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A REVIEW OF AN OPTIMAL DESIGN PROBLEM FOR A PLATE
OF VARIABLE THICKNESS*

JULIO MUNOZ? AND PABLO PEDREGAL?

Abstract. We revisit a classic design problem for a plate of variable thickness under the model
of Kirchhoff. Our main contribution has two goals. One is to provide a rather general existence result
under a main assumption on the structure of the tensor of material constants. The other focuses on
providing a minimal number of additional design variables for a relaxation of the problem when that
assumption on the tensor of elastic constants does not hold. In both situations, the cost functional
can be pretty general.
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1. Introduction. The problem of the optimal design of a plate of variable thick-
ness under Kirchhoff’s model can be stated as finding the optimal, symmetric profile

h:QcR?—>R,

where € is supposed to be the midplane with respect to which the plate is symmetric,
so that it minimizes the value of the compliance functional

I(h) = /Qf(a:)u(x) dz,

where f is the vertical load over the plate, and w is the vertical displacement in
equilibrium which is obtained from the profile h by solving the equation of equilibrium

82

0?u ()
_ 3 R ———— =
WZ)’;J 0z;0x (h (@) Miju axk8x1> f(z)

in Q, supplemented with clamped boundary conditions around 992 by demanding
u = Vu = 0 over Jf). Here the fourth-order tensor M encloses the various material
constants for the type of elastic material the plate is made of. In addition, there
should be some other constraints on the admissible profiles so that the problem is
meaningful. On the one hand, we assume that there is a minimum and a maximum
height for A so that

0<h_ <h(x) <hy
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and h_, h, are given parameters. On the other hand, we must limit the amount of
material that can be used so that

/ h(z)dz <V |Q|
Q

and h_ <V < hy.

This problem has received some attention over the years in two different directions.
First, it was noticed long ago that, at least in some situations, this problem is not well-
posed in the sense that there might not exist optimal profiles (see [6], [7]). Today, this
is a well-understood fact. It is typically associated with some lack of convexity, often
taken in a suitable broad sense. This direction was further pursued and explored from
the horizon of finding a minimal relaxation in the sense of using a minimal number
of generalized design variables (see [5], [9]). Several later works emphasized this
perspective and proved various types of results always trying to minimize in various
ways the number of design variables needed to describe minimizing profiles. In many
of these contributions, Young measures associated with minimizing profiles were used
in one way or another (see [1], [3], [4], [11], [15]). Second, in some other situations,
existence of optimal profiles has been shown despite the fact of the just-mentioned
difficulties (see [14], [16], [17]), coming to a situation where it is not completely clear
when, depending on the ingredients, one can trust existence results or else anticipate
highly oscillating optimal profiles. Another point in many of these works is that the
only cost functional considered is the compliance written before, along with some
other variants of order zero (no derivatives of u).

The aim of our contribution here is twofold. First, we examine the structural
ingredients of the problem that enable an existence result, and how existence of op-
timal profiles is compromised when such requirements are not fulfilled. As we will
see, this is basically related to the structure of the tensor M of material constants
so that the existence of optimal profiles for this problem depends (for many relevant
cost functionals) on the elasticity properties of the material we use to manufacture
the plate. Second, we would like to be able to examine more general cost functionals
and not just the compliance. We will give results for much more general objective
functionals in both existence as well as nonexistence cases.

Let F(x,u, )\, &, h) : QxR xR2xM?*2xR — R be a given integrand, continuous
in the variables (u, A, &, h) and measurable in = (here M?*? is the space of the 2 x 2
real matrices). Define

I(h) = /QF(x,u(m)7Vu(x),v2u(x),h(x)) dz,

where u solves

0? 3 OPu(z)\ )
Z 81:18% (h (x)Mijkl 8Ikaﬂjl> o f(l') m Q7

Ou(x)
on

Specifically, we consider the following optimal design problem:

=0 on 09,

u(x) =

Minimize I(h)

subject to h_ < h(z) < hy in Q, / h(z)de <V Q.
Q
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The main structural assumption to distinguish between existence and nonexis-
tence of optimal solutions for this optimal design problem refers to the material tensor
M. We will say that M is decomposable if

M:M1®M27

where M; are positive definite, second-order tensors (matrices). Notice how in this
case the equilibrium equation basically reduces to the biharmonic operator. In this
situation, we have a general existence result.

THEOREM 1. Suppose that M = My ® M, i.e., M is decomposable, and the
integrand F' in the cost functional I is such that the functions

ax2 ., C °
B

and

2) e {M?? M, =0 xR i F(z,u,\ & h
(&2) € { y-E=0} = e o (m,u, N, &€, R)

are convex for any constant ¢ and fived (x,u, ). Then there are optimal profiles for
the associated optimal design problem for the plate.

A corollary worth stating covers many situations of interest.

COROLLARY 2. Suppose that the integrand F does not depend on & and h, and M
is decomposable. Then for any such F (even nonconvez), the corresponding optimal
design problem admits optimal solutions.

Explicit cases like the compliance F' = f(z)u (z) are covered with this corollary.
But also examples like F' = g(z)u(z), F = |Vu(z)|?, etc., can be treated through
this result as well.

When the tensor M is not decomposable, the situation is drastically different. In
many cases, this fact is responsible for the lack of optimal solutions and the analysis is
much more complex. See the references cited above. In the particular situation where
we assume that the profile h is a function of x; alone, so that h(x) = h(zy), and
the tensor M is that of an orthotropic material, a relaxed formulation of the problem
can be pursued. It has been a principal goal over the years to find a minimal full
relaxation of this problem, that is, one which requires the least number of additional
design variables. For the compliance functional, the best result we know of has been
obtained in [4] (also in [15] within a more general framework). Here, by revisiting
some of our own old ideas [11], we are able to show that this same result holds true
even for much more general functionals. Recall that M for orthotropic materials is
defined in terms of two main material parameters: Young’s modulus F, and Poisson’s
ratio r, so that the nonvanishing components of M are

2 FE 2 Er
_— = = —-—
31,2 M2 = Maony 31,2

1 B
- .
1212 = Mi221 = Ma112 = Mooy 3147

Mi111 = Moo =

THEOREM 3. Let admissible profiles depend only on x1, M corresponding to an
orthotropic material, and let the integrand for the cost functional

F(z,u,\): @ x RxR? = R
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be measurable in x € Q and continuous (not necessarily convezx) in the pairs (u,\).
Consider the optimal design problem

Minimize in (6,h): J(0,h) = / F(z,u(z), Vu(x)) dz
Q
subject to
06[071]5 hE[h_,h+],

/Q 6(x)hs + (1 — (x)h(z)] dz < V|9

and where u solves

0
u = au_ 0 on 99,
on
and the nonvanishing components of M depend on the design variables through for-
mulae

i 2 E = 2 2 . Er?
M = gc(x)m, Ma229 = gm(I)E + gc(x)l—iﬂ’
=7 — 2 Er
M2 = Mog11 = gC(I)m,
Mtz = Mias = Marp = Marzr = sm(s)—
= = = = -m(x
1212 1221 2112 2121 = 3 T

m(z) = 0(x)h + (1 - 0(x))h*(x),
c(z)™t = 0(x)h® + (1 — 0(x))h(z) 2.

This problem is a full relazation of the initial optimal design problem in the sense

1%f I(h) = (0,1}3 J(0,h).

The relevance of this result is in the fact that only one additional design variable,
0 (a certain weight), is required to produce a full relaxation of the problem, and this is
so for a rather huge class of cost functionals and not only for the compliance. We will
later provide further details as to how one is to interpret these pairs (6, h) in terms
of sequences of profiles for the original problem.

This work includes another three sections. The second one contains the full proof
of Theorem 1 as well as some observations on some explicit examples. Section 3 covers
a brief, elementary discussion on the structure of the material tensor M. Finally,
the last section is devoted to the proof of Theorem 3. We will also dwell on the
interpretation of the proposed relaxed formulation in terms of the ingredients of the
original optimal design problem.

2. Existence results. It is our aim to study a type of design problem for plates
whose state equation has the format

(1) div (div (h*(z) (My ® Ms) V?u(2))) = f (2) in Q.
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It is assumed that f € L%(Q) is the applied vertical load, € is a smooth bounded
domain in R? that represents the midplane of the plate, h € L> () is the design
variable, and the tensors M; are assumed to be positive and symmetric. To this
equation we add the boundary conditions

ou (x)
2 = ——==0o0n 0N
(2) u (x) o on
(clamped plate). We assume further natural constraints on the feasible designs by lim-
iting the height of the thicknesses and the amount of material: the set H of admissible
designs is defined as

3) H= {h L) :h(z)eh,hi]=Qae. xzeQ, V(h)= | h(z)dr < V}

Q
(V, 0 < h_ < hy are given positive constants). Associated with this state equation,
we consider the general optimization problem

(4) min {L(h) = /QF (z,u, Vu(z), Vu(z),h(z)) dm} ,

heH
where u solves (1)—(2) and F is a given integrand such that
F:(z,u,\Eh) €QxR xR xM?*? xQ - R =RU/{+o0}.

F is measurable in = and continuous in (u, A, &, h).

Our goal is the optimization problem that consists of looking for an admissible h
and the corresponding displacement w, the only weak solution of problem (1)—(2) in
the Sobolev space HZ(Q2) (the subspace of H?(Q2) under the constraints (2)), which
minimizes the objective functional L defined in (4). We denote this problem by (P).

For the study of the above minimization problem, we shall consider a new equiva-
lent variational problem. The underlying idea is to use the differential expression (1)
in order to define a new objective functional subject to a set of constraints which are
easier to deal with. The construction of this equivalent problem is performed in an
elementary way [13]:

1. We introduce an auxiliary function wg: the solution of the elliptic problem

(5) — div(M1Vu0) = f, Ug € H& (Q) .
2. Equations (1) and (5) give
div div(h® (M; ® My) V?u) + div(M; Vug) = 0,

which is equivalent to writing

(6) div (M V(h? [div (M2 Vu)]) + M1 Vug) = 0
or even

(7) div (MyV(h* [My - V?u]) + M1Vug) =0,
ie.,

(8) div (M;Vv) = 0,

where

(9) v = h3div (MyVu) + ug = h* My - Vu + uy.
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3. The new optimization problem, denoted by (EP), is described as follows. The
new integrand for the cost functional is

¢ (z,u,\ &0, 2) :{nin{F (x,u,)\,é‘,ﬁ) 102%3(M2'§)+UO (x),zzi;},
heQ

understood as taking the value 4+o0o whenever the set of admissible h’s is
empty, and the objective functional to be minimized in the variables (u, v, z)
is

Huv.z) = [ o (@u(e), V@), Vule) v(z) 2 (2) da.
Q
under the constraints

ue H(Q), ve H (Q), div(M;Vv) =0, z€ L™ (Q), / z(x)dx = V.
Q

PROPOSITION 4. The two optimization problems (P) and (EP) are equivalent in
the following sense: for any admissible pair (h,u)' for (P) there is a triplet (u, v, z)
admissible for (EP) such that

L(h) > J(u,v, 2).

Conversely, for any admissible triplet (u,v,z) for (EP), there is an admissible pair

(h,u) for (P) and
L(h) = J(u,v, 2).

In particular, if (u,v,z) is optimal for (EP), then

_(v@) —w @)
whenever My - V?u (x) # 0, and

h(z) = argmin < F (z,u(x), Vu (), V3u () b))z (x) > h
i IECED

otherwise, is an optimal profile for (P).

Proof. The proof is almost straightforward. We include some details for the
convenience of the reader.

Let (h,u) be admissible for (P), so that problem (1)—(2) holds. We consider ug
(solution of (5)), and

v(z) =h?(z) (Ma - Vu(z)) +uo ().

By following the construction explained above v solves (8) and the classical regularity
results on elliptic systems ensure that v is in H? (£2). We select z verifying

(10) z(x)>h(z), z(x)e@, and /Qz(m)dsc =V.

IHere (

h,u) is said to be admissible in the sense that for any h € H we find the only solution u
of problem (1)—

)=(2)-
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Then for any x € €,

¢ (z,u(@), Vu(z), Vu(e),v(z), 2 (z))

= min {F (:L',u, Vu(z), Vu(z) ,?L) cv(x) = % (M, - V2u (z)) +uo (), 2 (z) > %}
heQ

< F (z,u,Vu(z),Vu(z),h(z)).

It is clear that our triplet, (u,v, z), is admissible for (£P) and J(u,v, z) < L(h).
Let (u, v, z) now be admissible for (£P). The multifunction H given by

arg %nelcr?l {F (x, u(z), Vu (z) , VZu (x) ﬁ) v (x) =h° (Ms - Vu(z)) + uo () 2 (z) > E}

is measurable and takes closed set values. Then H admits a measurable selection (see
[10, Thm. 2.23]) and we can select a measurable function h such that h(z) € Q, and
for any x € Q)

© (m,u (), Vu(x) V2 (),v(x),z (x))
= min{F (m,u(ac) ,Vu (x), Vu (2) ,h) s (x) =h° (Ms - Vu(z)) + uo (2), 2 (x) > h}
heq
=F (z,u(z),Vu(z),Vu(z),h(z)).

Moreover, by definition we have v (z) = h® (z) (M2 - V2u () +uo (), 2 (z) > h(z) €
Q. This is enough to fulfill the state equation

divdiv(h® (M; ® My) Vu) = f (z),

the bound on the volume

and the equality I(u,v,z) = L(h,u). d
We can now establish the existence of optimal solutions for (EP).
THEOREM 5. Assume that the two functions

c

2x2 . — e
gE{M ]\425>O} F<$,U;Aa§7 (M2£)1/3>

and

,2) e {M>*2 My - £=0) xR i F(x,u,\ & h
(&2) € 2 &=0}x = e (z,u, N\, &, R)

are convex for any constant ¢ and fized (x,u, ). Problem (EP),
( inf : J(u,v,2) = / ¢ (z,u(z), Vu(z),Vu(z),v(z),2(2)) de,
U,z Q

where

cp(x,u,)\,ﬁ,v,z) :Iglig{F(:c,u,)\,{,h):v:hs (M25)+U0($),22h}
€
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under the restrictions

u€ HZ(Q), ve H (Q), div(M;Vv) =0, z € L™ (Q), / z(x)dx =V,
Q
has optimal solutions.
Proof. Let (uj,vj, z;) be a minimizing sequence for (€P). As we have seen in the
proof of Proposition 4 we can build the corresponding sequence h; such that

div div(h? (M; ® Ma) V?u;) = f (x), u; € H3(Q).

Then we can ensure that u; is uniformly bounded in H 2(9). This sequence converges
to u weakly in HZ(Q2) and, consequently, u; and Vu; converge strongly in L?*(Q)
to u and Vu, respectively. On the other hand, by elliptic theory, div(M;Vv;) = 0
implies v; converges almost everywhere to a function v € H' (Q) verifying the same
elliptic equation (see [16] for a very neat proof in the case of the Laplacian), so
that v; converges strongly to v. Finally, notice that because ¢ (z,u,\, &, v,2) =
o (z,u, A & v, hy) if z; > hy, we may assume without lost of generality that h; <
zj < hy. Then z; converges to some z in L™ () weak-x, and this limit must satisfy
Joz(x)dz =V.

On the basis of these remarks, it remains to prove that ¢ is jointly convex in (&, 2)
for fixed (x,u, A, v). To do that, it is enlightening to rewrite ¢ as

1/3 1/3
—uo(x) v —uo ()
F <x3u7)\7£) (U]\;;.g ) ) 5 M2 ' 5 7é 07 z > (1 Mzofx ) S Qa
mingein_ zno F(@,u, A\, & h), My -€=0, v=ug(x),

+00 else

and discuss the convexity by considering two main cases:
1. v # up(x): in this case ¢ is given by

—uo(x) 1/3 —uo(z) 1/3
F (x,Uw)‘vgv (%) > ) M2 5 7& 07 z 2> (U]\;QOAJ ) € Qa
400 else.

This is a convex function of (&, 2), as the set where it is finite is convex, and,
by hypothesis, the function on such a set is also convex. Checking this is
elementary but a bit tedious.

2. v = ug(x): in this situation we have

QO(.’E7 u, )\, 57 v, Z) _ {minhe[h,z]ﬂQ F(.’I}, U, )‘7 6) h)7 M - f =0,
+00 else.
This is again convex by our main structural assumption on F. 0

The proof of Theorem 1 is a direct consequence of Theorem 5 and Proposition 4.

The generality of the cost functional permits us to associate with the state
equation a huge class of optimization problems. We give some examples of such
densities: the compliance case F' = f (z)u(z) or some other typical densities like
F = g(x)u(x), F = |Vu(x)|?, or the identification-type problem F = |u(x)—ug(z)|?+
|Vu(z) — Vug(z)|?, where ug € H' () is the observed deflection of the plate. Also,
F = F (z,u, Vu), where F} is continuous on the last two variables (but not necessarily
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convex) or F' = Fy (ac, u, Vu, V2u), where F5 is continuous on the last three variables
and only convex in the V2u variable, are densities for which the existence is ensured.
Even with F = F| (z,u, Vu) + F3(h) or F = F, (z,u, Vu, V2u) + F(h), where Fj is
any convex and nondecreasing function (F; and F5 as above), the existence of optimal
classical minimizers is guaranteed.

3. The structure of the tensor M. We have seen so far that the possibility
of decomposing the tensor M as the tensor product of two matrices is the crucial
ingredient for having existence of optimal profiles. This will be so for special types of
materials. In many sources from mechanics this is assumed as part of the model. See
[2], [8]. Indeed, the equilibrium equation for the plate is often taken as

DA%y = f,

where the coefficient D is the so-called flexural rigidity or the bending stiffness given
by

Eh3
D=——+|
12(1 — r2)
where h is the (constant) thickness of the plate, and F and r are, as before, Young’s
modulus and Poisson’s ratio. When h is nonconstant, then the equation of equilibrium
must be written in the form

ﬁA(h?’A) = f.
This time

E

D=nma=ry

Within this sort of model, the tensor M is clearly decomposable with M; and M,
multiples of the identity. In these cases, we can apply Theorem 1 to ensure the
existence of optimal profiles.

The case of orthotropic materials is, however, very different. In fact, an ortho-
tropic tensor is not decomposable.

PROPOSITION 6. An orthotropic tensor is never decomposable.

The proof is elementary and well known to specialists. Indeed, by writing a
fourth-order tensor as a 4 X 4 matrix in an organized way, we realize that the matrix
corresponding to a orthotropic material is of the form

E4

4
ST

= OO =
O = = O
O~ = O
_ O O 3

If such an M were decomposable, this matrix would have to be a rank-one matrix,
which is easily seen not to be the case.

4. Design with a nondecomposable tensor. We investigate in this section
the same design problem for the plate under the assumption that the tensor of elastic
constants is not decomposable so that Theorem 1 is not applicable. Indeed, it is
well known, as indicated in the introduction, that in this situation nonexistence of an
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optimal profile may result, as the creation of highly oscillatory stiffeners may favor
the overall rigidity of the plate.

As before, the goal is to choose the half-thickness i and its corresponding deflec-
tion u, which minimizes an integral functional L = L(h, u) given by

(1) L(h,u) = /QF(x,u(x),Vu(az))dJ;,

where F is assumed to be measurable in x = (21, 23) and continuous on the variables
uw and Vu.

The class of materials is restricted by imposing an orthotropic condition, namely,
the nonzero components of M;;; are

2 F
M = = ——
1111 = Ma222 31,2
2 Er
M = = ——
1122 = Mo211 31,2
M =M =M = M. = £
1212 = Mi221 = Mo112 = Ma121 = 31 +7)’

where r and E stand for the Poisson ratio and the Young modulus, respectively. By
our comments in the preceding section, this tensor is not decomposable.

We analyze this problem under the simplification that the thickness depends just
on one variable h(z) = h(z1) for any z; in the interval

(a,b) = {z1 : there exists z2 € R such that (z1,z2) € Q}.

The design criterion is to minimize L among all the plates whose half-thickness
h satisfies all the constraint indicated above. In other words, the aim is to solve

(12) min L,
where
(13)
H = {h € L>(a,b) : h— < h(z1) < hy ae. x1 € (a,b), /Qh(:rl)dmldxg < V}.

Here h_, h4, and V are as before.

As indicated before, it is widely recognized that the principle described in (12)-
(13) may have no solution. At least, Theorem 1 cannot be applied. This fact suggests
performing a relaxation of the design problem to understand the nature of minimizing
sequences of profiles. This entails defining a new admissibility set H containing H,
and an extension L of L such that

(14) inf L = min L.
H H

It is interesting to notice that by introducing the relaxation mingf7 we are con-
sidering a problem whose solutions provide information about minimizing sequences
of (12). However, it is important to look for the (full) relaxation, which introduces a
minimal number of additional design variables. Ideally, just one more variable would
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be optimal. For the compliance functional, this was shown to be the case in [4] by
making use of optimality conditions. We will prove that this is the case for many
more cost functionals by revisiting some our our previous ideas on this problem [11].

The starting point for a relaxation is the lemma by Murat [12] and Tartar [18]
related to H-convergence. It explains why the cubic-average and the harmonic cubic-
average play an important role in the relaxation for this problem. This lemma is
only valid under our assumption of profiles depending only on z;. The reader can
consult [5] for a detailed proof of this result.

LEMMA 7. Let {M(T)} be a sequence of orthotropic tensors bounded uniformly
by (d, D), i.e

(r)
Z szkltij

ij

dlt? < > M titu,
4,4,k,1

< D |t| for every k,l.

Suppose that M) = M) (z1) and

)\ (00)) !
(M1111> (M1111) )
(vith) (aif) = (wih) (aaf2)
1122 1111 1122 1111 )
2 -1
(85) — (a1 (i) ™ = (k) — (ae)” () ™
M5, = MizD).

If u™) are the solutions of the equilibrium equation for the clamped plate with tensor
M) and u(>) is the solution corresponding to M) then u(™) — u(>®) in HZ(Q).

Because of the structure of the components of an orthotropic tensor, it is elemen-

tary to check that for a given sequence of designs {h;}, if we define (in a unique way)

the pair (h,6) by putting

h3 2 0n3 + (1 —60)h3,

09 EONAA
h;® —0h” +(1—0)h

for € [0,1], h € [h_, hy], and

— 2 F
M =
1111 30(1 — 7"2)’
2 2 Er?
M2222 = *TTLE + *Cir 5
3 3 1—1r2
(16) 5 B
— — T
M =M =
1122 2211 301 — 2
Mios = Misot = Moty = Motog = 2m—b
= = = = —m
1212 1221 2112 2121 3 (1 i r)’

where m and ¢ denote the cubic average and the harmonic cubic-average of the pair
(0, h), respectively,

an m = 0h% + (1 - 0)R®,
17 _
c=(Or P+ (1 -0,

then
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L(hj7 uj) - Z(6‘7 h)?
where

L(0,h) = /QF(x,ﬂ, Vu) dz

and 7 is the solution of the plate equation corresponding to the tensor M. Notice
that weak convergence in Hg () implies strong convergence in H!(2).

This discussion suggests defining a relaxation as an optimization problem for pairs
(0,h) in

H={(0,h):0<0<1h_ <h<h,}

with cost
L(0,h) = / F(z,u,Vu) dz,
Q

where as above 7 is the solution of the equilibrium plate problem for tensor M ob-
tained from (6, k) through the cubic-average and the harmonic cubic-average as in
(16) and (17).

This would essentially be the proof of Theorem 3 except for the fact that the
parameter V' has not entered into our discussion. In fact, minimizing sequences of
admissible designs must comply with

/ hj(z)dz <V,
Q

and we have not told how this parameter V enters into the relaxation. How is V to
restrict further the pairs in H?

We observe that admissible pairs in H come from the weak convergence of se-
quences (h?, h;g) In order to relate h; to (h;’7 h;g), we will look for a function G so
that

h:G(h37h73)7 h € [h—7h+]a
and extend it by putting
G (0h3 + (1 — 0)h*,0h % + (1 — 0)h ™) = Ohy + (1 — O)h.

If G so defined turns out to be convex, then by the weak convergences in (15),

(18)
lim [ hj(z)de = lim [ G (h3(z),h; () dx
J—00 9] J—00 Q

> [ G O@ht + (1= 0N 0@)h* + (1= b(e)h(z) ) da

_ /Q 0()hy + (1 — 0(2))h(x)] da,
so that we have

[ B+ (1~ o@pna) az < v.
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We then add this volume constraint to feasible pairs in H:

= {(9,h) 0<0<1,h <h< h+,/ 0y + (1 — 0(2))h(z)] de < V}.
Q

After the previous remarks, the full proof of Theorem 3 has been reduced to

proving the convexity of the mapping G described above. This convexity property for
G was proved in [11] (proof of Theorem 4.1). It is a nice, geometric argument, which
we do not include here for the sake of brevity. It has nothing to do with the rest of
the analysis in this work. One can also find in that paper how to recover admissible
sequences of designs which are minimizing for the original problem from optimal pairs
in 7. This can be done in an elegant way by using Young measures associated with
such sequences of designs.
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CONVERGENCE OF THE PRIMAL-DUAL ACTIVE SET STRATEGY
FOR DIAGONALLY DOMINANT SYSTEMS*

KAZUFUMI ITO" AND KARL KUNISCH?

Abstract. Sufficient conditions for global convergence of the primal-dual active set strategy
for finite and infinite dimensional quadratic, as well as nonlinear optimization, problems with affine
equality and inequality constraints are presented. These conditions involve diagonal dominance and
cone preserving properties of the operator defining the cost functional. Globalization strategies are
also provided, and specific sufficient conditions for the primal-dual active set step to have a descent
property are given.

Key words. primal-dual active set strategy, diagonally dominant systems, bilateral constraints,
globalization
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1. Introduction. In this paper we discuss the primal-dual active set method
for variational problems with simple constraints in function space or in R™. Let us
consider the quadratic programming problem

mingecz %(Am,x}z —{a,x)z

(1.1)

subject to ¢ <z <,

where a € Z, A € L(Z) is a self-adjoint operator, and Z = R" or Z = L?(Q), endowed
with the usual Hilbert space structure and the natural ordering, where € is a domain
in R?. We assume that (1.1) admits a unique solution denoted again by x. If z
is a regular point [MZ] with respect to the constraints in (1.1), then there exists a
Lagrange multiplier p € Z such that

Ax + p = a,
(1.2)
pw=max(0, u+c(z — 1)) +min(0, u + c(x — ¢)),

where ¢ > 0 is a fixed constant and max, min are interpreted pointwise a.e.in Q if
Z = L*() and coordinatewise if Z = R™. The second equation in (1.2) constitutes
the complementarity condition associated with the inequality constraint in (1.1) [IK1].
We note that in iterative methods such as sequential quadratic programming or second
order augmented Lagrangian methods, quadratic optimization problems with linear
constraints must be solved which take the form of (1.1). The primal-dual active set
method that will be analyzed in this paper is an efficient technique for solving (1.2).
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While (1.2) is derived from (1.1) with A self-adjoint, this assumption is not essential

in the remainder of this paper and we therefore drop it unless it is explicitly specified.

If = —00 or ¢ = oo, then (1.2) reduces to the unilaterally affine constraint case.
The primal-dual active set method uses the complementarity condition

= max(0, p + ¢ (x — 1)) + min(0, u + ¢ (z - 6))

as a prediction strategy. Based on the current primal-dual pair (x, ), the updates
for the active and inactive sets are determined by

T={p+ec(x—¢)<0} and A={p+c(z—1)>0},

where {u + c(z — ¢) < 0} is the abbreviation for {t : u(t) + c(z(t) — ¢ (t)) < 0}. This
leads to the following Newton-like method.
PRIMAL-DUAL ACTIVE SET METHOD.
(1) Initialize 2°, u%. Set k = 0.
(2) Set Tp, = {u* +c(a® —y) <0 < pk +c(a® — )}, Af = {uF +c(z¥ —1p) > 0},
= {1 e(ok — 9) < 0},
(3) Solve for (z*+1, puk+1)

A.I‘k+1 4 Hk+1 =a,
gl =y in AF, 2*P=¢in A, and pFtl=0in7Z;.

(4) Stop, or set k =k + 1 and return to (4).

It was shown in [HIK] that the above algorithm can be interpreted as a semi-
smooth Newton method for solving (1.2), and sufficient conditions were given for its
local superlinear convergence. For related results in finite dimensions we refer to
[FK], for example. The emphasis in this paper lies on providing sufficient conditions
for global convergence without a globalization strategy such as a line search or a
trust region method. This is motivated by the fact that global convergence was
observed in many applications; see, e.g., [HIK, KR]. It appears to be difficult to find
conditions which precisely describe this phenomenon. However, diagonal dominance
and a structure which is close to the M-property appear to enhance this kind of
unconditional convergence with respect to the initial condition.

We now describe the contributions of this paper. In section 2 we present mo-
tivating examples for the function space formulation of (1.1). We also consider the
case where, in addition to the simple inequality constraints, equality constraints and a
more general inequality constraint are present. A sufficient condition for the reduction
of such problems to (1.1) is presented. Sufficient conditions for global convergence
without globalization strategies of unilaterally constrained problems with arbitrary
initialization are presented in section 3. In section 4 we analyze bilaterally constrained
problems. Nonlinear problems are considered in section 5. As mentioned above, the
primal-dual active set method converges for important practical problems without
the necessity of introducing a globalization scheme. Of course, we cannot expect
that this is universally true. Therefore, in section 6 we also consider a globalization
strategy which can be utilized if the primal-dual active set strategy with full steps
does not provide sufficient decrease. In particular we provide a sufficient condition,
which guarantees that the direction supplied by the primal-dual active set strategy
serves as a descent direction, and we describe alternative choices for obtaining descent
directions.
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2. Applications. Here we provide two motivating examples for studying the
primal-dual active set strategy for (1.1) in function space. In Example 2.3, moreover,
we consider a more general class of problems and their reduction to the form given
by (1.1).

Ezample 2.1. Let us consider an optimal control problem with Q) C Q as the
control domain, Q a bounded domain in a finite dimensional space, and Z = L2({):

minuex 3 Jo [y — 717 de + §luli
subject to —Ay=Bu, y=0o0n0d), and ¢ <u<1,

where o > 0, §j € L*(2), ¢and¢) € Z, and B € L(Z, L*(Q)) is the extension-by-zero
operator of the identity from €2 to Q. This problem can be formulated as (1.1), without
equality constraint (F = 0), by setting

A=al+ B*(-A)™?B and a= B*(-A)"'g,

where A denotes the Laplace operator with homogeneous Dirichlet boundary con-
ditions. In this example A is an additive perturbation of a multiple of the identity
operator, a situation which we shall return to in section 3. Note that A is also well

defined from LP(2) to LP(2) for any p > 1. Moreover if B and B* are positivity
preserving, then A is positivity preserving, and discretizations of A have the property
that off-diagonal elements are decaying at an a-dependent rate.

Ezample 2.2. Similarly we can consider the time-dependent problem
mingex 3 fOT Jo ly — 92 da dt + $ulk
subject to %y = Ay + Bu,
y(0,-) =yo, y=0o0n(0,7)x09Q, and ¢ <u<,

with Z = L2(0,T; L2(Q)) = L2((0,T) x (€2)),7 and yo € L2(Q), ¢ and ¢ € Z, a > 0,
and B € £(Z,L?(0,T;L?(2))) is the extension-by-zero operator of the identity from
(0,7) x Q to (0,T) x Q. Again A = ol + (& — A)~'B)*(£ — A)~'B is positivity
preserving if B and B* are positivity preserving, and off-diagonal elements of canonical
discretizations of A are decaying at an a-dependent rate.

Ezample 2.3. Here we consider the quadratic programming problem

minge x %(Aw,x)x —{a,x)x
(2.1)
subject to Ex =b, ¢ < Gz <1,

where @« € X, A € L(X) is a self-adjoint operator in the real Hilbert space X,
Ee L(X,W), G e L(X,Z), with W a real Hilbert space, and Z is as in (1.1). We
assume that (2.1) admits a unique solution, denoted again by z. If z is a regular point
[MZ] with respect to the constraints in (2.1), then there exists a Lagrange multiplier
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(A, u) € W* x Z such that

Ax + E*A+ G*u = a,
(2.2) Ex =b,

p#=max(0, u+ c(Gx — ¢)) + min(0, u + ¢ (Gz — ¢)),

where ¢ > 0 is a fixed constant as above.
We now derive sufficient conditions which allow us to transform (2.2) into (1.2).
In a first step we assume that

(2.3) G is surjective, range(G*) C kerE, EZ = b, where Z € (ker E)*.

Note that (2.3) implies that G : N(E) — Z is surjective. If not, then there exists
a nonzero z € Z such that (z,Gx)z = (G*z,2)x = 0 for all € ker E. If we let
x = G*z, then |z|?> = 0 and z = 0, since G* is injective. Let Pg denote the orthogonal
projection in X onto ker E. Then (2.2) is equivalent to

Az + G*u = Pg(a — AZ), p=max(0,u+ c(Gz — (v — GI),
E*\= (I — Pg)(a — A(Pgi + T)),

with A = Pp AP}, and 2 = &+ 7 € ker E + (ker E)*. The first of the above equations
is equivalent to the system

pay U PO Fe)i 4 Fod) G =1 B oo~ 43),
2.4
Po A(I—Pg)i+Pgi)=PsPr(a—AT),

where Pg = I — G*(GG*)71G is the orthogonal projection in ker E C X onto ker G.
Since G* is injective, the first equation in (2.4) is equivalent to

(GGHTIGAG(GG) Yy +x2)+pu=(GG*)'G Pg(a— A),
where y = Gz for 21 € ker EN (ker G)*, 25 € ker GNker E, and & = x1 + 2. Let
Ay = (GG")IGAG*(GG*)™Y, Ajs = (GG*) G APg, Ayy = PoAPg
and
ay = (GG*)'*GPg(a — AZ), ay = PgPgr(a — A%).

Then (2.4) is equivalent to the following equation in Z x (ker E Nker G):

(2.5) (ﬁil ﬁ;j)(§2)+(’é)=(2>

Let us summarize the discussion so far. If A € £(Z) and (2.3) holds, then (2.5),
together with

(2.6) p=max(0,p +c(y — (¢ — G2))),
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and E*\ = (I — Pg)(a — A(Z + T)) are equivalent to (2.2), where x = & + T, with
&=z + 20 €ker E, x5 € ker ENker G, x1 € ker EN (ker G)*, y = Gay.

Note that the system matrix in (2.5) is positive definite if A restricted to ker E
is positive definite.

Let us now further assume that

(2.7) Ago is nonsingular.
Then (2.5), (2.6) are equivalent to
(28) (A11 — A12A2_21AT2):U + n=ay — A12A2_21a2

and (2.6), which is the desired form (1.2). In the finite dimensional case, (1.2) admits
a unique solution for every a € R”, if and only if A is a P-matrix (see [BP, Theorem
10.2.15]). Recall that A is called a P-matrix, if all its principal minors are positive.
In view of the fact that the reduction of (2.5) to (2.8) was achieved by taking the
Schur complement with respect to Ags, it is also worthwhile to recall that the Schur
complement of a P-matrix (resp., M-matrix) is again a P-matrix (resp., M-matrix); see
[BP, page 292]. If one does not carry out the reduction step from (2.5) to (2.8), then
the coordinates corresponding to xo can be treated as inactive ones in the algorithm
and the convergence analysis that we carry out for (1.2) remains valid for (2.5)—(2.6).

Let us specify the primal-dual active set method for the extended problem (2.2).

PRIMAL-DUAL ACTIVE SET METHOD (extended problem).

(1) Initialize 2°, u°. Set k = 0.

(2) Set I, ={p*+c(Gak—1p) <0 < pF+e(Gak—¢)}, A = {pF+e(Gak—1p) > 0},

Ay = {u* + e(Ga* — ¢) < 0}
(3) Solve for (zF+1 \E+1 k1)

Axk+1 + E*)\kJrl =+ G*Mk-i-l =aq,
Eghktl = p,
Gzl =4 in Af, Ga**l=¢in A, and pF*!'=0in7;.

(4) Stop, or set k = k4 1 and return to (2).

Applying the algorithm for the extended system to (2.2), or utilizing the primal-
dual algorithm for the reduced system (1.2), results in algebraically equivalent systems
if (2.3) holds. The relationship between the two approaches is given by

gkt = i b 7 where 28T € ker BN (ker G)Y, 25t € ker ENker G,
Geitl' =y, p=0inZ;, y"'=v-GrinAl, y*'=¢-GrinA,,
and (2.4) holds with (y, z2) = (y**1, z5T1).

3. Diagonally dominated class: Unilateral case. In this section we discuss
the global convergence of the primal-dual active set method in the unilateral case,
ie.,

(3.1) Az +p=a, p=max(0,u+ c(z—1)).

For the convenience of the reader we recall the algorithm for this case.
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PRIMAL-DUAL ACTIVE SET METHOD (unilateral problem).

(1) Initialize 2°, u°. Set k = 0.

(2) Set Tj, = {u* +c(a® — ) <0}, Ap = {i" + c(a* —¢) > 0}.
(3) Solve for (z*+1, uF+1)

Al‘k'H + Uk+1 =a,
2Pt =4 in A, and pFt'=01in Z;.

(4) Stop, or set k =k + 1 and return to (4).

Here we abbreviate AZ by Aj. Sufficient conditions for global convergence were
established in [HIK] for the finite dimensional case Z = R™. The sufficient condition
we discuss here is more general. It is related to diagonal dominance of A and will
imply that

M(FHL k) = ( B )t da,
(1, 1) = max ﬂ/ﬂ(w %) a:/

(1) o)

Q

with 3 > 0 acting as a merit functional for the primal-dual algorithm, i.e., M (z**+1,
pFt) < pM(zk, pF), for some p < 1. Here we set ¢* = max(¢,0) and ¢~ =
—min(¢,0). Note that by step (3) of the algorithm we have

(382) M@, k) = max <ﬂ [t —wytan, [y dm) .
T Ak
The natural norm associated with this merit functional is the L'(Q)-norm, and
consequently we assume that

(3.3) A€ L(LYQ)), a € LY(Q), and ¢ € L'(Q).

The analysis of this section can also be used to obtain convergence in the LP(2)-norm
for any p € (1, 00), if the norms in the integrands of M are replaced with | - |[P-norms
and the L!(Q)-norms below are replaced with LP(£2)-norms as well.

The results also apply for Z = R™. In this case the integrals in (3.2) must be
replaced with sums over the respective index sets.

We assume that there exist constants p;,i = 1,...,5, such that for all partitions
A and 7 of Q and for all ¢4 > 0 in L?(A) and ¢7 > 0 in L*(Z),

[AZ'61]7| < p1l¢zl,

(3.4)
[A7' Azadalt| < p2ldal
and
[AadA]l™| < p3loal,
(3.5) [Aaz Az ¢1]7| < palozl,

[Aaz A7 Az ad A F| < ps5|al.
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Here | - | denotes the L'(Q)-norm and A7 = RzAEr, Az4 = R4AFE7, where Er :
LYZ) — LY(Q) is the extension-by-zero operator and Rz : L'(Q) — L'(Z) the
restriction operator from 2 to Z. The remaining symbols are defined by analogy.
Assumption (3.4) requires in particular the existence of A7 ! By a Schur-complement
argument with respect to the sets 7y and Ay this implies existence of a solution to
the linear systems in step (3) of the algorithm for every k.

THEOREM 3.1. If (3.3), (3.4), (3.5) hold and p = max(B p1+p2, G +pa+53) <1,
then M is a merit function for the primal-dual algorithm of the reduced system, and
limg oo (2%, uk) = (z*, u*) in LY(Q) x LY(Q), with (x*, u*) a solution to (3.1).

Proof. Let 6z = x**t! — 2% and 6 = p**t! — p*. Then,

A bx 4, + Au, 1,607, + 6p1a, =0,
(3.6)
Az bz, + Az 4,024, — 'u%c =0.

For every k > 1 we have (2! — )t < (2! — 2F)* on Z;, and (u*+1)~ = (6p)~ on
Aj.. Therefore

(3.7) M+ ) < ma (6 [ (@)t [ ).
T .Ak
From (3.6) we deduce that
6$Ik = _AE:(_M%C) + AEkIAIk:Ak(—(SJ]Ak),
with u%c <0 and 6z 4, <0. By (3.4) therefore

|(622,) %] < paluf, | + p2l6w.a, ]

B k \— k +
=p / pr,) | +p / =1
(3.8) ! TN Ap_1 (ez,)" ? Amzk,l( )
P2 ko k
B
Similarly by (3.6),

opa, = A»Ak- (_(SCC»Ak-) + AAkaAEk.l(_:u%c) - AAkaAEklAIkAk(_ézAk)'

Since 6z 4, < 0 and uﬁk <0, we find by (3.5)

_ +
B9 16na)| < plbna, |+l |+ paloral < (22 4 pn) (et i)

and therefore

P3 + ps
B

Thus, if p < 1, then M is a merit functional. Furthermore M (zF+1 pFt1) <
pFM(zt, ut). Together with (3.8),(3.9), and (3.6) it follows that (z*, u*) is a Cauchy
sequence. Hence there exists (z*,u*) such that limy_ (2%, u*) = (2*,u*) and

M(@*+ 1) < max (ﬂpl + pa, + p4) M(z",p¥) = p M(a*, ).
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Az + p* = a,p*(z* — ) = 0 a.e. in Q. Since (z¥ — )T — (2* — )T as k — oo and
limy oo [ (2T =)™ =0 it follows that 2* < ¢. Similarly one argues that * > 0.
Thus, (z*, 1*) is a solution to (3.1). 0

Concerning the uniqueness of solutions to (3.1), assume that A € £(L*(Q)) and
that (Ay,y)r2(q) > 0 for all y € L*(Q) with y # 0. Assume further that (z*, u*) and
(&, f1) are solutions to (3.1) with & — 2* € L?(Q). Then (& — a*, A(Z — 2*)) 2(q) <0
and therefore & — x* = 0.

Remark 3.1. In the finite dimensional case the integrals in the definition of M
must be replaced with sums over the active/inactive index sets. If A is an M-matrix,
then p; = pa =0 and p < 1 if %3 + pa + %” < 1. This is the case if A is diagonally
dominant in the sense that p, < 1 and ( is chosen sufficiently large. For such a matrix
A the property p < 1 is stable under additive perturbations, which are not necessarily
M-matrices.

Remark 3.2. Consider the infinite dimensional case with A = ol + K, where
a>0,K e L(L'()), and K¢ > 0 for all ¢ > 0. This is the case for the operators in
Example 2.1, as can be argued by using the maximum principle. Let ||K|| denote the

norm of K € £(L'(Q)). For |K|| < a and any Z C Q we have A7' = 11, — L K7 A7"
K]

and hence p; < FCEOR Moreover p3 = 0. The conditions involving ps, ps, and ps
2 2
are satisfied with py = aH\(1H<|\7 Py = a(giﬂ‘\lm\)’ and ps = %, and p < 1if « is

sufficiently large.

4. Diagonally dominated class: Bilateral constraints. The primal-dual
active set method for the bilateral constraint case was given in section 1. We now
provide sufficient conditions for its global convergence. Analogously to section 3 we
select the merit function M as

M(xk+17/1'k+1) = max (/ ((xk-H - 1/})-"_ + (xk—H - 90)_) d$7
Iy

/A;:(Mkﬂ) dfﬂ+/A;(/~Lk+1)+dx>'

In the finite dimensional case the integrals must be replaced with sums over the respec-
tive index sets. We note that step (3) of the algorithm implies the complementarity

property

(4.1)

(4.2) (2% — ) (a* — p)uF =0 a.e. in Q.

As in the previous section the merit function involves L'-norms and accordingly
we aim for convergence in L(£2). We henceforth assume that

(4.3) A€ L(LYNQ)), a € LY(Q), ¥ and ¢ € L}(Q).
Below, || - || denotes the norm of operators in £(L!(£2)). The following conditions
will be used: There exist constants p;,i = 1,...,5, such that for arbitrary partitions

AUZ = Q we have

IAZH] < p1,
(4.4)
A7 Az.all < po
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and

[Aa = cI|| < ps,
(4.5) A4z AT < pa,

|Aaz A7 Azall < ps5.

We further set p = 2max(max(p1, p2, 22), max(ps + ps, pa), @ ).

THEOREM 4.1. If (4.3), (4.4), (4.5) hold and p < 1, then M is a merit func-
tion for the primal-dual algorithm applied to (1.2) and limg_ o (2%, u*) = (z*, u*) in
LY(Q) x LY(Q), with (x*,u*) a solution to (1.2).

Proof. For 6z = ¥t — z* and 6p = p*+! — ¥ we have

AAzéxA,:' +AAk",'Ik6ka +AAZA;(S$A,: +6/J‘A2,’ =0,
(46) AIkéflk + AIkA;:&EA;: + AIkA,: &EA; — Iu,%e =0,

AA;(SxA; + AA;zk‘Ska +AA;A;’5$A2’ + 5%4; =0

with
>0 on Al nAf,
(4.7) pha 8 = on  In_1NA},
k
>c(p—¢) on AN AZ‘,
[C(QO - 1#)7 0) on A$_1 N Ika
(4.8) py €4 0 on T NIy,
(O,c(p =)l on A NIy,
<c(p—1) on A}g_lﬁA;,
(4.9) Mi, = on Ip_1NA,,
k
<0 on A NA,
=0 on  Af  NnAS,
(410) 5$Ak+ <0 on Tp—1N A;,
zw—gp<“7k on A NAS,
:go—w>“7k on  Af  NA.,
(4'11> &CA; >0 on Trk_1 N AI;,
=0 on A NA.
From (4.2)

(4.12) (e37" = ¥z,)" < (baz,)" and (23" —z,)” < (buz,)"
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This implies that

(4.13) M(x“l,u“l)max( pazrls [ Gy [ w’““ﬁ).
Tr AF Ay

From (4.6), (4.4), (4.8), (4.10), and (4.11) we have

|6w1k‘ < p1|M§k| + p2|6x-Ak‘
< prl10s e V1 o)D) + o216 4| + 1624 )

(AN e A VPR )

#0216 = )| s VI =00
)]
This implies
(4.14) |62z, | < 2 max (pl,pg, %) M(z* k).
From (4.6) furthermore
(4.15) patt = (uly, — cdza,) = 9,
where g = (¢ — Aa, )T 4, — AAkaAZiAIkAkéfAk~ By (4.7) and (4.10), we have
“i\,j — céxA;: > 0.
Similarly by (4.9) and (4.11), we have
ui\; — céxA; <0.
Consequently

(5D 1+ 15 < gl < (s + ps)l6wa] + pulin|
(4.16) i
S 2 max <p4,,03 + P55 p30p5) M(xk7uk)

By (4.13), (4.14), and (4.16)

_|_
M M) < 2max (max (phpg, %)max (p4, p3 + ps, LC%))M(xk,u’“)-

It follows that M (zk*1 p*+l) < pF M(2t, pt), and if p < 1, then M(x*, %) — 0
as k — oo. From the estimates leading to (4.14) it follows that z* is a Cauchy
sequence. Moreover u* is a Cauchy sequence by (4.6). Hence there exist (z*, u*)
such that limg_ o (z¥, u¥) = (z*, u*). By Lebesgue’s bounded convergence theorem,
and since M (z*,pu*) — 0, it follows that ¢ < 2* < . Clearly Az* + p* = a
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and (z* — w)(x* — @)u* = 0 by (4.2). This last equation implies that u* = 0 on
I* = {p < z* < v}. It remains to show that u* >0 on A*T = {a?* =1} and p* <0
on A%~ = {x* = p}. Let s € A*" be such that z¥(s) and u k(s) converge. Then
w*(s) > 0. If not, then p*(s) < 0 and there exists k such that p*(s)+c(z¥(s)—(s)) <
@ <0 for all k > k. Then s € Z% and p**+! = 0 for k > k, contradicting p*(s) < 0.
Analogously one shows that p* < 0 on A*~. ]

We now specialize to perturbations A which are additive perturbations of a mul-
tiple of the identity operator.

THEOREM 4.2. Assume that A = cI + K with K € L(L*(Q)) and | K| < ¢,
and that (4.3), (4.4), (4.5) are satisfied. If p = 2max(max(“ Lpy, po), max(ps +
05, P4)s p3+p5 ) < 1, then the conclusions of the previous theorem are valid.

Proof We follow the proof of Theorem 4.1 and eliminate the overestimate (4.12).
Let P = {25 — 4 > 0} N Z;,. We find

<ébrpnz,_, on PNZyq,
_ +
oyl = 6$P0A;f_1 on PNA,,

5umA};1 + (p— ¢)pﬂA;1 on PNA,_ ;.

This estimate, together with A=! = lI — leF1 implies that

/(xk-i-l +</(S.T+/ p— w
I PNAL

k—1

S/Afklug—k _/ AE:AIkAk&CAk +/ B =9
P P PNA;_,

= //‘L +/ 2 ,l/} _7/ KI)C Ik /‘LIk -/AIk AIkAk(SxAk
PNA,

k—1

IN

1 _ _

_7/ KIkAIkllu%c _/ AIklAIk-Ak(SxAM
cJp P

and hence

%]
[t oyt < Bk 4 oo
Tk

An analogous estimate can be obtained for [, (xF+1 — )7, and we find
< IE]
[ar—o [ @ - o < Bk + paloo
T T
We can now proceed as in the proof of Theorem 4.1. ]

Example 4.1. We apply Theorem 4.2 with A=1+ K € E(Ll(Q)) By Neumann
series arguments we ﬁnd p = 2max(2, max(y+ :, 75)) = 15, where v = ||K||,
andﬁ< 1if | K| < =. IfA—I—|—K1s replaced with A = ¢l + K, then p < 1 if
v < 2c+1’ in case ¢ > 1 and p < 1 if +2, in case ¢ < 1.

Example 4.2. Consider the finite dimensional case A = I + K € R"*", where R"
is endowed with the £*-norm. Again Theorem 4.2 is applicable and p < 1, if || K|| < %
where || - || denotes the matrix-norm subordinate to the ¢!-norm of R™. Recall that
this norm is given by the maximum over the column sums of the absolute values of
the matrix.
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5. Nonlinear case. In this section we consider the nonlinear complementarity
problem

(5.1) zelC, (fla),y—a)z>0foryelC={yeZ:y<y}
or equivalently,
(5:2) f@)+p=0, p=max(0,p+z—1),

where f maps L?(Q) into itself and is C! from L!(Q) to itself. In this case step 3 of
the primal-dual active set method is given by the following:
(3) Solve for (xF+1, pF+1)

PR = F) + JaR) + =0,
(5.3)
2Pt =9 on A, pFtt =0 on Iy.

Let the pair (20, u%) satisfy (2° —¥)u® = 0 (pointwise).
Throughout this section we assume that (5.3) admits a solution (x**+1 pF+1) €
LY(Q) x LY(Q), for every k > 0. We further assume that (3.4)—(3.5) hold and that

(5.4) IAZY < p1, IAZ Azall < p2, and [ AazAZ'| < pa,

with A = f/(x) for all z € B(z", r) and all partitions AUZ = Q. Here B(2°,7) denotes
the open ball with center 2° and radius 7. Let A° = f’(z°). Then, éz = 2* — 2° and
op = pt — uO satisfy

A b a, + A% 7,027, +bpa, + (f(2°) + 1%) 4, =0,
A%O(SxIU + A%OAOCS‘IAU - u%o + (f(xo) + NO)IO =0.
Since 2% —9 > 0 on Ag and ° <0onZy, sz =1 —2° < 0on Ag and 6 =0—pu® >0

on Zy. Referring to the arguments in the proof of Theorem 3.1, it follows from (3.4)—
(3.5) and (5.4) that

67, < o / (6] + 1(F@) + 1O d + pa [(2° — ) 4o,

|<6zzo>+|s01:p1/1 |u°dx+p2/A 12® — | d + pn |(F(@®) + 1)z
0 0

(5.5)
[(6p040) 7| < Ca = (ps + ps)|(2° — ¥) 4| + pali, | + 1(f (@) + 1) 4|
+pa |(f(2°) + p°)z, .
Thus,
656 2! — 2% < Cs = pulug, | + (P2 + 1) [(2° — ) a0 + P [(f(2°) + 1°)z, ,
5.6

Mzt pt) < max(3C, Cy).

Next, for k =1,2,..., let A*¥ = f'(2*) and 6z = 2T — 2% = p**! — u¥, and note
that

A.]f‘lk(sxAk + Aikzkéle + 6:“./419 + A.Ak == 07

A%véxl—k + AgkAk(Sx.Ak - M%k + AIk =0,
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where A = f(z%) — f(z*=1) — f/(zF 1) (2F — 2%~1). We now assume that there exists
7 such that for z*, z¥=1 € B(z%,r)

Al = (") = f="71) = f'(@ ) (" — 2" < yfat -,

Again, from (3.4)—(3.5) and (5.4)

ponl < on ([ Wde+180)) +in [ 105 - vl
Tk Ay

Gz < [ Iﬂkldwﬂ)z/A (62| dz + pr | Az,
k k

I(5uAk)‘|S(p3+p5)/A Iw’“—wldw+p4/z ¥ | da + |Aa, |+ pa|Az, .
k k

Thus,
k41 Lk L) ko k Ck k1
| ¥ < ﬂ+p1+5 M(®, 1) +ypr |2 — 277,
(5.7)
k_ k-1
R 2 -
M@ pF ) < p M(2, 4*) + 2p1 v max(B pr, 1, pa) |2ﬁ1|,

where we used

/ |xk—¢|dm§/ 2% —¢|de and / |Mk|dl‘§/ || da,
-Ak Ik 1 Ik -Ak 1

and p is defined as in Theorem 3.1.
If we set

. . o1 145 .
(5.8) w = max (p + 2p1y max(8 p1, 1, p4), = + f)z + ’Yp1> ,
2 268p;

then

k+1 _ .k k_ k-1
(5.9) max <M,M(zk+1, ukH)) < w max (|x 2517 |, M(xk,uk)> .
P1
Hence if w < 1 and 27 € B(2°,r), for j < k, then
_ ok 1_ .0
max (M,M(a:]”l,u]”l)) < w” max (w, M(xl,ul))
P1

and thus,
1
(5.10) |zF - 29 < 0 max( |zt — 2%, 25 M(z*, pt)).

Let Cy,C5, C3 be as defined in (5.5)—(5.6), and assume that

2p1 Cs
. — | <
(.11) 2P mox (51, o) < v
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Then it follows from (5.6) and (5.10) that |z*T! — 2°| < r, and thus by induction in
k we have z* € B(2°,r) for all k£ > 1 and (5.9) holds for all k. Hence z* is Cauchy,
and by (5.3) u* is a Cauchy sequence as well. It follows that lim(x*, u*) converges
to a limit (z*, u*) in L1 () x L*(2). As in the proof of Theorem 3.1 one argues that
(x*, p*) satisfies (5.2). Moreover from (5.9)

m—1 m
o7 = < 3 T - < DT ma(lat b 20 M b))
j=k j=k+1

< —— max(lo® — 2", 20 M(a*, 4)),

and therefore
* w — ~
(5.12) |2k — 2*| < 10 max(|z¥ — 271,251 M(zF, k).

In summary we obtain the following.

THEOREM 5.1. Given (2°,u°) and r > 0, we assume that (3.4)—~(3.5) and (5.4)
hold with A = f'(x) for all x € B(2°,r) and all partitions AUZ = Q, and that for
z,y € B(z% )

|f(x) = fly) = F(@)(x =y < ylz -yl

Suppose further that w < 1, with w as defined in (5.8), that (z°, u°) satisfies (x° —
V)po = 0, and that (5.11) holds. Then (x*,u*) converges in L'(Q) x LY(Q) to a
solution (x*, p*) of (5.2), and (5.12) holds.

Remark 5.1. If f is C?, then v can be chosen proportionally to r. Thus, referring
to the choice of A discussed in Remark 3.1, we can choose r > 0 sufficiently small
and ( sufficiently large so that w < 1 provided that p < 1, where p is as defined in
Theorem 3.1. Alternatively, referring to the situation in Remark 3.2 we have w < 1
provided that p < 1, and r and py are sufficiently small.

6. Globalization. In this section we consider the globalization of the primal-
dual algorithm for the unilateral constraint case in the finite dimensional case, i.e.,

X = R% The extension to the bilateral case is straightforward. The variational
inequality (5.1) is equivalent to (5.2), i.e., F(z, ) = 0, where

f@) + p,
F(x,,u) =
max(0, u + (z — ) — pp = max(—p, x — ¥),

where we set ¢ = 1. We introduce

O(x, 1) = |F(z,p)?

as a merit function. If we let

A={p+(x—=v¢)>0}, Ty ={p+(x—4) =0}, and I = {u+ (z —¢) <0},
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then the directional derivative of F' is given by

f(@)bx + bp,
bx on A
F'((z,p);d) =
—op on 7o
max(—déu, éx) on Iy

with d = (6x, ). Here and throughout this section we assume that f € C'(R¢,R?).
We find that

1
5 0@ 3 d) = =[f(2) + pl* + (@ = ¥), 82) 4 + (1, 6p), — ( max(—=6ps, 82))1,
if the direction d = (éx, 6u) satisfies
f'(@)dx + ép + f(x) +p = 0.

This implies that

1

SUF @)+ ) (d) = (F(2) + p, f'(w;67) + 6p1) = =|f () + pl*,
We assume that the following assumptions (6.1)—(6.4) are satisfied:
(6.1) S ={(z,pn) €ERI xR¥: O(x, ) < |F(z° u°)|} is bounded.

There exists &, b > 0 such that for all (z,u) € S there is a direction d = (6z, )
depending on (z, ut) such that

f(@)éx +op+ f(x) +p =0,

(62) 0 (. p);d) < —08(x, 1), and |d] < b|F(z ).

0 is subdifferentiably regular for all x € S| i.e.,

(6.3) 6°(z; d) = 0/ (; d) for all d € RY.

Moreover we assume the following closure property:

(6.4) If (z,p) — (%, 1) and d = d(x, ) — d, then 0'((Z, i);d) < —G0(Z, [i).

In (6.3) above the Clarke generalized directional derivative 6°(z;d) of 6 at x in the
direction d is defined by

0°(xz;d) = limsup —Q(y +td) - 9(y).

y—x, t—0t 3

In (6.4) the direction d = d(x, ) is chosen according to (6.2), but d need not be
related to (Z, t).
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ALGORITHM.
(i) Let 8, v € (0,1), and o € (0,5).
(ii) Apply the primal-dual active set method to determine (

PR = k) 4 f(a) + =,

l‘k+1, k+1):

I

Pl =9 on A, pFt' =0 on Zy.

If [Pt pb )] <y [F(a, p?)] and (@0 p*Hh) — (aF, 1)| < B[F (2", 1b)], set
k=k+1 and skip (iii).

(iii) Let d* be a descent direction for § at (z*, u*) according to (6.2) and set
ap = ™k, where my is the first positive integer m for which

O((a, ) + 6™ d°) — 0", i) < —oB™ 0(a", ).

Set (zF*1, k1) = (2%, 4*) + a* d*, k =k +1, and go to (ii).

THEOREM 6.1. Suppose that f : R* — R? is C*.

(a) Assume (6.1)-(6.4) hold. Then, the sequence {x*} generated by the algorithm
is bounded, |F(x* 1 b1 < |F(z*, u*)|, for all k >0, and each accumulation point
(x*, 1*) of {(z*, u*)} satisfies F(x*,u*) = 0.

(b) Moreover if for one such accumulation point

(6.5) |h| < c|F'(z*,u*;h)|  for all h € RY,

then the sequence (x*, u*) converges superlinearly to (x*, u*).
Proof. The proof follows from Theorem 2.1 in [IK2]. d
In [IK2] the reduced form of F'(z,u) = 0, which is given by

—f(@) = max(0, = f(z) + = — ¢),

is analyzed. In this case the new active set is determined on the basis of A=
{—f(x*) + 2¥ —+ > 0}. If the full step is taken, then this differs from the new
active set A used in this paper in that pu* = —f/(xF=1)(z% — 2%~1) — f(aF71) is
replaced with — f(x*).

For related results on globalization of semismooth Newton methods applied to
linear and nonlinear complementarity problems, we refer to [HP] and [DFK].

6.1. Descent directions. We turn to a discussion of directions which are de-
scent directions satisfying (6.2)—(6.4). As for (6.3) we recall from [C] that convex
locally Lipschitz continuous functions are subdifferentiably regular, and thus we con-
centrate on (6.2) and (6.4).

The direction d = (6, 6u) defined by the primal-dual active set method satisfies

(6.6) fl(x)bx+épu+ f(x)+pu=0, éx+x—v=00onA, éu+p=0o0n7Z,
where we suppress the iteration index k. To estimate 6 observe that
((z =), 62) 4 + (1, 6p)z, — (1, max(—bp, 6x))z,
= —|o = ¢l% — |ulz, — (1, max(=ép, 62))z,.
If 6 + 6z < 0 on 7y, then

_(ua HlaX(—(S[L, 6I))I1 = (p’a 6/-1‘)11 = _|u‘%1 .
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If 6pp+ 6z > 0 and 6 < 0 on Zy, then

—(,u,max(—éu,(‘ix))zl = —(Haéx)L < _‘:u|%1

(6.7) {6p+éx >0} N{ép>0} NIy =0,

0 ((z, ), (62, 8)) < =2[F(x, p)|?,

and thus d = (6z,6p) defined by (6.6) satisfies the first condition in (6.2). Note that
if (z, 1) = (, u¥) is chosen according to the primal-dual active set strategy without
a subsequent line search, then pu* = 2¥ —+ = 0 and (6u)*** = 0 on (Z3);. In this
case, (6.7) reduces to the assumption that {z**! > 9} on (Z);. As for the second
condition in (6.2), let Rz : R¢ — RIZI denote the restriction matrix from R? to the
coordinates of active indices, and set Az(x) = Rz f'(z)RE. If ||(Az(x)) || < K for a
constant K independent of x € S and the combination of inactive indices Z, then a
Schur complement argument shows that the second condition in (6.2) holds.

Turning to the closure property (6.4), let (z,u) — (Z,71) and d(z,p) — d =
(6xz,6p). As a consequence of the assignment on the active and inactive sets as
expressed in (ii) of the algorithm, we have

(6.8) (7 + 6z — ) (i +6p) = 0.

Let A={Z—¢+p >0} 11 ={Z—v¢+i=0}, and Zo = {T — ¢+ i < 0}. We shall

give a sufficient condition which guarantees that 0'((z,),d) < —2|F(z,1)]>. The
estimates on A and Z, are simple, and we turn to Z;. We assume that

{6u+dx<0}n{dr<0}nNZ; =0 and
(6.9)
{6+ oz >0}N{6p>0}yN7Z; = 0.

If 4 + 62 < 0 on Z;, we have

— (i, max(—bp, 6x))z, = (I, 6p1)7, -

If moreover the second factor in (6.8) is 0, then
_(ﬁ’max(_ﬁvﬁ))fl = —|ﬂ|%1,

as desired. Otherwise (Z + éx — ) = —ji + 6z = 0, and hence

_(/7'7 max(—éu, &E))Il = (/ja 6:“’)11 = (51'7 6:“)7
and by (6.9)

= (2, max(=bp, 62))z, < —[bxfF, = —|afZ,.

The case o + 6z > 0 can be treated analogously and we arrive at (7, 1),d) <
—2|F(z,[i)|?, as announced.
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So far we provided sufficient conditions which guarantee that the direction given
by the primal-dual active set strategy can serve as a descent direction. We proceed
by describing alternative methods for selecting descent directions d. This will allow
us to circumvent an assumption of types (6.7) and (6.9) at the expense of solving a
nonlinear equation.

We commence by defining the function G((x, u); d), with d = (6x,6u) as follows:

f'(@)bz + ép,
oz on S; =An{u>0}
G((z, p); d) =
—bu on S =ZyN{zx <y}
max(—6u,6x) on S3=(AN{u< 0} U @ZzN{x >y})UZ;.

Note that for a full step based on the primal-dual active set strategy without a sub-
sequent line search we have S; = A and Sy = Z; since (z — ¢)u = 0. This structure
is not maintained if the line search of step (iii) is used.

The mapping G((x, 1); d) is a quasi-directional derivative of F'(x, i) in the sense
that

(1) (F(z, p), F'(, 1) d)) < (F(z, ), G((z, p);d)) for all (z,) € § and d =

(6, 0p);

(2) G((z,p),td) =t G((x, p);d) for t > 0 and all (z,u) € S and d;

(3) Hmp py.a)— (@), F(@p), G((z, p);d)) =2 (F( 1), G((Z, 1); d)).
In fact, to verify (1) note that on (AN {u < 0}) U (Zo N {z > ¢}) we have max(—p,
x — 1) > 0, and thus

(max(max(—/i, T = w)a _5M)’ (max(—u, T — d})’ &C))
< (max(—p, z — 1), max(—0ou, 6x)).

Hence we obtain

(F(z, 1), F'((z, p); d)) < (F(z, 1), G((z, 1) d)).

Property (2) is obvious. Next suppose that (x, ) — (Z, i), d — d. For indices i such
that (& + Z —v); # 0, we have

G((z, p);d)i — G((2, p); d)i-

For indices ¢ such that (& + Z —v); = 0 the case z — ¢ > 0, > 0 (and analogously
x —1 < 0,u < 0) for infinitely many (z, 1) in a neighborhood of (z, i) is trivial since
in this case (F®)(z,/1)); = 0. We need to examine two more cases. First, for i such
that (u 4+ 2 —v); > 0 and p; > 0, we have max(—u,x — ¢); = (x — ¢);, and thus
max(—fi,Z — )i = (2 — )i = —(11); <0 and

FO(z,11),G? ((x, p); d)i — FO (&, 1);6x; > FD(z, i); max(—bpu, 6x);.

Second, for indices 4 such that (u + = —¥); < 0 and z; < ¥;, max(—p,z — ¥);
—p; <0, and thus max(—p,z —¢); = —i; = (T —¢); <0 and

FO (2, 1);G? ((z, p); d); — F(z, 1);(—p); > FP (2, i); max(—bp, 8z);.
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Hence we obtain

h,nl, - (F(l’,ﬂ), G((zhu); d)) > (F(IE, ‘L_l,)7 G((g_g’ﬂ)’ _))’
(%,p0)—(Z,a), d—d

(3) is satisfied, and G is a quasi-directional derivative.

We turn to the description of two methods for selecting a descent direction using
the quasi-directional derivative G.

Method 1 (Bouligand direction). Find d = (éx,6u) such that G((x,u);d) +
F(z,p) =0, ie.,

f(@)ox +op+ f(x) + p=0,
br+x—1v=0 on Sy

(6.10)
oup+pu=0 on S

max(—p, z — 1) + max(—du, éx) =0 on Ss.

Assume that for each (z,u) € S

(6.11) G((z,p);d) + F(z, ) = 0 has a solution d = d(z, i)
satisfying
(6.12) ld| < 0|G((x, p); )]

For such d we have using (1) that
9,($;d) = Z(F(xhu)’F/((xvu)’d)) < 2(F(.’II,M),G((]},,U,);d)) - _29(33)

Moreover the closure property holds, i.e.,

0'(z,d) < 2(F(z, 1), (2, p), d)) <2 lim = (F(z),G((, pn);d))
(z,p)=(Z,71),d—d

=-2 lim |F(z,p)]* = —20(z,p),
(z,p)—(Z, 1)

where we used (3). Together with (6.12) this implies that (6.2) and (6.4) hold.
Method 2 (gradient direction). For (z,pu) € S, d = (éx,6u) is chosen as the
solution to

(6.13) min (P, 1), G((e, w):d) + 2 |d”.

If d is an optimal solution, then o = 1 is optimal for
. a?s o
min - a(F(z),G((z, p);d)) + —— ldI%,

and thus differentiating this with respect a we have

(F(z),G(z,p);d) + & |d]* = 0.
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Hence
9/((1'7:“);(1) = Q(F($>M)7F/(($7M)§d))
(6.14)
< 2(F(x), G((x, p); d)) < =26 [d]?
and

(6.15) & d|* < —(F(x, ), F'((w, p); d) < |F'((2, w); d)||F (@, )| < M [d||F (2, )],

where M denotes the bound of F’(x, 1) on S. This gives the second condition in (6.2)
with b = 2. Moreover, if (6.11)-(6.12) hold, then

50, 0):d) = (F(o, o), F' (2, )5 ) < (F(a, 1), G, 0 )
(6.16) = (P, ), Gl p)id) + 2 d? < (F(a), G((e, ) ) + 2 |dP

S F@)P + S8 F@)P = (2 - 61) (x).

where G((x, 1); d) + F(, 1) = 0 and we assume that 2 — 6% > 0. Thus, the direction
d defined by (6.13) satisfies (6.2) with & = (2 — 5b?)). To verify the closure property
note that

20 (,d) = (F (@, @), F (2 1) D) < (F(@, ), G((, 1) )
— (P ), (o )+ P < Tim (P, Gl ). ) + G 1P

On the other hand, we have
2(F(, 1), G((z, p); d)) + 61d* < 2(F(x, 1), G((x, p); d) + 6]d]* < (2 = 6b%) O(=).
It thus follows that

0'((2,1); d) < — (2 — 612) (2.
Let A = f'(z). Then, condition (6.10) reduces to a variational inequality for 6z
on S3:
(6.17) max(Béx + b, 6z) + max(—pu,x — ) =0,
where
B = Ag,s, — A5352A§2152A5233
and
b= —Ag,s,(x —¥)s, — As,5, 45}, f(@)s, + (f(@) + 1) s,

Hence (6.10) has a unique solution if A is symmetric and positive definite, for example.
In fact (6.17) is equivalent to

(6.18) max(BE + z,€) =0,
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where € = x4+ ¢,z = b+ ¢ — Be, and ¢ = max(—p, x — ). The variational inequal-
ity (6.18) in turn is equivalent to the equation for the Lagrange multiplier for the
constrained problem

min 3(B~1y,y) + (B~ 'z,y),
y >0,

which clearly has a unique solution.

REFERENCES
[BP] A. BERMAN AND R. J. PLEMMONS, Nonnegative Matrices in the Mathematical Sciences,
Computer Science and Applied Mathematics Series, Academic Press, New York, 1979.
€] F. H. CLARKE, Optimization and Nonsmooth Analysis, John Wiley and Sons, New York,

1983.

[DFK] T. DE Luca, F. FAccHINEL, AND C. KANZOW, A theoretical and numerical comparison of
some semismooth algorithms for complementarity problems, Comput. Optim. Appl., 16
(2000), pp. 173-205.

[FK] A. FISCHER AND C. KANzZOW, On finite termination of an iterative method for linear com-
plementarity problems, Math. Programming, 74 (1996), pp. 279-292.

[HIK] M. HINTERMULLER, K. ITO, AND K. KUNISCH, The primal-dual active set strategy as a
semismooth Newton method, STAM J. Optim., 13 (2003), pp. 865-888.

[HP] P. T. HARKER AND J.-S. PANG, A damped-Newton method for the linear complementarity
problem, in Computational Solution of Nonlinear Systems of Equations, E. L. Allgower
and K. Georg, eds., Lectures in Appl. Math. 26, American Math. Soc., Providence, RI,
1990, pp. 265-284.

[IK1] K. ITo aNnD K. KUNISCH, The primal-dual active set method for monlinear optimal control
problems with bilateral constraints, SIAM J. Control Optim., 43 (2004), pp. 357-376.

[IK2] K. Ito ANnD K. KUNISCH, On the semi-smooth Newton method and its globalization,
submitted.

[KR] K. KuniscH AND F. RENDL, An infeasible active set method for quadratic problems with
simple bounds, SIAM J. Optim., 14 (2003), pp. 35-52.

[MZ] H. MAURER AND J. ZOWE, First and second-order necessary and sufficient optimality condi-

tions for infinite-dimensional programming problems, Math. Programming, 16 (1979),
pp. 98-110.



SIAM J. CONTROL OPTIM. (© 2007 Society for Industrial and Applied Mathematics
Vol. 46, No. 1, pp. 35-60

MORSE DECOMPOSITIONS FOR GENERAL DYNAMICAL
SYSTEMS AND DIFFERENTIAL INCLUSIONS WITH
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Abstract. The Morse decomposition theory for single-valued dynamical systems is extended
to general dynamical systems and differential inclusions. Relations between chain recurrent sets,
chain recurrent components (chain control sets), and Morse decompositions for open-loop systems
are discussed. The robustness of feedback laws of closed-loop systems with respect to small time
delays and sample-hold controls is also addressed.
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1. Introduction. General dynamical systems (GDSs), also referred to as gen-
eral control systems or set-valued dynamical systems, are basically used to describe
the behavior of differential equations without uniqueness, differential inclusions, and
control systems [6, 9, 12, 18, 28, 24, 31, 34, 36, 41] as well as dynamical economic
phenomena [10]. They have been widely studied since the pioneering work in the
1960s [41, 42, 45].

In this article we want to take a step towards the Morse decomposition theory
for GDSs as well as differential inclusions. Morse decomposition theory is a powerful
tool for analyzing dynamical behavior of nonlinear systems inside invariant sets and
attractors, and it has aroused an increasing interest in recent years. For single-valued
dynamical systems, the Morse decomposition theory can be found in the original work
of Conley [15] (see also [2] and [43]). Extensions to random dynamical systems can
be found in the recent work of Crauel, Duc, and Siegmund [16] and Ochs [37], and
extensions to nonautonomous dynamical systems can be found in Rasmussen [40].

Our purposes here are as follows. First, we extend the Morse decomposition
theory for single-valued dynamical systems to GDSs. A key point in this part is
to introduce a suitable notion of an attractor-repeller pair and overcome technical
difficulties due to the lack of invariance properties of repellers, Morse sets, and limit
sets (fortunately attractors of GDSs are invariant). One will see that the definition
of an attractor-repeller pair given here for GDSs is somewhat different from that for
single-valued systems. However, the two definitions coincide when we come back to
the latter case.

Second, we are interested in the stability of Morse decompositions of attractors.
Specifically, we prove that Morse decompositions of attractors for GDSs are stable
under parameter perturbations (upper semicontinuity of Morse sets).
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Third, we discuss Morse decompositions and their stability with respect to per-
turbations for differential inclusions by applying the abstract results on GDSs. Dif-
ferential inclusions have a very rich background and successful applications in many
different areas; see, for instance, [3, 4, 5, 11, 12, 17, 29], etc. In contrast to differential
equations, the understanding of dynamical behavior for differential inclusions seems
to be more difficult, and it has aroused an increasing interest in recent years.

Finally, we give some applications to control systems. First, we investigate re-
lationships between chain recurrent sets, chain recurrent components (chain control
sets), and Morse decompositions for open-loop systems under weaker assumptions.
Then we discuss the robustness of feedback laws of closed-loop systems with respect
to small time delays and sample-hold controls from the point of view of the stability
of Morse decompositions.

This paper is organized as follows. Section 2 is concerned with preliminary work
on GDSs. Section 3 is devoted to the Morse decompositions for GDSs. In section 4
we consider upper semicontinuity of Morse decompositions of attractors with respect
to parameter perturbations for GDSs, and in section 5 we establish a Morse decom-
position theory for differential inclusions. Section 6 consists of some applications to
open-loop control systems. Robustness results on feedback laws of closed-loop systems
are contained in section 7.

2. Preliminary work on GDSs. Let X be a complete locally compact metric
space with metric d(+,-). For any nonempty subsets A and B of X, define the Hausdorff
semidistance and distance, respectively, as

du(A,B) = supd(z,B), 6u(4,B)=max{dy(A,B),du(B,A)},
z€A
where d(z, B) = infyep d(z, b). For convenience, we also assign dy (0, B) = 0.

Let A C X. The closure of A is denoted by A or clA, and the interior of A is
denoted by int A. We denote by B(A4, r) the neighborhood {y € X : d(y, A) < r} of
radius 7 > 0 of A. We say that a subset V of X is a neighborhood of A if A C int V.

DEFINITION 2.1 (see [27]). A set-valued mapping G : R* x X — X with nonempty
closed images is said to be a GDS if the following azioms hold:

(1) The semigroup property is

G0,z) =z, G ,G(s,2)) =G(t+s,x) Vz € X, s,t € RY;

(2) G(t,x) is continuous in t for each fized x in the sense of Hausdorff distance;
(3) G(t,x) is upper semicontinuous in x uniformly int on any compact interval J.
For a GDS G, we will also write G(t, z) as G(t)x.

From now on we always assume that there has been given a GDS G on X.

For convenience, we denote by G(I)V the set U ; ,)erxy G(t)z for V.C X and I

C R*.
Let A and V be two subsets of X. We say that A attracts V' if

duy (G(t)V, A) -0 ast— oc.

The attraction region Q(A) and wuniform attraction region Q,(A) of A are defined,
respectively, as

Q(A) :={z € X| A attracts =},

Q,(A) :={z € X| A attracts a neighborhood U of z}.
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A is said to be Lyapunov stable if for all € > 0 there exists 6 > 0 such that
G(RT)B(A,8) C B(A,¢).

If A is Lyapunov stable with Q(A) (resp., ©,(A)) being a neighborhood of A, then
we say that A is asymptotically stable (resp., uniformly asymptotically stable).

Remark 2.2 (see [30]). If A is compact and asymptotically stable, then Q(A) =
Q. (A). Therefore asymptotic stability and uniform asymptotic stability for compact
sets are actually equivalent. We also know that A attracts each compact subset K of
Q. (A).

Let I C R be an interval. A trajectory v of G on I is a mapping v : I — X
satisfying ’}/(tg) S G(tg — tl)’}/(tl) for any tq1,to € 1 with ¢t1 < ¢9.

In case I = R, we will simply say that ~ is a complete trajectory. A complete
trajectory 7 through € X means a complete trajectory with v(0) = z.

THEOREM 2.3 (see [41]). Every trajectory is continuous. Further, let y € G(t1 —
to)x, where tg < ti. Then there is a trajectory v of G on [to,t1] such that y(ty) = x
and v(t1) = y.

THEOREM 2.4 (see[41], Barbashin’s theorem). Let [to,t1] be a compact interval
and v, be a sequence of trajectories of G on [to,t1] with v,(to) — xo. Then there
is a subsequence ., and a trajectory o such that v,, converges uniformly on [to, 1]
to Yo-

A set A C X is said to be positively invariant, negatively invariant, or invariant,
if G(t) A C A, G(t)A D A, or G(t)A = A), respectively, for all ¢ > 0.

A set A is said to be weakly invariant if, for any x € A, there passes through = a
complete trajectory v with v(R) C A. In case A is compact, we infer from [30] that
this amounts to saying that A is negatively invariant with G(¢)ANA # @ for all ¢ > 0.

The following basic fact is well known. See also [30].

PROPOSITION 2.5. Let A be a nonempty compact subset of X. If A is negatively
(resp., positively) invariant under G, then for any x € A, there is a trajectory v of G
on (—o0,0] (resp. [0,00)) which lies in A such that v(0) = z.

Let A C X, and let v be a trajectory of G on [a, +00). The w-limit sets w(A) and
w(y) are defined, respectively, as

w(A) :={ye X: It, — oo and y, € G(t,)A such that y, — y},

w(v) :={z € X| 3t, — 400 such that v(t,) — z}.

Similarly one can define the a-limit set a(y) of a trajectory v on (—oo, al.

Remark 2.6. In case G(RT)A, ~([a,00)), and ((—00,a]) are precompact, it
can be easily shown that the limit sets defined above are nonempty compact weakly
invariant sets [30].

DEFINITION 2.7. Let A be a compact subset of X. If there is a neighborhood U
of A such that A= w(U), then we say that A is an attractor of G, and U is called an
attractor neighborhood of A. A global attractor is an attractor A with Q,(A) = X.

We allow the empty set § to be an attractor of G with Q. (0) = 0.

Remark 2.8. In general limit sets of GDSs may fail to be invariant. However, if
A =w(U) is an attractor of G, then it is invariant (see [30]).

An attractor A is necessarily uniformly asymptotically stable [30]. Thus by Re-
mark 2.2 we have Q(A) = Q,(A). So from now on we will not distinguish Q(.A) and
Qu(A).

Let Gy (A € A) be a family of GDSs, where A is a metric space with metric p(-, -).
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THEOREM 2.9 (see [31]). Let A\g € A. Assume the following continuity assump-
tion holds:

(CO) For any e, T > 0 and compact set A, there exists 6 > 0 such that, when
p()‘v >‘0) < 57

i (Ga(t)z, Gy (H)Blz,e)) <& Yz e A, te0,T].

Suppose G, has an attractor A. Then the following hold:
(1) there exists 1 > 0 such that, when p(X, Xo) < p, G has an attractor Ay;
(2) dH(.AA,A) —0as A — )\0,‘
(3) if K C Q(A) is compact, then K C Q(A)) provided p(X\, \o) sufficiently small.

3. Morse decompositions of invariant sets for GDSs.

3.1. Attractor-repeller pair. As usual, let X be a complete locally compact
metric space, and let G be a GDS on X. We also assume that there has been given
a compact invariant set S of G.

Denote by G|g the restriction of G on S. Since S is invariant, G|g is also a GDS
on S.

We say that a compact set A is an attractor of G in S; by this we mean that
it is an attractor of G|s in S. We denote by Q°(A) the attraction region of A in S
(under the GDS G|g). Then for any compact subset K C Q%(A), as A attracts K,
we necessarily have w(K) C A.

Let A be an attractor of G in S. Define

(3.1) A ={z €S| w(x)\ A#0}.

A* is said to be the repeller of G in S dual to A, and (A, A*) is said to be an
attractor-repeller pair in S.

Remark 3.1. For single-valued dynamical systems, the repeller A* of an attractor
A in an invariant set S is defined by

(3.2) A*={z e Slw(x)Nn A=0};

see [15, 43]. Here we have used a slightly relaxed condition “w(z)\ A # 7 to define

a repeller for GDSs. One easily checks that the two definitions coincide when we

come back to the situation of the single-valued case. Our definition seems to be more

suitable for set-valued systems. This can be seen from the following easy example.
Ezxample 3.1. Consider the scalar differential inclusion,

[~8x(z+1)%,2], —1<z<0;

' (t) € f(z(t)), where f(z) =
(1) € f(=(t)) f@) { —8x(x+1)%, otherwise.
This system generates a GDS G on R which has two equilibria —1 and 0, with 0 being
asymptotically stable and —1 being unstable; see Figure 3.1.

The global attractor of G is the interval [—1,0]. Define v on [0, 00) as

vyit)=-14+2t (0<t<1/2) and ~(t)=0 (t>1/2).

Then 7 is a trajectory of G, which implies 0 € w(—1).

Let S = [~1,0]. It is easy to see that A = {0} is an attractor of G with Q%(A) =
(—1,0]. If we define the repeller A* as in (3.1), then we have A* = {—1}. However,
if we define A* as in (3.2), then since 0 € w(—1) N A # (), we have A* = 0.
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ye f(x)

Fia. 3.1.

PROPOSITION 3.2. Let (A, A*) be an attractor-repeller pair in S, and let U be a
neighborhood of A*. Then for any € > 0, there is a T > 0 such that

G(t)x C B(A,¢) Vi>T, xe S\U.

Proof. Let K = S\ intU. Then K C Q9(A) and is compact. Hence A attracts
K, and the conclusion follows. 0

As a direct consequence of the above result, we have the following.

PROPOSITION 3.3. Let (A, A*) be an attractor-repeller pair in S, and let B be a
closed set distinct from A. Then for every e > 0, there is a T > 0 such that, whenever
x €S8 and t > T is such that G(t)x N B # 0, we have d(z, A*) < e.

PROPOSITION 3.4. Let A be an attractor of G in S. Then the following hold:

(1) A" =S5\ Q%(A) =5\ QA);

(2) A* is compact and weakly invariant.

Proof. (1) Assume = € S. Then w(z) is a nonempty compact set, and w(z) C A
if and only if # € Q9(A). This implies A* = S\ Q%(A).

Since S is invariant, we have Q%(A) = S N Q(A). Hence the second equality
follows.

(2) The compactness of A* follows from (1).

To check the weak invariance of A*, we first show that A* is negatively invariant.
Indeed, we observe that

S = G(1)S = G(t) (A (A) U A*) = (GH)QS(A)) U G(£)A* C Q5(A) U G(t)A*.

Since A* C S and A* N Q5 (A) = (), we necessarily have A* C G(t).A*.

Now assume that x € A*. Then by Proposition 2.5 and the negative invariance of
A*, there is a trajectory v~ on (—o0, 0] such that v~ ((—o0,0]) C A* and v~ (0) = z.

To complete the proof, it suffices to show that there is also a trajectory v on
[0, 00) such that v([0,00)) C A* with v(0) = =.

Take an open neighborhood V of A* and € > 0 sufficiently small so that V N
B(A,¢e) = (0. By virtue of Proposition 3.2 there is a T' > 0 such that

(3.3) Gty CB(A,e)  W>T, yeS\V.

Since w(x) is compact, if w(z) C Q9(A), then A attracts w(x) and consequently A
attracts x, which implies * € Q9(A) and leads to a contradiction. Therefore we
deduce that w(z) N A* # (. It follows that there exist ¢, — +oo and y, € G(t,)z
such that y,, € V for all n. Let ~, be a trajectory of G on [0,t,] satisfying v, (0) = =
and v, (tn) = yn. Define

Tn = sup{7 > 0| 7,([0,7]) C V}.
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Then 7, (7,) € OV C S\ V. We claim that there is a subsequence of 7, still denoted
by 7., such that 7, — 4o00. Indeed, if 7, is bounded, say, 7, < s for all n, then by
(3.3) we have

Yn = Yn(tn) € G(tn — Tn)¥n(ma) € B(A,€)

for large n with t,, > T+ s, which leads to a contradiction and thus proves our claim.

Now thanks to Barbashin’s theorem (Theorem 2.4), one concludes that there is
a trajectory v on [0,00) such that 7 (0) = x and v ([0,0)) C V. Note that we
actually have v ([0, 00)) C A*; otherwise, one will find d(y*(¢), A) — 0 ast — oo, a
contradiction!

The proof is complete. 0

PrOPOSITION 3.5. Let A be an attractor of G in S, and let v : R — S be a
complete trajectory through x € S. Then the following properties hold:

(1) If w(y) N A* £ 0, then v(R) C A*, and if a(y) NA#0, then v(R) C A;

(2) If x & A, then a(y) C A*, and if x ¢ A*, then w(y) C A.

Proof. The proof is a slight modification of the corresponding one for single-valued
systems (see, e.g., [43]). It is thus omitted. ad

3.2. Morse decompositions of invariant sets.

DEFINITION 3.6. Let S be a compact invariant set. An ordered collection M =
{My,...,M,} of subsets of S is called a Morse decomposition of S if there exists an
increasing sequence ) = Ag C A1 C --- C A, = S of attractors of G in S such that

My = AN AL S, 1<k<n.

The sets M}, in Definition 3.6 are called Morse sets. For convenience in statement,
we allow Morse sets to be empty. This occurs, say, for instance, in case A; = A;_;
for j (in which case M; = A; NA5_; = )). However, if two Morse decompositions M
and M’ have the same nonempty Morse sets, they will be regarded as the same.

THEOREM 3.7. Let M = {Mj,...,M,} be a Morse decomposition of S with the
corresponding attractor sequence ) = Ag C Ay C --- C A, = S. Then the following
hold:

(1) For each k, (Ax_1, My) is an attractor-repeller pair in Ay;

(2) My, are pairwise disjoint weakly invariant compact sets;

(3) If v is a complete trajectory, then either v(R) C My for some Morse set My,

or else there are indices i < j such that a(y) C M; and w(y) C M;;
(4) The attractors Ay are uniquely determined by the Morse sets, i.e.,

A= W), 1<k<n,
1<i<k

where W*(M;) = {z| there is a trajectory v : R — S through x with a(y) C
Mi};

(5) If S is isolated, then so is each Ay.

Proof. The proof of (1)—(5) except for the weak invariance of Morse sets M}, can be
given in a quite similar manner as in the situation of single-valued dynamical systems
(see [43, Chapter 3, Theorem 1.7]). We thus omit the details of the argument. O

The weak invariance of My is a consequence of (1) and the weak invariance of
repellers.

The following result seems to be interesting, which demonstrates that (2) and (3)
in Theorem 3.7 uniquely characterize a Morse decomposition.
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THEOREM 3.8. Let S be a compact invariant set of G, and let M = {My, ..., M,}
be an ordered collection of pairwise disjoint compact and weakly invariant subsets of
S. Suppose that for every x € S and every complete trajectory v through x, we have
either v(R) C M; for some i or else there are indices i < j such that a(y) C M; and
w(y) C M;. Then M is a Morse decomposition of S.

Proof. Set Ay =0, and for 1 < k < n define A;, as

Ar ={x € S| there is a complete trajectory v: R — S
through z satisfying a(y) C (M7 U---U Mj)}.

We will show that Ag C A; C -+ C A, = S is an attractor sequence in S such that
Ap N A}, = My, thus proving the result.

Step 1. We show that the sets Ay are closed.

It is clear that A, = S is closed. We now proceed inductively and assume that
Apy1 is closed. We prove that Ay is closed. Let x,, € A with z,, — x € S. Then
z € Agy1, since Ay C Agsq and Ay is closed. For each x,, there is a complete
trajectory v, : R — S with v,,(0) = x,,, and a(y,) € (My U --- U My). Using
Barbashin’s compactness theorem one finds a subsequence of 7,,, still denoted by
Ym, such that ~,, converges uniformly on any compact interval of R to a complete
trajectory v : R — S through z. We claim that a(y) C (M U---U My), and hence
T e A

Indeed, since v,,(R) C Ag+1 and Agyq is closed, it follows that y(R) C Ags1 and
so a(y) C Ag41. We first show that

(34) Mj ﬂAkH = for j>k+1.

Suppose the contrary, then there is a y € M; N Ap41 for some j > k + 1. Since y €
A1, there is a complete trajectory o1 : R — S such that a(o1) € (M1 U -UMjy11)
and 01(0) = y. By y € M; and the weak invariance of M, there is also a complete
trajectory o : R — M; such that 02(0) =y. Define 0 : R — S as

o(t) =o1(t) (for t <0) and o(t) = oa(t) (for ¢ > 0).

Then o is a complete trajectory of G. Note that a(o) C (M1U---UMj41) and w(o) C
M;. On the other hand by assumption in the theorem and a(o) C (M7 U---UMjy1),
we deduce that w(o) C M; for some ¢ < k + 1. This leads to a contradiction, as
Mi N Mj = @

Now because a(y) C M; for some j (by assumption in the theorem), we necessarily
have by a(y) C Ag41 and (3.4) that a(y) € My U---U My U Mgy1. Consequently,
either a(y) C My U---U My, in which case we are done, or else a(y) C Myy1.

We prove that the latter case will not occur. Suppose the contrary. We take
two open neighborhoods U,V of My, with U and V compact such that U C V
and VN M; = for j # k+ 1. Since a(y) C M1, there is a 7 > 0 such that
¥((—=o0, —7]) C U. Since Y (—7) — v(—7), we may assume that ~,,(—7) € V for all
m. Let

sm = sup{s > 7| ym([=s, —7]) C V}.

Then v, (—sm) € V. We claim that s,, — oco. Otherwise, say s, < s for some
s > 7, due to the uniform convergence of ~,, to v on [—s,—7], one will find that
Ym(—8m) € V for m sufficiently large, a contradiction! Now set

Um(t) = 7(_5711 + t)v te [07 Sm — Tm]-
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Then by Barbashin’s theorem there is a subsequence of o¢,,, still denoted by o,
such that o,, converges uniformly on any compact interval of Rt to a trajectory
o :RT — V. Note that 0(0) € OV as ,,(0) = Y (—sm) € OV. Since Ag.; is closed
and v, (R) C Ay C Agy1, we conclude that o(t) € Agyq for ¢ > 0. In particular,
0(0) € Agt1. Therefore by the definition of A1, there is also a complete trajectory
o : R — S through ¢(0) such that a(c) C M; U---U My U My41. Define a complete
trajectory o’ : R — S as

o' (t)y=0(t) (for t <0) and  o'(t) =o(t) (for t > 0).

Then a(o’) € My U---U M U M,1. By o/(RT) C V we also have w(o’) C M.
Therefore by the assumption in the theorem we necessarily have ¢/(R) C My, which
contradicts the fact ¢/(0) = o(0) € IV.

Step 2. Ay is invariant. Indeed, if y € Ay, then there is a complete trajectory
v : R — S through y such that a(y) € My U---U M, C Ag. It then follows
that v(R) C Ai. Consequently y € G(t)y(R) € G(t)Ay for any t > 0. Hence
A C G(t)Ap.

We check that the converse inclusion G(t)A; C A also holds true. Let y €
G(t)Ag. Then y € G(t)z for some x € A. Since S is invariant, there is a trajectory
vs @ [t,00) — S such that v3(¢) = y. Thanks to Theorem 2.3, one can find a trajectory
72 on [0, ] such that 2(0) = = and ~,(¢) = y. By invariance of S, we necessarily have
v([0,t]) € S. As & € Ag, there is also a complete trajectory 1 : R — S such that
v1(0) = z and a(y) C M7 U---U M. Now we define a complete trajectory v: R — S
such that

YNi—oo,0) =715 Yoy =720 Vt,oo) = 73

Then v(t) = y and a(y) C M; U--- U My, which implies y € Ay and proves the
conclusion.

Step 3. Ay is an attractor of G in S.

This is clearly true for k = n. We proceed by induction and assume A1 to be
an attractor in S. Choose a neighborhood U1 of A1 such that Upyy; is compact
and w(Ugy1NS) = Agy1. Since Ay is closed, My 1 UAg C Aga1, and My NAg = 0,
we can choose a neighborhood U of Ay and neighborhoods Vj, V1 of M1 contained
in Uy such that Vo C V4 and UNV; = 0. We show that w(U N S) = A when U
is chosen sufficiently small. Indeed, since Aj is invariant, we have A, C w(U N S).
There remains to check

(3.5) Ao w(lnS).

Suppose w(U N S) \ Ag # 0, and choose a y € w(U N S) \ Ax # 0. Then there
are sequences T, € UNS, t,, — oo, and ¥, € G(tym)xsm, such that v, — y. Let
Ym be a trajectory on [0, ¢,,] with v, (0) = zp, and v, (tm) = Ym. We can extract a
subsequence of 7,,, still denoted by 7, such that v, (¢, +t) converges uniformly on
any compact interval of R to a complete trajectory v(t) with v(R) C S and v(0) = y.
Now w(UNS) C w(Ugy1 NS) = Ag41 implies y(R) C Ag41, and hence a(y) C Agyq
(by Step 1). Therefore a(y) C My U--- UM UMpi1. As y & Ay, we necessarily have
a(y) C Mgy, and so there is a T > 0 such that, when t > T, we have v(—t) € V.
Since Y, (tm + t) converges uniformly on any compact interval of R to (¢) for any
7 > 0, we can find a m, sufficiently large such that v, ([tm, —T — 7, tm, — T]) C V4.
Rewriting ¢,,,. — T — 7 as s,,., we obtain

'Ymr([smf Sm, + 7’]) V.
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Now suppose (3.5) fails to be true for any U. Pick a sequence &, | 0 with
E(.Ak,Em) ﬂVl = @, B(Ak,Sm) C Uk+1~

Applying what we have just proved above for each U = B( Ay, &,,) and 7 = 1/¢,,, one
obtains a sequence of trajectories denoted by +,, such that, for each m,

'Ym(o) € B(AIwEm) N Sv 'Ym([smv Sm + 1/6m]) C ‘/1

for some s, > 0. Let 7, = inf{0 < 7 < 85, + Y ([T, Sm + 1/em]) C Vi}. Then
Y (Tm) € OV1. We claim that 7,,, — oco. Otherwise, say 7, < T < 00, Yy, will
converge uniformly on [0,7] to a trajectory 7. Since d(7,,(0),Ax) — 0 and Ay is
invariant, one necessarily has ([0, T]) C Ay . It then follows that d(~vm (7m), Ax) — 0,
which contradicts vy, (7,) € OV1 and proves the claim.

We may assume that v, (7n) — 2. Then since 7,,(0) € B(Ag,em)NS C U1 NS
and 7, — 00, we see that z € w(Uyy+1 NS) = Ap41. Of course we also have z € 9V;
(by Ym (7m) € OV1). Set Y (t) = Yo (7m + t). Noting that s, + 1/e — T > 1/em,
we see that ¥, is well defined at least on [—7,, 1/ey,] with 7,,([0, 1/e,,]) C V1. By
Barbashin’s theorem one can easily find a complete trajectory 7 : R — S such that
5(0) = z € V4 and F(R*) C V5. Due to the assumption of the theorem we conclude

(3.6) w@) C Myy1.

It is clear that ¥(R) C Agy1 and so a(y) € My U+ U My U My11. This and (3.6) as
well as the assumption in the theorem imply that 5(R) C My, which contradicts
5(0) e JVy.

Step 4. My, = A, NA;_; forall 1 <k <n.

Indeed, if x € My, then there is a complete trajectory v : R — M} through =z,
and thus by definition of Ay we have v € Ay. If & A;_,, then w(z) N A;_; =0,
and hence w(x) C Ag_1. It follows that w(y) C Aj_1; therefore, w(y) C M; for some
1 <i <k —1. This contradicts w(y) C M. Thus x € A} _,, e, My C Ay NA;_,.

Conversely, let x € A, N Aj_;. Then by Proposition 3.4 there is a complete
trajectory v : R — A5 ;. We have w(y) N (M U---UMy_q) =0 and so w(y) C M,
for some j > k. On the other hand = € Ay implies a(y) C MU- - -UM}. Consequently
by the assumption of the theorem, we have v(R) C My, which implies € M. The
proof is complete. 0

3.3. The finest Morse decomposition. Let M; and My be two Morse de-
compositions of a compact invariant S. We say that My is finer than M7; this means
that each Morse set M € M, is contained in a Morse set M’ € M;. A Morse decom-
position M is said to be the finest Morse decomposition of S if M is a finer Morse
decomposition implies M = M.

In general the finest Morse decomposition may fail to exist (see [13, Appendix
B)).

LEMMA 3.9. Let S be a compact invariant set, and let M = {My,..., M} and
M = {Mi,...,M]} be two Morse decompositions of S. Let M;; be the maximal
weakly tnvariant set contained in M; N M]’ Then the ordered collection

{My|1<i<m, 1<j<n}
is a Morse decomposition of S, where the order “<X” is given by

M;; = My, < eitheri<k ori=k, j<I.
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Proof. Let A;j = M; N M;. Since M and M’ are both Morse decompositions, it
is trivial to check that, for any complete trajectory v in S, either v(R) is contained
in some A;; or there are indices 1 <¢,7 <mand 1 <k, Il <nwithi<kandj</I
(in case ¢ = k) such that w(y) C A, a(y) C Ag. Let M;; = CU\ZJ-, where ]\Z]—
is the set of the union of all w-limit sets and a-limit sets of complete trajectories in
S that are contained in A;; and the orbit of complete trajectories in A;;. It is clear
that Z\Zj is weakly invariant (see Remark 2.6). Therefore by Barbashin’s theorem
we easily know that M;; is weakly invariant. By definition of M;;, it is necessarily
the maximal weakly invariant set in A;;. It is also clear that the ordered collection
{M;;| 1 <i<m, 1< j <n} satisfies all the assumptions in Theorem 3.8; hence, it
is a Morse decomposition of S. 0

Remark 3.10. We infer from Lemma 3.9 that the finest Morse decomposition, if
it exists, is finer than any other Morse decomposition of S.

PRrROPOSITION 3.11. Morse sets in the finest Morse decomposition are connected.

Proof. Let M = {My,..., M,} be the finest Morse decomposition of S. Suppose
that there is a Morse set M} which is not connected. Then there exist disjoint open
sets U,V such that M, Cc UUV and M NU # 0 # M, NV. Let M;" = M, NU, and
let M,” = My NV. We claim that, for any complete trajectory v in S, none of the
following cases will occur:

(1) w(y) N M 04 w(7) N My, or a(7) N M £0 £ a(7) 0 My

(2) w(vy) € M, and a(y) C My, or w(vy) C M, and a(y) C M.

Indeed, the first case does not occur because the limit sets are connected. Suppose
the latter case. Then we must have vy(R)NU # 0 # v(R)NV and v(R) C M C UUV.
(The first inclusion is due to the fact that both w- and a-limit sets of  are contained
in My,.) This contradicts the connectedness of (R). Hence the claim holds true.

Now let M’ = {M1,..., My_1, M, , M;", My41,...,M,}. One easily checks that
M’ is a Morse decomposition which is finer than M, a contradiction! 0

4. Stability of Morse decompositions of attractors for GDSs. We first
state and prove the following basic results.

THEOREM 4.1. Let A be an attractor of G, and let Ay C A be an attractor of G
in A. Then Ay is also an attractor of G (in X ).

Proof. We first show that Ay is Lyapunov stable in X. Suppose the contrary.
Then one would find a § > 0 and an g9 > 0 such that, for any 0 < € < gq, there is
an z. € B(Ap,¢) and a t. > 0 such that G(t.)z. \ B(Ao, §) # 0. We may assume &
sufficiently small so that B(Ag,8) C Q(A), and B(Ap, §) N A is a compact subset of
QA(Ap).

By Theorem 2.3 there is a trajectory «. on [0, t.] with 7.(0) = z. € B(Ap,¢) and
d (Ve (te), Ao) > 6. We may assume that

7:([0,L.]) C E(Ao, 6);

otherwise, we can choose t. as t. = inf{t > 0] d(7(t), Ag) > 6}. We claim that
te — +o0o as € — 0. Indeed, if this is not the case, then there would exist a sequence
Ty 1= Te, — To € Ap such that the sequence t, := t. is bounded. By axiom (3) in
Definition 2.1,

d (Ve (tn)s Ao) = d (Ve, (tn), G(tn)Ao) < du (G(tn)zn, G(tn)z0) — 0
as n — 0o, which leads to a contradiction and proves our claim. Now let

0:(t) = Ye(te +1) for ¢t € [—t.,0].
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Then o, is a trajectory of G on [—t., 0]. Invoking Barbashin’s theorem, we can extract
a subsequence o, := 0., with &, — 0 such that o,, converges to some trajectory o :
(—00,0] — B(Ay, §) uniformly on any compact interval [t,0]. Since d (7,,(0), Ag) = 9,
we necessarily have d (c(0), Ag) = 8. Now we extend o to a complete trajectory, still
denoted by o. Then since 0(0) € Q(A), we see that o(R) C Q(A). We infer from

o((—00,0]) C B(Ao, ) C Q(A)

that o(R) C A. It follows that a(oc) C B(Ap,8) N.A. Using the same argument
as in the proof of Proposition 3.5(1), one can easily check that o(R) C Ag, which
contradicts to d (¢(0), Ag) = § > 0. Hence A is Lyapunov stable.

Now we proceed to prove that Ag is an attractor of G in X. Take 0 < dg < 61 <
62 such that B(Ap,62) C Q(A) and B(Ap,b2) N A is a compact subset of Q4(Ay);

moreover,
G(R+)§(Ao, 50) C E(.Ao, 51), G(R+)E(.A0, 61) C E(Ao, 52)

Note that Ag is an isolated invariant, as A is an attractor of G. We show that
B(Ag, 80) C 2(Ap), and thus A is an attractor of G in X.
For this purpose, we first check that

(4.1) w(x) C Q(.Ao), T € B(Ao,éo).

Let x € B(Ao, &). Then w(z) is a nonempty compact set, and w(z) C B(Ao, 61). Let
y € w(x). Since w(x) is negatively invariant, there is a trajectory v : (—oo, 0] — w(z)
with v(0) = y. We extend v to a complete trajectory, still denoted by 7. Then
¥(R) C B(Ag, &2). As above, we can again show that v is in fact contained in Ajg.
Thus y € Ag.

Now = € B(Ag, 89) C Q(A) implies w(z) C A. This and (4.1) imply that w(z) C
Ap. O

THEOREM 4.2. Let A be an attractor, and let M = {M,...,M,} be a Morse
decomposition of A. Then for each trajectory v : Rt — X with v(0) € Q(A), there is
a k such that

lim d(~y(¢), My) = 0.
t—o0

Proof. Let ) = Ag € A C --- C A, = A be the attractor sequence that
corresponds to M. Then there is a smallest k such that w(y) C Ag. A direct
inspection shows that w(y) C My, and the conclusion follows. o

The main result in this section is the following theorem.

THEOREM 4.3. Let Gy (A € A) be a family of GDS on X, where A is a met-
ric space with metric p(-,-). Assume G satisfies the continuity assumption (C0) in
Theorem 2.9 at \g € A.

Let A be an attractor of G = G, with Morse decomposition M = {My, ..., M,}.
Then when p(X, Xo) is sufficiently small, Gy has an attractor A(X) with Morse de-
composition M(X) = {M1(N), ..., M,(\)}; moreover, for each 1 < k < n, we have

lim dH (Mk()\), Mk) =0.
A— Ao

Proof. Let = Ay C Ay C --- C A, = A be the increasing sequence of attractors
associated with the Morse decomposition M. Then A, are also attractors of G in X.
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Let € > 0 be given arbitrarily. We may assume that ¢ is small so that B(A, ¢) C
Q(Ag) for all 1 <k <n and are compact. Let Af = X \ Q(Ag). Then it is trivial to
verify that My = Ar N A;_,. We observe that

(4.2) B(Ap,¢) N B (X;;,hs) C B(Mj, ¢).

Let Vi = B(Ag, 5)\B(./Z,”;71, €). Note that Vj is a compact subset of Q(Ax_1). Thanks
to Theorem 2.9, there is a § > 0 such that, when p(\, Ag) < 6, G has for each k an
attractor Ag(A\) with

(4.3) .Ak(/\) - B(.Ak,é‘), Vi CQ (Ak—l()\)) .

Since B(Ay,e) C Q(Ax) and is compact, we can also assume § > 0 is sufficiently
small so that by Theorem 2.9 we also have B(Ag,e) C Q(Ag(A)) for 0 < k < n, and
consequently for each k fixed,

A;(N) CB(A;,e) CB(Ag,e) C Q(Ar(N)) for i <k,
which implies A;(A) C Ag(A) for all ¢ < k. Therefore
0 =Ao(\) C A1 (N) C - C An(N) = AN

is an increasing sequence of attractors of G .

Let Mi(A) = Ax(A) N A;_;(A). Then M(X) = {Mi(}),..., M,(\)} is a Morse
decomposition of A(A). There remains to check that My(A) C B(Mg,€). Indeed, by
Theorem 3.7 we know that My (\) is the repeller of Gy in Ag(A) dual to Ak_1(N).
Therefore by Proposition 3.4(1),

Mi(N) = AeW) \ @O (A1 (X)) = Ak(A) \ 2(Ak-1(N).

Further by (4.3) we find that

M) € B(Ak2) \ Vi = B(Ak2) \ (Bldw, )\ B (A ¢))

C B(Ap.e)\ (B(Ak, &)\ B (,Z;;_l,s))
— B(Ap,¢) NB (,Z;;,l,a) C (by (4.2)) C B(Mj, e).

The proof of the theorem is complete. 0

Some results concerning the robustness of Morse decompositions under discretiza-
tion for specific functional differential equations can be found in Gedeon and Hines
[20, 21], etc.

Remark 4.4. We remark that some of the perturbed Morse sets My () in Theorem
4.3 may be 0, even if each M}, is nonvoid. This can be seen by considering the scalar
equation:

o(t) = —(z +2)(2* - 1)a?,

which has an equilibrium E = 0 that disappears when we add an arbitrary small
positive number A > 0 in the right-hand side.

THEOREM 4.5. Assume the hypothesis in Theorem 4.3. Let A be an attractor of
Gy, with Morse decomposition M = {My,...,M,}. Then for any compact subset K
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of Q(A) and e > 0, there exists 6 > 0 such that when p(\, Ao) < 6, for any trajectory
v of G with v(0) € K,

limsup d (1(£), My) < ¢
t—oo
for some Mj,.
Proof. Tt is a consequence of Theorems 2.9, 4.2, and 4.3. ]

5. Morse decompositions for differential inclusions. Consider the differ-
ential inclusion on R™

(5-1) a'(t) € f(z(t),  t=0,

where f is always assumed to satisfy the following assumptions:

(H1) f(z) is a nonempty convex compact subset of R™ for every z € R™;

(H2) f is upper semicontinuous.

Let I be an interval. A mapping z(-) : I — R™ is said to be a solution of (5.1)
on I if it is absolutely continuous on any compact interval J C I and solves (5.1) at
ae. tel.

A solution on R will be simply called a complete solution.

The reachable mapping F of (5.1) is defined as, for all (¢,z) € Rt x R™,

F(t)x = {z(t)] =(-) is a solution of (5.1) with z(0) = z}.

Although F is a GDS on R™ provided no solutions of (5.1) blow up in finite time
[31], we prefer to introduce the dynamical concepts for (5.1) while disregarding the
blowup of solutions which may be outside our interest. For instance, for two subsets
A and V of R™ we say that A attracts V; this means no solutions z(-) with z(0) € V
blow up in finite time, and dg(F(¢t)V, A) — 0 as ¢ — oo. The other concepts such
as attraction regions, asymptotic stability, limit sets, invariant sets, attractors, and
Morse decompositions can also be defined in the same manner as we do in the situation
of GDSs. We omit the details.

PROPOSITION 5.1. Let Q be a locally compact subset of R™. If Q is positively
invariant, then F is a GDS on €.

Proof. The proof is a slight modification of the one for Theorem 5.4 in Li and
Zhang [31]. a

Remark 5.2. Thanks to Proposition 5.1, one can immediately apply the abstract
results in sections 3 and 4 (except Theorems 4.3 and 4.5) to system (5.1) restricted
on any locally compact positively invariant sets to establish a Morse decomposition
theory for differential inclusions (without any additional assumptions on f(x)). Since
the results are just copies of those for GDSs, their statements are thus omitted. When
referring to these results, we will directly consult the corresponding ones in previous
sections.

Now let us give two simple examples on Morse decompositions.

Ezample 5.1 (gradient system). Let £ be an open subset of R™. We say that
(5.1) is a gradient system on 2; there exists a function V(x) on  such that, for any
solution z(-) of (5.1) contained in €, V(x(t)) strictly decreases whenever z(-) is not
an equilibrium. V' (x) is called a Lyapunov function of (5.1) on 2.

An example for gradient systems is the one in which f(z) = —0V(x), where
V : R™ — R is a locally Lipschitz sleek function or a lower semicontinuous convex
function and OV (z) is the generalized gradient of V(x); see [3, p. 341] and [4, p. 158]
for details.
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Suppose that (5.1) is a gradient system on  with a Lyapunov function V(x)
satisfying V(z) — 400 as ¢ — 99; i.e., for any a > 0 there is a compact subset K of
Q such that

V(z)>a VeeQ\ K.

Then the set £ of equilibria of the system in €2 is nonvoid, as the minimum point z, of
V in Q exists and is necessarily an equilibrium. Furthermore, it can be easily shown
that the system has an attractor A in . If we further assume £ to be finite,

5={Ek|k:1,2,...,n},

where Ej, (k = 1,2,...,n) are ordered so that V(E;) < V(E;) when ¢ < j, then
by Theorem 3.8 (in fact, a copy of this theorem to differential inclusions) we easily
deduce that {Ey,..., E,} forms a natural Morse decomposition of A.

Example 5.2. Consider the following differential inclusion which relates to the
generalized equations governing Chua’s circuit [8]:

T x1 — kSgn(xy) —ab+1l) o O
(52) To cA T2 s A= 1 -1 1 R
T3 x3 + kSgn (z1) 0 -6 0

where @; = x}(t) and Sgn(zx) corresponds to the signal function,
Sgn(z) =1 (z>0), Sgn(z)=-1(z<0), Sgn(0)=[-1,1].

Taking a = —1, § = 288, b = —36, and k = 1, the system reads as follows:

1‘1 I 35Sgn(a:1) —35 -1 0
(53) To € Ay X9 + 0 , Ag= 1 —1 1
T3 x3 0 0 —288 0

Simple computations show that all the eigenvalues of A( are negative, so the system
(5.3) is dissipative and has a global attractor A. (5.3) has three equilibria:

E, = (71,07 1)7 Ey = (1303 71)7 E; = (03050)7

where E; and Es are asymptotically stable. Let Ay =0, A1 = {F1}, As = {E1, Fa},
and A3 = A. Then {A;} is an increasing attractor sequence which yields a Morse
decomposition M = {My, My, M3} of A with

M, = {El}’ My = {EQ}, FE3 € Ms;.

Concerning the stability of Morse decompositions, we have the following.

THEOREM 5.3. Assume (5.1) has an attractor A with Morse decomposition
{Mi,...,M,}. Then for any compact subset K of Q(A), there exists a 6 > 0 such
that, when 0 < X\ < 6, the inflated system

(5.4) 2'(t) € fa(z(t)), fa(z) =conv f (z + ABy1) + ABy,

where B, denotes the ball B(0,r) in R™, has an attractor A(X) with K C Q(A(X))
and a Morse decomposition {My(N), ..., M,(\)}; moreover,
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Proof. The proof of the theorem can be obtained by slightly modifying the proof
of Theorem 2.10 in [32] and applying Theorem 4.3. We omit the details. 0

As a consequence of the above theorem and Theorem 4.2, we have the following.

THEOREM 5.4. Assume (5.1) has an attractor A with Morse decomposition
{Mi,...,M,}. Let K C Q(A) be compact. Then for any compact subset K of Q(A)
and e > 0, there is a 6 > 0 such that when X\ < 6, for any solution z(-) of the perturbed
system (5.4) with z(0) € K, we have

limsup d (z(t), My) <e

t—o0
for some Mj,.

6. Chain recurrent sets and Morse decompositions. This section is con-
cerned with the open-loop system on R™:

(6.1) a'(t) = f(a(t), u(t)), ue,

where % = {u € L>(R;R?)| u(t) € U for a.e. t € R} is the set of admissible controls
(inputs), and U C R? is the control range.

It is well known that chain recurrent sets, chain recurrent components, and chain
control sets play a crucial role in the dynamical theory of control. As one of our
main purposes here, we give a detailed discussion on the relations between these sets
and Morse decompositions. In case one could associate the control system with a
single-valued control flow defined on the lifted phase space 2 = % x R™, where
% is equipped with the weak*-topology [13, 14], all the results presented below can
be obtained by applying some known ones in the theory of single-valued dynamical
systems. However, to do so we have to impose on the system some strong assumptions
to guarantee the continuity of the control flow. For instance, a typical assumption in
this line is to assume that the system is affine in control [13], i.e.,

fz,u) = h(x) + Z u;gi ().

1<i<d

Our approach here is to connect control systems directly with differential inclusions,
which enables us to work under weaker conditions.
We first recall that a mapping z(-) : I — R™ is said to be a solution of (6.1) on
I with input u € %, if it is absolutely continuous on any compact interval J C I and
the pair (z(-),u) solves (6.1) at a.e. t € I.
We will denote by ¢(t,x,u) a solution of (6.1) with input u and ¢(0,z,u) = x.
THEOREM 6.1 (see [36]). Assume that the following assumptions hold:
(C1) The control U is compact;
(C2) f(x,u) is continuous with F(x) := {f(x,u)| v € U} being convex for each
z e R™.
Then the open-loop system (6.1) is equivalent to the following differential inclusion:

(6.2) 2/(t) € Fa(t)).

Remark 6.2. Note that under the assumptions (C1) and (C2), F(x) is a contin-
uous set valued mapping with compact convex images.

There is an additional assumption “f(z,u) < ¢(1 4 |z|) for all z € R™” in [36].
However, we point out that this can be removed by using appropriate cutoff functions.
In fact, if z(-) is a solution of (6.2) on [0,7'), then for any 7 < T, z(-) is bounded on
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[0, 7]. Assume that |z(¢)] < R on [0,7]. Let a(z) be a continuous function on R™ with
a(x) = 1for |z] < Rand a(x) = 0 for |z| > 2R. Then z(-) solves 2/ (t) € a(xz(t))F(x(t))
on [0, 7]. Noting that

a(x)F(z) = {a(x) f(z,u)| ue U}

and that a(z)f(z,u) is bounded, by the original result in [36] one immediately con-
cludes that z(-) is a solution (6.1) on [0, 7]. Since 7 is arbitrary, we see that z(-) is a
solution of (6.1) on [0,T). Conversely, it is clear that any solution of (6.1) is a solution
of (6.2).

Due to Theorem 6.1, we will not distinguish the control system (6.1) with dif-
ferential inclusion (6.2) in the following argument, and all the dynamical concepts
without definitions below are understood with respect to (6.2).

Throughout this section we will always assume and only assume that (C1), (C2),
and a local Lipschitz continuity condition (C3) are satisfied, where (C3) is given as
follows:

(C3) f(x,u) is locally Lipschitz in x in a uniform manner with respect to u € U;
i.e., for any bounded set B C R™, there exists Lp > 0 such that

We emphasize that in our case it is difficult to define a continuous control flow on the
lifted space mentioned above. The main difficulty lies in verifying the continuity of
the flow due to the nonlinearity of f(z,u) in u (recall that % is equipped with the
weak*-topology).

We denote by F the reachable mapping of (6.2).

DEFINITION 6.3. Let K be a closed subset of R™. Forz,y € R™ ande, T > 0, an
(e,T)-chain ¢ in K from x to y is given by a positive integer n € N, xq,...,x, € R™,
UGy ey Un_1 EU, and Ty, ..., Tp_1 > T with xg =z, x, =y and

o ([0,T;), wiyu;) C K, | (Ty, z4,u;) — xip1| <&, 1=0,1,...,n—1.

If for all e, T > 0 there is an (¢,T)-chain from x to y in K, then we say that x
1s chain controllable to y in K.

Remark 6.4. The set K can be viewed as a constraint. In case K = R™, we will
simply drop the words “in K” in the above definition.

Let K C R™ be closed, A C K. Define the K-chain limit set €x(A) as

¢k (A) ={y € R™| Tz € A such that z is chain controllable to y in K}.

LEMMA 6.5. Let K be a compact positively invariant set, A C K. Then €k (A)
is a compact invariant set with w(A) C €k (A).

Proof. We prove only the negative invariance of €k (A). The closedness and
positive invariance as well as inclusion “w(A) C €k (A)” can be easily examined.

Let z € €k (A) and s > 0. We need to check that there exits w € €k (A) such
that z € F(s)w.

Let e, = 1/k. Take a sequence of positive numbers s < 7, — +o0. Then for each
k there exists 0 < 6 < & such that

(6.4) lp(t, z,u) — &(t, y, u)| < ek Vte 0,4 Vue ¥

for all z,y € K with |x — y| < 6 (this follows from the Lipschitz continuity property
of f). Since z € Ek(A), there is a ¥ € A such that for each k one can find a
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(b, 271)-chain from Z to z in K given by
T=120,T1,. ., Tny1,Tny, = 2, U, UL, .-y Uny—1 €U, To,T1,..., Th—1 > 27y

We may assume that T; < 471;. Otherwise, since there is no limitation on the number
ng of “jumps,” one could modify the original chain to such a one by just dividing the
time intervals with length larger than 47.

Set wr = ¢(Thy—1 — 8, Tnp—1,Un,—1). Then d(z,F(s)wy) < 6. Since K is
compact, we may assume that wy — w. By upper semicontinuity of F we have
z € F(s)w. There remains to verify that w € €k (A). For this purpose we first
formulate for each wy an (eg, 7 )-chain from T to wy in K.

If ny = 1, then clearly

To=2, T1=w;eR™, TO:TO—ssz, and ug=wug €%
give an (gg, 7 )-chain from Z to wy. So we assume that ny > 2. Define u,, 2 € % as
ank*Q(t) = unk*Q(t) (t < Tnk*2)7 ank*Q(t) = unkfl(t - Tnk*Q) (t > Tnk*Q)'

Let T, —2 = Tpy—2 + (T, —1 — 5). Then

‘d)(Tnk—Qa xnk—Q, ﬂnk—Z) - wk‘|

= ‘¢(Tnk71 — S, ¢(Tnk727 xnk72aunk72) ) unkfl) - d)(Tnk - vankflaunkflﬂ

Because

|¢(Tnk—2; znk—27unk—2) - xnk—1| < 6167

by (6.4) we deduce that |¢p(Ty, —2, Tn,—2,Un,—2) — Wg| < €k. It follows that
EE:an---axnk72;wk ERm7 U(),...,U/nk,g,ank,Q 6%7 T07"'aTnk73aTnk72 > T

is an (e, 7% )-chain from ¥ to wy in K.

Now since wy, — w, one easily sees that, for any ,T > 0, there is an (&, T)-chain
from Z to w in K. Hence w € €k (A). 0

THEOREM 6.6. Let K be a compact positively invariant set. Let A be a closed
subset of K. Then €k (A) is the intersection of all attractors of (6.2) in K containing
w(A).

Proof. For ¢, T > 0, define

Cx(A,e,T)={y€ K| Jz € A and an (g,T)-chain from x to y in K}.

Then €k (A, e, T) is open in K. Note that € (A) =, 75 € (A, e, T). Indeed, it is
clear that €k (A) C (. r-0 Cx(A,e,T). Suppose that y € (), 7o Cx(A,e,T). Then
for each k € N, there is a (1/k, k)-chain from some xj, to y. As K is compact, we can
assume z; — x € A. Now using some techniques used above, for any £,7 > 0 one
can easily formulate an (¢,T')-chain in K from z to y. Hence y € Gk (A).

For e, T > 0, let V := € (A,e,T). We claim that

(6.5) w(V) C k(A e, T) CintgV,
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where intg'V' is the interior of V' with respect to K. The second inclusion in (6.5) is
in fact obvious. Now let z € w(V'). Then there are x,, € V, ¢, — 400, and u,, € %
such that ¢(t,, Ty, u,) — 2. Choose ng € N, § >0, and p € €k (A,e,T) such that

D — Xng| <6, tng >T, and |[P(tng, Tng,Ung) — 2| < €/2,
[ (trg, T,y Ung ) — P(tngs Tngs Ung )| < €/2 Vo e K with | — 2,,| < 6.

By definition of p there is an (e, T)-chain from some y € Y to p in K. We observe
that

|¢(tn07pa uTLo) - Z‘ S M’(tnoapa u’no) - ¢(tn07xnoauno)| + |¢(tngaxn0,un0) - Z|
<eg/24+¢e/2=¢.

Thus concatenation yields an (e, 7T')-chain from y to z in K. This proves (6.5).
(6.5) implies that A = w(V) is an attractor in K. By invariance of % (A), we
find that

A=w(Ck(4,e,T)) D w(Ck(4)) = Cr(A) D w(A).

Therefore we have shown that, for any €,7 > 0, there is an attractor A of (6.2) in
K containing w(A) such that A C €k (A,e,T). Consequently the intersection of all
attractors of (6.2) in K containing w(A) is necessarily contained in €k (A).

Now suppose that A is an attractor in K containing w(A). Let § > 0 be given
arbitrarily but sufficiently small so that

Vi := B(A, k) N K € QF(A), k=1,2.

Then V}, are neighborhoods of A in K and A attracts V5. Therefore there is a tg > 0
such that F(t)Vo C V4 for all ¢ > t5. Choose a T' > to such that F(T)A C V4. Then
it is trivial to check that, when € < 6, any (&, T)-chain in K from A must end in V.
It follows that €x(A) C V1. Since ¢ is arbitrary, we find €x(A) C A. The proof is
complete. 0

DEFINITION 6.7. Let K be a closed subset of R™. A K-chain control set D is a
mazximal set in K with the property that, for any x,y € D, x is controllable to y in K.

The K-chain recurrent set Ry is defined as

Rk ={z € K|z € €k(zx)}.

The connected components of Rk is said to be K-chain recurrent components.

PROPOSITION 6.8. Let K be a compact positively invariant set. Then the follow-
ing hold:

(1) D is a K-chain control set if and only if it is a K -chain recurrent component;

(2) any K-chain recurrent component D is compact and weakly invariant.

Proof. (1) The proof of this conclusion is just a copy of the one for [13, Proposition
B.2.21] and is thus omitted.

(2) We check only the weak invariance of D. The verification of compactness is
trivial.

Let x € D. We need to show that there is a complete solution through x which
lies in D. For this purpose, it suffices to prove that there is a solution z(-) : [0,1] — D
as well as a solution Z(-) : [-1,0] — D of (6.2) with z(0) = = Z(0).
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Since x € D, for each k € N there is a (1/k, k)-chain from z to = in K given by

k k k k k k
xgy s Ty, €K, ug, ... u cev, T1y,....T, >k,

ng—1 ytnp—1

with 2§ = z = 2% . We can assume that z;(-) = ¢(-,x,uf) converges uniformly on

[0,1] to a solution z(-). We show that z(s) € D for all s € [0,1].

Let €, T > 0 be given arbitrarily. We formulate an (e, T)-chain ¢ in K from z(s) to
x(s) as follows. First, since each solution x(-) is defined on [0, T + 1] for k sufficiently
large, by Barbashin’s theorem one can also assume z(-) is defined on [0,T + 1] and
that zj(-) converges uniformly on [0,7 + 1] to x(-). Let z(t) = ¢(¢t,z,u) for some
u € %. We choose a k > 2T 4+ 1 with 1/k < e such that

(6.6) lp(t,y,u) — P(t, z,u)| < e Vte[0,T+1], ue ¥
for all y,z € K with |y — z| < 1/k and
(6.7) lzk(t) —z(t)| < e vVt e [0,T+1].
Define ¢ as
o =a(s), x1=¢(T +s,ahul), x;=aF  (for2<i<ng), xn41=2ax(s);
wp =u, w(t) =ulb(T+s+1t), u=ul (for2<i<ny—1),
g (6) =y (6) (for £ S TE_,), e, (6) =t —TE_,) (for t > TS ),
To=T, Tv=T§-T-s, T;=TF, (for2<i<n,—1), T, =Tk _|+s.

We claim that ¢ is an (e, T)-chain from z(s) to z(s).
Indeed, simple computations show that

|9(To, o, uo) — 1| = [2(T +s) — 2x(T + s)| < (by (6.7)) <e,
|¢(T1,$1,U1) - .’112| = |¢(T(§C7mgaul(§) - ‘rllc| < l/k <e.
We also have

|¢(Tnk,xnk,unk) - -Tnk-‘rl‘ = |¢) (sv¢(TT]fk—l7x7kLk—l7u1]'€Lk—1)7 ﬂ) - $($)|
= |¢ (57¢(Trlfk71>$§kflvuﬁk—1)a ﬂ) - qb(s,x,ﬂ)l

Because |¢(TF, _y, k1 uk 1) —x| <1/k, by (6.6) we find

neg—1*ng—1»
‘¢(Tnk7xnk7unk) - xnk+1| <e.
This finishes the proof of our claim. ]
The proof for the existence of a solution Z(:) : [-1,0] — D with Z(0) = «x is

parallel.

Remark 6.9. Since K-chain recurrent components are compact, they are pairwise
disjoint.

PROPOSITION 6.10. Let K be a compact positively invariant set, and let x(-) be
a complete solution in K. Then there are K-chain recurrent components D1 and Do
of Rk such that w(z(-)) C D1 and a(x(-)) C Da. Further if Dy = Dy = D, then
z(R) C D.
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Proof. One easily checks that w(z(+)), a(z(-)) C Rk. Since they are connected,
each of them is naturally contained in a K-chain recurrent component of R .

In case Dy = Dy = D, it can be shown that z(-) is contained in R with DUz(R)
being a K-chain recurrent component (using the fact that D is a K-chain control set).
Hence by maximality of chain recurrent components we must have z(R) C D.

For K-chain recurrent components Dy, Dy C R, we denote by [Dy, Ds] the set

{z € K| there is a complete solution z(-) in K with
2(0) =z and a(z(-)) C D1, w(z(-)) C Dy }.

Then by Proposition 6.10 we have [D, D] = D if K is a compact positively invariant
set. O

THEOREM 6.11. Assume S is a compact invariant set of (6.2). Let &/ be the

family of attractors of (6.2) in S. Then Rs = () ea (AUA").

Proof. The proof is a slight modification of that of Theorem B.2.26 in [13] (The-

orem 6.6 here plays a key role). We omit the details. ]

Now we state and prove the following theorem.

THEOREM 6.12. Assume S is a compact invariant set of (6.2). Let .4 be the

family of Morse decompositions of S. Then the following assertions hold.

(1) Rs = ﬂMEM (UMeM M) :

(2) Let M be a Morse decomposition of S. Then each S-chain recurrent com-
ponent is contained in some Morse set M € M. Furthermore, for each
M € M, there is a family 9 of S-chain recurrent components such that
M = UDl,DQGD [DhDQ]‘

(3) If Rs has only a finite number of S-chain recurrent components, then S has
the finest Morse decomposition M with each Morse set being precisely the
S-chain recurrent components of Rs.

Conversely if S has the finest Morse decomposition M, then Rs has only a
finite number of S-chain recurrent components.

Proof. (1) Since, for any attractor A in S, M = {4, A*} is a Morse decomposition

of S, we see that the intersection is contained in Rg.

Conversely, let M = {My,...,M,} € 4. Then a direct inspection shows that

U M= ) Acuap,

1<k<n 1<k<n

where ) = Ag € A C -+ C A, = A is the increasing attractor sequence which
corresponds to M. Due to Theorem 6.11 we see that Rs C (J;<j<,, Mr. Hence Rs
is also contained in the intersection.

(2) The first conclusion follows from (1) and the fact that Morse sets in the same
Morse decomposition are disjoint. Now assume M € M, and let

29 = {D C M| D is a S-chain recurrent component}.

Then by Proposition 6.10 we easily see that M = UDl,DQED [Dy, D).

(3) Suppose that Rs has n S-chain recurrent components. Let M be the set of
these chain recurrent components.

We first prove that there is a M € M which will be marked as M, such that,
for any complete solution z(-) of (6.2), if w(z(-)) C M, then we necessarily have
a(z(-)) € M. Indeed, if this fails to be true, then by Proposition 6.10 one can easily
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find Dy,..., D, € M for some 2 < k < n and complete solutions z;(-) (1 < ¢ < k) in
S such that

wr;()CcD; 1<i<k), a(x(-)CDix1 (1<i<k-—1), and o«(xx(-)) C D;.

However this implies that (J; ., D; is a S-chain recurrent component, a contradic-
tion!

The same argument applies to show that there is a M,,_; € M such that if a
complete solution x(-) satisfies w(z(+)) C M,_1, then a(x(-)) C M, —1 UM,,. Continu-
ing the procedure, we finally find that M can be ordered as M = {M;, ..., M, } with
the following property holding: for any complete solution z(:) in S, if w(z(-)) C My,
then a(z(+)) C My U---UM,,. Now Theorem 3.8 and Proposition 6.10 imply that M
is a Morse decomposition of S.

We proceed to show that M is the finest Morse decomposition. We argue by
contradiction and suppose that there is a finer Morse decomposition M. Then using
the increasing attractor sequence corresponding to M, one would find an attractor
A in § such that M N A is a proper subset of M. Take a y € My \ A. Then
6 = d(y,A) > 0. Choose a positive number ey < §/3 such that V := S N B(A4,2eo)
is a compact subset of Q5(A). Then A attracts V. Thus there exists a T > 0 such
that F(t)V C Vo := SN B(A,ep) for all ¢t > T. This implies that, when ¢ < eq,
any (e¢,T)-chain in S from V; will end in V. Consequently there is no (e, T)-chain
in S from x € My N A to y. This contradicts the chain controllability of Mj (see
Proposition 6.8).

Now we turn to the proof of the converse conclusion. Assume S has the finest
Morse decomposition M = {Mjy,..., M,}. Then each M}, is connected. By Remark
3.10 we deduce that, for any Morse decomposition M’ |J;<p<p, Mk C Uprenr M-
It then follows from (1) that Rs = U <x<, Mk. Therefore each Morse set M}, is a
S-chain recurrent component.

The proof of the theorem is complete. 0

The following result seems to be interesting, too.

THEOREM 6.13. Assume S is a compact invariant set of (6.2). Let .4 be the
family of Morse decompositions of S. Then for all € > 0, there exists M € A such
that Jyepq M C B(Rs,€).

Proof. As in [2, Proposition 4.8], it is not difficult to show that there are at most
countably many attractors in S. Consequently . is at most countable. If .Z is finite,
then the finest Morse decomposition exists, and the conclusion clearly holds true. So
we assume ./ is infinite. Let .4 = {M;1,Ma,...}. We choose a sequence {M,,, }
as follows. First, we let M,,, = M;. Then by using Lemma 3.9 we pick a M,,, such
that M,,, is finer than both M,,, and Ms. We proceed by induction and assume
that M, is chosen. Then we next pick a M, , from .# such that it is finer than
both M, and My (by Lemma 3.9, this is always available).

Set A = UMeMnk M. Then {A;} is a decreasing sequence of compact sets;

moreover, A, C UMEMk M for each k. Thus we conclude that Rs = (>, Ar =
limg_, oo Ag. Now for any € > 0, one can easily verify that Ay C B(Rs,e) for k
sufficiently large, which proves the validity of the conclusion. O

7. Robustness of feedback laws to small time delays and sample-hold
controls. Consider the control system on R™:

(7.1) a'(t) = f(z(t),ut), u(t)eU,
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where the control range U is a metric space. Given a target set A C R™, a basic task
in feedback control is to design a feedback law « : R™ — U so that A is asymptotically
stable (asymptotic controllability) under the closed-loop system

(7.2) a'(t) € fz(t), K(x(1)))-

(Here we have written the closed-loop system in the form of a differential inclusion
instead of a differential equation; this is mainly due to the fact that in many situations
the feedback laws may be set-valued [2] or discontinuous [7, 25].) Such a feedback law
can be designed via control-Lyapunov functions; see [1, 25]. One can also consult [11]
and [29], etc., in the case where A is an equilibrium.

A very natural and interesting problem is to ask whether the feedback x (or
equivalently the asymptotic behavior of the closed-loop system) possesses some nice
robustness properties so that it still works when small time delays are involved in the
feedback loop, when one uses a sample-hold control, or when there are measurement
errors as well as external disturbances. This problem has important practical sense
and has been discussed in the literature by many authors (especially in the case where
A is an equilibrium); see, e.g., [1, 11, 22, 23, 25, 29, 32] and references therein. Here
we will try to readdress the problem and establish some new results from the point of
view of stability of Morse decompositions. We hope that these results provide more
detailed information and thus help us to have a better understanding of the robustness
of feedback laws.

7.1. Robustness with respect to small time delays. Consider the closed-
loop system with small-time-delay r:

(7.3) 2'(t) € f(x(t),K(xy)), t>0,

where z; = z(t — r(t)) and r € C(R™; [0, 7]) for some T > 0.

Let | - | be the usual Euclidean norm on R™. We write Cx = C([—7,0]; K) for
any K C R™. In particular, C = Cgm, which is equipped with the norm || - || defined
by [[€] = max(_ o) £(2)] for any £ € C.

A solution of (7.3) with initial value £ € C is a function z(-) : [-7,T) — R™ which
is absolutely continuous on any compact interval J C [0,T") and solves (7.3) at a.e.
t € (0,T) with z(t) = &(¢t) for t € [—7,0]. The reader is referred to [4] for existence
results on delay differential inclusions.

We denote by (¢, &) any solution z(-) of (7.3) with initial value &.

THEOREM 7.1. Assume that f(x) = f(x,k(x)) satisfies (H1) and (H2). Sup-
pose that A is an attractor of the nondelayed system (7.2) with Morse decomposition
{My,...,M,}.

Then for any compact subset K of Q(A) and € > 0, there exist 7 > 0 such that,
for any delay r € C(R™; [0,7]) and any solution (¢, &) of (7.3) with £ € Cx, we have

(74) lim sSup d(?l)(t,g), Mk) <e
t—oo
for some 1 <k <n. _
Proof. Take an n > 0 sufficiently small so that V := B(K,n) C Q(A) and is

compact. Then A attracts V under (7.2). Invoking [31, Lemma 5.2], there exists a
R > 0 such that

(7.5) lz(t)] <R Vt>0
for any solution z(-) of (7.2) with (0) € V. Hence K C V C Bpg.



MORSE DECOMPOSITIONS 57

Let a(x) be a continuous cutoff function on R™ satisfying
a(x) =1 when |z| < 3R, a(xz) = 0 when |z| > 4R.
Consider the modified systems

(7'6) ﬂ;‘l(t) € h(x(t), ), h(z,y) = a(‘r)a(y>f(m> ’%(y))7
(7.7) 2/ (t) € H(z(t)), H(z) = h(z,z).

Clearly A is an attractor of (7.7) with V' C Qg (A). Here Qg (A) is the attraction
region of A under (7.7). For A > 0, consider the inflation of (7.7):

(7.8) 2/ (t) € Hy(z(t)), Hy(z) =conv H (x + ABy) + ABy.

Let € > 0 be given arbitrarily. We may assume ¢ < R/2. Thanks to Theorem 5.4,
there is a § > 0 such that when A < 6, for any solution x(-) of (7.8) with z(0) € V,
we have

(7.9) limsup d (z(t), Mg) <e

t—o0

for some k. Moreover, by (7.5) we can restrict § sufficiently small (as in [32, equation
(3.6)]) so that

(7.10) () <2R Vit >0.

We fix a A = A1 < 6 such that both (7.9) and (7.10) hold.
Note that h is bounded on R?™, so there is a ¢y > 0 such that |h(x,y)| < ¢o for

all z,y € R™. Let x(t) = 9(t,£) be any solution of (7.6) with initial value £ € Ck.
Then

|z; — x(t)| = |2"(0)|r(t) < coT for t > T,
|z(t) — z(0)] = |2/ ()|t < coT for t € [0, 7].
Therefore if 7 > 0 is taken sufficiently small so that co7 < min{n, A}, then
(7.11) z(t) eV (for 0<t<7), 2 €B(x(t),\) (for t > 7).

Setting z(t) = x(t+7) for t > 0, by (7.11) and the definition of h and H, one sees that
z(t) is a solution of the system (7.8)x—x, with initial value z(0) € V on any interval
[0,T) where |z(t)| = |x(t+ 7)] < 2R. This, together with (7.10), in turn implies that
|2(t)] < 2R for all t > 0, ie.,

(7.12) lz(t+7)| <2R  Yt>0.

Thus z(t) is a solution of (7.8)y=x, on RT. By (7.9) we conclude that, for some
1<k<n,

(7.13) limsup d (z(t), M) = limsup d(z(t — 7), M) < e.

t—oo t—o0o

We infer from (7.11) and (7.12) that, for any solution (¢, £) of (7.6) with & € Cx,

10(t,€)| <2R V>0,
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and hence it is a solution of (7.3). Conversely, using this basic fact one can also easily
examine that any solution (¢, £) of the original system (7.3) with initial value £ € Cx
exists on Rt and is a solution of (7.6). This and (7.13) complete the proof of what
we desired. O

Remark 7.2. The results can be extended without any difficulty to differential
inclusion

2'(t) € flx(t),z(t —ri(t)),...,z(t —rr(t))), t>0

with multiple small time delays. Here we omit the details.

Remark 7.3. A particular but interesting case is the one where each Morse set
M}, consists of an equilibrium Fj, as in the situation of a gradient system. In such a
case (7.4) reads

(7.14) limsup d (¢(t,€), Ex) < e.
t—oo

The robustness of asymptotic stability with respect to small time delays for scalar
differential equations with multiple equilibria can be found in [38, 39, 44], etc., where
the authors used some monotonicity method to show that each bounded solution of
the small-time-delayed system approaches one of the equilibria. Similar results were
also established in Friesecke [19] for a scalar parabolic equation with small time delays
by using the special Lyapunov function of the system.

Remark 7.4. We refer the reader to [23, 26, 32, 33, 35] and the large number
of references cited therein for the works and related discussions on robustness of
asymptotic stability of a single equilibrium or a compact set with respect to small
time delays.

7.2. Robustness with respect to sample-hold controls. We first recall the
concept of m-solutions of the closed-loop system. Let

m: 0=ty <t;<---<t; <tiy1 <---, where t; — oo,

be a partition of RT, [|7|| = sup;»¢[tit1 — ti|. Given an initial value zo € R™, a
m-solution of the closed-loop system (7.2) on [0,T) is a function z(-) : [0,7) — R™
which is absolutely continuous on any compact interval J C [0,7) and satisfies

2'(t) = f(z(t), k(z(t;)), =(0) ==, a.e. t € [t;,tix1]N[0,7)

for all ¢ > 0 such that t;41 <T.

THEOREM 7.5. Assume that f(x) := f(z,k(z)) satisfies (H1) and (H2). Suppose
that A is an attractor of the closed-loop system (7.2) with a Morse decomposition
{My,...,M}.

Then for any compact subset K C Q(A) and € > 0, there is a § > 0 such that,
when ||7|| < 8, any m-solution x(-) of (7.2) with x(0) € K exzists on RT and satisfies
limsup d(z(t), My) < e

t—o0
for some M.

Proof. We may assume that f is bounded on R™ x U; otherwise, we can employ
the cutoff techniques used in the proof of Theorem 7.1.

Let | f(z,u)| < ¢o for all (x,u) € R™ x U. Then for any A > 0, when ||7|| < \/cg
we find that any m-solution z(-) of (7.2) satisfies

|z(t;) — z(t)] < col|m]] < A Vi >0Vt e [t tit1),
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and hence x(-) solves
2'(t) € f(z(t), k(z(t) + AB1)), t>0.

Now the conclusion follows immediately from Theorem 5.4. O

Remark 7.6. Similarly we could consider robustness of feedback laws with respect
to measurement errors and external disturbances. In fact, results along this line are
readily contained in Theorems 5.3 and 5.4.
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Abstract. The present paper aims at analyzing the existence and convergence of approximate
solutions in shape optimization. Motivated by illustrative examples, an abstract setting of the
underlying shape optimization problem is suggested, taking into account the so-called two norm
discrepancy. A Ritz—Galerkin-type method is applied to solve the associated necessary condition.
Existence and convergence of approximate solutions are proved, provided that the infinite dimensional
shape problem admits a stable second order optimizer. The rate of convergence is confirmed by
numerical results.
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1. Introduction. Shape optimization is quite important for aircraft design,
bridge construction, electromagnetic shaping, etc. Many problems that arise in appli-
cations, particularly in structural mechanics, can be formulated as the minimization
of functionals defined over a class of admissible domains. Such problems have been
intensively studied in the literature in the past 25-30 years (see [14, 33, 35, 44, 47]
and the references therein). In the majority of papers, the undiscretized problem has
been studied. Only a few papers deal with the convergence of approximate solutions
to the solution of the original shape optimization problem. For example, in [6, 7, §]
the question of convergence is considered on the fully discretized level. Therein, a
grid is fixed in advance on the hold all and the admissible shapes are allowed to vary
only on this predefined grid. Consequently, a discrete optimization problem has to
be solved next. Further investigations on convergence of approximate solutions have
been reported in [33, 44].

In [18, 19, 20, 22, 23, 24, 25], we considered the numerical solution of several ellip-
tic shape optimization problems. Boundary variations were used to derive boundary
integral representations of the shape gradient and the shape Hessian. This approach
allows the embedding of a shape problem into a Banach space by identifying the
domain with the parametrization of its boundary, i.e., with a function. Solving the
shape optimization problem becomes equivalent to finding the parametrization of the
minimizing domain. We applied a Ritz—Galerkin-type method to approximate this
parametrization. All ingredients of the shape gradient and Hessian that arise from
the state equation were computed with sufficiently high accuracy by a fast wavelet
boundary element method. In this way, the discretization of the shape is decoupled

*Received by the editors March 14, 2005; accepted for publication (in revised form) September
1, 2006; published electronically March 2, 2007. This research was carried out during the second
author’s visit to the Department of Mathematics, Utrecht University, The Netherlands, and was
supported by the EU-IHP project Nonlinear Approzimation and Adaptivity: Breaking Complexity
in Numerical Modelling and Data Representation.

http://www.siam.org/journals/sicon/46-1/62679.html

TInstitute of Numerical Mathematics, TU Dresden, Zellescher Weg 12-14, 01069 Dresden, Ger-
many (karsten.eppler@tu-dresden.de).

fInstitut fiir Informatik und Praktische Mathematik, Christian—Albrechts—Universitiat zu Kiel,
Olshausenstr. 40, 24098 Kiel, Germany (hh@numerik.uni-kiel.de, rs@numerik.uni-kiel.de).

61



62 K. EPPLER, H. HARBRECHT, AND R. SCHNEIDER

from the discretization of the state equation. Consequently, we may distinguish two
types of errors.

First, the discretization error of the shape refers to the approximation error and
determines the best possible rate of convergence. The present paper mainly tackles
this issue by proving existence and convergence of approximate solutions. To this end,
it is assumed that the objective, the constraints, and the state are given exactly.

Second, solving the state equation numerically induces a consistency error. Con-
sistency errors are also caused by the approximate computation of the objective and
constraints by, e.g., numerical quadrature. We present a Strang-type lemma to incor-
porate the error arising from numerical approximation. It gives a sufficient condition
for realizing the best order of convergence.

When identifying the boundary of the regular C*“_domain with its parametriza-
tion with respect to a fixed reference manifold I', a shape calculus based on boundary
variational fields of prescribed smoothness leads to a second order Frechét calculus in
a Banach space. For applications of interest, the space C%<(T") for a certain o € (0, 1]
is appropriate; cf. [15, 16, 17]. Since shape optimization problems are highly nonlin-
ear, we are looking for domains that satisfy the first order necessary condition. These
solutions are called stationary domains. To verify their local optimality, the second
order Frechét derivative has to be coercive. However, for integral objectives in elliptic
shape optimization it turns out that coercivity cannot be expected in the norm of
the space of differentiation C%%(T'). Instead, coercivity of the shape Hessian at Q*
can be usually shown only in a weaker Sobolev space H*® (f) This lack of coercivity
is known from other PDE-constrained optimal control problems as the so-called two
norm discrepancy; cf. [4, 5, 28, 29]. The two norm discrepancy in shape optimization
was first observed in [10, 11, 12, 15, 17]. It will play a key role in our convergence
analysis.

Our investigations concentrate on the optimization of shapes and are not appli-
cable to dealing with topological changes. Certainly, dealing with variable topolo-
gies is of enormous practical interest, and much important work has been done for
the theoretical foundation and development of algorithms; see the monograph [3]
for the state of the art. The so-called topological derivative has been addressed in
[27, 31, 37, 39, 48, 49, 39] (we mention only some of the related papers). Related nec-
essary optimality conditions for simultaneous shape and topology optimization have
been investigated in [50], but the study of sufficient optimality conditions seems to be
a challenging problem.

Concerning the present paper, section 2 is dedicated to a summary of second
order shape calculus. Additionally, some examples are presented to illustrate the two
norm discrepancy. First, we consider shape functionals based on a simple domain or
boundary integral. Then, we treat PDE-constrained shape optimization problems by
means of elliptic free boundary problems. In addition to the problem with simple
constraints on the domain, we also discuss shape optimization problems subject to
further functional constraints.

Motivated by these examples, we present in section 3 an abstract setting for the
investigation of the second order sufficient optimality condition to verify stable min-
imizers. Then we introduce suitable trial spaces to discretize the shape optimization
problem by means of a Ritz—Galerkin method for solving the necessary condition. The
Ritz—Galerkin method solves a finite dimensional optimization problem that arises
from restricting the class of admissible domains to domains given by the trial space.
We show that there exist approximate solutions, provided that the level of discretiza-
tion is sufficiently large, and prove convergence of the approximate solutions 2%, to
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Q* the optimal solution of the original infinite dimensional shape problem. The ap-
proximate solution behaves like the best approximation in the trial space to Q*, with
respect to the natural space of coercivity of the shape Hessian. Therefore, the com-
putation of the rate of convergence is along the lines of conventional approximation
theory.

In section 4, we present two numerical examples that confirm our analysis. The
first one is a simple shape problem based on a domain integral minimization, which is
mainly incorporated for illustration. The second is a more advanced PDE-constrained
shape optimization problem, with several additional functional constraints. Both
examples are chosen such that the optimal domain is known a priori. We observe
rates of convergence which verify the present theory.

2. Motivation and background.

2.1. Shape calculus. Shape optimization is concerned with the minimization
of the shape functional

(2.1) J(Q) = / J(u, Vu,x)dx — min, QeT,
Q

where T is a suitable class of admissible domains 2 € R™. The so-called state u
satisfies an abstract boundary value problem

(2.2) Au = f in Q, Bu=gonTl,

where A corresponds to a well-posed elliptic partial differential operator in the domain
Q, and B operates on the functions supported at the free boundary I' C 9. For the
sake of simplicity, we restrict ourselves to finding solutions with known topology and
assume that all involved functions and data are sufficiently smooth.

Generally, problem (2.1) is highly implicit, with respect to the shape of the do-
main, and has to be solved iteratively. The canonical way to solve the minimization
problem is to determine its stationary points. Then, via the second order optimal-
ity condition, regular minimizers of second order are verified. To this end, we will
briefly survey shape calculus. In particular, we refer the reader to Murat and Simon
[38], Simon [46], Pironneau [44], Sokotowski and Zolésio [47], Delfour and Zolésio [14],
and the references therein. Herein, two basic concepts are considered, namely, the
perturbation of identity (Murat and Simon) and the speed method (Sokolowski and
Zolésio).

For example, the perturbation of identity exploits a smooth perturbation field
U : Q — R” and defines the standard domain perturbation as

QU] ={I+eU)(x) : x € Q}.

Then the directional derivative of J(£2) is computed as

Ever since Hadamard [32] it has been known that VJ(Q)[U] is a distribution living
only on the free boundary of the domain 2, provided that J(£2) is shape differentiable;
see also [13].

The latter observation leads to the idea of considering only boundary variations
for the update in the optimization algorithm. Therefore, we shall directly apply
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boundary variations for the computation of the boundary integral representations
of the shape gradient and Hessian. To this end, we introduce a reference manifold
I' C R™ and consider a fixed boundary perturbation field, for example, in the direction
of the outer normal n. We suppose that the free boundary of each domain 2 € T can
be parametrized via a sufficiently smooth function r in terms of

v:T 5T, ~(x)=x+rx)nx).

That is, we can identify a domain with the scalar function r. Defining the standard
variation

Y. : T — Tey  v.(x) :=~(x) + edr(x)n(x),

where dr is again a sufficiently smooth scalar function, we obtain the perturbed do-
main €).. Consequently both the shape and its increment can be seen as elements of
a Banach space X. We will specify the notion of “sufficiently smooth” in the next
subsections.

2.2. Optimization of domain or boundary integrals. First, we introduce
some notation. For a given domain D € R", the space C?(D) consists of all two times
continuously differentiable functions f : D — R™. A function f € C?(D) belongs to
C?<(D) if the (spatial) Hessian V2 f is Holder continuous with coefficient 0 < a < 1.
A domain D € R™ is of class C* if for each x € dD a neighborhood U(x) C 99 and
a diffeomorphism ~ : [0,1]"7! — U(x) exist such that v € C%%([0,1]"71); see [52],
for example.

For the sake of clearness, we present here two elementary shape problems, since
both the shape calculus and the analysis become much more evident in comparison
with the more advanced shape optimization problems presented in the subsequent
subsections. To this end, let n = 2, Q € C', and consider the following shape
optimization problem of domain integral type:

(2.3) J(Q) = /Qh(x)dx — min,

where h € C'(R?) are given data. We choose the class of admissible domains as the
set of all domains that are star-shaped with respect to the origin. Then we can choose
I' as the unit circle. Equivalently, we can parametrize I' = 02 via polar coordinates

= {7<¢>> =r(@)[50] o€ [072”]}’

where r € Céer([O,Qw]) is a positive function. Here and in what follows, the space

CF:2 ig defined as

per

CRa([o,2n]) = {f € C*([0,2x]) : £ (0) = fD(2n) for all i = 0,..., k},

per

and likewise C*_([0,27]). Let us further remark that the tangent and the outward

per
normal at I are computed by

(2.4) R b AR e ] W A Y

We consider dr € C}

ver([0,27]) as a standard variation for perturbed domains €2, re-
spectively, boundaries I'., defined by r.(¢) = r(¢) +edr(¢), where v.(¢) = r-(¢p)n(¢)
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is always a Jordan curve. Herein, n(¢) = [cos ¢,sin ¢]7 denotes the outward normal
vector to the reference manifold I'.
LEMMA 2.1 (see [16]). The shape functional from (2.3) is twice Frechét differen-

tiable with respect to C’Il,er([O, 27]), where the shape gradient and Hessian read as

VI(Q)[dr] = / " r(@)dr($)h(r(6), &) dd.

Il .dra] = [ ara(@dra(e) {1(r(0).0) + r0) 55 (r6).6) | o

0

Consider now a stationary domain Q*, which means V.J(Q*)[dr] = 0 for all dr €
C([0,27]). Of course, the latter equation implies that h|r~ = 0. Hence, as one readily
verifies, it holds that

29) o
r2(0) +r7%(0)

V2J(Q)[dry, dry) = /0 ﬂdrl((b)drg((b) (r*(¢), ) p do.

Optimality usually can be guaranteed by coercivity of the second order Frechét deriva-
tive. However, it is impossible to realize coercivity with respect to C.., ([0, 27]); only
an estimate

VEJ(Q")[dr, dr] > celldrl|ao.2m)

for some cg > 0 can be expected. Note that we have such an estimate if (Oh/0n)|p« >
cg > 0. This lack of regularity is known from other control problems as the so-called
two norm discrepancy. Nevertheless, the bilinear form imposed by the shape Hessian
V2J(9) is obviously also continuous on L?([0,27]) x L?([0,2x]), that is,

|V2J(Q)[d7’17d7"2]| < CS(Q)”dTl||L2([0,27r])||d7’2|\L2([0,27r])

for all dry,dro € L?([0,27]). Notice that it is generally impossible to extend the
domain of definition C'([0,27]) to L2([0,27]). In other words, J is only densely
defined with respect to L2([0, 27]).

Also, in the case of a shape optimization problem of boundary integral type

(2.5) J(Q) = /Fg(x)do — min,

where g € C%(R?) are given data, one makes the above observations concerning the
coercivity. Similarly to above, coercivity cannot be realized in CJ.,([0,27]). The

energy space of the bilinear form imposed by the shape Hessian V2.J () is the Sobolev

space H..([0,27]); see [16] for details.

2.3. PDE-constrained shape optimization problems. We shall consider
free elliptic boundary problems as the most illustrative model problem for PDE-
constrained shape optimization problems. Let 7' C R™ denote a bounded domain
with boundary 07 = T'. Inside the domain T we assume the existence of a simply
connected subdomain S C T with fixed boundary 95 = . We denote the annular
domain T\ S by Q; see also Figure 2.1.
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Fic. 2.1. The domain Q2 and its boundaries I' and X.

We consider the following overdetermined boundary value problem in the annular
domain §2:

—Au=f in Q,
IVul=g onT,
u=0 on I,
u=nh on 3,

(2.6)

where f > 0 and g,h > 0 are sufficiently smooth functions such that the shape
differentiability of the objective (2.7) is provided up to second order. We like to stress
that the positivity of the data implies that u is positive in 2. Hence, there holds the
identity

IVul| = —g—z onT
since u admits homogeneous Dirichlet data on T.

We arrive at a free boundary problem if the boundary I' is the unknown. In other
words, we seek a domain ) with fixed boundary ¥ and unknown boundary I' such
that the overdetermined boundary value problem (2.6) is solvable. For the existence
of solutions we refer the reader to, e.g., [1, 26].

Shape optimization provides an efficient tool for solving such free boundary value
problems; cf. [14, 34, 47, 51]. Considering the cost functional

(2.7) J(Q) = /Q |Vul|? — 2fu + g*dx

with underlying state equation

—Au=f in €,
(2.8) u=0 on T,
u=nh on Y,

the solution of the free boundary problem is equivalent to the shape optimization
problem

(2.9) J(Q) — min.
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This issues from the necessary condition of a minimizer to the cost functional (2.7);
that is,

(2.10) VJ(Q)[U] = /F<U,n>{g2 — Bzr}da =0

has to be valid for all sufficiently smooth perturbation fields U. Hence, shape opti-
mization induces a variational formulation of the condition

(2.11) g—z =—g on I

However, a stationary domain Q* of the minimization problem (2.7), (2.8) will be a
stable minimum if and only if the shape Hessian is strictly H'/2([0, 27])-coercive at
this domain (see below).

It suffices to consider S € C%!, but due to a second order boundary perturbation
calculus, we have to assume T' € C?® for some fixed o € (0,1). We assume, similarly
to the previous subsection, that the domain T is star-shaped with respect to 0, and
we apply the same shape calculus. The shape gradient of the cost functional in (2.7)
becomes, in polar coordinates,

(2.12) (VJ(Q),dr) = /027r drr {g2 - [glﬂ i } de.

According to [15, 16] the shape Hessian reads as

27 2
(2.13) (VQJ(Q) dry,dre) = / drldr2{92 - BZ] + 2rg(Vg,n)
0

do.

on on

B \/r2 —|—'r’2(971’1 T@ " onot

Herein, the local shape derivative du = du[drs] of the state function satisfies

2 2
2r  OJu { v, c’)u} }2rdr16u~adu[dr2]

Adu =0 in Q,
(2.14) du=0 on X,
du = —dry (0,n)%% onT.

Notice that 9?u/0n? := (V?u - n,n) and 9?u/(0ndt) := (V?u - n,t).

LEMMA 2.2 (see [15, 25]). The shape Hessian V2J(Q) defines a continuous
bilinear form on H'Y?([0,27]) x H'Y2([0,27]); that is, there exists a constant cs(9)
depending only on the actual domain € such that

[V2J(Q)[dry, dra)| < cs(Q)1dr || g1z go,20p) |dr2ll zr1/2 (0,27))-

In accordance with this lemma, we observe that the shape Hessian is a pseudo-
differential operator of order one, i.e., V2J(Q) : HY/?([0,2x]) — H~%([0,27]). In
particular the last term in (2.13) implies that the shape Hessian is a nonlocal operator.

According to [25] the following sufficient criterion concerning the H'/2([0, 27])-
coercivity holds.

LEMMA 2.3. The shape Hessian V2J(Q*) is H'/?([0,2x])-coercive; that is, there
exists a constant cg > 0 such that

V2I(Q)[dr,dr] > cplldr|Fz o om)
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99 «
/{—&—[an—f]/gzo on I'™.

In particular, in the case when f = 0 and g = const., the shape Hessian is H'/?([0, 2x])-
coercive if the boundary T'* is convex (seen from inside).

The problem under consideration can be viewed as the prototype of a free bound-
ary problem arising in many applications. For example, the growth of anodes in
electrochemical processing might be modeled as above with f =0 and g, h = 1.

In the two-dimensional exterior magnetic shaping of liquid metals, the state equa-
tion is an exterior Poisson equation and the uniqueness is ensured by a volume con-
straint of the domain Q [9, 20, 41, 43]; see also the following subsection. However,
since the shape functional involves the perimeter, which corresponds to the surface
tension of the liquid, the energy space of the shape Hessian will be H!([0, 27]).

The detection of voids or inclusions in two- or three-dimensional electrical im-
pedance tomography is slightly different since the roles of ¥ and I' are interchanged
[23, 24, 45]. Particularly, this inverse problem is severely ill-posed, in contrast to the
present class of problems. It has been proven in [23] that the shape Hessian is not
strictly coercive in any H*([0,2n]) for all s € R.

2.4. Shape problems with additional functional constraints. We consider
the following shape optimization problem:

J(Q) = /Qj(u, Vu,x)dx — min,
subject to L domain or boundary integral equality constraints
1:(9) :/th(x)dXZCi, 1<i<K,
Ji(Q) = /ng(x)da =c¢, K<i<L.

We suppose that all functionals J and J;, 1 < i < L, are twice Frechét differentiable in
a certain Banach space X. Moreover, let the Sobolev space H® denote the strongest
energy space of the bilinear forms imposed by the shape Hessians of all the above
shape functionals.

Along the lines of standard optimization theory, one considers the free minimiza-
tion of the Lagrangian

L
LA A) = J(Q) + Y Ni(i(Q) - ¢)

i=1
if Kuhn—Tucker regularity is provided. Hence, it is well known that the necessary and

sufficient optimality condition for a regular local optimal shape Q* reads as
LEMMA 2.4. Let Q* € X satisfy

VLY AL, ..., AL)[dr] =0 foralldre X
for certain X} € R. Moreover, define the linearizing cone
Yi={dreX :VJ,(Q)[dr]=0 foralll<i<L}CX,

and assume the linear independence of all gradients V J;(2*) at *.
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Then Q* is a regqular local minimizer of second order if and only if the following
coercivity condition is satisfied:

VEL(Q*, X%, ..., \5)[dr,dr] > cglldr||%.  for alldr €Y.

Here, the techniques of the proof from [17, subsection 4.3] remain directly appli-
cable, including the case of integral constraints that depend again on a PDE solution.

Remark 2.5. The linear independent constraint qualification (LICQ) implies in
particular that the (vector valued) gradient of the constraints is a mapping onto R%.
Hence, Y is a closed subspace of X of finite codimension L.

Consequently, the general concept developed in section 3 keeps applicable with re-
spect to the Banach space Y. We mention that the treatment of inequality constraints
is obvious and related modifications are well established in theory.

3. Approximation theory in shape optimization.

3.1. Assumptions on the optimization problem. Let us first introduce the
abstract setting needed for our theory. To this end, let X denote a Banach space,
where we shall denote the ball {h € X : ||r — h||x < 8} by BZ(r).

We consider the following optimization problem in the Banach space X:

(P) J(r) — min, reX.

Herein, J : X — R defines a two times continuously differentiable functional; i.e., the
gradient V.J(r) € X* as well as the Hessian V2J(r) € L(X, X*) exist for all r € X,
and the mappings VJ(-) : X — X*, VJ?(-): X — L(X, X*) are continuous.

We assume that the necessary first order optimality condition holds in r*:

(A1) VJ(r*)dr]=0  forall dr € X.

As illustrated in the previous section, we have to take the two norm discrepancy
into account; i.e., the coercivity estimate holds only in a weaker Sobolev space H® D
X, s > 0. Therefore, we shall assume that there is a constant cg > 0, depending
continuously on the actual variable r, such that the continuous bilinear form imposed
by the shape Hessian on X x X extends continuously to a bilinear form on H® x H*®,
ie.,

(A2) V2T (1), ho]| < es(r)l|ha| e

h2||Hs for all hl,h26H57

if r € B (r*). Of course, there exists an absolute constant C's, defined by

(3.1) Cs :=max {cs(r) : 7 € B¥(r*)},
such that cg(r) < Cg for all r € B (r*). Moreover, we assume that V2.J is strongly
coercive at r*, that is,

(A3) V2J(r*)[h,h] > cg||h||%. for all h € H*

for some cg > 0.

Remark 3.1. The existence of a continuous extension for the objective J from X to
H? is not assumed throughout this paper since this is, in general, not realistic for shape
problems; cf. subsection 2.2. That is, J remains only “densely defined” with respect
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to H*; this holds similarly for V.J, V2J. As it turns out, by our investigations a
complete convergence analysis is possible without assuming a continuation property.
As a first consequence of our assumptions we have the following lemma concerning
Lipschitz continuity of the shape gradient with respect to the topology that is induced
by the coercivity space of the shape Hessian.
LEMMA 3.2. The gradient is locally Lipschitz as a mapping in the (H~% H*)-
duality (H—® := (H®)'), that is,

(3-2) IVJ(r+h) = VI ()| < Cslhl|m

for all m,r + h € BX(r*). Herein, the constant Cs is given by (3.1).
Proof. The assertion follows immediately from the following estimate:

1
IVJ(r + h)[dr] — VJ(r)[dr]| = ‘ / (V2J(r +th) - h,dr)dt| < Cs||h| g ||dr]| g
0
for all r,r + h € B{(r*), and dr € H*. o
Notice that the twice differentiability of J provides only the Lipschitz continuity
of the shape gradient in the (X*, X)-duality, i.e.,

IVJ(r+h) = VJ(r)l[x- < Cslhllx

for all r,r 4+ h € B (r*).

3.2. Sufficient conditions. The above assumptions allow the following state-
ment on the regular local optimality of second order of r*. Although this is rather
standard, we recall it for convenience.

THEOREM 3.3 (sufficient second order optimality condition). Let the necessary
condition (A1) hold for a certain r* € X. For all r € B (r*) suppose that the
bilinear form imposed by the shape Hessian satisfies (A2) and the following remainder
estimate:

|V2J(r)[h1, ho] — V2T (r*)[ha, ho]|
(Ad) <n(llr = r*[lx)llha e |2l ms for all hy,ho € H?,

where n : R — ]Ra' is a decreasing function that satisfies n(t) — 0 as t — 0. Then,
the domain r* is a strong reqular local optimum of second order with respect to certain
constants cg > 0,

(3.3) J(r)—=J(r*) >cgllr— 7”*Hi[s for allr € Bgf(r*)7

if and only if the shape Hessian satisfies the strong coercivity estimate (A3).
Proof. For all r = r* + h € BX(r*) the following Taylor expansion holds:

J(r) = J(r*) =0+ %VQJ(T* +En)[h, h), €€ (0,1).
According to (A3) and (A4), one infers on the one hand,
J(r) = J(*) > %VQJ(T*)UL, h] = [V2J(r* 4 &h)[h, h] = V2 (r*)[h, B
> S92 B = () [

1
> 2 (ew — (bl ) A3
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Supposing 0 < § < 6 to be chosen such that n(||r — r*||x) < cg/2 for all r € B?(r*),
we arrive at

J(r)—J(r*) > %Hr —r*||%. forallre B?(r*).
On the other hand, we choose r = 7* + h € B3(r*) arbitrarily but fixed. Combining
the Taylor expansion

1 ~
J(r) = J(r*) = 5 V2T (" + E)[h, B > Cp|hllF., € € (0,1),
with (A4) yields

V2 b = V2 4 Eh), b 4+ V2T () [k B = 92T (r* 4 €h) A B
> (2¢z — n([hllx)) P17

Fixing, similarly to the above, 0 < § < & such that n(|hllx) < ¢g/2 yields the

coercivity estimate (A3) with cg := 3¢g/2 for all h € B (0). This finishes the proof
since X is dense in H® and V2J(r*) : H* x H* — R is bilinear. 0

Let us remark that the verification of (A4) turns out to be rather technical in
the case of PDE-constrained shape optimization problems. For the presented model
problems, (A4) has been proven in [10, 11, 12], whereas the verification of (A2) is
much simpler (see, e.g., [15]) but already an indicator of the two norm discrepancy.

Combining the assumptions (A2) (together with (3.1)), (A3), and (A4) leads to
the following corollary by repeating a portion of the preceding proof.

COROLLARY 3.4. For 6 > 0 sufficiently small, the shape Hessian is strongly
coercive in the whole ball B?(r*), that s,

(3.4) V2I@)h b = L bl for all h e HY, r e BE().

Moreover, with respect to the objective, the following upper and lower quadratic bound

c * * C *
(35) ol = < T(r) = T (7)< I =7l

holds for all r € B?(r*).

3.3. Ritz—Galerkin discretization. We shall consider a Ritz—Galerkin scheme
to solve the necessary condition (Al); i.e., we replace the given infinite dimensional
optimization problem with a finite dimensional problem. The trial space should pro-
vide sufficient regularity in order to approximate functions in X. To this end, we
introduce an appropriate Hilbert space H* C X, continuously embedded in X, i.e.,

(V1) Irllx < egr_x |7l g for all 7 € H*.

Then we shall consider a sequence of nested finite dimensional trial spaces,

H*
N>0 N>0

providing the following inverse estimate:

(V?)) HTNHH’“ SE(N)HTNHHS for all ry € V.
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Moreover, we assume that there exists an L > k such that the following approximation
property holds:

1
(V4) inf ||r—ryllgs=o0 (E)) |7l ge ifre H® (k<t<L).

rNEVN (N
Herein, the Landau symbol g(z) = o(f(x)) means that lim, .. g(x)/f(z) = 0.
Remark 3.5. Suppose X = C%%([0,1]) for some o € (0,1). Then the Sobolev
space H%([0,1]) with 3 > k > 2 + « provides a continuous embedding in accordance
with (V1). Choosing Vy € C%1([0,1]) as the space of smoothest cubic splines on
the uniform subdivision with step width hy := 27 /4, we have the approximation
property

inf [ —rallae SRS rllge ifre HY (k< €< 4)
rNEVN

uniformly in IV, provided that s < k. The inverse estimate reads as
lrwllae < h}g\/_kHTNHHs for all ry € Vy

uniformly in N, provided that s < k. Hence, we conclude that the trial spaces
(VN)Nzo satisfy (V2)7(V4).
The Ritz—Galerkin scheme reads as follows. In order to solve

(PN) J(T‘N) — min, rN € VN7

one seeks an approximate solution 73 € Vi such that the discretized necessary con-
dition

(3.6) VJ(riy)lan] =0

holds for all gy € V.

There exist different strategies for finding ry € Vi such that (3.6) holds. In
general, suppose that ry has N degrees of freedom; i.e., there exist ¢1,p2,..., N
such that

VN = span{¢p1, p2,..., N}
One makes the ansatz ry = Zi\il ri@; and considers an iterative scheme
(3.7) (D) = p () _ p () G0
where h(™ is a suitable step width and

v = (") G = (VI ),y

First order methods are the gradient method (M(" := I) and the quasi-Newton
method, where M(™) denotes a suitable approximation to the inverse shape Hessian.
Choosing

-1

M®) .= (V2J<T§\T]L)>[(pia<pj])i,j:1 ..... N

yields the Newton method, which converges much faster compared to first order meth-
ods; see [19] for an example.
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3.4. Existence of approximate solutions. We will consider the existence of
solutions of (3.6) and the question of the accuracy of approximate solutions r%;. Since
the solutions of (3.6) are only stationary points, it is reasonable to consider only local
optimization problems. Therefore, we replace the global problems (P) and (Py) with
the local optimization problem

(P?%) J(r) — min, ré€ Bgf(r*),
and its discrete variant

(P]‘E,) J(?“N) — min, ry € VN Bgf(’l"*),

where § = & is chosen in accordance with the estimates (3.4), (3.5) and is independent
of N. Obviously, the solution of (P?) is r*, since J is strictly coercive on the convex

set B (r*). Moreover, we have as a first consequence the following lemma.
LEMMA 3.6. Problem (P§) always admits a solution vy € Vy N BX(r*). Any

point i € Viy N B (r*) satisfying (3.6) is a local regular optimizer of second order.
Moreover, the coercivity implies the uniqueness of r}y;.

Proof. The existence of r}; is obvious since the admissible set Vy N B (r*) is

compact. It follows for all ry =1}, +hy € VNﬂBgf(r*) that ry+&hn € VNﬂBg((r*)
is always satisfied for all £ € (0,1) by convexity of the admissible set. Consequently,
if r3, also satisfies (3.6), we deduce from (3.4) that

Trw) = T(rky) = 5 V2T + hn) e h) = Ll i, €€ 0,0)
for all ry =1y +hy € VN B(‘SX(T*). Uniqueness of r} is an immediate conse-
quence of the strict convexity of J (ensured again by (3.4)) on the convex set Viy N
B (r*). |

Nevertheless, if 7} remains at the “artificial” boundary 0{Vy N B (r*)} = Vy N
OB (r*), only a related variational inequality holds instead of (3.6). Furthermore,
lrx — r*l|x = ¢ for N — oo contradicts convergence on its own. Consequently, we

have to ensure that r} is an interior point of the set Viy N B (r*), i.e.,
Iry = r"llx <6,

at least for all sufficiently large N > Ny. This result is provided by the next theorem.
THEOREM 3.7. Let (A1)-(A4) and (V1)-(V4) hold. Then, if r* € H* for some
>k, there exists an Ng such that

v € Vw N BX(r*)  for all N > Np.

Proof. We split the proof into four parts.
(i) We define Py : L? — Vy as the L2-orthogonal projection onto V. Then, by
our assumptions (V1), (V2) we have

1Py () = r*llx < x| PN () = [l S inf ey — 1|l 0
rNEVN

and likewise by (V4),

Py () — 1%l < inf ey — 7| ge 230 0.
rNEVN
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Hence, we deduce that there exists an Ny such that Vy N BX (r*) # () for all N > Nj.
Without loss of generality we assume that Ny = 0.
(i) Recall that

J(r*)=inf {J(r):r € W},
J(ry) =inf {J(ry):ry € Vy HW},
and define Js(N) > J(ry,) > J(r*) via
Js(N) :=1inf {J(ry) : 7n € Vy NOBX (r*)}.
Since J(Py(r*)) = J(r} ), we conclude the assertion ||ry, — r*| x < § if we can prove

(3.8) Js(N) > J(Py(r*)) for all N > Ny.

On the one hand, (3.5) implies
* * Cs * x 12
(3.9) T(Ba () = J07) < - I1Px () = ¥

On the other hand, by introducing the quantity

FE(N) ==inf {|lry — 7*||g= : v5 € Vi N OB (r*)}
zlnf{”?"N —’l"*HHs TN S VN\B?(T*)}v

we derive from (3.5)
(3.10) Jo(N) = J(r) = LFX (V)2

Combining (3.9) and (3.10), we see that the inequality

(3.11) |Pn(r*) — r*||gs < C* - Ftsx(N), c* .= C—E,
2Cg

will imply (3.8) and, thus, |75 —*||x < 6.

(iii) We shall establish a relation between FzX(N), ||r* — Py (r*)||g=, and E(N)
from the inverse estimate (V3). For the sake of simplicity, we assume without loss of
generality that the constant cge_, x from (V1) is less than one such that

(3.12) BI" () € BX ().
Introducing
FIY(NY :i=inf {|lry — r*||gs : 7 € Vy N OBE (%)}
=inf {|rx — | vy € Ve \ BE (7)),
there follows from (3.12) the relation
FI™(N) < FX(N).
We shall now compute a lower bound for FA * (N). From

lrn = Pn ()l = [|1Pn (") = r* s < llrw =7 ae
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one infers the inequality
(3.13) FE"(N) > inf {|jry — Px(r*) ||l : v € Ve \ BE (7)) = |Pn () = 7% 1z
We choose Ny sufficiently large to ensure

|Pn(r*) — r*||gge < 6/2 for all N > Nj.

Then it holds that Bf/; (Pn(r*)) C Bfk (r*), and we arrive at

inf {|[ry — Py ()|l s 7 € Vi \ B ("))
> inf {[|ry — P (r*)llze - 7v € Vv \ B2y (Pn ()}
> inf {lrnllas el = 6/2}
rNEVN

8
2E(N)

>

Inserting this estimate into (3.13), we deduce

. 5
14 FX(N) > FE"(N) > —2— _ |Py(+*) — 1*||g=  for all N > N.
(3.14) 5 (N) > Fy ( )_2E(N) |[Pn(r*) —r*||gs  for all N > Ny
(iv) Observing

[1Pn(r*) = r*|lgs S inf |iry =77 ||as,
rNEVN

we infer from (V4) that we can increase Ny such that

0 c*

P * _ * s .
1PN G?) =rllae < spy &

for all N > Njg.

Thus, in view of (3.14), we arrive at

5
2E(N)

that is, (3.11), for all N > Ny, which finishes the proof according to part (ii). |
Remark 3.8. Obviously, by means of standard optimization theory, (3.3) and
(3.6) imply well-posedness of the finite dimensional optimization problem; that is,
existence and (local) uniqueness of minimizers are ensured. In particular, the strict
coercivity of (P%), induced by the coercivity of (P°), provides the convergence

(n)

* J
'y —Tny asnhn—0o0

wwm—wm<w( —wwm—mm)«mfwx

of the iterative scheme (3.7); see, e.g., [30, 40].

3.5. Convergence. The above theorem ensures the existence of an approximate
solution 7% to the finite dimensional problems (P%) that satisfies the necessary con-
dition (3.6), provided that N is sufficiently large. The next theorem estimates the
distance ||r% — 7| a-.

THEOREM 3.9. The approzimate solution ry of the finite dimensional problem
(P§;) satisfies the error estimate

2Cs

ry —r|gs < —2 inf ||lry — || g
Iy = e < 22 int ey ="l

uniformly with the number of unknowns N.
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Proof. For the sake of clearness in the representation, let (-,-) denote the duality
pairing between H® and its dual space H *.
On the one hand, observing (3.2), Galerkin orthogonality implies

(VJ(ry) = VJ@),ry — ) =(VJ(rN) = VI ), ry — 1)
< Csllry — " u-

rn =1 ||g
for all ry € V. On the other hand, by introducing
i) = (VJ(tr}‘V +(1- t)r*),r}‘v —r),
we derive the estimate
1
(VIr3) = VI ) r = 1) = (1) = 50) = [ 3wy
0
1
= / (V2J(try + (1 — t)r*) (ry =),y — ) dt > 07E||r}*\, — )%,
0

Combining both estimates yields

2Cyg

* *|2 * * *
Iy = las < ——=lIrk = 7" lasllry — [l
for all ry € Vi, which is equivalent to the assertion. 0
Of course, from this theorem one can determine the rate of convergence if one

estimates inf, ,evy ||*v — 7| 7.

3.6. The fully discretized problem. Up to now, we investigated only the
discretization with respect to the shape. Hence, we neglected consistency errors arising
from the approximate solution of the state equation or from computing the objective
and constraints by, e.g., quadrature. Consequently, we shall focus on the following
further modification of problem (P ):

(P.) seek ry. € Vy N BX(r%) such that (VJ.(ry),qn) =0 for all gy € Vi,

where € is an approximation parameter referring to the inexact computation of the
gradient. We prove the following Strang-type lemma which estimates the consistency
error induced by solving (P§,,).

LEMMA 3.10. Assume that the estimate

(3.15) [([VJe(rn) = VI (ra)] = [VJe(gn) — VI (qn)], sn)| < ellry — gl msllsn || m:

holds for all rn,qN € VNﬂBg( (ry) and sy € Viy. Then, provided that € is sufficiently

small, (PY,) admits a unique solution ri, € Vy N B (ry,) which satisfies the a priori
estimate

2max{1,05}>{

vJ - VJ. ,
e = il < (14 22N e g sup S 2R

qNEVN HQN”H*“’

Proof. Due to our assumptions from the previous subsections, the unperturbed
Richardson iteration

N
n+1 n n
=0 = a Y VI eiden =01,
=1
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defines a contraction of Viy N BX(r%) onto itself for a whole range of o € [a,@].
Estimate (3.15) ensures that the perturbed Richardson iteration

N

n+1 n n

g\/':_ ) _TEVE) o E VJE(Tg\/’E))[QOl]SD“ n=0,1,...,
i=1

is still a contraction of Viy N B (r,) onto itself for a := (a + @)/2, provided that €
is sufficiently small. This proves existence and uniqueness of the perturbed solution
TNe-
Next, using again (3.15), we find
(VJe(rn) = VJe(gn), 7N — an)
> (VJ(rn) —VJ(an), v~ —an) — €llrn — an |7

CE
> (5 = ¢)llrw —anlie,

where ¢g := cg/2 — € > 0 holds if € is sufficiently small.
Due to Galerkin orthogonality, the Ritz—Galerkin solution %, of (Pg,) satisfies

epllrie = rvliie < (VJe(rke) = ViJe(rn), mhe = )
(VI(r") = VJ(rn),rxe = rv) + (VI (rn) = VIe(rn), rive = 7N)

<
< TNe = TN|lHs + (VJI(rn) = VJIe(rn), "Ne — TN),

Csllr* —rn|las

that is,

||T?Ve _TNHHS S %E’C’S} {”T* _,',,NHHS + Sllp <VJ(TN) _VJE(TN>7(]N>}.

aNEVN llan | zs

Since ry € Vy N B§< (ry) is arbitrary, we arrive at the assertion using the triangle
inequality

I =il < lIr* =l + ey =il O

4. Numerical results.

4.1. An unconstrained shape optimization problem. For comparison we
shall employ model problems, where the solution is known analytically. To this end,
we choose the shape optimization problem (2.3) based on the domain integral

J(Q):A(§+f—2)dx

as our first numerical example. In accordance with subsection 2.2, the ellipse centered
in 0 with semiaxes 2v/2 and 2 is a strict minimizer of second order.

The numerical setting is as follows. We subdivide the parameter interval [0, 27]
equidistantly into N intervals. With respect to this subdivision, the radial function
r € X = C},([0,2n]) is then approximated periodically by N cubic B-splines By,
i=1,...,N, that is,

TN = Z%BS Cgelr ([0, 2x)).
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L 2error of approximation

10' 10
Number of Unknowns

FiG. 4.1. L?-error of the approzimate solution.

We employ a Newton method to iteratively solve the necessary condition VJ(Q2) = 0,
using the circle with radius 2 as an initial guess.

Since the energy space for the shape Hessian is L?([0, 27]), we measure the L*-
norm of the approximation error given by

2m
I = 7N %2 (0,277 :/0 r—rn[*do.

The measurements are shown in Figure 4.1. We observe, as predicted, the rate of
convergence N4, indicated by the dashed line.

4.2. A constrained shape optimization problem. We consider next a cylin-
dric circular bar which is homogeneous and isotropic with a planar, simply connected
cross section 2 € R?. We follow Banichuk and Karihaloo [2], but normalize the shear
modulus G = 1 and the elastic modulus £ = 1. We want to solve the problem of
maximizing the torsional rigidity of the bar subject to given equality constraints on
the bending stiffness and the volume.

First, we briefly recall the mathematical formulation of the quantities. The tor-
sional rigidity is calculated by

T(Q) = 2/Qu(x)dx,

where the stress function u = u(Q) satisfies

—Au=21n Q, u=0onT.
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The bending rigidity with respect to a fixed barycenter in the origin is given by
B(Q) = / yldx.
Q

The volume of the domain and its (simplified) barycenter coordinates read as

V() = / dx, S. () = / rdx, Sy(Q) = / ydx.
Q Q Q
Consequently, we arrive at the following constraint shape optimization problem:
J(Q) :=-T(2) — min
subject to
B(Q)=DBo, V@)=V, S(Q=0  85,(92) =0

Choosing By = /27 /4, Vy = 7, we see that the necessary condition is fulfilled by the
ellipse with semiaxes h, = 2~1/4 and hy = 21/4 The associated Lagrange multipliers
are \p = —4/9, Ay = 8v/2/9, and \g, = A, = 0; cf. [2]. From the identity

T(Q) = /Q |Vu()|dx,

we deduce that VT'(Q)[dr] and V2T'(2)[dr1, drs] are given as in (2.12) and (2.13) with
g =0 and

Adu =01in Q, du = —drs (ﬁ,n>g—z onT.

Recall that twice differentiability needs r € X := C2.9([0,27]); cf. subsection 2.3.
The computation of the other gradients and Hessians is straightforward; see [18, 19]
for the details.

We approximate the radial function r similarly to our first example by periodic
cubic splines on the interval [0,27]. Even though the sufficient optimality condi-
tion has not yet been proven, our experience indicates coercivity in the energy space
H'2(]0,27)); cf. [18, 19, 21]. More precisely, coercivity of the Lagrangian at (2%, \*)

has to hold on the closed subspace Y C C22([0, 27]), where

Y :={dre ngg([o, 27]) : VB(Q")[dr] = 0AVV(Q%)[dr] =0
AVSL(Q%)[dr] =0A VS, (Q%)[dr] = 0}.
However, the pure Lagrangian is introduced only for investigating the sufficient op-
timality condition. In order to numerically solve the discretized constrained shape

optimization problem, we need to find the stationary points of the following aug-
mented Lagrange functional:

B(Q) — By B(9)) — By
_ | V(Q) -V cll|V(Q) - W
Le(@X) = =T +X" 1 Ve o) |+ 3 || sy ||
Sy(£2) Sy(82)

where X := (Ap, A\v, As,, As,) and ¢ > 0 is an appropriate chosen penalty parameter.
The optimization algorithm then reads as follows:
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H"error of approximation

10' 10
Number of Unknowns

Fic. 4.2. HY2-error of the approximate solution.

e initialization: choose initial guess (2(®, A(?) for (2*, A*).
e inner iteration: solve Q("+1) := argmin L.(Q, A with initial guess Q™).
e outer iteration: update

B(Q(n+l)) - By
V(Q(n+1)> -V
Sf(Q(”Jrl))
Sy (D)

AHD ()

In the inner iteration, we employ a Newton scheme combined with a quadratic line-
search. Instead of the first order update rule described above, we use a second order
Lagrange multiplier method introduced in [36] (see also [21]), which provides faster
convergence of the dual parameters. The state equation is solved by using a boundary
element method; cf. [18, 19] for the details. Notice that about 2000 boundary elements
are required to solve the state equation sufficiently accurately if we discretize the free
boundary by N = 100 B-splines.
According to our convergence result we shall observe the rate of convergence

lr =l o2 S N_3'5||7“HH4([0,27T]).
We measure this norm via the approximation
2m
2 2
I =l 2 0,20y ~ 7 = Tl 0,2 + /O [r =7l = riy|de.

The results are presented in Figure 4.2. As predicted, the error decreases like N33,
which is indicated by the dashed line.
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L %error of approximation

10~ "
10 10

Number of Unknowns

F1G. 4.3. L?-error of the approzimate solution.

In addition we also measured the L2-norm of the approximation error, visualized

in Figure 4.3. In fact, even though we have not proven the Aubin—Nitsche trick, we
observe the higher rate of convergence N4, indicated by the dashed line.

5. Concluding remarks. In the present paper we established a complete con-

vergence analysis for approximate solutions of shape optimization problems. In par-
ticular, we incorporated the two norm discrepancy. We presented numerical results
which verify the predicted rates of convergence. We would like to point out that our
analysis applies also to p-discretizations of the domain’s parametrization, for example,
finite dimensional Fourier sequences for the discretization of the radial function. For
several applications we refer to [9, 18, 19, 20]; see also [22, 24, 42] for related problems
in three dimensions.
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LYAPUNOV-BASED DESIGN OF iISS FEEDFORWARD SYSTEMS
WITH UNCERTAINTY AND NOISY MEASUREMENTS*

STEFANO BATTILOTTI!

Abstract. We study the problem of achieving integral input to state stability (iISS) with respect
to noise for a class of upper triangular nonlinear systems with uncertainty and measurement noise.
We propose a novel step-by-step Lyapunov-based design, consisting of (1) splitting an n-dimensional
system into n one-dimensional systems, each with its own state, inputs, and measurement, (2)
constructing a one-dimensional measurement feedback controller for each one-dimensional system,
according to a certainty equivalence principle, and (3) selecting the parameters of these controllers so
that their interconnection gives a measurement feedback controller for the n-dimensional system. The
stability analysis is performed through filtered Lyapunov functions, which are Lyapunov functions
with parameters being the output of suitable dynamical filters.

Key words. measurement feedback, bounded feedback, feedforward systems, uncertain systems
AMS subject classifications. 93D05, 93D15, 93D20
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1. Introduction and main results. In practical applications the controlled
output of a system is in general different from the measured output (measurement),
and, moreover, the measured output is affected by noise and uncertainty. In this
paper we study the problem of achieving integral input to state stability (iISS) in the
sense of [1] with respect to noise by means of measurement feedback. To this aim,
consider the class of systems

(11) 17] = Tj4+1 +7/)j3($,1'n+1,’w>7 Hi = Tj +¢jm($a$n+1’w)7 jzla"'vna
with states z = (2, --- x,)7, control u := 2,1, noise w € L5(RZ) (space of functions
w : [0,00) — R such that [} |w(s)||?ds < oo), uncertainties ¥;,(z, z,11,w) and
YVim (T, Tny1,w), and measurements p = (g --- pn)T, with continuous functions
Pji : R" xR x R" — R such that for j=1,...,n,i=s,m,and h=35+1,...,n+1,

|1/sz'\w:0 - ¢ji|mh:ih,w:0|2 < \ivh - fh|2ajih(fh7xj+1, cee »$n+1),
195i (2, Zng1, w) — Vjilw=ol® < J0]1Pbji(zjt1, -, Tnga),
(1.2) ajs,j+1(0,0,...,0) =0, Yjilzn=0,h=j+1,..,n+1;0=0 = 0

for all z € R",w € R", and z,41,%;, € R and for some smooth functions aj;p :
R"=J*2 — RZ and bj; : R*7+ — RZ| where vj;|,, -z, denotes the function
Yji(x, Tny1, w) evaluated for xp = Tp,. In particular, if each function ¢j;(x, zp41, w),
i = s,m, does not depend on z1,...,z;, then the first two inequalities of (1.2) are
satisfied as long as 1;;(z, Tp41,w), 4 = s,m, is smooth and grows at most linearly
with respect to w. The linear growth with respect to w is required only for sim-
plicity and can be relaxed, by replacing ||w||? with a(|jw(s)|), a« € K, such that
J° a(lw(s)|)ds < oo. On the other hand, ajs ;11(0,0,...,0) = 0 requires that for

*Received by the editors May 13, 2005; accepted for publication (in revised form) September 25,
2006; published electronically March 22, 2007.
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tDipartimento di Informatica e Sistemistica “Antonio Ruberti,” Universitd di Roma La Sapienza,
Via Eudossiana 18, 00184 Rome, Italy (battilotti@dis.uniromal.it).
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2;=0,1l=j+2,...,n+1, the incremental ratio of ©;(x, Z,+1,0) between x;,; and
T;+1 can be made in norm as small as desired by making small z;,; and T;4,. For
smooth ;; this means that v;; does not contain, for z; = 0,1 = j+2,...,n+1,
linear terms in x;41. The example

. 2 .
1 = x9 + x5 sin(x1xe) + voxzw, 1 = 1,
. 4. 2

o =x3, Mo = To+ x3sin(xs) + x3w,

(1.3) i3 = u+u®cos(r1x3), p3 =3+ W

clearly satisfies (1.2) with a0 = 2(22 +T2)? + 273 maxy, 4, 7, [(sin(z122) —sin(2172))
[(x2 —T2)]2, agms = (v3 +73)% (23 +72)?%, azes = (u+7)?, bys = 2322, by, = 3, and
bsm = 1. The main result of this paper for the class of systems (1.1) is the following
theorem. Let Ty := 0, Tpy1 1= Tpi1 = u, and G(s) = \/ﬁ

THEOREM 1.1. Under assumptions (1.2) there exist h; € (0,1) and R; > 1,
j=1,...,n, such that the feedback controller C,

Gloj) . _ 1
2R; 7 2R;

(14) F1 = — [y = )G (o) + -Gl ~ T 0)], =1, om,
J
renders (1.1) iISS with respect to w.

We recall that a system X : 2 = f(z,w) is ¢ISS if there exist functions aq, as € Koo
and § € KL such that aq(||z(t)]]) < B(]|z(0)]],t) + fg as(|Jw(s)]|)ds holds for all t > 0
along the trajectories of ¥. Note the “nested” structure of the controller (1.4), in the
sense that the dynamics of ¢; depends on ¢;_; through the term z;.

With full state information (i.e., 4 = =) and without noise (i.e., w = 0) systems
(1.1) have been studied in [7], [12] and extensively in the textbook [13]. On the
other hand, with full state information iISS properties with respect to w have been
obtained in [14]: we remark that Theorem 1.1 gives an improvement over [14] even
with state feedback, since we do not require in (1.2) that b;;(0,...,0) = 0. However,
these results cannot be applied to (1.1)—(1.2) since the measurements p may differ
significantly from the states x due to unbounded noise w and large uncertainty and,
moreover, the coordinate change, as introduced in section 6.2 of [13], is a function of
the noise and uncertainty and can hardly be implemented as a (smooth) function of
the measurements. Moreover, even an observer-based control design is not feasible
since the observer design for (1.1) is highly nontrivial. Note also that the systems
(1.1)—(1.2) may be not in feedforward form, which is a substantial improvement over
the above results.

Following [3] we implement a “dynamic” backstepping design in which Z;44 is
used as the control for each dynamics 2;, j = 1,...,n, where z; := x; — 7; is the
backstepping coordinate, and for each state z; we implement a robust observer to
obtain an estimate of z; to be used in Z;y; according to a certainty equivalence
strategy (see (1.4)). In accordance with previous contributions on the subject, the
boundedness of Z,;11 in (1.4) is crucial due to the presence of terms O(|xj4+1]) in ;s
(assumption ajs j4+1(0,0,...,0) = 0in (1.2)), such as 23 and «? in & and, respectively,
&3 of (1.3) (O(]xj+1]) means infinitesimals with order greater than |z;41]). Bounded
backstepping with full state information has been also studied in [6] and [11].

The novelty with respect to previous contributions is the boundedness of the
function G(u; — Z; — 0;) in 6; of (1.4). This boundedness is crucial due to the
nonlinear terms containing z; fed back in Z; through Z; (and thus, according to (1.4),
through ;1) and which could not be otherwise counteracted by the bounded control
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Tj41 of ;. In example (1.3) with a controller (1.4) the term z3sinxy in J2 cannot
be counteracted by the bounded control term u + u? cos(z1x3) in 23 unless G(s) is
bounded for all s.

The proof of the main Theorem 1.1 is organized along the following lines.

e Define a system as characterized by states z, inputs ¢, measurements ¢, and
uncertainty (section 3); both the inputs and measurements can be distinguished as
endogenous (i.e., from inside the system) and exogenous (i.e., from outside the system)
type. The endogenous inputs are the controls, and the endogenous measurements are
the measured outputs. The rate of the uncertainty with respect to each state and
input is quantified by the incremental rates.

e Split (1.1) into n one-dimensional systems X, j = 1,...,n (section 4), each one
with state z; 1= x;—Z;, inputs ¢; (of which only one controls Z;1), and measurements
gj (of which only one is an endogenous measurement fi; 1= z; — Z; + jm).

e Find a one-dimensional measurement feedback controller C; (each 7,41 and ¢;
in (1.4)) and a Lyapunov function W for each one-dimensional system X, 0C; (section
5) according to a certainty equivalence design (Theorem 3.1 of [4]).

e Take the interconnection C;, j = 1,...,n (the controller (1.4)), as candidate
controller C for (1.1) (section 8).

e Prove the iISS properties of the closed-loop system X; oCj;, j = 1,...,n, by

suitably selecting the parameters of the controllers C;, j = 1,...,n, in such a way as
to enlarge the stability margins of each ¥; o C; and compensate for the incremen-
tal rates of the exogenous inputs in the time derivatives W;, i = 1,...,n and i # j

(section 8). A Lyapunov function W for the closed-loop system ¥ is obtained from
W;, 3 =1,...,n, according to Theorem 7.4 in section 7. Theorem 7.4 gives the pro-
cedure for obtaining a Lyapunov function under the quite general assumptions that
the state trajectories are bounded and definitely enter a neighborhood of the origin,
where a small gain condition is met. With respect to the small gain theorem of [8]
which assesses only the existence of a Lyapunov function W for the interconnection,
application of Theorem 7.4 to systems (1.1)—(1.4) gives a Lyapunov function W con-
sisting of a “filtered” combination of W1y, ..., W,, i.e., O[Wy + 1o[Ws + 13- - + - - -]]],
where 75,...,7, > 0 and 6 is the output of a filter implemented by explicitly using
the stability margins and incremental rates of each ¥; o C;, j = 1,...,n, in the time
derivatives Wj, j=1,...,n. This leads to the notion of filtered Lyapunov functions
(section 6) which give a new tool for the stability analysis of interconnected systems
like (1.1)—(1.4). These systems are not triangular and, thus, the results for the de-
sign of composite Lyapunov functions given in [7] cannot be applied (Example 6.1 in
section 6).

2. Notation. e ||v|| = VvTv denotes the euclidean norm of any given vector v
and ||v|| 4 := VvT Av for any positive semidefinite matrix A. R is the vector space of
s-dimensional real column vectors; Rt (resp., RZ) denotes the set of positive (resp.,
nonnegative) real numbers; I,, is the n x n identity matrix; and R™*™ denotes the set
of n x n matrices.

e For any continuous function f : R? x R — R", (s,7) — f(s,r), we denote by
f(z,7) or f|s—. the function f(s,r) with s = z. A continuous function o : RZ — RZ is
said to be of class K (or a € K) if «(0) = 0 and it is increasing; a function a : R= — R=
is said to be of class Ko (or a € Koo) if @ € K and lim,_ 4 o a(s) = +00; a function
a:RZ x RZ — RZ is said to be of class KL (or a € KL) if for each 7, a(s,r) is of
class K and for each s it is decreasing and lim,_ o a(s,r) = 0; K2, is the class of
continuous functions f : R — RZ such that f € Ko, when restricted to [0, 00).
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e £5(R2) is the class of measurable and square integrable functions y : RZ — R?,
and the norm of x(t) in £3(R=2) is ||x|l2 = /[FIx(7)[[Pdr. We simply write L2(R>)
when s = 1.

e For any given functions h; : R? — R, j = 1,2, we say that hi(s) is of the same
order as ha(s) (in & C RY) if there exists k1,k2 > 0 such that k1ha(s) < hi(s) <
koha(s) for all s (€ S) and we write hy ~ ho. Moreover, we say that hi(s) is less than
or equal to ha(s) (in & C R?) if there exists k > 0 such that hy(s) < kha(s) for all s
(€ 8) and we write hy < ha.

e For any smooth functions V : R — RZ, s — V(s), we denote by V,V(r) the
derivative of V'(r) with respect to r and by VsV, the derivative of V'(s) with respect
to s evaluated for s = r.

3. Complex dynamics as interconnection of simpler dynamics. In view
of a general approach to the stabilization of an interconnected system such as (1.3)
we consider it as the interconnection of three one-dimensional systems:

Y% =29 + w% sin(z1x2) + Toxsw, 1 = x1
with state z1, control x5, and measurement p;
Yo ko =23, p2 =2+ xg sin(z2) + mgw
with state xo, control x3, and measurement ps; and
Y3 i3 = u+ u®cos(r1x3), p3 =3+ W

with state x3, control u, and measurement uz. Note that in each system >; the
following hold.

— We can distinguish the inputs into control (or endogenous) inputs v (such as xo
for 1) and exogenous inputs x (such as x3 and w for 31). We denote all the inputs,
endogenous and exogenous, by ¢.

— We can distinguish the measurements into endogenous measurements p (avail-
able from the system itself such as us for ¥3) and exogenous measurements v (available
from other systems such as pug for X1). We denote all the measurements, endogenous
and exogenous, by .

— State, inputs and measurements satisfy some constraints, given by the mea-
surement equations and differential equations of the other systems such as zo =
12 —x% sin(z2) —x?,)w and x3 = pug —w for Xy or @9 = 3 for 3;. Note that on account
of these constraints || < |p2| + 8ui + 4w* + w?. We will refer to this entire set of
constraints by saying that a system ¥ with states x € R", inputs 1 = (v xT)T €
T C R™ x R", and measurements ¢ = (u* v1)T € Z C RP x R® satisfies a set of
constraints M among the state, inputs, and measurements or (z,1,s) € M.

— State and measurement uncertainty ;s and ¥, can be accommodated into a
vector ¥, which denotes the “uncertainty” of a system. The uncertainty can be seen
as a locally Lipschitz continuous function ¥ : R" xZ — RY, (x,¢) — ¥(z, ), such that
U(0,0) = 0. We will denote the uncertainty by ¥ or, when needed, more explicitly
with sz and 1/}jm-

Thus, any interconnected n-dimensional system such as (1.3) can be viewed as
the interconnection of n one-dimensional systems, each one with a state z, a control
v, an endogenous measurement g, uncertainty ¥, some exogenous inputs x, some
exogenous measurements v, and a set of constraints M among the state, inputs, and
measurements. It is important for the controller design to evaluate the effect of the
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uncertainty ¥ on the system under the constraints M. Indeed, the constraints M
allow us to either get suitable bounds depending only on the measurements, which can
be used in the design of a controller for the system itself (internal stability properties),
or bound some state-dependent terms by means of the exogenous inputs which can be
related to the stability properties of other interconnected systems (external stability
properties). In the case of ¥; with state x1, measurements ¢; (endogenous p; and
exogenous vy = (ug pu3)?), inputs ¢1 (control v = xo and exogenous x; = (z3 w)?),
uncertainty Uy = (z3sin(z;72) + zor3w  0)T, and constraint M; = {uz = x3 +
w, pp =y + adsin(e) + adw, [w] < 1}, we have (|W1]] — [ ¥1lucol)? < alid +
1)[g2 + p§ + 1]?w? for some a > 0 and for all (z1,¢1,51) € M;. Note that the function
Y (61) = a[p3 +1][u3 + uf§ +1]? gives a “worst case” bound of the “incremental term”
(11| = [|¥1]w=0])?/w? under the constraints M;. Note also that the constraint M
has been used in v}’ to bound the inputs xs, 23 in terms of the measurements ps, 13 so
that 73’ can be used in the design of a controller for 3;. This motivates the following
definition, which we recall here from [4] for extensive use.

DEFINITION 3.1 (incremental rate). We will say that a system ¥ with states
z € R, inputs © € T C R™ x R", measurements ¢ € Z C RP x R®, uncertainty
U € RY, and constraints M has (smooth) incremental rate v* if there exist a nonempty
subvector z of (z7 1T)T and a (smooth) nonnegative function v* : R" x T x Z — RZ
such that (||¥| — [|[¥].=0]))? < v*(z,,9)||2]|? for all (x,1,6) € M.

Since Wy =0 = 0 and [ W] < [|@ — Wlpeo|| + [[¥]a=0 — ¥]ov=0ll + [[¥]z,0=0 —
U\, vx=0l||, for a system ¥ with states xz, inputs ¢, measurements ¢, uncertainty ¥,
and constraints M we expect to have the following general relation among ¥ on one
side, and x, ¢, on the other, under the constraints M:

(3.1 YOI <@ Ol + 7Ol + Y v (@, 1,9x3 Y(z,1,6) € M,
jeJ

where x; is the jth element of x, j € J := {1,...,7}, and 4% : R* x Z — RZ,
7Y Z — RY, and X5 : R" x T x Z — RZ are (smooth) incremental rates (“rescaled”
by the square of a smooth function v : Z — R*). The inequality (3.1) means that
the uncertainty ¥ is known up to the square of the states and the inputs, weighted
by the corresponding incremental rates evaluated under some constraints M. This
approach is inspired by an H.,-control problem formulation, with ¥ having the role
of a “disturbance,” the right-hand side of (3.1) having the role of a “penalty index,”
and v having the role of an “attenuation level” [2]. Note that the incremental rate
~? is assumed (without loss of generality) to be a positive real function. Note also
that, by use of the constraints M in (3.1), the incremental rate v¥ depends only on
the measurements, so that it can be used directly in designing the controller gains.

DEFINITION 3.2 (incremental rates and scaling of XJ). We will say that a system
> with states x € R™, inputs « € T C R™ x R”, measurements ¢ € Z C RP x R?,
uncertainty U € RY, and constraints M has (smooth) incremental rates v*, v*, and
vXi, j € J, with scaling v if (3.1) holds for some (smooth) nonnegative functions
YR x Z = RZ, 4% : R® x T x Z — RZ and positive v*,~ : Z — Rt.

Throughout the paper, when an incremental rate is not explicitly cited in the
context, we consider it equal to zero.

4. Splitting systems into simpler dynamics. In this section, using the gen-
eral framework introduced in section 3, we split the dynamics (1.1) into n one-
dimensional systems having a “canonical” form. To do this we change coordinate
x; into backstepping coordinate z; := x; —x;, j =1,...,n, Z; := 0, to use T ;41 as the
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control for Z; instead of ;41 (which is a state for (1.1)) as the control for ;. Also we
change each measurement p; into fi; := p; —2;, j = 1,...,n, to have z; as the “nomi-
nal part” of the measurement zi;. Since by (1.2) each t;; contains terms O(|Z;41]), to
control z; through Z ;44 it is thus important to keep 11 as small as possible (see [14]).
This accounts for introducing the constraints {|Z;+1] < A; € (0,1],i=1,...,n}. We
see that in backstepping coordinates z;, j = 1,...,n, and with measurement change
Bj, j=1,...,n, (1.1) can be split into n one-dimensional systems of the form

(4.1) N2 =T+ Yjs, By = 25+ Pjm

with state z;, control Z;41 with Z,,41 := u, (endogenous) measurement fi;, and ex-
0genous iNputs 21, ..., 2j—1,2j4+1, -« > Zn, L2, - - - ,Ej,;?j,fﬂg, ..., Tpy1 and w; uncer-
tainties 1);,, and 7:2;]-5 =i+ 241 — fj, with ;?1 := 0 and 2,41 := 0; and constraints
N- = {|Zi41] £ A; € (0,1],i =1,...,n}. Moreover, by using (1.2) and Lemma A.1
we ﬁnd vx’L(A s A1) >0, h=4+1,....,n+1, i =s,m, and smooth functions

: RrhHL R> h=j+1,...,n, and 7% : R"7 — R, i = s,m, such that
(A 1) (A.3) hold true forj=1,....n and forallw € R", zp,2p e R, h=1,...,n+1,
xh € R, h =1,...,n, such that |Zn] < Ap_1. As a consequence of (A.2)-(A.3)
77;:*2 fy]m.*O 'yﬂ,h:jJrl n+1li=sm, v, h=j+1,...,n,and v},
i = s,m, are the incremental rates of >;. We remark that the 1ncrementa1 rates of
Z1,...,%j—1 and Zg,...,T; are set to zero on account of the same Lemma A.1. Note
also that the input fj will be specified later. When in the proof of Theorem 1.1 we
will define Z; as a function of o;_;1 (see (1.4)), we will consider z;_; and z;_1 — 0j_1
as exogenous inputs for 3; and express ij and z; in terms of the incremental rates
Oij 1 and Zj—1 —0j-1-.

Ezample 4.1. In the case of (1.3) we get the three one-dimensional systems % :
3= To+1s, i p1 = z1, with Vs = 22+(22+zg) sin(z1 (22 +22)) 4+ (22 +Z2) (23 + T3)w
and incremetal rates ;2 ~ 1+ 23, 772 ~ A2, and i ~ (23 + 1)(23 + 1) under the
COHStIziintS {|%z+1| § Al e (0, 1},1 = 172,3}, EQ : 22 = 53 —+ QZQS, ﬁQ = Z2 —+ 1/)2m,
with 9o, = 23 — T2, Yom = (23 + T3)* sin(zg + T) + (23 + T3)*w and incremetal rates
N va 1, A~ (234 1) 422 ~ 1+ 28, and 752, ~ AS under the constraints
{|x2+1| < A; € (0,1],4 = 1,2,3}; and X3 : 23 = = U+ Uss, fiz = Z3+’(/J3m, with
P3s = u? cos(z1 (23+T3)) — 23, Y3m = w and incremetal rates 7%, ~ A% and 732, 7%~
1 under the constraints {|Z;11] < A; € (0,1],¢ = 1,2,3}. As already stipulated
regarding the other incremental rates which are not explicitly cited in the context, we
consider them equal to zero.

In the next section we address the problem of controlling simple dynamics like
(4.1).

5. Controlling simple dynamics. In this section we apply Theorem 3.1 of [4]
for obtaining a measurement feedback controller C; and a Lyapunov function W; for
any one-dimensional system X; like (4.1). This result, although applied in our case
to one-dimensional systems, can be used to extend Theorem 1.1 to block-feedforward
systems, for which each system X, in (4.1) has dimension possibly greater than one.
By smooth measurement feedback controller C; for ¥; we mean

(5.1) 6; = Hj(o;) + Gl — 0j), Tj41 = Fj(o;)
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with 0; € R and smooth H; : R — R and G; : R — R, vanishing at the origin and
satisfying the constraints

(5.2)  |Fj(o;)| < Ajy € (0,00], [Gj(j —0j)| < Ajm € (0,00] Yoy, fiy,

for some given Ajs, Ajp, € (0,00]. This definition extends without further remarks
to the case of n-dimensional systems ;. Note that the structure of the controller
(5.1) is based on a certainty equivalence principle, consisting of replacing in the state
feedback controller ;11 = Fj(z;) the state z; with an estimate ;. The numbers A ¢
and Aj,, characterize, respectively, the maximum level allowed for the control input
Zj+1 and for the innovations 1; — o; fed back into the control loop by (5.1).

DEFINITION 5.1 (controller levels). We say that a smooth measurement feedback
controller (5.1) has control input level Aj; and innovations level Ay, (or simply levels
(Ajs, Ajm)) if there exist Aj¢, Ajm € (0,00] such that (5.2) holds true.

We recall that any system X, like (4.1) has state z;, control ;41, (endogenous)
measurement fi;, and among its exogenous inputs z;11, ..., zn,ij,fj,:?jﬁ, ey Tl
and w. Throughout, we will denote by x;, ¢ € J;, any one of these exogenous inputs.
Also, set ’yf; =2 and 'y;:jn =0, and let G(s) be as in Theorem 1.1.

THEOREM 5.2. For any system X; like (4.1) satisfying (A.1) and (A.2)-(A.3)
for 5 =1,....n and for all w € R"; zp, 2, € R, h = 1,...,n+1; and In € R,
h =1,...,n, such that |T| < Ap_1, there exist Aj, hjs, hjm € (0,1) and R;‘1 > 1
such that for all Rj; > R;-l the smooth measurement feedback controller

1 1

(5.3) Cj 1 Tjp1 = _2Rj1G(Uj)’ 7j

= 57, [(hjs —1)G(o;) + htsG(ﬁj - O'j)}

has levels (Aj, Aj/hjs) and Wj(zj,05) = \/1+ 2] + /14 (25 — 0;)? — 2 is smooth,
proper, and positive definite and satisfies along the trajectories of ¥, o C;

(5.4) W, < —0;a(2)2] — @jm(z — o) (25 — ;) + D 77X
iEJj

with stability margins

1—nh; 1—16h;
5.5 (z;) = ———9% , (2 —05) = 2
(5:5)  se() 8Rj1(1+ z3) #im{z = 75) 32Rj1hys[1 + (25 — 05)?]
and incremental rates
R
Xji .__ J Xji Xji
(5.6) Y= s (V" + hjmYm]-

Proof. First we rewrite 3; as a system 3 of the form (1) in [4]; then we check
the assumptions of Theorem 3.1 of [4] on 3. By (A.1) there exist A; € (0,1) and
hjs, hjm > 0 such that

(5.7) VIF(AG) + Ry (85) < s < 1/80.
Let
11 Ry
(58) R"l > R/' =max{ ——,—F— ¢, 72 = J ,
! 7 Aj \V4 h]m J hjs

) T
(5.9) Co=By=1, By=(1 0), C;=(0 1)R;, \I/j=<¢js ) .
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Along with positions (5.9), X; reads out as a system X of the form (1) of [4] with
B1CT =0, Ry .= C1CT = R?l > 0, with state = z;, control v = Z; 1, uncertainty
U = U,, and exogenous inputs xj;, ¢ € J;. Moreover, from (A.2)-(A.3), the first
inequality in (5.7), the fact that hj,, > 1/R3, and hjsy7 = Rj1 by (5.8), and having
“rescaled” 9, as in (5.9), we obtain under the constraints ]\Z = {|Zi1| < A, €
(0,1,i=1,...,n}

2
I = |75+ | < R + 32| O+ ham P
n n+1
(510) + > 2 (vr + hymim) + D TR (R + hymvim) + (Vs + hym i) ] ;
h=j+1 h=j+2
i.e., the incremental rates of ¥ are 4¥ := Rj; and yXi¢ := 7;‘” as in (5.6) with scaling

v = ;. We check the assumptions of Theorem 3.1 of [4] on ¥. Let P,, = 1 and
Vi(s) = Vin(s) = Vi(s) = 3[V1+ s? — 1]. The functions V,(r) and V,,,(r) are proper
and positive definite, and, moreover, V,V,,(s)/s == 1/[2v1+ s2] € (0,1] for all s,
and is even and nonincreasing for all s > 0. By direct calculations with Ry = R?l, we
obtain that the inequalities (3) and (10) of [4] with n = 1 are satisfied, respectively,
with s(s) = @;s(s) and ©m(s) = @jm(s), where @;s(s) and @;n,(s) are as in (5.5)
and, by the second inequality of (5.7), are positive for all z; and ¢;. Also (12) and (13)
of [4] follow from direct calculation of V4V, (s), V2, Vin(s), and V3, V,,(s). Finally,
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since Rj1 > 1/A; > 1 by (5.8) and since A; € (0, 1), also the feedback constraints
|F(s,6)] <Ay and |G(s,5)| < A, in Theorem 3.1 of [4] are met for all s, with

S
5.11 F(s,q)i=m ——
(5.11) (5:9) =~
5 A
G(s,¢)i=m —————— Ap=A;, A, = —L.
( ) 2Rj1hj5\/ 14+ 82 / ! hjs

Finally, it is not difficult to see that

2
(s1— 52) 51

V1+ (51— 52)2 - V1+s?

has for each ss a global maximum for s; = s2/2. Using this fact and the second
inequality of (5.7), for all z;, e;

fi(s1,82) =

2 T
?vﬁj Vm(ej)BlB{ [VZJ'VS(ZJ’) - VijeJ'VS(Zj - ej) - v€jV5(ej):|

J
+ 77 Fz5 —e5) = F(z)II” = [I1F(ej)]1?)

2
- [hjs 4L ] (zi—e) %
T LR AR [V14 (5 —€)?  VI+ 22
s 1 e? 2 e
< Js J < 2
- |:Rj1 4Rj1:| 1+€3/4 R]1 1 —|—e2 - S0]771(6])6

which implies (14) of [4] with n = 1. Application of Theorem 3.1 of [4] and (16)
therein gives the controller C; in (5.3) with levels (A;, A;/hjs) by (5.12) and that the
smooth, proper, and positive definite W;(z;,0;) satisfies (5.4) along the trajectories
of Zj o Cj. 0
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6. Filtered Lyapunov functions. The Lyapunov functions used in Theorem
5.2 cover with enough generality the stability analysis of systems of the form »; o C;.
However, when interconnecting more systems ¥;0C;, ¢ = 1,...,n, each one with Lya-
punov function W;, i = 1,...,n, a simple combination Y _;_, W;6;, 6; > 0, may be not
satisfactory for being a candidate Lyapunov function for the system interconnection
Y, i =1,...,n (see [7]). However, these interconnected systems are not necessarily
triangular and, thus, even the results for the design of composite Lyapunov functions
given in [7], [13] or [12] cannot be applied.

Example 6.1. Consider the system X:

221 229 21
L +
V1422 V1422 82\/1—1—,2%

with eg € (0,1/2). If W;(z;) = (1 +ZJ2)1/2 —1, 7 = 1,2, then after some computations

(6.1) 2 =-— + 22sin(z1), dp = — cos(z122)

W; < —;(2)2 + 75 ()7, j # 1,
1 1 €

(6.2) p1(z1) = ma 712 (22) = %, pa(z) = ma Y5t (21) = ﬁ
Note that neither ;Wi (z1) + 02Wa(22), 61,02 > 0, is a Lyapunov function for (6.1)
nor the results of [7] can be applied to derive from Wj(z1) and Wa(z2) a composite
Lyapunov function for (6.1).

Thus, we look for a “filtered” combination 21:1 W;0;, where 0; are dynami-
cal parameters which may depend on the system trajectories. The parameter 6;(t),
i = 1,...,n, should be positive along the system trajectories for Y :_, W;(t)6;(t)
being positive as well, and its time derivative should be nonpositive along the sys-
tem trajectories for dominating the cross terms 7;*(z;)z7 in W, and ~;’ (2j)z in Wi,
ij=1,...,n,i%#j.

Ezample 6.1 (continued). Let cy := [1/(1 — 2¢5)'/? — 1] and assume that e is
sufficiently small so that (1 + c2)?[(1 + ¢2)? — 1] < 1/2. Moreover, let

1 =1/(1=2(1 4 c2)*[(1 + e2)? — 1))/ — 1,
(6.3) ki i=Ti(ca), Ti(s) = (1+8)?[(1+5)2—1], ky:=eo.
It can be easily seen that the trajectories of (6.1) are bounded, enter in finite time the
set R = {(z1,22) : Wj(z;) < ¢j,j = 1,2}, and remain thereinafter. Boundedness of
the trajectories of (6.1) follows from the fact that for each ¢ # j while z;(t) approaches
the set {W;(z;) < ¢;}, z(t) has infinite escape time. If, in addition, e9 is sufficiently
small so that k1Ko < 1, the “filtered” linear combination of W7 and W5,
(6.4) W(z1,22,0) = 0(Wi(21) + doaWa(22)), da € (k1,1/r2),
(6.5) 0= —[0/ min{cy,doco}] max{T (Wa(z2)) — 71 (c2),0}2(22)23, 0(0) = 1,

satisfies
(66) W < —9[(1 — Hgdg)(;ﬁz% + (dg — m)(pgzg}

along the trajectories of (6.1) and (6.5). Also, since the trajectories of (6.1) are
captured in finite time by R and 71 (s) is nondecreasing for all s > 0, for each trajectory

(21(t), 22(t)) of (6.1)

0(t) = exp {—[1/min{cl, dgCg}]/O max{m (Wa(z2(s))) — 7 (02),0}<p2(z2(5))z§(s)d8}
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for all ¢ > 0, and, moreover, there exists T > 0 such that 6(t) = 6(T) for all t >
T. Thus, 6(¢) is bounded and positive for all ¢ > 0 and definitely approaches a
constant positive value. For this reason, the filtered Lyapunov function W is a linear
combination of W7 and Ws locally around the origin. Moreover, since 6(t) is positive
for all t > 0 and 1 — keds > 0 and dy — k1 > 0 by (6.5), it follows from (6.6) that
W(z1(t), z2(t),0(t)) decreases along the trajectories of (6.1) and (6.5).

Although once the trajectories are trapped closely to the origin the stability anal-
ysis can be performed locally with a quadratic Lyapunov function, filtered Lyapunov
functions unify the local and global dynamic behavior of interconnected systems and
can be used in a Lyapunov based controller design to stabilize the interconnection itself
(if not stable) or in small gain theorems for the stability analysis. The above discus-
sion motivates the following definition. Let ¥ be any given system with controller
C and let z and o be their corresponding (n-dimensional) states, with components
zj and, respectively, 0;, 7 = 1,...,n, and let x be the exogenous inputs of ¥, with
component x;, j € J.

DEFINITION 6.1 (filtered Lyapunov functions). We say that W:R'"xR"x0 —
RZ, (2,0,0) — W(z,a, 0) =0W(z,0), © C R, is a smooth filtered Lyapunov function
for ¥.oC with stability margins 0psj, Opm;, 7 =1,...,n, and incremental rates 07,
jed,if

(i) W(z, o) is smooth, proper and positive definite,

(i) O(t) < 0 and 6(t) > 0 along the trajectories of ¥ o C, and

(iii) along the trajectories of ¥ oC

n

6.7) W< =083 05 (2)2 + omi (2 — )z — %1 + 379 (2, 1,0
Jj=1 JjeJ

" RZ and continuous

for some continuous positive (definite) functions ¢sj, mj : R
functions vXi : R" x T x Z — RZ.

Clearly, by Theorem 5.2 W, is a (filtered) Lyapunov function for X, o C; with
stability margins (5.5) and incremental rates as in (5.6). If @ = 1 and X7 are functions
only of x, then our filtered Lyapunov functions are iISS Lyapunov functions [1]. A

smooth, proper, and positive definite function W : R" x R® — RZ for which there

exist positive definite a : RZ — RZ and 8 € Koo such that W < —a(W) + 8(||x|)
along the trajectories of 3 o C is said to be an iISS Lyapunov function for X o C.

As already remarked, (ii) and (6.7) imply that W (z(¢),o(t),0(t)) decreases along
the trajectories of ¥ o C. However, this is not enough for inferring stability properties
on the system trajectories of ¥ o C, since 6(t) varies itself along the trajectories of
3 o C. The following results clarify the stability issues related to the existence of
a filtered Lyapunov function and will be used to prove Theorem 1.1. Let x be the
exogenous inputs of 3. We will say that ¥ o C is 0-GAS if there exists § € KL such
that ||z(t),o(¢)|| < B(||z(0),c(0)||,t) for all ¢ > 0 along the trajectories of ¥ o C with
x = 0, i.e., the origin of X oC is globally asymptotically stable. The following stability
result can be proved as Theorem 4.1 of [9].

LEMMA 6.2 (0-GAS). Assume the existence of aq € K and ae, as € Koo for which

a smooth filtered Lyapunov function W : R™ x R" x © — RZ for ¥ o C satisfies

(6.8) W(:(0),0(0).0(0) < —a

1
W (2(0),0(0),0(0)) < ara(
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(6.10) W (=(t),0(1),0(1)) = as(||=(t), o (1)]])

for all t > 0 along the trajectories of X oC. Then X oC is 0-GAS.

The iISS properties are then inferred through the following lemma. Let x €
L5(RZ) be the exogenous inputs of ¥. We will say that ¥ oC is UBEBS if there exist
aq, 09 € Koo and ag > 0 such that ||2(t), o(t)] < a1(]|2(0),a(0)]]) + c2(||x||2) + a3 for
all y € L5(R=) and t > 0 along the trajectories of ¥ o C [1].

LEMMA 6.3 (iISS [1]). Assume that ¥ oC is 0-GAS and UBEBS. Then £ oC is
iISS.

In the next section we show how to construct filtered Lyapunov functions for
complex systems, resulting from interconnecting dynamics like (4.1), using the fil-
tered Lyapunov functions of the simpler dynamics in which these systems can be
decomposed.

7. Filtered Lyapunov functions for interconnected systems. Let 3;, j =
1,2, be given systems with controller C; and smooth filtered Lyapunov function
/Wj(zj,aj,ﬁj) = 9jo(Zj,0’j) with stability margins gjwjl& ngojlm, [ = 1,.. <Ny,
and incremental rates Gj'y;(”, leJ;:={1,...,r;} (n; is the dimension of the state
vector z;). In other words, along the trajectories of ¥; o C;

]

(7.1) W5 <=0; 3 [0iis(2) 2 + eamlen)ed] + > v (255 45:5)X30 ¢
1=1 1eJ;
where e; := z; — 0, and ej;; and zj; are the [th elements of e; and z;, respectively.

We also assume that z;, e; are exogenous inputs of 3; and that ;;,0; are exoge-
nous measurements of 3; for j # 4. Thus, z; and e; are elements of x;, and u;
and o; are elements of v; for j # i. Moreover, wherever possible we will denote
W, (25 (£), 75(8), 65(8)), Wi (25(8), 05(8)), @yt (25(8)), and @y (e (1)) simply by W, (2),
W;(t), jis(t), and @ im (t). We will also omit the arguments z; € R™,g; € Z;,1; € Z;
of the functions whenever there is no ambiguity. In this section, we study the problem
of finding a filtered Lyapunov function for the interconnection of ¥;0C;, j = 1,2. We
start with the following definition.

DEFINITION 7.1 (local saturation). Let j,i = 1,2 with i # j. We say that s
(resp., pjim) locally saturates ;" (resp., ;") with levels (c;, k;) if there exist c; > 0
and a continuous nondecreasing function 1; : RZ — Rt such that 7i(¢j) < K; and
v < (W) egs (resp., vt < 1i(W;)@jim) for all v, g, 1 =1,2.

Thus, “local saturation” in our context means that the ratio between Wf I and
©Yj1ss § # 1, is, for W; < ¢;, locally bounded by x; and globally bounded by 7;(W}).

If the function 7; : RZ — R* can be taken constant, we have the following stronger
property.

DEFINITION 7.2 (saturation). Let j,i = 1,2 with i # j. We say that ¢jis
(resp., pjim) saturates v;’' (resp., v;’') with level k; if there exist r; > 0 such that
7 < Kipgis (resp., V' < Kiojim) for all u, s, 1=1,2.

In Example 6.1, v5' is saturated by ¢; with levels (c¢1,x2) and ;2 is locally
saturated by ¢o with levels (cg, k1), where 72(s) = k2 and k1, ke, and 71(s) are as in
(6.3).

The main result of this section points out the construction of a filtered Lyapunov
function for the interconnection of ¥; o Cj, j = 1,2, when each v,?' (resp., 7;’') is
locally saturated by ¢jis (resp., @jim), j # i, with levels (¢;, ;) satisfying the small
gain condition ki1k2 < 1 and under the assumption that the trajectories of ¥; o Cj,
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Jj = 1,2, are bounded, enter in finite time a set in which W; <¢;, j = 1,2, and remain
thereinafter. This result will be applied in section 8 for constructing a filtered Lya-
punov function for the interconnection of ¥;0C;, j = 1, 2. It gives a filtered Lyapunov
function W as a “filtered” linear combination of W;, j = 1,2. The design of composite
Lyapunov functions has been widely studied in [8] for general systems and [12], [7],
and [13] in the case of triangular systems 2 = f(z) + (2, &), € = a(€). However, while
the result of [8] does not lead to a constructive procedure, the constructive procedures
of [12], [7], and [13] cannot be applied here since, as already remarked, the control
design is not performed in our case by using feedforwarding [13] and rather relies on
a backstepping-like strategy. As a consequence of this, in backstepping coordinates
zji=2z;—x;,5=1,...,n, from (1.1)—(1.4) we get interconnected systems of the more

general form z = f(2) +(z,€), € = a(€) +((z,£). As a particular case, if {(z,£) = 0,
we obtain the same class of interconnected systems considered in [7] and [13], and
our filtered Lyapunov functions are alternative to the composite Lyapunov functions
proposed in [7] and [13].

We have already seen in Lemma 6.2 that from the point of view of the asymptotic
stability properties of the system trajectories it is important that W (t) be lower

bounded uniformly with respect to 6(t) and that W(t) be bounded by a definite
negative function uniformly with respect to 6(¢). In the case of the interconnection
of two systems as in Example 6.1, W(t) is the filtered combination of two Lyapunov
functions and has uniform (with respect to ) upper and lower bounds since the system
trajectories are bounded for all times and enter some “invariant” set, where a small
gain condition is met. To formalize these “capture” and “invariance” properties we
introduce the notions of traps and recurrence. A set W is a trap relative to a system 3
if the trajectories of X are captured by W for all times, while a system X is recurrent
relative to a set W if each trajectory of ¥ ensuing from outside W hits W at some
time 7.

DEFINITION 7.3 (recurrence and traps). Let 3 be a given system with state
z € R™ and exogenous inputs x € X CR". We say that R C R” is a trap for W C R
if for each zo € W, exogenous input x(t), and T > 0 the trajectory z(t) of ¥ ensuing
from z(T) = zo satisfies z(t) € R for allt > T. We say that a system X is recurrent
relative to a closed set W C R™ if for each zp € R"\W and exogenous input x(t) the
trajectory z(t) of ¥ ensuing from z(0) = zo is defined for all t > 0 and there exists
T > 0 (recurrence time) such that z(T) € W. If, in addition, R C R™ is a trap for
W =R, then we say that ¥ is recurrent relative to the trap R.

We are ready to state and prove the main result of this section. For any c¢;,d; > 0
and continuous nondecreasing functions 7; : RZ — R* and I; C {1,...,n;}, j = 1,2,
let

G(Zh 22,€1, 62) =d maX{Tl(W2(Z27 02)) —T1 (02), 0} Z(<pzzs(22)Z§l + 9021m(62)€§l)
lels
(7.2) + dy maX{TQ(Wl (Z17 0'1)) - TQ(CQ), 0} Z (9017-5(751)sz + @h'm(el)e%r)'

rely

In what follows we will denote a(z;(t), z2(t), e1(¢), e2(t)) simply by a(t).

THEOREM 7.4. Assume that ¥; 0 C;, j = 1,2, has smooth (filtered) Lyapunov
function /Wj with stability margins 0;0j1s, 0;01m, L =1,...,n;, and incremental rates
ijy;("l, leJj, andlet I; C{1,...,n;}, j =1,2. Assume also that

(i) 1rs and @1rm, v € I1, locally saturate v and y5'", with levels (c1, K2),
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(ii) wais and @oim, | € Ia, locally saturate ;' and 7, with levels (o, k1),

(iii) Kike < 1,

(iv) for each j = 1,2, ¥; o C; is recurrent relative to the trap R; = {(z;,0;) :
Wi(zj,05) < ¢} N
There exist di > 0 and do € (d1k1,d1/K2) such that W = 0[di W, + doWs], with
0= 909192 and

(73) 90 = —[a(zl,ZQ, e, 62)/mjin{djcj}]90, 90(0) > 0,
is a smooth filtered Lyapunov function for the interconnection ¥ of ¥;0C;, j =1,2,
with stability margins
96jl90jlsa Qéjlcpjlm, l = 1,...,nj, ] = 1,2,
(74) 61 = dy — Hgdg, re Il, 621 =dy — Kldl, le IQ, 5jl = dj otherwise
and incremental rates
de%xﬂ, Xji ¢ H :={z1r, 201, €10, €01 : 7 € I1,1 € I };

i.e.,

. nj
(7.5) W <0 =Y bulpjsz +eiames] + Y divy7x
7j=1,2 j=1 le%H

along the trajectories of ¥ and (7.3). Moreover, the interconnection X is recurrent
relative to the trap R = {(z1,22,01,02) : diWy + daWa < dic1 + daca}, and along
each trajectory of X and (7.3) there exists T,0 > 0 such that 0o(t) = 0 for allt > T.
In particular,

(7.6)  09(0) = exp ( /O h a(s)ds)
=at) >0, Op(t)>1Vt>0, a(t)=0, Oo(t)=1Vt>T.

Proof. We will prove the theorem with 6(0) = exp( [, a(s)ds) in (7.3). By (ii)
it is possible to select d; > 0 and da € (d1k1,d1/kK2) in such a way that

(7.7) 617,091 >0, rely, lel.

Since W;(zj,05), j = 1,2, is smooth, proper, and positive definite, then also W =
23:1 d;W; is smooth, proper, and positive definite. Let 7; : RZ — R*, j =1,2, be
continuous nondecreasing functions such that

(78) 'YQZM < TZ(WI)QOlrs’ ’VSIT < 7'2(W1)§017“ma
V2 S Ti(Wo)@ars, 777 < 11 (Wa)@arm,

which indeed exist by (i) and (ii). By (iv) each trajectory (z;(t),c;(t)) of ¥; o Cj,
Jj =1,2, is defined for all ¢ > 0, and for each such trajectory there exists T; > 0 such
that W;(z;(t),0;(t)) < ¢; for all ¢ > Tj. This, together with 7,(s), j = 1,2, being
nondecreasing and positive for all s > 0, implies that

(7.9) a(t) >0Vt >0, a(t)=0Vt>T:=max{Ty,Tz}
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and, thus, 0 < fo s)ds = fo s)ds < oo. This gives from (7.3), together with
0o(0) = exp fo ds)

(7.10) 6o(t) = 0(0) exp {— /O ta(s)ds} — exp {— /m :{m a(s)ds} >0,

Thus, 6y(t) is bounded and positive for all ¢ > 0 along each trajectory of ¥ and (7.7)
holds true. Also, by (iv) the interconnection ¥ is recurrent relative to the trap R.

We are left with proving (7.5). Taking into account that for all £ > 0 along the
trajectories of 3; o C;, we have 0;(t) > 0,0;(t) <0, j = 1,2, since W;, j =1,2,is a
filtered Lyapunov function for ¥; o C;, and 6y(t) > 0,8(t) < 0 by (7.3), (7.9), and
(7.10), we get from (7.1), (7.2), and (7.9) that

(7.11)

o by o
W <00 5 3o S lenenncil+ X dnoh p+ 034,
j=1 Jj=1

Jj=1,2 leJ;
9' 2
0
<68 Z jileiiszh +omen] + D di X +a+9*02djwj
j=1,2 j=1 X EH =1

along the trajectories of 3, with 6j;, 61, as in (7.4) and 6;;,61, > 0, r € I,l € I,
by (7.7). Since 23:1 d;W; > min;{d;c;} whenever either W7 > ¢y or W > ¢; and,
moreover, ¢ = 0 when W; < ¢;, i = 1,2, from (7.3) and (7.11) we obtain (7.5). 0

8. Proof of Theorem 1.1. The proof goes as follows. For each system ¥;, j =

1,...,n,in (4.1) we apply Theorem 5.2 to obtain a measurement feedback controller
C; and take the interconnection C of C;, j = 1,...,n, as measurement feedback
controller for the interconnection ¥ of ¥;, j = 1,...,n, i.e., the controller (1.4) (see

part A below). Theorem 1.1 follows from Lemma 6.3, once we prove that (1.1)-
(1.4) is 0-GAS and UBEBS (see part B). First, we show that (1.1)-(1.4) is UBEBS.
Instrumental to this and since w € £5(RZ), we prove that ¥; 0 C;, i = j,...,n, for
each j = 1,...,n is recurrent relative to some compact trap 7;(||w||2) (see Lemma
8.1). Finally, we show that (1.1)—(1.4) is 0-GAS (see part C). Instrumental to this,
we use the traps 7;(0), j = 1,...,n, to define a filtered Lyapunov function W for
(1.1)—-(1.4), with w = 0, by repeated applications of Theorem 7.4 (see Lemma 8.2)
and then we prove that W satisfies Lemma 6.2.

A. Controller definition for (1.1). Set e; := z; —0j, j =1,...,n, and let G(s) be
defined as in Theorem 1.1.

Step 1. Application of Theorem 5.2 to 37 in (4.1) gives Ay, his, him € (0,1] and

11 > 1 such that for all Ry; > R}, the controller C; in (5.3), with j = 1, has levels

(Al, Al/hls) and

(8.1) 1(z1,01) \/1—1—,21—1—\/1—1—61—2

is a smooth filtered Lyapunov function for ¥, o C; with stability margins

(8.2) @15 ~ 1/[Rin(1+20)],  @im ~ 1/[Ri1(1 + €])]
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and, by (5.6), smooth incremental rates
7o~ Ruic il =20
(83) AW ~Rubfi i), W~ Rubii i), (=3, 0+ L
In other words,
n
(84) Wi < 1028 — @1mel + Y 722 + 1 3]+ lw]?.
1=2

Moreover, on account of

2 2
(8.5) G ( > s > Z (|s1]) ¥s1, 1 =1,2,
=1 =1
and by Lemma A.2 with j = 1, we obtain that Zo and Ts satisfy
- 1
(8.6) T3 < o5 [GP(21) + GPe)]
Rn
2 n+1
R [ 26 ) + G en) +Zzl +Z Pl
1=1

Step 2. Given j =2,...,n, let
_ B

/ b
11

(87) En_l Rll = R;lgn_l7 I = 17 e 7j - 17

and assume that

1
(88) le < R2? [G2(zl71)+G2(6171)]7 l= 27"'7j7

1—1,1
. 1 J i (a2 gy
(8.9) |72 =< =i NG+ G )+ Y. g+ Y i+ w?
J=L1 | 1=j—1 I=j+1 I=j+1

By application of Theorem 5.2 to ¥, in (4.1) with the additional constraints (8.8)—
(8.9) we get Aj, hjs, hjm € (0,1] and R}; > 1 such that for all R;j; > R’ the controller
C; (5.3) has levels (Aj,A;/hjs) and

(8.10) Wiz, 05) = /1+ 23+ /143 -2

is a smooth filtered Lyapunov function for ¥; o C; with stability margins
(8.11) wjs ~ 1/ [Bn(L+2)]s - @jm ~ 1/ [Rjn(1+ )]

and, by (5.6) and (8.9), smooth incremental rates

Rj Rj
(8.12) 72~ WL e WL
’ R? 1, 1+ 212) ! R?—l,l(l + 612)
(8.13) 7' ~ Rj[vje +vim + 1, 1=7+1,....n,

(8.14) 7' ~ Rl + 7 + 1, 2 ~ Ryt +v5s, 1), 1=j+2,...,n+1.

l:jilmja
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In other words,

W; < _[SDJ'S_WJZ'j]zJQ'_ [pjm — ]e +7 . Ly el
(8.15) + > e ) E ]+ el
I=j+1
Set
(8.16) Rj1 = Rjje" .

y (8.7), (8.11), (8.12), and (8.16) we can select €; > 1 such that
(8.17) Cis =V > ©is/2 Pim =Yy 2 Pim/2

for all € > ¢;. Moreover, by (8.5) and Lemma A.2, Z;1; and 37'j+1 satisfy

1 .
(8.18) w?SRzi[GQ(zl,l)+Gg(el,1)L 1=2,...,5+1,

1-1,1
1 Jj+1 n n+1 N

(8.19) |Z;41]% < o S(GP) + Gen) + P+ Y+ S F .
Il 1= I=j+2 I=j+2

Using the constraints (8.6) and (8.18) we can express the terms Z7,; in (8.4) and
(8.15) in terms of the exogenous inputs z; and e;, so that we can assume that the
incremental rates are finally given for j = 1 by

(8:20) V¥, 4% ~ Ru[y2 + 75, + 1 + 40, 1=2, 0, AP ~ Ry + i)

and for j =2,...,n by

(821) AP~ Ru/IRL (1422 4P ~ R /R (L +€2))),
vj’,vjleﬂ[yJSﬂ +w"““+vf,ij1+1], l=j+1,...,n,

After performing n steps, we obtain the controller (1.4) as the interconnection of C;,
j=1...,n

B. (1.1)—(1.4) is UBEBS. The exogenous inputs of (1.1)—(1.4) are w. To prove
that (1.1)—(1.4) is UBEBS, we need the following lemma, which is proved in the
appendix. We will often use the notation W;(t) in place of W;(z;(t), o;(t)). Moreover,
let Z; = (zj -+ 2,)" and S; = (0 --+ 0,)7, with Z; = Z and S; = S. Denote by
(RZ)4 the g-times vector space product RZ x --- x RZ.

LEMMA 8.1. There exist continuous c¢; : RY — RT, g; : (RZ)" IR —

RZ, nondecreasing with respect to each argument and 0i(0,...,0) =0, and e; >0,
J =1,...,n, such that for all e > €}, for each w € L5(RZ), and j = 1,...,n the
interconnection ¥; 0 C;, i = j,...,n, is recurrent relative to the trap T;(||wl2) =

{(Z;,55) : Wilzi,00) < 0i(ci(e),...,enle), |wll2), i =j,...,n} and

7 R2
(8.23) a<l, e~][=2, i=2....n
l:2lel,1
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Moreover, for all t > 0 along the trajectories of (1.1)—(1.4)

(8.24) Wi(t) < 0;(W5(0),...,W,(0),||wll2), i=14,...,n.
Since W;(z;,05), 7 =1,...,n, is proper and positive definite,
(8.25) Bin(llz, o5l) < Wilzj,05) < Bja(llzjoo5l), G =1,....m,
for some ;1,852 € Koo, j = 1,...,n, and for all z;,0;. Moreover, for any continuous

a:RZ x RZ — RZ such that a(s,r) and a(r, s) are nondecreasing for each r > 0 and
«(0,0) =0,

(8.26) a(r,s) < als,s)+a(r,r) Vr,s >0

and a(s) := a(s,s) is K-class. Thus, from (8.24)—(8.26) and since ﬁj*ll(gj(sj,...7
Sn+1 )) is nondecreasing with respect to each argument s; and ﬁj_ll(gj (0,...,0)) =0,
we have along the trajectories of (1.1)—(1.4)

(8:27) 125 (1), a5 (DI < B3 (05 (W;(0), - -, Wi (0), [Jw]|2))
< Z 227955 (0 (Wi(0), - .., Wi(0)))
+ Z2n+27jﬂj_11(gj(“w”27'"a”w”?))

< a;1([125(0), S5 (0)[1) + aga(fJwll2),

where aj1(s) := Y1 22 85 (0 (Bia(s), - -, Bia(s))) and aya(s) = Y1, 2m 2
,Bjjl(gj(s,...,s)) for j = 1,...,n. Let ai(s) := 2?21 aji(s) + s, and as(s) =
Z?Zl aj2(s) + s and note that aq,as € K, since aji1, a2 € K. We obtain from
(8.27) that

(8.28) 12(8), SO < ar([[2(0), SO)]) + aa([Jwl|2)

for all ¢ > 0 along the trajectories (1.1)—(1.4). This proves that (1.1)-(1.4) is UBEBS.

C.(1.1)—(1.4) is 0-GAS. To prove that (1.1)—(1.4) is 0-GAS we construct a filtered
Lyapunov function W for (1.1)—(1.4), with w = 0, and prove that it satisfies (6.8)—
(6.10). To this aim, we need the following lemma, which is proved in the appendix.
Let Z; :=(z; -+ 2,)T and Sj = (0, -++ 0,)T and set Z = Z; and S = S;. Moreover,
from now on we take w = 0.

LEMMA 8.2. Let ¢c; : RT — R, g; : (RZ)"77+2 - RZ, and e;>0,j=1,...,n,
be as in Lemma 8.1. There exist €** > max; s;f and continuous and mondecreasing
7j :RZ = [1,00), j =1,...,n, such that

W(Z,8,0) :=0W(Z,5),
W(Z, S) = W1(21,0'1) + sz_le‘(Zj,Uj)Tl(C(z)) B -ijl(C(j)),
j=2
(8.29) ™=z, .=+ QTZ'(C(iJrl))C(iJrl), 1=2,...,n—1,

Ei = Qi(civ e 7Cn70)
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is for all € > €** a smooth filtered Lyapunov function for (1.1)—(1.4) and
(8.30) W< -0 Z[@‘SZ? + ime; ]
i=1

along the trajectories of (1.1)—(1.4), where
(831) Gu~pu, P~ Tica (@) (eu, i=2,...n, I=sm.
Moreover, for each trajectory of (1.1)—(1.4) there exists T > 0 such that

0(t) > 1Vt > 0
(8.32) o0(t) = 1vt > T.

First, we prove (6.8). Since

r1+ 7o T1 T2

8.33 1 12 _1<s5V¥s>0
( ) (+s) =8V = ’1+7"1+7'2_1+r1+1+7"

v7/‘177‘2 2 07
2

it is easy to see by (8.2), (8.11), and (8.31) that
(8.34) Ti—1 () T (€ ")Wilzi, 00) /(1 + Wilzi, 03] = Bis(2:)27 + Bim(e)e?

for all z;,0; and for each ¢ = 1,...,n. By the definition of W in (8.29), (8.34) and
since 71(s),...,Th—1(s) > 1 for all s > 0,

(8.35) 0>1=W(Z5,0)/[1+W(Z,85,0)] < Hi[@s(zi)z? + Bim (e5)ed].
=1

From (8.30), (8.32), with j = 1,...,n — 1, and (8.35) follows the existence of ag > 0

such that W < —aoW(Z, 8,60)/[1 + W(Z, S,6)] along the trajectories of (1.1)—(1.4).
This proves (6.8) with as(s) = aps/[1 + s].

Next, we show (6.9)—(6.10). By continuity of the trajectories (Z(t),S(t)) of
(1.1)-(1.4) with respect to (Z(0),S(0)) over finite intervals [0,T], it follows that
6(0) is a continuous function of (Z(0),S(0)). Indeed, according to the proof of
Lemma 8.2, § = 0, = 0101, with 0; and a;(Z;11,5:11), i = 1,...,n — 1,
defined as in (A.54) and 6;(0) := explo ®(Zit1(5):5i41(s))ds  GQince by definition of
a;(Zi41,Si+1) for each (Zit11,0,Si110) € R"™* x R"" and i = 1,...,n — 1 there
exist Tio S R2 and an open ball B(Zi+170751j+170) around (Zi+1707Si+170) such that
ai(Zi+1(8),Six1(t)) = 0 for all t > T and trajectory (Z;+1(s), Si+1(t)) ensuing from
B(Zi11.0,Si41.0), then 8;(0) := explo” @ (Zis1(5),Sisa())ds — eprOTf’ ai(Zit1(5),Si1(s))ds
for all (Z;+1(0), Si+1(0)) € B(Z;41,0,Si+1,0), i =1,...,n—1. As in the proof of The-
orem 1(i) of [7], we conclude that 6;(0) is a continuous function of (Z;41(0), S;i+1(0))
and thus, as claimed, 0(0) is a continuous function of (Z(0),S(0)). By this we can
find a continuous and increasing function 3 : RZ — R¥ such that

(8.36) 0(0) < 5(112(0), S(0)1)

for all (Z(0),5(0)). Indeed, let a(s) = f;“ maxyy (z(0),s(0))<r10(0) }dr and a(s) =
a(s) + s. Since W(Z,S) (defined as in (8.29)) is proper and positive definite being
the linear combination of proper and positive definite functions W;(z;,0;), a(s) is
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continuous and nondecreasing for all s > 0, and &(s) is continuous and increasing for
all s > 0. Moreover, by construction 8(0) < «(W(Z(0),5(0))) < a(W(Z(0),5(0)))
for all Z(0),S(0). The desired function is 3(s) = &(B1(s)), where 3; € Ko is such
that W(Z,S) < 51(]|Z, S||) for all (Z,S), which exists since W (Z, S) is proper and
positive definite. This with (8.29) and (8.36) gives (6.9) with as(s) = B(s)51(s).

Finally, from (8.29) and (8.32), we obtain W(Z(t),S(t),H(t)) > Ba(1Z(t), S®)]])
for all ¢ > 0 along the trajectories of (1.1)~(1.4), with 3 € Ko such that W(Z, S) >
B2(]|Z, S||) for all (Z,S), which exists since W (Z, S) is proper and positive definite.
This implies (6.10) with ag(s) = Bg(s) By Lemma 6.2 we conclude that (1.1)—(1.4)
is 0-GAS.

Appendix. .
LEMMA Al Letwe€R", zp, 2, e R, h=1,....n+ 1,2, e R, h=1,....n,
21 =21 =0, Tpy1 = Tpy1, and zj == x; — %5, j = 1,...,n, 241 := 0. For any
continuous functions ¢j; : R*"xRxR" = R, j =1,...,n,1=s,m, satisfying (1.2) and
for each Aq,..., A, € (0,1] there exist 'yﬁh(Aj,...,Ah,l) >0, h=75+1,....,n+1,
i = s,m, and smooth v : R — RZ and 'y;[‘ R L RZ b =541,...,n
1 = s,m, such that for each j=1,...,n
3 J+1 —
(A1) A}lir%ﬁr Vs (Ay) =0
and
. . n n+1 _
[Wis + zjg1 — 357 <2252+ D0 A (2ny o z) + Y TR (A, . Apy)
h=j+1 h=j+1
(A.2) + iz 0],
n+1
<3 Bzt S BB A s ) P
h=j+1 h=j+1
(A.3)

for alw € R”, p, %, € R, h=1,....n+1, 2, € R, h = 1,...,n, such that
|Eh| < Ahfl, h=2,...,n+1,

Proof. We will prove only (A.1) and (A.2) (the other inequality, (A.3), can be
proved in the same way as (A.2)). Fix j =1,...,n. Since ¥jg|z;—0,i=j+1,... n+1;w=0 =
0 for all #1,...,2; € R by (1.2) and using the first relation of (1.2), we get for all
reR" weR ,andzp, e R, h=45+1,...,n+1, that

n
W)js|2 = W}js - ¢js|w=0|2 + Z |sz
h=j+1
n+1
+ Z |'¢js
h=j+1
- ’(/)js
n
<bje(@ja, s g |lwl® + Z 2n2ajsn (Tns Tjga, - Bho1, Thy -5 Tng1)
h=j+1

2
@i=Fi,i=j+1,....h—1;w=0

Ci=Feimj+1,... hiw=0 — Yjs

z,=%;,i=j+1,....,h;z;=0,i=h+1,...,n+1;w=0

2
T, =Z;,i=j+1,..., h—1;z;=0,i=h,...,n+1;w=0
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n+1
(A.4) + > 1@ ajsn(0,Fjs1, .., T 0, 0).
h=j+1

Moreover, for any smooth function g : R®* x R” — R there exist smooth f : R® — Rt
and g : R” — R* such that ¢(z,y) < f(z)g(y) for all z € R® and y € R" [10], [5]. By
this, let h = j+1,...,n+ 1 and let fj5, : RPITL - RY g, : RPMH 5 RYand
0js,&js : RPATL — RT be smooth functions such that

ajsh(ih,ij_ﬂ, . ,%h—l, Thy--- ,xn_H)
S gjsh(zh, ey Zn) |Fc“,,+1\SAiIg(%},(l]:i:j,...,n fjsh(gj+17 e ,.%7“ .’En+1)7
bjs(xj+17 s vanrl)
(A.5) < 0js(%j+15- -5 2n )|zb+1|<ALI£3)X1]z N ng(z'j-‘rla"'vgmxn—H)
for all Zj41,...,Zn, Th, .., Tny1 such that |T;41] < A;, i =4,...,n. Moreover, let
(A.6) Qs j+1(r) == | malx ajs,j+1(0,Z;41,0,...,0).

Tj+1|<

The function oy, 11 : RZ — R2Z is nondecreasing for all » > 0 and continuous at
r =0, and

(A7) ajs,j+1(0,Z541,0, ..., 0) < s i1 (|Z541]) < s j+1(4D))

for all ;11 such that |Z;41] < A;. From (A.4)—(A.7) we get (A.2). Moreover, (A.1)
follows by (A.7), the continuity of o, j+1(r) at r = 0 and since a5 j4+1(0,0,...,0) =0

by (1.2). d
LEMMA A.2. Let w € R", xp, 2, € R, h=1,....,n+1, 21 :==0, 41 = Tpy1,
and zj == x;—2;, j =1,...,n. For any continuous functions ;jm : R xRxR" — R,
j=1,...,n—1, satisfying (1.2), for each j=1,...,n—1, and Aq,..., A, € (0,1]
n n+1
(A8)  G*(ej+tjm) 2 G () + G (zjp1) + D> A+ Y T+ vl
l=j+2 l=j+1

for all w € R”, ej,xp, T € R, h = 1,...,n+ 1, such that |Tp| < Ap_1, h =
2,...,n+ 1.

Proof. Under assumption (1.2), (A.3) holds true by Lemma A.1. Moreover, for
each continuous function f : R? — RZ there exists a > 0 such that

OIE alls||?
A9 <
) T S = T+ TP
for all s € R?. Indeed, pick 6 > 0 and let ag > 0 be such that (A.9) holds true for

all s € RY : ||s|| < 6 with a = ag. Since f(s)(1+ ||s]*)/[1 +f(s)||s||2] < 25 +1 for
all s € R? : ||s|| > 6, then clearly (A 9) holds true with a = max{ao, 35 + 1} for all

s € R?. Using repeatedly 1jlsl < 1+ > s1 > 0 and L%:Sls YT 1+sl
for all s; > 0 and (A. 9) with s := (2j41 ++ 2n Tjp1 - Tpy1 w)T and f(s) =

+1
Zln:j-&-l ijm + Zln—j-i-l ’ng + ’}/]m’ from (A 3) we get

G?(ej + tjm) 2 G(e5) + G*(¥jm) = G2(e;) + G*(V/ [ (s)lIsl])
n n+1
(A.10) = G2(ey) + GP(IIsll) = G*(ej) + GP(zj1) + Y 22+ Y @+ [lwll?,

l=j+2 l=j+1
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ie., (A.8). 0

LEMMA A.3. For any continuous v : R* — RZ, positive ¢ : R* — R*, and
smooth, proper, and positive definite W : R™ x R — RZ there exists a continuous
nondecreasing function T : RZ — [1,00) such that y(z) < 7(W(x,y))p(x) for all
z,y € R™.

Proof. Let o € Ko be such that W(z,y) > a(||z,y||) for all z,y € R™, which
indeed exists since W' is proper and positive definite. Let maxg<z| <, % = B(r)

and 7(s) = fSS—H B(r)dr. The function 7 : RZ — RZ is continuous and nondecreasing

for all s > 0 and 7%; <7(lz]) <7z, yl) < F(a Y (W(x,y))) + 1 for all z and y.
oz
Thus, our lemma follows with 7(s) = 7(a~*(s)) + 1. |
Proof of Lemma 8.1. First, we prove the lemma for j = n,n—1, and then proceed
by induction. We construct a sequence of compact traps 7,0 (Jlw||2) and Tn(f)l(Hng)

for ¥, oC, and ¥; 0oC;, i = n — 1, n, respectively, parametrized by some numbers cgf)

and cglkjl, getting smaller as k gets larger and converging to ¢, and c¢,_; satisfying

(8.23). Note that since

(T1+1)2—1 (T2+1)2—1
(r+1)? (ra +1)?

and W, (zn,00) = [\/1+ 22 — 1] + [\/1 + €2 — 1], then

2 2 (W (2, 00) + 102 =1 Wal20,00)

VA (&
n n >
+ } WnCemom) F 12 = T4 Wa(zmon)

1422 14¢€2

(T1+T2+1)2—1

(A.11) (r147re+1)2

Vri,re >0

o

(A12) 2 {

for all z,,0,. Thus, from (8.7), (8.8)—(8.11), (8.15), and (8.21)—(8.22), with j = n,

we infer the existence of E%O) > ¢, and b,, [, > 0 such that for all £ > 6%0)

Rnl(Wn + ]-) R?zfl,l

) ._ 24R5bn
" lnRiq,l

(A.13) Wn < - + ban1||’LU||2, <1

along the trajectories of (1.1)-(1.4). Let ¢ > e and s >ty > 0. Note that 0 < a <
1=a/la+1] > a/2 and

(A.14) W, > el = —1,W,/[Rp1 (W, + 1)] + 12b, Rn1 /R 1 < 0.

For each trajectory of (1.1)—(1.4) and r > s such that W, () > e for all t € [s,7]
along such trajectory and since [, [|w(A)||?dA < [[w||3 < oo, by integrating (A.13)
over [s,r] we obtain

_ 6ban1 (t - S)

i + Wh(s) + banHwH% Vit € [s,r], Wa(s) > cgbo).
n—1,1

(A.15) W, (t) <

It is easy to see that for each s > ty > 0 and trajectory of (1.1)—(1.4) such that
Wi(s) > cﬁf” there exists 7 > s such that

(A.16) W, (7) = 9.

n

Indeed, if not there would exist a trajectory of (1.1)—(1.4) such that W, (t) > 0
and (A.15) holds for all ¢ > s. From (A.15) we get W, (F) = A for T o= s +
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Ry 11/ (6byRyt)][W(s) — 4 b, ||wl3], which gives a contradiction. Thus, (A.15)
and (A.16) imply for each trajectory of (1.1)—(1.4) starting at to > 0 the existence of
T > o such that

Wa(t) < Q%O)(Wn(toﬁ [wll2) == Wa(to) + buRu[[wl[3 Yt > to,
(A1T)  Wa() < o), wll2) vt =T,

where Qn ()\1, -) and Q%O)(-, A2) are nondecreasing for each A\j, A\ > 0 and leo) (0,0) =

0. In other words, %,, o C,, is recurrent relative to the trap 7}(0)(||w||2) ={(zn,0n) :
2

Wi (2, 0n) < o (C%O)7 [lwll2)} for all e > e with ¥ < f# by (A.13). More-

over, since W,,(zy,,0,) > 0 for all z,,0,, from (A.13) and the deﬁnltlon of ¢

t
Wi(t) > O Vi € [s, 1] = / WL(A)l

2Rn1
In

X

(A.18) < & (Wals), llw2) = [Wi(s) + Ruballwll3] V€ [s,7]

along the trajectories (1.1)—(1.4), where §n (M\1,-) and f ( A2) are nondecreasing
for each A1,A2 > 0 and §7(L0)(O 0) = 0. Now, we prove the existence of s( )1 >

0 such that for all ¢ > sg))l, ¥;00C;, i = n — 1,n, is recurrent relative to the
trap 7,2 ([lwll) = {1 n0) < Wi (om0 < oS (e, el wllz),

Wi(zn, o) < 082 (0 |w]l2)} with o, : (RZ)? — RZ, nondecreasing with respect
to each argument and QS)_)l(O7 0,0) = 0, and with

0 Rn
(A.19) A<, 0 <
n—1,1
Let

s+1
an—1(s) :=/S Wn(ggé)gran_l(zn,an)dr

with @,—1(zn, 0n) == [(v7"1 s+7n 1 m+7ﬁ"+115+7£"+ﬁm+1)(wn(zmUn)+2)2+7$f_ﬂ~
The function a,_; : RZ — RZ is continuous and nondecreasing since an—1(s) >
MaXy, (z, 0n)<s On—1(2n,0n) for all s > 0. Moreover, by (8.22), with j = n — 1 and
I = n, the nonnegativity of W,,(z,, 0y ), and since 272” e2 < (1+ Wy(zn,0,))% — 1 for
all z,, on,

Vi zh A+ veaen + i Jw||® 2 R 11{(75’:1,s+7511,m+v§"_t;+vf§"_'*ﬁm+1)

(W +1)2 —1]2+ W) | n 2
Wn Tn—1 Wn 4 1 + ||’U}H
< Rucsatns() [ + )
for all z,, 0,,w. Note that c%o) <1, Rp1 > 1, and Wy, (2, 0,) < 9 = 22,e2, 7% | <

2[(c O 4 1)2 — 1] < 6 by (8.18) and the second relation of (A.13). Thus, from (8.7),
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(8.10), (8.11), (8.15)—(8.17), and (8.21)—(8.22), with j = n—1, we derive the existence

of 5(0)1 > 0 and b,,—1,lp—1 > 0 such that for all ¢ > 55:]_)1
4R2 | by 6
(A.20) cf?ll = L] + 20,1 (2n)c) | <1
ln,1 Rn 2,1

and along the trajectories of (1.1)—(1.4)

. lnflwnfl Rn71 1
Woo1 < — + 6b,,— :
! Ry 1 1(Wp_1+1) ! Rfl—z,l
W,
bnf n— n— Wn - 2 ‘
bR (W) [ 2 ]
(A.21)

Assume that W,,_1(t) > cffll for all ¢t € [s,7], s > to. Since a,—1(a) is nondecreasing
for all @ > 0 and ¥ < 1, by the nonnegativity of W; and (A.17) and (A.18) we
obtain for all ¢ € [s, 7]

/ (W) [m ¥ ||w<A>||2] i

(A.22) < a1 (200 (Wi (s), [|lw]|2)) 2n° €0 (Wi (s), [wll2) + [[w]f3]
if W, (t) > e for all t € [s,7],

W (t)

(A.23) an—1(Wa(t)) [Wn(t)H

O] < nanos 20 + o))
if W, (t) < e for all t € [s,r]. Thus, using the definition of ! 71 in (A.20) and by
integrating (A.21) over [s,r], we have that

6by,_1Rp—1,1(t —s)
Ry o,

Whno1(t) > ;)1 Vi€ [s,r] = Wyh_1(t) < —
(A24) 4 o (Wooa(s), Wa(s), [lw]l) ¥t € [5.7]
with
o (Wooa (), Wa(s), [wll2) = Waa1(5) + b1 Ru-1.1{ navn-1(2n) w3

(A.25)  +an—1(2n0)) (Wa(s), [wll2))20°€ (Wi(s), [[w]]2 )+||wH§]}-

From (A.24) follows for each trajectory of (1.1)—(1.4) starting at ¢, the existence of
(0)

n—1
92)1(0, 0,0) = 0, and for each trajectory (1.1)—(1.4) the existence of TT(LO_)1 >T >t
such that

continuous g : (RZ)? — RZ, nondecreasing with respect to each argument and

W1 (8) < 082, (Wa—i(to), Wa(to), [wll2) Vit > to,
(A.26) Woo1(t) < 02,2, e Jlwlla) vt > T,
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Moreover, ¢\ and c”) satisfy (A.19) by (A.13) and (A.20). This proves that ¥, 0C;,

n—1
i = n—1,n, is recurrent relative to the trap 7;1(2)1(||w|\2). We also claim the existence of
continuous fflo_)l :RZ xRZ x RZ — RZ, nondecreasing with respect to each argument
and fflo_)l(O, 0,0) = 0, such that

Wo1(t) > cn071 Yt € [s, 7]
EOWL(N) 0
A20) = | ™ S G W (), Was), flwlla) - Ve € [5,7]

along the trajectories (1.1)—(1.4). Indeed, assume that W,_1(t) > cgo_)l for all t €
[s,7], s > to. Integrating (A.21) over [s,r] and on account of (A.22) and (A.23), by

the definition of cgloll in (A.20) and the nonnegativity of W,,_1, we obtain

(a2 [ mdASQ?:_ll’l{W 1) + 0 (0. W), wll2)} vt € [s. 7).

which, upon setting 57(107)1(17[/,%1(5)7 Wi (s), |wll2)) := 2Rn-1,1/ln—1{Wn-1(s) + 92021
(0, W, (s), |lw||2)}, proves (A.27). Next, we prove by induction that for each k& > 0

it is possible to construct smaller and smaller chkH) and cfbkjll) and, thus, traps

Tn(kﬂ)(HwHQ) and 7;1(?{1)(”111”2) for 3, 0 Cy, and ;0 Cy, i = n — 1,n, by using ¢
(k)

and ¢,
i=n—1,n. Let k> 0.

Induction step. There exist ¢
g§k>,g§k) : (R2)3 — RZ, i = n — 1,n, nondecreasing with respect to each argument
and ng) (0,0,0) = ffk)(0,0,0) = 0, and for each trajectory of (1.1)—(1.4) starting at
to > 0 there exist T\®, > T > t,, such that (A.17), (A.18), (A.19), (A.26), and
(A.27() )hold along the trajectories of (1.1)—(1.4), with (% replaced by ) and for all
> Eik .

By (A.19) and since Wy,_1(2n—1,0n-1) < W= 22 1, e2 1,12 < 2[(c(k) +

1- For some sufficiently large k, these Y and cglkfll) will satisfy (8.23) for

(k)

%

> 0, continuous functions B RE R,

i

n—1 n—1"%n n—1
12 -1]< 60551)1 by (8.18), from (8.7), (8.8)—(8.15), with j = n, and (8.21)—(8.22) we
get the existence of 55,’““) > sglk) such that for all € > 555”1)
: LW, 6by Ry ™, 24R2, by,
W, <-——n2_n n bp Ry |lw]?, clFth) = L n"l g
S T RaWarn R, nfmleln e LR,
(A.29)
. Uy 1 Wi — 6by—1 Ry
W, < — 1 1 i 1,1
Ry1,(Wy14+1) Ry 54
W,
bp—1Rn_1 101 (W, = ’,
+ 1 1,100 —1( ) [WnJrl + [lw]| }

6
Rﬁ72,1

_ 4R3L—1,1bn—1

(A.30) D ;
n—1

n—1

+ 2n3o¢n_1(2n)cglk)] < 1.

Note that in (A.13) we used the weaker bound Wy_1(2n_1,0n_1) < ¢, = 22_,,

n—1

€2, 72 < 6 instead of Wy_1(zn—1,00-1) < ) = 221, €2 1,32 < 6cl; as in

n—1 n—1»%n—1>
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(k+1) >0

k+1) o(k+1 : .
continuous functions Q( + ),§ . : (R2)"=+2 — R § = n — 1,n, nondecreasing

(A.29). Reasoning as in the case k = 0 above, we obtain the existence of ¢;

with respect to each argument and Q$Z€+1)(O,O7O) = 0, and for each trajectory of

(1.1)—(1.4) the existence of T(kH) T > T(k) such that the induction step holds

true with Egk), cgk), Tl-(k)7 Ql(-k) and f( replaced by E(kH) (kH), Ti(kﬂ), gl(-kH)

g+

, and
, i =mn—1,n. Thus, since, as already shown, the induction step also holds for

= 0, it holds for all £ > 0. We prove Lemma 8.1 for j = n — 1,n if we prove that
) and cglk)l in (A.29 ) and (A.30) satisfy (8.23) for j = n — 1, n for sufficiently large
k and e. To this aim, we claim that there exist ¢} _; > 0 and k}_; > 0 such that for
alle >er_;and k> k),

i

R2
(A.31) cl(-k)w H 4” , i=n-—1,n,

l=n— lRl_lal
24R2 b, P AR jbaoi 6
(k+1) ._ nCp—1 (k+1) . n—1,19n 1[ 3 (k)]
cy, .—7<1, Cp1: +2n°an,—1(2n)c,”’ | <1
lnRi—1,1 ! ln-1 Rﬁ—z,l 1( )
(A.32)

with ¢! as in (A.13) and c 1 as in (A.20), since then Lemma 8.1 for j =n — 1,n

e I ) .
follows with € _4, ¢; = CE net) and g; == g; "”1), j = n — 1,n. The equations

(A.32), which hold for all £ > 0 on account of (A.29)-(A.30), can be described by a
linear discrete-time system z(k + 1) = Az (k) + Bu(k) with state :r(k) = (en (k) (kzl)T,
initial condition z(0) = (cﬁf) cfloll)T, input u(k) = 24R2_ 1bp_1/[Rp;_91ln—1]. Using
induction and by (8.7) and (8.16), with j = n, we prove for all k > 1

) k e 2 k—11( 0
W )=a (0) CU+ AT AR S A ](1>u(k)

O(e=k+D) [R2, /RS, )1+ 0] Baoia
(A.33) ~ <(9(Z(k+1))) +< 1+O( 71) © > Ri—2717

where O(r) means infinitesimals with order greater than r and ~ is meant compo-
nentwise. This proves (A.31) for some sufficiently large € _;,k’_; and Lemma 8.1
for j = n —1,n. We complete the proof of Lemma 8.1 by induction on the number
n—j+1,j=1,...,n—1, of systems ¥; oC; in Eioci,i:j7...,n. To this aim we
formulate the induction step as follows, letting j =2,...,n — 1.

Induction step. There exist ¢ > 0, k7 > 1, continuous functions p;
(RZ)y"H2 S RZ =3, ...,n, k> k; nondecreasmg with respect to each argument
and g( )(0 .,0) = §i(k)(0, ...,0) =0, and for each trajectory of (1.1)—(1.4) starting
at tg > 0 there exist Ti(k) > o, @ = J,...,n, k > kj, such that for all i = j,...,n,
k >k}, and e > €7,

)) ¢,

Wilt) < o (Wilto), ... Walto), [wll2) Vit > to,
(A34)  Wi(t) < Wwﬂuwﬁmmm vt > T,
(t)

(A.35) dA < P (Wils), ..., Wa(s), |w]l2) V¢ € [s,7]
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hold along the trajectories of (1.1)—(1.4) and

i
R2
(A.36) cgk)wnfll, 1=1J,...,Mm, cﬁk)>c(k) >0 >

1=j Rl—l,l

_ 24R%b, M

(k+1) .
c, : <1,
Ry 1
4R b; [ 6P
(A.37) cng) = % R4Z L 1 2n%0;(2n) £+)1 <l,i=4,...,n
i i—1,1

Let k > k7 and € > £}. We distinguish the cases j = 3,...,n and j = 2. Assume first
that j = 3,...,n. Let

s+1
o-1(8) ::/s o, Vrvr:g)f,ai)grajfl(zj’ Sy)dr

with ajfl(Zj’ S]) = Z?:j[(’Y?—I s T ’YJ 1,m + 7 1+119 + ’y]zlJrllm + 1)(27:] Wi('zl? Ui) +
2)? +~}*,] and, thus,

n . .. w n ZTL_ W
;(%‘1123 +y5e)) +miillwl? < Rj—iaa;- ;Wi [Z IjV 17 [[w]?

for all z;,04,w, i = j...,n. Thus, from (8.7), (8.8)—(8.11), (8.15), and (8.21)—(8.22),
we derive the existence of € 11)

(kl) >0 and b;_1,l;—1 > 0 such that for all € > sgk
6
R§72,1

4R§—1,1bj—1

lj,1

(k3)
(A.38) c; ) =

+2n3a;_ 1(2n)c; (k5 )] <1

and along the trajectories of (1.1)—(1.4)

JlWJI

Wi < — 46y, L1
i RJ 11 ) - 1R;1 2,1
(A.39) +bj1Rj_1105-1 ZW) ZZ ]W +1 + ”wﬂ .
Assume that W,_1(t) > c§ 1), Wi(t) > ¢ k) i€ J C{j,...,n}, and W;(¢t) <

(k3)

¢, Vi edy,...,n}\J, forallt € [s,7], s > to. Slnce a1 (X a) o @il /[0 ai + 1]

is nondecreasing with respect to each a; > 0 and on account of (8.26)

Zzn ;@ 2n2a;
(A40) 72 . n 1 j—1 Zaz S Z @+ 1aj_1(2nai)
for all a; > 0, and since cgk"') <1, 7,...,n, using the induction step and the nonneg-

ativity of W; we obtain for all ¢ € [s,7], ¢ = j...,n, and for any set J C {j,...,n}
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- >y Wilt) 5
Q-1 ;Wz(t) [w + [Jw(®) |l ]
(A1) <22 Y aj @a0) [y + e

Z/& aj—1(2nWi(X)) [mﬂm(A)n?] d\

icJ

<3 051 2ne (W(s) - W) ol Vi) W) o) + o),
(A.4§)
Wi(t) 2 ) 2
0@ a0 | g g + I OIP] < s (2) 3ol + )
ie{j;n}w {Wi(t) 1 ] Zz:;
< oy (20)[67) + uw(®)]?)
(A.43)

The last passage in (A.43) follows from being c;k) > cgli)l > > c%’“) in (A.37).

Thus, using the definition of c( i)

nl’

by integrating (A.39) over [s, ]

i 6bn— R‘— t—s
) i far) = Wiy (p) < - Pt 2)
§—2,1

k*
(Add) 4+ 0 (Wyia(s),e., Wi(s), llwll2) Yt € [s,7]

with
(k)
0; 21 (Wj—1(8), ..o, Wi(s), [wll2) := Wj—1(s )+2n25n—1Rj—1,1{naj—l(Qn)IIW\@

+ 12008 Wis) ., W) Jll2)) D65 Wi (6) o W), olle) + 1)

i=j
(*)

+ )

From (A.44) follow the existence of ; > 0 and for each trajectory of (1.1)—(1.4)

starting at tp > 0 the existence of T ’ > to such that (A.34) hold true for all
i=j—1,...,n with k = k] + L. Next we show that also (A.35) holds true for

all i = j—1,...,n with & = k] + 1. Assume that W;_,(t) > c§ 1), Wi(t) > cgk;),
i€ JC{...,n}, and Wit) < &), i€ {j,....n\J, for all t € [s,r], s > to.
(a

Integrating (A.39) over [s,r] and using the induction step, by the definition of ¢;
in (A.38) and the nonnegativity of W;_;, we obtain for any set J C {j,...,n}

R 10! 2R 11 (K})
/ Ty 310 S T Wi (8) + ¢ O W), Wals), wlla)} ¥t € [5,7],

which, upon setting fj(-jl)(Wj (8)s- s Wi(9), lwll2) := 2Rj—1,1/lj—1[{W;-1(s) + ; 1)
(0, Wj(8), ..., Wa(s), [wll2)}, gives (A.35) for all i = j —1,...,n with k = k] + 1.
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The case j = 2 can be carried out in the same way as the case j = 3,...,n with
the only difference being that

(A.45) tF2) = 8R2 binday (2n)c?) /1 < 1.

By iterating the above arguments for k£ > k7 + 1 and using the bounds Wi(zi,04) <
AN 22,e2, 72, < GCgk), i=7j,...,m, in (A.39), we obtain (A.34)—(A.35) for all

?

i=j—1,...,nand k> k7 with ¢{*) defined by the following equations for k > k?:

24R2 b, _AR%D; 6P
(k+1) . _ n1Yn%n— 1 (k+1) | 2794 i—1 ( ) .
e = : + 2n3 a;(2n)ei | i=4,0. 0,
l”Rn—l,l ! lz R?,1’1
(A.46)
and
AR? . . b._ 6
cﬁkjl) — Lol 1 + 2n3aj_1(2n)c§k) ifj >3,
ljfl Rj—2,1
: k
(A.47) Cgk)—‘rl) — 8R%1b1ndla1(2n)cg ) ifj _ 2’
1
where the cgkj), i=4,...,n, are defined (on account of the induction step) as
. i 2 .
Aa48) DT i a5 s D),

R} ’
1=j 1—-1,1

and c (k3 1) as in (A.38) if j > 3 and c( 2) as in (A.45) if j = 2. The equations (A.46)
can be described by a linear discrete-time system x(k+1) = Az(k)+ Bu(k) with state

z(k) = (cslk) c;]i)l)T, initial condition z(0) = (c;k;) c;]i;l))T, input u(k) = 0 if

j=2, and 24R?_; 1b;_1/[l;_1R}_, ] if j > 3. Thus, for all k > k7 + 1

T _k* * IN\T
(e oo D) =AM (G )
I +A+ A2+ 4 AF Y0 - (k)T

where the last term is zero if j = 2. It is not difficult to prove that if j > 3 and for
1<r<j-1

R2
2 r O R‘Lh1 [1+O()]
H+A+ A+ + A ~ | pZioq -1 €
u(k)

and for 1 <r<j—1lands>0

(A.49) AT (0 e u(k) ~ e A0 - u(k)T,
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where ~ is meant componentwise. Moreover, for 1 <r <j—1

w(E )T

n T
— ((’) (5—(n—j+2) ER;2L1> O(€—2Rj—721’1> (’)(5_1> )

and for 1<r<j—1lands>0

sj+r kX kX T —2s AT kX kX T
(A50) AJ+ (CSLJ) C( ]1)) ~ £ 2A (CﬁLJ) C§j1)) .
From this follows the existence of 5}7_1 > E;f and k:;k_l > k;‘ such that the induction step
(A.34)—(A.35) and (A.37) hold true with j replaced by j—1, and cgk), i1=j—1,...,n,
satisfy (A.36) if j > 3; otherwise ¢{*) < 1if j = 2. Thus, since (A.34)-(A.35) and
(A.37) hold true for j = n — 1 with (A.31), they hold true for all j = 1,...,n.

Moreover, cl(»k), i=2,...,n, satisfy (A.36) and cgk) < 1for all e > ¢] and k > Kkf.
(k1) (k1)

This also concludes the proof of Lemma 8.1 with ¢; := ¢;"'" and ¢; := ¢;"'", j =
1,...,n. 0
Proof of Lemma 8.2. Let €}, 90;, and ¢;, ¢ = 1,...,n, be as in Lemma 8.1.

Moreover, let
61(5) = QZ'(CZ‘(FJ), e ,071(6),0), 7;(0) = {(Zj, S]) . WI(ZZ,CTZ) S Ei(é'), 7= j, e ,’Il}

and set w = 0 (we are proving internal stability). Define recursively a filtered Lya-
punov function for (1.1)—(1.4) by using Theorem 7.4. First, find a filtered Lyapunov
function for 3; o C;, i = n — 1, n; then proceed by induction on the number n — j + 1,
j=1,...,n—1, of systems 3;0C; in %;0C;, ¢ = j,...,n. By (8.15) and (8.17),
with j = n,n — 1, £,, 0 C,, has for all ¢ > max; e} filtered Lyapunov function W,
stability margins ¢,s/2, ©nm/2, and incremental rates v," ", 5"~ (given in (8.21)),
while ¥,,_1 o C,,—1 has for all ¢ > max; e Lyapunov function W, _;, stability mar-
gins Yn—1.s/2, Yn—1.m/2, and incremental rates v." >, 7" 77, Vi1, vor, (given in
(8.21)—(8.22)). Choose &* ; > max; e} such that for all € > £5* ; the following hold:

(1) ©ns/2 and @pm /2 locally saturate v."; and 7.";, respectively, with levels
(€n,Tn1 (€n)), where 7,1 : RZ — [1,00) is a continuous nondecreasing function
such that 72" | < 7 1(Wy)ens/2 and "y < Tpe1 (W) pnm/2 for all z,,0,: by
(8.22), with j = n— 1 and I = n, and Lemma A.3 this can be done by taking
Tn-1(8) ~ Rp—11Rp1Tn—1(s), with 7,,_1 : RZ — [1,00) a continuous nondecreasing
function such that

(L 4+ Wi (20, 00))2 = U201y Y201 e et 4+ 1] < Tt (Wi (20, 00))

for all z,,o,.

(2) Yn-1,5/2 and @,_14,/2 saturate v," " and """ with level 1/[37,-1(c,)]:
this follows since 7,,—1(¢,) < 1 (by continuity of 7,,_1(s) and ¢, < 1) and from (8.21)
with j =n, by (8.7) and (8.16) with j = n.

(3) X, o C,, is recurrent relative to the trap 7,,(0), and ¥,,_1 o C,,—1 is recurrent
relative to the trap {(zn—1, on—1) : Wn—1(2n—1,0n-1) < €,—1}: this follows by Lemma
8.1.

Application of Theorem 7.4 to X;0C;, i = n—1,n, with ¢; — ¢,_1,¢c2 — Cp, ka —
1/[3Tn=1(Cn)], k1 — Tn—1(Cpn), di — 1, do — 27,_1(Cp—1), 61,602 — 1, Oy — 01,
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T2(8) — Kn, and 71(s) — T,—1(s), gives that

W(n_l)(znfly S’n,fly enfl) = enilw(n—l) (Zn*h Sn71)7

W(n*l)(Zn717 Sn*l) = anl(znfla 0—71*1) + 27—"71(671)Wn(zn’ Un)’

On—1 = —[an—1(2n, 00)/ Min{Cp_1, 26 Tn—1(n) HOn—1, On_1(0) = o @n—r(7)d7,
With apn—1(2n,00) = max{7,_1(Wn(zn,0n)) = Tn-1(Cn), 0} [Pnsz2 /2 + @nmen /2], is

for all € > ;% a smooth filtered Lyapunov function for the interconnection ¥; o C;,
j=n—1,n, with

i=n—1

_(n—1) n
(A51) W SH”*{_ STtV i Vel il e 2}

along the trajectories of ¥; o C;j, j = n — 1,n, where <p§1 lll) ~ ¢n_1, and <p(" Do

Tn—1(Cn)@ni, | = s,m. Moreover, the interconnectlon Y;0C;, j =n—1,n, is re-
current relative to the trap {(Z,,-1,Sn-1) : W(”*l)(Zn,l,Sn,l) <=1 .=¢, |+
27,-1(¢,)} and for each trajectory of 3, 0C;, j = n—1,n, there exists T,y > 0 such
that

(A.52) O 1(t)>1 VE>0, O 1(t)=1 Yt>T,_,.
Foreach j=2,....n—1andt=j,...,n—1 let

9051 (RN Pnls 901(;) ~ Pil; goél) '(c(”l)) . ~7'n_1(c("))g0hl, h=i+1,....,n;l=3s,m,
(A53) W (Zy, Sn) = Wylzn,0n), ™ =2, =g +2r(cTD)cl+D)
and
UN(Z;,85,0;) = ;W9 (Z;,8;), 0;=0; 0,1,
(z)( S;) = Wilzi, 03) + 2 (YWD (7,11 S544),

0; = —[a;(Ziz1, Sis1)/min{e;, 2¢00 7 (c0HDN0;,  6;(0) = elo” ai(dr

t1=7,...,n—1,
(A.54)

where a;(Zi41, Si41) = max{r (WD (Z; 41, Si41)) — mi(cD), 03 T, [0l 22 +

I+1 . .
<pl(n;L ) e] and 7; : RZ — [1,00), i = j,...,n — 1, are continuous nondecreasing func-

tions.
Induction hypothesis. Let j = 2,...,n—1. Assume the existence of £7" > max; ]
such that for all £; > 5;*

(A55) Ti(S) NRZ':[RZ‘JFI}:[FZ’(S), 7 :j,...7’l’L— 1,

with 7;,7; : RZ — [1,00) continuous nondecreasing functions such that ;""" <
Ti(W(H'l))(pEiZl o9 fyf”l < TZ(W(H'D) z('l)l m and

[(1+ Wiga(zi01,0041))2 = NP + 90 4572 40 +1] S RWOD(Zi4, Siga))
for all Z; 11, S;+1. Assume also that for all £ > 5;‘*

< (4) ~ n e
(A56) W <0 —Z[tpgi)z2+w§iﬁ e+ e

i=j
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along the trajectories of ¥; o C;, i = j,...,n, and, moreover, the interconnection
¥jo0Cj, i =j,...,n, is recurrent relative to the trap {(Z;,S;) : W(J)(Zj,Sj) <
and for each trajectory of ¥; 0C;, i = j —1,...,n, there exists T; > 0 such that

(A57) 0:(t)>1 Vt>0, 6;(t)=1 Vt>T; i=4j,...,n—1

Note that by (8.15) and (8.17), with j replaced by j — 1, for all € > &}*
W1 < = [0j-1,52]1/2+ @j—1.mes 1 /2] + V77 7)o + 7577 €] s

n
+ Z[’V;l—ﬁ? + ’Y;l—leﬂ
1=j

along the trajectories of 3; 0C;, 1 = j — 1,...,n. Choose €%, > £7* such that for all
e> s;il the following hold:

(1) cpg)/Q and <p£2/2, i =j,...,n, locally saturate v;* ; and v;’,, respectively,
with levels (cU),7;_1(c\9))), where 7;,_; : RZ — [1,00) is a continuous nondecreas-
ing function such that 7', < 7, 1(WW)p;./2 and 77| < 75 1(WW)pjp /2 for
all Z;,S;: by Lemma A.3 and since 7;(s) > 1 for all s, ¢ = j,...,n, this can be
done by taking 7j_1(s) ~ R;j_1,1Rj17j—1(s), with 7;_1 : RZ — [1,00) a continuous
nondecreasing function such that for all Z;, S;

(L4 Wy(2,00))° = Uy e+ am 700 70 + 1 S T (W92, 55).
(A.58)

(2) pj—1,5/2 and @;_1,m/2 saturate 'yjj’l and 'yjj’l with level 1/[37;_1(c))]:
this follows from (A.55), (8.21), and (A.58) and since 7,1 = 1.

(3) £;0C;, i = j,...,n, is recurrent relative to the trap {(Z;, ;) : W) (Z;, ;) <
cgj)}7 and ¥;_; o Cj_q is recurrent relative to the trap {(zj_1, oj-1) : Wj_1(2j-1,
0j—1) < ¢j_1}: this follows from Lemma 8.1 and the induction step.

By application of Theorem 7.4 to ¥; 0C;, i = j — 1,...,n, we prove that there
exists €%, > e;_; such that (A.53)-(A.57) hold for all € > £*, with j replaced
by j — 1, the interconnection ¥; o C;, i = j — 1,...,n, is recurrent relative to the
trap {(Z;-1,5;-1) : W(jfl)(Zj_l, Sj—1) < c(jfl)}, and for each trajectory of X; o C;,
i=j—1,...,n, there exist Tj_; > Osuch that §;_;(t) > 1forallt > 0and 0;_,(t) =1
for all t > T;_;. Thus, since the induction step holds true for j = n — 1, it holds
true for all j =1,...,n — 1. This completes the proof of Lemma 8.2 with ¢** = ¢7*,

W=w®, =0, and @12%(11)- 0
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ADAPTIVE SPACE-TIME FINITE ELEMENT METHODS FOR
PARABOLIC OPTIMIZATION PROBLEMS*

DOMINIK MEIDNER' AND BORIS VEXLER}!

Abstract. In this paper we derive a posteriori error estimates for space-time finite element
discretizations of parabolic optimization problems. The provided error estimates assess the dis-
cretization error with respect to a given quantity of interest and separate the influences of different
parts of the discretization (time, space, and control discretization). This allows us to set up an
efficient adaptive algorithm which successively improves the accuracy of the computed solution by
construction of locally refined meshes for time and space discretizations.

Key words. parabolic equations, optimal control, parameter identification, a posteriori error
estimation, mesh refinement

AMS subject classifications. 65N30, 49K20, 65M50, 35K55
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1. Introduction. In this paper we develop an adaptive algorithm for efficient
solution of time-dependent optimization problems governed by parabolic partial dif-
ferential equations. The optimization problems are formulated in a general setting
including optimal control as well as parameter identification problems. Both, time
and space discretization of the state equation are based on the finite element method
as proposed, e.g., in [10, 11]. In [2] we have shown that this type of discretization
allows for a natural translation of the optimality conditions from the continuous to
the discrete level. This gives rise to exact computation of the derivatives required in
the optimization algorithms on the discrete level.

The main goal of this paper is to derive a posteriori error estimates which assess
the error between the solution of the continuous and the discrete optimization problem
with respect to a given quantity of interest. This quantity of interest may coincide
with the cost functional or express another goal for the computation. In order to
set up an efficient adaptive algorithm we will separate the influences of the time and
space discretizations on the error in the quantity of interest. This allows us to balance
different types of errors and successively to improve the accuracy by construction of
locally refined meshes for time and space discretizations.

The use of adaptive techniques based on a posteriori error estimation is well ac-
cepted in the context of finite element discretization of partial differential equations;
see, e.g., [9, 28, 3]. In the past several years the application of these techniques
has also been investigated for optimization problems governed by partial differential
equations. Energy-type error estimators for the error in the state, control, and adjoint
variable are developed in [20, 21] in the context of distributed elliptic optimal control
problems subject to pointwise control constraints. Recently, these techniques were
also applied in the context of optimal control problems governed by linear parabolic
equations; see [19]. In a recent preprint [24] an anisotropic error estimate is derived
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for the error due to the space discretization of an optimal control problem governed
by the linear heat equation.

However, in many applications, the error in global norms does not provide useful
error bounds for the error in the quantity of physical interest. In [1, 3] a general
concept for a posteriori estimation of the discretization error with respect to the cost
functional in the context of optimal control problems is presented. In papers [4, 5],
this approach is extended to the estimation of the discretization error with respect
to an arbitrary functional depending on both the control and state variables, i.e.,
with respect to a quantity of interest. This allows, among other things, an efficient
treatment of parameter identification and model calibration problems.

The main contribution of this paper is the extension of these approaches to opti-
mization problems governed by parabolic partial differential equations.

In this paper, we consider optimization problems under constraints of (nonlinear)
parabolic differential equations

W dru+ Alg,u) = f

Here, the state variable is denoted by w and the control variable by ¢q. Both, the
differential operator A and the initial condition uy may depend on g. This allows a si-
multaneous treatment of both optimal control and parameter identification problems.
For optimal control problems, the operator A is typically given by

A(g,u) = A(u) — B(q),

with a (nonlinear) operator A and a (usually linear) control operator B. In parameter
identification problems, the variable ¢ denotes the unknown parameters to be deter-
mined and may enter the operator A in a nonlinear way. The case of initial control is
included via the g-dependent initial condition ug(q).

The target of the optimization is to minimize a given cost functional J(g,u)
subject to the state equation (1.1).

For the numerical solution of this optimization problem the state variable has to
be discretized in space and in time. Moreover, if the control (parameter) space is
infinite dimensional, it has to be discretized too. For fixed time, space, and control
discretizations this leads to a finite dimensional optimization problem. We introduce
o as a general discretization parameter including the space, time, and control dis-
cretizations and denote the solution of the discrete problem by (¢,,u.). For this
discrete solution we derive an a posteriori error estimate with respect to the cost
functional J of the following form:

(1.2) J(q,u) — J(qo,uo) =i +mj + 03

Here, nk‘j , 77;{ , and 173] denote the error estimators, which can be evaluated from the
computed discrete solution; nk‘] assesses the error due to the time discretization, ng
due to the space discretization, and 77;1] due to the discretization of the control space.
The structure of the error estimate (1.2) allows for equilibration of different discretiza-
tion errors within an adaptive refinement algorithm to be described in the following
discussion.

For many optimization problems the quantity of physical interest coincides with
the cost functional, which explains the choice of the error measure (1.2). However, in
the case of parameter identification or model calibration problems, the cost functional
is only an instrument for the estimation of the unknown parameters. Therefore, the
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value of the cost functional in the optimum and the corresponding discretization error
are of secondary importance. This motivates error estimation with respect to a given
functional I depending on the state and control (parameter) variables. In this paper
we extend the corresponding results from [4, 5, 29] to parabolic problems and derive
an a posteriori error estimator of the form

I(q,u) — I(qs,uo) ~ nf +nj + 0,

where again 7} and n/ estimate the temporal and spatial discretization errors and n}
estimates the discretization error due to the discretization of the control space.

In section 5.2 we will describe an adaptive algorithm based on these error estima-
tors. Within this algorithm the time, space, and control discretizations are separately
refined for efficient reduction of the total error equilibrating different types of the error.
This local refinement relies on the computable representation of the error estimators
as a sum of local contributions (error indicators), see the discussion in section 5.1.

To the authors’ knowledge, this is the first paper describing the a posteriori er-
ror estimation for optimization problems governed by parabolic differential equations
including the separation of different types of the discretization error.

The outline of the paper is as follows: In the next section we describe necessary
optimality conditions for the problem under consideration and sketch the Newton-
type optimization algorithm on the continuous level. This algorithm will be applied
on the discrete level for fixed discretizations within an adaptive refinement procedure.
In section 3 we present the space-time finite element discretization of the optimization
problem. Section 4 is devoted to the derivation of the error estimators in a general
setting. In section 5 we discuss numerical evaluation of these error estimators and the
adaptive algorithm in details. In the last section we present two numerical examples
illustrating the behavior of the proposed methods. The first example deals with
boundary control of the heat equation, whereas the second one is concerned with the
identification of Arrhenius parameters in a simplified gaseous combustion model by
means of point measurements of the concentrations.

2. Optimization. The optimization problems considered in this paper are for-
mulated in the following abstract setting: Let ) be a Hilbert space for the controls
(parameters) with scalar product (-,-)g. Moreover, let V' and H be Hilbert spaces,
which build together with the dual space V* of V' a Gel’fand triple V. — H — V*.
The duality pairing between the Hilbert spaces V' and its dual V* is denoted by
(-, Yv+xv, and the scalar product in H is denoted by (-,-)g. A typical choice for
these spaces could be

(2.1) V:{veHl(Q)‘fU’mD :o} and H = L2(Q),

where 0Q2p denotes the part of the boundary of 2 with prescribed Dirichlet boundary
conditions.

For a time interval (0,T) we introduce the Hilbert space X := W(0,T) defined
as

(2.2) W(0,T) = {v|veL*(0,T),V) and dv € L*((0,T),V*) }.

It is well known that the space X is continuously embedded in C([0,T], H); see,
e.g., [8]. Furthermore, we use the inner product of L?((0,7'), H) given by

T
(2.3) (1,0) = (4, 9) 20,7y, = / (ut), v(t)) g dt

for setting up the weak formulation of the state equation.
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By means of the spatial semilinear form a: QxV xV — R defined for a differential
operator A: Q@ x V — V* by

a(Qa ﬂ)((ﬁ) = <A(q’ ﬂ), @)V* XV

we can define the semilinear form a(-,-)(-) on @ x X x X as

T
a@wwraﬁa@mmwwMt

which is assumed to be three times Gateaux differentiable and linear in the third
argument.

Remark 2.1. If the control variable ¢ depends on time, this has to be incorporated
by an obvious modification of the definitions of the semilinear forms.

After these preliminaries, we pose the state equation in a weak form: Find for
given control g € Q) the state variable u € X such that

(2.4) (Oeu, ) + alg, u)(p) i( ,p) Vo eX,

u(0) = uo(q),

where f € L?((0,T),V*) represents the right-hand side of the state equation and
ug: @ — H denotes a three times Gateaux differentiable mapping describing para-
meter-dependent initial conditions. The usage of the inner product (-,-) defined in
(2.3) for stating the formulation (2.4) is possible since the inner product on H is an
equivalent representation of the duality pairing of V' and V* due to the properties of
the Gel’fand triple.

Remark 2.2. There are several sets of assumptions on the nonlinearity in a(-, -)(+)
and its dependence on the control variable ¢ allowing the state equation (2.4) to
be well-posed. Typical examples are different semilinear equations, where the form
a(+,-)(-) consists of a linear elliptic part and a nonlinear term depending on u and
Vu. Due to the fact that the development of the proposed adaptive algorithm does
not depend on the particular structure of the nonlinearity in a, we do not specify a
set of assumptions on it but assume that the state equation (2.4) possesses a unique
solution u = S(q) € X for each ¢ € Q.

The cost functional J: @ x X — R is defined using two three times Gateaux
differentiable functionals J;: V — R and Jy: H — R by

(25) Haww) = [ B+ B(u() + G la =l

where the regularization (or cost) term is added which involves oo > 0 and a reference
parameter G € Q.
The corresponding optimization problem is formulated as follows:

(2.6) Minimize J(gq,u) subject to the state equation (2.4), (¢,u) € Q x X.

The question of existence and uniqueness of solutions to such optimization problems
is discussed, e.g., in [18, 13, 27]. Throughout the paper, we assume problem (2.6) to
admit a (locally) unique solution. Moreover, we assume the existence of a neighbor-
hood W C @ x X of the optimal solution, such that the linearized form a’,(q, u(t))(:, ")
considered as a linear operator

@, (q.u(t)): V = V*



120 DOMINIK MEIDNER AND BORIS VEXLER

is an isomorphism for all (¢,u) € W and almost all ¢ € (0,7"). This assumption will
allow all considered linearized and adjoint problems to be well-posed.

Provided the existence of a solution operator S:  — X for the state equa-
tion (2.4) (see Remark 2.2), we can define the reduced cost functional j: @ — R
by j(q) = J(g,5(¢)). This definition allows us to reformulate problem (2.6) as an
unconstrained optimization problem:

(2.7) Minimize j(q), ¢ € Q.

We assume the solution operator S to be two times differentiable; see, e.g., [27] for a
discussion of this issue.

For the reduced optimization problem (2.7) we apply Newton’s method to reach
a control ¢ which satisfies the first order necessary optimality condition

i'(@)(rq) =0 Vrqe Q.

Starting with an initial guess ¢°, the next Newton iterate is obtained by ¢**t! =
q" + 6q, where the update 6q € @Q is the solution of the linear problem:

(2.8) 7"(q)(6q,7q) = —j'(q)(1q) VTq € Q.

Thus, we need suitable expressions for the first and second derivatives of the reduced
cost functional j. To this end, we introduce the Lagrangian £: @ x X x X — R,
defined as

(2.9) L(q,u,z) = J(q,u) + (f — Oru, 2) — a(q,u)(z) — (u(0) — uo(g), 2(0)) -

With its aid, we obtain the following standard representation of the first derivative

7'(q)(Tq).
THEOREM 2.1.
o If for given q € Q the state u € X fulfills the state equation

L (q,u,z)(p) =0 VyeX,

with (g,u) e W C Q x X,
o and if additionally z € X is chosen as a solution of the adjoint state equation

Ly(qu,2)(p) =0 Vo€ X,
then the following expression of the first derivative of the reduced cost functional holds:
i'(@)(ra) = Lq(q,u, 2)(7q)
= a(q— ¢, 7q)q — ag(q, u)(7q, 2) + (up(q)(1q), 2(0)) u-

Remark 2.3. The optimality system of the considered optimization problem (2.6)
is given by the derivatives of the Lagrangian used in Theorem 2.1 above:

L (qu,2)(p)=0 VpeX (State equation),
(2.10) Ll (q,u,2)(p) =0 VoeX (Adjoint state equation),
ﬁ;(q, u,2)(¥) =0 Yy e (Gradient equation).

For the explicit formulation of the dual equation in this setting, see, e.g., [2].
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In the same manner one can gain representations of the second derivatives of j
in terms of the Lagrangian; see, e.g., [2] where two different kinds of expressions are
discussed: Either one can build up the whole Hessian and solve the system (2.8) by an
arbitrary linear solver, or one can just compute matrix-vector products of the Hessian
times a given vector and use this to solve (2.8) by the conjugate gradient method.

The presented Newton’s method will be used to solve discrete optimization prob-
lems arising from discretizing the states and the controls as, e.g., shown in the fol-
lowing section. In practical realizations, Newton’s method has to be combined with
some globalization techniques such as line search or trust region to enlarge its area of
convergence; see, e.g., [23, 7].

Remark 2.4. The solution u of the underlying state equation is typically required
in the whole time interval for the computation of the adjoint solution z. If all data are
stored, the storage grows linearly with respect to the number of time intervals in the
time discretization. For reducing the required memory one can apply checkpointing
techniques; see, e.g., [15, 14]. In [2] we analyze such a strategy in the context of
space-time finite element discretization of parabolic optimization problems.

3. Discretization. In this section, we discuss the discretization of the optimiza-
tion problem (2.6). To this end, we use Galerkin finite element methods in space and
time to discretize the state equation. This allows us to give a natural computable
representation of the discrete gradient and Hessian in the same manner as shown in
section 2 for the continuous problem. The use of exact discrete derivatives is impor-
tant for the convergence of the optimization algorithms. Moreover, our systematic
approach to a posteriori error estimation relies on using the Galerkin-type discretiza-
tions.

The first of the following subsections is devoted to semidiscretization in time by
continuous Galerkin (cG) and discontinuous Galerkin (dG) methods. Section 3.2
deals with the space discretization of the semidiscrete problems arising from time
discretization. For the numerical analysis of these schemes we refer to [10].

The discretization of the control space @ is kept rather abstract by choosing a
finite dimensional subspace Qg C . A possible concretion of this choice is shown in
the numerical examples in section 6. For the variational discretization concept, where
the control variable is not discretized explicitly, we refer to [16]; for a superconvergence
based discretization of the control variable, see [22].

3.1. Time discretization of the states. To define a semidiscretization in time,
let us partition the time interval [0, 7] as

0, T]={0}ULULU---Ulpy
with subintervals I, = (t;,—1, tm] of size k,, and time points
O=to<ti < - <ty_1 <ty =1T.

We define the discretization parameter k as a piecewise constant function by setting
k;‘lm =kpform=1,..., M.

By means of the subintervals I,,,, we define for r € Ny two semidiscrete spaces
X}, and X;:

XI = { ve € C([0,T), H) \ vk|, € P (I, V) } c X,

Xr = { ve € L2((0,T),V) ‘ vl

€ P"(In,V) and v,(0) € H } .
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Here, P"(I,,, V) denotes the space of polynomials up to order r defined on I, with
values in V. Thus, X consists of piecewise polynomials which are continuous in time
and will be used as trial space in the ¢G method, whereas the functions in )Z',: may
have discontinuities at the edges of the subintervals I,,,. This space will be used in
what follows as test space in the ¢G method and as trial and test space in the dG
method.

3.1.1. Continuous Galerkin methods. Using the semidiscrete spaces defined
above, the ¢G(r) formulation of the state equation can be directly stated as follows:
Find for given control ¢; € @ a state u; € X}, such that

(Orur, ) + alar, w) () = (f.0) Vo€ X7,
Uk(o) = uo(%)'

Remark 3.1. This equation is assumed to posses a unique solution for each
q € Q, cf. Remark 2.2. In special cases the existence and uniqueness can be shown
by separation of variables and by using the fact that X is finite dimensional with
respect to time.

The corresponding semidiscretized optimization problem reads

(3.1)

(3.2)  Minimize J(g,u) subject to the state equation (3.1), (gr,ur) € Q x Xj.

Since the state equation semidiscretized by the ¢G(r) method has the same form as
in the continuous setting, the corresponding Lagrangian is analogically defined on
QxXIx X, !as

L(qr, ur, 2k) = J(qr, ur) + (f — Opug, 2x) — algqr, ur)(zx) — (ur(0) — uo(qr), 2£(0)) -

3.1.2. Discontinuous Galerkin methods. To define the dG(r) discretization

we employ the following definition for functions vy € X s
v;m = tliIélJr Vg (b + 1), Vg = tlir(r)1+ Vg (b — ) = vp(tm),  [Vk]m = v,:fm — Vo

Then, the dG(r) semidiscretization of the state equation (2.4) reads as follows:
Find for given control g;, € @ a state u, € X, such that

M M-1
(3.3 Z/ (Orur, @) i dt + alqr, ug)(p) + Z Uklms o) = () Vo € X,
: v m=0

Up o = uo(qr)-

This equation is assumed to be well-posed, cf. Remark 3.1.
The semidiscrete optimization problem for the dG(r) time discretization has the
form

(3.4)  Minimize .J(gx, ug) subject to the state equation (3.3), (qx, ux) € Q x Xj.

Then we pose the Lagrangian L: Q x )Z']: X )Z',: — R associated with the dG(r) time
discretization for the state equation as

M
L(qr, wk, 21) = J(qi ur) + (f, 21) — Z /1 (Oruk, 2k) m di
M—

— a(qr, uk) (2 Z Ukl 256 )i — (U o — to0(ak), 24 o) -
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3.2. Space discretization of the states. In this subsection, we first describe
the finite element discretization in space. To this end, we consider two- or three-
dimensional shape-regular meshes; see, e.g., [6]. A mesh consists of quadrilateral or
hexahedral cells K, which constitute a nonoverlapping cover of the computational
domain Q C R™, n € {2,3}. The corresponding mesh is denoted by 7;, = {K}, where
we define the discretization parameter h as a cellwise constant function by setting
h|K = hg with the diameter hx of the cell K.

On the mesh 7}, we construct a conform finite element space V;, C V in a standard
way:

V,f:{UEV‘v’KEQS(K)forKETh}.

Here, Q°(K) consists of shape functions obtained via bi- or trilinear transformations
of polynomials in @\S(IA( ) defined on the reference cell K = (0,1).

To obtain the fully discretized versions of the time discretized state equations (3.1)
and (3.3), we utilize the space-time finite element spaces

X[ = {ven € CQO.TLV) [l € P7(1 Vi) | € X

and

Xon = {vkh € L*((0.7),V}) \ m!lm € P"(I,,, Vi) and vy, (0) € V3¢ } c X

Remark 3.2. By the above definition of the discrete spaces X’} and )?,:Z, we have
assumed that the spatial discretization is fixed for all time intervals. However, in many
application problems the use of different meshes 7, for each of the subintervals I,, will
lead to more efficient adaptive discretizations. The consideration of such dynamically
changing meshes can be included in the formulation of the dG(r) schemes in a natural
way. The corresponding formulation of the c¢G(r) method is more involved due to
the continuity requirement in the trial space. The treatment of dynamic meshes
for the forward simulation of parabolic problems within an adaptive algorithm is
discussed in [26]. It will be analyzed in a forthcoming paper in the context of parabolic
optimization problems.

Then, the so-called ¢G(s)cG(r) discretization of the state equation (2.4) can be
stated as follows: Find for given control g, € Q a state uy;, € X;Z such that

(3.5)  (Qrurn, p) + alqrn, urn) (@) + (urn(0),0(0)) 1
= (f, @) + (uolqen), ¢(0))g Vo € )?,:’_hl’s.

The c¢G(s)dG(r) discretization has the following form: Find for given control gxp, € Q

a state upp € X)) such that

-1

M M
(3.6) Z/ (Dvurn, 0) i dt + a(grn, wkn) () + D ([Wknlm, o) 1 + (Ujp 0000 )1
m=1"1Im m=0

= (f,¢) + (uo(qrn), 00 ) Voo € X5

These fully discretized state equations are assumed to posses unique solutions for each
qrh € Q; see Remark 3.1.
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Thus, the optimization problems with fully discretized states are given by

(3.7)
Minimize J(qgkn, urn) subject to the state equation (3.5), (qrn,urn) € Q X Xk B

for the ¢cG(s)cG(r) discretization and by

(3.8)
Minimize J(qxp, ugn) subject to the state equation (3.6), (qrn,urn) € Q X Xk' .

for the ¢cG(s)dG(r) discretization of the state space.

The definition of the Lagrangians £ and L for fully discretized states can be
directly transferred from the formulations for semldlscretlzatlon in time Just by re-
striction of the state spaces X and XT to the subspaces X’ h and Xk 5, Tespec-
tively. With the aid of these Lagranglans the derivatives of the reduced functionals
Ji(qr) = J(qr, Sk(qr)) and jrn(qrn) = J(qkh, Skn(qxn)) on the different discretization
levels can be expressed in the same manner as described on the continuous level in
Theorem 2.1. Thus, we obtain exact derivatives of the reduced cost functional on the
discrete level; see [2] for details.

Remark 3.3. The dG(r) and c¢G(r) schemes are known to be time discretization
schemes of order r + 1. The ¢G(r) schemes lead to a A-stable discretization whereas
the dG(r) schemes are even strongly A-stable.

Remark 3.4. Due to the fact that the test space is discontinuous in time for
both dG(r) and c¢G(r) discretization, these methods (although globally formulated)
can be interpreted as time-stepping schemes. To illustrate this fact, we present the
time-stepping scheme for the low order c¢G(s)dG(0) method: For the state equation
we obtain with the abbreviations Uy := wug;(0) and Uy, := uhk|1m form=1,..., M
the following time-stepping formulation:

e m =0

(Uo, ) = (uo(q), p)m Vo €V},
em=1,...,M:

(Unm, @) + kma(q, Un) (@) = (Un—1,9)m +/1 (f@), p)udt Vo e Vy.

This scheme is a variant of the implicit Euler scheme. If the time integrals are
approximated by the box rule, then the resulting scheme is equivalent to the implicit
Euler method. However, a better approximation of these time integrals leads to a
scheme which allows for better error estimates with respect to the required smoothness
of the solution and has advantages in the case of long time integration (7' > 1); see,
e.g., [12].

The exact computation of the derivatives on the discrete level mentioned above
is not disturbed even by the numerical integration. This can be shown by computing
the schemes for the auxiliary equations by means of the inner product based on the
underlying quadrature rule (e.g., the box rule or the trapezoidal rule).

3.3. Discretization of the controls. As proposed in the beginning of the
current section, the discretization of the control space @ is kept rather abstract. It is
done by choosing a finite dimensional subspace Q4 C Q. Then, the formulation of the
state equation, the optimization problems, and the Lagrangians defined on the fully
discretized state space can be directly transferred to the level with fully discretized
control and state spaces by replacing @ by 4. The full discrete solutions will be
indicated by the subscript o which collects the discretization indices k, h, and d.
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4. Derivation of the a posteriori error estimator. In this section, we will
establish a posteriori error estimators for the error arising due to the discretization
of the control and state spaces in terms of the cost functional J and an arbitrary
quantity of interest I.

For this, we first recall a modification of an abstract result from [3] which we will
later use to establish the desired a posteriori error estimators.

PROPOSITION 4.1. Let Y be a function space and L a three times Gateaux differ-
entiable functional on'Y. We seek a stationary point y1 of L on a subspace Y1 C Y,
i.e.,

(4.1) L'(y1)(i) =0 Vin € V1.

This equation is approximated by a Galerkin method using a subspace Yo C'Y. The
approrimative problem seeks yo € Yo satisfying

(4.2) L'(y2)(92) =0 Vg2 € Ya.

If the continuous solution fulfills additionally
(4.3) L'(y1)(g2) =0 Vi € Yo,

then we have for arbitrary §o € Yo the error representation

(449 L) ~ L) = 3 L' (2)n — i) + R,

where the remainder term R is given with e := y; — y2 by

1

1
R = 5/ L"(yz2 + se)(e,e,e) -5 (s — 1) ds.
0

Proof. Even if the assumptions are weakened compared to the variant in [3], the
proof presented there can be transferred directly. 0

Remark 4.1. Usually this proposition is formulated for the case Y7 = Y; then
condition (4.3) is automatically fulfilled.

In what follows, we present the derivation of an error estimator for the fully

discrete optimization problem in the case of dG time discretization only. The cG
time discretization can be treated in a similar way.

4.1. Error estimator for the cost functional. In what follows, we use the
abstract result of Proposition 4.1 for derivation of error estimators in terms of the
cost, functional J:

J(q, U) - J(Qtn uo)~

Here, (g,u) € Q x X denotes the continuous optimal solution of (2.6), and (¢,, us) =

(qrnds Uknd) € Qq X )?]:Z is the optimal solution of the full discretized problem.
To separate the influences of the different discretizations on the discretization
error we are interested in, we split

J(q,u) - J(q0'7uo') = J(qa u) - J(kauk))
+ J(qr, ur) — J(qrh, ukh)
+ J(qrh, ukn) — J(go, Uo),
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where (qg,ux) € Q x X’; is the solution of the time discretized problem (3.4) and
(qrn,urn) € Q X X,:Z is the solution of the time and space discretized problem (3.8)
with still undiscretized control space Q.

THEOREM 4.1. Let (q,u,2), (qr, Uk, 2k); (Qhs Ukh, 2kh), ond (¢o, Uy, 25) be sta-
tionary points of L, resp., L on the different levels of discretization, i.e.,

L' (q,u,2)(q,0,2) = L' (q,u, 2)(G,4,2) =0 ¥(q, 4, 2) € Q x X x X,
L' (qrs e, 2) (G G, 21) = 0 V(G i, 1) € Q x XJ x XJ,
Z/(Qkh,ukh,Zkh)(%h,ukh,zkh) 0 V(g h,ukh,zkh) Q x XT; X Xk, s
£ (G ttes 7)Ao Tl 26) = 0 Hdo i, 20) € Qo x X x X[

Then there holds for the errors with respect to the cost functional due to the time,
space, and control discretizations

1 . . .
J(q,u) — J(qr, ur) = 55/((11@,%,21@)(61 — gk, u — U, 2 — 2i) + R,

1~ . R N
J(qrs ur) — J(Qrh, ukn) = iﬁl(%h, Ukhs Zkh) (Gt — Qih, Uk — Ukh, 2k — Zkh) + R,

1+ . . .
J(qrh, vkn) — J(Qor o) = iﬁl(q:ﬂuaa 20 ) (Qkh — Gos Ukh — Uy Zkh — 25) + Ra.

Here, (qi, i, ) € Q X XE X XE, (Grny ks 2en) € Q x X5 x X175 and (o G, 26) €
Qaq x X7 x X"} can be chosen arbitrarily, and the remainder terms Ry, Rp, and
Raq have the same form as given in Proposition 4.1 for L = L.

Proof. Since all the used solution pairs are optimal solutions of the optimization
problem on different discretizations levels, we obtain for arbitrary z € X, 2z, € X,

and zpp, 2o € X7}

(453“) J(Q7u) - J(qk7uk) = Z(Q7u7 Z) - Z(Qk,Uk7 zk)v
(45b) J(qka 'U/k) - J(qkha uk‘h) = E(Qky U, Zk) - Z(Qkh; Ukh, Zkh)a
(4.5¢) T(@n, urn) = I Qo te) = L(quns Wens 2kn) — L(Go o, 20),

whereas the identity

J(q,u) = L(q,u, 2) = L(q,u, 2)

follows from the fact that the u € X is continuous, and thus the additional jump
terms in £ compared to £ vanish.
To apply the abstract error identity (4.4) on the three right-hand sides in (4.5),
we choose the spaces Y7 and Ys of Proposition 4.1 as
for (4.5a):  Y;=Qx X x X, Yy =Q x Xj x X[,
for (4.5b) : Y1 =Q x X} x X}, Yo =Q x X[ x Xﬁ”
for (4.5¢) : Y1 =Q x )N(,:‘;L X )?,’;Z, Yy = Qq X X’,:Z X )Z’,ZZ

Hence, for the second and third pairing we have Y5 C Y7, since we have )?,:; C )?,Z
and Qg C Q. Thus we can choose Y = Y] in these cases. For the choice of the spaces
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for (4.5a), we have to take into account the fact that )N(,Z ¢ X. Thus, we choose
Y =Y; + Y, and have to ensure condition (4.3):

L' (q,u,2)(4,1,2) =0 ¥(q,4,2) € Q x XJ x X].

Since the solutions v € X and z € X are continuous in time with respect to H, the
additional jump terms in £ compared to £ vanish, and we may prove equivalently

£l(gu,2)(2) =0 Vze X[,
L (g u,2)(@) =0 Vae X},
L (q,u,2)(q) =0 Y§eQ.

We demonstrate the details of the construction for the adjoint state equation
L (q,u,2)(@) =0 Yae X}

which we can write after integration by parts in time as

M
- Z/J (@, 0¢2) g dt + a,(q,u)(, 2)
+ (dgy 2( H—/J1 ) dt + Jy(u(T))(ay,) Vi e X}

Since the continuous adjoint solution z fulfills

(0, 2(T)u = Jo(u(T))(¢) Vg € H,

the terms containing i, € V C H cancel out, and we have to ensure

—Z/ (01, 0p2) g dt + al,(q,u) (4, 2) /J1 a)dt VuEXk.

Since we have that X is dense in L?((0,T),V) in regards to the L?((0,T),V) norm
and due to X7 C L?((0,7),V), we obtain then directly the stated condition

The remaining derivatives of £ can be treated in a similar matter. The assertion of
the theorem follows then by application of Proposition 4.1. 0

By means of the residuals of the three equations building the optimality sys-
tem (2.10),
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the statement of Theorem 4.1 can be rewritten as
(4.6a)
J(q,u) — J(qr, u) =~ %(ﬁu(q;ﬂ, ug) (2 = Zk) + P (qr, uk, 21) (u — ﬁk))7
(4.6b)
(@, ur) — J(qrn, ukn) = %(ﬁu((ﬂcmukh)(zk = Zkn) + P (s ukh, 2kn) (ur — fékh))7

(4.6¢)

1

J(qkh: ukh) - J(QUa ua) ~ iﬁq(%ﬂ Ug, Za)(Qkh - éa)~

Here, we employed the fact that the terms

PU(ar, ur, z1)(q — Gr)y P (qrns Ukhy 26n) (Qk — Grn)s
ﬁu(QUvua)(Zkh _730)a ﬁZ(QU7uavza)<ukh _ao—)

are zero for the choice

gr =q € Q, Grn = qr € Q,

A S ] ~ TS
ZozzkhEXk7h7 uU:uthXkyh.

This is possible since for the errors J(q, u) — J(qx, ux) and J (g, uk) — J (qxh, ukn) only
the state space is discretized, and for J(qin,urn) — J(¢o, us) we keep the discrete
state space while discretizing the control space Q.

4.2. Error estimator for an arbitrary functional. We now tend toward an
error estimation of the different types of discretization errors in terms of a given
functional I: @ x X — R describing the quantity of interest. This will be done
using solutions of some auxiliary problems. In order to ensure the solvability of these
problems we assume that the semidiscrete and the full discrete optimal solutions
(qk,uk), (qkh,ukn), and (¢,,uy) are in the neighborhood W C @ x X of the optimal
solution (g, w) introduced in section 2.

We define exterior Lagrangians M: [Qx X x X]? — Rand M: [QxXIxX[]2 — R
as

M(Ex) = 1(q,u) + L'(€)(x),
with £ = (q,u, 2), x = (p,v,y), and

M(Exx) = Lgur) + L£/(61) (x),

with & = (qk, Uk 2k), Xk = (Pks Vi, Yk )-
Now we are in a similar setting to that in the preceding subsection: We split the

total discretization error with respect to I as

I(qvu)_I(QJqu): I(qau)_I(Qk;uk)
+ I(gr, k) — I(qrn, urn)
+I(qkh7uk)h) _I(qovua)

and obtain the following theorem.
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THEOREM 4.2. Let (£, x), (&, Xk); (Ekns Xkn)s and (&5, Xo) be stationary points
of M, resp., M on the different levels of discretization, i.e.,

M(EX)ER) = MEXNER =0 V(ER) €1Qx X x X]7,
M (& x0) €k Xk) =0 Y(€xs Xi) € [Q x Xf x X772,
M (€ xen) ety Xin) = 0 ¥(Exns Xaen) € [Q X X;Z X )N(;:Z]Qa
M (&, xo) (o X) =0 Yo, o) € [Qa x Xp5 x X[

Then there holds for the errors with respect to the quantity of interest due to the time,
space, and control discretizations

(g, ) — I(ges wn) = S (6 1) (€ — &0 x — ) + Ra

2
1~ A .

I(qr, ur) — I(qrn, ukn) = iMI(fkha Xkh) (Ek = Ekhy Xk — Xkh) + R,
1~ ~ N

I(qin, ukn) — I(go, to) = iMI(&mXJ)(gkh — &5, Xkh — Xo) + Ra.

Here, (&, %n) € 1Q x Xf x X[J2, (& Xen) € [Q x X5 x X17712, and (65, Xo) €
[Qa x X;j, x X,:Z}Q can be chosen arbitrarily, and the remainder terms Ry, Ry, and

Raq have the same form as given in Proposition 4.1 for L = M.
Proof. Due to the optimality of the solution pairings on the different discretization
levels, we have the representations

(4.7a) I(q,u) = (qr, ux) = M(& x) = M(&, xx),
(4.7b) I(qr, ur) — (qrns wrn) = M(Ex, xx) — M (Exny Xan),
(4.7¢) H(gin, ukn) — 1(dos ua) = M(Exny Xin) — M(Eos Xo),

where the identity
I(g,u) = M(&x) = M(&,X)

again follows from the fact that the u € X is continuous and thus the additional jump
terms in M compared to M vanish.

Similar to the proof of Theorem 4.1, we choose the spaces Y7 and Y5 for application
of Proposition 4.1 as

for (4.7a) : Y1 =[Q x X x X]?, Yy = [Q x XI x X[)?,
for (4.7b): Y1 =[Q x X} x X[]?, Yy = [Q x X5 x X752,
for (4.7¢) 1 Y1 =[Qx X3 x X512, Yo =[Qux X5 x X5,
and we end up with the stated error representations. 1]
To apply Theorem 4.2 for instance to I(qgn,urr) — I(gs, us), we have to require
that

M (€. xo) (o Xo) =0 V(€ Xo) € X5 x X5 % Qal*.
For solving this system, we have to consider the concrete form of M':

M (65, x0) (665 6X0) =
I;(Qzﬁ Us)(8¢) + I, (¢os us) (6us) + El(fO)(‘SXU) + Z/l(fa)(xov 68s)-
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Since &, = (¢o, Uy, 25) is the solution of the discrete optimization problem, it fulfills
already £'(£,)(6x») = 0. Thus, the solution triple xo = (Po, Vo, Yo ) € Qax X7 XX,
has to fulfill

(4.8) L"(&0)(Xo067) =
— I3 (40, ue)(840) — 1, (4o, uo) (0us)  Vo& € Qa x Xi7j x X5
Solving this system of equations is—apart from a different right-hand side—equivalent

to the execution of one step of a (reduced) SQP-type method.

(0)

After splitting y, = yf(,o) + 4, where 3! )Z',:Z is the solution of

L1, ) = —I,(¢o,us) () Vo € X[,

we can rewrite system (4.8) in terms of the full discrete reduced Hessian j//(q) as

jg(%)(Pmé%) = _I(/I(anua)(éqa) - Elz/q(fa)(yg 76(10) V(SQU € Qd7

where j7(¢,)(ps,0q,) can be expressed as

ﬁl/ (50)(27177 0q) + ZZq (€6) (Vo5 0q5) + L/, (50) (ya' ,045)-

The computation of j”(¢,)(ps, ) requires here the solution of the two auxiliary equa-
tions for v, € X;’} and y((;l) e X0

sz(gﬂ)(vm p) = 72;;(50)(170, p) Vp€ X]::Zv
L2 (YD, 0) = —L0,(€0) (Pa, ) — Lot (€) (00, 0) Yo € X7

By means of the residuals of the presented equations for p, v, and y, i.e.,

(&, 0) () == L1 (&) (v, 0) + LU,()(p, 0),
7Y (6.2, 0,9)(9) = L1, (), ) + L () (p,9) + L1t (€) (v, ) + I, (q,u) (),
PP (&0, 9) (@) = LU (&) (P, 9) + L1t () (v,0) + L1 () (5, @) + Iy(g,u) (),

and the already defined residuals p*, p*, and p?, the result of Theorem 4.2 can be
expressed as

1a,) = Ta ) = 5 (5" @ w)(y = 96) + 57 s 20) (0 — )
+ ﬁv(é-lwpka ’Uk)(Z - ék) + ﬁy(é-k;pknvknyk)(u - ﬁk))7

1/, o :
I(qe,ur) — I(qrn, ukn) =~ 3 (P (@rens ukn) Wk — Drn) + 57 (Qrhs Ukn, 26n) (U — Ok
+ /5’0 (Ekhapkha vkh)(zk — ?:’kh)

+ Y (Ekns Prhs Vih> Ykn) (U — ftkh)),

1/ . - R
I(qkn, ukn) — 1(go, us) = §(pq((onua7za)(pkh — Do) + PP (&0 Pos Vo s Yo ) (Qn — qg)).
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As for the estimator for the error in the cost functional, we employed here the fact
that the terms

P Qs urs 21) (0 — D)y PP (ks P> Vi, YE) (0 — Q)
P (qrns Ukhs 2kn) (Pk — Prn)s P (Ekhy Pk, Uik Yren ) (G — Grn),
P (4o o) (Ykn — o), P° (4o Uos 20) (Vkn — Vo),
p’ (faapaa UU)(Zkh - 20)a ﬁy(gmpm Vo, ya)(ukh - aa)

vanish if px, Gk, Dkh, Gkh, Yo, Vo, 2o, Uy are chosen appropriately.

Remark 4.2. As already mentioned in the introduction of this section, we obtain
almost identical results for the time discretization by the ¢cG method to those presented
here. The difference simply consists in the tilde on the variables. The arguments of
the proofs are exactly the same.

Remark 4.3. For the error estimation with respect to the cost functional no
additional equations have to be solved. The error estimation with respect to a given
quantity of interest requires the computation of the auxiliary variables p,, vy, Yo
The additional numerical effort is similar to the execution of one step of the SQP or
Newton’s method.

5. Numerical realization.

5.1. Evaluation of the error estimators. In this subsection, we concretize
the a posteriori error estimator developed in the previous section for the ¢G(1)cG(1)
and ¢G(1)dG(0) space-time discretizations on quadrilateral meshes in two space di-
mensions. That is, we consider the combination of ¢cG(1) or dG(0) time discretization
with piecewise bilinear finite elements for the space discretization. As in the previous
section, we will present only the concrete expressions for the dG time discretization;
the ¢G discretization can be treated in exactly the same manner.

The error estimates presented in the previous section involve interpolation errors
of the time, space, and the control discretizations. We approximate these errors
using interpolations in higher order finite element spaces. To this end, we introduce
linear operators I, IIg, and IIz, which will map the computed solutions to the
approximations of the interpolation errors:

2z — 2 = Mgz, u — ity ~ Hug,
2k — Zxn = Mpzin, ug, — Ugn = Hpugn,

qkh — qg ~ HdQUa

Yy — Uk ~ s, v — O ~ vy,
Yr — Grn = UpYrn, Vg — Okp = Hpvps,
Pkh — ﬁa ~ Hdpo'-

For the case of ¢G(1)cG(1) and c¢G(1)dG(0) discretizations of the state space
considered here, the operators are chosen depending on the test and trial space as

m, =17 —id with 187 X9 — X},
m, =15 —id with 182 X} — X3,

x 1 x1:2
I, =I5} —id with I3 {ng’f T ka2h
k,h
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(1)
..... I, v

! ! ! ! ! !

T T T T T T
tm(—l tm tm+1 tm(—l tm tm+1
(a) Piecewise linear interpolation of a (b) Piecewise quadratic interpolation
piecewise constant function. of a piecewise linear function.

Fic. 5.1. Temporal interpolation.

F1G. 5.2. Patched mesh.

The action of the piecewise linear and piecewise quadratic interpolation operators
I ,gl) and Iz(i) in time is depicted in Figure 5.1. The piecewise biquadratic spatial
interpolation Iéi) can be easily computed if the underlying mesh provides a patch
structure. That is, one can always combine four adjacent cells to a macrocell on
which the biquadratic interpolation can be defined. An example of such a patched
mesh is shown in Figure 5.2.

The choice of II; depends on the discretization of the control space Q. If the
finite dimensional subspaces Q4 are constructed similar to the discrete state spaces,
one can directly choose for Il; a modification of the operators IT; and Il defined
above. If, e.g., the controls ¢ depend only on time and the discretization is done with
piecewise constant polynomials, we can choose II; = Ic(ll) —id. If the control space
Q is already finite dimensional, which is usually the case in the context of parameter
estimation, it is possible to choose II; = 0, and thus, the estimator for the error
J(qrn, ukn) — J(gs, us) is zero—as well as this discretization error itself.

In order to make the error representations from the previous section computable,
we replace the residuals linearized on the solution of semidiscretized problems by the
linearization at full discrete solutions.

We finally obtain the following computable a posteriori error estimator for the
cost functional J:

J(q,u) — J(qo,uo) =y + 15 + 13,
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with
il 5= 5 (5" 1) (Taz) 7 (i 20) (M) )
1= 5 (7o) (T z0) + 7 st 20) (o))
0= 20 o 20) (Iagy).

2
For the quantity of interest I the error estimator is given by

I(q,u) — I(go, uo) = nj + 0 + 1,

with
k= 5 (700 (W) + 7 (010, 20) (i)
5" (o Vo P )(Hkz) + 57 (o Vo i o) (i) ).
1= 5 (5 00 (o) + 50 1 20) (T,
+ 0 (6o o) (nZ) + (€ v i, 2 (1)),
My = % (ﬁ”(qm Uo; 2o ) (Haps) + p7(&os Vo ya,pa)(ﬂdqo))-
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To give an impression of the terms that have to be evaluated for the error esti-
mators, we present for the implicit Euler variant of the ¢G(1)dG(0) discretization the
explicit form of the state residuals p“(qy, uo)(Ilxz,) and p%(gy, us)(Iln2,) and the
adjoint state residuals p*(qo, Ue, 2o ) (Ilxty) and p*(qy, Uy, 26 ) Mty ). For simplicity
of notation, we assume here ¢ to be independent on time. Since we evaluate the aris-
ing integrals over time for the residuals weighted with z, or u, by the right endpoint
rule and for the residuals weighted with [ ,il)za or I ,gl)ug by the trapezoidal rule, we
have to ensure the right-hand side f to be continuous in time, i.e., f € C([0,T], H).
Then we obtain with the abbreviations Uy := u,(0), Uy, := ua|Im, Zy = 2z5(0), and

T = 26| ;. the following parts of the error estimators:

M
ﬁu(qaaua)(nkzo) = Z {(Um - Um—h Zm - Zm—l)H

m=1

k

+ Tma(qaa Um)(Zm - mel)
k km
P (fltm1)s )it = 2 (F (), Zon)ir |,

M
~z km,
14 (qgauavza)(nkua) = Z{ia;(QUaUm)(Umvzm)

m=1 2
km _,
?au(qav Um—l)(Um—la Zm)

+ %J{(Umfl)(Umfl) - %J{(Um)(Um)}7
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M
ﬁu<q0’ug tha Z{ Q(i)Z _Zm)H

m=1

— b, Un) (IS5 Zin — Zim)

( m— 17 éi)z _Z’m)H}

— (Uo — wo(go), Ig(h)Zo—Zo)m
M

ﬁz(q0'7u0'azo' Hhuo' Z{k’ Jl 1(2)U Um)

m=1

- kmau(QOa Um)(léi)Um = Un, Zm)
+ (IQ(Z)Um_1 —Un-1,Zm — m—l)H}
+ J3(Unn) (I3 Uns = Unt) = (I5)Uni = Unt, Zan)

For the ¢G(1)cG(1) discretization the terms that have to be evaluated are very
similar and the evaluation can be treated as presented here for the ¢G(1)dG(0) dis-
cretization. The presented a posteriori error estimators are directed towards two aims:
assessment of the discretization error and improvement of the accuracy by local re-
finement. For the second aim the information provided by the error estimator has to
be localized to cellwise or nodewise contributions (local error indicators). For details
of the localization procedure we refer, e.g., to [3].

5.2. Adaptive algorithm. The goal of the adaption of the different types of
discretizations has to be the equilibrated reduction of the corresponding discretization
errors. If a given tolerance (TOL) has to be reached, this can be done by refining
each discretization as long as the value of this part of the error estimator is greater
than %TOL. We want to present here a strategy which will equilibrate the different
discretization errors even if no tolerance is given.

The aim of the equilibration algorithm presented in what follows is to obtain
discretization such that

k| ~ 0| = [nal

and to keep this property during the further refinement. Here, the estimators 7;
denote the estimators 17 for the cost functional J or n! for the quantity of interest I.

For doing this equilibration, we choose an “equilibration factor” e ~ 1—5 and pro-
pose the following strategy: We compute a permutation (a, b, c) of the discretization
indices (k, h,d) such that

Mal = 7] = (7l
and we define the relations

ni > ]-7 Yoc = @
b

e

Yab ‘= > 1.

Then we decide by means of Table 5.1 in every repetition of the adaptive refinement
algorithm given by Algorithm 5.1 which discretization shall be refined. For every
discretization to be adapted we select by means of the local error indicators the cells
for refinement. For this purpose there are several strategies available; see, e.g., [3].
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TABLE 5.1
Equilibration strategy.

Relation between the estimators | Discretizations to be refined
Yab < e and v < € a, b, and ¢
Yoe > € a and b
else (yap > e and ype < ) a

ALGORITHM 5.1 (ADAPTIVE REFINEMENT ALGORITHM).

1: Choose an initial triple of discretizations 1,,, oo = (ko, ho,do) for the space-time
discretization of the states and an appropriate discretization of the controls, and

setn = 0.
2: loop
3: Compute the optimal solution pair (¢s,,, Uy, ).
4: Ewvaluate the a posteriori error estimators ng, , Mn, , and Nq,, .
5. if ng, +0n, + 14, < TOL then
6: break
7. else
8: Determine the discretization(s) to be refined by means of Table 5.1.
9: end if
10:  Refine 1,, — 1,, ., depending on the size of nx,, Nn,, and ng, to equilibrate

the three discretization errors.
11:  Increment n.
12: end loop

6. Numerical examples. This section is devoted to the numerical validation of
the theoretical results presented in the previous sections. This will be done by means
of an optimal control problem with time-dependent boundary control (see section 6.1)
and a parameter estimation problem (see section 6.2).

6.1. Example 1: Neumann boundary control problem. We consider the
linear parabolic state equation on the two-dimensional unit square Q := (0,1)? (see
Figure 6.1) with final time T = 1 given by

ou—vAu+u=f in Q x (0,7,

6.1) Opu(z,t) =0 on 'y x (0,7),
Onpu(x,t) = q;(¢) onT; x (0,7),i=1,2,

u(z,0) =0 on .

The control ¢ = (g1, g2) acts as a purely time-dependent boundary control of Neumann
type on the two parts of the boundary denoted by I'y and I's. Thus, the control space
Q is chosen as [L2(0,T)]?, and the spaces V and H used in the definition of the state
space X are set to V = H1(Q) and H = L*(Q).

As the cost functional J to be minimized subject to the state equation, we choose

the functional
: // )~ 1)2dvdt+ & /{q1 )+ 2(0)) di

of the tracking type endowed with a L?(0,T')-regularization.
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Iy

Fl FZ

Iy

F1a. 6.1. Example 1: Computational domain €.

For the computations, the right-hand side of f is chosen as

1 2 1
f@.t) “p( 1—1mmx—fw)’ ’ (32)’

and the parameters o and v are set to
a=0.1, vr=0.1.

The discretization of the state space is done here via the c¢G(1)cG(1) space-time
Galerkin method which is a variant of the Crank—Nicolson scheme. Consequently, the
state is discretized in time by piecewise linear polynomials and the adjoint state by
piecewise constant polynomials. The controls are discretized using piecewise constant
polynomials on a partition of the time interval (0,7) which has to be at most as fine
as the time discretization of the states.

Remark 6.1. If the discretization of the control is chosen such that the gradient
equation

/ z(z,t) dz + ag;(t) = 0, i=1,2, t€(0,7),
Iy

can be fulfilled pointwise on the discrete level, the residual p? of this equation as well
as the error due to discretization of the control space vanish; cf. (4.6¢). Thus, it is
only reasonable to discretize the controls at most as fine as the adjoint state.

In Table 6.1 we show the development of the discretization error and the a poste-
riori error estimators during an adaptive run with local refinement of all three types
of discretizations. Here, M denotes the number of time steps, N denotes the number
of nodes in the spatial mesh, and dim Q4 is the number of degrees of freedom for the
discretization of the control. The effectivity index given in the last column of this
table is defined as usual by

J(Qa u) - J(QOa ua) .

IH::
¢ ni i+

The table also demonstrates the desired equilibration of the different discretization
errors and the sufficient quality of the error estimators. Here and in what follows, the
“exact” values J(g,u) and I(g,u) are obtained approximatively by extrapolation of
the values of these functionals computated on a sequence of fine discretizations.

A comparison of the error J(g,u)—J(¢o, ty) for the different refinement strategies
is depicted in Figure 6.2:
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TABLE 6.1
Example 1: Local refinement with equilibration.

M | N | dimQq i i 0y g +np +n] | J(@w) — J(go, us) Lot

64 25 16 —9.7-1079 2.0-1079% | —8.5.10704 1.088 - 10703 —2.567 - 10704 —0.2360
64 81 20 —1.1-107%* | —1.0-1079 | —3.2.10794 | —1.543.10703 —7.818 10704 0.5065
64 289 20 —1.3-107%% | —4.8-107%% | —3.2.107%% | —9.458 - 10~%4 —8.009 - 10~94 0.8468
74 813 32 —4.7-107% | —2.2.107% | —1.3.107%* | —2.058 - 104 —2.116 - 10794 1.0285
74 813 48 —4.8-107% | —2.2.107% | —7.7.1079% | —1.476 - 10~%4 —1.493 10794 1.0109
87 | 2317 76 —2.7-10705 1.1-107% | —2.9-1079 | —4.516 - 10795 —4.559 - 10795 1.0094
104 | 8213 128 —1.8-10795 2.7-10796 | —1.3.1079% | —2.931-10795 —2.842-1079° 0.9696
208 | 8213 128 —4.3-10706 2.7-10796 | —1.5.1079% | —1.674-10795 —1.661-1079° 0.9923
208 | 8213 192 —4.2-10796 2.7-1079 | —7.0-10796 | —8.573-10796 —8.335-10796 0.9722

T T T T

uniform —e—
0.001 uniform equilibration —e—
’ local equilibration —+—

Error

1074

107° |-

10000 100000 10¢ 107 108 10° 10%0
M - N -dimQq

Fic. 6.2. Exzample 1: Comparison of different refinement strategies.

e “Uniform”: Here, we apply uniform refinement of all discretizations after each
run of the optimization loop.

e “Uniform equilibration”: Here, we also allow for only uniform refinements
but use the error estimators within the equilibration strategy (Table 5.1) to
decide which discretizations have to be refined.

e “Local equilibration”: Here, we combine local refinement of all discretizations
with the proposed equilibration strategy.

It shows, e.g., that to reach a discretization error of 4 - 10~° the uniform refinement
needs about 70 times the number of degrees of freedom the fully adaptive refinement
needs.

In Table 6.2 we present the numerical justification for splitting the total discretiza-
tion error in three parts regarding the discretization of time, space, and control: The
table demonstrates the independence of each part of the error estimator on the refine-
ment of the other parts. This feature is especially important to reach a equilibration
of the discretization errors by applying the adaptive refinement algorithm.

6.2. Example 2: Parameter estimation. The state equation for the following
example is taken from [17]. It describes the major part of gaseous combustion under
the low Mach number hypothesis. Under this assumption, the motion of the fluid
becomes independent from temperature and species concentration. Hence, one can
solve the temperature and the species equation alone specifying any solenoidal velocity
field.
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TABLE 6.2
Ezample 1: Independence of one part of the error estimator on the refinement of the other parts.

M N dim Qg ng n,{ ndJ

256 289 16 —4.9104-107%4 | —8.6152-10~%4
512 289 16 —4.9110-107%4 | —8.6232-10794
1024 | 289 16 — —4.9111-107%¢ | —8.6251-10 %4
2048 | 289 16 —4.9111-107% | —8.6256-10~%4
4096 | 289 16 —4.9112-10794 | —8.6258-10—%4
1024 25 16 —3.8360-10~97 —8.7015-1004
1024 81 16 —4.3463-10797 —8.5900-10~94
1024 | 289 16 —4.5039-10~07 — —8.6251-1004
1024 | 1089 16 —4.5529-10797 —8.6398-10~04
1024 | 4225 16 —4.6096-10~97 —8.6432.10704
4096 | 289 16 —2.8171-10798 | —4.9112-10794

4096 | 289 32 —3.0332-10798 | —4.8826-10~04

4096 | 289 64 —3.1317-10798 | —4.8688-10~04 —

4096 | 289 128 —3.1704-1098 | —4.8651-1004

4096 | 289 256 —3.1828-10798 | —4.8642-10—%4

FN l—‘N
I'p P1 p3 I'n
[ ] [ ]
D2 I'r P4
FN FN

F1G. 6.3. Example 2: Computational domain Q and measurement points p;.

Introducing the dimensionless temperature 6 = M , denoting by Y the

Thurnt —Tunburnt ’

species concentration, and assuming constant diffusion coeflicients yields

0,0 — AO = w(Y, 0) in Q x (0,7),

(6.2) 1 .
oY — L—AY =—-w(Y,0) in Q x (0,7,
e

where the Lewis number Le is the ratio of diffusivity of heat and diffusivity of mass.
We use a simple one-species reaction mechanism governed by an Arrhenius law
2
B(o—1

)
w(Y,0) = QB—LeYe T+a(0-D

in which an approximation for large activation energy has been employed.

Here, we consider a freely propagating laminar flame described by (6.2) and its
response to a heat absorbing obstacle, a set of cooled parallel rods with rectangular
cross section (cf. Figure 6.3). Thus, the boundary conditions are chosen as

0=1 on T'p x (0,7),
Y=0 on I'p x (0,T),
Opf =0 on I'y x (0,7),
8,Y =0 on Ty x (0,T),
Onf = —k0 on I'g x (0,7),
0,Y =0 onI'g x (0,7),

where the heat absorption is modeled by Robin boundary conditions on I'y.
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The initial condition is the analytical solution of a one-dimensional right-traveling
flame in the limit 8 — oo located left of the obstacle:

1 fi <Z

0(0,2) = { o or L= on Q,
e for x1 > T
0 f < 7

Y(0,z) = Lo(r—21) o= 3:‘1 on .
1—e 1T for xq > I

For the computations, the occurring parameters are set to
Le=1, 6 =10, k=0.1, 71 =09,

whereas the parameter o occurring in the Arrhenius law will be the objective of the
parameter estimation.

To use the same notations as in the theoretical parts of this article, we define the
pair of solution components u := (0,Y) € & + X? and denote the parameter o to be
estimated by ¢ € @ := R. For definition of the state space X we use the spaces V/
and H as given by (2.1). The function @ is defined to fulfill the prescribed Dirichlet
data as ﬂ}r = (1,0).

The unknown parameter « is estimated here using information from pointwise
measurements of # and Y at four measurement points p; € Q (i = 1,...,4) at final
time 7' = 60. This parameter identification problem can be formulated as a cost
functional of least squares type:

Taw) = 5 {00 T) 07 + () - Vi),

=1

The values of artificial measurements 6; and Y; (i = 1,...,4) are obtained from a
reference solution computed on fine discretizations.

The consideration of point measurements does not fulfill the assumption on the
cost functional in (2.5), since the point evaluation is not bounded as a functional on
H = L%(Q). Therefore, the point functionals here may be understood as regularized
functionals defined on L?(£)). For an a priori error estimate of elliptic parameter
identification problems with pointwise measurements, we refer to [25].

For this type of parameter estimation problem one is usually not interested in
reducing the discretization error measured in terms of the cost functional. The focus
is rather on reducing the error in the parameter g to be estimated. Hence, we use the
quantity of interest I given by

I(q,u) =q

and apply the techniques presented in section 4.2 for estimating the discretization
error with respect to I. Since the control space ) in this application is given as
@ = R, it is not necessary to discretize (). Thus, there is no discretization error due
to the Q-discretization and the a posteriori error estimator consists only of nf and 7.
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TABLE 6.3
Example 2: Local refinement with equilibration.

M N n} nf nf +nf I(q,u) — I(qkh, ukn) Lot

512 269 | —8.4.10703 4.3-10702 3.551 - 10792 —2.859 - 1002 —0.8051
512 685 | —9.0-10703 5.2-10793 | —3.778.10703 —4.854 - 10702 12.8480
690 1871 | —3.7-10793 | —1.4-10792 | —1.860 - 1092 —3.028 - 1002 1.6280
968 5611 | —2.9-10793 | —6.3-10793 | —9.292.10793 —1.104 - 1092 1.1885
1036 | 14433 | —2.7-1079% | —2.3.10793 | —5.118 - 10793 —5.441 10793 1.0630
1044 | 43979 | —2.7-1079% | —8.3.107%¢ | —3.613.10793 —3.588 - 10703 0.9932

Error

uniform equilibration —e—
local equilibration —+—

uniform —e— A

100000

108

M- N

107 108

Fia. 6.4. Exzample 2: Comparison of different refinement strategies.

The results of a computation with equilibrated adaption of the space and time
discretization using ¢cG(1)dG(0) are shown in Table 6.3. The discretization parameters
M and N as well as the effectivity index I.g are defined as in section 6.1.

Similar to section 6.1, we compare in Figure 6.4 the fully adaptive refinement
with equilibration and uniform refinements with and without equilibration. By local
refinement of all involved discretizations we reduce the necessary degrees of freedom

Fic. 6.5. Example 2: Local refined mesh.

to reach a total error of 1072 by a factor of 11 compared to a uniform refinement
without equilibration.

Finally, we present in the Figures 6.5 and 6.6 a typical locally refined spatial
mesh and a distribution of the time step size obtained by the space-time-adaptive

refinement.
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Fic. 6.6. Example 2: Visualization of the adaptively determined time step size k.
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EXTENDED KRONECKER SUMMATION FOR CLUSTER
TREATMENT OF LTI SYSTEMS WITH MULTIPLE DELAYS*
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Abstract. A new procedure is presented for determining the kernel and the offspring hypersur-
faces for general linear time invariant (LTI) dynamics with multiple delays. These hypersurfaces, as
they have very recently been introduced in a concept paper [R. Sipahi and N. Olgac, Automatica,
41 (2005), pp. 1413-1422], form the basis of the overriding paradigm which is called the cluster
treatment of characteristic roots (CTCR). In fact, these two sets of hypersurfaces exhaustively rep-
resent the locations in the domain of the delays where the system possesses at least one pair of
imaginary characteristic roots. To determine the kernel and offspring we use the extraordinary fea-
tures of the “extended Kronecker summation” operation in this paper. The end result is that the
infinite-dimensional problem reduces to a finite-dimensional one (and preferably into an eigenvalue
problem). Following the procedure described in this paper, we are able to shorten the computational
time considerably in determining these hypersurfaces. We demonstrate these concepts via some ex-
ample case studies. One of the examples treats a 3-delay system. For this case another interesting
perspective, called the “building block,” is also utilized to display the kernel in three-dimensional
space in the domain of “spectral delays.”
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1. Introduction and the problem statement. We consider linear time in-
variant, retarded multiple time-delayed systems (LTI-MTDS), the general form of
which is given as

(1) x(t) = Ax(t) + Z B,x(t — 1),

where x € R", A, B;, j = 1...p, are all constant matrices in R"*"™ and the vector
of time delays 7 = (71, 72,...,7,) € RPT of which the elements are rationally inde-
pendent from each other. As a note of formalism we use boldface capital notation for
vector and matrix quantities in the text. We refer to the right (and left) half open
complex plane as C* (C~), while C is used to indicate the imaginary axis. Therefore
C*tJC~ UCO = C represents the entire complex plane.

The characteristic equation of the system in (1) is

p
CE(S,T17.._’TP) =det |sI - A — ZBJ»@_TJ'S

j=1

(2)
p
=Ao(s) +Apti(s,71,....7p) + ZefanfsAj (SyT1,y e s Tim1, Tjt1 5+ Tp),
=1
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where Ag(s) is an nth degree polynomial in s and A;’s (j = 1...p) are quasi poly-
nomials in s and all the delays except 7;. n; is the highest order of commensuracy
of delay 7, in the dynamics (n; < n). A; contains s terms with the highest degree
of n — 1 and they are the factors multiplying the representative exponential of the
highest commensuracy of 7;, i.e., e"™7°. Since the system is “retarded” the s term
appears only in Ay (s) which is free of delays. A,y; is another quasi polynomial
which contains all the remaining terms with lower commensuracy levels (in 7;) than
nj, ] =1.. . p.

The stability robustness of this general class of systems has been studied for over
four decades, resulting in some respectable volumes of literature [11, 13, 7, 15, 18]. One
of the mainstream research foci has been the stability assessment of these systems for
a given delay vector, 7. The determination of the robustness of such systems against
uncertainties in delay and other parameters (i.e., uncertain 7, A, and B;) are also
widely investigated [5, 10, 17, 16, 20, 21]. The class, with delay uncertainty only, is
declared to be an N-P hard (nondeterministic-polynomial time hard) problem [27].
Many further investigations appeared later on some simplified forms of the problem
given here [25, 12, 4]. A very recent paradigm which is introduced by the authors,
cluster treatment of characteristic roots (CTCR), brought a practical and numerically
efficient procedure for the problem when there are only two delays (p = 2) [23, 24, 22].
In fact, this procedure produces a unique stability robustness tableau in the domain
of uncertain delays, 7 € RP*. The numerical efficiency is comfortably demonstrated
for cases n = 3, p = 2 [23], still respecting the difficulties attributed to the N-P
hardness of the problem. That is, the CTCR method solves the stability robustness
problem completely in the delay space, however, with nondeterministic polynomial
time hard numerical complexity still remaining. The most critical step in CTCR is
the exhaustive determination of the stability switching trajectories in the delay space.
The primary contributions of the present paper are on this issue.

The key novelties introduced by the CTCR paradigm are the concept of “kernel
and offspring hypersurfaces” and their intriguing characteristics, which were unrec-
ognized earlier. Leaving the details to later segments of the paper, we simply describe
the kernel hypersurface as the creating loci of all the points in 7 € RPT space, which
render at least one pair of imaginary characteristic roots (£w?) of (2) (or a root at the
origin, s = 0). Let us denote a generic point on the kernel with 7ye,. This kernel point
has an important descriptor: there is no 7 € RP™, which generates the same imagi-
nary root +w? and is closer to the origin than 7y... This is equivalent to stating that
the set {T|CE(7,wi) = 0, CE(Tker,wi) = 0, |T| < |Tker|} is an empty set. When the
inequality condition is reversed, we find the offspring hypersurfaces of the system on
which 7’s generate the same imaginary root, +£wi. That is, the points on the offspring
satisfy the following property: {7|CE(T,wi) = 0,CE(Tker,wi) = 0,]7| > |Tker|}-
We will give a summary of the outstanding features of the kernel and the offspring
hypersurfaces later in the text for the completeness of the presentation.

A critical and comforting observation under the CTCR paradigm is the claim that
(2) can possess imaginary characteristic roots only at some manageably small number
of kernel hypersurface segments in the domain of the delays. And this number is
shown to be upper bounded by n?. Indeed this finite number of hypersurface segments
constitutes the “kernel hypersurface set” as explained in section 2.

The text is structured as follows: Section 2 reviews the concept of “kernel” and
“offspring” hypersurfaces under the umbrella of the CTCR paradigm. Section 3 states
the two fundamental propositions as the foundation of the new paradigm and presents
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the steps of the CTCR procedure for the stability robustness assessment of LTI-
MDTS. In the same section, we take advantage of an intriguing procedure called the
“Kronecker sum” of matrices. We show that it provides considerable computational
advantage over the alternative procedure called the “Rekasius substitution,” which
was utilized in earlier pursuit of CTCR. This point constitutes the main contribution
of the paper. We also present a different perspective on the problem, using the
domain of “spectral delays” as a companion computational effort. It is referred to
as "building block” representation. Section 4 contains example case studies including
one with three delays, p = 3.

2. Review of CTCR paradigm. We present an overview of the CTCR para-
digm borrowing from [23, 24, 22]|. The underlying philosophy can be expressed via the
following interlinked observations: (i) The system (1) is infinite-dimensional. That
is, it has infinitely many characteristic roots in the finite complex plane, C. (ii) Its
stability is guaranteed if there exist no characteristic roots in the open right half
plane, CT. (iii) It is impossible to track all of the infinitely many roots. (iv) One has
to focus only on the occurrence of the imaginary root crossings at +wi, which can be
encountered only at some special settings of = € RPT [11, 13, 18]. (v) These points
show continuous variations resulting in continuously varying imaginary roots. Those
surfaces are the only locations where the stability switching can take place: let us call
them the “switching hypersurfaces.” (vi) One must determine, then, ezhaustively all
such hypersurfaces in 7 € RPT space. (vii) However, there is still a countably infinite
number of these hypersurfaces [11, 13]. (viii) One has to introduce a feature-based
discipline, what we call “the clustering” operation, to those crossings in order to bring
the analysis to a manageable size. Clearly, this route can be taken only if there is
such a discipline in the root formation.

CTCR achieves precisely this objective, determining the two extraordinary “clus-
tering features” of LTI-MTDS as described in detail later. The deployment of these
features on the single delay and two-delay cases has already been reported in earlier
investigations [23, 24, 19]. This document presents the first generalized treatment for
systems with nth order-p delay treatment and offers an example with three delays.

We state a series of relevant postulates and propositions first. As discussed above,
the imaginary characteristic roots, +wsi, play a critical role. Let us define a set, which
exhaustively contains all such frequencies w for the entire parameter space 7 € RP*:

(3) Q={w|CE(s=wi,7)=0,7 e R",weR}.

It is intuitively obvious that, except degeneracies (such as a standing root at s = 0),
) contains a continuum of w values, not discrete [11, 13, 18]. That is, if there is a
(T,w) correspondence, T + € should result in another imaginary root, (7 + €,w +
€w). Clearly, (e o) notation implies a causal relation that the p members of the
first argument result in the second argument as the imaginary root. The in-depth
analysis of existence/uniqueness of € and &, correspondence is beyond the scope of
this presentation, and therefore it is suppressed.

POSTULATE 1. The stability posture of the system in (1) is determined by the
number of open right half plane characteristic roots of (2), which we call NU (abbre-
viated from Number of Unstable roots). This number is naturally a function of the
delays, which are the only parameters in (1), i.e., NU (11,...,7p). Wherever NU =0,
the system is labeled as “stable.” For any change in NU one has to pass through a
point on the switching hypersurfaces, T = (11, ..., Tp), for which a characteristic root
Fwi exists. This is a direct result of the “root continuity” argument in the parametric
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space T € RPT [11, 13]. Obviously ANU = +2 if w # 0, and ANU = +1 if w =0
is a simple root crossing. As a critical side note, if s = 0 is a simple root, it is a
stationary one independent of 7. Therefore when there is a crossing at s = 0, it has
to appear in the form of a multiple root. That is, at least CE (T,s)|,_, = 0 and
d% CE(7,5)|,_y = 0 must be satisfied jointly for the same delay set T. As stated
above we represent such occurrences of T yielding +wi as a characteristic root, with
the notation (T,w).

As per El’sgol’ts’s D-subdivison principle [8] one can state that a region in 7€ RPT
space where NU is constant has to be enclosed by hypersurfaces which belong to either
one of the following two general classes:

H;: a hypersurface on which (7,w) occurrence is encountered.

Hj: a hypersurface defined by one or more of the delays being zero, where (7, w)
correspondence does not necessarily occur.

We iterate some more on these classes next.

PosTULATE 2. The Hy class of hypersurfaces is clearly arising from the hard
bounds of T; > 0, j =1...p, posed by the problem statement, and these hypersurfaces
are uniquely defined. The Hy class, however, represents a countably infinite number
of hypersurfaces possessing the feature

2 21 21 .
(4) <71:|:w31,72iwjg,...,Tpiwjp,w>, Jk=0,1,... k=1,....p.

This equation indicates that if s = wi occurred at a point (71, ..., 7,), infinitely
many equidistance grid points in 7€ RPT (with the grid size %’T) would also result
in the same characteristic root. Small perturbations on (7i,...,7,) would yield small
perturbations on the resultant imaginary root as per the root continuity argument
[8]. They sprout in a set of countably infinite number of hypersurfaces which are
pointwise equidistant as per (4).

As such the boundaries of the closed regions mentioned above would duplicate
themselves as infinitely many hypersurfaces. In order to successfully complete the
stability robustness analysis one has to determine all of the hypersurfaces where
(T,w) correspondence occurs and all of these closed regions. This is an impossible
task to undertake, unless a well-structured approach is followed. This line of rationale
is precisely what prompts the CTCR, paradigm.

DEFINITION 1 (kernel hypersurfaces). Those hypersurfaces which consist of all
the points in 7€ RPT as per (4) complying with (T,w) correspondence except with the
constraint that

2
(5) 0§7k<§ Vk=1,...,p

are called the kernel hypersurfaces. This constraint implies that the points on the
kernel hypersurface exhibit the smallest positive member for each one of its p elements.
Notice that there are ooP (p-dimensional infinite) candidate points in 7= RPY defined
by (4) resulting in the same imaginary root, wi. All of these points are represented
by a single point on the kernel hypersurface. And similar unique points on the kernel
hypersurface (call it the “kernel points”) exist for all possible w € Q. Consequently,
this hypersurface formation is unique for a given system (1). The following notation
encapsulates the complete definition of the kernel hypersurfaces:

(6)

2
©ker = kernel hypersurfaces = {T|<T,w>,7’ S Rp+,w eN0< 7 < il Vk = 1,2,...,p}.
w
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DEFINITION 2 (offspring hypersurfaces). Those ooP hypersurfaces which are ob-
tained from the kernel hypersurface by a pointwise nonlinear transformation given in
(4) are called the offspring. This definition simply utilizes the fact that a point on the
kernel will result in ooP (p-dimensional infinity) offspring. The complete formalism
for offspring hypersurfaces can be given as

(7) poft = offspring hypersurfaces = { 7| (T,w), T € R’ w € Q} \kernel.

3. Determination of the kernel and the offspring hypersurfaces. As per
the earlier discussions for the stability robustness of the system we need to determine
all the kernel and offspring hypersurfaces exhaustively. That amounts to determining
the complete set of (7, w) correspondence for the entire 7= RP* domain. This mission
is computationally very demanding. In our earlier research we utilized a holographic
mapping procedure called the Rekasius substitution for this purpose [23]. An alter-
nate procedure is studied here: the extended Kronecker sum method. It is based on
the properties of the Kronecker summation of matrices as described for single delay
systems in [6, 26]. The treatment prescribed here is an extended version of the process
to multiple rationally independent delay cases, and therefore the name “extended Kro-
necker sum method.” We first describe the Kronecker summation operation for clarity
and state the main theorem of the paper. A Lyapunov function-based study, which is
conducted by another researcher, independently from the authors, has recently been
presented at an international conference [14]. It results in the similar outcome of
the Kronecker summation method here. Separately, we also recognize that, from the
numerical perspective, this process identically coincides with a new concept called the
building block, which offers a very interesting yet simple representation of the kernel
and offspring hypersurfaces [22, 9].

Kronecker summation of two matrices and its properties. In matrix alge-
bra [2, 3] the Kronecker sum of two square matrices M (n; x n1) and Ms (ng X ng)
is defined as

M; &M, =M; ®1,, +1,, ® My, where M; € R"*" M, € R"2*"2,

Here & denotes the Kronecker summation and ® the Kronecker product operations.
The most critical feature of the Kronecker summation of M; and Mj is that this new
square matrix

1\/[1 ® M2 e R(nyng)x(nl‘nz)

has n1-no eigenvalues which are indeed pairwise combinatoric summations of the 7
eigenvalues of M; and ny eigenvalues of M. That is, the Kronecker sum operation, in
fact, induces the “eigenvalue addition” character to the matrices. We take advantage
of this feature as discussed next in a definition and the highlight theorem.

DEFINITION 3. We define the auziliary characteristic equation (ACE) of the
system in (1), with z; = e~ 74%:

p
(8) ACE(z) =det [A@T+I0A+> (B;®lz;+IB;z )| =0.

j=1

THEOREM 1. For the system given in (1) the following findings are equivalent:
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(a) A wvector of p-dimensional unitary complex numbers z = {z;} € C, |z;| =1
for all j = 1...p satisfies ACE. CP is the complete set of such complex
numbers.

(b) There exists at least one pair of imaginary characteristic roots, Twi, of (2).

(c) There exists a corresponding delay vector 7= {7;} € pker | port, where (T,w)
holds.

Proof of Theorem 1. The Laplace transformation of the LTI-MTDS equation (1)

is

(9) sX(s)=AX(s)+ ‘ZBjX(s)zj7

where the z; = e77%, j = 1...p, represents p unitary complex numbers for s = wi.

The following equation is directly obtained from (9):

(10) (sT— A2()))X () = 0,

P
Az(s)) = A+ Zszj e R™",  where z = {z;} € C.
j=1
In order to find nontrivial solution of X (s) the matrix (sI—A(z(s))) should be singular,
in other words, det A(z(s)) =0, or

p
(11) det SI—A—ZBJ‘ZJ‘ =0.

j=1

Due to the fact that A, B;, j = 1...p, are all constant matrices in R™*", the complex
conjugates of s and (indirectly) of z; also satisfy (11):

P
(12) det |s'T— A=) Bz | =0.
j=1
For a point on the pyer | port hypersurface set 7 = (71,...,7) € Pker U port, s = wi is
an element of the spectrum. Therefore s* = —wi, z; = {677-7'“”} and 27 = {eTJ"‘”} =

zj_l, j =1...p. Since the sum of the two certain eigenvalues of A(s,z) and A(s*,z*)
is zero, then the Kronecker sum of these two matrices must be singular when such
(T,w) correspondence occurs. That is,

P P
(13) det | [A+) Bjz | @ |A+D> Bz || =0.

Note that in (13) all the s and 7 terms are incorporated into z;, where z; represents
the unitary complex numbers, i.e., |z;] = 1. The task of determining puer | port in
7€ RPT space is now reduced to evaluating the solution set of z € CP which satisfies
(13). Using the Kronecker summation definition, (13) can be rewritten as

(14)  ACE(z) = det A®I+Z ®IzJ+I®A+ZI®B )| =o.
j=1 j=1
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Equation (14) is in fact a multinomial in terms of the n components of z, and the
highest degree of any one of these components is n? in this multinomial. We denote
the complete solution set for (14) by Z. That is,

(15) Z ={z|ACE (z) =0, z€ C2)}, Z¢€ CP.

Inversely it is trivial to prove that for every solution z € C2 of (15) there exists at
least one imaginary characteristic root, s = twi. O

In other words, (8) is both a necessary and sufficient condition for a point 7=
(T1,...,7p) € RPT to be on either the kernel or the offspring hypersurfaces. Since this
equation is completely free from the delays, and only a function of z, the procedure is
now considerably simplified to find z € C? solutions of (8) exhaustively. To determine
the imaginary characteristic roots of (2) one simply plugs such a z into (11) and solves
for s. These roots reveal the crossing frequencies we are interested in and form the
earlier-mentioned set in (3), i.e.,

(16) N={w|CE(s=wi,z) =0,z € Z}.

One then uses the individual components of s to determine the respective delays which
are

arg(z;) F 2km

(17) Tik = j=1...p, k=0,1,2,...,

w
where 7, implies the jth delay value for various k£ values. One of these delays forms
the Tjer, via the feature described in (5). The remaining delays form an infinitely
many equidistant grid in RPT for the same crossing root, wi, as also expressed in (4).

DEFINITION 4 (the building blocks). The complex vector z € CP can be identified
exactly by a p-dimensional real vector Tw € RP (i.e., the fundamental phase angle
of each component) as per (17). The complete solution set Z of (15) corresponds to
some hypersurfaces in p-dimensional space of Tw. These hypersurfaces are called the
“building blocks (BBs).”

Due to the constraint on 7jw € [0, 27] for the fundamental phase angle (also see
the discussion below on Tker,j), however, the complete BB set can now be confined to
a p-dimensional generalized cube of size 2w. This encapsulated BB set on the new
domain has recently been studied by the authors’ group in [22, 9]. There are some
interesting features of BBs which are proven in [9]. The interested reader is referred
to that document.

DEFINITION 5 (spectral delay space). We name the p-dimensional space of Tw €
RP? the spectral delay space (SDS), as it is the domain of BB representation.

Determination of the Kernel and the Offspring. The explicit representa-
tion ACE(z) = 0 of (14) is, in fact, a class of holographic mappings from 7€ RPY
space to z € CP space. Every single 7 which renders an imaginary root for (2) creates
a corresponding z which is unique, and it satisfies (14). Inversely, however, for each
z that satisfies (14) one can find infinitely many equidistant 7 points but only one
single imaginary root, wi. Thus z <7 mapping is of “holographic” class [1].

Consequently, if one obtains the complete solution set Z as given in (15) it would
be sufficient to create the kernel and the offspring hypersurfaces we seek. For this,
one has to create the transition

Z—Ww—T
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as described in the proof of Theorem 1. The hypersurfaces created in 7€ RP* form
the complete set of hypersurfaces pyer | @of- The kernel is simply identified using
the pointwise feature, which selects the minimum positive delay set for any given w
root crossing frequency (or a solution vector z of (15)). In mathematical formalism
the kernel hypersurfaces are made of points defined by

2
(18) Teer = {minTip}, j=1...p, k=0,1,2,..., ogrker,j<§,

as indicated without details in section 1. Notice that the min operation in (18)
is componentwise applied to all p elements of the vector. And the remaining 7
values from (17) will create the points on the offspring hypersurfaces, and these points
correspond to the same w. In short, z —7y., correspondence is one-to-one; one point
in the BB corresponds to one point on the kernel hypersurface.

COROLLARY 1. The number of kernel hypersurface segments is upperbounded by

n2.

Proof. The proof is simply by recognizing the fact that the number of BBs is
upperbounded by n?. If we fix z1,...,2,-1 in (14), there can be at most n? unitary
solutions for z,. This fact implies that there can be a maximum of n? layers of the
BBs. One-to-one correspondence from these BBs to the kernel hypersurfaces results
in the conclusion that kernel hypersurfaces can have at most n? segments. 0

The numerical procedure with Kronecker summation for obtaining the kernel and
the offspring can be performed very efficiently. We will demonstrate this capability
in some example case studies next, with a companion treatment of the BB concept
and the SDS.

4. Example case studies.

Ezample 1. A case is borrowed from [23], with n = 3 and p = 2:

(19)
-1 135 -1 59 0 0 0 71 -70.3
A=| _3 1 _o |, Bi= 2 00], Bo=[0 -1 5
—9 _1 —4 2 0 0 0 O 6

The corresponding characteristic equation is

(20)
CE(s,m1,m) = 8 + 652 + 45.55 + 111 + (96.95 + 18.3)e~(m+72)s 4 (552 — 121.35+

20.1)e" 2% + (5.952 4 4.55 — 42.2)e 1% + (=65 — 203.4)e 2725 4 119.4e~ (M +272)s — ),

This quasi polynomial contains all types of complex formations of transcendental
terms, such as individual delays, their commensurate forms (e.g., e=27%), cross-talk
terms (e.g., e~ (M+72)% ) and both cross-talk with commensuracy (e.g., e~ (71 +272)s),
As it is accepted in the delay differential equations literature, such a formation
presents a very complex problem.

Using Theorem 1 ACFE is obtained as follows:
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21
2 1.702225 + 9.071325 + 40.7183z25 — 21.128225 — 40.178022

ACE(z1,22) = | —123.552520 — 34.0495 + 4.300825 ' + 50.19532, % + 7.243625° | 2§

+8.635125*
—9.212425 — 34.398225 — 164.072725 + 309.835725 + 308.83552% + 340.010422

+ | —93.5932 — 455.98172; 1 — 2.484325 % — 85.85152; % + 17.803725 2
—7.317925°
16.258725 4 19.995125 + 204.504425 — 883.949123 — 429.795623 4 26.937222
+ | +763.3490 + 964.93332; ' — 78.419125 % — 63.67482; % — 22.346525 ¢ 21
—37.639102, ° — 1.48832; °
—8.522728 + 45.905925 — 69.801625 + 773.764225 + 75.738023 — 631.032822
+ | —1340.0621 — 631.0328725 ' 4 75.738025 2 + 773.764225 % — 69.801625 * 23
+45.905925 % — 8.522725 6
—1.488325 — 37.6391025 — 22.346525 — 63.674825 — 78.419123 + 964.933322
+ | +763.3490 + 26.937225 1 — 429.795625 2 — 883.9491 25 4 204.50442; * 22

+19.99512;° 4 16.25872;°
—7.317923 + 17.803725 — 85.851525 — 2.48432% — 455.981722 — 93.5932
+ | +340.010425" + 308.835525 % 4+ 309.835725 % — 164.072725* — 34.398225° | 21

—9.21242;°

8.635125 + 7.243625 + 50.195323 + 4.300822 — 34.0495 — 123.55252,

+ .
—40.178025 % — 21.128225 4 40.71832z5 * 4+ 9.071325° + 1.702225 6

For a numerical algorithm to obtain the (21, z2) € C2 exhaustively, the following steps
are followed:

1. Select z, using a secondary parameter, 6, as zo = €%, § € [0, 27]; start with
0 =0.

2. With this value of 23, solve the roots of (21). Those roots with unity mag-
nitude will form the corresponding z; values. Obviously, there can be a
maximum of 6 such solutions which is less than n? = 9.

3. Substitute z; (for e=71¢%) and 2z (for e~™%%) into (20) and solve for w, the
imaginary spectrum of the system.

4. Then increase 0 by a desired resolution, Af, and repeat steps 1-3.

5. As 0 reaches 27 a complete set of imaginary spectra and the corresponding
kernel points (71,72) € pker are obtained using (17). The offspring g is
trivially generated using (17) again.

Notice that ACFE is a self-inversive polynomial with interspersed zeros on the unit
circle. Although not used here, this feature may be of some computational value in
future studies.

Further deployment of Postulates 1 and 2 of CTCR results in the stability robust-
ness tableau of Figure 1 against delay uncertainties. The stable regions are shaded,
and the number of unstable roots, NU, is shown sparingly on the figure. The stability
outlook matches with that of [23] precisely.
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FiG. 1. Kernel (red, thick) and offspring hyperplanes of Example 1.

Two main objectives of this example are the following:

1. To demonstrate that the extended Kronecker summation method coincides
with the earlier Rekasius-based determination of pye, and pog. Clearly both
of these procedures are serving for the initial step of the CTCR, paradigm.

2. To show substantial computational improvement by utilizing the Kronecker
summation method. The computation of kernel and offspring hypersurfaces
takes 0.7 seconds on a PC with Pentium-Centrino 2.13 GHz and 1 GB RAM,
as opposed to 19.2 sec as stated in [23] which is based on Rekasius substitu-
tion. We make a qualified remark that such CPU times can vary considerably
for various code writing styles. Nevertheless, we wish to give the reader a
comparative perspective.

Ezample 2. We take a challenging case with three delays (n = 2, p = 3) next:

0 1 0 0 0 0 0 0
Ao (S ) me (A S ) e (AY) me (5 0)

with the corresponding characteristic equation
CE(s,T1,T2,73) = 8> + 35+ 8+ (35 + 1)e ™ 4 (—s + 8)e™ ™% + 57 = (.

For this system the ACFE(z1, 22, z3) is trivial to obtain from (14), but it is not given
here to conserve space. For this example case study, we display in Figure 2 the BB in
the SDS, (Tiw, Tow, T3w). Notice that for each (21,22, 23) € C3 solution of ACE one
obtains a ((71, T2, 73),w) correspondence. The relation between z; and 7w, j = 1,2, 3,
is trivial:

Tjw = arg(z1), 0<arg(z) < 2.

The BB represents the complete kernel hypersurface set in the SDS. Every point on
the BB has an w root crossing frequency (which are not shown here), and the BB
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0
3

F1G. 2. BB representation of the system in Example 2.

traces the hypersurfaces with the following property:
{w|Tw € BB} =Q.

That is, the BB represents the complete kernel. For easier visualization, selected
cross-sections of Figure 2 are given in Figure 3 for 3w = 0, 7,7, and 377' The
offspring form by simple shift operations (by 27) in any of the three SDS coordinates
in accordance with (17); see Figure 3 (blue). The BB in Figure 2 can be transformed
into the (71,72, 73) delay space to create the ultimate kernel and offspring as shown
in Figure 4 for various levels of 73. The cross-sections of hypersurfaces with the 73 =
constant planes (the kernel and offspring hypercurves) are shown in red and black,
respectively. The stable regions are shaded. Notice several small regions of stability
(such as 71 = 1.5,79 = 0.2,73 = 2 or 1y = 2,75 = 0.4,73 = 2.5) which are easily
detected by the CTCR procedure. Computationally this operation is quite efficient.
Just to give an idea to the reader, each one of the frames in Figure 4 is obtained within
0.8 sec CPU time. Therefore, it is only a matter of computational capacity to create a
sufficiently dense cross-section of the kernel and the offspring even in the case of three
independent delays. Another study of the authors’ group, on a simpler dynamics with
three delays (without cross-talk), was also presented at a recent conference [28].

5. Conclusions. This paper presents the stability robustness of LTI systems
with multiple delays against uncertainties in delays. The main contribution is in the
utilization of some intriguing properties of the Kronecker summation of matrices. One
of them (the eigenvalue summation feature) yields a numerically efficient process for
determining the stability switching hypersurfaces, which are called the kernel and
the offspring hypersurfaces. This effort constitutes the initial step for the umbrella
paradigm, the CTCR, which, in turn, resolves the stability robustness of LTI systems
with multiple delays against delay uncertainties. Numerical efficiency improvement is
the main benefit of using the Kronecker summation property. A companion perspec-
tive, the BB representation, is also given for a three-delay example case study.
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;00 t3m=112

N TR &

8 10 12

B
1,0 e

F1G. 3. Cross-sectional outlook of the BB (red, thick) and the offspring (blue, thin) for various
values of Taw.

0]

F1G. 4. Cross-sections of kernel (red, thick) and offspring hypersurfaces (black, thin) for various
73 values. Stable regions (NU = 0) are shaded.
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Abstract. This paper is concerned with a continuous-time mean-variance portfolio selection
problem in a (possibly incomplete) market with multiple stocks and a bond. Only the past price
movements of the stocks and the bond are the information available to the investors. A separation
principle is shown to hold in this setting. Efficient strategies based on the aforementioned partial
information are derived, which involve the optimal filter of the stock appreciation rate processes.
The main methodological contribution of the paper is to employ the particle system representation
to develop analytical and numerical approaches in obtaining the filter as well as solving the related
backward stochastic differential equation.
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1. Introduction. In the Nobel Prize winning work [19], Markowitz proposed
the mean-variance portfolio selection model for a single investment period, where an
agent seeks to minimize the risk of his investment, measured by the variance of his
return, subject to a given mean return. The dynamic extension of the Markowitz
model, especially in continuous time, has been studied extensively in recent years;
see, e.g., Li and Ng [15], Zhao and Ziemba [30], Zhou and Li [31], Lim [16], Bielecki
et al. [2], and Xia [25]. (In particular, refer to Steinbach [23] and Bielecki et al. [2]
for elaborative discussions on the history of the mean-variance model.) In many
of these works, explicit, analytic forms of efficient portfolios have been obtained.
However, in all these works it is assumed that the driving Brownian motions are
completely observable by an investor, which in reality is more of an exception than
a rule. Practically, the investor can observe only the stock prices (including past
and present) on which he will base his investment decisions. This leads to the so-
called partially observed portfolio selection problem, and this paper aims to solve the
problem in the realm of mean variance. An important finding in this paper is that
the separation principle (for separating filtering and optimization) turns out to hold
in the mean-variance setting, which in turn greatly simplifies the problem. Another
main contribution of the paper is to employ the particle system representation, which
has been developed quite recently for solving stochastic partial differential equations
(SPDEs), to develop analytical and numerical approaches in obtaining the filter as
well as solving the related backward stochastic differential equation (BSDE).
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Asset allocation and asset pricing based on partial information under various
setups have been studied extensively in the financial economics literature; see, for ex-
ample, Lakner [14], Brennan and Xia [3], Xia [26], Rogers [22], Nagai and Peng [20],
and Yang and Xiong [27]. Detemple [4], Dothan and Feldman [5], and Gennotte [7]
established a separation principle. However, all these works are predominantly done
within the expected utility framework. (Refer to [2, 23, 30] for discussions on crucial
differences between the utility and mean-variance models.) Pham [21] considered a
mean-variance hedging problem for a general semimartingale model and proved a sep-
aration principle for a diffusion model (though it is not a multidimensional geometric
Brownian motion as in the present paper). Although in theory a mean-variance prob-
lem a 14 Markowitz can be formulated as a mean-variance hedging problem, there are
subtleties that must be considered such as the feasibility and the determination of the
Lagrange multiplier (see [2, 16]). Moreover, the analysis in [21] is rather involved due
to the martingale method employed, whereas here we will give a very direct, clean,
and short proof for a separation principle.

The rest of this article is organized as follows. In section 2, we formulate the
mean-variance portfolio selection model under partial information. In section 3, we
derive the innovation process associated with the filtering problem, which leads to
the separation principle. Section 4 studies the optimal filter in details for two cases.
Section 5 is devoted to the optimization part as well as the final solution to the
partially observed mean-variance problem. A numerical solution to a related BSDE
is presented, which is of independent interest.

2. The model. We consider a market consisting of d stocks and a bond whose
prices are stochastic processes S;(t), i = 0,1,...,d, governed by the following SDEs:

dS;(t) = Si(t) (,ui(t)dt Y 5ij(t)de(t)) . i=1,2,....d,
dSO(t) = So(t)uo(t)dt, t Z 0,

where W := (W1,. .., W,,)* is a standard Brownian motion defined on a filtered com-
plete probability space (2, F, P;{Fi}+>0); 1i(t), ¢ = 1,2,...,d, are the appreciation
rate processes of the stocks; po(t) is the interest rate process; and the d x m matrix
valued process Y(t) := (54(t)) is the volatility process. Here and throughout the
paper A* denotes the transpose of a matrix A.

Let

G i=0(Si(s): s<t, i=0,1,2,...,d), t>0.

In our model G;, rather than ftw (the filtration generated by W), is the only infor-
mation available to the investors at time ¢.
By It6’s formula, we have

(2.1) dlog S;(t) = <ui(t) — ;a“(t)> dt + i&ij(t)dwj(t), i=1,2,...,d,
j=1

where
m
aij(t) =Y Guw(t)5k(t), i, =1,2,...,d.
k=1

The following assumptions on the market coefficients will be in force throughout
this paper.
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Assumption (ND). For any ¢t > 0, the d x d matrix A(t) := (a;;(t)) is of full rank
a.s. (almost surely).
Assumption (BC). There exists a finite constant C' such that ¥V ¢ > 0, Vi, j,

‘5’1J(t)| S C a.s.

Assumption (IC). Efo po(t)? + [u(t)?)dt < oco.

Remark 2.1. In this art1cle we allow d < m as long as condition (ND) is satisfied;
in other words, the market itself is allowed to be incomplete. It is interesting to note
that, unlike the full information case, the incompleteness of the market does not
impose essential difficulty in the partial information case. This can be explained as
follows. In the classical model of incomplete market (with full information), there are
vast amounts of information available. Namely, one has to seek optimal portfolios
in the class of all F/V-adapted portfolios. When m > d, the number of available
stocks is fewer than that of the (independent) random factors and hence, some of
the market risks cannot be completely eliminated by composing an appropriate stock
portfolio. As a result, portfolio selection problems become harder than the case with a
complete market because some contingent claims cannot be replicated. In our current
setup, the available information comes only from the stocks themselves, and any other
information is not observable anyway. Therefore, the model is essentially complete,
as also will be evident in what follows, although the market is indeed incomplete in
the conventional sense.

It is easy to show that the quadratic covariation process between log S;(t) and
log S;(t) is given by fo a;;(s)ds. Therefore, the matrix valued process (a;;(t)) is G-
adapted. Let X(t) = (o4;(t )) be the square root of A(t). Then, o;;(t) is Gi-adapted,
i.e., it is completely observable. As we shall see in (3.5) below, the stock price S;(t)
satisfies an equivalent SDE which depends on o;;(t) instead of &;;(t). Moreover,
fo(t) = 4 log Sy(t) is also Gi-adapted. Therefore, we do not need to consider the
filtering problem for the stochastic interest rate and volatility processes.

However, the stochastic process p(t) := (u1(¢), ..., na(t))* is not necessarily G-
adapted and hence, its value is not available to the investors. Note that u(t), being a
very general process, does not need to be even F}V-adapted.

Denote by LE(O,T;R”) the set of R"-valued, G;-adapted processes f(t) with

IEfOT |f(t)|?dt < oo. (Similar notation L3,(0,T;R") can be defined for any filtration
H;.) LZ(0,T;R™) becomes a Hilbert space endowed with the norm || f 22 0,1y =
(B fy |F@®)Pdn?*.

We now define the class of admissible portfolios (investment strategies).

DEFINITION 2.2. A d-dimensional process u(t) = (u1(t),...,uq(t))* is an admis-
sible portfolio if u(t) € LZ(0,T;RY).

In the preceding definition, w;(t) represents the worth (dollar amount) of an
agent’s wealth in the ith stock, ¢ = 1,2,...,d. It is well known that under a so-
called self-financed portfolio, the wealth process of an agent, starting with an initial
wealth xg, satisfies the following wealth equation (see, e.g., [11]):

d(t) = (po(t)a(t) + S0, (a(t) — po(t))ui())dt

(2:2) + 3 S Gy (Du(t)dW(t), >0,
x(0) = xp.
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The partially observed mean-variance portfolio selection model is formulated as
the following optimization model:

Minimize  Var(z(T)) = E(z(T) — Ex(T))?

(2.3) u(t) is self-financed and admissible,
subject to (x(t),u(t)) satisfies (2.2) with initial wealth o,
Ex(T) = z,

where zg, 2z € R are given constants.

3. Separation principle. In this section, we consider the filtering problem as-
sociated with our model (2.3) and establish a separation principle. Specifically, we
define the innovation process for the filtering problem. Based on this process, we
will derive a Gi-adapted representation for the wealth process corresponding to any
self-financed admissible portfolio.

THEOREM 3.1. Under any self-financed admissible portfolio u(t), the correspond-
ing wealth process x(t) satisfies the following SDE:

(3.1)

{dm(t) = (2(Omo() + S () = o ()ualt)) dt + X o35 (Dus(D)dws (1), ¢ =0,
z(0) = zo,

where [1;(t) := E(u;(t)|Gt) is the optimal filter of p;(t), and the innovation process
v(t) = (v (t),. (t))* is a d-dimensional Brownian motion given by
1 -
(3.2) dv(t) := B(t) *dlog S(t) — B(t)~* (ﬁ( ) — §A( )>
where

S(t) = (S1(t),...,S4(t))*, logS(t) := (log Si(t), ..., log Sa(t))*,
() = (B (t), . a(t)",  and A(t) == (an1 (1), ., aga(®))".

Proof. From (2.1), we see that

t mo ot
1 -
log S;(t) — log S;(0) — / ( i(s) — Qaii(s)> ds = E / Gii(s)dW;(s), 1=1,2,...,d,
0 — Jo
J=1
are martingales with a quadratic covariation process fo s)ds = fo s)%ds. By the

martingale representation theorem, there exists a Standard Brownian motlon W =
(Wi,...,Wy) on (Q, F, P) such that

(3.3) Z& t)dW, (t Zam t)dW, (t i=1,...,d.
Thus,

d
(34) dlog Si(t) = (/J,i(t) - ;@n(t)) dt + Zdij(t)de(t), 1= 1, ey d.
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Equivalently, the stock prices satisfy the following modified SDE:

d
(35) dSt(t) = Si(t) ,u,'(t)dt + ZO’,‘j(t)de(t) s i=1,...,d.

j=1
Note that ¥(t) is invertible. Let S(t) be defined by
dS(t) == B(t) *dlog S(t).
We can write the observation equation (3.4) in the classical form (cf. (8.1.1) in [10]):

(3.6) S(t) = 8(0) + /0 ()L (,u(s) - ;A(s)> ds + W (t)

with the observation o-field G;. By Theorem 8.1.3 and Remark 8.1.1 in Kallianpur [10],
(v(t),Gy) is a d-dimensional Brownian motion such that o(v(u) —v(s): u>s>1t)is
independent of G;.

By (3.6) and (3.2), we get

(3.7) S(#)dW (t) = Z(t)dv(t) + (B(t) — p(t))dt.

The desired form of wealth equation (3.1) then follows from (2.2), (3.3), and (3.7). d

Remark 3.2. A notorious difficulty in tackling general stochastic optimization
problems with partial information is that one usually cannot separate the filtering and
optimization, except for some very rare situations. The significance of Theorem 3.1 is
that for the specific mean-variance portfolio selection problem, the separation principle
happens to hold: one can simply replace the appreciation rate with its filter in the
wealth equation and then solve the resulting optimization problem as in the complete
information case.

4. Filtering. In this section, we study the filtering problem (for the appreciation
rate process) by considering two cases associated with the volatility processes. The
aim is to study the optimal filter U(t) given by

(U@, f) =E(f(u®)IGe) ¥ f € Cp(RY).

4.1. Case 1: Nonrandom X. In this subsection we consider the case when
the original volatility process f](t) is a deterministic matrix valued function of ¢ and
() a d-dimensional Markov process (with a generator L) independent of . By
the definitions of X(¢) and W, where W is defined via (3.3), it is clear that 3(¢) is
also nonrandom and p(t) is independent of W. Then the filtering problem becomes
a classical one with the signal pu(t) and observation S(t) given by (3.6). In this case,
G =F7. )

Remark 4.1. By Theorem 8.3.1 in [10], every square integrable J;’-martingale
(and hence, in the present case every G;-martingale) Y; can be represented as

(41) Y, = E(Yp) + / B(s)"dv(s),

where ®(s) € szg (0,T;RY). This fact will be useful in Proposition 5.5 below in
establishing an optimal portfolio since H = AC(G) in this case (cf. Definition 5.1).
Namely, the market is complete in the sense of Definition 5.2.



PORTFOLIO SELECTION UNDER PARTIAL INFORMATION 161

In Kurtz and Xiong [12, 13], a large class of SPDEs, with the filtering equations
as a special case, and their numerical solutions are studied based on a technique
called the particle system representation. In this subsection, we demonstrate that
the particle system representation itself can be used to derive the filtering equations
directly. Note that the generator L of the appreciation rate process p(t) is not required
to be a second-order differential operator. In fact, even the continuity of p(t) in ¢ need
not to be assumed. It is also worth mentioning that the results in this and the next
subsections are not covered by those of [12, 13].

Introduce the following integrability condition:

(4.2) /0 '

Applying Girsanov’s formula to (3.6) and noting that u and W are independent,
under the probability P defined below, we get that S(t) is a Brownian motion inde-
pendent of p(t), where dP = M (T)dP with

2
ds < 00 a.s.

(o1 = 37 ) 506

o) s= exp( [ (o) = 34067 ) 506) 506

L (o~ ) 51| o).

By the Kallianpur—Striebel formula, we can represent the optimal filter U(t) as

(4.3) {Ut), f) =
where for f € Cy(R?),

(V(t), )y :==E (M) f(1(t))|Gr)

is the unnormalized filter. Here E refers to the expectation under the new probability
measure P.

LEMMA 4.2. Suppose that p(t) is a d-dimensional Markov process (with generator
L) independent of W satisfying (4.2). Then, V(t) is represented as

(4.4) (V(®),f) = lim — ZMZ ) (1 (1)),

where pt(t), u2(t), ... are independent copies of u(t) and

Mi() = exp (/Ot (,ﬁ % ) )~1dS(s
(4.5) f% /O t

Proof. Note that

(4.6) dM(t) = Mi(t) (,ﬂ(t)* - ;A(t)*) S(¢)~LdS ().
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Denote by X the collection of all those processes u(t) satisfying (4.2) and by
Y the collection of all measurable R2%-valued random vectors. Then X and ) are
measurable spaces. For y’ € X, the SDE (4.6) has a unique strong solution. Therefore,
for each fixed ¢ € [0,7T] there is a measurable functional F; : C([0,T],RY) x X —
Y such that (ui(t), M*(t)) = Fi(S,pu’). As a consequence, under the conditional

probability P(-|F2), (1 (t), M?(t)) is completely determined by u?, i = 1,2,.... Since

S, b, 42, ... are independent, the strong law of large numbers yields
RS i i = S
(4.7) Jim = ST £ (1) = B (MO F(u(0)|F)
=1

Since F = Gy, we obtain (4.4). O

Now we derive via It6’s formula and (4.4)—(4.5) an SPDE for the unnormalized
filter V(t). Let u’(t), i = 1,2,..., be as in Lemma 4.2. It is well known (see the
standard textbooks of Ethier and Kurtz [6] or Stroock and Varadhan [24]) that there
are independent martingales N}(t) such that

(4.8) df(u'(t)) = Lf (' (t))dt + dN}(¢), f € D(L),

where D(L) is the domain of L.
Applying 1t6’s formula to (4.6) and (4.8), we get

AN £ (1)) = M(2) (L ()t + AN (1)
a7 o) ( (w0 - 3 ) 5.

Taking an average for ¢ = 1,2,...,k, letting k — oo, and applying Lemma 4.2, we see
that V' (¢) satisfies the following Zakai equation:

(4.9) d(V(1), ) = (V(£), Lf) dt + (V(t), G f) dS(2),

where

A(t)*) =(t)L.

N =

610 = ) (u -
Making use of (4.3), by It6’s formula, we have

AU ), f) = (U (), Lf) dt
(U ), Gy = (U (1), Gy U (), ) (aS(8) - U1), Go)at).

0

Note that

w6 = ( (uo” - 30°) s

) = A ) =0

1
2
Hence (3.2) can be rewritten as

dS(t) — (U(t), Gy1) dt = du(t).
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Therefore, U(t) satisfies the following Fujisaki-Kallianpur—Kunita (FKK) equation:

(410)  d{U(), f) = (U(t), Lf) dt + (U, Go f) = (U (1), G 1) (U(2), f)) dv(2).

Remark 4.3. Since L is not necessarily a second-order differential operator, which
was used heavily in [12] in proving that an SPDE of the form (4.10) has a unique strong
solution, we cannot establish such a property for a general L by the same argument

n [12]. However, by Theorem 9.1 in [1], under suitable conditions, the solution to
(4.10) is indeed unique.

Next, let us discuss the numerical implementation of the preceding filter. Recall
that pl(t), p%(t), ... are independent copies of u(t). For § > 0, let ns(t) := j6 for
j6<t<(j+1)8, 7=0,1,.... We approximate M*(t) by the Euler scheme:

() = e | t (o) = FA0as(6)" ) 5060 a8

1 t
_5/0

Define

n

<V”"S(t),f> — %ZMé’i(t)f(Mi@)) and (V"(t), f):=

i=1 i=1

We then combine both approximations by using V" := yrl/nt2 g approximate the
unnormalized filter, where a > 0 is given in (4.11) below.

Although we did not assume the sample path continuity of wu(t), we need some
kind of continuity in the sense of moments. We assume that |X(¢)7!| < K and with
some a > 0,

(4.11) E (|u(t) = u(s)[?) < |t = s|*.

For example, if u(t) is a compound Poisson process, then (4.11) holds with o = 1.
Let R? be the one-point compactification of R?. Then Cy(R9) is a separable
Banach space. Let Mp(R%) be the space of finite Borel measures on R, and let d be
a distance defined on M r(R?) whose topology coincides with the weak convergence
topology. More precisely, let {fx} C C}(R?) be a dense subset of Cj,(R?). We define

oo
vi — Vo, fi)l =
d(vi,v2) Z I 2k||fk|]L , vi,v2 € Mp(R?),
=1

where

1fllz = sup |£(@)] + sup W‘j@)' f € C} (R,

zER z,yERI |.’L‘ - |

THEOREM 4.4. Suppose that |%(t)~!| < K and (4.11) holds. Then, for each fived
t, there exists M > 0, such that ¥ n,

(4.12) E (d(V™(1), V(1)) <

EE
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Proof. By the conditional independence, it is easy to show that V f € Cy(R?),

a(TPIfI

n

B (v -V, f?) <
Next we note that
S
<2 [ B[ (W - JAse ) 26 - (w6 - A6 5™

T
+T/ E
0

S CQ(T)(SQ.

Let d be the Waserstein metric on M p(R%), namely,

d(vi,v2) i= inf {[(v1 — v, f)] : |f(2)] <1V, |f(z) = f(y)| < |z —y| Va,y}.
Then

n

(V™o (t), V(1))
1

< =Y (M) v M) (| (1) — i (1)] + [log MO (1) —log MP (1)) -
=1

3

Thus
Ed(V™3(t), V() < es(T)6%.
It is clear that d < d. So

E (d(V"(1), V(2)))

1/2a

IN

Ed(V™Y/™ 7" v (t) + BV (1), V(1))

c n,1/2a o CI(T) _ Cd(T)

4.2. Case 2: Random X. In this subsection we discuss a case when the volatil-
ity is a random process with the following structure: o(t) is a function of u(t) plus a
white noise, namely,

IN

(4.13) doij(t) = hV (p(t)dt +dBY(t),  1<i<j<d,

where B¥(t), 1 <i < j < d, are independent Brownian motions. Note that the inde-
pendence assumption is imposed for ease of presentation only. In fact, the arguments
below remain valid if we replace the d(dT'm—dimensional Brownian motion (B¥(t),
1 < < j <d) with a linear transformation of this process.

In this case, we have a classical filtering problem with observations S(t) and

Y (t) = (04;(t)) given by (3.6) and (4.13), respectively. Then

Biy(t) = oy () = [ (U(s).17) s

are Brownian motions adapted to G; and are independent of v(t). Namely, ¥(t) :=
(Byj(t), v(t); 1 < i < j < d) forms the (@ +d)-dimensional innovation process for
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the filtering problem. The FKK equation can be derived similarly to the arguments
as in subsection 4.1 leading to (4.10). Namely, we need only replace v(t) and (p(t) —
TA@®)" S~ with &(t) and (hy(u(t), (ut) — 3A®)' S, 1 <i < j < d),
respectively. The numerical scheme can also be given by employing a similar method
from subsection 4.1. We leave the details to the interested reader.

Remark 4.5. The condition (4.1) does not hold for the present model. In fact,
Bij (t) is a Gi-martingale independent of v(t); hence, it cannot be represented as the
stochastic integrals with respect to v(t).

5. Optimization. In this section, we derive the optimal strategy of the partially
observed mean-variance problem (2.3) in three steps. First, we derive from (3.1) a
constraint on the terminal wealth 2(T). Then, we solve a static optimization problem
under this constraint to find the best terminal wealth, z*(T). After that, we show
that there is a portfolio such that z*(T) is its terminal wealth. Finally, we give a
numerical scheme in solving the BSDE involved in deriving the optimal portfolio and
prove the convergence of the proposed scheme.

5.1. The optimal value of x(T). Let

(1) :exp( / (s — 3 / L) ((5) — o) s)

1,7=1
2

ds) ,

where, with an abuse of notation, o 1(s5) denotes the ijth element of X(s)~!. Denote

i (8)(fi(s) = po(s))

d
(5.1) 0,(0) = D0 o () (1) — reo(t).
By Ito’s formula, we get
d
(5.2) Ap(t) = —p(t)o(t)dt — 3 p(0)0; (00w (1), p(0) = 1.

Applying It6’s formula to (5.2) and (3.1), we have
d d
(5.3) d(z(t)p Z 045 (t)ui (t)dv; (t) Zp (t)dv;(t).
i,j=1 j=1
Therefore, z(t)p(t) is a G;-martingale and hence,
a(t) = p(t) ' E(p(T)z(T)|Gr)-
In particular, taking t = 0 we have
(5.4) E(p(T)2(T)) = 2(0) = zo.

DEFINITION 5.1. A contingent claim v € H := L?(Q, Gr, P) is called attainable
if there is ®(s) € Lg(0,T;R?) such that

T
vp(T) = E(vp(T)) +/O O(s)*dv(s).
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Denote the collection of all attainable contingent claims by AC(G). It is easy to
see that AC(G) is a subspace of H. Denote by Hj the closure of AC(G).

DEFINITION 5.2. The market is complete if AC(G) = H.

Remark 5.3. If ¥(t) is nonrandom as in subsection 4.1, then the market is
complete.

Now we seek

. in E(v — 2)°
(5.5) min E(v — 2)

subject to constraints
(5.6) Ev=2z and E(p(T)v) = xo.

THEOREM 5.4. Let a and 3 be the orthogonal projections on Hy of 1 and p(T),
respectively. Then the optimal solution to the optimization problem (5.5) under con-
straint (5.6) is given by

(Z <ﬁ> ﬁ>H — Zo (a, ﬁ>H) o+ (_Z <a7 /6>]HI + Zo <a’ a>H) ﬁ

(5.7) v = :
<0‘>0‘>H <Ba ﬂ>H - <a7ﬂ>H

Proof. Note that
E(v — 2)?> = E(v — za)? + 2°E(1 — a)?.
So, the optimization problem becomes

: _ 2
min [lv — zoflg

subject to constraints
(5.8) (v,)g =2 and (v, B)y = xo.
Using Lagrange multipliers, we define
Fv, A1, A2) i= |lv — zal|f — 20\ ((v, @)y — 2) — 2X2((v, By — T0), (v, A1, A2) € H x R%
Taking the Fréchet derivative and setting it to be zero, we have
2(v — za) — 2 a0 — 2X28 = 0.
This implies
v =za+ Aa+ A .

Plugging the above into the constraints (5.8), we obtain the values of A1 and A2, which
lead to (5.7). 0

5.2. Replicate v. In this subsection, we seek the wealth process x(t) which
satisfies (3.1) and «(T) = v, where v € Hj is given by (5.7). Namely, we seek a
solution to the following BSDE:

(5.9)

{dﬂﬂ(t) = ()0 (1) + X5 (15 (1) = po(t) uy (1) dt + 305y 0 (Vs () (1), 0<E<T,
x(T) = v.
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Let
d
Zi(t) = oij(t)us(t).
i=1
Then
d
(5.10) wi(t) =30 (0 Z5(0)
and (5.9) becomes
(5.11)
{duw=@@mw+zﬁ&mwmnﬁ+z?¢mmmww&tSﬂ
z(T) = v.

If 7 = G, then (5.11) is the usual BSDE whose solution exists, assuming that 1 (t)
and 0, (t) are essentially bounded (cf. [28]). However, it is well known that, in general,
F{ # G

Now we prove the existence of a unique square integrable solution for the BSDE
(5.11), under the following additional condition.

Assumption (UB). For some 6 > 0, A(t) > I a.s., almost every ¢t > 0, and po(t)
and p(t) are essentially bounded.

Under this assumption, 6;(t) is also essentially bounded.

PROPOSITION 5.5. If v € Hy, then (5.11) has a unique Gi-adapted, square inte-
grable solution (x(t), Z;(t), j =1,2,...,d).

Proof. If (z(t),Z;(t), 7 = 1,2,...,d) is a G-adapted, square integrable solution
to (5.11), as in (5.3), we have that

d t d
aMWFm+ZAM$@)mmM%dMMOM®

is a G;-local martingale. Hence, there is an increasing sequence of G;-stopping times
{mn} with 7, — T as n — oo such that for each n,

r(t A1)p(t A7) = E(x(T A1) p(T A7) |Ge)-
For any fixed ¢ € [0,T],

2t ATR)p(EAT,) < sup x(s) sup p(s),
0<s<T 0<s<T

whereas the right-hand side of the above is a square integrable random variable
by virtue of the Cauchy-Schwarz inequality and the standard L? estimation on the
supernorm of the solutions to SDEs. Hence, we obtain by the dominated convergence
theorem that

z(t)p(t) = E(z(T)p(T)|Ge).

Namely,

(5.12) z(t) = p(t) "E(vp(T)|Gr).
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This implies the uniqueness of the solution.

To prove the existence we first assume that v € AC(G). We show that x(t) given
by (5.12) is a solution to (5.11). As v € AC(G), vp(T) is square integrable in view of
Definition 5.1, and we have the representation

d t
(5.13) E(vp(T)|G:) = E(vp(T)) + ) /0 @7 (s)dv;(s),
j=1

where each ® is square integrable. Define
(5.14) Zi(t) == x(t)0;(t) + pt) '@ (t), 0<t<T.

By It6’s formula, it is easy to show that (z(t), Z(t)) = («(t),Z;(t), j = 1,2,...,d)
satisfies (5.11). Moreover, a stopping time argument exactly as in [28, pp. 352-353]
establishes the square integrability of (z(t), Z(t)).

Next, let v € Hy. Then there is a sequence {v,} C AC(G) such that v, — v in
H. By the above proof there is a unique square integrable solution (z,,(t), Z,(t)) to
(5.11) with x,(T) = v,,. Moreover,

T
upE [ (foa(t) +12, ()it < K supEJun < +ocs
n 0 n

see page 349, Theorem 2.2 in [28]. This implies that (x,(t), Z,(t)) is a bounded se-
quence in LZ (0, T; R4™). Hence there is a subsequence (still denoted as (z,,(£), Zn (%)),
along with (z(t), Z(t)) € LZ(0,T; R¥1), so that

(20 (8), Za(t) — (@(t), Z(t)) weakly in L3 (0, T;R*).

By Mazur’s theorem there is a sequence (&, (t), Zn(t)), each element of which is a
convex combination of those in {(x,(t), Z,(t))}, so that

(#n (1), Zy(t)) — (x(t), Z(t)) (strongly) in LZ(0, T; R,

Since (5.11) is a linear equation, by a standard technique we conclude that (z(t), Z(t))
is a square integrable solution to (5.11). ad

Summarizing, we get the following.

THEOREM 5.6. For every z, there exists an optimal portfolio to the mean-variance
problem (2.3), which is a self-financed, admissible portfolio replicating v given by (5.7).
Moreover, this optimal portfolio u(t) is given by (5.10) and the corresponding optimal
wealth process is x(t), where (x(t),Z;(t), j = 1,2,...,d) is the square integrable
solution to (5.11).

So solving our partially observed mean-variance problem boils down to solving
the BSDE (5.11). Numerical solutions to some classes of nonlinear BSDEs have been
developed lately [29, 8]. However, in those works the drift coefficients of the BSDEs
are assumed to be deterministic functions. In our model, the coefficients po(t) and
0;(t) are random in general. To the best of our knowledge, solving such a BSDE
numerically remains open. In the next subsection, we shall give a numerical solution
to this BSDE based upon the constructive proof of the last theorem.
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5.3. Numerical solution. In this subsection, we assume that the market is
complete (see Definition 5.2) and seek a numerical solution to (5.11). By virtue of the
constructive proof of Proposition 5.5 the solution is given by (5.12) and (5.14). We
now propose a numerical scheme to approximate (5.12) and (5.14).

To start with, note that as the market is complete, « = 1 and § = p(T). By
(5.7), we get

B xg — zEp(T)

As in the proof of Proposition 5.5, the key to solving (5.11) is the martingale represen-
tation of the G;-martingale E(p(T)v|G;). We will establish a particle representation
for this martingale.

Let (61,21), (62,12), ... be independent copies of (6, v) which appeared in (5.2).
Now we define pi(t,t'), t,#' > 0, in two steps. First, for t < ¢/ let p'(t,t') := p(t)
which is given by (5.2). Second, for t > t', let p'(t,t') be given by (5.2) with (b,v)
replaced by (b, 1%):

d

(5.16)  dp'(t,t') = —p'(t, ) po(t)dt =Y p'(t, )05 ()dvi(t), p'(t,t)) = p(t).

=1
Let v*(T, t) be given by (5.15) with p(T) replaced by p*(T\t):

xo — zEp(T)

Nar(p(T)) (p'(T,t) — Ep(T)).

(5.17) V(T t) = 2 +
THEOREM 5.7. Let v be given by (5.15). Then
s ;
5.18 E(p(T = lim — (T, t)v' (T, t).
(5.1) (701G = lm 1S T, 020

Proof. Note that the SDE (5.16) has a unique strong solution. Therefore, there
exists a measurable functional F; r such that

(P (T, ), 0" (T, ) = Fyr(0lj0,0, Vljo,e, 0.1y V'l e.m))-

Note that (@(t),v(t)) are Gi-measurable. Further, as discussed in section 2, ai;l(t)
and po(t) are also Gi-measurable. Thus, 6(¢) defined by (5.1) is G;-measurable and

we have
(P (T, 1),v") = G0 (S0, 0 e, V' |.77)

for a measurable functional G; 7. By the independence of S| 4, (0i|[t,T], Vi|[t7T]),
i =1,2,..., it follows from the strong law of large numbers under the conditional
probability (given G;) that (5.18) holds. 0

For notational simplicity, we now assume d = T = 1. Denote the process in (5.18)
by N(t). By (5.13), we have
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(N, v), = /Oti)(s)ds

which can be approximated by (cf. Jacod and Shiryaev [9, Theorem 1.4.47])

m

(N(tg) = N(tg—1)) (v (te) — v(te-1).
k=1

Based on the above, we now approximate ® by piecewise constants, i.e., approximate
® on (%, Ly

n

k—1 ] k—1 — 1
(5.19) X V(—Fj) —1/( +]>>,
n mn n mn
1,2,...

where m = m,, is to be chosen later.

LEMMA 5.8. For 1 < p < 2, we have

(5.20) E

for any € > 0, where ¢ depends only on p.

Proof. Let

k—1 —1 k—1 —1 k—1 ]
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k

o" (i) _ n/ ®(s)ds

k

For p € (1,2), by Doob’s inequality, we have
o )
s%mm<kﬂ{@@%Wﬂ—ﬂﬂmf+aww—Nww»ﬂm>

< ¢pnPE (/” fb(t)zdt> su
k=1 k—lS

+ enPE < /; (N(t) — N(w(t)))zdt>

n

< epn” (E/Cl ‘I)(t)th> (E sup A(V(t) - V(W(ﬂ))%)

n

+epn? (IE /; (N(#) - )

Note that for independent, identically distributed (i.i.d.) normal random variables &;

(M)

3=

)

with mean 0 and variance o2, we have
€ m €
E sup &< (E sup ff/6> < Eng/e < cmo?
1<i<m 1<i<m P

for any € > 0. Thus

(vap(Wﬂ—WﬂmV%> <

E /flwm N(r(e)2dt = / /ﬂ(t) Vs

k— 1+ ]
— 2
_]EZ/ i ﬂ i D(s)°dsdt
< 1 <I>(t)2dt.
nm k=1

Equation (5.20) then follows easily. 0

Next we need to approximate N (ké), k = 0,1,...,mn, where § = i To this
end, we need to approximate p(t,t') by time-discretization. Recall that pi(t,t') is
given by (5.2) for t < ¢ and (5.16) for t > ¢'.

For j <k, let

PO (56,k8) 1= p' (G = 1)6,k8) = p'((5 = 1)8, kd)no((j = 1)8)8
=p'((5 = 1)8,k8)6((5 = 1)6) (v(j8) — v((j = 1)8)),
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with p*°(0, ké) := 1. For j > k, let

P10 (56, k) = p'((j = 1)8, k6) — p'((j = 1)8, k)po((j — 1)8)8
=p'((5 = 1)8,k8)0((5 — 1)6) (v (56) = V(4 = 1)9))-

Let

v (T, k6) = 2 + m(pi’é(ﬂ ké) —Ep(T)),
and
(5.21) N™8(k6) = % Zn: PO (T, k6)v™S (T, k).

i=1

Now, in view of (5.14), we define

b 2y CT)I (gn @ﬂ) A ([r;ﬂ) ot ([Zﬂ» ,

where 6 = ﬁ (with m,, suitably chosen), ®™° is defined as in (5.19) for ®" with N

replaced by N™?, the approximate #” and p™ of § and p can be defined by the same
method as in section 4.1 such that V 3 > 1,

(5.23) ]EO;E)T " <[nnt])_1 o CT) N™S (%t]) —p(t)"tO(t)N(t) ’ — 0,
and
(5.24) EO;I:ET " ([Zt]yl —pt)! ’ — 0.

Finally, we define the approzimate portfolio by
u(t) = S(t) 12 (t).
Since we do not know the continuity of ®(s), we cannot obtain ®"(s) — ®(s)
(cf. (5.23)). Therefore, it is not clear whether u™(t) — u(¢). However, we have the
convergence of their corresponding terminal wealths.
THEOREM 5.9. Suppose that E(|lvp(T)|?) < co. Then
(5.25) Elz™(T) —z(T)| — 0 asn — oo.

Proof. For simplicity of notation, we assume () = 0. Then by (5.11), we have

E|e™(T) — 2(T)| < CE/O 07 (£) 27 () — 0(8) Z(1)|2dt

1/2
+cE (/T |Z™(t) — Z(t)zdt> .
0
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We estimate only the second term (the first can be evaluated similarly). Note that

by (5.22) and (5.19),
o ([”n“)o () e (21— oo

o ([”n“) o (1) = ottt

By (5.23), the first term on the right-hand side of the above inequality tends to 0.
Note that

1Z27(t) = Z(1)] <

+

[/ T -2 2 \2
+E (/ " <[nt]> —p(t) 2| @™ <[nt]> dt)
0 n n
[ 1 n k k 2 %
+E || - o™ — ) — /n ®(s)ds| su )2
29 (%) [, ®s| s ot
VERT k ? :
+E Z/ O(t) —n/ ®(s)ds| sup p(t)~2
k=17 "5 o OSE=E

The convergence of the first term follows from similar arguments in subsection 4.1,
that of the second term from (5.24), and that of the fourth term from the same
arguments as in the proof of Lebesgue’s continuity theorem; namely, first approximate
® by uniformly continuous functions and then prove the conclusion for such functions.
Finally, the third term is dominated by

v (5) - [ aons

< (E; o (’;) —/ B(s)ds

<ecn (m“p + ngmfp)

sup p(t)~!
0<t<T

P\ p=1
p P
) (e
0<t<T

E max
1<k<n

which converges to 0 if we take m = n” with 8 > max( 1257 ). O

Remark 5.10. It follows from (5.25) that Ez™(T') — Ex(T). However, it is not
clear whether Var(z™(T')) — Var(x(T)). To achieve this, we need a higher moment

(in p) in (5.20) for which we require fOT ®(s)?ds to have a higher moment. To be
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precise, if we assume that vp(T) has a moment of order p’ > 2, then
T p'/2
E / ®(s)%ds < 0.
0

The proof of (5.20) can be adapted for 2 < p < p’ and, hence, (5.25) can be strength-
ened to

E (|2™(T) — z(T)|*) — 0.

In this case we get the convergence of both Ez"(T') and Var(z"(T)).

Remark 5.11. If the market is not complete, the numerical approximation of this
section remains valid if we replace 1 and p*(T,t) with their projections o and 3° on
Hy (i.e., use the formula (5.7) instead of (5.15)). However, it remains open how to
calculate o and 3* numerically.

Acknowledgments. The authors thank the associate editor and two anonymous
referees for constructive comments that have led to an improved version.

REFERENCES

[1] A. G. BHATT, G. KALLIANPUR, AND R. L. KARANDIKAR, Uniqueness and robustness of solution
of measure-valued equations of nonlinear filtering, Ann. Probab., 23 (1995), pp. 1895-1938.
[2] T. R. BIELECKI, H. JIN, S. R. PLiskA, AND X. Y. ZHou, Continuous-time mean-variance
portfolio selection with bankruptcy prohibition, Math. Finance, 15 (2005), pp. 213—-244.
[3] M. J. BRENNAN AND Y. XIA, Assessing asset pricing anomalies, Rev. Finan. Stud., 14 (2001),
pp. 905-942.
[4] J. B. DETEMPLE, Asset pricing in a production economy with incomplete information, J.
Finance, 41 (1986), pp. 383-391.
[5] M. U. DOTHAN AND D. FELDMAN, Equilibrium interest rates and multiperiod bonds in a par-
tially observable economy, J. Finance, 41 (1986), pp. 369-382.
[6] S. N. ETHIER AND T. G. KURTZ, Markov Processes: Characterization and Convergence, Wiley,
New York, 1985.
[7] G. GENNOTTE, Optimal portfolio choice under incomplete information, J. Finance, 41 (1986),
pp. 733-746.
[8] E. GOBET, J.-P. LEMOR, AND X. WARIN, A regression-based Monte Carlo method to solve
backward stochastic differential equations, Ann. Appl. Probab., 15 (2004), pp. 2172-2202.
[9] J. JAacoDp AND A. N. SHIRYAEV, Limit Theorems for Stochastic Processes, Springer-Verlag, New
York, 1987.
[10] G. KALLIANPUR, Stochastic Filtering Theory, Springer-Verlag, New York, 1980.
[11] I. KARATZAS AND S. E. SHREVE, Methods of Mathematical Finance, Springer-Verlag, New York,
1998.
[12] T. KurTrz AND J. XIONG, Particle representations for a class of nonlinear SPDEs, Stochastic
Process. Appl., 83 (1999), pp. 103-126.
[13] T. KURTz AND J. XI1O0NG, Numerical solutions for a class of SPDEs with application to filtering,
in Stochastics in Finite and Infinite Dimension: In Honor of Gopinath Kallianpur, Trends
Math., T. Hida, R. Karandikar, H. Kunita, B. Rajput, S. Watanabe, and J. Xiong, eds.,
Birkhauser Boston, Boston, MA, 2000, pp. 233-258.
[14] P. LAKNER, Optimal trading strategy for an investor: The case of partial information, Stochas-
tic Process. Appl., 76 (1998), pp. 77-97.
D. Lt AND W. L. NG, Optimal dynamic portfolio selection: Multi-period mean-variance for-
mulation, Math. Finance, 10 (2000), pp. 387—-406.
[16] A. E. B. LiM, Quadratic hedging and mean-variance portfolio selection with random parameters
in an incomplete market, Math. Oper. Res., 29 (2004), pp. 132-161.
[17] R. S. LIPTSER AND A. N. SHIRYAEV, Statistics of Random Processes, I, General Theory, 2nd
ed., Springer, New York, 2001.
. MA, P. PROTTER, AND J. YONG, Solving forward-backward stochastic differential equations
ezplicitly—a four step scheme, Probab. Theory Related Fields, 98 (1994), pp. 339-359.

(15]

(18]

(-



[19]
20]

[21]
[22]
23]
[24]
[25]
[26]
[27]
28]
[29]

(30]

(31]

PORTFOLIO SELECTION UNDER PARTIAL INFORMATION 175

H. M. MARKOWITZ, Portfolio selection, J. Finance, 7 (1952), pp. 77-91.

H. NAGATI AND S. PENG, Risk-sensitive dynamic portfolio optimization with partial information
on infinite time horizon, Ann. Appl. Probab., 12 (2002), pp. 173-195.

H. PHAM, Mean-variance hedging for partially observed drift processes, Int. J. Theor. Appl.
Finance, 4 (2001), pp. 263-284.

L. C. G. ROGERS, The relazed investor and parameter uncertainty, Finance Stoch., 5 (2001),
pp. 131-154.

M. C. STEINBACH, Markowitz revisited: Mean-variance models in financial portfolio analysis,
SIAM Rev., 43 (2001), pp. 31-85.

D. W. STROOCK AND S. R. S. VARADHAN, Multidimensional Diffusion Processes, Springer-
Verlag, Berlin, 1979.

J. X1A, Mean-variance portfolio choice: Quadratic partial hedging, Math. Finance, 15 (2005),
pp. 533-538.

Y. X1A, Learning about predictability: The effects of parameter uncertainty on dynamic asset
allocation, J. Finance, 56 (2001), pp. 205-246.

Z. J. YANG AND J. XIONG, Mazimizing the expected utility from terminal wealth with partial
information and the valuation of information, submitted.

J. YonGg AnND X. Y. ZHOU, Stochastic Control: Hamiltonian Systems and HJB Equations,
Springer, New York, 1999.

J. ZuANG, A numerical scheme for BSDEs, Ann. Appl. Probab., 14 (2004), pp. 459-488.

Y. G. ZHAO AND W. T. ZIEMBA, Mean-Variance versus Expected Utility in Dynamic Investment
Analysis, working paper, Faculty of Commerce and Business Administration, University of
British Columbia, Vancouver, BC, Canada, 2000.

X. Y. ZHou AND D. Li, Continuous-time mean-variance portfolio selection: A stochastic LQ
framework, Appl. Math. Optim., 42 (2000), pp. 19-33.



SIAM J. CONTROL OPTIM. (© 2007 Society for Industrial and Applied Mathematics
Vol. 46, No. 1, pp. 176-209

PARTIALLY OBSERVED INVENTORY SYSTEMS:
THE CASE OF ZERO-BALANCE WALK*

ALAIN BENSOUSSANT, METIN CAKANYILDIRIM?!, AND SURESH P. SETHI?

Abstract. In many inventory control contexts, inventory levels are only partially (i.e., not
fully) observed. This may be due to nonobservation of demand, spoilage, misplacement, or theft
of inventory. We study a partially observed inventory system where the demand is not observed,
inventory level is noticed when it reaches zero, the unmet demand is lost, and replenishment orders
must be decided so as to minimize the total discounted costs over an infinite horizon. This problem
has an infinite-dimensional state space, and for it we establish the existence of a feedback policy when
single-period costs are bounded or when the discount factor is sufficiently small. We also provide an
approximately optimal feedback policy that uses a finite state representation.

Key words. stochastic inventory problem, partial observations, the Zakai equation, lost sales
AMS subject classifications. 90B05, 93E20, 93C41, 90C39
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1. Introduction. Inventory control is among the most important topics in op-
erations research because of large investments in inventory and their effect on the
profitability of the firms. In 1999, for example, the investment into the inventory by
U.S. businesses alone amounted to 1.1 trillion dollars [31]. Because of the importance
of inventory control decisions, there has resulted an extensive literature on the topic
[3, 31]. For the motivation of our research, one of the critical assumptions in the vast
inventory literature, dating back to at least the Harris lot size model of 1913 [17],
has been that the level of inventory at any given time is fully observed. Some of the
most celebrated results, such as the optimality of the base stock policy [1], have been
obtained under the assumption of full observation. Yet the inventory level is often not
fully observed in practice, as elaborated below. In such cases, most of the well-known
inventory policies are not even admissible, let alone optimal.

The study of systems with partially observed inventories is important in many
real-life situations. We shall introduce some of the possible instances where inventories
can only be partially observed by the inventory manager (IM).

Transaction errors. Unintentional mistakes happen from time to time during
inventory transactions. Some of these transactions are inventory counting, receiv-
ing, checking out at the cash register, etc. An example is checking out at a grocery
store. If a customer buys two types of different soups each at the same price, the
sales clerk often scans only one soup type twice. A similar example with different
types of yogurts can be found in Raman, DeHoratius, and Ton [26]. In such cases,
the recorded inventory levels of the items involved will differ from their actual levels.
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When stock-keeping units are discrete, it may be possible to eliminate counting er-
rors. On the other hand, when they are not discrete, such as oil in a refinery, exact
measurements are difficult to obtain. While measurement errors cause inventory to
be not fully observed, it is often the mistakes in reporting transactions that lead to
partial observation of inventories. Raman, DeHoratius, and Ton [26] report a retailer
who has inaccurate inventory records for 65% of its stock-keeping units. It is roughly
estimated that the retailer loses 10% of its current profit due to these inaccuracies.
They go on to say: “[this particular retailer] is not an isolated case; this [inaccuracy]
problem is common at other retailers.” Common use of modern information tech-
nology tends to reduce transaction errors. However, as pointed out by Axséter [3],
deployment of big-ticket computer technology is not always economically feasible.

Misplaced inventory. When a part of the inventory on hand is misplaced, it is
not available to meet a demand until it is found. Often the misplaced inventories are
not immediately found, and thus they remain unobserved to the IM. This causes the
total inventory that is available to meet the demand to become partially observed.
Misplaced inventory can be quite large and have a significant impact on the bottom
line. Tt is reported in [26] that customers of a “leading retailer” cannot find 16% of
the items in the stores because those items are misplaced. Misplacement of the items
reduces the profit by roughly 25% at this retailer.

Misplacement is more likely when the location of items in storage is altered dy-
namically. According to [3], “It is easier to keep the records accurate if the items have
fixed locations. On the other hand, this can lead to inefficient space utilization. By
dynamically locating items, the same item can be stored in more than one location.”
The recent trends in supply chain management such as crossdocking (see, e.g., p. 412
of [13]) also cause dynamic locations.

Misplaced inventories are eventually discovered either by inspection or by chance.
When the misplaced items are placed in their proper shelves, they become available
once again to meet customer demands. Thus, misplacements and their recoveries
can cause the actual inventory to be, respectively, less and more than the recorded
inventory.

Spoilage. Products can naturally lose their properties while they are held in
the inventory [25]. Examples with limited lifetime are drugs, chemicals, and food
products. If the lifetime is limited and not immediately observed, then the actual
inventory is less than the recorded inventory, and it is partially observed.

If the lifetime is deterministic as in the case of drugs, an implementation of RFID
(radio frequency identification) tags called SMC (smart medicine cabinet) can be
used to track the expired drugs [28]. Thus, the SMC can make drug spoilage fully
observed. However, investments into technology such as SMC must be justified with
an economic analysis, which requires the evaluation of the optimal cost under partial
observations [9]. As an example of random lifetime, consider the number of batteries
in a Sears retail store. Only when these batteries are inspected (say by measuring
their voltage, one by one) does the inventory level of fully functioning batteries become
known. When the spoiled inventory is observed immediately, the associated model
(e.g., [24]), in spite of being challenging to work with, has full observations.

In retail stores, customers can cause damage to products, making them unsuitable
for sale. Some examples are tearing of a package to try on the contained cloth item,
wearing down a shoe by trying it on and walking, erasing software on computers on
demonstration, spilling food on clothes, and scratching a car during a test drive. So
long as the damages are not detected by the IM, the actual inventory is not fully
observed.
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Product quality and yield. When the product quality is low or a produc-
tion process has a low yield [29], the actual inventory is not known. Receipts at a
warehouse can include products that are defective or that do not conform to quality
standards. It is very often the case that nonconformance of a product is not im-
mediately observed by the IM. Receipts are usually added to the inventory at the
warehouse without full inspection. As a result, the inventory on record may consist of
both nondefective products (available to meet customer demands) and defective prod-
ucts (not fit for sale). Since the defective products are not immediately observed, the
actual (nondefective) inventory becomes partially observed.

If production lead times are long, an IM may have to place a particular order
before observing the yields from previous orders, so that the production of the partic-
ular order is completed by a given due date. Thus, partial observability of inventory
can be caused by due dates and long production lead times as well as process yields.

Theft. The items in the inventory can be stolen by thieves who violently break
into the inventory storage, by the warehouse employees who calmly pilfer, or by
the customers who shoplift. Since violent break-ins are generally investigated, they
are usually observed and therefore not relevant for our study. We focus more on
continuous pilferage or shoplifting, because they are not always observed without
inventory inspections. Instances of theft at furniture retailers and at food wholesalers
have been documented in [12, 23]. Axséter [3] says: “... thefts may be a major
problem. Apart from the loss in value, thefts ... also lead to inaccurate inventory
records.” Thus, the IM relying on inventory records ends up overestimating the
available inventory until a stockout occurs. In this case, there are shortage costs in
addition to costs of reordering, expediting, and re-receiving items to replace the stolen
units. Typically, costs of the expedited items to urgently meet backlogged demands
are much more than their regular costs.

When there is no physical inventory, i.e., the inventory is zero or negative, then
none of the following would happen: transaction errors, misplaced inventories, spoil-
age, inventory level uncertainty due to yield and quality, or theft. Most companies
pay utmost attention to an item when its inventory reaches zero. At these companies,
employees walk around the shelves to identify the stocked-out items and verify the
inventory levels for those items. This process is implemented at the office supplies
store Staples and is called “zero-balance walk” in [16, 26]. Thus, a model based on a
zero-balance walk process can be built by assuming that the inventory levels are fully
observed when they are zero. It is the purpose of this paper to formulate and analyze
a zero-balance walk model. This paper is part of a greater effort to build a compre-
hensive theory of inventory control under partial observations. In related works, we
study some of the other inventory models with partial observations [6, 7, 8].

There have been a few studies of partial observations in the inventory control con-
text. In these studies, partial observations are about demands rather than inventories.
Among these, a common assumption is that of unobserved demands in the periods
when lost sales occur. That is, the demand is observed fully when it is smaller than
the available inventory. Otherwise, only the event that it is larger than the inventory
is observed. When the underlying demand distribution is not known but estimated
from the demand observations, partial demand observations limit the data available
for estimation. This is called estimation with censored (demand) data. Ding, Puter-
man, and Bisi [14] and Lu, Song, and Zhu [22] have a multiperiod newsvendor model
with censored demand. They assume the leftover inventory in a period to be salvaged
entirely so that every period starts with zero inventory. This assumption decouples
the periods from each other as far as the inventory evolution is concerned. However,
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the periods are still coupled together by the current estimate of the demand distribu-
tion. The demand distribution is updated in a Bayesian fashion in each period with
that period’s demand or the observation of the lost sales event. Thus, there is an evo-
lution equation that maps one period’s demand distribution to the next period’s. This
evolution is affected by the choice of the order quantity. Before [14], Lariviere and
Porteus [21] treated a similar problem for the restricted case of exponential demand
distributions with gamma conjugate priors.

Treharne and Sox [27] study a periodic review inventory model with Markov
modulated demand. A simple example of such a demand occurs when there are
two demand states—High and Low—of a Markov chain and there are two demand
distributions, one for each state. Unlike the Markovian demand cases (treated, e.g.,
in [10, 11]), it is not observed whether the demand state is High or Low. Instead,
probabilities are used to represent the event that the demand state is High or Low.
These probabilities along with the current level of inventory constitute the state of
the system. The probabilities are updated in each period in accordance with that
period’s demand. Neither the current level of inventory nor the order size affects the
probability updates. Evolution of the probabilities that capture partial observability
is totally independent of the order quantities. The evolution equations can be written
down in the first period, and they will include the random demands in the forthcoming
periods. To make the discussion simple, here we mention only two demand states,
but Treharne and Sox consider finitely many demand states. Consequently, they have
a finite-dimensional state for their system.

The models we have described above make simplifying assumptions to end up
with an easily workable setup. Ding, Puterman, and Bisi assume that the leftover
inventory is salvaged every period, while Treharne and Sox have updates of the prob-
abilities which are independent of the controls. Thus, they can capture only a limited
amount of the dynamics associated with partial observations. Besides, they do not
consider the issue of existence of optimal policies. Consequently, they do not require
the methodology developed in this paper. Without such a methodology, however,
inventory models with partial observations will remain largely unexplored.

A main reason for why the analysis of inventory problems under partial observa-
tions has been neglected lies in its mathematical difficulty. Whereas one works with a
finite-dimensional state space in the full observation case, one usually has to deal with
an infinite-dimensional state space in the partial observation setting. More specifi-
cally, the inventory level at a given time is no longer a system state in £™; it must now
be represented by its conditional probability given some limited information available
at that time. Thus, the analysis takes place in the space of probability distributions.
This is, of course, inevitable, and simplifies only in particular situations when, for
instance, the separation principle applies; see [5] for an example.

Concerning controls of dynamic systems in general, a great step forward was
achieved in the applied mathematics and engineering control literature, when the
Zakai equation [30] was discovered. Prior to that, the evolution of the conditional
probability had been studied with the highly nonlinear Kushner equation [18]. The
Zakai equation uses a transformation that changes the Kushner equation into a pair
of linear equations. This transformation corresponds to the concept of “change of
measure” [15]. While it does not remove the infinite dimensionality, the linearity has
permitted a number of important control problems with partial observations to be
solved [5]. Of course, there remain numerical difficulties due to the infinite dimen-
sionality of the state. Nevertheless, a sound theory is available.

The key idea in going from the Kushner equation to the Zakai equation is in in-
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troducing unnormalized conditional probabilities in place of conditional probabilities.
This linearizes the state equation, and the problem becomes much simpler to study.
Ideas of this kind have not been introduced yet in the context of solving partial ob-
servation control problems in management. While the standard Zakai setup cannot
be directly applied to inventory problems, we show that unnormalized conditional
probabilities can be introduced and are indeed quite appropriate.

In the next section, we formulate the problem with normalized probabilities and
switch to unnormalized probabilities. In sections 3 and 4, we examine the existence
and uniqueness of the solution under the assumptions of bounded costs, bounded
order quantities, and small discount rates. An asymptotically optimal control scheme
is provided in section 5. Section 6 includes a brief conclusion and directions for future
research.

2. The zero-balance walk model. We study a periodic review inventory prob-
lem with partially observed inventory levels. In our model, the inventory levels are
not automatically observed by the IM who decides on order quantities. The order
of events in any given period t is as follows: The IM observes the event when the
inventory level falls to zero, but he does not observe the inventory level when it is
positive. The manager determines how much to order and the order is delivered in-
stantaneously. Next the customer demand occurs, but it is not observed by the IM
unless the inventory level drops to zero. In each period, the IM incurs inventory re-
lated costs, but he does not observe these costs immediately. Lastly the state defining
the inventory level is updated for the next period.

In classical inventory settings, the inventory level I; at the beginning of period ¢ is
observed, and is used to determine the order quantity ¢; in period t. Each period ¢ has
a random demand D; defined on the probability space (2, F, P). The demand is met,
to the extent possible, from the on-hand stock I} + ¢;. We suppose that the demand
that is not immediately met from the on-hand stock is lost. Then the evolution of
inventory dynamics is given as follows:

(1) It+1 = (It +qr — l)t)Jr for ¢ > 1.

We assume demand D, to be independently and identically distributed (i.i.d.) random
variables with the same distribution as D, where the density and the cumulative
distribution function of D are denoted by f and F, respectively. Let F =1 — F.

When the demand is met entirely, inventory holding costs apply to the remaining
inventory. Otherwise, there are lost sales costs. It is well known that a base stock (or
an order up to S) policy is optimal for this setting. We investigate the validity of the
optimality of a base stock policy, or lack of it, for the zero-balance walk model.

In the zero-balance walk model, the inventory levels are partially observed by the
IM as follows:

(2) I, is either O or its distribution is known.

In general, the IM does not observe the demand or the inventory level. However, look-
ing at empty shelves and concluding I; = 0 does not take much effort, and constitutes
a free observation. Thus, we allow I; to be observed only when the inventory shelf
is empty, i.e., [I; = 0]. To study such partial observations of the inventory levels, we
introduce a signal (message) random variable

(3) zg = lf,—9, t>1.
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The signal z; is a discrete-time Markov chain with the state space {0,1}: 1 means an
empty shelf and 0 means a nonempty shelf.

When the inventory levels are fully observed, the order ¢; is adapted to the sigma
field F; := 0({I; : 1 < j < t}) generated by the inventory levels observed by period
t. Note that the demand observations up to and including the beginning of period ¢
also generate the same field, i.e., 7y = o({I1,D; : 1 < j <t —1}). With our partial
observations model, g; is adapted to Z; := 0({zj 01 < j <t}). Clearly Z; C F, so
our partial observations model must decide on order quantities on the basis of less
than full information.

Given a stationary cost function ¢(It, ¢;) that depends on the beginning inventory
level I; and the order size ¢; in period ¢, and with ¢ defining the admissible sequence
of actions ¢ = {q1,qa,. .. }, the total discounted cost is defined by

o0
(4) J(Ca”vé) = EzatC(It,qt)a

t=1
where o < 1 is the discount factor. The initial conditions are a pair (¢, m(x)), where
Cislor0. If (is 1, then I; = 0. If { is 0, then I; > 0 and 7(-) is the probability
distribution of I;. We look for an admissible control ¢ = {q1, ¢, . .. }, with ¢; adapted
to Zi, t > 1, such that J(¢,,q) is minimized.

Special cases. To make the form of the single-period cost ¢(I,q) concrete, we
can consider ¢(I,q) = c¢1q+ hI+bE[(D — I —q)™], which is often used in the inventory
control literature [11]. The cost parameters c¢;, h, and b can be interpreted as the
cost of purchasing an item, the cost of holding an item in the inventory charged at
the beginning of a period, and the opportunity cost of not selling an item when there
is demand for it. Since bE[(D — I — q)*] < bE[D], ¢(I, q) is of linear growth in I and
q. Another example includes a nonzero fixed cost of ordering. These observations
will inspire an assumption on the bounds of the general single-period cost ¢(I,¢q) in
section 3.

2.1. Evolution of state probabilities. We now develop the conditional prob-
ability density m;(.) of I; given Z;_1 and I; > 0. By definition,

/ m(y)dy = P(Iy < x|Z¢_1, 1 > 0).
0

Since the event [I; = 0] is observable, conditional probabilities are needed only when
I; > 0.

For any real and bounded test function ¢(.), we can use the conditional Bayes
theorem (e.g., [15]) to obtain

()

Am cp(x)ﬂt(x)dx _ E[@(Itﬂzt—la-[t > 0] _ E[@(It)]lft>0|zt71] o E[@(It)]llt>0|ztfl}

E[]llt>0|Zt—1] B P(It > O|Zt_1)

In order to obtain a recursive expression for 7; in terms of m;_1, we begin with
expressing E(¢(1;)|2;) in terms of conditional expectations with respect to Z;_; in
the next lemma.

LEMMA 1.

FE )1 Z
B(pUI0121) = 1cop(0) + o gt

(6) = N7,—0¢(0) + 11,50 E(2(13)| 2t 1, It > 0).
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Proof. Beginning with the left-hand side of (6), we have
(7)  E(e(L)|2:) = Ele(Ie) (11,0 + 11,50)|2¢)] = ¢(0)11,—0 + E[p(1:)11,>0[Z¢]-

Now take the last term in (7) and obtain

E(p(I) 1,50l 2¢) = 11, 50E(p(11)| Z:)
=17,50¢(21,. -, 2e—1, 2¢)
(8) = 1r,>0¢(21,...,2-1,0),

where the first equality follows from Z;-measurability of 17,59. The second equality
merely expresses E(¢(11)|2:) as ¢¥(z1,...,2t—-1,2¢) for some measurable function .
The last equality follows from the fact that I; > 0 < z; = 0.

We now take the expectation of (8) with respect to Z;_;. Since Z;_; C Z; and
since ¥(z1,...,2t-1,0) is Z;_1-measurable, we obtain

9)
Elp(I:)11,50]Zi-1] = ¥(21, ..., 21, 0)E[11,50] Ze—1] = ¥ (21, .. ., 2e—1, 0)P (I > 0|Z4_1)

or

E(o(I) 11,50l Zt-1)
P(I, > 0|2,1)

(10) ¢(217---’Zt—1,0) =

Using (10) in (8) and substituting into (7) the resulting expression for E[o(I;)1,>0|2Z¢],
we obtain the first equality in (6). Using (5) gives the second equality. 0

Instead of the conditional expectations in Lemma 1, the left-hand side in (6)
can also be expressed by using the conditional density function ;. Using (5) on the
right-hand side of (6) gives

(1) E(p(1)|20) = 11, —00(0) + 11,50 / " o(e)m2)d-.

The density ; is obtained by setting (6) and (11) to be equal. For I; = 0, this equality
yields m; = 6, which is the Dirac delta function taking the value of zero everywhere
except at 0, where it is infinite. For the more interesting case of I; > 0, the next
lemma molds (6) into a convenient form to set (11) equal to (6) and solve for ;.

LEMMA 2.

fooo o(2) f(qi-1 — Z)llqtflzzdz
F(gi-1)
fooo 4,0(,2) f(?,qt_1)+ f(y +qi—1 — Z)Wt—l(y)dydz
IS Fy + q—1)me—1(y)dy

E(@(It)|zt)]lft>0 = ]llt—1=0

(12) + ]1[t—1>0

Proof. Consider the numerator in the second term on the right-hand side of (6).
We see that
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E(e(I)r,>01Zt-1) = E(p(ls—1 + q—1 — De—1)01,_ 44, —D,_,>01Z¢-1)
=E (BE(o(Ilt—1 + @1 — De-1)11, 1 4q 1 -Dy 150/ Z0-1, I1-1)[ Z4-1)
because Zt 1= 0'({21, ceey Zt—l}) g O'({Zl, ceey Zt—17It—1})

oL+ t1 — )1 par sy (8 )dy|zt_1)

OO

E
0

qt—1+1 1
/ oLi—1 4+ q—1 — y) f(y)dy|Z—1

(
(
(
(

I
=

E

0

qt—1+1It—1
/ (@) f(L—1 4+ qe—1 — x)dx| 241

set v =L 1 +q—1—y

fIemr + g1 — )5, 4q, 1 —a>0da| 24— 1)

(13) = (2)E (f(L—1 + qt—1 — )1, g, —o>0]| Z—1) da.
o

Use (11) with the time index ¢ — 1 instead of ¢ and replace ¢(I;—1) with f(l;—1 +
qt—1 — )11, ,4+q,_,—z>0 to obtain

E(f(i—1 +@e—1 — )01, g, y—a>0121-1)
= ]lft—1=0f(qt—1 - x)]lfh—l—xzo
(14) + 111H>0/ fly+a-1—2)ytq, —a>omi—1(y)dy.
0

Inserting (14) into (13), we obtain

o0
B(p(1) 11,50/ Ze-1) = 11,0 / (@) fqr — 2)Lyey,,da
0

+17,_,>0 /OOO o(x) (/(Oo Fy+q-1— x)ml(y)dy> dz.

x—qi—1)t

Now consider the denominator in the second term on the right-hand side of (6)
to obtain

P(I; > 012;-1) =E(l1,_,4¢,.1-D,_1>0|Zt-1)
= E{E(ﬂ1t71+Qt717Dt71>0‘Zt*17 It71>|Zt*1}
=E{F(l;-1 + q-1)|Zi-1}

=1;,_,=0F(g-1) + ]11H>0/ F(y + qi—1)m—1(y)dy.
0

Inserting the numerator and the denominator into (6) yields the desired result. O

Having obtained the conditional expectation in Lemma 2, we go back to the
conditional probability m; as defined in (11) for I; > 0. Setting the second term on
the right-hand side of (11) equal to (12), we have

(15)

m(z) =15, =0 {

f(Qt—l - :E)]lxﬁqpl } + 1 f((;o_qt—l)+ f(y + de-1— w)ﬁtil(y)dy
F(gi-1) fo=o I Fly+qi-1)m-1(y)dy '
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This expression specializes to the conditional probabilities stated in the next theorem.
THEOREM 1. The conditional probability 7 can be expressed recursively as fol-
lows:

Jo-1 —2)
F(qi-1)
f((;o_(h—l)+ m—1 () f(y + q—1 — x)dy
Jo-mea () F(y+ qi-1)dy

Note that the denominators in (16) are P(D;—1 < I;—1+¢;—1), which is P(I; > 0).
When I; > 0, m; is an absolutely continuous p.d.f. (probability density function).
Note that the recursive equations for I;_; > 0 and I;_1 = 0 coincide for m;_1 = 4, so
the equation for I;_; > 0 applies even when I;_; = 0. Since the largest value of I;

is I;_1 + q:—1, m has a support of [0, Zf: q;). If Iy = 0 for some ¢’ < ¢, then the

support is [0, Zf;; ¢;). Since my, f, and F are all given, the evolution of 7; can be
controlled only by ¢ = {q1,¢2,- .-}

The conditional probability evolves according to a highly nonlinear equation,

ifI,_1 =0

]IISQt—l

(16) mi(z) =

ifI_1 >0

flgi—1 — z)]leQt—l
F(qi—1)

f((:;o,qt_lyr fy+a-1 —2)m_1(y)dy
fooc F(qi—1 +y)mi—1(y)dy

(17) m(x) = 221

+(1_2t*1) ) t>2,

which corresponds to the Kushner equation [18] in our inventory context.
We can linearize (17) as follows. Set

(18) pe(w) := A (),

where )\; is a weighting factor to be defined shortly. On account of this weighting,
pt(x) can be viewed as unnormalized probability. Furthermore, it evolves according
to the linear equation

(19)
Do) = 21 f(dt — @) lacg s + (1= 21) /( St @iy
p1(x) = 7(x).

This equation corresponds to the Zakai equation for systems with diffusions in [30, 5].
By integrating both sides of (18),

At :/ pi(x)dx
0

(19) >
= 2z 1 F(qe—1)+ (1 — thl)/ F(qi—1 +y)pe—1(y)dy
0

18 &
1 21 F(qe—1) + (1 = 2-1) M1 / F(gi—1 + y)m—1(y)dy.
0

The last equation defines \; recursively starting with A\; = 1. However, note that \;
depends on 7,1 on the right-hand side. The normalized probabilities can easily be
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computed from the unnormalized probabilities as follows:

pi(x)

(20) mi(z) = T pu(a)de

These equations can be written in the operator form in the space
oo
H = {p e L'(®h) : / z|p(z)|dx < oo} )
0

where L!(RT) is the space of integrable functions whose domain is the set of nonneg-
ative real numbers. If we define regular addition and multiplication by a scalar on H
and include negative valued functions in H, then H becomes a subspace of L'(R1).
Working with the subspace H is convenient for some of our arguments. However, we
are ultimately interested in unnormalized probabilities, which are nonnegative. For
them, we will specify an appropriate subset of H in section 2.2.

Let us equip the subspace H with the norm

(21) el = / " lpl@)ldz + / " tlp(a)da.

The dual space of H is denoted by H., and it is the space of functions ¢ with linear

growth, i.e.,
H, = {¢ : sup |¢f)| < oo}.

Furthermore, we have the inner product

(p,9) = /o p(x)p(z)dx for p e H, ¢ € H..

For any scalar ¢ > 0 and p € ‘H, we define the linear operator p as
p(g;p)(z) = /( . fy+q—x)p(y)dy,
z—q

which is established in section 2.2 to be from H to H. For the Dirac delta function
6 ¢ H, we define p(q,0)(x) = f(q — x)lz<4. This gives us p(0,6)(xz) = 0 almost
everywhere in 7. Define the nonlinear operator 6 as

p(q,p)(x)
(p(g;p), 1)

With these notations, we can write (17) and (19) in the operator form:

(23) Wt(x) zt,19(qt,1,5)(x) + (1_Zt71)9(Qt71»7Tt71)($)7
(24) pe(z) = 2e-1p(qe—1,6)(x) + (1 = 20-1)p(qe—1,pe—1)(@),

with the initial conditions

(22) 0(a,p)(x) =

(25) T = p1 = Tm.

Once again, we emphasize that (24) is a linear equation, while (23) is nonlinear.
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2.2. Properties of the operators. In preparation to obtain some required
operator properties, we need some identities and inequalities. By changing the order
of integration, we obtain

/0 Ip(q,p)(w)ldﬂcé/0 /(I_q)+ fly +q—x)|py)|dydx
oo ry+q
— [ [ s+ - olptdsdy
0 0

o0 y+q o0
(26) - / I(v)| / F(y+q— x)dedy = / Ip(¥) | F(y + )dy.

Using similar operations, we see that

/Ooox|P(qap)(x)|dx < /m/(m) 2 F 0+ d— ) lp(a) dyds
/ / zf(y +q—2)lp(y)|dzdy
:/0 P(y) /Oy+q(y+q—z)f( )dzdy

(27) =/Ooo(y+Q)p(y)lF(y+q)dy-
Furthermore,
> e = [ ( p)(x) o lpla,p)(@)|dx
I A e e e

D)
0 I F(y+ Q)Ip(y)ldy
)p(y)

o~ Fly + q)p(y)dyl
and
> =1 zplg,p)(x ) 15 zlp(q, p)(z)|dx
| aban@ie = [ [T el st
@620 J;( y+q lp (y)\F(erq)dy
- |5~ p(y)F(y + q)dy|
(20) _ g ylp YIFy+a)dy

| p(W)F(y + q)dy|

Next we derive some properties for nonnegative p. For this, we define
ti={peH:p>0}.

Note that H™T is not a subspace, as it does not include —p for any p > 0.
Properties.
e Operator (g, p) is well defined if (p(q,p),1) > 0, i.e.,

o0

(30) (p(q,p),1) = ; p(y)F(y + q)dy # 0.
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This property is satisfied if p # 0, p € H', and F(y) > 0 for all y > 0. Then,
I p(W)F(y + q)dy > 0. Otherwise, p(y)F(y + q) = 0 is a.e. satisfied, which
along with F(y) > 0 for all y > 0 implies p(y) = 0 a.e. This contradicts
p#0.
Moreover, the operator p preserves the nonzero property: p # 0 = p(q,p) #
0. We establish the contrapositive of this statement. If p(g,p) = 0, then
(p(q,p),1) = 0, which is possible only under p = 0.
Furthermore, note that the equality in (30) specializes to (p(q,6),1) = F(q).
o Opcrator G(q p)(x) yields a valid p.d.f. if p € H*. Clearly, 0(q, p)(z) > 0 and
I 0(q, p)(z)de = 1.
. Operator p(q, p) is a linear operator from L'(R*) to L*(R*) and also from
H to H. Moreover, H' is closed under the operator p: p(q,p) € H* when
p € H, because

o)l = / " (@) @)l + / ™ elp(a.p)(@)|dx
20 / TP+ lp(y)ldy + / Tt QF + Qlp(y)ldy
0 0

< /OOO Ip(y)|dy + /OOO ylp(y)ldy + Q/OOO Ip(y)|dy < oo,

where the last less-than-or-equal-to relation is due to F(y + ¢) < 1.

e Operator (g, p) maps each element p, satisfying (p(q,p), 1) # 0, from L}(R+)
to L'(RT) and also from H to H. Moreover, H™ is closed under the operator
0: 6(q,p) € H when p € H™, because

0@p)l = / " 0(a,p) (@) de + / " 216(¢.p) (@) da

(28.20) [ F y+q>|p< )ldy Jo ylp >\F<y+q>dy
< TF ( iy T pw) Fly + a)dy
I |p I y\p )Idy
s Fly >< dy\ F T W F)dyl

Because of (30), the denominator is positive. Consequently, the right-hand
side is finite and 0(q,p) € HT.

e Operator p(q,p) when ¢ = 0 is a contraction mapping: when no order is
made, the inventory distribution shifts to the left. This follows from

/OO fly— w)p(y)dy‘
//f —z)|ply Idydw+/ /f —z)|p(y)|dydz
—/ |/ fly —:vdxdy+/ Ip(y |/ xf(y — z)dzdy

< /OOo Ip(y)|F(y)dy + /OOO lp() [y F(y)dy

< /0 Ip(y)|dy + /O Ip(y)|ydy (since F' < 1)
(31) = |Ipl|-

10(0.)]| = ]
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e Operator € is homogenous of degree 0 in p because

(0(q,p), 1) = /0°° mdm =1 and

6(q,\p) = 0(q,p) for each constant A € R.

2.3. The Bellman equation. We write p;(¢) and m(§) to emphasize the de-
pendence of the states p; or m; on the control policy. We assume that c¢(l¢, q;) has
linear growth in I; for every fixed ¢, i.e., ¢(.,q:) € H.. The cost function can be
written as follows:

J(C;m,q) Za E[E[c(1t, g¢)| 24]]

Za E{zc(0,q:) + (1 — z){c(Lt, q1), m(§)) }s

where m:(g) is the solution of (17). Recall that the initial conditions ¢; = ¢ € {0,1}
and m; = 7 are given. In what follows, we study only the discounted infinite horizon
costs, so the time index t is suppressed. We define the value function

V(¢m) = inf J(m,d).
Looking one period ahead from period one,
V(¢,m) = int{¢e(0,) + (1 = ){e(, @), ()} + aE[V(Ga, m2) G, ]},
where

E[V(C27772)|<77T] = E[V(CQa Ca(qaé) + (1 - C)H(QJT))K) ﬂ-]
= P(I2 = 0[Q)V (1,¢0(q, 6) + (1 — ()b(q, 7))
+ P(I2 > 0[)V(0,¢0(q, 6) + (1 — €)0(g, m)).

Then V (¢, ) can be written more explicitly, depending on (, as follows:

V®Jﬂ=hﬂ{@@q%ﬂw-+M4LﬂmWDAmF@+qM@My

q

+avue@w»/wF@+@ﬂw@},
0
V(,n) = mf { 0,q) +aV(1,0(q,6))F(q) + aV(0,0(q,6))F (q)}

If we write v := V(1,7) which, in fact, is not dependent on 7, and V(r) := V(0,7),
then we obtain the following system:

(32) V(m) =inf {(c(.,q),w(.)}

4CWAMF@+MMM@+anmeAmF@+®ﬂw@},
(33) v= iI;f {c(0,9) + avF(q) + aV(0(q,8))F(q)} .
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A direct study of the system in (32)—(33) is not very easy. The matters simplify
considerably when working with the unnormalized probability p € H*. The unnor-
malized probability evolves in accordance with the linear operator p. To make ideas
concrete, we define a new value function Z(-) as follows:

Z(p) =V (%) A A= /O p(a)dz.
It follows from (32) that
(34)

2 = vint { (et pO/) + a0 [ Pl )0t/

L aV(O(q.p/N) / N F<y+q><p<y>/A>dy}

q

- inf{<c<.,q>,p<.>> faw /0 Py + op(w)dy + aV(6(a.p)) /O N F<y+q>p<y>dy},

where we use the fact that 6 is a homogenous operator of degree 0. Now consider
the term V' (0(g, 7)) on the right-hand side. Recall that the A value corresponding to
q

q,7)
p(g;p) is (p(q,p),1). Thus,

Z(plg,p)) = {/OO p(q,p)(fv)dfﬂ} {V (%)}

0
= { F(y+Q)p(y)dy}{V (0(q;p))}-
0

This equality can be used to eliminate V(6(q,p)) from (34). It can be specialized for
p = 6 to eliminate V(0(q,8)) from the expression for v. Eventually, we obtain the
following new system of equations:

(35)

Z(p) = igf{@(-,Q),p(-» + av /OOO F(y+ q)p(y)dy + aZ(p(q,p))} for all p € H™,

(36) v = ir;f {c(0,q) + avF(q) + aZ(p(q,6))} .

Recall that for the Dirac delta function 6 ¢ H* C H, we have defined p(q, 6)(z) =
flg —x)1y<4 and p(0,6) = 0 almost everywhere.
From (35) and (36), it follows that

(37) Z(up) = uZ(p) for every u > 0.

Thus, Z(0) = 0.

Unlike the operator 8, p is a linear operator. Thus, it is easier to study the system
in (35)—(36) than that in (32)—(33). The linearity facilitates our arguments dealing
with the existence of an optimal feedback control and our discussion when it is finite.
Furthermore, it helps in studying finite approximations of the infinite-dimensional
state space as well as in building associated approximate solutions to (35)—(36).

We conclude this section by remarking that this problem and the methodology
developed here have not appeared before in the inventory control literature.
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3. Existence of a solution to the Bellman equation.

3.1. Bounded costs. For the existence result, we bound the single-period cost.
To include the special cases given in section 2, we consider positive constants ¢, cg,
c1, co, and h such that

(38) ca+ceqg<c(l,q) <co+cg+hl forl>0.

To include the special cases, it is sufficient to set ¢g > ¢(0,0), where ¢(0,0) represents
the maximum expected cost of lost sales that can be incurred in a period. Let ag :=
max{co/(1 — ), h}.

In the subsequent analysis, we shall assume ¢(I, ¢) to be continuous in /. Further-
more, we shall assume continuity in ¢ for convenience in exposition. In the case when
there is a fixed cost of ordering, ¢(I, ¢) will be discontinuous in ¢ at ¢ = 0. However,
the affected proofs can be easily extended to handle this case.

To accommodate our unnormalized conditional probabilities, we define the func-
tional space

(39) B .= qﬁ(p):H+—>8‘%:supM<oo
per+ [Pl
equipped with the norm
(40) lolls = sup 2P
per+ |l

where ||p|| still refers to the norm that we initially defined in H 2 H*. For any ¢ € B,
we must have ¢(0) = 0.

We will often speak of a pair (v,Z), which is made of a scalar v €  and an
element Z € B. As such, (v,Z) can be considered as an element in the functional
space R x B. We suppress the argument p in Z(p) when Z is considered as a functional.
Thus, when the existence, uniqueness, or continuity of Z is under consideration, we
only write Z in what follows. For example, a solution of (35)—(36) will be a pair of
the form (v, Z). We will write (v1,Z1) < (v, Z3) to mean (v1, Z1(p)) < (ve, Za(p))
for any given p € HT.

We search for a solution (v, Z) of (35)—(36) in & x B. A property of this solution
is presented next.

LEMMA 3. Each solution (v, Z) of (35)—(36) in Rx B satisfies || Z||p < ao/(1—a).

Proof. For any given p € H™, by setting ¢ = 0, we obtain

(41) Z(p) < {<c<.,o>,p<.>> oo [ F(y)p(y)dy+az<p<0,p>>}.

0

From (38) and the fact that F' < 1, we can write

(42) Z(p) < ¢ /000 p(x)dx + h/o

< (o + aw) / p(z)de + b / 2p(z)dz + o) 251000, p) |
0 0

zp(z)dz + av /000 p(x)dx + aZ(p(0,p))

(31) o0 oo
(43) < (o + o) / p(x)dz + h / 2p(z)dz + o} Z] s |p]]
0 0
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Now use the Bellman equation for v along with p(0,6) = 0 and Z(0) = 0 to obtain
the second inequality:

0<v<¢0,0)+av<c+ auv.

This implies v < ¢p/(1 — «). Then ¢o + av < ¢g + acy/(1 — &) = ¢o/(1 — «), which
can be inserted into the upper bound for Z(p) above to obtain

[e.°]

20) < (eof1 =) [ o b [ apla)da -+ allZIlslpl
and, in turn,
Z(p) < aollpll + ol Z]|slpll-
By dividing both sides by ||p|| and taking the supremum over p € H*, we obtain
I1Z]|s < ao + | Z]|8,
which implies ||Z]|g < ap/(1 — ). o

Define the function G : ® x H — R, given (v, Z), as

Gla.p50.2) = (el p() +av [ Fly+ )y + aZ(pla. ).
For p =6,
G(q,8;v,2) = ¢(0,q) + avF(q) + aZ(p(q, )).
Define the map T': R x B — R x B as
v [ inf,G(q,6;v,%)
(44) T( Z(p) ) o ( inf, G(q,p;v, Z) >

Define Zj as the value function that solves the Bellman equations when ¢ = 0. Then
it must solve

(45) (c(+0),p()) + oo / " Fyp(y)dy + aZo(p(0.)) = Zo(p),

where vg := Zo(p = 6). By (36) and Z(0) = 0, we have vy = cg + avg. The existence
and uniqueness of the functional Zj are established in the next lemma.

LEMMA 4. Zy exists and is uniquely defined.

Proof. First, we look for a solution of (45). Consider a linear and bounded map
U :H — R. We can locally define the norm of U as

(46) IUls- = sup [U(p)I/lIpl]-
pEH

This norm is defined on the functional space B, which can be constructed like B
but with H instead of H* in (39). In comparison to ¢ € B and Zy, U has a larger
domain that includes negative p. Here it is more convenient to work in the subspace
H instead of H™.
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Define
(1)) = (e, 0),p() + ato / " F)p(y)dy + aU(p(0, p)).

The map 7 is an affine function of U and it is linear in p. For linear maps Uy, Us € B,
we have

IT(U1)(p) — 7(U2)(p)| = |Ui(p(0,p)) — U2(p(0,p))]
a|(Ur — Uz2)(p(0,p))]
al|p(0,p)]| - ||Ur — Usl|5-

“ A

31)
< allpl[- Uy = Us|[5--

This equality above follows from the linearity of U; and Us. Using the inequality
above, we can deduce that

IT(U1)(p) — 7(U2)(p)]
sup
peH [Ipll

< af|Uy — Us||5--

The left-hand side above is the norm ||7(Uy) — 7(U2)|| of 7(Ur) — 7(Uz), so we arrive
at

I7(U1) = 7(U2)]| < af|[Ur = Vs[5~

It follows that 7 is a contraction mapping and it has a unique fixed point Uy such that
7(Uy) = Uy. By restricting the domain of Uy to H™, we uniquely obtain Zy. Thus,
Zy is a fixed point for T' when ¢ = 0, and it solves (45). O

If v < wpg, Z(p) < Zp(p), and

(%) ) ::T(UZ@) )

then ¥ < ¢(0,0) + av < ¢g + avg = vg. Also,

Z(p) < (et0)pl) +av [ " F)p)dy + aZ(p(0, )
< (e(,0),p()) + oo / W)y + aZo(o(0,p)
() Zo(p)-
For 0 <wv <wp and 0 < Z(p) < Zp(p), we have just shown that
(47) (G )< (B )

This inspires the next theorem, which proves the existence of a solution of the system
(35)—(36) by using a value iteration scheme. The solution is denoted as (v, Z).
THEOREM 2. Under assumption (38), a solution of (35)—(36) ewists.

Proof. Let
( 12:1(17) > ::T( Z(p) )
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Starting with vy and Zy defined by (45), we first claim that

( UZi:l(p) ) = ( UZZ(p) )

The claim can be established recursively. First consider n = 0. Then, by setting
q = 0, we have

vy < co + avg + aZy(p(0,6)) = vo,

ZMOS@@®m0>+mmAwF@Mw@+a%@me%@%

where the equalities are due to (45). Now we assume that the claim holds for n = k,
and then establish it for n = k+ 1. If v < v’ and Z(p) < Z'(p), then it follows from

the definition of T' that
v v’
T <T .
( Z(p) ) - < Z'(p) )

By the recursion hypothesis (vgi1, Zk+1) < (vg, Zx). Take v = vgy1, Z = Zgi1,

v/ = v, and Z' = Z, in the above inequality to finish the proof of the claim.
Since (vn, Zy) is a nonincreasing sequence with a lower bound of (0,0), it has a
limit (0, Z): (vn, Zy) | (0,Z). In other words,

( %(p) ) anlnéoT"< ?o(p) )

where T}, is the n times composition of 7T". Since T is not known to be continuous,
the above equality does not yield (v, Z) as a fixed point. But, for a finite n,

( 12:1(1)) ) ZT( %(p) )

Applying T infinitely many times on both sides, we arrive at

(48) < 20 ) = T( Z0) ) |

On the other hand, by arbitrarily picking a ¢ in (44), we see that

vnt1 < ¢(0,9) + av, F(q) + aZ,(p(q; ),

zmnms<dﬂmm»+mmAmF@+mmw@+aam@m»

Specializing these inequalities for v, = v and Z,(p) = Z(p), we obtain

(49) <U(p)>§T(vZ(p)>'

Combining (48) and (49), we establish that (v, Z) is a fixed point. The fixed point is
not necessarily unique, but it is the maximum solution in the following sense. Any
solution (v, Z) that satisfies (v, Z) < (vg, Zo) also satisfies (v, Z) < (v, Z). |

\N]
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Backward interpretation of the monotone iterative process (vy, Zy).
Recall the monotone iterative process on (v, Z,), which starts with vy = ¢o/(1 — @)
and Zp as given in (45), and continues with (vp41, Znt1) = T (Vn, Zn)-

Now consider a new sequence (v, N+1, Zn, N+1) constructed by starting with

Zn+1,v+1(P) = Zo(p),  UN+1,N+1 =10
and by moving backwards recursively:
Un41,N+1 <T Un,N+1
Zny1,n+1(P) ) ~ Znni1(p) )

Then Z, n11(p) = ZN11-n(p) and vy N11 = UN41-n-
We define the total discounted cost as

N 0o
Jn,N—‘rl(CaTra Ej) = E Zatinc(]’hqt) + Z atinC(Ita 0)] 9
t=n t=N+1

with z, = ¢ and m, = m. Then we have the validation of the backward monotone
process:

i%f Jnn+1(C 7, @) = Cop Ny + (1= () Zn n41 ().

Note that the cost ¢(.,.) is bounded. Then, Ji n4+1((,7,§) converges to J((, 7, §) as
N increases. Thus, one has the option of finding the optimal order quantities either
by a forward or a backward recursion.

Bounding the optimal order quantity. Start by setting ¢ = 0 in (35) and
obtain

Z(0) < (e(,0),p(,0)) +aw / " Fly)p(y)dy + aZ(p(0,p)

< ¢ /OO p(x)dx

e [T aptwae o [ dﬂa(ﬁ%“;(g p))|)'> 00,9
<co [ oo n [Capede oo [Tpds e ({2 ) o
< ¢ /Ooo p(z)dz + h/oo ep(z)dz
+a1?a/ooo () + 0" </Ooop(ﬂc)dx+/oooxp(x)da:>
( ——+ laoaa) /0 " () + (h+ 1“°“a) /0 " ep(@)de
o {/Ooop(m)dx—i-/ooo xp(x)dx}~

With an arbitrary order quantity ¢, the cost has a lower bound of cq fo x)dx. If
this bound exceeds Z(p), then ¢ cannot be optimal. Hence, the optimal order quantlty
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satisfies cq fooo p(z)dx < Z(p), which along with the above inequality implies

ag Iy ap(x)da
%0 S i-w {1 s }

Note that the bound depends on the unnormalized probability p and can be arbitrarily
large as p — 0. Because of this observation, we choose to assume a bound on the
order quantity in the next subsection.

3.2. Bounded order quantities. In this section we assume that there is a finite
bound on the order quantity ¢ in addition to the cost bounds in the previous section.
The finite bound can be due to the supplier’s limited production or transportation
capacity, or the storage capacity IM can use. Let the capacity be m and let the
corresponding Z and v be denoted by Z™ and v™. Then (35)—(36) is written as

Z™(p)
= qigﬁl {<C(-,q),p(-)> +av™ /OOO F(y+ q)p(y)dy + OéZm(p(q,p))} for all p e H™,
(51) v = inf {c(0,9) + av™F(g) +aZ™(p(g,6))} -

We shall prove that the functional Z™ is Lipschitz continuous on H, i.e., there
exist constants A™ and B™ such that

o0

(52)  [Z™M(p) - Z™(p) < A™ /Ooo Ip(y) *p’(y)\derBm/O ylp(y) — p'(y)ldy

for any p,p’ € H. This additional smoothness property allows us to establish the
uniqueness of a solution of the system in (35)—(36). The next lemma illustrates how
the constants A™ and B™ can be chosen.

LEMMA 5. For a fixed m, Z™ is Lipschitz continuous, where the constants A™
and B™ in (52) should be chosen as

Co m ah h
A™ = B™ = .
(1—a)2+1—a<cl+l—a> and 11—«

Proof. To bound the differences of Z™, we construct

Z™ " (p) = inf G(q,p;0v™, Z™™)
qg<m
by starting with Z™°, which solves

(53) {c(;,0),p(.)) + av™ /OOO F(y)p(y)dy +aZ™°(p(0,p)) = Z™°(p).

Since Z™™ converges to Z™ as n goes to infinity, it suffices to prove that Z™™ is
Lipschitz continuous with constants independent of n. This proof is by induction on
n. In other words, Lipschitz continuity must be preserved as n grows and it must
hold when we start at n = 0. These two requirements correspond respectively to the
following two claims, which are proved below.
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Claim 1. Z™"*1! is Lipschitz continuous with constants A™ and B™, if Z™" is
Lipschitz continuous with the same constants.

Claim 2. Z™0 is Lipschitz continuous with constants A™ and B™.

Proof of Claim 1. We start by bounding G(q, p;;v™, Z™") — G(q,p’;v™, Z"™")
as follows. In the first inequality below, we use v < ¢g/(1 — ) and the fact that p
is a linear operator:

G(g,p;v™, Z™") = G(g.p's0™, Z™")|

< (co+c1q) /OOO Ip(y)—;t?’(y)|dy+h/ooo ylp(y) — p'(y)|dy
1a_coa /O ) lp(y) — ' (y)ldy
+a{A’”/O Ip(q,p—p')(y)lderBm/o ylp(qm—p’)(y)ldy}
e (1?04 +clq>/0 Ip(y)—p’(y)lderh/O ylp(y) — o' (y)ldy

o0

+a {(Am + B™q) /OOO lp(y) — p'(y)|dy + B™ /O ylp(y) — p’(y)ldy}

< (16_0(1 +em+ a(A™ + Bmm)) /Ooo lp(y) —p'(y)|dy

+ (h +aB™) /OOO ylp(y) — p'(y)|dy.

Note that the right-hand side of the last inequality is independent of ¢, provided
that 0 < g < m. Hence,

|ZmmH  (p) — 2™ ()| = | inf Glg,p;0™, 2™") = inf G(g,p';v™, 2™

< <1coa +crm + a(A™ + Bmm)) /Ooo Ip(y) —p'(y)|dy

+m+aH%Ammmw—ﬂwww

< "ot = #wlds+ 8 [ inlo) -l

The last inequality holds only if
h+aB™ < B™,

so we set B™ = h/(1 — «). Then, we have the equality below and we require the
inequality below:

1070 +cm+ a(A™ + B™m) = 1070 +em+a(A™ +mh/(1—a)) < A™.

-« -«

This inequality yields the condition on A™ and completes the proof of Claim 1. O
Proof of Claim 2. We prove the claim by using another induction. Consider the

following iteration:
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270%(5) = (cl..0).p) + 0™ [ Flunt)ds
Zm0n (p) = G(0,p; 0™, 20"

= {c(.,0),p(.)) + ™ / F(y)p(y)dy + aZ™%"~(p(0, p)).

It is immediate that Z™0"(p) > Z™07=1(p) and we can also show that Z"™%"(p) is
bounded. Thus, Z™%"(p) converges to Z™°(p), which is the unique solution of (53).
We know from Claim 1 that G preserves Lipschitz continuity. Thus, it suffices to show
that Z™99 is Lipschitz. This follows from

|Zm,0,0( ) o Zm,O,O(p/)|

<o [ 1o(6) = P @ldy+ 1 [ ylolw) ~# Wy + 2 o) - F )]y
=1 —a/|p Idy+<zm/ylp(y) =P (y)ldy.

This completes the proof of Claim 2. Thus, the lemma is proved. ]

Existence of a solution to (51) can be proved by following the steps in Theorem 2.
The more interesting issue is whether the respective solutions of (35)—(36) and (51)
coincide as the bound on the order quantity is removed. To make ideas concrete,
define the map 7™ similar to 7" in (44):

v inf,<m G(q, 6;v,2)
54 ™ = asm B, 030, .
(54) ( Z(p) ) ( infy<m G(g,p; v, Z)
Let T)™ be n compositions of 7™. Thus, (v, Z]) can be obtained by applying T/
on (vg, Zp). By the arguments in Theorem 2, (v}, Z') is a nonincreasing sequence,
and it converges to, say, (0", Z™). We next establish that (2™, Z™) converges to
(v, Z), which is the maximal solution of the system in (35)—(36).

LEMMA 6. (0™,2™) | (v,Z) as m increases to 0o.
Proof. Because of the constraint ¢ < m,

Tm< 2(p) ) 2T < Z(p) )

for any (v, Z). Starting the value iteration with (vo, Zp),

(Fow )= (B ) 2™ (B ) = ( A )

Applying T™ on the right and 77! on the left as many times as necessary, we set
pplying

(@™, Z™) = lim T™(vo, Zo) > lim T™(vg, Zy) = (2™, Z™F1).
In particular, (ﬁm,Z:m) > (v,2). In addition, (2™, Z™) is nonincreasing in m, so it
has a limit, say (9, Z). Clearly, (9, 2) > (v, Z).
Recall that (v, Z) is the maximal fixed point of T'. To finish the proof, it suffices
to argue that (0, Z) is also a fixed point of T'. Since (0, Z) < (vg, Zp), we can repeat
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the initial steps in the proof of Theorem 2 to obtain the following inequality, which
is analogous to (48):

On the other hand, for any ¢ and ¢ < m, we have
Z™(p) < Glg,p;v™, Z™),
o™ < G(g,00™, Z™).

Hence,

Thus, (9, Z) is a fixed point of T'. O
So far, we have studied the existence and the convergence of (v™, Z™). The next
theorem validates the monotone iterative process, that is, (v™,Z"™) minimizes the
total discounted cost. As a side product of the theorem, v™ and Z™ turn out to be
unique because they are equal to the minimum costs, which are unique by definition.
THEOREM 3. The solution (v™,Z™) of (51) gives the minimum total discounted
cost as follows:

Zm(m) = it J(0.7,3).

v™ = inf J(1,6,9).

G:qge<m

Proof. The proof has two parts. We first show that Z"(x) and v™ are, re-
spectively, smaller than J(0,7,q) and J(1,6,q) for any ¢ such that ¢ < m. For an
arbitrary ¢ < m,

Z™(p) < (c(0),p()) +av™ /OOO F(y+ @)p(y)dy + aZ™ (p(q,p))-
Take p = m; and ¢ = ¢; so that
Z™(m) < (e qe),m()) +oav™ /OOO F(y + q))mi(y)dy + aZ™ (p(qr, 7)),

o™ < e0,q) + v Flgr) + aZ™ (p(qr.6):

Note that by (51) and (37), Z™(\p) = AZ™(p) for any scalar A > 0. Taking \ =
[ F(y + @) (y)dy, we obtain

27w < (elooar)m()) + o™ / " Py + a)m()dy
+aZ™(0(q, 7)) /O°° F(y + q)m(y)dy,

"™ < e(0,q:) +av™F(g) +aZ™(0(q:, 6))F(q:).
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Now combine these two inequalities by using the weights 1 — 2; and z;, respectively,
and obtain

(1= 20) 2™ (m¢) + 20™ < 24¢(0,q¢) + (1 — 2¢)(c(., qr), me ()

ta {(1 ) [vm / By + a)m(y)dy
55+ 2" 0lam) [ T Fy+ q»m(y)dy} T [0 Flar) + 27 (0(a 6)F (a)] } .

Consider the relation

E[(1 = 2e41) Z™ (71 41) + 20410 | Z4]
= P(It+1 > 0|Zt)Zm(7rt+1) + P(It+1 = O\Zt)vm

= {th(qt) +(1—2) /Ooo F(q + y)ﬂt(y)] 2" (i41)
#[af+ =20 [ P pmtay] o
= [th(qt) +(1—z) /OOO F(g: + y)ﬂt(y)] Z™ (20(qr, 0) + (1 — 2¢)0(qe, ™))

N [ztmt) (-2 /0 T Flat y)ﬂt(y)dy] o
= 2 [27(0(qr, 6))F () + 0™ ()]

(-2 [me(qt, w) | " Pl + y)mly)dy + o™ / " P+ y)m(y)dy] -

Now insert this equality into the curly brackets in (55) to obtain

(L=2)Z™(me) + 200™ < 20e(0,q¢) + (1 — 2¢){c(- qe), me ()
+ o {E[(1 = 241) 2™ (me41) + 20420 [ Z4]} -

By multiplying both sides by a! and taking expected values, we get

A'E[(1 = 2¢) Z™ (m¢) + 200™] < &'E[z¢(0, q¢) + (1 — z¢) (e, q¢), 7 (1))
+ Oét+1E[(1 — Zt+1)Zm(7Tt+1) + Zt+11)m] for ¢ Z 1.

Now sum up both sides for ¢t > 1 to obtain

3

ZatE[(l —2)Z™ () + 20 <Y a'Blzec(0, ) + (1 — z)(c(-, qr), m(2))]

o~
l

(]2~

(56) + Oét+1E[(1 — Zt+1)Zm(7Tt+1) + Zt+1’Um].

t

1

The second term on the right-hand side is next argued to be finite, so that it can be
deducted from both sides of the inequality.
We now construct an upper bound for EZ™(m;1). First note that

EZ"™ (mi11) < [EZ™(me1)] < 12716l Emesa]| = (|27 ||5E el
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where
o)
E‘|7Tt+1|| =14+ E/ 2177Tt+1(1'>d$.
0
But
E/ 1'7Tt+1(l')d.17 = E(l - Zt+1)E[It+1|Zt+1] S EIt_;,_l S IQ + m(t + 1),
0

where the last inequality follows from ¢; < m. Therefore, as t — oo,

ATE[(1 = 20401) 2™ (741) + 2ep10™] < HE[Z™(741)] 4+ oo™

ao
< at—i—l . E[ﬂ-t+1] +at+1UnL
—

by Lemma 3

<aftt 1 do (Io + m(t + 1)) + o' Tto™.
—a

Since Y-, a2 (Iy +m(t + 1)) + at1o™ < oo, the second term on the right-hand
side of (56) is finite. Now deduct it from the left-hand side to obtain

a'Elzc(0,q:) + (1 — z¢){c(, qr), me())]-

M8

(57)  aE[(1—21)Z™(m1) + z10™] <

t=1

From (57), it follows that
(1-¢0)Z™(m) +¢v™ = E[(1—21)Z™(7) + 0™

< Do a'fze(0,g0) + (1= zo) (el ar), m ()] = J(C 7, Q)

This finishes the first part of the proof.
For the second part of the proof, we construct an optimal solution by considering
an optimal feedback control ¢™(p) and ¢ such that

270) = (e d™),p()) +av™ / Py + " 0)py)dy + aZ™ (0™ (p), p)),

o = e(0,§") +av™F(§") + aZ™(p(q", 6))-

Existence of an optimal feedback control follows from the continuity of c(+,-), the
continuity of F'(-), and the Lipschitz continuity of Z™ in Lemma 5.

We associate these feedbacks with a stochastic process {Ejln}, which is adapted to
Z,; and defined recursively as follows:

@ = 4"+ (1 Q)§™ (m),
Q1 = 2q™ + (1= 2)§™ ().

The definitions of ¢™(p), ¢™, and zAjm yield the next two equalities:
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(1= 20)Z™ () + z0™
= (1= z)(c( 4™ (m)), me(.)) + a(l — z)o™ /OOC Fly + 4™ (me))me(y)dy
+a(l = 20)Z™(p(q™ (me), 7)) + 2¢(0,4™) + azw™ F(@™) + az Z™ (p(q™, 6))
— (1= (el @) ml) + = 200 [P+ Ty
+a(l = 2) Z™(p(Gr11, 7)) + 20(0,441) + 20 F(Gyy1) + @z 2™ (0G4, 6))
= (1= 2)((s Gry1)s () + 260(0,G71)
+alt=z) o [T R+ B md + 260 m)
+ou[v" F(@51) + 2" (p(@/51, )]
Specializing for ¢ = 1 and taking the infimum over § yields
(1=Q)Z™(m) + o™ 2 I mq ).
Combining the two parts of the proof we have
(1=QZ™(m) + ¢ =J(mq ). O

Since Z™(m) and v™ are defined as a solution of (51) and they are given by the
infima in Theorem 3, both Z™(7) and v™ are unique. As m increases, we have

inf J(0,7,4) | inf J(0,7,4),
q

G:qge<m

inf J(1,7,d) | inf J(1,7,4).
q

G:qe<m
These imply

Z(m) = it J(0,7, q),
q
v=1inf J(1,7,q).
q

Thus, Z(7) and v are interpreted as the infima of the costs even when m disappears.
However, a corresponding feedback solution that yields Z(w) and v may not exist
unless m is finite.

In this section, we have established that Z™ is continuous and that it converges
to Z. However, these results do not guarantee the continuity of Z. Nevertheless, we
have the weaker form of continuity as presented in the next lemma.

LEMMA 7. Z is upper semicontinuous, i.e.,

limsup Z(px) < Z(p).
Pr—P

Proof. Since Z(py) < Z™(py) for each k and Z™ is continuous,

limsup Z(py) < limsup Z™ (px) = Z™ (p).

Pr—P Pr—p

Now take the limit as m — oo to obtain the desired result. 0
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4. A sufficiently small discount rate. We argue that T is a contraction map
for a sufficiently small a. Namely, we let M := 14 ag/(c(1 — «)) and require that
a(l 4+ M) < 1. In this case, the solution of the system (35)—(36), whose existence
follows from Theorem 2, is unique.

Consider the difference

a%nuz><x%mmzva@vUAwF@+@mw@
+ a[Z(p(q,p)) — Z'(p(q, p))]-

Let us define a distance in the space & x B by

=0 ) () = 2 o

Since Z € B and n < oo, we have
G(a,psv. Z) = Gla,p3', Z')] < afv — /| / p(y)dy + al|Z = Z'||slp(g p)|
0

(58) SnaAmp@My+mﬂM%mw

On the other hand, by (50),

ag |Ipl|
q< 5 )
c(l—a) [ ply)dy

or, equivalently,
o0
ao
dy < ————|Ipl|.
q/o p(y)dy < o _a)l\pII

Using (26) and (27), we obtain

oo

(g, p)l| </OOC \p(y)ldy+/0 (y + 9lpW)|F(y + q)dy

gmm+q/ Ip(y)ldy
0

<loll (14 )
(59) = Mip].

Now insert (59) into (58) to obtain
G(a,piv, Z) — G(a,p;v', Z')| < no(1+ M)]Ipl|.
Hence, it follows that
linf G(q. p; v, Z) — inf G(q. p; o', Z2')| < ma(l + M) lp]|
Recalling ||6]] = 1 and specializing to p = é, we have

linf G(q,6;v,2) —inf G(q,6;v", Z")| < na(l + M).
q q
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In summary, we have proved

d<T( 2(r) >T< 20 >) S“(”M)d« ) )( 76 )>

In addition, if a(l + M) < 1 as required at the beginning of this section, T is a
contraction map on R x B. It is also a contraction on i x B,., where B. denotes the
closed subset containing the continuous functions in B. Therefore, when a(1+M) < 1,
(35)—(36) have a unique fixed point in $ x B,.

4.1. Relaxing the condition on the discount rate. We relax the condition
a(l+ M) < 1to aM < 1 by measuring the distance d in R x B for a fixed A. Namely,
we consider the projection of # x B onto {\} x B. For any A, we define the projected
value function Z* as the solution of

) 20 =it { o p) +ar [T F+ anldy + a2 (ola.n)}.
0
Note by (37) that Z*(up) = uZ*(p), and thus Z*(0) = 0.
LEMMA 8. If A < vy = co/(1 — ), then Z*(p) < Zy(p) for all p € HT.
Proof. First note that

2(p) < (e(,0),p()) + avo / " Fu)p(y)dy + a2 (0(0,p)).

Zo(p) = (e(,0), p()) + awg / " Bly)p(y)dy + aZo(p(0, ).

Now take the difference to obtain Z*(p)—Zo(p) < a(Z*(p(0,p))—Zo(p(0,p))). Taking
the positive parts, we obtain [Z*(p) — Zo(p)]* < a[Z*(p(0,p)) — Zo(p(0, p))]*. Divide
both sides by ||p|| and take the supremum over p € H* to obtain

ZA — 7 + ZA — 7 +
wp 20 =2 _ - [2260.0)) — Zo(p(0.1)]
peEHT ||p|| peEHT ||pH

< al|Z* = Zolls sup LLLPN < 70 7
pert [Pl
Z — 7 +
pEHT |||
By recursing (61) N times, we get
ZA — 7 + ZA — 7 +
sup [Z*(p) — Zo(p)] <o sup [22(p) = Zo(p)]" |
peEHF |Ipl| pEHT [pl]

Thus, [Z*(p) = Zo(p)]* =0 or Z*(p) < Zo(p). O
Define, for A < wvg and Z < Zj,

T(Z)(p) := inf {<C(~7Q)7P(~)> + al /OO F(y+q)p(y)dy + aZ(P(CLP))}-
0

q
Use v = v’ = X in the steps used in obtaining (58) to arrive at

[TX(Z)(p) = TNZ)P)| < ollZ = Z'N|sllp(g, p)I| < ol|Z = Z'||sM]|p]l.
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The second inequality is due to ||p(q,p)|| < M]||p||, where M = 1+ ag/(c(1 — @)).
Then it is immediate that

IT*(Z1) — TN Z2)||8 < aM||Zy — Zs||5.

If aM < 1, then T*(Z) is a contraction mapping. Thus, T*(Z) has a fixed point in
R x B.. Consequently, Z* is uniquely defined. It is shown to be nondecreasing with
respect to A in the next lemma.

LEMMA 9. Z*(p) is nondecreasing in \ for each p € H*.

Proof. For any A, define

Zp(p) =T Zy_1(p),  Z3(p) = Zo(p)-
Then Z)(p) | Z*(p). Suppose A’ > \. By induction, if
Z’r)l\ 1( ) 2 Z’r)l\fl(p%
then
Z) (p) = T (Z)_1)(p) = TNZ)_1)(p) = TNZ3_1)(0) = Zn_1 (p)-

Going to the limit yields Z* (p) > Z*(p). d
Now consider the function g(A) for A > 0 defined by

(62) 9(A) = inf {¢(0,q) + aAF(q) + aZ*(p(4,6))} ,
where Z* is given by (60). By Lemma 9, the map g(]\) is nondecreasing. It is concave
with a rate of increase of at most «, by the next theorem.

THEOREM 4. The system in (35)—(36) has a unique solution.
Proof. We first establish the concavity of Z*(p) in A for each fixed p € H*:

ZPat =022 (p) > 377 (p) + (1 - B) 2 (p).
This will be proved by induction on n in Z}, where Z) = T*Z) ,. For n = 0,

Z3(p) = Zo(p), so it is a constant and hence concave. If the concavity holds for
Z’r>7,\—1(p) then7

Z?“k@“@%ﬂﬁ{@@mmm>+aWM+U—ﬁMﬁAmF@+mmw®

q

+az T (p(qm))}

q

> it {Blet.a).p0) + s [ Flu-+at)dy + 082 ola.p)
U= D) +all= e [ Fly+ ap)dy
+all= 022 plan) |

> BZ) (p) + (1= B)Z)*(p).

Since T preserves the concavity and Z; converge to Z*, we can conclude that Z*(p)
is concave in A for every p € H™T.
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We repeat the steps above with g(\) to see the following:

9(BM + (1= B)A2)
= inf {c(0,9) +a(Bh + (1= A Flg) + aZP+0=2(p(q,8)) |
2 inf {Bc(0,q) +aB\iF(q) + aBZ* (p(q,6))
+ (1= P)e(0,9) + a(l = B)A2F(q)p(y)dy + a(l — )2 (p(g,6)) }
> Bg(M) + (1= B)g(A2).

Hence, g()\) inherits concavity from Z*(p) for every p € H™.
By setting ¢ = 0 in (62) and recalling that Z*(p(0,6)) = Z*(0) = 0, we obtain

(63) 9(A) <¢(0,0) + A,

which shows that the function g(\) has a rate of growth of at most . Furthermore,
ignoring the last two terms in (62) and using (38), we get

(64) g(0) > inf¢(0,q) > c2 > 0.
q

We already know that there exists a solution to (60). Since g(0) > 0, and g(A) is
concave and has a growth rate of at most «, the equation g(\) = A has a unique

solution v. Thus, setting Z = ZY, we obtain a unique pair (v,Z) which solves
(35)—(36). O

5. Abridged optimal control. Let ¢* be the abridged feedback control defined
as

" = {a1(m), d2(m2), - @i (ma), 4, -, 4, )

It is important to note that ¢* is defined by k functions mapping Ht to ® and a
scalar ¢*°. After period k, the same scalar ¢°° is applied repeatedly without regard
to the current state, so ¢; is adapted to Z; only for ¢t < k.

Consider the abridged monotone iterative process starting with

vo = ¢(0,0) 4+ avy,

Zo(p) = (¢(,0),p()) + oo / ¥ W)y + aZo(o(0,p)

by iterating with the feedback ¢, (p) for n < k, which solves

(65)
Unt1 =infg {c(0,q) + ava F(q) + aZy(p(q,6))} for < E
Zn11(p) = infg {{c(,@),p(.)) +avn [ Fly+ q)p(y)dy + aZu(p(g,p))} T

Afterwards, the monotone iterative process applies the scalar ¢°°, so we have

Un+1 = {0(07 q) + v F(§°) + aZu(p(§>, 6))}
{{el
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One can improve the value functions by choosing ¢°° as good as possible. For example,
take

G = arginf E Z ale(ly,q) with Iy = Ipyq.
q

The scalar ¢*° exists because ¢ can be bounded in the minimization of the sum of
continuous functions ¢(., ¢) above.
The scalar ¢°° can be found by an alternative procedure. For a fixed ¢, define

(vg, Z4) by

Zq(p) = (c(-,q),p(.)) +avg / F(y +q)p(y)dy + aZ(p(q, p)),
0
vg = ¢(0,q) + quF(Q) +aZ,y(p(g,0)).
Once the functional Z, is obtained, we choose ¢ as

§>° = arg irq1f Zy(Ths1)-

The abridged iterative process preserves the continuity of Z,, as established next.

LEMMA 10. If Z, is continuous over H* \ {0}, then Z,+1 is continuous over the
same set.

Proof. Indeed if Z,, is continuous, then the function

G(q,p;vns Zn) = (c(.,9),p(.)) +avy /Ooo F(y+ q)p(y)dy + aZ,(p(q,p))

is continuous in RT x H*. In view of (50), we can moreover assume that the order
quantity ¢ is bounded above by

q< ap 14 foooxp(x)dx '
c(l —a) fo p(z)dz
This bound depends on p and it is well defined for p € HT \ {0}. Then there exist
Gn(p) and ¢, achieving the infima such that

Un+1 = C(O7 C}n) + O"UnF(Cjn) + aZn(p((jny 6))7

Zng1(p) = (c(,dn(p)), p(.)) + vy /OOO F(y + Gu(p)p(y)dy + aZn(p(Gn(p), p))-

Hence, Z,,4+1 is continuous in ¢, (p).
To complete the proof, we need to show continuity in p. Suppose that py — p in
‘H*. For an arbitrary ¢,

Zur(ow) < (e(r0) pi()) + avy / By + pe(y)dy + aZa(o(g, pi).

Take the lim sup of both sides and note that the right-hand side is continuous in py
to obtain

k—oo k—o0

11msupzn+1<pk><hmsup{<< 2.p <>>+own/ Fly+ ety >dy+aZ<<qpk>>}

< {c(-,q),p(. +own/ooo (y + @)p(y)dy + aZ,(p(q, p))-
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Inserting ¢ = ¢, (p) into the right-hand side gives

(66) limsup Zp41(pk) < Zp41(p)-

k—oo

Next
Zny1(pe) = (c(,4(pr)), pr(.)) + avy, /000 F(y + 4(pr))ox(y)dy + aZn(p(4(pr), p))-

Since pp — p, we can extract a subsequence pj, indexed by k; such that py, — p
and lim;_, oo Zpt1(pr,) = liminfy Z,,11(pr). Using the standard arguments and the
fact that g, (pr,) remains bounded, we can guarantee that the subsequence g, (py,)
converges to a number, say ¢’. By continuity of Z,,

Jim Zn1(pr,) = (e @), p()) + ava /000 F(y+qpe(y)dy + aZn(p(d',p))
Z Z7L+1(p)7

where the inequality is due to the fact that ¢’ may differ from §,(p). Using the
inequality along with the definition of the subsequence py,, we have

(67) liminf Z,, 1 (px) = lim Zp,11(pr,) > Zn41(p)-
k—o0 l—o0

Combining (66) and (67), we obtain that limsupy, Z,4+1(pr) = liminfy Z, 1 (pk), so
that Z, 11 is continuous. O

In this section, we have introduced an abridged optimal control for our inventory
problem. The choice of k for the abridged control ¢ is an important practical ques-
tion. Note that v, and Z,.1(p) decrease as k increases for any p € H*. Moreover,
these values cannot fall below the inventory cost of the corresponding fully observed
system. The gap between these costs is an upper bound on the cost savings achievable
by increasing k. A manager may use this bound to determine whether a given value
of k is suitable. An alternative approach is to increase k until the reduction in the
costs v, and Z,,41(p) for any p € H* become less than a specified amount.

6. Conclusion and extensions. This paper has provided a rigorous treatment
of inventory problems with partial observations. The observation process is a binary
valued Markov chain, which arises from the zero-balance walk approach to inventory
management. Since the inventory level is often not observed, its distribution is used
to represent the state of the system. This approach immediately results in a dynamic
program in a functional space. The dynamic programming equations are simplified
by using unnormalized probabilities. By doing so, a Zakai-type system of equations
are derived for our inventory problem. This simplification has allowed us to prove
the existence of a value function under various assumptions. We also established the
uniqueness of the function in some cases.

This paper is part of a greater effort [6] that aims to study inventory problems
with partial observations. As such, it represents an important step in the study of
inventory problems with partial observations. It treats a specific binary observation
process. We plan to investigate the effect of other observation processes on inventory
policies.

Search for a sufficient statistic. An interesting area of research is to classify
those partial observation processes for which a sufficient statistic exists. While it
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is not so in the general case, such statistics exist; see [7, 8], for example. When a
sufficient statistic exists, the system becomes finite-dimensional, and the analysis can
be carried much further.

Approximation algorithms. When a sufficient statistic does not exist, which
is often the case, the analysis in this paper becomes very relevant. Furthermore,
our analysis directly shows how successive approximations can lead to an optimal
solution. In devising approximate optimal solutions and heuristic procedures, one
can also benefit from the books [19, 20].

Finer interval observations. We have supposed in this paper that only events
[I; = 0] and [I; > 0] are observed. This corresponds to observing if the inventory
falls into the intervals [0,0] or (0,00). When there is a finite storage capacity a, the
inventory can take values in the interval [0, a]. This interval can be partitioned into
N + 2 disjoint intervals, namely,

I() = [ao,ao], Il = (ag,aﬂ, Ig = (al,ag], ceey IN = (aN_l,aN), IN+1 = [aN,aN]

for0=ap <a; <---<ay_1 < ay = a. The signals associated with the observation
of inventory in these intervals will be

z=n ifl;€Z, for0<n<N-+1.

Clearly this new signal process provides more information than the binary signal we
have studied. However, we expect that the Bellman equations can still be linearized
by using unnormalized probabilities.

In practice, the interval observations as defined above would happen when the
inventory is stored in modules, e.g., bins, shelves, or different locations. The IM can
see empty and full bins by simply walking in the storage area. In a typical case, the
bins may be prioritized in such a way that the items in bin ¢ are not used until the
items in bin 7+ 1 are finished. Then a; would be the first bin’s capacity, as would be
the first and second bins’ cumulative capacity, etc. If three bins are full, the fourth
is semifull, and the others are empty, the IM would conclude that I; € Z, = (as, a4]
and observe the signal z; = 4.

Stock-taking and inspections. Perpetual growth in the uncertainty of the
actual inventories can lead to poor decisions and therefore higher costs. In practice,
actual inventories are counted and/or inspected often periodically to reduce uncer-
tainty [2]. Since stock-counting and inspections may require testing and disrupt other
activities, they are expensive. Consequently, the inventory is not counted or inspected
every period. Also, only a part of the inventory (partial inspection) may be exam-
ined to reduce the uncertainty to a reasonable level. The counting and inspection
costs typically have both fixed and proportional components. The optimal timing
and the amount of inspections, whose study would require the use of quasi-variational
inequalities [4], is an interesting topic for future research.
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TRACKING WITH PRESCRIBED TRANSIENT BEHAVIOR FOR
NONLINEAR SYSTEMS OF KNOWN RELATIVE DEGREE*

ACHIM ILCHMANNT, EUGENE P. RYAN?, AND PHILIP TOWNSEND?

Abstract. Tracking of a reference signal (assumed bounded with essentially bounded deriva-
tive) is considered in the context of a class ¥, of multi-input, multi-output dynamical systems,
modelled by functional differential equations, affine in the control and satisfying the following struc-
tural assumptions: (i) arbitrary—but known—relative degree p > 1; (ii) the “high-frequency gain”
is sign definite—but possibly of unknown sign. The class encompasses a wide variety of nonlinear
and infinite-dimensional systems and contains (as a prototype subclass) all finite-dimensional, linear,
m-input, m-output, minimum-phase systems of known strict relative degree. The first control objec-
tive is tracking, by the output y, with prescribed accuracy: given A > 0 (arbitrarily small), determine
a feedback strategy which ensures that, for every reference signal r and every system of class 3,, the
tracking error e = y — r is ultimately bounded by X (that is, ||e(¢)|| < A for all ¢ sufficiently large).
The second objective is guaranteed output transient performance: the tracking error is required to
evolve within a prescribed performance funnel F,, (determined by a function ¢). Both objectives are
achieved using a filter in conjunction with a feedback function of the tracking error, the filter states,
and the funnel parameter .

Key words. output feedback, nonlinear systems, functional differential equations, transient
behavior, tracking, high relative degree

AMS subject classifications. 93D15, 93C30, 34K20

DOI. 10.1137/050641946

1. Introduction. In [5], a class of infinite-dimensional, m-input (u(¢) € R™),
m-output (y(t) € R™), nonlinear systems (with finite memory) given by a controlled
functional differential equation of the form §(t) = g(p(¢), (Ty)(t),u(t)) is considered,
where g is a continuous function, p represents a bounded disturbance, and T is a
causal operator with a bounded-input bounded-output property: an output feedback
control structure is developed which ensures approximate asymptotic tracking, with
prescribed transient behavior, of any absolutely continuous bounded reference signal
with essentially bounded derivative. Here we extend these investigations to incorpo-
rate higher-order systems, affine in the control, of the form

(1.1)
YO (t) = Ryy(t) + Roy ™ (t) + - + Roy =V () + g(p(t), (Ty)(t)) + Tu(t),

where p € N is known, 3(*) denotes the ith derivative of y, and the matrix I is assumed
to be sign definite (equivalently, (v,T'v) =0 < v =0).

In an early contribution by Miller and Davison [12], the attainment of prescribed
transient behavior is considered for a class of single-input, single-output, linear,
minimum-phase systems with known high-frequency gain: a controller is introduced
which guarantees the “error to be less than an (arbitrarily small) prespecified constant
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after an (arbitrarily small) prespecified period of time, with an (arbitrarily small)
prespecified upper bound on the amount of overshoot.” However, the controller is
adaptive with nondecreasing gain k, invokes a piecewise-constant switching strategy,
and is less flexible in its scope for shaping transient behavior (in particular, an a priori
bound on the initial data is required) when compared to the nonadaptive approach
in [6].

The results of this paper generalize the main ideas in [6], where tracking with pre-
scribed transient behavior is considered in a more restricted context of linear systems
of known relative degree, subject to “mild” nonlinear perturbations: the generality of
the operator 7" in (1.1) allows for a considerable diversity of nonlinear and infinite-
dimensional effects, including delays and hysteresis phenomena. We implement a
“backstepping” procedure in conjunction with a filter/precompensator in the con-
struction of a nonadaptive controller. The backstepping procedure is akin to that of
[17,9, 12].

We briefly digress to review the literature on tracking and stabilization of high
relative degree systems. Unless otherwise stated, all results relate to single-input,
single-output systems. Bullinger and Allgéwer [1] introduce a high-gain observer in
conjunction with an adaptive controller to achieve tracking with prescribed asymptotic
accuracy A > 0 (A-tracking). This is achieved for a class of systems which are affine
in the control, of known relative degree, and with affine linearly bounded drift term.
Paper [17] considers linear minimum-phase systems with nonlinear perturbation; the
control objective is (continuous) adaptive A-tracking with nondecreasing gain. The
class of allowable nonlinearities is considerably smaller than that of the present paper.
Stabilization for systems of maximum relative degree in the so-called parametric strict
feedback form is achieved in [18] via a piecewise constant adaptive switching strategy.
Both these contributions use a backstepping procedure. Nonadaptive contributions
are found in the work by Byrnes and Isidori [2] with extensions in [3]. They cover
stabilization and tracking for a class of relative-degree-one nonlinear systems, with an
exosystem, the positive orbits of which lie in a compact set: systems of higher relative
degree are also considered (see in particular [2, eq. (33)]), and the authors state
(without proof) that “these systems can [be] reduced to systems of (relative degree 1)
by means of the semiglobal back-stepping Lemma.” The main result in [2, Prop. 7.1]
pertains to practical tracking and applies high-gain principles in conjunction with an
internal model: the multilayered nature of the assumptions determining the system
class makes it difficult to assess the overlap with the class considered in the present
paper. Related investigations, based on high-gain properties and/or an internal model
principle, can be found in [10, 13, 9]: we will have occasion to comment further on
the latter in section 3.1.3 below.

The paper is organized as follows. Sections 2 and 3 introduce the control ob-
jectives and the system class: section 3.1 highlights several particular subclasses. In
section 4, the control and feedback laws are constructed: an existence theorem for the
resulting closed-loop system is provided in section 4.3. Our main results on transient
and asymptotic behavior of the closed-loop are given in section 5 and illustrated in
an example in section 6. All proofs are relegated to the appendix.

We close this introduction with remarks on notation. Throughout, Ry := [0, c0)
and C_ denotes the open left half complex plane {A € C| Re A < 0}. The Euclidean
inner product and induced norm on R™ are denoted by (-, -) and || - ||, respectively.

The open ball of radius § > 0 centered at z € R™ is denoted by Bs(z). For an
interval I C R, C(I,R") is the space of continuous functions I — R™, L*(I,R")
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is the space of essentially bounded measurable functions z: I — R" with norm
|2]lco = ess-supier||x(t)|, L'(I,R™) is the space of integrable functions z: I — R"
with norm ||z, := [} [lz(t)||dt < co, LS, (I,R™) (respectively, L, (I, R™)) is the space
of measurable, locally essentially bounded (respectively, locally integrable) functions
I — R", and WH°°(I,R") is the space of absolutely continuous functions z: I — R™

with x,& € L*°(I,R™). The spectrum of A € R™*" is denoted by spec(A).

2. Control objectives and the performance funnel. There are two control
objectives: (i) approximate tracking, by the output, of reference signals r € R :=
WL (R, R™) (in particular, for arbitrary A > 0, we seek an output feedback strategy
which ensures that, for every r € R, the closed-loop system has bounded solution and
the tracking error e(t) = y(t) — r(t) is ultimately bounded by A (that is, |e(t)|| < A
for all ¢ sufficiently large)) and (ii) prescribed transient behavior of the tracking error.

Both objectives are captured in the concept of a performance funnel

Fo={(t,e) e R} x Rm| o(t)|le]l <1}
associated with a function ¢ of the following class:

®:={pe W"*(Ry,R)| ¢(0)=0, ¢(s) >0 Vs>0and liminfe(s) >0} .

§—00

The aim is an output feedback strategy ensuring that, for every reference signal
r € R, the tracking error e = y — r evolves within the funnel F; see Figure 1. For
example, if liminf;_ ., ¢(t) > 1/A, then evolution within the funnel ensures that the
first control objective is achieved. If ¢ is chosen as the function ¢ +— min{¢/7, 1}/A,
then evolution within the funnel ensures that the prescribed tracking accuracy A > 0
is achieved within the prescribed time 7 > 0. The feedback structure incorporates
a filter and essentially exploits an intrinsic high-gain property of the system/filter
interconnection to ensure that, if (¢,e(t)) approaches the funnel boundary, then an
appropriately generated gain attains values sufficiently large to preclude boundary
contact.

-~ Ball of radius 1/¢(2)
')—> Error evolution

Fi1G. 1. Prescribed performance funnel Fy.

3. Class of systems. We subsume (1.1) in the following:

@(t)= Az (t) + f(p(t), (Ty)(t), (1)) + Bu(t),
(31) (1) = Clt),
.T‘[,h)o] =€ C’([—]”L7()],R’Tm)7
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oo
o~
~ o
o O
oo

(32) A= | : . | eRemem B= || e RIMXM
0o 0 - 0 I 0
Ry Ry -+ R, .1 R, r
(33) C= [[:0:---:0:0] e R™*P™  f:R™ x R x R’™ — R”™ continuous.

Observe that I' = CA?~ ' B. In the special case wherein f is given by

0

(3.4) fpway=| |,
0

9(p,w)

it is clear that (1.1) and (3.1) are equivalent. Next, we define the class of operators
T allowable in (3.1).

DEFINITION 3.1 (operator class 7). Let h > 0. An operator T is said to be of
class Ty, if, and only if, for some l,q € N, the following hold:

(1) T C([fha OO),Rl) - L?ooc(R+7Rq) .

(ii) For every 6 > 0, there exists A > 0 such that, for all ( € C([—h,0),R!),

sup [<@OI <6 = (TO@)| <A for almost allt > 0.
te[—h,00)

(iii) For allt € Ry, the following hold:
(a) for all ¢, € C([—h,00),RY),

CH)=vy() on[-h,t] = (TC¢)(s) = (T¥)(s) for almost all s € [0,t];

(b) for all continuous functions (3: [—h,t] — R!, there exist T,6,c¢ > 0 such that,
for all ¢,v» € C([—h,0),R!) with Climhy = B = Yl—n,g and ((s),¥(s) €
Bs(B(t)) for all s € [t,t + 7],

ess-suPse(t i+ [ (TC)(s) = (T) ()| < esupsep,enlIC(s) = D(s)]l-

Remark 3.2.  Property (ii) is a bounded-input, bounded-output assumption on
the operator T'. Property (iii)(a) is a natural assumption of causality. Property (iii)(b)
is a technical assumption of local Lipschitz type which is used in establishing well-
posedness of the closed-loop system (defined later in section 4.3).

We are now in a position to make precise the system class.

DEFINITION 3.3 (system class X,). For p € N, ¥, is the class of m-input,
m-output systems (A, B,C, f,p,T,h) of the form (3.1), where h > 0 quantifies the
memory of the system, and A, B, and C are structured as in (3.2)—(3.3) and satisfy

(A1) sign-definite high-frequency gain: T' = CAP~1B is either positive definite or

negative definite (equivalently, (v,Tv) =0 & v =0).
The functions f, p and operator T are such that

(A2) p € L*(R,R™),

(A3) for some g € N, T': C([—h,0),R™) — L* (R4, R?) is of class Ty,

(A4) f: R™ xRIxRP™ — RP™ s continuous and, for all nonempty compact sets

PCR™ W CRY, and Y CR™, there exists a constant co = co(P,W,Y) >0
such that || f(p,w, z)|| < co for all (p,w,z) € Px W x {veR™| CveY}.
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Remark 3.4. (i) Due to the presence of the nonlinear function f, the (vector)
relative degree of (3.1) at some point z° € R”™ may not be defined; see [7, pp. 137
and 220]. However, if f = 0, then it follows from assumption (A1) that the vector
relative degree of the linear system (3.1) is (p,...,p) € R™ at each point z° € RP™
and, in particular,

(3.5) CA'B=0 fori=1,...,p—2and T'=CA’"'B is invertible.

The linear system (A4, B,C) is said to have strict relative degree p if, and only if,
(3.5) holds. Note that assumption (Al) requires the strengthened assumption that
CAP~1B is either positive definite or negative definite. In the multi-input, multi-
output case, (Al) is rather restrictive. By contrast, in the single-input, single-output
case, the assumption of sign definiteness is redundant and (A1) is simply equivalent
to positing that the relative degree of the linear triple (A, B, C) is known.

(ii) Recall that a linear system (A, B, C) is said to be minimum phase if, and only
if,
sI—A B

(3.6) det { C 0

} #0 Vse C with Re(s) > 0.

Due to the structure of the matrices A, B, and C in (3.2)—(3.3) and assumption (A1),
(A, B,C) is minimum phase.

(iii) Assumption (A4) constrains the nature of the dependence of f on its third
argument: in particular, for compact sets P, W, and Y, it posits boundedness of f on
PxW x{veR™ | Cve Y} Forexample, (A4) holds if there exists a continuous
function 7 : R™ x R? x R™ — R such that || f(p, w, z)|| < 7(p, w, Cx) for all (p, w, ).
Assumption (A4) plays a crucial role in the later analysis: in its absence (i.e., if f is
merely assumed to be continuous), it is not difficult to construct examples for which
the performance objectives cannot be achieved (indeed, finite escape times can occur).

(iv) With reference to Figure 2, the system (3.1) can be thought of as the inter-
connection of two blocks. The dynamical system represented by block A, which can
be influenced directly by the system control u, is also driven by the output w from
the dynamic block As, as shown in Figure 2. The block As can be considered as a
causal operator mapping the system output y to w (an internal quantity, unavailable
for feedback purposes); it allows for infinite-dimensional (e.g., delays, diffusions) and
hysteresis (e.g., backlash) effects, some examples of which are given in section 3.1.

—| Ao w=Ty |<—

w L
u Als{ &= Az + f(p,w,x) + Bu y
p , y=Cx

F1G. 2. System of class 3.

3.1. Subclasses of X,.

3.1.1. Finite-dimensional linear prototype. For motivational purposes, we
first examine a prototype linear system and show that all finite-dimensional linear
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systems of this form are incorporated into the class ¥,. Consider an m-input, m-
output linear system of the form

(3.7) w(t) = Aw(t) + Bu(t), w(0)=uw"€R", y(t)=Cwt),

with strict relative degree p > 1, A € R"*" B € R"*™ (C € R™*" n > pm, and
positive-definite or negative-definite high-frequency gain C A?~!'B. To show that the
system (3.7) belongs to the class X,, we present the following lemma, a proof of which
can be found in the appendix.

LEMMA 3.5. Consider a linear system of the form (3.7) with strict relative degree
p € N. Define

cA | . . -
C:=| . |eR™" B:=[B:AB:---:AP"'B] e R""
Gir
and let V € R (=pm) pe such that im V = ker C. Then

(i) R" =kerC®imB;
(ii) the matriz

U= Lﬂ ER™™  where N = VTV)"WT[I - B(CB)~'C] € RM—Pm)xn,

is invertible, with inverse U=' = [B(CB)~':V], and the triple
(3.8) (A, B,C):= (VAU ", UB, CU™Y)

has the following structure (wherein I and O denote the m x m identity matriz and
zero matriz, respectively):

(3.9)
[0 I 0 0 0] (07
0 0 I 0 0

A | |, B=|i|, ¢=10t-0%0t0),
o 0 -~ 0 I 0 0
Ry Ry -+ Rp1 R, S r
P 0 -~ 0 0 Q] 0]

with [Ry: -+ 1R, 8] = CAPU~, T = CAP~'B, P = NA?BI'!, and Q = NAV;

(iii) if the system (3.7) is minimum phase, then spec(Q) C C_ .
We remark that, in the case p =1, (3.9) is to be interpreted as

(3.10) A:ﬁl g} B:[g], C=1[I:0].
0

Invoking the similarity transformation (3.8)—(3.9) and writing 2° := Cw?, 2% := Nw?,
x(t) := Cw(t), it is readily verified that system (3.7) is equivalent to

(3.11) a@(t) = Az(t) + f(p(t), (Ty)(t), x(t) + Bu(t), x(0) =2, y(t) = Ca(t),
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where A, B, and C are as in (3.2)—(3.3), p: t — S(exp Qt)z°, T is the linear operator
given by

@i =5 ([ ewi@-spysas). 120

and the function f takes the special form (3.4) with g : R™ x R™ — R™ given by
g(p,w) :==p+w. o

If (3.7) has sign-definite high-frequency gain, then CA?~'!B =T = CA?~'B is
either positive definite or negative definite, and hence assumption (Al) is satisfied.
If we assume that (3.7) has the minimum-phase property, then by Lemma 3.5 (iii),
@ has spectrum in C_: it follows that p € L>°(R;,R™) and T belongs to the class
of operators 7y, and so assumptions (A2) and (A3) are satisfied. Assumption (A4)
is trivially satisfied. Therefore, the system class X, contains all m-input, m-output,
finite-dimensional, linear, minimum-phase systems of strict relative degree p with
sign-definite high-frequency gain.

3.1.2. Infinite-dimensional linear systems. The finite-dimensional class of
systems of the form (3.8) can be extended to infinite dimensions by reinterpreting
the operators ), P, and S as the generating operators of a regular linear system
(regular in the sense of [16]). In the infinite-dimensional setting, @) is assumed to
be the generator of a strongly continuous semigroup S = (S;);cr. of bounded linear
operators and a Hilbert space X with norm || - ||x. Let X; denote the space dom(Q)
endowed with the graph norm and let X_; denote the completion of X with respect
to the norm ||z]|_1 = ||(sol — Q) 'z||x, where s is any fixed element of the resolvent
set of ). Then P is assumed to be a bounded linear operator from R to X_; and
S is assumed to be a bounded linear operator from X; to R™. Assuming that the
semigroup S is exponentially stable and that S extends to a bounded linear operator
(again denoted by S) from X to R™, then the operator T given by

@)= ( [ siapyts)as)

is of class 7y (see [14] for details) and, writing p(t) := S S;2", we again arrive at the
structure of (3.11).

3.1.3. Nonlinear systems. In [9, eq. (1)] the following class of systems is stud-
ied:

a1 (t) = wa(t) + fir(w(t), y(t))

Ep1(t) =
(3.12) it
w(t

y(t) =

(1(0),...,2,(0),w(0)

where v € R\ {0}, ¢: RP xR — RP, and f;: RP xR = R, i = 1,...,p, are locally
Lipschitz functions. Denote, by T, the mapping y — w induced by the subsystem
w = g(w,y) with initial condition w(0) = w®. Then (3.12) is equivalent to (3.1)

) 2p(t) + fo—1(w(t), y(t))
)=yu(t) + fp(w(t),y(t))
)= q(w(t), y(t))
)= z1(t)

)= (x

1.2, w?)
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(with h = 0 and m = 1). Moreover, if we assume that the subsystem w = ¢(w,y) is
input-to-state stable (ISS), then, as shown in [4, sect. 2.3], the operator T is of class
7o, in which case system (3.12), interpreted in its equivalent form (3.1), is of class X,,.

We remark that, in [9, eq. (1)], an assumption of integral input-to-state stabil-
ity (iISS) (strictly weaker than our assumption of ISS) is imposed on the subsystem
w = g(w,y). In this respect, the full generality of the system class in [9] is not
captured by the class considered in the present paper.

3.1.4. Nonlinear delay systems. Let functions G;: R x R — R? : (£,() +
Gi(t,¢), i = 0,...,n, be measurable in ¢ and locally Lipschitz in ¢ uniformly with
respect to t: precisely, (i) for each fixed ¢, G;(+,¢) is measurable and (ii) for every
compact K C R there exists a constant ¢ such that

|Gi(t,¢) — Gi(t,¥)|| < c||¢ — | for almost all t and V(¢ € K.

For i =0,...,n, let h; € R, and define h := max; h;. For ¢ € C([—h, ), R), let

0

(TC)(t) == Go(s,((t+s)) ds + En: Gi(t,C(t—h;)) Vt>0.

—ho i=1
The operator T, so defined, is of class 7j: for details see [14].

3.1.5. Systems with hysteresis. A general class of hysteresis operators, which
includes many physically motivated hysteretic effects, is discussed in [11]. Examples
of such operators include backlash hysteresis, elastic-plastic hysteresis, and Preisach
operators. In [5], it is pointed out that these operators are of class 7. For illustration,
we describe a particular example of a hysteresis operator.

Backlash hysteresis. Consider a one-dimensional mechanical link consisting of
two components, denoted I and II (of width 2a) and illustrated in Figure 3(a). The
displacements of each part (with respect to some fixed datum) at time ¢ > 0 are
given by ((¢) and 9(t) with |[(¢) — ¥(t)] < a for all ¢, and ¥(0) := ¢(0) + b for
some prespecified b € [—a,a]. Within the link there is mechanical play: that is to
say, the position ¥ (t) of II remains constant as long as the position {(t) of I remains
within the interior of II. Thus, assuming continuity of ¢, we have ¢(t) = 0 whenever
|¢(t) —1(t)| < a. Given a continuous input ¢ € C(R4,R), describing the evolution of
the position of I, denote the corresponding position of II by v = T'(. The operator T
(in effect we define a family Ty, , of operators parameterized by a > 0 and b € [—a, a]),
so defined, is known as backlash or play and is of class 7.

4. The control. Let ¢ € ® determine a performance funnel F,. We proceed
to construct a feedback structure which ensures that, for every reference r € R and
when applied to any system of class ¥,, the tracking error e = y — r evolves within
F,. We initially assume p > 2; the case of systems with strict relative degree p = 1
will be treated separately in due course.

4.1. Filter. Fix p > 0 (arbitrarily) and introduce the filter

, it) = —n&i(t) + &, £i(0) =& e R™, i=1,...,p—2,
Ep—l(t) = *ng—l(t) + u(t), fp—l(o) = 50_1 € R™,
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¢ : v
o am
1T | 2a Sa /’ ‘
/
(0
(a) (b)

F1G. 3. Backlash hysteresis.

which, on writing (wherein I and 0 denote the m x m identity and zero matrices)

RIGH —ul T 0 0 0 0

& () 0 —pl I 0 0 0

&(t) 0 0 —pul 0 0 0

£t) = : , =1 . : . G=|.
0 0o 0 0 —ul T 0

€, 1 (t)] L0 0 0 0 —pl 1)

may be expressed as
5(0) _ é-O c R(p—l)m7
H:=[I:0:0:---:0:0].

{ £(t) = FE(t) + Gu(?),
51 (t) = HE(t)a
4.2. Feedback. Define

s(D) := {

Let v: R — R be any C'*° function with the following property:

(4.2) {

Introduce the projections

(4.1)

+1,
~1,

I' positive definite,
T’ negative definite.

there exists a strictly increasing unbounded sequence (k;) such that
the sequence (s(I')v(k;)) is strictly decreasing and unbounded.

mr ROTD™ LRI = (6, ) o (G0 &), i=1,p— 1,
and define the C* function
(4.3) 7: RXxR™ = R"™,  (k,e) — yi(k,e) :=—v(k)e,
with derivative (Jacobian matrix function) D~y;. Next, for i = 2,... , p— 1, define the

C™ function ;: R x R™ x RG—D™ _ R™ by the recursion
ik, e, mi1€) i= vim1(k, €, mim2) + | Dri-1(k, e, mi2&) 2 K (1 + mi-1€]1?)

(4.4) X (u%i&—l + vi—1(k,e, Wi—zf)) )
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wherein we adopt the notational convention ~v; (k, e, &) := 71 (k,€). Define the C™
function 7,: R x R™ x RP=Hm — R™ a5 follows:

Yolk, e, &) i=p" v, 1(k, e, mp—28) 4+ 1~ | Dypr (ky €, mo—a€) PR (1+[|€]1%)

(45) X <M27p£p—1 +"}/p_1(k,€,7l'p_2§)).
Finally, we introduce the bijection
(4.6) a:[0,1) = [1,00), s+ 1/(1—23s).

For arbitrary r € R, the control strategy is given by

7)) ut) = =y, (k(t), Cx(t) = r(1).£(1)), k(t) = a(L*OCa(t) —r(t)]).

Remark 4.1. (i) If s(T") is known a priori, then the function v: k — —s(I)k is
sufficient to ensure property (4.2); if s(T") is unknown, then the function v: k — k cosk
suffices. In the latter case, the role of the function v is similar to that of a “Nussbaum”
function in adaptive control. Note, however, that the requisite property (4.2) is less
restrictive than (a) the “Nussbaum properties” as required in [17], for example, or (b)
the stronger “scaling invariant Nussbaum properties”, as required in [9], for example.

(ii) The function « in (4.6) may be generalized to any C* bijection « : [0,1) —
[1,00) with the property that o/ = d(«) for some function d: the particular choice
d(-) = (+)? yields the specific function adopted in (4.6) for simplicity of presentation.
In the case of general «, the term k* in (4.4) and (4.5) should be replaced by d?(k).

(iii) In the specific case of a system of relative degree p = 2, writing e(t) =
Cx(t) —r(t) and omitting the argument ¢ for simplicity, the control strategy takes the
explicit form

u=pv(k)e—p[(' (k)lel)? + (w(k)*] k* [1 +[I€]12]6,
(4.8) k=a(@lel?), 0=¢—v(k)e,

E=—pE+u,  £0)=¢"
We will adopt this controller in the example in section 6.

4.3. Well-posedness of the closed-loop system. The conjunction of the fil-
ter (4.1) and the feedback (4.7) applied to (3.1) yields the initial-value problem

#(t) = Aw(t) + f(p(t), (TC)(t), 2(t)) — Bo(k(t), Cx(t) — r(t), (1)),

£(t) = FE(t) — Grp(k(t), Cx(t) — r(t),£(1)),
k(t) = a(@*()]|Cx(t) —r(1)]1?)
zlipo =2 € C([—h, 0, RP™), £(s) =€ e R=D™ ¥ s € [—h,0].

By a solution of (4.9) on [—h,w) we mean a function (z,£) € C([—h,w),RF™ x
RP=Dm) with 0 < w < 00, 2|(_pg = 2°, and &(s) = £° for all s € [—h,0], such
that (2, )[[,w) is absolutely continuous, satisfies the differential equations in (4.9) for
almost all ¢ € [0,w), and avoids the singularity in « in the sense that (¢)||Cz(t) —
r(t)]] <1 for all t € [0,w). To answer affirmatively the question of well-posedness of
the closed loop, we provide an existence theorem for a class of initial-value problems of
sufficient generality to incorporate (4.9). For h > 0, consider the initial-value problem

{ ()= Z(t,(TC)(t),C(1)), ((t) e D,

(4.10)
C'[—h,O] = CO € C([_hv OLRN)v CO(O) €D,
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where D C RY is a nonempty, open set, Z: [—h,00) x R?x D — R is a Carathéodory
function, and 7' is a causal operator of class 7;,. By a solution of (4.10) on [—h,w)
we mean a function ¢ € C([~h,w),RY), with 0 < w < oo, and Cli=h,0 = ¢Y such
that (|o,.) is absolutely continuous and satisfies the differential equations in (4.10)
for almost all ¢ € [0,w) and ((t) € D for all ¢ € [0,w). A solution of (4.9) or of (4.10)
is mazimal if, and only if, it has no proper right extension that is also a solution.

THEOREM 4.2. Let D C RN be nonempty and open, let T be an operator of
class T, and let Z: [—h,00) x R? x D — R¥ be a Carathéodory function. Then, for
each ¢° € C([=h,0],RN) with {(0) € D, there ezists a solution (: [—h,w) — RY,
¢([0,w)) C D, of the initial-value problem (4.10) and every solution can be extended
to a mazimal solution. Moreover, if Z is locally essentially bounded and (: [—h,w) —
RY, ¢([0,w)) C D, is a mazimal solution with w < oo, then, for every compact set
K C D, there exists t € [0,w) such that ((f) & K.

Proof. The proof is a straightforward modification of that of [5, Thm. 5]. 0

We apply this result to our closed-loop system (4.9).

COROLLARY 4.3. Let (A, B,C, f,p,T,h) € ¥, with p > 1 and let ¢ € . For ev-
eryr € R and (2°,€°) € C([—h,0],RP™ x RC=D™) application of the feedback (4.7)
in conjunction with the filter (4.1) to the system (3.1) yields the initial-value prob-
lem (4.9), which has a solution, and every solution can be extended to a maximal
solution. If a mazimal solution of (4.9) on [—h,w) is bounded and such that the
associated gain function k is also bounded, then w = co.

The proof is in the appendix.

5. Main results.

5.1. Preliminary lemmas. Let (4, B,C, f,p,T,h) € £, with p > 2. Rewriting
the conjunction of the nonlinear system (3.1) and the filter (4.1) as

ol=[0 # G

(5.1) gﬂ*‘%}ﬂﬂﬂﬂTW@%x@»+[G}mw,

we have the following technicality, a proof of which can be found in the appendix.
LEMMA 5.1. For system (5.1), there exist K € RP™*(p=1m gng N ¢ Rlp=Dmxpm
such that

cC 0
L:=|N —NK| R -mxE-ljm
0 I
s invertible and
A Ay T
o4 O o a4, of, 2Bl =|%, (ciojrt=(ri0t0
0 F 0 0 F G G

where T = [FEO} e Rmx(p=Um T .— CAP~1B, and A, € RP=Dmx(p=Dm 4o gych
that spec(A4) C C_.
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In view of Lemma 5.1, there exist K and N such that, under the coordinate
change

(t) 0 c 0
(5.2) Z(t) L[x(t)], 20 L[ggq L= |N —NK
£(t) ¢° 0o I

the conjunction (5.1) of system (3.1) and filter (4.1) can be represented by

)

y(t) = Ary(t) + A22(t) + Cf(p(t), (Ty) (), z(t)) + T (1),
(5.3) 2(t) = Aszy(t) + Asz(t) + N f(p(t), (Ty)(t), (1)),
- £(t) = FE(t) + Gu(t),

(y7 2, )‘[ h,0] = (y07 ZO,£O> € C([_ha 0]7Rm X R(p—l)m X R(p—l)m)7
where Ay € Rp=Hmx(p=1)m hag spectrum in C_. If (z,€): [0,w) — RP™ x Re=Dm

is a maximal solution of the nonlinearly perturbed closed-loop system (4.9), then, in
view of (5.3) and writing

(54)  y(t)=Cx(t),  et)=yt) —r(t), elno =e"()=y"()—7(0),

we arrive at the following equivalent to (4.9):

é(t) = Aje(t) + Aaz(t) + f1(t) + T&1(8),
2(t) = Ase(t) + Asz(t) + f2(1),
(5.5) §(t) = F(t) — va(k(t) e(t),£(t)),
k(t) = a(e?@®)[le(®)]?),
(€,2,8)|[=n0 = (e ,29,6%) € C([=h,0],R™ x Rlp=1m  Rlp=1)m)

where the functions f; and fo are given by

(5.6) { f1(t) := Ayr(t) + Cf (p(2), (Ty)(t), x(t)) — (1),
' fa(t) = Agr(t) + Nf(p(t), (Ty)(£), x(t)).

Since (p(t)|le(t)])? < 1 for all ¢ € [0,w), the properties of ¢ € ® yield boundedness
of the function e which, together with boundedness of r, implies boundedness of y.
Since T is of class 7;, and y is bounded, Ty is essentially bounded. By boundedness
of r, essential boundedness of 7 and p, and assumption (A4), we may now conclude
(essential) boundedness of the functions f; and fs. Observing that A4 is Hurwitz and
f2 bounded, the second of the differential equations in (5.5) yields boundedness of z.
These observations are recorded in the following lemma.

LEMMA 5.2. Let (A,B,C,f,p,T,h) € ¥, with p > 2. Let p € ®, r € R,
and (2°,6%) € C([=h,0],RP™ x RC=D™) " If (2,€): [~h,w) — RP™ x Re=Dm js ¢
maximal solution of (4.9), then the functions y, z, and e, given by (5.2) and (5.4),
are bounded. Furthermore, the functions fi1 and fa, given by (5.6), are essentially
bounded and bounded, respectively.

The proofs of our main results (Theorems 5.4 and 5.5 below) rely crucially on
a further technicality: the signals 6; = p'=%; + v;(k,e,m_1€), i =1,...,p — 1, are
bounded. More precisely, we have the following (with proof in the appendix).
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LEMMA 5.3. Let (A, B,C, f,p,T,h) € ¥, with p > 2. Let o € &, r € R, and
(29,£%) € C([~h, 0], R xRP=D™)  [f (2,€): [~h,w) — R xRP=D™ js g mazimal
solution of (4.9), then the function 6 = (61,... ,0,-1): [0,w) — RP=V™ s bounded,
where

(5.7) 0:(t) = p' T &) + vik(t), e(t), m1 (), i=1,...,p—1,
with the notational convention vy (k, e, mo€) := y1(k, €).

5.2. Relative degree 1 case. We are now in a position to state our main result
for the case when the system has strict relative degree 1; in this case, a filter is not
necessary and the controller (4.7) simplifies to

(5-8) u(t) = v(k()(Ca(t) —r(t), k() = a(e*(®)|Cx(t) — rt)]*) .-

The closed-loop initial-value problem then becomes

#(t) = Ax(t) + Bv(k(t))(Cx(t) —r(t)) + f(p(t), T(Cz)(t), x(t)),
(5.9) k(t) = a(e* ()| Cx(t) — r(1)])
$|[,h’0] =20¢ C([—h,O],Rm).

THEOREM 5.4. Let (A,B,C, f,p,T,h) € X1 and p € ® with associated per-
formance funnel F,. For each reference signal r € R, and initial data (2°,£°) €
C([=h, 0], RF™ x R(P=1m™) " application of the feedback (5.8) to (3.1) yields the initial-
value problem (5.9), which has a solution, and every solution can be mazximally ex-
tended. Every mazimal solution x: [—h,w) — R™ has the following properties:

(i) w = oo;

(ii) z, k, and u are bounded;

(iil) the tracking error evolves within the funnel F, and is bounded away from the
funnel boundary; i.e., there exists € > 0 such that, for allt >0, ¢(t)||Cz(t) — r(t)|| <
1—e.

The proof of Theorem 5.4 follows easily by modifying (all vestiges of the filter
equations are excised) the proof of Theorem 5.5. The latter proof is in the appendix.

5.3. Relative degree p > 2 case. We now arrive at the main result of the
paper (with proof in the appendix).

THEOREM 5.5. Let (A,B,C, f,p,T,h) € ¥, with p > 2 and let ¢ € ® with
associated performance funnel F,. For each reference signal v € R and initial data
(29,6%) € C([~h,0],RF™ x R=1D™) " application of the feedback (4.7), in conjunc-
tion with the filter (4.1), to (3.1) yields the initial-value problem (4.9), which has
a solution, and every solution can be maximally extended. Fvery maximal solution
(z,€): [h,w) — RP™ x RP=D™ has the following properties:

(i) w = oo;

(ii) =, &, k, and u are bounded;

(iil) the tracking error evolves within the funnel F, and is bounded away from the
funnel boundary; i.e., there exists € > 0 such that, for allt >0, ¢(t)||Cz(t) — r(t)|| <
1—e.

6. Example. We illustrate the controller strategy (4.7) applied to the following
single-input, single-output system of relative degree p = 2:

(6.1) §(t) + bosiny(t) + bry(D)]y ()] + (Tapy)(t) = by u(?),
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where by, b1, and by # 0 are unknown real parameters and 7, ; represents the back-
lash operator, as defined in section 3.1.5, with parameters a > 0 and b € [—a,al.
Equation (6.1) is equivalent to (3.1) with

R T o P P A E U e R )

and the operator T given by (Ty)(t) = bosiny(t) + biy(t)|y(t)| + (Tupy)(t), t € Ry.
Setting h = 0 and p = 0, the resulting system (A, B, C, f,0,T,0) is of class Xs.
Fix 7 > 0 arbitrarily and define ¢ € ® by

(62) tmoty={ 5t T pElem

Evolution within the associated performance funnel F, ensures a tracking accuracy
le(t)] < 0.05 for all t > 7. Choosing v: k +— kcosk, £ = 0, writing e(t) = y(t) — r (),
and suppressing the argument ¢ for simplicity, the control strategy (4.8) is

u = p(kcosk)e — pf(cosk — ksink)? e* + k? cos? k| k* [1 + £2]0,
(6.3) k=[1-¢%?] - 0=¢— (kcosk)e,
§=-pl+u, £(0) = 0.
For purposes of illustration, as reference signal r € R, we take the first component

¢1 of the solution (chaotic and bounded; see [15, appx. C]) of the following Lorenz
system of equations:

G(t) = 1G(t) — (1), ¢1(0) = 3,
(6.4) bo(t) = B(t) — 15C(t) —2G(1)E(1), ¢(0) =0,
Ga(t) = 2G1(1)Ga(t) — 25G3(8), (:(0) =3.

Setting by = %, by =1 =10y, p =10, 7 = 50 and adopting backlash hysteresis with
parameters ¢ = 1/2, b = 0 and initial data (y(0),%(0)) = (0,0), the behavior of the
closed-loop system (6.1)—(6.3) is depicted in Figure 4.

7. Appendix.

7.1. Proof of Lemma 3.5. Parts of the following proof are implicit in the proofs
of [7, Lem. 4.1.1] and [8, Prop. 11.5.1 and 11.5.2] (in a general context of nonlinear
systems); here, we provide a simple, self-contained proof in the restricted context of
linear systems.

Step (i). First, note that

0 T
CB = ,
I *

and, since T' is invertible, we see that CB € GL,n,(R). Furthermore, NB = 0.
Assertion (i) then follows from the observation that, for any z € R™, we have
v:= (I —B(CB)"!C)x € kerC and w := B(CB)~!Cx € im B, and so z = v + w.
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(d)

FiGc. 4. Tracking of a Lorenz component reference signal; system (6.1) with unknown sign
b2 # 0 and control strategy (6.3). (a) The funnel and tracking error e. (b) The reference r and
output y. (c) The function k. (d) The control u.
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Step (ii). We now prove assertion (ii). It is clear that ' = [B(CB)™! V). Tt
is also immediate that B := UB and C := CU~! have the structure given in (3.9).
Furthermore,

(7.1) UA=AU

for some A of the form

0 I 0 0 0
0 0 I 0
A= : K K .
0o 0 ... 0 I 0
Ry Ry ... R,.1 R, S8
P ... P, P, Q]

with R; € R™*™m P, e Rnmpm)xm j — 1 5 § e Rmx(—rm) 0 = NAY €

R =pm)x(n=pm) “and [Ry:--- R, S] = CAPU~". Tf p = 1, then A takes the form
shown in (3.10).
Recalling that A'B = 0, we see that

* r-1!
[Py:---:P]=NABCB) ™' =[0: - :0:NA’B] ,
r-! 0

and hence P; = 0 for i = 2,... ,p. Writing P = P, it follows that A takes the form
in (3.9) and P = NA?BI' L.
Step (iii). Finally, we prove part (iii) of the lemma. Writing

sI—A B U o U=t o0 sI—A B
Ml(s):[ C o]’ MZ(S)Z[O I]Ml(s)[o I]:{ ¢ o]’
and

[T 0 0 0 0 0]

—sI I 0 ... 0 0 0

o 0 —sI I 0 0 0

0 . . .
Mg(s)_{fi—s[ _B}_ : . - : o
0 0 ... —sI I 0 0

Rl RQ N Rp_l Rp — sl S -

P 0 ... 0 0 Q—sI 0|

we see that | det M7(s)| = | det Ma(s)| = |det M3(s)| = |detT" det(sI — Q).

By the minimum-phase property of (A,B,C’), we have det(M;i(s)) # 0 for all
s €C\C_, and so det(sI — Q) # 0 for all s € C\ C_. It follows that spec(Q) C C_,
and hence assertion (iii) holds. 0

7.2. Proof of Corollary 4.3. Introducing the open set

D= {(@,&,1) € R™ x RO-I™ < R| (Jnl) | Cx — ()| < 1}
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and defining, on D,

Vi (@,6,m) = v (al@® () [|Cx = r(In)[1?), Cz—r(Inl), €),

the initial-value problem (4.9) may be recast on D as

&(t) = Ax(t) + f(p(t), T(Cx)(t), x(t)) — By (x(t), £(2), n(t)),

) EO=FE0) = Gy, 60,000

Setting ¢ = (z,&,n) and defining the Carathéodory function

Z: [—h,00) x R? x R2(p—1)m+1 _, R(gp,l)mﬂ’

A 0 O I B 0
(t,w, Q) = Z(t,w,¢):== |0 F 0|+ |0 f(p(t),w,z) — |G| ~,({)+ [0
0 0 0 0 0 1

we can rewrite (7.2) as follows:
(73) L) =2 (TO®).CH),  Clnoy = ¢* € C([=h, 0], RE=ImH),

where the operator T, given by (T¢)(t) = (TCz)(t), is of class T,. We then ap-
ply the existence result, Theorem 4.2, to establish: (i) the existence of a solution
t — ((t) € D to (7.2) and that (ii) every solution can be extended to a maximal
solution ¢: [—h,w) — D. Furthermore, if there exists a compact set C C D such that
(x(t),&(t),n(t)) € C for all t € [0,w), then w = co.

Clearly, if ¢ = (z,&,m): [-h,w) — D is a solution of (7.3), then (z,&): [-h,w) —
RP™ x R(P=D™ i a solution of (4.9); conversely, if (x,&): [~h,w) — RP™ x RP=H™ ig
a solution of (4.9), then ¢ = (x,&,7): [~h,w) — RP™ x RP=D™ x R with component
n given by n(t) = t, is a solution of (7.3). We may now conclude that, for each
(29,£%) € C([—h,0],RP™ x R(P=D™) (4.9) has a solution and every solution can be
maximally extended.

Let (z,€): [~h,w) — RP™ x R(P=D™ he a maximal solution of (4.9) (and so t —
¢(t) = (z(t),&(t),t) is a maximal solution of (4.10)). Assume that (z, &) is bounded
and that the gain function t — k(t) = a(?(t)||Cz(t) — r(t)||?) is also bounded. Then
there exist ¢ > 0 and € > 0 such that ||(z(¢),£(¢))]| < cand p(#)||Cx(t) —r(t)]| <1-—¢
for all t € [0,w). Seeking a contradiction, suppose that w < co. It then follows that
K = {(jjafvﬁ) € ID‘ (p(|ﬁ|)||c.i‘ _T(WDH <1- &, ||(i‘,£)|| < ) "7 € [_h”w]} is a
compact subset of D which contains the trajectory ¢([—h,w)) of the maximal solution
¢ of (4.10). This contradicts the last assertion of Theorem 4.2, and so w = oo. 0

7.3. Proof of Lemma 5.1. Define

K:=[[ul+AP 2B [ul+AP 3B ... [ [ul+A]B: B] € Rrm*(p=)m

and note that

AK —KF =[[uI+AP'B:0:---:0], KG=B, and CK =0.
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Writing B := (ul + A)?~'B, we have CB = CA?~'B =T, and so the triple (A4, B, C)
defines a linear system of relative degree one. Let V € Rpmx(p_l)m~be such that
imV = ker C. By Lemma 3.5 applied in the context of the system (A, B, C), the ma-

trix {ff}, with N := (VIV)~tvT I - BF_lC], is invertible, with inverse [BF_l V]
Writing
C 0

L=|N —-NK| with Ll{

Br-t v K]
0 I

0 0 I
and recalling that KG =B, CB =0, and CK = 0, we have

L[B}{O] and [C:0]L™' = [I:0].

G G
Moreover, noting that CAK = [T’ 0% 0] =:T and N[AK — KF] = 0, we have
40 CABT~! CAV CAK A Ay T
L {0 F] L™'= |NABI~! NAV N[AK —KF]| = |43 Ay 0],
0 0 F 0o 0 F
where T’ = r 0 - O] It remains to show that A4 has spectrum in C_. Writing
sl —A 0 B
My(s) = [51514 ?} and Ms(s) = 0 sI-F -G,
C 0 0
we have
I K 0 I K 0" [sI-A AK-KF 0
Me(s):=10 I 0| Ms(s)|0 I 0 = 0 sI - F -G
0 o0 I 0 0 I C 0 0

In view of the particular structure of ', G, and AK — K F, it is readily verified that
| det Mg(s)| = | det Mr(s)|, where

s — A I+ AP 'B
My (s) = |: c Iz 0} :| .
Define
C 0 S—1 SI—Al — A2 F
Mg(s) = |N 0| M(s) {31;) ‘g ?] | —4s sT—As O
0 I I 0 0

By the minimum-phase property of the triple (A, B, C') (recall Remark 3.4(ii)), for all
s € C\ C_, we have det My(s) # 0. We may now conclude that, for all s € C\ C_,

|det T det(sI — Ay)| = | det Mg(s)| = | det M7 (s)|
= |det Mg(s)| = | det M5(s)| = |det(sI — F) det My(s)| # 0,

and so spec(Ay) C C_. This completes the proof. 0
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7.4. Proof of Lemma 5.3. Assume that (,£): [—h,w) — R x RC=D™ jg 5
maximal solution of (4.9). Write y(t) = Cx(¢t) and e(t) = y(¢t) —r(¢t) for all t € [—h,w).
By Lemma 5.1, there exists an invertible linear transformation L under which the
closed-loop system (4.9) may be expressed in the form (5.5), wherein, by Lemma 5.2,
e and z are bounded and the functions f; and f; given by (5.6) are essentially bounded
and bounded, respectively. By boundedness of z, essential boundedness of f;, and
the first of equations (5.5), we may infer the existence of ¢; > 0 such that

le@)| <1+ [&@)]) for aa. t€[0,w).

By boundedness of ¢, e, essential boundedness of ¢, and recalling that o/(s) = a?(s) >
1 for all s € [0, 1), there exists a constant ¢ > 0 such that

k()] = 20" (L () [e()])]0* (E){e(t), &) + (68 lle(t)]I]
< k() (L+||&@)]])  for a.a. t € [0,w).

Since k(t) > 1 for all t € [0,w), we may now conclude the existence of a constant
c3 > 0 such that

||(l.€(t),é(t))||2 <cgA(t) fora.a. te[0,w), where A(t):= k4(t)(1 + ||§1(t)||2).

Then, invoking (4.4), (5.7), and writing ¢4 1 := c3/p > 0, we have

(02(0),01(t)) < (01(t), —p&a(t) + &2(0)) + 0L (O Dya (K(2), e()) [ (k(2), ()l
< (01(8), —pb1(t) + p (k(2), e(t))) + (01(2), €2(2))
V[0 O 1Dy (R ), e v/ (es/ ) A(t)

< can = pll0i ()] + (01(1), E2(2)) + p(01(1), 1 (k(E), e(t)))
+ull01 ()11 [ Dy (k(E), e(®) 1> A(t)
= ca1 — pllL (O] + (01(1), &2(8) + pra(k(t), e(t), &1(2)))
= ca1 — pllL (O] + plfr(t), 62(t))  for a.a. t € [0, w).
Analogous calculations yield the existence of constants c42, ... ,c4,,—1 > 0, such that

(0:(8),05(1)) < cai — pllOs()|* + p(0(t), 041 () for aa. t € [0,w), i=2,...,p—2,

and, using (4.5), (0,-1(t),0,-1(t)) < cap—1 — pl|8,—1(t)||? for almost all t € [0,w).
Writing ¢4 = c4,1 + -+ + ¢4,p—1, We have

3ai 10OI7 < ca = uO@7 + p{01(2), 02(t)) + -+ + p{B,-2(t), 0p—1(2))

<
< g — p(0(t), PO(t)) for a.a. t € [0,w),

where P is a positive-definite, symmetric, tridiagonal matrix with all diagonal entries
equal to 1 and all sub- and superdiagonal entries equal to —1/2. By positivity of P,
it follows that 6 is bounded. This completes the proof of the lemma. ]

7.5. Proof of Theorem 5.5. Let (2°,¢%) be arbitrary. By Corollary 4.3, (4.9)
has a solution and every solution can be maximally extended. Let (z, ) be a maximal
solution of (4.9) with interval of existence [—h,w). Writing y(t) = Cx(t), e(t) =
y(t) —r(t) for all t € [0,w) and invoking Lemma 5.1, there exists an invertible linear
transformation L which takes (4.9) into the equivalent form (5.5)—(5.6). Introducing
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01: [0,w) — R™ given by (5.7), namely, 0;(t) = & (t) — v(k(t))e(t), then the first of
equations (5.5) yields

(7.4) e(t) = f3(t) +v(k(t))Te(t) foraa. t €[0,w),

with f3(t) := Aje(t) + Azz(t) + T61(¢) + f1(¢). By Lemmas 5.2 and 5.3, the functions
y, z, e and @ = (01,...,0,_1), given by (5.7), are bounded, which, together with
essential boundedness of f;, implies essential boundedness of f;. Therefore, there
exists ¢5 > 0 such that

(7.5) (e(t),é(t)) < es +v(k(t)) (e(t),Te(t)y for a.a. te[0,w).

We are now in a position to prove boundedness of k. Recalling that I is either positive
definite or negative definite, there exist constants [y, 51 > 0 such that

Bollell* < I{e,Te)] < Bifle]|* Ve eR™.

Define the continuous function 7: R — R as follows:

(k) = { —Btl)u(k), s(D)v(k) < 0.

v
Observe that
v(k)(e,Te) < —s(T)o(k)|e]|> VeecR™, Vk>0,

which, together with boundedness of e, ¢, essential boundedness of ¢, and (7.5),
implies the existence of ¢g > 0 such that

& (@) e®)? < e = 25(T) 2(k(2)) (2(B)lle®)])* for a.a. t € [0,w).

In view of property (4.2) of v, there exists a strictly increasing unbounded sequence
(k;) in (1,00) such that the sequence (s(I')i(k;)) is also strictly increasing, un-
bounded, and such that s(I')&(k;) > 0 for all j € N. Seeking a contradiction, suppose
k is unbounded on [0,w). For each j € N, define 7; := inf{t € [0,w)| k(t) = kj+1}
and o; = sup{t € [0,7;]| v(k(t)) = D(k;)}. It is readily verified that o; < 7
and k(oj) < k(r;); moreover, for all j € N and all ¢ € [0;,7;], k(t) > k; and
s(I)o(k(t)) > s(I')(k;). Therefore,

1 .
(e®lle®)D?* = o™ (k;) = a™ (k1) =1 - 5 er>0 Vi€l ViEN,

where a~1: [1,00) — [0,1) is the inverse of the bijection a. Thus,
ai (@@lle@®)? < co = 2ers(D)(k(t)) Vit € [oj,7], ¥jeN

Let j* € N be sufficiently large so that ¢ — 2¢7s(I")o(k;-) < 0. Then

(prio)le(m))* < (ploo)lle(oo)),
whence the contradiction
0> a(@®(rj-)[le()II?) = a(@®(oj-)lela)lI*) = k(rj-) — k(o) > 0.
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This proves boundedness of k. Therefore, there exists € > 0 such that ¢(t)|le(t)] <
1—e¢forall t € [0,w). By boundedness of 6, e, and k, together with continuity of the
functions ~;, it follows from the recursive construction in (5.7) that, fori = 1,... , p—1,
&; is bounded. We may now deduce that x and & are bounded, and, by (4.3), (4.4),
(4.5), and (4.7), we may also infer boundedness of u. Finally, by boundedness of z,
&, and k, together with Corollary 4.3, we conclude that w = oco. ]
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INFINITE HORIZON RISK SENSITIVE CONTROL OF DISCRETE
TIME MARKOV PROCESSES UNDER MINORIZATION PROPERTY*

GIOVANNI B. DI MASIT AND LUKASZ STETTNER!

Abstract. Risk sensitive control of Markov processes satisfying the minorization property is
studied using splitting techniques. Existence of solutions to the multiplicative Poisson equation is
shown. Approximation by uniformly ergodic controlled Markov processes is introduced, which allows
us to show the existence of solutions to the infinite horizon risk sensitive Bellman equation.

Key words. risk sensitive control, discrete time Markov processes, splitting, Poisson equation,
Bellman equation
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1. Introduction. On a probability space (2, F, P) consider a controlled Markov
process X = (z,,) taking values on a complete separable metric state space E endowed
with the Borel o-algebra £. Assume that z, has a controlled transition operator
P (x,,-), where a,, is the control at time n taking values on a compact metric space
U and adapted to the o-algebra o{xg,x1,...,2,}.

Let ¢ : ExU — R be a continuous and bounded function. Our aim is to minimize
the exponential ergodic performance criterion,

t—1

: 1 a
(1) J ((an)) = tlggo sup glnEg(c ") {exp Zvc(axi,ai) ,
=0

with risk factor v > 0. In what follows we shall distinguish the following special classes
of admissible controls (a,): Markov controls Uy; = {(ay,) : an = un(x,)}, where uy, :
E — U is a sequence of Borel measurable functions, and stationary controls Us =
{(an) : an, = u(x,)}, where u : E +— U is a Borel measurable function.
Consider the following assumptions:
(Al) E|/3>0 ElCcompactEE ElVGP(E) with V(C) = 1 such that VAEg

E it P ) S (A
R e 2 v

(A2) C given in (Al) is ergodic, i.e., Y(a,)ctry; Veer Eg(ga"),{Tc} < 00, where

¢ = inf {i > 0: z; € C'}, and furthermore sup,cc Bl {rc} < 0.
In this paper the risk sensitive control problem with cost functional (1) and general
state space is studied. The paper generalizes [12] and [13] where uniform ergodicity
assumption was required. Instead of uniform ergodicity we require minorization prop-
erty (A1), which allows us to use splitting technique arguments described in [21] and
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[22]. Risk sensitive discrete time control problems have been studied in a number of
papers [1], [5], [6], [7], [8], [9], [10], [11], [14], [15], [16] for finite or countable state
spaces. The general state space model in discrete time was considered in [12] and [13]
only. Financial applications of risk sensitive control problems were introduced in [3]
and continued in various papers; see, e.g., [23] and [25] and the references therein.
Splitting techniques for controlled problems were used in a number of papers; see, e.g.,
[20] for the case of average cost per unit time and [4] for partially observed ergodic
control problems. The first part of this paper studies the so-called Poisson equation.
This equation was considered in particular in [17], [18], [5], [2], and [22]. Here we
present a rather simple probabilistic characterization (based on splitting arguments)
of its solution, which in some sense generalizes Theorem 5.1 of [22] and Proposition 2.8
of [18], where an operator form of the solution was considered. The main result of the
paper concerns the existence of solutions to the Bellman equation corresponding to
the risk sensitive control problem with a general state space (under minorization prop-
erty) and is obtained using a uniformly ergodic approximating process. The idea of
the approximation of general Markov processes by Markov processes with nice ergodic
properties has been exploited in various papers, particularly in [18], where multiplica-
tive Poisson equations are studied, while in [16] ideas based on the spectral theory are
used. In this paper we show that the approximation by uniformly ergodic controlled
Markov processes is also a useful tool to study risk sensitive Bellman equations.

2. Splitting of Markov processes. Let E={Cx{0}uCx{1}UE\C x
{0}} and 2, = (z1,22) € E. Given a Markov control a, = u, (z}), where u, : E — U
is a sequence of Borel measurable functions, consider the following Markov process
defined on F (compare to [22] and [17])

(i) When (z%,22) € Cx {0}, z} moves to y according to (1 B)~ Y (P (x, dy) —

Ov(dy)), and whenever y € C, z2 is changed into 22, = (3,41, where (3,
is independently and identically distributed (i.i.d.) and P{8, =0} =1— 3,
P {3, =1} = 6.
(i) When (z} Tn, z7) € C x {1}, x;}, moves to y according to v and z7 | = Bni1.
(iii) When (zl,22) € E\ C x {0}, 2 moves to y according to P (z},dy), and
whenever y € C, x2 is changed into fo_l = Bn+1-
In what follows we shall write that the control (a,,) of (£,) is in the class Uy whenever
there is a sequence of Borel measurable functions u,, : E +— U such that a,, = u,(z).
Let Cy = C' x {0}, C; = C x {1}. By direct calculation we obtain the following.
LEMMA 1. Forn=1,2... we have almost surely

P{i‘n S Co‘i‘n S Coucl,i‘n_l,...,i‘o} =1-7,
P{.’%n S Cl|§7n € Cy Ucl,iﬁnfl,...,.’%o} = ﬁ

Furthermore we have the following.

LEMMA 2. Under Markov control (a,) € Uy the process (2, = (z},22)) is
Markov with transition operator P (&,,dy) defined by (1)-(iii) and if (a,) € Us, it
has a unique invariant measure W) given by

an) {Zz 1 XA )}
B {70, }

© W) (4) =

)

with z € Cy, for any Borel subset A of E, where Ega") stands for conditional law of
Markov process Z,, with initial state z. Furthermore the first coordinate (xl) is also
a Markov process with transition operator P (z} . dy).
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Proof. The Markov property of (&) follows from the construction (i)—(iii) above
of the split Markov process. One can easily verify that ¥(*) is in fact an invariant
measure if we know that £ {7c, } is finite. To show this, notice first that for x ¢ C
and positive integer m

E(a z,0) {TeXrc<m} = Eg(ga") {TeXro<m}

where 7o in the left-hand side is the first time in which (z1) hits C, while in the
right-hand side it is the analogous hitting time for (x,). Therefore by (A2) letting
n — oo we obtain that for « ¢ C

Q E() {re) = B {re)

For & = (z',0) € Cy by (i), (3), and (A2) there is an M > 0 such that

P(z,C) -

E; {rc} = 15

+ F; {XE\C(SCD(l + Es, {TC})}

_ w + Es {xme (@) (1 + Eg {70})}

P(x,C)-p 1
< 1-3 +1_ﬁE$1{TC}§M.

Let m =7 and 7,41 =7, +0,, o forn =1,2.... Then for £ € Cy we have

E {TCI} = {ZXC° xn ch(xTil)Xcl(i.Ti)Ti}

<>t =
i=1
and since for z € C;
By {r0,} = B+ Ex {xco(@) (1 + By o {re 1) }

we have that £{") {r¢,} is in fact finite.
To prove the second statement of Lemma 2 notice that for A € £

P{l‘n+1 €A|xn, X, _ 1,...,:0(1)}

=P{a, . € Alx,, 2l =0,2,_q,...,x5} P{al =0z, 2 _q,..., 20}

n? TL

(4) + P{zp,q € Alz,, n—l,x}l Lo agp P{al =1z, 2y _q,...,xh}.

In the case when z} € C, (4) is equal to
P (z, A) — pr(A)
1-p

For z1 ¢ C, (4) is equal to P (z., A), which completes the proof of the Markov
property of (z}). O

(1= B) + Br(A) = P (xy,, A).
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The following corollary explains the meaning of the splitting.
COROLLARY 1. For any bounded Borel measurable function f : E™ — R, m =
1,2,..., and control (ay) € Upn; we have

(5) B {f (21,22, wm)} = B {f(ad,28,. 2k},

where 6 = 63,0y for v € E\ C and &y = (1 — 3)0(z,0) + BO(z,1) for x € C and EA'H
stands for the conditional law of Markov process () with initial law p € P(E).
Proof. Tt follows from (4) that for a bounded Borel measurable g : E — R

E{g z+1 |$2? z 17"'737(1)}
_ i r 1 8A 1 1
= E{B{g(aty)|E @1, B0} lohaly, .ok}

(6) = {E {g(z})} |z}, 2} 17...733[1)}:EA5:11 {g(z1)}.

On the other hand by the Markov property of (z}) we have

(7) E {g 7,+1 ‘QTZ,LL'Z 15 ‘TO} / dy)

Consequently applying (6) and (7) to function f : E™ — R we obtain (5). 0

3. Multiplicative Poisson equation. In this section we shall assume that
(A3) Y(a,)eu, 3Jasuch thatV g

Elan) {exp {Zl (ve(zf,a;) — d) }} < o0

i=1

and for z € (4

Een) {exp {Ti (’yc(x},ai) - d)}} > 1

i=1
LEMMA 3. Under (A3) for (an) € Us there is a unique X7 ((ay)) such that

Tcl

(8) Eé“"){exp{Z(%(wl i) — X ((a )))}}=1

i=1

forx e Cy.
Proof. Notice that for x € Cy the mapping

TC,
D:\— Elo) {exp {ch(ac},ai) - )\}}

=1

is strictly decreasing whenever it is finite. Moreover by (A3) we have that co >
D(d) > 1. Since limp_.o D(b) = 0 by continuity of D (which follows by the monotone
convergence theorem) there is a unique \?((a,)) for which (8) holds. 0

Remark 1. Notice that by letting d = infyep qev ye(x, @) we have a sufficient
condition for (A3) in the form
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(D1) £l {exp {7]l¢llspTcy }} < 00 forz € E,
where [|c||sp = SUp,c g 4er ¢(¥, @) —infrep acv ¢(x, a). In section 6 we shall formulate
a sufficient condition for (D1) in terms of the expected value of the functional with
respect to the original Markov process (x,).
For Borel measurable v : E — U let

(9) e @) = fu {eXp {Z (ve(a;, u(x})) = X (u)) }} ;

where by A7 (u) we denote the value of A7 ((u(zL)) and the expected value E¥ stands
for E;u(z")).

By (A3) clearly \”(u) > d and therefore 1" is well defined. For a Borel measurable
function @ : F +— R define the operator ®(w) by the formula

(10) e®® — (1 - 5)/ @0y (dx) + 5/ @Dy (dx)
c c
whenever it is well defined. Notice that

(11) e® ) = B, {exp {@(#1)}}

for z € C1. We have the following analogue of Theorem 5.1 of [22] and Proposition 2.8
of [18].

LEMMA 4. Function w" defined in (9) is a solution to the multiplicative Poisson
equation (MPE) for the split Markov process (&,,):

(12) B () _ gyela’ u(e')-A7 (u) / ¢8" () Pula) (3. ).

E

Moreover ®(w") =0, and for any other solution w* to (12) we have
(13) w"(z) — e(w") = w*(x)

with equality for ¥ almost all x € E. Furthermore, if W and A satisfy the equation

(14) (B@) _ gve(a u(@)) -2 / 5w Pl (3 ).
E

then A > \7(u).
Proof. In fact, using (6) we have

E¥ {exp {w(#1)}} = EY {Xxlecl {eXp {Zlvc - A"(u )}}}

To,
=+ E}ct {XL1¢C1 Ey {exp{z'yc AW( )}}} = E;L {Xf1€c17

exp {ye(z,u(x})) = X' (u)}} + E {chl exp {ZVC(%% u(z;)) — A”(U)}}

i=1

of {exp {Zvc@c},u(x}» - v(u)}}exp{ (ea', ula")) = N ()},
1=0
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from which (12) follows. Furthermore we clearly see that ®(w) = 0. If @“ is a
solution to (12), then by (11) ®(w") is well defined and by iteration, for a positive
integer m = 1,2, ...,

(@) = fru {exp { > (rela) ulz})) = A (w)) } EA‘%ZClAm {exp {@”(f(l))}}} -
i=0
By Fatou’s lemma

e” () > B {exp {Z (ve(w;, u(z})) - V(U))} By A{exp {ﬁf“(i“(l))}}}

=0

=K {exp {Z (ve(zy,u(z})) — AV (u)) }} (")

=0

from which we immediately obtain (13). For € > 0 let
7. = {x € B a4 (z) — B(3%) > o () +e} .

If U¥(Z.) > 0, then there is a positive integer n such that 152“ {ifcl/\n} > 0 for
z € (. Consequently

TCy An—1
e (=2 — fu L exp Z (’yc(xll,u(le)) — XN(u)) pexp {IE“(JETCIAn)}
i=0
TCy An—1
> E"{ exp Z (ve(z}, u(z})) — N (u)) ¢ exp {@"(&re, an)} p = e (),
i=0

Since by (11) we have that ¢®"(*)=®(@") = 0" (2) = (=" u(zD) =N (W) we obtained a
contradiction. Consequently ¥*(Z.) = 0 for each € > 0.

Assume now that @ and A satisfy (14). Let 71 = 7¢,, Tnt1 = Tn + 05, 0 70, for
n=1,2,.... Then for a positive integer m

™) = B {exp{ S (relal,u(at)) - A) } By {exp {w@:(l))}}} ,

=0

and letting m — oo, by Fatou’s lemma

7@ > f {exp {Z (re(at uel) - A) } B2 fexp {w(m}}}

=0

=B} {CXP {i (ve(z}, u(zf)) — A) }} D" H(\)e® @)

=0

with function D defined in the proof of Lemma 3. Since the right-hand side of the
above inequality remains bounded as n — oo we should have D()\) < 1, and this
means that A > A\7(u). a
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There is a 1:1 correspondence between the solutions to the MPE for the split
Markov process and the solution to the MPE corresponding to the original Markov
process.

COROLLARY 2. Given a solution " : E — R and \ to the MPE (14) we have
that w* defined for x € E by

(15) ew“(m) .= eu’;“(m,o) + 1C(x)ﬁ(eﬁ)“(m,1) _ evI;“(z,O))

is a solution to the MPE for the original Markov process (x,,)

(16) ewu(x) _ efyg(gg,u(x))—)\/ ew“(y)Pu(ﬂf)(x,dy)
E

Furthermore if w* is a solution to (16), then w* defined by
(17) e (@ha%) — gre(@ w@)-AE L, {ew%mi)}

is a solution to (14).
Proof. By Lemma 1 we have

(e} o))
= B {xe(eh((1 - B 10 4 g (#iD)

~ U 1 A u 1
(18) + xmo (e 0L = fr fert D],

Therefore by (14) taking into account (5) we obtain that w* defined in (15) is a
solution to (16). Assume now that w" is a solution to (16). Then by (5)

B {ew“(wb} — go {ew“(wb},

and for w* given in (17) we obtain (15). From (15) we obtain (18), which in turn by
(17) shows that w" is a solution to (14). 0

Furthermore we have the following.

COROLLARY 3. If A(u) and w" is a solution to the MPE

Q" (@) — eryc(m7u(a:))—)\(u)/ ew“(y)pu(z)(x,dy),
E

U

w" is a bounded Borel measurable function, and the family
Tcl/\N
exp Z (ve(zi u(z))) — AMu)) ;N =1,2,...
i=1

is uniformly integrable with respect to P* with z € Cy, then A(u) = A7 (u).

Proof. By Corollary 2 the function w* defined in (17) and A(u) is a solution to
the MPE (14). Clearly @ is also a bounded function. Moreover,

TCq AN

e ) = B {exp Z (velad u(zi) = Mw)) p BY, . {exp {@"(#(1)}}
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By the dominated convergence theorem, letting N — oo and using uniform integra-
Tcl/\N

bility of {exp{> ;24" (ve(z},u(z})) — AMu))}; N = 1,2,...} and the fact that @ is
bounded we obtain

e (2) = E;‘ {eXp {Z (wc(xil, u(xll)) — )\(u)) }} (@)
i=0

for z € C;. Consequently, since by the MPE we have that @w“(z) — ®(@") =
c(ztu(zh)) — Mu), for z = (21,1) € C; we obtain

B {exp {Z (vefal u(al)) = A(w) }} -1,

from which, by Lemma 3, we immediately have that A(u) = A7 (u). O

Remark 2. Notice that A\7(u) is the minimal solution to the MPE (14). However,
solutions may be well defined VA > A7 (u), as shown in the example below.

Ezample. Consider the following model: E = {0,1,2,...}, v = 1, there is no
control, ¢(z) = ¢ for € E, and the transition probabilities are P(0,1) = 1 — aq,
P(0,0) = ag, P(z,0) =, Plx,z+1)=1—aforz =1,2,..., with 0 < ag,a < 1.
The MPE Bellman equation is of the form

(19) (@) = A p {ew(“)} .

Clearly the pair A = ¢ and w = 0 is a solution to (19). We shall identify other solutions.
Taking into account the form of transition probabilities, from (19) we obtain

ew(0) = oA (aoew(o) +(1- ao)e“’(l)) ,
and forn=1,2,...

ew() = ge=A (aew(o) +(1- a)ew("ﬂ)) .
The first equation has a solution whenever

(20) A > C+1DO¢0.

Iterating the second equation we obtain that

1
(21) ew(n) — — (ez\—c+nqn—2 _ a<qn—2 4ot 1)) ew(0)7
with k = ln(e*{:;oag) and ¢ = i:; Whenever ¢ < 1 the right-hand side of (21) is

negative for a sufficiently large n, so that there are no solutions. Whenever ¢ > 1 we
have

w(0)
(1—a)(g-1)

and the above equation has a solution only when e*~¢*%(g—1) — aq > 0. Taking into
account the form of k, this leads to the quadratic inequality

(22) e = (T (g —1) —ag)g" > +a)

?A ) (g +1—a)ed 4+ ag—a >0,
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from which we in turn obtain that e* ¢ < ag — a or e* ¢ > 1. In view of (20) the
first inequality is not satisfied. From the second inequality we obtain A > ¢, and then
we clearly see that (20) also holds. Finally, ¥ A > ¢ we have solutions to (14) which
are unbounded whenever \ > c.

The value A\7(u) defined in Lemma 3 has (under some additional assumptions)
the following important interpretation.

PropPOSITION 1. If for Borel measurable u: B — U

(B1) the family

Tcl/\N

(23) exp Z (ve(z},u(z})) — N (u)) p 3N =1,2,...

i=1

is uniformly integrable with respect to ]52“ measure with z € C1,
(B2) forx e E

O'C‘l/\N—l

(24) i%f E"{ exp Z (ve(z}, u(z])) — AV (u) >0

i=1

with o, =inf{i > 0:2(i) € C1}, and
(B3) forxe E

ocy AN-—-1

(25)  sup Epqewq 2 (velap u@) = X(w) p o < oo,
then forx € E
(26) A (u) = nan;O % InEY {exp {i: ~ye(a,, u(xl))}} .
i=0

Proof. Let A > A\7(u). For z € Cy we have

’Tcl

E {exp {Z (ve(z), u(z))) — /\)}} <1

i=1

and consequently by the dominated convergence theorem and (23) for N > Ny, with
Ny sufficiently large,

TC, AN
(27) E*{ exp Z (ve(zi,u(z})) — A) <1.
i=1
Let
ocy AN-—1
(28) N @) = exp Z ('yc(a:ll,u(le)) —A)

=0
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By (B3) w¥ is well defined. For x ¢ C;

ooy, AN—1
Wk (@) = pu e’yc(xém(wé))—AEgl exp Z (ve(z!, u(zl)) = A)
i=0
(29) . {evcué,u(xé))—xewx(m)}7
and for z € C; by (27) we have
eWi41(2) — gve(zgulzg))—A
ocy AN
> e’Yc(mfll,u(wé))fxEAg exp Z (’yc(xll,u(:ﬂll)) . )\)
i=1
(30) . {evcué,u(wé)mewwl)} ,
Consequently

eWh (@) > fu {evc@é,u(za))—xewmm)} ’
and by iteration for N > Ny

VR4 (@) > fu {ezi:&<wc<w3,u<z}>>—x>ewx<@k>}

> fu {ez?;(}(wc(xi,u(zb)—x)e—vucuN} .

Therefore

1. - 1

S By {evzi;& c(wi,u(w}»} < Zylellv

1 ocy AN-—-1
+E s%]p In E* { exp Z (ve(zi, u(z])) — A (u)) + A,
i=0

and by (B3)

lim sup % In E’;‘ {67 i C(xi’“(”}))} <\
k—oo

Consequently, letting A decrease to A7 (u), we obtain

1. . _
(31) limsup - In B {ew Tio c(z%,u(m},))} <\ (w).

k—oo

Assume now that A < A7(u). By Fatou’s lemma for z € C; and N > Ny, with Ny
sufficiently large, we have

TC, AN

(32) Erdexpd 3 (velehu(el) ~A) py > L.

i=1
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Therefore for w¥ given by (28) (with A as above) similarly as in (29) and (30) we
have

(33) eWn1(e) < E;t {676(95(1),11(1(1)))7)\671;%(@1)} ’

and by iteration for N > Ny

ewhen(@) < fu {62?;5(WC(w},u(x}))—/\)ew)“v(a”ck)}

< v {ezif;J<wc<x},u<mi>H>ew|cHN} ,
Therefore
1. - - 1
S By {ewzi;& C(whu(w}))} > —EWHCHN
1 ocy AN-—1
+E 111\1]f In E* { exp Z (ve(zi, u(z])) — A (u)) + A,
=0
and by (B2)
hkm inf % In E’}j {ev iz C(ﬂi}ﬂ(w}))} > )\,
and finally
1. - 1
(34) liminf = In £ {67 Zis c(lg’u(mi))} > X (u),
k—oo k
which together with (31) using (5) completes the proof. d

Remark 3. Notice that under (D1) assumptions (B1) and (B3) are satisfied. By
the Holder inequality, using the fact that A\7(u) < sup,cp e 7¢(¥, @) we have that

tTcl/\N—l 2

1< (Bdep! 3 (—yelel u(h)) + A7)
i=1

[SE

o’cl/\Nfl

< | B2 dexpd Y (yelakulal)) — N(w) g(E;t{e’YHCH,spTcl})

i=1

[N

8

[N

ocy AN-—-1

x | B { exp Z (ve(ai, u(z;)) = A7 (w)) ’

i=1
from which, under (D1), inequality (24) holds, and in conclusion (26) holds.
Furthermore notice that

TCq AN
My = e @exp{ 3 (veal,ulal)) = X(w)) p e Crearvy)
=0
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is a positive martingale that converges almost surely to M., as N — oo. Since by
the choice of A\7(u) we have that E*My = 1 = E¥M,,, from Theorem II 21 of [19]
it follows that the family {My, N =1,2,...} is uniformly integrable. When & is
bounded we then immediately obtain (B1).

Finally, by the Jensen inequality we can easily formulate a sufficient condition for
(B2) as follows: for z € E

ooy AN—1
inf B ! 1y — a7 —
1}1\17fEm Zl (ve(zi, u(z))) — AV (u)) p > —oc.

4. Uniformly ergodic approximation of controlled Markov processes.
We shall now assume that
(Ad) forz e B, Ac&

(35) POz, A) = /A Pl a, 9)(dy),

where p is a positive continuous function of its coordinates.
Denote by |z| the value of p(z,8), where p is a metric on E compatible with the
topology of E and 6 € FE is a fixed point.

Let
R for Jyl< N
- 0,a,
Py (w,a,y) = B for Jyl> N+,

p(z,a,y)(N+1—|y])+p(0,a,y)(Jy|—N) elsewhere
Ag () ’

with A% (2) = P2(o, Bx)+ P20, Biyy) + [, oy P 0 ) (N + 1= [y]) +p(6, 3, )
(ly| = N)Jv(dy), where By = {x € E : |x| < N} and a is a fixed element of U.
Let

pN(xva'ay) :ﬁN(xaa)y) if |.’L'| S N’

pn(z,a,y) = DN (xN, a, y) for |z| > N

||
and define
(36) PJl\lf(xady) :pN(xva'ay)V(dy)
We clearly have the following.
LEMMA 5.
(37) sup || Py (2, ) — P*(2,)|[var — 0

acU

as N — oo, uniformly in x from compact sets. Furthermore for each N

(38) sup sup sup w < oo.

a,a’'cU z,2’'€cEyeE PN (37/7 alv y)

For (an) € Us let

(39) F(A) = BN {exp {i(w(w}, a;) A)}}

=1
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and
Tc1
(40) i 0) = B {exp {Z(w(m}, a;) - ”}} |
i=1
where P{%)"Y is the conditional probability of the split Markov process (&) corre-

sponding to Markov process (x,) with transition probability Py" at time n.
Notice that whenever x € C the functions in (39) and (40) do not depend on z

and will be denoted by F ](\? ) and F(n). We have the following.
PROPOSITION 2. Assume that there exist Ny and di < ds such that for N > Ny,
(an) € Us, and x € Cy we have

(41) F)(dy) = F) (do) <1 < F)(dy) < o0,

F](\f;)()\) — Fa(;a”)()\) for x € Cy uniformly in (a,) € Us and X € [dy,ds], and further-
more

(42) sup |F@) (dy)| < oo,
(an)

where I stands for the derivative with respect to . Then

(43) No((@n) = (FG) 7 () = (Fe) 7 (1) = X((an))

uniformly in (a,) € Us as N — oo.
Proof. Assume that there exist € > 0, a sequence (a¥) of strategies from U, and
a sequence N — oo such that

(44) AR, ((a3) = X7 ((ap))] > e.

By assumption we have that

aF ak
IEE (O, ((65))) = FE™ (o, ((a5)))] = 0
and therefore

(45) F (N, ((65)) = 1= FE (A%, ((ah))

as k — oo. Since Fggal:‘)()ﬂ((aﬁ))) = 1 and sup(,x) |F(“ﬁ)'()\)\ is bounded for A\ €
[d1,d3] (by (42)), we should have |} ((af)) — A7((ak))| — 0 as k — oo, which
contradicts (44). |

Remark 4. Notice that the choice of d; and dy in (41) is uniform with re-
spect to (a,) € Us. Two natural candidates are dy = inf,cp qev ye(z,a) and dy =
SupweE,an ’}/C(:L‘, a)'

To have convergence F](\?;)()\) — FJE‘I")(/\) for x € C; uniform in (a,) € Us and
A € [dy, d2] we have to assume for z € O that

sup Eﬂ(can) {exp {7llellspTe, }} < oo,
(an)EUS

and
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(D2) supy sup(,, e, LN {exp {y]ellspe, }} < 0.
Since

TCq
|Fw(an)/()\)‘ = Eg(ga") {701 exp {Z(’}/C(l}l’ hi) — /\)}}

i=1
< EAa(:an) {TCI exXp {7”6”8177—01}}
< KE) {exp{(1 + e)7llellspmer }}

for e > 0 and K > 0, to have (42) it is sufficient to assume for x € C that

(D3) sup(a,)eu, Bl {eXp {@+e)v|ellspTe, }} < oo for a sufficiently small e > 0.
We have the following.
PROPOSITION 3. For each N there are X}, and wy € C(E) such that

(16) e = inf [ew’a)_m/Eew”y)Pﬁm,dy) ,

and consequently

(47) Ny = inf I3 ((an)),

where

TN ((ay)) = hmsup In E{@n)N {exp {Z ye(xg, a; }}

t—oo

and the infimum is taken over all admissible controls (ay,).

Moreover the strategy aY = uy(z,), where uy : E — U is a Borel measurable

~(AaN

function for which the infimum in equation (46) is attained, is optimal and if Eg(ﬁa" »N
{exp {7llc|lspTe, }} < 00, we have additionally that N, = A\ (un) with A} (un) defined
in Lemma 3 for a Markov process with transition operator P“N.

Proof. In view of (38) and Theorem 1 of [12] it remains only to show that \}, =
AN (un), which in turn follows directly from Corollary 3. d

COROLLARY 4. Under (D2) and (D3) we have that

48 X' = inf J) = lim A}
(48) @ of, T2 (lan)) = Jim Ay

forx e E.
Proof. By Remark 4 and Proposition 2

sup  [A}((an)) = A7((an))| — 0.
(an)EUS

Since by Remark 3 and Propositions 1 and 2 A} ((an)) = inf(q, yerr, AN ((an)) = AYs
we obtain (48). ad

5. Risk sensitive Bellman equation. Let uy be an optimal control function
corresponding to P%(x,dy). Furthermore assume that
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(A5) Jeso such that V

K compactC E

sup sup sup BN {exp {Z('yc(xll,ujv(le)) — AN (un))(1+ e)}}

acUzeK N i—1
(49) = M(K) < o,

where above we control the split Markov process (Z,,) using at time 0 control ag = a
and then a,, = ux(zl) for n > 1, with ux as in Proposition 3.

THEOREM 1. Under (A1)—(A5) there exist A7 and a continuous function w : E —
R such that

(50) @ = inf {e”“(m’“)’w/ e“’(y)Pa(x,dy)} :
acU E

Moreover, under (D2)—(D3) we have that

(51) N = inf J((a) = Jim M)

Assuming additionally that (D1) is satisfied for a, = u(x,), where 4 is a Borel
measurable function for which the infimum on the right-hand side of (50) is attained,
we have that \Y = \Y(4). Furthermore, if for an admissible control (a,) we have

limsupEia") {(Eﬁ: {ew(zl)})a} < oo

t—oo

for every a. > 1, then XY < J7((ay)).

Proof. The proof consists of several steps.

Step 1. We prove first that supy E@N {exp {%" (&1} } is bounded uniformly on
compact subsets of (EyUC)x U, where Wy is a solution to the multiplicative Poisson
equation corresponding to the transition operator Pg(z, dy) with control function uy
with ®(w}¥) = 0.

In fact,

BN fexp {w (1)} = Be™ {xc, (1)ereteton @ =2k e}

(52) + BN {Xcg(fl) exp {2(7@(56% un () = AYV(UN))}} ;

i=1

and by (A5) the required boundedness follows.

Step 2. We show now that for N = 1,2.. ., functions BN {x¢, (&1) exp {04 (&1)}},
BN {xcy (i) exp {04 (20) 1, and B2 (i, (1) exp {0} (21)} } are equicon-
tinuous in  and a from compact subsets of Ey U C; and U, respectively.

Notice first that by (37) for each compact set K C EgU Cy, € > 0 there is a
compact set K1 D Cy U Cy such that

(53) sup sup sup P4V {i;, € K¢} < ¢'.
acUzxzeK N



246 GIOVANNI B. DI MASI AND LUKASZ STETTNER

Furthermore by the Holder inequality

acUxzeK N i—1

(54) sup sup sup B¢V {XKf (#1) exp {i(vdm}, un(x})) - AYV(UN))}}

< sup sup sup (PE’N {21 € Kf}) e
acUxeK N

1

sup sup sup (Eg’N {exp {2(%(%37 un () = Ny (un)) (1 + 6)}})

acUzxzeK N i—1

€ 1

< &' (M(K))T

Consequently
B8N {xe, (1) exp {l (21)}) — B2 {xe, (1) exp {3 (31)}} |
< Pl paN (g, ¢y 0 = PUN (@, Gy 0 ) fuar

and by (53)-(54)
B3N {xcy (1) exp {0 (1)} — B2 {xc, (1) exp {3 (1)} |
< 2¢/TF (M(K)) T + |ESN {x, (1) exp (@3 (21)})

—E;:’N {xK, (&1) exp {w " (27)}} ]

and
BN {0y (#1) exp {i (1)} — B2 {xmey (1) exp (i (1)} |
< 2675 (M(K)) ™ + BN {xic, e, (1) exp {3 (1)}
—E5N {ranam o (#1) exp {g (@)} 1

For § > 0 choose K; in (52) such that g/ T (M(K))ﬁ < g. Since

mae { | B2 (e, () exp (o (21} = BE™ O, (i) exp {9 (01

|E2N Ly oyo (31) exp {ii (1)} — ES N {Xranim o) (1) exp {3 (24)}} |}

< sup exp {03 ()} [P*N (2, K10 -) = PN (@, K1 0 ) fwar
r€K,

for x, ' € EqUCq, and a, @’ € U such that

. . 1)
(55) ”PGN(xaCl N ) - P N(SC/,Cl N ‘)”var S AT
3ellell
and
A A ’ 6
(56) ||PaN(m>Klm')_Pa N(x/aKlﬂ')”var S

—N
3 SUp,cf, €N ()
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we obtain that

BN {xey (21) exp {3 (#1)}) — ESN {xc, (#1) exp {olY (21)}} | < 6,

BN Dy () exp (i (1)} = BN {xe, (#1) exp Ly (#1)}1} ] < 6,

and
|E2N {xmvoyo (1) exp {i (21) ) — E9™ {x(m\0)o (@1) exp {di¥ (21)}} ] < 6.

Now by (A5) sup, ¢, ¢~ () is bounded in N, and therefore by (37) we can choose
z, ' and a, o' in (55) and (56) uniformly in N, which completes the proof of the
equicontinuity.

Step 3. By Steps 1 and 2 and by (5) and (15) we immediately see that

BN {exp {wy (21)}}

is uniformly (in N) bounded and equicontinuous on compact subsets of E x U. Since

un is optimal for Pg(z, dy) we have that wi¥ = wy. Therefore by Ascoli’s theorem

(Theorem 33 of [24]) there is a subsequence Ny such that

B {exp {wn, (21)}}

converges uniformly in @ € U and z from compact subsets of E and Ay, (un,) — A
(since AN (un) € [infoepacv ve(®,a),5up,cp oerr ve(x, a)]). Consequently there is a
continuous function w such that

(57) e®®) = inf [ew@a“ lim ewmy)Pﬁzk(az,dy)].

acU k—oo /g

Moreover, using the fact that wi¥ = wy is a solution to the Bellman equation (46)
we obtain

@) — lim inf [e%’(’c’“H / ew”k(y)Pz%k(%dy)}
E

k—oo aclU

(58) = klim eAf)‘?Vk (“Nk)eka (z) — khm eWny, (@)

with the convergence uniform on compact sets.
Step 4. To prove that function w defined in (57) is a solution to the Bellman
equation (50) it remains to show that

(59) Jim BN {exp {un, (1)} = B2 {0}
In fact, by Fatou’s lemma

(60) ES {ew(wl)} < klirgo E&Ne Lexp {wn, (71)}} < oo.
By Steps 1 and 2 one can find a compact set K3 D C such that

g
(61) sup sup B3N {x e (1) exp {wn (1)} } < 3
N acU
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and

(62) sup Eg {xks(z1) exp {w(z1)}} <

wW| ™

Therefore

|5 {exp {w(x1)}} — Ep™ {exp {wy, (21)}} |
< 1B {x, (21) exp {w(@)}} = Ep™ {xx, (21) exp {w(x1)}} |
+ 1B {xk, (21) (exp {w(@1)} — exp {wn, (21)})} |

+ By {xxes (1) exp {wn, (21)}} + By {xrg (21) exp {w(z1)}}

< sup )Pz, Ky 1) = PV (@, Ky 0 foar + sup [0 — e (2)] + =
zeK, €K, 3
Consequently letting k — oo and taking into account that € may be arbitrarily small
we obtain the convergence (59). By the continuity in z and a of the right-hand side
of (50) we have the existence of a Borel measurable function @ for which the infimum
is attained. Identity (51) follows immediately from Corollary 4. From Remark 3 and
Proposition 1 (under (D1)) we obtain that AY = \7(a).
Step 5. If for an admissible control (a,,) we have lim sup,_, . Eg(ca"){(Eg: {ew(=) )l
< oo for every a > 1, then by the Holder inequality we have from (50)

w(z) < n B {exp {Z(vc(:ci, ai) - m} B {evte }}

=0

1

t—1 T+e
< —t\"+1n (E‘,E,“”) {exp {Z’yc(xi,ai)(l + 6)}})
i=0

o (o { (2 o)) 1) e

Dividing both sides of the last inequality by ¢ and letting ¢ go to infinity, we obtain

that 1}_5 J;’(He)((an)) > XY for any € > 0. It remains to show that the mapping

v +— J¥((ay)) is a continuous function for v > 0 since then letting ¢ — 0 we obtain
J)((ayn)) > A7. To prove continuity notice that for v1,v2 > 0, 71 < 7o

t—1
2 (@) = T3 ()] < Timsup 7 | 1n {0 {exp {chm,ai)}}
i=0
t—1
—In B{*) {eXP {ch(l‘i, ai)}}
i=0

t—o0
<lelllve = 2l

. 1 /
<limsup —|y — 72| sup |g;(7)]
t—oo YE[1,72]

since the derivative of the function
t—1
g¢(7) = In E{*) {eXP {ZW(% ai)}}
i=0
is bounded by t||¢||. o
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Remark 5. A sufficient condition for (A5) can be formulated as follows:
(D4) There is € > 0 such that for each compact set K C E
sup sup sup £ {exp {(1 + ) lllellp7e, }} < o0,
acUxeK N
where the split Markov process (Z,) after control a at time 0 is controlled
using the control function wuy.

6. Remarks on assumptions and an example. We shall formulate first a
sufficient condition for (A3). It is worth noting that the assumption (63) below cor-
responds to geometrical regularity of the set C' with a constant 7|c||sp, as considered
n [18].

PROPOSITION 4. If for x € E and (ay) € Us

(63) E) {exp {7l spTc}} < 00

and

(64) sup B {exp {ellopro}} = Bexp {rlellop} < 1.
TE

then (A3) holds.
Proof. Notice first that by Corollary 1 for z ¢ C and positive integer m we have

(65) E(a 2,0) {exp {'YHCHSPTC} X'rc<m} = (an) {exp {’Y”CHSPTC} X'rcSm} .
Letting m — oo by (63) we obtain

(66) ) fexp {yllellpre}} = EX {exp (el e} -

Now for (a,) € Uy and x € C, using the definition of split Markov process and (64)
we have

67) Bl {exp {ylellspre}}
= B {xolehe s 4 xoe (@) ES fexp (tlellspro}}
_ el P20V = B evncnw/ E@) fexp {y]lcllopre}) M
1-p5 -
1
= 15 [ (P, 0) = )~ B {xe @)l | 4B {erllae
o1
1-8
Let 1 =717¢ = {i>0 x; EC} Tn+1 —Tn+71097'7z

For z € E and L = Sup,cc E(a 0) {e””c”sfc} using Lemma 1 we have

E;an) {GVHCHSW—Cl } = Eg: {Z XC{ (ii'n) . ch (x'ri71)XC1 (‘%Ti)e’YICSPTi}
i=1

oo

S Z AJ(Jan) {XC’{ (i“l’l) e Xclc (£7i71)€7‘|C‘|SpTi_l } Lﬂ

=1

< Elow) {evncusm} i(l —B)1gLitt = flan) {evncusm} 1—(15—5)L

i=1
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Taking into account (66), (63), (64) we obtain (D1), which completes the proof. |
Taking Remark 4 into account, by the proof of Proposition 4 we easily obtain a
sufficient condition for (A5).
COROLLARY 5. If there is an € > 0 such that for any compact set K C E, we
have

(68) Sup sup sup Eg’N {exp {(1 + &)7lc||spmc}} < 0
acUzxzeK N
and
(69)  supsupsup BN {exp {(1+ elellspret} = Bexp {erfellop}t < 1.
acU xze

where the Markov process (x,) is controlled using constant a at time 0 and a, =
un(zn) afterwards, then (A5) holds.

Consequently we see that the assumptions imposed in the paper are satisfied
for a class of processes for which f(v) := E, {€"7¢} is finite, provided we choose ~y
sufficiently small (to guarantee (64) and (69)). As an example one can consider a
discretized ergodic diffusion (z,,) in R? given by the following equation:

(70) Tna1 = Tp + Ay + 0(20, an) + D(2y, an)wy,

where (w;,) is a sequence of i.i.d. standard normal random vectors in R%, A is a stable
matrix, b(x,a) is a continuous bounded vector function of z € R% and a € U, and
D(z,a) is a continuous bounded matrix-valued function which is uniformly elliptic,
i.e., inf e ge infaer trD(z,a)D(x,a)T > 0. Notice that by the nondegeneracy of D the
minorization property (A1) is satisfied for any closed ball C' in R?. The stability of
the matrix A and boundedness of b imply that if C' is sufficiently large, the controlled
process, no matter what control is used, is pushed to C. For completeness we add
the following Lyapunov-type criterion (more detailed analysis of geometric regularity
assumption can be found in Chapter 15 of [21]).
LEMMA 6. If for (a,) € Us

(71) sup E{*) {[|lzro[| 7'} < 00
z¢C
and for v >0
(72) sup sup g {||z1([} < e |z],
z¢C acU
then
(73) Elan) {770} < 0.

Proof. Define a Lyapunov function V (s, z) := €27t ||z||. For z ¢ C by (72) we
have

ES {V(s+1,21)} = V(s,z) < e CHEL) {a ||} — 21D |z]|
< (T — ) .
Consequently

Ea(c?:) {(V(m+1L,21)} = V(m,zm) < =D = 2™ |, |,
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B {V(m,z1)} = V(m = L) < —(™ = 210Dz, 4,

and summing up the above inequalities till the process (z,) enters the set C' and
taking the expected value, we obtain

(74) B {V(r,2,)} = V(0,.2) < ~E& { [l [[(277¢ ~ 1)},
from which by nonnegativity of V' we have that
(75) E@) {277z ||} < V(0,2).

By the Holder inequality

[V

1
B (e} < (B0 {7 onc 1)) (B (el 1Y)

and from (71) we obtain (73). O

In section 4 we introduced a uniformly ergodic approximation. One can consider
more general, i.e., v-separable, approximations, as studied in [18]. Following The-
orem 2.4 of [18] we then have that the Lyapunov drift criterion (DV3) holds and
consequently the local multiplicative mean ergodic Theorem 3.4 of [18] is satisfied.
The transition kernel of the original Markov process (x,), although quite regular
under assumption (A4), may not be itself v-separable. The latter property would
require uniform approximation of the transition kernel, while we can show only an
approximation which is uniform on compact subsets. A useful sufficient condition for
v-separability is formulated in Lemma B.3 of [18].

Acknowledgments. The authors would like to thank both reviewers and the
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out a gap in the proofs of Lemma 4 and Theorem 1.
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STABILITY AND UNIQUENESS FOR THE CRACK
IDENTIFICATION PROBLEM*

ZAKARIA BELHACHMI! AND DORIN BUCUR'

Abstract. This paper deals with the identifiability of nonsmooth defects by boundary measure-
ments, and the stability of their detection. We introduce and analyze a new pointwise regularity
concept at the boundary of an open set which turns out to play a crucial role in the identifiability of
defects by two boundary measurements. As a consequence, we prove the unique identifiability for a
large class of closed sets, including sets with an infinite number of connected components of positive
capacity and totally disconnected sets. In order to rigorously justify numerical approximation results
of defects by optimal design methods, we prove a geometric stability result of the defect identification
process, without any a priori smoothness assumptions.

Key words. defect identification, conductivity, uniqueness, stability
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1. Introduction. This paper deals with the defect identification problem by
boundary measurements. Roughly speaking, the problem can be formulated as fol-
lows: Given a smooth bounded domain £ C R?, find a closed set K C € knowing the
traces on the boundary w;jsq of the solutions of

—Aw; =0inQ\ K,

(1) %“7’; =0 on 0K,
% = 1); on 02

for several inputs ;. We refer the reader to the paper [4] for a complete review of
the most important and up-to-date results concerning this problem.
There are three main challenges when dealing with such a problem:

e The uniqueness of the defect for a given number of measures: May different
defects give the same measures?

e Stability with respect to the measurements: Do close measures give “close”
cracks? There is a subsequent question: What is the right sense of closeness
for defects: close in geometry or in behavior (like y-convergence)?

e (Numerical) reconstruction of the defects and rigorous convergence results.

A way to tackle this geometric inverse problem is to use optimal design methods.
From this viewpoint, one needs to understand the three items above in the context of
minimal regularity assumptions for defects. Dropping a priori regularity assumptions
for the stability purpose allows us, for example, to give a formal justification to the
convergence of the approximation process by a shape optimization approach.

The purpose of this paper is twofold. First, we introduce and analyze a new
pointwise regularity concept at the boundary of an open set, called conductivity, which
plays a crucial role in the identifiability of defects by two boundary measurements.
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It is known that one measure cannot uniquely determine even a smooth curve K,
and, following Alessandrini and Diaz Valenzuela [1], two suitably chosen inputs can
uniquely determine closed sets K which can be decomposed in a finite union of disjoint
continua (see also [17]). Roughly speaking, we prove that unique identification holds
for the family of defects which are conductive at quasi-every point of their boundaries
(see Theorem 3.9). As a consequence, we prove unique identifiability by two boundary
measurements for a large class of closed sets, including sets with an infinite number of
connected components of positive capacity and totally disconnected sets. Our proof
uses the scheme of Alessandrini and Diaz Valenzuela based on nonexistence of critical
points for suitable holomorphic functions. The construction of critical points relies
on the conductivity regularity concept. With respect to the proof of Alessandrini and
Diaz Valenzuela several new technical difficulties appear, which are related to the fact
that harmonic conjugates of solutions are not Holder continuous up to the boundary
and information given by the unique continuation principle cannot be propagated
“across” the defects. The conductivity regularity concept has several features in
common with the Dirichlet regularity related to the Wiener criterion, but we are not
able to prove or disprove their equivalence. Nevertheless, our result associated with
the Kellogg property also shows that the equivalence of the two regularity concepts
(conductivity and Dirichlet regularity) would straightforwardly imply the conjecture
that all closed sets are uniquely identifiable, up to a set of zero capacity, by two
boundary measurements.

The second purpose of the paper is to investigate the stability of the detection
from the shape optimization point of view. Precisely, we prove that asymptotic geo-
metric stability holds in the class of defects having a uniform bound on the number
of connected components (see Theorem 4.3). Roughly speaking, convergence of the
measures in the space of traces implies geometric convergence of the defects (this is the
framework of the so-called Tikhonov principle [20]). All previous stability results (see
[2, 4, 11, 18] and references therein) require us to know a priori a quantitative estimate
of the smoothness of the defects, and provide quantitative estimates for the stability.
By dropping the a priori smoothness hypotheses we lose any quantitative estimate
but—and here is the main interest of such a result—we can rigorously justify that
suitable numerical approximations of the defects are convergent (see Theorems 5.1
and 5.3). This result is to be compared to the one obtained in [8] for shape optimiza-
tion problems associated with the Dirichlet—Laplacian and relies deeply on the shape
stability result of [6] and on the elimination of the smoothness hypotheses (see also
[7, 9, 15]). Stability results based on a priori smoothness cannot be used to achieve
shape convergence for numerical approximations in the optimal design framework.

2. Setting the problem. Throughout the paper, €2 denotes a bounded simply
connected open set in R? with smooth boundary. By |E| we denote the Lebesgue
measure of the set F and by cap (E) its capacity, i.e.,

cap (E) = inf{/ |Vul?> + |u|?dz, wu€ uE}7
]R2

where U is the class of all functions u € C2°(R?) such that u > 1 a.e. in a neighbor-
hood of E. It is said that a property p(x) holds quasi everywhere on E (q.e. on E) if
the set of all points € E for which p(x) does not hold has capacity zero. We refer
to [14] for details concerning capacity.

A function u is said to be quasi-continuous if for every € > 0 there exists an open
set A such that cap (Ac) < € and ulqy 4, is continuous in 2\ A.. Throughout the
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paper, every time we refer to pointwise properties of Sobolev functions, we implicitly
consider quasi-continuous representatives.

The usual Sobolev space is denoted by H'(Q). Recall that every function u €
H'(Q) has a quasi-continuous representative, unique up to a set of zero capacity.
Considering quasi-continuous representatives, one can define the trace (as restriction)
of a function u € H'(Q) on every continuum of positive diameter. We recall the
following result (see [6]).

LEMMA 2.1. Let u € HY(Q) and let K1, Ky be two compact connected sets in
Q with positive diameter. If there exist two different constants c¢1,co € R such that
w(z) =c1 g.e. on K1 and u(z) = co q.e. on Ka, then K1 N Ky =.

We also recall the definition of the following functional space. Let U C R? be an
open set; the Dirichlet space £12(U) is defined as [14].

(2) LY(U) = {u € Lj,(U) : Vu € [L*(U)]*},

where the gradient of u is taken in the sense of distributions. Introducing the equiv-
alence relation

uRuv if / |V (u —v)[?dz = 0,
U

we see that the quotient space £12(U) g := L%?(U) is a Hilbert space for the scalar
product

(u,v)Ll,z(U):/ VuVudz.
U

Let C be a connected component of U and let u,v € £1?(U) such that uRv. Then
u — v is constant a.e. on C.

Following [12, Corollary 2.2], if U is smooth enough (e.g., with Lipschitz contin-
uous boundary), then £22(U) = HY(U). If U is not smooth, then H!(U) might be
strictly contained in £32(U). Observe also that if U is not smooth enough, several
“well-known” properties of H'-spaces fail to be true, e.g., the Poincaré-Wirtinger
inequality.

For an arbitrary set £ C R? and for ¢ > 0 let us denote the dilation of F
by e, F¢ = U,crB(z,¢e) being the union of all open balls centered in points of F
with radius e, and denote by F~ its closure. Clearly the following holds for ¢ < v:
Fe = (F)° C (F¢) C F".

DEFINITION 2.2. The Hausdorff distance between two compact sets K, Ky C R?
1s defined by

dH(Kl,KQ) = inf{s >0:K; C KS ,KQ - Kf}

Note that the family of closed subsets of a given compact of R? is compact for the
Hausdorft metric. We refer to [6] and [19] for more details on the Hausdorff metric
and on the following.

LEMMA 2.3. Let {u,nen € HY(Q), {Kn nen be a sequence of compact connected
sets in Q, and {c, }nen be a sequence of constants such that u,(x) = ¢, gq.e. on K.

HY(Q
If K, A, K, then K is connected. Suppose that u, & u. Then there exists a

constant ¢ € R such that ¢, — ¢ and u(x) = ¢ q.e. on K NQ.
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Let K C Q be compact and ¢ € L?(92) be such that fBQ 1 = 0. We consider in
what follows the perfectly insulating problem

—Aw =0inQ\ K,

(3) g—i’ =0 on 0K,
% = 1) on 0f2.

Since K is the unknown of the problem and may vary, if ambiguity occurs on the
choice of K, this solution will be denoted wy, . It is clear that using the usual tools
(e.g., the Lax—Milgram theorem [3]; see also [6]) one has the following.

PROPOSITION 2.4. There exists a unique solution u € LY2?(Q\ K) obtained by
solving the following minimization problem:

1
min = V| dx —/ do.
$ELT2(Q\K) 2 /Q\K Vel o9 v

Let us denote by 1y the characteristic function of the set U. The following result
has a simple proof (see section 4 and [6, 10]).
PROPOSITION 2.5. The following holds for e — 0:

L%(Q,R?)
wa’fs 19\?5 — de,,K 1SZ\K-

Note also that for ¢ > 0 the function w,, %= has a harmonic conjugate in O\K" (see
[1], for example), i.e., is the real part of a holomorphic function. Following Proposition
2.5 and the usual properties of holomorphic functions, the function wy x also has a
harmonic conjugate. The problem which is solved by the conjugate functions will be
clarified by studying the following.

The perfectly conducting problem. A dual problem, called “the perfectly
conducting case” has been introduced in [11] for one connected crack and extended
in [1] for a finite number of connected cracks, say, K = U¥_| K;. In this case, the
problem is formulated as follows (see, for instance, [1]):

—Au=0in Q\ K,
(4) u = ¢; q.e. on Kj,
g—z =) on 0N.

The constants ¢; are uniquely determined by the no-flux condition that the solution
u has to satisfy: for every smooth Jordan curve v C Q\ K fv %do = 0.

Moreover, the solution of this problem is given by the minimization of the follow-
ing energy functional:

1
(5)  min {/ |Vu|*dz — / updo :u € HY(Q),u q.e. constant on KZ} .
2 Ja\x Xe)

Details concerning the equivalence of the formulations (4) and (5) can be found in [1]
(see also [6] for more details concerning the formulation via quasi-continuous func-
tions).

Here is the main key to understanding the uniqueness of the inverse problem for
arbitrary compact sets. We manage the perfectly conductive case for arbitrary K
by introducing the following Sobolev-like space. Let 2 be a bounded open set, and
F C Q an arbitrary set. We define

(6) H a2 () = cloy{u € H'(Q) : 3e > 0,Vu =0 a.e. on F* N QY.
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Let us denote by u(F') the image of the set F' by u. For sets F' which have a certain
regularity (e.g., a finite number of Lipschitz connected components), the previous
definition coincides with

(7) clioy{u € H'(Q) : u(F) is finite}
and
cgiay{u € C®(Q) N H'(Q) : u(F) finite},

but it is not clear whether this holds for arbitrary F. Of course, in (7) we consider
quasi-continuous representatives. Observe also that if u € Hgond, (), then |u| €
Hclond7F(Q)'

Note that the following inequality holds for every function u € H*(Q2) such that
J. aq udo = 0:

(8) / uzdng/ |Vul|*dz,
o9 Q

where C' is a constant depending only on €. This is a consequence of the trace theorem
and the Poincaré inequality in H'(£2). Note also that u — [, [Vu[*dz is a norm on
{u e H'(Q), [,oudo = 0} and that for every u € H}, 4 () we have Vu = 0 a.e.
on K.

We see problem (4) for an arbitrary K only by its variational formulation

1
(9) min 7/ |Vu|>dx — / updo :u € H ; (Q) b
2 Jox a0 ’

PROPOSITION 2.6. Problem (9) has a unique solution such that [, udo = 0.

Note that the gradient of the solution is unique. We can fix a representative such
that [, udo = 0.

Proof. To prove the existence of a solution for problem (9), the Lax—Milgram
theorem can be directly used. Nevertheless, in order to familiarize the reader with
the space H}  , (), we show this by using the direct methods of the calculus of
variations. 7

Let u,, € Hgond’K(Q) be a minimizing sequence. We can assume that [, u,do =
0; if not, we simply add suitable constants. Since 0 € H} d, x(€), we can also assume

1
f/ |Vun|2dx—/ uptpdo < 0.
2 Q\K f19)

Using the Cauchy inequality together with (8) there exists a constant M depending
only on € such that

/ |V, [2de < M.
O\K

L?(Q,R? L2 (69
There exists u € Hclond)K(Q) such that Vu, (25 Vu and upja0 Gy u)9Q-

Consequently,

1 1
= / \Vu|?dx — / updo < liminf - |V, |?dx — / uptpdo,
2 Q\K aQ n—oo 2 OQ\K a0
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and hence u is a solution of (9).

The uniqueness of the solution comes from the convexity of the energy
functional. ]

Note the following facts: The solution given by Proposition 2.6 satisfies —Au =0
on Q\ K in the sense of distributions and g—z =1 on 0f2 in the weak sense of traces;
for every z € K such that z € U, C K, where U, is a continuum, the solution of (9)
is constant q.e. on U,.

We give the following proposition which has a simple direct proof, and refer to
section 4 for a more detailed discussion of the stability question.

PROPOSITION 2.7. The following holds for e — 0:

L?(Q,R?
Vi, e Vg

Proof. For simplicity, let us denote uc = u, g=. As in Proposition 2.6, there
exists a constant M independent on e such that

/ |Vu|de < M.
Q

2 2 2
There exists u € H'(Q) such that Vu, @R Vu and uc|pq L&y ujpn. We get
1 9 | 2
(10) — [ |Vul*dz — wpdo < liminf = [ |Vue|*dz — updo.
2 Ja aQ =0 2 Jg aQ

Note that u € H., 4 x(Q) since u. € Hclondff(
solution of (9) in Hclond,K(Q)' Then

1 1
f/ |Vu*|2dx—/ u pdo < 7/ |Vu|2dx—/ utpdo.
2 Ja 09 2 Ja o9

From the definition of Hclond)K(Q), there exists a sequence ¢, € H'({), such that
Von = 0 ae. on K" such that [y, ¢ndo = 0 and ¢, — u* in H'()-strong.

Choosing suitable couples (g, n) such that € < 1/n, we get ¢, € Hclond = (£2). Conse-

Q) € Hlppax(Q). Let u* be the

quently,

1 1
limsupf/ \Vug|2dx—/ ugpdo < lim 7/ |V |2dr — Ophdo
2 Ja o0 n—oo 2 Jq aQ

e—0
1 * |2 *
=— [ |[Vu*|*dzx — u*pdo.
2 Ja a0

From (10) and (11) we get w = u* = uy, i, and from the convergence of the L?-norms
of the gradients we get that

(11)

Vue. — Vuy, g-strong L. a

The result of Proposition 2.7 is still true if on 92 one considers Dirichlet boundary
conditions.

PROPOSITION 2.8 (existence of stream functions). Let w and u be the solutions
of (3) and (4), respectively. There exists holomorphic functions W and U in Q \ K
such that w = Re W and v = Re U. Moreover, Im W and Im U solve problems (12)
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and (13) below, respectively. Let ¥ a primitive of 1 on 0Q. The problem solved by
Im W s

(12) min {/ IVélPda : ¢ € H}ppy 1 (R2),0 =T on 89} ,
Q

and the problem solved by Im U is

—A¢p =0in Q\K,

(13) g—i’ =0 on 0K,
¢ =V on .

Proof. For ¢ > 0, the result is true in 2\ K~ by [1, 6]. Making ¢ — 0, the result
is true in 2\ K as a consequence of Propositions 2.5 and 2.7. 0

3. Unique identifiability by two boundary measurements. In a first step
we introduce a regularity notion, called conductivity, for a point of the boundary of an
open set U; this kind of regularity should be related to the notion of Wiener regular
point, rather than to the usual smoothness of the boundary.

In a second step, we prove that all sets which q.e. satisfy this regularity assump-
tion on their boundaries are uniquely (up to a set of zero capacity) identifiable by two
boundary measurements. The proof follows the same steps as in [1], and essentially is
obtained by approximating these sets with sets that have a finite number of connected
components.

DEFINITION 3.1. Let K be a compact subset of Q. A point x € K is a capacity
point for K if ¥r > 0, cap (By N K) > 0.

PROPOSITION 3.2. The set K* of capacity points of a compact set K is compact
and cap (K \ K*) =0.

Proof. The compactness comes directly and the relation cap (K \ K*) = 0 follows
from the Lindelof property and the subadditivity of the capacity. ]

Remark 3.3. From now on, every time we consider a compact set K, we replace
it implicitly with K*. Since cap (K \ K*) = 0, problems (3) and (4) have the same
solutions on Q \ K and Q\ K*, respectively. From a practical point of view, every
time an open set U C () is considered, it is replaced with Q\ (2 \ U)*.

DEFINITION 3.4. Let U be an open subset of Q and x € OU. We say that x is
conductive for U if for every r > 0 and for every p € C(U) N Hclond,aUﬂBw (),

(14) liming PW 0@ _
vos =l

Roughly speaking, = is a conductivity point if there exists a “path” of conduc-
tivity on QU passing through = and having locally positive capacity. Note that every
conductivity point is a capacity point for U°.

PROPOSITION 3.5. Let K be a compact subset of Q0 such that Q\ K is connected
and F' a continuum of positive diameter such that x € F C 0(Q\ K). Then x is a
conductivity point for O\ K.

Proof. Let ¢ € C(Q\ K)N H! (Q\K)mBI,T(Q)' Then, ¢ is q.e. constant on

cond,0
the continuum of positive diameter F passing through = and contained in F'N B, ,.
Indeed, if ¢ is a quasi-continuous representative of ¢ on (2, then ¢ is finely continuous
g.e. (see [16]) and coincides g.e. with ¢ on '\ K. Since every point of 9(Q2 \ K) is
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thick with respect to Q\ K (which is connected), we conclude that ¢(z) = ¢(x) q.e.
on d(Q\ K). Therefore ¢ is q.e. constant on F' and relation (14) holds. O

In what follows we give two examples of the form U = Q\ K with points « € 0K
which are disconnected from the rest of the set K; in one of them we show that such
a point may be conductive despite the fact it is not contained in any continuum of
positive diameter (subset of K).

Ezample 3.6. Let Q =[—2,2] x [-2,2] and

K ={(0,0} | %x {o%]

neN*

Then (0,0) is not a conductivity point for Q \ K consider, for example, u(x,y) = .
Obviously u € C(Q) and it is easy to see (cf., e.g., [5, 6]) that u € H},,; (Q) by
approaching u strongly in H(Q2) by the sequence u,, of solutions of the following
equations. Let K, = U;_;[+ — 25,3 + =] x [0, 1] and let u, solve —Au, = 0 in

2 'k
Q\ K, up, = u on 00 and u,, = gon (£ — 5 4+ 25] x [0, £].
On the other hand, (14) does not hold, since % > \@_1, for every
(z,y) € K.

Ezample 3.7. Now let

K ={(0,0)} |J o} x [0.ra].

neN*
where
= 1
b, = —_
> T
and
1
Tp = —.
n

Then (0,0) is a conductivity point for  \ K which is not contained in a continuum
of positive capacity of K.

The proof needs some computation. We give it in the appendix at the end of the
paper.

We also prove in the appendix the following proposition, which is an extension of
Proposition 3.5.

PROPOSITION 3.8. Let K be a compact subset of Q such that Q\ K is connected.
Every x € 0(Q\ K) for which there exists a continuum of positive diameter U, such
that x € U, C K, is a conductivity point for Q\ K.

In particular, if K is a continuum of positive diameter, then Q \ K is conductive
at every point of 9(Q \ K). As well, if K is a compact set having a finite number of
connected components, then Q\ K is conductive at quasi-every point of its boundary
(except the isolated points).

Note that if K is a compact subset of 2, the only detectable part of 0K is the
one contained in the boundary of the connected component of 2\ K which touches
Q. For this reason, we shall assume (only) in the following theorem that Q \ K is
connected.

The fluxes we consider are defined as in [1]. Consider a division of 9 into three
connected disjoint parts I'g,';,T's. For ¢ = 0,1,2 we consider on 90 a nonnegative
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function 7; such that supp n; C I';, n; € L*(09), f{m 7n; = 0. We take for k = 1,2,
YK =no — M- B -

THEOREM 3.9. Let K, K be two compact subsets of  such that Q\ K, Q\ K
are connected. Let 11,1 be two fluzes on 9 chosen as above. Suppose that for
k=1,2 either wy, xjo0 = Wy, gloa OF Uy, K09 = Uy, F|o0- IfQ\ K and Q\ K are
conductive at quasi-every point of their boundaries, then K = K q.e.

Proof. The proof relies on the nonexistence of geometrical critical points for
particular holomorphic functions. Let us first prove that if K # K q.e., then we may
find a geometrical critical point for the solution of (3) (or (4)) with a boundary data
of the form oty + Big, for a certain couple «, 3 which satisfies a® + 32 = 1. The
proof follows along the same lines as in [1], in the new hypotheses on the conductivity
of the sets K and K. A new kind of difficulty appears, since the unique continuation
property does not give information over all Q\ (K U K).

We shall consider only problem (3) (the case (4) follows the same ideas). For
k = 1,2, let w}, w;, be the conjugate functions of wy = wy, k, Wk = Wy R su(ih
that wy + tw] are holomorphic in Q \ K and Wy + iw;, are holomorphic in  \ K,
respectively. Note that for the boundary condition atyq 4+ 1o the solution of (3) on
Q\ K is aw; + pwy and that the harmonic conjugate of this function in Q \ K is
owj + Bws.

From the unique continuation property, we get as in [1] that wy = Wy on G, where
G is the connected component of Q\ (KUK ) satisfying dQ C dG (the functions wy, and
Wy, have the same Cauchy data on 9Q). The main difficulty is that the information
is not obtained over all Q\ (K U K). In [1], using the particular structure of K and
K, the information could be extended in Q\ (K U K).

Let us suppose that Q\ K # Q\ K, say, Q\ K € Q\ K. There exists z € Q\ K
such that z ¢ Q\ K (ie., z € K). Since Q\ K is connected and 9 is smooth,
there exists a smooth curve v : [0,1] — Q\ K such that y(0) = z, v((0,1)) C Q\ K,
~v(1) € 99Q. Let xg = v(tg), where

to = sup{t € [0,1] : y(t) € K}.

Obviously, zo € K and also 2o € dG. Since d(zg, K) > 0, there exists a ball B, ,
such that B, , N K = 0.

We prove the following.

LEMMA 3.10. For every 6 > 0, G has a conductivity point on 0G N By, s.

Proof. For every ¢ > 0 we consider the open set K°. There exists an open
polygonal set V. such that

KE/2 g ‘/5 g K’E.

Let U, be the connected component of V. which contains zy3. Choosing a sequence
(en) such that e, — 0, €,41 < €,,/2 we get

Uepir € Ue,-

There are two possibilities:
1. diam (U.,) — 0;
2. diam (Ug, ) — n > 0.
The first case. Suppose that diam (U, ) — 0. For n large enough we have
U, C Byy,rj2- Let Ay be the connected component of Q\ Ue,, such that 9Q C 9A,.
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Let P, = 0A, \ 9Q. Then P, is a closed polygonal Jordan curve, which separates
Q in two regions. We observe that P, C Q\ (K U K) because P, N K = ) (since
P, C Ezw/z) and P, N K = since (P, C U, and d(9U.,,, K)=¢e,/2).

Since P, intersects 7, and v lies in G, the connectedness of GG implies that P, is
entirely in G. Therefore, for ¢ small enough, we have that

(15) G N Buye=(Q\K)N By,

(16) OGN By e = 0(Q\ K)N Byy .

In this case two possibilities may hold: either x( is a conductivity point or it is not.
If it is not a conductivity point, we replace it with a close point of 0G which is
conductive. Such a point exists, since following [5, Lemma 4.5] x is a capacity point
also for G, and the family of points of OG which are not conductive is, by hypothesis,
of zero capacity (note that dG coincides locally with d(Q \ K)).

The second case. Suppose that diam (Uc,) — 1 > 0. We observe that (), U, =
C, where C is a continuum such that z € C C K, diam C = n. Let 0 < & < n/2.
Then C' N OBy, ¢ # 0.

Denoting again by A, the connected component of 2\ U, such that 9Q C 9A,,,
let us set again P, = 04, \ 9Q. Then P, is a polygonal Jordan curve satisfying
P,N K =0. Let us denote z,, = ~(tn), where

(17) tn = min{t € [0,1],7(t) € P,}.

We observe that z,, is well defined and z,, — zo for n — oo.

Since P, contains in its “interior” region the continuum C and P, N K = and
(P, N Byye) N K =0, there exists a connected component F), of P, passing through
zn, which is contained in G and cuts 0By, ¢ into at least two points. For n — oo,
we have that F), converges in the Hausdorff sense to a continuum F' which contains
o and lies in the boundary of G. From Proposition 3.5 x( is a conductivity point
for G. 0

Proof of Theorem 3.9 (continuation). Let xy be the conductive point given by
Lemma 3.10. Up to translation by constants, we can assume that for k = 1,2 wg(z9) =
wi(zg) = 0. Note that the function |@wj| + |w;| belongs to Hjondj((ﬂ) and equals
|wy| 4+ |w3| on G. This last function is continuous in a neighborhood of z(, and hence
we can apply the conductivity property to |wj| + |wj| in xo.

There exists a sequence of points x,, such that z,, € G, ©,, — x¢, and

[wi ()| + w3 ()]

18 0.
(18) F—
Hence, for k =1, 2,
(19) wi(Ea)
|zn — o]

We suitably chose values ay,, 3,, such that a2 + 32 = 1 and a, w1 () + Brwa(2,) = 0.
Choosing a subsequence of (a,)n, (Bn)n such that «, — ag, B — Bo and using
relations (19), we have that the sequence of holomorphic functions

fn = (O‘nwl + ﬂan) + Z(aan + an;)
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satisfies

fn(xn) - fn(xO) N

|77 — 0]

Consequently, x¢ is a geometrical critical point for fy = (apw; + Bowa) + i(owi +
Bows3). Indeed, we have, for n — oo,

fo(wn) — fo(xo)
|xn _$0|
_ fn(xn)_fn(mO)

= — (0p —
|.’13n—$0| (n )

wa(zy,) + iws (xy,)
|xn - .130|

wy(zy,) + iwi (xy,)
‘xn - .730‘

- (ﬂn - ﬂO)

The last two terms converge to zero thanks to the holomorphy in zg of the functions
Wy + Wy,

To get the contradiction we observe that fy cannot have geometrical critical
points in Q \ K. Indeed, this is a consequence of the result of [1] applied on Q\ K
by passing to the limit K¢ — K and using the continuity property of critical
points. a

The main difficulty in the proof of this theorem is the fact that the unique con-
tinuation property gives information only in the connected component of Q\ (K U K )
touching d9. In [1], this information is extended over all Q\ (K U K) by using the
connectedness of the cracks. Here we are not able to do that, and for this reason we
can use information only “on one side” of the crack K, namely, on G. Since the con-
ductivity hypothesis is formulated in 2\ K and not in G, we are brought to discussing
the two cases of Lemma 3.10. 0

Remark 3.11. The conductivity property is somehow related to the thickness
property relying on the Wiener criterion. It would be of interest to characterize all
sets which are g.e. conductive at the boundary, and in this way to characterize all
detectable sets by two boundary measurements. Even an example of a compact set
which is not conductive q.e. would be of interest.

Remark 3.12. Notice from relations (15)—(16) that the density of the conductive
points of G into OG is sufficient for carrying out the proof. In the appendix, we give
an example of a Cantor set which is conductive in a dense set of its boundary points,
and consequently the unique identifiability for this totally disconnected set holds true
(see Example 6.2).

4. Sequential stability of the inverse problems. Let 1,5 be two fluxes
on 0f) which uniquely identify q.e. conductive sets (Theorem 3.9) for problem (3) as
well as for (4). For a compact set K C Q and a sequence of compacts (K,), such
that

L%(0Q) .
Wy, Ko — Wy, ko, t=1,2,

or

L%(6Q) .
Uy, K00 —  Uyp,Kkloo, ©=1,2,

we wonder if K, ENS
This assertion is in general false. First, the convergence in the Hausdorff metric
does not have much in common with the behavior of the PDE on “moving” cracks.
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For this reason, it is not senseless to think of stability in terms of behavior, i.e.,
two close measurements should give cracks such that all measurements are close.
This approach is to be compared to the 7-convergence of sets (see [5]) which has a
certain relation to the geometric convergence but is not at all equivalent. This kind of
approach seems necessary as soon as one deals with “wild” cracks without any a priori
structure. Nevertheless, we restrict ourselves to the Hausdorff metric because it seems
quite difficult to describe the general behavior of sets. Note that for homogeneous
Neumann boundary conditions the general behavior of the direct problem for moving
domains is not, to our knowledge, known.

Second, uniqueness holds for sets 2\ K which are q.e. conductive with the con-
vention that Q\ K is connected. If 2\ K is disconnected, the only identifiable part is
the connected component “touching” 02. From a purely geometric point of view, this
means that different geometries for K may give similar measures. Here we explain
what can happen, from the information we have, namely, the coincidence of the iden-
tifiable connected components. Under mild assumptions on K, our result becomes a
standard stability result.

In order to understand the sequential stability for the crack identification problem,
the usual tool relies on the stability of the direct problem associated with compact-
ness and uniqueness of the identification. Compactness is a geometric property of the
Hausdorff convergence, and for uniqueness we rely on Theorem 3.9. The geometric
stability of the direct problems (3) and (4) relies on the Mosco convergence of the
Sobolev spaces H'(Q2\ K,,) for problem (3) and Hclond,Kn(Q) for problem (4). Ulti-
mately, because of the existence of harmonic conjugates for solutions of problem (3),
the only important case to be studied is the Mosco convergence of H, clond, i, (€2) (see

[6]).
Let X be a Hilbert space and {G, }nen a sequence of subsets of X. The weak
upper and strong lower limits in the sense of Kuratowski are defined as follows:

w —limsup G,, = {u € X : I{ni}k, Jun, € Gy, such that u,, w=X u},

n—o0

5 — 1inniiOI<1>fGn ={u € X : Ju, € G, such that u, =X u}.
If {Gy}nen are closed subspaces in X, it is said that G,, converges in the sense
of Mosco to G if
(My) G Cs—liminf,,_ . Gy,
(M3) w—limsup,,_,., Gn, C G.
Note that in general s — liminf,, ..o G, C w — limsup,, ,., Gn. Therefore, if G,
converges in the sense of Mosco to G, then

s —liminf G,, = G = w — limsup G,,.

n—oo n—00

For our purposes, we consider the compact sets K,, K C Q and wonder if G,, :=
H.,.4x,(€) converges in the sense of Mosco to HCI(WLK(Q) into the space X :=
HY(Q).

Assume that K, A K. Then condition M is immediately satisfied. Indeed, using
density, it is enough to consider u € Héond,K(Q) such that Vu = 0 a.e. on K¢, for some
¢ > 0. Following the Hausdorff convergence, for n large enough we have K, C K2;
hence K2 C K¢ and so Vu = 0 a.e. on K2, and therefore u € H. i x, ().
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In general, condition M5 is not true. Take for example Q = (—2,2) x (—2,2),
K, =Up_o{£} x [0,1], and u,(z,y) = z. A second example which typically restricts
Ms from holding is when K, consists of many small disconnected sets, e.g., K, =
Up —oB((£,2),e,), &0 > 0, £, — 0. Then

K, 2 0,1] x [0,1],

but for a suitable choice of &, every function of H'() can be written as a limit of a
sequence of H/,, ;i () (choose &, such that cap (K,) — 0).

THEOREM 4.1. Let K,, K C Q, K, A K. If Ms occurs, then for every v €
L?(0%2) such that [, ‘3’/) do =0, we have
L?(09)
Loug, ploo — UKypo0,
L%(09)
2. wr, gl — WKpon-
Proof. Let us prove assertion 1. For simplicity, we set u, = ux,  and u = ug 4.

As in Propositions 2.6, and 2.7 there exists a uniform bound M such that
/ |Vu,|?de < M.
Q
For a subsequence (still denoted using the same index), we can write w,, — 4 weakly

H'(Q). From the second Mosco condition, which is assumed by hypothesis, we get
u € Hclond,K(Q)' In order to prove that 4 = u, we observe that

1
7/ \vu|2dx—/ wpdo
2 Ja o0
1 -2 - | 2
< - [ |Va|*dz — apdo < liminf = [ |Vu,|*dx — upthdo.
2 Ja 20 n—o 2 Jg 20

We also note that the first Mosco condition is a direct consequence of the geo-

(20)

metric convergence K, K. Indeed, for proving M; it is enough to consider
¢ € Hlypy i (Q) such that Vo = 0 a.e. on K¢, for some € > 0 (this set is dense in

H},qk(€)). Indeed, for n large enough such that K,, C K*/? we get that V¢ =0
a.e. on K57 hence ¢ € Hnax, ().
Let ¢, € Hclond x, (€) such that ¢, — u in H'(Q)-strong. We get

limsup = /|Vun|2d:c7/ upthdo < hm 7/ V| 2das—/ Onhdo

1
:f/ |Vu|2dx—/ updo.
2 Ja o9

From (20) and (21) we get & = u and the strong H'-convergence u, — u. The

L2890
CONVErgence U, ,(aq (—>) ug yloq follows from the trace theorem.

L2 (0%
To prove assertion 2 of the theorem, namely, wg, 400 O Wi a0, one has

to use the following duality argument, which was already applied in [6].
Following Proposition 2.8, let v,, be the conjugate function of wg,, a0 in Q\ K.
Then v, solves the following problem (set as an energy minimization):

(21)

min {/ [VolPda :v € Hlpy g, ()0 =0 on 89} ,
Q
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where V¥ is a primitive of ¥ on 0.

Note that v, solves a problem very similar to (9), with the only difference that
on the fixed boundary 0f2, the Neumann condition is replaced with a Dirichlet one.
The same proof as for the first point of this theorem can be repeated. We get

L?(Q,R?
Vo, (—> ) Vo

and
2

2
Vo lox, 85 Vulo\x,

since Vv, =0 a.e. on K,. In terms of conjugate functions, this gives

2 2
Vuwg, yloalok, ey Wi ploaloyk-
Applying the trace theorem for wg, a0 into a smooth neighborhood U of 952, we
L?(0Q)
get Wi, ylon — WK y|aq- O
In the next proposition we prove that condition M, is satisfied, provided that the
number of connected components of K,, and K are uniformly bounded (we denote by

#K the number of connected compoenents of K).

PROPOSITION 4.2. Let K C Q, K, H, K, 1K, < M. Then the second Mosco
condition holds for Hgond,Kn(Q) and Hclond7K(Q).

Proof. Let ¢, € H, 4 i, (Q) such that ¢, — ¢ in H'(Q)-weak. Let K, be a
connected component of K. We observe first that ¢ is q.e. constant on K. Indeed,
from the Hausdorff convergence, K, can be written K, = UM K’  where (up to
subsequences) K! = H —lim,, o, K!, where K are connected components of K,,. In
our notation, some of these components can be chosen empty sets. Following Lemma
2.3 (see also [19] and [6]) we get ¢ q.e. constant on K, and following Lemma 2.1 we
get ¢ q.e. constant on K.

In order to prove that ¢ € Hclondj((§2) we use Hedberg’s result [13], which asserts
that ¢ can be approached strongly in H!()) by a sequence of functions which for
every « are constant g.e. (hence a.e.) on a neighborhood of K. 0

In what follows we give several situations when stability occurs. To simplify the
notation, for every compact K C 2 we denote by G the connected component of
Q\ K which “touches” 99).

THEOREM 4.3. Let 11,19 be as in Theorem 3.9. Suppose F' is a compact subset
of Q and that (K,,) is a family of compact subsets of F' such that

dM >0 VneN fK, <M.
If either

L2(8%2) .
UK, il — Ui 1=1,2

or
L%(8Q) .
Wg, oo — Wi, 1= 1,2,
holds, then there exists a compact set K C € such that we have 1K < M and a
subsequence Ky, LA K, and that for i = 1,2, we have u; = uy, xjoq (respectively,
w; = ww,K\BQ)-
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If for another subsequence, we have K., KR K, then Gx = Gi g.e.

Proof. By the compactness of the Hausdorff convergence we can write K, A,

K, with K C F, and §K < M. Using Theorem 4.1 and Proposition 4.2 we get

L%(00Q
UK, :|09 o) Uk ;oo (and the same for w). Hence u; = uk 4,190 (and the same

for w).

If for another subsequence we have K, AR , we use the uniqueness theorem,
Theorem 3.9, and get the conclusion. ]

Remark 4.4. Theorem 4.3 is not a standard stability result, as one might expect.
It is rather a description of possible situations regarding stability. Nevertheless, under
mild assumptions on K, this becomes a usual sequential stability result.

In the following, K, K,, and K are as in Theorem 4.3.

COROLLARY 4.5. Let K be such that K = M, Q\ K is connected, and I%: 0.

Then K = K and the hole sequence K, converges into the Hausdorff metric to K.
Proof. From Theorem 4.3,

(22) #=Gxk =Q\K qe.

Moreover, thanks to the hypothesis fK = M, K has M connected components and
each one has a positive diameter. Consequently, equality (22) holds everywhere. From
the definition of Gz, relation (22) implies K C K. The converse is also true since
K=0K=0Gz\0QCOKCK. O

Ezxample 4.6. In order to give geometric intuition on the sense in which Theorem
4.3 should be understood, we give in Figures 1 and 2 two examples of cracks and
cavities which give close measurements.

] ) || =

a. b. c. d.

FI1G. 1. Four compacts giving “close” measures: Cavity (a) gives the same measure as crack
(b); asymptotically, cracks (c) and (d) give the same measures (as soon as the apertures of the
rectangular cracks go to zero).

Fic. 2. Two compacts giving “close” measures; on the left a “long and dense” curve and on
the right a cavity.
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We give an example in which stability comes from the structure of K and requires
that all K, satisfy a uniform identifiability assumption. From a practical point of view
this result might be helpful if all cracks do not have interior points, and locally their
diameters are beyond a detectability level.

DEFINITION 4.7. Let € > 0. A compact set K is e-detectable if for every x € K,
the diameter of the connected component of K containing x is greater than or equal
toe. A compact set K C ) is called e-stable if

(23)
Hclond,K(Q)
= {u € H'(Q)Vx € K,3U, continuum, diam (U) > € s.t. u=c, g.e. onUy,}.

To simplify, let us denote the space on the right-hand side as H!((2). Notice that
if K is arbitrary, equality (23) does not occur; e.g., if K has an interior point. Take,
for example, Q = [-2,2] x [-2,2], K = [0,1] x [0, 1], and u(z,y) = .

An example of e-stable K is K = {{U,_ {1} x [0,1]} U{0} x [0,1]. Indeed,
continua on lines are intervals. Hence on each vertical segment a function u € H!(Q)
can take only a finite number of values. Using Lemma 2.1 it follows that u is q.e.
constant on each vertical segment. Using the same argument as in Example 3.6 we
get u € Hclond,K(Q)'

PROPOSITION 4.8. Suppose there exists € > 0 such that K,, are e-detectable. The
conclusion of Theorem 4.3 holds, provided that K and K are e-stable.

5. Application: Approximation by finite elements. We prove in this sec-
tion that the unknown defects can be formally approached using finite elements, re-
gardless of their regularity. Basically, this is one of the main applications of the sta-
bility result established in the previous section. All previous stability results, which
give finer estimates for the stability, assume a priori the smoothness of the defects
and suppose known their (uniform) Lipschitz character. In this regard, Theorem 4.3
does not give a quantitative estimate for the stability, but provides a rigorous justi-
fication of the approach by finite elements. For a similar argument related to shape
optimization problems with homogeneous Dirichlet conditions on the free boundaries,
we refer to [8].

We discuss both problems (3) and (4). It will be quite surprising to notice that,
formally, problem (4) is easier to treat from a numerical point of view, since a unique
mesh can be used at each step for both capturing the defect I' and computing the
finite element approximation of the solution. This is also the case for homogeneous
Dirichlet problems [8]. For problem (3) the defect I" is captured on a mesh, while the
finite element approximation of the solution needs a refinement of the mesh. This is
precisely what is done in practice.

Let F' be “the design region,” i.e., a subdomain of 2 containing all defects. Let
(Tn)r denote a family of triangulations of 2 made of elements which are triangles
(the extension to quadrilaterals is standard). The maximal size of elements is the
discretization parameter, denoted by h. In addition, we assume that each triangula-
tion satisfies the usual admissibility assumptions, i.e., the intersection of two different
elements is either empty, a vertex, or a whole edge, and 7}, is assumed to be “regular,”
i.e., the ratio between the diameter of any element K € 7, and the diameter of its
largest inscribed ball is bounded by a constant ¢ independent of K and h.

Let K* C F be a defect such that §K* < M which gives the measures w1y, ws
corresponding to the input fluxes, 11, ¥, respectively. We solve the finite dimensional
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problem

(24) min / Wiy, —wi|*do + / | Wi 1, — w2|? do,
KCT,nF JoQ G19)
#K<M

which admits at least one solution, denoted K. The following convergence result
holds.
THEOREM 5.1. For h — 0, there exists a subsequence such that

thk and GK* :GR

Proof. By compactness we can extract a subsequence Kj, K. First, we notice
that

(25) / iy, — wn|? + / Wity s — wal? — 0 8 o — 0.
onN o0

Indeed, we define

(26) Ki= |J T

TeT,NF
TNK™*#0

Then, d(K;,K*) < h, #K; < M, and K; C F. Moreover, K LA K*, and following
the stability result for the direct problem [6], we have

/ |th,w1 - w1\2 +/ \th,qu — w2|2 —0ash—0.
o0 o0

By the choice of K} in (24) we get (25). Second, since (25) holds, we use Theorem
4.3 and get G+ = G, which means that K} is an approximation of K*. ]
Remark 5.2. Notice that in the least square approximation (problem (24)), the
continuous solutions wg v, , Wk .y, are chosen to be compared to the measures w;, ws.
In practice, instead of wg, ,, We use a finite element approximation, say w%‘(mwi,

obtained on a finer mesh. This approximation can be chosen such that Hw%}wl -
Wi, || 2 00) < J, 7 < h. Consequently, as h goes to zero, the result of Theorem 5.1
still holds.

In what follows we consider the approximation problem for the perfectly conduct-
ing case. Let K* C F be a defect such that §K* < M which gives the measures u1, us
corresponding to the input fluxes 11, 12, respectively. We solve the following finite
dimensional problem:

(27) min / \u}}wm —u|?do + / |u}}(,w2 — uy|? do.
KcT,nF JoQ o0
#K<M

THEOREM 5.3. For h — 0, there exists a subsequence such that

Khif( and GK* :Gf(
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Proof. By compactness, we can extract a subsequence Kj B K. We prove that
for the continuous solutions we have

(28) / [wre, o — u1|2 do + / UK, py — u2|2d0 —0as h—0.
oQ o

For i = 1,2 we have that

/ |uKh,1/Ji - ui‘Q do <2 (/ |u}IL<h7'¢'i - ui|2 do +/ |UK;L,w7; - ul}(hﬂ/)i|2 dU) :
o o0 o0

We construct K as in (26). Then, for i =1, 2,

/aQ |u}}<h,wi — ui|2 do < /89 |U}IL<;,% — ui|2da

<2 (/ ‘UK?LWH - ui‘zdo— Jr/ ‘U}IL(,’{,% UK
o o

From the stability of the direct problem (see [6]) we get

2d0>.

/ lurcs ., — uil>do — 0 as h — 0.
a0

In order to get (28) we have to prove that

h
/ |uKh,7'¢)i - uKh,’l[}i
o0

In fact, it is enough to prove that if

2do —l—/ [Urcs p; — ué}z’wiﬁ do — 0as h — 0.
G19)

Ky B K, #K, <M, K, C F,

L2892 ..
then u'}ﬁuw Q) UR - This is a consequence of the Mosco convergence of the

spaces
Vi, = {u €C(Q), u e P (T)VT €7}, u = constant on each connected component, of K h}

to H! 0z

con

1
Indeed, let vy, € Vi, vy D, Following [6], u € H(Q), u is constant on each

1 1
connected component of K, and hence u € Hcond"f{(Q). Now let u € Hwnd’f((ﬂ).

Applying Hedberg’s result [13] locally in a neighborhood of each connected component
of K, for every € > 0, there exists § > 0 and us € H! d}”{é(Q) N C>(Q), such that

|us — ulp1(q) < €. Then, us € Hgond’Kh (Q) for h small enough. Thus, for the finite

element approximation u} € V;, we have the error estimate |us — u}| < hlus| mr2().-

1
By a diagonal procedure, we construct ugh € Vi, and u?h HZ() U. 0
Remark 5.4. In Theorem 5.3, we have the approximation of u- ., obtained on 7y,
which means that no refinement is necessary. This is mainly due to the Dirichlet-type
boundary conditions, which are easier to handle than the Neumann ones.
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6. Appendix.

Proof of Example 3.7. We start with the following simple result.

LEMMA 6.1. Let (¢)n and (rn)n be two sequences of real numbers such that ¥V n,
0 < rp < cp, (Tn)n is decreasing, and (c,)n converges to zero. Then, there exists a
subsequence (¢, )n, Such that |cn, — Cnyt1] > W
Proof. Assume for contradiction that there exists ng such that

Tn — Tn41

Vn >ng, |en —cng1l < 5

Then, Vk > ng, we have

[eny — exl < g,
which yields, when k goes to +00, ¢,, < T%, in contradiction with the hypothesis of
the lemma. a
Now choose 7, as in Example 3.7. Then Q\ K = Q and take ¢ € C(Q) N
H. i kB, (©) such that ¢(0) = 0. Suppose for contradiction that 0 is not con-
ductive. Then there exists C,8 > 0 such that ¢(z) > Clz| for z € K N By,s. Since
b€ Hl\ng rn B, (£2) we have that ¢ is constant on every vertical line. Let us denote
by ¢, this constant. Writing ¢(by,, r,) > C\/m we get that ¢, > m > Ty
We prove that the gradient of ¢ has an infinite L?-norm, and this will contradict
the hypothesis ¢ € H_,,,; xrp, . (). We have the following:

[wopar =Y [ Vo[2ds
Q o

bt 1,0n] X701

= 2
>/ (Coizenyy,
; [bn+1, n]X7n+1 bn - bn+1

TL()

rn—i—l 2
= E b Cn—i—l - Cn) .

T

Using Lemma 6.1, there exists a subsequence such that

rn;ﬁ—l Tnk+1

(an+1 - C’ﬂk)2 = 4(b )(rnkJrl - rnk)Q'

bnk - bnk"t‘l - bnk“rl

We observe from the definition of b, and 7, that b, — byi1 = Tne1(Pns1 — 7n)?%
therefore the series above cannot converge since its general term does not converge to
zero.

Proof of Proposition 3.8. Let K be a compact subset of Q such that Q\ K is
connected, and let © € 9(Q \ K) such that x € U, C K, where U, is a continuum of
positive diameter. Following Proposition 3.5, in order to prove that x is conductive
for Q\ K it is enough to prove the existence of a continuum of positive diameter F
such that x € F C (2 \ K).

One can mimic the proof of the second case in the proof of Theorem 3.9. The
only difference is that a curve « joining z to 9Q and lying in © \ K may not exist.
Nevertheless, there exists a sequence of points y, € Q\ K, y, — 2 and smooth curves
Y joining y, to a point of the Q and lying in Q \ K. Choosing &, as in Theorem
3.9 and choosing y,, such that |z — y,| < &,/2, we define

(29) t, = min{t € [0, 1], v,(t) € P,}.
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We observe that z, is well defined, but we do not have necessarily z, — x. Never-
theless, 7, ([0, £,]) is a continuum containing y,, and z,, and lying in (Q\ K) N K ".
Two possibilities occur: either for a subsequence we have z, — x and apply the same
argument as in Theorem 3.9, or |z, —z| > o > 0 and any Hausdorff limit of ~, ([0, t,,])
is a continuum of diameter greater than or equal to « contained in 9(Q2 \ K) and
passing through x.

Ezample 6.2 (example of a Cantor set which is uniquely identifiable by two bound-
ary measurements). Let Q = B(0,2) and define

F = [Oa 1] X {0}7

ng{lio,;—ffl]u|:;+81,1:|}X{0},
e (o) o)

1 1/1 1/1
U |:2+€1,2 (2+61+1> —62:| @] |:2 (2 +€1+1> —I—SQ,I]} X {0},
etc. Let (c,)n be an increasing sequence of positive numbers converging to 1. The
value of £ is chosen such that Yo € H},, ; m (Q\F1)NC(Q), (0,0) = 0, [, [V|?dx <

1 we have for every t € [0, 1] fg ©%(s,0)ds < c1t*. Such a constant e; exists; if it does
not, for a sequence ¢y, corresponding to ef — 0 we would have

tr
/ ©2(s,0)ds > cit}.
0

Assuming t;, — ¢, we clearly have ¢ > 1/2 and for the limit function we get (by the
continuity of the trace operator) fg ©?(s,0)ds > cit*. But from Lemma 2.1 we have
@ =0on [0,1] x {0}, and hence we get a contradiction.

Note that 1 can be chosen such that

(30) Vo € HY oy (0\ F1) N C@), (1,0) = o,/ Ve|2dz < 1,
Q
we have
1
(31) vt € [0, 1],/ ©*(s,0)ds < ¢t
t

As well, we define 3 > 0 such that Yo € H, ;5 (2\ F1) N C(Q), ¢(0,0) =

0, [, |VePda < 1, we have for every ¢ € [0, 1] fot ©%(s,0)ds < cot*. Note that €9 can
be chosen such that similar relations as in (30)—(31) hold for the points (1/2 — &1, 0),
(1,0) in the “left” direction and for (1/2 4 &1,0) in the “right” direction.

By induction, we define F;, and set F' = N,enFr,, which is a totally disconnected
Cantor set. Since Up,enOF;, is dense in F', it is enough to prove that F' is conductive
at every point of dF,,. So fix n and choose zoy € JF,,. There are two possibilities:
either x( is a left end point of an interval of F}, or a right end point. Thanks to the
construction of e, both situations are treated in the same way. If it is a left end
point, the proof is similar to the conductivity of 0 that we give in the following.
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Let u € H}, g p(Q\ F) N C(Q). There exists ¢. € H'(Q) such that V. = 0
on F¢ ¢, — u in H'(Q). Moreover, the functions ¢. can be chosen continuous and
may be translated by a constant such that ¢.(0) = 0. It is clear that, even after
translations, V. — Vu strongly in L?. Since for every € > 0 we have for n large
enough F,, C F*° we have from the previous construction that for every ¢ € [0,1]
fot ©2(s,0)ds < (M + 1)t*, where M = limsup,,_,, [, [Vn|?dz . This implies (for a
subsequence) that ¢. converges weakly in H'(Q) to & = u + ¢, where ¢ is a constant.
The continuity of the trace operator gives

t
(32) vt € [0,1], / @*(s,0)ds < (M + 1)t

0
and the continuity of @ implies @(0,0) = 0, hence ¢ = 0, and thus u satisfies
(32). Consequently liminf;_,o W(ii’o)‘ = 0, and hence (0,0) is conductive; otherwise

|u(t,0)] > c|t| in a neighborhood of 0, which contradicts (32).
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1. Introduction. We consider a quantum mechanical system with internal Hamil-
tonian Hj prepared in the initial state Wq(z), where x denotes the relevant spatial
coordinate. The state W(x,t) satisfies the time-dependent Schrodinger equation (we
set h = 1). In the presence of an external interaction taken as an electric field, mod-
eled by a coupling operator with amplitude €(¢) € R and a time-independent dipole
moment operator fi, the new Hamiltonian Hy — u(t) gives rise to the control system

(1.1) i%\lf(x,t) — (Ho — p(£) (. 1), W(x,0) = Wo(a),

where u(t) = e(t)ir. Here u(t) represents a controlled Hamiltonian which can be a
distributed control. The optimal control approach (see, e.g., [MT], [PDR], [TKO],
[ZR]) allows us to assess the fitness of the final state ¥(7') to a prescribed goal. This
is achieved through the introduction of a performance index J which is maximized.
One possible choice for a cost functional is given by

1 a [T
(1.2) J(u)=§<‘IJ(T)IO\‘I/(T)>—§/O (1)) dt,

where o > 0 and O is the observable operator that encodes the goal. The larger the
value (U(T)|O|¥(T)) is the better the control objective is met. Here we used the
notation (¥ (7)|O|¥ (T fQ U(T, ) O¥(T,z) dx. The conditions that we utilize for
Hy, p(-) and O will be glven in the following section. Maximization of (U(T")|O|¥(T))
is at the price of a large laser influence fOT |pu(t)|? dt. The optimally controlled evolu-
tion must therefore balance between the expense for the laser influence and the desire

that the observable has an acceptably large value.
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An alternative cost is given by

T
T = (I\P(T) —uD)R+a [ uf dt) ,

where W is a target state. Since |¥|z2 = 1, it is equivalent to

T
(1.3) J(4) = Re (¥, %) - %/O ()2 dt.

In section 2 we shall establish well-posedness results for (1.1) based on a semi-
group framework in a form that will facilitate the optimal control treatment. Section 3
is devoted to the precise statement of the optimal control problem, including the class
of admissible control operators p which are considered, and a proof for the existence of
optimal solutions. First order necessary optimality conditions are derived in section 4.
In section 5 we describe the monotone scheme for the general class of optimal problems
that is considered in this paper. Well-posedness and subsequential convergence of the
scheme are proved.

To point at some of the relevant literature for the problem under investigation we
mention the pioneering work of Rabitz and collaborators; see, e.g., [PDR], [ZR], and
the references given there. For existence of optimal controls we refer to [BP]. Differ-
ently from our semigroup approach, the work in [BP] is based on partial differential
equation techniques, and requires higher regularity in time. Many important aspects
of the monotone scheme for the solution of the optimality system were investigated
in, e.g., [MST], [MT], [S], [TKO]. However, except for [S], which treats the case of
scalar-valued controls, convergence proofs of the optimal controls and states have re-
ceived little attention so far. The technique of proof in [S] and in the present work are
different. While the key ingredient for the convergence proof in [S] is a convergence
result in [BMS] for the convolution of a Hilbert-space valued function with a sequence
of weakly convergent scalar-valued functions, our results are based on compactness
arguments. This allows for finite dimensional (in space) as well as infinite dimensional
(distributed) control action.

2. Well-posedness. Setting ¥(t,z) = Uy(t,z) + Po(t,x) and U = (U, ¥y),
system (1.1) can equivalently be written as

s (0) = () 0l 2),
(2.1)

%\Pg(t,x) = —(Hp — p(t)) Uy(t,z) for (t,z) € (0,T] x Q.

Here T > 0 and 2 = R" or 2 is a bounded subset of R™. The behavior of ¥ at the
boundary of Q is defined through the domain of the operator Hy. We refer to section
3 for specific examples. Throughout it is assumed that Hy is a densely defined,
self-adjoint positive semidefinite operator in a real Hilbert space H, consisting of
functions defined over the domain 2. Typically H is L?(Q2). If Hy satisfies the
above assumptions it is necessarily closed. We define the closed linear operator Ag in
X =H x H by
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with dom (Ag) = dom (Hy) x dom (Hy). Note that Ag is skew-adjoint, i.e.,
(AgW, ) = —(Ag ¥, ) for all U, ¥ € dom (Ap).

Consequently by Stone’s theorem [HP] Ay generates a Cy-group S(t) on X satisfying
|S(t)¥|x = |¥|x for all ¥ € X and t > 0. Let

V =dom(Hy) and V=V xV.
Then Hy € L(V,V*) and thus Ag € L(V,V*), where
V* and V'=V"xV*

denote the dual space of V' and V), respectively, with H and X as pivot spaces. V is
equipped with

91} = (Hoo, d)vexv + |1

as norm. Then the restriction of S(t) to V is again a Cy-group. The dual S*(—t) is
the extension of S(¢) to V* and forms a Cy-group on V*. Moreover, for the extension
group on V* the domain of the generator is given by domy«(Agy) = V*.

Suppose that p(t) € L(H) is self-adjoint for almost every ¢ € (0,T") and define

0 u()
B(t) =

—ut) 0

In the context of an external interaction with an electric field, as mentioned in the
introduction, u(t) = €(t)fi, where € denotes a scalar-valued amplitude and i = fi(z)
is a multiplication operator representing the dipole moment [MT], [MST], [ZR].

By a fixed point argument it can be argued that for every T > 0, u € L?(0,T; L(H)),
and ¥g € X there exists a unique mild solution ¥ € C(0,T; X) to (2.1) satisfying

(2.2) U(t)=S(t)¥o — /Ot S(t—s)B(s)¥(s)ds for tel0,T].

Here C(0,T; X) stands for C([0,T]; X). Moreover, if U e C(0,T; X) denotes the
mild solution to (2.1) corresponding to (¥, 1) € X x L2(0,T; H), then by Gronwall’s
inequality

T
(2.3) | — ¥|oorx) <M <‘I’o — Wolx +/ lu(t) — ()| ) dt) ,
0

for a constant M depending continuously on || L1 o,132(ryy and [Wolx.
THEOREM 2.1. If Ug € V and p € L*(0,T; L(V)NL(H)), then the mild solution
U e C(0,T; X) to (2.2) satisfies

U(t) € H(0,T;V*)NC(0,T; V)

and

d .
a\I,(t) = (Ao — B(t))¥(t) a.e. in (0,T).
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Moreover |¥(t)|x = |Wo|x for allt € [0,T;

t
W)y < Ky exp (K | e, ds) ol
0

for constants K; independent of p and Wy, and for some My depending continuously
on its arguments

d

(2.4) Y < My (|pl 20,1500y nz ) [ Polv)-
L2(0,T;V*)
Proof. Consider
t
0

Adding this equation to (2.2) we find the a priori estimate

t
W)y < K| Toly + Ko / IB(3)| o [ (s) |y ds
0

for embedding constants K1, K. By Gronwall’s inequality we have

t
“I’(t)h} S K1|\I/0|V exXp <K2/ |,LL(S)|£(V) ds) for t € (O,T)
0

This estimate allows us to verify existence of a solution to (2.5) in C'(0,T; V), which co-
incides with the solution to (2.2). By construction we have that ¥ € C(0,T; domy«(Ap)).
It follows with standard arguments (see, e.g., [P, p. 107]) applied to (2.2) that ¥ is
differentiable almost everywhere in (0,7") and that

a
dt
Hence ¥ € H'(0,T; X) N C(0,T;V). In fact we have

a
dt

U(t) = Ag¥(t) — B(t)¥(t) in V* for a.e. in (0,T).

v < K(|Y|p20,1m5v) + el 20,7500 ¥ e 0,75m) )

L2(0,T;V*)

which implies (2.4). Since

1d d
S [PO)% = (7 (), ¥ () = ((Ao = B(t)) ¥ (1), ¥(t))y=v =0
2dt dt Vv
for a.e. t € (0,T), it follows that |U(t)|x = |Vo|x forallt € [0,7]. O
3. Existence of an optimal solution. In this section we provide sufficient
conditions for the existence of a solution to

(3.1) {max J(p) over p € L0, T;U)

subject to (2.2),

where J(p) = 3(U(T)[O[¥(T)) — fOT |(t)]? dt, with O € L(X)NL(V) a self-adjoint
positive definite operator. Here (¥(T)|O|¥(T)) stands for (¥(T),0¥(T))x, with
(+,-)x denoting the inner product in X.
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Here U is a closed Hilbert space continuously embedded in {u € L(H) N L(V) :
p is self-adjoint}. We assume that there exists a closed subspace H; C H such that
for X1 = H; x Hy we have

(3.2) Y N X; is compactly embedded into X
and
(3.3) W] 2(0,7vnx:) < M ([Wolvnx,, [1lr20,m50))

where M depends continuously on its arguments, and ¥ denotes the solution to (2.2).
Since

J(p) — —oc as |M|L2(0,T;U) — 00,
there exists a maximizing sequence {u,} to (3.1), i.e.,

lim J(pn,) =  sup J(u)  and  |pnlr20m0) < K,
n—00 weL2(0,T;U)

for some K independent of n. Hence there exists a subsequence of {u,} denoted by
the same symbol and ji € L?(0,T;U) such that

(3.4) pn — i weakly in L?(0,T;U).

By (2.4) and (3.3) the sequence {¥,,} is bounded in L?(0,7; X;NV) and the sequence
{%\I!n} is bounded in L?(0,T;V*), where ¥,, = W¥(u,,) denotes the solution to (2.2)
with u replaced by j,. By Aubin’s lemma, e.g., [CF], there exists ¥ € H(0,T;V*)N
L?(0,T;V N X;1) such that for a further subsequence

(3.5) W, — U strongly in L*(0,7; X)
and weakly in L?(0,T;V). For ¢ and v in X the mapping B — (By,9)x,B € U,

defines a bounded linear functional in U. Hence by the Riesz representation theorem
there exists F' = F(p,v) € U such that

(3.6)  (Bp,¥)x = (F(o,%), w)y for all u € U, where B = ( —Ou 0 ) :

Note that F': X x X — U is a continuous, bilinear mapping satisfying

Moreover, if 1, — 1 strongly in L2(0,T; X) and ¢, — ¢ strongly in C(0,7T; X) we
have

(3.7) F(¢n,n) — F(e,v) in L*(0,T;U).

Taking the inner product in L?(0,T; X) of

U, (t) = S(t)¥y — /0 S(t—s) Bp(s) Up(s)ds
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with an arbitrary ® € L?(0,7; X) implies that

T T
| o e)x i = [ (sewo. 00 d
0 0

T T
+/0 (F(/ S*(t-)fb(t)dt,\lln>,Bn> ds.

U

From (3.4), (3.5), and (3.7) we deduce that

/O(W(t)7<1>(t))xdt=/0 (S(t)Wg, (1)) x dt

+ /OT (F(/TS*(t—-)q)(t)dt,\I/> ,B) ds

U

T
= /0 (S(t)Wo, (1)) x dt

_ /OT (/Ots(t — 5)B(s) U(s) ds,cb(t))X dt.

Since ¢ was arbitrary we find

U(t) = S(t)Po — /0 S(t — s) B(s) ¥(s)ds,

and thus VU is the unique solution to (2.2) with p replaced by fi.
We next verify that

(3.8) U, (T) — ¥(T) strongly in X.
For this purpose set ®,, = ¥,, — ¥, and choose K such that
max(|®n|r2 0,730+ [ Pnlco,rvnx,)) < K.
Due to (3.2) there exists [CF, p. 96], for every € > 0, a constant ¢, such that

(3.9) [0 (T)|x < €[ Pn(T)lvnx, + ce|Pn(T)

ye < €K + co| @, (T)

Ve

By Holder’s inequality we have

1T 17 d
| ©,(T)|y = |- D, (s)ds+ - (s—=T+e)—P] (s)ds
€ JT—¢ € Jr—¢ dS
V*
1 1
e e 5\ Tla ’
< - o, (s)ds| + - (s—T+¢)ds —d'(s)| ds
€ T—e P € T—e¢ T—e ds y*
T
<H [ e+
€ T—e P \/g




280 KAZUFUMI ITO AND KARL KUNISCH

and with (3.9)

VK 1
V3 €

/TT_6 D, (s)ds

Since ®,, — 0 weakly in L?(0,7;V) we have 1| fg_e D, (s)ds
every fixed € > 0. We conclude that (3.8) holds.
Weak lower-semicontinuity of norms and (3.8) imply that

|9,(T)|x <eK +

VY

v+ — 0 as n — oo for

J() = sup J(w)

and hence [ is an optimal solution to (3.1). We thus proved the following result.

THEOREM 3.1. If g € X;NV and (3.2), (3.3) hold, then (3.1) admits a solution
i€ L0, T;U).

Example 3.1. The control space in (3.1) ist/ = L*(0,T;U). Here we consider the
special case of a scalar-valued control coupling a time-dependent control amplitude e
with a fixed time-independent self-adjoint moment operator i € L(V) N L(H), i.e.,
we consider the closed subspace of U given by

U= {eji: e € L*(0,T;R)},

which is isomorphic to L?(0,T;R). In this case U is the one dimensional space {eji :
€ € R}, which is endowed with the inner product of R. The resulting control cost is

g fOT le(t)|?dt and the bilinear mapping F : X x X — U = R is given by

F(¢,9) = (B, ¥)x = (ild2), Y1) — (1), o),

with B = (P~ g) The resulting optimality condition has the form
o€+ (BY(t),¥)x = 0.

Ezample 3.2. Let H = L*(2)/R with Q = (0,1) and Hy = —A with periodic
boundary conditions. Then V = H5 (), the space of H(Q) functions with periodic
boundary conditions ¢(0) = ¢(1). The control space is taken as multiplication oper-
ators by elements u € Hp(2) and we identify U with H'(Q2),. Note that ¢ — u¢
defines a self-adjoint element in L(H) N L(V), since H*(f2) is a Banach algebra in
dimension one. For ¢ € X = H x H and ¢ € X = H x H the element F(¢,¢) € V
is the solution to

(F(¢.0), W) = (ud® ")y — (no', 0% for all p € V.

Thus the optimality condition can be expressed as
ap(t) + (A + D) 7HP ()X (1) — THE)x3 (1) =0,

where U, x € C(0,T;V). Note that this implies additional spatial regularity of the
optimal solution.
Ezample 3.3. Let Hy, H,V, and €2 be as in the previous example. Define

U={pecL*Q):jz)=j(—z) for z € Q}
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endowed with the canonical inner product. Each ji can be uniquely identified with a
self-adjoint operator u € L(H) given by

() (x) = / Az - 1)é(y) dy,

Q

where fi is extended periodically from € to R. All such operators also satisfy u € L(V).
The set of all these operators constitutes the control space U. The resulting penalty
term in the cost functional J has the form

« T 2
5 [l e

Using symmetry of f it can be shown that for ¢,v in X = H x H the element
F € L*(Q) satisfying

(F(¢,0), ) 120y = (16>, ¥ ) r2(0) — (o', ¥°) 12(q) for all p € U
is given by

Fo.0)@) =5 [ (@00t +n)+E W -o+y)

— o'WV (x+y) — ¢ (W)Y (—x +y)) dy.

The resulting optimality condition is
~ 1 \112 1 ‘112 1 _
afi(t,z) + 5 | (P Y (to +y) + Py (t —w +y)
Q

— UMty (tx+y) — UL y)X (L —x +y)) dy =0.

Analogous results can be obtained with € = (0, 1) replaced by bounded cubes in R™
with Hy satisfying periodic boundary conditions, or with 2 = R™.

Example 3.4. Let Hy = —A in H = L?*(R"). Then Hy is densely defined
with dom(Hy) = H?(R™) and self-adjoint (see, e.g., [K]), with spectrum consisting of
continuous spectrum given by [0, 00). We set H = {¢ € L*(R") : [p. (1+]z[*)¢ ( )2 <

oo}. To verify (3.2) let { f,,}22; be a bounded sequence in Hy = VNH = clom(H2 )NH.
For r € N set Q, = {z € R" : |z|gn < r}. Extract a subsequence of {f,} that
converges weakly in H; to some f € H;. Using compactness of {¢lq, : ¢ € V} in
L?(9,) successively extract further subsequences whose restriction to €2, converges
strongly in L?(Q,) to f, for r = 1,2,.... Let {f,,} denote the sequence which arises
from diagonalization of the above procedure. The restriction to €2, of this sequence
converges strongly in L2(€2,.) to the restriction of f to €, for each r € N. Strong
convergence of {f,,} to {f} in L?(R™) follows from the following estimate:

dx
/|f—fnk|2dx:/ If*fnkIdeJr/ = fu 2l 2
. o e, ]
1 4
<[ 1= tuPdet g [ fuPldes [ 17— fuldes e
Q, T JrR7\Q, Q. r

where C' is the common bound for {f,,} and f in H;. Hence dom(H, 0%) NH is
compactly embedded in H and (3.2) follows.
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Turning to (3.3), consider, for X = L?(R") x L?(R"),
(FO), |2PU(t) = 3 5 (TE), |2 P(1)
= (Ao (t), [xPU(t)) — (B)L(1), [2[*¥(t))x
= (AT, [2PU1) g + (AU, [2P Vo) g — ()P, [2P V1) — (u(t) V1, [2*T2) )
=2(VUs(t),2W01(t)m — 2(VV1 (1), 2¥2(t)) 1

2 2
< VOO + VOO + | oo )] + | l210:(0)[2,
and hence

2Muw )5 < K19 + | 2105

for a constant K satisfying |Vé| < Kl¢|y for all ¢ € V. Gronwall’s inequality and
Theorem 2.1 imply the existence of a constant M = M(|\I/0 lvax.s 1 Blr2o,mcov)nc(x)))
such that

1Yo, mvnx,) < M,
which, in particular, implies (3.3).

4. Necessary optimality condition. We now derive a first order necessary
optimality system for (3.1).

THEOREM 4.1. Let (i, ¥) = (i, ¥(f1)) be an optimal pair for (3.1) and assume
that Wo €V and OV(T) € V. Then

4Q(t) = (Ag — B(t)¥(t), U(0) = ¥, (primal equation,),
45(t) = (Ao — BO)X(),  (T)=OU(T) (adjoint equation),
afi(t) + F(U(t), x(t) =0 (optimality),

where the adjoint state satisfies x € H'(0,T;V*) N C(0,T;V) and B = ( o = )
Proof. For any pu € L?(0,T;U) we have

J(p) = J(1) = —a (B, o — fi) L2(0,170) |M :u|L2(OTU)

_ _ 1 _ _
+HW(T) = ¥(T), 0U(T))x + 5 (W(T) = W(T), O(W(T) - ¥(T)) )x-
Let x(t) € HY(0,T;V*) N C(0,T;dom V) be the solution to the adjoint equation

%W) = (4o — B(t))x(t), x(T)=O0%.
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where (-, ) denotes the duality pairing between V and V*. Hence

() — I(5) = — / (ai(t) + F(B(1), X(8)), u(t) — (1))

—/O ((B(t) = B))(T(t) — T(1), X(t))  dt

i o)+ (W(T) — W), O(B(T) — H(T))x.

Taking the limit g — & and using (2.3) we obtain the claim. O

5. An algorithm and its convergence. The following algorithm for solving
the optimality system in case of scalar-valued controls was proposed in [ZR] and
further developed in [TKO], [MT].

ALGORITHM.

(i) Choose 6§ € [0,2], n € [0,2], i € L*(0,T;U), x° € C(0,T; X).

For k =1,2,... until convergence
(i)

# U (t) = (Ao — BF(1) Wk (2), WH(0) = Wy,

= (1= )" = LR(Wh, kL),
(iii)
EXE(1) = (Ao = BRO)XE(®),  XF(T) = OWH(T),

if = (1—n) p* — ZF(WF ).

First we prove the well-posedness of the algorithm.
PROPOSITION 5.1. Let 1o € V, u € L?(0,T;U), and x € C(0,T; X). Then there
exists a unique solution ¥ € H(0,T;V*)NC(0,T;V) to

(5.1) W(t) = S(t)Wo — /O S(t — $)B(W)(s)(s) ds,

where B = B(u), with p(V)(t) = (1 — 6)u(t) — gF(\Il(t),X(t)). Analogously, if ¥ €
C(0,T; X), then there exists a unique solution x € HY(0,T;V*) N C(0,T;V) to

X(t) = S*(T — t)OU(T / S*(s — t)i(x)(s) ds,
where fi(x)(t) = (1 - )u(t) — LF(T(t), x(1)).

Proof. We verify the first claim by a continuation argument. The second one can
be proved analogously. For any ¥ and ¥ in C(0,7; X') we have

[B(W)(t) = B(U)(1)] < M| (t) = ¥(1)|x,

where M = g| Xlc,r;x) and M is an embedding constant. Consider the iteration

U, = S(t)¥g +/O St —8)B(Up_1)(s)T,(s)ds,
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which is initialized by the constant with value ¥q. It is well defined by Theorem 2.1,
and |¥,,(t)|x = |¥o|x for all n and ¢ > 0. For consecutive iterates we find

3 a | Vna(t) = Ua (%

= (Ao = B(¥)) () (Wny1(t) — Un(t))
—(B(¥n)(t) = B(Vn—1) () Wn(t), Unia(t) — Un(t))

< A Wa (6) = Ca (D + 5 () = T (1) 2.
Hence for every 7 € (0,T] and ¢ € (0, 7]

1

2 M3r
(W1 (t) = Un(®)lx < 3™ 7~ 1)tr€n[g§] (Wi (t) = Wpn1(t)]x-

Selecting T > 0 sufficiently small so that § = 5+ (e T _1) < 1 implies that
Vi1 — Walo,mx) < 0" V1 — Yolo,rx) — 0

as n — oo. By standard arguments existence of a solution to (5.1) on [0, 7] follows.
Since 7 only depends on M, this solution can be extended to a solution ¥ € C(0,7T; X).
Uniqueness follows by Gronwall’s inequality. Another application of Theorem 2.1
guarantees that ¥ € H'(0,7;V*) N C(0,T;V). O

THEOREM 5.2. Assume that (6,m) # (0,0), that ¥o € V N X3, and that (3.2),
(3.3) hold. Then the sequence {u*, i¥, Wk x*} contains a subsequence which converges
strongly in L?(0,T;U) x L*(0,T;U) x C(0,T; X) x C(0,T; X) and every such subse-
quence converges to some (u, u, U, x), where (1, ¥,x) is a solution of the optimality
system.

Proof. For k > 2 and 6,71 € [0, 2]

J(ut) = J(puF=1) = 3(UH(T) — TFH(T), 0 (TH(T) — ¥*~1(T)) )x

(5:2) . : i
5 TG =D = TR+ (2 ) = B R de > 0,

If § =0 orn =0, then u* = i¥~1, respectively, = = i*~1, and the corresponding

terms in (5.2) are dropped. This inequality will be verified at the end of the proof, in
an analogous way as in the scalar case which was treated in [ZR], [MT].

From (5.2) it follows that J(u*) is monotonically increasing. Since J(u) is
bounded from above this implies that limy .. J(u*) exists. Recall that |U*(t)|x =
|Wo|x and |x*(t)|x < ||O]||¥o|x for all k and ¢ € [0, 7). It thus follows that

T() < T4 = (W), 0VHT))x — 2 ooz
and hence
S Baoiran < 5120 Olece) — ().
Moreover,
|ﬂk|L2(o,T;U) <1 -1 |Hk|L2(0,T;U) + g|\1’0|§(”OH£(X)7
and hence

(5.3) {pF122, and {i"}$2, are bounded in L?(0,T;U).
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From Theorem 2.1 and assumptions (3.2) and (3.3), therefore,
(TR0 and {x*}22, are bounded in H'(0,T;V*)NL*(0,T;V N X).

By Aubin’s lemma there exists a subsequence {k"} of {k} and ¥ € C(0,T;X), x €
C(0,T; X) such that

TFn — U and x*» — x strongly in L*(0,T; X).
Using the boundedness of {¥*»} and {x**} in C(0,7T;X) and the properties of F

one argues that F(UF» yF») — F(¥,y) strongly in L?(0,7;U). From (iii) of the
algorithm we have

w1
= ph = it = S (U X,

mce p* — g — 0 1n , 1 vy (5.2), 1t follows, for n , that p™ converges
Si k i 0 in L2(0,T;U) by (5.2), it foll fi 0, th k

strongly in L?(0,T;U) to some pu, as k,, — oo. For each k, we have the following by
(ii) of the algorithm:

(5.4) Tk (t) = S(t) Wy — /0 t S(t — ) Bk (s)UF (s) ds.

Let ¥ € C(0,T; X) denote the solution to

(5.5) U(t) = S(t)Po — /0 S(t—s)B(s)¥(s)ds.

From Gronwall’s inequality it follows that Uk» — W in C(0,7;X). By (5.2) the
sequence {fi*"} converges strongly in L%(0,T;U) to u. Step (iii) of the algorithm
implies that

(5.6) V() = S*(T — OTHn / S* (s — 1) BY ()x* (s) ds.

Let x in C(0,T; X) denote the solution to

(5.7) X(t) = S*(T — H)OW(T /S*s—t (5)x(s) ds.

Again by Gronwall’s lemma we find that x*» — y in C(0,T; X). Passing to the limit
in the second equation of (iii) implies that

(5.8) aB + F(¥,x) = 0.

For 7 = 0 there exists a subsequence {k"} of {k} and ¥ € C(0,T; X), x € C(0,T; X)
such that

TFn — U and %" — x strongly in L*(0,T; X).

By (5.2) and since ji* = p* for n = 0 we have lim,, .o, p*»~! — p*» = 0 in L2(0,T;U).
From

40 : -
i = (L= et = R )
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it therefore follows that z*»~1 converges strongly to some y in L?(0,T;U). By (5.2)
also lim,, .., u*» = pu in L%(0,T;U). As before, the solutions to (5.4) and (5.6)
converge strongly in C(0,7;X) to the solutions of (5.5) and (5.7), and (5.8) also
holds for n = 0. From (5.5), (5.7), and (5.8) we conclude that (u, ¥, x) is a solution
to the optimality system.

We now provide the proof of (5.2) for the case i # 0,6 # 0. The remaining cases
follow easily. We have

T~ J() = S(UHT) — WHT), 0 (UF(T) — WH(T)) )

k+1 k k a [T k+1)2 @ g k2
HET) = WD), 00T + 5 [ = [
0 0

Suppressing the dependence of ¥* and ;* on ¢ we find

(THHY(T) — WH(T), O WH(T))x = (WFHH(T) — UH(T), xM(T))x

T
_ / <§t(\yk+1 7X > <\Ifk+1 \Ifk 0 Xk>
OT X

- / ((Ag — BM )T — (4g — BT M)y + (B — 0F (4y — BF)xH)x
0
T
:/ ((Bk—Bk+1)\I]k+1,Xk)X+((Bk —Bk)\llk7xk)x
0
T
— [ ) (PO -
0

- - 1, . -
(B = (1= 8)a* — e + ;(u’“ —uF A=)k = i)y

1, N i
A AR/ el ITAR — (@* = p* e = (= 5 )

Hence we find
JOH) () = U < WA ),0 (84 ) WD) )

T
HOUR(T) — WH(D), 0 WH(T >X—f/ W+
= SOUH(T) — WA(D), 0 (H1(T) — WH(T)) )

(% T 2 ~k k+12 2 k ~k|2
+3 A 1 T T /ol e B Ty Tl R
0 n

In [S] it is argued that the set of limit points is in fact compact. Moreover, if the
penalty parameter « is sufficiently large, then the limit set consists of a singleton.

In the previous theorem subsequential convergence followed under the assumption
of compactness of the orbits implied by (3.2), (3.3). Alternatively a compactness
assumption for U as a subset of £(X) also implies convergence.

THEOREM 5.3. Assume that (6,n) # (0,0), that ¥y € V, x° € H'(0,T; X),
f € HY0,T;U), and that U is a compact subset of L(X). Then the conclusion of
Theorem 5.2 holds.
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Proof. As in the proof of Theorem 5.2 {u*}2° | and {fi*}22, are bounded in
L?(0,T;U), and by Theorem 3.1

{TF1%e | and {x*}%2, are bounded in H'(0,T;V*) N C(0,T; V).
This implies that {F(¥*, x*~1)}22, and {F(¥*, x*)}2, are bounded in H(0,T;U).
If 6 =7 =1, then {¢*} and {ji*} are bounded in H'(0,7;U). Otherwise

_ - 4 -
A= (=) (1= O+ (1) PR A = LR ),

with |(1—n)(1—-6)| < 1. It follows that x* and i* are bounded in H'(0,7T;U). Hence
there exists a subsequence {k,} of {k} and u € H*(0,T;U),n € H'(0,T;U) such
that

pFn — p, and ji*» — fi strongly in L(0,T; £(X)).

By (5.2) we have |ur — fir|r2(0,150(x)) — 0 if n # 0, whereas py, = fi, if n = 0. In
either case it follows that p = fi. The proof can now be completed as the one for
Theorem 5.2. ]
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preprint of [S].

REFERENCES
[BMS] J. M. BALL, J. M. MARSDEN, AND M. SLEMROD, Controllability for distributed bilinear
systems, SIAM J. Control Optim., 20 (1982), pp. 575-597.
[BP] L. BAuDoUIN, O. KAVIAN, AND J.-P. PUEL, Regularity for a Schrodinger equation with

singular potentials and application to bilinear optimal control, J. Differential Equations,
216 (2005), pp. 188-222.
[CF] P. CONSTANTIN AND C. Fo1AS, Navier-Stokes Equations, University of Chicago Press,
Chicago, 1988.
. HILLE AND R.. S. PHILLIPS, Functional Analysis and Semi-Groups, AMS, Providence, RI,
1957.
. KaTto, Perturbation Theory for Linear Operators, Springer-Verlag, Berlin, 1980.
. MADAY, J. SALOMON, AND G. TURINICI, Monotonic time-discretized schemes, Numer.
Math., 103 (2006), pp. 323-338.

[HP] E
T
Y
MT] Y. MADAY AND G. TURINICI, New formulations of monotonically convergent quantum con-
A
A

(K]
[MST]

trol algorithms, J. Chem. Phys., 118 (2003), pp. 8191-8196.

. Pazy, Semi-Groups of Linear Operators and Applications to Partial Differential Equa-
tions, Springer-Verlag, Heidelberg, 1983.

. P. PEIRCE, M. A. DAHLEH, AND H. RABITZ, Optimal control of quantum-mechanical sys-
tems: Existence, numerical approzimation, and applications, Phys. Rev. A, 37 (1988),
pp. 4950-4967.

[S] J. SALOMON, Limit points of the monotonic schemes in quantum control, in Pro-

ceedings of the 44th Annual IEEE Conference on Decision and Control, Seville,
Spain, 2005, CD-ROM. Available online at http://www.ceremade.dauphine.fr/
~salomon/ar/proceeding.pdf.
[TKO] D. TANNOR, V. Kazakov, AND V. Orrov, Control of photochemical branching: Novel
procedures for finding optimal pulses and global upper bounds, in Time Dependent
Quantum Molecular Dynamics, J. Broeckhove and L. Lathouwers, eds., Plenum Press,
New York, 1992, pp. 347-360.

[ZR] W. ZHU AND H. RABITZ, A rapid monotonically convergent iteration algorithm for quantum
optimal control over the expectation value of a positive definite operator, J. Chem.
Phys., 109 (1998), pp. 385-391.

[P]

[PDR]



SIAM J. CONTROL OPTIM. (© 2007 Society for Industrial and Applied Mathematics
Vol. 46, No. 1, pp. 288-307

STATE AGREEMENT FOR CONTINUOUS-TIME COUPLED
NONLINEAR SYSTEMS*

ZHIYUN LINT, BRUCE FRANCIST, AND MANFREDI MAGGIOREf

Abstract. Two related problems are treated in continuous time. First, the state agreement
problem is studied for coupled nonlinear differential equations. The vector fields can switch within
a finite family. Associated to each vector field is a directed graph based in a natural way on the
interaction structure of the subsystems. Generalizing the work of Moreau, under the assumption
that the vector fields satisfy a certain subtangentiality condition, it is proved that asymptotic state
agreement is achieved if and only if the dynamic interaction digraph has the property of being
sufficiently connected over time. The proof uses nonsmooth analysis. Second, the rendezvous problem
for kinematic point-mass mobile robots is studied when the robots’ fields of view have a fixed radius.
The circumcenter control law of Ando et al. [[EEE Trans. Robotics Automation, 15 (1999), pp. 818—
828] is shown to solve the problem. The rendezvous problem is a kind of state agreement problem,
but the interaction structure is state dependent.

Key words. state agreement, rendezvous, interacting nonlinear systems, time-varying interac-
tion, asymptotical stability
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1. Introduction. This paper studies a dynamical system that is the interconnec-
tion of subsystems. Examples are abundant in biology, physics, engineering, ecology,
and social science: e.g., a biochemical reaction network [14], coupled Kuramoto oscil-
lators [17,39], arrays of chaotic systems [44,45], a swarm of organisms [12,13], and a
group of autonomous agents [16,22,23]. We model such systems by coupled nonlin-
ear differential equations in state form. Pioneering work on such coupled dynamical
systems from a structural point of view is that of Siljak, e.g., [35,36].

State agreement means that the states of the subsystems are all equal. For exam-
ple, [11] studies a group of individuals who must act together as a team; each individ-
ual has its own subjective probability distribution for the unknown value of some pa-
rameter. How the group might reach a consensus and form a common subjective prob-
ability distribution for the parameter is a state agreement problem. In other contexts,
state agreement arises as synchronization in theoretical physics, e.g., [5,30,39,42,43],
and consensus in computer science, particularly in distributed computing, e.g., [25].

Central to the state agreement problem is the graph describing the interaction
structure in the interconnected system—that is, who is coupled to whom. And a
central question is, What properties of the interaction graph lead to state agreement?
Most existing work has dealt with static graphs with a particular topology, such
as rings [6, 30], cyclic digraphs [32], and fully connected graphs [12,13,34], or with
static graphs having an unspecified topology but a certain connectedness. Example
frameworks are coupled cell systems [38], coupled oscillators [17,45], multiagent sys-
tems [4,31], and formations of unicycles [23]. Of course, a static graph simplifies the
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state agreement problem and allows one to focus on the difficulties caused by the
nonlinear dynamics of the nodes.

The more interesting situation is when the interaction graph is time varying.
From the point of view of control theory, the most suitable mathematical model for
these setups is a switched interconnected system. However, attempts to understand
how the switching affects the collective system behavior had been hampered by the
lack of suitable analysis tools. Recently, however, great strides have been made [16]
by characterizing the convergence of infinite products of certain types of nonnegative
matrices in a linear discrete-time setup with an undirected interaction graph. For
the switched linear continuous-time system model and a directed graph, [22] uses the
graph Laplacian and the properties of some special matrices to prove asymptotic state
agreement under certain graphical conditions. In addition, [29] uses the common Lya-
punov function technique for the switched linear continuous-time system and shows
that balanced digraphs play a key role in addressing the average-consensus problem.
Two other works on state agreement for linear continuous-time systems are [15], which
deals with random networks, and [26], which addresses the deterministic time-varying
case.

However, many real systems are nonlinear in addition to having time-varying
interaction among subsystems. Examples are systems of coupled oscillators. For
nonlinear interconnected systems with time-varying interaction, new tools are re-
quired. A novel approach is taken by Moreau in [27]: The framework is nonlinear and
discrete-time, and the stability analysis is based upon a blend of graph-theoretic and
system-theoretic tools, with the notion of convexity being key. The idea is, roughly
speaking, that if every agent always moves toward the relative interior of the convex
hull of the set of neighbor agents at each step, state agreement will be achieved. The
result in [27] was recently generalized in [2] as follows: The setup is still a discrete-
time system, but each agent moves towards the relative interior of a set which is a
function, not necessarily the convex hull, of the present and past states of neighbor
agents. In this way communication delays can be accommodated.

One concrete instance of the state agreement problem is the rendezvous problem
for autonomous mobile robots. Suppose the robots’ fields of view have a fixed radius.
Then the robots may come into and go out of sensor range of each other, and the
interaction graph is therefore state dependent instead of time dependent. For this
problem, some distributed algorithms were proposed in [1,41], with the objective
of getting the robots to congregate at a common location (achieving rendezvous).
These algorithms were extended to various synchronous and asynchronous stop-and-
go strategies in [9,19,20].

This paper makes two main contributions. The first is the continuous-time coun-
terpart to the result of Moreau [27]. We borrow heavily from Moreau’s geometric
concepts and proof structure; we suggest, however, that the continuous-time case
presents some considerable challenges, as one will see from the details of our proof.
Thus our contribution to this problem is primarily technical in nature. As an example
application, we apply our result to make new conclusions about synchronization of
coupled Kuramoto oscillators. The second contribution of this paper is a solution of
the continuous-time rendezvous problem for kinematic point-mass robots; we use the
circumcenter control law of Ando et al. [1] and give the first proof of convergence in
continuous time.

2. Preliminaries. Here we assemble some known and some novel concepts re-
lated to convex sets and tangent cones, directed graphs, and Dini derivatives. In
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addition, we provide some fundamental properties associated with them.

2.1. Convex sets and tangent cones. References for this subsection are [3,37].

The convex hull of § C R™ is denoted co(S). The convex hull of a finite set of
points 1, ..., x, € R™ is a polytope, denoted co{x1,...,xn}.

Let S C R™ be convex. If S contains the origin, the smallest subspace containing
S is the carrier subspace, denoted lin(S). The relative interior of S, denoted ri(S), is
the interior of & when it is regarded as a subset of lin(S) and the relative topology
is used, and likewise for the relative boundary, denoted rb(S). If S does not contain
the origin, it must be translated by an arbitrary vector: Let v be any point in & and
let lin(S) denote the smallest subspace containing S —v. Then ri(S) is the interior of
S when it is regarded as a subset of the affine subspace v + lin(S), and similarly for
rb(S).

A nonempty set L C R™ is a cone if \y € K when y € K and A > 0. Let S C R™
be a closed convex set and y € S. The tangent cone (often referred to as contingent
cone) to S at y is the set

T(y,S) = {z eR™: hgnjgfw = 0},

where ||y + Az||s denotes the distance from y+ Az to S. The normal cone to S at y is
N(y,S) ={2*:(2,2*) <0Vz e T(y,S)}.

Note that if y is in the interior of S, then 7 (y,S) = R™. Thus the set 7 (y,S)
is nontrivial only on 9§, the boundary of S. In particular, if S contains only one
point, y, then 7 (y,S) = {0}. In geometric terms the tangent cone for y € S is a
cone centered at the origin which contains all vectors whose directions point from y
“Inside” (or they are “tangent to”) the set S.
LEMMA 2.1 (see [3]). Let S;,i=1,...,n be convex sets in R™.
(i) If y € S§1 C S, then

T(yasl) C T(ya‘SQ) and N(yaSQ) C N(yasl)
(i) Ifx; €S; (i =1,...,n), then

T((xl,...,xn),Sl ><--~><Sn) = T(a)‘l,Sl)X"'XT(SCn,Sn),
N (21,0, 20), 81 X - x8n) = N(x1,81) X - x N2, Sp).

2.2. Directed graphs. For a directed graph (digraph for short) G = (V,€&),
where ¥V = {1,...,n} is the set of nodes and & is the set of arcs, we write ¢ — j if
there is a path from node ¢ to node j. By definition, ¢ — i for every node i. A center
is a node 4 such that ¢ — j for every node j, and G is quasi-strongly connected (QSC)
if it has a center [7]. Finally, G is fully connected if for every two nodes i and j there
is an arc from ¢ to j.

2.3. Dini derivatives. Consider the nonautonomous system

(2.1) y=f(ty),

where D C R™ is a domain and f : Rx D — R™. Let V(t,y) : RxD — R be a
continuous function satisfying a local Lipschitz condition for y, uniformly with respect
to t. Then we define

Vt+ry+7f(ty) —V(ty)

DTV (t,y) = limsu .
f (t,y) THO+P pn
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The function D;{V is called the upper Dini derivative of V along the trajectory of
(2.1). Suppose that for an initial condition y(0) = %, (2.1) has a solution y(t) defined
on an interval [0,¢) and let DTV (¢,y(t)) be the upper Dini derivative of V (¢, y(t))
with respect to t, i.e.,

DYV (t, y(t)) = lim supv(t Tyt +7) = VLyt) .

T—0t T
Let t* € [0,€) and put y(t*) = y*. Then one has that (see [33])
DYV (t*,y(t")) = DYV (t*,y").
LEMMA 2.2. Let Ty = {1,2,...,n} and suppose for each i € Iy, V; : R x
D — R is of class C'; let V(t,y) = maxjer, Vi(t,y); and let Z(t) = {i € Iy :
Vi(t,y(t)) =V (t,y(t))} be the set of indices where the mazimum is reached at time t.
Then DYV (t,y(t)) satisfies

DIV (t,y(t) = max Vi(t,y(1)).

The proof can be obtained from Danskin’s theorem [8,10].

3. The state agreement problem: Main results. Our setup is a general
interconnection of nonlinear subsystems, where the vector fields can switch within a
finite family. We associate to each vector field a directed graph based in a natural way
on the interaction structure of the subsystems; this is called an interaction digraph in
the present paper. Assuming that the vector fields satisfy a certain subtangentiality
condition, we show that asymptotic state agreement is achieved if and only if the
dynamic interaction digraph has the property of being sufficiently connected over
time, in a certain technical sense. Most of the proofs are deferred to section 5.

To formalize the notion of a switched interconnected system, first consider a family
of systems

il :f;(zl,...,xn)

j?n = f;(ajl,...,xn),

where x; € R™ is the state of subsystem ¢ and where the index p belongs to a finite
set P. Notice that the subsystems share a common state space, R™. Introducing the
aggregate state x € R™" we have the concise form

3.1 &= fp(x), peP,

where for each p € P, f, : R™" — R™",
We now associate to each vector field f, an interaction digraph G, capturing the
interaction structure of the n subsystems (agents).
DEFINITION 3.1 (interaction digraph). The interaction digraph G, = (V,&p)
consists of
e a finite set V of n nodes, each node i modeling agent i;
o an arc set &, representing the links between agents. An arc from node j to
node i indicates that agent j is a neighbor of agent i in the sense that f;
depends on x;; i.e., there exist x},x? € R™ such that

f;(xl,...,x},...,xn) #f;(xl,...,x?,...wn).

The set of neighbors of agent i is denoted N;(p).
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3e

b e

FiG. 3.1. Some examples of vector fields f:g satisfying assumption A2.

Let CZ’; () = co{x;, z; : j € N;(p)} denote the polytope in R™ formed by the states
of agent i and its neighbors. Also, it is convenient to introduce a subset S C R™ of the
common state space that plays the role of a region of focus. In our state agreement
problem, initial states of the agents will be in & and agreement will occur in S. Let
Zo denote the index set {1,...,n} and assume that, for each ¢ € Zy and each p € P,
the vector fields f;; : R™ — R™ satisfy the following two assumptions:

Al. f; is locally Lipschitz on S™.

A2. For all x € 8", fi(x) € i (7T (2;,Ci(x))).

Assumption A2 is sometimes referred to as a strict subtangentiality condition.
Figure 3.1 illustrates two example situations of A2. In the left-hand example, agent 1
has only one neighbor, agent 2; the convex hull C(x) is the line segment joining ;
and xo; the tangent cone 7 (z1,Cp(x)) is the closed ray {A(x2 —x1) : A > 0} (in the
figure it is shown translated to x1); the relative interior ri (7 (z1,C}(x))) is the open
ray {\(@2 —21) : A > 0}; and A2 means that f, is nonzero and points in the direction
of 9 — 1. In the right-hand example, agent 1 has two neighbors, agents 2 and 3; the
convex hull C} (x) is the triangle with vertices 1, 2, x3; the tangent cone 7 (x1,C)(x))
is

(A (2o — 1) + Aa(23 — 21) : A1, Ap > 0}

(again, it is shown translated to x1); the relative interior ri (7 (z1,Cp(x))) is

{)\1(3;‘2 — .131) + )\2(333 — 56‘1) T A, Ao > 0};

and A2 means that f; points into this open cone. In general, A2 requires that f;,(x)
have the form

Y (@) (e — ),

JEN:(p)

where ;(z) are nonnegative scalar functions, and that f{(z), now viewed as a vector
applied at the vertex x;, not be tangent to the relative boundary of the convex set
Cp(x).

When the index p in (3.1) is replaced by a piecewise constant function o :
[0, o0) — P, we obtain a switched interconnected system

(3.2) () = foq) (x(t)) .
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The function o is called a switching signal. The case of infinitely fast switching (chat-
tering), which would call for a concept of generalized solution, is not considered here.
As a matter of fact, it can be shown that even piecewise constant switching signals o (t)
do not have sufficient regularity for asymptotic agreement of the switched intercon-
nected system (3.2) [21]. Let Sgwen denote the class of piecewise constant switching
signals such that any consecutive discontinuities are separated by no less than some
fixed positive constant 7p, the dwell time. We make the following assumption:

A3. O'(t) € Sqwell-

Having replaced p by a switching signal o(t), we similarly replace the interaction
digraph G, by a dynamic interaction digraph G ).

DEFINITION 3.2 (dynamic interaction digraph and union digraph). Given a
switching signal o(t), the dynamic interaction digraph G, is the pair (V,Eg(t)).
Given two real numbers t; < to, the union digraph G ([t1,t2]) is the digraph whose
arcs are obtained from the union of the arcs in G,(y) over the time interval [ty,ts].

DEFINITION 3.3. A dynamic interaction digraph G, ) is uniformly quasi-strongly
connected (UQSC) if there exists T > 0 such that for all t > 0, the union digraph
G([t,t+TY) is QSC.

Our main result, Theorem 3.8, is that the switched interconnected system achieves
asymptotic state agreement on § if and only if the dynamic interaction digraph G,
is UQSC.

But first, the precise meaning of state agreement is given in the following defini-
tion.

DEFINITION 3.4. The switched interconnected system (3.2) has the property of

(i) state agreement on S if V¢ € S, Ve > 0, 36 > 0 such that ¥ty > 0,

(Vi) ([lzi(to) = Cll < 6) A (zi(to) € S) = (VE = o) (Vi) [lzi(t) — (Il <&

(ii) asymptotic state agreement on S if it has the property of state agreement
on S and in addition Ye > 0, Yc > 0, IT > 0 such that Vtg > 0,

(Vi) (lzi(to)ll < ¢) A (zi(to) € §) = (3¢ € S)(VE = to + T)(Vi) [|2i(t) — (Il <&

(iii) global asymptotic state agreement if it has the property of asymptotic state
agreement on R™.

Fic. 3.2. Asymptotic state agreement on S.

These definitions are illustrated in Figure 3.2 and can be stated, roughly speaking,
as follows. State agreement (the left-hand figure) means that, for every point ¢ in S,
the agents stay arbitrarily close to ( if they start sufficiently close to ¢, uniformly with
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respect to the starting time. Asymptotic state agreement (the two figures together)
means, in addition, that the agents converge to a common location in S.

These state agreement definitions are related to stability with respect to a set.
Let € denote the set of aggregate states such that the subsystem states are all equal
and in S, i.e.,

Q={zeR"™:2;=---=1z, €S}

Then state agreement is equivalent to uniform stability with respect to (2.

Finally, we give the following new definition of positive invariance specially for
interconnected systems.

DEFINITION 3.5. A set A C R™ is said to be positively invariant for the switched
interconnected system (3.2) if

(Vo > 0)(Vi) i(to) € A => (V¢ > to) (Vi) zi(t) € A.

Our first result establishes the positive invariance property of any compact convex
set in § without needing any property of the interaction digraph. This result can
perhaps be understood intuitively as follows. For m = 2, all agents move in the
plane. Let A be a compact convex set in S and assume all agents start in A. Let C(t)
denote the convex hull of the agents’ locations at time ¢. Because A is convex, clearly
C(0) C A. Now invoke assumption A2. An agent that is initially in the interior of C(0)
can head off in any direction at ¢ = 0, but an agent that is initially on the boundary
of C(0) is constrained to head into its interior. In this way, C(¢) is nonincreasing (if
ta > t1, then C(t2) C C(t1)), and A is therefore positively invariant for the switched
interconnected system (3.2).

THEOREM 3.6. Let A C S be a compact convex set. Then A is positively invariant
for the switched interconnected system (3.2).

The second result establishes state agreement of the system, again without need-
ing any property of the interaction digraph.

THEOREM 3.7. Suppose S is closed and convexr. The switched interconnected
system (3.2) has the property of state agreement on S.

Proof. Let ¢ € S and € > 0 be arbitrary, and let

(3.3) A(Q)={yeS:lly -l <e}.

By Theorem 3.6, it follows that A.(¢) is positively invariant since it is a compact
convex set in §. We have thus proved that V( € S, Ve > 0, 36 = ¢ such that V¢, > 0,

(Vi) (lzi(to) = Cll < 8) A (wi(to) € §) = (VE = o) (Vi) [|zi(t) — (I < e

The conclusion follows by Definition 3.4. |

Now comes our main result.

THEOREM 3.8. Suppose S is closed and convex. The switched interconnected
system (3.2) has the property of asymptotic state agreement on S if and only if the
dynamic interaction digraph Gg (1) is UQSC.

This section concludes with a few remarks.

If S = R™ in assumptions Al and A2, then the switched interconnected system
(3.2) has the global asymptotic state agreement property if and only if G, is UQSC.

When the vector fields in the family (3.1) are nonautonomous, suppose assump-
tions Al and A2 are replaced by the following (keeping assumption A3 the same):
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Al f;;(t7 x) is locally Lipschitz with respect to « on 8™ and piecewise continuous
with respect to t.

A2 Forall z € 8" and all t € R, fi(t, ) € ri (T (x;,C}(x))).

It can be shown [21] that Theorem 3.8 no longer holds in general.

In the special case that the interaction graph is fixed (o(t) is a constant signal),
then the property of UQSC is equivalent to QSC. Thus, we arrive at the following
special result.

COROLLARY 3.9. Suppose o(t) = p and S = R™. Then, the interconnected
system (3.2) has the globally asymptotic state agreement property if and only if G, is
QSC.

For this special case we can actually relax the assumptions on the vector fields
f; : R™™ — R™ as follows:

A1”. flis continuous on R™".

A2". For all z € R™, fi(x) € T (x,C}(x)). Moreover, fi(z) # 0 if C(z) is not

a singleton and x; is its vertex.
A sketch of the proof can be found in [24]. Unlike the proof of Theorem 3.8 here (see
section 5), the proof in [24] relies on LaSalle’s invariance principle. Finally, it is worth
pointing out that assumption A1” is too weak for sufficiency in Theorem 3.8 when
the interaction digraph is dynamic [21].

Application: Synchronization of coupled oscillators. The Kuramoto model
[17,39] describes the dynamics of a set of n oscillators with angles 6; with natural
frequencies w;. The time evolution of the ith oscillator is given by

éi =w; + k; Z sin(ej — 091'),
JENI(D)

where k; > 0 is the coupling strength and N;(t) is the set of neighbors of oscillator i
at time ¢. The interaction structure can be general up to this point in the paper; that
is, NV;(t) can be an arbitrary set of other nodes and can be dynamic.

The neighbor sets Nj(t) define G,(;) and the switched interconnected system

0(t) = fom) (0(1)),

where § = (01,...,0,) and o(¢) is a suitable switching signal. For identical frequencies
(i.e., w; = w Vi), the transformation z; = 0; — wt yields

(3.4) T, = k; Z sin(z; —x;), i=1,...,n.
JEN(D)

Let a,b be any real numbers such that 0 < b —a < m, and define § = [a,b]. Tt
can be checked that Al and A2 are satisfied. Suppose o(t) here is regular enough to
satisfy A3. Then from Theorem 3.8 it follows that, if and only if G, ;) is UQSC, the
switched interconnected system (3.4) has the property of asymptotic state agreement
on §. This implies that there exists £ € R such that the oscillators asymptotically
synchronize:

0;(t) — T +wt, 0;(t) — w.

This extends Theorem 1 in [17], which assumes the interaction graph is undirected

and static and the initial state 6;(0) € (=%, %) for all i.
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Fi1Gc. 3.3. Three interaction digraphs G,, p=1,2,3.

As an example, three Kuramoto oscillators with time-varying interaction are sim-
ulated. The initial conditions are 1 = 0, f3 = 1, f3 = —1. The natural frequency w;
equals 1, and the coupling strength k; is set to 1 for all i. The interaction structure
switches among three possible interaction structures periodically, as shown in Fig-
ure 3.3. It can be checked that G, ;) is UQSC. Thus these three oscillators achieve
asymptotical synchronization by the main theorem. Figure 3.4 shows the plots of
sin(#;), i = 1,2, 3, and of the switching signal o(¢). Synchronization is evident.

Fic. 3.4. Synchronization of three oscillators with a dynamic interaction structure.

4. The rendezvous problem. Now we turn to the second main topic: the
rendezvous problem for autonomous mobile robots moving in continuous time. The
problem here is different because connectivity is state dependent instead of time de-
pendent a priori.

Suppose there are n robots, each having the simple kinematic model of velocity
control: &; = u;, where x; € R™ is the position of robot i. Assume that, due to the
limited field of view of its sensor, each robot can sense only the relative positions of its
neighbor robots within radius r. Letting A;(z) denote the set of neighbors of robot
i, where x is the aggregate state of n robots, we thus have that {y;; =z; —z;: j €
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N;(z)} is the information available to robot i. The rendezvous problem is to design
local distributed control laws w;, functions of {y;; : j € N;(x)}, such that all states
{z;:i=1,...,n} converge to a common value & € R™.

The interaction digraph is state dependent, G, (,y, because of the proximity sen-
sors, and the switched interconnected system takes the form

(4.1) T = fa(m)(x)v

where o : R™" — P. Let us fiz an initial state z° € R™" and assume that (4.1) has
a solution x(t) defined for all ¢ > 0. Then the state-dependent switching rule can be
viewed as a time-dependent switching rule o(z(t)), and the interaction graph becomes
time dependent t00, Gy (x(1))-

If some robots are initialized so far away from the rest that they never acquire
information from them, then the rendezvous problem obviously cannot be solved.
This corresponds to the situation where G, (,(0y) is not QSC. Thus it is natural to
assume that G, (,(0)) is QSC. Moreover, we wish the control laws u; to be devised
such that G, (,(:)) does not lose this property in the future, even though the controller
may cause changes in G, (;)). Intuitively, u; should make the maximum distance
between robot ¢ and its neighbors nonincreasing.

Let Z;(x) denote the set of neighbor robots j € N;(z) that have maximum distance
from robot i (generically Z;(x) is a singleton).

PROPOSITION 4.1. Assume that for each i the control law u; satisfies

4.2 Y i —x)Tu; <0.
(4.2) (V) jg%)(x zj) ui <

If Gy (20) is QSC and a solution x(t) to (4.1) ewists for all t > 0, then Gy (1)) is @SC
for allt > 0.
Proof. Define

V(z) = max max ||z; — x;||%
(@) =max max |l —

Notice that V(z) < r, where r is the radius of the field of view of each robot. Also,
define

I(z) = {(i,5) » V(@) =z — a5, j € Ni()},
the set of pairs of indices where the maximum is reached. By Lemma 2.2

DTV (xz(t)) =2 max [(zz — xj)Tui + (z; — x,;)Tuj]

(i,5)€Z(z)
<2 max xi—x-Tui—l—2 max (x; —x; T,
(m’)ez(m( ) <i,j>ez<z)( j )y

It follows from (4.2) that

T T
(i;gléll)_((x)(a:l zj) u; <0 and (z‘,jr‘glgz}'{(x)(xj x;) uj <0.
Hence DTV (x(t)) < 0 for all ¢ > 0, which means the already linked arcs will never be
disconnected and therefore the conclusion follows. a
Next, we show that if the distributed control law wu; satisfies (4.2) as well as
assumptions A1” and A2”, then a solution z(t) to (4.1) exists for all ¢ > 0, and the
robots rendezvous.
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PROPOSITION 4.2. Suppose Gy (z0y is QSC. If u; satisfies (4.2) as well as A1"”
and A2", then the robots rendezvous.

Proof. 1f G5 (,0) is fully connected, then G, (,(s)) is fixed for all time ¢ > 0 since
no link will be dropped, by Proposition 4.1, and no link can be added. Then the
conclusion follows from Corollary 3.9.

If instead Gy (z0) is not fully connected, then G, (,(+)) is dynamic and switches
for a finite number of times. To prove this, suppose by contradiction that for all
t >0, Go(x(t)) = Yo(20)- Then by Corollary 3.9, all the robots converge to a common
location. So G (4 (1)) Will become fully connected at some time ¢, which contradicts
the assumption that Gy, (1)) = Go(20) is not fully connected. Hence, there is a t; > 0
such that Gy (,(¢,)) has more links than G,(,0y because no link will be dropped by
Proposition 4.1. Repeating this argument a finite number of times eventually leads
to the existence of ¢; such that G, (,(s,)) is fully connected, and thus, it is fixed after
t;. Then the conclusion follows from Corollary 3.9 by treating (¢;, x(¢;)) as the initial
condition. O

The control law given next is based on the algorithm first proposed in [1].

PROPOSITION 4.3. A possible choice of u; satisfying condition (4.2) as well as
assumptions A1" and A2" is u; = e(0,y;; : j € N;(x)), the Euclidean center of the
set Z ={0,v;;,7 € Ni(z)}.

Proof. The Euclidean center of the set Z is the unique point w that minimizes the
function g(w) := max,cz ||w — z||. Interpreted geometrically, e(-) is the center of the
smallest m-sphere that contains the set of points {0,y;;,j € N;(z)}. Furthermore, it
can be easily shown that it lies in the polytope 51@ = co{0,y;5,j € Ni(x)} but not at
its vertices if the polytope is not a singleton. Thus,

e(0,yi; : j € N;(z)) = argmin <ma2xw — z||> .
5, ze

weC,

Then, by the maximum theorem [40], the function e(+) is continuous (but not locally
Lipschitz by some other arguments), and hence w; satisfies assumption A1”.

Next, e(-) € 5; implies e(-) € T(O,@;). Also, notice that Cj(z) = co{zs,z; : j €
N;(z)} is the translation of C~; to the point ;. Hence, e(-) € 7 (x;,C}(x)). In addition,
if Ci(x) is not a singleton and z; is its vertex, this means that C; is not a singleton
and 0 is its vertex. Then by the fact that e(-) lies in CN; but not at its vertices, it
follows that u; = e(-) # 0. Thus u; satisfies assumption A2”.

Finally, u; satisfies (4.2). This can be seen from geometry. We show the case
m = 2 for illustration. If u; = 0, then it trivially satisfies (4.2). If u; # 0, then the
picture is as in Figure 4.1. The solid circle C; is the smallest circle enclosing the
points 0 and y;;,j € N;(z). The dotted circle C is centered at the origin and goes
through the intersection points between C; and its diameter, which is perpendicular
to u;. We know that if there are some y;; in the closed shaded area, then one of them
achieves the maximal distance from the origin among all y;;,j € N;(z). On the other
hand, there is at least one j € N;(x) such that y;; is in the closed semicircle of Cf,
since otherwise it is not the smallest circle. Hence, ¥;; lies in the closed shaded area if
J € Z;(x). Moreover, the angle between u,; and such y;; is less than 7/2. This implies
that max;ez, ) (z; — ;) u; <0. 0

5. Proofs of the main results in section 3. Our proofs rely heavily on non-
smooth analysis involving the Dini derivative. They are partly inspired by a re-
sult of Narendra and Annaswamy [28], who show that with V(z,t) < 0 uniform



STATE AGREEMENT FOR COUPLED NONLINEAR SYSTEMS 299

Fic. 4.1. The smallest enclosing circle.

asymptotic stability can be proved if there exists a positive T' such that for all ¢,
V@t +T),t+T)—V(z@®),t) < —y(|z®)]) < 0, where « is a class K function.
The difference here is that we deal with stability with respect to a set—the set of
aggregate states where the subsystem states are all equal—rather than stability of
an equilibrium point; an additional complication is that the natural V-functions are
nondifferentiable.

Nagumo’s theorem concerning set invariance is stated first, for later reference.

THEOREM 5.1 (see [3]). Consider the system §j = F(y), with F : R — R, and let
Y C R be a closed conver set. Assume that, for each y° in Y, there exists e(y°) > 0
such that the system admits a unique solution y(t,y°) defined for all t € [0,¢(y)).
Then,

ey = (vte [0,er")) y(ty°) ey

if and only if F(y) € T (y,Y) for ally € Y.

Proof of Theorem 3.6. Let A be any compact convex set in S and consider any
initial state 2 € A™ and any initial time t,. For any piecewise constant switching
signal o(t), let z(¢,to,2°) be the solution of the switched interconnected system (3.2)
with z(to) = 2, and let [tg,to + €(to, 2°)) be its maximal interval of existence.

For any point = € A", it is obvious that C;(:r) C AforallieZyand p e P, by
convexity of A. Thus, by property (i) in Lemma 2.1,

f;(x) €ri (T(a:i,C;(x))) CT(x;, A) VieTIy, Vpe P,
and by property (ii) in the same lemma,
g(t,x) == foy(z) € T(x, A") Vt € R, Vo € A"

Set y = (t,x) and construct the augmented system

(5.1) =0 = 0 |-

Since g(t, ) admits a unique solution z(¢,t, z%) defined for all ¢ € [to, to + €(to, 2°)),
it follows that for all y° = (tg,2") € R x A", the augmented system (5.1) has a unique
solution y(t,4°) defined on [0, €(y°)). Moreover,

F(y) € T(t,R) x T(z, A") = T(y,R x A") ¥y € R x A",
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Since R x A™ is closed and convex, by Theorem 5.1 it follows that
(5.2) y° = (to,2%) ER x A" = (V7 € [0,¢(y?))) y(7) € R x A™

The solution y(7) to (5.1) with initial condition y° = (to, 2°) is related to the solution
x(t) to & = g(t, x) with initial condition z(tg) = 2" as follows:

(VL € [to,to + (to,2%))) (1,(2)) = (¢ — to).
We thus rewrite condition (5.2) as
to € R and 2° € A™ = (Vt € [to, to + €(to, 2°))) z(t) € A™.

Since the set A" is compact, it follows by Theorem 2.4 in [18] that, for all 2° €
A™ and all tg, €(tg,2°) = oo and the set A is positively invariant for the switched
interconnected system (3.2) by definition 3.5. d

Now we need some additional notation. First, a hypercube in R™:

Ar(z) = (y €R™ : |ly — 2]l <7}

Let ¢ > 0 be large enough that S. := § N A.(0) is not empty. Now consider any
= (21,...,Zn), ; € S.. Each z; lives in R™. Let C(z) denote the convex hull of
the points x1,...,2z,; C(z) is a polytope in R™.

To simplify notation, we focus on the first axis in R™. Along this axis, let a1 (z)
and by (z) denote the upper and lower ordinates of C(x), as in Figure 5.1. The set
{y € C(z) : y1 = a1(x)} is the first upper boundary of C(x). Finally, for small enough
r > 0, define

He(z) ={y € C(x) : 1 <ar(x) —1}.

The setup is summarized in Figure 5.1.

x=(x1,T2,...,%y)

Fic. 5.1. Illustration to define notation: C(z) is the conver hull of the points x1,...,Tn;
a1(z),bi(z) are its upper and lower ordinates; Hr(x) is the part of the convex hull below the line
with ordinate ai(x) — r.

Now we need two technical lemmas for which we assume that the hypotheses of
Theorem 3.8 hold. Due to space limitation, we have to omit the proofs and refer the
reader to [21].
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F1c. 5.2. Illustration for Lemma 5.2: Agent i is in He(x(t')) at time t1, and it cannot get into
the upper layer of width & in the near future.

The first lemma is illustrated in Figure 5.2.

LEMMA 5.2. For every sufficiently large ¢ > 0, there exists a class KL function
v :[0,2¢] x [0,00) — [0,00) such that y(A,0) =A and such that the following is true:
For every (t',x(t')) € R x 8, every € > 0 sufficiently small, and every T > 0, if
zi(t1) € He(z(t')) at t1 > ¢, then x;(t) € He(x(t')) for all t € [t1,t1 + T, where
6 =~(e,T).

The second lemma is illustrated in Figure 5.3.

F1G. 5.3. Illustration for Lemma 5.3: Agent ¢ has the neighbor j in Hs(z(t')) and will conse-
quently be pulled into He(z(t)).

LEMMA 5.3. For every sufficiently large ¢ > 0, there exists a class KC function
© :10,2¢c] — [0,00) such that p(A) <A for A# O and such that the following is true:
For every (t',z(t')) € R x S* and every 6 > 0 sufficiently small, if there exist a pair
(i,7) and a t1 >t such that j € N;(t) and z;(t) € Hs(x(t')) for all t € [t1,t1 + Tp],
then there exists a ta € [t',t1 + Tp| such that x;(t2) € He(x(t')), where e = p(6).

Proof of Theorem 3.8. (Necessity.) To prove the contrapositive form, assume that
Go (1) is not UQSC. That is, for every T' > 0 there exists t* > 0 such that G([t*,t*+1T7)
is not QSC; i.e., it does not have a center. Then, in G([t*,t* +T) there are two nodes
i* and j* such that for every node k either k /4 i* or k /4 j*. Let V; be the set of
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nodes [ such that [ — ¢* and let V, be the set of nodes [ such that [ — j*. Obviously,
V; and V, are disjoint. Moreover, for each node ¢ € V; (resp., V), the set of neighbors
of agent i in G([t*,t* + T]) is a subset of Vi (resp., V2). This implies that, for all
t € [t*,t* +T) and for all (i,5) € V1 X Va,

Ni(o(t)) €V and N(o(t)) C Va.

Choose any z1, z2 € S such that z; # 29. Let ty = ¢* and pick any initial condition
x(tp) such that

) o z1 ifi€V1,
MW—{@imew

Then, by assumption A2, for all ¢ € [to,to + T,

) N 21 ViEVl,
“@_{@ Vi € V.

Let ¢ = max; ||z;(to)|| and let € be a positive scalar smaller than ||z; — 23]|/2. We have
thus found £ > 0 and ¢ > 0 such that, for all T > 0, there exists tqg = t* such that

(Vi) (J|lzs (to)|l < e) A (zi(to) € S), but (V¢ € S)(Ft =to + T)(F) ||:(t) — || > e

Thus system (3.2) does not have the property of asymptotic state agreement on S.

(Sufficiency.) Assume G, is UQSC. By Theorem 3.7 the switched interconnected
system (3.2) has the property of state agreement on S, so it remains to show that
Ve >0, Ve > 0, 3T* > 0 such that Vtg >0

(5.3) (Vi) zi(to) € Se = (3¢ € 8)(Vt > to + T*)(Vi) () € A(C).

Let € > 0, ¢ > 0 be arbitrary. There exist a class KL function « and a class
KC function ¢ satisfying the properties in Lemmas 5.2 and 5.3, respectively. For any
given tg > 0 and 2° € ST, consider the solution z(t) of (3.2) with z(¢y) = 2° and the
nonnegative function Vj(z) := a;(x) — b;(x), j =1,...,m. Thus V;(z(¢)) equals the
width in the jth direction of the convex hull of the agents at time ¢t. By Theorem
3.6, for every t > t' > tg, z;(t) € C(z(t')) C S, for all i. It follows that V;(z(t)) is
nonincreasing along the trajectory x(t).

Since Gy(1) is UQSC, there is a 7" > 0 such that for each ¢ the union digraph
G([t,t +T']) is QSC. Let T =T’ + 27p, where 7p is the dwell time.

Claim. There exists a class K function i such that for every t' > tg

(5-4) Vi(z(t' + 1)) = Vi(a(t)) < —n (Vi(z(t)),

where T = 2nT.
Let us postpone the proof of this claim and see how the theorem follows from the
claim. From (5.4) we have

\%] (z(to + kT)) <Vi(z(to)) —n (Vi(z(to))) —---—n (Vl(w(to + (k- I)T))) .

Notice that 29 € 8*(0) implies V;(2°) < 2¢. In addition, considering the facts that n
is a class KC function and that V;(z(t)) is nonincreasing, one obtains
)

Vi(a(to + kT)) < 2¢ — kn(Vi(2(to + kT))).
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This means there is a T; = kT > 0 (k large enough) such that Vi (z(t)) < 2¢ for all
t > to+ T7. For each j = 2,...,m, by the same argument, there is a 77 > 0 such
that Vj(z(t)) < 2¢ for all t > to + T;. Let T* = max; T;. Thus V;(x(t)) < 2¢ for all
t>to+T* and all j = 1,...,m. This in turn implies that there exists a ( € S such
that x;(t) € A:(¢) for all ¢ and all t > tg + T*. This proves (5.3).

Now we prove the claim. Inequality (5.4) says that the width, along the first axis,
of the convex hull of the agents reduces measurably from time ¢’ to time ¢’ + 7. The
proof is intricate and involves applying Lemmas 5.2 and 5.3 alternately.

We begin by constructing a family of parameters, €1,01,€2,...,6n-1,0n-1,n-
First, €1 is taken to be half the width at time ¢: e; = Vi(z(¢'))/2. Then 6 is
produced by applying Lemma 5.2: §; = v(e1,T). Then 5 comes from Lemma 5.3,
€9 = ¢(61), and 62 comes from Lemma 5.2, 85 = v(sg,T). Continuing, we set

€3 = <)0(62)7

63 = 7(537 T)
En—1= 80(677,72)7
6n—1 = 7(577,—17 T)a

En = <p(<5n_1)

Define #(-) := 4(-,T). Then ¢,, can be written as

en =1 (Vi(z(t))),
where () := @ oyo---0poF(-/2). It is a class K function since 7 and ¢ both are.
Since 7 is class KL with the property v(A,0) =A and T > 0, it follows that 6y < .
In addition, ex41 < 6k because p(A) < A for A# 0. Thus,
0<en <bpo1 << b <er.

These parameters are used as in Figure 5.4.

Fic. 5.4. The parameters €1,01,€2,...,En—1,0n—1,En with respect to the convexr hull and the
first axis.
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Fic. 5.5. The time interval [t',t' + T).

Let V; and Vi be a partition of the node set V such that ¢ € V; if z;(¢') € H,,
and ¢ € Vf otherwise. Thus V; is the set of agents located in the lower half of the
convex hull in Figure 5.4 at time ¢'.

Next, we apply the two lemmas to construct a sequence of times at which certain
events are known to occur. In what follows, hopefully without causing confusion, we
use H, to denote H,(x(t')) for simplicity. As shown in Figure 5.5, let

=t +7p,
n=t+T+7p

Top =t + (2n — 1)T + 1p.

For each k = 1,...,2n, the digraph G([r, 7, + T']) is QSC, and therefore it has a
center, say ci. Now ¢, is either in V; or in V§; thus at least n elements in {cy, ..., ¢, }
lie in either V; or V;. Assume without loss of generality that they lie in V;; thus there
exist indices 1 < k; < -+ < kp, < 2n such that c;, € V1.

At time ¢/, by definition, H., has at least one agent (see Figure 5.4). Moreover,
by Lemma 5.2, for all ¢

(5.5) z;(t') € Hey = w4(t) € Hs, VEE [t ¥ + T).

Since G([Tk,, Tk, + T']) has a center cg, in Vi, there exists a pair (i,5) € Vi x Vy
such that j is a neighbor of ¢ in this digraph; otherwise there is no link from j
to ¢ for any i € Vf and j € Vi, which contradicts the fact that the digraph has
a center in V;. This further implies that there is a 7 € [rg,, 7k, + T”] such that
j € Ni(7). Since 7 € [1,, 7k, + T'] = [t' + (k1 — 1)T + 7p,t’ + k1T — 7p], it follows
that [t — 7p,7 + 7p] C [t' + (k1 — 1)T,t' + k1 T]. Since o(t) € Sgweu(7p), there is
an interval [T, 7 + 7p], which contains 7 and is a subinterval of [t',t' 4+ k1T, such
that j € N;(t) for all t € [7,7 + 7p]. In addition, since j € V; or, what is the same,
z;(t') € He,, from (5.5) we know that z;(t) € Hs, for all t € [t/,#' +T] (and of course
for allt € [T,7+7p]). Thus, by Lemma 5.3, there exists t; € [t',7+71p] C [/, t' + k1T
such that x;(t1) € He,.

So we have shown on the one hand that the agents not in H,, at ¢’ are in H,, at
t;. On the other hand, the agents in H,, at t' remain in Hs, at ¢; from (5.5), and
therefore remain in H,, at t1 because Hs, C H.,. Hence, at time ¢1, H,,(x(t’')) has
at least two agents.

Let V2 and V3 be a partition of the node set V such that i € Vs if z;(t1) € He,
and ¢ € V5 otherwise. Note that by (5.5)

keV, = zx(t') € He, (5=5>) xi(t1) € Hs, C Hey = k € Va,

so V1 C Va. In particular ¢,, the center node of G([7k,, Tk, + T7]), is in Va because
it is in V1. Then we can apply the same argument to conclude that there are a
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to € [t1,t' + koT] and an ¢ in V3 such that x;(t2) € H., and therefore, H., has at
least three agents at 5.

Repeating this argument n — 1 times leads to the result that there is a ¢,_1 €
[t',t' + k,_1T) C [t',t' + T] such that H., has n agents at t,,_1. Hence,

Vi(z(tn-1)) < Vi(a(t) — en = Vi(z(t')) = n(Va((t))),

and (5.4) follows. |

6. Conclusions. In this paper we first studied the state agreement problem for a
class of switched interconnected large-scale systems with a family of admissible vector
fields. The interconnection structure is time varying and independent of the state.
The key assumption about the vector fields, A2, generalizes Moreau’s assumption
in discrete time. Necessary and sufficient conditions, in terms of the interaction
graph, are obtained to assure that the system achieves asymptotic state agreement.
These results can be understood as connective stability, as in the framework of [36].
Achieving asymptotic state agreement of a large-scale interconnected system is robust
with respect to either the coupling structure or parameter values. In addition, our
results and analysis may be of independent interest in the field of switched systems.

Second, we studied the rendezvous problem in continuous time. The intercon-
nection structure is defined in terms of the distances between agents and hence is
state independent. We proved that the circumcenter control law is a solution to the
problem.

The notion of state agreement in this paper is that the states of the subsystems
are all equal and constant. This notion can potentially be generalized in the following
two directions. First, state agreement could mean equality of all the trajectories of the
subsystems. In other words, the trajectories of a collection of subsystems will follow,
after some transient, the same path in time. This would be of interest in formation
control of multiagent systems. Second, state agreement could mean equality of all
the states after suitable state transformations. An example is a biochemical reaction
network studied in [21].

In many state-agreement problems, the interaction graphs are bidirectional. For
such cases, it is reasonable to conjecture that interconnected systems enjoy several
special properties. For instance, results similar to those in Theorem 3.8 may be
obtained with weaker assumptions on the smoothness of the vector fields.

Finally, we conjecture in the spirit of [2] that our result could be generalized by
replacing C;, (x) in assumption A2 by a set-valued map satisfying suitable properties.
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Abstract. A multisource quickest detection problem is considered. Assume there are two
independent Poisson processes X! and X2 with disorder times 61 and 62, respectively; i.e., the
intensities of X! and X2 change at random unobservable times 61 and 62, respectively. 61 and 62 are
independent of each other and are exponentially distributed. Define 8 £ 61 A 2 = min{6y,602}. For
any stopping time 7 that is measurable with respect to the filtration generated by the observations,
define a penalty function of the form

R =P(r <6)+cE [(770)-"_],

where ¢ > 0 and (7 — 0)T is the positive part of 7 — 0. It is of interest to find a stopping time
7 that minimizes the above performance index. This performance criterion can be useful, e.g., in
the following scenario: There are two assembly lines that produce products A and B, respectively.
Assume that the malfunctioning (disorder) of the machines producing A and B are independent
events. Later, the products A and B are to be put together to obtain another product C. A product
manager who is worried about the quality of C' will want to detect the minimum of the disorder times
(as accurately as possible) in the assembly lines producing A and B. Another problem to which we
can apply our framework is the Internet surveillance problem: A router receives data from, say, n
channels. The channels are independent, and the disorder times of channels are 61,...,6,. The
router is said to be under attack at 8 = 61 A---A6,. The administrator of the router is interested in
detecting 6 as quickly as possible. Since both observations X! and X2 reveal information about the
disorder time 6, even this simple problem is more involved than solving the disorder problems for X!
and X2 separately. This problem is formulated in terms of a three-dimensional sufficient statistic, and
the corresponding optimal stopping problem is examined. The solution is characterized by iterating
a suitable functional operator.
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1. Introduction. Consider two independent Poisson processes X' = {X} : ¢t >
0} @ € {1,2} with the same arrival rate 5. At some random unobservable times 6;
and 6, with distributions

(1.1) PO; =0) =m;, PO >t)=(1—m)e Mfort>0,

the arrival rates of the Poisson processes X' and X2 change from f3 to a, respectively,
ie.,

t
(1.2) X; —/ hi(s)ds, t>0,i=1,2,
0

are martingales in which
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Here o and 8 are known positive constants. We seek a stopping rule 7 that detects
the instant = 61 A 05 of the first regime change as accurately as possible given the
past and the present observations of the processes X' and X2. More precisely, we
wish to choose a stopping time 7 of the history of the processes X' and X? that
minimizes the following penalty function:

(1.4) R, =P(r<0)+cE[(r—0)"].

The first term in (1.4) penalizes the frequency of false alarms, and the second term
penalizes the detection delay. The disorder time demarcates two regimes, and in each
of these regimes the decision maker uses distinctly different strategies. Therefore, it
is in the decision maker’s interest to detect the disorder time as accurately as possible
from its observations. Here, we are solving the case when a decision maker has two
identical and independent sources to process. In section 9 we discuss how our analysis
can be extended to nonidentical sources.

Quickest detection problems arise in a variety of applications such as seismology,
machine monitoring, finance, health, and surveillance, among others (see, e.g., [1],
[10], [7], [11], and [14]). Because Poisson processes are often used to model abrupt
changes, Poisson disorder problems have potential applications to, e.g., to the effec-
tive control and prevention of infectious diseases, the quickest detection of quality and
reliability problems in industrial processes, and the surveillance of Internet traffic to
protect network servers from the attacks of malicious users. This is because the num-
ber of patients infected, the number of defected items produced, and the number of
packets arriving at a network node are usually modeled by Poisson processes. In these
examples the disorder time corresponds to the time when an outbreak occurs, when
a machine in an assembly line breaks down, or when a router is under attack, respec-
tively. The multisource quickest detection problem considered here can be applied to
tackle these problems when there are multiple sources of information. For example,
in the monitoring of industrial processes the minimum of disorder times represents
the first time when one of many assembly lines in a plant breaks down during the
production of a certain type of item. Let us be more specific: Assume that there are
two assembly lines that produce products A and B, respectively. Assume also that
the malfunctioning (disorder) of the machines producing A and B are independent
events. Later, the products A and B are to be put together to obtain another prod-
uct C'. A product manager who is worried about the quality of C' will want to detect
the minimum of the disorder times (as accurately as possible) in the assembly lines
producing A and B. The performance function (1.4) is an appropriate choice because
the product manager will worry about the quality of the end product C, not of the
individual pieces seperately. Another problem to which we can apply our framework
is the Internet surveillance problem: A router receives data from, say, n channels.
The channels are independent and the disorder times of the channels are 64, ...,0,.
The router is said to be under attack at 6 = 6; A --- A 8,,. The administrator of the
router is interested in detecting 6 as quickly as possible.

The one-dimensional Poisson disorder problem, i.e., the problem of detecting 6, as
accurately as possible given the observations from the Poisson process X!, has recently
been solved (see [2] and [3] and the references therein). The two-dimensional disorder
problem we have introduced cannot be reduced to solving the corresponding one-
dimensional disorder problems since both X' and X? reveal some information about
0 whenever these processes jump. That is, if we take the minimum of the optimal
stopping times that solve the one-dimensional Poisson disorder problems, then we
obtain a stopping time that is a suboptimal solution to (1.4) (see Remark 4.1).
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We will show that the quickest detection problem of (1.4) can be reduced to
an optimal stopping problem for a three-dimensional piecewise-deterministic Markov
process. Continuous-time Markov optimal stopping problems are typically solved by
formulating them as free boundary problems associated with the infinitesimal gener-
ator of the Markov process. In this case, however the infinitesimal generator contains
differential delay operators. Solving free boundary problems involving differential
delay operators is a challenge even in the one-dimensional case, and the smooth fit
principle is expected to fail (see [2] and [3] and the references therein). Instead as in
[4] and [6] we work with an integral operator, iteration of which generates a monoton-
ically increasing sequence of functions converging exponentially to the value function
of the optimal stopping problem. That is, using the integral operator we reduce the
problem to a sequence of deterministic optimization problems. This approach pro-
vides a new numerical method for calculating and characterizing the value function
and the continuation region in addition to providing information about the shape and
the location of the optimal continuation region. Using the structure of the paths of
the piecewise-deterministic Markov process, we also provide a nontrivial bound on the
optimal stopping time which can be used to obtain approximate stopping strategies.

The remainder of this paper is organized as follows: In sections 2 and 3, we restate
the problem of interest under a suitable reference measure Py that is equivalent to P.
Working under the reference measure Py reduces the computations considerably, since
under this measure the observations X' and X2 are simple Poisson processes that are
independent of the disorder times. Here we show that the quickest detection problem
reduces to solving an optimal stopping problem for a three-dimensional statistic. In
section 4, we analyze the path behavior of this sufficient statistic. In section 5, we
provide a tight upper bound on the continuation region of the optimal stopping prob-
lem, which can be used to determine approximate detection rules besides helping us to
determine the location and the shape of the continuation region. Here, we also show
that the smallest optimal stopping time of the problem under consideration has finite
expectation. In section 6, we convert the optimal stopping problem into sequences of
deterministic optimal stopping problems using a suitably defined integral operator.
In section 7, we construct optimal stopping times from sequences of stopping (alarm)
times that sound before the processes X! and X? jump a certain number of times.
In section 8 we discuss the structure of the optimal stopping regions. And finally, we
discuss how to extend our approach to the case with more than two sources and to
the case when the jump sizes are random and the jump size distribution changes at
the time of disorder.

2. Problem description. Let us start with a probability space (2, F,Pp) that
hosts two independent Poisson processes X' and X2, both of which have rate g,
as well as two independent random variables 6; and 6y independent of the Poisson
processes with distributions

(2.1) IP’O(Gz = O) =m; and Po(el > t) = (1 — Wi)e_ki’t

for 0 <t < o0, i € {1,2}, and for some known constants m; € [0,1) and A > 0 for
i € {1,2}. We denote by F = {F; }o<t< the filtration generated by X! and X?, i.e.,
Fi=0(X!, X2 0<s<t), and denote by G = {G;}o<t<oo the initial enlargement of
F by 6; and 6, ie., G; = (01,02, X2, X2 :0 < s <t). The processes X' and X?
satisfy (1.2) under a new probability measure P, which is characterized by

dp

2.2 —
( ) dIED() G,

éZtéZtlZEa
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where

(2.3) Zi 2 exp (/Ot log (h(;_)> X’ — /Ot[hi(s) - mds)

for t > 0 and @ € {1,2} are exponential martingales (see, e.g., [5]). Under this new
probability measure P of (2.2), #; and 6, have the same distribution as they have
under the measure Py, i.e., their distribution is given by (1.1). This holds because 6,
and 0y are Go-measurable and dP/dPy|g, = 1, i.e., P and Py coincide on Gy. Under the
new probability measure P the processes X! and X2 have measurable intensities hy
and hs, respectively. That is to say that (1.2) holds. In other words, the probability
space (2, F,P) describes the model posited in (1.1) and (1.2). Now, our problem is
to find a quickest detection rule for the disorder times 6, A 02, which is adapted to
the history F generated by the observed processes X! and X? because the complete
information (concerning 6; and #3) embodied in G is not available. We will achieve
our goal by finding an F-stopping time that minimizes (1.4).
In terms of the exponential likelihood processes

o\
(2.4) L§ﬁ<ﬂ) exp(—(a — B)t), t>0,i¢c{1,2},

we can write
i

. L
(2.5) Zy = lo>0 + 1{ei§t}ﬁ~

Let us introduce the posterior probability process

Eo [Zil o<ty | 7]
Eo [Z|F]

(2.6) I, 2P (0 <t|F) =

where the second equality follows from the Bayes formula (see, e.g., [9]). Then it
follows from (2.5) and (2.6) that

(1 —m)e 27

2.7 1-1l; = ——F+——, h
(2.7) t o [Zt|ft} where
(2.8) 721—(1-m)(l—m).
Let us now introduce the odds-ratio process

11
2. P, = <t .
( 9) t 1 — Ht, 0 ST < oo
Then observe from (2.6) and (2.7) that
(2.10) Eo [Zil{o<ty|Fi] = (1 — m)e My,

t > 0. Now, we will write the penalty function of (1.4) in terms of the odds-ratio
process:

E[(r—0)"] =E [/ 1{r>t}1{o<t}dt] :/ Eo [1(r>nEo [Zel(o<sy|Fe]] dt
(2.11) 0 0

=(1- W)EQ/ e NP, dt.
0
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Since {7 < 0} € Gy we can write

(212) P(r <0) =Eg [Zolrepy] =Po(r <0) = (1—m) (1 — M\Eq UOT e—”tdtD ,

where the second equality follows since Zy = 1 almost surely under Fy. Using (2.11)
and (2.12) we can write the penalty function as

(2.13) R, (m1,m) =1 — 7+ c(1 —7)Eg [/OT e 2 (@t - A) dt] .

c

On the other hand the following lemma obtains a representation for the odds-ratio
process .
LEMMA 2.1. Let us denote

At

e L

Lo,<y—-|Fi | =
ooy 17

P(0; < t|F)
1-P(0; < t|F)

(2.14) i L Eo

1-— Uy
fort >0 and i€ {1,2}. Then we can write the odds-ratio process ® as
(2.15) Py = &) + & + ¢, D7, t>0.

Proof. From (2.10)

(2.16)
ert
o, = WEO [Zi1io<ey|F2
1 A
= ——< Py t)Eq |1 — P(0 tHEy |1 —|F}
a= 0(01 > t)Eq {elgt}Lél Fi | + P62 > 1)Eo {Hzgt}Lgift
1 2
+ Eo 1{91§t}LTt ]—'}1 Eo 1{92§t}LT~t ff] }
91 02

The second equality follows from (2.2), (2.5), and the independence of the sigma
algebras F}' and F?. Now the claim follows from (2.1), (2.8), and (2.14). ad

Using the fact that the likelihood ratio process L! is the unique solution of the
equation

(2.17) dLi = [(a/B) = 1Li_(dX' — adt), Lj=1

(see, e.g., [13]) and by means of the chain-rule, we obtain

(2.18) A% = (A + (A — a + B)d))dt + [(o/f) — 1]@idX], @i =

1-m
for ¢ > 0 and i € {1,2} (see [3]). If we let

(2.19) O 2D 407 B 2D t2>0,

then using a change of variable formula for jump processes gives

de; = X + 2a®)dt + ((a/F) — 1), d(X; + X7),

(2.20) A0} = [2A + a®,dt + (o)) — 1)[@1dX} + d2dX2),
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with & = mma/[(1 — m)(1 — m2)] and & = 71/(1 — m1) + 72/(1 — 72), where
a2 X\—a+ 3. Note that X; £ X! + X2, t > 0, is a Poisson process with rate 23
under Py.

It is clear from (2.18) and (2.20) that

(2.21) T2 (%, 01, 3!

is a piecewise-deterministic Markov process; therefore, the original change detection
problem with penalty function (1.4) has been reformulated as (2.13) and (2.18)—(2.21),
which is an optimal stopping problem for a two-dimensional Markov process driven
by a three-dimensional piecewise-deterministic Markov process.

We will denote by A the infinitesimal generator of Y. Its action on a smooth test
function f : IB%i — R is given by

(2.22)
[Af}(¢xv¢+u¢l) = D¢Xf(¢xa¢+7¢l)[)‘¢+ + 2a¢+] + D¢+f(¢><7¢+7¢1)[2)‘ + CL(]5+]

Dy f(6*, 6,6V + adl] + B [f (0‘ &%, 6" + (“ _ 1) o, °‘¢1) - f<¢x,¢+7¢1>]

B g B
S 1,1\ X i+ 41
Y Y R O O e
Let us denote
(2.23) B: £ {(z,y) €R? :y >2y/z} and
(2.24) BS 2 {(2,y,2) € RS 1y > 2V/ay = 2},

Now, for every (¢*,¢T, ¢') € B, let us denote by z(t, ), y(t, ¢™), and z(t, '),
t € R, the solutions of

ot 0%) = y(t, ¢7) + 2ax(t,¢)]dt,  2(0,¢™) = ¢*,

(2.25) Lyt 6%) = 27+ ay(t,09)dt, 9(0,6%) = 67,

2601 = A+ az(t 6Ddt, 2(0,0") = 6.

The solutions of (2.25), when a # 0, are explicitly given by

s A A 22
z(t, ™) = pe} + 2t [¢X — az} _|_e2at(1 . e_at)g (¢+ n a) ’
(2.26) y(t, o) = _% 1 eat <¢+ n 2a>\> 7
2(1,6") =~ 4 <¢>+ + A) .
a a

Otherwise, z(t,p*) = ¢* + Mo* + N2, y(t,¢T) = ¢T + 2X¢, and 2(t,¢') = ¢! +
At. Note that the solution (x,y, z) of the system of equations in (2.25) satisfies the
semigroup property, i.e., for every s,t € R,

x(t +s, ¢0) = $(S,£L‘(t, ¢0))7 y(t + s, (bl) = y(57 y(t7 (bl))?

(2-27) and Z(t+8,¢1) :z(s,z(t,(f)1))~
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Note from (2.18), (2.20), and (2.26) that

(2.28) DS =a(t —0,, D)), ,®F =yt —on, F ), ks :z(t—an,q)},n),
' op <t<opy1,n€eEN,
and
o 1 o
;n+1 = E ;nJrl,v (I)o,L+1 = B U7L+11{X(£n+l#X(1n+17}7 and
+ |t o 1
(2.29) ;= {‘P%H— + (6 - 1) ‘I’am_} Lixa  #x1 )

(0% + (0% 1
+ |:ﬁ (bo'"+1_ - <ﬁ - 1) (bo'n+1:| 1{X37L+1#X§n+1—}.

Here, for any function h, h(t—) £ lim; h(t). Note that an observer watching Y is
able to tell whenever the processes X! and X? jump (see (2.18) and (2.20)), i.e., the
filtration generated by Y is the same as F.

3. An optimal stopping problem. Let us denote the set of F-stopping times
by S. The value function of the quickest detection problem

(3.1) U(my, ) 2 1r61£ R, (71, m2)

can be written as

(32)  U(m,m)=(1—n) [1+CV<1_7T’ -7 '1-m

T T +7T2—27T17TQ 1 ):|
)

where V is the value function of the optimal stopping problem
(3.3) V(e*,6t 0" 2 BP0 [ | en e dt}
T 0

in which (¢%,¢",¢!) € D3 and h(z,y) 2 = +y — Ae. Here EE ¢ is the
expectation under Py given that & = ¢*, ®F = ¢*, and &} = ¢'.

It is clear from (3.3) that for both optimal stopping problems it is not optimal to
stop before (®;, ®;"), t > 0, leaves the advantageous region defined by

(3.4) Co 2 {(¢*,0%) €B? : ¢ + ¢ < A/c}.
Let us also denote
(3.5) CE£{(¢*,¢%,¢") €B} : 9" + 9T < A/c}.

Also note that the only reason not to stop at the time of the first exit from the
region Cy is the prospect of (&), ®;), ¢ > 0, returning to Cy at a future time.

Remark 3.1. Tt is reasonable to question our choice of statisitc, since it is clear
that (®},®?);>¢ contains all the information X has to offer. Our choice (Y;);>o0,
which is defined in (2.21), is motivated by the mere desire of having a concave value
function U and a convex optimal stopping region. The concavity is due to the linearity
of the function h (see Lemma 6.2 and its proof along with Lemma 6.1, (6.1), and
Theorem 6.1).
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If we had chosen to work with (®}, ®?);>¢, then the relevant optimal stopping
problem becomes

3.6 W(a,b) 2 inf E*" e M (DL, ®2) dt
S 0 t t
TE 0
in which
(3.7) hz,y) 2 e +y+ay, (z,y) €RI.

Since h(-, -) is nonlinear the concavity of the value function, i.e., W (-, -), is not concave.
In fact, W(x,y) = V(zy,x +y,x). The function V is concave, but W is not. So there
is a trade-off between concavity and the dimension of the statistic to be used.

In what follows, for the sake of the simplicity of notation, when the meaning is
clear, we will drop the superscripts of the expectation operators Eé¢x’¢+’¢1).

4. Sample paths of ¥ = (®*,®T). It is illustrative to look at the sample
paths of the sufficient statistic ¥ to understand the nature of the problem. Indeed, this
way, for a certain parameter range, we will be able to identify the optimal stopping
time without any further analysis.

From (2.26), we see that, if @ > 0, then the paths of the processes ®* and &+
increase between the jumps, and otherwise the paths of the processes ®* and &+
mean-revert to the levels 2A? /a? and —2)\/a, respectively. Also observe that ®* and
&7 increase (decrease) with a jump if o > 8 (8 > «). See (2.20).

Case 1 (o > 8, a > 0). The following theorem follows from the description of the
behavior of the paths above.

THEOREM 4.1. Ifa > 3 and a > 0, then the stopping rule

(4.1) 0 = inf{t > 0: &) + & > \/c}

is optimal for (3.3).

Proof. Under the hypothesis of the theorem and whenever a path of (®*,®™)
leaves Cy, it never returns. 0

In section 5, we will identify another case (another range of parameters) in which
the advantageous region Cy is the optimal continuation region and the stopping time
7o is optimal (see Cases 2Bla and 2B2a).

Remark 4.1. Let rk; £ inf{t > 0 : ® > A/c}. If @« > B and a > 0, then &;
is the optimal stopping time for the one-dimensional disorder problem with disorder
time 0; (see [3]). Let us define k = k1 A Kg. Since with this choice of parameters
DX + OF > \/c, it follows that 79 < x almost surely. Therefore, if we follow the rule
dictated by the stopping time «, then we pay an extra penalty for detection delay. This
example illustrates that solving the two one-dimensional quickest detection problems
separately in order to minimize the penalty function of (1.4) is suboptimal.

In what follows, we will consider the remaining cases: @ > § and a < 0; a < 3.

5. Construction of a bound on the continuation region. In this section the
purpose is to show that the continuation region of (3.3) is bounded. The construction
of upper bounds is carried out in the next two theorems. These upper bounds are
tight as the next theorem shows and might be used to construct useful approximations
to the two optimal stopping times solving the problems defined in (3.3). We will carry
out the analysis for a = A—a+ [ # 0. A similar analysis for this case can be similarly
performed. As a result of Theorem 5.3 we are also able to conclude that the (smallest)
optimal stopping time has a finite expectation.
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The first two theorems in this section assume that an optimal stopping time of
(3.3) exists and in particular the stopping time

(5.1) *(a,b,c) £ inf{t > 0: V(Y;) =0, To = (a,b,0)},
is optimal. In section 7, we will verify that this assumption holds. We will denote by
(5.2) I £ {(a,b,c) € B :v(a,b,c) =0}, C=£B3 -T

the optimal stopping region and optimal continuation region of (3.3), respectively.
THEOREM 5.1. In this theorem the standing assumption is that o > 8 and that
a <0 (Case2).
Case 2A. Let us further assume that \/a? — 2/a < 1/c and denote

(53) Dp2 {(x,y) €B%:z- (M) ty- (2(/\ 32)_(22;@) +k;>0}

in which

A 1 1 A\? 1 AN
5.4 AT 2 (22,
(54) 2a¢®> a 2c+2a2(x\—a) +2)\—a+ (a a2>

Let (¢o,¢1) € Do N (B3 — Cp). Then for any ¢2 < ¢1, (do, P1, ¢2) is in the stopping
region of (3.3).
Case 2B. Assume that \/a? — 2/a > 1/c (standing assumption in the rest of the
theorem). Consider the four different possible ranges of parameters.
Case2B1. If A\ +a <0
e and if —a/c—1 < 0 (Case 2Bla), then C in (3.5) is the optimal continuation
region for (3.3);
e clse if —a/c—1> 0 (Case 2B1b), then a superset of the continuation region
can be constructed as follows. Let us introduce the line segment

(5.5) CE{(z,y) €BL:z+y=2\/c}
and define

(5.6)
C1 £ {(z,y) €B2 12 =x(t,2%),y = y(t,0) for t € [0,¢"]}

U{(xy)ec z< = +)\)\a<1+ ) > - )‘a<1+ )}

Here, ¢* is the solution of y(—t*, —2- (1 + 2)) = 0, and 2* = z(—t*,2 +
)\Q—_Aa(l + 2)). The curve C; separates R into two connected regions. Let us
denote the region that lies above the curve C; by

Dy £ {(z,y) € B2 : there exists a positive number j(z) <y

(5.7) _
such that (x,g(z)) € C1}.

Th(en [)(Bi —Dy) x Ry]NBY is an upper bound on the continuation region

of (3.3).
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Case 2B2. If A\ +a >0
e and if —a/c—1 < 0 (Case 2B2a), then C in (3.5) is the optimal continuation
region for (3.3);
e clse if —a/c—1> 0, then [(B3 —D;) x Ry] N B3 is an upper bound on the
continuation region of (3.3).
Note that all the supersets of the continuation we constructed are bounded subsets
of RY.
Proof. Note that

almost surely if @7 = ¢ and ®f = ¢o. This is because ®* and ®F increase with
jumps.
From this observation we obtain the following inequality:

(59)  inf By [ / ’ emh@:,@z)ds] > inf By [ / " 2N (a(s, do), y(s, 6))ds
o 0

0 TE

(5.10) = inf /Oe_msh(x(s,q&o),y(s,¢1))ds.

te[0,00]

Note that if for a given (¢o, ¢1) the expression in (5.10) is equal to zero, then the
infimum on the left-hand side of (5.9) is attained by setting 7 = 0. In what follows we
will find a subset of the stopping region of the optimal stopping problem using this
argument.

Case 2A (M\/a®? —2/a < 1/c). In this case the mean reversion level of the path
(2 60),y(+61)), (B0,61) € B2, mamely, (A2/a%,—2)/a), is inside the region Co
which is defined in (3.4). In this case, for any (¢o,¢1) € B2 — Cy the minimizer
topt(Po, $1) of the expression in (5.10) is either 0 or co by the following argument:
For any (¢o, ¢1) € B3 — Co the path (z(-,$0),y(-, ¢1)) is in the advantageous region
Cy all the time except for possibly a finite duration. Therefore if

(5.11) /OOO e 2 h(x(s, ¢o), y(s, $1))ds < 0,

then in order to minimize (5.10) it is never optimal to stop. On the other hand if
(5.11) is positive, then it is not worth taking the journey into the advantageous region,
and it is optimal to stop immediately in order to minimize (5.10).

We shall find the pairs (¢o, ¢1) for which ¢,py = 0. Using (2.26) we can write

12 [T e ntats ool onds =on (~ 25 )+ (g )+

where k is given by (5.4). Note that if (¢o,¢1) € Do N (BF — Cy), then by (5.9) and
(5.10) we can see that the infimum in (5.10) is equal to 0. Therefore [((BF — D) U
Co) x Ry] N B3 is a superset of the optimal continuation region of (3.3).

Case 2B (A\/a® —2/a > 1/c). In this case the mean reversion level of ¢t —
(x(t, ¢0),y(t, ¢1)) is outside Cy. Therefore, the minimizer of (5.10) is topt(Po, 1) €
{0, tc(o, P1), 00}, where t.(do, ¢1) is the exit time of the path (z(t, ¢o), y(t, ¢1)) from
Cyp. The derivative

(613)  Sle(t60) +y(t 0] = F @)yt 61) + 2as(t, 61) + 22
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vanishes if (z(t, ¢o),y(¢t, $1)) meets the line segment
(5.14) L= {(z,y) € B2 : (\+a)y + 2az + 2\ = 0}.

Note that the mean reversion level belongs to L, i.e.,
A2 22

5.15 —,—— | € L.

(5.15) (%-2)

Case 2B1 (A +a < 0). (In addition to & > 3, a < 0 and A/a? —2/a > 1/c.) In
this case the line L is decreasing (as a function of z).

Case 2Bla (—a/c — 2 < 0). (In addition to a > 3, a < 0, \/a®? —2/a > 1/¢, and
A+ a < 0.) In this case the line segment C in (5.5) lies entirely below L. Assume
that a path (z(-,¢o),y(-,¢1)) originating at (¢o,¢1) € B2 — Cq enters Co at time
to > 0. This path must leave Cy at time f; < oo since the mean reversion level
(A2/a% —)\/a) ¢ Co. This implies that, for any ¢ € (to,t1), (¢, ¢o) + y(t, ¢1) < A/c
and x(tg, ¢o) +y(to, 1) = A/c. This yields a contradiction, because A+a < 0 together
with (5.13) implies that t — x(¢, ¢0) + y(t, ¢1) is increasing below the line segment
L. Therefore the minimizer ¢qp (o, $1) of (5.10) is equal to 0 if (¢g, 1) ¢ Co, and it
is equal to t.(¢o, ¢1) if (¢o, 1) € Co. From (5.9) we can conclude that C is equal to
the optimal continuation region of (3.3).

Case 2B1b (—a/c —1 > 0). In this case the line segments C' and L intersect at
I=@lyh)2(2+&E01+9),—2-(1+2)). By running the paths backward in
time, we can find z* such that

(5.16) (z*,0) = (x (—t*,xl) Y (—t*7y1)) .
By the semigroup property (2.27), we have
o(t*,x*) =z (t*, 2 (—t*,2")) =z (¢t + (—t),2")

:x(O,xI) =z

(5.17)

Similarly, y(t*,0) = y!. The function t — z(¢,*) +y(t,0) is decreasing on (0,#*) and
increasing on (t*,00). It follows that the path t — (z(¢, z*),y(t,0)) is tangential to C
at I and lies above the region Cy.

We will now show that if a path (z(, ¢0),y(:, 1)) originates in Dy, then it stays
in D;. Let us first consider a pair (¢g, ¢1) € Dy such that ¢; < —2\/a. Consider the
curve

(5.18) P2 {(z,y) €BY 1z =ux(t,z*),y =y(t,0) for t € [0,00)}.

The following remark will be useful in completing the proof.
Remark 5.1. The semigroup property in (2.27) implies that two distinct curves
(x( 6§) ,y(,61)) and (z(-, #§), (-, ¢})) do not intersect. If

(5.19) (x(t*,65), y(t*, 61)) = (2(t", ¢5),y(t", 1)) = (b0, ¥1)
for some t¢,t* € R, then (2.27) implies that
(@(t, 05), y(t, ¢1)) = (@t + (t = 1%),65), y(t* + (¢ = t9), ¢7))
= (x(t =% ¢o), y(t — %, é1))
= (@(t" + (= 1%),00), y(t" + (¢ — 1), 61))
= (x(t® =t +t,85),y(t* —t* +t,4%)) forall teR,

(5.20)

i.e., the two curves are identical after a reparametrization.
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If the point (¢g, ¢1) lies above P and we recall that P lies above Cgp, then by
Remark 5.1 the path (z(-, ¢0),y(+, #1)) will lie above Cy. If the point (dg, P1) lies
between P and Cgy, then the path (x(-, ¢g),y(-, ¢1)) will lie below the line segment
L. This observation together with the fact that A + a < 0 implies (using (5.13)) that
the function t — x(t, ¢g) + y(t, ¢1) is increasing. Therefore the path (z(-, ¢0), y(+, ¢1))
cannot intersect Cy.

Now let us consider a pair (¢, ¢1) € Dy such that ¢ > —2X/a. If (¢, 1) lies
above L, then the function ¢ — x(t, ¢9) + y(t, ¢1) is decreasing and its range is [¢o +
@1,2M/a(A/a—1)), which is always above /¢, and therefore the path (x(-, ¢o), y(-, ¢1))
does not enter Cy. If the point (¢o, ¢1) lies below L, then ¢t — x(t, ¢g) + y(t, ¢1) is
increasing. This monotonicity implies that the path (z(-, ¢o), y(+, ¢1)) cannot visit Cy.
If ¢1 = —2)/a, then y(t,¢1) = —2X/a for all t > 0. x(t,¢g) increases or decreases
depending on whether (¢, —2A/a) is below or above L. Therefore if (¢g, —2X\/a) ¢
Co, then (z(-,¢0),y(:, ¢1)) never visits Cy. These arguments show that if a path
(z(-,¢0),y(-,¢1)) originates in Dy, then it stays in D;. Therefore if (¢, d1) € Dy,
then the infimum in (5.10) is equal to 0 (by (5.9) and (5.10)). Therefore [(B% —D;) x
R;] N B3 is a superset of the optimal continuation region of (3.3).

Case 2B2 (A4 a > 0). In this case L is increasing (as a function of x). The
function t — x(t, ¢o)+y(t, ¢1) is increasing if (¢o, ¢1) lies above L, and it is decreasing
otherwise.

Case 2B2a (—a/c—1 < 0). In this case the line segments L and C do not intersect.
Let us first consider a pair (¢g,$1) € B2 such that ¢1 < —2X\/a. If (¢o,¢1) ¢ Co
lies above the line segment L, then t — x(¢, ¢o) + y(t, 1) is increasing and the path
(z(-, ¢0),y(+, 1)) cannot enter Cy. Consider the curve

(5.21) P2 {(w,y) €EB} :iz=x (t,—z) yy=y(t,0) for t € [0,oo>},

which starts at the intersection of L with the z-axis. The semigroup property Re-
mark 5.1 implies that no path starting to the right of P intersects P and therefore lies
to the right of the region Cy. Therefore, if (¢, ¢1) is below the line segment L, then
the path (z(-, ¢o),y(:, ¢1)) never visits the advantageous region Cy. (Note that if the
path (z(-, ¢0), y(-, ¢1)) meets the line L at time t1,(Pg, ¢1), then t — (x(¢, po)+y(t, ¢1))
is decreasing (increasing) on [0,¢1] ([tL,o0)).

Now let us consider a point (¢, ¢1) € B3 — Cq such that ¢ > —2)\/a. Then t —
(x(t, o) +y(t, 1)) is increasing on [0, ¢, (¢, ¢1)] and is decreasing on (tr,(¢o, ¢1), 00)
(it decreases to —2X/a+A?/a? > \/c). And the monotonicity of t — z(t, ¢o) +y(t, ¢1)
on [0,tr (¢, ¢1)] implies that x(¢, ¢o) + y(t,¢1) > A/c for t € [0,t1 (o, P1)]. If @1 =
—2M\/a, then y(t,¢1) = —2X/a for all t > 0. z(t, ¢g) increases (decreases) depending
on whether (¢g, —2X/a) is above or below L. These arguments show that if a path
(z(-,¢0),y(-, ¢1)) originates in B3 — Co, then it stays in BZ — Co. Therefore the
minimizer topt(do, ¢1) of (5.10) for any ¢g, ¢1 € BL — Cp is equal to zero. Now using
(5.9) and (5.10) the optimal continuation region of (3.3) is equal to C.

Case 2B2b (—a/c —1 > 0). In this case the line segments C' and L intersect at
I = (z',y"). Arguments similar to those of Case 2B1b show that [(BZ —D;) xR4]NB3,
in which Dy is defined in (5.7), is a superset of the optimal continuation region of

(33). O
THEOREM 5.2. Let us assume that o < 3 (Case 3, a < 3) and define
A+ 2
(5.22) Dgé{(x,y)elﬂiizx—i—yz cﬁ}'



320 ERHAN BAYRAKTAR AND H. VINCENT POOR

Then [(B2 —Dy) x Ry NBY, which is a bounded region in R, is an upper bound on
the continuation region of (3.3).

Proof. Note that in this case a > 0. The paths of the processes ®* and &+
increase between the jumps and decrease with a jump. If 7 € S, then there is a
constant t > 0 such that 7 A 01 =t A 01 almost surely. Hence we can write

(5.23)
T A T
E, [/ e—Ash(\IJS)ds] =T, / e—ASh(\I/S)ds:| + Eg l:l{,,_zm}/ e_ksh(\lls)ds]
L/ O o

0 1
r prtho1
=Eg / e—Ash(\I/S)dS + Eq l:l{t>gl}/
LJ O o

r pthor 1
> Ko / e/\sh(\IJS)ds} — EEO I:]‘{tZo'l}ei)\Ul}
0
)

using also the fact that o1 has exponential distribution with rate 23. From (5.23) it
follows that if (s, ¢o) + y(s, #1) — (A +28)/c > 0, then Eq [ [, e **h(¥)ds] > 0 for
every stopping time 7 # 0, 7 € §. Since the paths z(t, ¢g) and y(¢, ¢1) are increasing,
we can conclude that stopping immediately is optimal for (3.3). That is, 7 = 0 is
optimal for (3.3) if (¢, #1) € D and ¢ < ¢y, in which Dy is as in (5.22). O

Theorems 5.1 and 5.2 can be used to determine approximate detection rules be-
sides helping us to determine the location and the shape of the continuation region.
As we have seen in Cases 2Bla and 2B2a, these approximate rules turn out to be
tight. The next theorem is essential in proving the fact that the smallest optimal
stopping time of (3.3) has a finite expectation.

THEOREM 5.3. Let 7p be the exit time of the process T from a bounded region
D C B3. Then ng’¢+’¢l [Tp] < oo for every (¢*,¢T,¢') € BS. Hence 7* defined in
(5.1) has a finite expectation.

Proof. Let f(¢*,¢%,¢') £ ¢* + ¢*. Then it follows from (2.22) that

(5.24)
[AfI(¢™, 6%, 9") = AT + 2a0™ + 2X + ag™

+ﬂ[“¢++¢X+ (O‘—l)<z>1—¢X—¢+]

B B
Xt Xx_ (8 14X _pt| = X +
+ﬂ{ﬁ¢ +ﬁ¢ <ﬂ 1>¢ ¢ ¢>} 2M@" + 9T +1) = 2A

for every (¢*,¢",¢') € BY. Since f is bounded on D and 7p At is a bounded
F-stopping time, we have

TpAt
(525) Eq [f(TTDAt)] = f(T(]) + Eq [/(J [Af](TS)d8:| > 2>\E0[TD AN t].
On the other hand

Eo [f(Trpar)] < %s

in which £ = min{a € Ry : for any (z,y, 2) € D, max(z,y,2) < a} < oo. An applica-
tion of the monotone convergence theorem implies that Eg[Tp] < oo. |
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The results of this section can be used to determine approximate detection rules
besides helping us to determine the location and the shape of the continuation region.
As we have seen in Cases 2Bla and 2B2a, these approximate rules turn out to be
tight.

6. Optimal stopping with time horizon o,. In this section, we will first
approximate the optimal stopping problem (3.3) by a sequence of optimal stopping
problems. Let us denote

TNAOp
(6.1) Vi(a,b,c) £ inf Egbe U e M (), 0,) dt
TE 0

for all (a,b,c) € B} and n € N. Here, oy, is the nth jump time of the process X.
Observe that (Vi,)nen is a decreasing sequence and that each of its members
satisfles —1/¢ < V,, < 0. Therefore the pointwise limit lim,, V,, exists. It can be
shown that more is true using the fact that the function h is bounded from below and
o, is a sum of independent exponential random variables.
LEMMA 6.1. For any (a,b,c) € B},

1/ 2 "
62 o< atwbe) Vit < L (5225

Proof. For any 7 € S,

T TNAOn
o[ [ en @z oy a] —mo[ [ o0 af
(6.3) 0 :

+ Eo l:l{.,.>an}/ e—)\th(@2<7q)2‘)dt:| .

n

The first term on the right-hand side of (6.3) is greater than V,,. Since h(-,-) > —A/c
we can show that the second term is greater than

! 1 1/ 238 \"
(6.4) _%Egoﬂbl [1{T>Gn}/ e_)‘sds} > _EEgo,qﬁl [6_)‘0"} > _Z ( B ) .

To show the last inequality we have used the fact that o, is a sum of n independent
and identically distributed exponential random variables with rate 23. Now, the proof
of the lemma follows immediately. a

As in [4] and [6], to calculate the value functions V,, iteratively we introduce
the functional operators J, J;. These operators are defined through their actions on
bounded functions g : Bi — R as follows:

(6.5)

tAo1
[Jg](t,a,ac)éEg’b’CU e Mh(QF, 05 )ds + 150 e g(@F,, ®F , @L )|, and
0

o1 o1’

[Jigl(a,b,c) = inf [Jg|(s,a,b,c), t€[0,0q].

SE[t,00]
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Observe that

(6.6)
Eo [Litsorye 2 g(@), 0L, @1 )]

o1? o1?

o (6% + « 1 (0% 1
- ]EO l:(g (B(I);(1—’(I)Ul— + </8 - 1) (I)Ul—’ 5(1)01—) I{X%#Xilf}
«a &+ @ 1 1 —Xo1
+g <ﬂ¢:1’ ECDOH* - (ﬂ - 1) (I)U1’q)01) 1{X§175X31})1{t>01}e :|

I « o «
_1 —(epys, (@ o @
5 /0 23e g (5 z(s,a),y(s,b) + < 1) z(s, ¢), 5 z(s,c)) ds

B
. % /Ot 2/86_()\+23)sg <g "E(S, CL) « y(87 b) - (Oé — 1) Z(S, C)v Z(S, C)) dS

B B
To derive (6.6) we used the fact that oy has exponential distribution with rate 20;
the dynamics in (2.20); and the fact that conditioned on the event in which there is
a jump, it has 1/2 probability of coming from X*.

Using (6.6) and Fubini’s theorem we can write

(6.7) [Jg)(t.a,b,c) = / OB 1 B g o (Fy + Fo))(x(s, a), y(s, b), 2(5, ¢) )ds,

where

(6.8) Fi(a,b,c) = (g a, (;)“H (—1) <; - 1) c, (g)w c> i {12}

Using (2.26) it can be shown that
(6.9) tlim [Jg](t,a,b,c) = [Jg](c0,a,b,c) < 0.

LEMMA 6.2. For every bounded function f, the mapping Jo f is bounded. If f is a
concave function, then Jyf is also a concave function. If fi < fa, then Jof1 < Jofa.

Proof. The third assertion of the lemma directly follows from the representation
(6.7). The first assertion holds since h is bounded from below and Jyf(a,b,) <
Jf(0,a,b,¢) = 0. The second assertion follows from the linearity of the functions
x(t, ), y(t,-), h(--), F1(,-,-), and Fa(-,-,-). 0

Using Lemma 6.2 we can prove the following corollary.

COROLLARY 6.1. Let us define the sequences of function (vn)nen by

(6.10) v 20, v, = Jovn_ 1.

Then every n € N, v, is bounded and concave, and vy1 < v,. Therefore, the limit
v = lim, v, exists and is bounded and concave. Moreover, v, for alln € N and v are
increasing in each of their arguments.

Proof. The proof of the first part directly follows from Lemma 6.2. That v, for
all n € N and v are increasing in each of their arguments follows from the fact that
these functions are bounded from above and below and that they are concave. 0

We will need the following lemma to give a characterization of the stopping times
of the filtration F (see [5]).

LEMMA 6.3. For every 7 € S, there are F,, -measurable random variables &, :
Q — oo such that 7 A o1 = (00 + &n) A ong1 Py almost surely on {1 > o, }.
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The main theorem of this section can be proven by induction using Lemma 6.3
and the strong Markov property.

THEOREM 6.1. For every n € N, v, defined in Corollary 6.1 is equal to V,,. For
€ >0, let us denote

(6.11) 7€ (a,b,c) = inf{t € (0,00] : [Jv,](t, (a,b,¢)) < [Jova](a,b,c) + e}

And let us define a sequence of stopping times by S = r§(YTo) A o1 and

. a [ (T0) if o1 = ri/*(Yo),
(612) n+l1 — e/2 .
o1+ Sy 00, otherwise.

Here 05 is the shift operator on Q, i.e., Xy 00, = Xoiy. Then SE is an e-optimal
stopping time of (6.1), i.e.,

=

Sn
(6.13) ES"* l/ e Mh(U,)dt

0

< wp(a,b,c) +¢

in which W, = (®),®;), t > 0.

Proof. See the appendix. ]

Theorem 6.1 shows that the value function V,, of the optimal stopping problem
defined in (6.1) and the function v,, introduced in Corollary 6.1 by an iterative ap-
plication of the operator Jy are equal. This implies that the value function of the
optimal stopping problem of (6.1) can be found by solving a sequence of deterministic
minimization problems.

7. Optimal stopping time.

THEOREM 7.1. 7* defined in (5.1) is the smallest optimal stopping time for (3.3).

This theorem shows that I' defined in (5.2) is indeed an optimal stopping region.
We will divide the proof of this theorem into several lemmas.

The following dynamic programming principle can be proven by the special repre-
sentation of the stopping times of a jump process (Lemma 6.3) and the strong Markov
property.

LEMMA 7.1. For any bounded function g : Bi — R we have

(71) [th}(av bv C) = [Jg](t, a, b’ C) + 67(A+25)t[<]09](9:(t’ a)7 y(t’ b)7 Z(tv C))
Let us denote
(7.2) ra(a,b,c) £ 1y (a,b, ),

which is well defined because of (6.9) and the continuity of the function
t — [Jf](t,a,b,c), t > 0. (See (6.11) for the definition of r2.) Let us also denote

(7.3) r(a,b,c) = inf{t > 0: [JV](t,a,b,c) = JoV(a,b,c)}.

COROLLARY 7.1. The functions r, and r defined by (7.2) and (7.3), respectively,
satisfy

Tn(a,b, C) = {t >0: Un+1(1'(t,a)7’y(t,b),2(t, C)) = 0}7

(7.4) r(a,b,c) ={t > 0:v(x(t,a),y(t,b),2(t,c))
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with the convention that inf ) = 0. Together with (7.4), Corollary 6.1 implies that
rn(a,b,¢) T r(a,b,c) asn T oo.
Proof. Suppose that r,(a,b,c¢) < co. Then from (6.11) it follows that

[J’U’ﬂ](rn(a7 b, 0)7 a,b, C) = [Jovn}(av b, C) = [Jrn(a,b,c)vn](av b, C)
(75) = oal(ra(a.b.c),a.b.c)
+ 6_(>\+2ﬁ)rn(a’b’c)vn+1 (x(Tn (aa b, C), a’)a y(rn(aa b, C)v b)> Z(T’ﬂ(av b, C)? C))

Here the second equality follows from the definition of the operator J; in (6.5), and
the third equation follows from Lemma 7.1 and the fact that Jyv, = v,41. From
(7.5) it follows that v,y1(x(rn(a,b, c),a), y(rn(a,b,c),b), z(ry(a,b,c),c)) = 0. For
t € (0,7,(a,b,c)) we have [Jv,|(t,a,b,c) > [Jovp](a,b,¢) = [Ty, (ab,e)0n](a,b,c) =
Jivn(a, b, ¢), since the function s — [Jsv,](a, b, ¢) is nondecreasing. Using Lemma 7.1
we can write

(7.6)
[Jovn](a, b, ¢) = [Jrva](a, b, ¢) = [Jva](t, a,b,c) + e~ M2, 1 (2(t, a), y(L,b), 2(L, ¢)),

which implies that v, 11(2(t,a),y(¢,b), 2(t,c)) < 0 for all t < r,(a,b,c).

Now, suppose that r,(a,b,c) = oco. Then v,41(z(t,a),y(t,b),2(t,c)) < 0 for
every t € (0,00) which can be shown using the same arguments as above. Therefore
{t >0:vpy1(x(t,a),y(t,b),2(t,c)) =0} =0, and (7.4) holds.

The proof for the representation of r can be proven using the same line of argument
and the fact that JoV = V. The fact that JyV = V can be proven by the dominated
convergence theorem, since the sequences (v, (a, b, ¢)),>0 and ([Jv,](t, a,b, ¢))n>0 are
decreasing and since v, is a bounded function for all n € N. 0

In the next lemma we construct optimal stopping times for the family of problems
introduced in (6.1).

LEMMA 7.2. Let us denote S, = S°, where S is defined in Theorem 6.1 for
€ > 0. Then the sequence (Sp)nen 48 an almost surely increasing sequence. Moreover
Sy < 7 almost surely for all n.

Proof. Since r1 > 0, using Corollary 7.1 we can write

r—To if o9 >7
(77) Sy — 51 = 0'1—7‘0-1—510901 if <oy <ryp>0.
S106,, if o1 <y

Now, let us assume that S, — S,,—1 > 0 almost surely. From Lemma 7.1 we have that
7p > Tp—1. Using this fact and the induction hypothesis we can write

T — Tp_1 if o1 >r,
(78) Sn+1 — Sn = 01 —Tp—1+Sy,0 90-1 frpi<op<r,p> 0,
(Sn - Sn—l) o 001 if o9 <rp_q

which proves the first assertion of the lemma.

From Corollary 7.1 and the definition of 7* it follows that 7* A o1 = r A 01.
Therefore 7% Aoy > rg Aoy = S7 since rg < r. Now, we will assume that S,, < 7* and
show that S,+1 < 7*. On {01 < r,} we have that

(7.9) Sp+1 =01+ Sp 00, <o1+7"00,,.
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Since 7™* Aoy =r Aoy and r > ry,, if oy <r,, then 7% A 01 = 1. Because 7* is a
hitting time, on the set {01 < r,} C {01 < 7*} the following holds:

Snt1 < o1 4+7700, =T1".

On the other hand if o1 > ry,, then 7* A 0y = r Aoy > r,. Therefore on {07 > r,},
Sn+1 = Tn < 7. This concludes the proof of the second assertion. O

LEMMA 7.3. Let us denote W, = (®),®/), t > 0. If S* £ lim,, S,,, then S* = 7*
almost surely. Moreover, T* is an optimal stopping time, t.e.,

*

V(a,b,c):Eg’b’c/ e M h(U,)ds
0

Proof. The limit S* £ lim,, S,, exists since (S, )nen is increasing and S,, < 7 < oo
(as a corollary of Theorem 5.3) for all n. Let us show that S* is optimal.

< liminf Eq

n

STL
/ e Mh(W,)dt
0

=lim V,(a,b,¢) = V(a,b,c).

S?’l,
Eo llim/ e Mh(W,)dt
n o Jo

(7.10)

The first inequality follows from Fatou’s lemma, which we can apply since

S T V2
/ e~ " h(Ty)dt > / e~ h(Ty)dt > - almost surely.
0 0

The first equality in (7.10) follows from Theorem 6.1. Now it can be seen from (7.10)
that S* is an optimal stopping time. Taking the limit of (6.12) as n — oo and using
Corollary 7.1, we conclude that 7% = S*. O

Proof of Theorem 7.1. The proof of the optimality of 7* follows directly from
Lemma 7.3. We will show that 7* is the smallest optimal stopping time.

Given any F-stopping time 7 < 7%, let us define

(7.11) FETHT 00,
Then the stopping time 7 satisfies
(7.12)

Eg" V e M h(W,)ds| = E§™ / e”\sh(\lls)ds+/ e M h(,)ds
0

0 T

a,b,c
= ]EO

a,b,c
< Ey

|

= E2be / e’\sh(\I/S)ds—ke”V(TT)]
0
|

Here the third equality follows from the strong Markov property of the process T,
and the inequality follows since V(Y,) < 0. Equation (7.12) shows that any optimal
stopping time 7 < 7* cannot be optimal. O
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8. Structure of the continuation and stopping regions. Let us recall (5.2)
and denote

(8.1) Iy £ {(a,b,c) €B :v,(a,b,c) =0}, C, 2B} —T,.

We have shown in Theorem 7.1 that the T of (5.2) is the optimal stopping region
for (3.3) and the first hitting time 7* of T to this set is optimal. On the other hand
although I',, is an optimal stopping region for (6.1), the description of the optimal
stopping times SU (see (6.12)) is more involved. These optimal stopping times are
not hitting times of the sets I',,. SO prescribes to stop if T hits T',, before it jumps.
Otherwise if there is a jump before Y reaches I',,, then SO prescribes to stop when
the process hits I',,_1 before the next jump, and so on.

Theorem 6.1 shows that V,, of (6.1) and the functions v,, introduced in Corollary
6.1 are equal. Therefore, their respective limits V' and v are also equal. Recall that
V™ converges to V uniformly and the convergence rate is exponential (see Lemma
6.1). Since (v, )nen is a decreasing sequence with limit v, the stopping regions in (8.1)
are nested and satisfy ' C --- CcI', CI',-y C---T'y and I' = N5 T,

By Corollary 6.1 we know that each v,, is concave and bounded, which also implies
that the limit v is concave and bounded. This in turn implies that the stopping regions
I', and T' are convex and closed. Since we show in section 5 that the continuation
region is bounded, it can readily be shown that the stopping regions I';, and I" are the
epigraphs of some mappings 7, and v which are convex and strictly decreasing and
the numbers z,, = inf{y € Ry : v, (y) = 0} and = £ inf{y € R, : y(z) = 0} are finite.

9. Extensions.

9.1. Nonidentical sources. Consider two independent Poisson processes X!
and X? with arrival rates 4, and (s, respectively. At some random unobservable
times 0, and 65, with distributions

(9.1) P0; =0) =m;, PO; >t)=(1—m)e Nt fort >0,
the arrival rates of the Poisson processes X! and X? change from §; to oy, respectively,
ie.,

t
(9.2) X} —/ hi(s)ds, t>0,i=1,2,
0

are martingales, in which
(93) hl(t) = [ﬁ21{9<97} + Cki].{szgi}], t> 0, = 172

Here ay, ag, @1, and (> are known positive constants. Then the dynamics of ®*
defined in (2.19) becomes

(9.4)
APy = M@ + M P} + (a1 + a2)®f dt + @ [((ar/B1) — 1)dX} + ((az/fa2) — 1)dX 7]

in which a; = A\; — a; + 34, ¢ € {1,2}. Let us introduce
(9.5)
t
(t, go) = e T®2)ig, +/ el a2 (\oy(u, ¢1) + A1 2(u, ¢2))du  in which
0

A A A A
y(t, é1) = == + et <¢1 + ) L atge) = —22 et (m + 2) '
ai a az a2
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Then &, ®}, and ®7, t > 0, can be written as

D) =t —0n, F ), O =y(t — 0,0, P ), 7 = z(t — 0y, P}, ),

(9.6)
op <t<opt1,mEN,

and
(9.7)

X _ (& @2 X
(I)U”L+1 - (&1{X;7L+1¢X3n+1} + [321{X37L+1#X3n+1}) CI)""H*’
1 _ Q1 1 2 _ Q2 1
(I)Un+1 - El{ ¢X37l+17} (I)U(n+1)_7 (I)Un+1 - El{xﬁ7l+1¢x<3,,b+1,} (I)U(n+1)—'
Choosing T = (@tX?@%, @f), t > 0, as the Markovian statistic to work with, we can
extend our analysis to deal with nonidentical sources.

1
Tn+1

9.2. When there are more than two sources. We have solved a two-source
quickest detection problem in which the aim is to detect the minimum of two dis-
order times. Our approach can easily be generalized to problems including several
dimensions. To clarify how this generalization works, let us show what the sufficient
statistics are when there are three independent sources. Assume that the observations
come from the independent sources X', X2, and X3. Let ®; be the odds ratio defined
in (2.9). Then

(9.8) Oy =B + P2 4 P 4 D} D2 + D] + DID} + B DID}

in which ®, i € {1,2,3}, is defined as in (2.14). Let us denote ®{"/ 2 &igp],
i,j € {1,2,3}, and @EI) £ ¢}®?®3, t > 0. The dynamics of these processes can be
written as

() = [A(@! + ) +2(A — a + B)0 )t + (g - 1) BEDa(xi 1+ X7),
(9.9)  dof” = P\ (<I>§1’2) + o+ <I>§2’3)) +3A—a+ ﬂ)@ﬁ“‘)] dt
@ (2) 50 y1 2 3
+ (ﬁ - 1) o, d(Xy + X+ X7).

We can see from (2.13) and (9.9) that T £ (<I>1,<I>2,<I>3,<I>§1’2),f1>§1’3), <I>§2’3),<I>(m))
is a seven-dimensional Markovian statistic whose natural filtration is equal to the
filtration generated by X', X2, and X3. From this one can see that the results of
sections 6 and 7 can be extended to the three-dimensional case since these results
rely only on the fact that the sufficient statistic T is a strong Markov process. The
boundedness of the continuation region can also be shown as in section 5 since these
results can be derived from the sample path properties of the sufficient statistic.

As a result, our results are applicable for decision making with large-scale dis-
tributed networks of information sources. In the future, using the techniques devel-
oped here, we would like to solve a multisource detection problem where the obser-
vations come from correlated sources. We also would like to extend our results and
develop change detection algorithms that can be applied effectively to multiple source
data that involves both continuous and discrete event phenomena.
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9.3. When the jump sizes of the observations are random. Consider two
independent compound Poisson processes X* = {X} : t > 0}, i € {1,2}, where

(9.10) Xi=Xi+> V)

in which N?, i € {1,2}, are two independent Poisson processes whose common rate
8 > 0 changes to a at some random unobservable times 0;, ¢ € {1,2}, respectively.
The random variables Y]l € R4, i € {1,2}, which are also termed as “marks,” are
independent and identically distributed with a common distribution, v, which is called
as the “mark distribution.” At the change time 6; the mark distribution of the process
X*? changes from v to u. We will assume that u is absolutely continuous with respect
to v and denote the Radon-Nikodym derivative by r(y) = Z—‘;(y), y € RZ. In this case
L! in (2.4) becomes

Ny

(9.11) Li= et ] (g T(Y,g?)> .

k=1

The likelihood ratio process L? is the unique solution of the stochastic differential
equation (see, e.g., [8])

(9.12) dLi = L; (—(a — B)dt +/ (0‘ ry) — 1) p(dtdy)) , Li=1,
yeRE ﬂ
where p is a random measure that is defined as

(9.13) ((0,4] x A) Zl{g < lpvieay, >0,

and for any A that is a Borel measurable subset of R¢. Here o is the kth jump time
of the process X*. Now using the change of variable formula for semimartingales (see,
e.g., [12]), we can write

©010) 03} = (vt (-t apaeesl [ (Gr) 1), o=
yeR4 ﬂ 1—m
for t > 0 and i € {1,2}. Note that &) = %T(Yn)<1>}',n_ at the nth jump time of the

process X'. Using a change of variable formula for semimartingales, the dynamics of
®* and ®T in (2.19) can be written as

d®) = [\®] + a®[]dt + @ / <a r(y) — 1) (p' + p?)(dtdy),
y€ERd ﬁ

(9.15) d®; = 2\ + a®; ]dt + &) / <g r(y) — 1) p*(dtdy)
y€ERd

e / y (g () — 1) P2 (dtdy),

with initial conditions &) = myma/[(1—71)(1—72)] and @F = 71 /(1—71)+72/(1—72).
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The bounds on the continuation region constructed for the simple Poisson disorder
problem in section 5 can also be shown to bound the continuation region of the
compound Poisson disorder problem. On the other hand the results in sections 6 and
7 can be shown to hold. The only change will be the form of the operator J in (6.7).
But this new operator can be shown to share the same properties as its counterpart
for the unmarked case.

10. Appendix.

Proof of Theorem 6.1. We will prove only that V;, = v,, and S;, is an e-optimal
stopping time of (6.1).

The proof will be carried out in three steps.

(i) First we will show that V;, > v,. To establish this fact, it is enough to show
that for any stopping time 7 € S

TAC
(10.1) Eg"* { / e Mh(B)dt| > vp(a, b, c).
0

In order to prove (10.1) we will show that

TNAOn
Eo [ / e“h(xpt)dt}
0

(10.2) N
> Ey [/ e‘”h(\l't)dt + 1{720n_k+1}€_>\07kk+1'Uk—l(’ronfwd)
0

for k € {1,2,...,n + 1}. Note that (10.1) follows from (10.2) if we set k =n+ 1. In
what follows we will show (10.2) by induction.

When k& = 1, (10.2) is satisfied since vy = 0. Assume that (10.2) holds for
1 <k <n+1. Let us denote the right-hand side of (10.2) by px—1. We can write
Pr—1=py_4 + pi_,, where

TANOp—k
oh_1 =Ky [/ e)‘th(\llt)dt} and
0

n—k

TAOp—k+1
(10.3) pi_, 2 g [1{@0“} (/ e Mh(W,)dt
+ 1{720nk+1}6Adn_kﬂvk—l(’rankﬂ))] .

Now by Lemma 6.3, there exists an F,, _,-measurable random variable &,,_, such that
(10.4) TAOp—kt+1 = (On—t +E&n—k) AN Opn—g+1 almost surely on {7 > 0,1 }.

Equation (10.4) together with the strong Markov property of T (with respect to the
filtration F) implies that

(10,5) piil =Eq [1{720”’_)6}6_)\0”7kfk71(gnflca Tan_k)]

in which

rAoy
fr_1(r,(a,b,c)) 2 Eg’b’c {/0 e Mh(T,)dt + 1{T201}e’)“’1vk_1(”f(,1)

= Jug_1(r, (a,b,c)) > Jovg—1(a,b,c) = vg(a,b,c)

(10.6)
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in which the second equality and the first inequality follow from (6.5) and the last
equality follows from (6.10). Therefore

(10.7) P%_l > Eo [l{fza,n,k}eiAU"_kvk(Tt‘!wk)] .

Now using (10.2), (10.3), and (10.7) we obtain that (10.2) holds when & is replaced by
k+1. At this point we have proved by induction that (10.2) holds for k = 1,2,...,n+1.
(ii) The converse of (i), V,, < vy, follows from (6.13) since S¢ < o,, by construction
(see (6.12)).
(iii) What is left to prove is (6.13). If n = 1, then the left-hand side of (6.13)

becomes
rg(a,b,c)Aoy
E&>e / e Mh(W,)dt
0

= Jug(rg(a,b,c),a,b,c
w0y o(r5(a,b.0).a.by0)

< Jowo(a,b,c) + & =wvi(a,b,c) + €.

Now, suppose that (6.13) holds for all ¢ > 0 for some n. Using the fact that Sy, ;Ao =

rf/ A o1 almost surely and the strong Markov property of T, we can write

(10.9)
Sh41
Eo / e Mh(U,)dt
0
Si+1/\0‘1 n+1
=Eq / B*Ath(\llt)dt + 1{Si+1201} / eiAth(\I/t)dt
0 o1
rs/2(a,b,c) Aoy \ \
=Eg /0 e th(\I/t)dt + Eg [1{7“2/2(&7[),6)201}67 Ulgn(Tal ):|
in which
e/2
(10.10) gn(a,b,c) 2 EEPe [/ e MU dt| < vnla,b,c) +e/2.
0

The inequality in (10.10) follows from the induction hypothesis. Using (10.10) we can
write (10.9) as

(10.11)

a,b,c
IEO

Sfﬂ»l
/ e Mh(U,)dt
0

re/2(a,b,c) Aoy
< EMbe UO e Mh(W,)dt + 1

= Ju, (r/%(a,b,¢),a,b,¢) +£/2 < vpyi(a,b,c) +e.

s/ Q(a,b,c>zol}64m”n(rffl) +e/2

This proves (6.13) when n is replaced by n + 1. d
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UNIQUENESS OF CONSTRAINED VISCOSITY SOLUTIONS IN
HYBRID CONTROL SYSTEMS*

MINYI HUANGT

Abstract. We study constrained viscosity solutions with an unbounded growth for a class of
first order Hamilton—Jacobi—Bellman equations arising in hybrid control systems. To deal with the
boundary constraint and rapid growth of the solutions, we construct a particular set of test functions
and under very mild conditions establish a comparison theorem which gives the estimate of distance
between the subsolution and the supersolution. The comparison theorem implies uniqueness of the
constrained viscosity solution if its existence is ensured; and under some additional assumptions we
give an existence result by showing that the value function is a constrained viscosity solution. We
then apply the obtained uniqueness results to an optimal scheduling problem and finally to stochastic
manufacturing systems.

Key words. hybrid control systems, optimal control, HJB equations, constrained viscosity
solutions, fluid models, manufacturing systems
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1. Introduction. This paper is concerned with the analysis of a class of first
order Hamilton—Jacobi-Bellman (HJB) equations with discrete transitions and state
constraints. Such equations arise naturally in the optimal control of stochastic systems
with random structural changes in dynamics, which are modeled as Markovian jumps.
These systems involve both continuum and discrete components in their evolution and
are referred to as hybrid systems, and they have been investigated from a wide range
of backgrounds including production planning subject to random machine breakdown
and repair [20] and the control of fluid queueing models for communication networks
[19, 7, 17], among others [6, 9, 14, 24, 28]. Due to physical limitation, a typical
feature for many control models is that the system state is restricted to a certain set;
for instance, the level for buffers must be maintained nonnegative [20, 25]. To deal
with the resulting HJB equation, one needs to take into account both the discrete
transitions and the state space constraints and to adopt the notion of appropriately
defined constrained viscosity solutions first introduced in [22].

Specifically, Soner studied an optimal control problem and introduced first or-
der constrained viscosity solutions in [22], where the deterministic state trajectory
is restricted to a given subset of R™, and in a companion work [23] along this line,
viscosity solutions were analyzed for controlled piecewise deterministic Markov pro-
cesses [6] defined on a subset of R, which leads to an integral HIJB equation. Later on,
the result in [22] was generalized in [18] by identifying weaker sufficient conditions for
ensuring continuity of the value function and in [12] by an additional boundary char-
acterization of the subsolution via a so-called inward Hamiltonian reflecting boundary
constraints.
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Fic. 1. (a) A manufacturing system with n machines (M;, 1 <i <mn) and n — 1 buffers; (b) a
multihop communication network where the source S and destination D are connected by n buffers.

For HJB equations involving finite state Markov chains, viscosity solutions have
been studied in [20, 8, 26, 27]. In particular, the authors in [26, 27] considered
controlled random transitions but there were no state constraints.

Although viscosity solutions with state constraints are of importance and have
their primary motivation in optimal control, in many application problems, the ex-
isting results face limitation. Notably, in the sequence of work [22, 18, 12] consid-
ering first order HJB equations for deterministic systems, uniqueness is obtained for
uniformly continuous and bounded solutions. In [15] and [5], bounded continuous
solutions were analyzed on a bounded domain. Also, in a singular perturbation con-
trol problem with partial state constraints [1], uniqueness and existence theorems
were established with bounded continuous solutions. For illustrating the limitation of
those previous results, we consider the optimal control of a single buffer fluid model
with controlled input and output and, as a well-motivated practice, introduce a linear
holding cost for a positive buffer level (see section 6 for details). This readily leads
to unbounded value functions, and existing results for constrained viscosity solutions
are difficult to apply.

In this work we study uniqueness of constrained viscosity solutions for a class of
stochastic hybrid systems. We concentrate our attention to two concrete types of do-
mains for the state variable. The particular structure of the state space has adequate
generality and is frequently encountered in a wide range of application problems aris-
ing in manufacturing systems and communication networks [20, 25, 19] (see Figure 1
for illustration), though a generalization of the state space to other forms is possible.
In introducing our solution notion, we generalize the definition of constrained viscos-
ity solutions for standard HJB equations of deterministic models to a coupled HJB
equation system. Resulting from the state space constraints, this definition leads to
specifying the viscosity sub/supersolution in two different regions, respectively, i.e.,
characterizing the subsolution in a smaller region—the interior of the constrained state
space. Such a differentiation by two regions is important for developing a solution
framework for uniqueness analysis. We prove uniqueness of the solution within the
class of functions satisfying a polynomial growth and local Holder continuity. In es-
tablishing the comparison result in this paper, a crucial step is to obtain suitable test
functions involved in the definition of constrained viscosity solutions. Towards this
end, we construct the auxiliary function ® by first dominating the sub/supersolution
growth by an exponential function and then introducing a pair of perturbation pa-
rameters (7,¢) [see (11)] such that the resulting maxima (w.r.t. z) can be tuned to
the interior of the state space to generate desired test functions for the subsolution.
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The proof of the comparison theorem depends on generalizing typical techniques for
deterministic systems [22, 2].

For proving existence results in the general model, a quite difficult step is to
show continuity of the value function. The key idea in our analysis is to truncate a
small time interval by the jump time of the Markov chain so that locally the system
dynamics act like a time-invariant model. This resulting feature enables us to use
a certain time-shifting technique to construct auxiliary admissible controls for cost
estimates. In particular, using a recursive estimation procedure, we obtain Holder
continuity of the value function, and we mention that as a byproduct this method
can be used to strengthen some existing continuity results in the literature for state
constrained optimal control problems.

Our work differs from most existing analysis on constrained viscosity solutions for
deterministic systems in that we need to deal with a system of coupled equations and
the solution growth is rapid. Our solution notion for the coupled HJB equation system
and the uniqueness results provide a unified analytical basis for the optimal control
of this class of hybrid systems. In particular, our uniqueness results are applicable to
classical stochastic manufacturing models (see, e.g., [20]), where to our best knowledge
the existing work has not provided uniqueness results for the coupled HJB equations
when nonnegative buffer level constraints are imposed.

The organization of the paper is as follows. In section 2, we first describe the
optimal control problem for the hybrid system and introduce the notion of constrained
viscosity solutions. The comparison result and uniqueness theorem are stated in
section 3. The proof of the comparison theorem is technical and postponed to section
4. For the general hybrid system model, section 5 first shows Holder continuity of
the value function under some technical conditions and proves that it is the unique
constrained viscosity solution. In section 6, we study an optimal data traffic scheduling
problem and prove the existence and uniqueness of constrained viscosity solutions by
applying the result in section 3. In section 7, we further apply the results in section
3 to a well-studied stochastic manufacturing system, which complements existence
theorems in the manufacturing literature [20]. Finally, a few concluding remarks are
presented in section 8.

2. The HJB equation and constrained viscosity solutions. Consider a
hybrid control system described by the following differential equation:

0 P — P00, 00), 120,

with initial condition X (0) € Q. Here X and 6 are called the state and mode variables,
respectively. The trajectory of X on [0, 00) is required to be in ), which is a closed
subset of R™ with a nonempty interior (). Moreover, 6 is a continuous time Markov
chain with state space ©® = {1,2,...,m} and transition probability rate matrix IIy =
(mj)mxm7 which is also called the generator. It is assumed that, with probability one,
the trajectory of  is right continuous with left limit. Given 0(¢) = k, the control u(t)
takes values from a compact set U; C R%. Let F; denote the o-algebra generated by
the Markov chain 6 up to time ¢, i.e., Fz = 0(6(s),s < t). Associated with X(0) =z
and 6(0) = k, the admissible control set is written as U, j consisting of all controls
u(-) satisfying u(t) € Up(y and adapted to F; such that P{X(t) € Q, Vt > 0} = 1.
We make the convention that for all (z,k) € Q x ©, U, 1, is nonempty and that the
state process X (t) associated with an admissible control is uniquely determined on
[0, 00) with exception on a null set of samples. Given initial condition (z,k) € Q x ©
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at t = 0, let the cost function be given by
k)= inf J(x,k
v(z, k) = Inf J(zku)

oo

(2) 2 meL/ amuxaxﬂmu@mmwm:zﬁmy:@,
uEU 1 0

where p > 0 is a discount factor and L is the cost integrand before discount.

To facilitate the subsequent analysis, we set some convention on notation. We
may alternatively denote X (t) as X; with a real-valued subscript ¢ > 0, and the same
convention holds for u(t) and 6(t), etc. The letter u may stand for a value in Uy, for
a certain k € © or a control adapted to Fy; the specific interpretation should be clear
from the context. Throughout the paper, for a real-valued vector y, |y| denotes its
Euclidean norm.

For any function ¢ : © — R, we define the map

3) [Mop()](6) = D mijle ()],
J#i
where m;; + Zj;éi Mij = 0.

We assume for any given k € ©, both F(z,k,u) and L(z,k,u) are continuous in
(z,u) € Q x Ug. A formal application of dynamic programming leads to the following
equation system:

(4) po(x,k) = inf |vg (@, k)F (2, k,u) + [ev(x, )] (k) + L(x, k,u))

ucUy
where (z,k) € Q x © and the superscript (-)7 denotes the transpose of a vector or
matrix. Note that due to the action of the generator, (4) gives a system of m coupled

equations. For convenience of exposition, we simply refer to (4) as the HIB equation
for the underlying optimal control problem. Write

f[(x, k,vg (2, k), v(x, ), u) = vl (x, k) F(x, k,u) + [Tev(z, )] (k) + L(z, k, u).
Then the HIB equation (4) may be written in the compact form:
pv(z, k) = inf ﬁ(x, kyvg(z, k), v(z,-),u)
ueUy

(5) 2 H(x,k,vp(x, k), v(z, ),  (x,k)€Qx 0,

where the dot entry in (5) indicates that for each fixed k, the term H depends on the
whole vector [v(z,1),...,v(xz,m)].

DEFINITION 1. Let v(z, k), v(z, k), and v(z,k) be functions from Q x © to R,
each being continuous in x for all k € ©.

(i) v(z, k) is a viscosity subsolution to (5) on Q x © if for any ko € © and any
function ¢ € C*(Q), we have

(6) pv(xo, ko) — H(z0, ko, ¢=(70),v(20,-)) <0

at xo, whenever v(x, ko) — ¢(x) attains a local mazimum at x = o € Q.
(ii) ©(@, k) is a viscosity supersolution to (5) on Q x © if for any ko € © and
¢ € CHQ), we have

(7) po(x0, ko) — H(z0, ko, ¢=(70),0(20,-)) >0

at xo, whenever v(z, ko) — ¢(z) attains a local minimum at x = zo € Q.
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(iii) v(k, x) is called a constrained viscosity solution on Q x © to (5) if it is both
a viscosity subsolution on Q x © and a viscosity supersolution on Q x ©.

In the definition of the viscosity supersolution, the minima zy may lie on the
boundary of Q. The function ¢ involved in either (i) or (ii) in Definition 1 is called
the test function.

Denote by C,(Q x ©) the set of functions g(z, k) from Q x © to R, which are
continuous in € Q for any given k € © and have a polynomial growth rate, i.e.,
for any g € C,(Q x ©), one can find positive constants C' and b, depending on that
particular function, such that |g(z, k)| < C(1 + |z|°) for all (z,k) € Q x ©. For
ai,as € R, denote a1 V ag = max{ay,as}, and a; A ag = min{aq, as}. Given v € (0, 1]
and g € Cp(Q x ©), define

7

k.2 —qg(k
Hol(g,7,R) £ sup  sup lg( ,z/) g(k, )|
k€O |z|V|2'|[<R |o" — 2|7

where z,7 € Q and 0 < R < oco. The value Hol(g,7, R) < oo is called the local
Holder constant for g associated with R > 0, where « is the Holder exponent. For
the case v = 1, Hol(g, 1, R) reduces to the local Lipschitz constant and is denoted as
Lip(g, R). B B

Define C;l)?f{ol (@ x©) as the class of functions g € Cp(Q) x ©) satistying local Holder
continuity; i.e., there exists a Holder exponent vy € (0, 1] such that Hol(g,v, R) < oo
for all R > 0. Furthermore, we define Czl)‘fiip(Q x ©) as the class of functions g €
Cp(Q x ©) satisfying local Lipschitz continuity in z; i.e., Lip(g, R) < oo for all R > 0.

Obviously, C}%7,,(Q x ©) C Cl°f,,(Q x ©). In addition, if g € Cl°f;,,(Q x ©)
with Holder exponent 72 and 0 < 3 < 72 < 1, g is also locally Holder continuous
with exponent ~;.

In establishing our main results, we concentrate on two types of structures for Q.

Case (i). For state constraint in a subspace:
Qa é [0700)77.71 X (_00700)7

where the integer n > 2. The interior of the set is Q, = (0,00)" ! x (—00,0).
Case (ii). For state constraint in full space:

Qb é [07 Oo)n7

where n > 1. The interior of the set is Qp = (0, 00)™.

Corresponding to @, and @y, the state variable z is restricted to the positive
orthant of R™ or its n — 1-dimensional subspace. Indeed, cases (i) and (ii) can cover
fairly general application models as shown in Figure 1, and they are also applicable
to systems with more complicated buffer interconnection; see, e.g., [21]. It is worth
noting that in the manufacturing fluid model given by Figure 1(a), the first n—1 entries
in x correspond to buffer levels and must be positive; the last entry x,,, which denotes
the inventory level of the final product, however, can be negative and interpreted as
backlog. Although our technique developed in this paper may be extended to deal
with other forms of @, we do not intend to treat the most general form.

3. The comparison theorem and uniqueness of solutions. The objective
of this section is to establish a comparison result which plays an important role in
proving uniqueness. FExistence analysis will be presented for the general model in
section 5 and for more concrete models in sections 6 and 7.
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Let Li(z,k,u), i = 1,2, be two functions with u € U, and (x,k) € Q x ©.
Replacing L(x, k, u) by L;(x, k, u) in the original HIB equation (4), we write two new
equations:

(8) pv(z, k) = Hy(x, k, v (2, k), v(x, ")),
(9) pv(x, k) = Hy(z, kv (2, k), v(z,-)),

where (z,k) € Q x © and the construction for H;, i = 1,2, is obvious.

3.1. Main results. We make the following assumptions.

(A1) For any given k € ©, F(x,k,u) and L;(z,k,u), i = 1,2, are continuous in
(z,u) € Q x Uy.

(A1’) For any given k € ©, F(x,k,u) and L(z, k,u) are continuous in (z,u) €
Q X Uk.

(A2) Frax = SUD(, 1y cqxo Sy, [F(@, k. )| < oo.

Under (A1) and (Al’), we have the following equicontinuity in = on compact sets.
Let ¢ stand for F, L, or L;. For a given compact subset By of Q, when z,2’ € Bg
and |z — 2’| — 0, we have

(10) |§0(1’,k‘,7.b) 7(,0(.’5’,]{7,7.1,” —0

with a vanishing rate not depending on (k,u).

THEOREM 2. Let Q be either Q, or Qp, and suppose (A1)—(A2) hold. If vy,
vy € C;lf;iol(@ x ©) are, respectively, a viscosity subsolution to (8) on Q x © and a
viscosity supersolution to (9) on Q x ©, then the inequality holds:

sup [v1(z, k) — va(z, k)] < p~' sup sup[Ly(x, k,u) — Lo(z, k, u)].
Q%O Qx6 Uk
Theorem 2 is the so-called comparison theorem, and it immediately implies the
following uniqueness theorem. - -
THEOREM 3. Let Q be either Q. or Qp, and suppose (Al') and (A2) hold. If

v E CIZJ?IC_IOZ(Q X ©) is a constrained viscosity solution to (5), then it is unique in the

function class CL?;IOZ(Q x O).

3.2. Some preliminary lemmas. To prove Theorem 2, we need to establish a
sequence of preliminary results. The basic approach is to introduce a suitable compar-
ison function ® for the construction of smooth test functions ¢ to generate the local
minima and maxima and then to apply the definition of viscosity sub/supersolutions.
A key technique will be developed such that the obtained maxima for v; — ¢, as spec-
ified during the proof of Theorem 2, do not occur at the boundary of @), which is
crucial for subsequently applying the definition of viscosity subsolutions.

Let v1 and vy be the viscosity sub/supersolution, respectively. For both Case
(i) Q@ = Qu = [0,00)" ! x (—00,00) and Case (ii) Q = Qp = [0,00)", we use the
same function ®(x,y, k) constructed as follows. Denote 1, = (1,1,...,1)7, and for
U1,V € C;la??-lol(Q X @), let

2
(1) Bov3: k) = (o) o) - |22 =,

—all(@) +<Cw)],  wyeQ

where ((z) = exp(8+/|z|2 + 1), with 3 = pF L, and ¢, 7, a are all parameters chosen
within the interval (0, 1] throughout sections 3 and 4.
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The construction of ® is based on the methods in [20, 22, 11, 5]; however, with
the simultaneous appearance of state constraints and rapid growth, it is necessary
to predominate v; and ve by the exponential term ((z) and subsequently insert the
small perturbation term 71,,, the magnitude of which can be adjusted independently.
This differs from the technique in [22, 5]. During the maximization of ®, 7 causes a
useful asymmetry between x and y in producing the increment of ®. Such an effect
is further amplified by reducing e provided that 7 is fixed first, and this ensures that
2 can be tuned to the interior of @) leading to desired test functions.

Since both vy and vy have a polynomial growth rate, it is clear that there exists

(&9, k) eQxQx@éFsuch that

(12) O(2,9,k) = sup D(x,y,k),
(z,y,k)eT

where the values of Z, g, and k depend on ¢, 7 and a. However, for a given a € (0, 1],
we may obtain a uniform bound for |#| and |j| when the value of £ and 7 varies on
(0,1].

LEMMA 4. Suppose Q = Q4 or Q. Let vy,vy € C’Zlf,’%ol(Q x O) be given in (11)

and (&,9,k) be obtained from (12). Then there exists a positive constant, depending
only on « and denoted as C,, such that

|2V [g] < Ca.

Proof. It suffices to analyze for Q = @Q,. Since <I>(£7QJA€) > <I>(070,IA€), it follows
that

which gives

afC(2) + ¢(9)] +

< 1@, k) — v1(0,k) — va(9, k) + v2(0, k) + n7? + [¢(0) + ¢(0)].

Without loss of generality, assume C > 0 and by > 0 have been found such that
vy (2, k)| V [v2(z, k)| < Co(1 + |x|%0), for (z,k) € Q x O. Since

al¢(@) + ()] < Co(4 +[2|™ +191™) +n +[(0) + ¢(0)],

there exists C, > 0, depending on « but not on ¢ and 7, such that || V |g]
< (. O

Notice that the selection of C,, implicitly depends on the associated parameters
Cy and by. However, for convenience of presentation, in our analysis we simply say it
depends only on «, since v; and vy are assumed to be picked out from Cllf;[ol(Q x ©)
and hence fixed.

LEMMA 5. Suppose Q = Q, or Qp and fir o € (0,1]. For (2,7, I%) given in (12),
the following properties hold: (i) sup.¢(o 1 e~z — 9| = O(1), where the right-hand
side is independent of T, and (i) lime_ o4 |Z — g| = 0 uniformly w.r.t. 7.
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Proof. Tt is adequate to consider Q = Q.. Since 28(2,4, k) > ®(&,1,k) +

2

— 2a[¢(2) +¢(9)]

> v (&, k) — va (2, k) — nt? — 2a(&) + v1(§, k) — v2(§, k) — nt? — 2a((§).

B g

201 (2, k) — 202(7, k) — 2

-71,
€

Suppose vy, v2 have exponent v1,v2 € (0, 1], respectively, for local Holder continuity.
Hence

JA 2
T — 1 o .2 .o A D
Y i[vl(ka) —v1(9, k) +v2(2, k) — va(7, k)] +nr?

IN

-71,

3

IN

1
i[HOZ(Ul,’Yvaa)W — 9™ + Hol(va, 2, Ca)|& — §]7] + n7?
(13) < (1+ Co)[Hol(vi,71,Cq) + Hol(vz, 72, Ca)] + n7?,

since  V y < C, by Lemma 4.
By use of the triangular inequality for norms, for 7 € (0, 1], we get
o it

-71,

B9
g

+ |71,

< V(14 Cy)[Hol(vi,71,Cq) + Hol(va,v2, Co)| + n12 + nr
< V(1 +Cy)[Hol(v1,71,C) + Hol(va,y2,Ca)] + n + n,

which implies assertion (i) and subsequently (ii). This completes the proof. d

The proof of Lemmas 4 and 5 adopts the techniques in [11, 20] dealing with
unbounded viscosity solutions for first order HJB equations. The next lemma is
essential for deriving the comparison result in section 4.

LEMMA 6. Let (2,4, k) be given by (12) and & = [Z1, ..., 207, § = [G1,- .-, 9]
For given 1, € (0,1], if € > 0 is sufficiently small, we have (1) Z; > §; for 1 <i <
n—1,if Q= Qq, or (i) & > §; for 1 <i < n, if Q = Qp, which further implies
T € Q for both cases.

Proof. We give only the proof for assertion (i). The proof for assertion (ii) can
be handled similarly. The proof is quite technical, and we break it into three steps.

Step 1. Let o and 7 be given with Q = Q,. We assume assertion (i) is invalid,
and hence there exists a sequence €; | 0, ¢ > 1, such that there is at least one (denoted
as the n;th) coordinate component satisfying
(14) 2l —ai) <o,
where (2, §® k") is determined from (12) by taking ¢ = &;. Obviously, each n; is
picked out from the index set {1,2,...,n— 1}.

A .
If necessary, we may take a subsequence 