X), there exists a sequence (u,) in L'(X)

(6.7) with w = s-lim u,, such that limsup I(f,)(u,) < I(f)(u);
for every sequence (u,) in L'(X) such that u = o(L*(X), L>(X™))- lim u,,
(6.8) then I(f)(u) < liminf I(f,)(u,);

for each function v in L*°(X™*), there exists a sequence (w,,) in L>°(X*) with
(6.9) v =p(L>=(X*) L*(X))-limw, such that limsup I(f})(w,) < I(f*)(v);

for every sequence (v,,) in L>°(X*) such that v = o(L°°(X™), L}(X))- lim v,,,
(6.10) then I(f*)(v) <liminf I(f))(vy).



EPI-CONVERGENCE FOR INTEGRAL FUNCTIONALS 191

Because of Theorem 4.1 and (3.1), (6.7) holds.

We ought to show now that (6.9) holds too. For this, let us consider v € L>(X™*).
If I(f*)(v) = +oo, then (6.9) is satisfied. Else, let us define the sequence of proper
normal and lsc integrands (h,,) where

(6.11) ot (t2") = [fr(t,2") = f(Eo@)]T (n>1)
and the sequence of nonempty closed convex and measurable multifunctions F;, with

(6.12) F,:t—{z" € B*(t)/|lv(t) — 2*|| + hn(t,z¥)
< inf[||v(t) — u*|| + hn(t,u™)/u* € B* ()] +1/n} (n>1).

B* is the multifunction defined by B* : t — {z* € X*/||v(t) — z*|| < R}, where
R = Esssup{|jv(t)|| + |h(t)|/t € T} (R > 0). For each n > 1, the multifunction
F,, admits a measurable selection w,, : T — X*. The sequence (w,,) is bounded in
L>(X*) by construction. Moreover, f(t,.) = (75, X)-lim f,,(¢,.) a.s., and thanks to
Proposition 3.4 and to (3.1), there exists for almost every ¢ € T a sequence (z}(t)) in
X such that v(t) = s-limz} (t) and f*(¢,v(t)) > limsup f; (¢, z}(t)). Thus

(6.13) lim ho (£, 27 (t)) = 0.

And for almost every ¢t € T, there exists ng(¢) such that for every n > ng(t), 2 (t) €
B*(t). So that for each n > ng(t) we have

(6.14)  lv(t) = wa (O]l + b (8, wn (1)) < [Jo(t) = 27, + b (t, 25, (2)) + 1 /1.

From (6.13) and (6.14), we can write for almost every t € T

(6.15) Hm[[|o(t) — wn ()| + hn(t, wa(t))] = 0.

Because of definition of F,, and invoking the fact that v,(t) € B*(t) a.s., one can
write ||[v(t) — wp ()] + A (t, win (t) < [[U(t) — v (&) || + hn(E 00 (8) +1/n < R+ [ho(t) —

o)) T+1/n < R+ho(t)+]|v(#)||k(t) + ko(t) + 1. This last function is integrable.
With (6.15), this implies that

(6.16) Jim / o (£, w0 () dpt = 0.

Hence
lim [ [ fituwnoyan- [ f*(t,v(t))dur ~0

= timsup [ i(twa ) du< [ 7t o(0) dn

and that provides

(6.17) lim sup I(f;)(wn) < I(f*)(v).
Since the sequence (wy,) is bounded in L>°(X*) by construction and since lim ||v(¢) —
wp(t)]] = 0 a.s., which implies that (w,) converges in measure to v, by virtue of

Lemma 6.1 below, (w,) converges to v with respect to topology p. This last result,
together with (6.17), is nothing else than (6.9).
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Now we wish to establish (6.10). So let us consider first some functions v and (v,)
in L>°(X*) (n > 1) such that v = o(L>°(X*), L*(X))-limv,. Second, let us consider,
fixed u € L'(X), a sequence (u,) in L'(X) obtained as in (6.7). These functions are
then satisfying I(f)(u) > limsup I(f,)(u,). From the definition of the conjugate of
I(fy), we can write for each n > 1

(6.18) I*(fn)(vn) = I(f3)(0n) = (vn, un) = I(fn)(un).

As v = o(L®(X*), L' (X))-limv, and u = s-limu,, we have lim{(v,,u,) = (v, u).
Hence

lminf I(f7)(vy) > (v,u) — limsup I(fp)(un)

(6.19) 2 (v, u) — I(f)(u),
which proves that
(6.20) liminf I(f)(vn) > I(f*)(v).

Finally, we wish to prove (6.8). For this, consider first some functions u and (u,) in
LY(X) (n > 1) such that u = o(LY(X), L (X*))-limu,. Second, fixed v in L>(X*)
as in (6.9), consider a bounded sequence (w,,) in L>(X*) converging to v for topology
p and such that I(f*)(v) > limsup I(f})(w,). By conjugacy it follows that

(6.21) I(fn)(un) = (unswy) — I(f3)(wn).
It is not hard to see that lim(uy,, w,) = (u,v). So we have

lim inf I(fn)(un) > <u7 U> — lim sup I(f:)(wn) > <U, U> - I(f*)(v),
which implies that

liminf I(f,,)(un) > I(f)(u),

that is (6.8).

2) In order to show that I(f) = (7,, L'(X))-lim I(f,,), we want to establish that
for each u € LY(X) with u € dom I(f), I(f)(u) > s-Is.I(f,)(u) and that for every
v e L®(X*), withv € dom I(f*), I(f*)(v) > s-lseI(f)(v). The first inequality holds
thanks to Theorem 4.1. For the second one, let us consider the additional hypothesis;
that is, for almost every t € T and each © € X, f,(¢t,z) > f(¢t,z). Then, for each
x* e X* fx(t,x*) < f*(t,2*) and for every function v € L*°(X™*),

(6.22) faltv(®) < f1(to(t) < £ () as.
As I(f*)(v) < o0, f**(.,v(.)) € L}*(R). And from (6.22)
(6.23) limsup f,; (¢, v(t)) < f*(t,v(t)).

Invoking (6.22), (6.23), and then Fatou’s lemma, one has limsup [ f (¢, v(t)) dp <
[limsup f(t,v(t)) du < [ f*(t,v(t)) dp, and hence

(6.24) limsup I(f)(v) = limsup I*(f,)(v) < I*(f)(v).

Let us deal now with the Lipschitz approximation of the functions I(f) (n > 1). For
each v € L>°(X™*) and every k > 0, one can write

(6.25) I(fy)(v) = I*(fa)(v) = T (fa) (v).
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From (6.24) and (6.25), it follows that I*(f)(v) > limsup I**:}(f,,)(v) for each k > 0,
which entails

(6.26) I*(f)(v) = supyso limsup,,~; "0 () (v).

Hypothesis (b) easily implies the existence of some real k and ko (ko > 0) such that
I*(fn) > —kl|lv||L — ko. Thus, part (2) of Proposition 3.5 can be used, which tells
us that s-IseI*(fn)(v) < supyso limsup,,s; I**!(f,)(v), and then that

I (f)(v) = s-lseI™ (fa)(v).

As I(f)(v) > s-lsI(frn)(v) and T*(f)(v) > s-lscI*(fn)(v), from Proposition 3.4,
we finally have I(f) = (75, LY(X))-limI(f,) and then I(f*) = (77, L>°(X*))-
lm I(f}). |

Here now is Lemma 6.1.

LEMMA 6.1. Let (T, A, ) be a finite probability space, and let X be a Banach
space with strongly separable dual. Let g, g, : T — X* (n > 1) be some functions
such that first the sequence (gn) is bounded and second the sequence (gy) converges
in measure to g. Then, the sequence (gp) converges to g with respect to the topology
of the uniform convergence on the uniformly integrable and bounded subsets of L'(X)
(which is denoted by p).

Proof. We can only consider the case where g = 0. Let I" be a uniformly integrable
subset of L'(X). For each function u € T, every a € R*, and each n > 1, we write

(o) = [ (o0 uO)du= 1+ 3
where I = f{t/”U(t)HZCL}<gn(t>’ u(t)) dp and J = f{t/\|u(t)\|<a}<gn(t)’ u(t)) dp. On one

hand, see that as by hypothesis there exists M > 0 such that sup{||gn|re=/n > 1} <
M, one has

HE / 19 (®)]1x-
{t/llu(t)|>a}

And limg—, 4 oo f{t/\|u(t)\|>a} llu(®)|lx dpe = 0 uniformly in w. Then, fixed € > 0, a can
be chosen (we denote it by a(e)) such that |I| < /2 for every u € T".
On the other hand:

17| < / (gn (D), u(t)) ds
{t/llu(t)|I<a(e)}

< a(e) / 19n®)lx- i < a(e) / 190 (8)1x- d.
{t/l|u(t)||<a(e)} T

u(t)||x du < M / u()l1x di
{t/llu(t)||Za}

It is easily seen that the sequence (||gn||x+) converges in measure to 0. As
sup{||gnllz==/n > 1} < M, we can find ng such that n > ng, |J| < &/2. Thus,
for n > ng and v € T, (g, u) < & which entails

lim,, sup {/T(gn(t),u(t)) duju € F} =0. O

Proof of Theorem 4.4. The proofs of (1) and (2) being similar, we only give
the second one (see also [Coul). Let us define the integrands 6y, : (¢,x) — 6(x, F,, (1))



194 JEROME COUVREUX

(n>1)and é: (¢t,z) — 6(z, F(t)). According to Beer [Be3, Theorem 3.1], assumption
(a) implies that for almost every t € T

(6.27) 8(., F(t)) = (To, X)-Limé( ., Fy (t)).

Moreover, applying the measurable selection theorem with the random sets ¢t —
F,(t) N B(0;d(0, F,(t)) (n > 1), we show the existence of a sequence u,, € SP(F,,A)
(n > 1) with ||u,(¢)]] < k(t) a.s. where k € LP(R). Then

(6.28) S(un(t), Fu(t)) = 0 as., n> 1.

Moreover, the support function of the random set F,, (n > 1), which is the conjugate
of the indicator function 6, satisfies

(6.29) s(0,F,(t) =0as., n>1.

As (6.28) and (6.29) are nothing else than, respectively, assumptions (b) and (c) of
Theorem 4.2 with f,, = 6, and f} = s(., F},), one has I(6) = (75, LP(X))-lUm I(6,,).
But since for each function w in LP(X) I(6)(u) = 0 (resp., I(6,)(u) = 0, n > 1) if
and only if u(t) € F(¢t) a.s. (resp., u(t) € F,(t) a.s. n > 1), we have 6(.,SP(F, A)) =
(75, LP(X))-lim 6( ., SP(F,, A)). Thus SP(F, A) = T;-lim SP(F,, A). 0

REFERENCES
[At] H. ArtoucH, Variational Convergence for Functions and Operators, Applicable Math.
Series, Pittman (Advanced Publishing Program), Boston, MA, London, UK, 1984.
[AB] H. AtToucH AND G. BEER, On the convergence of subdifferentials of convex functions,

Arch. Math. (Basel), 60 (1993), pp. 389-400.
. BOURASS, Thesis, Université de Perpignan, Perpignan, France, 1983.
. Bourass AND M. VALADIER, Condition de croissance associé a [l’inclusion des sec-
tions, Séminaire d’Analyse Variationnelle et Applications en Mécanique, Automatique
et Controle (AVAMAC), n°3, Université de Perpignan, Perpignan, France, 1984.
[Bel] G. BEER, On Mosco convergence of convex sets, Bull. Austral. Math. Soc., 38 (1988),
pp. 239-253.

[Be2] G. BEER, Topologies on closed and closed convex sets and Effrés-measurability of set valued
functions, Séminaire d’Analyse Convexe, Montpellier, n°2, Université de Montpellier
2, Montpellier, France, 1991, pp. 2.1-2.44.

[Be3] G. BEER, The slice topology, a viable alternative to Mosco convergence in non reflexive
spaces, Séminaire d’Analyse Convexe, Montpellier, n°3, Université de Montpellier 2,
Montpellier, France, 1991, pp. 3.1-3.33.

(B]
[BV]

[Be4] G. BEER, Wijsman convergence of convex sets under renorming, Nonlinear Anal., 22 (1994),
pp. 207-216.

[Bej] G. BEER, Conjugate convex functions and the epi-distance topology, Proc. Amer. Math.
Soc., 108 (1990), pp. 117-126.

[Be6] G. BEER, Topologies on Closed and Closed Convex Sets, Math. Appl. 268, Kluwer Academic
Publishers, Dordrecht, 1993.

[BeT7] G. BEER, Efficiency and the uniform linear minorization of convex functions, Monatsh.
Math., 115 (1993), pp. 281-290.

[BB] G. BEER AND J. BORWEIN, Mosco convergence and reflexivity, Proc. Amer. Math. Soc., 109
(1990), pp. 427-436.

[Ca] C. CASTAING, Topologie de la convergence wuniforme sur les parties uniformément
intégrables de L'(FE) et théorémes de compacité faible dans certains espaces du type
Kothe-Orlicz, Séminaire d’Analyse Convexe, Montpellier, n°5, Université de Montpel-
lier 2, Montpellier, France, 1980.

[CV] C. CASTAING AND M. VALADIER, Convex Analysis and Measurable Multifunctions, Lecture
Notes in Math. 580, Springer, Berlin, New York, 1977.

[Co] B. CORNET, Topologies sur les fermés d’un espace métrique, Cahier de mathématiques de

la décision, Université Paris IX, France, 1973.



[Cou]

[CH]

[DM]
[DU]

[F]

(F'T]

[Gr]

[Hel]

[He2]
[He3]

[He4]

[HU]

[Him)]
[JT]

[KA]
[Ku]
[KRN]
[Mol]
[Mo2]

[Ne]
[Rol]

[Ro2]
[Ro3]
[Ro4]
[Ro5]
[SW]
[Sa]

[57]

(Wi]

—

=Q

=

c o = A

j=s)

< » Q@ W B P I

EPI-CONVERGENCE FOR INTEGRAL FUNCTIONALS 195

COUVREUX, Ftude de problémes de convergence de fonctionnelles intégrales et
d’espérances conditionnelles multivoques, Ph.D. Thesis, Université Paris IX, France,
1995.

. COUVREUX AND C. HESs, Mosco approximation of integrands and integral functionals,

J. Optim. Theory Appl., 90 (1996), pp. 335-356.
. DELLACHERIE AND P. A. MEYER, Probabilités et potentiels, Hermann, Paris, 1966.

. DIESTEL AND J. J. UHL, Vector Measures, Math. Surveys 15, Amer. Math. Soc., Provi-

dence, RI, 1977.

. FouGERES, Comparaison de fonctionnelles intégrales sur les sélections d’une multiap-
plication mesurable, Séminaire d’Analyse Convexe, Montpellier, n°9, Université de
Montpellier 2, Montpellier, France, 1982.

. FOUGERES AND A. TRUFFERT, Regularisation sci et gamma-convergence: approzimation
inf-convolutives associées a un référentiel, Ann. Mat. Pura Appl. (4), 152 (1988),
pp. 21-51.

. GROTHENDIECK, Espaces vectoriels topologiques, Instituto de Matematica da Universi-
dade de Sao Paulo, Sao Paulo, Brazil, 1954.

. HEss, Conditions d’ optimalité pour des fonctionnelles intégrales convexes sur les es-
paces LP(E), Cahier de mathématiques de la décision 8203, Université Paris IX, France,
1981.

. HEss, Theése d’Etat, Université des sciences et techniques du Languedoc, Languedoc,
France, 1986.

. HEss, Measurability and integrability of the weak upper limit of a sequence of multifunc-
tions, J. Math. Anal. Appl., 153 (1990), pp. 226-249.

. HESs, Epi-convergence of sequences of normal integrands and strong consistency of the
maximum likelihood estimator, Cahier de mathématiques de la décision 9121, Université
Paris IX, France, 1991, and Ann. Statist., 24 (1996), pp. 1298-1315.

. Hia1 AND H. UMEGAKI, Integrals, conditional expectations and martingales of multivalued

functions, J. Multivariate Anal., 7 (1977), pp. 149-182.

. J. HIMMELBERG, Measurable relations, Fund. Math., 87 (1975), pp. 52-73.

L. Jory AND F. DE THELIN, Convergence of convex integrals in LP spaces, J. Math. Anal.
Appl., 54 (1976), pp. 230-244.

. KaNTOROVITCH AND G. AKILOV, Analyse fonctionnelle, Editions de Moscou, “Mir,”

Moscow, 1977.
. KuraTOWSKI, Topology. Vol. 1, Academic Press, New York, London, PWN Polish Sci-
entific, Warsaw, 1966.
. KuraTOWSKI AND C. RYLL-NARDZEWSKI, A general theorem on selectors, Bull. Acad.
Polon. Sci. Sér. Sci. Math. Astronom. Phys., 13 (1965), pp. 397-403.
Mosco, Convergence of convexr sets and solutions of variational inequalities, Adv.
Math., 3 (1969), pp. 510-585.
Mosco, On the continuity of the Young—Fenchel transform, J. Math. Anal. Appl., 35
(1971), pp. 518-535.
NEVEU, Martingales a temps discret, Masson et Cie, Paris, 1972.
. T. ROCKAFELLAR, Integrals which are convez functionals, Pacific J. Math., 24 (1968),
pp. 525-539.
T. ROCKAFELLAR, Integrals which are convex functionals 11, Pacific J. Math., 39 (1971),
pp. 439-469.
. T. ROCKAFELLAR, Measurable dependence of convex sets and functions on parameters,
J. Math. Anal. Appl., 28 (1969), pp. 4-25.
T. ROCKAFELLAR, Convez Integral Functionals and Duality. Contribution to Non Linear
Functional Analysis, Academic Press, New York, 1971, pp. 215-236.
T. ROCKAFELLAR, Integral functionals, normal integrands and measurable selectors, in
Lecture Notes in Math. 543, Springer, Berlin, 1976, pp. 157-207.
. SALINETTI AND R. WETS, On the relation between two types of convergences for convex
functions, J. Math. Anal. Appl., 60 (1977), pp. 211-226.
. SALVADORI, On the M-convergence for integral functionals on LP(X), Atti. Sem. Mat.
Fis. Univ. Modena, 33 (1984), pp. 137-154.
. SONNTAG AND C. ZALINESCU, Set convergences. An attempt of classification, in Proceed-
ings of the International Conference on Differential Equations and Control Theory, lasi,
Romania, 1990, and Trans. Amer. Math. Soc., 340 (1993), pp. 199-226.

. WLISMAN, Convergences of sequences of convex sets, cones and functions III, Trans.

Amer. Math. Soc., 123 (1966), pp. 32—45.



SIAM J. CONTROL OPTIM. (© 2000 Society for Industrial and Applied Mathematics
Vol. 39, No. 1, pp. 196-207

DELAY-INDUCED INSTABILITIES IN GYROSCOPIC SYSTEMS*
PEDRO FREITAST

Abstract. It is shown that stable linear gyroscopic systems of the form Mz + Tz’ + Kz =0
(M > 0) always become unstable when an arbitrarily small delay is introduced in the gyroscopic
term. In the case where K is negative definite, then the system will be unstable for all positive
delays. On the other hand, examples are given showing that some of these systems may actually
become asymptotically stable for larger values of the delay parameter.

Key words. gyroscopic forces, time delays, vibrating systems
AMS subject classifications. 34K, 70J25, 93D15
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1. Introduction. It is known that certain infinite-dimensional Hamiltonian sys-
tems that have been stabilized via distributed or boundary damping are not robust
with respect to small time delays which might be present in the feedback stabilization
mechanism (see, for example, [DLP, DY, RT]). In these cases, the effect of the intro-
duction of the small delay is to perturb the high frequencies of the (asymptotically)
stable system, giving rise to periodic or even exponentially growing solutions. Clearly
this phenomenon is made possible by the fact that the spectrum of the system with-
out delay has an infinite number of eigenvalues on an unbounded strip parallel to the
imaginary axis.

Another situation where the presence of small delays might be expected to desta-
bilize an otherwise stable system is when there are eigenvalues lying on the imaginary
axis. An example of this type is provided by mechanical systems with gyroscopic
forces which are modelled by systems of differential equations of the form

(1.1) Mz"(t) + T2 (t) + Kz(t) = 0.

Here M and K are real symmetric n x n matrices usually referred to as the mass
and stiffness terms, corresponding to inertial and potential forces, respectively. The
mass matrix will be assumed to be positive definite. The matrix T is a real n x n
skew-symmetric matrix which represents the gyroscopic forces.

In order to study the stability of the trivial (zero) solution of (1.1), we look for
solutions of the form x = e*u, leading to the eigenvalue problem

NMu+ ATu+ Ku=0.

Throughout the paper we consider the usual definitions of different types of stability
that may be found in the literature (for instance, in Chapter 5 of [HL]). The trivial
solution of a system of the form (1.1) will then be stable if and only if all eigenvalues
lie on the imaginary axis and are semisimple, that is, their algebraic and geometric
multiplicities are equal. This is, of course, related to the Hamiltonian symmetry of
the corresponding spectrum. Such a system will always be stable independent of T
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when K is positive definite, in which case all eigenvalues are semisimple [L]. If K is
allowed to have both negative and positive eigenvalues, the system may then, under
certain conditions, be stabilized by using a suitable matrix 7. This has been known
for a long time [TT] and, in particular, it is known that a necessary condition for it to
be possible is that the number of negative eigenvalues of K be even. Recently there
have been several papers giving conditions on the matrix 7" so that the overall system
is stabilized when K is negative definite (see, for instance, [BLM, HKLP]).

In this note, we show that when a small delay parameter is introduced in (1.1),
this will force some of the eigenvalues into the right half of the complex plane indepen-
dently of the gyroscopic, mass, and stiffness matrices, thus making the trivial solution
unstable. Under certain quite general conditions given below, we shall see that the
presence of small delays in the gyroscopic term always destabilizes the mode of the
original system corresponding to the highest frequency. We conjecture that the lowest
frequency mode is actually stabilized, but have only been able to prove this under
special circumstances (K either positive or negative definite). As mentioned above,
this destabilizing effect is not unexpected as all the eigenvalues of the original system
are on the imaginary axis. However, it is not clear a priori whether this will always be
the case or not, irrespective of the matrices M, T, and K. Besides, this seems to be
the first study of a finite-dimensional system where the associated transfer function
is proper and which always becomes unstable when arbitrarily small delays are intro-
duced. For some different approaches and situations, see, for instance, [BCD, GS].
Note that in all of the examples given above the destabilizing effect relies on the fact
that in the absence of delay the underlying system is already infinite-dimensional.

Under some additional restrictions (K < 0), we are able to show that instability
then persists for all values of the delay. More surprisingly, we also show that there
are situations where the system will actually become asymptotically stable for larger
values of the delay parameter—note that although the original system is stable, it is
not asymptotically stable. This stabilizing effect of the delay has been identified in
other systems. See, for instance, [CG], where stability switching sequences for some
second-order scalar differential equations were studied. When n equals two, we give
a full description of these sequences in terms of a set of four positive real numbers.
These are the only possible crossing points of eigenvalues on the imaginary axis in this
case. We then show that although the system might become stable for some values
of 7, it ultimately becomes unstable. In fact, we prove that once there are more than
four unstable eigenvalues the system never stabilizes again for large values of 7.

We begin by indicating the overall hypotheses which are to be assumed throughout
the paper and by presenting the main results in section 2. We then go on to study
some properties of the spectrum associated with this problem, with particular focus
on the derivatives with respect to the delay at purely imaginary eigenvalues. This
is done in section 3. Section 4 deals with the destabilizing effect of delays, and in
section 5 we show that under some circumstances it is possible for the system to
become asymptotically stable for larger values of the delay. This is done by means of
a full description of the 2 x 2 case. Finally, in section 6 we briefly discuss the results
obtained.

2. Preliminaries and main results. We shall consider only the case where M
is positive definite, which implies that system (1.1) can be brought into the form

(2.1) y"(t) + Gy'(t) + Cy(t) =0,
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by means of the change of variables = M ~1/2y. Here G = M~Y2TM~Y/2 and C =
M~Y2K M~/ are real n x n skew-symmetric and symmetric matrices, respectively.
We now introduce a delay in the gyroscopic term in (2.1) to obtain

(2.2) y'(t) + Gy'(t —7) + Cy(t) = 0.

Throughout the paper we shall make the following assumptions on (2.2).

H1. In the absence of delay (7 = 0) all eigenvalues are on the imaginary axis and
are simple.

H2. C' is nonsingular.

H3. G and C do not have any common invariant spaces.

The reason for assuming H1 has to do with the fact that if the original system has
eigenvalues with positive real parts, then it will always remain unstable for small
delays and there is nothing to prove. As mentioned in the introduction this will
impose certain conditions on the matrices G and C. In order to have stability, it is
also necessary that the eigenvalues are semisimple. To make matters simpler, we shall
assume simplicity of eigenvalues, but similar results can be obtained under the weaker
assumption that they are semisimple, except that the expressions for the derivatives
at a multiple eigenvalue are more complicated.

Note also that H3 may be assumed without loss of generality, as it just means
that system (2.2) cannot be decoupled into two or more independent blocks. If this
is not the case, then we can just apply the present results to each block separately.

The main results of the paper are contained in the following two theorems. The
first concerns the destabilizing effects of the delay.

THEOREM 2.1. Assume that system (2.2) satisfies hypothesis H1-H3. Then there
exists a positive number 11, depending on G and C, such that the trivial solution is
unstable for all 7 in (0,71). If C is negative definite, then 71 = 4o00; that is, the
system is unstable for all positive values of the delay parameter.

There are, however, cases where the introduction of a delay will also have a
stabilizing effect for larger values of the delay parameter.

THEOREM 2.2. There exist systems of the form (2.2) and positive numbers 71 and
To with T1 < T9 such that the trivial solution is stable when there is no delay, unstable
for T in (0,71), and asymptotically stable for T in (11, 72).

3. Some basic facts about the associated spectrum. In order to study
the stability of the trivial solution of system (2.2), we look for solutions of the form
y(t) = e Mu and obtain the spectral problem

(3.1) Ly (Nu = Xu+ Xe M Gu + Cu = 0.
This is equivalent to solving the characteristic equation
(3.2) d(\,7) :=det (AT +Xe MG+ C) =0.

Note that, for fixed 7, the function d defined above is analytic in \. When 7 is zero,
this problem will have 2n eigenvalues which, since this system is assumed to be stable,
will lie on the imaginary axis and be semisimple. For positive values of 7, the presence
of the exponential term has the effect of bringing in an infinite number of eigenvalues
from the point at infinity, and also of breaking the Hamiltonian symmetry that is
present when there is no delay.

That these eigenvalues do not accumulate near the imaginary axis is fundamental
in the study of the stability of such problems. This is a consequence of the fact that
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on the one hand the eigenvalues are zeros of an analytic function, and, on the other,
the set of eigenvalues with real part larger than any given number is bounded. These
properties are summarized in the following proposition.

PROPOSITION 3.1. Let ag and 19 be given real numbers where 1y is assumed to be
positive. There exists a constant k = k(ap, 7o) such that if Re(X) > ap and 7 € (0, 70),
then |A| < k. As a consequence, for any given nonnegative value of the delay, there
s only a finite number of eigenvalues with real part larger than «q.

For a proof, see [HL], for instance. Finally, recall that the stability of the trivial
solution is determined by the eigenvalues (See, for instance, [HL, section 7.6]).

3.1. Purely imaginary eigenvalues. The discussion above implies that the
mechanism underlying the changes of stability of the trivial solution is related to
eigenvalues which cross the imaginary axis from the left to the right (increasing the
number of unstable eigenvalues) or from the right to the left (decreasing this number).
Since the system coeflicients are real and it is assumed that C' is nonsingular, this can
only happen at pairs of purely imaginary eigenvalues. We shall now look for points
of this type in the spectrum.

Letting A = wi (w > 0) in (3.1) gives

(3.3) —w?u 4 wie T 'Gu + Cu = 0.

Taking the inner product with u and assuming the eigenvectors to be normalized by
lu|| = 1, we obtain

W+ we Tl —c=0,
where ig = (Gu,u) and ¢ = (Cu,u). Here (-,-) denotes the usual (complex) inner
product. Separating this equation into real and imaginary parts yields

2 — =
(3.4) {w + wg cos(wT) — ¢ =0,

wgsin(wt) = 0.

Since C' is taken to be nonsingular, w cannot vanish, and thus we have from the
second equation that either ¢ = 0 or wrT = kw. Let’s consider the latter case first.
Substituting in (3.3), we get

(3.5) —w?u+ (=1 wiGu + Cu = 0.

Because the matrices G and C' are real, if wi is an eigenvalue, then the same is true of
—wi. We thus see that we may omit the factor (—1)* without loss of generality and
look for solutions of

wu —iwGu — Cu =0

instead. Now this is the same as the equation when 7 vanishes, and thus we see
that points of this type where eigenvalues may cross the imaginary axis are just the
eigenvalues of the original problem, with the same multiplicities.

At this point we shall not consider eigenvalues where the inner product ig =
(Gu,u) vanishes, except to remark that when this happens we have from the first
equation in (3.4) that w? = ¢. In particular, this implies that such points cannot exist
when the matrix C' is negative definite. We shall see below that they exist under other
conditions and that they will play an important role in the stabilization mentioned in
the introduction.
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This discussion suggests the following distinction between two types of crossing
points. If a point on the imaginary axis where eigenvalues may cross from one half-
plane to the other is an eigenvalue of the system at 7 equal zero, we shall say that it
is a primary crossing point. Otherwise, it will be called a secondary crossing point.

Assume that when 7 is zero the spectrum of system (2.2) consists of the points
twii, ..., twyi, with (0 <Jwy < -+ < wy. Then we have that there are eigenvalues
on the imaginary axis at the points +w; for 77 = kr/wj, k=0,1,..., j=1,...,n.
Note that for even k each eigenvalue has the same eigenvector as it did at 7 = 0, while
when k is odd the eigenvector is now the complex conjugate of that same eigenvector.

3.2. Derivatives of eigenvalues at primary crossing points. In order to
determine the stability of the trivial solution for 7 small, we shall consider the sign
of the derivative of eigenvalues on the imaginary axis when 7 is zero. First note that
the derivative of an eigenvalue A with respect to 7 exists provided that A is a (finite)
semisimple eigenvalue. Thus, if we know the signs of these derivatives when there is
no delay, this together with the properties mentioned at the beginning of this section
will enable us to study the stability for small positive values of the delay parameter.

In order to proceed, we need to consider the adjoint eigenvalue problem L¥(\)v =
0, where the adjoint operator L% () is defined by the equality (L (A)u,v) = (u, LE(A\)v)
for all u,v € R™. This gives

L:(MNv = Yv— e MGu + Cw.

We now consider the eigenvalue problems for L, s(A) and L(X), that is, Ly 1s(A)u =
0 and L:(A\)v = 0. Taking inner products at 7 + ¢ and 7, we get (Lr4s(N)u,v) =
(LE(A)v,u) = 0. Clearly u also depends on 7 and é, but we shall omit this dependence
to keep notation simple. If we now take the complex conjugate in the second equality
and then subtract, we are led to

[N2(7 4 8) = M(7)] (u,0) + [A(7 + 8)e ATTOETH) _ \(7)e=X7](Gu, v) = 0.
Dividing by ¢ and letting it go to zero, we finally obtain

_ N (1)e M (Gu,v)
20T (u,v) + [1 = TA(T)] e (Gu,v)

(3.6) N(7)

Now note that at a point where A = wi and wr = km, we have
L, (wi)u = —w?u + wie "™ Gu+ Cu =0
and
L (wi)v = —w?v + wiek™Gu + Cv = 0,

so that v and v can actually be taken to be the same. Thus, if we normalize eigenvec-

tors such that (u,u) = 1, we obtain that the derivative at a primary crossing point w

for the delay 7 = kr/w is given by

B (_1)k+1w29
2w+ (1 — kmi)(—1)Fg’

X(r)
where ig = (Gu,u). Since we have
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where ¢ = (Cu, u), we finally obtain that

w?(w? —¢)

(W? +¢)? + k2712 (c — w?)

(3.7) N(r) = 5 [(W* + ¢) +ikm(c — w?)?] .
From this, we see that the sign of the real part of the derivative of an eigenvalue at a
primary point wi is the same as that of the product (w? — ¢)(w? + ¢). Furthermore,
this sign depends only on the value of the crossing point and is actually independent
of the value of 7. These results are summarized in the following proposition.
PRrROPOSITION 3.2. The sign of the real part of the derivative of an eigenvalue
at a primary crossing point wi is given for any T = krw/w (k € Z) by the sign of the
product (w? — ¢)(w? + ¢), where ¢ = (Cu,u), with u a normalized unit eigenvector
associated to the corresponding eigenvalue at T equal to 0.

4. The destabilizing effect of delays. We shall now show that for the largest
(in absolute value) of primary crossing points, the real part of the derivative with
respect to 7 is positive. Since, as we have seen, the sign of this derivative does not
depend on the actual value of 7 for which the crossing occurs, we may consider 7 to
be zero. We shall thus consider the operator Lo(A) for A = wi. This gives

Lo(wi) = —w?T +wH + C,

where H = iG. As G is skew-symmetric, H will be Hermitian and thus Lg(wi) is
a Hermitian quadratic pencil for real w. For each real value of w, there exist n real
eigenvalues (counting multiplicities) of Lg(wi). The functions describing the behavior
of the eigenvalues with respect to the parameter w are called the eigencurves of the
quadratic pencil. Note that eigenvalues of the original problem correspond to zero
eigenvalues of Ly(wi) and thus to intersections of the eigencurves with the horizontal
axis.
PROPOSITION 4.1. At the largest primary crossing point we have

N(0) > 0.

Proof. Begin by noting that 7 equal to zero corresponds to k£ equal to zero also,
and thus from the expression (3.7) for the derivative we see that A\’'(0) is actually real.
We shall now consider the auxiliary Hermitian spectral problem

Lo(wi)u = ou,

where w will be taken to be a real parameter. Denote by ¢; < .-+ < ¢, the
eigenvalues of C' and assume that a change of basis has been carried out such that
C = diag{cy,...,c,}. We have that if |w| > w,, then the matrix Lo(wi) is negative
semidefinite. In particular, we get

Lo(wpi) = w2l +w,H +C <0,

which implies that the diagonal entries of Ly(w,i) are less than or equal to zero. It
thus follows that —w? + ¢, < 0. Since ¢, > ¢ = (Cu,u) for all u with unit norm,
we have that w? > c¢. Now equality can hold if and only if ¢ = ¢,, that is, if u is
the eigenvector corresponding to ¢,. But as C is in diagonal form, this would mean
that w = (0,...,0,1), from which we obtain that the entries g;, of G will have to
vanish also for all j = 1,...,n. This would make G singular with u as an eigenvector
associated to the zero eigenvalue, which is not possible by H3. Hence w? — ¢ > 0.

. —
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We now observe that from —w? + w(Hu,u) + (Cu,u) = 0 and the fact that
w2 — ¢ > 0, we obtain that h := (Hu,u) = w, — ¢/w, is positive.

For the auxiliary spectral problem considered above we have that o is a differen-
tiable function of the (real) variable w, and this derivative can easily be seen to be
given by

o' (w) = —2w + h.

Since wy, is the largest (in absolute value) eigenvalue of the original problem, it follows
that o/ (wy,) is less than or equal to zero. (It is actually negative, since we are assuming
that eigenvalues are simple.) This yields that 2w, > h(> 0) and since

(0 <)2w,, — h = £/ h2 + 4e,

we have that for the largest eigenvalue the plus sign should be taken. Hence, 4w?2 +4c¢ >
h? + 4c > 0, and finally w2 + ¢ > 0 as desired. O

When C'is negative definite, it is possible to improve the result above and to show
that there are other eigenvalues besides that with largest absolute value for which this
derivative is also positive. Keep in mind that if C' is negative definite, then it is a
necessary condition that n be even in order for the system without delay to be stable.

COROLLARY 4.2. Assume that C is negative definite. Then there exist at least
n/2 primary crossing points in the upper half-plane for which the real part of the
derivative with respect to T of an eigenvalue at these points is positive.

Proof. If C is negative definite, we automatically have that w? — ¢ is positive.
On the other hand at w = 0 all the eigencurves of Lg, are below the horizontal axis.
This means that, since eigenvalues are simple (it is actually enough for them to be
semisimple), there must exist n intersections of the eigencurves with the horizontal
axis, of which n/2 have ¢’ positive, and the remaining n/2 have ¢’ negative. Again,
the derivative cannot be zero since this implies double (nonsimple) eigenvalues in the
original problem. Proceeding as in the proof of the previous result, it is possible to
show that those crossing points which correspond to negative values of ¢’ will have
w? 4+ ¢ > 0, and so the derivative with respect to 7 at these points is positive. 0

Proof of Theorem 2.1. The first part of the result follows immediately from the fact
that for the largest eigenvalue \'(0) is positive, and from the continuity of eigenvalues
with respect to 7.

To prove that the system will always be unstable when C' is negative definite, we
begin by noting that in this case there are no secondary crossing points. This follows
from the second equation in (3.4) since if g is not zero we obtain a primary crossing
point, while if it vanishes we get that w? = ¢ which is impossible when C' is negative
definite. Denote the number of eigenvalues with positive real parts by v(7). We have
that v(7) is completely determined once we know the primary crossing points and
their derivatives. This can be done by writing down the values T]k for each crossing
point w;i, and then ordering them in increasing order and taking into account the
sign of the respective derivative. We can thus build a table of the form

< 72 <
2
1 < T <

3\1—‘ 3“»—!

Ho< <

where we also have that Tjk < 7'}21. From Corollary 4.2 we have that at least n/2 of
the derivatives are positive. In particular, this is the case for w,i. We can see from
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the table above that the smallest positive value of 7 for which there will be a crossing
is given by 7! = m/wy,. For 7 between zero and 7, we know that there exist at least
n eigenvalues with positive real parts and so v(7) > n in this interval. After 7} and
until we reach the next crossing point we shall have v(7) > n+ 2. We now claim that
the number of primary points which are smaller than a positive number 7 and which
have a negative derivative will never exceed by more than one the number of primary
points smaller than 7 and for which the derivative is positive.

To prove the claim, notice that it holds on each column of the table above since
when we consider the eigencurves of the auxiliary spectral problem we see that, trav-
elling from the right to the left along the horizontal axis (travelling down a column),
the number of intersections of eigencurves with the horizontal axis which have a neg-
ative derivative cannot be exceeded by those with a positive derivative. This means
that as we travel down a column the difference can never be greater than one. Since
the first point on each column always corresponds to the largest crossing point, the
claim follows.

We end this section with a result on the sign of the derivative of an eigenvalue at
the smallest primary crossing point.

ProrosITION 4.3. If C' is either negative or positive definite, then the derivative
at the primary crossing points with the smallest absolute value has a megative real
part.

Proof. Consider first the case where C' is positive definite. Then we have that
Lo(wi) is semipositive definite at w = wy. In a similar fashion to the proof of Propo-
sition 4.1, we obtain that wf < ¢1. Since now ¢; < ¢ = (Cu,u) for all u with unit
norm, we get that w? — ¢ < 0, and, as before, we get that equality cannot hold and
thus w? — ¢ < 0. Since C is positive definite, w? + ¢ > 0 and the result follows.

When C is negative definite, w? — ¢ is always positive. The derivative of the
corresponding eigencurve at this point must now be positive and so 0’ (w1) = —w1+h >
0. Thus h > wy(> 0). This implies that 2wy —h = —vh2 + 4¢, from which we obtain
2w1 +vh? + 4c = h. Taking squares on both sides gives that w%+c = —wivVh?+4c <
0, which in turn implies that the real part of the derivative is negative. 0

5. Secondary crossing points and the stabilizing effect of delays. The
analysis of secondary crossing points is much more difficult in general than that of
primary points. There are several reasons why this is so. On the one hand, now we
no longer have that the eigenvectors u and v in the expression (3.6) for the derivative
can be taken to be the same. On the other hand, the equation that gives these points
is also not easy to obtain explicitly in general. However, and as we shall see below,
these points can play a decisive role in the stability of this type of system, and it
would thus be interesting to study them in more detail.

5.1. The case of n = 2. We shall now consider the special case where n is two,
since this is the only case where a complete study of secondary crossing points may
be carried out explicitly. In this case we may assume that

_| 0 g a0
G[—gO] and C’[O 02}

(with ¢; < ¢2), and so the characteristic function is now given by

d(wi, ) = wt — (c1 + c2)w? + crey — wWigPe 24T
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As before, we are interested in the case of real w. Separating this equation into real
and imaginary parts, we have

wh — (c1 + c2)w? + er1ea — w?g? cos(2wT) = 0,
w?g?sin(2wr) = 0.

If we assume C' to be nonsingular, then w cannot be zero. On the other hand, g must
also be different from zero, for otherwise there is no gyroscopic term. It then follows
from the second equation that 2wt = mm. For even m, substituting this in the first
equation gives the primary crossing points. We are thus interested in the case of odd
m, which leads to the following equation for the secondary points:

wt — (c1+¢o— gz)w2 + cre9 = 0,

from which we obtain that

W c14c—g° % \/(cl + o — ¢%)? —4dcyreo
2

When c¢; and ¢y are both negative, we already know that there are no secondary
points. This can also be easily seen from the expression above. If ¢ico < 0, then the
number of negative eigenvalues is odd and thus the system without delay can never
be stable, and so we are left with the case where C' is positive definite.

Note first that under these conditions the expression for w? given above can only
be positive provided that ¢; + c3 — g2 is positive. On the other hand, in order to get
a positive term under the square root, we must have

(01 +co — 92 — 2«/0102) (01 +co — g2 + 2«/0102) > 0,

which, because of the condition above, reduces to

c1+co— 92 — 2y/c1co > 0.

We thus have that a necessary and sufficient condition for the existence of four sec-
ondary points when C' is positive definite is that

Vez = > g.

Denote these points by +@; and &y, with &1 < @9. Clearly, then, +&; and 4o
correspond to the minus and plus signs in the expression for w?.
The equation giving these roots in A is

A+ (c1 + 62))\2 +ere0 + Mgl P =,

from which the following expression for the derivative of A with respect to 7 can be
obtained:

)\292672AT

N(r) = .
(7) 2+ op + 2t g2 D7 — Argle BT

At secondary crossing points A = wi and wr = mn/2 with m odd. Hence

v W22
(r) = —2w? + 1 + ey — g +mmgPi)2

w?g® [(—2w? + 1 + o — g%) — mmg?i/2]
(2w? — ¢ — o + g°)2 + mPn2gt/4

)
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and the sign of the real part of the derivative is the same as that of —2w?+c; 4 ¢ —g2.

On the other hand, we have

22— —ca+ g% = i\/(cl + o — g?)% —dejea,

and so the real parts of the derivatives at @, and @&, are positive and negative,
respectively. The fact that now the largest of the secondary crossing points has
a negative derivative enables the system to be stabilized for positive values of the
delays. In particular, we have the following proposition.

PROPOSITION 5.1. In the case where n is equal to two and C' is positive definite,
there will exist numbers 11 < To such that the trivial solution of (2.2) is asymptotically
stable on the interval (11, 72) if and only if 209 > wo.

Proof. Denote the values of the delays for which eigenvalues cross the imaginary
axis by TJ’-“ and 7:]’-“7 corresponding, respectively, to w; and @;, j = 1,2. From the
previous discussion, we know that 7/ = km/w;, while 7 = (2k—1)7/(20;), k =1,.. ..
The first crossing for positive 7 will then occur either at 74 = 7/ws or at 73 = 7/(2ws).
Since, at 7 equal to zero, one pair of eigenvalues moved to the right, while the other
went to the left, we have that v(7) is two between zero and the first crossing. Clearly,
if this happens at 75, the system becomes stable.

Assume now that the first crossing is at 74, that is, that 2@s < wy. To show that
there will always exist at least one pair of eigenvalues with positive real parts, we
shall use an argument similar to that used in the proof of Theorem 2.1. To this end,
we begin by noting that @ > wi:

2(@% - W%) = —2¢° — \/(01 +c2 —g?)? —derca + \/(Cl +c2 + g%)? — dcico.

This will be positive if and only if

c1tex—g*> \/(61 + o+ g%)? — 4dcyco,

which is clearly satisfied for all positive ¢; and co. We shall now build a table similar
to that used in the proof of Theorem 2.1, except that because we need to include
transitions both at primary and secondary points, it is not possible to ensure that
the order of the crossing points in the first column will be the same as in the other
columns. However, since we are assuming that we > 25, we get that 72’“ = knm/wy >
(2k — 1)7/(2@9) = 7% for all k. This ensures that the first transition in a column
is always from the left to the right. On the other hand, because @; > w;, we have
that 7 = (2k — 1)m/(201) < kn/w; = 7F. This implies that in each column the last
element is always one corresponding to a transition from the right to the left. The
result now follows in a similar way to the proof of Theorem 2.1.

Finally, note that if 20, = wo, then this cancels out two of the transitions in a
column, reducing it to just two terms. As we have seen that the last term in column
k is always 7, we again have instability. 0

As a corollary to this result, we obtain that if too many eigenvalues are on the
right-hand side for a given value of 7, then the trivial solution cannot become stable
again for larger values of 7.

COROLLARY 5.2. Ifv(7.) = v for some positive T, then v(7) > v —4 for all T >
Tw- In particular, if v, = 6, the trivial solution is unstable for all T > T,.. Furthermore,
it will always become unstable for large enough values of the delay parameter.

Proof. From the proof of the previous result we know that the last element in
column k is always 7f and so in order to reach it we must go past 7f. On the other
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hand,

2(wy — @p) = 2¢° + \/(01 + o+ ¢%)? —4deieo — \/(01 +ca —g?)2% —4ejen > 0,

which gives that

> wy > 2k

wo > w w

2 2 2% +1 2,

and so TkH > 7¥. This implies that before we reach 7 = Nk“ we must first pass

through 7. In this way, we see that v can never decrease by more than four.

To prove the second part of the result, just notice that for large enough values of
k we have that the top entry in each column is 75, as wy > @o. This gives that there
exists 7, sufficiently large for which v(7.) is 6 and the result follows. n|

With these results it is possible to determine all the stability intervals for any
given 2 x 2 system (with simple eigenvalues), together with the associated stability
sequence (the sequence of integers giving the number of eigenvalues with positive real
part as the delay parameter is increased).

ExaMpLE 5.1. Take ¢; =4, ¢o = 16, and g = 1. We then get

w1 ~ 1.9233, wo ~4.1594, 1 ~ 2.0920, and @9 =~ 3.8241.
Clearly, 209 > wo, and in fact there will actually exist three stability intervals:

1) ~ (.4108,.7509),
(73,72) ~ (2.0538,2.2526),
and (75, 7]) ~ (3.6969, 3.7543).

The stability sequence in this example is
2,0,2,4,2,4,2,0,2,4,2,4,2,0,2,4,2,4,2,4,6,4,6,4,2,4,6,4,6,4,2...,

and from Corollary 5.2 we get that these are the only stability intervals.

By changing the coefficients, it is possible to obtain examples with more stable
intervals, and also examples for which, although there exist secondary crossing points,
the system is always unstable.

EXAMPLE 5.2. Take ¢; = 1, ¢ = 16, and g = 1/2. Then the stability sequence
is given by

27 07 2707 2’ 47 2747 274’ 27 07 2707 2’ 47 2747 27 4’ 27 07 2707 2’ 4’ 2747 27 4’ 507
2,0,2,4,2,4,2,4,2,0,2,0,2,4,2,4,2,4,2,0,2,0,2,4,2,4,2,4,2,0,2,0,
2,4,2,4,2,4,2,0,2,4,2,4,6,4,6,4,2,4,2,4,6,4,6,4,6,4,2,4,2,4, ..

) b

EXAMPLE 5.3. Take ¢y =1, co = 16, and g = 2.9. Then /co — \/c1 —g = .1, 50
that there exist secondary crossing points, but now the stability sequence is

2,4,2,4,6,8,6,8,10,12,10, 12,10, 12, 10, 12, 14, 16, 14, 16, 18, 20, 18, . . .,

and so the system is never stable.
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6. Conclusions. We have shown that the simple model for gyroscopic systems
given by (1.1) is not robust with respect to small delays in the sense that the introduc-
tion of an arbitrarily small delay in the gyroscopic term will make the trivial solution
unstable under a quite general set of hypotheses. This is the case, in particular, when
the gyroscopic term is used to stabilize a system where the matrix K is negative
definite and thus the number of eigenvalues with positive real parts for the system
without feedback is the maximum possible. For this situation we have seen that the
system remains unstable for all values of the delay parameter. It is thus of interest to
know under what conditions these are realistic modelling assumptions and whether
or not more sophisticated models should be taken into account. These models might
include having different delay parameters in the different variables, introducing delays
in the stiffness term, or having distributed delays.
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ZERO SUM ABSORBING GAMES WITH INCOMPLETE
INFORMATION ON ONE SIDE: ASYMPTOTIC ANALYSIS*

DINAH ROSENBERGH

Abstract. We prove the existence of the limit of the values of finitely repeated (resp., discounted)
absorbing games with incomplete information on one side, as the number of repetitions goes to infinity
(resp., the discount factor goes to zero). The main tool is the study of the Shapley operator, for
which the value of the A-discounted game is a fixed point, and of its derivative with respect to A.

Key words. zero sum games, stochastic games, incomplete information, operator approach,
recursive formula

AMS subject classification. 91A15

PII. S0363012999354430

Introduction. We analyze the asymptotic behavior of a class of discounted and
finitely repeated two player zero sum games, namely, absorbing games with incomplete
information on one side. Indeed, for a given discount factor A or for a given length
n of the game, the existence of the value of the discounted game and of the n-stage
game is known. The question is to provide an asymptotic analysis of the values as the
players become infinitely patient, or as the length of the game increases.

The existence of the limit of the values of the n-stage games v, or of the A-
discounted games vy has been proved in two main classes of games. In the case of
absorbing games with complete information (see Kohlberg [5]) or, more generally, in
the case of stochastic games with complete information (see Bewley and Kohlberg [2]
or Mertens and Neyman [8]), these are repeated games in which at each stage the
actions of the players determine not only their payoffs but also the transitions of a
given Markov process; stage payoffs are a function of the pair of actions and of the
state of the Markov process at that stage. And in the case of games with no absorbing
states but with lack of information on one side (see Aumann and Maschler [1]) or on
both sides (Mertens and Zamir [9]), these are repeated games in which the players do
not perfectly know the matrix of the game they are playing; this matrix is drawn with
a given probability among a given set of matrices, and the players only get partial
information on the exact matrix that has been drawn.

The purpose of this paper is to generalize this result to our framework. This
question has been solved by Sorin in [14, 15] for the special case of “big match” with
incomplete information on one side. These are 2 X 2 games in which one of the players
controls the transition to an absorbing state (see Blackwell and Ferguson [3]).

We analyze the asymptotic behavior of discounted and finitely repeated two player
zero sum absorbing games with incomplete information on one side. The game is
defined by a family of payoff matrices indexed by two parameters: the first one is
private information of player 1 and is kept fixed for the whole interaction; the second
one, named the state, is a Markov process in which the transitions depend on the
actions of the players. This defines a stochastic game with incomplete information

*Received by the editors March 24, 1999; accepted for publication (in revised form) November 1,
1999; published electronically August 17, 2000.
http://www.siam.org/journals/sicon/39-1/35443.html
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on one side. In addition, the game is absorbing, meaning that all states but one are
absorbing: a state is said to be absorbing if, independently of the actions of the
players, the probability to leave it once it has been reached is 0. In that framework
we prove the existence of the limit of the values of the A-discounted games and of the
n-stage games as A\ goes to 0 or as n goes to infinity.

The argument used in this paper is an extension of the approach provided in [5].
It consists of studying a mapping T involved in the recursive formula defining the
value of the repeated game. It expresses the total payoff of the repeated game as
a weighted average of the first stage payoff and of a continuation payoff. The value
vy of the A-discounted game is the unique fixed point of T'(A,.) (see Shapley [13]).
As the length of the game increases, the weight A of the first stage payoff tends to
zero. The proof studies an expansion of this map with respect to A. The heuristic
idea behind this approach is that the most important thing for a player in a long
game is to take care of his future payoffs to keep them above (resp., below) a given
level; such a concern is captured in the control of the main part of the expansion.
Second, given that he guarantees a good future payoff, a player should maintain the
current nonabsorbing payoff above (below) this level; the second term of the expansion
expresses this matter.

1. The model and the result.

1.1. The game. We consider an absorbing game with incomplete information
on one side. It is defined by two finite sets of actions, I (the set of actions of player
1) and J (the set of actions of player 2), a finite set of parameters K (that represents
the private information of player 1), a probability p on K, a finite set of stochas-
tic states Q@ = {wo}JQ* (2* is the set of absorbing states and wg is the unique
nonabsorbing state), a transition ¢ : Q x I x J — A(Q), and an initial state w; € Q.
The transition satisfies that for any absorbing state w* € Q*, and for any (i, ) € I x J,
q(w*|w*,i,7) = 1. Note that we defined the transition to be independent of the infor-
mation k. To each pair of actions (4,) and each state w € Q is associated a vector

payoff af; = (a;‘;ﬁk)ke k- We assume without loss of generality that for all k € K,

weN,iel, and j € J, a‘i‘;-’k € [0,1]. The game is played as follows.

At stage 0, a parameter k € K is drawn according to probability p, and player
1 is informed of the result while player 2 is not. Both players know the probability p
and the initial state wy.

At stage m > 1, player 1 chooses i,, € I and player 2 chooses j,, € J; given the
current state wy,, a new state w,, 1 is drawn according to the probability q(.|wm, im, jm),
and the triple (i, Jm, wm+1) is announced to both players.

We assume perfect recall, i.e., both players remember what they have done and
what they have known in the past. Therefore, by Kuhn’s theorem, without loss of gen-
erality, one can reduce the strategy sets from mixed strategies to behavior strategies.
A behavior strategy of player 1 (resp., of player 2) is a sequence (o1, ...,0n,...) (resp.,
(T1,. .+, Tn,-..)) such that o, is a function from K x Qx (I x Jx Q)™ to A(I) (resp.,
Tm i a function from Q x (I x J x Q)™ to A(J)). We set H,, = Qx (I x J x Q)™ and
Ho = (I xJxQ)N. Thus K x Hy, is the set of plays. Each h,, € H,, can be identified
with a cylinder set of K x H.,. Therefore, H, induces a o-algebra over K x H,,
which we denote by H?2 (the information of player 2 at stage n). Similarly, we define
H} (the information available to player 1 at stage n) as the o-algebra induced by
K x H,, over K x H,,. The probability p, the transition ¢, and a pair of strategies of
the players (o, 7) induce a probability P, , . over the set of plays.
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Any play determines a stream of stage payoffs (a;‘:}’i)meN which can be evaluated in
different ways.

In the finitely repeated game G, (p,w:), the payoff is given by the expectation
(according to the probability P, , ) of the average payoftf: %[Z;Zl ‘;Z‘Ji]

In the discounted game Gy (p,w:), the payoff is given by the expectation of
the discounted sum of payoffs (according to the probability Py or): [> oo A(l —
A tag]

By the minmax theorem (see [10, part A]), both G,,(p,w1) and G (p,w1) have a
value denoted, resp., by v, (p,w:1) and vy (p,w;). Our goal is to study the asymptotic
behavior of these quantities as the game becomes very long, namely, as n goes to
infinity or as A goes to 0.

We denote by NR the subset of A(I)¥ of non revealing strategies, namely the
subset of z € A(I)¥ such that for all (k, k') € K2 and all i € I, z¥ = z¥'. NR can be
identified with A(7). We aim at proving the following theorems.

THEOREM 1.1. The family vy converges uniformly to a function v as A goes to
0.

THEOREM 1.2. The sequence v, converges uniformly to a function v’ as n goes
to infinity.

THEOREM 1.3. v =1v'.

One could also define the uniform value, the mazrmin, and the minmaz of the
infinitely repeated game. The maxmin would be the largest quantity that player 1 can
guarantee in all n-stage games for n large enough, with a strategy that is independent
of n (see [10] for an exact definition); similarly, one defines the minmax; the uniform
value exists if the maxmin equals the minmax. In particular, if such a uniform value
exists, one can prove that it is equal both to v and to v’. The existence of such a value
implies Theorems 1.1, 1.2, and 1.3.

In the case of perfect information absorbing games, Kohlberg [5] proves that in-
deed such a value exists. This result has been generalized for finite perfect information
stochastic games by Mertens and Neyman [8]. In the case of games with incomplete
information on one side, the existence of the uniform value has been proved by Au-
mann and Maschler [1]. Nevertheless, in the case of absorbing games with incomplete
information on one side, Sorin [14] proved that the uniform value needs not exist
(the maxmin and the minmax may differ). Here, we prove the weaker result stated in
Theorems 1.1, 1.2, and 1.3. There is a conjecture by Sorin [15] and Mertens [7] stating
that in stochastic games with incomplete information on one side the maxmin exists
and is equal to v and v’. This paper gives no indication about that conjecture in our
framework.

1.2. Basic properties of vy and v,. A function from A(K) x € to R is said
to be concave, continuous, Lipschitz, etc. if it is respectively concave, continuous, and
Lipschitz in the first variable for any given w € .

Let us recall the following properties of the functions v,, and vy.

LEMMA 1.4.

1. The functions v, and vy take their values in [0, 1].
2. The functions vy, and vy are Lipschitz with constant 1 in p.
3. The functions v, and vy are concave in p.

Proof. As all the payoffs are in [0, 1], so is the value that is computed as a convex
combination of the payoffs in the matrices. The Lipschitz property follows also, and
the concavity expresses the positive value of information in zero sum games. For
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detailed proofs, see the splitting lemma ([1, Lemma 5.3, p. 25] and [10, Chapter 5, p.
218)). O

We use the following uniform norm on the set of functions from A(K) x Q to
[0, 1]:

Ifll=" sup  [f(p,w)].

PEA(K),weR

Let B be the set of functions from A(K) x € to [0, 1] that are Lipschitz with constant 1.
B is a set of uniformly equicontinuous functions, and by Ascoli’s theorem it is compact.
Therefore, both the family vy and the sequence v,, have converging subsequences, and
they converge iff all converging subsequences have the same limit.

Notation. Let v be the limit of a converging subsequence of the family {v}.

We are going to prove that such a v is unique.

PROPOSITION 1.5. For any w* € QF, the functions v,(.,w*) and va(.,w*) con-
verge uniformly to the same limit v(.,w™*).

Proof. The game with initial absorbing state w* € Q2* is reduced to a nonstochastic
incomplete information game. In [1], Aumann and Maschler prove the convergence for
such games. O

The purpose of this paper is to prove that this result generalizes to the nonab-
sorbing state wy.

2. Basic tools.

2.1. The mapping T. F is the set of continuous concave functions f from
A(K) xQ to [0, 1]. Note that the functions in F do not have to be Lipschitz. Actually
all the functions we will use (vy, v,) are not only continuous but Lipschitz with
constant 1. Nevertheless, we are going to define on F, for each A\ and each pair of
strategies * € A(I)X and y € A(J), a map Ty, (A, .). This operator maps continuous
functions to continuous functions, but it is not clear whether the image of a Lipschitz
function with constant 1 is a Lipschitz function with constant 1.

The proof relies on the following mappings 7" and ¢. We consider, for f € F,
A €0,1], w; € Q, and p € A(K) the normal form game T'(\, f)(p,w;1) with strategy
sets A(1)X, A(J) and where the payoff associated to the pair of strategies (x,y) €
ADE x A(J) is

T\ N powr) = XSS praby e *

keK i€l
Jj€J

+(1=2 DD prafyawlen i, §) fpnw) |

kEK i€l we
jeJ

"X
lEKp z

with p; € A(K) and pf = % if Zlerlxi. # 0 and p; = p* if Zlerlmﬁ =0
(for a given p* in A(K)).

The above definition of p; as the conditional probability on K given player 1
played action i will be used throughout the paper. Notice that if x is in NR (meaning
that for all k € K, k' € K, i € I, z¥ = "), then for all i € I, p; = p.

T'(\, f)(p,w1) is a one shot representation of the repeated game in which the stream

of payoffs from stage 2 on is evaluated through f. The total payoff of the repeated
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game is then the weighted average of the first stage payoff (with weight A) and the
continuation payoff (with weight 1 — ).

LEMMA 2.1. If f is in F, then the functions x — Ty ,(X, f)(p,w) and y —
Tey(N, [)(p,w) defined, resp., on A(I)K and A(J) are continuous and, resp., concave
and convez.

Proof. y — Ty 4 (A, f)(p,w) is linear and continuous. For z +— Ty (A, f)(p,w), it
is enough to prove that the function

prae Y >N prakyiqww, i, §) f(pi, W)

kEK i€l w'en
JjeJ

is concave and continuous. The proof is analog to the one in the nonstochastic case
[4].

Assume z = ax1+(1—a)zz with « € [0, 1]; denote by Z; the quantity Y, o ;- p"aF,
and define similarly Z1; and Zo;; then p; = ppr; + (1 — p)pe; with p = aZq1;/%;
(n € [0,1]) and p¥, = p*a¥,/z1; (p1i € A(K); po; is defined in an analogous way).
Concavity of f then implies

Z Z M‘fiij(wl|w7ivj)f(plhwl)
161 w'eN
+Z > (1= wEyqw|w, i, ) f (p2i W)
;éfj w'eN
Using u = aZ1;/T; and 1 — p = (1 — a)T;/Z;, this proves concavity of .

For continuity of ¢ at point z, fix an € > 0. For all > 0, there is an o > 0 such
that || — x1|| < « implies for all ¢ satisfying Z; > ¢, ||p; — p1:i|| < n. Continuity of f
therefore implies that if || — z1]] < «, T; > €, then maxy,eq | f(pi,w) — f(pri, w)| < e.
The result follows. d

The sets of strategies A(I)¥, A(J) are compact convex. Therefore, the previ-
ous lemma and the minmax theorem imply the existence of a value T'(\, f)(p,w1)
for the game T'(\, f)(p,w1) and of optimal strategies for the players. The sets of
optimal strategies of player 1 and of player 2 are denoted, resp., by X\[f](p,w1)
and Y)\[f](p,w1). The following lemma is a restatement of the recursive formula and
the fixed point formula characterizing vy and v,, in terms of the mapping T'. These
formulas justify the introduction of the mappings 7.

LEMMA 2.2.

(a) For all X € [0,1], (/\ UN) = V-

(b) For alln € N, T(n+1’ n) = Unt1-

Proof. These formulas are proved in a more general setup in [10, p. 187]. O

REMARK. In the case of finite perfect information stochastic games, Bewley and
Kohlberg [2] note that these formulas can be restated as:

Yw e Q, Vj e J, Ty j(Avr)(w) > vr(w),
Vw e Q, Viel, Ty, (A vx)(w) < vx(w),

where xx € Xy[val(p,w) and yn € Yi[ual(p,w). This system is a finite number of
polynomial inequalities and hence proves that vy, xx, and yy are semialgebraic in
A. Therefore they have Puiseuzr expansions in X. Together with the fact that these
functions are uniformly bounded, this proves Theorem 1.1. In our framework, under
Zy, the state space can be reduced to a countable subset of A(K) x Q. The algebraic
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approach does not extend because the fized point formula of Lemma 2.2(a) does not
reduce to a finite number of polynomial inequalities but rather to

\V/W,p, Vj S J7 Txxj(Aavk)(p#‘)) Z U)\(pvw)v
Yw,p, Vo € ADK, Tpyy (A, 02)(p,w) < oa(p,w).

Indeed, T}y, (A, vx)(p,w) is no more linear in x.
Let us now define the quantity:

oy (f)(pr 1) = Ty, f)(pyw1) ;Tmy(o,f)(p, wl).

Note that ¢y (f)(p,w1) is independent of A. Indeed, for any A,
ey (Npro) = 35S phabysq(elon, i )@ — Fpi,w))
kEK i€l weR
JjeJ
Z Zpkx;cyja:}hk - Txy(oa f)(p7 W1)-

kEK i€l
JjeJ

(2.1)

Let now I'(f)(p,w1) be the game in which the strategy spaces are Xo[f](p,w;) and
Yo[f](p,w1), and the payoff associated to the pair of strategies (z,y) is ¢uy(f)(p, w1).

LEMMA 2.3. The game I'(f)(p,w1) has a value ¢(f)(p,w1) and optimal strategies
for both players. Moreover,

o) (por) = lim T f)pw1) ;T(o, p.wr)

Proof. The existence of limy_. T(’\’f)(p’wl);T(O’f)(p’“’l) and of the value of
I'(f)(p,w1) as well as their equality follow from an extension of Mills’ result [11]
proved in [10, part A, exercise 6, p. 12]. d

This lemma implies that there are two possible interpretations of the introduction
of ¢: the first one is that since T'(A,vy) = vy, a local analysis of the mapping T'(«, .)
at the point a = 0 should characterize the limit of (vy). Moreover, this limit is not
completely characterized by the condition 7'(0,v) = v. That explains the introduction
of ¢ as the derivative of the map T'. Mills’ result implies, moreover, that this derivative
can be viewed as the value of an auxiliary game in which the players take care of their
current payoffs under the constraint that they guarantee the value T'(0,v).

2.2. Idea of the proof. The functions vy are characterized by the fact they are
fixed points of the contracting mappings T'(\, f). Therefore, the properties of vy, such
as convergence should follow from a study of the mappings themselves. The idea here
is to study an asymptotic expansion of T'(A, f) as A goes to 0. Actually we will need a
first-order expansion using T'(0, f) and the derivative ¢(f) with respect to A. Indeed,
a necessary condition for v to be the limit of vy is that T'(0,v) = v. But this condition
is not sufficient, and we need to go one step further in the expansion. When the values
are real numbers (i.e., when K is a singleton), this idea goes back to Kohlberg [5].

In the case of complete information absorbing games, any limit v of a converging
subsequence of vy is a fixed point of T'(0,.). But Kohlberg points out that being a
fixed point of T'(0,.) does not characterize the limit of the family {vy}. Indeed, T'(0, v)
does not depend on nonabsorbing payoffs, and T'(0,v) = v implies only that player
1 can guarantee an absorbing payoff of at least v. The control of the nonabsorbing
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payoff is related to the sign of ¢(v): the limit v is characterized, in this framework,
by the following system, where w is any function such that w(.,w*) is equal to the
limit v(.,w*) of vx(.,w*) for all absorbing states w* € Q*:

w>v = T(0,w) <wor {T(0,w) =w and ¢(w) < 0} S,
w<v = T0,w)>wor {T(0,w) =w and ¢(w) > 0} Ss.

The intuition behind such a system is that if w > v, either T'(0,w) < w, and therefore
player 1 cannot maintain the level w, i.e., cannot prevent absorbing with a payoff
smaller than w, or T'(0, w) = w, and ¢(w) < 0. Due to the definition of the strategy
sets in game I''(w)(p,w1), this means that player 1 cannot simultaneously maintain
the level and guarantee a large enough current payoff (compared to w). Hence player
1 cannot guarantee w in the A-discounted game for A close to 0.

In the case of complete information absorbing games [5, 12] and in the case of
incomplete information games with no absorbing states [1, 12], one can prove that
any limit v of a converging subsequence of vy satisfies the above system (S1,S2) and
that this system has a unique solution, which proves the result.

The problem in the case of incomplete information games is that v is a function
of p, and the study of the equation T'(0,v) = v does not reduce to a control of the
absorbing payoffs. On the other hand, unlike in nonstochastic games with incomplete
information, the equation T'(0,v) = v cannot be reduced to a concavity property
of v. We are going to prove only that the limit v of any converging subsequence of
v satisfies 81 (see section 2.3). The idea is then to prove that this equation indeed
implies that if w > v, player 1 cannot guarantee w in the A-discounted games for A
close enough to 0: then this equation implies that v = limsup vy, and therefore v is
unique (see section 3). More precisely, in section 3 we prove the following (where ¢ is
a positive constant and ¢ a positive strictly concave function of p, £ denotes the real
function on € defined by &(wp) = ¢, and for all w* € Q*, &(w*) = 0).

PROPOSITION 2.4. Let f € F satisfy:

TO,f+6+&) < f+6+¢,
T(Oaf+6+g)(p7w0) :f(p7w0)+6(p)+€ = ¢(f+6+§)(paw0) <0.

Then f > v.

2.3. Properties. Recall that v is the limit of a converging subsequence of {v)}.
In this section we prove some general properties of T'(A, f). This section aims at prov-
ing &1, namely, that for functions w chosen in some class of functions that always
lie above v, T(0,w) < w and T(0,w)(p,w) = w(p,w) implies that ¢(w)(p,w) < 0.
This is the content of Lemmas 2.7 and 2.10. The first lemma is a contracting prop-
erty of T'(),.) and a regularity property of the correspondences of optimal strategies
XAlf](p,w) and Y)[f](p, w).
LEMMA 2.5.
1. For any f € F and any g € F, for allp € A(K), w € Q, and X € [0,1],
N e [0,1],

T()‘7 f)(paw) - T()‘Ivg)(p7w) < (1 - )‘) max qrenAa(’}é) {f(qa w/) - g(qaw/)} ) 0

20— N,

2. For any f € F and any w € Q, the correspondences (A, p) — X\[f](p,w) and
(A p) = Ya[f]l(p,w) are upper semicontinuous.
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REMARK. Property 1 implies, in particular, the contracting property of T(A,.)
and the nonexpansiveness of T(0,.).

1T f) =T 9l < (X =MIf =gl

Proof. Let (f,g) € F? and (\,XN) € [0,1]?. Take z € X,[f](p,w) and y €
Yy [g](p,w); then

TN f)(pyw) = TN, 9)(p,w) < Tuy(N, £)(pyw) — Toy(N, 9) (p,w).

Using the fact that the payoffs and f take their values in [0,1], one gets

Toy(A )(p,w) = Toy(N, g)(p,w) < 2[A=X|
=N pratya|w, i g) (f(pisw') — g(pise))
KeK ict
which implies result 1.

Assume A, converges to A and p,, converges to p. Let x,, € X, [f](pn,w). It is
straightforward to check that if = is the limit of a converging subsequence of x,,, then
x € Xo[f](p,w). The argument is similar for Y. |

LEMMA 2.6. For any accumulation point v of vy, T(0,v) =

Proof. The result is obtained by letting A go to 0 in the formula of Lemma 2.2
and by using the continuity of T proved in Lemma 2.5 and the uniform convergence
of a subsequence of vy to v. 0

From now on, we fix ¢ > 0, and we denote by & the function from 2 to [0, ¢]
satisfying £(wg) = € and for w* € Q*, &(w*) = 0. Let é be a fixed 1-Lipschitz strictly
concave function from A(K) to [0, €]. For f € F, the function f+6+¢ therefore satisfies
(f+6+8)(prwo) = f(p,wo) +6(p) +&, and for w* € O, (f+8+8)(p,w) = f(p,w) +
6(p). Lemmas 2.7 and 2.8 concern properties of the mappings 7' and the optimal
strategies correspondences X and Y that are needed to prove the desired property
stated in Lemma 2.10. The idea is that for some functions w > v, T(0,w)(p,wp) =
w(p,wp) implies that under optimal strategies Xo[w](p,wp) and Yo[w](p,wo) there is
no revelation of information and absorption occurs with probability 0. In addition,
in Lemma 2.8 some regularity properties of the correspondences of optimal strategies
are stated.

LEMMA 2.7.

V(z,y) € A(DX x A(J), Vp, Vf € F,
Try(ov f + 0 + {;T)(p, wO) S Tmy(ov f)(pv CU()) + 6(])) +e€

Assume f € F and p € A(K) satisfy T(0, f)(p,wo) < f(p,wo); then
T(0,f+6+&)(p,wo) < f(p,wo) +6(p) +¢
In particular,
T(0,v+6+¢&)(p,wo) < v(p,wo) +6(p) +
Proof. Let x € A(I)®X and y € A(J). Then
Toy(0,f +6+2)(p,w0) < YD > prafy;a(w|wo,i, j) (f(pi,w’) + 8(pi) +€)
heK i€l W eQ

myOf pw)+ Y Y praty; (8(pi) +e).

keK i€l
JjeJ

IN
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Therefore, using the concavity of 6, one gets the first assertion. By choosing x €
Xolf + 6+ &](p,wo) and y € Yy[f](p,wo), one gets the second assertion. Lemma 2.6
implies the third assertion. 0

This lemma would be a direct consequence of the contracting property of T'(\, v)
if 6 were a constant. As 6 is a function of p, one has to take care of the splitting that
occurs in D'(A\,v 4+ § + &)(p,w). The concavity of § then implies that such a splitting
does not increase the payoffs. We denote by C.(p) the following condition.

Condition C.(p). pis in the interior of A(K) and T(0,v+64&)(p,wo) = v(p,wo) +
6(p) +e.

The following lemma states a tightness property. The basic tightness property
would be the following: if h is a positive constant and T'(0,v)(p,wo) = v(p,wp) and
T(0,v+h)(p,wo) = v(p,wo)+h, then for any h' < h, T(0,v+h")(p,wo) = v(p,wo)+h'.
In Lemma 2.8 we get a more precise result that allows us, in particular, to let p vary.

LEMMA 2.8. Under condition C.(p), we have the following.

(a) Xofv+ 8 +2](p,wo) C NE.

(b) Xo[v+ 6 +&](p,wo) C Xo[v+ 6+ &(p',wo), where &’ < e and & : Q — [0,¢]

is defined by & (w*) = 0 for w* € O* and &' (wy) =¢&'; and

o k_/k<5—€/
p=pl=_ I ="l < ——
keK

Moreover,
TO,v+6+&) (P, wo) =v( ,we) +6(p) + €.

(¢) Yolv+ 6+ &(p,wo) C Yolv+ 8+ E|(p,wo) for & defined as above.
Notation. For a pair (z,y) € A(I)X x A(J) of mixed moves of the players, let
Wy, denote the measure on 2 defined by

why (@) = > pratyiq(w|wo, i, 5).

kEK i€l
JjeJ

Hay (w*) is the probability to reach state w* if we are in state wg, and the players play
(z,y). Note that p* is a measure but not a probability distribution on *.
Proof.
(a) Let x € Xo[v+6+E](p,wp) and y € Yo[v](p, wp). Condition C.(p) and Lemma
2.6 imply

v(p,wo) +6(p) +e < Tuy(0,v+ 6 +&)(p,wo).

The proof of Lemma 2.7 and the definition of y imply

Ty (0,0 + 6 + &) (p,wo) < v(p,wo) + Z praé(pi) + e
er
These two inequalities lead to
> pFalé(p:) > 6(p).
keK

i€l

Therefore, by strict concavity of 8, and since p is in the interior of A(K), the result
follows.
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(b) Let z € Xo[v + 6 + €](p,wo) and y € A(J). Condition C.(p) leads to:
sz((),’u + o + g)(pv WO) Z U(pv WO) + 6(p) +e€

By (a) and & € NR, this inequality can be rephrased:

> iy (w(p 2 > #ey(@") ©pwo) +8(p) +).

w*eN* w*eN*

By definition of p’ and using the Lipschitz property of § and v,

D wh,w*) (W) + > Y, (@) (', wo) + 6(p) + & — 4lp—p/))
w*EN* w*eN*

> > ph, @) (v wo) +8(p) +€').

w*eN*

This implies Tyy (0, v+6+&")(p',wo) > v(p',wo) +6(p")+¢’. By Lemma 2.7, v(p’, wo) +
§(p') +¢e > T(0,v+ 6+ &) (p',wp). Hence

T0,v+6+&)(p,wo) >infyeacs) Tuy(0,v+6+&)(p', wo)
> v(p',wo) +6(p') + ¢’
>T0,v+86+&)(p,wo).

This inequality drives the desired result.
(c) Let z € A(I)X and y € Yp[v + 6 + &'](p, wo).

Tfﬁy(oav+6+§)(paw0) U+6+6)(p7w0)

+ Z ZP 27 y;q(wolwo, 1, 5) (e — ')

ke i€l
jeJ

< v(p,wo) +6(p) +&'+ (e —€)

by Lemma 2.7. By condition C.(p), this last inequality is the result. d

Let d(y,y') = maxjes |y; —y;| fory € A(J), y' € A(J). For Y C A(J), d(y,Y) =
inf, ey d(y,y’) is the distance between y and the set Y.

LEMMA 2.9. Under condition C.(p), there is an a > 0 such that for all y € A(J),

d(y,Yo[v+ 6+ &)(p,wo)) > /4
=
3z € ADK, Tpy(0,v + 6+ &) (p,wo) > v(p,wo) + 6(p) + € + a.

Proof. This lemma follows from the compactness of A(J) and the continuity of
Toy(0,04+ 6 +8)(p,wo) in y. d

The following is the key lemma.

LEMMA 2.10. Under condition C.(p),

o(v+6+¢&)(p,wo) <O0.

The idea of the proof is the following. Assume that for some p, the result is false;
then there is a small enough A such that given any strategy 7 of player 2, player 1
has a reply that ensures him a payoff strictly greater than vy(p,wp). Indeed, if the
mixed move y of player 2 is far from Yy[v + 6 4 &](p, wp), then by Lemma 2.9, player
1 has a reply that strictly increases the level of future payoffs: absorption occurs
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with a positive probability and a high payoff. If, on the other hand, y is close to
Yo[v + 6 + €](p,wp), then the hypothesis that ¢(v 4+ § 4+ &)(p,wp) > 0 implies that
player 1 has a reply that gives him at the same time a good absorbing and a good
nonabsorbing payoff.

Notation. For a function f € F, let us denote by Xo[f](p,wo) the set of optimal
strategies in I'[f](p,wo). This is a subset of Xo[f](p,wo)-

Proof. Let us prove the result by contradiction, assuming that for some p, T'(0, v+
6+ &)(p,wo) = v(p,wo) + 6(p) + € and ¢(v + 6 + &) (p,wo) = 0.

For ¢, 6, and p, fix o as in Lemma 2.9. Then choose a A such that

{ [ox — o[l <8 = min(e/4, a/4),
A< afs.

For any y € A(J), we will exhibit an x € A(I)E with Ty (X, vx)(p,wo) > va(p,wo).
Hence T'(A, vx)(p,wo) > va(p,wp), which contradicts Lemma 2.2.

o Ifd(y,Yo[v+ & + &](p,wo)) > €/4, then by Lemma 2.9, there is an = € A(I)¥
such that

Ty (0,0 46 4 8)(p,wo) = v(p,wo) +6(p) + ¢+ a.
Hence, by Lemma 2.7,
Ty (0,0)(p,wo) > v(p,wo) + .
Let us now compute Ty, (A, v5). Lemma 2.5 implies
Ty (0,v)(p,wo) — /4 =3

2
> v(p,wo) +a— a2
> ua(p,wo) + /4.

Txy(Aa v)(p,wo)

o If d(y, Yo[v + 6 +&](p,wo) < /4, let x € Xo[v + & + &](p,wp). By Lemma 2.8,

x is nonrevealing; thus T, (0,v + 6 + &)(p,wo) > v(p,wo) + 6(p) + € and the
concavity of § imply

Z ,U,my Z ,U/zy p7w0)+5)‘

w*eN* w*eN*
By definition of A,
Z :u‘:cy( U)\ pa Z .u“xy /UA p7W0)+5*25)
w*en* w*EeN*

and therefore
(2.2) Ty (0,05)(p, wo) > va(p,wo)-

Define now yo € Yy[v + & + £](p, wp) such that ||y — yo|| < /4. Then

Z Zpkwiij(a:}Ok —v(p,wo) = 6(p) — €) = Pay, (v + 6 +&)(p,wo) 2 0.

kEK i€l
JjeJ
Thus, by continuity,

SO praya > ua(pwo) +e— B —e/4

keK i€l
JjeJ
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This last inequality and (2.2) imply
Ty (A, 0x) (P, wo) > va(p, wo) + Ae/2.

e Hence for any y, we have an « such that Ty, (A, vy)(p,wo) > va(p,wp), and
this contradicts the recursive formula and proves the result. 1]

3. The proof of Theorem 1.1. Our goal is to prove that v is the unique limit
of a converging subsequence of {vy}.

If in addition to Lemma 2.10, one had a symmetric result, namely that 7'(0,v —
€)(p,wo) > v(p,wo)—e, and T'(0, v—¢&)(p,wo) = v(p,wo)—e = ¢(v—&)(p,wp) > 0, then
uniqueness of such a v would be a consequence of the definition of ¢ as the derivative
of T, and of the contracting property of T'(),.) stated in Lemma 2.5. This is the
case for incomplete information games with no absorbing states, and for absorbing
games with complete information (see [5], [12]). In the case of absorbing games with
incomplete information, in order to prove this property by contradiction, one should
assume that for some p, T(0,v — &)(p,wp) = v(p,wp) — e and ¢(v — &)(p,wy) < 0.
But the difficulty in concluding that player 2 has a best response to any strategy of
player 1 that leads to a payoff strictly inferior to vy in a A-discounted game arises
from the fact that since the strategies of player 1 may be revealing, the equation
T(0,v — €)(p,wo) = v(p,wp) — € does not lead to a bound on the absorbing payoffs.

But, without such a property Lemma 2.10 implies that player 1 cannot guarantee
v+ 0 +¢€ in a A-discounted game with A\ small, because he cannot simultaneously push
his absorbing and nonabsorbing payoffs above v+6+¢. More precisely, the intuition for
the end of the proof is the following: the function v+06-+¢ is such that for every p, either
T(0,v+86+&)(p,wo) < v(p,wo)+6(p)+e or T(0,v+8+¢€)(p,w) = v(p,wo) +6(p) +e¢,
and ¢(v 4+ 6 + &)(p,wp) < 0. By Lemma 2.3, this implies that for A small enough
(depending on p)

TA\v+6+&)(p,wo) <v(p,wo) +(p) +e.

Would such a A be uniform in p, then such an inequality would prove vy(p,wp) <
v(p,wo) + 8(p) + €. But A needs not be uniform in p. Nevertheless, the remainder of
the proof aims at establishing that for A small enough vy (p,wp) < v(p,wo) +6(p) +&.
Uniformity of A is replaced by the following proposition.

PROPOSITION 3.1. For any sequences A, € [0,1] and py, € A(K) such that A\,
converges to 0 as n goes to infinity and py, converges to p in the interior of A(K),

aN, Vn > N, T(\,,v+6+¢&)(px,,wo) < v(pa,,wo)+ 6(pa,) + ¢

Proof. Assume by contradiction that there is a sequence A,, converging to 0 and
a sequence py, converging to p in the interior of A(K) such that

VN, In 2 N, T(An, v+ 6+ €)(pa,,wo) = v(pa,,wo) +6(pa,) +e.
Note that, by concavity, one always has v(py, ,wo)+6(pa, )+e > T(0,v+6-+E&) (P, , wo)-
In what follows, let us denote by A the (infinite) subset of (A,,)nen satisfying
(3.1) T\ v+6+8&)(pr,wo) = v(pr,wo) +6(pr) +e > T(0,v4 6+ &)(px,wo),

and by p the limit of a converging subsequence of (px)xea. The proposition will be a
consequence of Lemmas 3.2 and 3.3. Indeed, they imply that for some A, T'(0,v + 6 +
£/2)(px,wo) = v(px,wo) +6(px) +€/2 and ¢(v+6+&/2)(pa,wo) > 0. This contradicts
Lemma 2.10. 0



220 DINAH ROSENBERG

LEMMA 3.2.
(a) For A € A, for all xy € Xx[v+ 6+ &|(pr,wo), Yx € Yo[v + 6 + &](pa,wo),

Paayx (V40 +E)(pa,w0) = 0.
(b) Fore' <e,
T(0,v+ 6+ &)(p,wo) = v(p,wo) + 6(p) + €.
(c) For all &' satisfying /8 < &' < e, there is a \* such that for A € A, X < \*,

T(0,v 46+ &) (pr,wo) = v(pa,wo) + 6(pr) + €,

Xolv+ 6+ &(p,wo) C Xolv+ 6+ &'](pa,wo).

Proof.
(a)

Tmy,\ (A’ v+0+ 5)(}7)\7 WO) — T$>\y>\ (07 vt+6+ g_)(pA, WO)
b\ .

(blb’/\y,\(v—’—(s—i_g)(p)\?w()) =

Therefore inequality (3.1) implies the result.
(b) Inequality (3.1) and the continuity of T' (Lemma 2.5) imply by going to the
limit:

T(0,v+ 6+ &)(P,wo) = v(P,wo) + 6(P) + €.

This is condition C.(p). Lemma 2.8(b) leads to the result.
(¢) Lemma 3.2(b) is condition C./(p); Lemma 2.8(b) then implies the result. 0
LEMMA 3.3. Fix e’ =¢/2, and define \* as in Lemma 3.2(c). There is a A < \*,
A € A such that

¢(v+06+2/2)(pr,wo) = 0.

Proof. Define yy € Yo[v+ 8 +&/2](px,wo) to be optimal in I'[v + 6 4+ &/2](px, wo)-
For A € A, A < M\ let ) € Xx[v+ 6 + &](pr,wo), and define x to be the limit of a
converging subsequence of xy. Choose A such that ||z — z,|| < ¢/2. By Lemma 2.5,
z € Xolv + 6 + &](p,wo). By Lemma 3.2¢, x € Xg[v+ & + &/2](pa, wo)-

Therefore,

(32) %w (U +o+ 5/2)(]9)\7‘*)0) < ¢(U +0+ é/2)(]7/\7‘4)0)-

Recall that by Lemma 2.8, z € NR and yy € Yo[v + 6 + &](px,wo). By (2.1) and
Lemma 3.2(c),

Gays (V6 +8/2)(pa,w0) = Y Y phwiynali® — (v(pa,wo) + 8(pa) +/2)

i€l ke K
JjEJ

> haays (V6 +E)(pr,wo) +€/2 = [lz — .

Lemma 3.2(a) implies ¢, 4, (v + 6 + &)(pr,wo) > 0, and the result follows. 0

We now establish Theorem 1.1. The proof proceeds by induction on the cardinal-
ity of K, card (K).

If card (K) = 1, the game is a complete information game and by [5] vy converges.
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Assume the result is true for card (K) < K — 1, and let card (K) = K. The
induction hypothesis implies that on the boundary of A(K), vy converges.

Let us prove the convergence of vy by contradiction. Assume that there is a
sequence A, such that A, goes to 0 and such that vy, converges uniformly to some
function v’ different from v. By Proposition 1.5, v(p,w) and v'(p,w) are equal as soon
as w € Q*. So, we assume the following.

Hypothesis H. There is a py € A(K) such that v'(pg,wo) > v(po,wo)-

By induction hypothesis, pg is in the interior of A(K). Consider a sequence A,
such that lim, . A, = 0 and v, converges uniformly to v’ as n goes to infinity.

Let € > 0 satisfy v'(pg,wo) > v(po,wo) +4e; let § be a strictly concave continuous
function from A(K) to [0, ¢].

Now, for all A, let px belong to argmax,ca(x) [Va(p,wo) — v(p,wo) — 6(p)]. As-
sume |jvy —v'|| < £/16. Then H and the definition of € imply vy (P, wo) — v(Pr,wo) —
6(py) —e > 0.

Define p as the limit of a converging subsequence py_,,, of px,. Then, v (P, wo) —
v(p,wo) — 6(P) — & > 0. By induction hypothesis, p is in the interior of A(K).

Set Ao the subset of (Ay(;))nen such that for all A € Ao,

’U)\(ZA))U(“JO) > U(ﬁhwo) + 6(ﬁ>\) +¢,
Py is in the interior of A(K),
[lox = v'|] < e/16.

LEMMA 3.4. For all A € Ag and all /8 < &' <,
T(X v+ 06+¢&)(Pr,wo) > v(Pr,wo) + 6(Pr) + €.

Proof. For p € A(K) and w* € O, vy(p,w*) < v/ (p,w*)+¢/16 = v(p,w*) +¢/16.
Therefore, by definition of py,

T(A, vx)(p,wo) = TN, v+ 6+ &)(p,wo)

reA(K)

< max< 0, max [vy(r,w') —v(r,w’) —8(r) — él(w')]}

< vA(Pa,wo) — v(Pa,wo) — 8(Pr) — €.
Since T'(A,v)) = vy, the last inequality implies, for p = P,
T(A v+ 8+&)(hx,wo) = v(pr, wo) + 8(hr) + €',

which is the desired result. O

Proof of Theorem 1.1. We have proved that p is in the interior of A(K). Therefore
(As(n)) satisfies the hypothesis of Proposition 3.1. But Lemma 3.4 and Proposition
3.1 are in contradiction. Hence the assumption H is impossible, and for any v’ such
that there is a subsequence of vy that converges uniformly to v/,

vpa v'(p,wo) < U(p,u)()).

But since v is any limit of a uniformly converging subsequence of vy, this implies
that v/ = v. The uniqueness of such a limit gives the result, i.e., implies the con-
vergence of vy as A goes to 0 when card (K) = K. The theorem is then proved by
induction. O

The previous results do not depend on the exact definition of v. The only impor-
tant property of v is that T(0,v + 6 +&) < v+ 6+ ¢ and T(0,v + 6 + &)(p,wo) =
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v(p,wo)+6(p)+e = Pp(v+6+¢)(p,wo) < 0. This property implies that there cannot
be a subsequence of vy and py such that v(py) < va(py). Therefore, we have proved
the following proposition.

PROPOSITION 3.5. Let f € F satisfy

TO,f+6+e) < f+6+¢,
T(Oaf+6+§)(pvw0):f(p7w0)+5(p)+€ = ¢(f+5+§)(pvw0) <0,

then f > v.
This proposition will be used in the following section.

4. The case of finitely repeated games. The same argument will apply to
prove the convergence of v, to v. Although, since v,, is no longer a fixed point of T,
the proofs might be longer. We only sketch them and mention the complete argument
when it is different from above.

Denote by w the limit (in the sense of the uniform norm) of a fixed converging
subsequence of v,, and by v the limit of vy. We prove that v = w and therefore that
w is unique. Let w be the liminf of (v, ). w is 1-Lipschitz and concave.

Let ¢, &, and 6 be defined as previously.

LEMMA 4.1. For all p € A(K), we have the following.

(a) T(0,w)(p,wo) = w(p,wo)-

(b) T(0,w + 6 + &)(p,wo) < w(p,wo) + 6(p) + €.

(c) T(0,w+ 6+ &)(p,wo) = w(p,wo) +6(p) +e = Pw+6+E)(p,wo) <O0.

Proof.

(a) If (vs(n)) is a subsequence of (v,,) that converges uniformly to w, then (vs()+1
also converges uniformly to w, and therefore for any p, T(0,w)(p,wp) =
w(p,wo).

(b) Lemma 4.1(a) implies that for any w and any p,

T(Oaw)(pa wO) < T(Oaw)(pv WO) = w(pa WO)'

But w(p,wp) is the infimum of all possible w(p,wp). Hence T'(0,w)(p,wp) <
w(p,wp). The result follows from Lemma 2.7.

(c) This step is analog to Lemma 2.10. One proceeds by contradiction and as-
sumes

T(0,w+ 64 ¢&)(p,wy) = w(p,wo) + 6(p) + € and ¢(w + 6 + &)(p,wp) > 0.

Define « as in Lemma 2.9 (applied for the function w), and let n < min(«/8,e/4). By
definition of w, there is an N such that for all n > N, v, > w — n and % <.

Fix y € A(J). There are two cases (see Lemma 2.9): either there is an z €
A(D¥ such that T(0,w + & + &)(p,wo) > w(p,wo) + 6(p) + € + a, or there is an
x € Xolw+ 6 + €](p,wo) such that ¢y (w+ 6 + &) (p,wo) > —&/2.

In the first case, there is an # € A(I)X such that T(0,w + & + &)(p,wo) >
w(p,wo) + 6(p) + € + a. Therefore, for n > N,

1 2
Toy (muvn> (p,wo) > T + Ty (0,0 — n)(p, wo).

1 2
(4.1) Tyy (7"%) (p,wo) > Tl +w(p,wo) + @ — 1.
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In the second case, there is an € Xo[w + 6 + &](p, wo) such that ¢, (w+ 6 +
€)(p,wo) > —&/2. By Lemma 2.8a, © € NR. Hence

Z Z Praiy;ali® > w(p,wo) + 6(p) + /2.
i€l keK
JjEJ
Moreover, T, (0, w + 6 + &) (p, wo) > w(p,wo) + 6(p) + €; therefore
S @wpw) = >k, (W) (w(p,w) + ).

w*eQ* w*eQx

This leads to

Toy (nJIrl’U") (p,wo) > %H(w(p,wo)Jré(p)Jr&/?)

n * *
(4.2) + n+1 u);]* Nzy(w )(w(p,wo) +€—n)
n . .
+ n+1 inijI(Wolum, Z7])’071(197 WO)-

i€l
jeJ

There is an ng > N such that |v,,(p,wo) — w(p,wo)| < n. Equations (4.1) and
(4.2) imply that for any n such that |v,(p,wo) — w(p,wo)| < n, and for any y, there
is an x satisfying Tey (537, vn) (D, wo) = vn(p,wo) + min(n, 5, ). Hence vui1(p,wo) >
Un (P, wo) + min(n, 5 ).

Therefore there is an n; > N such that v, (p,wo) > w(p,wo) +n. Equations (4.1)
and (4.2) imply that for any n such that v,(p,wo) > w(p,wy) + 70, and for any y,
there is an z satisfying, Tmy(n%rl,vn)(p, wo) > w(p,wo) + 1. Hence vy41(p,wo) >
w(p,wp) + 1. Thus for any n > ny, v,(p,wo) > w(p,wy) + 7, which contradicts the
definition of w. |

LEMMA 4.2. w > v.

Proof. This is a corollary of the previous lemma and Proposition 2.4 applied for
the function w. 0

LEMMA 4.3. w < v.

Proof. Let us denote by p,, an element of argmax {v,(p,wo) — v(p,wo) — 6(p)}.
Denote by d,, the quantity v, (pn,wo) — v(Pn,wo) — 6(prn) — E(wy). Notice that Propo-
sition 1.5 implies that for all p, w* € Q*, v(p,w*) = w(p,w*). We prove the claim by
induction on the cardinality of K. If card (K) = 1, it is a consequence of [5]. Assume it
is true for card (K) = K —1, and let card (K) = K. The induction hypothesis implies
that if py(,) is any converging subsequence of p,, then its limit is in the interior of
A(K). Thus Proposition 3.1 (with A, = 1/n) implies that there is an integer N such
that for all n > N,

1
(4.3) T (n,v + 6+ 5) (Pn, wo) < v(Pn,wo) + 6(pn) + €.

In the case of finitely repeated games, we have to consider this case that was ruled
out for discounted games by Lemma 3.4. Inequality 4.3 implies

1
! (TH-I’U o 8) (Prt1,wo) < V(P wo) +8(pnt1) +e

S Un,+1(pn+1a WO) - dn+1
<T

’I’L-i—l,vn (pn+17w0) _dn+1-
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Hence, in any case, (n + 1) max(d,+1,0) < nmax(d,,0). Thus there is a constant
C > 0 such that for all n > N, d, < €. The result follows. 0

These results imply that for any uniform limit w of a subsequence of (v,), we
have w = v; the result follows.

5. Concluding remarks.

1) The proof provided above gives no indication about the speed of convergence
of v, and vy to their limit.

2) There is no immediate generalization of the proof to the case where the tran-
sitions ¢ depend on the parameter k. Indeed, in this case the class of non-
revealing strategies may change, and all arguments may become much more
involved.

3) The limit of v,, and the limit of vy are equal in the situation under concern in
this paper. This property is conjectured to generalize to all stochastic games
with incomplete information and finite state and action sets: in [6], Lehrer
and Sorin proved that for one player games the uniform convergence of vy is
equivalent to that of v,.

4) Tt is conjectured by Sorin [15] and Mertens [7] that the maxmin of infinitely
repeated games with lack of information on one side exists and is also equal to
v. In the case of big match games [14, 15], Sorin proved that this conjecture is
satisfied. The present proof gives no insight about this conjecture, though the
mappings T and ¢, by separating the study of the absorbing and nonabsorbing
payoffs, seem to be an appropriate tool to study the maxmin of the infinitely
repeated game.
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LYAPUNOV CHARACTERIZATIONS OF INPUT TO OUTPUT
STABILITY*

EDUARDO SONTAGT AND YUAN WANGH

Abstract. This paper presents necessary and sufficient characterizations of several notions of
input to output stability. Similar Lyapunov characterizations have been found to play a key role in
the analysis of the input to state stability property, and the results given here extend their validity
to the case when the output, but not necessarily the entire internal state, is being regulated.

Key words. Lyapunov functions, output stability, ISS, robust control
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1. Introduction. This paper concerns itself with systems with outputs of the
general form

(1.1) &(t) = f(z(t),u(®), y(t) = h(x(t)),

where f : R” x R™ — R™ and h : R™ — RP are both locally Lipschitz continuous,
£(0,0) = 0, and h(0) = 0. In [19] (see also [17]), the authors introduced several
notions of output stability for such systems. All these notions serve to formalize the
idea of a “stable” dependence of outputs y upon inputs (which may be thought of
as disturbances, actuator or measurement errors, or regulation signals). They differ
in the precise formulation of the decay estimates and the overshoot, or transient
behavior, characteristics of the output. Among all of them, the one of most interest is
probably the one singled out for the name input to output stability, or IOS, for short.

Our main theorem in this paper provides a necessary and sufficient characteriza-
tion of the IOS property in terms of Lyapunov functions. In the process of obtaining
this characterization, we derive as well corresponding results for the variants of 10S
discussed in [19]. (The relationships between those variants, shown in [19], play a role
in our proofs, but otherwise the two papers are independent of each other.)

In the very special case when y = x, our concepts all reduce to the input to state
stability (ISS) property. Much of ISS control design (cf. [2, 3, 4, 5, 6, 7, 9, 10, 13, 14,
15, 20]) relies upon the Lyapunov characterizations first obtained in [12, 16]. Thus,
it is reasonable to expect a similar impact from the results given here for the more
general case.

In order to review the different i/o stability concepts, let us make the following
notational conventions. Euclidean norms will be denoted as |z|, and |lu| denotes the
L7 -norm (possibly infinite) of an input u (i.e., a measurable and locally essentially
bounded function u : Z — R™, where 7 is a subinterval of R which contains the origin;
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if we do not specify the domain 7 of an input u, we mean implicitly that Z = R>). For
each initial state £ € R™ and input u, we let (-, £, u) be the unique maximal solution
of the initial value problem & = f(z,u), (0) = £, and write the corresponding output
function h(x(t,&,u)) simply as y(-,&,u). Given a system with control-value set R™,
we often consider the same system but with controls restricted to take values in some
subset @ C R™; we use Mg for the set of all such controls. As usual, by a K function
we mean a function v : [0,00) — [0, 00) that is strictly increasing and continuous and
satisfies v(0) = 0, by a Ko, function one that is in addition unbounded, and we let L
be the class of functions [0, 00)? — [0, 00) which are of class K on the first argument
and decrease to zero on the second argument. When we state the various properties
below, we always interpret the respective estimates as holding for all inputs u and for
all initial states £ € R™.
Recall that a system is said to be forward complete if for every initial state £ and
input u, the solution x(t,&,u) is defined for all ¢ > 0.
The following four output stability properties were discussed in [19]. A forward
complete system is:
e I0S, or input to output stable, if there exist a L-function 8 and a K-function
~ such that

(1.2) ly(t, &, u)l < B ) +A(lull)  VE=0

(the term ~y(J|u||) can be replaced by the norm of the restriction to past inputs
Y(l[ullp,4), and the sum could be replaced by a “max” or two analogous
terms);

e OLIOS, or output-Lagrange input to output stable, if it is IOS and, in addition,
there exist some IC-functions o1, oo such that

(1.3) ly(t, &, u)| < max{o1([h(&)]), o2([lull)}  VE=0;

e SIIOS, or state-independent input to output stable, if there exist some G € KL
and some y € I such that

(1.4) ly(t, & w) < B(RE] 1) +y(ull) V=05

e ROS, or robustly output stable, if there are a smooth K-function A and a
8 € KL such that the system

(1.5) &= g(x,d) = f(z,dX(|yl)), y=h(z),
is forward complete, and the estimate

holds for all d € Mg, where B = {|u| < 1} C R™, and where yx(+, &, d) denote
the output function of system (1.5).

The last concept corresponds to the preservation of output stability under output
feedback with “robustness margin” A. It was shown in [19] that SIIOS = OLIOS
= I0S = ROS, and no converses hold. It was also remarked in section 2.2 of [19]
that the OLIOS property is equivalent to the existence of a KCL-function § and a
KC-function v such that the estimate

p(t.6.001 < 0 (10O Ty )+l veo
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holds for all trajectories of the system. We now introduce the associated Lyapunov
concepts.
DEFINITION 1.1. With respect to the system (1.1), a smooth function V : R™ —
RZO 18:
e an 10S-Lyapunov function if there exist o, g € Koo such that

(L.7) ar([h(§)]) V() < aa(l€])  VEER™

and there exist x € K and as € KL such that

(1.8) V(&) =z x(lul) = DV(§)f (&, 1) < —as(V(E), [€]) V&, Y,

e an OLIOS-Lyapunov function if there exist aq,as € Koo such that

(1.9) ar(|(@)]) V() < ax(p(@)])  VEeR”

and there exist x € K and az € KL such that (1.8) holds,
e an SIIOS-Lyapunov function if there exist x € K and as € K such that

(1.10) V(&) = x(lul) = DV(§) f(& p) < —as(V(§)) V&, Ypu

and there exist ay, g € Koo such that (1.9) holds,
e an ROS-Lyapunov function if there exist x € K and as € KL such that

(1.11) M) = x(lul) = DV(&)f(&, 1) < —as(V(E),[€]) VE Vi

and there exist o, g € Koo such that (1.7) holds.

Observe that, if an estimate (1.7) holds, then (1.11) is implied by (1.8) in the
sense that if x¥ and «; are as in the former, then X := afl o x can be used as “y” for
the latter. Note also that, provided that (1.9) holds, condition (1.8) is equivalent to
the existence of x € K and ag € KL so that

(W] = x(|ul) = DV(E)f(& 1) < —as(V(§), [€])-

Our main results can be summarized as follows. We say that system (1.1) is
uniformly bounded input bounded state stable, and write UBIBS for short, if it is
forward complete and, for some function ¢ of class I, the following estimate holds for
all solutions:

(1.12) ja(t, & w)| < max{o(]), o(ul)}  Ve>o0.

THEOREM 1.2. A UBIBS system is:
1. 10S if and only if it admits an 10S-Lyapunov function;
2. OLIOS if and only if it admits an OLIOS-Lyapunov function;
3. ROS if and only if it admits an ROS-Lyapunov function; and
4. SIIOS if and only if it admits an SIIOS-Lyapunov function.
The proofs are provided in section 4.

2. Remarks on rates of decrease. In properties (1.8) and (1.11), the decay
rate of V(z(t)) depends on the state and on the value of V(z(¢)). The main role of
ag is to allow for slower convergence if V' (x(t)) is very small or if z(¢) is very large.
We first note two simplifications.
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REMARK 2.1. Inequality (1.8) holds for some a3 € KL if and only if there exist
K-functions k1, kg such that

ki (V(€)
1+ ra(|€])

for all £ € R™ and all u € R™. This follows from Lemma A.2, proved in the appendix.
A similar remark applies to (1.11).

REMARK 2.2. Suppose V is an I0S-Lyapunov function for the system satisfy-
ing (1.7) with some a1, as € Ko and satisfying (2.1) with some ¥, k1, k2 € K. By the
proof of Lemma 11 together with Lemma 12 in [14], one sees that there exists a C'
Koo-function p such that p'(s)k1(s) > p(s) for all s > 0. Let W = po V. Then W is
a C! function satisfying the following:

plar([R(§)]) < W(E) < ple2(l€]))  VEERT,

(2.1) V(&) z x(lul) = DV()f(& ) <

and

¢S]
1+ ra(|€])

for all § € R™ and all p € R™, where x; = pox € K. This shows that if a system
admits an 10S-Lyapunov function, then it admits one satisfying inequality (2.2). A
similar remark applies to (1.11).

Obviously, a function which satisfies a decay estimate of the stronger form

(2.3) V(&) = x(lu) = DV(E)F(E p) < —a(V(E))

for some x,a € K is in particular an I0S Lyapunov function. It is thus natural to
ask if there always exists, for an IOS system, a function with this stronger property.
We now show, by means of an example, that such functions do not in general exist.
Consider for that purpose the following two-dimensional single-input system:

(2.2) W) =z x,(lu) = DW(E)f(E p) <

2rx9 +u

2.4 t1=0 Po = —
( ) z ) X2 1—|—SL‘%7

Y = Za.

This system is I0S, because with V (z) := 23, it holds that

2x9 + u < 2V (€)

V() > u* = DV()[f(E p) = —2x, 1+22 = 1422

Namely, V is an IOS-Lyapunov function for the system.
Suppose that system (2.4) would admit an IOS-Lyapunov function W with a
decay estimate as in (2.3), i.e., there exist some x, a € K such that

(2.5) W) z x(lu) = DW()f(E p) < —a(W(E)).
Without loss of generality, we may assume that x € K. In particular, we have that
(2.6) DW (&) f(&,—x" (W (€)) < —a(W(€))

for all ¢ € R2. Fix any &; € R, and consider the one-dimensional differential equation

2z — x (W (6, 22))
1+¢¢ '

(2.7) By =
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Since W (&1, 22(t)) — 0 (because of (2.6)) and as ay(|&2]|) < W (&1,&2) for all € (for
some a1 € K), it follows that z5(t) — 0 as t — oo. This implies that W (£1,&) <
x(2&) for all & € R and & > 0. Together with (2.5), this implies that there exists
some [ € KL such that, for every trajectory of (2.4) with u(t) = 0, it holds that

lz2(t)] < B(|z2(0)] 1)

for all £ = (21(0),22(0)) such that z2(0) > 0. This is impossible, as it can be seen
that, when u(t) = 0, z5(t) = 2(0)e2/1H+@1(0)*)  whose decay rate depends on both
22(0) and z1(0).

Observe that, if we let U(&1,&) = [(1 + €2)[&]]3T€), then one obtains the
following estimate:

(2.8) [&2| = |l = DUE)f(E, 1) < =U(£)

for all &1 € R, & # 0, and all € R. (The function U is not smooth on the set where
U(§) = 0, but, using a routine smoothing argument, one may easily modify U to get a
smooth Lyapunov function.) This U is not an example of a W as here (which, in any
case, we know cannot exist), because (2.8) only means that U is an ROS-Lyapunov
function, not necessarily an IOS-Lyapunov function (since the comparison is between
|€2] and |p| rather than between a function of U and |u]).

Finally, we observe that property (1.8) in the I0S-Lyapunov definition may be
rephrased as follows:

(2.9) V(&) > X(lul) = DV()f(&n) <0 VLR, vueR™,

where X(s) := p x(s) (for any arbitrary chosen p € (0,1)). This statement is obviously
implied by (1.8). Conversely, if V' satisfies this property, then there is an a € KL so
that (1.8) holds; this follows from Lemma A.5 given in the appendix.

3. Uniform stability notions. There is a key technical result which underlies
the proofs of all our converse Lyapunov theorems. It requires yet another set of
definitions, which correspond to stability uniformly on all “disturbance” inputs.

DEFINITION 3.1. A system (1.1) is uniformly output stable with respect to inputs
in Mgq, where 1 is a compact subset of R™, if

e it is forward complete, and
o there exists a KCL-function B such that

(3.1) ly(t, & u)l < B(gl ) VE=0

holds for all u and all £ € R™.
If, in addition, there exists o € KC such that

(3.2) ly(t, & u)l < o(lh@)])  VE=0

holds for all trajectories of the system with u € Mg, then the system is output-
Lagrange uniformly output stable with respect to inputs in Mgq. Finally, if one
strengthens (3.1) to

(3.3) ly(t, &, u)l < B(AE)] 1) VE=0

holding for all trajectories of the system with u € Mg, then the system is state-
independent uniformly output stable with respect to inputs in Mgq.

THEOREM 3.2. Let Q) be a compact subset of R™, and suppose that a system (1.1)
18 uniformly output stable with respect to inputs in Mq. Then the system admits a
smooth Lyapunov function V' satisfying the following properties:
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e there exist a1, an € Koo such that

(34) ar([R(E) V() S aa(l€])  VEERY

e there exists ag € KL such that

(3.5) DV()f(& p) < —as(V(E),[¢))  VEER™, Ve

Moreover, if the system is output-Lagrange uniformly output stable with respect
to inputs in Mg, then (3.4) can be strengthened to

(3.6) ar(|h(@)]) = V() < ez(|h(§)]) V¢

for some ay,as € Ko Finally, if the system is state-independent uniformly out-
put stable with respect to inputs in Mg, then (3.4) can be strengthened to (3.6) and
also (3.5) can be strengthened to

3.7) DV (& n) < —as(V(E)  VEER", Vueq

for some ay € K.
The proof of this theorem will be postponed until section 4.5.

4. Proof of Theorem 1.2. In the proofs of the various parts of the theorem,
we need the following small gain lemma for output-Lagrange stability (see Lemma 8
of [19]).

LEMMA 4.1. For every system which satisfies (1.3), there exist a K-function o
and a Ko -function A such that the system

(4.1) &= f(z, dA(lyl)), v =h(=),
where d € Mp, is forward complete, and
(42) lua(t. &, d)| < o ([h(E)])

for allE e R™, allt >0, and all d € Mg.

4.1. Proof of Theorem 1.2, part 1.
Necessity. Consider an OLIOS system (1.1). By Lemma 4.1, there exist a smooth
Koo-function A\; and a KC-function o such that the system

= f(x,d\(lyl),  y=nh(2),

where d € Mp, is forward complete, and (4.2) holds.

Since the system is OLIOS, and, in particular, IOS, and since, as shown in [19],
any IOS system is necessarily also ROS, there exists some smooth ICo-function A,
such that the system

(4.3) &= f(z,d2(lyl), y = (=),

where d € Mg, is forward complete, and there exists some § € KL such that, for all
trajectories x, (t,&,u) with the output functions Yy, (t,&,u), it holds that

ly,, (t.€.d)| < BUELE)  VE>0, VEER™, Vd e Mp.
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Let A3(s) = min{A1(s), A2(s)}, and let A(+) be any smooth Ko.-function so that A(s) <
A3(s) for all s. Then, the system

(4.4) &= f(z,dA(|y]), vy =h(z),
where d € Mg, is forward complete, and it holds that
ly, (t,€,d)| < B(|] 1) and |y, (t,€,d)| <o(|h(E)]) V>0,

Applying Theorem 3.2, one sees that there exists some smooth function V' such that:
e there exist ay,as € K4 such that

(4.5) ar([R(€)]) S V(€) < aa([R(E)]) V&
e there exist some ag € KL such that
(4.6) DV () (& vA([R(O) < —az(V(E),[€])

for all £ € R™ and all |v]| < 1.
It then follows that

whenever |u| < A(|h(€)]), or, equivalently, whenever |h(&)] > A7!(|u|). Let x =
a5 ' o A7, Then one has

V(&) = x(lul) = DV(§) f (&, 1) < —as(V(E), [¢])

for all £ and all u. Hence, V' is an OLIOS-Lyapunov function for the system. ]

Sufficiency. Let V be an OLIOS-Lyapunov function for system (1.1). Let oy, s €
Ko such that (1.9) holds. By (1.8), and arguing as in Remark 2.1, one also knows
that there exist some k1 and ko € K4 such that

r1(V(£))

(4.7) V©) zx(lu) = DV©OS (&) < —1 e

for all £ and p.

Let 8 € KL be as in Lemma A.4 for the function ;. Pick any initial state £
and any u. Let z(t) and y(t) denote the ensuing trajectory and output function,
respectively. If for some ¢ > 0, V(z(t1)) < x(|Jul]), then V(x(t)) < x(||lu]]) for all
t > t1. (Proof: pick any ¢ > 0. If to := inf{t > t1 |V (x(t)) > x(||u]|) + €} is finite,
then V(x(t)) > x(||lul|) for all ¢ in some left neighborhood of t3, so DV (z(t))/dt < 0
and V(z(t)) > V(x(t2)) for such ¢, contradicting its minimality. As e was arbitrary,
the claim follows.) Now let

t=inf{t >0: V(z(t)) < x(llul)}
with the understanding that ¢ = oo if V (x(t)) > x(||u||) for all # > 0. Then
(4.8) Vie@) < x(llull)  vt>1,

and on [0,t), it holds that
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Since the system is UBIBS, there exists some o such that (1.12) holds. Hence,

d k(V(2(1)))
@’ ) = e, Al

for all t € [0,1), where Ky = g 0 0. It then follows Lemma A.4 that

t
ve®) <8 (VO gy )
for all ¢ € [0, 7).
Let vo(s) = maxj¢j<; V(). Then vy is nondecreasing, v9(0) = 0, and V(§) <
vo(|€]). Note then that

o (V@’ TRl = )

)}
gmax{ﬂ (v( 7 |§| 375(”0 elD- 1+%§<||u|)>}

Smax{ﬂ (V( TR

(consider two cases: |¢| > [[uf| and [¢] < [|u/)). This shows that
Vet < max {5 (VO e ) Follul)

for all ¢ € [0,7), where 3y(s) = B(vo(s),0). Combining this with (4.8), one sees that

(1.9) Via(t) < max {5 (VI e ) - 70

for all t > 0, where 3(s) = 3(s) + x(s). Using the fact that |h(¢)| < oy H(V(€)), we
conclude that

(4.10) o) < max B (1O ey )« 21}

for all £ > 0, where (3(s,r) = oy (B(az(s),r)), and v(s) = a; * (F(s)). d

4.2. Proof of Theorem 1.2, part 2.

Necessity. Consider an I0S system (1.1). By Theorem 1 in [19], there exist some
locally Lipschitz map hg and x € Ko with the property that ho(£) > x(Jh(€)]) such
that the system

(4.11) &= f(z,u), y=ho(x)

is OLIOS. By part 1 of this theorem, system (4.11) admits an OLIOS-Lyapunov
function V. This means that there exist ay, as, p € Ko, and ag € KL such that

ar(lho(§)]) < V(§) < a2(ho(§))  VEERT,

and

V(&) = p(lpl) = DV(E)f (&, 1) < —as(V(E), [€])-
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To show that V is an I0S-Lyapunov function, it remains only to show that V(£) >
a1 (|h(§)]) for some @1 € K. But this follows immediately from the fact that |h(£)]| <
X (ho(€)). So one can let &y := ajox. Hence, V is indeed an I0S-Lyapunov function
for system (1.1). |

Sufficiency. Let V be an 10S-Lyapunov function for system (1.1). From the proof
of part 1 of Theorem 1.2 (sufficiency), one can see that if V satisfies (4.7) for some

X; K1, ke € KCL, then there exist § € KL, Ra, 7 € Koo such that (4.9) holds. This
means that the system

j::f(x,u), y:V(x)

is OLIOS. Since V(z) > ai(|h(§)|) for some a1 € Koo, it follows that system (1.1) is
10S. 0

4.3. Proof of Theorem 1.2, part 3.

Necessity. Since the system (1.1) is ROS, there is a smooth K.-function A such
that system (1.5) is forward complete, and (1.6) holds for the corresponding sys-
tem (1.5). That is, system (1.5) is uniformly output stable. By Theorem 3.2, sys-
tem (1.5) admits a smooth Lyapunov function V satisfying (3.4) and

DV()f(& uAly])) < —as(V(E), [¢])  VEER™, Vu| <1

for some a3 € KL. This is equivalent to
lyl > A7 (v]) = DV(&)f(&v) < —as(V(€),[E))  VEER™, Vv eR™

Hence, one concludes that V' is an ROS-Lyapunov function for system (1.1).
Sufficiency. Let V be an ROS-Lyapunov function. As in Remark 2.1, there exist
X, K1, k2 € Ko such that

k1(V(§))

DV f(& n) < IR

whenever |h(€)] > x(|u|). Let A = x~!. Without loss of generality, one may assume
that A is smooth. (Otherwise, one can always replace A by a smooth K -function
that is majorized by A.) It then follows that

B r1(V(§))
1+ ra([€])

for all £ € R™ and all |[v| < 1. This implies that for any trajectory z, (t) = =, (¢,§,d)
of the system

DV () f(&vA([R(E)]) <

‘f:f(xvdAOy'))v y:h(x)v
where d € Mg, it holds that

k1(V(z
(4.12) %V(a:A ) < =T n j@i@jt(?))b

for all t > 0. It follows immediately that V(z,(t)) < V(§) for all ¢ > 0. Since
V(&) > a1(|h(§)]) for some ay € Kw, it follows that, for some o € Koo,

(4.13) ()] <ol vizo.
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Since the system is UBIBS, there exists some oy € K such that
2, (4, &,d)| < max{oo(€l),oo(lual)} VYt 0,
where ug(t) = d(t)A(Jy(t)]). Combining this with (4.13), it follows that
oy (L&D <) Ve,
where 7(s) = max{og(s),c0(A(o(s)))}. Substituting this back into (4.12), one has

r1(V(z, (t)))
1+ r3(l€))

where k3(s) = k2(d(s)). Again, by Lemma A.4, one knows that there exists some
0 € KL (which depends only upon k1) such that

4

SV, (1) < - vt >0,

ot
1+ r3([€])

Together with the fact that |h(¢)| < a7 *(V(€)), this yields

Vi, (0) <5 (V16 ) wize

ly, (t.6,d)] < B(E|.£) V>0,

where 3(s,r) = a7 [B(az(s),t/(1+ rs(s)))] is in KL, and as is any Koo-function such
that V(§) < az(|¢]) for all €. This shows that the system is ROS. a

4.4. Proof of Theorem 1.2, part 4.
Necessity. Assume that a UBIBS system (1.1) admits an estimate (1.4) for some
0 € KL and some v € K. Without loss of generality, one may assume that

ly(t, &, u)| < max{B(|h(E)], 1), v(llul)}-

Let o1(s) = 3(s,0), and let o2(s) = (s). Note then that (1.3) holds. By Lemma 8
in [19], there exists some smooth K. -function such that the corresponding sys-
tem (1.5) is forward complete, and it holds that

o2((d(0)| A (1, €, D)) < 2 [AE)
for all ¢ € R™, all ¢ > 0, and all d € Mp. One then can show that for the system
o(t) = flx(t), dO)A(y®)]), y(t) = h(z(t)),
there exists B € KL so that, for all trajectories x, (t,,d), it holds that

|y, (t,€,d)| < BURE)], 1)

for all ¢ > 0. Applying the last part of Theorem 3.2, one sees that there exists V
satisfying (3.6) for some a1, as € Ko and

DV ()& vAly(§)]) < —as(V(€))

for all ¢ and all |v| < 1. This is equivalent to the existence of x € K such that

(4.14) V(&) = x(lul) = DV(§) f(§ u) < —as(V(E)).
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Sufficiency. It is routine to show that if there is a smooth function V' satisfy-
ing (3.6) and (4.14), then the system admits an estimate of type (1.4). |

REMARK 4.1. Note that in all the proofs of the necessity implications of Theo-
rem 1.2, the UBIBS property is not needed. That is, to show the existence of various
Lyapunov functions for the corresponding stability properties, one does not need the
UBIBS property. However, the UBIBS property is indeed required in the proofs of the
sufficiency implications regarding the I0S, OLIOS, and the ROS properties. It is not
hard to find examples where a system admits an I0S-; OLIOS-, or ROS-Lyapunov
function, without satisfying the UBIBS property, and fails to be IOS, OLIOS, or ROS,
respectively.

It should also be noticed that part 4 of Theorem 1.2 also holds for all forward
complete systems (not necessarily UBIBS). Without the UBIBS assumption, this re-
sult recovers the converse Lyapunov theorem obtained in [12] for systems that are
uniformly globally asymptotically stable with respect to closed invariant sets, when
applied using as output the distance to a closed invariant set. In fact, part 4 of The-
orem 1.2 yields a more general result than the one in [12]. Because of the techniques
used in the proofs in [12], the systems were required to be backward complete. Due
to part 4 of Theorem 1.2, it can be seen that the backward completeness assumption
is redundant.

4.5. Proof of Theorem 3.2. Consider the system
(4.15) o(t) = f(z(t), u(t), y=nh(=z()),

where the input u takes values in a compact subset 2 of R™. Assume that the system
is UBIBS and there exists some § € KL such that (3.1) holds for all trajectories
of (4.15). Let w : R™ — Rx( be defined by

(4.16) w(§) :==sup{|y(t, &u)| 0 t>0,u € Mq}.
It then holds that
(4.17) (] <w(&) < Bo(l€])  VEERT,

where Gy(s) = 8(s,0). Moreover, if there exists some o € K such that (3.2) holds for
all trajectories, then the above can be strengthened to

(4.18) (€] S w(§) <o(lh(&)])  VEER™

Observe that, for any £ € R", u € Mgq, and t; > 0,

(4.19) wlz(ti,&u) < sup  y(t +¢,& )] < B(E], ).
t>0,veMq

Also w decreases along trajectories, i.e.,
(4.20) w(z(t, & u)) <w() Vi>0, £ eR”, ue Mqg.
Define

D:={¢: yt,&u)=0 V>0, Vue Mg}
Then w(§) = 0 if and only if £ € D. For £ ¢ D, it holds that

(4.21) w(§) = sup  [y(t, & u)l,
0<t<te, u€eMgq
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where te = T¢|(w(§)/2), and T, (s) is defined as in Lemma A.1 associated with the
function 3.

LEMMA 4.2. The function w(§) is locally Lipschitz on R™ \ D and continuous
everywhere.

Proof. First notice that

(4.22) lim (&) > w(&o) V& € R™;

£—¢&o

that is, w(&) is lower semicontinuous on R™. Indeed, pick & and let ¢ := w(&y). Take
any € > 0. Then there are some ug and tq so that |y (o, £, uo)| > ¢—¢/2. By continuity
of y(to, -, up), there is some neighborhood Uy of &y so that |y(to, &, uo)| > ¢ — € for all

€ € Up. Thus w(€) > ¢ — ¢ for all £ € Uy, and this establishes (4.22).
Fix any & € R™\ D, and let ¢g = w(&p)/2. Then there exists a bounded neigh-
borhood Uy of &y such that

w(&) > co V¢ e Up.
Let sg be such that |£] < s for all £ € Uy. Then
w(§>zsup{|y(t7§7u)| s te [O,tl],UEMQ} ngUo,

where t; = Ty, (co/2). By [12, Proposition 5.5], one knows that z(t,&, u) is locally
Lipschitz in £ uniformly on v € Mq and on t € [0, 1], and therefore, so is y(t, &, u).
Let C be a constant such that

|y(t7€au) - y(tanvu” S C|€ - 77| Vfa’l S U07 Vo S t S tlv Yu S MQ
For any € > 0 and any & € Uy, there exist some t¢ . € [0,t;] and some u¢ . such that

w(f) < |y(t§,5a 57 'Uz.f,g)| + €.

It then follows that, for any &,n € Uy, and for any € > 0,

w(€) —wmn) < |yltee, & uee)l +e—|ylte,esm uee)| < ClE—n| +e.

Consequently,

w() —w(n) <CE—n V¢, n € Up.

By symmetry,

w(n) —w(§) <ClE—n V¢, n e Up.

This proves that w is locally Lipschitz on R™ \ D.
We now show that w is continuous on D. Fix &y € D. One would like to show that

(4.23) Ellnflo w(§) =0.

Assume that this does not hold. Then there exists some €9 > 0 and a sequence {&;}
with & — & such that w(&;) > eg for all k. Without loss of generality, one may
assume that

|€k] < s1 VEk
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for some s; > 0. It then follows that

w(&r) = sup{|y(t, &k, u)| : £ € [0,2),u € Mo},

where to = Ty, (£0/2). Hence, for each k, there exists some uy € Mg and some
T € [0, t2] such that

|y (Ths &k ure)| > w(€k) — €0/2 > €0/2.

Again, by the locally Lipschitz continuity of the trajectories, one knows that there is
some C7 > 0 such that

ly(t, &ksu) —y(t, &0, u)| < C1lée — &l VE>0,VO<t <ty Yue Mq.
Hence,

ly(Tx, &0, ur)| > €0/4

for k large enough, contradicting the fact that y(t,&,u) = 0 for all u € Mq. This
shows that (4.23) holds if £ € D. |

Next, we pick any smooth and bounded function £ : R>g — R+ whose derivative
is everywhere positive, and define W : R® — Rx>( by

(4.24) W(E) :=sup {w(z(t,&,u)k(t): t >0, ue Mgq}.

Corresponding to k there are two positive real numbers ¢; < ¢ such that k() € [c1, co]
for all t > 0, and so

aw(§) <W(E) <cw(§)  VEERT,
which implies that
(4.25) a [h(E) SW(E) < eafo(lé])  VEER™

Note, for future reference, that it is always possible to find a bounded, positive,
and decreasing continuous function 7(-) with 7(¢) — 0 as t — oo such that

(4.26) K'(t)>r(t) Vt>0.

By (4.19), one knows that w(z(t,&,u)) — 0 as t — oco. It follows that there is
some 7¢ > 0 such that

(4.27) W (&) =sup{w(x(t, & u))k(t) : ue Mg, 0<t <7}

Furthermore, one can get the following estimate, where {7} is a family of functions
associated to B as in Lemma A.4.
LEMMA 4.3. For any £ & D with |§] <,

W (&) =sup{w(z(t, &, u))k(t) : ue Mg, 0 <t <},

where Te = T, (52w()).

262
Proof. 1If the statement is not true, then for any € > 0, there exists some t. >
T (32w(§)) and some u. € Mg such that

262

W(&) < w(x(te, & ue))k(te) +e.
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This implies the following:

1 1
W(€) < ZW(E) < —wlolte, € u)h(te) +
Co g C2 C1 &
W) e

Taking the limit as € — 0 results in a contradiction.

LEMMA 4.4. The function W(-) is locally Lipschitz on R™ \ D and continuous
everywhere.

Proof. Fix &y € D. Let Ky be a compact neighborhood of &y such that KqND = ).
Since w is continuous, it follows that there is some 7o > 0 such that w(§) > rg for all
¢ € Ky, and hence, W (&) > ry := ¢y for all £ € Ky. Let

1
To =T, rE
e (802>
where sy > 0 is such that |£] < s for all £ € Ky. Let C' > 0 be such that

|y(ta€7u') - y(tﬂ?,uﬂ < C|€ - 77| Vit e [OvTO]a Vfﬂ? € KOa Vu e MQ-

Let

_ . _ !
K1—Koﬁ{§~ I — &l < 16()@}'

Fix any ¢ € (0,71/4). Then, for any £ € K;, there exist t¢ . € [0,Tp] and ug . € Mg
such that

W(E) < wlalte e, € uee)(te ) +c.

Claim. For any £, € K1, w(z(tee,n,Uee)) > 2=

= 8ez”

Proof. First we note that for any £ € K1 C K,

W) —c W

C2 2(32

w(z(tee, & uee)) > > 1y,

where ro := 2% Thus, for each £ € K, there exists some vg € Mg and some 7¢ > 0
such that

[Y(7e, o(tee, & uee), ve)| > w((te e, & uee)) —12/2 > 12/2.
Observe that
Y(Te, 2(tee, € uge), ve) = y(Te +tee, §, Ve ),

where ¢ . is the concatenation of ug . and v, i.e.,

B (t) = ue (1), if0<t<te.,
be et —teo), ift>te..
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Noticing that |y(¢,&,w)| < re/2 for all t > T, (r2/4), one concludes that 7¢ + t¢ <
T,,(r2/4) = Tp. Note also that for any n € Ky,

y(TE’x(t&E’nvuf»E)vUﬁ” = |y(T€ +t5,5,77,§575)‘

> |y(Te +te,e, & Vee)| — |yY(Te +te,eam,Vee) — y(Te +tee, §, Ve )
T2

>2 _ole-

2 3 1€ —nl

T2 T1 1 1 T1

Y

2 16Ccy  4ey 8¢ 8¢y’

This implies that w(z(te o, n,ue)) > g= for all §,1 € K1, as claimed.
According to [12, Proposition 5.1]2, there is some compact set Ky such that
z(t,&,u) € Ko for all 0 <t < Ty, all £ € Ky, and all u € Mg. Let

Ky =Kon{&: w() >r1/8ca}.

Applying Lemma 4.2, one knows that there is some Cj > 0 such that

lw(C1) —w(2)| < C1|¢ — ¢ V(1,( € Ks.

Since for all {,n € K1, and all 0 < ¢ < r1/4, x(tee,n, uee) € K3, we have

|w($(t5757§7u§,8)) - w(x(tﬁ,&n’uf,e))‘ <G |z(t§,8557uf,6) - lf(tg,a,ﬁvug,eﬂ
for all £,n € K1, and all € € (0,71/4). Hence,

W(&) —W(n) < w(a(tee, & uee))kltee) — w(@(tee, n uee))k(tee) + €
<o fw(@(tee, § uee)) — w(@(lee m uee))| +¢
< eCh|a(tee, §uge) — (e, nuge)| + ¢
< eC1Ca[§ — | + ¢,
where Cy > 0 is such a constant that |x(¢,&,u) — z(t,n,u)| < Cy|§ —n| for all £,n €
K3, all t € [0,Tp], and all u € Mg. Note that the above holds for any e € (0,71/4),
and thus,

W(&) = W(n) < Cs[§ —n
for all £, € K1, where C3 = coC1C5. By symmetry, one proves that
W(n) =W() < Cs[§ —n

for all &£, € K;.
To prove the continuity of W on D, it is enough to notice that for any £ € D,
W(¢) =0 and

(W(&) =Wn)| < cowln) =0, as n—¢&

The proof of Lemma 4.4 is thus concluded. 0
Below we show that W is decreasing along trajectories. Pick any £ ¢ D. Let
6y > 0 be such that

w(z(t,&,v)) >w(§)/2 Vtel0,by], VveQ,
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where v denotes the constant function v(t) = v. (Observe that such a 6y exists
because w is continuous.) Pick any 6 € [0, 6y], and let ny, = x(0,&,v). For any € > 0,
there exists some ¢y . and uy . € Mgq such that

W(ny) <w(@(ty e v, Uy ) k(tyve) +€
=wuﬁwf+aawwnuuﬁ+m(l—
K(ty.e +0) — k(tv,a)> ‘e

C2

Kty +0) — k(ty.)
Kty + 0) te

(4.28) gw@(h

where Uy . denotes the concatenation of v and uy .. Still for the fixed £ and 6, and
for any r > |£|, define

(4.29) Tgy = max T, (2@ (z(6,¢, ))>.

Notice that x(0,£,V) is jointly continuous as a function of (6,&,7). Since w and T,
are both continuous, this maximum is well defined and, moreover, T, ¢ ¢ 1s continuous
as a function of 0, so, in particular,

. a
4.30 lim 17, = T [ — .
(4.30) Jm T (Czw(€)>

Claim. ty. +0 < T{ , for all v € Q and for all £ € (0, Fw(¢)).
Proof. Assume that thls is not true. Then there is some v € Q and some ¢ €
(0, fjw(f)) such that ty . +6 > T¢ 5, and, in particular,

4#2ﬂ(qw@&&ﬂ0,
202
from which it follows that

W(I(tv,sanwume)) = w(z(tV,s + 97§7ﬂv75)) < C—lw(x(e,f,v)) = iW(WV)
202 202

for some input function @y . (which we can take to be the concatenation of v and
Uy ¢; note that the inequality follows from (4.19) and the definition of the functions
7).

By the definition of W, one has

1 1 €
W(Wv) < *W(ﬂv) < aw(tv,sanvauv,s)k(tv,e) + a
C
< jw( vs+9 Eauve) + —
C1 C1
1 €
< Z =
> 2w(nv) + e’

which is impossible, since ¢ < Fw(§) < G-w(ny). This proves the claim.
From (4.28), we have, for any v € D and for any ¢ small enough,

W)

C2

W(z(6,&,v)) —W(E) < — T(tv,e +¢0)0 + ¢
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for some ¢ € (0,1), where we used the mean value theorem in order to estimate the
change in k, and where 7 is a function as in (4.26). Using the monotonicity of 7(-)
and the above claim, one concludes

#T(Téd@—i—e

W(x(@,f,v)) - W(f) < -

w
c
for all € small enough. Letting € — 0, one obtains

W(E)

C2

W(x(@,f,v))—W(f) < -

7(TZg) 0 Ve Q.

Thus one concludes that for any v € Q2 and any 6 > 0,

w@s(e,g,;)) —W(E) _ *Wf) (T2 ).

Since W is locally Lipschitz on R™\ D, it is differentiable almost everywhere on R™\ D,
and hence, for any v € Q, any r > [£|, and any £ at which W is differentiable,

DI = iy WECEN WO gy WO
I )0 o ()
(431) <=9 (1, (Sw©)) = @,

where az(s, 1) = 2 7(T)(c3s)) with 3 = c1/c3. Since (4.31) holds for all 7 > |¢[, it
follows that

(4.32) DW(&)f(&v) < —as(W(€),2[¢])

for all v € Q and for almost all £ € R™\ D.

Since T, (s) is defined for all » > 0 and s > 0, one sees that &3z is defined on
R>0 X Rzo. Extend &3 to Rzo X Rzo by letting 623(0,7‘) := 0 for all r > 0. By
the continuity property of 7 and T..(-), one sees that as(-,r) is continuous for each
r. (The continuity at s = 0 follows from as(s,r) = s7(T-(c35))/ca < s7(0)/c2 for all
s > 0.) Furthermore, since 7(7T,(c3s)) is nondecreasing in s, it follows that as(s,r)
is of class K in s. Let das(s,r) = as(s,2r)/(1 + r). This function tends to zero as
r — 00, because as(s,r) is nonincreasing in r; thus @s(s,r) is of class KL. Moreover,

By Corollary A.3, there exists a continuous KL-function as such that
(4.33) DW(&)f(&v) < —as(W(E),[¢])  VEER"\D, Voe.

To complete the proof, we follow the strategy used in [12] to find a smooth
approximation of W. First of all, by Theorem B.1 in [12], applied on R™ \ D, there is
a continuous function W7 that is smooth on R™ \ D such that

Wi
(4.34) W) - wie) < 1

vEeR"\ D,



EDUARDO SONTAG AND YUAN WANG 243

and
(4.35) DWi(§)f(&v) < —as(W(E),[¢)/2 VEER"\D, Vv eQ.

We extend W to all of R™ by letting W7 = 0 on D; thus, the approximation (4.34)
holds on all of R™. (Note that W and a3(V(£),]£]) are both continuous, so the result
in [12] can indeed be applied.)

Next, we appeal to Lemma 4.3 in [12]. This shows that there exists some p € K
with p/(s) > 0 for all s > 0 such that p o W is smooth everywhere. Let V = p o Wj.
It follows from (4.25) and (4.34) that

ar(|r@)]) V() < ax(l¢))  VEERT,

where a1(s) = p(c15/2), az(s) = p(2c200(s)), and it follows from (4.34) and (4.35)
that

(4.36) DV()f(& 1) < —p' (Wi(€)as(W(€), €])/2 < —as(V(E), [€])
for all £ € R™\ D and all p € €2, where

/(A—1 -~ -1 1% 2
ol ) = DB V(€ 22r)
Since V has local (actually, global) minima at all points in D, it follows that DV (£) = 0
on D, so we know that the estimate (4.36) also holds on all of R™.
Finally, observe that if there exists o € K such that (3.2) holds for all trajectories
of the system, then (4.18) holds for all £, which, in turn, implies that

(4.37) e [h@)| S W(E) S cao(|R()])  VEER™
This results in the desired inequality

(4.38) ar(|h(§)]) < V(E) < ai(|h(@)])  VEER™,

where o1(s) = p(2¢a0(s)). This shows that if (3.2) holds for some o € K, then
property (3.4) can be strengthened to property (3.6).

Finally, suppose that, in the above proof, one strengthens (3.1) to (3.3). Asso-
ciated to the function 3 there are, as before, functions {T.}. Since we also have an
estimate as in (3.1), there are functions {7} associated to a § as in (3.1); without loss
of generality, we will assume that the same T;.’s work for both. Thus, we know that,
provided t > T,.(s), |y(t,&,u)| < s whenever |h(€)] < r or |£] < r. The claim stated
after (4.30) holds now for all » > |h(§)| (instead of merely if r > |£]), because (4.19)
can be strengthened to

w(z(ty,€,u)) < BRE], t1).

We now repeat the above proof to get a function W (&) satisfying (4.37), and corre-
sponding to (4.33), one has now also

DW(€)£(£,v) < —as(W(€), [h(€)]) < —as (W(g)’ W(5))

C1

for all £ € R™\ D and all v € 2. Therefore, on R™ \ D,
DW(E)JC(&', 'U) < —014(W(£)),
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where a4(s) = as(s,s/c1) is a continuous positive definite function. Using the same
smoothing argument as earlier, we can show that there is a smooth function V' such
that (4.38) holds for some 01,02 € Koo, and (4.36) can be strengthened to

(4.39) DV () f(&,v) < —aa(V(E))

for all £ € R™ and all v € Q, where @y4(-) is some continuous positive definite function.

Now we modify the function V' to get Vi so that Vj satisfies inequalities of
type (4.37) and (4.39) with a4 replaced by a K function as. For this purpose,
let po(+) be a smooth K-function such that pg(s)as(s) > 1 for s > 1, and let

pi(s) = elo pols)ds g,
Define V;(€) = p1(V(€)). Tt holds that
ai(h(O) Vi) < az(|h(€))  VEER™,
where a1 (s) = p1(ai(s)), @z(s) = p1(az(s)), and
DVA(€)f(&,v) = =(Va(§) + Dpo(V(€))aa(V(§)) < —as(Vi(§))

for all £ € R™ and all v € €, where a5 is any K, function with the property that

as(p1(s)) < (p1(s) + D)po(s)aa(s)

for all s > 0 (such a K-function exists because (s + 1)pg(s)as(s) > s for all s > 1).
Using V; as a Lyapunov function, this completes the proof. 0

5. Remarks. The concept of IOS does not distinguish between “measured out-
puts,” which may be used to provide information about the state of a system, and
“target outputs,” which are often the object of control, nor does it allow for the con-
sideration of “robustness” to disturbances. A more general concept can be studied as
well, as follows. Suppose that, instead of systems as in (1.1), we study more general
systems of the following form:

(5.1) &(t) = f(x(t),u(t),d(t), y(t)=h(z@), w(t)=k(z(t)),

where f: R?" xR™ xR" — R" h: R" — RP and k : R" — R? are all locally Lipschitz
continuous (for some nonnegative integers n, m, r, p, q). We think of the functions d(-)
and w(-) as disturbances and measured outputs, respectively. Even more generality
is gained if one considers, as mentioned in [17], a “measure” for states (in the sense
of [11]), which we denote by ||, in analogy to the distance to a set A as in previous
extensions of the ISS notion. Then, a natural definition of relative stability is given
by the requirement that there should exist a KL-function 8 and K-functions v; and
2 such that, for each initial state £ and inputs (u, d), and for all ¢ in the domain of
definition of the corresponding maximal solution z(-) of (5.1),

(5:2) ly@®] < BUELa» 1) +7llwl) +r2(lwl),

where y and w are the functions h(z(-)) and k(z(-)), respectively. Observe that, when
d does not appear in the equations and when k = 0, we recover (if ||, = |-[) the
10S definition. When, again, d does not appear in the equations, but now h(z) = z,
we recover (if ||, = |-|) the input/output to state stability (IOSS) notion of zero-
detectability discussed in [18] and recently completely characterized in [8]. (These
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notions are related by the fact that a system is ISS if and only if it is both IOSS
and IOS, which generalizes the linear systems theory fact that internal stability is
equivalent to detectability plus external stability.) A sufficient Lyapunov-theoretic
condition for our general notion (which could be called “input/measurement to output
stability”) is the existence of a smooth V' : R™ — Rx( such that, for some oy, g € Koo,

(5.3) a1 ([h(&)]) S V(€) < aa(€],)  VEER”
and there exist x1, x2 € I, and a3 € KL such that

(54) DV (& n,6) < —as(V(E), [€]) + xa(lul) + x2([R(E)]) V& Vu, V6,

or obvious variations of this inequality. We leave the formulation of converse theorems
for future work.

Appendix A. Some facts regarding KL functions.
The following simple observation is proved in [19] and will be needed here too.
LEMMA A.1. For any KL-function (3, there exists a family of mappings {T,}r>0
such that
o for each fized r > 0, T,. : Ryg onte R<q is continuous and strictly decreasing,
and Ty(s) = 0;
o for each fixred s > 0, T,.(s) is strictly increasing as r increases and is such
that B(r,T-(s)) < s, and consequently, 3(r,t) < s for all t > T,(s).
LEMMA A.2. For any KL function (3, there exist two K functions k1 and ke
so that

(A1) B(s,t) >

k1(8)
14 ka(t)

for all s >0 and all t > 0.
Proof. We assume that b := sup, 8(s,0) < oo (otherwise, we first find a 5y <
with that property and prove the result for 5p). We define, for all s > 0 and ¢ > 0,

_ t+1
B(s,t) :== B(s,T)dr.

t

Note that B is again of class KL, and 5(571?) < B(s,t) for all s,t. Let

a(t) == Sl>1[0) B(s,t).

This is finite everywhere, since it is bounded by b. Moreover, it is a continuous
function, because

where « is the decreasing function (not necessarily strictly) defined by «(t) :=
Sup,s>q (s, t). We will write from now on (oo, t) instead of a(t). Finally, we let

p(x) ;== max{z,0}

for all x € R and introduce the following function:

CE R (ry) o —Inj (p(lx),p@)) o) — pl—),
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where we understand B(%,t) as a(t). As in [1], we let A denote the class of all
functions £ : R — R that are nondecreasing, continuous, and unbounded below.
Note that ¢ is of class N on each variable separately. (Continuity follows from the

continuity of each of B(oo7 s B(s7 -) for each s > 0, and B(, t) for each t > 0 as well as
continuity of p. The nondecreasing property is clear, using that g(:,¢) for each ¢t > 0

and p are nondecreasing, and that B(oo, -) and B (s,-) for each s > 0 are nonincreasing,.
Unbounded below follows from the fact that for x — —oo we have c¢(x,y0) = a + =z,

where a = 3(00, p(y0)) — p(—yo) and for y — —oo we have ¢(zo,y) = a + y, where
a=—nf (;27.0) = p(—z0).
By Proposition 3.4 in [1], there is some k € N such that c¢(z,y) < k(z) + k(y)

for all x,y. So, we can write, after using that g8 > g: B(1/x,y) > e k@) ek for all
x,y > 0. Equivalently,

k1(8)
B(s,t) > T+ /()

for all s,t > 0, when we define

Ki(s) i= e F1/9)=K()

for all s > 0 and
Ka(t) == eFB=k(0) _q

for all ¢ > 0. Observe that both of these functions are continuous, nondecreasing, and
nonnegative. Moreover, k2(0) = 0, so k2 is in K. From the inequality

[1+k2(0)] B(s,0) > ri(s)

for all s > 0, and the fact that 5(0,0) = 0, we conclude that lim,_,o+ x1(s) = 0, so
we may extend k1 by defining k1(0) = 0, and thus k; is in K as well. d

As k1 and k9 in Lemma A.2 are continuous, we have, in particular, the following
corollary.

COROLLARY A.3. For any KL-function (3, there is a (jointly) continuous KL-
function 81 such that 3(s,r) > B1(s,r) for all (s,7) € R>g x Rxq.

The following is a generalization of the comparison lemma given in [12]. It plays
a role in the proofs of sufficiency, which are the easier parts of the theorems.

LEMMA A.4. For any K-function k, there exists a KL function 8 such that if
y(+) is any locally absolutely continuous function defined on some interval [0,T] with
y(t) > 0, and if y(-) satisfies the differential inequality

(A.2) y(t) < —ck(y(t)) for almost all t € [0,T]
for some ¢ > 0 with y(0) = yo > 0, then it holds that
y(t) < B(yo, ct)

for allt €10,T7.
Proof. First, by Lemma 4.4 in [12], for each k € K, there exists 8 € KL such that
for any locally absolutely continuous function z(t) > 0, if it satisfies the inequality

() < —r(z2(t))
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on [0,T], it holds that z(t) < ((z(0),t) for all ¢. (The statement in that reference
applies to z defined on all of [0,00), but exactly the same proof works for a finite
interval.)

Let y(t) be a function as in the statement of the lemma for some ¢ > 0,7 > 0.
Let y(t) = y(t/c). Then ¥ is again locally absolutely continuous and nonnegative on
[0, ¢T]. Moreover, y satisfies the inequality

951 < ).

Hence,

y(t) < B(y(0),1)

for all ¢ € [0, ¢T]. This then implies that

y(t) < B(y(0),ct)

for all ¢ € [0, T]. 0

Finally, we have the following fact, mentioned when discussing decrease condi-
tions.

LEMMA A.5. Let V : R® — R be a C' positive definition function with the
following property: for some K function x, it holds that

V(&) = x(lul) and V() #0 = DV(E)f(E, p) <0.

Then, there is a function o € KL so that

V(&) =z x(lul) = DV(&)f(& n) < —a(V(E),[£])

forall e R™ pe R™.
Proof. Without loss of generality, we assume that y € K. Define the set for
each s, t > 0:

R(s,t) == {(z,u) : [¢] <t, V(&) = s, [ul < x (V)

These sets are compact (possibly empty) for each s and ¢. Note the following proper-
ties:

s>s = R(s,t) C R(s',t),
t>t = R(s,t') C R(s,t).
Now let

ag(s,t) = (E}HQ%(S’t) =DV(&) f(&, 1)

(with the convention that ag(s,t) = +oo if R(s,t) = 0). Then, ap(s,t) is nonin-
creasing in ¢ and nondecreasing in s. Moreover, a(s,t) > 0 whenever s > 0 (by the
hypothesis of the lemma). Next let

a(s,t) := min{agp(s,t), s}.
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This function has the same monotonicity properties as ay, it satisfies ag(s,t) > a(s,t)
for all s,¢, and is finite-valued. It also satisfies a(s,t) # 0 for s > 0. Now pick

G(s,1) = /:1 a(o,1) do

(let @(s,t) := 0 for s < 0). This function still has the same monotonicity properties,
satisfies a(s,t) > 0 for s > 0, and is continuous in s. It may not be strictly increasing
in s, nor need it converge to zero as t — 0, so we obtain finally a L function « by
defining

sa(s,t)

a(s,t) = 905D

This satisfies the desired properties by construction, because

V(&) = x(lul) = DV(&)f(& ) < —a(V(E),|ul),

and ag > @ > a > « pointwise. |
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Abstract. The Tonelli existence theorem in the calculus of variations and its subsequent mod-
ifications were established for integrands f which satisfy convexity and growth conditions. In A. J.
Zaslavski [Nonlinear Anal., to appear|, a generic existence and uniqueness result (with respect to
variations of the integrand of the integral functional) without the convexity condition was established
for a class of optimal control problems satisfying the Cesari growth condition. In this paper we extend
the generic existence and uniqueness result in A. J. Zaslavski [Nonlinear Anal., to appear], to a class
of optimal control problems in which constraint maps are also subject to variations. The main result
of the paper is obtained as a realization of a variational principle extending the variational principle
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Introduction. The Tonelli existence theorem in the calculus of variations [25]
and its subsequent generalizations and extensions (e.g., [5, 6, 13, 18, 22, 24]) are based
on two fundamental hypotheses concerning the behavior of the integrand as a function
of the last argument (derivative): one that the integrand should grow superlinearly
at infinity and the other that it should be convex (or exhibit a more special convexity
property in case of a multiple integral with vector-valued functions) with respect
to the last variable. Moreover, certain convexity assumptions are also necessary for
properties of lower semicontinuity of integral functionals which are crucial in most of
the existence proofs, although there are some interesting theorems without convexity
(see [5, Ch. 16] and [2, 4, 7, 20, 21]).

In [27] it was shown that the convexity condition is not needed generically, and
not only for the existence but also for the uniqueness of a solution and even for
well-posedness of the problem (with respect to some natural topology in the space of
integrands). Instead of considering the existence of a solution for a single integrand f,
we investigated it for a space of integrands and showed that a unique solution exists
for most of the integrands in the space. This approach has already been successfully
applied in global analysis and the theory of dynamical systems [8, 9, 23], as well as in
the calculus of variations (see, for example, [1, 16, 26]. Interesting generic existence
results were obtained for particular cases of variational problems [3, 19]. In [27] this
approach allowed us to establish the generic existence of solutions for a large class of
optimal control problems without convexity assumptions.

More precisely, in [27] we considered a class of optimal control problems (with the
same system of differential equations, the same functional constraints, and the same
boundary conditions) which is identified with the corresponding complete metric space
of cost functions (integrands), say F. We did not impose any convexity assumptions.
These integrands are only assumed to satisfy the Cesari growth condition. The main
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result in [27] establishes the existence of an everywhere dense Gg-set F' C F such
that for each integrand in F’ the corresponding optimal control problem has a unique
solution. At this point we do not intend to describe the topology on F. We only note
that it is rather natural and that the set ' has the following property:

For each f € F and each positive number ¢ there exists g € F' such that
|f(t,z,u) — g(t,z,u)| < eforall (¢t,z,u).

Here t is the independent variable, x is the state variable, and u is the control
variable.

The next step in this area of research was done in [14]. There we introduced a
general variational principle having its prototype in the variational principle of Deville,
Godefroy, and Zizler [10]. A generic existence result in the calculus of variations
without convexity assumptions was then obtained as a realization of this variational
principle. It was also shown in [14] that some other generic well-posedness results
in optimization theory known in the literature and their modifications are obtained
as a realization of this variational principle. Note that the generic existence result
in [14] was established for variational problems but not for optimal control problems
and that the topologies in the spaces of integrands in [27] and [14] are different.

In this paper we suggest a modification of the variational principle in [14] which
can be applied to classes of optimal control problems with various topologies in the
corresponding spaces of integrands. As a realization of this principle we establish a
generic existence result for a class of optimal control problems in which constraint
maps are also subject to variations as well as the cost functions. More precisely, we
establish a generic existence result for a class of optimal control problems (with the
same system of differential equations, the same boundary conditions, and without
convexity assumptions) which is identified with the corresponding complete metric
space of pairs (f,U) (where f is an integrand satisfying the Cesari growth condition
and U is a constraint map) endowed with some natural topology. We will show that
for a generic pair (f,U) the corresponding optimal control problem has a unique
solution.

To understand that the generic existence result which will be established in this
paper is more complicated than its prototypes in [27] and [14], we note that for the
class of optimal control problems (with the same constraint map) which is identified
with the corresponding space of integrands the following properties hold [27]:

e The optimal value vy in the optimal control problem with an integrand f
depends on f continuously.

e For each integrand f and each number 6 > 0 there exists a neighborhood U of
f in the space of integrands such that each (g, §/2)-optimal trajectory-control
pair with some g € U is (f, §)-optimal.

Here we say that a trajectory-control pair (z,u) is (g, €)-optimal if the value of
the integral functional with the integrand g for (x,u) does not exceed vg + €.

Clearly these properties which play an important role in [27] and [14] do not have
analogs when constraint maps are also subject to variations.

In the theory developed in [27], [14] and in the present paper topologies on spaces
of integrands and on spaces of integrand-map pairs are of great importance. Actually
one space of integrand-map pairs, say A, considered here is a topological product of
a space of integrands and a space of multivalued maps. The values of these maps are
elements of the space of all nonempty convex closed subsets of a finite-dimensional
Euclidean space endowed with the Hausdorff distance. In the space of multivalued
maps we consider the topology of uniform convergence. For the space of integrands
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we consider weak and strong topologies which induce weak and strong topologies on
the space A. We will prove the existence of a set A’ C A which is a countable in-
tersection of open (in the weak topology) everywhere dense (in the strong topology)
sets such that for each (f,U) € A’ the corresponding optimal control problem has a
unique solution. In fact we will establish our result for various spaces of integrands:
the space of the so-called £ @) B-measurable integrands, the space of lower semicon-
tinuous integrands, and the space of continuous integrands, as well as their subspaces
consisting of integrands f(¢,x,u) differentiable in u and subspaces consisting of inte-
grands f(t,z,u) differentiable in « and w. All these spaces are endowed with the same
weak topology which is a modification of the topologies introduced in [27] and [14].
Their strong topology is always stronger than the topology of uniform convergence.

1. Definitions and the main result. In this paper we use the following nota-
tions and definitions. Let k > 1 be an integer. We denote by mes(FE) the Lebesgue
measure of a measurable set £ C RF, by |-| the Euclidean norm in R¥, and by (-, -) the
scalar product in R*. We use the convention that oo — co = 0. For any f € C9(R¥)
we set

(1.1) flles = 1[fllca(re)y = sugk{la‘a'f(Z)/ax?l SN
zE

a; > 0is an integer, i = 1,....,k, |a] < g},

where |a| = Zle Q.

For each function f : X — [—o0,00], where X is nonempty, we set inf(f) =
inf{f(z) : € X}. For each set-valued mapping U : X — 2¥ \ {0}, where X and YV’
are nonempty, we set

(1.2) graph(U) = {(z,y) e X xY : ye U(x)}.

In this paper we usually consider topological spaces with two topologies where
one is weaker than the other. (Note that they can coincide.) We refer to them as the
weak and the strong topologies, respectively. If (X, d) is a metric space with a metric
dandY C X, then usually Y is also endowed with the metric d (unless another metric
is introduced in Y'). Assume that X; and X, are topological spaces and that each of
them is endowed with a weak and a strong topology. Then for the product X; x X5 we
also introduce a pair of topologies: a weak topology which is the product of the weak
topologies of X; and X, and a strong topology which is the product of the strong
topologies of X; and X5. If Y C Xj, then we consider the topological subspace Y
with the relative weak and strong topologies (unless other topologies are introduced).
If (X;,d;), i = 1,2, are metric spaces with the metrics d; and da, respectively, then
the space X; x X5 is endowed with the metric d defined by

d((l‘l,l’g),(yl,yQ)) :d1($17y1)+d2(3327y2)7 (-riayi) EXXY; 12172

Let m,n, N > 1 be integers. In this paper we assume that 2 is a fixed bounded
domain in R™, H(t,z,u) is a fixed continuous function defined on Q x R™ x RN with
values in R™" such that H(t,z,u) = (H;)j_, and H; = (H;;)jL,,i=1,...,n, By and
By are fixed nonempty closed subsets of R", and 0* = ()", € (WH1(Q))" is also
fixed. Here

WhHQ) = {ue LY(Q): Ou/dz; € L*(Q), j=1,...,m}
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and W, () is the closure of C§°(Q) in W1 (€2), where C5°(£2) is the space of smooth
functions u : Q — R! with compact support in €.

If m = 1, then we assume that Q = (T1,T5>), where T; and Ty are fixed real
numbers for which T} < Ts.

For a function u = (u1,...,u,), where u; € WH(Q), i =1,...,n, we set

Vu; = (Ou;/0x;)[y, i=1,....,n, Vu= (V).
Define set-valued mappings A : Q — 28"\ {#} and U : Q x R" — 28"\ {§} by
(1.3) At)=R", teQ, U(t,z)=RN, (t,z)eQxR"

For each A : © — 28"\ {()} and each U : graph(A) — 28"\ {)} for which graph(U)
is a closed subset of the space  x R™ x R with the product topology, we denote by
X(A,U) the set of all pairs of functions (z,u), where x = (z1,...,1,) € (WHL(Q))",
u=(u1,...,un):  — RV is measurable, and the following relations hold:

(1.4a)
x(t) € A(t), te€Q almost everywhere (a.e.), wu(t) € U(t,z(t)), te€Qae.,

(1.4b) Va(t) = H(t,z(t),u(t)), teQae,
(1.4c) ifm=1, thenx(T;) € B;, i=12,
(1.4d) if m>1, thenz—0" e (W3 ()"

Note that in the definition of the space X (A4, U) we use the boundary condition (1.4c)
in the case m = 1, while in the case m > 1 we use the boundary condition (1.4d). Both
of them are common in the literature. We do this to provide a unified treatment for
both cases. Note that we prove our main result in the case m = 1 for a class of Bolza
problems (with the same boundary condition (1.4c)), while in the case m > 1 it will
be established for a class of Lagrange problems (with the same boundary condition
(1.44)).

To be more precise, we have to define elements of X(A,U) as classes of pairs
equivalent in the sense that (x1,u1) and (x2,us) are equivalent if and only if x2(t) =
21(t), uz(t) = ui(t), t € Q a.e. If m = 1, then by an appropriate choice of represen-
tatives, W11(Ty,T,) can be identified with the set of absolutely continuous functions
x : [Ty, Tz] — R, and we will henceforth assume that this has been done.

Let A:Q — 28"\ {0}, U : graph(4) — 28" \ {0}, and let graph(U) be a closed
subset of the space Q x R™ x R with the product topology.

For the set X (A, U) defined above we consider the uniformity which is determined
by the following base:

(15) EX(G) = {((xlvul)’ (wQ,uQ)) € X(Av U) X X(Aa U) :

mes{t € Q: |z1(t) — x2(t)| + |ur(t) — ua(t)| > €} <€},

where € > 0. It is easy to see that the uniform space X(A,U) is metrizable (by a
metric p) (see [15]). In the space X (A,U) we consider the topology induced by the
metric p.
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Next we define spaces of integrands associated with the maps A and U. By
M(A,U) we denote the set of all functions f : graph(U) — R! U {oo} with the
following properties:

(i) f is measurable with respect to the o-algebra generated by products of Lebesgue
measurable subsets of ) and Borel subsets of R” x RN

(ii) f(t,-,-) is lower semicontinuous for almost every t € €;

(iii) for each e > 0 there exists an integrable scalar function () > 0, t € ,
such that |H (¢, z,u)| < c(t) + ef (¢, x,u) for all (¢,x,u) € graph (U).

The growth condition in (iii) was proposed by Cesari (see [5]), and its equivalents
and modifications are rather common in the literature. Due to the property (i) for
every f € M(A,U) and every (z,u) € X(A,U) the function f(¢,z(t),u(t)), t € Q, is
measurable.

Denote by M!(A,U) (respectively, M¢(A,U)) the set of all lower semicontinu-
ous (respectively, finite-valued continuous) functions f : graph(U) — R' U {co} in
M(A,U). Now we equip the set M(A,U) with the strong and weak topologies. For
the space M(A,U) we consider the uniformity determined by the following base:

(1.6) Enm(e) ={(f,9) e M(A,U) x M(A,U):

|f(t,z,u) 7g(tax7u)| S €, (t,:L’,U) € gra‘ph(U)}a

where € > 0. It is easy to see that the uniform space M(A,U) with this uniformity
is metrizable (by a metric da) and complete. This uniformity generates in M(A,U)
the strong topology. Clearly M!(A,U) and M¢(A,U) are closed subsets of M(A,U)
with this topology.

For each € > 0 we set

(1.7) Epmuw(e) ={(f,g9) € M(A,U) x M(A,U) : there exists a nonnegative
¢ € L*(Q) such that / @(t)dt <1, and for almost every t € ,
Q

[f(txu) = g(t @, u)| < e+ emax{[f (¢, z,u)l, [g(t, z, u)[} + ed(?)

for each z € A(t) and each u € U(t,x)}.

Using the following simple lemma we can easily show that for the set M(A,U)
there exists the uniformity which is determined by the base Exqy(€), € > 0. This
uniformity induces in M(A, U) the weak topology.

LEMMA 1.1. Leta,b€ R', e € (0,1), A >0, and

la —b] < (1+ A)e+ emax{]al,|b|}.
Then

la—b] < (1+A)(e+e*(1—e) )+ el —e) " min{lal, |b|}.
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Denote by C;(B1 x Bs) the set of all lower semicontinuous functions £ : By X By —
R! U {<} bounded from below. We also equip the set Cj(B; x By) with strong and
weak topologies. For the set C;(B; x Bg) we consider the uniformity determined by
the following base:

(1.8)
E.(e) ={(&,h) € C;(By X By) x Cj(By x Ba) : |£(2) — h(2)| <€, z € By X By},

where € > 0. It is easy to see that the uniform space Cj(B; x Bs) is metrizable (by
a metric d.) and complete. This metric induces in C;(B; x Bs) the strong topology.
We do not write down the explicit expressions for the metrics dyq and d. because we
are not going to use them in what follows.

For any € > 0 we set

(1.9) Eew(€) ={(§,h) € Ci(By x Bz) x Ci(B1 x By) : [§(2) — h(2)]

< e+ emax{[€(2)],[n(2)[}, z € By x Ba},

where € > 0. By using Lemma 1.1 we can easily show that for the set C;(B; x Bs) there
exists a uniformity which is determined by the base E.,(¢), € > 0. This uniformity
induces in C;(B; X Bs) the weak topology. Denote by C(B; x Bs) the set of all
finite-valued continuous functions h in Cj(B; X Bg). Clearly it is a closed subset of
Cy(B1 x Bs) with the weak topology.

In the case m > 1 for each f € M(A,U) we define I/) : X (A, U) — R' U {cc}
by

(1.10) I(f)(x,u):/Qf(t,x(t),u(t))dt, (z,u) € X(A,U).

In the case m = 1 for each f € M(A,U) and each £ € C;(By x Bs) we define
IO . X (A, U) — R' U {oo} by

T>
(1.11) IO (z,u) = i Ftz(t), ut))dt + E(2(Ty), z(Ty)), (2,u) € X(A,U).

We will show (see Propositions 4.1 and 4.2) that in both cases (1.10) and (1.11) define
lower semicontinuous functionals on X (A, U).

From now on in this section we consider a fixed set-valued mapping A : Q —
21"\ {0} for which graph(A) is a closed subset of the space Q x R" with the product
topology. Denote by U, the restriction of U (see (1.3)) to the graph(A). Namely,

(1.12) Ua : graph(A) — 2R U(t,z) = RN, (t,xz) € graph(A).

We consider functionals I/€) with (f,&) € M(A,Uy4) x Cj(By x By) (in the case
m = 1) and functionals I/) with f € M(A,U,) (in the case m > 1) defined on the
space X (A,U4) (see (1.4)). As we have already noted in the introduction our main
result will be established for several classes of optimal control problems with different
corresponding spaces of the integrands which are subsets of the space M(AJ? A)-
The subspaces of lower semicontinuous and continuous integrands (M!(A,U4) and
MC(A,U,)) have already been defined. Now we define subspaces of M(A, U4) which
consist of integrands differentiable with respect to the control variable wu.
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Let k > 1 be an integer. Denote by My (A, Uy4) the set of all finite-valued f e
M(A,U,) such that for each (t,z) € graph(A) the function f(t,z,-) € C*(RYN). We
consider the topological subspace My(A,Us) € M(A,U,) with the relative weak
topology. The strong topology on M (A, U 4) is induced by the uniformity which is
determined by the following base:

(1.13)  Epjwle) = {(f,9) € Mp(A,UA) X Myp(A,Ua) : |f(t,z,u) — g(t,z,u)| <€
for all (¢,2,u) € graph(A) x RY and

I1f(t,z,-) —g(t,x,-)||crgry < € for all (¢,2) € graph(A)},

where € > 0. It is easy to see that the space My(A,U,) with this uniformity is
metrizable (by a metric daqx) and complete. Define

(1.14)
ML(A,TA) = Mp(A,Ua) N MYA, U»), ME(A,UA) = Mp(A,Ux) N ME(A,Uy).

Clearly ML (A, U4) and M§(A,Ua) are closed sets in My (A, U4) with the strong
topology.

Finally, we define subspaces of M(A,T]' ) which consist of integrands differen-
tiable with respect to the state variable  and the control variable u. Denote by
M(A,U) the set of all f:Q x R* x RV — R in M(A,U) (see (1.3)) such that for
each t € Q the function f(t,-,-) € C*¥(R™ x RY). We consider the topological sub-
space MZ(/L U) € M(A,U) with the relative weak topology. The strong topology in
M(A,U) is induced by the uniformity which is determined by the following base:

(1.15) Eale) = {(£,9) € Mi(A,0) x Mi(A, )
|f(t,z,u) — g(t,,u)| < efor all (t,2,u) € Qx R" x RY and

||f(t, . ) — g(t, ° ‘)||Ck(Rn+N) <eforallte Q},

where ¢ > 0. It is easy to see that the space MZ(/LU’) with this uniformity is
metrizable (by a metric d}, ;) and complete. Define

(1.16) Mi'(A,0) = Mi(A,0) n MY(A,T), Mf(A,0) = Mi(A,U) n M(A,0).

Clearly M (A,U) and M;¢(A, U) are closed sets in M (A, U) with the strong topol-
ogy.

Thus we have defined all the spaces of integrands for which we will prove our
main result. Now we will define a space of constraint maps P. Denote by S(RY) the
set of all nonempty convex closed subsets of RYV. For each 2 € RY and each E C RY,
set dg(z, E) = infyeg |z — y|. For each pair of sets C1,Cy C RY,

dy(Cy,Cs) = max{ sup dg(y,C2), sup dH(l’,Cl)}
yeCi z€Cy
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is the Hausdorff distance between C; and Cy. For the space S(RY) we consider the
uniformity determined by the following base:

(1.17) Egrn(e) = {(C1,Cy) € S(RN) x S(RN) : dy(Cy,Cy) < €},

where € > 0. It is well known that the space S(R™) with this uniformity is metrizable
and complete. Denote by P4 the set of all set-valued mappings U : graph(A) —
S(R™) such that graph(U) is a closed subset of the space graph(A) x RN with the
product topology. For the space P4 we consider the uniformity determined by the
following base:

(1.18) EPA (6) = {(Ul,UQ) € PaxPy: dH(Ul(t,x),Ug(t,l‘)) <e

for all (¢,x) € graph(A4)},

where € > 0. It is easy to see that the space P4 with this uniformity is metrizable
and complete. ~

We consider the space X (A,Uy4) with the metric p (see (1.5)). For each U € Py
define

(1.19) Sy = X(A,U) = {(z,u) € X(A,Un) : u(t) € U(t,z(t), t € Qae.}.

In the case m = 1 for each U € P4 and each (f,€) € M(A,Ux) x Ci(B; x By) we
consider the optimal control problem

19 (2 u) - min,  (z,u) € X(A,U),

and in the case m > 1 for each U € P4 and each f € M(A,U4) we consider the
optimal control problem

I (2, u) — min, (z,u) € X(A,U).

We will state our main result, Theorem 1.1, in such a manner that it will be applicable
to the Bolza problem in case m = 1 and to the Lagrange problem in case m > 1, and
also applicable for all the spaces of integrands defined above.

To meet this goal we set Ay = P4 and define a space A; as follows.

Al = A11 X A12 ifm=1 and Al = A11 if m > 1,

where A5 is either Cj(By X Bg) or C(B; x Bsy) or a singleton {£} C Cy(By x Bs),
and Aj; is one of the following spaces:

M(Aa UA)? Ml(Aa UA)? MC(Av UA)v
Mi(A,TUs); ME(A,TUL); MS(A,Us) (here k > 1 is an integer);

ME(A,T); MYA,U); M;S(A,U) (here k > 1 is an integer and A = A).
For each a = (a1, as) € A; x Ay we define J, : X(A,U4) — R' U {o0} by

Jo(z,u) = 19 (z,u), (z,u) € Say,  Ja(z,u) =00, (z,u)€ X(A,Us)\ Sa,.



258 ALEXANDER J. ZASLAVSKI

We will show that J, is lower semicontinuous for all a € A; x As. Denote by A the
closure of the set {a € A; X Ay : inf(J,) < oo} in the space A; x Ag with the strong
topology. We assume that 4 is nonempty. The following theorem is the main result
of this paper.

THEOREM 1.1. There exists an everywhere dense (in the strong topology) set
B C A which is a countable intersection of open (in the weak topology) subsets of A
such that for any a € B the following assertions hold:

(1) inf(J,) is finite and attained at a unique pair (z,7) € X(A,Uy).

(2) For each € > 0 there are a neighborhood V of a in A with the weak topology
and § > 0 such that for each b € V, inf(J) is finite, and if (z,w) € X (A,Uya) satisfies
Jo(z,w) < inf(Jp) + 68, then p((Z, 1), (z,w)) <€ and |Jp(z,w) — Jo(Z,0)| < e.

2. Generic variational principle. We will obtain our main result as a realiza-
tion of a variational principle which will be introduced in this section. This variational
principle is a modification of the variational principle in [14].

We consider a metric space (X, p) which is called the domain space and a complete
metric space (A, d) which is called the data space. We always consider the set X with
the topology generated by the metric p. For the space A we consider the topology
generated by the metric d. This topology will be called the strong topology. As
mentioned in section 1 in addition to the strong topology we also consider a weaker
topology on A which is not necessarily Hausdorff. This topology will be called the
weak topology. (Note that these topologies can coincide.) We assume that with
every a € A a lower semicontinuous function f, on X is associated with values in
R = [~00,00]. In our study we use the following basic hypotheses about the functions.

(H1) For any a € A, any € > 0, and any v > 0 there exist a nonempty open set
W in A with the weak topology, = € X, a € R', and n > 0 such that

wni{be A: d(a,b) < e} #0,

and for any b € W

(i) inf(fp) is finite;

(ii) if z € X is such that fi(z) <inf(fp)+n, then p(z,z) < v and |fp(2) — o] < 7.

(H2) If a € A, inf(f,) is finite, {z,}72; C X is a Cauchy sequence, and the
sequence {fq(z,)}52, is bounded, then the sequence {x,}>2 ; converges in X.

We will show (see Theorem 2.1) that if (H1) and (H2) hold, then for a generic
a € A the minimization problem f,(x) — min, x € X, has a unique solution. This
result generalizes the variational principle in [14, Theorem 2.2] which was obtained
for the complete domain space (X, p). Note that if (X, p) is complete, the weak and
strong topologies on A coincide, and for any a € A the function f, is not identically
00, then the variational principles in [14] and in this section are equivalent.

For the classes of optimal control problems considered in this paper the domain
space is usually the space X (A4, U4) with the metric p (see (1.5)) which is not complete.
Since the variational principle in [14] was established only for complete domain spaces
it cannot be applied to these classes of optimal control problems. Fortunately, instead
of the completeness assumption we can use (H2), and this hypothesis holds for spaces
of integrands (integrand-map pairs) which satisfy the Cesari growth condition.

THEOREM 2.1. Assume that (H1) and (H2) hold. Then there exists an everywhere
dense (in the strong topology) set B C A which is a countable intersection of open (in
the weak topology) subsets of A such that for any a € B the following assertions hold:

(1) inf(f,) is finite and attained at a unique point & € X.
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(2) For each € > 0 there are a neighborhood V of a in A with the weak topology
and & > 0 such that for each b € V, inf(f) is finite and if z € X satisfies fr(z) <
lnf(fb) + 67 then p(jﬂz) <e and |fb(z) - fa(a_")| <e

Following the tradition, we can summarize the theorem by saying that under the
assumptions (H1) and (H2) the minimization problem for f, on (X, p) is generically
strongly well posed with respect to A.

Proof. Let a € A. By (H1) for any natural n = 1,2, ... there are a nonempty open
set U(a,n) in A with the weak topology, z(a,n) € X, a(a,n) € R, and n(a,n) > 0
such that

U(a,n)N{be A: d(a,b) <1/n} #0,

and for any b € U(a,n), inf(fp) is finite and if z € X satisfies fp(z) < inf(fp) +n(a, n),
then

p(z,x(a,n)) < 1/”7 |fb(z) - a(a,n)| < 1/”

Define B, = U{U(a,m) : a € A, m > n} for n =1,2,.... Clearly, for each integer
n > 1 the set B, is open in the weak topology and everywhere dense in the strong
topology. Set B = N>2,B,,. Since for each integer n > 1 the set 5,, is also open in the
strong topology generated by the complete metric d we conclude that B is everywhere
dense in the strong topology.

Let b € B. Evidently inf(f,) is finite. There are a sequence {a,}32; C A and
a strictly increasing sequence of natural numbers {k,}>2, such that b € U(ay, ky,),
n=1,2,.... Assume that {z,}°2; C X and lim,, . fp(2,) = inf(fp).

Let m > 1 be an integer. Clearly for all large enough n the inequality fy(z,) <
inf(fp) + n(am, km) is true and it follows from the definition of U (a,, k) that

(2.1) P(zns 2(@ms km)) < kit | folzn) = alam, k)| < k!
for all large enough n. Since m is an arbitrary natural number we conclude that
{zn}52, C X is a Cauchy sequence. By (H2) there is an Z = lim,_.c 2n. As fp
is lower semicontinuous, we have f;(Z) = inf(f}). Clearly f;, does not have another
minimizer, for otherwise we would be able to construct a nonconvergent sequence
{2, }22;. This proves the first part of the theorem. We further note that by (2.1)
(2.2) (%, (A, k) < ki ty | fo(@) — alam, km)| < kY, m=1,2,....
We turn now to the second assertion. Let ¢ > 0. Choose a natural number m for
which 4k ! < e. Let a € U(am, k). Clearly inf(f,) is finite. Let z € X and
fa(2) <inf(fa) + n(am, km). By the definition of U(am, km),

p(z,2(am, k) < ks | fa(2) = alam, km)| < k'
Together with (2.2) this implies that

p(5,7) < 2k5L, 1fo(7) — fal2)] < 2h50 < e

The second assertion is proved. 0
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3. Concretization of the hypothesis (H1). The proof of our main result
consists in verifying that the hypotheses (H1) and (H2) hold for the space of integrand-
map pairs introduced in section 1. Hypothesis (H2) will follow from Proposition 4.2,
which will be proved in section 4. The verification of (H1) is more complicated.
Recall that our space of integrand-map pairs is a product of the space of integrands
and the space of maps. Therefore we should seck the set W (see (H1)) in the form
V x U, where V is an open set in the space of integrands and U is an open set in
the space of maps. To simplify the verification of (H1) in this section we introduce
new assumptions (Al)—(A4) and show that they imply (H1) (see Proposition 3.1).
Using (A1)—(A4) we can construct the set W =V x U step by step, roughly speaking.
Namely, using (A4) we construct the set U, using (A3) we find an integrand a,, and
then using (A2) we construct the set V, which is an open neighborhood of @;. Thus
to verify (H1) we need to show that the assumptions (A1)—(A4) are valid. In fact
this approach allows us to simplify the problem because each of (A2)—(A4) concerns
either the space of integrands or the space of maps while it is not difficult to verify
(A1).

Let (X, p) be a metric space with the topology generated by the metric p and
let (Ai1,d1), (Az,ds) be metric spaces. For the space A; (i = 1,2) we consider the
topology generated by the metric d;. This topology is called the strong topology. In
addition to the strong topology we consider a weak topology on A;, i = 1, 2.

Assume that with every a € A; a lower semicontinuous function ¢, : X —
R U {00} is associated and with every a € Ay a set S, C X is associated. For each
a = (a,az) € Ay x Ay define f, : X — R' U {0} by

(3.1) fa(x) = ¢g, () forall z € S,,, folr)=o00 forallze X\S,,.

Denote by A the closure of the set {a € A; x As : inf(f,) < oo} in the space A; x A
with the strong topology. We assume that A is nonempty.

In this paper we use the following hypotheses:

(A1) For each a1 € Ay, inf(¢d,,) > —oo and for each a € A; x Ay the function f,
is lower semicontinuous.

(A2) For each a € A; and each D,e > 0 there is a neighborhood U of a in
Ay with the weak topology such that for each b € U and each z € X satisfying
min{ @, (x), ¢p(x)} < D the relation |¢,(z) — ¢p(z)| < € holds.

(A3) For each v € (0,1) there exist positive numbers e(y) and 6(7) such that
€(),6(v) — 0 as v — 0 and the following property holds.

For each v € (0,1), each a € Ay, each nonempty set Y C X, and each T € Y for
which

(3.2) 6a(@) < nf{a(2) : 2 € Y} +5(y) < oo,
there is an a € A; such that the following conditions hold:

(33)  di(aa) <e(y), Ga(2) > du(2), 2EX, ald) < 0ul@) +O(7);
for each y € Y satisfying

(3.4) daly) < inf{ga() : = € Y} +25(y)

the inequality p(y, ) < ~ is valid.
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(A4) For each a = (a1,a2) € A1 x A, satisfying inf(f,) < oo and each €,6 > 0
there exist ay € As, T € S;,, and an open set U in Ay with the weak topology such
that

(35) dg(ag,&g) < €, Uun {b c Ay dz(b, CLZ) < 6} 7é @,
(3'6) bay (J_C) < inf{¢a1 (Z) P zE S&z} + 6 < o0,

and

(3.7) ZES,CSs forallbeld

Assume that (A3) holds. We show that the numbers () and §(-y) can be chosen
such that 0 < 6(y) < e(y) < 7.

Let €(y) and 6(v), v € (0,1), be as guaranteed by (A3). Assume that v € (0, 1).
Since lim; ¢ €(t) = 0 and lim;_o §(¢) = 0 there exist v; € (0,v) and o € (0,71) such
that €(y1) < v and €(70),6(70) < €(71). Set €(vy) = e(71) and 6(y) = 6(y0). Clearly
6(v) <é(y) <.

Assume that a € A;, Y is a nonempty subset of X, and & € Y satisfies ¢,(Z) <
inf{¢,(2) : 2 € Y} +8(y) < co. By (A3) and the equality 6(7) = 6(y0) there exists
a € Ay such that the following conditions hold:

dl(aa d) < 6(70) < 6(71) = E(’Y)a ¢d<z) > ¢a(z)’ z € X7

$a(Z) < ¢a(T) + 6(70) = ¢a(T) + 5('7)5
for each y € Y satisfying
oa(y) < inf{ga(z): z€ Y} +26(0)

the inequality p(y,Z) < 7o < vy is valid. Therefore (A3) holds with e(y) = &(y) and
6(7) = 6(9).

PROPOSITION 3.1. Assume that (A1)—(A4) hold. Then (H1) holds for the space
A.

Proof. Let a = (a1,a2) € A and let €, > 0. We may assume that inf(f,) < oco.
Choose a positive number

(3.8) Yo < 8 ' min{l, e v}

Let €(70), 6(70) > 0 be as guaranteed by (A3) (namely, (A3) is true with v = ~o,
e(y) = €(y0), 6(7) = 8(70)). Choose

(3.9) 81 € (0,4716(70))-

By (A4) there are ay € Az, T € Sg,, and an open nonempty set U in Ay with the
weak topology such that (3.7) holds,

(310) dg(ag,(_lg) < 6(’)/0)7 un {b S ./42 : dQ(b7 (12) < 6(’}/0)} 7£ @,

and

(3.11) $a, (T) < inf{¢y, (2): z € Sz, } + 61 < 0.
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It follows from the definition of e(y9) and 6(7p), (A3) (with a1 = a and Y = S3,),
and (3.11) that there is an @ € Ay such that

(312) dl(alaal) < 6(70)7 ¢61 (Z) > ¢a1 (Z)v z € Xa

(bl_ll (i.) < ¢a1 ("E) + 5(70)7

and the following property holds.
(Pi) For each y € S, satisfying

(3.13) ¢a, (y) < inf{¢a, (2) : 2z € Sa, } +26(70)

the relation p(y,Z) < ~p is valid.
Let b € U. Then by the definition of U, (3.7), and (3.11),

(3.14) z €S, C Sz, inf{¢g, (2): 2z € Sp} < Py, (T) < 0.

We will show that the following property holds.
(Pii) If y € Sy satisfies

(3.15) da, (y) < inf{dg, (2) : z € Sp} + 61,
then
(3.16) p(y,T) <y and  [¢g (y) — da, (T)] < 01 + 6(70).

It follows from (3.11), (3.14), and (3.12) that

(3.17) Ga, (T) — 61 < inf{y,(2) : 2z € Sz,} <inf{y,(2): 2 € Sp}

< inf{¢a, (2) : 2 € Sp} < ¢a, (T) < ¢a, (T) + 6(70)

< inf{¢g, (2): z € Sa,} + 61 + 6(70)-

Assume that y € Sy and (3.15) is true. It follows from (3.14), (3.15), (3.17),
(3.12), and (3.9) that

Y € Sa,, ¢a,(y) < inf{dg, (2) : 2z € Sa,} + 6(v0) + 26

<inf{eg, (2) : z € Sa, } + 26(70).

By these relations and property (Pi), p(y,Z) < 79. Relations (3.15), (3.17), (3.11),
(3.14), and (3.12) imply that

(318) |¢<‘11 (y) - (b‘_ll (‘/Z')l <o+ 6(’70)'

Thus, (3.16) is valid. Therefore we have shown that for each b € U relation (3.14)
and property (Pii) hold. Choose a number

(3.19) D > |inf(¢g,)| + 1 + |da, (T)]-
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By (A2) there exists an open neighborhood V of @; in A; with the weak topology
such that the following property holds.

(Piii) For each b € V and each x € X for which min{¢y(z), ¢a, ()} < D + 2 the
relation |¢g, (z) — ¢p(x)| < 4716, is true.

Property (Piii) and (3.19) imply that for each b € V,

(3.20) |66(Z) — ¢a, (T)] < 47161, inf(¢p) < ¢p(z) < D.

Now we will show that (H1) is true with the open set W =V xU, x = T, a = ¢3, (T),
and n = 4716;.
Assume that b = (b1,b2) € V x U. By (3.20) and (3.14)

(3.21) Z € Sp,, inf(fp) = inf{ep, (2) : 2z € Sp,} < ¢y, (T) < 0.
Assume now that z € X and f,(2) < inf(fy) +4716;. Then
(3.22) 2 € Sy, G (2) <inf{gy, (y) 1 y € Sp,} +47 6.

By (3.21), (3.20), and (3.19),
inf{¢b1 (y) VRS sz} < ¢b1 ("E) <D, inf{(b?ll (y) NS sz} < ¢Fll (‘%) <D.

These inequalities imply that

inf{¢b1 (y) Y E SbQ} = inf{¢b1 (y) Y€ SbQ and ¢b1 (y) <D+ 1}

and

inf{¢s, (y) : y € S, } = inf{pa, (y) : y € S, and ¢g, (y) < D + 1}

It follows from these two relations and property (Piii) that

(3.23) |inf{dp, (y) : y € Sp,} —inf{da, (y): y € Sp,}| <4716;.
Relations (3.23), (3.22), (3.21), (3.19), and property (Piii) imply that
(3:24) |6a, (2) = ¢, (2)] < 4716,

(3.25) ¢a, (2) < inf{pa, (y): y € Sp, } + 61.

It follows from (3.25), (3.22), and property (Pii) that

p(z,Z) <y and  |¢&,(2) = ¢a, ()] < 614 6(70)-
Together with (3.24), (3.9), and the definition of §(v) this implies that

|6, (2) — Pa, (T)] < 26(70) < 270 < 7.

This completes the proof of the proposition. 0

Remark 3.1. In the proof of Proposition 3.1 for any a = (a1,a2) € A3 X Ay
satisfying inf(f,) < oo and any ¢ > 0 we constructed an open set V in .4; with the
weak topology and an open set U in Ay with the weak topology which satisfy

Vﬁ{bEA1Z dl(b7a1)<e}7é[2) and um{bEAQZ dg(b,a2)<6}7é®

and such that inf(fy) < oo for each b = (by,b3) € V x U. This implies that there
exists an open set F in A; x Ay with the weak topology such that inf(f,) < oo for
all a € F and A is the closure of F in the space A; X Ay with the strong topology.
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4. Preliminary results for hypotheses (A2) and (H2). Assume that A :
Q — 2R"\ {0}, U : graph(4) — 28"\ {0}, and that graph(U) is a closed subset of
the space Q2 x R" x R™ with the product topology. Consider the spaces X (A, U),
M(A,U), and Cy(B; x Bs) introduced in section 1.

PropPOSITION 4.1. Let f € M(AU), (z,u) € X(A,U), and {(z;,u;)}2, C
X(A,U), and let p((xs,ui), (x,u)) — 0 as i — oco. Then

/ f,z(t),u(t))dt <lminf [ f(t, z:(t), u;(t))dt.
Q 1—00 Q

Proof. We may assume that there is a finite lim; .o [q, f(,2(t), u;(t))dt. There
is a subsequence {(z;,,u;,)}7>, such that

(45, (8),us, () = (x(t),u(t)) ask— o0, t€Nae.

(see [12, p. 68]). By property (ii) (see the definition of M(A,U)) for almost every
teQ,

hkniggf f(t7 Ly, (t)7 Uiy, (t)) > f(t’ .Z‘(t), u(t))
The proposition now follows from property (iii) (see the definition of M(A,U)) and
Fatou’s lemma. 0

The following proposition is an auxiliary result for the hypothesis (H2).

PROPOSITION 4.2. Assume that f € M(A,U), {(zi,w)}2, € X(A,U) is a
Cauchy sequence, and the sequence { [, f(t,z;(t), u;(t))dt}$2, is bounded. Then there
is (Xw,us) € X(A,U) such that (x;,u;) converges to (., us) as i — oo in X(A,U),
and moreover, if m =1, then x;(t) — x.(t) as i — oo uniformly on [Ty, Ts].

Proof. To prove the proposition it is sufficient to show that there exists a sub-
sequence {(x;,,u;, )}e2, and (z4,us) € X(A,U) such that (z;,,u;,) — (T4, us) as
k — ooin X(A,U) and if m = 1, then z;, (t) — x.(t) as k — oo uniformly on [T}, T3].
(In the case m = 1 this implies that each subsequence of {z;}:°, has a subsequence
which converges to . uniformly on [T7,T%]. This proves that {x;}5°, converges to .
uniformly on [T}, Ts].)

Since {(z;,u;)}52; is a Cauchy sequence there is a strictly increasing sequence of
natural numbers {i}7>, and a sequence of measurable sets D, C Q, k = 1,2,...,
such that for all k =1,2,...,

(4'1) mes(Dy) < 2_ka |xik+1(t) — Tiy, (t)‘ < 2_k’

i, () —ug ()] <27%, t€Q\ Dy.

Set Cp, = U2, D;, k=1,2,.... By (4.1) there exist measurable functions u, : Q —
RY and z, : Q — R™ such that

(4.2) klim i (B) = 2 (t),  lm wg, (B) = ue(t), ¢t€Q\N,Ch.

—00 k—oo

Since the function f(,-,-) is lower semicontinuous for ¢ € Q a.e. (see the definition of
M(A,U), property (ii)) it follows from (4.2) that

(4.3) Flt, 2 (t), us(t)) < likrggff(txik (t),ui, (1)), teae.
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Clearly the functlon ft, 2 (t),us(t)), t € Q, is measurable. By (4.3), Fatou’s lemma,
and property (iii), [q, f(t, 2« (t), u.(t))dt is finite. It follows from property (iii) and the
boundedness of the sequence { [, f(t,x;(t),u;(t))dt};2, that the family of functions

€= {|H(t,z.(t), u.(t))], t € Q [H(t, s (t),wi, ()], t€Q k=1,2,...}

is uniformly integrable [11, p. 74]. Namely, for each ¢ > 0 there exists § > 0 such that
for each measurable set e C 2 satisfying mes(e) < § the following relations hold:

/|H(t,a:*(t)7u*(t))|dt <e /|H(t,xik(t),uik(t))\dt <e k=12

It follows from this property, the continuity of H, (4.1), (4.2), and Egorov’s theorem
that for each measurable set e C (2,

(4.4) /H(ink (t), u;, (t))dt — /H(t7x*(t),u*(t))dt as k — oc.

Now we consider the case with m = 1. Since the set £ is uniformly integrable it
follows from (1.4b), (4.2), and Ascoli’s compactness theorem that a subsequence of the
sequence {x;, }7° , converges to a continuous function y : [T, T>] — R™ uniformly on
[T1, T5]. By (4.2) we may assume that x.(t) = y(t), t € [T1,T2] a.e. Thus z, : @ — R"
is continuous and some subsequence of {z;, }%2, converges to z. uniformly on [T7,T3].
Together with (4.4) this implies that (x., u.) € X(A,U). Since mes(N32,Cx) = 0 (see
(4.1)) it follows from (4.2) that (x;, ,u;,) — (T«,ux) as k — oo in X (A, U). Therefore
the proposition is true in the case with m = 1.

We turn now to the case with m > 1. Since the set £ is uniformly integrable it is
easy to verify that

(4.5) H(, 2o (), ue(r) € LYQ),  H(, w4, () ui, (1) € LYQ), k=1,2,...,

H(’xlk()’ulk()) - H(7x*()’u*()) ask—oo in Ll(Q>-

Note that z;, —6* € (W, (Q)", k =1,2,... (see (1.4)). By [28, Thm. 2.4.1] there is
a constant ¢ > 0 such that ||h||L1(Q) < C||vh”Ll(Q) for all h € Wy (Q). Together with
(4.5) and (4.2) this implies that x;, — x. as k — oo in L'(Q; R"), z. € (W11(Q))",
Va, = H(-,z.(-),us(+)), and (x4, us) € X(A,U). Analogously to the previous case
we obtain that (x;, ,u;, ) — (Z4,us) as k — oo in X(A,U). Thus in the case m > 1
the proposition is proved. O

PROPOSITION 4.3. Let h € Cy(By X By) and ¢,D > 0. Then there exists a
neighborhood V of h in C;(By X Ba) with the weak topology such that for each £ € V
and each x € By x By which satisfies min{{(x), h(x)} < D the relation |{(x)—h(z)| < e
holds.

Proof. There is a ¢y > 0 such that h(z) > —co for all z € By x By. Choose a
positive number ¢; < 1 for which

er+e(l—e) 2+ D+c) <e

and define V = {£ € C)(By x Ba) : (§,h) € Ecyp(e1)} (see (1.9)). Assume that £ € V,
x € By X Bg, and min{&(x), h(x)} < D. It follows from the definition of V and ey,
(1.9), and Lemma 1.1 that £(x), h(x) are finite and
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[€(x) = h(z)| < &1 + e (1 —e) ™" +ea(l — €)™ min{l€(x)], [h(2)]}

<a+e(l—e) T +ea(l—e) YD+ <e

The proposition is proved. |

COROLLARY 4.1. Let h € Cy(B;y X By) and € > 0. Then there is a neighborhood
V of h in C;(By x Bg) with the weak topology such that for each & € V the inequality
|inf(§) — inf(h)| < € holds.

Proof. We may assume that inf(h) is finite and ¢ < 1. By Proposition 4.3 there
exists a neighborhood V of h in Cj(B; x Bz) with the weak topology such that for
each £ € V and each z € By x By which satisfies min{{(z), h(z)} < inf(h) + 2 the
relation [£(z) — k()| < 27 1€ holds.

Assume that £ € V. It follows from the definition of V that for each z € By X By
satisfying h(x) < inf(h) + 2 the relation |£(x) — h(x)| < 27 e is true. Choose y € X
such that h(y) < inf(h) + 27 te. Then

inf(€) < &(y) < hly) +2 e < inf(h) + € < inf(h) + 1.
It follows from this inequality and the definition of V that for each z € B; x By
satisfying £(z) < inf(€) + 1 the relation |¢(x) — h(z)| < 27%€ holds. Choose z € X
such that £(z) < inf(€) +27te. Then
inf(h) < h(z) < &(2) + 27 < inf(€) + e

The corollary is proved. 1]
The following proposition is an auxiliary result for the assumption (A2).
PROPOSITION 4.4. Let f € M(A,U) and € € (0,1), D > 0. Then there exists a
neighborhood V of f in M(A,U) with the weak topology such that for each g €V and
each (z,u) € X(A,U) satisfying

(1.6) win{ [ f(e.a(0).u)i. [ gte.o0,u0)atf < D
Q Q
the following relation holds:

(4.7)

Afmmmwmw—lgwxwwwmﬁge

Proof. There is an integrable function ¢q(t) > 0, t € €, such that
(4.8) flt,z,u) > —do(t) for all (¢, z,u) € graph(U).

Choose a positive number €; for which

(4.9) €1 <2meS(Q) +2+ /Q ¢o(t)dt + D> <e

and a positive number ¢ that satisfies

(4.10) €0 +eo(l —eg) ' <47ley.
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Define
(4.11) V={ge MAU): (9,f) € Emw(co)} (see (1.7)).

Assume that g € V, (z,u) € X(A,U), and (4.6) is valid. By (4.11) and (1.7) there is
a nonnegative function ¢ € L'(2) such that [, ¢(¢)dt < 1, and for almost every t € Q2
the inequality

|f(t,y,v) - g(t,y,v)| <€+ EO¢(t) + €0 max{|f(t,y,v)|, |g(t,y,v)\}

is true for each y € A(t) and each v € U(t,y). It follows from this inequality, Lemma
1.1, and (4.10) that for almost every ¢ € Q the relation

(4.12) |f(t,y,v) — g(t,y,v)| < €0 +ea(1 —eo) 4 (1) (€2(1 — o) " + o)
+ 60(1 - 60)71 min{‘f(t7yvv)|7 |g(t7y’ U)|}

<4 'e+4 e p(t)+4 ey min{|f (¢, v, v)|, [g(t v, )|}

is valid for each y € A(t) and each v € U(t,y). Relations (4.12) and (4.8) imply that
for almost every t € ) the inequality

(413) g(t,y,v) Z f(ta:%v) - 47161 - 47161¢(t) - 471€1|f(t7y,’0)|

> —47lea1o(t) = 2¢0(t) — 47" ey
holds for each y € A(t) and each v € U(¢,y). Set
(4.14) At) = min{f (¢, z(¢), u(t)), g(t, z(t), u(t))}, teq.
It follows from (4.12), (4.8), (4.13), and (4.14) that for almost every ¢ € €,

[f(t (), ut) — g(t,2(t), u(t)| <47 e +47 e10(1)
+ 47 e min{ f(, 2 (t), u(t)) + 200(t), g(t, 2 (1), u(t)) + ¢(t) + dgo(t) + 2}

<47le F47e0(t) + 47 e (o(t) + 4o (t) +2) + 47 Ler A(t).

By this relation, (4.6), and (4.9),

5 |f(t, 2 (t), u(t)) — g(t,z(t),u(t))|dt <4 emes(Q) +47 e A o(t)dt

+47 ey / o(t)dt + €1 / bo(t)dt + eymes(Q) +47 e D < e.
Q Q

This completes the proof of the proposition. O
Analogously to the proof of Corollary 4.1 we can show that Proposition 4.4 implies
the following corollary.
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COROLLARY 4.2. Let f € M(A,U) and € > 0. Then there exists a neighborhood
V of f in M(A,U) with the weak topology such that for all g €V,

inf{/ﬂf(t,x(t),u(t))dt: (z,u) € X(A, U)}—inf{/ﬂg(t,x(t),u(t))dt:

(x,u) eX(A,U)H <e.

PROPOSITION 4.5. Let m =1, f € M(A,U), h € C;(By x Bz), and € € (0,1),
D > 0. Then there exist a neighborhood U of f in M(A,U) with the weak topology
and a neighborhood V of h in Cy(B1 x Bs) with the weak topology such that for each
(€,9) €V xU and each (x,u) € X(A,U) which satisfies

(4.15) min{IM (z,u), 199 (z,u)} < D
the following relations are valid:

(4.16) (h(@(Th), 2(T2)) — £(x(T1), x(T2))| <€,

T>
/ [f(t 2(t), u(t) — g(t, x(t), u(t))]dt

T

(4.17) <e

Proof. We may assume that inf(h) and

inf{ ’ Flt,x(t),u(t))dt : (z,u) € X(A, U)}

T

are finite. Choose a number

co >4+ |inf(h)| +

T2
inf{ ft,z(t),u(®))dt : (z,u) € X(A, U)H .

T

By Corollaries 4.1 and 4.2 there exists a neighborhood V; of h € Cy(By x Bs) with
the weak topology such that

(4.18) |inf(§)| < co forall £ €Vy
and a neighborhood U; of f in M(A,U) with the weak topology such that

inf {

By Proposition 4.3 there exists a neighborhood V of h in Cj(B; X By) with the weak
topology such that V C V; and that for each £ € V and each z € By X By which satisfies
min{{(z),h(z)} < D+ ¢o + 2 the relation |£(z) — h(z)| < € holds. By Proposition
4.4 there exists a neighborhood U of f in M(A,U) with the weak topology such that
U C U, and that for each g € U and each (x,u) € X(A,U) satisfying

(4.19) <co forall gel.

/ ) g(t, z(t),u(t))dt : (z,u) € X (A, U)}

T

min{ - Ft,x(t), u(t))dt, /T2 g(t,x(t),u(t))dt} <D+cy+2

T T
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the inequality (4.17) holds.
Now assume that (§,¢9) € V x U and (z,u) € X(A,U) satisfies (4.15). It follows
from (4.15), (4.18), and (4.19) that

min{&(z(T1), 2(T»)), h(z(T1), 2(T2))} — co < min{I¥M) (&, u), 199 (z,u)} < D

and
T

T: Th

min{ ’ ft,x(t), u(t))dt, / g(t,x(t)m(t))dt} — ¢

< min{IYM (2, u), 199 (z,u)} < D.

By these inequalities and the definition of ¢ and V, the inequalities (4.16) and (4.17)
are valid. The proposition is proved. 0

5. Preliminary lemma for hypothesis (A3). Fix a number dy € (0,1).
There is a C>°-function ¢g : R' — [0, 1] such that ¢o(t) = 1if [t| < dg, 1 > ¢o(t) >
0ifdy < |t| < 1, and ¢o(t) = 0if [t| > 1. Define a C™-function ¢ : R' — R! by
d(x) = [ ¢o(t)dt, x € R'. Clearly ¢ is monotone increasing, ¢(z) =  if |z| < do,
and

(5.1) $a)=6(1) ifr=1, b@) =d(-1) ife<-1,

(5.2) do = ¢(do) < p(x) < (1) <1 for all x € (dp, 1).

Now we define a set £ C Cj(B; x By). In the case m =1 we set L = Cy(By X Ba)
and in the case m > 1 denote by £ a singleton {0} where 0 is a function in C;(B; x Bz)
which is identically zero. In the case m > 1 for each (f,€) € M(A,U) x L and each
(z,u) € X(A,U) we set

(5.3) IO (2, u) = 1V (2, u)

(see (1.10) and (1.11)). For each measurable set E C R™, each measurable set Fy C E,
and each h € L'(E) we set

(5.4 Wlesceg = [ holar

Eo

Fix an integer £ > 1. It is easy to verify that all partial derivatives of the functions
(z,y) — o(|z — y[?), (x,y) € R x RY with ¢ = n, N up to the order k are bounded

(by some d > 0).
For each y € (0,1) choose €y(y) € (0,7) such that

(5.5)
Ex(8eo(v)) C {((w1,u1), (z2,u2)) € X(A,U) x X(A,U) : p((x1,w1), (w2,u2)) < 7}

(see (1.5)) and

(5.6) eo(7) <4 y(d+2)7!
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and choose
(5.7) €1(7) € (0,doeo (7)),
(5.8) 5(y) € (0,16 e (7).

LEMMA 5.1. Let v € (0,1), f € M(AU), € € L, and let Y C X(A,U),
(z,u) €Y,

(5.9) Iz, a) < inf{IF9 (z,u) : (z,u) € Y} +6(7) < cc.
Then there is a g : R™ x R x RN — Rl in CK(R™"TN) which satisfies

(5.10) 0<g(t,z,u) <~y forall (t,z,u) € R™ x R" x RV,

lg(t, s Nlerrnxrryy <y forallt € R™
such that for a function f € M(A,U) defined by
(5.11) flt,z,u) = f(t,z,u) + g(t,z,u), (t,z,u) € graph(U),
the following properties hold:
(5.12) 199 (z,0) < IV (z, ) + 6(7);
for each (y,v) € Y satisfying

(5.13) 158y v) <inf{IF (z,w0) : (z,w) € Y} +26(7)

the relation p((y,v), (Z,a)) < is valid.

Moreover the function g is the sum of two functions, one of them depends only
on (t, ) while the other depend only on (t,u).

Proof. Choose a positive number €5 for which

(5.14) ez < (mes(Q) +1)718718(y)do(d + 1) .
There is a measurable set Ey C €2 such that
(5.15) mes(Q\ Ey) < 27 'e

and the functions Z and @ are bounded on Ey. There exist sequences of functions
{z;}22, € C®(R™; R") and {u;}$°, C C>®(R™; RN) such that

(516) Hﬂi_a||L1(E0)7 ||ji_(f||L1(Eo) — 0 as ¢ — 00
[17, p. 13]. We may assume without loss of generality that u;(t) — u(t), Z;(t) — Z(t)
as i — 00, t € Ey a.e. By Egorov’s theorem there is a measurable set E; C Ej such

that

(5.17) mes(Ep \ B1) < 27 e
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and

(5.18) a;(t) — a(t) and Z;(t) — (¢t) uniformly in E; as i — oo.
There is an integer s > 1 such that

(5.19)  max{|as(t) — a(t)|, |Zs(t) — z(t)|} < 47 ea(mes(Q) +1)71, teE.
Define a function g : R™ x R® x RN — R! by

5.20

;(t,x)’ u) = eo(Vd|lx — 7)) +eo()(lu — as(t)]*),  (t,z,u) € R™ x R" x RY.
Clearly g € C®(R™ x R™ x R"). Define

(5.21) ft,z,u) = f(t,x,u) + g(t,z,u), (t,xz,u) € graph(U).

Evidently f € M(A,U). Tt follows from (5.20), the definition of d, (5.1), (5.2), and

(5.6) that (5.10) is true. We will show that (5.12) is true. By (5.21), (5.20), (5.19),
(5.1), and (5.2),

199 (z,7) = 199(2, ) + eo() / S| (1) — Za(1)?)dt

+ e(7) /Q Sla(t) — as(t)*)dt = IV (z,0) +eo(y) | D(|2(t) — 24(8)]?) dt

E,

+ 60(’7)/ o(|2(t) — zs(t)[*)dt + eo(7) ; (|u(t) — us(1)[*)dt

+ eoly) / |, A0 w0 < 109 )

+ 2(mes(€2))eo (7)B((4™ " e2)?) + 2e0(7) mes (2 Ey).

It follows from this relation, (5.14), (5.1), (5.2), (5.15), and (5.17) that

108 (z, 1) < IV (2, 1) + 2mes(Q)eo(7) (47 e2)? + 2€0(7)e2

< IPO(Z,7) + 4eg(7)ea < IO (Z, ) + 6(7).

Thus (5.12) is valid. Now assume that (y,v) € Y satisfies (5.13). It follows from
(5.13), (5.21), (5.20), and (5.9) that

I(f,@(y’v)+€0(7)/Q(;5(\935(t)_y(t)|2)dt+eo(v)/ﬂ<5(|v(t)—as(t)|2)dt

= 1T (y,v) < 28(7) + 19 (z,a) < 38(7) + IV (z,3) < TV (y,v) + 45(7).
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This implies that

(5.22) / B(17a () — y()[2)dt + / B[ (t) — v(t)[2)dt < 46(x)(eo(7)) .

Set

(5.23)
By ={teQ: [y(t) - z:(t)| > 27 es(7)}, Bz ={t € Q: |u(t) —as(t)| > 27 ea(7)}.

Then by (5.23), (5.22), (5.6), (5.7), (5.1), (5.2), and (5.8)

(5.24)

mes(E») + mes(E3) < de1 ()~ { ¢(|175(t) — y(t)*)dt + . ([ (t) — v(t)[*)dt

E>

< 1661 (7) 26 (e0(v) T < e ()
It follows from (5.24), (5.23), (5.19), (5.14), (5.15), and (5.17) that

mes{t € Q: |y(t) —z(t)] > e1(7)} < mes(Q\ Ey)

Fmes{t € Qs [y(t) - 7,(8)] = 27 (1)} < €2 + @1 (7) < 21(7)
and

mes{t € Q: |v(t) —u(t)| > e1(y)} < mes(Q\ Eq)

+mes{t € Q: |v(t) —as(t)] > 27 e1 (7))} < €2 +e1(7) < 261 (7).

These relations and (5.5) imply that ((y, v), (

r, 1)) € Ex(4e1(7)), p((y,v), (z,1)) <.
This completes the proof of the lemma. 0

6. An auxiliary result. Let p > 1 be an integer and let e; = (1,0,...0),...,
ep = (0,...,0,1) be the standard basis in RP. For each set E C R? denote by conv(E)
its convex hull.

PROPOSITION 6.1. Let a finite set E = {h;; : i =1,2,...,p, j = 1,2} C RP
satisfy

\hit — €], [hio + e < (2p)7F,  i=1,....p.

Then the relation 0 € conv(E) holds.

Proof. Let us assume the converse. Then 0 ¢ conv(E) and thereis & = (&1,...,§p) €
RP\ {0} such that inf{(g,&) : g € conv(E)} > 0. We may assume that |&| > |&,],
i =1,...,p. There are two cases: & > 0; & < 0. Consider the case with & > 0.
Then 0 < (&, h12) = (£, —e1) + (&, hiz + e1) < =& + (2p)~Ipl&1] < 0, a contradic-

tion. Analogously we obtain a contradiction in the second case. The proposition is
proved. 0
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7. Auxiliary lemma for hypothesis (A4). Assume that A : Q — 25"\ {()}
and graph(A) is a closed subset of the space Q x R™ with the product topology. Let
e1 = (1,0,...,0), e2 = (0,1,...,0),...,exy = (0,0,...,1) be a standard basis in R.
Now we define a set £ C Cj(B; x Bs). In the case m = 1 we set £ = Cj(B; x Bs) and
in the case m > 1 we denote by £ a singleton {0} where 0 is a function in C}(B; x Bz),
which is identically zero. In the case m > 1 for each (f,€) € M(A,U,) x £ and each
(z,u) € X(A,U,) we set

I (2, u) = I (2, w)

(see (1.10), (1.11), and (1.12)).
LEMMA 7.1. Let f € M(A,Ux), £ € L, U € Py,

(7.1) {(z,u) € X(A,U): IV (z,u) < 0o} # 0,

and let €,6 > 0. Then there are U, € Pa, (Z,u) € X(A,U,), and an open set W in
P4 such that

(7.2) (U.,U) € Ep,(c), Wn{VePs: (UV)eEp,(e)} #0,

(7.3) 199z, @) < inf{IP9 (z,u) : (x,u) € X(A,U,)} +6 < oo,
and for allV €W,
(7.4) (z,u) € X(A, V) C X(A,U,).
Proof. For each r € [0, 1] define U, € P4 by
(7.5) Ud(t,x) ={u€ RN : dy(u,U(t,z)) <7}, (t,x) € graph(A),
and define
(7.6) u(r) = inf {1 (z,u) : (z,u) € X(A,U,)}.
Clearly p(r) is finite for all » € [0,1] and the function p is monotone decreasing.

There is an 79 € (0,87 '€) such that p is continuous at 79. Choose ry € (0,7¢) such
that

(7.7) |u(r1) — p(ro)| < 16716
There is

(7.8) (z,0) € X(A,U,,)
such that

(7.9) IOz, a) < p(r) + 16716,

Relations (7.7) and (7.9) imply that

(7.10) Iz, a) < p(ro) +8716.
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Set

(7.11) Ty =27 (rg +71).
Clearly

(7.12) (U,,,U) € Ep,(e), i=0,1,2.

Choose a positive number v for which

(7.13) v < min{4716, (16N)"'(rg —7r1)}
and define
(7.14) W={VePs: (U, V)eEp, (7))}, U, =U,.

It follows from (7.12), (7.14), (7.10), and (7.6) that (7.2) and (7.3) are true.
Assume that V' € W. Then by (7.14), (7.13), and (7.11), for each (¢t,z) €
graph(A),

V(t,z) C{z € RV : du(z,U,(t,2)) <7}

c{zeRY: dy(z,U(t,2)) <71} = Uy (t, x).
Therefore
(7.15) X(A,V) C X(A,U,,).
We will show that (Z,a) € X(A,V). It is sufficient to show that
(7.16) u(t) € V(t,Z(t)) for almost every t € Q.
By (7.8) for almost every t € 2,
(7.17) a(t) € Uy, (t,Z(t)).

Assume that ¢t € Q and (7.17) is true. By (7.17), (7.11), (7.5), and (7.14) for i =
1 N

geeey 5

ﬂ(t) + 271(7”0 — Tl)ei, fL(t) — 271(7’0 — Tl)ei S UTz (t,f(t)),
and there are z;1, z;2 € RY such that

(7.18)
ﬂ(t) + zi1, ﬂ(t) + 20 € V(t,i‘(t)), |21‘1 — 271(7’0 — T1)€i|, |Z¢2 + 271(7"0 — 7’1)6@“ <.

Since the set V(¢,Z(t)) is convex it follows from (7.18), (7.13), and Proposition 6.1
that

0€conv{z;:i=1,...,N, j=1,2}, a(t) € V(t,z(t)).

This implies that (z,a) € X(A, V). The lemma is proved. O
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8. Proof of Theorem 1.1 and its extensions.

Proof of Theorem 1.1. By Propositions 4.1 and 4.2 (Al) holds and J, is lower
semicontinuous for all @ € A; x Az. By Theorem 2.1 we need to verify that (H1) and
(H2) are valid. (H2) follows from Proposition 4.2. Therefore it is sufficient to show
that (H1) holds. By Proposition 3.1 it is sufficient to show that (A2), (A3), and (A4)
are valid. Hypothesis (A2) follows from Propositions 4.4 and 4.5. By Lemma 5.1,
(A3) holds. Hypothesis (A4) follows from Lemma 7.1. This completes the proof of
the theorem. O

As we mentioned in section 1 we proved Theorem 1.1 in such a manner that
it is applicable for all the spaces of integrands introduced there. All the spaces of
integrands are subspaces of M(A,U). Since (H2), (A1), (A2), and (A4) hold for
the class of optimal control problems with the space of integrands M(A,U), they
are also valid for all its subclasses considered here. On the other hand (A3) follows
from Lemma 5.1, which establishes that f + g and f belong to the same subspaces of
integrands. This implies that (A3) holds for all classes of optimal control problems
introduced in section 1.

As seen from the proof of Lemma 5.1 the perturbation g of the integrand f is
chosen as the sum of two functions, one of them depends only on (¢, ) while the other
depend only on (¢,u). Therefore Theorem 1.1 can be easily extended to subclasses of
the classes of optimal control problems introduced in section 1 in which integrands are
sums of two finite-valued functions, one of them, depending only on (¢, x), is defined
on graph(A), while the other, depending only on (¢,u), is defined on Q x RN.

Finally in this section we present the extension of the generic existence and unique-
ness result established in [27] for the space of lower semicontinuous integrands f :
graph(U) — R!. Our generalization holds for all the spaces of integrands defined
in section 1, and it is obtained as a realization of the generic variational principle
established in section 2.

Assume that A : Q — 28"\ {§}, U : graph(4) — oRY \ {0}, and graph(U) is
a closed subset of 2 x R™ x RN with the product topology. We consider the metric
space X (A, U) with the metric p (see (1.5)).

Now we define A; as follows:

.A1 = A11 X Alg ifm=1 and .A1 = A11 if m > 1,

where Ajs is either Cj(B; x Bs) or C(By x Bs) or a singleton {{} C Cj(By x Ba),
and Aj; is one of the following spaces:

M(A,U); MHAU); ME(A,U);
My (A, Uy); ML (A, UA); Mi(A,ﬁA) (here k > 1 is an integer, U = Ua,
and graph(A) is a closed subset of the space @ x R"™ with the product topology);

M (A, U); MYA,U); MiS(A,U) (here k > 1 is an integer and A= A, U = U).

Denote by A the closure of the set {a € A; : inf(I(?) < oo} in the space A; with
the strong topology. We assume that A is nonempty. The following result is proved
analogously to Theorem 1.1.

THEOREM 8.1. The minimization problem for I'®) on (X(A,U), p) is generically
strongly well posed with respect to A.
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9. Generic existence and uniqueness of solutions for variational prob-
lems without convexity assumptions. We use the notation and definitions intro-
duced in section 1. Assume that n = N, H(t,z,u) = u, (t,z,u) € Q x R" X R™, and
B, and Bs are singletons. Let A : Q — 28"\ {§)}, U : graph(A) — 25"\ {#} and let
graph(U) be a closed subset of the space 2 x R™ x R™ with the product topology. If
(v,u) € X(A,U), then u = Vz and (x,u) is identified with z € (W1H1(Q))". In what
follows we omit the notation u in describing the elements of X (A,U). For the set
X(A,U) we consider the metric p introduced in section 1 (see (1.5)) and the metric
ps defined by

ps(x,y) = llr —yllwriq forallz,y e X(A,U).

Clearly (X (A,U), ps) is a complete metric space and its uniform structure is stronger
than the uniformity that generates the metric p. Finally for the set X(A4,U) we
consider the third uniformity which is determined by the following base:

(9.1) Exuwle) = {(z1,22) € X(A,U) x X(A,U) :

mes{t € Q: |Va1(t) — Vaa(t)] > €} <€},

where € > 0. (Note that if z,y € X(A,U) and Vz = Vy, then = = y [28, Theorem
2.4.1].) It is easy to see that this uniform structure is metrizable (by a metric py,)
and weaker than the uniformity which generates the metric p.

For variational problems considered in this section we can obtain strong versions
of Theorems 1.1 and 8.1. These strong versions establish generic strong well-posedness
of the minimization problem on the space (X, ps), while in Theorems 1.1 and 8.1 it
is obtained on (X, p). They are derived from Theorems 1.1 and 8.1, Proposition 4.4,
and the following proposition.

PROPOSITION 9.1. Let f € M(A,U),

(9.2) ¢o > inf {/Q ft,z(t), Va(t))dt . x € X(A,U)}
and let
(9.3) Y = {x € X(AU): /Qf(t,x(t),Vx(t))dt < co} .

Then for each € > 0 there exists § > 0 such that if x1,22 € Y and (x1,%2) € Exw(6),
then ps(x1,22) <e.

Proof. Let € > 0. In the case mm > 1 by [28, Theorem 2.4.1] there exists a constant
¢ > 0 such that ||h||p1q) < ¢||Vh||p1(q) for all h € Wy (Q). In the case m = 1 set
¢ = 1. Choose a positive number

A < (32(c+ 1)(mes(Q) + 1)) e

By the property (iii) (see the definition of M(A,U)) and (9.3), the family of functions
{IVz(:)| : = € Y} is uniformly integrable. Therefore there exists v € (0, A) such that
for each € Y and each measurable set e C 2 satisfying mes(e) < ~ the inequality
[, IVx(t)|dt < A holds. Choose a positive number § < (8¢ + 8)~!(mes(Q) + 1) 2.
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Assume that z1,22 € Y and (z1,22) € Ex.(6). There exists a measurable set
e C Q such that mes(e) < 6 and |Va1(t) — V()] < 6, t € Q\ e. It follows from
these inequalities and the definition of v and ¢ that

(9.4) /|in(t)|dt <A =12, /Q|Vx1(t) Vo (t)dt

< /|Vx1(t) Vs (t)|dt +/ Va1 (£) — Vaa(8)|dt < 24 + smes(Q).
e Q\e

In the case m = 1 we have
o1 (t) — 22(1)| g/ Va1 (s) — Vas(s)lds,  teQ,
Q

and by (9.4) and the definition of § and A,

ps(1,22) = |[11 — 2|11 () < (mes(2) + 1)|[Var — Vaa|[r1(q)

< (mes(2) + 1)(2A 4 dmes(2)) < e.

In the case m > 1 it follows from (1.4), the definition of ¢, (9.4), and the definition of
6, A that

ps(x1,22) = |21 — 22|[L1(Q) + [|[V1 — Vo[ 1)

< (c+D||Vry — Va||pi) < (¢ +1)(2A + dmes(2)) < e.

This completes the proof of the proposition. O

Proposition 9.1 and the completeness of the space (X (A,U), ps) imply the follow-
ing result.

PROPOSITION 9.2. Assume that f € M(A,U), {x;}52, is a Cauchy sequence in
the space X (A,U) with the metric p,,, and the sequence { [, f(t, i (t), Va;(t))dt}2,
is bounded. Then there is x. € X(A,U) such that ps(x;,z.) — 0 as i — oo and,
moreover, if m =1, then x;(t) — x.(t) as i — oo uniformly on [Ty, Ts].

From now on we consider a fixed set-valued mapping A : Q — 25"\ {}} for which
graph(A) is a closed subset of the space 2 x R™ with the product topology and a set-
valued mapping Uy, : graph(A) — 27"\ {0}, where U4(t,z) = R", (t,z) € graph(A).
For each f € M(A,U,4) we define I) : X(A,U4) — R' U {oo} by

IV (2 /ftx ), Va(t))dt, e X(AUy).

Consider the space of set-valued mappings A and the space of integrands 417 defined
in section 1. Denote by Ag the set of all functions f € Ay; which do not depend on
x. Clearly Ag is a closed subset of A;; with the strong topology. We consider the
topological subspace Ag C Ay1 with the relative weak and strong topologies.

Let a function F : graph(A) x R"® — R U {cc} have the following properties:

F' is measurable with respect to the o-algebra generated by products of Lebesgue
measurable subsets of Q2 and Borel subsets of R x R"; F'(t, -, -) is lower semicontinuous
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for almost every t € ; there exists an integrable scalar function ¢r(t) > 0, t € Q,
such that F(t,x,u) > ¢¥pr(t) for all (¢t,z,u) € graph (4) x R™.

Clearly, for each g € M(A,Uy4), g+ F € M(A,U,).

For each a = (a1, a3) € Ag x Ay we define J, : X(A,U4) — R' U {co} by

Jo(x) =TT (), ze Sy, Ju(z)=o00, x€X(AU4)\S,,.

Here S,, = X (A4, az2) (see (1.19)). Denote by A the closure of the set {a € Ay x Aj :
inf(J,) < oo} in the space Ay x Ay with the strong topology. We assume that A is
nonempty.

THEOREM 9.1. The minimization problem for J, on (X(A,UA), ps) is generically
strongly well posed with respect to A.

Proof. We will show that the following assertion holds: The minimization problem
for J, on (X (A, UA)7 Pw) is generically strongly well posed with respect to A.

This assertion is proved analogously to Theorem 1.1. Note that Propositions
4.1 and 9.2 imply the lower semicontinuity of J, for all a € Ay x Ay, (H2) follows
from Proposition 9.2, and (A3) is derived from a modification of Lemma 5.1. In this
modification the perturbation g = g(¢,x,u) does not depend on x and in the last line
of the statement of Lemma 5.1 p is substituted by p,,. The proof of this modification
is analogous to the proof of Lemma 5.1. In the relation (5.5), p is substituted by ps,
and Ex is substituted by Fx,, and in (5.20) g is defined by

g(t,z,u) = eo(V)o(lu — as(t)[?), (t,z,u) € R™ x R™ x R™.

Thus there exists an everywhere dense (in the strong topology) set B C A which is
a countable intersection of open (in the weak topology) subsets of A such that for any
a € B the assertions (1) and (2) of Theorem 2.1 hold with (X, p) = (X(A,U4), pw)
and f, = Jp, b € A.

Let a = (a1,a2) € B. By the assertion (1) of Theorem 2.1 inf(.J,) is finite and
attained at a unique element T € X (A, UA). In order to complete the proof of the
theorem it is sufficient to show that the assertion (2) of Theorem 2.1 holds with
(X’ ,0) = (X(AvUA)aps) and f, = Jy, b€ A.

By Proposition 4.4 there exists an open (in the weak topology) neighborhood V;
of a; in Ag such that for each b € V) and each z € X (A, U,) satisfying I+ (z) <
inf(J,) + 1 the following relation holds:

(9.5) 1@+ () < 1OH) () 11 < inf(J,) + 2.

Let € € (0,1). Tt follows from Proposition 9.1 that there exists ¢y € (0,¢) such
that for each 1,22 € X(A,Ujy) satisfying

(9.6) IO () <inf(J,)+2, i=1,2, and py(z1,22) < €

the relation pg(x1,z2) < € holds. 3

By the assertion (2) of Theorem 2.1 which holds for the space (X(A,U4), pw),
there are a neighborhood V of a in A with the weak topology and ¢ > 0 such that for
each b € V, inf(.J,) is finite, and if z € X (A, U4) satisfies
(9.7) Jp(z) < inf(Jy) + 6,
then

(9.8) pw(Z,2) <eg  and |Jp(2) — Ju(T)] < €o.
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We may assume that
(9.9) YV C Vi x As.

Now assume that b = (by,by) € V, and z € X (A,U4) satisfies (9.7). Then (9.8)
holds. By (9.8), (9.9), and the definition of V; (see (9.5))

I () < inf(J,) + 2.

It follows from this inequality, (9.8), and the definition of ¢, (see (9.6)) that the

relation ps(Z, z) < € holds. Thus the assertion (2) of Theorem 2.1 holds with (X, p) =

(X(A, UA), ps) and f, = Jp, b € A. This completes the proof of the theorem. ]
Note that for the class of variational problems considered here we can also prove

an analog of Theorem 8.1 in which only integrands are subject to variations.
Ezxample. Let us consider the scalar variational problem

1
/0 f(t, o' (t))dt — min, z(0) = z(1) =0,

where f(t,u) = 0 for u € {—1,1} and f(¢,u) = oo otherwise. Clearly the functions
z, and Z defined by

(9.10) r.(t)=t, tc[0,271], wz.(t)=1—t, te(1/2,1],

T(t) = —z4 (1), t€0,1]
are solutions of the problem. Define a continuous function ¢ : R> — R! by

o(t,u) = min{1,|u — 1|(1/2 — 1)}, (t,u) € (—o0,1/2] x R,

o(t,u) = min{l, ju+ 1|t —1/2)},  (t,u) € (1/2,00) x R',
and for each r € (0,1) define a function f, by
fotow) = f(t,u) +ro(t,u),  (tu) €[0,1] x R

It is easy to see that f, — f asr — 0, and for each r € (0, 1) the variational problem

1
/0 fr(t,2'(8))dt — min,  2(0) ==z(1) =0

has a unique solution x, defined by (9.10).
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comments and suggestions.
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Abstract. This paper examines generalized solutions to the Hamilton—Jacobi equation. The
Hamiltonian H(t,z,p) is assumed convex in p but is not constrained to have linear growth in this
variable. This corresponds to a certain class of generalized Bolza problems, related to optimal control.
Lower semicontinuous solutions are considered and it is shown that there is a unique solution, the
so-called value function of the underlying Bolza problem. In proving the main result we use recent
improved necessary optimality conditions. Viability is also used in a new way, in connection to
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1. Introduction. The classical Cauchy problem for the Hamilton—Jacobi equa-
tion is the partial differential equation with initial condition

(1.1) ug(t, ) + H(t,a:,um((t,x ) 0, (t,x) € (0,00) x R™,

uw(0,2) = ¢(z), zeR"

If the Hamiltonian H (¢, x,p) is convex with respect to p, there are connections be-
tween solutions to (1.1) and optimization problems involving a function dual to the
Hamiltonian. This function L, called the Lagrangian, is derived from H using the
Legendre—Fenchel transform as follows:

(1.2) L(t,z,v) zps;lﬂgl{<p,v> — H(t,z,p)}.

Here { p,v ) denotes the inner product of p and v. It is possible for L to assume the
value +00, and it is this important feature which allows constraints to be incorporated
directly into L in the form of “infinite penalties.” The generalized problem of Bolza
we parameterize here in (7,&) as

(Pre) minimize T'(x) := ¢(x(0)) + /OT L(t,z(t), &(t))dt,

where we are minimizing I over AL [0, 7] (the space of all absolutely continuous arcs
z : [0,7] — R™) with z(7) = £. This has a simple appearance, and yet a wide range
of problems involving optimal control, differential inclusions, and constraints can be
expressed in this form. See Loewen [20] or the introductory chapter of Clarke [8] for
a discussion on the equivalences between these various formulations.

An extended-real-valued function is called proper if it never takes on the value
—oo and is not identically +00. When H (¢, , -) is proper, lower semicontinuous (lsc),
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and convex for each (t,z), then L(t,z, - ) also has these properties. Furthermore, we
can then retrieve H from L by performing the Legendre-Fenchel transform a second
time:

(1.3) H(t,xz,p) = sup {(p,v ) — L(t,z,v)}.
vER™?

Thus we have a one-to-one correspondence between Hamiltonians and Lagrangians in
this convex case, and every equation of the form (1.1) can be paired with a problem
of the form (P, ¢).

DEFINITION 1.1. The value function V : R x R™ — RU {xo0} is defined from T’
as follows:

inf{ I'(z) |z € AL[0,7], z(7) =&} if >0,
(1.4) V(7,8) = § ¢(§) if =0,
400 if T < 0.

When the value function is real-valued and differentiable, it is known to sat-
isfy (1.1) in the classical sense, and yet in many situations the value function is
extended-real-valued and merely lsc. Our goal is to provide a way to interpret (1.1)
for extended-real-valued, lsc functions u in such a way that the value function V' will
be the unique solution. This is not the first such attempt, as the discussion below
will reveal; however, we achieve this uniqueness result over a much larger class of
Hamiltonians than had been previously attained.

The first of these earlier results dates back to the early 1980s when Crandall
and Lions [10] introduced wiscosity solutions, with Crandall, Evans, and Lions giving
a simplified approach in [11]. Viscosity solutions attracted a lot of attention, and
over subsequent years a sizable literature developed from many authors dealing with,
among other issues, existence and uniqueness of solutions.

In section 2 we will go into more detail about the classes of Hamiltonians and
solutions addressed by viscosity theory, but for now we will mention briefly that they
typically require that the solution be uniformly continuous and bounded and that
the Hamiltonian satisfy some sort of uniform continuity condition. For an up-to-date
account of the subject, see the recent book of Bardi and Capuzzo-Dolcetta [4].

Another class of continuous generalized solutions, named minimax solutions, was
developed by Subbotin, initially in [29], with a more detailed approach in [31]. For a
large class of Hamiltonians, minimax solutions and viscosity solutions are equivalent.

As mentioned earlier, even continuity may fail for the value function, and thus
there is a need for semicontinuous solutions to (1.1). Ishii [18] examined issues re-
garding the existence of possibly discontinuous solutions, which were defined using
upper semicontinuous (usc) and lsc envelopes. Barles and Perthame [5] used Ishii’s
notion of solution and obtained an early uniqueness result. In [7], Barron and Jensen
extended viscosity solutions to certain semicontinuous functions for Hamiltonians that
are convex in p and provided a uniqueness result. The paper by Barles [6] provides
some extensions and an informal discussion of Barron and Jensen’s ideas.

Frankowska [16] also considered lsc solutions and presented a uniqueness result
for the Hamilton—Jacobi equation arising from the Mayer problem in optimal control.
This corresponds to considering (P-¢) with the Lagrangian L(¢, z, - ) as the indicator
of a compact set for each (¢,x). The indicator function ¥ : R™ — R U {oo} of a set
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C Cc R" is defined as

0 ifveC
1.5 L = ’
(15) c(v) {+oo otherwise.

The Mayer problem then has L(t,z,v) = Wp( ) (v) for some set-valued mapping
F with compact, convex images. This gives rise to a Hamiltonian which is finite
and positively homogeneous in p. An important feature of [16], which inspired the
approach taken here, is Frankowska’s use of viability theory.

This paper will present a result on the existence and uniqueness of solutions
to (1.1) with a solution concept similar to those in [7] and [16]. As in [16], viability
plays an important role in deriving our main result; however, we advance by working
with unbounded differential inclusions. The differential inclusions we wish to employ
are epigraphical set-valued mappings, whose images by their very nature cannot be
bounded.

Typically, viability properties of a set K are determined through properties of
the tangent and normal cones to K. Our viability approach differs in that we use
normal cone properties of the reachable set of K. This allows us to deal with the
epigraphical differential inclusion directly, without having to resort to truncations of
the epigraph. Ultimately this allows us greater range in our choice of Lagrangians
and Hamiltonians. In particular, we can go beyond cases where L has the form
L(t,x,v) = L1(t,z,v) + ¥ p(s 1) (v) for some Lipschitz function L;. (This case can be
reduced to a Mayer problem through truncations of the epigraphs L(¢, z, - ).) More
generally speaking, we are not restricting ourselves to Hamiltonians H (¢, x, p) which
have linear growth in p (this corresponds to the essential domain of L(¢,z,v) being
bounded in the variable v for each (¢, x)). Instead we have the extremely mild growth
condition (Al) on the Hamiltonian, given in the next section.

The proof of our main theorem also relies on the improved necessary optimal-
ity conditions achieved in the papers [21], [22], and [23] of Loewen and Rockafellar.
The assumption (A2) used in the main theorem is designed precisely to allow the
application of these necessary conditions, which are given in section 5.

Because nonsmooth analysis will be used here, we will need the notion of a sub-
gradient. We use the notation adopted in Rockafellar and Wets [27]. The symbol R
is used to denote R U {+o0c} U {—oc}. For v € R" and an lsc function f : R® — R,

(i) v is a regular subgradient of f at x, written v € 5f(:r), if

g {0~ S@) ~ oy )

> 0;
y—z, yFET Iy - $|

- 3

(ii) v is a (general) subgradient of f at x, written v € Jf(x), if there are sequences
x¥ — z with f(z¥) — f(z) and v” € 5f(ac”) with v¥ — v;
(iil) v is a horizon subgradient of f at x, written v € 9°°f (), if there are sequences
¥ — x with f(z¥) — f(x) and v” € 5f(x”) with A\¥v¥ — v for some sequence A \.0.
There is another way to define regular subgradients, equivalent to the above,
which is more in line with the ideas used for viscosity solutions. We can say a vector
v belongs to df(z) if and only if on some neighborhood W of x, there exists a function
g continuously differentiable on W with g(x) = f(x), Vg(z) = v, and g(z’) < f(a’)
for all 2/ € W with 2’ # x. (See Prop. 8.5 in [27] for details.)
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Given a closed set K and a point € K, we can define the general normal cone
Nk (x) and the regular normal cone Nk (z) from the corresponding subgradients as
follows:

(1.6) NK(,%) = a\I/K(x),
(1.7) Nk (z) = 0V ().

We use the notation dom f for the effective domain of f, which is the set {z :
f(z) < co}. We can now specify what we mean by a generalized solution to (1.1).

DEFINITION 1.2. A function u: R x R® — R is a solution to (1.1) if it satisfies
the following:

(a) u is proper and lsc, with domwu C [0,00) x R™;

(b) u(0,€) = ¢(§) for all £ € R™;

(¢) For every (7,€) € domu, every (o,n) € Ou(T,§) satisfies
(1.8) {0+H(r,§7n)§0 if T=0,
' c+ H(r,&,n) =0 ifT>0.

Note the use of general subgradients in the definition. This differs from the
papers [7] and [16], where the emphasis is on regular subgradients. The choice of
using general subgradients in our definition of solution has been made because of
the richer calculus rules these subgradients enjoy and due to their emphasis in [27].
Definition 1.2 aside, the general subgradient is a better choice later in the paper when
characterizing sub-Lipschitz and pseudo-Lipschitz properties of set-valued mappings
(see Mordukhovich [24]). Thus we make it our subgradient of choice. Note, however,
that if H is continuous, we can replace du(r,§) with 5u(7', £) in the above, and the
resulting definition of solution will be equivalent to Definition 1.2. As will be seen,
the continuity of H is a property that holds in the main theorem below.

Due to the viability approach we will be taking, let us introduce some notation
and terminology associated with set-valued mappings. We write F' : R” = R™ to
denote a mapping which associates a subset F'(z) of R™ to each point € R™. The
graph of F', denoted gph F, is the set of points {(z,y) | y € F(z)} in R™ x R™.

Of particular importance are the epigraphical mappings. These are set-valued
mappings Ey : R* = R™T! defined from a function f : R" x R™ — R as Ey(z) =
epi f(z, - ), where

(1.9) epi f(z, - ) :=={(v,a) |v €dom f(zx, - ), a > f(x,v)}.

Thus the graph of E; corresponds to the epigraph of f, and the sets E(z) are closed
if and only if f(z, - ) is Isc for each z.

Another way in which our Theorem 2.2 improves upon previous results is that
we are able to relax the Lipschitz behavior of the Lagrangian set-valued mapping
E;. Typically, one defines Lipschitz continuity with respect to the Hausdorff metric.
However, epigraphical mappings are unbounded, and placing a Lipschitz assumption
on Ej, proves to be rather restrictive.

The closed unit ball is denoted by B. To say F': R®™ = R™ is Lipschitz on some
open set W means there exists a constant k > 0, a Lipschitz constant, so that

(1.10) F(2') C F(x) + k|2’ —z|B for all 2’2 € W.
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The notion of sub-Lipschitz continuity relaxes the condition in (1.10) by allowing
a truncation on the left-hand side of this inclusion. The Lipschitz constant k is then
allowed to grow with the size of the corresponding truncation. Specifically, F' is sub-
Lipschitz on some open set W if there exists a positive py so that for each p > po,
there exists a k > 0, a p-Lipschitz constant, so that

(1.11) F(@')NpB C F(x) + k|2’ —z|B  for all z',x € W.

Mordukhovich (section 5 of [24]) shows how one can characterize Lipschitz and
sub-Lipschitz properties of a set-valued mapping F' through properties of the normal
cones Ngph r(x,v) and the associated coderivative mapping D*F(z|v) : R™ — R”
defined as

(1.12) D*F(z|v)(y) = {w : (w, ~y) € Neph r(2,v)}.

Moreover, he shows how these coderivatives can lead to bounds for the Lipschitz
and p-Lipschitz constants (see also section 9.F of [27]). For an epigraphical set-
valued mapping Ey, the coderivative can be expressed using the general and horizon
subgradients of f.

Our uniqueness result applies to cases where the epigraphical mapping of the
Lagrangian has a special kind of sub-Lipschitz behavior. This Lipschitz condition is
given in a subgradient form on the Hamiltonian as assumption (A2) in the next section.
This subgradient expression is placing bounds on a certain coderivative mapping.

Throughout this paper, H will be seen to depend on ¢ for ¢ € R, while (1.8) implies
that the behavior of H(t,x,p) for ¢ < 0 has no effect on our notion of solution. The
reason for defining H on a larger domain than is necessary is to avoid complications
that may arise with relative neighborhoods of points (¢,z). This shouldn’t present
a problem if we have a Hamiltonian defined only for ¢ > 0. By setting H (¢, z,p) =
H(0,z,p) for t < 0, we can easily extend the domain of H without affecting (1.8).
We can extend L in the same manner.

2. Statement of the main result. The main result of this paper is Theo-
rem 2.2, which depends upon the assumptions (A) and (A0)—(A2) given below. After
a comparison with other uniqueness results in the literature, the latter half of this
section gives some implications of (A1) and (A2) as well as connections between the
Hamiltonian and the Lagrangian under these assumptions.

When we say that a function u exhibits linear growth, we mean there exists a
constant k > 0 so that |u(z)| < k(14 |z|) for all z. It will be useful to define the class
of functions which have only “half” linear growth, in that no restrictions are placed
on how the positive values of u may behave.

DEFINITION 2.1. A function u : R® — R satisfies the lower linear growth (LLG)
condition if there exists k > 0 such that

(2.1) u(x) > —k(1+|z|) forall ze€R"™.

A function u : RxR™ — R satisfies the uniform lower linear growth (ULLG) condition
if for each T > 0, there exists k > 0 such that

(2.2) u(t,x) > —k(1+|z|) forall (t,x) € [-T,T] x R™.

These mild conditions are effectively ruling out countercoercivity in the state
variable, but not necessarily in ¢. A function f is coercive if it is bounded from below
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and liminf ;| f(x)/|z| = +o0, and [ is countercoercive if liminf|, o f(x)/|2] =
—o0. For example, the function u(t,r) = —t? satisfies the ULLG condition, whereas
u(t,z) = —|x|? does not.

Basic assumption. We have a Hamiltonian H : R x R® x R — R.

(A) H(t,x, -) is proper, lsc, and convex for each (t,z) € R x R™.

Initial cost assumption. We have an extended-real-valued function ¢ : R — R.

(A0) The function @ is proper, lsc, and satisfies the LLG condition (2.1).

Hamiltonian assumptions. We have a Hamiltonian H : R x R™ x R” — R.

(A1) There exists a convex, nondecreasing function p : [0,00) — R and positive
constants o and 3 so that

H(t,2,p) < ullpl) + (| + [e) (3 + alpl) for all (t,,p) € R x R x R".

(A2) H is lsc on R x R™ x R", and for each (t,z) € R x R", there exists a
neighborhood W of (t,Z) and a positive constant k so that at every point (t,z,p) €
W x R™, every (wy,wq,v) € OH(t,xz,p) satisfies

(2.3) | (w1, wo)| < k(1 + [v] + [L(E, z, 0) ) (1 + [pl + [H (¢, z, p)]).

Assumption (Al) is a mild growth condition on H that is directly related to
the stronger growth condition introduced by Rockafellar [25] to help guarantee the
existence of optimal arcs in generalized Bolza problems. Note that taken together,
(A) and (A1) imply that for each (¢,x), H is finite and convex in p, which forces H
to be continuous in p (see Corollary 2.36 in [27]).

Assumption (A2) is a special kind of sub-Lipschitz behavior of the epigraphical
mapping Eg : R x R* = R*"! where Ey is defined as

(2.4) Ey(t,x) =epiH(t,x, - ).

See Proposition 2.6 below for a connection with the epigraphical mapping Ep, of the
Lagrangian.

The main theorem below shows that the value function is the unique solution to
(1.1) among the class of functions satisfying the ULLG condition.

THEOREM 2.2 (existence and uniqueness). Under (A) and (A0)—(A2), the value
function V satisfies the ULLG condition and is a solution to the Cauchy problem (1.1)
for the Hamilton—Jacobi equation, in the sense given by Definition 1.2.

Furthermore, if a function u is a solution to (1.1) as given by Definition 1.2, and
u satisfies the ULLG condition, then u must be the value function V.

The proof of the theorem is contained in section 6.

Let us now compare our uniqueness result of Theorem 2.2 to others in the liter-
ature. We begin by mentioning that most of the uniqueness (or, comparison) results
for viscosity solutions place no convexity assumptions on the Hamiltonian. However,
convexity of H(t,z,p) with respect to p will be present in any optimization context,
due to the definition of the Hamiltonian as a maximization of functions affine in p.

Viscosity solutions are defined as functions satisfying a pair of inequalities. Orig-
inally, the definition was given in terms of smooth support functions, but we can
equivalently define them using regular subgradients. A usc function u is termed a
viscosity subsolution if

~

w—+ H(t,z,p) <0 whenever (w,p) € —0(—u)(t,z),
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whereas an Isc function u is a viscosity supersolution if

~

w+ H(t,z,p) >0 whenever (w,p) € du(t,z).

A viscosity solution is a continuous function which is simultaneously a subsolution
and a supersolution.

Initially in [10], [11], the uniqueness results for viscosity solutions were rather re-
strictive as they gave uniqueness only over the class of bounded, uniformly continuous
functions. Furthermore, the Hamiltonian was also required to have uniform continuity
properties in all its variables.

These restrictions were relaxed somewhat in later papers. In [12] the boundedness
assumption on the viscosity solution was removed, but the solution was still required
to be uniformly continuous. The uniqueness of solutions was extended to the class of
all continuous functions in [13], but the Hamiltonian was required to have a certain
uniform continuity property and exhibit linear growth in p. The assumptions on the
Hamiltonian were subsequently relaxed in [14] and [19]; however, the class of solutions
had to be restricted to those with linear growth in the state variable and uniformly
continuous initial condition.

For 1sc solutions, the uniqueness result of [16] uses hypotheses similar to those
in [31] and which are more general than those appearing in [7] or [6]. One assumption
is the Lipschitz behavior in x of the mapping epi L(¢, z, -). Another assumption in [16]
is that the Hamiltonian be positively homogeneous in p. This is not quite as restrictive
as it first seems. For example, through a change of variables, any Bolza problem that
has L of the form L(t,z,v) = Lo(t,2,v) + Vpq 4)(v), with Lo locally Lipschitz in v
and F' a locally Lipschitz compact set-valued mapping, is covered with such H. Still,
this corresponds to a class of Hamiltonians H which, among other properties, must
exhibit linear growth in p.

By way of a different change of variables, Subbotin (section 5 of [30]) shows how
one can convert a Hamiltonian H into one which is positively homogeneous. Given
H:RxR"xR"” — R, define h : R x R” x R x R” — R via

(2.5) h(t,xz,r,p) = |r|H(t,z,p/|r]) ifr #£D0.

For r = 0, take limits in the above expression so that h is continuous in (r,p). Then
h is positively homogeneous in (r,p). (Although [30] doesn’t require convexity, note
that in general, h will not be convex in (r, p) unless we restrict » > 0.) In order to use
this technique to gain uniqueness under the original H, the new Hamiltonian A must
satisfy certain continuity conditions (for now, let us fix some (¢, z) and just write H (p)
and h(r,p)). These conditions (H5 in [30]) state that h must be Lipschitz continuous
on the set where [p|? +r2? < 1. Assume, as in our Bolza problem context, that H(p)
is convex and is dual to a convex Lagrangian L(v). Through subgradient calculus one
can show that if (w,v) € Oh(r,p) for some (r,p) with r > 0, then v € IH(p/r) and
w = —L(v). In order for h to be locally Lipschitz at (0,0), H(p) must be globally
Lipschitz and thus have linear growth. Again, this corresponds to the Lagrangian
having a bounded essential domain. But there is something even more restrictive
here. With a bounded essential domain, it is still possible that L may be unbounded
on this set. Assume there exists a bounded sequence v” with L(v”) unbounded. Then
one can find (r¥,p”) — (0,0) with ¥ > 0 and (—L(v"),v") € Oh(r",p"), so that these
subgradients become unbounded, and there is no hope for h to satisfy the required
Lipschitz condition.
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Frankowska and Plaskasz [17] use the techniques from [16] to obtain uniqueness
for Isc solutions in which state constraints are present, something which we do not
consider in this paper. In [17], the Bolza problem is presented in an optimal control
form. If one converts this control problem into the form (P;¢), assumptions on the
dynamics 2(t) = f(¢, z(t), u(t)) once again force the velocity to be bounded and the
Hamiltonian to have linear growth in p.

Our result covers a broader class of Hamiltonians, as there is absolutely no re-
striction on the growth of H other than the mild condition (Al), and in this sense
Theorem 2.2 improves on previous results. Also, we can now deal with cases where
the Hamiltonian does possess linear growth but arises from a Lagrangian that is un-
bounded in v on its essential domain (as in the discussion on [30] above). Moreover,
the assumption (A2) introduces a sub-Lipschitz behavior for epigraphical set-valued
mappings of a much greater scope than that of Lipschitz continuity. We hope to
devote a separate paper to provide examples and an analysis of the assumption (A2),
including the case of mappings which have a fully convex graph.

Rockafellar and Wolenski [28] provide an analysis of the value function and
Hamilton-Jacobi theory in an autonomous, fully convex Lagrangian case. They do
not present a uniqueness result, but rather they give regularity properties of the value
function, develop a method of characteristics, and examine connections to a dual
Bolza problem.

Let us note that (Al) and (A2) force the same restrictions on H in ¢ and z
jointly. This is not the case in [16]. If we take the case where L is of the form
VU p(t,2)(v), then our assumptions would require that F' be a locally Lipschitz set-
valued mapping in (¢, ) with compact, convex images. The assumptions in [16] would
require, generally speaking, that F' be locally Lipschitz in x and only continuous in
t. Thus there are certain Hamiltonians not satisfying our assumptions, to which the
results of Frankowska’s paper can be applied.

The remainder of this section contains some lemmas and propositions giving im-
plications of the hypotheses (A1) and (A2). These will be useful in later sections and
in the proof of Theorem 2.2.

LEMMA 2.3. Assume (A) and (A2) hold. Then for any (t,x,p), if (w1, ws,0) €
O H (t,x,p), then (w1, ws) = (0,0).

Proof. Fix (t,z,p) € R x R™ x R" and take W and k as given by (A2) and
(w1, we,v) € O®H(t,x,p). This means there exist sequences (t”,a",p") — (t,z,p)
with H(t", 2", p”) — H(t,z,p) and A (w},wh,v") — (wy,ws,v) with (w},wl,v”) €
OH(t,2”,p") and AY \, 0. Assume that (t,z") € W for each v. It follows (see
Corollary 10.9 of [27]) that v € 5pH (tV,z",p"), and convex analysis tells us that
H(tY,z",p") + L(t",2",v") = (p”,v") for each v. Now using the inequality from
(A2), we see that

(2.6)
[(wi,w)| < k(L4 [v”] 4+ L@, 2", 0")) (1 + |p” + [H (", ", p")])
= [\ (wi,wg)| < KA+ [N+ [NL(t", 2, 0")[) (1 + [p7] + [H (", 2", p")])
= k(O + A"
+ A (0, p") = H{tY, 2%, 0"))]) 1+ [p¥| + [H({, 2", p")])
= (w1, w2)| < k([v[ + [v,p) )1 + |pl + [H (L, z, p)])-

Thus if v = 0, this forces (wq,w2) = (0,0). d
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The horizon subgradient condition present in Lemma 2.3 can also be expressed
in terms of the coderivative D*Ep of the set-valued mapping Ey (see (1.12)). The
lemma is saying that D*Eg((¢,2)|(p,y))(0) = {0} at every point (¢,z,p,y) in the
epigraph of H, from which it follows by the result of Mordukhovich [24, Thm. 5.7]
that Ey has the Aubin property at every point of the graph of Fp (originally called
the pseudo-Lipschitz property as introduced in [2]). In particular, this gives us the
following proposition.

PROPOSITION 2.4. Assume H(t,x, ) is finite and convex for each (t,z) € RxR™
and that (A2) holds (this is true in particular when (A), (Al), and (A2) hold). Then
H is locally Lipschitz continuous at every (t,z,p) € R x R™ x R™.

Proof. Fix (t,x,p). Showing H is locally Lipschitz at this point is equivalent to
showing that 0°H (¢, z,p) = {(0,0,0)}. This equivalence is proved in [27, Thm. 9.13].
Take (wi,wq,v) € 0 H(t,z,p). From Lemma 2.3, it suffices to show that v must
be 0.

Take sequences defining (wq,ws,v) as in the proof of Lemma 2.3. The Aubin
property at every point of the graph of the mapping Fy implies that Ey is continuous
with respect to Painlevé-Kuratowski set convergence [27, Thm. 9.38] and that H has
the so-called epi-continuity property discussed in [26]. This epi-continuity property
of H leads to a result of Attouch [27, Thm. 12.35] which says that the subgradient
mappings 5,,H(t",x”, - ) graphically converge to §pH(t,m, -). Since H(t,x, - ) is
finite and convex, 5pH (t,z,p) is convex, nonempty, and bounded. This implies [27,
Ex. 5.34] the existence of finite constants R and N such that 5PH(t”,:1:”,p”) C RB
for v > N. But we have that v” € 5pH(t",x”,p”), so [v¥| < R for v > N. Since
AY N 0, we must have v = 0. ]

LEMMA 2.5. Assume H(t,x, -) is finite and convez for each (t,z) € R x R™ and
that (A2) holds. Then at every (t,T) € R xR"™, there exists a neighborhood W of (t, %)
and a positive constant k such that

H(t,x,p) > k(L +p|) for all (t,z,p) € W xR

Proof. Take (t,7) € R x R™. Proposition 2.4 gives us a neighborhood W1 x Wy C
R xR" of (£, %,0) on which H is Lipschitz. This implies the existence of k; > 0 such
that 5H(t,ac70) C k1B, which in turn says that @,H(t, x,0) C k1B for all (t,z) € W;.
The Lipschitz property of H also implies that H(t,z,0) > —ko for some ko > 0 for
(t,z) € Wy. Finally, H(t,z, - ) being a convex function gives us that

H(t,z,p) > H(t,x,0) + (v,p)
> —ka — k1p|
if v € d,H(t,x,0) and (t,z,p) € Wy x R™. Now let k = max{ky,kp}. O

PROPOSITION 2.6. Take a dual pair H and L, with both H(t,x, -) and L(t,z, -)
proper, lsc, and convex for every (t,x) where L can be derived from H wvia (1.2) and
H can be derived from L via (1.3). Then the following are equivalent.

(i) (A2) holds for H.

(ii) L is Isc on R x R™ x R™, and for each (t,T), there exists a neighborhood
W of (t,Z) and a positive constant k so that at every point (t,z,v) € W x R", every
(w1, we,p) € OL(t, x,v) satisfies the relation given by (2.3).

Proof. Assume (i). In the proof of Proposition 2.4 we saw that H has the epi-
continuity property as described in [26]. Theorem 11.34 of [27] says that then L also
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has the epi-continuity property, which implies that the epigraph of L is closed, and
so L is Isc on R x R™ x R™.

To show that the subgradient inequality holds, we would like to use Theorem 3.3
of [26], which requires checking that a condition holds on the horizon subgradients
of H. This is exactly the condition shown to hold in Lemma 2.3, and so using [26,
Thm. 3.3] we can conclude that, for any given (¢, z,v,p),

con{(wy,ws)|(wy,ws,p) € OL(t, z,v)} = — con{ (w1, wa)|(w1,wq,v) € IH(t,z,p)}.

Now choose (£, Z), bounded neighborhood W, and constant k as given in (2.3). Take
(w1, wsa,p) € OL(t,z,v) for (t,z,v) € W x R™. Then (w;,ws) can be written as a
finite, convex combination of points in the set {(—w}, —w})|(w}, wh,v) € IH (¢, z,p)}.
But this implies that

[(wi, w2)| < sup{|(—wi, —w))| | (w},wh,v) € IH(t, 2, p)}
< k(LA [ol + Lt 2, 0) )(L + |p| + |H (¢, 2, p))),

the second inequality following by assumption (i). Thus (ii) holds at (¢, z) with the
same constant k for our neighborhood W.

If we begin instead by assuming (ii), the entire argument presented above will go
through, since at every step each result holds symmetrically in L as in H, and we can
conclude that (i) holds. 0

3. Viability and the value function. The concepts of viability and invariance
of a differential inclusion (sometimes called weak invariance and strong invariance)
are essential in the proof of Theorem 2.2. It will be seen that the epigraph of the value
function is both viable and invariant with respect to a certain unbounded differential
inclusion. The italics are meant to stress that this is an uncommon assumption. If one
were to examine the main theorems on differential inclusions in texts such as [1], [3],
[9], or [15], it becomes immediately apparent that set-valued mappings with compact
images are the focus.

To study the viability properties of epi V' it will be essential for us to know that
this is a closed set and that solutions to the unbounded differential inclusion exist.
This leads us to the following.

PROPOSITION 3.1. Assume we have ¢ satisfying (AO) and a Lagrangian L which
is lsc in all variables and that L(t,x, -) is proper and convex for each (t,z) € R x R™.
Further assume that (A1) holds for H derived from L wvia (1.3). Then the value
function V' for (Pr¢) has the following properties.

(a) V is proper and lower semicontinuous on R x R™.

(b) At every (1,€) € domV, there exists an optimal arc achieving the value V (1,§)
m (7)-,—75).

Proof. Take (7,€) with V(7,€) < 400 and consider the functional

2(+) o 1(x(0), 2()) + / "Lt 2(t), #(0))dt,

where [(2(0),z(7)) = ©(2(0)) + ¥ ey (2(7)). Minimizing this functional over all z(-) €
A,[0,7] is equivalent to (Pr¢). The hypotheses given allow us to use “Existence
Theorem 2” of [25] to conclude that the above functional attains its minimum. Thus
there exists some absolutely continuous arc x( - ) achieving the minimum in (P, ¢),

and (b) holds.
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To see that the minimum value is not —oo, note that L(¢, z,v) > —H(t, z,0) for
all v, and so if « is our optimal arc, there exists a constant M with |z(¢)| < M for all
t € [0, 7], giving us

Zgo(x(O))—/OTu(O)dt—/oT o (7 + M)dt

> —00.

That V is not identically +oo follows since V' (0,£) = ¢(§) and ¢ is proper. Thus V
is a proper function. B

It remains to show that V is lsc. Let K = [a,b] x K C R x R™ be a compact set
with 0 < a < b. For each 7 > 0 and z(-) € AL[0, 7], let

T (ra()) = pla(0) + ¥ (ra(r) + [ Lt ot a0
For each o € R, define the set A% C R x R" as
x=A{(rz(1) [ yx(r,2(-)) <o for some (7,z(-))}.
These sets are related to the lower level sets of V' as follows:
=KnNleve, V,
where the notation lev<, f denotes the set { z | f(x) < a }. So if for every compact
K, A% is compact for each a, this shows the lower level sets of V' are closed, and V'

is Isc. To accomplish this, we will use the Erdmann transform to convert the above
problem into one with fixed time. Let

\I]{O} (1}) if A= 0,
Lo(t,z,v,A) = S AL(t,z,v/\) if A >0,
+o00 otherwise.
Note that since L(t, z, -) is proper, convex, and coercive, Lqo(t, z, -, - ) will be proper,

convex, and Isc. For arcs (8(-),¢(-)) € AnH[O, 1] consider the functional

T (0(-),<()) =l(9(0)74(0),9(1)74(1))+/0 L (6(s), ¢(s). ((s), 6(s))ds,

where we define l( (0),¢€(0),6(1),¢(1)) = ¥103(6(0)) + »(¢(0)) + ¥ (6(1),¢(1)) and
Lk (t,z,v,\) = Lo(t, 2, v, \) + V(g 4 (A). Now consider the sets

B == {(6(1),¢(1)) [Tk (0(-),¢(+)) < o for some (6(-),¢(-))}-

The function W4y (6(0)) + ¢(¢(0)) is not countercoercive on R™*1, while Wg (-, -)
is coercive, since K is compact. Furthermore, the Hamiltonian corresponding to
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Ly satisfies (A1), the stronger growth condition, and we can apply the results of
“Existence Theorem 2” of [25] to conclude that the level sets

{0-),¢(+)) [Tx(0(-).¢(+)) < a}

are compact in the norm topology of continuous arcs from [0, 1] to R"*1, where the
norm is the usual supremum norm. Thus B must be compact.

Now we need to relate B to A%. Fix a and K, and take (7,z(7)) € A%. Let
0(s) = 7s and ((s) = z(7s). Note that 7 € [a,b], and T (6(-),¢(+)) = v (1, 2(+)) < a.
Also, (0(1),¢(1)) = (7,z(7)), so we have A} C B%.

If we take K = [a, b] x K with a > 0 and consider an arc for which T'x (6(-), {(+)) <
a, then necessarily 6(s) > a > 0 for a.e. s € [0,1] and 6 is then strictly increasing
and invertible. If we then let 7 = 0(1) and x(t) = ((#~1(t)), substituting these
arcs into the functionals above, we find yx(7,2(-)) = Tx(0(-),¢{(-)) < a, and
(r,z(7)) = (0(1),¢(1)), showing that B C A%. Combining this with the opposite
inclusion from the previous paragraph, we see that A% is compact for every a and
every compact set K = [a,b] X K when a > 0. This implies that V is lsc at every
(1,€) with 7 > 0.

To see that V' is also Isc at points (0,&), consider compact K = [0,b] x .I?, and
note that if (0,£) = (0(1),¢(1)) € B%, then 6(s) = 0 for a.e. s, which forces ((s) =0
for a.e. s, from the way Lg is defined. Thus (1) = ¢(0) and T'x (6(-), () = ¢(¢(0)),
50 ((1) € lev<q . On the other hand, if we take any & € Kn lev<q ¢, the constant
arc (0(s),((s)) = (0,&) gives T (0(-),¢(-)) = v(&) < o, so we have shown that

BN ({0} x R™) = {0} x (K Nleveg ).

We also know from above that Bf% is compact and that A% C B%. So take £ € dom ¢
and K so that ¢ lies in the interior of K. Take b > 0 and any sequence (77, £") — (0, €)
with (77,£”) € A%. So in fact (77,€Y) must lie in B%, whose compactness forces
(0,¢) € B%, and so from (4.1) we have ¢(§) < a. It must be the case then that
liminf v vy 0,e) V(7¥,€) > @(§) = V(0,€), and so V is Isc at every point in its
effective domain. B

At this point we introduce the set-valued mapping £, : R x R® x R = R"*2 as

Er(t,x,y) = {1} xepi L(t,x, - ).

The variable y € R can be thought of as an “epigraphical variable” since we will
typically be considering the setting where the points (t,z,y) € epiV. We wish to
establish that the value function is the unique function which satisfies an endpoint
condition and is simultaneously viable and invariant in a certain way with respect
to EL-

PROPOSITION 3.2. Assume (A) and (A0)—(A2). A function u: R x R* — R is
the value function for (Pr¢) if and only if it satisfies the following properties.

(P1) w is proper and lsc on R x R™ with domu C [0, 00) x R™.

(P2) u(0,&) = @(&) for all £ € R™.

(P3) (backward viability). For all (1,&,3) € epiu, there exists an absolutely con-
tinuous arc z(-) = (t(-),x(-),y(-)) such that

() z(-) is defined on [0,7], (i) 2(0) = (., 3), (iii) 2(s) € —EL(2(s)) for a.e.
s €10,7], and (iv) z(s) € epiu for all s € [0, T].

(P4) (forward invariance). For all (1,€, ) € epiu, for all v > 0, if an absolutely
continuous arc z(+) = (¢(-),z(),y(-)) satisfies
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(i) z(-) is defined on [0,7], (ii) 2(0) = (1,&, 8), and (iii) 2(s) € EL(2(s)) for a.e.
s € [0,7], then z(-) must also satisfy (iv) z(s) € epiu for all s € [0,7].

Proof. Take the value function V. By definition of V, domV C [0,00) x R"™,
and also (P2) holds. Proposition 3.1(a) guarantees that the rest of condition (P1)
holds. To show (P3), take (7,&,3) € epi V. Let Z( - ) be an optimal arc for (P ¢), its
existence guaranteed by Proposition 3.1(b). By the principle of optimality, we have

V(r',z(7")) = o(Z(0)) + fOT, L(t,z(t), z(t))dt for all 7/ € [0,7]. Thus the arc

4ﬂ=(7—&wh—$¢@®D+AF1ﬁwU H(0) dt+ 6 — vva)

satisfies (P3) since

(@) + [ Ls0). 50+ 5 V(7€) = V(r = s,5(r = 8) + (9= V()
>V(r—s,z(r —s))
for all s € [0,7], and so z(s) € epi V for all s. Also, we see that
2(s) = (=1,—x(r — 8),—L(1 — 8,%(T — 8),z(T — 5))) € —EL(Z(S)).

Assume we have an arc z( - ) satisfying (i)—(iii) of (P4). Then for any 7’ € [0, 7],
we have

yﬁﬁ=ﬁ+ATM$®>6+ATLU+&M$¢®MS

> B+ V(T + 1) - V(r,a(r))
> V(' +7x(1),

and thus z(s) € epi V for s € [0, 7].

Now assume u satisfies (P1)—(P4). Clearly u(7,&) = V(7,&) if 7 < 0. So fix
(1,€) with 7 > 0. Let 8 = u(r,£). By (P3) there exists an arc (¢(-),z(-),y(-))
with (¢(0),2(0),y(0)) = (,&,08) and (¢t(7),z(7),y(7)) € epiu. But the differential

inclusion that our arc satisfies means ¢(s) = —1 and so t(s) = 7 — s and ¢(7) = 0.
Thus y(7) > ¢(x(7)). Now if we imagine running our arc backward via the new arc
(£(5), 2(5),5(5) = (H(r — ), (7 — 8),y(r — 5)), we get that &(s) = 5 and j(s) >
L(s,z(s),Z(s)) and so

ﬂﬂ@+£ﬁ@@zﬂﬂ+43@@@ﬁ@m5

showing that u(r, &) > V(7,§).

Now using (P4), let Z( - ) be a minimizing arc giving the value of V(r,£). We
have then (0,2(0), o(x(0))) € epiu by (P2). Let t(s) = s and g(s) = »(z(0)) +
fo ,x(w))dw Then the arc z(-) = (¢(-),z(-),y( -)) satisfies (i)—(iii) of
(P4) Set r = 7 and so z(7) € epiu. But since (1) = V(7,£), we must have that
u(r€ <V(r¢). O
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4. Monotonicity and the reachable set. In the previous section it was seen
that the value function uniquely satisfies certain invariance and viability properties.
The goal now is to characterize these properties with the monotone behavior of a
certain reachable set.

First consider a general setup as follows. We have a closed set K C R™ and a set
valued mapping F : R” = R". Under the differential inclusion @(t) € F(z(t)), we can
define the forward solution set S (t) and the backward solution set Sy (t) to be

SE(t) == {x(-) € AL([0,%]) | 2(0) € K, i(s) € F(x(s)) for a.e. s€0,t]},
Sxt) :={z(-) € AL([0,1]) | 2(0) € K, #(s) € —F(z(s)) for a.e. s€ (0,8},

and the corresponding reachable set Ry (t) as
Ri(t) :={y € R" |y =x(t) for some z(-) € S(t)}.

Note that we are not requiring that solutions exist for all times. It is possible
that Ry (t) = 0 for some ¢.

PRrROPOSITION 4.1. The following are equivalent.

(i) The set K is invariant with respect to the forward solution set. That is, for
all t >0, every z(-) € Si(t) satisfies x(s) € K for all s € [0,1].
(ii) For any t1,ts with ta > t1 > 0, we have Rk (t2) C Rk (t1).

Proof. Tt should be clear that (ii) implies (i). Assume (i) and take ¢t > t; > 0.
The set K being invariant tells us that R (t) C K for all ¢ > 0. It is also true that
if A C B, then Ra(t) C Rp(t). By its nature, the reachable set satisfies a certain
semigroup property which tells us that

Rk (t2) = Rry(ts—t,)(t1)-

But R (t2 —t1) C K, and so the right-hand side of the above is contained in the set
RK(tl). 0

The concept of viability is related to that of invariance. To say that the set K is
viable with respect to the backward solution set means for every ¢t > 0 and for every
xo € K, there exists an z(-) € Si(t) such that z(0) = z¢ and z(s) € K for all
s €[0,t].

PROPOSITION 4.2. The following are equivalent.

(i) The set K is invariant with respect to the forward solution set and viable
with respect to the backward solution set.
(ii) R (t) = K for allt > 0.

Proof. Assume (i) and take t; > 0. From Proposition 4.1 we know that Rx (t) C
K. Take any z9 € K. That K is viable means there is an arc x( - ) with &(¢) €
—F(z(t)), (0) = xo, and z(t) € K for all . Consider the arc y(t) = z(t; —t). Then
y € S (t1) with y(t1) = zo. So 2o € R (t1) giving us that K C R (t1).

If we assume (ii), Proposition 4.1 tells us that K is forward invariant. Let xg € K.
Then ¢ € Ri(t1) for any t; > 0. Thus there exists an arc z(-) € Sk(t1) with
x(t1) = zo and z(t) € K for t € [0,¢1]. Again, if we consider y(t) = z(t; — t), we
get y € Si(t1) with y(0) = zo, and so K is viable with respect to the backward
solution set. ]

Note that we require minimal hypotheses on the set K and the mapping F'. In
particular, F' can have unbounded images.

Now we wish to use this monotonicity property in the setting of the previous
section. Proposition 4.2 cannot be applied directly, however, since the time interval
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on which the epigraph of the value function is viable depends upon the initial point
we choose, and thus the general results above should be viewed as a motivating guide
for the following proposition.

PROPOSITION 4.3. Take the set-valued mapping Er(t,z,y) = {1} x epi L(t, z, -)
and the corresponding differential inclusion 3(s) € Ep(2(s)). Assume u:RxR™ — R
satisfies (P1)—(P2) of Proposition 3.2. Then u also satisfies (P3) and (P4) if and
only if

Repiu(s) =epiun ([s,00) x R") for all s > 0.

Proof. Assume u satisfies (P1)—(P4). The condition (P4) says that epiu is in-
variant with respect to the forward solution set of the differential inclusion 2(s) €
EL(2(s)). Thus, by Proposition 4.1 we have Repiu(s) C epiu. Also, any z(-) =
(t(-),z(-),y(-)) satisfying the differential inclusion must have #(s) = 1 for a.e. s and
t(0) > 0, so t(s) > s. Thus Repiw(s) C epiun ([s,00) x R™).

Take (7,&, 8) € epiun([s,00) x R™). This is equivalent to taking (7,¢, 5) € epiu
with 7 > s. Now take an arc (¢(-), z(+), y(+)) as in (P3). Since s € [0, 7], 2(s) € epiu. If
we now consider the arc Z(s') = z(s—s’), we see that z(0) € epiu, z(s) = (1,&, 8), and
i(s') € EL(2(s))). So (1,€,8) € Repiu(s) and we have epi uN([s, 00) x R™) C Repiw(s).

Now take a function u satisfying (P1)—(P2) and such that for all s > 0, Repiw(s) =
epiu N ([s,00) x R™). Then Proposition 4.1 immediately implies that (P4) holds.

To see that (P3) holds, take (7,¢,8) € epiu. So in fact (7,€,8) € Repiu(T),
and there exists a solution to the differential inclusion, z( - ) = (¢(-),z(-),75(-))
with (£(0),z(0),5(0)) € epiu and (t(7),Z(7),y(r)) = (7,&,0). Again, by letting
z(s") = z(r — §'), we get an arc satisfying (i)—(iv) of (P3). 0

Note that the set-valued mapping EL(t, x,y) is independent of y. Thus, if (7,&, 5)
€ Repiu(s) for some s, then in fact (7,€, 5") € Repiw(s) for all 3 > F. This means that
the graph of Repi. can be thought of as the epigraph of a function whose domain lies in
R xR xR™. Given u: RxR" — R, define this associated function @ : R x R x R” — R
as follows:

(4.1) (s, 7€) = {“(T’ & Osss<m,
400 otherwise.
In other words, epiu(s, -, -) =epiun([s,00) x R™) for s > 0. At this point we show
that the function w can be characterized with subgradients.
PROPOSITION 4.4. Assume we have proper, lsc functions f : R x R x R® — R
and u: R x R™ — R. Then (i) and (ii) are equivalent.
(i) f =1, as defined by (4.1).
(i) f(0, -, ) =wul-, ), and at every (s,7,£) € dom f, every subgradient
(a,0,m) € Of (s,7,€) satisfies

a<0 if 0=s<T,

a=0 if 0<s<r,
a>0 if 0<s=r.

The proof of Proposition 4.4 depends on the following lemma (Proposition 8.50
in [27]).
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LEMMA 4.5. For an Isc function f : R™ — R and a point T where f is finite, the
following are equivalent for a pair (a,3) € R™ x R.
(i) There exists a neighborhood W of T and 6 > 0 such that (v,a) < 8 for all
v e df(x) when x € W and f(x) < f(z)+6.
(ii) For some neighborhood W of &, 6 > 0, and € > 0 one has

f(z+ka) — f(z)
k

< B when k € (0,e], x € W, f(z) < f(Z) + 6.

Proof of Proposition 4.4. First we show that u satisfies (ii). The first condition
is clearly satisfied, so we only need check that the subgradient criterion holds. First
take (0,7,€) € domu with 7 > 0. Then there exists ¢ > 0 such that (0,7,¢) +
2eB C {(s,7,6)|s < 7}. Let W = (0,7,€) + cB and let § > 0 be arbitrary. Fix
a = (1,0,0) € R x R x R™. Then if we take any k € (0,¢] and (s,7,&) € W with

(s, 1,&) # 0o, we have

(17((5, T, 5) + ka) - 17(5, 7, 5))/k

(u(s+ k,7,8) —u(s,7,8))/k
= (u(r, &) —u(r,§))/k
0.

So (ii) of Lemma 4.5 holds with 8 = 0. Thus (i) of Lemma 4.5 tells us that, in
particular, {(a, 0,7),a) <0 for all (a, 0,1) € 9u(0, 7, &), which reduces to saying that
a <0.

Now take (3,7,£) € domu with 0 < 5 < 7. In this case, the same argument as
above will go through, applied to both a and —a. Applying part (i) of Lemma 4.5
now gives the results that o < 0 and o > 0 for any (a, o,7) € 9u(5, 7,£). So a = 0.

Similarly, taking (3,7,&) € domu with 0 < 5 = 7 allows us to apply the above
argument with —a, giving the result that a > 0 for any (o, o,7) € 0u(s, 3, €).

Assume now we have a proper, Isc f satisfying (ii). Then at any (s, 7,£) € dom f
with 0 < s < 7, we can find a neighborhood W so that (i) of the lemma holds for
a = (1,0,0) and 8 = 0 (¢ arbitrary). Similarly, (i) of the lemma holds for a = (—1,0,0)
and 8 = 0 in a neighborhood of (s,7,£) with 0 < s < 7. Now applying (ii) of the
lemma we see that, for fixed (7,&), f(s, 7, ) is monotonically decreasing for 0 < s < 7
and is monotonically increasing for 0 < s < 7. Thus f(s,7,£) = ¢, a constant, for
s € (0,7).

Now by assumption, f(0,7,&) = u(7,£). Since f is decreasing in s at s = 0, we
must have ¢ < u(7,€). But f is Isc, so f(0,7,£) < c. So in fact f(s,7,&) = u(7F,¢)
for s € [0,7). But again, using lower semicontinuity and monotonicity of f in s,
we get f(7,7,€) = ¢ = u(7,€). The only points not checked in dom f are of the
form (0,0, &), but by assumption we know that f(0,0,£) = u(0,£). It should be clear
from the argument just given that (s,7,£) € dom f if and only if 0 < s < 7 and

(1,€) € domwu. Thus dom f = domu and so f = u. O

5. Necessary conditions. This section examines the necessary conditions pre-
sented in the papers [21], [22], and [23]. Some work is required to show that our
assumptions (A) and (A0)—(A2) enable us to use these papers. The approach taken
in that series of articles was to take an arc known to be optimal and then impose hy-
potheses with respect to that particular arc. The goal of this section then is to show
that under our assumptions, when the need arises to examine necessary conditions
for some optimal arc, we can find a neighborhood of that arc to which Loewen and
Rockafellar’s hypotheses can be applied.
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The main result of the paper [23] followed directly from [22], after applying the
Erdmann transform to place the variable time Bolza problem in the context of a fixed
time problem. This transform employs the following integrand which we will denote
by L,,. For each m > 0, define

(5.1) Lot 5,0, \) = {/\L(t,az,v/)\) if A z.m,
+00 otherwise.
Note that L, (¢, z,
convex.
PROPOSITION 5.1. Assume L(t,x, - ) is proper, lsc, coercive, and convex for
each (t,x), and that (A2) holds. Then for each m > 0 and every (t,T), there exists
a neighborhood W of (t,%) and positive constant k such that for all (t,z,v,)) €
W xR"™ x R,

-, - ) is proper and convex if and only if L(¢,z, - ) is proper and

(5.2) [(wr, wa)| < k(L + |(0, A)] + [ Lo (£, 2,0, )[) (1 + |(p, 7))

for all (wy,wa,p, ) € OLpy(t,x,v,\).

Proof. In Proposition 2.6 it was shown that (A2) implies that the subgradients
of L satisfy a relation given by (2.3). Using the calculus rules ([27, Thm. 10.6 and
Cor. 10.9]), and the fact that we can write L, (t, 2, v, \) = AL(t, 2,v/X) + V[, 50) (A),
we have

OL (t, x,v,A) C {(Awy, Awa, p, 1) ‘ (w1, we,p) € OL(t,x,v/\)},
é\Lm(t,fE,'U, >‘) o {(Awlv)\w%paT) | (wlva»p) € 5L(t,x,v/A)}

(5.3)
) r=—H(t,z,p) if A>m,
with
r<—H(t,x,p) if A=m.
Take m > 0. Since L is Isc, epi L, (-, -, -, ) is a closed set and from the definition

of L,, is varying continuously with A for A > m. So epi L,, is closed, implying L,,
is Isc.

Take (£,Z) € R x R"™ and choose a neighborhood W and constant k as given by
(A2). Also let k1 be a positive constant so that H (¢, z,p) > —ki(1 + |p|) whenever
(t,z,p) € W x R™. The existence of this constant is guaranteed by Lemma 2.5. Let
(w1, wa,p, ) € OLp(t,x,v,\) for some (¢, z,v,\) € W xR"™ x [m, 00). Then (5.3) tells
us that (w1, ws,p,m) = (Aw}, Awh, p, 7) for some (wi,wh,p) € IL(t,z,v/A) and with
m < —H(t,z,p). Note that we have the estimate |H (¢, z,p)| < max{ki(1 + |p|), ||}
So (A2) says that

(Wi, wy)| < k(L + [v/A| + [L(t, 2,0/ M) + [p| + [H(t, 2,p)])
= (w1, w2)| < k(A + [v] + [Ln(t, 2, v, M) (1 + [p| + |H(t, 2, p)])
< V2E(L+ (0, A)] + [Lan (8 2,0, M) (1 + [p] + kr (1+[p|+[]))
< V2k(k + 1)1+ (0, M)] + [Lin (£, 2,0, V(1 + [p| + [7])
< 2k(k1 + 1)1 + [(v, )] + [ L (&, 2,0, M) (1 + |(p, 7)])- O

LEMMA 5.2. Assume we have an autonomous Lagrangian L : R"* x R* — R for
which, given any M > 0, there exists k1 > 0 such that for all (z,v) € MB x R™,

(5.4) jw| < k(1 +[o] + [L(z,0))(1 +[pl)  for all (w,p) € OL(z,v).
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Let Z(+) € AL([a,b]) so that L(Z(t),z(t)) is integrable on [a,b]. Then there exist e > 0
and integrable k : R — R and 6 : R — R so that ([22, Hypothesis H5]) holds. That is,
the ratio k(t)/6(t) is essentially bounded and for a.e. t € [a,b], one has

jw < k@)L +[pl)  for all (w,p) € OL(z,v)

whenever |z — Z(t)| <e, |(v,L(z,v)) — (Z(t), L(Z(t), 2(t))) | < 6(t).
Proof. Let M = (sup{|z ( )|t [ ,b]} + 1) and let e < 1. Define

L(t) = L(z(t), &(1)),

8(t) =z ()| + L) + 1,

A(t) = ki [ 14 V2 (0] + L) +8(1) ) ].
Note that 6 and k are integrable on [a,b]. Choose t € [a,b] so that §(t) is finite
(this holds for a.e. t). Now take any (x,v) so that |z — Z(¢)| < € and |(v, L(z,v)) —
(Z(t), L(t))] < &(t). Thus |z| < M and |(v, L(x,v))| < |z(t)] + |L(#)] + &(t), so (5.4)
states that, for every (w,p) € dL(z,v),

lw| < k[ 1+ (o] + |L(z,v)|) ](1+ |p])
< ki [ 14 V2|(v, L(z,0))] ](1 + |p])
<k [ 1+ V2 ([2(0)]+ L) +6() ) J(1+[p])
= k(t)(1 + |pl).

We also have that

K(8)/6() = ka[1+ V2 (|E(0)] + | L(1)] + 8(1))]/6(2)
<k (1+2v/26(1))/6(t)
< ki (1+2V2).

Thus k(t)/6(t) is essentially bounded and so ([22, Hypothesis H5]) holds. a

Ultimately, we wish to employ the main result of [23], which gives necessary
conditions on an optimal arc to the following general time Bolza problem: Find a
nondegenerate interval [a,b] and arc z € A’ [a, b] in order to

b
(Py) minimize l(a,x(a),b,a:(b))—F/ L(t,z(t), z(t)) dt.

The following theorem says that if our global assumptions on H are in place, then
the result in [23] holds. Again, we are assuming that H and L satisfy (1.2) and (1.3).

THEOREM 5.3. Let the arc T and interval [a,b] provide the minimum in (Py).
Assume that the endpoint function I : R x R® x R x R® — R is proper and Isc; that
L(t,z, - ) is proper, lsc, coercive, and convex for each (t,z); and that (A2) holds.
Then some absolutely continuous arc (h,p) taking values in R X R™ satisfies either the
normal conditions or singular conditions below.

Normal conditions:

(a‘) (h(t),p(ﬁ)) € CO{(whw?) (wh —ws, j(t)) H(t,i‘(t),p(t))} _

= co{(wy,wz) : (—w1,wa,p(t)) € OL(t,Z(t),x(t))} a.e. t€ [a,b].

(b) h(t) = H(t,z(t),p(t)) for allt € [a,b].

() (~h(@), p(a), h(B), —p(b)) € Ol(a, 2(a),b, 7 ®), )

Singular conditions: One has |(h(t),p(t))] > 0 for all t € [a,b], and
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(@>) (h(t),p(t)) € co{(wr,w2) : (—w1, w2, p(t)) € O=L(t,z(t), z(t))} a.e. t € [a,b).
(b>) h(t) = (p(t),z(t)) a.e.t€ a,b]. o
(COO) (*h(d),p(d), h(b)v 7])(())) € axl(av J_L’(C_L), ba f(b))

Proof. Many of the details of the proof are in the paper [23]. We must convert
our problem (P;) into an equivalent problem over a fixed time interval and show that
we can then use the necessary conditions given in [22].

Let [a, b] and Z(-) be an optimal solution to (P;). First we transform the problem
into a fixed-time Bolza problem by using the Erdmann transform. This transform
employs the Lagrangian L,,, defined in (5.1), where we choose m < b—a. In particular,
we consider the problem

(1) minimize 1(9(0),5(0)79(1)75(1))+/0 Lin(0(5),&(s),£(5),0(s))ds

over absolutely continuous arcs

(0,
that the arc (6(s),&(s)) = (a+ (b—
necessary conditions from [22] to
original arc Z.

So we need to check that the hypotheses of [22] hold for the problem (II). It is
fairly straightforward to see that the first four hypotheses of that paper are satisfied.
Our assumptions allow us to conclude that the subgradient inequality (5.2) of Propo-
sition 5.1 holds. So now we can apply Lemma 5.2 to L,, and the arc (0,&). Lemma
5.2 says that ([22, Hypothesis H5]) holds. Thus the necessary conditions of [22] apply
to L, and (6,£). Translating these conditions back in terms of Z, H, and L is done
in section 4.3 of [23], giving us the results of our theorem.

One slight adjustment we have made is in condition (b). In [23] it is shown that
(b) holds for a.e. t, but in our case we know that H is continuous (Proposition 2.4),
which forces this condition to hold at every t € [a, b]. d

We note that the conditions on L in this theorem are satisfied under (A), (A1),
and (A2). The coercivity condition on L is equivalent to assuming that H(t,x, -) is
finite for every (¢, ). This is a basic property of the Legendre—Fenchel transform.

§) € A, 11[0,1]. Tt turns out (see [23, Lemma 4.1])
a)s, T ( ( ))) solves (IT). The goal is then to apply
(0,€) and then relate the conditions back to the

6. Proof of the main result. We begin this section with a proposition that
will be used in the proof of the main theorem but is also of independent interest.
Recall the normal cone definitions (1.6) and (1.7).

PROPOSITION 6.1. Let F : R™ = R"™ be a locally sub-Lipschitz set-valued mapping
(see (1.11)) with closed, conver images. Assume K is a closed set that is invariant
with respect to the forward solution set (see Proposition 4.1). Then at each x € K
we have

(6.1) sup (v,y) <0 for every y € Ni(x).
vEF (x)

Proof. Take T € K and y € Nk (Z). Since F is locally sub-Lipschitz, there is a
neighborhood W of Z so that d(0, F/(z)) < po for all z € W. Then for any p € (2pg, o),
the truncation mapping Fj,(x) := F'(z)NpB is locally Lipschitz continuous on W (from
Theorem 9.33(a) in [27]). But if K is forward invariant under F, it also must be under
F,, since the solution set of the latter differential inclusion is contained in that of the
former. Take a sequence (z¥,y") with ¥ € K NW and 2 — Z so that y* € Nk (z¥)
and y” — y. Theorem 5.3.4 of [3] tells us then that sup,¢p, v (v,3”) < 0. Then F,
being a bounded continuous mapping forces a similar inequality in the limit. That is,
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SUPycF, (z) (v,y) < 0. But this is true regardless of how large we take p, so our result
must hold. ]

Proof of Theorem 2.2. First we will show that V satisfies the ULLG condition,
as given in Definition 2.1. By (A0), there is a constant k; > 0 such that ¢(x) >
—k1(1+ |z|). Fix T > 0, and note that for (¢,z,p) € [0, 7] x R™ x R™, (A1) says that

H(t,x,p) < Hi(t,2,p) := p(lp]) + (T + [z])(B + alpl).

Let Ly be the corresponding Lagrangian to Hy. For (¢, x,p) € [0, T]xR™xR™ it follows
that Ly (¢, z,v) < L(t,z,v). Thus if we let V1 be the value function corresponding to
the Bolza problem

min {_k1(1+|x(o)|>+/OTL1(t,x<t),:b(t))dt | 2(r) =«£},

we must have Vi (7,£) < V(7€) for all (1,&) € [0,T] x R™. We can consider our Bolza
problem to have the form of (P;) by letting

l(a,z(a),b,x(b)) = ¥ioy(a) + Uiy (b) — k(1 + |2(a)]) + Ty (2(D)).

We want to apply Theorem 5.3. Clearly [ is proper and lsc. Since Hi(t,x, - ) is lsc,
proper, convex, and finite for all (¢,x), L; satisfies the hypotheses of Theorem 5.3.
Furthermore, H; satisfies the epi-continuity condition in (¢, x) as well as in p, and so
by [26, Prop. 2.2], (w1, w2,v) € OHy(t,z,p) implies that (wi,ws2) € O Hi(t, z,p),
from which it follows that |(wy,w2)| < (8 + «|p|), and thus (A2) holds.

Fix (7,€) € [0, T] xR™ and let Z(-) be the minimizing arc for Vi (7, £), which exists
by Proposition 3.1. Theorem 5.3 gives us an absolutely continuous arc p( - ) which
satisfies either normal or singular conditions. First we see that part (c) of the singular
conditions cannot occur since it forces p(a) = p(0) = 0. So the normal conditions must
hold. Since 0l(a, z(a),b, Z(b)) C R x k1B x R x R”, we must have |[p(0)| < k;. Part
(a) of the normal conditions says that for a.e. t, [p(t)| < (8 + a|p(t)]), and so p( )
must be bounded on [0, 7], implying the existence of a constant ks, independent of
(7,€), such that Ou(|p(t)|) C koB for all t € [0,7]. Also implicit in normal condition
(a) is that

(t ) € OpHu(t, (1), p(t))
Fp(u(lpl) + (T + [2[)(B + alp)) (Z(1), p(1))

Fp(u([p))) (@), p(1)) + 0 (T + [x]) (5 + lp])) (Z(t), p(t))
C kzﬁ + (T + |z(t)])B.

So there exists a constant ks, also independent of (7,£), such that |Z(t)] < ks(1 +
|Z(t)]). This implies that |Z(¢)| < (|€] + 1)ek*T for ¢ € [0,7]. Now since Ly (¢, x,v) >
_Hl (ta €, O)a

| nia@.aa= [ -uo) - 5071+ lawha
0 0

Y

/0 " (0) = BT + (JE] + DR Tyt
ka8 1 1)
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for some constant ks > 0. Since |Z(0)] < (]¢] + 1)e**T, we see then that

Vi(7,€) > k1 ((I€] + e +1) — ka(1€] + 1)
=—k(1+[¢])

for some k > 0 and for all (7,&) € [0,T] x R™. So V satisfies the ULLG condition.

To see that the value function is a solution to (1.1) as given by Definition 1.2,
we first note that Proposition 3.1 shows V is proper and Isc. By Definition 1.1, V
satisfies (a) and (b) of Definition 1.2. The only remaining part that requires checking
is the subgradient condition (c).

First we check for 7 = 0. Take £ € R™ and (o,n) € 0V(0,&). By Proposition 3.2,
V satisfies property (P4). That is, epi V' is invariant with respect to the differential
inclusion (i(s), #(s),5(s)) € Er((t(s), z(s),y(s)). Assumptions (A) and (A2) imply
that the mapping epi L(¢,z, - ), by Proposition 2.6, is locally sub-Lipschitz. Then
Ep(t,z,y) = {1} x Ep(t,z) will also be locally sub-Lipschitz and Proposition 6.1
says that

sup { < (0—7773 71)7 (]wvaﬂ) > } S Oa
(v,8)€epi L(0¢, )

= sup {0+ (n,v) —L(0,€,0)} <0,
veR™

=0+ H(0,¢n) <0.

Now take (o,n) € 5‘/(7', €) for some (7,&) with 7 > 0. Let Z( - ) be a minimizing
arc for (P-¢). As mentioned in the introduction, there exists a differentiable function
g : R xR™ — R such that g(7,§) = V(7,£), but for any (7/,¢&') # (7,€), we have
g(7', &) < V(',¢&). Furthermore, Vg(7,£) = (0,n). Consider the following general
time Bolza problem:

b
(Py) minimize (a,z(a), b, (b)) +/ L(t, x(t),&(t))dt,

a
where l(a,2(a),b,z(b)) = Y0y (a) + ¢(x(a)) — g(b, (b)) and we are minimizing over
all nondegenerate time intervals [a,b] and arcs z € A% ([a,b]). If (Py) is to have a
finite value, a must be 0. Evaluating the above expression for any feasible arc z( - )
and interval [0, b] must give us a nonnegative value, since

b b
10, 2(0), b, 2(5)) + / L(t,2(t), #(t))dt > p((0)) — g(b, 2(b)) + / L(t, 2(t), i(t)) de

>V (b,z(b)) — g(b, 2(b))
> 0.

It should be clear however, that taking [a,b] = [0,7] and x = Z( - ) gives the value 0
in the above. Thus we have an optimal solution. Now we wish to use the necessary
conditions given in Theorem 5.3, which can be applied to our general time Bolza
problem (P,). First checking the singular conditions described in Theorem 5.3, we
have

971(0,2(0), 7, (7)) C 9™ 03(0) x 0%p((0)) x 97g(r, Z(7))
=R x 0%p(2(0)) x (0,0).
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For the first containment, we have used the calculus rules in ([27, Prop. 10.5]). So
there does not exist an arc (h,p) with |(h(¢),p(t))| > 0 for ¢ € [0, 7] satisfying the
singular conditions, since condition (¢*°) forces (h(7),p(7)) = (0,0). So the normal
conditions must hold. That is, there exist absolutely continuous arcs h and p satisfying
the transversality condition

(7h(0)ap(0)7 h(T)v *p(’r)) € 61(07 3_3(0)7

7,2(7))
=R x 9p(x(0)

(r
x (=, —n),

and so h(t) = —o and p(7) = n. Also, condition (b) of the normal conditions says
that h(t) = H(t,Z(t),p(t)) for all t € [0, 7], so in particular h(r) = H(7,Z(7), p(T)),
giving us that o + H(7,&,71) = 0.

Now if we have (o,n) € OV (1,&) for 7 > 0, by definition of the general subgradient,
there exist sequences (77,£”) — (7,€) with V(77,&") — V(1,¢) and (¢¥,7") — (o,n)
with (¢”,n") € 5V(T”,§”) and 77 > 0. So by the result just proved, H(7",£",n") =
—o”. But H being continuous implies H(7”,&",n") — H(7,£,n) which forces
H(7,§,m) = —o. Thus V is a solution as given by Definition 1.2.

Let u be a solution to (1.1) as in Definition 1.2 that satisfies the ULLG condition.
To prove the uniqueness part of the theorem, we need to show that u = V. Let
VY :R x R x R® — R be the value function for

)

9
(Po,re) min u(t(()),x(()))+/0 E(s,t(s),x(s),i(s),i(s))ds.

Here we are minimizing over (t(-),z(-)) € A;,1([0,0]) with (¢(0),z(0)) = (7,£), and
the Lagrangian is

L(s,t,x,v1,v2) := L(t,x,v2) + V13 (v1).

Note that this is a generalized problem of Bolza in which we are considering (¢, ) as
the state variable and s as the time parameter. The corresponding Hamiltonian is
then

H(S7t7$7p17p2) = sup { <(U1,’l)2), (p17p2)> - L:(S,t,(E,’Ul,’UQ) }
(v1,v2) ERXR™

sup { (v1,p1) + (v2,p2) — L(t,z,v2) — ¥y13(v1) }
(v1,v2) ERXR™

= sup {pi+ (v2,p2) — L(t,z,v2) }
vo ER™

= M + H(t7xap2)'

We would like to use the existence part of Theorem 2.2, just proved above, to show
that V is a solution to

VS(Svt,"E) + H('S?tvxa Vt(sat7x)7 VI(S,tax)) = 07 (Svtvx) € (07 OO) X R x Rna
V(0,t,x) =u(t,x), (t,z)€RxR",

in the sense of Definition 1.2. Clearly H satisfies (A), (A1), and (A2) as long as H does.
Assumption (A0) is not necessarily satisfied however, since u could behave in a coun-
tercoercive manner with respect to its first variable. We can get around this problem
as follows. Let T' > 0 and consider adding an indicator function Wy rjxr~ (£(0), 2(0))
to the initial cost u(¢(0),2(0)) in (Pp,r,¢). Now the initial cost does satisfy (A0) and
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the new resulting value function V is therefore a solution to (1.1) as given by Definition
1.2, and it has equation

Vo, r,¢) if 1<T+80,
+00 otherwise.

V(O,1,€) = {

This implies that V must satisfy (a)—(c) of Definition 1.2, and for any given (0, 7,¢) €
dom V), it suffices to take T > @ + T to compare V with V and see that (1.8) holds.
Thus V is a solution to (1.1).

First consider the case where 0 < 6. If we were to go through the existence proof
above, we can again apply the technique of introducing a differentiable function g <V
whose gradient is («, o,n) at the point (0, 7,€), and using the results from Theorem
5.3, assert the existence of absolutely continuous arcs h(-) and p(-) with the properties

(a) h(s) = H(s,t(s),z(s),p(s)) forall s€][0,0],

(b) (—h(0), p(0), h(6), —p(6)) € B x Bu(E(0), 2(0)) X (~a, —, —1),

(c) h(s) =0 for a.e. s€]0,0].

Conditions (b) and (c) imply then that h(s) = —a for all s € [0, 6]. If we denote p(0)
by (00,m0), then (b) implies (co,10) € du(t(0),z(0)). But then (a) gives us that

—a=H(,T1,&0,7)
= H(0,%(0),%(0), o9, 70)
= oo + H(t(0),z(0),7m0)-

By assumption, this_ last quantity is equal to 0 if £(0) > 0 and is less than or equal to
0 if £(0) = 0. Since t(s) = 1, and #(f) = 7, the only way ¢(0) =0 is if § = 7. Thus we
have

—a=0 if0<fd<m,
—a<0 if0o<éf=r

Now consider (o, 0,n) € 5]/(0,7, €) with 7 > 0. Again applying the existence
part of Theorem 2.2 to V, we have a + H(0,7,£,0,17) < 0. Using the calculus of
regular subgradients (see Corollary 10.11 in [27]), we see that (o,7) € 5@@)1/(0, 7,8) =
5u(r, £). By assumption then, H(0,7,&,0,m) = o + H(7,£,17) = 0. It follows that
a<0.

Now looking at a general subgradient («,0,n) € 9V(0,7,£) with 7 > 0, there
exist sequences (a”,0",n") — (a,0,1n) and (6”,77,&") — (0,7,&) with (a”,0”,n") €
512(9”,7”’,5”) and V(0”,77,¢¥) — V(0,7,&). Furthermore, since 7 > 0, we can take
0¥ < V. We have just seen though that for this sequence o < 0, so we must have
a <0.

In summary then, for (a,o,n) € OV(0,1,§), we have

a<0 f0o=60<r,

a=0 if0o<bd<m,

a>0 f0<f=r.
It should be clear from Proposition 3.1 that V is Isc and proper. So Proposition 4.4
says that in fact V = u. That is,
u(r, &) if0<6<T,

+o00 otherwise.

V(O,r,¢) = {
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But epi V(6, -, -) is the reachable set of epiu at time 6 under the differential inclusion
2(s) € Er(z(s)). That is,

epiV(f, -, - ) = Repiu(f).

Now from Proposition 4.3, we have that u satisfies conditions (P1)—(P4), and finally
Proposition 3.2 implies that u is the value function V' for (Pr¢). ]
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UTILITY MAXIMIZATION WITH DISCRETIONARY STOPPING*

IOANNIS KARATZAST AND HUI WANGH

Abstract. Utility maximization problems of mixed optimal stopping/control type are con-
sidered, which can be solved by reduction to a family of related pure optimal stopping problems.
Sufficient conditions for the existence of optimal strategies are provided in the context of continuous-
time, It6 process models for complete markets. The mathematical tools used are those of optimal
stopping theory, continuous-time martingales, convex analysis, and duality theory. Several examples
are solved explicitly, including one which demonstrates that optimal strategies need not always exist.

Key words. utility maximization, stochastic control, optimal stopping, variational inequality,
duality, convex analysis, martingale representation
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1. Introduction. Problems of expected utility maximization go back at least
to the seminal articles of Samuelson and Merton (1969) and Merton (1971), and
have been studied extensively in recent years, for instance by Pliska (1986), Karatzas,
Lehoczky, and Shreve [KLS] (1987), and Cox and Huang (1989). Most of this literature
shares the common setting of an agent who receives a deterministic initial capital,
which he must then invest in a market (complete or incomplete) so as to maximize
the expected utility of his wealth and/or consumption, up to a prespecified terminal
time.

In this paper we consider a variant of these problems by allowing the agent freely
to stop before or at a prespecified final time in order to maximize the expected utility
of his wealth and/or consumption up to the stopping time. The assets available to the
agent can be traded continuously, without restrictions, frictions, or transaction costs;
they consist of a locally riskless money-market, and m risky stocks. (One can think,
for example, of an investor or mutual fund manager who tries to invest/consume as
skillfully as possible before “retiring” from the stock market and putting all his hold-
ings in the money-market.) The stock prices are driven by m independent Brownian
motions; these represent the sources of uncertainty in the market model, which is
assumed to be complete in the sense of Harrison and Pliska (1981). The market coef-
ficients, i.e., the money-market rate, the stock-appreciation rates, and the matrix of
stock volatilities, are bounded random processes adapted to the driving m-dimensional
Brownian motion.

The utility maximization problem studied here involves aspects of both optimal
stopping and stochastic control. Such problems also arise in situations like pricing
American contingent claims under constraints, selecting trading strategies in the pres-
ence of transaction costs with an American option held in the portfolio, target-tracking
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followed by a decision (to engage the target or not), etc.; see Karatzas and Kou (1998),
Davis and Zariphopoulou (1995), Davis and Zervos (1994), as well as Karatzas and
Sudderth (1999) for such problems in different contexts. The free-boundary prob-
lem approach, based on an associated Hamilton—Jacobi-Bellman (HJB) equation of
dynamic programming, is inadequate for the analysis of the general version of our
model, which is not Markovian. Instead, duality theory plays an important role and
leads to a family of pure optimal stopping problems which is even more amenable to
analysis. Duality approaches have been used with success in treating portfolio opti-
mization problems for financial markets which are incomplete or impose constraints
on portfolio choice, as in Karatzas, Lehoczky, Shreve, and Xu [KLSX] (1991), Shreve
and Xu (1992), and Cvitani¢ and Karatzas (1992).

The model and the utility maximization problem are described in sections 2-5. We
present a solution in section 6 using a duality approach. However, this solution is not
quite satisfactory in the sense that it leads to computationally tractable results only in
very special cases and does not shed much light on the general question of existence of
optimal strategies. We then introduce and analyze a family of pure optimal stopping
problems in sections 7-8. In terms of these, we are able to provide conditions which
guarantee the existence of optimal strategies. In section 9, several examples are
presented, one of which demonstrates that optimal strategies need not always exist.
For completeness, we treat in Appendix A an example which can be solved explicitly
using a free-boundary problem for the associated HJB equation. In Appendix B we
formulate an open problem, suggested by the referee, where consumption continues
past the time of retirement from the stock market.

It is hoped that the analysis in this paper will serve as a step towards estab-
lishing a general theory for stochastic control problems with discretionary stopping
in continuous time, possibly along the lines of the Dubins—Savage (1965) theory for
discrete-time “leavable gambling problems” developed in Chapter 3 of Maitra and
Sudderth (1996).

Remark 1.1. We denote by “standing assumption” those conditions that are al-
ways in force throughout the paper; they will not be cited in theorems. And “assump-
tion” stands for those conditions which are in force only when theorems specifically
cite them.

2. The market model. We adopt a model consisting of a money-market, with
price Py(-) given by

(2.1) dPy(t) = Py(t)r(t) dt, Py(0) =1,
and of m stocks with prices-per-share P;(-) satisfying the equations

m

(2.2) dPi(t) = Pi(t) [bi(t)dt + > oy (dW;(t) |, i=1,...,m.
j=1
Here W(-) = (Wi(:),... , W (:))* is an m-dimensional Brownian motion on a com-

plete probability space (2, F,P). We shall denote by F = {F; }o<;<7 the P-augmentation
of the filtration generated by W(-). The coéfficients of the model, that is, the scalar
interest rate process r(-), the vector process b(-) = (b1(-),... ,bm(-))* of appreciation
rates, and the matrix-valued volatility process o(-) = (045(-)),<; j<,,» are assumed to
be bounded, and progressively measurable with respect to F. All processes encoun-
tered throughout sections 2-9 of the paper will be defined on the fixed, finite horizon
[0,7].
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Standing Assumption 2.1. We assume that ||b(t)|| <L, |r(t)] <L, VO<t<T
hold almost surely (a.s.) for some given real constant L > 0.

Standing Assumption 2.2. The process o(-) satisfies the strong nondegeneracy
condition

oty (e = ell€l* v (t,§) €[0,T] xR™

a.s. for some given real constant € > 0. From Standing Assumption 2.2, the matrices
o(t),o*(t) are invertible, and the norms of (o(¢))~! and (0*(¢))~! are bounded from
above and below by § and §~1, respectively, for some 6 € (1,00); cf. Karatzas and
Shreve (1991), p. 372. We also define the “relative risk” process

(2.3) o(t)

where 1,,, = (1,...,1)*, the discount process

(2.4) () & Pol(t) - exp{—/otr(s) ds},

the exponential martingale (or likelihood ratio process)

t 1 [t
(2.5) Zy(t) 2 exp {—/ 0*(s)dW (s) — 5/ |9(s)||2ds} ,
0 0
and the state-price-density process

(2.6) H(t) = (1) Zo(t)-

3. Portfolio and wealth processes. A portfolio process w(-) = (m1(:), ... ,7m(+))*
is R™-valued, and a consumption process c(-) takes values in [0,00); these are both
F-progressively measurable and satisfy

T T
/O c(t)dt—i—/o Im ()2 dt < oo

a.s. We regard 7;(t) as the proportion of an agent’s wealth invested in stock ¢ at time
t; the remaining proportion 1 — 7*(¢)1,, = 1 — Y _I"  m;(t) is invested in the money-
market. These proportions are not constrained to take values in the interval [0, 1]; in
other words, we allow both short-selling of stocks and borrowing at the interest rate of
the bond. For a given, nonrandom, initial capital = > 0, let X () = X*™¢(-) denote
the wealth-process corresponding to a portfolio/consumption process pair (7r(o), c())
as above. This wealth-process is defined by the initial condition X*™°¢(0) = = and
the equation

(3.1) dX(t) = zm:m(t)X(t) bi(t) dt + i o4 (O)dW; ()
+ {1 - f: m(t)} X(1)r(t) dt — c(t) dt

= r()X (B)dt + X ()" (Do (t)dWo(t) — c(t)dt,  X(0) =z >0,
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where we have set

2

(3.2) Wo(t) = W(t) + /O1t 0(s) ds, 0<t<T.

In other words,

(3.3)  d(y(t)X®TC(t)) = v() XETC()m* (£)o () dWo(t) — v(t)e(t) dt, 0 <t <T.
The process Wy(+) of (3.2) is Brownian motion under the equivalent martingale mea-
sure

(3.4) Py(A) 2 E[Z(T)14], A€ Fr,

by the Girsanov theorem (section 3.5 in Karatzas and Shreve (1991)). We shall say
that a portfolio/consumption process pair (m,¢) is available at initial capital x > 0 if
the corresponding wealth-process X*7™¢(-) of (3.3) is strictly positive on [0,T] a.s.

An application of Itd’s rule to the product of the processes Zy(-) and ~(-) X®™¢(+)
leads to

(3.5) H() X5 / Hs

= x4+ / H(s)X®™(s)(a*(s)m(s) — 0(s))" dW(s).
0

This shows, in particular that for any pair (, ¢) available at initial capital = > 0, the
process H () X*™¢(-)+ fo s) ds is a continuous, positive local martingale, hence
a supermartingale, under P. Consequently, the optional sampling theorem gives

(3.6) ]E{H( )XTTe(r /H ds}gx Vres.

Here and in what follows, we denote by S ; the class of F-stopping times 7 : Q@ — [s, t]
for 0 <s<t<T,and let S = Sp 7.

4. Utility function. A function U : (0,00) — R will be called utility function
if it is strictly increasing, strictly concave, continuously differentiable, and satisfies
(4.1) U'(0+) 2 lim U () = oo, U'(cx) = lim U (2) = 0.

We shall denote by I(-) the (continuous, strictly decreasing) inverse of the marginal-
utility function U’(-); this function maps (0,00) onto itself and satisfies I(0+) =
00, I(00) = 0. We also introduce the Legendre-Fenchel transform

(42) O(y) 2 max[U(z) —ay] = U((y)) —yl(y). 0<y<oo,

of —U(—x); this function U(-) is strictly decreasing, strictly convex, and satisfies
43) Uy =-1y), 0<y<oo,
(4.4) Uz) = min [U(y) +xy] = UU'(x)) + U’ (), 0< < oo.
y
The inequality
(4.5) Ull(y) 2 U(x) +yll(y) —z]  YVz>0,y>0,

is a direct consequence of (4.2).
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5. The optimization problem. The agent in our model has time-dependent
utility of the form [} e=?U; (¢(s)) ds + e P*Us(x), with 5 > 0 a real constant. The
utility functions Uy (+), Ua(+) measure his utility from consumption and wealth, re-
spectively, whereas (8 stands for a discount factor. If the agent uses the portfo-
lio/consumption strategy (m,c) available at initial capital > 0, and the stopping
rule 7 € S, his expected discounted utility is

(5.1) J(z;7,¢,7) S g [/OT e Pt (e(t)) dt+eﬁTU2(X””’”’c(T))}.

The optimization problem considered in this paper is the following: to maximize
the expected discounted utility in (5.1), over the class A(x) of triples (7, ¢, 7) as above,
for which the expectation in (5.1) is well defined, i.e.,

(5.2) E {/ e PUT (e(t)) dt + e_ﬁTU2(X”’”’C(T))] < 0.
0

(Here and in what follows, z~ denotes the negative part of the real number x, namely,

2~ = max(—x,0).) The value-function of this problem will be denoted by

(5.3) V(x) 2 sup  J(z;m,c,T), x € (0,00).
(m,c,7)EA(T)

We say that the value V(z) is “attainable” if we can find a triple (7, é,7) € A(z) with
V(z) = J(z, 7, ¢ 7); such a triple is then called “optimal” for problem (5.3). To ensure
that this problem is meaningful, we impose the following assumption throughout.

Standing Assumption 5.1. V(z) < co Vz € (0,00).
It is fairly straightforward that the function V'(-) is increasing on (0, 00). However, it
is not clear at this stage whether V(-) is concave or not. We shall discuss this issue
in section 8.

Remark 5.2. A sufficient condition for Standing Assumption 5.1 is that

(5.4) max{U;(z), Us(z)} < k1 + koa? Yz € (0,00)

holds for some k; >0, ko >0, ¢ € (0,1); cf. Remark 3.6.8 in Karatzas and Shreve
(1998).

6. Duality approach. For any fized stopping time 7 € S, we denote by I, (x)
the set of portfolio/consumption process pairs (m,¢) for which (m,¢,7) € A(x). The
solution of the utility maximization problem

(6.1) Vi (x) 2 sup  J(z;m, ¢, 7T)

(7)€L, ()
can be derived as in KLS (1987). We review briefly the results in this section. For
any triple (m, ¢, 7) € A(x) and any real number A > 0, it follows from (4.2), (3.6) that
J(x;moe,7)=E / e UL (e(t)) dt + e_ﬁTUg(Xx’”’c(T))]
Lo

<E / e PtU (NPEH (1)) dt + e PTUy (N’ H (7))
LJO i

+A-E {H(T)XxmvC(T) + /0 " H@e() dt}

<E / P (AP (1)) db + e P Ty (AT H (7)) | + Ax,
LJO i
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with equality if and only if

(6.2)  X"™(1)=L(A\""H(7)) and c(t) =L (A" H(t)) VO<t<7 as,

(6.3) E | H(r)Xome( / Hit }
hold. It develops that we have V,(z) < infysg [j()\; T)+ /\x} V7es, as well as

(6.4) V(z) = ilég Vi (x) ilelg )1\2%{ (A7) —i—)\x}

IN

with the notation
(6.5) J(\;7) SE {/ e Pty ()\emH(t)) dt + €_BT[72()\65TH(T)):| .
0

In order to proceed, we shall need the following assumption (see Remark 6.7 for
discussion).

Assumption 6.1. E [SUpogth (H(t) - I(X\eP*H(t)) + fo ) (NP H (¢ ))dt}
<oo VA€ (0,00).

Under this assumption, for any given 7 € S, the function X : (0,00) — (0, 00)
defined by

6.6) X, (\)Z2E [/T H(t) (NPT H(t)) dt + H(T) - IQ()\GBTH(T))] , 0< )< oo,
0

is a continuous, strictly decreasing mapping of (0,00) onto itself with X, (04) =
00, Xr(oc0) = 0; thus X;(-) has a continuous, strictly decreasing inverse Y. () from
(0, 00) onto itself. We define

(67)  €°(1) = L(V-(2)e" H(r)) and 5 (t) = L(Vo(2)e™ H(1), 0<t<T,

so that, in particular,

(6.8) E [H(T)gm(v) + /O @) dt] = z.

LEMMA 6.2. For any T € S, the random variables of (6.7) satisfy
(6.9) E {e‘“% (€°(m) + /0 LU (e (1) dt} < o9
and for every portfolio/consumption pair (m,c) € Il (x) we have
(6.10) E [ /O ’ Uy (c(t)) dt + eﬁTUQ(X:”’”’C(T))}
< | [ vilro)a e ).
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Lemma 6.2 can be proved by arguments similar to those used in the proof of
Theorem 3.6.3 in Karatzas and Shreve (1998). We conclude from Lemma 6.2 that,
if there exists a portfolio 7,(-) such that (7,,¢é,) is available at initial capital z > 0,

where é,(+) 2 n*(-)1o,-[(), and if
(6.11) Xl (1) = £%(7)

holds a.s., then the pair (#,,é;) belongs to I1,(x) and is optimal for the utility max-
imization problem (6.1). The existence of such a portfolio will need the assumption
of market completeness, as we shall see in the next lemma.

LEMMA 6.3. For any T € S, any Fr-measurable random variable B with P[B >
0] = 1, and any progressively measurable process c(-) > 0 that satisfies c(-) = 0 almost

everywhere (a.e.) on [1,T] as well as E [H(T)B + fOT H(t)c(t) dt} =z, there ezists a

portfolio process w(-) such that, a.s.

X*™e(t) >0, 0<t<T,  and  X®™(r)=B.

Proof. We begin with the strictly positive, continuous process X(-) defined by

X(¢) 2 % -Eo |:’y(T)B + /t: ~v(s)c(s) ds

This process satisfies

ft}, 0<t<T.

X(0) = B [7(7)3 + /O " (s)els) ds} _E {H(T)B 4 /O " H(s)e(s) ds] .

and X (7) = B a.s. On the other hand, the Py-martingale

1>

MO 290X O+ [ o)es)ds = B [va + [ M dsﬂ

0

admits the stochastic integral representation
t
M) =at [ W), 0<t<T,
0

for some F-adapted process v (-) that satisfies fOT lv(s)||? ds < 0o a.s. (e.g., Karatzas

and Shreve (1998), Lemma 1.6.7). Define 7 (t) 2 (o* () tap(t)/M(t), 0 <t < T, and
check from (3.3) that X(-) = X®™¢(-) a.e. on [0,T] x Q. a

Remark 6.4. Note that the martingale M(-) is constant, and thus we have
¥(-) =0, 7(-) =0 a.e. on the stochastic interval [r,T]; in particular, X*™(¢,w) =

t
B(w)effw ) de e on [T, T]. In other words, at the stopping time 7 all invest-
ment in the stock market ceases, and all proceeds are invested in the money-market
from then on.
We have proved the following result.
PROPOSITION 6.5. Under Assumption 6.1, for any 7 € S we have

(6.12) Vi(z) = inf |J(\;7) + /\x} = J(Vr(2);7) + 2V (z),

A>0
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and the supremum in (6.1) is attained by the consumption strategy ¢ (t) = I (V- ()€’
H(t))1j0,-(t) and some portfolio 7 () that satisfies (6.11). Moreover,

(6.13)

Viz) = Elelg Vi(z) = ilelg )I\I;fo [j()\; T)+ )\x} = Elelg {J(J@(x); T) + x)@(x)} .

Ezample 6.6 (logarithmic utility functions). Uj(z) = élogx, Us(x) = logx for

x > 0 and some é§ € [0,1]. In this case, Assumption 6.1 is satisfied, and we have
Ii(y) = 6/y, Ui(y) = dlogd — 8[1 4+ logy|, and I5(y) = 1/y, Us(y) = —1 — logy.

Hence, with
o & [eware+ [ (ro+ ) o

and with the convention §logé = 0 for § = 0, we have

JNT)=E [P (Q(1) — (1 +1log \))] +6 - E/OT e Q) — (1 +log\)) dt
+510g6~E/Te*ﬁtdt
0

for any stopping time 7. It develops that X;(\) = K./ and thus Y. (x) = K, /z,
where

K, 2E [eﬁT + 6/ et dt] .
0
From Proposition 6.5, the value-function of problem (5.3) is given by
V(z) =sup E e*BT{log(z/KT) +Q(1)}+6 / e*ﬁt{log(a:/KT) +Q(t)} dt| ,
TES 0

a quantity that is, in general, very difficult to compute. It is not even clear whether the
supremum in this expression is attained (see Example 9.3 in this regard). However,
in the special case 8 =0 and 6 = 0, the above expression can be reduced significantly
to

V(z) =logx + itelg IE/OT [r(u) + ;H(u)||2] du

and amounts to solving a standard optimal stopping problem. The latter has the
trivial solution 7* = T for r(-) > 0.
Remark 6.7. A sufficient condition for Assumption 6.1 is that

(6.14) L(y)+ L(y) <k +ky @ Vye(0,00)

holds for some constants k1 > 0, ko > 0, and « > 0. Indeed, under (6.14) we have

B | s (H6) L0PHE))| < hE| sp (@6)] + 1A 0B | sup (1)

0<s<T 0<s<T 0<s<T
< o0
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for j = 1,2, as is easy to check using Holder’s inequality, Doob’s maximal inequality,
and the boundedness of market coefficients. This is because, for any p € R, there
exist positive constants C';, Cy such that

= | g, (10)] =2 | s 0%0)] < 12|, o]

<C;-E| sup < =0 [y 07 (s)aw( S)**f ll6s)lI* dS)

lo<t<T
plp=1) [t 2
- sup (e = [ o)l d)}
0<t<T

<Cy-E| sup (—ﬂf (s aw ()22 [ l1Gs |zdg)] .

lo<t<T

7. Pure optimal stopping problems. The representation (6.13) for the solu-
tion of the utility maximization problem in section 5 is not entirely satisfactory. It
is not clear how the quantities ), (x) are related to each other for different stopping
times 7 € S, except in some very special cases. Furthermore, it is not easy to compute
the last supremum in (6.13), or even to decide whether it is attained or not. All these
points are illustrated in Example 6.6 of a logarithmic utility function. In this section,
we shall try to convert the original problem into a family of pure optimal stopping
problems, for which we can obtain a better understanding. To this end, we define, for
every A € (0,00), the dual optimization problem

(7.1)
~ A ~ o _ ~ _ ~
V(\) =sup J(\;7) =sup E [/ e P (NPPH (1)) dt + e T U (NPT H (7))
TES TES 0
of pure optimal stopping type, in the notation of (6.5), (4.2), (2.6). To ensure that
the problem of (7.1) is meaningful, we impose the following assumption throughout.
Standing Assumption 7.1. For any A € (0, 00) we have V() < 0o, and there exists
some stopping time 7 which is optimal in (7.1), i.e., such that V() = J(A; 7).
Here and in what follows, we denote by Sy the set of stopping times that attain
the supremum in (6.5) for every given A > 0. It follows from (6.4) that we have, in
the notation of (7.1),

(7.2)

V(z) < f[j)\; )\]<'f JOsT) + A :'f{f/A A}.
)5 g o [007) 0] =t [ 57 3] = o [P0+ 0
We wish that the inequalities in (7.2) would always hold as equalities. Unfortunately,
it turns out that the second inequality in (7.2) might be strict, depending on the
coefficients of the model and on the initial capital x. We shall see this more clearly
in the following sections.

Remark 7.2. Standing Assumption 7 1 holds if condition (5.4) is satisfied. This is

because the continuous process Y*(t f e‘ﬁSUl( eﬁsH(s)) + e U, (NPT H (1)),
0 <t < T, satisfies in this case E[SUPogth [YA(t)]] < oo . Indeed, it is easy to check
that (5.4) implies

(7.3) max{U1(y), U2(y)} < k1 + kay ™ V0 <A<oo
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with a = 6/(1 —6), ks = (1 — 8)(k26°)"/0 =9 (cf. KLSX (1991)), and it follows from
Remark 6.7 that V() < E [supg<icr Y2 (1)|] < ka+ ksA™ - E[supg<,<r (H(2) "]
< o00. Standard results in the theory of optimal stopping (e.g., Theorem D.12 in
Karatzas and Shreve (1998)) guarantee then the existence of an optimal stopping
time.

8. Analysis of the optimal stopping problem. In this section we shall derive
our main results for the optimization problem of (5.3), by first establishing several
properties of the “dual” value function V'(-) defined in (7.1). It is not a trivial matter
to decide whether the value function V'(-) of our “primal” problem (5.3) inherits the
concavity of U(-). Indeed, even the continuity of V(-) is not quite clear a priori.
However, properties of convexity and monotonicity are relatively straightforward for
the dual value function V (-) of (7.1).

LEMMA 8.1. The function V() of (7.1) is strictly convex and strictly decreasing.
In particular, it is continuous and a.e. differentiable.

Proof. For any 0 < A < Ay < 00, 0 < s < 1, and Ag 2 sA1 4 (1 — $) g,
we have V(\g) = J(Ao;72) < J(Ai;72) < V(A1) from Standing Assumption 7.1,
where 7; € ‘SA’,\,L,, i = 0,1,2 are optimal stopping times, and f/()\o) = j()\o;ﬁ)) <
SJ()\l;f'o) + (1 — S)J()\g; 7A'0) < SV()\l) + (1 — S)V()\g) 0

It follows from Lemma 8.1 that the right- and left-derivatives

415 AL 1 - ~
(8.1) ATV (N) = hlirgi h[V()\ +h) =V (N)]
of the convex function V(-) exist, and are finite for every A € (0,00). Furthermore,
the strict convexity of V() implies

(8.2) ATV < ATV() SATV(A) <0 V0 < A < A < oo,

and ATV (-) (respectively, A~V(-)) is right- (respectively, left-) continuous. R
LEMMA 8.2. For every A € (0,00) and any optimal stopping time Ty € Sy, we
have

(.3) AT () < —Xn (V) < AT (V).
Proof. The convexity of ﬁj(~)7 j=1,2 gives
(84)  Tiw)(e—y) <Uj(x) = Ujy) < Uj(@)z —y) YO <azy<oo,

and for any real number h with |h| < A we obtain

VO R) = V() = VA +h) = J(uin) = T+ ki) — J(As )

>h-E

/ H()U, (AP H (1)) dt + H(72)Uy(Ae"™ H (7))

—hX:, (A

The last equality follows from (43) and the definition (6.6) of X;(-). Letting h — 0,
we deduce for arbitrary A € (0, 00):

ATT() = lim £V ) = T ()
> X (0) 2 lim 3 [V h)— V()

=A"V(\. O
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COROLLARY 8.3. If V(-) is differentiable at X > 0, then V'(\) = =Xz, ()).

LEMMA 8.4. We have limyjo A*V(N) = —oco. Moreover, if Assumption 6.1
holds, we also have limxjoo Aif/()\) =0.

Proof. From the decrease of the function I(-), the monotone convergence theorem,
and I(0+4) = oo, it follows that

g%/rﬁ@) > 1imE[ inf (H(s) I (AeﬁT sup H(s)))] = o0,

AlLO 0<s<T 0<s<T

and so by Lemma 8.2 and the inequality (8.2) we obtain limy o AFV()\) = —co. Now
suppose that Assumption 6.1 holds; we have then

< Ii A
0.< lim ¥, (A)

< lim E

T Moo 0<s<T

T
sup (H(s) I (\e”*H(s))) +/0 H(s)~Il()\eBSH(s))ds] =0

from the decrease of the functions I;(-), the dominated convergence theorem, and
Ij(00) =0, j = 1,2. Tt follows again from Lemma 8.2 and (8.2) that limyj., ATV()) =
0. d

We shall define, for each given A > 0, the subset

(8.5) G\ 2 {Xﬁ(x)/ 7 is optimal in (7.1), i.e., 7 € SA}

of R*. Tt follows from (8.2) and (8.3) that the sets {G\},., satisfy the following
properties:

(i) G» is nonempty for every A > 0,

(i) GxNG, =0, if A\ # v, and

(iii) for any 0 < v < A < o0 and x € Gy, y € G, we have = < y.
Let us also introduce the set

(8.6) G= G
A>0

We can state now the main result of the paper. This explains, in particular, when
we can expect to find an optimal triple in (5.3) and to have equality in (7.2).
THEOREM 8.5. For any x € G, the value V(x) of (5.3) is attainable and we have

(8.7) V(e) = inf [V(A) + Am} :
Conversely, for any x € (0,00) that satisfies (8.7) and for which the value V(x) of
(5.3) is attainable, we have x € G, provided that Assumption 6.1 holds.

Proof. Suppose x € G, for some v > 0, and z = X; (v) for some stopping time
7, € S, which is optimal in (7.1) with A = v, i.e., with

88) V() =J(t) =E[ /0 K e, (veP H (1)) dt + e P Uy (ve®™ H (3,)) |

Then we claim

(8.9) V(z)=V(v)+ve = )i\nf [V(X\) + Az].
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Indeed, by Lemma 8.2, we have —z € [A~V(v), ATV (v)], so that V()\) — V(v) >
(—z) - (A —v), or, equivalently, V(X\)+ Az > 17( )+ vz V)\ > 0.

Since z = X;, (v) = E[H(%,)L(ve’™ H(7,)) + f (t)I; (vePtH(t)) dt], it fol-
lows from Lemma 6.3 and Lemma 6.2 that there exists a portfoho process 7(-) with
X©7e(1,) = I(veP™ H(%,)), where é(t) 2 I (veP H(t)) 19 +)(t). The expected util-
ity J(z;%,¢,7,), under the portfolio/consumption strategy (#,¢) and the stopping
time 7, is thus

V(z) > J(x;7,6,7,) =E /O K e UL (I (veP H(t))) dt + e P Us(Io(ve’™ H(7,)))

=E

/ " e, (ve™ H(t)) + e ™ Un(ve™ H (@))1
0

H ()X (3, / H(t ]

+v-E

and (8.9) follows then from (7.2). In particular, the triple (7, ¢, 7,) in A(z) is optimal
for the original optimization problem of (5.3).

Conversely, suppose that (8.7) holds for some positive real number z, for which
the value V(z) of (5.3) is attained by some optimal triple (7%, ¢*,7*) € A(x). In other
words,

(8.10) Vi) = nf (V) 4 Ae] = (", 7%) < Vi )

in the notation of (6.1). Suppose also that Assumption 6.1 holds. By Lemma 8.1
the function A — V() + Az =: G()) is strictly convex, with G(0+) = V(0+) and
G(o0) = 0o. Thus, either there exists a unique v > 0 such that

(8.11) V() +ve = ir;%[f/()\)Jr)\x],

or else we have V(0+) < f/()\) + Az VA > 0. This latter possibility can be ruled
out easily; it cannot hold if V(0+) = oo, whereas with V(0+) < oo it leads to
limMO(—A+1~/(/\)) < z, which is impossible by Lemma 8.4. Therefore, (8.11) holds
for a unique v > 0 and leads, with (8.10) and Proposition 6.4, to

(8.12)  V(z)=VW)+ve> Jv;m*)+ve > ir;fo[j()\; ™) 4+ x| = Voo (z) > V().

We obtain V(v) = J(v;7*) as well as J(v;7*) + va = infysq [J(X; 7) + Az] from
(8.10), (8.12), or, equivalently, 7* € S, and v = Y,-(z). Thus z = X,-(v) € G,
which concludes the proof. 0

COROLLARY 8.6. Under Assumption 6.1, for any x Z G =Uy\so9r, we have the
strict inequality (“duality gap”) V(z) < infyso[V(A) + Az].

COROLLARY 8.7. Under Assumption 6.1, and if V( ) is differentiable everywhere,
the value V() of (5.3) is attainable and (8.7) holds for every x € (0,00).

Proof. Since every differentiable convex function is continuously differentiable (cf.
Rockafellar (1970), Corollary 25.5.1), V' (-) is continuous. By Lemma 8.4, the range
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of V'(-) is (—00,0). It follows from Corollary 8.3 that G = (0, 00), and Theorem 8.5
applies. O

COROLLARY 8.8. Under Assumptz'on 6.1, suppose that for any A € (0,00) there
exist two sequences {A( )} with )\ l A, )\( ) T A, as well as stopping times T € S)\,
#F € S)\&) such that 75 — 7 a.s.; then the value V(z) of (5.3) is attainable and
(8.7) holds for every x > 0.

Proof. By Corollary 8.7, we need only show that V() is differentiable everywhere.
From (8.4) and (4.3) we have

VOE) =V () < TG 23 — T #39)
<—(\H_\N.E [ / CHOL (AP P H®) dt + HEF) LA A H (7))
0
= —(AF - )Xo\,

which implies

< limsup(f?gm()\gf))) = —-X:(N),
)\sj)l)\ "

> lim mf( X)) =-x:0
A A "

by the dominated convergence theorem. From (8.2), V'(\) = ATV (\) = A~ V()) =
—X: (). 0

Corollaries 8.7 and 8.8 provide simple sufficient (but not necessary) conditions,
under which there is no “duality gap” in (7.2), i.e., its leftmost and rightmost members
are equal. The following proposition will characterize this kind of interchangeability
of “inf” and “sup” operations from another point of view, namely, the concavity of
the “primal” value function V().

PROPOSITION 8.9. Under Assumption 6.1, the following two statements are equiv-
alent:

(A) V() is concave on (0, +00),

(B)  V(z) =infrso [V(\) + Az] holds for every x € (0,00).

Proof of (B)=(A). Under condition (B), the number —V(z) is the pointwise
supremum of the affine functions g(\) = —Ax — p such that (z,u) belongs to the
epigraph of V(-). Hence —V(-) is a convex function (Rockafellar (1970), Theorem
12.1), or, equivalently, V'(-) is concave.

Proof of (A)= (B). By Lemma 8.4 and (8.2), it is sufficient to show that for
any (v,z) € (0,00) x (0,00) such that —ATV(v) <z < —A~V(v), we have V(z) =
V(v) + v

Let xg 2 AtV (), o 2 —A~V(v). Since V() is strictly convex and differ-
entiable except on a countable set, we can find a sequence of positive real numbers
{An}, such that A\, | v as n — oo, and V() is differentiable at each A,. Define

Yn % —V'(Ay). It follows from the right-continuity of ATV (-) that —y, = ATV (\,) |
ATV (v) = —xy. However, Theorem 8.5 and Corollary 8.3 assert that

(8.13) V(yn) = inf VA + Ayn] = V() + Ay
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Letting n — oo, we obtain

(8.14) V(zg) =V (v) + vao,

thanks to the continuity of V/(-) (which is concave by assumption (A)) and of V(-)
(which is convex by Lemma 8.1). Furthermore, we claim that A~V (z¢) < v. Indeed,
it follows from (8.13) and (8.14) that

V(yn) — V(xo) = ‘N/()\n) + AnYn — f/(u) —vxg > A"‘f/(y)()\n — V) + Ayn — Vg

= >\n(yn - 'TO)’
and hence
(8.15) A"V (zo) = lim Vign) = Viwo) _ An = v
n—oo ’yn — xo n— oo

Similarly, we obtain
(8.16) V(z) =V(v)+ vz and ATV (xy) > v

However, A~V (zg) > A1V (z1) holds from the concavity of V(-). It follows from
(8.15) and (8.16) that A~V (zg) = v = ATV (xy), or equivalently, A~V (z) =
ATV(z) =V () =v Vg <z <z Itis clear now that V(z) = V(v) + v =
infy~o [V/(A) + Az] holds for any 2o < z < ;.

9. Examples. Using the technique developed in the preceding section, we study
here several examples, including one which shows that optimal strategies need not
always exist (see Example 9.3). The first of these examples can also be treated using
the methods of section 6, but for the second and third examples the methodology
of section 8 is indispensable. The reader of this section should not fail to notice the
rarity of a setting where utility functions of power-type are much easier to handle
than logarithmic ones.

Ezample 9.1 (utility functions of power-type). U;(z) = x“/a, where 0 < o <
1, 5 = 1,2. In this case, condition (5.4) is satisfied and we have I;(y) = y~ /(1=
and U;(y) = y~7 /v with v = a/(1 — a), j = 1,2, so that Assumption 6.1 is also
satisfied (see Remark 6.7) and implies K < co in (9.2) below. We obtain easily

(9.1)

V(A) =sup E [ /O ’ e PO (NPT H (1)) dt + eﬁfﬁz(xeﬁfH(T))] =\,

K
TES 0

with

(9.2) K = sup K, :=supE [/ e~ (1Bt (H(t))iv dt + e~ (187 (H(T))W:| .
TES TES 0

Clearly V() is differentiable everywhere, and it follows from Corollary 8.7 that V (z) =
infy<q [V(A) +Ar] = K179 2%/a. In other words, with utility functions of power-type,
the original optimization problem is reduced to the pure optimal stopping problem
(9.2). We can arrive at this conclusion also using Proposition 6.5, since we have
X (A) = K ATV Y (2) = (K /2)' =, J(A7) = £2A77, and thus V(z) =
LK from (6.12), (6.13).
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The optimal stopping time 7 for the original problem is also optimal for the prob-
lem of (9.2); the corresponding optimal consumption ¢(-) and wealth-level X*™¢(7) =
&*(7) are given as

T __ Bt -1 T B+ L

ot) = e A (H@) T, 0<t<A, §8(7) = Jpem T (H (7)) T

by (6.11), and the optimal portfolio process #(-) can then be obtained from Lemma
6.3.
It is straightforward to check that 7 =0, K =1 if

[ r(t 1
W L] vosesr

>
/6_7_14—7 2

holds a.s., and that 7 =T, K = K if

[ (1) 1 2_
—|6(t <t<T
Tl vosis

B<y

holds a.s. This observation provides a complete solution to the optimal stopping
problem of (9.2) in the case of constant interest-rate r(t) = r € R and relative risk

0(t) = 0 € R™; in particular, if § = 7(117 + @), every stopping time 7 € Sp 7 is
optimal in (9.2) and K = K, = 1.

Ezample 9.2 (logarithmic utility function from terminal wealth only, with 5 > 0).
Us(z) =logx for > 0 and Uy(-) = 0. This is the setting of Example 6.6 with § = 0;
Assumption 6.1 is now satisfied trivially.

(i) b(-) = r(-)1,,. Since we have 6(-) = 0 in this case, it follows that J(\;7) =
—E[e=A7(1 + log A + A(7))], where

t
A(t,w)éﬁt—/ r(s,w)ds YO<t<T.
0

We claim that

Zf dA(t,w)

g — BA(t,w) is strictly increasing for almost every w €

(e.g., if r(t)=r>p), then (8.7) holds.
In order to check this, let 7 2 inf {t>0/ %ﬁt) — BA() > B(1 +1logA\)} AT.
It is not difficult to see that 7 € Sy, since —e P (1 + log A + A(f\(w),w)) is
then the minimum of the path e % (1 +1log A + A(t,w)), 0 <t <T. Moreover, the
condition of Corollary 8.8 is satisfied, and 7y, — 7y if A\,, — A. It follows that

V(z) = )1\1;% [J(A;Ta) + Azl

The optimal stopping time for the original optimization problem is ¥ = 75, where

A > 0 attains the infimum in the above expression. The corresponding optimal level
of wealth X*70(#) = £%(7) is given by (6.11) as

TAN X f‘f-r(s)ds—ﬁ‘f'
5(7—)_1}3(67&)6“ )

and the optimal portfolio process #(-) can be derived from Lemma 6.3.
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(ii) A general result for the logarithmic utility function (from terminal wealth
only) seems difficult to obtain, as we saw already in Example 6.6. Nevertheless, using
the theory of section 8, we shall establish the following property:

(9.3) V(x) is attainable and (8.7) holds for every x > 0, if there exists a
’ unique optimal stopping time solving problem (7.1) for every A > 0

The rest of this paragraph is dedicated to the proof of statement (9.3). Consider the
continuous process

YA(t) £ e P TP H(E)) = —e P41 + log A + Bt + log H(t))

and its Snell envelope, given as a right continuous with limits from the left (RCLL)
modification of the supermartingale

Z2(t) 2 esssup,cg, E[Y*(7)|F), 0<t<T,

with Z*(0) = sup,cs, , EYA (1) = V()\). We claim that Z*(-) is actually con-
tinuous. Indeed, since the random variable supy<,< Y () is integrable by Re-
mark 7.2, the Snell envelope Z*(-) admits the Doob-Meyer decomposition Z*(-) =
ZM0) + M (-) — AN) (Karatzas and Shreve (1998), Theorem D.13), where M?*(-)
is an RCLL martingale and A*(-) is continuous and nondecreasing. But any RCLL
martingale of the Brownian filtration is continuous (Karatzas and Shreve (1991),
Problem 3.4.16); hence M*(-) is continuous, and thus so is Z*(:). The stopping time

TS 2 inf {te[0,T) / Z*t) =Y*(t)} AT is the smallest optimal stopping time in
S, whereas the stopping time p 2 inf {t€]0,T) / AMt) >0} AT is the largest
optimal stopping time in Sy (Karatzas and Shreve (1998), Theorems D.12 and D.9; El
Karoui (1981)). In particular, the uniqueness property (9.3) amounts to the statement
Piri=pi]l=1 V0O <)X <o0.

Moreover, A — 75 is increasing; that is, for any A > v we have 77 > 7 a.s. To
see this, observe that Y*(t) — Y”(t) = —e P*log(\/v) and obtain

A
ZMNt) — ZV(t) = esssup,cs, E[YA(7)|F] — esssup,¢g, , B Y1)+ e P log <V>

7]

> esssup.cg, E[YA(7)|F] — esssup, cs, E[YA(7)|F] — e P! log (j)
=Y Nt) - Y¥(1)
a.s. for any given 0 < ¢t < T. By the continuity of Z(-) and Y'(+), it follows that
P[ZMt) - Y ) > Z2"(t) - Y"(t) VO<t<T]=1,

which implies that 75 > 7.7 a.s., since Z(-) always dominates Y'(-). It is not difficult
A . . -
to see that Tit = limy, .o 7, 1 are stopping times, thanks to the continuity of the

filtration F. Moreover, they both belong to ‘SA’)\, which is an easy exercise on the
dominated convergence theorem (we omit the details).

Now we can prove our assertion (9.3). Clearly it must hold that 75 = 7,7 = 7,
by uniqueness of optimal stopping time. It follows from Corollary 8.8 that V(x) is
attainable and (8.7) holds for every z > 0.
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Ezample 9.3 (a case where no optimal strategy exists). We present now an
example which shows that optimal strategies need not always exist for every initial
capital z € (0, 00).

Consider the logarithmic utility functions as in Example 6.6 with 6 = 0, i.e.,
Ui(-) = 0 and Us(z) = logz, discount factor 8 = 1, and model parameters m =
1, 7(-) =0, b(-) =0, o(-) =1 in (2.1), (2.2). In this case we may take c(-) =0
since there is no utility from consumption, and for a given initial capital x > 0 the
wealth-process X ™ () = X®™9(.) corresponding to a portfolio 7(-) satisfies

(9.4) AXT(t) = XPT(O)m(t) dW (),  X®7(0) = a.

It is not difficult to check that

(9.5) V(N = ;S—lelg JT) = ilelg E [-e"(1+logA+7)] = OrgntaSXTF()\; t),

where F(\;t) 2 —e '(1+1logA+t), A>0,t>0. Note that the function ¢ —
F(\;t) attains its maximum on the interval [0,7] at one of its endpoints; that is,
maxo<i<r F(A;t) = max{F(X;0), F(X;T)}, since e 2F(X;t) = log A + ¢ is increasing.
It follows then from (9.5) that

B —(1+1log A), 0 <A< A(T)
(9.6) V(A):{ —e*T(lJrlogg)\JrT), N (T) <A < o0 }

where A*(s) 2 exp {(s/(e® —1)) — 1} € (0,1) is determined by the equation
(9.7) 1+1log A" (s) = e (1 +log A*(s) + s).

Clearly, V (-) is not differentiable at A = X\*(T"). Moreover, it is easy to verify that
Gr={1/A} for 0 < A < X\*(T) and that Gy = {e"T/A} for A > X\*(T'), and thus

(9.8) G=J Gr = (0,20(T)] U [21(T), o)

A>0

with zo(s) 2 e )\*( ) € (0,1) and z1(s) 2 %(s) € (1,00); we omit the details of these

computations. It should be noted that 1 (-) is increasing with 1 (0+) = 1, z1(c0) = e,
whereas xq(+) is decreasing with zo(0+) = 1, z¢(c0) = 0.

Now with Vp(x ) = e Tlogz and Vi(x) = logx, let us consider the concave
function

G(z) 2 inf [V(\) + Az]

A>0
Vo(z), 0<z<uxo(T)
= ¢ Vol@o(D) it omery + Vi@ (M) im gy @) <z <a(T)
Vi(z), 71 (T) <x < o0

(see Remark 9.4 for discussion). We have V(z) = G(z) for « € G from Theorem 8.5,
or

Vo(z), 0<z<xo(T
(9.9) V(x) ={ VfEx; xf(T) §x0(<go }
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In particular, the optimal strategy is to keep all the wealth in the money-market (i.e.,
() = 0) and to wait until the terminal time T, if the initial capital z is in (0, zo(7T")],
whereas the optimal strategy for x > x1(T) is to stop immediately.

But how about an initial capital z € (zo(T),2z1(T))? From Theorem 8.5 and
Proposition 8.9, we know that either V(x) < G(z) for some x € (zo(T),z1(T))
(which will give us a nonconcave value function V(-)), or else V(z) = G(z) Vz €
(20(T),21(T)) (in which case no optimal strategy exists).

We claim that the latter is the case. In other words, V(z) = G(z) Vx € RT,
but no optimal strategy exists for x € (zo(T),z1(T)). Actually, for every z €
(20(T),z1(T) ), a maximizing sequence of strategy pairs {(m,,7,)} -, can be con-
structed so that J(x;m,,7,) — G(x) as n — oo; this proves, in particular, that
V() = G(-) on (zo(T),z1(T)). Indeed, consider the wealth-process dX*"(t) =
nX®"(t) dW(t), X*"(0) = x, and let

(9.10) Ty Einf {t >0 / X*"(t) < ao(T — 1)} AT,
(9.11) TP Sinf {t >0 / XO"(t) > a1 (T — 1)} AT.

Recall z¢(0+) = z1(0+) = 1, so that T} AT{* < T holds a.s. We define the portfolio/
stopping time pair (7, 7,) by

AN JANg——.
(912) Wn(t) =nNn: 1{t<T1"/\T0"'} and Tn = Tl . ]-{T1”<Tg"} +T . 1{T1"ZT(§L}'

This means if the wealth reaches the curve x1 (T —-) before reaching the curve zo(T—-),
stop immediately when this happens; if the wealth reaches the curve (T — -) before
reaching the curve x1(T — -), then put all the money in the bank account and wait
until the terminal time 7'; and up until the first time that one of these curves is
reached, keep an amount of n dollars invested in stock. Clearly,

(0.13) X (r) = 20(T = T§) - Lgg <rpy + 20T = TE) - Tgrp crpy-

Moreover, since 7, (-) is bounded, the wealth process X* ™ (-) is a martingale, and
the optional sampling theorem gives

(9.14) z =E[X®™ (1,)].

Because Ty =inf{t >0/ W(t) < int + %log(#)} AT — 0 as. asn — o0,
it follows from (9.13) and (9.14) that xo(T)pn + 21(T)(1 — pr) — x as n — oo,

where p, £ P(Ty < T7) =1 —P(T] < T), or, equivalently,

x21(T) —x
9.15 n — ———————— as n — 0o.
(9.15) P (1) = wo(T)
On the other hand, the expected discounted utility corresponding to (7, 7,) of
(9.12) is

J (@370, 70) = E[e” T log (20(T = Tg")) - Lizp <rpy +log (e a1 (T —T1)) - Lzp <zpy)-

We conclude the proof by noting from (9.15) and the dominated convergence theorem,
that

i I mm) = =T logmo(T) . — T =7 +1ogx1<T>.M

A o (T) — 20(T) = Gla).
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Remark 9.4. The tangent to the graph of V4(+) at @ = ¢ 2 xo(T) and the

tangent to the graph of Vi(-) at = x4 £ z1(T) coincide. Indeed, V{(z) = 1 so that
the tangent f1(-) to the graph of Vi(+), at the point z = x1, is given by

fi(z) =

xr — X

# i) = (£ =1) loga = X°(T)e - (1 log X (7).
T T
On the other hand, V{(z) = 2¢~7 so that the tangent fo(-) to the graph of Vo(-), at
the point z = xq, is given by
fo(z) = %e_T + folzo) = e T (zA*(T)e” —1) + e " log o
0

=MDz —e (1 +log\*(T) +T).

Thanks to (9.7), these two expressions are the same.

Appendix A. In this section we provide an example which illustrates briefly, in
a Markovian setting and with logarithmic utility from wealth (we set ¢(-) = 0 and
write X% 7(-) = X®»™0(.) throughout), how the optimization problem of (5.3) can be
cast in the form of a free-boundary problem for a suitable HJB equation, which can
then be solved explicitly.

In order to obtain such an explicit solution, we place ourselves on an infinite
time-horizon so that all stopping times 7 € Sy o are admissible, and we denote the
corresponding value function by
(A.1) Volz) = sup E [e_BT log X™7(7) * 1{r<oo}]

(m,7)eA(x)
with G > 0, for a given initial capital > 0 in the notation of (9.4). Furthermore, we
assume that the coefficients of the model () =r > 0, b(:) = b, o(-) =0 > 0 are all
constant, and we impose the assumption b # r1,,, or, equivalently, 6(-) = 6 # 0. For
the measure-theoretic subtleties associated with working on an infinite time-horizon,
we refer the reader to section 1.7 in Karatzas and Shreve (1998).
Consider the differential operator

1
(A2)  Lu(x) 2 —Bu(x) + rzu’ (z) + max (mu’(x)ﬂ'*ae + 5:521/’(33) | 7* o ||2)
(u'(x))*©?
= —ﬁu(m) + Txu’(x) — W,
acting on functions u : (0,00) — R which are twice continuously differentiable with
u”(-) < 0; here © é|| (e*)710 |=] (oo*)7Y(b - rl,,) ||> 0. By analogy with

section 2.7 in Karatzas and Shreve (1998), we cast the original optimization problem

of (A.1) as a variational inequality, relying on the familar “principle of smooth—fit.”
VARIATIONAL INEQUALITY A.l. Find o number b € (1,00) and an increasing

function g(-) in the space C([0,00)) N CL((0,00)) N C%((0,00) \ {b}), such that

(A.3) Lg(x)=0, 0<z<b,

(A.4) Lg(z) <0, x>b

(A.5) glx) >logzr, 0<x<b,

(A.6) glx)=logz, x>0,

(A7) glz) >0, x>0,

(A.8) g"(x) <0, z€(0,00)\{b}.
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THEOREM A.2. Suppose that the pair (b, g(-)) solves the Variational Inequality
A1, that the ratio |g'(z)/(xg"”(x))| is bounded away from both zero and infinity on
(0,00), and that the stochastic differential equation

(A.9) dX(t) = X(t) lr dt — 00 @) 0 dWo(t)] : X(0)=xz>0,

has a pathwise unique, strictly positive strong solution X (+). In terms of this process,
define

A -1, g(6)
(A.10) () =—(o 0
(") £9" (&) le—x ()

Then the function g(-) coincides with the optimal expected utility Vo (-) of (A.1), the
pair (#(-), 7) attains the supremum in (A.1), and we have X*7(-) = X(-).

Proof. Fix x € (0,00). For any available portfolio process 7(-), an application of
Itd’s rule to G¥7(t) 2 e Ptg(X=™ (1)), 0 <t < oo, yields, in conjunction with (3.1),
(A.3), and (A.4),

o =t {t>0/X@) > b}

(A11) (X7 (1) = glo) = [ 0 € (O] Loy W)

= [ e (worsn e+ 308 Imo P -s0)| as
0 §=X"7(s)

t
§/ e P Lg(X®™(s))ds < 0.
0

It follows that the process G%7™(t) = e Ptg(X®™(t)), 0 < t < oo is a local super-
martingale under P, hence also a true supermartingale because it is positive. In par-
. VAN . .
ticular, G%7(0c0) = limsup,_, ., G*™(t) > 0 exists a.s., and {G%7(t), 0 <t < oo} is

a P-supermartingale. Thus

(A.12) Ele " log X™™(7)  Lircooy) < E[e PTg(X®™ (7)) - 1 <o0y]
<E[G""(7))] < g(x)

holds for any stopping time 7 € Sp oo, by the optional sampling theorem and (A.5)—
(A.6); in other words, Vo (x) < g(x). We complete the proof upon noticing that,
thanks to (A.3) and (A.6), all the inequalities in (A.11) and (A.12) hold as equalities
for the choice

JAN

a g’();((t)) (0*)'0, 7 Zinf {t >0/X(t) > b} ,

(A.13) 0 Xl GO

since we have 0 < g¢(X(3)) < logb and e #™g(X(#%)) = 0 on the event
{725 = OO} O

We have now to construct the solution of Variational Inequality A.1 and to verify
the properties for (A.9) assumed in Theorem A.2.

PRrROPOSITION A.3. Let a be the unique solution of the quadratic equation

2 e* B B
(A14) a_<1+27“+7">a+’)"_0
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in the interval (0,1), set b = el and consider the function

o f a2 /eq, 0<z<b
(A.15) g(x){ log z, b<z <o }

Then the pair (b, g(-)) solves Variational Inequality A.1, and the stochastic differential
equation (A.9) has a pathwise unique, strictly positive strong solution X ().
Proof. Note that the function

o2
(A.16) F(u)éu2—<1—|—2:6>u+f, 0<u<oo,

is convex with F(0) = 8/r > 0, F(1) = —©2/2r < 0. Thus F(-) has exactly one
root in the interval (0,1). It is clear now that (A.6)—(A.8) are satisfied since b > 1.
Furthermore, notice from (A.15) that

a—1
N ) T e, 0<z<b
(A-17) g(m)—{ 1/x, b<z<oo }

is continuous across x = b (principle of smooth-fit), which implies that the func-
tion g(+) belongs to the space of functions C([0,00)) N C1((0,00)) N C%((0,00) \ {b}).
It is fairly straightforward to check that (A.3) holds for 0 < z < b, and that
lg'(z)/(xg"(x))| is bounded away from both zero and infinity on (0,00) (cf. (A.19)
below). As for (A.4), we need to prove that —Blogz +r+©2%/2 <0 Vz > b. Since

loghb =1/a and § > 0, it is sufficient to verify o < o* = B/(r+ %2) Indeed

@2
Fla*) = a* (a* _ T th 1) 48
T T

o2 e?
<ot (ﬂ_W_1>+5_a* <_2+7“>+5 _ o,
T T T T T

which yields a < o*. Finally, (A.5) follows readily from
1 /1 1/1
g (z) — (logx) = — (gco‘ — 1) < = (bo‘ — 1) =0, 0<z<b.
x \e x \e
It is now clear that the pair (b, g(-)) solves Variational Inequality A.1.

For the function g(-) of (A.15), the optimal wealth-process X (-) of Theorem A.2
satisfies the stochastic differential equation (A.9), namely,

(A.18) dX(t) = X(t)[rdt + v(X ()0 dWo(t)],  X(0) =z >0,
where
(A.19) ve) & xi;'('g) _ { 1/(11’— @), 2;;:;20 }

Equivalently, the process 37() 2 log X (+) solves the stochastic differential equation

(A.20) dy (t) = {r — @ P (e?(t))} dt + V(e?(t))G* dWo(t), Y(0)=logu,
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which has a pathwise unique, strong solution (cf. Nakao (1972)). This, in turn,

means that (A.15) for X() = ¢¥() also has a strictly positive, pathwise unique
strong solution, as postulated in Theorem A.2. ]
Remark A.4. For x > b, we have 7 = 0; on the other hand, for 0 < x < b, we can

write the stopping time 7 2 inf {t > O/X(t) > x} = inf {t > O/Y(t) > 1ogb} in
the form of the time

%:inf{t20/<r+ ”92|2(1:Z‘;‘2)t+19jawa) > 1og(z>}

of first-passage to a positive level by a Brownian motion with drift. Clearly, we have
P[7 < o] =1 if and only if (1 —«)?+]]0]|*(1 —2a)/2r > 0, and in light of (A.14)
this last condition is equivalent to

(a21) (s=r-to17+ ) a2 (5-r- 195,

In particular, if o = I,,,, the condition (A.21) amounts to

(A.22) B<r b —rlnl

Remark A.5. From (A.13), the optimal portfolio process is actually given as

(A.23) () = (f*_);la _ (‘;"_*); b—rly, O0<t<#;

this means that the optimal strategy is to invest a fized proportion of total wealth in
every stock, given by (A.3), up to the optimal stopping time 7.

Remark A.6. The assumption 6 # 0 is crucial for solving Variational Inequality
A.1. When 6 = 0, we can have situations, as in Example 9.3, for which no optimal
strategy exists. Actually, for 8 = 0 and 8 > r, it is easy to show that Variational
Inequality A.1 has no solution (see Example 9.2 for discussion of the case § =0, § <
r).

Appendix B. As the referee points out, it would be very interesting to study
optimization over a consumption stream that extends beyond the stopping time 7.
Consider, for instance, the situation of an investor who remains in the stock-market
up until a “retirement” time 7 of his choice. At that point he consumes a lump-
sum amount £ > 0 of his choice (say, to buy a new house, or to finance some other
“retirement-related” activity); and from then on he keeps his holdings in the money-
market, making withdrawals for consumption at some rate, up until t = T.

We can capture such a situation by changing the wealth-equation of (3.1) to read

(B.1) dX(t) =r(®)X(t)dt + X ()7 (t)o(t)dWy(t) —dC(t), X(0)==x > 0.
Here
(B.2) C(t) = /t c(u)du+ & - l[T,T](t), 0<t<T,

0

is the “cumulative consumption up to time ¢.” This process consists of a stopping
time 7 € S, a consumption-rate process ¢(-) as before, and an F.-measurable random
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variable £ : 2 — [0, 00) representing lump-sum consumption at time 7. We say that
a portfolio/cumulative-consumption process pair (m,C') is “available” to an investor
with initial capital z, if the portfolio process 7(-) and the wealth-process X(:) =
X=mC() of (B.1) satisfy

(B.3) 7(t) =0, T<t<T,

(B.4) XomC(t) >0 VO<t<T, and XomT) >0,
a.s. For any such pair (m, C), the investor’s expected discounted utility is given as

T

oy 2 1o Te_ﬁt c e PT
(B.5) J"(x;7,C) E[ /0 Ul( (t))dt+ Ug(f)-l-’y/r

e U (e(t)) dt]
for some given constants « > 0, v > 0 and utility functions U;(-), Us(:). With
a =1, v =0, we recover the problem of section 5. With a =0, v =1, the expression
of (B.5) tries to capture the situation of an investor who consumes nothing up until
retirement, consumes a lump-sum amount £ at that time, and afterwards keeps all
holdings in the money-market while consuming at some rate ¢(-). The objective now
is to maximize the expression of (B.5) over the class A*(z) of pairs (7, C') that satisfy
the analogue

T

(B6) E a/T e Uy (c(t)) dt—&—e‘ﬁTU{(f)—Fv/

e Pt (c(t)) dt] < 00

of (5.2), and to see whether the value-function

(B.7) V*(x) = sup  J(z;m, C), z € (0,00),
(w,C)eA*(z)

is attained by some optimal (#,C) € A*(z). We have not yet been able to obtain a
satisfactory answer to these questions and would like to suggest their resolution as an
interesting open problem.
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